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ABSTRACT

The technique of sum rules for light-cone vertex
functions is applied to a vertex involving a proton state.
The resulting sum rules give information about the form of
the non-perturbative, low energy, distribution amplitude or
wavefunction of the proton. The non-asymptotic
antisymmetric component of the wavefunction is clearly
indicated to be significant and of the opposite sign to the
symmetric component. One such antisymmetric moment is
predicted, in agreement with the result from two-point
functions. A mixture of moments, symmetric and
antisymmetric, is also predicted and the result is in

agreement again with that of the two-point functions.

In the course of the above work a discrepancy in an
earlier, similar, analysis of the pion wavefunction was
discovered. A more sophisticated investigation of this
wavefunction was therefore performed and the radiative
corrections and power corrections to the N’SLJ vertex
incorporated into the sum rules. One of the higher-twist
wavefunctions that appear in the power corrections was
identified as the major source of uncertainty in the vertex
sum rules and its non-asymptotic form was then calculated
from the two-point function sum rules. This was substituted
into the vertex sum rules. The final result was again in

agreement with the results from two-point sum rules and



unambiguously indicated the non-convex nature of the lowest-

twist pion wavefunction.



PREFACE

The work presented in this thesis was carried out in
the Theoretical Physics group of the Department of Physics,
Imperial College, London between October 1982 and September
1985, under the supervision of Dr. H.F. Jones. Unless
otherwise stated, the work is original and has not been
submitted before for a degree of this or any other

university.

I would especially like to thank my supervisor
Hugh Jones, for introducing me to the subject and for his
guidance and help throughout the course of this work. I
shouId also like to thank Dr. A. Andrikopoulou,
Dr. E.A. Bartnik, Dr. I.A. Fox, Dr. S. Generalis, Dr. G.
Launer, Dr. J. Namysdowski and A. Vladikas for many useful

discussions.

I would also like to thank Miss S. Nicolaou for

typing the manuscript.

The financial support of the SERC is also gratefully

acknowledged.



In a manner of speaking objects are colourless

Wittgenstein



To my parents



CONTENTS
ABSTRACT
PREFACE
CONTENTS
CHAPTER ONE Introduction
CHAPTER TWO The Proton Wavefunction

2.1 QCD Sum Rules

2.2 The Proton Wavefunction and Experiment

2.3 The Proton Wavefunction - General
Definition

2.4 QCD Sum Rules and the Proton
Wavefunctions

2.5 The Form of the Sum Rules Wavefunction

2.6 Vertex Sum Rules and Hadronic
Wavefunction

2.7 Vertex Sum Rules for the Proton

2.8 Discussion

CHAPTER THREE The Pion Wavefunction
3.1 Results from Perturbation Theory and
from Two-Point Functions
3.2 The Pion Wavefunction and Experiment

3.3 Lowest Order Vertex Sum Rules and the



Pion
3.4 Improved Sum Rules for the Pion Vertex
3.5 The Higher Twist Wavefunctions
3.6 Analysis of the Vertex Function Sum
Rules

3.7 Discussion

CHAPTER FOUR Remarks and Outlook

>
-

Extensions to Vertex Function Sum Rules
4.2 Remarks on the Choice of Proton Current
4.3 General Outlook

4.4 Evaluation of Vacuum Condensates

APPENDIX A The Fock-Schwinger Gauge

APPENDIX B The Borel Transform

APPENDIX C The For% of Asymptotic Wavefunctions

APPENDIX D Light-Cone Dispersion Relations

APPENDIX E Radiative Correction to the Pion Vertex
Function

REFERENCES



CHAPTER ONE

INTRODUCTION

It is now generally believed that the observed
strong interactions and their participant hadrons are
governed by Quantum Chromodynamics (QCD). QCD is a
renormalisable Lagrangian quantum field theory, based upon

an unbroken non-Abelian gauge symmetry; SU(3).

Historically QCD came as a development of the gquark
model. In the early 1960 s a succesful description of the
low energy spectroscopy of particles was obtained from the
Eightfold wWay (SU(3) flavour) classification of hadrons as

composite objects made up of quarks and anti-quarks.

The parton model (1), using the naive assumption
that the quarks behaved freely, was an initial attempt to
explain the results from deep inelastic scattering
experiments. These experiments use a high energy lepton
to probe a nucleon, and the surprising result was found
that the nucleon structure functions were approximately
scale invariant. Under the assumptions of the parton
model that the nucleon is made up of free, point like
constituents, each of which carries a fraction Xl_ of the
nucleon momentum and which take part in the interaction,
all of the deep inelastic structure functions could be

expressed in terms of the parton distributions (Fig.



1). In the Bjorken limit (where X = Q2/21/, VW = 2p.q

1

and Qz (==q~ ), YV —» oo with x fixed) the moments of the

structure functions

" ‘ -

ML = S dx anFi.(x) ny 2 1.1
o

were found to be roughly independent of Qi . The parton

model agreed well with experiment for certain values of

x(0.15 & x £0.25) for 2 ( Qz' < 100 Gevz-(Z), but outside

this range of x a breakdown of scaling was observed. It

should be noted that the model assumed that the

confinement mechanism is independent of the particular

process under consideration and that all the confining

physics is contained in the parton distribution functions.

The absence of a theoretical.grounding for the
parton model means that these parton distribution
functions are not calculable in the model. A picture in
which we hope both to have an explanation of the short
distance parton-like physics and also of the long distance

confining interactions is QCD.

The need for a new quantum number so as to explain
]
baryon statistics, the T —» ¥ X decay rate and the

ratio R

R - o"(e*e"q \«ao(roasv

-

& (€e— pfu)
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(a) Deep inelastic lepton-hadron scattering
(b) Vector boson-parton scattering in the parton model

(c) The corresvonding virtual Compton amplitude
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had led to the postulation of colour. Thus far physicists
were cons;dering that the role of the new quantum number
was to produce the interaction that held the guarks
together (via gluons) in some, not understood, qualitative
fashion. However, with the discovery of asymptotic
freedom (3) the situation changed dramatically and
quantitative calculations became possible. This
remarkable property of QCD says that the effective
coupling constant vanishes at short distances. It was also
shown that the coupling constant appeared to increase at

greater distances.

Asymptotic freedom, through its implication that
the strong interaction becomes weak at high energies,
means that perturbation theory becomes applicable to
hadronic physics in this regime. A large number of
perturbative calculations have been performed over the
intervening years, attempting to test QCD. The
predictions so far obtained often agree with QCD, but much
of the experimental data remains unexplained. This is
particularly true at lower energies,where perturbation

theory is expected to break down.

QCD was applied to deep inelastic scattering using
the operator product expansion (OPE) and the renormalisa-
tion group (4). In this approach to inclusive processes
the OPE permits us to factorise out the terms depending on
large momenta. We obtain a sum of products of coefficient

functions, which we calculate in perturbation theory, and
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matrix elements of operators between hadronic states,
which last are non-perturbative. The Qz' dependence of
the coefficient functions is then calculated via the
renormalisation group equations and the non-perturbative
parts can be extracted from experiment. The results of
this analysis showed that the parton model 1is,
essentially, preserved in QCD, with only a slow Ql'
dependence now appearing in the hadronic structure
functions. 1Indeed the results of this approach have been
recast in parton model language by Altarelli and Parisi
(5) and this equivalence has been further supported by
calculations in the leading log approximation of ladder
diagrams in an axial gauge (6). The treatment can be
extended to deal with semi-inclusive processes, where we

detect one hadron in the final state (7).

The extension of factorisation to exclusive
processes by Brodsky and Lepage (8) gave QCD a new set of
reactions to calculate and predict. The assumptions
behind the factorisation of exclusive processes are the
same as in earlier work; for any process involving
sufficiently high momentum transfers, one can isolate all
of the non-perturbative, confining, physics in the
hadronic wave functions, which are then convoluted with a

hard subprocess, T calculable inside perturbation

H 14
theory. (Fig. 2). The overall amplitude is therefore

given by

m = 3 ELdY] CP*(YL/ ?.L) Ty (Xi)\(i /?.LB ¢ (Xi ,?.L) (1.3)
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Figure 2: a) Proton Compton scatterins amvlitude

b) Short distance behaviour in infinite
momentun frame. (Thick lines denote
auarl: nropacators at larse 0 ,x and
v are the momentum fractions carried
by the nuarks and » 1is the average
transverse monentum.)
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The Q:l dependence of M comes both from TH (which has the
standard logarithmic deviations from scaling) and from the
wavefunctions. In the hard subprocess we use the
effective coupling constant Jeff which depends upon the
characteristic momentum transfer of the process in
guestion. To leading order in perturbation theory g

is given by

s )

i

0

G F /Ln (Q-L/AL )

(1.4)

where P =11 - 2/3n; r Dg being the number of flavours
and /\ is the scale of QCD beyond which perturbation
theory becomes reliable. The variation of Q) ( %, +» Q)
with Q is less drastic than that of T , but is rather
more complicated. From a consideration of gluon exchange

between the quarks we obtain an evolution equation for the

wavefunction of the form

;&cp(x;/&\_—. O(S(Q)K[d N xR, Q) o,

where V(x; ,y. ) is the symmetric one-gluon exchange kernel.

[}

The general solution for a baryon is

o0 -3
Cp(X:,G.): xnxzxsz G“?é“(x;) L"(?‘}) (1.6)
nz0 A
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where the (P are polynomials in X , the ¥,. are the
anomalous dimensions of the lowest twist three quark
operators for the baryon and the a, are not calculable
perturbatively. Asymptotically we are only left with n =0

and, for the proton, we have

_1QF
P(x;, &) = Cx.xzx3[kﬂ(%:)‘} (1.7)

C is again a constant incalculable in perturbation theory,
but using the universal nature of the wavefunction C can, in
principle, be obtained from a comparison of two exclusive
processes (9). It should be noted that perturbation theory

only gives the asymptotic form of a wavefunction (1.7).

The most persuasive evidence that perturbative QCD
can indeed be applied to large momentum transfer exclusive
processes is the very good agreement for QL > 5 GeVl of the
experimental data with the predicted power-law energy

dependence (10); from dimensional counting the prediction is

YYU ~ ( > '((9 (1.8)

where n is the minimum number of quanta interacting (8 for
proton compton scattering). Agreement with (1.8) is
obtained for the pion and proton form factors, Compton
scattering, photoproduction, meson-nucleon and

nucleon-nucleon scattering.
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On top of the above however, QCD can be used to
obtain: numerical values for branching ratios, hadronic
form factors, fixed-angle elastic scattering and exclusive
processes from photon-photon collisions. This implies an
ability to test the spin effects of QCD and to verify

working hypotheses such as the massless spinor formalism.

An example where the above procedure is very
succesful is Tﬁ T and K+ K~ production from photon-photon
collisions. The normalization and angular dependence of

XX —> 't is predicted to be insensitive to the
form of the pion wavefunction and the results can in fact be
written in terms of the pion form factor, which may then be
taken directly from experiment. Recent data (1l1) are in
excellent agreement with both the normalization and energy
dependence predictions of QCD. However, the experimental
data for XY "—‘.»fe fo are much larger than the QCD
predictions in similar energy ranges (and there is a
suggestion of possible resonance enhancement of the
cross-section). For ¥ X-—)p P there are two calculations
(12) which, unfortunately, disagree. Neither, however, is
in agreement with experiment (a factor of 60 disagreement

with the result of Farrar et al., for example).

One of the most hotly debated areas in this field is
the proton electromagnetic form factor. As stated earlier
this observes the Q—H' power law dependence, indicating that
it is probably governed by perturbation theory for

6'; 5 GeV . However, Isgur and Llewellyn-Smith (13) have
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claimed that this is not the case; they base their arguments
upon a calculation of an upper bound to the perturbative
contribution, which they find to be one to two orders of
magnitude below the experimental data. The validity of
their argument has, in turn, been questioned by Farrar (14)
who points out that their result is sensitive to arbitrary
assumptions; they use a totally symmetric wavefunction and
calculate in the Born approximation,which produces an exact
cancellation beﬁéen two terms, which cancellation disappears
should an element of antisymmetry be introduced into the
wavefunction, if the coupling constant is allowed to run
(with different Q% “s for different graphs) or if we keep

one-loop corrections to the Born approximation.

It is in fact perfectly consistent that the
wavefunction of the proton, and inded those of other
hadrons, are quite different from their asymptotic forms,
but that perturbative QCD is legitimate. (Possibly even in
the Born approximation, though running coupling constants
could be used there to partially incorporate higher order
effects). However, the low energy form of the wavefunction
is a non-perturbative object, so the question arises of how
it can be calculated. Four approaches have so far been
suggested. A study of inclusive meson production in e%e~
annihilation (15) has shown the process to be linear under
certain restrictions in the mesonic wavefunction; thus the
wavefunction can, in principle, be extracted from
experiment. An extension of this to the baryonic case has

been made by Fontannaz and Jones (16). Chernyak, Zhitnitsky
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and Zhitnitsky have, via a study of QCD sum rules for
two-point functions involving derivative currerts, predicted
moments of various wavefunctions and put forward model wave-
functions for a variety of mesons and baryons (17).

Consideration of the vertex function (18)

L A —
Ljol ze C'ﬁ(r>\’r<'3/:(%_> Jy('?-;_ﬂl°> (1.9)
where %M is an electromagnetic current shows that the

amplitude can be written as a functional of the pion wave-
function. It was noted by Fontannaz and Jones (16) that
this is also linear in the wavefunction and so provides
another opportunity to determine the wavefunction from
experiment. It is possible, in the absence of such data,to
adopt a phenomenological approach, as was done by Craigie
and Stern (19), who considered the resonance - saturated
vertex function (1.9) thus obtaining a set of QCD sum rules
which lead to predictions for the moments of the pion wave-

function of lowest twist.

In this thesis the problem of determining low energy,
non-perturbative, hadronic wavefunctions is further
investigated. Chapter 2 is an extension of the work of
Craigie and Stern to the case of the proton. A set of sum
rules is obtained which predicts one moment of the
antisymmetric part of the proton wavefunction unambiguously
(it is of course zero aymptotically) and further predicts a
mixture of moments of both the symmetric and antisymmetric

parts of the protons wavefunction. The results are shown to
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be in accord with those obtained from two-point sum rules.

In the third chapter, prompted by the discovery of an
ambiguity in the work of Ref. 19, we reconsider the pion
wavefunction in ther vertex sum rule approach. Radiative
corrections, power corrections (corresponding to higher
twist parts of the pion) and an improved ansatz for
continuum effects are included. The two-point sum rule
technique is used to calculate the low energy form of a
higher twist wavefunction and this is substituted back into
the vertex sum rules. The result for the lowest twist pion
wave function is, once more, in agreement with the results

of Chernyak and Zhitnitsky.

