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We present a new model for multi-agent dynamics where each agent is described by
its position and body attitude: agents travel at a constant speed in a given direction
and their body can rotate around it adopting different configurations. In this manner,
the body attitude is described by three orthonormal axes giving an element in SO(3)
(rotation matrix). Agents try to coordinate their body attitudes with the ones of their
neighbours. In this paper, we give the individual-based model (particle model) for this
dynamics and derive its corresponding kinetic and macroscopic equations.
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1. Introduction
In this paper, we model collective motion where individuals or agents are described

by their position and body attitude. The body attitude is given by three
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(b)

Source: These images are in public domain (released under Creative Commons CCO by pix-
abay.com).

Fig. 1. (Color online) Examples of body attitude coordination/dis-coordination and the use of
the rotation matrix representation. (a) Birds with coordinated body attitude. Three orthonormal
axes describe the body attitude: the green arrow indicates the direction of movement; the blue
and red arrows indicate the position of the body with respect to this direction. (b) Birds with
no coordinated body attitude. (c) Dolphins moving in the same direction but with different body
attitude. In this example one can see that the body attitude coordination model gives more
information than the Vicsek model (which only describes the direction of movement).

orthonormal axes; one of the axes describes the direction in which the agent moves
at a constant speed; the other two axes indicate the relative position of the body
with respect to this direction. Agents try to coordinate their body attitude with
those of near neighbours (see Fig. 1). Here we present an individual-based model
(particle model) for body attitude coordination and derive the corresponding macro-
scopic equations from the associated mean-field equation, which we refer to as the
Self-Organised Hydrodynamics for body attitude coordination (SOHB), by refer-
ence to the Self-Organised Hydrodynamics (SOH) derived from the Vicsek dynamics
(see Ref. 24 and discussion below).
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There exists already a variety of models for collective behaviour depending on
the type of interaction between agents. However, to the best of our knowledge,
this is the first model that takes into account interactions based on body attitude
coordination. This has applications in the study of collective motion of animals such
as birds and fish and it is a stepping stone to model more complex agents formed
by articulated bodies (corpora).!®!* In this section, we present related results in
the literature and the structure of the document.

There exists a vast literature on collective behaviour. In particular, here we deal
with the case of self-propelled particles which is ubiquitous in nature. It includes,
among others, fish schools, flocks of birds, herds®“4!; bacteria®*7; human walking
behaviour.?® The interest in studying these systems is to gain understanding on
the emergent properties: local interactions give rise to large scale structures in the
form of patterns and phase transitions (see the review in Ref. 46). These large scale
structures take place when the number of individuals or agents is very large. In
this case a statistical description of the system is more pertinent than an agent-
based one. With this in mind mean-field limits are devised when the number of
agents tend to infinity. From them macroscopic equations can be obtained using
hydrodynamic limit techniques (as we explain below).

The results presented here are inspired from those in Ref. 24. There the authors
consider the Vicsek model which is a particular type of model for self-propelled
particles.1:15:34:45 The Vicsek model describes collective motion where agents travel
at a constant speed in a given direction. At each time step the direction of movement
is updated to the averaged one of the neighbouring agents, with some noise. The
position is updated considering the distance travelled during that time step.

Our results here are inspired by the SOH model (the continuum version of the
Viesek model), where we have substituted velocity alignment by body attitude
coordination. Other refinements and adaptations of the Vicsek model (at the par-
ticle level) or the SOH model (at the continuum level) have been proposed in the
literature, we just mention the following ones as examples: in Ref. 10 an individual-
based model is proposed to better describe collective motion of turning birds; in
Ref. 25 agents are considered to have the shape of discs and volume exclusion is
included in the dynamics; a description of nematic alignment in rods is done in
Ref. 23.

In Ref. 24 the authors investigate the mean-field limit and macroscopic limit of
the Vicsek model. The mean-field limit gives a kinetic equation that takes the form
of a Fokker—Planck equation referred to as the mean-field limit Vicsek model.

To obtain the macroscopic equations (the SOH model), the authors in Ref. 24
use the well-known tools of hydrodynamic limits, first developed in the frame-
work of the Boltzmann equation for rarefied gases.!!:16:42 Since its first appearance,
hydrodynamics limits have been used in other different contexts, including traffic

3:35 and supply chain research.?? However, in Ref. 24 a new con-

flow modelling
cept is introduced: the Generalised Collision Invariant (GCI). Typically to obtain

the macroscopic equations we require as many conserved quantities in the kinetic



Math. Models Methods Appl. Sci. 2017.27:1005-1049. Downloaded from www.worldscientific.com

by IMPERIAL COLLEGE LONDON on 09/12/17. For personal use only.

1008 P. Degond, A. Frouvelle & S. Merino-Aceituno

equation as the dimension of the equilibria (see again Ref. 46). In the mean-field
limit Vicsek model this requirement is not fulfilled and the GCI is used to sort out
this problem. For other cases where the GCI concept has been used see Refs. 17,
18, 21, 22, 27 and 29.

After this introduction and the following discussion about the main result,
the next part of the paper is dedicated to the modelling. In Sec. 3.1 we explain
the derivation of the individual-based model for body coordination dynamics:
given N agents labelled by & = 1,..., N the positions and body attitudes
(X, Ag) € R3 x SO(3) over time are given by the Stochastic Differential Equations
(SDEs) (3.10)-(3.11). In Sec. 3.2 we give the corresponding (formal) mean-field
limit (Proposition 3.2) for the evolution of the empirical measure when the number
of agents N — oc.

The last part concerns the derivation of the macroscopic equations (Theo-
rem 4.1) for the total density of the particles p = p(t,z) and the matrix of the
mean body attitude A = A(t,z). To obtain these equations we first study the
rescaled mean-field equation (Eq. (4.1)), which is, at leading order, a Fokker—Planck
equation. We determine its equilibria, which are given by a von Mises distribution
on SO(3) (Eq. (4.4)). Finally in Sec. 4.4 we obtain the GCIs (Proposition 4.6),
which are the main tool to be able to derive the macroscopic equations in Sec. 4.5.

2. Discussion of the Main Result: The Self-Organised
Hydrodynamics for Body Attitude Coordination

The main result of this paper is Theorem 4.1 which gives the following macroscopic
equations for the density of agents p = p(¢,2) and the matrix of the mean body
attitude A = A(t,x) € SO(3) (i.e. SOHB):

8tp + Clvm . (pAel) = 0, (21)
p(atA + C2((Ael) . Vm)A) + [(Ael)
X (e3Vgp+ capry(N)) + capdp(A)Aer]x A = 0. (2.2)

In the equations above c1, ca, c3 and ¢4 are explicit constants which depend on the
parameters of the model (namely the rate of coordination and the level of noise).
The expressions of the constants co, ¢3 and ¢4 depend on the GCI mentioned in the
Introduction (and computed thanks to Proposition 4.6). The constant ¢ is obtained
as a “consistency” relation (Lemma 4.4). In (2.2), the operation [-]x transforms a
vector v in an antisymmetric matrix such that [v]xu = v x u for any vector u (see
(3.2) for the exact definition). The scalar §,(A) and the vector r,(A) are first-order
differential operators intrinsic to the dynamics : if A(xz) = exp([b(x)]x )A(x¢) with b
smooth around zy and b(xy) = 0, then

0:(A)(x0) = Vi - b(2)|pms, and rz(A)(20) = Vi X b(2)] 1220,

where V. x is the curl operator. These operators are well defined as long as A is
smooth: as we will see in the next section, we can always express a rotation matrix
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as exp([b]x) for some vector b € R?, and this function b — exp([b]x) is a local
diffeomorphism between a neighbourhood of 0 € R? and the identity of SO(3). This
gives a unique smooth representation of b in the neighbourhood of 0 when z is in
the neighbourhood of xq since then A(z)A(zg)~! is in the neighbourhood of Id.

We express Eq. (2.2) in terms of the basis vectors {2 = Aej,u = Aez, v = Aes}
and we write A = A(Q2,u, v). System (2.1)-(2.2) can be expressed as an evolution
system for p and the basis {Q,u, v} as follows:

Op+ca1Vy-(pQ) =0, (2.3)

pDQ + Poi (e3Vyep+ capr) =0, (2.4)
pDiu—u- (csVep+ capr)Q+capdv =0, (2.5)
pDyv — v - (esVep+ capr)Q —cypdu =0, (2.6)

where Dy = 0 + c2(Q - V), § = 3,(A(Q,u,v)) and r = r (A(Q,u,v)). The
operator Pn. denotes the projection on the orthogonal of 2. We easily see
here that these equations preserve the constraints |2 = |u| = |v|] = 1 and
Q-u=Q-v=u-v=0. The expressions of § and r are:

=02 -Vyu] - v+ [(u-Vy)v] - Q4+ [(v-V,)Q] - u,
r=(Vy Q0+ (Vy-u)u+ (Vy - v)v.

Equation (2.1) (or equivalently Eq. (2.3)) is the continuity equation for p and
ensures mass conservation. The convection velocity is given by c;Ae; = ¢1§2 and Q
gives the direction of motion. Equation (2.2) (or equivalently Eqs. (2.4)—(2.6)) gives
the evolution of A. We remark that every term in Eq. (2.2) belongs to the tangent
space at A in SO(3); this is true for the first term since (0; + co(Aeq) - V,.) is a
differential operator and it also holds for the second term because it is the product
of an antisymmetric matrix with A (see Proposition A.2). Alternately, this means
that (2(¢),u(¢), v(t)) is a direct orthonormal basis as soon as (£2(0),u(0), v(0)).

The term corresponding to cs in (2.2) gives the influence of V,p (pressure gra-
dient) on the body attitude A. It has the effect of rotating the body around the
vector directed by (Ae1) X Vgp at an angular speed given by <[[(Aey) x Vaplls

so as to align 0 with —V,p. Indeed the solution of the differential equation
%+’y[n] « A = 0, when n is a constant unit vector and  a constant scalar, is given by
A(t) = exp(—vt[n]«)Ag, and exp(—vt[n]x) is the rotation of axis n and angle —~vt
(see (3.4), it is called Rodrigues’ formula). Since we will see that c3 is positive
the influence of this term consists of relaxing the direction of displacement Aej
towards V. p. Alternately, we can see from (2.4) that Q turns in the opposite direc-
tion to V,p, showing that the V,p term has the same effect as a pressure gradient
in classical hydrodynamics. We note that the pressure gradient has also the effect
of rotating the whole body frame (see influence of V,p on u and v) just to keep
the frame orthonormal. Similarly to what happens with the V,p term in Eq. (2.2),
the term containing c4pr in Eq. (2.4) has the effect of relaxing the direction of
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displacement ) towards —r (we will indeed see that ¢4 is positive). Finally, the last
terms of Eqs. (2.5)-(2.6) have the effect of rotating the vectors u and v around 2
along the flow driven by D; at angular speed c49.

