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ABSTRACT 

In t h i s t h e s i s we p r e s e n t a l g o r i t h m s for so lv ing s e v e r a l 
op t ima l con t ro l p rob lems for sys tems e x p r e s s e d in terms of a 
g e n e r a l n o n l i n e a r d e l a y - d i f f e r e n t i a l e q u a t i o n wi th con t ro l t e rm. 
The f i r s t cont ro l problem c o n s i d e r e d , Problem P I , i nvo lves only 
con t ro l c o n s t r a i n t s and i t s so lu t ion is de te rmined u s i n g an 
a lgo r i t hm p e r m i t t i n g s t rong v a r i a t i o n s in con t ro l . By e n l a r g i n g 
the set of con t ro l s on which PI i s d e f i n e d to r e l a x e d con t ro l s we 
a s s u r e t h a t min imis ing so lu t ions e x i s t . This t o g e t h e r wi th the 
" l i n e a r " n a t u r e of r e l a x e d c o n t r o l s , s impl i fy many of the 
d i f f i c u l t i e s a s s o c i a t e d with p r o v i n g conve rgence . I n d e e d , t h i s is 
shown by d e s i g n i n g an a lgor i thm which solves PI over the set of 
r e l a x e d con t ro l s , denoted G , a n d o b t a i n i n g i t s convergence 
p r o p e r t i e s . These a r e much s imple r a n d r e a d i l y o b t a i n e d t h a n 
the s t rong v a r i a t i o n a l a lgo r i t hms which uses o r d i n a r y con t ro l s . 
Next, the c o m p u t a t i o n a l l y e x p e n s i v e problem of s i m u l a t i n g 
measure v a l u e d r e l a x e d con t ro l s is t a c k l e d . It i s shown t h a t 
r e l a x e d con t ro l s c a n be a p p r o x i m a t e d to any degree of a c c u r a c y 
u s i n g only o r d i n a r y c o n t r o l s . An a lgo r i t hm where t h i s is done i s 
i n v e s t i g a t e d a n d r e s u l t s show t h a t , if the degree of a p p r o x i m a -
t ion is kept c o n s t a n t a t some chosen v a l u e , a l l l imi t po in t s 
g e n e r a t e d s a t i s f y o p t i m a l i t y cond i t i ons to wi th in " d e l t a " . On the 
o the r h a n d , if the a p p r o x i m a t i o n a c c u r a c y i s i n c r e a s e d 
i n d e f i n i t e l y as the a lgor i thm p roceeds , i t is shown t h a t l imit 
p o i n t s then s a t i s f y op t ima l i ty cond i t ions " e x a c t l y " . Termina l 
e q u a l i t y c o n s t r a i n t s a r e then a d d e d to PI to g ive a more g e n e r a l 
p rob lem, denoted Problem P2. An a lgo r i thm which so lves P2 i s 
o b t a i n e d . This uses an exac t p e n a l t y func t ion to e l imina t e the 
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t e r m i n a l e q u a l i t y c o n s t r a i n t s and h a n d l e s the con t ro l c o n s t r a i n t s 
by min imis ing an i n t e r m e d i a t e subprob lem over the f e a s i b l e 
con t ro l set G . A t e s t f unc t ion which de te rmines the v a l u e of the 
p e n a l t y p a r a m e t e r ( g u a r a n t e e d to be f i n i t e ) needed to e n s u r e 
f e a s i b i l i t y is a l so i n c l u d e d . The l a s t problem c o n s i d e r e d in t h i s 
t h e s i s is t h a t o b t a i n e d by r e p l a c i n g the t e r m i n a l e q u a l i t y 
c o n s t r a i n t s in P2 by a g e n e r a l n o n l i n e a r s t a t e c o n s t r a i n t and i s 
denoted as Problem P3« Two a l g o r i t h m s , one c o n c e p t u a l and the 
o the r implementab le , which solve P3 a r e p r e s e n t e d . Both these 
use a method s i m i l a r to the one used in so lv ing P2. However, a 
d i f f e r e n t method of u p d a t i n g the p e n a l t y p a r a m e t e r K, which does 
not r e q u i r e a t e s t f u n c t i o n is p r e s e n t e d . This method r e l i e s on 
k e e p i n g K l a r g e r t h a n the mul t ip l ie rs a t the so lu t ions to the 
i n t e r m e d i a t e problems a t each s t a g e of the a l g o r i t h m s . The 
ex i s t ence of a f i n i t e K which g i v e s f e a s i b i l i t y is g u a r a n t e e d by 
c o n s i d e r i n g calm p rob lems . 
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C H A P T E R 1 

F U N D A M E N T A L PRELIMINARIES 

Introduction 

In t h i s c h a p t e r we s u p p l y the n e c e s s a r y m a t h e m a t i c a l 
b a c k g r o u n d a n d the b a s i c r e s u l t s needed for the r e m a i n d e r of the 
t h e s i s . It i s i n t e n d e d p r i m a r i l y for r e f e r e n c e and r e a d e r s wi th a 
g r o u n d i n g in e l e m e n t a r y F u n c t i o n a l Ana ly s i s and Optimal Control 
Theory wi l l loose no th ing by p roceed ing d i r e c t l y to C h a p t e r 2 
a f t e r p e r h a p s a g l a n c e a t the Maximum P r i n c i p l e s for d e l a y 
problems and the sect ion on Relaxed Cont ro l s . 

For the most p a r t , we s h a l l conf ine o u r s e l v e s to s t a t i n g 
d e f i n i t i o n s a n d theorems , a n d b e c a u s e of t h i s , the m a t e r i a l in 
t h i s c h a p t e r is ske t chy a t bes t a n d in many c a s e s the r e s u l t s 
a r e not p r e s e n t e d in t h e i r f u l l g e n e r a l i t y . We s h a l l , however , 
c i t e r e f e r e n c e s which c o n t a i n the n e c e s s a r y proofs and d e t a i l s 
t h r o u g h o u t the c h a p t e r ( and t h e s i s ) so t h a t the i n t e r e s t e d r e a d e r 
may consu l t the l i t e r a t u r e a v a i l a b l e . It i s hoped t h a t even in 
t h i s s c a n t y form, t h i s c h a p t e r wi l l p r o v i d e a v a l u a b l e i n s i g h t to 
r e a d e r s who a r e new to the a r e a of op t imal con t ro l and to make 
the t h e s i s somewhat s e l f - c o n t a i n e d . 

The c h a p t e r is d i v i d e d in to two p a r t s , Section A a n d 
Section B. Section A contains- the b a s i c d e f i n i t i o n s for s e t s , 
t opo log ica l s p a c e s , d u a l s , e t c . Ex tens ive d i s c u s s i o n of most of 
t h i s m a t e r i a l c an be found in Luenbe rge r [ LU1 ] , Kingman a n d 
Tay lo r [ K1 J, Warga [ W3 ] a n d S u t h e r l a n d [ SU1 ] . Section B 
c o n t a i n s an i n t r o d u c t i o n to op t ima l cont ro l t heo ry and the 
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ex i s t ence of minimis ing s o l u t i o n s . Necessa ry cond i t i ons of 
o p t i m a l i t y for the problems c o n s i d e r e d l a t e r in the t h e s i s a r e 
a l so p r e s e n t e d . These a r e e s s e n t i a l l y a d a p t a t i o n s of the r e s u l t s 
of Huang [ HU1 J to a form which i s a p p l i c a b l e h e r e . The 
ex i s t ence of minimis ing so lu t ions is g u a r a n t e e d by c o n s i d e r i n g 
so lu t ions which a r e r e l a x e d con t ro l s - see Warga [ W3 ] a n d 
Young [ Y1 ]. 

Section A 
A1. Sets a n d Func t ions 

We denote se t s ( a l so c a l l e d co l l ec t ions , f a m i l i e s a n d 
c l a s s e s ) by c a p i t a l l e t t e r s ( L a t i n , s c r i p t or Greek) a n d the 
empty set by 0 . x € A s i g n i f i e s t h a t x i s a member (synonomously 
e lement , po in t ) of the set A, i . e . A c o n t a i n s x . If the set A is 
de f i ned to be a l l members of the set A h a v i n g a c e r t a i n p r o p e r t y 
P ( x ) , then we wr i t e 

A = ( x € A : P (x ) > 

We a l so wr i t e , x 2 } for the set wi th e lements 
X i , x 2 , or as ( x . J or { x : i € IN > where IN = {1 ,2 ,3 , > 
is the set of a l l pos i t i ve i n t e g e r s (or some i n d e x i n g s e t ) . At 
l i t t l e r i s k of a m b i g u i t y sequences of po in t s x n x 2 , in a set 
B a r e a l so denoted { x ^ or o r a s " a n i n f i n i t e sequence 
{x . } € B" with each x . g B . 1 l 

Given two se ts A and B, then 

(i) the union of A and B, w r i t t e n A U B, compr ises of 
a l l e lements in A or B 
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( i i ) the i n t e r s e c t i o n of A a n d B, w r i t t e n A O B, compr ises 
of a l l e lements in A a n d B 

( i i i ) the d i f f e r e n c e of A a n d B, w r i t t e n A \ B , compr ises of 
a l l e lements in A not in B, s i m i l a r l y the d i f f e r e n c e 
of B a n d A, w r i t t e n B \ A, compr ises of a l l e lements 
in B not in A 

The concept of un ion and i n t e r s e c t i o n g e n e r a l i z e s to a p p l y 
to f a m i l i e s of se t s {A.- >. Here U An- (or U A.- for sho r t ) is 

1
 IE IN i 1 

the set of a l l po in t s l y i n g in a t l e a s t one member of the fami ly 
* a n d O ^ A^ (or O A^ ) i s the set of p o i n t s l y i n g in 

eve ry A^ . A f ami ly of se t s { A^ > h a s the f i n i t e i n t e r s e c t i o n 
p r o p e r t y if g iven a n y f i n i t e subse t M of the index set IN , then 
i M ^ i n o n ~ e m P t y ' Sets with empty i n t e r s e c t i o n a r e c a l l e d 
d i s j o i n t . 

A is a subse t of A if each member of the set A is a l so a 
member of the set A , symbol i ca l ly we wr i t e t h i s as A C A . If A 
and A a r e not the same, we say A i s a s t r i c t subse t of A . A 
set is c a l l e d c o u n t a b l e if i t c an be put in to a one- to -one 
c o r r e s p o n d e n c e wi th the set of pos i t i ve i n t e g e r s . 

Let A, B be two s e t s . Then a f u n c t i o n ( a l t e r n a t i v e l y c a l l e d 
map , m a p p i n g , o p e r a t o r , t r a n s f o r m a t i o n ) f :A—"B (or s imply f 
when A a n d B a r e unde r s tood ) i s a r u l e which a s s i g n s to any 
element x € A an element f ( x ) € B . If the element b € B is a s s i g n e d 
to the element a £ A, we say t h a t b i s the image of a u n d e r f 
(or f t a k e s the v a l u e b a t a ) , and wr i t e b = f ( a ) . If DC A, then 
f (D), d e f i n e d by 

f (D) = { b € B : b = f ( d ) for some d € D } 
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i s c a l l e d the image of the set D ( u n d e r f ) . If E C B, t hen f " (E) , 
d e f i n e d by 

f " *(E) = 1 a € A : f ( a ) S E 1 

i s c a l l e d the p r e - i m a g e of the set E ( u n d e r f ) . A i s c a l l e d the 
domain of f a n d B i s c a l l e d the co-domain of f . The set 
lb € B : b = f ( a ) for some a € A > is c a l l e d the r a n g e of the map 
f ( w r i t t e n R ( f ) ) . In the ca se when R(f) co inc ides wi th the co-
domain of f , we say t h a t f maps A onto B (or b r i e f l y t h a t f i s 
o n t o ) . The f u n c t i o n f i s one - to -one , if for each po in t b € R ( f ) the 
set f ~ Mb) c o n t a i n s only one p o i n t . In t h i s c a s e , the o p e r a t i o n 
f ~ 1 ( . ) de f ine s a f u n c t i o n from R(f) onto A. This f unc t i on i s 
c a l l e d the i n v e r s e of f . 

Suppose a g a i n t h a t A, B a r e se t s and D C A. Let f be a 
f u n c t i o n from A onto B and le t g be a func t ion from D onto B. In 
the c a s e when d € D impl ies f ( d ) = g ( d ) , we say t h a t g is the 
r e s t r i c t i o n of f to D. Conver se ly , we say f i s an ex t ens ion of g 
to A. 

A2. Real Numbers 
If a and b a r e r e a l numbers with b g r e a t e r t h a n a 

( w r i t t e n b > a , or a l e s s t h a n b which we wr i t e a s a < b ) , t hen 
E a , b ] denotes the set of r e a l numbers x s a t i s f y i n g a < x < b . A 
r o u n d b r a c k e t denotes s t r i c t i n e q u a l i t y in the d e f i n i t i o n . Hence 
( a , b ] denotes a l l x wi th a < x < b . 

Let S be a set of r e a l numbers bounded from above , t hen 
t h e r e is an x 0 6 S which s a t i s f i e s x 0 > x for a l l x € S. The number 
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x 0 i s c a l l e d the supremum of S a n d i s denoted sup i x : x e S> or 
s u p {x >. If S is not bounded from above we wr i t e s u p {x> = 0 0 . 
x e s x e s 
Simi l a r l y if S is bounded from below we s ay x* = inf { x I or 

x e s 
x* = inf { x : x £ S >. 

Let { x | 1 be an i n f i n i t e sequence of r e a l n u m b e r s . Then we 
/V 00 ^ 

s a y t h a t x is the l imi t s u p e r i o r of I x^ a n c * wr i t e x = 
lim sup {Xj } i f , g i v e n any e > 0, 

( i ) t h e r e e x i s t s some p o s i t i v e i n t e g e r i such t h a t for 
a l l i > i „ , x ^ < x+ e; 

( i i ) for any p o s i t i v e i n t e g e r j 0 , x ^ > x - e for some i > j 0 

(JO x is the l imi t i n f e r i o r of ( x i 1 . , w r i t t e n x = 
1 1= o 

A lim inf { x . } if x = - l im sup I - x . > . If lim inf { x . > = 1 r 1 1 
lim sup (x . } = x * , we s ay x* is the l imi t of ( x . } a n d wr i t e r 1 J 1 1=0 
x* = lim ( x . > . 

1 

We denote by IR the r e a l l ine = ( - » , » ) a n d by | R + the 
ex t ended r e a l l ine = [ - ® , 0 9 ]. 

A3. Vector Spaces 
A vec tor space X is a set of e lements c a l l e d vec to r s (one of 

which is the n u l l element 0) and two o p e r a t i o n s , namely a d d i t i o n 
and m u l t i p l i c a t i o n by a r e a l s c a l a r . The set X a n d these two 
o p e r a t i o n s a r e assumed to s a t i s f y a number of ax ions which e n s u r e 
t h a t vec tor spaces posses s many of the f e a t u r e s of e l emen ta ry 
vec tor a l g e b r a (see for example L u e n b e r g e r [LU1 ] ) . 
[Note: we s h a l l only be concerned wi th vector s p a c e s de f i ned on 
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the f i e l d of r e a l n u m b e r s . ] 
A s u b s p a c e S of X i s a s u b s e t of X c losed u n d e r a d d i t i o n 

a n d s c a l a r m u l t i p l i c a t i o n , i . e . if x , y E S then a x + 8 y € S for a n y 
r e a l numbers a , e. 

If M,N a r e s u b s p a c e s of X, we de f ine the sum of M a n d N 
to be 

M+N = ( x € X : x = m+n, some m £ M, some n S N > 

S imi l a r ly we de f ine the d i f f e r e n c e of M a n d N by 

M-N = ( x E X : x = m-n , some m E M , some n £ N } 

A l i n e a r . v a r i e t y V in X is d e f i n e d to be a s u b s e t of X 
which can be e x p r e s s e d as V = x 0 + M , where x 0 i s some f i x e d 
element in X and M is a s u b s p a c e of X. If V then we say V 
is a s t r i c t l i n e a r v a r i e t y . 

A set K in X i s s a i d to be convex if for a l l x t , x 2 € K, we 
have t h a t a l l p o i n t s of the form x = otx J + ( l - o ) x for a l l 
a E [ 0 , 1 ] a r e in K. 

Let S be an a r b i t r a r y set in X. The convex h u l l of S, 
denoted co(S) , i s the smal l e s t convex s u b s e t in X c o n t a i n i n g S. 

Let X,Y be two vec tor s p a c e s . We say X a n d Y a r e 
i somorphic if t h e r e e x i s t s a l i n e a r o p e r a t o r T wi th domain X, 
r a n g e a l l of Y, a n d for which the i n v e r s e T - 1 e x i s t s (a map 
f:X—"Y is l i n e a r if for any r e a l cq, a 2 a n d X i , x 2 E X we h a v e 

f ( a ^ + ct 2 x 2 ) = a l f ( x x ) + a 2 f ( x 2 )) 
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A4. Topologica l Spaces 
A col lec t ion ^ J o f s u b s e t s of a set X i s a topology in X if 

(i) 

( i i ) the union of a n y number of se t s in belongs to ^ f 
( i i i ) t h e i n t e r s e c t i o n of a f i n i t e number of se t s in ^ f 

be longs to 

The couple ( X , ^ " ) is c a l l e d a topo log ica l s p a c e . A topology 
i s weake r t h a n a topology (or i s s t r o n g e r t h a n ^ f x ) 

if C W x . 

A common method of d e f i n i n g a topology on a set X i s by 
means of a " b a s e " . If 

i s a co l lec t ion of s u b s e t s of X, then 
t h e r e e x i s t s a u n i q u e topology i n X c o n t a i n i n g ty/and 
w e a k e r t h a n a n y o ther topology c o n t a i n i n g 
c o n s t r u c t e d by f i r s t forming 

d e f i n e d as fo l lows: f l t y ) - { Q K A . : K£ IN , A C ^ 
j J J 

a n d t hen d e f i n i n g a s the set of the un ions of a l l s u b -
co l l ec t ions of In t h i s c a s e is c a l l e d a s u b b a s e of 

( f y / ) a n d a b a s e of a topology i s a n y col lec t ion  / Vf/C such. 

t h a t eve ry element of ^ f is a un ion of some subco l l ec t ion of y 
( t h u s 

is a b a s e of 
Elements of a topology a r e the open sets of a topo log ica l 

space (X, ^ f ) ' Any open set c o n t a i n i n g a po in t x £ X i s a 
ne ighbourhood of x . A subse t Y of X is termed c losed if i t s 
complement ( i . e . X \Y) is open . 

Given a subse t Y of X: 
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( i) the c losu re of Y, w r i t t e n 7 , i s d e f i n e d to be the 
i n t e r s e c t i o n of a l l c losed se t s c o n t a i n i n g Y 

( i i ) the i n t e r i o r of Y, w r i t t e n in t Y, is d e f i n e d to be the 
un ion of a l l open se t s c o n t a i n e d in Y 

( i i i ) the b o u n d a r y of Y, w r i t t e n 8Y, i s d e f i n e d to be 
Y \ i n t Y 

Y is a dense subse t of X if Y C X C Y. A topo log ica l space 
(X, is s e p a r a b l e if X c o n t a i n s a f i n i t e or c o u n t a b l e dense 
s u b s e t . 

We now i n t r o d u c e the impor t an t concept of compac tness , bu t 
be fore doing so we g ive a p r e l i m i n a r y d e f i n i t i o n : 

In a topo log ica l space a subco l lec t ion of ^ j f i s 
an open cove r ing of a set B C X if B C^ U ^ V. I f ^ ^ C ^ ^ a n d 
both tyifi a n d fyfy a r e both open c o v e r i n g s of a set B, then i s 
a s u b c o v e r i n g of W . 

Defin i t ion 
A set B C X is compact if eve ry open cove r ing B h a s a 

f i n i t e s u b c o v e r i n g . 
Now suppose t h a t f i s a f u n c t i o n from X in to Y, where X 

and Y both h a v e topologies de f ined on them. We s a y t h a t f i s 
con t inuous a t the po in t x 0 G.X if for each ne ighbourhood V of 
f ( x 0 ) t h e r e e x i s t s a ne ighbourhood U of x 0 such t h a t f(U) C V. We 
say t h a t f is con t inuous if i t is con t inuous a t a l l po in t s x £ X . 

Let {x^ } be a sequence of e lements in X. We say t h a t the 
sequence conve rges to a l imit x* i f , g iven a n y ne ighbourhood P of 
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x* t h e r e e x i s t s some i n t e g e r i 0 such t h a t P f ° r a H i - i 0 

( for a g iven sequence x* may not be u n i q u e ) . 
F i n a l l y we mention t h r e e i m p o r t a n t c l a s s e s of topo log ica l 

s p a c e s : 

1. A Hausdorf f space is a topo log ica l s p a c e with the 
p r o p e r t y t h a t , g iven a n y d i s t i n c t po in t s X i , x 2 in the 
s p a c e , t h e r e ex i s t d i s j o i n t ne ighbou rhoods U i , U 2 of 
x x , x 2 r e s p e c t i v e l y (hence c o n v e r g i n g sequences in 
Hausdorf f s p a c e s have u n i q u e l i m i t s ) . 

with a Hausdorf f topology such t h a t the f u n c t i o n s 
( x , y ) —"x+y : XxX—"X a n d ( a , x ) — • a x : IRxX—"X a r e 
con t inuous 

3. A l o c a l l y convex space i s a topo log ica l space whose 
topology is g e n e r a t e d by a b a s e composed of convex se ts 

A.5 Normed L i n e a r Spaces 
A normed l i n e a r space is a vec tor space X toge the r wi th an 

o p e r a t o r c a l l e d a norm. The norm is a r e a l - v a l u e d func t i on on 
the l i n e a r space a n d we denote i t s v a l u e a t the po in t x by 
II x | | . The norm is assumed to s a t i s f y the fol lowing ax ioms: 

( i i ) II x+y || < || x | | + | | y | | for a l l x , y e X ( the t r i a n g l e 
i n e q u a l i t y ) 

( i i i ) || c t x || = I a I II x || for a l l s c a l a r s a , x e X . 

2. A topo log ica l vector space a vec tor space 

( i ) || x || > 0 for a l l x £ X , || x || = 0 iff x = 0 
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[ Note we h a v e only c o n s i d e r e d r e a l normed l i n e a r s p a c e s 1 

The set B (x , a ) = { y £ X : || x - y 11 < a } is an open b a l l wi th 
C A 

c e n t r e x a n d r a d i u s a , wi th a > o, a n d the set B ( x , a ) = { y £ X : 
II x - y II <. a > i s a c losed b a l l wi th cen t r e x a n d r a d i u s a , wi th 
a > o . The topology on X g e n e r a t e d by the b a s e c o n s i s t i n g of a l l 
open b a l l s in X i s the u s u a l topology on a normed vec tor s p a c e . 
To d i s t i n g u i s h i t from o ther topologies on X i t i s c a l l e d the 
s t r o n g topo logy . Other topologies which a r e of i n t e r e s t a r e the 
weak topology a n d the weak" topo logy , see L u e n b e r g e r [ LU1 ] or 
Warga [ W3 ] . 

Unless o the rwi se s t a t e d we assume for the r e m a i n d e r of 
t h i s sec t ion t h a t X is e q u i p p e d wi th i t s s t rong topo logy . 

I t i s t h u s c l e a r t h a t a set A in X i s open if for e a c h 
x £ A t h e r e e x i s t s some open s p h e r e S wi th x £ Sc A; and a l so if 
x l £ X i s d i s j o i n t from a c losed s u b s e t Ax c X, t h e r e e x i s t s some 
open s p h e r e S r d i s j o i n t from A l f wi th x x £ S . 

A v e r y conven ien t f e a t u r e of normed l i n e a r spaces i s 
t h a t many of the topo log ica l p r o p e r t i e s i n t r o d u c e d in sect ion A4 
c a n be e q u i v a l e n t l y e x p r e s s e d in terms of s e q u e n c e s . Let t ing X 
a n d Y be normed l i n e a r spaces we h a v e : 

a . A po in t x l i e s in the c losu re of a s u b s e t S of X if 
t h e r e e x i s t s some sequence in S c o n v e r g i n g to the 
l imi t x 

b . The f u n c t i o n f : X -
c o n v e r g e n t sequence 

lim {f(x . )} = f ( x * ) 
i _w co 1 

* Y is con t inuous if for eve ry 
{ x . }, 1 

where x - = lim {x. } 
i-yoo i 
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c . A set S in X is compact iff eve ry sequence in S 
c o n t a i n s a s u b s e q u e n c e c o n v e r g i n g to some po in t in S, 
i . e . if we h a v e an i n f i n i t e sequence {x^ } in S, t h e n 
t h e r e e x i s t s a s u b s e q u e n c e i n d e x e d by K c { 1 , 2 , 3 , . . . } 
a n d an x*E S such t h a t lim ( x . 1 = x* 

t -+-0O 1 i<=K 
We denote t h i s a s x . "x* 

l 

A f u n c t i o n f : X * IR i s u p p e r semicont inuous a t x* if 
lim sup f ( x ) = f ( x * ) a n d lower semicont inuous a t x* if x "X-
lim inf f ( x ) = f ( x * ) . We s a y t h a t f i s u p p e r semicon t inuous x >x* 
(lower semicon t inuous ) if i t is u p p e r semicont inuous ( lower 
semicon t inuous) a t x* for e v e r y x* E X. f is con t inuous if i t is 
both u p p e r a n d lower semicon t inuous . 

If X is any set, Y a normed linear space, f^:X—• Y, i E IN , 

a n d f : X "Y, then lim f . ( . ) = f ( . ) un i fo rmly o r , 
i 1 

e q u i v a l e n t l y lim L (x) = f ( x ) un i fo rmly for x £ X, if for e v e r y 
e > 0 t h e r e e x i s t s an i n t e g e r i ( e ) E IN such t h a t || h (x) -
f ( x ) || <e for a l l x £ X a n d a l l i > i ( e ) . 

Two normed l i n e a r s p a c e s X,Y a r e termed i s o m e t r i c a l l y 
i somorphic if t h e r e e x i s t s a one- to -one t r a n s f o r m a t i o n T : X—>-Y 
onto Y such t h a t | |Tx || = | | x | | . 

A6. Produc t Spaces 
Let Xj , X 2 be s e t s . Then the p roduc t set X : x X 2 i s d e f i n e d 

to be the set of a l l o r d e r e d p a i r s (x l , x 2 ) where E X , 
x2E X 2 . When X l ,X z a r e topo log ica l s p a c e s , t h e r e is a s t a n d a r d 
way of assignirg a topology to X l xX 2 : 
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Let be "the f ami ly of a l l s u b s e t s of X 1 x X 2 of the form 
T x x T 2 where T x , T 2 a r e open s e t s in X t , X 2 r e s p e c t i v e l y , t hen 
t a k e to be the topology g e n e r a t e d by . is c a l l e d the 
p r o d u c t topology on X ^ X 2 . 

When X x a n d X 2 a r e normed l i n e a r spaces then the p r o d u c t 
s p a c e X = X x x X 2 wi th the norm d e f i n e d by 11 (x l , x 2 ) || = || x x 11 + | | x 2 l l 
i s a l so a normed l i n e a r s p a c e . 

The p r o d u c t s p a c e s X = X t xX 2 x . . . . xX^ of the n topo log ica l 
vec to r (normed) s p a c e s as wel l a s the p roduc t topology (norm) 
on X a r e de f i ned in an a n a l o g u s m a n n e r . 

A7 • Banach Spaces 
To s t a t e the d e f i n i t i o n of a Banach space we need to 

i n t r o d u c e Cauchy s equences . A sequence { x ^ } in a normed 
l i n e a r space X i s c a l l e d a Cauchy sequence if 

||x^ - Xj || • 0 a s i , j • 0 0 , i . e . g iven a n y 
e > 0, t he re e x i s t s an i n t e g e r i 0 such t h a t || x^ - x^ || < e for 
a l l i , j > i 0 . Then we say t h a t a normed l i n e a r space X i s 
complete if eve ry Cauchy sequence {x ^} in X conve rges to a 
l imi t in X. A Banach space is d e f i n e d to be a complete normed 
l i n e a r s p a c e . 

I t is shown in S u t h e r l a n d [ SU1 ] t h a t not a l l normed l i n e a r 
s p a c e s a r e complete . Some examples of Banach s p a c e s which we 
s h a l l be u s ing a r e : 

1. The space C [ T ; IR ] of r e a l con t inuous f u n c t i o n s on 
the interval T= [ 0 ,1 ] t o g e t h e r with the norm, 
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II x II = s u p I X(t) I 0< t <1 
2. The space l p , l<p< « 

The s p a c e l p , 1 < p <» c o n s i s t s of a l l s equences of 
s c a l a r s l a x , a 2 , . . . . > for which 

F | a. I p < -i= 1 i 
t oge the r wi th the norm of an element x = {a^ } in 
be ing d e f i n e d by 

V 
0 0 -n ' p 

II X II P . U , ^ I P > 

The space 1 cons i s t s of bounded sequences with the 
norm of an element x = { a . } 6 l o b e i n g de f ined by 

|| x 11^= es sen t i a l^ supremum | a^ | 

= ess^ sup I | 

3 . The space Lp [ 0 , 1 ] , l<p<°°, (or Lp) where Lp, l<p< « 
c o n s i s t s of the space of f u n c t i o n s x on [ 0 ,1 ] for 
which | x ( t ) | is Lebesgue i n t e g r a b l e a n d the norm is 
de f i ned by 

v 

II x || p = { U x ( t ) | p d t } P 

The space L^ [ 0 , 1 ] i s the space of a l l Lebesgue 
m e a s u r a b l e f u n c t i o n s on [ 0 , 1 ] which a r e bounded 
except on a set of measu re zero , and the norm of an 
element x ( t ) e L is de f i ned as 

CO 

|| x || = ess sup | x ( t ) | 
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A8. M e a s u r e s , M e a s u r a b l e Func t ions a n d I n t e g r a l s 
To de f ine a measu re on an a r b i t r a r y set S we need to 

i n t r o d u c e a - f i e l d s . A f ami ly Z of s u b s e t s of S i s a a - f i e l d (or 
a l g e b r a ) if 

( i ) the empty set 0cX 
( i i ) AC I ^ i t s complement in S, i . e . SNA (denoted 

A C ) c I 
00 

Hi) A.C I , i = l , 2 , 3 , impl ies V A.C I and 

A A i <= 2 

A measure on S is then a f u n c t i o n y:Z—" IR+ s a t i s f y i n g : 

a. y ( 0 )= 0 
00 OO 

b. viSJ^ A^) = ^ y (A^) whenever A ^ C Z and A^ is 

d i s j o i n t from Â  for i=£ j 

We r e f e r to the couple (S, Z ) a s a m e a s u r a b l e space and 
to the t r i p l e (S, Z , y ) a s a measu re space (or j u s t S as a 
measu re space if Z a n d y a r e u n d e r s t o o d ) . 

If y (S) = 1 then y is c a l l e d a p r o b a b i l i t y m e a s u r e . A 
measu re y: Z— • IR+ i s s u p p o r t e d on A (or h a s i t s s u p p o r t in A) 
if y(B) = 0 whenever A Pi B = 0 for a l l B C I . 

Let (S, Z ), (T, A ) be m e a s u r a b l e s p a c e s . Then a f u n c t i o n 
f : S — T is m e a s u r a b l e if f " ' ( A ) c Z for a l l A C A. 

We can a s s o c i a t e wi th a m e a s u r a b l e func t ion f , a r e a l 
n u m b e r , the i n t e g r a l of f over S, w r i t t e n 

S f dy 
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The v a l u e s ± « a r e a l lowed for the i n t e g r a l . The f u n c t i o n s 
g for which / | g | du <« a r e c a l l e d i n t e g r a b l e . We s h a l l be 
u s i n g Lebesgue i n t e g r a l s where the i n t e g r a t i o n i s t a k e n wi th 
r e s p e c t to the Lebesgue measure on the r e a l l i n e . 

Due to the l a ck of space t h i s sec t ion is v e r y b r ie f i ndeed 
a n d many r e s u l t s which we use in the main t ex t a r e omi t ted . For 
a more f u l l e r d i s c u s s i o n see Kingman a n d Tay lo r [ K1 ] , Royden 
[ R01 ], Rudin [RU1 ] , Warga [W3 ]. 

A9. Hi lber t Spaces 
With the aim to de f ine a Hi lber t space we f i r s t g ive a 

d e f i n i t i o n of a p r e - H i l b e r t s p a c e , which is a l i n e a r vector space 
X toge the r with an o p e r a t i o n c a l l e d an i n n e r p r o d u c t . The i n n e r 
p r o d u c t is a f u n c t i o n from XxX in to the r e a l l i n e , whose v a l u e 
a t (x x , x ) for x x , x S X, w r i t t e n as < x l , x > , s a t i s f i e s the 
fo l lowing axioms: 

(i) < x x , x 2 > = < x 2 , x x > 
( i i ) < x 1 + x 2 , x 3 > = < x t , x 3 > + < x 2 , x 3 > for a l l x 3 € X 
( i i i ) < o x , , x 2 > = a < x 2 , x 2 > for a l l a r e a l 
( iv) <x ,x > > 0 a n d <x t , x t > = 0 iff x i = 0. 

[ Note we only cons ide r r e a l l i n e a r vector s p a c e s . ] 

y 2 

Since the r e a l - v a l u e d f u n c t i o n < x , x > on X h a s the 
p r o p e r t i e s ( i ) - ( i i i ) in sect ion A5, i t is c a l l e d the i nduced norm 
on X and is w r i t t e n || x || . We can de f ine open s p h e r e s , s t rong 
topo log ies , Cauchy sequences , e t c . in terms of t h i s norm. 

A Hilber t space is a complete p r e - H i l b e r t s p a c e . Hence a 
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Hilber t space is a Banach space e q u i p p e d with an i n n e r p r o d u c t 
which i n d u c e s the norm. IR , 1 , L [ 0 , 1 ] a r e a l l Hi lbe r t 
s p a c e s . 

A10. Dual Spaces a n d H y p e r p l a n e s 
Let X be a normed l i n e a r s p a c e . Then the space of a l l 

bounded l i n e a r f u n c t i o n a l s on X i s c a l l e d the normed d u a l of X 
a n d is denoted by X*. If x * € X* then we r e p r e s e n t i t s v a l u e a t 
x E X by < x , x * > and the norm of || x* || i s de f i ned by 
II x * || = sup < x , x * > 

II x || <1 

Thus X* i s a l so a normed l i n e a r s p a c e . 
Some common d u a l s a r e 

(a ) IR ( the n - d i m e n s i o n a l Euch idean space ) i s i t s own 
d u a l 

(b) The d u a l of 1 , 1 < p < » i s 1 where X / P + 1 / ( 1 = 1, 
if p = 1 t a k e q = °° 

(c) The d u a l of L , 1 < p < a o i s L^ where a g a i n ^ + ^ c l = 
1 

(d) By the Riesz Represen ta t i on Theorem it i s pos s ib l e to 
deduce t h a t the d u a l of C [ T; IR] is the space of 
f u n c t i o n s on [ 0 , 1 ] of bounded v a r i a t i o n . However, 
to get a u n i q u e r e p r e s e n t a t i o n of the d u a l we d e f i n e 
the normal ized space of f u n c t i o n s of bounded 
v a r i a t i o n , denoted NBV [ T; IR ] , which cons i s t s of a l l 
f u n c t i o n s of bounded v a r i a t i o n on [ 0 , 1 ] which 
v a n i s h a t t = 0 a n d which a r e con t inuous from the 

25 



r i g h t on ( 0 , 1 ) . The norm of an element v in t h i s 
space i s | |v || = Tota l V a r i a t i o n ( v ( t ) ) 

= T.V. (v) 
(e) The d u a l of any Hi lber t space i s i t s e l f . 

Due to the l a c k of space we canno t go in to more d e t a i l 
abou t d u a l s p a c e s bu t the i n t e r e s t e d r e a d e r may consu l t the 
fo l lowing r e f e r e n c e s for f u r t h e r i n f o r m a t i o n , Warga [ W3 ] , 
Dunford and Schwar tz [ DU1 ] , L u e n b e r g e r [ LU1 ] . We however 
s t a t e two d e f i n i t i o n s : 

A vec tor x * € X* i s s a i d to be a l i g n e d with a vec tor x £ X 
if < x , x * > = | | x * || II x || a n d the vec tor x 6 X and x*€L X* a r e 
o r t h o g o n a l if <x ,x*> = 0 a n d x * , x a r e non zero . 

We now t u r n to the not ion of h y p e r p l a n e s . A h y p e r p l a n e H 
in a l i n e a r vec tor space X is a s t r i c t l i n e a r v a r i e t y wi th the 
p r o p e r t y t h a t if V is any l i n e a r v a r i e t y c o n t a i n i n g H, then 
e i t h e r V = X or V = H. It c an be shown (see Luenbe rge r 
[ LU1 ] ) t h a t the subse t H of a t opo log ica l vector space X is a 
c losed h y p e r p l a n e iff 

H = {x: < x , x * > = c } for some non-ze ro x*G X* a n d some 
r e a l c . In t h i s ca se x* is c a l l e d the normal of the h y p e r p l a n e 
H. I t i s obvious from t h i s t h a t t h e r e is a u n i q u e c o r r e s p o n d -
ence between e lements in X* a n d c losed h y p e r p l a n e s in X. 

The se ts 

( i) I x : < x , x * > <c } ; ( i i ) { x : < x , x * > > c } 
( i i i ) { x : <x, x* > < c > ; ( iv ) { x : < x , x * >> c > 
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a r e the ha l f spaces g e n e r a t e d by the h y p e r p l a n e H. The se t s (i) 
and ( i i ) a r e open and ( i i i ) a n d ( iv) a r e c losed , ( i i i ) a n d ( iv) 
a r e c a l l e d complementary closed ha l f spaces de te rmined by H. 

We now i n t r o d u c e a geometr ic concept of a h y p e r p l a n e 
s e p a r a t i n g two d i s j o i n t nonempty convex s e t s . F i r s t , however , 
we g i v e a d e f i n i t i o n : 

A closed h y p e r p l a n e H in a normed space X is s a i d to be a 
s u p p o r t for a convex set K if K is c o n t a i n e d in one of the 
c losed ha l f s p a c e s de te rmined by H, a n d H c o n t a i n s a poin t of 
K. 

E ide lhe i t S e p a r a t i o n Theorem 
Let K ! a n d K 2 be two convex se t s in X such t h a t Kx h a s 

i n t e r i o r po in t s a n d K 2 c o n t a i n s no i n t e r i o r poin t of K t . Then 
t h e r e e x i s t s a c losed h y p e r p l a n e H s e p a r a t i n g Ki a n d K 2 , i . e . 
t h e r e e x i s t s an x * £ X* such t h a t 

sup < x , x * > < inf < x ,X" > 
x £ K 4 x £ K z 

This is an i m p o r t a n t r e s u l t which is used t h r o u g h o u t the 
f i e l d s of op t imiza t ion and op t imal con t ro l t heo ry to o b t a i n 
n e c e s s a r y cond i t i ons of o p t i m a l i t y . 

Section B 

B1. Opt imiza t ion 
The concept of op t imiza t ion is well e s t a b l i s h e d a s a 

methodology in the s tudy of many complex decis ion or a l l o c a t i o n 
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prob lems . For example when t a c k l i n g a d i f f i c u l t dec i s ion 
p rob lem, which invo lves se lec t ing s e v e r a l i n t e r r e l a t e d v a r i a b l e s , 
a sound m a t h e m a t i c a l p r i n c i p l e fo r a n a l y s i n g a n d de t e rmin ing 
i t s so lu t ion is o b t a i n e d by u s i n g op t imiza t ion t e c h n i q u e s . These 
i n v o l v e f o r m u l a t i n g the problem u n d e r s t u d y in to a m a t h e m a t i c a l 
s e t t i n g . A s i n g l e ob j ec t i ve f u n c t i o n is c o n s t r u c t e d to g ive a 
measu re of the p e r f o r m a n c e d e p e n d i n g on a p a r t i c u l a r dec i s ion . 
To ach i eve o p t i m a l i t y t h i s o b j e c t i v e f u n c t i o i n i s maximised (or 
minimised d e p e n d i n g on the f o r m u l a t i o n ) s u b j e c t to c e r t a i n 
c o n s t r a i n t s which r e s t r i c t the dec i s ion making p r o c e s s . 

Throughout t h i s t h e s i s we wi l l assume t h a t the problems 
u n d e r s t udy h a v e been fo rmu la t ed in to a ma thema t i ca l model and 
i t i s these models wi th which we concern o u r s e l v e s . 

A v a s t amount of l i t e r a t u r e in the g e n e r a l f i e l d of o p t i m i z a -
t ion is a v a i l a b l e bu t the fo l lowing a r e of p a r t i c u l a r s i g n i f i c a n c e , 
[ BL1 ] , [ C I ] , [ Dl l ] , [ F1 ], [ HE1 ], [ HES1 ], [ HES2 ] , [ HU1 ], 
[ 1 1 ] , [ J1 ], [ L E I ] , [ L l l ], [ LU1 ], [ LU2 ], [ M l ] , [ N1 ] , [ N2 ], 
[ N4- ], [ P I ], [ PSH2 ], [ W3 ], [ Y1 ]. Due to the s h o r t a g e of space 
we c a n n o t go in to the d e t a i l s of the many d i f f e r e n t methods of 
a c h i e v i n g o p t i m a l i t y bu t the i n t e r e s t e d r e a d e r may consu l t the 
above r e f e r e n c e s which cover the a r e a qu i t e c o m p r e h e n s i v e l y . We 
only s t a t e some of the r e s u l t s which a r e qu i t e s t a n d a r d and 
which we s h a l l be r e q u i r i n g in the r e m a i n d e r of the t h e s i s . 

F i r s t we c o n s i d e r f i n i t e d i m e n s i o n a l problems (where the 
op t imiza t ion is pe r fo rmed over a f i n i t e d imens iona l space ) even 
t hough most of t h i s t h e s i s c o n s i d e r s the i n f i n i t e d imens iona l case 
(commonly r e f e r r e d to as the c a l c u l u s of v a r i a t i o n s ) . These 
p rob lems a r e not only of g r e a t i n t e r e s t in themse lves , bu t they 
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a f f o r d an exce l l en t i n t r o d u c t i o n to more compl ica ted s i t u a t i o n s 
t h a t a r i s e when the d imension is i n f i n i t e . 

Cons ider the problem of min imis ing a func t i on f d e f i n e d on 
an open set D C 1R ( t h i s i s known as an u n c o n s t r a i n e d o p t i m i z a -
t ion p r o b l e m ) . A poin t x * e D is a so lu t ion if 

f ( x * ) < f ( x ) fo r a l l x € D. 

Now c o n s i d e r a more g e n e r a l p rob lem: 

Problem 1: Min f ( x ) 
s . t g . (x) < 0 i = 1 ,2 , ,m 

h . (x) =0 j = 1 ,2 , ,r 

for f , g^ ' s , h . ' s a l l de f ined on D C I R n for a l l i , j . This is 
r e f e r r e d to as a c o n s t r a i n e d op t imiza t ion problem wi th the g^ ' s 
b e i n g c a l l e d the i n e q u a l i t y c o n s t r a i n t s a n d h . ' s the e q u a l i t y 
c o n s t r a i n t s . If a l l f , g . ' s , hu ' s a r e l i n e a r , Problem 1 is known 
a s a l i n e a r p rogramming problem a n d if a n y of the f u n c t i o n s is 
n o n l i n e a r i t i s r e f e r r e d to as a n o n l i n e a r p rogramming prob lem. 
Other te rms such as convex , concave , q u a d r a t i c , e t c . a l so e x i s t 
if the f u n c t i o n s h a v e these p r o p e r t i e s . 

We de f ine the L a g r a n g i a n (x,X , a ) a s s o c i a t e d with 
Problem 1 by 

m r 
^ ( x , X , a ) £ f ( x ) + ^ g ^ x ) + a . h . (x) 

where X = ( X i , X 2 , . . . . , X ) and a = ( a ^ a 2 , a r ) . This 
f u n c t i o n p l a y s a v e r y impor t an t ro le in op t imiza t ion theory as 
shown in most of the a r t i c l e s c i t ed above . We s t a t e a few 
r e s u l t s from F iacco and McCormick [F1 ] a p p l i c a b l e to Problem 1: 
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B2. F i r s t Order Necessa ry Condi t ions 
If the problem f u n c t i o n s a r e once d i f f e r e n t i a b l e on D a n d 

x * € D , t hen the f i r s t o rde r n e c e s s a r y cond i t ions for x* to be 
a loca l minimum of Problem 1 a r e t h a t t he re e x i s t numbers 

a* ( c a l l e d L a g r a n g e m u l t i p l i e r s , m u l t i p l i e r s , Green 
f u n c t i o n s , e t c . ) s a t i s f y i n g : 

( i) x > 0 fo r i = 1,2, ,m (1) 
( i i ) V j ^ ( x * , x * , a* ) = 0 (2) 
( i i i ) X g (x*) = 0 for i = 1 ,2 , ,m (3) 

where V •) denotes the d e r i v a t i v e of the L a g r a n g i a n w . r . t . 
t he x a rgumen t a n d X* = (Xx*, X2*, X m*), a* = (o^*, 

01
 2 '

 a
r "

) -

B2 is a " f i r s t - o r d e r " c h a r a c t e r i z a t i o n of l oca l minima in 
t h a t i t only i nvo lves the f i r s t o r d e r p a r t i a l d e r i v a t i v e s of the 
problem f u n c t i o n s . It does not t a k e in to account the c u r v a t u r e 
of the problem, t h i s be ing m e a s u r e d by the second p a r t i a l 
d e r i v a t i v e s . Thus B2 j u s t g ive s the cond i t ions which h a v e to be 
s a t i s f i e d by a po in t for i t to be a c a n d i d a t e for a loca l 
minimum, i t does not s ay x* is a loca l minimum. Condi t ions 
which s t a t e t h i s r e s u l t a r e of second o r d e r . 

B3. Second Order Necessa ry and Su f f i c i en t Condi t ions 
If the problem f u n c t i o n s a r e twice d i f f e r e n t i a b l e on D and 

x * € D, then the second o rde r n e c e s s a r y a n d s u f f i c i e n t cond i t ions 
for x* to be an i s o l a t e d loca l minimum of Problem 1 is t h a t 
t h e r e ex i s t mu l t i p l i e r s , i = l , 2 , ,m, a * f j = l , 2 , . . . . , r such 
t h a t (1 ) - (3 ) above hold and for eve ry non-ze ro vector y 



s a t i s f y i n g 

T ~ (a ) y v g ( X * ) = 0 for a l l i s I , where I is d e f i n e d a s 

I = (i:X * > 0, i = l , 2 , . . . ,m > 

T 

(b) y V g^(x*) > 0 for a l l i s I - I where I is d e f i n e d as 

1 = ( i : g i ( x * ) = 0, 1=1,2 } 

(c) y T V h . ( x * ) = 0 for j = l , 2 , , r we h a v e t h a t 
y

T v 2 ^ ( x * . x * i a * ) y > 0 

where V 2 ( • ) i s the second d e r i v a t i v e of the 
L a g r a n g i a n w . r . t . x 

For more i n f o r m a t i o n on f i n i t e d imens iona l op t imiza t i on , 
see F iacco and McCormick [F1 ], Hestenes [ HES2 ], M a n g a s a r i a n 
[Ml ]. 

B4. Optimal Control Theory 
We now t u r n to i n f i n i t e d imens iona l p rob lems . These a r i s e 

in s i t u a t i o n s where the dynamics of the system u n d e r c o n s i d e r a -
t ion h a v e to be a d d e d a s a c o n s t r a i n t in the form of a d i f f e r -
e n t i a l e q u a t i o n . This e q u a t i o n must be s a t i s f i e d for a l l time (in 
some i n t e r v a l of i n t e r e s t ) , and hence a r i s e s the above mentioned 
i n f i n i t e d imens iona l n a t u r e . The r e s p o n s e of the system depends 
on the evolu t ion of the s t a t e (which de f ines the i n t e r n a l 
b e h a v i o u r of the s y s t e m ) , and t h i s in t u r n d e p e n d s on the 
con t ro l v a r i a b l e (which is the i npu t to the sys tem) . The ob jec t ive 
f u n c t i o n may be a f u n c t i o n of the s t a t e or cont ro l or both and 
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h a s to be minimised (or maximised) s u b j e c t to the system 
dynamics p l u s any o ther c o n s t r a i n t s p r e s e n t in the problem. T h i s 
wi l l become c l e a r in the r e m a i n d e r of the t e x t . Throughou t t h i s 
t h e s i s the con t ro l f u n c t i o n wi l l be denoted by u ( . ) a n d the s t a t e 
by x ( . ) . The d imensions of u and x w i l l be IRm and IRn r e s p e c t s 
i v e l y . Also the time i n t e r v a l of i n t e r e s t T wi l l be [ 0 , 1 ] . 

The dynamics of the system may invo lve a l i n e a r or 
n o n l i n e a r r e l a t i o n s h i p between the s t a t e a n d con t ro l . The l i n e a r 
ve r s ion is commonly w r i t t e n as 

x ( t ) = Ax(t) + Bu( t ) for a . a . t £ T 
x(o) = x 

o 

where a . a . denotes almost a l l , a n d A c l R n x | R n and B c | R n x | R
m 

a r e m a t r i c e s which may a l so be time v a r y i n g . The n o n l i n e a r 
r e l a t i o n s h i p i s u s u a l l y w r i t t e n as 

x ( t) = f ( x ( t ) , u ( t ) , t ) for a . a . t e T 
x(o) = x 

o 

where f : IR x IR xT—• IR r i . We wil l c o n c e n t r a t e on the n o n l i n e a r 
c a s e . 

Cons ider a s imple op t ima l con t ro l problem of min imis ing 
/ * l ( x ( t ) , u ( t ) , t ) d t s u b j e c t to the above n o n l i n e a r d y n a m i c s . 
Problems of t h i s sor t h a v e been s t u d i e d e x t e n s i v e l y in the l i t e r a -
t u r e but e f f ec t i ve s u f f i c i e n t cond i t ions for op t ima l i t y h a v e a s yet 
not been o b t a i n e d except for a few s p e c i a l c l a s s e s of con t ro l 
problems ( q u a d r a t i c cost a n d l i n e a r d y n a m i c s ) . Necessa ry 
cond i t ions for op t ima l i t y (known as the Maximum P r i n c i p l e or 
Minimum P r i n c i p l e a c c o r d i n g to fo rmu la t i on ) were , however 



o b t a i n e d by P o n t r y a g i n a n d h i s a s s o c i a t e s B o l t a n s k i i , G a m k r e -
l i d z e a n d Mischenko (see P o n t r y a g i n et a l [ P0N1 ] ) o v e r twen ty 
y e a r s a g o . Many o the r Maximum P r i n c i p l e s h a v e a p p e a r e d over 
t h e y e a r s a d d r e s s i n g v a r i o u s p rob lems a n d mak ing v a r i o u s 
a s s u m p t i o n s . There a r e too many of t he se fo r us to s t a t e them a l l 
he r e b u t the b i b l i o g r a p h y a t t he end of t h e t h e s i s c o n t a i n s many 
such r e s u l t s , a n d the i n t e r e s t e d r e a d e r i s i n v i t e d to c o n s u l t 
them. We on ly p r e s e n t a few of t h e s e Maximum P r i n c i p l e s wh ich 
wi l l be of d i r e c t use to us in the r e m a i n d e r of t h i s t h e s i s . All 
of t h e s e r e s t r i c t a t t e n t i o n to sys tems which a r e g o v e r n e d by 
d i f f e r e n c e - d i f f e r e n t i a l e q u a t i o n s . We f i r s t c o n s i d e r the fo l lowing 
p r o b l e m : 

B5. Problem PI 
Min / 0 l l ( x ( t ) , x ( t-T ) , u ( t ) , t ) d t 
s . t . x ( t ) = f ( x ( t ) , x ( t-T) , u ( t ) , t ) fo r a . a . t g T 

x ( t ) = <t> ( t) fo r a l l t e [ - t ,0 ] 
u e G 

where 1 i s a r e a l n u m b e r , s t r i c t l y g r e a t e r t h a n zero a n d 

G = { u e L ? [ 0 , l ] : u ( t ) e Q for a . a . t e T l for Q compact 

and convex subset of IRm. 

Assume the con t ro l u* G is o p t i m a l for Problem PI a n d 
x * ( t ) is the c o r r e s p o n d i n g s t a t e t r a j e c t o r y (we r e f e r to such a 
p a i r a s " ( x * , u * ) i s an o p t i m a l p a i r " ) . Then u s i n g r e s u l t s in 
Huang [ HU1 ] , Conner [ C0N1 ] or fo l lowing the methodology in 
Append ix C, i t i s s t r a i g h t f o r w a r d to deduce the fo l l owing : 
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Maximum P r i n c i p l e 1 
Assume t h a t the fo l lowing h y p o t h e s i s ho ld 

( i ) The f u n c t i o n s f : |Rnx |Rn x Q xT—• IRn a n d 1: |Rnx IRnx 

Q xT • |Rn a n d t h e i r p a r t i a l d e r i v a t i v e s f ^ , f , 
f a n d 1 , 1 , 1 ( i . e . d e r i v a t i v e s w . r . t . x ( t ) , u x y u 
x ( t - t ) a n d u ( t ) r e s p e c t i v e l y ) e x i s t a n d a r e c o n t i -
nuous on IR nx IR n x Q x T . 

( i i ) There e x i s t s an M e ( 0 , « ) such t h a t || f ( x , y , u , t ) | | 
< M { || x || + || y || +1} for a l l x , y e IRn, a l l u € G, a l l 
t e T 
a n d 
|| f ( x 1 , y , 1 u , t ) - f ( x 2 , y 2 , u , t ) || < M ( | |x * -x 2 || + | | y 1 - y 2 || } 

fo r a l l x , V , x 2 , y 2 € |Rn, a l l u €. G a n d a l l t e T. 
( i i i ) The i n i t i a l f u n c t i o n <t> i s a b s o l u t e l y c o n t i n u o u s a n d 

b o u n d e d on [ - x , 0 ] . 
[Remark : 

T h r o u g h o u t t h i s t h e s i s we wi l l be u s i n g the a r g u m e n t y ( t ) 
i n p l a c e of x ( t - x) when i t i s c o n v e n i e n t to do so . Also the 
d e p e n d e n c e on t wi l l not a l w a y s be shown e x p l i c i t l y , i . e . we 
wi l l denote f ( x ( t ) , x ( t - x ) , u ( t ) , t ) = f ( x , y , u , t ) . This s h o u l d c a u s e 
no c o n f u s i o n . ] 

If ( x * , u * ) i s a n op t ima l p a i r for Problem P I , t h e n t h e r e 
e x i s t s an a b s o l u t e l y c o n t i n u o u s f u n c t i o n x ( t ) : T —• IRn which i s 
t h e so lu t ion of 

X T ( t ) = - X T ( t ) f (x* ( t),X* ( t-T ) f u * ( t ) , t)-l (x * ( t) fX * ( t - T ) , U * ( t ) , t ) 
X X 

- X T ( t + x ) f y ( X " ( t + T),X*(t),U*(t+T ),t+T)-l ( X*(t+T),X*(t), 

, u - ( t + x ) , t+x) 
for a . a . t € [ 0 , 1 - t ] 
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X T ( t ) = - X T ( t ) f x ( x ^ ( t ) , X * ( t - T ) , U * ( t ) , t ) - l x ( X " ( t ) , X * ( t - T ) , U * ( t ) , t ) 

for a . a . t € [1- "M ] 
x T ( l ) = 0 
such t h a t 

/ 0 1 [ x T ( t ) f ( x * ( t ) , x * ( t-T ) , u " ( t ) , t ) + l ( x ^ ( t ) , x ^ ( t-T ) , u ^ ( t ) , t ) ] d t 
= max / I [ x r ( t ) f ( x * ( t ) , x " ( t - T ) , v ( t ) , t ) + I ( x ^ ( t ) , x " ( t - T ) , v ( t ) , t ) ]d t 

v e G 

T 
where a deno tes the t r a n s p o s e of a . 

