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Abstract

In this paper a one-dimensional surplus process is considered with
a certain Sparre Andersen type dependence structure under general in-
terclaim times distribution and correlated phase-type claim sizes. The
Laplace transform of the time to ruin under such a model is obtained as
the solution of a fixed-point problem, under both the zero-delayed and the
delayed cases. An efficient algorithm for solving the fixed-point problem
is derived together with bounds that illustrate the quality of the approx-
imation. A two-dimensional risk model is analyzed under a bailout type
strategy with both fixed and variable costs and a dependence structure of
the proposed type. Numerical examples and ideas for future research are
presented at the end of the paper.
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1 Introduction

For a given initial surplus u ∈ R+, we denote by X = {X(t), t ∈ R+} the
insurer’s surplus, whose evolution at t ∈ R+ is given by

X(t) = u+ ct−
N(t)∑
i=1

Jk.
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Here, the premium rate c is assumed to be strictly positive. We denote by
N(t) = max{k ∈ N : Tk ≤ t} for t ∈ R+ the number of claims by time t and
we assume independence among each generic pair interclaim time-claim size
{(Tk, Jk)}∞k=1. Furthermore, we assume that the surplus process X(t) has a
Sparre Andersen type dependence structure, defined by

P (Tk ∈ dt, Jk ∈ dx) = α(dt) eRx r dx t, x ∈ R+, (1)

where α(dt) ∈ Rm, is a 1×m distribution vector, R is an m×m sub-generator
matrix, r anm×1 vector given by r = (−R)1, with 1 denoting them×1 vector of
ones. Note that within each pair interclaim time-claim size the random variables
Tk and Jk are dependent, whereas the pairs {(Tk, Jk)}∞k=1 are independent and
identically distributed (i.i.d.) random variables. For this risk model, we assume
that the safety loading condition for surplus {Xt, t ≥ 0} is satisfied, i.e. that
cE(T1) > E(J1).

In a similar fashion we introduce the corresponding delayed risk model where
the joint distribution of the time of the first arrival and its jump-size differs from
the joint distributions of time and jump-size corresponding to later arrivals, i.e.
for k = 1

P (T1 ∈ dt, J1 ∈ dx) = αD(dt)eRx r dx, (2)

while, for k ≥ 2, P (Tk ∈ dt, Jk ∈ dx) is given in (1).
Under the dependence structure assumed in (1) and (2) the claim sizes Jk

are phase-type random variables with generator matrix described by R, whereas
the vector α(dt) (or αD(dt) in the delayed case) gives the joint density of the
interclaim times and the phase of the claim i ∈ 1, . . . ,m at the beginning of
the claim. The generality of this dependence assumption comes from the fact
that the distribution of the interclaim time Tk is equal to α(dt)1, which may be
defective, in the sense that

∫∞
0
α(dt)1 < 1. This is an important feature which

will be illustrated by the applications described in the forthcoming sections.
We remark that under the Markovian arrival process (MAP) assumption

as in Badescu et al. (2005), the interclaim times and the claim sizes are con-
ditionally independent phase-type random variables, given the initial phase of
the claim. However, under this particular dependence structure the distribu-
tion of the interclaim times and the initial phase of the claim can be generally
distributed and it is not restricted to a phase-type random variable. The phase-
type renewal risk model studied in Albrecher and Asmussen (2010, chapter 9),
the MAP arrival risk model in Badescu et al. (2005) and the bivariate phase
type renewal model from Badescu et al. (2009) are just particular cases that
can be obtained from our underlying dependence assumption.

Willmot andWoo (2012) proposed a very general dependence structure of the
form

∑m
i=1

∑ni

j=1 kij(t)bij(x), where kij(t) represents the interclaim probability
density function (pdf) and bij(x) the pdf of the claims. Note that when ni = 1,
[α(t)]i = ki(t) and bi(x) = [eRxr]i their formula reduces to (1). Despite of the
generality of their model, Willmot and Woo (2012) obtain ruin related measures
in an explicit numerically implementable form only when further assumptions,
such as combination of Erlang type densities, are made on the interclaim and
claims sizes.
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The objective of our paper is two-fold. On the one hand, we are interested
in deriving the Laplace transform of the time to ruin in such a general model, in
a form that can be numerically implemented. On the other hand, by deploying
the dependence structures proposed in (1) and (2) and the results obtained in
the first part, we model and analyse certain scenarios that may be of interest
in insurance, or in other areas like queuing theory. More specifically, in one of
the applications that we consider in this paper we propose a two-dimensional
surplus model that is driven by a bailout strategy. Such a bailout strategy is
associated with the provision of financial support to a company or a country
which faces serious financial difficulty or even bankruptcy. Along these lines,
we propose a model with a main branch that injects capital into the subsidiary
every time the surplus level of the subsidiary drops below a predefined level.
Moreover, we assume that the main branch faces certain transaction costs as-
sociated to each of the capital injections. One of the questions of interest that
we address in the paper is: How long does it take until the main branch will be
bankrupted? Another useful application that can be tackled using the results
derived in Sections 2 and 3 is a queueing model that involves priority queues
with flushes, which will be briefly described in the last section which outlines
some directions for future research.

The remainder of the paper is organized as follows. In Section 2 we obtain
a fixed-point equation for the Laplace transform of the time to ruin in the
zero-delayed and the delayed cases. The algorithm and the convergence of the
proposed method are analyzed in Section 3 for the general dependence structures
from (1) and (2). In Section 4 we study the proposed bailout strategy in an
insurance context and we illustrate numerically the accuracy of our results.
Section 5 presents conclusions and some further research applications.

2 The Laplace transform of the time to ruin

In this section we consider the one-dimensional risk model described in Section
1 focusing on the derivation of the Laplace transform of the time to ruin τ ,
defined as τ = inf{t ≥ 0 : X(t) < 0}. For this, we let ψ(t, u) = Pu(τ < t) to
be the finite time ruin probability, and denote its associated Laplace transform
by ψ̂(q, u) =

∫∞
0
qe−qtψ(t, u) dt. The results obtained in this section extend

the results obtained under the renewal risk model by Asmussen and Albrecher
(2010) in Chapter 9, Theorem 4.4, and the fixed-point problem in Proposition
4.3.

2.1 Dependent, non-delayed case

For the dependence structure given in (1) we recall that r := −R1 where 1 is
a Rm×1

+ column vector of ones. Furthermore, for two vectors v and w of same
size we will use notation v ≤ w when each entry of vector v is less than the
corresponding entry of w.
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Definition 1. For any m × m negative-definite matrix Q and 1 × m sub-
probability vector-valued measure α(dt) on R+ \ {0}, we denote by α̂(Q) the
1×m vector

α̂(Q) :=

∫ ∞

0

α(dt)eQt.

Let us now denote by Lα(q), q ≥ 0, the Laplace transform of the (one-
dimensional) sub-probability measure α(dt)1. One then has that Lα is linked
to α̂ via

Lα(q) :=

∫ ∞

0

e−qtα(dt)1 = α̂(−qI)1.

Theorem 1. For any q > 0 the Laplace transform of the time to ruin is given
by

ψ̂(q, u) = ρ̂(q)eΓ(q)u1, u ∈ R+, (3)

where ρ̂(q) is a 1×m sub-probability vector satisfying the fixed-point equation

ρ̂(q) = α̂(cR+ c r ρ̂(q)− qI), (4)

and Γ(q) = R+ r ρ̂(q).
If q = 0 there exists a 1 ×m sub-probability vector ρ̂(0) verifying (4) such

that expression (3) holds for ψ̂(0, u).

Remark 1. The fixed point equation 4 is a matrix extension of the famous
Kendall equation for the Laplace transform of the busy period density – see Feller
(1971), XIV.4(4.1). The connection to branching processes, which makes this
equation transparent and explains its frequent appearance in applied probability,
is also explained there. As commented by a referee, this type of equation can be
easily obtained by using the idea of swapping the meaning of inter-claim times
and claim sizes, so that one gets a MAP with positive jumps (this is one form
of queueing-risk duality).

As such, this equation has often been studied under different settings – see
for example Rogers (1994), Asmussen (1995), Pistorius (2006), Breuer (2008)
and D’Auria et al. (2010).

Let us provide now a direct probabilistic argument for the fixed point equation.
Starting at level u the process has to make a first-passage back to level u, this
quantity being given by the LT of the busy period ρ̂(q) jointly with the phase of
the claim at the downcrossing time. Furthermore, being in a claim phase, the
surplus has to make a first passage to level 0. The associated Laplace transform
of this first passage time together with the phase of the claim at the moment of
crossing level 0 is given by eΓ(q)u. The Laplace transform of the busy period ρ̂(q)
is essential in the calculation of any ruin related measure and is a solution of the
fixed-point equation (4). Badescu et al. (2005) showed that the equivalent busy
period in the case of risk processes with Markovian claim arrivals and phase-type
claim amounts is the unique solution of an equivalent matrix Ricatti equation.
By rephrasing the problem in terms of a Markov-additive process (MaP) the
matrix Γ(q) may be identified as the generator of the downward ladder process
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of a certain MaP satisfying the matrix equation K(Γ(q)) = 0, where K(s) =
−sI + R + r

∫
(0,∞)

α(dt)e+cst−qt; if q > 0, this solution may be shown to be

unique in the set of irreducible negative definite matrices.
Proving the uniqueness of the fixed point is more delicate in the case q = 0;

for completeness, we include our own proof in the Appendix.

