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Abstract. We implement an original Boundary Element methodology to study the reciprocating

contact mechanics between linear viscoelastic materials. Results are shown for the case of a

rigid sphere sinusoidally driven in sliding contact with a viscoelastic half-space. We observe the

presence of multi-peaked pressure and displacement distributions; the hysteric friction curve is

finally shown for different values of the frequency.
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1 Introduction

In modern engineering research, wide research efforts are dedicated to analyze and determine

the mechanics and physics of soft linearly viscoelastic materials. The complexity of the topic is

related to the strongly time-dependent and usually non-linear constitutive stress-strain relations

that mark this class of materials. In particular, further complexity is added when soft bodies are

brought into contact and the problem is exacerbated by the geometry of the intimately mating

surfaces. As a matter of fact, a variety of publications has been dedicated to shed light on

the contact mechanics of rough viscoelastic solids. Given the importance of the applications

related to these issues[1, 2, 3], investigations performed across the scales, from macroscopic to

atomistic levels, include analytical [4, 5] numerical [6, 7, 8, 9] and experimental [10, 11, 12, 13]

studies.

In this paper, we focus on an issue that has been systematically ignored but has a particu-

lar importance: the reciprocating contact of viscoelastic materials, where the relative motion

between the contacting bodies is periodically inverted. There is a countless number of engi-

neering applications, ranging from the macro- to the nano- scales, where a periodic inversion of

the motion direction is present. Earthquake viscoelastic dampers are a classic example [15, 15]:

the design of these devices mostly relies on practical and empirical guidelines, and no tool

for quantitative predictions is available. This lack of a robust theoretical framework affect dif-

ferent components, like all the sealing systems in mechanical applications with an alternate

motion [14]. Indeed, enhancing performances and efficiency is infeasible without an accurate

knowledge of the interfacial stresses and, consequently, of the dissipated power. Finally, recip-

rocating contacts have prominence also at different scales and in different contexts, like biology

and biotechnology ([17],[18]). Skin, ocular system, joints, spine and vertebrae are some of the

examples where viscoelastic soft contact occurs in the human body.

In this work, we present a Boundary Element Methodology that, for the first time, allow

studying reciprocating contact mechanics between linearly viscoelastic solids and provide pre-

dictions of the response of the contacting surfaces in terms of stresses, strain and friction. The

paper is outlined as follows. Section II describes the mathematical formulation which the nu-

merical methodology relies on. Section III focuses on the reciprocating sliding contact of a

sphere over a viscoelastic layer. Final remarks are included to comment on the relevance of the

theory and of the results.

2 Formulation

We implement a Boundary Element Methodology to determine the contact solution and,

specifically, stresses, strains and dissipation. It is well known that the general contact problem

between a rigid indenter and a linearly viscoelastic slab may be formulated as:

u (x, t) =
∫ t

−∞

dτ
∫

d2xJ (t− τ)G (x− x
′) σ̇ (x′, τ) , (1)

where x is the in-plane position vector, t is the time, u (x, t) is the normal surface dis-

placement of the viscoelastic slab, σ (x, t) is the normal interfacial stress, G (x) and J (t) are

respectively the elastic Green’s function and the creep material function. The relevance of such

an approach is related to its generality: no assumption is made a priori on the shape of the

contact domain and on the specific form of the linear viscoelastic response. As a consequence,

the method can be employed for any kind of contact punch (conditions, like periodic boundaries

and finite values of contacting layers thickness, can be easily managed [22, 8] ) and for any kind

2



Carmine Putignano, Giuseppe Carbone, Daniele Dini.

of linear viscoelastic material, spanning from skin tissues to rubber-based composites.

However, tackling directly Eq. (1) is extremely challenging: because of the necessity of

performing discretization both in time and space, the computational cost is huge, thus result-

ing infeasible with the computational technologies currently available. Consequently, when

focusing our attention on the reciprocating contacts, we want to reduce the computational com-

plexity of Eq. (1) without loosing its generality in terms of contact geometry and material

properties. To this end, we assume that the interfacial normal stress distribution obeys the law

σ (x, t) = σ [x− ξ0 sin (ωt)], i.e. that the shape of normal stress distribution is fixed but moves

on the viscoelastic half-space with a sinusoidal law of amplitude |ξ0| and angular frequency ω.

This enables us to rewrite Equation (1) as :

u (x, t) =
∫

d2x′G (x− x
′, t)σ (x′) . (2)

where, as shown in detail in Ref. [23], G (x, t) is equal to:

G (x, t) =
+∞∑

k=−∞

Ak (x)

E (kω)
eikωt. (3)

where Ak (x) can be written as

Ak (x) = (2π)−1

∫
1

−1

dsG (x−sξ0)Bk (s) (4)

with Bk (s) being equal to Bk (s) = (−i)k Tk (s)B0 (s) . Tk (s) is the Chebyshev polynomial

of the first kind and B0 (s) = 2 (1− s2)
−1/2

, for |s| ≤ 1 and 0 otherwise.

As mentioned above, the function G (x, t) relies on a precise assumption : we assume that the

shape of the stress field at the interface, whose general form is σ (x, t) = σ [x− ξ0 sin (ωt) , t],
does not change during the reciprocating motion, i.e. σ (x, t) = σ [x− ξ0 sin (ωt)]. Such a

condition holds true whenever a0/ |ξ0| ≪ 1, where a0 the characteristic dimension of the contact

region, and is equivalent to require that |∂σ/∂t| /(|ξ0 · ∇σ|ω) ≪ 1 (the reader is referred to Ref.

[23] for more details).

The solution of Eq. (2) can be pursued by employing the iterative technique developed in

Ref. [21] for elastic contacts, thus providing contact areas, stresses, strains and, ultimately, the

dissipated energy.