This i s known a s the Maximum P r i n c i p l e in i n t e g r a l form. 
The l a s t r e l a t i o n g i v e n above may be r e p r e s e n t e d more s t r o n g l y 
by s t a t i n g t h a t the maximum i s a c h i e v e d p o i n t w i s e , i . e . we h a v e 

X T(t)f(x*(t),x*(t- , u*(t) ,t)+l(x*(t) ,x*(t-T) , u*(t) ,t) 

= m a x { x T ( t ) f ( x " ( t ) , x * ( t - T ) , v ( t ) , t ) + l ( x ^ ( t ) , X " ( t - T ) , v ( t ) , t ) > 

v£G 
a . e . in T 

where a . e . deno tes a lmost e v e r y w h e r e . This c a n be o b t a i n e d a s 
fo l lows : 

Suppose t h a t u* does not s a t i s f y the Maximum P r i n c i p l e in 
po in twi se form. Then t h e r e e x i s t s a con t ro l u £ G such t h a t 

X T f ( x * , y * , u * , t ) + l ( x * , y * , u * , t ) < X T f ( x * , y * , U , t ) + l ( x * , y * , u , t ) 

on a m e a s u r a b l e s u b s e t E c T of measu re s t r i c t l y g r e a t e r t h a n 
ze ro . Now d e f i n e a con t ro l u a s fol lows 

u ( t ) = u ( t ) for t € E 
= u * ( t ) for t<= T \ E 

This i s o b v i o u s l y in G. Then by s u b s t i t u t i n g t h i s in the 
Maximum P r i n c i p l e in i n t e g r a l form we get 
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si [ X T f ( x * , y * , u * , t ) + l ( x * , y * , u * , t ) dt 

< / / [ x T f ( x * , y * , G , t ) + l ( x * , y * , u , t ) dt 

This c o n t r a d i c t s the a b o v e . Hence the Maximum P r i n c i p l e in 
po in twise form h o l d s . 

We now cons ide r a more g e n e r a l problem in t h a t t e r m i n a l 
e q u a l i t y c o n s t r a i n t s a r e p r e s e n t . 

B6. Problem P2 
Min h ° ( x (1)) 
s . t . x ( t) = f ( x ( t ) , x ( t - x) , u ( t ) , t ) for a . a . t £ T 

x ( t ) = $ ( t) for a l l t 6 [ ] 
h^ ( x ( l ) ) = 0 j = l , 2 , . . . . , r 

u £ G 

where G i s as for Problem P I . The f u n c t i o n s f and 0 are assumed to 
s a t i s f y the same h y p o t h e s i s as above and the f u n c t i o n s 
h ^ : IRn-"|R, j = 0 , l , . . . , r a n d t h e i r p a r t i a l d e r i v a t i v e s h^ e x i s t 
a n d a r e con t inuous on IRn. 

The fo l lowing r e s u l t c an be deduced us ing the p r o c e d u r e in 
Appendix C: 

Maximum P r i n c i p l e 2 
If ( x * , u * ) is an op t ima l p a i r for Problem P2 then t h e r e 

e x i s t s an a b s o l u t e l y con t inuous f u n c t i o n :T—• IRn a n d numbers 
<*„ , a 1 ( a 2 > a wi th a 0 < 0 such t h a t . 
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-^ T(t+l)f y(X"(t+T),X"(t),U*(t+T ),t+X ) 

fo r a . a . t E [ 0 , 1 - T ] 

tfT(t) = - ^ ( t ) f x ( x * ( t ) , x * ( t - - 0 , u * ( t ) , t ) for a . a . t e [ l - T , l ] 
= . f n a h ^ ( x * ( l ) T 

J-U J x 

such that 

/ 0
1[^ T(t)f(X"(t),X"(t-T),U"(t),t) ]dt 

= m a x / I[^ 1(t)f(x"(t),x"(t-T ),v(t),t)]dt 
v e c 0 

As in Maximum P r i n c i p l e 1 we c a n wr i t e the above in 
po in twise form: 

^ T ( t ) f ( x * , y * , u * , t ) = max ii> T ( t ) f ( x * , y * , v , t ) 1 for a . a . t & T 
v e G 

Problems PI a n d P2 a r e c o n s i d e r e d in C h a p t e r s 2-4 
a l t h o u g h the con t ro l set i s d i f f e r e n t in C h a p t e r s 3 a n d 4 ( t h i s 
i s d i s c u s s e d be low) . In C h a p t e r 5 we encoun te r the most 
d i f f i c u l t problem in t h i s t h e s i s , namely t h a t in which s t a t e 
c o n s t r a i n t s a r e p r e s e n t . The Maximum P r i n c i p l e which a p p l i e s in 
t h i s s i t u a t i o n i s s t a t e d a n d d e r i v e d in d e t a i l in Appendix C. 

B7. Ex is tence of Minimising Controls 
Al though the a lgo r i t hm p r e s e n t e d in Chap te r 2 i s de s igned 

to o b t a i n con t ro l s s a t i s f y i n g n e c e s s a r y cond i t ions of o p t i m a l i t y , 
i . e . the Maximum P r i n c i p l e ( in fact so a r e a l l the a l g o r i t h m s in 
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t h i s t h e s i s ) , i t i s shown in Warga [ W3 ] t h a t , wi th the above 
choice for the cont ro l set G ( termed o r d i n a r y m e a s u r a b l e con t ro l s 
in a sense which wi l l become c l e a r l a t e r in t h i s c h a p t e r ) , i t i s 
not a l w a y s pos s ib l e to a s s u r e t h a t such op t imis ing con t ro l s 
e x i s t . For example c o n s i d e r the fo l lowing p rob lem: 

Problem A 
Min g (x , u) = / { ( x ( t ) ) 2 - (u ( t ) ) 2 } dt ° 0 
U 

s . t . x ( t ) = u ( t ) for a . a . t € T 
x(o) = o 

wi th Q = [ -1,1] e IR 
u € G 

We s h a l l show t h a t Problem A h a s no minimis ing so lu t i on . 
Since u ( t ) e [ - 1 , 1 ] for a l l t e T hence ( u ( t ) ) 2 < l for a l l u £ G , 
t € T a n d g ( x , u ) = / l{ ( x ( t ) ) 2 - ( u ( t ) ) 2 > dt > - 1 for a l l x , u . 

If j £ IN ( the n a t u r a l n u m b e r s ) , a n d we de f ine u^ ( t) to 
be e q u a l to +1 and - 1 on a l t e r n a t e succes s ive s u b i n t e r v a l s of 
l e n g t h 1/2 j of T. Then s e t t i n g x . ( t) = / t u . ( s ) d s for a l l t e T 

t J 0 J we get / 0 U j ( s ) d s £ l /2j a n d the cost s a t i s f i e s 

(2j)~ 2 - 1 > g ( x . , u . ) > - 1 

Thus lim g ( x . , u . ) = - 1 i s the minimum cost for Problem A. 
j ->- oo J J 

However, if t h e r e e x i s t s a u* E G and x * ( t ) = / t u , , f ( s ) d s a l l 
0 

t e T such t h a t g ( x * , u * ) = - 1 then l u * ( t ) l =1 a . e . in [ 0 , 1 ] , 
and x * ( t ) = / t u * ( s ) d s = 0 for a l l t e [ 0 , l ] . 

The second r e l a t i o n s h i p y i e l d s t h a t u * ( t ) = 0 a . e . in 
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[ 0 , 1 ] c o n t r a d i c t i n g the f i r s t r e l a t i o n . Thus Problem A does not 
h a v e i t s minimis ing s o l u t i o n . 

However, by embedding G in a l a r g e r topo log ica l space G 
of which G is a dense subse t a n d then e x t e n d i n g a l l the 
f u n c t i o n s d e f i n i n g the problem to G, i t i s poss ib l e to g u a r a n t e e 

u ^ 
the e x i s t e n c e of a min imis ing r e l a x e d so lu t ion (x~ , u * ) . The 
p r o c e d u r e as to how t h i s is done is p r e s e n t e d in Warga [ W3 ] 
and we r e f e r the r e a d e r to W a r g a ' s book for f u l l d e t a i l s . We 
wi l l , however , p r e s e n t a b r ie f overv iew of the e s s e n t i a l i d e a s 
and the impor tance of r e l a x e d cont ro l p rob lems . 

B8. Relaxed Control Prob lems 
We h a v e seen above in Problem A t h a t the min imis ing 

con t ro l sequence { u^ 1 c o n t a i n s con t ro l s of a h i g h l y o s c i l l a t o r y 
n a t u r e a n d in the l imi t a s j 0 9 , u^ may be t h o u g h t of as 
s p e n d i n g e q u a l amounts of time at +1 a n d - 1 , i . e . i t i s "ha l f a t 
+1 a n d ha l f a t - 1 " . In more compl ica ted s i t u a t i o n s t h e r e is no 
r e a s o n why u_. canno t t a k e on s e v e r a l , or i n f i n i t e l y many v a l u e s 
in t h i s f a s h i o n on a n y i n t e r v a l of T. Then i t c an e a s i l y be 
shown t h a t by d e f i n i n g a space of a l l p r o b a b i l i t y measu re s on 
Q a n y r e l a x e d con t ro l can be r e p r e s e n t e d . For example , in 
Problem A the l imi t ing con t ro l can be r e p r e s e n t e d as 

lim u . = 1 5 ! ® 1 S_ t 

j J 

where 5 is the Di rac measure c o n c e n t r a t e d a t r . Th i s , r 
i n f a c t , is the so lu t ion to Problem A. 
[ R e m a r k : We will use the no ta t ion ® ( ® ) when we mean t h a t two 
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con t ro l s (relaxed or ordinary) are added (subtracted) in a r e l a x e d f a s h i o n . 
Also for a n y con t ro l wi th the symbol " - " we mean i t i s a 
r e l a x e d c o n t r o l . ] 

For more compl ica ted c a s e s i t i s n e c e s s a r y to i n t e g r a t e 
w . r . t . the p r o b a b i l i t y m e a s u r e . Let t ing V be the space of a l l 
p r o b a b i l i t y measu re s on 0 , t hen a n y r e l a x e d con t ro l u ( t ) h a s 
the r e p r e s e n t a t i o n 

u ( t ) = / u ( t ) d ( v ( t ) ) ( u ) for some p r o b a b i l i t y m e a s u r e s 
v ( t ) 6 V a t each t e T 

i . e . a r e l a x e d con t ro l is a n y f u n c t i o n u : [ 0 , 1 ] • V. 
Concern ing r e l a x e d con t ro l s we obse rve the fo l lowing (see 

for example Warga [W3], Young [ Y1 ] ) : 

1. For a n y con t inuous f u n c t i o n <t> : IR n x Q xT—• IRP the 
c o r r e s p o n d i n g r e l a x e d f u n c t i o n $ : IRnxVxT—• IRP ( c a l l e d 
the ex t ens ion of <t> to the r e l a x e d con t ro l s ) i s d e f i n e d 
by 

<t> r (x,u,t) = / <t> ( x , u , t ) d v ( u ) 

n s 

2. For a n y func t i on X : IR xV * IR , r e l a x e d con t ro l s ac t 
in a " l i n e a r " f a s h i o n in t h a t if u ( t ) = a u ( t) © 
( l - a ) u 2 ( t) for a l l a e [ 0 , l ] , t hen 

X ( x , u ) = a X ( x , u ) + (1-a ) X ( x , u ) for a l l x e I R n ~ ~ 1 ~ 2 

3. A re laxed control is said to be measurable if for any 

polynomial p (u ) in (the components o f ) u, the function 

£ : T — • IR defined by 

lit) = p(v(t)) = / p(u)dv(t) (u) 
S „ Q 

is measurable.-
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We d e f i n e G to be the space of a l l m e a s u r a b l e r e l a x e d 
con t ro l f u n c t i o n s . 

Def in i t ion B8.1 
00 

We s h a l l s ay t h a t an i n f i n i t e sequence {u^ } of r e l a x e d 
con t ro l s in G conve rges to u* € G in the sense of con t ro l measu re s 
( i . s . c . m . ) i f , for eve ry con t inuous f u n c t i o n <t>: QxT-»- IR a n d eve ry 
s u b i n t e r v a l A of T 

/ A 4> ( u ^ t h t )dt / <i> ( u * ( t ) , t ) d t 

a s i • » . 
Now i t i s shown in Warga [ W3 ] t h a t G is a subse t of the 

space L 1 [ T , C ( Q ) ]* where L [ T , C ( Q ) 1 is the set of a l l ( e q u i v a -
lence c l a s s e s of) m e a s u r a b l e f u n c t i o n s v :T ••C(Q) such t h a t 
f0 | v ( t ) | dt < ~ and C(Q) is the normed vector space of al l 

bounded continuous functions on Q into the reals with sup norm. 

It t u r n s out t h a t the d e f i n i t i o n of convergence i . s . c . m . is 
p r e c i s e l y e q u i v a l e n t to the d e f i n i t i o n of convergence w . r . t . the 
weak s t a r topology of L l [ T , C ( Q ) ] * (see Warga [W3]) . 

It i s wor th no t ing a t t h i s s t a g e t h a t G can be embedded 
in to G by i d e n t i f y i n g wi th each u G the Dirac measu re s 
6 u ( t ) ( • ) , 0 < t < l , and t h a t G is dense in G. I n f a c t G i s the 
c losu re of G. With t h i s p r o p e r t y a n d the f a c t t h a t G i s compact 
i t is p o s s i b l e to o b t a i n the ex i s t ence of a r e l a x e d minimis ing 
so lu t ion ( p r o v i d i n g of course if " f e a s i b l e " con t ro l s e x i s t ) . Then, 
u s i n g the convex i ty of G i t i s a l so p o s s i b l e to d e r i v e n e c e s s a r y 
cond i t ions of op t ima l i t y for a r e l a x e d so lu t ion . These a r e s i m i l a r 
to the ones g iven above for the ca se when only o r d i n a r y con t ro l s 
a r e c o n s i d e r e d . 
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We now s t a t e the Maximum P r i n c i p l e for Problem PI when G 
i s ex t ended to G - PI i s then r e f e r r e d to a s a r e l a x e d con t ro l 
problem a n d the Maximum P r i n c i p l e 1 in sec t ion B5 becomes the 
Relaxed Maximum P r i n c i p l e 1. The d e t a i l s a r e omit ted s ince these 
a r e s i m i l a r to the ones used in Appendix C where the n e c e s s a r y 
cond i t ions for o p t i m a l i t y a r e o b t a i n e d for the s t a t e c o n s t r a i n e d 
op t ima l con t ro l p rob lem. 

Relaxed Maximum P r i n c i p l e 1 
Assume the same h y p o t h e s i s as in the Maximum P r i n c i p l e 1 

u* 
hold a n d t h a t (x ~ , u*) is an opt imal p a i r for the r e l a x e d 
Problem P I . Then t h e r e e x i s t s an a b s o l u t e l y con t inuous f u n c t i o n 
X:T — IR which is the so lu t ion of 
x T ( t ) = - X T ( t ) f ( x " * ( t ) f x " * ( t - T ) , u * ( t ) , t ) - l ( x ? * ( t ) , x - * ( t - x ) , u * ( t ) , t ) 

A . X *** 

- X T ( t + T)f (t+ X) " (t) , U * ( t + t ) , t + T ) 

-1 (x~ " (t+ T) (t) ,U*(t + T ) ,t+T ) 

for a . a . t £ [ 0 , 1 - t ] 

X T( t)=- X
T ( t ) f x ( x ^ ( t ) , x ^ ( t - T),u*(t),t)-l x(x-*(t),x

1i*(t-T) fu*(t) >t) 

for a.a.t € [l-t,l ] 

X(l) = 0 

such t h a t 

/ '[ X T(t)f(x P \ y ~ * , u * , t ) + l ( x U * , y U * , u * , t ) ]dt 
0 "" 

= m a x / 1 [X ̂  (t) f (x~ * , y~ *, v,t)+1(x^ *, y ~ * , v , t) ] dt 

y e G 0 

Note: the s u b s c r i p t " r " h a s been omi t ted . 
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A s i m i l a r ex tens ion to the r e s u l t s p r e s e n t e d above a l so 
ho lds for Problem P2. 

Poin twise Relaxed Maximum P r i n c i p l e s may a l so be o b t a i n e d 
u s i n g the f a c t t h a t G is dense in G a n d u * ( t ) is s u p p o r t e d on 
Q almost e v e r y w h e r e in T. Then the above Relaxed Maximum 
P r i n c i p l e in i n t e g r a l form may be w r i t t e n a s : 

X T f ( x u \ y p \ u ^ t ) + l ( x y \ y y \ u * , t ) 

= max {X Pf (x~ * , y ~ " ,co , t )+ l (x~ * ,y~ * , t ) 1 
a . e . in T 

We a g a i n s t r e s s the po in t t h a t the concept of r e l a x e d 
con t ro l s h a s on ly been d e s c r i b e d ve ry b r i e f l y a n d for f u l l 
d e t a i l s and d i s c u s s i o n s see Warga [W3] , Young [ Y1 ] , McShane 
[ M C 1 ] , [ M C 2 ] , Lee and Markus [ LEI ] . 
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C H A P T E R 2 

A STRONG VARIATIONAL A L G O R I T H M 

2.1 Introduction 

When so lv ing op t ima l con t ro l problems u s i n g c l a s s i c a l 
methods such a s s t eepes t de scen t , t he new con t ro l u q i s 
c o n s t r u c t e d from the old con t ro l u in the fo l lowing f a s h i o n : 

u = u + a s (1 .1) a 

where a is the s tep l e n g t h and s i s the s e a r c h d i r e c t i o n . For 
smal l v a l u e s of s tep l e n g t h s u is "c lose" to u for a l l t ime, 
i . e . a s a "0, we h a v e u a • u un i fo rmly in t . However, in 
Jacobson a n d Mayne [ J1 ] a new c l a s s of a l go r i t hm was 
p r e s e n t e d . This c l a s s c o n t a i n e d a l g o r i t h m s , now r e f e r r e d to a s 
s t r o n g v a r i a t i o n a l a l g o r i t h m s , which g e n e r a t e the new con t ro l 
u a from the cont ro l u u s i n g the fo l lowing fo rmula : 

u o ( t ) = u ( t ) for a l l t € l o u (1 .2) 
= u( t ) o the rwise 

where u minimises a Hamil tonian f u n c t i o n de f ined by ( 2 . 6 ) , a n d 
I is a subse t of the time i n t e r v a l [ 0 , 1 ] h a v i n g t o t a l l e n g t h 
a . I t is e a s y to see t h a t uq c a n d i f f e r a p p r e c i a b l y from u for 
some t even when a is sma l l , hence the te rm, " s t rong v a r i a t i o n s 
in c o n t r o l " . 

These new s t rong v a r i a t i o n a l a l g o r i t h m s were found to be 
v e r y e f f e c t i v e c o m p u t a t i o n a l l y , hence i t was n e c e s s a r y t h a t they 
be s t u d i e d t h e o r e t i c a l l y and proofs of convergence o b t a i n e d . The 



only p r o c e d u r e s a v a i l a b l e a t the time were the ones used in 
p r o v i n g convergence of c l a s s i c a l a l g o r i t h m s ( e . g . s t eepes t 
d e s c e n t ) , where , when the new con t ro l u de f ined by (1 .1) i s a 
u sed in p l a c e of u in the cost f u n c t i o n , the e s t ima ted c h a n g e in 
cost h a s a l i n e a r r e l a t i o n s h i p wi th a . This makes convergence 
p roo f s for these a l g o r i t h m s r e l a t i v e l y s t r a i g h t f o r w a r d . For 
s t r o n g v a r i a t i o n a l a l g o r i t h m s however , t h i s i s not the c a s e . 
When an e s t ima te of the c h a n g e in cost when the new con t ro l 
u a d e f i n e d by (1.2) is used in p l a c e of u in the cost f u n c t i o n 
[ s e e (2.11) below ] i s o b t a i n e d (u s ing the method d e s c r i b e d in 
Jacobson a n d Mayne [ J1 ] ) , i t i s found to be a n o n l i n e a r 
f u n c t i o n of a . Hence s t a n d a r d p r o c e d u r e s for p r o v i n g c o n v e r -
gence for a l go r i t hms b a s e d on c l a s s i c a l methods canno t be used 
a n d a new a p p r o a c h is r e q u i r e d . 

In [J1 ] , the i n t e r v a l 1 was set to be [ l - a , l ] , bu t 
a t t e m p t s to p rove conve rgence for t h i s choice f a i l e d b e c a u s e a 
r e d u c t i o n in cost could not be g u a r a n t e e d for smal l v a l u e s of a . 
Mayne a n d Polak [MAPI] modif ied t h e i r choice of 1 so t h a t 7 a u 
the g e n e r a l convergence theorems of Po lak [ PI ] could be used to 
e n s u r e conve rgence . E s s e n t i a l l y Mayne and P o l a k ' s method was 
t h a t 1 was chosen so t h a t the es t ima te in the c h a n g e of cost a u s 

A 

AV, of u s i n g u a in p l a c e of u , i s bounded above by a 9 ( u ) 
where e(u) < 0 i s d e f i n e d by (2 .13 ) . Thus a l t h o u g h AV is not a 
l i n e a r f u n c t i o n of a , i t is bounded above by a l i n e a r f u n c t i o n 
a n d t h i s makes a proof of convergence p o s s i b l e . 

Mayne and Polak [ MAPI ] p r e s e n t two a l g o r i t h m s (one 
c o n c e p t u a l and the o the r implementab le ) with convergence proofs 
for op t ima l cont ro l problems with the con t ro l c o n s t r a i n e d , and in 
t h i s c h a p t e r we ex tend these r e s u l t s to cover d e l a y sys tems . 
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Only the c o n c e p t u a l ve r s ion of the s t rong v a r i a t i o n a l a l go r i t hm 
wi l l be p r e s e n t e d s ince i t wi l l be obv ious from t h i s a n d Mayne 
a n d P o l a k ' s implementab le a lgo r i thm how the implementab le 
v e r s i o n for time d e l a y sys tems can be o b t a i n e d . An i n t e g r a l cost 
a s in [ MAPI ] i s c o n s i d e r e d , bu t we a l so assume i t to be 
dependen t on x ( t - x ) a s well a s x ( t ) , u ( t ) and t , so t h a t i t c an 
be shown how a d e l a y e d a rgumen t in the cost i s h a n d l e d . Mayne 
a n d Polak a l so c o n s i d e r a t e r m i n a l p a y o f f , bu t we assume, 
wi thout loss of g e n e r a l i t y , t h a t t h i s is a b s e n t in our p rob lem. 

2 .2 Problem Formula t ion 
Unless o the rwise s t a t e d , a l l the con t ro l problems cons ide r ed 

in t h i s t h e s i s wi l l be assumed to be gove rned by the fo l lowing 
n o n l i n e a r d e l a y - d i f f e r e n t i a l e q u a t i o n : 

x ( t ) = f ( x ( t ) , x ( t - T ) , u ( t ) , t ) for a . a . t e T (2.1) 
x ( t ) = 4>(t) for a l l t g i - t . O ] (2.2) 

where t i s a p o s i t i v e r e a l number a n d T i s the compact i n t e r v a l 
[ 0 , 1 ] . The func t i on <t>:[- t ,0] -*_|R n i s assumed to be bounded , 
con t inuous a n d to possess a con t inuous d e r i v a t i v e for a l l 
t € L - T , 0 ]. x ( t ) G IRn i s the s t a t e and u ( t ) € IRm i s the con t ro l . 

We le t x u denote the so lu t ion of the d e l a y d i f f e r e n t i a l 
e q u a t i o n (2.1) due to cont ro l u a n d i n i t i a l condi t ion ( 2 . 2 ) , and 
denote by G the space of a d m i s s i b l e con t ro l s de f i ned b y : 

G = { u £ L™ [ 0 , 1 ] : u ( t ) £ Q for a l l t e T } 

where D is a compact a n d convex subse t of IRm wi th 
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max {11v || : v € Q > < r 

The cost f u n c t i o n a l V:G—• IR which we wan t to minimise i s 
d e f i n e d by 

V(u) * / I l ( x u ( t ) , x u ( t - T ) , u ( t ) , t ) d t (2 .3) 
0 

We r e s t a t e the above as our f i r s t p rob lem: 

Problem PI 
i Min / l ( x ( t ) , x ( t - t) , u ( t ) , t ) d t 

u 
s . t . x ( t ) = f ( x ( t ) , x ( t - x ) , u ( t ) , t ) for a . a . t € T 

x ( t ) = <t>(t) for a l l t E [-T ,0 ] 
u € G 

We make the fo l lowing a s s u m p t i o n s : 
Assumption 1 

The f u n c t i o n s 

f : I R n x I R n x IR m xT — • I R n and 

1 : I R n x [R n x IR m xT MR 

a n d t h e i r p a r t i a l d e r i v a t i v e s f , f , f , f , f , f , f , 
r x xx y yy u uu xu 

f , f , 1 , 1 , 1 , 1 * 1 , 1 , 1 , 1 a n d 1 ( i . e . a l l yu xy x xx y yy u uu xu yu xy 
p a r t i a l der iva t ives wi th r e spec t to x , y , u of a l l o r d e r s up to a n d 
i n c l u d i n g 2) e x i s t a n d a r e con t inuous for a l l x , y e IR , a l l 
u £ G , a l l t £ T , where y denotes the d e l a y e d a rgumen t x ( t - i ) . 

Assumption 2 
There e x i s t s an M € (0, °°) such t h a t 
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II f ( x , y , u , t ) || < M { || x | | l + | | y | | x +1 } 
f o r a l l x , y e l R n , a l l u £ G , a l l t g T 

a n d 

II f ( x , 1 y , l u , t ) - f ( x 2 , y 2 , u , t ) II < M ( II x 1 - x 2 II t + II y 1 - y 2 II 4 > 

for a l l x } y J x 2 , y 2 e IR a l l u £ G 
a n d for a l l t e T 

Where II . II x is used to denote the L x norm d e f i n e d by 

II u |l k / l | | u ( t ) || d t 
o 

[Note: In the s e q u a l L v wi l l denote L ™ [ 0 , l ] or L1^ [ 0 , 1 ] 
a c c o r d i n g to contex t . ] 

We de f ine the metr ic d:GxG IR by 

d ( u , ,u ) £ / l | | u / t ) - u | t ) || dt (2 .4) 1 Z 0 

i . e . d ( u , , u a ) i s the d i s t a n c e between any two con t ro l s 
u x , u 2 € G. 

Let 1 C T be d e f i n e d by u t , u 2 

I S { t e T : u x ( t ) ^ u 2 ( t ) > (2 .5) 
U ! , U 2 

i . e . I i s the subse t of T on which u, does not e q u a l to u , . 
U i , U a 1 H 2 

Let t ing u ( I ) denote the Lebesgue measure of i n t e r v a l I c T 
we h a v e , for a l l u »u € G t h a t 

• d ( u i , u 2 ) < 2 M l V ! ) r 

Let us de f i ne the Hami l ton ian f u n c t i o n H: IRnx IRnx lRmxlRnxT 

IR by 

H ( x , y , u , X , t ) £ X T f ( x , y , u , t ) + l ( x , y , u , t ) (2.6) 
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where X = X |Rn, the c o s t a t e f u n c t i o n , is the so lu t ion of 

- X (t) = H x(x
u
(t),x

u
(t-T),u(t), X (t) ,t) (2.7) 

+Hj(x u ( t+T),x u ( t),u ( t+T) , X ( t+T) , t+x) 

fo r a . a . t e [ 0 , l - x ] 

- X ( t ) = H x ( x u ( t ) , x u ( t - T ) , u ( t ) , X ( t ) , t ) for a . a . t € [1-T,1 ] 
(2.8) 

x (1) = 0 (2.9) 

Throughou t t h i s t h e s i s , when no confus ion can a r i s e we 
wi l l le t x 1 = x 1 1 * , x1 = xu\ x* = x u , e t c . 

I t h a s been shown in Mayne a n d Polak [ MAPI ] , in the 
case when d e l a y s a r e a b s e n t , t h a t for a n y u x , u 2 £ G, a f i r s t 
o r d e r e s t ima te of 

A V(U 2 f U l ) = V(u 2 ) -V(u ,) (2.10) 
is o b t a i n e d by c a l c u l a t i n g 

A V ( u 2 , u j i / [ H ( x ' ( t ) , x 1 ( t - x ) , u 2 ( t ) , X l ( t ) , t ) (2.11) 
- H ( x 1 ( t ) , x 1 ( t - t ) , u 1 ( t ) , x l ( t ) , t ) ] dt 

The e s t ima te of A y ( u 2 , u 1 ) g iven by (2.11) i s v a l i d in the 
sense t h a t t h e r e e x i s t s a f i n i t e c o n s t a n t C such t h a t 

|| A V ( u 2 , u t ) - A V ( u 2 , U l ) || < C [ d ( u 2 , u 1 ) ] 2 

We prove in P ropos i t ion 5 .4 t h a t t h i s a p p r o x i m a t i o n ho lds 
for our problem as we l l , hence the e s t ima te wi l l be good if 
u x a n d u 2 a r e "c lose" . 

It wi l l become a p p a r e n t in the expos i t ion t h a t the fo l lowing 
p ropos i t i on is r e q u i r e d to e n s u r e the a lgo r i thm is well de f ined : 
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Propos i t i on 3 
For a l l u £ G t h e r e e x i s t s a u £ G which s a t i s f i e s 

S ( t ) = a r g min H ( x U ( t ) , x U ( t - x ) ,co , X U ( t ) , t ) for a . a . t g T 
a) € Q 

In Mayne and Po lak [ MAPI ] the above r e s u l t was i n t r o -
duced as an a s s u m p t i o n , bu t t h i s was u n n e c e s s a r y s i n c e , due to 
the Weie r s t r a s s Theorem (see L u e n b e r g e r [ LU1 ] ) , a minimis ing 
w (not n e c e s s a r i l y u n i q u e ) e x i s t s for each t £ T b e c a u s e of the 
compact n a t u r e of Q . Now as a consequence of the McShane-
Warf ie ld Hal fway P r i n c i p l e [ Y1 ] t h e r e e x i s t s a m e a s u r a b l e 
con t ro l u e G which h a s the d e s i r e d p r o p e r t i e s . Since more t h a n 
one such u may e x i s t , we denote by U(u) the set of a l l con t ro l s 
v £ G which s a t i s f y 

v ( t ) = a r g min H ( x u ( t ) , x u ( t - x ) , u>, x u ( t ) , t ) for a . a . t e T 
u>€ Q 

We let H ( u , t ) : G x T - IR be de f i ned by 

H ( u , t ) = min H ( x u ( t ) , x u ( t - t) , u>, X u ( t ) , t ) for a . a . t £ T (2.12) 

and we de f ine 9 :G IR by 

9 ( u ) § A V ( u , u ) 

S f J H ( u , t ) - H ( x u ( t ) , x u ( t - x ) , u ( t ) , \ u ( t ) , t ) ] d t (2.13) 
V/ v v 

where u £ U ( u ) , Since u is the min imis ing con t ro l , the i n t e g r a n d 
in (2.13) is n o n p o s i t i v e for a l l t e T, hence 9 (u) < 0. 9 (u) is 
in fAct the e s t ima ted c h a n g e of cost if the minimis ing con t ro l u 
is used in p l ace of the old cont ro l u . 

We show t h a t in the event t h a t the a lgor i thm for so lv ing 
Problem PI g e n e r a t e s an accumula t ion po in t u * e G, u* s a t i s f i e s 

9 (u" ) = 0 (2.14) 
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Hence we show t h a t u * , if not a n op t ima l con t ro l i s a t l e a s t a 
l i k e l y c a n d i d a t e s ince i t s a t i s f i e s the n e c e s s a r y cond i t i ons of 
o p t i m a l i t y in the form of the Maximum P r i n c i p l e (see sect ion B5 
in C h a p t e r 1 ) . 

2 . 3 Discuss ion of Algor i thm 
We wi l l now b r i e f l y d i s c u s s Jacobson a n d M a y n e ' s 

[ J l ] method for d e f i n i n g I a n d show why they could not p rove 
c o n v e r g e n c e . Thei r new cont ro l u q i s de f ined a s in (1 .2) a n d 
the i n t e r v a l I i s set to be [ l - a , l l . This is shown d i e r a m a -au s 

t i c a l l y in F ig . 3 . 1 . 

Fig- 3 . 1 

As shown in [ J l ] the e s t ima te in the c h a n g e in cost when 
u^ i s used i n s t e a d of u is g iven by 
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A V ( u a , u ) = / ^ [ H ( x u ( t ) , x u ( t-T ) , u a ( t ) , X u ( t ) , t ) 

- H ( x U ( t ) , x U ( t - T ) , u ( t),X u ( t ) , t ) ]d t 

= / j [ H ( x u ( t ) , x u ( t-T ) , G ( t),X u ( t ) , t ) 
au 

- H ( x u ( t ) , x U ( t - T),u(t),x u ( t ) , t ) ]d t 

To g u a r a n t e e c o n v e r g e n c e i t must be shown t h a t if t he 
a l g o r i t h m is a t an u n d e s i r a b l e con t ro l t hen a r e d u c t i o n in the 
cost c an be o b t a i n e d for a l l s t ep l e n g t h s a 6 [ 0 , 1 ] . This i s 
however , not t he ca se for J acobson a n d M a y n e ' s method s ince the 
fo l lowing may o c c u r : 

Suppos ing t h a t the a l g o r i t h m is a t a nonop t ima l con t ro l u , 
A 

t h e n we must h a v e 6( u) < 0. If AVlu^ ,u ) i s p l o t t e d a g a i n s t the 
s t ep l e n g t h a the s i t u a t i o n shown in F ig . 3 .2 may occu r : 

A 

AV is t anga i t i a l to a a x i s fo r 
small v a l u e s of a 

A V ( U , U ) a 

9 ( u )<0 

F i g . 3 . 2 

where A V ( u a , u ) i s t a n g e n t i a l to the a a x i s for smal l s t ep l e n g t h s . 
Th i s means t h a t a r e d u c t i o n in cost c a n n o t be g u a r a n t e e d fo r 
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smal l a , even though the p r e s e n t con t ro l is known to be n o n -
o p t i m a l . Hence convergence proofs c a n n o t be g iven for t h i s 
p a r t i c u l a r choice of l o . Th is is b e c a u s e if the above s i t u a t i o n 
a rose in an a lgo r i thm b a s e d on choos ing I = [ 1 - a , 1 ] , a n d the 
a lgo r i t hm g e n e r a t e d a smal l enough s tep l e n g t h a , t h e r e would 
be no r e d u c t i o n in the cost a n d the a l g o r i t h m would jam up a t 
an u n d e s i r a b l e con t ro l . 

Mayne a n d Polak [MAPI] p r e s e n t an a l t e r n a t i v e method for 
d e t e r m i n i n g I which a l lows the g e n e r a l convergence theorems 
of Polak [ P i ] to be used for p r o v i n g conve rgence for t h e i r own 
a l g o r i t h m . This method wi l l be d e s c r i b e d in d e t a i l he re s ince we 
wi l l be u s i n g i t when s t a t i n g the s t rong v a r i a t i o n a l a l go r i t hm 
for d e l a y sys t ems . 

F i r s t , however , we d e s c r i b e an a lgo r i t hm model p roposed 
by Polak [ PI ] s u i t a b l e for so lv ing problem P I . This model 
makes use of a set v a l u e d s e a r c h f u n c t i o n A which maps G in to 

Q 

the set of a l l nonempty s u b s e t s of G (we wr i t e t h i s as A : G — ) 
a n d a s t o p p i n g ru l e V:G—• IR , a n d is of the fo l lowing form: 

3 .0 Algor i thm Model 1 
Step 0 : u 0 £ G 
Step 1 : Set i = 0 
Step 2 : Compute a v £ A ( u . ) 
Step 3 : If V(v) > V ( u i ) stop 

Else con t i nue 
Step 4 : Set = v 

Set i = i+1 and go to Step 2 

The fo l lowing r e s u l t i s e s t a b l i s h e d in [ PI ] for the 
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a l g o r i t h m model: 

Theorem 3 . 1 
Suppose t h a t 

( i ) V( . ) i s e i t h e r con t inuous a t a l l u n d e s i r a b l e con t ro l s 
u € G, or e l se V(u) i s bounded from below for a l l 
u e G 

( i i ) For eve ry u € G which is not d e s i r a b l e , t h e r e e x i s t s 
an e ( u ) > 0 a n d a S (u )<0 such t h a t 

V ( u 2 ) - V ( u J < 5(u) < 0 , 

for a l l U j 6 G such t h a t 11 u x - u II q — e (u ) a n d for a l l 
u 2 € A(u i) 

Then, e i t h e r the sequence { u^ } c o n s t r u c t e d by the a l g o -
r i thm model 1 is f i n i t e , in which c a s e i t s l a s t e lement is 
d e s i r a b l e , or e lse i t i s i n f i n i t e a n d e v e r y accumula t ion po in t of 
{u . > i s d e s i r a b l e . 

We p rov ide a proof of Theorem 3 .1 fo r comple teness : 
If u* e G i s d e s i r a b l e i t fol lows from above t h a t condi t ion 

( i i ) in Theorem 3-1 does not hold for a n y e ( u ) , <5(u), u , u . 
In p a r t i c u l a r t a k i n g e ( u ) = 0, we get u = u * . Hence we have 
if u* is d e s i r a b l e t h a t 

l 

V(u ) -V(u - ) < 0 2 for a l l u 2 e A ( u - ) 

is NOT t r u e . This means we have 

V(u ) -V(u*) > 0 
2 ~ 

for some u 2 e A(u*) 
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Hence ( i i ) impl ies t h a t if V ( u ) > V ( u * ) for a t l e a s t one 
u £ A(u" ) t hen u* i s d e s i r a b l e . 

We wi l l now prove the theorem. 
Suppose f i r s t l y t h a t the sequence ( u ^ } is f i n i t e , i . e . 

{u^ > = {u Q , u x , . . . . >. Then by Step 3 we must h a v e h a d 

V(v) > V ( u k ) for v £ A ( u k ) 

for the a lgo r i t hm to h a v e s t opped . Hence from above we deduce 
t h a t u. i s d e s i r a b l e , k 

Now suppose t h a t the sequence { u^ > is i n f i n i t e and t h a t i t 
h a s a s u b s e q u e n c e i n d e x e d by K C { 0 , 1 , 2 , . . . . } which conve rges 
to u * . We assume u* i s not d e s i r a b l e and a t tempt to o b t a i n a 
c o n t r a d i c t i o n . 

Since u* is not d e s i r a b l e , t h e r e e x i s t s an e > 0 a n d a 
5 < 0 a n d a k £ K such t h a t for a l l i > k , i £ K 

u. - u* n < E 
1 1 l

 11
 G 

a n d V ( u ) - V ( u . ) < 6 for a l l u £ A ( u . ) . 
Hence, for a n y two consecu t ive e lements u . , u . . of the 

3 1 1 + ] 

s u b s e q u e n c e wi th i > k , we must h a v e 

V(u. . ) -V(u . ) = [ V(u. . ) -V(u. . ) ] + [ V(u. . ) -V(u . . ) 
l+J l L 1 + ] l + J - i J L l + J - l l + J - 2 

+ + [V(u. ) -V(u . ) ] 
i+1 l 

< V(u. ) -V(u . ) 
i+1 I 

£ 5 s ince € A(u^) 

Now, fo r i £ K, the monotonica l ly d e c r e a s i n g sequence V(u^) 
must conve rge , e i t h e r because V( . ) i s con t inuous a t u * f or e lse 
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b e c a u s e V(u) is bounded from below on G. But t h i s c o n t r a d i c t s 
the above deduc t ion t h a t V(u ^ ) i s not a Cauchy sequence for 
i £ K , a n d hence the theorem must be t r u e , i . e . u* i s d e s i r a b l e . 

The s t rong v a r i a t i o n a l a lgo r i thm p r e s e n t e d in sect ion 2 .4 is 
b a s e d on t h i s model a n d Theorem 3 . 1 is u sed to p rove i t s 
convergence. 

We now d i s c u s s Mayne a n d P o l a k ' s [ MAPI ] method for 
choos ing I a n d i t w i l l become a p p a r e n t in the expos i t ion why 
t h i s choice e n a b l e s P o l a k ' s convergence r e s u l t s to be u s e d . 

Suppose the a lgo r i thm is a t an u n d e s i r a b l e con t ro l ti. The 
con t ro l u which minimises the Hamil tonian is found a n d e ( u ) , 
the a v e r a g e v a l u e of [ H(u( t ) , t ) - H ( x u ( t ) , x u ( t - t ) ,u ( t ) , \ u ( t ) , t ) ] 
fo r t £ [0 ,1 ], a s de f i ned by (2 .13 ) , i s c a l c u l a t e d . Then the set 
I C T d e f i n e d by u 7 

{t G T : H ( u ( t ) , t ) - H ( x U ( t ) , x U ( t - T ) , u ( t ) , X U ( t ) , t ) < 9 (u)> (3 .1) 

is f o u n d . I i s the s u b s e t of T for which the i n t e g r a n d in 
(2.13) h a s a v a l u e which is more n e g a t i v e t h a n the a v e r a g e 
v a l u e 9 (u) [ s e e F i g . 3*3 J. Since a n y c losed i n t e r v a l i s a 
c o u n t a b l e union of d i s j o i n t c losed i n t e r v a l s , the set 1 c o n s i s t s 
of the union of a t most a c o u n t a b l e number of d i s j o i n t i n t e r v a l s . 

We now de f ine the subse t I of T which d e f i n e s the new a u 
con t ro l u . The t o t a l l e n g t h of I i s a . If a i s l e ss t h a n a & a u 
u ( I ) t hen i t is r e q u i r e d t h a t I be chosen to be a subse t of u n a u 

A I so t h a t the es t ima te AV(u ,u ) of the c h a n g e of cost due to u a 
u s i n g u in p l a c e of u i s bounded above by a 9 ( u ) . This can 
be done by def ining I , a s a i n c r e a s e s , to be the subse t of I 
which ccvers 1 from h e left. Then to define I comple te ly , when I is u au r ; u 
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"f 9 (u) = a v e r a g e 
va lue of 
i n t e g r a n d 
( 2 . 1 3 ) 

H(u, t ) - H ( x u , y u , u , X U , t ) 

Fig. 3 . 3 

complete ly cove red , T\1 i s covered from the l e f t a s well a s 
a is f u r t h e r i n c r e a s e d . Thus for a e [ 0 , 1 ] , Mayne and Polak 
[MAPI ] de f i ne I to be the subse t of T h a v i n g the fo l lowing 
p r o p e r t i e s : 

( i ) * ( I o u ) = a 
( i i ) if ac[0,y ( l u ) ], t hen I a U C l l u 

( i i i ) if a £ ( u ( l ) , 1 ], t hen I C I u u a u 
( iv ) for a l l a g [0 , ( i ( I ) ] , the fo l lowing ho lds 

(3.2) 
(3 .3) 
(3 .4) 

{t 6 I , s £ 1 , t< s } 
u au 

{ t 6 I „ } a u (3.5) 
(v) for a l l a £ ( u ( l u ) , l ], 

{ t £ T , s £ I \ I , t<s } au u { t £ 1 } a u (3.6) 

These p r o p e r t i e s c a n be seen more c l e a r l y in F i g . 3 . 4 . 
Hence for any n o n d e s i r a b l e con t ro l u £ G, we h a v e de f i ned 
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a method for c o n s t r u c t i n g the new cont ro l u^ [ a s de f i ned by 
(1 .2) ] for a £ [ 0 , 1 ] . To complete the d e s c r i p t i o n for de t e rmin ing 
the new cont ro l a r u l e for choosing the s tep l e n g t h a is needed . 
For t h i s pu rpose we wi l l make use of a func t ion <t>: [ 0 ,1 ] xG-*-IR 
d e f i n e d by 

<t> ( a , u ) [ H ( u ( t ) , t ) - H ( x U ( t ) , x U ( t - x ) , u ( t ) , \ U ( t ) , t ) ] d t (3-7) 
au 

Note t h a t for any u^ de f ined by (1 .2) we have 

AV(u ,u ) = $ ( a , u ) a 

Thus <t>(a,u) i s the e s t ima ted c h a n g e of cost due to u s ing the 
new cont ro l u a in p l a c e of the old con t ro l u . 

To f i nd the s t ep l eng th we propose (as in Mayne and Polak 
[MAPI ]) to set i t to be the l a r g e s t a £ [ Q , l ] such t h a t 
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A V(u ,u ) 
A V(u ,u ) < 

a 2 

i s s a t i s f i e d . Now wi th I a s i u s t d e s c r i b e d we h a v e t h a t 
au J 

A V ( u a , u ) <. a e (u) [ see Lemma 6 . 1 b e l o w ] , so for conven ience we 
d e f i n e the s tep l e n g t h arGxG-" IR by 

a ( u , u ) 4 max {a £ [ 0,1 ] : A V(u ,u ) < a 9 ( u ) / 2 } (3 .8) 
a 

i . e . the s tep l e n g t h i s a f u n c t i o n of not only u bu t a l so u ( t ) 
the min imis ing con t ro l in t)(u) t h a t is used in d e f i n i n g u^ . 

We a r e now in a pos i t ion to p r e s e n t the s t rong v a r i a t i o n a l 
a lgo r i t hm for d e l a y sys t ems . 

2 . 4 Algori thm fo r Solving Problem PI (Algori thm 1) 
Step 0 
Step 1 
Step 2 
Step 3 

Step 4 
Step 5 

Step 6 

Select a u . £ G 
Set i = 0 

Step 7 

Compute x ( t) by so lv ing (2.1) a n d (2.2) 
Compute x l ( t ) , f i r s t over t £ [ 1— x , 1 ] a n d then 
over [ 0 , 1 - t ] by so lv ing ( 2 . 7 ) , (2 .8) a n d (2 .9) 

V \s 

Compute a u^E, U(u^ ) 
Compute e ( u . ) = AV(u , u . ) u s i n g (2.13) 
If e (u .) = 0 s top 
Otherwise con t inue 
Compute the set u s i n g (3.1) a n d de f ine 1 
h a v i n g p r o p e r t i e s ( 3 - 2 ) - ( 3 . 6 ) for a £ [ 0 , l ] 
Define u ( t) = u ( t ) for t £ I 

a a u 
= u ( t ) o the rwise 

Compute a^ = a ( u ^ , u ^ ) by u s i n g (3.8) 
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Step 8 : Set u . = u r 1+1 a ^ 
Set i = i+1 
Goto Step 2 

Algori thm 1 h a s the fo l lowing p r o p e r t y : 
Theorem 1 

Suppose Assumptions 1 a n d 2 a r e s a t i s f i e d a n d t h a t 
Algori thm 1 g e n e r a t e s a sequence { u ^ } . Then t h i s sequence i s 
e i t h e r f i n i t e , in which c a s e the l a s t con t ro l i s d e s i r a b l e , or i t 
i s i n f i n i t e a n d eve ry l imi t po in t in G, wi th r e spec t to the metr ic 
d , i s d e s i r a b l e . 

The proof of Theorem 1 i s g iven in sec t ion 2 . 6 . 

Remark 
I t shou ld be noted t h a t Theorem 1 does not s ay t h a t l imit 

p o i n t s e x i s t . The theorem merely s t a t e s t h a t if a n y l imi t po in t s 
e x i s t , they wi l l be d e s i r a b l e . To g u a r a n t e e ex i s t ence of a ccumu-
l a t i o n p o i n t s r e q u i r e s a d d i t i o n a l a s sumpt ions (see for example 
Polak [ PI ] ) . One such a s sumpt ion i s t h a t G h a s a c e r t a i n 
compac tness p r o p e r t y so t h a t for any i n f i n i t e sequence in G, a 
conve rgen t s u b s e q u e n c e a l w a y s e x i s t s . This wi l l be f u r t h e r 
d i s c u s s e d in C h a p t e r 3. 

2 . 5 Bas ic Resu l t s 
P ropos i t ion 5 . 1 

For a l l u €. G, t h e r e e x i s t s a u n i q u e a b s o l u t e l y con t inuous 
so lu t ion x u ( . ) to (2.1) a n d s a t i s f y i n g ( 2 . 2 ) . 
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Proof 
This i s a s t a n d a r d r e s u l t which r e l i e s on f i n d i n g a f i x e d 

po in t in a c o n t r a c t i o n mapp ing ( t h i s a l w a y s e x i s t s due to 
S c h a u d e r ' s f i x e d po in t theorem) , see for example Hale [ HAL1 ] , 
Bellman a n d Cooke [BC1] , Oguztore l i [ 0G1 ] -

P ropos i t i on 5 .2 
There e x i s t s a H £ ( 0 , ° ° ) such t h a t for a l l u £ G we h a v e 

( i) | | x u ( t ) | | < d 
( i i ) | | X U ( t ) || < d for a l l t £ T 

[Note: Throughout t h i s t h e s i s we wi l l make use of f i n i t e 
c o n s t a n t s M jM . - . ^ d ^ d , . . . . , e t c . , which do not depend on 
the d a t a . ] 

Proof 
( i ) Since x u ( . ) i s the so lu t ion of (2 .1) a n d (2 .2) we 

have t h a t 

x U ( t ) = 4>(0) + / t f ( x u ( s ) , x U ( s - t ) , u ( s ) , s ) d s fo r a l l t £ T 0 

i . e . || x U ( t ) || < || (p(0)|| + | | / t f ( x U ( s ) , x U ( s - T ) , u ( s ) , s ) d s || 
0 

< II $ (0)11+ / t | | f ( x U ( s ) , x u ( s - T ) , u ( s ) , s ) | | d s 
0 

for a l l t £ T 

By Assumption 2 a n d b o u n d e d n e s s of <t>, we h a v e by l e t t i n g 
|| <0 ( 0 ) | | = M t € ( 0 , - ) t h a t 

l | x U ( t ) f | < M + / t M { | | x u ( s ) | | + | | x U ( s - t) 11 +1} ds for a l l t e T 
1 0 

i . e . || x u ( t ) || <M 2+M / t J | x u ( s ) Hds+M/^ | | x u ( s - x ) | |ds for a l l t £ T 
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l e t t i n g s l = s - x in second i n t e g r a l we get 

d s 1 = d s , a n d when s = t , s 1 = t - T 

s = 0, s 1 = - t 

There fo re 

| | x u ( t ) | | < M +M f l II x u ( s ) II ds+M / t _ T | | x U ( s 1 ) | | d s 1 a l l t e T 
2 0 -T 

But for s e [ - x , 0 ] , x ( s ) = <t>(s) 
Hence 
II x U ( t ) || <M +M / 1 II x U ( s ) | | d s + M / 0 t _ T | | x U ( s ) l l d s+M /°||«D ( s ) | | d s 

2 ° -T 
for a l l t e T 

II x U ( t ) | | <M 3+M / \ II x U ( s ) | | d s + M f I If x U ( s ) | | d s for a l l t S T 

s ince / " || x ( s ) | | d s < / 0 | |x ( s ) | | d s a n d D(s) i s bounded for 
s e [ - t , o ]. 

Hence we have 

| | x U ( t ) || < M 3 + M H / 0 t || x U ( s ) || ds for a l l t GT 

Now by an a p p l i c a t i o n of G r o n w a l l ' s i n e q u a l t i y (see Halkin 
[HAK1] or Oguztorel i [ 0G1 ] ) we get 

| | x u ( t ) || < M3 exp M I >t < M 3 e x p M 4 for a l l t £ T 

Hence | | x U ( t ) | | <. H for a l l t € T where H = M3 exp M 4 

( i i ) From e q u a t i o n s (2 .7) —(2-9) we have 

\ u ( t ) = f 1 H T ( x U ( s ) , x u ( s - T ) , u ( s ) , X u ( s ) , s ) d s t x 
for a l l t S [ 1 - t , 1 ] 

a n d 
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x u ( t ) = / t 1 H ^ ( x u ( s ) , x u ( s-T ) , u ( s ) , x u ( s ) , s ) d s 

+ / l _ T H ^ ( x u ( s + T ) , X
U
( S ) , U ( S + T ) , X u (s+T ),S+T ) d s 

t y 
fo r a l l t £ [ 0 , 1 - t ] 

Using e q u a t i o n (2 .6 ) we h a v e 

X U ( t ) = [ f ^ ( x U ( s ) , x u ( s - T ) ,u(s),s) X u ( s ) + l ^ ( x u ( s ) , x u ( s - T ) ,u(s) ,s)]ds 

for a l l t £ [ 1 - t , 1] 
a n d 

X u ( t ) = / t
1 [ f ^ ( x u ( s ) , x U ( s - T ) , u ( s ) , s ) X u ( s ) 

+ l ^ ( x U ( s ) , X U ( S - T ) ,u(s) ,s) ] ds 

+ / 1 T [ f^ ( X U ( S + T ) , X U ( S ) , U ( S + T ) , S + T )x U
 ( S + T ) 

t y 

+ l j ( x u ( s + x ) , x U ( s ) , u ( s+T ) ,s+ T)]ds 
fo r a l l t £ [ 0 , 1 - t ] 

C o n s i d e r i n g on ly t h e c a s e t £ [ l - x , l ] we h a v e 

|| X u ( t ) || < f l
t ||l^(x u(s),x u(s-t),u(s),s)||ds 

+ II f ^ ( x u ( s ) , x u ( s - T ) , u ( s ) , s ) || || X u ( s ) | | d s 

for a l l t £ [ 1 - t , 1 ] 

Since || x U ( t ) | | < d for a l l u £ G, a l l t £ T a n d 1 a n d f a r e 
bo th c o n t i n u o u s on B l x B 1 x Q x T , where Bx i s d e f i n e d as 

B x = { x £ IRn : || x || <_ d } , 

t h e n 1 a n d f a r e b o u n d e d c o n t i n u o u s f u n c t i o n a l s on x x 
B xB x Q x T . Thus t h e r e e x i s t s c o n s t a n t s d , , d 2 £ (0,°o ) such t h a t 
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II X
 u
(t) II < d 1 + d 2/J|x u ( s ) | | d s for a l l t € [ 1 - T , 1 ] 

By an a p p l i c a t i o n of G r o n w a l l ' s i n e q u a l i t y we ge t the 
r e q u i r e d r e s u l t for t £ [1 -T , 1 ] -

The c a s e f o r [ 0 , l - x ] fol lows s i m i l a r l y . Hence the r e q u i r e d 
r e s u l t s h o l d . 