The solution to equation (4) can be obtained as the limit of the sequence
(ρn(q))n∈N defined by{

ρ̂0(q) = (0, ..., 0) ∈ A,
ρ̂n+1(q) = α̂(cR+ c r ρ̂n(q)− qI), n ∈ N, (5)

which, as we prove, converges as n → ∞ to a limit in the set A := {v ∈
R

1×m
+ |

∑m
i=1 vi < 1} of (strict) subprobability vectors in Rm. In the next

subsection we switch our focus to the delayed version of this univariate risk
model.

2.2 Dependent, delayed case

Let us next consider the case that the first pair of claim epoch and size (T1, J1)
has distribution that is distinct from that of later claims and is given by

P (T1 ∈ dt, J1 ∈ dx) = αD(dt) eRx r dx t, x ∈ R+,

for a 1×m sub-probability vector valued measure αD(dt) on R+ \ {0}.

Theorem 2. For q, u ∈ R+, the Laplace transform of the ruin time is given by

ψ̂D(q, u) = ρ̂D(q) eΓ(q)u 1, (6)

with
ρ̂D(q) = α̂D(cΓ(q)− qI), (7)

and Γ(q) = R+ rρ̂(q), with ρ̂(q) the subprobability vector satisfying (4).

Proof. Conditioning with respect to the first interclaim T1 (which has some
different distribution αD(dt)), one obtains similarly to (51) (See Proof in Ap-
pendix)

ψ̂D(q, u) = ZD,1(ψ̂, u) + ZD,2(u) (8)

with ZD,2(u) =

∫
(t,y):u+ct−y<0

e−qtα(dt)eRyr dy = α̂D(cR− qI) eRu1, and, sim-

ilarly to (52), and since process has interclaim/claims (Tk, Jk) distributed as (1)
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for k ≥ 2:

ZD,1(ψ̂, u) =

∫
(t,y):u+ct−y≥0

e−qt αD(dt) eRy r ψ̂(q, u+ ct− y) dy

=

∫
(t,y):u+ct−y≥0

e−qt αD(dt) eRy r ρ̂(q)eΓ(q)(u+ct−y)1 dy

=

∫ ∞

0

e−qt αD(dt)

(∫ u+ct

y=0

eRy[−R+ Γ(q)]e−Γ(q)ydy

)
eΓ(q)(u+ct) 1

=

∫ ∞

0

−e−qt αD(dt)eR(u+ct)1 +

∫ ∞

0

e−qt αD(dt)eΓ(q)(u+ct)1

= −ZD,2(u) + α̂D(cΓ(q)− qI) eΓ(q)u 1, (9)

which, when inserted in (8), yields (6).

3 Solving the fixed-point problem

In the present section we present a solution to the fixed-point problem given in
equation (4) that forms the main step in the evaluation of the Laplace transform
of the time to ruin. One challenge lies in the fact that the Laplace transform
of the interclaim times that appears in the fixed point equation (4) should be
evaluated as a function of a matrix Q. This feature will be illustrated in the
upcoming Section 4, where the bailout application is presented; see also the
discussion preceding Proposition 3 in Subsection 4.2.

In the following Lemma, we provide a useful result that shows that the
knowledge of the discounted moments of the interclaim times is sufficient for
solving the fixed-point problem (4). Under particular probability models as
illustrated in Section 4, this quantity may be much easier to be obtained than
the exact density.

Lemma 1. The following expression holds for any sub-stochastic matrix Q =
(Qij)i,j=1,...,m.

α̂(Q) =

∞∑
k=0

Mk(δ)
(Q+ δI)k

k!
, (10)

whereMk(δ) =
∫∞
0
tke−δtα(dt) is a row vector of size R1×m and δ > −mini=1,...,m(Qi,i).

Proof. By Definition 1, and similarly as in the proof of Lemma 4, expanding
the exponential matrix and using Fubini yields

α̂(Q) =

∫ ∞

0

e−δtα(dt)e(Q+δI)t =

∫ ∞

0

e−δtα(dt)

[ ∞∑
k=0

(Q+ δI)ktk

k!

]

=
∞∑
k=0

[∫ ∞

0

tke−δtα(dt)

]
(Q+ δI)k

k!

which is (10). Note that condition δ > −mini=1,...,m(Qi,i) implies that all terms
in (10) are non negative, which ensures numerical stability.
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The previous result states that, in theory, α̂(Q) can be obtained if we are
able to

• find a way to compute the discounted moments given by Mk(δ), k ∈ N,

• find an approximation for the infinite sum in (10) which will in turn be
used to obtain the solution ρ̂(q) in Equation (4).

The first issue depends on the structure of the density α(dt) and it will be solved
differently depending on the underlying model conditions (see Section 4). The
second issue is addressed in the following two subsections. The main results
of this section are Proposition 1 and Theorems 3 and 4, which respectively
propose the approximation procedure of ρ̂(q), prove its convergence and give
some information on its accuracy for q lying in some interval [q0,+∞), for some
explicit q0 > 0, as explained by condition (21).

Finally one can numerically invert the Laplace transform of the time to ruin

and obtain the density P (τ∈dt)
dt via the Gaver-Stehfest algorithm

P (τ ∈ dt)

dt
≈ ln(2)

t

2n∑
k=1

ak(n)ρ̂

(
k ln(2)

t

)
1, (11)

for some sequence (ak(n))k=1,...,2n (see Kusnetsov (2013) for some information
on the accuracy of this algorithm).

3.1 Approximating ρ̂(q) in the zero-delayed case

As pointed out earlier, the expression in α̂(Q) involves an infinite sum and should
be truncated in order to be used in a numerical evaluation. To this purpose we
approximate ρ̂(q) by ρ̂N (q) defined to be the solution of the following equation

ρ̂N (q) = α̂N (cR+ c r ρ̂N (q)− qI) = α̂N
(
cB(ρ̂N (q))− qI

)
, (12)

where α̂N (Q) is the truncated partial sum of order N ∈ N of (10) in Lemma 1,
i.e.

α̂N (Q) =
N∑

k=0

Mk(δ)
(Q+ δI)k

k!
. (13)

Note that in order to have a stable algorithm, δ should be chosen large enough,
i.e δ > −mini=1,...,m(Qi,i) and will be determined later on. This raises two new
problems: the first one is to prove that (12) indeed admits a solution and the

second one is to prove that as N → ∞, ρ̂N (q)1 converges to a solution ψ̂(q, 0)
and to determine the speed of convergence. For the first point we have the
following proposition, which ascertains the existence of ρ̂N (q) as the limit of an
iteration procedure. The second point is given in Theorems 3 and 4. Let us
define for all N ∈ N and q ≥ 0

FN
q : v ∈ A 7→ FN

q (v) := α̂N (cR+ c r v − qI) = α̂N (cB(v)− qI). (14)
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Proposition 1. For q ≥ 0 and

δ ≥ q − c min
i=1,...,m

Rii, (15)

the sequence (ρ̂Nn (q))n∈N defined as{
ρ̂N0 (q) = (0, ..., 0)

ρ̂Nn+1(q) = FN
q (ρ̂Nn (q)) = α̂N (cR+ c r ρ̂Nn (q)− qI), n ≥ 0,

(16)

converges to a solution in Aq := {v ∈ [0,+∞)1×m|
∑m

i=1 |vi| =
∑m

i=1 vi ≤
Lα(q)} of Equation (12).

Proof. We fix N ∈ N throughout the proof. As in the proof of Theorem 1
(see Appendix), we thus define Aq :=

{
v ∈ R1×m

+ |
∑m

i=1 vi ≤ Lα(q) ≤ 1
}
. We

claim that FN
q (A) ⊂ Aq. Indeed let v ∈ A. Since Mk(δ), k ∈ N, has non

negative entries, and since we suppose δ ≥ q − cmini=1,...,mRii, it holds that
cR + c r v − qI + δI has non negative entries, hence FN

q (v) is non negative

entriwise. Since Mk(δ)(cB(v)− qI + δI)k, k ∈ N, has non negative entries, one
has (0, ..., 0) ≤ α̂N (cB(v)− qI) ≤ α̂(cB(v)− qI) component-wise, hence

|α̂N (cB(v)− qI)|m = α̂N (cB(v)− qI)1 ≤ α̂(cB(v)− qI)1 = |α̂(cB(v)− qI)|m,

where we recall the norm notation |v|m :=
∑m

i=1 |vi|, which happens to be equal
to v1 when v ∈ A. Since B(v) is sub-stochastic, we have that |α̂(cB(v)−qI)|m ≤
Lα(q), hence |α̂N (cB(v)− qI)|m ≤ Lα(q), i.e. F

N
q (v) ∈ Aq.