If we forget the term proportional to r in (2.4), system (2.3)—(2.4) is decoupled
from (2.5)-(2.6), and is an autonomous system for p and €, which coincides with
the SOH model. The SOH model provides the fluid description of a particle system
obeying the Vicsek dynamics.?* As already discussed in Ref. 24, the SOH model
bears analogies with the compressible Euler equations, where (2.3) is obviously the
mass conservation equation and (2.4) is akin to the momentum conservation equa-
tion, where momentum transport pD.{2 is balanced by a pressure force —Pq1 V. p.
There are however major differences. The first one is the presence of the projection
operation Pg. which is there to preserve the constraint || = 1. Indeed, while the
velocity in the Euler equations is an arbitrary vector, the quantity 2 in the SOH
model is a velocity orientation and is normalised to 1. The second one is that the
convection speed co in the convection operator Dy is a priori different from the
mass convection speed ¢; appearing in the continuity equation. This difference is
a signature of the lack of Galilean invariance of the system, which is a common
feature of all dry active matter models.

The major novelty of the present model, which can be referred to as the SOHB
is that the transport of the direction of motion €2 involves the influence of another
quantity specific to the body orientation dynamics, namely the vector r. The overall
dynamics tends to align the velocity orientation €2, not opposite to the density
gradient V,p but opposite to a composite vector (¢3V,p + capr). The vector r is
the rotational of a vector b locally attached to the frame (namely the unit vector
of the local rotation axis multiplied by the local angle of rotation around this
axis). This vector gives rise to an effective pressure force which adds up to the
usual pressure gradient. It would be interesting to design specific solutions where
this effective pressure force has a demonstrable effect on the velocity orientation
dynamics.

In addition to this effective force, spatial inhomogeneities of the body attitude
also have the effect of inducing a proper rotation of the frame about the direction
of motion. This proper rotation is also driven by spatial inhomogeneities of the
vector b introduced above, but are now proportional to its divergence.

3. Modelling: The Individual-Based Model and
Its Mean-Field Limit

The body attitude is given by a rotation matrix. Therefore, we work on the Rieman-
nian manifold SO(3) (Special Orthogonal Group), which is formed by the subset of
matrices A such that AAT = Id and det(A) = 1, where Id stands for the identity
matrix.

In this document M indicates the set of square matrices of dimension 3; A is the
set of antisymmetric matrices of dimension 3; S is the set of symmetric matrices of
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dimension 3. Typically we will denote by A, A matrices in SO(3) and by P matrices
in A. Bold symbols n, v, e; indicate vectors.

We will often use the so-called Euler axis-angle parameters to represent an
element in SO(3): to A € SO(3) there is associated an angle § € [0,7] and a
vector n € S? so that A = A(6,n) corresponds to the anticlockwise rotation of
angle # around the vector n. It is easy to see that

tr(A) =1+ 2cosd (3.1)

(for instance expressing A in an orthonormal basis with n), so the angle 6 is uniquely
defined as arccos(% (tr(A)—1)). Notice that n is uniquely defined whenever 6 € (0, 7)
(if # = 0 then n can be any vector in S? and if § = 7 then the direction of n is
uniquely defined but not its orientation). For a given vector u, we introduce the
antisymmetric matrix [u]«, where [-]x is the linear operator from R? to A given by

0 —Uus u9g
[u]x := | us 0 —uil, (3.2)
—U2 uy 0

so that for any vectors u,v € R?, we have [u]xv = u x v. In this framework, we
have the following representation for A € SO(3) (called Rodrigues’ formula):

A= A(f,n) = Id +sinf[n]x + (1 — cosd)[n]% (3.3)

= exp(f[n]x). (34)
We also have n X (n X v) = (n-v)n— (n-n)v, therefore when n is a unit vector,
we have

2 =n®n —1Id, (3.5)

where the tensor product a ® b is the matrix defined by (a ® b)u = (u- b)a for
any u € R3. Finally, SO(3) has a natural Riemannian metric (see Ref. 38) induced
by the following inner product in the set of square matrices of dimension 3:

A-B= Etr (ATB) = ZA”B” (3.6)

This normalisation gives us that for any vectors u,v € R?, we have that
[u]s - [v]x = (u-v). (3.7)

Moreover, the geodesic distance on SO(3) between Id and a rotation of an-
gle 0 € [0,7] is exactly given by 6 (the geodesic between Id and A is exactly
t € [0,0] — exp(t[n]x)). See Appendix A for some properties of SO(3) used through-
out this work.

Seeing SO(3) as a Riemannian manifold, we will use the following notations: T4
is the tangent space in SO(3) at A € SO(3); Pr, denotes the orthogonal projection
onto T4; the operators V4, Va- are the gradient and divergence in SO(3), respec-
tively. These operators are computed in Sec. 4.2 in the Euler axis-angle coordinates.
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3.1. The individual-based model

Consider N agents labelled by k = 1,..., N with positions Xy (t) € R? and asso-
ciated matrices (body attitudes) Ay (f) € SO(3). For each k, the three unit vectors
representing the frame correspond to the vectors of the matrix Ay(¢) when written
as a matrix in the canonical basis (e1, ez, e3) of R3. In particular, the direction of
displacement of the agent is given by its first vector Ay(t)es.

Ewolution of the positions. Agents move in the direction of the first axis with con-
stant speed vy:
dXy(t)
dt

= ’UoAk(t)el.

Evolution of the body attitude matriz. Agents try to coordinate their body attitude
with those of their neighbours. So we are facing two different problems from a
modelling viewpoint, namely to define the target body attitude, and to define the
way agents relax their own attitude towards this “average” attitude.

As for the Vicsek model,?* we consider a kernel of influence K = K(x) > 0 and
define the matrix

N
My (t) = % S0 R(Xi(t) - Xu)DA: (1) (3.8)

This matrix corresponds to the averaged body attitude of the agents inside the zone

of influence corresponding to agent k. Now My (t) ¢ SO(3), so we need to orthog-

onalise and remove the dilations, in order to construct a target attitude in SO(3).

We will see that the polar decomposition of My (¢) is a good choice in the sense

that it minimises a weighted sum of the squared distances to the attitudes of the

neighbours. We also refer to Ref. 40 for some complements on averaging in SO(3).
We give next the definition of polar decomposition.

Lemma 3.1. (Polar decomposition of a square matrix3¥) Given a matriz

M € M, if det(M)#0 then there exists a unique orthogonal matriz A (given by

A= MKWVMIM)™Y) and a unique symmetric positive definite matriz S such that
M =AS.

Proposition 3.1. Suppose that the matriz My (t) has positive determinant. Then
the following assertions are equivalent:

(i) The matriz A minimises the quantity + Efil K(|X;(t) — Xy (t)])]|Ai (t) — A2
among the elements of SO(3).
(ii) The matriz A is the element of SO(3) which maximises the quantity A-Mg/(t).
(iii) The matriz A is the polar decomposition of My(t).

Proof. We get the equivalence between the first two assertions by expanding;:

| Ai(t) — A||* = %[tr(Ai(t)TAi(t)) +tr(ATA)] — 24 Ai(t) = 3 — 24 - A;(2),
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since A and A;(t) are both orthogonal matrices. So minimising the weighted sum of
the squares distances amounts to maximising inner product of A and the weighted
sum M, of the matrices A; given by (3.8).

Therefore if det Ml > 0, and A is the polar decomposition of My, we immedi-
ately get that det A > 0, hence A € SO(3). We know that S can be diagonalised in
an orthogonal basis: S = PTDP with PTP = Id and D is a diagonal matrix with
positive diagonal elements A1, A2, A3. Now if B € SO(3) maximises tr(B7My)
among all matrices in SO(3), then it maximises tr(BTAPTDP) = tr(PBTAPTD).
So the matrix B = PBTAPT maximises tr(BD) = A1b11 + Agbas + A3bzz among
the elements of SO(3) (the map B + PBTAP" is a one-to-one correspondence
between SO(3) and itself). But since B is an orthogonal matrix, all its column

vectors are unit vectors, and so b;; < 1, with equality for ¢ = 1,2 and 3 if and only
if B = 1d, that is to say PBTAPT =1d, which is exactly B = A. O

We denote by PD(Mj) € O(3) the corresponding orthogonal matrix coming from
the polar decomposition of M.

We now have two choices for the evolution of Aj;. We can use the second point
of Proposition 3.1 and follow the gradient of the function to maximise:

%kt(t) = VVA(Mk . A)|A:Ak = VPTAkMk (39)
(see (A.2) for the last computation, Pr, is the projection on the tangent space,
this way the solution of the equation stays in SO(3)).

Or we can directly relax to the polar decomposition PD(My), in the same
manner:

dAg(1)

dt

We can actually see that the trajectory of this last equation, when PD(My)

belongs to SO(3) and does not depend on ¢, is exactly following a geodesic (see

Proposition A.4). Therefore in this paper we will focus on this type of coordination.

The positive coefficient v gives the intensity of coordination, in the following we will

assume that it is a function of the distance between Ay and PD(My) (the angle of

the rotation AT PD(My)), which is equivalent to say that v depends on Ay -PD(My).

= VPTAIQ(PD(Mk))-

Remark 3.1. Some comments:

(1) One could have used the Gram—-Schmidt orthogonalisation instead of the polar
decomposition, but it depends on the order in which the vector basis is taken
(for instance if we start with ey, it would define the first vector as the average
of all the directions of displacement, independently of how the other vectors of
the body attitudes of the individuals are distributed). The polar decomposition
gives a more canonical way to do this.

(2) We expect that the orthogonal matrix coming from the polar decomposition
of My belongs in fact to SO(3). First, we notice that O(3) is formed by two
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disconnected components: SO(3) and the other component formed by the matri-
ces with determinant —1. We assume that the motion of the agents is smooth
enough so that the average My stays “close” to SO(3) and that, in particu-
lar, det(My) > 0.

A simple example is when we only average two different matrices A; and Ao
of SO(3). We then have M = (A4 + A,). If we write A; A7 = exp(f[n])
thanks to Rodrigues’ formula (3.4) and we define A = Ay exp(36[n]x), we get
that A; = Aexp(16[n],) and so

M= A7 (exp(%@[n]x) + exp <—%9[n}x>>
=A <cosgld+ (1—cosg)n®n) ;

thanks to Rodrigues’ formula (3.3) and to (3.5). Since the matrix
S = cos gld + (1 —cos g)n ® 1 is a positive-definite symmetric matrix as soon
as 0 € [0, 7), we have that det(M) > 0. The polar decomposition of M is then A,
which is the midpoint of the geodesic joining A; to Az (which corresponds to
the curve ¢t € [0, 6] — A; exp(t[n]x)).