P ropos i t ion 5 . 3 
There e x i s t s a c £ (0, 0 0 ) such t h a t for a l l u r , u 2 G G we 

h a v e 

( i) || x 1 ( t ) - x 2 ( t ) || < c d ( u l , u 2 ) 
(ii) || X 1 (t)-X 2(t) || < c d ( u ,u ) 

1 2 

for a l l t e T 

Proof 
( i) Since x ( t ) i s the so lu t ion of (2.1) a n d (2 .2) we get 

x 1 ( 0 ) = x 2 ( 0 ) and 
x ! ( t ) - x 2 ( t ) = f l

 [ f ( x
1
( s ) , x

1
( s - x ) , u . ( s ) , s ) 

o 

- f ( x 2 ( s ) , x 2 ( s - x), u 2 ( s ) , s) ] ds for a l l t € T 

By a d d i n g a n d s u b t r a c t i n g terms a n d t a k i n g the 
modulus we h a v e 

l l x \ t ) - x 2 ( t ) | | < / t | | f ( x 1 ( s ) , x ( s - x ) , U l ( s ) , s ) 
o 

- f ( x 2 ( s ) , x \ s - T ) , u / s ) , s ) 11 d s 

+ J * I |f ( X 2 ( s ) , x \ S - X ) , u ! ( s ) , s ) 

- f ( x 2 ( s ) , X 2 ( s - x ) ,Uj(s) , s ) lids 

+ / t||f ( x 2 ( s ) , x 2 ( s - x ) , u 1 ( s ) , s ) 
0 

- f ( x 2 ( s ) , x 2 ( s - x ) , u 2 ( s ) , s ) | | d s 

f o r a l l t £ T 



By the c o n t i n u i t y of f ^ , f and f u on B t xB x x Q xT t h e r e 
e x i s t f i n i t e c o n s t a n t s c ^ c ^ c , such t h a t 

| | x ( t ) - x 2 ( t ) || <c x / * | | x ( s ) - x 2 ( s ) | | 
+ c 2 f l \ \ J ( s - x ) - x 2 ( s - x ) | | d s 

+ c 3 / ^ | | u l ( s ) - u 2 ( s ) | | d s for a l l t € T 
i . e . 
||x X ( t ) - x 2 ( t ) || < c ^ l W x x ( s ) - x 2 ( s ) | | d s + c 5 d ( u 1 , u 2 ) 

for a l l t € T 

by the d e f i n i t i o n of the metr ic d . 
By an a p p l i c a t i o n of G r o n w a l l ' s i n e q u a l i t y we get 

I Ix 1 ( t ) —x2 ( t ) II — c exp c d ( u ,u ) for a l l t £ T e x p 
5 r U 1 ' 2 

i . e . 

| | x ' ( t ) - x 2 ( t ) || <. c d ( u 1 , u 2 ) for a l l t £ T as r e q u i r e d 

Using e q u a t i o n s (2 .7) — (2.9) we have 

X 2 ( t)-X 1 ( t) = - / ^ [ H x ( x 1 ( s ) , x 1 ( s - t ) , u 1 ( s ) , X1 ( s ) , s ) 

- H X ( X 2 ( S ) , X 2 ( S - T ) , U 2 ( S ) , X 2 ( S ) , s ) ] d s 

for a l l t € [ 1 - t ,1] 
a n d 

X 2 ( t ) — x l ( t ) = - / l t [ H x ( x
1 ( s ) , x 1 ( s - x ) , u 1 ( s ) , X

1 (s),s) 

- H x ( x 2 ( s ) , x 2 ( s - x ) , u 2 ( s ) , X 2 ( s ) , s ) ] d s 

i _ x t 

- f t [ H (xl(s+T ) ,xKs) ,U 1 (s+X ) ,Xl(s+T ), s+x) 

T 

-H ( x 2 ( s f x ) , x 2 ( s ) ,u 2 ( s+x) , x 2 (s+X ) ,S+x)] ds 

for a l l t € [ 0 , 1 - x] 
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Consider the ca se t £ [ l - x , l ] . 
As in ( i) by a d d i n g a n d s u b t r a c t i n g terms a n d t a k i n g the 

modulus of bo th s ides we h a v e 

11\
2 (T)— x\t) ||< / ^ L L H ^ C X

 1
( S ) , X

1
( S - T ) , U 1 ( S ) , X l ( s ) , s ) 

- H ^ ( X 2
( S ) , X

1
( S - T ) , U 1 ( S ) , X ^ S J . S ) I I d s 

+ / ^ | | H £ ( X
2
( S ) , X

1
( S - T ) , U 1 ( S ) , X l ( s ) , S ) 

- H ^ ( X 2 ( S ) , X 2 ( S - T ) , U i ( s ) , X l ( s ) , s ) II ds 

+ / . 1 | | H t ( X
2
( S ) , X

2
( S - T ) , U 1 ( s h x 1 ( S ) , S ) 

t x 

- H ^ ( X 2 ( S ) , X 2 ( S - T ) , U 2 ( s ) ^ 1 ( s ) , s ) II ds 

+ / 1 | | H t ( X 2 ( S ) , x 2 ( s - T ) , U ( S M 1 ( S ) , s ) 

t X 2 
- H ^ ( X 2 ( S ) , X 2 ( S - T ) , U 2 ( S ) , X 2 ( S ) , S ) I I d s 

for a l l t e [ 1 - T, 1 ] 

Since the f u n c t i o n s H , H , H , H , a r e con t inuous on xx xy xu xX 
B l xB t x Q xB x xT, t h e r e e x i s t s f i n i t e c o n s t a n t s c 2 , c 2 , c 3 , 
c 4 such t h a t 

II X l ( t ) - X 2 ( t ) | | < c ^ * || x X ( s ) - x 2 ( s ) || ds + c 2 / l t || x 1 (s—x ) — x 2 (s—r )11ds 

+ c 3 / l t II X1 ( s ) - X 2 ( s ) || ds + C l ( f\ II u 1 ( s ) - u 2 (s) II ds 

for a l l t e [ 1 - t , 1 ] 

By d e f i n i t i o n of metr ic d a n d p a r t ( i ) of P ropos i t i on 5-3 , 
we deduce t h a t t he re e x i s t s f i n i t e c , c such t h a t s s 

| | X 1 ( t ) - X 2 ( t ) II < C s d ( u l f u 2 ) + c 6 /» ||x 1(s)-x 2(s) II ds 

for a l l t E [ 1 - T , 1 ] 
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The d e s i r e d r e s u l t now fol lows by an a p p l i c a t i o n of 
G r o n w a l l ' s i n e q u a l i t y . 

The ca se for t £ [ 0 , l - x ] fol lows by a s i m i l a r p r o c e d u r e . 

P ropos i t i on 5 .4 
There e x i s t s a c £ (0,°°) such t h a t , for a l l u x , u 2 £ G we 

h a v e 

IIA V(u 2 , u x ) - A V ( u 2 , u 1 ) | | <_ c [ d ( U i , u 2 ) ] 2 

Proof 

Since V i u ^ = f / l ( x 1 ( t ) ,x* ( t - x ) ,u t ( t ) , t ) d t 
Then we have t h a t for a n y u x , u 2 € G 

A V ( u 2 , u 1 ) = fo l [ l ( x 2 ( t ) , x 2 ( t - T ) , u 2 ( t ) , t ) —1 (x ' ( t h x 1 ( t -x ) , U l ( t ) , t ) ] dt 

By a d d i n g and s u b t r a c t i n g terms we get 

A V ( u 2 , u x) = / 1 [ l ( x 2 ( t ) , x 2 ( t - x ) , u 2 ( t ) , t ) - l ( x l ( t ) , x l ( t - x ) , U l ( t ) , t ) ] d t 
+ / 1 X U l T ( t ) [ f ( x 2 ( t ) , x 2 ( t - x ) , u (t),t)—f(x 1 (t),xUt—x),u ( t ) , t ) ] d t 

0 2 1 

- f 1 X U l T(t) [ x 2 (t ) — x 1 (t) ] dt 0 

From (2 .6) we h a v e 

H(x u(t),x u(t-x), u(t),X
u(t),t)=X u(t) Tf(x U(t),x u(t-x),u(t),t) 

+ l ( x u ( t ) , x u ( t - x ) , u ( t ) , t ) 

where x ( . ) i s the so lu t ion to (2.7) — (2 .9) 
There fo re 

AV(u 2,u x)= / Q
1[H(x 2(t),x 2(t-x),u 2(t),X

Ui (t),t) 

- H ( x l(t),x l (t-x),u l (t), X
u > (t),t) ]dt 
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- A 1 X U i T ( t ) ( x 2 ( t ) - x 1 ( t ) ) d t 

I n t e g r a t i n g the second i n t e g r a l by p a r t s we ge t 

/ Q 1 X U l T ( t ) ( x 2 ( t ) - x 1 ( t ) ) d t = [ x u i T ( t ) ( x 2 ( t ) - x * ( t ) ) ] i 

- J V X U l T ( t ) ( x 2 ( t ) - x 1 ( t ) ) d t 

= - V x U l T ( t ) ( x 2 ( t ) - x 1 ( t ) )d t 

s i n c e x ( l ) = 0 a n d x 2 ( o ) = x 1 (o) 
Hence t h e above becomes 

AV(u 2 , u x ) = / 0 1 [ H ( x 2 , y 2 , u 2 , X 1 , t ) - H ( x 1 , y 1 , u 1 , X \ t ) ] d t 

+ / 0 1 X U l T ( x 2 - x 1 )d t 

w h e r e y denotes the d e l a y e d a r g u m e n t , i . e . x ( t - x ) = y ( t ) , a n d 
t h e d e p e n d e n c e of t h e f u n c t i o n s x , y , u , X on t i s not shown fo r 
c o n v e n i e n c e of n o t a t i o n . This wi l l be done t h r o u g h o u t t h i s t h e s i s 
a n d s h o u l d not c a u s e a n y c o n f u s i o n . 

Using T a y l o r s e r i e s to e x p a n d H ( x 2 , y 2 , u 2 , X1 , t ) a b o u t 
H(x 1 , y 1 , u 2 , x 1 , t ) to second a p p r o x i m a t i o n wi th r e m a i n d e r term we 
h a v e 

H(x 2 , y 2 , u 2 , x l , t ) = H t x b y b U j , x M t J + H ^ x l , y l , u 2 , x l , t ) ( x 2 - x l ) 

+H (x  1,y l , u 2 , X l , t ) ( y 2 - y M+H ( x e , y e , u 2 > x l , t ) « y A y 

• ( x 2 - x 1 ) ( y 2 - y 1 ) 

+ H x x ( x £ , y £ , u 2 , X 1 , t ) ( x 2 - x 1 ) 

+ H y y t x M y M u , , x M ) ( y 2 - y M a 



w h e r e x e = ( l - d x ^ e x 2 fo r some e £ (0 ,1) a n d y e i s s i m i l a r l y 
d e f i n e d . 
Also s ince X1 i s t he so lu t ion to (2 .7) —(2.9) we h a v e 

f 0 l X l T ( t ) ( x 2 ( t ) - x I ( t ) ) d t = - / 0 1 H x ( x 1 ( t ) , x 1 ( t-T ) , u 1 ( t ) , X 1 ( t ) , t ) ( x 2 ( t)-X 1 ( t ) ) d t 

- / o 1 _ T H y (^it+T ) ̂ t ) , u/ t+T ) ,X l( t+T ) , t+T ) . 

• ( x 2 ( t ) —x x ( t ) ) d t 

=- ; 0 1 H x ( x 1 ( t ) , ^ ( t-T ) , u 1 ( t ) , X 1 ( t ) , t ) ( x 2 ( t ) - ^ ( t ) ) d t 

- ; 1 _ T H (^(t+-c),X 1(t),U 1(t+T),X 1(t+T),t+T) . 
-T y 

' ( x 2 ( t ) - x 1 ( t ) )d t 

s i n c e x 2 ( t ) = x 1 ( t ) for t € [ - T,0 ] a n d second i n t e g r a n d i s 
i d e n t i c a l l y ze ro . Also u s i n g a c h a n g e of v a r i a b l e we h a v e 

jY x l T ( x 2 - x M d t = - V [ H x ( x \y 1 , u l , x 1 , t ) ( x 2 - x 1 ) + H y ( x 1 , y l , u 1 , X 1 , t ) ( y 2 - y 1 ) ] d t 

a 

Using t h i s a n d the d e f i n i t i o n of A V ( u 2 , u 1 ) [ see ( 2 . 1 1 ) ] we 
h a v e 

A 

A V ( u 2 , u 1 ) - A V ( U 2 , U 1 ) = St[H (x , 1 y, 1 u2rX 1 , t ) -H v (x 1 ,y 1 ,u1,X 1 , t ) ] (x 2 -x*)dt A X 
+/ 0 l[H ( x ^ y 1 , ^ x x , t ) -H ( ^ , y i u / l , t ) ] (y 2 -y>)dt 

+ /„l { H x x ( x £ , y e , u 2 , X 1 , t ) ( x 2 - x 1 ) 2 

2 

+ H y y ( x £ , y e , u 2 , X 1 , t ) ( y 2 - y 1 ) 2 

2 

+ H ( x e , y e , u 2 , X 1 , t ) ( x 2 - x 1 ) ( y 2 - y 1 ) > dt 



By the c o n t i n u i t y of H ^ , ^ yu ® 1 i a n c * 
b o u n d e d n e s s of H , H , H fo r a l l x , y , X € B, , a l l u £ G, fo r xx yy xy J 

a l l t £ T t h e r e e x i s t f i n i t e c o n s t a n t s c x , c 2 , c 3 , c„ , c 5 such t h a t 

|| A V f u ^ u J - A V C u ^ u J H < c x VI I u 2 - u , || || x 2 - x : 11 dt 

+ c 2 /o1 | | u 2 - U ! || 11 y 2 —y1 II d t + c , / 0 l | | x 2 - x l | f d t 

/o1 II y 2 - y 1 l | 2 d t + c s V | |x 2 -xMIII y 2 - y x II d t 

i . e . 

| |AV(u 2 , u x ) - AV( u 2 , ux)| | < c 6 / ; | | u 2 - u x II | | x 2 - x 1 | | d t + c 7 f9
l\\x 2-x l || 2 d t 

fo r some c 6 , c 7 £ (0, » ) . 
Making use of P r o p o s i t i o n 5 . 3 a n d t h e d e f i n i t i o n of t h e 

met r ic d we ge t 
A 

|| A V(u 2 , u 3 ) — A V ( U 2_,u t ) || < c [ d ( u p u 2 ) ] 2 as r e q u i r e d . 

2 . 6 Proof of Theorem 1 
As ment ioned p r e v i o u s l y in t h e t h e s i s , Theorem 1 w i l l be 

p r o v e d u s i n g t h e c o n v e r g e n c e p r o p e r t i e s of the a l g o r i t h m model 
(3 .0 ) s t a t e d in sec t ion 2.3* However, be fo re we c a n use t h e s e 
r e s u l t s we must show t h a t Algor i thm 1 h a s t h e p r o p e r t i e s d e s i r e d 
of i t , i . e . i t s a t i s f i e s t he c o n d i t i o n s of Theorem 3 . 1 . 

We s h a l l need the fo l lowing r e s u l t s : 

Lemma 6 . 1 
For a l l a € [ 0 , l ] , fo r a l l u £ G we h a v e 

<t>( a , u) < a 9(u) 
Proof 

We h a v e by (3-7) a n d (2 .13) t h a t 

4>(o f u) = / t [ H (u(t ) , t ) - H ( x U , y U , u , X U , t ) ] dt 
1 au 



a n d 

e ( u ) = / 0 1 [ " H ( u ( t ) , t ) - H ( x u , y u , u , X u , t ) ]d t 

Now <t> ( 0 , u ) = 0 a n d 4>(l,u) = 9 (u) a n d 9 ( u ) i s the 
a v e r a g e v a l u e of 

[ H ( u ( t ) , t ) - H ( x u ( t ) , x u ( t - x ) , u ( t ) , X u ( t ) , t ) ] . By the d e f i n i t i o n of 
I [see ( 3 . 1 ) ] if w e h a v e 

H ( x u ( t ) , x u ( t - T ) , u ( t ) , X u ( t ) , t ) - H ( x u ( t ) , x u ( t - T ) , u ( t ) , X u ( t ) , t ) < 9 ( U ) 

Now by the way I i s def ined , we have that I CI I if J J a u a u u 

a e [ 0, u(I ) ] and so 

<t>(a,u) < a6 ( u ) fo r a e [ 0 , u ( I u ) ] 

For a € ( M l u ) , l ] we h a v e t h a t I d I a n d 

[ H ( u ( t ) , t ) - H ( x u ( t ) , x u ( t - x ) , u ( t ) , X U ( t ) , t ) ] > 9 (u) if t 6 T \ l a u 

Hence 
/ [ H ( u ( t ) , t ) - H ( x u , y u , u , x u , t ) ]dt > ( l - a ) e ( u ) 
T - l 

au 

Now from (2.13) we h a v e 

/ [ H ( u ( t ) , t ) - H ( x U , y U , u , x U , t ) ]d t 
T - l 

au 
+ / [ H ( u ( t ) , t ) - H ( x U , y U , u , X U , t ) ] d t = 9 (u) 

1 
au 

T h e r e f o r e 
(1- a) 6(u)+ <D(a,u) < 9 (u) 

and hence <t>(a,u) < ae (u) for a e ( j i ( l ) ,1 ] . 
Combining the above re su l t s we get 

4 > ( a , u ) < a 9 (u) for a l l a 6 [ 0 , 1 ] . 
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C o r o l l a r y 6 .2 
For a l l a £ [0 ,1 ] , for a l l u £ G, wi th u a a s de f i ned in 

Algor i thm 1, we h a v e 

AV(u , u) < a 9(u) + c a 2 
a 

fo r some f i n i t e c . 

Proof 
From Propos i t ion 5 . 4 , we h a v e for a l l u l t u 2 £ G t h a t 

A 

|| AV(u 2 , u J-AVCu 2 , u i) II < Ci [ d ( u ! , u 2 ) ] 2 

fo r some c l £ (0,°°) 
Hence 

A 

|| A V ( u a , u ) - A V ( u a , u ) || < C l [ d ( u a , u ) ] 2 

Now from Lemma 6 . 1 

A V ( u a , u ) = <P(a,u) < a e ( u ) fo r a l l a £ [ 0 , 1 ] 
Also d ( u ,u ) < 2 r y (1 ) = 2r a a au 

The re fo re 

| | .AV(u a ,u)-<p(a , u) | | < c j4 r 2 a 2 

i . e . A V ( u a , u ) < a e ( u ) + c a 2 as r e q u i r e d . 

C o r o l l a r y 6 . 3 
g 

Let A:G—"2 be the map d e f i n e d by Algori thm 1 a n d let 
a : G x G — [ 0 , 1 ] be a s d e f i n e d in ( 3 . 8 ) . Then t h e r e e x i s t s some 
c £ (0, such t h a t 
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(i) 4 V ( v , u ) < for a l l v £ A(u) 
4c 

( i i ) a > ~a = " 9 ( u ) fo r a l l a G { a ( u , u ) : u S G } 
2c 

Proof 
From C o r o l l a r y 6 .2 we h a v e 

A V(u ,u) < a 9 (u)+c a 2 
a 

a n d by (3 .8) 
v a 9 (u) 

a ( u , u ) = max {a G [0 ,1] : AV(u ,u ) < } 
a 2 

There fo re the maximum a € [ 0 , l ] such t h a t 
a 9 (u) 

a 9(u)+ c a 2 < 

occu r s a t the non zero root of 
ae (u) 

a 9 (u) + c a 2 = 
2 

- e (u) l . e a = 
2c 

a n d we have t h a t 
a 9 ( u ) _ 

a 9(u)+ C a 2 < for a l l a 6 [ 0 ,a 

The re fo re a(u, u) i s not s m a l l e r t h a n a as a s s e r t e d in ( i i ) . 
Using t h i s we h a v e 

A V ( v , u ) < a ( u , u ) 9 ( u ) 
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< fo r a l l v e A ( u ) 

- [ e ( u ) ] 2 

Hence AV(v,u) <. fo r a l l v 6 A ( u ) 
4c 

This p roves ( i ) . 
All the above r e l a t i o n s can be seen more c l e a r l y in 

F i g . 6 . 1 . 

a9 (u)+ca' 

I -

A v(u ,U a 

F i g . 6 . 1 

Lemma 6 .4 
The f u n c t i o n 9 :G 

metr ic d . 
IR is con t inuous with r e spec t to the 

Proof 
From Propos i t ion 5-3 , t h e r e e x i s t s a c £ ( 0 , ° ° ) such t h a t for 
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a l l u , v € G satisfyirg d ( u , v ) < e , fo r some £ > 0, we h a v e 

s u p II x v ( t ) - x u ( t ) II < c e 
t 6 T 

s u p || X v ( t ) - X u ( t ) || < c e 
t £ T 

Let n: IR n x IR nx IRnxT + IR be d e f i n e d by 

n ( x , y , X,t) = min H(x,y,o) , X,t) fo r a . a . t £ T 

Note t h a t n ( x u ( t ) , x u ( t - x ) , X u ( t ) , t ) = H ( u ( t ) , t ) 
We r e c a l l a theorem from Polak [ P I ] . 

Theorem B3.20 
Let M . , ' ; ) be a continuous f u n c t i o n from I R p x IR ^ i n to IR 

a n d le t S be a compact s u b s e t of Then the f u n c t i o n 

X : IR P - IR d e f i n e d by 
X (z) = min U ( z , h ) : h £ S > 

i s a l s o con t inuous . 
Using t h i s a n d the un i fo rm c o n t i n u i t y of H on the compact 

se t B x x B j x Q x B XXT we deduce t h a t n i s un i fo rmly c o n t i n u o u s on 
B iXB!xB!xT . 

R e t u r n i n g to the proof of lemma 6 .4 we h a v e by the 
definit ion of 9 t h a t 

9 ( v ) - e ( u ) = / 0 1 [ n ( x v ( t ) , x v ( t - t ) , x v ( t ) , t ) - H ( x v ( t ) , x v ( t - x ) , v ( t ) ,X v ( t ) t ) ] d t 
- / l [ n l x u ( t ) , x u ( t - x), x u ( t ) , t ) - H ( x u ( t ) , x u ( t - x ) , u ( t ) , x U ( t ) , t ) ] dt 0 
r 1 r / v V ,v v , u U ,U . v , = / [n(x ,y ,X , t ) - n ( x ,y ,X , t ) Jdt 0 

, l r n , V V . V + v „ , U U . U _ \ - | J a t - / L H(x ,y ,v ,X , t ) - H ( x ,y ,u,X , t ) J d t 
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By the c o n t i n u i t y of n a n d H the fo l lowing ho lds 

(1) f Q [n(x , y , x , t ) - n ( x , y ,x , t ) ] d t < /2 
for a l l u , v £ G such t h a t d ( u , v ) < 
Th is c a n be shown by a d d i n g a n d s u b t r a c t i n g t e rms 
a s in the p roo f s of P r o p o s i t i o n 5 . 3 a n d u s i n g P r o p o s i -
t ion 5 . 3 

( i i ) There e x i s t s a 6 € ( 0 , 5 J such that for a l l u , v £ G 
with d ( u , v ) < 6 we have 

/„ [ H(x ,y , v , X , t ) - H ( x ,y ,u,X , t ) < /2 

T h e r e f o r e for a l l e > 0, t h e r e e x i s t s a 5 > 0 such t h a t 

|| e ( v ) - e ( u ) || < e fo r a l l u , v € G which s a t i s f y d ( u , v ) < $ . 

Hence 9 i s c o n t i n u o u s wi th r e s p e c t to the met r i c d , in f a c t 
t he proof shows t h a t i t is u n i f o r m l y c o n t i n u o u s . 

We a r e now in a pos i t i on to p r o v e Theorem 1 which we 
r e s t a t e he r e fo r c o n v e n i e n c e . 

Theorem 1 
Suppose Assumpt ions 1 a n d 2 a r e s a t i s f i e d a n d t h a t 

Algor i thm 1 g e n e r a t e s a s equence i u^ } . Then t h i s s e q u e n c e i s 
e i t h e r f i n i t e , in which c a s e the l a s t con t ro l i s d e s i r a b l e , or i t i s 
i n f i n i t e a n d e v e r y l imi t po in t in G, wi th r e s p e c t to the met r ic d , 
i s d e s i r a b l e . 

Proof 
If Algor i thm 1 g e n e r a t e s a f i n i t e s equence of c o n t r o l s , i . e . 

76 



{ u ^ } = { u , , u p } , i t i s obv ious t h a t the a l g o r i t h m s tops 
a t Step 5 when the l a s t element u^. s a t i s f i e s 

e (u^ ) = 0, i . e . u ^ is d e s i r a b l e 

Now assume t h a t Algori thm 1 g e n e r a t e s an i n f i n i t e sequence 
{u. }. . We wi l l use Theorem 3 . 1 to p rove Theorem 1. i i= 0 

By our a s s u m p t i o n s on 1, V ( . ) i s con t inuous and bounded 
from below on G, hence a s sumpt ion ( i ) of Theorem 3 . 1 is 
s a t i s f i e d . Now i t wi l l be shown t h a t a s sumpt ion ( i i ) in Theorem 
3-1 is a l so s a t i s f i e d . Assume t h a t Algori thm 1 is a t an u n d e s i r -
ab l e con t ro l u € G, i . e . 9 (u) = <5 < 0. 

Then by the c o n t i n u i t y of 9 , t h e r e e x i s t s an e > 0 such 
t h a t for a l l v € G s a t i s f y i n g d ( u , v ) < e we h a v e 

- [e ( v ) ] 2 < - [ 9 ( U ) ] 2 / 2 

Now s ince Algori thm 1 p roduces 

A V( A(u ) , u) = A V ( u a , u ) < ~ [ 9 ( u ) ] 2 

4c 

[ u s i n g Coro l l a ry 6 .3 ], we h a v e t h a t for a l l v € G s a t i s f y i n g 
d ( u , v ) < e , 

- [ 9 (v) ] 2 - [9 ( u ) ] 2 

A V( A(v ) , v ) < < 

4c 8c 

i . e . for a n y u n d e s i r a b l e u € G, Algori thm 1 h a s the p r o p e r t y t h a t 

V(A(v) ) -V(v) < 6 ( u ) for a l l v € G 
- [ 9 (u) 1 2 

s a t i s f y i n g d ( u , v ) e , where 5(u) = < 0 8c 
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This shows t h a t Algori thm 1 s a t i s f i e s a s sumpt ion ( i i ) of 
Theorem 3 . 1 , t h e r e f o r e we can use i t to p rove conve rgence of our 
a l g o r i t h m . 

Hence from Theorem 3 . 1 we h a v e t h a t eve ry accumula t ion 
po in t u* £ G of the sequence {u^} must s a t i s f y 

V(u ) -V(u*) > 0 for a l l u £ A ( u * ) 

But from Corol lory 6 .3 

- [ 9 ( u * ) ] 2 

A V ( u , u * ) < for a l l u £ A ( u * ) 4c 

This is only p o s s i b l e if 9 (u*) = 0, i . e . if u* i s d e s i r a b l e . 
This p roves Theorem 1. 
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CHAPTER 3 

STEEPEST DESCENT ALGORITHMS WITH RELAXED CONTROLS 

3 - 1 I n t r o d u c t i o n 
In C h a p t e r 2 i t was shown t h a t any L^ accumula t i on p o i n t s 

of a sequence of con t ro l s g e n e r a t e d by Algori thm 1 were d e s i r a b l e 
( i . e . s a t i s f i e d a n e c e s s a r y cond i t ion of o p t i m a l i t y ) , a l t h o u g h 
ex i s t ence of such l imi t con t ro l s could not be g u a r a n t e e d . In t h i s 
c h a p t e r we p r e s e n t two a l g o r i t h m s for so lv ing a r e l a x e d v e r s i o n 
of Problem PI ( d e f i n e d be low) , both of which c i r cumven t t h i s 
p rob lem. 

The f i r s t of t he se , (Algori thm 2) p r e s e n t s an a n a l y s i s 
u s i n g a more a b s t r a c t bu t a l s o , in a s ense , more n a t u r a l s e t t i n g 
t h a n t h a t of C h a p t e r 1. Here our a n a l y s i s is b a s e d on c o n v e r -
gence in the sense of cont ro l m e a s u r e s . The r e a s o n for t u r n i n g to 
r e l a x e d con t ro l s is t h a t , u n l i k e in L, , a sequence {u. } . " , 

~ 1 i = 0 

of bounded r e l a x e d con t ro l s a l w a y s h a s accumula t ion p o i n t s . 
Fu r the rmore these accumula t ion p o i n t s ( in the sense of con t ro l 
m e a s u r e s ) s a t i s f y an a p p r o p r i a t e op t ima l i t y cond i t ion for the 
r e l a x e d cont ro l problem de f ined in sect ion 2. 

Because of the " l i n e a r " n a t u r e of r e l a x e d con t ro l s the new 
con t ro l u can be c o n s t r u c t e d a s ~ a 

u o ( t ) = ( l - a ) u ( t ) © a u ( t ) (1 .1) 

where © i s in the r e l a x e d sense [ see sect ion B8 in Chap t e r 1] , 
v 

u i s the old con t ro l , u is a con t ro l which minimises a Hamil to-
n i a n , and a € [ 0 , 1 ] is the s t ep l e n g t h . We wil l s ay t h a t u (t) is 

v a r e l a x e d convex combina t ion of the con t ro l s u ( t ) a n d u ( t ) when 
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(1 .1) i s t r u e . 
Both u a n d u may be r e l a x e d c o n t r o l s , a l t h o u g h if u ( t ) = 

6 u ( t ) and u ( t ) = (t)> i . e . t h e Y h a v e t h e i r p r o b a b i l i t y measu re s 
c o n c e n t r a t e d a t the o r d i n a r y con t ro l s u ( t ) a n d u ( t ) r e s p e c t i v e l y , 
u a d e f i n e d by (1 .1) would s t i l l be r e l a x e d , h a v i n g i t s p r o b a b i -
l i t y measu res c o n c e n t r a t e d a t the two o r d i n a r y con t ro l s u a n d u 
in the r a t i o ( l - a ) : a for a 6 ( 0 , 1 ) . Obvious ly u^ r educes to j u s t u 
or u when a = 0 or 1 r e s p e c t i v e l y . 

With u ^ d e f i n e d a s in ( 1 . 1 ) , the s t rong v a r i a t i o n s in 
con t ro l as d i s c u s s e d in C h a p t e r 2 a r e m e a n i n g l e s s s ince u h a s 
some f i n i t e p r o b a b i l i t y measu re c o n c e n t r a t e d a t both the con t ro l s 
u ( t ) a n d u ( t ) for a l l t £ T a n d for a l l a £ ( 0 , 1 ) . However, i t c an 
be seen t h i s d e f i n i t i o n of u i s c loser to c l a s s i c a l methods of 

- a 

d e f i n i n g new con t ro l t h a n the s t rong v a r i a t i o n a l a p p r o a c h 
p r e s e n t e d in C h a p t e r 2. For example in s t eepes t descen t the new 
con t ro l would be de f i ned by 

u 0 ( t ) = u ( t ) + a s ( t ) 

where s ( t ) i s the s e a r c h d i r e c t i o n and c a n be set to ( u ( t ) - u ( t ) ) , 
v with u ( t ) o b t a i n e d b y , s a y , minimis ing a Hami l ton ian . Hence 

u would be d e f i n e d by 
~a J 

u (t) = ( l - a ) u ( t ) + a u ( t ) (1 .2) - a 

Compar ing (1.1) a n d (1 .2) above , the s i m i l a r i t y is ve ry 
c l e a r , the only d i f f e r e n c e be ing t h a t a r e l a x e d convex c o m b i n a -
t ion of u a n d u is t a k e n in ( 1 . 1 ) , w h e r e a s a s t a n d a r d convex 
combina t ion is t a k e n in the s t eepes t descen t method. Because of 
t h i s s t rong s i m i l a r i t y we wi l l c a l l t h i s a p p r o a c h ( d e f i n e d by 
(1 .1 ) ) r e l a x e d s teepes t de scen t , o r , s t eepes t descen t with r e l a x e d 
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con t ro l s (see Warga [ W l ] ) . 
This s i m i l a r i t y is f u r t h e r s t r e n g t h e n e d when an e s t ima te of 

the c h a n g e in cost when u ^ [ a s d e f i n e d by (1 .1 ) ] i s u s e d in 
p l a c e of the old con t ro l u . This e s t ima te [ s e e Lemma 4 .1 b e l o w ] , 
as for o r d i n a r y s t eepes t descen t methods , is found to be a l i n e a r 
f u n c t i o n of the s tep l e n g t h a . As wi l l be seen , t h i s makes 
p r o v i n g conve rgence v e r y much s imple r t h a n was for the s t rong 
v a r i a t i o n a l a p p r o a c h . One of the a d v a n t a g e s is t h a t t h e r e i s no 
need to de f i ne the i n t e r v a l 1 a s in Chap t e r 2, a l t h o u g h the 
r e l a t i v e l y s t r a i g h t f o r w a r d method for choos ing the s t ep l e n g t h can 
s t i l l be u s e d . 

The second of the a l g o r i t h m s p r e s e n t e d in t h i s c h a p t e r 
(Algori thm 3) is an a t t empt to make Algori thm 2 implementab le in 
t h a t a l l the r e l a x e d con t ro l s a r e a p p r o x i m a t e d u s i n g o r d i n a r y 
con t ro l s to a n y r e q u i r e d degree of a c c u r a c y . If t h i s is done a t 
each i t e r a t i o n we show t h a t a l l l imit po in t s s a t i s f y o p t i m a l i t y 
cond i t i ons to wi th in " d e l t a " . Also we show t h a t if the a c c u r a c y of 
the a p p r o x i m a t i o n s is i n c r e a s e d i n d e f i n i t e l y t h e n l imi t po in t s 
s a t i s f y o p t i m a l i t y cond i t i ons " e x a c t l y " . For both of t hese ca se s 
l imit p o i n t s a l w a y s ex i s t due to the compactness p r o p e r t y of the 
set of r e l a x e d con t ro l s a n d the f a c t t h a t the space of o r d i n a r y 
con t ro l s is dense in i t . 

3 -2 Re laxed Control Problem 
Let us r e c a l l Problem PI in Chap t e r 2, 

Problem P I : 

Min / „ 1 1 (x ( t ) , x ( t - t ) , u ( t ) , t ) dt 
u 
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s . t . x ( t ) = f ( x ( t ) , x ( t - T ) , u ( t ) , t ) fo r a . a . t S T 
x ( t ) = <T> ( t ) fo r a l l t 6 [ - T , 0 ] 

u E G 

where G = { u € L ^ [ 0 , 1 ] : u ( t ) E Q fo r a l l t € T } a n d a l l the o the r 
o b j e c t s a r e the same a s in C h a p t e r 2. 

To d e f i n e the r e l a x e d con t ro l problem fo r Problem PI we 
f i r s t need to s t a t e a few d e f i n i t i o n s a n d r e s u l t s which a r e 
s t a n d a r d in the r e l a x e d con t ro l l i t e r a t u r e [ see Sect ion B8 in 
C h a p t e r 1 ]. 

Let V be the se t of p r o b a b i l i t y m e a s u r e s on Q , so t h a t if 
v £ V, t h e n 

/ ^ d v ( u ) = 1 . For a n y c o n t i n u o u s f u n c t i o n 
4>: IR n x Q x T I R P , the corresponding r e l a x e d funct ion 
4> : | R n x V x T — I R P i s de f ined by r J 

$ ( x , v , t ) ^ / $ ( x , u , t ) d v ( u ) (2 .1) 
r q 

Let G denote the set of m e a s u r a b l e r e l a x e d c o n t r o l s . 
Then the r e l a x e d con t ro l p rob lem R1 c o r r e s p o n d i n g to 

p rob lem PI i s 

Problem R1 

Min V(u) = f 0 \ ( x ( t ) , x ( t - i ) , u ( t ) , t ) d t (2 .2) r u 

s . t . x ( t ) = f ( x ( t ) , x ( t - T ) , u ( t ) , t ) for a . a . t E T (2 .3) 

x ( t ) = <J) ( t ) for a l l t e [ - t , 0 ] (2 .4) 
u £ G 
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Remark 
For any con t ro l wi th the symbol " ~ " we mean t h a t i t is a 

r e l a x e d con t ro l and an element of G. Also u n l e s s o therwise 
s t a t e d , for a l l r e l a x e d f u n c t i o n s as de f i ned by ( 2 . 1 ) , the 
s u b s c r i p t r will be omit ted s ince i t wi l l be a p p a r e n t from the text 
whe the r i t i s the o r i g i n a l f u n c t i o n or i t s r e l a x e d ex tens ion t h a t 
i s be ing c o n s i d e r e d . 

We de f ine X :T • IR , the ex tens ion of the cos t a t e 
f u n c t i o n , as the so lu t ion of 

- x ( t ) = H P (x ~ ( t ) , x ~ ( t - x ) , u ( t ) , X ( t ) , t ) (2 .5) 

r p 

+ Hy ( x ~ ( t + t ) ( t ) , u ( t + t ) ,X ( t + t ) , t + t ) 

for a . a . t € [ 0 , 1 - t ] 

— X (t) = H P ( x ~ ( t ) , x ~ ( t - x ) , u ( t ) , X ( t ) , t ) for a . a . t G [ l - x , l ] ( 2 . 6 ) 

x (1) = 0 (2.7) 

where H: IR n x IRn xVx IR n x T — IR d e f i ned by 

H ( x y , y - , u , x - , t ) = x y T f ( x U , y U , u , t ) + l ( x y , y y , u , t ) (2 .8) 

i s the ex tens ion of the Hamil tonian f u n c t i o n de f i ned in Chap te r 2 
to the set G. 

We assume t h a t Assumptions 1 and 2 in C h a p t e r 2 hold in 
the fo l lowing e x p o s i t i o n . 

We wi l l need the fol lowing r e s u l t s : 

P ropos i t i on 2 .1 
For any u G G, t he re e x i s t s a b s o l u t e l y con t inuous f u n c t i o n s 

x~ a n d X where 
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( i ) X ( • ) i s the unique solut ion of (2 .3) and (2 .4 ) 

( i i ) i s t h e u n i q u e so lu t ion of ( 2 . 5 ) , (2 .6) a n d (2 .7) 

For a proof of t h i s s t a n d a r d r e s u l t see Young [ Y1 ] , where 
i t is g i v e n fo r t he d e l a y - f r e e c a s e . These r e s u l t s c a n be e a s i l y 
e x t e n d e d u s i n g methods in Hale [ HAL1 ] or Bel lman a n d Cooke 
[ BC1 ] to cover ou r d e l a y e d c a s e . 

As in C h a p t e r 2, we c a n show q u i t e e a s i l y t h a t for a n y 
two r e l a x e d c o n t r o l s u , u e G we h a v e t h a t 

~ 1 ~~ 2 

A V ( u 2 , u i ) = / / [ H ( x y l ( t ) , x y 1 ( t - x ) , u 2 ( t ) , X ^ 1 ( t ) , t ) (2 .9) 

-H (x~ 1 ( t ) , x~ 1 ( t - x ) , u 1 ( t ) , \ ~ 1 ( t ) , t ) ]d t 

= / / H ( X ~ H t ) , x - H t -x ) ,u 2 ( t ) © u 1 ( t ) ,x ~ 1 ( t ) , t ) d t 

i s a f i r s t o r d e r e s t i m a t e of 

av(pz } " v(p2}"v(hi) (2-10) 

As in C h a p t e r 2 the fo l lowing p r o p o s i t i o n which i s a n 
e x t e n s i o n of Proposition 2 .1 in C h a p t e r 2 wi l l be needed for ou r 
a l g o r i t h m to be wel l d e f i n e d . 

P r o p o s i t i o n 2 .2 
For a n y u £ G t h e r e e x i s t s a m e a s u r a b l e con t ro l f u n c t i o n 

u £ G which s a t i s f i e s 

u ( t ) = a r g min H(x~( t ) , x - ( t - x ), w, ( t ) , t ) (2 .11) 
y e Y 

for a . a . t £ T 
Note: u c a n a l w a y s be chosen an o r d i n a r y c o n t r o l , see Warga [W3] 
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Such a u e x i s t s due to s i m i l a r r e s u l t s a s d i s c u s s e d in 
C h a p t e r 2. We a l s o d e f i n e by U(u) the se t of a l l c o n t r o l s v £ G 
which s a t i s f y 

v ( t ) = a r g min H(x~ ( t ) ,x~ ( t - x ) ,<o , x ~ ( t ) , t ) fo r a . a . t g T 
oi £ V 

As in C h a p t e r 2, we d e f i n e 9 r : G — • IR to be t h e e x t e n s i o n 
of 9 to G by 

9 r ( u ) = / / [ H ( x y ( t ) , x y ( t - T ) , u ( t ) , X ^ ( t ) , t ) - H ( x y ( t ) , x y ( t - x ) , u ( t ) , X ^ ( t ) , t ) ] d t 
(2.12) 

which has the fo l lowing property: 

Proposit ion 2 .3 
The r e l a x e d f u n c t i o n 9 : G - IR ( i g n o r i n g the s u b s c r i p t r ) 

i s s e q u e n t i a l l y c o n t i n u o u s in the sense of con t ro l m e a s u r e s 
( i . s . c . m . ) . 

Proof 
CO 

Suppose we h a v e an i n f i n i t e s equence ^ 9 c o n v e r g _ 

i ng i . s . c . m . to u * £ G , i . e . 
u . • u* i . s . c . m . 
-1 

^ 00 

Then we need to show t h a t 

0 (u.) e(u*) 
^ CO 

i . e . lim || 9 ( u . ) - e (u* ) II = 0 
1 + oo 
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From the d e f i n i t i o n of 9 [ see ( 2 . 1 2 ) ] we h a v e 

9 (u) = min /* [H (x~ ,y~ , v , X a , t ) - H ( x ~ , y ~ , u , X ~ , t ) ] dt 
v € G 0 

For a l l u £ G le t n ( u ) denote the set of v £ G which so lves 
v 

t he above e q u a t i o n [note t h a t n ( u ) = U ( u ) ] , so t h a t 

e ( u ) = J 0 1 [ H ( x ~ , y ~ , u , x a , t ) - H ( x ~ ,y~ , u , X ~ , t ) ]d t 

Hence we h a v e fo r t he above ment ioned sequence t h a t 

9 ( u . ) = / 0 l [ H ( x ^ i , y ^ i , u . , x a i , t ) - H ( x ^ i , y ^ i , u . , X a i , t ) ] d t 
for a l l u . € n(uO, for a l l i 

a n d 

9 (u*) = / / [ H ( x a ^ , y ~ " , u " , X ^ " , t ) - H ( x a " r , y a " , u " , X a " , t ) ] d t 

fo r a l l u * e n(u*) 

Hence we h a v e 

9 ( u " ) - 9 ( u . ) < / j H l x ^ j ^ . u . , x9\t)-H ( x ^ \ y a \ u*,X a*,t)]dt 

- / 1[h(x î,y1ii,u.,xai,t)-h(x î,y î,ui,xai,t)]dt 

for a l l uu G n ( u ^ ) , fo r a l l i 

a n d 

e ( u * ) - e ( u . ) > J*01 [ H(x~ ,u" ,x , t ) - H ( x ^ * , y y * , u * , x p * , t ) ] dt 

- /01[h(xyi,yyi,usx14i,t)-h(xpi,ypi,ui,xyi,t)]dt 

for a l l u* e n ( u * ) for a l l i 

As shown in Append ix A we h a v e 

x " 1 ( t ) x (t) i n Loo u n i f o r m l y in t € T 
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Also u s i n g a s i m i l a r p r o c e d u r e a s in Appendix A we c a n 
show t h a t 

X^i(t) <- x~"(t) in La, un i fo rmly in t £ T 

Now by making use of a r g u m e n t s s i m i l a r to those employed 
in Appendix A, we deduce t h a t : 

l i m s u p | | 6 (u*)-e(u.) | | = 0 
i —i- oo 

i . e . e (uu) • e ( u * ) , a n d so e i s s e q u e n t i a l l y 
i 0 0 

con t inuous i . s . c . m . This p roves the p r o p o s i t i o n . 
The p u r p o s e of the a l g o r i t h m s p r e s e n t e d in t h i s c h a p t e r 

wi l l be to g e n e r a t e con t ro l s u* £ G which s a t i s f y n e c e s s a r y 
cond i t ions of o p t i m a l i t y for the r e l a x e d con t ro l p rob lem. It c an 
be shown q u i t e e a s i l y from the above d i s c u s s i o n t h a t a con t ro l 
u - € G i s op t ima l for R1 if i t s a t i s f i e s 

9 ( u " ) = 0 (2.13) 

As in C h a p t e r 2 such a u* a l so s a t i s f i e s P o n t r y a g i n ' s 
Maximum P r i n c i p l e s t a t e d in C h a p t e r 1. 

We wi l l e s s e n t i a l l y r e t r a c e the L x a n a l y s i s in Chap t e r 2 to 
show t h a t accumula t ion p o i n t s (a t l e a s t one e x i s t s ) g e n e r a t e d by 
Algori thm 2 a r e d e s i r a b l e . The major d i f f e r e n c e in the two set of 
r e s u l t s i s t h a t we do not possess a metr ic for G. 

We wi l l need the fo l lowing r e s u l t s which a r e e x t e n s i o n s of 
r e s u l t s in Sect ion 5 in C h a p t e r 2. 
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P r o p o s i t i o n 2 .4 
( a ) There e x i s t s a d € ( 0 , » ) such t h a t for a l l u G G 

( i ) || x p ( t ) || < d 
( i i ) II X u ( t ) || < d 

fo r a l l t e T 

(b) If { U | ) i s an in f in i t e sequence in G which converges 
to u * G G i . s . c . m . then 
( i ) x p i ( t ) x p * ( t ) 
( i i ) X p i ( t ) X p * ( t ) 

uniformly in T 

Proof 
(a) ( i ) || x M t ) | | < d c a n be d e d u c e d a s in C h a p t e r 2 u s i n g 

t h e f a c t t h a t 

11 f r (x , y , u , t ) || = || / f ( x , y , u r t ) d u ( u ) | | 
< || M( || x | | + | | y | | +1) / d u ( u ) || 
= M { || x || + || y || +1 } 

( i i ) Using t h i s bound on x ~ ( . ) we c a n use the same 
p r o c e d u r e a s in P r o p o s i t i o n 5 . 2 in C h a p t e r 2 to show 
t h a t 

X y ( t ) || < d for a l l v G G , a l l t e T 

(b)(i) See Append ix A 
Proof of ( i i ) fo l lows u s i n g the same p r o c e d u r e . 
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Propos i t i on 2 .5 
For a l l u , v £ G, a l l a £ [0,1] a n d with u o d e f i n e d as the 

r e l a x e d convex combina t ion of u a n d v , i . e . 
U (t) = ( l - a ) u ( t ) © a y ( t ) we h a v e 

II x ^ a ( t ) —x~ ( t ) | | < da for a l l t € T 

for some d 6 ( 0 , ® ) . 

Proof 
By d e f i n i t i o n of x ( . ) we h a v e 

x ~ a ( t ) - x ~ ( t ) = / 0 t [ f ( x p a ( s ) , x a a ( s - x ) , u a ( s ) , s ) 

- f ( x ~ ( s ) , x ~ ( s - x ) , u ( s ) , s ) ]ds for a l l t 6.T 

= /o1[(l-a)f(x-a,ypa,u,s) + af(xaa,yaa,v,s) 

- f ( x ~ , y ~ , u , s ) ] ds for a l l t £ T 

E x p a n d i n g f ( x ~ a , y P a , u , s ) a n d f ( x a a , y ~ a , v , s ) abou t x ~ ( s ) , 
u # x ~ ( s - x) we get to " f i r s t o r d e r " 

U / \ U / . x , t . r a U U x C( u U x -, x~ ( t ) —x ~ (t) = / o {a [ f (x~ , y ~ , v , s ) - f ( x ~ , y ~ , u , s ) ] 
/ i / u u W U » Ux + (1- a) f (x~ , y - , u , s) (x ~ a - x ~ ) 

+ (1-a)f ( x ~ , y ~ , u , s ) ( y ~ a - y ~ ) 

e l U U xl i Upi U x 

+ a f ^ ( x ~ ,y~ , v , s) (x~ —x~ ) 
+ a f ^ ( x y , y y , v , s ) ( y - c t - y y ) Ids for a l l t £ T 

By Assumption 2 a n d b o u n d e d n e s s of f , f x > f ^ on B i X B ^ V x T , 
where B x = {x € | R n : || x || < d }, 

The development he re i s not e n t i r e l y r i go rous s ince we h a v e 
omit ted the " r e m a i n d e r te rm"; i t c an be made so by a rgumen t s 
s i m i l a r to those used in Propos i t ion 5-4 in Chap te r 2. 
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t h e r e e x i s t d p d 2 e (0, ®) such t h a t 

|| x ~ a ( t ) - x ~ ( t ) || < / / d . a d s + d 2 / o t II x y a ( s ) - x y ( s ) II ds 

By an a p p l i c a t i o n of G r o n w a l l ' s i n e q u a l i t y we get 

|| x - a ( t ) - x ~ ( t ) || < d a for a l l t £ T 

as r e q u i r e d . 
We now p r e s e n t Algori thm 2 which is a l so b a s e d on the 

a lgo r i t hm model in sec t ion 3 in C h a p t e r 2. 

3 . 3 Algori thm 2 (For Solving Problem Rl) 
Step 0 
Step 1 
Step 2 
Step 3 
Step 4 
Step 5 

Select a u 0 £ Q 
Set i=0 
Compute x ~ M . ) by so lv ing (2 .3) and (2 .4) 
Compute by so lv ing (2 .5) — (2.7) 

NX NX 

Compute a u . 6 U ( u . ) 
Compute 9 ( u . ) u s ing (2.12) 
If 9 (u . ) = 0 Stop, 
Else con t inue 

Step 6 : Define u ( . ) a s 
u (t) £ ( l - a ) u . ( t ) © a S . ( t ) 
- a - 1 w ~ l 

Compute a £ [ 0 , l ] a s the l a r g e s t number which s a t i s f i e s 

AV(u , u . ) 
~ a -i ~ l 

a. © (u . ) l ~ 1 

Step 7 Set u . = u ~ i+1 ~oti 
Set i = i+1 
Goto Step 2 
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Remark 
1. The s tep l e n g t h a^ d e f i n e d in Step 6 i s a f u n c t i o n of 

V 

u^ a n d u^ a s in C h a p t e r 2 b u t we do not s t a t e t h i s 
e x p l i c i t l y for conven ience 

2. The i n t e r v a l 1 in C h a p t e r 2 i s not n e e d e d s ince the au r 

l i n e a r n a t u r e of r e l a x e d c o n t r o l s a l low a descen t 
p r o p e r t y a t e ach n o n d e s i r a b l e u . 
This wi l l become a p p a r e n t in the fo l lowing Theorem 
which is t he main r e s u l t in t h i s sec t ion a n d s t a t e s the 
c o n v e r g e n c e p r o p e r t i e s of Algor i thm 2. 

Theorem 2 
Suppose Assumpt ions 1 a n d 2 in C h a p t e r 2 hold a n d t h a t 

Algor i thm 2 g e n e r a t e s a sequence of ( r e l a x e d ) c o n t r o l s {u^ } . 
This s equence is e i t h e r f i n i t e , in which ca se the l a s t con t ro l is 
d e s i r a b l e , or i t i s i n f i n i t e a n d e v e r y l imit p o i n t , u* in the 
sense of con t ro l m e a s u r e s (a t l e a s t one e x i s t s ) , i s d e s i r a b l e . 

3 - 4 Proof of Theorem 2 
The proof of Theorem 2 wi l l be o b t a i n e d u s i n g the same 

p r o c e d u r e as in p r o v i n g Theorem 1 in C h a p t e r 2. We wi l l need 
the f o l l o w i n g : 

Lemma 4 . 1 

For a l l a £ [ 0 , 1 ] , for a l l u , u £ ( 3 such that y sU(y) we have 

AV(u ,u) = a 9 (u) 

where u is as def ined above . ~ a 
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Proof 
By d e f i n i t i o n [ see (1.1) a n d ( 2 . 9 ) ] we h a v e 

u o ( t ) = ( l - a ) u ( t ) © a u ( t ) for a £ [ 0 , 1 ] , a l l t £ T 

a n d 

A V ( u a , u ) = /„ 1 [ H ( x y ~ , u a > , t ) -H(x~ ,y~ , u , X-P, t ) ] dt 
/n 1 

i . e . A V ( u a , u ) = f0 [ (1 -a ) H(x~ , u,X ~ , t )+a H(x~ ,y~ , u , X ~ , t ) 

- H ( x ~ , y ~ ,u,X ~ , t ) ] dt 
The re fo re 

AV(u a , u ) = a / 0 1 [ H ( x y , y y , u , X ^ t M U x ^ y ^ . u ^ t ) ]d t 

A V ( u o f u ) = (u) 

by (2.12) a s r e q u i r e d . 

Remark 
Note t h a t as in c l a s s i c a l methods the e s t ima te of the 

c h a n g e in cost when the old con t ro l is r e p l a c e d by the new 
con t ro l is a l i n e a r f u n c t i o n of the s t ep l eng th a . 

Lemma 4.2 
For a l l a £ [ 0 , 1 ] , for a l l u , u £ G such t h a t u £ U ( u ) we h a v e 

1 1 1 1 - d c t 2 

fo r some d € (0, . 

Proof 
By d e f i n i t i o n 

A V (u , u) = /„ 1 [ l ( x y « ( t ) , x ~ « ( t - x ) , u ( t ) , t ) - l ( x y ( t ) , x ~ ( t - x ) , u ( t ) , t ) ] dt 
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Adding a n d s u b t r a c t i n g t e rms we ge t by the d e f i n i t i o n of 
t h e Hami l ton ian [ s e e ( 2 . 8 ) ] 

A V ( u a , u ) = 1 [H(x~ a , y u ^ , t ) - H ( x - p , y u , X P , t ) ]dt 

- So X - ( t ) T [ x~<*(t ) - x p ( t ) ] dt 

I n t e g r a t i n g l a s t term by p a r t s we ge t the fo l lowing 

/ovt(x^-xp)dt = [ xpt(t)(xpot(t)-xp(t)) ]' - /01xpt(t)(x̂ -xp)dt 
o 

X(l) = 0 a n d x ~ a (0) = x~(0 ) 

Also u s i n g T a y l o r s e r i e s to e x p a n d the Hami l ton ian to 
" f i r s t a p p r o x i m a t i o n " we get (see foo tno te on p a g e 89 ) : 

A V ( u a , u ) = / ( J 1 [ H ( x ~ , y P , u a , X ~ , t ) + H x ( x ~ , y ~ , u a , X ~ , t ) ( x P a - x ~ ) 

TT / U U ,U ,W U . Uv M/ U U , U 

y 

v ' q 

Using u q = ( l - a ) u Q a u a n d the d e f i n i t i o n of X~ we h a v e t h a t 

A V ( u a , u ) = /„ 1 { ( l - a ) H ( x y , y U , u , X y , t ) + a H ( x y , y U , u , X i i , t ) 

u( U u . U . v - H ( x ~ , y ~ , u , X ~ , t ) 
+ (1- a)H ( x ~ , y ~ , u , X - , t ) ( x ~ a - x ~ )+aH ( x - , y ~ , u , X- , t ) • 

X X *** . I urt u \ 
s T 1 , U U . U .w U„ Us .. , U U

v
. U + s + ( l - a ) H ( x - , y - , u , , t ) ( y ~ a - y ~ ) + a H y ( x ~ , y ~ , u , X ~ , t ) • 

. / us 

- H x ( x P , y P , u , X P , t ) ( x P a —x~)}dt 

- /o 1 " 1 H^.(x~ (t+x) , x ~ ( t ) ,u(t+x ) ,X ~ ( t+t ) ,t+x ) (x~ a (t)-x~(t))dt 
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As in the proof of P ropos i t ion 5*4 in Chap te r 2 we have 

/ 0
 TH y(x-(t+T),x-(t),u(t+T),x

y(t+T),t+T)(x- a(t)-x-(t))dt 

= / 0 l H y ( x ^ ( t),X P ( t - x ) , u ( t ) , X P ( t ) , t ) ( x P a ( t-T)-X P ( t-T ) ) d t 

Hence we get 

A V ( u a , u ) = a / o l [ H ( x U , y U , u , X - u , t ) - H ( x y , y y , u , X y , t ) ] d t 
+ a / o 1 [ H x ( x y , y y , i , X y , t ) - H x ( x y , y y , y , X y , t ) ] ( x y « - x y ) d t 

+ a/g 1 [H y (x~ , y ~, \a, X ~, t ) - H y (x~ , y~ , u , X ~, t ) ] (y ~ a - y ~) dt 

Using the d e f i n i t i o n of 9 we h a v e 

| | A V ( u n , u ) - a e ( u ) | | < a / J | H Y ( x y , y y , u , X y , t ) - H v ( x y , y y , u , X y , t ) || • 
01 a a 

• || x ~ a - x ~ || d t 
+ a / f l 1 || H y ( x y , y y , u , X y , t ) - H y ( x y , y y , u , X y , t ) | | || y~a -y~ || d t 

Using Lemma 4 .1 we get 

|| AV (u , u) — A V (u , u) || < a / 1 { ||H ( x y , y y , u , x y , t ) || + || H ( x y , y y , u , x y , t || }• ci ~~ ~ a ~ q x x 
ii ua u m • || x~ -x~ || dt 

+ a / / { H H y U ^ y ^ ^ X ^ t ) || + 11 H y (x~ , , u , X ~, 111 }• 

, i u a u | | j a. 
• 11 y~ -y~ 11 dt 

Since H x and H y a r e bounded on the compact set 
BixBiXVxT, t he re ex i s t c o n s t a n t s d i , d 2 € ( 0 , ° ° ) such t h a t 

| | A V ( u a , u ) - A V ( u , u) 11 < 2adx / / | | x y a ( t ) - x y ( t ) || dt 

+2 a d 2 / / II x y a ( t - x ) - x y ( t - x ) || dt 
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i . e . we h a v e 

|| A V ( u a , u ) - A V ( u a , u ) || < d 3 a / / | | x y a ( t ) - x y ( t ) II dt a a 

for some f i n i t e d 3 

From Propos i t ion 2 .5 we h a v e 

|| xya (t) _xu(t) || < for a l l t 6 T 

for some d^ £ (0, °°) 
Hence we deduce t h a t 

|| AV(u , u ) — AV(u ,u ) || < d a 2 

a s r e q u i r e d . 

Note 

Again u s i n g Lemma 4 .1 t h i s g ives us 

A V ( u a , u ) < a 9 ( u ) + d a 2 

This i s p r e c i s e l y the i n e q u a l i t y o b t a i n e d in Chap t e r 2, 
where a compl ica ted p r o c e d u r e was needed to d e f i n e the s p e c i a l 
i n t e r v a l which g u a r a n t e e d convergence of Algori thm 1. 

Using the same p r o c e d u r e s as in Chap te r 2 we can deduce 
the fo l lowing r e s u l t : 

Co ro l l a ry 4 .3 
g Let A:G be the map d e f i n e d by Algori thm 2, then for 

a l l u £ G t h e r e e x i s t s a c £ ( 0 , ° ° ) such t h a t : 

( i ) AV(v,u) < - [ e ( u ) ] 2 / 4 c for a l l v £ A ( u ) 

( i i ) a . > l 
6 (u) 

2c 
where ot. i s the s tep l e n g t h de f i ned in l 

Step 6 of Algori thm 2 



Remark 
From Coro l l a ry 4 .3 we deduce t h a t Algori thm 2 i s wel l 

d e f i n e d in t h a t if i t i s a t an u n d e s i r a b l e con t ro l u ( i . e . 
9 (u) < 0 ) a descen t p r o p e r t y e x i s t s a n d i t c a n move t o w a r d s a 
" b e t t e r " c o n t r o l . 

