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Abstract

1 Introduction

Since Shor’s discovery (Shor, 1994; Ekert et al, 1996) of an algorithm that allows the fac-
torization of a large number by a quantum computer in polynomial time instead of an
exponential time as in classical computing, interest in the practical realization of a quantum
computer has been much enhanced. Recent advances in the preparation and manipulation
of single ions as well as the engineering of pre-selected cavity light fields suggests that quan-
tum optics may well be that field of physics promising the first experimental realization of
a quantum computer.

The realization of a quantum computer in a linear trap has been regarded as very promis-
ing as it was thought that decoherence could be suppressed sufficiently to preserve the su-
perpositions necessary for quantum computation. Indeed, a single quantum gate in such an
ion trap has been realized by Monroe et al (Monroe et al, 1995). Nevertheless, the error
rate in this experiment was too high to allow the realization of extended quantum networks.
This experiment was limited by technical difficulties and one aim of future experiments is
to reduce these to come closer to the fundamental limits, such that at least small networks
could be realized. However, there remains the question whether overcoming technical prob-
lems will be sufficient to realize practically useful computations such as factorization of big
numbers on a quantum computer in a linear ion trap. Here we address the problem of so
called threshold accuracy in quantum computation (Knill et al, 1996; Aharonov & Ben-Or,
1996). This threshold implies that arbitrarily complicated (long) quantum computations can
be performed once the error rate of a quantum gate can be pushed below a certain threshold.
We will discuss whether the required thresholds presented in (Knill et al, 1996; Aharonov
& Ben-Or, 1996) can be achieved or if spontaneous emission rules out this possibility (not
to mention other error sources). We present a simple calculation to understand the order
of magnitude of these thresholds and then calculate the spontaneous emission rate in one
quantum gate.



2 Accuracy Thresholds to Quantum Computation

An input to a quantum computer is a string of quantum bits called qubits. A quantum
computer is viewed as consisting of two main parts: quantum gates and quantum wires.
By basic quantum gates we mean any set of quantum gates which can perform any desired
quantum computation. A universal quantum gate is the one whose combination can be used
to simulate any other quantum gate. A quantum wire is used as a representation of that
part of computation of any qubit where the evolution is a simple identity operation (i.e. no
gate operates on the qubit), as well as the time qubit spends during the gate operation.

There are two main types of errors occurring during a quantum computation process.
The first type are errors due to the interaction of qubits with the external environment
which causes spontaneous emission and decoherence type of errors. These errors are easily
represented as unitary evolutions of the joint qubit4+environment system after which the
environment is traced out of the picture. This results in transforming an initially pure state
of the qubit into a statistical mixture of qubits. The most general type of interaction of this
kind can be represented by using (P)ositive (O)perator (V)alued (M)easure type operators
acting on the qubit only:

p— ZAZ',OA;F (1)

where 3" A:[AZ- = I, i.e. the POVM is complete. This is an incoherent type of error.

The second type of error is an error in quantum gates where the qubit is “over—rotated”
by a certain small amount. This is a coherent type of error which is simply represented by
a unitary transformation on the qubit p — VipV;" where the “true” transformation should
have been p — Ui,oUZ»T. The difference between U and V' signifies the size of the error. This
type of error can be represented as a special case of POVM operators in eq. (1), but the
error it produces is different in nature to incoherent error.

3 Fault—tolerant Computation

The idea of fault tolerant quantum computation (Shor, 1994; Shor, 1995) is to encode the
qubits in such a way that the encoding does not introduce more errors than previously were
present. If the error stays at the same level we then keep performing error correction until
the error has decreased in magnitude (Shor, 1995; DiVincenzo & Shor, 1996; Plenio et al,
1996). The present state of the art requires 5 — 10 qubits to encode a single qubit against a
single error. It is the iterative application “in depth” of the encoding that will enable us to
reduce error to an arbitrarily small level providing it is below a certain level to start with.
In other words we will be encoding the encoding bits. We list the assumptions that we use:

1. Qubits errors occur independently.

2. There are three basic incoherent errors which occur at the same rate (isotropic decay
is assumed for simplicity). In the Born-Markov approximation the master equation for
a single qubit is of the Lindblad form. Three basic single qubit errors are represented
by the Pauli spin matrices. We assume that the probability that there is no error in n
qubits after time ¢ is

Dre = e—nFt (2)



where I' = 37 is the decay rate for all the errors together. The probability that there
is at least one erroris therefore p. = 1 — p,.. We define n = I't henceforth.

