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A novel ‘boundary layer’ finite element for the efficient analysis of thin

cylindrical shells
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Abstract

Classical shell finite elements usually employ low-order polynomial shape functions to
interpolate between nodal displacement and rotational degrees of freedom. Consequently,
carefully-designed fine meshes are often required to accurately capture regions of high local
curvature, such as at the ‘boundary layer’ of bending that occurs in cylindrical shells near a

boundary or discontinuity. This significantly increases the computational cost of any analysis.

This paper is a ‘proof of concept’ illustration of a novel cylindrical axisymmetric shell
element that is enriched with rigorously-derived transcendental shape functions to exactly
capture the bending boundary layer. When complemented with simple polynomials to express
the membrane displacements, a single boundary layer shell element is able to support very
complex displacement and stress fields that are exact for distributed element loads of up to

second order. A single element is usually sufficient per shell segment in a multi-strake shell.

The predictions of the novel element are compared against analytical solutions, a classical
axisymmetric shell element with polynomial shape functions and the ABAQUS S4R shell
element in three problems of increasing complexity and practical relevance. The element
displays excellent numerical results with only a fraction of the total degrees of freedom and
involves virtually no mesh design. The shell theory employed at present is kept deliberately

simple for illustration purposes, though the formulation will be extended in future work.
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1. Introduction

Membrane action is the preferred load-carrying mechanism for shells, enabling efficient and
economical use of material. As membrane forces can be obtained easily through equilibrium
alone and are valid throughout much of the shell, membrane theory often forms the basis of
design. However, bending action must be considered to fully take into account the effect of
kinematic boundary conditions and to identify the range of validity of membrane action [1, 2].
Bending theory is significantly more complex mathematically, and even the very simplest
linear axisymmetric variant requires the solution of a fourth-order non-homogeneous
differential equation [3-6]. The high order of the governing equations belies a rich set of
underlying physical behaviours, chief among them being the possibility of displacements and
stress fields exhibiting rapid variations and high magnitudes near boundaries or
discontinuities. This ‘boundary layer’ decays exponentially away from boundaries at a rate
governed by the bending half-wavelength A, settling on a particular integral corresponding to

membrane action [2].

As analytical solutions cannot easily be obtained even for simple shell bending problems [2,
6-10], the finite element method (FEM) is widely employed instead [11-15]. Numerous shell
element formulations exist, all based on polynomial shape functions of varying order.
Membrane action is very ‘smooth’ and easily captured, but convergence to the solution in the
vicinity of a bending boundary layer requires careful local mesh refinement [2, 15, 16]. Multi-
segment or multi-strake shells may exhibit several boundary layers, each requiring a locally-
refined interpolation field and contributing greatly to the total number of degrees of freedom
in the system. For this reason, symmetry is exploited wherever possible for computational

efficiency, although even axisymmetric shells exhibit boundary layers.

2. Scope of the study

The central concept behind the present study is to formally distinguish between membrane
and bending components of the displacement solution at the level of the interpolation field,
and to enrich the field through specialised bending shape functions derived rigorously from
the governing differential equation. In this way the boundary layer is included natively within
the finite element, leading to significant gains in accuracy and substantial economies in terms

of total degrees of freedom, modelling effort and mesh design. The idea of enriching the
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interpolation field to account for specific local and global phenomena is not new and is the
basis of the eXtended or General FEM (XFEM or GFEM) methods [17-20], but to the authors’
knowledge it is the first time that such an approach has been applied to shell elements
specifically to account for localised bending phenomena. The complexity is purposefully
limited here to the very minimum required to demonstrate the validity of the approach: the
proposed Cylindrical Shell Boundary Layer (CSBL) element currently supports linear stress
analysis of axisymmetric loading on thin cylindrical shells, based on a simple Kirchoff-Love
shell bending theory [21, 22]. However the use of a general constitutive relation enables the
study of isotropic, uniformly orthotropic and meridionally-stiffened ‘smeared’ shells [22-24],
making it an efficient tool for the axisymmetric bending stress analysis of multi-segment
cylinders, silos, tanks and pressure vessels even in its present form. The performance of the
linear CSBL element is illustrated on three example problems of increasing complexity, two

of which relate directly to non-trivial practical axisymmetric design problems.

3. Axisymmetric bending theory for thin orthotropic cylindrical shells

The idea of using specialised shape functions to capture the boundary layer specifically in
cylindrical shells stems directly from an analytical result in classical shell bending theory.
Here, the mathematical distinction between the homogeneous and particular solutions of the
governing differential equation corresponds directly to physical bending and membrane action
respectively. The kinematic relations are kept linear in what follows, as even a simple
axisymmetric thin-walled shell theory based on the Kirchhoff-Love assumptions [7, 21]
captures the mechanics of meridional bending together with its associated boundary layer.
This has the additional benefit that the solutions for the normal w and meridional u
displacements are decoupled, permitting the origin of the proposed shape functions to be
illustrated clearly. However, the linear constitutive relations are generalised to allow for the
study of both isotropic and uniformly orthotropic cylinders via the ‘smeared’ stiffness
approach [23, 24]. Lastly, as the transcendental bending shape functions of the proposed
CSBL element are obtained directly from the analytical solution to the governing differential

equation, some level of detail in presenting its derivation, however classical, is necessary here.

Under axisymmetric conditions, a cylindrical shell of radius » and thickness ¢ may be subject
to pressure loading normal p, and meridionally tangential p, to the midsurface (dimensions of

[F.L?], as shown in Fig. 1. Axisymmetry of the loading, boundary conditions and geometry
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ensures that only five stress resultants act on the mid-surface of the thin shell: the meridional
and circumferential membrane stress resultants 7, and ng ([F.L’l]), the bending moment stress
resultants m, and my ([FL.L'I]), and the meridional transverse shear stress resultant ¢, ([F.L'l]).

There are no displacements or gradients in the circumferential direction.

dg.
dz T 3,

dn,
/ nz _|_ dZ

ny

4z

Fig. 1 — Equilibrium of an element of a thin-walled axisymmetric cylindrical shell

Considering equilibrium of an elementary cylinder section of length dz and arc length rdf

yields the following equations:

dn,
dz

dg dm
=Dz = -+ = | and =" : 1
P Mg r(p dzj q: & (D

The following constitutive and kinematic relations are used in this illustration [22]:

n, C, C, Cslle, &, d £ T
u w w
} 2)(3)

ng |=1C, Cyp 0 ||&| and | & |=|— —
dz r dz?
m, C13 0 C33 K, K,

where the C’s represent appropriate stiffness coefficients that will be discussed later. The
resultants my and ¢, need not be included in Eq. (2) as their corresponding generalised strains
are zero. Combining Egs. (1)-(3) and simplifying the result leads to a linear fourth-order
ordinary differential equation in w only, the normal midsurface displacement:

d*w d*w 1
dZ4 _2C12C13 d_Z2+;(C11C22 _C122)W =...

r (C11C33 - C132)