Furthermore one can easily show that v 7→ FN
q (v) is non-decreasing component-

wise (as in Lemma 4). Hence, (ρNn (q))n∈N defined in (16) is non-decreasingly
converging component-wise to a fixed-point ρ̂N (q) solution to (12) in Aq.

The following Lemma is useful for proving the main result in Theorem 3.

Lemma 2. Assuming that (15) holds, then

∣∣α̂(cB(v)− qI)− α̂N (cB(v)− qI)
∣∣
m

≤
∞∑

k=N+1

|Mk(δ)|m
k!

δk, (17)

for all v ∈ A.

We note that the upper bound in (17) is uniform in v ∈ A, so that v 7→
α̂N (cB(v)− qI) uniformly converges to v 7→ α̂(cB(v)− qI).

In what follows we define the matrix norm

||A|| := max
i=1,...,n

n∑
j=1

|Aij |, A = (Aij)i,j=1,...,n ∈ Rn×n.

Recall that matrix norm ||.|| is submultiplicative, i.e. ||Ak|| ≤ ||A||k for all
k ≥ 0, and verifies |uA|n ≤ |u|n.||A|| for all row vectors u ∈ R1×n and matrices
A ∈ Rn×n.
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Proof. Due to condition (15), cB(v) − qI + δI has non negative entries. Since
Mk(δ) also satisfies this property, this implies∣∣α̂(cB(v)− qI)− α̂N (cB(v)− qI)

∣∣
m

=

∣∣∣∣∣
∞∑

k=N+1

Mk(δ)
(cB(v)− qI + δI)k

k!

∣∣∣∣∣
m

=

( ∞∑
k=N+1

Mk(δ)
(cB(v)− qI + δI)k

k!

)
1

=
∞∑

k=N+1

Mk(δ)
(cB(v)− qI + δI)k

k!
1

=

∞∑
k=N+1

∣∣∣∣Mk(δ)
(cB(v)− qI + δI)k

k!

∣∣∣∣
m

. (18)

Hence, by submultiplicativity of norms∣∣Mk(δ)(cB(v)− qI + δI)k
∣∣
m

≤ |Mk(δ)|m ||cB(v)− qI + δI||k, (19)

and since cB(v)− qI + δI has non negative entries

||cB(v)− qI + δI|| = max
i=1...m

c

 m∑
j=1

[B(v)]ij

− q + δ ≤ −q + δ ≤ δ.

The first inequality holds by virtue of B(v) being sub-stochastic. Plugging the
above inequality, as well as (19) in (18) yields (17).

Theorem 3. For q ≥ 0, if ρ̂N (q) is a solution to the fixed-point equation (12),

then ρ̂N (q)1 converges to ψ̂(q, 0), as N → ∞.

Proof. We first begin with case q > 0. We note that the sequence (ρ̂N (q)1)N∈N
lies in the compact set [0, 1], and we are going to prove that its unique accumu-
lation point in that set is ψ(q, 0), which will prove the result.

Let (ρ̂Nk(q)1)k∈N be a converging subsequence to some limit l(q), with
Nk −→ +∞ as k → ∞. Since (ρ̂Nk(q))k∈N lies in the compact set Aq ={
v ∈ R1×m

+ |
∑m

i=1 vi ≤ Lα(q) < 1
}
, we may suppose, up to consider a sub-

subsequence, that ρ̂Nk(q) converges to some limit v(q) ∈ Aq, a row vector
that necessarily satisfies v(q)1 = l(q). Using Lemma 2, v 7→ α̂N (cB(v) − qI)
uniformly converges in v ∈ A to v 7→ α̂(cB(v) − qI), so that one may take the
limit in (12) with N = Nk, k → ∞, and deduce that v(q) satisfies Eq. (4).
Then, from Theorem 1, one deduces that g(u) := v(q)e[R+rv(q)]u1 equals ψ(q, u)
for all u ≥ 0, which entails g(0) = v(q)1 = l(q) = ψ(q, 0).

We now move to the case q = 0. By Theorem 1, the solution ρ̂(0) to (4) as
the limit of ρ̂n(0) as n→ ∞ defined by (5) satisfies

ψ̂(0, 0) = ρ̂(0)1.
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Let us now note that FN
q (v) defined in (14) is entrywise non-decreasing in N

and entrywise converges pointwise to Fq(v) := α̂(cR + c r v − qI) for all q ≥ 0,
hence one has the following non decreasing convergence for all n ∈ N and q = 0:

ρ̂Nn (0) = [FN
0 ]◦n((0, ..., 0)) ↗ [F0]

◦n((0, ..., 0)) = ρ̂n(0), N → ∞.

One can similarly prove that ρ̂N (0) increases entrywise as N → ∞ to some row
vector denoted by p ∈ Rm. Let us prove that p = ρ̂(0) = limn→∞ ρ̂n(0). From
the previous monotone properties we deduce that for all n and N ,

(0, . . . , 0) ≤ p− ρ̂n(0) ≤ p− ρ̂Nn (0),

(where inequalities are understood to be entrywise), yielding

(0, . . . , 0) ≤ lim sup
n→∞

[p−ρ̂n(0)] ≤ lim sup
n→∞

[p−ρ̂Nn (0)] = p−ρ̂N (0) −→ 0, N → ∞,

which proves the result.

The rest of the subsection is dedicated to provide the accuracy of convergence
of (ρ̂N (q))N∈N, for q sufficiently large.

Lemma 3. The following inequality holds:

|α̂ (cB(v1)− qI)− α̂ (cB(v2)− qI)|m ≤
|M1 (q − 5c||R||)|m .c||R||.|v1 − v2|m. (20)

In particular, under condition

q > c(e−1 + 5||R||) (21)

then F : v ∈ A 7→ F (v) := α̂(cB(v)− qI) is contractant with constant

C :=
c.e−1||R||
q − 5c||R||

< 1. (22)

Proof. Let us recall the classical inequality ||eX+Y − eX || ≤ ||Y ||e||X||.e||Y || for
all matrices X and Y . We then write for all v1, v2 in A,

|α̂ (cB(v1)− qI)− α̂ (cB(v2)− qI)|m

≤
∫ ∞

0

e−qt |α(t)|m
∣∣∣∣∣∣ecB(v1)t − ecB(v2)t

∣∣∣∣∣∣ dt
≤

∫ ∞

0

e−qt |α(t)|m ||cr (v1 − v2)|| t e||cB(v2)||te||cr (v1−v2)||t dt

=

[∫ ∞

0

e(−q+||cB(v2)||+||cr (v1−v2)||)t |α(t)|m tdt

]
||cr (v1 − v2)||

=

[∫ ∞

0

e(−q+||cB(v2)||+||cr (v1−v2)||)tα(t)1 t dt

]
||cr (v1 − v2)||

= M1 (q − ||cB(v2)|| − ||cr (v1 − v2)||) 1 ||cr (v1 − v2)||
= |M1 (q − ||cB(v2)|| − ||cr (v1 − v2)||)|m ||cr (v1 − v2)|| (23)

10



It is easy to check that column vector r = (ri)
′
i=1,...,m = −R1 verifies maxi=1,...,m |ri| ≤

||R||. The following inequalities may then be easily checked (remember that v1
and v2 belong to A hence verify |vi|m ≤ 1, i = 1, 2):

||cr (v1 − v2)|| ≤ c max
i=1,...,m

|ri| |v1 − v2|m ≤ c||R|| |v1 − v2|m ≤ 2c||R||,

||cB(v2)|| ≤ c

(
||R||+ max

i=1,...,m
|ri| |v1 − v2|m

)
≤ 3c||R||,

which, plugged in (23), yields (20).
We now prove the contraction property (22). We note that for all δ > 0,
z ≥ 0 7→ ze−δz reaches its maximum at z = 1/δ and is equal at that point to
e−1/δ. This yields

|M1 (q − 5c||R||)|m = E
(
e−(q−5c||R||)τ1τ1

)
≤ e−1

q − 5c||R||
(24)

if one restrict to q such that q − 5c||R|| > 0. This condition is fulfilled if (21)

holds, which in addition ensures that e−1

q−5c||R|| < 1, hence the C < 1 Lipschitz

property of F (.) thanks to (24) and (20), with C equal to (22).

Theorem 4. For δ and q satisfying conditions (15) and (21) the following
bound holds

∣∣ρ̂(q)− ρ̂N (q)
∣∣
m

≤ 1

1− C

∞∑
k=N+1

|Mk(δ)|m
k!

δk (25)

=
1

1− C

[
α̂(0)1−

N∑
k=0

|Mk(δ)|m
k!

δk

]
, (26)

where constant C is given by (22), and for all m ∈ N \ {0}.

Let us recall that α̂(0)1 = Λα(0) is in practice given, so that upper bound
(26) is effectively computable and enables to give a desired accuracy for the
approximation of ρ̂(q) by ρ̂N (q).