Finally in the concluding chapter the general outlook
is briefly discussed and possible extensions of this work

are mentioned.
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CHAPTER TWO

THE PROTON WAVE FUNCTION IN QCD

2.1 QCD Sum Rules

The QCD sum rule approach (20) to hadronic physics
has over the last few years been the most productive of
predictions for various non-perturbative parameters. The
basis of the approach is to incorporate power corrections,
due to non-perturbative effects, and thus approach resonance
physics from the "short distance side". A phenoﬁ@logical
indication that power corrections are more important than
higher order perturbative effects comes from the observed
spectra in the vector and axial vector channels with
isotopic spin, I = 1. 1In the vector channel we have thej’
meson and in the axial vector case we have both the ™
(much lighter than the J9 ) and the A, (much heavier).
However, in the chiral limit, the perturbative graphs
(Fig. 3) do not differentiate between the currents. It is
argued that chiral symmetry breaking is responsible for this
mass splitting and that the spontaneous production of a
non-zero condensate <0\ Qg | 0>,with a pion as the Goldstone
boson of the symmetry/is at work. On dimensional grounds it

is obvious that only power corrections can incorporate this

effect.

Shifman, Vainshtein and Zakharov (20) proceed to



Figure 3:

Durely nerturbative cranrhs for two-
noint functions with mesonic currents.

21
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include power corrections due to the non-perturbative
effects. These corrections signal the breakdown of
asymptotic freedom and are introduced via non-vanishing
vacuum expectation values of higher dimensional operators.
The hope is to find an intermediate region, or "window",
where there is an overlap between the asymptotic freedom
regime(whee it is possible to perform calculations) and the

long distance part (where resonance saturation is reliable).

The procedure is based upon the assumption that the
OPE is valid; defining two currents Ja and JB which can be
made from light or heavy quarks. Then for large external

momentum g or for a large quark mass the OPE gives

Lfdme%'x‘r{ jﬂ(">38(°)} - I C‘:\G O, . (2.1.1)
n o

Al
where C are coefficients and the O,, are local operators

made from light quarks or gluon fields. Taking the vacuum
expectation value ensures that only spin zero operators
survive. The higher dimensional operators are suppressed by
extra powers of QL (or quark mass squared), and so we give
below the operators with zero Lorentz spin and dimension

ag 6.
I (UAH’ o?e(o.'\'ofs ) (o(: O)

CD#\: P MY (d=u)
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O. = f G GVA G’X/u/ (d= 6) (2.1.2)

a ~

where G/”V is the gluon field strength tensor, M and M are
t a

gquark mass matrices, @;v = E.[ Y ,Yvi} , the t

are the Gell-Man SU(3) matrices (normalized by the

a L ab .
requirement tr(t t ) = 2 $ ) and | 2 are some matrices
acting on the colour, flavour and spinor indices of the

quark fields.

The condensate values are, of course, universal and
once known can be used in any sum rule. The correct values
have been a source of controversy throughout, however (20,
21), though agreement appears to be approaching. The
calculation of the coefficients of the condensates requires
the evaluation of certain diagrams (Fig. 4). The standard
Feynman diagram technigue is, in principle, adequate to
this task but that language is not the most economical for
the case. A more suitable calculational scheme is the

Schwinger approach (22), and the Fock-Schwinger gauge
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b)

C)

Figure 4: a)Diagrams required for the calc-
ulation of the coefficient of <o\q: W ey
b)Diagraris contributing to <otG & \‘7
coefficient.
c)Diacrams contrlbutlnc'm)<o\q:rq:¢ W\&7
coefficient.
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(Appendix A; this is used for such calculations in this

thesis).

Once the calculation of the QCD side of the
correlation function (2.1) is complete we may consider the
resonance saturation of the currents. In general, the
vacuum polarization induced by a current is given by the

correlation function

T)—*v‘_._TTJ(Q") = 'Lfdt'x e%x<o\'l'(j (x j (D) 16y (2.1.3)

. . T 3
where ?»v. is a tensor depending on the current and"d(cl)

is a scalar function. [‘J (@}> obeys a dispersion

relation

Tr*j(gf): (‘L) 3.\,.'\"‘3(5)(:(5 "
L s” (s-9°) +z “k(‘l) 12.1.4)

where the ah‘ are, unknown, subtraction constants. (They
can be removed by taking the appropriate number of

2e
derivatives with respect to Q ). The analysis for mesonic

currents (20) of the form

' - = i -
\)P(x\-"w(K)l‘L-L(k),(-A,YS.,X \‘X “(2.1.5)
was later extended to baryonic currents by Ioffe (23)

J (x)= E (‘i, (*3F°L(")> ‘lk(x) (2.1.6)

/
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In both cases i, j, k denotes flavour indices, a, b, c are
colour indices and the rl denote the tensor structure.
Choosing the rL and picking suitable combinations of

guark flavours, the currents can be given definite quantum

numbers (J, P, I). For example
Ju 0 = LR u @ - d (DY) e

has gquantum numbers I =1, J =1 , ie. it has the

\
quantum numbers of the 9 ) .f , ...channel.

The imaginary part of-lTJ(Q2 ) is related to a cross-
section, but the standard parametrization is to feed
hadronic states (plus a continuum term) into it. Usually a
narrow resonance approximation is applied, with the
imaginary part written as a sum over 5 functions. For
example, the vector current of flavour g with change e

the 1

giverLexpression
T.TT, ()= LI (s) =
phves

2 (2.1.8)
ST TSl + (%) 86
9 %ES Ny

where the coefficient of the ©® term is chosen so as to
provide an asymptotic matching of the continuum, which it
represents, with the perturbative QCD predictions of the

unit operator coefficient.

The substitution of (218) into (2.l4) and (2l3) and
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the equating of this to the operator product expansion
yields a QCD sum rule. However, there exists a freedom in
the summation procedure for the power terms which enables us
to fix the weight function entering the integration over the
spectral density. (The series is of course truncated in
practice; both because of finite time to perform
calculations in and, more importantly, because the OPE
breaks down at a critical operator dimension (20); but the
results used are sufficiently general to remain valid). The
most generally used procedure is to take the Borel, or
Laplace, transform of the sum rule (Appendix B). This
transform gives a weight function which suppresses
higher-energy resonance contributions exponentially, giving

integrals such as

-SIM*

e Ja 1T

s)
P"“'IS( s

(2.1.9)

2
where M is the Borel variable, and also factorially
suppresses higher power corrections on the QCD side. There
do exist a variety of other transforms (24, 25) but they

will not be further considered here.

The resulting, Borel transformed, sum rule is then
equated over a range of Mz' where the power corrections
are (typically) kept between 5-10% and 30-35% and the
resonance contribution is at least the equal of the
continuum contribution (20, 26). It is hoped that thus

unaccounted power corrections are not too large and that the
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conclusions drawn have not been swamped by continuum
effects. The resonance parameters and the duality
interval, S° , (2.8) are then fitted so as to get the best

agreement with the QCD predictions.

This procedure has by now been applied to many
channels and many resonance parameters have been prédicted.
(For a review see (27)). Here we shall just mention the
applications to the light quark channels (with L = 0 (20)
and L = 1 (28), charmonium (20), bottomium (29), light quark
baryons (23), heavy quark baryons (30), hybrid mesons (31)
and glueball states (32). The natural extension to three

point functions (33) of the form

A .
[ X=0Lq.

Y
Ls‘m dv e SIT(§,697 (V) (N 1eY (2.1.10)

has also been performed, giving constraints on coupling

constants amongst hadrons.

2.2 The Proton Wave Function and Experiment

Experiment is linked with the proton wave function in
two ways. Firstly any model wave function can be used in
the calculation of an exclusive process and the result
compared with experiment. The results obtained using the
asymptotic form of the proton wave function are, with few
exceptions (37), in disagreement with the data, the proton

form factor and 3 Y e ‘f? being the two most
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striking examples (12, 14, 38). However, these
disagreements indicate a low energy wavefunction quite
different to the asymptotic form, with a strong

antisymmetric component (38).

Secondly the wavefunction can in principle be
extracted from experiment. Baier and Grozin (15) have shown
in the case of inclusive meson production in e*é-
annihilation where the meson is isolated by a cone of half-
angle 9 that when 6 << A the cross section becomes

proportional to the square of -P (%) (P] , where

£lz,01= [de k(20 @ (x, 6be") (2.2.1)

and x is the quark scaling variable, CP is the mesonic
wave function and K is a non-trivial kernel. Because of thé
linearity of this amplitude with respect to QD one can, in
principle, invert (2.2.1) and from a detailed knowledge of
the cross-section obtain the wave function. Fontannaz and
Jones have extended this idea to the proton and from their
consideration of the electroproduction of an isolated proton
produced a similar result. However, it is necessary that
the antisymmetric part of the proton wave function be
negligible to directly determine the form (16). These
authors have also pointed out the potential to extract the

wavefunction from experimental data concerning the vertex

function (1.9).
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2.3 The Proton Wave Function - General Definition

Because the experimental data differ so greatly from
predictions using the asymptotic proton wavefunction it is
important to know the non-asymptotic form of the
wavefunction. The experiments required to obtain direct
information on the proton wavefunction at lower energies are
not imminent; we must therefore search for other ways of

ascertaining it.

The application of QCD sum rules to the problem was
first carriedout by Zhitnitsky (39). The procedure starts
by defining the matrix element of the tri-local operator (as

?l—a ©© , Ref. 40)

SN Lk
NI P, = = el

\//‘3' (= (7> - LOD/XS Qo(,z N\’ A/;L (%L F)

(2.3.1)

+ (O;W s C>oq? <'“ X/‘* YN )X—‘;‘(m)

where f‘v = CX,..,X—:] ) ‘F? is the proton state with

momentum p, DJX is the proton spinor, C is the charge
conjugation matrix, u and d are quark fields, i, j and k are
colour indices and V, A and T are the leading twist nucleon
wave functions. The wave functions, \Qn.(YL> etc. are

introduced through the Fourier decomposition:
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|
Vo (zep)= Sﬁ[ot«j ey -LZ‘_ xj(vﬂ-?)} Vo (<) 232

where Co(’/xji Oe)(. dxzo(x.sg((’z)(l>and the X are
(8
longitudinal momentum fractions: O ( X\.( \ y ZXi =1 .
i

The moments of these wave functions are defined as

(“1“1“33 ‘

\ NI CH R (2.2.3)
0

The generality of (2.3.1) is reasonably simple to
prove. On dimensional grounds alone one can see that a
factor p is required on the right hand side. This implies
the structures must come from the set of first-rank
covariants (with three indices) of Ref. 41, which have

\
either zero or two 85 S from chirality considerations

AECAVETER R RO
3> OS;XF)“PQSSNX ) L(’> LX5>°<)‘£ <¥5‘X/-NBY
5> (07»»0(,@ (Yv N>y y (‘> (X"}K(!(O‘r" '\DY

*) (¥ 56;‘/)’"(‘ (X;YVN>X, 3) <LX;X \‘,(P(XSO;VNX

(2.3.4)



32

However, contracting structures (2) and (4) with T;- gives
zero, because in the P —> o0 frame the proton appears
massless and the Dirac equation implies IKFJ is negliqilrle.
Similarly contracting with T;h leads to structures (6)

being equivalent with (1), (8) is identical to (3) and (7)

becomes (5). (The last requires use of the Dirac equation
and the identity O—K.X ¥5 = -‘z—_ Ekx/w, 5;_\1) ). Thus we

see that our 'three structures V, A and T are general.

In fact, V, A and T are overcomplete. Two things
make this clear. Firstly we have the identity of the two
u-quarks and secondly there is the requirement that the
total isospin is 1/2. 1In the first case we interchange the
u-quarks, producing terms like ()/C>!;o(05 N>Y V/‘} (%EF>.

Now using the properties of C (42)

(/‘//« }.u)) ':/ E/C C(A X /*"/ /« \é>

UT

we see that

<CT1>0<P = - A <CP>F°< (2.3.6)

where ,&, is tl4 as in eq. 2.3.5. Thus we see

Viiez)= V(e 2) ) A(\,L,’B\:-A(’Z/ L,3)

(2.3.7)

T(u2,3)= T(2,0,%)
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The total isospin constraint can be expressed in

terms of the orthogonality of the I = 3/2 state to the
+ _ +
proton, YCAW \F>‘O Expressing the A in terms of a

two quark state and a one quark state, using the relevant

Clebsch-Gordan coefficients, we get
+~ \ r>ll -ﬁ? +,J l‘ \7 Il \”;>
A= 3 AP zierla, 5 (2.3.8)
Orthogonality therefore requires

Loluduw + duww + wud|p? =0 (2.3.9)

in more detail

<o\u“(l§0€fz(7/\) UX(@ J"ng W l)%x@\ +L*£\) LLp(ﬂ OLXC‘) \ ?>:c()2 .3.10)

defining

—%H"‘F\‘ = (/T/C>Afl (Xs'd)\/ \/(\2_’3\ - L<X/Y50Kf NY A(\ ZZB

%
* (P O (37 1), T(12)
(2.3.10) can be written as

Hocp‘( (123) = —<Me<‘(fx(”’73+ Hpr(z?‘» (2.3.11)

Now, Tﬂ can be expressed as
g

\
H&T&Y - ?{ /BKO‘; C>o<{4 <r; N>’K (2.3.12)
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and we can extract the BR\ coefficients by a

Fierz reshuffle, ie. using the relation

BN _
Ly (W) Mgy = BN YN

(2.3.13)

where the factor of xo is introduced to avoid producing
Em, which is zero in this frame and leads to ambiguities.

Some algebra then yields the relationship

2T (,2,%) =V(1,3,2)- A(\ﬂﬂ\ wWE2)+A (3,2, 0 (2.3.14)

Thus we see that we can define the nucleon wave
function in terms of just one function, say @N(X‘,\:\}(X;\—A'(\Ci\
The logarithmic corrections, due to perturbation theory,
give, via the renormalization group, a weak fLL dependence

to the wavefunction (40, 42)

-&n/
Vi, p)) = @, (xVL. T (x Ve ~

Por () = 120X KXy (2.3.15)

(
= \ og (o)
-fn Sofd«’j?n(w,)\/(x;,f«ﬂ , Te= LA( Sl
'3 °<$ (ro\\
where { —R\(¥4\}' is the orthogonal system of Appel
polynomials and Eh~ are the corresponding anomalous
dimensions. (For an explanation of why they are Appel

polynomials and a method used to obtain the forms of various
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asymptotic wavefunctions see Appendix C.)

2.4 QCD Sum Rules and the Proton Wavefunction

From the definition of the moments and of the wave-
functions (2.3.1, 2.3.2, 2.3.3) we see that a suitable
choice of currents can separate out the various parts of the
wavefunction. The matrix elements of the local operators
below can be used to select out both V and A:

Gl li g B w et iaz,’fi,)"‘ w (2B
k & Nitnge n VA
(e @17 €= - (2 Y™y Ve

n, " A\
lol (c'.?.,fbi} W (o) (_}é‘bs (C%-,,:B:A tLJ(°5 (L'%;%>\ y (2.4.1)
k ek N +A+ A a
- (d (o)\.c { F) €~ = - (%,?3 3 N,t A(N"L '33

T

Z =0
A correlation function of one of the currents above and a
current chosen to represent the proton can now be used to
make a study of the proton wavefunction. However, there is
no firm agfaéement as to which current best represents the

N’

proton, and indeed there exists a considerable body of

literature on this point (23, 47). Zhitnitsky considered

the current: K
(A _ = < /é i

<ol AT 1pY = Lol (AT Wile) CRW () (Y dlo))

-— ! 3 k RS
- (VD,%V)'\\LL(@‘CA 49(o) (\‘s“("% (92 €3

(2.4.2)
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A+

(n,00)
= —(z.p Nx[‘;— (VA TN

The arguments for this current being strongly
correlated with the proton are that it has isospin 1/2 and
that it gives a spectral density proportional to S (rather
than S = as in (23, 47)) at large S, which reduces the
dependence of the sum rules on the form of the continuum.
The choice of n, is such as to maximise the sensitivity of

the sum rules to the proton. The correlator considered was

of the form:

(n,nln-s). lax A ‘
T = L&d\rxc 1 (0\—\—(\/;' * ?w‘j;\>‘07éxy (2.4.3)

——

AY(AI AL N 3w

and an analogous correlator with was also
used. The factor /&éﬂyx\ was introduced for the same

reason as the Xo factor in equation (2.3.13).

