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ABSTRACT

This thesis is concerned with the set covering problem,
(SCP), and in particular with the development of a new algorithm
capable of solving large-scale SCPs of the kind found in real life
situations.

The set covering problem has a wide variety of practical
applications such as crew scheduling, vehicle dispatching,
facility location, information retrieval, political districting,
design of switching circuits and others. 'A common feature of most
of these applications is that they yield large and sparse SCPs
normally with hundreds of rows and thousands of columms.

Despite the large amount of research that has been done on
the set covering problems in the last two decades, it was only
recently that reasonably large SCPs have been solved. 1In this
thesis we present an algorithm capable of solving problem of this
size more efficiently, and a test problem with 400 rows and 4000
columns is solved. This is by far the largest SCP reported solved
in the literature.

The method developed in this thesis consists of a combination
of decomposition and state space relaxation which is a technique
recently developed for obtaining lower bounds on the dynamic program
associated with a combinatorial optimization problem. The large
size SCPs are decomposed into many smaller SCPs, which are then
solved or appromixated by state space relaxation (SSR). Before
using the decomposition and SSR, reductions both in the number of
columns and the number of rows of éhe problem are made by applying
a procedure combining preliminary tests, heuristic methods,

lagrangean relaxation and linear programming.
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Chapter 1
INTRODUCTION

1.1 DEFINITIONS .

Consider a set M;{ 1,2,...m} and a family of subsets of M, M=legM, jeN}, with N a finite set. A

subset N*CN is said to be a cover of M if UjneM;=M. Let a cost ¢;>0 be associated
with every jeN and the total cost of the cover N* be Z;n.c; The set covering problem,
SCP, consists of finding the minimum cost cover for M and can be formulated as an integer

program :

(SCP) min  ZNCi;

N3G =
x=0or1  (jeN)

st. Zngixi=1 (ieM)

where a;=1 if ieMj; a;=0, otherwise.

A cover is said to be prime if does not contain properly any other cover. When the costs c;

are all equal to 1 the SCP is called the unicost set covering problem.

In this thesis we will identify the set covering problem with its matrix representation and,
hence, the elements of M are designated rows while the elements of N are mentioned either
as columns or as variables. The subset M;CM is identified as the index set of rows covered

by column index j, ie. Mj=iieM : aij=1}. For a particular row i, the set of column indices j that
cover the row i, is denoted by N, ie N;={jeN : aij=l}. The matrix A={a;},

(i=1,2,...m;j=1,2,...,n), is called the constraint matrix with a; and a’ representing, respectively,
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the ith row and jth column of A. Finally, we will designate by density of the SCP ;. the

ratio (Ei‘iaij)/(m‘n).

A cover N* is a feasible solution to the integer program SCP, that is Zn.a;x;21 for all
ieM. When N* is a prime cover no variable x; can be removed from N* without violating a

constraint.

If a disjoint cover, or partition, N* (ie, M;AM,=® for all jkeN*) is required, the problem is
designated the set partitioning problem, SPP. In this case, the inequalities are replaced by

equalities in the integer programming formulation given above.

The SCP and SPP are closely related to each other and both have a wide field of
applications. Surveys of the SCP are given in Garfinkel [75], Gondran [92] and Christofides
and Korman [51]; a survey for the SPP is given in Balas and Padberg [16].

A list of applications of the SCP is given in the next section. There follows a discussion on
the relation of the SCP to other mathematical problems, namely the SPP, the general integer
program, the gréph covering problem and other graph theory problems. Some theoretical
results that have been obtained for the SCP are outlined.in section 1.4. The final section in

this Chapter is concerned with a brief survey of the algorithms developed for the SCP.



Chapter 1

1.2 APPLICATIONS OF THE SCP

1.2.1 Airline Crew Scheduling

The idea of using set partitioning or set covering for crew scheduling goes back to at least
1961 (Spitzer [163]). The airline crew scheduling problem consists of finding the cheapest
crew schedule that covers all flight legs. Depending on whether or not crew members are
allowed to be passengers on certain flights , optimal covers or partitions yield optimal
schedules. The columns of the SCP or SPP represent sets of flight legs that can be done by
a single crew with a cost ¢; , and the rows stand for the flight legs (Arabeyre et al. [2],
Baker et al. [4], Boder [40], Marsten et al. [130], Marsten and Shepardson [131], Rubin
[153].[154]).

Other scheduling problems have been solved by using SCP’s, such as mass transit crew
scheduling (Parker and Smith [140]), bus scheduling (Heurgon [104], Gavish et al. [80],
Shepardson and Marsten [162]) and manpower scheduling (Tibrewala et al. [169]). A special
type of SCP appears in some personnel scheduling problems (Baker [6],[7], Bartholdi [M],
Bartholdi et al. [22]).

1.2.2 Vehicle Dispatching

The truck delivery problem was first formulated as a SPP by Balinski and Quand: [19].
Given a set of locations for the customers and a single depot it is required to find the
minimal cost routing among the possible routes such that all customers are visited and the
number of routes does not exceed the number of available vehicles. Hence, the rows in the
SPP correspond to the customers and the columns stand for feasible routes starting and ending

at the depot (Pierce [142], Christofides [49], Bodin et al. [41]).
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1.2.3 Location of Emergency Facilities

The unicost SCP has been used for solving the problem of locating the minimum number of
emergency facilities (eg. fire stations, ambulances, police stations) such that they cover every
point of a limited area within a fixed distance (or time). Columns of the SCP represent the
feasible locations for the facilities and the rows correspond to the areas to be covered (Berlin
and Liebman [36], Bilde and Krarup [39], Church and Revelle [53], Revelle et al. [147],
[148], Revelle and Swain [146], Schreuder [159], Toregas and Revelle [172],[173], Toregas
et al. [171], Walker [175]). A location problem using the SCP with additional constraints on
the maximum number of facilities that can be located is given in Christofides [48]. A

dynamic version of the SCP applied to facility location is discussed in Gunawardane [98].

1.2.4 Information Retrieval

Consider the problem of retrieving information from n files where the jth file is of length ¢;
(=1.2,..n). Suppose that m requests for information are received with a;=1 if the ith unit
of information is in file index j. The optimal solution for the resulting SCP gives the

minimum length set of libraries needed to access all the information (Day [59]).

1.2.5 Political Districting

Garfinkel and Nemhauser [77] used set partitioning for grouping basic population units (eg.
counties) in order to form a fixed number of districts. Representing by I the set of basic
population units, a subset P; of I is a column of the SPP if the population units in P; form a
district that meets requirements on total population, contiguity, compactness, and so forth. If
¢; is some measure of the unacceptability of district j then the optimal solution of the SPP
with the additional constraint on the number of districts formed, gives an optimal districting

plan.

A similar model for health district definition is given in Ghiggi et al. [85], and another
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application of partitioning in regional planning is presented by Corley and Roberts [55].

1.2.6 Minimising Boolean Expressions

One of the first formalizations of the SCP appears to have been made for finding minimal
representation for logical functions related to the problem of designing optimal switching

circuits (Breuer [43], Gimpel [86], Rutman [155], Steinberg [165]).

Given a logical expression E in a disjunctive foﬁn one need only consider the set P of prime
implicants of E. A simplest form for E is obtained through the minimum cardinality set
P*CP such that every term of E be implied at least by one prime implicant in P*. The
optimal answer is given by a unicost set covering where the columns are elements of P and

the rows stand for terms of E (Hammer and Rudeanu [100]).

1.2.7 Other Applications

Some other applications of the SCP or SPP reported in the literature include assembly line
balancing (Freeman and Jucker [69], Salveson [157], Steinman and Schwin [166]), the
calculation of bounds in general integer programs (Christofides [46]), network planning

(Crowston [56]), network attack and defence (Bellmore et al. [32], Bellmore and Ratliff
[33]).
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1.3 PROBLEMS RELATED TO THE SCP

1.3.1 SCP and SPP

The only difference between the SCP and the SPP is on the type of the constraints -
inequalities for the SCP, equalities for the SPP. Moreover, the SPP can be converted into a
SCP (Lemke et al. [126]), and, conversely, the SCP can be transformed into a SPP (Korman

[123]). However these transformations are not symmetrical.

The SPP can be easily converted into a SCP without changing the cqnstraint.matrix. This can
be done by adding slack variables y; (ieM) with a suitable large cost L>Ej‘ch and , then,

the SPP becomes equivalent to :

(1.1) min  ZnCx; - LIy,
st ZingX; - Y; = 1 (ieM)
x;=0 or 1 (jeN)
y20 (ieM)

VvSince L is chosen to be arbitrérily large , y;=0 (ieM) in the optimal solution of problem (1.1)

which, therefore, is the optimal solution of the SPP. Now, using y;=Z;na;x;-1, the problem

(1.1) is rewritten as :

(1.2) min  Z\[(Z;ma) "Ll Lxm
st Zinax =1 (ieM)
x;=0 or 1 (GeN)

which is a SCP with the same constraint matrix as the original SPP.

~Transforming the SCP into a SPP needs modifications in the constraint matrix. Each column
2 is split into #M; columns, each one of them with the same cost ¢ The first generated

column, a!, is equal to ak the second, a2 is equal to a with the first 1 replaced by 0; the
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rth column derived from column j is equal to al with the first (r-1) elements of al set equal
to 0. Hence, the modified matrix has Ele#Mj columns which is the number of nonzero
entries in the original constraint matrix. The constraints are made equalities and then the

resulting SPP is equivalent to the SCP from which it was derived.

Although some dominance tests (Garfinkel and Nemhauser [78]) can be applied to reduce the
size of the resultant SPP, this is still too large for practical examples. In fact, it is not clear

.when these transformations are worthwhile and in practice this method has not been used.

1.3.2 The SCP and the general Integer Program

Zorychta [185] shows that a 0-1 integer program can be converted to a SCP in a number of

2

steps proportional to mn®, where m and n are respectively the number of rows and the

number of columns for the original problems.

Consider the 0-1 linear integer programming problem, BLP, defined as follows :

(BLP) min - Z\CX;
st. Ejd.‘,aijxj=bi (ieM)
xj=0 or 1 (jeN)

with =0, a;=0 and b;=0 for all ieM and jeN. Note that any integer program can be

transformed into a BLP.

Firstly, an integer program is easily converted to a 0-1 problem doing the following

substitution :
(1.3) xj=2§(;l_)zk-]x;( (GeN)

with X{=0 or 1 and s(j) the least integer such that 2°>u;, u; an upper bound on the



Chapter 1

value of Xj.

Next, if there exists a negative coefficient, say a;<0, then replacing x; by 1-y; in the

constraint, the equality can be rewritten as :

(1.4) Ek;.jaikxk + au(]'yj) = bi 20
Sexjtuxe T (ayly; = bra;=0
Sk Ay =b =0

where a’;=-2;>0 and b;=Db;-3;>0. Also, an additional constraint x;+y;=1 has to be added

to the set of constraints for the integer program.

Example 1.1

We will illustrate the above transformations for the integer program :
min  2x;- 3%+ X4
st. 2x;- X+ x3 = 3
X+ 2%+ %3 =0
0=<x,=2
0=x,x,=1

X;,XpX; integers
First, the problem is transformed into a 0-1 integer problem replacing x, by x{+2xf :
min 2x]+ 4x3-73x,+ x4
st. 2xl+ 4xd- x,+ x5 = 3
x}- 2x3+ 2x,+ x; = 0

1,2 =
Xy.X1»X2,X3=0 or 1

Now, the coefficients are all made non-negative by introducing the complementary variables y

min 2x]+  +d4xi+ +3y,+x,-3
st. 2x,+  +4xi+ + ytx;=4
it 2yttt +x3=3

x|+ yi =1

xi+ v} =1
X+ Yy, =1

11 422 -
Xp,Y 1 X10Y 10X, Y2.X3 =0 or 1
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Simplifying the notation (by setting z,=xl, z,=yl, z;=x, z,=y}, z;=x,, z=y, z,=x,),
the original problem is equivalent to :

min 2z,+  +4z,+ +3z4+2, -3
st. 2zj+  +d4z;+ + z,+z; =4
+ z,+  +2z,+2zs+  tz; =3
)+ z, =1
zy+z, =1
z;+ zg =1

2),Z9,23,24:Z5,25,Z9 =0 or 1

In /185] it is shown that the BLP is equivalent to an unconstrained integer program, UIP,

defined as follows :

(UIP) min - ZinciX+ Sk Sina%-by)?

xj=0 or 1

with the k; (ieM) chosen to be greater than a positive value k dependent on the original

problem.

The objective function of UIP can then be rewritten as:

(1.5) min Ej(N[cj+2i¢Mki(a§j-2biaij5]|x3+ 222 Timkidgd ey + Z, mk;b?
Now, performing the substitution :

(1.6) x=x%; for (k,j)eU=I(p.q) : p#9and Z;pka;a,>0}

one obtains a2 new BLP which is proved in [I85/ to be equivalent to UIP :

(1.7) min Ej!Ndjxj + ZEj'Nzk>jwijk’-
st. X, Fxel=xy; ((k,j)el)
;=0 or 1 ((k.j)eV)

X; =0 or 1 (jeN)
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where

(1.8) d;=c;+3;mki(a}-2bsay)

=¥V ’
Wi = ZimKiddy o

Finally, the substitution

(19  x=lx (eN)

vields the SCP :

(1.10) min - Zpndix; + ZgpaWigRy
st xp+xj+x=1 ((kj)eV)
x;=0 or 1 ((kj)eU)
x;=0 or 1 : (eN)

Hence, the general integer program is equivalent to a SCP with a particular constraint matrix
structure. The matrix of the ix{cqualilics is of the form M=(S,I) where S (corresponding to
the variables x}, jeN), is a matrix with exactly two entries in each row and I is a unit matrix
corrésponding to the variables xyj, (kj)eU. The number of rows in M is equal to the number
of elements in the set U and, therefore, is at most equal to n(n-1)/2, with n the number of
columns of the original problem. The number of columns of the resulting SCP is exactly equal

to the number of rows plus n.

Example 1.2
For the 0-1 problem obtained from the integer linear program of example 1.1, the equivalent

UIP is :

-min (2-12kj-k3) z) + (-5kp-k3) zp + (4-16kj-k4) z3 +
+ (—Skz - kﬁ) zy + (—8k1-k5) z5 + (3—7k1—k5) zg +

+ (I—ISkl - 8kp) z7 + 2k3 z) z3 + 16 k] 2] z3 +

2]

+ b4kl zy zg + 4k1,27 + k4 ky 2o 25 4+

+ 2 kp zp z7 + 2ky 23 24 4+ 8kl z3 zg + 8k) z3 z7 + 8k2 zy z3 +

+

4kp z4 z7 + 4k z5 27 + 2k3 z} zg + 2X] zg z7 -

- 16ky - 9k - k3 -k -kj

zj =0orl (j=1,2,...,7)
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Setting k;=1, i=1,2,...,5, the SCP which is equivalent to the BLP is then :
. min 11z,+62,+132z,+9z,+ 925+ 524+ 2z, + 1623 +4z,,+ 42,
42,4 42y5+ 2249+ 22,4+ 824+ 825, + 8245+ 42, + 42y
22551224
st. z),+z,+z,=>1
(.)
2gy 2zt 2z,=1
Zyg0ensZgy=0 or 1
Zyees27=0 or 1

The optimal solution for the SCP is z,=2;=2z5=2,4,2);=24=2=1 which corresponds to
the solution y}=x3=x,=1, that is x,=2 and x,=1 in the original problem.

1.3.3 The SCP and the Graph Covering Problem

The graph covering problem, GCP, is a special case of SCP in which each column has at
most two non-zero entries (Christofides [47]). A graph G is a collection of vertices vy,vs,...,V,
(denoted by the set V) and a collection of edges e,.e,,....e, (denoted by the set E), each
edge joining two vertices. A vertex-edge incidence matrix A=[a;] (i=1,2,..njj=1.2,...m),

associated with the graph G is defined by :

(1.11) if the edge e; connects the vertices v; and v, then

a;=a;

i=8;=1 and a;=0 for 1#ik

A cost ¢>0 is associated with each edge ¢; (jeE). The GCP consists of finding the least cost
set of edges such that each vertex is incident with at least one edge in the set. This is a

particular case of SCP with at most two 1’s per column.

The GCP is closely related to another graph theoretical problem, the maximum matching
problem (Balinski [18], Edmonds [62]). This problem consists of finding the maximum cost
subset MCE such that no two edges of M meet at a commmon vertex. The maximum

matching problem is a well solvable problem (Edmonds [63],[64]) and matching techniques
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are used to solve in polynomial time the GCP .

1.3.4 The SCP ﬁnd other Graph Theory Problems

A large nunmber of problems in graph theory can be formulated as SCP’s although many of
these problems could be solved more efficiently by specific graph-theoretic techniques . In this
section, we briefly review some of those problems and outline the way they are related to the

SCP :

1.3.4.1 The Minimum Dominating Vertex Set

A subset D of the vertex set V is said to be a dominant vertex set (or an externally stable
Vi

set) if for every vertexYnot in D there exists an edge from a vertex in D to v;. The problem

of finding the minimum dominating vertex set of a graph is a unicost SCP. The sets N and

M of the SCP are identical and the constraint matrix is defined by :

1 if i=j or there is an edge linking v; and v;

(1.12)- g

0 otherwise

1.3.4.2 The Maximum Independent Vertex Set

A subset [ of the vertex set V is said to be an independent set (or an internally stable set) if
there is no edge in E linking any two vertices of I. The problem of obtaining the maximum
independent set of a graph G is closely related to the SCP where the columns represent the
vertices of G and the rows stand for the edges. The constraint matrix is the vertex-edge

incidence matrix defined by (1.11).

In fact, if we define the variable xj=l if the vertex v is in I, xj=0 otherwise, then the
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maximum independent vertex set is given by the optimal solution of the integer program :

(1.13) max Zj(vxj
st. Ejevahxjs 1 (ieE)
x;=0 or 1 (JeV)

Considering the variables y;=1-x; (jeV) the objective function in (1.13) can be rewritten as :
(1.14) Zivx = Zv(ly) = #V - Sy
and the constraints in (1.13) become for each edge ¢; :

(1.15) X +x <1 v, and v, are the terminal
(Iyp)+(y) =< 1 vertices of ¢;
Ve n =-1
W tyn=1
Yy;=0 or 1

from .
Finally, apart‘the constant value #V, (1.13) is equivalent to the SCP :

(1.16) min ZievYj
y;=0 or 1 (ev)

1.3.4.3 Graph Colouring Problem

The graph colouring problem consists of determining the minimum number of colours that can
be assigned to each vertex of the graph such that no two adjacent vertices have the same

colour. The graph colouring problem can be formulated as a SPP (Korman {123]).
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Suppose all independent sets I,,I,,...I, of a graph G have been enumerated and define the O-

1 integer variables x; as follows :

1 if the set I; represents all vertices with a certain colour
(1.17) X; =

\ 0 otherwise
Consider now the vertices of G and define :

1 if vertex v; is in I;
(1.18) a; =

0 otherwise

Then, the graph colouring problem is equivalent to the following SPP :

(1.19) min E}_, X;
st. E}_, ax; = 1 (ieV)
xj=0 or 1 (G=1.2,...,t)

Considering inequalities instead the equalities for the constraints E}_, a;x;=1, does not alter
the solution of the graph colouring problem. Hence, the problem can be considered as a SCP
where the inequalities correspond to possible over-colourings. That implies alternative solutions

to the graph colouring problem.

Naturally, it would be surprising if the best way of solving the graph colouring problem was
to convert it into a less structured problem such as the SCP, especially since the intermediate
step involved the enumeration of all independent sets - itself a hard problem. This also applies
to the other problems mentioned above. .. ~ '~~~ .. . . However, the fact that so many well
known problems can be formulated as a SCP emphasizes the central role of the SCP in
combinatorial optimisation. At the same time, the possibility exists that an efficient technique

for solving the SCP can be adapted to one or more of these problems.
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1.4 THEORETICAL RESULTS FOR THE SCP

1.4.1 Complexity

Let n be a measure of the size of a problem. If the time required by an algorithm to solve
the problem is a polynomial function of n, the algorithm is said to be a polynomial time
algorithm. Otherwise, the algorithm requires exponential time, ie the time required by the
algorithm to solve the problem can be bounded%::;ow by an exponential function ( Horowitz

and Sahni [111], Garey and Johnson [74]).

A problem for which a polynomial time algorithm exists is called a well solved problem; in
contrast, if no known polynomial time algorithm exists, the problem is said to be hard. The
reason for this differentiation is that if the algorithm requires exponential time, the increase in
the amount of time required is explosive compared to the increase in n. This drastically

affects the size of the .largest problems that can be solved.

The SCP is well known as an NP-complete problem which means that it belongs to a wide
class of problems which have the property that if one problem in this class can be solved in
polynomial time then all NP-complete problems can be solved in polynomial time. In view of
the amount of work done on some of the problems in this class (such as the travelling
salesman problem), it seems unlikely that any polynomial time algorithm for them can be

found; at the very least, this will require a major breakthrough.

The above means, in practical terms, that a tree search scheme is required to obtain the
optimal solution to the SCP. This increases significantly the importance of the lower bound

techniques and the heuristics developed for the SCP.

One of the best known procedures for obtaining a cover that approximates the optimum of a
SCP is the greedy heuristic, which consists of a sequence of steps, each of which includes in
the cover a variable j .whieh ... covers the maximum number of additional rows. The worst

case performance of this greedy for the unicost SCP was shown by Johnson [116] and Lovasz
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[127] to be limited by the relation :
(1.20) z, < (Z§; 1/))*v(LP)

where z, is the value of the greedy cover, v(LP) is the optimal value of the linear program

obtained fram the SCP dropping the integrality constraints, and

(1.21) d = max;y #Mj

This result is easily extended to the optimal value of the SCP, v(SCP), since v(LP)<v(SCP) :
(1.22) z, = (T3, 1/j)*V(SCP)

This relation was shown by Chvaal [54] to be valid for the general SCP with arbitrary
positive costs when the greedy heuristic assigns a value 1 at step s to a variable x; which
maximizes ki(s)/c; (kj(s) is the number of new rows covered at step s by x;). Furthermore,
Ho [107] has shown that the same result (1.20) applies for any greedy heuristic that includes

in the cover, at step s, the variable x; such that maximizes any arbitrary function f(c;k;(s)).

A natural conclusion from the exposition above is that a different approach is needed in order
to find a heuristic that gives a better worst case perfomance. Neverthéless,greedy heuristics
have perfomed better than theoretically expected for many test problems, giving in general an

upper bound within 10% of the optimum.

A further improvement has been obtained with another class of heuristics which generate a
cover using the information - reduced costs - provided by a dual feasible solution for the
linear program obtained from the SCP (Balas and Ho [11]). This class of heuristics consists
of finding a dual feasible solution first and then starts introducing into the cover variables x;
whose reduced cost is positive. This is done in order of increasing values of a function
f(cj,kj(s)) and then, in order to keep the cover prime, variables are removed by decreasing
value of reduced cost. A discussion of bounds for this heuristic is presented in Hochbaum

[109] but no worst case bound better than (1.20) is obtained.
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A variant of this consists of using the reduced costs provided by lagrangean relaxation
(Geoffrion [81]). Variables x; are set equal to 1 if the reduced cost s; is 2era; otherwise,
xj=0. The resulting set S=1'xjeN o 1} is either a cover, or if a row (say i) is not covered, then sj>0
for all jeN;. Therefore, the variable x, such that s,=min;y s; is introduced into the cover
and the reduced costs are updated. This continues until every row is covered after which
variables are removed in order to generate a prime cover. Computational experience reported
in Balas and Ho [11] shows that this heuristic produces consistently better upper bounds than

the those mentioned above. This is confirmed by the computational results presented in this

thests.

1.4.2 Relaxations of the SCP

1.4.2.1 LP Relaxation

From (1.20) and taking into account that .2, is an upper boundon v(SCP), it is

straightforward that :
(1.23) V(SCP) = (2., 1/j)*v(LP)

Hence, the same worst case Limit applies to the lower bound approximation provided by the
linear programming relaxation of the SCP as to the upper bound approximation provided by

the greedy heuristic. For the unicost SCP it was shown by Ho [108] that :
(1.24) v(SCP) < (1/n)(n+1/2)**v(LP)
where n is the cardinality of N. In /108] it is.also shown that for every n=20 there are

problems for which the bound on the ratio v(SCP)/v(LP) is about 2/5 of the bound of the
ratio z,/v(SCP).
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An important question is to know when the solution to the LP relaxation of the SCP has an
integer solution. Although much work has been done on this question no necessary and
sufficient conditions yet exist for guaranteeing the integrality of the LP solution. For general
integer programming problems some conditions have been derived in relation to the structure

of the matrix A.

A first matricial characterization for problems such that all extreme points are integer is given
by unimodularity. The constraint matrix A is said to be totally unimodular if the determinant
of every square submatrix of A has value 0,+1 or -1. Considering a matrix of integers
A%[aij](i=1,2,...,rn;j=1,2,...,n) and an m-dimensional integer vector b, we define P(A,b) as the
region P(A,b)={x : Ax=b, x=0l. In these conditions, it is well known that for each integer b the
region P(A,b) has only integer extreme points if the matrix A is totally
unimodular. The transportation problem, the maximum flow problem and the shortest path
problem are examples of problems with totally unimodular constraint matrices (Garfinkel and

Nemhauser [78]).

In contrast to the examples mentioned above the SCP polyhedron may have non-integer
extreme points as will be seen later in this Chapter. Therefore, total unimodularity applies
only as a sufficient condition for the LP relaxation to have an integer solution. A necessary
condition for A to be totally unimodular is that a;=0,+1 or -1 for all i and j. However, in
general, is not easy to tell whether a matrix consisting only of that type of coefficient is
totally unimodular (Werra [177]). A useful sufficient condition for assuring the total

unimodularity of a matriz A is :

(i) no more than two nonzero elements appear in each column
and
(ii) the rows can be partitioned into two subsets Q; and Q, such that
(a)if a column contains two nonzero elements with the same sign
one element is in each of the subsets
(b)if a column contains two nonzero elements of opposite sign,

both elements are in the same subset
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If the SCP constraint matrix satisfies the condition above then the SCP is a GCP in a

bipartite graph, which is a well solved problem.

The LP solution of a SCP is also integer if the constraint matrix is balanced. A matrix of
zero and ones is said to be balanced if it does not contain any odd submatrix with row sums
and column sums equal to 2 (Berge [35]). A connected graph with a balanced vertex-edge
incidence matrix is a tree and, thus, the SCP with a balanced constraint matrix is equivalent

to a GCP in a tree. This is a trivial problem with little practical interest.

1.4.2.2 Lagrangean Relaxation

Other relaxations of a SCP, i.e.casier problems whose feasible region contains the region of
the feasible solutions for the SCP, have been tried in order to obtain a lower bound to the
optimal value v(SCP). Those relaxations include either well solvable problems such as the
graph covering problem and the minimum cost network problem, or problems for which,
although hard problems, there exist very efficient algorithms. One such case is the simplex
method for linear programming, which has been shown to have exponential time complexity
(Klee and Minty [122], Zadeh [184]), which has an impressive record of running quickly in
practice. Likewise, some algorithms for the knapsack problem (Balas and Zémel [17]) have
been so successful that many people consider it a “well solved” problem, even though these

algorithms also have exponential time complexity (Garey and Johnson [74]).

Now, let us consider a general integer linear problem of the form :

(IP) © min  Zncx;
st Taagb (ieM)
x=(x;)eS

where S=1 x : Z;ngyx=h; (ieM,), x;=0 and integerl.

relaksve Yo a se¥ o} mulkipliers Ao
A lagrangean relaxation of IP (Geoffrion [81]) is the problem :
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(LIP,) min - ZinGiX; b Zigw Mi(biZinagx;)

st. xeS

The objective of this relaxation is that LIP, be an easier problem than the IP to solve with
the optimal value to LIP, giving a good lower bound on v(IP). If a solution x(A) to the
relaxation LIP, satisfies Ziom, Ni(bi-Zin2;%;(A))=0 and is a feasible solution for IP, then
x(A) is optimal to IP. The best lower bound obtainable from- such a lagrangean relaxation is

given by the optimal solution of the lagrangean dual problem :
(DLIP) max,., V(LIP,)

One method of solving the lagrangean dual is to use subgradient optimization (Held and Karp
[102], Held et al. [103]) which consists of an iterative method to update the lagrangean
multipliers, A; (ieM,), based on subgradient properties for the objective function of DLIP

(Geoffrion [81], Bazaraa and Shetty [23]).