We now prove Theorem 2, which we r e s t a t e he re for 
conven i ence . 

Theorem 2 
Suppose Assumptions 1 a n d 2 in C h a p t e r 2 hold and t h a t 

Algori thm 2 g e n e r a t e s a sequence of ( r e l a x e d ) con t ro l s ( u^ 
This sequence i s e i t h e r f i n i t e , in which ca se the l a s t element is 
d e s i r a b l e , or i t i s i n f i n i t e a n d eve ry l imi t p o i n t , u* in the 
sense of con t ro l measu re s (a t l e a s t one e x i s t s ) , is d e s i r a b l e . 

Proof 
If Algori thm 2 g e n e r a t e s a f i n i t e sequence of con t ro l s i t i s 

t r i v a l l y seen from Step 5 of the a lgo r i thm t h a t the l a s t e lement , 
u s a t i s f i e s Q (u^ . ) = 0 s ince a lgo r i t hm t e r m i n a t e s . Hence u^ i s 
d e s i r a b l e . 

Now assume t h a t Algori thm 2 g e n e r a t e s an i n f i n i t e sequence 
{u^} . By our r e s u l t s in Appendix A we h a v e t h a t t h i s 
s equence h a s a t l e a s t one accumula t ion poin t u* € G; i . e . t h e r e 
e x i s t s a s u b s e q u e n c e i n d e x e d by K 6 ( 0 , 1 , 2 , . . . > such t h a t 

K u . »• u " i . s . c . m ~ l 

By the s e q u e n t i a l c o n t i n u i t y of 9 w e h a v e 

K 
9 ( U . ) 9 ( U " ) 
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Assume to the c o n t r a r y t h a t 9 ( y * ) = -6 < 0. Then t h e r e 
e x i s t s an i Q such t h a t 

9 (u . ) < l l ^ i l = - « / 2 for a l l i > i 0 , i £ K 

By Coro l l a ry 4 .3 we h a v e 

V(u*) - V (u. ) = z V(u. . ) -V(u . ) 
i 6 K ^ 

> 
0 u i 

i . e . V(u* ) -V(u . ) < , l v V(u. J - V C u . ) 
~ „ 1 £ IS. ~ 1 + 1 ~ 1 

i - i . 

= i £ K 
i - i o 

* * - - 1 1 . i 
i € K 16c 
i > i n 

bu t { V ( u x ) h is a bounded monotonica l ly d e c r e a s i n g 
sequence which conve rges to V ( u * ) . This c o n t r a d i c t s the above 
r e s u l t . Hence a s sumpt ion 9 ( u * ) < 0 i s f a l s e and so we must have 
9 (u*) = 0, i . e . u* i s d e s i r a b l e . 

3 . 5 Approximat ion to Relaxed Control Problem 
The main ob jec t ion to Algor i thms 1 and 2 is t h a t they 

r e q u i r e exac t minimiza t ion of a Hamil tonian a t an i n f i n i t e 
number of p o i n t s a t each i t e r a t i o n . This can be overcome u s i n g 
the methods in Mayne and Polak [MAPI] to de r ive an implement -
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ab l e a lgo r i t hm for our d e l a y c a s e s . However, in A lgor i thm 2 a 
f u r t h e r compl ica t ion is qu i t e e v i d e n t , v i z . , r e l a x e d con t ro l s h a v e 
to be p rogrammed , a n d these by t h e r e n a t u r e (measu re s a t 
d i f f e r e n t con t ro l s for a l l t £ T) can be v e r y e x p e n s i v e to 
r e p r e s e n t on a compute r . We propose h e r e to a p p r o x i m a t e the 
r e l a x e d c o n t r o l s (to any r e q u i r e d a c c u r a c y ) u s i n g o r d i n a r y 
c o n t r o l s , which a r e much e a s i e r to s i m u l a t e , a n d hence make 
Algori thm 2 more imp lemen tab le . This a p p r o x i m a t i o n wi l l be 
pe r fo rmed u s i n g the method p roposed by Gamkre l idze [ G1 ] where 
the time i n t e r v a l i s p a r t i t i o n e d in to d i s j o i n t segments 
1 ^ , i = 1 , 2 , 3 , . . . . and a s s i g n i n g the new cont ro l to be the old 
con t ro l u for p a r t of the i n t e r v a l for each i , a n d for the 
r e s t l e t t i n g i t be the min imis ing con t ro l u . I t wi l l become 
obvious t h a t in t h i s ca se the new cont ro l u ( e , t ) i s not only 
dependen t on the s tep l e n g t h a , a s be fo re , bu t a l so on the 
a c c u r a c y of the a p p r o x i m a t i o n e , i . e . the p a r t i t i o n s i ze . The 
r a t i o as to how each i n t e r v a l I . is s u b d i v i d e d is dependen t on 
the s tep l e n g t h . 

Approx imat ing the r e l a x e d c o n t r o l s , t oge the r wi th a 
s l i g h t l y d i f f e r e n t method for choosing the s tep l e n g t h wi l l g ive 
Algori thm 3- A d i f f e r e n t method is used to de te rmine a so t h a t 
i t c a n be seen t h a t a choice a s to how c e r t a i n o p e r a t i o n s a r e 
pe r fo rmed does ex i s t as long as the o v e r a l l a lgo r i t hm f i t s the 
model on which i t i s b a s e d . 

We wi l l now d e s c r i b e how the new cont ro l u ( e , t ) i s 
a 

g e n e r a t e d from an old con t ro l u , which we assume i s not op t ima l . 

Note 
We can assume , wi thout loss in g e n e r a l i t y , t h a t the old 
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con t ro l u ( t ) i s an o r d i n a r y c o n t r o l . This is because the space of 
o r d i n a r y con t ro l s G is dense in the space of r e l a x e d con t ro l s G. 
The re fo re a n y con t ro l u ( t ) € G c a n be a p p r o x i m a t e d to a n y degree 
of a c c u r a c y us ing an o r d i n a r y con t ro l u ( t ) £ G . [See Warga 

The cont ro l u £ G which so lves 

u ( t ) = min H ( x u ( t ) , x u ( t - x ) , w , X u ( t ) , t ) for a . a . t £ T 
w£V 

is f o u n d . This c a n be a p p r o x i m a t e d by u £ G to g ive 
which minimises the Hami l ton ian , where ^ u ^ ^ Dirac 
m e a s u r e s c o n c e n t r a t e d a t u £ G for a l l t £ T. The r e l a x e d con t ro l 
u fo r a 6 [ 0 , 1 ] i s d e f i n e d as the r e l a x e d convex combina t ion - a 
of the con t ro l s u a n d u , i . e . 

u 0 ( t ) = ( l-a ) u ( t ) © a u ( t ) ( 5 . 1 ) 

Then the s tep l e n g t h a ( u , u ) £ [ 0 , 1 ] i s de t e rmined by 
min imis ing the cost f u n c t i o n 

V ( u o ) = / ( J l l ( x 1 ^ a ( t ) ,x~ a ( t - x) , u a ( t ) , t ) d t 

over a . 
Where x ~ a :T - IRX 

is the so lu t ion of the d e l a y - d i f f e r e n t i a l 
e q u a t i o n : 

x ( t ) = ( l - a ) f ( x ( t ) , x ( t - x ) , u ( t ) , t ) + a f ( x ( t ) , x ( t - x ) , u ( t ) , t ) 
for a . a . t £ T 

x ( t ) = <D(t) fo r t € [ - x , 0 ] 

Thus h a v i n g o b t a i n e d the r e l a x e d cont ro l u a ( u , u ) (wr i t t en 
u a for conven i ence ) , an a p p r o x i m a t i o n (to a n y degree of 
a c c u r a c y ) to i t i s made i n c o r p o r a t i n g only o r d i n a r y c o n t r o l s , 
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Gamkre l idze [G1 ]. 
We now p r e s e n t the method ( s u b p r o c e d u r e A) which 

d e s c r i b e s how the r e l a x e d con t ro l is a p p r o x i m a t e d . 

Subprocedure A 
A number e > 0 i s chosen depend ing on the r e q u i r e d 

a c c u r a c y . 
Now for a n y e > 0 , an i n t e g e r N i s de f ined which e q u a l s the 

sma l l e s t number of d i s j o i n t i n t e r v a l s of T such t h a t cond i t ions 
(5«3) - (5 .4 ) s t a t e d below h o l d . For f u r t h e r d e t a i l s see a l so 
Lemma ( 7 . 1 ) . 

Once N h a s been d e f i n e d , p a r t i t i o n the time i n t e r v a l in to 
d i s j o i n t segments i = l , 2 , ,N. Then f u r t h e r s u b d i v i d e each 
segment d in to the r a t i o (1- a ) : a and denote the r e s p e c t i v e 
sec t ions as I . a n d I . for i = l , 2 , ,N. 

Now y ( I . ) = / T ( l - a ) d t = (1-ct) I I . I 1 , "i jq 1 
a n d y(I . ) = / T ctdt = a |I . I 1,2 1 i 1 

Then de f ine the a p p r o x i m a t i o n , u Q ( e ) , to the r e l a x e d 
con t ro l u by 

a J 

u ( e , t ) = u ( t ) for t e l . (5 .2) a l, 

= u ( t ) for t £ 1. 
i, 2 

for i = l , 2 , . . . . . , N 

[ Note t h a t the a p p r o x i m a t i o n i s dependen t on the chosen a c c u r a c y . ] 
This is a v a l i d a p p r o x i m a t i o n if the t r a j e c t o r i e s x U a ^ E ^ ( t ) 

a n d x ~ a ( t ) , due to the o r d i n a r y a p p r o x i m a t i n g con t ro l and the 
a c t u a l r e l a x e d con t ro l r e s p e c t i v e l y , a p p r o a c h one ano the r 
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un i fo rmly over a l l u , u e G, for a l l t e T a n d for a l l a e [ 0 , l ] a s 
the p a r t i t i o n f i n e n e s s is i n c r e a s e d t o w a r d s i n f i n i t y . This is 
p r o v e d to be t r u e in Lemma 7 .1 . 

A method for de t e rmin ing the i n t e g e r N ( the number of 
p a r t i t i o n s n e c e s s a r y to o b t a i n the a c c u r a c y r e q u i r e d ) i s s t i l l 
n e e d e d . This can be o b t a i n e d u s i n g the fo l lowing method: 

Given an e > 0 the time i n t e r v a l T is d i v i d e d in to d i s j o i n t 
segments K , i = 1 , 2 , 3 , . . . , N such t h a t 

|| f ( x , y , u , t 1 ) - f ( x , y , u , t 2 ) || < c (5 .3) 

fo r a l l t 1 , t 2 in the same i n t e r v a l I. a n d for a l l 
l 

x , y € B x and for a l l u€LG, 
a n d 

f l M { || x ||+ | | y || +1 }d t < e (5 .4) 
i 

From Assumpt ions 1 a n d 2 the above a r e e a s i l y seen to 
ho ld , and N c a n be e a s i l y de te rmined (see a l so Lemma 7 . 1 ) . 

This completes the d e s c r i p t i o n of s u b p r o c e d u r e A, a n d we 
a r e now in a pos i t ion to p r e s e n t Algori thm 3. Before doing so, 
however , i t is wor th ment ioning t h a t if the above a p p r o x i m a t i n g 
method is used in any a l g o r i t h m , two c a s e s of i n t e r e s t a r i s e 
s t r a i g h t a w a y , i . e . 

1. Once N h a s been found (depend ing on the e chosen) i t 
can be kep t c o n s t a n t t h roughou t the implementa t ion of 
the a l g o r i t h m . If t h i s is done, the bes t one can hope 
for is t h a t any accumula t ion po in t s g e n e r a t e d wi l l 
s a t i s f y o p t i m a l i t y cond i t ions to wi th in " d e l t a " , where 
<5 wi l l be dependen t on the e chosen . 



2. For the second c a s e , N can be i n i t i a l l y set a t N q a s 
fo r Case 1, but i t i s i n c r e a s e d a t each i t e r a t i o n of the 
a lgo r i t hm and is t h e r e f o r e a monotonica l ly i n c r e a s i n g 

00 

sequence (N^. * j_q (e«g* such a sequence c a n be 
g e n e r a t e d by N = N^+w, w> 0 or N = wN .̂ , w > l ) . 
This means as the a lgo r i t hm proceeds the a p p r o x i m a -
t ions to the r e l a x e d con t ro l s become more a n d more 
r e f i n e d , a n d hence eps i lon a p p r o a c h e s zero , i . e . a s 
N * , the p a r t i t i o n size becomes i n f i n i t e l y smal l a n d 
e -0. 

In t h i s case one would hope t h a t the l imit p o i n t s 
s a t i s f y o p t i m a l i t y cond i t ions " e x a c t l y " , i . e . a n y l imi t 
con t ro l u* shou ld s a t i s f y B ( u - ) = 0 in t he l imi t a s 
N . 

Both of the above c a s e s wi l l be s t u d i e d a n d i t is shown 
t h a t the above c o n j e c t u r e s do in f a c t h o l d . 

3 . 6 Algori thm 3 
Step 0 
Step 1 
Step 2 

Select a u 0 £ G , e >0 
Set i = 0 

ui Compute x ( . ) by so lv ing (2.1) a n d (2 .2) in 
C h a p t e r 2 

"S tep 3 : Compute \ U l ( . ) by so lv ing ( 2 . 7 M 2 . 9 ) in C h a p t e r 
2 

Step 4 : Compute a 6 - ( t ) 6 U ( u . ( t ) ) [ s e e t e x t ] 
Step 5 : Compute e ( u i ) u s i n g (2.13) in Chap te r 2 

If e ( u t ) > - e Stop 
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Else con t inue 
Step 6 : Define for a € [ 0 , 1 ] the con t ro l u a by 

u a ( t ) = ( l - a ) u . ( t ) © auXt) 

Compute a £ [ 0 , 1 ] which minimises V ( u a ) a n d c a l c u -
l a t e the new r e l a x e d con t ro l u Q i . 

Step 7 : Compute the o r d i n a r y con t ro l u a i U , t ) which 
a p p r o x i m a t e s u a i by u s i n g s u b p r o c e d u r e A wi th the 
degree of a c c u r a c y set a t e . 

Step 8 : Set u . , = u (e ) l+l 

Set i = i+1 
Goto Step 2 

Algori thm 3, above is for ca se 1 d e s c r i b e d in the p r e c e d i n g 
sect ion where the p a r t i t i o n mesh is kept c o n s t a n t a t a chosen 
v a l u e . The a lgo r i t hm can be modif ied ve ry e a s i l y to i n c o r p o r a t e 
ca se 2. We wi l l b r i e f l y s t a t e the c h a n g e s which a r e r e q u i r e d to 
make t h i s mod i f i c a t i on . 

In Step 0 i n s t e a d of need ing a e > 0, a monotone 
CO d e c r e a s i n g sequence { e . > Q i s r e q u i r e d , where e 0 > 0 , 

E . > E >e a n d lim e . = 0. 
0 1 2 \ 

The s t o p p i n g condi t ion in Step 5 shou ld be modif ied to 

Stop if 9(u ) = 0, Else c o n t i n u e . 
In Step 7 the degree of a c c u r a c y wi l l be dependen t on 

e ^ ( i . e . the number of the p a r t i t i o n i n g i n c r e a s e s as the 
a lgo r i thm p r o c e e d s ) , and the e^ h a s to be u p d a t e d to e i- n 

Step 8 a t each i t e r a t i o n . 
The conve rgence p r o p e r t i e s of Algori thm 3 wi l l now be 

s t a t e d . We wi l l cons ide r case 1 a n d case 2 s e p a r a t e l y a n d show 
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t h a t Algori thm 3 h a s the fo l lowing p r o p e r t i e s . 

Theorem 3 

Let Assumptions 1 a n d 2 in C h a p t e r 2 be s a t i s f i e d a n d 
suppose Algori thm 3 g e n e r a t e s a sequence { u ^ } of ( o r d i n a r y ) 
c o n t r o l s . Then we h a v e : 

Case 1 
Given any 6>0, N (and hence e>0)may be chosen such that the sequence 

is e i t h e r f i n i t e , in which case the l a s t element i s d e s i r a b l e to 
w i th in " d e l t a " , or i t is i n f i n i t e a n d eve ry accumula t ion po in t u* 
g e n e r a t e d by the a lgo r i thm s a t i s f i e s an o p t i m a l i t y cond i t ion to 
w i th in " d e l t a " , i . e . 9 ( u * ) > - < 5 . 

Case 2 
Tha t the sequence is e i t h e r f i n i t e , in which case the l a s t 

element is d e s i r a b l e ( e x a c t l y ) , or i t i s i n f i n i t e and eve ry 
accumula t ion po in t u* s a t i s f i e s o p t i m a l i t y cond i t ions " e x a c t l y " , 
i . e . e ( u * ) = 0. 

Remark 
For both c a s e s , s ince the op t imiza t ion is s t i l l be ing done 

over the space of r e l a x e d con t ro l s the ex i s t ence of accumula t ion 
p o i n t s is g u a r a n t e e d . 

3 .7 Proof of Theorem 3 
Before we can a t tempt to prove any p r o p e r t y t h a t Algori thm 
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3 might h a v e we must show t h a t the a p p r o x i m a t i o n d e s c r i b e d by 
s u b p r o c e d u r e A i s v a l i d in some s e n s e . For t h i s r e a s o n we 
p r e s e n t the fo l lowing : 

Lemma 7 .1 
The t r a j e c t o r i e s x U c t ^ £ ( t j a n d x P c t ( t ) , due to the o r d i n a r y 

con t ro l u (e , t ) [ a s d e f i n e d by ( 5 - 2 ) ] a n d the r e l a x e d c o n t r o l ^ 
[ a s d e f i n e d b y (5.1) ] r e s p e c t i v e l y , a p p r o a c h one a n o t h e r 
un i fo rmly over a l l u , u € G, for a l l t £ T a n d a l l a € [ 0 ,1 ] a s 
the p a r t i t i o n f i n e n e s s is i n c r e a s e d t o w a r d s i n f i n i t y , i . e . 

sup II x U a ( e ) ( t ) - x y « ( t ) | | >0 
U , U £ G [q i] un i fo rmly in t g T a s e —• 0 

Proof 
Since x u a ^ ( . ) i s the so lu t ion of the d e l a y - d i f f e r e n t i a l 

e q u a t i o n 

x ( t ) = f ( x ( t ) ,x(t— T) , u ( E , t ) , t ) for a . a . t £ T 
x ( t ) = ( t ) for a l l t € [ - t , 0 ] 

we get 

x U « ( e } ( t ) = 0(0) + f 0 l f U U ^ £ } ( s ) , x U a ( E ) ( s - x ) , u a ( e , s ) , s ) d s 
for a l l t £ T 

S imi la r ly we get 

x ~ a ( t ) = 1>(0) + f 0 t f ( x y a ( s ) , x y a ( s - x ) , i i a ( s ) , s ) ds for a l l t £ T 

There fo re we get 
x u a ( £ ) ( t ) _ x u a ( t ) = / o t [ f ( x u a ( ) ( s _ T ) , U a ( e , s ) , s ) 

- f ( x y a ( s ) , x U a ( s - x ) , u a ( s ) , s ) ] ds for a l l t e T 
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i. e 

X U A ( * ) ( T ) _ X U A ( T ) | | < || ; Q T [ F ( X U A ( « ) ( S ) | X U A ( « > ( S - T ) , U 0 ( * fs),s) 

- f ( x U c t ( e ) ( s ) , x U a ( e ^ (s— x) ,u (s) , s ) Ids II 

+ 11 / t [ f ( x U a ( e ) ( s ) f X U a ( E ^ S - T J . U ( s ) , s 

- f ( x y a ( s ) , X y a ( s - T ) , U ( s ) , s ) ] d s || 

Now by Assumpt ion 2 we h a v e 

| | / t [ f ( x l i c t ( £ ) ( s ) , x l l a ( £ ) ( S - T ) , u a ( s ) , s ) 

- f ( x y c t ( s ) , x y a ( s - x ) , u 0 ( s ) , s ) ] d s II 

< M / / ( | | x U a ( e ) ( s ) - x y a ( s ) | | + | | x U a ( e ^ (s-T ) 

- x ~ a ( s - t ) | | > ds 

< d L | | x U a ( e ) ( s ) - x y ° t ( s ) | | d s for a l l t € T 

for some di G (0, . 
We wi l l now e s t i m a t e the term 

II / 0 t [ f ( x U a ( e ) ( s ) , x U a ( £ ^ S - T ^ u J e , s ) , s ) 
- f ( x U a ( £ } ( s ) , X U A ( E } ( s - T),U a ( s ) , s ) ] d s II 

u s i n g a r g u m e n t s e s s e n t i a l l y due to Gamkre l idze [G1 ] . 
By Assumpt ion 1 a n d 2, we h a v e t h a t for a g i v e n e > 0, 

t h e r e e x i s t s an i n t e g e r N, e q u a l to the s m a l l e s t number of 
d i s j o i n t i n t e r v a l s I , i = l , 2 , . . . , N , which i s a s u b d i v i s i o n of the 
time i n t e r v a l [ 0 , 1 ] , such t h a t 
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|| f ( x , y , u , t 1 ) - f ( x , y , u , t u ) || < e 
|| f ( x , y , u , t x ) - f ( x , y , u , t 2 ) || < e 

for a l l t , l t 1 1 a n d a l l t , t in the same i n t e r v a l I. for a l l 
12 1 

u , u € G and for a l l x , y £ B x a n d 

f ( x , y , u , t ) d t < M {|| x || + | | y || +1 > dt <e 

We w i l l s t a r t by e s t i m a t i n g 

I II / T [ f ( x U a ( e } ( s ) , x U a ( e ^ ( s -x ) , u ( e , s ) , s ) . - 1. a 
1 = 1 l 

- f ( x U « ( e ^ s h x 1 1 ^ (s— x ), u ( s ) , s ) ] d s 

f or some i n t e g e r L 
We wi l l use the f ac t t h a t 

f x f ( x u a ( e ) ( s ) , x U a ( e ) ( s - x ) , u a ( e , s ) , s ) d s 
i 

= f ( x U a ( e ^ ( s ) , ( s — x ) , u ( s ) , s ) d s 
i , 1 

+ / x f ( x U a ( e hs),X U a i e ) ( s - T ) , u ( s ) , s ) d s 
1 ,2 

for each i 
The re fo re we get 

/ x [ f ( x U a ( £ } ( s ) , x U a ( £ ^ s - x J . ^ C e , s ) , s ) 
i 

- f ( x U a ( e ) ( s ) , x U a ( e } ( s - x ) , y ( s ) , s ) ] d s 

/ x f ( x U a ( e  }(s),x u« { e (s— x) , u ( s ) , s ) d s 
i, i 

+ / x f ( x U « U ^ (s) ,x u<*^ £ (s—x ) , u ( s ) , s ) d s 
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- / [ ( l - a ) f ( x U a ( £ ) ( s ) , x U « ( 6 ^ s - x d u d d s ) i 
+ a f ( x U a ( £ ) ( s ) , x U a ( £ ) ( s - T ) , u ( s ) , s ) ] d s || 

Let f l ( x , y , s) = f ( x U a ( e ) ( s ) , x U a ( e ) ( s - x ) , u ( s ) , s ) 
f 2 ( x , y , s ) = f ( x U a ( e ) ( s ) , x U a ( E ) ( S - T ) , 6 ( S ) , S ) 

= (1-a) 

and a 2 = a 
Then the above becomes 

II / j f 1 ( x , y , s )ds + / j f 2 ( x , y , s ) d s 
i,1 i,2 

_ / t [a f ( x , y , s ) +a f ( x , y , s ) ] d s 1.11 2 2 1 
2 2 

= II 2 / , f . ( x , y , s ) d s - / , 2 a . f . ( x , y , s ) d s || 
3=1 i»j 3 i j=l J 3 

Let t.. be any point in I . , i = l , 2 , . . . , N and denote d ( x , y , t . ) by 
f t j < x , y ) 

Then 
2 2 

/ 2 o f ( X f y ) d s = 2 f ( x , y ) a 
i j=l 3 3 j = l 1 3 1 3 

2 
= 2 f ( X , y ) y (I ) 

j=l 3 

ds 

= 2 /T f. (x,y)ds 
3=1 id 3 

Hence we have 
2 
2 /T [ f (x,y,s)-f (x,y) ]ds+/T Z a [f (x, y )-f. (x, y, s ) ] ds 

3=1 i , j 3 1 3 1 j = l 3 1 3 J 
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< Z / j | | f ( x , y , s ) - f ( x , y ) | | d s 
j=l i.j j j 

2 
+ A Z a || f ( x , y ) - f ( x , y , s ) | | d s 

1 j=l 3 3 3 

2 2 
< Z e / ds + e S Z a. ds from above . . 1. . i. . , 1 j = l i , j i j=l J 

= 2 e u(I.) 

Therefore we have that 

l n 2 2 
i = i n j = l / I l f j f j ( x , y . 3 ) d s - . z = i a j V x ' y ' s ) d s 

L 

< 2 2 e u(i.) 
i=l 1 

Therefore for every t £ T , there e x i s t s an integer Lq and 
some I (the i n t e r v a l l e f t at end of segment [ 0 , t ] C T in the 
par t i t ion ing procedure) such that 

t 2 

|| / [ f ( x , y , s ) ~ Z a f ( x , y , s ) ]ds || 
j = l 3 3 

L 
0 

< Z | | ; T [ f ( x , y , s ) - Z a - f . ( x , y , s ) ] d s || i=l i j=l 3 3 

2 
+ | | / T [ f ( x , y , s ) - 2 a . f . ( x , y , s ) ] d s j| 

0 j~ j j. 

w h e r e w e u s e 

f ( x , y , s ) = f ( x u * ( e } ( s ) , x u « ( e (s— t ) , u ( e , s ) , s ) 
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This g i v e s 

t 2 L ° II r [ f (x , y , s) - 2 a f . ( x , y , s) ] ds || < 2 e 2 u ( I . ) 
j=l J ] i=l 

+2 fj M{ || x || + || y II +1} ds 
8 

l0 / <_ 2 e Z y ( l . ) + 2 e 
i =1 1 

< 4 E 
l0 s ince Z y(l .) < y (T) = 1 

i=l 1 

Hence u s i n g the above r e s u l t s we get 

|| xu«(
 £ ) ( t)-x^ct( t ) | | <d, f l l ! x U a ( e ) ( s ) - x ^ a ( s ) l l d s + 4 e 

for a l l t € T 

By an a p p l i c a t i o n of G r o n w a l l ' s I n e q u a l i t y we get 

II x U c t ( £ } ( t ) - x P a ( t ) II <4 e exp f 0 l d i ds 
i.e. 

: u<> ( e ) ( t ) - x ~ c t ( t ) || < 4 E exp ( d x t ) for a l l t e T 

Now as the i n t e g e r N i s i n c r e a s e d the p a r t i t i o n ge t s f i n e r 
and a s N — u ( L ) — » • 0 for i = l , 2 , . . . . , N a n d e —• 0. 

This means t h a t in the l imi t ( i . e . a s N ) we h a v e 

lim s u p || x U e ) ( t ) - x ~ c t ( t ) || = 0 un i fo rmly for a l l t e T 
N — u , u e G 

a € [0 ,1] 

This p r o v e s the lemma and hence the a p p r o x i m a t i o n is v a l i d . 
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Most of the r e s u l t s which were g i v e n to prove conve rgence 
of Algor i thms 1 a n d 2 a l so hold for Algori thm 3 a s we l l , wi th a 
few obv ious m o d i f i c a t i o n s . However, some r e s u l t s a r e qu i t e 
d i f f e r e n t , a n d so we p r e s e n t them here s ince they wi l l be needed 
in s t u d y i n g the convergence p r o p e r t i e s of Algori thm 3. 

P ropos i t ion 7 .2 
There e x i s t s a d £ (0,°° ) such t h a t for a l l u , u € G, a l l 

a € [ 0 , 1 ] , g i v e n e >. 0 a n d with u q ( e , t ) a s d e f i n e d in 
s u b p r o c e d u r e A, t h e n : 

|| x U o t ( E \ t ) - x U ( t ) || < da for a l l t € T 

Proof 
By d e f i n i t i o n of x ( . ) we h a v e 

x u a ( « ) ( t ) _ x u ( t ) = j - t [ f ( x u a U ) ( s ) ) X u 0 U ) ( s _ T ) > U a ( e ; S ) ; S ) 

- f ( x U ( s ) , x U ( s - x ) , u ( s ) , s ) ]ds for eve ry t £ T 

Using Tay lo r e x p a n s i o n on f i r s t term in i n t e g r a n d we get 
to " f i r s t a p p r o x i m a t i o n " (see footnote on p a g e 89) 

f ( x u « ( e ) , y u a < e > ,u a < « ) , s ) = f ( x U , y % , s ) + f x ( x u , y V s ) ( x U « ( E b x u ) 

+fy ( x u , y u , u , s) ( y u ° ' e >-y u > 

+ f u ( x u , y u , u , s ) ( u a ( e )—u) 
There fore we get 

II x u ° ( e ht)-^(t) II < V II f x ( x u , y u , u . s ) | | II X u « ( E ' - x u | | ds 
. t , I - . U U || || U A ( e ) UI | 

+ f o llf (x ,y , u , s II II y a - y II ds 

+ ^Wf (x U ,y U ,u,s) | | | |u ( e ) -u 11 ds for a l l t £ T 
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By the b o u n d e d n e s s of f ,f ,f on B xB x Q x T t h e r e e x i s t J x y u 1 1 
f i n i t e d l t d 2 , d 3 such t h a t 

|| x U « ( £ } ( t ) - x u ( t ) || < di S^ || x U a ( e ) ( s ) - x U ( s ) || ds 

+ d 2 / l | | x U a ( e ^ s - i l - x M s - t ) || d s 

3 0 a 

for some d v £ ( 0 , 0 0 ) . 

+d 3 fQ
l | | u a ( e , s ) - u ( s ) || d s for a l l t £ T 

< d „ | | x u * ( e
 )(s)-x u(s) | | d s 

+ d 3 / t | | u ( e , s)—u (s )| | ds for a l l t £ T 

By the d e f i n i t i o n of U q ( e , s ) [see S u b p r o c e d u r e A ] we h a v e 

f l | | u r t ( e ,s)—u(s) || d s < /Ml u ( e , s ) - u ( s ) | | d s 
o a o Ct 

N 
= Z / II u o ( e , s ) - u ( s ) | |ds 

i=l i 

N 
Z / || u(t)—u(t)|| dt 

i=l i 

s i nce u ( e , t ) = u ( t ) fo r t e l . fo r e a c h i . a 1,1 

By the b o u n d e d n e s s of Q (see C h a p t e r 2) we h a v e 

|| u ( t ) —u(t) || < | | u ( t ) || + | | u ( t ) || < 2 r 
Hence 

t N / || u ( e ,s)—u(s)11ds < 2 r z f. d t 
o a . . L. 

1=1 1,2 

N 
= 2r z u ( I . ) 

i=l 
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Assume for convenience that when the p a r t i t i o n i n g i s done 
that the time i n t e r v a l is d i v i d e d into N equal s u b d i v i s i o n s . 
Hence y (L ) = V^ . 

Therefore 

S X || u ( c ,s)—u(s) || ds £ 2r a 
o 1 a 

because of the ra t io s of 1 . i to I. ^ i s (l-ct):ct s u b s t i t u t i n g in 
above we get 

|| x u a (
 e  ](t)-x U(t) | | < d J 1 | | x U a ( e

 )(s)-x
U(s) | | d s + 2 r d a 

ii ii — i* 0 1 1 3 
for a l l t GT 

By an a p p l i c a t i o n of Gronwal l ' s I n e q u a l i t y we deduce that 

II x u a ( e ) ( t ) _ x u ( t ) || < 2 r d 3 ct exp d^ t for a l l t € T 

i . e . 

II x U a ( e } ( t ) - x u ( t ) II < da f o r . a l l t G T 

as requ ired . 

Lemma 7 . 3 
For a l l a € [ 0 , 1 ] , for a l l u e G, g i v e n e > 0, there e x i s t s 

an in teger N as de f ined in subprocedure A such that 
A 

AV( u ( e ), u) <. a 9 (u) + e a 

[Note: The same problem as in Jacobson and Mayne [ Jl j (see 
Chapter 1) of not be ing able to g u a r a n t e e a descent property for 
some c a s e s may occur if the approximat ion is not f i n e enough. 
This can be seen as fo l lows: 
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If the a p p r o x i m a t i o n is v e r y c o a r s e , i . e . e i s q u i t e l a r g e 
a n d for 

AV(u a ( e ) ,u) < a9 (u) + e 

t h e r i g h t h a n d s ide may be g r e a t e r t h a n zero for smal l a . 
Hence the p a r t i t i o n s ize might h a v e to be i n c r e a s e d a s a l g o r i t h m 
p r o g r e s s e s if a sma l l s t ep l e n g t h is g e n e r a t e d a n d the above 
ment ioned s i t u a t i o n a r i s e s so t h a t a descen t p r o p e r t y i s 
m a i n t a i n e d . ] 

Proof of Lemma 7 . 3 
By d e f i n i t i o n we h a v e 

AV(u ( e ) , u) = / 1 [ H ( x u ( t ) , x u ( t - x ) , u ( e , t ) , x U ( t ) , t ) a o a 

-H ( x U ( t ) , x U ( t - x ) , u ( t ) , x U ( t ) , t ) ] d t 

whe re u ( e , t ) = u ( t ) fo r t € 1 . a 1,1 
= u ( t ) fo r t € 1. 

1 , 2 

for i = l , 2 , . . . . , N 

T h e r e f o r e 

AV(u ( e ) , u ) = / l [ H ( x u f y u , u ( e ) , X u , t ) - H ( x U , y U , u , X U , t ) ] dt a o ^ a ot 
- L u / U u . U . s u / U U x U .x , + / 0 [H(x ,y , u a , x , t ) - H ( x , y ,u,X , t ) ] d t 

where u = ( l - a ) u © a u * a s be fo re ~ a 
i . e . 

N 
AV(u a ( e ), u) = Z { / x H ( x U , y U , u , X U , t ) d t + / x H ( x U , y U , u , X U , t ) d t 

i= l i , i i ,2 

- / x [ ( l - a ) H ( x U , y U , u , X U , t ) + a H ( x U , y U , u , X U , t ) ] dt } 
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r t •i \ n / U U U .v T T , U U ^ U .v 
+ / [ ( l - a ) H ( x ,y , u , X , t ) + aH(x ,y ,u,X , t ) 

- H ( x , y ,u ,X , t ) ] d t 

Le t t ing H ( x , y , X,t) = H ( x U , y U , u , x U , t ) 

H 2 ( x , y , X, t ) = H ( x u , y u , u , X u , t ) 

at = (1-a) 

u u u 

a n d a„ = a 

Then we get 
N 2 2 

AV(u ( e ),U) = Z { Z / , H . ( x , y , X , t ) d t - / ? - M ( x , y , x , t ) d t } 

By u s i n g a s i m i l a r p r o c e d u r e as in the proof of Lemma 7 . 1 
we can show t h a t g iven e > 0, t he re e x i s t s a p a r t i t i o n N of 
[ 0 , 1 ] such t h a t 
N 2 2 
Z || Z / H . ( x , y , X , t ) d t - / T Z a . H . ( x , y , X , t ) d t || < e 

i=l j=l L i , i J L i j=l ] J 

This t o g e t h e r wi th the d e f i n i t i o n of 9 g ive s 

AV(u a ( e ) , u ) < a 6 ( u ) + e 

as r e q u i r e d . 

Lemma 7 .4 
For a l l a G [ 0 ,1 ] , for a l l u € G, g iven e > 0, t h e r e e x i s t s 

an i n t e g e r N ( p a r t i t i o n f i n e n e s s ) a s be fo re such t h a t 

AV( u ( £ ) , u ) < a 6 ( u ) + d a 2 + e 

for some f i n i t e d . 

a i=l j=l i , j 

+ a / 0 1 [ H ( x U , y U , u , X , t ) - H ( x U , y U , u , X u , t ) ]d t 
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Proof 
By def in i t ion 

AV(u ( e ) , u ) = V(u ( e ) ) -V(u) 

= / I [ l ( x U a ( £ \ y U * ( £ \ u ( e ), t) -1 ( x u , y u , u, t) ] dt 
o a 

+ / / x u T [ f ( x U ° ( E ) , y u « ( E ' , » , ( 0 , t ) - f ( x u , y u , u , t ) ] d t 

- / > T ( x U a ( £ L x u ) d t 0 

Using the same procedure as before we get 

AV(u a ( £ ) > u) = { 1 [ H ( x U a ( e  ),y U* {  € } , u a ( e ) , X u , t ) - H ( x u , y u , u , X u , t ) ] d t 

, 1 ,-U ^R u n ( e ) u I ,. 
+ J x Lx a -x J at 0 

Adding and ^subtracting terms a g a i n we get 

AV(u ( e ) f U ) = / 1 [ H ( x u ° t ( e } , y U a ( £ ,u ( £ ) , X u , t ) 
u 0 u 

- H ( x U a ( e ) , y U a ( e \ u , X u , t ) ] d t 
a 

/ • V u f U r d e ) U a ( e ) U ^s u , U U U 
+ / [H(x a ,y a ,u , x ,t)-H(x ,y ,u,x ,t)]dt 

o „ a 

+ -0 A u T ( x ^ ( e > - X U ) d t 

Subst i tut ing for X a n d us ing Taylor expans ion to "first order" we 
get (see footnote on page 89) 

AV(u a ( e ) , u ) = / [ H ( x U a ( e } , y U a ( e \ u a ( e ) , X U , t ) 

- H ( x U * ( £ } , y U « U \ u , X U , t ) ] d t 
j 

. l
r „ , U U ,U .N „ / U U , u , w U_,( e ) U , + / [H(x , y ,u ,X ,t)+H (x ,y ,u ,X , t ) ( x a - x ) 

q ot x ot 

U / u U U .w U a ( e ) U N „ , U U U . \ ̂  ,. +H^(x ,y , u a > \ , t ) ( y a - y ) -H(x , y ,u,X , t ) ]d t 

f \ u / U U . U . w U_ ( e ) Uv - J [H (x ,y ,u,X , t ) ( x a - x ) 
o X 

u / U U , U . x / U~ ( E ) Ux-, j. 

+ H y ( x , y ,u , X , t ) (y a - y ) ] dt 

1 1 £ 



By def in i t ion of y a and 9 we get 
A V ( u a ( e ) , u ) = M H ( x u « ( e } , y U a ( e ) , u a ( e ) , X U , t ) 

- H ( x U a ( e } , y U a ( e } , u a , X U , t ) ] d t 
+ a 9 ( u ) 
+ / [ H x ( x ,y » u a f X , t ) - H x ( x , y ,u ,X , t ) J • 

, u a ( G ) u , ••(x a - x ) dt 
, 1 r T T / u u , u t T / u u .v i . + / [H (x , y , u ,X , t ) - H (x , y ,u,X , t ) J • o y y 

• ( y U a ( e ) - y l i ) d t 

|| AV(u a ( e ) , u ) - a 9 ( u ) || < || f Q \ H ( x U « ( E } , y U a ( £ } , U a ( e ) , X U , t ) 

- H ( x u « ( e ) , y u « ( e ) , u a,x u , t ) ] d t || 

+ a / | | H x ( x U , y U , u , X U , t ) - H x ( x U , y U , u , x U , t ) || . 

. | | x U « U ) - x l l | | d t 

, l
I I T T , U U " U .x „ , U U U , X m . 

+ a j f | |H (x , y , u , x f t ) + H (x ,y , u , x , t ) | | . 

ii ury ( g ) u m ,, 
. 11 y a _ y 11 dt 

Using the same p r o c e d u r e a s in Lemma 7 . 1 we c a n deduce 
t h a t 

II r Ml/ ( £ ) ( e ) ( \ 1 U + \ 11 / [H(x a , y a , u ( e ) , x , t ) o a 

- H ( x u « ( e ) , y u « ( e ) , » a , x u , t ] d t | | < e 

for N large enough. 
Also by the b o u n d e d n e s s of a n d H y on B i x B i x Q x B j xT, 

t h e r e e x i s t c o n s t a n t s d ,d 6 ( 0 , ® ) such t h a t 
1 ' 2 
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|| A V(u ( e ) f u ) - o 0 ( u ) || < e +2d a / ' l l X U c t ( E } ( t ) - X U ( t ) || d t 
qt 0 

+2d a / l | | x U a ( e ) ( t -x ) - x U ( t - T ) || d t 
2 o 

< e + d a J*'|| x U <* ( E } ( t ) - x U ( t ) || d t 
3 0 

fo r some f i n i t e d 
3 

Now by P r o p o s i t i o n 7 . 2 , t h e r e e x i s t s a d e ( 0 , » ) such t h a t 

|| x U a (  €
 ) ( t ) - x U ( t ) || < d^ a fo r a l l t € T 

Hence 

II A V (U ( e ) , u ) - a 9 (u) || < e + d, d a 2 

i i q 7 i i — 3 tt 

i . e . 

AV(u ( e ) , u ) < a 9 ( u ) + d a 2 + e a "" 

a s r e q u i r e d . 

Lemma 7 . 5 

For a l l u £ G, the s t ep l e n g t h a found by Algor i thm 3 
s a t i s f i e s 

d 

fo r some f i n i t e d . 

Proof 
In the s t a t emen t of the a l g o r i t h m , the s t ep l e n g t h 5 i s 

f ound by min imis ing the cost f u n c t i o n Viu^ ) a t each i t e r a t i o n , 
where u i s def ined by u = (1- a)u © a u , i . e . a € [0 ,11 i s ~ a ~ a 
f ound such t h a t 

V ( u a ) = / [ ( l - a ) l ( x ~ ° S y P < ^ u , t ) + a l ( x P a , y ~ a , { I , t ) ]dt 
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i s min imised . It i s q u i t e s t r a i g h t f o r w a r d to see t h a t t he above 
f u n c t i o n i s c o n t i n u o u s wi th r e s p e c t to a . 

Hence d i f f e r e n t i a t i n g w i th r e s p e c t to a we ge t 

V(u ) / '{(l-cOM (x U ,y U ,u , t) <5x(u,a,t)+l (x U ,y U ,u , t )sy (u,a , t ) ] 
q x y 

da +a[ 1 ( x U , y U , u , t ) <5x(u, a , t )+l ( x U , y U , u , t ) 6 y(u,a , t) ] x y 

+1 ( x u , y u , u , t ) - 1 ( x U , y U , u , t ) } dt (A) 

fo r a £ (0 ,1) 
where 6 y ( u , a , t ) = 5 x ( u , a , t - x ) , and 5 x ( u , a , t ) i s determined as 
fo l lows: 

x ~ a ( t ) = x ( u , a , t ) i s t he so lu t i on of 
x ( t ) = f ( x ( t ) , x ( t - x ) , u a , t ) fo r a . a . t G T 
x ( t ) = <t> ( t ) fo r a l l t £ [ - x , 0 ] 

i . e . x ( u , a , t ) = ( l - a ) f ( x ( u , a , t ) , x ( u , a , t - x ) , u ( t ) , t ) 
+ a f ( x ( u , a , t ) , x ( u , a , t - x ) , u ( t ) , t ) fo r a . a . t S T 

x ( t ) = <D(t) fo r a l l t £ [ - x , 0 ] 

D i f f e r e n t i a t i n g t h i s w . r . t a we get 

5 x ( u , a , t ) = ( l - a ) [f ( x U , y 1 1 , u , t ) 6x (u ,a , t )+f ( x U , y U , u , t ) 5y (u , a , t ) ] x y 

+ a [f ( x u , y u , u , t ) 6 x ( u , a , t )+f ( x U , y U , u , t )6 y (u , a , t ) ] x y 
+ f ( x U , y U , u , t ) - f ( x U , y U , u , t ) (B) 

<5x(t) = 0 t < 0 

wh ich h a s a s i t s so lu t ion < 5 x ( u , a , t ) 
T h e r e f o r e to minimise V i u ^ ) a t e ach i t e r a t i o n e q u a t e (A) to 

ze ro . 
By a d d i n g a n d s u b t r a c t i n g te rms we .get 
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/ { l ( x , y , u , t ) - l ( x ,y , u , t ) 
o 

+ (1- a) [ l x ( x U , y U , u, t) 5x( u, a, t) +1 ( x U , y U , u , t) 5y (u, a , t) ] 

+ a [ l x ( x U , y U , u , t ) 5 x ( u , a , t ) + l y ( x U , y U , u , t ) s y (u,a , t ) ] 
u u v u u 

+ X { f ( x , y , u , t ) - f ( x , y , u , t ) 

+ (1— a) [ f x ( x U , y U , u , t ) 5 x ( u , a , t ) + f y ( x U , y U , u , t ) s y ( u , a , t ) ] 

+ a [ f x ( x U , y U , u , t ) 6 x ( u , a , t ) + f ^ ( x U , y U , u , t ) 6 y (u ,a , t ) ] } 
T - X U 5x (u , a , t) } dt = 0 

By the de f in i t i on of the Hamiltonian we h a v e 

/ 1 [ H ( x U , y l l , u , X U , t ) - H ( x U , y U , u , X,t) ]dt 
0 

+ / (1- a) [H ( x U , y U , u , X U , t ) 6 x ( u , a , t ) + H ( x U , y U , u , x U , t ) 5 y (u , a , t) ] dt 
0
 x

 y 

* u u v u u u v u + / a [H (x , y ,u,X , t ) 5 x ( u , a ,t)+H (x , y , u , x , t )5y (u , a , t ) ] dt 
0
 x

 y 

1 U T - f 9 X ( t ) 6 x ( u , a , t )d t = 0 

I n t e g r a t i n g l a s t term by parts we get 
1 T T i i T / x u 6x(u , a, t )d t = [ Xu (t) 6 x ( u , a , t ) ] - / X U (t) 6 x( u, a , t) dt 

o 0 o 

= - / Xu ( t ) 6 x ( u , a , t ) d t 
o 

s ince X(1) = 0 and 6 x ( u , a , 0 ) = 0. 
Using th i s and s u b s t i t u t i n g for X U from (2 .7 ) — (2 .9 ) in 

Chapter 2, and us ing the de f in i t ion of 9 we get that 

9 ( u ) + / U - a ) [H ( x U , y U , u , X U , t ) 6 x ( u , a , t ) + H ( x U , y U , u , X U , t K 
o x y 

. 5y (u, a, t) ] dt 
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+ / a[H ( x U , y U , u , \ U , t ) 5x(u, a,t)+H ( x U , y U , u , X U , t ) < 5 y (u ,a , t ) ] dt 
o * y 

- / [H ( x U , y U , u , X U , t ) 5 x ( u , a ,t )+H ( x U , y U , u , X , t )<5y (u , a , t ) ] d t 
o

 x
 y 

= o 

i . e . we h a v e 

9 (u)+ aS [H ( x U , y U , u , x U , t ) - H ( x U , y U , u , x U , t ) ] fix (u ,a , t ) d t Q x x 
, , u u v u .>, t J , u u u .v. , 4.\j* + a / [H (x , y , u , x , t ) - H (x , y , u , x , t ) ] 5y ( u , a , t ) d t o y y 

= o 

Now [ H x ( x U , y U , u , x U , t ) -H ( x u , y u , u , x U , t ) j i s not i d e n t i -
c a l l y e q u a l to zero if u( t )^4 u ( t ) a n d t h e f u n c t i o n H^ i s b o u n d e d 
on B ̂ B ^ x QXB ^ xT. S imi l a r p r o p e r t i e s h o l d for [ H (x U , y U , u ,XU ,t ) 

uf u u , u i -H(x ,y ,u , X ,t)J . 
Also, <5x(u, a , t ) i s t he so lu t ion of (B) which e x i s t s a n d i s 

u n i q u e . I t i s not i d e n t i c a l l y zero if u ( t ) ^ u ( t ) a n d i s b o u n d e d . 
Hence t h e r e e x i s t s some f i n i t e d , so t h a t t he above 

e q u a t i o n becomes 

e (u) + d a > 0 

i . e . a > 9 ( u ) a s r e q u i r e d 
d 

We a r e now in a pos i t i on to p r o v e Theorem 3 which we 
r e s t a t e h e r e for c o n v e n i e n c e . 

Theorem 3 
Let Assumpt ions 1 a n d 2 in C h a p t e r 2 be s a t i s f i e d a n d 

s u p p o s e t h a t Algor i thm 3 g e n e r a t e s a s equence {u^} of ( o r d i n a r y ) 
c o n t r o l s . Then we h a v e : 
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Case 1 
Given a n y S> 0, N ( a n d hence e>0) may be chosen such t h a t 

t h e s equence i s e i t h e r f i n i t e , i n wh ich c a s e the l a s t e lement i s 
d e s i r a b l e to w i t h i n d e l t a , or i t i s i n f i n i t e a n d e v e r y a c c u m u l a -
t ion po in t u * g e n e r a t e d by t h e a l g o r i t h m s a t i s f i e s an o p t i m a l i t y 
c o n d i t i o n to w i t h i n d e l t a , i . e . e ( u * ) > - 6 . 

Case 2 
T h a t t he s equence i s e i t h e r 

e lement i s d e s i r a b l e ( e x a c t l y ) , 
a c c u m u l a t i o n po in t u* s a t i s f i e s 
i . e . e ( u * ) = 0 . 

f i n i t e , in which c a s e t h e l a s t 
or i t i s i n f i n i t e a n d e v e r y 
o p t i m a l i t y c o n d i t i o n s e x a c t l y , 

Proof 
For bo th c a s e s if the s e q u e n c e i s f i n i t e , t he l a s t e lement 

u ^ t r i v a l l y s a t i s f i e s the o p t i m a l i t y c o n d i t i o n s r e q u i r e d , hence we 
ony need to c o n s i d e r t h e c a s e where Algori thm 3 g e n e r a t e s an 
i n f i n i t e s equence of c o n t r o l s . 

Case 1 
00 

Assume t h a t an i n f i n i t e s e q u e n c e {u ^} in G i s g e n e r a t e d 
b y Alg ro r i thm 3, a n d suppose t h a t u* is a n a c c u m u l a t i o n 
c o n t r o l of t h i s s e q u e n c e , 

i . e . u . * u * l l 

By Lemma 7 .4 we h a v e t h a t 

AV(u a ( e) , u ) < a 9 (u )+da 2 + e 
i . e . A V(u. . , u . ) <a9 (u. )+da 2 + e for a l l i 
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Since the cost funct ional i s assumed to be bounded on the 
compact convex set G we must have that 

lim AV(u. . , u . ) = 0 
l + l 1 l 

that i s AV(u* ( e ) , u * ) = 0 a 

Therefore we get from above that 

a9 (u*) + d a 2
 + E > 0 

~ 9(u*) 
From Lemma 7 . 5 we h a v e t h a t t h e s t ep l e n g t h a > 

di 

Hence we have 

_ ê ui) + d ê u*) + £ 

di 

(d-d ,) 9 2 (u * ) > - E 

D ! 

i.e. (d x - d ) 9
 2 (u" ) < d

2 E 

^ 9 2 ( u* ) < ——— 
d-d i 

Hence e ( u * ) > - 6 
where 

Since 9 i s nega t ive semi de f in i t e . 
Hence the l imit point s a t i s f i e s 

wi th in del ta as required. 

Case 2 
Here the f ineness of the par t i t i ons , denoted by the integer 

N, is increased to i n f i n i t y . The proof i s exac t ly a long the l ines 

optimality condit ions to 
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of Case 1 except that u (1^ ), the measure of the i n t e r v a l s 
, i = l , 2 , . . . N , approaches zero and e »• 0 as N . Hence 

the i n e q u a l i t y 

AV( u* ( e ) , u * ) <a 9 ( u * ) + d a 2 + e a ~ 

above in Case 1 reduces to 

AV(u* ( 0 ) , u * ) < a 9 ( u * ) + d a 2 a ~~ 

Therefore A V ( u * ( 0 ) , u * ) = 0 < a 9 ( u * ) + d a 2 and we deduce a 

that 

9 2 ( U " ) > 0 

i.e. 9 (u*) = 0 as required. 
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CHAPTER 4 

AN EXACT PENALTY FUNCTION ALGORITHM FOR 

TERMINAL EQUALITY CONSTRAINED CONTROL PROBLEMS 

4 . 1 I n t r o d u c t i o n 
So far in t h i s t h e s i s , problems i n v o l v i n g only control 

cons tra in t s have been i n v e s t i g a t e d and it has been shown how 
these can be deal t with, i . e . by opt imis ing a subproblem over 
the permiss ib le controls to obtain a descent property . In th i s 
chapter we study problems which are more complex in that they 
a l so inc lude a f in i t e number of terminal c o n s t r a i n t s . To be 
spec i f i c the problems under cons iderat ion wi l l be "Optimal Control 
Problems with Control and Terminal Equal i ty Constraints" (see 
Mayne and Polak [ MAP2 ] and Problem P2 be low) . Mayne and 
Polak [ MAP2 ] present an algorithm which so lves these problems 
us ing an exact p e n a l t y funct ion and we extend their re su l t s to 
cover de lay sys tems . This extens ion a lso inc ludes some cruc ia l 
d i f ferences from the approach taken in [ MAP2 ]. One of these i s 
that we construct a sequence of r e l a x e d controls , rather than of 
ord inary controls as in [ MAP2 ]. Both our algorithm and that in 
MAP2 generate a (pos s ib ly ) r e l a x e d control in the l imit , 
s a t i s f y i n g f i r s t order opt imal i ty condi t ions . However the 
a d v a n t a g e of our approach appears to be that the construct ion of 
the sequence of r e l a x e d controls i s much simpler than that of the 
ord inary controls . The price pa id is that we must introduce the 
soph i s t i ca ted notion of ' re laxed controls ' but Mayne and Polak 
have to do th is anyway to study the convergence propert ies of 
the ir a lgorithm. 
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Another d i s t inc t ion i s that the new control , - u , ~ n e w 
constructed by our algori thm i s a r e l a x e d convex c o m b i n a t i o n 
of the old control u and another control v found by s o l v i n g a 
subproblem, i . e . H n e w = ( l - a ) u © a y , where a may be thought 
of as the step l e n g t h . This i s in contras t to the c l a s s i c a l 
method used in [ MAP2 ] where the new control i s determined by 
the u s u a l s earch d irec t ion , s tep l ength method. Our d i f f erent 
method of d e f i n i n g the new control g i v e s a further important 
d i f f erence from the approach taken by Mayne and Polak - they 
l i n e a r i z e the ir intermediate problem about the control v a r i a b l e u 
as wel l as the s ta te v a r i a b l e x , whereas we only need to 
l i n e a r i z e about x . This l i n e a r i z a t i o n in u i s required by Mayne 
and Polak to g u a r a n t e e c e r t a i n r e s u l t s needed in prov ing 
convergence of the ir a lgor i thm. However we show below t h a t , 
b e c a u s e of the way we def ine our new control , these r e s u l t s can 
be obta ined u s i n g other methods, namely v i a the l i n e a r nature of 
r e l a x e d controls (see sect ion B8 in Chapter 1) , and hence the 
d i f f e r e n t i a t i o n w . r . t u i s not required . Because of th i s our 
procedure presented in th i s chapter g i v e s , in a s ense , bet ter 
approximat ions (to the non l inear problem at each i t era t ion) than 
does the method by Mayne and Po lak . It therefore seems 
p l a u s i b l e to expect our procedure to perform better than Mayne 
and P o l a k ' s when the two schemes are implemented. 

Apart from these s i g n i f i c a n t d i f f erences the procedure for 
s o l v i n g Problem P2 (the d e l a y e d problem) and the scheme in 
[ MAP2 ] i s quite s imi lar and we present it here because it forms 
a convenient s t epp ing stone to s o l v i n g one of the most d i f f i c u l t 
problems encountered in optimal control . This i s known as "The 
State Constrained Control Problem" and we cons ider it in Chapter 
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5 where i t i s so lved u s i n g an exact p e n a l t y funct ion method. 
Mayne and Polak present two a lgori thms for s o l v i n g the ir 

problem, one conceptual and . the other implementable . We, 
however , w i l l only present the conceptual a lgori thm. 

