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ABSTRACT

In analyses involving the stability, safety and economy 
of underground excavations, it is essential to account for 
the probable response of the surrounding rock mass as 
realistically as possible. In the research described here, 
attention is given to the case of openings excavated at 
considerable depth or in weak rocks, in which the induced 
stresses reach the available strength in some part of the 
rock mass surrounding the excavation. A finite element 
program is developed for the treatment of such problems.

A rock mass response model is proposed and incorporated 
into the finite element program. The model is based on the 
nonlinear Hoek-Brown failure criterion dependent on rock type 
and rock mass quality. Any specified post-failure stress- 
deformation behaviour including strain softening and any flow 
rule can be considered.

A number of theoretical solutions, including a semi- 
closed form solution for the analysis of axisymmetric tunnels 
in strain softening rock masses, are developed to validate 
the finite element program. Some numerical difficulties due 
to yield surface drift and singularity at the corners of the 
hexagonal plastic potential surface are identified. Necessary 
improvements are made and good agreement between theoretical 
and numerical results is achieved. In the analyses, a 
modified initial stress algorithm is used.

The practical implications of the research are demon
strated by analysing the northern section of the St. Gotthard 
highway tunnel and its safety gallery. In parametric analyses 
of this tunnel the sensitivity of the solution to several 
input parameters is investigated. It is shown in the rock- 
support interaction analysis of the safety gallery that the 
finite element program is capable of assisting in the design 
of support for non-axisymmetric underground excavations in 
strain softening rock masses.



Ill

ACKNOWLEDGEMENTS

The author would like to acknowledge the contribution 
of all members of the Rock Mechanics group at Imperial 
College to this work and the financial support of The 
British Council and The Scientific and Technical Research 
Council of Turkey. Furthermore, special thanks are due to:

Dr. J.W. Bray for his supervision, encouragement and 
help during the major part of this study;

Dr. J.O. Watson for his help during development of 
the computer programs and supervision after Dr. Bray's 
retirement;

Professor E.T. Brown and Dr. J.A. Hudson for their use
ful comments and support, particularly during the final 
stages of the work;

Professors E. Yuzer and K. Erguvanli of Istanbul 
Technical University for their continuous encouragement and 
support;

Dr. D.M. Potts and Dr. M. Vardar for useful discussions;
Ms. A. Gumusoglu for her help in drafting;
Ms. E. Rowe for her skill and patience in typing;
Ms. R. Hosgor, Ms. P. Lane, Mr. A. Clark, Mr. A.D. Boddy 

and Mr. P.S. Nyman for their friendship and help in checking 
the manuscript.

Finally, the author would like to express his gratitude 
to his family whose continuous support and encouragement 
over the years is warmly acknowledged.



iv

CONTENTS

ABSTRACT ii
ACKNOWLEDGEMENTS iii
CONTENTS iv
LIST OF FIGURES ix
LIST OF TABLES xvii
LIST OF SYMBOLS xviii
CHAPTER 1 - INTRODUCTION 1
CHAPTER 2 - ANALYSIS OF UNDERGROUND EXCAVATIONS 5
2.1 Introduction 5
2.2 Factors influencing excavation convergence and

support loads 6
2.2.1 Strength and deformation behaviour of

rock masses 6
2.2.1.1 Strength of rock masses 6
2.2.1.2 Post-failure behaviour of

rock masses 16
2.2.1.3 Deformation of rock masses 21

2.2.2 Support characteristics 23
2.2.3 In situ state of stress 25
2.2.4 Geometry of excavation 27
2.2.5 Method and sequence of excavation 28
2.2.6 Location of the excavation face and

rheological behaviour of rock masses 30
2.2.6.1 Location of the excavation face 31
2.2.6.2 Long term behaviour of rock

masses 33
2.3 Methods of analysis 35

2.3.1 Physical model tests 36
2.3.2 Empirical rules based on experience 36
2.3.3 Analytical solutions 37
2.3.4 Numerical solutions 42
Conclusions 47

Page

2.4



V

CHAPTER 3 - THE ROCK MASS BEHAVIOUR MODEL 49
3.1 Introduction 49
3.2 The theory of plasticity 49

3.2.1 Yield criteria 51
3.2.2 Flow rules 56
3.2.3 Hardening laws 59

3.3 Description of the rock mass behaviour model 62

CHAPTER 4 - THE FINITE ELEMENT METHOD 69
4.1 Introduction 69
4.2 The finite element displacement method 71

4.2.1 Displacement function 71
4.2.2 Strain-displacement relationship 74
4.2.3 Stress-strain relationship 76
4.2.4 Equilibrium equations 77

4.3 Treatment of nonlinear problems 80
4.3.1 Geometric nonlinearity 81
4.3.2 Material nonlinearity 81
4.3.3 Techniques for nonlinear analysis 82
4.3.4 Discussion of techniques for nonlinear

analysis 86
4.4 Numerical treatment of elasto-plasticity 87

4.4.1 Alternative form of the yield criteria 87
4.4.2 Formulation of the flow vector 92
4.4.3 Formulation of the stress-strain

relationship 98
4.4.4 Formulation of the isotropic hardening

and softening 101
4.4.5 Limitation on negative values of harden

ing modulus 103

CHAPTER 5 - VALIDATION AND IMPROVEMENTS OF THE
FINITE ELEMENT PROGRAM 111

5.1 Introduction 111

Page

5.2 Analysis of a square block under uniform 
compression 111



vi

Page

5.3 Analysis of circular tunnels 113i—i CO LO Elastic analysis of a circular tunnel 
under non-hydrostatic loading 120

5.3.2 Elastic-perfectly plastic analysis of 
circular tunnels under hydrostatic 
loading 122
5.3.2.1 Example 1 - no plastic flow 

in the axial direction 125
5.3.2.2 Example 2 - plastic flow

exists in the axial direction 127
5.3.3 Elastic-perfectly plastic analysis of 

torsion of a thick cylinder 131
5.3.4 Elastic-perfectly plastic analysis of 

circular tunnels under non-hydrostatic 
loading 133
5.3.4.1 Comparison with an analytical 

solution
135

5.3.4.2 Comparison with another 
numerical solution 137

5.3.5 Analysis of an axisymmetric tunnel in a 
strain softening rock mass 139
5.3.5.1 Preliminary analysis 139
5.3.5.2 Correction of yield surface 

drift 141
5.3.5.3 Overcoming the oscillation of 

the plastic flow vector 146
5.4 Conclusions 151

CHAPTER 6 - ANALYSIS OF THE ST. GOTTHARD TUNNEL ' 
AND SAFETY GALLERY 152

6.1 Introduction 152
6.2 Description of the St. Gotthard tunnel 152
6.3 Parametric analyses of the St. Gotthard tunnel 155

6.3.1 The semi-closed form analysis 156
6.3.2 Comparison of different post-failure 

models 162
6.3.3 Comparison of different strain softening 

models 164
6.3.4 Parametric analysis for perfectly 

plastic rock mass behaviour 166



vii

6.3.5 Parametric analysis for strain soften
ing rock mass behaviour 176

6.3.6 Effect of the rate of strength
reduction 187

6.3.7 Effect of the variation of elasticity
parameters during the strain softening 
behaviour 191

6.4 Finite element analysis of the safety gallery 195
6.5 Conclusions 209

CHAPTER 7 - SUMMARY AND CONCLUSIONS 211

APPENDIX 1 - Description of the finite element
program CGFEP 216

Al.l General 216
A1.2 Input and output facilities 218

APPENDIX 2 - Analytical solution for the square
block problem 232

APPENDIX 3 - Analytical solution for the elastic- 
perfectly plastic analysis of axi- 
symmetric tunnels 236

APPENDIX 4 - Semi-closed form solution for the 
elastic-perfectly plastic analysis 
of torsion of a thick cylinder 239

APPENDIX 5 - Analytical solution for the elastic- 
perfectly plastic analysis of 
circular tunnels under non-hydrostatic loading 245

APPENDIX 6 - Semi-closed form solution for the 
strain softening analysis of axi- 
symmetric tunnels 248

A6.1 Description of the solution 248
A6.2 Description of input for programs FDHB1,

FDHB2 and FDHB3 261
A6.3 Description of input for programs FDMC1,

FDMC2 and FDMC3 262

Page



viii

APPENDIX 7 -

REFERENCES

Characterization of interlocking of 
rock masses by the Hoek-Brown 
criterion

Page

264

267



ix

LIST OF FIGURES
Figure No. Page

1.1 Typical structures of rock masses around
underground excavations 2

1.2 Idealised diagram showing the influence
of scale on the behaviour of rock masses 
around underground excavations 2

2.1 A nonlinear yield function and two
linear approximations 8

2.2 Comparison of tunnel closure versus 
pressure for nonlinear and two linear
yield functions 8

2.3 Summary of equations associated with the
Hoek-Brown failure criterion 11

2.4 Influences of parameters m and s on the
shape of the Mohr failure envelope 12

2.5 Various post-failure behaviours 17
2.6 Influence of confining pressure on the 

stress-strain behaviour of Tenessee
marble 18

2.7 Typical stress-strain curves for Class I
and Class II behaviour 18

2.8 Influence of loading rate on the stress-
strain behaviour of sandstone 20

2.9 Mohr failure envelopes estimated from
triaxial test data 20

2.10 Influence of confining pressure on the
volumetric strain behaviour of litho
graphic limestone 22

2.11 Comparison of stress-strain behaviour of
identical rock samples, one subjected to 
monotonic loading and the other to cylic 
loading 22

2.12 Ground-support interaction diagram 24
2.13 Variation of vertical stresses with depth 

below ground surface 26



X

Figure No. Page

2.14 Variation of ratio of average horizontal
stress to vertical stress with depth
below ground surface 26

2.15 Influence of excavation shape and ratio
of applied stresses upon maximum
excavation boundary stress 29

2.16 Reduction of support pressure due to the 
progress of excavation 32

2.17 Lombardi's rheological model 34
2.18 Available methods of analysis 35
2.19 Typical material behaviour model adopted

in majority of previous analytical
solutions 41

2.20 Variation of tangential stress at tunnel 
boundary with respect to number of 
increments 46

3.1 A yield function in principal stress
space 51

3.2 Geometrical representation of the Mohr-Coulomb and Drucker-Prager yield 
surfaces in principal stress space 55

3.3 Associated and non-associated flow rules 58
3.4 Theoretical models for the strain harden

ing behaviour 60
3.5 Stress-strain curve for rocks under

constant confining pressure 63
3.6 The rock mass behaviour model 65
3.7 Stress path of a point within the failure 

zone 66
4.1 Finite element idealization of a

continuum 69
4.2 Transformation of the quadratic iso

parametric element from local to global 
coordinate system 7373



xi

Figure No. Page

4.3 Schematic representation of the initial
stress method 83

4.4 Typical nonlinear solution algorithms 85
4.5 Geometric representation of stress

invariants in principal stress space 90
4.6 Classical approach for treating

singularities at the corners of hexa
gonal plastic potential surfaces 95

4.7 Comparison of Class I and Class II
behaviours 105

4.8 Variation of Hcr .̂ with respect to 
Poissons’s ratio for Mohr-Coulomb
materials 107

4.9 ' Variation of H . t with respect to
Poisson's ratiSror granite and lime
stone 109

5.1 Square block under uniform compression 112
5.2 Finite element mesh for analysis of

circular tunnels 114
5.3 Variation of maximum error in stresses

with radial distance of the external 
boundary 114

5.4 Schematic representation of tunnel
excavation methods 116

5.5 Variation of plastic zone around the
tunnel with different simulations of 
excavation 119

5.6 Variation of stresses along the hori
zontal axis with different simulations
of excavation 119

5.7 Sign convention in the Kirsch equations 121
5.8 Finite element mesh for analysis of

axisymmetric tunnels 126
5.9 Elastic and plastic zones around acircular tunnel 126



Xll

Figure No. Page

5.10 Elastic and two plastic zones around a
circular tunnel 130

5.11 Development of tangential and radial
stresses with distance from tunnel wall 130

5.12 Torsion of a thick cylinder 132
5.13 Development of tangential and radial 

stresses along the wall of a thick
cylinder subjected to torsion 132

5.14 Problem analysed by Galin (1946) 134
5.15 Comparison with results of Reyes and

Deere (1966) 138
5.16 Improvements of the finite element

program 142
5.17 Development of tangential and radial 

stresses with distance from tunnel wall
in a strain softening rock mass 148

5.18 Ground response curves obtained by the
semi-closed form and finite element 
solutions 148

6.1 Geological section along the northern
section of the St. Gotthard tunnel 153

6.2 Cross-section of the St. Gotthard
tunnel 155

6.3 Peak and residual strength failure
envelopes for the Mohr-Coulomb and 
Hoek-Brown criteria 157

6.4 Ground-support interaction diagram for
the St. Gotthard tunnel 159

6.5 Computed and measured rock pressures on
the support system 161

6.6 Computed and measured radial convergence
of the rock mass 161

6.7 Variation of tangential and radial 
stresses around the tunnel with different 
post-failure models 163



xiii

Figure No. Page

6.8 Variation of ground' response curves
with different post-failure models 163

6.9 Variation of tangential and radial 
stresses around the tunnel with diff
erent strain softening models 165

6.10 Variation of ground response curves with 
different strain softening models 165

6.11 Variation of ground response curves with 
elastic modulus 169

6.12 Variation of ground response curves with 
Poisson's ratio 169

6.13 Variation of ground response curves with 
internal friction angle 170

6.14 Variation of ground response curves with 
parameter m 170

6.15 Variation of ground response curves with 
cohesion 171

6.16 Variation of ground response curves with 
parameter s 171

6.17 Variation of ground response curves with 
ratio of plastic strain increments 
(M-C solution) 172

6.18 Variation of ground response curves with 
ratio of plastic strain increments 
(H-B solution) 172

6.19 Variation of ground response curves with 
uniaxial strength of the intact rock 173

6.20 Variation of ground response curves with 
initial field stress 173

6.21 Variation of ground response curves with 
tunnel radius 174

6.22 Variation of normalised radial con
vergence with respect to input parameters 
in EP analysis 174

6.23 Variation of normalised radius of the 
elastic/plastic zone interface with 
respect to input parameters in EP 
analysis 175175



xiv

Figure No. Page

6.24 Variation of ground response curves with
elastic modulus 178

6.25 Variation of ground response curves with
Poisson's ratio 178

6.26 Variation of ground response curves with
0 /0 ratio 179

6.27 Variation of ground response curves with
m /m ratio 179r p

6.28 Variation of ground response curves with
c /c ratio 180IT ir

6.29 Variation of ground response curves with
s /s ratio 180r' p

6.30 Variation of ground response curves with 
ratio of plastic strain increments
(M-C solution) 181

6.31 Variation of ground response curves with 
ratio of plastic strain increments
(H-B solution) 181

6.32 Variation of ground response curves with
uniaxial strength of the intact rock 182

6.33 Variation of ground response curves with
initial field stress 182

6.34 Variation of ground response curves with
parameter a (M-C solution) 183

6.35 Variation of ground response curves with
parameter a (H-B solution) 183

6.36 Variation of normalised radial con
vergence of supported tunnel with 
respect to input parameters in ESP
analysis 185

6.37 Variation of maximum pressures for
various support systems with respect to 
tunnel radius 186

6.38 Variation of ground response curves with
parameter a (M-C solution) 188

6.39 Variation of ground response curves with 
parameter a (H-B solution) 188



XV

Figure No. Page

6.40 Variation of normalised radial con
vergence with respect to 1/a
(M-C solution) 189

6.41 Variations of normalised radii of 
elastic/strain softening and strain 
softening/residual plastic zone inter
faces with respect to 1/a (M-C solution) 189

6.42 Variation of normalised radial con
vergence with respect to 1/a
(H-B solution) 190

6.43 Variations of normalised radii of 
elastic/strain softening and strain 
softening/residual plastic zone inter
faces with respect to 1/a (H-B solution) 190

6.44 Variation of normalised radial con
vergence with respect to Er/E 193

6.45 Variations of normalised radii of
elastic/strain softening and strain 
softening/residual plastic zone inter
faces with respect to E^/E 193

6.46 Variations of normalised radial con
vergence with respect to vr/v 194

6.47 Variations of normalised radii of
elastic/strain softening and strain 
softening/residual plastic zone inter
faces with respect to vr/v 194

6.48 Excavation plan and cross-section in the
Mesozoic zone 195

6.49 Finite element mesh for the analysis of
the safety gallery 197

6.50 Displacements, stresses and plastic zone
around the safety gallery at X = 0.50 200

6.51 Displacements, stresses and plastic zones
around the safety gallery at X = 0.60 201

6.52 Displacements, stresses and plastic zone
around the safety gallery at X = 0.70 202

6.53 Displacements, stresses and plastic zone 
around the safety gallery at X = 0.80 203



Figure No. Page

6.54 Displacements, stresses and plastic zones 
around the safety gallery at A = 0.90 204

6.55 Displacements, stresses and plastic zones 
around the safety gallery at X = 1.0 205

6.56 Development of stresses in the support 
system and surrounding rock mass 206

6.57 Development of displacements in the 
support system and surrounding rock mass 207

6.58 Distribution of axial normal forces and 
moments in the support system 209

Al.l Flow chart of Program CGFEP
A6.1 Typical annulus in plastic zone
A6.2 Rock mass behaviour model used in semi

closed form solution

217
249

255



xvii

LIST OF TABLES

Table No. Page

2.1 Approximate relationship between rock
mass quality and material parameters 15

2.2 Summary of analytical solutions incor
porating the strain softening of rocks 40

4.1 Partial differentiation of stress
invariants 93

4.2 Constants defining the flow vector for
the Mohr-Coulomb and Hoek-Brown plastic 
potential surfaces 96

4.3 Possible post-failure behaviours 103
5.1 Results of elastic analysis of a square

block under uniform compression 112
5.2 Results of elastic-perfectly plastic

analysis of a square block under
uniform compression 112

5.3 Results of elastic analysis of a
circular tunnel under non-hydrostatic 
loading 123

5.4 Results of elastic-perfectly plastic
analysis of a circular tunnel under 
hydrostatic loading 128

5.5 Results of elastic-perfectly plastic
analysis of a circular tunnel under 
non-hydrostatic loading 136

5.6 Results of analysis of an axisymmetrictunnel in a strain softening rock mass 147



xviii

LIST OF SYMBOLS

Matrix notation is used throucrhout, with ( ) enclosing 
two dimensional arrays and { } column vectors. Symbols 
are defined where they are introduced. Some of the more 
commonly used ones are:

A Area
AFR Associated flow rule
a tunnel radius
{a} flow vector
(B) Matrix of derivatives of shape functions

C1,C2'C3 Flow vector constants
c Cohesion

CP Cohesion at peak strength

cr Cohesion at residual strength

cy
(d )

Cohesion at yield strength 
Elasticity matrix

(DepJ Elasto-plastic matrix
ds Section depth of steel sets
dA Plastic multiplier
E Elastic modulus
Er Elastic modulus at residual strength
Es Elastic modulus of the support element
EBP Elastic-brittle-residual plastic
EP Elastic-perfectly plastic
ESP Elastic-strain softening-residual plastic
F(c,k) Yield function
f Ratio of plastic strain increments in the 

residual zone
G Shear modulus



xix

H Hardening modulus
H . . cnt Critical value of hardening modulus
H-B Hoek-Brown (criterion)
h Ratio of plastic strain increments in the 

strain softening zone
I Identity matrix
Is Moment of inertia of steel sets

J1'J2'J3 Invariants of stress

J2' J3 Second and third invariants of deviatoric 
stress

K
Jacobian matrix 
Rheological coefficient

(K) Stiffness matrix for elastic material
k Hardening parameter unless indicated 

otherwise
ko Ratio of average horizontal to vertical 

in situ stress
ks Stiffness of the support system
In Natural logarithm
M Moment
M-C Mohr-Coulomb (criterion)
MN Mega newton (1 Newton = 0.10197kg)
MN-m Mega newton - metre
MPa 2Mega pascals (MN/m )
m Empirical parameter in the Hoek-Brown 

criterion
m Plastic deformation parameter
mP Parameter m at peak strength
mr Parameter m at residual strength
my Parameter m at yield strength



XX

N Normal force
(N) Matrix of shape functions
NAFR Non-associated flow rule
n Number of nodes, flow steps, iterations etc
P.1 Support pressure
Po Hydrostatic in situ stress
(P> Body force vector
Q(a,k) Plastic potential function
R,r Radius, polar coordinate
{R} Global equivalent nodal force vector
Rep Radius of the elastic/plastic zone interface
Rsr Radius of the strain softening/residual 

plastic zone interface
s Empirical parameter in the Hoek-Brown 

criterion
sP Parameter s at peak strength
sr Parameter s at residual strength
sy Parameter s at yield strength
T Time
t Thickness
u Displacement component, radial convergence
V Volume
V Speed of excavation
W Work
{X} Cartesian coordinates vector
x,y / z Cartesian coordinates
Y Depth below ground surface



xxi

a Rate of strength reduction
a' Parameter in the Drucker-Prager criterion
3 Angle (in degrees)
3 ' Parameter in the Drucker-Prager criterion
y Shear strain
A ,d Difference operator
6. .13
{6}

Kronecker delta 
Displacement vector

e Normal strain

Gvol Volumetric strain
£ Equivalent strain
£ Equivalent strain rate

G1'G2,G3
£PIP

Principal strains (£i>e2e>3̂
Maximum principal plastic strain at which 
the strain softening commences

E?lr Maximum principal plastic strain at which 
the residual strength is reached

e?iy Maximum principal plastic strain at which 
the peak strength is reached

n ,5 Curvilinear coordinates
e Lode angle; polar coordinate
X Stage of excavation (0<A<1)
V Poisson's ratio .
Vr Poisson's ratio at residual strength
Vs Poisson's ratio of the support element
p Density
z Summation operator
a Normal stress



xxii

ac Uniaxial compressive strength of intact 
rock

aij Stress tensor

a m Mean normal stress

at Uniaxial tensile strength
a u Uniaxial compressive strength

aur Residual uniaxial compressive strength

al,cr2'a3 Principal stresses (cr̂ >02>a3̂

^l'^2'^3 Effective principal stresses

al'ff2'a3 Deviatoric principal stresses
T Shear stress
0 Internal friction angle
0 Internal friction angle at peak strength
0 Internal friction angle at residual 

strength
0*Y Internal friction angle at yield strength

Plastic deformation parameter (dilatancy 
angle)

m Residual nodal force vector
0) Weight per unit volume

Subscripts: 

ep Elasto-plastic
h Component in horizontal direction
i Node number
o Initial
r Component in radial direction
s Support
V Component in vertical direction



xxiii

X Component in X coordinate axis direction
y Component in y coordinate axis direction
z Component in z coordinate axis direction
© Component in tangential direction

Superscripts:
e Elastic
el Element
P Plastic
T Total
{ )T Transpose of a column vector



1

CHAPTER 1

INTRODUCTION

As a consequence of social and economic developments in 
the second half of this century, there has been a worldwide 
increase in the construction of large underground openings, 
such as transportation tunnels, power stations, storage 
caverns and permanent mine openings. However, underground 
excavations are very expensive endeavours. Fairhurst (1977) 
pointed out that as much as $100,000 million is likely to be 
spent only on tunnels in the United States between 1970-1990. 
Furthermore it is reported by Tse (1975) that the ratio of 
support costs to total costs typically averages 30-35% for 
shallow and up to 40% for deep tunnels. Clearly there is a 
great economic incentive for developing methods leading to 
more economical design of underground excavations.

The finite element method is suited to the analysis of 
underground excavations, because any shape and sequence of 
excavation, initial stress field and rock mass behaviour, as 
well as the interactive nature of the load-deformation 
characteristics of both rock mass and support system can be 
considered. In design analyses it is essential to account 
for the probable response of the surrounding rock mass as 
realistically as possible. Various types of instability may 
occur. Failures controlled by the geological structure of 
the rock mass, such as illustrated in Figures 1.1b and 1.1c, 
are not considered in this research. These failures are 
generally observed around shallow excavations and involve the 
falling or sliding of blocks of rock from the roof or side- 
walls of excavation. The distinct planes of weakness 
(Figure 1.1b) can be modelled by joint elements (Goodman et 
al., 19 68) in finite element analyses and excavations in 
blocky jointed rock masses (Figure 1.1c) can best be analysed 
by the discrete element method based on a dynamic relaxation 
technique (Cundall, 1971). In this research, attention is 
given to the case of openings excavated at considerable depth



CONTINUOUS PLANES 
OF WEAKNESS JOINT SETS

Figure 1.1 Typical structures of rock masses around underground excavations (Brady, 1985)

Figure 1.2 Idealised diagram showing the influence of scale on the behaviour 
of rock masses around underground excavations (Hoek and Brown, 1980a)
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or in weak rocks, in which the induced stresses reach the 
available strength in some part of the rock mass surrounding 
the excavation. It is assumed that the rock mass is reason
ably continuous with either very widely or closely spaced 
joints. In fact the relative size and scale of the 
excavation and discontinuity spacing may be such that the over
all macroscopic structure of the highly jointed rock mass 
with several discontinuities can be treated as a homogeneous 
and isotropic continuum, as well as the intact rock 
(Figures 1.1a, l.ld and 1.2). Rock masses with one of the 
discontinuities having a more pronounced effect than the 
others are not considered.

The post-failure behaviour of rock masses accounted for 
in previous finite element analyses is generally over
simplified and unrealistic. In particular the strain soften
ing behaviour of rock masses, i.e. reduction of post-peak 
strength to a residual value with increasing deformation, is 
not considered. However, with the improved knowledge of 
mechanical behaviour of rock masses and the computing power 
widely available to engineers, it is now evident that a 
realistic rock mass behaviour model should be based on a 
yield criterion dependent on rock type and rock mass quality, 
such as the Hoek-Brown criterion (Hoek and Brown, 1980b) and 
also be able to account for any experimentally determined 
post-failure stress-strain relationship including strain 
softening and for any treatment of plastic volumetric strains. 
The principal objective of this research is to develop a 
two-dimensional finite element program incorporating such a 
rock mass behaviour model for more realistic and economic 
design of underground excavations. This presents a major 
challenge in that generally satisfactory procedures for the 
numerical modelling of strain softening in geotechnical 
problems have not yet been developed (Brown and Bray, 1983b).

In Chapter 2 of this thesis, factors influencing the 
design of underground excavations in elasto-plastic rocks are 
discussed. Advantages and limitations of available methods
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of analysis and a review of previous solutions are presented.
In Chapter 3 a brief summary of the fundamentals of 

plasticity theory is given, followed by the description of 
the proposed rock mass behaviour model.

In Chapter 4 the finite element method is described. 
Particular emphasis is given to the discussion of techniques 
for nonlinear analysis and numerical treatment of elasto- 
plasticity including strain softening behaviour. Thus 
numerical implementation of the proposed rock mass behaviour 
model and limitation on negative values of hardening modulus 
are discussed. A description of the finite element program, 
CGFEP, is presented in Appendix 1 including the input and 
output facilities.

In Chapter 5 the validation of the finite element 
program against theoretical solutions - described in 
Appendices 2-7 - is presented. Sources of error and 
numerical difficulties and improvements made for obtaining 
accurate and convergent solutions are discussed. Furthermore, 
the influence of the method and sequence of excavation is 
shown.

In Chapter 6 practical implications of the research are 
demonstrated by presenting parametric analyses of the 
St. Gotthard highway tunnel and the rock-support interaction 
analysis of its safety gallery.

Finally in Chapter 7, conclusions and recommendations 
for future research are presented.
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CHAPTER 2

ANALYSIS OF UNDERGROUND EXCAVATIONS

2.1 Introduction

When an underground opening is excavated, a hole is 
created in a medium which is already subjected to a stress 
field. Before construction, equal and opposite forces may be 
considered as acting across the boundaries of the proposed 
excavation. When the excavation is made, the supporting 
boundary forces are removed and a new equilibrium state is 
created. If the induced stresses around the underground open
ing reach the available rock strength at any point, yielding 
or fracturing of the rock mass occurs causing irrecoverable 
strains which are considerably larger than elastic strains. 
Depending on the extent of instability and the serviceability 
requirements various types of support may be needed to maintain 
a safe and usable opening.

The primary purposes of the support design are to prevent 
collapse of the excavation, to control inward displacements and 
to mobilize the load bearing capacity of the rock mass to the 
fullest possible extent. In the New Austrian Tunnelling Method 
(NATM) general principles of support design have been put into 
practice (Rabcewicz, 1964). In the NATM deformations of ex
cavation walls are monitored directly either to confirm the 
adequacy of the support or to indicate that it is necessary to 
adjiist the type and quantities of support through a back 
analysis. Rock pressures on support systems are the result of 
inward displacements which have taken place before and after 
support installation. The factors which influence convergence 
of underground excavations and support loads can be classified 
as follows:

i) strength and deformation behaviour of rock masses,
ii) support characteristics,
iii) in situ state of stress,
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iv) geometry of excavation,
v) method and sequence of excavation,
vi) location of the excavation face and
vii) long term effects due to rheological behaviour 

or deterioration of the rock mass.

These factors are discussed in the following sections.

2.2 Factors influencing convergence of underground 
excavations and support loads

2.2.1 Strength and deformation behaviour of rock masses

The determination of the in situ mechanical behaviour of 
rock masses is a challenging problem which has hot yet been 
satisfactorily solved. Nevertheless quantitative parameters 
representing strength and deformation behaviour of rock masses 
need to be defined for the analysis of underground excavations.

2.2.1.1 Strength of rock masses

Despite the significant proportion of past rock mechanics 
research effort that has been devoted to the question, it must 
be acknowledged that a basic and universally accepted rock 
mass strength criterion suitable for practical purposes has 
not yet been developed. Ideally, such a criterion should take 
account of (Hoek and Brown, 1980b):

i) the response of intact rock material to the full 
range of stress conditions likely to exist in 
practice,

ii) an anisotropic strength behaviour associated with 
the existence of planes of weakness,
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iii) and also the criterion should provide some in
formation, even if approximate, on the likely 
strength of in situ rock mass containing several 
sets of discontinuities.

The failure envelope for rocks is often nonlinear and 
shows strong curvature at low values of confining pressure, 
which are likely to occur around underground excavations. This 
nonlinearity has been demonstrated by laboratory tests for 
various types of intact rocks (Hoek and Brown, 1980a) and for 
rock materials in which fracturing had been induced artific
ially (Rosengreen and Jaeger, 1968; Gerogiannopoulos and 
Brown, 1978). In practice the linear Mohr-Coulomb criterion 
is often used and this may produce a substantial amount of 
error in design calculations due to constant strength parameters 
(Daemen and Fairhurst, 1971; Korbin, 1976; Kennedy and Lindberg, 
1978) . The piecewise linear approximations to a nonlinear Mohr 
envelope are used in an iterative (Korbin, 1976) and a closed 
form solution (Kennedy and Lindberg, 1978) for the elasto- 
plastic analysis of axisymmetric tunnels. The latter work is 
particularly interesting. Results presented in Figures 2.1 and
2.2 demonstrate the importance of accurately defining the 
failure criterion, particularly in the neighbourhood of the 
tunnel where the rock is subject to low values of stresses.

It has been observed that triaxial test data can generally 
be fitted by an empirical power law and this has led a number 
of authors to propose empirical relationships. Many of the 
available failure criteria give a good explanation of some 
aspects of rock behaviour, but fail to explain others. 
Furthermore, most of them are difficult to apply in underground 
excavation design. Recently Hoek and Brown (1980a, 1980b) 
suggested an empirical nonlinear failure criterion, after 
examining a wide range of experimental data for intact rock 
and jointed rock masses. By analogy with the nonlinear failure 
envelope predicted by classical Griffith crack theory and by 
comparison with actual laboratory and field data, the authors
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Figure 2.1 A nonlinear yield function and two linear
approximations (Kennedy and Lindberg, 1978)

Figure 2.2 Comparison of tunnel closure versus pressure 
for nonlinear and two linear yield functions 
(Kennedy and Lindberg, 1978)
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developed the following relationship between the principal 
stresses at failure:

° i  ■ a 3 + moca3 + soc (2 .1)

in which ac is the uniaxial compressive strength of the intact 
rock material and m and s are empirical parameters, which 
depend on the properties of the rock mass and on the extent to 
which it had been broken before being subjected to induced 
stresses. The uniaxial compressive strength of the rock 
material can be obtained by substituting = 0 in Equation 
2.1, i.e.

au (2 .2 )

For intact rock, = ac and s = 1. For previously broken 
rock s < 1 and a i s  the uniaxial compressive strength of the 
rock mass. For a completely broken rock mass the value of 
's' is zero.

Similarly, substituting = O in Equation 2.1 and solv
ing the resulting quadratic equation gives the uniaxial 
tensile strength of a rock mass as

at ac (m + 4s) (2.3)

Hoek and Brown (1980a) show that, for intact rock with s =1.0 
and m >> 1.0, m is approximately equal to a /|a.|. However, 
because of the difficulty involved in adopting the uniaxial 
tensile strength as a fundamental rock property, it is
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suggested treating m simply as an empirical curve fitting para
meter. The physical significance of Equations 2.1 - 2.3 is 
illustrated in the plot of against o ^ r given in Figure 2.3.

Although for the design of underground excavations it is 
appropriate to express the criterion in terms of principal 
stresses, for cases involving shear failure on a slip surface 
it is useful to express it in terms of shear and normal 
stresses. The Mohr envelope corresponding to the Hoek-Brown 
failure criterion defined by Equation 2.1 can be written as 
(Hoek, 1983):

ma QT = (cot0. - C O S 0 .  ) ---------
i  1 8

(2.4)

where t is the shear stress at failure, 0^ is the instantaneous 
friction angle or the inclination of the tangent to the Mohr 
envelope at the point (ct,t ) as shown in Figure 2.3. The value 
of the instantaneous friction angle is given by:

0 ± = Arc tan (4h cos^(30 Arc • v , “ 3 / 2  xs m  h ) - 1 )
71/2 (2.5)

where

16(ma + sa )
h =  1  + --------=---------- —

3 m

and the instantaneous cohesion, c^, is expressed by:

c^ = t - a tan 0^ (2.6)
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The empirical parameters m and s are both dimensionless 
and are somewhat analogous to the angle of friction and the 
cohesion of the conventional Mohr-Coulomb criterion (Hoek,
1983). The parameter m always has a finite positive value 
which ranges from about 0.001 for highly broken rock masses to 
about 25 for hard intact rock. As can be seen from Figure 2.4a, 
the value of m actually defines the shape of the Mohr envelope. 
In Figure 2.4a curves with different values of m are plotted, 
where the values of both s and q c are assumed equal to one.

As can be seen, the values of m in the order of 15 - 25 
give steeply inclined Mohr envelopes and high instantaneous 
friction angles at low normal stress levels. These large m 
values tend to be associated with brittle igneous and meta- 
morphic rocks such as andesites, gneisses and granites. The 
values of m in the order of 3 - 7, give lower friction angles 
and tend to be associated with more ductile carbonate rocks 
such as limestone and dolomite.

As can be seen from Figure 2.4b, the values of s 
influence the shear strength of rock masses and curvature of 
Mohr envelopes, though only at low normal stress levels.

T
1-2

Normal stress <J Normal stress or

(a) (b)
Figure 2.4 Influences of parameters m and s on the shape of 

the Mohr failure envelope (Hoek, 1983)
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The parameter a has the dimensions of stress. It esta-cblishes the scale of Mohr envelopes and the basic unit of
measurement in the criterion. The value of a must be deter-c
mined for field moisture conditions.

The behaviour of most rocks generally changes from brittle 
to ductile behaviour at various confining pressures (Mogi,
19 66) . Hoek and Brown (1980a) suggested limiting the use of 
the criterion to a brittle range and proposed as a rough rule 
of thumb that the confining pressure must always be less than 
the unconfined compressive strength o c of the intact rock 
material.

In developing the criterion, the authors assumed that the 
major and minor principal stresses will control the failure 
process and the intermediate principal stress will have no 
significant influence upon this process. Although this is an 
over-simplification, they argue that there appears to be 
sufficient evidence to suggest that the influence of the 
intermediate principal stress can be ignored without introduc
ing unacceptably large errors (Hoek and Brown, 1980a).

The Hoek-Brown criterion has been suggested as a peak 
strength criterion. No attempt has been made to relate the 
failure with the stress level at which significant deviation 
from linearity of the stress-strain curve occurs.

The criterion has been expressed in terms of total stresses. 
The effective stress form of the criterion that allows pore or 
joint water pressures to be accounted for, can be obtained by 
substituting the effective stresses and a^ for the total 
stresses and in the criterion. However, it should be 
noted that the parameters m and s for the effective stress form 
of the strength criterion, will not necessarily be the same as 
those evaluated in terms of total stresses.

