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ABSTRACT ) 3

This thesis is mainly a theoretical investigation of the effects of
some periodic refractive index variations on the wave propagation in
optical waveguides, and possible applications of these structures.

Wave propagation in cylindrical periodic structures, in particular
the large-cored Bragg fibre, is considered. It 1is shown that the
infinite Bragg fibre supports Bloch-type modes and may be lossless
at certain wavelengths of operation, and that the attenuation of all
the modes in a real finite fibre decrease with increasing number
of cladding layers. The application to guiding of long wavelength
laser radiation 1is discussed.

The Bragg fibre is also considered for multimode transmission of
broad band radiation. It is found that increasing the number of
claddings does not cause the wavelength dependence of the loss to
become unacceptably large, and that it improves the tolerance to
bending when the fibre is used for multimode transmission.

Some characteristics of a slab dielectric waveguide with a periodic
index perturbation in the direction of propagation are considered.
Approximate formulae for the fields resulting from the propagation
of a pulse signal 1in a periodic medium are derived, which describe
the fields as a sum of components with similar signal velocities and
dispersions but different path lengths. Hence it is shown that a
periodically perturbed guide may be designed which has a minimum
dispersion at a chosen wavelength.

A waveguide with two periodic perturbations of similar pitch but
different amplitude is considered. Monochromatic wave propagation in
such a guide, in which the harmonics of the perturbation are
interacting, is analysed. The use of this "doubly" periodic design
is shown to result in a limited narrowing of the reflection band.

A second part of this thesis contains an analysis of the effect of
short-range correlations on the permittivity of Nematic Liquid

Crystals
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PART I



1. INTRODUCTION

The use of periodic structures ,[1] in classical (or "bulk")
optics is well established and has a broad range of
applications. One important device is the diffraction grating
[2]. This may be a physical grating structure, for example cut
into the surface of a device, or it may be a refractive index
variation of a permanent or transient nature. Its applications
include acousto-optic spectrum analysis [3], beam deflection
[4], beam splitting; optical spectrum analysis [5], pulse shaping
[6] and compression [7]. A closely related component is the
hologram, which is used for wavefront reconstruction, displays
[8], spatial filtering [9], signal processing [2] and data storage
[10]. Another commonly used periodic structure is the multilayer
coating, which is used essentially for impedance matching [l1],
both for high-reflectance, as in Bragg reflectors, and for
anti—refiection coatings .[12]. In these applications the optical
wave propagates in what is, in effect, an unbounded medium.

The past two decades have seen a rapid increase in the use of
optical frequency radiation in a variety of engineering
systems, where previously predominantly electrical techniques were
employed [13]. Perhaps one of the best known examples is that of
optical fibre communication [14], [15]. Other examples include
optical sensing [16], laser welding in medical and industrial
applications and optical computing [17]. The potential of
dielectric optical waveguides for communications was first noted

in 1966 [18]. Since about this time the possibility of the use of



optical frequencies attracted considerable interest and this has
continued with  the development of continuous-wave room
temperature operation semi-conductor lasers in 1970 [14],
efficient semi-conductor detectors and the development of low loss
materials [19], [20]. Together with these advances there has been
improvement in  the fabrication capabilities and technology,
allowing manufacture of reliable high-quality optical scale
components.

As well as wutilising the bulk optic components, this new
generation of optical systems and devices has relied heavily on
waveguided optical radiation, particularly in integrated optics
and, of course, optical transmission. These devices have included
many with periodic features [21], such as distributed feedback
lasers, [22], reflection and transmission - filters [23], [24],
surface acoustic-wave cells [25], input/output grating waveguide
couplers [26], grating multiplexers [27] and phase matching in
parametric interaction [28]. Other examples are distributed Bragg
reflection lasers [29] and Bragg reflection wavegui@es [30],
[31].

The characteristics of a dielectric waveguide depend primarily on
the materials of which it is composed and on its structure, in
particular its refractive index profile. The extent to which a
guide can be designed to possess a desired set of characteristics
is 1limited by the availability of materials 6f suitable
refractive index, absorption and dispersion and by fabrication
properties. One method by which the range of possible structures
can be increased is by the creation of periodic structures from
the available materials. For example, we have mentioned the use of

multilayers for impedence matching to minimise reflection



(in general of an unguided wave), when use of a single layer of
appropriate refractive index 1is impossible or impractical [1l].
Pulse compression by grating pairs relies on the additional
(angular) dispersion provided by the gratings [7]. The topics
considered in this thesis may be regarded as examples of
waveguiding structures in  which periodié refractive index
variations are used to create characteristics which are not easily

achievable with available uniform materials.

The effect of a discontinuity in the refractive index of a
dielectric on a propagating electromagnetic optical wave is to
cause part of the wave to be reflected and part of it to be
refracted and transmitted. When there .is a periodic series of
these discontinuities, interference of the successive reflections
and refractions gives rise to resonance phenomena. In particular,
for certain frequency bands the interference 1is such that very
little power 1is transmitted and the wave is strongly reflected
(the reflection bands) or scattered. These phenomena can be
described wusing the dispersion curve ( the variation of the
propagation constant with frequency), and in these terms the
periodic perturbation causes the dispersion curve to be distorted.
The dispersion curve can be regarded as charactérising, to a large
extent, the features of propagation for a particular material or
structure (or in general the combination of both of these). Thus

the introduction of a periodic perturbation may in some
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circumstances be utilised to produce desired properties in a
device.

The following two chapters of this thesis are concerned with
effects which occur ( at frequencies inside or near the reflection
bands ) when a multilayer Bragg reflector is used as the cladding
for a hollow cylindrical guide, the Bragg fibre [32]. The
multilayer reflector will, of course, reflect a wave incident in
air. Therefore if we compare an infinite multilayer cladding with
the cladding of a step-index fibre, which must have an index less
than that of the core if it is to be lossless, we can consider the
former to have an effective refractive index of less than unity.
Thus in some senses the cladding is analagous -to a metal with zero
absorption. However for any finite number of claddings the loss
from the less than total reflection musf be considered and so
the wave 1is still attenuated, though by a différent mechanism.
There are features of the multilayer which differ significantly
from that of a metal, in particular the strong wavelength and
angular dependence of the reflectivity [31] and the polarisation
dependence [28].

The first chapter investigates the dispersion relation of the
large-cored Bragg fibre and considers how to optimise the layer
thicknesses for low loss. The attenuation of a low loss mode at
wavelengths of high material absorption is calculated. In the
second chapter the analysis is altered slightly in order to
consider much less well . confined modes and wavelengths of
operation at which the cladding is less than maximally reflecting.
The suitablity of the Bragg fibre for use as a component of a
high—temperature sensor is considered.

In chapters four and five some phenomena which take place in a

11



slab dielectric waveguide with a longitudinal periodic index
variation, and which occur at frequencies outside the reflection
band, are considered.

Even at frequencies well away from the resonance frequency,
there is a small but non-zero distortion of the dispersion curve.
Therefore the variation of the propagation constant with frequency
has been altered and this will effect the manner in which a pulse
of finite spectral width is transmitted. This is analysed in
chapter four. This effect may be regarded as an additional
waveguide or material dispersion, which may be,6 varied to a
relatively large extent by varying the pitch énd amplitude of the
perturbation. As an example of this, the possibilty of introducing
a zero velocity dispersion point at a chosen wavelength in a
single mode, doped silica guide is considered.

As the frequency of operation approaches a band edge, the group
velocity of propagation is reduced. Chapter five 1is concerned
with the manner in which this reduction affects the bandwidth of a
further periodic perturbation with resonance frequency in this
area. In order to determine this, propagation in a multiply

periodic waveguide is considered.

12

1.3 Analysis of Flectromagnetic Wave propagation in Periodic media

Wave propagation in a medium may be described in terms of a
complete set of normal modes. Any possible wave motion can be
expressed as a linear combination of these modes [33]. When a

periodic variation is introduced into a uniform medium, the effect



on the propagation is commonly regarded in one of two ways. The
resulting medium can be considered to have an altered set of
characteristic modes, the form of which is given by
Floquet's/Bloch's theorem [34], [31]. Alternatively the periodic
perturbation can be viewed as causing two of the normal modes of
the uniform structure to become degenerate, leading to transfer of
power between them. This is the Coupled Mode theory [35],
[31].( Both these methods are used in the analysis of a very wide
range of wave phenomena and are not limited to optical or general
electromagnetic waves [34]). 1In this section we will summarise
the main features of these two approaches (these are
described in more detail in the references ).

(a) Bloch modes

It can be shown that wave propagation governed by a one
dimensional periodic equation of motivn may be described by a
complete set of normal modes, or Bloch waves, of the form

F(z) = exp(iQz) U(z)

where F is a component of the electric or magnetic field, z is the
direction of the periodicity, A is the periodicity, m is an
integer, U is a periodic function of period A and Q is the "Bloch
wavenumber"” characterising the particular mode. Thus the effect
of propagation through one period of the medium is only to change
the wave by a scalar multiple exp(iQA). This 1is clearly closely
related to the idea of an eigenfunction of the medium. Since U is
periodic it can be expanded in a. Fourier series. These Fourier
coefficients, { A(Q-m277/A)} say, are obtained by requiring that
the Bloch mode satisfies the wave equation. The Bloch wavenumber Q
has that value which leads to a non-trivial solution . That is,

Q is such that the matrix of coefficients of { A}- , known as
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Hill's determinant [36], is zero. As long as the Fourier series
of the periodic variation is absolutely convergent the solution
is [36]
sinz(QA/Z) = det(0) sinz(PA/Z)

where the determinant of the coefficients is det(QA/2) and B is
the propagation constant in the direction of the periodicity at
which the wave is incident into the medium. At frequencies for
which Q is real the wave propagates and these are the pass or
allowed bands. Between these lie frequency ranges for which Q is
complex. Here the wave 1is strongly reflected and these are the
stop or forbidden bands. When propagation in a two-dimensional
medium ( with one dimensional periodicity) is considered, there
are in general frequency bands, at which Q is strongly perturbed
from its value in an uniform medium but remains real, for which
the incident wave may be scattered into another forward direction.
These are the general results. There are some special cases of
interest.

When the perturbation is small ( this 1is the case for most
gratings) the only directions of propagation which are
significantly coupled are those with propagation constants in the
directionof the periodicity Pl’ PZ such that

ﬁl - B, =Zn Tt //A for integer n.
This is the Bragg condition and holds for both forward and
backward scattering. For the case of a one dimensional medium, if
Q 2mm/A = P then Q@ -2(m+n) /A = -p and so as long as the nth
harmonic of the index perturbation is non-zero, either of these
two terms (and only these two) may be large. Light incident at
one of these angles can be strongly scattered into the other as it

propagates. The dispersion relation is (setting m= 0) {[31]
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where e is the amplitude of the nth harmonic of the permittivity.

When the medium is bounded the above equation determines the set
of possible transverse propagation constants in terms of Q. Q
must then be obtained from the boundary conditions [37].

For a purely cosinusoidal variation the wave equation is known as
Mathieu's equation and the solutions for the fields are the
periodic Mathieu functions [34].

An  important  structure for which the Fourier series of the
variation is not absolutely convergent is that of a stratified
periodic medium [34]. However in this case an exact solution can
be obtained, since the boundary conditions at the interfaces can
be easily expressed. The requirement that after translation
through one whole period the wave vector changes by exp(iQA) only
means that the Bloch wave 1is an eigenvector of the translation
matrix [38], [39]. The eigenvalues are of course exp(iQa) and the
frequency regions of real and complex Q lead again to the
characteristic stop and pass bands.

(b) Coupled mode theory

At any point z in the direction of propagation, the field ﬁay be
expressed as a superposition of the normal modes of the
unperturbed guide. Therefore the field in the periodic medium may
be expressed as a z-dependent superposition of the unperturbed
modes [31], [33]. The requirement that the field satisfies the
pefturbed wave equation and the use of the orthogonalitiy of the
normal modes leads to a set of coupled differential equations.
Assuming the effect of the perturbation to be slowly varying with
z and assuming that the terms with non-zero arguments in the

exponential make no contribution over moderate distances, because
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of cancellation, leads again to the Bragg condition for
non-negligible coupling. For the case of backward coupling by a
small perturbation in an infinite medium, this yields the same
dispersion equation as is obtained from considering Bloch
modes. For a bounded medium and for co-directional coupling, the
equations in the coupled mode theory are of essentially the same
form as for backward coupling in an infinite medium and are thus

simpler than the Bloch wave approach in these cases.

1.4 The Di {on di | the Reflectiyi

The diagram showing the variation of the propagation constant
with frequency for a periodic medium contains most of the
characteristics of the propagation. This diagram is shown in
figure 1.1(a) for the case in which the perturbation causes strong
reflection, or equivalently, coupling to the backward mode [31].

The frequencies at which Q is first complex are the band
edges. At these frequencies it can be assumed that the waves with
forward and backward phase velocities have equal amplitudes and so
form a standing wave.

For any possible Bloch wavenumber Q, 2n7W/A - (Q is also a
solution near the nth resonance frequency and so these two modes
can be interpreted as the two normal Bloch waves of the structure
in this case. The successive  curves in the dispersion
diagram of positive slope can be interpreted as representing the
fundamental and harmonic components of a Blcch wave with positive

group velocity. The curves with negative slope similarly represent
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Figure 1.1(b) Schematic dispersion diagram for forward
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from the perturbed values (118].



the other Bloch mode. The reflection or forbidden bands occur
where the cufves of the two Bloch modes intersect. Thus the
forbidden bands can be interpreted as the frequencies at and near
which the modes would become degenerate if they could propagate.
Since the normal modes must be independent, they cannot propagate.

The dispersion curves may also be interpreted in terms of
coupling between modes. The two curves through the origin
represent the forward and backward propagating modes of the
uniform structure. The reflection bands are the frequencies for
which the perturbation causes power to be transferred between
these two modes. The other dispersion curves are described by the
coupled mode formulae, which can be made arbitrarily accurate by
retaining enough terms, as in the Bloch wave formalism, but they
do not have a simple interpretation in terms of the normal modes
of the original unperturbed structure.

Figure 1.1(b) shows the (schematic) dispersion curve for the case
of coupling between two forward waveguide modes by a periodic
perturbation. Now the propagation constant remains real always.
Similar remarks to those above apply regarding the Bloch wave and
coupled mode interpretations.

Figure 1.2 shows the reflectivity for backward coupling in a
periodic medium as a function of- frequency. The width of the
central reflection band is a function of the effective amplitude
of the pericdic index variation. It is independent of the length
of the periodic medium in the long length approximation. The value
of the maximum reflectivity inside this btand depends on the
length of the device, as does the position of the first =zero
crossing outside the reflection band. The envelope of the

reflectivity is similarly independent of the length outside the
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reflection band. However as the length increases the oscillations
inside this envelope become larger and more rapid. The positions
of the first zeros tend to the band edges. Therefore although the
region for which the propagation constant is complex is
essentially inderendent of length, the width of the central
reflection lobe can be considered to decrease with increasing
length. Howevef the maxima of the side 1lobes also increase and
move towards the band edge. In the limit of an infinite structure
the reflectivity is described by the envelope function.

For forward coupling the amount of power transferred into the
coupled mode does nct increase monotonically with length. The
power isJ exchanged periodically between the two modes as the

length is increased [31]. This may also Le interpreted as the

20
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The Bragg fibre [32] is a cylindrical waveguide in which the
cladding is composed of periodic layers of alternately high and
low refractive index (figure 2.1). The power is confined to the
core by reflection at the successive layer interfaces of  the
cladding, which acts as a cylindrical analogue of a dielectric
mirror. The core is generally assumed to be of a lower index than
the cladding layers, since otherwise guiding could be obtained
more simply and efficiently in the conventional manner, that is,
by total internal reflection.

The Bragg fibre structure was proposed by Yeh, Yariv and Marom in
1978 [32] and the TE mode of the guide was analysed. This
analysis showed that, when the wavelength is small enough compared
to the core radius, the optimum thicknesses of the cladding
layers ( that is, for greatest reflectivity ) are such that the
layer interfaces occur at the successive zeros and maxima of the
electric field. This result 1is the same as that for a planar
periodic medium. These optimium thicknesses were obtained
for both geometries by minimising the “"outflowing"” power of a
radiation mode of the structure [43]. In the cylindrical case TM
and hybrid modes were not considered.

In contrast to the case of cylindrical geometries, optical wave
propagation in a planar stratified periodic medium has been
considered widely [28], [38]; [44], [45]. It has been shown that
determining the optimum thicknesses by minimising the outflowing

power is equivalent to maximising the reflectivity of a Bloch wave
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in the cladding and hence that these thicknesses are one quarter
of the effective wavelength in the material in the direction of
the periodicity [43]. The dispersion relation for a planar Bragg
waveguide has been obtained by matching the fields at the core
boundary to those of a Bloch wave in the cladding {38], and
'guiding by a Bragg layer has been observed experimentally [46].

Although the planar Bragg waveguide is better understood, the
cylindrical fibre seems to represent a potentially more useful
structure. We will consider in particular the hollow-cored Bragg
fibre. Hollow-cored waveguides have a possible application in the
guiding of high power long wavelength radiation, for which
material absorption is in general very large . A hollow guide with
a oxide glass functioning as a cladding of refractive index less
than one ( and hence with a non-zero absorption ), has been
proposed for this purpose [47]. Several hollow metal guides,
with both planar [48] and cylindrical [49], [50] geometries have
also been considered. In general the cylindrical guide suffers
from the disadvantage that the lowest 1loss mode is the TEol, the
field distribution of which has a null at the centre of the core
[50]. This differs ‘greatly from the Gaussian field profile of
the output from a typical laser.

Metal guides with inner single or periodic multilayer dielectric
coatings to provide an increased reflectivity have been suggested,
in particular for use in transmission of long wavelength CO2
laser radiation. The planar [51], (singly coated) rectangular [52]
énd the cylindrical [53], [54], [55] cases have been considered.
The multilayer structures have been analysed by considering an
effective wave impedance and admittance of a finite number of

dielectric layers surrounded by an infinitely thick metal
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cladding. This analysis is a generalisation of that for a hollow
cylindrical guide with a single cladding [50]. Expressions for
the attenuation constants of the low loss leaky modes have been
obtained.

In this chapter we will consider propagation in the infinite
Bragg fibre. We will show that modes analogous to the Bloch modes
in planar periodic media can be supported by cylindrical periodic
structures as long as the radius of curvature is large enough. By
using these modes we obtain the dispersion relation for the Bragg
fibre. This expression holds for any periodic cladding, and not
only for one with optimised 1layer thicknesses, ( for which the
“equations reduce to simple forms) as has been the case for
previous results concerning cylindrical periodic guides [54],
[55].

Thé previous analysis 6f the Bragg fibre [32] has used a power
minimisation to determine the optimum cladding layer thicknesses
of the TE mode only. We will extend this method to include the
TM and hybrid modes and show that the results so obtained are
equivalent to those obtained from the use of Bloch waves. The
values for the attenuation constants of low loss modes of the
Bragg fibre are obtained. The field patterns and designations
of these modes are considered and the suitability of this fibre
for transmission of CO2 laser light with a wavelength of 10.6f4m

is discussed.
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2.2 Bloch waves in a weakly curved, radially periodic meduim

We will consider electromagnetic  wave propagation in a
cylindrically symmetric medium consisting of an infinite number of
concentric dielectric layers of alternating refractive indices
n;, 0, (dielectric permittivities €1r €y ) and thicknesses
Tl’ T2 (figure 2.1). The radii of curvature, r,are assumed to
be large, that is

AT << 1
It will be shown that this medium has a set of modes which are
analogous to the Bloch modes of a linearly periodic medium.

Using cylindrical polar co-ordinates r,0,z (figure 2.1)

eigensolutions to Maxwell's equations may be written [40]

E E(r) cos(18) exp(ipz—iwt)

H = H(r) sin(18) exp(ipz-iwt)
where E, H are the electric and magnetic fields respectively

1 is an integer
(all results follow similarly for the orthogonal polarization, for
which the 8 dependences of the electric and magnetic field are
interchanged). Then for a region of wuniform dielectric

perimittivity € -and magnetic permeability F, the longitudinal

field components are given by

2 2 2 2 _

{E_ +.i.§. _E_ + wope B7) E, =0 (2.1a)
dr2 r dr rz

@ +14 -1%2+ whpe = B H, =0 (2.1b)

dr2 r dr r2
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The tangential components are

Eg =-£-(—§£Ez - WVEE? ) sin(16) exp(iPz-iwt) (2.2a)
k2 r dr

He =.E_(Pin + wéff? ) cos(18) exp(ipz-iwt) (2.2b)
k2 T dr

where k2 = wzpe—Pz

The exact solutions to (2.1) are Bessel functions [40]. However,in

order to obtain a Bloch wave solution, it 1is convenient to

1/2

transform the equations by multiplying them by r to yield

(&> +iPC1+02s-1%)) (M2 ) =0 (2.3a)
dr2 k2r2

( d? +k2(1+0.25—12))(rl/2Hz)=0 (2.3b)
dr2 k2r2

If we define a periodic funétion

2 2
= ¥Wie, - P

k, = wzr.«ez - p2 A< © < (2m+2)A

then equations (2.3) determine .the fields in the periodic medium.

k(r) = k 2ma < r < (2m+1)A

Neglecting terms of order (l/kr)2 (strictly we neglect terms of
order (l/kr)2 ), the solution in the mth cladding layer of

refractive index nj may be written

. cos(k.x) + B
m=] J
1/2 I

2m-; sin(ij) ) (2.4a)
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H, =1 ( ch_J. (2.4b)
(172

cos(ij) + D2m~J

. sin(ij) )

where A is the radial period
X=r-a- (m'l)A.‘f\j
a is the radius of curvature of the first cladding layer

A, =0

if j=2
i J

T1 if j=1
To the same order of accuracy, equations (2.3) are invariant under

translation by A. However, since they are derived from the reduced

Maxwell equations for a region of wuniform permittivity, it is
necessary to consider the boundary conditionms.
At each of the cladding 1layer interfaces, Ez, HB’ Hz, Ee
must be continuous. Using (2.2)., (2.4)
F;l/zE | —;os(k ) in(k.x) 0 0 ] r;
z jx si i om-j
1/2 . .
T He/l ejgl ejg2 Plcos(ij) 5131n(ij) BZm—j
= k.zr k.zr
J J
rl/ZH 0 0 cos(k.x) sin(k.x) C
z J 3 2m-j
/2 . .
r Ee/l plcos(ij) §131n(ij) 181 185 D2m—j
k.zr k.zr
J J
— o b — b
= Mj(x,r) V2m-j (2.5)
where 8 = cos(ij) + sin(ij)
2rk.2 k.
J J
8y = sin(ij) - cos(ij)
Zrk.2 k.
J J
Then at an interface with a layer of thickness Tl’ index 0,




the left, the boundary conditions may be written

Ml(Tl,r) v = M2(O,r) Vom (2.6a)

2m-1
and at an interface with index n, on the left
My(Ty,T) Vyo o =M (0,T) V, (2.6b)

From equations (2.5) it 1is clear that equations (2.6) are not
periodic because of the presence of terms of 0(l/kr). These same
terms also couple together (Am,Bm) and (Cm,Dm),so that,if
a Bloch type solution did exist, Ez and Hz would have to have
the same Bloch wave number.When terms of 0(l/kr) are negligible,
these effects may be ignored and then both the defining equations

and the boundary conditions are periodic.

Neglecting terms of 0(l/kr),(2.6) becomes

Vou =MV, (2.7a)
Vom1 = My Voo o (2.7b)
where, for i = 3 - j, )
M. = k.T, in(k.T. 0 0
i cos( i J) sin( i J)
-k.e .sin(k.T.) k.e.cos(k.T.) 0 0
1] 1] 1] J ] R
k.e, k.e,
J1 . J1
0 k.T. in(k.T,
0 cos( i J) sin( i J)
0 0 . i5351n(ijj) Eicos(ijj)
k. k.
Therefore rl/ZEz and rl/sz are uncoupled and are defined

exactly as field components in a linearly periodic two-dimensional
medium. Thus results which are analagous ( 1in fact nearly
identical) to those for linear periodicity hold in the radially
periodic case. The main equations [43], for fields in the layers

of index n,, are listed here for later convenience. The
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corresponding expressions for the fields in the layers of
refractive index o, follow from (2.7b).

The matrices for translation by one whole period are

8n | = €18 ~ 815 c1sy * Bysi0y | [Agpy | (2:8)
LBZm_ _'clsz T s1cy/8y €1%2 ~ Slsz/gbi _Bzm-z_
—E 1= _; c, - g.5,8 ¢,s, + g_s,c ] _E ] (2.9)
2m 192 7 85°1%2 152 7 8g%1% 2m-2
Do TeyS, T sicy/eg iy ~ 5132/3EJ Dom-2
wﬂere Zj = ;bs(ijj), sj = sin(ijj) ; h
8y = klez/kzel
gy =k /k,

The corresponding Bloch waves are:

E,6 = 1 exp(iQM(r-a)) exp(- iQMx) ( Aocos(kzx) + Bosin(kzx) )
1/2
r

H, = 1 exp(iQE(r—a)) exp(- iQEx) ( Cocos(kzx) + Dosin(kzx) )
1/2
r

where exp(iQM ), exp(iQE ) are the eigenvalues of the matrices in
(2.8), (2.9) and (AO,BO), (Co’Do) are the corresponding

eigenvectors.That is

cos(Q,NMN = c,c, — 0.5( g,, + 1/g,, )s,s
M 172 M M 172

exp(iQMﬁQ = cos(QMA) iJ cosz(QMA) -1
( so QM’ —QM are both solutions )
(2.10)

cos(QEAJ =ce, - 0.5¢( gg + l/gE )sls2

exp(iQEA) = cos(QEAJ + Jcosz(QEfD -1
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( so QE’ ~QE are both solutions )

T

(AO, Bo) ( 18, + 8yS1%y > exp(iQMA) - clc2+ngls2 )
T .
(CO, Do) ( c 1Sy t 85S¢, > exp(lQEA) = ¢ e, tgLs S, )

1]

(2.11)

As in the case of linear periodicity, the frequency dependence of
the propagation may be described in terms of pass and stop
frequency bands. We are primarily interested in the reflective
properties of the medium. The reflection bands for EZ,HZ occur
for [43]

| cos(Q | >1
and then

Q = nTT/A + iQi for integer n (2.12)
for Q = QM’ QE

Inside the reflection band the physically possible solution is
that for which the wave amplitude is decaying radiallyT For

E, E, H

. . 9° this requires }exp(iQMfOl < 1 , so the sign

chosen  in (2.10) must be opposite to the sign of cos(QM), that
is, the trace of the translation matrix. The analagous condition

in terms of QE holds for the Hz, Er’ E, fields. The most

S

rapid decay occurs (considering Ez and Hz separately) for [43]
lel = kZTZ = T/2

This condition is the same for the Ez and Hz fields and so
clearly here at least the respective reflection bands overlap. We
will see in more detail later the relative variation of the stop
and pass bands.