A simple lagrangean relaxation of the SCP is obtained by relaxing all the constraints

Zinax;=1 (ieM), in order to get the following integer program :

(1.25) min - Zin(CZimahy) X5 T Ziw

ijM

st. x=0 or 1 (jeN)
The optimal solution to (1.25) is easily obtained by :

il opZva\ =<0

ijNi—

(1.26) X =
0 otherwise
dhove
We use theleagrangean relaxation © . . embedded in a ’preliminary’ procedure to compute

bounds on v(SCP) and at the same time performing reductions in the dimensions of the

problem. This will be described in Chapter 2 with more detail.
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Lagrangean relaxation has been used for the SCP by Etchberry [66], Balas and Ho [l1],
Hey [105] and Beasley [25]. The first author used a tighter variation of (1.25) by finding a
maximal subset M,CM such that :

and then relaxing all the constraints corresponding to ieM;=M-M,. The resulting problem is :

st. ‘EJ!NainjZ 1 (iEMz)
x=0 or 1 (jeN)

Denoting by s; the reduced cost c;-Z; agh;, the optimal solution of (1.28) is given by :

1 if 5=0

(1.29) x;

1 i s;=ming,ys,, ieM,

0 otherwise

Balas and Ho [11] tightened this last relaxation by adding an extra inequality which is the

sum of the relaxed constraints :

(1.30) min - Zin(CiZima)x; + Ei(M}i
st. Zinax=1 (ieM,)
EkMth(Naijij#M, '
xj=0 or 1 (jeN)

Solving (1.30) is not as easy as it is for (1.28) or (1.25), and an heuristic procedure was used
in [11] to approximate the optimum of (1.30). Beasley [25] used the lagrangean relaxation

(1.25) both as way of obtaining a lower bound to the SCP and in performing test reductions.

Hey [105] used a graph covering relaxation for the SCP. First, the SCP was formulated as a
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graph covering problem with additional constraints. Then, relaxing these constraints, the
resulting lagrangean relaxation is solved by an exact algorithm. A network flow relaxation

produced in a similar way to the above was also used in [105].

1.4.2.3 Surrogate Relaxation

Surrogate relaxation is another general relaxation technique which has been used for obtaining
lower bounds to the optimal solution of an integer program (Glover [88], Greenberg and.

Pierskala [95]). The surrogate relaxation of an integer problem IP associated with any p=0 is :

(SIP) min  Z;\CX;
st Zim (Cinaxi= Ty 1 by

xeS

The optimal value v(SIP,) gives a lower bound on the optimal value to IP and the best vaiue

of such a bound is achieved by the surrogate dual :
(DSIP) max, ., V(SIP,)

Recent research has produced a number of procedures to solve DSIP (Dyer [61], Karwan and
Rardin [119]). Also, some empirical results have suggested that surrogate duals may close a
significant fraction of the gap between the optimum of a lagrangean dual and the optimal

value to IP.
A simple surrogate constraint relaxation for the SCP gives a knapsack type problem :
(1.31) min E)-‘chx)-

st. Zim(Zjonai X = Zigum

X =0 or 1 (jeN)
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The extra inequality added to (1.28) in order to produce the relaxed problem (1.30) is, in
fact, a surrogate type constraint. A disadvantage of this inclusion is, as is mentioned by the
authors in /11], that it made more difficult and therefore computationally more expensive, the
calculation of reduced costs. In this thesis we present and develop a dynamic programming
relaxation for the SCP which is equivalent to the surrogate relaxation and provides reduced

costs for the variables in a straightforward way.

1.4.2.4 State Space Relaxation

Many combinatorial optimization problems can be formulated as a dynamic program but only
a few of those problems can be solved efficiently by dynamic programming alone, since the
dimension of the state space is enormous even for small size problems (Bellman [27],[28],
Dreyfus and Law [60]). A general relaxation procedure for the state space associated with a
given dynamic programming recursion was recently presented by Christofides et al. [52] and

has been named state space relaxation.

Consider a multistage discrete system where S=U;T S, is the state space and let the stage
be represented by i. Defining F,;(S(.S), for SeS;, as the least cost of changing the state of
the system from S, at stagé 0 to a state SeS; at stage i, the general forward dynamic

programming recursion for such system is :

(DP Foi(SpsS) = min (Fy(S,S) + v(S'.S
) 0i(Se:S) msl"lA;‘((§)(°) vi(8’,S))

for i=1,2,..,m and Se§;
with,
Fyo(Se:Se)=0
v1(Sp.S)=00 if SEA(S,)

where A(S’) is defined as the set of all possible states SeS; that can result from S¢S, ;, and

vi(S’,S) is the minimum cost of changing the system from state S’¢S;; to state SeS;.
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The usual computational problem that one encounters when applying DP to a combinatorial
problem is the large dimension of S; (i=1,2,...,m). This is particularly true for problems such
as the travelling salesman problem or vehicle routing problem where S; involves all subsets of

a given set.

A state space relaxation for DP is obtained by defining a mapping function g,from S to a
lower dimensional new vector domain Q, and a set function @ such that the following

condition is satisfied :
(1.32) if S’eA;N(S) then g(S")e®;'g(S)
The relaxed dynamic programming recursion is written as :

(SSR) foi(lpt) = min_ frf'f?ﬁ

for i=1,2,....m and teg(S;)

i(tet’) + #(t,0)

with,
ty= g(so)
fo.o(torte) =0

%(t’,t)=min {vi(S',S) : g(S)=t" and g(S)=tl

As will be shown in Chapter 3 of this thesis, the optimal value to SSR is a lower bound to

DP and, more generally, that :
(1.33) fo,(t08(S)=F;(54.S) for all i and S

The choice of g plays a major role in state space relaxation since to make the relaxation

useful g must be such that (Christofides et al. [53]) :

(i) @' can be easily computed
and

(ii) the optimization of SSR is over a small domain
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oh
or a good lower boundv\’/i(t,g(S)) can be obtained

These aspects will be seen in more detail in Chapter 3 where we apply SSR to a dynamic
programming formulation to the SCP. Different expressions for g are presented, and
subgradient optimization and state space ascent are used as methods for maximizing the bounds

given by SSR.

As will be illustrated later, state space relaxation in dynamic programming is analogous to
lagrangean relaxation in integer programming and the effectivness, or otherwise, of a SSR in
producing bounds is relative to the specific dynamic program adopted for the problem. We
also show that surrogate relaxation in integer programming is equivalent to a particular case

of SSR.

1.4.3 The Set Covering Polyhedron

The characteristics of the feasible region of a SCP have been extensively studied mainly with
a view to finding good rules for generating cutting planes (Balas and Padberg [12],[13]).
However, this approach has not been very successful in practice and it was only recently that
Balas and Ho [11] presented an effective algorithm for large SCP’s based on a special type

of cutting planes.

The convex hull of all feasible solutions to the SCP defines a polyhedron P. Once
characterized, the facets of P can be used to generate cuts and thus improve the lower bound

available so far. Let us consider an example.

Example 1.1 : min X, +x,+x;
st.  x;+X, =1
X, Fx3=1
X +x321

X]:X5,X3=0 or 1

The feasible region for this problem is R=I{(1,1,0),(1,0,1),(0,1,1),(1,1,1)t which is graphically
represented in Figure 1.1 by a small circle in each feasible point.
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The convex hull of the feasible region R is composed of all the points on the faces or in the
interior of the triangular pyramid shown in Fig. 1.1. The optimal solution of the LP relaxation
is x,=x,=x;=1/2 giving a lower bound z=3/2. Now, cutting the feasible solution of the
LP relaxation (represented by dotted lines in Fig. 1.1) with the facet defined by points (1,1,0),
(1.0.1) and (0,1,1) we would get a new value for the lower bound. In fact, this facet is
analytically defined by x,+x,+x;=2, so the cut x,+x,+x;=2 can be added to the original
constraints. Solving the LP again z; becomes equal to 2, the optimal value for the SCP of

example 1.1.
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Convex hull of the feasible region for the example 1.1

Unfortunately this way of generating cuts is not a practical approach. Neither are the
approaches based on adjacency in polyhedra (Hausman and Korte [101]), which, for the SCP,
consist of considering a feasible vertex and then finding all adjacent vertices; if none of the

latter vertices have a better value than the given vertex this is the optimum.

A complete characterization of all facets of an integer program is only known for a few
special cases. For the SCP, Fulkerson [71] has shown that if the constraint matrix has no

rows i and k such that N;CN,, then the inequalities Z;na;x;=1 (ieM) define all facets of
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the form ax=1 where = is a 0-1 vector. However, as is illustrated by example 1.1, not all

facets of a SCP polyhedron are of this form.

1.4.4 Integer Duality

Recently a duality theory for integer programming has been developed in a way analogous to

linear programming (Burdet and Johnson [44], Jeroslow [115], Wolsey [183]). Let us consider

the integer linear program :

(LIP) min - Z;NCiX;
st. S nax=b; (ieM)
x;=0 or 1 (jeN)

where a;; (ieM;jeN) and b; (ieM) are integers.
The dual of the problem LIP can be defined as follows (Jeroslow [115]) :

(DIP) max F(b)
st. F(al)=c; N

F is a subadditive and nondecreasing function

where b is the vector (b)iy ua o Tepresents the jth column of the constraint matrix

A=[aij], (ieM;jeN). A function F is said to be subadditive if F(a-+b)=<F(a)+F(b).

A review of the results relating the LIP and the DIP is presented in Wolsey [183] and here
we only outline the two main general duality properties. The weak duality relation is stated
for any primal feasible solution x and any dual feasible function F such that F(0)=0, as
follows :

(1.34) ZiNCx = F(b)

The above is an immediate consequence of the dual feasibility of F



-28-

Chapter 1

(1.35) ZinGX = SinF@)y (=0 and ¢;=F(a))
> EjeNF(ajxj) (x;=0 or 1 and F(0)=0)
= F(Ej(Najxj) (F is subadditive)

= F(b) (F is nondecreasing)
It is obvious that :
(1.36) min, Z;ncX; = maxg F(b)

and the strong duality property establishes that if either LIP or DIP has a finite optimal

value then the equality holds in (1.36).

Finding dual feasible functions is not an easy task without using branch-and-bound, cutting
planes, dynamic programming or any other technique for integer programming. However,
instead of calculating the exact function F another function f, in general not subadditive,can
be used such that f(a))<F(al) provides a lower bound to the value of DIP and, therefore, a
lower bound on the optimal value for LIP. In this thesis we show how state space relaxation

can be used in getting those lower bound solutions.

Finally, let us remark that the value sj=cj-F(aj) is a reduced cost for the variable Xj. If

F(b)+s;=2, (z, an upper bound on the optimal value v(LIP)), then x; is equal to O for any

solution with a better value than z,. In fact, fixing x;=1 the remaining integer program is :

(LIP) min I, ..c Xy
st. Ek;,jalkkabl—au (iCM)
x,=0 or 1 (keN and k#j)

If F is dual feasible for the LIP then it is dual feasible for LIPj and F(b-a)) is a lower

bound on the optimal value of LIP, v(LIPj). Hence,

(1.37) ¢;+Vv(LIP) = ¢;+F(b-a))
= cj+F(b)-F(aj) (F is subadditive)

=z,
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1.5 ALGORITHMS FOR THE SCP

For the last 10-15 years several algorithms have been proposed for solving the SCP but only
recently could large size problems be solved consistently. The most successful algorithms
combine a tree-search procedure with one or more techniques for obtaining bounds to the

problem - heuristics, linear programming, lagrangean relaxation, cutting planes, etc.

A computational survey on different methods for solﬁng the SCP is given in Christofides and
Korman [51] and more recent algorithms have been presented by Etchberry [66], Balas and
Ho [11] and Beasley [25]. A tree search procedu;'e was first presented for the SPP (Px;erce
[141], Garfinkel and Nemhauser [76]) and later adapted and improved for the SCP (Pierce
and Lasky /143].. Christofides and Korman [51]). The process was based on the idea of
partitioning the constraint matrix into blocks A; such that any column in A; has no entry for
a row k<<j. During the course of the algorithm, blocks are searched scquéntially, with blocks
A; not being searched unless all rows i such that 1si:«j-l have already been covered. The
tree search procedure corresponds to the sequential covering of blocks and a variety of tests
were incorporated by Christofides and Korman [51] who report the solution of unicost

problems involving up to 35 rows, 1075 columns and 20% density.

An LP-directed tree search -for the SCP was presented in Lemke et al. [126]. A linear
program is solved at any node of the search tree giving a lower bound for the optimal
completion of the node. At same time, the LP solution is used in determining the next
forward tree branching from the current node. For such a method a high processing time per
node searched must be expected, and then the process is unlikely to be computationally
efficient if the LP lower bound is not very close to the optimal solution. In this case it seems

to be worthwhile to try any cutting plane technique before starting the branching.

A cutting plane approach seems to Hévc been first used for the SCP by House et al. [112].
The method presented by them involves solving a sequence of problems, each one of them
being obtained from the previous one by considering an additional constraint or cut, which is
still a SCP type constraint. Bellmore and Ratliff [34] describe one method for generating

cutting constraints similar to the one mentioned above but making use of the optimal solution
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for the LP relaxation of the SCP. Traditional cutting plane strategies for integer programs
have been used for the SCP by Salkin and Koncal [156] who applied Gomory ([91]) cuts.
Martin [132] also used a cutting plane algorithm based on Gomory cuts but with additional

effort put in to enforce integrality of the simplex tableau.

Another cutting plane approach based on disjunctive cuts was proposed by Balas [10] and
later led to an algorithm capable of solving some large size problems (Balas and Ho [11]).
The central idea of that approach is to derive valid inequalities for the SCP from conditional

lower bounds.

A conditional lower bound of an integer program is a number which would be a valid lower
bound if the constraint set were amended by certain inequalities which are also called
conditional. If such a conditional lower bound exceeds some known upper bound, then every
solution better than the one corresponding to the upper bound violates at least one of the
conditional inequalities. This yields a valid disjunction that can be used to derive valid cutting
planes which, in the case of the SCP, are themselves inequalities of the set covering type.
Balas [10] showed that this family of cuts includes the Bellmore and Ratliff ({34])

inequalities.

Balas and Ho [11] presented an algorithm for solving the SCP based on the family of cutting
planes generated from conditional bounds. The algorithm uses a set of heuristics for finding
prime covers, another set of heuristics to obtain dual feasible solutions, and subgradient
optimization to find lower bounds. Computational results are shown for a set of test problems
with up to 200 constraints and 2000 variables. The authors in [II/ conclude from their
computational experience that the algorithm was more reliable and efficient than -earlier
procedures on large and sparse SCP’s. However, they also point out that as problem density

increases the strength of the cuts diminishes and so does the efficiency of the algorithm.

In fact, the algorithm failed to solve within 30 minutes on a DEC2050 computer, 3 out of 5
test problems with 200 rows, 1000 columns, 5% density and costs for the variables randomnly
generated from the range [1,100]. Better computational results are presented for sparser

problems (2% density) with 200 rows, 2000 columns and the same sort of costs. For these



-31-

Chapter 1

problems the authors conclude that there is. a high positive correlation between the number of
variables left before one has to branch and the number of the nodes in the search tree. This
underlines the need of obtaining reduced costs for the variables of good quality but
computationally not expensive. At the same time a tight upper bound is of major importance

both for removing variables and fathoming nodes in a branch bound scheme.

Before the algorithm mentioncé above was presented, Etchberry [66] had reported
computatidnal results for an algorithm based on lagrangean relaxation and capable of solving
unicost SCP’s involving 50 rows, 100 columns ahd densities from 6% to 21%. In [66] a
branching strategy is presented for the tree search procedure, which we use in this thesis,
consisting of pic.king two rows i and k and splitting the current problem into two new

subproblems as follows :

(i)  replacing the constraints Z; . x;=1 and Zj x;=1 by
the constraint Z;n, AnX=1
or, ’

(ii) replacing the constrainthj(N x;=1 by ZingX=1

i
and the constraint Ejmixjal_ by Zjnex; =1

In other words, (i) represents the case where i and k have a common column in the optimal

solution and (ii) represents the opposite case.

Recently Beasley [25] presented an algorithm for the SCP based on a lagrangean relaxation
of the covering constraints, and making use of problem reductions tests and linear
programming. Computational results are shown for large size test problems involving up to 300
rows, 3000 columns, 5% density and the costs randomnly generated from the range [1,100].
The author in /25] used a binary depth-first tree search procedure computing at each tree
node a lower bound for the optimal completion of the node using the lagrangean relaxation
(1.25). Several reduction tests are done at the initial tree node - column domination, row
domination, row redundancy, row splitting, dual ascent penalties - and the LP relaxation is

used to compute the optimal multipliers for the lagrangean relaxation. At the other nodes of
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the tree ‘the lagrangean lower bound is calculated and reduction tests related to lagrangean

penalties and column inclusion are performed.

The great achievement of this algorithm for the test problems reported in [25] seems to be
the enormous number of variables removed before starting the branching and even before
solving the LP relaxation. For test problems with 200 rows, 2000 columns and 5% density the
algorithm is reported to have reduced the number of variables to only 74 before the LP being
solved. However, it seems natural that this perfomance depends very much on the quality of
the upper bound produced by the greedy heuristic and is also greatly dependent on other
problem data. In fact, the sort of reduction mentioned above is presented for test problems for
which the initial upper bound is equal to the optimal value, while for the worst case shown
for the same type of test problems (the upper bound differs to the optimum in 2.4%) the
number of effective variables is 181. The LP is thus computationaly more expensive and the

tree needs a much larger number of nodes to be completed.
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1.6 CONCLUSIONS

In this Chapter we outlined the main aspects of the SCP and from the exposition the
following conclusions can be drawn :

i) The SCP is a combinatorial optimization problem with a large variety of practical
applications. A common feature of these applications is that real life situations
lead to large size and sparse SCP’s with hundreds of rows and thousands of
columns. In some cases, although these figures are not achieved, the structure of
the SCP makes it difficult to solve (eg. unicost SCP’s).

(ii)  Any integer linear program can be converted to a set covering problem. The SCP
has particularly strong links with other combinatorial problems, especially with
several graph theoretic problems. This emphasizes the central role of the SCP in
combinatorial optimization and maintains the possibility that an efficient technique
for soiving the SCP can be adapted to one or more of those problems.

(iii) The SCP is a NP-complete problem, that is a tree search scheme is theoretically
required to obtain the optimal solution. This increases significantly the importance
of the lower bound techniques and the heuristics developed for the SCP.

(iv)  Greedy heuristics have been established as a way of generating feasible solutions
to the SCP. Although having a poor worst case perfomance these heuristics have
produced reasonable results for many test problems and it is worthwhile to use
them as a first attempt to approximate the optimum.

W) When the greedy upper bound is not very close to the optimum, further
improvements have been possible using another class of heuristics which generate
a cover to the SCP based on reduced costs for the variables. These reduced costs
may be provided either by a dual feasible solution for the LP relaxation of the
SCP, by lagrangean relaxation or, as will be seen in this thesis, by state space
relaxation. However, no better worst case perfomance has been proved for this
last class of heuristics either. Hence, a different approach is still needed in order
to find a heuristic that gives a better worst case perfomance. In this thesis we
present a different way of generating covers for the SCP based on a

decomposition technique which produced in some cases an improvement on the
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upper bound value obtained by the two classes of heuristics mentioned above.
Relaxation techniques have been widely used to obtain lower bounds for the SCP.

In particular, LP and lagrangcag relaxations have proved to be very helpful in
providing good approximations%llow to the optimal value.

Some examples exist where the LP produces the optimum for the SCP but this
can not be predicted except in very special cases. Not only to deal with this
situation but also because the optimal dual variables provide good initial
information for other relaxations, it seems advisable to make use of linear
programming together with any other techniques. Since large and sparse linear
programs can take too long to be solved it is useful to try reductions on the size
of the problems involved before utilizing the LP.

Lagrangean relaxation has proved extremely useful for many combinatorial
problems. In particular, for the SCP it was successfully used for large size
SCP’s. Besides, lagrangean relaxation can be used to perform test reductions both
on the number of the rows and the number of variables of the original problem.

For general integer programs, some experimental results have suggested that
surrogate relaxation can be used to close a significant proportion of the gap
between the lagrangean lower bound and the optimal value of the problem. For
the SCP this idea was implicitly used yielding an improvement on the value
obtained from a lagrangean relaxation of the SCP.

State space relaxation (SSR) is a recently introduced lower bound technique in
dynamic programming, and can be applied for many combinatorial problems that
can be formulated as dynamic programs. As will be seen later the SCP is in this
category and we will apply SSR to the SCP, developing a particular case which
is_equivalent to surrogate relaxation. One of the advantages of this technique
comes from the easy way the reduced costs for the variables can be computed. It
suggests also a different approach for solving the surrogate dual.

Cutting plane strategies have also been used for solving the SCP. However,
cutting planes based on the LP are unlikely to be computationally efficient if the
LP bound is not very close to the optimal solution. Recently, a different class of
cutting planes, generated from conditional bounds, have been used in solving large

size¢ SCP’s. Reduced costs play a major role in obtaining those cuts and this
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maintains the possibility of making use of this cutting plane strategy when good
quality reduced costs are obtainable.

(xii) Several algorithms have been proposed to solve the SCP and this has corresponded
to the aim of solving larger and larger problems related to real life situations.
The most successful algorithms so far combine different lower bound techniques,
embedding them in a tree search procedure to solve optimally the SCP.
Removing the maximum number of variables before starting the branching has
proved vital for the efficiency of the algorithms in solving large test problems.
Hence, test reductions both in rows and columns appear as a useful first step in
any algorithm for large size SCP’s. In this thesis we present and apply an
algorithm for large size SCP’s based on a decomposition technique. Large size
SCP’s are decomposed into many smaller sub-problems each one of them still
being a SCP. The sub-problems are then solved or approximated by a suitable
technique whose main characteristics must be speed, accuracy and utility for the
general problem. This last requirement means, for instance, that information (eg.
reduced costs) for a sub-problem should be used in the general problem. We
show that state space has these characteristics and couples well with the
decomposition technique.

Before applying the decomposition, we perform reductions in the number of rows
and columns of thé SCP making use of a procedure which combines preliminary
reductions, heuristicsa lagrangean relaxation and linear programming. At the same
time, bounds, bothi;b‘:low and above, are obtained for the optimal value of the
problem. This procedure is described in detail in Chapter 2 where computational
experience with different typesof SCP, is reported.

In Chapter 3, we develop the application of state space relaxation for the SCP.
Some theoretical results are presented and two different relaxations are studied in
detail. Computational results are given either for comparing the two relaxations
between themselfes and also to compare the SSR bound with the LP relaxation
bound.

The decomposition technique is presented in Chapter 4 with special focus on its
relation with state space relaxation. Computational results are also shown for

large scale problems and for the unicost SCP.
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Finally, in Chapter 5, we describe a tree-search scheme making use of the
techniques mentioned above. The complete procedure depends on the structure of
the problem, with all techniques being used for solving large si;e SCPs. Full
computational results for problems with up to 400 rows and 4000 columns are

given in this Chapter.
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Chapter 2

REDUCTIONS FOR LARGE SIZE
SET COVERING PROBLEMS

2.1 INTRODUCTION

In this Chapter, a procedure to perform reductions on the number of columns and rows of
large size SCPs is presented. The method consists of a combined utilisation of preliminary
reductions, heuristics, lagrangean relaxation and linear programming. Each one of these
techniques'is discussed for the particular case of the SCP and reduction tests are derived.
Then, the general procedure is described and an example taken from the literature is worked
out to illustrate the method. Computational results are shown for three different classes of test

problems and some conclusions are given at the end of the Chapter.

2.2 PRELIMINARY REDUCTIONS

Before using an algorithm for solving the SCP, a number of preliminary reductions can be
made both on the columns and the rows of the problem. They can be listed ( as in

Garfinkel and Nemhauser [78] ) as follows :

Reduction 2.1 : nonpositive costs

If a cost ¢; is negative then x; is, necessarily, equal to 1 in any optimal

solution and all rows ie M; can be removed. Clearly, if ¢;=0 then x; can be

included in any solution without changing its value and the same reduction

applies.
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Reduction 2.2 : null row

If N;=& for a particular ieM then there is no feasible solution to the

problem.

Reduction 2.3 : single 1 in a row
If any row ieM has just one non-zero element ay, say N;={j |, then x; must be

equal to 1 and all rows keM; may be deleted.

Reduction 2.4 : row dominance
For some i and 1 in M if N;CN, then | can be deleted since any cover for i

is a cover for l.

Reduction 2.5 : column dominance
For a subset S of columns and a single column k if I sc;=c, with ¢;>0

(jeS) and M, C U;s M; then column x, can be removed.

For a practical SCP, reductions 2.1 to 2.3 are unlikely to be useful, but if the problem occurs
as a sub-problem of some other SCP, namely in a tree-search procedure or using any sort of
relaxation, then negative costs for columns and null or single 1 rows may occur. For
randomnly generated problems in which the coefficients a; are independent random variables
with a fixed probability that a;=1, reduction 2.4 may be useful when the number of
variables is large. Finally, reduction 2.5 although useful for several practical examples implies

an expensive computational effort in terms of time . A computationally effective version, not

covering all the possibilities, is given in Beasley [25] and stated here as :

Reduction 2.5’: minimum cost per row test
For a single column keN such that #M,>1 if CkZEkM‘(di with
d;=min;c; then k can be removed.
If #M, =1, say M, ={ i}, and there exists another column leN; and such that ¢,<c,,

then k can be deleted.
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This reduction is very efficient for large size -problems with random coefficients c; ranging
between 1 and 99 but it is not useful when ¢;=1 for all jeN or g is proportional to the
number of 1’s in column j. As it will be seen in the following sections, reduced costs can also

be used instead of real costs in reduction 2.5.

2.3 LP RELAXATION AND DUAL FEASIBLE SOLUTIONS

The linear programming relaxation of the SCP is the linear program obtained by dropping the

integrality constraint x;=0 or 1 for jeN :

(LP) min  Zjn X
st. EjgNinZ 1 (i(M)

Obviously, v(LP)<v(SCP) and if the LP solution is integer then it is the optimal solution to
the SCP. An algorithm for solving the SCP based on the LP relaxation is presented in Lemke

et al. [126].

The dual linear problem, DLP, associated with the SCP is then :

(DLP) max ZM Y
st. Zimit; = ¢ (eN)
u;=0 (ieM)

Two well-known results for general linear programming duality can be summarised for the

particular case of the set covering problem as follows :
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Proposition 2.6 : Let u=(y;),\ be a dual feasible solution for the SCP, that is, a feasible
solution to (DLP).Then :
(a) z(u)=Z3,y; is a lower bound on v(SCP)
(b) for some column k and a known upper bound ,z, , to the SCP if
z (W) +(cp-Z ) =2,

then x, can be deleted.

Corollary 2.7 : Let u=(u,;),y be a dual feasible solution to the SCP. If there exists a row,
say leM, such that :
d= minjpy (C;-Ziomu;)>0
then the lower bound z(u) can be increased to z(u)-+d,.
Proof : this is an immediate consequence of the previous proposition since
u'=(u;);y defined as follows :
y; J#F1
u+d, , i=l

is a dual feasible solution with value z(u)+d,
A further result connecting Reduction 2.5 and the above proposition can be stated as follows :

Proposition 2.8 : For a single column k and a subset SCN satisfying the conditions of
Reduction 2.5 there exists a dual feasible solution u and an upper-bound
on v(SCP), z,, such that

St Zimmili =2y
L€ v(scry) - v(dLP) S e = jeg cj
whera:

x:

(scry) ninzj=k j

]
st. ZjeN -1k} Xj 21 (ieM-¥)
x; =0orl (j#k)
and the corresponding dual linear problem:
(pLey) maxzi‘_x_xk uj
sc.ziexi ui £ cj (j#k)

uj 20 (ieM-yy)
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roof : the proof is immediate since if wu, is the optimal
solution for DLPk then :
. o in-Mk
he
o , i&Mk

is feasible for the dual linear prcblem of the
initial SCP. Hence, it follows from

v(scp ) - v(DLP ) £ ¢, = Zijes <

that :

Ck+z

_ 22 CP, )2 v(sC
Ty uy c, +v(DLP ) = Tes Syt v(SCE, ) = v(sC?)
The practical importance of Proposition 2.8 is that given any dual feasible solution to the SCP
it can be used to scan variables for which Reduction 2.5 applies. The procedure is
computationally cheaper than reduction 2.5 and can be repeated for several different dual

feasible solutions.
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2.4 HEURISTICS FOR OBTAINING UPPER AND LOWER BOUNDS TO THE SCP

Heuristic algorithms can be used to obtain both upper and lower bounds on the optimal value,
v(SCP), for a SCP. Tight upper bounds are important in removing variables from reduced
costs analysis, and also in fathoming tests when a tree-search procedure is being used to solve

the problem.