Hoek and Brown (1980a, 1980b) investigated the influence 
of single discontinuities or planes of weakness on the rock 
strength by using the empirical criterion. The empirical para
meters were made variable with the orientation of the planes of
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weakness. The authors showed that the criterion can be modi
fied to take account of anisotropic behaviour, although the 
behaviour of anisotropic rocks (eg. slate or shale) is 
generally more complex than allowed for in their analysis.
Given the large number of parameters and constants involved 
in the anisotropic formulation of the criterion the authors 
pointed out that their approach was expedient and sufficiently 
accurate for many practical applications.

The possibility of using the Hoek-Brown criterion to 
determine the strength of heavily jointed rock masses has been 
explored (Hoek and Brown, 1980a, 1980b). When a rock mass 
contains four or more sets of discontinuities, the behaviour 
of such rock masses can be considered to be the same as that 
of a homogeneous, isotropic system. One should note that this 
will not be the case, when one of the discontinuities has a 
more pronounced effect than the others. If the rock mass is 
considered as isotropic Equation 2.1 can be used. However, 
very careful consideration has to be given to the choice of the 
material parameters a , m and s. Since the rock mass is com
posed of a number of interlocking pieces of intact rock, the 
uniaxial strength of these pieces can be used as the value of 
o c for the rock mass. Therefore the strength of the rock mass 
is related to the strength of intact rock specimens tested in 
the laboratory. It is to be expected that, the presence of a 
multiple set of discontinuities in a rock mass will cause a 
reduction in the strength and consequently in the values of the 
empirical parameters m and s. Unfortunately, relatively few 
sets of reliable triaxial test data for jointed rock masses are 
available and at present, the choice of empirical parameters 
for a given rock mass must be based upon this limited labor
atory test data as well as back analysis of documented cases 
of rock failure. From the sets of triaxial test data for the 
naturally jointed Panguna andesite, it is evident that there 
is a systematic decrease in the values of m and s with the 
degree of weathering, jointing and fragmentation of the
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Empirical failure criterion 
a , = + (m o c a 3 + sa c2)112 
a, = major principal stress 
<73 = minor principal stress 
a c = uniaxial compressive 

strength of intact rock 
m .s  = empirical constants Ca
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Intact rock samples 
Laboratory size samples free 

from pre-existing fractures 
Bieniawski, 1976 (CSIR)* rating 100 
Barton et al., 1974 (NGI)t rating 500

m = 7 
s = 1

m = 10 
s = 1

m = 15
5 = 1

m = 17
5 = 1

m = 25
5 = 1

Very good quality rock mass 
Tightly interlocking undisturbed 

rock with rough unweathered 
joints spaced at 1 to 3 m 

Bieniawski. 1976 (CSIR) rating 85 
Barton ex a l., 1974 (NGI) rating 100

m = 3-5 
s = 01

m  = 5 
s = 01

m = 7-5 
s = 01

m = 8-5
5 = 01

m  = 12 5 
s = 0T

Good quality rock mass 
Fresh to slightly weathered 

rock, slightly disturbed with 
joints spaced at 1 to 3 m 

Bieniawski, 1976 (CSIR) rating 65 
Barton et al., 1974 (NGI) rating 10

m = 0-7 
s = 0 004

m = 1 
s = 0004

m = 1-5 
s = 0004

m = 1-7 
s = 0004

m  = 2-5 
s = 0004

Fair quality rock mass 
Several sets of moderately 

weathered joints spaced at 
0-3 to 1 m, disturbed 

Bieniawski, 1976 (CSIR) rating 44 
Barton ex al., 1974 (NGI) rating 1

m = 014 
s = 00001

m = 0-20 
s = 00001

m = 0-30 
s = 00001

m = 0-34 
s = 00001

m = 050 
s = 0000;

Poor quality rock mass 
Numerous weathered joints at 

30 to 500 mm with some gouge. 
Clean, compacted rockfill 

Bieniawski, 1976 (CSIR) rating 23 
Barton et al., 1974 (NGI) rating 01

m = 004 
s = 000001

m  = 005 
s = 000001

m  = 008 
s = 000001

m = 009 
s = 000001

m  = 013
5 = 000001

Very poor quality rock mass 
Numerous heavily weathered 

joints spaced at 50 mm with 
gouge. Waste rock

Bieniawski, 1976 (CSIR) rating 3 
Barton et al., 1974 (NGI) rating 001

m = 0007 
s = 0

m  = 0010 
5 = 0

m  = 0015
5 = 0

m = 0017 
5 = 0

m  = 0025
5 = 0

*CSIR Commonwealth Scientific and Industrial Research Organization. 
tN G I Norway Geotechnical Institute.

Table 2.1 Approximate relationship between rock mass quality 
and material parameters (Hoek, 1983)
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samples (Hoek and Brown, 1980a). This trend is consistent 
with the qualitative behaviour pattern which has been dis
cussed in various publications. However, it is apparent that, 
although trends are clearly indicated the available test data 
are insufficient to permit the determination of a set of para
meters that could be used to quantify the full range of rock 
mass strength behaviour. Hoek and Brown (1980a, 1980b) used 
rock mass quality classification schemes (Barton et al., 197 4; 
Bieniawski, 1976) together with the limited experimental data 
available and proposed an approximate method for determining 
the strength of jointed rock masses. In this method, as shown 
in Table 2.1, an attempt is made to determine the values of 
empirical parameters m and s from a description of the rock 
mass. These estimates together with an estimate of the uni
axial compressive strength of the intact pieces of rock, can 
then be used to obtain an approximate Mohr failure envelope 
for the jointed rock mass. The values given in Table 2.1 are 
very approximate and therefore they should only be used in 
preliminary design calculations. For critical designs, where 
rock mass failure is likely to be an important consideration, 
every attempt should be made to determine the empirical para
meters by laboratory and in situ tests.

2.2.1.2 Post-failure behaviour of rock masses

Experimental results show that rock material can exhibit 
strain softening, perfectly plastic or strain hardening 
behaviour depending on confining pressure, rate of loading 
and rheologic characteristics of the material. Strain soften
ing is the behaviour in which once the strength reaches its 
peak, it gradually decreases towards a residual value as total 
strain increases. On the other hand in strain hardening 
behaviour the bearing capacity of rock increases with increas
ing total strain. Perfectly plastic behaviour is a trans-
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itional mode between the two, in which the post-failure 
strength of rock is not a function of strain.

Figure 2.5 Various post-failure behaviours

At low confining pressures around underground excavations 
the rock mass generally behaves in a strain softening manner.
As shown in Figure 2.5, the two limits of strain softening 
behaviour are perfectly plastic and perfectly brittle behaviour. 
In the latter the rock strength drops suddenly to a residual 
value once the peak strength is exceeded. The strain softening 
behaviour has been studied experimentally. It has been 
observed that explosive failure may occur as the result of 
uncontrolled release of stored elastic energy at peak strength. 
In many rocks this release of energy can be controlled by 
introducing displacement control in the direction of loading 
in servocontrolled testing machines and a complete set of 
stress-strain curves can be recorded. In Figure 2.6 such
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Figure 2.6 Influence of confining pressure on the stress- 
strain behaviour of Tennessee marble (Wawersik 
and Fairhurst, 1970)

Figure 2.7 Typical stress-strain curves for Class I and 
Class II behaviour (Wawersik, 1968)
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curves obtained by Wawersik and Fairhurst(1970) in triaxial 
compression tests on samples of Tennessee marble are shown.
As can be seen from the figure, the peak and residual strength 
and post-failure stress-strain relationship of rock are 
strongly influenced by the magnitude of the confining pressure. 
However, for some rocks the release of elastic energy cannot 
be controlled by the servocontrolled machines. In such cases 
a rapid drop in stress with possible reduction of strain 
beyond the peak can be observed. This type of behaviour is 
referred to as Class II. In Figure 2.7 the typical stress- 
strain curves for Class I and Class II behaviour are shown.

Stress-strain curves (Figure 2.8) obtained by Bieniawski 
(1970) on sandstone samples for various constant strain rates 
in uniaxial compression tests show that the post-failure 
behaviour of rocks is influenced by the loading rate and as 
it decreases the rock material tends to become more ductile.
As shown in Figure 2.8, higher loading rates cause higher peak 
and lower residual strength values, as well as increasing the 
elastic modulus and brittleness of the rock. The loading rate 
is analogous to the excavation rate of underground openings 
and appears to be one of the important factors to be considered 
during design.

Series of triaxial test results of Westerley granite 
(Wawersik and Brace, 1971), Panguna andesite (Hoek and Brown, 
1980a) and Greywacke sandstone (Raphael and Goodman, 1979) 
have been analysed by Hoek and Brown (1980a, 1980b) and Hoek 
(1983). The authors pointed out that a transition from intact 
rock into a heavily fractured rock mass occurs by progressive 
fracturing of rock material. In Figure 2.9 Mohr failure 
envelopes estimated by Hoek (1983) from triaxial test data for 
highly fractured, fresh to slightly altered Greywacke sandstone 
are presented. It is shown that values of strength parameters 
m and s decrease with the increasing degree of fracturing.
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behaviour of sandstone (Bieniawski, 1970)

= 1 78 MPa.

Figure 2.9 Mohr failure envelopes estimated from triaxial 
test data for Greywacke sandstone (Hoek, 1983)
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2.2.1.3 Deformation of rock masses

The experimental data on deformation behaviour of rock 
masses are sparse and difficult to obtain because of experi
mental difficulties. The type of deformation behaviour, which 
is likely to be valid for rock masses, can only be estimated 
from the results of laboratory tests carried out on intact 
rocks and on models of jointed rock masses. Such data have 
been obtained by Ladanyi and Don (1970), Edmonton and Patterson 
(1972) and Elliott (1982) on intact rock samples, by Brown 
(1976) on idealised models prepared from plaster blocks and by 
Michelis (1979) on artificially granulated marble. Nearly all 
published results of triaxial tests on intact rock show that, 
the volumetric strain behaviour of rock is influenced by the 
post-failure stress-strain relationship. As shown in Figure 
2.10, rock samples exhibiting strain softening behaviour 
usually show rapid dilatant deformations. Samples exhibiting 
strain hardening behaviour can also show dilatant volumetric 
deformations as well as contracting volumetric deformations at 
very high confining pressures.

The deformation of elastic rock is governed by the elastic 
modulus and Poisson's ratio. Beyond the elastic limit, it is 
necessary to define a constitutive law, ideally from experi
mental results. It is also necessary to provide information on 
the direction of plastic straining. If the plastic strain 
increment vector is normal to the yield surface, the associated 
flow rule of plasticity is said to apply. If it is not normal, 
the flow rule is called non-associated. More information on 
flow rules is provided in Section 3.2.2.

For intact rocks, there is evidence to suggest that, the 
associated flow rule applies at yield stress. However, the 
normality condition seems to disappear at higher post-failure 
strains where the rock is progressively fractured (Elliott, 
1982) . The results presented by Brown (1976) and Michelis 
(1979) also suggest that, for heavily fractured and poorly
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Figure 2.10 Influence of confining pressure on the volum
etric strain behaviour of lithographic lime
stone (Edmond and Paterson, 1972)

Figure 2.11 Comparison of stress-strain behaviour of
identical rock samples one subjected to mono
tonic loading and the other to cyclic loading 
(Bieniawski, 1969)
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interlocked rock masses the flow rule is likely to be non- 
associated. This means that resulting plastic volume changes 
will be less than those predicted by using the associated 
flow rule.

The magnitude of elastic volume changes will be influenced 
by any changes in elastic modulus when the rock mass is 
fractured. It has been observed in uniaxial cycled loading 
tests for fine grained sandstone (Bieniawski, 1969), Tennessee 
marble (Wawersik and Fairhurst, 1970) and Oolitic limestone 
(Elliott, 1982) that strain softening behaviour is accompanied 
by a reduction of the elastic modulus. It is illustrated in 
Figure 2.11 that, the elastic modulus of rock gradually 
decreases with the progress of axial displacement. Furthermore 
it is indicated by Elliott (1982) that Poisson's ratio increases 
during the. progressive degradation of rock.

2.2.2 Support characteristics

The rock pressure on the support system and convergence 
of the underground excavation are strongly influenced by the 
support characteristics. These are the time of support install
ation and type and stiffness of support system. Ground-support 
interaction diagrams are well established aids to the understand
ing of tunnel support mechanics, although they are valid only 
for circular tunnels under hydrostatic field stress conditions 
(Pacher, 1964; Rabcewicz, 1964).

In this section for the sake of discussion, the ground- 
support interaction diagram illustrated in Figure 2.12 is 
used. As the support provided by the pre-existing rock is 
removed during excavation, stresses are redistributed produc
ing deformation of the surrounding rock mass. The ground 
response curve is the pressure-convergence (radial displacement) 
curve of a particular point on the excavation boundary. The 
intersection point of the ground response curve and the support
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Radial convergence, u

Figure 2.12 Ground-support interaction diagram

reaction line, i.e. stress-displacement relationship of linear 
elastic support system, gives the rock pressure acting on the 
support system and the radial convergence, uc- As can be seen 
from Figure 2.12, the solution of the rock-support interaction 
problem is strongly influenced by the time of support install
ation. The radial convergence of the tunnel , u , before thea
support is installed corresponds to a partial unloading of 
the rock mass prior to support and has the effect of shifting 
the origin of the support reaction line to the right, con
sequently reducing the final support load. In practice, 
depending upon the type of support system some time is needed 
before the stiffness of the support can be mobilised. Thus 
the rock mass may continue to deform by an amount of u^ until 
the support system becomes structurally effective. This dis
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placement, u^, must be added to ua to give the total convergence 
prior to support installation.

After a firm interaction between support system and 
surrounding rock mass is established, the solution of a rock- 
support interaction problem depends on the type and stiffness 
of the support system. There are various support systems with 
different stiffnesses (Hoek and Brown, 1980a). Each of them 
will give different equilibrium points on a ground response 
curve. As shown in Figure 2.12, rock pressures on rigid sup
port systems will be higher than pressures on more flexible 
support systems, which in return allow for larger radial con
vergence.

It is generally accepted that the support system should 
not be loaded to failure and therefore a linear elastic con - 
stitutive law is often assumed for the support systems.

2.2.3 In situ state of stress

Before the distribution of stresses around any man-made 
excavation in rock can be calculated, the pre-existing state 
of stress which is related to the weight of overburden and 
geological history must be measured or estimated. The liter
ature on many in situ measurements performed in various parts 
of the world is surveyed by Hoek and Brown (1980a). As can be 
seen from Figure 2.13, the compilation of results shows that 
the measured vertical stresses are in fair agreement with the 
prediction given by calculating the vertical stresses due to 
the overlying weight of rock at a particular depth, i.e.

P = w. Y v (2.7)

where w is the unit weight of the rock and Y is the depth at 
which the vertical stress is calculated. Average horizontal



26

VERTICAL STRESS Pv - HPa

0 10 20 30 AO 50 60 70

% ••• •
-

^  A
• ' • A

▲ A

<o x  *. • •
x
>-
Ui< 1500  crZ>
OUJCQ
X

£ 2000 

2500

•• ••• • • N
• \ m

i o 027 Y
---------------9

\  ■▼ \ ▼

• AUSTRALIA 
▼ UNITED STATES 
A CANADA 
O SCANDINAVIA 
■ SOUTHERN AFRICA 
O OTHER REGIONS

■V
T

■ ■ \  ■

▼
' 3000

Figure 2.13 Variation of vertical stresses with depth
below ground surface (Hoek and Brown, 1980a)

AVERAGE HORIZONTAL STRESS Ph.avL m -------------------
vertical stress pv

g

0_________ 0.5 1.0 1.5 2.0 2.5 3.0 3.5

/
• •1

•▼
▼X  T 

/  T *
* •« 1.
■

i D■ ; a
A  •

j
o

i A
A #

o
///

■▼ • A A «  «
•

A  °

•' o •
//1_____t_ ° .• •

• T
o 0 s  

s
"-k .1500 

*0 y + 0.5
111

• \
■

• • • • V" 
/• y

•

1 ■11 _
•/✓*

1 "
1
1

■
▼

/
w • AUSTRALIA 

▼ UNITED STATES 
A  CANADA 
O SCANDINAVIA 
■ SOUTHERN fFRICA 
□ OTHER REGIONS

1
1____ |--

■ ( //
- /111

///11 ■ ■■ //
________I1____1__

IS *
/11

■... 1__
▼ //

Figure 2.14 Variation of ratio of average horizontal
stress to vertical stress with depth below 
ground surface (Hoek and Brown, 1980a)



27

stress can be expressed as:

P, = k P (2.8)h o v

where kQ is the ratio of average horizontal to vertical stress 
In Figure 2.14 it is shown that, at depths of less than 

500 metres the horizontal stresses are significantly greater 
than the vertical stresses and at depths in excess of 1 kilo
metre the horizontal and vertical stresses tend to be equal. 
The wide variation in measurements emphasises the uncertainty 
inherent in the prediction of in situ horizontal stresses on 
the basis of simple theoretical concepts and the necessity for 
in situ measurements. It can be concluded that any method of 
analysis of underground excavations which cannot allow for non 
hydrostatic in situ stress field is quite limited.

2.2.4 Geometry of excavation

The shapes and sizes of underground openings vary con
siderably. Eissa (1980) analysed stress distributions around 
underground excavations of various shapes by using a linear 
elastic 2-D boundary element program. Eissa's results have 
been used by Hoek and Brown (1980a) to compile the graphs 
presented in Figure 2.15, showing the values of maximum 
boundary stresses (tangential stresses) in the roof and side- 
walls of excavations for different stress ratios. As can be 
seen from Figure 2.15, stresses in the roof and sidewalls of 
excavations are strongly influenced by the shape of excavation 
and in situ stress field. Therefore any general method of 
analysis of underground excavations should be able to account 
for different cavity shapes.



28

2.2.5 Method and sequence of excavation

The method of excavation influences the extent of rock 
disturbance. Experience from practical cases shows that 
tunnel boring machines leave a smooth bore and disturb the 
surrounding rock considerably less than other methods. On the 
other hand, excavation by drilling and blasting damages the 
rock structure by a dynamic effect to a larger extent, depend
ing upon the properties of the rock and the blasting technique 
(Ward, 1978).

It is often necessary to reduce the excavation area, at 
least temporarily, to achieve reasonable stand-up times to 
allow for safe support installation. For this purpose multi
ple drift or heading and bench excavation layouts are adopted 
to build stable openings in yielding grounds. The most approp
riate excavation sequence depends mainly on the in situ stress 
field. For example, vertically parallel adits are preferable
in low horizontal stress (k < 1.0) situations, because it iso
better to excavate the top heading first to strengthen the 
rock arch and then to excavate middle and bottom headings. 
However, horizontally parallel adits have an advantage in high 
horizontal stress (kQ > 1.0) situations. In this case ini
tially two parallel drifts are excavated which subsequently 
are widened in a second excavation step. The excavation of 
the top heading is then followed by two benches. Stresses and 
displacements in the surrounding rock mass with stress-history 
dependent strength and deformation properties, may depend 
very much upon the method and sequence of excavation (Kaiser, 
1980, 1981). Therefore any general method of analysis should 
be able to simulate the excavation process as realistically as 
possible.
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2.2.6 Location of the excavation face and rheological 
behaviour of rock masses

The ultimate loading of the support is related to the 
deformations which occur after its installation. These deform
ations are mainly due to the progress of excavation and 
rheological behaviour of the rock mass. These two factors 
have independent time characteristics and have to be considered 
either together or separately depending upon the relative 
length of two characteristic times. Basically if the cross- 
section under consideration is far enough from the excavation 
face, a plane strain analysis - neglecting the influence of 
the face - can be considered. Lombardi (1974a, 1977) defined 
a rheological coefficient for circular tunnels as follows:

K = —  (2.9)
T. v

where a is the radius, T is the characteristic time for re
distribution of stresses (relaxation time) and v is the speed 
of excavation. According to Lombardi, if K is smaller than 
0.02 the influence of rheology is insignificant for the face 
area. It is also possible to analyse viscous phenomena in
2- D, independently from the triaxial state of stress around the 
face of excavation. If K is greater than 0.1, rheology and the 
triaxial state of stress at the face will be closely inter
connected. Therefore the solution has to be found by means of a
3- D analysis. Between these two cases there is a certain 
intermediate zone, where the inter-relationship between these 
two cases is more or less marked. If the relaxation time is 
very short and consequently K is greater than 0.5, the equili
brium state will move very quickly from initial equilibrium
to the final one and rheologic effects can be neglected.

A 3-D analysis of the face area assuming a rheologic 
strain softening model is not yet available, however there are
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approximate methods of calculation which deal separately with 
each of these cases in two dimensions.

2.2.6.1 Location of the excavation face

The state of stress around the face of excavation is not 
the same as it is at some distance from the face. This is 
mainly because of the support provided by as yet unexcavated 
rock mass ahead of the face. The triaxial state of stress 
near the face of a circular tunnel has been investigated by 
Descoeudres (197 4) , who performed 3-D elastic and elasto- 
plastic finite element analyses for various values of kQ 
(kQ = Pj1/pv) • The results show that in the case of elastic 
behaviour of the rock mass the length of the tunnel influenced 
by the location of the face hardly exceeds one diameter of the 
tunnel. If the surrounding rock mass is elastic-perfectly 
plastic, this length increases to approximately 1.5 times the 
diameter.

However, 3-D finite element analysis is a costly and time 
consuming process. Consequently several analysts prefer 2-D 
solutions. Panet and Guellec (1974) suggested that it is 
possible to solve an equivalent plane strain problem in which 
a radial support pressure, crr , applied on the tunnel boundary 
is reduced from an initial value equal to the in situ stress 
PQ to zero in the case of no support.

As can be seen from Figure 2.16, the temporary support 
given by the face gradually disappears and tunnel closure 
increases with distance from the face. The radial support 
pressure, ar, is given by:

ar = (1 - X)PQ (2.10)

where the parameter X varies from 0 to 1.
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Figure 2.16 Reduction of support pressure due to the progress 
of excavation (Panet and Guellec, 1974)

A number of axisymmetric finite element analyses allowing 
for the influence of the proximity of the tunnel face have 
been performed (Daemen and Fairhurst, 1972? Ohnishi et alv 
1982; Panet and Guenot, 1982). Among these Panet and Guenot
(1982) postulated the following equation which gives unlined 
tunnel closure as a function of distance from the face:

u = u (1oo v (------
1 + 0.84Rep

(2.11)

where u radial convergence at a distance z 
from the face,
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uOO final radial convergence which is 
not affected by the progress of 
excavation,

z distance from the face,
Rep radius of the plastic zone.

Displacement values calculated by using Equation 2.11 have 
agreed well with results of axisymmetric finite element analy
sis and in situ measurements of the Frejus tunnel. The fact 
that the radius of the plastic zone is one of the parameters 
in Equation 2.11 seems to be quite realistic.

2.2.6.2 Long term behaviour of rock masses

In exceptional cases the final equilibrium is reached 
almost immediately after the excavation, but generally loading 
of support systems continues over a long period of time. Al
though it appears that the long term deformations are likely 
to be caused by the rheological behaviour of the surrounding 
rock mass, one should not disregard progressive fracturing, 
weathering and swelling of the rock mass (Gumusoglu and Ulker, 
1982), influence of the groundwater, as well as reduction of 
the support stiffness for some reason.

In time-dependent analyses of underground excavations 
most analysts have used visco-elastic models, such as the 
Maxwell model and Kelvin-Voigt model (Panet, 1979). Usually 
the deformation rate decreases with time and very often a 
good estimate of the variation of tunnel convergence is given 
by a power law. However, Ladanyi (1980) demonstrated that 
results are quite sensitive to the selection of the time 
function. Some researchers have tried to use visco-plastic 
models to analyse long term deformations around axisymmetric 
tunnels. The simplest of visco-plastic models is a Bingham 
model with a Saint-Venant element and a Newton element in
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parallel; the Saint-Venant element representing the elastic- 
perfectly plastic and the Newton element representing the 
viscous behaviour. Generally the Bingham model gives too rapid 
decrease of the convergence speed. Lombardi (1974a, 1977,
1980) suggested a model which consists of 2 Bingham models and 
a Hooke element (for elastic behaviour) in series. As shown 
in Figure 2.17, Bingham models represent the peak and residual 
strength criteria and between them there is a creep domain. 
Later Minh et al.(1984) used a visco-plastic strain softening 
model which is fundamentally very similar. On the other hand 
Sulem (1983) extended the formula (see Equation 2.11) postu
lated by Panet and Guenot (1982) by introducing a term which 
is a function of time and managed to obtain better agreement 
with in situ measurements of the Frejus and Las Planas tunnels.

© ©

Figure 2.17 Lombardi's rheological model (Lombardi, 1974a)
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However, the author would like to point out that in al
most all published solutions the time characteristics of the 
rock mass or the time function is estimated to optimise agree
ment with in situ measurements. Therefore the assumed rock 
behaviour does not necessarily correspond to the real process 
causing the observed deformations.

2.3 Methods of analysis

Available methods of analysis of underground excavations 
can be classified as shown in Figure 2.18. In the following, 
advantages.and limitations of these methods and previous 
solutions are discussed.

Figure 2.18 Available methods of analysis
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2.3.1 Physical model tests

Physical model tests give qualitative ideas about the 
stability of excavation rather than quantitative estimates of 
stresses and displacements. While there are very limited 
experimental data on post-failure behaviour of rocks, to find 
an appropriate material for model tests and to derive useful 
conclusions does not seem possible. The most commonly used 
material is plaster of Paris which once the elastic limit is 
reached shows a perfectly brittle failure to zero residual 
strength. Such methods can only be used to predict the likely 
response of the rock mass around underground excavations, if 
the rock mass is structurally controlled and expected to 
behave elastically. Today in analyses of underground excava
tions physical model tests are seldom used, because it is 
possible to obtain solutions more precisely, rapidly and econ
omically by other methods.

2.3.2 Empirical rules based on experience

Historically the earLiest method of underground excavation 
design must be trial and error or full scale in situ modelling 
This approach may still be valid in mining and in those areas 
where numerous excavations have been driven without excessive 
difficulties. However, errors can be very costly. Terzaghi 
(1946), Lauffer (1958), Deere (1964), Barton (1974) and 
Bieniawski (1976) proposed global empirical design rules based 
on rock mass classification systems. These systems generally 
use previous experience and attempt to give a simple answer 
by correlating information about rock conditions and support 
performance recorded in the field. During pre-project investi 
gations, empirical design rules can be useful to estimate 
approximate cost of the project without studying the real 
behaviour of the rock mass in detail (Hoek and Brown, 1980a).
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Of the several rock mass classification systems NGI 
(Barton, 1974) and CSIR (Bieniawski, 1976) systems are of 
particular interest, because they include more information to 
provide a realistic assessment of the factors which influence 
the stability of an underground excavation and can assist in 
the choice of support systems. Bieniawski's classification 
appears to put slightly greater emphasis on the orientation 
and inclination of the structural features in the rock mass 
while taking no account of rock stress. The NGI classification 
does not include a joint orientation term, but properties of 
the most unfavourable joint sets are considered in the assess
ment of the joint roughness and the joint alteration numbers, 
both of which represent the shear strength of the rock mass. 
Hoek and Brown (1980a) in their experience of problems involv
ing extremely weak ground have found Bieniawski's classific
ation difficult to apply and recommended the use of the NGI 
system in such conditions.

Empirical design rules based on rock mass classification 
systems cannot take into account most of the factors discussed 
in Section 2.2. The approach does not distinguish the conserv
ative or even perhaps unsatisfactory practice in case records. 
It takes no account of the complex rock-support interaction 
phenomenon or the fact that the same support can be both satis
factory or unsatisfactory in the same rock conditions depend
ing on construction procedures.

2.3.3 Analytical solutions

In analytical solutions the problem most commonly con
sidered is axisymmetric and involves the following basic 
assumptions:

i) the excavation geometry is circular,

ii) the in situ stress field is hydrostatic
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iii) the surrounding rock is homogeneous, isotropic 
and initially linear elastic,

iv) plane strain conditions are valid,

v) the installed support exerts a uniform radial 
pressure on the walls of the excavation,

vi) the post-failure stress distribution is axi- 
symmetric, i.e. rock failure does not significantly 
alter the overall axial symmetry of the problem, 
and

vii) the weight of the rock in the broken zone is 
neglected in order to retain axial symmetry.

Further assumptions need to be made on the failure criterion 
and post-failure stress-deformation behaviour of the rock 
mass. In fact, analytical solutions can be classified accord
ing to the material behaviour model assumed for the rock mass. 
Excellent reviews of elasto-plastic solutions were presented by 
Daemen (1975) and Brown et al.(1983a). These surveys show 
that, though one of the first calculations of an elasto-plastic 
stress distribution around a cylindrical underground opening 
was performed by Terzaghi (1925), the first major attempt to 
use elasto-plastic stress calculations for determining support 
pressures was made by Fenner (1938). However, Fenner's anal
ysis contained some basic errors which were later examined and 
corrected by Morrison and Coates (1955). Kastner (1949) 
defined boundaries of plastic failure zones for the case in 
which the pre-tunnelling stress field was not hydrostatic, but 
could not analyse the redistribution of the stresses. The 
early solutions were based upon elastic-perfectly plastic 
material models. Morrison and Coates (1955) were perhaps the 
first to use a reduced residual strength concept. Their
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elastic-brittle-plastic model exhibited a sudden drop in 
strength to the residual state once the peak strength had been 
reached. A great majority of the available solutions used the 
Mohr-Coulomb criterion with a reduced residual strength, often 
characterised by a constant internal friction angle and 
reduced or zero cohesion(Morrison and Coates, 1955; Hendron 
and Aiyer, 1972; Kaiser, 1980). Daemen and Fairhurst (1971)
used bilinear peak and residual strength criteria, while 
a number of researchers have adopted nonlinear peak and 
residual strength envelopes which introduce greater algebraic 
complexity into the solutions (Hobbs, 1966; Ladanyi, 1974; 
Korbin, 1976; Brown et al., 1982, 1983a). A number of solutions 
allow for the strain softening behaviour of rock masses. 
Characteristics and special features of these solutions are 
summarised in Table 2.2 and a typical material behaviour model 
used in the majority of solutions is illustrated in Figure 
2.19. Having used strain softening models, several authors 
indicated that such a material behaviour model provides the 
best fit for in situ convergence measurements especially in 
weak rocks (Egger, 1974; Panet, 1976; Tanimoto and Hata,
1980).

The earliest solutions supposed an elastic-perfectly 
plastic model with no recognition of plastic volumetric strains 
in the failing rock mass. Labasse (1949) was the first to 
attempt to allow for plastic volumetric strains in the failure 
zone by estimating an average plastic dilation which was 
applied at all points in the plastic zone. This concept was 
later used by several authors, though it was clear that in the 
plastic zone the dilation should be expected to vary with 
radius as the stress and strain components vary. Hobbs 
(1966) used different values of elastic constants for the 
plastic and elastic zones. Later associated and non-associated 
flow rules of the plasticity theory were used. Non-associated 
flow rule applications ranged from a zero volume change assump
tion to the constant volume change treatment in which major
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Author(s) Yield/s t r e n g t h  
criterion

St r e s s - s t r a i n
model

T r e a t m e n t  of 
p l a stic v o l u m 
etric strains

Special features 
of analysis

Diest (1967) Mohr-Coularb with 
zero residual 
strength

Elastic-strain 
softening - 
zero residual 
strength

Plastic volume 
change constant

Daemen & 
Fairhurst (1971)

Bilinear peak and 
residual criteria

Elastic-strain
softening-residual
plastic

Plastic volume 
change constant 
or varying linearly 
with radial strain

Egger (1974) Mohr-Coulcmb peak 
and residual 
criteria with 
constant 0 and zero 
residual cohesion

M
Major and minor 
principal plastic 
strain increments 
are linearly related 
by a parameter

Panet (1976) " •• It Allows for the 
influence of tunnel 
face

Minh & Berest 
(1979)

Mohr-Coulanb peak 
and residual 
criteria with 
constant 0 and 
reduced cohesion

••

Allows for the 
influence of axial 
stress

Borsetto & 

Ribacchi (1979)
Mohr-Coulcmb peak 
and residual 
criteria with 
constant 0 and 
reduced cohesion

Elastic-strain
softening-residual
plastic

Associated or nan- 
associated flow 
rule

Tanincrto & 
Hata (1980)

Mohr-Coulcmb peak 
and residual 
criteria with 
reduced c and 0

Associated flow 
rule

Azzcuz & 

Germaine (1981)
Tresca peak and 
residual criteria «

Average volumetric 
strain in plastic 
zone

Brcwn et al. 
(1982, 1983a)

Empirical Hoek- 
Brcwn peak and 
residual criteria II

Major and minor 
principal plastic 
strain increments 
are linearly 
related by 
experimental 
parameters

Allows for the 
influence of 
underground water 
pressure

Minh et al. 
(1984)

Tresca peak and 
and residual 
criteria

II Zero volume 
change

Allows for the 
influence of tine

Gumusoglu et al. 
(1986)
(Appendix 6)

Hoek-Brcwn peak 
and residual 
criteria

Elastic-strain 
softening- 
residual plastic

Major and minor 
principal plastic 
strain increments 
are linearly 
related by experi
mental parameters 
or by the 
associated flow 
rule

Allows for the 
influence of axial 
stress and 
variation of 
elasticity para
meters in the 
strain softening 
region

Table 2.2 Summary of analytical solutions incorporating the 
strain softening of rocks
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stress-strain curve

Figure 2.19 Typical material behaviour model adopted 
in majority of previous analytical 
solutions
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and minor principal plastic strains were linearly related. 
Ladanyi (1974) pointed out that indiscriminate application of 
the associated flow rule (AFR) could lead to substantial 
overestimation of volume increase, so he applied the AFR over 
a limited range of post-peak strain beyond which he proposed 
a zero volume change non-associated flow rule.

One of the main advantages of analytical solutions is 
that relatively cheap and fast parametric analyses of under
ground excavations can be carried out. Daemen (1975) and 
Borsetto and Ribacchi (1979) have investigated the influence 
of the strain softening slope of the stress-strain curve and 
dilation. In these analyses it has been demonstrated that 
convergence of the tunnel is greater when the slope is steeper 
or dilation is greater. The analysis by Borsetto and Ribacchi 
(1979) shows that the rate of strength reduction is only 
important when it falls within a restricted range of values. 
Outside this range the analysis is not sensitive to this para
meter and the strain softening model need not be used. Instead 
either the perfectly plastic or the perfectly brittle post
failure model can be used. The upper and lower bounds of this 
range depend both upon the dilatancy of the rock and upon the 
rock strength as compared with the original field stress. 
Lombardi (1979) performed elastic-perfectly plastic parametric 
analyses of the St. Gotthard tunnel and the Timpagrande power 
station and investigated the influence of -10% variation of 
internal friction angle, cohesion, Young*s modulus, dilatancy, 
unit weight and support pressure on convergence of excavation 
walls. In his analyses the most influential parameter appeared 
to be internal friction angle.

2.3.4 Numerical solutions

As more relevant information on the properties of rock 
masses, supports and on excavation shape and construction 
procedures are taken into account, analytical solutions become
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complicated and exceedingly difficult to handle. Unless 
great simplifications in the analyses are made, it becomes 
necessary to use numerical methods. At present the available 
numerical methods for continuum analysis are finite difference, 
boundary integral and finite element methods. Each numerical 
method has some advantages or disadvantages compared with 
others. As far as elasto-plafetic analysis of underground 
excavations is concerned, the finite element method has been 
the most popular, chosen by almost all previous analysts.
This is because of its suitability for taking into account 
sophisticated material behaviour models.

Numerical methods are well documented and innumerable 
publications on new developments can be found in any engineer
ing library. Therefore in this section reference will be made 
only to publications in which rock failures around underground 
openings are discussed. In most published work, 2-D plane 
strain finite element codes are used. Generally the Mohr- 
Coulomb criterion, elastic-perfectly plastic material behaviour 
and associated or non-associated flow rules are assumed. The 
first attempt to use the finite element method for determining 
the stress and strain fields around circular tunnels was that 
by Reyes and Deere (1966). Later elastic-perfectly plastic 
finite element analyses were conducted for various research 
and practical design purposes. Kovari et al. (197 6) compared 
results of solutions obtained subject to plane strain and axial 
symmetry assumptions and also investigated the influence of the 
invert arch on the convergence of the tunnel floor. Chugh 
(1980) investigated the effect of small variations in plactic- 
ity parameters on convergence of tunnel walls. He has demon
strated that results are quite sensitive to small variations of 
internal friction angle.