Thus in summary, for weak curvature, that is as long as terms of

0(l/kr) are negligible, a radially periodic structure is fully



analagous to a linearly periodic one. It will support modes which
have the form of Bloch waves, but which decay in amplitude

1/2

radially as r , as is expected from the cylindrical geometry.
These Bloch type modes are not supported for smaller radii of
curvature. Therefore, for example, 1if we require our solutions to
be accurate to within 2% and the wavelength of the radiation is
lpm, then we must consider only structures with minimum radius of

curvature of at least 8.3Nm. In practice, the structures of

interest are likely have much larger radii.

2.3 Dispersion relation for large-cored infinite Bragg fibre

Having determined the characteristics of propagation in the
cladding of the Bragg fibre, we may now obtain the dispersion
relation of the guide. For a waveguide, the periodic cladding is
assumed to be preceeded by a single cladding layer of index .
This ensures that the boundary conditions are correct for the
first interface of the periodic cladding.The notation is changed
appropriately, the coefficients in the core being denoted AO,
Bo’ Co’ D0 and those in the first layer of the periodic
cladding being AZ’ B2, CZ’ D2. A confined mode will exist
if evanescent Bloch waves can bé excited in this cladding.
That 1is, if the mode propagation constant at some frequency
is such that the field 1is non-decaying in the core but the Bloch

wave numbers Q both 1lie in the  forbidden gap. As long

M’ QE

as the core refractive index is lower than both those of the

cladding layers, the fields must, be non-decaying in each cladding
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layer (but will have decreasing amplitudes in successive layers).
Another possible use of the structure is as a multichannel tube
waveguide, in which the fields are evanescent in the core and low
index cladding layers. If one of the cladding indices is lower
than that of the core then it is conceivable that modes for which
the field is evanescent in ‘the low index cladding layers, but not
in the core, may propagate. The dispersion relation which will be
derived may be applied to these cases by allowing the appropriate
wavenumbers to be imaginary. However the specific case of interest
here is that in which the structure is used as a hollow waveguide,
with the bulk of the power confined to the core.

The radially dependent parts of the fields in the core ( r < a )

may be written

EZ = Aojl(kor)
H, = C_J (k 1)
where ki = wzﬂeo—pz
e, = permittivity of the core
n, = refractive index of core
Jl = 1th order Bessel function of the first kind.

and those in the first cladding layer

E

. 1 < Al cos(kl(r—a)) + B

/2.
r

1 sin(kl(r—a)) )

=
]

1 C1 cos(kl(r—a)) + D

rI/Z

1 sin(kl(r—a)) )

The boundary conditions at the core/cladding interface, r=a, are
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In order to excite a

2 €152

A, =a1/2Ao B 5 B
B, Jq +kleoJl'+&Jl(_l-_i_)Ro
2kla koel we,a ko2 kl2
Cl R0 Jl
D _EEEJ Jq (__i_ i_l_ > + (Jp + ky Ji" ) Ry
wua ko2 k12 2kla k0
T - (2.13)
where J, = Jl(koa)
R0 = Co/Ao
J ' = i_ ffl(koa)
k0 dr
and at the first interface between cladding layers, r=a+tl, are
r 7 T . ]
A, = Ay cos(k t)) + B, sin(kltl)
B, kpe, ( = A sin(k t,) + B, cos(kltl)A)
| ki€,
c, c, cos(kltl) + D, sin(kltl)
D, k, (- €, sin(kjt;) + D, cos(k t)) )
- - L kl _

(2.14)

Bloch wave , from (2.11), it is necessary for

A = + gMSlCZ
B2 exp(iQMA) - e, * 85157
(2.15)
€ ~ €18y * 85S¢
D, exp(iQEA) - ciCy * 8pS)S,
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From (2.13), (2.14), (2.15), setting

B, = NM = gMA2 tan(kltl) +B,, D = NE = gEC2 9

A gy ~ By tan(kltl) C; 8y ~ Dy tan(kltl)

tan(kltl) + D

and eliminating the unknown parameter Ro’

: -1 2 = - ' - '
(Blk, Jy (i_ i )) ( NJ=J; + E}Jl JONyJy = I + ke J;")

WJelﬁ a ko kl 2kla ko 2kla koel

Neglecting terms of order l/ka (but retaining terms containing

NE’ NM as these may not be of order unity) this is

2 v - v
(n_ 1 ) N ( Jq Ng ) ( J; €Ny )
—Tor =
no ko a k aJl kla k aJl e kla
(2.16)

where n, = effective index = PA/ZH

This is the dispersion equation for the infinite Bragg fibre for
the wunknown p in terms of a, t, Tl’ T2, that is any
given structure. It holds for any periodic-cladding, and not only
for optimum Ilayer thicknesses. It is convenient at this point to
define ( analogously to the case of a finite <cladding [50],
[54])

N for TE modes

N = N for TM modes

NH/2 = (NE + (el/eo)NM)/Z for hybrid modes

As long as N is real ( using the approximation n, =1 ), the

solution for P is real. Therefore the frequencies for which
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this quantity 1is real can be taken as the effective reflection

bands for the corresponding mode. The regions for which NM’

NE and N, are real and complex as functiomns of W,P (for real

H
p) are shown in figure 2.2.

Equation (2.16) is clearly similar in form to the dispersion
equation for a hollow guide with a single dielectric cladding

[50], and may be solved in the same way as long as N NE are

M,
not too large. For TE and TM modes the equation is linear in
Jl'/Jl. For hybrid modes, regarding the equation as a

quadratic in Jl'/Jl, if we can neglect terms of order

2
NH
2k1a
then (2.28) becomes
50 Nyt oml
2
Jl koa 2k1a no(koa)

If also n,~n then the equation for hybrid modes takes the same

form as that for TE and TM modes giving

1 (2.17)

J ~ *+*kalNJ
F — 0

kla

where N takes the value appropriate for the particular mode. If

u, is such that 0, then since the right hand side

Jl?l(uo)
of (2.17) is small,

koazuo(l— N )

Setting P.= pr + ipi and assuming Pi is small, this implies that

(n024n2/>\2 - prz)”za =u_ (1 +Re(N)/k;a) (2.18)
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Figure 2.2 Reflection and transmission bands in a periodic medium

The shaded areas are the reflection bands

n, = 4.0 and n, = 1.5



“ =Py = xuy A T

n 2ﬂa2k a
o} 1
and from (2.13)
R, = Jeo/)u ( 1+ 0(1/kqa))
Equation (2.18) is identical to that for a hollow singly clad
guide [50]. Thus if the mode considered has low loss and NE’
NH are not too large, the change in the real part of the

propagation constant as a result of the multiple claddings is

small. Figure 2.3 shows how N N. N,, vary with w for the

E’ M’ H

first hybrid ( HE,, ) mode.

11

When P 1is real, the propagation 1is theoretically lossless.
Therefore the modes for which the field amplitudes are
exponentially decaying may be taken to correspond to guided modes
of the fibre. The modes for which the amplitudes are increasing
correspond to the conventional unphysical modes with the same p
which increase exponentially with increasing radial distance from
the core. Thus the infinite Bragg fibre can be considered to
possig/a set of guided modes similar to th;se resulting from total
internal reflection in a conventional high index core fibre.

The solutions obtained at frequencies for which N is complex
correspond to leaky modes of the fibre. The mode corresponding to
an outgoing wave is obtained by choosing the Bloch eigenvalue with
positive imaginary part ( the plus sign in equation (2.10)), which
ensures that ui is positive.

However, the Bloch wave numbers QE’ QM’ which describe the

shape of the envelopes of the fields, cannot be related directly

to the propagation constants in the radial direction for a singly
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cladded hollow or high index cored guide. In particular, in the
latter cases, these constants are equal for the field components
in all directions, while QE # QM.

The solutions analogous to the conventional radiation modes may
be obtained either by removing the cons;raint of exciting a
Bloch-type mode in the cladding or by taking the field in the
cladding to be a sum of both the incoming and outgoing Bloch waves
which may exist for any given vaue of B (that is assuming Bloch
wavenumbers IQEI, \QMI for one wave and —|QE|, -|QM| for
the other ). In both these cases the number of unknown
coefficients increases by two, which results in an inhomogeneous
set of equations (and one undetermined coefficient) and so removes
the constraint on P. The fields are only meaningful when QE’
QM are real and so the range of values of p is that for which N
is complex, that is the range of values for which "lossless" modes
cannot be excited. These properties are of course those of
radiation modes of conventional cylindrical fibres also.

In the following section we will consider the cladding layer

thicknesses which will minimise the loss in the Bragg fibre.

2.4 Optimal Bragg fibre

For a Bloch mode of a planar periodic stratified medium it has
been shown that the decay rates of the field amplitudes in the
claddings ‘QiEl’ lQiMl ( defined in (2.12) ) are each
maximised when the cladding layers are "quarter-wave" thicknesses

[43]. That is
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lel = sz2 = /2 (2.19)

In this case, if the mode is a TE (IM) mode, the electric
(magnetic) field and its derivative (in the direction of the
periodicity) are zero at alternate interfaces between
cladding layers. It has been shown also that this field pattern
(and so the same layer thicknesses (2.19)) is a sufficient
condition for the outflowing power at each successive cladding
interface to have a minimum value.

For the cylindrical Bragg fibre the optimum structure for the
TE and TM modes has been obtained by minimising the outflowing
power. It has been shown that, if terms of order (l/kr) may be
neglected, then similarly to the planar case, the TE (TM) mode
field has zeros of the H (Ez) field and its radial
derivative at alternate cladding interfaces.

We have seen in sections 2.2, 2.3  that in fact TE, TM and
hybrid Bloch type modes exist in weakly curved cylindrical
periodic media. Therefore the maximum decay of Ez, HZ (at
least when these fields are considered separately) 1is acheived
for each of these modes when the layers are of the corresponding
"quarter—-wave" thicknesses given by (2.19). In this case the Bloch
eigenvalues and eigenvectors (for a decaying wave) and the
dispersion relations are as follows (considering in particular
hybrid modes).

Since in our notation k2 < kl’
exp(iQEﬂJ = -kz/kl
CZ/DZ =0 (2.20)
N, = -l/tan(kltl)

There are two cases to consider:

(1) kzel/kle2 = l/gM < 1
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exp(iQMAJ = - kzel/kzel

AZ/BZ =0 (2.21)
So

Al/Bl = —tan(kltl) = Cl/Dl

This leads directly to a condition on Ro independently of t

2

(522 -.i_) Eilil (_i. - 1 )+R ElJl' ( EQ_— 1 )=0 (2.30)
2 2
el N’ wa ko kl ko el
(2.22)
Also NM = -i/tan(kltl)
Therefore if kltl = TU/2
then NH =0

SO ka = u > Ry =,}eoéu

This is of course a possible low 1loss solution and so the first
cladding is also part of the periodic reflector (that is, an
initial layer to satisfy the boundary conditions to excite a Bloch
wave is unnecessary). It seems likely that this Ehickness of the
first cladding layer will give maximum power confinement and it

will be shown simply in the following chapter that this is indeed

the case.
(ii) kzel/klez = 1/gM > 1
Now
exp(iQMAJ = _klez/kZEl
BZ/AZ =0 (2.23)
So
Bl/Al = tan(kltl) = -Cl/Dl

and the equation for R0 is
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2 , ,2 2.2 2 -
[pl i)+Ro JlJl +Roeo(Jl+Pl Jl )](1+o_l_) 0
2 2 2
wkoa P w Feoko a kla
(2.24)
Also NM = tan(kltl)
so NH = tan(kltl) - (el/eotan(kltl))

Now it is not clear that kltl = T1/2 1leads to a possible low
loss solution since this makes NH large. Therefore in this case
an intermediate layer between the core and periodic reflector is
required. The optimum value in this case is considered in chapter
3.

From the form of the eigenvectors ( (2.20), (2.21), (2.23) ) and
translation matrix (2.7b) evaluated for the case of quarter-wave
thicknesses it 1is clear that the Ez, HZ fields and their
radial derivatives have zeros at the alternate layer interfaces in
the optimum case.

We have seen that the propagating mode in a Bragg fibre may have
different properties depending on whether 8y is greater or less
than one. The condition 8y = 1 represents the case when the
refractive indices and propagation constant aée such that the
TM-1like part of the field is incident on the periodic cladding at
the Brewster angle and so the power corresponding tb this part of
the field is totally 1lost. Here NM becomes  large and it
should be  remembered that approximate solution for the
attenuation is valid only for small loss.

For a real Bragg fibfe with a finiie number of layers, the power
loss is not zero even for frequencies inside the reflection band,
as the reflectivity is always less than one. We may estimate this

loss if we know the power lost radially per unit length. Therefore

we will extend the result obtained for TE and TM modes [32] to
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obtain an expression for the outflowing power of a general hybrid
mode.
In order to retain some generality, we will write the fields in

the cladding layers as follows:

E

2 ( Aj Jl(kr) + Bj Yl(kr) ) cos(18) exp(ipz-iwt)

fes]
1]

( Cj Jl(kr) + Dj Yl(kr) ) sin(18) exp(iPz-iwt)

Re-writing these expressions in terms of Hankel functions

_ : . ) _ . )
2E = ( Aj + Bj/l ) Hy (kr) + ( Aj Bj/l ) H, (kr)
- . (D _ . (2)
2Hz = ( Cj + Dj/l ) Hl (kr) + ( Cj Dj/l ) Hl (kr)

1)

For our choice of exponential factor, Hf (kr) is associated
with a wave travelling in the positive r direction, i.e., an
. 2 . .
outgoing wave, and Hy (kr) represents an incoming
wave.Considering the outgoing z-fields and the corresponding

radial and tangential . components only, the time-averaged Poynting

vector of the outgoing wave in the jth cladding layer is

= * _ *
Sr = Re ( Eeout HZout Ezout HGout )/2
_ 2 2 2 2 1] -— 1
—1 ( e(Aj + Bj ) +rx(cj + DJ. ) ) ( J. Y J'Y )
8k

Using the Wronskian of the Bessel functions [36] and integrating
over a unit length cylindrical surface gives the radially outward

power flow per unit length in the jth cladding as

2 2 2 2
. = .+ B. + .+ .
py=v Ceal+n +pce?+nh)

2k 2 (2.25)
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From the well known asymptotic expressions for the Bessel
functions in terms of circular functions [36], when Am’ Bm,

Cm’ Dm are the coefficients for the fields expressed in
circular functions (defined by (2.4)) the right-hand side of
equation (2.25) must be multiplied by TTkZ/Z to give,

2

P = wr( e(Am

2 2 2
n + Bm ) + r((cm + Dm ) )(1 + 0(1l/kr))/4k (2.26)

It should be noted that Prm gives an estimate of the loss given
that the last cladding is the (m+l)th and does not represent the
net power flow out of the (m+l)th cladding for each m. Also, we
have satisfied the boundary conditions for a radiation mode, which
has both incoming and outgoing components, but we have only taken
the contribution to the power flow of the outgoing part. In the
last cladding layer the amplitudes of a mode with only an outgoing
component must be twice those of the radiation mode. Therefore the
actual value of the outflowing power must be taken as 4Prm. This
then gives agreement with the leaky mode result [50] for the case
of a singly cladded guide.

From (2.10), (2.26) in a layer of index n for a Bloch wave

2’

C,» D))

(for given values of p, Al’ B 1° D

l’

Poom = wTT ( ezexp(iQE(Zm-Z)ﬂQBzz(l + A22/B22)
+ pexp(10,(2m-22M0D, (146, /0,%) ) /4k

(2.27)

For an "optimum” Bragg fibre with 2m+l cladding layers we get

from (2.20), (2.21), (2.23)



b5

(i) gy > 1
_ 2 2m 2m
Pop = WITATCe, (1/g)™ +e (1/g)"" )/4k
(ii) 8y <1
_ 2 2m, 2 2m, 2
Pom = WT A (e, gy Ayt r.(l/gE) c, )/ 4k

Clearly the power 1is reduced for a fixed number of cladding
layers if 8g is increased and 8y is increased in the first case and
decreased in the second. Figure 2.4 shows the contours of

constant 8p> as the refractive indices n;, n, are varied.

By
From this it can be seen that, for most likely refractive indices
for which 8 is large, 8y is less than one.

Now that we have an expression for the outward radial power flow
per unit length 4Pr, the attenuation constantle( that 1is the
imaginary part of the propagation constant ) can be determined
since these quantities are simply related by [50]

le = 4Pr/ (longitudinal power flow)

Therefore it is useful to consider

radially outward power flow per unit length in the (m+l)th clad

longitudinal power flow in the core and first m claddings
m

= 4Prm /( chore + i chladds )

S=1

P and are obtained by integrating the

zcore chladds

z—component of the time averaged Poynting vector

- A ") /2
S, = Re( E Hy EgH_ )
over the relevant cross-section to yield
- 2 4 2 2 2 2
Pocore = (TOPT/2k ) AT[ 21R (1 + (WfAGO/P ) It 4

2 22 2.2 . 22,2 2.,
w(e+’AR0 YO (k "a®™=17)J," + k "a’Jy "+ 2k al"J gy )/P ]
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b7

2 2

= TTPW( kr( (eA 2 + Mc )(J Jq "'+ 0. Skr(J ! +J; ))

2,

chladds

+ (eB + PD )(Y Y '+ 0. Skr(Y ! l ))

+ O.S(eASBS + lucsDS)(Jl - Yl )(1 + 0(1/kr)) )/k4

= T2t (ea® + eB® + pc %+ pp % )(1 + 0(1/kr))/4k

- - ,
where J1 Jl(koa) and similarly for Jq

and if the cladding layer s has index n (j =1,2) then

k=k., e =e,, T=T,
J J ]

In fact for low loss cases,

m
Prcore 77 }:ﬁzcladds (2.28)
5=l
and also if R0 = eo/F, koa.=# o (2.18) then
_ 2 r-——- 2_2
chore B Ter ( eo/P)a J
and so we can write for a structure with m+l claddings
20, = 4P AQRAYSS (fe / )a J (2.29)

Thus from (2.27), (2.29) we have obtained an expression for the
attenuation constant of a low loss Bragg fibre with a finite

number of cladding layers.

2.5 Alternative derivation of optimal Bragg fibre

In this section we will show that we can obtain a low loss Bragg
fibre structure for a general hybrid mode by minimising the
outflowing power in each successive cladding layer. It should be
noted that neither this procedure, or the equivalent one of
T

maximising lQil, i.e. setting T 5 to satisfy (2.19), gives an

1’

exactly optimum structure for any finite number of cladding

layers. However it will be assumed that for a low loss mode for
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which the field amplitudes are small at the last cladding layer,
the infinite structure is a good approximation to the finite one.

We now consider an arbitrary radiation mode of the Bragg
fibre. Therefore there is no dispersion equation and p can take
any chosen value less than n02ﬂ'/%. We then construct a structure
which will propagate a mode with this value of p with low loss.

For a cladding boundary at rj (figure 2.5) with cladding refractive
indices n;, n, on the left-hand side and right-hand side of the
interface respectively, the fields in the two claddings at the

interface can be written as shown below ( since Aj’Bj’Cj’Dj and

hence Ezl’ HZl are real for all j)
n, r; n,
Ez(klrj) = E,, cos (18) Ez(kzr) = (AJ12 + Ble) cos(16)
Hz(klrj) = H,, sin (18) H, (k,r) = (CJ;, + DY;,) sin(16)
where le = Jl(erj)’ le = Yl(erj)

From continuity of E, H, Eg, Hy at the interface

2
- 1 — t - -—
A= Tyr OB ¥p" —kpe Byyp'Yyp = PL 1 Gy = 1B, 173, )
2 klez kzrj we2 kl
. _ ,
= - [} ' _
B TTkzr.( EZlle + kzelEzl le + Bl 1 ( kz 1 )Hzlle )
)
2 ) kle2 kzrj we, kl
2
= v _ ' - -
C = ThkyryCH Yo" ~KpH "Wy = PL 1 (k= 1B, 1%y )
: 3
2 kl ker wr. kl
-— — 1] t 2_
D= Thkor,(FH (Jpp" + kH Ty + P11 (ky = 1JE 1 Jy) )
, 2
2 kl k2rj wr. kl
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Therefore substituting from (2.30) into equation (2.25) gives, to

O(l/kr)’
_ 2 2 2 2 2
Prj __z_(TTer') ( Jl + Yl ) (eZEZl + PHzl
2
2k2 2
2 )2 2 2
+62E_2__Ezl +F_1_<_2__Hzl o1 +0C1))
2 2
kl kl klrj
So
- 2 2 2 . _ 2 2
dPrj = (TTkzri) ( J o+ )YEAF €,E,1E (1 k2 € )
2 2 2
dr, 2 k2 k1 €,
' 1 2.
+}1Hlezl(l ﬁ ) 1( 1+o(_1_))
2
kl klrj
and
2 _ 2 2 2 2 _ 2
d Prj = (ﬂkzrj) ( J0 Y )wi( k; k, )
dr 2 2 k22
2 2 W2 2
x (¥ ( Ezl Ezl )+ ( Hzl Hzl ))(1+o£l_) )
klrj
(2.32)
_ 22 _ 2 2 2 _ 2
where ¥ = ( kl €, k2 & ?/( Pez(kl k2 ) )

From equation (2.32) it can be seen that, unlike in the case of

TE modes [32], having placed a cladding boundary at to

rj—l
minimise Prj-l’ the first zero of dPrj/drj is not necessarily a
minimum point of Prj' However, if ¥ > 0 and it is possible to
put cladding boundaries at

Ezl = Hzl =0 if kl > k2 (2.33)

1 = ' = :
Ezl Hzl 0 if kl < k2

then dP_./dr. has its first zero and dZP ./dr.2 > 0
rj] J rj J

at each boundary. Similarly this is true when ¥ < 0 if it is

possible to put cladding boundaries at
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" o=
E ' = H, 2

Ez1 = Hzl =0 if kl < k2

0 if kl >k (2.34)

The condition ¥ > 0 is equivalent to requiring k2€l/k162 to be
greater than one if k2/k1 is, that is, the two cases here
correspond to those encountered in the Bloch wave approach
and ¥ = 0 when gy = L

The form of the fields assumed in the core and cladding layers
are those of a radiation mode of the structure. As in the case
of the conventional step-index cylindrical guide, in these
radiation mode solutions, one coefficient, without 1loss of
generality the raFio of the amplitudes of Ez and Hz in the
core, remains undefined by the field equations and the boundary
conditions (including the axial power flow) [56]. This degree of
freedom can be wused ta obtain modes which satisfy equations
(2.33), (2.34). We consider the usual two cases.

(1) ¥ <0

Neglecting terms of ©(1l/kr),

Jy ' (kr) = =¥, (kr)

Yl'(kr) = Jl(kr)

50 EZl = Hzl = (0 at rj if
Aj_l/Bj_1 = - Dj_l/cj_1 (2.35)
Requiring Ezl' = HZl =0 at rj also yields equation (2.35).

Now from the expressions for the coefficients in terms of the

fields on the left hand side of the interface with the previous

i i L =

layer, equation (2.30), if Ezl Hzl 0 then
Aj/Bj = - le/J12 = le/le (1 + O(l/klrj) )
Dj/Cj = - JlZ/Y12 1+ 0(l/klrj) )

so

Aj/Bj - Dj/cj (1+ O(I/klrj) ) (2.36)
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Similarly if Ezl = Hzl' = (0 then again equation (2.36) 1is
satisfied. Therefore by induction, the condition on the fields,
equation (2.34), will be satisfied at each interface when

Al/Bl = - Dl/cl (2.37)
(ii1) Yy > 0
Similarly and more simply, equation (2.33) is satisfied if

A /B, = C,/D (2.38)
Equations (2.37), (2.38) are exactly the conditions required
to excite an optimum Bloch mode and they are satisfied when
equations (2.22), (2.24) hold. Thus although conditions (2.33),
(2.34) were imposed rather arbitrarily, the results of the
previous sections show that they are indeed the conditions for a
minimum loss mode, at least for an infinite structure. Also it is
clear that (2.22), (2.24) are the conditions that the relative
"phases" radially of Ez, Hz are such that the layer boundaries
occur at the correct postions for both the field amplitudes to be
reduced by the layer structure, as is clearly necessary for a low
loss solution. This is illustrated in figure 2.6, which shows the
Ee field in the cladding layers for various values of Ro for
the optimum structure in each case.
In order to calculate p it is necessary to minimise dlo’ rathér

than just Pro’ since the longitudinal power flow is a function

of P also. Terms of order koa cannot be neglected and so

_ 2 2., 2 2 2
Pro = W UTkym)™ (Jp) 4Y; D C e By )" + MH, 7+
2k % 2
[¢]
2 2 2. 2
elkl Ezl + kﬁl Hzl +
e k2 k2
(o] (¢}
2 2 2 2
b ky (HZl +E )
223 2
w
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Fig. 2.6 : Scaled values of EO field in cladding layers, for
6:”/2;?\:10.6)‘0‘\; a=1.0mm ; n =1.5;

n . 238

1 ; szzoptimal'

In the core

]Eel has a maximum at r = O (not shown)
of order 10

5



2 1 1
+ 2pk;" C€eE 'H) +H B
k awk €
o o 1

The results of a minimisation ofCKlo are shown in figure 2.7 and
figure 218. Table 2.1 gives the optimium values for koa and R0
for various values of refractive index and core radius.

