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Abstract

A technique is presented that allows pulse profiles in 
the case of laser active mode-locking (AML) to be computed 
simply and essentially without approximation. Pulse 
shapes, pulse energies and pulse shifts within the 
modulation cycle are all predicted. For cavities longer 
than the modulation period, the solutions are obtained 
from a simple first order difference equation) for 
cavities that are shorter than the modulation period 
however, second order difference equations apply leading 
to a large tridiagonal system of linear equations. As in 
the case of mode-locking by synchronous pumping, 
steady-state pulses are predicted in the absence of a band 
width-limiting filter, a feature that is at variance with 
standard self-reproducing profile approaches to
mode—locking problems.

We also discuss the physical relevance of the cavity 
"supermodes" in determining the stability properties of 
the mode—locked laser. We show that when the modulation 
depth is too small or the bandwidth too large, different 
supermodes have similar energies and we argue that under 
these circumstances the laser will not be able to sustain 
mode-locked operation since several supermodes compete for 
the same gain.

We extend earlier work on the theory of active



mode—locking in a laser with a very long recovery 
time and obtain approximate closed-form solutions. Me show 
how the results can be reduced to the well known Kuizenga 
and Siegman formulae in the limit of a large laser 
bandwidth for a given modulation depth.

The effect of a fast saturable absorber in the dynamics 
of a single mode homogeneously broadened laser is 
investigated. The physics are simple, since the system is 
just a laser with a nonlinear loss. However, particular 
attention is given to the evolution of chaotic motion. It 
is argued that the absorber enhances this kind of motion 
and, more importantly, that the presence of the absorber 
brings to physically accesible regions of parameter space 
the very rich dynamics present already in the laser 
equations but for rather unphysical parameter values.

The effect of a discrete loss on the response of a 
homogeneously broadened laser to small perturbations in 
the case of an optically thin lasing medium <a localised 
source) is studied.

It is shown that self—pulsing always occurs at a 
threshold level lower than the value predicted by Risken 
and Nummedal. A more general condition for the instability 
of the laser resonant mode is derived.

The case of a strongly saturated laser medium with a 
very long relaxation time and finite Rabi frequency is



explicitly solved and it is argued that side-band 
generation is induced by gain oscillations at the Rabi 
■frequency; it is shown that instability o-f the laser 
resonant mode in a bad cavity, signaling onset o-f chaos, 
can be identified with side-band generation by anomalous 
dispersion.
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Foreword

This thesis considers three different laser 
processes which generate ultrashort pulses of light, 
namely active mode-locking by loss modulation (AML), 
passive mode-locking with a fast saturable absorber (LSA) 
and spontaneous mode-locking or self-pulsing (SP).

Mode—locking techniques have been developed for the 
generation of very short pulses of light. Early 
theoretical work involved Fourier analysis of the pulses 
and described mode-locking as the means of locking the 
relative phases between modes. Here a time domain approach 
which views mode—locking as a way of re—distributing the 
energy in the laser cavity is adopted. This allows one to 
study not only the dynamics of short pulse formation but 
also — by taking full account of coherent effects — the 
transition to other types of motion through laser 
instabi1ities.

Very different laser dynamics are involved in each 
mode-locking technique, as will hopefully be clear 
throughout this work. Nevertheless, in order to give unity 
to this thesis each problem is addressed on the basis of 
the same theoretical framework. The simplest model is 
developed and studied in each case with the following 
characteristics in commons
1. The physics are restricted to semiclassical laser 
theory in the time domain.



2 Each model is derived from the so-called Maxwel1-Bloch
equations plus boundary conditions. Common simplifications 
are the electric-dipole interaction, rotating wave 
approximation and phenomenological addition of decay rate 
constants. Coherent effects are not a priori ruled out. 
Other approximations suitable to each problem are 
carefully considered where appropriate.

3. The laser model involves two-level active and/or 
passive atoms with a homogeneously—broadened line inside a 
uni-directional, one-dimensional ring cavity. Thus the 
problem being dealt with in all three cases is 
mode-generation rather than mode-locking. A distributed 
loss is assumed for AML and LSA whereas a discrete loss is 
considered in the case of SML.

Chapters I to III deal with the problem of active 
mode—locking by loss modulation (AML). Only steady—state 
pulse characteristics are considered all along, except in 
Appendix A where transient evolution is briefly 
considered. This model, unlike previous ones, takes full 
account of the system dynamics in the dark part of the 
cavity. The possibility of satellite pulse formation in 
the cavity and conditions which might lead the mode-locked 
laser to become unstable are also studied.

Chapter IV deals with a laser containing a fast 
saturable absorber (LSA). The LSA model has been



*

thoroughly studied elsewhere; passive Q-switching leading 
to short pulse generation and bistability are well known 
properties of this laser. Here the possibility of chaotic 
motion is investigated numerically , and the effect of the 
fast saturable absorber in the evolution of such chaotic 
dynamics is emphasised.

% Finally, in chapter V the general instability problem 
of a laser is considered.. Operated under certain
conditions the laser is known to produce short pulses 
without external active or passive modulation, a
phenomenon variously referred to as self-pulsing <SP) or 
spontaneous mode—locking if the pulses are periodic. 
Unlike previous models of SP, a discrete transmission loss 
in the cavity is introduced to simulate beam extraction.

♦ Numerical solutions of this model are left for future
work.

0
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♦
Chapter I

A new model -for AML

1. Introduction

Following previous work in the theory of mode—locking 
by synchronous pumping C13 we discuss here an approach to 
the simpler problem of AML based on similar techniques. 
In particular, we discuss the case of a laser system in 
which the gain medium has a relaxation time Ti« greatly in 
excess of T«=«v. The latter assumption (which is, of 
course, entirely appropriate for a solid-state system such 
as NdiYAG) ensures that the laser gain is essentially 
time-independent in the steady state and that saturation 
merely determines the value of the gain in relation to the 
average power in the cavity.

The earliest theoretical treatments of AML by loss 
modulation were performed in the frequency domain. In 
particular, Haken and Pauthier C23, presented a non-linear 
theory for the case of homogenous broadening. They showed 
that the motion was closely related to that of a displaced 
quantum mechanical harmonic oscillator, and termed the 
family of Hermite-Baussian solutions the "supermodes" of 
the laser system.

Kuizenga and Siegman C33 pioneered a time-domain 
approach specifically designed to be applied to a 
solid-state laser such as NdiYAG. Starting from the

12



assumption that the steady-state pulses are Gaussian, they 
used a self-consistent approach to determine the pulse 
width in terms of the parameters of the system; they 
concluded that the steady-state condition represents a 
balance between pulse narrowing caused by the modulator 
and pulse broadening caused by the finite amplification 
bandwidth of the laser material. While Nelson C43 pointed 
out that the Gaussian result of Kuizenga and Siegman 
corresponds to the lowest order solution in the supermode 
family, Haus C53 discussed the stability properties of all 
higher—order supermodes. Haus also demonstrated the 
equivalence of the frequency-domain and time-domain 
analysis.

More recently, Piche and Belanger C93 developed a 
self-consistent profile technique that did not require the 
functional form of the pulse to be specified in advance. 
On the basis of an approximate analytical expression, 
these authors showed that the pulse shapes are close to 
Gaussians. An accurate numerical solution of this model 
was presented by Radmore C103.

Within a similar context, Creighton and Jackson C63 
found a closed form solution for AML in a special case, 
while Haken and Ohno C73, building on the early work of 
Risken and Nummedal C83, obtained analytical solutions for 
spontaneous mode-locking; to our knowledge, Haken and 
Ohno's method has not been applied to other types of 
mode-locking. Spontaneous mode-locking will be explored in



considerable detail in chapter V.

In this chapter the techniques of C13 are applied to 
the case of AML. A simple time-domain model which involves 
a succession of linear operations representing gain, 
filtering and time shifts in the laser cavity is presented 
and compared to previous frequency domain approaches. Its 
derivation from standard semiclassical laser theory is 
also outlined. Sets of difference equations for the field 
values are derived and discussed. For cavities longer than 
the modulator period solutions can be found almost 
trivially (as in the case of AML by synchronous pumping); 
in the converse situation, a large tridiagonal system of 
linear equations has to be solved.

We emphasise that this model involves essentially no 
approximations and that its predictions run counter to 
standard time-domain approaches to AML problems.

2. Linear model for AML

The dynamics of lasers with a long relaxation time are 
essentially linear. It is shown in Appendix A that in 
such a case the semi-classical Maxwel1-Bloch equations 
with spatial effects (i.e. including spatial derivatives) 
can be reduced under certain approximations to a model 
involving a succession of linear operations including 
modulation, bandwidth limitation and time displacement as

14
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♦

done in C33- One is therefore free to interpret the 
linear filter as the lasing medium itself or as a real 
intracavity filter depending on which actually dominates 
the bandwidth restraint in the cavity- The former case 
corresponds to a laser model which includes coherent 
effects whereas the latter corresponds to a rate equation 
laser model plus ad hoc external bandwidth-limitation.

If we assume that a pulse is already circulating in the 
laser cavity and that it only changes slightly from one 
cavity transit to the next, we can safely propose a model 
for mode-locking in which gain, filtering and time shift 
operate sequentially in the pulse shaping process. 
Although these operations do not commute with each other, 
their order is physically irrelevant; it only determines 
the place in the cavity where the pulse is being observed. 
We will consider here the following order: gain, filtering 
and finally time shift, as shown schematically in Figure 
1.

The effect of the gain in the case of AML by loss 
modulation is simply multiplication of the input pulse by 
the net gain factor g(t) which includes the modulation.

It is convenient to illustrate at this point under 
which particular conditions our time-domain approach to 
AML problems is equivalent to conventional
frequency—domain approaches. As mentioned above the 
modulation acts instantaneously on the pulse; therefore

15
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the signal is simply multiplied by g(t) as it goes through 
the modulator. On the other hand, the linear filter has 
memory effects which can be expressed as a convolution □ 
in the time-domain. Therefore, after introducing a time 
shift tm equal to the mismatch between the cavity period 
T c « v  and the modulator period T mc, c  (tm ® T«=.v - T m o d )  , the 
steady—state field in the cavity must satisfy

*

V(t + tm) - Cg(t)V(t)3DH(t) (la)

where H is the impulse response function of the filter.

♦

R = 1

Figure 1. Linear model -for the steady-state Field in AML problems in 

a ring laser cavity involving net gain (which includes loss 

modulation), bandwidth limitation and time shifts.

Transforming this equation to the frequency domain we 
obtain the alternative steady-state condition

16



exp<i(i)tm>V(u) » H<w) Cg (<j)DV(w) 3 (lb)

where V(«) is the Fourier transform of V(t) and similar 
notation is used for the other functions. Notice that H(u) 
is a gain factor and can be expressed as H(<i>) - exp<h(<i>)>
where h(w) is proportional to l/(l+iw/Va.) for a typical 
homogeneously broadened line (y^laser bandwidth). 

* Consider now the following assumptions:

1) When saturation can be neglected, that is to say, when 
gain depletion is small one can expand H<o) to first 
order, i.e. H(w) ~ 1 + h (<■>).

♦

Figure 2. Quali tati ve sketch of 1aser 1i ne (dented) and the
% convolution of the laser spectrum with a harmonic function (sum of

solid lines) when Vx>yPu i / T nSd.

2) For typical lasers the laser bandwidth is much larger
17
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*
than the pulse's spectral width which in turn is much 
larger than the modulation -frequency. Under these 
circumstances one can approximate h (<»>) Cg <(■»)DV(w) 3 ~ 
h <(i>) V(u) , as long as the number and weight o-f subharmonics 
o-f g is not too large, as shown qualitatively in Figure 2.

3) For small cavity mismatch exp-Ciotml ** 1 + i<i)tm.
*

The result of these approximations is that (lb) can be 
re-expressed as

Cl + i utm - h <(i)) 3V <g>) * g (oHIIV ((•)) (lc)

which can be identified with equation (4) of C53. Notice 
that the time-domain approach as expressed in (la) 
involves fewer approximations than (lc).

In Cl] a Fabry-Perot etalon was chosen to simulate the 
filtering operation for convenience and simplicity and 
also because it is actually used as a bandwidth-limiting 
device in lasers. As is well known, its optical transfer 
function is h(<5) = r (6) exp (iQ (<$) ) with 6 * (o — u)*)t«. and

r (6) - Cl + C 4 R / ( l - R ) ^ D s i n ^ ( 6 / 2 ) ( 2 a )  

0(<5) = tan-1 <Rsi n (6 ) / (1 - Rcos(6)> (2b)

where R is the mirror reflectivity, T = 1 — R and t. is 
the etalon round-trip transit time; u is an angular

18
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frequency and is the atomic transition frequency.

It is straightforward to show that the average group 
delay is

t* 3 <d0/du> | - (R/T)t (2c)

The Fabry-Perot etalon is an 
feed-back, and it can be represented

optical system 
as in Figure 3.

with

4

Figure 3. Representation of a Fabry-Perot etalon as a linear optical 

system with feedback.

The first block represents transmission through the 
first mirror. At the output of this block the field equals 
the input field Vx multiplied by v̂ T. Block 2 represents 
field propagation through the etalon which delays the 
field by t*/2. Block 3 represents the effect of



transmission through the second mirror which is simply 
represented by multiplication by vHT. Finally, block 4 
represents the feedback effect of a double reflection from 
the inner faces of the mirrors and a double transit 
through the etalon; thus the input to this block is 
multiplied by R and delayed by t.. The output field Vo to 
the Fabry-Perot is then

Vo(t) - TVi(t - t./2> + RVo(t - t.) (2d)

3- The difference equations of AML

Based on the last equation of the previous paragraph, 
and with the help of Figure 1 one can easily show that the 
steady state field in the laser cavity satisfies C13,C113

V j - * - n  = TgjVj + RV J  - * - n  —  X  (3)

where gj = fhj combines the gain, loss and modulation; hj 
= exp<Dcos(Xj + #)/2)> is the modulation factor and f = 
exp{(A — r - D)/2> is the saturation factor discussed
later; A, V and 0 are respectively the saturated gain 
coefficient, the distributed loss coefficiet and the 
modulation depth; x_» = 2irj/N; a typical variation of gj 
with Xj is shown in Figure 4; $ is an arbitrary initial 
phase; N (a large number) = Tmod/t.? n (a small number) = 
tm/t«. Note that the cavity period T«=«v includes the 
one-way path t_/2 through the etalon.



♦

*

%

Figure 4. The modulation factor gj defined in the text plotted as a 

function of Xj for D=0.4, f*0.95 and

Notice also that 
to a time delay equal 
importantly, that the 
us to discretise (2d) 
of the etalon) as our

the time shift operation corresponds 
to the cavity mismatch tm and, more 
particular filter chosen has allowed 
by choosing t. (the round trip time 

unit of time.

Generally, A is time-dependent, but 
considered here where the gain recovery 
exceeds the cavity period, A is constant 
written as C113

in the case 
time greatly 
and can be

A * Pr/(1 + J) (4)

21
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where J is the relative energy of the mode-locked pulse 
and P is a pumping parameter normalised so that P*»l
corresponds to laser threshold when the modulator is 
switched off- It follows from the above definitions that

J - Pr/<r + D + 21n <f)) - 1 (4a)

It is useful to define here the effective cavity 
mismatch

t«n —  T c a v Tm o d (5a>

where T c * v ‘ = T*=«v  + t* is an effective cavity transit
time which equals the sum of the empty cavity transit time 
plus the filter's phase transfer function response time 
which induces an average group velocity delay in the 
pulse.

Combining the above definitions one easily obtains

tm ‘ - ( R / T  + n >t* (5b>

On an intuitive basis, perfect tuning (i-e- tm ' * o) 
corresponds to the case where the shift of the pulse 
caused by the filter is balanced by the opposite shift due 
to the cavity mismatch therefore allowing the peak of the 
pulse to traverse the modulator at the instant of maximum 
transmission for every transit in the cavity- It is in 
this situation that we expect to get the most energetic



Given that 0<R<1 it is clear -from (5b) that the optimum 
condition tm ' = o can only be achieved for cavities 
shorter than the modulator period, that is to say n < 0.

Me discuss in what follows three physically different 
cases, namely T«=«v < Tmocl (negative mismatch) , T«=.v » Tm0d 
(no mismatch) and > Tm0d (positive mismatch). This is
done, for convenience by taking n * -1,0,1 respectively.

It is easy to show that for n ■ +1, and -1, (3) can be 
expressed in the respective forms

pulses.

VJ+1 = CR + TgjIVj (n=+ 1) (6)
Vj = CR/(1 - Tgj)3Vj-x (n* 0 ) (7)
Vj-i = TgjVj RVj-2 (n=- 1) (8)

Since we have chosen tm*nt«, variations of cavity 
mismatch tm should, in principle, correspond to variations 
of n for a given etalon with transit time t». This of 
course means that choices of n other than ±1,0 are 
possible but the order of the difference equations so 
obtained is in general larger than 2 and therefore it is 
more difficult to solve them.

In order to simplify the mathematics we have taken the 
converse approach, that is to say, we keep n fixed; 
variations of tm correspond then to variations of the time

23



unit tmm This is "unphysical" in the sense that the etalon 
properties are being changed as tm is varied. 
Nevertheless, it turns out that the most physically 
relevant property o-f the -filter involved in the generation 
o-f the pulses is its group delay t* given in (2c) and that 
this is the quantity that must be kept unchanged to 
characterise the filter. Equation <2c) suggests 
immediately that variations of t» through tm should be 
compensated by adjusting R in order to keep a fixed filter 
characteristic time. This matter is further discussed in 
chapter II.