3 Results and discussion

In order to demonstrate the main features of the reciprocating contact, we study the contact

of a rigid sphere of radius R undergoing reciprocating sliding against a viscoelastic material

characterized by one relaxation time ( being the ratio between the high frequency modulus and

the low frequency E∞/E0 = 11 and the Poisson ratio ν = 0.5). We assume that the center x(t)
of the sphere moves on the viscoelastic half-space following the law x(t) = [ξ0 sin (ωt) , 0]. The

dimensionless angular frequency of the reciprocating motion is ωτ = 5 , being τ the relaxation

time of the viscoelastic material.

For different values of ωt ∈ [−π/2, π/2] , Figure 2 shows the evolution of the dimensionless

displacements, u(x)/R, at the centre of the contact as a function of x/ξ0 and for a specific

dimensionless applied normal load Fn/R
2E∗

0 = 0.014, and ξ0/R = 1. An arrow refers, in

each case, to the current position of the sphere. At ωt = −π/2 the sphere has just reached

the left dead-point and starts moving from left to right. Upon reversal of the sliding direction,
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Figure 1: The dimensionless normal displacements u(x, y = 0)/R as a function of the dimensionless abscissa

x/ξ0 for a constant dimensionless normal force Fn/R
2E∗

0
= 0.014, for an amplitude ξ0/R = 1 and for several

values of the dimensionless time ωt ∈ [−π/2, π/2] .

a marked increase of the dimensionless penetration at the center of the sphere is observed:

although the speed is increasing, it is still too low to provoke a significant stiffening of the

material, and the sphere is moving over a region of the viscoelastic half-space that has not yet

had the time to relax after the previous contact of the rigid body. As the sliding speed increases,

a non negligible stiffening of the material and a marked decrease of the penetration are observed

(see displacement in correspondence to the arrow). Furthermore, additional deformation peaks

appear: this is the result of the interplay between the deformations, induced by the indenter as it

moves to the right, and the original not yet fully relaxed footprints left by the sphere at preceding

times. For 0 < ωt < π/2, the sliding speed begins to decrease and the material softens again,

thus leading to an increase of penetration. It is now possible to justify the occurrence of three

different deformations peaks within the track when the sphere is moving between the two dead-

ends: one corresponds to the current position of the sphere and the other two are located close

to the left and right dead-points respectively, and are the result of the material inability to fully

recover the viscoelastic deformations during a period of time comparable to the period T =
2π/ω = 6.28 s of the reciprocating motion (recall that the relaxation time is τ = 5 s).

The interplay of the sphere footprints, which occur at the dead-points of the reciprocating

motion, has a significant effect on the interfacial normal stress distribution. This is clear in

Figure 2, where contour plots of the pressure distribution are shown. Let us first notice that

at ωt = −π/2, i.e. when the sliding speed is equal to zero, the contact area as well as the

interfacial normal stress distribution are characterized by an asymmetric shape. This is due to

the viscoelastic time-delay which prevents the material to relax immediately when the sliding

speed vanishes. As the sphere starts moving to the right, such a peak cannot disappear suddenly

but has to show a gradual decrease. At the same time, since the punch is travelling towards the

right, as already observed in steady-state viscoelastic contacts moving at constant velocity [7],

a peak in the pressure distribution has to be originated also at the leading edge . Finally, at the

center of the distribution, where we have the maximum of the displacement field in the contact

area, the pressure must still resemble the classical elastic Hertzian solution. All this process

strongly affects the evolution of the pressure distribution at the interface with the presence of
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Figure 2: The shape of the contact area and the contour plots of the normalised contact pressure distributions,

p/E∗

0
, for several values of ωt .

multiple pressure peaks shown by the snapshots taken at ωt = −0.40π,−0.38π,−0.36π .

Finally, in Figure 3, the reduced tangential force, Ft/Fn, easily calculated once pressures and

displacements are known [7], is plotted as a function of the dimensionless abscissa x/ξ0, which

identifies the position of the sphere along the path, for different values of the parameter Ξ = ωτ
. In detail, fixed the parameter Π = τ/t0 with t0 being equal to t0 = a0/ωτ -a0 is the Hertzian

radius-, for Ξ = 0.1 the material has the possibility to relax before a single reciprocating cycle

is completed; consequently, the solution resembles the steady-state viscoelastic sliding contact

and the tangential force Ft/Fn always opposes the sphere speed at each point along the path.

However, as Ξ is increased the relaxation of the material involves time scales comparable to

the time period of the reciprocating motion; in this case, there exist regions on the sphere track,

specifically those close to the dead-points, where Ft/Fn has the same direction as the sliding

speed. This is perfectly consistent with the results presented in Figure 2.
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Figure 3: The ratio between the tangential and the normal force Ft/Fn as a function of the dimensionless abscissa

x/ξ0 for different values of Ξ . Arrows refer to the hysteresis cycle direction.

4 Conclusion

In this work, we present a Boundary Element Methodology capable of providing the full so-

lution of the reciprocating contact problem between a rigid punch and a linear viscoelastic solid.

The periodic features, intrinsically marking the problem, enables the parametric calculation of

the contact solution for each time step without any necessity of employing the solution in the

previous time interval. By implementing such a parametrically time-dependent approach, we

obtain the full numerical convergence in each moment of the cycle and, interestingly, also when

the punch inverts its motion.

For the simple case of a sphere in contact with a viscoelastic layer, we show that the behavior

of the system is characterized by three peaks in the displacement distribution and, consequently,

by multi-peaked pressure distributions. Finally, when calculating the dissipated energy, we

observe that, for large values of the parameter Ξ, the tangential force Ft may have the same

direction of the sliding speed.
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