IC P +C ('Zpdz—n )+IC z
11Fr 12 0 z z0 13 d
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Solving the homogeneous part of the equation requires finding the complex roots of the

corresponding characteristic polynomial:

a= "(C11C33 _C132)
b = _C12C13 (5)
c=r" (Cnczz _C122)

aX*+2bX?+c=0 where

Setting Y = X?, this becomes a polynomial of second degree in Y, for which the discriminant is:

o=b*—-ac= C122C132 —(C1Cx — Clzz)(C11C33 - C132) (6)

which is negative if and only if the following inequality is satisfied:

(/1122 + (/1132
C22 C33

<Cy (7

It is important to establish that this inequality will indeed always be satisfied, as this governs
the functional form of the general solution to the homogeneous equation. For a very general
uniformly orthotropic shell with elastic moduli E, and Ey, Poisson’s ratio v and thickness #,
and ‘smeared’ meridional stiffeners of modulus E,, cross-section area A,, sescond moment of

area I, spacing d, and eccentricity ey, the constitutive matrix [C] is the following [22]:

| Ex LEA E.E,t e, E.A,
1-v?  d, 1-v? d,
[C]= JE.Egt Eyt 0 8)
1-v? 1-v?
eSESAY EZt3 ESIS eYzEYAY
e + +
d, 12(1-v?)  d, d,
The left-hand side of the inequality in Eq. (7) may be evaluated as:
2 2 3
Co (oo B, 1 EA e g= B4 ©)
C22 C33 1_V2 ds 12(1—1/2)€Y2E'Y14Y

But v* < 1 by definition, and since initial elastic stiffnesses and dimensions must always be

positive it follows that £k > 0 and thus 1 / (1+k) < 1. Consequently:

C,» G5
G
Cn Gy

Et EA,
+

=C 10
v 1 (10)
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Thus the inequality is always satisfied. Accordingly, the characteristic polynomial in Eq. (5)
exhibits four complex roots and the general solution to the homogeneous equation may be

expressed using exponential and trigonometric functions:

Z

= d Z - Z Z
w,(z)=¢e I{Al cosT—+ A, cosz—}+e '{A3 cos7z—+A400s7r—} (11)
B B B B

where A; are integration constants depending on boundary conditions (four in total) and a and

f are the linear meridional bending half-wavelengths:

-1/2
a,:ﬂ,\/; C11C22 _C122 + C12C13
CiCs-Cy G Cy—C5

-1/2
IB _ 7[\/; fcnczz -Gy’ _ C,Cis
CiCy—C5° GGy =Gy’

The above equations fully govern the extent of the bending component of w and thus of the

(12)

boundary layer, and for this reason the notation w;, has been used. The two bending half-
wavelengths in particular contain information about the rate of decay of the boundary layer in
a shell segment and play a key role in what follows. They are identical for an unstiffened shell
where there is no coupling between the meridional membrane stress resultant 7, and curvature

x, (C13=0), in which case they are both denoted by the more familiar symbol A:

l:a:ﬁ:ﬂ@(&j (13)

C11C22 - 6‘122

Introducing the following convenient short-hand notation

w, = z W =% exc*(z) =exp(*@,z)cos(wsz) exs*(z) =exp(xaw,z)sin(wzz) (14)
o

permits w;, to be written in a more compact form:

wy(2) =Aexc (z)+ A, exs (z)+ Asexct(z) + A, exs*(z) (15)

The particular solution w,, governing the membrane component of w, or the normal
displacement that would exist if bending effects were ignored, is classically obtained by

neglecting all derivatives in Eq. (4):

_ r
C11C22 _C‘IZ2

m

: dp.
[”Cnpr +Cp, (J.o Pde_”zo)‘H’Cla sz } (16)
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where n, is a prescribed meridional ‘edge’ load. The total normal displacement w is then
simply obtained by superposition: w = wj, + wy,. Lastly, the meridional displacement # may be
obtained by integrating the following intermediate result:

d*w

du z w
Cu = (] -pdzena)-ca - F (17)

It may be shown that ¥ may similarly be decomposed into components associated with

bending u;, (Eq. (18)) and membrane u,, (Eq. (19)) actions only:

_ —Cp,
Uy = 2 2
rCll(a)a + ((),3 )

[(—a)aAl —aphy)exc™z+ (WA — W, A )exs™z

(W, Ay — WAy )exctz HwpAs + W, Ay )exs+z]

(13)
—&[(—a)aAl + wpAy)exc™z+ (—WpA — W, Ay )exs™z
11
+H W, As + W Ay)exc” z+H(—wpAs + W, Ay )exs+z]
U, = —2|:_’”C12.[ pdz+Cyy (_J. ('[ P: dZ) dz +nz()z)} + Uy
C11C22 _C12 0 0 0 (19)

G {rdp, +2@pz+r@d2pr}
CiCp —Cyy? dz Cu C, dz?

where up is a prescribed meridional displacement. While it is perhaps not obvious, closer

inspection shows that u;, shares the same functional form with w;, and is governed by the same

bending half-wavelengths o and £.

4. The axisymmetric cylindrical shell boundary layer (CSBL) element

It is worth briefly reflecting that the expressions for w,, and u,, (Egs. (16) and (19)) feature the
distributed loads p, and p, whereas those of w, and u;, (Egs. (15) and (18)) do not, while the
converse is true for the integration constants A; to A4. The membrane component of the
solution thus alone equilibrates the applied loads, while the bending component alone satisfies
kinematic boundary conditions. These mechanisms are independent both mathematically and
physically, a distinction that leads logically to the idea of treating wj, up, w, and u, as
independent variables in a shell finite element formulation, with shape functions tailored to
best capture each underlying physical mechanism. The authors are not aware of a similar

approach having been implemented in any widely-used shell element.
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4.1. Bending shape functions

A set of unique shape functions G; to G4 may be obtained by reformulating w;, (Eq. (15))
using a different base, so that the unknown integration constants A;, A, A3 and A4 are
expressed instead in terms of unknown displacements and rotations at each end of the cylinder
(defined without loss of generality at z = 0 and &), namely wj; = wp(0), Op1 = w'p(0), wpr = wp(h)
and 6Oy, =w'p(h). These are then the nodal degrees of freedom (DOFs) corresponding

specifically to the bending component of the normal displacement w;,.

exc )| A G, ! Wi
exs” Al G 61
exc*t A3 G3 Wpo (20)
exs’ A4 G4 0b2
T T
Ft {A} = {6} {Wy}
The vector {W,} is expressed in terms of the constants A; using Eq. (15) as follows:
Wh exc (0) exs (0) exct(0) exs*(0) A
O | _ | (xc)(0) (exs)'(0) (exc™)'(0) (exs)'(0)| |4
Wy exc (h) exs (h) exct(h) exs*(h) As (21)
6)» (exc)'(h) (exs™)'(h) (exc™)'(h) (exs™)'(h)] (A

W} = [T] {A}
Introducing Eq. (21) into Eq. (20) leads to a linear system that is easily inverted to obtain the

transcendental G; functions in closed form:

GY[THA}={F}' {A} = {G}=[g}{F} where [g]=([1T') @
or written out in full:
G| | &1 &2 &5 &u||exc
G| _| 821 82 83 8u|)exs 23)

+

G, 831 83 833 &34 ||CXC
G, 841 84 843 &aa ||CXS

+

Since [g] is obtained by inversion and transposition of [T], its terms share a common

denominator d that is the determinant of [T]:

d =—(2sin(wsh))’ @2 +(2sinh(w,h))’ wg?