In the absence of the bandwidth-limiting filter, 
steady-state profiles are easily generated, provided tm 
(or equivalently n) is not zero; for setting R = 0 and T =» 
1 in (6) and (8) yields Vj+i = gjVj and Vj-i = g_»Vj when n 
= +1 and n = -1 respectively. For the n — +1 case, we can 
therefore write

k -iV* - f* (TT hi) Vo (9)

From the functional form chosen for the modulation 
function, the product of the whole set of hj values (j=»0 
to N) is clearly unity; and since a basic requirement on 
the steady—state profile is periodicity with period Tm0c* 
(Vim = Vo), it follows that f a 1 in this case. Note that 
the peaks of the profiles lie at the zeros of ln<hj>, at 
Xj = 0 in Figure 4 for n = —1 and at Xj * ir for n = +1; a 
simple picture of AML on the other hand would have the

24



pulse traverse the modulator at the instant of maximum 
transmission, that is at x 8 ir/2 in Figure 4. Note also 
that the existence of stationary solutions in this case 
runs counter to the philosophy of the familiar 
"self—consistent profile" (SCP) approach to AML, in which 
the steady-state pulse is said to represent a balance 
between a pulse compression process imposed by the 
modulator and a broadening process imposed by the band 
width—1imiting element.

For n * +1 or 0 (and with the filter now included), 
profiles can readily be generated from (6) or (7) once f 
is known. Fortunately, it is easy to find f from the 
periodicity requirement, which can be expressed as

N
n  (R + Tfhi) * 1 (n=+l) (10)i-t

N
n  R/ < 1 - Tf hi) a 1 (n= 0) (11)
l«l

In either case, the product is computed (with f ■ 1 
initially) and a corrected value of f estimated from the 
error; an accurate value emerges after two or three 
iterations. It is not difficult to show (since hj>0 for 
all j) that the value of f so obtained is the only 
positive root of the polynomial in f given by (10) or 
(11). It follows that the field profile generated with 
such f value is the only field "mode" allowed to oscillate 
in the cavity.

25



The most physically relevant case, namely n ■ -1 is 
much more difficult to solve because (8) is a second order 
rather than a first order difference equation. It is 
helpful to begin by writing (8) as a matrix equation

Although the number of field values in the laser cavity 
at any particular instant is only (N - 1), N values are 
processed in one cycle of the modulator and N values of Vj 
therefore appear in (12); note the identification of VN 
and Vo in this equation.

If f were known, (12) could be solved explicitly for 
the Vj's by the technique variously known as the Thomson 
algorithm, Grout's method, or tridiagonal decomposition. 
To solve the problem starting from an unknown value of f, 
we adopt the following procedures we split off the final 
equation in the N x N system leaving an (N — 1) x (N - 1) 
matrix in (12) with the term TfhiMV™ in the bottom position 
of the column on the right hand side. Since the system is 
linear in the Vj's, only relative values can be obtained. 
We are therefore free to set VN ■ 1, leaving no unknown
Vj's on the right hand side. For any value of f, the (N -



i) relative V_»'s can be obtained and the result 
substituted in the Nth equation which now reads

-RVn -i + 1 - TfhiVi = 0 <13)

If (13) is satisfied, the problem is solved. Viewed in 
this way, the problem reduces to a search for the roots of 
a complicated polynomial in f; once the root is found, the 
field profile is known also. There is an additional bonus 
available since (4a) gives the energy in the cavity as a 
function of f and thus enables a set of profiles with 
different parameter values to be scaled according to their 
relative power.

4. Conclusion

We have presented a simple technique that allows field 
profiles in the case of AML to be obtained essentially 
without approximation. We have outlined its relation to 
previous frequency-domain approaches and indicated how to 
formally derive our model from rigorous semiclassical 
laser theory.

Sets of difference equations for the field values in 
the cavity have been derived and discussed; it has been 
shown with extreme simplicity that the conventional 
picture of steady-state mode-locked pulses resulting from 
a balance between filter broadening and modulator

27



narrowing is incorrect.

A detailed compari son o-f this model with standard
time-domain approches is de-f erred to Chapter III?
numerical solutions are given in the next chapter.

0
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♦
Chapter II

Pulse characteristics and 
the supermodes of AML

1. Introduction

In this chapter we solve the difference equations for 
the laser field derived in chapter I. This allows the 
complete signal profile to be obtained essentially without 
approximation. The variation of pulse shape, pulse width 
and pulse energy is examined over a range of positive and 
negative tm values. When tm>0, solutions can be found 
almost trivially (as in the case of mode-locking by 
synchronous pumping); for negative tm values however a 
large tridiagonal system of linear equations has to be 
solved. Multiple solutions related to the higher— order 
supermodes mentioned earlier occur under certain 
conditions, but only the highest energy solution appears 
to be stable for the range of parameter values used.

In the third part of this chapter we reconsider the 
physically relevant case of negative mismatch (n**—1) close 
to optimum tuning and re-write the corresponding second 
order difference equation as an exact discrete Mathieu 
equation in order to deal with the so-called supermodes of 
AML; although this is not a strictly necessary step, it 
certainly facilitates the identification of the key 
parameter f (the saturated gain) with an eigenvalue of the 
second order difference equation. We conclude that the

29



supermodes represent different periodic steady states of 
the laser and are associated with different allowed 
eigenvalues (saturated gains) of the discrete Mathieu 
equation.

Me shall argue that for a given depth of modulation D 
and moderately large laser bandwidth ( t* < Tm0d ) the 
standard expressions of AML C33 (derived in chapter III
from our model) describe well the problem both
qualitatively and quantitively; and that this is so
because of one of the following reasonss (1) Only the
zeroth order supermode, which is approximately a Gaussian, 
is allowed to oscillate in the cavity, or (2) if besides 
the zeroth-order supermode, several others are allowed to 
oscillate in the cavity, they all correspond to a discrete 
spectrum with well separated eigenvalues, i.e. the 
spectrum consists of narrow bands separated by relatively 
large gaps. The laser is then able to discriminate among 
the allowed supermodes and choose, by energy 
considerations, the one requiring less gain to oscillate 
and having the maximum peak power.

On the other hand, for too small D or too large laser 
bandwidth ( t-*= << Tn.od > , the spectrum becomes highly 
degenerate, i.e. the gap size is reduced substantially and 
all eigenvalues tend to a single value. In this case all 
different supermodes become equally likely candidates for 
oscillation as they all have almost the same saturated 
gain and therefore the laser is unable to discriminate



*
between them. Our interpretation is that in these 
circumstances the otherwise negligible random 
perturbations induce a laser instability, that is to say, 
the laser is unable to sustain the mode-locked regime.

2. Numerical solutions of the difference equations of AML

A typical family of pulse profiles generated by the 
methods described in chapter I is shown in Figure 1.

*

%

Figure 1. A family of p
tms _ Tc«v/36; \ b ) rf 3 II 1

tm=-Tc« v / 108; (e) tm“ “ Tc
( t . aTc.v /216 , but other v

text; (h) tms+ T c v / 5 4 . The

P*2 and r*0.5 . The horizont

chapter I.

rofiles for Da0.4 and t*sTc«v/72. (a) 

rc,v/48; (c) t*«-Tc.v/72<— t*); <d) 

av/144; (f) tms-Tc*v/216; <g> t«,»0 

alues are little different as mentioned in 

vertical scaling is derived from (11) with 

al scaling is the same as in Figure 4 of
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Pulse durations 
•function o-f tm/t* in

and pulse energies are plotted as a 
Figures 2 and 3.

Figure 2. The pulse width (full width at half intensity maximum in 

units of Te.v )  as a function of tm/t*. Parameter values are the same 

as in Figure 1.

The wide variation with tm o-f the pulse timing within 
the modulation period is particularly noteworthy. Note 
also that the narrowest and most energetic profiles occur 
when t«, is of the order of -t-*= (i.e. tm 'B0) , in which case 
the circulating pulse encounters the modulator close to 
the point of maximum transmission, as explained above.

Comparison with the predictions of the standard 
"self-consistent profile" approach to the AML problem can
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At = ✓ <(81n(2))-✓(■F/-M2 )-t-F> (1)

in which At is the full width at half maximum of Gaussian 
intensity pulses and M2 is the second time derivative of 
the intensity modulation coefficient M (=2 1 0 (11)) at the 
pulse maximum. This equation is essentially a balance 
equation between broadening of the pulse by the filter and 
narrowing by the modulator; it is valid only in the case 
of optimum tuning (R=0.5; see equation (3) below and 
related discussion). At x * tt/2 in Figure 4 of chapter I 
where the negative curvature of M is greatest, the 
modulating function h (t) =exp<Dcos(2-ir/Tmoei)t)) /2> yields 
= -4n:2D/TmcJci;2, and (1) then leads to

At/Tc=«v = ✓ < (41n (2)/tt)-7(f/D) • (t+/Tmoc) > (2)

This last equation is derived and considered in detail 
in section 3 of chapter III (equation (15)); for our 
present purposes we merely note that (2) can be easily 
identified, except for constant factors of the order of 1, 
with standard results of AML C31.

For the parameter values of Figures 1 3 (N=73, 0=0.4)
and taking f=0.84, the above expression gives At/T*=«v = 
0.132, in reasonable agreement with the pulse width at 
tm '=0 in Figure 2. However, it must be stressed that M has 
zero curvature at x = 0 and ir in Figure 4 of chapter I, in

be made by using equation (4.37) of C123
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which case (1) predicts an infinite pulse width. This is
clearly at variance with results shown in Figure 1.

A detailed comparison between predictions of this model 
in the case of arbitrary detuning (arbitrary R) with those 
of the conventional SRP technique C33 has been worked out 
by Avramopoulos C133.

Figure 3. The values of f and J as a function of tm/tf. The two 

parameters are linked through (4a) of chapter I.

Of the eight profiles in Figure 1, six are for negative 
tm values, one for tm zero and one for tm positive. For 
the seven non—zero tm values, the integer n is chosen as 
unity, so that t. = | tm I. Since the intention is to 
display the effect of cavity mismatch on the field



distribution, the reflectivity of the etalon plates is 
adjusted as the plate separation is varied, in order to 
maintain as far as possible a constant filter 
characteristic- The formula we use is

R - <1 + t./t-F)-1 (3)

where t* is the constant time characterising the filter.

There is a degree of subtlety in the arguments leading 
to (3). The root of the problem is the need within our 
mathematical model to identify the etalon transit time 
with the magnitude of the cavity mismatch. There is no 
reason in principle why this cannot be done 
experimentally, but the normal procedure is, of course, to 
vary tm with fixed filter parameters. We must therefore 
ask whether it is possible to have a family of etalon 
filters with different values of t* <the reciprocal of the 
free spectral range), and effectively identical 
characteri sti cs.

It is easy to arrange for a set of filters with 
different values of t. to have impulse response functions 
with the same envelope. To do this, the relationship 
between R and t«» has to be

R * expOt./t-F ' > (4)

where t-F' is the decay time of the envelope. It turns out



that with this expression the intensity versus -frequency 
function varies little in the region of the transmission 
maximum for different values of t». Although this is the 
filter property that is normally displayed in elementary 
textbooks, the phase versus frequency function is equally 
important and indeed turns out to be crucial in the 
present model. The gradient of this function at the 
frequency of maximum transmission defines a characteristic 
delay time for a signal negotiating the etalon, and the 
condition that this delay remains constant as t. is varied 
leads to (3). See also equation (2c) of chapter I. There 
is no way that both functions can be kept constant in a 
set of filters of different free spectral range.

As mentioned in chapter I, for tmM> the solution of the 
corresponding difference equation is unique. An 
interesting feature of the problem is that when tm is 
negative, more than one solution exists under certain 
circumstances. An example is given in Figure 4 where one 
of the profiles of Figure 1 is displayed on a logarithmic 
scale together with a secondary solution corresponding to 
a higher value of f. We inserted each profile in turn 
into a computer programme which traced the signal 
development in the laser cavity in the usual way (with 
laser parameters as in Figure 4); this confirmed that both 
were valid steady-state solutions, but when the secondary 
profile was slightly perturbed it proved to be unstable 
and evolved towards the primary solution.



*

*
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0 17

Figure 4. Two solutions -for tm * -Tc«v/108 displayed on a logarithmic 

scale. The corresponding f values are 0.8685 for the primary solution 
(marked 1; see also curve d in figure 1) and 0.9327 for the secondary 

solution (marked 2). Zeros of the secondary solution are not resolved 

by the discrete mesh.

This is not perhaps surprising since the lower the value 
of f the higher the optical energy; note that the main 
peak of the primary solution lies closer to the point of 
maximum modulator transmission. It is tempting to 
conclude that the secondary profile corresponds to a 
higher— order supermode. This matter will be examined in 
detail in the following section. Figure 4 also highlights 
the predominantly Gaussian character of the primary pulse.
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3- The super modes of AML and a laser instability

i n t e n s i t y

Figure 5. The first four supermodes. Parameter values are D*0.4, 

Tmod/t.=73j m=1 (i.e. R*0.5).

The intensity profiles of the lowest four supermodes, 
calculated for optimum cavity tuning (R*0>5) and typical 
values of the laser parameters are diplayed in Figure 5. 
These profiles were obtained by solving the second order 
difference equation (8) of chapter I using the numerical 
technique described therein and finding several values of 
f .

It is a simple matter to re-write such a difference 
equation as a discrete damped Mathieu equation by defining 
the backwards difference operator W j  » Vj - this 
allows to identify the several f's (saturated gains) as
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eigenvalues of a discrete Mathieu equation with periodic 
boundary conditions and the corresponding supermodes with 
"discrete Mathieu functions". One can also approximate the 
discrete equation by its continuous version and this is 
considered in detail in chapter III.

A noticeable feature that distinguishes the solutions 
in Figure 5 from the well-known Mathieu functions is their 
lack of symmetry. Physically, this arises from the causal 
nature of our filter, a feature that is acknowledged by 
Piche C15! but not taken into account by most other 
previous authors; one would expect this to be the case on 
physical grounds, since any satellite pulse formed in the 
cavity should have a smaller peak power than the previuos 
pulse.

The physical meaning of the supermodes must now be 
considered. Since mode—locking is basically a way of 
redistributing the energy in the laser cavity, the 
existence of a set of supermodes indicates that this can 
occur in several different ways. Mode-locking may take the 
form of one or more bursts of energy in the cavity. This 
does not however imply that all the supermode solutions 
are physically admissible. Haus C53 has shown (under 
certain reasonable approximations) that all but lowest 
order supermode are unstable to small perturbations. The 
argument hinges on the fact that the supermodes normally 
form a complete non-degenerate set, and therefore that the 
stable solution is the most energetic one (smallest f). 
This suggests that if the supermodes become degenerate
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laser operation will become indeterminate; we consider 
below the circumstances under which this might occur.

Me first rewrite equation (8) of chapter I as a 
two-dimensional mapping

Xj+i = Q j X j (5)

where

Xj=(L ) 5 Qj = 1/ (Tgj-*-i) —R/ (Tgj+i)
1 0

Equivalently, one can write

i-lXj - PjXo ; Pj - FT Qx (6)k*o

For the purposes of the following discussion, it is 
convenient to introduce the parameter M to represent the 
mismatch I tm I as a fraction of the modulation period ( M ■ 
I tm |/Tmod ■ I n |/N ) , and to define m ■ I tm l/t* (-1/R - 1). 
We note that M =* rnt-F/Tmod and that for a laser close to 
optimum operating conditions <m=l), M is inversely
proportional to the laser bandwidth. We consider here the 
case where M is rational <i.e. M ■ r/s with r and s
integers); Qj is then periodic in j with period s, during
which exactly r cycles of gj are completed. Notice that so 
far we have chosen N to be a large integer; here we lift 
this restriction and allow N to be any rational number. 
Notice that such a step is essential if we want to 
determine numerically, for example, whether the spectrum 
of (5) is a Cantor set or not; we argue below that it is



not
The case where M is an irrational number is excluded.

Me study the properties of the sequence <Xj> which are 
directly transferred to the properties o-f the matrix P., 
as reflected in its eigenvalues X * , 2 = X i . 2 (f, M ; $,m,D) .  Only 
if the moduli of both eigenvalues equals unity, will the 
sequence CX_j> be periodic; this equality provides the 
dispersion relation f ( M ). If the modulus of either exceeds 
unity -CXj> will ultimately diverge, while if both moduli 
are less than unity the sequence will be bounded. Notice 
that a given rational value of M can be represented in an 
infinite number of ways as the fraction of two integers 
r,s. In order to check for boundedness of £Xj>, we would 
ideally like to take s>>1. Due to obvious practical 
limitations (evaluation of a product of s matrices) we 
have set a bound S m « w  to s, and consider only the rational 
representation of M whose denominator s is closest to 
S m « K  .

The eigenvalues of P. are given by

Xlt2 = —tr/2 + (tr/2)s - det > (7)

s-\
where tr = tr P» and det =* det P» = (R/<1 — R) ) “ nK*d
(l/g*>. Since det>0 for the modulation chosen, the 
eigenvalues lie on the real axis or on the circle | X |2 ■ 
det in the complex plane. Furthermore, if tr2 > 4det, the 
eigenvalues are real and distinct ( and identical if the 
equality applies ); otherwise the eigenvalues are complex
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conjugates. Notice that -for the modulation chosen ( gj ■ 
-fexp< (D/2)cos (x j -*■ $)> ), there is a non—trivial 
dependence of tr on the initial modulator phase det can 
be shown to be independent of $. Therefore, when checking 
for boundedness of <X_,> one should in principle check that 
I X 1 .2 I* \< 1 for some and in this way we average over 
the random initial phase. For more details on this point 
the reader is referred to Appendix B.