As soon as we average more than two matrices, there exist cases for
which det(M) < 0: for instance if we take

1 0 0 -1 0 0 -1 0 0
Air=]10 -1 0|, A=(0 1 0], A3=|10 -1 0},
0 0 -1 0 0 -1 0 0 1

we have M = 5(Ay + Ay + Az) = —31d,

Noise term. Agents make errors when trying to coordinate their body attitude
with that of their neighbours. This is represented in the equation of A by a noise
term: 2v/DdW} where D > 0 and WF = (W), ;_; 5 3 are independent Gaussian
distributions (Brownian motion).

From all these considerations, we obtain the IBM:

dX i (t) = vo Ak (t)erdt, (3.10)
dAy(t) = Pr,_ o [v(PD(My) - Ay)PD(My)dt + 2VDdWY], (3.11)

where the SDE is in Stratonovich sense (see Ref. 32). The projection Pr,
and the fact that we consider the SDE in Stratonovich sense ensure that the
solution A(t) stays in SO(3). The normalisation constant 2v/D ensures that
the diffusion coefficient is exactly D: the law p of the underlying process given
by dAj = 2\/5PTAk o dW} satisfies 9;p = DA op where Ay = V4 -V is the Laplace—
Beltrami operator on SO(3). Notice the factor 2v/D instead of the usual v/2D which
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is encountered when considering diffusion process on manifolds isometrically embed-
ded in the Euclidean space R™, because we are here considering SO(3) embedded
in M (isomorphic to R?), but with the metric (3.6), which corresponds to the
canonical metric of R? divided by a factor 2. We refer to Ref. 37 for more insight
on such stochastic processes on manifolds.

3.2. Mean-field limit

We assume that the kernel of influence K is Lipschitz, bounded, with the following
properties:

K =K(|z|) > / K(|z])dz =1, /R3 22K (|z])dz < oo. (3.12)

In Ref. 7 the mean-field limit is proven for the Vicsek model. Using the techniques
there it is straightforward to see that for

1 N
=y 3

the law fV = fN(x, A,t) of the empirical measure associated to the Stratonovich
SDE:

dX g (t) = voAg(t)erdt, (3.13)
dAk(t) = Pr,, o [(M(Xk,t) - Ap)M(Xx, t)dt + 2VDdW}], (3.14)
converges weakly fV — f as N — oo. The limit satisfies the kinetic equation:
Ouf +voAer-Vyuf = DAsf —Va- (FIf]f),
with
F[f] = v(Mj - A)Pr, (M),

My = / Kz —a2')f(2', A t)A'dA'dx’ .
R3xS0O(3)

The equations we are dealing with (3.10)—(3.11), since we consider the polar
decomposition of the averaged body attitude My, are slightly different from (3.13)—
(3.14), which would correspond to the modelling point of view of Eq. (3.9). As
a consequence, the corresponding coefficient of the SDE is not Lipschitz anymore
and the known results for existence of solutions and mean-field limit (see The-
orem 1.4 in Ref. 43) fail. More precisely, the problem arises when dealing with
matrices with determinant zero; the orthogonal matrix of the polar decomposi-
tion is not uniquely defined for matrices with determinant zero and, otherwise,
PD(My) = My, (y/MIM;)~* (Lemma 3.1).

A complete proof of the previous results in the case of Egs. (3.10)—(3.11)
would involve proving that solutions to the equations stay away from the singu-
lar case det(My) = 0. This is an assumption that we make on the individual-based
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model (see the second point of Remark 3.1). This kind of analysis has been done
for the Vicsek model (explained in Sec. 1) in Ref. 28 where the authors prove global
well-posedness for the kinetic equation in the spatially homogeneous case.

In our case one expects the following to hold.

Proposition 3.2. (Formal) When the number of agents in (3.10)~(3.11) N — oo,
its corresponding empirical distribution

N
1
N (x, At) = N D 8 (t). A1)
k=1

converges weakly to f = f(x, A,t), (z, A, t) € R® x SO(3) x [0,00) satisfying

O f +voder - Vaof = DAsf —Va- (fF[f]),

F[f] == vPr,(M[f]),

MI[f] = PD(MI/]), (3.15)
M[f](z,t) := /R3><SO(3) Kz —a2')f(2', A t)A'dA'dx’

where PD(M]f]) corresponds to the orthogonal matriz obtained on the polar decom-

position of M[f] (see Lemma 3.1); and v = v(M[f] - A).

4. Hydrodynamic Limit

The goal of this section will be to derive the macroscopic equations (Theorem 4.1).
From now on, we consider the kinetic equation given in (3.15).

4.1. Scaling and expansion

We express the kinetic equation (3.15) in dimensionless variables. Let 1y be
the typical interaction frequency scale so that v(A - A) = /(A - A) with
V(A - A) = O(1). We introduce also the typical time and space scales tg, 7o
such that to = v Uand g = woto; the associated variables will be t' = t/to
and 2’ = x/xg. Consider the dimensionless diffusion coefficient d = D/vy and the
rescaled influence kernel K'(|2'|) = K (zo|2’|). Skipping the primes we get:

Of + Aey - Vof =dAaf —Va- (fF[f]),

F[f] = v(M[f] - A) Pr,(M[f]),

WI[f] = PD(M[f]), M[f)(z,1) = / oy K@ G A D A

Here d, v and K are assumed to be of order 1.
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Remark 4.1. Notice in particular that before and after scaling the ratio

v
d

Sl =

remains the same.

Now, to carry out the macroscopic limit we rescale the space and time variables
by setting £ = €t, # = ex to obtain (skipping the tildes):

0uf° + Aex Vo f* = Z(ADaf* — Va- (FF[f),
Fe[f] = v(ME[f] - A)Pry(VE[£]),

WE[f] = PDOVE(]),  ME[f)(x, 1) = /

R

_ /
K (m x ) F@ A A dA da.
3%xS0(3) €

Lemma 4.1. Assuming that [ is sufficiently smooth (with bounded derivatives),
we have the expansion

ME[f)(x,t) = Alf](z,t) + O(?),

where

Af](2,t) = PDOf]) and A[f] = /S o A A A

Proof. This is obtained by performing the change of variable ' = x + &£ in the
definition of M¢[f] and using a Taylor expansion of f(x + £, A’,t) with respect
to €. We use that K is isotropic and with bounded second moment by assumption
(see Eq. (3.12)). O

From the lemma, we rewrite:
0uf° + Aex - VoS = ZQUf7) + O(e),
Folf] = v(A[f] - A)Pr.(Alf]),

AL = PDOSD,  Alfl(a 1) = / e, AL D AA”

SO(3)

Q(f) :==dAaf —Va- (fF[f])

A[f], Q(f) and Fy[f] are nonlinear operators of f, which only acts on the attitude
variable A.

4.2. Preliminaries: Differential calculus in SO(3)

In the sequel we will use the volume form, the gradient and divergence in SO(3)
expressed in the Euler axis-angle coordinates (6, n) (explained at the beginning of
Sec. 3). In this section, we give their explicit forms; the proofs are in Appendix A.
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Proposition 4.1. (The gradient in SO(3)) Let f : SO(3) — R be a smooth scalar
function. If f(6,n) = f(A(0,n)) is the expression of f in the Euler axis-angle
coordinates by Rodrigues’ formula (3.3), we have then

Vaf =0pfAn]x + c0s(0/2)[Vaflx +sin(0/2)[n x Vaflx), (4.2)

1
— A
2sin(6/2) (
where A = A(0,n) and Vy, is the gradient on the sphere S2.

The volume form in SO(3) is left invariant (it is the Haar measure), due to the
fact that the inner product in M is also left invariant: A- B = 1tr(A7B) = AA-AB
when A € SO(3). We give its expression in the Euler axis-angle coordinates (6, n).

Lemma 4.2. (Decomposition of the volume form in SO(3)) If f(§,n) = f(A(f,n))
is the expression of fin the Fuler axis-angle coordinates by Rodrigues’ formula
(3.3), we have

/ F(A)A = / "wio) [ F(6,n)dndo,
SO(3) 0 52

where dn is the Lebesgue measure on the sphere S%, normalised to be a probability
measure, and

W) = %sinQ(G/Q). (4.3)

We have seen in Proposition 4.1 that the gradient is decomposed in the basis

{An]x, A[Vaf]x, Aln x Vaf]x},
which are three orthogonal vectors of T4 (by Proposition A.2).

More generally if B € T4 for A = A(f,n) € SO(3), then B is of the
form AH with H antisymmetric, so H = [u]x for some u € R®. Decomposing u
on n and its orthogonal, we get that there exist v.L n and b € R such that
B = bA[n]x + A[v(8,n)]«. Expressing B in this form, we compute the divergence
in SO(3).

Proposition 4.2. (The divergence in SO(3)) Consider B:SO3—T(SO(3)) a
smooth function (so that B(A) € Ta for all A € SO(3)), and suppose that

B(A(0,n)) =b(0,n)A[n] + Alv(0,n)]«,
for some smooth function b and smooth vector function v such that v(6,n) L n.

Then

Va-B= Dp(sin?(6/2)b(0,n))

o
sin?(0/2)
1

+ mvn - (v(f,n)cos(6/2) + (v(6,n) x n)sin(6/2)).

Now we can compute the Laplacian in SO(3).
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Corollary 4.1. The Laplacian in SO(3) can be expressed as

1

Aaf Op(sin®(0/2)0s f) + mAnﬁ

1
 sin?(0/2)
where Ay, is the Laplacian on the sphere S? and f(A) = f(A(f,n)) = f(6,n).
Proof. Let B(0,n) := V4 f(A(f,n)) € T4. Then, using the notations of Proposi-
tion 4.2 and the result of Proposition 4.1, we have that:

b= a@fv

1 rs . ~.
v = W(COS(9/2)vnf +sin(6/2)(n x Vuf)),

from here we just need to apply Proposition 4.2 knowing that (n x an) Xn = an
since Vy, f is orthogonal to n. O

4.3. Equilibrium solutions and Fokker—Planck formulation

We define a generalisation of the von Mises distributions on SO(3) by

Ma(A) = %exp ("(Ad' A)) o a4 =1 A €SO®), (4

where Z = Z(v,d) is a normalising constant and o = o(u) is such that
(d/dp)o = v(p). Observe that Z < oo is independent of A since the volume form
on SO(3) is left invariant. Therefore we have

Z :/ exp(dto(A-N))dA = exp(d~1o(ATA -1d))dA
SO(3) SO(3)

= / exp(dto(A - 1d))dA,
SO(3)

and we also obtain that My (A) is actually Miq(ATA).
We are now ready to describe the properties of @) in terms of these generalised
von Mises distributions.

