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ABSTRACT 

The design of increasingly complex spectroscopic systems has led 

to the need to find a way of studying their aberrations. The work in 

this thesis has been to this aim and is concerned with the development 

of the wavefront aberration theory for holographic toroidal grating 

systems. 

Analytical expressions for the sixteen aberration coefficients 

of a holographic toroidal grating are derived. These may be applied 

to give the aberrations to the fourth order of a plane symmetric 

grating system. They directly establish the contributions from each 

mirror and grating to the aberrations present in the final image. 

The aberration series has one field variable describing the 

displacement of the object point from the plane of symmetry. The 

aperture stop defining the principal ray path from this point can be 

positioned anywhere within the system. Equations relating the 

aberration changes produced by a shift in this stop position are 

given. 

\ 

An important point of the theory is the calculation of wavefront 

aberration with respect to an astigmatic reference surface. This 

overcomes a problem encountered in plane symmetric systems of finding 

the aberrations when the intermediate images are astigmatic. 

The theory is applied to the analysis of the aberrations of a 

soft X-ray spectrographic system. In this grazing incidence system a 

toroidal mirror placed in front of a concave grating spectrograph 

provides spatial resolution perpendicular to the dispersion plane. 

The extreme astigmatism of the image between the mirror and the 



- 3 -

grating has prevented previous study of the aberrations. Comparison 

between the spot diagrams generated from the aberration coefficients 

and those produced by raytracing showed that the theory accurately 

describes the aberrations of this system. 

An optimisation program based on the aberration theory enabled 

an improved design of this X-ray system to be obtained. Use of a 

holographic grating allowed the spectrum to be formed on a flat plane 

perpendicular to the principal ray. Apart from extending the spatial 

resolution over a wider wavelength range this design is particularly 

suitable for the recently developed microchannel array detectors. 
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Foreword 

Why bother with an aberration theory for holographic grating 

systems? Optical systems can be designed and optimised by raytracing 

so why go to the trouble of considering their wavefront aberrations? 

In the following paragraphs I intend to answer the questions 

above giving the viewpoint I have arrived at from my own experience. 

For the designer the most important reason for considering the 

wavefront aberrations of a system is their ability to show the 

aberration contributions from each of the indiv.ual elements. This 
id 

splitting up of the optical system helps when deciding what steps 

should be taken to correct the aberrations present. The elements at 

which the aberrations arise can be found and the addition or 

cancellation of the aberrations between them can be clearly seen. 

By having the wavefront aberration coefficients available in an 

algebraic form then the important parameters affecting the correction 

of an aberration can be identified. 

In the case of a holographic grating the aberration terms have 

two components. One of these is dependent upon the shape of the 

substrate and the conjugates it is used at. The other depends on the 

holographic grating and varies linearly with the reconstruction 

wavelength. From these the designer can easily see how effective the 

aberration correction of the holographic grating will be over the 

wavelength range. 

When considering the design of a system, at first sight an 

optimisation program appears to provide the complete solution. 
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Although of invaluable help to the designer many crucial decisions are 

left in his hands, these are the initial system to be entered and the 

paramaters to be varied. They are arrived at in most cases by 

analysing the final design obtained from the program. Here again, 

splitting up into individual elements considerably simplifies the 

problem. The program itself has a limited set of ways by which it 

will try and improve the performance of the system. Any steps outside 

the choices available to the program must be decided by the designer; 

for example it may be necessary to introduce extra elements. Studying 

the aberrations of the system gives the designer a better intuitive 

grasp of what is going on in order to make these decisions. 

All too often an aberration theory is presented as an end in 

itself without any consideration of whether it is of use for the 

design of the system it describes. I hope that I have remedied this 

situation for the theory given, by the detailed design example in 

chapter 5. 

Turning now to the terminology employed which may be unfamiliar 

to the reader. The term anastigmatic is used to indicate an absence 

of astigmatism, this does not necessarily imply a stigmatic wavefront 

because other aberrations may be present, ex. coma. The base ray is 

the principal ray from the central field point and the basal theory 

denotes the aberration terms obtained by using the field coordinates 

associated with this ray. The parabasal theory refers to the 

approximation, when only the first and second order aberration terms 

are considered. 

Finally, I would like to acknowledge two works which I have 
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found very useful. The first is a very interesting paper by C.G. 

Wynne on the aberrations of cylindrical lens systems (1). It was this 

paper that showed me the possibility of dealing with the aberrations 

of astigmatic wavefronts. The second is W.T. Welford's book on the 

aberrations of the symmetrical optical system (2). Most of my 

understanding of aberration theory is taken from this work; of 

particular guidance to me have been the sections on the derivation of 

the Seidel aberrations and the stop shift equations. Indeed, I drew 

heavily on this section when deriving the stop shift equations for the 

plane symmetric system. 
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CHAPTER 1 

INTRODUCTION 

The diffraction grating, discovered in 1786 by David Rittenhouse 

(3), has become one of the most widely used tools of spectroscopic 

analysis. Its use has extended throughout the spectrum from the far 

infra-red to the soft X-ray region. 

In the past, the grating has been produced by ruling a series of 

grooves in a metal layer evaporated onto the flat or slightly curved 

substrate. This conventional grating can be considered as having its 

grooves formed at the intersections of the grating blank with a set of 

parallel planes separated by equal distances. For a curved substrate 

these planes are orthogonal to the tangent plane at the pole of the 

grating. 

The production of holographic gratings by Rudolph and Schmahl in 

1967 opened a new era in spectroscopic instrumentation (4). These 

gratings are formed by recording the interference pattern produced 

from two coherent point sources; a feat made possible by the advent of 

the laser. 

The conventional grating can be considered as a special case of 

the holographic grating. It is produced when the construction sources 

are at infinity and symmetrically placed with respect to the normal at 

the pole of the substrate. The frequency of the grating is determined 

by the angular separation of the sources and the wavelength of the 

laser. 

The obvious advantage of holographic gratings is their ease of 
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manufacture. Less apparent are the new design possibilities presented 

by the groove pattern, which is no longer limited to equally spaced 

straight rulings as in the conventional grating. The groove pattern 

on the surface is formed by the intersection of the grating blank with 

a series of confocal hyperboloids or ellipsoids depending on the 

convergence or divergence of the point sources. The choice of this 

pattern and the shape of the aspheric surface determine the aberration 

properties of the grating. 

1.1 Development of Grating Theory 

1.1.1 Conventional Gratings 

The birth of the modern diffraction grating dates from 1821 when 

Joseph von Fraunhofer ruled the first optical gratings (5). He also 

extensively examined their properties experimentally and 

theoretically, deriving the famous grating equation, 

sin (3 - m X - sin a 

5 

Where |3 the angle of diffraction is given in terms of a the incident 

ray angle and X the wavelength of the light. For the next sixty years 

plane diffraction gratings where used in spectroscopes and this simple 

equation sufficed to describe their geometric properties. 

Then in the November of 1881 Professor H.A. Rowland of John 

Hopkins university announced the production of the first ruled concave 

diffraction gratings (6). He noted their ability to produce a 

spectrum on a circle with the same diameter as the radius of curvature 
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of the grating and the Rowland circle mount was born. Employing no 

dioptric elements which would otherwise absorb the light this mounting 

has been used throughout the spectral range. 

Rowland derived the position of the meridional focus for a 

concave grating using a Huygens zone treatment in a later paper (7). 

This formula was used to show the reasoning behind his mounting. He 

then considered the aberrations of the grating by comparing its ruling 

spacing with that of a perfect grating, which brought all the rays of 

light from the object point to a focus at the image point on the 

Rowland circle. From this comparison he decided that the aberrations 

were not important for the conjugates and sizes of gratings that he 

was using. 

After reading Rowland's paper, Mascart in France considered the 

focal properties of a concave grating (8). Instead of using a Huygens 

zone treatment he concerned himself with finding the ray directions 

after diffraction by applying the grating equation. Taking the 

appropriate approximations enabled him to derive the conjugate 

distance equations for the meridional plane of the grating. 

The necessity of taking spectra of the sun and a reference 

source simultaneously, led Sirks in 1894 to consider the problem of 

astigmatism in the Rowland mounting (9). Applying Fermat's principle 

to a vertical groove he derived the necessary position of the sagittal 

focus of the source, outside the Rowland circle, to ensure that the 

astigmatism of the spectrum was reduced. This was achieved 

experimentally by the use of a cylindrical lens, which enabled the two 

spectra to be photographed without their overlapping. He also came to 
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the conclusion that a concave grating could be thought of as a system 

of two concave mirrors with twice the radius of curvature seperated by 

a plane diffraction grating. 

An increasing interest in the use of the Rowland circle mounting 

at grazing incidence led Mack, Stehn and Edlen to publish a paper on 

its aberrations (10). They derived these in the meridional plane by 

expanding the optical path length through the grating and concluded 

that at grazing incidence there was an optimum width for the maximum 

resolution. This width was found to be a compromise between the 

spherical aberration and diffraction limited performance. They also 

showed that the line shift produced by the higher order meridional 

coma was negligible. 

The first comprehensive paper on the aberrations of the concave 

grating was published in 1935 by Zernike (11). He derived the 

aberrations by applying an extension of Fermat's principle which 

allowed for the phase change between the different grooves of the 

grating. From the wavefront aberration terms derived the transverse 

ray aberrations were calculated. 

Beutler's well known work on the theory of the concave grating 

appeared in 19^5 (12). This comprehensive paper contains all the 

aberrations to the fourth order and analyses those present in the 

common grating mounts of the day: Rowland, Eagle and Paschen. One of 

its most interesting sections is the discussion of the two types of 

spectrum line curvature. 

Corresponding to Beutler's work on the concave grating Haber 

dealt with the torus grating in a similar manner (13). The use of two 
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radii of curvature to define the grating substrate makes the terms 

more complex algebraically but when the radii are the same then the 

terms reduce to Beutler's expressions. Haber's chief purpose in 

considering the torus grating was its reduced astigmatism on the 

Rowland circle when compared to the concave grating. 

A detailed review paper on the theory of gratings and grating 

mountings was written by Welford (14) in 1965. In addition to 

surveying the classical mountings a section is included on the 

Japanese Seya-Namioka type, developed chiefly for photoelectric 

purposes. 

In normal use the concave grating has its entrance slit 

symmetrically placed with respect to the meridional plane. The 

optical path function is usually expanded in terms of the pupil 

coordinates and the field coordinate of the object point height in the 

entrance slit. So if the object point is a considerable distance from 

the meridional plane then the aberration series expansion will be 

inaccurate; this is the case for extreme off-plane mountings, where 

the grating grooves are nearly parallel to the incident rays. To 

overcome this problem Werner (15) avoided the expansion in the field 

coordinate by rotating the coordinate system about the grating pole so 

that it coincided with the object point. Unfortunately the terms are 

quite complex and no example is given utilising their full potential. 

There seems to have been one attempt at treating the aberrations 

of a system of mirrors and gratings. This is by Rosendahl (16), who 

considered the aberrations in terms of ray deviations. His papers 

deal with the astigmatism and meridional coma for an in-plane object 
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point. Although he reports as having read Beutler's paper it is 

surprising that a more comprehensive treatment is not given, based on 

an extension of Beutler's coefficients. 

1.1.2 Holographic Gratings 

The most notable of the early papers on the theory of 

holographic gratings were those of Meier (17) and Champagne (18). 

Meier considered the variation in phase of the image forming 

pencil over the exit pupil and from this derived the aberrations to 

the fourth order. However, choosing a field coordinate system common 

to both the object and image spaces in effect limited the theory to 

rotationally symmetric systems. 

In order to describe the aberrations of off-axis holograms 

Champagne chose seperate field coordinate systems in the object and 

image spaces. These systems were based on a principal ray travelling 

through the center of the field stop and ensured the accuracy of the 

aberration series expansion at the center of the object field. The 

theory presented is perfectly capable of describing the aberrations of 

plane holographic gratings but as such does not seem to have been 

used. 

In 1970 Cordelle et al., at the firm Jobin Yvon in France, 

published their results on the holographic aberration correction of 

concave gratings (19). They showed the possibility of correcting the 

astigmatism at three seperate wavelengths. Their results were arrived 

at from aberration terms obtained by expanding the optical path length 

through the grating. In the paper they give the terms for meridional 



- 16 -

and sagittal defocus together with the meridional coma for an object 

point in the meridional plane. 

The geometric theory of a general holographic grating was 

presented in 1974 by Noda et al.(20). A power series is used to 

describe the grating substrate shape and any surface with a plane of 

symmetry may be represented with sufficient accuracy in the theory. 

All the aberration terms to the fourth order in field and pupil 

coordinates are given, the rectangular aperture stop is assumed to be 

at the grating surface. 

The aberration theory for a holographic grating on a toroidal 

substrate was published in 1975 by Lepere (21). The aberrations are 

taken to the fourth order so terms describing spherical aberration are 

present; these did not appear in the paper by Cordelle (19). The 

system for which the expansion is taken has a plane symmetry with the 

object point lying in the plane so the expansion is only in terms of 

the pupil coordinates. After deriving the aberration terms they were 

applied to the design of a vacuum ultraviolet monochromator. 

Velzel (22) has also produced a theory for holographic gratings 

of arbitrary shape. To avoid restricting the object point to the 

vicinity of the meridional plane the optical path length expansion is 

done in pupil coordinates only. To analyse the aberrations he 

considers how the direction cosines of a diffracted ray in the exit 

pupil differ from those required for perfect imaging. As he points 

out in a later paper (23), the expansion used is not valid for grazing 

incidence mountings. 

Finally, Masuda has considered the aberrations of the 
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holographic toroidal grating (24). The terms presented are those of 

Noda (20) simplified by the substitution of the toric surface. Unlike 

Lepere (21) the series contains a field coordinate for the height of 

the object point in the entrance slit and hence describes the 

off-plane aberrations of the grating. 