The QCD side of the sum rules is given by the
diagrams of figure 5. The sum rules have the following

form:

z 1 (1,00) (o) (Anqn e
I\ P e ()

(J\,l\z_l\s)

- L M /{—(/1+H)gH i (2.4.4)

160w
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Figure 5: Diagrams contributing to the sum rules (2-4-4%)
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+ a o
B <ofG/wG- _J\o7
WS /~
(Anng)
+ F _ >
ol Jag TG (07
35T M*
LT a2
where {"\ =3 M ' HN is the nucleon
. ) ninany)
mass, M is the Borel variable and the S are

the duality intervals of the sum rules. These duality
intervals follow from the use of the standard ansatz for the

resonance saturation of the sum rules, i.e.:

| ('\|nz_’\3\ (A( 1“3\
- - +
= Jdul Gy = g(s —ms )+ B(s-s) F
é‘t-O’Tr'*(Z"l'S)
where
(6,npny) 2
r 1NNy - I_p'\‘} (P(A'ALAQ[—L (.P(‘o‘” (‘osﬂ
N
The values of the fgL coefficients are given in table
1.

The sum rules (2.4.4) were then fitted over a range
of ﬁAfL where the non-perturbative contributions were of
the order of 10 - 40% of the perturbation theory
contribution. An effective resonance contribution term was

added to (2.4.5) with the effective resonance mass at
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Table 1
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1.5 GeV in accord with the experimental spectrum. The best
fit was made over the range of Mz with the various
moments and duality intervals as free parameters. The

,S(A‘A1A{>parameters were then varied within about 15% of
their "best" values which gave the uncertainty in the moment
values due to the unprecise nature of the continuum ansatz.
The errors are sligtly smaller than might at first sight
appear to be the case because of the identities 2;_X; =-/(

t

y (X;>=Z— <X\XA> ; an analysis of the results using these
d

constraints implied the moment values given in Table 2.

As can be seen from the most cursory inspection of
table 2 the asymptotic wavefunction (Appendix C and (39))
moments are totally different from the sum rules results.
Therefore a new model wavefunction is proposed in (39) which
has moments close to those of table 2. From the discussion
of Appendix C and the work of (40) the form of the

wavefunction must be:

CP(X;,/»\7'5= (PMCx;)Z c P (xD . (2.406)

ignoring logarithmic corrections)where the Fi\ are the
orthogonalised system of Appelg polynomials. The 7%«
systems vary with the wavefunctions ( V—A , \/+-A/‘r)
used, but are connected by the relations (2.3.7) and
(2.3.14). Assuming that only the first three polynomials
contribute (ie. ng<Z ) a fit is made for the forms of

the wavefunctions. This gives for V, A and T the following

result:
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2
V (X;/fv: |GeN") = CPM(x;)[/M-ZSCxﬁ-K’;J+g.gzx°;
- 168X, — z-me—l(_;

A (X, )= Gt = g (xy) [442({;_)@{1
(2.4.7)

£ =5306% Gn®

The moments of the model wavefunctions are given in

table 2 for comparison with the sum rule results.

A check of these results was made in Ref. (39) by

consideration of sum rules for the correlator:

_‘CA'AZA{) 3. % n aoo
l — LS\AYX em <O\T_(T .d\’i\) ‘ 7 ij'éxX

\

(2.4.8)

where
ol

{ ?Pb)u Coo, 2, (%,,b)u (\%@Q ”"‘ﬂ

and
(A‘,\Ll\z) N A—r\\_*l‘\-ﬁl

<<>\T> (o) 1p77(ZP) Ny 27T

(A('\L'\l\
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Evidently the results obtained must agree with those of
table 2 by virtue of (2.3.14); this was indeed the case, for
details see (39). A check of these calculations is under

way.*

2.5 The Form of the Sum Rules Wavefunction

The results for the moments clearly show the
difference between the asymptotic and non-perturbative
wavefunctions. Considering a few specific discrepancies

will display the physical changes between them. The values

(veod (1o0) . .
for v and V are larger in the non-asymptotic case

(6o D (XA Ged
,r V

and those of V and V are smaller compared

with those of the asymptotic wavefunction. Also the ratios:

) o
CPM @'\(C\ o)
’ : ~ Lt' ~ 5

CP (o) (o106 (2.5.1)
~ ~

are much larger than the ratios found with the perturbative

wavefunction (where they are unity).

To make the interpretation of this clear we now

consider the wavefunction rewritten as (40):

* D. King - private communication
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!
1Pt = T g 4 %_E/ GI-ALD| 1l (o W Sh(x237

L A 1)
"1d (X)
4 Ll[\/(x\»rAcm]\ W) Uxel O

(2.5.2)

_ L WGl d U007

Study of this wavefunction form and the results noted above
makes it clear that the largest part of the proton
longitudinal momentum is carried by one u-quark with its
spin directed parallel to that of the resonance. To
illustrate the form of the wavefunction consider figure 6,
where the Mandelstam plane for the X} is depicted. A
maximum is denoted by GB and a minimum by o ; figure 6a
shows the totally symmetric asymptotic wavefunction, 6b
depicts the, symmetric in K, £ XL » V wavefunction
and 6c is of q%), which is an overall wavefunction. The
highly antisymmetric nature of q%J and the dramatic change
in character from q%S is apparent. The general character
of the wavefunction can be seen by the statement that about
60-70% of the momentum is carried by one u-gquark with spin
parallel to the proton and the remainder is shared amongst
the remaining quarks. (This distribution is the same for

the neutron with W &> o( ).

2.6 Vertex Sum Rules and Hadronic Wavefunctions

The great variation between the asymptotic



b)

Figure 6: The nucleon wavefunctions and the
Mandelstam plane for the x

44
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wavefunction and the non-asymptotic proposed wavefunction of
Chernyak and Zhitnitsky is in one sense a source of relief;
there is hope that this provides an explanation of the
problems with exclusive processes and a vindication of the
evidence supplied by the power-law behaviour of the data
that perturbative QCD is indeed applicable. However, the
accuracy in making predictions of exclusive processes with
non-perturbative wavefunctions is not high and an optimistic
estimate is roughly a factor of two (17). Whilst much
better than the situation with asymptotic wavefunctions
there is still much to be desired here; the need for a
direct check of the wavefunctions suggested in (39) is
evident, and this is especially true in the case of the
proton where the experimental data are so much at odds with

simple predictions.

One possible non-perturbative test would be to
consider three-point functions (33) with derivative
currents. However, an approach ideally suited to the study
of wavefunctions is the technique of vertex function sum
rules developed by Craigie and Stern (19). Here one

considers sum rules for vertex functions of the form:

. ¢ L X

uydxe (kod;m\T(T(f\T(—E))\o? (2.6.1)
\ = g . T

the advantages of this approach over the usual three-point

functions technique are that we have only one g variable to

Borel transform and that the hadronic wavefunction 1is

directly probed via the use of a state; the currents no
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longer need to incorporate derivatives. This last point
together with the three-point coupling (which uses the
experimentally known coupling constants as a source of
non-perturbative information rather than the, 1less
accessible, vacuum expectation values of the two-point
functions) also sharply differentiate this method from the
sum rules of Chernyak and Zhitnitsky. The wavefunction now
enters directly from the QCD side of the sum rules rather

than from the resonance saturation model.

For these reasons it may be hoped that a considera-

tion of a suitable vertex on the lines of (2.6.1) will

provide an independent check of the "CZ wavefunctions".

2.7 Vertex Sum Rules For the Proton

In this section we derive sum rules for the vertex:

\/x,w: i\ro“‘@_ e‘ﬁ,’t(?\_l_(v’o((%B Tp<—%\>‘°7(2.7.1)

. ent .
where v’,; is a current represAing the proton and J}A is
the electromagnetic current. This vertex has a good chance
of providing information about the proton wavefunction,

figure 7.

The derivation of the sum rules we present follows
the lines of Craigie and Stern; the differences will mainly

arise from the facts that a) the final hadron is massive in



[3)

Figure 7: The barvonic vertex function (q
are the momenta of the currents.)

47
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our case (they consider the pion in the chiral limit),

b) the resonances used to saturate the currents are no
longer degenerate in mass (as are to a good approximation
the j’ and (O mesons used in (19)Land c) the QCD diagrams
(figure 8) are now rather more intricate functions because
of the far more complicated wavefunction structure of a

baryon.

Before commencing the calculation there is one more
decision to make; which current should be used to represent
the proton? We use the current suggested by Ioffe (23, 47)
which we hope will interpolate well with the protons this
is:

\?x _ <U°TC xr u‘,) ((5 \//Aa((>°( Ee.l-c_

(2.7.2)
The electromagnetic current is of course:

__X (2.7.3)
P W -

-y A

wic

S

The diagrams of figure 8 are now calculated in QCD.
Using the shorthand notation that the current (2.7.2) is

represented as:

\qo(—_ (uaTCﬁ‘YULL,)(P?\ oLCBOQ €al7c - (2.7.4)
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and that the general form of the wavefunction is (rewriting

(2.3.1)):
a l’ c a.(bc
Ol GI® RId@MpE = -LT UECLF’
R (2.7.5)

(R N), R

where R runs over V, A and T; we get for the three diagrams

of figure 8:

where the C_  and Cd\are the charges of the u- and d-quarks.
Evidently the traces will only permit certain parts of the

proton wavefunction to contribute. Using the variables:
/(,L——ah-f-ng (2.7.7)

where p is the proton state momentum, CL\ is the photon
current momentum and the 5(; are the momentum fractions of

the quarks (see figure 8), we get for the overall
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HB):

Figure 8: The QCD diagrams for the baryonic
vertex function.

iih)
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contribution of the diagrams:
(o) (2 (3
4+ \/ 4 = k( Y:—- _
\/"‘/“ o~ \/"‘1“ i 5 <N 76'3“};*

~(N Yr)x—?ﬂ;}"g (;L 2V (%)

2
3A3

3 A—I. -~
( Ao

(2.7.8)

where o(,f,(l':- dx, MLMj g(\-zi:\lﬂ\

The amplitude depends on two scalar variables, which

we may choose to be:

ORI S (e 7

The Bjorken limit ( CQF;;500 / ?'ﬁ;$ D ) allows
us to asymptotically expand the vertex function. We now do
this and consider the amplitude dispersed over a straight
line in the 1/% - ﬂ,:j plane. Taking the (resonance-
saturated) amplitude we will then equate it to the expansion

of the QCD amplitude.

The dispersion relation required is of the light-cone
variety. A proof of the validity of this is to be found in
Appendix D; the final result in our case is that we can

write the amplitude as:
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(2.7.10)

W™ £ [a% V50, (2,335

The above result is dependent on the assumption that the

parameter \L&\ (_\ r where:

1 v

W = ol/z"ﬂ,v
+ T

4o+ r (2.7.11)

and the result may than be used generally, provided we work
in the zero-width approximation for our resonances (see

below).

We now wish to resonance saturate \\Aifk and must

therefore insert physical states. This implies:

W= £ fis <L QTR NN () 5

+ I (B) [N vK X»/\J,’.(‘%_)l@} (2.7.12)
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\

where ‘ ﬁ!;7 denotes states with the quantum number of the

nucleon and ‘)/\ﬁ> denotes vector mesons; in both cases x

is summed over. The evaluation of (2.7.12) requires the use

of the following maﬁ}x elements (39, 48):

SN (4019 = B0 € (43 md)

_<>‘/\’\Tf*(1\\ oY = EQ‘\(%‘\) Ms g(ﬁ_w\;&) (2.7.13)
.F\/

€f~ is the polarization vector of the meson and obeys:

z gw Ej(&\_ .
\ =

r = —3/‘~V+ cl"/“ (2.7.14)
we also use: ’
\ — 3 o
N (CL’L\FN (‘1\, = <ﬂ,/L+M'~‘3F (2.7.15)

These are combined with the use of vector meson dominance

for the systems’ coupling. We thus write the vertex as:
y

v T
G Y+ G 5w E*O‘\
[ f'u /A f/u 'Z.:.MN%'V //s
(2.7.16)
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Combining (2.7.13) - (2.7.16) leads to (figure 9):

WP = bt ¥ v T sl D)
T

-4
4 Mn Ty &= 5= GL} -

+ S(% _ML\} {N ];,‘Y/‘H,ﬂ(z.?.l?)
&

as the result for the lowest order diagram structure to

. l 0 .
leading order in OL (28, 49). 2 is a weighted sum,
due to the different contributions of f’ and & mesons to
the electromagnetic current :Y_

/A :

2.7.18
w0 ( )

R A s
We now substitute (2.7.17) into (2.7.10) and .equate
the result with (2.7.8) to give us a sum rule. However,
there exist many ways of summing such a result (as argued in
section 2.1 and in reference (20)). 1In our computations we
use the Borel transform (Appendix B) of the sum rule; the

resulting sum rule is:
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Figure 9: Resonance saturation of the barvonic
vertex function; an x denotes a resonance.
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. ‘g (‘Li- 'L) s; (‘L?:-Mﬂsz (2.7.19)
Ty U0 -5

t T
where r“\ is the Borel variable (the CL, factor is an

-—

artefact introduced to cancel the CL L dependence of the
-1
X.L ). We hope that such a sum rule will have a reduced
dependence both on higher lying resonances and on power

corrections.

We now wish to change our variables so as to yield a
. T ~
set of sum rules. Our two scalar variables ﬁ/l and‘ﬂ/t

(2.7.9) are re-expressed by (Appendix D):

i}:(HWJS+£M}

(2.7.20)
~ o T
CLL—C\"“)S-F—\\'—M'\’
where (0 is as in (2.7.11). As argued in Appendix D we

are now free to expand our sum rule (2.7.19) in powers of o

and equate coefficients. On the QCD side this yields for
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the first three coefficients:

fe) (6 o) A

~ =\ (eoey , (1ed
LJ _zi J W —_— V . -
M qQM*
(2.7.21)
1 ra (o 60\ (Iso\ e-;_\ (‘°°> (-L_o o\
o~ — -V & X

The resonance saturation of the sum rules is now

carried out; if we use ﬂﬂLé= Wﬂg:=wA~ as a symmetry then we

get:
~s/ * 1 <
Cm\SPI ds e MZ | S(S*' My le=my"
feio f+ 0 \ -+
- ’ 4 (\_3__-_7_“) . (2.7.22)

~L)S=-Z2 %
(r-w) ;qu

This evidently implies that, insofar we have the symmetry

NX’U—-’(" 38 Gt)\]> =M ("' -339 Gt)\/) the coefficient of LS
V(ooo)

must be zero. Since

© o)
implies that A(‘ — — 7.5 . Although very naive,

is defined to be 1 this

this result is extremely encouraging. Firstly it signals a
very strong symmetry breaking effect (remember that

is zero in the asymptotic limit) and secondly the symmetry
breaking is of exactly the same sign as in the results of
Chernyack and Zhitnitsky. Moreover the extent of the
breaking is of the order predicted in (39),where the sum

rules
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Y-
yielded A(‘ - \F ~=-:25 !