Proof. Since ρ̂(q) and ρ̂N (q) are respectively fixed points in (4) and (12), and
using the triangular inequality we have

∣∣ρ̂(q)− ρ̂N (q)
∣∣
m

=
∣∣α̂ (cB(ρ̂(q))− qI)− α̂N

(
cB(ρ̂N (q))− qI

)∣∣
m

≤
∣∣α̂ (cB(ρ̂(q))− qI)− α̂

(
cB(ρ̂N (q))− qI

)∣∣
m

+
∣∣α̂ (cB(ρ̂N (q))− qI

)
− α̂N

(
cB(ρ̂N (q))− qI

)∣∣
m

:= I1 + I2.

11



We consider first I1. By Lemma 3 we get that

I1 ≤ C
∣∣ρ̂(q)− ρ̂N (q)

∣∣
m

(27)

with C < 1 given by (22), and δ, q satisfying respectively (15) and (21). As to
I2, by Lemma 2, we get

I2 ≤
∞∑

k=N+1

|Mk(δ)|m
k!

δk,

which, combined with (27), yields (25). (26) comes from the fact that α̂(0)1 =∑∞
k=0

Mk(δ)1
k! δk =

∑∞
k=0

|Mk(δ)|m
k! δk, the row vector Mk(δ) having non negative

entries.

3.2 Approximating ρ̂D(q) in the delayed case

This case might be solved algorithmically in the same spirit as the one in the
previous subsection. From Theorem 2 we need to obtain the Laplace transform
ρ̂D(q) satisfying equation ρ̂D(q) = α̂D(cΓ(q)− qI), with Γ(q) = R+ r ρ̂(q). The
two steps involved in this calculation are

1. approximate ρ̂(q) by ρ̂N (q) as in the previous section,

2. approximate ρ̂D(q) in the view of (7) by

ρ̂ND(q) = α̂N
D(c(R+ r ρ̂N (q))− qI). (28)

Note here that as in equation (13), we approximate α̂D(Q) by its truncated ver-

sion, namely α̂N
D(Q) =

∑N
k=0M

D
k (δ) (Q+δI)k

k! , whereMD
k (δ) =

∫∞
0
tke−δtαD(dt).

The accuracy of the approximation is given by the following result, which says
that the speed of convergence of ρ̂ND(q) towards ρ̂D(q) is of the same magnitude
as that of ρ̂N (q) towards ρ̂(q) given by inequality (26) in Theorem 4.

Proposition 2. For δ and q satisfying (15) and (21), the approximation ρ̂ND(q)
of ρ̂D(q) satisfies the following bound

|ρ̂ND(q)− ρ̂D(q)|m ≤
∞∑

k=N+1

1

k!

(
|MD

k (δ)|m +
C

1− C
|Mk(δ)|m

)
δk, (29)

where we recall that constant C is given by (22).

12



Proof. Since ρ̂D(q) and ρ̂ND(q) respectively satisfy (7) and (28), and by the
triangular inequality:

|ρ̂ND(q)− ρ̂D(q)|m = |α̂D(c(R+ cr ρ̂(q))− qI)− α̂N
D(c(R+ r ρ̂N (q))− qI)|m

≤ |α̂D(c(R+ cr ρ̂(q))− qI)− α̂D(c(R+ r ρ̂N (q))− qI)|m
+ |α̂D(c(R+ cr ρ̂N (q))− qI)− α̂N

D(c(R+ r ρ̂N (q))− qI)|m
:= J1 + J2. (30)

Let us note that Lemma 2 is still valid here with the obvious change of notation,
namely we have

∣∣α̂D(cB(v)− qI)− α̂N
D(cB(v)− qI)

∣∣
m

≤
∞∑

k=N+1

|MD
k (δ)|m
k!

δk

uniformly for all v ∈ A, so that we have the following bound

J2 ≤
∞∑

k=N+1

|MD
k (δ)|m
k!

δk. (31)

As to J1, one verifies that a minor modification of proof of Lemma 3 yields that

|α̂D (cB(v1)− qI)− α̂D (cB(v2)− qI)|m ≤∣∣MD
1 (q − 5c||R||)

∣∣
m
.c||R||.|v1 − v2|m

and that one still has the following upper bound
∣∣MD

1 (q − 5c||R||)
∣∣
m

≤ e−1

q−5c||R||
(see (24)). This implies that

J1 ≤ C|ρ̂N (q)− ρ̂(q)|m ≤ C

1− C

∞∑
k=N+1

|Mk(δ)|m
k!

δk (32)

with C still defined by (22), and the last inequality because of equation (26).
Plugging (31) and (32) in (30) yields (29).

4 A bailout application

In this section we present a first application of the dependence structure pro-
posed in Section 1 considering a bailout type model. In economics, a bailout is
an act of loaning or giving capital to a failing business in order to save it from
bankruptcy, insolvency, or total liquidation and ruin. To this extent, we con-
sider a main economic unit that replenishes the level of capital of a secondary
economic unit when the last one faces financial difficulties. A possible interpre-
tation of the actual problem from an insurance point of view is that the main
unit that we generically call the Central Branch (CB) infuses capital into the
secondary unit referred as the Subsidiary, whenever the level of the surplus in
the subsidiary drops below level 0.
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We start by introducing the bivariate risk model

Ui(t) = ui + ci t− S(i)(t), S(i)(t) =

Ni(t)∑
j=1

J
(i)
j , i ∈ {0, 1}, (33)

where {Ni(t), t ≥ 0} is a counting process that describes the claim arrivals,

and the claims sizes J
(i)
j , j ≥ 1 are nonnegative i.i.d. random variables with

arbitrary different marginal distributions. We let U0(t) to describe the surplus
of the CB, whereas U1(t) represents the surplus of the independent subsidiary.
We assume that the loading condition for the subsidiary is satisfied, namely

c1 ≥ E[J (1)]

E[T 1]
⇐⇒ θ1 := c1

E[T 1]

E[J (1)]
− 1 ≥ 0,

where T 1 and J (1) represent the generic interclaim and claim random variable.
It is assumed that at the ruin instants of the subsidiary, the central branch
replenishes the shortfall of the ruined subsidiary back to a zero surplus level.
Furthermore, we consider that the transaction cost associated to the generic re-
plenishment amount ζ(1) corresponding to the subsidiary, is given by k1ζ

(1)+K1.
Consequently, the cost associated to each replenishment ζ(1) has two compo-
nents: a “variable” one (that depends on the size of the deficit) introduced via
the proportionality constant k1, and a “fixed” one (for e.g. administration costs)
described by the generic variable K1. For mathematical tractability, K1 is as-
sumed to be a random variable independent on the replenishment levels ζ(1). To
avoid very complicated scenarios, we assume that the only feasible transactions
are to be made from the CB to the subsidiary, and that there are no claims
occurring to the CB apart from those capital transfers, although the following
could very well be generalized and include this situation. The evolution of the
aggregate losses in the central branch is then given by

S(0)(t) =

Ξ1(t)∑
j=1

(
k1ζ

(1)
j +K

(j)
1

)
, (34)

where Ξ1(t) represents the number of capital injections (at time t) in the sub-
sidiary. This is illustrated in Figure 1. Note that the claim point process faced
by the CB is a possible “delayed” point process formed at the instance of each
ruin time of the subsidiary. The term “delayed” is used here to emphasize that
for the subsidiary, the inter-ruin times are given by a delayed renewal (possibly
non-renewal) process, due to the (usually) non-zero initial surplus level. The
bivariate network becomes insolvent at the moment when the central branch is
ruined (note that at this time the subsidiary is also ruined), denoted by

τ0 = inf{t ≥ 0 : U0(t) < 0}.

The special feature of our model is that the central branch U0 does not intervene
all the times, but only when ”bad things happen” to the subsidiary. As men-
tioned before, a possible economic application of the above mentioned scenario

14
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K
(1)
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k1ζ
(1)
2

K
(1)
2

Ruin time τ of CB

Figure 1: Sample path with proportional and fixed cost.

is that of a central regulator bank/goverment which must replenish the reserves
of other bank/state when these are going bankrupt.

A similar model was considered recently by Ivanovs and Boxma (2015),
where they assume a bivariate Cramér-Lundberg type risk process with cap-
ital transfers between the companies that are instantaneous and incur a certain
proportional cost. Ruin is defined when neither of the companies can cover the
deficit of the other. The authors study the survival probability as a function
of initial capitals and express its bivariate transform through two univariate
boundary transforms. In the case when the fixed costs K1 are zero, our model
is a particular case of Avram and Minca (2015) and Ivanovs and Boxma (2015)
and can be reduced to a one-dimensional ruin problem (see Theorem 2 in Sec-
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tion 5 of Avram and Minca (2015) and Example 6.1. in Ivanovs and Boxma
(2015)). The mathematical challenge in our model is not only provided by the
fact that the CB faces both variable and fixed costs, but also by the fact that
unlike Ivanovs and Boxma (2015) we are interested in obtaining finite time ruin
probabilities.