The field pattern in the core of the minimum loss Bragg fibre is
essentially determined by Ro. Since the optimum value of R0
can be regarded as one of an infinite number of possible values
for a radiation mode with the same value of P, it is likely that
the particular field pattern contributes to minimising the loss.

It is well known that, for example, if 1 = 1 and R0 =1Jz7ﬂ:then
the fields in a large cored step-index fibre (both for high and
low index cores) are linearly polarised. For a hollow core, this
corresponds to R, = 2.653791 x 10-3.

From table 2.1 it 1is <clear that this condition is satisfied at
least approximately for the minimum loss mode. The field patterns
for a minimum loss mode and non-low loss modes are shown in
figures 2.9 and 2.10. Clearly the minimum loss mode corresponds
closely to the most linearly polarised mode. Also, from table
2.1, the first minimum ofo(10 occurs at koa = 2.4 and here
Ro ~ 2.6 x 10_3, the exact value depending on a, P, n,
n,. Thus in general the minimum loss mode has transverse
electric and magnetic fields which have a radial dependence
Jo(kor). Therefore this mode corresponds very closely to the
HE11 modé of the conventional step-index fibre, both for & > 0
and ¥ < 0, the similarity being greater for ¥ > 0 and also large

a/\, as suggested by the results of section 2.4.

The next minimum of ®i0 occurs for koa = 5.13 and here
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A 2Q; Ro =+2-5x107°
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Fig. 2.7 : Power attenuation constant vs number of claddlng layers
for different values of R

N= 10.6 )Jm a =1.0 mm, np= 1.5. n, = 2.38, uo= 2.403
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N = 10.6 pm,  n,= 1.5. ny= 2.38.

2Q — -3
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4x 107 —
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Fig. 2.8 : Power attenuation constant vs koa



Ro=+2-8 x 10~ Ro=R,=+2-6884 x10 >

™\
Yo
|~

Figure 2.9 :

57

Ro =42.5 x 10 °

Y

Field lines of transverse electric field
(for fixed a, p )

Y



Ey
Ex

10

107°

-4l i’
10 /

[

{
i

1 | I B ] | | I |

107

58

O 01 0203 04 0506 07 08 09 10
radius/mm

Fig. 2.10 : Ratio of magnitudes of transverse electric fields

E .E_ in the core (€ =T/4).
X Yy

N=10.6 pm. ny= 1.5,

R =R = 2.6844x 1073
o (o]

------- R - 25 x1073
(@]

~——- R - 28 x 1073

nq= 2.38. a = 1.0 mm. Kka= 2.463



1st minimum

2nd minimum

A /um @ /mm n, nj Y koa ﬁo koa Ro

10.6 0.5 1.5 2.38 negative|2.401 2.7162x10 > 5.127 -2.3886x10 >

10.6 1.0 1.5 2.38 negative| 2.403 2.6844x1073 5.136 -2.6552x10 °

10.6 1.0 1.3 1.5 positive|2.405 2.6529x107° 5.131 -2.5143x10 >

1.0 1.0 1.3 1.5 positivel 2.405 2.6529x107> 5.136 —2.6553x10 "

10.6 1.0 1.5 4.003 negative| 2.401 .6895x107°  5.129 —2.5082xlp“3
Table 2.1
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R, = -2.65 x 1073, This gives a mode with fields with
transverse parts which have a radial dependence Jz(kor).

This mode has a similar field pattern to the EH,, mode of the

11
conventional step—-index fibre.

In general, we find that the (2m-1)th and the 2mth minima of o
have field patterns similar to those of the conventional HE1m and
EHlm modes respectively. However, for increasing m,~the transverse

fields deviate more from the field patterns of the conventional

modes, as seen from Table 2.2.

Numerical values of the leakage loss of the TE mode of the Bragg
fibre that would result from a realistic finite number of
claddings have been calculated previously for a gﬁide with indices
and dimensions reprsentative of the wavelength range of interest
in optical communications [57]. These calculations suggest that
the Bragg fibre is unlikely to compete effectively with existing
solid-core, conventional fibres where the loss in available
materials at the relevant optical wavelenéths is extremely small,
of the order of 0.2 dB/km for silica at its minimum loss
wavelength of 1.55ﬂm [20]. However the balance of the argument may
well change at substantially longer wavelengths, for example
10.6Fm and above, where material losses are high [58], required
propagation distances small and allowable losses relatively large
by the standards of modern optical communication [59].

We will determine the 1likely power loss owing to the less than
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A = 10.6 um n, = 1.5 n; = 2.38 A = 1.0 mm Yy <O

th . .
n minimum of

3 n=1 2 3 4 5 6

1
2.403 5.136 5.515 8.410 8.646 11.611

koa )
ﬁo X lO3 . 2.6844 -2.6552 2.8285 -2.3050 3.1118 -2.0511
'Similar’
conventional HE EH HE EH HE EH
node 11 'll 12 12 13 13
koa of
conventional 2.405 5.136 5.52 8.417 8.654 11.620
mode

Table 2.2 Mode characteristics

19



unity reflectivity at the core/cladding interface for 1light
with a wavelength of 10.6rm by using the results of the previous
sections. The mode considered is the lowest loss mode with angular
dependence 1 = 1. We have already seen that this mode 1is similar
to the conventional HEll mode. Its transverse electric field
profile has a maximum at the centre of the core and is similar in
shape to a Gaussian beam profile. Therefore this mode is likely to
have a relatively high launching efficiency and to be of most
general interest. First we consider briefly the power
distribution of this mode between the core and the cladding and
hence estimate the reduction in the effective absorption
coefficient which results from using a guide in which the bulk of
the power propagates in a hollow core.

Let the core absorption coefficient -be o%o/m and cladding
absorption coefficienf be d%l/m (taken to be approximately equal
for all the cladding materials). A power attenuation coefficient
may be defined as

o(abs(z) = - (1/P(z)) dP(z)/dz
where ©P(z) is the power flow through a cross section of the guide
at fixed z and dP(z) is the change in power in propagation through
a distance dz.

Assuming the power outside the guide to be negligible,

- ol -
dp(z) co dz chore dcl dz E::chladdj
J

and

abs %co Prcore * 0(clz“~_:-_.ch1add_1'

chore +2 chladdj

J
For a hollow waveguide,c’(co = 0, so

G e o L
a abs - chladdj

o(cl chore +§ chladéj
J

62



From calculation it is found that this is typically of the order
of 10_6 or less for an optimal structure with 16 claddings. We
will find that this loss is negligible when compared with the
leakage loss (Table 2.3).

Figure 2.11 and 2.12 show calculated values of the attenuation
coefficient, for leakage loss onl?, for optimal Bragg fibre
structures for the HEll mode for various core radii and
refractive indices. As expected log@xl) decreases approximately
linearly with increasing number of claddings.From the figures it
can be seen that for a hollow-cored guide with eight claddings, of
alternately, say, KBr and KRS-5, whose indices are 1.50 and 2.38

2 dB/m

respectively at 10.6ﬁm, we can expect losses of 34 x 10
for a core radius of 0,5mm and 4.8 x 1072 dB/m for a core radius
of 1.0mm. For a structure with 16 cladding the losses are 5.2 x

2 4B/m and 6.4 x 1073

10 dB/m respectively. If take the
absorption coefficient to be that of KRS-5, 2dB/m [58], the
absorption loss in the latter case is 4 x 10_6dB/m. This is
insignificant when compared with the leakage loss and may be
neglected. Thus the total loss can be taken to be given by the
leakage loss. This may be compared with, for example, a ﬁeasured
overall loss in a KRS-5 fibre of 1dB/m. Clearly the Bragg fibre
structure has a considerably lower loss.

In general the loss of a Bragg fibre is reduced if

(i) In genefal, the difference between the indices n, and n, is
increased.

From figure 2.4, for a fixed Vélue of nl, l/gM is small

for n, = 1( so the loss is 1low) and then tends to one as n

2

increases. For n, larger than the ~value at which 8y =1, we

are interested in increasing l/gM and l/gM increases as n,
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A n, ny a /mm aabs/aCQ
10.6 um 1.5 2.38 0.5 1.3 x 107°
10.6 um 1.5 2.38 1.0 1.7 x 1077
10.6 um 1.3 1.5 1.0 8.0 x 107/
_9
1.0 um 1.3 1.5 1.0 1.0 x 10

Table 2.3 Effective relative absorption coefficient
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Fig. 2.11 Attenuation of the optimal structure vs number of

cladding layers for different core radii.

A=10.6 pm. n,= 1.5. ny= 2.38.
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Fig. 2.12 : Attenuation of the optimal structure vs number of
cladding layers for different values of index
difference. n,-n, . = 10.6 pm. a = 1.0 mm.
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does. Therefore now the loss decreases as n,-n, is reduced.
l/gM reaches its local maximum at a value of n, which

increases with increasing n Suitable available materials are

1
likely to have indices greater than = 1.3 and so in practise in it
is desirable to increase n,. Beyond this value of Ny,

l/gM decreases again as n, tends to n Therefore in

2 1’

general it 1s best to maximise n;= 0y, but there is a small

range of n, for which the loss does not decrease with increasing

2

n, - D, The achievable difference for any specific
application " is of course governed by material limitations, both
availability and ease of fabrication.

(ii) The ratio a/A, that is the relative size of the core, is
increased. This is true for low index cored guides in general [50]
( . physically we can imagine that the light is reflected and
transmitted at the core boundary fewer times per unit length).
Thus increasing the core size appears to offer a much simpler
alternafive to increasing the number of claddings. However as the
core size 1is increased for a fixed number of claddings the
susceptibility of the guide to bending losses increases. We shall
discuss this further in chapter 3.

(iii) The number of claddings 1s increased. At least in theory
this offers the possibility of designing an arbitrarily low loss
guide. In practise the attenuation of lowest loss mode 1is 1likely
to deviate from that predicted as the number of 1layers is
increased, because of the difference of the cladding 1layer
thicknesses from the optimal value. This difference may result
from inaccuracy in fabrication or possibly from the approximate
nature of the analysis, although this latter effect seems likely

to be small.
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As we have seen, there are an infinite number of first-order

hybrid-mode solutions with the same propagation constant. These

modes are not, in general, orthogonal to the preferred low-loss

HEll mode. However they can all be represented as linear
combinations of the 1low-loss HEll mode and an  orthogonal
mode. Since the Ilow-loss HEll mode is most nearly plane
polarised, it may be expected that the orthogonal mode is much
less plane polarised and hence coupling from our preferred mode
must require a z—dependent perturbation that is not isotropic.
Thus undesirable mode conversion may not be too severe over
reasonable distances.

It is perhaps worth discussing briefly also the launching
efficiency of the Bragg fibre. It seems likely that a low loss
mode will have a very different field pattern from the orthogonal
mode with the same propagation constant. If the latter has a high
loss its fields are likely to be small inside the core. Therefore
coupling to high loss modes from, for example, a Gaussian shaped
input field,( the degree which is determined primarily by the
"overlap integral"” of the transverse fields [33] ) is likely to be
small and most of the power is likely to be coupled into low loss
modes with propagation constants in a small interval about the
minimum loss mode. Thus the launching efficiency of the Bragg
fibre is likely to be adequate, and very probably better than that

of a singly cladded hollow guide.
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One of the main advantages of the Bragg fibre over a conventional
step index waveguide is that it allows the confined power to
propagate in an air core. It is primarily when this feature
outweighs the disadvantage of the relatively large leakage loss
that the Bragg fibre is likely to compare favourably with other
guides. One such application, that of transmission of 1light at
wavelengths of high material absorbtion, has been considered in
chapter 2. For this application, the guide was ideally single mode
at the single wavelength of operation. Another  possible
application of the Bragg fibre will be considered in this chapter
which involves its use as a multimode guide for broadband
transmission.

The temperature of a hot object can be determined f£from the
spectrum of the emitted radiation. Therefore remote temperature
sensing can be achieved by analysing the radiation transmitted by
a waveguide from a hot or hostile environment. At very high
temperatures, conventional solid-cored fibres cannot be used for
this purpose. For example the glass transition temperature of
silica 1is approximately 1500 °C. Materials of sufficiently high
melting point for use at, say, 2000-2500 °C, such as magnesium
oxide, =zirconia, alumina and high temperature metals (for example
molybdemum, tungsten) are 1likely to be difficult to draw into
fibres or to be highly absorbing, or both.

It is possible that, for very high temperature sensing, a Bragg

fibre structure may provide a design which is relatively easy to
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fabricate and which has low absorption loss. The multilayers
may conceivably be made by vapour deposition on the inner surface
of a metal tube, followed by high temperature heat treatment,
the remaining inner hollow forming the core. This may be a cheap
alternative to fabricating a high temperature waveguide fibre by,
for example, growing a single crystal of alumina of the required
dimensions [60], [61].

In order to obtain an accurate estimate of the temperature it is
desirable to gransmit as much of the radiated power as possible
and with minimum spectral distortion. Therefore it 1is now
necessary to consider the suitability of the Bragg fibre for
multimode transmission of a broad rénge of wavelengths. It has
already been noted that the leakage loss increases with mode
number as for any low index core (leaky) guide. In addition the
multilayer reflector of the Bragg fibre is 1likely to be
significantly waveléngth sensitive.

The modes of a Bragg fibre which are not necessarily low loss,
either because of high mode order or because the layer thicknesses
are not optimised at this‘ particular wavelength, may be obtained
by solving the general dispersion equation (for a large cored
guide), equation (2.16) of chapter 2. However this equation is
based on the assumption of Bloch type modes, which hold strictly
for an infinte structure. For finite structures for which the loss
is large, this may be an unacceptable assumption, since the field
is non—negligible at the 1last cladding 1layer. Therefore it is
useful to model the Bragg fibre as a finite structure. We will use
exactly the same boundary condition approach as in chapter 2 and
substitute explicit expressions appropriate to a finite structure

for NE and NM into equation (2.16). This allows the
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dependence of the propagation charateristics of the Bragg fibre on
waveléngfh and number of cladding layers to be easily calculated.
As mentioned in chapter 2, a calculation for a hollow guide
with a finite number of dielectric periodic cladding layers
surrounded by a metal has been carried out [54], using the leaky
mode approach. The general form of the solution for a low
impedence and admittance cladding has been given.The explicit
analytical expressions obtained were specifically for the case of
"quarter-wave" layers (surrounded by a metal), and do not apply

for a general wavelength.

3.2 Di . lati £ he fini B Fil

The dispersion relation for the finite Bragg fibre may be derived
in a manner similar to that for the infinite case. The interest
here is in the higher order _mode and wavelength dependent
characteristics of the guide and so the losses to be determined
will be much larger than for the previously considered minimum
loss case. Therefore it is necessary to bear in mind the limits of
the validity of the solution which will be obtained. As before the
total loss of the guide is ideally as small as possible and so we
assume a large core radius relative to the centre wavelength (and
so in fact,all wavelengths) considered.

The form of the dispersion equation is exactly as in the previous
chapter, equation (2.16) (and we will use essentially the same
notation here ), since, in our approximation of large radius, the

Ez and Hz fields are not coupled in the cladding layers.
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However the expressions for AZ/BZ and CZ/DZ are now those
for a finite structure. Equations (2.8), (2.9) give the
transformation of the vectors of the field coefficients by one
period, that is, a pair of claddings. It is convenient to invert

these relations to yield

Bon | T {182 T 518,78y €152 T &M% A2
Bom s, + sy¢,/8y €1y T 8y$1S) Bom+2
= I J A2m+2 say
K L B2m+2
Com | = [162 ™ 515,/8g €18y T 8g%1% Comt2
Dom cisy +51¢,/8p €1y ~ 85515y Dyme2
= I J C2m+2 say
K L D2m+2

The mth power of a unimodular matrix may be obtained by
diagonalisation (the Chebychev identity) [38] and so for a

cladding composed of m pairs of layers,

52 B I R T L S L Bomt2
By kL KUp-1 LUp-17 Un-2 | |Boms2
(3.1)

where Um = sin((m+l)QMA)

51n(QMJO
and exp(iQMA) is the eigenvalue of the single period translation

matrix, and similarly
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m-1 Comt2
] 1] 1] 1] 1 1 — A
L P_ K'U m-1 L'U m—1 U m~-2 D2m+2

(3.2)
For a leaky mode of the structure there is no incoming wave into
the guide in the last cladding layer. Therefore since A2m+2,
B2m+2 are the coefficients of the sine and cosine functions (

equation (2.4) ), and exp(-ikzr) corresponds to an incoming

wave,

Bom+2 22

and similarly

Comt2 = 1Poper

Therefore from equations (3.1), (3.2)

_ég = I-0+1J
B, K+i(L~-U)
_Ez = I'-0"+1J
D2 K'+i(L'-U")
where U = Um~2/Um—l = sin((m—l)QMA)/sin(mQMA)

U’ sin((m—l)QEA)/sin(mQEAJ
U, U' are always real and it is convenient to write the
above equations as a sum of real and imaginary parts. Using the

definitions of U, U' and the expressions for QM’ QE we obtain

A, = IK+JL-U(J+K +1i(U0(I+0L)-1- UZ)

B KZ +(L-1U )2
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= LE-DI(R-DHIHR) sin(Q - i sin’(QuM
2 tan(mQMﬁO sinz(mQMfQ
K2 + ( 1(L-1I) + sin(QMA) )2
2 tan(mQMﬁb
and similarly

C2 = 1(I'-L")(R'-J")+(J'"+K") sin(QEAJ - i sinz(QEﬁQ
D, 2 tan(mQEﬁQ sinz(mQEJQ

K'2 + ( 1(L'-T") + sin(QA) %

2 tan(mQEJQ

Since

NM = gM(Az/Bz)tan(kltl) + 1 R

gM(AZ/BZ) - tan(kltl)

taking kl’ k, real to 0(l/kr) as before, the imaginary part of

2

NM is

Im(NM) = 8y secz(kltl) Im(AZ/BZ)

(gMRe(AZ/Bz) - tan(kltl))z + gMzIm(AZ/BZ)z

secz(kltl) sinZ(QMA)/sinz(mQMfg

2 2 2
1 ) - Zthan(kltl)Tmz + tan (kltl)(K +T_

&y
2,2
8y (J +T

2
3 )

where Tml2 =( (I-1L)+ sin(QMJQ )2

2 tan(ﬁlQMJ\-)



=]
]

02 (I-L)K-J)+ (J+K sin(QMfQ

2 tan(mQMjD

2

3
|

m3 ((@L-1 + sin(QuN )

2 tan(mQMJO
and a corresponding expression of course holds for Im(NE)

From these expressions, Im(NM), Im(NE) and Im(NH) are
non-zero and Sso0 now d1 is in general non-zero, as is necessary
for a finite structure. However it is small when QM’ QE are
complex and very much larger when either or both QM’ QE is real.
Therefore we will continue to refer to the frequency regions for
which both QM’ QE are complex as the reflection bands and the
remaining regions as pass bands. For large values of m, Im(NM)
and Im(NE) decrease as exp(—mQMfA), exp(—mQEitA)
respectively inside the reflection band.

Since we wish to consider high order mode and non-low loss
wavelength solutions, it is useful to consider the range of valués

for which the above expression is valid. The approximations used

in its derivation are as follows.

(1) 1l/kr <1

This 1is necessary to justify the simple planar form of the
translation matrices and hence the use of the Chebychev identity
and (in the last chapter) Bloch-type modes. It was also used to
simplify the form of the dispersion equation. If we take a = lmm,

A = le, then this constraint requires 1 £ 100.
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Assumptions (ii) and (iii) are similarly used to simplify the

dispersion equation.

(11) | aN/ka 12 << 1

If a = lmm, A= lﬂm then this requires

| o | << 4 x 107

For a single cladding, NM = NE = 1. Therefore this inequality

seems unlikely to be a limiting condition, and we will see in the
following section that this is indeed the case for a wide range of

wavelengths and numbers of cladding pairs.

iii n =n
(1i1) n_

. 2_ 2 _ . 2.2 2.2 52
Since n~ =n ko a“/(4mmca“/\°) ,

this is true if ,kozaz/(4TT2a2[K2)| K 1

If we assume a/\ = 1000 then this requires

koza2 KK 4 X 107

If we are considering a high order mode so |koa| = 1000 then it is

necessary that

A2/a% << 4 x 107

(iv) ( n024TY2 - u 2(1-re()) )% >> 4(u_*Im(w))?
Az a2 Zkla a2 2kla

This is satisfied if

uo2 <L ZTTZaZ 1

N (1 +2(Im(N)-Re(N)) /k ;)

where u, is the nth zero of J J for TE and TM, HE

12 J1-10 J1m1 1n’
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EH, modes respectively. This is  assumed in obtaining an

1n
expression for p from the first order perturbation solution (about
uo) for koa. The expression for the real part of koa is then

koa =u (1 - Re(N) )

—; kla
If this expression is approximated further to koa =u then it is
being assumed additionally that
Re(N) << ka
Thus considering all the constaints, if the core radius is I1mm

and the wavelengths considered are less than = l.SFm, the results

are accurate for u, < 1000 as long as 1 < 100.

330 lo ] l]..l EE. l ] ii. ]

In this section we will obtain the expression for the loss of the
mode for which the periodic cladding thicknesses are
optimised, that is, such that

lel = k2T2 =T1/2 (3.3)

and hence obtain the thickness of the first cladding layer which

minimises the attenuation for this mode.

When (3.3) holds,

J = K =J'=K'=0
I =-l/gy, L =-gy,
Therefore
— s - _ _ 2m-2
R . N I
2m 2m
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So

Im(NM) = 1

2
( l/GM GM Jcos (kltl) + GM

and similarly

Im(NE) 1

2
( l/GE GE )cos (kltl) + GE

2m-1 G = 2m—-1
M & g &g

where G

Therefore in order to obtain the optimal value of t for hybrid

modes we consider

dIn(Ny) = k;sin(2c)( e (1 - GM)Im(NM)Z + (1 - GE)Im(NE)Z )

dtl €, GM GE

(3.4)

dzIm(NH) = 2 gflgifcM>1m<NM>2 + QETGE)Im(NE)Z ) kjcos(Zk &)
2

dtl eo GM GE

+ SiigifGM)Im(NM)dIm(NM) + (l*GE)Im(NE)dIm(NE) )sin(2kltl) ]

€ GM dtl GE dtl
(3.5)
For TE modes the derivatives of Im(N) follow from those above by

setting Im(NM) = 0 and for TM modes by setting Im(NE) = 0.

It is convenient to treat separately the usual two cases.

(1) 8y > 1
Then GM > 1 and since GE > 1 always it follows that the first
derivative (3.4) is zero if and only if

kit = nm/2 for integer n



If n is odd then the second derivative is positive and if n is
even ‘'the second derivative 1s negative. Therefore the first
minimum occurs at

kg, =T/2

This result is independent of the number of cladding layers and

agrees with the result assumed in the previous chapter. It holds

for TE, TM and hybrid modes.

(ii) 8y <1

Ciearly the minimum point for TE modes remains wunchanged and

is as for case (i). However for TM modes the second derivative now

has opposite sign and so the minimum occurs for

k =0 or klt =T

151 1

For hybrid modes, both sin(Zkltl) and the term multiplying
it in the expression for the first derivative (3.4) may be zero.
Therefore there are now three possible values of ty for which

the first derivative vanishes.

(a) kltl = J1/2

2 _ NV L 1/2
(b) cos™(k t)) = anEEi Gy n Gy (64 j_)
GM GE
ny 6y = 1)L =6 2 40 (1 - 66, - 1)1?
GE GM GM GE (3.6)

(c) kltl =Qorm

Setting
X= e 1 (1/6,-6) +1 (1/6;-Gy)
2 2
€ Cn Cg
Y= e 6. 2(1/6. - G. ) +6.2( 1/G. - G. )
1 5 M M E E~ E
€

0
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it follows from equation (3.5) that:

If X < 0 then Y < 0 and so (a) is'a minimum and (c¢) is a maximum.
(b) has no solution since the right hand side is negative.

If X > 0 and Y < O then (a) and (c) are both maxima. Also (b) has
a solution and is a minimum.

If Y> 0 then X > 0 and so (c) is a minimum and (a) is a maxium.
The right hand side of (b) is greater than one and so (b) has no
real solution.

Therefore for small values of m the optimum thickness for the
first layer 1is again a quarter wavelength". Beyond some
threshhold value (depending on n, nz), as m increases, the
optimum thickness tends towards zero (or half a wavelength). This
is illustrated in figure (3.1). It should be noted that for finite
values of m, the perturbation solution of the dispersion equation
(2.18) remains valid even for k,t, = TU/2. It 4is only when m

171

is 1infinite that A2/B2 is exactly zero and so NM becomes

large for this value of ty-

When the thickness of the first layer is an integer multiple of
TVZklat the optimum wavelength, simple expressions may be obtained
for Im(N) at a general wavelength, since now the whole cladding is
a periodic structure.