We have used the approach described in the preceding 
paragraph for finding the eigenvalue spectrum of (5) and 
typical results are presented in Figures 6 and 7.

Figure 6. Spectrum 0+ the discrete Mathieu equation (5), as defined 

in the text, with m=1.5 and D=0.4. Periodic solutions are obtained on 

the boundaries between the shaded and unshaded zones; where these 

boundaries are marked with a solid line the periodicity is T.od (see 

text). The f-axis resolution is 3xl0-3 and s s 100.
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The procedure we adopt is to search the <f,M)<* plane 
for given values of m and D, calculating | X 1 .2 U  at each 
point and recording a dot if <Xj> is bounded and leaving a 
blank otherwise. Displayed in this way, the spectrum close 
to optimum tuning consists of an infinite number of lobes 
of decreasing area with periodic solutions existing on the 
lobe boundaries.

n . 010 m *f/Tm o d

0 .0 0 9 -

0 . 0 0 8  -

0 - 0 0 7

0 . 0 0 6  -

1 1 . 0 0 6 , | r
0.8b

f

Figure 7. A detail of the spectrum shown in figure 6 with an 

increased f-axis resolution of 4.5xl0'3 and Sm«*s2Q0.

Where these are marked by a solid line, the periodicity 
is Tmodj on the unmarked boundaries, on the other hand, 
the periodicity is 2T m o d ,  although if there is a 
closely-adjacent solid boundary, the doubly- and
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singly-periodic intensity profiles are very similar. This 
is reminiscent of the correspondong symmetric and 
anti-symmetric Mathieu functions and the spectrum of the 
continuous Mathieu equation. Nevertheless, there are also 
differences between the spectrum of the discrete and the 
continuous Mathieu equations, noticeably the finite number 
of non—vanishing instability intervals in the former case; 
this matter is further discussed in section 2 of chapter
III. Note that Figure 7, which shows the region of the 
spectrum close to the f—axis on an enlarged scale, 
exhibits the same general characteristics as Figure 6, 
illustrating the self-similar character of the spectrum.

An obvious problem with our approach is that high 
resolution is required to map the whole plane accurately. 
Nevertheless, even for the moderate resolution used in the 
figures, a good qualitative picture is revealed. Where the 
boundaries are not detectable at a particular resolution, 
their location can be found by extrapolation, as indicated 
by the solid lines for the singly-periodic solutions in 
the figures, all of which originate at 0 where f ■ 
exp<-D/2>/(4R(1 - R)). We have checked the location of 
several points on these lines using the numerical 
technique of chapter I and found excellent agreement.

We have found empirically that the horizontal scaling 
of the spectrum is determined by the modulation depth D, 
the spectrum tending to shrink into a vertical line as D 
tends to zero and □ moves toward f ■ 1. On the other hand,
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the vertical scaling is determined by m, the number and 
size of lobes decreasing and shrinking down towards the 
f-axis as this parameter is increased from 1. When m > 2 
(see Figure 8), there are no lobes in the spectrum at all 
(at the given vertical resolution), indicating that only 
the lowest order supermode is allowed to oscillate in the 
cavity.

Figure 8. The supermode spectrum for m*7/3 and D*0.4. Notice that 

only the first supermode is allowed to oscillate and that the 

band-gap border tends to the point (exp< — D/2)/4R(1-R,0)) as M-M) as 

expected. The f-axis resolution is 6.4x10"* and Sm«*a50.

When m is decreased below 1, on the other hand, the lobe 
structure expands away to the right and once again the 
number of available supermodes for a given value of M 
decreases.
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We conclude that the perfectly-tuned laser not only 
produces the best pulses as discussed in section 2, but 
also permits the largest number of supermodes to 
oscillate. As either D or M tends to zero near optimum 
tuning, the spectrum becomes highly degenerate, the gaps 
in the spectrum narrowing and the eigenvalues becoming so 
densely packed together along the f-axis that their f 
values can be considered practically equal. A physical 
interpretation is that in this limit all the supermodes 
require nearly the same gain and hence become equally 
likely candidates for osci11ation , We conjecture that under 
these conditions small random perturbations would easily 
induce the laser to switch from one allowed state to 
another, the result being that the laser is unable to 
sustain stable operation. This would explain why 
intra-cavity bandwidth limiting devices are able to 
stabilise these lasers.

In other words, we suggest that the noise level in the 
cavity imposes an intrinsic upper limit to the laser 
bandwidth that would produce stable short pulses. Attempts 
to reduce the pulsewidth by increasing the laser bandwidth 
would lead to an instability in the laser cavity.

These heuristic (and perhaps academic) arguments should 
of course be given more precision. One would like to be 
able to say precisely how the band gaps narrow as D or M 
is decreased, and to find the critical values of these



parameters at which random -Fluctuations have observable 
effects on laser performance. An analytical method for 
deducing the band structure would naturally be preferable 
to the numerical method used in this chapter.

4. Conclusions

Me have presented numerical solutions of a simple model 
that allows signal profiles in the case of AML to be 
obtained essentially without approximation. Pulse shapes, 
pulse energies and pulse timings within the modulator 
cycle are all predicted. For cavities shorter than the 
modulator period a large tridiagonal system of linear 
equations has to be solved; in the converse situation 
solutions are found extremely easily.

The results presented here apply to "hard" 
mode-locking, where saturation is negligible and accounted 
for by a single parameter f that is constant throughout 
the cavity. In the next chapter we briefly consider how to 
extend the analysis to the case of "soft" mode-locking 
where saturation plays a direct part in shaping the 
optical pulse.

Me have also investigated the operating conditions 
under which the mode-locked laser may become extremely 
sensitive to random perturbations and therefore unable to 
sustain stable mode-locked operation. It is possible that



these arguments will also be relevant in the case of 
mode—locking by synchronous pumping where the laser is 
known to be extremely unstable close to optimum operating 
conditions.
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The Mathieu equation of AML
Chapter III

1. Introduction

In chapter I a new approach to the theory of active 
mode-locking by loss modulation involving essentially no 
approximations was presented; this allowed to compute in 
chapter II several characteristicsi of the steady state 
pulses such as shape, shift, width, energy and saturated 
gain for a typical laser with a very long relaxation time 
C113.

A detailed study of detuning effects showed that the 
steady state laser output is extremely sensitive to small 
variations of the effective cavity mismatch tm ' ■ -
T mod around the optimum value tm ' 31 0.

Optimum pulses, i.e. those with minimum width and 
maximum peak power, result from a balance of the time 
delay induced by the filter with the time advance due to 
the cavity mismatch; in this way, the peak of the pulse 
goes through the modulator at the instant of maximum 
transmission (minimum loss) for every transit in the 
cavity. This is in agreement with intuitive 
considerations. Similar arguments within this context were 
made by Nelson C43 and Putnam C143.

In chapter II it was necessary to carry out numerical
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calculations on a desk top computer as the problem 
involved the solution of -first and second order difference 
equations.

In this chapter we review briefly our model and give an 
analytical solution to the problem in the case of negative 
mismatch tm < 0. This is accomplished by rewriting the 
corresponding second order difference equation as a 
discrete Mathieu equation and approximating it by its 
continuous version. Since we are dealing with a laser with 
a very long relaxation time < Ti >> T«=«v ), we can neglect 
the time variation of the population inversion over the 
cavity time scale, and saturation solely depresses the 
laser gain by a constant saturated gain factor f. This is 
the key parameter to calculate and appears as an 
eigenvalue of the discrete Mathieu equation. Using the 
fact that t* is orders of magnitude smaller than Tmod in 
typical lasers we calculate the saturated gain f by a 
standard asymptotic expansion of the eigenvalues.

A closed expression for the optimum pulse width is also 
obtained on the basis of a simple physical argument. It is 
shown in section three that the expressions for the 
saturated gain and pulse width can be reduced to the well 
known formulas of Kuisenga and Siegman in the appropriate 
limit.C33

Directions for future work in the case of a laser where 
saturation can not be neglected are outlined at the end of



the chapter

2. Mode-locking as a parametric resonator.

Our starting point is equation (8) o-f chapter 1

V j — i  = T g jV j + RV j —2 (1)

By de-fining the backwards difference operator
W j  -  Vj -  V j - i  (2)

(1 ) can be re-written as

72Vj + (1 -  2R)/R7Vj + (1 -  R)/R(gj -  l ) V j  = 0 <3>

We recall that since we have chosen n**—1 in order to 
obtain (1), R is given by

R =* 1/ (1 + | tm l/t-p) (4)

with optimum tuning occurring for R=0.5 .

It is now clear that we have reduced the problem to a 
discrete damped Mathieu equation. Physically, this 
indicates that active mode-locking is analogous to a 
(discrete) damped parametric resonator with a damping 
constant b, a natural frequency of oscillation ft and a 
driving frequency v given by



For typical lasers t. << Tmod (or equivalently t* << 
Tc.v); in other words, the laser bandwidth is much larger 
than the empty cavity mode separation. This observation is 
the basis for a calculation of the saturated gain factor - 
the eigenvalue f of the damped Mathieu equation - by doing 
first a continuous approximation to the discrete equation 
and subsequently making use of the standard asymptotic 
expansion for the eigenvalues. Both approximations are 
better the larger Tmod/t.. The full calculation of f using 
this technique is given in Appendix C.

A subtle feature which is lost in the conversion of (3) 
to a continuous Mathieu equation (C6) is the asymmetric 
nature of the supermode solutions as can be appreciated in 
Figure 5 of chapter II; Mathieu functions, on the other 
hand, exhibit time-reversal symmetry. At first sight this 
is perplexing: how can the solutions of (3) exhibit a 
property that is not possesed by the solutions of (C6)? 
The answer is that since the second order backward 
difference operator in (3) is centred on index <j-l), this 
equation is not symmetric with respect to time. The causal 
nature of our filter lies at the root of such asymmetry, a 
feature that is acknowledged by Piche CIS] but not taken 
into account by most other previous authors; one must now 
consider whether this conclusion invalidates <C6) as a 
useful approximation to (3). The rather surprising answer 
to this second question is that, despite its shortcomings,

b " “tm'/t+J ft2 * t./t-F) V = t./Tmod (5)
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(C6) still leads to accurate values of f, and moreover 
that the asymmetry in the lowest order quasi—Gaussian 
solution of (C6) is actually very slight.

3. Analytical solutions of AML

With the foregoing reservations in mind we simply 
accept <C6) as a valid approximation to (1 ); the resulting 
expression (which is weakly implicit in fi) for the
saturated gain fi associated to the i-th order supermode 
as obtained from Appendix C is

fi - R/C<1 - RMl + D/2) 1/<4R2) + (2tt/N) 2 C i  (f 4 ) > (6)

The coefficients Ci are given in (C8).

Typical graphs of ft as a function of detuning for the 
lowest four "supermodes" (i=0-3) are presented in Figure 
1, which should be compared with Figure 3 of chapter II; 
the dotted line in Figure 1 shows the behaviour of the 
leading term in (6). Table I lists the values of f±
yielded by this equation in the case of optimum tuning 
<R**0.5), alongside the exact values obtained by the method 
used in chapter I. In most practical situations, t«» <<
Tmod and D is not too small so that only the first term in
(6) is necessary to get a very good estimate of the
saturated gain.



F i g u r e  1. S a t u r a t e d  g a i n  f a c t o r  f i  f o r  t h e  f i r s t  f o u r  supermodes  
i i * 0 - >3 )  c a l c u l a t e d  f r om ( 6 ) ,  as a f u n c t i o n  o f  e f f e c t i v e  c a v i t y  
mi sma t c h .  The dashed l i n e  i s  a p l o t  o f  o n l y  t h e  f i r s t  t e rm i n  t h e  
e q u a t i o n ,  wh i ch  g i v e s  t h e  ma j o r  c o n t r i b u t i o n  t o  f o .  The c o e f f i c i e n t s  
c t  a r e  c o r r e c t i o n s  t o  t h i s  t e r m .  Pa r ame t e r  v a l u e s  a r e  Da0 . 4 ;  N*73 j  
n = - 1.

Table I 
Values of f±

i equation (6) Ref.C113

0 .8539 .8409
1 .8957 .8865
2 .9379 .9330
3 .9802 .9800
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0-f course, for values of R too far from 0.5 equation
(6) breaks down, the reason being that for R~1 or RM3, (3) 
reduces to a first order difference equation and the whole 
idea of a Mathieu equation loses any meaning.

On physical grounds one can show that for single pulse 
operation (i.e. oscillation of the zeroth order supermode 
only) f should be in the range

1/C4R <1 - R)hm«n] < f < 1 <7)

When f>l the modulator is above threshold for more than 
50% of the cavity period. This intuitively suggests that a 
single pulse would be seeing "too much gain' to be stable 
and would rather break into several pulses along the 
cavity (i.e. oscillation of a higher order supermode). 
That the upper limit can indeed be exceeded emerged when 
we dealt with the supermodes of AML in section 3 of 
chapter II.

On the other hand, the lower limit can not be violated 
if we want to ensure periodic oscillations in the cavity. 
Notice that it involves the parameter R which determines 
the cavity tuning and consequently the separation between 
the peak of the pulse and the peak of the modulation; 
Figure 2 illustrates two cases where f is smaller than the 
lower limit. In Figure 2a we consider the case of perfect 
tuning (R^O.S) but a pulse would not see any net gain 
because the modulation is always below threshold; Figure



2b shows a situation where the modulation provides a small 
gain window but a pulse would not see it becuase the 
cavity is significantly detuned <R#0.5)$ in both 
situations succesful mode-locked operation will fail.

One can formally obtain the lower limit in (7) by
substituting the trial solution Vj - X-» in (1 ) and
requiring the eigenvalue X to be complex at some time in
order to ensure oscillatory behaviour.

F i g u r e  2.  Two i m p o s s i b l e  s i t u a t i o n s  <a) Opt imum c a v i t y  t u n i n g ?  t h e  
dep t h  o f  m o d u l a t i o n  i s  n o t  l a r g e  enough t o  p r o v i d e  a g a i n  window? (b)  
C a v i t y  s i g n i f i c a n l t y  de t uned?  t h e  m o d u l a t i o n  p r o v i d e s  a g a i n  w i ndow,  
I n  b o t h  cases  t h e  p u l s e  w i l l  n o t  see any g a i n  and w i l l  e v e n t u a l l y  
d i e .
It is interesting to notice that the self-consistent



limit on the magnitude of the cavity detuning from optimum 
if we want to achieve succesfull single pulse mode-locked 
operation (i.e. oscillation of the lowest order 
supermode). The condition is that R should be in the range 
R- < R < R+ where

R± - < 1 ± (1 - 1/hm-M >/2 (8)

Once f has been calculated using (6) it is relatively 
simple to iterate (1 ) to generate the complete pulse 
profile Vj in the following manner:

Me can write (1) as a large tridiagonal linear system 
as done in equation (12) of chapter I and set V o ~ l .  The 
value of Vi needed to start the iteration can be obtained 
using Cramer's determinant rule; the result is

M-l
Vi = < -RdN-i .3 +  g o  ( - T ) n  g j  >/dN-i,2 (9)

i3*

condition 4R(1 - R)hm«x> 1 derived from (7) imposes a

where

df-i
-1 TgL.........0
R —1 Tgi_-*-x. ■ ■ ■ ■ ■ L<M (10)

........R -1 Tgtt
0.......... R -1

This determinant can be easily evaluated if we notice



that it satisfies the recurrence relation
cJm .l * - dn.L-̂ i + R(1 - R)gi_dM.i_̂ 2 which can be iterated 
backwards with L = N-l, N-2,...3,2 and M=N-1; the starting 
initial conditions are dN-i.m-i*1 and drM-i . n» -1 .

These two values Vo and Vi are then used as the two 
initial conditions needed to iterate (1 >.

“ b e s t ”

F i g u r e  3.  Ske t c h  o f  c a v i t y  c o n f i g u r a t i o n  p r o d u c i n g  t h e  most  e n e r g e t i c  
p u l s e s .  The dep t h  o f  m o d u l a t i o n  has been e x a g e r a t e d  f o r  t h e  sake of  
c l a r i t y .  The dashed l i n e  i n d i c a t e s  t h e  t h r e s h o l d  l e v e l .  N o t i c e  t h e  
s y n c h r o n i s m  o f  b o t h  p u l s e  and m o d u l a t i o n  maxima and t h a t  a t  t h e  
i n f l e x i o n  p o i n t s  o f  t h e  p u l s e  ( l a b e l l e d  I )  t he  m o d u l a t i o n  i s  a t  i t s  
t h r e s h o l d  l e v e l .  P o i n t s  l a b e l l e d  H i n d i c a t e  t h e  p u l s e  h a l f  maximum 
a m p l i t u d e s .  For  Gauss i an  p u l s e s  HH / 1 !=✓ C21n ( 2 ) 3 .