Of particular interest within the context of this thesis 
are finite element analyses that incorporate the post-failure 
behaviour of rocks. Daemen (197 5) , following closely the 
procedure developed by Crouch (1970) approximated rock failure 
by strain dependent variation of a set of orthotropic elastic
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constants and strength parameters of the Mohr-Coulomb criterion. 
The variation of these parameters was defined somewhat arbi
trarily as a function of confining pressures and a systematic 
volume increase was allowed as failure progresses. Solutions 
with variable elasticity parameters have the disadvantage that 
there is a lack of information on the variation of elasticity 
parameters with stress in the post-peak region and decisions 
made arbitrarily do not seem realistic. Some important aspects 
such as permanent deformations and dilation cannot be taken 
into account realistically.

It is felt that alternative approaches using the increment
al theory of plasticity are more attractive and capable of 
further development. In its original form, plasticity theory 
was developed for applications in the metal industry (Hill,
1950). Initially only perfectly plastic or isotropic hardening 
material behaviour was considered. Later in the practice of 
soil mechanics, Hoeg (1972) and Isenberg and Bagge (1972) 
suggested the application of plasticity theory to strain soft
ening soils. The model proposed by Hoeg involves an extension 
of the Von Mises criterion, while Isenberg and Bagge's model 
is a similar extension of the generalised Drucker-Prager 
criterion. In both papers a negative strain hardening term is 
incorporated in the elasto-plastic stiffness matrix and the 
tangential stiffness method is proposed, in which the stiff
ness matrix is updated for every increment and iteration of a 
finite element analysis. However, to use this approach 
directly in the analysis of strain softening structures has 
been found to be questionable and has been criticised by some 
authors (Lo and Lee, 1972; Sture and Ko, 1976, 1978;
Matsumoto and Ko, 1982) on the grounds that introducing a 
negative tangent modulus can produce a non-positive definite 
structural stiffness matrix and can result in unrealistic 
deformations. These authors suggested the use of an initial 
positive definite elastic stiffness matrix and stress release 
and transfer process or so called initial stress method.
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Nayak and Zienkiewicz (1972) have already adopted this method 
and presented a generalisation of existing elasto-plastic 
constitutive relations including strain softening behaviour. 
Although the positive definiteness of the stiffness matrix 
is assured, the initial stress method generally exhibits a 
very slow rate of convergence for problems with rather large 
plastic strains. Research by Manfredini et al.(1976) demon - 
strated difficulties likely to occur during such an analysis. 
The authors analysed an idealised case of a circular tunnel 
subjected to a hydrostatic in situ stress field by analytical 
and finite element methods. In the analyses an elastic- 
perfectly brittle-residual plastic material model based on 
the Mohr-Coulomb criterion and associated flow rule was used. 
Comparison of analytical and numerical solutions shows that, 
when the strength of the rock mass and the support pressure 
are low with respect to the original field stresses and there
fore the plastic strains are large, the convergence of the 
numerical solution is too slow and costly to be practical and 
there is a risk of grossly underestimating the real extent of 
the plastic zone and the displacement values around the ex
cavation (Figure 2.20). For unsupported tunnels Manfredini et 
al.(1976) presented an empirical estimate of the value of rock 
strength, below which the finite element method would not give 
reliable results as follows:

aur < 0.4 PQ (2 .12)

where a is the available uniaxial residual strength of rock ur
and PQ is the hydrostatic in situ stress. In Figure 2.20 aup 
corresponds to uniaxial stress at peak strength and denotes 
support pressure. As can be seen from this figure, the conver
gence of the numerical solution towards the exact solution gets 
slower at a particular stage of analysis and even considerable
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increases in the number of increments cannot significantly 
improve the convergence of the solution.

NUMBER OF INCREMENTS

Figure 2.20 Variation of tangential stress at tunnel boundary 
with respect to number of increments
(Manfredini et al., 1976)

it should be noted that these results are obtained for 
the elastic-brittle-plastic rock behaviour and are on the con
servative side as far as the strain softening behaviour is con
cerned. However, they do point to convergence difficulties 
inherent in the nature of the problem.

Owen et al.(1974) proposed a rather different approach by 
using a so-called overlay model. In this model a solid is 
assumed to be composed of several layers, each of which under
goes the same deformation. The total stress field is obtained 
by summing up the different contributions of each overlay,
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which depend upon the thickness and deformation properties of 
overlays. It is suggested that this approach can be extended 
to a strain softening material by specifying an overlay with 
negative thickness. (Owen et al., 1974).

Prevost and Hoeg (1975) pointed out that an instability 
will occur when the incremental work put into the system plus 
the incremental work released by the strain softening zone 
equals or exceeds the work which may be absorbed by the 
surrounding elastic and perfectly plastic material. In a 
finite element analysis, if the artificial external boundaries 
are too close, the amount of energy which can be absorbed by 
the elastic and perfectly plastic zones is artificially re
stricted and an instability condition may arise before the real 
failure mechanism develops. This situation can be prevented by 
taking external boundaries of the finite element mesh far 
enough from the excavation.

These pioneering ideas and concepts prompted a number of 
researchers to perform finite element analyses incorporating 
the strain softening of rocks. Among these Sture and Ko 
(1976) and Biondi et al.(1976) analysed rock foundations, 
Pietruszczak and Mroz (1980) examined pillar problems. Most 
of the authors give very little detail on their numerical 
implementations and to the best of our knowledge none of the 
existing numerical solutions has been verified in the strain 
softening range by closed form solutions. In fact there is 
not even agreement on a technique for the solution of equili
brium equations.

2.4 Conclusions

In analyses of underground excavations it is essential to 
account for the likely response of the surrounding rock mass 
as realistically as possible. This is of practical importance 
in assessing rock-support interaction problems. An extensive
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literature survey shows that, although notable contributions 
have been made to the analysis of underground excavations, 
no solution exists for the case which includes:

i) a failure criterion for rock masses and any 
desired post-failure stress-deformation 
behaviour including strain softening,

ii) any in situ state of stress,

iii) any specified shape and sequence of excavation, 
and

iv) the influence of long term effects.

From the discussion of the available methods of analysis 
presented in this chapter, it is evident that such a general 
solution can only be obtained by using numerical methods, in 
particular the finite element method. Therefore the principal 
aim of this research is to develop a two-dimensional finite 
element code incorporating a realistic rock mass behaviour 
model for the analysis of underground excavations.
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CHAPTER 3

THE ROCK MASS BEHAVIOUR MODEL

3.1 Introduction

In this chapter a theoretical model of the elasto-plastic 
behaviour of rock masses is presented. The model is based on 
the nonlinear Hoek-Brown failure criterion and post-failure 
stress-deformation behaviour. A brief summary of the funda
mentals of the theory of plasticity is presented, followed by 
a description of the proposed rock mass behaviour model.

3.2 The theory of plasticity

The plastic behaviour of materials is characterised by 
an irreversible straining which occurs once a certain level of 
stress has been reached. The object of the theory of plastic
ity is to provide a mathematical description of the relation
ship between stress and strain for a material which departs 
from elastic behaviour. The theory of plasticity was initially 
developed basically for metals and has been studied extensively 
from a theoretical standpoint. Only a brief summary including 
basic assumptions and associated theoretical expressions is 
provided in this section. For further information the reader 
is directed to fundamental texts (Hill, 1950; Prager, 1959).

When a material behaves in an elasto-plastic manner, the 
following relationships have to be identified to give a com
plete description of the material response:

i) a relationship between stress and strain to des
cribe material behaviour under elastic conditions before the 
onset of plastic deformation,

ii) a yield criterion indicating the stress level at 
which the material starts to fail,

iii) a relationship between plastic strain increments,
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iv) a relationship between stress and strain after 
yielding.

Before plastic flow commences, the relationship between 
stress and strain is given by the standard linear elastic 
expression

n = n e *ij ijkl kl (3.1)

where o ^  and e ^  are the stress and strain tensors respec
tively and D. ..  t is the tensor of elastic constants. If one ljkl
deals with initial field stresses, it is convenient to 
express the constitutive equations in incremental form as 
follows:

D . ,de, i ljkl kl (3.2)

After allowing for stress and strain tensor symmetry there are 
36 individual elastic constants and at most 21 of these are 
independent. This number is reduced to 9 for orthotropic, 5 
for transversely isotropic and 2 for isotropic materials. For 
a homogeneous, isotropic, linear elastic material (HILE) only 
the elastic modulus and Poisson's ratio need be defined and 
the well known Hooke's law gives the relationship between 
stress and strain.

Once the stress level at which material departs from 
elastic behaviour has been reached, relationship (ii), (iii) 
and (iv) have to be defined. These relationships for homo
geneous and isotropic materials are discussed in the following 
sections.

* In the indicial notation it is implicitly assumed that a 
summation from 1 to 3 is performed over any index which 
is repeated in any term of an expression.
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3.2.1 Yield criteria

A function of stresses must be defined in a stress space 
to determine the stress level at which plastic deformation 
begins, i.e.

where F is some function of stresses and k is a hardening 
parameter described later in Section 3.2.3.

Yield criteria are normally expressed in terms of 
principal stresses or stress invariants. As can be seen from 
Figure 3.1, the yield function defines the surface of a domain 
in a stress space. The space enclosed by the yield surface is 
the elastic domain.

F(a,k) = 0 (3.3)

Elastic domain
F (a ,k )  < 0

Yield surface
F (a ,k )  = 0

Figure 3.1 A yield function in principal stress space 
(Semprich, 1980)

The basic assumptions about yield functions are:
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i) When F(a,k) < 0, the stresses are inside the
elastic domain and the material behaviour is elastic 
(i.e. strains are completely recoverable);

ii) When F(a,k) = 0, the stress level lies on the 
yield surface and the material behaviour is elasto-plastic.
In this case strains are partially recoverable and partially 
permanent;

iii) F(a,k) > 0 is not allowed in the theory and there
fore is not possible.

Some of the widely used yield criteria are briefly discussed here

i) The Tresca and Von Mises criteria
These criteria have been proposed originally for metals 

(Owen and Hinton, 1980). The Tresca criterion (1864) states 
that yielding begins when the maximum shear stress reaches a 
certain value. If the principal stresses are cr̂ r a 2 > 
where > a2 > a3' then yielding begins when

= 2c (3.4)

where c is a material parameter which may be a function of 
the hardening parameter k.
The Von Mises criterion (1913) suggests that yielding begins 
when the second deviatoric stress invariant, J^/ reaches a 
critical value, i.e.

(3.5)

where y is a material parameter to be determined and

(3.6)

It can be demonstrated that in the principal stress space the
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Tresca criterion is represented by the surface of an infinitely 
long regular hexagonal cylinder, whereas the Von Mises 
criterion corresponds to an infinitely long circular cylinder.
A consequence of this fact is that a hydrostatic stress com
ponent does not influence yielding in either criterion. The 
Tresca and Von Mises criteria may apply for undrained tests 
on saturated clays, but in general they are not suitable for 
frictional materials such as rocks, because they do not allow 
for the hydrostatic pressure dependence of yield strength.

ii) The Drucker-Prager Criterion

Drucker and Prager (1952) extended the Von Mises criterion 
by incorporating an additional term which accounts for the 
influence of a hydrostatic stress component on yielding. They 
proposed the following criterion:

a'Ji + (J£)% = 3' (3.7)

where

J-̂ = + a2 + (3.8)

and is given by Equation 3.6. Although no formal physical 
meaning has been attached to the yield parameters a' and 
they may be related to cohesion and internal friction angle 
(c and 0) and an approximation to the Mohr-Coulomb criterion 
can be obtained. Several expressions are given in the liter
ature that give a' and 3' in terms of c and 0, each specific 
to a particular stress configuration. The Drucker-Prager 
yield surface has the form of a circular cone (Figure 3.2).
In order to make the Drucker-Prager circle coincide with the 
outer apices of the Mohr-Coulomb hexagon at any section, it 
is necessary to choose (Owen and Hinton, 1980):



8' 6c cos0 
/3"(3-sin0) (3.10)

The Tresca, Von Mises and Drucker-Prager yield criteria are 
really of historical importance, because it is now widely 
accepted that these criteria give poor predictions. In soil 
mechanics, the Mohr-Coulomb criterion is well established and 
most developments, such as the critical state model (Schofield 
and Wroth, 1968), are taking place on the basis of this 
criterion..

iii) The Mohr-Coulomb criterion

The form of this criterion in terms of shear stress and 
normal stress on the failure plane was first defined by 
Coulomb in 1773 and is given by (Owen and Hinton, 1980):

t = c + crtan0 (3.11)

The form of Equation 3.11 is not very useful in analysis of 
underground excavations, because the failure plane orientation 
needs to be defined beforehand. Mohr in 1882 demonstrated 
that on a graph of shear stress against normal stress (Mohr 
diagram) Equation 3.11 respresents a straight line tangent 
to the largest principal stress circle. Using the Mohr 
diagram and assuming that > °2  > Equation 3.11 can. be
rewritten in terms of principal stresses as follows:

a^(l-sin0) - (l+sin0) - 2c cos0 = 0 (3.12)

* Compressive stresses are taken to be positive
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The complete yield surface can be obtained by considering all 
other stress combinations and in principal stress space this 
gives a conical yield surface which has an irregular hexagonal 
normal section as illustrated in Figure 3.2. Each sector of 
the hexagon corresponds to a different stress plane
(<?! > °2  > °3  o r  ° 2  > ° 1 > a 3 etc-) an<̂  at t h e  corners of the 
hexagon two of the principal stresses are equal. In this 
criterion a hydrostatic stress component does influence yield
ing. However, the Mohr-Coulomb criterion, as well as the 
Drucker-Prager criterion, allows unlimited hydrostatic com
pression. The Mohr-Coulomb criterion has been widely used for 
frictional materials such as concrete, soils and rocks. As 
discussed in Section 2.2.1.1, the failure envelopes of rocks 
show a strong nonlinearity for low values of confining pressures. 
Furthermore the rock material is very seldom intact in the 
field and the extent to which rock is broken has to be taken

Druckcr-Prager

Mohr-Coulomb

Figure 3.2 Geometrical representation of the Mohr-Coulomb & 
Drucker-Prager yield surfaces in principal stress 
space (Owen and Hinton, 1980)
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into account. The Mohr-Coulomb criterion cannot model these 
characteristics and therefore a more appropriate yield 
criterion for rocks, such as the Hoek-Brown criterion, is 
needed to predict the strength of rock masses.

iv) The Hoek-Brown criterion

The Hoek-Brown criterion, discussed in Section 2.2.1.1, 
is an empirical criterion which has been proposed for intact 
and jointed rock masses. It defines a very similar yield sur
face to the Mohr-Coulomb criterion. The only difference is 
that the sides of the conical hexagon illustrated in Figure 3.2 
are curved. The Hoek-Brown criterion, as well as the 
Mohr-Coulomb, ignores the influence of the intermediate 
principal stress. It allows the hydrostatic stress component 
to have an infuence on yielding and its use is limited to low 
confining pressures. It appears that at present it is the 
most suitable and realistic criterion to predict the strength 
of rock masses.

3.2.2 Flow rules

When the available strength of frictional materials such 
as rocks is reached, the material yields and consequently its 
volume tends to increase. In multiaxial loading situations, 
as stress and strain have in general six independent com
ponents, it is necessary to specify the direction of the 
plastic flow (i.e. ratios of plastic strain increment com
ponents) at each stress increment. Without this the inform
ation on material behaviour is incomplete and mathematical 
analysis cannot proceed. The classical approach to this 
problem in plasticity theory is to assume that, the plastic 
strain increment is proportional to the derivative with 
respect to stress of a function termed the plastic potential,
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Q, so that

(3.13)

where represents the plastic strain increments, dX is a
positive constant called the plastic multiplier and Q is a 
function of stresses. Equation 3.13 is called the flow rule, 
since it governs the plastic flow after yielding. In the flow 
rule because dX is not specified the magnitude of each strain 
increment cannot be determined, but their ratios carv be cal
culated provided that the plastic potential is known.
Initially when plasticity theory was first developed for 
metals, the yield function was assumed to be the plastic 
potential. In this case as the direction of plastic strains 
is associated with the current yield surface, the flow rule 
is called an associated flow rule and Equation 3.13 in terms 
of principal stresses and principal strains becomes

The vector of plastic strain increments is called the flow 
vector. For the associated flow rule, it can be demonstrated 
that the flow vector is normal to the yield surface and this 
is often called as the normality condition. Using the Mohr- 
Coulomb criterion and the associated flow rule (Equations 3.12 
and 3.14) and assuming that > a3 the result

(3.14)

(3.15)
de^P (l-sin0)

can be obtained. As can be seen from Equation 3.15, the ratio
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Figure 3.3 Associated and non-associated flow rules 
(Naylor et al., 1981)
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of plastic strain increments is a function of the internal 
friction angle. For frictional materials like concrete, soils 
and rocks the associated flow rule gives unrealistically large 
deformations. Furthermore, the flow rule is not often con
stant and changes as the deformation progresses. In the 
practice of geotechnical engineering a so called non-associated 
flow rule is adopted to obtain more realistic predictions. In 
this case the direction of plastic straining and the normality 
condition is not associated with the yield function, but with 
a different function of stresses (i.e. Q(a,k) ^ F(a,k)) as 
illustrated in Figure 3.3. The most widely used form of 
plastic potential has been proposed by Davis (1968) for soils. 
Davis suggested a similar form of plastic potential to yield 
function except in that the internal fridtion angle would be 
replaced by a smaller angle ¥ (0 < ¥ < 0). Therefore,whenever 
¥ < 0 the flow rule is non-associated and plastic deformation 
will be less than that predicted by the associated flow rule. 
The V = 0 case corresponds to a zero volume change plastic 
flow which is a special case of non-associated flow rules.

3.2.3 Hardening laws

In elasto-plastic materials, the hardening law determines 
the stress-strain relationship after yielding. It is 
generally assumed that the yield surface changes as a function 
of plastic deformation. As illustrated in Figure 3.4a, only 
for perfectly plastic materials the yield surface is constant.
A considerable amount of research has already been devoted to 
developing several hardening laws, which can be basically 
classified as isotropic hardening, kinematic hardening laws 
and others which are placed between the former two. In 
Figure 3.4 isotropic and kinematic strain hardening models are 
illustrated.

If the subsequent yield surfaces are a uniform expansion 
or contraction of the original yield curve without translation,
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Figure 3.4 Theoretical models for the strain hardening 
behaviour (Owen and Hinton, 1980)

the hardening or softening model is said to be isotropic. On 
the other hand if the subsequent yield surfaces are translated 
in the stress space as a rigid body without rotation or change 
in size, as illustrated in Figure 3.4c, the hardening model is 
said to be anisotropic or kinematic. Such a hardening model 
can simulate the experimentally observed Bauschinger effect on 
cyclic loading and the development of anisotropy due to 
plastic deformation.

In the rock mass behaviour model described in Section 3.3 
an isotropic hardening/softening model is used. In such 
models the progressive development of the yield surface can be
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defined by relating the yield surface to the plastic deform
ation by means of a hardening parameter, k. This can be done 
in two ways (Owen and Hinton, 1980): either by the work
hardening or by the strain hardening hypothesis. In the 
former, the degree of work hardening is postulated to be a 
function of total plastic work per unit volume, W^, only, 
in which case

k = WJ = /  
o

a.jtn.j) (3.16)

Alternatively the strain hardening hypothesis can be used to 
relate the hardening of the yield surface to a scalar measure 
of total plastic deformation, e^. Depending on the nature of 
the material or the problem considered, this scalar quantity 
can be assumed to be maximum principal plastic strain, 
volumetric plastic strain or the equivalent plastic strain, 
i .e.

de^* = d e ^

de^ = de^^3 + d£2^ + cl £3^

deP = ^  {(d£1P-de2P)2+(dE2P-d£3P)2+(de3P-de1P)2}̂  (3.17)

Therefore for this case the hardening parameter is:

k eP (3.18)
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3.3 Description of the rock mass behaviour model

Theoretical models, if designed realistically, can offer 
the possibility of simulating the likely response of rock 
masses. In this section a numerical model which takes into 
account most of the available theoretical and experimental 
information on the behaviour of rocks is described. In the 
model, elasticity and plasticity theories are used. Linear 
elasticity relates stresses and strains in regions where the 
application and reversal of a stress or strain increment 
leaves the state of the material unchanged, whereas the theory 
of plasticity defines the material behaviour beyond the 
elastic limit where permanent deformation takes place. For the 
complete description of the elasto-plastic behaviour of rocks, 
a yield criterion, post-yield stress-strain relationship and 
treatment of plastic volumetric strains must be specified.
The rock mass behaviour model used in this research consists 
of the following specifications:

i) The yield criterion:
The Hoek-Brown criterion is used. As discussed in 

Section 2.2.1.1, it is an empirical, nonlinear criterion 
dependent on rock type and rock mass quality which is 
expressed in Equation 2.1 as:

ii) The progressive failure of rock masses:

Much of the published experimental data indicates that 
the actual material behaviour of many rock types can be con
sidered as linear elastic over a significant proportion of the 
pre-peak stress-strain curve and that yield probably occurs 
before peak strength is reached. Exactly when the rock
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material yields is more obscure and some researchers suggest 
that the pre-peak region is characterised by slowly increas
ing rates of plastic deformation which accelerate at the peak 
strength. There is also considerable evidence that although 
crack propagation and development can occur rapidly, the 
actual breakdown of the rock material is a gradual and 
progressive process, starting approximately at yield and 
continuing well into the post-peak region. It appears that 
during a complete stress-strain history, initially intact rock 
material gradually fails by progressive degradation of the 
macroscopic structure until it becomes a completely broken 
rock mass. The in situ rock mass can be at any stage of this 
stress-strain history as illustrated in Figure 3.5. It can be 
assumed that when the rock mass is loaded it will initially 
behave as elastic and then yield before following a character
istic stress-strain curve for an initially intact rock under 
constant confining pressure.

cr^j — 3

_____initial
strain history

Figure 3.5 Stress-strain curve for rocks under constant 
confining pressure
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Analysis of the results of progressive fracturing of 
Westerley granite and Panguna andesite provides an important 
insight into a realistic model to represent the likely res
ponse of the intact rocks and heavily jointed rock masses 
(Hoek and Brown, 1980a). It appears that the progressive 
failure of rock masses can best be modelled by variation of 
the empirical parameters m and s in the Hoek-Brown yield 
criterion. Plastic strain provides a useful index of the 
degree of degradation. (Minh and Berest, 1979; Borsetto and 
Ribacchi, 1979; Brown and Bray, 1983b) It is therefore reason
able to assume that the strength parameters m and s are 
functions of plastic deformation history and consequently 
define the extent to which rock is broken or fractured. In 
particular the variation of s has very strong physical signi
ficance, because it can simulate the transition of intact 
rocks (s = 1.0) to completely broken rock masses (s = 0.0),
i.e. the complete stress-strain history. The proposed rock 
mass behaviour model is illustrated in Figure 3.6.

In order to provide every possible type of post-yield 
behaviour one may obtain from experimental results, the model 
is designed to simulate strain hardening, perfectly plastic 
and strain softening material behaviours. Only the values 
of empirical strength parameters at yield, peak and residual 
strength levels and e- ^ and (see Figure 3.6) must
be specified. The strength parameters m and s are assumed to 
vary linearly as functions of maximum principal plastic strain 
(e^) and therefore the instantaneous values of m and s can 
easily be calculated. Considering the failure mechanisms of 
underground excavations and the fact that can be measured
fairly easily and reliably in the laboratory, it has been 
preferred as a scalar measure of plastic straining. However, 
some other researchers prefer to use the maximum principal 
total strain (Egger, 197 4; Panet, 1976; Brown et al., 1982, 
1983a), equivalent plastic strain (Minh and Berest, 1979) or 
volumetric plastic strain (Borsetto and Ribacchi, 1979). It
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(c)

Figure 3.6 The rock mass behaviour model
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is a simple matter to switch to one of the other options and 
this is done in Section 6.3.3 in order to show the difference 
between possible choices.

During excavation the stress path of a point within a 
strain softening rock mass intersects series of Mohr envelopes 
defined by the instantaneous values of strength parameters m 
and s, as illustrated in Figure 3.7. The stress path is not 
necessarily linear, though the strength parameters are assumed 
to vary linearly. The confining pressure, defined by the 
magnitude of available support pressure is simultaneously 
reduced during the excavation process. After the peak strength 
is exceeded the reduction of confining pressure is accompanied 
by weakening of the rock mass until the residual strength level 
is reached. In this region there is no reduction of strength 
parameters and if the confining pressure is reduced further by 
the excavation, the stress path follows the residual Mohr 
envelope.

Figure 3.7 Stress path of a point within the failure zone



67

iii) The treatment of plastic deformation

The associated flow rule (AFR) is assumed for strain 
hardening and perfectly plastic behaviours as shown in 
Figure 3.6c (for **) . This assumption is generally
supported by experimental data. However, as discussed 
previously in Section 2.2.1.3, the normality condition seems 
to cease to be valid when the rock is fractured or poorly 
interlocked. This implies that using the associated flow 
rule in the strain softening and residual strength regimes can 
give unrealistically large displacement predictions. There
fore a non-associated flow rule (NAFR) must be defined. As 
discussed previously in Section 3.2.2, the classical approach 
to this problem is to assume a plastic potential such as that 
proposed by Davis (1968). Using a similar approach for the 
Hoek-Brown criterion, a plastic potential can be defined in 
terms of m (0 m < m) , since m is roughly analogous to 0 in 
the Mohr-Coulomb criterion, i.e.

Q = cr^ ”  -  y  mac a 3 + s a c ^  = 0 ( 3 . 1 9 )

where m = f(e P) and varies linearly from its value at peak 
to the residual value. Initially this approach has been 
adopted. However, it is more realistic to determine the flow 
rule experimentally, rather than through an arbitrary plastic 
potential. Therefore an alternative option is developed and 
non-associated flow rules with constant volume change deform
ation behaviour (gradients h and f in Figure 3.6c) are 
adopted. The gradients h and f in general are not constant, 
but they can be approximated as constant fairly realistically. 
For the treatment of plastic deformation with this option,only 
h and f need to be specified as input data. This approach is 
found more practical and is preferred to the classical one.
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The rock mass behaviour model described in this chapter 
is incorporated into the finite element program, CGFEP. A 
similar theoretical model based on the Mohr-Coulomb criterion, 
in which c = f(s^) and 0 = f(e^) is also incorporated into 
the computer code for the sake of comparison.
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CHAPTER 4

THE FINITE ELEMENT METHOD

4.1 Introduction

In any continuum the actual number of degrees of freedom 
is infinite and unless a closed form analysis is available, an 
exact solution is impossible. For any numerical approach an 
approximate solution is attempted by assuming that the behaviour 
of the continuum can be represented by a finite number of 
unknowns. In the finite element method (FEM) the continuum is 
divided into subregions known as finite elements (see Figure 
4.1), over, each of which the variation of unknown quantities, 
such as displacements, forces or temperatures, is uniquely 
defined by proposing a set of interpolation functions in terms 
of nodal values. Thus the solution of the problem is reduced 
to a determination of the unknown nodal values of these 
quantities.

Figure 4.1 Finite element idealization of a continuum
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The development of the FEM as a numerical technique is 
an outgrowth of the technological advances of the 1950's 
including the introduction of electronic digital computers.
As is often the case with original theoretical developments, 
it is rather difficult to quote an exact date on which the 
finite element was 'invented', but the method obtained its 
real impetus by the independent developments carried out in 
structural engineering. Important pioneering contributions 
on the fundamental concepts of the FEM have been introduced by 
Turner et al.(1956) and since then vast progress has been made 
in both theoretical developments and applications of the FEM. 
The recognition of the correspondence of the finite element 
solution to the minimization of the total potential energy of 
the structure, has permitted its applications to be extended 
to diverse engineering problems including non-structural 
problems. The FEM not only accommodates complex geometry 
and boundary conditions, but it also has proven successful in 
representing various types of complicated material properties 
that are difficult to incorporate into other numerical methods. 
For example anisotropic, elasto-plastic or visco-plastic 
material behaviour of structures can be taken into account.
In the FEM nonhomogeneity is accounted for by simply assigning 
different properties to different elements.

In solid mechanics the most widely used formulation of 
the FEM is the displacement approach. This approach is 
preferred in this research and therefore in this thesis the 
name 'finite element method' will imply ' finite element dis
placement method'. However, it should be noted that many of 
the concepts to be presented, and in particular, numerical 
techniques for the implementation of the finite element dis
placement method, are in many cases directly applicable to 
other formulations. The FEM is already described in many 
texts, such as Zienkiewicz (1971) , Desai and Abel (1972) ,
Bathe and Wilson (1976) and Hinton and Owen (1977), however 
the fundamental principles and expressions are briefly dis
cussed in this chapter in order to set the scene for the later
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description of numerical formulations and techniques assoc
iated with the application of the method to the 2-D analysis 
of underground excavations in strain softening rock masses.

4.2 The finite element displacement method

In this approach the displacements are chosen as prime 
unknowns and the stresses are determined from the calculated 
displacement field. The basic steps of this method are 
briefly described in the following sections.

4.2.1 Displacement function

The displacement of any point within an element is 
defined in terms of nodal displacements by means of a set of 
displacement functions called the shape functions, i.e.

{ 6 }  =  { „ X }  =  Z I N , { « , }U • t X Xy 1=1
(n J {<$e1} * (4.1)

where

{ 6 e l } = { 6 1# & 2 '  ------- '  6n } T

( N )  =  ( l N l t  I N 2 ,  --------- ,  I N n ) T  ,

{6} is the displacement vector at some point within the
element referred to fixed cartesian axes, u and u are hori-x y
zontal and vertical displacements respectively, the suffix i 
indicates the value at node i, n is the number of nodes in 
the element, I is the identity matrix and (n ) is the matrix

* { } and ( J denote a colum vector and a matrix respectively.
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of shape functions which depends on spatial coordinates.
There are various types of elements, ranging from a 1-D 

2 noded line element to 3-D higher order elements. It seems 
to be widely accepted that the 8-noded quadratic element 
which has one midside node per side offers the best value per 
node in 2-D applications (Naylor et al., 1981) . In this 
research the quadratic isoparametric element is preferred 
(Figure 4.2). In isoparametric elements, the equations des
cribing the shapes of element boundaries are of the same order 
as those describing the variation of displacement across the 
element. Thus both are quadratic in the case of 8-noded 
elements. The cartesian coordinates of any point within an 
isoparametric element can be calculated by the use of shape 
functions, i.e.

If the elements are restricted to straight-sided rectangles, 
it is perfectly satisfactory to define the shape functions in 
terms of cartesian coordinates. However, this is restrictive 
and it is convenient to define shape functions in terms of 
local coordinates (£,n) which relate to a mapped element in 
the global coordinate system as shown in Figure 4.2. The 
shape functions must have a form such that N. = 1 at node i 
and zero at all other nodes of the element. The shape functions 
for the 8-noded quadratic element are (see Figure 4.2):

for corner nodes (i=l,3,5,7)

{X} = {*} (4.2)

N± = jCL+Sq) (1+nrii) (SSj+ririi-l) (4.3)

and for midside nodes (i=2,4,6,8)

(4.4)
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(b ) Mapped elem ent

Figure 4.2 Transformation of the quadratic isoparametric 
element from local to global coordinate system
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whetfe the suffix i indicates the value at node i.

4.2.2 Strain-displacement relationship

The displacement functions define uniquely the state of 
strain within an element in terms of the nodal displacements. 
For example, in plane strain situations the total strain 
vector at any point within an element is defined as

r
e

X 9.x
3 U „

{ £ }  =  S Ey

Yxy
L J

> =  < 3y
3u 3u

x  +  y3y 3x 
v  J

(4.5)

Substitution for the displacements from (4.1) results in:

n
{e} = Z [B.){6.} = (b){6el} 

i=l 1
(4.6)

where

r

( B j

3N±

9x“

0

3N±
d y ~

0

3N±
8y“

3 N .
__ l
3x

(4.7)



75

At this stage derivatives of the shape functions with respect 
to x and y are needed. However, the shape functions are 
expressed in terms of local coordinates and therefore a trans
formation from the local (£,ri) to the global coordinate 
system (x,y) is necessary. This is achieved by relations 
between the derivatives. Explicit expressions of x, y in 
terms of E,, n or vice versa, are not required. We first note 
that the cartesian shape functions are functions of x and y 
so that applying the chain rule we can obtain

9 N . 3 N .
dN. = — - dx + — - dy (4.8)

3x 3y

Partial differentiation of Equation 4.8 with respect to £ and 
r] in turn gives the following matrix equation:

(   ̂3N .l
35

< ► =

r

3x 3^

• ^

r   ̂
3N.l
3x

> = (J).

r "\
3N .l
3x

>

3N.l
Bn

\  ,

3x
3n

l
i Z3n

j

3N.l
By

V. J

3N .l
By

v J

where (jJ is known as the Jacobian matrix.
In Equation 4.9 the left hand side vector can be evaluated

by differentiating the shape functions which are already given
3 xin local coordinates. The partial derivatives -r-p, etc. can be
o c,obtained by differentiating Equation 4.2, i.e.

n 3N.
= E --- x. and etc.

3S i = l  3? 1
(4.10)
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We can now invert Equation 4.9 to get explicit equations for 
the cartesian derivatives:

r3N±> r
_ 3Z

r
3N±

3x
1

 ̂ = |j | \ >

3N± 3x 3x 3N.ll3y j
9n

J ^3n >

(4.11)

where |J| is the determinant of the Jacobian matrix. This 
completes the transformation and now (bJ and {e} can be 
calculated.

4.2.3 Stress-strain relationship

The stresses can be completely defined in terms of strains 
provided that the constitutive law for the material is known.
In general the stress-strain relationship can be written as

{cr} = Id ) ({e} -  {eQ}) + {cQ} (4.12)

where {e } and {a } are initial strains and initial stresses o o
respectively which may be existing in the material before the 
application of external loads. For isotropic, homogeneous 
and linear elastic material (d ) is the elasticity (consitutive) 
matrix and can be explicitly written for plane strain con
ditions as:
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r (l-v) v o

(d )
E____

(1+v)(l-2v)
V  (l-v) O

o O l-v
y

(4.13)

4.2.4 Equilibrium equations

The governing equations of finite elements can be derived 
either by the application of the virtual work theorem or by 
minimising the total potential energy of the structure. In 
the following the first approach is presented.

Let us consider a single element acted upon by nodal 
loads {Fe }̂ and body forces {p} which result in an equilibrat
ing stress field, {a}. Now if we suppose that this element is 
subjected to an arbitrary virtual nodal displacement pattern, 
{<$v which results in compatible internal displacement and
strain distributions of {6 } and {£v}, then the principle of 
virtual work requires equating the work done externally (at 
the nodes) to that done internally and this gives:

{S„el}T{Fe1} + / {6 }T{p} av = f  {e }T{a} dV v V V v
(4.14)

where integration is over the volume. By using Equations 4.1 
and 4 .6 we can rearrange Equation 4.14:

{6 el}T ({Fel} + f  (N]T{p} av) = v V

{« el}T I  (b)t {o} av 
v

(4.15)
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Since the virtual nodal displacement pattern is arbitrary,
Equation 4.15 is valid for all values of {6 }. This allows

el v{6v } effectively to be cancelled and we obtain:

{Fel} + f  (N)T{p} dV = / (B)T{a} dV (4.16)
V V

Substituting for {a} from Equation 4.12 and using Equation
4.6 results in,

{Fel} + / (N)T{p} dV 
V

(/ (BjT (D)(B) dV) {Sel} 
V

- f  (B)T lD){eo> dV V
+ f  (b )t{aQ > dv (4.17)

or in short we can write:

{Fel} + {F i e l J =  ( K e l J { 6 e 1 }  -  { F

el el
} +'{F_ } (4.18)

where ‘̂•Fe:e^̂  an(̂  correspond to equivalent nodal
forces due to body forces, initial strain and initial stress 
respectively. Denoting now the sum of equivalent nodal forces 
by,

{Rel} = {Fel} + {Fpe1} + fFee1} - {Fae1} (4.19)

we can write the equilibrium equation for a single element 
concisely as:



79

(Kel){6e1} = {Rel} (4.20)

where

{Kel} = / (b)T (d )(b J dV (4.21)
V

is the element stiffness matrix.
As can be seen from the above equations, we need to 

evaluate the volume integral over the element. An expression 
for the area increment in terms of d£ and dn can be written as 
(Naylor et al., 1981) :

dA = dx dy = |J| d£ dn (4.22)

and hence,

dV = t |J| d£ dn (4.23)

where t is the thickness of the element, arbitrarily taken as 
one in 2-D plane strain solutions. We can now calculate the 
element stiffness matrix as follows:

(Kel) = S !  (b)t (dJ (b) I j | <35 dn (4.24)
-1 -1

In most finite element programs this integration is performed 
by using Gaussian quadrature formulae.