3. Incoherent and coherent errors are independent.

4. Errors are treated “classically”. We assume that the coherent error per gate is € (no
error is 1 — €) in a completely classical fashion; this implies that either the qubit was
correctly rotated with probability 1 — ¢ or it was over-rotated with the probability e.
These two possibilities exist in a classical combination in our approximation rather
than in a coherent superposition which really is the case. Moreover, we take the
combination of coherent and incoherent errors to be a simple addition.

5. Basic gates are all two—qubit gates. It is true that almost all two-bit gates are universal.
Shor (Shor, 1994), however, also used a Toffoli (three-bit)-gate for his fault-tolerant
computation, but this does not change our argument.

6. The number of gates needed to encode and fault tolerantly correct a basic gate are of
the order O(I?), where [ is the overall number of qubits (Shor, 1996).

For stable quantum computation we require that the probability of error after the fault—
tolerantly encoded basic gate is of higher order (i.e. the error is smaller) than the probability
of error after the unencoded gate (that is the whole point of encoding and fault— tolerant
error correction!). From this we derive the bound on the size of allowed errors in the wires
and in the gates. We argue that when we encode the encoding bits again we reduce the
error further and that by doing this we can reduce the error arbitrarily for an arbitrarily
long computation. Therefore given certain initial limits on the error rate in the gates and
wires we can stabilize any computation to a desirably small error rate, given an unlimited
amount of time.

The probability of having any of the three basic errors in the first as well as in the second
wire is n—giving the overall first order wire error of 27. The error in the gate is e. We assume
that the overall error of the whole basic gate is < 21+ €. Suppose that the basic gate is now
encoded fault tolerantly against a single error of any kind, using [ qubits. Then the overall
second order error is at the end of the gate:
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i.e. it is equal to having error in the wires (this time it is second order) and not in the gates
plus having error in the gates and not in the wires. The term I(I —1)/2 comes from choosing
two out of [ gates to err and the factor [* comes form the fact that there are [? gates so
that the error is transformed according to n — [*n and that the error is of the second order.
What we require is that the fault tolerant error correction reduces the error. Hence:
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Since the LHS is > 1 we can simplify the above condition without a greater loss in generality
to:
I(1—=1)
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The solutions to the equation derived form the above are:

L /1 —2(18% — 2110¢2) ;
= (15 — 2%¢) ’ (6)

We require that n € R (and that 0 < n < 1/2) so that we have the following two regimes of
error . 0 <np<nyand e<e_and 2. 0 <n <n_ and e > e, where

L viza (7)
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The output of the first encoded basic gate is fed into the next one (or part of the output
into one next basic gate and the rest into another next basic gate). It is evident that if
condition 1 holds, further encoding can only decrease the error. The residual error that we
did not take into account is ~ [?(I*n)* = I?n® (i.e. the second order error is not corrected
by our encoding). In the extreme (worst) case when ¢ = e_ ~ [7® we get n ~ 7%, which
means that the residual not corrected error is ~ [7?. Obviously, this error can accumulate
over time if the computation is sufficiently long. In general, however the residual error
after n in depth encodings is [=°" which can made be arbitrarily small using sufficiently
large n. Unfortunately, in this case the number of elementary gates needed for each new
encoding would square, i.e. the time of computation (~ the number of elementary gates)
would increase exponentially. So, whereas in theory any computation can be performed with
arbitrary accuracy given an initial n ~ [7¢ per gate, the time of computation will grow as
1/(residual error).

In the second case, however, ny < 0 and n_ > 1/2. Thus in the best case, when € = ¢, 7
tends asymptotically to 1/2. This would imply, for example, that a qubit initially pure state,
e.g |0), would eventually evolve into a completely random mixture at the output, of the form
1/2(]0)(0] 4 [1)(1]). Therefore under condition 2 the error rate is too big to allow any useful
computation. However, under condition 1 the stabilization of error is clearly accomplished.

4 The error rate in one quantum gate

In the previous section we have seen how to estimate the accuracy threshold for quantum
computation with a simple argument and we have given the numbers that arise from more
precise explicit constructions of error correction schemes. We have seen that the incoherent
error rate per quantum gate should not be higher than around 107%. In a more detailed
analysis (Knill et al, 1996) it was shown that the execution of one quantum gate on an
encoded qubit requires of the order of N = 10° operations which confirms the qualitative
arguments of the last section. In this last section we will now see whether accuracies of
that order can be achieved in a linear ion trap realisation of the quantum computer using as
qubits Zeeman sublevels in the ions given in tables 1 and 2. We emphasise that we take into
account only the spontaneous emission of the ions and assume all the other errors disappear.