Lemma 4.3. (Properties of Q) The following holds:

(i) The operator Q can be written as

Q) = dVa- [MAMVA (Mimﬂ

f
|V <MA[f]>

and we have

/
H = dA = —d M
(1= [0 DT [ Mt
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(ii) The equilibria, i.e. the functions f = f(x, A, t) such that Q(f) = 0 form a four-
dimensional manifold € given by

€ = {pMa(4)|p > 0,A € SO(3)},

where p is the total mass while A is mean body attitude of pMa(A), i.e.:

p=/ pMA(A)dA,
SO(3)
A= A[pMA].

Furthermore, H(f) = 0 if and only if f = pMx for arbitrary p € Ry and
A €S0(3).

To prove Lemma 4.3 we require the following one, which is of independent
interest and for which we introduce the following notation: for any scalar function
g:(0,m) — R and a given integrable scalar function i : (0,7) — R which remains
positive (or negative) on (0, 7), we define

" h(0)
0 = 0)—=————4d#. 4.6
WO = [ 00 g (4.6
Lemma 4.4. (Consistency relation for the “flux”)
A[My,] = e1ho,
where ¢1 € (0,1) is equal to
2 /1
== <§ + cos 0> (4.7)
3 m(6)sin?(6/2)
for
(1
m(f) =exp|d "o 3 +cosf ) |. (4.8)
Proof. Using the fact that the measure on SO(3) is left invariant, we obtain
At =5 [ Aexp(do((4- Aa)))da
Z Jso(s)
= Ao AlAexp (d_la <ltr(AgA))) dA
Z Jso) 2
_ Ao

1
Bexp (dla (—tr B )) dB.
Z Jso) 2 (B)
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We now write B = Id + sinf[n]x + (1 — cos#)[n]% thanks to Rodrigues’ for-
mula (3.3). Therefore, using Lemma 4.2, we get
Jso@) Bexp(d—'o(3tr(B)))dB
fSO(S) exp(d~to(itr(B)))dB
Jo sin®*(6/2) exp(d~'o (3 + cos b))

< ([42(Id + sin @ [n] + (1 — cos§)[n]? )dn)df
JTsin?(0/2) exp(d—1o( +cos0))dd

AMp,] = Ao

Next, we see that since the function n — [n], is odd, we have [q,[n]xdn = 0. We
also have (see (3.5)) that [n]2 = n®n—1Id. Since we know that [, n®ndn = 1Id
(by invariance by rotation), it is easy to see that the integral in S? has to be
proportional to Id, the coefficient is given by computing the trace), we get that

Jso@) Bexp(d~'o(3tr(B)))dB
Jso@) exp(d—lo(3tr(B)))dB

A o sin®(0/2) exp(d~'o (% 4 cos0))(Id + (1 — cos 0) (% — 1)Id)d6
=N

foﬂ sin®(0/2) exp(d—'o (% + cos 0))do

MMy, ] = Ao

Jo 3(5 + cos0) sin®(0/2) exp(d~"o(§ + cos6))dd A
= T . =cC s
o sin®(0/2) exp(d—'o (% + cos§))db 0 T

which gives the formula (4.7) for ¢;.

It remains to prove that ¢1 € (0, 1). We have that ¢; is the average of 2(5+cos )
for the probability measure on (0, 7) proportional to sin®(6/2) exp(d 1o (% +cos9)).
2

Since we have g(% + cosf) < 1 with equality only for § = 0, we immediately get

that ¢; < 1. To prove the positivity, we remark that the function in the expo-
nent 6 — d~'o(L + cosf) is strictly decreasing for 6 € (0,7) (since v > 0 is the

derivative of 0), so we obtain that o(3+cos6#) > o(1+cos 2F) = o(0) for 6 € (0, ZF).
Therefore, for 6 € (0, 2?”),

(% + cos@) exp <dla (% + cos&)) > (% + cos&) exp(d—1o(0)),

since % + cosf > 0. When 0 € (27’77 ), we have exactly the same inequality above

since we have % + cos 0 < 0. Therefore we get

07r %(% + cos ) sin2(0/2) exp(d—ta(0))do _
foﬂ sin®(0/2) exp(d—'o (% + cos 0))do

c1 >

)
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since

1 1 1
/ <§ +cos€)<§ - 5(:059) do
T

1/
_2_5/0 cos” 0df = 0. 0

/(:(% + cosG) sin?(0/2)do

(=)

Proof of Lemma 4.3. We follow the structure of the analogous proof in Ref. 24:

(i)

(i)

To prove the first identity we have that (see expression (A.2)):
Va(In Mypg) = d='Va(o(A - A[f]))
=d (A A[f])Pr,(ALf])
= d"'Fy[f]

and so

dVy - [MA[f]VA ( Mf

)} =dVa - [Vaf — fVa(In(Mypp))]
Alf]

=dVaf —Va- (fFy[f])-

Inequality (4.5) follows from this last expression and the Stokes theorem
in SO(3).

From the inequality (4.5) we have that if Q(f) = 0, then M{{ - is a constant that
we denote by p (which is positive since f and My(s are positive). Conversely,

if f = pMy then

ApMy) = / pMN(A)AdA = per A
SO(3)

by Lemma 4.4. Now, by uniqueness of the polar decomposition and since pcq Id
is a symmetric positive-definite matrix, we have that A[pMy] = A. |

Let us describe the behaviour of these equilibrium distributions for small

and large noise intensities. We have that for any function ¢, the average

(9(

% +c080))m(9)sin?(6/2) 15 the average of g(A - A) with respect to the probability

measure My (by left invariance, this is independent of A).

One can actually check that the probability measure M, on SO(3) converges

in distribution to the uniform measure when d — oo (by Taylor expansion) and
it converges to a Dirac delta at matrix A when d — 0 (this can be seen for Mg
thanks to the decomposition of the volume form and the Laplace method, since the
maximum of o(% +cos ) is reached only at # = 0 which corresponds to the identity
matrix, and we then get the result for any A since Mj(A) = Miq(ATA)). So for small
diffusion, at equilibrium, agents tend to adopt the same body attitude close to A.
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With these asymptotic considerations, we have in particular the behaviour of ¢;:

cg ——0
d—oo

and
Ccl — 1.

d—0

4.4. Generalised collision invariants

To obtain the macroscopic equation, we start by looking for the conserved quantities
of the kinetic equation: we want to find the functions ¢ = 1¥(A) such that

/ Q(f)HvdA =0 for all f.
SO(3)

By Lemma 4.3, this can be rewritten as

f
! SO(3) Malf]Va (MA[f])
This happens if Va1 € T4 which holds true only if Va9 = 0, implying that v is
constant.

Consequently, our model has only one conserved quantity: the total mass. How-
ever the equilibria is four-dimensional (by Lemma 4.3). To obtain the macroscopic
equations for A, a priori we would need three more conserved quantities. This
problem is sorted out by using GCI a concept first introduced in Ref. 24.

- VadA.

4.4.1. Definition and existence of GCI

Define the operator

O(f,Ag) :==Va- <MAOVA (Mji\o )),

notice in particular that
Q(f) = Q(f, Alf]).
Using this operator we define the following.
Definition 4.1. (GCI) For a given Ay € SO(3) we say that a real-valued func-
tion ¥ : SO(3) — R is a GCI associated to Ag, or for short ¢ € GCI(Ag), if
/ Q(f,Ao)pdA =0 for all f such that Pr, (A[f]) = 0.
SO(3)

In particular, the result that we will use is

¥ € GCI(A[f]) = Q(f)yYdA =0. (4.9)

SO(3)

Indeed, since A[f] is the polar decomposition of A[f], we have A[f] = A[f]S, with S
a symmetric matrix. Therefore (see Proposition A.2), we get that A[f] belongs to
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the orthogonal of T4, so Definition 4.1 and the fact that Q(f) = Q(f, A[f]) give
us the property (4.9).
Definition 4.1 is equivalent to the following.

Proposition 4.3. We have that v € GCI(Ao) if and only if:
there exists B € Th, such that Va-(Mp,Vay)) =B-AMy,. (4.10)

Proof. We denote by £ the linear operator Q(-,Ag), and L* its adjoint. We have
the following sequence of equivalences, starting from Definition 4.1:

P € GCI(Ag) YL(f)dA =0 forall fsuch that Pr, (A[f]) =0
S0(3)

& LX) fdA =0 for all f such that
SO(3)

/ Af(A)dA € (Ta,)™"
SO(3)

& LX) fdA =0 for all f such that VB € Ty,
SO(3)

/ (B-A)f(A)dA=0
SO(3)
& L*()fdA=0 forall f e Fy,
SO(3)
. i
& LM Y) e (Fy) ™,
where
Fy, :={g:50(3) — R, with g(4) = (B - A), for some B € T},

and F /t) is the space orthogonal to Fj, in L2. Fj, is a vector space in L?-isomorphic
to Ty, and (Fi. )+ = Fy, since Fy, is closed (finite-dimensional). Therefore we get

P e GCI(AO) ~ ﬁ*(’l/J) S FAO
< there exists B € Ty, such that L*(¢)(A) =B - A,

which ends the proof since the expression of the adjoint is

1
LW = 50

Va - (Ma,Va)). O
We prove the existence and uniqueness of the solution % satisfying Eq. (4.10)
in the following.

Proposition 4.4. (Existence of the GCI) For a given B € T fized, there exists a
unique (up to a constant) Y € H*(SO(3)), satisfying the relation (4.10).
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Proof. We would like to apply the Lax—Milgram theorem to prove the existence
of ¢ in an appropriate functional space. For this, we rewrite the relation (4.10)
weakly
a(y, @) == Mpr,Vah - VapdA = B - Pr, (A) My, pdA =: b(p).
SO(3) SO(3)
(4.11)
Our goal is to prove that there exists a unique ¢ € H'(SO(3)) such that

a(h, ) = b(p) for all o € H'(SO(3)).
To begin with we apply the Lax—Milgram theorem on the space

/ wdA =0 5.
SO(3)

In this space the H'-norm and the H'-semi-norm are equivalent thanks to the
Poincaré inequality, i.e. there exists C' > 0 such that

H3(SO(3)) := {g@ c H!

/ |Vap|?dA > C/ lp|?dA  for some C > 0, for all p € Hg(SO(3)).
SO(3) SO(3)

Notice that the Poincaré inequality holds in SO(3) because it is compact Rieman-
nian manifold.'? This gives us the coercivity estimate to apply the Lax-Milgram
theorem. Hence, there exists a unique ¢ € Hg(SO(3)) such that a(1, ) = b(¢p) for
all ¢ € H}(SO(3)).