For a more quantitative interpretation of our sum
rules we now use M, — W, X (keeping only the lowest
an
lying resonges). This gives the following sum rules for the

first three coefficients:

ety
N o7 [t
[/{-e e

(2.7.23)

T
where Y4 = M /M'L

) e (2 (b))

NS

coq () (3-5)-2y)

(2.7.24)

which goes to zero as @K approaches zero, and

(oou\ (Loo) (o0) ) CLo0)
[\/ YAV +2A._2A1'°]=

T -3 T
= fume G [ 2 (a3 pmt) ) o
< (e"*—/1>+
(2.7.25)

N\J{é X
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In the above we have neglected the LJ meson contribution

altogether: this can be done because the experimental data

-
(see below) for C;u. and 410 indicate that its

contribution is of the order of one percent of that of the g

meson.

The experimental data we use (48) are given below:

c_?.
T
v +
S$T= 205r20 | Ts L a0
Gw G
(2.7.26)

™M, =039 G &L =0- 280 GeN

N /

Following Craigie and Stern, our procedure is to

search for a stability point for equation (2.7.23) and take

our sum rule at that value of M ~ . The stability point
gives:
“*1 —\
j = M /(M }- (2 -— i\ = \'?‘3
—_— ¢ \% —.
< (2.7.27)
in

(it may be noted that,the & = O limit this would imply
y = 4/3, a quite reasonable value). The value of y we use
2 (R T T
. . T A B L\ o
(2.7.27) implies thatM ZO;G:\/ and&--{'h”#ib)_.};@\j
These seem sensible values for our approximations to be
valid. As for direct comparisons with the results of

2z
Chernyak and Zhitnitsky, they worked at.A GeV and it can
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readily be seen that the logarithmic corrections are

(000D
vV

extremely small. (For they are of the order of

(1o o)
one percent and for P\ roughly five percent; in
neither case is our result changed to two significant
figures). We therefore feel justified in neglecting these
corrections for simplicity.

\/(_oeo\

Now, is, of course, unity and the scale of
this wavefunction is set by 'RV , which i¢ experimentally
known. Thus our first sum rule is indeed a consistency
condition. We substitute (2.7.27), together with the
experimental data into (2.7.23) to find that the QCD and
resonance sides are respectively 1.333 and 1.296, a good

T
agreement. We now use (2.7.23) to specify a value for G}

which gives exact agreement between the two sides. This

value 1is:

6T

S =217

R Y (2.7.28)
and we use it henceforth. (Note that this policy further

justifies the neglect of the W -meson; we are not
investigating coupling constants, but the experimentally

unknown matrix elements of the proton wavefunction).

The next +FasKk is to take a more precise look at the
sum rule for the LJA coefficients. Substituting the data

into this equation, we get:
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(100)

A

— = -0
\j(ooo\

(2.7.29)

Once more we should stress that this quantity is zero in the

asymptotic limit. The result of (39) is consistent with

A(‘°°\ / \/(oooﬁ

(2.7.29); they obtained -0.25 < , —0.17, and

the model wavefunction they proposed had the value — O- 2%
The result we obtain is quite stable with respect to both M2

T
(as seen above for y = 4/3) and G§’< GQJ > , which can be

varied inside the errors without damaging our conclusions
. T G e
(if G’ is minimized and L Still neglected the value of

Apoo7

is unchanged to two significant figures).

1
The next sum rule ( (A , equation (2.7.25)) involves
a complicated mixture of moments. Using the experimental

(roo?
information and the value of A obtained above, we get:

( [\ (Y % oo
038 == 2wy + 4 (2V TV 40)

Y (5o (2.7.30)

Substituting the central values of Chernyak and Zhitnitsky
into this gives the right hand side a value of 0.88. Should
we minimize the right hand side (inside Chernyak and
zhitnitsky’s range of allowed values) this would become 0.2.
So although we cannot exactly predict a moment this

constraint is satisfied by their results. (It is amusing to
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note that the moments of their model wavefunction yield a
value of 0.349!). By contrast using the moments of the
asymptotic wavefunction in (2.7.30), but still taking the
Af‘°°] value we have obtained, gives -0.73; using only the
asymptotic values means killing the first term on the right
hand side, which gives us a result of +1.7. Evidently our
result is extremely sensitive to the antisymmetric

components of the wavefunction and it is no easy matter to

obtain agreement between the two sides of the sum rule.

2.8 Discussion

The results obtained from the above equations provide
strong evidence for the low-energy, non-perturbative, proton
wavefunction being greatly different from the asymptotic
form. It has an antisymmetric component which must be taken -
into account to get agreement between the two sides of our
sum rules. This alone is encouraging, but furthermore the
magnitude and sign of the antisymmetric component is in
accord with the results obtained independently from sum

rules for two-point functions (39).

It is evidently interesting to try to improve upon
this result. For example, one might try to better the
simple pole model, used here, by adding polynomial
corrections to the resonance terms, as was done by Craigie
and Stern for the fbon vertex (19). This, however, appears

impossible in our case, as they had two sum rules (one extra
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by the use of the ABJ anomaly to specify a subtraction
coefficient), which enabled them to use extra variables. We
do not have enough equations to specify the coefficients of
the correction terms, and also using the second sum rule one
is, in fact, combining two inconsistent equations, thus

making us sceptical of the results so obtained.

The second idea one might consider is to study the
vertex function with a different mesonic current. An
obvious candidate here is the pseudoscalar current.

However, there is no stability point in this case because of
the great difference between the masses of the proton and
the pion (an equation like (2.7.27) involves the logarithm
of a negative number). Shquld one merely take hﬁz'such as
to satisfy the consistency condition ( Ldo sum rule), we
would have to use MZ: L(- Ge,\/z , which is so large as to

make background (continuum) effects very important.
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CHAPTER THREE

THE PION WAVE FUNCTION

3.1 Results from Perturbation Theory and from Two-Point

Functions

As stated earlier, the predictions of perturbation
theory for the process XX"‘5'TT4'T(" are in excellent
agreement with the experiment data (11), (with regard to
both normalization and the energy dependence).

Paradoxically this doés not conflict with the belief that it
is our lack of knowledge of the wavefunctions that most
hinders us from predicting exclusive processes. This is due
to the, fortuitous, insensitivity of this particular process
to the details of the pion distribution amplitude; the
results can be written in terms of the (experimentally

known) pion form factor.

However, the decays of heavy mesons into pionic
states do indicate that once again the asymptotic
wavefunction is inadequate. (The branching ratios using the

perturbation theory wavefunction are too small (17).)

The results of a study of this wavefunction, via the
two-point sum rules, are to be found in references (17, 26).

The calculation is essentially similar to that of the proton
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by Chernyak and Zhitnitsky (see section 2.4). Starting from
the definition of the wavefunction for the lowest twist pion

component:

<o\ d(@N, ¥e e«‘.% %S do- (ﬂ}u—a\w (alﬁ

(—) " - (3.1.1)
z GUA Y, (G, Jued T,
m G (aa,Mr e Feo men
\
- (2.9
where ) (?’%)/}) :I AS e 3 tL CP (5 //~
and

?P‘ (\E ) 25(“3/ f"l

sum rules for two-point functions with derivative currents
are considered. The diagrams of figures 3 and 4 were
calculated and sum rules derived. (Note that the radiative
correction diagrams of figure 3 were not considered
originally, but they have been calculated in (50) and shown

to leave the results unchanged).

Defining the normalized wavefunction:

5(3@: —(—; Cp(})/,}> (3.1.2)

we then define moments of the normalized wavefunction, such

that:

5=l Ay e, Y, r=

(3.1.3)
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From Appendix C we know that the asymptotic

wavefunction for the lowest twist pion wavefunction is:

- 3 2
( ) - = \— (3.1.4)
(see figure 10). The moments of this wavefunction are:

<X =020, {3'7=0-08¢,<} 7= 0043

(3.1.5)

and differ greatly from the ndn—perturbative wavefud&ion
proposed by Chernyak and Zhitnitsky. As a result of their

sum rules they find moments:

ra
<§ >“~= (Gt = 0%0

% — .
<% > = 0%
AL G

<§> = 017

JOER YN Ve

(3.1.6)

(An estimate of: the reliability of their results comes from
the sum rule without any derivatives. This predicts

4;_= rzqt1ck/, which is to be compared with the
experimental value of 133 MeV.) This leads Chernyak and

Zhitnitsky to propose a model wavefunction:
o o (8 2
CP(E//""‘(SOOHW>> - HS <\ ) (3.1.7)

with moments:



(a)
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(b)

=1

Figure 10:

a) Asvmptotic pion wavefunction.
b) Wavefunction from QCD sum rules.
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Y7203, (¥= 02 (3= 015

(3.1.8)

The non-convex nature of this wavefunction (figure 10) goes

against one’s initial prejudices, as voiced, for example by
NOA -

Ioffe (27), who claims that the true,asymptotic form of the

wavefunction should be convex (although perhaps broader than

the asymptotic form).

3.2 The Pion Wavefunction and Experiment

The sum-rule wavefunction (3.1.7) can be applied to a
variety of exclusive processes in an attempt to improve upon
the agreement between theory and experiment. The process

XX = wh=" is, of course, useless as such a testing
ground, because of the previously noted insensitivity to the
wavefunction form. The heavy mesonic decays which earlier
gave us motivation for our doubts as to the validity of the
asymptotic form at lower energies provide an interesting
probe of the wavefunction. The results (17, 26) of such
calculations give reasonable agreement for charmonium decay
widths, whilst the use of wavefunctions with a convex shape

is, seemingly, ruled out.

As noted in section (2.2), electroproduction of an
isolated meson (15, 16) can provide a determination of the
mesonic wavefunction, because the amplitude for this process

is linear in the particle wavefunction. Another process
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which shares this desireable quality of linearity is the

¥ yk
vertex X X“5 F« , where M denotes the meson in question.
This process has been considered in QCD in reference (18)
and its suitability as a source of the determination of the
pion wavefunction pointed out in (16). (It does not admit
of a baryon analogue, because of baryon number conservation
preventing a linear amplitude). The amplitude for the
process is of the form:

Flz,¢]= [ dnk (2006

(3.2.1)

“
where % :(ﬁ‘"{,&W/ﬁ,“‘"LE) and K is a non-trivial kernel

which can, in principle, be inverted (14, 16).
There has been no sign of the experiments above being

carried out, so there is still a need to independently check

the pion wavefunction results of Chernyak and Zhitnitsky.

3.3 Lowest Order Vertex Sum Rules for the Pion

The Chase process (14, 16) mentioned above can be
approached by means of resonance saturation (as an
alternative to experimental data). This was indeed done by
Craigie and Stern (19), who considered the vertex function

of figure 11.

Their calculation followed the lines of the proton

calculation given earlier. The diagrams of figure 1l.b were
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>

(c)

Figure 11: a)The nion vertex function
b)Lowest order QCD for the vertex.
c)Resonance saturation; x denotes a resonance.
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calculated as:

joqw(x L8N oGz, &)

T (3.3.1)
L
where G:L'-:. ‘( T '\§
W S sk O
Now we see that A = 1‘——;'(14—\() F , so the diagram
evidently yields:
{ " ‘1 ( }
L8
AN AL LT E
_ F L% (3.3.2)
o ( (—u‘g\
where:
- T
L= 9/-9
(2 “
G+ L
Using the fact that \L${\é \ , we expand the denominator

to give, for our vertex:

il f ~ /en
RO P L BN

n=0,%, .. (3.3.3)
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where

< = ey dy

n )
(Our definition of < E > is related to the notation of

n

Craigie and Stern by a factor of 2 ; <3'\7 = Qa/Zn

On the other side of the sum rules, a light-cone

dispersion relation (Appendix D) gave:

0

Sl WET e '-S

n=o,L,k.. So

L wW(e,qt)

S+ Qv (3.3.4)
£ep ] o WA =4 Lt Ve (T ) LY

Equation (3.3.4) is a sum rule, which after resonance
saturation and substitution of the data will yield results
for the <§“> . However, in this vertex we can take
advantage of the anomaly, to supply a subtraction constant

(in the ) = QO limit, Appendix D); this gives a subtracted
sum rule (51):
S L Ne
1r Q~h}£ @3Z;u143 7

ns o,'l..,‘r--

\'J((:I} vcl}.) =

S(S+Gﬁ)

With the simple model for resonance saturation (19),

that both currents are saturated with‘P and (O -mesons, we

1 .
can write \/\/ (‘l} , 11'} as (m is the vector meson mass):
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W(340) = T qmhS L sl-m g_~_~_“3+<ud.-m}

Gm -

After the Borel transform has been applied to these

equations we get two sum rules:

-9/
- mg, G {MI(‘_‘:‘] e H-m+ L —>—-0 =

1+ e
(3.3.5)

=3 1 U 3 ) A2
= hnlg 3 e [}j-kg4 (b 9+ %_)'* CL*)

L0

= -CTE/( QYO @(uﬂ]

and

N Trs PR RN C LY ~on)

S
(3.3.6)
= hjc T + 3 <)
_— —“:hcw A+ G <*§>+©C‘~°
3w

' T
where we have defined 4 = wt /M .
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If we look for a stability point for y and then take

this as a function of W we see that:
*
d.= 1= 2u5%... (3.3.7)
3
Now, the first sum rule is the y derivative of the second,

so if the first sum rule is satisfied at some U° this

is also the stability point of the second. Thus we evaluate

2 s .
our sum rules at 50:‘— -3 W . Expanding (3.3.5) to
T .
order (3 and considering the Coo sum rule for

(3.3.6) Craigie and Stern get three sum rules:

(3.3.8)
1l o - 2
‘©M€3_<§> (3.3.9)
-t - N “
ze w.pa} = Y™ _CK_ (3.3.10)

They find satisfaction from (3.3.8), which predicts
_(
the coupling constant 3 = 2-26GN (in good agreement with
the experimental data we shall use below), and use (3.3.10)

combined with (3.3.8) to predict:



75

L = N wd = 33 MV

2em©

(3.3.11)

which is in very good agreement with the experimental value

of 93 MeV. (Note — khe facker of Jo difference from Hhe delinihon o P b6

More important for us this leads to the prediction
<§L7 = t >~ Q+\™F ! This value disagrees entirely with
Chernyak and Zhitnitsky, predicting a wavefunction even
narrower than the asymptotic form. However, this is not
their final answer; they proceed to improve upon their

simple pole model by adding polynomial corrections of the

form:
~ oo
g~ 3w A\
~ > -i-iz gr_(m—(:>
M= (= T 1
-k rzo m- (3.3.12)
The gr’ are initially unknown constants. By

truncating the series after the first three gr’ Craigie and
Stern hope to increase the accuracy of their predictions.
The values of the gr can be found from a generalized
stability equation, together with combinations of the two
sum rules. Values for the S.r are now used, together with
a non-zero ,} parameter (appendix D) which also requires
some algebraic combination of the two sum rules, to give a

fresh prediction for <”§z> ;7 this is:
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T -
<§ 7 =040 (3.3.13)

The agreement between this and Chernyak and Zhitnitsky is

excellent.