(24)
= 4( @ sinh(w,h) — @, sin(wsh) ) (@ sinh(@,h) + @, sin(wsh))
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This determinant is zero if and only if either bending half-wavelength o or f is zero, which
cannot happen for physical shells, so the resulting G; functions are always well-defined. The

individual g;; terms, all scalars, are given by:

d-gn = (-2sin?) @’ + (2cos, sin, ) w05 + (el-1) @
d-gn = (2cos,sin,) @? + (el+1-2co0s,?) @0 25)
d-gs = (-2sin?) @ + (—2cos, sin, ) w05 + (e,2-1) w
d-gu = (2cos,sin,) @? + (—e2—1+2cos,’) @,
d-g, = (2sin,?) @,
d-gn = (“2cos;sin,) @, + (el-1) @y 26)
d-gn = (-2sin?) @,
d-gn = (2cos;sin,) @, + (e?-1) ay
d-gs, = (-2sinh,cos,) @;* + (-2cosh,sin,) @,ws
d-gy = (-2sinh,sin,) @*> + (-2sinh,cos,) @,@; + (—2e,sin,) ®,° on
d-gx = (2sinh,cos,) @ + (2cosh,sin,) @,y
d-gyu = (2sinh,sin,) @* + (-2sinh,cos,) @@y + (-2e¢,7'sin,) @,
d-gn = (2sinh,sin,) @
d-gy, = (-2sinh,cos,) @ + (2e,sin,) @, 28)
d-g;; = (-2sinh,sin,) @
d-gu = (2sinh,cos,) @ + (—2e,7'sin,) @,

where, for compactness, the following additional notation was employed:

cosh,, =cosh(w,h) cos, =cos(wsh)
ey =exp(a,h) . . . (29)
sinh,, =sinh(w,h)  sin, =sin(@zh)

Although the symmetry may not be obvious from the g; terms, it can easily be shown that
G3(z2) = Gi(h — 2) and G4(z) = —Ga(h — 7). The four G; functions are illustrated in Fig. 2 for
isotropic (4 =a =) cylindrical elements of three different lengths /4 relative to 4. Fig. 2a
shows h/A =35 where the total element length is significantly greater than the width of the
boundary layer, and the associated bending deformations are localised near either node. Fig.
2b shows a shorter cylinder with #/A = 2, where neither boundary layer has enough width to
decay and one begins to infringe on the other, while Fig. 2c shows a very short cylinder with
hil = Y2 where two boundary layers overlap entirely. The bending half-wavelength 4 (or a and
[) contains the entirety of the information about the rate of decay of the boundary layer, and

as it is always known a priori for each element under linear conditions, the need for local
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refinement of the interpolating field and its associated degree of freedom cost are eliminated.
Lastly, an interesting property of the G; functions seen in Fig. 2d is their convergence to the
well-known Hermite cubic functions (N; in Table 1) as 4 — o or h/A — 0, easily verified
through an analytical Taylor series expansion. It should come as no surprise that structures for

which the primary load carrying mechanism is transverse bending (e.g. beams and plates)

actually exhibit an infinite bending boundary layer.

a) G functions (h=5A)

b) G functions (h=2A)

¢) G functions (h=A/2)

d) Hermite cubics

N1 -
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t i
i I}
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i
i B
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0.02 —oa2 005 —oc2z| 0.14 —o02 0.14
——— G4 . —_—— G4 ——— G4 —_—— N4
0.01 0.03 0.07 0.07
0.00 = ] 0.00 {1 0.00 7 0.00 -
\ i ~ H N / N /|
i ] \ I N / S /
Vol N I N / N /
0.01 +—] 003 \ } 007 \\ S 007 N /
vy Y i N ! Y /
[ \ I} . pd . /
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\/ 005 <~ 014 S ? 0.14 S

-0.02

(s

Fig. 2 — Mllustration of bending ‘boundary layer’ shape functions for various %/ ratios, and

comparison with classical Hermite cubic polynomials

The bending component of the meridional displacement u;, (Eq. (18)) exhibits the same
functional form as w;, (Eq. (15)) and is governed by the same bending half-wavelengths, so it
is proposed that the same G functions may also be used for its interpolation. The associated
nodal degrees of freedom are then u;, = up(0), u'p1 = t'(0), upr = up(h)and u’yy = u’p(h), where

u’y is the tangent slope of u,.

4.2. Membrane shape functions

While the functional form of the bending boundary layer may be determined uniquely from
the kinematics, the same cannot be said for the membrane components of the displacements
as these depend on the distribution of the loading which can be arbitrary. The CSBL element
should be thought of as a high-order element, as it relies on higher-complexity shape
functions rather than more elements (p-refinement over h-refinement [25]) to capture the
bending boundary layer, and using polynomials of the lowest order to interpolate the

membrane displacements would be somewhat in conflict with that purpose. The choice was

10
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therefore made to permit the membrane interpolation field to exactly accommodate distributed
element loads p, and p, up to second-order polynomial variation with z. This permits an exact
solution to the most common uniform and hydrostatic load cases, while more complex load
cases can be approximated as piecewise-quadratic functions. As will be shown in what
follows, many nonlinear load cases of practical importance are very smooth, such as the
‘Janssen’ silo pressure distribution [26], and are captured very well in this piecewise manner.
Other choices for the membrane shape functions (higher order polynomials, or shape
functions tailored for certain loads) are of course possible, but would result in a CSBL
element with a higher internal DOF count, and should therefore be made only if the trade-off

in terms of overall computational efficiency is deemed favourable.

Table 1 — Hermite cubics and other polynomial shape functions

2 3 2 3 2 3 2 3
N=1-3 425 | N, =725 + 2 | N, =35 2% Ny=—4+%
R hooR RS hooR
Z Z z Z Z 2\ 1 z
=1-= == P=42[1-2| | c=12/33|1-2 || ===
L=l L=y h( hj h( hj(z hj
2 2
U=1 L=-1+2% Q:16(£j (1_£j
h h h

Accordingly, Eqs (16) and (19) dictate that any shape functions for w,, and u,, must be a base
for polynomials of at least order 3 and 4 respectively (R[3] and R[4]). There are many ways
to achieve this using functions presented in Table 1: a base for R[1] can be (L, L,) or (U, L),
both of which can be completed by (P), (P,C) or (P,C,Q) to form bases of R[2], R[3] and R[4]
respectively. Alternatively, the classical Hermite cubics (N;,N»,N3,Vs) form a base of R[3]

that can also be completed by a quartic (Q) to reach the next order.