Now, define for a given ¢ € HY(SO(3)), po := ¢ — Jso) pdA € HY(SO(3)). Tt
holds that

a(¥, ) =a(,po) and b(p) =b(po),

since b(1) = 0 given that it has antisymmetric integrand. Hence, we obtain that
there exists a unique v € Hg(SO(3)) such that

a(1h, @) = b(yp) for all ¢ € H'(SO(3)).

Suppose next, that there exists another solution ¢» € H'(SO(3)) to this problem,
then the difference ¥ = ¢ — 9 satisfies:

0=a(¥,p)= Ma,Va¥ - VapdA for all o € H'(SO(3)).
SO(3)

Take in particular ¢ = U, then

M, |Va¥[?dA = 0.

SO(3)
Hence, ¥ = ¢ for some constant ¢, so all solutions are of the form 1 4 ¢ where v is
the unique solution satisfying g @) wdA = 0. |
By writing that
B €Ty, if and only if there exists P € A, B = AP, (4.12)

with A the set of antisymmetric matrices, we deduce the following.
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Corollary 4.2. For a given Ay € SO(3), the set of GCIs associated to Ao are
GCI(Ag) = Span{ U 1/} }
PcA

(where A is the set of antisymmetric matrices) with wlﬁo the unique solution

in HY(SO(3)) of
a(Y, @) =bp(p) for all o € H'(SO(3)),
where a and bp are defined by (4.11) with B substituted by AoP.

Notice that since the mapping P — w}\," is linear and injective from A (of dimen-
sion 3) to Hg(SO(3)), the vector space GCI(Ag) is of dimension 4.

4.4.2. The non-constant GCIs

From now on, we omit the subscript on Ay, and we are interested in a simpler
expression for 1%, Rewriting expression (4.10) using (4.12), for any given P € A
we want to find v such that

Va - (MAVa) = (AP)- AMy = P- (ATA)M,, Pc A (4.13)

Proposition 4.5. Let P € A and v be the solution of (4.13) belonging to
H}(SO(3)). If we denote (B) = (AB), then 1 is the unique solution in
H§(SO(3)) of

Vi - (Mwa(B)Vpd) = P - BMi(B). (4.14)

Proof. Let ¢)(A) = ¢(ATA). Consider A(e) a differentiable curve in SO(3) with
dA(e)

A0)=A =04 €Ta.
© ’ de |._,
Then, by definition
A — (A
lim0 Y(AE) = v(4d) (E))e ¥(4) = Vap(A) - da,

and therefore we have that

Y(ATA(e)) — ¥ (ATA)

lim = Vpt(ATA) - AT54
e— €
since
ATA(0) = ATA, diATA(e) =A%5,.
3

=0
We conclude that

Vap(A) - 64 = Vph(ATA) - AT5 4.
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Now we check that

S ((VAY(A))52) = Str((Vpd(ATA)TATS )

1 _
= §tf((AVB¢(ATA))T5A)7
implying (since this is true for any 64 € T4) that
Vah(A) = AV (ATA).

Now to deal with the divergence term, we consider the variational formulation.
Consider ¢ € H'(SO(3)), then our equation is equivalent to

— [ MA(A)Vap(A) - Vap(A)dA = P (ATA)My(A)p(A)dA,
SO(3) SO(3)

for all o € H'(SO(3)). The left-hand side can be written as

™ Jogy Mia(BYATA) (AVEY(ATA)) - (AVER(ATA))dA

=— Mia(B)VE(B) - Vep(B)dB;
SO(3)

and the right-hand side is equal to
/ P BMy4(B)3(B)dB,
SO(3)
where we define analogously @(B) = ¢(AB). This concludes the proof. O

Therefore it is enough to find the solution to (4.14). Inspired by Ref. 24 we make
the ansatz:

— - (1
5B = P B (G0(B)),
for some scalar function 1.

Proposition 4.6. (Non-constant GCI) Let P € A, then the unique solution
Y € HE(SO(3)) of (4.14) is given by

_ _ /1
9B = P B (50(5)), (1.15)
where 1) is constructed as follows: let 1}0 :R — R be the unique solution to
1 m(0)sinf ~ :
— ——2———1py = sinfm(h), 4.16
sin?(6/2) 2sn2(gyz) 0~ Smom@), - (4.16)
where m(0) = Mq(B) = exp(d~to(% + cos0))/Z. Then

30(0) = o (32 (@17

Dy (sin”(0/2)m(0)dp (sin i) —
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by the relation %tr(B) = % + cosf. 1’/;0 is 2m-periodic, even and negative (by the
mazximum principle).

Going back to the GCI ¢(A), we can write it as

$(A) = P (ATA)Go(A - A). (4.18)

Proof. Suppose that the solution is given by expression (4.15). We check that {/;0
given by Eq. (4.17) satisfies Eq. (4.16) using the gradient and divergence in SO(3)
computed in Propositions 4.1 and 4.2. First notice that P is antisymmetric, thus if
we write Rodrigues’ formula (3.3) for B(6,n), the symmetric part of B(#,n) gives
no contribution when computing P - B and we get

_ /1 o .
§() = P B () = sia0To(O) - [ = sin0To(6)(p ).
where the vector p is such that P = [p]« and this leads to

VB . (Mld(B)VBzE) = 89(sin2(0/2)m(0)89 (Sin 91}0(9)))(13 . I‘l)

1
sin?(0/2)

m(0)sinf ~
mﬂ’o(a)An(p ‘n).

Using that the Laplacian in the sphere has the property

An(p-n) =-2(p-n)(p-n)

corresponds to the first spherical harmonic), we conclude that expression (4.16) is
satisfied. In the computation we used the same procedure as for the proof of the
expression of the Laplacian in SO(3) (Corollary 4.1), but (using the same notations)
we have taken b(0,1n) = m(0)dp(sin 6 (0))(p - n).

To conclude the proof we just need to check that ’(’/Jvo exists and corresponds
to a function ¢ in H}(SO(3)). Using the expression of the volume form, since
Js2 P-ndn = 0, we get that if ¢ is smooth, we have fSO(S) P(A)dA = 0, and using
the expression of the gradient, we get that

aonizaa— 2 [ a2 L~ ) .
/SO(3) VY (A)[7dA = 7r/0 sin”(0/2)|0g (sin 019 (0))| d&/s2 Ip - n|%dn

2 (™1 ~
+ —/ —\Sin9wo(9)\2d0/ |Va(p - n)|%dn.
™ Jo 4 S2

Therefore by density of smooth functions in Hj(SO(3)), we get that ¢ € Hj(SO(3))
if and only if ¥y € H, where

. {¢

Y2 sin? 0df < oo, |9 (sin 02p(0))|? sin®(0/2)d6 < oo}.
(0,m) (0,m)
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This Hilbert space is equipped with the corresponding norm:
)12 = ? sin? 9d9+/ |9 (sin 01)(0))|* sin?(0/2)d6.
(0,7) (0,7)

Now, Eq. (4.16) written in weak form in H and tested against any ¢ € H reads

a(Fo,6) = — /( | mO) [sin2<9/2>ae<sineio<e>>ae<sine¢<e>>

+ % sin? 9&0(9)¢(9)} do

_ / sin2 sin2(6/2)m(0)ddd —: b(e).
(0,7)

It holds for some ¢,c,¢” > 0 that |a(v, )] < c||¢||ul|P|ly since m = m(h)

is bounded; and also |a(,v)| > ¢||[¢||% since there exists mg > 0 such that
m(0) > my for all § € [0, 7]; finally, we also have that |[b(¢)| < ¢”||¢||%. Therefore,

by the Lax-Milgram theorem, there exists a (unique) solution vy € H to (4.16),
which corresponds to a (unique) ¥ in H(SO(3)). |

4.5. The macroscopic limit

In this section, we investigate the hydrodynamic limit. To state the theorem we first
give the definitions of the first-order operators d, and r,. For a smooth function A
from R? to SO(3), and for € R3, we define the following matrix D, (A) such that
for any w € R?, we have

(W Vo)A = [Dy(A)w]x A. (4.19)

Notice that this first-order differential equation D, is well defined as a matrix; for
a given vector w, the matrix (w - V;)A is in Ty and thanks to Proposition A.3,
it is of the form PA, with P an antisymmetric matrix. Therefore there exists a
vector D, (A)(w) € R? depending on w such that P = [D,(A)(w)]x. The func-
tion w +— D,(A)(w) is linear from R® to R3, so D,(A) can be identified as a
matrix.

We now define the first-order operators ¢, (scalar) and r, (vector), by

85(A) = tr(Do(A)) and  [ra(A)]x = Da(A) — Da(A)7. (4.20)

We first give an invariance property which allows for a simple expression for these
operators.

Proposition 4.7. The operators D, 0, and r, are right invariant in the following
sense: if A is a fized matriz in SO(3) and A : R* — SO(3) a smooth function, we
have

Do(AA) = Dy(A), 6.(AA) =6,(A) and ra(AA) = (A).
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Consequently, in the neighbourhood of o € R3, we can write
A(z) = exp([b(z)]x)A(zo)

where b is a smooth function from a neighbourhood of xo into R® such that
b(zo) =0, and we have

(D2 (A))ij(z0) = 0;bi(z0),
and therefore

0z(A)(x0) = (Vz -b)(zo) and ra(zo) = (Vg x b)(xo).

Proof. For any w € R3, we have, since A is constant:
[D;(AA)YW]|xAA =w -V, (AA) = (w-V,A)A = [D,(A)w]<AA.

This proves that D, (AA) = D, (A), and by (4.20), the same is obviously true for o,
and r.

We now write, in the neighbourhood of zg, that A(z)= exp([b(x)]x)A(xo),
with b smooth in the neighbourhood of zy and b(xg) = 0. Then we have
D, (A) = Dy(exp([b]x)). We perform a Taylor expansion around zg of exp([b]x):

exp([b(z)]x) =Id + [b(z)]x + M(z),

where M(x) is of order 2 in the coordinates by, by, bs, (since b is smooth in the
neighbourhood of xy and b(xg) = 0), therefore

81M(ac0) = (92M(J?0) = agM(l‘o) =0.
We then get, since exp([b(xg)]) = Id, that

[Pz (exp([b]x))(z0)W]x = W - Va(exp([b]x))(z0) = [(W - Vab)(20)]x,
and therefore Dy (A)(xo)w = Dy (exp([b]x))(zo)w = (w-V;b)(x0). Taking w = e;,
we get D (A)( )ej = 0; b(l’o), and thus (Df(A)(l‘o))” =e€; - 'DI(A)(JZ())Q] = (9]bl
The formula for d,(A) follows from (4.20), since V, - b = )" .0;b;. Finally by the
definition of []« (see (3.2)), we get

0 Ooby — 01by  05b; — 01bg
[V$ X b]>< = 81b2 — 82b1 0 83b2 — 82'1)3 s
81b3 — (93b1 82b3 — (93b2 0
so from (4.20) we obtain (V, x b)(zg) = r,(A)(z0). O

We are now ready to state the main theorem of our paper (see Sec. 2 for a
discussion on this result).