A particularly simple calculation of the optimum pulse 
width, that is to say, the width of the pulse obtained in 
a perfectly tuned cavity (vanishing effective cavity 
mismatch tm ,a|o) , is given below. From (4) this
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corresponds to R=0.5, which in turn reduces (3) to

- (1 - gj)Vj (11)

Since the modulating -Function is symmetrical around its 
maximum and the pulse is centred around this value, we can 
safely assume the pulse to be also symmetrical. Me can 
therefore use the pulse's inflexion points as a measure of 
width and calculate it from (1 1 ) since at such points gj ■
1. See Figure 3. This is valid as there is a certain 
degree of arbitrariness in defining pulsewidth as the full 
width at half maximum amplitude) here we define it as the 
full width at inflexion points. Both definitions should 
differ from each other by at most a constant factor of the 
order of 1 .

The calculation goes as follows!
Taking a modulation of the form

g(t) * fexpf -DsinC (2Tr/Tmod) 13/2 > (12)

the above discussion implies that at the pulse's inflexion 
points sinC (2TT/Tmc>cd)13 ■ (2/D)ln(f) and therefore the
pulsewidth is

At/Tc«v = 1/2 + (1/tt) sin-A C (2/D)ln(fo> 3 (13)

The saturated gain factor fo can be calculated directly 
from (C9) keeping only the first term of (C8),
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%
fo » <1/<1 + D/2) ) -C 1 + <Df/4) A''3 2irt«/Tmoct > (14)

Both (13) and (14) can be used to derive the well known 
-formula o-f Kuizenga and Siegman C33. For a given value of 
D (which may be large or small) taking ta/Tm0d 
sufficiently small, we can expand ln(l + x) ~ x and 
sin-Ml - x) tt/ 2  - >/2x (x < < 1 )  to obtain the full width 
at inflexion points of amplitude pulses

4t/Tc«v = ✓ { (4/tt) -/(f/D) - (t./Tmod > (15)

This formula differs from the usual one by a factor of 
/C21n(2)3 due to the definition of pulsewidth used; 
compare this equation with (2) of chapter I.

Table II contains the predictions for the saturated 
gain and pulsewidth as obtained from the various 
expressions in order to give the reader an idea of the 
error incurred in each approximation.

The precise conditions under which (15) is valid are
now clear . In particular notice that we must require
(Tme,d/t.) »  D (1/ D) if D is large (smal1 ). Since T mod/to
~ Tc.v/tf number of lasing modes, we see that (15) is
valid only when we have many modes oscilating under the 
gain window generated by the modulator.

Nevertheless, as suggested in section 3 of chapter II,
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there is a limit to the number of modes that the laser can 
amplify and therefore to the shortness of the generated 
pulses. This limit is esentially determined by the noise 
level in the cavity. When this limit is exceeded <15) no 
longer applies.

Table II

f At/T<=-s,~

(1 ) .8409 (1 ) . 1980
(1 ) .8409 (13) . 1959
(14) .8333 (15) . 1868

S a t u r a t e d  g a i n  and p u l s e w i d t h  as c a l c u l a t e d  f r om i n d i c a t e d  e q u a t i o n s .  
The f i r s t  p a i r  o f  v a l u e s  have been o b t a i n e d  by s o l v i n g  (1)  
n u m e r i c a l l y  as d e s c r i b e d  i n  C113. On l y  t h e  f i r s t  t e rm o f  (14)  has  
been used t o  c a l c u l a t e  t h e  t h i r d  v a l u e  o f  f .  * P u l s e w i d t h s  a r e  
f u l l - w i d t h s  a t  h a l f  a m p l i t u d e  maximum, i . e .  f i g u r e s  c a l c u l a t e d  f r om
( 1 3 ) , ( 1 5 )  have been c o r r e c t e d  by a f a c t o r  o f  ✓ C21n(2)3.

4. Conclusions

We have obtained a closed-form solution for the key 
parameter f determining the properties of an actively 
mode-locked laser with a long gain recovery time; the
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model involves fewer approximations that in earlier work.

It is hoped that the formulation of the problem in 
terms of a Mathieu equation will be a starting point for 
obtaining analytical solutions to the more general problem 
where the saturation is time dependent, We briefly indicate 
below possible directions to follow in order to explore 
this possibility.

Consider, for simplicity, the case of optimum tuning,
i.e. equation (11). When saturation is significant, the 
gain parameter f calculated above is no longer a constant 
but varies with time. We claim that it might be relatively 
easy to find f(t) if we assume that the filter bandwidth 
is such that only one supermode is allowed to oscillate in 
the cavity, a situation which was shown to be p h y s i c a l l y  
meaningful in chapters I—III where saturation was 
neglected.

With this in mind and for the sake of clarity we 
rewrite (1 1 ) as

*

4

-(?= + fi)Vi = ocVi (16)

where a is a real number and * is an unknown function of i 
which includes in its definition gain saturation and loss 
modulation.

A familiar problem is to look for "allowed" values <«*>
62



(k=0 , 1 ,2,....) that satisfy (16) for given boundary 
conditions on V and -For given function * or a general 
property of This is the classical eigenvalue problem 
with boundary conditions; the set {«*> is called the 
eigenvalue spectrum of (16).

On the other hand, we can look for an "allowed" 
function which satisfies (16) for given boundary
conditions on V and for given spectrum <ock> or a relevant 
property of it (for example the number of elements of the 
set {«»<}). This is called an inverse problem.

Consider approximating (16) by a continuous 
differential equation to obtain Schrodinger equation

Cd3/dt2 + *(t)DV(t) - ocV(t) (17)

In this thesis we have only considered so far the case 
where $(t) is a sinusoidal modulation and so (17) is just 
a Mathieu equation. In this case there are two essential 
differences between the discrete equation (16) and its 
continuous version (17): the eigenfunctions of (16) are 
asymmetric while those of (17) exhibit time-reversal 
symmetry as explained in section 2 of chapter I; secondly, 
there is an infinite number of non—vanishing finite 
instability intervals of (17) (i.e. an infinite number of 
elements of the set ,{«*>, each of which corresponds to a 
supermode) while this number is finite for (16), as shown 
in section 3 of chapter II. Of course (16) tends



asymptotically to (17) in the limit Tmod»t. as shown in 
Appendix C and both equations have the same properties in 
this limit.

We propose to explore the possibility of using (17) as 
a valid approximation to (16) in the case of time 
dependent gain and assume that only one "supermode" is 
allowed to oscillate, that is to say, that there is only 
one non—vanishing finite instability interval. This 
implies that Coc*> consists of only one number oc. It has 
been shown C173 that when this is the case and £(t) in 
(17) is 'sufficiently' smooth then it must satisfy the 
equation

£" = 3£= + A* + B (18)

where A and B are constants related to the curvature of £ 
at a fixed time to and to oc. Solutions to (18) are known 
to be elliptic functions of the first kind and further 
work would require to find conditions on A,B that ensure a 
periodic solution.

Notice that we are applying results which are strictly 
valid only for continuous equations like (17) to a model 
which is described by difference equations like (16). It 
is not yet completely clear whether this is a legitimate 
step, although in the limit of a large laser bandwidth 
(t-f((Tc«v) we might expect both equations to have similar 
properties^ if in addition we make the physically



reasonable assumption that only one supermode can 
oscillate in the cavity then we might expect (18) to yield 
accurate results. Exactly how large can the ratio Tc«v/tf 
be made is a question that must be carefully answered) if 
this ratio is too large, more than one supermode will be 
excited as shown in chapter II and in such situation (18) 
would be incorrect.
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Chapter IV 
Chaotic motion

in a simple model of an LSA

1 . Introduction

There has been an active interest in recent years in 
modelling a laser with a saturable absorber (LSA) to 
varying degrees of sophistication. A common approach is to 
consider homogeneously broadened lines of two-level 
absorbing and gain atoms in a one-dimensional, 
uni-directional ring cavity.

A simple first order phase transition analogy which 
succesfully predicts bistable operation was first proposed 
by Scott et al. C1 J . A rate equation approach was 
considered by New and Rea C21 and a stability analysis of 
the c.w. states of the complete semiclassical multimode 
resonant model was first done by Garside and Lim C163 and 
later reconsidered by Knapp et al. C33. None of these 
works consider the possibility of chaotic motion in the 
LSA.

A derivation of a fully quantised single mode model was 
presented by Lugiato et al. C43 ; they also consider the 
semiclassical limit and related stability problem of the 
c.w. states. Dembinski at al. C53 report on an extra 
steady state solution of the complete semi classical model



♦

which oscillates with intensity dependent frequency. 
Mrugala and Peplowski C63 reconsider the stability problem 
of the single mode semiclassical LSA in detail and briefly 
report on the observation of chaotic motion in certain 
regions of parameter space.

Recently, Erneux, Mandel et al. C7-11U have studied in 
greater detail, both numerically and analytically the LSA 
in the semiclassical framework, and discovered a rich 
variety of transitions between different types of motion, 
including stationary, periodic (harmonic and pulsed) and 
quasi-periodic states.

In this chapter a study of a simplified model of a 
single mode LSA is presented9 the simplification is 
achieved by considering the complete 5-dimensional
resonant semiclassical model C43 in the limit 

» which enables the absorber's inversion and 
polarisation to be adiabatically eliminated) the problem 
is therefore reduced to the standard single mode laser 
equations plus a nonlinear passive loss. The constant K is 
a distributed loss in the cavity, y# and yjL are
respectively the population inversion and polarisation 
decay rate constants of the amplifying medium and the 
corresponding absorber's quantities have been barred. This 
model might represent, for example, a C02 laser containing 
a fast absorber like germanium or a fast dye.

It is well known that such adiabatic eliminations must
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be care-fully carried out as they might erase important 
information of the model (e.g. some bifurcations) or even 
be totally inaccurate or incorrect when certain scaling 
conditions are violated C8,123) it has been checked, based 
on standard perturbation theory, that the present model 
has indeed normal scaling properties as defined for 
example in C121. Since emphasis will be placed on 
investigating the effects of the nonlinear loss on the 
Hopf bifurcation leading to chaotic behaviour - pulsing 
and bistability having been understood for a long time -, 
the loss of some important instabilities through the 
adiabatic elimination scheme will not be considered a 
major disadvantage.

The dynamical system representing a homogeneously 
broadened single mode resonant laser (which is isomorphic 
to the Lorenz equations) has been the subject of numerous 
studies to-date C143. It can be written as

E' + K E = KP
P' + y _i_p  = V j.d e (1 )
D' + y#D = y#(1+ 1) - y#IPE

where ' denotes temporal differentiation and E,P and D are 
the electric field, polarisation and population inversion 
normalised with respect to the stationary solutions E«, 
D»=Du/ (1 + 1) —Kyj./N| g |=, P.= (| g |2/ya.)D.E. and the 
dimensionless stationary intensity I»4| g pE.^/y #yjL, which 
can be used as a pumping parameter, has been introduced9



Du is the unsaturated inversion, N is the atomic density 
and g=*jj/6 (jj=  dipole coupling constant). The laser 
threshold occurs in this notation at 1*0, i.e., when 
D._, | t h r . .h o id s D«. The state equation, relating the 
stationary field values to atomic constants is, of course, 
D^/D.=l+I.

It is well known that such a laser must satisfy the 
"bad cavity condition"

K > y #  +  V-l (la)

(in a "good cavity" K < y # + y _ i .  ) and must be pumped at least 
8 times above threshold in order to reach the instability 
point of the non-trivial c.w. state through a Hopf 
bifurcation. It is also known that the origin and 
evolution of the 'strange' invariant set of this system 
which is responsible for what is commonly called chaotic 
motion is not related in an obvious way to the loss of 
stability of the c.w. state or viceversa, in spite of the 
fact that (la) is physically appealing as a necessary 
condition for chaos. It is legitimate to ask whether the 
point in parameter space at which the strange set becomes 
an attractor is somehow related to the point at which the 
c.w. state loses stability.

Condition (la) can be better understood if one 
interprets a cavity as being good when the average 
lifetime of the photon in the cavity Tc:*v(^l/K) is much
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larger than the average coherence time of the emission 
processes Tcoh'vl / (V#+Vjl) . (If two sources o-f broadening 
both lead to Lorentzian lineshapes -like radiative and 
collision broadening- with widths yx and y2, the composite 
line is also Lorentzian and has a width y^yi+y. See C153). 
This situation allows a coherent build-up to be 
established through saturation above laser threshold and 
to persist well above this transition point; therefore, in 
a good cavity coherence can be established and is always 
preserved. (Coherence is used to mean temporal partial 
coherence).

Conversely, in a bad cavity the average coherence time 
is much larger than the average photon lifetime 
(Tc*v<<Tcoh) hence many photons can escape during time 
interval Tcom and phase information is lost; thus in a bad 
cavity the degree of coherence which might be established 
through saturation can also be destroyed (for large enough 
pumping).

In many important applications one has that K^y #<<y_i.; 
in this limit one can adiabatically eliminate the 
polarisation, a step that is equivalent to neglecting 

+ co h e r e n t  effects in the system dynamics. Equations (1)
then reduce to simple rate equations.

Based on these remarks, one reaches the apparently 
paradoxical conclusion that in order to ensure a bad 
cavity condition, i.e. a cavity that can produce
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incoherent output above threshold (chaos), it is necessary 
to include c o h e r e n t  effects ! The apparent paradox can be 
resolved by noting that the words 'coherent effects' apply 
to phase preserving atomic processes which nevertheless 
might be randomly interrupted by quantum, thermal or other 
types of noise. However, it is a working assumption that 
these processes take place over an interaction time much 
larger than any other relevant time scale, certainly 
larger than the average coherence times involved. In a bad 
cavity the interaction time Tc«v^i/K is much smaller than 
the average coherence time; therefore the word 'coherent 
effects' has no clear meaning.

It still remains true, however, that three degrees of 
freedom are necessary for chaotic motion.

It is argued in this chapter that addition of a fast 
saturable absorber to a single mode laser might 
considerably reduce the high pumping needed to reach the 
instability point of the c.w. state and that periodic 
self-pulsations -besides chaos - may also be produced as a 
result. It has also been found that (la) is no longer 
necessary to obtain chaotic motion; however, an effective 
bad cavity condition persists - as expected on physical 
grounds - in all numerical observations of such a state of 
motion.

Circumstances are suggested under which addition of 
enough saturable absorber into the laser cavity will 
enhance or inhibit the development of the strange set.
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2. The Model

The single mode LSA Maxwel1—Bloch equations 
field limit in the case of perfect tuning can 
in normalised form asi

in the mean 
be written

E' + K E 
P' + y_i.P 
D' + v#D
P* + VjlP
D' + v#D

CK A/(1 + 1)IP + CKA/(l+al)IP 
V j .DE

V#<l+I) - V#IPE 
V j .D E

V# <l+al) - V#aIPE

( 2 )

where E,P,D denote the real electric field, real 
polarisation and inversion normalised with respect to the 
stationary states E«, P.= (| g |2/y#)D.E., D»=DLl/(1+1) ,
P»=(| g |2/V#)D«E« and D^-D^/ (l+al); barred quantities 
correspond to the absorber. The parameter
I34| g PE.^/VjVj-i defined as in (1) , is strictly speaking 
no longer a pumping parameter. AsDu/Dt:>0 is defined as the 
amplifier unsaturated inversion Du>0 normalised with 
respect to the threshold inversion in a laser without 
absorber Dt^KVjVNI g |29*D«5 similarly one defines AsDu/Dt<0 
where Du<0 is the absorber unsaturated inversion. The 
saturation parameter as| g |3V<rVj-/(l 9 PV̂ V-*)* for a X O l  the 
passive (active) atoms saturate more easily than the 
active (passive) ones.



The state equation which relates the stationary-state 
-field values to atomic constants can be obtained directly
■from (2) to read

l£l - A/<l+I> - A/<l+al)] = 0 (3)

which yields the three stationary state solutions 1*0 and 
I=I± where

I± = (1 /2)C-(1-A) - (1—A)/a
± y<C(l-A) + (l-AJ/aD22 - 4(1-A-A)/a>3 (4)

Notice that in the absence of absorber (A=0) 9 the 
single mode laser state equation A=l+I is recovered.

A simple stability analysis of (2) around the trivial 
stationary state 1=0 shows that laser threshold occurs 
when A=l—A and therefore P=A/(1-A) can be taken as a 
pumping parameter. For comparison with notation used in 
C23 the following equalities should be noticedi KTc«var| 
A=At_i/r; A=-BL1/r; a=st? I=X.? A/ < 1—A) =AU/ (Bu+r) .

It has been shown that I- is always unstable C43 and 
the stability of I-*- has been considered elsewhere C63. 
There exist two other off-resonance stationary—state
solutions of (2) which oscillate with an intensity 
dependent frequency C53, but we shall not be concerned 
with these solutions in what follows.



Since the parameter space of (2) is too large to allow 
■for reasonable insight into the dynamics o-f the system, it 
seems interesting to simpli-fy the problem by adiabatic 
elimination o-f two field variables; there are only two 
physically sound limits to be considered, the first one 
being

V #~V -r~K << V̂ ~V-L (5)

reduces (2) to the well studied rate equations C2 1:

E3 ' + 2K E3 = 2 k £ ( A/(1+1)D + A/(l+aI)D ]E3

D' + V #D = - IDE3) (6)
5' + V#D = y#(l+al “ aIDE3)

The alternative option is the limit

k~y<r~V<< V (7)

which reduces (2) to the system:

E ' +  K E =  Ck A / U  +  I  ) 1 P  +  C K A /  (1+aIE3) 3E
P' + yj_P * Vj.DE (8)
D '  +  y , D  -  y , ( l + I )  -  y , I P E

On physical grounds, as explained in section 1, one can 
not expect (6) to show chaotic behaviour (incoherent 
output) for any parameter values since the limit (5) 
excludes the possibility of a bad cavity condition for
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passive or active atoms.