Unfortunately, we do not have a great deal of faith

in this result. This is because if one expands (3.3.6) to
T . o
order W one gains another sum rule. Craigie and Stern
. T
say that we should evaluate this at \/= |+ CLLA , where
CLLis such as to produce consistency between the two
<z

sum rules. However, expanding (3.3.6) to W gives an
equation where the (:Z dependence has cancelled. The

result of this equation is that:

<:};Lj> =\ é4nm-gkj’ = ) ~ 0'3?;
3
£ (3.3.14)

W

evidently inconsistent with their earlier result. Indeed
many of their intermediary equations, en route to obtaining
their final result, can be used to produce any value of <§°7

between 0.17 and 0.4.

It can be argued therefore that they have two final
conclusions; <§7'7= 0.17, <31>= 0.33. One could indeed
say that the result <§17= 0.33 is better because the
subtraction should -~elp control the behaviour of the series,

rendering it more convergent.
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We would tend to argue that the sum rules, by
. . , . . . £ Z>
differing so markedly in their predictions for ‘E ’
betray the importance of corrections in this particular
case. . As one studies higher powers of 3 this is bound to

occur and we shall now consider such effects.

3.4 Improved Sum Rules for the Pion Vertex

In this séction we shall add three new terms to the
sum rules of Craigie and Stern; radiative corrections
(figure 12), power corrections which are connected with
higher twist parts of the pion wavefunction (figure 13), and
an ansatz for continuum effects. The hope is that these
results will give a better result for the lowest non-trivial

pion moment.

The first effect to be considered is that of the
radiative corrections to the vertex. These have been
calculated by Chase (18) and Voloshin (52) for particular
values of W (corresponding to the photons carrying equal
momenta, L =0, and to one being real W=4). These two
calculations disagree, however, at W =0Q (by a factor of
5/6). The calculation for general (O has been performed by
Braaten (53); his result agreed with that of Chase in this
limit. We repeated this calculation of the diagrams of
figure 12. The calculation was performed in n=4-2f
dimensions and, though tedious, 1s essentially straight-

forward; one subtlety,however, must be taken account of,



Figure 12:

+ pérm.

+ Perms.

Radiative corrections to the
nion vertex.
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and that is the use of XS in n dimensions. The trace

&(Yg%\‘,ﬁ}/%ﬂ,*% C“">">’(\‘s9{9’/5/§’(> (3.4.1)

but, if first one uses the anticommutation of ‘X with‘xg

one gets:

LC8 A VLAY = (- b (1 LW /A (3.4.2)

and (3.4.1) and (3.4.2) differ for E non-zero. The
resolution of this difficulty was provided by Braaten using
mass regularization; for our purposes the solution is that
the "box diagram" (figure 12 (ii)) must be calculated with
the %u\f contracted through the 35 and that the
other diagrams should be calculated directly as though there

wWere wno Xs factor.

The result of the calculation is to be found in
appendix E. For simplicity we only give the coefficients of
an expansion in W . Modulo the factor of the lowest order

diagram, we get:

W : =%
\Tw

Q
the I coefficient agrees with the result of Chase.

(Overall we agree with Braaten). The results given above
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are, of course, UV finite, and we have subtracted the IR
divergences to obtain the result we employ (such a

subtraction is only necessary for (J) non-zero).

The next corrections we consider are the power
corrections. In two-point sum rules these correspond to the
vacuum expectation values of the higher dimensional
operators being non-zero. Here we alse have contributions
of higher twist components of the pion to the vertex, chich

qeee Kae leaal.,{ni\ covrreckions to the sum rules.

The power corrections to this vertex have been
considered by Gorsky (54). There are two types of higher
twist contribution; a wavefuncéion dependent on the sampling
of the transverse momentum of the hadron,and a three-
particle wavefunction, which involves a gluonic insertion.
(The other higher twist wavefunction I?T XS 4) does not
contribute, as can be seen from the trace). So, the leading

corrections are determined by the wavefunctions CPL and 27

which are defined m o Pou’n'c.u\af p(a\r-\e'(g‘*f) as;

- i, & _ .
{w (r?\ u.(“JYDL YK YS 0((03\‘-’7/:.- “\]‘LC?KC“.(P.L('I)L/})(

3.4.4)
and
L | "la)Y, ole =
- l’)\‘*r“wf(’"#(%u( ) >/*~ (3.4.5)

(:T (X|Y4-¥ 'L%\)
e

- \ \ 2
= ~theclrg g~ Reg ) frdg (00
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Figure 13: Power corrections to the pion vertex.
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where Eolm—] = oLk.. d,ac,_a!&<,3€(“i’<i\ Y, G" = 1 Eo(fz/*v .
a a. ‘15 L
e A Ci“”’ and the X [ are the momentum fractions

carried by the constituents and )(3 is that of the gluon.
\
Canda C are non-perturbative constants related to each

other via the equations of motion:

C = -_2 C\
| % (3.4.6)

Essentially, we must calculate the average transverse

A
momentum in the pion (55), <: L<l:> where
T

_ - ¢ _ . v A
<0\AX/‘,\65 (~bv§“\r"7“‘0w°l//~ CK_LZr (3.4.7)

This can be related to the matrix element (55):

— —y Z' —
<ol YT, )ulw) = -4 ol ¥ (% G T (5Las)

NIV»

The determination of the right hand side of (3.4.8) was .
carried out in (55), by retaining only the pion contribution

to the resonance saturation of the correlator:

"B—Lg\o( e cokf(a((x) 536‘ G ,\Qucx\,
S
(3.4.9)
L wlo) i AC) 197
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In the ‘Q}\ —> <D limit this leads to the relation (in

the chiral 1limit) that:

<L< )W 5_ =\ & 0Ly {9 /_V}_u.KOW

lo\l & u.lbj?

=
> (320 Hev)
(3.4.10)

Using (3.4.6) and (3.4.10) we have the extra non-
perturbative information required to exploit our sum rules.
(The use of ordinary and covariant derivatives in (3.4.4)

and (3.4.7) is consistent thanks to the virtues of the fixed-

point or Fock-Schwinger gauge, appendix A).

The contributions made to the vertex function by the

higher twist wavefunctions are (54):

\ = 2
2 ¢ F(q2,9:) ‘
> —%S T%CP‘L(-T\ A3

1 =1 (H—up"

i (B [ i

8 Tl (e wyy o(t+ (i =2 am% %)

(3.4.11)

where E (1:/ 1t> = -Z\J‘L(CK-L—C&)‘Q. and e-‘_ is the \.-\HN
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quark charge.

We now expand this result in LO to get the result

for the power corrections; modulo the lowest order factor,

we get:
o . 3 c'
() - ——q- T~
A (3.4.12)
+ W '
L N = L) fes )+ lorsy —wlorey
ol 9 P

+8 Coo 7 * Lloa> -8 (°U>z
9 ¢ A

where we have defined:

\ )
- \ n
dnnangy = ot N CAR NS UL EIPIEY
[

The power corrections and radiative corrections
complete the leading QCD corrections to the vertex.
However, we now wish to improve upon the resonance side of
our sum rules. The use of polynomial corrections (3.3.12)
to the simple poles used above is unfortunately now
impossible, as we cannot specify the S,. coefficients.
So, we must take a simpler ansatz for the background

(continuum) effects.
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We use the asymptotic properties of QCD in a manner
inspired by the work on two-point sum rules. We add a term
which in the \1&‘ —> 0O 1limit agrees with the QCD
prediction and introduce one new parameter, Sy * the duality
interval which we fit later. The sum rules thus take the

form (after the Borel transform):

3_55: _"_\_'L exp (—ﬁi}}-&- (l— f‘_‘r:} ng(- S. S -

X
FT M M M (3.4.14)

= (\—fs\)_._?. \
q

C
v‘ Mt

and
M_%ﬁ T-te«f(—ﬁ’*f} +{<§’->+5(<~§1>—\)ﬁgx
6. [ M™ M* E, 3w
s [ _\%s o®  (3.4.15)
ch?(-%q,>= <}1>+ _qé?) sg‘w-\— A
a

where E;o was defined in (3.4.12). These equations
complete our vertex function sum rules. The major
difference between such sum rules and the lowest order sum
rules is that we now hope to find an equivalence between the
two sides over a range of ML . This means that instead of
looking at the sum rules at a single stability point we can

vary our parameters so as to obtain a best fit over a whole
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(A
range of f4 , as in customarily done in sum rules for two-
point functions. Before attempting such a procedure it is
best, however, to look at the uncertainties in (3.4.14) and

(3.4.15).

3.5 The Higher Twist Wave Functions

The major sources of possible error in our sum rules
are the experimental data for g (which has quite a wide
range of allowed values) and the forms of the higher twist
wavefunctions. We are not in a position to improve the
accuracy of experiment and so we shall here study the forms
of the higher twist wavefunctions. (The W’ sum rule will
give us a prediction for g anyway,and we shall later find
that our conclusions will not be changed by any value of g

within the experimentally allowed range).

The asymptotic form of the higher twist wavefunctions
can be found from ‘the Born diagrams of the relevant two-

point correlators. The results are (Appendix C):

as 3 as
G, (%) :3—,% (=), @ T = 120 % xax, s

It should be noted that the asymptotic form of qlL used in
(54) differs from the above; it is a simple matter to

calculate the Born diagram and check the validity of (3.5.1).
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However, from our point of view it would not be
utterly satisfactory to use the asymptotic forms of the
wavefunctions. The low-energy, realistic, forms may well be
expected to differ from these asymptotic wavefunctions,and
so the use of (3.5.1) may introduce an error into the
calculation. The h)o sum rule does not depend on the
wavefunction shape,of course ( <E°> = <§°>CP z (oo = )
and this problem only affects the be‘ sum1}ule through the

g
. 3 .
power corrections ZS , (3.4.12). It is extremely

L
fortuitous that £§A is insensitive to the form of (p3 .
This is because the combination of the <N Ay A;) found in
(3.4.12) is such that the constraints X+ X+ Xa = /1 and
0\."‘1,'\3§: C Ay, Ny tend to minimize the effects of
changes in Afg.. For example: wusing the asymptotic values
of CQ.‘_ and C-P—; we get Au:-O'O"\‘-t , with C¢” = 0.2 (55); if
we use for (Pz the non-asymptotic wavefunction proposed
in (17): ‘

_ T T L
(P =360 K,KLY3 "L"‘E’Sb(‘ *’\(-?E)"'L"'gxs-z:}le"'o.zﬂ(&S.Z)

“
W
the value of A is only changed to -0.092/M . This

al
leads us to feel safe in our use of sz .

However, CPL enters the sum rules via <:§L?; only
and so this a? the greatest source of uncertainty fo; the
value of [So . Therefore we now proceed to consider this
wavefunction inside the framework of sum rules for two-

point functions. Using derivative currents we can calculate

the non-asymptotic moments of (pz- by considering the
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correlator:

(o)

Too ()= £ {d% £V T (3% Tl

“+ (3.5.3)

- éz.ﬂ>n+ Ij

on

¢ "
where ,j:'ﬂ\____ —CKD.LL z.¥ xs@%?)a( y %L:O

“
L factor in the current definition has two

The 13
effects; firstly we are sampling the transverse momentum at
the vertex and secondly on a practical level this implies
that tree diagrams do not contribute due to the wvacuum
averaging of TDE' at the vertices; thus only loop diagrams
need to be taken into account. Usually in the sum rules of
two-point functions the leading correction, in the chiral
limit, is the C}l operator; however, because of the
typical loop suppression factor of 1/4% associated with
this the , tree level, four-fermion operator is equally
significant. Here, however, the C}z- diagram is alone the

most important correction and thus we need only consider

this diagram to achieve a reasonable accuracy.

A suitable framework for calculations where one
probes the transverse momentum is the Sudakov variables

technique, where we decompose a momentum k as:

k= <p+p7+k

(3.5.4)

where Vl and p are both considered lightlike. L(Lﬁs space-
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like and of dimension n-2; it satisfies kLF = k_‘_.\'l =0
is
The momentum integralAthus transformed as:

SO'PP—) S%_f d« Lg 5{]’-: (3.5.5)

@=*

T
Using this framework the Born diagram and the G

coefficient (using the Fock-Schwinger gauge) are straight-

forwardly calculated. The results are:

no = E N+ 6\ % Cley 2L = (3.5.6)
Int(A+)(AeD (A8) (AF3) n M

The phenomenological side requires the use of the
matrix elements corresponding to pion saturation of the

correlator:

e\T23Y, 3, @S )“utn*z?»)p: LR e vy
t (3.5.7)

Adding the standard continuum term to (3.5.7), using a
dispersion relation and taking the Borel transform gives the

phenomenological side of the sum rules:
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T ooom
2 £ (% Z)l . 3%1,6-5./“1.\)

M R (e e (ArS) (A53)

- no

(3.5.8)

Equating (3.5.6) and (3.5.8) gives our set of sum
T o 2
rules. The parameters ‘C« , C and Lo\ * G lo> are already
L T
known, ({.=0-003F,¢c%=0.003" , Lo\ < GE o= 0011 GeN )

and we can thus write:

-n : L3
0t BT L pa0 cnp (5 = 230(1e 0283
e M (3.5.9)

F\L n¥
(3.5.10)
™
K o - . O'z?‘»
n=%" <\$ @+ 4+ 0100 w{("._s_“) = 0100 (/t +* —'-r
Y2 n M (3.5.11)

These sum rules were treated in the standard fashion,
n
varying S° and <\§ ><9:_ over a range where the power
corrections were between 5% and 30% of the right hand side
) 6
of the sum rule. Now, @4 was definad such that <§ z must

-
be unity and so the variation of this is a check of the
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trustworthiness of our results. Such a procedure yields:

<§ > =098 | Sy= 04SGAT

Po Rz g™

<52 =023

&F\zz 1. SCKNL

S.= 0- 6S GAJL

/

(3.5.12)

A
<§L(> -~ 0-10 , Se= 0-65GN

Qz R‘L = \-'-l—GdJL

The value of <§ > gives us confidence in our results
for <§ 7 and ’?“‘7‘9 . We should now compare the
moments of (3 5.12) with those of the asymptotic

wavefunction (3.5.1), which are:

<Xy =/ <§ =iz o, (Y7 =5~ 003

(P“ L (3.5.13)

Evidently the two wavefunctions differ greatly.