1.1.3 Summary 

The present state of the theory is that the aberration 

coefficients for conventional and holographic gratings have been found 

up to the fourth order. In these coefficients one field coordinate 

appears describing the displacement of the object point from the plane 

of symmetry. 

The aperture stop in the theories developed so far has always 

been assumed to be at the grating surface. This means that the 

principal ray from the object point must pass through the pole of the 

grating. The possibility of using other stop positions to correct the 

off-plane aberrations has not yet been considered and is probably a 

trait left over from the days when maximum use had to be made of the 
\ 

ruled area. 

The works reviewed have always expanded the optical path length 

through the grating and have not considered using the wavefront 

aberration. This has resulted in terms appearing wholly dependent on 

the field coordinates and independent of the pupil coordinates: see 

Noda (20) and Masuda (24). These terms have no physical significance 

when considering the aberrations of the system. 

In the next chapter the aberration theory is developed for 
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holographic grating systems with more than one element. This is done 

by first finding the aberrations of a single holographic grating with 

a stop displaced from the surface. The problem that results from 

astigmatism within the system is also effectively dealt with. 

1.2 Grazing Incidence Spectrographs 

The aberration theory presented in the next chapter, although 

quite general in application, was developed to predict the aberrations 

of a particular grazing incidence spectrograph. This spectrograph is 

described in this section along with the other principal designs it is 

related to. A review is also included of the features of the soft 

X-ray region important in instrument design, providing the background 

for chapter five. 

1.2.1 Soft X-Ray Region 

The wavelength range covered by the soft X-ray region is from 4 

to 300A. The main instrument used to measure the wavelength 

accurately in this region is the grazing incidence spectrograph, below 

20A crystal spectrometers are also used. The radiation is 

characterised by its absorption in air so any instrument used must be 

evacuated. 

Important applications of soft X-ray spectroscopy are plasma 

diagnostics, investigations into the suns solar corona and X-ray 

astronomy. In these subjects the requirement of providing spatial as 

well as spectral resolution is one of the challenges for the designer. 

Grazing incidence optics rely on the principle of total external 
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reflection; so named because of its similarity to the process of total 

internal reflection in the visible region. The reflection of X-rays 

at large angles of incidence was first observed by Compton (25) in 

1923 and is due to the fact that the refractive index of materials is 

less than unity for these wavelengths. 

The critical angle for a particular material can be found by 

applying Snell's law. For a ray travelling in a vacuum and incident 

at an angle i1 on the surface this gives, 

sin h = n 2 sin i2 

where n 2 is the refractive index of the material at wavelength X and 

'12 is the angle of the refracted ray. The critical incidence angle ic 

is then given when <2=90° so that, 

ic= sin1 (n 2) 

X-rays of wavelength X incident at less than the critical angle will 

not be reflected. In practice the critical angle is not so sharply 

defined, especially for the longer wavelengths. 

At grazing incidence the aberrations of a focussing optic 

increase rapidly as the angle of incidence increases, the light 

gathering power will also decrease. It is therefore imperative in a 

particular design to ensure that the optics are used at the minimum 

angle of incidence possible with the wavelength of the X-rays 

travelling through the system. Now Franks (26) has shown that for a 

particular wavelength, 

cos ic c< /n7 
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Where N e is the electron density of the material. Clearly it is 

advantageous to use a high electron density material to reduce the 

critical angle. This is usually done by evaporating a layer of gold 

onto the substrate. 

Fig. 1.1. Variation of Critical Angle ic with Wavelength 

{Howells (27)) 

The variation of the refractive index with wavelength will cause 

a change in the critical angle, this change is plotted in figure 1.1. 

The graph enables the minimum angle of incidence to be chosen for the 

optical elements in a system to let through the shortest wavelengths. 

The critical angle cut-off has been used to advantage in some designs 

to filter out the shorter wavelengths. 

The major difficulty in the fabrication of X-ray optics is the 

polishing of smooth optical surfaces. Because the wavelengths used 

are two orders of magnitude shorter than in the optical region, 

mirrors which appear optically smooth may scatter considerable amounts 

of X-rays. At the present time this scattered radiation is the chief 

limit on the resolution of the reflecting Wolter microscopes and 

telescopes used in the X-ray region. To ensure surface smoothness 

metal coatings must be strictly monitored. In the case of gold it has 
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been found that there is an optimum thickness around 200A. Below this 

the gold is tojthin to reflect efficiently and if the coating is above 
o 

this then the surface roughness increases. 

The principal means of recording soft X-ray spectra until now 

has been the Schumann photographic plate. In this type of plate the 

photographic grains lie on the surface of the gelatin to avoid any 

absorption of the X-rays before they reach them. Increased 

sensitivity has been provided by using microchannel plates in front of 

photographic film. X-rays striking the surface produce photoelectrons 

which are amplified by the cascade process as they are accelerated 

down one of the channels, the resultant bunch of electrons exposes the 

film. 

Recent advances in detector technology have brought about the 

the production of microchannel multi-anode plates (28). Instead of 

using photographic film a multi-anode array is placed at the back of 

microchannel plate. The use of spatial coding techniques provides a 

reduction of the number of amplifiers required for the array and makes 

possible a resolution of 25 jlm over areas of 150 mm^ These detectors 

will revolutionise soft X-ray instrumentation, avoiding the changing 

of photographic plates in a vacuum system and providing real time 

pictures from microscopes and telescopes. 

1.2.2 Spectrograph Designs 

The diffraction of X-rays by a grating at grazing incidence was 

first demonstrated in 1925 by Compton and Doan (29). The incident 

beam was collimated by two widely spaced slits and the diffracted beam 
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was recorded by a photographic plate. The plane grating used had a 

frequency of 50 lines/mm and was ruled in a layer of speculum metal. 

From the results recorded, after an exposure time of 9 hours, they 

calculated the wavelength of the molybdenum K ^ line. 

Two years later at the suggestion of Compton, Osgood succeeded 

in using a two metre Rowland circle spectrograph at grazing incidence 

(30). He obtained spectra in the wavelength range 40-200A and 

concluded that of the two concave gratings tested, the glass was 

Fig. 1.2. Astigmatism of the Concave Grating 

The concave grating, when used at grazing incidence, suffers 

from a loss of focussing power in the vertical direction. As a result 

the image produced on the Rowland circle is extremely astigmatic, this 

is shown in figure 1.2. The spreading of the image decreases the 

light intensity at the photographic plate which leads to the need for 

increased exposure times. It was to overcome this problem with a 

concave mirror that Jentzsch first suggested the use of a toroidal 

mirror (31). 
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Similarly, a toroidal grating can be used to reduce the 

astigmatism in the case of a spectrograph. The increased curvature in 

the sagittal plane restores the vertical focussing power and 

compensates the astigmatism for a particular wavelength, this can be 

seen in figure 1.3. The main difficulties in producing a toroidal 

grating have been the figuring of the aspheric surface and the ruling 

of the grating on the surface, because of its small radius of 

curvature. The ruling problem has been overcome by forming the 

grating holographically and Speer et al. (32) have reported on the 

successful production of holographic toroidal gratings. The comatic 

aberration of a toroidal grating reduces the resolution available on 

the Rowland circle compared with a concave grating so it only tends to 

be chosen when the exposure time is of prime importance. 

Before toroidal gratings could be made, Rense and Violett 

corrected the astigmatism of their concave grating spectrograph by 

placing a toroidal mirror before the entrance slit (33). This 

arrangement can be seen in figure 1.4. The vertical radius of 

curvature of the toroid is chosen so that the focus in the sagittal 
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plane occurs at the required wavelength on the Rowland circle. Thus, 

the system is anastigmatic at this wavelength and neighbouring 

wavelengths have their astigmatism considerably reduced. Rense and 

Violett were interested in rocket borne solar spectroscopy and 

estimated a speed increase of a factor of 8 for their spectrograph, 

after taking into account the mirror reflectivity. 

It was with this spectrograph that Rense and Violett in 1959 

made the important discovery of the He I (584A) and He II (304A) 

resonance lines in the suns spectrum. 

Fig. 1.4. Rense and Violett's Grazing Incidence Spectrograph 

Recently, Tondello (34) has imaged laser produced plasmas using 

the same arrangement as that of Rense and Violett. The correction of 

entrance 
slit 
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the astigmatism makes spatial resolution possible in the sagittal 

direction. Looking at the photographic plate, images are seen of a 

thin slice of the laser plasma at the different emission wavelengths; 

displayed in a similar way to the images obtained in 

spectrohelioscopy. The best spatial resolution occurs at the 

anastigmatic wavelength and decreases for wavelengths away from it as 

more astigmatism becomes present. In Tondello's system the 

anastigmatic wavelength is changed by moving the grating and by using 

toroidal mirrors with different sagittal radii. 

It was in order to predict the aberrations of Tondello's system 

that the theory presented in the next chapter was developed. There 

are two reasons why the aberrations of this system cannot be found 

with existing theories. The first is the extreme astigmatism of the 

ray pencil from the toroidal mirror to the grating and the second 

because none of the present theories can predict the off-plane 

aberrations for a system more complex than a single grating. 
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CHAPTER 2 

WAVEFRONT ABERRATION THEORY 

2.1 Basic Ideas 

The aberrations of an optical system describe its failure to 

form a perfect image of an object. Considered geometrically, a 

perfect image is produced when all the rays of light from each point 

on the object pass through the corresponding points in the image. The 

positions of these conjugate points are found from the intersection of 

the central rays through the exit pupil with the image plane. 

From each point of the object a ray pencil, determined by the 

entrance pupil, passes through the system. The aberrations define the 

failure of the system in forming the corresponding stigmatic pencils 

in their correct positions in the image space. It follows from this 

definition that the types of aberration fall into two sets. The first 

set describe the deviation of the rays in a pencil from a stigmatic 

focus, for example astigmatism and coma. The second set describe the 

displacement of the focus of the ray pencil from its required position 

in image space, ex. distortion and defocus. Whereas, the first set 

depends upon the construction of the optical system, the second set is 

also influenced to a great extent by the image surface chosen. 

The aberrations so far have been presented in terms of the 

distortion and displacement of the ray pencils, now the wavefronts of 

these pencils will be considered. The wavefronts from a point source 

are spherical and normal to the rays. After passing through an 

optical system these wavefronts remain normal to the rays, by the 
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theorem of Malus and Dupin. If the system were ideal then it can be 

seen that the wavefronts of a ray pencil in the image space would be a 

set of spheres centred on the correct image point position. These 

spheres provide a set of reference surfaces against which the 

aberrated wavefronts from the real system can be compared. The 

wavefront aberration is considered as the deviation of a wavefront 

from its corresponding reference sphere. Thus, the stigmatic 

properties of the ray pencil are determined by the asphericity of the 

aberrated wavefronts. The displacement of the focus from its correct 

postion is found by comparison between the spherical approximation to 

the wavefront, and the reference sphere. 

2.1.1 Aberration Coefficients 

The wavefront aberration of a general ray through an optical 

system is given by the optical distance along that ray between the 

wavefront and the reference sphere, where these surfaces correspond 

to the object point the ray came from. The particular wavefront and 

reference sphere are chosen so that they both intersect at the centre 

of the exit pupil. This ensures that the principal ray, which passes 

by definition through the centre of this pupil, has zero aberration. 

The principal ray from an object point is the central ray of the 

ray pencil at the aperture stop. This stop is considered as limiting 

the width of the ray pencils from the object and determines the light 

flux through the system. The entrance and exit pupils are images of 

the aperture stop in the object and image spaces respectively. 
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i' 

Fig. 2.1. Image Formation by an Optical System 

It is well known that the wavefront aberration of a general ray 

between the object and the image can be expressed by the difference in 

the optical paths between the ray and the principal ray. Hence 

referring to figure 2.1 the wavefront aberration W is given by, 

Where < > has the usual meaning of optical length and barred symbols 

will be used for the principal ray. 

The wavefront aberration as expressed above is obviously a 

function of the ray path chosen through the system. This path is 

determined by the point on the object the ray comes from and the 

position the ray enters the entrance pupil. For a one dimensional 

object, i.e. a narrow slit, the single field angle u suffices to 

specify the object point. The ray's position in the entrance pupil is 

given by its x,y coordinates, so 

W = optical path length - optical path length 
of principal ray of general ray 

[ 2 . 1 ] 

W = <IPI'> - < I P T > [2.2] 

W = f (x,y,u) 
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expanding this as a power series gives 

OO 00 00 

W = I I E W i i kx'yiu
k 

i=0 j=0 k=0 'JK 

The Wjjk coefficients are referred to as the wavefront aberration 

coefficients. 

In practice the power series is rarely taken beyond the fourth 

order i.e., 

i+j + k 

This is mainly due to the complexity of the terms but also because of 

various approximations made in deriving the series. At reasonable 

apertures and field angles the aberrations are accurately described by 

the terms to the fourth order so there is little point in considering 

higher order aberrations. 

The order of a coefficient will be defined in this work by the 

sum of the pupil and field coordinate powers of the term. Thus 

spherical aberration will be referred to as a fourth order 

coefficient. 

To simplify the expression of power series the following 

notation will be used, 

u 
E = E E E where i+j + k ^4 

ijk i j k 

This specifies the sum of the terms to the fourth order. 
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2.1.2 Stigmatic Wavefront Transfer 

Consider now the effect on the aberrations present in the final 

image when two optical systems are in series as in figure 2.2. The 

image i', which may be real or virtual, occurs in the intermediate 

space between two systems. The position of I' is determined from 

paraxial optics, i.e. the first and second order aberration 

coefficients should be zero. 

Fig. 2.2. Image Formation in Two Optical Systems 

The aberrations present at I' will depend upon the first system. 

The aberrations of the final image l"will also incorporate those 

produced by the second system when the aberrated wavefront travels 

through it. Assuming I to be a reasonable image then the ray paths 

through the second system, will remain approximately the same if a 

spherical wavefront is taken from I' instead of the aberrated wave. 