Apart from Q, each one of these functions features a non-zero slope or displacement at O or £,
making them impractical for use as additional shape functions. Continuity of u, w and its first
derivative @ is required between elements in order to ensure convergence with A-refinement,
and if the polynomials from Table 1 were to be used, these continuity conditions would need
to be enforced at the nodes using, for instance, Lagrange multipliers [12]. It is, however,
possible to use these functions in conjunction with the previously-defined bending shape
functions to create an interpolation field that has the appropriate number of nodal DOFs
(giving the total value of u, w and @ at each node) while making all other DOFs element-

specific, therefore allowing for efficient static condensation [13].

11
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4.3. Element degrees of freedom

One option is to use the DOFs associated with the bending shape functions as the nodal DOFs,
and to use additional element-specific DOFs with corresponding shape functions that linearly
combine the bending shape functions with the chosen polynomials such that the end
displacements are zero for u and both the end displacements and slopes are zero for w. This
would lead to the following shape functions being used (the shape functions associated with a
nodal DOF have a circumflex accent *):
Foru: (G1.G,.G;.G,.U*. I ,P.C.Q) with {U# =U-Gi—G, (30)
L'=L+G —G;
L =I'-(2/h)(G,+Gy)
Forw: (G.G,.G,.G,.U* .}, P~.C") with { P~ =P—(4/h)(G,~G,) 31)
C-=C-(6v3/n)(G, +G)

Alternatively, DOFs associated with the Hermite cubics could be the nodal DOFs, and they

could be combined with the bending shape functions to make them element-specific:

N N . G*=G —-N
Foru: (N, N>, N5, Ni,G*,G», G#,G,, Q) with { Y G N, (32)
N A~ A A 4 5 # N . G2~ = Gz - N2
For w: (N, N2, N3, Ny G*. Gy, GGy ) with 33)
v =G,—N,
Nodal DOF's Element-specific DOF's

Normal disp.
w

Meridional disp.
U

Fig. 3 — Nodal and element-specific DOFs for the 2-node axisymmetric CSBL element

Although both options are valid and interpolate the same displacement field from a
mathematical point of view, the second one (illustrated in Fig. 3) is preferred computationally

as it leads to a significantly simpler element stiffness matrix and equivalent load vector with 6

12
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nodal DOFs (w1, 61, uy, wa, 61, up) and 11 element-specific DOFs
(Wbl#, O, sz#, Oy, u'y, u’s, ubl#, u'pt, I/tbz#, u'p, MQ). An interesting observation is that in the

limit where h/A — 0, the convergence of the G functions to the Hermite cubics makes the

shape functions (Gl#,G[,Gf,G{) tend to zero and their associated element-specific DOFs

redundant, with only 3 element-specific DOFs (u’y, u’>, up) remaining.

The following interpolation function {G} and DOF {d} vectors may now be defined at the

G, d,
{G} . :{”(';'“;} and {d}_ ={5‘;}

{GW}lez[Nl N, Ny Ny G' Gy G G4~]T
{dw}gxlz[wl 6 w 6, w, 6wy 9b2~]T

element level:

where (34)

N B L A R I R L

# ' # ' T

{d”}gxlz[ul u'y Uy u'y ouytou'y o ' Uy, MQ]

Extraction matrices may be defined to obtain {G,,} and {G,} from {G}, as well as {d, } and

{d,} from {d}, respectively:

{G‘“}le = [tw]8><l7 {G}17><1 and {dW}sxl = [tW ]8><17 {d}17><1 (35)
{G“}9x1 = [t“ ]9><17 {G}17><1 and {d” }9><1 = [t” ]9><17 {d}17><1

Therefore, displacements w and u can be obtained as a product of {G} and {d }:

{6}'[T.]{a}
{6} [T.){a}

{6} [t.]'[t.){d}
{6} [t.]'[t.){d}

w = {G,} {4}
uw = {G.} {d.}

(36)

4.4. Strain energy and element stiffness matrix

The strain energy & may be obtained in the classical manner as a double integral over the
cylinder (simplifying to a single integral along the meridian due to axisymmetry)

incorporating the kinematic and constitutive relations:
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h
&= 7rrJ.O [Eznz + &gng + szz] dz
- ﬂrjohl:é‘z (Che. + Ciagg + Ci3k. )+ €5 (Cia€. + Ca€y ) +K. (Ciaé. + Cisk. )] dz

h (37)
- 7z.rJ.0 [C118z2 + 2C128z€9 + szggz + 2C13€ZKZ + C33Kzz] dZ

= zrj(jl[cn (u ')2 +2C, (%)u '+ C» (V%)Z +2C; (u'w")+Cs (w")z} dz

The 17x17 element stiffness matrix [K] is obtained after introducing Eq. (36) and its

derivatives:
( Ci[T]{GHGY[T.]
+ Cor(ILI{GHG Y [I+[L] {6 HE)Y [1.])
s={a}" zr! ||+ Co— [T, {G}H{G}'[T.] dz {{d}
r (38)
+ Co([L]{GHGY [L]+[T.] {G'HG Y [L.))
I Cal T {6 HG Y [T.]
=y, K], (@),

Symmetry of the stiffness matrix in the presence of terms with Cj, and C;3 may be ensured by

choosing the following expressions for the strains in terms of {G} and {d}:

W
u —=
r

({ay [T {6HG Y [L.]{a}+{a}' [T.]'{G HG}'[T.}{a})
({aY L] {6 He Y [T.{a} +{a} [T.]' {6 HG }' [T.]{a})

(39)

MIW":

NS I NS

The stiffness terms of [K] evaluate to closed-form expressions requiring only the radius of the
cylindrical element 7, its meridional dimension 4, the bending half-wavelengths (4 or a and f)
and the stiffness terms of the constitutive relation. The number of unique terms is minimised

due to the multiple symmetries featured by both membrane and bending shape functions.