A particular type of heuristics to obtain upper bounds to the SCP have been studied in detail
by Balas and Ho [l1]. They are of the ’'greedy’ type in the sense that a cover to the
problem is generated sequentially by selecting, at each step, a variable x; (to enter the cover)
that minimizes a certain function of the coefficients of x;. The general form of this function
is f(cj,mj) where S is the cost of variable X; and m; denotes the number of positive
coefficients of x; in those rows not yet covered.

The heuristic procedures presented in [11] differ in the particular form of function f, and five

expressions were considered :

@.1 D flepmy)=c;
(i)  flcym)=c;/m;

(iii)  f(c;;m;)=c;/log,m

(iv)  f(c;;m;)=c;/mjlog,m;

v) f(cj,mj)=cj/ mjln m;

Case (ii) is the greedy heuristic shown by Chvaal [5%] to have the worst case bound given
by :

(22)  zy,= (Z2,1/j)*Y(SCP)
where z,,,. is the value of a solution found using the heuristic and d=max;n#M; . Chvaal

[5%] proved that this was the best possible bound and Ho [107] has shown that there is no

better bound with the other different expressions mentioned above for function f.
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Although these greedy-type heuristics have a theoretically poor worst case perfomance, they
have proved reasonably effective for many test problems. Balas and Ho [11] suggest the
intermitent use of several functions f rather than a single function since in computational

experiments no one function f has been found to uniformly dominate the others.

We used expressions (i) , (ili) and a slightly different version of (ii) to compute upper
bounds to the SCP. The evaluation of function f(c,m;) is restricted to the set N*=U;ye N;
where M*={ieM : #Ni=k} with k the minimum cardinality of any row. When using function (iii) we
consider f(c,m;)=c; for m;=1. Ties in evaluating f are broken by the value of m; (the
maximum deciding which variable is chosen) or, if there still is a tie , by #M; (the maximum

cardinality variable is chosen).

The modified version for (ii) we used is

2.3) f(cj,mj) =sj/ m;

where s; is the reduced cost instead of the initial cost for variable x;. This enables us to
obtain , at the same time, a lower-bound to the SCP corresponding to a dual feasible solution
constructed in the procedure. This is done by assigning, at each iteration, the value f(s;;m;) to

all rows which are not yet covered with an entry for the selected variable.

The general procedure is described next with fi, k=1,2,3 , denoting, respectively, functions

(iii),(i) and the modified (ii).
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Procedure 2.9 . Co}npute.s; upper and lower bounds to the SCP
Step 0 . initialisation
k=1
Zu= +o
gotol
Step 1 . selection function f,
R=M
s=§

m=#M;  (eN)

§=¢; (jeN)
u;=0 (ieM)
go to 2
Step 2 . obtaining sets M* and N*
M*=¢ o
for all ieR if #N;=min, ; #N; then M*=M*Uii
N‘=UilM. Ni.
go to 3

Step 3 . selecting variable j*
choose j* such that
£*=1j(s;,m;e)=min . f(s ;;m;)
if k=3 go to 4
otherwise go to 5
Step 4 . constructing a dual feasible solution
for all ieM* do u;=u;+f*
and for all jeM;

do s;=s;f*
goto$S
Step 5 . updating sets and values
S=Su{j*
R=R - M;.
m;=m;-1 (jeN;;ieM;0)
if R=¢go to 2

otherwise go to 6

Step 6 . generating a prime cover
consider the clements jeS in order and
if Sdjt is still a cover then set S=SHji
go to 7

Step 7 . computing z, and z
z,=min (2,.2;sC)
if k=3 then z=Z2,\u; and stop
otherwise, set k=k-+1 and go to 1

Y
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After using procedure 2.9 the reduced costs s;(jeN) can be used to remove variables by

applying the test of Proposition 2.6(b).

2.5 LAGRANGEAN RELAXATION

Lagrangean relaxation has been widely used to analyse discrete optimization problems
(Geoffrion [81],[82], Fisher et al. [68], Shapiro [161]). The list of applications of lagrangean
relaxation has grown over the last decade to include a wide variety of combinatorial problems
such as the travelling salesman problem, facility location, scheduling, the generalized

assignment problem and the set-covering problem.

Etchberry [66] used this approach for the SCP in which a subset of covering constraints is
relaxed and subgradient optimization is used to improve the corresponding lower bound. This
relaxation was also used in the cutting-plane algorithm presented by Balas and Ho [11].
Network flow and graph covering relaxations for the SCP have been studied by Hey and

Christofides [106].

In this thesis we use the simplest version of Etchberry’s relaxation for the SCP in order to
improve the initial heuristic iower bound obtained by procedure 2.9 and also to perform
preliminary reductions on the SCP as described earlier. The method consists of relaxing all

the constraints and, for a particular set of multipliers A=()\;);4 = 0, solve the problem :

(LSCP,) min  ZN(CZiaN)% T 2 N
st. x;=0 or 1 (jeN)

The optimal solution to LSCP, is trivial :

24) x =

0 otherwise
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and, v(LSCP,) is a lower bound to the SCP. Subgradient optimization is then used to modify
the multipliers A, (M) in order to improve the lower bound. Applying the results of /81]

to the particular case of LSCP, we state two propositions :

Proposition 2.10 : If N (ieM) is the set of Lagrange multipliers that maximizes v(LSCP,)

then
v(LSCP,.)=max, .. ,v(LSCP,)=v(DLP)

and X=u} (ieM) where uf are the optimal dual variables for the LP

. relaxation of the SCP.

In practice only a fixed number of itcraiions is performed in order to obtain the best
lagrangean multipliers. From the above proposition , this means that the lower bound
corresponding to LSCP, iste betler than the LP bound. But, on the other hand,. (it is much
faster for large problems and produces immediately reduced costs to the variables which can
then be used to remove variables and also generate a cover to the problem. Moreover,
lagrangean relaxation and LP can be combined in order to improve the final lagrangean lower
bound without consuming much- more time. In the next section we will discus this combined

procedure in some detail.

Proposiﬁt;n 2.11 : Let v(LSCP,) be the optimal value to (LSCP,) for some A=(X\;);q
and z, be an upper Bound to the SCP. The following are valid :
(a) if for some variable x, the value s,=c-Z;\qN=0 is such that
s +V(LSCP,)=z, then x, can be removed
(b) if for some row | the value d,=minlel s; is positive
then the lower bound v(LSCP,) can be increased by d, and
the reduced costs updated to
spd if jeN; |

5; otherwise
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The above proposition gives a way of slightly improving the lagrangean lower bound and at
the same time generating a new cover to the problem. In fact, this can be done by procedure
2.9 with k set equal to 3 and the following initial values in step 1 :

S=NQ)

MA)= UjnaM;

R=M-M(Q})

s;=max(0,¢;-Zipgjn MM )

m;=1
where N(A) is the index set of the optimal variables for LSCP,. Also, in step 4 we only

update the dual variable relative to the particular row ieM* for which j* is chosen.

2.6 COMBINING LP AND LAGRANGEAN RELAXATION

Let us suppose now that a subset of columns N, is used for the LP relaxation of the SCP
instead of the complete set N. Then, the restricted linear program which we denote by LP,
gives a value v(LP,) greater than or equal to v(LP) and could be even greater than the
optimal solution v(SCP). Neverthless, if v(LP,) is close to v(LP) then the optimal dual
variables to LP, can be used -as a good approximation of the optimal dual variables to LP.
Hence, the lagrangean multipliers in LSCP, may be initialised to those values and the
lagrangean lower bound improved to a value close to v(DLP). The connection between v(LP,)
and v(LP) is stated in the next proposition where DLP, designates the dual linear problem

associated with LP,.
Proposition 2.12 : If u®~=(u)),, is an optimal solution to (DLP), then :

(2.5) v(LPy)+4, < v(LP) =< v(LPp)

where Ag = Zi.nomin (0,65-Z;py uf)

Proof : first,it is obvious that v(LP)<v(LP,). On the other hsnd if the values u?
are assigned to the respective lagrangean multipliers A; in (LSCP,) it

yields :
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v(LP)=V(LSCP))=4¢+Z, 0= Ay+Vv(LP)

The value Aj is then a good measure of the quality of the approximation v(LPy) produced by
Ny This subset must be chosen as the smallest cardinality subset of N that gives a value to
A within a desired limit. From computational experience we t;kc N, as composed of :
(i) the variables x; such that c;Z; A, = 0 for some A=(\),y in a
fixed number of iterations for (LSCP,)

and

(ii) the variables of the best cover produced by procedure 2.9

2.7 COMBINED PROCEDURE

The general procedure that we used for reducing the number of rows and columns of a SCP

is then summarised as follows :

Procedure 2.13 . Computes lower and upper bounds for the SCP
and performs reductions on the columns and rows
Step 1 ..do preliminary reductions
Step 2 . do procedure 2.9 computing an upper bound z, and a lower bound z,.,;
obtain also a cover S and a dual feasible solution u;, (ieM).
set @ z;=zy,.,.
A= (ieM)

Ng =S
nk=nk,
k=1

Step 3 . solve (IfeS:Cﬁ’,‘) and obtain z,, . Try to improve
this value and generate a new cover with value Z
Set N(A) as the index set of the optimal variables to (LSCP,).
Update : Ny = NyUNQ)
7= max (2)2,,,,)
z,= min (z,,7)
k = k+1
If k<nk go to 3
if l=2 goto 5
go to 4
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Tableau II.1
Input data for the SCP of example 2.14 (Lemke et al. [126])
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Step 4 . solve (LPy) and obtain the optimal dual solution u
set t A = U (ieM)

i
k =1

nk = nk2
il =2
go to 2
Step 5 . do Reduction 2.4

stop

Example 2.14

We illustrate the application of procedure 2.13 for a well known test problem from the
literature (Lemke et al.[126]), whose input data is shown in Tableau II.1.

STEP 1 . Preliminary Reductions
. Reduction 2.1 - there are no negative costs
. Reduction 2.2 - there is no null row
. Reduction 2.3 - there is no row with a single 1
. Reduction 2.4 - there is no row dominating another row
. Reduction 2.5’- for each row, the minimum cost of covering it is given below :

1i/1 2 3 4 5 6 7 8 910 1M 1213 14 15

di Tttt 11111 2 2 3 2 3 2
the values pj=cj-§.‘id\4_,‘di are then:

jlr 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

p‘j 0 0 0 00 0 0-1-1-1-1 0 1-1-124

317 18 19 20 21 22 23 24 25 26 27 28 29 30 31 R
14 -60 0-1-4-5=22-3 10 1-2-655

the variables such that p;>0 are removed -

Xy3.X7.X77:X99 - and so are the ones such that

p;=0 and #M;>1 - X;5.X39.X3)Xpg.
At the end of this step of procedure 2.13 the number of variables for the
problem has been reduced to 24 columns. No rows were removed.

STEP 2 . Procedure 2.9
step 0 . k=1

zZ, =0
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step 1 . S=¢
R={1.2....15!
y,=0 (i=1.2....,15)
jJ/1 23 4567 8 910111W1516181922232425263031 3
s (11111111 2222233344555789
m‘;1111111222222235356557810
step 2 . M*=i 3 |
N*=1{ 42532 |
step 3 . min ( 1, 5/log,5 , 9/log.10 ) = 1
j*=4
goto 5
stcp5.S={4f ‘
R =R-M, ={1,2356789.1011.12.13,14,15 |
Jl1 2345678 9101111516181922232425263031 2
sj11111111222223331114559789
m,j111-111222222235356145789
J |
step 2 . M* = 1 7.8,10,13,14 |
N* = | 7,8,10.11,16,18,23.24,25.30,31.32
step 3 . there is a tie between x, and xg for the minimum of f(cj.mj).
The variable x4 is selected since it covers more rows, than x,.
j*=8
stepS.S=)»4.8:'
R =R-M; = 1.2357.10.11.12,1.3.14.15 |
jl1 2345678 9101M141516181922232425263031 3R
s 1111111 1222223334455572829
m§111-111-222122353&5&&678
step 2. M* = | 7,10,13.14 |
N* = | 7,10,11.16,18.23.25,30.31.32
step 3. j* =17
- ! !
step 5.8 =487 ,
R=R-M, =1i123561011.12.13.14.15 |
Jl1 2345678 910111W15161819222324252630313
si1111111122222333uu555789
mj[‘l11—11-—222122353’453”558
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step 2. M* = {10,13,14 }
N* = { 10.11,16,19,23,25,30,31,32 |
step 3.j* =19
step 5. S =1 487,19}
R =R-My,=1{5610111315}
3/1 23 856 7 8 91011 11516181922232425263031 2
s[11111111222223334845557809
mJ----11--1121112-121&223313
step 2 . M*={ 10,13 |
N*={ 10,11,25,30.31,32 }
step 3 . j*=11
step 5. S =1 487.19.11 |

R = 1610,11,15 }

7 8 9101 141516181922232425263031 2
112222233344555172829

ml- - - - - 1 --11-11-2--13122214
step2.M"=i 10 |
N*={ 10,25,31,32
step 3 . j*=10 .
step 5. S =1 487,19,11,10 |
R =1{61115}
311 2 3 456 7 B 91011 141516 18 19 22 23 24 25 26 30 31 2
sf[t11111112222233384555787
ml- - - - - 1o =12-11=2--13-2213
step2.M*=;6}
N*={ 6,24.26,30 }
step 3 . j*=6

step

j
5.5 =1{48719.11,106 }

R =1{1115}

3]1 2 3 856 7 8 91011 11516181922232425263031
s{1111111122222333445557839
. 1-=-11-2-=12=-1112
J

step 2. M*={ 15 {

N*=! 9.18,24.26.31,32 |
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step 3 . j*=9

step 5. S = 1 48,7,19.11,10,6,9 |
R=1111

step 2 . M*=i 11 }
N*={ 14.15.18.23.24,30,32 |

step 3 . j*=13

step 5. S = 1 4.8.7.19,11.10,6,9.15 |
R =&

step 6 . S is a prime cover - z,=15.0
For k=2 the procedure generates exactly the same prime cover although some variables
enter into S in a different order from before.
For k=3. the procedure produces a different cover - S=‘{5.7.8.l9.32 § - but still with the
same value. The dual feasible solution obtained at the end is :

ij]1 2 3 4 5 6 7 8 9 W0 1M1 12 13 W 15

ui 0.9 0.9 0.9 0.9 1.0 0.9 1.0 0.9 0.1 0.9 0.9 0.150.9 0.150.9

and the corresponding lower bound is z;=11.4 .
The corresponding reduced costs for the variables are shown in the following tableau :

1 2 3 4 5 6 T 8 9 10 11 1w
0.1 0.1 0.1 0.1 0.0 0.1 0.0 0.0 0.2 0.2 0.1 1.0

5 16 18 19 2 23 28 5 26 30 33N R

J
S
J
J
s, 0.2 1.8 1.050.0 1.% 0.150.45 0.4 2.05 1.4 2.9 0.0

Since zj+s3;=11.4+29=14.3>14, then x;, is equal to 0 for any solution bettér than
2,=15 and can be removed from the problem (applying proposition 2.6 and taking into
account that all the costs are integer values).

At the end of this step for procedure 2.13 the number of variables has been reduced to
23 and the bounds are z=11.4 and z,=15.0 . Now, setting nkl=3 and A=y
(i=1....,15). we enter the next step.

STEP 3 . Lagrangean Relaxation (I)

. iteration 1
z,agr=l‘1.4 |
N(AN)=! 5,7,8.19.32 {
N(A) is already a prime cover with value c{N(A)]=15.0

the multipliers are then updated by subgradient optimization :
A= N+ oz )(1Sina) [ Spl-Siaax))
if the resulting value for A; is negative then \;=0
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Setting «=2.0 the new multipliers are given in the tableau :

1 2 3 4 5 6 T 8 9 10 11 12 13 W 15
0.0 0.0 0.0 0.9 1.0 0.9 1.0 0.0 0.1 0.9 0.9 0.150.9 0.150.9

corresponding reduced costs for the variables are :

1 2 3 4 5 6 7 8 9 10 11 i
1.0 1.0 1.0 0.1 0.0 0.1 0.0 0.9 1.1 1.1 0.1 1.0

e Ca| Can

15 1% 18 19 2 23 24 25 26 30 R
1.1 1.8 1.062.7 2.856 1.5 2.15 1.3 2.9 3.2 3.6

. iteration 2
2 =1.8
Ny =i 5.7
Now, a cover is generated from N(A) using the procedure 2.9
with the following initial values :
S=N()
M) = My UM, =157}
R = 1 1,2346,89.10.11,12.13.14.15 |
s; given by the tableau above ; mj=1,(=1....32) : y;=A,(i=1,...15)
call procedure 2.9
step 2 . M*=! 4 }
N*={ 42532 !

step 3 . min (0.1,1.3.3.6) = 0.1 then j*=4
step 4 . u,=1.0 and 5,=0.0.55=1.2,55,=3.5
step 5.8 = 15,74 }

R = 11.23,6809.10.11,12,13,14,15 {
step 2 . M*=1 10,14 |

N*={ 10.16,19.23,25.32 |
step 3 . min(1.1,1.85,2.7,1.95,1.2,3.5)=1.1 then j*=10
step 4 . u=2.0 and 5,,=0.0,5,,=0.1.55,=3.4
step 5. S = i 574,10

R =1 1.2.689.11.12,13.14,15 ¢
step 2 . M*={ 14 |

N*=! 16.19.23 |
step 3 . min(1.85.2.7.1.95)=1.85 then j*=16

3
step 4 . u;,=2.0 and s;(=0.0,5,0=0.85.5,;=0.1
step 5. S = i 5741016 ¢

R = ! 1.26.89.11.12.13.15 |
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step 2 . M*={ 89,13 |
N‘={ 8,11,14,23,24,25,26,30,32 }
step 3 . min(0.9,0.1,1.0,0.1,2.15,0.1,2.95,3.2,3.4)=0.1
j*=23 (tie decided by the number of new rows covered)
step 4 . ug=0.1 and s;=0.8,5,,=0.0,5,,=3.3
step 5. S = { 57.4,10,16,23 ]
R = { 6912315}
step 2 . M"={ 9,13 }
N*={ 8,11,14,25.26,30,32 |
step 3 . min(0.8,0.1,1.0,0.1,2.95,3.2,3.3)=0.1 then j*=25
step 4 . u;;=1.0 and s,,=5,5=0.0,5,p=3.1,55,=3.2
step 5. S = { 57,4,10,16,23,25
R = {691215}
step 2 . M*={ 9}
N*={ 8,14,26,30 }
step 3 . min(0.8,1.0,2.95,3.1)=0.8 then j*=8
step 4 . ug=0.9 and s3=0.0,5,,=0.2,5,4=2.15,5;9=2.3
step 5. S = { 5,7.4,10,16,23,25,8
R = {61215}
step 2 . M"={ 6,12,15 }
N*={ 6,9,18,19,22,24,26,30,32 |
step 3 . min(0.1,1.1,1.05,0.85,2.85,2.15,2.05,2.3,3.2)=0.1 then j*=6
step 4 . ug=1.0 and s;=0.0,5,,=2.05,5,6=1.95,859=2.2,5;,=3.1
step 5. S = { 5,7,4,10,16,23,25,8,6
R = {1215}
step 2 . M*={ 12,15 }
N*={ 9,18,19,22,24,26,32 }
step 3 . min(1.1,1.05,0.85,2.85,2.05,1.95,3.1)=0.85 then j*=19
step 4 . u;,=1.0 and $,3=0.2,5,0=0.0,50,=2.0,5,,=1.2
step 5. S = 1 57.4,10,16,23,25,8,6,19
R =1{15}
step 2 . M*={ 15 }
N*={ 9,18,24,26,32 |
step 3 . min(1.1,0.2,1.2,1.95,2.25)=0.2 then j*=18
step 4 . u;5=1.1 and $,=0.9,5,3=0.0,5,,=1.0,5,,=1.75,55,=2.05
step 5. S = 1 57.4,10,16,23,25,8,6,19,18
R=2¢9¢
step 6 . a prime cover is obtained from S by removing redundant variables
considered in decreasing order of the costs :
“X93-X16-X1gX7-X4- and the resulting cover
is S=| 5.68,18.19.25 | with cost c(S)=14.0
therefore, z,=14.0 and z=2,,,u;=13.0 .
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Variables X),X5,X3,Xg,X4:X15:X22:X24:X26:X30 2Nd X35
are removed by reduced costs analysis.

. iteration 3
Zj,5,=7.562 and N(k)={ 4,5,6,7,8,10,11,18,19,23,25 }
since nk1=3 we go to next step of procedure 2.13.

At the end of this step for procedure 2.13 the number of variables has been reduced to
n=12 and the bounds are z=13.0 and z,=14.0

STEP 3 . Linear Programming
. No={ 4,5,6,7,8,10,11,18,19,23,25 |
N-N,={ 16 }
The optimal value for LP, is v(LPy)=14.0 and the optimal dual variables
are u==(0.0,3.0,0.0,1.0,1.0,1.0,1.0,0.0,1.0,2.0,0.0,0.0,1.0,0.0,3.0)
Since ¢,¢-us-u,,=2.0 the value of Ay is 0 and then the
lower bound obtained at this step of the procedure is v(LPy)+A,=14.0
and the optimum for the problem has been found. .

Remark 1 . Note that the problem has been reduced and then the value v(LPy)+A4A,
may be greater than the linear programming relaxation of the original
problem. In fact, the LP lower bound for the example above is
equal to 13.4

Remark 2 . In the example only one variable was left out of Nj. It is clear that
in such cases, where the number of variables left out is small, would be
worthwhile to include them in N, However, as will be seen later, this is
not the situation for large SCP’s where, in general, the cardinality
of Ny is small relative to N
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2.8 COMPUTATIONAL RESULTS

For computational tests of procedure 2.13, we considered three different classes of problems

according to the coefficients of the variables in the objective function :

(I)  costs ¢; randomnly generated from the interval [1,99]
(II) costs cj=1.0 (jeN)
(ITI) costs c; proportional to the cardinality of M; :

() c=#M;

(i) ¢;=3.0+#M;

In class (I), two sets of test problems were considered :

(L.1) number of rows m==200
number of columns n=2000
density d=5%

(1.2) number of rows m=300
number of columns n=3000

density . - d=2%

The same set of test problems was tried out for classes (II) and (III) differing only on the

costs :
(II)/(I1I1) number of rows =50
number of columns =500

density = 20%

Table I1.2 summarises the computational results for the test problems in class (I). These are
identified in column (i) by a general designation TmXk where m is the number of rows and k
is the number given to the test problem . The initial dimensions of the problem are shown in

columns (ii) and (iii) .

Columns (iv) and (v) in Table IL1.2 give the dimensions of the test problem after doing the



~58-

Chapter 2

preliminary reductions corresponding to step 1 of procedure 2.13 . As expected for these very
large problems with random costs, the reduction on the number of variables is quite significant
mainly due to reduction 2.5’. For all test problems in Table II.2 the number of variables was
reduced by more than 80% . However, the resulting reduced problem is still a very hard

problem with the range of the costs much tighter.

Columns (vi) to (ix) in Table IL2 refer to the execution of step 2 in procedure 2.13 . The
first two columns, (vi) and (vii), show respectively the values of the upper and the lower
bounds obtained by procedure 2.9 . The other two columns, (viii) and (ix), give the dimensions
after using the heuristic dual variables to remove variables by reduced costs ; this did not
actually occur for any of the test problems . This is a consequence of the poor quality of the
heuristic lower bound which, in fact, could be improved by applying complementary slackness
tests ( Balas and Ho (11], Hey [105]). However, from computational experiments we found
that not worthwhile, since the following steps in procedure 2.13 remove most of the variables
that would be deleted by the heuristic tests. Besides, the heuristic dual variables proved to be

good initial values for the first phase of the lagrangean relaxation in setting the set N,

The computational results related to step 3 of procedure 2.13 are shown in columns (x) to
(xiii) in Table IL2 . The value in column (x) is the best out of the upper bound obtained by
procedure 2.9 ( column (vi) ) and the values of the covers generated from the solutions of
LSCP, . The upper bound was improved for six of the test problems contained in Table II.2
with the most significant decrease being achieved for test problem T300X4 . The lower bound
given by the first application of lagrangean relaxation ( column (xi) ) is naturally much better
than the heuristic lower bound . However, that did not imply any significant reduction in the

dimensions of the problem as can be seen in columns (xii) and (xiii) .

Columns (xiv) to (xvii) in Table II.2 are related to the restricted linear program LP, . The
value v(LP;) is shown in column (xv) while the corresponding lower bound to the SCP,
v(LPg)+4,, is given in column (xiv) . This lower bound is again , for all test problems
except T200X5 and T300X3, much better than the previous value (column (xi)). The value in
column (xv) is an upper bound on the value of the LP relaxation for the SCP and in all

cases but for the mentioned exceptions (T200XS5,T300X3) is close to the value in column



TABLE II.2

Bounds and reductions produced by procedure 2.13 for large scale SCPs

PROBLEM INITIAL PRELIMINARY GREEDY LAGRANGEAN LINEAR PROGRAMMING LAGRANGEAN

DIMENSIONS | REDUCTIONS HEURISTICS RELAXATION (I) (RESTRICTED) RELAXATION (II)

m n m n Z, zg m n zZ, Zy m n z, z, m n Z, zg m n

(1) (11) (111) | (1v) (v) (v1) (vii) (viii) (ix) (x) (x1) {x11) (x111) | (X1Vv) (xXv) (xvi) (Xvii)| (XviiiJ){x1ixJ) (xXxJ) (XX1)

T200X1 200 2000} 200 349 96.0 53.0 200 349 94.0 65.67 200 344 86.84 87.60 200 154 92.0 87.12 200 146
T200X2 200 2000f 200 263 77.0 31.0 200 263 77.0 53.07 200 263 64.35 67.47 200 245 74.0 66.35 199 178 ]
T200X3 200 2000} 200 381 104.0 62.0 200 381 103.0 78.53 200 380 87.84 91.66 200 354| 96.0 90.72 200 176 ¥
T200X4 | 200 2000 200 290 74.0 40.0 200 290 74.0 54.73 200 290 69.19 69.85 200 155] 74.0 69.35 199 150
T200X5 200 2000 200 281 60.0 34.0 200 281 60.0 43.19 200 279 44.53 58.25 180 278| 60.0 56.16 186 125
T300X1 300 3000} 300 325 | 227.0 141.0 300 325 227.0 188.08 299 325 214.0 215.0 299 111} 215.0 215.0 - -
T300x2 | 300 3000| 300 307 |152.0 91.0 300 307 [ 150.0 115.05 300 307 [136.79 140.3 300 306 |147.0 138.4 300 287
T300X3 300 3000 300 348 | 228.0 138.0 300 348 223.0 200.34 300 348 184.53 217.0 300 346 223.0 211.8 300 333
T300X4 | 300 3000 300 482 277.0 169.0 300 482 263.0 209.50 300 482 238.8 245.5 300 477 ] 258.0 243.0 300 444
T30005 300 3000 300 324 203.0 130.0 300 324 199.0 16l.61 291 323 184.6 192.0 291 292 192.0 187.7 250 224
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(xiv). Further reduction in the dimensions is achieved for most of the problems using the dual
feasible solution for reduced cost analysis. As is shown in column (xvi), the number of rows is
reduced for test problems T200X5, T300X1 and T300X5 while the number the columns (

(xvii) in Table I1.2) decreases for all the test problems.

Finally, columns (xviii) to (xxi) show the outcome of the second phase application of
lagrangean relaxation. The lower bound (column (xix) ) is still better for all problems and an
improvement on the upper bound (column (xviii)) is obtained for all except test problems
T200X4 and T200XS5. As a result of this the dimension of the problems is quite significantly

reduced and for test problem T300X1 the optimal value is obtained.