By choosing the appropriate coordinates this enables the aberrations 

of the final image to be found from the sum of the aberrations of the 

two individual systems taken seperately. 
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Applying this to the ray show, in figure 2.2, then from [2.1] 
n 

w = < i ^ r | r > - < i fj rp2r> 

= <if;I'> - <i + <I'|I*> - < 

= C W ] 1 + [ W ] 2 [2.3] 

The subscripts refer to the two systems. 

The wavefront aberrations of the two systems can be expressed as 

power series in the field and entrance pupil coordinates. Now if the 

series used are based on normalised ray coordinates so that the same 

ray has the identical coordinates ( x n . y n < u n ) in both systems, then 

[ W], z h w . ^ ] , uS [2.4] 

[W] 2 = I[Wijk]2xi1yiu
k
n [2.5] 

Therefore using [2.3] and substituting in [2.4] and [2.5], 

W = I { [W i j k] 1 + [ W - ^ J x ' n y i u S [2.6] 
ijk 

This gives the aberration series for the total system, 

W = I W i j k x U u E 

where Wijk= [W--,], + [W i j k] 2 

Showing that the aberrations in the final image can be found from the 

sum of the aberrations of the two systems. This is one of the most 

important properties of wavefront aberration theory, enabling the 

balancing of aberrations between different components in the system. 

In the above derivation normalised ray coordinates are used to 

enable the addition of the individual terms for the two systems. This 



- 32 -

is only possible if the ray pencil remains approximately homogeneous 

throughout the two systems. Referring to the real coordinate systems 

shown overleaf in figure 2.2, this means that for each ray in the 

pencil, 

x2 oc x1 y2 oc y, 

the constant of proportionality being the same in both cases. The 

image of the object should also be uniform so that for the set of 

principal rays from the object, 

u2 cc u1 

These conditions were implied when I' was referred to as being a 

reasonable image. 

The use of no/nalised ray coordinates is only valid when small 
r 

aberrations are present at I'. If large aberrations are present then 

the addition of the aberrations of the two systems is no longer 

accurate. In other words, the stigmatic wavefront transferred to the 

second system no longer represents with sufficient accuracy the actual 

ray paths through that system. In the next section the solution to 

this problem for an astigmatic intermediate image is considered. 

2.1.3 Astigmatic Wavefront Transfer 

The case where the intermediate image between the two optical 

systems is astigmatic is shown overleaf in figure 2.3. The 

astigmatism is brought about by the first system having different 

focussing powers in the different planes through the principal ray. 

Instead of a ray pencil converging to a point, it now passes through 

the two focal lines. From the geometry of normal congruences it can 
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be shown that the two focal lines lie in planes through the principal 

ray at right angles to each other (35). The position of I' is usually 

regarded as being given by the circle of least confusion between the 

focal lines. 

Fig. 2.3. Image Formation in Two Optical Systems where the 

Intermediate Image is Astigmatic 

When the astigmatism at I' is small then the transfer of a 

stigmatic wavefront to the second system provides a reasonable 

approximation to the aberrated wavefront. This is the case for 

rotationally symmetric lens systems, which obviously have no axial 

astigmatism, and where the aberrations are calculated for small field 

angles only. For plane symmetric systems however the astigmatism 

at I' may be quite large. In this case the transfer of a stigmatic 

wavefront no longer represents the true ray paths through the second 

system so the aberrations predicted are incorrect. 

Referring to the previous section it was stated that the ray 

pencils must remain homogeneous through the system, i.e. x2 ©c x1 and 

y^ocy. , to enable normalisation of the ray coordinates. When a 
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stigmatic wavefront is transferred the two constants above are taken 

to be the same. Clearly this is not the case for an astigmatic 

pencil. 

To overcome these problems an astigmatic wavefront must be 

transferred to the second system from the first. The aberrations of 

the first system are now given with respect to this astigmatic 

wavefront and the aberrations of the second system describe the effect 

on this wavefront when it propagates through it. The wavefront allows 

normalisation of the ray coordinates so that individual coefficients 

of the aberration series may be added. 

The positions of the focal lines determining the astigmatic 

wavefront are found by equating the first and second order aberration 

coefficients to zero. The rays pass through these focal lines and an 

approximation to the ray paths is taken by assuming the lines are 

perpendicular to the principal ray. In general, the actual angles of 

the focal lines are given, by the higher order aberration terms. 

To recap, the transfer of an astigmatic wavefront between the 

elements of an optical system provides a better approximation of the 

aberrated wavefront when its dominant aberration is astigmatism. The 

rays in the aberrated pencil are now accurately represented by those 

of the astigmatic pencil. 

2.2 Use of an Astigmatic Reference Surface 

The 

wavefront 

symmetric 

wavefront aberration describes the displacement of the 

from a specified reference surface. In rotationally 

systems the reference surface employed is a sphere centred 
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on the image point found from paraxial theory. For the purpose of 

considering the aberrations in a plane symmetric system an astigmatic 

reference surface will be used. This enables the process of 

astigmatic wavefront transfer between the elements as previously 

discussed. 

The astigmatic reference surface is determined by the position 

of the two parabasal focal lines of the system. The normals to this 

reference surface pass through both focal lines, which are taken as 

being perpendicular to the principal ray. In the final image space, 

where the focal lines are chosen to coincide, then the reference 

surface becomes spherical. 

2.2.1 Plane Symmetric System 

The passage of a ray pencil through a general plane symmetric 

system is shown in figure 2.4. A perfect astigmatic wavefront Z 

enters the system and emerges as the aberrated wavefront Z . The 

notation + is used to distinguish the points Cf, Qy,Q+ on the object 

pencil from the corresponding points on the astigmatic reference 

surface. All the rays of the object pencil pass through the focal 

lines Fs and fo. The aberrations of the image pencil cause its rays 

to be displaced from the focal lines Fs and The astigmatic 

reference surface, with which wavefront Z will be compared, is defined 

such that its surface normals pass through the focal lines F̂  and Fm. 

The plane of symmetry is the horizontal plane containing the x 

axes of the two pupils. The principal ray SOLOS' travels through the 
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Fig. 2.4. Ray paths through an Astigmatic System 

centre of these pupils. The plane containing the x' axis and the 

principal ray is defined as the meridional plane, rays in this plane 

pass through the meridional focus F^. The sagittal plane contains the 

principal ray and the y'axis, it has the corresponding sagittal focus 

<r. 
The astigmatic wavefront aberration W of a ray passing through a 

point P in the system is the distance along the ray between the 

aberrated wavefront and the reference surface. So for ray MCfPQtQ, 

W = <0tQ> 

= <Q+Qi> - <CfQ> 

using <CfO> = <CfQl> because ray distances between the same wavefronts 

W = <CfO> - <CfQ> [2.7] 

The wavefront aberration is expressed here in terms of the optical 

path between the wavefront E and the reference surface. 
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To find the wavefront aberration in terms of the distances 

between the focal lines, whose positions can readily be found, an 

auxiliary ray is constructed through the system. This ray SMQ^QyM'S' 

lies in the sagittal section and intersects the four focal lines. It 

passes through the two pupils at the same y,y' coordinates as Q+,Q and 

enables the general ray to be related to the principal ray. 

Splitting the aberration into the path difference between the 

principal and auxiliary ray, and the auxiliary and the general ray, 

from [2.7] gives, 

W = <tfO> - <CfQy> + <Q
+
yQy> - <CfQ > [2.8] 

The extra ray distances to the focal lines can now be added, so using 

<0*0 > - <QyQy> = <S0S'> - <SQyS'> [2.9] 

because <S0 +>=<SQy> and <OS'>=<QyS'> 

and «^Q y> - <Q +Q> r <MQ yM> - <MQM'> [2.10] 

because <MQy>=<MCf> and <QyM'>=<QM
/> 

Therefore, substituting [2.9] and [2.10] into [2.8] gives the final 

result for the astigmatic wavefront aberration of the ray through P, 

W = <S0S /> - <SQyS
/> + <MQyM> - < M Q N 6 [2.11] 

Professor Wynne used an auxiliary ray through an astigmatic 

system when finding the aberrations of cylindrical lens systems (1). 

He considered equations 2.9 and 2.10 as the vertical and horizontal 

aberration components which were only added together in the final 

image space of the system to give the wavefront aberration with 

respect to the reference sphere. 
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The concept of the wavefront aberration from an astigmatic 

surface, or its statement in equation 2.11, do not occur in Wynne's 

paper. It enables the wavefront aberration to be considered in the 

intermediate image spaces of the system and will be used to derive the 

astigmatic wavefront aberration coefficients. It is interpreted in 

terms of the transverse ray aberrations in a later section. 

2.2.2 Holographic Grating 

The optical path distance through a grating must take into 

account the diffraction effect of the grooves. Referring to figure 

2.5 which shows the path of two rays between two wave surfaces, where 

Fig. 2.5. Diffraction of Wavefront by a Grating 

Z is a wave surface before diffraction and Z is the wave surface 

after diffraction. The optical path of the principal ray through the 

grating is defined as distance it travels, i.e. 

<GfPQ> = Q*PQ 

If Z is the wavefront of the m t h diffracted order then the optical 

path of a general ray will increase by m X for each groove P moves 

away from P. Where X is the wavelength of illumination. Therefore if 
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P is n grooves from P then, 

<Q +PQ> = Q+PQ + n m \ [2.12] 

The above path function ensures that the optical path through the 

grating, between the incident and diffracted wavefronts of a ray 

Fig. 2.6 Ray paths through an Astigmatic Holographic Grating 

This can now be applied in finding the astigmatic wavefront 

aberration of a holographic grating. Shown in figure 2.6 are the ray 

paths through a holographic grating, C and D are the construction 

point sources in the plane of symmetry, which contains the x and z 

axes. Making the appropriate substitutions in equation 2.11 gives the 
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wavefront aberration as, 

W = <SPS'> - <SF5S'> + <Mf=M'> - <MPM'> [2.13] 

Although expressed as the optical path distance between the focal 

lines this equation was initially in terms of the optical path 

distances between the wavefronts. 

To convert from optical path distances to real distances through 

the grating then the path function [2.12] is used. The principal and 

auxiliary rays travel through the points P and Py which are considered 

as being on the zeroth and n yth grooves. The point P on the general 

ray is taken to be n grooves away from P. So the path function gives, 

<SPS'> = SPS' 

<SFJ S'> = SfJS'+ n y m X 

<Mf^M'> = MIJM+ n ym X 

<MPM'> = M P M + n m X 

Substituting these into [2.13] the groove contribution from the 

auxiliary ray cancels leading to, 

W = SPS'-SfJS' +MIJM'- M P M - n m \ [2.14] 

The groove number n is found by considering the construction of 

the holographic grating, Noda (20). The grating is formed by 

recording the set of confocal hyberbolic fringes produced by the two 

coherent point sources C and D. So the groove number, which is 

determined by the number of fringes moved through in going from P to 

P, will depend on the change in the path difference (p.d.) from the 

two sources. If X. is the construction wavelength then, 

n = (p.d. at P ) - (p.d. at P ) 

X. 
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now, p.d. at P = CP - D P 

p.d. at P = CP - D P 

n =_!_[ (CP - DP ) - ( C P - D P ) ] 
X. 

Using this substitution in [2.14] leads to the expression for the 

astigmatic wavefront aberration for a holographic grating, 

W = SPS'-SfyS'+MI^M-MPM-jnX, [ (CP - DP ) - ( C P - D P ) ] [2.15] 

X. 

The aberration is given in terms of the distances between the focal 

lines of the obj.ect and image forming pencils, and the contribution 

from the holographic grating. 

2.3 Holographic Toroidal Grating System 

The wavefront aberration theory for a holographic toroidal 

grating system will now be presented. Such a system consists of a 

series of toroidal mirrors and gratings; plane and spherical 

substrates are a simplification of the toroidal case. The aberrations 

are described to the fourth order for a system with a plane of 

symmetry, the entrance slit being perpendicular to this plane. The 

holographic gratings are taken to be constructed from pairs of point 

sources lying in the symmetry plane. 

A brief review of the section will enable the main steps in the 

theory to be seen. To start with, the wavefront aberration with 

respect to an astigmatic reference surface is applied to a toroidal 

grating. The aberration is then interpreted in terms of the 

contributions from the seperate ray pencils, so that the aberration 
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coefficients can be derived from the ray pencil coefficients. In 

section 2.3.1 the coefficients for the object pencil are derived from 

the expansion of the ray distances between the focal lines and the 

surface. These coefficents are presented in section 2.3.2, where it 

is shown how the coefficients of the other ray pencils are obtained by 

the substitution of their respective coordinates. The relationship 

between the aberration coefficients, in a normalised ray form, and the 

pencil coefficients is then established. Finally, the equations for 

the aberration changes due to a longitudinal shift of the stop are 

given in section 2.3.3. 

2.3.1 Expansion of the Wavefront Aberration 

A description will now be given of the method used to derive the 

aberration coefficients of a plane symmetric holographic toroidal 

grating. The plane of symmetry refers to the toric surface, the 

grating and the stop position, the stop in the general case is not at 

the grating surface. 

To find the aberration coefficients, the wavefront aberration of 

the grating must be determined. This is then expanded into a series 

in terms of the field and pupil coordinates to give the aberrations to 

the fourth order. 

Since equation 2.15 gives the aberrations of a general 

holographic grating it is only necessary to substitute in the 

coordinates of the toroidal surface and ray pencils. To simplify 

matters the terms are split up and grouped together for their 

respective ray pencils; object, image and construction. So [2.151 



- 43 -

becomes, 

W rSP-S^+MFJ-MP+S'P-S'FJ+M'Py-MlP-jiLLr C P - C P - C DP - DP)] [2.16] 

X. 