We calculate the probability to suffer at least one spontaneous emission during the imple-
mentation of N quantum gates. This probability has to be smaller than unity. We represent
the qubit by two Zeeman sublevels and use Raman pulses to transfer population between the
two states. For the time required to perform N quantum gates we find 7' = N87A,/Q3, From
that we obtain the probability for a spontaneous emission from level 2 as p; = 85, N/A,.
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Again we have to take into account the fact that the two-level approximation can break
down. This leads to an additional independent source of spontaneous emission via extra-
neous levels. One finally obtains the probability to have a spontaneous emission from an
extraneous level

- 80T2,m2N? L <w12)3 (8)
NN

The total probability of a spontaneous emission is p;,; = p2 + p3 and therefore the error rate

per quantum gate is
Ptot 320L w33 [wiz)\ /2
pe oo R (M) (9)
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We use the data for the ions given in (Plenio & Knight, 1996b). If we assume n =1,3 =1
as well as in (Knill et al, 1996) L = 7 and an optimistic N = 10° we see that even for
Barium the probability for at least one emission is almost one. The explicit values are for
Barium r = 0.44 107, for Mercury r = 9.26 107% and for Calcium r = 2.03107%. This means
that unless the encoding procedures given in (Knill et al, 1996; Aharonov & Ben-Or, 1996)
can be improved substantially the accuracy threshold for quantum computation will not be
achievable. Some progress in this direction has been made recently (Steane, 1996c¢).

w13

5 Conclusions

We have studied the impact of spontaneous emission on the practical applicability of quantum
computation in linear ion traps and especially the possibility of using a quantum computer
to factorize large numbers. We conclude that with present technology such a factorization
will not be possible even if we employ sophisticated methods of quantum error correction.
We have shown that the numbers that can be factorized will be restricted to almost triv-
ial sizes. We then investigated the minimal error rate per quantum gate and compared it
to recently established accuracy thresholds that would, in principle, allow arbitrarily com-
plicated quantum computations. We find that the presently known thresholds cannot be
achieved because of spontaneous emission alone. Other sources of error would lead to even
stronger limitations. We conclude that new physical ideas are therefore necessary if the goal
of practically useful quantum computation is to be reached.

6 Acknowledgements

This work was supported by a Furopean Community Network, the UK Engineering and
Physical Sciences Research Council, by a Feodor-Lynen grant of the Alexander von Humboldt
Foundation and by the Knight Trust.

References

Aharonov, D. & Ben-Or, M., 1996, Fault Tolerant Quantum Computation with Constant
Error, preprint quant-ph/9611029.

DiVincenzo, D.P. & Shor, P.W., 1996 Fault-Tolerant Error Correction with Efficient Quan-
tum Codes, in PRL 77, 3260-3263.



Ekert, A., & Josza, R., 1996 Rev. Mod. Phys. 68, 733-753.

Knill, E., Laflamme, R. & Zurek, W., 1996, Accuracy Threshold for Quantum Computation,
preprint quant-ph/9610011.

Monroe, C., Meekhof, D.M., King, B.E., Itano, W.M. & Wineland, D.J., 1995 Demonstration
of a fundamental quantum logic gate, Phys. Rev. Lett 75, 4714-4717.

Plenio, M.B. & Knight, P.L., 1996 Realistic lower bounds for the factorization time of large
numbers on a quantum computer, Phys. Rev. A 53, 2986-2990.

Plenio, M.B. & Knight, P.L., 1996 Decoherence limits to quantum computation using trapped
ions, submitted to Proc. Roy. Soc. A

Plenio, M.B., Vedral, V. & Knight, P.L., 1996 Conditional generation of error syndromes
in fault-tolerant error correction, lanl e-print quant-ph/9608028, Phys. Rev. A
55, June.

Shor, P. W., 1994 in Proceedings of the 35th Annual Symposium on the Foundations of
Computer Science, Los Alamitos, CA (IEEE Computer Society Press, New
York), p. 124

Shor, P.W., 1995 Scheme for reducing decoherence in quantum computer memory, Phys.

Rev. A 52, R2493-2496.
Shor, P.W.; 1996 Fault-Tolerant Quantum Computation, lanl e-print quant-ph/9605011

Steane, A.M., 1996, Active stabilization, quantum computation and quantum state synthesis,
preprint quant-ph/9611027 submitted to Phys. Rev. Lett. 1996.