The reduced size test problems still have the same density and , in order to obtain the
optimal solution for them , a tree-search procedure must be used as will be seen in Chapter
5. Before that a combination of a decomposition technique and state space relaxation for the
SCP will be developed in order to imi)rovc the lower bound obtained at the end of procedure
2.13 . The results shown Table II.2 confirm what has been said about the heuristic procedures
for the SCP. Table IL.3 summarizes the information relative-to upper bounds which is
contained in Table II.2. From there it is evident that the greedy heuristic managed to produce
a bound very close to the optimal value only in two cases (T200X4 and T200XS5). The
*greedy’ upper bound for test problem T200X5 is equal to the optimum while the bound for
test problem T200X4 is only 1.3% above the optimal value. In this case, the heuristic based
on the lagrangean reduced costs failed to improve the upper bound obtained by the greedy
heuristic. The opposite occurred for all the other test problems with the gap being rcdu;:cd,
for all the problems, to less than 5% of the optimum. Neverthless, as can be seen in Table
11.4, the greedy heuristic only takes a small part of the computational time required for
performing the procedure for the test problems that we have considered. Hence, it seems
acceptable to try even rﬁorc expressions_ than the three different ones we used for the greedy

selection function.

Table 11.4 shows the computational times of each step of procedure 2.13 forthe test problems
TmXk (m=200,300;k=1,...,5). For solving the LPwe used the code named¢ XMP (dual simplex

algorithm) developed by Marsten [129], which has performed reasonably fast for rhany
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TABLE II.3

Evolution of the upper bound in procedure 2.13

PROBLEM GREEDY LAGRANGEAN LAGRANGEAN
HEURISTIC (1) (11)
Zopt | Za 2 z, y4 z,, % »
(i) (ii) | (iii) (iv) | (v) (vi) | (vii) | (viii)
T200X1 |  90. 9%6.] 6.6 92. | 2.2 | -92.| 2.2
T200X2 71. 77. 8.4 77. 8.4 74. 4.2
T200X3 93. 104. 11.8 103. 10.7 96. 3.2
T200X4 73. 74, 1.3 74. 1.3 74. 1.3
T200X5 60. 60. - 60. - 60. -
T300X1 | 215. 227. 5.6 227. 5.6 215. -
T300X2 141. 152. 7.8 150. 6.3 147. 4.2
T300X3 218. 228. 4.5 223. 2.3 223. 2.3
T300X4 247. 277. 12.1 263. 6.4 258. 4.4
T300X5 192, 203. 5.7 199, 3.6 192, -
TABLE II.4
Computing times for procedure 2.13
(CDC 3600 ;FTN compiler)
PROBLEM | PRELIMINARY GREEDY LAGRANGEAN LINEAR LAGRANGEAN TOTAL
' REDUCTIONS HEURISTIC RELAXATION | PROGRAMMING RELAXATION
(i) (ii) (iii) (iv) .- (v) (vi) (vii)
T200X1 .49 .35 .94 4.22 .81 6.81
T200X2 48 .33 1.04 4.30 .93 7.08
T200X3 .48 .36 1.05 5.40 .99 8.28
T200X4 .48 .33 1.91 3.17 .71 6.60
T200X5 .49 .31 .86 2.87 .75 5.28
T300X1 .45 .59 1.42 7.08 52 10.06
T300X2 .45 48 1.34 6.33 1.03 9.63
T300X3 .45 .50 1.52 6.90 1.50 10.87
T300X4 .45 .40 1.39 10.16 1.27 13.67
T300X5 45 .54 1.29 4.20 1.05 7.53




-62-

Chapter 2

practical applications. However, it is clear from Table II.4 that a large part of the
computational time of procedure 2.13 is spent obtaining the LP solution. This is a natural
consequence of the few reductions achieved on the number of the rows, which drastically

affects the time taken by the simplex method to solve an LP problem.

This is illustrated by Table IL.5 where we present some information relative to problem LP,
for each of the mentioned test problems. As can be seen from Table ILS, for problems with
the same number of rows, the fewer the number of elements in N, the less is the
computational time required for solving LP, But, this can strongl)l' affect the quality of the
bound (eg. test problem T300X3 for which A, is very big). The difference between problems
in terms of rows is not significant but, at least the tendency of the LP computational time to
increase with m is illustrate for test problems T300X5 (m=291;n,=152;t=4.20), T300X2
(m=300;n,=150;t=6.33) and T300X3 (m=2300;n,=147;t=6.90).

Hence, a further effort to reduce the number of rows of the the problem before calling the
LP could pay off both in terms of the bound and the computing time. These further
reductions might be achieved by using the sort of tests considered by Beasley [25], namely
the row redundancy and row splitting tests. Another possiblity consists of considering the ’core’
problem LP, with a number of rows fewer than the LP and using an heuristic for completing
the dual feasible solution needed for the second phase of the lagrangean relaxation. Although,
we have no consistent computational experience on this last method it seems fairly reasonale
in particular for very large problems for which the time spent solving the LP becomes very

critical when applying procedure 2.13.

Refering again to Table I1.4, note that the computational times corresponding to the
lagrangean relaxation include the calculation of the cover generated from the lagrangean
solution. Then, this time depends much on the number of effective variables in the problem
and, therefore, the first phase of the lagrangean relaxation is more expensive. On the other
hand, the covers produced by this method were,> for the larger problems, consistently better

than the ones obtained from the greedy heuristic (Table II.3).

The computational results relative to the test problems of classes II and III are presented in
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TABLE II.5

Dimension and computing times of the
restricted LP relaxation of the SCP

PROBLEM | #M #N #Ng | Time
(1) (ii) | (iii) | (iv) (v)

T200X1 200 344 120 4.22
T200X2 200 263 112 4.30
T200X3 200 380 101 5.40
T200X4 200 290 91 3.17
T200X5 200 279 79 2.87
T300X1 300 325 184 7.08
T300X2 300 307 150 6.33
T300X3 300 348 147 6.90

T300X4 300 482 185 10.11
T300X5 291 323 152 4.20




TABLE II.6

Bounds and reductions produced by procedure 2.13 for test problems of the classes II and III

PROBLEM INITIAL | PRELIMINARY GREEDY LAGRANGEAN LINEAR PROGRAMMING LAGRANGEAN

DIMENSIONS | REDUCTIONS HEURISTICS RELAXATION (RESTRICTED) RELAXATION

(1) (11)

m n m n z, zg m n z, zg m m z, z, m n z, z, m n
(i) (ii) (dii) J(dv)  (v) | (vi)  (vii) (viii) (ix) (x)  (xi) (xii) (Wi | (xiv)  (xv) (xvi) (xvii) | (xviii) (xix) (xx) (xxi)
T50A1 50 500 50 493 5.0 2.816 50 493 5.0 2.86 50 493 2.43 3.31 50 493 5.9 3.14 50 493
T50A2 50 500 50 492 5.0 2.93 50 492 5.0 2.99 50 492 | 2.34 3.45 50 492 5.0 3.27 50 472
T50A3 50 500 50 490 5.0 3.00 50 490 5.0 3.00 50 490 2.13 3.47 50 490 5.0 3.25 50 485
T50B1 50 500 50 493 64.0 50.0 50 493} 64.0 50.0 50 493 - - - - - - - -
T50B2 50 500 50 491 65.0 50.0 50 493 65.0 50.0 50 491 - - - - - - - -
T50cCl 50 500 50 491 |103.0 58.39 50 491]1103.0 58.39 50 491 |56.37 60.4 - 491 103.0 58.66 50 491
T50C2 50 500 50 492 | 100.0 58.91 50 492 (100.0 58.93 50 492| - - - - - - - -

_bg_
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Table I1.6 which has the same entries as Table I1.2. We only show the computational results
for a small set of test problems since the perfomance of the techniques described above is
very similar for the different problems generated in those classes. As expected the preliminary
reductions are not efficient for this type of problems and the other methods applied do not
perform well either. For the proportional cost problems it so happens that the LP procedure
took too long ( a limit of 100 seconds in the CDC 6500 was used ) and, hence, procedure

2.13 is not completed for those problems. The same occured for test problem T50C2 .

2.9 CONCLUSIONS

In this Chapter we presented a procedure to perform reductions in the dimensions of large
size SCP’s. The method consists of preliminary reductions techniques, heuristics, lagrangean

relaxation and linear programming, in such a way that:

(i) Large test problems with n=10*m (n-number of columns;m-number of rows),
are reauced to problems with n*m but still with the same density as the
original ones.

(ii) Lower and upper bounds are obtained with a gap in all cases less than or
equal R
to 10% of the value of the best solution available. For most of the test
problems we tried out, this gap was below of 6% of the upper bound value.

(iii) For SCP’s with costs equal to 1.0 for all the variables, the procedure
fails to produce any significant reduction in the dimensions of the problems.
This is even worse for the problems with costs proportional to the number of
rows covered, for which the linear programming also can take too long to
produce a lower bound.

It seems possible to achieve further improvements on this perfomance and the following

conclusions may be taken into account in future research :

(iv) Although the quality of the greedy upper bound may be very poor it is

worthwhile to use them to generate an initial feasible solution for the SCP.
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Since only a small part of the computational time of the procedure is taken to
generate the greedy cover, more and different selection functions might be
used.

) The initial lower bound obtained from the greedy heuristic has a poor quality
and can be improved by simple methods. Although, from our experience, this
did not affect very much the outcome of the procedure, the possibility of
improving the perfomance of the subsequent lagrangean relaxation is an open
question. Furthermore, if other types of reductions were considered (such as
penalties or row splitting) then the quality of the greedy lower bound, and
hence the quality of the first lagrangean relaxation bound, becomes important.

(vi) Increasing the number of iterations allowed for the first phase of the
lagrangean
relaxation did not significantly increase the corresponding lower bound.
However, there is the possiblity of finding better covers generated from the
lagrangean solution. Later in this thesis we report improvements on the upper
bound obtained from further iterations of the lagrangean relaxation (phase I),
when solving problems with 400 rows and 4000 columns.

(vii) The ’core’ problem LP, can possibly be reduced in terms of the number of
rows without affecting the corresponding lower bound. Besides, the criterion for
choosing the variables to-include in N, has not been considered in depth and
further research on this particular aspect must be carried out.

(viii)  For the unicost SCP, it is worthwhile to solve the LP relaxation with
No=N and then trying an improvement on this bound using lagrangean
relaxation.

(x) both for the unicost SCP and the proportional costs SCP, it is still
possible that other reduction techniques may be useful. However, we will
report later computational results derived from the application of decomposition

and state space relaxation which are consistent by good for unicost SCPs.
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STATE SPACE RELAXATION
FOR THE SCP

3.1 INTRODUCTION

Dynamic programming can be used to solve the SCP but this requires, even for small size
problems, too much storage and time to be useful in practice. In Hey [105]/, one way to
reduce the dimension of the state space of a dynamic program associated with the SCP is
presented. Instead of obtaining an optimal solution to the problem , a lower bound is
computed by solving dynamic programming recursions on a smaller set of states. This
corresponds to an idea recently developed and called “state space rclaxation”. (SSR) in
Christofides et al. [52] where it is used for the vehicle routing problem. State space
relaxation is a generalisation of lagrangean relaxation and, hence, can be embedded in a tree-

search procedure in order to solve optimally the original problem.

In this Chapter the application of SSR to the SCP is developed and some results, both
theoretical and practical, are given. In particular, two different relaxations are presented and
tested. One can be seen as an extended lagrangean relaxation while the other is equivalent to
the surrogate constraint relaxation of a SCP. Different ways to perform the state space
modifications are studied and results from computational experience are shown. Also, the lower
bound produced by SSR is compared with the linear programming relaxation bound for test
problems whose dimension ranges from 10 to 50 rows and 100 to 500 columns, as well as test

probiems of the classes (II) and (III) considered in Chapter 2.
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3.2 DYNAMIC PROGRAMMING FORMULATION

3.2.1 Definition

Let us consider the SCP with b representing the m-dimensional array of 1s in the right-hand-
side of the constraints and with a; and al representing, respectively , the ith row and jth
column of the constraint matrix A=[a;],i=1,2,...,m,j=1,2,..n . Let s be an m-dimensional
0-1 vector representing a set of rows, k=g(s) the index of the last 1 in s and F(s) be the
least cost of covering the set represented by s. The recursive function F(s) is defined as

follows :
3.1 F(0)=0

(3.2) F(s)=min (F(s-a)) +¢;)
for k=1,2,....m and seg'(k)

where N, is the set of columns with an entry of 1 in row k and ¢; is the cost of al the jth

column of the constraint matrix A=[a;] .

F(b) is the optimal value of the SCP and the corresponding optimal solution is obtained by
backtracking analysis in the final dynamic programming tableau. We will illustrate for the

following example :

Example 3.1 : min x, + 3x, + x; + 2x; + 2x;

st. X, + Xy + x4 =1
X, + + X =1

X3 + X4 =1

3 + x5 + x4 =1

X1:X2,X3,X4%70 or 1
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The values for F( ) are given in Tableau IIL.1 where , for instance , F(sy) with s;=(0,1,1,0)
is computed as follows : '

F(sg) = minjy, (F(sga))+c) = min (F(sga¥tc; , Fisga’)tey ) =
= min (F(s;)+1 ,F(s))+2 ) = 3

i 5 k F
0 ~(0,0,0,0) 0 0
1 " (1,0,0,0) 1 1
2 (0,1,0,0) 2 2
3 (1,1,0,0) 2. 3
4 (0,0,1,0) 3 1
5 (1,0,1,0) 3 1
6 (0,1,1,0) 3 3
7 (1,1,1,0) 3 3
- 8 (0,0,0,1) 4 1
9 (1,0,0,1) 4 2
10 1(0,1,0,1) 4 3
11 (0,0,1,1) 4 1
12 (1,1,0,1) 4 4
13 (1,0,1,1) 4 2
14 (0,1,1,1) 4 3
15 (1,1,1,1) 4 4

Tableau IIL.1
Values of the dynamic programming recursion
for the SCP of Example 3.1

Using the usual dynamic programming nomenclature , vectors s are called states and the
vector domain S , on which the recursive function is defined, is designated the state space.
The k values define the stages for the dynamic program and will be omitted when s; is

pfecisely identified.

The optimal value to the problem of example 1 is equal to 4 and two alternative optimal
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solutions exist - (x,=x;=xs=1) and (x,=x;=1). The dynamic process can be graphically
displayed as in Fig. 3.1, where the values for F are within square brackets and an arrow from
S, to s, means that F(s) is obtained from F(s;) by fixing the variable indicated next to the

arrow.

k=0 k=1 k=2 k=3 k=4
S [0] = |
0
. &[2]
! Y
S; [1] <
5
sy [3]

Figure 3.1

Dynamic process for solving the SCP of Example 3.1

As is suggested by Fig 3.1, the values F(sg) to F(s,,) are not necessary, and only the state

s;s=b need be considered at the last stage .

Storage requirements and computational time are the disadvantages of dynamic programming
in comparison with other approaches to the SCP. In fact, for each stage k the number of
states is Z,X(X]) = 2%! vectors and the recursive function F has to be stored in an array
with dimension 2™'+1. In the worst case, the total number of comparisons necessary to solve

the SCP using (3.1) and (3.2) is .2, 2*(#N; -1) , Horowitz and Sahni [I111].

In section 3.3 a state space relaxation technique for the dynamic program is used in order to
reduce significantly both the state space dimension and the number of operations . However ,

a lower bound is obtained instead of the optimal solution to the SCP. This lower bound will
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then be imbedded in a branch-and-bound to solve the problem .

Next , a different ( but equivalent ) dynamic programming formulation to the one above is
presented, and some properties of it are discussed which are related to the state space

relaxation .

3.2.2 An Alternative Dynamic Programming Formulation

Let S be a set of rows , which can be represented by an m-dimensional 0-1 vector s and let
M be the index set of all rows. The recursive function F (S) is defined as the minimum cost

for covering the set S using the first k columns. That is,

(3.3) F(S) = mings) [F. (8) + v(S.S)]
for k=1,2,...,n and SCM

with initial values

0 if S=¢
(3.4) Fy(S)=

+oo otherwise

and A"(S)= {S' : S’cS! . The value v(S’,S) is the minimum additional cost for covering S

with S’ already covered and considering only the column k :

0 if S=%
(3.5) v(S\S)=1{ ¢, if S-S°CM,
o if S-S'gM,

where M, is again the index set { i : a, =1} and S-S’ is the normal set difference operation between

S and S'.
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Solving the dynamic program (3.3)-(3.5) the recursive function F,(S) has to be computed for
all sets SCM , at each state k . Moreover, the computation of F (S) implies the comparison
between 2fS values for k>m. However, these values can be significantly reduced as will be

seen below.

3.2.3 Properties
For each state S and at a fixed stage k the set A(S) is restricted as follows :
Property 3.2 : The set A(S) defined for a st'zite S can , at each stage k, be reduced to :

(3.6) A%S) =1s, s-M, }
and (3.3) is equivalent to
3.7 F(8)= min [F_,(S) , F,(S-Mp + ¢]
for k=1,2,...,n ; SCM

The proof is immediate. Hence, the number of comparisons necessary to obtain , at each stage
k, the value F(S) for a fixed- S has been reduced to just one. A further improvement is

possible by reducing the number of states S for which F, must be calculated when k is fixed.

Property 3.3 : Let F,(S) be defined as in (3.7) with initial values (3.4).
F, is subadditive , that is :

(3.8) F(S'US™)=F(S) + F(S")

Proof : we prove the above statément by induction on k .
If k=0 it is obvious, from (3.4), that (3.8) holds. Now , assuming that
inequality (3.8) is valid for k let us show that the same is true for k+1 . By
definition, there are four possible combinations of values to F,,(S’) and
Fii(S7) ¢
(1) Fy41(S)=F(S’) and F, . (S")=F,(S")

by hypothesis of induction
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Fit (8 + F (8™ = F(S’US™)
and , by definition

Fi+1(8") + Fi . (S") = F . (S’US™)

2) F 4 (8)=F(S’) and F, ,(S")=F(S8"-M})+c,
Fei(S) + Fiy (S = F(S) + F(8™M) + ¢,

(by the induction hypothesis) = F(S'US™M))+ ¢,
(by definition ) = F(S'US")>-Mp)+ ¢,
(by definition ) = F,,(8'uUs”)

()  Foy (S)=F(S-M)+c, and F,,,(S")=F/(S")

the proof is identical to the previous one

4)  Fi(8)=F(S-M,)+c, and F, . ,(S")=F(S"-M,)+c,
again by hypothesis :
Fii (8N +F (8”) = F((S-M,)U(S"-M,))+2%c,
F((S'US™)-M,) + 2*c,
F(S'US™)-M,) + ¢,
Fi 4+ (S8'UST)

\i

v

v

v

If the SCP is feasible then for any SCM a cover (Xiay- Xigy) > Wwith iG)<iG+1) -
(G=12,...,s-1), exists such that SC Uj'qui(j) and F,(S)=F,(U,-.‘,Mi(j) ). Hence, at each stage

k the state space S can be reduced to

3.9 S, = ISes : S=U; KM, 0=ki=k2=<Kk
with My=%

The maximum dimension of S, is given by :

(3.10) dim (S,) < 2* for 1<k=<m

=< 2™ for m<k=n

and the maximum number of values F( ) to be computed is still exponentially dependent on

the number of rows of the SCP.
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In spite of being more complex the dynamic programming formulation to the SCP defined by
(3.4) and (3.7) is more suitable for SSR application than the formulation by (3.1) and (3.2).
The dynamic programming recursion can be improved further by using the following property

which is a direct consequence of (3.8).

Property 3.4 : Let F,(S) be defined by (3.4) and (3.7).The following
’a priori’ tests are valid :
(@) if F,(M)=c, then F(S)=F,,(S)
for all SCM

(ie. column k is conceptually removed)
(b) denoting by d=minj(N(cj/#Mj) and M)

an upper bound to F (M),

if Fi(S)+(m-#S)*d=RM)

then F(S) can be ignored and S <5 not cloved.

The proof is immediate.

3.2.4 The Dynamic Programming Procedure
The final dynamic programming recursion , DP ,considered for the SCP is :

(3.11) F/(SUM) = min [ F,(SUM)) , F(S)+c, ]
for k=2,...,n and SeS,

where F,_ is not computed if either the tests (a) or (b) of property 3.4 are effective, and

F..i((SUM,) is only considered if (SUM,)eS, .
The family of sets S, is computed recursively as :

(3.12) S¢ = Siy U [ XUM, : XeS, |
for k=2,....,n
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with the initial values

G13) S, =(M, &}
F,(M;) = c; and F($) = 0

A description of a procedure based on (3.11)-(3.12) and (3.13) for solving the SCP, is given

below. The corresponding flowchart is shown in Figure 3.2.

Procedure 3.5 . Dynamic programming procedure
Step 1 . initialisation
k=1
=2
F($)=0
F(M,)=c,
H(S)=(0,0) for all SeS
H(M,)=(1,1)
Xoy=2®
Xo=M,
S;= {XqpX)
Step 2 . next variable
if k=n go to 4
k=k+1
ne=J}
S¢=Sy.
Step 3 . computing F,H and S
for j=1 to ) do
Y=X;UM,
if YeS, then
if F(Y)>F(Xg)+c, then
F(Y)=F(X)+c,
H(Y)=(k,))
endif
g0 to repeat
else ne=ne+1
x(nc) =Y
F(X(ney) =F(X )+
H(X o) = (ko)
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first variable : K=1
initial states : Sl=(I,M1}
number of states: g =2
J
1s K less than n? 1o
!
yes F(M) is the optimal |
l value; call procedure !
3.6 for obtaining the |
next variable : K=K+l optimal solutiom |

initialise Sg : Sg=Sg-
number of elements in Sg: ne=%

consider the elements X(j)ESg_j(j=l,..., %) @

start with j=1

[ generate a state from X(j) with My: ¥Y=X(j)UMg |

is Y already in Sg?

new element in Sg : SU{Y)}
nunmber of elements: ne=ne+l

X(ne)= Y

cost of Y: F(Y)=F(X(g))+cg
variable used and precedent
state: H(Y)=(K,j)

| g0 to a new element in Sg_j: j=j+l |

Figure 3.2

Flow diagram for procedure 3.5
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Sk=SkU{X(nc,}
endif :
repeat
go to 2
endif
Step 4 . obtaining the optimal solution
F(M) is the optimal value
call procedure 3.6
stop

Procedure 3.6 . Obtaining the optimal variables
Step 1 . initialisation
. Z=®

X=M
Step 2 . constructing the optimal solution
(1) = HX)
z = zul}}
Step 3 . updating set X
if j=1 then go to step 4
otherwise do X = X and go to step 2
Step 4 . optimal solution
Z is the index set of the optimal variables
stop

Example 3.7

Tableau III.2 contains the values of F and H for the problem of example 3.1 . For each
k=1,...4 , the sets Xe S , are indicated with the corresponding values of F and H. For k=5

only M is considered and the optimal value is F(M)=4.0 .

Using the procedure 3.5 to obtain the optimal solution :
. Z2=9%
X={1,2,3,4}
. (h)=Hd1,2,3,4h=(3,3)
Z=ZU(3l={3}
. X={1,2,4}
. (h)=Hd1,2,4h=(2.1)
Z=7u{2}={2,3}

. since j=4 the optimal solution is given by the set Z



i.e., xp=x3=1

s {1,2,3,4)
F 4

H (3.3)

Values of F,H and S when using procedure 3.5

-78-

co=3

1

¢
0

(0.0)

L

(3.1)

4

—

k=1
c1=1 My=(1,4}
1 1 2 1
S ¢ (1,4} S
F 0 1 F
H (0.0) (1.1) H
k
c3=1
1 1 2 3
S ) {1,4} (1,2,4} (1,3}
F 0 1 3
H (0.0) (1.1) (2.1)
c4=2
1 1 2 3
F 0 1 3
H (0.0) (1.1) (2.1)
k=5
c5=2 M5=(2}
1 6

k=2

{1,4}
1

(1.1)

M3=(1,3}

5

{1,3,4} {1,2,3,4)

2

(3.2)

M=(3,4)

5

{1,3,4} {1,2,3,4}

1 2
(3.1) (3.2)
Table I1II1.2

My=(1,2,4}

{1,2,4}

(2.1)

6

4

(3.3)

6

4

(3.3)

to solve the SCP of example 3.1

{3.4}
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3.3 STATE SPACE RELAXATION

3.3.1 Definition

In this section a relaxation method of the dynamic programming formulation for the SCP is
presented in order to reduce the state space dimension of the dynamic program. Instead of an
_optimal solution for the SCP, a lower bound is obtained which can be improved either using
penalties in a lagrangean fashion or using state space modifications. This bound is then to be

embedded in a branch-and-bound scheme to solve the SCP.

Let us consider then the dynamic programming formulation for the SCP defined by (3.3),(3.4)
and (3.5). Now, let g be a mapping function from the state space {S: SCM! to a lower dimensional
vector domain Q and let Q be a set function such that :

(3.14) if SeA(S) then g(S)eX'(g(S))

A new dynamic program can be defined in Q as follows :

(3.15) fi(@= min { f,(q)+w(q’.q) !

the minimum is computed for q’e?’(q) with k=1,2,...,n.
with initial values

0 if q=g(®)
(3.16) fi(@)= ¢, if g=g(M,)

oo if q>g(M,)

and

(3.17) w(q,Q)= min {v(S’S) : g(8)=q", &(S)=q |
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with v, defined as in (3.5).

Property 3.8 : For any state SCM and stage k
(3.18) fi(8(S)=F(S)
" Proof : if k=1 the inequality is obvious. Now, let us assume that this is

true for k and prove the same for k+1 :

fi+1(8(S)) = minggigsy [ @) +wis,(q',8(S)) ]

(from (3.14)): < mings) [ f(8(8))+w,4,(2(5).88)) ]
(from hypothesis) =< mingts) [Fi(S)+w,4,(8(5),8(S)) ]
(from (3.17)) = ming,s) [ Fi(S)+v,4,(S.S) ]

Corollary 3.9 : (a) f(g(M)) is a lower bound to v(SCP) the optimal value to the SCP.
(b) f, is such that :
(3.19) ' fn(g(Hj))Scj, for all j=1,2,..,n

3.3.2 Properties of the Relaxed Recursion

The computation of wy(q’,q) from (3.17) still requires the knowledge of v(S’,S) calculated in
- the original state space. This is overcome using (3.7) in order to obtain the ’relaxed’ state
space recursion corresponding to (3.8). In fact, the set function @ (as defined in (3.14)) can

be restricted in a similar way to (3.7) to become :
(3.20) Q]l(‘l) = U&g"(q) { g(S) , g(S-My) }

and wy(q’,q) is then simplified to :

0 if q'=q=g(S)
(3.21) wi(q.q) =
Sy if q'=g(S-M)
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Therefore, the recursion in the relaxed space can be stated as :

for k=1,2,....n and qeQ

A last link with the original state space remains through the determination of the sets S such
that g(S)=q. However, subadditivity of g provides the way to obtain f,(q) without resorting to

explicit computation of those sets. Thus,

Property 3.10 : If g is a subadditive real function then

(3.23) fi(qQ) = min [ fk_,(q) » fra(g-g(M))+c, ]

where g-g(M,)=max(0,q-g(M,))
Proof : from subadditivity of g,
8(S-M)=g(S)-g(M,)
Z qgMy
for all SCM such that g(S)=q and (3.23) comes as an immediate result.

Now, using expression (3.23) with the equality and the initial conditions (3.16), the final

dynamic programming recursion, DPR, on the relaxed state space is defined as :

(3.24)  fi(@+eMy) = min [ fi,(@+eMY) | fir(@+c ]
for k=2,...,n and qeQ,,

where f,_(q+g(M,)) is only considered if q+g(M,)eQ,.,, with

(3.25) Q = Q. U {g+aM : qeQ.
and
(3.26) Q= [ g@) aM,) !

fi(s(®) = 0

f,(e(My)) = ¢,
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Therefore, f (g(M)) computed in the lower dimension state space Q is a lower bound to the

SCP. Figures 3.3 and 3.4 illustrate the way state space relaxation operates.