The contribution from each ray pencil to the wavefront 

aberration can now be defined. 

object pencil \~a = S P - S P y +MPy - MP [2.17] 

image pencil IE = S'P-S'f^+M'Py-M'P [2.18] 

construction pencils IE = C P - C P [2.19] 

rd = D P - D P [2.20] 

Substituting these in [2.16] gives, 

W = IE + IE - rnXJ IE - E ) [2.21] 
X. 

This means that the coefficients of the wavefront expansion can be 

found from the pencil coefficients if the ray pencil contributions are 

expanded individually. But the difference between the ray pencils is 

just a matter of the coordinates of the ray bundles with respect to 

the substrate. So once the coefficients have been found for one of 

the astigmatic pencils then the coefficients of the other pencils are 

given by substitution, the stigmatic construction pencils being 

special cases of the astigmatic pencils. 

The coefficients for the object ray pencil will now be found. 

At first sight this may seem rather complicated but looking at the 

terms in equation 2.17 shows that they are all ray distances between 

points on the surface and the foci. The differences between them are 

determined by the coordinates of the point on the surface and whether 

the distance is measured to the intersection with the meridional focal 
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line or the sagittal focus. The distance along a ray from the 

meridional focal line to a surface point satisfies both these cases 

because the ray distances to the centre of the sagittal focal line can 

be found by changing the pencil geometry. So if the distance M P is 

expanded into a power series the coefficients of the object pencil can 

be found by using equation 2.17 and the appropriate substitutions. 

Fig. 2.7. Rays of the Object Pencil incident on the Grating 

Ray Distance 

Consider ray M P of the object pencil shown in figure 2.7. This 

ray passes through the sagittal and meridional focal lines, F̂  and F^, 

intersecting the surface at P. The point F3 enables the construction 
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of the auxiliary ray f^MS and is the same height from the X z plane as 

P. The principal ray SP intersects the symmetry plane with an angle 

q> at the aperture stop image in the object space. 

The dotted rectangle shown is the projection of the aperture 

stop on the surface and is centred on P. The X,7] coordinates are 

given for the points in the diagram and these coordinates are used for 

the toric surface. The x,y coordinate system is local to the aperture 

stop projection and is displaced a distance y from the plane of 

symmetry. 

The points M 0,S 0 are projections of M and S on the symmetry 

plane, their distances rm and rs from the grating pole are shown. The 

stop image is a distance L from the pole and in this case is negative. 

The distance M P along the ray between the meridional focus and 

the surface has to be found. The X,7],z coordinates of the general 

point P on the surface are, 

Where z = f (X,7] ) is given by the vertex equation of the toroid. The 

intersection point of the ray with the meridional focal line is, 

Therefore, using Pythagoras's theorem and substituting in the 

field angle u for ian^ gives, 

There is a small error in this expression caused by an approximation 

in the 71 coordinate of M. This point is given by the intersection 

with the meridional focal line of the ray from the sagittal focal line 

p (x , y + y,z ) 

M 

[2.22] 
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to the point FJ. For calculating II the point FJ is considered as 

lying in the X,7] plane and no allowance is made for its displacement 

due to the surface curvature. If 5T) is the error in the coordinate of 

M then the error 5L in the length of M P is given by, 

5L = 1 M 2 

2rm 

Since rm is large and 5l] is very small for reasonable apertures, it 

can be neglected. 

In equation 2.22 the distance z of the point P(X,7)) on the 

surface from the X,7] plane is given by the vertex equation of the 

toroid, 

z = R - R ' - ^ f d - T n ) 
i 
2 [2.231 

where R is the major radius of curvature in the meridional plane and p 

is the minor radius. Expanding as a power series gives, 

Z X 2 H 2
 + o(X 5] [2.24] 

2 R 2p 8R 7 8P 7 6R 2p W 

Since the expansion will be done in the field and pupil coordinates u 

and xty then the following substitutions are used, 

X = x ^ = y + y 

= y - u I y = -uI 

Therefore, neglecting terms above the fourth order, then [2.23] 

becomes, 

z = _xi + (v-ul)2 + x4
 + (v-ul)S x2(y - ul )2 [P.25] 

2 R 2p 8R
3
 8p

J
 6R

2
p 

To obtain M P as a function of x,y,u then this is substituted 
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into [2.22] producing the final equation to be expanded. The accuracy 

of the substitution is sufficient for coefficients up to the fourth 

order. 

Series Expansion 

It will be appreciated that although the power series expansion 

of M P is straight forward it involves a considerable amount of work. 

As an example, the calculations for the expansion to the fourth order 

with an in-plane object point covered seventy sides of A4 paper. If 

the field angle is taken into account the expression is much more 

complex and has the form, 

MP = rm (1 + 1)2" 

where X contains 27 seperate terms. Using the binomial theorem this 

expression must be taken to the fourth order to find all the possible 

terms of interest for the aberrations, 

M P = rmfl + T, " + 0 (Xs f 
I 2 8 16 128 

then the resulting terms have to be grouped to obtain M P in the power 

series form, 

u 
M P = I X i j kx' y

J u k [2.26] 
ijk 

where the Xjjk are the coefficients of the series. 

This problem was tackled on the computer by writing a program to 

perform the algebraic expansion of a binomial series. Term X was 

then coded onto a file and multiplied by itself algebraically, 

continuing until the required order in the binomial expansion was 

reached. In the multiplication process terms above the fourth order 
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were discarded. The array produced was searched and algebraically 

similar terms added, it was then sorted into the correct order. 

Simple things like the dimensionsal correctness of the terms could be 

checked automatically. 

Ray Pencil Coefficients 

Having obtained the coefficients for the expansion of MP from 

the program now the coefficients of the object ray pencil are 

required. Point has the pupil coordinates (0,y), 

l, 
MPy = 

I'jk 
Ix. i j kx

iyiu k = I X o i kyju
k 

x = 0 Jk ojk • [2.27] 

The ray distances to point S are obtained by changing the pencil 

geometry, this is done by setting rm equal to rs so, 

SP -y - £ fx-;: J X1 yj ukl s i [x o j k] yiu1, 

» ijk I -I Pni- Pj
 1 Jx = 0 jk r„=r, 

[2.28] 

and since the pupil coordinate of P is (0,0) then 

SP = M x i j k ] x ' V u k 

I ijk 
= I x J u 

x = 0 k L 0 0 r̂rr, 
yrO 

Substituting equations 2.26 to 2.29 into 2.17 gives, 

r° = I - * | - . I S w V u ' 

[2.29] 

[2.30] 

The ray pencil contribution can be expressed as a single power 
series, 

r- ^J/ijk^.jk x i y j u k [2.31] 

Where the K ^ are numerical constants and the a,jk are the new 

coefficients. Equating this with [2.30] enables the ray pencil 
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coefficients to be found in terms of the ray distance coefficients, 

for i =0 ) = 0 a 0 0 k= 0 

i = 0 qojk= I X j k L , 
Kojk 

i * 0 a-,ik= Xijk 

K i j k 

The object ray pencil is specified by the coordinates 

(X,rmvrs,l,u and the other ray pencil coefficients can be found by 

substituting in their own coordinates. 

2.3.2 Aberration Coefficients 

The coefficients for the object ray pencil are shown overleaf in 

table 2.1 where, 

a i j k = fi j k<a,rm . r s . l ) [2.32] 

Those coefficients not appearing in the table have zero values. The 

K-,jk are the numerical constants for each coefficient. At the bottom 

of the table are shown the substitutions which have been made so that 

the algebraic expressions can be written in a shorter form. 

The contributions from the other ray pencils expressed in series 

form are, 

^ i W W ' Q = - E K1Jkcijkx'yiuc^ 

the coefficients in these series are found by direct substitution of 
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fijk(a,rm,rs,l) 

In-Plane M Off-Plane (Kjjk) 

flOO -sina fl02 sina/1 - l2cosa 
\ rmp 

J. 
2 

2̂00 1. 
2 

2̂02 +3*f.s_- Vcosal 
P \ R rm } 

X 
u 

f020 fo22 ^QSCt-X + ALrosa + SI1/ 3 + cosOl\ - 2 ltcos1rt 
P rs rsP pip rs / rsp^ 

'300 
Tsina 

rm 

'011 1 +1 cosa 

P 

f120 
Ssina X 

2 
0̂13 1 - Lcosa - l2cosa - I3 / S - cos2a-

P rsp p2\ rs 

X 
2 

'220 
2Ssio!a- T X + S_ 

rm Rp 

X 
u 

'111 sina f-X + t.CQSq 
fs rmp 

'400 
ATsin za - X 2 + X . 

rm rm R 1 
X 
8 

f031 S-SL[ 1 >cosa 
rs p i p rs 

X 
2 

'040 S ( X - X 
P1 rs 

f 211 - Vcosa 
rs p\R rm 

1 
2 

where, T (a rm) =cos za - cosa 5 l a r J : 1 - cosa 
rm R rm R 

V la,rT) =cos a - 1 * 3 sin
aa S(a,rs) = 1 - cosa 

R rm rm rs p 

S ( a,rm rs ) = Jm_- cosa 
£ P 

Table 2.1. Coefficients of the Object Pencil Aberration Contribution 
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Fig. 2.8 Coordinates of the Ray Pencils 

the corresponding ray pencil coordinates into those in table 2.1. The 

coordinates of the ray pencils are shown in figure 2.8. Thus, 

image pencil biJk = f;jk( P. ̂ . rs', l') [2.33] 

construction pencils cijk = f,jk(Y , rc , rc, rc) [2.34] 

dijk = fijk(5-rd'rd- rd) [2.35] 
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In these substitutions the variables in the bracket replace those of 

the function in the same order, ex. for construction pencil 

coefficient d;jk then using [2.35], in table 2.1 

a , rm , rs , L are replaced by 5 , rd , rd , rd 

The terms for the construction ray pencils simplify because the ray 

pencils are stigmatic. 

Now that all the coefficients can be calculated therefore the 

wavefront aberration is given from equation 2.21 as, 

W = ZK i j k 
ijk , J K 

aijkUk " bijku-
k - m X ( dljkud

k - c i j ku
k) 

X 0 

x' yj [2.36] 

The aberration expressed above is for a ray at pupil coordinates x,y 

from a pencil at field angle u in the object space. To enable 

addition of the aberration coefficients the ray coordinates x, y,u are 

normalised with respect to a ray through the edge of the aperture stop 

from a ray pencil at the extreme field angle. This ray will have 

coordinates X,Y,U so the normalised general ray coordinates are, 

Xn=JL Yn un = _y_ [2.37] 
X Y U 

So a ray from the maximum entrance slit height and passing through the 

edge of the aperture stop will have the normalised coordinates 1,1,1. 

The normalised coordinates apply throughout the system since the path 

of a ray is determined from the parabasal theory, i.e. the ray 

pencils are taken to pass through the focal lines. 

The major problem in converting [2.36] to normalised coordinates 

is the field angles of the different ray pencils. These field angles 
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are given by, 

u r-y 
I 

u'=-y 
L' 

uc=-y ud=-y [2.38] 

where y <c object point height 

The principal ray from the edge of the field passes through the 

grating at a height Y above the meridional plane. The stop position 

stays the same so the field angles of the pencils for this extreme 

field ray are, 

[2.39] U = - Y_ 
I 

U = -Y U c = - X
 u d = - L 

£ r c rd 

Therefore, using [2.39],[2.38] and [2.37] gives, 

u = u n U u'=u nU' u c = u n U c u d = u n U d [2.40] 

also from [2.37], 

x = x n X y = y n Y [2.41] 

Substituting [2.40] and [2.41] into [2.36] leads to the 

wavefront aberration in normalised coordinates, 

w - r-a,.U k-b r„.U'
k- m M dijkuS - cijkUc* ,1 i jk i jkv ^YVnyiuK [2.42] 

Expressing the wavefront aberration in a power series form 

W
 = £k

K
iik

W
ijk 

equating with [2.42] gives the coefficients, 

W ; j k= - a ; j l<uk - biikl/
k-m\(d i jkud

k - c i j kuk f 
A.0 

[2.43] 

X' YJ 
[2.44] 

and for a system of g gratings then the coefficients may be added 

individually, 

= [Hjk]/ (WiikJ,* * [
W
i*Ig C2.45] 
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V/riting [2.43] out explicitly to show the relevant terms, 

w = w v 
100 n 

+ J L W 2 0 0 x
2
 + i W 0 2 0 y n

2 + W Q 1 1 y n u n 

+ l W 3 0 0 x
3 +J_W 1 2 Qx ny

2 + W 1 1 l X n y n u n + l W l 0 2 x n u
2 

2 2 2 

+1 W xu + 1 W vu + 1 W x 2v 2 + 1 W v3 u 
— 7.00 n — 0 £ 0 — 2 2 0 n / n + J - v v 0 3 1 y n u n 
8 8 4 2 

+±W2,,x^yn un + l W 2 0 2 x
2 u 2

n + J L W 0 2 2 + J_W Q 3ynu
J
n 

2 4 4 2 

.2..2 

2nd order 

3rd order 

, 4th order 

[2.46] 

The aberration coefficients are set out in table 2.2 to show 

their classification. For an in-plane object point the wavefront has 

a plane of symmetry and there are eight coefficients. An extra eight 

In-Plane Off-Plane 

Tilt 

W 1 0 0 W 1 0 2 

W W VY011 013 

Defocus 

W 
200 

W 
0 2 0 

w 
202 

W 
022 

Coma 

W 3 0 0 W 1 2 0 

W i n W 0 3 1 W 2 1 1 

Spherical 

W 4 00 WOZ.O 

W 2 2 0 

Table 2.2. Classification of the Aberration Coefficients 
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coefficients are added when the object point moves off-plane. There 

are additional field dependent tilt and defocus contributions, the 

other coefficients are introduced by the loss of wavefront symmetry. 