Capital injection strategies were considered for the one-dimensional ruin
model by various authors. Pafumi (1998) wrote a short discussion on how
to calculate the discounted capital injections in a one-dimensional risk model
whose surplus level is replenished every time ruin happens. Dickson and Waters
(2004) proposed a discrete risk model where the shareholders have to cover the
deficit at ruin of an insurance company. The authors considered various barrier
strategies for dividend payments and calculated the corresponding value of such
a strategy. Under the classical continuous risk model, Eisenberg and Schmidli
(2011) discussed the minimization of the discounted capital injections in a model
where the claims are reinsured with a dynamic retention level. Minimizing the
ruin probability of an insurer that receives capital injections when the surplus
level drops below a non-negative level is discussed further in Nie et. al. (2011).
A common feature of all the above papers is that the proposed models are
one-dimensional, as the evolution of the central branch/reinsurer’s surplus is
completely ignored, or it is considered to be infinite. Our proposed practical
application attempts to address these shortcomings, by focusing precisely on
the dynamics of the central branch surplus under the bailout strategy briefly
mentioned above.

4.1 A subsidiary governed by a Markov Arrival Process

In this subsection we further assume that the subsidiary U1(t) is a risk process of
the type Xt (as in Section1), with a dependence structure defined by equation
(1). In particular, we assume that the arrival process of the claims in the
subsidiary follow a Markovian Arrival Process (MAP, Neuts(1978)) of dimension
n, with an initial probability vector γ and the generators for the transition rates
without and with a claim arrival being D0 and D1 respectively. Furthermore the
claim sizes are assumed to be phase-type distributed with transition rate matrix
B, of sizem1. Under these assumptions the dependence structure in (1) becomes
γeD0tD11βe

Bxdtdx. It is well known (see Corollary 4.5. in Badescu et al.
(2005)) that in this case the deficit or equivalently the generic capital injection
ζ(1) is also a phase-type random variable with easy calculable parameters. We
assume that the “fixed” costs K(1) are also phase-type random variables of
dimension m2 with parameters PH(η,BK), independent on ζ(1). Under these
assumptions, each capital injection paid by the CB will be itself a univariate
phase-type random variable of size m = m1 +m2. Note that one can relax the
independence assumption between the “fixed” and “variable” costs to a more
general dependent bivariate PH distribution, but in order to have a simple
numerical illustration we proceed with the independent case.

Let us denote by τ1 the ruin time of the subsidiary. As it will be needed
in the sequel, we now introduce the equivalent fluid flow corresponding to the
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subsidiary surplus process U1(t). We let (UF
1 , I) =

{(
UF
1 (t) , I (t)

)
: t ≥ 0

}
to

be a Markov Modulated Fluid Flow model. UF
1 (t) is the level of a fluid buffer at

time t and the environmental process I is a CTMC with state space S = S1∪S2

and infinitesimal generator T partitioned as

T =

(
T11 T12
T21,c1 T22,c1

)
.

The submatrices Tij (i, j = 1, 2) contain the rates of transition from phases in
Si to phases in Sj . The fluid level process UF

1 = {UF
1 (t) : t ≥ 0} is described

as follows: during sojourn of I in state i ∈ S1, the fluid level increases at
rate c1 > 0; during sojourn of I in state i ∈ S2, the fluid level decreases at
rate c1 > 0. The state space of increasing phases S1 will have dimension n,
whereas the dimension of the state space S2 is m1. Using the same notation as
in Badescu and Landriault(2009), the elements of the infinitesimal generator T
are given below

T11[i, j] = D0[i, j],

T12[i, (i, j, k)] = D1[i, j]βij [k],

T21,c1 [(i, j, r), j] = −c1
n∑

s=1

Bij [r, s],

T22,c1 [(i, j, r), (i, j, s)] = c1 Bij [r, s], (35)

(see Badescu and Landriault(2009) for a more detailed description). Note that
D0[i, j] and D1[i, j] contain the environment transition rates from state i to
state j without or with a claim arrival, while Bij [r, s] contains the transition
rates from a claim phase r to a claim phase s when the external environment
transits from i to j. The subgenerators T·,· contain the transition rates between
increasing/decreasing to increasing/decreasing phases, with the general transi-
tion (i, j, r) to (i, j, s) containing the rate at which the transition from a claim
phase r is made to a claim phase s, with the underlying Markov chain states
transiting from i to j. We finally let τF1 to be the corresponding ruin time of
the fluid flow model UF

1 (t) described above.
Under the above described MAP/PH assumptions for the subsidiary, the

Central Branch may be either a zero-delayed or a delayed risk model whose
dependence structure is given by either (1) or (2), depending on the initial
surplus of the subsidiary being 0 or strictly greater than 0. As the cases are
mathematically completely different we treat them apart.

4.2 Case u1 = 0

We let ρ̂1(q) to be a R1×m1 row vector whose i-st element is defined as

[ρ̂1(q)]i = E[e−qτ1I{I(τF
1 )=i,τF

1 <∞}|U1(0) = 0], i = 1, ...,m1. (36)

The quantity ρ̂1(q) represents the Laplace transform of the duration of the busy
period (the return time to the same level) of the subsidiary and it is well known
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under the model considerations given in Section 4.1 (see Badescu et al. (2005)).
In this case we observe that the LT of the ruin time coincides with that of the
busy period, ψ̂1(q, 0) = ρ̂1(q). By letting the initial surplus of the subsidiary to
be 0 it is easy to observe that the Central Branch is a zero-delayed risk process
with the interarrival times distributed as the busy period of the subsidiary.
Consequently, the CB is a risk model with a dependent structure of type (1)
explicitly described in the next Proposition.

Proposition 3. Let R be defined by

R =

(
1
k1
B 1

k1
bη

0 BK

)
∈ Rm×m, (37)

where m = m1+m2. The joint distribution of the interclaim and claim sizes falls
under the dependence structure defined in equation (1), with α(dt) = α(t)dt,
where

α(t) =

(
dρ1(t)

dt
, 0, ..., 0

)
∈ R1×m, (38)

where dρ1(t)
dt ∈ R1×m1 is the density of the random vector of size R1×m1 of

which LT is given by (36).

Proof. Since the claims of subsidiary are phase-type distributed, they corre-
spond to the absorbtion time of a certain CTMC with state space {1, ...,m1}.
Let us define V to be the state of this CTMC at ruin τ1 of {U1(t), t ≥ 0}, as
shown in Figure 2. It is easy to see with this definition, and by the construc-

U1(t)

t

absorption state

States of CTMC

describing the claim

ruin time τ1

state V while
ruin occurs

deficit ζ(1)

Figure 2: Phase V of the claim on ruin of subsidiary.

tion of the embedded process {UF
1 (t), t ≥ 0}, that V = I(τF1 ) where I(t) is

the state of the underlying modulating Markov process. Furthermore, since the
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interclaim Tk for CB is distributed like τ1, conditioning with respect to Tk and
V yields

P (Tk ∈ dt, Jk ∈ dx) =

m1∑
j=1

P (Jk ∈ dx| Tk = t, V = j)P (Tk ∈ dt, V = j). (39)

With the definition of V , one has

(P (Tk ∈ dt, V = j))j=1,...,m1 =
d

dt
ρ1(t)

where d
dtρ1(t) is the vector densities of which LT is given by (36). Besides, by

the memoryless property of the exponential distribution, the severity of ruin
ζ(1) is PH distributed with parameters ((P (V = i)i=1,...,m1 , B) = (ρ̂1(0), B)
and conditionally independent from τ1. Remembering that claims for CB are
distributed as k1ζ

(1) + K(1), this entails that P (Jk ∈ dx| Tk = t, V = j) =
P (Jk ∈ dx| V = j) and has the form [eRx r dx]j , j = 1, ...,m, where R is
defined by (37). Hence one has from (39) that P (Tk ∈ dt, Jk ∈ dx) can be
written in the form (1), with row vector α(t) defined in (38).

Proposition 3 shows that the CB follows under the dependence structure
defined in (1), so that Theorem 1 can be applied to calculate the LT of the
time to ruin τ0. However, the fact that we do not know the form of the density
d
dtρ1(t) produces numerical difficulty in solving the fixed-point problem from
equation (4), with its new structure

ρ̂0(q) = α̂(cR+ c r ρ̂0(q)− qI) = α̂ (cB(ρ̂0(q))− qI) . (40)

Here, ρ̂0(q) is the LT of the busy period of the central branch and α(t) is
the interclaim pdf in the CB, given in equation (38). In order to provide an
approximation of the LT ψ(q, u) of the ruin time τ0 of CB we need to use the
approximation procedure developed in Section 3 . Recall from Theorem 3 that
ψ̂(q, 0) is the limit of ρ̂N0 (q).1 as N → ∞, where ρ̂N0 (q) satisfies (12). So, in order
to be able to compute the function αN (.) one needs the discounted higher-order
moments of the interclaim times of the central branch Mk(δ) defined in (10).
We set to obtain these in the following subsection.

4.2.1 The discounted moments Mk(δ)

Using the result derived in (38), Mk(δ) has the following structure

Mk(δ) = (mk(δ), 0, ..., 0),

where mk(δ) ∈ R1×m1 is the row vector defined by

mk(δ) :=

∫ ∞

0

tke−δt d

dt
ρ1(t)dt =

(
E(e−δτ1τk1 1{τ1<+∞,I(τF

1 )=j})
)
j=1,...,m1

.