Figure 3.3 shows the ’shrinking’ process of the original state space S={S: SCM } and lthg_
computation of fi(q), a lower bound to f,(g(S)) for g(S)=gq, is graphically displayed in Fig. 34
The function p is defined by :

G2  p@) = {SCM: gS)=q ]

3.3.3 Forms of the Mapping Function g(.)

As is suggested by Figures 3;2 and 3.3 - ., the state space relaxation is defined by g and

Q. The function g can take different expressions for the SCP, such as :

(3.28) (i) &) = #S, the cardinality of S
(i) g(S) = Z,4q; , q; is 2 non-negative integer weight
associated with ith row of M
(iii) g(S) = Bg . index of the last row in S
Givy g6) = ag, }ndcx of the first row in S
W) g2(S) = (ay.ay,....a;) , where ap = #(SNA})

for A,CM and 1<k=r=m

Several other expressions can be stated for g, in particular any combination of the previous

ones. For instance, in Hey [105] the following two expressions were considered for g :

(vi) g(S) = (#S.85) , Bs given as in (iii)
(vii) g(S) = (#S,a5,85) , ag and Bg given as before

Case (i) corresponds to the 'knapsack type’ relaxation for the SCP and case (ii) is equivalent

to the surrogate constraint relaxation.
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Figure 3.3

"Shrinking" effect of the mapping function g

Figure 3.4

Graphical representation of state space relaxation process
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Example 3.11
Let us work out the problem of example 3.1 and using the weighted knapsack relaxation
((3.28)-(ii)). Consider q,=q;=q,=1 and q,=2 as the weights for the relaxation mapping
function for the initial problem formulated as in (3.5}3.6) and (3.7). The values of fi(q) for
q=0,1,...,5 and k="1,...,5 are shown in the Tableau IIL.3 where, for instance :

. f5(4) = f,(0)+c, = 0.0+3.0 = 3.0

f2(5) = fi(I)+¢c;, = 1.0+3.0 = 4.0
. £3(4) = min (f)(4).f5(2)+¢c;) =min (3.0,2.0) = 2.0
. f5(5) = min (f(5).f,(3)+c5) = min(4.0,4.0) = 4.0

k|lq o 1 2 3 4 5
1 0 1 1

2 0 1 1 3 3 4
3 0 1 1 2 2 4
4 0 1 1 2 2 4
5 0- 1 1 2 2 4

Tableau II.3
Values of fi(q) for the SCP of example 3.1
using the dynamic programming formulation
given by (3.5)-(3.6) and (3.7)

Since the solution corresponding to the lower bound fy(5), (x;=x;=x,=1) obtained by
backtracking analysis, is feasible the optimal value to problem is v(SCP)=fy(5)=4. Now, let
us consider the same relaxation mapping function but with the dynamic programming

formulation defined by (3.1) and (3.2). In this case the relaxed recursion is :

(329 R@= mingy (e(aeM)+c)

for 1=k’=<k

with initial values given -by (3.16). Tableau II1.4 contains the values of f,(q) for the example

with, for instance,

Cf,4) = ¢, = 30
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L £5(5) = minjoys (F,(58(Mp)+¢) = min (f,(1)+3.0£,(3)+2.0) = 4.0
B(5) = minjay, (3)Fcpfi(3)+cy) = 3.0

k{q © 1 2 3 4 5
1 0 1 1 3 3
2 0 1 1 2 2
3 0 1 1 2 2 3
4 0 1 1 2 2

Tableau IIL4
Values of f(q) for the SCP of example 3.1
using the dynamic programming formulation
given by (3.1) and (3.2)

The lower bound f,(g(S,))=3 is worse than that obtained from the relaxation of a more
complex initial dynamic programming formulation. In fact, this example shows that the
effectiveness, or otherwise, of the state space relaxation in producing bounds is, for the same
mapping functiqn, dependent on the dynamic programming formulation. The same occurs with
lagrangean relaxation relative to the integer programmming formulation of the problem being

solved.

3.3.4 Subadditivity and Reduced Costs

The recursive function f () is not necessarily subadditive onto the relaxed state space Q. For
instance, we have fy(2)+fy(3)<fy(5) in the example above . The subadditivity of F ( )
defined on the originai state space S can be violated because of the relaxation, but reduced
costs for the variables can be obtained using f,( ). In fact, from the definition, the cost of

imposing the variable x; in the solution is

(330)  t=c;+f,(a(M-M))

If z, is a known upper bound and t;=z, then x; is equal to 0 for any feasible solution better
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than z,. Therefore, the reduced cost of variable X; given by f ( ), computed in the lower

dimension state space, is :
(331) 5= max [0.c+T,(8M-M))M,(e(M))]
The next result is a general duality theory property that applies for the state space relaxation:

Property 3.12 : (a) If a row i exists such that
(3.32) d;= min;s;>0

then the lower bound can be increased to

z=f,(gM))+d;

(b) let S be an index row subset of M and C be
the family of all covers C(S) to S. Then :

(3.33) V(SCP)=minggc [ZicsS + fEM-Mg)]

where MC(S)= UJ(C(S)M_]

(c) if d;=0 for all i=1,2,...,m then X={xj : sj=0} is

a feasible solution to the -SCP

Proof : (a) an immediate proof comes from the inclusion in the SCP of the
redundant constraint :
(A) row i is covered
The mapping function is restricted to :
#S)=(g(S).5) (5;=1 if ieS; ;=0 otherwise)
Hence,
v(SCP) = f(&M)) = minyy; [c;+f(8(M-M;))]
= f(gM)+ mingy [s5]
= f(eM))+dq

The proofs for (b) and (c) are immediate
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In spite of requiring some computational effort because of the inspection of all possible
combination of columns covering the row set S, result (b) of property 3.12 is worthwhile for

the cases where #S=2. This will be illustrated later in the present Chapter.

3.3.5 State Space Ascent

State space relaxation can be thought of as generalisation of lagrangean relaxation in integer
programming. Constraints in integer programming appear as state variables in dynamic
programming recursions and, hence, constraint relaxation in integer programs is equivalent to
state space relaxation in dynamic programs. The generalisation comes from the possibility of
using non-linear mapping functions, such as the cardinality of a set or the index of a
particular row. Moreover, two different procedures can be used to increase the lower bound

obtained by state space relaxation :

@) using penalties in a lagrangean fashion

(ii) using state space modifications

In both cases the objective is to force the solution of the relaxed problem closer to feasiblity
and, naturally, improve the lower bound. Two different mapping functions are considered and

the respective state space relaxations will be studied in detail :

(SSR1)  g(8)=(#S,a.B)
where #S is the cardinality of S
a is the index of the first row in S
B is the index of the last row in S

and

(SSR2)  g(S)=Z;sq;

where q; is a non-negative weight chosen to be associated with row i

Penalties and subgradient optimization are used for SSR1 in order to produce a better state
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space ascent. On the other hand, state space modifications are adopted for SSR2.

3.4 RELAXATION SSR1

3.4.1 Recursion

Considering the dynamic programming formulation to the SCP defined by (3.11),(3.12) and
(3.13), with the mapping function SSRI, the relaxed recursions corresponding to (3.24),(3.25)

and (3.26) are given as :

(3.34) £ ((5,0:8)8(5,,8,)) = min {fy.,((5,08) ® (5.2, 8) » fi (5,e.8)+c, |
for k=2,..,n and (5,2,8)eQ,
where
(3.35) Q=Q.1U {(5,2.8)0(a.8,) : (s.08)eQy.)}
se=#My
a, is the index of the first row in M,
By is the index of. the last row in M,

with initial values :

(3.36) Q, =ig(®).e(MI={(0,m+1,0),(#M,,a,,8))!
f,(g(®))=0
f](g(Ml))=c1

We define g(®)=(0,m+1,0) in order to be consistent with the operation @ which is defined in

the following way :

(3.37) (5,a,3)8(sp,0.8,) = (s+s.-Z; 05 min(a,a,) , max(B,8,))
where

1if i=j
(3.38) & = for i=a,8 5 j=oq.B,

0 otherwise
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k 1 S a 8 f
1 1 0 5 0 0
1 2 2 4 1

3 0 5 0 0
2 2 4 1
2 5 3 1 3
3 6 0 5 0 0
3 7 2 1 4 1
3 8 3 1 4 2
3 9 2 1 3 1
3 10 4 1 4 4
4 11 0 5 0 0
4 12 2 1 4 1
4 13 3 1 4 2
4 14 2 1 3 1
4 15 4 1 4 4
5 16 0 5 0 0
5 |17 2 1 4 1 1
5 18 3 1 4 2
5 19 2 1 3 1
5 20 4 1 4 4
5 21 1 2 2 2
5 22 3 1 3 3

Tableau IILS
Values f,(s.a,8) for the state space relaxation
SSR1 of example 3.1

Example 3.13 :
Let us illustrate the use of (3.37) and (3.38) for the problem of example 3.1 for the cases :
. £5(3,1,4)
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(2,1,4)8(2,1,3)=(3,1,4)
f3(3,1,4) = min {f;(3,1,4) , £(2,1,4)+c;}=min {3 , 2}=2
. £,(4,1,4)
(3,1,4)8(2,1,3)=(4,1,4)
fi(4,1,4) = f,(3,1,4)+c,=4
Tableau IIL.5 gives the complete list of values f(s,x,8) obtained from (3.37) and (3.38) for
the SCP of the example 3.1.

3.4.2 Procedure SSR1

Next, we describe a procedure based on (3.34)-(3.35) and (3.36) for obtaining a lower bound

for the SCP. The flowchart for this procedure is shown in Figure 3.5.

Procedure 3.14 . Computing a lower bound to the SCP using SSRI
input . m - number of rows
n - number of columns
¢y - cost of variable index k (k=1,2,...,n)
ay - index of the first row in M; (k=1,2,...,n)
By - index of the last row in M, (k=1,2,.,n)
sy - cardinality of M, (k=1,2,...,n) :
step 1 . initialisation
k=1
=2
s(1)=(0,m+1,0)
f(1)=0
h(1)=(0,0)
S(2)=(FM,.,.8))@s(1)
f(2)=c,+{(1)
h(2)=(1,1)
step 2 . next variable
if k=n then go to 6
k=k+1
j=1
ne=J§
step 3 . merging
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(s,2,8) =35() + (sy,24,58¢)
for i equal to 1 to Q do
if (s,a,8)¥s(i) go to repeat
if f(i)>f(j)+c, then
f@)=fG)+c,
h@i)=(k,j)
endif
go to 4
repeat
ne=ne+1
s(ne)=(s,a,8)
f(ne)=1(G)+c;
h(ne)=(k.j)
step 4 . new element in Q
j=it1
if j=<P then go to 3
else go to §
step 5. updating the state space dimension
J=ne
go to 2

step 6 . lower bound
for i equal 1 to ne do
if s(i)5Am,1,m) go to repeat
f(i) is a lower bound to the SCP

z,={(i)
go to 7
repeat
step 7 . lower bound solution
j=i
S=¢
while j not equal 1 do
(k.j)=h@)
S=Suik
repeat

S is the index set of the lower bound variables

stop
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first variable : K=l
initial states
number of states

.
.
.

Q=(§,m+1,4),(s1,a1,81)}

18 K less than n?

yes

2=2[s(1)=(P,m+1,8), s(2)=(sy,a1,B81)]
o

no

next varigble : K=K+l
number of elements in ne= g

4

/
f(m,1,m) is a lower |
bound to the optimal
value of the SCP obtain
the corresponding lower !
bound solution

gtart with j=1

consider the first 2 elements s(j)eQ

(s,x,8) = s(j)+(sg,ag,8g)

generate an element from S(j) with g(Mg):

yes is (sya:B)

0o

already in Q2

s f[s,x,B] greate yes

y
new element in Q : QU{s,x,B)} |
number of elements: ne=me+l |
s(ne)=(s,a,8) |

y
cost of (s,x,B) £(3)+cx
variable used and precedent
state: h[s,x,8] =(K,j)

than £(j)+ cg?
no
: :
go to a new element in
Q : j=j+l
ho

is j greater than &7

Figure 3.5

Flow diagram for procedure 3.1l4
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3.4.3 Subgradient Optimization
The lower bound solution given by the set S in procedure 3.14 can, naturally, be infeasible

for the original SCP.- Computing penalties A; (i=1,2,...,.m) in a normal lagrangean fashion and

updating subsequently the costs ¢, a new lower bound is obtained using procedure 3.14 again.
In fact, consider the SCP with the redundant constraints :
(3.39) H={x: I x=m, a=min, ¢,=1, f=max, f,=m }

where s,,a, and B, are defined as before. Now, proceeding with the lagrangean relaxation of

the row covering constraints the following relaxed problem is obtained :

(SSR1,) min  Z4(C-Zap A%+ SIS

subject to H

For each value of A a lower bound f,(m,l,m) is computed by procedure 3.14 and, hence,

normal subgradient methods are used to solve the problem :
(DSSR1) max, ..o f(m,1,m)

Subgradient optimisation was used with the penalties being computed at iteration number J as

follows :
(3.40) N = max (0, N + v*[(z;2)*(-Zn %) / [Z(-Zp %) )

The parameter v is initially set equal to 2.0, being reduced to half of its value whenever the
procedure fails to improve the bound after a fixed number of consecutive iterations. We set
the initial values for the multipliers equal to w; (i=1,2,..,m), the dual feasible solution

obtained by the greedy heuristic described in Chapter 2.



~94-

Chapter 3
3.4.4 Improving the Bound
Consider the following index sets computed at iteration P :

(3.41) N; = { keN : f=c,-Z,y =0 |
Nj={ keN : >0

Obviously, x,=1 for keNy and EhN;oE + =2 M is the lagrangean relaxation optimal value
at iteration ). Therefore, the lower bound given by SSR1 is at least as good as the lower
bound produced by the lagrangean relaxation LSCP, described in Chapter 2. On the other
hand, procedure 3.14 takes longer than the lagrangean procedure to perform the same number
of iterations. A better procedure in terms of both value of the lower bound and computational

time required, can be achieved by combining those two aspects of each method.

With the modified costs c& produced during the lagrangean iterations, and which can be also

negative, the initial state s(1) in step 1 of procedure 3.14 is not (0,m+1,0) but :

(3.42) s(1) = e (skvabﬂk) = (Sovaovﬁo)
]eNf

Hence

(3.43) f(1) = Zyaqd + ZZM

is the corresponding lagrangean relaxation value. Then, a decision is taken whether to carry on
with procedure 3.11 or to consider f(1) as the lower bound obtained at iteration I and update

the multipliers for iteration f+1.

A decision rule that performed reasonably well for the test problems was - if s;=(2/3)*m
then the state space relaxation procedure is completed. If not, the procedure is stopped and

the lagrangean bound is considered.
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3.4.5 Removing Variables

Applying (3.27) 1o SSR1 the following value, computed at each iteration ]. is a lower bound

to the objective function when the variable x, is fixed equal to | :

(3.4 = ¢ + mingp f(Q

where T,CQ is the subspace {QeQ: Q@®g(M,)=(m.l.m)i. The variable x, is removed if thzu. with

z, a nown upper bound to the SCP.

Performing the computation of (3.44) for all the variables consumes an amount of time which

is too large. Then. instead of the exact value t,& we use a lower bound given by :

(3.43) % = max [ f(m.L.m) , ¢+ f(m-#M,,1.m)]

3.4.6 Example

Let us consider the same example we used to illustrate procedure 2.13 in Chapter 2. Applying
procedure 2.9, an upper bound z,=15.0, a lower bound z=11.4 and a dual feasible solution
are available. The variables X,X,3,X;7:X20:X21.X27.X28:X39 and X3, have been removed from
the problem. We then apply procedure SSR1 (with the lagrangean improvement) to the
following reduced problem :

k| 1 2 3 4 5 6 T 8 9 10 1 w
e, Tt 1 1 1 1 1 1 1 2 2 2 2
6| 1 2 3 & 5 6 7 8 1 3 5 9
Py 1 2 3 4 5 6 7 9 15 10 13 N
S, Tt 1T 1T 1T 1T 1 o1 2 2 2 2 2

k; 15 16 18 19 2 23 24 25 26 30 2
ck 2 3 3 3 4 ¥ 5 5 5 7 9
otki 2 5 11 1 1 2 3 1 3 2 1
/ak; 1 1 15 1w 12 W 15 13 15 13 15
sk; 2 2 3 s 3 5 6 5 5 7 1

|

The lagrangean multipliers are set equal to the dual variables obtained from the greedy
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heuristic:

(11 2 3 4 5 6 7T 8 9 10 1N 12 13 1 15
).10.9 0.9 0.9 0.9 1.0 0.9 1.0 0.9 0.10.9 0.90.15 0.90.15 0.9

and the corresponding reduced cost for the variables are :

l'k| 1 2 3 4 5 6 7 8 9 10 M 1MW 15
s | 0.1 0.1 0.1 0.1 0.0 0.1 0.0 0.0 0.2 0.2 0.1 1.0 0.2

k|6 18 19 2 23 2 25 26 30 W
s 11.8 1.05 0.0 1.%5 0.15 0.45 0.4 2.05 1.4 0.0

Now. as the first step for SSR1 we compute :
s(1)=g(Ms)@g(M;)eg(My)eg(M,5)@g(M3y) =
=(1.5.5)8(1,7,7)8(2.8.9)8(5.1.14)8(10,1.15)=
=(2,5,7)8(2,8,9)8(5,1.14)8(10,1.15)=
=(4,5,9)@(5,1.14)®(10,1,15)=(9,1.9)&(10,1,15)=(15,1,15)
f()==B = 11.4
Since s(1)=g(M)=(15,1,15), this iteration of the state space relaxation is completed Since
s(1)=g(M)=(15,1,15), this iteration for the state space relaxation is completed and
subgradient optimization is used for computing the new multipliers. The values are naturally

the same as the ones obtained at iteration 2 of Step 2 in example 2.14, i.e. :

i 1 2 3 4 5 6 7 8 9 W0 1M 12 13 W 15
A 0.0 0.0 0.0 0.9 1.0 0.9 1.0 0.0 0.10.9 0.90.15 0.90.15 0.9

The new costs are then :

k(1 2 3 4 5 6 7 8 9 10 1N W 15

Sk 1.0 1.0 1.0 0.1 0.0 0.1 0.0 0.9 1.1 1.1 0.1 1.0 1.1

k| 16 18 9 2 23 24 5 26 30 3

S\ 1.6 1.5 2.7 2.8 1.% 2.15 1.3 2.5 3.2 3.6

|

The variables are considered by increasing value of the reduced costs and the first step

consists of computing :
. s()=g(Moeg(M,)=(1.55)8(1.7,7)=(2.5.7)
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f(==I\+c+c,=17.8
Proceeding with the state space relaxation procedure, the variable x; is considered :
. 8(2)=g(M,)®(2.5,7)=(3.4,7)
f(2)=0.1+7.8=7.9
The following variable to be considered (by increasing order of cost ¢'), is X :
. s(3)=g(Mg)@s(1)=(1,6.6)®(2.5.7)=(3.5,7)
f(3)=0.1+7.8 = 7.9
. s(4)=g(Mq)®s(2)=(1.6.6)8(3.4.7)=(4.4.7)
f(4)=0.1+7.9 = 8.0
Continuing the process for all the variables, a final number of 204 states is obtained with the
final lower bound - f(15,1.15)=11.25 . In the next tableau we show the values for the states
S such that ag=1 and Bg=15, which are used in the computation of the values t, (see

(3.45) :

1)1 2 3 4 5 6 7 8 9 10 n 12 13 W 15
1 2 3 4 5 6 T 8 9 10 N 2 13 1 15
1 1

38
:o/]]: 1 1 1 1 1 1 1 1 1 1 1 1 1
'pl 5 15 15 15 15 15 15 15 15 15 15 15 15 15 15
- f£|7.8 7.8 7.9 8.9 9.0 9.1 9.1 9,2 10.0 10.1 10.25 10.35 10.35 10.45 11.25

Applying (3.45), we obtain the following values t, for the variables :

1 2 3 y 5 6 T 8 9 10 N" 1
t {1145 11,45 11.45 11.25 11.25 11.25 11.25 11.25 11.45 11,45 11.25 11.35

~

B 16 8 19 2 23 24 25 26 30 22
St 11,85 12,2 11,4 12,8 13.2 12.05 12.15 1.4 13.05 12.4 12.6

X ®| ~

Note that for row 14 (N,,=i16.19.23/) :
. Minyy = min (12.2,12.8.12.05) = 12.05
and this means that the lower bound is increased to the value z.=12.05. Also, new costs t,
can be computed for the variables. For example :
- ty=min; 4 19 23[¢] F ¢} H(m-(M; UM;).1.m)
Hence.
j=16 . g(M, UM, )=g('1.5.14)=(3.1.14)
¢, +cig+1(12,1.15)=13.20
j=19 . (M UM )=g(1.2,3.12,14))=(5.1.14)
¢+ ¢+ f(10,1.15)=13.80
j=23 . g(M;UM;;)=g(1.2,58.11.14))=(6.1.14)
¢;+c3y;+f(9.1.15)=12.95
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Doing the same for all the other variables, we obtain :

ki 1 2 3 by 5 6 7 8 9 100 N 1\ ‘
tk 12.9% 13.05 12.95 12.05 12.05 12.05 12.05 12.% 12.%5 12.25 12.05 12.85 "

i
|
l
|

5 16 18 9 2 23 24 25 26 3, 3P

k
| tk 13.20 12.20 12.20 12.80 14.00 12.05 13.10 12.25 13.90 14.15 13.45 :
i

Since dg=min(tg.t,s.ts,t;))=12.85. the lower bound is further improved to z=12.85 and
the variable x4, is removed from the problem (z,=15.0).

If we generate a cover from the lagrangean solution as we did for this problem in Chapter 2,
then a new upper bound is obtained (z,=14.0) and the variables X,,X;5.X32,X94,X5¢.X3a are
also removed from the problem. Then, a new iteration of the state space relaxation would be
initiated and the process continued until either (i) a fixed number of iterations have been
performed, or (ii) the lower bound has not increased for a fixed number of iterations, or (iii)

the optimal solution is achieved (z>z,-1.0).

3.4.7 Computational Results for SSR1

Table I11.6 presents the computational results obtained using SSR1 for a set of test problems
randomnly generated with the cost of the variables in the interval [1,99] and the number of
variables n"10*m (m=10.20,30.40 and 50). For each value of m, five different problems were
generated which are identified in Table II1.6 by Pm.k, where m is the number of rows and k
a number assigned to the test problem. All of the test problems have an average of 3.5
entries per column: which means that the average density ranges from 35% for the ten row

problems (P10.1-P10.5) to 7% for the fifty row problems (PS50.1-P50.5).

The first five columns in Table IIl.6 give details about the test problems. These details
include : designation, number of rows (m), number of columns (n), density (d) and the

optimal value (z,,). Lower bound information is given in columns (vi) to (ix). Columns (vi)

opt
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TABLE III.6

Comparison between the state space relaxation SSR1 and

a combination of this with lagrangean relaxation
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and (vii) refer to procedure 3.14 with initial values for A; equal to the dual feasible solution
produced by the greedy heuristic described in Chapter 2. Columns (viii) and (ix) correspond
to the combined lagrangean and state space relaxation with the same initial values for the

multipliers.

A maximum number of 25 iterations and a time limit of approximately 10 seconds
(CDC6500;MNF5 compiler) were imposed. The only exception to those limits is for the first
two iterations which could take as long as 50 seconds in order to assure that a minimum of
two iterations would be performed. Even so, iteration number two couldn’t be completed for 5
problems which are labelled with (+) in column (vii) giving the time required to compute the
lower bound shown in column (vi). Column (ix) presents the time corresponding to the lower
bound values given in column (viii). A label (*) in column (vi) and/or (viii) means that the

respective lower bound is optimal.

Apart from problems P10.3,P20.1 and P30.2 the lower bound in column (viii) is always
greater than or equal to the value shown in (vi). The larger the size of the problem the
greater is the difference between the values in those columns. Furthermore, the time taken to
obtain the lower bound z; using the lagrangean-state space combination is for all cases (except

P50.4), at least as good as the corresponding value in column (vii).

Therefore, the combination of lagrangean and state space relaxation proves to be more
efficient in both the lower bound value and the time consumed. A more sophisticated

“decision rule” than that mentioned in 3.4.4 could lead to even better results.
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3.5 RELAXATION SSR2

3.5.1 Definition

Applying SSR2 to the dynamic programming formulation for the SCP given by (3.11),(3.12)
and (3.13) the recursions on the relaxed state space are of the form (see (3.24)-(3.25)-(3.26)) :

(3.46) fi@+q) = min ( fi,(q+9 , fi,(@+c )
for k=2,...,n and qeQ,,

where q“=2i(Mk q and f,,(g+q") is only considered if q+q%Q,,. The sets Q
(K=1,2,...,n) are defined recursively by :

(3.47) Q = Q. U iqg+q:qQ,! (k=2,...,n)

and the initial values are set as follows :

(348)° Q =1{g@®=0, g@)!}
f1(e@)=f,(0)=0
f](g(Ml))=cl

SSR2 corresponds to the “knapsack-type” relaxation of the SCP in integer programming and
the procedure described in the next section is a straightforward adaptation of a dynamic
programming procedure for the 0-1 knapsack problem presented in Horowitz and Sahni [111]
{Chpt. 5).

3.5.2 Procedure SSR2

A procedure for obtaining a lower bound to the SCP, based on (3.46)-(3.47) and (3.48), is

described next. The flowchart for this procedure is presented in Figure 3.6.
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Procedure 3.15 . Computing a lower bound to the SCP using SSR2

input .

step 1 .

m - number of rows

n - number of columns -
¢, - cost of variable index k (k=1,2,...,n)
g* - weight of variable index k (k=1,2,...,n)
Q(M) - total weight of the rows (Z;\q;)
initialisation

k=1

il=1

i2=2

q(1)=0

f(1)=0

q(2)=¢'

f(2)=c,

h(1)=2

step 2 . iteration k

k=k+1
if k greater than n go to 6
otherwise do

i=il

1=i2
h(k)=1
for j equal il to i2 do
mk=j
qa=q()+q"*
if qq less than QM) go to
else go to 3
repeat

step 3 . obtaining Q,

for j equal i to mk do

aa=q()+q*

fI=1(G)+c,

if i=i2 and f(i)<ff do
qM=q(i)
f=1()
i=i+1
J=1+1
go to repeat

elseif i<<i2 and f(i)=ff then
qq= max (q(i).qq)
go to repeat

repeat
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endif
if qq>q(F1) then
q(D=qq
f(h=f
I=I+1
endif

while i<i2 and q(i)=q(F1) do i=i+1
repeat
step 4 . merge in remaining terms from Q,,
while i<i2 do
q()=4(i)
f==()
i=i+1
I=1+1
repeat
step 5 . initialise for Q,,
il=i2+1
i2=}p
go to 2
step 6 . obtain the solution
qq9=q(®
ff=1()
ns=0
il=h(n)
for k equal n-1 to 1 do
i2=il-1
il=h(k)
for j equal il to i2 do
if q(j)7qq then go to repeat
else ns=ns+1
S(ns)=k
99=qq-q"
fi=ff-c,
go to repeat
repeat
repeat



-104-

first variable : K=l

elements in Qp : {f,ql}

index of the first element in Qp: il=l
index of the last element in Qp : i2=2

|'is K less than n? | no
yes £(i2) is the lower bound
for the optimal value of
next variable: K=k+l the SCP obtain the
find the first element q(%) in Q-1 corresponding solution

such that q(£)+qf>Q : mk=%
start generating Q with j=il and set £=i2+1

generate an element from q(j) with q%: qq=q(j)+qfX

with a cost ff=£f(j)+ cx

inspect the elements of Q-] and include in Qg

the ones such that have a cost less than or

equal to £f (do 2=2+1) and a weight greater than q(2=1)
consider the last in this condition : q(i)

1s q(i) less than qq?

yes

1s f(1) less than ff7

yes—l

4
| replace q(i) by qq | create a new element
in Q :g=p+l

L go to a new element j in Qg_j3: j=j+l |

is j greater

no

han mk?

if the weight of the last element in Qg is less than min (Q,q'14/)q(i2)

include the remaining elements of Qg-1( = +1)

index of the first element in Qg: 11=12+l
index of the last element in Qg : i2=

Figure 3.6

Flow diagram for procedure 3.15
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3.5.3 Improving the Lower Bound

Applying (3.27) to SSR2, a lower bound for the value of the objective function when the

variable x, is fixed equal to 1 is given by :

The variable x, is then removed if t =z, with z, a known upper bound. From property

3.12-(a), if there exists a row i such that :
(3.50) d; = min,N (1-f(Q)) >0

then the lower bound can be improved to f(Q)-+d;, A further attempt to improve this value
can be made using the result (b) of property 3.12. That is, if there exist two rows, say i and

1, such that :

3.51 d,= i +6., ¢, +(Q-g(M; UM ))-f(Q))>0
3.51) um i G QEMUMIHIQ)

then the lower bound can be improved to the value f(Q)+d, - The set N;; is the product set
of N; and N, i.e. N;;={(G,k): jeN;, keN}, and the coefficient o; is equal to 1 if k#*}j, otherwise is
0.