The W 1 0 0 and the W Q 1 1 coefficients enable the path of the principal 

ray through the system to be found, the position of the focal lines 

on this ray are given from the W 2 0 0 and the W 0 2 0 terms. 

In addition to the categories in the table, the W Q 1 3 term is 

equivalent to the distortion found in lens systems. Also, the W 1 0 2 

and W 1 2 0 terms describe the enveloping and astigmatic spectrum line 

curvatures mentioned by Beutler (12). 

The following checks show that the aberration coefficients 

derived are correct and that all the terms to the fourth order have 

been included: 

(i) Applying Hamilton's point characteristic function to a 

plane symmetric system gives the result that j+k must be even. 

When the characteristic function is expanded to the fourth 

order then 16 coefficients are present, neglecting the terms 

dependent on field coordinates only. 

(ii) The wavefronts predicted for a rotationally symmetric 

grating- system have the correct symmetry; the aberration 

coefficients which are not appropriate to the symmetry have 

zero values. 

(iii) If the defocus terms, are applied to an r-symmetric 

holographic lens on a plane substrate with an external stop 
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then R. Smith's condition (36) for anastigmatic imagery can be 

proved. 

(iv) The aberration series simplifies to Masuda's series (24) 

when applied to a single holographic grating with a stop at 

the grating pole, the ray pencils being made stigmatic. For 

comparison, Masuda's series for the optical path function is 

converted to an aberration series by using equation 2.1. This 

eliminates terms only dependent on field coordinates and gives 

the correct sign to the series. It is then a simple matter 

using equations 2.43 and 2.44 to equate the two series to 

check the terms, (there is a misprint in Masuda's F ^ term, 

equation 25) 

(v) Spot diagrams for Tondello's system generated from the 

wavefront aberration are shown to agree with those obtained by 

raytracing (section 3.3). 

2.3.3 Stop Shift Equations 

It is clear from the coefficients in table 2.1 that the 

off-plane aberrations are dependent on the position of the aperture 

stop within the system. This stop defines the path of the principal 

ray through the system in the sagittal section. If the stop is moved 

longitudinally then the principal ray from the object point will 

travel along a different ray path and the aberrations present in the 

off-plane pencil will alter. 
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The choice of the stop position is used in the design of 

rotationally symmetric lens systems to provide aberration correction 

for off-axis field points. The Seidel formulae equating changes in 

the aberrations to a shift in the stop position are well known. By a 

similar technique the stop shift equations for the holographic grating 

will be derived. 

The aberration coefficients have been obtained in terms of the 

stop image positions in the system. If the stop is shifted these 

image positions will move by different amounts, depending on the 

longitudinal magnification present. This is inconvenient when trying 

to find the change in the aberrations of the system as a whole because 

it leads to a different set of equations for each element in the 

system. To overcome this the principal ray from the edge of the field 

is expressed in terms of the parabasal aperture ray by using the 

Lagrange invariant. At a surface in the system then, 

Y = YH.E [2.47] 

Where E , the eccentricity is defined by the equation and H sis the 

Lagrange invariant in the sagittal section. The change in 

eccentricity when moving to an adjacent surface has been shown by 

Weiford (2) to be, 

[2.48] 
Y Y+1 

The quantities are shown overleaf in figure 2.9. 

The eccentricity at the stop position is zero because the 

principal ray travels through its centre. After the stop has been 

shifted then the eccentricity at its initial position is no longer 



Fig. 2.9. Principal and Aperture Rays between Adjacent Surfaces 

zero. From equation 2.48 the increment in eccentricity A E at the 

initial stop position, for a stop shift distance of £ is, 

A E = £ [2.491 

h ( h 

Where h is the initial stop height and W s is the angle of the aperture 

ray to the meridional plane. The height of the stop is altered as it 

is moved so as to leave the aperture ray undisturbed. 

The change in eccentricity at each surface is obtained by 

crossing through the system from the initial stop position using 

[2.48]. The quantity on the right hand side of this equation has 

remained unchanged with the shift so the increment at each surface is 

the same and is given by equation 2.49. Therefore, if the stop shift 

equations are found in terms of the eccentricity change then they will 

be universal throughout the system. 

The change in the aberration coefficients for a stop shift will 

now be considered. The operator A will indicate the change in value 

of a quantity due to the shift, so the change of an aberration 

coefficient is given by, 

AWijk = w?k - w i jk 

where W;jk is the value after the stop shift, from [2.44] then, 
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A w l j k = x V f - A l a ^ l -A(b i j kl/
k) - mX[Ald i j kU

kl-A(c i j kU
k)]' 

X 0 

[2.50] 

Since the field angles change for a stop shift then a new set of 

coefficients are defined for the ray pencils, 

Aijk = QijkU Bijk = bijkU 
,k 

Cj jk = C i j k ^ c D i j k = d i j k U d 

substituting these into [2.50] gives, 

Aw i j k = '-AA i j k - A B i j k - m X [ A D i j k -AC^]"" 
X Q 

x1 YJ 
[2.51] 

This expresses the aberration coefficient change in terms of the 

change of the ray pencil coefficients. 

The stop shift change for the object pencil coefficients are now 

considered. First of all the coefficients must be found in terms of 

the principal ray height and stop distance; from [2.39] 

U = - x 
L 

s o » A ijk = a i j k -X 
L 

expressing the form of the coefficents dependence on Y and L, 

A i j k - * Y Y 2 Y 3 w **2 I(Y
2, Y3, X 2 I 3, Y.3 ] 

L ? ? t t 7 j 
[2.52] 

The above function must be found explicitly for each of the 

coefficients. Then the effect of the shift on each of the terms in 

the function is considered. For these terms there are two fundamental 

roots which have to be evaluated for a stop shift; from [2.47] 

after the shift 

Y = Y H SE 

f = Y H J E + A E ) [2.53] 
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Referring to figure 2.7, then from similar triangles if \ is 

the maximum sagittal focal height, 

_Y_ = Y = Y H . E - \ 

I rs rs 

The object height remains constant so after the shift, 

= Y F M E + A E ) - "Hs [2.54] 

Using [2.53] and [2.54] enables the change of the terms to be 

evaluated in terms of the eccentricity shift, giving as an example, 

f l f 

Y Y £ 

Y 2 2 Y Y £ + Y 2 £ 2 

Y Y £ 

I rs 

-2 
Y 

2 2 
2 Y Y £ + Y £ 

t lrs i f 

where £ = HsAE and AE is given by [2.49] 

The functions for the Ajjk are found explicitly and then the above 

substitutions are made to find the effect of the stop shift. The 

resulting functions are then expressed in terms of the initial A;jk to 

give the stop shift equations for the object pencil. 

The coefficients for each ray pencil have equivalent forms, 

which means that their stop shift equations are similar. This enables 

the aberration coefficients' stop shift equations to be expressed in 

terms of the initial coefficients. The equations that have been 

derived are, 
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A W - £W 
011 - 020 

AWm = ew120 

AW 1 0 2 = 2 e w n i • £2W120 
AW 2 1 1 = £W 2 2 0 

Aw2 0 2 = 2£W211 • e2W220 
A W 0 3 1 = e W c u o 

AW Q 2 2 = 6£W031 + 3£2W0,O 
2 3 

Aw - £W «• 3 £ W + £ W ~ 
013 ~ 02 2 031 040 

These equations apply to the aberration coefficients of a single 

surface or the total coefficients of the whole system. 

2.4 Computation of the Aberration Coefficients 

To calculate the aberration coefficients for the system the 

positions of the field and aperture rays at each surface must be 

found. The technique of deriving these coordinates and the method of 

computing the aberration coefficients are given in this section. 

2.4.1 Parabasal Foci 

The positions of the parabasal foci determine the path of the 

aperture ray through the system. These foci are found by considering 

the first and second order aberrations of the ray pencil from the 

in-plane object point. The principal ray from this point is the base 

ray for the system and lies in the plane of symmetry. 

The direction of the base ray after diffraction must be such 

that the meridional tilt of the wavefront is zero i.e. W 1 0 0 = 0 . 
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Using [2.44] and substituting from table 2.1 this leads to, the 

condition that, 

sina + sin (3 + m X ( s i n 5 - s i n Y ) = 0 [2.55] 

Hence the diffracted angle p of the base ray can be found. The sign 

convention used for the angles is that those lying in the quadrant 

between the grating normal and the positive % direction are taken as 

positive. The above equation is the holographic equivalent of the 

grating equation and the groove spacing Q at the pole of the grating 

is, 

S = ^o 
sin 5 - sinY [2.56] 

The position along the base ray of the meridional focal line is 

given from W 2 0 0 = 0 • Using [2.44] and substituting from table 2.1 this 

leads to, 

r̂  = cos 2p f c o s B - T(a.r m) - mXjj(5(rd)-T(Y,rc)]' 
R Xn 

"1 [2.57] 

Similarly for the sagittal focal line position W Q 2 0= 0 , and so 

[2.58] rc = cos3 - S(a.rs) -mX[S(6,r c) - S(Y,rd)]^ 

p K 

These can be repeated to find the parabasal foci positions throughout 

the system. 

2.4.2 Aperture and Field Rays 

The aperture ray travels from the in-plane object point through 

one of the corners of the rectangular entrance pupil. After inter-

secting the first surface it passes through the two parabasal focal 

lines to intersect the second surface, as shown in figure 2.10. This 

transfer process is then repeated throughout the system. 
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bas e 
ray 
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apert ure 
ray 

Fig. 2.10. Aperture Ray Transfer between Surfaces 

Given the coordinate X^Y, of the aperture ray at a surface then 

its intersection X2,Y2 at the next surface is found from the parabasal 

focal line positions. By considering rays in the meridional and 

sagittal sections, the intersection coordinates are obtained since the 

ray pencil is assumed homogeneous. These coordinates can be expanded 

into a power series, of which only the first terms are used in the 

parabasal approximation. To the first order from the sagittal 

section, 

and from the meridional section where the two surfaces are inclined by 

The angles are in accordance with the sign convention mentioned 

earlier. 

Therefore, to find the aperture ray through the system, first 

the positions of the parabasal foci are calculated. Then, treating 

the stop as a surface, the aperture ray coordinates at the other 

surfaces are derived with the aid of [2.591 and [2.60]. 

y2 = Y j i - I [2.591 

the angles and ^ to the base ray then, 

x
2 = xi(-l- 1] c o s ^ 

I cos^ 2 

[2.60] 



- 64 -

Fig. 2.11. Field Ray Transfer between Surfaces 

The field ray is the principal ray from the full object height 

and travels through the system in the sagittal section, as shown in 

figure 2.11. The ray passes through the stop image position on the 

base ray for the space it is in. Since the system is astigmatic the 

sagittal image position is used. 

To trace the field ray the stop image positions must be found. 

This is done by applying equation 2.58 and working from the stop 

position through the parts of the system to the right and left of it. 

The image positions found make the W Q 1 1 coefficient, the tilt in the 

sagittal section, equal to zero. The ray height to the first order is 

then found by moving from the object space using the transfer 

equation, 

Y - Y 
' 2 - 1 

d_ - 1 

I I' 
[2.61] 

2.4.3 Computer Program 

The program constructed to calculate the aberrations has the 

pencil coefficients from table 2.1 coded in a subroutine. They are 

written with reciprocal forms of the radii and focal distances so that 
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the substrates can have infinite radii and the construction sources 

for the grating can be at infinity. This allows plane substrates and 

conventional gratings to be examined. 

The aberration coefficients have been developed assuming that 

both point sources for the construction of the grating are diverging. 

The case of a converging point source is accounted for by measuring 

its angular position from the normal to the incident light direction 

on the grating using a negative radial coordinate. This change in the 

polar coordinates is shown, for converging and diverging sources in 

the same position, in figure 2.12. 

Fig. 2.12 Polar Coordinates of a Diverging and Converging Source 

The subroutine for the pencil coefficients is used in the 

calculation of the values for each of the ray pencils by substituting 

in their coordinates. The coefficients of the ob'ect and image 

pencils, and those of the construction pencils are added seperately to 

find the effect of the holographic grating. The coefficients of these 

contributions are defined as, 

y 
X 

Mijk = - a i j / " b i j kU
/ k 

Hijk = d i j kUd - c i j kU c
k 

[2.62] 

[2.63] 

therefore, from [2.44] 

[2.64] 
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The holographic contribution Hijk depends only on the grating 

construction geometry. The surface contribution M- k is dependent on 

the grating coordinates, which will vary with the reconstruction 

wavelength. From [2.64] it can be seen that the holographic 

correction that will occur at any particular wavelength is a simple 

multiplication once H,jk has been found. 

The program was used to calculate the aberration coefficients 

shown in figures 5.3» 5.4, 5.11, 5.12 and was incorporated as the 

analysis stage of the optimisation program OPT. Its coefficients were 

also used for the spot diagrams in figure 3.3. 

2.5 Transverse Ray Aberrations 

The aberrations have been dealt with so far in terms of the 

shape of the aberrated wavefront of the system. The rays in the image 

pencil can be calculated from this wavefront because they are normal 

to its surface. Their intersections at the image plane will be 

displaced in general from the focus due to the aberrations of the ray 

pencil. These displacements are the transverse ray aberrations which 

will now be found from the wavefront aberration. 

Two cases are of interest, the first is the interpretation of 

the astigmatic wavefront aberration and the second, the effect of 

having an oblique exit pupil. This pupil case being of particular 

importance in grazing incidence systems. 
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2.5.1 Astigmatic Wavefront 

The astigmatic wavefront aberration has been defined as the 

deviation of the aberrated wavefront from the astigmatic reference 

surface. The aberrations in the wavefront will cause these rays to be 

displaced from the two focal lines. Finding these displacements 

allows the true shape of the focal lines to be calculated, which is of 

crucial importance when the ray pencil passes through slit apertures. 