It should be emphasised that the above equations are 
derived for a single element. The overall or global force and 
displacement vectors and stiffness matrix can be obtained by 
summation of contributions from individual elements and 
Equation 4.20 can be written as:

( k ) { 6 } = { R } (4.25)
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where (kJ is the global stiffness matrix, {6} and {R} are 
global displacement and force vectors respectively. Equation 
4.25 corresponds to a system of equilibrium equations for the 
continuum. The global stiffness matrix and load vector are 
modified to take account of any nodal constraints, before the 
unknown displacements are computed by inversion, elimination 
or relaxation processes. In the finite element program,
CGFEP, a Gaussian elimination process and in particular the 
frontal method of equation solution is used. The frontal 
method has earned the reputation of being easy and economic 
to use. It is designed to minimize core storage requirements, 
the number of arithmetic operations and the volume of data 
transferred to and from scratch files. In this method the 
unknown displacements are computed by means of Gaussian 
elimination and back substitution. The main idea of the 
method is to assemble the equations and eliminate the variables 
at the same time. The equation assembly and reduction proceeds 
element by element. This requires a relatively elaborate 
'housekeeping' technique. Nodal numbering is irrelevant and 
the order in which elements are numbered is of prime impor
tance. Hinton and Owen ’(1977) give an extensive description 
of the frontal equation solution process and no attempt will 
be made to reproduce this here, however the reader may find it 
useful to refer to Hinton and Owen (1977) for details.

Once the unknown displacements are determined, then 
strains and stresses can be calculated by using Equations 4.6 
and 4.12 respectively.

4.3 Treatment of nonlinear problems

In many problems stress-strain and/or strain-displacement 
relationships are not linear and appropriate techniques must 
be used to obtain solutions. Basically methods for nonlinear 
analysis allow the standard linear forms described in Section
4.2 used in an iterative way. In the following, types of
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nonlinearities and solution techniques for nonlinear problems 
are discussed.

4.3.1 Geometric nonlinearity

In discussions so far, it has been assumed that both dis
placements and strains developed in the structure are small.
In practical terms this means that geometry of the elements 
remains unchanged during the loading of the structure and that 
the first-order infinitesimal linear strain approximations can 
be used. In practice such assumptions may fail and if more 
accurate determination of the displacements is needed, geo
metric nonlinearity due to nonlinear strain-displacement 
relationships may have to be considered. In such cases an 
iterative procedure is adopted to provide a solution. In the 
first iteration linear elastic displacements are computed as 
described in Section 4.2. The original nodal coordinates are 
then adjusted to their displaced position, resolving the 
problem. In the second step an improved estimate of displace
ments is sought by repeating the complete solution with recal
culated element stiffnesses. This process is repeated until 
convergence is achieved.

4.3.2 Material nonlinearity

Material nonlinearity occurs due to materials which 
behave according to nonlinear stress-strain laws. In this 
context there is a whole range of solid mechanics problems 
in which such phenomena as plasticity, creep or other con
stitutive relations supersede the linear elasticity assump
tions. The solution of nonlinear material problems is based 
on satisfying the stress-strain relationship presented in 
Equation 4.12:
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{a} = (d) ({e} - {eQ}) + {aQ}

in which the constitutive matrix is no longer constant. There
fore an incremental analysis must be performed which involves 
the adjustment of one or more of the parameters (d ), {a} and 
{e} iteratively until the constitutive equation is satisfied 
to within a prescribed degree of accuracy. For obtaining a 
solution which of the three quantities is to be adjusted 
depends on the nature of the constitutive law and the iterative 
solution method.

4.3.3 Techniques for nonlinear analysis

The techniques for solving nonlinear problems are dis
cussed in detail by Zienkiewicz (1971), Owen and Hinton (1980) 
and Naylor et al.(1981). Here a brief description of these 
algorithms is given, since they are important within the frame 
of this research work.

These techniques can roughly be classified into three 
groups. The first group consists of equivalent load methods, 
in which element and global stiffness matrices are formulated 
only once and equivalent loads are updated in every iteration, 
e.g. initial stress and initial strain methods. The second 
group includes variable stiffness algorithms in which stiff
ness matrices are computed in each iteration, e.g. tangential 
stiffness and secant stiffness methods. The third group 
involves mixed techniques in which a combined algorithm of the 
former two approaches is used. In these techniques the stiff
ness matrices are updated in a specified iteration or accord
ing to some indicator of convergence. In CGFEP the initial 
stress and tangential stiffness methods and two mixed algor
ithms are employed. These are described in the following.
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i) Initial stress method

As in all other methods belonging to the first group, in 
this method a set of equivalent nodal forces is computed 
which, when applied to a linear elastic counterpart of the 
actual body, produces the correct displacements (see Figure
4.3) .

Equivalent nodal

Figure 4.3 Schematic representation of the initial stress 
method (Naylor et al., 19 81)

Hence the solution of the nonlinear problem is achieved 
by performing a series of linear elastic analyses and attempts 
are made to satisfy the nonlinear constitutive law at each 
stage. The stress difference, {Aa}, between the applied 
stresses and stresses satisfying the constitutive law is cal
culated as a residual force system, i.e.

{yre1} = f  (bJ T{Aa} dV 
V

(4.26)
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where } is the element residual force vector calculatedr
from iteration r. The element nodal forces are assembled to 
give the overall residual force vector, {¥ }, which must be 
eliminated by the next iteration. The next iteration produces 
a new set of displacements from which is calculated.
This process continues until {¥ } is sufficiently small to be 
ignored. When this occurs the process is said to have con
verged. In Figure 4.4a a schematic representation of the 
initial stress method is presented. In this method since the 
stiffness of the structure is calculated only once, a consider
able economy in computing time can be achieved, but the rate 
of convergence may sometimes be very slow. This can be 
speeded up by multiplying the corrective forces {¥ } by an 
accelerator, a, which is greater than one. However, it should be 
noted that numerical instability may occur in certain instances 
(Naylor et al., 1981) . In the initial strain method the only 
difference is that the corrective nodal forces are calculated 
on the basis of initial strains.

ii) Tangential stiffness method

In this method, the stiffness of the structure is 
repeatedly updated in order to achieve the piecewise linear
ization of the stress-strain curve (Figure 4.4a). Although 
extra computer time is used as a consequence of assembling the 
constitutive matrix at the beginning of each load iteration, 
this method is not necessarily more expensive than the initial 
stress method for the rate of convergence is considerably 
faster, reducing the number of iterations and computing time 
(Nayak and Zienkiewicz, 1972). If the load increments are 
small enough the solution may converge at the end of the first 
iteration, if not a set of residual forces, is calcul
ated using Equation 4.26, which must be eliminated by further 
iterations.

0
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(a)

DISPLACEMENT
(b)

Figure 4.4 Typical nonlinear solution algorithms 
(Hinton and Owen, 1977)
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iii) Mixed algorithms

The relative economy of the above methods is problem- 
dependent and depends to a large extent on the degree of non
linearity inherent in the problem under consideration. The 
optimum algorithm is probably provided by a combination of 
both processes in which element stiffness matrices are only 
reassembled at either the first (Figure 4.4b) or second iter
ation of each load increment (Nayak and Zienkiewicz, 1972). 
The rate of convergence in mixed algorithms is considerably 
faster than in the equivalent load methods.

4.3.4 Discussion of techniques for nonlinear analysis

The advantage of the initial stress and initial strain 
methods is that the same elastic stiffness matrix is used for 
the entire solution process, providing a reasonable amount of 
reduction in computer time. However, these techniques are 
only efficient for moderately nonlinear problems, because 
they generally exhibit a very slow rate of convergence for 
problems with rather large plastic strains (Tillerson et al., 
1973; Manfredini et al., 1976).

The tangential stiffness method is probably the only way 
of solving highly nonlinear problems, but in elasto-plastic 
analyses with non-associated flow rules recalculation of 
element stiffnesses leads to non-symmetric stiffness matrices 
and solution with those matrices may be up to three times 
more expensive (Naylor et al., 1981) . Furthermore tangent 
stiffness is negative in strain softening situations and as 
discussed in Section 2.3.4 some authors believe that this may 
lead to numerical difficulties. On the other hand, geometric 
nonlinearity can be treated properly by the tangential stiff
ness method, since the element stiffnesses are reassembled at 
every iteration.

In this research we are interested in solving problems
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with non-associated flow rules and strain softening material 
behaviour. Therefore the initial stress method seems to have 
some advantages, since solutions are obtained with initial 
stiffness matrices which are symmetrical and positive definite. 
The rate of convergence can be speeded up either by multiplying 
the corrective nodal forces by an accelerator, a  ( a  > 1 .0), 
or by using a 'modified initial stress algorithm', which is 
adopted in this research. In this algorithm the global stiff
ness matrix is updated only in the first iteration of each 
load increment - like in the mixed method - as a first approx
imation to the correct solution, but the solution is not 
allowed to converge after only one iteration and the converg
ence is sought in further iterations with the constant stiff
ness matrix. In this work no consideration is given to geo
metric nonlinearities. It is assumed that a reasonable approx
imation is obtained provided that the geometry of individual 
elements is not substantially altered.

4.4 Numerical treatment of elasto-plasticity

In this section the application of the finite element 
method to the solution of elasto-plastic problems is discussed. 
Numerical formulations including the implementation of the 
proposed rock mass behaviour are presented in detail.

4.4.1 Alternative form of the yield criteria

For numerical computations it is convenient to express 
the yield function independent of the orientation of the co
ordinate system, in terms of three stress invariants

J 1 - aii

J 2 = H j a. .
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(4.27)*

A stress tensor is often represented by its hydrostatic
and deviatoric components. The first stress invariant is 
associated with the hydrostatic stress component, while the 
second and third invariants are associated with the deviatoric 
stresses,

where J2' and J^' are the second and third deviatoric stress 
invariants respectively (Owen and Hinton, 1980). The direct 
calculation of the roots is not easy until the similarity of 
Equation 4.30 to the following trigonometric identity is 
observed:

* In the indicial notation, it is assumed that a summation 
from 1 to 3 is performed over any index which is repeated 
in any term of an expression. Also indices 1, 2, 3 refer 
to cartesian components x, y, z respectively,

aij o . . -  a 6. . 
1 3  m 1 : (4.28)

where 6.. is the Kronecker delta defined by:

and is the mean stress, i.e. m

(4.29)

The deviatoric principal stresses a^', 0 2 ' '  0 3 ' can ke 
obtained as the roots of the characteristic equation

S3 J2 ' S -  J 3 ' = 0 (4.30)
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sin3© - |-sin© + jsin3© = O (4.31)

For, if s = r sin© is substituted into Equation 4.30,

3 J2 * J3'sinJ© ---sin©------ r̂- = 0 (4.32)
r r 3

is obtained. Comparing terms of Equations 4.31 and 4.32 gives

r = —  (J ')̂  (4.33)
/ 3  2

and
4 J.

sin3© = -
3/T.J3'
2 . ( J 2 ' ) 3 / 2

(4.34)

The first root of Equation 4.34, with © (Lode angle) determined 
for 3© in the range ±tt/2 ( - tt/ 6  < © < tt/ 6 ) , is a convenient 
alternative to the third stress invariant. By noting the 
cyclic nature of sin(3©+2n7r) we have immediately the three 
possible values of sin© which define the three principal 
stresses. The deviatoric principal stresses are given by 
s = r sin© on substitution of these values of sin© in turn. 
Using Equation 4.33 and adding the mean hydrostatic stress com
ponent gives the total principal stresses to be

r  ^ 
a

1

1

}

° 3V. 6 j

2( y >2

/ 3

r  2 tt ^sin (© + -j-)

< sin©

sin (© + 4?)
^  3 J

< 1 >

1
V. J

(4.35)

where > a3
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The physical significance of stress invariants J2'
and © is illustrated in Figure 4.5. As can be seen from the 
figure, the stress point P is completely defined in terms of 
stress invariants on the Mohr-Coulomb yield surface.

Figure 4.5 Geometric representation of stress invariants 
in principal stress space (Semprich, 1980)

The Mohr-Coulomb and Hoek-Brown yield criteria can now be 
conveniently written in this alternative form. Both criteria 
were previously expressed in the 'compression positive' sign 
convention. However, like most finite element programs in our 
computer code tensile stresses are taken as positive. Therefore 
these criteria must be expressed in the 'tension positive' sign 
convention prior to numerical formulations in this chapter.
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The Mohr-Coulomb criterion is rearranged appropriately and 
for ° i  > °2  > °3 it can ke rewritten as

F = + (a^+ g)sin0 - 2c cos0 = 0 (4.36)

Substituting for and a^ from Equation 4.35 into Equation 
4.36 and some rearrangement results in,

*^1 t  iF = —  sin0 + (^'J 2 (cos© - sin©sin0) - c.cos0 - 0 (4.37)

The Hoek-Brown criterion can similarly be rewritten in the 
’tension positive' sign convention and this gives for

F = a. -ma a, + sa c l  c = 0 (4.38)

Substituting for and a^ from Equation 4.35 into Equation 
4.38 and using trigonometrical formulae results in

= 2(J2') 2cos0 - ma c ( J 2 ' )

/ 3
(sin©- 3cos©) - 1 2 —  ma + s a ^3 c c

= 0 (4.39)

or denoting the terms inside the square root by A, Equation 
4.39 becomes,

F ( j 2 ’ > !cos© - /A = 0 (4.40)

where
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A = mgc ( J 2 , ) ^

ST
(sin© - /Tcos0) - ma + sa (4.41)

We note that A will always be positive. Both criteria are 
now expressed in a form which is independent of the orient
ation of the coordinate system.

4.4.2 Formulation of the flow vector

The alternative form of the plastic potential, Q, allows 
the flow vector to be expressed in a form suitable for 
numerical computation, i.e.

{a} 30  _  3CL_ 3 J 1 , 30______  3 ( 'J 2 ' ’  , 3Q 30  . . .  . . .
S T  * 5-" q  S -f rr T ( 4 . 4 2 )

3 { a }  3 J 1 3 { a }  3 ( J 2 ' ) 2 3 { a }  30 31a3

where ( a } T = {ax ° y r Txy' yz Tzx}

Differentiating Equation 4.34 results in

30 = -ST ( 1 3J3 _ 3J 3 3 ( J 2 , )  \
3{a} 2 c o s 30 (j ^ ()3 / 2  3{ct} (j 2 > ) 2 g { a }

(4.43)

By substituting this into Equation 4.42 and using Equation 
4.34, we can write:

{a} = C1 {a1) + C2(a2} + C3{a3> (4.44)

where the vectors {a^}, {a2} and {a3} are explicitly given by
Table 4.1. In the table a '/ a ' and a ' denote deviatoricx y z
stresses.
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Table 4.1 Partial differentiation of stress invariants

Only the constants C^, C2 and are then necessary to 
define the flow vector. These constants can be written in 
general form as,

9Q____ __ tan39
9 ( J 2 1) ^ ( J 2 ' ) ^

9Q
9©
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C3
- / T

2 c o s 3 © (J 2 ' )3//2
I Q

3©
(4.45)

For two dimensional problems, the general expressions 
derived so far have to be modified. The main alteration 
required is the deletion of the stress (and strain) components 
which vanish under the conditions of plane strain, plane 
stress and axial symmetry, i.e.

for plane strain and plane stress:

(a}T = {ax, ayf Txy, a2}

and for axial symmetry:

(a }T = {a , a , t , a } (4.46)r z rz y

By eliminating the appropriate stress terms the flow vector 
for plane strain becomes,

( a } 1 = { 3Q 3Q 
3a

3Q

x 3 a. 3 Txy
3Q3a (4.47)

The appropriate terms must be deleted from vectors presented 
in Table 4•1•

For some plastic potential surfaces the flow vector cannot 
be uniquely defined for certain stress combinations. For 
example at the corners of the Mohr-Coulomb and Hoek-Brown 
yield surfaces, located by © = -30°, the direction of the flow 
vector is indeterminate (Figure 4.6a). As can be seen from 
Table 4-2, constants and are indeterminate when © = -30° 
for both Mohr-Coulomb and Hoek-Brown yield criteria and 
numerical difficulties will be encountered as © approaches
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\

/

( b )

Figure 4.6 Classical approach for treating singularities 
at the corners of hexagonal plastic potential 
surfaces
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30

-30

17_ me 6/B c

1 ^77=: ma6i/TT c

/ T  +

/ T  +

ma
2/3B
ma
/3C

cos©
2cos3©J.

(2/Ttan© +

ma
2 ^ ( l + / 3 t a n © )  )

0

Table 4.2 Constants defining the flow vector for the Mohr-Coulomb and Hoek-Brown 
plastic potential surfaces.
* A,B,C are defined in Equations 4.41, 4.50 and 4.51 respectively.
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these values. The classical way of overcoming this difficulty 
is by rewriting the plastic potential expressions for the 
explicit values © = -30 and calculating the constants from 
the new expressions. Rewriting the Mohr-Coulomb plastic 
potential function for the explicit values of 0 = ±30° from 
Equation 4.37 results in,

sinij; + (J ' )  2 - ( / I T  -  -s in ^ ) -  ccos0 = 0 fo r  ©=+30°
J Z / T

J  1 ^  n • .

Y=- s i n i f j  + (J2 ' ) 2 j ( / 3 ~  + -  c cos0 = 0 fo r  © =-30° (4 .48)

where 0 4 0 (see Section 3.2.2).
Similarly,for the Hoek-Brown plastic potential function from 

Equation 4.39 we can write

/ T ( J 2 ' ) 3s - B = 0 for © = +30°

/T(J2')̂  - C = 0 for © = -30° (4.49)

where

B
/ T

c
- 2 m a c ( J 2 ' ) ^

/ T
+

(4.50)

(4.51)

and 0 m < m (see Section 3.3) .
The constants C^, C2, C^, calculated from Equations 4.48 

or 4.49, can then be used at the corners and in their specified 
neighbourhood, say 29° < |©| <5 30° (Owen and Hinton, 1980).
The direction of the flow vector can now be uniquely deter
mined. However, as illustrated in Figure 4.6b, at © = *29°
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there is an abrupt change of direction as a consequence of 
this approach.

4.4.3 Formulation of the stress-strain relationship

We are now in a position to determine the elasto-plastic
matrix, (d 1 , in the eauation v ep^

{ d a }  = l De p){<2e}  ( 4 ‘ 5 2 >

where {da} and {de} are increments of stress and strain.
It is generally assumed that the strain increment can be 

divided into elastic and plastic components, i.e.

{dc} = {dee} + {dep} (4.53)

The elastic part can be related to stress increments through 
an elasticity matrix,

{dee} = (d) ^da} (4.54)

The plastic part is a function of stress increments, the 
current state of stress and the stress-strain history and can 
be related to the plastic potential through a flow rule (see 
Section 3.2.2). Thus Equation 4.53 can now be rewritten as

{de} = (d ) -1 {da} + dX{|2} (4.55)

The yield function is expressed in Equation 3.3 as

F (a,k) = 0
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where k = k(£P) is the hardening parameter referred to
previously in Section 3.2.3. If the material is perfectly

3Fplastic there is no variation of F with k, therefore = 0. 
It is a basic assumption that during plastic yield the stress 
remains on the yield surface. This implies that

dF(a,k) = 0 (4.56)

Expanding Equation 4.56 by the chain rule leads to

{i }T{dc?} + I {f P}T{d£P} = 0  (4-57)
9 £

This equation is known as the consistency equation and allows 
a distinction to be made between various types of loading. 
Substituting the flow rule expression into Equation 4.57 gives,

{
9F
9a }T{da} + Iff— D)T<iX{|§} = 0

3k 8ep 30
(4.58)

or we can write,

{af}T{da} - HdA = 0 (4.59)

where

{af } = {V  = {Ifi}9a
(4.60)

H = 9F
9k { —  } T { a  } 

9£P q
(4.61)

and Q(a,k) is the plastic potential function.
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Premultiplying Equation 4.55 by {a^}T (D) and noting that
“ 1 ^(d J(d ) is the identity matrix, leads to

{af}T (D){de} = {af}T{da} + {af }T (dJ dX{a } (4.62)

TEliminating {a^} {da} by using Equation 4.59 allows us to 
determine the plastic multiplier, dX:

{af}T (d ){de}
dX = ----— =------ (4.63)

H+{a }T (D]{a }
i- y

Premultiplying each term in Equation 4.55 by (d ) gives,

{da} = (D){de} - (D){a }dX
VI

(4.64)

Substituting for dX from Equation 4.63 leads to the incremental 
stress-strain relation (Equation 4.52), i.e.

{da} = (Dep){d£}

where

( V  = w
t a £ ) T (Dj

H+{af}T (Dj{aq}
(4.65)

The elasto-plastic matrix, (d j, is in general non-symmetric 
and only when Q(a,k) = F(a,k), i.e. the flow rule is assoc
iated, it becomes symmetric. The stiffness of a finite 
element at any stage of elasto-plastic response can be 
expressed as

(4.66)
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The elasto-plastic matrix can be evaluated if the explicit 
form of the scalar term, H, is known.

4.4.4 Formulation of the isotropic hardening and softening

The scalar term, H, is called the hardening modulus and 
in the case of perfect plasticity H = 0. In this research 
isotropic hardening/softening of the yield surface is modelled 
by the variation of strength parameters as functions of maxi
mum principal plastic strain. The strain hardening hypothesis 
is used and hence k = e^. For t*ie Mohr-Coulomb yield 
criterion we can write

F(a,0(e-j^) ,c(e^F ) ) = 0 (4.67)

and rearranging Equation 4.61 leads to

H (4.68)

9 0  3 qwhere — —  and ---- are specified from experimental data and
B e .^

BF BFand are calculated from the yield function (Equation
4.37), i.e.

----  sin9cos0 + csin0
/ T

(4.69)
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Similarly for the Hoek-Brown criterion, as discussed in Section 
3.3,

F ( a , m ( e ^ )  , s ( e ^ ) )  = 0 (4.70)

and from Equation 4.61 we can write:

H
p T

9F 9m  9F 9s . f9£l f 9Q-,
9 s x P 85 9 s /  9eP 8a

(4.71)

where (from Equation 4.39)

9F
9m

(-a (J2 1 ) ̂ //3) (sin© - /3cos0) + crc/3 

2 /A

9F
9s

2 /A
(4.72)

A corresponds to the terms inside the square root and expressed
3 m 3 sin Equation 4.41, ---- and ---— are specified as input data.
9 £ XP 9 £ 1P

What is still lacking is a definition of loading and un
loading, because in a plastic state a distinction must be made 
between loading which involves plastic deformation and unload
ing which is purely elastic. Special emphasis must be placed 
on distinguishing the difference between loading and unloading 
in strain softening situations. The only way to do this is to 
establish the existence of accompanying plastic deformations 
during the loading process. Using H and de^, post-failure 
behaviours can be classified as shown in Table 4.3.
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H

H > 0

de.

d e . ^

POST-FAILURE BEHAVIOUR

¥  o
Plastic loading (strain 
hardening behaviour).
The stress point remains 
on the expanding yield 
surface.

H = 0
Plastic loading (perfectly 
plastic behaviour).
The stress point remains 
on the yield surface.

H < 0
Plastic loading (strain 
softening behaviour).
The stress point remains 
on the contracting yield 
surface.

H = 0 0

Elastic unloading (elastic 
behaviour).
The stress point returns 
inside the yield surface, 
i.e. now F (a ,k) < 0 .

Table 4.3 Possible post-failure behaviours

4.4.5 Limitation on negative values of hardening modulus

In isotropic softening behaviour, while the yield surface 
contracts the hardening modulus, H, is negative. The examin
ation of the elasto-plastic matrix (Equation 4.65) shows that 
there is a limitation on the negative values of H, i.e. when

Hcrit = - (4.74)
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the elasto-plastic matrix becomes indeterminate. Physical 
insight into this problem can be obtained by examining the 
uniaxial stress-strain curves illustrated in Figure 4.7, which 
can also be interpreted as equivalent stress-strain curves in 
multiaxial stress space. In Figure 4.7a, it is demonstrated 
that during the occurrence of strain softening

{da}T{de} < 0 (4.75)

The limiting case is illustrated in Figure 4.7b, where 
de^ = - dee (de = 0) and thus

{da}T{de} = 0 (4.76)

For this case the hardening modulus corresponds to Hcr:Lt 
expressed in Equation 4.74. There will be numerical diffi
culties when H is close to the critical value. If H < H . . ,crit
the material response is Class II type and for this case the 
resulting stiffness matrix resembles that of a locking material. 
We note that in this particular case despite the fact that the 
material behaviour is non-hardening, from A to B in Figure 4.7c

{da}T{de} > 0 (4.77)

and the work done from A to C is negative. The Class II type 
of material response is not considered in this research.
In CGFEP the H < Hcrit situation is treated as perfectly 
brittle failure.

In the following is expressed explicitly.
Multiplying the relevant form of the elasticity matrix by the
flow vector, {a } = results in for plane strain andq SOaxial symmetry:
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a

(a) Typical strain softening behaviour (Class I)

0da, de, de are (-) 
de = dee; de? = 0 
da. de > 0

e

Figure 4.7 Comparison of Class I and Class II behaviours
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{d} = (oj (a } -J

' 
H

r

d2 II <
d3

d4
s . J V

E 1
1+V dq
E 2

1+V aq
3Gaq

E 4
1+v aq

+ M

+ M
> (4.78)

where

M =
Ev(ad + a^ + a^)

q q  q

(1+v)(l-2v)
(4.79)

G = E
2 (1+v)

(4.80)

and ad, a^, a^, a^ are the components of {a }. Multiplying 3̂ 3̂ Q m m Sithe vector {d} by {a-} = {-?—} , leads to the explicit scalar
f  9 cr

value of Hcrit *

Hcrit = ~ (dlaf + d2af + d3af + d4af) (4.81)

where a^, a^, a^, a^ are the components of {a^}. Equation 4.81 
can be used to determine the boundary between Class I and 
Class II behaviour. In the following, such boundaries are 
obtained for the Mohr-Coulomb and Hoek-Brown criteria under 
plane strain and uniaxial stress conditions. As can be seen 
from Equation 4.81, Hcrit a funct;*-on °f elasticity para
meters and normal vectors to the yield and plastic potential 
surfaces. For both criteria the vectors { a a n d  {a } are 
also functions of strength parameters (0, m, s, a ) and plastic 
deformation parameters ( i p , m) , which are likely to vary during 
post-failure behaviour of rocks. Although this is also true
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for elasticity parameters, they are very often assumed cons
tant. Therefore it is convenient to demonstrate the variation 
of Hcrit in terms of elastic modulus and with respect to 
Poisson's ratio.

In the case of the Mohr-Coulomb criterion, the variation 
of is calculated for some typical values of 0 and i p, as
illustrated in Figure 4.8. In the figure it is shown that

Variation of H with respect to Poisson's ratio 
for Mohr-CoulomS materials

Figure 4.8
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for lower values of 0 and ip algebraically higher values of 
Hcrit are calculate<̂ « It is interesting to note that in the 
zero volume change non-associated flow rule case (ip = 0), for 
all values of the friction angle the same curve is obtained.
The material behaviour is Class I type if H > Hcrit an<̂
Class II type if H < Hcr^t.

For the values of v = 0.0 - 0.3, which are probably 
valid for most rocks, it is possible to establish upper and 
lower bounds of H All curves in Figure 4.8, except the
one for tf> = 0, ascend asymptotically for the values of 
Poisson's ratio greater than 0.3. This is due to a (1 - 2v) 
term in the denominator of Equation 4.79. For the iJj =  0 
case, the numerator of Equation 4.79 is equal to zero and the 
asymptotic variation of Hcr^t does not occur.

The critical value of hardening modulus is independent
of stresses for the Mohr-Coulomb criterion, but it is a
function of confining pressures for the Hoek-Brown criterion.
Therefore results such as presented in Figure 4.8 cannot be
produced unless an assumption about the confining pressure is
made. Class II type of failure is most likely to occur in
uniaxial test conditions (Wawersik, 1968). Therefore here we
restrict ourselves to zero confining pressure. In general
H .. is a function of a , but because we restrict ourselves crit c
to the uniaxial stress condition ceases to be a function
of ac. Hence now H is a function of the empirical para
meters m and s, the plastic deformation parameter m and the 
elasticity parameters.

It is determined that the values of Hcr^t vary consider
ably depending on the type and quality of the rock mass. In 
order to demonstrate the range of variation of Hcr^t typical 
intact rocks from extreme ends of Table 2.1, granite (m = 25.0, 
s = 1.0) and limestone (m = 7.0, s = 1.0), are chosen. The 
results obtained for these rocks are illustrated in Figure 
4.9a. In this figure curves show similar trends as in Figure 
4.8. The values for granite are much lower than the
ones obtained for limestone. The influence of the zero volume
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critFigure 4.9 Variation of H with respect to Poisson's ratio for granite and limestone
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change non-associated flow rule (in = 0.0) is investigated and 
it is demonstrated that the values of Hcr^t are clearly 
affected by the flow rule. In this case there is not a 
unique lower bound as in Figure 4.8. In Figure 4.9b the vari
ation of Hcr^t with respect to v for poor quality granite and 
limestone is illustrated. Although they show similar trends, 
an important difference to notice between the curves for in
tact rocks and rock masses is that the curves for rock masses 
are translated towards the lower values of This may
mean that Class II type of behaviour is less likely to occur 
in broken rock masses. Curves such as in Figure 4.9 can be 
produced for a wider variety of rocks and can be useful in 
identifying limits of numerical computations.
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CHAPTER 5

VALIDATION AND IMPROVEMENTS OF THE FINITE ELEMENT PROGRAM

5.1 Introduction

The finite element program, CGFEP, is verified against 
theoretical solutions which have either been developed by the 
author or are present in the literature. Validation problems 
presented in the following sections range from a relatively 
simple square block problem to a complex axisymmetric tunnel 
example, in which the strain softening behaviour of the rock 
mass is considered. Thus initially the performance of the 
conventional parts of the program is checked and then 
extensions, particularly those involving the proposed rock 
mass behaviour model, are verified.

5.2 Analysis of a square block under uniform compression

A square block, represented by an 8-noded finite element, 
is subjected to uniform compression in two increments such 
that it is elastic in the first increment and perfectly plastic 
in the second, i.e. initially Py = 0.5MPa and then Py = 0.9MPa 
(Figure 5.1). One side of the square block is 2.0m. The 
block has frictionless edges and is only allowed to move in 
the vertical direction. The block material is isotropic, 
homogeneous and its behaviour is elastic-perfectly plastic, 
complying with the Mohr-Coulomb yield criterion and associated 
flow rule. The material parameters, elastic modulus, Poisson's 
ratio, cohesion and internal friction angle are: E = l.OGPa,
v = 0.2, c = 0.325MPa and 0 = 0.0° respectively. It is 
assumed that plane strain conditions are valid. An analytical 
solution for this problem obtained by the author is presented 
in Appendix 2. Results of the analytical and finite element
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Figure 5.1 Square block under uniform compression

ax
(MPa)

ay
(MPa)

Txy
(MPa)

az
(MPa)

V
(ran)

uy4
(ran)

uy6
(ran)

Analytical 0.125 0.5 0.0 0.125 O•o 0.45 0.90
CGFEP 0.125 0.5 0.0 0.125 o•o 0.45 0.90
Error (%) O•o

0.0 0.0

O•O 0.0

O•o

0.0

Table 5.1* Results of elastic analysis (increment 1) of a 
square block under uniform compression

ax
(MPa)

°y
(MPa)

Txy
(MPa)

°z
(MPa)

u .yi
(mm)

u .y4
(mm)

u  ̂y6
(mm)

Analytical 0.25 0.9 0.0 0.25 0.0 0.84 1.68

CGFEP 0.25 0.9 0.0 0.25 0.0 0.84 1.68

Error (%) 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Table 5.2 Results of elastic-perfectly plastic analysis 
(Increment 2) of a square block under uniform 
compression

* Compressive stresses and strains are tabulated as positive
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solutions at the end of first and second increments are
summarised in Tables 5.1 and 5.2. As a consequence of the
boundary conditions, stresses a , a , t and o are the -1 x y xy z
same at all Gauss points within the finite element and hori
zontal displacements are zero. Because of the symmetry of the 
block only vertical displacements of nodes 1, 4 and 6 (Uy^, 
Uy4, Uyg) are presented. It can be seen from Tables 5.1 and
5.2 that the results given by the analytical solution and the 
finite element program are identical.

5.3 Analysis of circular tunnels

The rest of the validation problems involve analysing circular 
tunnels in elastic or elasto-plastic rocks under hydrostatic or 
non-hydrostatic field stresses. In all of these problems the rock 
mass is assumed to be homogeneous, isotropic and initially 
linear elastic; the plane strain conditions are valid and the 
principal axes of in situ stress coincide with the cartesian 
axes. The influence of the ground surface and the weight of 
the broken rock are neglected for practical purposes. The 
finite element mesh, numerical simulation of excavation and 
error criteria adopted in analyses are discussed below.

(i) The finite element mesh

A typical finite element mesh employed in analysis of circular 
tunnels is presented in Figure 5.2. In this mesh owing to the 
symmetry about the horizontal and vertical axes, only one 
quarter of the rock mass is considered. The mesh consists of 
48 8-noded isoparametric elements. There are 8 and 6 elements 
in the radial and circumferential directions respectively.
The ratios of lengths of elements are 1:1:2:4:8:16:28:56 in 
the radial direction and equal in the circumferential 
direction. The radius of the external boundary is 30 times 
the tunnel radius, i.e. r = 30a. Preliminary studies con-
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Figure 5.2 Finite element mesh for analysis of 
circular tunnels

r/Rep
Figure 5.3 Variation of maximum error in stresses 

with radial distance of the external 
boundary
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firmed that the size and the number of elements are quite 
satisfactory. The rock is free to slide on boundaries AE 
and BF in the radial direction.

Since the infinite domain is represented by a finite
domain, some errors are introduced into finite element
analyses. In order to investigate the range of these errors,
a parametric study has been performed by varying the radius
of the external boundary in elastic and elasto-plastic
analyses of the axisymmetric tunnel problem discussed in
Section 5.3.2.1, for which the analytical solution is presented
in Appendix 3. The variation of maximum error in stresses
with respect to r/R is illustrated in Figure 5.3. In order
to correlate the results of the elastic and elasto-plastic
analyses the radial distance of the external boundary is
divided by the radius of the elastic/plastic zone interface,
R . Figure 5.3 provides some idea on the range of errors to ep
be expected. As can be seen, if r > 10 Rep errors due to the 
radial distance of the external boundary are insignificant.
For example, in elastic analyses (R = a) / approximately 0.3% 
error may be expected as a consequence of choosing r = 30a. 
However, if r is less than 10 R a significant amount of error 
may be introduced into the analysis. In elasto-plastic analyses 
the amount of error will depend upon the propagation of the 
plastic zone.

ii) The numerical simulation of tunnel excavation

As discussed in Section 2.2.5, stresses and displacements 
around underground excavations in rock masses with stress- 
history dependent strength and deformation properties may 
depend very much upon the stress-path imposed by the method 
and sequence of excavation. This is demonstrated by comparing 
results of three finite element analyses, each with a 
different simulation of a tunnel excavation as illustrated in 
Figure 5.4. In the first method the external boundary EF 
of the finite element mesh is loaded by the field stresses in
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Before the excavation Excavation

Figure 5.4 Schematic representation of tunnel 
excavation methods
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20 increments (Figure 5.4a). This is a rather hypothetical
approach unlike the second and third methods, because it does
not take into account the fact that the tunnel is driven in
an initially stressed medium. In the second simulation
(Figure 5.4b) the rock mass is subjected to the initial
stress field before the excavation which is simulated by
reducing the elastic modulus of the rock core to a negligible 

-4value (say 10 E), i.e. effectively removing the core. In 
the program care is taken to prevent the assembly of the 
nodal forces from the excavated elements. The sizes of these 
elements are 0.15a, 0.25a, 0.25a and 0.25a in the radial and 
equal in the circumferential direction. As illustrated in 
Figure 5.4b, the excavation is performed in four stages; in 
each stage 6 elements are excavated in 5 increments. Simi
larly in the third method (Figure 5.4c) the rock mass is 
initially subjected to field stresses. Before the excavation 
equal and opposite stresses may be considered as acting 
across the tunnel boundary. The excavation is simulated by 
reducing stresses equilibrating the initial stress field on 
the tunnel boundary in 20 increments. This type of excava
tion corresponds to full face excavation, such as performed 
by tunnel boring machines.