4.5. Equivalent force vector from distributed load

The equivalent nodal force vector {f} may be obtained by considering the contributions to the

total work W done by distributed element loads p, and p,, giving W, and W, respectively:

w={d}' {f} or W,+w.={d} ({t.}+{f.}) (40)
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The known distributed loads may be expressed in vector form using interpolation functions L,

L, and P (Table 1) in the following manner:

L
p.={G,}  {p.},, and p.={G,}' {p.},, where {G,}=1L 1)
P

The {p} vectors are sampled from the known distributions of p, and p, at the nodes and at

mid-height (Fig. 4), which keeps the load interpolation continuous between elements:

Pni pn(())

{p}=1 P (= pu(h)
Puia) | p,(h12)=[ p. (0)+ p, (h)]/2 w“)

Pz pZ(O)

and {p.} =1 p. ;= p.(h)

(0)

p(h/2)

mmmmm Pressure distribution
------ Linear interpolation
Local height A ——— Parabolic interpolation

Fig. 4 — Distributed loading interpolation over an element

Using Egs (36) and (41), it may be shown that:

h h T
W, = 27[1".[0 PnW dz = {d}Tlx17 (27Z'I’J.0 [Tw ]T17><17 {G}17><1 {GP} 1x3 dz){p” }3><1 = {d}T1x17 {f” }17><1

[Fn ]1 <3

h h T
VVZ = 27Z'I"J.0 p:u dz = {d}TIX” (ZErJ.O [Tu ]T17><17 {G}17><1 {GI’} 1x3 dz){pz}3><1 = {d}T1x17 {fz }17><1
[Fzlins

(43)

The terms of matrices [F,] and [F,] have a closed-form expression requiring only the radius r,
dimension 4 and bending half-wavelengths (4 or a and f) and can therefore be used for
multiple loads on the same structure without needing to be re-evaluated. These terms, and
those of [K], may easily be derived by a symbolic manipulation package if desired by the

reader.
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4.6. Static condensation, assembly, nodal loads

Once the elements stiffness matrix [K] and element force vector {f} are obtained, static
condensation can be performed on each to yield condensed stiffness matrices and force
vectors. The process comes from the expression of the equilibrium equation reordered so that

those related to nodal (index no) and element-specific (index el) DOFs are separated:

[Kno,"o ]6><6 [K”M’ Lxll}{{d”"}éxl} — {{f’”’}ﬁXl} (44)

[Ke’»””]nxs [Ke’»d]nxn {del}llxl {fel}llxl

The second group of equation, relative to the element-specific DOFs, gives:

{del}un = [K"l*el ];:xll ({fe’ }1 X [Ke””” ]11><6 {d””}le ) (45)

Introducing Eq. (45) in the first group of equation, relative to the nodal DOFs, leads to:

[Kcond ]6><6 {d””}ﬁxl = [fc‘ond ]6><1

[Kcond ]6><6 = [Kno,no ]6><6 - [Kno,el ]6><11 [Kel,el ]l_llxll [Kel,no ]ll><6
Lo }6><1 ={f }6><1 = [K ]6><11 (Ko ]1_11><11 L. }11><1

The usual steps to assemble the global system can therefore be performed, the nodal DOFs

where (46)

being shared by elements sharing a node. For n elements, the matrix dimension is 3(n+1).

Lastly, the work done by an edge load at a node is the circumferential integral of the product

of that edge load with the corresponding nodal displacement:

W, =27r(g.w+m.0+n.u)={d,.. }T1X3 {00 }

3x1

The nodal force vectors can therefore be added to the assembled force vectors at the relevant

position.

4.7. Boundary conditions and resolution

In order to prevent the overall translation of the shell in the meridional direction, at least one
essential boundary condition (BC) on u is needed. Additional essential BCs can be enforced
on u, w and @ at every node where no corresponding edge load (natural BC) is applied, using
classical methods. The replacement of redundant equilibrium equations by the required BC
equations is the one preferred here as it leaves the size of the linear system to be solved

unchanged.
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In any case, the nodal DOFs are obtained by solving the obtained linear system of equations,
and for every element they can be used to retrieve the element-specific DOFs using Eq. (45).
Finally, the values of the displacements, strains and stress resultants can be obtained at every

point of each element from:

w={G} [T, }{a} e.={G} [T.{a}

6={GY[T,]{d} and {& =r"{G} [T,]{d} (47)(48)

u={G} [T, ]{d} x.={G"}'[T.]{d}

C{G Y [T]+Cor {6} [T.]+ G {G '} [T.]){a}

(49)

o=l
) no=(Co{G ) [L.]+Cor ' {G}'[T.]){a}
=

Ca{G Y [T]+Cu{G ) [T.]){a}

g.=—(Cs{G "} [L]+C{G "} [T.]){a}

5. Illustration of the CSBL element on three examples

The performance of the CSBL element is illustrated here on three example problems, two of
which are genuine practical design problems that require a non-trivial linear stress analysis of
a multi-segment cylindrical metal shell. In each example, the CSBL element is compared
against a ‘classical’ thin axisymmetric shell element (termed ‘ThinAxi’) using the formulation
of Zienkiewicz et al. [11]. The latter relies on the same simple kinematic and constitutive
relations introduced previously, but employs only simple polynomial shape functions: the four
Hermite cubic functions N; to Ns are used to interpolate w and 6, while the two linear
functions L; and L, interpolate u. As there is no division into bending and membrane
displacement components, system assembly can be done using shared DOFs yielding a
stiffness matrix of size 3(n + 1) for n elements. The ThinAxi element thus represents a ‘tried
and tested’ classical alternative, relying on low-order polynomials and h-refinement for
convergence in the vicinity of the boundary layer. Both formulations were implemented using

the Matlab [27] programming environment taking full advantage of matrix sparsity.
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5.1. Example 1: single-thickness cylindrical shell under several loads

The first somewhat academic example is intended to illustrate the ability of a single CSBL
element to exactly express a very rich displacement and stress state. A fictitious cylindrical
shell of height 7 =2 m, radius r =1 m and uniform thickness # =10 mm was considered,
subject to a complete array of loading: linearly-varying outward normal pressure p, from 0 at
the top (z = h) to 1 MPa at the base (z = 0), linearly-varying downward meridional traction p,
from O at the top to 1 MPa at the base, and applied shell edge loads of n; = 1000 N/mm
(downwards), m, = 1000 Nmm/mm (hogging) and g, = SON/mm (radially outwards) at the
unrestrained top boundary (Fig. 5a). The bottom boundary was restrained against all
displacements and rotations (w =« =0 and € = 0). An isotropic steel wall was assumed with
elastic modulus E = 200 GPa and Poisson’s ratio v = 0.3. The constitutive matrix and bending

half-wavelengths thus become:

Et VEt 0
1 1 1/4
Cl= VEt Et 0 | thus A=a=B8=n'rt| ——— | =244.4mm 50
[Cl=1—: )i [3(1_V2)j (50)
t3
0 0 L
12

This structure exhibits two bending boundary layers, each concentrated within approximately
2/ of either end, inside which a fine mesh resolution of classical ThinAxi elements is required
(Fig. 5b). An often-applied rule of thumb is to use a minimum of 10 elements per 1 within
both of these regions to capture the high local curvatures reasonably well for practical
purposes. By contrast, a significantly coarser mesh is usually sufficient for the purposes of a
linear stress analysis within the internal ‘membrane action’ region: only 5 elements were used
here. A total of 45 ThinAxi elements were thus generated requiring 135 DOFs, and it is
stressed that this number is on the frugal side. Furthermore, it is clear that significant prior
knowledge of cylindrical shell behaviour is required to be able to even design an appropriate
mesh for this seemingly simple structure. By contrast, the design of a ‘mesh’ of CSBL
elements is trivial (Fig. 5c), consisting of just the one element. Lastly, the problem is in fact
simple enough to permit a closed-form analytical solution to the governing differential

equation (Eq. (4)) for additional comparison.
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Fig. 6 — Comparison of predictions of the CSBL and ThinAxi elements for the first example

The global solutions for w, n,, m; and g, are illustrated in Fig. 6. The compressive meridional
membrane stress resultant n, varies from -1000 N/mm at the top, where it is in equilibrium
with the applied load n,, to -2000 N/mm at the base due to the downward action of p,. The
high rates of change of the total normal displacement w clearly illustrate the presence of a
boundary layer within 24 of either end, decaying onto an internal ‘membrane’ region with no

bending where the displacement is proportional to p,. This is further seen in the distribution of
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the meridional bending moment stress resultant m,, which is non-zero only in the boundary

layer and zero in the internal region.