Theorem 4.1. ((Formal) macroscopic limit) When € —0 in the kinetic equa-
tion (4.1) it holds (formally) that

fe—= f=Ff(z, At) = pMa(A), A=A(t,z) €SO(3), p=p(t,z)>0.
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Moreover, if this convergence is strong enough and the functions A and p are smooth
enough, they satisfy the following first-order system of partial differential equations:

Op+ V- (c1pAer) =0, (4.21)
P(OA + ca((Aer) - Vi )A) + [(Aer) X (esVap + capra(A))
+ capdz(A)Aer] A =0, (4.22)

where ¢; = ¢1(v,d) = 2(1 + cos0) is the constant given in (4.7) and

m(0)sin?(0/2)

1
y = g<2 + 308 0) 5(0) sin2(0/2) 5

1 —1
03:d<u<§+00s0) > ,
m(0)sin?(60/2)

c4 = %(1 — €08 0) () sin? (6/2)
where the notation (-) g g)sin2(0/2) 15 defined in (4.6). The function
m:(0,m) — (0,400)
18 given by

m() :=v (% + cos 9) sin? 0m (0)1o(6), (4.23)

where m(0) = exp(d—'o (5 + cosf)) is the same as in (4.8) and Yy is the solution
of Eq. (4.16).

Proof. Suppose that f. — f as ¢ — 0, then using (4.1) we get Q(f:) = O(e),
which formally yields Q(f) = 0 and by Lemma 4.3 we have that
f= [z, At) = pMA(A), with A=A(t,z) € SO(3), p=p(t,z) > 0.
Using the conservation of mass (integrating (4.1) on SO(3)), we have that
Oipe + Vo - jlfe] = O(e),

where
pelt)i= [ fledndd, if) = [ Aeifda,
SO(3) SO(3)
and in the limit (formally)
Pe = Py

= [ AexMy(A)id = pA(Maler = perden,
SO(3)

thanks to Lemma 4.4. This gives us the continuity equation (4.21) for p.
Now, we want to obtain the equation for A. We write A® = A[f?], and we
take P € A a given antisymmetric matrix. We consider the non-constant GCI
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associated to A® and corresponding to P in (4.18): °(A) = P ((A%)TA)ibg(A® - A).
Since we have ¢° € GCI(A[f¢]), we obtain, thanks to the main property (4.9) of the
GCI, that

QUfF )Y dA=0.

SO(3)
Multiplying (4.1) by «°, integrating with respect to A on SO(3) and using the
expression of ¢° as stated above, we obtain

/50(3) (OufF + Aey - Vo f + O())P - (A5) Ao (A - A)dA = 0.
Assuming the convergence f© — f is sufficiently strong, we get in the limit
/So(g)(ﬁt(PMA) 1 Aeq - Vi (pMp))(P - ATA)ho (A - A)dA = 0. (4.24)
Since (4.24) is true for any P € A, the matrix
/30(3) (0u(pMa) + Aex - Va(pMn))do(A - A)ATAdA =0

is orthogonal to all antisymmetric matrices. Therefore, it must be a symmetric
matrix, meaning that we have

X = (0e(pMn) + Aeq - Vi (pMa))ho(A - A)(ATA — ATA)dA =0.  (4.25)
SO(3)

We have with the definition of M, in (4.4) that:
B (pMa) = Ma(ep +d~'w(A - A)p(A - O, ),
(Aey - Vi) (pMp) = Ma(Aeyr - Vap+d 'v(A- A)p(A- (Aey - V,)A)).

Inserting the two previous expressions into (4.25), we compute separately each
component of X defined by:

X, = / D pMadio(A - A)(ATA — ATA)dA,
SO(3)

Xo = / d~'w(A - A)p(A - M) Mptho(A - A)(ATA - ATA)dA7
SO(3)

Xy = / Aey - VopMadho(A - A)(ATA — ATA)dA,
SO(3)

X, ::/ d (A - A)p(A - (Aeq - Vi) A)Matho(A - A)(ATA — ATA)dA,
SO(3)

so X = X1+ Xo+ X3+ Xy4.
For the first term we have (changing variables B = ATA):

X1 =0 Mra(B)o(1d - B)(B — B")dB = 0,
SO(3)

since both Mpq(B) and v(Id - B) are invariant by the change B +— BT
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For the term X5 we make the change of variables B = ATA and compute
X, = p/ d~'v(Id - B)(AB - 9;A)My4(B)v(1d - B)(B — B")dB
SO(3)

_ 2d~1p

/ (A(Id + sinf[n] + (1 —cos)[n]%)) - OA
(0,m)x S2

x sin?(0/2)v <% + cos 9) m(0)1o(0)2 sin O[n]  dfdn,

where we have used the expression of the Haar measure dB = 2 sin®(6/2)dfdn (see
Lemma 4.2) and that writing B = B(#,n) = Id +sin f[n]x + (1 — cosf)[n]% thanks
to Rodrigues’ formula (3.3), we have B — BT = 2sinf[n]. Removing odd terms
with respect to the change n — —n, we obtain
Xo = Ad 1'O/ v (1 + cos 9) sin? Om(6) o ()
(0,m)xs2  \2

nZ
x sin?(0/2)(A[n]yx - 9;A)[n]xdfdn.

Now since 9;A € Ty, we have AT9;A € A (antisymmetric, see Proposition A.2),
and so

ATﬁtA == [At} Xy
for some vector A;. Therefore
(A[n]x) - OpA = [n]x - (ATatA) =[n]x - Ae]x = (n- Ap).

So using the definition (4.23) of m(0), we get

4d_1p ~ )
Xy = m(0)sin®(6/2)(n - A¢)[n] x dfdn
wZ (0,7)x 2
4 —1
_ Ay / (0) sin?(6/2)(n - A )ndddn
wZ (0,7)x 2 o

_ 4;;; ( /0 " (0) sin2(9/2)d9> e,

because the mapping w — [w]y is linear, and fs2 n® ndn = %Id.
Denote by

) . — m 0 S111 6 2 d6 5
then we C()nclude lha‘

X2 = CgpATatA.



Math. Models Methods Appl. Sci. 2017.27:1005-1049. Downloaded from www.worldscientific.com
by IMPERIAL COLLEGE LONDON on 09/12/17. For personal use only.

1034 P. Degond, A. Frouvelle & S. Merino-Aceituno

Now, for the term X3 we compute the following, starting again by the change
of variables B = ATA:

X3 = / (ABey - Vop)Mia(B)io(Id - B)(B — BT)dB
SO(3)

- ;LZ (0,m)x 5" m(9)1’/;o(0)sin081n2(9/2)
,m) X S?

x (A(Id +sin@[n]x + (1 — cos6)[n]2 )ey - V.p)[n]xdfdn
4

= m(0)1o(6) sin? Osin®(0/2)(A[n] ceq - Vap)[n]« dbdn
wZ (0,m)x 52

4
wZ

/ 1’”& sin2(6/2)(n - (eq x ATV,p))ndfdn
(0,m)xs2 V(5 + cosB)

4 ([T _mO)
3nZ (/0 v(3 + cosd) sm2(9/2)d9) [er x ATV,p]x,

where we used similar considerations as for Xo, as well as that
An]xe; - Vop = [n]xer - (ATV,p) = (mnxe1)- (ATV,p) =n-(ex x ATV, p).

Denote by

C3:= 3;12 ( /0 ! ~ (fffise) sin2(0/2)d0),

then
X3 = Cg[el X ATvmp]$

We now compute X4 in the same way, with the change of variables B = ATA:

Xy =pd~? (v(Id- B)(AB - (ABey - V,)A)) Mia(B)o(1d - B)(B — B)dB.
SO(3)

We now use the definition of D, (A) given in (4.19) to get

Xy =pd? (v(Id - B)(AB - ([D.(A)ABeq] < A)))
SO(3)

x Mya(B)(B — BT )4po(1d - B)dB.
Using the fact that AT[w]x = [ATw] AT for all w € R?, we have

AB - ([Dy(A)ABeq]xA) = B - [A"D,(A)ABeq]x.
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To simplify the notations, we denote L = ATD,(A)A. Since the symmetric part
of B does not contribute to the scalar product B - [LBe1]x, we get

AB - (|[Dy(A)ABeq|xA) = B - [LBe1]|x =sinf[n]y - [LBe1|x =sinfn - LBe;.
Therefore we obtain, in the same manner as before,

4pd

)sin®(0/2)

X [/ (n- (L(Id + sinf[n]x + (1 — cos#)[n]%)eq))ndn| db,
S2

X

and we have to know the value of

v(0) = /S (- (L(Id + sin 6n] + (1 — cos6)[n]2 Jey))ndn

/52 (n- (L (cosfer + (1 —cosf)(n-eq1)n)))ndn

1
3 cos OLey + (1 — cosb) (/ n-Inn® n)dn) e1,
S2

where the term involving [n]. vanishes since its integrand is odd with respect
ton+— —n.

To compute the second term of this expression we will make use of the following
lemma proved at the end of this section.

Lemma 4.5. For a given matriz L € M, we have

1 1
/ n-In(n®@n)dn = —(L + L) + —tr(L)Id.
52 15 15

Using this lemma we have that

1 1 1
y(0) = 3 cos 0Ley + (1 — cosb) (E(L + L7 + Etr(L)Id) er

= %(1 +4cosf)Ley + 11—5(1 —cosf)(L ey + tr(L)ey).

Therefore we obtain

Xo = 0 [T ) s 0/ [y(6)
:Zigiz/ m(6)sin?(0/2)((1 + 4 cos§)[Lex] «

+ (1 —cos0)[LTes + tr(L)e1]x)dd

= p(Cy[Le1]x + Cs[L ey + tr(L)e1]x),
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for
0, = 2 / 2(0/2)(1 + 4 cos 0)do,
1= m(6) sin coS
o, 2 / 2(9/2)(1 — cos 0)d.
5= e m(0) sin cos

Finally putting all the terms together we have that
0=X=X1 +Xo+ X3+ X4
= CopATOA + Csler x ATV ,p]« + pCy[Leq]x
+ pCs[LT ey + tr(L)eq]x.