We now want to propose a model wavefunction which
should fit the moments found in (3.5.12). To do this we
first consider some physical expectations; we believeCP(§)
is positive and also that the probability of the whole
momentum being carried by one quark is very small,

(S)(?\q O as E——) * | . wWith this in mind we

propose the following wavefunction:
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@ (3, pr=vsent) = 315 - (oyy’

\6 (3.5.14)

The moments of this form are very close to those predicted
in (3.5.12):

ey =1, (¥ =03, (X™)=0-11

(3.5.15)

This model (3.5.14) has not been proven to be the non-
asymptotic form of the wavefunction, but it can be hoped to
duplicate the true higher twist pfon wavefunction if used in
the calculation of power corrrections to exclusive
processes. It should be stressed that in the vertex sum

: : l 2 .
rules we are considering,only the moment E(p 7 is taken

-

into account.

3.6 Analysis of the Vertex Function Sum Rules

Using the results of the last section we can reduce
the uncertainty in our vertex function sum rules (equations
(3.4.14) and (3.4.15)). The low energy input required comes
in three forms; that for which experiment gives the value
with good accuracy ( 4;r ,™M, 4} ), that which we have just
obtained from two-point sum rules ( 4\21&,1? ) and that which
experiment gives us with a potentially significant error

(g). The experimentally allowed range of g is (48):
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1'3¢ £ g & 2-50 (6N

S~~~

(3.6.1)
and we now use the CAQ sum rule (3.4.14) to specify a
value of g. This consistency check for the whole approach
thus gives the g value we use in our analysis of (3.4.15);
although we will also consider how the variation of g inside

the range (3.6.1) would affect our results.

The treatment of (3.4.14) follows the standard lines
for two-point sum rules. The difference between the
resonance and QCD sides of the rule is minimized over a

z .
range of fA by varying the values of g and So used.
(2
This was done over the range 0-5 S M?"S“\'~O (Ga\l)and gave a
very good fit, with the final results:

So = 123 GN T g = Ve Gen
(3.6.2)

The value of g thus extracted can be put into our
: o 4 :
second sum rule to give the prediction for <§ 7. First,
however, we want to improve our treatment by including the
2 .
development of <f§ T? over the range of ™M ;, 1.e. we
insert the anomalous dimension effects on the wavefunction.

To do this we consider the definition of the wavefunction:

CP(}',/»&\) (- 7—)2: an C. (E)g s () \z da

°($(f‘\o
(M = l ) Lz\\-l-n‘_. (3.6.3)
o blopt 3
[a)
LY
R PR
L n(ast) $=7_.S
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the C:n (E\ are the Gegenbauer polynomials of order 3/2
(these are orthogonal with the measure (b—‘gl): see appendix

C for details). The lower order polynomials are:

Co (Tg\ = 'A
C1(§\ = %(521_(3 (3.6.4)

which can be re-arranged as:

1 42 e ao)

Taking into account the orthogonality property implies:

Py § (5T e

(
o= fluy e ()= 2w
- (zn+3)

e s T

(Note that asymptotically VI.LO\L—go ) V)oqe"’-'\ and <~§1>q_.!5_
the value associated with the asymptotic wave function

qk,: é (L_EL)). We can now rewrite (3.6.6) with the help

of (3.6.3) to get:



dy 5
<\§ [ \?2.(‘17.\ (x’( ) q(&°/“:‘§

($qho\
&5 (W) Ay d
g =) L(‘“ Ay ) (3.6.8)
f‘e ‘SQM:) d K}gh:) o

If we take '\F =4 then 0(1" ;‘; = O'Lfn) The equation

can be rewritten as:

1IN 2 T L‘n/-*;
I <X k(’ﬁ.'“j P LS

(n pu* e Mo
(3.6.9)
BN AS
AR5 g )
where we have used
Xs(ptd L Mt
X s(pd) m" (3.6.10)

Evidently (3.6.9) has the correct asymptotic behaviour; we
can now use it in our second vertex sum rule, the new

version of which we give below:

W\1
N SRR
. wf%—%\"’% =
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- T s N (\ X N
ST 2 (N2 -A

(3.6.11)

We are now familiar with the treatment of (3.6.11). The
parameters we fix are: A:‘SO MV , g from (3.6.2),
<V\.h1_f\37 from the asymptotic wavefunction, the low energy
moments of Cpl.found from the two-point sum rules of
section 3.5, (3.5.12) and the remaining (well known)
experimental data, taken from Ref. 48. We fit over a range
of M t by varying <f‘§tj7 and So (so as to minimize
the difference between the two sides of the sum rule); a

good fit is obtained with the values:

%'y = 0-39 , S.=0F(¢ G

(3.6.12)

To compare our result directly with that of Chernyak and
Zzhitnitsky we have to renormalize our value to where they
T
calculated . With the help of (3.6.9) we predict <’S; )-7- 0-%«D
f:":l-sc,w\"
! Although the identity of the two results is doubtless
fortuitous, it is certainly a strong confirmation of their

result. The moment should be compared with that of the

model wavefunction (3.1.7) proposed by Chernyak and

Zhitnitsky, < "§1'> = 04732 .

madel
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3.7 Discussion

It might naively be thought that the remaining source
of uncertainty in the sum rules, the value of g to be used,
could allow us to make a prediction of < 317 more in
accord with the asymptotic wavefunction; such,however, is
not the case. The value of g predicted from our first sum
rule is, essentially, at the bottom end of the
experimentally allowed range'and any change in g will tend
to increase the < §1> prediction from (3.6.9). For
example, should we maximize g we would predict <§1>=0“t5 .

H*= 21§

We are thus forced to the conclusion that the
low-energy moment, < E'Z) , of the pion wavefunction is
indeed >/ 0.40. The limiting case of convexity, @ (.f\: -‘i ,
has a value of <§l> =j'-$ ~ 03 and so we are forced
unambiguously to the conclusion that the low energy pion

wavefunction is non-convex (fig. 10).

The non-asymptotic form of the higher twist
wavefunction (Dz. evaluated earlier (3.5.14) is also non-
convex, although in this case this is not forced upon us by
the moments ( <.\§1'> 4-\3 , <~§H> < —(é .) However,
the probability of finding a constituent with more than half
the pion longitudinal momentum must certanly be considered
greater than that predicted by the asymptotic wavefunction.
The wavefunction given above should have similar properties
to the true non-asymptotic form and can be used in calcula-

tions of the power corrections to exclusive processes
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involving the pion.

It would of course be interesting to have a
prediction for the < \gL' > moment of the lowest twist
pion wavefunction. We have not presented such a calculation
here because of the uncertainty associated with extending
our calculation to hbw . Although, unlike previous work on
vertex sum rules (19, 56, 57), we have here incorporated the
effects of power corrections and radiative corrections and
attempted to model continuum effects, the major difficulty
lies in the power corrections for an W ' sum rule: this
would incorporate of the order of twenty moments of the
higher twist wavefunction, CP3 , which is unknown in the
low-energy region. Therefore we would have little control
over the power corrections to such a sum rule and so we have

not attempted to construct one.

It is perhaps worth commenting on the differences
between the vertex sum rules for the pion and those
considered in the second chapter for the proton. The most
obvious difference, the existence of sum rules for odd
powers of W, is caused by the mass difference between the
proton and the _? -meson. (Although, as we have seen, the
neglect of this mass gap can yield valuable information
about the baryon wavefunction). This gives us more
constraints upon the baryon wavefunction; but this is offset
by the greater complexity of the wavefunction, V{x:) -'ACXO,
which we are unable to specify completely from our sum

rules, unlike the situation for the mesonic wavefunction
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which it is possible to predict moment by moment from the
sum rules. Considerations of this type may be taken into

account when attempting to construct vertex sum rules in

other channels.
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CHAPTER FOUR

REMARKS AND OUTLOOK

4,1 Extensions to Vertex Sum Rules

The possibility of extending the use of power
corrections, radiative corrections and continuum effects is
undoubtedly appealing. One option would be to extend the
work of Ref. 57, in an attempt to explain the A\ width.
Another interesting idea would be to try to improve the
earlier analysis of baryons (56). However, a new problem
appears here; the uncertainty in the choice of currents used
to represent the proton (47) will lead to still worse
complications in the power corrections. Also here the extra
non-perturbative constants required for such an analysis
(the equivalents of C and C~ earlier) would have to be
extracted. Such a calculation would, however, be extremely
useful as it would give information on the constituent

transverse momentum in the proton.

Vertex function sum rules could also be applied to
other, new, vertices. Interesting possibilities are the
vertices which correspond to v? and Vf} states (and
might be hoped to provide some information on the gluonic
components of such states) and vertices involving mesons

containing one or two heavy quarks.
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4.2 Remark on the Choice of the Proton Current

The problems in choosing a satisfactory current to
represent the proton have been stressed throughout the
second chapter of this thesis. It is indeed satisfactory
that the results we obtained in that chapter agree with
those of Chernyak and Zhitnitsky despite the fact that the
two analyses use different currents. However, in general
analyses of two-point functions using different currents for
the proton do not so agree. 1If we take a linear combination
of two currents to represent the proton and vary the extent
of their admixture some stability can be found, but in the
region of the current suggested by Ioffe this is not the

case (58).

This is surprising, as Ioffe has strongly argued that
background effects should be strongly suppréssed for his
choice of current and and so we should expect the results to
correspond to just the lowest lying resonance with the

correct quantum numbers - the proton.

Consideration of the wavefunction structure of the
proton may explain this instability and furthermore explain
why Ioffe’s current gives reasonable results for three-

point functions.

The difficulty comes from a consideration of the

proton interpolating directly with a current:
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ColMulp? = const N T ¢ R
R

(4.2.1)
Ve = (W7 C I wh)( r:l'o(c)x £

where AJ,< is the proton spinor and R runs over the three
parts of the proton wavefunction (V, A and T). Using the
notation of (2.7.5) for the general form of the wavefunction
(2.3.1):
Q L ¢ abe
ol e W IR T ).
F ¥ ~ “ R <4
R

(4.2.2)

(TN, R

Evidently the factors C:g~ of (4.2.1) are dependent on the

trace:

be (€T C'm ~ &(Qm

(4.2.3)

-

ﬂ
For the current due to Ioffe we have f q - Y/n ; using
the [7( given in (2.3.1) we see that the trace (4.2.3.) is
zero unless R = V. For other (mixturefof) currents this is

not the case and a mixture of wavefunctions will contribute

to (4.2.1).

It may thus be argued that in the study of baryonic



two-point functions, where we use currents like that é%3
Ioffe we only consider the interpolation of some part of the
fields of the baryon with the current. As we move away from
such a simple current other fields (e.g. A) will contribute
and when we have a mixture which involves both V and A in
sizeable proportions it may indeed be hoped that some
stability may be found in changing the curent slightly. By
contrast in the vertex function considered above, however,
all the fields contribute due to the three-point nature of
the vertex. It is amusing to consider the resemblance of
this to our hypothesis that it is the similar neglect of
antisymmetric components which is responsible for‘the poor
agreement between theory and experimental in the study of

exclusive processes.

4.3 General Outlook

In this penultimate section we consider the following
areas: the theoretical status of low-energy hadronic
wavefunctions from various sum rules, the experimental
situation (with the use of such wavefunctions), and the
current situation with‘regard to lattice investigations of

this area.

The consistency between the various sum rules is
certainly impressive; for baryons there is the internal
consistency between the three sets of sum rules for the Vv, A

and T wavefunctions and both for mesons and baryons the
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vertex sum rules formalism strongly supports the results of
the two-point function sum rules. This evidence for an
appreciable antisymmetric component in the nuclear
wavefunction is very strong, and similarly the sum rules
strongly suggest that the momentum is shared between the
quarks in a manner qualitatively different from the
asymptotic form, the effect being so strong that the
momentum is, most probably, distributed very unevenly
between the quarks (for the lowest twist wavefunction the
most likely configuration has one quark carrying eighty-five

percent of the momentum).

That these predictions contain some new physics is
best seen by comparing them with the two previous models
generally used, the perturbation theory predictions and the
non-relativistic quark model results. The results of
perturbation theory are highly symmetric; for the nucleon we
only retain the totally symmetric wavefunction, |2Z0XX, X3 ,
and there is no discrimination between the quarks; in the
case of the pion we still retain the symmetry between the
quarks, the asymptotic wavefunction being —3;_ (l-‘{"\ where

X‘ = (\4:5)/ Z , X‘z__:: Cl-—'g\ /Z, . It seems intuitively
reasonable to approach such symmetries assymptotically;
however, as we approach the energy scales typical of
resonance physics and non-perturbative effects start to come
into play this highly symmetric state of affairs need no

longer prevail.

The other end of the energy scale, in a sense, is the
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non-relativistic quark model, where the momentum is again
evenly shared out. Here the proton wavefunction is of the
form g(\(.—%) S(“L“%7 and that of the pion is QCE) ;
the constituents all carry the same fraction of the momentum

with unit probability.

Somewhere between these two limits lies the realistic
situation: the momentum typical of exclusive processes is
not such that the asymptotic theory may be expected to work
(and, of course, the resonances, being confined objects, are
immediately beyond perturbation theory) and the quark masses
are so small that non-relativistic theory cannot be
applicable. The results of the various sum rules which
indicate that this intermediate position is so different
from the extreme cases, also point to the importance of
physics that we do not yet understand in the construction of
resonances. The sum rules, with their semi-
phenomenological approach, do not explain their predictions,
and whilst the experimental data continue to agree with the
sum-rule-based wavefunctions the mechanics behind these
effects and a better understanding of them must be an

important task for QCD.

The vast number of diagrams required in such calcula-
tions may in a more indirect manner test QCD. If we
consider meson-nucleon scattering (figure 14) and then
consider that to each of the topologies in figure 14 we must

associate of the order of ten thousand diagrams
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Figure 14: Meson-nucleon scattering auark

amplitudes- the 13 fundamental
tonologies.
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corresponding to the various ways of attaching the four
gluon lines required to compute the scattering in Born
approximation alone we may realize that the study of such
processes can give us information upon the convergence

properties of perturbation theory.

The theoretical difficulties in the evaluation of
exclusive processes are not confined to the length of the
calculation. After one has evaluated the underlying quark
amplitudes (of, say, figure 14) as an algebraic function of
the hadronic energy, scattering angle and the constituent
momentum fractions, X:L , one must convolute these with
the hadronic wavefunctions in terms of the quark and gluon
constituents. The difficulties here are of two kinds;
firstly there is the practical difficulty associated with
the dimensionality of the inegrations (note that in figure
14 we have six independent variables to integrate over) and
secondly there are often found to be singularities in the
integrations. The treatment of the singularities is not
understood, but current practice (17, 59) is to regulate
them. It is fortunate that many processes and predictions
are independent of this difficulty, but the correct treat-
ment of these singularities is an open topic. For example,
in the calculation of the power corrections to the TFEX
form factor (59) the integral 3—: J:alax/k occurs.
Gorsky (59) chooses to regulate this integral such that
J = 3, and expects uncertainties resulting from this to
.change his final answer by a factor of roughly two.

Similarly Chernyak and Zhitnitsky (17) include logarithmi-
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cally divergent integrals and expect this to lead to
uncertainties of the order of 50% (They, for example, use
L?_J_" JE/C\—"S') ~oe2 . The origin of these
singularities is believed to be the incorrect treatment of
confinement in perturbation theory and more work is required

here.