The author has solved numerically both (6) and (8); 
whereas chaotic motion has been observed in certain 
regions o-f parameter space of (8) , none of the simulations 
of <6) over arbitrarily chosen regions of parameter space 
showed a similar kind of aperiodic motion. To the best of 
the author's knowledge rate equations (6) do not show such 
effect at al1 .

3. Stability analysis

The last remark of the previous section might be a 
trivial observation for any physicist familiar with 
coherent and incoherent dynamics; nevertheless, it is a 
curious point, at least from a mathematical point of view, 
that two 3-dimensional non-linear dynamical systems 
representing limiting cases of the same 5-D problem would 
differ in such a radical way. Given the fact that (2) 
shows indeed irregular motion C63, the apparent lack of 
such a state of motion in (6) must be a consequence of the 
particular limit considered.

To investigate this point, the scaling properties of 
the eigenvalues of <2) using standard perturbation theory 
have been calculated. It has been found that they scale 
normally - in the sense defined by Lugiato et al. C123 -
in both limits <5) and (7). Details of the calculation are



given in Appendix D; to enquire further on this point 
would be out of the scope of this section. Results of the 
stability analysis of (8) are presented below; the 
correponding numerical results are given in section 4.

A standard linear stability analysis of <6) and <8) 
around the c.w. state (non-trivial stationary state I) 
leads to the following cubic characteristic equation

X3 + C2X2 + CiX + Co * 0 (9) 

where the coefficients corresponding to <6) are

Co = 2Ky#y#I <l+al> (dA/dl)
Cl - 2K I(IV#A/ (1 + 1) + ay#A/ (l+al)]] + y/y# < 1+1 > < l+al) <10)
C2 = y # <l+I) + y#(l+al)

Notice that these coefficients are invariant under the 
transformation barred*—Hinbarred <al*-*l; a*—►l/a; A< >A;

The coefficients corresponding to (8) are

II0u

2 K y # y J. i  ( d A / a i )

Cl - y # C K + y j L < l + l )  3 +

a C K A /  < l + a l )  IZSj. - ( y ^ r + y j . )  ( l - a l ) / ( l + a l ) ]  < 1 1 )

c 2  = K +  y #  +  y j .  -  K A ( l - a l )  /  ( l + a l ) 2

Notice that the symmetry barred*-Hinbarred has been lost.

The c.w. state I- of (6) or (8) is unstable for any
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parameter values because Co<0 (£A/dl |i_<0).

The c.w. state 1-̂ of system (6) or (8) will lose its 
stability through a Hopf bifurcation, leading to 
self-pulsing, whenever

0<Co,Ci,C3) a CiC2 - Co * 0 (12)

The laser c.w. state will remain unstable for parameter 
values such that 8<0. (From Hurwitz criterion, there are 
other sufficient conditions for instability of the c.w. 
state, namely Co, Ci or C2<0, but we shall not be 
concerned with these instabilities in what follows). For 
equations (6) the 0BO instability leads to stable periodic 
pulsations only, whereas for (8) it might lead to periodic 
or aperiodic output depending on parameter values; these 
statements do not follow from the stability analysis but 
have been confirmed by numerical solutions of (6) or (8). 
In principle, one should be able to show that the Hopf 
bifurcation is always super-critical for the rate 
equations (6) whereas it might be sub- or super— critical - 
depending on parameter values - for the extended laser 
system (8). Such a straightforward but tedious calculation 
C133 has been left for future work.

Notice that 040 is a necessary condition for
instabi1 ity of the c.w. state but not necessarily for
transition to chaos



4. Numerical results and discussion

It has been observed numerically - as perhaps expected 
- that addition of physically reasonable amounts of 
absorber does not significantly alter the stability 
properties of the laser c.w. state in the limit of a very 
good <K <<y j_+y #) or a very bad cavity <K>>yj_+y#). 
Therefore, if the laser is operating under such conditions 
that it is very far from the threshold point where the 
c.w. state exchanges stability, the presence of a SA has 
no significant effect on its dynamics.

This is not so when K j_+y #. In this situation the 
laser is very sensitive to addition of small amounts of 
absorber.

Imagine for instance, a bad cavity containing an active 
medium being pumped in such a way that it is lasing in a 
c.w. mode. It is interesting to know what happens to the 
laser dynamics when small amounts of a fast SA are 
adiabatically added, keeping the initial c.w. output level 
I constant. This means, as can be seen from (3), that as 
I A | is increased one has to pump the laser material a 
little bit harder (increase A) in order to keep a constant 
power output level Iy this approach has the disadvantage 
that, even for reasonable values of A and A, one can 
actually fall below laser threshold <P<1) after a slight 
increment of I A |, in which case the imaginary experiment



loses any meaning. In an alternative approach, one would 
like to keep P^A/d-A) constant, where P is a measure of 
the relative unsaturated 'inversions' of amplifying and 
absorbing media. It follows that I-̂ I-̂  (A, A) from <4) 
becomes a function of A only, i.e. 1-̂ <P(l-A) ,A ) ( A )  and 
so, as | A | is increased one has to pump the laser material 
a little harder (increase A) in such a way that P remains 
constant; the drawback here is that the c.w. output power 
of the laser will change with A!

In fact, for a given change in I A |, it is impossible to 
change A by the same amount when P or I is kept constant, 
except in the uninteresting case a*l; this follows from 
the formulas — (dA/dA) i^d+I) / (l+al) and (dA/dA)»»®-P.It has 
been verified numerically that both approaches are 
practically equivalent for reasonable values of A, A. In 
what follows, results are presented using I as the 
relevant parameter.

A simple plot of 0 as defined in section 3 shows that 
the c.w. state loses its stability at a certain value A*Ac: 
of added absorber. This is shown in Figure la. This plot 
shows a dramatic reduction in the pumping level (as 
measured by I) required to reach the instability point I<= 
of the c.w. state, defined by 0(IC)SO. This effect is 
partly due to the absorber's saturation since it can not 
be explained in terms of a linear loss; one can see this 
with the help of figure lb, which shows the second 
threshold I«= as a function of added absorber -A and the
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second threshold Io o-f the laser with small signal loss 
K(l-A), which can be obtained explicitly from (12) after 
setting a=0

io -  c k  a - A i + y ^ C K  ( i - A ) - * - y # + y J. 3 / C K  < i - A ) - y # - y j L 3  ( 1 3 )

F i g u r e  l a .  P l o t  o f  t h e  s t a b i l i t y  c u r v e  0 d e f i n e d  i n  (12)  v s .  1 + 1, f o r  
s e v e r a l  v a l u e s  o f  - A * 0 , 1 / 4 , 1 / 2 , 3 / 4 , 1 , 3 / 2 , 2 .  O t he r  p a r a me t e r  v a l u e s  
a r e  cr = 2,  b = l / 2  and a «3 / 1 0 .  ( <r=K / V -*-! b *V j r / ^ j x ) .  P o i n t s  marked 2 , 3
c o r r e s p o n d  t o  p a r am e t e r  v a l u e s  used i n  f i g u r e s  2 , 3 ,  r e s p e c t i v e l y .

One can see that for small amounts <-A<.5),the absorber 
acts basically as a linear loss, the 'linear' and 
'nonlinear' thresholds Io and I«= being very close; the 
reason for this is the relatively large value of the 
absorber's saturation parameter al^6. Nevertheless, when 
-A is increased past 0.5, the small signal loss has 
dropped Io sufficiently (I^IO) to allow the absorber's



saturation play a significant role in inducing instability 
of the c.w. state at a very low pump; whether this will 
lead to Q-switching or chaos can not be deduced from 
figures 1 but has to be settled numerically. Notice that 
Ic falls well below the minimum threshold 
Io.m±n*4+3b-tVC8< 1+b) <2+b) 3*10.97 of a laser with a linear 
loss.

F i g u r e  l b .  P l o t  o f  second t h r e s h o l d  I c , sma l l  
I o ,  and h o m o c l i n i c  t h r e s h o l d  o f  an LSA, a l l  
a b so r b e r  - A .  Pa r ame t e r  v a l u e s  a r e  t h e  same as

s i g n  
as 

1 n f

a l  second t h r e sh o l d
a f u n c t i o n o f added
i g u r e  l a .

Figure lb also shows numerically computed values of the 
homoclinic bifurcation point In assuming, of course, that 
this homoclinic bifurcation exists, much in the same 
spirit as Sparrow and others C143. This bifurcation 
produces the strange invariant set involved in the chaotic 
dynamics of the laser. An interesting feature is that
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addition of absorber also reduces 1̂  and, in this sense, 
the SA enhances the development of chaos.

F i g u r e  2 ( a b o v e ) .  Nume r i c a l  s o l u t i o n  oF ( 8 ) For  1*5 and - A * 0 . 7 .  9>0,  
i . e . ,  c . w .  s t a t e  i s  s t a b l e .  O t h e r  p a r a m e t e r s  as i n  F i g u r e  l a .  A l l  
s i m u l a t i o n s  i n  t h i s  c h a p t e r  used a s t a n d a r d  R u n g e - K u t t a - F e h l b e r g  
a l g o r i t h m .  N o t i c e  t h a t  P * 4 . 51  and Co , C i , C 2 >0.
F i g u r e  3 ( b e l o w ) .  Nu me r i c a l  s o l u t i o n  oF (Q) For  - A * 0 . 8 5 .  O t he r  
p a r a m e t e r s  as i n  F i g u r e  2.  8<0 ,  Co , C i , C 2 >0 j n o t i c e  t h a t  P * 4 . 3 4 .



For sufficient added absorber, Ic gets closer to 1m and 
eventually Ic occurs before Ir,; the closeness of these two 
thresholds makes chaotic motion more likely to occur in an 
LSA. For -A>1 in figure lb the Hopf bifurcation occurs 
before the homoclinic explosion , I<=<Ih , as opposed to the 
usual laser equations (A^O) for which Im<I<=. Thus the 
standing hypothesis according to which the laser c.w. 
state becomes unstable in a sub-critical Hopf bifurcation 
that absorbs a simple periodic orbit C14D born in a 
previous first homoclinic explosion does not always apply 
in an LSA. This feature will be numerically analysed in 
greater detail at the end of this section.

One can speculate based on this simple analysis, that 
addition of small amounts of absorber might enhance the 
effect of the strange invariant set in the dynamics of the 
LSA. This is a very broad statement; for more precision, 
one would have to know the effect of small increments of 
SA on the bifurcation points at which the strange 
invariant set becomes an attractor. However, a simple 
numerical experiment demonstrates the plausibility of the 
former statement as shown in Figures 2 and 3. These 
figures show numerical evolutions of (8) written in 
'Lorenz form', i.e., the change of variables 
E=x/VCb<r—1)3, P*y/VCb(r—1)3 and D=r-z is introduced and 
the constants <t=k /Vjl, b^y^/yj. and r=l + I defined; these 
variables will be used in the rest of this chapter. The
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location of these simulations in parameter space has been 
marked in figure la. Both figures show that addition of a 
small amount of a fast SA can be used to switch the laser 
abruptly from a c.w. state to well developed chaos, 
perhaps even to a strange attractor. This is possible 
because the homoclinic explosion and the instability point 
0-0 are much closer than in a normal laser as noticed 
above.

However, it remains an interesting task to investigate 
the effect of the SA on the point at which the strange 
invariant set becomes an attractor. This might help to 
elucidate whether the fact that this point and the Hopf 
bifurcation point are very close in the Lorenz equations 
for some parameter values is merely a coincidence or has 
any physical significance.

These remarks suggest the following physical 
interpretations independently of whether the cavity is 
good or bad, when the laser is pumped hard enough so that 
it is practically bleached (al^6 in figure la), small 
amounts of absorber contribute essentially as a linear 
loss; this is a source of incoherence, which therefore 
induces an early development of chaos through a reduction 
of the second threshold. This reduction, in turn, also 
reduces the absorber's saturation strength, as measured by 
al (to in figure la) which means that the SA is no 
longer so easily bleached, and saturation therefore 
induces a Q-switch type of instability at even lower



thresholds) both instabilities tend to mix in a
compli cated way for intermediate values of al in figure
la.
4.1 LSA in a bad cavity

Consider first the effect of the absorber in a bad 
cavity as defined in (la). This means that the coherence 
properties of the laser output can be modified for large 
enough pumping because the cavity storage time is not 
large enough to 'register' the phase information carried 
by the emitted photons) therefore, in agreement with the 
discussion of the previous paragraph, if an LSA is already 
in a chaotic state, addition of small amounts of SA can 
only increase the incoherence of the LSA dynamics 
regardless of the absorber's saturability properties.

F i g u r e  4a.  P l o t  o f  0 f o r  a * 3 ; o t h e r  p a r a m e t e r s  as i n  f i g u r e  l a .  Pa l 
a t  p o i n t s  marked w i t h  a c r o s s .  P o i n t s  marked 5 a , 6 , 7 a , 7 b , 7c c o r r e s p o n d  
t o  p a r am e t e r  v a l u e s  used i n  r e s p e c t i v e  f i g u r e s .
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It is convenient to recall at this point that these 
properties are determined by parameter at for a>l the 
'soft' absorber saturates more easily than the active 
medium; in the converse case <a<l) the absorber will be 
denoted as 'hard'.

F i g u r e  4b.  I c , lo and In v s .  -A t o r  a * 3; o t h e r  p a r a m e t e r s  as i n  
f i g u r e  l b .

Figure 4a shows the corresponding stability curves of 
the c.w. state for a soft SA (a*3). It points at two 
clearly defined regions of parameter space -unlike figure 
la- which behave strikingly different from each other as-A 
is increased. For large I (al~60>, addition of SA has a 
minimum effect on the stability properties of the laser. 
However, in the lower c.w. level (al'vS) , there is a 
profound effect that reflects a tendency to induce a 
premature instability of the c.w. state, as in the rate
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equations (6)

F i g u r e  5a ( a b o v e ) .  Nume r i c a l  s o l u t i o n  o f  ( 8 ) w i t h  1=1 . 5  and -  
Ot he r  p a r a m e t e r s  as i n  f i g u r e  4a.
F i g u r e  5b ( b e l o w ) .  Same e v o l u t i o n  as above ,  s how i ng  x ( f i e l d )  
nt.

When a>l laser action <PV1) occurs -For I VO

A-2.  

vs.

i-F
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- A<i/ <a— 1) or I>/(1—A) (1—1/a)—1 if -A>l/(a-l). In the 
latter case, the corresponding threshold points have been 
marked with a small x in figure 4a. One has a situation 
where the laser will Q-switch itself (tend to a limit 
cycle) at a very low pumping power for sufficient addition 
of absorber (e.g. , -A*»2 in figure 4a) without pre-lasing 
in a c.w. state! This is illustrated in figures 5a,b whose 
locations in figure 4a have been marked.

The physical mechanism producing this behaviour is the 
softness of the absorber. For small I one has very 
efficient Q-switching because al is relatively large (**3) ; 
in the region of large pumping I (~20) the absorber is 
nearly completely bleached because al is very large, and 
behaves basically as a very small linear loss. This is 
confirmed by figure 4b, which is the complement of figure 
lb for a soft absorber. It shows that the effect of the 
absorber on the high pump instability in the region 0<-A<2 
is merely a re-scaled linear drop in the threshold due to 
a small loss, equivalent to the drop in figure lb in the 
narrower region -A<0.5.

So, in a sense, the harder the absorber added to a bad 
cavity, the more sensitively the laser responds to such 
addition and the more it tends to enhance chaos; in 
general, the increase of the cavity decay rate due to the 
absorber's small signal loss is rapidly reduced by 
saturation when the absorber is soft (because it is easily 
bleached); Figure 6, which is to be compared with Figure 3



*

illustrates this point; both figures have the same 
parameter values except that in the former figure the 
absorber is soft while in the latter the absorber is hard. 
Its location in figure 4a has been marked.

F i g u r e  6 . N um e r i c a l  s o l u t i o n  o-f 1 8 ) w i t h  1 = 5 and - A = 0 . 8 5 .  O t he r  
p a r a m e t e r s  as i n  f i g u r e  4a.

One could define, as a practical rule only, a c.w. 
signal loss K (1-A/(l+al)) and an effective bad cavity 
by the condition K « > y  # + y  j . ;  in these terms one can 
summarise by saying that the second threshold is smaller 
for a hard absorber than for a soft one because the cavity 
is effectively worse in the former case than in the 
latter.

As we have seen, the effect of adding a hard SA is to
89



produce chaos at lower pumping values. This is not 
necessarily so in the case of a soft absorber. Going back 
to figure 4a, it is therefore interesting to ask what 
happens to the LSA dynamics between the two well defined 
regions of Q-switching and fully developed chaos, that 
is, what happens around al^20? The answer is given by 
figures 7a,b,c which show numerical evolutions of (8) for 
parameter values along the curve -A=2 of figure 4a, and 
whose locations have been marked. These figures show that 
the laser dynamics in this region of parameter space 
exhibit behaviour similar to noisy periodicity C143, i.e. 
transition to chaos from Q—switching as 1 is increased 
occurs through perturbation of the peak intensitites of 
the pulses of a Q-switched trains the discrete regular 
pattern followed by the pulse peaks in fig. 5b becomes 
irregular as I is increased. What happens in phase space 
is that the width of the 'tube' of figure 7a increases 
with I as shown in 7b until it loses the shape of a tube, 
as illustrated in figure 7c. This transition to chaos is, 
in essence, different to that observed with a hard 
absorber.