The excavation of a 4.0m diameter unsupported (P^=0.0) 
tunnel driven in a fair-to-good quality limestone at a con
siderable depth below the surface is simulated by the methods 
described above. The principal stresses before the excavation 
are P = 5.0MPa and P = 1.5MPa. In laboratory investigations

y  xit is determined that the rock mass complies with the Hoek- 
Brown criterion and elastic-strain softening-residual plastic 
(ESP) stress-strain relationship. The following material 
property data are specified for the rock mass: E = 750.0MPa, 
v = 0.25, ac = 25.OMPa, m = mp = mr = 0.7, s = sp = 0.004,
sr = 0.001, h = 2.0, f = 1.5, = 0.0, = 0.05
(see Figure 3.6). The development of plastic zones around 
the tunnel and stresses along the horizontal axis due to 
different simulations of the excavation are illustrated in
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Figures 5.5 and 5.6 respectively. The effect of stress-path 
dependency is evident. Although the general patterns of rock 
failure are similar, there is still significant difference 
between the three sets of results. It is also demonstrated 
in Figure 5.5 that the overstressed zone - shaded area - 
predicted from the results of an elastic analysis does not 
compare well with the plastic zones. The maximum difference 
in stress values is approximately 30% between analyses by the 
first and third methods (Figure 5.6). The differences in 
displacement values are less significant. It appears that the 
amount of plastification by the multiple-stage excavation is 
less than that by the full section one. This result is in 
agreement with the findings of Dolezalova (1977) for elastic- 
perfectly plastic and Akagi et al.(1984) for visco-plastic 
rocks. Thus it can be concluded that in analyses of under
ground excavations the method and sequence of excavation should 
be taken into account as realistically as possible.

Tunnels presented in this chapter are assumed to be 
excavated by using the third method (Figure 5.4c), because the 
theoretical solutions are developed for this case. Elastic 
finite element analyses are performed in 1 load increment, 
whereas elasto-plastic analyses are executed in 20 equal load 
increments unless stated otherwise.

iii) The error criteria

Errors in finite element analyses are defined independ
ently for stresses and displacements as follows:

error (%) x 100 (for stresses) (5.1)

error (%) utheoretical UFEM x 100 (for displacements) (5.2)
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Figure 5.5 Variation of plastic zone around the tunnel 
with different simulations of excavation

Figure 5.6 Variation of stresses along the horizontal
axis with different simulations of excavation
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where P is the maximum principal field stress and u isma v *• ■*- ma v
the maximum radial displacement around the tunnel.

In all finite element analyses discussed in this chapter 
the convergence tolerance is 1%, i.e. the solution converges 
at the end of any iteration if

where and are the residual and applied equivalent nodal 
forces respectively and n is the number of nodal points.

5.3.1 Elastic analysis of a circular tunnel under non-

One of the earliest analytical solutions for the two- 
dimensional distribution of stresses around a circular hole in 
an infinite linear elastic body was performed by Kirsch in 
1898. A full discussion of the derivation of the Kirsch 
equations (as they are known) is given by Jaeger and Cook 
(1976) and therefore only the final equations are presented 
here. The stresses at a point with polar coordinates r ,  9  
around an opening with radius a are:

x 100 < 1.0 (5.3)

hydrostatic loading

(5.5)
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Figure 5.7 Sign convention in the Kirsch equations 
(Goodman, 1980)

The expressions for induced displacements can be deter
mined from the Kirsch solution, assuming conditions of plane 
strain:

u„ = 4Gr ((Pv+Px) + (Pv-PvH4(l-v)X

2
-  ^ 2 } c o s 2©) 

r
(5.7)

2 a 2u = - — ((P -Pv){2(l-2v) + 2-}sin2©) (5.8)
0 4Gr y X r

in which G is the shear modulus and v is Poisson's ratio.
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An example tunnel problem is analysed by using the Kirsch 
equations and the finite element program. The input data for 
this problem are: P = 5.0MPa, Px = 1.5MPa, E = 75000.0MPa,
v = 0.25, a = 2,0m.

In the finite element analysis the mesh illustrated in 
Figure 5.2 is employed. A summary of results of numerical 
and analytical solutions is presented in Table 5.3 in terms 
of cartesian components. As can be seen from the table, in 
the finite element analysis the maximum error is 0.3% in 
stresses and 0.4% in displacements (see Equations 5.1 and 5.2) 
Existing errors are mainly due to the simulation of the 
infinite domain by a finite mesh and discretization of the 
continuum (see Figure 5.3). It can be concluded that the 
performance of CGFEP is quite satisfactory.

5.3.2 Elastic-perfectly plastic analysis of circular tunnels 
under hydrostatic loading

In order to verify the validity of CGFEP in the solution 
of elasto-plastic problems, we first consider the analysis of 
circular tunnels under hydrostatic loading. This case 
corresponds to tunnels at great depths. Since the influence 
of the ground surface and the weight of the rock mass is 
neglected, the tunnel being analysed is symmetrical about the 
tunnel axis, i.e. axisymmetric. If the available strength of 
the surrounding rock is reached, a circular plastic zone 
forms around the tunnel.

Most of the previous analytical solutions for this 
problem were based on the Mohr-Coulomb yield criterion and on 
the assumption that ag > az > ar ( or > cr̂ > ^3) through
out the plastic zone, i.e. the axial stress, , has no 
influence on results and there is no plastic flow in the 
axial direction. However, in some cases this may not be 
true and depending on the values of axial field stress,



0° Gauss
points

r (m)

ox (MPa) Oy (MPa) V  (MK» 0° Nodal
points

r (m)

ux (10_3nm) f Uy (itm)

Anal. CGFEP Error
(%)

Anal. CGFEP Error
(%)

Anal. CGFEP Error
(%)

Anal. CGFEP Error
(%)

Anal. CGFEP Error
(%)

3.0 2.104 0.625 0.617 0.2 12.165 12.151 0.3 -0.541 -0.546 0.1 0.0 2.0 8.333 8.266 0.0 - - -

3.0 3.218 2.152 2.148 0.1 7.037 7.031 0.1 -0.013 -0.015 0.0 0.0 4.0 26.042 25.987 0.0 - “

3.0 6.839 1.776 1.776 0.0 5.319 5.322 0.1 0.025 0.024 0.0 0.0 6.0 20.060 20.017 0.0 -

3.0 16.309 1.554 1.553 0.0 5.05o 5.05O 0.0 0.006 0.006 0.0 0.0 18.0 7.330 7.350 0.0 - - -

47.0 2.104 2.597 2.582 0.3 3.462 3.452 0.2 -2.773 -2.758 0.3 45.0 2.0 5.893 5.819 0.0 -0.159 -0.159 0.0

47.0 3.218 0.931 0.926 0.1 5.569 5.563 0.1 -1.255 -1.248 0.1 45.0 4.0 -12.520 -12.458 0.0 -0.064 -0.064 0.0

47.0 6.839 1.239 1.238 0.0 5.261 5.265 0.1 -0.278 -0.275 0.1 45.0 6.0 -10.260 -10.210 0.0 -0.041 -0.410 0.0

47.0 16.309 1.449 1.450 0.0 5.044 5.045 0.0 -0.056 -0.055 0.0 45.0 18.0 -3.870 -3.850 0.0 -0.013 -0.014 0.4

87.0 2.104 0.176 0.171 0.1 0.034 0.440 0.2 -0.073 -0.065 0.2 90.0 2.0 - - - -0.225 -0.225 0.0

87.0 3.218 1.960 1.958 0.0 1.851 1.846 0.1 -0.249 -0.243 0.1 90.0 4.0 - - - -0.134 -0.134 0.0

87.0 6.839 1.734 1.735 0.0 4.171 4.167 0.1 -0.083 -0.080 0.1 90.0 6.0 - - - -0.092 -0.092 0.0

87.0 16.309 1.547 1.546 0.0 4.849 4.850 0.0 -0.016 -0.017 0.0 90.0 18.0 -0.031 -0.030 0.4

Table 5.3 Results of elastic analysis of a circular tunnel under non-hydrostatic 
loading

123



124

Poisson's ratio and rock strength, plastic flow may occur
in the axial direction, thus influencing the displacement
field around the tunnel (Florence and Schwer, 1978). Let
us propose that major and minor principal stresses (aQ = cr, ;
ar = a )̂ are calculated at any point in the plastic zone with
the assumption that there is no plastic flow in the axial
direction. Since the change in the axial component of elastic
strain, de®, due to excavation is zero, i.e. from the plane
strain conditions de„ = de® = de^ = 0, we can then write inz z z '
terms of cartesian coordinates:

v (a +a )} = i{p„ - v(P +P )} x y E z x y (5.9)

where Px, P̂ ., Pz are components of the field stress. The 
axial stress can now be calculated from Equation 5.9:

= Pz + v(ax + “ P
X

- P )
y

(5.10)

and under the hydrostatic in situ stress (P = P = P = P )u X  y  Z o

(7 = P + v (g + o - 2P )z z x y o (5.11)

If this value of az is compared with major and minor principal 
stresses three possibilities arise:

i) °e > az > V
In this case there is no plastic flow in the axial 

direction and the original assumption is justified.
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ii) az > aQ > ar:
In this case the original assumption is not valid and 

the plastic flow must involve the axial direction. However, 
since we know that the plastic flow must also occur in the 
plane of excavation, the only feasible situation is
az ■ CTe > V

i l l )  aQ > ar  > az :

Similarly, in this case the original assumption is not
valid and the only feasible situation is a  > o = a .o r z

In cases (ii) and (iii) two of the principal stresses are equal 
and in the principal stress space the stress point lies on 
the corner of the hexagonal plastic potential surface 
(eg. Tresca, Mohr-Coulomb or Hoek-Brown surfaces). As 
discussed in Section 4.4.2, for these stress combinations the plastic 
flow vector is not uniquely defined and an assumption is made 
regarding the direction of the flow vector in finite element 
programs, though this may introduce some error into the 
calculation of displacements.

In the following subsections two example problems are 
discussed. In the first, stresses are in the order 
Oq  > > ar throughout the plastic zone and in the second the
axial stress is equal to the maximum principal stress in part 
of the plastic zone.

5.3.2.1 Example 1 - no plastic flow in the axial direction

A 4.0m diameter unsupported (P̂  = 0.0) tunnel is driven 
at a considerable depth below the surface where the hydro
static in situ stress is PQ = S.OMPa. The rock behaviour is 
assumed to be elastic-perfectly plastic, complying with the 
Mohr-Coulomb yield criterion and associated flow rule. The 
following material property data are given for the rock mass: 
E = 75000.OMPa, v = 0.25, c = l.OMPa, 0 = 30.0°.
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Figure 5.8 Finite element mesh for analysis of axi- 
symmetric tunnel problems

Figure 5.9 Elastic and plastic zones around a 
circular tunnel
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boundary
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The theoretical results are determined by using the 
analytical and semi-closed form (programmed as FDMC2) 
solutions described in Appendices 3 and 6 respectively. The 
solutions are identical. Since the problem is axisymmetric, 
the axial symmetry facility of CGFEP is used for the sake of 
economy in the finite element analysis and the mesh illus
trated in Figure 5.8 is employed. The number and size of 
elements in the radial direction are the same as in the mesh 
presented in Figure 5.2, i.e. there are eight 8-noded iso
parametric elements and the ratios of their lengths are 
1:1:2:4:8:16:28:56. Displacements in the z direction are
prescribed to be zero as demanded by the plane strain con
ditions and the rock mass is free to move in the radial 
direction.

It is observed from the theoretical solutions that a 
circular failure zone forms around the tunnel in which

> a > a (Figure 5.9). The radius of the elastic/plastic e z r
zone interface is Rep = 2.788m and this agrees well with the 
prediction of the finite element program. The results of the 
analytical and finite element solutions are presented in 
Table 5.4. As can be seen from the table, larger errors in 
stress values occur around the boundary of elastic and plastic 
zones where there is a rapid variation of stresses. On the 
other hand, larger errors in displacements occur in the 
vicinity of the tunnel. The maximum error is 0.5% in stresses 
and displacements and it can be concluded that the results of 
the finite element analysis are perfectly satisfactory.

5.3.2.2 Example 2 - plastic flow exists in the axial 
direction

A 4.0m diameter unsupported (P̂  = 0.0) tunnel is 
excavated at a considerable depth below the surface where the 
hydrostatic in situ stress is PQ = 80.0MPa. The rock 
behaviour is elastic-perfectly plastic, complying with the



Gauss
points
r (m)
(0=0°)

o r  (MPa) ffQ (MPa) Nodal
points
r (m)
(0=0°)

ur (mm)

Anal. CGFEP Error (%) Anal. CGFEP Error (%) Anal. CGFEP Error (%)

2.100 0.188 0.176 0.0 3.997 3.992 0.1 2.00 -0.369 -0.371 0.5
2.394 0.750 0.751 0.0 5 .715 5.717 0.0 2.25 -0.253 -0.255 0. 5
2.606 1.208 1.215 0.1 7.088 7.110 0.4 2.50 -0.190 -0.191 0.3
2.894 1.877 1.853 0.5 8.123 8.111 0.2 2.75 -0.159 -0.160 0.3
3.211 2.462 2.450 0.2 7.538 7.565 0.5 3.00 -0.145 -0.146 0.3
3.789 3.177 3.174 0.1 6.823 6.841 0.4 3.50 “0.125 -0.126 0.3
4.423 3.662 3.656 0.1 6.338 6.359 0.4 4.00 -0.109 -0.110 0. 3
5.577 4.159 4.163 0.1 5.841 5.852 0.2 6.00 -0.073 -0.074 0.3
6.822 4.438 4.437 0.0 5.562 5.577 0.3 10.00 -0.044 -0.045 0.3
9.118 4.685 4.692 0.1 5.315 5.323 0.2 18.00 -0.024 -0.025 0.3

11.660 4.808 4.812 0.1 5.192 5.203 0.2 32.00 -0.015 -0.016 0.3
16.280 4.901 4.908 0.1 5.099 5.106 0.1 60.00 -0.007 -0.008 0.3
20.954 4.940 4.947 0.1 5.060 5.068 0.2
29.042 4.969 4.976 0.1 5.031 5.038 0.1

37.917 4.982 4.989 0.1 5.018 5.025 0.1
54.034 4.991 4.998 0.1 5.009 5.016 0.1

Table 5.4 Results of elastic-perfectly plastic analysis of a circular tunnel under hydrostatic loading (Example 1)
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Mohr-Coulomb yield criterion and associated flow rule. The 
following material property data are given for the rock mass:
E = 40000.OMPa, v = 0.2, c = 3.0MPa, 0 = 30.0°.

The theoretical values of stresses and displacements 
around the tunnel are calculated by using Program FDMC2,
i.e. the semi-closed form solution in which the possibility 
of plastic flow in the axial direction is considered. In 
the finite element analysis the same mesh and boundary con
ditions as in the previous problem are used (see Figure 5.8).

Three different zones develop around the tunnel 
(Figure 5.10): i) an elastic zone remote from the tunnel,
ii) an intermediate plastic zone in which stresses are in
the order a_ > a > a and iii) an inner plastic zone in o z rwhich = a_ > a and there is plastic flow in the axial 

y  z rdirection.
The radii of interfaces of these zones are given by the

semi-closed form solution as R = 5.726m and R = 4.229m andep ppthese values agree well with the predictions of the finite 
element analysis.

Since the strength parameters are not functions of strain 
the stress distribution around the tunnel is not affected by 
the axial plastic flow in the inner failure zone. The develop 
ment of radial and tangential stresses with distance from the 
tunnel wall is illustrated in Figure 5.11. As can be seen 
from the figure, there is not a significant difference between 
predictions of the finite element analysis and theoretical 
values. In fact the maximum difference is 0.5% and errors are 
generally comparable to those presented in Table 5.4. The 
radial displacements are affected by the axial plastic flow 
in the inner failure zone. Nevertheless there is perfect 
agreement between the two sets of displacements given by the 
theoretical and numerical solutions. The maximum difference 
occurs at the tunnel boundary, i.e.

Theoretical: û . = -0.18875mr
CGFEP : u = -0.18988mr
Error : 0.6%
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Figure 5.10 Elastic and two plastic zones around a 
circular tunnel

Figure 5.11 Development of tangential and radial stresses with distance from tunnel wall (Example 2)
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For this problem the approximation made in the finite element
program on the direction of the flow vector can be justified.
It should be noted that if the plastic flow in the axial
direction is ignored the above theoretical value reduces to
u^ = -0.18057m. r

5.3.3 Elastic-perfectly plastic analysis of torsion of a 
thick cylinder

A thick cylinder is subjected to shear and normal stresses
(x x and P., P ) acting on its internal and external 

.1 o o ^
surfaces (Figure 5.12). This case lies between the hydro
static and non-hydrostatic load cases. However, since there 
is no variation of shear and normal stresses with respect to 
9 the solution is still axisymmetric. The following input 
data are specified for an example problem: PQ = 600.0kPa,
x = 0.04kPa, P. = 55.0kPa, x. = lOO.OkPa, c = 80.0kPa, o 1 1
0 = 20.0°, a = lm. The material behaviour is elastic- 
perfectly plastic and complies with the Mohr-Coulomb yield 
criterion.

A semi-closed form solution developed by the author for 
calculating the theoretical values of stresses along the wall 
of thick cylinder is presented in Appendix 4. Due to the 
variation of shear stresses in the radial direction a full 
circular mesh is employed in the finite element analysis. 
Nevertheless the number and size of elements in the radial 
direction and the location of the external boundary (r = 30a) 
are the same as in the previous analyses. The mesh consists 
of 160 8-noded isoparametric elements, i.e. 8 in the radial 
and 20 in the circumferential direction.

A circular failure zone develops around the internal 
surface of the cylinder (Figure 5.12). The radius of the 
elastic/plastic zone interface is given by the semi-closed 
form solution as Rep = 2.082m and this agrees well with the
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4Y

X

Figure 5.13 Development of tangential and radial stresses 
along the wall of a thick cylinder subjected 
to torsion
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prediction of the finite element program. The development of 
radial and tangential stresses along the wall of thick 
cylinder is illustrated in Figure 5.13. As can be seen from 
this figure, the agreement between results of the semi-closed 
form and finite element solutions is quite satisfactory, con
firming that there is no escalation of errors due to shear 
stresses acting on internal and external surfaces. The maxi
mum error in stress values is 0.6% and occurs around the 
elastic/plastic zone interface.

5.3.4 Elastic-perfectly plastic analysis of circular tunnels 
under non-hydrostatic loading

A general closed form solution for this problem is not 
yet available. The main difficulty is finding the contour L 
which separates the elastic and plastic zones (see Figure 
5.14). If this is known, then stresses in the elastic zone 
can be determined by solving the problem for a plane with 
hole L and known boundary conditions on this countour and at 
infinity. In the case of an elliptical plastic zone surround
ing a circular hole under plane strain conditions, Galin 
(1946) determined the contour of the boundary between elastic 
and plastic zones using a mapping function. The material 
behaviour was assumed to be elastic-perfectly plastic, comply
ing with the Tresca criterion. A full discussion of the 
derivation of Galin's solution is presented by Kachanov (1971) 
and no attempt will be made to reproduce that here. The 
necessary expressions to calculate stresses in elastic and 
plastic zones are presented in Appendix 5. In a few isolated 
cases the problem has been solved by semi-closed form 
solutions. Detournay (1983) according to the Mohr-Coulomb 
criterion and Brown and Bray (1983b) with the Hoek-Brown 
criterion performed analyses by numerically integrating the 
equilibrium equations. Brown and Bray (1983b) emphasised the 
following implications of their study:
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i) the stress distribution in the plastic region is 
determined by the yield function, the geometry of the hole 
boundary, the surface tractions applied to this boundary and 
the body force;

ii) the field stresses determine the position of the 
outer boundary of the plastic zone, but have no influence on 
the plastic stress distribution;

Figure 5.14 Problem analysed by Galin (1946)

iii) the flow rule controls the strains and displace
ments, but has no effect on the plastic stress distribution;

iv) for a circular hole subjected to a uniform normal 
surface traction and zero body forces, the stress distribution 
is axisymmetric;

v) if the strength parameters are functions of stress, 
the stress distribution in the plastic zone is still independ
ent of the field stresses and the flow rule;
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vi) if the strength parameters are functions of strain 
(as in our rock mass behaviour model), the field stresses and 
flow rule will have a marked influence on the plastic stress 
distribution.

A number of elastic-perfectly plastic finite element 
analyses of circular tunnels under non-hydrostatic loading 
have been performed. The first of these was carried out by 
Reyes and Deere (1966). In the following, the finite element 
program is verified against Galin's (1946) analytical and 
Reyes and Deere's numerical solution.

5.3.4.1 Comparison with an analytical solution

The following input data are specified for the first 
example problem: = 3.0MPa, Px = 2.4MPa, P^ = 0.0,
c = l.OMPa, a = 2.0m. The rock behaviour is el’astic-perf ectly 
plastic and complies with the Tresca yield criterion. The 
theoretical values of stresses around the tunnel are calcul
ated by using the expressions presented in Appendix 5.
In the finite element analysis the mesh illustrated in 
Figure 5.2 is employed. Theoretically, an elliptical plastic 
zone which intersects the horizontal axis at x = 6.083m and 
the vertical axis at y = 3.276m develops around the tunnel 
(Figure 5.14). This agrees with the prediction of the finite 
element program. The results of the analytical and numerical 
solutions are compared in Table 5.5. As in the previous cases, 
the agreement between the two sets of results is quite satis
factory. The maximum error is 0.6%. Errors are larger 
around the boundary of elastic and plastic zones,where there 
is a rapid variation of stresses.



Gauss
points
r (m)

Stresses along the horizontal axis (©=0°) Stresses along the vertical axis (0=0°)
ax (MPa) o (MPa)y ax (MPa) o (MPa)y

Anal. CGFEP Error
(%)

Anal. CGFEP Error
(%)

Anal. CGFEP Error
(%)

Anal. CGFEP Error
(%)

2.100 0.098 0.096 0.1 2.098 2.096 0.1 2.098 2.104 0.2 0.098 0.104 0.2
2.394 0.360 0.362 0.1 2.360 2.362 0.1 2.360 2.357 0.1 0.360 0.357 0.1
2.606 0.529 0.537 0.3 2.529 2.537 0.3 2.529 2.522 0.2 0.529 0.522 0.2
2.894 0.739 0.726 0.4 2.739 2.726 0.4 2.739 2.737 0.1 0.739 0.737 0.1
3.211 0.947 0.939 0.3 2.947 2.939 0.3 2.947 2.955 0.2 0.947 0.954 0.2
3.789 1.278 1.286 0.3 3.278 3.286 0.3 2.955 2.961 0.2 1.271 1.277 0.2
4.423 1.587 1.605 0.6 3.587 3.605 0.6 2.906 2.912 0.2 1.553 1.559 0.2
5.577 2.051 2.062 0.4 4.051 4.062 0.4 2.814 2.821 0.2 1.928 1.934 0.2
6.822 2.352 2.361 0.3 3.794 3.806 0.4 2.728 2.734 0.2 2.199 2.202 0.1
9.118 2.390 2.397 0.2 3.352 3.361 0.3 2.618 2.622 0.1 2.497 2.501 0.1
11.660 2.392 2.398 0.2 3.197 3.204 0.2 2.548 2.551 0.1 2.671 2.674 0.1
20.954 2.395 2.399 0.1 3.056 3.062 0.2 2.451 2.454 0.1 2.890 2.893 0.1
54.034 2.399 2.402 0.1 3.008 3.012 0.1 2.408 2.411 0.1 2.983 2.985 0.1

Table 5.5 Results of elastic-perfectly plastic analysis of a circular tunnel under non- 
hydrostatic loading
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5.3.4.2 Comparison with another numerical solution

An example problem analysed by Reyes and Deere (1966) is
reanalysed by using CGFEP in order to compare the results of
two independent finite element programs. The input data for
this problem are: P = l.OMPa, P = 0.25Mpa, P. =0.0,y x l
E = 500.OMPa, v =0.2, c = 0.28MPa, 0 = 30.0°, a = 2.0m. The 
rock behaviour is elastic-perfectly plastic, complying with 
the Drucker-Prager yield criterion and associated flow rule. 
Reyes and Deere (1966) used a finite element mesh which con
sists of 450 constant strain triangles. On the other hand, 
in our analysis the mesh illustrated in Figure 5.2 (with 48 
8-noded isoparametric elements) is employed. In both analyses 
the full face excavation is simulated in 8 load increments.

Plastic zones predicted by the two finite element programs 
differ slightly, as illustrated in Figure 5.15a. Although 
there is a considerable amount of yielding, failure zones do 
not surround the tunnel completely on account of the low values
of k = P /P . The stress distributions along the horizontal o x yaxis are shown in Figure 5.15b. Curves obtained by the two 
programs are slightly shifted, though they still compare 
reasonably well. In Figure 5.15c, the displacements of 
typical points on the tunnel boundary are shown. Displacements 
for the elastic solution are also given for comparison. As 
may be expected, yielding results in greater displacements. 
Particularly notable are the large inward displacements at the 
side wall of the tunnel resulting from the expansion of the 
yielded frictional material. There is a reasonable agreement 
between the predictions of the two finite element programs.
It is thought that the existing differences are largely due 
to the different types of finite elements employed in the 
analyses.
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(b) Development of stresses along the horizontal 
axis
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(c) Displacements at typical points on the tunnel 
boundary

Figure 5.15 Comparison with results of Reyes & Deere (1966)
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5.3.5 Analysis of an axisymmetric tunnel in a strain soften
ing rock mass

So far, the finite element program is validated for the 
linear elastic and perfectly plastic rock behaviours. In 
the following problem, the strain softening behaviour of a 
rock mass around an axisymmetric tunnel is considered.

5.3.5.1 Preliminary analysis

A 4.0m diameter unsupported (P̂  = 0.0) tunnel is driven 
in a fair-to-good quality limestone at a considerable depth 
below the surface where the hydrostatic in situ stress is 
PQ = 5.0MPa. As a result of laboratory investigations it is 
determined that the rock complies with the Hoek-Brown yield 
criterion and the elastic-strain softening-residual plastic 
(ESP) stress-strain relationship. The following material 
property data are given for the rock mass: E = 750.0MPa,
v = 0.25, ac = 25.OMPa, m^ = mp = 0.7, mr = 0.14, s^ = s^ = 
0.004, sr = 0.001, a = 5.0, h = 2.0, f =1.5 (see Figure 
A6.2) .

The theoretical results are obtained by using Program 
FDHB2 which is based on the semi-closed form solution des
cribed in Appendix 6. In this solution the rock mass 
behaviour model proposed in Section 3.3 is used and the possi
bility of plastic flow in the axial direction is considered.
The solution accounts for the possible existence of three 
different zones around the tunnel: i) an elastic zone
remote from the tunnel, ii) an intermediate strain softening 
zone and iii) an inner plastic zone. As will be discussed 
in Section 6.3.6, results are sensitive to the strain soften
ing behaviour only if the residual strength of the rock mass 
is attained. Otherwise results are not significantly different 
whether the ESP or the elastic-perfectly plastic material model 
is used in the analysis. Therefore the input data for this
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example problem are chosen such that an inner residual strength 
plastic zone develops around the tunnel. Radii of elastic/ 
strain softening (Rep) and strain softening/residual strength 
(Rsr) zone interfaces are calculated as Rep = 4.167m and 
Rsr = 2.554m respectively. In the semi-closed form solution 
the plastic zone is divided into 200 annular rings, though 
far fewer annuli still give satisfactory results.

In the finite element analysis the mesh illustrated in 
Figure 5.8 is employed. The number and sizes of elements and 
the boundary conditions are the same as in the previous axi- 
symmetric problems. The analysis is performed interactively 
and the load increment size is adjusted when necessary. The 
excavation is simulated by incremental reduction of stresses 
equilibrating the initial stress field on the excavation 
boundary (see Figure 5.4c). In this problem since the in situ 
stress is hydrostatic, the available support pressure on the 
tunnel boundary at any increment can be expressed as (Panet 
and Guellec, 1974):

P± = (1 - X) PQ (5.12)

where the parameter X (0 < X 1) defines the amount of support 
pressure removed, i.e. the stage of excavation.

In the numerical solution the failure of the rock mass 
initiates at X = 0.675 and 0.005 increment of X is sufficient 
to provide accurate results with convergence tolerance of 1% 
until X = 0.88. From this excavation stage onwards convergence 
difficulties arise and the solution does not converge beyond 
X = 0.90 unless the load increment size is reduced. Hence 
0.002 increment of X is used between X = 0.88 - 0.96. However, 
beyond X = 0.96 despite further reductions of load increment 
size and consequently substantial increases in the computing 
costs the solution does not converge. Accuracy of results is 
not satisfactory and the real extent of the plastic zone is 
considerably underestimated. As a matter of fact, Manfredini 
et al.(1976) reported that convergence difficulties may occur
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in situations where the uniaxial residual strength (a ) of 
the rock mass is less than 40% of the original field stress 
and in these situations there is a risk of obtaining incorrect 
results with finite element programs (see Section 2.3.4).
Since in this example problem crur £ 0.16Pq, it appears that 
similar difficulties may have been encountered. The sources 
of these difficulties are not yet known, however in this 
research attempts are made to identify and to overcome these 
drawbacks of the finite element programs. In preliminary 
investigations it is determined that adjusting the input data, 
such as increasing the number of finite elements two or three 
times or using a convergence tolerance as low as 0.01%, cannot 
significantly improve the results. On the other hand, a 
fundamental examination of the numerical formulation of the 
plasticity algorithm indicates that one of the likely causes 
of numerical difficulties may be yield surface drift.

5.3.5.2 Correction of yield surface drift

In the finite element analyses of elasto-plastic problems, 
despite the use of small load increments in the post-yield 
range, it is often observed that the predicted state of stress 
at the end of an increment does not lie on the current yield 
surface (as point in Figure 5.16a). Since such discrep
ancies are cumulative it is important to ensure that the 
stresses are corrected back to the current yield surface dur
ing each step of loading. Otherwise the stress point may 
follow an incorrect path such as AB^C in Figure 5.16a and the 
yield criterion may be violated. This deviation will be more 
marked in the case of strain softening where the yield surface 
also moves between increments.

In finite element programs the strain increment arising 
from the solution of equilibrium equations is usually divided 
into small steps (flow steps), in which elasto-plastic stress 
changes are evaluated. The number of flow steps may either
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(a) Correction of yield surface drift

(b) Overcoming the oscillation of the plastic flow 
vector and considering its correct direction

Figure 5.16 Improvements of the finite element program
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be specified as input or calculated empirically in the program. 
In CGFEP the empirical formula given by Owen and Hinton (1980) 
is used, i.e.

_ _ o /F ( a ,k), n - 8. (— --- )
u

+ 1 (5.13)

where n is the number of flow steps and a is the initialu
uniaxial strength before the onset of yielding. The stress 
changes in flow steps are summed to obtain the elasto-plastic 
stress increment associated with the strain increment. If the 
strain increment is divided into extremely small flow steps it 
is unlikely that any drift from the yield surface will occur, 
but this Will lead to a very costly calculation. In fact, 
even presetting the number of flow steps to 250 in each iter
ation could hardly improve the results of the finite element 
analysis discussed above. In order to achieve a greater 
accuracy, at the end of each flow step the accumulated stresses 
are checked for the yield surface drift and projected back to 
the current yield surface. If stresses return inside the 
current yield surface, elastic unloading is said to occur and 
the material behaves elastically until the yield stress level 
is reattained by further loading. Several techniques for 
correcting the yield surface drift have been proposed, such as 
projecting back the stresses along the plastic flow or 
effective stress direction and reducing the deviatoric stresses 
while keeping the mean stress level constant (Nayak and 
Zienkiewicz, 1972; Owen and Hinton, 1980; Christian et al., 1977 
respectively). However, in these techniques the stresses are 
simply scaled down to the yield surface and the associated 
change in the plastic strains is neglected. This is clearly 
incorrect as any change in the elasto-plastic stress state 
will cause an associated change in the plastic strains and 
consequently in the hardening/softening history of the yield 
surface. In CGFEP the stresses were originally projected back
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along the effective stress direction, i.e. the stress com
ponents were proportionally reduced, and it appears that an 
appropriate adjustment of the program is necessary in order 
to correct the plastic strains and stresses simultaneously.

The plastic strain and stress increments were previously 
expressed as:

{de^} = dA{p} (Equation 3.13)
o C

{da} = (d )(ds} - dl(D){|^} (Equation 4.64)

where dA is a scalar multiplier defined in Equation 4.63.
As can be seen from Equations 3.13, 4.63, 4.64 and 4.71, in 
order to determine the plastic stress and strain increments, 
{ p } , {p-}, P ,  P~ are required. These may be evaluated at 
the beginning or end of each flow step or even some weighted 
average of these values may be employed. Nevertheless if 
sufficiently small load increments are used, the values of 
these quantities are unlikely to vary significantly between 
the beginning and end of the flow steps. In fact identical
results are obtained in two analyses of the axisymmetric

30 3 Ftunnel (described in Section 5.3.5.1) in which {— }, {■?— }3F 3F ° °  '
7T— and —  are evaluated at the beginning and end of the flow dm d s
steps respectively. It appears from Equations 3.13 and 4.64 
that dA has a dominant effect on the plastic stress and 
strain changes occurring in flow steps and an improved value 
of dA can reduce the drift from the current yield surface.
For the instantaneous position of the yield surface we can 
write from Equation 4.58:

T
dF(a,k) = { - p }  {da} ( 5 . 1 4 )d a

and considering Equations 4.63 and 5.14 leads to
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dX H +
dF (g,k) 8F}T 

os (D){£Chd o 1

(5.15)

In CGFEP, at the end of each flow step if the value of_6F(a,k) is greater than a preset tolerance (1.0 x 10 ) an
improved value of dX is computed from Equation 5.15. This 
value of dX is used in Equations 3.13 and 4.64 to obtain 
improved values of plastic stress and strain increments. If 
the value of yield function is still greater than the toler
ance, then an iterative procedure is adopted in which dX is 
successively updated until the corrected stresses satisfy the

_ gcondition F(a,k) < 1.0 x 10 , i.e. point in Figure 5.16a
is attained. Since the plastic strain increments are simul
taneously corrected, errors due to the approximation of the 
stress-strain curve with linear lines are minimized.

After this improvement (Imp. 1), the axisymmetric tunnel 
problem is reanalysed. The input data and finite element mesh 
employed are the same as described in Section 5.3.5.1. As in 
the previous analysis 0.005 increment of X is sufficient to 
provide accurate results with convergence tolerance of 1% 
until X = 0.88 and from this excavation stage onwards con
vergence difficulties are encountered. A stepwise reduction 
of the load increment size is necessary to obtain the con
vergence of the solution. Hence, 0.002, 0.001, 0.0005 and 
0.0001 increments of X are used between the excavation stages 
X = 0.88 - 0.95, X = 0.95 - 0.99, X = 0.99 - 0.995 and
X = 0.995 - 1.000 respectively. Finally, the complete solution

nclis obtained at 172n increment. On average there are 3 - 4  
iterations in each increment. However, it should be noted 
that convergence difficulties and unacceptable increases in 
computing cost still do exist beyond the excavation stage of 
X = 0.88. The real extent of the plastic zone is approxi
mately 10% underestimated. The radial and tangential stresses 
given by the semi-closed form (FDHB2) and finite element 
(Imp. 1) solutions are compared in Table 5.6 and Figure 5.17.
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Errors in the predictions of the finite element program are 
significant, particularly in the strain softening zone towards 
the boundary with the elastic region. Generally errors in 
tangential stresses are larger than in radial stresses; the 
maximum error is 10.3%. The predicted displacements are 
less than the theoretical values. The maximum error in dis
placements is 9.6% and occurs at the tunnel surface. In 
Figure 5.18, ground response curves given by the semi- 
closed form and finite element solutions are plotted in 
dimensionless form. As can be seen from this figure, the 
agreement between two ground response curves is satisfactory, 
provided that in the finite element analysis the load in
crement size is reduced at the points where the curvature of 
the ground response curve changes. It is observed in both 
semi-closed form and finite element solutions that, beyond the 
excavation stage of A = 0.875, the maximum principal stress is 
approximately equal to the axial stress, i.e. in the principal 
stress space the stress point is very close to a corner of the 
Hoek-Brown plastic potential surface. Thus it appears that 
there may be oscillation of the plastic flow between the 
planes parallel and perpendicular to the excavation face due 
to a very small numerical error and this may be another likely 
cause of convergence difficulties.