If kltl = 0 then for a structure with exactly 2m cladding

)

layers (so assuming the index surrounding the fibre is n,

In(N,) = sinz(QM/\)

( T2+ ( I-1+ sin(QuM )° ) sin’(mQyN

2 tan(mQMA)

= GM at the optimum wavelength
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Im(NE) = sinz(QEjo
2

8 (T +(1'-1'+ sin(QEJD )2 ) sinz(mQEfQ

2 tan(mQEJD

GE at the optimum wavelength

<
n

where - s

12 7 &v©152

Bl
i

T 851G T 85415

If kltl = /2 then for a structure with exactly 2m cladding

layers (so assuming the index surrounding the fibre is nl)

In(N,) = sinz(QMJQ

( JZ + ( I-L+ sin(QMﬁQ )2 ) sinz(mQMfQ

2 tan(mQMIQ

= l/GM at the optimum wavélength

Im(NE) = sinZ(QEAJ
2

(J'"+ (1'- L'+ sin(QEA) )2 ) sinz(mQEA)

2 tan(mQEIO

= l/GE at the optimum wavelength

When (b) is satisfied the expressions do not have such a simple

form in general. At the optimum wavelength we have

- _ 1/2 A
Im(NE) = (1/GM GM) G
_ 3 1/2 A
Im(NM) = (GE l/GE) G
) = 6% (G./ 2 /
Im(Ny) = G” (G Gy = 265Gy + G /Gp)
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where G = (1/6, - cM)l/z + (6 - 1/GE)1/2

(1/GM - GM)GE - (GE - l/GE)GM

If GM2 << 1 and l/GE2 << 1 then
Im (N) = (1 + (e.0 )22
H o €1%y
1/2
GE €o

Since the periodic cladding of the Bragg fibre behaves in some
respects analogously to a metal, it is interesting to consider
which mode has the lowest attenuation, in particular at the

optimum wavelength. If the first layer has thickness 71/2k, then

1

the HEll mode has the lowest attenuation if

1.539/nl > GE/GM

Otherwise the TE,, mode has the lowest loss. If the first layer

01

has thickness given by (3.6) then similarly the HE11 mode has

the lowest loss if

1.539/n1 > (GE - l/GE)/(l/GM - G,)

M
and otherwise again the TE01 mode has the lowest loss (even
though the thickness of the first cladding layer is optimal for
the HE11 mode) .

The right-hand sides of these conditions become large in general
for large m. Therefore as the number of cladding layers is
increased the behaviour of the Bragg fibre varies from that of a

dielectric hollow guide to a structure resembling a hollow metal

guide.
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.4 Variation of i with wavelength and mode number

Now that Awe have determined the optimal thickness for the first
caldding layer we can return to the case of operation at a general
wavelength ( near enough to the optimum wavelength for the
conditions described in section 3.2 to remain satisfied).

The form of the expression for the attenuation constant of the

Bragg fibre, that is

allows the dependence on the mode number, which is contained

essentially only in‘uo, to. be separated from the wavelength and -

cladding number dependence. All the wavelength dependence of the
multilayer cladding (as distinct from that of the resonance
condition required in the core) 1is contained in Im(N). The
variation of the loss with number of cladding layers is also
contained only in this term, which thus may be considered to
characterise the cladding. This decoupling of the terms in the
attenuation describing the effects of the core and cladding is a
consequence of the approximation
ne’z n0
That is, all modes are treated as entering the multilayer
cladding at grazing incidence. Therefore the size of the
component of the wavevector in the radial direction is a function
of the wavelength only. The interference effects of the cladding

layers, which effect the detailed shape of the attenuation

function, are strongly dependent on this magnitude. In contrast
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the order of magnitude of the loss of a particular mode 1is
determined primarily by the transverse resonance condition in the
core (that is, that phase shift of a wavefront resulting from one
round trip inside the core must be such as to interfere
constructively with a following wavefront ) and so depends
strongly on the exacg mode angle. We have seen already that the
effect of this condition dominates that of the periodic cladding
on the real part of the wavevector in the direction of
propagation, Pr'

Thus it is possible to investigate first the wavelength and
cladding number dependence of the_ Bragg fibre independently of
the particular mode and then consider the effect of the mode
number.

(i) vVariation with wavelength and number of claddings

We consider first the case of hybrid modes of a structure such

that kltl = 71/2 at the optimal wavelength. Very similar

remarks of course hold for the simpler cases of TE and TM modes of

this structure and also for the (less useful) case klt1 = 0

Im(NH) = nlzsinz(QMA)

( 3%+ (I -L+sin(Qun )% ) sin’(mQ N

2 tan(mQMfQ

+ sinz(QEfQ
2

(3% 4 (I - L' + sin(Qun) 2 ) sinz(mQEA)

2 tan(mQEfQ

Each of the two terms in this  expression consists of two parts.

One is the ratio of squared sine terms. This alone would lead to a

85



function with m-2 minima and m-1 maxima between the dominant
minima which occur at the band edges QA = n7t and have the
value l/m2 there. However this term is divided by another term
which also contains a similarly oscillating component added to a
slowly varying one. This term has a similar ‘"periodic"
behaviour and removes the singularities. Therefore the resulting
function varies rapidly with "period” 277/mA. but with a slower
modulation of period 2TT/A.

Since the reflection band of the first term is contained inside
the second, the total function will vary similarly as long as
QE’ QM are not very different. The width of the reflection
band of the sum is determined in effect by the minimum of the
two individual bandwidths, that is the range for which QM is
complex, since outside its forbidden band each term increases
rapidly. This in turﬁ is increasing for ‘increasing 8y Figure
3.2 shows Im(NH) as a function of frequeﬁcy for various numbers
of cladding layers for indices such that 8y is greater than one.
Clearly the loss is symmetric about the optimum wavelength.

When 8y is. less than one the expressions for Im(N) are more
complicated, but in general the wavelength dependence is likely to
be broadly similar. Figures 3.3, 3.4, 3.5 show Im(NE), Im(NM),

Im(NH) respectively in this case. Now t (optimised for

1
hybrid modes, as 1in equation (3.6) ) is less than 77/2 and the
functions are no longer symmetric.

Clearly in both cases the wavelength sensitivity increases with
increasing number of cladding layers, as may be expected from
the formulae and by analogy with the linear case. The width of

the central minimum about the optimum wavelength decreases to a

fixed value as the number of <cladding layers is increased. The
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positions of the intermediate maxima and minima are determined by
the number of cladding pairs m.

The asymmetry of the wavelength dependence of figure 3.5 may be
transformed to a function approximating its reflection about the
optimum wavelength by setting t = T —-t.. It should be noted

1 1
that when £t is not an integer multiple of T%/2, N_ and NM

E

may become large for a particular wavelength and number of
claddings. For example, this occurs for 18 cladding pairs as shown
in figure 3.6. For such large values of NE (or NM) the
approximate solution of the dispersion equation is no longer valid
and the value of the attenuation at this point may not be as
calculated here. |

Figures 3.7, 3.8 show how the loss varies with the number of
cladding layers at various wavelengths of operation. Clearlj the
loss is monotonic only close to the optimum wavelength. At other
wavelengths the effect of increasing the number of cladding layers
is in general oscillatory. When kltl # T0/2 it may be very
erractic. This is partly because in this case the precise
positions,as well as the widths, of the minima and maxima are
functions of the number of claddings. Therefore the exact curve is
very strongly dependent on the precise wavelength considered.

(ii) Higher order modes

We now consider the effect of the cladding layers on the higher
order modes of the structure. Because the dependence of the loss
on mode number 1is purely through uo all mode polarisations and
field patterns,that is, all TE, TM, HE, EH modes, affect the
wavelength and cladding dependence only insofar as they have

different losses in a hollow guide. As the value of u, becomes

larger any variation of the attenuation with wavelength 1is
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exaggerated. This is illustrated in figure 3.9. Similarly the
effect on the loss of increasing the number of claddings is
increased. Figure 3.10 shows the variation of logcxl) with
number of cladding pairs for operation at the optimum wavelength
and for operation at a slightly longer wavelength which also lies
inside the reflection band. As before, the variation with number
of cladding pairs is very nearly linear at the optimum wavelength,
even for hybrid modes.

Physically the increased effects of the cladding on higher order
modes 1is reasonable. The higher order modes have a larger
component of the field parallel to the periodic cladding layers
and are incident on the cladding at smaller.angles to the normal
and so are more greatly effected by changes in the claddings. This
is a well known charateristic of multilﬁyer reflectors. Also, as
was seen in the previous chapter, in the limit 'of an infinite
number of claddings the attenuations of all the modes are equal
and zero. Therefore the absolute reduction of the loss must be
greater for higher order modes as the number of cladding layers is
increased.

We may write u, in terms of the mode angle 8 to yield the
attenuation as

o =4 Im(N( 1 - cos(B)) (3.7)
2

a n,- - 1

and so if we consider the attenuation as a function of 6 then the
effect of additional claddiﬁg layers is to vary the slope of the
linear dependence with cos(8). For example, from figure 3.10,
a structure with 9 cladding pairs and the indices considered
results in a reduction of the attenuation from that of a structure

with a single cladding by approximately one order of magnitude.
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3.5 Absorption and bending losses

So far we have considered the power attenuation which results
from the less than unity reflectivity at the interface between the
core and the cladding. We now investigate briefly the implications
of two other effects, namely the power absorbed by the dielectric
cladding and the power lost owing to bends in the guide.

We can calculate the "relative" absorption coefficient <
numerically using the formula of section 2.6. The results of this

calculation for various modes show, perhaps not surprisingly, that

o(a/uo2 is independent of mode number. Therefore we can

2 2
. o . ]
compare Oﬁ/uo with a/uo . Figure 3.11 shows

o(a/uo2 as a function of frequency for various claddings.

The variation follows fairly closely that of « This is of

1
course reasonable since the latter describes the leakage loss from

the core and the former depends on the proportion of the power in

the cladding.

The magnitude ofo(a/uo2 is of the order of 10—9.

be compared with <><l/u02 ~ 5 X 10-5. Clearly  the

This may

absorption loss may be mneglected for dielectrics such as
magnesium oxide (index 1.74) and zirconium dioxide (index
2.15 ), which are likely to have absorption coefficients of order
one, or less, at a wavelength of lFm.

A significant disadvantage of hollow index cored optical
waveguides is the large increase in 1loss which occurs for even

relatively small axial curvature. This effect has Dbeen
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analysed by Marcatili et al [50], and more recently by Miyagi
et al [55], [62]. In the latter a formula is obtained for
the bending loss of a hollow waveguide with given effective small
surface impedence and admittance at the boundary between the core
and the cladding. This result may be applied directly to the
Bragg fibre structure. The derivation of the expression is given
in detail in reference [62]. Therefore we will describe only
briefly and qualitatively here how it was obtained and then use
the result.

The general method is to use toroidal co-ordinates with the
curved z—axis along the axis of the bent guide and to calculate
the perturbations to the fields and propagation constant of the
straight guide as a result of a bend of large radius R. The
fields are written as a power series in 1/R, the zeroth order term
being equal to the unperturbed value. Maxwell's equations in
toroidal co-ordinates are used to express the first and second
order perturbations to the field components as functions of the
lower order terms. These expressions, Maxwells equations and
Green's theorem are then used to obtain the change in the
propagation constant. These calculations yield after
considerable algebra [62] (in the notation used here ) the ratios
of the attenuation u% to the attenuation in a straight guide

that is the "relative bending losses”

% =1-1(n2ma *@? (1 - 3¢, In(N,) ) TE mode
dl 6 Kuo R € Im(NE)
K =1-1(n 21va )4(3)2 (1-3 Im(N.) ) TM mode
_b _o 7 o E
o 6 Auo R s, Im(NM)
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2
-eONE)(u0 -2)cos28)

%, - 1+_1(n02na)‘*(a)2(1— 41(1-2)136 ) In(e Ny
>

o(l 3 >\uo R u 8 Im(eONH) (3.8)

hybrid modes
where u is the zero of the appropriate Bessel function for the
mode and the two signs in the last expression (3.8) refer to HE,
EH modes respectivley.
A significant feature of the last expression (3.8) is that the
relative loss is independent of the precise nature of the cladding
for hybrid modes such that 1#1. Therefore for all modes except the

TE, TM, HE, and EH

, the relative effect of bends 1is the
In In

same for the Bragg fibre as for a singly cladded hollow guide.
This is an important result for our purposes. It indicates
that although the relative bending loss is not improved, any
reduction in loss due to increased number of cladding layers is
maintained in the bent guide. This is not the case if for example
the loss is reduced by increasing the core radius. The bending
loss is directly proportional to the core radius and inversely
proportional to the mode number. Thus in general lower order modes
and larger, lower loss guides have greater relative bending loss.

Figures 3.12, 3.13, 3.14 show eIIm(NM)/eoim(NE),
eoIm(NE)/elIm(NM), Im(elNM—eONE)/Im(eON)
respectivley (that 1is the cladding dependent factor in the
relative  bending loss for TE,‘ T™ and HEln’ EHln modes
respectively) as a function of frequency for various numbers
of cladding layers. The main feature in the case of the first
order hybrid modes (figure 3.14) ig that for a wide range of
wavelengths near the optimum wavelength this function is only

weakly dependent on the number of cladding layers and its absolute

101



20 =

i

(PO Y U SN S i

24

0.9 1.0 .1 1.2

1.3

N
—>
w/ v,

\M

Figure 3.12

1.2 13w/

Bending loss coefficient for TE modes, elIm(NM)/eoIm(NE)

as a function of normalised frequency w/wo, for various

number of cladding pairs m.

il

= 2.15, n, = 1.74, a =1 mm, AO= l/uT



1 "
= 4 103
m=2 m=4
w »
“01 w0
b
3.6 1 3.6
3.2 sel
2.8 2.8
24 2.4
2.0 2.0
1.6 1.6
1.2 1.2
0.8 | o
o4 0.4
0.0 , 0.0
o0 o g g 10 T A4 13 ¥, T 0.7 0.8 0.9 1.0 L1 T-Z 1.’3 "/‘
»
m=8 m= 12
4.4 A i ]
04 4.0
3.6 "
1 3.6 4
3.2 | sz )
>89 2.8 4
2.6 |
2.4
z0 2.0
1
1.6
1
1.2 | L
4
0.8 4 0.8 |
0.4 -
= SN\ N\ 0.0
T o7 | w8 os 1 AP A - — v ¥ —————————
.7 0, 0.9 1.0 1.1 1.2 13wy 0.7 0.8 0.9 1.0 1.1 1.2 13w,

Figure 3.13 Bending loss coefficient for Tl modes, eoIm(NE)/elIm(NM)

as a function of normalised frequency w/wo for various numbers of

cladding pairs m

nl = 2.15, n2 =1.74, a =

lmm, ;\0 = 1}lm



104

i .
| single cladding m =4
m=2
1.0 4 1.04
7 |
0.8 . 0.8
0.6 | 0.6
0.4 —{ 0.6
J -
2 0.2
001 0.0
~0.2
~0.2+
o 0.4
4
0.6 J
0.6
<8 0.8
1 -
-1.0 |
~-1.04
0.7 0.8 u.9 1.0 1.1 1.2 1.3 u/w T °r7 - oej oﬁg ﬁlzo T 17‘1 17 15 '/;
o
m=28 f m= 12
1.0 1.0
084 0.8 4
0.6 0.6
0.4 4 0.4
0.2 0.2
0.0 4 0.0 1
4
-0.2 4 -0.2 1
0.4 o U 0.4
-0.6 4 0.6
1
0.8+ ~0.8
-1.04 =1.0
' 0‘7 ’ (;.B ) 0'9 i l.ro ' 1.‘1 1'-2 ' 1'.) ) v/-° ’ O:? 0.8 ) 0.9 1.0 1.1 1.2 1.3 '/"o
Figure 3.14 Bending loss coefficient for HE., and EH,, modes,
frequency

In(e, Ny = €Nz )/Im(eoN) as a function of normalised

w/wO for various numbers of cladding pairs m

N

= = = X o=
2.15, n, 1.74%, a = 1mm, ° 1Pm



value is less than 1 (this may be compared with 0.6443 for these
indices for a single cladding). Therefore again the relative
bending loss is only slightly altered and the absolute reduction
in loss is preserved. For TE and TM modes the additional cladding
layers can cause the relative bending loss coefficient to
become very large away from the optimal wavelength. However, by
comparision with figures 3.3, 3.4 it can be seen that these maxima
occur because the absolute attenuation has become very small
there. Therefore now the attenuation reduction resulting from
additional cladding layers is to a large extenf lost at certain

wavelengths in the bent guide.

.

r fibr multimode wav i

In the previous sections we have determined the basic
characteristics of propagation in the Bragg fibre for various
modes and a range of wavelengths. We will now estimate the total
power attenuation. This quantity depends of course on the modes
and range of wavelengths that are launched.

The wavelength of maximum emission by some object at a
temperature of about 2000-2500 °C (radiating it as a black body )
is approximately lrm [63]. In order to determine the temperature
from the received radiation we will assume that it is sufficient
to detect two wavelengths differing by about O.IFm near this value
[60]. The halfpower bandwidth of the blackbody spectrum near the
temperature range of interest is approximately me. Therefore we

assume that the variation of power radiated with wavelength may be
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neglected within the wavelength interval to be considered. From
figure 3.3 we see that although the effect of the multilayers
of the Bragg fibre is wavelength dependent, for example for a
fibre with 12 cladding pairs there is a significant reduction in
loss for wavelengths separated by about O.INm about lrm (although
the loss is not reduced throughout this range). In general we may
expect to increase this range if we can use indices which lead to
a smaller value of 8y (see figure 2.4). Therefore, for
simplicity, in the present calculation we will treat. the
attenuation as being independent of wavelength and equal to the
approximate average value in the range of interest, for example
for m = 12 we can take Im(NH) = 1.0

The amount of power transmitted also depends on the manner in
which the power launched into the guide is distributed amongst the
various modes. In the present context it seems reasonable to take
the source to be isotropic. In order to estimate the powe%
launched we will use a ray type model. Although this 1is a very
approximate treatment, we are considering the case of a large core
‘guide aﬁd so the approximation is rel;tively good. In addition it
is difficult to determine. the launching efficiency directly in
terms of leaky modes, which are not 'true modes of the structure
and therefore do not each retain a constant amount of power as
they propagate through the guide. Mathematically this is
manifested by their non-normalisabilty in an infinte space and the
subsequent lack of a orthogonality relatiomnship.

Thus we will adopt a perhaps rather simplistic approach here and
assume that if the total power radiated into a spherical
surface 47 is Po’ the power launcﬁed into the mode with angle

8 is Pon, where dQ is an element of solid angle. This
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requires a formula for the attenuation in terms of a continuous
variable cos(8). It is straightforward to extend the expression
for the attenuation of the hybrid modes in this way (and since the
values of O corresponding to actual modes are very closely spaced
the approximation is 1likely to be a reasonable one). However TE
and TM modes cannot be easily included since this would require
the use of a different formula at discrete points. It 1is
difficult to quantify the error resulting from using instead the
hybrid mode expression at these points also since, as mentioned
above, the mode launching efficiencies are not well defined. If we
assume that it is not significant then we obtain simply for the

ratio of power remaining in the guide after Im

0
o)
P = exp(-20q (6)) 277 sin(8) de’
P
0
0
1
= 27 exp( -4(1 = cos(8))Im(N) ) d(cos(8)) (3.9)
a nl2 -1
cos(Go)
= a nl2 -1 (3.10)
4 Im(N)
The leaky waveguide has no cut-off and so we may set 80 = /2.

However the approximate linearised expression for the attenuation
(3.7) used in the integral (3.9) is valid only for 60 near
enough to zero. Therefore we will truncate the integral at the
limit of validity of the formula, assuming in effect that all the

higher order modes are 1lossy enough to make no significant
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contribution. For this latter approximation to be reasonably
accurate it is necessary for the attenuation at 80 to be large

enough, such that 2«1(90) = 3 say. These two constraints

% | nlz - 1/ 2Im(N) << 1

so we can assume (3.10) to hold for Im(N) > 0.18. For smaller

together require

values of Im(N) the formula will tend to over-estimate the
transmitted power.

From (3.10), the power transmitted is approximately inversely
proportional to Im(N). Therefore for example the addition of 9
cladding pairs reduces the loss by one order of magnitude. For a
Bragg fibre with 12 cladding pairs, the power remaining after 1lm
is lO_2 Po . This 1is a very small fraction but the total
power radiated may be large.

We have seen that the absorption loss is negligible for likely
materials and so we do not consider this further.

The bending loss of the Bragg fibre 1is an  important
consideration, as it is likely to be large. We have seen that
the relative increase in attenuation from bending is essentially
the same as for a singly clad guide (again considering hybrid
modes only). However the absolute value of the attenuation has
been reduced and also (as for a singly clad guide), the effect
of bending loss is reduced for higher order modes. In order to
estimate very approximately the overall effect of bending loss
on the power transmitted in a multimode guide we can consider

1

I = 2T | d(cosO) exp( -4(l-cos(8))Im(N) (1 + 1 (217a )4 (a)2 )

a n, -1 /\uo R

cos(8)
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where we have inserted an approximate form for the bending loss
which varies with mode number only simply through uoz.
Changing the variable of integration we obtain
(l—cos(eo))/a
2Tta exp(4 Im(N) ( -x - 1 ) )dx (3.11)
2 2

nl -1 12R"x

0
If we use the same value of 80 as before, the argument of
the exponential at the upper limit of the integral in (3.11) is
3/Im(N). Again we assume that this is large enough for
contributions from all larger values to be negligible. Therefore

we replace the upper limit by infinity to obtain

1 K1< 4Im(N) j

RJE R Jnlz-l fg
where Kl is a first order modified Bessel function.
Figure 3.15 shows how this varies with bending radius R. The
addition of cladding layers leads to a smaller critical bending
radius ( below which, in effect, no power is transmitted, say). If
Im(N) = 0.25 then the power transmitted reduces to half that for a
straight guide for a bending radius of ~ 25 cm. This figure,
although larger than for a conventional fibre, may not be
unacceptably large. .However it should be noted that TE and TM
modes have been neglected in the calculation.

Thus we have found that the Bragg fibre offers signficant
advantages over a singly clad hollow guide in terms of leakage
loss and bending loss. The variation of attenuation with
wavelength appears to be slow enough for these reductions to be

useful. However it is worth noting that the leaky hollow guide may
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not, in practise, be the most suitable waveguide for use as part
of a high temperature sensor if the absorption losses in a
suitable material are small enough for the bulk of the power to be
transmitted in it. In this case the difficulty of drawing a rod
alone remains and this suggests that the tube waveguide might be a

more attractive alternative structure.
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CLUSIONS FROM CHAPTER

The large-cored hollow Bragg fibre possesses a set of leaky
modes, the real parts of the propagation constants and field
patterns in the core of which resemble closely those of the modes
of a large-cored singly cla& fibre. However the mode
attenuations in the Bragg fibre are in general significantly
different and can be much lower for suitable layer thicknesses and
wavelengths.

For the large-cored case considered, the H , E_, E field

z r 6

components (TE-like components) are uncoupled from the Ez, Hr’ He
field components (TM-like components) in the cladding layers
of the Bragg fibre. Therefore the infinite c¢ladding supports
Bloch-type modes and a general finite cladding has properties very
similar to those of a plane multilayer dielectric mirror.

For operation at some given wavelength, the loss is
minimised, to a good approximation, when all the cladding layers,
except possibly the first one, are of "quarter-wave" thickness

(taking the wavelength in the radial direction, in the material).

The optimal thickness of the first layer is also one quarter

wavelength when the parameter 8y = nzzJ n, - 1/(n12J nz2 - 1) is

1

less than one. Otherwise the optimal thickness is a function of
the number of cladding layers, 2m, and tends to zero as m tends to
infinite.'

When the  wavelength of operation is such that the layer
thicknesses are optimised, we Ean perhaps characterise the
multilayer cladding in terms of some equivalent uniform material.
Although the Bragg fibre modes are 1leaky, the field amplitudes

decay in the cladding layers. This suggests that the behaviour of
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the -Bragg fibre will be reproduced by a cladding of a uniform
material of refractive index less than one, but very near one, of
a finite thickness. In this case the field amplitudes will decay
very slowly in the cladding 1layers. The guide would have a high
leakage loss, since the field amplitude would still be
significantly large at the further cladding boundary, where it
would be surrounded by a necessarily higher index, lossless
material, or a lossy material with a possibly lower index. The
loss would decrease with increasing cladding thickness, as in the
Bragg fibre. The amplitudes of the TE- and TM-like parts of the
fields decay at different rates and so the material 1is 1in effect
birefringent (the form birefringence of planar periodic media is
disscussed in reference [31]).

For a radial distance in £he claddings of 2mA (assuming that the
first layer also is approximately of quarter-wave thickness) the
TE and TM 1like field amplitudes have decayed by l/gEm and
the minimum of l/ng, ng, respectively. Therefore simple
calculation gives the effective refractive index of an equivalent
uniform cladding in the tgansverse and radial directioms, n

cE

and ncM respectively, as

ny=(1- (1n(gy))? )

nz(l/Jnlz—l + 1/Jn22-1)2

Thus the refractive index is lower ( and so the loss is lower) for

1/2 ¥

E,M

larger values of lln(gE)I, !ln(gM)|, as required. When n, =

, = 1.74 this yields np = 0.997, Ny = 0.999. In

addition, a Bragg fibre cladding of 20 layers is only of the

2.15, n

order of 5 wavelengths thick. Therefore the high wvalues of the
attenuation compared with conventional high index-cored guides are

reasonable.
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This analogy with a mode (either leaky or guided) in a uniform
material cannot be simply extended to a general wavelength, since
now the loss may not be monotonic with increasing number of
claddings. The wavelength dependence 1is similar to that of a
multilayer cladding.