Noisy periodicity has been numerically observed also 
below the accumulation point of period doubling sequences 
in the Lorenz equations, which are isomorphic to <1), for 
parameter values rather unphysical within the context of 
laser physics. Therefore, a laser with a fast and soft SA 
provides a physical model for the study of this
phenomenon



*>

*

F i g u r e  7 a , b , c .  N um e r i c a l  s o l u t i o n s  o f  ( 8 ) w i t h  1 = 4 , 5 , 8 , r e s p e c t i v e l y .  
Othe r  p a r a m e t e r s  as i n  f i g u r e  5a.
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-A -0

0 -A ; 0

F i g u r e  8 ( a b o v e ) .  P l o t  oF s t a b i l i t y  c u r v e  8 d e f i n e d  i n  (12)  v s .  1+1,  
For  s e v e r a l  v a l u e s  oF - A * 0 , 1 / 2 , 1 , 3 / 2 , 2 , 5 / 2 ;  o t h e r  p a r a me t e r  v a l u e s  
a r e  <r *6 / 5 ,  b * l / 2  and a®3 / 10 .
F i g u r e  9 ( b e l o w ) .  Same as above w i t h  aa 3. P=i  a t  p o i n t s  marked w i t h  a 
c r o s s .
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4.2 LSA in a good cavity

♦

Consider now the e-F-fect o-f the absorber in a good 
cavity. Figure 8 shows the case of a hard absorber; 
numerical solutions of (8) for parameter values as in this 
figure are discussed in detail at the end of this section. 
The results indicate that the laser exhibits chaotic 
motion, even if the absorber— free cavity is good, for 1^6 
and -A*1.5 in figure 8; this might be related to the fact 
that the cavity is effectively bad, the c.w. signal loss 
K Cl—A/ <l+al) D >y#+Va. (al^l.8); nevertheless, the high pump 
instability is no longer present. If, on the other hand, 
the absorber is soft (a>l), bleaching drastically 
inhibits the development of chaos, probably because the 
cavity is effectively good since K Cl-A/ (l+al) 3<y#+y_i_ 
<al~18). Figure 9 shows that addition of reasonable 
amounts of soft SA in a good cavity induces instability of 
the c.w. state only over a parameter range where the laser 
is below threshold; this rules out the development of a 
strange attractor since an homoclinic explosion can not 
take place. Again, the reason is that a soft SA is nearly 
completely bleached. Only addition of unphysically large 
amounts of absorber would change this situation, making 
the cavity effectively bad.

These remarks suggest that increasing a has a similar 
effect as decreasing-A, as far as the laser dynamics are 
concerned when K̂ yo.+y#. One could make use of this idea to 
show that chaos can be quenched in an LSA by using optical 
means to increase a (for example by telescoping the beam 
to change the ratio of cross sections). The author has
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also con-firmed numerically the plausibility of 
argument.

this

F i g u r e  10. P l o t  o f  s t a b i l i t y  c u r v e  0 d e f i n e d  i n  (12)  vs .  1 + 1, f o r  
s e v e r a l  v a l u e s  o f  <r = l , 1 . 1 , 1 . 2 , 1 . 3 , 1 . 5 , 2 ; o t h e r  p a r am e t e r  v a l u e s  a r e  
b * l / 2 ,  a * 3 / 1 0  and - A * 3 / 2 .  P o i n t s  marked 11 , 13  c o r r e s p o n d  t o  p a r ame t e r  
v a l u e s  used i n  f i g u r e s  1 1 , 1 3 ,  r e s p e c t i v e l y .  The dashed l i n e  l o c a t e s  
t h e  h o m o c l i n i c  b i f u r c a t i o n s  I h ( i r ) .

One obvious qualitative difference between the 
stability curve 9 of a good and a bad cavity is that in 
the former case the c.w. state recovers stability for 
large enough I. It is easy to show that



♦

F i g u r e s  1 1 , 1 2 , 1 3 , 1 4 .  N um e r i c a l  s o l u t i o n s  o f  ( 8 ) f o r  1=3 . 6611 ,  3 . 6 6 1 2 ,  
5 , 5 (x v s .  i±t), r e s p e c t i v e l y .  O t he r  p a r am e t e r  v a l u e s  as i n  f i g u r e
1 0 .
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#

0 -*■ V#<(K+Vo.) (K+V#+V-»-> +

KV-t-A/a + Vj- <“K+V#+V-l> I> <14)

as I-*». This suggests nearby points in parameter space -for 
which 0>O or 0<O as I-*oo as in Figure 10, where A, I and a 
are kept constant, but the cavity quality is varied 
through <r. The stability properties of the c.w. state are 
seen to be extremely sensitive to small variations o-f <r. 
The dashed line indicates the location o-f the homoclinic 
explosions in parameter space.

Numerical solutions o-f (0) -for parameter values as in 
-figure 10 with <ra«1.2 (good cavity), taking I as control 
parameter are shown in Figures 11-H4. The locations of 
these evolutions have been marked in -figure 10.

The results indicate that the c.w. state loses 
stability before the occurrence of any homoclinic 
explosion at a Hopf bifurcation around 1^3.3 by expelling 
a periodic orbit. Increasing I slightly produces a 
homoclinic bifurcation at 1^3.6611, and at 1^5 the 
periodic orbit is unstable. At 1^7.5 the c.w. state 
regains stability, pressumably by absorbing an unstable 
periodic orbit produced earlier in an homoclinic
explosion. For larger I the system shows coexistence of 
the c.w. state and the strange attractor. Again, these 
simulations show that an LSA model exhibits very rich



dynamics, most of them also present in the Lorenz model; 
however, in the -former case they occur at physically 
accesible parameter values.

5. Conclusions

A simple model o-f a laser containing a -fast SA has been 
studied; stability analysis and numerical simulations have 
been carried out. Results have been presented emphasizing 
effects o-f the absorber on the chaotic dynamics o-f the 
laser; these indicate that the absorber will in general 
enhance transition to chaos.

Most of the very rich dynamics already present in the 
Lorenz model for very unphysical parameter values within a 
context of laser physics are also exhibited in the present 
model for more physically accesible values of the 
parameters involved. This might make a laser with a fast 
saturable absorber a more interesting system from an 
experimental point of view.

*
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Chapter V
Sel-f-pulsing in lasers 
with transmission loss

1. Introduction

It is widely accepted that the general solution to the 
laser instability problem within a semi classical -framework 
is still an open problem. Particular cases have been dealt 
with, notably the single—mode homogeneously broadened 
two—level uni—directional ring laser in the rotating—wave 
approximation (RWA) by several authors C13, and its 
resonant multimode counterpart by Risken and Nummedal C23. 
These works consider the laser response to small 
perturbations o-f the steady states and the consequent so-ft 
excitation o-f so-ft and hard modes. 0-f course, one can not 
in-fer -from stability analysis the character o-f the laser 
response away -from instability points, and this has to be 
settled using di-f-ferent methods, -for example, numerical 
simulation.

Both models show a lasing (-first) threshold leading to 
a c.w. output and a "second" threshold at which this c.w. 
state becomes unstable, leading to sel-f-pulsing. In the 
single—mode laser (SML) this second threshold occurs only 
in "bad cavities" (<r>b+l) at a pumping value 
Ismls (<r+l) (<r+b+l) / (<r—b—1) where the c.w. steady state 
loses its stability through a sub-critical Hop-f 
bifurcation C33 leading the laser to a state of aperiodic
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self-pul sat ions (chaos); see chapter IV, section 1 -for 
definition of these parameters. The strange invariant set 
involved in these chaotic dynamics has its origin in a 
first homoclinic explosion C233 at a pumping parameter 
whose value lies between the first and second threshold 
mentioned above; (this statement is not necessarily 
correct for an LSA, as shown in chapter IV). As the 
pumping is increased past the homoclinic explosion the 
strange invariant set evolves until it becomes an 
attractor at a pumping value which is different from the
second threshold C43; it is not clear to the author
whether this remark is irrelevant in the physics of
transition to chaos, i could one have 1aser parameters
for which a strange attractor exists well below the second 
threshold? This will be the subject of future work.

On the other hand, the second threshold in a multi—mode 
laser (MML) occurs at a minimum pumping parameter 
lMMi_=3b+4+VC8(1+b) (2+b) 1 and involves the symmetric 
excitation of cavity side modes leading to self-pulsing 
and occurs in good or bad cavities: if the cavity is bad 
the unstable side-modes are closer to the laser resonant 
mode than in the good cavity case. The kth cavity mode 
becomes unstable at a pumping value UVI mml which depends 
on <r,b and cavity length C243; in particular, the resonant 
mode (k-0) becomes unstable at a pumping value Ios Isni_, as 
one would expect C21. Notice that there is an optimum loss 
<rmi„=b+l+VC2(l+b) (2+b) 3 for which I 0=ISML,mln™IMML ; that 
is to say, when the cavity loss is <rmin, it is easier to
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excite the laser resonant mode than any other side—band 
C63. Numerical studies suggest that instability of the 
laser resonant mode is a sufficient, but not a necessary 
condition for aperiodic self-pulsations in a MML C243. 
(The terms periodic or aperiodic refer to evolution in 
time since the boundary conditions impose spatial 
periodicity in a MML).

Using different methods, Haken and Ohno C53 and Graham 
C63 proved the possibility of strongly perturbing the c.w. 
steady state of the MML model inducing hard excitation of 
hard modes. They show that these periodic self-pulsations 
might occur at pumping values below the second threshold, 
where of course the c.w. solution is also stable.

More recently Mayr et.el. C73 have shown that the 
coherent wave states of the MML model — which represent 
frequency detuned solutions and were first obtained by 
Gerber and Buttiker C81 - might become unstable to small 
perturbations at high pumping levels in good cavities 
leading to periodic or aperiodic breathing.

Common features of all these models are the following 
assumptions: 1) perfectly reflecting mirrors, a condition 
that has been used to justify replacing the so called 
"Fox-Li quasimodes" C93 by a discrete set of perfect 
cavity modes, and 2) the introduction of a uniformly 
distributed loss in the cavity in order to simulate beam 
extraction.
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In principle, a more realistic model should allow for a 
semireflecting cavity mirror to simulate the coupling to 
the outside world. This was considered early in the 
literature by Lang, Scully and Lamb C103. By starting with 
the diffraction-loss-free Fox-Li quasimodes they simulate 
beam extraction with a semireflecting dielectric mirror. 
This has the effect of associating a whole continuous 
spectrum of modes to each Fox-Li quasimode. They show that 
this transmission loss plays the role of an effective 
noise source in the cavity that satisfies a 
fluctuation-dissipation theorem.

One can indeed consider the linear response of such a 
cavity model to small perturbations in a purely 
deterministic sense, i.e. neglecting any noise present. 
Analyses of the stability problem in such models have also 
been considered. Lim and Garside Cl11 point out that a 
semitransparent mirror introduces a spatially dependent 
steady state and they provide a numerical solution to the 
stability problem using a discrete-mode expansion much in 
the same spirit as Risken and Nummedal C23 ! Of course, 
such a mode expansion is un-physical in a leaky cavity, 
although it might lead to partially correct results for 
the reasons outlined below.

Englund et al. C123 have recently shown within the 
context of optical bistability that there indeed exists a 
general solution to the stability problem in a cavity with
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a semitransparent window in the purely absorptive resonant 
limit. Their solution is the most general one in the sense 
that no particular -form -for the cavity eigenmodes is 
assumed. The -fact that such a solution can be found is due 
to the boundary value problem (Maxwel1—Bloch equations 
plus boundary conditions) being self-adjoint. Following 
this treatment, Lugiato et al. C133 have recently dealt 
with the problem of a laser cavity in the same limit.
Their analysis is also independent of any particular
choice of spatial basis; such work is therefore the
general solution to the stability problem of a
homogeneously broadened laser in a leaky cavity in the 
purely absorptive resonant case. It seems that the 
characteristic equation that they derive, which is the 
same one reported in C113, can only be solved numerically.

These works suggest that, at least in the purely 
absorptive resonant case, the response of the system to 
small perturbations is insensitive to mode-couplings 
arising from spatial non-uniformities. When detuning 
and/or a dispersive loss is added to the cavity, solutions 
to the laser with transmission loss stability problem have 
not been reported.

Following these ideas, a leaky unidirectional ring 
cavity containing a spatially localised amplifying medium 
(i.e. a point source or an optically thin sample) with a 
homogeneously broadened line is considered here. In the 
semiclassical limit atoms are only coupled to each other
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through a common field and in general this coupling can 
take place through temporal or spatial interactions. The 
"thin sample approximation" effectively cancels any 
couplings in the amplifying medium arising from a spatial 
dependence of the field, allowing nevertheless for 
interaction of the source with itself through the boundary 
conditions. Exact analytical results are provided.

It is shown firstly that softly excited self-pulsing 
instabilities always occur in the cavity for normalised 
pumping thresholds below those reported in C23. More 
general conditions under which the laser might suffer a 
loss of stability leading to chaotic motion are 
considered, and it is shown that if the "mean field limit" 
C143 is taken (see (13a)), the well known instability 
conditions of C13,C23 are recovered. In other words, it is 
argued that a mean field laser model does not distinguish 
between localised and uniformly distributed atoms in the 
cavity. Finally, the important limit of a strongly 
saturated laser source with a very long spontaneous 
emission time and constant Rabi frequency is considered; 
it is shown that in this limit the laser exhibits 
side-mode gain when the Rabi frequency matches the 
detuning from the resonant mode of the excited mode in 
question. It is shown that such "Rabi modes" arise 
naturally as the proper modes of the laser.

The analysis 
resonant mode is

also shows that instability of the laser 
necessarily accompanied by anomalous
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dispersion, a result which is at variance with previous 
predictions C153; this result is shown to be a direct 
consequence of lifting the mean -Field limit -From the laser 
model. In the light of such discussion I point at a 
necessary property of a bad cavity and comment on a 
physical interpretation of transition to chaos. Finally, 
possible relation of these results to recent experiments 
with dye lasers as reported by Hillman et.al C163 is 
di scussed.

2. The Model

The starting point is the Maxwel1-Bloch system of 
equations plus boundary conditions:

E(x,t> - NP<x,t>
P <x , t) ■ -yj.P<x,t) + 1g PE(x ,t>P<x ,t)
D (x , t) =* —V,r(D(x,t) — Du)

- 2<P<x ,t>EMx ,t> + P~(x ,t)E<x ,t> >

E (0,t) = RE (L, t— (/,—L) /c) (2)

where E, P, D are the electric field, polarisation and 
inversion, Du is the unsaturated inversion, N is 
proportional to the atomic density and g is proportional 
to the coupling constant9 R is mirror reflectivity, L and 
L are sample and cavity lengths. See Figure 1. Dot denotes 
time differentiation, single quote spatial differentiation
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and * complex conjugation

A -formal solution to the -first equation in (1) can 
easily veri-fied to be

x
E<x,t) = E(0,t—x/c) + <N/c)J P<x',t— <x—x ')/c)dx ' (3)

0

XI0 xiL

F i g u r e  1. S c h ema t i c  D i ag r am o t  a r i n g  l a s e r  c a v i t y  w i t h  t r a n s m i s s i o n  
1 o ss .

In what -follows the gain medium will be regarded as an 
optically thin sample containing a large number o-f atoms, 
i.e., the limit N>>1, L<<1 and NL=pc*constant will be
taken. This is equivalent to consider in the wave equation 
a spatially localised dipole sources

P(x,t) = L6 <x)P(0,t) (4)

so that (3) is reduced to



*

E(x,t) = E <0,t—x/c) + pP(0,t-x/c) (5)

and therefore, after using the boundary condition (2), the 
Maxwel1-Bloch equations are reduced to

AE = -TE + TP
P - -P + ED (6)
D * -bD + b (1 + 1) - (bI/2KEP* + E"P>

and the fields in <1) have been normalised with respect to 
the nontrivial stationary solutions E», P«, D«a 
E<t)=E<L,t)/E. and similarly for the other two variables. 
A time re-scaling ti=y_i.t has been introduced together with 
the definitions AE=E(n+r)-E<n) , D=D(^), P=P(»i); T=l—R; 
r=VxTc«v; Tc=«v=^/c; b = V 1= (D^/D»)-1^0 is a normalised 
pumping parameter. In terms of atomic constants 
1=41 g |2| E. |2/y#Va.. Notice that I=D2/b where and 
QR=2g| Es | is the Rabi frequency? g=jj/f» and p is the 
atom-field coupling constant. Note that Q is a scaled Rabi 
frequency.

It is instructive to notice at this point that this 
model is a difference-differential system that reduces to 
the single—mode laser model in the limit r-K), T-*0 and 
(T/rJ-Hr^constant. The parameter <r is a scaled photon 
life-time. In this limit, a "bad cavity" is such that the 
rate at which energy is being extracted from the cavity 
exceeds the average rate of coherent emission <<r>l+b); a

106



"good cavity" is de-fined by the converse situation. See 
section 2 of chapter IV for similar considerations.

Physically, equations (6) represent a laser cavity 
where any spatial coupling between matter and field within 
the amplifying medium has been suppressed. Nevertheless, 
"weak" spatial effects can still take place since the 
localised amplifying medium interacts with itself through 
its virtual images formed by the cavity mirrors. In this 
way the only propagation effect amounts to a constant time 
lag in the dynamics of the system. Similar physical 
considerations within a fully quantised model have been 
discussed before C173.