5.3.5.3 Overcoming the oscillation of the plastic flow vector

As discussed in Section 5.3.2, the only feasible range of 
the axial stress (ĉ  = az) is  ̂a3 anĉ  t*le numerical
solution must account for the whole range including

=  °2 > °3 an<̂  °1  > °2 ~  ° 3 ' w^ere ^ h e plastic flow occurs 
in the axial direction as well as in the plane of excavation. 
The finite element program is modified in order to keep the 
axial stress in this range. For this purpose at the beginning 
of each flow step the axial stress is computed from Equation
5.10 and compared with the maximum and minimum principal



Gauss
points
r (m)

ar (MPa) °e (MPa)

FDHB2 C G F E P FDHB2 C G F E P
Improve
ment 1

Error
(%)

Improve
ment 2

Error
(%)

Improve
ment l

Error
(%)

Improve
ment 2

Error
(%)

2.100 0.041 0.031 0.2 0.040 0.0 0.917 0.725 3.8 0.915 0.0
2.394 0.171 0.148 0.5 0.168 0.1 1.276 1.273 0.1 1.271 0.1
2.606 0.272 0.319 0.9 0.312 0.8 1.659 1.868 4.2 1.714 1.0
2.894 0.466 0.536 1.4 0.464 0.1 2.782 2.964 3.6 2.702 1.6
3.211 0.756 0.855 2.0 0.742 0.3 4.035 4.410 7.5 3.987 1.0
3.789 1.437 1.618 3.6 1.421 0.3 6.435 6.950 10.3 6.393 0.8
4.423 2.305 2.427 2.4 2.301 0.1 7.695 7.611 1.7 7.728 0.7
5.577 3.305 3.426 2.4 3.319 0.3 6.695 6.600 1.9 6.710 0.3
6.822 3.867 3.985 2.4 3.878 0.2 6.133 6.041 1.8 6.151 0.4
9.118 4.366 4.446 1.6 4.387 0.4 5.634 5.581 1.1 5.642 0.2
11.660 4.612 4.660 1.0 4.624 0.2 5.388 5.367 0.4 5.406 0.4
20.954 4.880 4.903 0.5 4.893 0.3 . 5.120 5.123 0.1 5.136 0.3
54.034 4.982 4.997 0.3 4.997 0.3 5.018 5.029 0.2 5.033 0.3

Table 5.6 Results of analysis of an axisymmetric tunnel in a strain softening rock mass
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Figure 5.17 Development of tangential and radial stresses 
with distance from the tunnel wall in a strain 
softening rock mass

Figure 5.18 Ground response curves obtained by the semi-
closed form and finite element solutions (note 
that a is the radial stress at the first Gauss 
point from the tunnel wall and u is the radial 
convergence)
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stresses. Since the > cr̂ and < a^ situations are not 
feasible, if > cĵ  or a^ < cr̂ it is assumed that a^ 
or a2 = a 3 respectively until the end of the analysis.
Thus the possibility of the oscillation of the plastic flow 
(or elastic unloading) between the planes parallel and per
pendicular to the excavation face is avoided. In stress com
binations = a2 >a 3 or °1  > °2  = a3 P̂ -ast^c fl°w in
the axial direction is restricted by the plane strain con- 

Tdition (£2 = 0.0). As it would appear from the theoretical 
solution presented in Appendix 6, under the plane strain con
ditions the direction of the plastic flow vector is in fact 
uniquely defined at the corner of the Hoek-Brown plastic 
potential surface (Figure 5.16b) and this correct direction 
is now considered in CGFEP instead of the classically assumed 
direction by computing the plastic strain increments as des
cribed in Equations A6.27-A6.34.

After overcoming the oscillation of the plastic flow 
vector and considering its correct direction (Improvement 2), 
the axisymmetric tunnel problem is reanalysed. The input 
data and finite element mesh employed are the same as des
cribed in Section 5.3.5.1. Since the failure initiates at 
A = 0.675, the first elastic increment is chosen to be 
A = 0.67 and then 0.005 increment of A is sufficient to 
provide convergent results until the end of the solution with 
convergence tolerance of 1%, i.e. the complete solution is 
obtained in 67 increments without significant numerical diffi
culties. On average there are 4-5 iterations in each 
increment. Final results obtained by the semi-closed form 
(FDHB2) and finite element (Imp. 2) solutions are compared 
in Table 5.6 and in Figures 5.17 and 5.18. It can be seen 
that the predictions of the finite element program are signi
ficantly improved. The maximum error is 1.6% in stresses and 
1.5% in displacements. Errors in tangential stresses are 
larger than errors in radial stresses, particularly in the 
strain softening region. The greatest error in displacements
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occurs at the tunnel surface. At points more than 3.0m 
(r/a = 1.5) away from the tunnel axis, predicted displacements 
are practically identical to the theoretical values. In 
Figures 5.17 and 5.18, points A and C denote the elastic/ 
strain softening and strain softening/residual plastic zone 
boundaries which are given by the semi-closed form sol
ution to be at Rep/a = 2.084 and Rsr/a = 1.277 respectively.
It is observed in the finite element analysis that the first 
element from the tunnel wall reaches its residual strength 
and the next two elements are in the strain softening state, 
i.e. there is agreement on the size of the plastic zone. In 
Figures 5.17 and 5.18, the point B denotes the excavation 
stage at which the maximum principal stress becomes equal to 
the axial stress. As can be seen from Figure 5.17, at the 
final stage in approximately half of the entire plastic zone 
Or, = a_ > a . The numerical difficulties previously exper- 
ienced in this area, largely due to the oscillation of the 
plastic flow vector, have now been overcome and a fair agree
ment between the results of the semi-closed form and finite 
element solutions is achieved. The numerical solution is not 
only stable and cheaper, but also easier to obtain since the 
complete solution is carried out with equal load increments.

Two other analyses of the same problem are performed in 
which the load increment size and convergence tolerance are 
varied. In the first it is observed that results are not 
significantly different when the load increment size is 
doubled, i.e. 0.01 increment of X is used. However, reducing 
the number of increments by half increases the number of iter
ations more than twice and leads to a more expensive solution. 
Similarly, as a consequence of using 0.1% convergence toler
ance in the second analysis the number of iterations increase 
considerably without a significant improvement in the results. 
Therefore it appears that an optimum solution is obtained 
with 0.005 increment of X and 1% convergence tolerance.



5.4 Conclusions

In this chapter the finite element program, CGFEP, is 
systematically verified against theoretical solutions for 
various problems, including a single element example and 
circular tunnels in elastic and perfectly plastic rocks under 
hydrostatic and non-hydrostatic initial field stresses. In 
elastic and elastic-perfectly plastic analyses errors in 
stresses and displacements are less than 1%. However, in the 
analysis of an axisymmetric tunnel in a strain softening rock 
mass serious numerical difficulties are encountered similar 
to those experienced by Manfredini et al. (197 6). The draw
backs of the finite element program are identified and 
necessary improvements are made which involve the correction 
of the yield surface drift and overcoming the oscillation of 
the plastic flow between planes parallel and perpendicular to 
the excavation face. After these improvements a reasonably 
accurate and convergent solution is obtained in which the 
maximum error in stresses is 1.6%.
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CHAPTER 6

ANALYSIS OF THE ST.GOTTHARD TUNNEL AND SAFETY GALLERY

6.1 Introduction

The practical implications of this research are demon
strated by analysing the northern section of the St. Gotthard 
highway tunnel in Switzerland. Extreme difficulties were en
countered in the area known as the Mesozoic zone and extensive 
investigations of the mechanical properties of the rock mass 
and field measurements were undertaken. Therefore there is a 
considerable amount of published information, which enables 
the author to analyse this section of the tunnel by the methods 
developed in this research. In this chapter after the descrip
tion of the St. Gotthard tunnel, results of parametric analyses 
are presented in order to demonstrate the influence of various 
parameters on the tunnel convergence and support pressure. 
Finally, the rock-support interaction analysis of the safety 
gallery are discussed.

6.2 Description of the St. Gotthard tunnel

The Alps, which were created during the Tertiary period 
by continental displacements, cross Central Europe in the east- 
west direction and constitute a natural barrier for all traffic 
in the north-south direction. Of all transalpine motorways 
through Switzerland, the Gotthard route is of international 
importance. Over its Alpine region, this road follows a con
tinuous system of structures, such as bridges, viaducts and 
tunnels. One of the most remarkable of these structures is the
16.3 km long St. Gotthard tunnel.

The St. Gotthard road tunnel is situated at 1100 m above 
sea level and is a two-lane single tube tunnel. The geological 
section along the northern part of the tunnel is presented in
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Figure 6.1r which shows that the tunnel crosses two auto
chthonous crystalline massifs, i.e. the Aar and Gotthard 
massifs. Both consist mainly of granite and gneiss, partly 
sound and partly fissured to heavily fractured, as a result 
of the strong tectonic stresses during the period of Alpine 
folding. Sandwiched between these crystalline blocks there 
are schists of the Permocarbonic period and calcerous sedi
ments of the Mesozoic period. In the northern section of the 
tunnel, difficulties were encountered mainly in the sediments 
of the Mesozoic period which were partly broken and wet in 
some places (Pfister, 1976).

Figure 6.1 Geological section along the northern part of 
the St. Gotthard tunnel (Schneider, 1979)

In this chapter sections of the St. Gotthard tunnel and 
the safety gallery in the Mesozoic zone are analysed. In this 
zone the depth of the tunnel is 30Qn below the surface and
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the in situ stress field is hydrostatic, i.e. PQ = 7.8 MPa 
(Lombardi, 1977).

Laboratory investigations of the rock strength with 
shear, uniaxial and triaxial tests have been carried out and 
reasonably good average values of material parameters have 
been established for short and long terms. These are as 
follows (Lombardi, 1974b, 1977, 1979; Schneider, 1979):

Elasticity parameters

Uniaxial strength of the intact 
rock
Short term strength parameters 
Long term strength parameters

: E = 10000.0 MPa, 
V = 0.2

: ac = 57.0 MPa

: = 0.25 MPa, 0

0OocoII

p P
: cr = 0.04 MPa, 0 = 28.0°

The average volumetric deformation associated with the failure 
of the rock mass was around 1 %» .

The cross-section of the St. Gotthard tunnel in the Meso
zoic zone is shown in Figure 6.2. The excavation of the
tunnel was performed by the German method, i.e. initially two 
lateral galleries, then the top heading, the bench and invert 
were excavated. The excavation rate in this zone was approx
imately 1 m/day. Further details on the construction process 
can be found elsewhere (Bourquin, 1975; Pfister, 1976; 
Rutschmann, 1976).

The permanent support system consisted of two parts. 
Firstly a temporary support was located to stabilise the rock 
mass. In general as a temporary support rock bolting with an 
average of 3-4 bolts/metre was used along almost the entire 
length of the tunnel. However in approximately 4% of the 
tunnel length (including the Mesozoic zone), where the rock 
mass was fractured and exposed to heavy rock pressures, steel 
support arches were required. Liner-steel plates were placed 
on these arches. Also at some sections a wire net had to be 
fixed in order to protect workers from small pieces of rock
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Figure 6.2 Cross-section of the St. Gotthard tunnel

falling from the roof. A thick inner concrete lining was used 
to cover the temporary support as the final part of the support 
system (Pfister, 1976; Lombardi, 1977).

It was important in the Mesozoic zone to carry out in situ 
measurements to verify the adequacy of the support system.
Thus Lombardi (1977) monitored the time dependent loading and 
deformations of the support arch. For this purpose a sample 
cross-section was selected and the top heading part was fitted 
with measurement devices. As a result rock pressures on the 
support system and radial deformations were determined quite 
satisfactorily (see Figures 6.5 and 6.6).

6.3 Parametric analyses of the St. Gotthard tunnel

If the body forces are ignored, since the original state 
of stress is hydrostatic and the tunnel shape is approximately 
circular, the state of stress and strain around the tunnel is
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axisyiranetric. Therefore the St. Gotthard tunnel can be analysed 
by using the semi-closed form solutions (programs FDHB2 and 
FDMC2) described in Appendix 6. In the following section the 
author's analysis is compared with Lombardi's (1977) solution 
and in situ measurements. This is followed by comparison of 
different post-failure models and parametric analyses indicat
ing the relative importance of various input parameters.

6.3.1 The semi-closed form analysis

Lombardi (1977) analysed the northern section of the St. 
Gotthard tunnel assuming a circular cross-section and a hydro
static in situ stress field. As shown in Figure 2.17, in 
Lombardi's visco-plastic rock behaviour model there are two 
Bingham elements in series; one representing the peak and the 
other the residual criterion and between the two criteria 
there is a creep domain. The viscosity parameter is estimated 
from in situ measurements in order to fit convergence measure
ments to analytical results.

In the authors semi-closed form solution (Appendix 6), 
the Hoek-Brown yield criterion and elastic-strain softening- 
residual plastic stress-strain relationship are assumed.
Short and long term strength parameters are taken as peak and 
residual strength parameters respectively, i.e. the former 
corresponding to initial and the latter to final equilibrium 
states (Ladanyi, 1974). The strength parameters cohesion 
and internal friction angle are associated with the Mohr- 
Coulomb criterion. Therefore the equivalent empirical peak 
and residual strength parameters (m̂ , s^, m^, ŝ ) for the 
Hoek-Brown criterion are determined using the description of 
the rock mass at the site (Bourquin, 1975; Pfister, 1976).
From Table 2.1 the range of likely values are determined and 
then parametric analyses are performed using the elastic- 
perfectly plastic and elastic-perfectly brittle-plastic material 
models. The peak and residual strength parameters which give



157

the same size of plastic zones as in the case of solutions 
based on the Mohr-Coulomb criterion are chosen. The peak 
and residual strength envelopes due to the Hoek-Brown and 
Mohr-Coulomb criteria are plotted in Figure 6.3. Because of 
the nonlinearity of the Hoek-Brown criterion some differences 
in stress and consequently in deformation values are to be 
expected depending upon whether the Mohr-Coulomb or Hoek- 
Brown criterion is used.

Figure 6.3 Peak and residual strength failure envelopes for 
the Mohr-Coulomb and Hoek-Brown criteria

A further parametric analysis is performed by varying the 
rate of strength reduction. The strain softening slope which 
gives the same size of failure zone as Lombardi (1977) is 
chosen. Thus the failure modes of two solutions are made com
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patible.
In the author’s solution the viscous behaviour of the 

rock mass is not considered. However, the flow rule is chosen 
such that convergence of the tunnel fits with the in situ 
measurements, i.e. rather like Lombardi (1977) estimated the 
viscosity parameter. The following input data are used in the 
author's plane strain analysis of the St. Gotthard tunnel by 
using program FDHB2:

PQ = Px = Py = Pz = 7.8 MPa, P± = 0.0, E = 10000.0 MPa,
0.2, o c = 57.0 MPa, = m^ = 0.2, mr = 0.056,
s = 0.0001, s = 0.00001, a = 10.0, h = f = 2.1,P 3-6.4 m (see Figure A6.2).

In situ measurement results (Lombardi, 1977) and ground 
response curves obtained from the author's and Lombardi's 
solutions are shown in Figure 6.4. In the figure point 
defines the initial instantaneous equilibrium state at the 
tunnel face (curve 1), where the radial inward displacement is 
0.074 m (u^). An additional deformation of 0.068 m (U2) 
occurs from the tunnel face to the analysed section which is 
approximately 5 m away from the face. At this point in time 
the support system is installed and thus the origin of the 
support reaction curve (curve 5) is at point C2. This is the 
starting point for the ground-support interaction. Curve 5 is 
deduced from the measured movements of the rock bolts. It has 
been observed that the support system began to be structurally 
effective after 0.05 m (û ) of radial convergence had occurred. 
Thus a total of 0.192 m radial closure of the tunnel takes 
place before the support system becomes effective. The stiff
ness of the support system is approximately 0.857 MPa 
(Lombardi, 1977).

The solution of the ground-support interaction problem at 
time T is given by the intersection of the ground response 
curve obtained at time T (curve 2) and the support reaction
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curve (curve 5), i.e. the displacement of the support sys
tem and the rock mass can be expressedas

u (6 .1 )

where uQ is the radial convergence before the support sys
tem becomes effective (u = u 1 + u9 + u->) and P. , k and a 
are the support pressure, support stiffness and tunnel radius 
respectively. The long term ground response curves 3 and 4,

Figure 6.4 Ground-support interaction diagram for the 
St. Gotthard tunnel
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which are obtained by Lombardi (1977) and the author 
respectively, intersect the support reaction curve at the 
final equilibrium point C^. Both curves are designed 
to be identical at point and are slightly different in 
the other regions due to th6 different rock behaviour 
models.

The development of rock pressures on the support system 
and radial convergence of the rock mass with respect to time 
has been monitored by Lombardi (1977). In Figures 6.5 and
6.6 in situ measurements and theoretical results are compared. 
It can be seen from Figure 6.5 that 84 hours after installa
tion of the support the convergence is 0.05 m and the support 
system becomes structurally effective. From this moment on
wards the pressure increases up to 0.12 MPa and radial dis
placement to a final value of 0.332 m. Most of the rock 
pressures and convergence occur within 30 days after the 
support is installed. Furthermore, Lombardi (1977) demons
trated that results presented in Figures 6.5 and 6.6 are not 
significantly affected by the location of the excavation face.

Although there is an excellent agreement between theor
etical solutions and in situ measurements, it should be noted 
that in the author's and Lombardi's solutions the deformation 
behaviour of the rock mass is adjusted in order to fit con
vergence measurements. However, fitting tunnel convergence 
is not sufficient support for a theoretical rock mass behaviour 
model and the assumed failure mode must also correspond to the 
real failure mode. For this purpose the extent of the failure 
zone around the tunnel should also be monitored and used to 
verify theoretical solutions. Unfortunately such information 
is not reported on the St. Gotthard tunnel and the author's 
solution as well as Lombardi's, may only be one of the possible 
solutions which do not necessarily correspond to the real one. 
Nevertheless the sensitivity of theoretical solutions to some 
unconfirmed parameters, such as the viscosity parameter and
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Figure 6.5 Computed and measured rock pressures on the 
support system (Lombardi, 1977)

Figure 6.6 Computed and measured radial convergence of 
the rock mass (Lombardi, 1977)



the flow rule, can always be checked through parametric 
analyses.

6.3.2 Comparison of different post-failure models

The rock pressures on the support system and convergence 
of the tunnel may vary considerably depending on the post
failure behaviour of rock masses. In this section the St. 
Gotthard tunnel is reanalysed with elastic-perfectly plastic 
(EP), elastic-strain softening-residual plastic (ESP) and 
elastic-brittle-residual plastic (EBP) material behaviour 
models. In all solutions the Hoek-Brown criterion is used.
The input data are the same as in the previous section with 
the exception that the parameter a is different in each case, 
i.e. a = 00 for the EP, a = 10.0 for the ESP and a=0 for the EBP 
model. The variation of tangential and radial stresses around 
the tunnel with different post-failure models are illustrated 
in Figure 6.7. As can be seen from this figure, the peak of 
the tangential stress distribution (the elastic/plastic zone 
interface) is transposed away from the tunnel depending on the 
brittleness of the material model. Thus the size of the 
failure zone is predicted to be smallest with the EP and 
largest with the EBP model. In the ESP model the amount of 
plastification depends upon the rate of strength reduction 
(see Section 6.3.6). In all cases the intermediate principal 
stress, a , becomes equal to the tangential stress (at point
B) within the plastic zone ( a = o > a case). Groundy z r
response curves due to different material behaviour models are 
presented in Figure 6.8 in a dimensionless form. As can be 
seen from this figure, the models which predict more plastif- 
ication around the tunnel give larger displacements. This may 
lead to a substantial difference in the final equilibrium 
point of the ground-support interaction analysis. Thus the
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Figure 6.7 Variation of tangential and radial stresses 
around the tunnel with different post
failure models

Figure 6.8 Variation of ground response curves with 
different post-failure models
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importance of considering a realistic post-failure model 
is demonstrated.

6.3.3 Comparison of different strain softening models

The strain softening of a rock mass can be related to a 
scalar measure of plastic deformation. In this research this 
scalar measure is taken as the maximum principal plastic 
strain (Model 1 in Figures 6.9 and 6.10). However, as discussed 
in Section 3.2.3, some analysts use the equivalent plastic 
strain (Model 2) and plastic volumetric strain (Model 3) con
cepts. In this section the sensitivity of the analysis of the 
St. Gotthard tunnel to the choice of these options is investi
gated. The input data are the same as in Section 6.3.1. In 
the solutions the Hoek-Brown yield criterion and elastic- 
strain softening-residual plastic stress-strain curve are 
assumed.. The variation of tangential and radial stresses around the 
tunnel and ground response curves with different strain soften
ing models are presented in Figures 6.9 and 6.10. The smallest 
and largest failure zones and radial displacements are calcul
ated by using Model 1 and Model 3 respectively. Three diff
erent zones occur around the tunnel. These are an elastic zone 
remote from the tunnel, an intermediate strain softening zone 
and an inner residual strength region. The stress distributions 
in strain softening zone vary from model to model, but as soon 
as the residual strength state is reached, stresses calculated 
from all models follow the same curve. In all cases the axial 
stress, a , becomes equal to tangential stress in the plastic 
zone (at point B). It can be concluded from Figure 6.10 that 
the computed rock pressures on the support system and radial 
convergence may vary considerably due to the choice of the 
scalar measure of plastic deformation.
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r/a
Figure 6.9 Variation of tangential and radial stresses 

around the tunnel with different strain softening models

Figure 6.10 Variation of ground response curves with 
different strain softening models



166

6.3.4 Parametric analysis for perfectly plastic rock mass 
behaviour

One of the main purposes of analyses of underground ex
cavations is to perform a parametric study and check the 
sensitivity of design to several parameters which may not be 
completely available or be in sufficiently narrow bounds, as 
well as obtaining results for one particular set of input 
data. In this section the influence of variation of various 
input parameters on the elastic-perfectly plastic (EP) analysis 
of the St. Gotthard tunnel is discussed.

Two parallel solutions are performed; one using the Mohr- 
Coulomb (program FDMC2) and the other the Hoek-Brown criterion 
(program FDHB2). Two sets of input data are listed in the 
following:

i) Data for the solution based on the Mohr-Coulomb
yield criterion (M-C Solution):
P_ = 7.8 MPa, P. = 0.0, E = 10000.0 MPa, o 1
v = 0.2, 0 = 30.0°, c = 0.25 MPa, h = f = 1.85, 
a = 6.4 m .

ii) Data for the solution based on the Hoek-Brown 
yield criterion (H-B Solution):
P = 7.8 MPa, P. = 0.0, E = 10000.0 MPa, 
v = 0.2, ac = 57.0 MPa, m = 0.2, s = 0.0001, 
h = f = 2 . 1 , a = 6 . 4 m .

In the parametric analysis each input parameter is varied -10%, 
-30%, -50% in successive computer runs and the sensitivity of 
the radial convergence and the size of the failure zone are 
investigated. In Figures 6.11 - 6.22 ground response curves 
are presented in a dimensionless (normalised) form. In each 
figure one parameter is variable and curves obtained for
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specified variations of this parameter are plotted. As can 
be seen from Figures 6.11 and 6.12, the variation of elastic 
modulus in the range 6f -50% affects radial convergence, u, 
significantly, but this is not so in the case of Poisson's 
ratio. As shown in Figure 6.13, small variations of the 
internal friction angle, in particular reduction of 0, can 
change the final radial convergence and consequently the 
support pressure substantially. However, the sensitivity of 
cohesion is far less than 0, but still significant (Figure 
6.15). In the Hoek-Brown criterion the empirical parameters m 
and s are approximately analogous to the friction angle and 
cohesion of the conventional Mohr-Coulomb.criterion. As can 
be seen from Figures 6.14 and 6.16, sensitivity of ground res
ponse curves due to the variation of m and s is relatively 
modest compared to their counterparts in the Mohr-Coulomb 
criterion. This is obviously an advantage for the Hoek-Brown 
criterion, because small errors in specification of these para
meters are more tolerable than similar errors in friction angle 
and cohesion. In Figures 6.17 and 6.18, ground response curves 
for various flow rules - including the associated (AFR) and 
zero volume change (dV = 0.0) non-associated (NAFR) flow rules 
which are extreme cases - are shown. The ratios of plastic 
strain increments which fall outside these extreme cases are 
not considered (e.g. - 50% variation of h = f in Figure 6.17,
30% and 50% variation of h = f in Figure 6.18). As can be 
seen from Figures 6.17 and 6.18, increases in ratios of plastic 
strain increments increase radial convergence particularly when 
support pressure is lower than 10% of the original field 
stress. It should be noted that the associated flow rule leads 
to unrealistically large displacement predictions. In the case 
of the solution based on the Hoek-Brown criterion, for the 
associated flow rule we can write from Equation 3.14:
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h f
2J 5maca3 + sa

mac
c1

(6 .2)

As it is evident from Equation 6.2, for lower values of radial
pressure and parameter s, larger values of ratio of plastic
strain increments and consequently radial displacements are
calculated. It is demonstrated in Figure 6.19 that ground
response curves are significantly influenced by the variation
of uniaxial strength of the intact rock, a , in the solution
based on the Hoek-Brown criterion. However, a can be deter-c
mined by laboratory or in situ tests with relative precision 
and ease and large errors in the results can be avoided. In 
Figures 6.20 and 6.21, sensitivity of the solution to the 
variation of original field stress and tunnel radius is shown. 
As can be seen from Figure 6.20, initial field stress has a 
considerable influence on radial convergence. In Figure 6.21 
for all variations of tunnel radius the same ground response 
curve is plotted. This is because of the dimensionless nature 
of the horizontal axis and in fact real values of radial con
vergence increase with larger tunnel radii. In general it is
observed in Figures 6.11 - 6.22 that variation of most para-+meters, except 0, ac and m, in the range of -50% is only 
influential if support pressure is lower than a few percent of 
the initial field stress. For the case of an unsupported 
tunnel (P̂  = 0.0), the sensitivity of normalised radial con
vergence (u/a) to the variation of several input parameters is 
demonstrated in Figure 6.22. The variation of normalised 
radius of the elastic/plastic zone interface (R /a) with“ irrespect to input parameters is also presented in Figure 6.23.
General trends in both figures are similar. As can be seen
from Figure 6.22, the radial convergence is not significantly 

*4*affected by -50% variation of the empirical parameter s and 
Poisson*s ratio. Similarly in Figure 6.23/it is shown that 
the area of failure zone does not significantly change by the
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Figure 6.11 Variation of ground response curves with 
elastic modulus

u / q

Figure 6.12 Variation of ground response curves with 
Poisson's ratio
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Figure 6.13 Variation of ground response curves with 
internal friction angle

U / Q

Figure 6.14 Variation of ground response curves with 
parameter m
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U/CL
Figure 6.15 Variation of ground response curves with 

cohesion

Figure 6.16 Variation of ground response curves with 
parameter s
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Figure 6.17 Variation of ground response curves with 
ratio of plastic strain increments 
(M-C solution)

Figure 6.18 Variation of ground response curves with 
ratio of plastic strain increments 
(H-B solution)
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Figure 6.19 Variation of ground response curves with 
uniaxial strength of the intact rock

Figure 6.20 Variation of ground response curves with 
initial field stress
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Figure 6.21 Variation of ground response curves with 
tunnel radius

Figure 6.22 Variation of normalised radial convergence 
with respect to input parameters in EP 
analysis
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variation of deformation parameters E, v and flow rules.
This is to be expected, because in the elastic-perfectly 
plastic material behaviour models strength parameters do not 
vary as functions of strain. Furthermore it can be seen that 
-50% variation of s has very little effect on the size of the 
plastic zone.

Figure 6.23 Variation of normalised radius of the elastic/ 
plastic zone interface with respect to input 
parameters in EP analysis

As can be seen from Figures 6.22 arid 6.23, the most sensi
tive parameter is the internal friction angle, 0. Only -10% 
(3°) reduction of 0 produces an approximately 70% increase in 
normalised radial convergence (u/a) and a 25% increase in the
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normalised radius of the elastic/plastic zone interface. On 
the other hand +10% increase of 0 leads to a 35% and a 16% 
reduction in u/a and Rep/a values respectively. Results 
presented in Figure 6.22 are in agreement with Lombardi (1979), 
who concluded that the friction angle is the most sensitive 
parameter and may have a major influence on the design of 
underground openings. In general the Hoek-Brown criterion para
meters seem to be less sensitive than the Mohr-Coulomb criterion 
parameters. In the solution based on the Hoek-Brown criterion, 
the most sensitive parameters are the uniaxial strength of in
tact rock and empirical parameter m.

6.3.5 Parametric analysis for strain softening rock mass behaviour

In this section the behaviour of the rock mass surrounding 
the St. Gotthard tunnel is considered to be elastic-strain 
softening-residual plastic (ESP) , As in the previous section 
two parallel solutions are carried out, based on the Mohr- 
Coulomb and the Hoek-Brown criteria. In both solutions the 
rate of strength reduction is the same. Two sets of input 
data are presented in the following:

i) Data for the solution based on the Mohr-Coulomb
yield criterion (M-C Solution):
P =7.8 MPa, P. =0.0, E = 10000.0 MPa, o 1v = 0.2, 0p = 30.0 , 0r = 28.0 , cp = 0.25 MPa, 
cr = 0.04 MPa, a =10.0, h = f = 1.85, a = 6.4 m.

ii) Data for the solution based on the Hoek-Brown 
yield criterion (H-B Solution):
PQ = 7.8 MPa, P± = 0.0, E = 10000.0 MPa,
v = 0.2, cr = 57.0 MPa, m = 0.2, m = 0.056, c P r
sp = 0.0001, sr = 0.00001, a = 10.0, 
h = f = 2.1, a = 6.4 m .
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Sensitivities of radial convergence and area of plastic zone 
+ + +to -10%, -30% and -50% variations of strain softening para

meters (0r/0pf cr/cp r mr/mp' sr//sp' as wel1 as other input 
parameters are investigated. In Figures 6.24 - 6.35, ground 
response curves are presented in a dimensionless form.
General trends shown in figures are similar to the ones in 
the previous section, however the strain softening behaviour 
of the rock mass leads to larger displacements and failure 
zones around the tunnel. As can be seen from Figures 6.24 
and 6.25, variation of elastic modulus has a significant effect 
on radial convergence, but this is not so in the case of 
Poisson's ratio. In Figures 6.26 - 6.29, the sensitivity of 
the solution to variation of brittleness parameters (0 /0 ,3T p
cr/c , mr/mpf sr/Sp) is demonstrated. It appears that the sol
ution is quite sensitive to brittleness parameters except 
s /s . In general the sensitivity of ground response curvesJ. P
due to the variation of m /m and s /s is relatively modestr ' p r' p J
compared to their counterparts, 0 / 0  and c /c , in the sol-X. p x. p
ution based on the Mohr-Coulomb yield criterion. In Figure
6.26 10%, 30% and 50% increases in 0 /0 ratio are excluded,r p
because these values lead to strain hardening of the rock 
mass. As can be seen from Figures 6.30, 6.31 and 6.33, in
creases in ratios of plastic strain increments and initial field 
stress increase radial convergence significantly. In Figure 
6.32 it is shown that the solution is very sensitive to the 
variation of the uniaxial strength of the intact rock. As it 
appears from Figures 6.34 and 6.35, the solution based on the 
Hoek-Brown criterion seems to be more sensitive to the varia
tion of the parameter a (which defines the rate of strength 
reduction) than the solution based on the Mohr-Coulomb crit
erion .

It can be seen from Figures 6.24 - 6.35 that, the long 
term strain softening behaviour of the rock mass leads to 
large deformations, which will inevitably make the tunnel 
unusable if it is not supported. In fact, as discussed in
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u / q

Figure 6.24 Variation of ground response curves with 
elastic modulus

Figure 6.25 Variation of ground response curves with 
Poisson's ratio
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Figure 6.26 Variation of ground response curves with 
0r/0p ratio

Figure 6.27 Variation of ground response curves with
m /m ratio r/ p
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u /a

Figure 6.28 Variation of ground response curves with 
c /c ratio** ir

Figure 6.29 Variation of ground response curves with
s /s ratio r' p
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u / q

Figure 6.30 Variation of ground response curves with 
ratio of plastic strain increments 
(M-C solution)

Figure 6.31 Variation of ground response curves with 
ratio of plastic strain increments 
(H-B solution)
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Figure 6.32 Variation of ground response curves with 
uniaxial strength of the intact rock

Figure 6.33 Variation of ground response curves with 
initial field stress
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Figure 6.34 Variation of ground response curves with 
parameter a (M-C solution)

Figure 6.35 Variation of ground response curves with 
parameter a (H-B solution)
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Section 6.2, in practice the St. Gotthard tunnel has been
supported. The total stiffness of the support system was
approximately 0.857 MPa and it has become effective after
approximately 0.19 m of radial convergence has taken place
(Lombardi, 1977). The support reaction line is shown in'
Figures 6.24 - 6.35. The intersection of this line with a
ground response curve gives the radial convergence and rock
pressure on the support system. In Figure 6.36, for this
particular support system the variation of normalised radial
convergence (u/a) with respect to that of input parameters is
shown. As can be seen from this figure, -10% variations of
all parameters, except o and 0 /0 , change u/a by less than _i_ c r p-10%. The final equilibrium point is quite sensitive to even
smaller variations of ac and 0r/0p and thus these parameters
must be defined as precisely as possible. The influences of
flow rules, initial field stress, m /in , a „ ~ (the rate ofr p n—rJ
strength reduction in the solution based on the Hoek-Brown 
criterion) and elastic modulus become marked, if these para
meters vary more than -10% from their original values. On 
the other hand, the effects of even -50% variations of cr/cp/
a_. _, v and s /s are considerably smaller and errors in M—C r p
specifications of these parameters are of secondary importance. 
In general the area of the plastic zone is less sensitive to 
the variation of the parameters considered above. In fact -50% 
variations of all input parameters except o Q and 0r/0p* 
change the radius of the elastic/plastic zone interface by 
less than 10%. As can be seen from Figures 6.24 - 6.35, the 
variation of the support pressure with respect to various in
put parameters is slightly less than that of the radial con
vergence. Although results presented in this section depend 
on the stiffness and time of installation of the support 
system, it should be noted that small variations of some para
meters, such as o Q and 0r/0p> maY influence the support 
design considerably.
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VARIATION OF PARAMETERS {% )

Figure 6.36 Variation of normalised radial convergence of 
supported tunnel with respect to input para
meters in ESP analysis

In Figure 6.37, variations of maximum pressures for 
various support systems with respect to tunnel radius are 
shown. This figure is prepared for closed support rings 
subjected to hydrostatic rock pressures (Hoek and Brown, 1980a) 
and cannot be used for non-axisymmetric cases. The maximum 
deformation tolerated by each support system can be calculated 
by substituting the maximum support pressure from Figure 6.37 
into Equation 6.1. Further deformation leads to yielding of 
the support system which is generally avoided in design. As 
can be seen from Figure 6.37, for the final support pressure
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A - SHOTCRETE - 5cm (0.05m)/
2 Inches thick shotcrete. 
o . cone. = 14 MPa/2000 psi 
after 1 day

B - SHOTCREIE - 5cm (0.05m)/
2 inches thick shotcrete. 
o , cone. = 35 MPa/5000 psi 
after 28 days

C - CONCRETE - 30cm (0.3Qn)/
12 inches thick concrete. 
a , cone. = 35 MPa/5000 psi 
after 28 days

D - CONCRETE - SO=m (0.5Cm)/ 
19.5 inches thick concrete, 
o , cone. = 35 MPa/5000 psi 
after 28 days

E - STEEL SETS - (6 I 12)
2nv09 in.
o = 248 MPa/36000 psi y5

F - STEEL SETS - (8 I 23) space 
1.5m/59 in.
°ys = 248 KPa/360O0 psi

G - STEEL, SETS - (12 W  65) at 
lm/39 in.
°ys = 248 6000 PSi

H - VERY LIGHT HOCKBCLTS - 
16rtrv^in. at 2.3n/98in. 
centres Mechanical anchor. 
Tbf = O-ii^/SSOOO lb.

I - LIGHT ROCKBOLTS - 19nrti/iin. 
at 2.Qn/79in: Mechanical 
anchor. T. f = 0.18RN/
40000 lb. %  pull out 
streigth)

J - MEDIUM ROCKBCLTS - 2£fTm/lin. 
at 1.5m/59in. centres: 
Mechanical anchor.
Tbf = °-267M4/60000 lb.