The transverse aberrations for a ray from the aberrated 

wavefront Z are shown in figure 2.13. This ray, through the point 

P1 C x1,y! ) in the pupil, is displaced by the distances 6x and 6y from 

the two focal lines F^ and F̂ '. These distances are measured in the 

two planes, containing the focal lines, that are perpendicular to the 

principal ray. By definition the normal FfM to the reference surface 

Z r passes through both focal lines. The pupil coordinate system has 

the Zj axis along the principal ray. 
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The direction of the aberrated ray in relation to the normal 

is given from the slope of the wavefront with respect to the reference 

surface. Since the wavefront aberration measures the seperation 

between these two surfaces then its differentials in the two pupil 

coordinates will give this slope in the vertical and horizontal 

directions. So, the angular displacement of the aberrated ray from 

the reference surface normal in the vertical direction is, 

63 y = i W 

d y i 

and for the horizontal direction, 

5 = d W 
d x1 

The wavefront aberration shown is negative in accordance with [2.1]. 

Therefore, by simple geometry the ray displacements are, 

In the figure 2.14 the ray aberrations are shown for the image 

forming pencil. The coordinates have the same meaning as those in 

figure 2.7, so are the surface coordinates and the local ray 

coordinates are x,y. The x., , coordinates are the principal ray 

pupil coordinates used in figure 2.13. The focal lines on the 

principal ray are taken to be vertically above their positions on the 

base ray. For small field angles, 

5x = -
dx 

6y = - (P F') d W 

dyi 

r; = PFm' and rs' = PFS' m s 

Using these in the equations above leads to, 

5x = - r; d W 
d x. 

[2.65] 

6y = - rs' dW 
dVi 

[2.66] 
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Fig. 2.14. Transverse Aberrations of the Image Pencil 

But the wavefront aberration has been derived in terms of the 

normalised ray coordinates [2.43] so, 

W = f(xn,yn) 

where x n = x and yn [2.67] 
X Y 

If the principal ray is not at an oblique angle to the surface then 

the approximation can be made that, 

x1 = x and = y [2.68] 

Substituting [2.68] into [2.67] and then using in [2.65] and [2.66] 

leads to, 

5x = -r;|dxi d W 5y = - rs' f d ^ 

\dxj\dxj ldy n/ 

d W 

d yi 

= d W = -Ji dW [2.69] 
X d x n Y d yn 
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2.5.2 Oblique Exit Pupil 

The wavefront aberration coefficients have been derived in terms 

of pupil coordinates lying in the substrate plane. In order calculate 

the transverse ray aberrations then a pupil coordinate system 

perpendicular to the principal ray must be used. This ensures that 

the correct slopes of the aberrated wavefront are found. In the 

previous section the ray aberrations were derived by taking the 

approximation that these two coordinate systems coincide. Now when 

the grating surface is at an oblique angle to the principal ray, as in 

a grazing incidence system, this approximation is no longer valid. So 

the transverse aberrations will now be derived without this 

approximation for the case were the reference surface is stigmatic. 

An oblique exit pupil is shown in figure 2.15. The x, and y, 

axes are perpendicular to the principal ray P0. The local ray 

coordinates x,y lie in the X,"H plane of the substrate; see figure 2.7 

for reference. The points FJ, P and 0 lie on the normal to the 
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spherical reference surface I r. F> lies in the x 1 ty, plane and P lies 

in the x,y plane. 

The ray through F}(x1ty.,) from the aberrated wavefront 

intersects the image plane at the coordinates 5x,5y. Applying [2.65] 

and [2.66] gives, 

5x = - r'dW 5y = -r'dW 
d x, d y, 

but W = f(x,y) so, 

6x = -rjdAV dj_ + d_W dxj [2.70] 
\dy dx., dx dxj 

5y = -rfdW dy. + d W dx. [2.71] 

id y dy! d x dyj 

The wavefront aberration at f̂  corresponds to that specified by P in 

the local ray coordinate system. The coordinates of P are given by 

the intersection of the surface normal R 0 with the x,y plane. 

Neglecting the field angle because it will be small, the equation 

of the line F?0 expressed in the x,y,z coordinate system is, 

x - r' sin 3 = y = r'cos 3 [2.72] 
x̂  c o s 3 - r'sinp y1 x1 sin p + r' cos p 

so the coordinates of P are, 

x = x1 r' y _ Yi r' c o s 3 

x^inp + r'cosp x^inp + r'cosp 

The differentials jĵ -, ^ can now be evaluated and substituted 

into [2.70] and [2.71]. But the resulting expressions are functions 

of X! and y1t these must be converted to x and y. From [2.72], 

x̂  = x r'cos 3 y, = v r' 

r'-xsinp r'-xsinp 

using these enables the transverse aberrations of a ray through P to 
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be expressed, 

6x = - ( r ' - xs inB) 
r'cos(3 

r ' - x sinp) dW - y s i nP dW 
d x d y . 

5y = - ( r' - x sinp) d_W 
d y 

where W = f(x,y) 

In the case where normalised ray coordinates are used so that 

W = f(x n,y n) these become, 

6x = - (r' - xn X sinp) 
r ' cos P 

_ £ > X n S i n p ] d W - y n s i n p d W 

d xn d yn. 

6y = - ( - xnX sinp) dW 
Y dyn 

[2.73] 

[2.74] 

When the principal ray lies along the z axis (i.e. p=0) then the 

equations simplify to the familiar ones used for lens systems. 
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CHAPTER 3 

RAYTRACING 

To evaluate the imaging properties of an optical system a set of 

rays from a point on the object is traced through it to the image 

plane. The resulting spot diagram represents the light intensity in 

the image if the rays are evenly distributed over the entrance pupil. 

If the system were geometrically perfect then the rays from the 

object point, passing through the entrance pupil in different places, 

would intersect at a single point in the image plane. Obviously for a 

real system the image size is limited by diffraction. So, the spot 

diagram can be considered as a good representation of the image 

providing diffraction effects can be neglected at the image size 

concerned. 

The spot diagrams of the different field points enable the 

spatial resolution of the system to be determined. By obtaining spot 

diagrams at different wavelengths for the same field point then the 

spectral resolution can also be found. 

In the following sections the construction and checking of the 

raytrace program developed for a holographic grating system are 

discussed. Spot di agrams generated by this program are then compared 

with those predicted from the aberration theory, for a grazing 

incidence system. 

3.1 Equations for a Holographic Grating 

The vector raytrace equations for a holographic grating are 
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presented in a paper by Welford (37). In the program they are used in 

the following form, to give the direction cosines of the diffracted 

ray, 

Lb = J!LL( L c - L d) - L a [3.1] 
X0 

M b = mX.(Mc-Md) . M q [ 3 # 2 ] 

X0 

N b = ±/l - M 2 - L2
b [3.3] 

The ray directions are shown in figure 3.1 at a point P on the 

grating surface. The diffracted ray b is produced from the object ray 

a incident on the grating constructed by rays c and d . The z axis 

lies along the surface normal and the usual convention for the axes 

applies to the direction cosines. 

Fig. 3.1. Ray Directions at Grating 

For the object and construction rays the direction cosines are 

measured with respect to the incident ray directions at P. In the 

case of the diffracted ray the emergent ray direction is used. The 

sign of the square root in equation 3.3 determines the reflection or 

transmission of this ray. 

The diffracted orders lying between the zero order reflected ray 
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and the surface are usually considered as the negative orders. The 

positive orders being between the zero order ray and the surface 

normal. To ensure that this convention was obeyed in the raytrace a 

simple logic test was performed to check the diffracted ray direction. 

If it failed to agree with the sign of the the order specified then 

the construction point sources were swopped. Looking at equations 3.1 

and 3.2 shows that this has the effect of changing the sign of the 

bracketed expressions and hence reversing the incorrect order 

convention used the first time. This technique was found to be the 

most convenient of several tried because of the arbitrary nature of 

the signs and magnitudes of the object and construction ray cosines. 

3.2 Raytrace Program 

3.2.1 Description 

The program constructed was able to raytrace two toroidal 

holographic gratings in series. The aperture stop could be positioned 

anywhere in the system and there was also an optional inter-element 

slit. The substrate radii and the construction point source distances 

could be set to infinity to provide for plane surfaces and plane wave 

construction. 

The system to be raytraced was read in from a data file 

describing the construction of the elements and their relative 

orientation. This left the conjugates of the system along with its 

aperture to be entered inter-actively. 

When raytracing a system the program starts by taking an initial 

set of rays from the object point to a grid on the surface of the 
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first element. The dimensions of the mesh of the grid are chosen so 

that the rays are evenly distributed over the entrance pupil 

perpendicular to the principal ray. The grid is displaced from the 

plane of symmetry for off-plane ray sets to ensure optimum 

transmission through the aperture stop. 

The initial set of rays is then processed by subroutines for 

diffraction, coordinate transformation, surface intersection and stop 

intersection. Rays failing to intersect surfaces are removed from the 

set. 

After leaving the final element the ray intersections with an 

image plane perpendicular to the base ray or the Rowland cylinder are 

found. The origin of the intersection coordinates is provided by 

attaching a base ray to the initial ray set. The file containing the 

intersection coordinates is subsequently processed to evaluate the 

spot diagrams and provide microfilm pictures. 

3.2.2 Raytrace Process 

The basic process used for tracing a ray through a new element 

of the system is given overleaf in figure 3.2. The ray starts off 

initially specified by the coordinate %,31,z and the direction cosines 

L, M, N. 

Transfer of the ray from its old coordinate system to the new 

coordinate system of the next element (+1th) is accomplished by the 

transformation equations between the two systems. A rotational matrix 

is used for transformation of the direction cosines. 
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Fig. 3.2. Raytrace Process for a New Element 

Intersection of the ray with the new surface is done by an 

iterative process described by Welford (2). Initially the position of 

the ray intersection with the tangent plane to the pole of the grating 

is found. Then using the point on the surface directly over this 

intersection a new tangent plane is constructed. The position of the 

ray intersection with this new plane is now found, leading to a new 

surface point from which another tangent plane can be constructed. 

This sequence is repeated until the intersection with the surface has 

been found with sufficient accuracy. 

The direction cosines of the diffracted ray can now be found. 

Knowing the intersection point on the surface allows the ray 

directions from the construction points to be established. The 
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surface normal direction is then derived from the partial derivatives 

of the vertex equation, enabling the local surface coordinate system 

to be determined. The incident and construction rays are then 

transformed from the element coordinate system to the local coordinate 

system and equations 3.1-3 used to find the direction of the 

diffracted ray. This ray is then transformed back into the element 

coordinate system. 

This process is continued until the ray has passed through all 

the elements in the system and then its intersection with the image 

plane is found. 

3.2.3 Checking Results 

The results from the raytrace program were carefully checked to 

see if they were correct. To facilitate the location of errors within 

the program, raytraces were performed on simple systems to start with 

and the complexity gradually increased until all the basic subroutines 

had been checked. 

Initially, single spherical and cylindrical mirrors were 

raytraced and the spot diagrams checked to ensure they had the 

required symmetry. Then single gratings were traced, the results for 

conventional toroidal and spherical gratings were compared with those 

presented by Johnson in his thesis (38). A comparison was made for 

holographic gratings on spherical substrates with Noda's results (39), 

and for the case of toroidal substrates with those of Masuda (24). 

To check the program for two element systems, which introduce 

the iterative ray intersection at the second surface, a toroidal 
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mirror system was used. The first mirror was designed to produce an 

anastigmatic image at grazing incidence by using equations 2.57 and 

2.58. This image was then passed to an identical second mirror at the 

same conjugates as the first. The system had a meridional plane of 

symmetry, for object points symmetrical about this plane the spot 

diagrams were checked to ensure they were mirror images of each other. 

When checking the raytrace of the two element system it was 

found necessary to increase the accuracy of the position found for the 

ray intersection with the surface. The iterative loop determined this 

from the distance between the ray intersection with the tangent plane 

and the tangent point to the surface. For grazing incidence systems 

it was found necessary to ensure that this distance became less than 

1. x 10 mm. 

3.2.4 Evaluating Spot Diagrams 

When deciding between two competing designs their spot diagrams 

for the same field angles and wavelengths are compared. If the 

differences between the two sets of spot diagrams are large then a 

visual examination suffices, but if they are of similar size or have 

different ray distributions then some quantitative criterion must 

be used for their comparison. 

The root mean squared (r.m.s.) value of the ray intersection 

distances from the centre of the spot provides one possible way of 

doing this. In the program written the position of the centre of 

gravity of the spot diagram is found by using moments in two 

orthogonal directions. Then two axes parallel to the meridional and 
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sagittal planes are taken through this point and the r.m.s. values of 

the ray intersection distances from these axes are found. 

The spatial or wavelength resolution were determined from the 

full width half maximum of the intensity point spread function in the 

image plane. The F.W.H.M. was found from the spot by dividing it into 

a number of narrow parallel strips. From the number of rays contained 

in each strip the line profile was found, the light intensity being 

proportional to the ray density in the image plane. Two series of 

strips were used to give the F.W.H.M. in the sagittal and meridional 

directions. 

Both the r.m.s. values and the F.W.H.M. proved useful in 

evaluating the spot diagrams, especially when the computer graphics 

system crashed. Care was found to be needed in finding the F.W.H.M. 

of strongly defocussed images, occasionally beats occurred between the 

grid like ray distribution in the image plane and the strip system 

used to divide the spot. Another disadvantage of the F.W.H.M. is its 

critical dependence on the height of the central maximum, a large 

number of rays have to be traced for this to be determined accurately. 

3.3 Checking the Aberration Theory via Spot Diagrams 

The question to be considered now is whether the aberration 

theory accurately describes the aberrations of Tondello's system (34), 

which is analysed in detail in chapter 5. The theory will only 

describe the aberrations correctly if: 

1. The algebraic expressions derived for the coefficients 

are correct. 
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2. Addition of the aberration coefficients is still 

accurate for a grazing incidence system. 