Numerical solutions of (6) are left for future work. 
It will be found convenient for the purposes of the next 
section to re-write (6) as a neutral delayed—differential 
equation, to obtains

E-RE- = - (E-RE-) + TE-D
D - - bD + b (1 + 1) - (bl/T)(E-RE-)E-** <7>

where E=E(i}), E-=E(»i-r).

3. Linear stability analysis

Let Es| E |exp (i V) and define as usual small
perturbations e, and d around the steady states



I E 1=1 E„ |+e, ¥=¥m+q/, D^D.+d; then the linearised evolution 
equations -for the small amplitude vector x-<e,d) and phase 
^ can be written as

x - CXr- = Ax + BXr- ( 8 )

where
/ R I -1 ±Tc - 1 1 A -
\ 0 ° ) \ +bI/T -b

and

B

y - R̂ r- = -<|/ + q>, (9)

The characteristic equation corresponding to (8) is 
readily obtained -from the condition

det[>Cl - Cexp (—Xr) 1 - A - Bexp(-Xr)] * 0  (10)

which leads to

P(X) - Q(X)exp(—Xr) (11)

where P(X) ■ X= + (l+b)X + b(l+I) and
Q(X) = RX2 + (1+bR)X + bC1— (1—2R)ID.

The characteristic equation -for the phase perturbations 
can be obtained directly -from (9) to yield
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<1+X) <l+RX)exp<—Xr) <12)

It is not difficult to show that all nontrivial roots 
of (12) have negative real part. The origin being also a 
root, one therefore concludes that in the absence of noise 
the phase is stable to small perturbations. In what 
follows, only the stability problem for the amplitudes 
will be considered.

Before solving (11), it is instructive to re-write it 
as

Xr - —2irki + ln£l - TCX2 + bX + 2bI3/P<X)3J (13)

where k=0,±l,±2,...

In the mean field limit C143,

T-K>, T/r-hr <13a)

one expands X, «32irk/r and other laser parameters in 
powers of T and neglects second order terms or smaller; 
after equating first order expansion coefficients, the 
following dispersion relation is obtainedi

X3 + (<r+b+l+ioc) X2
+ C (<r+l+I)b + i < 1+b)oc3X + 2<rbl + ib<l+I)oc - 0 (14)

This is the characteristic equation discussed in C23;
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therefore, the mean -field limit is a -first order theory

4. The second threshold and the loss of stability of the 
laser resonant mode

As it happens, necessary and sufficient conditions on 
the coefficients of (11) under which all its roots have 
negative real part have appeared in the literature C193. 
This work is a generalisation of the well known Hurwitz 
problem to include exponential polynomials (i.e., 
polynomials in z and exp(z)), based on pioneering work of 
Pontryagin. The method involves finding an asymptotic 
formula for the number of roots of a complex function 
using a generalisation of the Sturm series method of 
elementary algebra.

The analysis is conveniently carried out if (11) is 
re-written as

H<z) ■■ (aiZ2+a2Z+a3)cosh(z) + (biz^+b^z+bts) sinh (z) ■ 0(15)

where z=(Xr)/2 and the coefficients aj, bj are given by:

a* - (2/r)2T/2 
a3 = (2/r)bT/2 
a3 - bTI
bi - (2/r)2(1—T/2) (15a)
b2 - (2/r)(l+b(l-T/2)) 
b3 - b(l+(l-T)I)
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Figure 2. The second threshold It as a function of mirror 
transmissivity f for several values of bs2,1.6,1.2,.8,.4,0.

The solution to the Hurwitz problem for (15) when aj>0 
and bj>0 can be found in C19J.

It follows from this solution that the laser steady 
state will be stable to small perturbations if

I«I-t3<2-T>C2 + ( 3 / 2 —T )  b + ✓ C 2 C 2 +  (1 - T ) b 1 C 1 +  (l - T / 2 )  bJ>] ( 1 6 )

Figure 2 is a plot of this function.

It is amusing to note that in the limiting case T-»l the 
self-pulsing threshold for b small can be as much as 50%
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The methods described in C193 show that, in principle, 
the laser can be stable (all roots o-F (11) having negative 
real part) even i-F the pumping parameter I is greater than 
the second threshold value It  given in (16). Explicitly, 
when I>It the laser will be stable i-F and only i-F

6K = Ck-̂ 3 - Lk-1 = 0 (17)

smaller than the value predicted in the mean -Field limit.

where C-3 means greater integer less than - and

irkzt = (br/2)7CC (3-2T) I - p ± /B3/2/»> - (18)

tan-iĵ (bT/2)VrC<I + p + V B > / <p<l+p)ZI - (2+p) ± 7B3>]

where B = I2 - (2p/b)C4+(3—2T)bDI + p2 and p - b(l-T/2).

Evaluation o-F the tan_i -Function is restricted to the 
principal branch only, i.e. to the range (-ir/2,ir/2).

A closer study o-F C19J shows that and that £K is
equal to the number o-F roots o-F (11) that have 
non-negative real part, thus providing an intrinsic 
measure o-F the unstable bandwidth in the cavity. One must 
emphasize that such a bandwidth does not necessarily 
consist o-F a discrete spectrum o-F cavity modes; the cavity 
mode structure is indeed irrelevant in the analysis, a
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reflection of the fact that any two different points in 
the cavity are spatially uncoupled from each other as 
discussed above.

Thus, to a certain extent, what is fundamental in 
semiclassical laser dynamics, at least in the linear 
regime, is the cavity transit time or interaction time 

(the time lag mentioned above), rather than any spatial 
mode configuration.

There are only two essentially different possibilities 
that may arise when I>I t  and which lead to two different 
types of instabilities!

<i) The sign of k̂- is equal to the sign of k-. Due to the 
symmetry of the problem C193 one may take, for 
definiteness, both k-«- and k- positive. In this case it is 
possible, at least in principle, to change the laser 
parameters in such a way as to achieve the condition AK-O 
and recover stability of the steady state.

(ii) The sign of k-̂ is opposite to the sign of k-. Since 
AKK>, one has to take k-̂ >0 and k-<0. In this case it is 
impossible to recover stability of the laser c.w. state 
for any parameter values.

The transition point between cases (i) and (ii), namely 
k-=0 signals the onset of what we have called an 
irrecoverable loss of stability.
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It is not difficult to see that in the mean field limit
(13a), (18) is reduced to the well known result C23

irk* = (r/2>7<b(3I-b±7B)/2>Cl - 2<r/(I-2-b±7B) ] (19)

The threshold condition for an irrecoverable loss of 
stability, k-*0, may now be identified with transition to 
chaos, at least if the cavity length is small enough. 
This, of course, has to be confirmed by numerical solution 
of (7) in the general case.

It is apparent, and not surprising, that only in this 
limit one is free to define «*= (2ir/r) k and infer the 
proper mode expansion <exp(i(«k /c )x )> of a perfectly 
reflecting cavity. One can show that in this limit it is 
not possible to achieve the condition AK^O for any laser 
parameters (with I>I-r) due to the nature of the mean field 
limit itself. Nevertheless, given the discrete nature of 
the spectrum in such a limit, the laser operating above 
the second threshold will be stable whenever there is no 
cavity modes falling within the unstable bandwidth AK.

In the general case, it is necessary to determine 
numerically if there are any parameter values such that 
AK=0 when IVI-r- We shall not explore this possibility 
here.

Instead, we proceed to investigate an interesting limit
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in the -Following section

5. A limiting case

A limiting case in which the model can be easily solved 
is considered below; this allows greater insight into the 
physics o-F side-band generation and transition to chaos.

The limit to be dealt with is a saturated two-level 
atom with a very long spontaneous emission time and i) 
either a very large dipole coupling constant being pumped 
close to laser threshold or alternatively ii) a moderate 
atom—Field coupling and operation well above threshold; in
either case, the limit is taken in such a way that the
interaction can be characterised by a -Finite Rabi
■Frequency 0. It is now known that the dynamics o-F such
systems in -Free space are characterised by population 
pulsations at a single Rabi frequency in the semiclassical 
approximation, or the beating o-F a set o-F "Rabi-modes" in 
a -Fully quantised model C203,C213. There are no known 
solutions to the -Fully quantised laser problem in this 
limit (including damping) to—date.

Within our semiclassical -Framework, the precise limit 
to be considered is

b-K>, I-*» and bI-K)3=constant (20)
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See the definitions -Following (6). Notice that the 
condition of strong saturation I>>1 can be physically 
achieved at low photon densities if g>>l or at higher 
photon densities if g<<l. Note also that b<<l means the 
spontaneous emission decay rate must be much smaller than 
the colli si onal decay rate (y#<<yj.) and I>>1 means that 
the Rabi frequency must be much larger than the average 
decay rate (flR>>V<y#Vjl>) -

Typical systems that could be modelled in this limit 
include the Rydberg maser (single—mode) at low photon 
densities or a dye laser (multi—mode) operating above 
threshold in a very crude approximation of a dye molecule 
by a two-level atom. For a typical fast dye ),
V j.'v I O 1 2 , s o  one needs considering a Rabi frequency 
satisfying the limit 10A 1<<QR<<optical frequency ('vlOA=s).

After limit (20), expression (18) reduces to

irk ✓2 (0r/2) (21 )

and

irk— * (flDr/2) - tan“ ACC <flor/2) ] (22)

where a modified Rabi frequency (1—T)/(1—'T/2)> has 
been introduced together with the definition £sT/(Rr). 
Notice that one can identify the cavity storage time 
T.to3 (R/T)Tc«v and therefore J*l/(VxT*to).
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9It must be noted that in the mean -Field limit (13a) 
expressions (2 1) and (22) can be reduced to K-̂ .— V2Ci. and 
oc-=ft(l-<r) , in agreement with (19). One can therefore 
conclude that in the mean field limit, in a good cavity 
(<r<<l) , side—mode gain is clearly induced by oscillations 
of the population inversion at the Rabi frequency 
(detuning oc-'vft) . As the cavity quality deteriorates (<r-*l) 
side-band gain first occurs for a detuning oc_ much smaller 
than the Rabi frequency and the role of inversion 
oscillations in the onset of instability is therefore 
played down in the mean field limit.

In the general case in which T*0, relations (21) and 
(22) also determine the minimum and maximum Rabi
frequencies at which side—band gain will be induced in the 
cavity. In principle all eigenvalues within the unstable 
bandwidth AK will be excited as the Rabi frequency is 
increased past its minimum value (determined by (22)); 
nevertheless, the fact remains that the cavity continuous 
spectrum assigns relative "weighting factors" to different 
cavity modes, being of course dominant the oscillation of 
those modes with maximum weight (resonances); such
"weighting factors" and the location and width of the 
resonance bands depend on the mirror transmissivity T. 
Therefore, given a cavity spectrum, side-band excitation 
will be favourably enhanced only when the Rabi frequency 
is close to a cavity resonance, and this will depend in 
general on the particular cavity geometry and quality.

117



Notice that, effectively, equations (21) and (22) are 
dispersion relations of our problem. Consider, for 
instance, the case in which the resonant mode becomes 
unstable, i.e. k-=0. The corresponding Rabi frequency can 
be obtained from (22) with the help of figure 3. For a 
good cavity, i.e. {<1 , (this, in rigour, is not the same 
definition of a good cavity in the mean field limit, i.e. 
<r<l, but the physical interpretation is similar) one can 
easily see that the Rabi frequency corresponding to the 
resonant mode is equal to the resonance frequency. A 
similar conclusion holds also in the mean field limit.

In recent experiments with dye lasers C163, observed 
spectral splittings have been associated to Rabi 
oscillations or its subharmonics; notice that the former 
association can be established entirely within the mean 
field limit model (MFLM) in the limit b<<l, I>>1 and bl̂ ft22 

and the present study shows that a discrete loss does not 
alter the conclusion. On the other hand, oscillation at 
subharmonics of the Rabi frequency is due, as pointed out 
in C163, to inclusion of dispersive losses in the cavity; 
the stability of such a cavity will be considered 
elsewhere.

A fundamental change occurs in a bad cavity ((>1). In 
this case, (22) predicts symmetric side-band generation at 
an off-resonance Rabi frequency besides the expected 
oscillation of the resonant mode.
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Figure 3. Graphical solution of the dispersion relation (22) For the 

laser resonant mode (k-*Q). In a bad cavity (J > 1) instability of the 

resonant mode is accompanied by generation of two extra frequencies 

in the same mode.

This population induced side-band gain is more readily 
accessible in the same resonant cavity mode than in the 
neighbouring one. Thus, oscillation occurs at three 
different frequencies and the same wavenumber, a condition 
often referred to as anomalous dispersion. Since one may 
identify this instability with laser transition to chaos 
in a single mode laser C13,C23, it follows that chaotic 
motion originates as beating between side-bands produced 
by anomalous dispersion! this anomalous side—band
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generation is clearly induced by the population inversion. 
Similar arguments -for instabilities in inhomogeneously 
broadened lasers in the mean field limit have been given 
by Casperson C153. Present results are at variance with 
his prediction that homogeneously broadened lasers can not 
exhibit this effect.

Notice that £>1 and k-=0 implies s»VrTc*v<1 
(v f t *(£Ir / 2 tt) ) , where a dimensionless saturation parameter s 
has been introduced. This definition is analogous to the 
saturation parameter used in elementary quantum mechanics 
of the atom-field interaction in free space C223, namely 
s=VF»T±r.*5 the interaction time T±n* is usually 
approximated by the average coherence time of the process. 
This observation offers an alternative interpretation of a 
bad cavity as a cavity that does not allow significant 
saturation of the laser over the re l e v a n t  interaction 

t i m e , which is seen to be Tint=Tc«v. This condition 
excludes the possibility of sufficient energy exchange in 
the cavity to allow for a coherent build-up. Saturation 
being a physical mechanism that induces cooperation 
effects in the system to change the coherence properties 
of light, it is perhaps not too surprising that a bad 
cavity would produce chaotic light.

Thus, one concludes, if the laser can never be close to 
its saturation level in a bad cavity, how can it produce a 
classical wave with a well defined amplitude and phase? 
The above interpretation suggests that the ususal 
assumption of semiclassical laser theory according to
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which the -Fields are given a priori a classical well 
defined phase might be too restrictive; the equations of 
motion they are supposed to obey, namely the equations of 
motion of de—correlated expectation values of quantum 
field operators (like the semiclassical laser equations) 
Since writing this chapter my attention has been drawn to 

the work of S.T. Hendow and M. Sargent III, Opt. Comm. 
40(1982)385; (see also R.G. Harrison and D.J. Biswas, 
Progress in Quantum Electronics 10,3(1985) and references 
therein). The above authors have studied in detail 
Rabi-mode splitting in homogenously broadened systems.

6. Conclusions

A model of a laser including a discrete loss has been 
presented and its stability properties discussed, 
emphasising its relation to the MFLM. Numerical solutions 
will be presented in a future work.

It has been shown that the laser second threshold 
occurs at a pumping value smaller than predicted in the 
MFLM C23m

A limiting case in which the laser can be characterised 
by a single Rabi frequency much larger than the average 
decay rate has been discussed; it has been shown that 
side-band gain occurs for a detuning equal to the Rabi 
frequency, in agreement with the predictions of C23. It 
has also been shown that instability of the resonant mode
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in a bad cavity is accompanied by anomalous dispersion; it
remains to be shown 
unambiguously identify 
transition to chaos.

(perhaps numerically) 
this instability

that
with

one can 
laser



Conclusion

Mode-locking by loss modulation of a laser with a long 
recovery time has been studied in considerable detail. 
Directions are suggested which might be useful when 
extending these techniques to account for gain saturation.

The effect of a fast saturable absorber in the dynamics 
of a single mode laser, with particular attention to 
chaotic motion, has been studied numerically. Possible 
future work is briefly outlined.

The stability properties of a model of a laser with a
discrete transmission loss in the thin sample
approximation have been studied; numerical solutions of
this model are still to be found.

%
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Appendix A
The Maxwel1-Bloch equations 
and Self-consistent methods 

in Mode—locking theory

Starting from the Maxwel1-Bloch equations (MBE) plus 
boundary conditions, a linear "self-reproducing profile" 
algorithm for actively mode—locked lasers is deduced. Most 
of the steps are simple to follow; however they reveal 
some of the approximations involved in this kind of 
approach to AML problems. They are presented here in order 
to link the first three chapters with the rest of the 
thesis.

The MBE to be considered are

c dE/dz = -(K + ie)E + KP
6P/dz =* -(yj. + iv)P + y_i_ED (Al)
dD/dz = -y#D + (1 + 1)Y# - Y#KE~P + EP~>/2

where E,P and D are the normalised electric field, 
polarisation and population inversion, respectively. The 
velocity of light in the unbounded medium, a constant 
distributed loss, the polarisation and inversion decay 
constants and a constant pumping parameter are
respectively denoted by c ,k ,Yjl,Y#)I (see chapter V for a 
relation between I and other atomic constants). The 
parameters e and v measure detuning of the field carrier 
frequency ft from the empty cavity mode separation and



♦

%

*

*

atomic transition frequency, i.e. , e = c//, - ft and 
v = - ft, where L is the cavity length.

Local space and time coordinates z,? are related to 
laboratory coordinates x,t by the transformation

z = x ; r = t — x/c (A2)

Although this model assumes from the outset a 
distributed loss in the cavity, the results obtained in 
this Appendix can easily be shown to be correct also in a 
model where a discrete loss is used to simulate beam 
extraction; such a model is studied in chapter V.