K - HEAVY ROCKBCLTS - 34jnVUin. 
at lm/39in. centres: Resin 
anchored. T,, = 343*1/ 
150000 lb.

TUNNEL RADIUS a - inches

TUNNEL RADIUS a - metres

Figure 6.37 Variations of maximum pressures for various
support systems with respect to tunnel radius
(Hoek and Brown, 1980a)

(P̂  = 0.12 MPa) one of the support systems F, K, B, G, C or 
D can be chosen depending upon the required factor of safety. 
The incorrect specification of input parameters, such as o c  
and 0r/0p, leads to an undesired factor of safety and unsat
isfactory design. From the type of results presented in this

TU
NN

EL
 
SU
PP
OR
T 

PR
ES
SU
RE
 

R
-
 

lb
/i
n2



187

section one can decide which parameters are worth investigat
ing with precision by adequate laboratory or field tests and 
which are of secondary importance. Although these results 
will vary according to the problem and nature of the rock 
mass, they still do provide useful trends.

6.3.6 Effect of the rate of strength reduction

In this section the St. Gotthard tunnel is analysed for 
various rates of strength reduction using two parallel sol
utions based on the Mohr-Coulomb and Hoek-Brown criteria. The 
two sets of input data are the same as in previous sections.
In Figures 6.38 and 6.39 ground response curves for various 
values of a (in the range of 0.0 - 100.0) are plotted. Curves 
for a = 100.0 as a fair approximation correspond to elastic- 
perfectly plastic behaviour. As can be seen from the figures, 
the solution based on the Hoek-Brown criterion is the more 
sensitive to the rate of strength reduction. In Figures 6.40 
- 6.43 variations of normalised radial convergence (u/a) and 
normalised radii of elastic/strain softening (R^/a) and 
strain softening/residual plastic (Rgr/a) zone interfaces with 
respect to 1/a are plotted. As can be seen from the figures, 
the solution is sensitive to particular values of a and only 
when a is within a limited range of values is strain softening 
behaviour of the rock mass significant. This result is con
sistent with the findings of Borsetto and Ribacchi (1979) dis
cussed in Section 2.3.3. In the problem under consideration, 
the range of effective a values is approximately the same for 
both criteria, i.e. a = 1.0 - 67.0. It should be noted that 
the limits of this range depend upon the strength and deform
ation behaviour of the rock mass as well as the original 
stress field. Outside this range the numerical value of a 
is not important and results are not significantly different 
whether the ESP material model is used or not. It appears
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Figure 6.38 Variation of ground response curves with 
parameter a (M-C solution)
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Figure 6.39 Variation of ground response curves with 
parameter a (H-B solution)
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Figure 6.40 Variation of normalised radial convergence 
with respect to 1/a (M-C solution)

Figure 6.41 Variations of normalised radii of elastic/ 
strain softening and strain softening/ 
residual plastic zone interfaces with respect 
to 1/a (M-C solution)
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Figure 6.42 Variation of normalised radial convergence 
with respect to 1/a (H-B solution)

1/ a

Figure 6.43 Variationsof normalised radii of elastic/ 
strain softening and strain softening/ 
residual plastic zone interfaces with respect 
to 1/a (H-B solution)
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from Figures 6.41 and 6.43 that, if the residual strength of 
the surrounding rock mass is not reached, the solution can be 
regarded as in the perfectly plastic mode and the problem can 
be solved by using the EP rock behaviour model. Thus in the 
solution peak strength parameters are important rather than 
residual ones. However, if the residual strength state of 
the rock mass is reached, the solution becomes sensitive to 
the numerical value of a until the perfectly brittle mode is 
attained. As can be seen from Figures 6.40 - 6.43, in the 
strain softening mode, for the smaller values of a larger 
radial convergences and failure zones are obtained. As the 
value of a gets smaller, the area of the residual strength 
zone covers bigger portions of the plastic zone. When it is 
small enough almost the entire plastic zone is in the residual 
state and the perfectly brittle mode is reached. For yet 
smaller values of a the results are not significantly different 
and in the solution the EBP rock mass behaviour model can be 
used as well as the ESP model.

6.3.7 Effect of the variation of elasticity parameters during 
the strain softening behaviour

As discussed in Section 2.2.1.3, the strain softening of 
the rock mass is accompanied by a reduction of elastic modulus 
and an increase of Poisson's ratio. Although no quantitative 
justification is made, this concept is always neglected in 
numerical modelling of rock masses. In this section the semi- 
closed form solution, described in Appendix 6, is modified to 
incorporate the variation of elastic modulus and Poisson's 
ratio and programs FDMC3 and FDHB3 are prepared. Hence now 
in the strain softening region, the elasticity parameters as 
well as the strength parameters vary linearly with maximum 
principal plastic strain from their original values at peak 
strength to residual values at = eir* Results of the
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analysis of the St. Gotthard tunnel given by programs FDMC3 
and FDHB3 are presented in Figures 6.44 - 6.47 for the 
unsupported case (P̂  = 0.0). As can be seen from the figures, 
the solution based on the Hoek-Brown criterion is more sensi
tive to the variation of elasticity parameters than that 
based on the Mohr-Coulomb criterion. In Figures 6.44 and 
6.45, the influence of the reduction of elastic modulus is 
demonstrated. It can be seen from Figure 6.44 that, up to 
50% reductions in elastic modulus increase normalised radial 
convergence by less than 10%. More than 50% reductions in the 
modulus cause asymptotic increases of the convergence. In 
Figure 6.45 it is shown that although the size of the entire 
plastic zone is affected quite modestly, the area of the 
residual strength zone is reasonably sensitive to the vari
ation of E^/E. This is to be expected, because reductions 
of the elastic modulus increase deformations and hence the 
residual state of the rock mass around the tunnel is attained 
at earlier stages of the excavation (at higher values of P^), 
resulting in larger residual zones.

In Figures 6.46 and 6.47 the influence of the increase
of Poisson's ratio - from its original value at peak strength
(v = 0.2) to residual values of 0.2 < v < 0.5 - is shown. As
can be seen from the figures, an increase in Poisson's ratio
reduces the radial convergence and area of the plastic zone
almost lihearly. However, the influence of the variation of
v /v is far less than that of E /E. In fact, even for the r tomaximum value of v = 0.5, the normalised radial convergence 
(u/a) and radii of elastic/strain softening and strain 
softening/residual plastic zone interfaces decrease by less 
than 10%, 1% and 3% respectively.

It may be concluded from results presented in this 
section that, if the elastic modulus decreases to less than 
half of its original value during the strain softening 
behaviour, its residual value should be taken into account in 
the rock mass behaviour model. The influence of increase in
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Er /E

Figure 6.44 Variation of normalised radial convergence 
with respect to Er/E

Er/E
Figure 6.45 Variation of normalised radii of elastic/ 

strain softening and strain softening/ 
residual plastic zone interfaces with respect 
to Er/E
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Figure 6.46 Variation of normalised radial convergence 
with respect to v /v

Variation of normalised radii of elastic/ 
strain softening and strain softening/ 
residual plastic zone interfaces with respect 
to vr/v

Figure 6.47
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Poisson's ratio is of secondary importance and may be neglected 
in many cases.

6.4 Finite element analysis of the safety gallery

Parallel to the axis of the St. Gotthard tunnel at a 
separation of 30 m, a safety gallery has been driven ahead of 
the tunnel in order to ensure that the rescue crew could reach 
workers in case of accident or fire during construction of the 
main tunnel. The gallery follows the axis of the planned second 
tube and has provided such valuable information on the excava
tion process that its cost has been more than recovered. The 
safety gallery was also of considerable advantage for the con
struction schedule. It allowed the difficult areas, such as 
the Mesozoic zone, to be attacked before the main tunnel has 
reached these areas. As the excavation of critical zones 
could not be completed within the available time, the safety 
gallery was subsequently used as a by-pass (Figure 6.48) to 
continue with the heading of the main tunnel (Pfister, 1976).

PLAN

SA FETY GALLERY F  B Y -P A S S

Figure 6.48 Excavation plan and cross-section in the Mesozoic 
zone (Pfister, 1976)
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A typical cross-section of the excavation in the Mesozoic 
zone is shown in Figure 6.48. in order to improve
the stability in some parts of the gallery, a horse-shoe 
shaped excavation profile has been used. Since the excavation 
shape is not circular the state of stress and strain around 
the gallery is not axisymmetric and a rock-support interaction 
analysis can only be performed by using numerical methods such 
as the finite element method. Thus the safety gallery is 
analysed by using the finite element program CGFEP.

The finite element mesh generated for the analysis is 
shown in Figure 6.49. As can be seen from this figure, 
because of the symmetry of the problem only half of the cross- 
section needs to be analysed. The finite element mesh consists 
of 80 8-noded isoparametric elements, 8 in the radial and 10 
in the circumferential direction. The external mesh boundary 
is approximately 10 times the width of the gallery away from 
the origin of the cartesian coordinate system. In Figure 6.49b 
only the vicinity of the safety gallery, modelled by the first 
5 elements in the radial direction,is plotted. The boundaries 
AF and FG are free to slide in the vertical and horizontal 
directions respectively and GH and HA are free boundary sur
faces .

As pointed out in Section 6.2, the hydrostatic in situ 
stress is PQ = 7.8 MPa. In the analysis the rock mass behaviour 
model proposed in Section 3.3 is used. The following material 
property data are specified for the rock mass:

E = 10000.0 MPa, V = 0.2, a =57.0 MPa, m = m =0.2,
c y  p

mr = 0.056, sy = sp = 0.0001,. sr = 0.00001, = 6-^ = 0.0,
elr = °-00421' h = f = 2.1 .

It should also be noted that the gallery is deep enough 
(300 m) for the gravity of the surrounding rock mass to be 
neglected and plane strain conditions are assumed to be valid 
in the analysis.

The safety gallery has been excavated full face with 
drilling machines in a continuous working cycle. As a tempor-



Figure 6.49 Finite element mesh for the analysis of the safety gallery
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ary support, medium weight GI 130 and GI 140 steel sets had 
to be installed immediately after the excavation to stabilize 
the rock mass. Between two steel arches there was approxi
mately lm (Bourquin, 1975). GI steel sections were specially 
designed for this project and hence their specifications do 
not exist in any international standard or source available 
to the author. Therefore in this analysis it is assumed that 
8123 medium weight steel sets with stiff blocking (Hoek and 
Brown, 1980a) are used to form steel support arches with a 
separation of lm. In finite element analyses the support 
system may be modelled by plane strain elements or beam 
elements depending on the thickness of the support. In this 
analysis plane strain elements are used, i.e. in the finite 
element mesh (Figure 6.49) the first element in the radial 
direction represents the support. Considering specifications 
of 8123 steel sets (Hoek and Brown, 1980a) and equalizing the 
axial and bending stiffness of the steel sets and plane strain 
elements, the following input data are chosen for the support 
elements which are assumed to be linear elastic:

Elastic parameters : E = 4500.OMPa, v = 0.25
Thickness : t = 0.2m.

The excavation is simulated by stepwise reduction of 
stresses equilibrating the initial stress field on the 
boundary of the gallery. In any increment the available 
support pressure is:

P± = (1 - X) PQ (6.3)

where 0  <  X < 1. The parameter X defines the amount of 
support pressure removed from the excavation boundary, i.e. 
at X = 1 the excavation is completed. This particular type 
of loading may be related to the progress of the excavation,
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because as the face advances, the support provided by the as 
yet unexcavated rock mass ahead of the face decreases (Panet 
and Guellec, 1974) . The finite element analysis is performed 
interactively in 185 load increments using the modified 
initial stress approach discussed in Section 4.3.4. In the 
analysis, support elements are activated at the beginning of 
the solution. For the first increment X is chosen to be 0.46 
since the failure of the rock mass initiates at X = 0.48 and 
0.01 increment of X in subsequent increments is sufficient to 
provide results with convergence tolerance of 1% until 
X = 0.60 (increment 15). However, from the 15th increment 
convergence difficulties arise and consequently the number of 
iterations within each load increment increases substantially 
unless the load increment size is reduced. Thus 0.005 
increment of X appears to be suitable between increments 15 and 
35 (X = 0.60 - 0.70). Beyond the 35th increment a further 
reduction of increment size is necessary and 0.002 increment 
of X is found sufficient until the end of the solution.

Results of the finite element analysis are presented in 
Figures 6.50 - 6.57, at the end of increments 5, 15, 35, 85, 
135 and 185 corresponding to X values of 0.50, 0.60, 0.70, 
0.80, 0.90 and 1.00 respectively. As can be seen from Figure 
6.50, the failure of the surrounding rock mass initiates at 
the roof of the gallery. At X = 0.60, while the yielding of 
the rock mass propagates towards the side-wall, another 
plastic zone develops at the bottom corner of the gallery 
(Figure 6.51). Later, as the face of excavation advances, at 
X = 0.70 these zones combine and the failure of the rock mass 
propagates along the entire boundary of the gallery. Finally 
at X = 1.00 the depth of the plastic zone extends approxi
mately to 65% of the width of the gallery. As can be seen 
from Figures 6.54 and 6.55 the residual strength of the rock 
mass is first reached at the floor and then at the side-wall 
of the gallery. A high stress concentration zone develops 
around the bottom corner of the gallery, whereas lower stress



Figure 6.50 Displacements,stresses and plastic zone around the safety gallery at A = 0.50
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Figure 6.51 Displacements, stresses and plastic zones around the safety gallery at X — 0.60
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Figure 6.52 Displacements, stresses and plastic zone around the safety gallery at X =0.70
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S T .  GOTTHARO TUNNEL SAFETY GALLERY LENGTHS
DISPLACEMENTS

CGFEP PLOT INCREMENT 85 ITERATION 3 STRESSES

3.5*10 '*  m 
0.. 1 ■ 10 '1 m 
1 . o - i o 1 MPa

□  ELASTIC ZONE
EZ3 STRAIN SOFTENING ZONE
■ I  RESIOUAL ZONE

Figure 6.53 Displacements, stresses and plastic zone around the safety gallery at X = 0.80
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Figure 6.54 Displacements, stresses and plastic zones around the safety gallery at X - 0.90
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Figure 6.55 Displacements, stresses and plastic zones around the safety gallery at \  = 1.0
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Figure 6.56 Development of stresses in the support system and surrounding rock mass
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INCREMENT 5

S T .  GOTTHARO TUNNEL SAFETY GALLERY 
DEFORMED MESH 
CGFEP PLOT

INCREMENT 185

LENGTHS _ =  1 . 8 * 1 0 ' 1 m
DISPLACEMENTS _  = 0 .1  ■ 1 O’ 1 m

Figure 6.57 Development of displacements in the support system and surrounding rock mass
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values are observed in residual strength zones. Support 
pressures start to develop at the roof and bottom corner of 
the gallery and finally reach high values (Figure 6.56). The 
development of displacements in the support system and 
surrounding rock mass becomes marked beyond the excavation 
stage of A =0.70. As can be seen from Figure 6.57, larger 
deformations develop at the floor and side-wall of the gallery. 
Nevertheless it should be noted that these deformations are 
only in the order of 1% of the width of the gallery. Results 
of the rock-support interaction analysis can be used to con
firm the adequacy of the support system or to indicate that 
it is necessary to adjust the support design. For this 
purpose, axial normal forces (N) and bending moments (M) in 
the support, system are calculated, and distributions of N and 
M are presented in Figure 6.58. From these values of N and 
M, extreme fibre stresses at any section of the support sys
tem can be calculated, i.e.

N . M ,
i =  — ±  A T T - -  amax A 2I_ s. s sm m

(6.4)

where A , I and d are section area, moment of inertia and s s s
section depth of steel sets respectively. It appears that if 
8123 steel sets (A = 0.433.10”2 m2, Ig = 0.267.10”4 m4, 
dg = 0.2023 m, <?u = 245.0 MPa given by Hoek and Brown, 1980a) 
are used, plastic hinges will develop initially at the roof 
and then at the bottom corners of the gallery. Thus this 
support system is not adequate even for temporary purposes 
and it has to be adjusted by a back analysis. It should be 
noted that allowing some convergence of the gallery before 
the support becomes structurally effective, possibly by soft 
blocking of steel sets, can be more effective in preventing 
the failure of the support system than varying its type and 
stiffness. It was observed on the site that the actual
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S T . GOTTHARD TUNNEL SAFETY GALLERY 
ROCK-SUPPORT INTERACTION ANALYSIS

_3.1

MOMENTS

-.0.01

— _« 1 8*10-1 m 
__  .  1 .1 *1 0 °  MN
—  .  3.5 xK T 2 MN-m

Figure 6.58 Distribution of axial normal forces and moments 
in the support system

support system was able to support the rock mass, though at 
some sections plastic hinges have developed (Bourquin, 1975). 
Therefore the finite element analysis results presented in 
this section are probably overestimated due to variations in 
actual support and/or rock mass properties and simplifications 
in the analysis.

6.5 Conclusions

The practical importance of this research is demonstrated 
by analysing the northern section of the St. Gotthard tunnel 
and its safety gallery. In parametric analyses of the tunnel, 
the significance of the proposed rock mass behaviour model
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and relative importance of various input parameters are 
investigated. In the rock-support interaction analysis of 
the safety gallery, it is demonstrated that the finite 
element method can be used in aiding support design for non- 
axisymmetric underground excavations in strain softening 
rock masses.
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CHAPTER 7

SUMMARY AND CONCLUSIONS

In this research a finite element program is developed 
for the analysis of underground openings excavated at con
siderable depth or in weak rocks, in which the induced 
stresses reach the available strength in some part of the 
rock mass surrounding the excavation. A rock mass response 
model based on the nonlinear Hoek-Brown failure criterion 
dependent on rock type and rock mass quality is incorporated 
into the program. Any desired post-failure stress-defor
mation behaviour including strain softening can be considered. 
Major findings and conclusions of the research are summarised 
below:

(a) The finite element program is systematically 
validated against theoretical solutions. In elastic and 
elastic-perfectly plastic analyses of a square block under 
uniaxial compression and circular tunnels under hydrostatic 
and non-hydrostatic initial field stresses, good agreement 
between theoretical and numerical results is obtained. How
ever, when the strain softening behaviour of the rock mass 
surrounding an axisymmetric tunnel is considered serious 
numerical difficulties are encountered, similar to those 
experienced by Manfredini et al.(1976) (see Section 2.3.4). 
The convergence of the solution is found to be too slow and 
costly to be practical and the size of the plastic zone is 
considerably underestimated. Sources of these difficulties 
are identified and necessary improvements involving the 
correction of yield surface drift and overcoming the singu
larity at the corner of the hexagonal plastic potential 
surface are made. Consequently a reasonably accurate and 
convergent solution is achieved in which maximum error in 
stresses is 1.6%. In finite element analyses a 'modified 
initial stress algorithm' is used.
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(b) Existing errors are mainly due to the simulation of 
the infinite domain by a finite mesh (see Figure 5.3) and 
discretization of the continuum. Errors in numerical integ
ration due to the four point Gaussian quadrature formula and 
floating point rounding error are negligible.

(c) Stresses, displacements and failure zone around 
underground excavations in strain softening rock masses are 
stress-path dependent. Therefore in design analyses the 
method and sequence of excavation should be taken into account 
as realistically as possible.

(d) The practical implications of the research are 
demonstrated by analysing the northern section of the
St. Gotthard tunnel and its safety gallery. The semi-closed 
form solutions (Appendix 6) developed for validating the 
finite element program are used to carry out parametric studies 
in order to check the sensitivity of the solution to several 
input parameters, which may not be known to within sufficient 
accuracy. From the type of results presented in Sections
6.3.4 and 6.3.5, one can predict which parameters are most 
important for determining by suitable laboratory or field 
tests and which are of secondary importance. Two parallel 
solutions based on the Mohr-Coulomb and Hoek-Brown yield 
criteria are performed. It is found that:

i) The most sensitive input parameters are the
internal friction angle and uniaxial strength 
of the intact rock. Even very small variations 
of these parameters can change the final 
support pressure and tunnel closure considerably. 
The solution based on the Hoek-Brown criterion 
is more sensitive to the flow rule and rate of 
strength reduction, but less sensitive to 
strength parameters. Furthermore the Hoek-Brown 
criterion characterizes the interlocking of the 
rock mass unlike the Mohr-Coulomb criterion 
(Appendix 7).
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ii) The strain softening model is capable of 
simulating the long term response of the rock 
mass around the St. Gotthard tunnel. Con
sequently good agreement is achieved with in 
situ measurements monitored by Lombardi 
(1977) .

iii) The tunnel closure and pressures on the 
support system vary considerably due to the 
post-failure behaviour of the rock mass. The 
influence of the strain softening is signi
ficant, particularly when the rate of strength 
reduction is within a specific range of 
values. In this case a perfectly plastic 
post-failure model would considerably under
estimate the real extent of the plastic zone 
and displacements around the tunnel.

iv) The reduction of the elastic modulus of the 
broken rock during strain softening to less 
than half of its original value may have a 
significant effect on support design. The 
influence of variation in Poisson's ratio is 
of secondary importance and may be neglected 
for many practical purposes.

(e) It is demonstrated in the analysis of the safety 
gallery that the finite element program is capable of assist
ing in the design of support for non-axisymmetric underground 
excavations in strain softening rock masses. Thus the main 
objective of this research is achieved.

Some further developments .of the finite element program 
can be made to^improve its efficiency and to enhance its 
generality. These are listed below together with possible 
applications of the program:

(a) Finite element analyses incorporating the strain 
softening of rock masses are generally expensive due to the
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large number of load increments and iterations often necessary 
to provide accurate solutions. Therefore any improvement of 
nonlinear equation solution techniques leading to the 
reduction of the computing cost is of prime importance.

(b) A further development may be the use of substructur
ing techniques to separate elastic and plastic regions leading 
ultimately to coupled boundary/finite element solutions, in 
which the elastic region is modelled by boundary elements and 
finite elements are employed to treat the plastic zone. 
Boundary elements can accurately model the infinite domain, 
though for this purpose infinite elements may also be con
sidered .

(c) The finite element program may be extended to cover 
a general initial stress field, in which the long axis of 
excavation need not be parallel to a principal stress 
direction, by considering the complete plane strain conditions 
as defined by Brady and Bray (1978).

(d) The extension of the program to 3-D is necessary 
in order to simulate the influence of the excavation face 
accurately. However, the author is reluctant to suggest this 
before nonlinear equation solution techniques are drastically 
improved.

(e) Large strains may be considered by adjusting the 
mesh nodal coordinates after each iteration. This necessitates 
using the tangential stiffness method and for analyses of 
elasto-plastic problems with non-associated flow rule a non- 
symmetric equation solution algorithm will also be necessary.

(f) The joint element (Goodman et al., 1968) may be 
incorporated into the program in order to model distinct 
shear zones around underground excavations.

(g) It is important to allow for the effect of ground- 
water on the stability of underground excavations. The dis
tribution of groundwater pressures may be computed after
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assuming that the permeability of the rock mass is a function 
of volumetric strains (Brown and Bray, 1982). It is also 
necessary to consider the influence of pore pressures on the 
stress-strain relationship of the rock mass.

(h) Various problems in connection with the design and 
construction of underground excavations may be analysed. 
Furthermore in petroleum engineering practice the program 
may be used for stability analysis of wellbores.
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APPENDIX 1

DESCRIPTION OF THE FINITE ELEMENT PROGRAM

A1.1 General

The finite element program, CGFEP, is a modified and 
extended version of the program given by Hinton and Owen (1980). 
The flow chart of CGFEP is illustrated in Figure Al.l. The 
program is written in the Fortran 77 language for Imperial 
College's CDC Cyber 855 main-frame computer. The Fortran 
Extended Compiler, FTN5, is used to compile the program. The 
main features of CGFEP are summarised in the following:

i) The program can analyse elasto-plastic problems in 
two dimensions conforming to either plane strain, plane 
stress or axially symmetric conditions.

ii) A type of dynamic dimensioning is adopted in order 
to make all subroutines modular in form. In this 
approach dimensions are fixed in the main routine and all 
necessary information is transmitted between routines by 
the use of arguments. Thus maximum dimensions of arrays 
can be updated very easily.

iii) Point loads, initial stresses, gravity and dis
tributed edge loads can be considered. The sequence of 
loads can be specified.

iv) Linear quadrilateral, Serendipity (8-noded) or 
Lagrangian (9-noded) quadratic elements can be used.

v) Two or three point Gauss quadrature rules are 
utilised.

vi) The frontal method is used in the solution of 
equilibrium equations.

vii) Initial stress, tangential stiffness and mixed
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(  s t a r t """)

Read program co n tro l parameters

Yes

Preset the v a r ia b le s  asso cia te d  w ith  
the dynamic dim ensioning.
Read data d e fin in g  element b lo c k s. 
Generate the f i n i t e  element mesh.
Read data d e fin in g  boundary co n d itio n s, 
m aterial p r o p e r t ie s , input and output 
s p e c ific a t io n s  -______________________________

Calculate the equivalent nodal forces 
far applied loads_____________________

Inltjall.se the arrays required for 
accumulation of data ______

r \  r\

Increment the applied loads according 
to specified load factors

Calculate element and global 
stiffn ess natrices

Calculate the instantaneous values 
Of strength and plastic deformation 
parameters
---- ■
Evaluate the effective stress level

I
Determine the flow vector

■ ~  
Evaluate the hardening modulus 

' '
Calculate the stresses and plastic  
strains at Gauss points

Calculate the equivalent nodal farces 
and the residual farce vector _____

Yes

Yes

Print out the results

Save the neaessary information to 
restart the solution from next inc.

Plot specified graphs

Figure Al.l Flow chart of program CGFEP
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algorithms are available for the solution of nonlinear 
problems.

viii) Since it is difficult in elasto-plastic problems 
to specify the most suitable values of load increments 
and convergence tolerances at the beginning of the sol
ution an interactive computing facility is developed.
Thus necessary parameters and arrays can be saved after a 
specified increment. The solution may then be restarted 
from the next increment with revised values of increment 
size and convergence tolerance.

ix) The post-failure behaviour of material can be con
sidered. Two material behaviour models based on the 
Mohr-Coulomb and Hoek-Brown yield criteria are incorpor
ated into the program. These models can simulate any 
desired stress-strain history and plastic volumetric 
deformation.

A1.2 Input and output facilities

One of the difficulties in using finite element programs 
is that there may be a large amount of input data even for 
medium size problems. Therefore an automatic mesh generation 
routine, based on the isoparametric macro element concept 
(Zienkiewicz and Phillips, 1971), is developed and incorporated 
into CGFEP. In this routine, the finite elements are generated 
and defined; cartesian coordinates of the nodal points are cal
culated and material types are assigned to elements. It should 
be noted that most of the input data involving program control 
parameters, finite element mesh and boundary conditions are 
scrutinised in CGFEP. Whenever errors are detected, error 
messages are printed regarding the source and cause of the 
errors and execution is stopped.

In the program it is possible to print out nodal displace-
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merits, reactions at restrained nodal points and stresses at 
Gauss points at a specified frequency.

The graphical output is a powerful instrument for carrying 
out a visual check on the initial finite element mesh, as well 
as for presenting the results. For this purpose plotting 
routines are developed by the extension of graphical output 
routines of Program JTROCK (Hittinger and Goodman, 1978). At 
present the initial mesh, deformed mesh, displacement and 
principal stress fields can be plotted after specified incre
ments .

Input data for CGFEP are of the following form:

CARD SET 1 TITLE CARD (12A6) - One card
Columns 1-72 Title of the problem - limited to 72

alphanumeric characters

CARD SET 2 PROGRAM CONTROL CARD (515) - One card
Columns 1-5 MTAPE

6-10 KTAPE

11-15 INC

16-20 NEW

21-25 NMESH

Program start code:
0 - New solution
1 - Restart from a specified

increment
Save code:
0 - No restarting information

is to be saved
1 - Necessary parameters and

arrays are to be saved 
to restart the solution

The number of increment after 
which necessary parameters 
and arrays are to be saved 
(leave blank if KTAPE = 0)
Number of increments in which 
total loading is to be 
applied (leave blank if 
MTAPE = 0)
Mesh generation code:
0 - No mesh generation 

(mesh data provided 
manually)
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1 - Automatic mesh generation 
(at present program only 
generates 8-noded 
elements).

Note: If MTAPE = 1, Card Set 15 is to be specified after Card
Sets 1 and 2

CARD SET 3 PROBLEM DEFINITION CARD (1115) - One card
Columns 1-5 NPOIN Total number of nodal points

6-10 NELEM Total number of elements
11-15 NVFIX Total number of restrained 

boundary points - where one 
or more degrees of freedom 
are restrained

16-20 NTYPE Problem type parameter:
1 - Plane stress
2 - Plane strain
3 - Axial symmetry

21-25 NNODE Number of nodes per element:
4 - Linear quadrilateral 

element
8 - Quadratic Serendipity

element
9 - Quadratic Lagrangian

element
26-30 NMATS Total number of different 

materials
31-35 NGAUS Order of integration formula 

for numerical integration:
2 - Two point Gauss quad

rature rule
3 - Three point Gauss

quadrature rule
36-40 N&LGO Nonlinear solution parameter:

1 - Initial stress method
2 - Tangential stiffness

method
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3 - Mixed algorithm
(version I): The element stiffnesses are recal
culated only for the 
first iteration of each 
load increment

4 - Mixed algorithm
(version II): The element 
stiffnesses are recal
culated only for the 
second iteration of each 
load increment

41-45 NCRIT Yield criterion parameter:
1 - Tresca
2 - Von Mises
3 - Mohr-Coulomb
4 - Drucker-Prager
5 - Hoek-Brown

46-50 NINCS Number of increments in
which the total loading is 
to be applied

51-55 NSTRE Number of stress components
at a point:
3 - Plane stress or plane

strain
4 - Axial symmetry

CARD SET 4 ELEMENT DEFINITION CARDS (1115) - One card
for each element. Total of 
NELEM cards (see Card Set 2)

Columns 1-5 NUMEL Element number
6-10 MATNO (NUMEL) Material property number
11-15 LNODS (NUMEL, 1) 1st nodal connection number
16-20 LNODS (NUMEL, 2) 2nd nodal connection number

51-55 LNODS (NUMEL, 9) 9th nodal connection number
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Notes: i)
ii)
iii)

iv)

Columns 31-55 remain blank for 4-noded elements
Columns 51-55 remain blank for 8-noded elements
The nodal connection numbers must be listed in 
an anti-clockwise sequence, starting from any 
corner node
In the first card set if NMESH = 1, then 
element blocks (macro elements) are defined 
instead of actual elements

CARD SET 5 NODE CARDS (15, 2F10.5) - One card for each
node whose coordinates 
to be input

are

Columns 1-5 IPOIN Nodal point number
6-15 COORD (IPOIN, 1) X (or 

node
r) coordinate of the

16-25 COORD (IPOIN, 2) Y (or 
node

z) coordinate of the

Notes: i)

ii)

iii)

For 8-noded elements whose sides are straight 
it is only necessary to specify data for 
corner nodes, since intermediate nodal co
ordinates are automatically interpolated. For 
Lagrangian elements the coordinctes of the 
9th (central) node are never input
If the mesh generation facility is to be used 
(NMESH = 1), then only the coordinates of the 
macro elements need to be specified
If NTYPE = 3 (axial symmetry), instead of x 
and y, r and z coordinates are defined

CARD SET 6 MACRO ELEMENT DIVISION CARDS - Only when
NMESH = 1 in Card Set 2

6(a) BLOCK CARDS (1015) - One card for each element
block

Columns 1-5 KBLOC Block number
6-10 NDIVX Number of divisions in 

£ direction (see Figure 4.2)
11-15 NDIVY Number of divisions in 

n direction
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6(b) RATIOS OF ELEMENTS IN £ DIRECTION (8F10.5) - 
One card

Columns 1-10 WEITX (1) 1st subdivision ratio in £ direction
11-20 WEITX (2) 2nd subdivision ratio in 

£ direction

WEITX (NDIVX) NDIVXth subdivision ratio in 
£ direction

6(c) RATIOS OF ELEMENTS IN n DIRECTION (8F10.5) 
- One card

Columns 1-10 WEITY (1) 1st subdivision ratio in 
7) direction

11-20 WEITY (2) 2nd subdivision ratio in 
n direction

WEITY (NDIVY) NDIVYth subdivision ratio in 
ri direction

Note: If NMESH = 0 in Card Set 2, omit this set.