The agreement between the predictions of the ThinAxi element and the analytical solution is
very close for w (0.84 % max normalised error), unsurprising given that it is a nodal variable,
but becomes increasingly less satisfactory for derived higher-order stress variables (4.8 %,
2.6 % and 16 % max norm. error respectively for n,, m, and ¢,). Eq. (18) suggests that u is
also affected by the boundary layer, albeit to a smaller extent than w, a behaviour that the
classical ThinAxi formulation is ill-prepared to capture as it uses only a linear interpolation
for u. Further mesh refinement is necessary within the boundary layers to alleviate this,
exacerbating the DOF cost for the ThinAxi element. By contrast, the single CSBL element
exhibits no such limitation, reproducing the numerical predictions of the analytical solution
exactly (10'14 % max norm. error over all variables, close to machine precision), at a cost of
only 17 DOFs. In terms of system assembly and solution time, the CSBL is also 6 % faster on
average over 100 runs. The rather modest speedup for this small problem should be
understood in the context of the higher flop cost in computing the more complex expressions

for the coefficients of the stiffness matrix of the CSBL element.

5.2. Example 2: isotropic silos with stepwise-varying thickness under nonlinear loading

The second example is intended to illustrate the effectiveness of an assembly of CSBL
elements to perform an accurate and efficient linear stress analysis of a multi-strake
cylindrical shell under nonlinear distributed pressure loads. To this end, five realistic stepped-
wall cylindrical metal silos were modelled using meshes of both ThinAxi and CSBL elements.
The silos differ in total height to diameter H/D ratio but share a common storage volume of
~510 m® and exhibit stepwise-increasing integer wall thickness distributions with depth (Fig.
7), as is common in engineering practice. The silos are denoted as VS (H/D =35.2),
S (H/D =3), B (H/D =2.06), I (H/D =1.47) and Q (H/D = 0.65). The structural designs were
performed on the basis of membrane theory according to EN 1993-1-6 and EN 1993-4-1 [28,
29] with loading given by EN 1991-4 [30]. The interested reader may find full details of the

design, loading and further discussion in [31].
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Fig. 7 — Geometry (shown to scale) and loading of the five silos for the second example

The silos store a granular solid (wheat) which exerts a nonlinear normal pressure p, that
increases monotonically to an asymptotic limit with depth, as well as associated frictional
tractions p, that follow the same distribution. For the three most slender silos (VS, S and B),
the variation with z is negative exponential and is known as a ‘Janssen’ distribution, while for
the squattest silos (I and Q) the variation follows a power law instead and is known as a
‘modified Reimbert’ distribution [26]. The outline patterns of these distributions, all actually
quite similar, are also illustrated in Fig. 7. While nonlinear, the distributions are very smooth,

and can be very well approximated in a piecewise quadratic manner.

The silos are assumed to be fully restrained at the base (w = u = 0 and 6 = 0). At the top, only
the normal displacement w is restrained, a boundary condition assumedly provided by a roof
structure. An isotropic steel material is assumed throughout with E =200 GPa and v=0.3
(Eq. (50)). As the radii and thicknesses vary across the silo designs, each wall strake exhibits
a different bending half-wavelength A (Table 2). Further, every internal step change in wall
thickness represents a discontinuity in the membrane displacements and thus leads to
compatibility bending with an associated boundary layer on either side (marked * in Fig. 7),
the rate of decay of which is governed by the 4 of the strake in which it occurs. Silo VS
potentially exhibits 10 boundary layers, while silos S, B, I and Q may exhibit 8, 8, 6 and 6
respectively: the structures are therefore too complex to allow for a closed-form analytical

bending theory solution, and finite elements are needed even for a linear stress analysis.
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Accordingly, modelling each silo with ThinAxi elements requires careful planning, as a fine
mesh must be used within 24 on either side of every discontinuity to accommodate the
boundary layers. The simple rule of thumb of a minimum of 10 elements per A signals the
possibility of a high DOF count, and a mesh convergence study is often necessary for
optimality. Where the mesh is to be partitioned in this manner prior to analysis, each 4 must
usually be calculated manually by the analyst from standard expressions, a laborious task. By
contrast, mesh design for the CSBL element requires significantly less effort, as a single such
element can automatically be assigned to a strake, with A being treated as just another
coefficient to be computed ‘internally’ during stiffness matrix assembly. Strake boundaries

then represent the nodes of CSBL elements.

Table 2 — Details of strake thicknesses ¢, depths & and aspect ratios A/ 4 for the five silos

Silo VS Silo S Silo B Silo 1 Silo Q
r=2500 f r = 3000 r = 3400 r = 3800 r = 5000

£ e Wit e oh wa |t o owa |t o wa Y n Wi

3 8800  41.6

4 3600 147 |3 8200 354 [3 8000 32.4

5 4400 161 |4 2800 105 |4 2400 84 |3 8200 314 |1 3300 19.1

6 5600 187 |5 3200 107 |5 2600 82 |4 2200 7.3 |2 2700 11.1

7 3600 111 |6 3800 116 |6 1000 29 |5 800 24 |3 500 17

Note: T dimensions in mm; § dimensionless.

The predictions of the ThinAxi and CSBL element models for the normal displacement w and
the meridional stresses o, on the inner and outer shell surfaces are shown in Fig. 8, together
with element and DOF counts for each mesh and silo. The data have been scaled to separate
out the plots for enhanced readability, with scaling factors given in the legend for that figure.
The differences between the ThinAxi and CSBL models results, normalised by the maximum
absolute value of the considered field, were computed for every interpolation point and their
95™ percentile over each boundary layer and membrane-governed region are shown at the
middle of the corresponding regions for the most and least slender silos VS and Q

respectively.
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Fig. 8 — a) Normal displacement w and b) meridional surface stresses o, obtained with the
CSBL and ThinAxi elements.