Equations (Al) can be formally rewritten as 

c dE/dz = — (K + ie)E +
T

Ky_».J E (t ' ) D <r ') expf— (y_L + iv)(x - t ')> dx ' (A3)
—oo

6 D / d z ■ “V#D + y#(l+l) -
i , I<(c/K) 6\ E \-/6z + 2|E|2>/2 (A4)

It is clear from (A3) that the polarisation introduces 
memory in the system, giving rise to a "filtering" 
operation characterised by an exponentially decaying 
impulse response function. However, this operation is 
rendered nonlinear by the time dependence of the 
population inversion. One must be aware of the fact that
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the Maxwel1—Bloch equations per se (without relaxation 
terms) can not be manipulated as a filter. It is only the 
ad hoc introduction of the decay constants in (Al) that 
allows the memory integral in (A3) to emerge.

Consider a laser which is actively mode—locked by loss 
modulation. Traditionally one should consider a modulation 
of the distributed loss in the cavity (or a modulation of 
the mirror reflectivity in a model with transmission 
loss). For convenience however, one can also model loss 
modulation by including it in the definition of the 
inversion D which from now on will be interpreted as a net 
gain factor

♦

D(z ,t ) = exp(A(z,t) — L(t )> (A4a)

where A and L are respectively gain and loss 
coefficients.

For simplicity, take the case where the modulator 
frequency matches the cavity frequency (tma0 as defined 
close to (la) in chapter I). In this case the boundary 
conditions are

E(z ,t ) =  E(z +  jL , z ) (A5)

Integration of (A3) and (A4) with respect to z and use 
of the boundary condition (A5), gives after changing the 
order of integration in the memory integral and averaging
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over the cavity length the -following result
T

e(x) = e(r ' )d (t ' )exp<—Vj.(t - t ')> dr' (A6)
—00

dd(T)/dx * -y#Cd(T) - 13 + y#ICl - |e|23 (A7)

where perfect tuning has been assumed and the definition
L

e<T)=cJ E(z’,x) dz'3//, has been used; d is similarly 
0

defined.

The averaging referred to above is a spatial average 
over the cavity length and implies that there is no
significant spatial coupling between the electric field 
and the population inversion; such coupling is 
responsible, for instance, of hole burning, etc. It takes 
the mathematical form of a factorisation between the 
fields A and B

L L L

| A(z',x')B(z*,x') dz ' = A(z',r')dz'| B~ (z ' , z ') dz ' <A8>
0 0 0

where A=E or D.

So far all our results are valid expressions for the 
transient evolution of the field and gain; however, in the 
general case of arbitrary mismatch tm , (AS) and <A6) have 
to be modified accordingly. When restricted to the steady 
state (denoted by subscript s), an assumption that will be
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implicit -from now on in this Appendix, the -field in the 
cavity must satis-fy

T
e»<r + tffl) = V.J e»(r ' )d»(r ' )expf—y_i_(r — r')> dr' <A9)

—CO

which can be re-expressed as

e» ' (t) * -y _i_Ce« (t ) + e« (z - tm) d« (t - tm) 3 (A10)

It would be an interesting exercise to look -for 
periodic sol u t i o n s o-f the system <A7) plus (A10) with or 
without loss modulation9 in the latter case 
(L(t)“constant, t ms Tc a v  ) such periodic solutions would 
correspond to spontaneous mode-locking.

In order to make contact with the "stepping model" o-f 
chapter I, notice that (A9) can be exactly rewritten as

e»(r + tm + t„) =exp-C-y_i_t«> Qem(x + tm) +
T+t-

Vo.J e» (t ') d» (t ') exp-C-y_i_ (t - x')> dr'] (All)
r

where t«, is an arbitrary delay. I-f now time is measured in 
units o-f tm (i.e. , T=jt.) and tm is small (All) can be 
approximated by the following discrete equation

e»(j+n+1 ) Re»(j+n) ln(R)d.(j+l)e„(j+1) (A12)



with the definitions R=expf-y_».t.> and tmant..

This is basically equation (3) of chapter I provided 
the identifications lntRJ^-T, d*g and e=V are made.

Notice that discretisation is a correct approximation 
when t. is orders of magnitude smaller than the 
characteristic times T«=«v, t-f^l/y^ and Ti«»l/y#.

There are a few comments in orders

First, using T instead of —1 n (R) in <A12) might be the
origin of the difficulties in defining a filter
characteristic time for the case of a Fabry--Perot etalon
as explained in chapter 1 and II.

Second, identifying d<t) with g(t)=exp<A(zo,t)-L(t)> 
(where z0 is a constant) and e with V is of course correct 
as long as one is prepared to accept the factorisation 
condition (A8) for E and D. Notice that for a laser with a 
very long relaxation time ( T i « » T c « v )  as dealt with in 
this thesis, (A8) is a perfectly valid step since A(z ,t) 
as defined in <A4a) is approximately constant over the 
cavity length. However, in the general case where gain 
saturation can not be neglected across the cavity length, 
(A8) must be interpreted as an average equation where the 
spatial variation of E and D in the cavity is replaced by 
a constant factor and therefore only evolution in the time 
domain is considered. One might expect this average to
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give reliable predictions when dealing with an 
thin laser medium, but only in this case.

♦-
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Appendix B

Numerical computation o-f spectrum 
of discrete damped Mathieu equation

The problem at hand is in principle very simples it is 
neccesary to ensure that the sequence SsB<Xj> defined in 
chapter II is bounded -for all j. Ensuring this condition 
means that the energy in the cavity will not grow without 
limit at any time. So one must consider S as an infinite 
sequence and check for boundedness of S for all j, which 
is an impossible task to be carried out in a computer; the 
best that can be done is to prove that S has not diverged 
for reasonably large j.

In terms of computable quantities, it is necessary to 
check the condition

I Xi .2 |<f ,M;4>,m,D)) \< 1 for some $ (Bl)

where Xif2 are the eigenvalues of matrix product P. 
defined in chapter II. Notice that dependence of these 
eigenvalues on all variables except m enters through the 
gain function

* 9j “ f expfDcos <2ttM j+4>)/2> (B2)

The problem is thus reduced to finding trP. and detP. 
at each point <f,M) and checking if (Bl) is true or not; a 
dot is recorded in the positive case, a blank otherwise. 
The figure obtained in this way is called the spectrum of

132



equation (5) o-f chapter II and will be denoted spec.

It is a simple matter to show that spec(M)-spec<M+k) 
where k is any integer and that spec(M)“spec<-M). It 
-Follows that spec < 1-M) =spec <M> and therefore spec is 
symmetric with respect to the line M*0.5 . So it is 
sufficient to consider only 04M40.5 -

There is a slightly subtle point about the rational 
number M. For a given fixed value of M, one can find an 
infinite number of ways of expressing it as the fraction 
of two integers r,s, i.e.,

M = ri/si = r2/s2/ * r3/ss <B3)

* where Si is the number of mesh points in the grid and r±

the number of points advanced each unit of time. Therefore 
gj completes r cycles in a period s.

Notice that the particular value of r,s chosen will 
affect the value of |Xi.2 | obtained since s controls the 
number of matrices involved in the matrix product P». It 
might well be the case that I X |<1 for Msri/si while I X |>1 

+ for M=*r2/s2. (ri/Siar2/S2).

Of course the larger the number s the more reliable 
will be a positive result to testing condition (Bl). It is 
necessary to take s>>1 because the sequence S whose 
boundedness is being tested is an infinte sequence, as
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mentioned at the beginning of this Appendix. For obvious 
practical limitations, an upper bound sm«>< to s has been 
fixed in the calculations! for given M, the fractional 
representation chosen is M=r~/s~ where s"* is the integer 
closest to sm«><.

Calculation of detP» is trivial with gj as in (B2). It 
is easy to show that

detP. =* (R/Tf)- (B4)

for any <J> when M is rational.

The calculation of trP. is more involved. Although it 
is perhaps possible to do it analytically, the results of 
section 3 were obtained numerically.

For fixed m,D and setting <j>=0, such a straightforward 
approach produces a spectrum as shown in figure 8, chapter 
II. Nevertheless, as R is increased, and for R*0.4 or 
larger, the spectrum produced appears to be incomplete.

This incompleteness of the spectrum can be confirmed by 
the method of tridiagonal decomposition described in 
chapter I, whose predictions are totally independent of $ 
C191; it is essentially a method that locates the 
boundaries where singly-periodic solutions exist (given by 
I Xi,2 lal in the present terminology), and which provides 
no information about solutions in other regions of the
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tf,M) plane. It is -for this reason that tridiagonal 
decomposition produces the same results independently of 
the value of <f>.

Going back to the present method, one concludes that 
setting $=0 is a very particular choice. Since on physical 
grounds the initial phase <J> has a random character and 
since the numerical results show a slight dependence of 
the magnitude of X on $, it is appealing to form the union 
of spectra over the essentially arbitrary $'s (0n<<j>n<2tt) . 
Notice that $ dependence of X does not imply that the 
actual location of the boundary lines I \i,2 |"1 depends on 
<t>, which is certainly not the case.

Such an averaging scheme turns out to be a very heavy 
numerical task as it requires scanning the whole <f,M) 
plane accurately several times, each one for each value of 

therefore, semi-analytical methods have to be developed 
as described below.

Using the cyclic properties of trace operation 
(trABC^trCAB^trBCA) , and assuming that gj=exp-CDcos <x j + 
<J>)/2> ^ 1 + Dfexpfi (x j + <J») > + c.c.]]/4, it is not
difficult to show C183 that

tr<$) ■ tr<ir/2s) + 2 <— D/4Tf) “cos <s$) <B5)

with the definition tr <$) »tr (f ,M$ 4>,D,m) “trP«. It is 
essential in obtaining such a simple expression as <B5) to



Equation (Bl) can now be expressed as

I tr(ir/2s)/2 + (-D/4T-F ) “cos <s$)
±7<Ctr <tt/2s ) /2 + <-D/4Tf>-cos<s$>- det> I N< 1 (B6)

■for some $.

This inequality can be reduced after some manipulation 
to the following conditions

| tr <tt/2s )/2 | N< (1+det) /2 + <D/4Tf)- if detN<l <B7)
I 7det - <D/4Tf)-| <C I tr <tt/2s )/2 I <11+ <D/4Tf>- (B8)

if det>1 .

Figures 6 and 7 of chapter 11 were obtained using the 
semi-analytical method described above; these figures can 
be tested using tridiagonal decomposition.

However, for R=0.5 the present method still produces 
incomplete spectra, a feature that pressumably has to be 
attributed to approximating gj by a harmonic function for 
the calculation of tr but not for the calculation of det! 
Note that (B4) is incorrect if gj is harmonic since in 
this case there is a non—trivial dependence of det on $ 
and consequently (B6)+(B8) have to be modified 
accordingly. This was not pursued any further by the 
author.

assume that gj is harmonic.
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Appendix C
Asymptotic calculation of saturated gain factor

In this appendix we approximate equation (3) of chapter 
III by a continuous second order differential equation to 
obtain the so-called damped Mathieu equation. Using a 
standard asymptotic expansion for the eigenvalues of this 
equation we calculate the saturated gain of each
supermode.

The starting point is the discrete damped Mathieu 
equation derived in chapter III

+ <<1 - 2R)/R)Wj + <<1 - R)/R)(gj - l)Vj - 0 (Cl)

where gj = f(l + <D/2)sinxj) and Xj*(2ir/N)j. Other 
parameters are defined in chapter I.

If the following limit is taken:

N-*» , t.-K) , Nt,->Tm0d (C2)

together with the limits x j->(2ir/Tmc»ci) t and
(Wj/t.)->V'(t)j and if the time re-scaling

z = (2TT/Tm 0 d) t <C3>

is introduced, the final result is the damped Mathieu 
equation
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V"(t) + KV'(t) + V Cg <t) - 13V(t) - O (C4)

where K - (<1 —2R) /R) <N/ (2ir)) and y = (T/R) (N/(2tt) )

The change o-f variable

(t) =* exp -C Kt/2 >V(t) (C5)

reduces (C4) to

^"(t) + (oc + psin (t) )»i (r) * 0 (C6)

where oc = C (T/R) f—1/R2> (N/ (2tt> )2 and
p = (T/R) (D/2)f (N/(2tt> >2.

When p>>i the asymptotic expansion for the eigenvalues 
of the ith order Mathieu function is C163

p i  ■ -oc± + C i ( p i )  <C7)

where oc± = oc(fi), p = p ifA) and

c i i p ± ) s ai o'/ ip i /2 ) aii/ 2^ ai 2/ (2/jbi ) /2s —
a i 3 (2 / p i)/ 2 A2 -  . . .  (C8)

and the matrix a u  is



*

1 1 1 3 ■  ■  •

3 5 9 45
a = 5 13 35 249

7 25 91 855

Note that columns <j*0,1, 2 . . .) correspond to terms of 
increasing order in <C8) while rows (i=0, 1, 2 . .  . ) refer to 
different supermodes.

Using <C8) and substituting for oc and p in <C7) leads 
to the result

fi = R/CT(1 + D/2) 1 -C 1/(4R2) + c± (f ± ) (2tt/N) 2 > <C9>

Using (2c) of and (5b) of chapter I and defining z =* 
to,'/t-f it is possible to express R and N in terms of 
physical parameters to get R = 1/<1 - (1—z)/n> and N ■
-nCl + (T«=*v/t-F) / (1-z) >. When this is substituted in (C9) 
the final implicit equation for fi is obtained and easily 
solved by iteration.
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V Appendix D

Peturbative solution of 
characteristic equation of LSA

When the rate constants of equation (2) of chapter IV 
differ by orders of magnitude as in the case of limits <5) 
or (7) of the same chapter, one can use standard 
perturbation theory and expand the eigenvalues of the 
linearised version of (2) in a small parameter e. When 
this expansion is substituted in the quintic 
characterisitic equation of (2), its coefficients can be 
found to any desired degree of accuracy. The coefficients 
of the quintic

X= + C^X* + C3 X3  + C3 X= + CiX + Co = 0

are

Co 53 2Ky jV-tVj-VjlI (l+al) (dA/dl)

Cl = C A/(l+aI) + IC1 + A/(1 + I)3U
+ KV# A/Cl + I) + aici + A/(l+aI)3] 
+ 2 K j . a I A /  (l+al) + 2Ky^o-V-dA/ (1+1) 
+ V-rV-rV̂ V-Ld + I) (l+al)

¥

C2 = KV#Va.C IC1 + A/ (1 + 1) 3 + A/ (l+al)]
+ Ky.rVa.C alCl + A/ (l+al) 3 + A/(l+I>]
+ Ky^y^A/ (l+al) + KV#yJ.A/<l+I) + KYj-v* 
+ <l + IMy#y_i. + yu.y.dy# + <l+al) (V-rV-*- +



♦
C3 = KVj.A/ <l+al) + KVj.A/ (1+1) + l+I)

+ V.rVa.d+al) + KV# + KV# + V#7# + V-lV-i.
+ y/jj. +

CU -  R + y# + V# + V-u + 1 ^

Notice that these coe-fficients are invariant under the 
barred«-Hinbarred transformation.

Each limit is considered separately below.

1. Limit << V#~Vju. In this case one can choose
£aay_L/yJ_5 by defining iî X/yj. and linearising (2) around the 
nontrivial stationary states, one obtains after some 
tedious manipulation

^1,2,3 * I] 1,2,3® + ... (Dl)

(J)where r)i,2 . 3 are solutions of the cubic equation (9) 
(dividied by y^3) with coefficents (1 1 ), and

= nC5.s - C<rA/ (l+al) 3 ■
+ b ' (l-al) 3/C (1+b ' )ti(*,s + 2b '(l+al)3^ (D2)

where

t)*.s * (1 /2) (1+b ') ± /[(l+b')2 - 4b ' (l+al) 3> <D3)
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■i
_ — (o')and <r=K/yj., b'=y#/y_i_. Notice that Refij^.sXO.

For completeness, the results for the trivial c.w. 
state are also presented:

i  =  - b e  +  . . .  ( D 4 )

i]2 , 3  =  0 . 5 0 1 - 0 -  ( 1 - A )  ±  VI ( l + < r ( l - A )  ) 2  -  4<r ( 1 - A - A )  3 > e  ( D 5 )

t\ 4 = - b' + 0(f2) + ... (D6)

H a  ■  - 1  -  <rAe +  . . .  < D 7 )

2. Limit << In this case one can choose
€ ss'ijr/yjLi by defining n=X/y’J. and linearising (2) around the 
nontrivial stationary states, one obtains after some 
tedious manipulation

H 1,2,3 — *1 1 , 3,3f + (D8)

where ^ , 2.3 are solutions of the cubic equation (9) 
(dividied by yj.3) with coefficents (10), and

t- t)+ =  -  y +  C l  -  ? A / ( 1  +  I ) 3 e  + ___  ( D 9 )

i j a  =  - 1  +  C p a l  -  £ A /  ( l + a l ) J e  +  . . .  ( D I O )

where y=y _i_/y J=K/yM and ^=y#/y#
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Expansion around the trivial c.w. state yields

= - e + ... (Dll)

t)^ = - 5 (1-A—A) e + . .. (D12)

t)3 — — ps + . . . (D13)

= - y + {Ae + ... (D14)

ri= = - 1 - ?A* + . .. (D15)

*-
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