3. The parabasal approximation for the ray paths is valid, 

i.e. the grazing incidence ray intersections with mirror 

do not appreciably affect the uniformity of the ray 

pencil. 

4. Higher order aberrations above the fourth order do not 

alter the image. 

To enable comparison between the theory and the raytrace results 

spot diagrams were generated from the wavefront aberrations. These 

diagrams were obtained by using the transverse ray aberrations, for 

which the partial derivatives of the wavefront aberrations are needed. 

Now from [2.43], 

w = 

u 
therefore, d W = I KijkWijki x ^ un

k [3.4] 

d x n 

and d W = I K i j kW i j kjx;yjX [3.5] 

dy n
 IJ 

The exit pupil on the last surface is at an extremely oblique angle to 

the principal ray. So, if the coefficients are found with respect to 

a stigmatic reference surface then equations 3.4 and 3.5 enable the 

calculation of the ray aberrations using equations 2.73 and 2.74. 

Generating the spot diagrams for comparison is just a matter of using 

the same ray grid on the exit pupil as that used in the raytrace 

program. 
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Wavelength A. = kk A and the image plane is perpendicular 
to the base ray. All axes are in millimeters. 
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The spot diagrams obtained from Tondello's system using the 

theory and by raytracing are shown in figure 3.3. The same conjugates 

and aperture were used in both cases, their values and the system 

construction are given in appendix A.1. The origin of the axes for 

each spot pass through its centre of gravity, with the horizontal axes 

parallel to the meridional plane. The slit between the mirror and the 

grating has been neglected to avoid vignetting. 

Comparison between the two sets of spot diagrams clearly shows 

that the theory developed successfully predicts the aberrations of 

Tondello's system at its full aperture and field. The in-plane spots 

are almost indistinguishable and the slight differences between the 

off-plane ones can be attributed to higher order aberrations. 
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CHAPTER 4 

DESIGN TECHNIQUE 

Having presented the theory for holographic toroidal grating 

systems the remaining section of this work will be concerned with its 

application in their design. The main problem of design is that of 

deciding what alterations must be made to a system to improve its 

aberrations. 

The general techniques that can be used in the design of 

holographic grating systems are discussed in this chapter. Included 

in these is the design of the grating for aberration correction; a 

description is given of the optimisation program OPT used to put this 

into practice. In the next chapter the use of these techniques is 

illustrated in the design of a spectrographic system with a flat focal 

plane. 

4.1 Introduction 

An instrument is designed with regard to certain criteria that 

are considered important in its use. In the case of a spectral 

instrument the three primary criteria are likely to be: 

1. light throughput: i.e. etendue 

2. wavelength resolution 

3. spatial resolution (ex. spectroheliographs) 

Certain tradeoffs can exist between these criteria; for example, it 

might be possible to increase the spatial resolution by reducing the 

aperture which in turn will reduce the etendue. 
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Once the goals have been decided then the instrument can be 

designed. The usual process followed is to produce an initial design 

based on an analytic sollution of the first and second order 

aberrations, together with the designers previous experience. This 

design must then be evaluated to see if it has achieved the criteria 

set, if not the design must be changed. This can be done by 

optimisation of the design parameters of the system or by the 

introduction of new paramaters if the design is already considered to 

be at its optimum level. This process of alteration and evaluation 

continues until a design is produced which will fulfil the criteria. 

In practice other factors such as cost of manufacture and 

complexity decide the end point of the design process. The goal in 

this case then becomes one of ensuring that the optimum design is 

chosen in the category determined by the other factors. 

4.2 Aberration Correction 

To produce an improved design an attempt is made to reduce the 

aberrations in the final image. If no new elements are introduced 

into the design then this can be done in two ways. The parameter that 

is the major cause of an aberration can be altered to reduce that 

aberration, or the aberrations may be balanced between the elements of 

the system. In balancing, although each element has certain 

aberrations they are arranged to cancel out when added together. 

The techniques described in this section are means of correcting 

the system aberrations by cancellation. In the first, the holographic 
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grating is designed to balance the aberrations of the system at its 

different conjugates. In the second, the effect of the orientation of 

the elements on the reduction of the coma aberration is considered. 

4.2.1 Holographic Grating 

The first thing to be considered when designing a holographic 

grating is its required dispersion. Since this is specified for the 

base ray it determines the groove spacing at the pole of the blank. 

Once the spacing has been fixed then the available holographic design 

parameters can be considered. 

Fig. 4.1. Groove Formation by Construction Sources 

The groove spacing £ is determined by the angle O that the 

fringes are inclined to the normal, this is shown in figure 4.1. The 

distance between the fringes in space is determined by the 

intersection angle 2u) between the rays from the two point sources, so 

£ = [4.1] 
2 sinU)cos<t> 

Where X 0 i s the wavelength of the construction sources. For an argon 

ion laser a typical wavelength would be the line at 4579.3 A, because 

of the photoresist sensitivity. It can be seen that for a particular 

groove spacing a range of angles between the fringes and the blank can 
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be used, the groove spacing being maintained by the varying 

intersection angles between the two sources. 

Hence, once the grating frequency and the construction 

wavelength have been specified there are then three design parameters 

to be chosen. These are the angle of the grating blank to the fringes 

and the two point source distances. The angular coordinates used in 

the aberration theory for the two point sources in terms of the blank 

angle to the fringes are given by, 

Y=<t> + u) 6= <J>-cj 

For a conventional grating the blank is perpendicular to the fringes 

and the two sources are placed at infiniy. 

The values chosen for the three design paramaters of the grating 

are determined by its required aberrations. These are used to balance 

the aberrations of the system. From equation 2.64 it follows that the 

value of the aberration contribution from the grating is directly 

proportional to the reconstruction wavelength. For a grating system 

as this wavelength changes so also will the conjugates because the 

base ray will be diffracted in different directions. Any change of 

the conjugates results in a change of the aberrations. Thus the 

principal idea in the design of the grating is to ensure that any 

aberrations introduced by the conjugate changes are compensated by the 

change in the holographic grating contribution. This idea is of prime 

importance in the design of new mountings since the defocus change can 

be compensated by that of the grating, which results in new focal 

curve possibilities. 
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Conventional Plane Wave Symmetrical Rowland Circle 
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Table 4.1. Particular Cases of Holographic Aberration Correction 

The grating defocus and coma coefficients are shown for 

different source positions in table 4.1. The coordinates used for the 

construction sources appear in figure 2.8. These source positions 

provide the initial system that would be used for optimisation when 

designing a grating, depending on the aberrations to be corrected. 

For example, if only coma correction was required then the symmetrical 

construction position would be chosen. 

4.2.2 Coma Balancing 

In the plane symmetric system coma is the most important 

aberration that can be reduced by balancing between successive 

elements. This is done by reversing the position of an element with 
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respect to the system which causes a sign change in the incident and 

diffracted angles of the base ray. 

I 

Case I. 

Case II. 

Fig. 4.2 Reversed Positions of Front Element in System 

The example in figure 4.2 shows a system with its front element 

in the two alternative positions. One position being the reverse of 

the other. The only difference in the conjugates of the two cases are 

the reversed signs of the angles of the base ray through the first 

element, i.e. 

a n = - a r p n = - p i 

The aberration coefficients of the front element in the first case, 

from [2.64] are given by, 

cw^cax.fc)]^ [M^Cax.ft)],- m X [ H , , ] , X; YJ [4.2] 

Xc 

and for the front element in the second case', 

CWijk(On.Pid]i = CW^C-OjrPi)]! 

[MijkC-Oi.-ft)], - m X [H;:^ ) XJY? 
Xc 

[4.3] 

It will be noted that the coordinates of the aperture ray are the same 

in both cases and that the grating construction is constant with 



- 90 -

respect to the grating axes. So, from [4.2] and [4.3] the aberration 

coefficients which change when the front element is reversed are those 

where the Mjjk coefficient changes value. 

Examination of the in-plane coefficients shows that as might be 

expected only the coma aberrations change value and that, 

[ M 3 0 0 (aI,pI)]1 = -[M 3 0 0(-a I,-P I)] 1 

[ ^ W a ^ f r ) ] , = -[ M 1 2 0 ( -a^-p!) ]1 

Thus reversing the position of the front element changes the sign of 

its coma contribution and can be used with advantage to ensure 

cancellation with that of the next element. The other in-plane 

aberrations are unaffected by this change. 

4.3 Optimisation Program (OPT) 

The design process for an optical system is illustrated in 

flowchart form overleaf in figure 4.3. The initial system is taken 

and then analysed to find its aberrations. The system is then changed 

to correct these aberrations and the process is repeated for the new 

system produced. When the design has reached a stationary level of 

aberration correction then this is taken as the final design. 

The above process can be performed by the lens designer or an 

automatic optimisation program on the computer. In the program the 

deviation of the system from the design goals is described by the 

merit function. This function is minimised by the program and ensures 

that the final design approaches the design goals as closely as 

possible. 

The merit function is nonlinear function of the system 
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A linear approximation of the function is usually used 

the corrections to be made. The difference between the 

nonlinear solutions leads to the iterative nature of the 

process. 

Fig. 4.3. Optimisation Loop 

In practice the optimisation loop is repeated until the design 

becomes stationary and then if the final system has not achieved the 

design goals the designer decides if: 

1. Initial system should be changed. 

2. Correct paramaters were available for optimisation and 

their ranges were sufficient. 

3. Program functioned properly. 

This alternation between the designer and the program enables the 

final design to be converged on. 

The following section describes the operation and performance of 

an optimisation program called OPT written for a holographic toroidal 

grating system, OPT is based on the theory presented. 

parameters, 

when finding 

linear and 

optimisation 
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4.3.1 Operation 

The program OPT can optimise a one or two element holographic 

grating system. It is written to supply a merit function to a 

subroutine obtained from the Nottingham Algorithm Library which 

performs the minimisation using a quasi-Newton method. 

The program will cope automatically with rotational 

monochromator mountings and Rowland circle spectrographs. If the 

focal plane differs from the Rowland circle it can be set numerically 

within the program. 

The system parameters that can be optimised are the substrate 

radii of curvature, the stop position and the three paramaters of the 

holographic grating. Reciprocal values are used for the radii of 

curvature and the construction source distances so that plane wave 

construction and plane surfaces can be described. Constraints can 

also be set on the parameters to make sure that they are always within 

specified ranges. These are used to ensure that the mirrors and 

gratings of the final design can be made; for example, that the 

construction beams do not lie too close to the grating blank. Any of 

the parameters can be held constant according to the requirements of 

the design. 

4.3.2 Merit Function 

Two types of merit function are available in the program. One 

is based on the sum of the squared wavefront aberrations and the other 

on the root mean squared wavefront aberration. 

The merit function Q for the sum of the squared 
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wavefront aberrations is given by, 

n . i v i j j A j w j y ^ A 2 [ w f j k ] H . • A n [ w y j 

Where A n is the weighting factor of the aberrations at wavelength X n . 

The individual aberration types are weighted by the factor Vjjk which 

is chosen according to their importance in the final image. 

For the final stages of the optimisation the merit function is 

based on the root mean squared wavefront aberration as suggested by 

Meiron (40). This merit function relates directly to the image 

quality and so ensures the best possible design of the system. The 

r.m.s. wavefront aberration M x at wavelength X is given by, 

M x = W 2 d s j T 

s 

When performing the numerical integration the choice of the number of 

rays in the grid is important. Too few rays and the integration is 

not accurate enough, too many and the program is slowed down 

considerably. The wavefront aberration W for each ray is calculated 

by adding together aberration terms. The merit function ft for n 

wavelengths is, 

ft = A ^ , • A 2 M X i • • A n M X n 

The use of weighting factors for the different wavelengths 

provides for concentration of the optimisation on the centre section 

of the wavelength range. The performance in this region is likely to 

be of most importance. 

4.3.3 Results 

The initial testing of the program was done by checking that it 
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optimised simple systems correctly. One example of this was a 

toroidal mirror optimised to give an anastigmatic image, this could 

easily be confirmed by calculation. 

The program optimisation loop performed more quickly for the 

merit function based on the sum of the squared aberrations. This 

function was therefore used in the first stages of the design. By 

only using the first and second order in-plane coefficients for this 

function it was possible to compute the parabasal design. 

The performance of OPT in optimising a holographic grating in a 

Seya-Namioka monochromator was compared with the work published by 

Takashi and Katayama (41). The results from the two programs are 

given in the table of figure 4.4. Takashi's results are numbers 4 and 

8 in table II of their paper. The values of the fixed parameters in 

the system are shown above the table. 

To compare the program with Takashi's, the same initial starting 

systems and merit function were used. The merit function for the sum 

of the squared wavefront aberrations being, 

Q .= ^ W 2 0 0 + W0220 + W300 k „ 

where X n=2000,2500,4000,6000 A 

The aperture ray involved in the calculation of the above aberrations 

had coordinates X = 25 mm and Y= 15 mm at the grating. 

The results show that the final designs reached by the two 

programs are in very good agreement with each other. Two different 

initial starting gratings were tried with the programs. Providing 

there is only one solution then the programs should have produced the 

same results for each case. It can be seen that the final gratings 
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Rotational Grating Mounting 

^ X 

Concave Grating R = 500. mm f = 600. mm"1 

Conjugates r = 409.607 mm a - p = 69.733° 

r' = 410.959 mm m = -1 

Aperture Ray X = 25. mm Y = 15. mm 

Optimisation of Grating 

Initial 

Gratings 

Final Gratings Initial 

Gratings OPT Takashi 

rd 
First rr 

6 
Y 

500.0 mm 
500.0 mm 
-28.648° 
-45.837° 

479.419 mm 
330^630 mm 
-41 677° 
-69.997° 

479.316 mm 
332.225 mm 
-41.844° 
-70.576° 

rd 
Second rc 

6 
Y 

200.0 mm 
400.0 mm 
-28.648° 
-45.837° 

479.419 mm 
330.630 mm 
-41.677° 
-69.997° 

480.152 mm 
326.846 mm 
-40.873° 
-68.253° 

Fig. 4.4. Results for the Optimisation of a Seya-Namioka Monochromator 

from program OPT and Takashi (41). 
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given by OPT are identical to the accuracy shown, whereas those from 

Takashi's program differ slightly. 