As mentioned above,many predictions should be
independent of these difficulties. Because there are many
more processes than there are wavefunctions one can attempt
to link these processes in a manner independent of the
details of the calculation of the amplitude, thus avoiding,
one hopes, the difficulty raised above in the exact
evaluation of quark amplitudes. For example Farrar has

predicted (60) the following relationship:

g [¥¥ > p ] = — 2 Brg| ¥4 (£F + s

_.2_/\K-— 2:7%3—5]

(4.3.1)

‘

where this is true for each helicity combination separately.
The validity of (4.3.1) depends on being able to neglect
power corrections and on the use of asymptotic SU(6)
symmetry for the flavour wavefunctions. Similar work has
been done by Lipkin (61), who produces relationships between
the spin flip transitions concerning the ratio 6'<Tf}>-¢
_5; F) /6’ ( 1’\’4-? —> 34—?) . This he predicts
to be unity if the mechanism for the reactions is gluon

is
exchange, sixteen 1if it quark-antiquark annihilation and



109

one-sixteenth if it is quark exchange. The work of Lipkin
rests upon slightly more general assumptions than SU(6)
symmetry, but still requires that the wavefunction can be
taken to be totally symmetric among the valernce guarks and
that higher twist effects are also negligible. This, of
course, also goes against the results from the various sum
rules for the proton and it would therefore be interesting
to see if these predictions are not experimentally
fulfilled; it is also of interest to see whether modified
relationships of the (60, 61) can be derived with more
realistic wavefunctions, incorporating some antisymmetric

component.

Both Farrar and Lipkin assumed, as is usual, that

higher twist effects can be neglected. The application of

power corrections to exclusive processes has been confined

* ok
to simple processes so far: TU —> Y Y ((54) and chapter
2 of this thesis), the W -meson electromagnetic form
factor (62) and the 1?3 Y form factor (59)). The major

problems in these considerations lie in (the difficulty in)
normalizing the wavefunction and giving the non-asymptotic
wavefunction form. With regard to the first difficulty (17,
45) we can use suitable sum rules to estimate the overall
normalization (see section 3.4 of this thesis). As for the
non-asymptotic forms ofefhe higher-twist wavefunctions, so
far only that of the i Br X,,, \’g ‘L component of the
pion has been evaluated ((63), chapter 3), and,as with the

lowest-twist components,a significant deviation from the

asymptotic form was found. The first experimental
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information upon such form factor processes has recently
come from the decay, L?"* WS (64). The theoretical

contributions give an estimate for

Br Y —>7uy

U —s e*e (4.3.2)

which is quite close to the experimental value (64). It is
thus to be hoped that, im general, the higher-twist, power
corrections do not play an essential role in the study of
form factors at intermediate energies . However, this may
not be the case for all processes and investigation of such
effects is required. The determination of the non-
asymptotic wavefunctions of the various higher twist
components is alsodesirable; there are many such components
(two-particle and four-particle power corrections have
already been considered by Gorsky (54, 59, 62)) and they may

be found, in principle,via the sum rule methods.

Comparison of purely perturbative QCD with experiment

seems a long way off (consideration of equation (3.6.9) to
(2 . .
see how the <<‘§ > moment of the lowest-twist pion
wavefunction runs, together with the results from the sum
T

rules, shows that the values of < \g > such that the
wavefunction may be convex are still a long way off), so what
is the experimental situaton with respect to the mixture of

perturbative QCD and the non-perturbative wavefunctions?



Many results have been quoted above and many ideas for
testing these theories put forward. An important recent
result is that of Farrar, Maina and Neri (65) for the
process ¥ — F?r , which they have
calculated using the wavefunction proposed by Chernyak and
Zhitnitsky (39). The importance of this is that apart from
the nucleon form factors (calculated by Chernyak and
Zhitnitsky in (39)) it was not totally obvious that
processes would, in general, be sharply dependent on the
shape of the wavefunction. The prediction is greatly
improved over that of the symmetric wavefunction, but still
somewhat smaller than the data (factors of two to ten).
However, the experimental data are clearly poor with large
errors and so it is difficult to speculate as to the source
of any discrepancies. (For instance until the data are

better we cannot rule out the effects of other resonances).

Experimental data are generally in gualitative
agreement with the results of the sum rules. Reasonable
results have been obtained for heavy mesonic decays, mesonic
and baryonic form factors,and many predictions exist which
remain to be tested experimentally. Another recent
experimental result is somewhat more puzzling (66). A study
of wN scattering was made and the /K* f(h pairs produced
observed. The mechanism for these pairs was assumed to be
guark-antiquark annihilation, with the virtual photon so
produced decaying into the muons. From this an exploration
was made of the distribution of quarks in the pion. The

result of their data analysis was that there was a finite
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chance of finding a quark carrying all the pion’s
longitudinal momentum. This possibility has not been taken
into account in any of the above work, where we have forced
(P(i\ —= O o \§~> + /1 . (Similarly in the case of
the nucleon, the model wavefunction is such that at Xt'a’d '
it approaches the asymptotic form). An argument for such a
constraint to be applied to models of hadronic wavefunctions
is due to Chernyak and Zhitnitsky (39). It is based-upon
observation of the sum rules for moments with large n values
(or large 2: N in the baryonic case); in such sum rules
the non-perturbative corrections become more important, with

respect to the perturbative term. For example, in the sum

rules for the pion wavefunction (26), the ratio of the

T
coefficients of the unit operator to the G operator is
(modulo a constant factor) given by (n +3)/M , and this

implies that the corresponding duality interval will be very

big for large n. Of course, the low-lying resonances that

the sum rules are trying to investigate will not fill this
o0

large duality interval but only a smaller one, S , which

will be independent of n for large n. Duality thus implies

(26), for large n:
o®
3 (n) 5”
n (n)
{As InT_ (s) = 5)0(53.-\’[ (s)
© A °© peet. Hu. (4.3.3)
(n

where is the lowest resonance contribution to the

~res

(nny
relevant correlator and'IPeA:+k. is the contribution from

perturbation theory. From (4.3.3) we evidently get that the
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moments of the lowest resonance:

80

S
[ (3™~ ST
res E 500{3 3 res 3 (1.3.4)

have the same n-dependence as the asymptotic form (which is
also determined by the perturbative contribution, Appendix
C). The higher moments evidently correspond to the i-% T
behaviour, and so Chernyak and Zhitnitsky conclude that the

true hadronic wavefunctions have the same behaviour as their

asymptotic form in such a limit, .

Evidently the aymptotic wavefunction of the lowest
twist pion component goes to zero as \S——ﬁ +
and so the recent data (66) are seemingly at odds with the
argument of Chernyak and Zhitnitsky. If the conclusion Ef
(66) is correct then it will obviously be more difficult to
construct model wavefunctions and to make reliable
predictions of exclusive processes, in that we will have
lost a valuable constraint on the form of any such model.
Of course, the data may change, but it is perhaps worth

commenting on their parametrization of the pion structure

function:

—

Fo(xe) < x:[(«-x.r)‘gﬂ- Y

(4.3.5)
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It is possible that a more sophisticated parametrization
involving an attempt to incorporate the physical picture of
the pion suggested by the sum rules could give different
results. 1Indeed it may be hoped that the conclusion of (66)
that there is a non-zero possibility of finding a quark
carrying all the momentum is merely due to the pion momentum
being in reality, on average, split unevenly between the
guark and the antiquark (although never entirely apportioned

to one constituent).

We should also consider the application of lattice
gauge theories to the areas discussed in this thesis. This
is, however, an area which has not yet been properly
explored. A proposal (67) to calculate the matrix elements
of the form \Tr' ‘]_).6]-;34, has been made by Kronfeld
and Photiadis, and Wilcox and Woloshyn have tried to model
the meson-electromagnetic form factor on the lattice with

SU(2) colour.

Kronfeld and Photiadis considered currents relevant
to mesonic currents of twist two and say that this can be
extended to baryons, gluonia and higher twist operators in a

straightforward way. They consider operators:

(A > s

C%uw“/*ﬁ=' A C:oib e j;*ALP — ~acen

<l

(4.3.6)

and proceed to calculate the effects of mixing on these
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operators. The operators of lower dimension in mass produce
power corrections and associated divergences, which
necessitates the subtraction of counter terms. The analysis
of the mixing of the counterterms was carried out using the
charge conjugation, parity and hypercubic symmetries of the
theory. As n (4.3.6) increases, the mixing of the operators
becomes rapidly more complex. The renormalised operators

are, schematically, given by:

(o ¢y

O = — <
R Ob\ Cr g ? C(- ) O

(4.3.7)

where R, U stand for renormalised and unrenormalised
respectively. The C)Q are the mixing operators, with the
same guantum numbers as CD‘A and the £?L have been

calculated to one-loop order in (67).

The feasibility of carrying out such an analysis via
standard Monte-Carlo techniques is, to some extent,
dependent on the hadronic model one favours. Considering
the example of Kronfeld and Photiadis for a correctly
renormalised C>(L) and only retaining the most important

counter term, r“+/ one has the result:

ﬁ;OL - T
—— - 2-’5 Cp :(__5 o- q} Pq’7 ~ Z'S CFO(g .L‘L

' c>“'>rL “r  ¢F PT Ty

Cv o (4.3.8).
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where a is the lattice spacing and 1 is a measure of the
valence quark separation. The ratio of (4.3.8) must be
small for the signal of the renormalised operator to be
potentially extractable. 1If we consider a bag picture with
AL~/ LLA and a about (1.0 Gevf-‘ then the ratio is
about 2 or 3; for a model with a core surrounded by a cloud
of pions with X., say, 5 times smaller much smaller "a"
values can obviously be used. Unless this latter core
picture is correct it seems unlikely that values of n
greater than or equal to four can be considered, because the
suppression of the power low divergences would reguire
ridiculously large lattice spacings. Another source of
errors, the neglected higher order corrections, is also
dependent on the /L /a ratio. It requires an initial study
to investigate the correct value of X-, to discover whetﬁer
the analysis can be extended beyond 0] () or whether
higher dimensional operators are beyond the xreach of the

analysis described above.

Should the latter be the case it is, in principle,
possible to improve the situation by using a different
lattice action. Improving the action to extend the scaling
region to larger values of a would allow a decrease in the
ratio A-/a, which would thus diminish the ratio (4.3.8).
Similarly an action with added non-renormalizable
interactions should improve the short distance behaviour and

diminish the. <§l coefficients.

If all these difficulties can be surmounted it is



evidently of the greatest interest to have lattice
predictions for such matrix elements (and for those from
baryonic and higher-twist operators.) Comparison of the new
results with the sum rule predictions should give clear QCD
predictions that could be compared with the data from
experiment. The results (69) of Gottlieb and Kronfeld

unfortunately disagree with the sum rule predictions for the

pion and -meson wavefunction moments, predicting (for
t

example) <\S“'7 = "63 . Clearly this requires a

wavefunction with negative values somewhere. We are

dubious, however, of their result and expect the true errors
to be extremely large. Further work in this area would be

very useful.

4.4 Evaluation of Vacuum Condensates

The non-perturbative input to sum rules for vacuum to
vacuum functions consists primarily of vacuum condensates.
As remarked earlier, uncertainties in the values of these
condensates (21) lead to uncertainties in the conclusions of
such sum rules. We would like to conclude this thesis by
describing an attempt at evaluating the condensates
directly, in a manner rather different to the usual
technique of choosing them to optimize an ordinary sum rule

(20).

Essentially, the approach of Launer (21) is to apply

an operator to both sides of a sum rule which projects out
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condensates of a given dimensionality. The use of the
simple "pole plus continuum" model for the phenomenological
side of the two-point function with the I =1
electromagnetic current already led to a value for the (}z
condensate nearly twice the standard (20) value. However,
it is important to take into account both radiative
corrections to the gluon condensate and the realistic nature

of the hadronic spectrum in the channel concerned.

The calculation of the radiative correction (70)
necessitates the use of computer algebra, since there are so
many terms contributing. Quark and gluon propagators in an
external field (71) are used and these must be expanded in
terms of gluonic fields. After vacuum averaging one is left
with a very large number of terms. To evaluate these
integrals separately would be extremely tedious,and instead
we apply the operators 9. D/';,,L and ")/)%P D/Q‘LI‘“
to a general integral to obtain relations between the
integrals. With the help of these relations any integral
required can be related to some mixture of three types that
we know. Using the pattern matching facility of the

computer algebra system this gives a final expression for

the radiative correction:

C = ji ok % A+ °_(‘(1L CA"-:;CFB*’"'-} (440
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t
where C is the coefficient of < G > /Cl\f and T, CA— and
CF are colour weights (1/2, 3 and 4/3 respectively for
SU(3)). Both our calculations and that of Loladze et al.

(70) agree, giving us confidence in the result.

The result can be substituted into the set of sum
rules, but we also need to substitute the experimental data
into the programme to give the most realistic representation
of the hadronic spectrum. This work is currently in
progress (21) and requires the choice of a suitable
parametrization of the data. Such fits can readily be
performed with the MINUIT program of the CERN library. It
is hoped that the gluonic condensate <’¢15 C;L‘>' will soon
be accurately calculated by this method. We also hope to
check the accuracy of the factorization hypothesis as

applied to four-fermion operators.
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APPENDIX A: The Fock-Schwinger Gauge

Although any gauge condition must give the same
answer for a correlation function of colourless sources, the
calculation of coefficients in the 0.P.E. is most
economically performed using a formalism which retains the
gauge invariance explicitly. Such a technique is the
Fock-Schwinger gauge (22) -where the potential A¢1(><3 is
expressible directly in terms of the gluon field strength

tensor.

This gauge is as follows:

Q
(e~ <o) A/JM =0 (A1)

where A;i is the four potential and Xe is an arbitrary
point in the space; it plays the role of a gauge parameter.
There follows for (A.l) the symmetry requirement that final
_ physical answers must be independent of ‘Ko . In what

follows, however, we shall merely put X, = O
From the identity:

A/us (\3) = {?. (Af(‘ﬂ jf\) - L:)g Dj g(‘:ﬂ (A.2)
J

Yot '33,~
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by applying (A.l), with X°= O we get:

Apla)= 3p Gop () = 4 98 (o
2\33, (A.3)

Substituting Y = &« X we see that the left hand side of
(A.3) is a full derivative and so integrating over o from

0 to 1 we get:

a |
A ()= [ o ¢ (%) %
/~ > Sr s (A.4)

A more convenient means for expressing A (?*) can

/-»

be obtained by induction and the use of the equation:

NI e PRy \ Yo ¥ D, ’D) |,

‘=O

Expanding (A.4) using (A.5) and integrating over =4 gives:

A/ACX\ = L Xf C-ff_(c) +___ X.( (’D G_ (50

2.0! 3.

4+ N (A.6)
o XXX (DD, G (0) ¢
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Analogously we obtain:

Wl = (0> + X Dbl + £ XeXg DD lodr 5

For small A’, (x) fields we can express the quark

propagator as the standard series:
. (o) (= .
C SCX/Y'\ = S CK' v) + cJ Sd‘r;’ L (x-2) {_/(C%)t..
(s) )Y
S (2 + gt Sd%e a2 (S kD) (ans)
. ° . Co)
UK (e oS Y-y ¢ ;(m ¢S (=)

3+ ..