4 . 2 Problem Statement 
We wi l l b r i e f l y s ta te the problem which wi l l be under 

i n v e s t i g a t i o n in th i s chapter us ing the same notat ion and 
terminology as in e a r l i e r chapter s . The optimal control problem 
under cons iderat ion w i l l be the fo l lowing: 

Min { g ° ( u ) : g 3 ( u ) = 0 , j = l , 2 , , r , u 6 G } 

where g 3 ( u ) = h 3 ( x y (1) ) for j = 0 , l , 2 , ,r and x y : T — IR n i s the 
so lut ion of the d e l a y - d i f f e r e n t i a l equat ion 

x ( t ) = f ( x ( t ) ,x(t— t ) , u ( t ) , t ) for a . a . t € T 
x ( t ) = <j>(t) for a l l t £ [ - t , 0 ] 

as in Chapter 3, and G i s the space of measurable r e l a x e d 
contro l s . The fo l lowing hypothes i s i s assumed to hold: 

Assumption 1 
The - funct ion f : I R n x l R n x V x T — • I R n and i t s p a r t i a l 

d e r i v a t i v e s f , f , f , f , f and the funct ions h 3 : IR n —• IR, x y xx yy xy 
3 = 0 , 1 , 2 , . . . . ,r and the ir p a r t i a l d e r i v a t i v e s h 3 , h 3 e x i s t and 

X X X • 

are cont inuous (on the ir domains) [ Note the d i f f e r e n t i a b i l i t y 
w . r . t . u, hypothes ized in [MAP2], i s not r e q u i r e d ] . 
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Assumption 2 

There exists an M€(0,») such that 

|| f (x,y,u,t) || < M { 11x || + || y || +1 } for all x,y € IRn, 

all u E G , all t €T 

and 

|| f(x 1,y 1,u,t)-f(x 2,y 2,u,t) || < M f U x ^ x 2 || + || y ^ y 2 || } 

for all x 1 , y 1 , x 2 , y 2 € IRn, all u 6 G, all t 6 T . 

We restate the above as Problem P2: 

Min h°(x(l)) (2.1) 
u 

s . t x ( t ) = f ( x ( t ) , x ( t - t) , u ( t ) , t ) for a . a t 6 T (2 .2) 
x ( t ) = 0 ( t ) for a l l t € [ - x , 0 ] (2.3) 

h j ( x ( l ) ) = 0 3=1,2, r (2.4) 

u £ G (2.5) 

Note 

An objective functional of the form (2.1) is called a 

terminal payoff since it only depends on the final state x(l). 

Problems of this kind are more general than they appear at 

first glance. Let us suppose that instead of (2.1), we have the 

optimal control problem with integral cost of the form 

Min /o1 l(x(t),u(t),t) dt (t) 
u 

subject to the constraints (2-2)—(2-5) • This can be easily 

transformed to the form (2.1) by defining a new state variable 

x 0(t), say, by tne following relationship 
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x o (t) = l(x(t),u(t),t) for a.a t€T 

x 0 (o) = 0 

Then (+) can be written as 

Min x 0(1) 
u 

which is a simple terminal payoff. Hence terminal cost problems 

are equivalent to integral cost problems. 

Let R = {x ~(1 ):u € G } denote the reachable set of our 

system. Before w e discuss our penalty function approach for 

solving Problem P2 we present some basic results which we will 

m a k e use of: 

For all u, v €G, let IRn denote the solution of 

z(t) = A ~ (t)z(t)+B^(t)z(t-x ) + Af(v,u) (2.6) 

for a.a t € T 

z(t) = 0 for t £[-t,0] (2.7) 

where 

A~(t) = f (x~(t), x-(t-x), u(t),t) 
x ~ (2.8) 

B~ (t) = f (x (t), x-(t-x), u(t),t) 
y 

and Af(v,u) = f (x ~ (t), x~(t-x), v(t) ,t)-f(x~(t) (t-x ) ,u(t) ,t) 

= f(x ~(t) ,x~(t- x) ,v (t) 0u(t),t) (2.9) 

m a y be regarded as a first order estimate of x~-x~ for 

u,v € G, i.e. (2.6) and (2.7) is in effect obtained by linearizing 

the nonlinear system defined by (2.2) and (2.3) about the 

control u. 

For all u € G let R(u) denote the reachable set of this 

linearized system, i.e. 
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R(u) = {z~ , y(l) : y€ G } 

Then we have the following result: 

Proposition 2.1 

For all u € G, the set R(u) is convex and compact. 

Proof 

Easily deduced from Corollary 37.9 in Young [Y1 ] using 

results from Bellman and Cooke [ BC1 ], Oguztdreli [0G1] . 

The adjoint functions X :T—>- IRn are defined as follows: 

Definition 2.2 

For ail u€ G , X j (t), j=0,l,....,r is the solution of 

-xT(t) = xT(t)A^(t) + xT(t+T)B^(t+x) 

for a. a t € [ 0,1- x ] 

-xj(t) = xT(t)A-(t) for a.a t £ [ l - x , l ] 

x.(l) = h^(x
a
(l))

T 

J x 

where A ~ , B~ are defined in (2.8). 

Proposition 2.3 

For all u €. G, there exist absolutely continuous functions 

x " » X * . J=0,1,2, .... ,r which are unique solutions of (2.2), (2.3) 

and (2.10) —(2.12) respectively. 

Furtnermore for all u,v € G there exists an absolutely 

continuous function z which is the unique solution of (2.6), 

(2.7). 

(2.10) 

(2.11) 

(2.12) 
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For a proof of this standard result see Young [ Y1 ] where 

it is given for the delay free case. This result can be easily 

extended using methods in Hale [ HAL1 ] , Bellman and Cooke 

[BC1] and Oguztoreli [ 0G1 ] to cover our delay case. 

Proposition 2.4 

For a l l u € G , for a l l t € T , 

(i) II x^(t) || <d 

(ii) 11 X j (t) || < d for j =0,1,2,..., r 

for some finite d. 

The proof of th i s i s a s t ra ight forward a p p l i c a t i o n of the 
Gronwall I n e q u a l i t y as in Chapters 2 and 3-

Since || x~ || < d for all u € G we need only consider 

(x,y,u,t) lying in the compact set B i xB l xGxT where we define 

Bi (as before) by 

B x 4 { x € IRn : || x || < d } 

Hence terms like f, f x , f x x > etc. are uniformly continuous 

on B iXBiXGxT. 

Now using the properties possessed by relaxed controls 

(see sections B7 and B8 in Chapter 1) we can prove the following: 

Proposition 2.5 

oo 

For a l l sequences { u . } € G converg ing i . s . c . m . to 
u' v €. G we h a v e z in L f f l uniformly in v € G . 
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Proof 

For all u, v € G we have from (2.6), (2.7), is the 

solution of 

z(t)=A~(t)z(t)+B~ (t)z(t- t ) + A f ( v , u) for a . a . t G T 

z(t)=0 for t €[ -x,0 ] 

As in Appendix C we have 

z-'-(t) = f
X <t>~(s , t ) Af( v , u ) d s for a l l t€T 

where <j>~ i s the s tate t r a n s i t i o n matrix which s a t i s f i e s 

= - <t,(s,t)A~(s)-<D(s+t,t)Bp(s+t) for a.a.s€[0,t] 

5s 
<t>(t,t) = 1 

and <J> ( s , t ) = 0 for s > t 

For any sequence u ^—• u* i.s.c.m. it can be shown using 

a similar procedure as in Appendix A that <j)1(s,t) converges to 

$ * (s, t) uniformly in s,t € T, where (j)1 and <t> * satisfy the above 

adjoint relations with u replaced by u^ and u* respectively. 

Then for all y. ,y 6 Q 

z U i » Y ( t ) = / Qt <j,i(s>t) A f(v,u.)ds for all t€T 

Adding and subtracting terms we get 

z U i ' Y ( t ) = fQ
l {<t>*(s,t) A f ( v , u « ) - ^ ( s , t ) A f ( y , u * ) 
+ $ 1 ( S , t ) A f ( v , U . ) * ( S , t ) A f (v , U ^ ) 

-<D*(s , t )Af (v ,u . ) } ds for a l l tGT 
Then we have 
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z U i »Y( t) = / t 0 * ( s , t ) A f ( v , u * ) d s 
+ f Q l <J>*(s,t) [ A f ( v , u . ) - A f ( v , u * ) ] ds 
+ / 0 t [< j> 1 ( s , t ) - ( | )" ( s , t ) ] A f ( v , u . ) d s for a l l t€[0,T] 

By the uniform continuity of f and <j> , w e deduce that as 

\JL • u* i.s.c.m, z ~ * '
Y
( t )— » - z ~ ' '

Y
( t ) uniformly in t € T and 

v £ G, where 

z
y
* '

Y
( t ) = ; 0 V ( s , t ) A f(v,u*)ds for all t€T 

This proves the Proposition. 

Proposition 2.6 

For all a € [ 0,1] , all u,v € G we have 

ctz~'Y(t) = z U ' y a ( t ) for all t€T 

where u = (1— a) u © a v . 
~ a ~ 

Proof 

From (2.6) z~' Y is the solution of 

z(t) = A~ (t)z(t)+B~(t)z(t- x)+f (x~ ,y~ , v © u, t ) 

for a. a. t 6 T 

i.e. we have 

z^' Y(t) = A~(t)z-'~(t)+B~(t)z~'~(t-t ) +f(x~,y~, v © u, t ) 

a.a. t€T 

Multiplying throughout by a €[0,1] we get 

az~ ' -^(t) = A~ (t) .a z^' Y (t )+B^( t ) .a z~ ' Y( t- t ) + af (x^, y ~ , v © u,t) 

for a.a. t £ T (A) 
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Similarly is the solution of 

z(t)=A y(t)z(t)+B y(t)z(t-i)+f(x y,y y,u © u,t) a.e in T ~ a " 
Substituting for u and using the "linear" nature of relaxed 

controls we get 

z(t)=A y(t)z(t)+B y ( t)z(t-T)+af( x- ,y
y, v 0 u,t ) for a.a. t £ T 

i.e. 

z y ' y a ( t ) = A U ( t ) z l i , U a ( t ) + B y ( t ) z y ' U a ( t - T ) + af(x
y,y l i, y 0 u , t ) 

for a.a t 6 T (B) 

Comparing the two delay-differential equations (A) and (B) 

for a z y , ~ and z y , y c t we deduce the required result. 

Proposition 2.7 

For all u, v £ G , a €[ 0,1 ] we have 

|| (x y*(t)-x y(t)) - zU'yct(t) || < da 2 

for some d £(0,=°) where u^ is as in Proposition 2.6. 

Proof 

Let e(t) = (x
y a
(t)-x

y
(t))-z

y , y a
(t) 

Then we have that 

e(t)= / 0
t
{f(x

y a
,y

y a
,u c i,s)-f(x

y
,y

y
,u,s) 

-A
y
(s)z~

, y c t
(s)-B~(s)z

y
'~

 a
(s-T )-Af(p ,u) }ds for all t €T 

a -

Expanding f(x
y a
, y

y a
, u a , s) using Taylor series to second order 

with remainder term we get 
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,t fc( u U V p , U U w U n Us 
e(t)= /„ {f (x~,y u^ , s)+f , y ~ , u^ , s) (x~ a-x~ ) 

c , U U w U v c / Up Up w u w u~ u, 
+f y(x-,y~ , u a , s ) ( y ~

a - y ~ ) + f x y ( x ~
£ , y ~ £ , u Q , s ) ( x ~

a - x ~ ) ( y ~ a - y ~ ) 

c / U e w U a U \ 2 c / U £ _ U e w U a U \ 2 
+f ( x ~ £ , y * e , u , s ) (x~ —x ~) f (x~ e ,y~ e , u , s ) ( y ~ a - y ~ r 

Ct j j Ct 

U U s 

p , u u , u f U ^ , , p , u u >, x - f x ( x ~ , y~ ,u,s)z~~
 a(s)-fy (x~,y~,u,s)z~~ a(s-x ) 

-f (x~ ,y~ , u © u , s) } ds for all t €T 
~ a -

where x ~ £ = (l-e)x~ + e x ~ a for some e g(0,1) and y ~ £ is 

similiarly defined. 

R e m a r k 

Throughout this thesis w e write expressions involving 

multiplications between matrices, vectors, etc. in a form that is 

most convenient. For example, in the above equation w e have 

written 

/ u„ u T / u_ u_ , , u n Ux 
XX 

as 

p / U p U p w U p , u v 

xx ^ ~ a 

etc. These two expressions are equivalent w h e n their modulii is 

taken. This should cause no confusion. 

Adding and subtracting terms 
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e(t)= fa {f x(x
a
,y ~,u,s)e(s)+fy ( x - , u , s ) e ( s - x ) 

r p / , u  u ^ e ( U U U n U, 
+ [fx(x~>y~>ua,s)-fx(x~,y~<,u,s) a ) 

r P / U U s f / U U , W U„ Us 
+ [ f y ( x

~ » y ~ » y a » s ) - f v ( x - , y - , u , s ) ](y~
a
-y- ) j y 

for all t 6 T 

Since u a = (l-a)u © ay we get 

e(t)= f 0
l {fx(u)e(s)+f (u)e(s-T) 

+ af x (x~, y H Y © y , s ) ( ) 

+ a f y ( x ~ , y ~ y © y , s)(y ~ a-y~ ) 

+ f ( , y y e , u o , s ) ( x p a - x ^ ) ( y ^ _ y y ) 
x y 

+ ^ ( X ^ S Y ^ S U ^ ^ H A - X ^ ) 2 + f y y ( x V s u A , 5 ) ( R
U ^ - R

U ) ; D S 

where f y(u) = f x(x~,y~,u,s 

and f u ) = f (x~,y~,u,s) 

By the uniform boundedness of f , f , f , f , f , there 
x xx y yy xy 

exist finite constants di, d 2 , d 3 , dt,, d 5» d 6 , d 7 such that 

II e(t) || idx/o1 || e(s) || ds+d 2 /„ 1 11 e(s- t) 11 ds 

+ ad 3 f0
l ||x ya( s)-x-(s) || + a d , / 0

t 11 ( S_ T) _x
a( s _ x ) 11 d s 

+ d s f* || x U o t(s)-x y(s) || || x U a(s - t)-x U(s - t)||ds 

+ d 6 fa1 II x- a(s)-x~(s) II 2 d s + d 7 / 0
t II x y a ( s - t ) - x y ( s - t ) II 2 d s 

for all t €T 
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i.e. we have 

II e(t) || < d 8 ; 0
l 11 e(s) || d s + d ^ / / || x y o t(s)-x-(s) || ds 

d 1 0 /„* II x-ct( s)_ xy(s) ||
2ds for all t €T 

for some d 3 , dg, d m €(0,®). 

Using Proposition 2.5 in Chapter 3 we have that 

|| x y°(t)-x U(t) || < d u a for all t €T 

for some finite d n . 

Hence the above becomes 

II e(t) || < d 8 /„l 11 e (s) || ds+d 12 a
2 for all t €T 

for some finite d 12. . 

By Gronwall inequality we have 

|| e(t) || < d 1 2 a 2 exp d 8 for all t £ T 

Hence w e have 

|| (x~ ̂  (t) —x~ (t)) —z ~ ' a (t) || < d a 2 for all t€T 

as required. 

4.3 The Exact Penalty Function 

The two types of contraints, (2.4) and (2.5), make it very 

difficult to obtain efficient algorithms. Of course, algorithms of 

the standard penalty type are easily developed, but these are 

usually computationally expensive and lead to ill-conditioning as 

the penalty term approaches infinity (see Appendix B). The 

non-differentiability of the control constraints (in the space of 
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control functions) make it very difficult to extend finite 

dimensional algorithms (e.g. gradient projection algorithms or 

multiplier methods) to cover our infinite dimensional case. 

Therefore we present a different approach for solving 

Problem P2. We propose, as in M a y n e and Polak [MAP2] , to solve 

P2 by solving an equivalent unconstrained problem P2 c defined 

below. This method uses an exact penalty function to handle the 

cost and terminal constraints and uses the control constraints to 

define the space of permissible search directions. The penalty 

parameter c will be adjusted automatically to ensure equivalence 

of the two problems. A finite c will achieve this equivalence. 

We will now formulate the equivalent unconstrained 

problem P 2 c which will be easier to solve than P2. For this 

purpose we define y:G—• IR as follows 

Y (u) = m a x { |gVu) | } 
j=l-r 

where j=l-r denotes j €{1,2,....,r } 

i.e. y (u) = m a x {g J(u) } (3.1) 
j = 1- 2r 

where g^(u) for j = 1-r is defined by 

g ] + r ( u ) = -g ](u) 

For all c>0, we define "tdG—• IR by 

? (u) = h ° ( x ~ ( 1 ) ) + Y ( U ) (3.2) 

Then we define Problem P2 c by: 
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Problem P2 
c 

Min y (u) 
u 

s.t. u €G 

A suitable, finite value of c (which guarantees 

equivalence) will be determined by Algorithm 4. 

Problem P 2 c could have been defined using a different 

form, e.g. Y c(u)=g
 0 (u)+c Y(U) instead of (3.2) as discussed in 

Appendix B, but w e use (3.2) to follow the methodology proposed 

b y M a y n e and Polak. The different method will be used to solve 

the state constrained control problem in Chapter 5. 

To solve problem P 2 c w e need to k n o w whether y and/or 

Y c can be reduced at each u € G. For this purpose w e define 

9 :G—• IR and ® C
: G— * IR (which m a y be regarded as estimates of 

the m a x i m u m reduction in y and Y c respectively) by: 

9 (u)=min m a x {h 3(x y(l)) + <h 3 (xy(l)) ,z y' y(l) > } - Y ( y ) (3.3) 
v C G j =t-2r X 

h 0(x~(l)) 
& (u)=min m a x ( h

J
 (x-(1))+ < — + h

J
 (x

y
(l)) ,z~

, y
(l) > > 

C ~ Y € S j=l-2r c X 

— Y ( U ) (3.4) 

T 

where <•, •> denotes the usual scalar product, i.e. < x , y > = x y . 

Since G is compact, 9 (u) and e (u) and their 

corresponding minimising controls in G-exist for all u€ G . 

We will need the following properties for the functions 

9 and e • 
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Proposi t ion 3 .1 
The funct ions 0 , e>c (for a l l c € (0 ,°°) ) are s e q u e n t i a l l y 

cont inuous i . s . c . m . 

Proof 
00 

Consider an i n f i n i t e sequence { u ^ * -j_ g ^ ^ c o n v e r g i n g 
i . s . c . m . to u* € G, i . e . we h a v e 

u. • u" l . s . c . m . 

Then we need to show that as i —• °°, we h a v e 

0 (u . ) • 9 ( u - ) c ~1 c ~ 
and 9 (u^) • e (u* ) 

Consider 9 . c 
For a l l c > 0 we def ine :Gx IRn—MR by c ~ J 

h ° ( x y ( 1 ) ) 
* ( u , z ) = max { h J ( x y ( l ) ) + < — + h J ( x y ( l ) ) , z > } - y ( u ) 

C ~ j= l - 2 r c X 

Since h and u • h ^ ( x y ( 1 ) ) , j = 0 , 1 , . . . . , 2r are s e q u e n -
t i a l l y cont inuous i . s . c . m . , and y Is the maximum of cont inuous 
func t ions , we must have that ^ i s cont inuous in u, z . c 

Hence 0 (u) = min i> ( u , z ~ ' ~ ( l ) ) c ~ __ c ~ v € G 

For each u 6 G, let n (u) denote the set of v € G which 
so lve the above equat ion , (the set n(u) i s non-empty) so that 

5 c ( u . ) = l > c ( u . , z Y i ' Y i ( i ) ) f o r a l l u . € n ( u . ) 
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and similarly w e have 

9 (u*) = 1> ( u * , z - * ' ~ * ( l ) ) for a l l u * 6 n ( u * ) c ~ c ~ ~ 

Hence we have that 
V V 

for a l l u^ £ n (u. ) 
and 

for all u* € n (u*) 

Now since • q* i.s.c.m. we have by Proposition 2.5 

that 

U-J , V u * , V , . - - ^ _ z~ ~ • z~ ~ in Loo uniformly m v £ G. 
Hence | | tp ( u * , z ( l ) ) -4» ( u i , z - i , Z ( l ) ) | | • 0 uniformly 

in v 6 G as i 
Hence | | 0 ( q * ) - 9 ( u ^ | | "0 as i . 
Hence e (u . ) »-e ( u * ) . 

c ~ 1 c ~ 
Therefore i s s e q u e n t i a l l y cont inuous i . s . c . m . 
The s e q u e n t i a l cont inui ty of 9 can be obta ined in a 

s imi lar f a s h i o n . 

4.4 The Constraint Qualification 

Before proceeding any further it i s n e c e s s a r y to make 
further assumpt ions concerning Problem P2. These ex tra 
assumpt ions , which const i tute a cons tra int q u a l i f i c a t i o n , are 
needed , f i r s t l y , to ensure cer ta in condi t ions of opt imal i ty and 
secondly to ensure that the algorithm does not jam up at 
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u n d e s i r a b l e po in t s . 
This can be further e x p l a i n e d by cons ider ing the fo l lowing 

non l inear programming problem: 

Min { g 0 ( x ) : g J ( x ) = 0, j = l , 2 , . . . , s } . 

It i s wel l known (see Chapter 1) that a f i r s t order 
n e c e s s a r y condit ion for x* to be optimal i s that there e x i s t 

i s . . mul t ip l i er s XJ, j = 0 , l , . . , s , net all zero, such that x ) g ^ ( x * ) = 0 . T h e 

assumption that j = l , 2 , . . . , s } b e a set of l i n e a r l y 
independent vectors ensures that X° 0 in which case it may be 
normal ized to u n i t y . A further assumption that the set 

j = l , 2 , . . . , s } be l i n e a r l y independent for a l l x e n s u r e s 
that g i v e n any n o n - f e a s i b l e x , it i s p o s s i b l e to generate a new 
point "closer" to the f e a s i b l e reg ion . 

We wi l l now s tate the cons tra in t q u a l i f i c a t i o n s in a form 
a p p l i c a b l e to Problem P2. To ensure that the algorithm g e n e r a t e s 
d e s i r a b l e l imit po in t s , we need that for each u € G which i s not 
f e a s i b l e for P2 ( i . e . y ( u ) > 0 ) , we can reduce y ( u ) . N o w y ( u ) can 
be reduced if 9 (u)<0 . Therefore our f i r s t cons tra int q u a l i f i c a t i o n 
i s that 9 (u) <0 for a l l u € G such that y ( u ) > 0 . 

Another property required i s that for any u* which i s a 
g l o b a l or loca l minima for Problem P2, then there e x i s t s a f i n i t e 
c such that U" i s a l s o a so lut ion for P2 ( i . e . which makes P2 c 
and P2^ e q u i v a l e n t ) . As s ta ted in Mayne and Polak [ MAP2 ] , the 
e s sence of th i s i s that for each u € G such that Y(U ) = 0 , the point 
0 € | R r i s in the inter ior of the set 

{ ( < d v M x y ( l ) ) , z — ( 1 ) > , < h 2 (x ~ ( 1 ) ) , z~ ' ~ (1) >, 
. . . . , < h r ( x ~ ( l ) ) , z ~ ' ~ ( l ) > ) : v € G } 
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To formulate this into a constraint qualification we will 

use the methodology in [ M A P 2 ] . Although this procedure is quite 

long and complicated, we use it here because we want to deviate 

as little as possible from M a y n e and Polak's original method for 

solving the delay free version of Problem P2. However in Chapter 

5 w e present a much neater method where we only consider 

"calm" problems. 

For the case of only one terminal equality constraint the 

constraint qualification m a y be stated as 

min < h l(x~(l)), z-'-(l) > < 0 
v € G x 

and min < h 2 (x~(l)) (1) > =min {-<h 1 (x~( 1 ) ) , ( 1 ) > X O 
v € G x y £ G x 

for all u € G with Y(U) = 0 (this means 0 € IR is in the interior 

of the set 

{ < 1 X ( X U ( 1 ) ) , Z U ' Y ( 1 ) > : y €G } ). 

To deal with the general case (r > 1, terminal equality 

constraints) we need to define a few terms. Let I l f I 2,....,l r 

denote the following sets 

1 j = {1,2,3, r-2, r-1, r > 

1 2 = {1,2,3, , r-2, r-1, 2r } 

1 3 = {1,2,3, r-2, 2r-l, r } 

U = {1,2,3, r-2, 2r-l, 2r } (4.1) 

= {r + 1, r+2, r+3, 2r-2, 2r-l, 2r } 
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These sets have the property that if j € "L , j < r then 

j + r ^ I ^ . Define J b y 

J £ { I. : i= 1,2,....,2 r } 

Then for each I € J let cj^iG—>IR be defined b y 

<t>X (u) S min max < h 3 ( x y ( l ) ) , z y , y ( l ) > (4 .2 ) 
v€G j€I X 

Proposition 4.1 

For each I C J , the function <j>X is sequentially continuous 

i.s.c.m. 

The proof is similar to the proof of sequential continuity 

i . s . c . m . of 9 and 9 . c 
W e now state our constraint qualification. 

Assumption 3 

(a) If y ( u ) >0, u€ G , then 9(u)<0 

(b) If y(u) = 0, u€ G , then <t>X(u) < 0 for all I C J 

W e are n o w in a position to state some consequences of 

Assumption 3. The first is that the set W(u) defined by 

W ( u ) £ {(h °(x
y
(l) ),h l (x~(l)) h

 r
( x ~ (1))): u € G } C IR r + 1 

is not tangential to the cost axis at u* (a minimising solution), 

see Fig. 4.1 where the case of one terminal equality constraint 

is s h o w n . 
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This shows the set W of v a l u e s a t t a i n e d by (g° (u) , g 1 ( u ) ) 
as u r a n g e s over the cons tra in t se t . Obviously a * = ( a * , a * ) = 
(g 0 ( u * ) , g l ( u * ) MgfCu*) , 0 ) i s the optimal point and so u* i s the 
so lut ion to P2. Two sets of constant cost contours of y are c 
shown for c=cj and c 2 , c 2 > c 1 . Clear ly the solut ion of P : 

C 2 

min {y = —- + a a 6W } i s a l so t h e so lut ion of C C 1 -2 
P2. On the other hand , min {y = —- + a x : a €W } occurs at a 

c i c i 

which does not s a t i s f y the e q u a l i t y cons tra in t . Clear ly the 
minimum v a l u e of c required to g u a r a n t e e e q u i v a l e n c e i s g i v e n 
by the s lope of the support ing h y p e r p l a n e to W p a s s i n g through 
a * . This i s o b v i o u s l y f i n i t e if W is not t a n g e n t i a l to the cost 
a x i s at u* as s ta ted above . 

The second consequence of Assumption 3 g i v e s us a 
n e c e s s a r y condit ion of opt imal i ty and i s s ta ted in the fo l lowing 
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propos i t ion: 

Propos i t ion 4 .2 
Let u* € G be optimal for P2. Then there e x i s t multipliers 

i>1 , i>2 , i> re IR such that 

<h 0 (x~ * (1) ) + I ( x p * ( l ) ) , z p * ' ~ ( l ) > > 0 (4 .3 ) 
X J — X X 

for a l l v EG 

Proof 
We def ine the cone C(u*) as fo l lows 

C (u * ) = { a z( 1): z €R(u*),a > 0 } 

= { z P * ' -<*(l):v € G, a > 0 } 

for u a = ( l - a ) u * © av 
Since R ( u * ) , = { * ( 1 ) :v 6 G } 
we h a v e R(u*) CC ( u * ) . 

Let R (u*) denote the compact set 

{ x ~ ( l ) - x ~ * (1) :v € G }. 

We intend to show that C ( u - ) i s a canonica l approximat ion 
of the second k ind (de f ined below) to R c at the o r i g i n and then 
use Theorem 12 in Canon, Cullum and Polak [ CI ] to invoke the 
Propos i t ion . However before we do so we present for the sake of 
completeness a de f in i t i on g i v e n in Canon et al [CI ] : 

Def in i t ion 4 
Given a subset ft C IRn , then a convex cone c ( z , ft )ClRn i s 

c a l l e d a c a n o n i c a l approximat ion of the second k ind to the set 
ft at z 6 ft if for any co l lect ion { 6 z t , 6 z 2 , . . . . , 6 z, } of l i n e a r l y 
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independent vectors in c ( z , fl) there e x i s t s an e > 0, p o s s i b l y 
depending on z, 6 z x , 6 z 2 , . . . . , 6 z ^ , and a cont inuous map £ ( . ) 
from co{ z, z+e6 z i , z+e 5z 2 , . . . . , z+e5 z^} into ft such that 

£ (z+ <5 z) = z+6z+0(6z) 

where lim 1 1 0 ( 5 2 ) 1 1 = 0 
l l z f h O 11 6z || 

Let z x , z 2 z ^ be any f in i t e co l l ec t ion of l i n e a r l y 
independent vectors in C(u*) and let vlt v2 , . . . . , v ^ € G be the 
corresponding set of g e n e r a t i n g contro l s , i . e . we have 

z. = z y * ' - M l ) i = l , 2 , . . . . , q 
q 

Then cons ider any point z= /Z^ yî  (z)z^ in the convex hul l 
of {0 ,z i , z 2,....,z } , so that yt. ( z ) > 0 , i = l , 2 , ,q and 

q q u x ( z ) < l . z and i t s barycentr i c co -ord ina te s u T z ) , i = l , 2 , . . . , q 
are related by z= Z n ( z ) where Z denotes the non-singular 

T matrix with columns z l f z 2 , . . . . , z and yi (z) = {\i1{z) ,\i2{z) yi (z)) . 
q q q 

As z — • 0, so does a (z)= ^ E ^ y . (z) and a (z) £ [ 0 , 1 ] for a l l 
z 6 co { 0 , z l f z } . Now any z € c o { 0 , z 1 , z 2 f . . . . , z } may be 

q q q 

written in the form z= ^Z^ x ^ ( z ) a ( z )z^ = a ( z ) Z x ( z ) where 

v . ( z ) X • (z) = i = l , 2 , . — , q , so that 
1 o ( z ) 

q X i ( z ) > 0 for a l l i = l , 2 , ,q and I x i ( z ) = l 
Now def ine the map <5x: c o { 0 , z , , . . . . , z >—• R (u*) by q c ~ 

«x(z) = x y * ( z ) ( l ) - x » * ( l ) 
where v * ( z ) = ( l - a ( z ) ) u * © a ( z ) v ( z ) 
and v (z) = X 1 ( z )v 1 © x 2 ( z ) v 2 © © X q ( z ) v ^ 



Since the map z—>-y(z), c o { 0 , z z }—• i s cont inuous 
so are the maps z —»-cr ( z ) , co {O.Zi , z ^ } — • IR and z— - x ( z ) , 

c o { 0 , z z } - * IR q . Hence the map z—• v ( z ) , c o { 0 , z , , . . . . , z }—"G q q 

i s s e q u e n t i a l l y cont inuous i . s . c . m . , and so i s the map z—•fix(z) , 
c o { 0 , z l f , z }—• R ( u * ) . 

q c 

Now any point z in co may be e x p r e s s e d as 

z = ^ ( z J o f z J z . 

J x X . ( z ) a ( z ) z - * , Y i (1) 

Now from Proposit ion 2 .6 th i s becomes 

u * , v * ( z ) z = z~ ~ 
q where v * ( z ) = ( 1 - . 2 ^ X | ( z)a ( z ) ) u * © Xi ( z)a ( z ) v 1 © 

© x 2 ( z ) a ( z ) v 2 © © X q ( z ) a ( z ) Y q 

i . e . v * ( z ) = ( l - a ( z ) ) u - © a ( z ) v ( z ) where 
v ( z ) = Xi(z)vi © x 2 ( z )v © © X ( z ) v 
~ z q q 

From Proposit ion 2 .7 we have 

|| || < d l a 2 for some di 6 ( 0 , - ) 

Hence from above , for any z €co {0,z x . . . . , z } we get 

|| x(z)—z || < d x [o (z) ] 2 

Since y (z) = Z z , it fol lows from above that a ( z ) = | | y (z) | | x 

<. d 2 || z || for some d 2 € (0 ,®) , and therefore 

| | 6 x ( z ) —z II = 0( II z II) 
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where 0( || z | |) • 0 as z -0 
z 

Hence it fo l lows from Def in i t ion 4 (by s e t t ing z=0, 
s z ^ = z ^ , i = l , 2 , . . . . , q , e =1) that C ( u * ) i s a c a n o n i c a l approx ima-
t ion of the second k ind to R at the o r i g i n . Hence by Canon, 
Cullum and Polak [CI] (Theorem 12 on page 27) we h a v e that if 
u* € G i s optimal for Problem P2, then there e x i s t mul t ip l i ers 
i p 0 , i | > l f . . . . , \ | > € l R , not a l l zero such that 

< h° ( x y * ( l ) ) + L i > . h 3 ( x ~ * ( l ) ) , z > > 0 
x J--1- J x 

for a l l z € C ( u * ) 
and therefore for a l l z 6 R ( u * ) 
i . e . 

< ^ 0 h V x ^ ( l ) ) + z * . h 3 ( x y * ( l ) ) , z y * ' y ( l ) > > 0 
X J - L J X 

for a l l v € G 

Assume that =0, then not a l l the mul t ip l i ers 
ip are zero and r 

.Z. * . h 3 ( x y * ( l ) ) T z y * ' y ( l ) > 0 for a l l v € G ( j - l j x ~ ~ 1) 

But by Assumption 3, s ince u* i s optimal for P2 we have 
Y(U * ) = 0 , a n d 

<t>X (u*) = max < h 3 ( x ~ * ( 1 ) ) , z a * ' ~ > 
j € I x 

< 0 for a l l I C J 
where v € G i s any minimis ing control for <t>X(u*). 

Hence there e x i s t s an 1 CJ such that 



max < i » . h j ( x - * ( l ) ) , z p * ' Y ( l ) > < 0 
j € 1 , 2 , . . r 3 x 

If max < K . h ; i ( x t f * ( l ) ) f z u * , Y ( l ) > < 0 , then a l l 
j = l - r J x 

< * . h | ( x ^ ( l ) ) , z ^ ' 7 ( l ) > < 0 J x 

This c o n t r a d i c t s ( 1 ) . Hence ty 0 0 and may be normal i sed 
to u n i t y . 

Remark 
The r e s u l t s of Propos i t ion 4 . 2 can be s t a t e d in the 

( e q u i v a l e n t ) form of a Maximum P r i n c i p l e (see Chapter 1 and 
Appendix C) . 

As a consequence of Proposi t ion 4 . 2 we h a v e the fo l lowing 
c o r o l l a r i e s whose proofs are o b v i o u s : 

Corol lary 4 . 3 

If U * € G i s opt imal for P2 then 

min { <h£(x~ * ( 1 ) ) , (1) > :<h£(x~* (1 ) ) ' y ( l ) > = 0 , j = l , 2 , . . . , r , y € G } 

= 0 

Corol lary 4 . 4 
If u* € G i s opt imal for P2, then the ray {o ( - 1 , 0 , 0 , . . . 0 ) : 

a > 0 > C l R r + 1 and the set W(u* {( <h 0 ( x y * ( 1 ) ) , z y * ' y ( 1 ) > x 
. . . ,< h£(x y * (1)), z ~ *' y (1) > ): v € G } in IR r + 1 are s t r i c t l y l i n e a r l y 
s e p a r a t e d . 

We are now in a pos i t ion to de f ine the d e s i r a b l e se t s for 
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Problems P2 and P2 . It i s obv ious from the text that the c 
d e s i r a b l e se t , A , for P2 i s de f ined by 

A = {u* € G : Y(U*) = 0 and (4 .3 ) i s s a t i s f i e d } (4 .4 ) 

We assume that the set A i s not empty. This e s s e n t i a l l y 
means that there e x i s t s at l e a s t one f e a s i b l e control u € G , i . e . 

hmx̂ d)) = 0 j=1,2,...., r. 

For Problem P 2 c we have by a s t ra ight forward g e n e r a l i z a -
t ion of Theorem (2 .1 ) in Dem'yanov and Malozemov [DEMI] , that 
if u* i s optimal for P 2 c then 

(i) + hj(xy*(1)))zs*.y(1) > > 0 

for a l l v € G 

u .. i x max < x . . « x 
3=1-2r 

From the de f in i t ion of e we obta in : c 

Proposi t ion 4 . 5 
Suppose u* i s optimal for problem P 2 C > c>0, then 9 c ( u * ) = 0 . 
Hence we def ine the set A of d e s i r a b l e points for Problem 

P 2 c , c>0 by : 

A 4 { u* € G : 9 (u*) = 0 } (4 .5 ) c ~ c ~ 

We need the fo l lowing resu l t to make the two problems 
e q u i v a l e n t : 

Proposi t ion 4 . 6 
Suppose that u* € A ( i . e . u* i s d e s i r a b l e for P2) , then 

there e x i s t s a c - > 0 such that 9 (u , , f )=0 for a l l c>c* . c ~ -
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Proof 
Since u* € A, then the ray L= {a ( - 1 , 0 , . . . 0 ) : a> 0} C IR r +1 and 

the set W(u*)= { ( < h° (x (1) ) , z ( 1 ) > , . . . . , < h^ (x ( 1 ) ) , 
a a 

, z~ ' Y ( l ) > : v € G 1 C IR r + 1 are strictly l inearly separated, i . e . 

r r+1 there e x i s t s a ip =( 1 ,\|>\i> 2,... ,\p ) £ IR such that 
< tP ,y> > 0 for a l l y £ W ( u * ) and 
< ip ,y> < 0 for a l l y € L 

Consider now W c C |Rr+1 , c>0 de f ined by W £ { ( y ' y 1 , . . . 9y t): 
0 -j 0 

+y < 0, - y ^ < 0 , j = l , 2 , . . . , r J. Wc i s a convex cone with i t s 
apex at 0 and h a v i n g L in i t s in ter ior . As c i n c r e a s e s , Wc 

becomes more and more acute and there e x i s t s a c* <® such that 
for a l l c > c * , Wc O W(u*)=0. Indeed for a l l y € W , | y j " | < | £ l | f o r r 
a l l j = l - r , so if we set c*=2 ^ I <P J I > 0, then for a l l c > c * , 
y € W c impl ies < i p , y > < 0 , where ^ =( 1 , i p l , . . . ,ip r ) i s s p e c i f i e d in 
Proposi t ion 4 . 2 . This i s because for y €W we have 

< * , y > = y 0 + X = 1 

< y 0 + x = l | | y j I 

< y 0 + j l i I * j I I ^ r I 

s ince | y ^ | < 1 ^ - 1 for a l l j £ l , 2 , . . . , r , i . e . 

< X y > < I y 01 I I 

< y°+ | ^ I for a l l c>c* 

<0 

i . e . < ip , y > < 0 for a l l c>c* . 
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However for y € W(u*) we have from Proposit ion 4 . 2 that 
<^,y> > 0 , so we have W(u*) and Wc are d i s jo int for c > c * . 

We now use th i s to show that u* i s d e s i r a b l e for P2 for 
* c c > c * . Suppose contrary to what i s to be proven that u* ^ A c , 

i . e . 9 (u*) = - 5 < 0. c ~ 
Now because 

i u* 9 (u*)=min max { h 3 ( x y ( l ) )+< — + h 3 ( x y ( l ) ) , z ~ '~ (1 ) ,>} v€G j= 1 - 2 r c x 

- y(u*) 

we have s ince u* € A that Y(U* ) = 0 , therefore h 3 ( x~" (1) ) =0 for 
j = l - 2 r, hence 

h 0 ( x ~ * ( 1 ) ) 
9 ( u * ) = min max < — + h 3 ( x a ( l ) ) (1) > 

v €G j = 1 - 2 r c x 

0 o = min max ( + y 3 , - y 3 } 
y € W ( u * ) j = l - r c c 

But 9^ (u") =— 6 < 0 impl ies there e x i s t s a y € W(u*) such that 
+ y 3 < 0 and - y 3 < 0 for a l l j € l , 2 , . . . , r , which contrad ic t s 

d i s j o i n t n e s s of W(u*) and W c for c > c * . Hence 9 (u*)=0 for a l l 
c > c * . 

4-5 The Algorithm Model 

The b a s i c procedure we p l a n to undertake i s to f i r s t so lve 
Problem P 2 c and then f ind a f in i t e c which makes it equal to 
Problem P2, thus so lv ing P2. F inding such a c i s quite a 
d i f f i c u l t task and i s somewhat neg lec ted in the l i t e r a t u r e . It i s 
not s u f f i c i e n t to e s t a b l i s h the ex i s t ence of a f in i t e c to 
guarantee e q u i v a l e n c e , a means to increase c to a s u i t a b l e 
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v a l u e i s n e c e s s a r y . An ad hoc procedure of i n c r e a s i n g c at each 
i terat ion i s not s a t i s f a c t o r y as i t would get e x c e s s i v e l y l a r g e 
and l e a d to computat ional d i f f i c u l t i e s that occur in ord inary 
p e n a l t y methods. Hence a method for i n c r e a s i n g c if some t e s t , 
depending on the control u, i s s a t i s f i e d i s o b v i o u s l y requ ired . 
This test may be of the form t c ( u ) > 0 . 

An algori thm model which u s e s a test funct ion in th i s way 
i s s ta ted in Polak [ P2 ] and we base our a lgori thm for s o l v i n g 
Problem P2 on a g e n e r a l i s e d v e r s i o n of i t . The model c o n s i s t s of 
two main components , which are: 

q 

( i ) an a lgori thm (de f ined by a p o i n t - t o - s e t map A c : G —• 2-) 
for s o l v i n g Problem P 2 c for a l l c>0. 

( i i ) a tes t funct ion t c : G —• IR for dec id ing when c should be 
i n c r e a s e d . 

oo 

A monotonical ly i n c r e a s i n g sequence {c^ a ^ - s o 

required for the model to be wel l de f ined . We now present 
the model on which Algorithm 4 (for s o l v i n g P2) wi l l be 
b a s e d : 
Algorithm Model 2 
Step 0 : Select q 0 € G, { o } 
Step 1 : Set i=0 

Set j=0 
Step 2 : if t c . ( u . ) > 0 , set j=j+l and repeat Step 2 

Else proceed to Step 3 
Step 3 : i f u . € A c s top 

Else compute a u € A r . ( u . ) 

154 



Step 4 : Set u . + ^=u 
Set i=i+l 
Goto Step 2 

The fo l lowing resu l t i s presented in Polak [ P2 ] for the 
Algorithm Model 2: 

Theorem 5 . 1 
If 

( i ) For each j , A c ^ i s such that any accumulation point 
u* € G i . s . c . m . of an i n f i n i t e sequence { u^} in G with 
u . 1 € A r ( u . ) for a l l i , s a t i s f i e s u * 6 A „ . 

( i i ) For each j , if {u } i s any sequence in G c o n v e r g i n g 
to u* i . s . c . m . , then t c ^ ( u ^ ) converges to t c . ( u * ) , i . e . 
t C j i s s e q u e n t i a l l y cont inuous i . s . c . m . 

( i i i ) For each i , if u* € A r . and t r . ( u * ) < 0 , then u* € A J C J ~ ~ 
( i v ) For every u* G G, there e x i s t s an in teger j* such that if 

CO 

{u } i s a sequence in G converg ing i . s . c . m . to u * , 
then there e x i s t s an in teger i 0 such that 

t C ]- ( u ^ i O for a l l i > i 0 , a l l j > j -

Then the algorithm e i ther constructs a f in i t e sequence , in 
which case the l a s t control i s d e s i r a b l e for Problem P2, or it 
cons tructs an i n f i n i t e sequence and every l imit point (at l e a s t 
one e x i s t s ) i s d e s i r a b l e for P2. 

The proof i s g i v e n in Polak [ P2 ] but we a l s o g ive it here 
for completeness . 
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If the a lgori thm genera te s a f in i t e sequence {u 0 ,u x , . . . . 
then it i s obvious from Step 2 and 3 that t c ^ (u <.0 and 
9 C j ( u k ) = 0 for the procedure to s top. By the de f in i t i on of A c , 
then from ( i i i ) in Theorem 5 . 1 , u ^ . € A . 

Now suppose that the algorithm genera te s an i n f i n i t e 
00 

sequence { u^ } x_q . By compactness of the r e l a x e d control 
problem, there e x i s t s a subsequence indexed by K C{ 0 , 1 , 2 , . . . . } 
and a u* € G such that 

K u. • u* i . s . c . m . 

Condition ( i i ) in Theorem 5 .1 impl ies t C j (u . ) • t C j ( u * ) 
condi t ions ( i ) , ( i i i ) and ( iv ) imply that there e x i s t s a c* such' 
that t ( u * ) < 0 and that u* 6 A for a l l c > c * . Hence we a g a i n c ~ ~ c ° 
have that u* € A, i . e . u* i s d e s i r a b l e for P2. 

We wi l l now construct Algorithm 4 u s i n g the above model. 
To do th i s we wi l l need to construct the map A c and the test 
funct ion t so that they have the propert ies required of them. 

4 . 6 Construction of Algorithm 4 
We wi l l f i r s t present an algorithm for so lv ing Problem P2 c 

and e s t a b l i s h i t s convergence , i . e . show that condit ion ( i ) of 
Theorem 5 .1 i s s a t i s f i e d . In the subalgori thm descr ibed below the 
map A c i s de f ined in Steps 2 to 5. 

Subalgorithm for Solv ing P2^ 

Step 0 : Select a u 0 € G, c>0 
Step 1 : Set i=0 
Step 2 : Compute x y i by s o l v i n g ( 2 . 2 ) , (2 .3) 
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Step 3 : 

Step 4 : 

Step 5 : 

Remark 
9 ^ (u in Step 3 may be computed us ing a method s imi lar 

to Procedure W in Chapter 5 or to the one used by Mayne and 
Polak [ MAP2 ]. 

If the a lgori thm is at a non-optimal control for P2^ ( i . e . 
.9 (u) <0) we wi l l need, for the subalgori thm to be wel l d e f i n e d , 
the step l ength a ^ to be s t r i c t l y greater than zero so that a 
descent property e x i s t s . This w i l l be deduced when prov ing 
Theorem 6 .1 which s ta tes the convergence propert ies of the 
subalgor i thm. 

Theorem 6 . 1 
Suppose a l l the assumpt ions s tated in the text are 

s a t i s f i e d , then the subalgori thm for so lv ing P 2 c e i ther g e n e r a t e s 
a f in i t e sequence of controls , in which case the l a s t element i s 
d e s i r a b l e , or it genera te s an in f in i t e sequence and every 
accumulat ion point i . s . c . m . i s in A c . 

Compute 9 c ( u . ) and f ind a control u . € G which 
a c h i e v e s the minimum 
If 9 (u . ) =0 stop c ~ 1 
Else def ine u = ( l - a )u . © a . u . where a. € [ 0 , 1 ] i s - oq i - 1 w 1 - 1 
the l a r g e s t number which s a t i s f i e s 

a 9 ( u . ) 

Set u. 1 =u -l+l -04 

Set i=i+l 
Goto Step 2 



Before we prove Theorem 6 . 1 , we s tate a few r e s u l t s which 
we w i l l need: 

Proposi t ion 6 . 2 
For a l l q € Q , a l l a € [ 0 , l ] , a l l c>0, we have 
A 

ayc(ua,u) la®c(lli) 

A 

where u a i s de f ined in Step 4 of subalgori thm and A y c ( v , u ) i s 
the f i r s t order est imate of the c h a n g e in the p e n a l i s e d cost 
r e s u l t i n g from u s i n g the control v in p lace of u ( th i s approx ima-
tion wi l l be made more prec i se in the fo l lowing d i s c u s s i o n ) . 

Proof 
By de f in i t i on we have 

h ° ( x » ( l ) ) 
Ay (U , u ) = max { h 3 (x~ (1))+ < — + h 3 (x~( 1 ) ) , z - ' - <*( i ) > } ] = l - 2 r c 

- Y ( u ) 
V 

where u a = ( l - a ) u © a u 
and z " ' ~ a ( l ) 

i s the so lut ion of 
zu,ua(1)= ;ol[aq(t)zy'yct(t)+by(t)zy'1̂ (t_t)+f(x̂ ,yy,ua©u,t)]dt 

i . e . z U~'~ a(l) = a / 0 1 $ ( l , t ) f ( x y , y y , u © u , t ) d t 

where <j>(l,t) i s the t rans i t i on matrix (see sect ion 5«1 in 
Appendix C). Now us ing th i s and the de f in i t ion of x 3 we get 

< h ^ ( x y ( l ) ) , z U , l i a ( l ) > = a /Q1 < X3 (1 ) , <p( 1, t) f (x ~, y ~ ,u © u, t) > dt 

= a / 0 1 [ X 3 ( t ) T ] f (x~ , y ~ , u © u , t ) d t 

where X̂  :T • IRn , j = 0 , 1 , . . . . , 2 r i s the adjoint v a r i a b l e which 
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s a t i s f i e s ( 2 . 1 0 ) - ( 2 . 1 2 ) . Hence us ing t h i s in the above we get 
T 

ÂY (U ,U) = max { hJ" ( x y (1))+ A V ( A l i l l + xJ ( t ) T ) f ( x u , y y , u 0 u , t ) d t } 
C j= l - 2 r c 

- Y ( u ) 

= max { ( h ] ( x ^ ( l ) ) - y ( u ) ) 
j = 1- 2 r 

- i d 0 ( t ) T + x ^ d ) ^ , , u u .x , + a / 0 l ( — ) f (x - ,y~ , u 0 u , t ) d t } 

Now s ince Y(u) > h 3 ( x y ( l ) ) j = l , 2 , . . . , 2 r we have 
h M x l i ( l ) ) - Y ( u ) < 0 for a l l j € 1 , 2 , , 2 r . Hence for a l l a € [ 0 , 1 ] 
we have 

a ( h J ' ( x U ( l))-Y ( u ) ) > h J ' ( x U ( l))-Y(Y) 

Hence we have by u s i n g th i s in above 

A y (u , u) < max {a [ h*'(x~ (1) )-Y (u) ] 
l r* *>» . _ C - j =1 - 2 r 

w x o ( t ) t ,j(t)t u + a / o H ^ A i i V1 V L ; ) f ( x " , y P , u © u , t ) d t > 

Now by de f in i t i on 9 c ( u ) e q u a l s 

h 0 ( x ~ (1 ) ) 
9 (u) = max { h ] ( x ~ ( l ) ) + < — + h J ( x ^ ( l ) ) , z ~ ( 1 ) > ) - Y ( u ) 
c ~ • 1 o x ] =1 - 2 r c 

where u € G i s a m i n i m i s i n g control for 9 ( u ) . 
~ ° c " 

Using the same procedure as above we deduce that 

9 (u) = max { [ h J ( x ~ ( l ) ) - Y ( u ) ] 
C ~ j=l - 2 r 

T 
+ „ (a-iil t } (__-i +xj(t)1)f(x~u>yy)uqu,t)dt) 

Therefore subs t i tu t ing for 6 (u) above we get 
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A Y ^
U F U ) < A 9 ( U ) c ~ a ~ c ~ 

as requ ired . 

Propos i t ion 6 . 3 
For a l l c>0 , a € [ 0 , 1 ] , for a l l u € G there e x i s t s a f i n i t e 

d such that 

|| Ay (u ,u) — A'y (u ,u ) || < d a 2 
1 c ~~ a. - c - a ~ 1 1 

where u ^ i s a g a i n as in Step 4 of subalgor i thm and A y c ( v , u ) i s 
d e f i n e d to be the c h a n g e in the cost funct ion y c when the control 

A 

u is rep laced by v and A ŷ  i s as in Proposit ion 6 . 2 

Proof 
By de f in i t ion (3 .2 ) we have 

; (u )_;<u) = h'<*"a<i>> -c ~ a c ~ 

+ m a x { h ] ( x ~ a ( l ) ) } - y ( u ) 
j =1 - 2 r 

Expanding h ° ( x ~ a ( l ) ) and h - ' ( x ~ o t ( l ) ) by Taylor ser i e s we get 

A ~ f . h ° ( x ~ ( 1 ) ) h ( x ~ ( l ) ) T ( x " a ( l ) - x ~ ( l ) ) 
a y ( u a , u ) = + 

2c c 

+ max { h j ( x y ( l ) ) + h J ' ( x p ( l ) ) ( x y a ( l ) - x ~ ( l ) ) j =1 - 2 r x 

h j ( x y £ ( l ) ) ( x y « ( l ) - x y ( l ) ) 2 
x x + } 

2 
- y ( u ) 
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where = (1- e)x~+e x ~ a for some e 6 ( 0 , 1 ) . 
Adding and subtrac t ing A ^ f u ,u) we get 

A Y r ( u a , u ) = A Y ( u a , u ) 

h 0 ( x ~ ( l ) ) 
- max { h ] ( x y ( l ) ) + + h ] ( x ~ ( l ) ) , z y ' y a ( l ) > } 

j= l -2r c x 

h° ( x a ( l ) ) T ( x ^ a ( i ) _ x ^ ( i ) ) h ° ( x ~ e ( l ) ) ( x y o t ( l ) - x a ( l ) ) 2 
A A A 

+ + 

c 2c 

+ max { h j ( x y ( l ) ) + h ^ ( x y ( l ) ) T ( x y « ( l ) - x u ( l ) ) j =1 - 2 r x 

X X + 

i.e. 

A Y „ ( U , U ) < A Y „ ( U , u ) + c a ~ ~ c ~ a ~ 
h ° (x~ (1) ) ^ (x~ a (1 )-x~ (1 )-z~ ' (1 ) ) 

+ max h 3 ( x y ( l ) ) T ( x y a ( l ) - x y ( l ) - z y ' y c t ( i ) ) j =1 - 2 r x 

h ° x x ( x ( 1 ) ) ( x ( 1 ) _ x ( 1 ) ) + — 
2c 

h ^ x ( x y e ( l ) ) ( x u a ( l ) - x u ( l ) ) 2 

+ max 
j =1 - 2 r 2 

By the boundedness of h' h-* j = 0 , l , . . . , 2 r for a l l u £ G 
A X X "" 

and a l l f in i t e c>0, there e x i s t f in i t e cons tants d x , d 2 such that 

A Y C ( U A , U ) - A Y C ( U A , U ) | | < d x || ( x ^ - x ^ - z 1 ^ 

+ d 2 || x —x 
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By Proposit ion 2 .7 in sect ion 2 

|| ( x y o t - x y ) - z y , y a | | < d 3 a 2 for some f in i t e d 3 , and by 
Proposi t ion 2 .5 in Chapter 3 || x y c t - x y || < d H a f o r some d„ £ (O, 0 0). 
Hence we deduce that 

~ A 

II Ay (u ,u) - Ay (u ,u) || < d a 2 c - a ~ c ~ a ~ 

a s requ ired . 
Note that from Proposi t ion 6 . 2 

A Ay (u ,u ) < a9 (u) c ~ a ~ c ~ 

Hence Ay (U ,U) < c t9(u)+da 2 for a l l a € [ 0 , 1 1 . ' c - ~~ c ~ 

Proposi t ion 6 . 4 
For a l l u € G which are not optimal for P 2 c , i . e . 6 c ( u ) < 0 , 

we have that the step l ength a determined in Step 4 of the 
subalgor i thm i s s t r i c t l y greater than zero. 

Proof 
From above we have 

Ay (u .u) < ot9 (u) + d a
2 c ~ a ~ — c ~ 

Hence f o r a l l u C G such that e (u)<0 we have that ~ c ~ 
a 9 c ( u ) 

y ^ ( u ) - y ( U ) < 

c ~a c ~ 2 

9 ( U ) 
for a l l a < m i n { l , - }as shown in Mayne and Polak [MAP2]. 

2d 
Therefore the a chosen by the subalgor i thm i s the maximum 
a which s a t i s f i e s the above re la t ion 
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0 (u) 
i . e . max a > min {1, - — }> 0 when 9 (u) < 0. 

2d C 

Hence a found in Step 4 of subalgor i thm i s s t r i c t l y 
g r e a t e r than zero when at a non-optimal control . Hence the 
subalgor i thm i s wel l de f ined . 

Proof of Theorem 6 . 1 
If a f in i t e sequence i s constructed the l a s t control u^ 

t r i v i a l l y s a t i s f i e s u, € A s ince the subalgor i thm terminated . 
K C 

Now suppose that the subalgor i thm g e n e r a t e s an i n f i n i t e 
sequence {u^ } in G. Then there e x i s t s (by the r e s u l t s in 
Appendix A) a convergent subsequence indexed by K c. { 0 , 1 , 2 , . . . } 
and a U" € G such that u^ • u* i . s . c . m . 

We need to prove that 9 c ( u * ) = 0 . Assume contrary to what 
i s to be proven that 9 c ( u * ) = - S < 0 . 

From Step 4 of the subalgor i thm we have y (u . .. ) - y (u . ) 
/ \ C ^ l*f 1 C 1 a . 9 ( U . ) < for a l l i for a l l c>0. 2 

As u^ >-u* i . s . c . m . we have by the s e q u e n t i a l 
cont inu i ty i . s . c . m . of that 

9 C ( U . ) 0 c ( y * ) = - 6 

Hence there e x i s t s an in teger i Q such that 

e ( u . ) < 9 ( y * } = - - for a l l i> i 0 > i €K 
C 2 2 

Now from Proposit ion 6 . 4 

a. . > min {1 , } for a l l i 
1 2d 
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ec(u*) 
and hence a . >a (u*) =min {1, - } > 0 

1 ~ 2d 
for a l l i > i 0 , i €K . 