In particular AX = 0 and from the fact that Alw]x = [Aw]xA for any w € R3
we get

0=AX = CgpatA + C3[(Ael) X pr]XA + C4p[ALe1}XA
+Csp[ALTeq + tr(L)Aeq] < A. (4.26)

Since we have taken L = ATD,(A)A, we get that tr(L) = tr(D,(A)) = 6,(A) and,
thanks to (4.20):

AL ) = [Do(A) Aeals = [(Da(A) — [ra(A)])Aea]x

Furthermore, we have [ALej|xA = [Dy(A)Aeq]xA = ((Aey) - V;)A thanks to the
definition of D, given in (4.19). Finally, inserting these expressions into (4.26) and
dividing by Cs, we get the equation

p(@tA + Cg((Ael) . Vf)A) + C3[(Ae1) X pr]XA
+cap[—rz(A) x (Ae1) + 65 (A)Aeq]xA =0,

for
Cy+C 1
C2 = 40725 = g<2 + 3 cos 9> 0)sin2(6/2)>
c3 = < ( + cos 0) > ,
m(0) sin?(0/2)
C 1
c4 = Fz = g<1 — c080) (6 sin?(6/2)
which ends the proof. O

Proof of Lemma 4.5. Denote by Z(L) the integral that we want to compute

(L) := /32 n-In(n®n)dn,
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then, written in components, we have

I(L);; = /S2 (n-Ln)(e; -n)(e; - n)dn

(Lij+Lji)/ (ei-n)?(ej-n)%dn if i # j,
5‘2

Zka/ (ex - n)*(e; -n)%dn ifi=j
k 52

1

E(Lij_FLji) if i # j,
)1 2
SN L+ =Ly ifi=j
152}; kk + 15 me=j
1 0 if i # J,
=—(Lij+Lj;)+4¢ 1 e
15" J Engk if i = j,

from which we conclude the lemma. In the computations we used that:

1 1
for i # j, / (e; -n)*(ej-n)?dn = — sin® ¢ cos? ¢ cos® pdpd) = —;
52 4T J10,7]x [0,27] 15
. 4 1 4. 1
for k =1, (ex *n)*dn = — cos®* ¢sin pdpdy = —. 0
52 4m [0,7] x[0,27] 5

Finally, we consider the orthonormal basis given by
{Ae; =: Q,Aez =: u, Aeg =: v},

where {e1, ez, eg} is the canonical basis of R3. We can have an expression of the
operators §, and r, in terms of these unit vectors {2, u, v}, which allows to rewrite
the evolution equation of A as three evolution equations for these vectors.

Proposition 4.8. We have:
0x(A) =[(2-Voul - v+ [(u-Vu)v]- Q4 [(v: V)] - u, (4.27)
ry(A) = (Ve - QQ+ (Ve -u)ju+ (Vg - v)v. (4.28)

Consequently, we have the following evolution equations for Q,u and v, corre-
sponding to the evolution equation of A given in (4.22):

pDQ + Py (e3Vagp+ cap((Vy -u)u+ (Vy - v)v)) =0, (4.29)
pDyu — (csu - Vup+ capVy - 0)Q + capd(Q,u, v)v = 0, (4.30)
pDyv — (c3v - Vaup + capVy - V) — c4p,(Q,u, v)u = 0, (4.31)

where Dy := 0y + c2(Q - V), and where 0,(2,u, V) is the expression of 6,(A) given
by (4.27).
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Proof. We first prove (4.27). We have
62(A) = tr(Dy(A)) = tr(ATD,(A)A)

=> A"Dy(A)Aex-ex = Y (Da(A)Aey) - Aey
k k

= [Do(M)Aex]x - [Aex]w = > [Dr(A)Aer] A - [Aeg], A
k k

= ((Aex- Vo)A) - [Aey] A,
k

thanks to the definition of D, given in (4.19). Now we use the fact that for two
matrices A, B, we have A- B = 1tr(ATB) = 13", Ae; - Be; (half the sum of the
scalar products of the corresponding columns of the matrices A and B), to get

5e(A) = 5 37 D [(Aew - Vi) (e - [(Aew) x (Aey)]
k )

L@ Vouv - @ V)0 v - (@ Vovou

+(V-Vy)Qu+(u-Vy)v-Q—(v-Vy)u-Q)
=[(Q-Vu] - v+[(u-Vy)v]- Q+[(v:- V)] - u.
For this last equality we used the fact that
0=(Q-Vy)(u-v)=(Q -Vy)u-v+(Q-V,)v-u

since u L v and analogously for the other components.

We proceed next to proving the expression of r;(A) given by (4.28). We first
prove that r,(A) - Q = V, - Q. We have (recall that [r;(A)]x = Dy(A) — D, (A)T
and that for all w in R3, w - VA = [D,(A)w]xA):

rp(A) - Q=1r,(A) - (uxv) =v- ([ra(A)]xw) = v (Du(A) = Do(A)")u
=v-Dy(M)u—u-Dy(A)v
= (@ xu) D (A)u+ (Qxv) De(A)u
= [Da(Mu]x Q- u+ [Da (A)V] Q- v
= [D(A)u]xAes - u+ [Do(A)v] Aey - v
= ((u-Vg)Aer)-u+((v-Vy)Aer) v
= ((u-Vg)Q) - ut((v:Va)Q) - v.

Since (2 - V)92 is orthogonal to €, we therefore get
ra(A) Q= ((Q-V,)Q) - Q+ (u-V,)2) - u+ (v V.)Q) - v

=) A0iQM =D 0> Al = 0% =V, Q,
k i

i,k,j (2]
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since AAT = 1d (the first line is actually the expression of the divergence of Q in
the basis {Q,u,v}). For the other two components of r,(A), we perform exactly
the same computations with a circular permutation of the roles of Q,u,v to get
ry(A)-u=V, -uand ry(A)-v=V,-v. Therefore we obtain (4.28).

Finally we rewrite the equation for A as the evolution of the basis {Q,u,v}.
To obtain the evolution of Aey for k£ = 1,2,3, we multiply Eq. (4.22) by ex and
compute to obtain:

pDQ + Po1 (c3Vap + capre(A)) = 0,
pDyu—u- (csVep+ capry(N))Q 4+ capd(A)v =0,
pDyv — v - (esVep + capry(A)Q — cqpd,(A)u = 0,

where Dy = 0y +¢2(2- V). To perform the computations we have used for w = V,.p
or w = r that

(W x Q]xQ=—Pqi(w) and (wxQ)xu=(u-w),

since 2 L u (analogously for v). From here, using (4.28) we obtain straightforwardly
Eqgs. (4.29)-(4.31) for , u and v, respectively. m|

5. Conclusions and Open Questions

In this work, we have presented a new flocking model through body attitude coordi-
nation. We have proposed an individual-based model where agents are described by
their position and a rotation matrix (corresponding to the body attitude). From the
individual-based model we have derived the macroscopic equations via the mean-
field equations. We observe that the macroscopic equation gives rise to a new class
of models, the SOHB. This model does not reduce to the more classical SOH, which
is the continuum version of the Vicsek model. The dynamics of the SOHB system
are more complex than those of the SOH ones of the Vicsek model. In a future work,
we will carry out simulations of the individual-based model and the SOHB model
and study the patterns that arise to compare them with the ones of the Vicsek and
SOH model.

Also, there exist yet many open questions on the modelling side. For instance,
one could consider that agents have a limited angle of vision, thus the so-called
influence kernel K (see Sec. 3.1) is not isotropic any more, see Ref. 29 for the case
of the Vicsek and SOH models. One could also consider a different interaction range
for the influence kernel K that may give rise to a diffusive term in the macroscopic
equations, see Ref. 19. Moreover, in the case of the SOH model, when the coordi-
nation frequency and noise intensity (quantities v and D in the individual-based
model (3.10)—(3.11)) are functions of the flux of the agents, then phase transitions
occur at the macroscopic level'® (see also Refs. 4, 6, 20 and 44). An analogous
feature is expected to happen in the present case. Finally, one could think of elabo-
rating on the model by adding repulsive effects at short range and attraction effects
at large range.
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On the analytical side, this model opens also many questions like making Propo-
sition 3.2 rigorous, which means dealing with stochastic differential equations with
non-Lipschitz coefficients. In the context of the Vicsek model, the global well-
posedness has been proven for the homogeneous mean-field Vicsek equation and
also its convergence to the von Mises equilibria in Ref. 28, see also Ref. 31; an
analogous result for our model will be desirable. The convergence of the Vicsek
model to the model which was formally done in Ref. 24 has been recently achieved
rigorously in Ref. 39. Again, one could also think of generalising these results to
our case.

Appendix A. Special Orthogonal Group SO(3)
Throughout the text, we used repeatedly the following properties.
Proposition A.1l. (Space decomposition in symmetric and antisymmetric mat-

rices) Denote by S the set of symmetric matrices in M and by A the set of anti-
symmetric ones. Then

SPA=M and ALS.

Proof. For A € M we have A = $(A+ AT) + £(A — A7), the first term being
symmetric and the second antisymmetric. The orthogonality comes from the prop-
erties of the trace, namely tr(AT) = tr(B), and tr(AB) = tr(BA) for B € M.
Indeed if P € A and S € S then tr(PTS) = tr(SPT) = tr(PST) = —tr(PTS).
Hence P - S = 1tr(PTS) = 0. O

Proposition A.2. (Tangent space to SO(3)) For A € SO(3), denote by T4 the
tangent space to SO(3) at A. Then
M € Ty if and only if there exists P € A such that M = AP,
or equivalently the same statement with M = PA. Consequently, we have that
M € Tj{ if and only if there exists S € S such that M = AS,
or equivalently the same statement with M = SA.
Proof. We have that M € T4 if and only if there exists a curve A(t) from the

neighbourhood of 0 in R to SO(3) such that A(0) = A and A’(0) = M. We then
have

Id = A)AT (1) = (A+tM +o(t)) (AT +tM™T + o(t))
=Id + t(A™M + MTA) + o).

So if M € T4, we must have (A”M + MTA) = 0, that is to say that P = ATM ¢ A.
Conversely if M = AP with P € A, the solution of the linear differential
equation A’(t) = A(t)P with A(0) = A is given by A(t) = Ae'f’ so it is a curve
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in SO(3). Indeed we have A(t)TA = (e!P)TeltP = P etP = ¢=tPetP — Id. Since
A(0) = AP = M, we get that M € T4. The equivalent condition comes from the
fact that if M = AP, with P € A, then M = APATA = PA with P € A. Finally the
last part is obtained thanks to Proposition A.1) and the fact that the dot product
is left (and right) invariant with respect to SO(3): if B,C € M and A € SO(3),
then AB - AC = $tr(BTATAC) = B - C. m|

Proposition A.3. (Projection operator on the tangent space) Let A € SO(3)
and M € M (set of square matrices). Let Pr, be the orthogonal projection on T
(tangent space at A), then

Pr(M) = =(M — AM™4). (A1)

N =

Notice that then

Pr(M) = 5 (M + AM™A).