This last result is illustrated in Figure 3.7 for the example used in Chapter 2, (Lemke et al.
[126]). Iterations are indicated on the horizontal and correspond to different values of g;
(i=1,2,...,m) chosen in a manner that will be discussed in the next section. The value of f(Q)
are represented on the vertical. The points joined by a dotted line are the lower bounds
computed by procedure 3.15 while the points connected by a plain line correspond to the
lower bound after test (3.51). As can be seen this test is very useful for the first iteration
and gives an improvement on the bound until iteration number 5 (inclusive). Finally, at

iteration 18 the value of z becomes, after (3.51), equal to the optimal value for the SCP.



_______ 'normal' SSR bound

improved SSR bound (3.51)

Figure 3.7

Improvement on the lower bound from (3.51) for the SCP of example 2.14

-90T-
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3.5.4 State Space Modifications

The example considered in the previous section and represented in Figure 3.7 also shows how
modifications on the values q; (ieM) may yield improvements to the lower bound. In fact, the
best choice for the q; would be such that the original state space is mapped onto the relaxed
space as uniformly as possible but not exceeding the maximum dimensionality, let us say 6
Denoting by f(Q) the lower bound produced by SSR2 for a particular vector q=(q;), the

new problem to be dealt with is :

(DSSR2) max ., f(Q)
st Q=Zq = Q

Since SSR2 is equivalent to the surrogate constraint relaxation in integer programming, the
related techniques can be used for solving DSSR2. A subgradient optimization type method
presented in Dyer [61] to solve surrogate dual problems was adapted for the DSSR2. This
method is compared with two other procedures which are based on the simple idea of

increasing the weight for non-covered rows and reducing it for the overcovered ones.

From the general surrogate duality theory a good choice for the initial values for the weights
q; would be the optimal dual variables for the LP relaxation™ of the SCP.However, solving the
linear program may increase the computing time and storage requirements with no special
benefits, and an alternative which is adopted consists of using a dual feasible solution given
by the greedy heuristic described in Chapter 2. Since only integer values are considered for

the weights, the initial values are given by :
(3.52) G = |v*u] (ieM)

where [a] means the maximum integer value less than or equal to a; v is a positive factor
dependent on the values u; (ieM) and used to approximately maintain the proportionality
betwween the dual values. A final remark about DSSR2 concerns the constraint Zq; =< 6
When computing new values of q; there is the possiblity of violating that constraint. A

straightforward way to overcome this would be to divide all the q; by the same factor, say d.
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But, then, some of the g;/d values will be non-integer and |q;/d] must be used. Another way,

which proved to be better over several tests, is to share the difference Eiqui-Q‘(l-a).

0=a=0.5, among the values q; as follows :

(3.53) g = q - (a0

Different values of a were tested and the value «=0.25 was chosen.

3.5.5 Modification of the weights g;

A. Procedure A
Let x=(x;) be an optimal solution to the relaxed dynamic program. If x is feasible for the
original SCP then the problem has been solved; if not a straightforward way to perform state

space modifications is to increase the value of the q; corresponding to uncovered rows and, at

the same time, decrease the weight for the overcovered ones, ie. :
(3.54) g = max (0, qi+(1-2j¢N‘x~)"h )

where h is an integer step length. The-choice h=1 produced good results for medium size

problems.

B. Dual type Procedure (Procedure B)

Let us consider again the optimal solution x=(x;) to the relaxed dynamic program and let i
be the index of a row not covered by x. Our aim is to increase the value q; by an amount

;=0 such that :

(3.55) f(Q+4) = miny.t,
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where t; is given by expression (3.49). Hence, a reasonable choice for 4; is the minimum

integer value satisfying :

(3.56) f(4) = ming(4-H(Q) =

with d; obtained as in (3.50).

If i is the index of a oversatisfied row then the respective weight can be decreased by an

amount A;=0 such that :

(3.57) mingy 4=(Q-4;)

and, again, (3.55) truncated is a possible choice for A; as the minimum integer value that

satisfies it. Hence, the weights can be updated as follows :

(358 g = qHNE) (1T %)
where
(3.59) f'(d) = min { q : 0=q=<Q and f(g)=d, }

For d,=0, we consider f'(d)=1.

C. Subgradient Type Procedure (Procedure C)

As mentioned above, SSR2 is equivalent to the surrogate constraint relaxation for the SCP.
Hence, the techniques developed for solving the dual surrogate problem may be used as a
procedure to perform state space modifications. In particular, a subgradient type procedure
presented in Dyer [61] was tested imposing additional restrictions relative to the integrality of

the weights q; and the maximum available dimension 6 .
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Before describing the procedure let us point out that as has been shown ( Karwan and Rardin
[/120]) the subgradient methods used in many lagrangean approaches are inappropriate in the
surrogate case. In fact, the objective function for the dual surrogate problem is, in general,
not suitable for those techniques because of the possiblity of having no subgradients at some
points. The concept of “quasi-subgradients™ presented in Greenberg and Pierskalla [96] was
used by Dver [61] to construct a *“quasi-subgradient” method which we adapted in the

following way :

(3.60) (i) normalize the weights : q;=q;/=; @
(i) compute for the lower | r;=1-Zjy;X;
bound solution di=r-(Cm&T) *q;
d;=d}/=p(d))?
(iii) update the weigths q;=q;+7*d;
} q;=1qi)
(iv) impose the additional | q;=q(Q-(1-x)QYQ)
restrictions } q;=[q]
The parameter 7 is the step size at each iteration and is initially set equal to 2.0, being
halved whenever the procedure fails to improve the lower bound after a number of consecutive

iterations.

3.5.6 Example

Let us consider again the example from Lemke et al. [126], in the situation immediately after
using the greedy heuristic procedure. Then, the problem has been reduced to 23 effective
variables and the bounds are : z=11.4 and z,=15.0. The dual feasible variables obtained
from the greedy heuristic are used for setting the initial weights for SSR2 by using (3.32)

with v=10 :

51123u567891o111213w15
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Q==x;Yg;=113 and the values ¢; and ¢/ for the variables are :

3] 1 2 3 4 5 6 T 8 9 110 1 W 15
ic 1.0 1.0 1.0 1,0 1.0 1.0 1.0 1.0 2.0 2.0 2.0 2.0 2.0
| £l 9 9 9 9 10 9 10 10 18 18 19 10 18
L %. 8 19 2 23 24 25 26 30 32
le,| 3.0 3.0 3.0 40 4.0 4.0 5.0 50 7.0 9.0
1M 19 2 2 38 6 4 29 %6 0
Applying the procedure SSR2, the final dynamic programming tableau is :
a| 10 20 30 39 4 58 67 76 8 M 04 13
f 1 2 3 y 5 6 7 8 9 10 n 12
The lower bound is then f(113)=12.0 corresponding to the solution
X} =Xy=X3=Xs=X;=Xg=X;;=X,;=1 and the values t; for the variables are :
3yl 2 3 4 5 6 7 8 9 10 M W 15
! tJ 2 12 12 12 12 12 12 12 12 12 12 13 13
!
J 16 18 19 2 23 2u 25 26 30 32
: tj W 13 12 13 12 12 12 1 13 12

All d; (i=1,...,15), computed by using (3.50), are equal to 0 and then no improvement on the
bound is possible. The weights of the rows are updated using procedure B :

1 | 1 2 3 4 35 6 7 8 9 10 M 12 13 W 15
q:L i 9 8 g9 10 8 10 10 8 1 10 9 2 9 1 10
For this iteration of the dynamic programming procedure, the bound obtained is

f(S,1°q,)=1(114)=12.0. Again, no improvement on the lower bound is achieved. Then, a new
iteration is initiated with the weights modified to :

f1{ 1 2 3 4 5 6 T 8 9 10 1M 12 13 W B
iqii 9 8 9 9 9 9 1 8 2 10 9 3 9 2 1
i |
L 1
511 2 3 4 5 6 7T 8 9 10 1M W 15|
e, 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 2.0 2.0 2.0 2.0 2.0
qJ' 9 8 9 9 9 9 9 10 19 19 18 11 17 °
§y 16 18 19 2 23 24 2% 26 30 3
‘e 3.0 3.0 3.0 4.0 4.0 40 5.0 50 7.0 9.0
@& Mmooz w2 % s o4 B % ®
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The final tableau, obtained using the recursion (3.46)-(3.47)-(3.48). is given below :

0 19 31 4 S50 60 69 79 90O 100 109 116

q! o
£F1 0 1 2 3 4 5 6 T 8 9 10 1M 12

|
i
l

The corresponding t. for the variables (using (3.49)) are :
j

jl 1 2 3 4 5 6 T 8 9 10 M W 15
t 112 12 12 12 12 12 12 12 12 12 12 13 12

Jj] 6 1B 19 2 23 24 25 2% 30 3
t 1 13 12 1 13 12 12 1 13 12

Let us apply (3.51) for rows 14 and 11. The minimum cost of covering these two rows is :
. dj4;= min {ck+cj+f(ll6-EieMjUqui) 1 j=16,19,23 ; k=14.,15,18.23.24.32i
Since tygty3.t4,t13=13.0, we only need to consider the cases where j=19 and k=15.24,32.
Computing the expression above with one of the variables x;,X,¢.X;5,X,; variables shows that
dy4;;=13.0. Let us then see the three remaining possible cases :
. CigtcysHI(116-(q,+a,+q;3+q;,+q,,+q,))=5+1(76)=13.0
CrotCyy+f(116-(q; +q,+q3+ g5 +q5+q;, +q,,+q,,7q;5))=8+1(49)=13.0
€9t Cy3+(27)=15.0
Hence. the lower bound is increased to 13.0 and also the values t; can be updated for all the
variables by computing :
C 4= Minga923[€ T 0 HI(116-Z 05 m8D], J716,19.23
The new values are :

j)]» 2 3 4 5 6 7 8 9 10 1N W 15

tj 13 W 13 12 12 12 12 122 13 13 12 13 13
J

% 18 19 2 23 24 25 26 30 3@

:tj w13 12 16 13 13 W W w15
l

|
|
|
|

The variables x,, and x;, are removed from the problem. Also, a cover can be generated by
selecting first the variables with minimum G
. §=:4,5,6,7.8.11.19:
R=.10,11.15
and then completing the cover in the same way as we did for obtaining covers from the
lagrangean solution. That is,
. M*="10
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min (t,g.t,5)=13.0 and since Nj;NR=N,;NR={10!
the variable x,; is chosen because it is the cheapest.
. $=14.5.6,7.8,11,19,10i
R={11.15
M=t 15}
min (tg,t)g.ty4.t06) =13.0
X3 is the selected variable
. §=14,5.6,7.8,11,19.10.18!
R=%¢
. a prime cover is obtained from S by removing x
S$=14,6,7,8,10,11,18.19t with cost c¢(S)=14.0
Thus. the variables X,.X,5.X;5.X56 and x;, are removed from the problem. The SCP has been
reduced in such way that, now, the rows indexed 7,10 and 13 have only one effective variable
covering each one of them. Hence, the corresponding variables - x;.x), and x,; - are fixed
equal to 1: after this, x; and x5 become redundant and are removed.
The state space procedure is resumed considering only weights for the rows of the reduced

probiem :

41 2 3 4 5 6 7 8 9 110 M 12 13 W 15
'q, 9 8 - 9 - 9 - 8 2 - 9 3 - 2 10

and the values for the effective columns are :

ji1 4 6 8 9 1w 15 18 19 23 24
e 1.0 1.0 1.0 1.0 2.0 2.0 2.0 3.0 3.0 4.0 5.0
qJ 9 9 9 10 19 M 17 2 2 21 W

|
t
'
|
|

The bound obtained from SSR2 is then f(69)=9.0 which added to the value of the fixed

variables gives z=14.0, the optimal solution.

3.5.7 Computational Results for SSR2

Table III.7 gives computational results using procedure SSR2 with the three types of state
space modifications described above. The same set of test problems described in 3.4.6 was
considered with a maximum number of iterations fixed at 25 and a time limit of

approximately 10 seconds (CDC6500). The number of rows, number of columns and density



Table III.7
Comparisons between the procedures for modifying the weights of the value in SSR2

PROBLEM Procedure A Procedure B Procedure C
| | | | | | | | | i
lzgpe | 2z, | T 1 &t | ef z, | 1 | t | zg | T | £ | otg
(i) | (i1) | (iii) II (iv) | (v) | (vi) (vii) | (viii)I (ix) { (x) (xi) : (xii) l (xiii) ll (xiv)
| | |
P10.1] 2 2.0] 1 | .056| .056 2.0 1 | .056| .056 2.0 1 | .060 | .060
P10.2| 12 12.0] 1 | .099| .099) 12.,04] 1 | .,090| .090{ 12.0x] 1 | .099 | .099
P10.3| 18 18.0x| 2 | .245] .245) 18.0%x| 2 | .246| .246} 17.0 | 3 | .348 | 1.76l
P10.4 | 17 17.0] 1 | .125] .125} 17.0%| 1 | .120] .120] 17.0%| 1 | .117 | .117
P10.5| 4 4,0] 1 | .081| .081 4.0 1 | .080] .080 4.0 1 : .080 I .080
| | | [ | | | |
P20.1 | 40 39.0.| 18 |2.636] 3.431| 40.0+| 23 | 3.449| 3.587}| 36.0 | 17 | 2.802 | 3.795
P20.2| 31 32.0f 1 | .355] .355] 31.0] 1 | .365| .365| 31.0] 1- | .33 | .336
P20.3| 22 22.0%| 1 | .246| .246| 22.0%] 1 | .245] .245] 22,0 1 | .255 | .255
P20.4 | 45 45,0+ 19 | 3.908| 4.928| 45.0+#| 19 | 3.959 | 4.947] 43.0 | 12 |3.042 | 5.921
P20.5| 40 | 39.0 | 4 - | .644] 2.662| 39.0 | 4 | .645| 2.697| 38.0 | 3 | .546 | 3.050
| | | | | | | . | | |
P30.1 | 23 22,0 | 7 ]1.533] 1.889| 22.0 | 21 | 3.460) 3.843| 21.0 | 21 |3.667 | 4.146
P30.2} 52 52.0+ | 15 | 3.277} 4.916| S52.0+] 18 | 3.768| 4.655| 51.0 | 7 |2.073 | 5.706
P30.3| 31 31,0 2 | .729] .729| 31.0|] 2 | .708| .708| 22,0%] 4 | .859 | .859
P30.4 | 52 49.0 | 7 13.3%5]10.395| 49.0 | 7 | 3.211]10.083] 46.0 | 7 |3.500 | 10.144
p3o.5= 58 56.0 : 21 | 8.252| 9.368| 56.0 | 21 { 8.214 : 9.331 | 48.0 i 1 } .905 { 10,022
| | |
P40.1 | 84 80.0 | 12 |6.753]10.403| 82.0 | 16 | 8.378]10.220| 66.0 | 2 |2.190 | 10.450
P40.2 | 54 54,0| 7 |2.007] 2.007| 54,0 7 | 2.061| 2.068| 54.0%) 11 | 3.700 | 3.700
P40.3| 56 56.0+| 18 |3.247| 3.893| 55.0 | 5 | 1.800| 3.878| 49.0 | 11 |4.364 | 7.837
P40.4 | 64 64.0%| 16 16.565| 6.565| 64.0+] 14 | 6.112} 9.888| 58.0 | 5 | 3.080 | 10.200
P40.5 = 49 49.0+ ] 22 19.720110.037| 49.0+| 8 | 5.540 | 10.030| 41.0 | 1 } 1.176 |} 10.059
| | | | | | | |
P50.1 | 61 58.0 | 11 ) 7.754)10.257 | 60.0 | 15 ]10.268]10.272} 52.0 | 2 |2.313 | 10.630
P50.2 | 68 67.0 | 15 ]5.109| 5.975| 66.0 | 8 | 4.299} 6.526} 55.0 | 2 ]2.116 | 10.202
P50.3| 76 73.0 | 19 ]9.925]110.431 | 74.0 | 18 | 9.320]10.160| 65.0 | 4 | 3.178 | 10.382
P50.4 | 71 69.0 | 16 |8.117]10.358| 69.0 | 16 | 8.163]10.398]| 61.0 | 2 |1.858 | 10.093
pso.s: 80 78.0 | 10 | 5.868)]10.137| 78.0 : 10 | 65.0 | 1 ]1.389 ]10.039
I | I | | | |

5.899 | 10.086
!

MNFS compiler
cDc 6500

-vi1-
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are omitted from Table III.7. There are four entry columns for each state space modification
technique. The first column gives the best lower bound z=f(Q); the second, the number of
iterations needed to compute z, with the corresponding computational time (t) in the next
column. Finally, the fourth entry column for each method shows the total time (t;) spent at
the end of all iterations. Whenever the state space relaxation procedure managed to identify
the optimal solution a star (*) is added to the value of z. When the lower bound is equal to
the optimal solution but the procedure fails to identify the optimality of the bound we put a

plus mark (+) rather than (*).

From Table IIL7 it is clear that all the techniques perform very well for the 10 row
problems. The quality of the bound decreases with the dimension of the problems. However,
for the 50 row problems the best out of the three values is always within 3% of the optimal

solution.

The subgradient type method fails to achieve a reasonable lower bound value for most of the
problems with more than 20 rows. For procedure (C), it is significant that for the problems
with 50 rows the best value is obtained at the first iteration and the method fails to improve

it after either 25 iterations or 10 seconds.

The procedure A and the dual -type procedure B perform in a very similar way. The latter
gives better lower bound values for problems P20.1,P30.1,P50.1 and P50.3, while the other
only produces a better bound for P50.2. A combination of these two procedures is presented
in the next section and the corresponding lower bound is compared with the (LSCP,/SSR1)

and the LP relaxation bounds.
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3.6 SSR AND LP RELAXATION

3.6.1 Improving SSR2

After updating the weights q; for all the rows, an upper bound to the value z=f(Q) can be
computed. If that upper bound, say z is less than or equal to z} the best lower bound
obtained so far, then new weights must be calculated and the iteration need not to be

performed. An easy way of computing zis given by the next procedure.

Procedure 3.16 . Computes an upper bound on the value f(Q)
step 1 . initialisation
S=¢
L=N
9=§m%
=0
step 2 . choosing a variable
find j* such that
/¢ = minyy {e;/qi }
goto 3
step 3 . updating
zZ=%+c,
S=S u{j*}
L=L{ j*}
Q=Q<¢"
if Q>0 go to 2
if Q=0goto5
otherwise go to 4
step 4 . removing redundant columns from S

Q=-Q
for jeS do
if ¢d=<Q then
S=S{j]
Q=04
7= Zp- <
endif
repeat
gotos$

step 5 . upper bound
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z2=0

obtain an upper bound z, and

a dual feasible solution Mj(ieM)
using a greedy heuristic

number of iterations: nj=1
set the initial weights equal to the truncated
dual feasible solution: gi;= [ru;]}(ieM)

{ ni=ni+l

yes

is Epless or equal to z2?

compute the lower bound £(Q)
by using SSR2
zg=max (z%, £(Q))

update the weights

using the procedure A

with the solution
corresponding to Zp

do the tests:
(i) is z greater than z,-1 (integer costs)?
(ii) is the state space solution feasible?

compute an uppe<
bound Z,on the
value obtained
from SSR2

(iii) is ni equal to the maximum number of
iterations or has the time limit been
exceeded?

yes

Figure 3.8

Flow diagram for the final

version of SSR2

update the weigsts
using procedurs B
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_Zpis an upper bound on f(Q)
S is the index set of the variables corresponding to zz

stop

Using this upper bound a new method to perform the state space modifications to SSR2 was
produced combining the procedures A and B. The scheme of this method is shown in Figure

3.8.

3.6.2 Computational Results

Table II1.8 compares the perfomances of :
(i) SSR1 (with the lagrangean improvement)
and
(ii) SSR2 (with the upper bound test)

for the same set of test problems which was previously considered.

A maximum number of 25 iterations and a time limit of 10 seconds were imposed again for
both state space relaxations. Columns (i),(ii) and (iii) in Table IIL.8 refer to the problem
showing, respectively, the designation of the test problem, the optimal value (z,,) and the
greedy upper bound (z,). The lower bound obtained using SSR1 is shown in column (iv) with
the respective computational time given in column (v). The corresponding information for
SSR2 is presented in columns (vi) and (vii). Again, a plus mark (+) next to a lower bound
value means that this is equal to optimal value but the procedure failed to recognize it. A

star (*) means that the optimality of the lower bound was identified.
From Table IIL.8 it is clear that SSR2 performs, in general, better and faster than SSRI; the
only exception is problem P30.4. The gap between the lower bounds is quite large for some

test problems such as P20.4, P30.2 and P50.1 for which is about 10% of the optimal value.

For comparing SSR2 and the LP relaxation of the SCP we considered a different set of test
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TABLE III.8

Comparison between the final versions of SSRl and SSR2

PROBLEM SSR1 SSR2
I I | I
I Zopt : z, z, { time zg } time
(1) | (i) | Eid) | Gv) | (v) (vi) | (vii)
I I I I
Pl0.1 | 2 | 2 2.% | .054 2. | .060
P10.2 | 12 | 12 12.% | 092 | 12.% | .092
P10.3 | 18 | 19 18.% | 1.209 | 18.* | .242
P10.4 | 17 | 17 17.% | Jdl4 | 17.% | .118
P10.5 | 4 | 4 4.* | .081 4.% | ,081
I [ | I
P20.1 | 40 | 45 33.14| 2.037 | 39. | 1.493
P20.2 | 31 | 31 31. | 367 31.% | .337
P20.3 | 22 | 22 22. | .228 | 22.% | .234
P20.4 | 45 | 55 39.72 | 2.476 | 45.+ | 3.574
P20.5 { 40 I 44 31.69 { 2.119 | 40.*% 1 2.195
P30.1 | 23 | 25 22.82 | 2.993| 23.+ | 3.374
P30.2 | 52 | 58 46.07 | 2.88 | 52.+ | 2.893
P30.3 | 31 | 31 31.* | 5.180 | 31.* | .774
P30.4 | 52 | 61 51.08| 7.048| 52.* | 8.995
P30.5 { 58 | 66 55.67 i 9.788 | 57. | 6.867
I I
P40.1 | 8 | 86 82.92 | 9.391| 83. | 9.067
P40.2 | 54 | 54 54.% | 2.030| 54.* | 1.920
P40.3 | 56 | 58 55.21 ] 7.662| S6.* | 2.021
P40.4 | 64 | 66 60.59 | 8.988| 64.* | 3.338
P40.5 | 49 | 57 47 .45 ; 6.818| 49.+ | 5.540
| I I
P50.1 | 61 | 66 55.27 | 2.629| 61.+ | 8.772
P50.2 | 68 | 61 68.* | 4.839| 68.* | 3.544
P50.3 | 76 | 79 74.31| 7.618| 75 | 6.478
P50.4 | 71 | 77 69.35| 11.436| 70 | 9.153
PS0.5 | 80 | 82 74.41 | 10.170| 79 | 7.112
I | I !
e 6500

MNFS coh\P;\-u-
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problems. In fact, since our main objective is to use state space relaxation in a general
decomposition procedure for large size SCPs, the interval from which the cost of the variables
were randomnly generated was reduced to {1,20]. This is consistent with the results shown in
the previous Chapter where most of the variables with large costs were removed and the
resulting SCP is a harder problem in the sense that much more effort has to be done to
produce further reductions. Also, we tried out a set of random diagonal-band pr;>blems which
are difficult for the LP to solve. Finally, the problems of the classes (III) considered in 2.9

were tried out for SSR2.

Table IIL.9 reports the computational results obtained with test problems for comparing SSR2
and LP. The first four columns in the table refer to the test problem - (i) identification,

(ii) number of rows, (iii) number of columns and density. Columns (v) and (viii) are relative
to the bound provided by SSR2 and the respective computing time. The final lower bound
and computational time for SSR2 are given in columns (vii) and (viii), respectively. Whenever
the state space procedure took longer than the LP, we present in column (v) the best bound
produced during the execution of SSR2 until approximately the time taken by the LP. In

column (vi) is given the exact time when the first value was produced by SSR2.

Table II1.9 is also divided into two parts. The top one refers to problems randomnly generated
with no special structure and with integer costs from the interval [1,20]. For these test
problems, both SSR2 and LP produce good bounds but the linear programme takes longer for
the majority of the cases (the XMP code was used to solve the LP and the time spent in
processing the data for this code is not included). For all the cases except P50.8 the' bound in
column (vii) is better than the one in column (ix), and it is significant that the LP produced
an integer solution only in 3 cases. Although the bound can be rounded up (since the costs
are integer values) to the nearest integer, still some additional effort is required to identify the
optimal value. Moreover, as will be seen in the next Chapter the sub-SCPs produced by the
decomposition technique that we used, have no integer costs and for them the rounding up

does not apply.

The bottom part of Table IIL9 refers to computational results for test problems randomnly

generated with a partial band-diagonal structure. That is, the constraint matrix has a
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TABLE III.9

Comparison between state space relaxation and linear programming

relaxation for the SCP
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submatrix with the ones concentrated near the main diagonal. This makes the problems
particularly difficult for the LP and, in fact, the results shown in Table IIL.9 confirm it. For
all of the test problems, the ‘bound obtained from SSR2 is better than the LP bound and in
many cases the gap is quite significant - P10.12, P10.13, P20.10, P20.13, P30.12, P40.10,
P40.13. Also, the computing time for SSR2 is, in general, much less than the corresponding
LP time. When the SSR2 procedure took longer than the LP, the bound shown in column (v)

is always greater than the LP bound, except for P50.2 where they are equal.

Finally, test problems in classes (II) and (III) considered in Chapter 2 (section 2.9) were also
tried using SSR2. Table IIL.10 shows the corresponding computational results, with columns (i)
to (iii) giving information about the tést problem. Columns (iv) and (v) in the table show,
respectively, the lower and upper bounds obtained from procedure 2.13 ( described in Chapter
2) for the test problems. Column (vi) give the state space relaxation bound and the
corresponding computational time is presented in column (vii). Columns (viii) and (ix) show

the same information relative to the LP.

For the unicost problems, the bound produced by SSR2 is consistently better than the LP
bound but the reverse occurs for the test problem TS0C2. In this case the state space
relaxation bound is even less than the lower bound produced by procedure 2.13. No
improvement in this bound is obtained from SSR2 for the test problem T50B1 either.
However, the test cases presented the computing time of SSR2 is much less than the

corresponding computational time taken by the LP.
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Comparison betwen SSR2 and LP relaxation

for the test problems of classes II and IIIL

PROBLEM SSR2 LP

: [ | | I I
| cs z z z t z | t
| | | . | * Y
(1) | | (iii) | (dv) | ( (vi) | (vii) (viii) | (ix)

I | I I | |

T50A1 | 500 | 1.0 | 3.14 ] 4.0 | 16.198 3.30 | 50.823

T50A2 | 500 | 1.0 | 3.27| 4.0 | 18.823 3.33 | 49.577

T50A3 | 500 | 1.0 | 3.25] 4.0 | 18.991 3.38 | 51.847
I | | I | I

T50B1 | 500 | #Mj | 50.0 | 6 50.0 | 1.334 - .| >150.0
I I | | I |

T50C2 | 500 | 3+4M; | 58.66 | 103.0 | 57.0 | 8.683 60.2 | 86.926
I | I | I |

CDC 6500 Secownds
MNF5 combpiler
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3.7 CONCLUSIONS

In this Chapter we studied the application of the state space relaxation technique to the SCP.
Some results, both theoretical and practical, were given showing that :

(i) SSR performs reasonably well for medium and small size SCPs even in the cases
where the problems have a particularly hard structure or the costs are equal to 1.0
for all the variablgs. The exception seems to be the problems with costs proportional
to the number of rows covered by the column, which are not easily solved by any
other known algorithm.

(ii) apart from the lower bound value other useful information for the problem is
obtainable from SSR2. In particular, reduced costs (in the form of a minimum cost
for the objective function when a variable is forced in the solution), are produced
and can be used either to improve the lower bound, or to remove variables from the
problem, or also or generate a new cover for- the SCP. The reduced costs are also
used in performing state space modifications.

(ili) SSR is a lower bound technique in dynamic programming which is equivalent to
lagrangean relaxation in integer programming. Hence, SSR may be applied for other
combinatorial optimization problems in particular for special versions of the SCP such
as the. cardinality constrained SCP (used in facility location), the cyclic constraint
SCP” (appearing in s&nc personnel scheduling problems), and the dynamic SCP

(facility location).