Note: the data have been scaled for readability — scaling factors may be found in the legend.
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483  The agreement between the two models is excellent, with the CSBL mesh requiring only 40 %
484  of the DOFs of an optimised ThinAxi mesh. Both solutions hint at a discontinuity in w at
485  every change of thickness, and clearly show the localised boundary layers of compatibility
486  bending (w;) necessary to force the solution to be continuous from one membrane particular
487  integral (w,) to another. The associated higher local stresses are rather modest except at the
488  base of each silo, where very high surface stresses develop. The error due to the piecewise-
489  parabolic approximation of the load is noticeable only in the upper part of the silos where the
490  distributions exhibit the highest gradients, and remains very reasonable due to the smooth
491  nature of silo loadings. In terms of computation time, the CSBL models are between 6 and 17 %
492  faster than their ThinAxi counterparts (when comparing average runtimes for system

493  assembly and solution out of 50 repeat calculations).

494  5.3. Example 3: meridionally-stiffened corrugated shell with stepwise-varying thickness

495  The final example extends on the second to illustrate the effectiveness of an assembly of
496  CSBL elements to model a complex multi-strake silo with circumferentially corrugated metal
497  walls and meridional stiffeners, both of which exhibit a stepwise variation in thickness, using
498 a ‘smeared’ stiffness approach [23, 24]. The solution is compared against an assembly of
499  ThinAxi elements, as well as a detailed 3D model built using the commercial ABAQUS 6.14-
500 4 [32] software which explicitly considers the corrugation and stiffener profiles to validate the

501  axisymmetric ‘smeared’ stiffness assumption.

502  Corrugations and meridional stiffeners are a common feature of silo design: the corrugations
503  greatly enhance the circumferential bending stiffness of the shell though at a significant
504  penalty to the meridional stiffness so that axial loads must instead be carried almost entirely
505 by external columns [22, 26]. The present example considers a real design, carried out
506  according to NF P 22-630 [33] and DIN 1055-6 [34], of a wheat silo of nominal radius
507  r=_8.885 m built with 12 corrugated strakes of equal height 42 =1.144 m up to a total height
508 H=13.728 m (Fig. 9a). The corrugated sheets have a thickness varying from 1.5 to 2.5 mm
509  with an ‘arc and tangent’ profile (Fig. 9b). There are 60 external column stiffeners with
510 varying Q profiles, bolted to the external peaks of the corrugations, with a spacing of
511 dy =933 mm (Fig. 9c). Both the strakes and stiffeners are made of isotropic steel with
512 E =200 GPa and v =0.3. The present analyses assume a smooth but nonlinear axisymmetric
513  ‘Janssen’ pressure distribution for the stored wheat using material properties from EN 1991-4

514 [30], with additional provisions for corrugated silos from EN 1993-4-1 [28, 29].
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Fig. 9 — Overall geometry, shell-thickness and stringer distribution of the silo for the third

example a), corrugation profile b) and stiffener positioning c)

The ABAQUS reference model uses a combination of linear four-node reduced-integration
S4R shell and linear two-node B21 beam elements to accurately model the corrugated shell
and the stiffeners respectively. The meridional corrugation profile (Fig. 9b) can be expressed
well by 28 S4R elements per corrugation wave (approx. element size of 5 mm).
Circumferential symmetry is exploited to model the smallest possible arc of the shell (Fig. 9c).
As important variations can also be expected in that direction, 47 S4R elements (approx. size
20 mm) were used, which helps to maintain a reasonable aspect ratio for the shell elements.
With 11 waves in every of the 12 strakes, a total of 173,712 shell elements were required.
While it is probably possible to optimise the element count, doing so is unlikely to lead to a

significant reduction in the required number of total elements.

The stiffeners were modelled using 22 B21 elements per strake, up to a total of 264.
Connector elements CON3D2 were used to link the beam and shell element DOFs at each of
the 132 contact points. Boundary conditions were assumed the same as in the second example:
clamped base and restrained normal displacement at the top. For simplicity, the distributed
pressure and friction tractions loads were assumed to act in the radial and meridional
directions regardless of local incline of the corrugated wall (Fig. 9b), an assumption that is

implicitly made with the ThinAxi and CSBL models. It should be noted that building the
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complex geometry of such a model demands significant skill on the part of the analyst, with

extensive use of Python scripting.

The use of axisymmetric shell elements is possible with the help of the ‘smeared’ stiffness
approach. This treats the silo as a composite cylindrical shell with a uniformly orthotropic
stiffness that is a superposition of two cylinders with equivalent membrane and bending
stiffnesses corresponding to the corrugated shell [Cyey] and stiffeners [Ciigeners] respectively.

The constitutive relation is thus:

n, &,
ng = ([Cshell ] + [Cstl_'ffeners ]) 86 (5 1)
mZ K-Z

The equivalent orthotropic properties for a corrugated shell can be found in EN 1993-4-1 [29]
as follows (a and [ are defined in Fig. 9b):

Ciign 0 0
[thell] =l 0 Co g 0
0 0 Css.n (52)
213 w*a®

3 2,2\
Whel‘e Cll,sh = E_, CZZ,Sh = Et 1+ and C33,sh :—Et . 1+ 7a
3a? A1 12(1-v?) U ar

It may be noted that these properties ignore Poisson coupling in the meridional and
circumferential directions, and that the circumferential membrane stiffness Cay, 1S
significantly greater than the meridional membrane stiffness Cj; . EN 1993-4-1 [29]
additionally specifies that stiffener spacing d;, of 933 mm should be less than a maximum

value dy; g, to validate a ‘smeared’ treatment. This criterion is met, with the limit given by:

0.25
r?(0.13Eta?)
Ay =74 ————= | =1439 mm (53)

22,sh
Lastly, displacements, strains and stress resultants in the shell are obtained using Eqgs (47)-(49)

with the relevant [Cyy,.;] terms.

The contribution of the stiffeners, expressed with respect to the midsurface of the orthotropic
shell, depends on their material (E) and section (A, and I,) properties, and their eccentricity

relative to the cylinder (ey) and spacing (dy,) [22, 29]:
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Est Axt 0 €yt EstAvt
dy dy
[Cmﬁ‘eners ] = 0 0 0 (54)
€yt EstAxt EstIst estzEst Axt
e A TR +
L dS[ d_y[ dST

The resultant axial force N, and bending moment M, in the beam sections, with respect to the
centroid of the stiffener, may be obtained by:

NZ _ ES[AYI eS[EYtAY[ SZ
M. | 0 ElI, ||x

The columns exhibit a meridional bending stiffness far greater than that of the shell itself, and

(55)

the resulting bending half-wavelengths a # f are of the same order as the strake dimensions.
The bending boundary layer thus dominates the entire structure, and a simple conventional
stress analysis based solely on membrane equilibrium would be entirely inappropriate [22]. A
full bending analysis is necessary even to obtain the linear stress state, and since the multi-
strake structure is much too complex for a closed-form analytical solution this must be done
with finite elements. It is interesting to note that just a single ThinAxi element per strake will
in fact give a reasonably good solution for the normal displacement w in the ‘smeared’ shell,
since in the limit H/oo — 0 the boundary layer shape functions anyway converge to the
Hermite cubic polynomials that the ThinAxi element uses to interpolate w (Fig. 2). However,
the solution for the meridional displacement would be very inadequate in this case due to that
element’s linear interpolation field for u. Each ‘smeared’ strake was therefore modelled with
10 ThinAxi elements (the rule of the thumb of 10 elements per bending half-wavelength now
being redundant) to solve for both w and u more accurately, up to a total of 120. By contrast,
only a single CSBL element was necessary per strake, up to a total of 12. The modelling
effort required in either case is trivial compared with the complexity of creating a 3D model.