(41)
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To calculate (41) we use a similar method as in Yu et al. [19] (see Theorem 3.3)
for computing the k-st moment of the busy period in a fluid model equivalent to

the risk process U1(t). We letmF
k (δ) =

(
E(e−δτF

1 (τF1 )k1{τF
1 <+∞,I(τF

1 )=j})
)
j=1,...,m1

be the equivalent quantity to (41) for the fluid flow UF
1 (t). One can check easily

that when the subsidiary starts with a 0 initial surplus, the busy period of the
fluid flow UF

1 (t) is twice the one in the equivalent risk process U1(t), namely
2τ1 = τF1 (see for example in Badescu and Landriault (2009)), so that one has

mk(δ) =

(
1

2

)k

mF
k (
δ

2
). (42)

To further get mF
k (δ) one can employ the joint LT of the busy period in the

equivalent fluid model UF
1 (t), together with the distribution of the underlying

phase of the CTMC at ruin that is defined by

[Ψ(δ)]ij = [E[e−δτF
1 1{τF

1 <+∞,I(τF
1 )=j}|I(0) = i, UF

1 (0) = 0]]ij

with i = 1, . . . , n and j = 1, . . . ,m1 who satisfies the matrix Riccati equation

T12 + (T11 − δI)Ψ(δ) + Ψ(δ)(T22,c1 − δI) + Ψ(δ)T21,c1Ψ(δ) = 0, (43)

see Badescu and Landriault (2009) for a detailed description on methods to solve
this equation. Once this quantity is obtained, using (42), one finally obtains that

mk(δ) =

(
−1

2

)k

γΨ(k)(δ/2), (44)

where Ψ(k)(δ) = dk

dδk
Ψ(δ). The following theorem gives the k-st derivative of the

Laplace transform of the time to ruin in the fluid model UF
1 (t) in a recursive

way. For any matrix M let vec[M ] denote a vector comprising the successive
columns of M .

Theorem 5. For k ≥ 0, the (k + 1)-st derivative of the Laplace transform of
the busy period in a fluid model that increases and decreases at a constant rate
c1 can be calculated recursively as

vec
[
Ψ(k+1)(δ)

]
=
[(
T11 − δI +Ψ(0)(δ)T21,c1

)T ⊕
(
T22,c1 − δI + T21,c1Ψ

(0)(δ)
)]−1

·vec
[
2(k + 1)Ψ(k)(δ)−

∑k
j=1

(
k+1
j

)
Ψ(j)(δ)T21,c1Ψ

(k+1−j)(δ)
]
. (45)

Proof. The proof of this result is contained in Yu et al. (2012) but we reproduce
it here for the sake of completeness. Taking iterative derivatives of (43) one
obtains(

T11 − δI +Ψ(0)(δ)T21,c1

)
Ψ(k+1)(δ)+Ψ(k+1)(δ)

(
T22,c1 − δI + T21,c1Ψ

(0)(δ)
)
=

2(k + 1)Ψ(k)(δ)−
k∑

j=1

(
k + 1

j

)
Ψ(j)(δ)T21,c1Ψ

(k+1−j)(δ), (46)
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with Ψ(0)(δ) = Ψ(δ) being the unique solution of equation (43). Arguing as in
Yu et al. (2012) that T11 − δI + Ψ(0)(δ)T21,c1 and T22,c1 − δI + T21,c1Ψ

(0)(δ)
do not have any common eigenvalues, one may use Lemma 3.2. from Yu et al.
(2012) together with equation (46) to prove the theorem.

To obtain the initial solution Ψ(0)(δ) in Theorem 5 one can use for e.g. the
numerical algorithm obtained in Ahn and Ramaswami (2005).

4.2.2 The algorithm

We present next the algorithm for approximating ρ̂0(q) by ρ̂N0 (q) for q verify-
ing the lower bound condition (21) and that makes use of bound (26) for the
precision. Let ε≪ 1 be a given precision.

Input: Matrix R, i.e. parameters B, k1, BK and (γ,D0, D1), q, c0, c1.

Set δ arbitrary verifying δ ≥ q − c0 mini=1,...,nR Rii.

Compute C := c0.e
−1||R||

q−5c0||R|| .

Compute M0(0) and M0(δ) thanks to the Ricatti equation (43) and (44).

Compute α̂(0)1 = M0(0)1.

Compute M1(δ) thanks to Relation (46).

Set N = 1.

While 1
1−C

[
α̂(0)1−

∑N
k=0

|Mk(δ)|m
k!

δk
]
> ε do

Compute MN+1(δ) thanks to Relation (46);

set N := N + 1;
end.

Implement function F : v 7→ α̂N (cR+c r v−qI) with α̂N (Q) =
∑N

k=0 Mk(δ)
(Q+δI)k

k!
.

Using Proposition 1, set [ρ̂N0 (q)]0 = (0, ..., 0).

For i = 1 to nmax do

[ρ̂N0 (q)]i = F ([ρ̂N0 (q)]i−1);
end.

Return [ρ̂N0 (q)]nmax.

4.2.3 Numerical Illustration

To illustrate the implementation of our algorithm, we present in this subsection
a couple of examples in the case of a zero initial surplus subsidiary. We assume
that the claims in the subsidiary arrive according to a phase-type renewal process
of order n = 2, with initial probability vector γ = (0.25 0.75) and matrix of

transitions rates D0 =

[
−0.4 0
0 −2

]
. Note that this is a particular case of

the MAP considered in Section 4.1, where D1 = −D01γ. We further assume
that the claims are independent of the interclaim times and follow a phase-type
distribution of order m1 = 5, with initial probability vector β = (1 0 0 0 0) and
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the transition rate matrix

B =


−1 0.5 0 0 0
0 −3.5 3 0 0
0 0 −3 2 0
0 0 0 −2.5 1
0 0 0 0 −2

 .

In order to cover the deficit of the subsidiary, the central branch will need to
pay a “variable” cost that is proportional to the deficit of the subsidiary, with
proportionality constant k1. The “fixed” costs associated with each capital
injection will be assumed to be phase-type of order m2 = 3, with parameters
η = (0.5, 0.3, 0.2) and

BK =

 −3 1 0
0 −2 0.5
0 0 −1

 .

Under this model parametrization the mean time between claims in the sub-
sidiary is 1 and the mean claim amount in the subsidiary is 1.457. We consider
two different scenarios:

Case A) θ1 > 0 (ruin is not certain in infinite horizon)

Case B) θ1 ≤ 0 (ruin is certain in infinite horizon)

Case A): Assume that the loading in the subsidiary is θ1 = 0.2, so that
the premium rate of the subsidiary is c1 = 1.74. The matrix R will have
the structure introduced in (37). A very important step in obtaining good
approximations for the infinite/finite time ruin probabilities lies in the number
of terms N used in the truncation of the infinite sum in equation (13). For δ
and q satisfying conditions (15) and (21), equation (26) provides a bound for
the LT of the time to ruin. We ran several numerical examples and conclude
that in general to obtain a bound that is within a relative error of order 10−2

one needs around 2000 terms in the sum. As this is not the direct purpose of
our numerical illustration we will not present these results and rather focus on
the calculation of the finite time ruin probabilities. However, in the following
examples, we illustrate quality of the approximations in few cases when the
exact values of the ruin probabilities are well-known. Note also that the choice
of delta in our numerical examples is made such that the condition from Section
4.2.2, δ ≥ q − c0 mini=1,...,nR

Rii is satisfied. The values of q and R represents
well known input paramters. In practice one needs to pick δ not too large,

such that
∑N

k=0
|Mk(δ)|m

k! δk converges fast towards α̂(0)1 as N → ∞. The larger
the values of δ the more terms in the truncation sum should be used to gain a
similar accuracy for the ruin probabilities (when compares to the cases when δ
is smaler).

One way of looking at the performance of the truncation method is in the case
of the subsidiary. For this, on one hand side one can calculate the values using
the well known formulas in the phase-type renewal case (see for e.g. Badescu et
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al. (2005)) and compare them to the truncation method developed in Section
3. Table 1 shows the finite time ruin probabilities in the subsidiary calculated
using the results in Badescu et al. (2005). Table 2 presents the infinite time ruin

Table 1: Ruin probabilities of the subsidiary

T = 1 T = 10 T = 100 T = ∞
P (τ1 < T ) 0.59740 0.83388 0.89711 0.903346

probabilities of the subsidiary using formula (3) for q = 0 and the algorithm
developed in subsection 4.2.2, for different values of N . As one can see, the

Table 2: Infinite time ruin probabilities of the subsidiary

N = 1000 N = 2000 N = 3000 N = 4000
P (τ1 <∞) 0.88745 0.89711 0.90026 0.90166
Relative Error −1.76% −0.69% −0.34% −0.19%

truncation approximation is quite good, being in less than 1% relative error
when N ≥ 2000. The computation times with N = 2000 terms for each value of
ruin probabilities is around one minute, increasing for larger values of N . Note
also, that the number of iterations needed to obtained the convergency of the
fix point algorithm is around 20 in our examples.