The Bragg fibre operating at the optimal wavelength offers an
improved performance over the singly cladded hollow guide. All
the mode losses are reduced, and so any loss from absorption in
the cladding is reduced also. For a core radius of Imm and a
wavelength of 1 Fm, and cladding indices 2.15, 1.74, the
attenuation of a mode in a Bragg fibre structure with 9 cladding
pairs is reduced from the singly cladded case by about a factor
of 10. This same reduction occurs for multimode transmission when
power 1is launched uniformly into all modes. The bending loss,
which is very large in leaky guides in general, is reduced,
although the critical bending radii of the indivdual modes is not
significantly altered. The critical bending radius for multimode
propagation however, is 1likely to be reduced with increasing
number of layers. The bandwidth of, for example, a Bragg fibre
made with about 8-~12 cladding pairs of indices, 2.15, 1.74, over
which the aftenuation is substantially reduced, 1is 0.0S—O.lpm
about a wavelength of lFm. Losses may be large outside this range.

Thus the Bragg fibre 1is 1likely to be useful in applications
where the singly cladd hollow guide is the main alternative and
when only a moderate range of wavelengths need to be transmitted.
This is  probably the case for transmission of CO2 laser
radiation with a wavelength of 10.6Pm, but may not be so for the

high temperature tolerant guide considered.

114



4.] Introduction

Structures which have periodic variations of permittivity are
commonly used in optical systems as a means of achieving large and
negative group velocity dispersion. For example, the wuse of
grating pairs for compression and shaping of wunguided optical
signals is well established. This relies on the property of a
grating pair that the optical path length and. hence the time delay
through the system is an increasing function of wavelength.
Thus unchirped pulses ( a chirped pulse is taken to be a pulse
whose phase function 1is a second or higher order polynomial
function of time) may be chirped and temporally shaped by
propagation through such a system [6], [64] and previously chirped
signals can be compressed for example to generate ultra-short
laser pulses. Several methods of chirping the input signal have
been considered, such as by propagation through an optical Kerr
cell [65] or, more recently, by. propagation through an optical
fibre [66], [67], [68]. This same dispersive property of the
grating pair ﬁay be used conversely as an analytical toolifor
determining the temporal shape and chirp characteristics of very
short pulses [69], [70].

The details of the dispersive effect of propagation through a
grating pair are generally analysed by assuming each reflected or
scattered order ( of a monochromatic wave) from a single grating
to consist of 6ne plane wave with a well defined propagation

constant, which differs from that of the incoming wave by an

integer multiple of 27t/pitch of the perturbation [7]. That is,
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all the frequencies are assumed to be incident at the Bragg angle,
as is justified for thin gratings. The variation with frequency of
the angle at which each frequency component is scattered or
reflected leads to a variation in path length (in a
dispersionless medium) and hence to a frequency dependent time
delay.

There has also been interest in the properties of signals
reflected from multilayer mirrors and other periodic distributed
reflectors. These structures play an important role in various
devices, 'notably Distributed .Feedback lasers [71] and Bragg
Reflection lasers [72]. There have been several experimental
investigations of the pulse chirping caused by a Distributed
Feedback laser [73], [74]1, [75], [76], [77].

A theoretical model of the response of a Bragg Reflection
resonator to  light pulses has been obtained by numerical
integration of the time dependant coupled mode equations [78].
This'predicts significant pulse distortion when the width of the
input pulse is approximately equal to the transit time through the
structure, but little such effect when the pulse width is greater
than about ten times this. An experiment to verify these results
for a passive waveguiding cavity and a short pulse has yielded
qualitative agreement [79].

The coupled mode equations in the spectral domain have been used
to analyse the reflected pulse from a quarter-wave dielectric
mirror [80]. A numerical integration of these same coupled mode
equations for a single periodic structure has been carried out and
gives detailed pulse shapes for the cases considered [8l].

For optical fibre systems, pulse compression and dispersion

cancellation by propagation through a short length of a
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periodically perturbed waveguide (the periodicity being in the
direction of propagation) have been suggested. This effect is
similar to that of a grating pair. However now the thickness of
the periodic structure must be considered, so the different
frequencies are not all incident at the Bragg condition. The
effective dispersion of the medium varies with difference from the
Bragg angle and so the frequencies propagate with different time
delays. Again the input pulse must be chirped to achieve
compression, for example by material dispersion [82] or by
non-linearity in the refractive index of the guide [83]. In these
cases the periodic structure has been analysed as in reference

[80] and [78] respectively. In the former [82] it has been shown
that a periodic guide of about 2cm 1long can equalise the pulse
dispersion from propagation through 1lkm of a conventional
single-mode guide when operating at a wavelength of l.unm. The
latter [83] has shown that, with a germania doped silica fibre
of 1Im long and with a perturbation of amplitude readily available
by the photorefractive effect, a pulse with a peak power of 100W
will be compressed by a factor of three.

The use of periodic guides in optical fibre systems has been
concerned with insertion of a structure for compression of a
broadened pulse. Thus in order to limit the length of the device
the pitch of the perturbation has been chosen such that the
wavelength of operation occurs near the edge of the reflection
band, allowing wutilisation of the 1large values of dispersion
available there. In this chapter we will consider instead how we
may use the small distortion to the dispersion which occurs when
the wavelength of operation is far from the band edge. We will

show that this dispersion can be combined with the material and
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(unperturbed) waveguide dispersions to create a zero dispersion
point at a chosen wavelength. Now we are in effect continuously
compensating for the dispersion of the unperturbed guide. It is
necessary for the periodic variation to extend through the whole
length of the guide. It 1is not inconceivable that this may be
acheived by introducing a controlled high frequency vibration
into the fibre production equipment, resulting in a periodic
diameter variation of the fibre.

Much work has been done on designing optical waveguides which
have a zero of the total dispersion at l.SSVm, the minimum loss
wavelength of silica. Particular cases of interest are the
triangular index profile core (84], [85], [86] and the quadruply
clad guides (these latter guides have a very small dipersion over
a broad wavelength range, about 0.35 Pm) [87], [88]. It is of
course possible to design a step index guide with =zero total
dispersion at l.S%um [40]. In general however, rather elaborate
refractive index profiles have been favoured, in order to maintain
the power confining properties, for example the spot size, of the
guides. These modifications may possibly be avoided if a siutable
periodic perturbation is imposed along the direction of
propagation. However the power attenuation caused by the
associated reflection from a periodic structure must be
considered.

The next two sections of this chapter, 4.2, 4.3, contain an
analysis of the changes to a signal which occur as a result of
propagation through a periodic medium of finite 1length. The
general form of the output signal is determined qualitatively and
the effective signal velocity and dispersion are obtained in two

particular cases of interest.
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In the following section, 4.4, and the appendix, approximate
analytic formulae are derived for the reflected and transmitted
fields by evaluation of the relevant integrals. These
resulting pulse shapes after propagation and the implied signal
velocity and dispersion, both inside and outside, the reflection
band are considered in section 4.5. The degree to which some
simple definitions for these latter quantities are meaningful in
the general case is discussed.

The formulae.of these sections differ from analytic expressions
previously assumed [80], [82], [83], but agree well with those
obtained by numerical calculation [81].

In section 4.6 the particular dispersion characteristics of a
longitudinally periodically perturbed waveguide are investigated
using the results of the previous sections. The effects of
material and waveguide dispersion are now included. It is shown
that such a guidé does indeed allow a considerable freedom of

choice in the wavelength of zero dispersion.
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4.2 Phase and Amplitude form of the transmitted and reflected

fields

The characteristics of propagation of a monochromatic wave in a
periodic ﬁedium are well established and can be derived wusing
Coupled Mode theory [31], [35] or, less commonly, a Bloch wave
approach [38]. Expressions for the fields at frequencies near
that for which the medium is strongly reflecting have been

obtained. The configuration is as in figure 4.1. That is, a
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planar region, for example a slab dielectric guide, of length L
with a periodic perturbation of its permittivity (this may be in
all or part of the medium, e.g a grating cut into the cladding
surface of a guide) of pitch A and amplitude Ae. It is assumed
th;t there is an incoming wave ,i.e. a wave with forward phase
velocity, at z=0 of the form

A exp(iwt)
and that there is no wave travelling into the guide, i.e. no wave
with  backward phase velocity, at z=L. It has been shown that
these boundary conditions are equivalent to requiring continuity
of the total electric field and its z-derivative as long as the
periodic perturbation is small [89], that is

Ikl << p
where k is the coupling coefficient ( proportional to Ae [31] )

B is the propagation constant of the mode
For the TE mode, the reflected and transmitted fields are given

by, respectively [31],

E(w,0,t) = A exp(iwt) . (-ik sin (sL)) (4.1)

(s cos(sL)+iB sin(sL))

E(w,L,t) = A exp(iwt-igL) s (4.2)

(scos(sL)+iB sin(sL))

[s+}
[l

-
1
aQ

These expressions hold when there is significant coupling only to

the backward mode with propagation constant P, and not to any



other modes, in the frequency range of interest.
In general, if
E(w,z,t) = A exp(iwt+if(w,z)) U(w) (4.3)
for real functioms U,f, then for a modulated input at z=0 of the
form
h(0,t)= J(A(W)exp(iwt)dw (4.4)
centred at W say, the field after propagation through a distance
z is given by [40]
E(z,t) =‘f A(w) U(w) exp(iwt + if(w,z)) dw (4.5)
When U(w) is slowly varying compared to wt+f and (d3f/dw3)/z and
higher derivatives are small, i.e. when
U’ <1 (4.6) -
Uu(t + £')
away from the stationary frequency ( where t + f£' =0 5
and
frrdw <<
£
where ' denotes differentiation with respect to w
dw is the frequency range for which A(w) is significantly
non-zero, i.e. the effective range of integration,
Taylor series expansions of U and f about LA and use of
the method of stationary phase show that the increase in pulse
width owing to the dispersive nature of the medium is
characterised by the value
f"(wo) (4.7)
This 1is the standard method for determining the degree of pulse
distortion and has been widely applied to both periodic and other
dispersive media.

However the field expressions equations (4.1), (4.2) each
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represent a summation  of two components of two Bloch waves
(see later) and thus contain rapidly varying terms besides the
exponential term when put in the form of equation (4.3) . For

example if we put (4.2) into this form then

U{w) = s
( s2 cosz(sL) + B2 sinz(sL) )
f(w) = arctan (-B tan(sL) /s) - (4.8)
Therefore
U’ = -  BB' lklz tan(sL) ( sL -tan(sL) )
U ( 1+ (B tan(sL)/s)? ) &>
£ = B'( -lkl? tan(sL) + B® sL sec(sL) )

( 1+ (B tan(sL)/s)% ) s°

It is not clear that U is in general more rapidly varying than
t+f' for t=f', for example this is not the case when B/lkl is
small. Also, 1if L 1is very large and LS lies inside the
reflection band,

BB' ikIZL

UV

UGt + £') (& s2(1 + (B/s)?) + BYlk|?
This 1is large for large L for t = f' so the constraint (4.6) does

not hold. Similarly,

frov= 4T, ( (1 + 3t2) - B2t2(3 + tz)/Sl)( 1+ 0(1/L))

£ t ( 1+(B/s)2 t2)

where t = tah(sL)

and it is clear that this expression is proportional to L for
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large L and fixed w. Also it becomes large when sL = (m + 1/2)T%
for integer m. This indicates that the approximation will be
invalid for certain frequency intervals. In practise k is often
imaginary and so £(w) is identical for (4.1) and (4.2). This
implies that, if (4.7) determines the dispersion, the dispersion
is identical for the transmitted and reflected pulse.

These considerations suggest that simply considering f"(wo) may
not give an accurate description of the dispersive properties of
the medium, especially outside the reflection band, and
approximate techniques for evaluating the integral (4.5) must be

applied with care.

4.3 Series forms of the reflected and transmitted fieids

In order to estimate the shape of the pulses resulting from the
field expressions (4.1), (4.2), it is useful to write

D = 1

s cos(sL) + iB sin(sL)

2 exp(-isL) (1 + G exp(-2isL) + (G exp(-ZisL))2 S U |

(s+3B)
(4.9)
where G = (B-s )/(B+s)
For w outside the reflection band, i.e. for Bl > ]k[,
sign(s) = sign(B) (this 1is clear from physical considerations,

since the the properties of the guide must vary continuously from



the case in which there is no periodic perturbation), and so

| G exp(-2isL) | < 1 (4.10)
Inside the reflection band

|6 exp(-i2sL)| = |exp(-2SL)( B + i8S )/( B - iS ) |

where S = i]s| > 0 (see figure A4.1 of the appendix for the branch
cuts in the w-plane) and so again (4.10) holds. Therefore, except
exactly at the band edges (i.e. s=0) the series representation
(4.9) 1is convergent and so is valid. As the band edges are
approached, (from any direction), more terms of the series must be
retained to give a reasonable approximation to the exact function.
As kx| is reduced, that is the amplitude of the periodic
perturbation becomes less, more terms must be included in the
series if w lies 1inside the stop band, and less terms need be
included if w lies outside the stop band. This indicates that this
expansion is most useful when the medium is strongly reflecting
and when it is behaving almost as a uniform region.

If the range of integration of (4.5) includes one or more of the
band edges, it 1is convenient to wuse, in effect, a Laplace
Transform A of h(t) rather than the Fourier transform of
equation (4.4), that is;

AL(w—iP) = 1/27T‘fh(t) exp(—i(w-if)t) dt r>ao (4.11)

Since h(t) = 0 for ; < 0,

AL(w—iP) = A(w-il")
and so the reflected and transmitted fields, Er’ E

t

respectively, are given by

oo -1t +eco
* -
E_(0,t) = dw A(w) k exp(iwt-2insL) p (1-G)G" ! (4.12)
n=0
-iP-00 (B + s)
where p = G/(G-1) if n = 0 and p = 1 otherwise.
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oo -iM+oo
Et(L,t) = }:: dw exp(iwt—-igl-is(2n+1)L) A(w) (1-G)G™ (4.13)
n-0
~(f=0co

(extending all functions to the complex plane by their analytic
continuations). Now, for large enough [', the series representation
(4.9) 1is valid along the whole of the path of integration and
additionally the path avoids the branch points of s (which are
also at the band edges). The variation of the exponential
term increases relative to the rest of the integrand as L
increases. The dependence on the length of the medium is as for a
uniform medium with dispersive permittivity. In order to estimate
the size of the contribution of the terms in (4.12), (4.13), it is
useful to consider first their amplitudes for the case
Alw) = 5(w—wo)

(i.e. a monochromatic wave) as a function of the carrier frequency
W These are shown in figures 4.2 and 4.3. Clearly the
successive terms have decreasing amplitudes. When W is inside
the stop band , the leading reflected term becomes more dominant
as lkL| is increased. When v is outside the stop band the
amplitudes are a function of B/ |k | only and are independent of L.
The leading transmitted term dominates as |k | is increased. These
conclusions are likely to hold for more general functions A(w) as
in practise A(w) is usually sharply peaked at W

Thus it is likely that in general a good approximation to the
output fields may be obtained by considering only the first few

terms of the series (4.12), (4.13). In particular

(i) W outside the reflection band

If (kl/B)2 << 4 then |G| << 1 (4.14)
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Figure 4.2 Amplitudes of transmitted terms ( my = 2n+l )

The curves for my= 5, |k|L = 1.0 and my=1, [klL = 5.0
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and so all the other terms in (4.12), (4.13) are negligible
compared with the leading transmitted (n =0, G = 1 ) term.
This latter term has a simple exponential integrand with a real
argument for real w and the conventional method of evaluation and
use of the second derivative of the phase (4.7) to describe the

pulse are justified. Therefore

Signal velocity = vy T dw/ds = s/(B B')

(4.15)

2

Pulse dispersion = d(L/vs) = (B'"'B +B'" - B'2B2/82)L

dw s

If |klL >> B/Ik! then the exponential term in each integral with
non-zero n is also rapidly varying compared with the rest of the
integrand. Then again, as long as A(w) is negligible inside the
reflection band, wuse of (4.7) is valid and so each integral,
except the first reflected one, can be taken to represent a pulse
travelling with velocity dw/ds through a distance mL (for integer
m) with a corresponding dispersion. If the original pulse width
is substantially less than the transit time through the structure
and the dispersion for this pulse is not too large, there will be
little interference between the terms and they will result in a
series of output pulses. Then the fields are composed of
components each of which has tfavelled an integer number of round
trips through the structure, * resembling a conventional
non-distributed resonator in a transmission mode.

For example, if a Gaussian pulse has dispersion deZS/dw2 per
unit length, then from the standard formulae [40] and (4.15), the

pulse half width after propagation through a distance L, W(L), is
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W(L) = W) ( 1 +4 m32(|k|L)2A(B/lkl) )12
¢ @/kh? - 1)3
where B = nw/c, and A(B/lk!) is the normalised spectral half

width of the pulse.
If B/|kl =2, A(B/Ik|) = 0.25, IkIL = 15, then we can assume that
each integral in (4.13) is normally dispersive and also
2 (1/2
W(0) = 0.27Ln/c, W(L)/W(0) =~ ( 1 + 0.13m,3" )
Therefore the first term arrives with a width increase of ~ 6%,
and the next contribution is only non-zero after a time interval

of about 7 times the half width of the first term, and so does not

interfere significantly with it.

(ii) wO inside the reflection band

12y

Now if k1L (1 - (B/1k])?)
then all terms except for the leading reflected ( n =0 ) term
may be neglected. The leading reflected term may be written

-il' + o0

dw exp( i arctan( k1% - g2 )

k| B
-iP - ce
and,in the approximation that k is constant ( k = k(wo) ), the

signal arrival time ty and the time dispersion may be obtained in
the usual way to give

t =B'/S

o
(4.16)

dto/dw = (B'"" + B'2B )/83
Thus we have determined the dispersion in certain cases for small
|k 1/B and large |k|L. At first sight it is surprising that the

dispersion apparently increases as |k|L becomes smaller. However



as |k|L tends to zero, the contribution from frequencies outside
the stop band tend to zero. The contribution from frequencies
inside the stop band interfere and cancel out. The
dispersion may be interpreted as describing this interference.
Only the leading transmitted term increases and approaches that
for propagation in a uniform medium.

The expressions for the monochromatic fields, equations (4.1),
(4.2), and the corresponding equations for the fields with forward
and backward phase velocity at some distance z such that 0 < z < L
[31] can be re-written to emphasise their composition of Bloch

wave modes of the periodic structure.The latter become

E(z,w)=A(0)exp(iwt-igz) (s+B) (exp(isl-isz) + (s-B)exp(isz-isL))

2(s cos(sL) + iBsin(sL))

E(z,w)=A(0)exp(iwt+igz) k (exp(isL-isz) + (s-B)exp(isz-isL))

A2(s cos(sL) + iB sin(sL))

Thus the transmitted field, which has forward phase velocity, is
the sum of the fundamental component of a Bloch wave with a group
velocity +dw/ds and the first harmonic of a Bloch wave with a
group velocity -dw/ds . Similarly the reflected field is the sum
of two waves with group velocities -dw/ds and +dw/ds. It is
well known that the single group velocity of a Bloch wave (its
components have propagation constants differing by integer
multiples of 2T/X ) is equal to the average over one period of
the medium of the velocity of the energy flow [31]. However it is
clear from above that the propagation of a signal in a finite

periodic meduim, which is carried by two Bloch waves, cannot be
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described simply in terms of their two group velocities. For
instance, from the series representation of the field equations
(4.13), all the transmitted components have positive signal
velocity, as 1is necessary physically. The signal velocity and
dispersion of the transmitted signal in equation (4.15) are
directly related to the slope of the w-P curve representing the
fundamental component of the forward Bloch wave in the usual
way. Equation (4.14) is the condition that the amplitudes of all
the other components are negligible. However the propagation
characteristics of the reflected pulse described by (4.16) cannot
be related so straightforwardly to the w-p curve.

It has been shown by Brillouin that, in absorbing dispersive
media, the propagation velocity of the signal is not necessarily
equal to the group velocity [90], [91]. We have seen that this
appears to be the case in periodic media also and we have obtained
some of the characteristics of the propagated signal. In order to
consider these in more detail we shall apply the general method
used by Brillouin, the method of steepest deséent [92], to the
case of a finite medium with a periodic variation of its

refractive index.

4.4 General formulae for the propagated signals

We consider an incoming signal with carrier frequency v of the

form

h(t) 0 t <0

h(t) Eoexp(lwot) t>0

that is, a semi-infinite wave starting at t=0.
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The fields resulting from propagation of this signal can be used
to obtain simply the output from a rectangular pulse of duration

T by adding the field from h(t) to that from

hl(t) 0 t< T (4.17)

hl(t) —Eoexp(lwot) t>T
For an input signal h(t), the corresponding "Laplace" transform
(4.11) is

Alw) = E

(0]

i( (w=-ip) - LA )

and a typical integral appearing in (4.12), (4.13) may be written

-1l + oo
*ex
I= E |k dw exp(F(w)) (4.18)
2nmi (.w - wo)
-if = oo

where F(w) = iwt - im3sL + mlln(B - s) - m,

for example the first two terms in (4.13) are

1n(B + s)

&= 0 and
mq =1, m, = 9, m, = 0
my = 1, m, = 2, m, = 2 etc.

For both clarity and simplicity, in this section and the appendix
we will ignore waveguide and material dispersion and consider the
dispersive effect of the periodicity alone. Therefore we can write

B = (nw/c) - g



where n is the (w-independent) average refractive index of the
medium and c¢ is the speed of light. Clearly other effects can be
included by wusing the appropriate expression for B. We will also
assume that we can set
k = k(wo) = constant

since k is relatively slowly varying with W These restrictions
should not effect the results qualitatively and will be removed
for a particular case in the next section. Equation (4.18) is in
a form which may be evaluated approximately using the method of
steepest descent [91], [92]. Details of the calculation are given
in the appendix to this chapter. Here and in the following section
we will state and discuss thé results.

In general the method of steepest descent yields a solution of an
integral as a sum of two non-negligible contributions. One,
IS(t), is from the saddle point of the argumént of the
exponential, and this describes the dispersive effect of the
meduim. The other contribution Ip(t), comes from the pole in the
integrand at w = v, and corresponds to the effect of the
particular modulation. This form of solution 1leads to a simple
definition for the signal velocity. However it is an approximate
method (which improves in accuracy as [k|L increases ) and its
description of the pulse shape 1is rather cumbersome. For a

periodic medium we find that I = IS + Ip such that

(i) The saddle point contribution

I =20 : for T < 1 (4.19)

— *o ] N
I = E0 k exp(F(wS ))(l+1dO ) for T > 1 (4.20)
J i(wsj - wo) JZTTK
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where T = tc/(m3nL) is the normalised time

d = m4/(m3|le)
m4 = m1 + m2

e? = (8%74%) - 1
¥2 = 1% - 1

The position ot the saddle point WSJ and the quantities K, doJ are

functions of time:

(a) for 0 <¥2 < d°
;==
@ - m, (_e2>1/22 a1 (2312 gy (421
¢ Ikl (1+d%)
d, =0
ws; =c (-lkld 1 (1+ (-e5H12) 4+ gy
n ¥ 2 |
(b) for ¥2 > d?
i=+,-
K= mend 1 (L +1%) (4.22)
' clkl(1+d%) (e + T)
wr=c (lkla (-ite)+g)
n 32
af =1 - DY - T
(ii) _The pole contribution
I, =0 for T < T_ (4.23)
I, = E, k exp(F(w ) for T > T_ (4.24)
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where To > 1 is a function of the carrier frequency and is
defined as follows:

(a) for W inside the stop band, To > d2 + 1 and

T o= 4%+ 1 for B = 0 (4.25)
(o] (o]

T = T0 is the solution to

2 2

BT + lkld arctan( [lki“ - B “) = Q (4.46)

B otherwise

(b) for wo outside the stop band T = T0 is the solution of

B, = Tof + jQi-z - k%2 (4.27)
¥2
where B, = (nwo/c) - g
ot = Iklar/2 x2 ¢ 42
Q+ = |kld (e + arctan(l/e)) Xz > d2
Q =-lkld (e + arctan(l/e) - T) ¥* > d°

Clearly TO tends to unity as IBOI tends to infinite.

The formulae for IS and Ip become inaccurate near the lower ends
of the ranges for which they are defined but they may be
determined there by continuity (see appendix).

From equations (4.19), (4.23), we can interpret the mq term in
(4.12), (4.13) as the contribution from that part of the field
that has travelled at least mg rounds trips inside the structure

but less than m3 + 1.
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4.5 Signal velocity and dispersion

In general, for a wuniform dispersive medium, well away from
the frequencies of absorption,
Ig <1, (4.28)

for all times such that LA is not too near W

Therefore t, = m3L nTo/c, the time when Ip is first
non-zero, has been taken as the arrival time of the signal, thus
giving the signal velocity. This same quantity has been used to
define the signal velocity in absorbing media, when (4.28) may
not hold [91].

For a periodic medium, since even a monochromatic wave is not
transmitted unperturbed, not only is (4.28) not necessarily true
but also the saddle point contribution to the integral does not
correspond directly to the distortion of the pulse. For example,
greater transmission at frequencies different from W will tend
to reduce the distortion of the transmitted pulse and the presence
of these frequencies is expressed by the saddle point term. Thus
in general we .cannot use t0 to obtain a- signal velocity for
each term (even though we havg now taken into account the
frequency dependence of the whole of each 'integrand) or dto/dw
to represent its pulse dispersion,though we may do so in the
special cases discussed in previous section.

Figures 4.4 and 4.5 show m3To as a function of the
normalised carrier frequency for the first few values of
(m3,m4) for |kIL = 1 and |kIL = 5 (positive B only is shown as

"the results are symmetric about B = 0 in the approximation k! =
constant ). An obvious feature of these figures is the near

symmetry about B=|kl, that is,
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mat_(B/Ikl) = mst ([kl/B)
From figure 4.4, we see that for small |k|L each integral term is
spread out and slowed down by the distributed nature of the
structure, since to for the two values of m, for each m, are
widely separated. As |k|L is increased, figure 4.5, this effect is
reduced and t, tends to a single value for each value ‘of mg.
In each case a signal velocity may be meaningfully defined if the
corresponding pole contribution dominates that of the saddle
point.