9 ( U * ) 

Hence y (u. , ) - y (u. ) <a(u-) c - 1 + 1 c - l - -

for a l l i > i 0 , i €K 
Therefore we have 

yc(u-)-yc(u.o) = . zk yc(u. + 1)-yc(u.) 
i > i n 

+ i i K V ^ - V ^ 
1 i i , 

< 2 Y (U. 1 )-Y (u. ) . - T, c ~1+1 C -1 1 € K 
i > i„ 

6 (u*) 
<_ Z ct(u*) 

i € K ~ 4 i > i „ 

But 3 * i s a bounded monotonical ly d e c r e a s i n g 
~ ~ jr. sequence which converges to Y (u*) s ince Y c ( u ^ ) »-Y c (U"). 

This contrad ic t s above . Hence assumption e ( u * ) < 0 i s f a l s e and so 
we must have 9 (u*)=0, i . e . u* € A . c — c 

This proves Theorem 6 .1 and shows that the map A^ h a s the 
propert ies des i red of it in Theorem 5 .1 ( i ) . 

The Test Function t c 
We turn our at tent ion now to f ind ing a s u i t a b l e test 

funct ion which wi l l s a t i s f y condi t ions ( i i ) - ( i v ) of Theorem 5 . 1 . 
F inding such funct ions i s quite a d i f f i c u l t task as mentioned by 
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Mayne and Polak [ MAP2 ] , but we are fortunate that the tes t 
funct ion used in [MAP2] i s a l so v a l i d for our de lay c a s e . We 
propose for our test funct ion t c : G — • |R the fo l lowing 

t (u) = e ( U ) + (6 .1 ) c ~ c ~ c 

The fo l lowing lemmas show that th i s choice for t does 
indeed s a t i s f y the condi t ions ( i i ) - ( i v ) of Theorem 5 . 1 . 

L e m m a 6.5 

For a l l c>0, t i s s e q u e n t i a l l y cont inuous i . s . c . m . 

Proof 
From Proposi t ion 3 . 1 , 9 C i s s e q u e n t i a l l y cont inuous 

i . s . c . m . The s e q u e n t i a l cont inu i ty i . s . c . m . of 

Y (u) = max { h J ( x u ( l ) } 
j = l - 2 r 

fo l lows from the s equent ia l cont inu i ty of the map u > -x~( l ) and 
the cont inui ty of h ^, j = l , 2 , . . . ,2 r. 

Lemma 6 . 6 
For a l l c >0, if u£A and t (u )<0 , then u €A. c c ~ 

Proof 
Now s ince u € A , we have e (u)=0 and s ince t (u) = c c ~ c -

9 (u)+ l i ^ , therefore if t ( u ) < 0 and 9 (u)=0 we have Y(U)J< 0. c ~ c c ~ c ~ ~ 
But Y (u) i s p o s i t i v e d e f i n i t e , hence Y ( U ) = 0 for a l l c>0, i . e . u i s 
f e a s i b l e for Problem P2. 
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Now we must show that 4 . 3 i s true for u to be in A, i . e . 
we must show that there e x i s t mul t ip l i ers ty1, \ p 2 , . . . r € IR such 
that 

<h° ( x y ( l ) ) + I ^ h p ( x y ( l ) ) , z y ' y ( l ) > > 0 for a l l v € G x j - i x ~ 

Assume contrary to what i s to be proven that u ^ A , then 
from the d e f i n i t i o n of A , we have, for each ncn zero . . 

r . . 
<h° ( x - ( 1 ) ) + .l * V ( x ~ ( l ) ) f z ~ ' ~ ( l ) > < 0 

X J — X X 

for some v £ G 
Hence for a l l c>0 we have 

h 0 ( x ~ ( l ) ) 
< — + h 3 ( x y ( l ) ) , z y ' y ( l ) > < 0 

c 

for some v € G , for a l l j = l , 2 , . . . , 2 r . 
But from the de f in i t i on of e we have c 

h 0 ( x y < 1 ) ) 
e (u) = min max { < — + h ] (x~ ( 1 ) ) , z y ( 1 ) > } 

C ~ y € G j = l - 2 r c X 

= 0 from above . 

This g i v e s a contradic t ion , and therefore we must have u € A as 
required . 

Lemma 6 .7 
For any u* € G, there e x i s t s a c*> 0, such that for any 

i n f i n i t e sequence {u^ 1 G converg ing to u* i . s . c . m . , there 
e x i s t s an in teger i such that 
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t (u . )<0 
c a . 1 " 

for a l l i>i 0 

for a l l c > c * 

Proof 
There are two c a s e s to be cons idered , which are 

( i ) y (u* )>0 
( i i ) y ( u * ) = 0 

Case ( i ) : y ( u * ) > 0 

Here the l imit point i s not f e a s i b l e for P2. By Assumption 
3, we have 

9 (u* ) =— <5<0. Now by the de f in i t ion of 9 ( see ( 3 - 4 ) ) we 
J c 

h a v e that 
h ° ( x y i ( l ) ) . 

9 (u.) = min max { h J ( x - 1 ( l ) ) + < — +h J ( x y i ( 1 ) ) , z > } 

z j=1—2r c x 

- y(u.) 

for a l l i 
Now by the boundedness of h° and for a l l u . v 6 G 

there e x i s t s a f i n i t e dx such that 
d i 

e (u.) < — + min max { h J (x~ i ( 1 ) ) + < h ] (x y i ( 1 ) ) , z y i ( 1 ) >} 
c y € G j= l - 2 r . x 

- y ( u . ) 

Using the de f in i t i on of 9 ( see (3 -3 ) ) we get 
d x 

0 c (u. ) < + 9(u.) c 

Also by the boundedness of y in G we have y (u )<d for a l l 
~ ~ 2 

u € G , for some f i n i t e d 2 . Let d=max { d i , d 2 > . 
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Y ( u . ) Then s ince t (u^ )= ® c ( u i — ~ — c > 0 > a l l i 

we get by s u b s t i t u t i n g for and us ing the bound on Y 

t ( u . ) < e(u.)+ — c ~ 1 c 

Now s ince 9 (u* )=-<5 <0, we have by the s equent ia l cont inu i ty 
of 9 that there e x i s t s an in teger i 0 such that 

9 (u.) < iiHti - - i for all i>i 
1 ~ 2 2 

Hence t (u . ) < - — + — for a l l i > i 0 
c ^ 2 c 

5d x Let c* = , then we h a v e 

t (u . ) < - - + - for a l l i > i 0 
c ^ " 2 4 

for a l l c>c* 
Hence t ( u . ) < <0 for a l l i > i 0 , c>c* . 

c 4 

Case ( i i ) : y (u*)=0 
By Assumption 3 we h a v e 

<t>X(u*) = - 6 <0 for a l l 1 C J. 

From equat ion (4 .2 ) we r e c a l l that for any 1 CJ 

* X ( u * ) = min max < h ^ ( x y ( l ) ) , z > 
z € R ( u * ) j € l X 

We def ine —• IR for a l l c>0, a l l 1 C J by 
t hvx-d)) 

$ (u) i min max {< — + h j ( x y ( l ) ) , z >} (6.2: 
C z€R(u) j € I c x 
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From the boundedness of h° and z Y » Y ( l ) for a l l u , v € G, x ~ ~ 
there e x i s t s a constant M€(0,<=°) such that 

(u) <.— + min max < h M x ~ ( l ) ) , z > 
C ~ C z € R ( u ) j € 1 X 

Using de f in i t ion of <}>X we h a v e 

$ X ( u ) + 4>X(u) c ~ c for a l l u € G , a l l c>0, and for a l l 
icj 

Since u u* i . s . c . m . , we have by the s e q u e n t i a l 
cont inui ty of <t> that 

/(u.) " omu*) for a l l 1 C J 

Then there e x i s t s an in teger i such that 

2 
for a l l i > i o 

Using th i s in above we get 

c(̂ i} * c " 2 for a l l i > i 0 

Let c L s a t i s f y c x = 

Then we have 

for a l l i > i 0 , a l l c>cj 

Now for a l l c>0 we have 

h » ( x Y i ( l ) ) . 
— +h^(xYi ( l ) ) , z > } - Y ( u . ) 

X 
e (u.)=min max { h J ( x - 1 (1) )+ < 

z j= 1-2 r c 

=min max ( m a x [ hMx~ M 1 ) ) - y ( u . ) 

z j € 1 
h° (x~ M l ) ) • 

+ < — + h M x p i ( l ) ) , z > , 
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, m a x I- h 3 (x ~ Ml)) -^(u.) 

h°_(xy Ml)) 
+ < x + h 3 ( x y Ml)),Z > ] } 

X J 

for a l l 1 C ] 
where I denotes the complement of I in { 1 , 2 , . . . . , 2 r } . 

Let z^ £ R(u x ) denote any minimis ing z in the d e f i n i t i o n of 
$ X ( u . ) ( see ( 6 . 2 ) ) . c ~ 1 

Since R(u . ) i s convex and compact (and conta ins the 
or ig in in IRn ) we have that £ z . € R(u . ) for a l l e € [ 0 , 1 ] . 
Subst i tut ing EZ . for z in the above equat ion we ge t , r e c a l l i n g 
the de f in i t i on of 
3 = 1 , 2 , . . . , 2 r that 
the definition of 4> and noting that h 3 ( x y i ( l ) ) - Y ( u . )< 0 for a l l 

( u . ) < m i n m a x {e <i>X ( u . ) , m a x [ h 3 ( x ~ i ( 1 ) ) - Y ( U . ) + e b ] } (5 3 ) 
^ e€[0,l] c j €ic ^ 

where b € ( 0 , i s de f ined by 

l | h ° ( x ^ i ( l ) ) | | 
b=sup {[ + | | h £ ( x S i ( l ) ) | | ] . | | z . | | : u . €G c 

c>c t , j = l , 2 , . . . ,2 r } 

Now for any u £ G let J(u) C ] denote the c l a s s of se t s 
{I C J : h 3 ( x ~ ( l ) ) > 0 , j £ I }. Hence if I C J(u) then h 3 ( x ~ ( 1 ) ) < 0 for 
a l l j € I C . Since (6 .3 ) ho lds for a l l I C J , it a l so holds for a l l 
I C J(u ^), so that 

0 (u. ) <_ min max { e J X ( u . ) , - y ( u . ) + e b } 
C ^ e € [ 0 , l ] C ^ ^ 

s ince max h 3 ( x y M l ) ) = 0 for I C J ( u . ) 
j € l C 

This holds for a l l c > c l f I C j ( u . ) . 



Hence from the above we h a v e 

6 (u . ) < min max { - , - y ( u . ) + e b } 
C - 1 e « [ 0 , X ] 4 

for a l l i > i 0 , c > c 2 

Since t (u) = e (u)+ — w e get c - c - c 
Y ( y i ) e6 1 t (u . ) < min max { _ y ( u . ) ( i _ Y)+eb > (6 .4 ) £ € [0,1] c 4 

for a l l i > i 0 , c > c 2 

The f i r s t term on the r ight s ide of (6 .4 ) i s n e g a t i v e if 
4 y ( u t ) y ( u ) ( l - l / c ) 

e > e i(y.) = and the seccnd is negative if e < e 2 (u . ) = — 2 
1 c<5 K 

Clear ly e ^ u . ) < £ 2 ( u . ) if 

C 5 

i . e . if c > 1 + ^ 

Hence t ( u . ) < 0 for a l l i > i 0 and for all c >c* = max { c : , } . c — 1 0 
Since a l l the condi t ions in Theorem 5-1 are s a t i s f i e d with 

the above choices for the map A c and the test funct ion t , we 
can now present the complete algorithm for s o l v i n g Problem P2 
v i a an exac t pena l ty funct ion method. 

4 . 7 Algorithm 4 
Data : u 0 G G, 0<c 0 <cx < . . . . lim c. = « 

. j 

Step 0 : Set i=0 
Set j=0 

Step 1 : Compute x y 1 by s o l v i n g ( 2 . 2 ) , (2 .3) 
Compute xf by so lv ing ( 2 . 1 0 ) - ( 2 . 1 2 ) for j = 0 , l , 2 , . . . , 2 r 
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Compute h ^ ( x y i ( l ) ) , h ^ ( x U i ( l ) ) for j = 0 , 1 , 2 , . . . . 2r , 
and J ( u i ) 

Step 2 : Compute e C j (u x ) (see ( 3 . 4 ) ) and the minimis ing 
V control u^ £ G 

Step 3 : Compute t C j ( y x ) 
If t c • ( « • ) > 0 set c . = c . -

C J i J J+l 
set j = j=l 
and goto Step 2 

Else proceed to Step 4 
Step 4 : If ^ ( u . ^ O stop 

Else proceed to Step 5 
Step 5 : Define u . =(1- ô  )u ^ © a^ u^ where a | £ [ 0 , l ] i s the 

l a r g e s t number which s a t i s f i e s 
aieg (ux ) 

Step 6 : Set = u a _ 

Set i=i+l 
Goto Step 1 

Since Algorithm 4 s a t i s f i e s a l l the hypothes i s in Theorem 
5 . 1 we deduce the fo l lowing convergence propert ies for i t : 

Theorem 4 
Suppose the assumptions s ta ted in the text are s a t i s f i e d 

and that Algorithm 4 g e n e r a t e s a sequence of controls {u^ } . Then 
k ( i ) This sequence i s f in i t e {u . » which case c^ is 

i n c r e a s e d only a f in i t e number of times as we l l , and the 
l a s t control i s d e s i r a b l e for P2, i . e . u , £ A. 



CO 

( i i ) The sequence i s i n f i n i t e { u ^ } a n d there e x i s t s a 
j* <00 such that j < j * throughout the computation ( i . e . c^ i s 
s t i l l on ly i n c r e a s e d a f i n i t e number of times and then 
remains constant at ĉ . *) and every l imit point u* i . s . c . m . 
of th i s sequence (at l e a s t one a l w a y s e x i s t s ) i s d e s i r a b l e 
for Problem P2. 

Remark 
In t h i s chapter we reduce a cer ta in c l a s s of "smooth" 

control problems to problems in which the data i s not 
cont inuous ly d i f f e r e n t i a b l e in the x v a r i a b l e by introduct ion of 
exac t p e n a l t y func t ions . It i s p o s s i b l e that the reduced problem 
can be t a c k l e d by means of recent ly developed a lgori thms for 
non-smooth mathematical programming problems (see for example 
Miff l in [ Mil ] , [ MI2 ] ) . However, our more ad hoc approach in 
which we dev i se loca l approximat ions to the s p e c i a l non-smooth 
funct ions which we encounter are quite adequate for our purposes . 
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CHAPTER 5 

THE STATE CONSTRAINED CONTROL PROBLEM 

5.1 Introduction 

In th i s chapter we deal with the most d i f f i c u l t problem 
cons idered in th i s t h e s i s . This problem i s known as the s tate 
c o n s t r a i n e d control problem (SCCP) and the reasons as to why it 
i s so d i f f i c u l t to so lve (and a n a l y s e ! ) wi l l become quite 
apparent during the course of th i s chapter . The need for 
i n v e s t i g a t i o n of SCCP' s i s very important s ince it i s wel l known 
that most p r a c t i c a l control problems do have the s tate constrained 
in some way - for example in management problems, inventor i e s 
cannot be n e g a t i v e , in fores tery we cannot harves t n o n - e x i s t e n t 
trees and in e n g i n e e r i n g problems, operat ing condi t ions of 
v a r i o u s d e v i c e s need to be kept in c e r t a i n reg ions for correct 
funct ion ing or to prevent damage. Hence it seems reasonab le that 
when a control problem i s be ing formulated these c o n s t r a i n t s on 
the s tate be inc luded and handled in some des i rab le w a y . 

A t y p i c a l s tate cons tra ined control problem i s s ta ted below 

Min J ( x , u ) 
s . t x ( t ) = f ( x , u , t ) for a . a . t € T 

x ( o ) = x 0 

g ( x ( t ) , t ) < 0 for every t 
u € G 

where g : I R n x T — * IR s p e c i f i e s the s tate cons tra in t . Since th i s 
cons tra in t must be s p e c i f i e d for each t £ T we e s s e n t i a l l y have 
an i n f i n i t e d imensional problem (due to the system dynamics ) 
subject to an i n f i n i t e number of c o n s t r a i n t s . It seems quite a 
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formidable task to tack le such a problem at f i r s t s i g h t , and 
indeed , as shown in numerous a r t i c l e s , e . g . Neustadt [ N2 ] , 
Gamkrelidze and Khara t i shv i l i [ GK1 ] , Ioffe and Tihomirov [ I I ] , 
Warga [ W3 ], that t r y i n g to f i n d so lut ions to SCCP's l e a d s to 
c e r t a i n d i f f i c u l t i e s . These can be e x p l a i n e d by c o n s i d e r i n g what 
happens to the s tate when it s t r ikes the cons tra int b o u n d a r y . 
After the point of impact the s tate i s not free to proceed in i t s 
prev ious course ( u n l e s s of course if it approaches the cons tra in t 
tangential ly) , and hence there i s an abrupt change in the s ta te 
v e l o c i t y (it i s use fu l to think of the p h y s i c a l a n a l o g y of a 
b a l l fo l lowing a trajec tory that s t r ikes a w a l l ) . When the 
Maximum Princ ip le i s formulated for SCCP's it has been shown 
(see for example [ N2 ] , [ II ]) that these abrupt c h a n g e s cause 
the adjo int v a r i a b l e to h a v e d i s c o n t i n u i t i e s ( jumps) , and it i s 
working with such nonsmooth funct ions that cause the above 
mentioned d i f f i c u l t i e s . 

5 . 2 Li terature Review on SCCP 
State cons tra ined control problems have been i n v e s t i g a t e d 

thoroughly from a theore t i ca l v iewpoint and cer ta in n e c e s s a r y 
condi t ions of opt imal i ty have been obta ined , e . g . Ioffe and 
Tihomirov [ 1 1 ] , Neustadt [ N1 ] , [ N2 ] , [ N4 ] , Gamkrelidze and 
K h a r a t i s h v i l i [ GK1 ], Warga [ W3 ]. The condi t ions are in the form 
of a Maximum Pr inc ip le (or Minimum Princ ip le depending on 
formulat ion) where c e r t a i n approximat ions are made. These are 
obta ined by approximat ing non-convex se ts by convex ones and 
n o n - l i n e a r i z e d funct ions by l inear ones . Then by showing 
d i s j o i n t n e s s of two convex sets (one which has non-empty 
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in t er ior ) it i s p o s s i b l e to assure the ex i s t ence of a h y p e r p l a n e 
which s e p a r a t e s the two se t s . In s tate cons tra ined control 
problems these se ts turn out to be in the space of cont inuous 
f u n c t i o n s , and so the hyperp lane which de f ines the mul t ip l i ers 
and hence the Maximum Pr inc ip l e , i s in the dual of such s p a c e s , 
namely in the space of a l l funct ions of bounded v a r i a t i o n . 

Appendix C shows one p a r t i c u l a r method for o b t a i n i n g 
n e c e s s a r y condi t ions of opt imal i ty and it i s obvious to see there 
that the procedure i s quite compl icated . 

Now a l though these condi t ions of opt imal i ty r e v e a l the 
s tructure of optimal contro ls , these are of l i t t l e or no use at 
a l l for a c t u a l l y s o l v i n g a p r a c t i c a l problem. What i s required i s 
a computat ional procedure for numer ica l ly s o l v i n g SCCP's. 
Because of the above mentioned d i f f i c u l t i e s (notably occurrence of 
jumps in the adjo int v a r i a b l e ) these are few and f a r 
be tween . The few methods that are a v a i l a b l e are quite r e s t r i c -
t i v e to the type of problem they addres s or the assumpt ions 
made are quite s e v e r e . 

One of the f i r s t a lgori thmic methods for so lv ing a SCCP was 
p r e s e n t e d by Hager [ H i ] , where a quadrat i c cost , l i n e a r system 
dynamics and l i n e a r s tate c o n s t r a i n t s were cons idered (the 
added complexity of l i n e a r control c o n s t r a i n t s i s a l s o i n c l u d e d ) . 
By d e f i n i n g a dual funct ion and then a dual problem, which i s 
s o l v e d us ing the Ritz-Treff tz method (where the dual v a r i a b l e s 
are approximated by f i n i t e element s u b s p a c e s ) , Hager a r r i v e s at 
a so lut ion for the o r i g i n a l problem. The same method has been 
e x t e n d e d to cover a g e n e r a l convex problem, see Hager [ H2 ]. 

A semi-dual method has a l so been developed by Hager (see 
Hager and l a n c u l e s c u [HA1], [ 1A1 ] ) in which only the dynamics 
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of the system are inc luded in the dual funct iona l and the s tate 
c o n s t r a i n t s are hand led e x p l i c i t l y . The error es t imates of the 
so lu t ions found at each i t era t ion , however, re ly on r e g u l a r i t y 
r e s u l t s for the f u l l dual and so the two methods are c l o s e l y 
r e l a t e d . Both the dual and s e m i - d u a l methods h a v e no e x t e n -
s ion to so lve the genera l non l inear SCCP s ince the methods 
require that the dual func t iona l be convex in i t s arguments . 
This i s not the case when non l inear dynamics are cons idered 
s ince the reachab le set i s g e n e r a l l y not convex . 

Las iecka in [ L I ] cons iders a SCCP with d e l a y very s imi lar 
to our own [ Problem P3 de f ined below ] . She formulates a 
d i scre te control problem us ing f i n i t e d i f ference methods and 
approximates the f e a s i b l e set in such a way that the d i screte 
control obta ined from so lv ing the f i n i t e d imensional approxima-
t ion produces f e a s i b l e t ra jec tor ie s for the o r i g i n a l problem. No 
method i s g i v e n for so lv ing e i ther problem but the error between 
so lut ions of the cont inuous and d i scre te problems i s es t imated. 

Warga [ W2 ] has recent ly deve loped an i n t e r a t i v e scheme 
which can hand le nonl inear SCCP's. He proposes a f e a s i b l e 
d irec t ions method which extends Mayne and P o l a k ' s [ MAP3 ] . 
procedure to cover an i n f i n i t e number of c o n s t r a i n t s . The method 
requ ires a f e a s i b l e i n i t i a l point and a l l subsequent points 
g e n e r a t e d by the algorithm remain f e a s i b l e . The procedure can 
be programmed quite e a s i l y but the neces s i ty for a f e a s i b l e 
s t a r t i n g point i s quite r e s t r i c t i v e s ince no method of obta in ing 
such a point i s g i v e n . 

A f e a s i b l e control may be o b t a i n e d by a s tandard 
technique of operat ing on the cons tra in t and introduc ing s lack 
v a r i a b l e s , see for example Polak [ PI ] , Zountendijk [ Z1 ] , 
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Luenberger [ LU2 ], Canon, Cullum and Polak [ CI ]. The p r e c i s e 
method is as fo l lows: 

Introduce the slack variable 0 and consider the following 

problem in IR x G 

Min a 
a,u 

s . t . - a . l + g ( x y ( t ) , t ) < 0 for a l l t 

where g : IRnxT—• IR i s the s tate cons tra in t and a . l denotes a 
constant funct ion of va lue a for a l l t . 

This can be so lved u s i n g Warga's i t e r a t i v e method. An 
i n i t i a l f e a s i b l e point for th i s problem ( a 0 , u 0 ) may be chosen by 
s e l e c t i n g any y £ G and se t t ing a 0 = max { g ( x y ° , t ) ,0 > . 

° ~ 0 <t<l 

If a 0 = 0 then we a l r e a d y have a f e a s i b l e control for the 
o r i g i n a l problem and hence Warga's scheme may be a p p l i e d to 
so lve i t . 

If a 0 >0, then Warga's scheme produces a sequence { a ^ y ^ 1 
when s o l v i n g the above problem in IR x G. Because of the 
convergence propert ies proved in [ W2 ] we must have a^ 0 and 
u^ * u € G, with g ( x ~ , t ) < 0 for a l l t , i . e . u i s f e a s i b l e for the 
o r i g i n a l problem. 

However, the main d i s a d v a n t a g e of th i s scheme is that in 
g e n e r a l , a f e a s i b l e point i s g u a r a n t e e d only a f ter an i n f i n i t e 
number of i t e r a t i o n s . This i s somewhat of a drawback s ince it 
may be required to perform an i n f i n i t e number of i t e ra t ions 
before an attempt to so lv ing the o r i g i n a l problem can be made. 

We propose to so lve the s tate contra ined control problem 
[Problem P3 de f ined below ] us ing an Exact Pena l ty Function 

method for which the foundat ions have been l a i d in Chapter 4, 
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al though a more usua l p e n a l t y term wi l l be used as d i s c u s s e d 
in Appendix B. Our method, we b e l i e v e , improves the approach 
taken by Warga [ W2 ] s ince it w i l l funct ion for any i n i t i a l point 
r e g a r d l e s s of be ing f e a s i b l e or not. Also the procedure a l lows 
for points outs ide of the f e a s i b l e reg ion to be genera ted as long 
as a descent in the object ive funct iona l j u s t i f i e s i t . 

Before we proceed any further with our d i s c u s s i o n we 
formulate our SCCP and s ta te the b a s i c hypothes i s assumed. 

5 . 3 Problem Statement 
In th i s chapter we wi l l be cons ider ing the fo l lowing non-

l i n e a r s ta te cons tra ined optimal control problem with d e l a y : 

Problem P3 

Min / 0 ' l ( x ( t ) , u ( t ) , t ) d t 
u 

S . t . X (t ) = f ( X ( t ) , x ( t— T ) , U . ( t ) , t ) 

x (t) = <t>(t) for 
g ( x ( t ) , t ) < 0 for 

u € G 

(3 .1 ) 

for a . a . t € T (3 .2 ) 
a l l t £ [ - t ,0 ] (3 .3 ) 
every t £ T (3 .4 ) 

where G i s the space of measurable r e l a x e d contro l s . <}> i s as 
before and the same terminology and notat ion as in prev ious 
chapters i s adhered to. 

We make the fo l lowing assumptions on the funct ions l , f and 
g: 
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Assumption 1 
The funct ions 

f : IR n x IRnx IRmxT — IRn 

1 : IR nx IRmxT — |R 

g : |RnxT — |R 

and their p a r t i a l d e r i v a t i v e s f , f , f ,f , f , 1 , 1 , e , 2 r x x x y y y xy x x x ®x "-x 
e x i s t and are cont inuous on the ir re spec t ive domains. 

Assumption 2 
There e x i s t s an M 6(0,®) such that 

|| f ( x , y , u , t ) || < M { 11x | |+ 11 y || +1 > 

f o r a l l x , y € l R n , a l l u € G a n d f o r a l l t £ T 

and 
|[ f ( x l , y l f u f t ) - f ( x 2 f y 2 , u f t ) || < M { | | x 1 - x 2 || + || y x - y 2 || } 

for a l l x x , y 1 , x 2 , y 2 € I R n , for a l l u €G and for a l l t € T . 

5 . 4 . 1 P e n a l i s e d Problem and Intermediate Problem 
As in the l a s t chapter we wi l l use a pena l ty funct ion to 

formulate an e q u i v a l e n t problem. To do th i s we def ine Y:G—" IR by 

Y ( u ) £ m a x { g ( x ~ ( t ) , t ) , 0 1 (4.1) 

0 <t <1 

and for a l l K > 0 we def ine Y^:G • IR by 

Y k (U ) ^ / 0 1 l ( x - ( t ) , u ( t ) , t ) d t + KY (U) (4.2) 

Now we def ine the fo l lowing problem for a l l K>. 0, 
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Problem P 3 K : Min { Y K ( U ) : U € G > 

This w i l l be re ferred to as the p e n a l i s e d problem. 
Certain assumptions have to be made to ensure that 

Problem P3 i s e q u i v a l e n t to Problem P3^ (for some f i n i t e K). 
These w i l l be f u l l y d i s c u s s e d la ter but for the moment we wi l l 
assume that the two problems are e q u i v a l e n t and try to so lve 
P3j£ u s i n g a s imi lar method as in Chapter 4 (with some modi f i ca -
t ions so that the s ta te cons tra in t can be h a n d l e d ) . For th i s 
reason we def ine —* IR by 

9„(u) =min / / [ I (u) z - ' ^ ( t ) + A l ( v , u ) ]dt 
K ~ v €G X ~ 

+K max {g (x y t )4g (xMt)zr 'Y ( t ) ,0 } 
0< t< l 

- KY(U ) ( 4 .3 ) 

where l x ( u ) = l x ( x ~ , u , t ) 

A1 ( v , u ) = l (x~ , v , t ) - l ( x p , u , t ) 

and z~'~:T—• IRnis the solution of 

z(t) = A y (t)z(t)+B~ (t)z(t- x ) + A f ( v , u ) f o r a . a.t€T (4.4) 

z(t) = 0 for a l l t € [ - t , 0 ] (4.5) 

where A~(t) = f x ( x y , y - , u , t ) (4.6) 

B~(t) = f ( x y , y p , u , t ) (4 .7 ) 
y 

Af (v, u) = f (x~ , y~ ,v , t)-f (x~ , y ~ , u, t) (4.8) 

As shown in prev ious chapters i s a f i r s t order 
est imate of x ~ - x ~ , and 9^ (u) can be thought of as be ing a n 
est imate of the maximum reduct ion in 
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When s o l v i n g P3 ^ , 0 ^ has to be determined at each 
i t e r a t i o n . For th i s reason we refer to the problem of ob ta in ing 
e ^ as the intermediate problem for P3^ , denoted as Problem 
P 3 K I N T ' 

Now a method for s o l v i n g at each i t era t ion i s 
required if P3^ (and hence the o r i g i n a l problem) i s to be 
s o l v e d . i- n the form descr ibed by (4-3) i s very d i f f i c u l t 
to so lve because of the maximum be ing taken over an i n f i n i t e 
number of po int s . Therefore we propose to reformulate it us ing 
the method proposed by Warga [ W4 ], into the fo l lowing e q u i v a -
lent form: 

Problem P 3 K ( y ) : 

Min / / [ 1 ( u ) z - ' - ( t ) + Al (v ,u) ]dt + KB - Ky(u) 
v €G X ~ 
^ € IR 

s . t . g ( x y , t ) + g x (x ~, t) ' ~ (t) - 8 .1 <0 for every t € T 

8 >0 

where 8 .1 means a constant funct ion of v a l u e 8 for a l l t € T . 
This i s s imi lar to the l i n e a r i z e d vers ion of the o r i g i n a l 

problem P3, (which Warga [ W2 ] cons iders and s o l v e s ) , , but 
because of the p e n a l t y term KB , our method does not require the 
n e c e s s i t y to s tart (or s t a y ) in the f e a s i b l e reg ion . This i s the 
e s s e n t i a l d i f f erence in the approach taken by Warga and ours . 
However, we wi l l use a method very s imi lar to Warga's to so lve 
P 3 v ( u ) . 
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5.4.2 Equivalence of Problems P 3 K I N T and P3 K(u) 

Before we proceed any further wi th present ing our method 
for s o l v i n g P3^-(y) we prove that Problems and P3^(u) 
are e q u i v a l e n t as s ta ted . 

The two problems can be writ ten as fo l lows: 

P 3 K 1 n t : Min L(v ) + K u ( v ) - K Y ( U ) 

v €G 

P 3 k ( U ) : Min L(v) + K B - K Y ( U ) 

v £ G 
5 € ir 

s. t. mv ) < b 

where L(v) = / / [ 1 (u)z- (t)+Al ( y , u ) ] dt 

and i>(v) = max { g ( x y , t ) + g ( x y , t ) z y , Y ( t ) ,0 } 
0<t <1 X 

Then we h a v e for each v £ G 

L(v)+Kip(v) < L(v)+Ks 

if S > \p(y). Therefore the so lut ion of P 3 K 1 N T , written inf ( P 3 K 1 N T ), 
i s l e s s (or e q u a l ) to the so lut ion of P3^(u) [denoted as inf (Pj^(u))]. 

i . e . inf ( P 3 K 1 N T ) < inf ( P 3 K ( u ) ) (A) 

We a l s o have for a l l v €. G 

L(v)+KMv) = L(v)+K? 

where B(>ip(v)) i s de f ined by 3 = (v) 
This impl ies that 

inf ( P 3 K ( U ) ) < inf ( P 3 K I N T ) (B) 

183 



From (A) and (B) we deduce that the two problems have 
the same so lut ion , and are therefore e q u i v a l e n t . 

5.5 Solution of Problem P3^(u) 

5.5.1 Conceptual Procedure for Solving P3j^(u) 

Our method for s o l v i n g Problem P3^(u ) i s b a s e d c l o s e l y on 
the method proposed by Warga [ W2 ] and we w i l l d i s c u s s th i s 
procedure f u l l y . 

So lv ing P3^(u) e s s e n t i a l l y i n v o l v e s determining the 
(B* ,v*)€lR x G which minimizes 

/ o X [ l x ( u ) z y > Y ( t )+Al (v ,u ) ]d t+Ke -KY (u) 

over the set S ( u ) , where we def ine S(u) by 

s(u) = {( e,v) : E > 0, B eIR , 

g ( x y , t ) + g x ( x y , t ) z y ' Y ( t ) -b .1 < 0 a l l t, v 6. G } 

This as we show below i s a s p e c i a l case of problem II in 
Warga [ W2 ] which we res ta te here for convenience: 

Problem II in [W2 ] 
Let H be a rea l Hilbert the corresponding 

Hilbert space with inner product 

( a, x ) . ( 8 , y ) = aB+x.y 

and let A be a c lo sed , convex bounded subset of Then 
Problem II i s 

Min { B : (B , 0) G A } 
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We now show that Problem P3^(u) i s a s p e c i a l case of the 
above problem: 

Let T = [ 0 , 1 ] and le t | | . | | 2 be the u s u a l norm of the 
Hilbert space L 2 [ T, IR ] . It i s e a s i l y seen that any compact 
subse t P of ( C [ T ; IR ] , || . || S U p ) i s a l s o a compact subset of 
(L 2 [T , IR ], | | . | | 2 ) and that in P, || . I l s u p - c o n v e r g e n c e and 
|| . 11 2 -convergence are e q u i v a l e n t . 

We a l so have by our assumptions of boundedness that there 
e x i s t s a f in i t e d such that 

/ , 1 [ l x ( u ) z y ' Y + A l ( v , u ) ]dt+Ks-Y(u) > - d 

g ( x y , t ) + g x ( x ~ , t ) z y . 1 > - d a l l t , f o r a l l u , v £ G , and 
finit e B 

This bound d wi l l be dependent on the control u about 
which the problem h a s been l i n e a r i z e d . 

Now for any u € G we def ine the fo l lowing set A(u) by 

A(u) = { ( / 0
l [ l x ( u ) z y , Y + A l ( y , u ) ] dt+K B -KY(u) , 

, g(x~ , t )+g x (x~ ,t) z ~ B . 1 - v ( t ) ) : 

v € § , v € L 2 [ T , l R ] , v € [ 0 , d ( u ) ] a . e . in T, 
B € [ 0 , d ( u ) ] } 

Then A(u) i s a convex , c lo sed and bounded subset of the 
Hilbert space I R x L 2 [ T , | R ] . It i s c l ear ( c . f . Warga [ W2 ]) that 

Min { / 0 1 [ 1 ( u ) z y ' Y + A l ( v , u ) ]dt+KB-KY(u) : ( B , v ) € S ( u ) > 
y » b 

= min ( a : (a ,0) € A (u)) 

where 0 i s the funct ion which is i d e n t i c a l l y zero. Thus P3Tr(u) 



i s a s p e c i a l c a s e of Problem II above , and hence any method 
which so lves II may be appl i ed to so lve P 3 ^ ( u ) . So lv ing Problem 
P 3 ^ ( u ) i n v o l v e s determinirg the point ( a * , 0 ) E I R x L 2 [ T , |R ] a s 

Problem P3^ (u) a l w a y s h a s a so lut ion s ince v = u and 
8 = Y (u) E S ( u ) , in which case z = 0 for a l l t , s e t t ing 
^( t ) = g ( x y , t ) a l l t we obtain ( O , 0 ) € A ( u ) for a l l u E G. 

We propose to use an i t e r a t i v e scheme s imi lar to that 
presented in Warga [ W2 ], but modif ied in such a way so that it 
can be app l i ed to so lve P 3 ^ ( u ) . This procedure which we refer to 
as Procedure W w i l l require f i n d i n g a point neares t to the 
convex bounded set over which the problem is de f ined ( i . e . the 
set A(u)) at each s t a g e . We wi l l determine such a point by an 
a p p l i c a t i o n of another i t era t ive scheme (referred to as Procedure 
Y) which is n e s t e d ins ide Procedure W. The prec i se method for 
s o l v i n g P 3 t J u ) w i l l now be presented . 
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Procedure W 

Step 0 : A point x = ( a , x ( . ) ) C A(u) i s required ( t h i s may be 
chosen as (0, 0) as d i s c u s s e d a b o v e ) , as wel l as a 
o Q < a* , a * i s the optimal cost for P3^(u) 

Step 1 : Set a Q = ( o o , 0 ) € l R x L 2 [ T , |R ] 
Set i = 0 

Step 2 : Compute the point s (a^ ) = ( s ° ( a . ) , s l ( a . )) in A(u) 
which minimises the d i s t a n c e to a^ , together with the 
control v. and B. which ach i eve i t , i . e . 

l 

s°(a.)= /0
1[lx(u)za , Y i+Al(v i ,u)]dt + K J . - K Y ( u ) 

and s 1 ( a . ) (t) =g (x~ , t) +g ( x ~ , t ) ' ^ - I f • • 1 

This i s done by us ing the fo l lowing Procedure Y: 

Procedure Y 
Step A : Set y 0 = x 

Set j = 0 

Step B: Compute Tj = (hj,n Gt) ) € A(u) which s a t i s f i e s 

( y . - a i ) . r . < ( y . - a ^ . r for a l l r e A(u) 
together with the Vj and which ach ieve 
i t . The symbol denotes the inner product 
in IR xL 2 [T, IR] by 

(a ! ,b x ( t ) ) . (a 2 , b 2 ( t ) ) = a 2 a 2 + / 0 L b , ( t )b 2 (t) d t 
for a l l a i , a 2 € IR and b x , b 2 € L 2 [ T , IR ] 

i . e . (y. - a . ) i s an inner normal to A(u) at 
r. (see Warga [ W2 ] ) 

187 



\ 

If r. =y . , set y, =y. , v . =v. and B. = B. for J 3 M V - 1 1 3 
1 >j and return to Procedure W. Else cont inue 

Step C: Choose A^ as any c losed convex subset of 
A(u) conta in ing y^ and r\ ( le t Â  be the 
segment jo in ing y^ and r\ ) 

Step D: Compute q as the point in A^ which 
minimises the d i s t a n c e to a. 

l 

Step E: Set y + 1 = q 
Set j = j+1 
Goto Step B 

Having obta ined y =s (a . ), v . =v , B . = B 
•=> J CO I ' ~ 1 ~ oc ' I CO 

return to Procedure W 

Step 3 : If s ° ( a . ) - o. < 0, set o 1 = a. , V. =v. , "B . = IF. for a l l r l l l i ~ l ~ i l i 
1 > i and terminate Procedure W. Else proceed to Step 4 

Step 4 : Set a =s° (a . )+(s° ( a . ) - a )" 1 / 0 ' || s 1 ( a . ) (t) || 2 d t 
Set a . + 1 = ( a . + r 0 ) 
Set i = i+1 
Goto Step 2 

This algorithm i s i l l u s t r a t e d in F igs 5 . 2 and 5 - 3 . Fig 5 . 2 
shows how the shortest d i s tance from a^ to A(u) i s determined at 
each s tage and Fig 5 . 3 shows how the solut ion to Problem P3^(u) 
i s found. 

It i s proved in Warga [ W2 ] that if Procedure Y constructs 
po ints y 0 , y 1 , y 2 then lim y . = s ( a . ) for each i . 

1 
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Fig. 5.2 Procedure Y 

Fig.5-3 Procedure W 



It i s not d i f f i c u l t now to show that v. •v . i . s . c . m . and J 1 

3j "B̂  are the v a l u e s of (v , s) which achieve s ( a x ) . 
Also, procedure W has the fo l lowing convergence propert ies 

( a g a i n proved in [W2]) . 

Theorem 5 . 1 
Let a x , CT2 , a 3 , . . . . be constructed by Procedure W. Then 

o . < a . . < a* i = 0 , 1 , 2 , . . . l l+l » » » 

and lim a^ = lim sta^) = ( a * , 0 ) 
1 —*-ao 1 >• co 

However, before Procedures W and Y can a c t u a l l y be 
a p p l i e d to obtain the solution to P3^ (u) a number of d i f f i c u l t i e s 
must s t i l l be overcome. These are: 

1. The bound d(u) € ( 0 , « ) which s a t i s f i e s 

f o \ l x ( u ) z
y , Y ( t ) + M(v,u)]dt+KB-KY(u)> -d(u) 

g ( x y , t ) + g x ( x y , t ) z y ' ~ ( t ) - B . l > - d ( u ) a l l t € T 
for a l l v £ G i s required. 

2. The s tar t ing point a Q which i s l e s s or equal to a* i s 
required, i . e . the s tar t ing point must be to the l e f t of 
the set A(u) on the cost a x i s . 

3. At step B of Procedure Y we must f ind a point 
r . € A(u) which s a t i s f i e s ( y . - a . ) . r . < ( y . - a . ) . r for a l l J ~ J 1 3 ~ 3 1 

r £ A(u) for a g i v e n y , a^ . This means for a g i v e n 
p=(p, 1 p 2 ( t ) ) £ |R x L 2 [ T, |R ] . we need to f ind 
r ( p ) € A ( u ) such that 

p . r ( p ) < _ p . r for a l l r € A ( u ) 



4. At s tep D the point q^ 6 A^ which minimises the 
d i s t a n c e to a^ i s r equ ired . 

We w i l l now show how these problems are dea l t wi th , 
a . The cons tant d (u) may be set to be 

d( u )=- inf {K B-K y(u) , g ( x - , t ) - 8.1 , t € T 
8 € [ 0,dx(u) ] } 

- i n f { d 2 ( u ) , d 3 ( t ) ; t € T } 

where d 3 ( u ) = max g ( x ~ , t ) + g ( x - , t ) z ~ ' ~ ( t ) , 0 } 
0< t<1 x 

v € G 

There i s no need to cons ider 8 g r e a t e r than th i s 
s ince the l a r g e r the 8 the greater the contr ibut ion 
to the cost . 

i Also d , ( u ) = / min [ l ( u ) z - ' - + A 1 ( V , u ) ]dt 
2 — o _ ^ x ~ ~ ~ v 6 G 

d , ( t ) = min g ( x u , t ) z y , Y ( t ) t e T 
V E G X 

This just g i v e s the lowest v a l u e that any 
point in A(u) can t a k e . 

a Q may be chosen as - d ( u ) , hence it can at most 
be on the boundary of A ( u ) . 

For any p = ( p 1 , p 2 ( t ) ) € IR x L 2 [T, IR ], we need to 
f i n d r ( p ) G A ( u ) which so lves min p . r 

r € A(u) 

Now s ince 
A( u)= {(/ '[l (u) z -' Al (v , u) ] dt+K8 -Kr(u),g(x-,t) 

~ 0 x ~ - ~ -

+g x(x
y
,t)z

y
'

y
-B.l+v(t)) : 

1 Q1 

b. 

c. 



: y € G , B € [ 0, d t (u) ] , v £ L 2 [T, IR ] , 

v ( t ) € [ 0 , d ( u ) ] a . e . i n T } 
the above problem reduces to 

min ( p ; p 2 ( t ) ) . ( / \ l ( u ) z y ' y + A l ( v , u ) ]dt+K B -KY(u) , 
v € G X 

*B c l o . d ^ u ) ] g ( x - , t ) + g ( x ^ , t ) z ^ - B . l + v ( t ) ) 
v ( t ) € [0 , d ( u ) ] a . e . in T ^ 

= min p l { / [1 ( u ) z y , Y + A l ( v , u ) ] d t + K B - K Y ( u ) } v ,B, v 0 X 

+ / . 1 p 2 ( t ) . ( g ( x y , t ) + g x ( x U , t ) z y ' Y - B . l + v ( t ) ) d t 
i i = min (Kp l- / p 2 ( t ) d t ) B + / 0 p 2 ( t ) v(t )dt 

0 

+pV„ [ l x ( u ) z y , L + A l ( y , u ) jdt -p^Ytu) 
l p 2 ( t) ( g ( x ~ . t ) + e , x 

+ / 0 p 2 ( t ) ( g ( x y , t ) + g ( x y , t ) z y , Y ) d t 

This g i v e s the so lut ions to B and v to be 

B(p) = 0 or d j ( u ) 
v ( p ) ( t ) = 0 or d ( u ) for every t € T 

depending on the s i g n of the ir re spec t ive c o e f f i c i e n t s . 
Hence it remains to so lve 

min p V / [ l ( u ) z y ' Y + A l ( v , u ) ] d t + / 0 l p 2 ( t ) g ( x y , t ) z y ' Y dt 
x ^ x 

v 

u v 
where ~ i s the so lut ion to the d i f f e r e n c e -
d i f f e r e n t i a l equat ion de f ined by ( 4 . 4 ) , ( 4 - 5 ) . 

Using the Maximum Pr inc ip le for de lay systems 
and the propert ies of r e l a x e d controls ( see Chapter 
1) it i s quite e a s y to show that a minimis ing 
control v (p) € G can be obta ined by s e t t ing v ( p ) = 5 
(measure concentrated at a s i n g l e ord inary control 
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ui(t) where for each t £ T , v ( t ) = w(t) maximises 

^ ( t ) T f ( x ^ , y H , 5 v © u ( t ) , t ) + p l l ( x ~ f 5 ^ u ( t ) f t ) 

and • IR n i s the so lut ion of 

i p T ( t ) = / ^ T ( s ) A ~ ( s ) + 4 > t ( s + t ) B ~ ( s + t ) 

u + / t [ p 1 l x ( u ) + p 2 ( s ) g x ( x - , s ) ] d s 

for a l l s £ [ 0 , 1 - t] 

* T ( t ) = s [ * T ( s ) A y ( s ) ds 

+ ' t l [ p 1 l x ( u ) + p 2 ( s ) g x ( x y , s ) ] d s 

for a l l t € [ 1 - t , 1 ] 

ml) = 0 

Thus the n e c e s s a r y point r (p) € A ( u ) i s g i v e n by 

r ( p ) = { V[l x ( u)z 1 i ^ ( p ) ( t ) + Al(y (p),u)]dt+KB(p)-KY(u), 

g ( x y , t ) + g x ( x ^ , t ) z y ' Y ( p ) ( t ) - B ( p ) . l + v ( p ) ( t ) > 

d. The point q . € A . which minimises the d i s t a n c e to a . 
f hj 3 i 

can be obta ined as fo l lows: 

Def in ing A .̂ to be the segment jo in ing y and r . we 
have the s i tua t ion as shown in F ig . 5 . 4 . 

Now any point in the segment RY ( i . e . the set 
Aj ) can be e x p r e s s e d as 

q = ( l - 6 ) y . + 5r. for 6 £ [ 0 , 1 ] 
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and q = y\ when 5 = 0 

= r. when 5 = 1 J 

Fig 5.4 

We want to c a l c u l a t e 5 = 5 . so that q minimises the mm ^ 
d i s t a n c e AQ . By the project ion theorem, see Luen-
berger [LU1] , th i s occurs when the inner product of 
AQ i s orthogonal to RY, i . e . T i s determined by 
s o l v i n g the fo l lowing: 

( a . - [ ( l - l ) y . + « r . ] ) . ( r - q ) = 0 

Now if a ^ U ^ ) , y =( a , x ( t ) ) and r = (h , n ( t ) ) we get 

(( 0) - {(l-~5) (a , X ( t) ) + 6"(h, n ( t ) ) } ) . ( ( h , n ( t ) ) - ( a , x ( t ) ) = 0 

i . e . 

( l - ~ 5 ) a - ~ 5 h ], (-1+5) x (t)-~5 n ( t ) ) . ( h - a , n ( t ) - x ( t ) ) = 0 

Using the inner product in the Hilbert space 
I R x L 2 [ T , IR ] as de f ined above we get 

1 Q/. 



[ c - ( l _ 5 ) a - S h ] ( h - a ) - ( ( l - « ) x ( t ) + « n ( t ) ) . ( n ( t ) - X ( t ) ) = 0 

[a - a - 6 ( h - a) ] ( h - cj-/„ ( x ( t ) + 6 ( n ( t ) - x ( t ) ) ( n ( t ) - x ( t ) )dt=0 

( a - a) ( h - a ) -~5 (h - a ) 2 - / 0X (t ) (n ( t ) - x ( t ) ) dt 

-T/«'( n ( t ) - X ( t ) ) 2 d t = 0 
Therefore 

j- = (a - a ) (h - q ) - / o X ( t ) ( n ( t ) - X ( t ) ) d t 
( h - a ) 2 + / 0 1 ( n ( t ) - x ( t ) ) 2 d t 

Thus we get 

5 . = 0 min 
= ~6 

= 1 

This determines the required point q. at each s t a g e . 

if 5 <0 

if 7 6 (0 ,1 ) 

if 7 > 1 

5 . 5 . 2 Implementable Procedure for So lv ing Problem P 3 y ( u ) —se— 

Although Procedure W can be used to so lve Problem P 3 t . ( u ) , 
K 

it i s quite obvious that the method i s conceptual s ince it may 
require an i n f i n i t e number of i t e ra t ions to obta in s (a^ ) for each 
i . We therefore present now an implementable ver s ion (Procedure 
Wj ) of the scheme where the ( i n f i n i t e ) Procedure Y i s truncated 
a f ter a f in i t e number of s teps according to a s p e c i f i c t e s t . 
Before we present the implementable procedure we need to say a 
few words about the terminology which we wi l l be u s i n g . For 
any point a G IR x L 2 [ T, IR ] , Procedure Y, s t a r t i n g from any 
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point y € A ( u ) , constructs a sequence ( ( a , y ) } £ A(u) 
c o n v e r g i n g to s ( a ) , and when s t a t i n g Procedure Wx we s h a l l 
refer to such sequences d i r e c t l y . 

Procedure Wt 

Step 1 : The fo l lowing data i s required: 
A point x 0 = (a x Q ( • ) ) £ A(u) together with the y 0 , 
0 O which ach ieve i t , a 0<. a* , a number M € ( 0 , 1 ) 

Step 1 : Set a 0 = (a o , 0 ) 6 IRx L 2 [T, |R ] 
Set i=0 

Step 2 : Define X.= ( x ° . , x l . ( t ) ) = x . - a . r i l l 11 
If X? < 0, set p. = ( X? 1 X. and compute l r i l l 
b.= (b°.,bl ( t ) ) € A ( u ) which s a t i s f i e s 

p . .b . <. p. -b. for a l l b € A(u) r l l ri l 

together with the y ( p ^ ) , which ach i eve it ( th i s 
can be obta ined by the method descr ibed in the l a s t 
s e c t i o n ) . Then goto Step 3. 
Otherwise proceed to Step 4. 

Step 3 : If X? < 0 and p . .b . > a.+M I X. I r i r l l - l 1 i 1 

set a = p. . b . , a . , = (a , 0 ) l+l r i l l+l l+l 
x . . = x . l+l l 

v • 1 = v • 
ji+l 4 i 
0 . . = 0 . l+l l 

set i = i+l and goto Step 2 
Otherwise proceed to Step 4. 

Step 4 : Determine for j = l , 2 , . . . . 
If for some integer j 0 the condi t ions in Step 3 are 
s a t i s f i e d with x . r ep laced by S . ( a . , x . ) terminate 

1 jo 1 1 
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th i s in terna l i t era t ion and set a . , = a . 
l+l i 

x. . = £ . (a. , x . ) 1+1 j0 l' 1 

set v . . and B . .. as those that a c h i e v e - l+l l+l 

£ (a. , x . ) in A(u) 
Jo 1 1 

set i = i+1 and goto Step 2 

We s h a l l s a y that Procedure W x s tops at N if Step 4 
a p p l i e s for i=N and a j 0 does not e x i s t . 

It i s shown in Warga [ W2 ] that Procedure W h a s the 
fo l lowing proper t i e s . 

Theorem 5 . 2 
Since Problem P3^(u) h a s a so lut ion Procedure does not 

stop at any j and lim cr̂  = a * and lim x. = (®* ,0 ) 
i i 

Remark 5 . 3 
The above theorem shows that s ince x^ = ( a . ( t ) ) 

converges to ( a * , 0 ) we must h a v e that for any 6 > 0, there 
e x i s t s an i 0 such that 

ii a. - a* || < 5 

and || x (t) || T < 5 for a l l i > i 0 . 
1 l i 2 

This property wi l l be re ferred to d irec t ly when we present 
our implementable procedure for s o l v i n g the o r i g i n a l Problem P3-

Hence u s i n g e i ther one of the two Procedures W or Wr we 
can obta in v* , e* which so lve the intermediate problem P3 (u) ~ ~ K ~ 
together with the optimal cost a * = 9 ( u ) . 
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5.6 Equivalence of Problem P3 and P3 ^ 

Before we can proceed any further to so lve P3 we need to 
present some hypothes i s which wi l l make our procedure wel l 
d e f i n e d . These are ana logous to the "constraint q u a l i f i c a t i o n s " 
in Chapter 4, which, in our opin ion , are somewhat awkward 
even in problems with a f i n i t e number of c o n s t r a i n t s . 

We propose a d i f f erent l ine of a t tack which wi l l g u a r a n t e e 
that Problems P3 and P3 -̂ are e q u i v a l e n t for a l l K >K* for some 
K*. This i s ach ieved by imposing a c e r t a i n ca lmness condi t ion 
on P3« This hypothes i s a l though very s imple at f i r s t s i g h t h a s 
profound consequences as we s h a l l short ly show. 

F i r s t , however, for purposes of mot ivat ion , we cons ider a 
f i n i t e d imens ional opt imizat ion problem subject to an i n e q u a l i t y 
c o n s t r a i n t , i . e . cons ider 

Problem F Min g° (x) 
x € X 

s . t . g ! ( x ) < 0 

where X C IR R i s c losed and g-' :x—»• IR , j = 0 , l . 
We def ine a fami ly of opt imizat ion problems by 

n ( a) = min {g ° ( x ) : g ! ( x ) < a } (6 .1 ) 
It i s obvious from the de f in i t i on of n that i t i s monotone 

d e c r e a s i n g with i n c r e a s i n g a, i . e . n(0)>. n(a) for a > 0. 
Suppose n(0) i s f i n i t e and that there e x i s t s a f in i t e K > 0 

such that 

n ( ct) > n (0 ) - Kct for a l l a (6 .2 ) 

This i s true if n i s bounded from below for a l l a , see F i g . 6 . 1 . 
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Now we cons ider the fo l lowing problem: 

Problem F v 

IV Min g 0 (x) + K Y ( x ) for K > 0 

where Y(X) = max { g 1 ( x ) J 0 > . 

Now choose a R > K and let x minimise 

x -g °(x) + K Y ( X ) 

The fo l lowing i n e q u a l i t y holds 

g ° ( x)+RY ( x ) > min { g ° ( x ) : g 1 ( x ) < Y ( x ) > + 0 (x) 

This i s because we h a v e 
g ° (x) > min { g °(x) :g 1 (x) < Y ( X ) > 

from the fact that for x=x e q u a l i t y i s a c h i e v e d . Hence the 
minimum on the r ight hand s ide i s at most equal to g ° ( x ) , and 
another Xx S X may e x i s t which does minimise g° (x) and a l so 
s a t i s f i e s the cons tra in t g ' ( x j < y ( x ) . Hence we have 
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g ° ( x)+KY ( x ) > N( Y ( x ) ) + Ky(x) 

From above we have n ( a ) > n (O)-Ka for a l l a , i . e . we have 

n ( y ( x ) ) > n ( O ) - K y ( x ) 

Therefore 

g°(X)+KY ( x ) > N(0) + (K-K) Y(X) (6.3) 

Also s ince x minimises x "g 0 ( x ) + K y ( x ) we have 
i 

n(0) = min {g 0 ( x ) : g 1 (x )<0 } > g ' M r ( x ) (6 .4 ) 

This is because for any f e a s i b l e x on the le f t hand s ide of 
i n e q u a l i t y , i . e . any x such that g 1 ( x ) < 0 , we have 

g °(x) = g ° ( x ) + R y ( x ) > g 0 ( x ) 4 d x ) for a l l x s . t . g x ( x ) < 0 

Hence we have 

n (0) > g ° ( x ) + K y ( x ) 

But from (6 .3) we have 

g °(x)+K y(x) > n(0) + (K-K ) y ( x ) 

Hence we deduce that 

n(0 ) > n ( 0 ) + ( K - K ) y ( x ) 

i . e . (K-K) y ( x ) <0 

Since K>K we must have y ( x ) < 0 , but y i s n o n - n e g a t i v e by 
def in i t ion and hence y ( x ) = 0 , i . e . x is f e a s i b l e for problem F. 