We next shift the focus to the CB and assume that its loading is also θ0 = 0.2.
Given that we found in our few numerical experiments that N = 2000 terms
suffice for a good approximation, from now on (unless stated otherwise) we use
this as a threshold for the truncation. Table 3 presents the finite/infinite time
ruin probabilities of the central branch for various values of k1 and u0 (for the
finite time ruin probabilities we use the Gaver-Stehfest inversion from equation
(11)) . We noted that as the time increases the ruin probabilities increase. Also,

Table 3: Ruin probabilities of the CB, P (τ0 < T )

T = 1 T = 10 T = 100 T = ∞
u0 = 0, k1 = 1 0.59479 0.81616 0.86101 0.86201
u0 = 0, k1 = 10 0.59715 0.83172 0.89175 0.89255
u0 = 0, k1 = 100 0.59740 0.83366 0.89620 0.89664
u0 = 5, k1 = 1 0.13988 0.48260 0.60013 0.60308
u0 = 5, k1 = 10 0.51899 0.78831 0.86321 0.86435
u0 = 5, k1 = 100 0.58941 0.82935 0.89346 0.89392

as the variable costs are increased towards k1 = 100, the claims are very large in
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the CB and safety loading θ0 := c0
E[τ0]

E[k1ζ(1)+K(1)]
−1 becomes negative. The case

θ0 < 0 is not theoretically covered by Theorem 1 and the algorithm described
in Section 3. However, it is intuitively clear that the ruin probability of the CB
will converge to the infinite time ruin probability of the subsidiary 0.903346,
as ruin will occur most likely at the first claim. As expected, as we increase
the initial surplus in the CB to u0 = 5, the ruin probabilities will decrease. A
final observation in this case is that when the safety loading of the subsidiary
is satisfied, namely when θ1 > 0, the surplus process of the central branch will
never drop to 0 with probability 1, independent on the values of θ0. This comes
from the fact that non-ruin of the subsidiary with a strictly positive probability
implies no claim arrival in the central branch.

Case B): We are now switching our attention to the case where the safety
loading of the subsidiary is not satisfied and to that purpose we chose θ1 = −0.2,
this leading to a premium rate c1 = 1.16. In order to be different from the
analysis in Case A, here we fix the premium rate c0 = 1 and alternate the
values of k1 and θ0, such that the premium rate stays constant in all cases.
From calculations that are omitted here, we observe that the loading θ0 will be
0 when k1 = 6.3. Consequently, for k1 ≥ 6.3 ruin is certain in the CB. Again,
case θ0 < 0 is not covered by Theorem 1, but it is natural to think that the
infinite time ruin probabilities of the CB is equal to 1 in that case. Table 4
presents the infinite time ruin probabilities for the case u0 = 0 (so that the
Gaver-Stehfest inversion is avoided here).

Table 4: Infinite time ruin probabilities for the CB

k1 = 1 k1 = 6 k1 = 6.3 k1 = 10
N = 2000 0.89141 0.98969 0.98994 0.99145
Relative Error − − −1.01% −0.85%
N = 4000 0.89379 0.99704 0.99715 0.99774
Relative Error − − −0.29% −0.23%

If for the cases when k1 < 6.3 ruin is not certain, for k1 ≥ 6.3 we know that
as the loading condition is not satisfied, the infinite time ruin probabilities are
1. The relatives errors are also presented and are typically smaller than 1%.
The results show a very good approximation for N = 2000 terms.

4.3 Case u1 > 0

When the initial surplus of the subsidiary is strictly greater than 0, the central
branch is a delayed risk process with the LT of the first interarrival time being
α̂D(δ) = ρ̂1(δ)e

Γ1(δ)u1 . In order to be able to solve the fixed-point problem
(28), we need to determine the discounted higher order moments of the time
of ruin in the subsidiary, MD

k (δ) = (mD
k (δ), 0, ..., 0) (using a similar logic as in
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Proposition 3). Furthermore, one can write the row vector mD
k (δ) ∈ R1×m1 as

mD
k (δ) :=

∫ ∞

0

tke−δt d

dt
αD(t)dt =

(
E(e−δτ1τk1 1{τ1<+∞,I(τF

1 )=i})
)
i=1,...,m1

.

(47)
Note that equation (47) is similar to equation (41), but here τ1 represents the
ruin time of the subsidiary starting from level u1 > 0, unlike in (41), where τ1
represents a busy period. Under these circumstances, one can check that the

time the risk process takes to go from u1 > 0 to 0 is τ1 =
τF
1

2 − u1

2c1
(see for e.g.

in Badescu and Landriault(2009)), so that one can further write

mD
k (δ) =

(
1

2

)k

e
δu1
2c1 E

[
e−

δ
2 τ

F
1

(
τF1 +

u1
c1

)k

1{τF
1 <+∞,I(τF

1 )=i}

]

=

(
1

2

)k

e
δu1
2c1

k∑
j=0

(
k

j

)(
u1
c1

)k−j

E
[
e−

δ
2 τF
(
τF
)j
1{τF

1 <+∞,I(τF
1 )=i}

]

=

(
1

2

)k

e
δu1
2c1

k∑
j=0

(
k

j

)(
u1
c1

)k−j

mDF

j (δ/2), (48)

where mDF

j (δ) =
(
E(e−δτF

1 (τF1 )j1{τF
1 <+∞,I(τF

1 )=i})
)
i=1,...,m1

. Now one needs

to evaluate further

mDF

j (δ) = (−1)j
dj

dδj
E
[
e−δτF

1 1{τF
1 <+∞,I(τF

1 )=i}

]
= (−1)j

dj

dδj
[Ψ(δ)H(δ, u1)] ,

(49)
where Ψ(δ) is the LT of the busy period in the fluid flow equivalent to the
subsidiary and is the solution of the Ricatti equation (43) and H(δ, u1) =

e[T22,c1−δI+T21,c1Ψ(δ)]
u1
c1 (see Badescu and Landriault for more details (2009)).

By taking j derivatives we obtain

dj

dδj
[Ψ(δ)H(δ, u1)] =

j∑
l=0

(
j

l

)
Ψ(l)(δ)H(j−l)(δ, u1), (50)

with the l derivatives of Ψ(δ) being obtained recursively from equation (45).
The final step in the calculation of the (47) is the evaluation of the j derivatives
of the newly introduced matrix H(δ, u1) that is in a matrix exponential form.
One can obtain the derivatives of H(δ, u1) in a similar way as in Theorem 3.4.
in Yu et al. (2012). As this is not a trivial task and may require a thorough
numerical analysis, we prefer to leave this for future research. Replacing (50)
in (49) and further in (48) provides the discounted k moments of the time to
ruin of the subsidiary. The knowledge of mD

k (δ) assures the approximation of
α̂N
D(Q) whose form is used to find the LT of the busy period of the CB from

equation (7). The Gaver-Stehfest numerical inversion of (6) will finally produce
the finite time ruin probabilities of the central branch.
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5 Conclusions and future research

In this paper we consider a Sparre Andersen risk model with a certain depen-
dence structure, where the generally distributed inter-claim sizes are correlated
to phase-type claim sizes. Under the proposed dependence structures defined
in equations (1) and (2) we derive the Laplace transform of the time to ruin
for both the zero-delayed and the delayed associated risk models, by relating
them to fixed-point problems. We present an efficient way of approximating the
Laplace transforms of the time of ruin, deriving certain bounds for the associated
truncated sums.

As a direct application of the proposed dependence structure, we investigate
a bailout type strategy, in which a central branch pays the deficit of a subsidiary
whenever the surplus of the subsidiary becomes negative. The central branch
incurs both fixed and variable costs for the bailouts. By assuming that the
reserves of the subsidiary are modeled by a Markovian arrival claim process
with phase type claims and using results from the theory of fluid models, we
present an efficient methodology to obtain finite time ruin probabilities of the
central branch for both zero and non-zero initial surplus of the subsidiary.

The model presented is versatile having potential applications not only in
insurance, but also in other areas like queueing theory. Here, one can consider
a priority type queue with flushes as follows. Consider two queues fed by a
constant data stream at respective rates c0 and c1 and served by one server. We
may interpret U1(t) as the workload of the first queue, which is processed at
some random intervals of time by a server, which processes the queue by reduc-
ing U1(t) by some phase-type distributed random size. Once U1(t) is depleted,
the second queue is allowed to be processed: in that case the remaining service
of the first queue is given to the second queue (of which workload is U0(t))
in addition to the second queue’s own service. On top of this one can further
assume that at random horizons (for e.g. at Poisson instants) the first queue
is flushed entirely to the second queue, i.e. the entire workload is transferred
from the first queue to the second queues. This model can be seen as a model
of queues where the server serves in priority the first queue, and the quantity
ρ̂(q) can be seen as the LT of the busy period of the second queue. The addition
of the flushes to the model will practically allow for positive jumps at random
times and will make the analysis more complicated. However, using the results
obtained in this paper, one can analyze in a tractable manner this proposed
model. The analysis of this model is left for future research.

Acknowledgments. The authors wish to thank two anonymous referees for
their useful comments and careful reading of the manuscript.