Figures 4.6 and 4.7 show the transmitted and reflected field
amplitudes for |k|i{L = 5 for various values of LA The saddle
point and pole contribution amplitudes are shown separately -and
also the amplitude of the sum.These latter results agree well with
previous numericial evaluations (which were obtaiﬂed by
calculating 2048 point discrete Fourier transforms) [81] when the
effect of a finite pulse width is included (4.17). The agreement
improves for the larger value of }lklL, as can be seen by comparing
figure 4.6 with figure 4.8, which shows the transmitted amplitudes
for |k|L = 1. From these figures it is clear that the conclusions
of section 4.2 concerning special cases are broadly justified, but
that 1in general the signal may be significantly large at times
different from the arrival of the pole contribution and that the
effect of the periodic medium is to distort considerably the pulse
shape. In addition the dispersion may not be negligibly small at
the centre of the stop band when the undistorted term itself is
very small (figure 4.6(a)).

We may define the dispersion of each term to be (to within a
sign, which can be obtained from the signal velocity ) |K|2.

This then is equal to the usual definition of dipersion when each
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integral is normally dispersive, but should be interpreted with
care otherwise. Also the dispersion of the total pulse is not in
general simply obtained from dispersions of the separate terms. The
values of [K\Z are shown in figures 4.9 and 4.10 for |kIL = 5.
This dispersion 1is greater for later arriving terms because of
their longer effective path length. We have seen already that our
expressions do not hold well for ¥ ~ d, and this is the time at
which the pole contribution arrives if BO = 0. Thus the =zero
value of |K| at this point does not necessarily imply zero
dispersion here. From the figures it is clear that the transmitted
and reflected pulses have different dispersions in general.

For comparison, the dispersion obtained by using the second

derivative of the phase of the total integrand, equations (4.7)
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and (4.8) is shown in figures 4.9, 4.10 also. This agrees well

with the dispersion of the first reflected term inside the stop

band since, for lklL = 35, only this term is significantly large
and 1is normally‘ dispersive. The agreement is not so good
otherwise. For example we have found that the dispersion has a
single sign (on each side) outside the stop band and does not
oscillate. In addition the conventional method of evaluation
describes the effect of the periodic medium simply as a broadening
of the reflected and transmitted pulses and gives no suggestion of
the infinite number of smaller following contributions. It is
possible 'that the dispersion obtained by using equations
(4.7), (4.8) gives the total dispersion, while our results give
approximate values for component terms. However this does not
seem to be likely. For example for a carrier frequency outside
the stop band, the leading reflected pulse will arrive, with

non—-zero pulse spreading, before any other contribution is
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non-zero. The result that these other contributions are zero for
times less than twice the transit time is exact. This is not
compatible with the existence of frequencies at which the
dispersion  becomes effectively zero for the total pulse.
Similarly, the 1leading Gaussian transmitted pulse considered in
secfion 4.3(i) will arrive with non-zero dispersion before all
other transmitted contributions, at least for |B|/|k| > 2.

As v, approaches the band edges, the velocity of the pole
contribution tends to zero. This is reasonable since the fields
combine to form a standing wave for w at the band edges. Each
term becomes more dispersed (because of the singularity of
dzs/dwz) and the magnitude of IS is comparable with that
of Ip. In the limit the pole contribution does not arrive at a
finite time and so clearly conservation of energy requires that
IS is non-negligible.

When v lies inside the stop band and the reflectivity is
large, the main contribution to the reflected field is from terms
which have travelled only a short distance inside the structure.
Thereforeemﬂle increases or v tends to the centre of the stop
band the dispersion is reduced and becomes essentially independent

of the precise length of the structure.

4.6 Periodic perturbation for dispersion control

In this section we will show how a periodic perturbation may be
used for the control of the dispersion of a waveguide. We consider

a long guide with a small periodic perturbation of its
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permittivity. We have seen in the previous sections that the
transmission response of such a guide to an input signal with a
carrier frequency very far from the band edge consists of a
leading pulse of large amplitude, whose dispersion is expressed by
dzs/dwz, followed by a series of terms of very small
amplitude. The reflected field is the sum of a series of very
small terms only. The "amplitudes" of these pulses (figures 4.2
and 4.3) are independent of L and ,for all terms except the
leading transmitted pulse, decay at least as quickly as
Ik /2B (4.29)

Therefore in order to design a periodic guidenwith a zero of its
dipersion at a given wavelength we will assume that only the
leading pulse in transmitted and determine the required
perturbation. The validity of this can then be checked by
calculating the amplitudes of the other reflected and transmitted
pulses for this particular guide. We will assume that the
dispersion of all these terms is small enough for their
amplitudes to be described accurately by equation (4.29). We have
seen in the previous section that this is likely to be so as long
as |

lklL >> |k /B
or [B/ k| >> 1
both of which are satisfied in the case considered here. The
dispersion of the leading transmitted term may be described using
the usual w—p curve for a periodic medium and the qualitative

argument for a "dispersionless" frequency at w, in a periodic

d
waveguide is as shown in figure 4.11
The waveguide and material dispersion play an important part in

determining the precise detailed propagation characteristics of a
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guide and so these effects are now included in the calculation.
The refractive index is assumed to have a frequency dependence
described by the Sellmeier equation [41] and the expression for
the unperturbed propagation constant P 1is that of the first TE
mode in a slab dielectric guide [31].

To a good approximation the pulse width 1is minimised for
dzs/dwz(wo)=0 ,assuming zero spectral width of the source
[40]. Now ( using again ' to indicate differentiation with respect
to w ) .

2 BB+ B2 - qkllkl' - k12 )/s

s''' = (-s'
and so we can vary the pitch or amplitude of the perturbation, or
both, in order to make s'' = 0 at some chosen‘wavelength.

For a given amplitude, the required pitch is given by the
solution to the cubic equation

3 2~2

B”B'' - B (k]| '2

+ BlkI(2B k1" - B[k D) + [kI12(KI1% -8'2) =0
‘where 1K1% = Ikllkltt + Ikl*2

Since the leading transmitted term propagates with an effective
L-independent propagation constant s, the field at z = L resulting
from a Gaussian input pulse may bé obtained in the usual manner to

yield

= s -3 —3 - e ' 2.2 . (] - ' 2
E exp(lwot is L 1gL);§T exp(~(t S, L)°T )exp(lsO L(t S, L))
2

X 1x12 IXI
where S, =s(wo) and similarly for derivatives
X =( T2 + iso"L)l/z
The guide considerea is taken to have a core of silica doped with
13.5% germanium dioxide and a cladding of silica doped with 13.3%
boria. The core width 1is 30/g ~'5.2Pm. Figure 4.12 shows how s'

and P' vary as a function of A for this guide. The unperturbed

. guide has a zero dipersion point at 1.3Pm, near the =zero of the
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material dispersion. It is <clear that the effect of the
perturbation 1is to introduce an additional zero dipersion point,
since the slope of s' varies from the positive slope of p' for \
far from the band edge to -e0as A\ approaches the band edge (though
we have seen in the previous section that dzs/dw2 alone does
not describe ghe dispersion near the band edge). The perturbation
has been chosen so that the dispersion zero occurs at l.S%um, the
minimum loss wavelength for silica.

Figure 4.13 shows |kI|/|B| as a functon of A\ for the guide with
the perturbation used in figﬁre 4.12. From this we can see that
the power loss by reflection ~ 1.5 x 10_2 dB and the noise owing
to the subsequent transmitted pulses ~ 3.0 x lO-_5 dB,
independently of the length of the guide, at \ = l.SSﬁm. This may

be compared with  the material loss of silica at this wavelength

which is about 0.2dB/km at present. Thus it is possible to make
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the dispersion at a given point zero and still remain

sufficiently far from the stop band ( about 100 bandwidths away
from the band edge in this case) for the reflective nature of the
structure to have a negligible effect on the amount of power
transmitted.

Figure 4.14 shows how dzs/dwz. varies with A for various
different values for the amplitude of the perturbation. In each
case the pitch has been chosen so that the =zero of dzs/dw2
occurs at l.SSNm (Table 4.1). For  comparison, dzp/dw2 is
also shown. Clearly, as the perturbation amplitude is increased,
the zero dispersion point moves away from the band edge. Since the
operating frequency lies below the reflection band and we wish
to work at a fixed frequency, the required pitch becomes smaller

as the perturbation amplitude is increased.
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Table 4.1
grating dispersion at B/| k| Wavelength tolerance
A E pitdva 1.55 for full for dispersion < 8 ps/km
width 1T nm for full width 1 nm
107
0.5296 2.0 -380 0.05 %
10'4 0.5265 0.7 -152 0.18 %
3><1O_Ll 0.5223 0.3 -110 0.40 %
0 17.5 -
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It should be noted that if the =zero dispersion point is to be
introduced in a region of positive dispersion, then the operating
point will be at a frequency above the reflection band. In this
case the grating may cause coupling to the radiation modes and, if

) the perturbation is large enough, the resulting radiation losses
are 1likely to be wunacceptably high. However when dzp/dw2 is
negative, as for lightly doped silica at l.BSPm, this problem does
not arise.

A noticeable feature of figure 4.14 is the rapid variation of
dzs/dw2 with A compared to that of dzp/dwz. In order to
determine the significance of this wvariation, we consider
approximately (Table 1) the effect of the spectral width of the

signal at the zero dispersion wavelength. From this we see that the
effect of the third derivative on the dispersion is likely to be
small (and varies as (d)oz) and that the presence of the
perturbation does result 1in a fairly significant reduction in
the dispersion. These values of dispersién may be compared with
those of other dispersion shifted waveguides, for example 1.5
ps/(km nm) for a quadruply clad fibre ( but this is additionally
attained throughout the wavelength range 1.3 to 1.6,¢m) [14] and
only 0.05 ps/(km an) for a triangular profile fibre [85].

The main consequence of the rapid variation appears to be that it
introduces severe constraints on the fabrication tolerances. These
are relaxed as the amplitude of the perturbation is increased.
However this in turn means that a guide of higher An must be used,
so that the core size may have to be made smaller in order to keep
the guide single-moded, thus reducing the advantages of using a

periodic structure.



4.7 Conclusions

The transmitted pulse of a periodically perturbed waveguide may
be considered as the sum of terms , the nth one of which is
composed of that part of the field which has travelled at least
2n~1 1lengths and less than 2nt+l lengths of the guide. These terms
all have similar signal velocities and velocity dispersions.
Similarly the reflected pulse can be considered to be composed of
terms which have travelled at least 2n-2, and less than 2n,
lengths of the guide. The successive contributions have
decreasing amplitudes and in general may overlap in time and
interfere. Relatively simple formulae for these terms may be
obtained. The actual signal is the sum of these components and
so its shape as a fungtion of time can be determined, but its
dispersion cannot bg simply directly related to those of these
constituent terms.

However, in certain cases, only one term may make a significant
contribution and then the dispersion may be straightforwardly
obtained. In particular the dispersion of the transmitted pulse
for a small perturbation and a carrier frequency well outside the
reflection band may be simply expressed. This is similarly true
of the dispersion of a reflected pulse subjected to a large
perturbation with a carrier frequency near the centre of the
reflection band. In both these cases the dispersion is small and
varies monotonically as the carrier frequency moves away from the
band edge.

For frequencies near the band edge the medium is highly
dispersive. The signal velocities of the component terms lose

their meaning, as all the terms interfere significantly, but
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formally tend to zero here.

Thus it appears that the dispersion characteristics of the
periodic medium are strongly influenced by both the distributed
nature of the reflection and the finite nature of the device. The
dispersion effects are significantly more complicated than those
in a typical uniform dispersive dielectric.

However the effect of the periodicity on the dispersion curve 1is
large compared with that of the waveguide and material
dispersions. Thus even far away from the reflection band, where
all, terms except the first transmitted pulse are negligibly small,
it can cause the dispersion to change from some relatively large
value ( for example 15 - 20 ps/(km nm) ) to zero. The third order
dispersion must be considered here and in fact it is relatively
large. It does not nullify the improvement gained by the zero
second~order dispersion. A typical value of the dispersion which
might be achieved 1is 2 ps/(km nmz). However it suggests that the
structure may need to be fabricated to great accuracy ( less
than about 0.1% error in the pitch of the perturbation) if it is

to operate as predicted theoretically .
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PENDIX TO CHAPTER 4

We will use the method of steepest descent [91], [92] to evaluate

approximately an integral of the form

-iP + o0
I =E exp(F(w)) dw (A4.1)
2R i(w-wo)
where F(w) = iwt - im3sL + mlln(B-s) - mzln(B+s) (A4.2)

~

and the complex plane has branch cuts as shown in figure A4.l1. We

use the notation and assumptions described in section 4.3

(i) _The integration contour (figure A4.1)

We first note that
if £ < m3nL/c then Re(F) < 0 on C'
where C' is a semi-circle at infinity in the lower .half
w-plane.
Therefore in this case, we can close the contour of integration
along €' to give, since the integrand is analytic for all Im(w) <[

I=20 for t < m,nL/c

3
However
A
if t > m3nL/c then Re(F) < 0 on C
where C is a semi-circle at infinity in Im(w) > I
the integrand has a pole and branch cuts in Im(w) > ". In order to
evalulate the integral the path of integration is deformed in

accordance with the method of steepest descent to path B. Thus the

integration path starts on. T at Im(w) = P, then passes along C
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until this intersects with the 1lines of steepest descent of
F, that is, the contours

Im(F) = comnstant (A4.3)
which pass through the saddle points of F, the points w for
which '

dF/dw = 0 ) (A4.4)

From here % avoids the branch cuts by passing along these steepest
descent lines (see below) and then completes the path to the end
point along C. When a pole of the integrand 1lies in the region
between the original contour R and ﬁ, B must be further deformed
to pass around it.

The integrand vanishes on 6..The steepest descent lines are those
along which Re(F) varies most rapidly. Thus by integrating along
these lines it may be assumed that the dominant contribution from
this part of the integration contour comes from the vicinity of
the saddle points (where Re(F) has a local maximum for w varying

along one steepest descent line).

(ii) The Saddle Points

From (A4.2), (A4.4) there are .two saddle points given by (in the
notation of section 4.4)
B = lkld (-1 + Te)/¥> (A4.5)

The time dependent variable T appears as a parameter in (A4.5)
and so the saddle points and path of integration change with time.
The motion of the saddlé points is as follows

For ¥ = 0 the saddle points are at

B = -ico , B=1idlkl(1-da5H/2

For 0 < 32 < d2 they move towards each other along the line
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Re(B) = 0
meeting at
B=-ilkld/¥* at time ¥ = d
For 2 > d2 they move apart along the line
In(B) = -1lkld/%?
and as T tends to infinite they tend to the band edges B = + |k/.
The exception to this type of saddle péint motion occurs when
m = 0.Then the saddle points are on the real axis and outside the
stop band always. They start at + o0 and tend to the band edges.as

T tends to infinite.

We will find that the results we obtain do not hold for '52 = 0
and XZ = d2. At the latter time F'' = 0 and so F has a higher
order saddle point. The solution for 52 = 0 may be determined as

in reference [91]. At other times the solution is valid. In

general, at the saddle points,

s = |kld ( -iT + e) /82 . (AL.6)
d2F = i_nzim4 ed? (it -_f-__e)2 (A4.7)
dw2 c2 fk‘z (1 + d2 )2

(iii) The lines of steepest descent through the saddle points

The lines of steepest descent through the saddle points are, from
(A4.2), (A4.3), the lines defined by

.
w.t - mjal + mq, - m,q, - K7= 0

where w = w_ + iw,
r i
s =a + ib

argument of (B - s)

Ne]
f—
Il
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q, = argument of (B + s)

and the superscripts +, — on K refer to the two saddle points
defined by the +, — signs (the + and - saddle points) respectively
in (A4.5).

These steepest.descent lines can be re-written

+
Re(B)T - a + (mlq1 - mzqz) -Q=0 (A4.8)

m3L

for Qi = ( Ki + gT )/m3L

From B and s at the saddle points (A4.5), (A4.6) and (A4.8), we

+ .
can solve for Q= to obtain

;For %2 < d2
of = Ikldm /2 (A4.9)
For 2 > d°
o7 = Ikld( e + arctan(1l/e) ) (A4.10)
Q = lkld(-e + 7* - arctan(l/e) )

The points at which the steepest descent lines intersect the real
axis are obtained by setting w, = 0 in (A4.8). In general these-
points may occur inside and outside the stop band. It is

. . +
convenient to consider these cases separately. (Here Q = Q— )

(a) B> |kl

B = (TQ + ,/Qz - Zlekl?‘)/zs2 (A4.11)

(b) -kl < B < Ikl

B is the solution to the transcendental equation

BT + m, arctan ( flkl2 = B2 ) =Q ‘(A4.12)

m3L B
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(¢) B < -kl

B=T(Q+M)im+M)2—'IS2lkI2 (A4.13)
\52

where M = TT(ml - mz)/(m3L)

(iv) Gradi £ th 1 1] {0 t] e .

the saddle points.

If F = Fr + iFi then along the line Fi = constant, (about

a saddle point ws),

_ 2 2
Fi(ws+dwr) = Fi(ws) + dFi Ewr +d Fi (6wr) T (A4.14)
dw dw 2 2
r r

= Fi(ws)'

At a saddle point, dFi/dwr = 0, and so the gradient at the saddle

point along the line of steepest descent is the gradient of the

direction in which dZFi/dwr2 = (0 there. Therefore, expressing

2 . . . . .
d Fi/dwr in terms of partial derivatives, the required value of

the gradient is

do= dwi = —(Fi)wrwi + ji((Fi)wiwr)2 - (Fi)wrwr (Fi)wiwi (A4.15)

dwr (Fi).wiwi

_ .2
where (Fi)xy =d F, (WS)

dxdy
This gives the gradients of the two steepest descent lines
passing through the saddle point LAT
For any general analytic  function F (where ' denotes

differentiation with respect to w )
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]

(Fi)wiw Re(F'")

r

(Fi)wrwr Im(F'') = -(Fi)wiwi

Therefore from (A4.7), the two gradients are given by

(a) ¥% < 4
do = - sign((Fi)wrwi X 0o (A4.16)
a, =0 '
() ¥% > a°
dO =z (et T)2 at the + saddle point
ez— T2
(A4.17)
d0 =+ (e i_T)2 at the - saddle point
e2— T2

(v) Directions of decreasing Er along steepest desce

It 1s necessary to. determine along which of the two lines of
steepest descent through each saddle point Fr is decreasing away
from the saddle point, since it is this line which must be chosen
as part of the integration contour.

At the saddle points,

(a) ¥2 < d?

sz =fF"! whend =0

r o]
dw z

(A4.18)

dZF = -F'"’ when d = + o0

r o)
dw 2

r

The integration path will be deformed to a steepest descent line
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with d0 = 0 (see below and figure A4.2). From (A4.7), when
¥2 ¢ %,

F"(wg) = + (positive number)
therefore the contour must run along the path through the lower of

the two saddle points.

() %2 > a?
a%r = 24 |p'1? (A4.19)
T (o]
dwrz Im(F' ")
- 2 .
and d0 =3 (e = T)” x positive number
Im(F'") (eZ—TZ)2

Therefore at both the saddle points the steepest descent line
along which F decreases corresponds to the lower sign. From
(A4.17) the relevant gradients have opposite signs at the two

saddle points.

Using the results of (iii), (iv), (v) and the limiting case of
m = m, = 0 (fo% which the steepest descent lines have
rational equations), the relevant characterstics of the steepest
descent lines can be. determined. These are shown in figure
A4.2 (with arrows pointing in the direction of increasing Fr)

together with the resulting path of integration.

(vi) The signal velocity

When the contour A is deformed to either of those marked A' in
figure A4.2, the contribution of a pole lying on the real axis at

B = Bo must be included when the points where the new contour
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intersects the real axis + r + r, are such that

12 — 72
(@) Iryl < !Bos if B > Ikl
(&) Ir,l > |B0l if B, < |kl
The time at which !r1\ = |B| or lrz\ = |Bl, whichever is

appropriate, may be defined, by analogy with the lossless case
[91], as the arrival time of the signal. This leads to the
definitions of To in equations (4.25), <(4.26), (4.27) directly
from (A4.11), (A4.12), (A4.13). From this time onwards, the
contribution to the integral from the part of the contour
encircling the pole must be included. This contribution is
obtained very straightforwardly from Cauchy's theorem and is

I_ = EO exp(F(wo))

P

(vii) The saddle point contribution

The saddle point contribution, IS, to the integral is obtained
in the usual way by approximating the exponential function to a
Gaussian and replacing the integration contour by the tangent to
the steepest descent line at the saddle point. The chénge of path
is justified by the assumption that the contributions to both the
original and the approximate integral are negligible'except near

the saddle point, where they coincide.

Thus
oo
- : 2,02
IS = EO exp(F(ws)) (1 + 1d0) dw, exp(-K (wSr wr) /2)
-0,  277i (ws—wo)

where w_ = w__ + iw_, is the saddle point

s sr si

2-_ .2 2

K" =4d Fr(ws)/dwr

so I, =E, exp(F(wS)) (d0 - 1)

(w - w )JE??K
s o
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and K, do are obtained from (A4.7),: (A4.16), (A4.17), (A4.18),

(A4.19) to give (4.21), (4.22).

(viii) Limits to the validity of the calculation

The above approximate evaluation of the saddle point contribution
ceases to be valid when

(a) lw - Wol becomes small on the integration contour.
At these times 1/(w - WO) is not slowly varying along the path
of integration near the saddle point and so this term cannot be
taken as constant for the integration. In order to correct for
this, the integration contour may be deformed around the pole as
it approaches the pole and so, strictly speaking, this
contribution  should be added to the integral [91]. This
makes Ip continuous.

(b) K tends to zero. At these times the integrand does not
become negligible for values of w away from L (since the
exponential term is not rapidly decreasing for increasing w -
ws) and so the change of integration path is mnot justified. In
addition, the approximation of the exponential to a Gaussian form
may be invalid if third and higher derivatives of Fr are large
enough. From (4.21), (4.22), K becomes small when

T = 1 (A4.20)

lklL is small
In order to determine the range of values of |klL for which the

calculation is valid, we need to calculate

2 2
o'z, G

dw 2 2
T
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We will assume that

nwo/c >> |B]

dw_/w_ = 100

r'o
nwo/c > 400]kl (in practise nwo/c~104 [kl )
Table A4.lshows required resulting minimum values for kL for

various values of T, my, m,
At the times described in (a) and (b) (A4.20), it is most

convenient to determine the saddle point contribution graphically

by continuity, as illustrated in figure A4.3.
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T my, =0 m, =1 my, =2 my, =3
1.1 1.1 3.1 17.0 19.3
2.1 0.2 0.9 1.4 1.9
3.1 0.1 0.5 0.8 1.2
4.1 0.05 0.4 0.6 0.9
5.1 0.02 0.3 0.5 0.7

Table A4.1 Minimum values required for k L for
the first few transmitted terms ( my = 1

and my = 3 for the corresponding my, )
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5. E _PROPAGATIO

2.1 Introduction

A waveguide with more than one periodic perturbation of its
refractive index may be described as a multiply periodic guide
(figure 5.1). Clearly such a index variation can also be
considered as one periodic perturbation of a longer pitch.
However, in this case, the amplitudes of the harmonics of the
perturbation will not, in general, be decreasing with increasing
order, and may affect the propagation at frequencies significantly
different from their resonance (maximum reflection) frequencies.
This is not so for the perturbation which results from the
generally considered small amplitude single periodic variatiom.

Monochromatic wave propagation in the presence of a single
periodic perturbation has been analysed extensively, in particular
for unbounded or semi-infinite media [2], [34], [93], [94], [95].
The two methods most commonly employed for this are a Bloch wave
expansion and Coupled Mode theory. For infinite media these
approaches are very similar and the amplitudes of the coupled
waves in  the two cases are related directly by Fourier
transformation or, for finite truncatioms, simply by a re—grouping
of the modes in the expressions for the fields [96]. In general
higher order modes are included in the analysis, bu£ these

. have only a small effect away from their resonance frequency as
long as only one perturbation is considered. Thus the finite set
of components which must be retained in the analysis is usually
clear from physical considerations. These analyses have led to

the well known descriptions of the multiple reflection and
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transmission bands. It has been shown that there is a weak
interaction between the harmonic components which results in

"phase-speeding”, that is, the occurence of the stop band at a
frequency slightly greater than that predicted by the lowest order
two—-wave approximation [96]. Stronger anomalous interactions have
been observed in perfectly conduction gratings, such as Wood's
anomalies and the excitation of surface plasmons [97].

A case closer to that of a multiply periodic structure is that of
a modulated infinite periodic medium. Such a perturbation has been
expressed as the sum of closely spaced harmonics [98] and has
been analysed using coupled mode theory. The reflectivity has been
-obtained from an approximate form of the Riccati equation which is
accurate for small perturbations. Only weak inter-harmonic
interaction has been considered. It has.been shown that for
a suitable modulation, the maxima of the side lobes. of the
reflection band are reduced and the bandwidth of the main
lobe is increased.

The mnmultiple harmonics in a periodic waveguide have not been
investigated so widely. The Bloch wave approacﬁ has been used to
analyse wunguided and radiation modes in transversely bounded
general periodic media [99], [100]. This method haé also been used
to determine the characteristics of a general periodic dielectric
guide [37], again with essentially one perturbation giving rise
to the multiple harmonics. In this latter case the (truncated)
infinite determinanf must first‘ be used to obtain the set of
possible transverse dependences (which are coupled together by the
periodicity) and then the boundary conditions must be applied to
determine the propagation constant. This differs from the case of

an infinte medium where the only parameter to be determined is the



propagation constant. Thus the use of the Bloch wave formalism
for guided modes requires numerical solution of a complicated
transcendental equation.