(iv) the quality of the bound obtained from SSR for large unicost SCPs opens the
possiblity of developing an algorithm for this type of problems and making use of the

additional information provided by the method.
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DECOMPOSITION
AND
STATE SPACE RELAXATION FOR THE SCP

4.1 INTODUCTION

A method for finding lower bounds to the SCP combining decomposition and state space
relaxation is described in this Chapter. Large size problems are decomposed into many smaller
sub-problems which are solved or approximated using state space relaxation SSR2. Also, the
heuristic procedure described in Chapter 2 is used for finding the initial values of the weights
in SSR2 and, at the same time, obtaining a dual feasible solution which can lead to an
improvement of the lower bound. Good reduced costs are obtained from the combination of
state space relaxation and decomposition making possible further reductions on the number of
variables. Subgradient optimization is used to update the decomposed costs in a lagrangean

fashion.

The example which we have been using (Lemke et al. [126]), is worked out through the
Chapter illustrating the procedure. Computational results are presented for the large scale test

problems and for the unicost SCPs considered in Chapter 2.
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4.2 DECOMPOSITION OF THE SCP

4.2.1 Definition

The set M of constraints of the SCP is partitioned into r disjoint subsets, R, R,,...,R. Thus

the constraint matrix is given by :

(4.1) A= a
AZ
)

| A

Whenever ai, the jth column of Al,(!=l,2,...,r), is non-zero a variable y} is defined with a cost

dj such that :

(4.2) Zgdh = o

where T; is the index set of the submatrices A, for which variable x; generates a decomposed

variable y}

Example 4.1 .

Let us apply the decomposition process to the example taken from Lemke et al. [126], which
data we rewrite in Tableau IV.1 considering the reductions produced by the greedy heuristic
(see Chapter 2). Consider r=3 with A,A, and A; the matrices obtained from the constraint
matrix corresponding to, respectively, the first, second and third sets of 5 rows. The sets T;
(=1,2,...,23) and the variables y} (teT; ; j=1,2,...,23), are given in Tableau IV.2 where a 1 in
the column relative to yl,(t=1,2,3), means that the cevresponding variable is defined.
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i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
J 1S

111 1

211 1

311 1

411 1

501 1

61 1 1

711 1

811 1 1

912 1 1
10} 2 1 1

112 1 1

12| 2 1 1

131 2 1 1

141 3 1 1

151 3 1 1 1
161 3 1 1 1 1 1
171 4 1 1

18] 4 1 1 1 1 1
1915 1 1 1 1 1 1
2015 1 1 1 1 1

211 5 1 1 1 1 1
221 8 1 1 1 1 1 1 1

2319 1 1 1 1 1 1 1 1 1 1

Tableau IV.1
Input data for the SCP of example 4.1 (Lemke et al. [126])

A possible choice for d! is :

(4.3) d = F[M;NR] * ¢)/#M,

which, applied to the example, yields the decomposed costs shown also in Tableau IV.2 .
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j T oy vy 4 d d
1w 1 1

2 m 1 1

3 oM 1 1

4 m 1 1

51 1

6 1 1

7 2 1 1

8 o 1 1

9 13 1 1 1 1
10 12 1 1 1 1
1nooay 1 1 1 1
12 23 1 1 1 1
13 03 1 1 1 1
14 2,3 1 1 32 32
15 3 1 3
16 1,3 1 195 6/5
17 13 1 1 83 4/3
18 1,23 1 1 1 8/5 4/5  8/5
19 123 1 1 1 5/6 5/3 5/2
20 123 1 1 1 2 2 1
21 123 1 1 1 1 2 2
22 123 1 1 1 2 3 3
23 123 1 1 1 18/5 27/10 27/10

Tableau IV.2

'Decomposed’ variables and costs for the SCP in example 4.1

Finally, we denote by A] the set of indices jeA; for which the decomposed variable y] is
defined. For the example being considered :

Ay = 11,2,3,4,59,10,11,13,14,16,17,18,19,20,21,22,23}
A} = 16,7,8,10,12,18,19,20,21,22,23}
A = 19,11,12,13,14,15,16,17,18,19,20,21,22,23}

The general SCP can then be reformulated as the problem :
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(SCP) min zjmzmad]yj

st. Ziay ViEL (ieR))
Zia Vi1 (i€R,)
4.4) - ()
Ty Y1 @ieR,)
(4.5) Y=Caay)/FT 0 (BT3eN)
(4.6) y=0 or1 (IeT;jeN)

The constraints (4.5) assure that all the decomposed variables yj relative to the same original
x; have the same value in the optimal solution, ie. if one of them is equal to 1 then all the

other ones must be equal to 1 too. Relaxing these constraints, (4.5), a new SCP is obtained :

(RSCP ) min  ZnZdy + ZaZaply) - CayD/AT] =
= ZinZugldj+ vi- i/ FT}) yj?-

st. EjeAj:“inI (ieRgl=1,2,...r)
yi’-‘—'O or 1 (JeT;:jeN)

Now, problem RSCP,, is separable in' r subproblems RSCP(d,'»,()=1,2,...,r), which are also

set covering problems :

(RSCP(q, ) min Zyld + 4 + Cup)/FTlvi= 20
st. EM‘,R yizl (ieRz)
yi=0 or 1 GeAp

where
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(4.7) dj=d) + v} - Capd/#T (eAFI=1.2,...,7)

Taking into consideration the results on lagrangean relaxation mentioned in the first two

Chapters, it comes from above that the following relation is valid :

(4.8) v(SCP) =v(RSCP,)) = Zj., v(RSCP, ;)

and naturally :

(4.9) v(SCP)zmax, Zj., v(RSCP, ;)

Hence, a lower bound to the SCP is obtained solving the r subproblems (RSCP(dm) and
subgradient optimization can be used to update the decomposed costs in order to improve that
value.

4.2.2 Initial Values

If A, (ieM), are the optimal lagrangean multipliers for the lagrangean relaxation of the SCP

defined in Chapter 2 as LSCP,, then the initial values for djZ (jeN:JeT), can be set as follows:
(4.10) d = /4T,

and

(4.11) "1= ZiRinMiti

These initial values guarantee that the bound obtained from the relaxation RSCPy,, is at

least as good as the one produced by LSCP, and, therefore, the LP bound. This is stated by

the following property :
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Property 4.1 : v(RSCP(y,))= max,, . v(1sch) = v (LP)

(4.12)

(4.13)

(4.18)

(4.15)

(4.16)

Proof : let us consider di and v (T; ; jeN),
given by (4.10) and (4.11) with A;, (ieM), the optimal lagrangean multipliers
to LSCP,. Then, the coefficient Ei for the variable y} in the objective

function- of RSCPyy,,, is :

d=d + o - Capd/T; =
=6/#T;tZimami - CuriZireny M)/ FT;

The condition (4.2) is satisfied :
Zridy D T, +
+ ij'ﬁzickjﬂMj A - #Tj'[zurjzukmmj')‘i/ #T;)=c;

From definition :
and
(RNM) N(R,NM))=% for ft
yielding : I

2 TR MM = ZieMiN

Hence, (4.12) takes the following expression :

di"‘ (- ZimM)/ T Siggnmihi
and the objective function of RSCPy, becomes

EijzjeTj[(cj'EieMj)‘i)/ #T; + Eidunm,"\i])’i

Now, if we relax the constraints of RSCP(,, and associate with each row i
.thc same multiplier A;, the following problem is obtained
(P min 2 1Sl )/ T + Siggamilyy +
21 Zii(1-Zjn)
st. yi=0 or 1 (eNUET;)

Rewritting the objective function of P we obtain :
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min ZaZpnl G/ + Zien
st. yi=0 or 1 “(eNKT;)
which optimal solution is given by :
A 1 if c,-Eij)‘i
¥ =
(T)) 0 otherwise
with the same value as the optimal value of LSCP,.

Therefore, v(RSCP, ‘,))Z"mayblov (15¢P)=v(LP)

4.2.3 Updating the Costs

Subgradient optimization can be used to update the decomposed costs for RSCPy, A
solution yj_ is obtained for each subproblem RSCPq,; and feasibility to RSCPg,, is tested

by checking the constraints (4.5). Then, the multipliers »=(»;) (ieM), are updated as follows :

e T
: €Tj teTj7 t. }

which can be simplified to :

(4.18) W =4 + a*@2)*FT*VP) / pFTP)
where pj=2hm~yf,

The jterative process stops when either a feasible solution to SCPy is obtained, the bound

V(RSCP,,))>z-1 (if the costs are integer), or the bound has not increased for several

iterations.

4.2.4 Reduced Costs

Let x; be a variable in the original SCP and yi, KT;, the corresponding variables in

subproblems (RSCP,;), 1=1,2,..,r. A subadditive function f)_(.) can be defined in each
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subproblem for all jeAj by :

- (4.19) ffa) = min I, 4d5vy
st Sy i=a; (ieRp
yy=0or 1 (keAp

It is clear that d}fl(ai) is the reduced cost of variable y{ in the subproblem RSCP(d_,'D and,
from the subadditivity of t:[. an upper bound for covering the column ai of the original SCP
is given by Ei_,f,.(aj_). Therefore, the reduced cost of the jth column of the total SCP is

given by :

(4.20) s;=max [0,c; 2} ffa)]

and x; can be fixed equal to O if :

Obtaining &(_.) from (4.18)implies solving a set covering problem for all yi, jeA}, which is
impractical even for small size ﬁroblem's. Hence, an upper bound f}_(.) is used instead of fl(')’
leading to a lower bound on the reduced cost s; given by :

(4.22) s;=max [0,c;Z}-,f(a]]

Now, if Uy is a dual feasible solution to the subproblem RSCP@,‘D, obtained by using one

of the heuristics described in Chapter 2, then :

N
, 3

(4.23) s5 = ;i(dx - ZiehjnR) uj,; )

is 'a reduced cost associated with the lower bound

which corresponds to a dual feasible solution for the total

problem RSCP(g y)

In fact, setting u=u;y (ieR), for the total problem  RSCPq,, the dual feasibility of

u=(u,....,u ) is an immediate consequence of (4.2). Thus,



-134-

Chapter 4

-
(4-24) Ei(Mjui=Ei_lEi¢RInMjuiJ_S Ei_]dﬂ_
and, therefore :
(425) D= [ Curpd) /AT =2 dh=c,

Another way of obtaining a lower bound on the reduced costs for the variables in the total

SCP is provided by state space relaxation as it will be seen in the next section.

4.2.5 Generating a new Cover

If y(®, l=1,.,, are the optimal solutions for respectively the subprolblems RSCP(dJ‘D.

J=1,....r, then a cover S can be generated for the total SCP by setting :

The set S is then reduced to a prime cover by sequentially removing the redundant variables,

ie. the keS such that Zqa

i%;=2 for ieM,. These variables are considered by decreasing

order of the costs.

4.3 STATE SPACE RELAXATION AND DECOMPOSITION

4.3.1 Introduction

Instead of obtaining the optimal value for each subproblem RSCP(d,'D, a lower bound on
that value, WRSCPy, ), can be used with a corresponding lower bound to the original SCP
given by Ei_ﬂRSCP(dJ,_D). Any lower bound technique for the SCP may then be applied

but, naturally, the quality of this bound, both in value and computing time, plays an
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important role.

As it was seen in Chapter 3, state space relaxation (SSR) performs reasonably well for small
size SCPs. Furthermore, the reduced costs provided by SSR for each sbproblem can be used

as a reduction test on the number of variables of the total SCP.

Since an upper bound for each problem is needed, a heuristic of the greedy type described in

Chapter 2 is used also. Hence, we use a two step procedure for each subproblem RSCP,p:

Procedure 4.2 . obtaining a lower bound for subproblem }

Step 1 . an upper bound Z% a lower bound z}, and reduced
costs u;y are obtained using the greedy heuristic.
If z}, =2} then z}, is optimal and the subproblem
RSCP, p has been solved.

If not go to 2.

Step 2 . using the values u;, for setting the initial weights of the rows,
a fixed number of iterations is performed to the state space
relaxation of the dynamic programming formulation for subproblem
RSCP,p- A lower bound is given by f(Q) (Q=Eitqui),
computed at each iteration and the value 2} is updated

to z{zb=max(sz,f1(Q)).

4.3.2 Reduced Costs from SSR

Let us consider a subproblem RSCP(d,'D for which the state space ralaxation SSR2 is

applied. Denoting by q, 2 (ieRp the corresponding weights, it follows from (3.27) that
(4.27) f§ = df + §(Qcq)

is a lower bound on the value of the Jth subproblem when the variable x; is fixed equal to 1.

The values Q); and q& are defined as follows :
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(4.28) Q = Zirfiy
@ = Z8iy (M;;=M;NRp

Now, consider the whole problem RSCP,,, and the following state space mapping function :
(4.29) g(S) = (Eiesﬂi‘l....,zitsgm) ) 5‘ = $ 0 R’,l ‘,Q-. 1'2, PRI I')

Applying again (3.27), the value

4300t = ¢ + £(Qq}Qra)

is a lower bound on the value of RSCP,) when the variable x; is forced to be equal to 1

(f is the recursive function relative to the relaxation (4.29)). Thus,

(4.31) f(Qy-a}QraD) =) I Qe

and, hence :

(432) ¢ + f(QraQra)=¢; + ZjfQra)
=3}, (d+{Qrap)

where we consider dj=0 and qj=0 for J¢T;. Therefore, a lower bound on the value t; is given

by :
(4.33) § = =i (d+{Qrap)

Note that if several iterations, say nk, are performed for the decomposition, then we can keep

the maximum E out of the nk values obtained to the variable X;. That is, we take :

(4.34) t} = max [t} [j+1(Qrap)]

with t7 initially set equal to 0.
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4.3.3 Generating Covers

Since for some }, the partial solution y(}) considered in 4.2.5 could be not feasible for the
subproblem RSCP(d.,_D, the set S obtained by (4.26) may be not a cover for the total SCP.
In this case new variables are added to S being chosed by a proccess similar to the greedy

heuristic.

A different cover can be also generated making use of the information relative to the reduced
cost obtained from SSR and the decomposition. This is done in a way completely similar to
the proccess of generating covers from the lagrangean relaxation reduced costs. That is, the

variables for which the reduced costs

(435  § = max (0F-Z-,f(Q))

is equal to O enter the set S. If there is a row, say indexed i, such that is not covered, then
the variable jeN; with minimum 't; enters the set S which is then reduced to a prime cover.
This is done by removing redundant variables considerd in decreasing order of the original

costs.

4.4 DECOMPOSITION PROCEDURE

A general procedure based on decomposition and state space relaxation for the SCP can be

described as follows :

Procedure 4.3 . obtaining a lower bound for the SCP

Input . z;, (lower bound), z, (upper bound) and \; (ieM)
(lagrangean multipliers corresponding to z,,), obtained
from procedure 2.13.
dsub - dimension for the subproblems
nsub - number of subproblems
nk - number of iterations for the decomposition
ns - number of iterations for the state space relaxation

Step 1 . initialisation
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k=1
compute the initial values for the decomposed costs, by using (4.8)-(4.9)
Step 2 . iteration k '
for }=1 to nsub
do procedure 4.2
obtaining z}, (lower bound for lth subproblem)
X, =1jeN:y} (partial solution)
ti (IeTj;jeA“)
repeat
2, =max(z,, 2", 2})
if zy>z-1 (integer costs) go to 7
otherwise go to 3
Step 3 . generating a cover
S = URX,
R =M - U;sM;j
if R#® complete the cover using a greedy function
reduce S to a prime cover and set z,=min(z,,3;sc;)
Step 4 . computing the costs T
for j=1 to n do
4=yt Zymhy
if t;>2,-1 remove j from the problem
repeat
try to improve the lower bound by doing :
smax=0.0
for i=1 to m do
d;=min\
if d;>smax then smax=d;
repeat
z), =max(z,,smax)
if z,>z,-1 go to 7
Step 5 . obtaining a prime cover from the costs Tj
S=2¢
for j=1 to n do
if §-Zpetz), then S = S U {j
repeat
for jeS if SHjl is still a cover then remove j from S
z, = min (z,,Z;,5C)
Step 6 . updating the decomposed costs
k=k+1
if k>nk go to 8
otherwise update the lagrangean multipliers using (4.17) and go to 2
if the solution is feasible for (4.4) and the all the partial
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solutions are optimal, then z,=z; and go to 7
Step 7 . optimal solution
the current upper bound is the optimal value
stop
Step 8 . lower bound value
z;, is the lower bound value obtained from the decomposition

stop

4.5 SORTING THE MATRIX

Nothing has been said so far about the structure of the constraint matrix A=[a;] of the
original SCP. However, if the matrix A is almost in block diagonal form when the
decomposition is used, then the number of generated variables y! (t€T;) is smaller and so it is
less likely that constraints (4.5) will be violated. Also, the computing time is likely to be

reduced with a more structured data for the problem.

We used a heuristic procedure developed by Nakornchai [f35] which sorts the matrix into
blocks by tries to cluster the non-zero elements near the diagonal. This procedure sorts
alternately the columns and rows of the matrix until no further improvement is made. For
large-scale SCPs, this procedu\;e proved quite useful by reducing the number of decomposed

variables in more then 10% and so enabling to a much faster computation of the lower bound.

Although the example which we have been using (Lemke et al. [126]), is not the best one to
illustrate the sorting we show next how an improvement on an available lower bound is

possible by using the decomposition for the mentioned example.

In Tableau IV.3 we show the matrix after being sorted by the heuristic procedure. As it can
be seen, the number of variables yi, (JeT;jeN), was reduced from 43 to 38, that is, more than

10% which is significant for a small problem with no structure.

Example 4.4
Let us then consider the example we have been using after being reduced to a 15 row and 23
column SCP. We also consider the sorted matrix as is shown in Tableau IV.3. In order to
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i 1 2 3 4 5|16 7 8 9 1M 1”2 B M4 15
(3) (1) (15) (2) (8)| (1) (7) (13) (4) (0){(12) (9) (8) (14) (5)
AN
2319 1 1 1 1 1 1 1 1 1 1
1915 1 1 1 1 1 1
22 17 1 1 1 1 1 1 1
20 |5 1 1 1 1 1
2115 1 1 1 1 1
16 |3 1 1 1 1 1
18 14 1 1 1 1 1
1513 1 1 1
17 {4 1 1 1
8 |1 1 1
92 1 1
10 |2 1 1
1" ]2 1 1
12 |2 1 1
13 ]2 1 1
14 |2 1 1
111 1'
2 |1 1 '
In 1
4 1 1
51 1
6 |1 1
711 1
Tableau IV.3

Sorted matrix for the SCP of example 4.1
( (i) - previous index of row i )
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facilitate the computations we use a dual feasible solution different from the fractional one
provided by the greedy heuristic. The dual feasible solution we use to derive the decomposed
costs was taken from Balas and Ho ([11]), where it is used as a first lower lower bound
approximation for the same example. Now, we apply the decomposition with :

. dsub=35
nsub=3
nk=1
ns=1
z,=15.0
z,=12.0
u = (0,0,2,0,1,0,1,2,1,1,0,1,0,3,0)

STEP 1 . the initial decomposed costs are computed using (4.12) with (4.8) and (4.9):

J1 12345678910 11 12 13 14 15 16 17 18 19 20 21 2 23
d 11 1 2172 172 2 52 0 172 U4 7/2 5/3 11/3

1
d2 1 1 1 032 2 0 2 5 11/3 14/3
d3 1 1 0 32 3172 3 2 1721 3/25/3 2/3

STEP 2 . iteration 1 for the decomposition

. subproblem 1

Following the procedure strictly, we would use the greedy heuristic to obtain a
dual feasible solution for the subproblem and then initialise the weights from
that. To avoid too many computations in the example, the weights are set from
the dual feasible solution for the total problem :

2 3 4 5]aQ
02 0 1

]
q| © 3

Then, the data for the SSR of the subproblem is :

J |2 3 6 910 12 13 15 16 18 19 21 2 23
d1 11 1 2 1212 2 52 0 12 4 7/25/311/3
q1 o 6 1 2 0 0 0 2 0 0 3 3 1 3

Naturally the variable x,, is included into the partial solution set X, and the
rows index 1 and 4 are covered with a cost 0.0 in the subproblem. Therefore,
X3X3.X;p and x;s have a reduced cost equal to the corresponding decomposed
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cost in the subproblem and need not to be considered in the SSR procedure.
The final tableau for this procedure is :

q |0 1 2 3

f10 1 2 3

which corresponds to the solution X, = {16,6,9} with a value z},=3 and yielding the
following values for t] (jeA}) :

J{2 3 6 9 10 12 13 15 16 18 19 21 2 23
t1 b 8 3 3 7272 S5 W2 3 /2 4 1213173

X, is not feasible and d,=min(t!2t13,t15,t1819122123)=7/2. Therefore, the
1 2 1hSL Y
lower bound is improved to z},=7/2 and the t] are updated to :

Jl2 3 6 9 10 122 13 15 16 18 19 21 2 23

t,! 92 9/2 /2 /2 4 12 S5 T2 72 72 4 4 11/311/3

Note that, for instance, t}o is obtained as follows :

10=minje 3 13.15.18.1922.23 [d}°+d{+f(Q)-Zi nmioumiad]
The solution {6,9,12,16} is optimal with value z},=7/2.

. subproblem 2
Again, we set the weights from the available dual feasible solution :

2

16 7 8 9 10]Q
01 2 1 1(5

"and the input data relative to the SSR for the subproblem is :

3117 8 7T 9101 1617 20 2 23
d |1 1 1 0322 0 2 51/3W3
90 1 1 01 2005 3 4

variables x and x,, are included in the solution set X, and the variables
XXXy and x,; have reduced costs equal to the respective decomposed costs.
Now, solving the dynamic program we get the following final tableau :
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[AVI V)
w w
5
v u

corresponding to the solution X,=19,16,20 which is feasible, therefore optimal for the

subproblem. The values t] (jeA3) are :

9 10 11 16 17 20 2 23
S W25 S5 7 5 1/311/3

' ERE
t265

7
5

. subproblem 3
The weights for the rows are :

i {11 12 13 14 15 Q3
q |0 1 0 3 0|4
i
and the subsequent input data for the SSR variables is
J 5 8 11 12 W 15 16 17 18 19 21 2 23
d3 1 1 0 32 3 12 3 2 72 1 32 53 273
q3 0 1 0 1 3 0o 3 0 3 o0 1 0 O
Initially, X;={11} and the final dynamic tableau is
qQq |0 1 2 3 &
t‘3 0 152 3 14

The partial solution is X;={11,8,14} which is not feasible. However, changing x,, with

X, the solution becomes feasible. The t} (jeA3) are:

J| 5 17 18
t3 5 6 972

8 11 12 1 15 16
b 4 92 4 9722 4

9 21 2 23
5 9/217/3 14/3

The lower bound obtained at the end of this step is then

2,=3.5+5.0+4.0=12.5>12.0, the previous value.
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STEP 3 . generating a cover from the partial solution

S = X,UX,UX; = {6,9,12,16/U{9,16,20tU{8,11,16! = 16,8,9,11,12,16,20!
which is a cover with no redundant variables and cost c(S)=16.0; hence, no
better upper bound value has been found.

STEP 4 . computing the values t;

Jj|» 2 3 4 5 6 7T 8 9 10 11 12 13 4
t, B5 45 45 3.5 3.5 3.5 3.5 3.5 3.5 4.0 3.5 3.5 5.0 3.5
t, 6.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.5 5.0 5.0 5.0 5.0
t_|U.0 4.0 4,0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.5 U0 U.0
ti 13.5 13.5 13.5 12.5 13.5 12.5 12.5 12.5 12.5 12.5 13.5 12.5 13.0 14.0 12.5
3 15 16 17 18 19 07 21 13
t1 35 3.5 3.5 3.5 4.0 3.5 4.0 1173 1173
t 5.0 5.0 7.0 5.0 5.0 5.0 5.0 1773 11/3
t 45 4,0 6.0 u.5 5.0 4.0 4.5 1273 14/3
é 13.0 125 16.5 4.0 {40 1.5 13.5 5.0 4.0

The variables x;; and x,, are removed from the problem. Also, since
min(tyy,t;5.t;s:t1gtigetzs) 13.0, the
improved to z,=13.0

smax=d, lower bound is further

STEP 5 . obtaining a cover from the values t;

S = ljeN : =z} = 14,6,7,8,9,11,12,14,15,16,18,20}
which generates the prime cover S = {6,9,12,14,16,20! with cost c(S)=16.0.

STEP 6 . updating the decomposed costs

The constraints (4.5) are not satisfied for x,, and x,, since y3'=0 and yil=1,
yi’=1 and y;?=0. Then, the respective decomposed costs are updated using
(4.18) with a=1.0 :

di'= 2.0 + (1/2)*(15.0-13.0)*-1) = 1.0

di'= 0.0 + (1/2)*(15.0-13.0%(2-1) = 1.0

di?= (1/2) + (1/2)*2.0)*(2-1) = 3/2

di?= (3/2) + (1/2)*Q2.0)*-1) = 1/2

The costs for the new iteration of the decomposition procedure are :

J 112345678910 11 12 13 14 15 16 17 18 19 20 21 2 23
r:l1 11 1 21/2 32 2 5/2 0 172 4 7/2 5/3 11/3
d2 1 1 1 032 1 0 2 5 11/3 1473
d3 1 1 1 172 3 123 2 721 3/25/3 2/3
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STEP 2 . solving the subproblems

. subproblem 1

For this subproblem, the SSR provides the lower bound z},=3.5 corresponding
to the solution set X,=1{6,15,16!.

. subproblem 2

The lower bound obtained from the SSR is z3,=4.5 with the solution set
X,=14,7,9,10,11,16l.

. subproblem 3
The solution for this subproblem is X, = {8,14} with the lower bound value z},=4.0
(obtained after reduced cost analysis) .
Therefore, the lower bound obtained for the total problem is then z,=12.0.

STEP 3 . generating a cover from the partial solution

S=i{6,15,16lU{4,7,9,10,11,161U1{8,14} = {4,6,7,8,9,10,11,14,15,16}

which is reduced to a prime cover by removing x4 and x,, (in this order),
resulting S=1{4,6,7,8,10,11,15,16} with cost c(S)=14.0.

Hence, the upper bound has been improved to z,=14.0 .

STEP 4 . the values t; corresponding to this iteration of the decomposition are :

j|v 2 3 4 5 6 7 8 9 10 M 122 13
1‘—1 3.5 4.5 45 3.5 3.5 3.5 3.5 3.5 3.5 4.0 3.5 U4.5 5.0
t2 5.5 4,5 4,5 4,5 4,5 4,5 4,5 4,5 4,5 4,5 4,5 U5 4.5
t_| 4.0 4.0 4.0 4.0 5.0 4.0 4.0 4.0 4,0 4.0 5.0 4.0 4.0
ti 13.0 13.0 13.0 12.0 13.0 12.0 12.0 12.0 12.0 12.5 13.0 13.0 13.5
J W 15 16 18 19 20 21 23
t1 35 3.5 3.5 3.5 40 3.5 40 m1/3
t2 4s 45 45 45 45 50 U5 1773
t | 4.0 45 40 40 50 40 5.0 W2
t? 2.0 125 12.0 120 13.5 125 13.5 1.0

Applying (4.34) we remove X;,X,X3;X5X;0:X;3.X19:X5; and  X,; from the
problem. The resulting SCP is easily shown to have a lower bound z=15.0 and
therefore the optimal value is z,=14.0 (note that the lower bound exceeds z,
because x,, has been removed and then x,, is fixed equal to 1, since it is the
only effective column for row 10).



-146-~

Chapter 4

4.6 COMPUTATIONAL RESULTS

The method described in this Chapter was tested for the large size test problems of Chapter
2, considered after the reductions produced by procedure 2.13. Also, unicost SCPs with 50

rows, 500 columns and 20% density were used in testing the decomposition technique.

Table IV.4 shows the value of the lower bound obtained after 10 iterations of the the
decomposition procedure for test problem T200X2 (m=199;n=178;d=>5.4%) with four different
dimensions for the subproblems - 7,10,13 and 17 rows. Limits on the number of iterations and
maximum computing time for the subproblems were imposed to assure a total time similar for
all the different decompositions’. Tables IV.5 and IV.6 give the same information relatively to

test problems T200X3 (m=200;n=176;d=5.4%) and T200X5 (m=186;n=124;d=5.3%).