6 Proof of Theorem 1

The proof relies on the following auxiliary result:
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Lemma 4. Let R be the m × m matrix given in (1) with r = −R1. For all
q ≥ 0 the function

Fq : v ∈ R1×m
+ 7→ Fq(v) := α̂(cR+ c r v − qI) ∈ R1×m

+

is non-decreasing component-wise. Furthermore, q 7→ Fq(v) is non-increasing
component-wise for each v ∈ R1×m

+ . Lastly, (v, q) ∈ R1×m
+ × R+ 7→ Fq(v) is

continuous.

Proof. Since R is a strictly sub-generator matrix, we let d > 0 large enough
such that R+ d

c I has non negative entries. We write

Fq(v) =

∫ ∞

0

e−qtα(dt)e[cR+c r v]t =

∫ ∞

0

e−(q+d)tα(dt)e[c(R+ d
c I)+c r v]t

=
∞∑
k=0

1

k!

∫ ∞

0

tke−(q+d)tα(dt)

[
c(R+

d

c
I) + c r v

]k
and we note, for each k ∈ N, that v ∈ R

1×m
+ 7→

[
c(R+ d

c I) + c r v
]k

is

non-decreasing component-wise since R + d
c I and r have non negative entries.

One can also easily deduce from the above expression that q 7→ Fq(v) is non-
increasing in each component and that (v, q) 7→ Fq(v) is continuous.

Proof. The proof of the Theorem turns out to be different depending on whether
the parameter q is positive or is equal to 0. Thus we split the proof in two parts,
considering separately the cases.
Step 1: Case q ∈ R+\{0}. We start by proving that a solution to (4) exists
in the set A := {v ∈ R1×m

+ |
∑m

i=1 vi < 1} of (strict) subprobability vectors in
R

m. We are in fact going to prove the existence of such a solution in the set

Aq :=

{
v ∈ R1×m

+

∣∣∣∣∣
m∑
i=1

vi ≤ Lα(q) = α̂(−qI)1 < 1

}
⊂ A.

Let us define the following norm on vectors

|v|m =
m∑

k=1

|vk|, v ∈ Rm.

We note that for all v ∈ A, B(v) := R+rv is sub-stochastic, hence we have that
|α̂(cB(v) − qI)|m ≤ α̂(−qI)1 = Lα(q), so that function Fq defined in Lemma
4 verifies Fq(v) ∈ Aq when v ∈ A. In other words we have that Fq(A) ⊂ Aq.
Since, by Lemma 4 v 7→ Fq(v) is non-decreasing component-wise, we have that
sequence (ρ̂n(q))n∈N defined by (5), which is recalled is given by{

ρ̂0(q) = (0, ..., 0) ∈ A,
ρ̂n+1(q) = Fq (ρ̂n(q)) , n ∈ N,

is component-wise non-decreasing (indeed, since ρ̂1(q) = Fq(ρ̂0(q)) is component-

wise not smaller than 0 = ρ̂0(q) we have that F
(n+1)
q (ρ̂0(q)) = F (n)(F (ρ̂1(q)))
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is component-wise not smaller than F (n+1)(ρ̂0(q)) for n ∈ N, where F (n+1) =
F (n) ◦ F .) Hence (ρ̂n(q))n∈N converges component-wise to a solution ρ̂(q) ∈
Aq ⊂ A of (4).

We now get back to the expression of ψ̂(q, u). Conditioning on the arrival
time and size of the first claim we find

ψ̂(q, u) =

∫
R2

+

e−qt α(dt)eRyr ψ̂(q, u+ ct− y) dy = Z1(ψ̂, u) + Z2(u), (51)

with

Z1(ψ̂, u) :=

∫
(t,y):u+ct−y≥0

e−qt α(dt) eRy r ψ̂(q, u+ ct− y) dy,

Z2(u) :=

∫
(t,y):u+ct−y<0

e−qtα(dt)eRyr dy,

=

∫ ∞

0

e−qtα(dt)

∫
y>u+ct

eRy r dy

=

∫ ∞

0

e−qtα(dt) eR(ct+u) 1

= α̂(cR− qI) eRu1.

In view of (51) and monotonicity in u of ψ̂(q, u), an application of the dominated

convergence theorem yields that the function ψ : R+ → R: u 7→ ψ̂(q, u) is con-

tinuous with limit ψ̂(q,∞) := limu→∞ ψ̂(q, u) satisfying ψ̂(q,∞) = Cq ψ̂(q,∞)

with Cq =
∫
R2

+
e−qt α(dt)eRyr dy < 1, so that ψ̂(q,∞) = 0. Thus, u 7→ ψ̂(q, u)

is element of C0(R+), the set of continuous functions on R+ that tend to zero

at infinity, and (51) yields that ψ̂ satisfies the fixed-point equation f = Hf ,
where H : C0(R+) → C0(R+) is given by

(Hf)(u) = Z1(f, u) + Z2(u), u ∈ R+.

Denoting ∥f∥ = supt∈R+
|f(t)| we have that for any f, g ∈ C0(R+)

|Hf(u)−Hg(u)| ≤ γu∥f − g∥ with

γu =

∫
(t,y):u+ct−y≥0

e−qtα(dt)eRy r dy <

∫∫
R2

+

e−qtα(dt)eRy r dy

=

∫ ∞

0

e−qtα(dt)1 = Lα(q).

Hence ∥Hf −Hg∥ ≤ Lα(q) ∥f − g∥ and H is a contraction on the Banach space
(C0(R+), ∥·∥) with Lipschitz constant Lα(q) < 1. Banach’s contraction theorem

yields then that ψ̂ is the unique function in C0(R+) that solves f = Hf .
We next verify that ψ̂(q, u) is equal to the RHS of (3). Since Γ(q) = R+rρ̂(q)

is sub-stochastic (where ρ̂(q) is the solution in A of (4) identified above), the
function u 7→ g(u) given by the RHS of (3) verifies limu→∞ g(u) = 0, i.e. g
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belongs to C0(R+), and it suffices to verify that g = Hg. We then calculate
Z1(g, u):

Z1(g, u) =

∫ ∞

0

∫ y=u+ct

y=0

e−qt α(dt) eRy r ψ̂(q, u+ ct− y) dy

=

∫ ∞

0

e−qt α(dt)

(∫ u+ct

y=0

eRy[−R+ Γ(q)]e−Γ(q)ydy

)
eΓ(q)(u+ct) 1

=

∫ ∞

0

−e−qt α(dt)

(∫ u+ct

y=0

d[eRye−Γ(q)y]

)
eΓ(q)(u+ct) 1

=

∫ ∞

0

−e−qt α(dt)
(
eR(u+ct)e−Γ(q)(u+ct) − I

)
eΓ(q)(u+ct) 1

=

∫ ∞

0

−e−qt α(dt)eR(u+ct)1 +

∫ ∞

0

e−qt α(dt)eΓ(q)(u+ct)1

= −α̂(−qI + cR)eRu1 + α̂(−qI + cΓ(q))eΓ(q)u1

= −Z2(u) + g(u) (52)

for u ∈ R+. The observation that the identity Z1(g, u) = g(u)−Z2(u), u ∈ R+,
is equivalent to the equality g = Hg completes the proof.
Step 2: Case q = 0. In this case the contraction argument for H is no
longer valid, as the candidate constant for contraction for q = 0 is now α̂(0)1 =∫∞
0
α(dt)1 and can be equal to 1 when the interclaim Tk is not defective. Let

us first note that the sequence defined in (5) with q = 0, (ρ̂n(0))n∈N, is again
non-decreasing in n and thus converges to some limit ρ̂(0) ∈ A0 that satisfies
(4) and is such that ρ̂(0) 1 ≤ 1.

We prove by induction with respect to n ∈ N that q 7→ ρ̂n(q) is non-
increasing and continuous for q ∈ [0, 1]: this is true for ρ̂0(q) = 0, and if
the results holds for ρ̂n(q) then, using that v 7→ Fq(v) and q 7→ Fq(v) are re-
spectively non-decreasing and non-increasing component-wise (from Lemma 4),
one has that ρ̂n+1(q) = Fq (ρ̂n(q)) = α̂(cR + c r ρ̂n(q) − qI) is component-wise
non-increasing in q ∈ R+. Continuity of q 7→ ρ̂n(q) is also proved by induction,
using the fact that, from Lemma 4, (v, q) 7→ Fq(v) is continuous. Concluding,
we have

• ρ̂n(q) converges non-decreasingly towards ρ̂(q) as n→ +∞ for all q in the
compact set [0, 1],

• for all n ∈ N, q ∈ [0, 1] 7→ ρ̂n(q) is non increasing and continuous.

These facts entail, thanks to Dini’s theorem, that (q 7→ ρ̂n(q))n∈N converges
uniformly on the compact set [0, 1] towards q ∈ [0, 1] 7→ ρ̂(q). This latter
function is thus also continuous on q ∈ [0, 1].

Let us next observe that q 7→ ψ̂(q, u) is continuous at q = 0. Since we proved
in Step 1 that (3) holds for q > 0, continuity of q ∈ [0, 1] 7→ ρ̂(q) entails that it
also holds for q = 0 with ρ̂(0) the solution satisfying (4) constructed above.
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