)

(o
where S ("“Wﬁ is the free quark propagator:

SCOXCK"\/): —'—L A_){‘ ,

(=) (=" (A.9)

Limiting ourselve, for simplicity, to consideration of the

a o
operator C—'/_V G'/,.v we can merely keep the first term of
(A.6). Substituting this and (A.9) into (A.8) we can

re-express S(x, y) and after performing the integrations

obtain:
./ -
(210 . Q™ e ¢



A 8 — £ (o™ v
3 . w I K Gl — L & (s —ew)-
s & () Cr(o).% -+ - .. (A.10)
@76 Q‘x
where
a o

-
3

~
“F C—“P i o/ aakd C/’*V
Note that for y = 0 the term in the bracesg in (A.10)
vanishes; however, for currents involving derivatives or for
three-point functions such a simplification may not be used.
An analogous expression to (A.10) for a gquark propagator may
be readily obtained, and full expressions for quark and
gluonic propagators up to dimension 6 operatorg may be found
in (22). The use of such propagators in calculations
enormously simplifies the computation of coefficients. For
example we give the calculation of the C;L coefficient in

the vector channel of massless quarks,dﬁ? ﬁ;xf‘ij

\\/b»v = Se‘-“\-Yd&x Co\T(\jf\(_xsd‘v(o)> (07

(A.11)

= Se‘:ﬁ-ya‘&x ,{;\,%‘XP S (X/O\Vv S(O/k)}

[4
The G} term in the trace, using (A.10) with y = 0, is

thus
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RARARTER DAL

v+ g
X (A.12)
R W Xt
where we have used the vacuum average:
<(r () GCo)>’ (3
Y= 3y Jom) <
F /~d F /ﬂf (A 13)

Noting that (A.12) is transverse, we can contract indices

and by the use of the eguation (22):

*h. . n Yz
d(rx ebr X _ N ( _R‘L. 1 =T .
" - ‘-v( ’ <?) h(‘-f) ( -14
ch) (A=) w) a.l4)
proceed to momentum space. The result is
— ) v ¢
— = >
1S q* <3~ G (.15)

which is the result first obtained in (20), but derived now

with much less effort.
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Appendix B: The Borel Transform

The Borel, or Laplace, transformation converts the
weichting of the sum rules into a form which is much more
sensitive to the lowest resonance parameters and also less
sensitive to higher power corrections. This appendix

contains some useful definitions, relations and comments.

For a function f(x) the Borel transform gives:

~ C+\Oa)\/
FOO= = [ e Pooxald)
. C-100 (B.1)

where the integration contour runs to the right of all

singularities. The inverse transformation is thus:

(B.2)

£(x = Swf(;\ e—\/\ A
© *

The effects of the transform can be seen by considering the

series:

L= Qo+ QX + arxC4 -.. o k’ﬁ.
£ (B.3)
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The transform yields:

L0 = X X‘LJ(_' Q\k)\kk

——

T

(B.4)

the factorial suppression of higher power corrections

mentioned in section 2.1.

A differential operator equivalent to the Borel

transform was introduced in (20):

T = A @)U y—ca
Q

n, Qg%>*’ Qﬂ-d‘

(B.5)
O}/n--
For brevity we write:
~ - A
™ (=) = L 7 (a)
(B.6)

AN

That Lﬂﬂ provides the factorial suppression is, easy to

see; however we must show the generality of the equivalence

~
of l,rﬂto the Borel transform, since, as noted in (20), the
-
expansion 1in Q. may break down at some, high, power. If

we assume only that the polarization operator satisfies the

standard dispersion relations:
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T(Q S G TT(S) oS + FoSScUc

S'('Q subtrachons (B.7)
A
then we can show that L_r‘ is indeed equivalent to the
A\
Borel transform (20). The effect of L-r1 on the dispersion
relation is easily seen to be:
A T
LH((&)— S&...\n(s\e ds = (l(/“\)
MY
(B.8)
N 2
(Note that for k positive; Lqﬂ<§l ) =0 ).
The inverse transform, (B.2), of (B.8) can be shown to give

the original polarization operator up to the, undefined,

constant term, i.e. we obtain:

j-e) —G}hﬂ

50_(_(“ @}o‘&l) i QK"%@JTF(&“ (B.9)

N

thus showing the coincidence of L—k1 and the Borel

transform.

The above is usually sufficient, but one sometimes
1k T - ¥
finds functions of the form - 3 Alq\<FL / ;) '
a /~
where X is, generally, non-integer. Such terms appear
from the anomalous dimensions of operators and can be shown

to transform as (20, 22):



| (B.10)
* [/\ v O(AHT
,;L
The above is accurate enough generally, but exact
transformations can be found in the literature (43). There
also exists a non-relativistic limit of the operator
(44). Further Borel transforms (20) have been shown to be

counter-productive, as they introduce oscillating weight

functions which are difficult to control.

Appendix C: The Form of Asymptotic Wave Functions

In this appendix we describe the simple method for
finding the asymptotic form of various wave functions (45)
and give a list of them for various channels. It should be
emphasized that these asymptotic forms are purely
perturbative objects determined solely by the guantum
numbers of the channel, so they can be found merely by the
computation of simple Feynman diagrams. Firstly we shall
consider the lowest twist pion wavefunction in some detail

as an example, then we shall give results for a variety of
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mesonic, gluonic and baryonic cases.

The leading twist pion wave function QQH(fE'/,4> is

defined by the bilocal matrix element:

<ol I(%Bé\(s ey < ‘4 S% do, B, (6’)3 w (=) | 'rr"'(ﬁ)?
-2 /‘,\'L

N \ T (2-9)
-\

4+ .- (Cc.1)

T
where €& = O and /ﬁ\ is the renormalization point.

The system of multiplicativily renormalised operators %(3,{

where On(tﬂ = J(o}é‘. X,?,,CC'E$/2.%)V*(-°)/ ?n (i\
> — &
are unknown polynomials and D =1D- D ; 1s now

used in the decomposition of the bilocal operator into the

local forms C>n . The decomposition is as follows:

17,8
@, <w> = Qs (3V) LRI

hzO

(C.2)

and has the properties :

{lldg $as (DT TL(F) = Sam

" (
e ={ B 9,G,mRE)
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1 o)
The constants 4?Tr (/a) depend on /k\ via the

equation:
n h ‘%Cﬁa)
-CT( (/MZ} = .ﬁ_ C/.h)e,,‘?g—j f(_i \&'\(odz
" “(jno) (<Y (C.4)

where Kr\CJX‘\ are the corresponding anomalous dimensions,

Xn-\r\ > Xn , and ﬁ C 0&\ is the Gell-Mann-Low function

%? (z)} and Cpas(i\ are, as previously stated,
n "

determined by perturbation theory,while the -F;r(’;> are

given by non-perturbative physics and are truly hadronic

properties.

We now want to find the form of. Cpa.s ( z\ . To do
this we make use of the conformal invariance of QCD at short
distances. If we consider two local operators CDZ and
which correspond to different representations of the
conformal group, the the two-point function, in the Born

approximation, is:

To= 0 S 4% e V¢l T(0,60 0y e)) 67 =0

(C.5)

due to the conformal invariance. (Note that this is true in
the CLL———» 20O  limit even if quark masses are non-zero
as the conformal symmetry breaking effects die off in the

limit). 1In general (46), (C.5) remains true in the leading
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logarithm approximation. We now use (C.5) to calculate Cpc_s(‘i)

and ‘T; (§') . Consider the correlator:

. €q-x -
To (4,20 = % €Y cal T (T (8"
(C.6)
. u(xs)ﬁéo)é YS A() oy

=TT ()

(&
where £ =0

"
Evidently ;CK\A_XgG%'&E’> uw(x) corresponds to a
mixture of OmCx) for ™m & n , and a(b)/é X§0u°)
is ()b (o) . Then eguation (C.5) implies that the Born
approximation is purely proportidnal to the Oo(x\ C)o(e)
term. Thus the correlators must depend upon ¢kd(fg\ and
a weighting factor. 1In this case calculating the correlator

gives:

( \
T = L e [y

(Cc.7)

Thus we see firstly that CRLI(i) = 3 <}-—§1> , where the
Lr

factor of 3/4 normalizes the wave function and secondly,
from the requirement of orthogonality of the
polynomials with the measure qa;;(;i\ , we see that the

2h
Gegenbauer polynomials (:n (\E) are the system of
polynomials that give the multiplicatively renormalised

operators:
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10u] = § TA¥, C(ED)

Below we give the results for various currents of the
asymptotic wavefunction and the associated polynomial

system:

RS AN O~ A — C(R)
RNCER AL

o ¥

q)aq ~ C(-‘Z‘L) _— C’;:‘/L (‘\%3

-

G v C;KF. (PQJ'~ CL'EL\?::D Cff-(z)

2+ 3/

EXA‘DIBKW Poi~ (-3Y o (%)

T o) P o~ (-7 s CLCH

This approach can be, trivially, extended to the
calculation of three-particle operators for baryons and
higher twist mesonic operators. However, although q&sék(xlxg)
can be simply determined (where ’Xi_ are the momentum
fractions carried by the constituents) the orthogonality
conditions are insufficient now to uniquely fix the
polynomials. The relevant three-particle Born diagrams

yield:

\.\/ CX/A(\*:XSWLPE @O_,"’X\XLX‘&
Y Coub Y
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R e

C} C}kc'(}d

T
ke CPC-Y ’\’(X*XLY'S) (C.10)

F

The above results include every case used in this thesis.

Appendix D: Light Cone Dispersion Relations

In this appendix we briefly sketch the proof of
light-cone dispersion relations. To render the proof more
transparent we neglect all indices (Lorentz and otherwise)
and consider two scalar local operators :Y‘Cx3 e~ 1Y£Ck)

such that the matrix element:

ol T (B T (3D lp7

(D.1)

T I/
is no more singular at <€ —> O than /15 . We now

consider the retarded amplitude R(qg):

= % eV 0T (3) T -2
R(9) jotzc o\ o[ (L):FL(J]W(

D.2)
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in which the local commutativity of J, and -Slensures
[
that we can replace 9 C'Z— ) by 8(/\-%) , where n is a
‘ o
positive light-like vector, h =© , N >0 | gtandard

dispersion theory then implies that we can write, for all

o

real k:
= | d ¢ —
’R(ky 115 — \Y, (fa+tn>

- (D.3)

where \/ - {L<\/+_ \/_)

Vi (a) = Sds V@ ()5 2) 19

V() = e M e g ) o

(D.4)

If the dispersion integral (D.3) is no more divergent than

T
‘/éi the final dispersion relation is unsubtracted.

We can now use two scalar parameters to give the g

dependence of V+. and R:

L))", e o)

R
Now using, g = k + En, with {\z'-'— O , we can express OL ,
\
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~ : : L
and in terms of new variables (using -~ ) e
T P
‘1“‘ = (\FW) S & N+t
< (D.6)
clj: = (m § = » Ty
where:
— L
W}-: S = 2_(,k.n} t:-+l1
h'l_
e T , AT kp o (D.7)

From this we see that if we vary E (but hold k and n fixed)

1 T
ﬂ/ and OLL' vary along a straight line parametrised
L @3 -
by (D.é)vea thus be rewritten:

R (9 et [Tl N(s;ox

—owo S-q7 - (signudit (D.8)

To keep the vector g real, one requires that:

T«

oA ™
Y (D.9)

L T v
which follows from requiring(”- °L3 >/ P ﬂ/ . This is
necessary because the amplitudes \jt (cl\ are generally

not defined for complex g, and (D.9) requires the
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straight line to avoid regions where p and/or g are complex.

We are also interested in choosing \U ( < l , SO as
to expand in powers of (O below. This case has the

property that there exists S, ( e, ) such that:

(D.10)

\]tCS,uA\‘—O ) ‘S<So

Also, since \/4_-_ (‘L\ vanish if ¥ ‘L*’%— is outside of the

forward light cone and, in particular, vanish if:

]

+ q-r + ‘_-'F,r\ <0 n”-_-_o/n >0
- (D.11)

then we have \/i (51) vanishing if:

+
-L\;"‘-{<O (D.12)

which implies:

(9(1(“’>\/":(S5L"’n: © (D.13)

and consequently we have:

(sigm ) V (550,59 = £ GVL(S5039\_ (55000
= W(s, o, M (D.14)
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We now use the principal value prescription:

SMM@‘ PEAIY L i
-t 1 -9 (D.15)

to re-express (D.8) as:

RIS =L PS s W22 V(e

s-oC (D.16)

This result can be used to describe the time-ordered product

amplitude:

T(q )= ild% V(@B L))y

(D.17)

R(1)+V_(9)

in terms of the dispersion relation (using (D.15, 16, 17)):

'T'(C\:LJ‘-‘AX’— LS As W (s, o,
S_ S - °LL"£ (D.18)

Equation (D.18) is our light-cone dispersion relation and is

valid under the assumptions above.
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Now, equations (D.6) define the straight line over
which we take the dispersion relationship (for fixed w ).

The plane is shown in figure 15.

If we define new variables X, Y such that:

L(431) L Y= eaead)

(D.19)
then we can rewrite (D.9) as:
‘ T
(=1 wt) €y
k',

(D.20)
which defines a parabola inside which the dispersion
relation is not defined. The fixed W (solid) 1line 1is
defined as:

T=(L)Pe -2
()
(D.21)
or, eqguivalently:
( ) - =2
V4w
|+
(D.22)

and so in the X‘—5 O 1limit we have:
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/b

Figure 15:The q?—qi nlane for the a.4,p vertex.
The shaded area denotes the forbidden
parabola (D.20).
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W= (- 135
qi+q (D.23)

In this thesis we always consider the X = O ,

zero-width limit.

Appendix E: Radiative Corrections to the Pion Vertex

Function

The radiative corrections (figure 12) give

2 S 8/7_
contributions (in units of S_SF P(l“' ;—_)(Lﬂv">

(tnr)’-

where CF: %/3 ) :

Diagrams of Type (i):

-3 -—szt,\(t-u\§)+1,l,(l—d-)4‘§_ = 3

——

E11\/ Euﬁ
+ 'L((-(,J) =3 2
SL Ll 1-3) ( \§>“€— —71: (L\ZC(—u)— LACl'L)?}i]
+ 2(\-u§1
(- Y\ + ' — -
G- ((r:_},> L(i-3) ((‘ b G %)

- (\'LQ)lvx((—Lo)> 4 LD— -
3= -%



141

The Box Diagram {(Type (ii):

L&-(\+L~J\§\){(\+w\5\ L\(H—u ) — ‘f_":"(—n(‘,@

eyl RPN =
+’§j \+u\§/{MCI+w§\* + (-0 ) — 4y (L»(H-u
E P+E 2(\*?\

Sl g b - i L

—~ _g(xm (1-0) — Lt ( xmﬂﬂ
2

Self Energy Diagrams (Type (iil)):

EREIRE

vV €|{L
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