In contrast, the coupled mode theory for a waveguide is very
similar to that for an infinite medium, except that now the
unperturbed modes do not relate directly to the Floquet-Bloch
case. The only unknown parameter is the propagation constant as
the transverse boundary conditions have already been applied to
obtain the wunperturbed modes. Coupled mode theory has been
applied to almost periodic waveguiding structres [101], [102].
These have perturbations which have continuous variations of
amplitude or pitch (tapers or chirps respectively) and so cannot
be treated as a sum of periodic components.

In this chapter we will use a simple general coupled mode
approach 1in order to determine the characteristics of propagation
in a multiply periodic guide in which there 1is significant
interaction between the harmonics.

Previously there has been some interest in multiply periodic
waveguides [1] and their analysis using the method of multiple
scales [103], [104]. Coupling from one forward guided mode to
two backward guided modes via two suitable periodic index
variations has been considered. It has been shown that for
suitable perturbation amplitudes the three-mode coupling device
has, perhaps not surprisingly, lower transmission than a singly
periodic two-mode coupling one. However the method of multiple
scales [105] requires that more terms must be included as the
length of the device is increased, which is a rather undesirable
feature.

The singly periodic waveguide has an important use as a narrow
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frequency band reflection filter [23]. Because of the interactions
which occur in a multiply periodic structure, this device may
have potential applications for filtering also. For example, for
frequencies in the vicinity of the resonance frequency of a large
amplitude perturbation, but outside the stop band, the group
velocity is significantly reduced. Thus if another perturbation is
imposed with a stop band in this region, it is conceivable that
the slow variation of frequency with wavenumber would lead to its
having a very narrow frequency bandwidth of reflection. In terms
of mode-coupling the bandwidth can be considered to decrease wigh
increasing angle between the two coupled mode dispersion curves
(figure 5.2). However the advantage of reducing the group
velocity must be balanced against the corresponding increase in
reflection.

Using the generalised coupled mode theory described in the
following section, 5.2, we determine in this chapter the
propagation characteristics for a doubly periodic waveguide.
Sections 5.3 and 5.4 are concerned with obtaining the propagation
constant and reflection coefficient. Section 5.5 contains a

numerical evaluation of these parameters for a suitable guide.

.2 Generalised Coupled Mode theor

We consider the electric field of the TE mode of a slab waveguide
lying in the y-z plane, with propagation in the z-direction. The
periodic perturbation is in the z-direction and all quantities are

independent of y. The coupled mode equations are derived by
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expressing the electric field as a z-dependent superposition of
the modes of a uniform guide. That is, if the uniform guide has
guided modes Em(x)exp(+ipmz) and radiation modes E(K,x)exp(+ipzz)

then the electric field of the perturbed guide is [31], [40]

[c]
il

E exp(iwt)

exp(iwt) [:E;:( A;(z)exp(-ipmz) + A;(z)exp(ipmz) ) Em(x)
+ fdx( Aix,z)exp(—ipxz) + Aia,z)exp(ipxz) )E(&,z)]
(5.1)

This infinite sum over all modes is exact and so holds for
arbitrarily large perturbations, though any finite appréximation
must have a limit to its validity. An expression for each mode
amplitude is obtained by requiring that E must satisfy the wave
equétion, that the normal modes satisfy the unperturbed wave
equétion and by using the orthogonality of the normal modes. This

gives, for a perturbation to the permittivity of ae, [31], [40]

d22 dz d22 dz

2+ . + . 2.~ . -
(d°A_ - zlpngég + exp(2iB_z)( f_ﬁn‘+ leniﬁp ) ) <En|En> +

W L+ [d¥)exp(ip 2) < laelE > (Arexp(~if 2) + Aexp(if 2))=0

(5.2)

[}

where <En'Ae|Em> En(x) Ae(x,z) Em(x)dx

<E_|E > <E_ |1 |E >

Here and below we use the symbol (z:_+ JHX ) to indicate a sum
m

over all guided modes and an integration over all radiation modes.

We will also use the suffix m to refer to either a guided or a
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radiation mode in this section.

Applying equation (5.2) to each mode in turn yields the set of
coupled mode equations. Since the forward and backward propagating
modes with the same Fm are not orthogonal, we can define A;(z),
A;(z) for each mode to be such that A;(z)exp(—ipmz) and
A;(z)exp(ipmz) are forward and backward going waves respectively.

Then writing

A;(z) = _fp;(k) exp(-ikz) dk
A;(z) = J—p;(k) exp(-ikz) dk

we can assume that

]
(o]

+ -
pm(k) for k < Pm

]
o

pm(k) for k > Pm (5.3)
If we take the wave number of the periodicity to be g = 27 /A and
write
Ae =§::el(x) exp(-ilgz)
10

then Fourier transforming equation (5.2) gives

pr (k) + p_(k + 2B_) =

2 B}
vk (I + (@) <E_le B >{p (k+h_-B -1g) + p_(k+p_+B _-1g)}

<E_IE_>k(k+2PB ) (5.4)

The right hand side of (5.4) is large when k= 0 or k = —ZPR.

When k = 0, p;(k + ZPn) = 0 from (5.3) and so

p:(k) =
2 -
WM (Z;:+ jdx ) <Bpley [E>{oh (k+p B ~1) + b (kP +B 180}
<EnlEn>k(k+2pn) (5.5)




Similarly when k = —ZPn, ‘;(k) = 0 from (5.3). Writing k=k'—2Pn’

pn(k') ~
2 (K " (k- -
‘ka (Z; * fdﬁ ) <En|eliEm>{pm(k—Pn_Pm—lg) + pm(k Pn+Fm lg)}
<Enl En>k‘(k‘-2pn) (5.6)

Therefore each Fourier component is large only when the modulus
of its argument is small. Thus for example, the only terms which
make a significant contribution to the right hand side of (5.4)

are those with m and 1 such that

k+pP,+P,~18=0 or k+B -Pp -lg=0 (57

Expressions for these coupled components can in turn be obtained
using (5.5) and (5.6) and so on. £quation (5.7) is the familiar
phase-matching or resonance condition for coupling between modes
by a sinusoidal index variation.

Coupling to several modes, large amplitude perturbations and
similar quite complicated problems may be treated by considering
the relatively simple simultaneous linear homogeneous equations
obtained by retaining only the terms which are large and coupled
together from (5.5) and (5.6). A non-trivial solution may be
obtained in the usual way by requiring that the determinant of the
matrix of coefficients M, say, is zero. In general M is sparse and
may be arranged in a banded form, so that a simple iterative
expression for its determinant may be derived, for example as in
the next section.

Clearly in this form the coupled mode equations are very similar
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to the Bloch wave expansion for a periodic guide [37]. However
they have the important advantage that they yield an expression
for the unknown k (which determines the fundamental propagation

constant) directly from det(M) = 0.

5.3 Doub] : odi bat]

We now apply the results of the previous section to the case of
coupling to the backward mode in a single moded guide with two
sinusoidal perturbations of the permittivity. The periodicities of
the perturbations are taken to be A/L, A/(L+1l) for integer L, (so
the pitch- of the total perturbation is /). Therefore

Ae = eLexp(-ing) + e_Lexp(ing)

+ eL+lexp(—i(L+l)gz) + e_L_lexp(i(L+l)gz)

When one of the perturbations 1is large enough, it will affect
the propagation significantly even at frequencies rather different
from its phase-matching frequency, and in particular at the
phase-matching frequency of the other perturbation. At a given
frequency LA IZP(WO) - Lg | is some fixed value, (where p is the
propagation constant of the guided mode) and so if we choose

g < |2p - 1gl (e, /ep)?
: 2

L > 2B (e;ler )

IZP-Lgl

(for I/[eL[ >> 1 and w_ of the order of a bandwidth from the

ler)
band edge of the smaller perturbation say) then

2 2
le 17/12p-Lgl = e, |17/ 12p-Lg-sl (5.8)

So if we make the two periodicities close enough, then from (5.5),
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(5.6) the mode coupling resulting from e is comparable to that

L+l

resulting from e This in turn implies that components with

Lt
arguments  k+mg and k+2P-Lg+mg for small integers m may be
non-negligible. The fact that these components may become
significant 1is geneéally true when several periodicities are
superimposed, thus increasing the pitch of the perturbation.

We will assume that

p-Ps-Lg >> 2p-Lg (eL+l/eL)

for propagation constants of the radiation modes, so that
propag ¥

2

coupling to the latter is negligible. That is, the perturbation
does not cause the waveguide to radiate power in the range of
wavelengths of interest here.

From (5.5), (5.6), (5.7), for small integers m,

+ - -
pi(k +mg) = - ( Cr pl(k+mg+d) +C p, (ktmg+d-g) ) (5.9)
(k+mg) (k+mg+2p)
- _ + +
pl(k+d+mg) = ( C_L pl(k+mg) + C_L_1 pl(k+mg+g) ) (5.10)
(k+d+mg) (k+mg-Lg)
where d = ZP - Lg
C. =  -w <E le,l E; >
L t IS S|
<E, | E >

If we write

leL/eLHl =7 <<l
then from (5.8)

|d|/!d+mgiﬁv0(12)
Then for example since

0(py(k)) = 0(C;/(k (k+2P))),
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p) (kd=g) = 0(p®) o (kmg) + 0(p) (k)
and so assuming pI(k - g)~0 (pt(k)) (this latter assumptiomn is
clearly certainly justified physically)

p] (k+d=g) ~ 0(7)p] (k)

In this way it is easy to show that a self consistent solution in
terms of orders of 'magnitude 1is obtained by assuming that
pI(k+d+mg), pI(k+mg) are non—increasing for increasing Im| (this
then implies they are decreasing) and that if terms of order

greater than 14 are neglected , the only significant terms are
p:(k + mg), pz(k + ZP - Lg -mg) for m = 0,-1,+1,2 (5.11)

Therefore retaining the terms in (5.11) only and writing

Dp, (k +mg )( k + mg + ZP ) (5.12)

hl,m

C, /Dy

equations (5.9), (5.10) become
M.P=0 (5.13)

where M is an 8x8 matrix:

Lohy g, O 0 0 0 0 0
b 1 by ) 0 0 0 0 0

0 hp 1 L S S Y 0 0 0

0 0 hil o 1 b 0 0 0

0 0 0 hy I hy 0 0

0 0 0 0 T R 0

0 0 0 0 R S L s




and

[a W

p;( k +d - 2g )
PT( k-g)

p( k +d -g)
o= | pj(k)
p;(k+d)

p{( k+g)

pI(k+d+g)

p{( k + 2g )

Using LU decomposition [106],

det (M) = bl b2 b3 b4 b5 b6 b7 b8

where
bl =1
b2m =1- (CL+1 C—L—l)/(me—l D—2+m D—L—3+m) m=1,2,3,4
bomer = L = (Cp C_ )/ (by Dy Dy o, ) m=1,2,3
(5.14)

From (5.12) and (5.14), det(M) is a polynomial in k and so
det(M) = 0

may be solved quite simply numerically. It is interesting to note

that this equation can be written

2, 2 2 _
D, = lep 157y = le I%/¢ ... /(d_y = le, 17/p ) =0

and this is very similar to the continued fraction form of the

L+1 L+2

dispersion equation obtained from the Bloch wave method for wave
propagation in an infinite periodic medium [93].
Once k is known, (5.13) can be solved for P to within a scalar

multiple. This gives
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_ - — ) -
P Cp Cpy /by by By Dy 5 )
P, Cp C;q /Cby by Dy )
P3 = Py | <€ /Cby Dy )
Ps -b4/( Cp D )
Pe bs ba/( Cp Copm1 D1 )
P, ~bg bg b, /( C 7 C_; | D, )
| g | By bg b5 B/ C ? L-12 Dy )]
(5.15)
For any solution k+p = ko+§, from (5.9), (5.10), a linearly
independent solution is k+p = Ng - (ko+p) for integer N. Thus the

perturbed guide supports two independent modes. The solution is
based on the assumption that |k| = 0 and so it follows that
N =L (5.16)

The ‘expressions for the electric field and the reflection
cgefficient ,follow exactly as for reflection frbm a single
harmonic perturbation. The results are clearly the intuitive
extensions of this latter case. From (5.1), (5.9), (5.16) the

electric field in the perturbed guide is

E exp(iwt) =
B (exp(ive) { A, exp(-1(k, + p)z>§:[pl(k + mg)exp(~ingz) +
pl?;q+2p—mg Lg)exp(i(Lg+mg)z) ]
+ B, exp(i(k +p)z)[[pl(Lg 2Pk _+mg)exp(-i(Lgtng)z) +

et pl(—ko—mg)exp(lmgz) ]}

where A0 and B0 are constants determined by the boundary

conditions. Identifying the forward and backward propagating parts

we can write
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2
+
A exp(-i(k +P)Z)Z:pl(k +mg)exp(-imgz)
[o) [o] M-ty [o}
Boexp(-i(Lg—ko-P)z Z p—;(Lg—ZP—ko+mg)exp(—imgz)

m=z =~}

+
Al(Z)

+

P
Boexp(i(ko+p)z)E:f}(—ko-mg)exp(-imgz)

Mze| 2

AI(Z)

+

Aoexp(i(Lg~k0-P)z Z;pz(-Lg+2p+ko—mg)exp(imgz)
2=

For a perturbation of length D, we take the boundary conditions
+ -—

( for k << p ) as Al(O) =1, Al(D) = Q.

Then writing

2
Q(k,z) = ;. p':(k+mg) exp(-imgz)

R(k,z) =§f: pI(-k—mg) exp(imgz)

M=o
we have '
AI(O) = R(k,,D) R(d-k_,0) + exp(-i(2k _-d)D) R(d~k_,D) R(k_,0)
A7(0)  R(k_,D) Q(k_,0) - exp(~1(2k_-d)D) R(d=k_,D) Q(d-k_,0)

(5.17)
and- this yields the reflection coefficient
R= | a7 |2

+
| a7¢0) |
licit expression for the propagation constant

Before considering the numerical implications of the results of
the previous two sections we digress briefly to obtain, for the
particular case of coupling to the backward mode only, an explicit
solution for k.

By defining

q, (k) = pr(k) + p_(k+2P)

i.e. expressing each mode
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A;(z)exp(—ipmz) + A;(z)exp(iﬁmz)=exp(—ipmz) qm(k)exp(—ikz)dk

we have instead of (5.4),

.

q, (k) = Wzﬂ- (Z;-fjd& ) <E_le;IE > q ( k+p_-B-1g )

<E_|E >k(k+2p )

and qn(k) is large for k = 0, k 25-2pn.
For a single mode guide with perturbations 1 = +L, +(L+1) and
such that coupling to radiation modes is negligible,

(k-Lg) + C (k+Lg) + C

ql(k) = 1 ( Cr44

-9 p+191 - T4Dg)

(k+p)*-p°

C_(pe1yd; (KH(IHDR) ) (5.18)

Clearly ql(k) couples only to ql(k+mg) for integer m as before.
Therefore, applying (5.18) to k=k+mg for all integers m leads to a
homogeneous set of equations with infinite determinant

A(x = k+p) = det(an)

where B =1
mm
Bm,m+l = C—l/Dm 1=+L, +(L+1)
B =0 otherwise

mn

This determinant is closely related to Hill's determinant which
appears commonly in problems of wave propagation in infinite
periodic media [36] and so the condition A(k+p) = 0 has an

explicit solution for k [36]

sin2<71<k+p)) = 4(0) sin2<[1g) (5.19)

g g

An alternative form of this equation can be obtained simply by
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determining the unknown constant in the derivation of the solution

in terms of A(g/2) (appendix). This then gives

cos”(TT (i4B)) = (g/2) cos>(TTP) (5.20)

g g

The question arises as to whether the exclusion of radiation
modes remains justified when (5.18) is applied to k=k+mg for
arbitrary integer m. The only terms which make a non-neglgible
contribution to A are those for which

k +mg + B = +p

Since we have assumed coupling to radiation modes is negligible,
the equations represented by these terms are valid. The additional
equations are always numerically insignificant (i.e. when
evaluated give O(q) = O(Q) for negligible Q)’ so requiring that
they are also simultaneously satisfied does not impose a spurious
constraint. Thus the infinite determinant has no  physical
significance and may be considered as resulting from a periodic
extension of a finite set of equations. However although the
solutions (5.19) (5.20) of A(k+P) =0 can be obtained to arbitrary
accuracy by retaining more terms in the expression for the
determinant, the value of k does not become exact because of the
exclusion of the radiation modes in the definition of A.

A(0) and A(g/2) have to be evaluated by appropriate truncation.
When L is large, the truncated form of A 1is necessarily very
large. However, A is clearly related to det (M) and its extension
to include more terms. If k = 0 then since also Lg =~ 2p, it

follows that k-Lg = -2p = k - (L+1)g. Therefore for small
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integers m,

q, (k+mg) = 1 ( Crq,(ktmg-Lg) + C  ,q,(k+mg-(L+1)g) )

(k+mg+B) 2~p*

(5.21)

q; (k+mg-Lg) & 1 ( C_;q,(ktmg) + C_. _,q,(ktmgtg) )
(k+mg—Lg+p)2‘P2

(5.22)

Clearly equations (5.21) and (5.22) are identical to (5.10),

(5.11) by the identifications

q,(k) = p} (k) k> ~p

q,(k) = p (k+2p) k < -B
(this transformation is well defined since either k=0 or k=-2p)
Any finite truncation of A(k+p) is obtained by using the
determinant of the matrix of the set of equations obtained from
.(5.21), (5.22) by retaining (m s.t. |k+mg! = 0) and this is
equivalent to the determinant of (5.10) and (5.11) for the same
set of m, Z(k+p) say. Therefore in practice we may take
ACk+B) = B(k+p)
Let N-be the integer which minimisés |Ng + p[ and-write
-6 =Ng + P (5.23)
Then A(0) = a(Ng + &+p) = A (&+P)
(since the infinite determinant A is periodic with period g)
For small &/g the appropriate truncation for A(6+F) is det(M) and
so A(0) = det(M : k=6)
However for odd integers 1, near the phase matching condition
ZP = Lg, from (5.23)
§ = g/2
so A(6+B) is slowly convergent for,large L and may be unstable.

Therefore it is now more convenient to define



-&' = Ng + p -g/2

again choosing integer N to minimse |5'l, so that .

A(g/2) = A(P+6'+Ng) = det(M : k=8"')
and to use equation (5.19).
The frequency range near ZP = 1g for which k 1is complex (and so
there is locally a significant reflection) can be obtained from

A(g/2) cosz(TTP/g) <0 for odd 1

A(0) sinz(TTp/g) <0 for even 1
An explicit solution for k cannot be obtained in the manner
described in this section for coupling to other guided modes. In
these cases the determinant is not in a form which can be related

directly to Hill's determinant.

5.5 Numerical results

We now investigate whether a waveguide with two suitable
perturbations of very different amplitudes,as described in section
5.1 and figure 5.1, does indeed have a narrower reflection band
than the corresponding guide with a single perturbation. The
unperturbed slab guide 1is assumed to be symmetric and
single-mode. The cladding index is 1.47, the core index n, is

1.50 and the core thickness is 40/Lg. The perturbation amplitudes

- -3 2 _ -5 2
are e 8x10 n;, eL&l 4x10 n;

and the perturbation amplitudes extend over a distance
D= 105/(Lg),The value of k(w) is calculated wusing (5.14). P is

then evaluated from (5.15) and the reflection coefficient R from

(5.17).
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We are concerned here with the effect of the large perturbation,

€ , on the half-power bandwidth of the reflection band of the

L

small perturbation%ﬁ_ and how this varies as L/(L+1) tends to

1
unity for fixed Lg (or alternatively as eL/(an) tends to unity).
Figures 5.3 and 5.4 show the dispersion curve and group velocity
respectively for propagation in a doubly periodic guide for

L = 40, 80, 160, 240 and 320. Since Lg is fixed and e K e

L+l L’
the curves are independent of L except near 2B = (L+l)g. Figure
5.5 shows how the half-power bandwidth of the reflection peak
centred at 2p = (L+l)g varies with the group velocity near this
point (but outside the reflection band). From this it can be seen
that the bandwidth does increase with increasing L for L ( 200.
When L = 160, that is when the difference in the pitches of the
two perturbations 0.6%, the bandwidth is reduced from its value
for €141 = 0 by 11%. The group velocity near ZP = 16lg has been
reduced by 13%. This is as we would expect. For coupling to a
backward going mode by a single small perturbation, the reflection
bandwidth ~ 6w ZVg'Cll/(Lg) and it is clear from the figures that
for this small value of 6L+1 €1, the weaker perturbation.- does not
distort the dispersion curve significantly outside its stop band.
However, as the difference between the pitches is reduced
further, as for L = 240, 320, the baﬂdwidth increases again. Now
the large side bands of the reflection of the strong perturbation
overlap with the main reflection band of the small perturbation
and the reflections caused by the two perturbations are no longer
distinct (figure 5.6). The bandwidth of the reflection from the
small perturbation can no longer be meaningfully determined. Thus

the bandwidth reduction that can be achieved by this configuration

is limited.
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2.6 Conclusions

We have seen that the signal velocity of a periodic guide may not
necessarily be described by its group velocity. However, by
definition, the group velocity does determine how the frequency of
operation of a mode changes as the propagation constant is varied.
By analysing a doubly periodic guide we have found that the
characteristics of the reflection phenomena associated with a

_periodic  perturbation are determined essentially by the
propagation constant. The centre and edges of the reflection band
occur at particular values of P. The frequencies at which these
effects occur can vary and may be altered to produce desirable
characteristics.

Thus the introduction of ‘a very large amplitude perturbation
causes the reflection band of another éerturbation to be éentred
at a different frequency, and occur over a different fréquency
range, since now the greatly altered propagation characteristic
leads to the relevant propagation constants occuring at different
frequencies. When the group Qelocity is very small, as near
the band edge of the large amplitude perturbation, the frequency
changes very little over the ({unchanged) range of p which forms
the reflection band of the small perturbation. Thus the bandwidth
is indeed reduced. However the obtainable effects are rather
small. For -example, in order to achieve an 117% reduction in band
width it is neceésary for the large perturbation amplitude to be
approximately 500 times the small one and for the pitches of the
two  perturbations to differ by only 0.6%. This order of
improvement is also likely to represent the maximum possible case.

For smaller differences in pitch, the sidelobes of the large
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perturbation are significant and overlap with the main reflection
band of the small perturbation for smaller differences in pitch,
resulting in a broadened composite band.

Therefore again we have found that there are additional effects
in a periodic medium which mean that they behave simply as a

uniform dispersive dielectric only to a rather limited extent.
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The derivation of (5.17) is given in reference [36] when the

following identifications are made:

ip = 2(k + B)/g
Ay =
6, = 2p/e

Also from reference [36], in the same notation, it is clear that

Al(ip) (cos(ﬂ'ipo - cos(TT ﬁo)) = )
cos(TTiP) - cos(T Bo) + 4K sinz(TT 90 /2)cot(TT ﬂo /2)
where K is a constant to be determined by setting a value for ir.
The standard method is to set iP=0’ giving (5.17). Setting iP=l
gives
Al(iP) (cos(TTiP)-cos(TT ﬁo)) - Al(l) (-1-cos(TV 60))
= cos(?TiP) + 1

Therefore Al(iP) = (0 implies that

1]

cos(TTiP) +1 -Al(l) ( 1+ cos(rr ﬁo) )

i.e. cosz(T(iF/Z) = Al(l) cosz(TT Bo /2)

Thus using the identifications above this is equation (5.18)
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PART TII



. Y T EFFECTS OF HORT- E RELAT

_PERMITTIVITY OF NEMATTC LTIQUID CRYSTALS

.

This chapter 1is concerned with a theoretical investigation of
short-range correlationsin Nematic LiquidCrystals. It is part of a
larger study of direct—current field induced behaviour of guest
non-linear materials in a host liquid crystal.

Liquid Crystals play an important role in various optical and
electro-optical devices. In this context, the attractive préperty
of the liquid crystal is, in many caées} its change in refractive
index under the influence of an applied electric £field. This
change is a result of re-orientation of the anisotropic
birefringent molecules of the material. Thus the response times
are slow compared to those of electronic effects, and are of the
order of milliseconds, but the change in  permittivity or
refractive index 1is also very 1large, since in generél the
polarisability of the molecules (which are often thin and long )
is very different in the directions parallel and perpendicular to
the molecular axis. These properties mean that liquid crystals
are suited to applications such as displays [1], [2], [3] and
slow-speed switches (for example for Local Area Networks).

The anisotropy of the molecules in a typical liquid crystal and
the orientational order, which is present at 1low enough
temperatures, mean that in general —molecular theories are
complicated. Several factors are likely to influence the positions
of the molecules, and models of isotropic liquids cannot wusually

be applied. In addition, the properties are often strongly
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temperature dependent. Various models of liquid crystals include
the.Van der Waals mean field theory [4], the Maier Saupe mean
field model and director fluctuation or continuum theory [5].

If a reasonably accurate model is used, it may be hoped that the
macroscopic  properties such as the dielectric permittivity, the
refractive index and the elasticity of a liquid crystal may be
predicted from the characteristics of its constituent molecules.
This in turn may allow compounds likely to posses some desired
property to be suggested. For many applications in optics the
refractive index and dielectric permittivity are, of course, of
great importance. These quantities may be related to the molecular
polarisabilities and permanent dipole moments if these are
suitably averaged. Therefore it is wuseful to consider factors
which may effect this average.

The simplest and least ordered type of liquid <crystal is the
Nematic type. Here there 1s no long-range translational order
(that is, which persists over a distance of a 1large number of
molecules ), but there is long-range orientational order below
some critical temperature. The éverage deviation of the axes of
the molecules from any given direction 1is not uniform with
direction. It is minimised in some direction which depends on the
external or boundary conditions, and this direction is known as
the director. A quantity which indicates the degree of ordering
with respect to this director has been defined, namely the order
parameter S.