Column (i) of Tables IV.4 to IV.6 refers the iteration number for the decomposition procedure
with the corresponding lower bound and accumulated computing time given in columns (ii) to
(ix) corresponding to each one of the four different dimensions considered for the subproblems.

The computational times are given for the CDC 7600 computer using the FTN compiler.

From the results shown in Tables IV.4 to IV.6, it seems that there is little to choose from the
four different subproblem sizes tested. In fact, either the lower bound value or the
corresponding computing time do not vary much with the size of the subproblems. Thus, we
are going to make an arbitrary decision and choose to decompose the SCP into 10-row

subproblems for the large SCPs.

The lower bound increases slowly with the value obtained at the first iteration being one of
the best out of the ten values. This suggests the possibility of subgradient optimization not
being as efficient in this application as it is for many other relaxations and, at least, other
techniques may be tried to compute the multipliers ». However, the decomposition lower bound
was always better than the one obtained after using procedure 2.13. Also, it enabled further
reductions in the number of variables of the problem by performing reduced cost analysis with

the values t; (4.32)-(4.34).

This is shown in Table IV.7 where we present the bounds obtained for the test problems

TmXk (m=200 and 300;k=1,...,5), when using the decomposition technique after procedure



-147-

TABLE IV.4

Comparison of four different dimensions for the subproblems
in the decomposition (T200X2)

7 10 13 17
| [ I [
z, : t z, I t z, : t zg : t
(i) | (ii) | (iii) (iv) | (v) (vi) | (vii) | (viii) | (ix)
| [ [ [
1 66.381 .155| 66.45| .140 | 66.40 | .139 66.40 | .224
2 66.37 | 1.152 | 66.34|1.087 | 66.39 | 1.016 66.37 | 1.147
3 66.35| 1.447| 66.33|1.433|66.32| 1.364 66.32 | 1.592
4 66.31 | 1.817| 66.37]1.820]66.34|1.771 66.39 | 1.990
5 66.31] 2.168| 66.40 | 2.184 | 66.36 | 2.134 66.36 | 2.476
6 66.32 | 2.513| 66.432.539 | 66.37 | 2.448 66.32 | 2.979
7 66.35| 2.900| 66.38 ] 2.915| 66.41 | 2.945 66.36 | 3.518
8 66.37 | 3.268| 66.39 | 3.313 ] 66.41 | 3.211 66.31 | 4.086
9 66.38 | 3.638| 66.39|3.707 | 66.45 | 3.583 66.31 | 4.666
10 66.38| 4.003| 66.39 | 4.098 ] 66.58 | 3.865 66.30 | 5.306
| | | |
CDC F600
FTN compiler
TABLE IV.5

Comparison of four different dimensions for the subproblems
in the decomposition (T200X3)

7 10 13 17

| | | [

zg { t z, : t z, : t z, : t
(i) | (ii) | (did) | v) | (v) (vi) | (vii) | (viii) | (ix)

| I | I
1 |90.85 | .136| 91.03 | .132{90.92| .125]90.94 | .211
2 [90.88 | .894| 91.07| .87290.95]| .835|90.88 | 1.056
3 [90.87 |1.131| 91.05]1.10390.85]1.129 [ 90.92 | 1.468
4 190.89 |1.385| 91.07|1.392|90.85[1.371(90.89 | 1.690
5 [90.92 |1.644| 91.11]1.611|90.85]|1.719|90.82 | 2.024
6 |[90.94 |1.809| 91.06|1.876|90.85 ]| 2.042|90.91 | 2.847
7 190.91 |2.166| 91.07 12.195}90.76 | 2.414 | 90.90 | 2.975
8 190.91 | 2.424| 91.00] 2.490]90.81 | 2.917 |90.93 | 3.387
9 |90.83 |2.719| 91.86 | 2.841|90.81 | 3.339]90.97 | 3.803
10 [ 90.92 }2.973 91.84 }3.112 90.88 | 3.710 | 90.93 | 4.202

l |

che 7600

FTN compiler
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TABLE IV.6

Comparison of four different dimensions for the
subproblems in the decomposition (T200X5)

7 10 13 17
| I | |
z, : t z { t zg = t z, } t

()] (i) | Giid) [ v) | (v) (vi) | (vii) [ (viii) | (ix)

] [ I I
1 56.60 .112| 56.77| .098| 56.66 | .179| 56.22| .283
2 56.60 | .543 | 56.74| .472}| 56.67 ] .630| 56.13) .934
3 56.57| .755| 56.80 | .669| 56.54]1.055| 56.11| 1.421
4 56.55| 1.971| 56.74 | .931| 56.48 | 1.547 | 56.21| 1.909
5 56.59 | 1.201| 56.76 11.178 | 56.57 | 1.954 | 56.25| 2.407
6 56.61 ] 1.410| 56.67 ] 1.566| 56.54]2.392 | 56.29 | 2.918
7 56.61 ] 1.677 | 56.71]1.920| 56.64 | 2.264 | 56.32| 3.413
8 56.64 | 1.903| 56.69 | 2.277| 56.57 ] 3.211 | 56.18| 4.041
9 56.66 | 2.167 | 56.79 | 2.584| 56.65]3.660| 56.21| 4.758
10 56.68 | 2.335| 56.7812.931| 56.60|4.089 | 56.18| 5.472

l I | |

CDbC 7600

FTN compiles
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2.13. Columns (ii) to (v) in Table IV.7 remind the outcome of this procedure given in detail
in Chapter 2 while the columns (vi) to (ix) give information about the bounds and reductions

produced after 5 iterations of the decomposition procedure.

The final lower and upper bounds obtained from procedure 2.13 are shown in columns (ii) and
(iii) of the table, with the number of effective rows and columns for the problem given in
entries (iv) and (v), respectively. The corresponding values for the decomposition are presented
in columns (vi) - lower bound, (vii) - upper bound, (viii) -number of rows, and (ix) - number
of columns. From the Table IV.7 it is clear that, although the improvement on the lower
bound was not large (but effective for the test problems), the number of variables was
reduced in all cases. This reduction is significant for test problems T200X2, T200X4 and
T300X1 for which a new upper bound was obtained from the decomposition procedure. Also
for problems T200X3 and T300X5 more than 10% of the variables were removed by reduced

cost analysis even with the upper bound value not being tightened.

The perfomance of the decomposition procedure is also illustrated in Table IV.8. There, we
present the computational results relative to the unicost test problems T50Al

(m=350;:n=500;d=20%) when using the decomposition with two different sizes for the
subproblems. Column (i) in Table IV.8 refers to the iteration number and columns (ii) and (v)
give the corresponding lower bounds for the two decompositions. The cumulative number of
variables removed is shown in columns (iv) and (vii) respectively for each decomposition. The
significance of these figures comes from the fact that the LP relaxation for this problem gives
a lower bound z=3.31 with no variables being removed. Hence, in either of the

decompositions the lower bound is improved over 4% and some variables are removed.

The computing times given in columns (iii) and (vi), which are expressed in Cyber 170/855
seconds, show that the better quality of the bound produced from the 7-subproblem
decomposition is paid in terms of time. Furthermore, as will be seen in next Chapter, the 10-
subproblem decomposition (subproblems with 5 rows each one) proves better when the

decomposition procedure is imbedded in a tree-search scheme for solving the problem.
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TABLE IV.7

Computational results from the decomposition for
the large scale test problems
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4.7 CONCLUSIONS

In this Chapter we presented and developed a procedure based on decomposition and state

space relaxation for large size SCPs. From the exposition, we outline the following :

(1)

The decomposition method, in which the SCP is divided into many smaller SCPs,

is shown to produce improvements on the LP relaxation bound (if the dual optimal
variables are available), or on the bound obtained from the lagrangean relaxation
used for the SCP in this thesis (using the best lagrangean multipliers). This

theoretical resuit was confirmed by the practical experience reported in this thesis.

(ii) State space relaxation couples well with the decomposition, both giving good

approximations to the optimal values for the subproblems and providing reduced costs
(in the form of a minimum value for the objective function when a particular

variable is forced in the solution), which can be used in the total problem.

(iii) large size SCPs may then be further reduced using the decomposition method

(iv)

()

(vi)

after procedure 2.13 has been completed. For some test problems, the decomposition
also produced an improvement on the upper bound value.

The method also applies for the unicost SCP and seems possible that hard

structure problems may be sucessfully tackled by combined use of decomposition and
state space relaxation.

A further step towards this consists of choosing carefully the partitions

having different sizes for the subproblems or sorting the matrix. We sucessfully used
a heuristic for sorting the constraint matrix into an almost block diagonal matrix.
Other techniques rather than subgradient optimization may be more efficient

in computing the lagrange multipliers associated with the decomposition constraints

(4.5) and further research on this topic could be worthwhile.
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TREE-SEARCH PROCEDURE FOR SOLVING THE SCP

5.1 INTRODUCTION

In this Chapter, a branch-and-bound algorithm for obtaining the optimal solution for a SCP is
presented. The procedure combines the different techniques described in the previous Chapters
- preliminary reductions, heuristic methods, lagrangean relaxation, linear programming, state

space relaxation and decomposition - imbedding them in a tree-search scheme.

The utilisation of all these methods or only part of them, depends on the characteristics of
the SCP being solved. For instance, all the techniques mentioned above are used in solving
randomnly generated large size problems. For unicost SCPs, only heuristics, linear

programming, state space relaxation and decomposition are used.

The tree search procedure is of the depth-first type with the branching rule chosen to take
advantage of the decomposition by generating subproblems in the tree either with fewer
number of rows or with sparser constraint matrix. The criterion for choosing the rows to

branch, depends again on the type of the problem, as will be seen later.

At each node of the tree, a lower bound for the completion of the node is computed and a
cover is generated from the corresponding solution. Also, reduced costs are obtained and used

to remove temporarily variables from the problem.

The example from Lemke et al. [126] will be used again for illustrating the tree search

procedure. Finally, computational results are shown for large scale SCPs with up to 400 rows
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and 4000 columns, and for unicost SCPs with 50 rows, 500 columns and 20% density.

5.2 DESCRIPTION OF THE TREE

5.2.1 Root Node

At the root node of the tree we make use of the techniques described in Chapter 2 in order
to reduce both the number of columns and the number of rows of the SCP. Also, a lower
and an upper bound are obtained. All steps in procedure 2.13 are performed for randomnly
generated large size problems. For the unicost SCPs, the greedy heuristic to compute an upper
bound to the problem is used and then the LP lower bound is obtained using all the effective

variables for the problem.

The next step consists of applying the procedure 4.3 relative to the decomposition method
making use of the best lagrangean multipliers (case of large SCPs), or the optimal dual
variables (unicost SCPs). The original SCP is, hence, split into many smaller and each one of
these is solved or approximated by using procedure 4.2. Reduced costs (in the form of
minimum value for the SCP when a variable is fixed equal to 1), are obtained and used to
remove variables from the problem. If any number of variables is removed then reductions 2.2

and 2.3 (Chapter 2) are performed.

5.2.2 Branching

In case of further analysis on the current subproblem in the tree is required, then a branching
occurs in the tree. This is done by making use of a branching strategy presented by Erchberry

[66] which can be stated as :
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Branching - strategy 5.1 :
Let i and 1 be the indices of two distinct rows of a SCP. Either
(i) i and | have a common variable, say jeN;NN,,
in the optimal. solution
or
(i) i and 1 have no common covering variable in the
optimal solution

This implies that :

(5.1) in case (i) the set N.

is restricted to N;NN, and
the row 1 is temporarily removed from the problem
or,
(5.2) in case (ii) the.sets N; and N, are restricted to
N;=N;(N;AN)) and N;=N-(N;NN)

respectively

This branching strategy is very suitable for the decomposition technique. In fact, in case (i)
one row is deleted (row indexed 1) and the other one (row i) has a reduced number of non-
zero entries. Therefore, the number of rows and the density are both lower than in the
previous node in the tree. On th;',-othcr hand, for case (ii) all variables common to rows i and

1, are removed and then the subproblem in the tree is sparser.
For choosing the rows i and | we adopted the following :

Rule 5.2 . Choosing the rows for branching
Step 1 . obtain i as the index of the row with maximum marginal cost for the
problem underb-é:onsivdcration, ie. s; = smax ="4%s  with
Sp=miN i (obtained from (4.34))
Step 2 . select the variable j*N; such that tj,=s;=mint;
Step 3 . if M=l i} then go to step 4.
otherwise, choose 1 as the index of the row with maximum cardinality

cardinality and different from i :
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#N,=max_# Ny, (m#*i)

meMj
Step 4 . since Mj.={ i }, pick the column in N; with

the next least cost t;‘ and go to step 3.

If there is no variable left to be inspected in N; that means

that the one with minimum original cost must be fixed equal to 1

and so row i is covered. Then, go to step 1.

For the unicost SCPs, we choose the row index i as the minimum cardinality row instead of
the one with the maximum value s. Since the difference between the values s (meM) is
rather small for this type of problem, it is reasonable to adopt a criterion baséd on the
cardinality of the sets M; in order to reduce the number of nodes in the tree. As will be seen

later this is confirmed by computational experience.

5.2.3 Intermediate Node

At each intermediate tree node we perform 20 iterations for the lagrangean relaxation
(LSCP,) of the problem under consideration. The initial values for the multipliers are the
ones associated with the best lower bound obtained at the previous node. Hence, a first lower
bound is computed for the optimal completion of the node and the corresponding multipliers

are used to compute the decomposed costs by using (4.10), (4.11) and (4.12).

Since from the computational experience reported in the previous Chapter, the lower bound
provided by the decomposition method at the first iteration is always better than the
lagrangean bound and then increases very slowly from there, only one iteration is performed at

each intermediate node.

Prime covers are generated from the partial solution sets and also from the values t; as was
seen in Chapter 4. Variables are temporarily removed from the problem if the corresponding
value t; for the current problem exceeds the value of the best upper bound, z, If the original

costs of the variables are all integer then we can use z,-1.0 instead.
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5.2.4 Backtracking on the Tree

Backtracking on the search tree occurs when :

(i) the lower bound obtained at the current node (z;) is greater than
or equal to upper bound value (z,), i.e. z,>>z,-1 (integer costs).
or,

(ii) there is no feasible solution for the completion of the tree node.

When the bactracking occurs, the columns and rows removed during the analysis of

the current node, are retrieved to the problem.

5.3 EXAMPLE

Let us consider the problem which we have been using as an example (Lemke et al. -[126]),
and for better illustrating the branch-and-bound we start branching at the end of the first

iteration for the decomposition procedure (see.example 4.4). Applying the rule 5.2 :
step 1 . s,=smax=max_ ., s5,=13.0
step 2 . t;;=t,s=t;3=13.0 and we arbitrarily choose j*=12
step 3 . M;,=1{2,12} and row 12 is obviously chosen

Then, two new nodes are generated in the search tree :

NODE 2 : node 2 is the first one to analyse. First, row 12 is temporarily removed
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from the problem and N,={ 12 } which means that x;, must be in the optimal solution
of the problem corresponding to node. Hence, also row 2 is temporarily removed and
a fixed cost equal to 2.0 must be added to any bound obtained.

Now, a fixed number of iterations for the lagrangean relaxation would be performed.
However, to avoid too many computations for the example, we consider the same
dual feasible solution we used in example 4.4. That s,
u=(0,0,2,0,1,0,1,2,1,1,0,1,0,3.0), and the decomposed costs are computed as before :

jl v 2 3 4 5 6 7 8 9 1 N U
¢ 11 1 172 -
d |1 1 1 0 32 2 -
d 1 1 0 -
Jj| 5 ® ®B 19 22 21 3

d | 52 0 12 4 4 13

¢ 5 14/3

¢ |12 3 1 123

. START SOLVING THE SUBPROBLEMS
. subproblem 1

g [0 - 2 0 1 3

jl2 3 8 9 ®© 1B 1 ® 1B 19 21 B
#di1 1 1 2 w2 2 52 0 V2 4 4 13
¢gfo0 o 1. 2 o o0 2 o0 0 3 3 3

|4 4 3 3 2 5 2 3 W2 4 4 W3

The optimal solution is provided by SSR with value z},=3.0 . The partial solution set is
X,=116,6,9! and the values tj (jeA’,) are given in the bottom line of the tableau

above.

. subproblem 2

g [0 1 2 1 1 s
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i1 4 7 9 10 M 1% 20 23
adf1 1 1 0 32 2 0 5 M3
gdlfo 1 1 0 1 0 5 4
8|6 5 5 5 12 5 5 73

The optimal solution is again obtained from the SSR - X,={16,20! - with value z%,=5.0

and the corresponding t (jeA’,) are given in the tableau above.

. subproblem 3

i 1M 12 13 ¥ 15 0

[0 - 0 3 0 3
Jj|5s 8 1 4 15 1w 8 19 21 23
#gl1 1 3 12 3 72 1 1 3
@gjo o0 o 3 0 3 3 0 1 0
t8l4 4 3 3 722 3 72 4 4 13

The solution provided by the SSR is X;={11,14l, which is not feasible. The lower bound is
z3,=3.0 with the subsequent t] (jeA’;) given in the tableau above.
Since, d,;=min(t5,t}3t)=3.5 the lower bound is further improved to z},=3.5.

The new values for the t] are :

5 8 1M 4 15 B 18 19 2
45 45 35 35 3.5 35 35 4 4

a3
1173

Hence, the lower bound obtained so far
z,=11.5+2.0=13.5 and the costs t; are :

for the completion of node 2

| w2 w2 w2 12 w2 12 12 92
t, |15 145 4.5 13.5 145 1.5 1.5 WS

9 1 N

3 72

5 M2 S
772 7172 772
13.5 1.5 1.5

12

j| 3 W 15 18 B 19 2
t] 5 3 32 4 3
t] 5 5 5 5 5 5 5
ty | w2 w2 w2 12 122 4 7
5.5 13.5 4.5 13.5 14.0 15.0 13.5

21 23
772 173
S 1773
4 13
15.5 15.0

is
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Then X;,X3,X3,X5,Xg:X10:X13-X19.X3; and X, are temporarily removed from the problem,
since t;>z,-1 for these variables. The resulting problem is further reduced by
applying reduction 2.3 (single 1 in a row) : :

i 1 3 4 5 6 7 8 9 10 11 13 14 15
j
4 1
6 1
7 1
9 1 1
11 1 1
14 11
15| -1 1
16 1 1 1
18 1 11 1
R0 1 1 1 1 1

Then, the variables x,5,X,5.X;3 and X, are fixed equal to 1, which means that the
fixed valye for the lower bound goes up to 17.0. Therefore, the analysis of the node
is completed and, since z,>2z,-1, a backtrack on the tree occurs :

NODE 3
= 15.0
u

zg = 13.0

NODE 3
occurs for the rows.

: all variables removed except x,; and x,, are retrieved and the same

At this node of the tree, the sets N, and N, are restricted to :
N,=113,15,18,19,23}
N,,=i8,21}
and this means that x,,=0. Using again the same dual feasible solution for
generating the decomposed costs, we start the decomposition procedure with the
same values as at the root node. Doing the computations, we get the same lower
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bounds for the subproblems as at the root node (first iteration of the decomposition
in example 4.4). Also the values t; are the same and this means that row 2 is again
chosen for the branching. .nl The selected variable is now j*=15 and from
M;e=i2,3,11} is row indexed 3 is the second row for the branching :

NODE 2
Z, " .1.5.0

z, >z
u

NODE 4 : at node 4, we replace N, by N,NN,={15,19,23} and row indexed 3 is
temporarily removed from the problem. Recomputing the decomposed costs :

1 1 3 4 5 86 7 8 9 M M
1 1 172 -

1 1 1 2 32 2 -

1 1 o -

2 32 0 12 3 3 13
H) 16/3
3 32 3 17?2 2 2 413

. subproblem 1

| 0 0 - 0 1 0
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J|j2 3 6 9 10 1 1 11® 18 19 21 23
a1 1 1 - 12 2 32 0 12 3 3 7113
¢e{0 0 0 - 0 O0 06 O0 O 1 1 1
t (10/3 10/3 10/3 - 17/6 13/323/6 7/3177/6 3 3 773

z,=7/3 ; X,=116,23}

. subproblem 2

g 10 1 1% 20 23
232 2 0 § 1673
6 1 2 0 5 4

7 172 5 5 5 1973 -

o+ O A t
D O a2 o
L2 IS R N, Y
N aa N

z},=5, X,=l{16,20!

. subproblem 3

i|"M ”? 8 ¥4 15 0gq 0 1 0 3 0 4

" 14 15 6 18 19 21 23
0 332 372 2 2453

3.0 3 3 0 1 0
4 492 492 6 5 13

+t O QA
" O a w
P O N -

73, =4.0 ; X,={11,8,16l

The lower bound obtained at the end of this iteration for the decomposition is
z),=7/3+5+4=34/3. However, from the analysis of the values t; the lower bound
is increased to z),=14.0 [=s,=min(t,s,t;g,t53)].

This time, a cover with better cost is obtained from the set :

S={ Xj 1 =z J

Removing the redundant variables by decreasing order of the costs, one obtains :
S={4,7,8,9,10,11,13,16}

with cost c¢(S)=14.0 . Therefore, a backtrack on the tree occurs, since
z,=2,=14.0 at node 4.
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NODE 5 : the variable x,s is retrieved to the problem and so is the row indexed
3.

Now, the sets N, and N are restricted to N,={13,18} and N;=1{9,21}. The matrix of the
SCP corresponding to node 5 is then :

172 3 4 5 8 7 8 91 1 12 13 14 15
1 1
2 1
31
4 1
5 1
6 1
7 1
8 1 1
9 1 1
o 1 1
1 1 1
13 1 1
14 1 1
15 1
16 1 1 1 1 1
18 1 1 11 1
19 1 1 1 1
20 171 1 1 1
211 1 1 1 1
231 1 1 1 1 1 1 1

and the decomposed costs are :

172 3 4 5 6 7 8 910 1 13 4 15 16 18 19 20 21 23

1 1 1 2172 2 0 1/2 5/2 7/2 7/3
1 1 032 2 ] 16/3
1 1 ] 3 3 3 7/232 3/2 4/3

Solving again the three subproblems we would get the initial lower bound z, =12.5 which is
increased to 13.0 by reduced cost analysis. The variables X;,X;.X3,Xs5.X;3.X;5,X;9 and
X, are temporarily removed from the problem. The variable x4 is fixed equal to 1
(since N2=|18} by the removing of x,;).
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New branching now occurs in the tree. There is a tie for choosing the row i, since
d,=smax and row indexed 2 has been covered by x;;. Then a decision is taken
picking the least cardinality row with minimum index - row 3, with j*=9 and 1=6.

NODE 6 : solving the SCP corresponding to node 6 one would get a lower bound
z,,=16.0 and, therefore, a backtrack occurs on the tree.

NODE 7 : finally, for node 7, another feasible solution with value equal to 14.0 is
obtained - X=118,20.21

The tree search is now over ( see Figure 5.1), and the optimal value for the
example is 14.0 .

Figure 5.1

Complete search tree for the SCP in example ({5.3)
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5.4 COMPUTATIONAL RESULTS

Table V.1 shows the complete computational results for the test problems of class (I)
considered in Chapter 2. Note that the first set of problems, T200Xk (k=1,..,5), are 5%
density problems with 200 rows and 2000 columns. The other set, T300Xk (k=1,...,3), is
composed by problems with 300 rows, 3000 columns and 2% density. For both sets of

problems, the costs of the variables are randomnly generated from the range [1,99].

As can be seen, all problems are solved using a CDC 7600 computer. This occurs in spite of
the upper bound at the beginning of the tree being more than 3% far from the optimal for
problems T200X2 (4.2%), T200X3 (3.2%), T300X2 (3.1%) and T300X4 (4.4%). In all cases

the number of nodes generated in the tree was less than 100.

The capability of the method to solve large size SCPs is illustrated in Table V.2 where we
show the computational results relative to a test problem with 400 rows, 4000 columns, 2%
density and costs generated from the range [1,99]. This problem was solved on a CYBER
170/855 which is slightly faster than the CDC 6600 (and therefore slower than the CDC
7600 used to solve the other test problems mentioned above). The computing times given in
Table V.2 were obtained by using the command -INFORM,JOBCOST- right before and after

running each one of the parts into which we split the computer code.

Unicost test problems with 50 rows, 500 columns and 20% density, were also solved using the
algorithm with the variations adopted for this type of SCP. That is, the greedy heuristic was
first used to obtain an upper bound and then the complete LP relaxation was solved. The
optimal dual variables were used to set the initial decomposed costs and the tree search

procedure was performed.

Table V.3 shows the computational results for five test problems solved on a CYBER 170/855
computer. The first column in Table V.3, (i), refers to the designation of the problem and the
following ones give the information relative to each one of the three phases described above -
column (ii) shows the upper bound value obtained from the greedy heuristic; column (iv) gives

the LP lower bound; (vi), the optimal value for the problem and (viii) the number of nodes
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TABLE V.1

Final computational results for large scale SCPs
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TABLE V.2
Computational results for a SCP with 400 rows,

4000 columns and 2% density

PRELIMINARY REDUCTIONS TIME
m K | I

| | |

I | |
400 | 619 | I

| | |

GREEDY HEURISTIC

zL Zy m

147. 251. 619.

I
|
I
| 400.
|

I
|
|
I
I

LAGRANGEAN RELAXATION (I)

21, Zy m n

[ | I

l I |

I { I
207.4 | 230. | 400 | 618 10.367
I | |

LINEAR PROGRAMMING

2L, { zZLp m

206.86 | 227.05
I

[ I
| I

[ I I
| 400 | 617 35.799
I I

LAGRANGEAN RELAXATION (II)

z, |l zyg | m | n
| | |
| | |
218.60 | 230.0 | 400 | 524 7.151
| I I
TREE SEARCH
Zopt | nodes | il
| | |
I I I 560.584
256, | 131 | |
| I I 613.901 |-

Cyver 170 /855
FTIN compiler
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generated. Columns (iii), (v) and (viii) give the partial computing times in Cyber 855 seconds

whose total is shown in column (ix). The figures giving computational times include input and

output time since they were obtained by using the command -INFORM,JOBCOST- right

before and after running the code. Therefore, they are not accurate but they are overestimates

of the real computing time in the mentioned machine.

The unicost SCPs were decomposed into 10 subproblems and the choice of the branching rows

was made with respect to cardinality, instead of the cost d; (ieM). It is significant to mention

that for problem TS50A3, Rule 5.2 was tried out and generated a tree with as much as twice

the number of the nodes generated by the version adopted.

TABLE V.3

Computational results for the unicost SCPs

| 166 | 301.50
| |

GREEDY LINEAR TREE TIME
HEURISTIC PROGRAMMING SEARCH
| f l [
zy, | t zy { t zoptll n % t
|
(i) (ii) | (4ii) (iv) | (w) (vi) | (vii) | (viii) | (ix)
| | I |
T50A1 5.0] 1.21] 3.30 }5.83] 5.0] 167 | 278.23 | 285.28
T50A2 5.0] 1.42| 3.40 |3.66| 5.0] 140 | 252.98 | 258.06
T50A3 5.0] 1.51] 3.47 |5.20| 5.0| 191 | 323.87 | 330.58
T50A4 5.0] 1.28) 3.35 |5.99] 5.0 190 | 313.68| 320.95
T50A5 5.0] 1.47| 3.39 ]6.09| 5.0 309.06
| |

Cyber 170/&ss
FTIN compiler
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5.5 CONCLUSIONS

In this Chapter we concluded the description of an algorithm for large scale SCPs based on

decomposition and state space relaxation. From the final computational results, it is possible to

say that :

@) The algorithm is capable of solving large size SCPs and, in particular,
a test problem with 400 rows, 4000 columns and 2% density was solved. This is by
far the largest SCP reported solved in the literature.

(ii) The algorithm with a few variations solves unicost SCPs with 50 rows,

500 columns and 20% density which are the largest dimensions for this type of

problem that have been reported solved.

Taking into account the conclusions and suggestions for future research formulated in the

previous Chapters, one may say that further improvements are likely to be produced by :

(iii) Improving the procedure used to obtain bounds on the optimal value and
perform reductions in both the number of the rows and the number of the columns.
This can possibly be done by trying more heuristics for generating covers, performing
different types of chuction tests (based on lagrangean penalties) or producing an
even more reduced LP restricted relaxation but with good accuracy.

(iv) Producing a better decomposition depending on the structure of the problem
and allowing variable sizes for the subproblems. Also, other techniques rather than
subgradient optimisation may be more suitable for computing the lagrangean

multipliers associated with the decomposition constraints.
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