The element, node and DOF counts in the three models are compared in Table 3.

Table 3 — Comparison of the complexities of the finite element models

Model  No. of elements No. of nodes No. of DOFs
ABAQUS 178,704 183,156  1,098,144%
ThinAxi 120 121 363
CSBL 12 13 204

1 includes both shell and beam elements; § includes Lagrange multipliers
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A very good agreement is observed between the three finite element models for the solution
governing the stiffeners (Fig. 10), with the ThinAxi and CSBL predicting a very similar
response. Using ABAQUS as the reference solution, 90 % of the sampled ThinAxi and CSBL
predictions exhibit a relative error below 6.2, 6.6 and 15 % for the transverse displacement w,
axial displacements u and the axial force N, respectively. The axial force increases
monotonically with depth to a maximum compressive value of ~175kN near the base where
the risk of buckling is thus greatest, while the bending moment is negligible everywhere
except near the base where it peaks at ~6 kNm. The relative error in N, and M, in the lowest
strake is less than 20 % and 30 % respectively, the discrepancy being a consequence of the
‘smeared’ stiffness approach rather than the choice of interpolation field for either the CSBL
or ThinAxi elements. Similarly, the agreement between the three models for the solution
within the shell itself is satisfactory (Fig. 11, where the ThinAxi solution is not represented
for readability as it does not differ significantly from that of the CSBL). The normal
displacements w of the shell were extracted from the ABAQUS model at the stiffened and
unstiffened locations (Fig. 9c). On the stiffened side, the shell displacements closely follow
those of the stiffener (Fig. 10), while on the unstiffened side the displacements are larger due
to the increased local flexibility.

Radial displacement Axial displacement Axial force Bending moment

, w (mm) o (mm) Nz (kN) Mz (kNm})

—ABAQUS

12,584 —ThinAxi
=« CSBL

2,288 | .
1,144 |

e c Qe e
SO = «~ ™

\.4

o o
o o~

@ © 9 99 © o Q9 S Q e o 9
4 1B O NOo = o m wlx o 4 © ©

250
-200
150
100
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Fig. 10 — Transverse and axial displacements, force and bending moment for the stiffeners

obtained with the ABAQUS, ThinAxi and CSBL finite element models
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Also shown in Fig. 11 are the circumferential oy and meridional o, stresses on the inner shell
surface. As the actual stresses in the ABAQUS model follow the corrugation profile and
feature important oscillations, a moving average with a period fitted to the wavelength of the
corrugation is used to enable an easier comparison and better readability. The CSBL results
are globally in excellent agreement with ABAQUS, with the exception of the bottom
boundary and near changes of corrugation (but not stiffener) thickness. This is due to
significant non-axisymmetric bending that occurs at those locations that is strongly dependent
on the exact manner in which they are modelled in ABAQUS, but which it is anyway not
possible to reproduce through a ‘smeared stiffener’ treatment. The largest error is observed
for the shell meridional stresses on the unstiffened side in the bottom strake, since the stresses
developed there are underestimated by an order of magnitude by the ‘smeared’ stiffness
model. A reduction in the stiffener circumferential spacing d; would improve the quality of
the results for the unstiffened side, as it would make the problem closer to axisymmetric. The
‘smeared’ approach is, however, clearly a very valuable simplifying design tool for certain
structures, and the CSBL implementation is preferable over a classical shell formulation as it
captures the higher order variables (stresses and resultants) more accurately with fewer DOFs
and requires significantly less modelling effort.

Normal displacements w (mm)  Shell inner circ. stress (MPa) Shell inner mer. stress (MPa)
13,728 T T T

----- Shell-stiff. {AB.)
—Shell-unst. (AB.)
---CSBL

----- Stiff. moving average (AB.)
—Unst. moving average (AB.) p
--=CSBL

12,584

11,440

10,296

9,152

Height z (mm)
w (2] o0
N © o
N ()] o
o =y [e5]

4,576

3,432

2,288

1,144

o o o

25

o wn
wn ~

Fig. 11 — Normal displacements, inner circumferential and meridional surface shell stresses

obtained with ABAQUS and the CSBL finite element models

29



620

621
622
623
624
625
626
627

628
629
630
631
632
633
634

635
636
637
638
639

640
641
642
643
644
645
646
647
648
649
650
651

6. Conclusions and further development

This ‘proof of concept’ paper builds on an axisymmetric bending theory for thin orthotropic
cylindrical shells presented in [22] to develop a novel cylindrical shell boundary layer (CSBL)
finite element. Specialised shape functions are introduced to enrich the element to exactly
capture the ‘boundary layer’ of local bending that occurs near supports, changes of wall
thickness and other discontinuities. These shape functions are obtained directly from the
solution to the governing differential equation and permit the interpolation of the bending

components of the nodal displacement variables separately from the membrane components.

The proposed formulation permits just a single CSBL element to exactly capture the stresses
and displacements of an entire cylindrical shell under up to second order polynomial
distributed loading. The ability of the element to accurately and efficiently analyse more
realistic design problems, featuring more complex loads and geometries, multi-segment
cylindrical strakes with stepwise-varying wall thickness and meridional stiffener distributions
was demonstrated on three examples of increasing complexity and practical relevance. For

two of these, even a linear bending stress analysis is prohibitively onerous analytically.

Comparisons with classical axisymmetric shell elements based on low-order polynomial
shape functions and the commercial ABAQUS software show that the added complexity of
the CSBL formulation may be balanced by a significantly simpler meshing and modelling
procedure. Additionally, the CSBL element leads to a system with a lower number of degrees

of freedom and faster runtimes than an alternative classical axisymmetric shell formulation.

Under linear conditions, the rate of decay of the bending boundary layer is governed by the
bending half-wavelength, a quantity always known a priori for any cylindrical shell from
standard expressions that is coded into the proposed bending shape functions. However, under
geometrically nonlinear conditions, the bending half-wavelength is known to be greatly
amplified by the level of local meridional stress, but the only known closed-form expression
for the nonlinear bending half-wavelength relates to a cylinder under uniform meridional
compression [35]. Ongoing development on a nonlinear axisymmetric CSBL element aims to
implement the bending half-wavelength as an element DOF, with only initial values given by
linear expressions. Additionally, the formulation is currently being extended to other shells of
revolution and Gaussian curvatures, including cones and spheres which exhibit significantly
wider boundary layers than cylinders, as well as non-axisymmetric conditions and different

sets of practical boundary conditions such as stiffening rings and elastic foundations.
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