N =

Proof. It suffices to verify that the expression given for Ppr,(M) satisfies
Pr(M) € Ty and M — Pr,(M) € T4, that is to say ATPr,M € A and
AT(M — Pr,(M)) € S thanks to Proposition A.2. We have indeed
ATL(M — AM™A) = L(A™™ — M7TA) which is clearly antisymmetric, and
ATL(M + AMTA) = $(A™M + M7A) which is symmetric. m|
To compute the gradient in SO(3) of a function ¢ : SO(3) — R we will con-
sider A(e) a differentiable curve in SO(3) such that
4
de
then Va1(A) is the element of T4 such that for any 4 € T, we have
P(A(e)) — ¥(4)

A(O) =A, A(E) =04 € Thq,

e=0

glll(l) - ZVA¢(A) ‘5A~
In particular, one can check that
Va(A-M)=Pr,(M), MeM. (A.2)

We now show that the differential equation given by this gradient has trajecto-
ries supported on geodesics.

Proposition A.4. If B € SO(3) and Ay € SO(3), the trajectory of the solution of
the differential equation % =v(A-B)Ppr,B =v(A-B)Va(A- B) with A(0) = Ay
(and with v smooth and positive) is supported on a geodesic from Agy to B.

Proof. Indeed, write BTAy = exp(fp[n]x) thanks to Rodrigues’ formula (3.4)
with [n]x an antisymmetric matrix of unit norm and 6y € [0,7]. If we set
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A(t) = Bexp(6(t)[n]x) where 0 satisfies the equation 6’ = —v/(% + cosf) sin § with
0(0) = 6y, we get

% = Bexp(0(t)[n]x)8' (t)[n]«

= —v (% + cos&(t)) Bexp(0(t)[n]«)sin0(t)[n]«.
Now, thanks to the expression (3.3), we have
sinfn], = %(exp(@[n}x) —exp(f[n],)T) = %(BTA — A™B),

and A- B =1d- AB” = Ltr(exp(f[n]x)) = 3 + cos 0 thanks to (3.1). Therefore we
obtain

% = —v(A-B)A %(BTA — A"B) =v(A - B)Pr,B,

thanks to (A.1) and we have A(0) = Ag. Since 0 € [0, 0] — exp(f[n]«) is a geodesic
between Id and BTAy, then § — Bexp(f[n]y) is a geodesic between B and A, and
the solution A(t) is supported on this geodesic. It is also easy to see that, except in
the case 0y = 7 or 0y = 0, for which the solution is constant, the function ¢ — 6(t)
(solution of the one-dimensional differential equation

0 =—v (% + cosf) Siﬂ&)

is positive, decreasing, and converge exponentially fast to 0, with an asymptotic
exponential rate u(%) Therefore, as time goes to infinity, the trajectory covers the
whole geodesic from A to B (excluded). m|

We now turn to the proofs of the expressions of the gradient, the volume form
and the divergence in SO(3) in the so-called Euler axis-angle coordinates, that were
presented in Sec. 4.2.

Proof of Proposition 4.1. Consider a curve in SO(3) given by
A(t) = exp(8(t) ]« (1)) = Id +sin(0(t))[n] x () + (1 — cos(4(t)))[n] (t)

(following (3.3)—(3.2)) with A(0) = A, 6(0) = 6 and [n]x(¢t) = n(t)]x, n(0) = n.
Define

o4 =A(0) € Ty,
dp = 6'(0) € R,
0n = n'(0),
On) = M]%(0) = [on]x-
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With these notations, for a function f = f(A(#,n)) it holds
of
Vaf-0a= %59 + Vnf 0. (A.3)
On the other hand, it holds true that

04 = An] 0y + sin 00pu, + (1 — cos0) (0] Oy, + O, [0] )
= An] 8 + AAT (sin 65}, + (1 — cos 8) (0] xFpn) + Sjn] ] ))
= Afn]dy + A(d — sinbln]. + (1~ cos6) n]2)
X ($in06pn], + (1 — cos0) ([0]x ], + Oy, 1))

= An] 8y + A(Sin 08, + (1 — cos0) (), [0]x — 1] xmy,))

= A[n].6p + 2sin(0/2) A(cos(0/2)[6n]x + sin (0/2)[n X 6n]x)

— Aln]0 + Liny, (0.), (A1)
where the last line defines Ly, . In the first line, the term in dp is obtained by
differentiating the exponential form (3.4) of A(t) assuming that [n]« (¢) is constant.

The term in dpy,), is obtained by differentiating Rodrigues’ formula (3.3). To do the

computation we have used Rodrigues’ formula (3.3) to express AT and the facts
that [n]3 = —[n]x; 0]« 8], 0] x = 0; and O, (0] x — [0]xOfm), = [0n X 0]«

In particular notice that {[n]x,[dn]x,[m X dn]x} is an orthogonal basis of A
(antisymmetric matrices) from which we obtain a basis of T4 (by Proposition
A.2). So, we just need to compute the components of Vaf in span{A[n]x}
and span{(A[n]y)*}.

We will show that the component in span{A[n]y} is given by

w(Val) = X Aln), (A5)

and the one on span{(A[n].)*} is

Piam] - (Vaf) = A(cos(0/2)[Vnf]x +sin(6/2)[n x Vaflx). (A.6)

1
2sin(6/2)
The sum of the two previous expressions gives (4.2):
Vaf = Pam), (Vaf) + Pam), )1 (Vaf).

The component (A.5) is computed considering the case where ¢, = 0in (A.4)-(A.3),
so that
of

Vaf - 64 = Vaf - Alnlxds = 5o

——09.
Expression (A.5) is obtained by noticing that
(Aln]x) - (Aln]x) = n]x - n]x =n-n=1 (using (3.7)).
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To obtain the component (A.6), consider the case dp = 0 in (A.4) and (A.3) so
that

Vaf 64 =Vaf L (6m),) = Vaf - On, (A.7)

where Ly, is given in (A.4).
We have that

Piam), ) (Vaf) = Alu]x  for some u L n.
The goal is to compute u as a function of v := V,, f. By (A.7) we have that
Alulx - L) (Op),) = Vaf - On-
This implies that
2sin(6/2)[u]x - (cos(0/2)[0n]x +sin(8/2)[n X dnlx) = v - 0n for all o, L n,
so (see (3.7)) we get
2sin(6/2)(cos(0/2)u +sin(6/2)u x n) - 6 = v - Op.
Since this is true for all §,, orthogonal to n, we get
v = 2sin(0/2) (cos(6/2)u + sin(f/2)u x n).

From here we can get the expression of n X v in terms of u and n x u. After some
computations we finally obtain that

1 .
u= W(COS(G/Z)V +sin(f/2)n x v). 0O

Proof of the volume form, Lemma 4.2. We denote by g the metric of the
Riemannian manifold SO(3) associated to the inner product
A -B= %tr(ATB), A, B € SO(3).
The volume form is proportional to 1/det(g).3® We compute the volume form using
spherical coordinates, i.e. we consider the coordinates
0, ¢,¢) € 10,7 x [0, 7] x [0, 27].
Given the Euler axis-angle coordinates (#,n) we have that
sin ¢ cos v
n = | sin¢siny
Cos ¢

For the spherical coordinate system, we consider the vector field (%, 3%, 50)-

Denoting

<

oA oA oA
00 13J0) o
we get that (Y;)i=1,2,3 € Ta(SO(3)) forms a basis of vectors fields at A.

The metric g is defined as g;; = g(;,Y;) = 3tr(Y]'Y;), i, = 1,2,3. We compute
next each term. First, we know that for a given 04 € T4, there exist dg, 0y, 04 € R

Y = A €50(3),
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such that

0A 0A 0A
0a=—0p+—=—0p+—0
A= g0 + 90 st 90 W
and also for a given §, € Th(S?) (the tangent plane to the sphere at n), there
exist dy,, d;, such that

on on

on = 550+ 500

Now, following the computation given in (A.4) we have that for dg =1, d4 =0,
0y = 0:

% :(5A :A[n}x

Now, if 69 = 0,04 = 1,0y = 0 then, using that 6, = g—g we have that

A
g_¢ =04 =2sin(0/2)A [Rnﬂﬂ (g_;)] x

where
Ry 9/2(v) = cos(0/2)v + sin(6/2)(n x v),

which corresponds to the rotation of the vector v around n by an angle 6/2 (anti-
clockwise) as long as v - n = 0. Analogously one can also deduce that

% = 2sin(6/2) [Rn,e/z (g_Z)] .

From here, using that || 22 || =1and |32 212 = sin? ¢, we conclude that
1 0 0
g= |0 4sin?(/2) 0
0 0 4sin?(0/2) sin? ¢

Notice that to compute g(a—A 3—’2) we use that Rnﬂ/Q(g—g) 1 n.

Finally we have that

V/det(g) = 4sin*(0/2) sin ¢

and therefore

/ f(A)dA = £(6, ¢, )4 sin>(0/2) sin ¢pdbdpdyp
SO(3) [0,7] % [0,7] x [0,27]

=14 / ( / £(0,¢,7)sin ¢>d¢dw> sin?(60/2)d0
0€[0,7] \/[0,7]x[0.27]
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The term sin ¢dpdi) is the volume element in the sphere S? so we have that
fomyin— | F(6,6,0) sin pdody.
S2 [0,7] x[0,27]

Therefore, the volume element corresponding to the Euler axis-angle coordinates is
proportional to sin?(f/2)dfdn. Since the volume element is defined up to a constant,
we choose the constant ¢ such that

2
/ csin(0/2)df = 1,
0

i.e. ¢ = 2/7. In conclusion, the volume element in the Euler axis-angle coordinates
corresponds to

2
~ sin?(6/2)dfdn. ]
™

Proof of divergence formula, Proposition 4.2. We compute the divergence by
duality of the gradient, Proposition 4.1. Let f = f(A) be a function and consider

/ V- B(A)f(A)dA
S0(3)
:_/ B(A) - Vaf(A)dA
S0(3)

__ / W(0)b(6, )y f (6, n)dfdn
(0,7)x 52

W) :
— —~——v(0,n) - (cos(0/2)Vnf(n,0)+sin(d/2)n
Lo o i) - (€502 f.0) +sin(5/2
X Vaf(n,0))dfdn
f(97n) 202
= —————0p(sin*(6/2)b(0, n) )W(0)dbdn
L o a2 e m)e)
f(0,n) :
+ ———————Vp - (v(0,n)cos(0/2) +sin(0/2)(v(f,n) x n
L gy T (Y00 os(0/2) +5in(0/2)v(0,m) x )
x W(6)dfdn,
where W is given by (4.3), from which we deduce the result. m|
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