CARD SET 7 RESTRAINED NODE CARDS (IX, 14, 5X, 15, 5X,

Columns 2-5 NOFIX (IVFIX)

2F10.5)
- One card for each pre
scribed node. Total of 
NVFIX cards (see Card Set 3)
Restrained node number

11-15 IFPRE Restraint code:
01 - Nodal displacement 

prescribed in the 
y (or z) direction

10 - Nodal displacement
prescribed in the 
x (or r) direction

11 - Nodal displacement
prescribed in both 
directions

11
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21-30 PRESC (IVFIX, 1) The prescribed value of the 
x (or r) component of nodal 
displacement

31-40 PRESC (IVFIX, 2 ) The prescribed value of the 
y (or z) component of nodal 
displacement

CARD SET1 8 MATERIAL CARDS
8(a) CONTROL CARD (15) - One card

Columns 1-5 NUMAT Material identification 
number

8(b) PROPERTIES CARDS (8F10.5) - Three cards for 
each different material

Columns 1-10 PROPS (NUMAT, 1) Elastic modulus, E
11-20 PROPS (NUMAT, 2) Poisson's ratio, v
21-30 PROPS (NUMAT, 3) Material thickness, t 

(leave blank for plane 
strain and axisymmetric 
problems)

31-40 PROPS (NUMAT, 4) Mass density, p
41-50 PROPS (NUMAT, 5) Uniaxial yield stress for 

the Tresca or Von Mises 
criteria, cohesion (c ) 
for the Mohr-Coulomb ^ 
or Drucker-Prager materials 
or empirical parameter s 
for the Hoek-Brown Y 
criterion

51-60 PROPS (NUMAT, 6) Hardening modulus, H 
(leave blank for the post
failure model described in 
Section 3.3)

61-70 PROPS (NUMAT, 7) Friction angle (0 - 
measured in degrees) for 
the Mohr-Coulomb or 
Drucker-Prager criteria or 
empirical parameter m 
for the Hoek-Brown criterion
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71-80 PROPS (NUMAT, 8) Uniaxial compressive 
strength of the intact 
rock material, a (leave 
blank if the Hoe^-Brown 
criterion is not used)

2nd CARD
Columns 1-10 PROPS (NUMAT, 9) Ratio of plastic strain 

increments, h, in the strain 
softening region (see Figure 
3.6)

11-20 PROPS (NUMAT, 10) Ratio of plastic strain 
increments, f, in the 
residual plastic region

21-30 PROPS (NUMAT, 11) c (for Mohr-Coulomb criterion 
or s (for Hoek-Brown 
criterion)

31-40 PROPS (NUMAT, 12) c or s_ r r
41-50 PROPS (NUMAT, 13) 0_ or in P P
51-60 PROPS (NUMAT, 14) 0r or mr
61-70 PROPS (NUMAT, 15)
71-80 PROPS (NUMAT, 16) eiP

3rd CARD
Columns 1-10 PROPS (NUMAT, 17) -S r

11-20 PEAK (NUMAT, 18) Post-failure behaviour code:
O - No post-failure model is 

to be considered.
Material behaviour is elastic 
perfectly plastic (in 
this case leave the 
second and third card blank)

- Post-failure model is to 
be considered (Figure
3.6)

1



CARD SET 9 LOAD CASE TITLE CARD (12A6) One card
Columns 1-72 TITLE Title of the load case -

limited to 72 alphanumeric 
characters

CARD SET 10 LOAD CONTROL CARD (315)- One card
Columns 1-5 IPLOD

6-10 IGRAV

11-15 IEDGE

Applied point load control 
parameter:
0 - No applied nodal loads

to be input
1 - Applied nodal loads to

be input
Gravity loading control 
parameter:
0 - No gravity loads to be

considered
1 - Gravity loads to be

considered
Distributed edge load control 
parameter:
0 - No distributed edge loads

to be input
1 - Distributed edge loads

to be input

CARD SET 11 POINT LOAD CARDS (15,2F10.3) - One card for
each loaded nodal point

Columns 1-5 LODPT Node number
6-15 POINT (1) Load component 

direction
in x (or r)

16-25 POINT (2) Load component 
direction

in y (or z)

Notes: i) For axisymmetric problems, the loads input
should be the total loading on the circum
ferential ring passing through the nodal 
point concerned

ii) If IPLOD = 0 in Card Set 10,omit this set
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CARD SET 12 GRAVITY LOADING CARD (2F10.3) - One card
Columns 1-10 THETA

11-20 GRAVY

Angle of gravity axis 
measured from the positive 
y axis
Gravity constant - speci
fied as a multiple of the 
gravitational acceleration, 
9

Note: If IGRAV = 0 in Card Set 10, omit this set

CARD SET 13 DISTRIBUTED EDGE LOAD CARDS
13(a) CONTROL CARD (15) - One card

Columns 1-5 NEDGE Number of element edges on
which distributed loads 
are to be applied

13(b) ELEMENT FACE TOPOLOGY CARD (515) - Total of
NEDGE cards

Columns 1-5 NEASS

6-10 NOPRS (1)
11-15 NOPRS (2)
16-20 NOPRS (3) >
21-25 LALGOR

The element number with 
which the element edge is 
associated
List of nodal points, in 
an anticlockwise sequence, 
of the nodes forming the 
element face on which the 
distributed load acts.
Loading sequence code:
0 - No sequential loading
1 - This element edge is to

be loaded in the first loading sequence
2 - This element edge is to

be loaded in the second 
loading sequence

Notes: i) For linear 4-noded elements, cols. 16-20 remain
blank
At present maximum loading sequence is 2ii)
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13(c) 

Columns 1-10

11-20

21-30

31-40

41-50

51-60

Notes: i)

ii)

iii)

iv)

CARD SET 14 
Columns 1-10

11-20

DISTRIBUTED LOAD CARD (6F10.3) - Total of
NEDGE cards

PRESS (1,1) 

PRESS (1,2) 

PRESS (2,1) 

PRESS (2,2) 

PRESS (3,1) 

PRESS (3,2)

Value of normal component 
of distributed load at 
node NOPRS (1)
Value of tangential com
ponent of distributed load 
at node NOPRS (1)
Value of normal component 
of distributed load at 
node NOPRS (2)
Value of tangential com
ponent of distributed 
load at node NOPRS (2)
Value of normal component 
of distributed load at 
node NOPRS (3)
Value of tangential com
ponent of distributed load 
at node NOPRS (3)

For linear 4-noded elements, cols. 41-60 
remain blank
Subsets 13(b) and 13(c) must be repeated 
in turn for every element edge on which 
a distributed load acts. The element 
edges can be considered in any order
If IEDGE = 0 in Card Set 10, omit this card 
set
In CGFEP's sign convention for the input of 
stress boundary conditions, inward normal 
stresses and tangentially anticlockwise 
shear stresses are taken as positive

INITIAL STRESSES CARD (4F10.5) - One card
FLDSTR (1) Initial stress in x

direction
FLDSTR (2) Initial stress in y

direction
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21-30
31-40

Notes: i)
ii)

CARD SET 15

Columns 1-10

11-20

21-25

26-30

31-35

FLDSTR (3) Initial shear stress
FLDSTR (4) Initial stress in z

direction
Tensile stresses are positive
Initial stresses are assumed to be constant 
in the mesh area

LOAD INCREMENT CONTROL CARD (2F10.5, 515)
- One card for each load 
increment

FACTO Applied load factor for
this increment

TOLER
MITER

NOUTP (1)

NOUTP (2)

Convergence tolerance
Maximum number of iter
ations allowed for the 
load increment
Parameter controlling out
put of results after 1st 
iteration:
0 - No output
1 - Output displacements
2 - Output displacements

and reactions
3 - Output displacements,

reactions and stresses
4 - Output displacements,

reactions, stresses 
and the ratio of 
H/H .. (see Section 
4.4?§ f t

Parameter controlling out
put of the converged 
results:
0 - No output
1 - Output displacements
2 - Output displacements

and reactions
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3 - Output displacements,
reactions and stresses

4 - Output displacements,
reactions, stresses 
and the ratio of
H/Hcrit

36-40 LEDGE Parameter controlling the
loading sequence in this 
increment:
0 - All distributed loads

are to be applied
1 - Only element edges

specified with 
LALGOR = 1 (see Card 
Set 13(b)) are to be 
loaded

2 - Only element edges
specified with 
LALGOR = 2 are to be 
loaded

Leave blank for point load 
and gravity loading cases

41-45 NPLOT Graphical output code:
0 - No graphical output
1 - Plot the specified

graphs
Note: The applied load factors are accumulative, e.g. -if FACTO

is specified as 0.4, 0.3, 0.1 for the first three 
load increments, then the total load acting during 
the third increment is 0.8 times that specified in 
Card Sets 10 to 13.

CARD SET 16
16(a) 

Columns 1-80

GRAPHICAL OUTPUT CARDS
TITLE CARD (A80) - One card
HED Title of the graphical

output - in 80 alpha
numeric characters
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16(b) GRAPHICAL OUTPUT CONTROL CARD (415) - One card
Columns 1-5 IPRIN (1) Mesh plotting code:

0 - No mesh is to be plotted
1 - Only initial mesh is to

be plotted
2 - Initial and deformed

meshes are to be plotted
6-10 IPRIN (2) Field plotting code:

0 - No field is to be
plotted

1 - Only stress field is to
be plotted

2 - Stress and displacement
fields are to be plotted

11^15 IPRIN (3) Scaling code:
1 - Scales adjusted auto

matically
2 - Scales given by the

user
16-20 NTPI The number of elements to 

be ignored if plotting of 
the mesh is restricted to 
a particular area of 
interest. Leave blank if 
the complete mesh is to be 
drawn.

16(c) SCALE ADJUSTMENT CARD (2F10.5) - One card
Columns 1-10 DSCALE Displacement scale factor

11-20 SSCALE Stress scale factor

16(d) SECTIONING CARD (1615)
Columns 1-5 NTP (1) List of elements - in 

ascending order - to be
6-10 NTP (2) ignored in graphs.

NTP (NTPI)
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APPENDIX 2

ANALYTICAL SOLUTION FOR THE SQUARE BLOCK PROBLEM

A square block (Figure 5.1) is compressed in two increments 
such that it is elastic in the first increment and perfectly 
plastic in the second. Analytical solutions for both increments 
are derived subject to the plane strain condition and the 
Mohr-Coulomb yield criterion. These solutions are as follows:

i) Increment 1 (Elastic):

From the plane strain condition,

e T = £ e + e P = 0 (A2.1)2 z z

Using Hooke1s law and the fact that the material is elastic 
in the first increment we can write

ezT = EzS = i K  “ v(ax+ay)) = 0 (A2-2)

and thus we obtain

az = v(ax + a ) (A2.3)

Similarly displacements in the x direction are restrained to 
zero (Figure 5.1), i.e.

e T = e e + e P = 0  (A2.4)x x x

Since e p = 0.0, using Hooke's law and Equation A2.3 leads toX
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exT = Exe = |(ax - v(ay+v(ax+0y))) = O (A2.5)

Solving this equation for a results in:X

V Ga = ---(A2.6)
(1-v)

Since a = is specified in input data, we can now calculate 
the total strain in y direction by using Equations A2.3, A2 .6 
and Hooke's law:

e T
y | K (A2.7)

Consequently the vertical displacement of any point within the 
block can be calculated as

uy (A2.8)

where y is the ordinate of the point. Horizontal displacements 
are zero because of the boundary conditions.

ii) Increment 2 (Elastic-perfectly plastic):

The yielding of the block material occurs in this increment 
and hence the Mohr-Coulomb criterion must be satisfied. Writing 
the criterion in the xy plane (a > a are principal stresses)y xleads to
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a = x ay vl+sin0;
,2ccos0»
^l+sin0 (A2.9) *

where a is known.
y t tAs a result of symmetrical boundary conditions (e = e = 0),X z

we have

a2 = ax (A2.10)

and since a > a = a there is plastic flow in the xy and y x z *  u
yz planes. Using the plane strain condition and Hooke's law 
we can now write:

ezT = i K  “ vlV-°y>) + e2P = 0 (A2.ll)

and thus

ezP = - |(az - v(0x+ay ) ) (A2.12)

Since displacements in x direction are restrained to zero, we 
can similarly obtain:

e (A2.13)

As can be seen from Equations A2.10, A2.12 and A2.13,

e Px (A2.14)

In all analytical solutions presented in appendices, 
compressive stresses are taken as positive and materials 
are isotropic and homogeneous.
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From the flow rule,

p i __ x

and
p2 __ j z _

in the xy plane

in the yz plane

(A2.15)

(A2.16)

where h is the ratio of principal plastic strains, jje. for the 
associated flow rule (Section 3.2.2):

l+sin0
l-sin0 (A2.17)

The plastic flow in the xy and yz planes contributes to the 
total strain in the y direction, i.e.

e Px + ezF) (A2.18)

Using Hooke's law and Equations A2.10, A2.12, A2.13 and A2.14 
leads to

T 1 2 tz  -  —{a - 2va + T-(a y E y x h v x

and consequently the vertical
the block can be calculated from Equation A2.8.

- v (a +a ) ) } (A2.19)y x '

displacement of any point within
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APPENDIX 3

ANALYTICAL SOLUTION FOR THE ELASTIC-PERFECTLY PLASTIC ANALYSIS 
OF AXISYMMETRIC TUNNELS

In this Appendix an analytical solution by Jaeger and Cook 
(1976), which is used for determining the stress distribution 
around circular tunnels under hydrostatic loading, is presented 
In the solution it is assumed that the plane strain conditions 
are valid and the tunnel is deep enough for the influence of 
the ground surface and weight of the broken rock to be 
neglected. The rock behaviour is elastic-perfectly plastic 
and complies with the Mohr-Coulomb yield criterion. If the 
available strength of the rock is reached, a circular failure 
zone develops around the tunnel. Stresses in this zone are 
assumed to be such that a@ > az > ar (°r ° i  > a2 > a3  ̂* 0ut“ 
side this zone the rock is elastic (see Figure 5.9).

In the failure zone (a < r < Rep) the equilibrium equation

+ 0 (A3.1)

and Mohr-Coulomb yield criterion must be satisfied. Since
cr~ and cr are principal stresses because of axial symmetry, w r
we can write the Mohr-Coulomb criterion as:

a© + qa ^ r (A3.2)

where

co
2ccos0
l-sin0 and q l+sin0

l-sin0
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Substituting from Equation A3.2 for into the equilibrium 
equation and solving the differential equation leads to,

ar + Arq-1
(A3.3)

where A is an integration constant and can be determined by 
using the boundary condition on the tunnel periphery, i.e. 
ar = at r = a. Substituting this condition into Equation 
A3.3 gives:

A '± (i~q) -
Q-l (A3.4)

and consequently

Qr 1-q + (pi
co r q_1 
l-q; va; (A3.5)

Using Equations A3.5 and A3.2, o Q can now be calculated:

a e  = l-q
°o r q_1 + q(P. - T-2-) (-)^ l l-q a (A3.6)

In the elastic region (r > R0p) radial and tangential stresses 
can be expressed as:

ar

ae

(A3.7)

(A3.8)
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where B is a constant and has to be determined.
Noting that at the elastic/plastic zone interface (T = Rep f

i) the radial stress is continuous and

ii) the Mohr-Coulomb criterion must be satisfied for 
the elastic rock, we can write:

Po
c c R

+ (P. - y-2-) (-fH) 1-CT i 1-cr a
q-1

(A3.9)

B = c
R q(PG - B
ep Rep

(A3.10)

where cQ and q are the strength parameters for the elastic 
rock. Solving Equations A3.9 and A3.10 simultaneously leads 
to

Rep
(2Po-co)<l-q)

a t  ------ --------------------
(1+q) (p± (1—q)

co (l+q)
Co)

1
( q - D (A3.11)

and

B = Rep2 (Po (q-1) + coj/(l+q) (A3.12)

Thus the stress distribution in elastic and plastic regions 
can now be determined using Equations A3.5 to A3.8.
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APPENDIX 4

SEMI-CLOSED FORM SOLUTION FOR THE ELASTIC-PERFECTLY PLASTIC 
ANALYSIS OF TORSION OF A THICK CYLINDER

This semi-closed form solution is derived for determining 
the stress distribution along the wall of a thick cylinder, 
subjected to uniform shear and normal stresses ( . tq and
P^, P ) acting on its internal and external boundary surfaces. 
Since there is no variation of stresses with respect to © the 
solution is still axisymmetric (see Figure 5.12). In the 
solution it is assumed that plane strain conditions exist and 
body forces are negligible. The material behaviour is elastic- 
perfectly plastic and complies with the Mohr-Coulomb yield 
criterion.

If the available strength of the material is reached a 
circular plastic zone develops around the internal boundary of 
the cylinder. In this zone (a < r < R ) equations of equili- 
brium must be satisfied, i.e.

^ r  1 *Tre , ar-Q©
3r r 3© r 0 (A4.1)

3 T 
3r
r© + 1

r 3© 0 (A4.2)

Because of axial symmetry the above equations can be written as:

3a a -a_ r + r ©
3r + r 0 (A4.3)



24o

8 t

d r
r© O (A4.4)

Shear stresses are variable with respect to r and from 
Equation A4.4,

dTre
Tr©

(A4.5)

The solution of this differential equation gives:

lnxr© -2 lnr + InA = In (—
r

(A4.6)

and

re (A4.7)

where A is an integration constant and can be determined by 
using the boundary condition t _ = at r = a (see Figure
5.12), i.e.

A (A4.8)

Therefore shear stresses at any radius can be calculated as

x. 2= li5 re 2 r (A4.9)
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Another expression to be satisfied in the elasto-plastic zone 
is the Mohr-Coulomb yield criterion, i.e.

a1 + qa3 (A4.10)

where

co
2ccos0
l-sin0 and q l+sin0

l-sin0

Owing to the presence of shear stresses, radial and tangential 
stresses are not principal stresses. However, we can write the 
principal stresses in terms of ar and and substitute them 
into Equation A4.10, i.e.

4(^+ 0  + + T©‘ ©‘ r©

= c o  + q(2(ar+a©} 1, » 2 2
4(ar‘a©) + Tr© (A4.ll)

Rearranging the above equation results in:

Aa B a © "  C 0

where A = 1 (l-q)2 
(l+q)2

. 2 (l-q) _
2ar + ---- 2 ar(l+q)

4c0(l-q)
(l+q)2

(A4.12)

B
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C 2ar + 4'tia<
r

4c
(1+q)

(l-q)2
(1+q)2

2 4co (l-q)
(1+q)2 ar

Thus from Equation A4.12, can be calculated as a functionU
of cr and r : r

a© B ± + 4AC
2A

(A4.13)

i.e. a = f(a ,r). The sign associated with the above square 
root is plus when is small compared with PQ and minus when 
P^ is large. As can be seen from the above equations 
can only be calculated for a given radius. Therefore a 
finite difference approximation is adopted to determine the 
stress distribution. Incrementing ’r' by finite and very small 
values, for example j-QQC) a, Equation A4.3 can be written as,

- a.i+1

ri+l ~ ri
r .i

(A4.14)

and thus radial stresses at any point within the plastic zone 
can be calculated:

a = a
ri+l r:

i+1 - r .
ri -) (ar .i " V (A4.15)

In the first step aQ is calculated by using Equation A4.13
W1and the internal boundary condition, a = P. at r^ = a. In
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the subsequent steps a
ri+i

is determined from Equation A4.15
for an incremented value of r.,, and consequently isl+l " J
calculated from Equation A4.13. 1

In order to calculate stresses in the elastic region
(r > R ) the extent of the plastic zone must be known. In ep
the elastic zone radial and tangential stresses can be 
expressed as:

CT„ = P _ aO 2 r
(A4.16)

ae ° P o  +  -2o 2 r (A4.17)

where D is a constant and must be determined.
At the elastic/plastic zone interface (r. _ = R ) the radiali+i ep
stress is continuous and the Mohr-Coulomb criterion must be 
satisfied. From Equation A4.16,

= P - a
R 2 ° ri+lep

(A4.18)

can be written. Also writing the Mohr-Coulomb criterion for 
the elastic rock and rearranging it using Equations A4.10, 
A4.16, A4.17 and A4.18 results in:

D
Rep

P - a o r . , -i l+l

=0 + 2P0 ( 1 - 5 > 5 0 + P0 2 ( 1 " 5 ) 2  -  (T „ ) 2
9 r 1 + 1(1+q)

(A4.19)



244

or

Po a
i+1

502 + 2PQ (l-q)co + p02(1“^)2

(1+q)2 (t c?r©
2
i+1

= 0 (A4.20)

where cq and q are the strength parameters for the elastic
rock. Equation A4.20 must be satisfied at the elastic/plastic
zone interface. In the plastic region at each iteration step
the left hand side (LHS) of Equation A4.20 is calculated and
if the value of LHS is zero or negative it is assumed that the
boundary between elastic and plastic zones is reached, i.e.
r^+  ̂= Rep* Although this is approximate, by small increments
of r it can be assured that the value of R is quite satis-ep
factory. Once R is known, D can be calculated from Equationep
A4.18 and consequently radial and tangential stresses in the 
elastic region can be determined from Equations A4.16 and A4.17.
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APPENDIX 5

ANALYTICAL SOLUTION FOR THE ELASTIC-PERFECTLY PLASTIC ANALYSIS 
OF CIRCULAR TUNNELS UNDER NON-HYDROSTATIC LOADING

In the case of a circular tunnel subjected to uniform 
normal surface traction and zero body forces, the stress dis
tribution in the plastic zone is axisymmetric (Brown and Bray, 
1983b) and can be determined by using the equilibrium equations 
and the yield criterion, i.e. for the elastic-perfectly plastic 
rock and the Tresca criterion (Equation 3.4) principal stresses 
are:

where c is the cohesion of the rock, a is the tunnel radius 
and the support pressure, P^, on the tunnel boundary is zero.
As discussed in Section 5.3.4, the main difficulty of determin
ing the stress distribution outside the plastic zone is finding 
the contour, L, which separates the elastic and plastic regions. 
If this is known, then the determination of stresses in the 
elastic zone is equivalent to solving the problem for a plane 
with hole L and known boundary conditions at this contour and 
at infinity. In the case of an elliptical plastic zone sur
rounding a circular hole under plane strain conditions, Galin 
(1946) determined the contour of the elastic/plastic zone inter- 
face using a mapping function. This contour intercepts the 
cartesian axes at:

a  ̂= 2c ln(r/a) (A5.1)

° 1 = a3 + (A5.2)

x
a - (1 + VO cos© (A5.3)
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J ^ (1 - y) sineci d (A5.4)

where

(A5.5)

4cb (A5.6)ea

(A5.7)

P and P are vertical and horizontal field stresses respect-y xively and © denotes the angle measured anticlockwise from the 
x axis (see Figure 5.14).

In Galin's solution (1946) the elastic region is mapped 
into the domain outside a unit circle (R = 1.0) and stresses 
in this zone are calculated by the following expressions:

ax = c. (D-F) (A5.8)

ay = c. (D+F) (A5.9)

Txy c .G (A5.10)

where - = ^ (R + £) cos© (R > 1.0) a a k (A5.ll)

a a (R - )̂ sin© (R > 1.0) (A5.12)
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cr + o 2 2_ x y -a . i ix +y D = ------■*- = 1 + In 1---1
2c 2_,2 a R (A5..13)

H = R2 - 1
R4 + y2 - 2yR2cos2©

(A5.14)

O — O ~ 9 9F = ----- = H(y(R +1) - (R +y )cos2©) + cos20 (A5.15)
2 c

G = H(R2 2
y )sin20 sin2© (A5.16)
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APPENDIX 6

SEMI-CLOSED FORM SOLUTION FOR THE STRAIN SOFTENING ANALYSIS 
OF AXISYMMETRIC TUNNELS

In this Appendix the semi-closed form solution based on the 
Hoek-Brown yield criterion is described. Program FDHB2 is 
coded according to the following version of the solution in 
which the possibility of plastic flow in the axial direction 
is considered. The other versions are fundamentally the same 
and need no further description.

A6.1 Description of the solution

In the solution it is assumed that a circular tunnel is 
driven in a homogeneous, isotropic, initially elastic rock 
mass subjected to a hydrostatic stress field. The plane strain 
conditions are valid and in order to retain the axial symmetry 
of the problem the influence of the weight of the rock in the 
plastic zone is neglected. As a result of excavation if the 
induced stresses reach the yield strength of the rock mass, 
the solution accounts for the possible existence of an elastic 
zone remote from the tunnel, an intermediate strain softening 
region and an inner residual strength plastic zone, i.e. 
elastic-strain softening-residual plastic (ESP) stress-strain 
relationship is assumed for the rock mass. The plastic deform
ation is calculated either by using the specified ratios of 
plastic strain increments or the associated flow rule. Com
pressive stresses, contractile normal and volumetric strains 
and outward radial displacements are taken as positive.
Because of the algebraic complexity of a complete closed form 
solution, a stepwise procedure is adopted by the author in 
which stresses and strains are successively calculated on the 
boundaries of a number of annular rings into which the plastic 
zone is divided (Figure A6.1).
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\ /\
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Figure A6.1 Typical annulus in plastic zone

The outer boundary of the first annulus coincides with 
the elastic/plastic zone interface. Initially radial and 
tangential stresses and strains on this boundary are calculated.
Satisfying the equilibrium equation

for linear elastic behaviour and using the boundary conditions
a = a e at r = R and cr = P at r = 00 leads to the following r r ep r o
expressions for the stresses in the elastic zone:

(A6.2)
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= P.o “ (PQ “
R 2

c ) (-^) r r ' (A6.3)

Noting that the failure criterion of the rock mass must be 
satisfied at the internal boundary of the elastic region, i.e. 
at r = R and using Equations A6.2 and A6.3 the principal 
stress difference

a e
© 2(P0 - (A6.4)

can be obtained. The Hoek-Brown criterion at r = R can beep
written as

a e
© / m a cr p e r + s a P c (A6.5)

where the subscript p indicates the peak strength parameters. 
Equating the right-hand sides of Equations A6.4 and A6.5 gives

ar
e M ac (A6.6)

where

1
2

n i P  
P °

8
(A6.7)

and from Equation A6.4

V  = 2Po -  ar
e e (A6.8)
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The radial strain at the elastic/plastic zone interface
produced by the reduction of ar from its initial value, P ,
to a e is r

„ e _ _ e r 3
/ 1+vx ê

' ~E- (Po " ar > (A6.9)

or using Equation A6.6

Ma
2G

in which

(A6.10)

G = 2 (1+v) (A6.ll)

Thus, the radial displacement at r = R is

Ma
u. R2G ep (A6.12)

Similarly, the tangential strain is

e
Mae _ __c
2G

(A6.13)

Once the stresses and strains are determined at the
elastic/plastic zone interface, we can then decrement ar by a
small amount of da and obtain the stresses and strains forr
the inner boundary of the first ring. This process may then 
be repeated several times to calculate the complete stress 
and strain distributions in the plastic zone. Let us
consider ring J - 1 which lies between radii r̂  and
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rj_ _ (Figure A6.1). The displacements, strains and stresses 
at these radii are denoted by Uj , eQj , o Q j , o ^ ,  u (j ) ' ee (j-i)'
er (j-1) ' °e(j-l) and CTr (j-1) ‘ The values at radius r(j-l) 
are known and we want to determine the ones at r j. First we
decrement o ,»by da and obtain a .. We can then sub-
stitute the values of strength parameters m,^_^ and s ^ _ ^
at into the Hoek-Brown yield criterion and calculate
a first estimate for .. At this stage the value of a .©D ZDmust be checked, i.e. from Equation 5.12

azj = PQ (1 - 2v) + v (ar i

As discussed in Section 5.2.4.2 the feasible values of or .ZDlie in the range of a . 4 0  . 4  o Therefore if situations y r j  z j  Q ja . > o~. or o . < a . arise, from this ring onwards, a . is 
taken to be equal to a ^  or arj in the remaining part of the 
plastic region. Thus the plastic flow in the axial direction 
is taken into account. In the plastic zone the stress dis
tribution must satisfy the equilibrium equation and the yield 
criterion. Hence:

d o
9r
r (ma a + sa r c c

2» h
(A6.14)

Writing this equation for the ring between radii r^_^j and 
r^ gives as a finite difference approximation (Korbin, 1976; 
Borsetto and Ribacchi, 1979; Brown et al., 1982, 1983a):

gr (j-1.) 

r (j-l)

m.
r j ( f p , (j-D + a .) rj

2' 2o + s a  “ )c a c
rj £ ( r < j - u +r j )

(A6.15)

in which
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ma -  +  mj )
(A6.16)

sa 2 (s(j-l) + sjJ (A6.17)

Rearranging Equation A6.15 leads to

2 ^m 2
l , ^ r (j-l)+ri) t f (gr(i-l)+grj)gc + sagc ) (A6.18)

r (j-l)”rj "r(j-l)a“ •" - a rj

The compatibility equation for this axisymmetric problem is

Be. T
r — - + e T - e T = 0

9r © r (A6.19)

and rewriting this equation between radii r ^ _ ^  and r̂  gives 
as a finite difference approximation:

 ̂(r (j -X)+r j J r T T
T . -r ' * *

r ( j - D  j
) +

T , T
ee ( j - i )  + Eej

T , T
r(p-l) rj _ 0 (A6.20)

Total strains can be expressed in incremental form, i.e.

T T
ee j  Ee( j - i ) + de T

e ( j - D
(A6.21)



254

£ ■ =  £  / . -i » *t* d£ / • i >r j  r(3~l) r(j-l) (A6.22)

where

dEe ( j - i >  = dee 1 j - D  + dEe ( j - i )

derL-l) = derlj-l) + der^j-l)

(A6.23)

(A6.24)

The elastic parts of total strain increments can be determined
from Hooke's law. On the other hand,if the principal stresses
are in the order of a < a < cr~, the radial and tangentialr 2 w
plastic strain increments can be expressed in terms of each 
other either by using the associated flow rule, i.e.

h =
de Pr(j-l)
de P

e ( j - D

m
1 + m a . a rj + s

(A6.25)

or the specified ratios of plastic strain increments (Figure 
A6.2) :

h
de Pr(j-l)
de P

e ( j - D

(h is replaced for f if 
elP > elrP>

(A6.26)

However, in the case of a . < c . = . the radial plasticrj z j  ©3 L
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Figure A6.2 Rock mass behaviour model used in semi-closed 
form solution
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strain increment is contributed by plastic flow in the rG and 
rz planes, i.e.

de Pir(j-l) h de P
e ( j - D (A6.27)

de p2r (j-1 ) h de Pz (j-1 ) (A6.28)

in which superscripts pi and p2 indicate contributions to 
der^ _ ^  from the r0 and rz planes respectively and h is cal
culated either by using the associated flow rule or specified 
as input. From the plane strain condition:

de T
z (j-1 ) de e

z (j-1) + de Pz(j-l) 0 (A6.29)

de Pz (j-1 ) de e
z (j-1 ) (A6.30)

and therefore the radial plastic strain increment is:

de Pr(j-l) de Pir(j-l) + de p2r(j-l)

= -h(dee ( j - i )
- dez (j-1 )) (A6.31)

a . < •23 ©3In the case of a .r j there is plastic flow in the
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r© and z0 planes, i.e.

d£r|j-l) = -  h dee ^ j - l )  (A6- 32)

d£z a - i )  = -  h d£e ( j - i )  (A6- 33)

In this case the tangential plastic strain increment is con
tributed by plastic flow in the r© and z© planes and we can 
write

de P9(j-l) de Pi
e ( j - D + de P2

e ( j - D

1 ,, p= - r- (de , . \h r(j-l) - dez(j —1) ) (A6.34)

Rearranging Equation A6.20 by using Equations A6.18, A6.21 to
A6.24 and then expressing ln terms of by
using the appropriate one of Equations A6.25, A6.26, A6.31 or
A6.34 leads to the determination of de^j_^ .
in the situation o . < a . = aft. we can obtainr j  zd ©d

For example,

de©(j-1) = { 2 (ie(j-i) - e T ) - r (j-1 y (2L"1)dEea-i)

- dErVl) " h dEz(j-l) }/(2L - 1 - h)
(A6.35)
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Once is determined, then consequently r
and e ? can be calculated. jt j
It is assumed in the strain softening zone that the 

strength parameters m and s decrease linearly with the maximum 
principal plastic strain from their original values at peak 
strength (m rs ) to residual values (mr/sr) at e_? (Figure

hr h r -p *pA6.2). Because of axial symmetry gq = a, , a = = e;y x r j y i
and the strength of the partially weakened rock mass can be 
expressed as:

2a~. = a . + (m.G .a +s.a ) 03 r j  3 ru c 3 c

in which

m . = m 3 r
(m -m )■ r- ..P (e PP P lr blr

e ? )er

S j  s r (Br sp) (e p - e P)
P  'e l r  £ ej' 

e l r

(A6.36)

(A6.37)

(A6.38)

An improved value of the tangential stress, ., can now bey3In each annular ring cr^ is improved in an iterativecalculated.
process until the difference between successive values is negli
gible. The strain-displacement relations at radii an^
r. can be written as:3

U (3-l)
r (j-l)

T
e©(j-l) (A6.39)

(£U)
Kd r = - e

(j-1) r (j-1 ) (A6.40)
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^  - ~ H i  (A6‘41>

(M)vBr' (A6.42)

If the annuli are sufficiently thin we can write as an approx
imation :

U (j-D ~ U1 
r (j-l) ~ rj

1
2 ((f£>8r(j-1)

(A6.43)

Substituting Equations A6.39 - A6.42 into Equation A6.43 leads 
to

r i _ 2Ee '( i- i)
(j-D

T T
er (1 -1) erj

_ T T
2e9j Er (j-1) -  £ r j

(A6.44)

We can now define

Lj r
r . _1
(j-1) • L (j-D (A6.45)

in which

r 2?L =  i. • l = — (.j-~.il.)- and L = — — = 1 0  (A6.46)u .  R  / r  a n a  r  ± - uep ep ep
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It is considered that the tunnel may be supported by a 
uniform radial support pressure, P^ (P̂  = 0 for unlined 
tunnels). If a . > P., j is incremented by one and the cal- 
culation sequence is repeated for the next ring. If 
(arj - P^) < 1.10 , then r̂  is assumed to be equal to the
radius of the tunnel, a, and consequently the radius of the 
elastic/plastic zone interface can be calculated:

Rep (A6.47)

Now using Equations A6.41, A6.46 and A6.47 the radial dis
placement, ur, can be determined at any point within the 
plastic zone. For example at radius r^:

ur j Gej Lj Rep (A6.48)

or at the tunnel boundary:

ur j (A6.49)

It should be noted that in the preparation of ground res
ponse curves, in order to overcome the inconvenience of record
ing and plotting negative values, values of the radial displace
ment at the tunnel boundary are replaced by the radial conver
gence, u = - urj, which is positive when radially inwards.

Since R is now known, stresses and displacements in the 
elastic zone can also be calculated and thus complete stress and 
displacement distributions around the tunnel can be determined.



A6.2 Description of input for programs FDHB1, FDHB2 and 
FDHB3

Programs FDHB1, FDHB2 and FDHB3 are all based on the Hoek- 
Brown yield criterion. In FDHBl it is assumed that the plastic 
flow occurs only in the plane of excavation. Alternatively in 
FDHB2 the possibility of plastic flow in the axial direction is 
considered. Finally in FDHB3 variation of the elasticity para
meters during the strain softening behaviour is taken into 
account. These programs are written in the Fortran 77 language 
for Imperial College's CDC Cyber 855 main-frame computer. The 
Fortran Extended Compiler, FTN5, is used to compile the prog
rams. Input data for programs FDHBl, FDHB2 and FDHB3 are of 
the following form:

INPUT CARDS (8F10.5) - Two cards

Columns 1-10 YOUNG Elastic modulus, E
11-20 POISS Poisson's ratio, v
21-30 PS Value of parameter s 

at peak strength, s^
31-40 PM Value of parameter m 

at peak strength, m^
41-50 CU Uniaxial compressive 

strength of the intact 
rock material, ac

51-60 RS Value of parameter s at 
residual strength, sr

61-70 RM Value of parameter m 
at residual strength,mr

71-80 H Ratio of plastic strain
increments in the strain 
softening zone
(leave blank for the 
associated flow rule)
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2nd CARD
Columns 1-10 F

11-20 ALFA

21-30 PO 
31-40 RI 
41-50 PI 
51-60 YOUN

61-70 POIS

A6.3 Description of input for 
FDMC3

Ratio of plastic strain 
increments in the residual 
strength zone
(Leave blank for the 
associated flow rule)
Parameter a which defines 
the rate of strength 
reduction
Hydrostatic field pressure
Radius of the tunnel
Support pressure
Elastic modulus at res
idual strength, E (input 
only if FDHB3 is 
used)
Poisson's ratio at res
idual strength, v (input 
only if FDHB3 is 
used)

programs FDMC1, FDMC2 and

Programs FDMC1, FDMC2 and FDMC3 are based on the Mohr- 
Coulomb yield criterion. In FDMC1 the possibility of plastic 
flow in the axial direction is ignored, which is accounted for 
in FDHB2. In FDHB3,variation of the elasticity parameters 
during the strain softening behaviour is considered. These 
programs are written in the Fortran 77 language for Imperial 
College's CDC Cyber 855 main-frame computer and compiled by 
FTN5. Input data for programs FDMCl, FDMC2 and FDMC3 are of 
the following form:
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INPUT CARDS (8F10..5) - Two cards

Columns 1-10 YOUNG Elastic modulus, E
11-20 POISS Poisson's ratio, v
21-30 PC Cohesion at peak strength, 

cP
31-40 PHI Internal friction angle 

at peak strength, 0^
41-50 RC Cohesion at residual 

strength, cr
51-60 RPHI Internal friction angle at 

residual strength, 0 r
61-70 H Ratio of plastic strain 

increments in the strain 
softening zone
(Leave blank for the 
associated flow rule)

71-80 F Ratio of plastic strain 
increments in the residual 
strength zone
(Leave blank for the 
associated flow rule)

2nd CARD
Columns 1-10 ALFA Parameter a which defines 

the rate of strength 
reduction

11-20 PO Hydrostatic field pressure
21-30 RI Radius of the tunnel
31-40 PI Support pressure
41-50 YOUN Elastic modulus at residual 

strength, Er
(Input only if FDMC3 is used)

51-60 POIS Poisson's ratio at residual 
strength,
(Input only if FDMC3 is used)
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APPENDIX 7

CHARACTERIZATION OF INTERLOCKING OF ROCK MASSES BY THE 
HOEK-BROWN CRITERION

If the uniaxial strength of the broken rock mass at the 
boundary of an unsupported tunnel is zero, the total collapse 
of the tunnel is predicted by the conventional Mohr-Coulomb 
failure criterion. However, if the Hoek-Brown criterion is 
used in the analysis, the tunnel can be predicted to be stable 
and the complete stress distribution around it can be deter
mined. The reason for these different predictions is discussed 
in the following.

The Mohr-Coulomb criterion for zero cohesion can be 
expressed as:

ai _ 2sin0 a3 “ l-sin0 a3 (A7.1)

Similarly, the Hoek-Brown criterion for s = 0.0 is:

a1 cu = (A7.2)

and in general any failure criterion for zero cohesion can be 
written as:

al " = L a. (A7.3)

in which L and q are positive constants.
Let us now examine the equilibrium of the rock mass around 

an unsupported tunnel. For the sake of simplicity axial 
symmetry is assumed (a@ = a^y ar = a3; Tr@ = 0.0) and hence 
the equilibrium equation can be written as:



265

8ar ar " a0
r  +  “  =  09r (A7.4)

Substituting from Equation A7.3 for the stress difference 
into the equilibrium equation, i.e.

9 a La q__r _ r9r ” r 0 (A7.5)

and solving the differential equation leads to

(q— j) crr1 q = L lnr + A (A7.6)

in which A is an integration constant and can be determined 
by using the boundary condition at the tunnel periphery. 
Therefore substituting a^ = 0.0 (at r = a) into Equation A7.6 
results in:

( ln(|) (A7.7)

and consequently radial stresses around the tunnel can be 
calculated as a function of (1-q)^^ for given values of 
L and r/a, i.e.

ar = (L In (-) (1-q) )l/(l-q) (A7.8)
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As can be seen from the above equation, radial stresses 
cannot be determined with the Mohr-Coulomb failure criterion 
in which q = 1.0 and the physical situation can be interpreted 
as the total collapse of the tunnel. On the.other hand,for 
materials for which q < 1.0 the complete stress distribution 
around the tunnel can be determined. Such materials are 
called interlocking materials, e.g. rocks, unlike sand and 
loosened soil. It appears that particularly for values of q 
less than 0.7, such as in the Hoek-Brown criterion, the inter
locking of rock masses as well as the experimental behaviour 
is realistically represented.
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