The anisotropy of liquid crystal molecules suggests that there is
likely to be also some degree of local ordering ( for example two
neighbouring rod-like shaped molecules seem more likely to 1lie

parallel than perpendicular to each other ). It is possible that
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this short-range correlation affects the way in which the
microscopic and macroscopic dielectric properties, in particular
the non-linear optical properties, of a Nematic are related.

In order to determine the dielectric properties of a liquid
crystal from its molecular characteristics it is necessary to use
a model for the internal field, which effects the equilibrium
positions and orientations of the molecules. Several such models
have been proposed [6]. However, of the recent models which
include the anisotropy of the internal field [7], [8], [9], only
that of Bordewijk and de Jeu [10], [11] predicts accurately the
observed temperature dependence of the refractive index. From the
statistical mechanical expression for the dielectric permittivity
[12] it is clear that this latter empirical formula corresponds
closely to the assumption that the molecules are totally
correlated, that 1is that they are all oriented at the same
(variable) angle to the director.

In this chapter we will investigate the degree to which the
dielectric permittivity, e, of a nematic liquid crystal is
affected’ by  short-range (non-electrostatic) orientational
correlation of its molecules, a feature which is ignored in mean
field theories. This will be done by first evaluating the term in
e which accounts for. two—particle interaction wusing Faber's
continuum theory [13], [14] ( this theory describes both director
fluctuations and short-range correlations ), and then inferring
from this the effect of local ordering in general.

We will find that, in fact, for a reasonable spatial
pair-correlation function, the effect of short-range orientational
correlation is rather small and may be neglected. Therefore it is

possible to obtain an expression for ¢ from its statistical
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mechanical series expansion by assuming that the molecular
orientations are uncorrelated. Perhapssurprisingly, the resulting
formula yields refractive index values for the liquid crystal
p-azoxyanisole ( PAA ') which agree closely with those predicted by
the expression deduced assuming total correlation by Bordewi jk and
de Jeu [11]. Since the new expression has been derived in a
semi?rigorous fashion, this may be seen as a justification for the
empirical formula of de Jeu and Bordewi jk.

The contents o0of the remainder of this chapter are follows. In
the following section, 6.2, the form of the pair-correlated terms
is determined from an expression for ¢. This expression relates g

" to the averages of molecular quantities and is a generalisation of
the method derived by Bordewijk and de Jeu [10]. In sectioms 6.3,
6.4 and 6.5 we evaluate the two-particle term and consider the
approximations involved inm this. The averages appearing in the '
expression for e are calculated by assuming no short-range
correlations in section 6.6. In section 6.7 the numerical results
for the refractive index of PAA are shown to be close to those
obtained from the totally correlated expression of reference

[11].

6.2 The Permittivi .

An expression for the dielectric constant, €, of an isotropic
liquid in terms of averages of the polarisabilities and dipole
moments of its molecules ( a generalisation of the

Kirkwood-Frolich equation ) has been derived by Bordewijk [15].



Bordewijk and de Jeu have shown how these averages may be
evaluated if a particular internal field factor is assumed [10],
[11]. In this section we will use this method, but make no special
assumptions about the internal field, and obtain an equation for
€.

=

From [10], the dielectric constant is given by

e, Cey = eyl es+(l—e¥)Q§ 1%y =

GK [ eX+(emX—eX)Qe‘K ]

1< (z:gi.[,é,ji)x (E}ii"z,é,j'i')g > ¥ =1Ll
—_ . 3 7

JI
KBT (6.1)

and the induced moment of the ith dipole due to the external field

( that is, for fixed positions and orientations of the molecules)

is
Prmalalteler(1-00% 17 e
J
=a) Al ile+r (1-e). €Y e+ (e, -e).0° 1.E
J
(6.2)

The sample 1is taken to be a sphere of volume V embedded in a
dielectric of the same permittivity, the surroundings being
treated as a continuous medium. The subscripts Ul and 1 refer to
the directions parallel and perpendicular to the macroscopic
director respectively. QF is a geometrical factor depending on
e"/el and the subscript o indicates that the average 1is taken
for zero external field. _F} is the permanent dipole moment and

i

a the polarisability of the ith molecule. A is a
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-1 , which accounts for

3n-dimensional temsor, A = (I + a.T')
the increase of each dipole due to the effects of the rest of the
medium [10] and é}j is its projection on the product of the 1
and j subspaces. E and 'Es are the Maxwell fields in the
surrounding dielectric and inside the sample respectively.

Z:égi is obtained by equating the right-hand side of (6.2) to an
é;pression for the polarisation of a dipole in the same sample,
but with the permanent moments set to =zero, for the same Maxwell
field. This is done in [10] wusing an independently obtained
internal field factor. More generally, for given positions and
orientations of the molecules, the induced polarisation can be
obtgined from that of the sphere in vacuo. In this case the
external field go for a general Maxwell field inside the sample,
Es’ is given by

E, = (2L +g,) E/3 .

Therefore, if we define

aAl=rz-) ol o rHady et -
j k

where Tij is the vacuum dipole propagation tensor, then
pl=atat.l 20 + e 1.E/3 (6.3)

For the case of total correlation of orientation of the
molecules, the average value of‘Ei is equal to that derived in
[11]. However the expression before averaging is different because
in the expression (6.3) it has been assumed that _the external
field E  and not the Maxwell field E_ is uncorrelated with the
molecular orientations.

Since (6.3) holds generally for fixed molecules and a given

Maxwell field Eg, as in [10] we can equate this expression for
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pl to that in equation (6.2) to yield an expression farzzﬁfl

~

Zéji =§_i.(2;+ &) e + (I - g).ne 1.l e+ (e- )05 1713

J
Therefore from (6.1)

e (ey = eyl ey + (epoy - eg)0% 1 Viexy =

2

Doy Aty ANl o) 24 ey

9K,T '

This reduces to the Kirkwood-Frolich equation [12] in the

11 (6.4)

isotropic case.

The averages in (6.4) may be calculated in the limiting cases of
total orientational correlation and no orientational correlation
(this latter calculation is carried out in section 6.6 below), but
an exact general evaluation would involve second, third and higher
order correlations and would be extremely difficult. In order to
estimate the effect of the short-range correlations we consider in
the following sections how we may evaluate approximately the

two-particle orientational averages.

.3 The Pair Correlation m i ittivity

In this section we will consider the terms on the right-hand side
of equation (6.4) which contain only orientational correlation of
two particles. These terms can be expressed in a simple form by

making certain assumptions and may then be evaluated using Faber's
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continuum theory.
Since there is no long-range translational ordering in the
Nematic phase, we will ignore third and higher order positiomal

correlation and express all positional averages in terms of the

. . . . i
spatial pair-correlation function gZ(E?'E

s EB)’ where R is the
intermolecular separation and R} is the director at the position
of the ith molecule. For each position of the jth molecule we take

for its orientation the average value given the position and

orientation of the ith molecule. Thus we assume

- i
g8, = 8,( R, 0

, 3@, 25 ) = g(R, ')

Using this we will replace the moment of the jth molecule by its
average value over all positions. Finally we average over the
positions and orientations of the ith molecule. We will assume
also that, with respect to axes fixed in the ith molecule, g is

independent of the orientation of molecule i [16]. The first

orientationally correlated term is:

< P;'Qﬁgé';?j' J > =

€
—e. 1 < J—g(}g,gl) Fl Fi'(’I‘ - %Rl aR e (6.5

I~

by

3
4TTeoV V1+V2 R
( sinceJ#} is independent of R for given‘gl ) where R = [R],
R = R/R, the symbols - and < > denote a positional and

orientational average respectively and e is the unit vector in the
direction of the applied field ( || or 1 ). The integration 1is

performed over volumes Vl’ V, as shown in figure 6.1, where the

2

radius R2 is large enough for short-range correlations to be

neglected 1in V2. Then for a spherical sample the integral over V2

vanishes.
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We will use axes fixed in the ith molecule, with one axis
parallel to the molecular long axis (i-axes). Then g = g(R) and we
assﬁme further that g 1is 1independent of the azimuthal angle ¢R.
As in continuum theory [13], [14], we take the correlations to be
isotropic. Therefore in equation (6.5) only ﬁ;‘ﬁi has any bR
dependence and when this tensor 1is expressed in i-axes the
contributions from its off-diagonal elements vanish because of the
¢R integration. Therefore by rotation of wuniaxial tensors the

average on the right-hand side of (6.5) is

E:—[g(ﬁ)( [Julz(l-salz)x + A(}f.(g—xﬁ)) n'nll.(a T+ san’nd] >ak
v, R’ (6.6)

where g, FF’= F? and §§;= 3? are referred to axes fixed in the
molecule (The molecule is assumed to be rotating about its long

axis so we treat .P# as a uniaxial tensor), Aa = a" - al and
similarly for A<F?'(£'_ 3&3) ).

From (6.6) the only term in H which depends on short-range

correlation is

J=ta (J‘nz +]112/2>J &R g1 - 3®),DH< atatadd > 6.m
. _ —=

Vl R

In the next section we will use continuum theory to evaluate this

integral.



6.4 Evaluation usin lu

In Faber's continuum theory [13], orientation dependent averages
may be expressed ( in the Random Phase Approximation (R.P.A.) ) in
terms of the sum of the director fluctuations X defined in [14]
and, if the orientations of two molecules are involved, a factor

K(R) indicating the lack of correlation at separation R:

e

& (R) = 2 (1 - 51n(qR) )dq
q, 0 qR
where the minimum wavelength of the fluctuations is 2TT/qC.

The parallel and perpendicular components of J may be evaluated

using [13]

U =X cos(ei)cos(eij)cos(ej) >

4S/9 + 1/9 -2Q/9 + (4/9%) dQ/dX

and

< sin(Bi)cos(¢i)cos(eij)sin(Bj)cos(éj) >

=U/2 - V/4 +1/12 - S/3 + 2Re(C)/3

respectivley,

where Si, ¢i, are the polar angles of.gi w.r.t to the fixed frame
Bij is the angle between gi and Bj
Q = < 3cos(eldy - 1 /2

< cosz(ei) cosz(ej) >

<
]

- i i L I |
C = 4T < Y,,(87, ¢7) Y,, (87, ¢7) >/5
Y22(6, $) is a normalised spherical harmonic
U, Q, V, C can all be obtained from differential equations in X.

In figure 6.2 we show

3, - [ s® (1- 3], uR) R

3
Vl R
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correlations, Jy, .(b;/by) = 2.4, Curves are shown for bp= v,2/q,
for various v and for the totally correlated and uncorrelated case:



as a function of the order parameter S, limiting our consideration
to high values of S, for which the R.P.A. should be valid. We have
taken
g(R) =)0 if R € E (6.8)
1 if R ¢E

where E is the set of points in a spheroid with the long molecular
axis as its major axis. The ratio of the major to minor axis bl/bt
is 2.4, and we have assumed this to be independent of temperature.
The error introduced by this approximation is likely to be small
as we are considering a small temperature range and additionally
there is short-range correlation of anisotropic molecules even in
the isotropic phase [16].

Changing bl/bt to, for example, 1.8 appears to make mo
qualitative difference to I which is not surprising in view of
the isotropy of ok.

Clearly the shortest wavelength fluctuation must be at least as
long as bt and so bt = VZTT/qc for some v < 1. Faber has suggested
that for a nematic composed of hard spheres with packing fraction
0.4, v ~0.64 [13]. By the same reasoning, for hard spheriods with
packing fraction p,

1/3

qcbt ~ 1.1 [ 36Tp

bl/bt
Since there is long-range orientational order we would expect
p> 0.4, but bl/bt > 1 also and so qut is likely to be only
weakly temperature dependent for small values of bl/bt' Therefore
we would expect v =~ 0.55 - 0.6.
For the purpose of comparison, we have shown in figure 6.2 J“ for

several values of v and also for no correlation and total

correlation. The totally correlated case appears to be a good
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approximation only when the shortest fluctuation wavelength is
significantly longer than ( ~ 5-10 times) bt’ that is, when there
is very little disorder at lengths of 2-3 molecular widths.
Clearly for v ~ 0.6 the S dependence of J” is closer to that for
no short-range correlation.

The obvious limitation of the above considerations is the neglect

of the anisotropy of the correlations. We discuss this briefly in

the next section.

6.5 Anis £ ¢l lati

In reality, because the bend elastic constant K3 is larger than
the splay elastic constant Kl’ the orientational correlation
between two molecules is likely to be larger when R is parallel to
the director than when it is perpendicular to it. We can include
this anisotropy into the R.P.A. averages of corfelated terms if
the degree of uncorrelation a depends on the direction as well as
the magnitude of R.

In the appendix an approximate analytical expression is derived
for «(R). For PAA for S = 0.669, 0.562, using data from references
[6] and [7], we find that the anisotropy of « is less than + 20 %
and is only weakly temperature dependent, figure 6.3. ( This may
help to justify the assumed temperature independence of
bl/bt). We can try to quantify the effect of this small
anisotropy by calculating the pair-correlation dependent term in
equation (6.5) with an isotropic excluded volume ( for isotropic

. - . 2~ '
correlations this integral vanishes ).Now R :@ cannot be replaced

~
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by a diagonal molecular tensor since the correlations are not
independent of the azimuthal angle in the molecular axes. For

example the parallel component is given by

L, = J a*R ( 3cos%(8) - 1 )(3V - U)

R>v2'7T/qC R3 2

In table 6.1 we give some values of L" for PAA, for various S.
Clearly the integral is nearly two orders of magnitude smaller
than J”. We conclude that the anisotropy of the hard core is much
more important than that of the correlations.

In order to express the anisotropy of the correlations relative
to molecular axes it is neceséary to consider the change locally
of the elastic constants resulting from the disorder. Thus the
correlations between fluctuations must be described and so the
random phase approximation should be abandoned. Thié can be
avoided by simply using the anisotropic expression for «(R) in the
expressions for <§;Qé.hjhﬁ> in (6.7) The effect of this on
J“ is shown in figure 6.4. However the physical interpretation
of the integral is now not clear. Since we have found that the

anisotropy of the correlations is small, we shall assume that the

isotropic case is a good approximation to the correct value.

We now consider how we may obtain an expression for €. Using the
approximations described in section 6.3, the average in (6.4) can

be evaluated in the 1limiting cases of no short-range correlation
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0.6 0.

T/K

-2 -2
378 .669 .237 x 10 0.203 x 10

-2 -2
383 .646 .221 x 10 0.193 x 10

-2 -2
388 .620 .210 x 10 0.187 x 10

-2 -2
393 .597 .190 x 10 0.173 x 10

-2 -2
398 .562 .170 x 10 0.160 x 10

Table 6.1 Values of the integral L for PAA for b, = b,
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and total orientational correlation. The latter leads to a formula
similar to that derived by Bordewijk and de Jeu [10] (see section
(6.2) ). However, from figure 6.?, the uncorrelated value of Iy is
~ 9 % less than its value when bt = 0.6 x 2Tf/qc, while the
totally correlated value is ~ 19 7% 1larger than this value.
Therefore if we assume that these results hold qualitatively for

higher order correlations too, we would expect the uncorrelated

case to lead to a better approximation to e. The term containing J

is likely to contribute ~25 7% of the value of I, which suggests

~ 3 % error from the neglect of local order.

In the absence of short-range order we have

ii ij j ik r _
< I Y.a . T . ..a > =
e
idiij j 3k k .kl T
<FF”I‘" >o.<§_.1 >O.<£.z >o"""'<f§->

and for a large number of molecules N, such that
NP+ o(vPTh) ~ NP

—

since < g}.}?k >. < 29 > are independent of j,-k, we have

)

<F’ .A .e Fi .’éi .g_>o'z

ZZ T_ 113 5 ko1 K '
T <(F N T (L +<al. 1) Tcad).e x

P} rY K <y ", 0 — 0
(}Jf -z L+ <a! a3E S )T e >

—~

(6.9)

Writing Q} = NF}.( I}J.<§3> - <§3.29k> ), since <§ﬂ29k> is

diagonal, (6.9) becomes
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;; <#i.éi. Val'e> =

o

=
;
)
o

i

LL (2we (F R )ee 2o L+ @D e

< aJ.gfk > can be evaluated as in section 6.3, but more simply as

—

now all correlations are neglected, to give

Jopik s o - i3
<a.Im > =1[aUTI+ (a0 -aU)<nn> [/(Ve) (6.10)

1
where
u-=- Jdkg(g) (1-3%%)
4TT ¥ R
1
For g as in (6.8), U=- Q + I/3, where Q is the depolarising

tensor of the ellipsoid E. Similarly,

°1 + (Mu2 - M12)<}1 n> ).e

i i i i _
< {P, 2').2'§P' D).e=ge.( M
where

= 2
M, I e.( L+ NAUa”<gg>/V ) .e

2 _ 2 _ _ 2
MyT = Ry e-C L - NaUa ( L-<nm>)/V).e

Thus if as usual we write

g, =L+ % < (g?fgi).g_(gé'—gév).g >

£ 1< (DD (DD e >

then from (6.4),

eo(ex " o ey + (e e,)QXe v
2
¥ )

€y ( 2 + €0

I+ (gﬂ__:_f} )Xn n> ).e ¥l 1

9 KT  e.( L+ Neat.TH> )% e




Hence in addition to the long-range orientational order effects,
there is an effective contribution to the dipole moment as a
result of the anisotropy of the molecules, AU, even when
short-range order is neglected.

As usual we can derive a from the extrapolated high fréquency

permittivity €,. From (6.3), summing terms as in (6.9),

e, (go- D = /DI L+ a/v<a .t 17> 61D

and <’31.Z}J > is given by (6.10).

6.7 C . {th E . 1D

In general, verification of expressions for ¢ is difficult
because of the uncertainty in the <values of the various molecular
parameters, for example a, F. For polar molecules it 1is furthér
complicated by the lack of a ﬁodel for the degree of permanent
dipole anti-parallel ordering; an alternative .expression for g
just provides another possible value for 8y For the refractive
index (and the permittivity of non-polar molecules) this latter
problem does not arise and so we will compare the theory with the
experimental data for this case.

From (6.11) and (6.10), for g(R) as in (6.8),

€ooy = 1 + (N/Veo) [ @+ aa( <opn>y - 1/3) 1] (6.12)

1 - (N/Ve ) [ a0 + a(aQ) ( Lw, - 1/3)]
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where ¥ =,1
a = au/3 + 2al/3
a0 = a“Q"/3 + ZaLQl/B
ala®) = a0y - a9,

Equation (6.12) is rather similar to the expression deri&ed by
Palffy~Muhoray and Balzarini [8], [18]. However they assumed that
the polarisation P and the local field F satisfy
P> = <a.F> = <a>.<F>

while we have found that the second inequality does not hold for
anisotropic molecules. |

We have calculated values for the components of the refractive
index oy, 0 for PAA from (6.12) ( with nzX = € ooy ) and from the

totally correlated case as in [11], i.e. from

2 _
ny~ = 1+ (N/Veo)[ a, + 2al
3(1 - (N/Veo)a”Q") 3(1 - (N/Veo)alQl)
+ ( a, - a ) (<kn o> - 1/3)
(1 - (N/Veo)a"Q") (1 - (N/Veo)alQl)

(6.13)

We have used values from [11] for a, bl and bt' Since (6.12) and
(6.13) are identical for S = 1 we have used the value of a
calculated from the solid state refractive indices. The values of
bl and bt are those generated from the crystallographic data. S
and the density p are from references [6] and [19] respectively.
Figure 6.5 shows the percentage deviation of the calculated value

of nK2 -1 (¥ =1,1) from the measured value [20] as a function of



)x1oo
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Figure 6.5 Graph showing percentage difference of calculated

e;‘"’- 1 (¥=U,L) from the measured value &,~ 1

as a function of S for PAA. The curves TC” » TC, show
the results using the totally correlated formula and
UC[I’ ucy show the results using the uncorrelated

formula.
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S. The two sets of curves correspond to equations (6.12) and

(6.13).

From figure 6.5 it is clear that both sets of curves deviate from
the measured value 1in a very similar way, which suggest a common
error. The deviation is consistent with errors in the values of 3T,
Aa and indeed, for example, 5240 is different for the nematic
phase and solid phase data. This effect appears to dominate any
which might result from the neglect or otherwise of the
short-range correlation. There is no indication that (6.12) is a
better approximation than (6.13). However, if the treatment of the
correlation were the only error, we would expect the measured
value to lie between the two calculated ones. Since this is not
the case it 1is difficult to determine the degree of correlation
suggested by the data.

Equation (6.13) was derived in order to satisfy the conditions

Anz/P ~ S R (Hz -1)/p ~ constant
obtained from the experimental data. Since the values of n, oy
calculated from (6.12) and (6.13) are very similar it follows that
(6.12) too has these properties to a good approximation. Therefore
it seems that the observed temperature dependence of the
refractive indices may be obtained without any assumption about
the degree of correlation, as long as the dependence of g(R) on
the orientation of the molecules is properly accounted for. The
close agreement between the totally correlated énd uncorrelated
cases may be seen as a justification for the empirical equation

(6.13). However, the different S dependences may be significant to
the calculation of the static permittivity.

Thus, in conclusion, we have investigated the effect of

short-range orientational correlation on the term in the
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expression for ¢ which describes two-particle interaction and we
have found that it is 1likely to be small. Therefore we have
averaged over molecular orientations by neglecting the effects of
local ordering. Hence we have obtained a relationship between g,
the molecular parameters a, #, Q and the order parameter S. This
equation both describes an anisotropic iﬁternal field and
predicts, to a good approximation, the temperature dependence of
the refractive index data. Theoretical considerations suggest that
it should be an improvement on the previous expressions for g.
However, because of the difficulty in extracting molecular
parameters from the experimental data, we have not yet been able

to determine whether this is in fact the case.
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APPENDIX TO CHAPTER 6

A method for predicting the degree of short-range correlation
using continuum theory has been given in reference [13]. However
the calculation has been simplified by considering isotropically
averaged correlations. In this appendix we will remove this
simplification and determine approximately the anisotropy of the
correlations. We use the notation of reference [13].

For a single fluctuation y = ¢0 cos(gzg), the difference

between the twists at‘Ei and_gj is [13]
oy = Wj - Wi = -2 Wosin( 2:(§j+gi)/2 )sin( Sf(gjjgi)/z )

Averaging over Ei + gj for fixedl_Péi —'gj gives

(Alp)2 = Zwoz (1- cos(g__.(ilg_j - R /3

Taking a thermal average, using the average of woz s

2
< (ag)y” > = 2K T (1 - cos( Sf(gﬁ - R

qu ( Ky sinz(e) + K éosz(e) )

3
where ¥ =1,2 for a splay/bend, twist/bend mode respectively, and
qg = ( gsin(8)cos($), gqsin(B)sin(¢), qcos(6) )

Summing all the modes, retaining an isotropic cut-off for the

fluctuation wavelengths, 2TT/qC, and using the definitions of X,K

2 2
Z:( (Aqk)z >= v E:: ZKBT K (1 - cos(gR cos(eqR)) ) d%&
3=l , )
21137 va®  Kys1n®(8) + Kycos?(®)
2
= X[ 2-K cos(qR cos(BqR)) sin(6) déd¢dq |

4TTq§' Ky sinz(e) + Ky cosZ(G)

where Bq is the angle between q and R
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Thus we define X(R) analogously to «x(R) by

2
x(R) =2 -K cos(qR cos(eqR)) sin(8) dédddq

4TTq ") Ky sin”(8) + K, cos’(8)

¥ 3

The integral appearing in this expression!lcannot be evaluated
straightforwardly. However the R dependence is contained in the
term cos(qR cos(GqR)) and the denominator is just a "weighting"
factor indicating the fluctuation amplitude for each gq. Therefore

~

we substitute

]

D

) 1/KX + (1/Rg = 1/K [(1 +'E3)cos2(e) —-E%cos4(9)]

for

cosz(e) )

D, 3

and assume that the anisotropy with respect to R will not be

1/( Ky sin2(6) + K

significantly altered. The two expressions are equal for cos(8) =0
and cos(8) = 1..f% is obtained by a least squares estimate fit of

D, to D, for 8 = 0 to TV. This yields

1 2

K, = 128 [1/16 - 3/8L - 3/20% - 1713 + (/we2/%+1/0) /(T 173
where
L = (K3 - Ky)/Ky
With this substitution and by taking the polar axis parallel to R

we can write for M
M =:Ecos(qR cos(GqR)) sin(eqR) D,(8) dSqu¢quq
Since cos(0) = cos(eqR)cos(eR) + sin(SqR)sin(GR)cos(¢qR—¢R)

where R = (R, GR, ¢R) with respect to the fixed z (extraordinary)

axis, the expression can be integrated to yield



2us

2
2
X(R) = 2 - KE; [Q(qR) + 1 (1= 1) [ Pp(eos (8010 (qR) +

K 2 K

¥ K

3 ¥

P, y(c08%(8,))Q, (q RIP 5, (c0s”(8,))Q3(q RI*P, y(cos”(8))Q, (q R) 1]

where
Ql(qCR) = ( sin(chx)/chx )dx
QZ(ch) = cos(qCR)/(qCZRz)
0;(q R) = sin(qR)/(q_RY)
= . 4 4
Q4(ch) = [ cos(ch) - s1n(qCR)/(ch) ]/(qC R)
2 _ 2 4
Plx(cos (BR)) =1+ K5/4 + (-1 + KE/Z)cos (GR) - 3Kycos (OR)/4
2 _ _ 2 4
sz(cos (GR)) =1+ Ky/4 - 3(1 + KB/Z)cos (eR) + 5K,cos ((-)R)/4

P35(cosz(6R)) =-1 -7Ky/4 + (3 +33K8/2)cosz(9R)— 75K5cos4(8R)/4‘

P45(C082(8R)) = -6KX[ 3/4 + lScosz(eR)/Z + 35cos4(GR)/4 ]
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