Therefore from (6 .3) we ge t , by l e t t ing y(x) = 0 that 

g ° ( x ) .> n(0) 
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But (6 .4 ) g i v e s n ( 0 ) > g ° ( x ) 
Hence g °(x) = n(0) 
i . e . x i s the so lut ion for problem F. 

T herefore we deduce that by choos ing It s u f f i c i e n t l y l a r g e 
(K>K as shown a b o v e ) , we can so lve problem fj^ by s o l v i n g the 
uncons tra ined problem F^, i . e . F^ i s e q u i v a l e n t to F for K>K. 

Now we cons ider the rea l problem in quest ion and der ive 
condi t ions to impose on it so that i s e q u i v a l e n t to P3. 
Problem P3 i s 

min / 0 1 l ( x ^ , u , t ) d t 
u € G 

s . t . g ( x ~ , t ) <0 for every t 

where x~:T—»-|Rn i s the so lut ion to the d e l a y - d i f f e r e n t i a l equat ion 

x (t) = f ( x , y , u , t ) a . a . t € T 
x ( t ) = <l>(t) for every t £ [ - T , 0 ] 

We start by d e f i n i n g the fo l lowing family of optimal control 
problems: 

X (a ) = min { / 0 l l ( x ~ , u , t ) d t : g ( x ~ , t ) <.<* , t € T > 
u € G 

Obvious ly problem P3 i s embedded in th i s family and s o l v i n g P3 
may be regarded as determining the v a l u e x ( 0 ) 

Letting l ( u ) = / 0 l l ( x ~ , u , t ) d t 
and Y(U) = max ( g ( x ~ , t ) , 0 > 

0 <t <1 

we have 

X ( A ) = min { l ( u ) : Y(U ) < a } 
u € G 

201 



The fo l lowing assumptions are made on X . 

Assumption 3 
( i ) U m inf { x ( o ) - x ( 0 ) } = - K , 

, n a ° 
u for some K 0 € ( 0 , - ) (6 .5 ) 

( i i ) x ( 0 ) i s f i n i t e (6 .6 ) 

This assumption i s known as ca lmness as de f ined by Clarke 
[CL1 ] and b a s i c a l l y means that the rate of change of minimum 
cost at a =0 i s not i n f i n i t e for the problem in which g ( x ( t ) , t ) < a 
for a l l t £ T r e p l a c e s g ( x ( t ) , t ) < 0 for a l l t £ T . 

As proposed in the text we intend to so lve P3 by s o l v i n g 
Problem P3^ de f ined by 

min ( l(u)+K y(u) > for K > 0 
u £ G 

Hence it i s n e c e s s a r y to se lect K s u f f i c i e n t l y l a r g e so that 
a so lut ion that minimises u * l ( u ) + k y ( u ) i s a l so a so lut ion to 

x . ( 0 ) = min U ( u ) : y ( u ) < 0 1 

We w i l l f i r s t show that the fami ly of problems x 
defined above need only be cons idered for a £ (0, a„ ) for some 
a 0 > 0 for K s u f f i c i e n t l y l a r g e . For example cons ider a sequence 
of problems: 

: min { l ( u ) + K. y (u) 1 IV - ~ ] ~ J u J 

where Kj 0 0 as j * 0 0 . Then we claim that the p e n a l t y 
Y ( U . ) * 0 as i ••oo for the minimising control u- for each i . 

~ ] ~ J 

To prove t h i s , we assume to the contrary that as Kj 
Y(Uj) * 5 > 0 then 
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l i m i n f { l ( u }+K-.Y(U) } j — ~ 3 

Now from (6 .4 ) by u s i n g the same arguments as for 
Problems F and F., we deduce that 

k. 

X (0) >- l (u . )+K. Y(u.) for a l l j 

Taking l imits of both s ide s we get 

x(0) > -

But x(0) i s f i n i t e from ( 6 . 6 ) , hence we get a contradic t ion 
and so we must h a v e Y (U .) K 0 as K: K 0 0 , and at tent ion can - J J 
be l imited to a r b i t r a r y small a when s tudy ing the fami ly x 
prov ided K is l a r g e enough. Now we show that for K=K> K 0 , 
there e x i s t s an a a > 0 such that 

X ( a ) ~ X ( Q ) > - K for a l l a 6 ( O,a0] (6 .7 ) 

To prove th i s we assume th i s i s not true and obta in a 
contrad ic t ion , i . e . we have sequences {K^ } , {a^ } , K > K 0 a l l j 
and K . — • 0 0 , a . — • 0 as i—• ® such that 3 J J 

x( a ) - x ( 0 ) ^ v f „ ,., _ i < -K. for a l l a € ( 0 , a . ] 
m l 3 

Taking inf imal l imi t s of both s ides we get 

lim inf { X ( c c ) " x ( Q ) } < lim inf (-K.) = j »• 0° a j ^ 

This g i v e s 
t . P . X (a ) - X(0) . lim inf { } < -
a + 0 a 
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This contradicts ( 6 . 5 ) , hence hypothes i s (6 .7) must hold. 
Now as we have shown that by choosing K s u f f i c i e n t l y 

l a r g e we can res tr ic t attent ion to small enough <* and e x a c t l y 
the same procedure as for Problems F and F^ g i v e s the required 
resu l t that so lv ing P3^ g i v e s a so lut ion for P3. The only 
d i f ference in the arguments is that for Problems 

n ( a ) > n ( 0 ) - K a h o l d s for a l l a b u t u n d e r o u r a s s u m p t i o n 
(6 .5 ) fo r the con t ro l p rob lem P3 we on ly h a v e 

X ( A ) - X ( 0 ) > -K*a holding for A € ( O , A 0 ] 

This does not change the re su l t s s ince for K l a r g e enough 
then Y(U ) i s a r b i t r a r l y small and the same formulae hold for 
both c a s e s . This i s shown diagrammatically in Fig 6 . 2 . The 
es sence of the diagram is that from (6 .5) the s lope of x 
approaches -K o as a + 0 ( i . e . a decreases to zero) . Therefore if 
a l ine of greater s lope (K >K 0) is drawn at x (0) then the graph 
X w i l l l i e above X ( 0 ) - K a for a € ( 0 , a 0 ] for some a 0 > 0. This 
i s c l e a r from Fig 6 . 2 . 
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Therefore Assumption 3 g u a r a n t e e s the e q u i v a l e n c e of 
Problems P3 and P 3 K for K for some K * € ( 0 , » ) . 

However the problem of obta in ing K* s t i l l remains . K * can 
be determined in pr inc ip l e by ob ta in ing n e c e s s a r y condi t ions of 
opt imal i ty for Problems P3 and P3., and comparing the r e s u l t s . 

k. 
This i s done in Appendix D. 

5.7 Desirable Sets for Problems P3 and P3„ 
k. 

Our algori thm for s o l v i n g Problem P3 wi l l f i n d controls 
u* € G s a t i s f y i n g Y(U * ) = 0 and the Maximum Pr inc ip le in Appendix 
C. This s t a t e s that if u* € G i s optimal for P3, then there e x i s t s 
a s ca l er X0 < 0 and a funct ion X€NBV[T; IR ] , not both zero such 
that 

x 0 / 0 l [ l ( u * ) z - * , - ( t ) + A l (v ,u* ) ]dt+ jVg ( x * , t ) z y * ' ~ ( t ) d x ( t ) < 0 
for a l l v € G 

with X n o n i n c r e a s i n g and constant for t € I, where 1= { t € T: 
g ( x * , t ) <0 }. We w i l l only cons ider normal problems, i . e . ones 
with X 0 < 0 in which c a s e it may be normalized to - 1 . This can 
be done by making the fo l lowing h y p o t h e s i s : 

Assumption 4 

For a l l u EG there e x i s t s a control v £ G such that 

g ( x ~ , t ) + g ( x - f t ) z - ' ~ ( t ) < 0 f o r a l l t e T 

We prove that with th i s assumption x0=$4 0. Assume to the 
contrary that x 0=O. Then X i s nonzero and we have 
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1 g x ( x * , t ) z y * , Y ( t ) d X ( t ) < 0 for a l l v € G 

Since x i s constant for t € I we have 

g ( x * , t ) z y * ' ~ ( t ) d x (t) < 0 for a l l v € G 
i x ~ ~ ~ 

where I = T \ I . 
Let y * be the control that s a t i s f i e s 

g ( x * , t ) + g x ( x * , t ) z y * , Y * ( t ) < 0 for a l l t E T 

such a y* e x i s t s due to Assumption 4. Then for t E l ( i . e . when 
g ( x * , t ) = 0) we have 

g x ( x * , t ) z y * ' - * ( t ) < 0 

Hence s ince x i s non increas ing we must have 

g ( x * , t ) z y * ' ~ * ( t ) d x ( t ) > 0 
1 x 

This contrad ic t s the Maximum P r i n c i p l e . Therefore \ 0 0 
and may be normalized to - 1 . 

In v iew of the above d i s c u s s i o n we def ine the d e s i r a b l e set 
of Problem P3 as fo l lows 

a = { u* € G: y(u*) = 0 and u* s a t i s f i e s the State 
Constrained Maximum Principle } (7 .1 ) 

As in Chapter 4 we assume a i s nonempty. 
S imi lar ly for the fami ly of Problems P ^ , k>0 we def ine the 

corresponding d e s i r a b l e sets by 

a S { u EG : 9 ( u ) = 0 > (7 .2 ) 
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From Appendix D if u £ G i s optimal for P3 then 

X0 / 0 1 [ l x ( x , u , t ) z 5 ' Y + A l ( v , a ) ] d t + / 0 1 g x ( x ( t ) , t ) z ^ , Y d x ( t ) < 0 

for a l l v £ G 
where T.V(x) < - X0 K 
and X i s non increas ing 

A 

Let J ( y ) C T be def ined by J(v) £ { t € T : g x ( x , t ) z ~ ' Y (t)<0> and let 
J(y) = T \J (v ) 

^ /A 

i . e . J(v) = (t € T : g x ( x , t ) z ~ ' Y ( t ) > 0 > 

Then the above becomes 

X 0 / 0 l [ l ( G ) z - ' Y + A l ( v , u ) ] d t + / g ( R , t ) z S ' Y ( t ) d X (t) 
T n j x 

+ t a tS ( x , t ) z U , Y ( t ) d x ( t ) < 0 for a l l v € G 

Since x i s non i n c r e a s i n g 
A 

S g ( x , t ) z - ' - ( t ) d X ( t ) > 0 
T n j (y) 

Therefore we get 

M l x ( u ) z - ' Y + A l ( y , u ) ] d t + / T n j g x ( x , t ) z - ( t ) d x (t) < 0 
for a l l v € G 

This can be writ ten as 
A A x 0 J Y [ 1 ( u ) z ~ , y + a 1 ( v , u ) j d t + z / m a x { g ( x , t ) z ~ , Y ( t ) ,0 } dx (t)< 0 x - ~ t X 

for a l l v € G 
A 

Now JV max { g ( x , t ) z ~ ' ~ ( t ) , 0 >dx( t ) 
t x 

i r a a x ( g ( x , t ) z ~ ' ~ ( t ) , 0 } / 0 1 | d X ( t ) | 0 < t < l x 

It fo l lows from th i s i n e q u a l i t y that 
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X0 / o 1 U Y ( u ) z y , - + l ( y , u ) ] d t - max { g v ( x , t ) z y ' Y ( t ) ,0 > T.V(x ) < 0 

for a l l v £ G 
0<t<l ' x 

Subst i tu t ing for T.V(x ) and us ing the fact that x 0 =-1 for normal 
problems we get 

/ 0 l [ l (Ci)zy'Y
+Al(v,Ct)]dt+K max ( g ( x , t ) z y ' Y ( t ) ,0 } > 0 

x " o t̂ll x 

for a l l v £ G (7 .3 ) 
where e q u a l i t y holds for v=u 

Now 
A 

9 r, (u) = min / 0 1 [ 1 ( 6 ) z y ' Y ( t ) + A l ( v , u ) ] d t 
K ~ y € G x ~ ^ /A 

. -f K max { g ( x , t ) + g ( x , t ) z y ' Y , 0 } -KY (u) 
0<t < 1 x 

< min J0 M l ( u ) z y ' Y ( t ) + A l ( v , u ) ] d t 
v £ G X ~ 

+ K max { g J x , t ) z y , Y ( t ) , 0 } 

= 0 by (7 .3 ) 
0 < t < l ' X 

It i s thus c l ear that u £ A ^ . . 
We a l so have the fo l lowing r e s u l t . 

Proposi t ion 7-1 
Suppose u* £ A then there e x i s t s a K* £ [ 0,=° ) such that 

§ K ( u * ) = 0 for a l l K >K*. 

Proof 
Since u* £ A , we must have Y (u*)=0 and there e x i s t X0 , 

X in the Maximum p r i n c i p l e such that 

*o /o l [ 1 ( u * ) z y * ' Y + A l ( v , u * ) ]dt+/„ *g ( x * , t ) z y * ' Y ( t ) d X (t) < 0 
for a l l v £ G 
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Since / 0 l g ( x * , t ) d x(t)=0 we have 

X o V 0 1 [ l x (u " ) " ' Al (v, u*) ] d t + / 0 l [ g ( x * , t ) + g x ( x " , t ) z ^ " ' ^ ( t ) ] d x ( t ) < 0 

for a l l v £ G 

Using a s imi lar procedure as above we deduce that 

/ 0 l [ l ( u * ) z y * , y + Al(v ,u*) ]dt+T. V(x ) .max ( g ( x * , t ) + g ( x * , t ) z ~ * ' Y , 0 } 
x ~ 0<t<l x 

> 0 for a l l y € G (7 .4 ) 
Now by de f in i t i on we have 

e „ ( u * ) = min / . l [ l ( u * ) z y * ' Y ( t ) + A l ( v , u * ) ]dt 
v£g 

+ K max { g ( x * , t ) + g ( x * , t ) z y * ' Y , 0 } (7-5) 0 < t < l 
s ince y ( u * ) = 0 . It i s c l e a r from ( 7 . 4 ) , (7 .5 ) and the r e s u l t s in 
Appendix D that , if K>T.V(x) , then 

ek(u*) = 0 

i . e . for K * = T.V( x) we h a v e that 

u * € ijr for a l l K>K* as requ ired . 

5 . 8 Algorithms for So lv ing P3„and P3 k. 

An algorithm for s o l v i n g P3., b a s e d on the Algorithm Model 
k. 

1 in Chapter 2 wi l l be presented in th i s sec t ion . After prov ing 
convergence we s h a l l modify it so that it can be used to so lve 
Problem P3- This w i l l be done by adding a rule which i n c r e a s e s 
the p e n a l t y parameter K if cer ta in condi t ions are s a t i s f i e d . 
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5 . 8 . 1 Conceptual Algorithm for So lv ing 
Step 0 : Select a u 0 € G,K >0 
Step 1 : Set i=0 
Step 2 : Formulate Problem P3.. (u. ) and so lve it u s i n g 

tv 

procedure W to obta in i t s so lut ion ( B^ , v^ ) £ S(u^ ) 
together with the cost n^ 

Step 3 : If n.=0, set f ° r p i a n d stop 
Else cont inue 

Step 4 : If n i < 0 , de f ine for a € [ 0 , 1 ] the control y a= (l-a)u. © o v . 
Step 5 : Compute ct̂  € [ 0 , 1 ] which i s the l a r g e s t number which 

s a t i s f i e s 
- V Y 

Step 6 : Set = u a . 
Set i = i+1 
Goto Step 2 

a . t i . 
l l 

The above algorithm has the fo l lowing convergence proper t i e s . 

Theorem 8 . 1 
Assume a l l the hypothes i s s ta ted above are s a t i s f i e d , then 

Algorithm 5 . 8 . 1 g e n e r a t e s a f in i t e sequence of contro l s , in which 
case the l a s t element i s d e s i r a b l e , or it genera te s an i n f i n i t e 
sequence and every accumulat ion point i . s . c . m . i s in A .̂ . 

The proof i s s imi lar to the ones g i v e n for ear l i e r 
a lgor i thms in t h i s t h e s i s so we do not go into too much de ta i l 
when present ing it below. 

To prove Theorem 8 .1 we wi l l require the fo l lowing r e s u l t s : 

Proposi t ion 8 . 2 
The funct ion 9 K (for a l l K > 0 ) i s s e q u e n t i a l l y cont inuous 



i . s . c . m . 

Proof 
00 

Consider an i n f i n i t e sequence { u ^ } E G converg ing 
i . s . c . m . to u * 6 G , i . e . we have 

u. r • u - 1. s . c . m. 
-l l—* 00 

Then we need to show that as i + 0 0 

e K ( u . ) 

Define for a l l K>0, :GxG—- IR by 

* K ( u . y ) = / 0 l [ l x ( u ) z y , ~ + A l ( v , u ) ]dt 

+ K m a x { g ( x - , t ) + g ( x y , t ) Z Y ' Y ( t ) ,0 } - KY ( u ) 
0 < t < l X 

Using r e s u l t s in Chapter 4 and Appendix A we deduce that 
u • x~ i s s e q u e n t i a l l y cont inuous , hence 1, 1 , g , g x i s 
s e q u e n t i a l l y cont inuous in u and z i s s e q u e n t i a l l y cont inuous in 
( u , v ) . Therefore ty ( u , v ) i s s e q u e n t i a l l y cont inuous ( in ( u , v ) ) . 

But § (u) = min i> ( u , v ) 
K
 ~ v E G

 K
 ~ ~ 

The rest of the proof that i- s s e q u e n t i a l l y cont inuous 
i . s . c . m . fo l lows e x a c t l y as in Proposit ion 3 . 1 in Chapter 4. 

Proposi t ion 8 . 3 
For a l l u € G, a l l a E [ 0 ,1 1, K >0 , with u as de f ined in 

~ a 

Step 4 of a lgorithm 5 . 8 . 1 we have 

A Y K ( u a ,u) < a 9 K (u) 
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where we def ine A y ^ : G x G ~ I R by 

A y ( v , u ) = / 0 1 [ 1 ( u ) A v ( t ) + i l (v ,u)]dt+Kmax X g ( x y , t ) + g ) 
0 < t < l 

-KY (u) 

Proof 
By d e f i n i t i o n we h a v e 

A Y K ( u a , u ) = / 0 1 [ l x ( u ) z y , y a ( t) + A l ( u a , u ) ] d t 

+ K m a x { g ( x - , t ) + g ( x - , t ) z - ' -A ( t ) , 0 } -KY (U) 
0 <t <1 x 

Now from Proposi t ion 2 .6 in Chapter 4 

a z - ' - ( t ) = z - ' - a ( t ) for a l l t € T 

where u a = (1-ct) u © a v 

Hence we h a v e 

A%(u ,u) = a J"01 [ 1 (u )z ~' A1 (v , u ) ] dt 

+ K max { g ( x y , t ) - Y ( u ) + a g ( x y , t ) z y ' - ( t ) , - Y ( u ) } 0 < t < l 

Now for a l l a € [0 ,1 ] 

a [ g ( x U , t ) - Y ( u ) ] > g ( x U , t ) - Y (u) 

and - a Y ( U ) >. - Y ( U ) 

Using th i s and s u b s t i t u t i n g for e^ (u) we get 

(u ,u ) < a 9 v (u) K a — rs. -

as requ ired . 
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Proposi t ion 8 . 4 
For a l l u , v £ G, a l l a 6 [ 0 , 1 ] , K > 0, s u c h that 

u = ( l - a ) u © a v we have a ~ 

II A Y K ( u a , u ) - A Y K ( u a , u ) || < da : 

for some d € ( 0 , 0 0 ) 

where A Y k : G X G — • IR i s de f ined by 

A Y K ( V , U ) £ Y K ( V ) - Y K ( U ) 

Proof 
A ^ K ( y a , u ) = V [ l ( x y a , y ^ , t ) - l ( x y , u , t ) ]dt 

+ K m a x { g ( x y a , T ) , 0 } - K Y ( U ) 0 < t < 1 

Adding and subtrac t ing ° n hand s ide and 
e x p a n d i n g l ( x ~ a ,u , t ) and g ( x ~ a by Taylor s e r i e s about 
x y and r e a r r a n g i n g we get 

A Yv-( u ,u ) <. A Yv- (u ,u ) 
1 ( x ^ u , t ) ( x y a - x y ) 2 

+ / 0 1 { l x ( u ) ( x y a - x y - z y ^ U a ) + 

+ a [ l ( x ~ , v , t ) - l (x~ , u , t ) ] ( x ~ a - x ~ ) } dt 
X ~ X 

+ K max {g ( x ~ , t ) ( x ~ a - x ~ - z ~ ' ~ a ) ,0 } 
0 < t < l X 

+ K max g ( x y f t ) ( x y a - x ^ ) 2 

0 < t <1 » u ' 

where for SCTTE « € ( 0 , 1 ) . 
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By boundedness of l x , l x x , g x > g x x for a l l u , y £ G, a l l 
f i n i t e x we have that there e x i s t f i n i t e cons tants d x , d 2 , d 3 , d,, 
d 5 such that 

ii ayk(ua,ua)-a;k(ua,u) || < v{djix^-x^-z^ml 

+ d 2 || x y a - x U I l 2 +ad 3 l l x y a - x y || > dt 

+ K max d j | x y a - x y - z y ' y a | | 
0<t< l 

+ K max d 5 || x y « - x y || 2 

0 < t <1 

Now from Proposi t ion 2 .5 in Chapter 3 and Proposi t ion 2 .7 
in Chapter 4, 

II x y a ( t ) - x y ( t ) || < d 6 a 

|| x y a ( t ) - x y ( t ) - z y ' y a ( t ) || < d 7 a 2 

for a l l u , v 6 G , a £ [ 0 , 1 ] for a l l t € T 
for some f i n i t e d 5 , d 7 . 

Hence we deduce 

" ayk (ya'y)_ayk (ya,y ̂  " 0,2 some d e (0,=°) 

Note u s i n g Proposit ion 8 . 3 , if v i s a minimising control in 
(a s in a lgori thm) we have 

Ay (u ,u) < a 9 (u)+d a2 for all a £ [ 0 , 1 ] 
K ~

A
 ~ K *" 

Proposi t ion 8 . 5 
For a l l u € G which are not optimal for P3 ( i . e . 9 (u)<0) a. ~ K K ~ 

the step l ength a^ def ined in Step 5 of the a lgori thm i s 
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s t r i c t l y greater than zero. 
The proof of th i s i s e x a c t l y the same as for Propos i t ion 6 . 4 

in Chapter 4. 
We deduce Theorem 8 .1 from Propos i t ions 8 . 4 and 8 . 5 by the 

procedure used in prov ing Theorem 6 . 1 in Chapter 4. 
We see that Algorithm 5 . 8 . 1 produces controls u* € G which 

are d e s i r a b l e for problem P3^> i . e . e ^ ( u - ) = 0 . We modify th i s 
a lgori thm now so that it may be a p p l i e d to so lve the o r i g i n a l 
SCCP P3. 

5 . 8 . 2 Algorithm 5: Conceptual Algorithm for Solving Problem P3 
Data : u 0 € G, 0<K 0 <K 1 < lim K . = « 

j ] 

Step 0 : Set i=0 
Set j=0 

Step 1 : Formulate Problem P3^ (u^ ) and so lve i t us ing 
j ~ 1 

Procedure W to obta in i t s so lut ion (B^ , v £ S ( u ^ ) 
together with the optimal cost 9^. (u^) 

j ~ 1 

Step 2 : ( 1 ) If Bv (u . )>0 and Y(U . ) = 0 
IS. . —1 ~ 1 

] 
set u^ = u^ for l> i and stop 

Else cont inue 
(11) If B v (u . )>0 and Y (u . )>0 

in.. ~ 1 

] set K. = K. . J J+ 1 

set j = j+1 
and goto Step 1 

Else cont inue 
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Step 3 : Define for a € [ 0 , l ] the control 
u = ( l - a ) u . © av. ~ a - I 

Step 4 : Compute a^ as the l a r g e s t number in [ 0 , 1 ] which 
s a t i s f i e s 

1 1 J 3 
Step 5 : Set u. .. = u r -1+1 - oq 

Set i = i+1 
Goto Step 1 

We now come to Theorem 5 which s ta te s the convergence 
propert i e s of Algorithm 5 and i s , we judge , the centra l resu l t 
in t h i s t h e s i s . 

Theorem 5 
Suppose a l l the assumptions in the text are s a t i s f i e d and 

# 

that every " l inear ized problem" i s calm ( c . f . Assumption 3 and 
succeed ing remarks) with a common constant K 0 . If Algorithm 5 
g e n e r a t e s a sequence of controls { u . } in G then we h a v e the 
fo l l owing: e i ther 
# By the " l inear ized problem" we mean Problem P3 l i n e a r i z e d 

about some control u € G , a n d i s the fo l lowing: 
Min V [ 1 ( u ) z - ' ^ ( t ) + A1 (v , u) ] dt 
v£G X ~ 

s . t g ( x - , t ) + g ( x ~ f t ) z ~ ' ~(t)< 0 for every t £ T 
where z i s the solut ion of ( 4 . 4 ) , (4 .5) and e v e r y t h i n g 
e l s e i s as in the t e x t . 

The assumption that th is problem i s calm for a l l u E G 
e s s e n t i a l l y means that the problem P3^ (u) h a s 3 =0 as i t s 
so lut ion for K>K 0 , K f i n i t e . 
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a . The sequence i s f in i t e ( in which case the sequence 
{ K j } i s a l s o f i n i t e , and the pena l ty parameter remains 
f i n i t e ) and the l a s t control is d e s i r a b l e for problem P3. 

or 

b . The sequence { u ^ } i s i n f i n i t e and the fo l lowing holds: 

( i ) The algori thm cons truct s only a f i n i t e sequence 
N {K. } . n i . e . K. i s only i n c r e a s e d a f in i t e 

] 1=0 ] y 

number of times a f ter which it remains constant 
a t K N < » . 

( i i ) Every accumulat ion point u* G G i . s . c . m . of the 
00 

sequence ( u . ) (at l eas t one e x i s t s due to 
r e s u l t s in Appendix A) i s d e s i r a b l e for Problem 
P3, i . e . u * € A . 

Before we present the proof of Theorem 5 we s ta te a resu l t 
we wi l l need: 

Lemma 8 .6 
For a l l K>0 if U * € A k and Y(U * ) = 0 then u* E L 

Proof 
Since Y(U * ) = 0 i t s a t i s f i e s the f i r s t condit ion for U * to be 

in A. Now s ince we a l so have i . e . u* i s d e s i r a b l e for 
Problem P3 K = > e K ( u * ) = 0 . 

Then from Appendix D (the Maximum Pr inc ip le for Problem 
?3V) there e x i s t X 0 € lR , x E NBV [T, |R] such that 
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x„/o [ 1 (y")z y" , Y(t)+Al(y,u*)]dt+/ 0
1g ( x * , t ) z y " ' y ( t ) d x ( t ) < 0 

X X 

u*,y 

for a l l v 6 G 

where X 0<_0, X non i n c r e a s i n g and constant on t 6 1 = (t £ T : 
g ( x * , t ) < 0 } . 

These are p r e c i s e l y the n e c e s s a r y condit ions of opt imal i ty 
for Problem P3 (as mentioned i n Appendix D). The only 
d i f f erence i s that here there i s no statement which s a y s u* i s 
f e a s i b l e for P3. But from the h y p o t h e s i s in Lemma 8 . 6 th i s i s 
assumed to be true . 

Therefore u* E A. 

Proof of Theorem 5 
a . Suppose Algorithm 5 g e n e r a t e s a f in i t e sequence of 

controls { Then the i t e r a t i v e procedure can only 
terminate if condit ion 1 in Step 2 i s s a t i s f i e d , i . e . 
e (u ) =0 and y ( u )=0. This means u i s f e a s i b l e for P3 k 
and by Lemma 8 .6 we have that it i s a l s o d e s i r a b l e 
for P3. 
Now we assume that Algorithm 5 generates an i n f i n i t e 

00 

sequence ^ G. Then by the compactness r e su l t s 
in Appendix A there e x i s t s controls u* G G (at l e a s t one 
e x i s t s ) and a subsequence of { i n d e x e d by M C { 0 , 1 , 2 , . . . } such that 

M 
u* i . s . c . m . 

We wi l l prove that a l l such l imit po ints are 
d e s i r a b l e for Problem P3, but f i r s t we show that the 
sequence {K . > of p e n a l t y parameters remains f i n i t e , 
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i . e . K j i s only increased a f i n i t e number of t imes. To 
do th i s we only need to show that there e x i s t some 
f i n i t e K* <°° such that for a l l K> K* the condi t ion which 
requires K̂  to be increased i s never s a t i s f i e d , i . e . in 
Step 211 of a lgor i thm. 

The p e n a l t y parameter needs to be increased if the u^ 's 
are converg ing to a control which i s not f e a s i b l e for Problem P3« 
This just impl ies that the Kj i s not l a r g e enough to s a t i s f y the 
ca lmness h y p o t h e s i s . 

What i s required at any point where e (u^ ) > 0 and 
j ~ 1 

Y<u. )>0 i s that a descent d irect ion e x i s t s , i . e . the v a l u e of the 
p e n a l i s e d cost can be reduced. We show that th i s i s indeed the 
c a s e . Assume ( B. , v. ) € S (u . ) i s the solut ion to 0 T, (u. ) and 

1 - 1 K. - 1 
3 

Y(U . )= 6 > 0 . We can assume that B . =0 s ince it can be made to be ~ 1 1 

so by choos ing Kj to be l a r g e enough (see footnote on p a g e 216) . 
Then we have 

V [ 1 ( u . ) z - i ' Y i + A l ( v . , u . ) ] d t - K. <5 > 0 x - 1 - 1 j 

Let j 0 l [ l ( u . ) z - i ' ~ i + A l ( v . , u . ) ] d t = d. 
0 L

 X ~1 ~ 1 A . 1
 J 1 

and suppose we have 

d j - K. 5 = d , for d 2 > 0 ] 2 2 ~ 
Then for K> ( d i ~ d 2 3 w e have e „ ( u . ) < 0 . 

xv A.1 
6 

Hence s ince 0 i s an est imate of the maximum reduct ion of the k 

p e n a l i s e d cos t , a descent d irect ion e x i s t s if the p e n a l t y 
parameter i s made l a r g e enough. 

We have just shown that Algorithm 5 genera te s a f in i t e 



sequence {K } ^ a f ter which s tage 0 . =0 and condi t ion 211 i s 
never s a t i s f i e d so K̂ . i s never updated . Then Algorithm 5 
reduces to the subalgor i thm for s o l v i n g Problem • This we 
h a v e shown converges to a control u* € G s a t i s f y i n g (u*)=0. 
Since as mentioned above we never h a v e 9 ( u . ) = 0 and Y(U . ) > 0 , 

K N - i 
we must have Y(U* ) = 0 . 

Therefore a g a i n us ing Lemma 8 .6 we deduce that th i s l imit 
control u* i s d e s i r a b l e for P3, i . e . u* 6 A. 

5 . 8 . 3 Implementable Algorithm for So lv ing Problem P3 
It i s quite obvious that Algorithm 5 cannot be implemented 

on any computer s ince each i t erat ion requires exact so lut ion of 
an intermediate problem. This in turn may require an i n f i n i t e 
number of i t era t ions to compute and hence some modi f i ca t ions to 
Algorithm 5 are required if the method i s to be used to so lve 
any problem n u m e r i c a l l y . 

In th i s sect ion we present such modi f icat ions and obta in 
an implementable ver s ion of Algorithm 5 where the intermediate 
problems are only so lved approx imate ly . These approximat ions 
are i n c r e a s e d i n d e f i n i t e l y to ensure convergence to d e s i r a b l e 
points for P3. The procedure obta ined i s s t i l l conceptual s ince 
exac t in t egra t ion of d e l a y - d i f f e r e n t i a l equat ions i s assumed but 
the computation i s reduced d r a s t i c a l l y s ince a f i n i t e number of 
i t e ra t ions are required to so lve the intermediate problem rather 
than an i n f i n i t e number. 

Algorithm 6 
Data : u 0 € G , 0<K 0 <Ki lim K • = °° 
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6 0> 6 t> lim 5 . = 0 
i 1 

Set i = 0 
Set j = 0 
Formulate Problem P3^- (u^ ) and so lve it us ing 

j ^ 
procedure W x to obta in i t s approximate so lut ion 
( B̂  , y^ ) € S ( u x ) and approximate cost in the 
sense that 

u . - e „ (u . ) II < 5. i K. - l l J 

II X t ( t ) II < & t 

where X i ( t ) = g ( x \ t ) + g ( x M t J z - 1 ' - B 1+v. ( t ) 

(This as shown in sect ion 5 . 5 . 2 i s a c h i e v e d af ter a 
f in i t e number of i t e r a t i o n s . ) 
If U x> - 6 and Y ( u .) > 0 
Set K.=K. . J J+ 1 

Set j=j+l 
and goto Step 1 
Else cont inue 
Define for a £ [ 0 , 1 ] the control 

u = ( l - a ) u . © a y . -a -l ^ -l 

Compute as the l a r g e s t number in [ 0 , 1 ] which 
s a t i s f i e s 

Ct. ]X . 
(u „ 3 y — K. - a K. o J 1 J z 
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Step 5 : Set u. 1 = u 
- ctj 

Set 5. = 5. 
i l+l 

Set i = i+1 
Goto Step 1 

It i s quite obvious that Algorithm 6 i s a g e n e r a l case of 
Algorithm 5. We assume that Algorithm 6 genera te s an i n f i n i t e 

00 oo 

sequence of controls {u^ 1|_q and approximate costs {u ^ > ^ _q 
( f i l l i n g in with the terminat ing point if need b e ) . Then it can 
e a s i l y be proved that lim u. =0 u s i n g a method s imi lar to the 

i 
ones used in proving convergence of a lgori thms presented e a r l i e r 
in the t h e s i s . 

Also as for Algorithm 5, K i s increased only a f i n i t e 
number of times and then remains f i x e d . Hence as for Algorithm 5 

oo 

we must have a l l l imit points of the sequence { u . } to be 
d e s i r a b l e for Problem P3. 

> Proof of the above propert ies for Algorithm 6 i s very 
s imi lar to the proofs for Algorithm 5- The only d i f f erence i s that 
Algorithm 6 so lves the intermediate problems to an approximate 
degree de f ined by which decreases to 0 as i — - « whereas 
Algorithm 5 so lves these problems e x a c t l y throughout the scheme. 
Hence in the l imit as i « the two methods are i d e n t i c a l and 
the same r e s u l t s as for Algorithm 5 (for c a s e b ) hold for 
Algorithm 6 as we l l . 
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5.9 Numerical Experience 

A number of s ta te cons tra ined examples were programmed 
u s i n g the procedure presented in th i s chapter to show how the 
method b e h a v e s on ac tua l test problems. The numerical r e s u l t s 
for these problems are presented in t h i s sect ion . 

The test problems cons idered are res tr i c ted to systems 
governed by o r d i n a r y - d i f f e r e n t i a l equat ions because it was fe l t 
there was no a d v a n t a g e in c o n s i d e r i n g more d i f f i c u l t c a s e s - a l l 
that i s required i s that the s ta te be c a l c u l a t e d by s o l v i n g the 
dynamica l equat ion and th i s can be done in any problem, 
d e l a y e d or o therwise . So a l though the theory presented in th i s 
chapter does cover the more g e n e r a l case our examples do not 
mainly for making the task of o b t a i n i n g the s ta te e a s i e r to 
compute. Also only s c a l e r problems are cons idered - a g a i n th i s i s 
so that the computing i s e a s i e r and operat ions such as invers ion 
of matr ices , e tc . do not h a v e to be performed. Obviously 
m u l t i v a r i a b l e examples can a l so be so lved by incorporat ing the 
ex tra so f tware . 

All the fo l lowing re su l t s were obta ined by par t i t i on ing the 
time i n t e r v a l into 50 d i s jo int segments . 

Problem 1 
The f i r s t problem cons idered was the fo l lowing: 

Min - / 0 l x ( t ) dt 
u 

s . t . x ( t ) = u ( t ) a . a . t ET 
x (0 ) = -i 
x ( t ) <. 0 for every t 

Q = [ - 1 , 1 ] EIR 
u EG 



This i s a very simple example where the so lut ion can be 
obta ined very e a s i l y by h a n d . By inspec t ion the solut ion i s the 
fo l l owing: 

u * ( t ) = +1 for a l l t € [ 0 , i ) 
0 for a l l t € [ ] 

x * ( t ) = - i + t for a l l 1 6 [ 0 , i ] 
0 for a l l t e [ i , l ] 

and the optimal cost i s 0 .125 . 
Since Problem 1 i s a l r e a d y l i n e a r there i s no need to 

l i n e a r i z e i t . Hence when it i s formulated into the form PS.Mu) it 
iv "" 

w i l l in fac t be the p e n a l i s e d vers ion of Problem 1 - a so lut ion at 
Step 1 w i l l g i v e a so lut ion to Problem 1, i . e . the so lut ion w i l l 
be obta ined in one i t erat ion of the a lgor i thm. 

The numerical r e s u l t s are shown in F igs 8 . 1 - 8 . 4 and 
compare wel l with the ones g i v e n above . It should be noted that 
Fig 8 . 1 - 8 . 4 show the s t a g e s to f i n d i n g the solut ion to P3^ (u) 
which i s an i n t e r n a l i t e r a t i v e proces s . Once th i s has been done a 
so lut ion to Problem 1 has been obta ined . The primal funct iona l 
for Problem 1 i s a l so shown in Fig 8 .5 to show that the 
ca lmness h y p o t h e s i s i s s a t i s f i e d . 

Problem 2 
The second problem cons idered was obta ined from 

I a n c u l e s c u and Hager [ 1A1 ] and so our re su l t s wi l l be compared 
with the ones g i v e n by them. The problem i s a l i t t l e bit more 
d i f f i c u l t than Problem 1 in that it i n v o l v e s a quadrat ic cost but 
the dynamics are s t i l l l i n e a r . In fact the problem i s the fo l lowing: 
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Min i S 0 H x 2 ( t ) + u 2 ( t ) } dt 
u 

s . t . x ( t ) = u ( t ) for a . a . t € T 
x(0) = -ise+3) 

4(e-l) 

2/~e 

x ( t ) +h for e v e r y t , h = 
(e-1) 

Q = [-1,1 ] 

u € G 

Because of the non l inear nature of the cost func t iona l when 
s o l v i n g P3 £ it has to be l i n e a r i z e d and so lut ions to 
found. This g i v e s a descent property for the o r i g i n a l problem 
and a new (better) control can be found. Repetition of the 
procedure y i e l d s a sequence of controls with accumulat ion points 
that are "des irable" contro l s . F igs 8 . 6 - 8 . 9 show the r e s u l t s 
obta ined numer ica l ly and they are seen to be very c lose to the 
ones presented by l a n c u l e s c u and Hager. 

Again , by c h a n g i n g the s ta te cons tra int the primal 
func t iona l was obta ined . This i s shown in Fig 8 .10 and ca lmness 
i s a g a i n s a t i s f i e d at h = ^ ^ 

(e- 1) 

Problem 3 
The th ird problem cons idered i s the fo l lowing 

Min / 0 x { x 2 ( t )+u 2 (t) } dt 
u 

s . t . x ( t ) = x ( t ) u ( t ) a . a . t € T 
x (0 ) = - 3 

t - x 2 (t )+h <0 for every t , h=2 
Q = [ - 1 , 1 ] 
u € G 



A theore t i ca l so lut ion was not a v a i l a b l e for comparison 
with the numerical r e s u l t s o b t a i n e d . However the l imit control 
genera ted by the a lgori thm i s f e a s i b l e and, from an i n t u i t i v e 
v i ewpo in t , a p l a u s i b l e c a n d i d a t e to be the optimal so lut ion of 
Problem 3* Numerical r e su l t s for Problem 3 are shown in F igs 
8 . 1 1 - 8 . 1 4 . 
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SCALAR LINEAR PROBLEM 1 : CONTROL FUNCTIONS 
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SCALAR LINEAR PROBLEM 1 : STATE TRAJECTORIES 
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PROBLEM 2 : CONTROL FUNCTIONS 
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PROBLEM 2 : STATE TRAJECTORIES 
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NONLINEAR PROBLEM 3 : CONTROL FUNCTIONS 
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NONLINEAR PROBLEM 3 : STATE TRAJECTORIES 
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CHAPTER 6 

CONCLUSIONS 

In th i s chapter we s ta te the main contr ibut ions of th i s 
t h e s i s and the further work it s u g g e s t s . It i s b e l i e v e d that each 
chapter (with the except ion of Chapter 1) i s s e l f - c o n t a i n e d and 
can s tand on i t s own merit, but a l s o that the whole t h e s i s h a s a 
sense of cont inu i ty in that the problems t a c k l e d in it get 
p r o g r e s s i v e l y more complicated and d i f f i c u l t to so lve with each 
chapter . 

We now go through the t h e s i s in a l i t t l e more de ta i l and 
out l ine what we b e l i e v e are the main contr ibut ions . 

Section A in Chapter 1 c o n t a i n s no new mater ia l as it i s 
meant to be of an introductory nature . Section B presents 
n e c e s s a r y condi t ions of opt imal i ty r e l a t i n g d i r e c t l y to the 
problems cons idered in Chapters 2-4 . These extend re su l t s 
obta ined by Huang to cover r e l a x e d control problems. 

Chapter 2 a d d r e s s e s an optimal control problem with control 
cons tra in t s on ly (referred to as Problem P I ) . An algorithm 
encorporat ing strong v a r i a t i o n s in the controls together with i t s 
convergence r e s u l t s i s presented . This i s an ex tens ion of Mayne 
and P o l a k ' s [MAPI] work to d e l a y systems. Although the re su l t s 
are s imi lar to the ones in [ MAPI ] the approach needed in 
obta in ing them i s quite d i f f e r e n t . This is because the Di f feren-
t i a l Dynamic Programming t echn iques on which Mayne and Polak 
base their approach are not a p p l i c a b l e to de lay sys tems . 

Although in Chapter 2 we present an algorithm which 
constructs a sequence with a l l l imit points s a t i s f y i n g the 
n e c e s s a r y condi t ions of op t ima l i ty , it i s not a s s u r e d that such 
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accumulat ion points e x i s t . Because of th is we turn to r e l a x e d 
controls which p o s s e s s a c e r t a i n compactness property (see 
Appendix A) and hence l imit po int s are g u a r a n t e e d . An algori thm 
(Algorithm 2) which so lves Problem PI over the space of r e l a x e d 
controls together with i t s convergence propert ies i s presented in 
Chapter 3. It i s shown that each l imit point (at l e a s t one 
e x i s t s ) s a t i s f i e s the n e c e s s a r y condi t ions of op t imal i ty . A 
fur ther , quite nove l , a lgori thm (Algorithm 3) where a l l r e l a x e d 
controls are approximated u s i n g ord inary controls i s a l s o g i v e n . 
This algorithm i s an attempt to make Algorithm 2 implementable 
s ince the approximat ing o r d i n a r y controls require much l e s s 
computer time to s imulate than a measure v a l u e control (a 
r e l a x e d contro l ) . It i s shown that if these approximat ions are 
made at each i t era t ion then the algorithm produces l imit po ints 
(controls ) which s a t i s f y opt imal i ty condit ions to wi th in "delta". 
Also if the accuracy of the approximat ions i s i n c r e a s e d i n d e f i n -
i t e l y then l imit points s a t i s f y opt imal i ty condi t ions "exact ly" . 
Algorithm 3 i s a new method .for which minimis ing so lut ions are 
g u a r a n t e e d as wel l as convergence to these so lu t ions . 

In Chapter 4 an optimal control problem with terminal 
e q u a l i t y and control c o n s t r a i n t s , (Problem P2) i s cons idered . An 
algori thm (Algorithm 4) , u s i n g an Exact Penal ty Function method 
(see Appendix B), which s o l v e s P2 together with i t s convergence 
r e s u l t s i s presented . This work i s an ex tens ion , together with 
some modi f icat ions and improvements, of the work done by Mayne 
and Polak [ MAP2 ] to de lay sys tems . The problem i s not l i n e a r -
i zed w . r . t the control argument as done in [ MAP2 ], therefore we 
can expect our approximat ions to be better than those of Mayne 
and Polak. However we s t i l l deduce s imi lar r e s u l t s as in 



[ MAP2 ] but we do so by a complete ly d i f f erent method, namely by 
u s i n g the "linear" nature of r e l a x e d contro l s . 

In Chapter 5 a genera l n o n l i n e a r s tate cons tra ined control 
problem with d e l a y , (Problem P3) , i s examined and so lved u s i n g 
an Exact Pena l ty Function method. The e x i s t e n c e of a f i n i t e 
p e n a l t y parameter K which makes Problem P3 and i t s p e n a l i s e d 
counterpart (Problem P3 v ) e q u i v a l e n t i s deduced by imposing a 
ca lmness h y p o t h e s i s . This i s a new method of g u a r a n t e e i n g 
e x a c t n e s s of a p e n a l t y method and i s much neater than e x i s t i n g 
schemes (see for example Mayne and Polak [ M A P 2 ] ) . Theoret ical 
condi t ions for f i n d i n g such a K a l s o e x i s t and these are der ived 
in Appendix D. 

A conceptual a lgor i th (Algorithm 5) which s o l v e s Problem P3 
together with i t s convergence r e s u l t s i s presented . This i s 
b a s i c a l l y a method which so lves Problem P3^ and inc ludes a rule 
for i n c r e a s i n g K whenever n e c e s s a r y to g u a r a n t e e e q u i v a l e n c e . 
So lv ing Problem P3 ^ i n v o l v e s s o l v i n g intermediate problems 
P 3 ^ ( u ) , which are l i n e a r i z e d v e r s i o n s of P3 ^ at every s t a g e . 
These are so lved u s i n g an i n t e r n a l procedure, in the main 
a lgor i thm, b a s e d on the method presented by Warga [W2] . 

In an attempt to make Algorithm 5 implementable we a l s o 
present Algorithm 6 which only s o l v e s the intermediate problems 
approx imate ly . This i s done by t r u n c a t i n g the i n t e r n a l procedure 
for s o l v i n g P 3 ^ ( u ) when the requ ired approximation i s reached . 
Obvious ly the a c c u r a c y of the approximat ions i s increased to 
ensure convergence . 
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It i s shown that both a lgor i thms generate controls which 
s a t i s f y n e c e s s a r y condi t ions for opt imal i ty for Problem P3 ( these 
are presented in Appendix C). Again the minimisat ion i s done 
over the space of r e l a x e d controls to g u a r a n t e e ex i s t ence of 
minimis ing so lu t ions . 

Except for the few test examples s ta ted in Chapter 5, we 
have not had the opportunity to i n v e s t i g a t e the performance of 
Algorithms 1-6 for a l a r g e number of p r a c t i c a l problems. It 
would be u s e f u l to do th i s and compare the numerical r e s u l t s 
with e x i s t i n g methods. 

A problem worth i n v e s t i g a t i n g i s to see if the procedure of 
approx imat ing r e l a x e d controls presented in Chapter 3 can be 
used in Algorithms 4-6 (or in any genera l a lgorithm which uses 
r e l a x e d c o n t r o l s ) , i . e . so that l imit points s a t i s f y opt imal i ty 
condi t ions to "delta" and 5 • 0 as the accuracy i s i n c r e a s e d 
i n d e f i n i t e l y . It seems quite p l a u s i b l e th i s i s indeed the c a s e . If 
so , it would be pos s ib l e to s a v e much computer time if these 
approximat ions are used when the a lgori thms are implemented. 

In Chapters 4 and 5 we reduce "smooth" problems to 
"nonsmooth" ones and use the s tructure of the problems to obta in 
loca l approximat ions and hence the ir so lu t ions . It would be 
u s e f u l to i n v e s t i g a t e if the nonsmooth problems can be so lved 
d i rec t ly by the methods proposed by Miff l in [MI2] and, if so, 
how the two methods compare p r a c t i c a l l y . 
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Appendix A 

Compactness Results for the Relaxed Control Problem with Delay 

Most optimal control a lgori thms construct a sequence of 
controls whose corresponding costs form a monotonical ly 
d e c r e a s i n g , converg ing sequence . Because of th i s it s u f f i c e s to 
require that the sequence of controls have at l e a s t one accumula-
t ion point and that any l imit point of th i s sequence s a t i s f i e s an 
opt imal i ty condi t ion , rather than to require that i t c o n v e r g e s . 
If the sequence of controls i s constructed so that it remains in a 
compact subset of IRn, e x i s t e n c e of an accumulat ion point i s 
g u a r a n t e e d . However, many optimal control a lgori thms are 
constructed to generate a sequence of controls which remain in 
L - bounded sets and to show that any L 2 - accumulat ion point 
s a t i s f i e s some n e c e s s a r y condit ion of op t imal i ty . Unfortunate ly , 
there i s no mathematical b a s i s for assuming that a sequence of 
controls in an L ^ -bounded set has an L 2 - accumula t ion point . 
This has been the main reason for i n v e s t i g a t i o n of the r e l a x e d 
control problem. 

In th i s Appendix we present a theory which ex tends the 
compactness r e su l t s of Williamson and Polak [ W1L1 ] for the 
Relaxed Control Problem to cover de lay sys tems . 

The problems under cons iderat ion wi l l be of the fo l lowing 
form a l though extra cons tra in t s ( s ta t e , t erminal , e t c . ) may be 
added without c h a n g i n g the re su l t s presented below (the same 
notat ion and terminology as in the text i s u s e d ) . 
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Problem P Min h ( x u ( l ) ) 
u (1) 

subject to x (t) = f ( x ( t ) , x ( t - x ) , u ( t ) , t ) for a . a t e T (2) 
x ( t ) = <t>(t) for a l l t e [ - t , 0 ] (3) 
U € G ( 4 ) 

Problem P wi l l be termed o r i g i n a l in a sense which wi l l 
become c l e a r l a t e r on in our d i s c u s s i o n . 

The fo l lowing assumpt ions are made. 

Assumption A 
T h e function f : IRn x IRn x IRm x T IRn and its par t ia l 

d e r i v a t i v e s f , f e x i s t and are cont inuous on IR n x IRnx IRmxT. x y 
The funct ion h: IRn • IR and i t s d e r i v a t i v e h e x i s t and are x 
continuous on IRn . 

Assumption B 
There e x i s t s an M € ( 0 , ° ° ) such that 

II f ( x , y , u , t ) || < M { || x || + || y || +1 > 
for a l l x , y £ |Rn, u € IRm, t e T 

and 
|| f ( x , y , u , t ) - f ( x , y , u , t ) |j < M { || x - x || + || y - y || } 11 2 2 12 12 

for a l l x , x , y , y e |Rn, u € IRm, a l l t e T . 1 2 12 

Everything e l se i s e x a c t l y the same as def ined in the text . 
With G denot ing the space of measurable re laxed controls we 
def ine the r e l a x e d control Problem P by extending h and f to G 
as fo l lows: 
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Problem P Min h ( x y ( l ) ) (5) 
u 

s . t . x (t) = f ( x ( t ) , x ( t - x ) , u ( t ) , t ) for a . a . t e T (6) 
X ( t ) = <T>(t) f o r a l l t € [ -T , 0 ] ( 7 ) 

u E G (8) 

The ex i s tence and uniqueness of an abso lute ly continuous 
funct ion x ( t ) which s a t i s f i e s (2) , (3) or (6 ) , (7) [ i . e . when the 
control is an ordinary measurable one, or a re laxed measurable 
one ] fol lows by wri t ing f ( x ( t ) , x ( t - x ) , t ) for f ( x ( t ) , x ( t - x ) , u ( t ) , t ) 
or f ( x ( t ) , x ( t - t ) , u ( t ) , t ) r e spec t ive ly and appea l ing to the 
fo l lowing s tandard resu l t : 

Lemma 1 
Suppose that Assumptions A and B are s a t i s f i e d . Then for 

any ord inary control u E G or any r e l a x e d control u E G and any 
i n i t i a l condit ion <t>(t) for a l l t E [ - x ,0 ] , there ex i s t s , an 
abso lute ly continuous funct ion x u ( t ) or x ~ ( t ) for a l l t E T , that is 
the unique solution to (2) or (6) r e s p e c t i v e l y . 

The proof of Lemma 1 i s a s tandard resul t - see for 
example Hale [ HAL1 ] , Bellman and Cooke [ BC1 ] , or Oguztoreli 
[OG1 ]. 

We now reca l l a def in i t ion from Chapter 1. 

Def init ion B8.1 
A sequence ^ - ^ i - T q r e laxed controls in G converges to 

u* e G in the sense of control measures ( i . s . c . m . ) i f , for every 
continuous funct ion <1>:QXT • IR and every in terva l A of T 
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/ A <J>(u.(t ) , t )dt 

as i " 0 0 

/ a4> ( u * ( t ) , t ) d t 

We are now in a pos i t ion to s ta te our f i r s t compactness 
r e s u l t s , whose proof i s g i v e n in Young [ Y l ] . 

Theorem 1 
Let {u^ } q be an i n f i n i t e sequence in G. Then {u . } 

h a s an accumulat ion point u* £ G i . s . c . m , i . e . there e x i s t s an 
i n f i n i t e subsequence indexed by K C { 0 , 1 , 2 , . . . . } such that 

K . u. u " 1. s . c . m. 
- 1 

Our second compactness resu l t w i l l be e s t a b l i s h e d as a 
consequence of the fo l lowing Lemmas. 

Lemma 2 
Let B x , Q be compact sets in IR and IR r e s p e c t i v e l y 

(as in t e x t ) . Let x 1 (t) and x * ( t ) be cont inuous funct ions from T 
to B x such that x 1 ( t ) converges to x * ( t ) uniformly in T. Also, 

00 

let 3 i - 0 a s e c L u e n c e r e l a x e d controls that converge 
i . s . c . m . to u* . Then for each s u b i n t e r v a l A of T we have 
/ A f ( x 1 ( t ) , x 1 ( t - T ) , u . ( t ) , t ) d t / f ( x * ( t ) , x * ( t - T ) , u * ( t ) , t ) d t 

Proof 
This fo l lows d irec t ly from Def in i t ion B8.1 and the uniform 

cont inu i ty of f on B 1 x B 1 x Q x T . 
Before the next Lemma can be presented we need to say a 

few words about the terminology we wi l l be u s i n g . When we wish 



to s t r e s s the dependence on the funct ion f ( x ( t ) , x ( t - t ) , u ( t ) , t ) 
subject to Assumptions A and B of the t ra jec tor ie s determined by 
(6 ) , (7) we s h a l l term them f - t r a j e c t o r i e s . Then we s h a l l 
compare them with r - t r a j e c t o r i e s which wi l l be s i m i l a r l y 
determined when f ( x , y , u , t ) i s r e p l a c e d by a cont inuous funct ion 
of the form r ( u ( t ) , t ) (for a "f ixed" x and y which has been 
absorbed into the t -dependence of r ) . This w i l l be done 
u s i n g the next key Lemma s ta ted in Young [ YI ] for ord inary 
d i f f e r e n t i a l e q u a t i o n s , and which we ex tend to cover our delay c a s e . 

Lemma 3 
Let r ( u ( t ) , t ) = f ( x (t) , x ( t - t ) , u ( t ) , t ) where x y " (t) i s 

cont inuous on T T and for i = l , 2 , 3 , . . . . let x 1 ( t ) and c M t ) , 
for t £ T 1 denote r e l a x e d f - and r - t r a j e c t o r i e s determined by the 
same i n i t i a l condit ion <£(t) for a l l t £ [ — x ,0 ] and the same 
r e l a x e d controls ul ( t ) . Then as i • 0 0 , x 1 ( t ) t ends uniformly 

u" i in T 1 to x~ (t) if and only if £ (t) does so. 

Proof 
We may suppose by s u b d i v i s i o n that the l e n g t h I T 1 ! of 

T 1 i s < V2M x where Mx i s the f in i t e constant def ined below. 
We write 

a. = sup II x 1 ( t ) - x~ (t) II 
1 t € T 1 

b. = sup II £* - x y * ( t ) II 
1 t £ T 1 

By our assumptions we have that 
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f ( x 1 ( t ) , x 1 ( t - x ) , u i ( t ) , t ) - f ( x y " ( t ) , x - ' ( t - x ) , U . ( t ) , t ) II 

< M sup { II X 1 ( t ) - X - ( t ) II + II X^t-T ) -X- " ( t - x ) || } 
t € T 1 

1 u < M x s u p || x ( t ) - x (t) || for some f i n i t e Mx 

t e T l 

= M x a. for a l l t £ T 1 

Now s ince 

x ^ O - ^ C t ) = f l [ f ( x i ( s ) , x i ( s - x ) , u . ( s ) , s ) 

U" / \ u : - f ( x ~ ( s ) , x ~ ( s - x ) , u . ( s ) , s ) ] ds 

for a l l t £ T 1 

It fo l lows qui te e a s i l y that 

x 1 ( t ) - C 1 ( t ) || < M f  l
{ || x i ( s ) - x - " ( s ) || + || ^ ( s - t I - x ^ I s - t ) || } ds 

< Mj sup | | x 1 ( t ) - x Y ( t) || / j 
t 6 T 1 

for a l l t £ T 1 

a. 
i . e . || x 1 ( t ) - 5 1 ( t ) || < M l a || T l || < — 

1 2 for a l l t £ T 1 

so that we have 
a. 

|| a . - b . || < sup || x 1 ( t ) - 5 1 ( t ) || < — i i t6 t i 2 

i . e . l / 2 a. < b. < 3 / 2 . a. 
i l _ i 

This s i t u a t i o n i s shown in the d iagram o v e r l e a f . 
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range of 
b. » 

f > : 0 a. a. 3 a. 
~2~ — 

i u* Hence if b^ »• 0, i . e . £ (t) tends uniformly to x (t) in 
T 1 , we must have a^ "0, i . e . x X ( t ) a l so tends uniformly to 
x u * ( t ) in T 1 . 

Using Lemmas 2 and 3 we wi l l now deduce our second 
compactness r e s u l t . 

Theorem 2 
Let B x and ±2 be a r b i t r a r y compact se ts in IR and 

IR r e s p e c t i v e l y . If { u . , x } . _ n i s an i n f i n i t e sequence of 
r e l a x e d controls and their corresponding t ra jec tor i e s such that 

i oo {u^ } £ G and (x } G Bi with ^ U ^ i - o c o n v e r g i n g to u*G G 
i. 00 

i . s . c . m . and {x L _ q converg ing to x* uni formly , then x * ( t ) = 
u * 

x~ ( t ) , i . e . the l imi t ing tra jec tory i s the trajec tory due to the 
l imi t ing control . 

i 0 0 

Furthermore, g i v e n a sequence ( u ^ , x L_ q such that 
( u . } £ G then there a l w a y s e x i s t s a subsequence that s a t i s f i e s 
the above h y p o t h e s i s and c o n c l u s i o n s . 

That is we have i u" x (t ) x~ (t) uniformly in T as u. • u* i . s . c . m . 

Proof 
By Theorem 1 there a l w a y s e x i s t s a subsequence indexed 

by K C { 0 , 1 , 2 , . , . . } of an i n f i n i t e sequence {u. } " of r e l a x e d 



controls in G such that u^ +u* i . s . c . m . for some u * £ G . 
Let the corresponding t ra jec tor i e s be x 1 ( t ) . Since u* £ G, 

then by Lemma 1 there e x i s t s a unique so lut ion x - (t) which 
s a t i s f i e s the d e l a y - d i f f e r e n t i a l equat ion 

x (t) = f ( x ( t ) , x ( t - x ) , u * ( t ) , t ) for a . a . t £ T 
x ( t ) = <t>(t) for a l l t 6 [ - t , 0 ] 

As in Lemma 3, let C x ( t ) be the r - t r a j e c t o r y for control 
u . where r ( y . ( t ) , t ) = f ( x - " (t) , x ( t - x ) , y . (t) , t ) and let x  l(t) 

be the f - t r a j e c t o r y for the same control u^ and the same i n i t i a l 
cond i t ions , i . e . we have 

C X (t) = <i>(0)+ / t f ( x " * ( s ) f x - * ( s - T ) , u . ( s ) , s ) ds 0 1 

and xMt) = <j>(0)+ / ^ ( x M s ) , x 1 ( s - x ) , u . ( s ) , s) ds for a l l t £ T 

K i K Now as y^ u* i . s ~ c . m . suppose that £ (t) »M*(t) 
uniformly in T. Then us ing Lemma 2 we get 

S*( t ) = <t>(0)+ / 0 t f ( x - * ( s ) , x Y * ( s - T ) , u * ( s ) , s ) ds for a l l t £ T 

= x - (t) 

i K u * K i . e . we h a v e £ (t) * x ~ (t) uniformly in T as u,. • u* 
i . s . c . m . 

i K u* Hence u s i n g Lemma 3 we get that x (t) - , x - (t) uniformly in T as we l l . This proves the Theorem. 
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Appendix B 

Penalty Function Methods 

1. Introduction 
In th i s a p p e n d i x we present a brief overv iew on p e n a l t y 
methods and how they are used in s o l v i n g very g e n e r a l 
opt imizat ion problems. These methods are quite c l a s s i c a l in 
that one such method was presented as e a r l y as 1943 by 
Courant [ C01 ] who so lved a d i f f i c u l t problem by so lv ing a 
re la ted (but s impler) problem. 

Penal ty methods are b a s i c a l l y procedures for a p p r o x i -
mating c o n s t r a i n e d opt imizat ion problems by uncons tra ined 
problems. These approximat ions are accomplished by add ing 
to the object ive funct ion a term which p r e s c r i b e s a h igh cost 
for v io la t ion of the c o n s t r a i n t s . In the usua l implementation 
of the scheme, the solut ion to the cons tra ined opt imizat ion 
problem i s obta ined only when the p e n a l t y parameter 
approaches i n f i n i t y . For example , cons ider the fo l lowing 
nonl inear programming problem: 

Problem Bl: Min f ( x ) 
x 

s . t . h^(x) = 0 , i = l , 2 , . . . . , m 

where the funct ions f , h . ' s are real v a l u e d cont inuous ly 
d i f f e r e n t i a b l e funct ions cn IRn. - A pena l ty funct ion method of 
so lv ing th i s i s to so lve the fo l lowing uncons tra ined problem 
for K>0, 

Problem Bl^: Min 
x 
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where we def ine y v : |R n 
IR by K 

m 
y v ( x ) ± f ( x ) + K Z { h . (x)> 

iv . . 1 K 2 

In t h i s formulat ion K i s c a l l e d the p e n a l t y parameter 
and the term Kz { h . ( x ) } 2 the p e n a l t y term. Obvious ly a 

i= 1 1 

number of d i f f erent forms of p e n a l t y term with correspond-
i n g l y d i f f erent c h a r a c t e r i s t i c s e x i s t . These do however have 
one common fea ture , namely that the l a r g e r the p e n a l t y 
parameter K, the c loser i s the approximat ion . 

For t h i s reason it seems d e s i r a b l e , when a p p l y i n g th i s 
method p r a c t i c a l l y , to se lect K as l a r g e as i s p o s s i b l e . 
However th i s i s not the complete story s ince when c a l c u l a t i n g 
g r a d i e n t s (for obta in ing search d irec t ions , e t c . ) , K i s 
required to be f a i r l y small so that the p e n a l t y term does 
not complete ly swamp out the o r i g i n a l cost f u n c t i o n a l . A 
common technique for e v a d i n g th i s conf l i c t i s to so lve a 
sequence of uncons tra ined problems Bl^. with K̂  i n c r e a s i n g 
to i n f i n i t y . If th is is done and a sequence of po ints 

CO 

(x x } x _q i s obta ined , it i s proved in Luenberger [LU2] that 
any l imit point of th i s sequence does indeed solve the 
o r i g i n a l problem. 

I n e q u a l i t y cons tra in t s such as g^ (x) < 0, i = l , 2 , . . . , r 
may be h a n d l e d u s i n g a pena l ty term of the form 

2. Connection with Geometric Methods 
At f i r s t s ight the p e n a l t y funct ion method may seem a 

somewhat crude method for s o l v i n g cons tra ined opt imizat ion 

m 

K £ { g + ( x ) > 2 where g + ( x ) ^ m a x ( g . ( x ) , 0 >. _ 1 i i . & l i= 1 

?.AP> 



problems, but it has been shown (see for example 
Luenberger [LU1 ] ) to be c l o s e l y connected with geometric 
i d e a s and the concept of dual problems. For example , 
cons ider the fo l lowing problem (which i s c l e a r l y e q u i v a l e n t 
to Problem B l ) : 

Problem B2: Min f ( x ) 

m [Note that there i s no x such that Z h 2 ( x ) < 0, i . e . the i i 
cons tra in t i s not r e g u l a r as de f ined in Luenberger [LU1] ] 

Then def ine the fo l lowing fami ly of problems: 
m 

X (a ) = inf { f ( x ) : Z h 2 ( x ) < a } i=l 1 

This i s c a l l e d the primal funct iona l for Problem B2 
and i t s r e l a t i o n s h i p with a > 0 i s of the form shown in F i g . l . 

m 
s . t Z h 2 ( x ) < 0 

• 1 i ~ 

a 
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It i s e a s y to see that x i s n o n i n c r e a s i n g with 
i n c r e a s i n g a and a = 0 i s a boundary point . The so lut ion 
to Problem B1 i s equa l to the maximum intercept with the 
v e r t i c a l a x i s of a l l c losed h y p e r p l a n e s (which in th i s case 
are jus t s t r a i g h t l i n e s ) that support x . This maximum 
intercept i s of course g i v e n by the Lagrange multipliers of 
the problem and may be i n f i n i t e . 

To s ta te th i s more mathemat ica l ly we introduce the 
dual func t iona l for Problem B2 to be de f ined on the pos i t i ve 
rea l l ine as 

m 
n(c) = inf {f(x) + c Z h 2 ( x ) } 

x i=l 1 

Then the dual problem i s de f ined as 

max n(c) c > 0 

It i s e a s y from th i s in terpretat ion that provided 
n(c*) i s f in i t e for some c* > 0 , 

max n (c) <_ min x(a) 
c > 0 a < 0 

and hence the dual funct iona l a l w a y s serves as a lower 
bound to the v a l u e of the primal problem (Luenberger [LU1]). 

Hence by choos ing a K > 0 and minimising 
m 

f(x)+K Z h 2 ( x ) determines as shown in Fig 1 a support ing i=l 1 

h y p e r p l a n e to x (de f ined by th i s K) and a v a l u e n for the 
dual f u n c t i o n a l . Provided x i s cont inuous it i s obvious that 
as K i s i n c r e a s e d n^ wi l l increase monotonical ly toward 
x ( 0 ) . Since a = 0 i s a boundary point of the region of 
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def in i t i on of X, a (perhaps v e r t i c a l ) support h y p e r p l a n e 
a l w a y s e x i s t s . 

Advantages and D i s a d v a n t a g e s 
The main a d v a n t a g e of us ing p e n a l t y methods i s that 

many d i f f i c u l t problems, incorporat ing c o n s t r a i n t s which 
cannot be h a n d l e d by any other method, can be transformed 
into much s impler uncons tra ined ones . These can then be 
so lved us ing any one of a v a s t a r r a y of e f f i c i e n t methods 
which a l r e a d y e x i s t and are wide ly a v a i l a b l e ( e . g . Newton, 
s teepes t descent , conjugate g r a d i e n t , e tc . see Polak [ P I ] ) . 
In the normal a p p l i c a t i o n of the method the p e n a l t y term i s 
constructed to h a v e s imi lar propert ies as the funct ions 
d e f i n i n g the o r i g i n a l problem, i . e . d i f f e r e n t i a b i l i t y , e tc . so 
that normal g r a d i e n t t echniques can be app l i ed for s o l v i n g 
the p e n a l i s e d problem. However for obta in ing a so lut ion to 
the o r i g i n a l problem requires s o l v i n g a sequence of 
problems such as 

m 
Min y v (x ) = f ( x ) + K. 2 h 2 ( x ) 

K j 3 i=l 1 

for K̂ . go ing to i n f i n i t y . This , as shown by s e v e r a l authors 
e . g . Luenberger [ LU1 ] , Lootsma [ L01 ], Ryan [ RY1 ] , l e a d s 
to cer ta in d i f f i c u l t i e s which can be e x p l a i n e d by c o n s i d e r -
ing the b e h a v i o u r of Y^ as K ge t s l a r g e . A t y p i c a l form of 
p e n a l t y term i s shown in F ig . 2 where it i s obv ious to note 
that as K i n c r e a s e s the p e n a l t y term has s teeper s lopes 
outs ide the f e a s i b l e reg ion . 

251 



F i g . 2 

This impl ies that as K i n c r e a s e s y^ becomes a funct ion 
whose minima l i e s in a s teep s ided "val ley" with the 
"va l l ey" s lopes ge t t ing s teeper . It i s th i s which c a u s e s the 
above mentioned problems s ince the Hessian (the second 
d e r i v a t i v e of y^ w . r . t . x) becomes i n c r e a s i n g l y i l l -
condi t ioned in the sense that i t s magnitude tends to i n f i n i t y 
as K * 0 0 . This , as one might expect , c a u s e s d i f f i c u l t i e s 
in o b t a i n i n g so lut ions numerica l ly and convergence , if it 
occurs i s l i k e l y to be s low. 

These and other propert ies of pena l ty methods are 
f u l l y d i s c u s s e d in Ryan [ RY1 ] and the in teres ted reader i s 
a d v i s e d to consult it for fu l l d e t a i l s . 

4. The Exact Pena l ty Funct ion Method 

Because of the above mentioned d i f f i c u l t i e s a s imi lar 
method, referred to as the Exact Penal ty Function method, 
has emerged which a l so adds a pena l ty term to the 
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objec t ive funct ion , but it does not need K to be increased 
to i n f i n i t y for a s s u r i n g e q u i v a l e n c e . 

The method can be e x p l a i n e d by cons ider ing Problem 
B1 a g a i n . If the m c o n s t r a i n t s are formulated into the 
fo l lowing e q u i v a l e n t s i n g l e c o n s t r a i n t , 

m 
E | h (x) | < 0 

i= 1 1 

m 

then the p e n a l t y term K E j J h x ( x ) | can be used in de f in ing 
Then if the h ^ ' s have n o n v a n i s h i n g f i r s t d e r i v a t i v e s 

at the so lut ion , then the primal funct iona l w i l l have a 
f i n i t e s lope at a = 0, and hence a f in i t e K w i l l y i e l d a 
support h y p e r p l a n e . This fact i s a t t rac t ive from a computa-
t i o n a l v iewpoint s ince the sequence of uncons tra ined 
problems of minimis ing need only be so lved upto some 
f i n i t e K * , and therefore the Hess ian i s prevented from 
becoming i l l - c o n d i t i o n e d . 

However, a s l i g h t problem does ar i s e with th i s 
method, namely that normal opt imizat ion t echniques which 
i n v o l v e c a l c u l a t i n g g r a d i e n t s cannot be employed to solve 
Yj^(x) s ince the p e n a l t y term is n o n - d i f f e r e n t i a b l e . It turns 
out (see Bertsekas [ BER2 ] ) tha t , except for t r i v i a l c a s e s , 
t h i s n o n - d i f f e r e n t i a b i l i t y i s a n e c e s s a r y ev i l if our pena l ty 
method i s to be e x a c t . 

Although ord inary g r a d i e n t methods cannot be used to 
so lve y k ( x ) there are modif ied procedures which are 
a p p l i c a b l e to the non-smooth problem in ques t ion . Some of 
these are d i s c u s s e d in Pie tzykowski [ PI1 ], Miff l in 
[ M i l ] [ M12 ] and the in teres ted reader is referred there . 



With re ference to the above d i s c u s s i o n we can deduce 
that the exac t p e n a l t y method i s a very good procedure for 
s o l v i n g problems i n v o l v i n g complex cons tra in t s numer ica l ly . 
Indeed it i s for th i s reason that we apply the method when 
d e a l i n g with the cons tra ined optimal control problems in 
Chapters 4 and 5. The s tate cons tra ined problem cons idered 
in Chapter 5, in p a r t i c u l a r i s a very good example of how 
such a compl icated problem c a n be hand led u s i n g an exac t 
p e n a l t y func t ion . 

Although we have on ly d i s c u s s e d p e n a l t y funct ion 
methods for f i n i t e d imensional opt imizat ion, the extens ion to 
i n f i n i t e d imens ional problems i s f a i r l y obvious and so we 
omit it here , see for example Czap [ C Z 1 ] , Polak [ P I ] . 
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Appendix C 

The Maximum Principle for State Constrained Control 

Problems with Delay 

1. Introduction 

In [ N2 ] Neustadt in troduces an extremal theory which 
may be used to obta in n e c e s s a r y opt imal i ty condi t ions for a 
broad c l a s s of problems. We use th is theory here to der ive 
the Maximum Princ ip le for the State Constra ined nonl inear 
optimal control problem with de lay ( i . e . Problem P3 in 
t e x t ) . This theory re l i e s h e a v i l y on r e p l a c i n g non-convex 
sets by "quas iconvex" approximat ions and u s i n g " l inear ized" 
approximat ions for the non l inear funct ions de f in ing the 
problem. 

We w i l l , for completeness , der ive an a b s t r a c t Maximum 
Princ ip le for a broad c l a s s of problems fo l lowing the 
methodology of Neustadt and then use t h i s theory to 
obta in the Maximum Pr inc ip le for the State Constrained 
Control Problem with d e l a y . These re su l t s h a v e been proved 
in Huang [HUlj for a more g e n e r a l de layed control problem 
than the one cons idered by us - Huang cons iders k d e l a y e d 
arguments i n s t e a d of only one. We g i v e our re su l t s here 
mainly to obta in n e c e s s a r y condit ions of opt imal i ty in a 
form which i s d irec t ly a p p l i c a b l e to the problem in 
quest ion , i . e . Problem P3. 
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Concept of Extremal i ty 

Here we introduce the concept of an extremal and how 
opt imizat ion problems can be reformulated as extremal 
problems. Let be an a r b i t r a r y set and let $ l f <fr2>..f<fr 
be r e a l - v a l u e d funct ions on . Now cons ider the fo l lowing 
opt imizat ion problem: 

Problem (OP) Min <t>0(e) 
e e < £ 
s . t . <t> (̂e) < 0 , i = l , 2 , . . . , s 

Assume that th i s has e ^ ^ as i t s so lut ion . 
In order to s tate th i s in terms of extremals we need 

to def ine the fo l lowing: 

1. An a r b i t r a r y set O f , and a subset of ^ f 
2. A normed l i n e a r topo log ica l vector space 
3. An open, convex cone Z in ^ ^ 
4. A funct ion <t>: $ — " 

Def ini t ion 2 .1 
A set Z C J^P ( l i n e a r space ) i s a convex cone if it i s 

not empty and if we have 

a Z + S Z C Z , a l l a > 0, B > 0 

Some examples of convex cones are: 

{ x £ IR n:x..<0 a l l i } i s an open convex cone in IRn 

{ x € C : x ( t ) < 0 a l l t } i s an open convex cone in C, where C 
i s the space of cont inuous funct ions t • x ( t ) on a g i v e n 
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time i n t e r v a l with sup norm. 
We are now in a pos i t ion to def ine the notion of 

ex t remal i ty : 

Def in i t ion 2 . 2 
An element e 0 g fg i s c a l l e d a (<t>, Z ) - ex tremal if 

( i ) < l > ( e 0 ) S Z ( i . e . the c losure of Z ) 
( i i ) the set { e :e € ^ , <t>(e) G Z } i s empty 

This can be h i g h l i g h t e d by cons ider ing Problem (OP). 
Since e Q i s the so lut ion , we have if we set c^^ >, Z , <t> as 
fo l lows , 

2 - i*s+1 

Z = {y=(y ° ,y • • • , y s ) •• y £ I R s + ^ , y 1 < 0 , i = 0 , l , 2 s } , 
S+1 i . e . the n e g a t i v e orthant in IR 

• (e) = (4>0 ( e ) - <D0(e0 ), M(e ) , <t>2 ( e ) , . . . , 0 ( e ) ) 

then it i s immediately seen that e 0 i s a l s o a (<t>, Z ) - ex tremal . 

The Abstract Maximum Pr inc ip le 
Before we s tate the abs trac t Maximum Pr inc ip l e , we 

present some mot ivat ion . Consider the opt imizat ion problem 
(OP) with a c lo sed , nonempty convex subset of IR^, and 
le t us suppose that <1̂ , i = 0 , l , . . . , s are convex and 
everywhere de f ined on Then the wel l known Kuhn-Tucker 
Theorem ( e . g . Pshenichniy [ PSH1 ] ) g i v e s the fo l lowing 
n e c e s s a r y condi t ion for an element to be optimal: 

If e so lve s (OP) > There e x i s t s a non-zero 0 ^ 
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CJ. 1 
vector 1 = (I 0,llt...,l ) 6 IR such that 

s s 
1 0 • o ( e o ) + z l ^ C e 0) < 10 * ( e ) + 2 l . O . ( e ) f o r a l l e € ( f 

i=l i=l 

with 1 > 0, i = l , 2 , . . . , s . 

With s tronger assumptions ( e . g . Slater cond i t ions ) it 
can a l s o be assumed that 1 0 > 0, and in th i s case it may-
be normal ized to u n i t y . 

Now in terms of ex tremal i ty it can e a s i l y be seen that 
th i s t r a n s l a t e s into: 

e 0 i s a ( <J>, Z ) -extremal only if there e x i s t s a 
s+1 non-zero h = (h o , h x , . . . , h ) £ IR such that 

h • [ 0 (e ) - <t>(e o ) ]. < 0 for a l l e € (p 
and h* y >.0 for a l l y € Z 
(where " denotes the normal E u c l i d e a n inner produc t ) . 

Our abs trac t Maximum Pr inc ip le i s nothing but an 
ex tens ion of the Kuhn-Tucker Theorem when most of the 
c o n v e x i t y assumptions do not hold . Also, to deve lop the 
n e c e s s a r y extremal theory , we wi l l use the same tools as 
required in proving the Kuhn-Tucker theorem - namely the 
s epara t ion pr inc ip l e for convex s e t s , a f ter j u s t i f y i n g 
r e p l a c i n g the non-convex problem by a s u i t a b l e convex 
approximat ion . This w i l l become quite apparent in the 
fo l lowing d i s c u s s i o n . However, to be able to formulate such 
a convex problem which approximates the o r i g i n a l opt imiza-
tion problem we need to make a few d e f i n i t i o n s . 
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Def ini t ion 3 .1 
Let fg and be subse t s of a normed l i n e a r space 
Then i s a f i r s t order convex approximat ion to 

$ at if: 

( i ) t / ^ ^ i s convex and conta ins 0 
( i i ) For every f in i t e set {y l , y 2 , . . . 'Y^C^/^j^* every n > 0 

there e x i s t s some £^>0 such that for each e £ ( 0 , e j 
there e x i s t s a cont inuous l i n e a r map 

Y e : co {y j , y 2 , . • • . , y v 1 * (rf with the fo l lowing property 

(Y p (y)-e ) 

- y < Ti for a l l y £ co { 0 , y j , . . . , y } 

This de f in i t i on s ta te s that , g i v e n any s implex in 
^/^j^containing 0, it can be mapped into (ff— e 0 by a 
"s l ight cont inuous dis tort ion" 

y Y. (y }
 = c (y) 

fol lowed by a "shrinking" 

C (y ) » e C (y) = y (y) - e , e 

Defini t ion 3 . 2 
Let Q j , ^ be normed l i n e a r s p a c e s . We say that the 

funct iona l i>: ^ i s mi ld ly d i f f e r e n t i a b l e at if 
there e x i s t s a cont inuous l i n e a r funct ion h such that 
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[ M e o + £ y ) - * ( e o ) ] h ( x ) ( i n ^ _ n o r m ) 

e e — K D + 

y —"x (in ^ / - n o r m ) 

In th i s case h ( x ) i s c a l l e d the mild d i f f e r e n t i a l of 
i> at e 0 . 

Note: 
Using the d e f i n i t i o n s of Frechet and Gateaux d e r i v a -

t i v e s (see Luenberger [LU1]) we have that 

Frechet Mild Gateaux 
D i f f e r e n t i a b i l i t y D i f f e r e n t i a b i l i t y D i f f e r e n t i a b i l i t y 

(at e 0 € ) 
We now s tate our Abstract Maximum Pr inc ip l e . 

The Abstract Maximum Pr inc ip l e 
Theorem 4 . 1 

Let the fo l lowing be g i v e n : 

( i ) , a normed l i n e a r space 
( i i ) Two subse t s $ ^ j j / l C ^ and i s a f i r s t order 

convex approximat ion to (rf at e 0 

( i i i ) a normed l i n e a r space with Z C be ing an 
open convex cone 

IV ) a cont inuous funct ion with mild d i f f e r e n -
t i a l y • h ( y ) 

(v) e Q £ i s a (<j>, Z ) -extremal 
(These are a l l as de f ined before for Problem (OP).) 

Then, there e x i s t s a l i n e a r funct iona l 1 € ^ 
(the topo log ica l dual of 

not equal to zero 
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such that 

(a) l o h ( y ) < 0 for a l l y 
(b) 1( z ) > 0 for a l l z 6 Z 
(c) lp $(e 0 ) = 0 

(where l o h denotes composit ion of func t ions ) 

This theorem, as mentioned before , i s an outgrowth of 
the Kuhn-Tucker theorem of the l a s t sec t ion , s ince when <t> i s 
l i n e a r and i s convex , the theorem impl ies the e a r l i e r 
resu l t with s e r v i n g as i t s own convex approximat ion and 
h co inc id ing with 4> - 4>(e 0 ) . 

The proof of Theorem 4 .1 i s g i v e n in Neustadt 
[ N2 ] and the in teres ted reader is referred there . 

We w i l l now apply the above extremal theory to der ive 
the Maximum Pr inc ip le for the S ta te Constra ined Control 
Problem with d e l a y . 

State Constra ined Control Problem (SCCP) with Delay 
For convenience we w i l l res ta te the SCCP with de lay 

which i s under cons idera t ion: 
Let t be a pos i t i ve rea l number and T = [ 0 , 1 ] be 

a compact i n t e r v a l . Then our problem is 

Problem P3 
Min 4 l ( x ( t ) , u ( t ) , t ) d t 

u 

s . t . x ( t ) = f ( x ( t ) , x ( t - T ) , u ( t ) , t ) for a . a . t £ T 
x ( t ) = 4>(t) f o r a l l t £ [ - t , 0 ] 
g ( x ( t ) , t ) <0 for every t £ T 

u € G 
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where the notat ion and terminology i s the same as in the 
t ex t . The assumptions which we make are a l s o g i v e n in 
Chapter 5. 

Assume that Problem P3 h a s u * ( t ) £ G as i t s optimal 
control and x * ( t ) be the corresponding optimal t r a j e c t o r y . 

We wi l l need to reformulate Problem P3 into a form to 
which the extremal theory d i s c u s s e d above may be a p p l i e d . To do 
th i s we propose the fo l lowing: 

The dynamic cons tra in t and the control c o n s t r a i n t s be 
hand led impl i c i t l y by se t t ing fg to be the composite space of ( a l l 
the admis sab le t ra jec tor i e s a r i s i n g from admissable controls 
u € G) x (the admiss ib le control set G), whi le the s tate cons tra in t 
be deal t with e x p l i c i t l y by incorporat ing it in the i n e q u a l i t y 
cons tra in t <t> ( . ) <_ 0 [ c . f . Problem (OP)] , 
i . e . let 

D = { x £ j ^ | x ( t ) € B i for a l l t £ T 
x (t) = f ( x ( t ) , x ( t - x ) , u ( t ) , t ) for a . a . t £ T 
x ( t ) = $(t) for a l l t £ [ - x , 0 ] 
u £ G } 

where Bi i s as de f ined e a r l i e r in text and the c l a s s of 
n -d imens iona l a b s o l u t e l y cont inuous f u n c t i o n s . Then we def ine 
S by S = D x £ 

This we can embed in the composite space of a l l cont inuous 
funct ions T — I R n with sup norm (writ ten C(T; |Rn)) x the control 
set G, so that we have M as 
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= C(T; IRn) x G 

can be set to be IRxC(T; |R) and let Z be de f ined by 

Z = U : £€ IR, 5<0 1 x {y 6 C(T; IR) : y ( t ) < 0 for a l l t } 
[ It i s t r i v i a l to show that Z i s an open convex cone in 2 a 

Let be de f ined by 
4>(x,u) S ( / / [ l(x ~ , u , t ) - l(x*,u * , t ) ] d t , g ( x y ( t ) , t ) ) . 

Then it i s quite obvious from Def in i t ion (2 .2 ) that ( x * , u * ) 
i s a ( <t>, Z ) - e x t r e m a l . 

Because of the cont inu i ty assumpt ions we have that 
xe — ( / 0 1 l ( x , u , t ) d t , { t — g ( x ( t ) , t ) } ) : C ( T ; |Rn ) — IRxC(T: IR ) 

i s Frechet d i f f e r e n t i a b l e at x * , and $ i s l i n e a r with respect to 
the r e l a x e d control u. Therefore the d e r i v a t i v e w. 'r . t . u at u* 
co inc ides with <j>-<|>(u*), i . e . 

6<t>((x*,u * ) ; ( z , v ) ) = ( / 0 1 [ l x ( x - , u * , t ) z ( t ) + l ( x * f v , t ) - l ( x * , u * , t ) ] dt , 

, g x ( x * ( t ) , t ) z ( t ) ) 

Since Frechet d i f f e r e n t i a b i l i t y impl ies mild d i f f e r e n t i a b i l i t y 
our abs trac t Maximum Pr inc ip le i s a p p l i c a b l e (with the above 
choices for <J>, Z , ( r f , , e tc . ) prov ided we can f ind a s u i t a b l e 
f i r s t order convex approx imat ion to (rf a t ( x * , u * ) . As = DxG, 
it i s wel l known that for non l inear systems D need not be convex 
(examples can be e a s i l y c o n s t r u c t e d ) . Q on the other hand i s 
convex and compact, (see for sample Warga [ W3 ] ) . Therefore to 
f i n d a f i r s t order convex approximat ion to fr} , we can have G 
s e r v i n g as i t s own convex approximat ion and thus we only need 
to f ind a f i r s t order convex approximat ion to D. This w i l l 



shor t ly be cons truc ted , but f i r s t we present a g e n e r a l so lu t ion 
for a l i n e a r d i f f e r e n t i a l d i f f e r e n c e equat ion which w i l l be needed 
in the s e q u e l . 

5 . 1 Linear D i f f e r e n t i a l - Di f ference Equat ion 
Let T and t be a s before and cons ider the fo l l owing 

l i n e a r d i f f e r e n t i a l d i f f e r e n c e equat ion 

x ( t ) = A l ( t ) x ( t ) + A 2 ( t ) x ( t - x ) + p ( u ( t ) , t ) for a . a . t G T ( 5 . 1 . 1 ) 

x ( t ) = <t>(t) for a l l t € [ - T , 0 ] ( 5 . 1 . 2 ) 

where A z and A 2 are nxn matr ix v a l u e d func t ions d e f i n e d and 
cont inuous on T and p ( u ( t ) , t ) i s a g i v e n n - v e c t o r v a l u e d 
funct ion of the control u and time t £ T . Let $ ( s , t ) be the un ique 
matr ix funct ion d e f i n e d for t € T , s € [ 0 , ° ° ) , which for each t £ T 
i s an absolutely continuous function of s € [ 0, t ] and which s a t i s f i e s the 
d i f f e r e n t i a l - d i f f e r e n c e equat ion 

= - * ( S f t ) A l ( s ) - ® ( s + T , t ) A 2 ( s + x ) for a . a . s € [ 0 , t ] ( 5 . 1 . 3 ) 
6s 

and <t>(t,t) = I ( the i d e n t i t y matr ix ) ( 5 . 1 . 4 ) 
and which for s>t i s g i v e n by 

$ ( s , t ) = 0 ( 5 . 1 . 5 ) 

Equat ion ( 5 . 1 - 3 ) together with the boundary condi t ion 
( 5 . 1 . 4 ) and r e l a t i o n ( 5 . 1 . 5 ) i s the adjo int system to the 
homogeneous part of ( 5 - 1 . 1 ) and <i>(s,t) i s the s ta te t r a n s i t i o n 
matr ix . Now u s i n g a very s imi lar procedure as in the p a p e r by 
Huang [HU1] we can deduce the fo l lowing r e s u l t : 



Theorem 5 . 1 
If a l l the above hypothes i s ho ld , then the so lut ion of 

( 5 . 1 . 1 ) , with g i v e n i n i t i a l condit ion ( 5 . 1 . 2 ) , i s g i v e n by 

x ( t ) = <f(0,t) <j>(0) + / ^ T * ( s + x , t ) A 2 ( s + x ) < | > ( s ) d s 

t 
+ / 0 $ ( s , t) p ( u ( s ) , s ) d s for a l l t £ T 

5 . 2 F irs t Order Convex Approximation 
We w i l l now f ind a f i r s t order convex approximat ion to D 

de f ined above for the SCCP with d e l a y . L e t $ ( s , t ) be the matrix 
v a l u e d funct ion de f ined above with 

A r ( t ) = f x ( x * ( t ) f x * ( t - x ) f u * ( t ) , t ) 
A 2 ( t ) = f ( x * ( t ) , X * ( t - T ) , U * ( t ) , t ) 

for a l l t £ T, where f i s the d e r i v a t i v e of f w . r . t . the f i r s t x 
argument ( i . e . x ( t ) ) and f i s the d e r i v a t i v e w . r . t . i t s second 
argument ( i . e . x ( t - x ) ) . 

Also let 

p ( v ( t ) , t ) = f ( x * ( t ) , x * ( t - T ) f v ( t ) l t ) - f ( x * ( t ) f x * ( t - T ) f u * ( t ) , t ) 
for a l l t £ T 

i A f ( y , U * ) 
and <t>(t) = 0 for a l l t £ [ - x , 0 ] . 

Then the so lut ion to the de lay d i f f e r e n t i a l equat ion 
x (t) = A t (t ) x ( t ) + A 2 (t) x (t— x ) +p (v ( t ) , t) for a . a . t £ T i s 

z - ' M . ) where z y ' - i s the f i r s t order est imate of x^ - x - (as 
proved in t e x t ) . 



Therefore from Theorem 5 .1 we have that for any v f c G , 

z - * ' - ( t ) = fQl « ( s , t ) Af (v , u * ) d s f o r a l l s £ T 

N e x t w e d e f i n e Q t o b e t h e f o l l o w i n g s u b s e t of C ( T ; IRn ) 

Q = ( z Y * ' Y ( t ) ; f o r a l l t € T , y £ G } 

Then we have the fo l lowing r e s u l t : 

Theorem 5 . 2 
Q is a f i r s t order convex approximat ion to D at x * . 

Proof 
( i ) 0 € Q, s ince if v = u* € G then the so lut ion z y " , y " ( t ) 

i s i d e n t i c a l l y zero for a l l t £ T . 
( i i ) Q i s c o n v e x . 

For any p o s i t i v e in teger 1 let P3" denote the fo l lowing 
subset of IR3": 

1 1 
P = {a =( a a . , a ): a > 0 , i=l, 2, . . . , 1, Z1 a . =1 } 1 2

 1 i
 1 = 1 1 

u*,v . 

Let z d t ) = tT (t) , i = l , 2 , . . . , l be elements of 
Q, where v . £ G , i = l , 2 , . . . , l . Then s ince 

i 

z (t) = / 0 ®(s , t ) A f ( v , u * ) d s 

we h a v e for a l l t €.T, 
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1 t = 2 < t ( s , t ) a . A f ( v . , u * ) d s 
1=1 1 ~ 

t
 1 

= / 0 <*>(s,t)Af( 2 a . v . , u * ) d s 
1=1 

1 
s ince 2 ot.u* = u : 

i= l ^ 
1 

Now 2 a. v. £ G s ince G i s convex 
1=1 ^ ~ 

1 
Hence L a^z^cQ and therefore Q i s c o n v e x . 

i= l 

The remainder of the proof i s to v e r i f y that if 
{ z l ( z z x> i s any f in i t e subset of Q and if n > 0, 
there e x i s t s some e l > 0, such that for any e £ ( 0 , e x ] , 
there i s a cont inuous map y : co { z l t z z } D 

e 1 

such that 

[ ( z ) - x * ( t ) ] < n for all z £ co { 0, z x , . . . , z ^ } - z | 

This i s a c t u a l l y proved in Huang [ HU1] where weaker 
assumpt ions are made and the number of d e l a y e d 
arguments i s k compared to only one in th i s t h e s i s . The 
proof i s rather labor ious but quite s t ra ight forward and 
wi l l not be presented here . The in teres ted reader i s 
re ferred to Huang's paper for fu l l d e t a i l s of the proof . 
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Hence s ince we have just shown that Q is a f i r s t order 
approximation to D we may def ine by 

- QxG, and then i s a f i r s t order convex approxima-
tion to fg at ( x * , u * ) . 

5.3 M a x i m u m Principle for the SCCP with Delay 

Let <{>, Z , ^ , Q j , <5 <t> C -) be as de f ined above . 
Then we have from our Abstract Maximum pr inc ip le the fo l lowing: 

Theorem 5 . 3 
If ( x * , u * ) i s an ( <t>, Z ) - ex tremal for Problem P3 then there 

e x i s t s a non-zero 1 € SB* 
such that ( i ) l o 6 4 > ( ( x * , u * ) ; ( y , y ) ) <0 for a l l ( y , v ) € ^ytff 

( i i ) l ( a ) > 0 for a l l a £ Z 
( i i i ) l o * ( x * , u * ) = 0 

Recal l ing that any bounded l i n e a r funct ional on C [ T ; | R ] 
has the representa t ion (see for example Dunford and Schwartz 
[ DU1] or Luenberger [LU1]) 

x ' / 0 x ( t ) d \ ( t ) 

for some x( t ) € N B V [ T ; IR ] , where NBV[T;|R] i s the space of 
funct ions of bounded v a r i a t i o n , cont inuous from the r ight in 
[ 0 , 1 ) with X (1) =0. 

Since x C [ T ; IR ] , we have as i t s dual 
IRxNBV [T; |R] . Then 1 € in Theorem 5-3 i s of the form 



( X 0 , x ( t ) ) where X 6 IR and x e NBV [T; |R ]. 0 
Also s ince 

i 5<t>((x*,u*);( z , y ) ) = ( J0 [ 1 ( x * , u * , t ) z + A l ( v , u * ) ] d t , 
g x ( x * , t ) z ( t ) ) where A l ( v , u * ) = l ( x * , v , t ) - l ( x * , u * , t ) for a l l t . 

Then it i s immediate that the fo l lowing holds: 

Theorem 5 . 4 
If ( x * , u * ) i s an (<t> , Z ) - ex tremal for Problem P3, then 

there e x i s t s a X 0elR , X6NBV[T;|R], not both zero such that 

( i ) x j / [ l ( x * , u * , t ) z - * ' Y ( t ) + A l ( v , u * ) ] d t 

+ /„ 1 g x ( x * ( t ) , t ) z - * ' - ( t ) d x(t) < 0 

for a l l v € G 
(by d e f i n i t i o n of 

( i i ) X 0< 0 and x i s non i n c r e a s i n g 

( i i i ) X i s c o n s t a n t f o r t € 1 C T w h e r e 1 i s d e f i n e d b y : 

I = { t £ T : g ( x * ( t ) , t ) < 0 } 

Since z - * ' - ( t ) = / 0 1 ®(s , t ) A f ( v , u * ) d s for a l l t £ T we 
have from ( i ) in Theorem 5 . 4 that 

1 t 1 
X0 f0 1 ( x * u * , t ) fg $ ( s , t ) Af ( v , u * ) d s d t + x0/0 A l ( y , u - ) d t 

i t 
+ So fo ® (s , t )Af ( v , u * ) d s dx (t) < 0 

for a l l v £ G 
I n t e r c h a n g i n g order of double i n t e g r a t i o n s we get 

i i i X o Jo J 1 ( x * , u * , t ) * ( s , t ) d t Af (y ,u*)ds + X 0 f0 A l ( v , u * ) d t 
i i + Jo J c g^(x'St)<f ( s , t )dX(t )Af ( v , u - ) d s < 0 s x "" "" 

for a l l v £ G 



Let * T ( s ) = X 0 / 1 ( x * , u * , t ) $ ( s , t ) d t + / g ( x * , t ) * ( s , t ) d x ( t ) 
s x ^ s x 

f o r a l l s € T 

Hence we h a v e 

/ X { / X X 01 ( x * , u * , t ) « ( s , t ) d t + / g g ( x * , t ) 4 > ( s , t ) d x ( t ) } A f ( v , u * ) d s 

+ X 0 f a A1 ( v , u * ) dt < 0 f o r a l l v E G 

S u b s t i t u t i n g f o r ip(s) we h a v e 

/ 0 l i p T ( s ) Af ( v , u " ) d s + X 0 / 0 1 A l ( y , u - ) d t < 0 f o r a l l v € G 

R e c a l l i n g t h a t A f ( v , u * ) = f ( x * , y * f y , s ) - f ( x * f y * , u * , s ) a l l s £ T 
a n d A l ( y , u - ) = l ( x * , y , s ) - l ( x * , u * , s ) a l l s e T 
Hence w e h a v e 

/ 0 1 [ ^ T ( s ) f ( x ^ ( s ) , X " ( s - T ) , v ( s ) , s ) + X 0 l ( x * ( s ) , v ( s ) , s ) ] d s 

< / 0 1 [ / ( s ) f ( x " ( s ) , x * ( s - t ) , U " ( s ) , s ) + X 0 l ( x * ( s ) , u * ( s ) , s ) ] d s 

f o r a l l v € G 
T h i s i s t h e M a x i m u m p r i n c i p l e f o r SCCP w i t h d e l a y . 

We n o w d e r i v e a n e x p r e s s i o n f o r t h e c o s t a t e f u n c t i o n ^ . 
S i n c e b y d e f i n i t i o n we h a v e 

i » j t ( s ) = / 1 x 0 1 ( x * , u * , t ) ® ( s , t ) d t + f j g ( x * ,t)«f ( s , t ) d x ( t ) s x — s X 

A l s o ( s , t ) i s t h e s o l u t i o n of 

6 ^ ( s , t ) = - < K s , t ) A 1 ( s ) - * ( s + t , t ) A 2 (s+t ) f o r a l l s e [ 0 , t ] 
6 s 

$ ( t , t ) = 1 a n d M s , t ) = 0 f o r s > t 

i . e . we h a v e 

2 7 0 



<D(s,t) = 1 + / * [<K ( o , t ) A x ( a) + $ (a + T , t )A 2 (o +t )] da 

Subst i tu t ing th i s in equat ion for i|> we ge t 

* T(s> = / 1X01 (x*,jj*,t) { I+ /^[4»(a , t )A 1 (a )+4>(a+T, t )A 2 (a+T) ]dc?}dt s x s 
+ / 1 g ( x * , t ) { 1+ / 1 [ 9 ( a , t ) A j (a ) + 4>(a +x ,t)A 2 ( a + x)] da}dX (t) s ^x 

I n t e r c h a n g i n g order of double i n t e g r a t i o n s 

4 > t ( s ) = / / x ^ ( x * , u * , t ) $ ( a , t ) d t A 1 ( a ) d a 
s o x ^ 

1 1 + f I X0 1 ( x * , u * , t ) « (a + x , t ) d t A 2 (a +t )da s a x 
+ f 1 f 1 g ( x * , t ) p ( o , t ) d X ( t ) A 1 ( a ) d a 

s q s x 

1 1 + / / g (x*,t)4> (o+ T , t )dx ( t ) A 2 (a + x )da s a s x 
i i + / X0 1 ( x * , u * , t ) d t + / g ( x * , t ) d X ( t ) 

s x - s s x 

i . e . 

i jJts) = / X { / l x 0 l ( x * , u * t ) * ( o , t ) d t + / g ( x * , t ) « ( a , t ) d x ( t ) } S O X o x 

• A x ( a ) d a 
i i i + / { / X01 (x*,U*»t)*(cr + x , t ) d t + / g ( x * , t ) 4>(a+x , t ) S (J q X 

• dX (t)> A ,(a + x )da 
i I + / x 0 1 ( x * , u * , t ) d t + / g ( x * , t ) d x ( t ) S X - S s x 

Now by de f in i t i on 

iJ T (a ) = / \ 0 1 ( x * , y * , t )« (a , t ) d t + / g (x* , t H (a ,t)dX (t) a x cr x 

Hence we have 



/ X 0 1 ( x * , u * , t ) ®(o + T , t ) d t + / g ( x * , t ) <f(a + T , t ) d x ( t ) 

f X„1 ( x * , u * , t ) 4>(a+i,t)dt+/ g ( x * , t ) < M o+t,t)dx (t) 
CT+T x ' a + X s x a + x̂x 

s ince $ ( a , t ) = 0 
= t̂(a + t) 

for a > t 

Hence u s i n g t h i s in above we get 

* T ( s ) = I 

+ / X01 (x*, \ i*,t)dt+/ g (x*,t)dx(t) for s g [ 0 , 1 - t ] 

IHT(S) = /% T(A)A 1(A) 
1 , T 

+ / s x0l x (x*,u*,t)dt+ / s g x ( x*,t)dx(t) for S£[1-t,1] 

Combining a l l the above r e s u l t s , we have jus t proved the 
f o l l o w i n g , which i s the Maximum Pr inc ip l e for the State 
Constra ined Control Problem with d e l a y : 

Theorem 5 . 5 
Under the above mentioned assumpt ions on Problem P3, and 

if ( x * , u * ) i s an opt imal p a i r for P3, there e x i s t s a rea l number 
X 0 and a X € NBV[T; IR ], not both zero such that 

( i ) X 0 <.0 and X i s n o n i n c r e a s i n g 
( i i ) X i s cons tant for I CT (as d e f i n e d in Theorem 5 . 4 ) 
( i i i ) / 0 [v1 ( t ) f ( x * , y * , y * , t ) + X 0 l ( x * , y * , t ) ] d t 

= max /„ |> ( t ) f ( x * , y * , t ) + X 0 l ( x * ,y , t ) ] dt 1 r ,T 
v 6G 
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where ^ :T I R n i s the so lut ion of 

1>T(t) = J\ ^ T ( s ) f ( x * ( s ) , x * ( s - x ) , u * ( s ) , s ) d s 
l a 

1 f 
+ /T TY (s+T ) f y ( x * ( s + T ) ,X* ( s ) ,U* (s+T ) ,S+ x)ds 

1 l + / x 0l ( x * ( s ) , y * ( s ) , s ) d s + / . g ( x * ( s ) , s ) d x ( s ) 
i a i x 

f o r a l l t € [ 0 , 1 - T ] 

y T ( t ) = / t 1 y T ( s ) f x ( x " ( s ) , x * ( s - t ) , u * ( s ) , s ) d s 
i i + / X 0 l x ( x * ( s ) , u * ( s ) , s ) d s + / t g x ( x * ( s ) , s ) d x ( s ) 

for a l l t £ [ 1— x, 1] 

=0 

As in sect ion B8 in Chapter 1, the Maximum P r i n c i p l e may 
be s ta ted in "pointwise" form as 

i > T f ( x * , y * , u * , t ) + \ 0 l ( x * , u * , t ) 
T = max ii> f ( x * , y * , v , t ) + M ( x " , v , t ) > 

w£ q 
for a . a . t £ T 
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APPENDIX D 

RELATIONS B E T W E E N P R O B L E M S P3 AND P 3 R 

In th i s a p p e n d i x we obta in n e c e s s a r y condi t ions for both 
problems P3 and P3^ , and in doing so we deduce c e r t a i n 
re la t i ons between the two problems. The two problems in 
quest ion are: 

Problem P3 

Min / 0 l l ( x ( t ) , u ( t ) , t ) d t 
u 

s . t . x ( t ) = f ( x ( t ) , x ( t - x ) , u ( t ) , t ) for a . a . t e T 
x ( t ) = <t>(t) for a l l t € [ - x , 0 ] 
g ( x ( t ) , t ) < 0 for every t € T 

u € G 

Problem P3^ (for K > 0 ) 
fv 

Min / 0 1 l ( x ( t ) , u ( t ) , t ) d t + K max ( g ( x ( t ) , t ) ,0 > 
u ~ 0 < t < 1 

s . t x ( t ) = f ( x ( t ) , x ( t - x ) , u ( t ) , t ) for a . a . t € T 
x ( t ) = <t> (t) for a l l t € [ - x , 0 ] 

u € G 

Assume for the moment that the two problems are 
e q u i v a l e n t and that ( x * , U * ) i s an optimal pa ir for P3 and P3„. 

K 
We wi l l assume that the hypotheses s tated in Chapter 5 

ho lds here as w e l l . Then it i s shown in Appendix C that the 
Maximum Pr inc ip le for Problem P3 i s 



1. There e x i s t s a r e a l number X 0 and a x(t) € N B V [ T ; |R] not 
both zero such that 

( i ) x 0 < 0 and X i s non increas ing 

( i i ) X i s cons tant for I CT where I i s de f ined by 

I = { t € T : g ( x * ( t ) , t ) < 0 > 

(Lii) / 0 l [ * T ( t ) f ( x * , y * f u * , t ) + x 0 l ( x * , u * , t ) ] dt 
= max V [ i p T ( t ) f ( x * , y * , v , t ) + l ( x * , v , t ) ] dt 

v £ G ~ 

where ip(t) : T -*• I R n i s the solut ion of 

* T ( t ) = /» i p T ( s ) f x ( x * ( s ) , X " ( s - x ) , u * ( s ) , s ) d s 

T 
+ f } Tj; ( s+x)f (x*(s+x ) , x * ( s ) ,U" ( s+x) , s + x ) d s 

t y 
+ / 1 x 0 1 ( x * ( s ) , u * ( s ) , s ) d s + / l g ( x * ( s ) , s ) d x (s ) 

I X t X 

for a l l t € [ 0 , l - x ) 
T T 

ty (t) = / j. ̂  ( S ) f (X"(s),X"(s—x),u" (s),s) ds 

+ /+1 x 0 l ( x * ( s ) , u * ( s ) , s ) d s + / i g ( x * ( s ) , s ) d x ( s ) 
L a -w I X 

for a l l t e [ 1- x, 1 ] 
u (1) = 0 

We now cons ider Problem P3„ . Warga [ W4 ] h a s shown how 
K. 

th i s can be reduced to a s tandard problem ( P 3 w b e l o w ) . For the 
sake of completeness we descr ibe th i s reduct ion , and descr ibe the 
Maximum Pr inc ip le for the reduced problem here . To def ine 
P 3 w we need to introduce the fo l lowing: 

954 



p ( t ) = l ( x ( t ) , u ( t ) , t ) for a . a . t € T 
p(0) = 0 

and r ( t ) = max { g ( x ( s ) , s) ,0 } for t € T 
0 < s < l 

Then we de f ine P3 by 

Problem P3 w 

Min p( 1)+Kr(1) 
s . t x ( t ) = f ( x , y , u , t ) for a . a . t € T 

x ( t ) = $(t) for a l l t 6 [ - x , 0 ] 
p ( t ) = 1 ( x , u , t ) for a . a t € T 
p(0) = 0 
r ( t ) = 0 for a . a t € T 
r(0) > 0 

g ( x , t ) - r ( t ) i 0 for every t £ T 
u € G 

Let x * f p * ( l ) , r* (1) be optimal for P3 and the optimal w 
control be ing u* £ G. We wi l l use the extremal theory s ta ted in 
Appendix C to der ive the Maximum Pr inc ip le for P3 . This i s done w 
as fo l lows: 

Set D ^ x ( t ) = f ( x , y , u , t ) a . a t € T 
X ( t ) = <D(t) for a l l t € [ - T , 0 ] 
u €G > 

as in Appendix C and def ine P, R G IR by 

P = ( p ( 1 ) : p ( l ) = / 0 1 l ( x , u , t ) d t , x £ D, y £ Q } 
R = (r : r > 0 } 
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Using the same notat ion as in Appendix C we def ine 
$ = DxPxR. 

Embed i n % k C(T; IR n )x IR x IR 

i s set to be |RxC[T; |R ] and de f ine the open cone Z in 

^by 

z k S £ IR , C < 0 } x { y € C [ T ; IR] :y ( t )<0 a l l t } 

Lett ing • : de f ined by 

* ( x , p , r ) ^ ( p ( l ) + K r ( l ) - p * ( l ) - K r * ( l ) , g ( x , t ) - r ( t ) ) 

i t i s e a s y to see that x * , p* , r* i s a {<$> ,Z) -extremal for 
Problem P3 . w 

We have that 

6 4 > ( ( x * , p * , r * ) ; ( z , h , s ) ) = ( h ( l ) + K s - p * ( l ) - K r * , g x ( x * , t ) z + s ) 

and Q S { z ~ * Y ( t ) ; for a l l t £ T, v € G } i s a f i r s t order 
convex approximation to D at x* (as in Appendix C). Using a 
s i m i l a r method we can show that 

H = { h ( l ) : h ( l ) = / J l x ( x * , u * , t ) z ( t ) + l ( x * , v , t ) ] d t 

z €Q, v € G } 

i s a f i r s t order convex approximation to P at x * . Then d e f i n i n g 
z j l / l - QxHxR, a l l the condi t ions in Appendix C are 

s a t i s f i e d . Therefore we can deduce that the fo l lowing i s true for 
the above choices of <D, Z , $ » : 

There e x i s t s a nonzero 1 £ ^j, such that 

( i ) 1 o 6<|>((x*,p*,r*) ; ( z , h , s ) ) < 0 
for- a l l ( z , h , s ) / ( / ( 

( i i ) 1 (a )>0 for a l l a € Z 
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( i i i ) 1 o 0 ( x * , p * , r * ) = 0 

Consider ( i ) . Since " = IRxNBV[T; |R ] 1 i s of the form 
( x 0 , x) and therefore ( i ) becomes 

X 0 ( h ( l ) + K s - p * ( l ) - K r * ) + / 0 l ( g ( x * , t ) z + s ) d x ( t ) < 0 
a 

for a l l z €Q, a l l h € H , a l l s 6 R 

Since th i s holds for a l l ( z , h , s ) € ^ y ^ f w e must have 

(a) x 0 h (1) < 0 for a l l h ( l ) € H 
(b) X0 Ks+ j-q1 s d x ( t ) < 0 for a l l s € R 
(c) / 0 l g ( x * , t ) z d \ ( t ) < 0 for a l l z €Q 

From (b) we get x 0 K + / 0 1 d x ( t ) <0 

i . e . T.V(X ) < - X0 K 

Now r*=0 s ince r*= max { g ( x * , t ) , 0 } and x* i s the 
0 < t <1 

so lut ion , therefore g ( x * , t ) < 0 for a l l t € T . 
Then the above equat ion becomes 
x 0 ( h ( 1 ) - p * ( 1 ) ) + / Q 1 g x ( x - , t ) z d x (t)< 0 

for a l l h €H, z €Q 

By def in i t ion of H, and us ing the form of h ( l ) for a l l 
h € H we get 

X 0 { / „ » [ l x ( x * , U * , t ) z ^ * ^ ( t ) + l ( x * , y > t ) ] d t - p * ( l ) } 

+ / 0 1 g x ( x " , t ) z y " , Y ( t ) d x ( t ) <. 0 

for a l l v € G 

Now p * ( l ) = /o 1 1 (x" ,u" , t ) d t (solut ion of P3 ) . 



L e t t i n g A l ( v , u * ) = l ( x * , v , t ) - l ( x * , u * , t ) 
and l v ( u * ) =1 ( x * , u * , t ) we get — x — 

X 0 ; 0 1 [ l x ( u " ) z - " ' - ( t ) + A l ( v , U " ) ] d t + / 0 1 g x ( x ^ , t ) z y " r , Y ( t ) d X ( t ) < 0 

for a l l v £ G 

The rest of the proof for d e r i v i n g the Maximum Pr inc ip le 
for P 3 w fo l lows e x a c t l y a long the l i n e s for P3 shown in Appendix 
C. Using th i s procedure we a r r i v e at a Maximum Pr inc ip le which 
i s the same as for Problem P3 but with one ex tra condi t ion , 
which i s that T .V(x) < . - X „ K . From ( i i ) above we can deduce that 
X 0 < 0 and for normal problems we can normalize X 0 to - 1 , 
therefore we get T.V(X)<K, i . e . the mul t ip l i er a s s o c i a t e d with the 
s ta te cons tra in t has i t s v a r i a t i o n bounded by K . Hence if K i s 
chosen so that K >T.V( x ) where X i s the mul t ip l ier in the 
Maximum Pr inc ip le for P3 we can deduce that the n e c e s s a r y 
condi t ions for opt imal i ty for P3 and P3t<- are e q u i v a l e n t . 
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