4.4 Grating Frequency Variation 

With a conventional grating the spacing of the groove 

projections on the tangent plane to the pole of the grating is 

constant. This results in the frequency of the grating being 

practically invariant over its surface because the radii of curvature 

involved are usually large. 

For a holographic grating the closeness of the construction 

sources to the blank produces a frequency variation over the surface. 

This variation is of interest because it affects the local grating 

efficiency and illustrates to a certain extent how the design is 

working. To find the value of the variation a program was written to 

calculate the frequency at different points on the surface. 

In the program the grating frequency at a point is found along 

the line of intersection formed by the plane containing the two 

construction rays and the blank surface, so that the maximum grating 

frequency is measured. From a grid of points on the surface a map of 

the frequency can be obtained. The holographic grating design in the 

next chapter has been evaluated in this way to see how it differs from 

a conventional grating. 
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CHAPTER 5 

DESIGN EXAMPLE: FLAT FIELD SPECTROGRAPH 

"in systems such as this, the analytical treatment of the aberrations 

leads to quite imprecise results" 

G. Tondello 1978 

After making the above comment in reference to the design of his 

X-ray spectrograph, Tondello then goes on to treat the aberrations by 

raytracing (42). 

The results in section 3.3 show that this statement no longer 

applies because the theory is seen to accurately describe the 

aberrations. In the first part of this chapter the aberrations of 

this design are analysed and those affecting the entrance slit 

vignetting and the spatial resolution are identified. 

As an improvement on Tondello's system a flat field spectrograph 

is designed in the second half of the chapter. The use of a 

holographic grating enables the spectrum to be projected on a flat 

focal plane perpendicular to the base ray. After producing the 

design, using program OPT and the techniques mentioned in the previous 

chapter, its performance is then compared with that of Tondello's 

spectrograph. 

5.1 Analysis of Tondello's Design 

A diagram of Tondello's spectrographic system is shown in figure 

5.1. The toroidal mirror collects the soft X-rays from the source and 
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Fig. 5.1. Tondello's System 

focuses them through the entrance slit of the spectrograph. The 

concave grating then forms the spectrum on the Rowland circle. The 

astigmatism of the concave grating is corrected completely by the 

toroidal mirror at the anastigmatic wavelength X s so the source is 

resolved in the sagittal direction perpendicular to the Rowland plane. 

Moving away from the anastigmatic wavelength, then the increase in 

astigmatism causes a reduction of the spatial resolution. 

To obtain the maximum spatial resolution at the wavelengths of 

interest then the anastigmatic wavelength must be altered. For small 

changes this can be accomplished by moving the grating around the 

Rowland circle. Large changes are made by using toroidal mirrors with 

different sagittal radii of curvature, as shown by Garifo and Tondello 

(34). 

The radii of curvature Pv^i toroidal mirror are 
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calculated from the required positions of the sagittal and meridional 

focal lines. The meridional focal line has to be at the entrance slit 

to the spectrograph, so using CW^l, =0 gives, 

J_ = cos-fr I1 • [5.1] 
R1 2 \r r j 

The sagittal focal position must ensure that the system is 

anastigmatic at X s . If this wavelength is diffracted at an angle p s 

from the grating then its intersection with the Rowland circle of 

diameter R c gives, 

r' = R c cos p s [5.2] 

Since the concave grating has negligible vertical focussing power at 

grazing incidence then, • 

rs1 = d + r ' [5.3] 

Now, using [W 0 2 0] fO the sagittal radius of curvature of the toroidal 

mirror is given by, 

_L = 1 11 + J _ ] 
p, 2 cos-fr \ r rs1 / 

Which from [5.2] and [5.3] becomes, 

J-= 1 (l. + 3 ) [5.4] 
p1 2coS"9-\r d+R ccosp s/ 

5.1.1 Photometry and Magnification 

The light flux traveling through an optical system becomes 

important when comparing the aberrations of different designs. For a 

fair comparison the apertures of the systems must be chosen so that 

their light fluxes are equal, since the aberrations vary with 

aperture. The light flux, photographic exposure and magnification of 
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Tondello's system will now be considered. These ideas will be used 

again later when comparing the flat field system with this design. 

The light flux through an optical system is determined by the 

field and aperture stops. The light flux L or etendue is given by, 

L = area of field x solid angle of aperture stop 
stop subtended at field stop 

For a plane symmetric system with rectangular stops this becomes, 

L = 16 H s H m [5.51 

where H s and H m are the Lagrange invariants in the sagittal and 

meridional sections respectively. 

In applying this to Tondello's system, shown in figure 5.1, then 

the sagittal Lagrange invariant for an object of finite size \ is, 

H s = v s \ 

The meridional Lagrange invariant is determined by the entrance slit 

width s w of the spectrograph, 

H m = Um 

2 

It should be noted that besides acting as a field stop in the 

meridional plane the slit also determines the spectral resolution. 

Substituting the two Lagrange invariants into [5.5] gives the light 

flux through the system as, 

L = 8 U s "U'm̂ o s w [5.6] 

The aperture of the mirror can be determined from and t'm. 

The photographic exposure depends upon the illumination E at the 

photographic plate, this is defined as the light flux per unit area. 

In the case of an optical system where the plate is normal to the base 
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ray and the field stop image area is A then, 

E = _L_ = i C5.7] 
A 

For Tondello's system the plate is at an angle (3 to the diffracted 

base ray, this increases the area of the field stop image so that the 

illumination is, 

E = A l ^ X c o s P [5. 8 ] 

The extreme angle of the plate to the base ray in the grazing 

incidence system results in a large decrease of the illumination. 

The sagittal magnification M is given by using the sagittal 

Lagrange invariant for the object and image, 

_ // // 
H s = V s \ = "Us \ 

so, M = = JJ^ [5.9] 

\ v; 

The convergence angle u's is obtained from tracing the aperture ray, 

giving for Tondello's system M = - 1 . The magnification is of course 

independent of the stop postion which is at the toroidal mirror in 

this case. 

5.1.2 Slit Vignetting 

The slit is positioned at the meridional focal line of the ray 

pencil from the toroidal mirror. If this mirror produced a perfect 

astigmatic wavefront then this line would be straight and diffraction 

limited in width. Because other aberrations are present this line is 

broadened and curved so that not all the rays pass through the slit. 

Shown in figure 5.2 are the raytrace spot diagrams at the slit 

position for various field angles. The stop is at the toroidal mirror 
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and the system traced is given in appendix A.1. It can be seen that 

when the object point is off-plane then most of the rays do not pass 

through the slit because of the tilt of the line. 

Looking at the wavefront aberration coefficients for the 

toroidal mirror there are seen to be three aberrations dominating the 

line shape. From the analytical forms of the coefficients the factors 

governing the slit position in relation to the toroidal mirror can be 

found. 

The focal line width is principally determined from the coma 

aberration coefficient W 3 0 0 . Substituting from table 2.1 and using 

[2.44] for the mirror gives, 

W 3 0 0 - /-T (-ft. r ) sin-fr + T rm1) sirv^) X? 

\ r rm1 I 

Using the full expressions for the T functions and taking the value of 

R, as given by [5.1] leads to, 

W 3 0 0 = sin^cos
2^(l - J_\X? 

Thus the coma aberration can be eliminated by using the mirror with 

symmetrical conjugates. 

The line curvature is described by the W 1 2 0 aberration and stays 

constant while the line tilts as the object point moves off-plane. 

Similarly as above, 

W 1 2 0 = sin£/_L + J-)/.!- - _ L - J_)X, Y]
2 

\ rsi r/\rs1 2r 2rJ 

From [2.69], the transverse aberration of the astigmatic wavefront is 

given by, 

6x 1 2 0 = . ji]LW120yn
2 

2 * 
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No simple interpretation of the best mirror conjugates for this 

aberration seems possible. 

The tilt angle of the curved line as the object point moves 

off-plane is determined by the magnitude of the W-,^ coefficient. 

With the stop at the mirror surface this is, 

W i n = sin<d7_1_ • J _ ) Xt Y, U, 
\ r rs1 / 

and the transverse ray aberration is, 

6x111 = -Jna.Wm y n\i n 

X, 

The simplest technique of reducing this is to put the slit closer to 

the mirror, thereby decreasing rm1. 

5.1.3 Spectral and Spatial Resolution 

The spectral resolution 5 \ of Tondello's system is slit width 

limited so, 

6 A = S c o s a 6 a [5.10] 
m 

where the angular slit width 6ot = s w 

rm2 

o 

Using these gives a spectral resolution of 165 mA for the 10 (im slit 

in the system, the values are given in appendix A.1. The aberrations 

of the toroidal mirror do not affect the spectral resolution because 

the aberrated rays are removed by the 'slit. 

The spatial resolution is affected by both the mirror and the 

"V 0 

grating, at the anastigmatic wavelength ( As=44 A) it is approximately 

6 |lm. Comparing this with the diffraction limit of the system which 

is 1.7 |-Lm shows the effect the aberrations have. 
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Fig. 5 - 3 - Variation of the In-plane Aberrations of Tondello's System 
with Wavelength. (A). 

Aberrations whose maximum value in the wavelength range is 
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In figures 5.3 and 5.4 are shown the aberration coefficients 

calculated for the system with the object .4 mm from the meridional 

plane. The graphs have been normalised to show the variation clearly 

with wavelength and the tables at the bottom enable the true values of 

coefficients to be found. For an in-plane object point only the 

coefficients in figure 5.3 will apply. 

It can be seen that the major aberration present at the 

anastigmatic wavelength is the W 1 2 0 term. The effect on the ray 

pencil from the mirror that this term has is shown in figure 5.5. The 

mirror is approximately rotationally symmetric about the line joining 

the object point and the sagittal focus. Since the sagittal focal 

line will coincide with the symmetry axis it lies at an extreme angle 

to the base ray. This is borne out by the wavefront shape, shown in 

star space in figure 5.6. The W 1 2 o term describes the variation of 

the sagittal curvature away from the reference surface along the 

length of the pupil. The odd power of x n means that the curvature 

changes sign in the two halves of the pupil and increases away from 

the origin. The distance away of the local sagittal focii therefore 

increase along this axis. 

sagittal 
l ine 

Fig. 5.5. Ray Pencil from Toroidal Mirror 
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x n 

Fig. 5.6. The W120 Aberration 

The effect of the concave grating is to bring the ray pencil to 

a focus in the meridional plane, it makes a negligible contribution to 

the W 1 2 0 term. The variation of the focal distance from the different 

zones of the grating causes a smearing out of the rays in the vertical 

direction with a consequent reduction of the spatial resolution. 

Use of the optimisation program indicates that it is not 

possible to correct the W 1 2 0 term holographically. One possible 

technique is to use a two toroidal- mirror system in front of the 

spectrograph as shown in figure 5.7. The mirrors are very close 

together and the ray pencil practically parallel between them. After 

designing one such pair this approach was abandoned because it was 

felt that the system would be too complex in practice in relation to 

the improvement obtained. 

sagi tt al 
line 

Fig. 5.7 Two Toroidal Mirror Collector 
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5.2 Flat Field Design 

For Tondello's system the major aberration limiting the spatial 

resolution away from the anastigmatic wavelength is astigmatism, as 

shown in figure 5.3. A reduction of this astigmatism would greatly 

improve the instrument by increasing the wavelength range over which 

useful images are obtained. This is accomplished in this section by 

using a holographic grating and forming the spectrum on a flat plane. 

The sagittal focussing power of Tondello's system is provided by 

the toroidal mirror. The concave grating which is at grazing 

incidence has virtually no power in the sagittal section so the focus 

remains a constance distance along the base ray from the mirror. But 

the distance to the focal plane changes rapidly with wavelength 

because of the extreme angle of the Rowland circle section. Since the 

meridional focus coincides with the Rowland circle then the 

astigmatism of the wavefront changes rapidly. 

To reduce the astigmatism on the Rowland circle the system must 

be designed so that the sagittal focussing power of one of the 

elements varies rapidly with wavelength. Unfortunately if a toroidal 

grating is used the variation produced is the opposite to the one 

desired. Holographic correction also appears to be impossible because 

insufficient sagittal focussing power can be obtained from the grating 

at grazing incidence. 

A way of overcoming this rapid change of focus is to ensure that 

the meridional focus lies at a constant distance along the base ray. 

This leads to a focal plane perpendicular to the base ray. Using the 

optimisation program it was found possible to correct the meridional 
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defocus from this plane by the use of a holographic grating. This 

correction utilises the fact that the aberrations of the grating vary 

linearly with the reconstruction wavelength. The design of a flat 

focal plane system incorporating the holographic grating will now be 

described. 

5.2.1 Parabasal Stage 

The first thing determined when producing the flat field design 

was the actual layout of the system. Then the elements were 

calculated for a central wavelength to give an initial design. This 

was fed into program OPT and by using a merit function based on the 

first and second order in-plane aberrations the parabasal design was 

arrived at. 

The layout of the system is presented in appendix A.2 and should 

be compared with that of Tondello's system. The distance of the 

toroidal mirror from the object has been kept the same because 

Tondello gives this as a convenient operating distance from the laser 

plasma, although if the light flux is kept constant the aberrations 

of the mirror will be reduced by shortening this distance. The 

reflection angle of the mirror is the same because it is determined by 

the wavelength of the X-rays that must be reflected. The entrance 

slit has been brought closer to the mirror to reduce the W i n 

aberration and so decrease the off-plane vignetting. 

For the grating, its frequency, distance from the entrance slit 

and angular conjugates remain the same. This ensures the same angular 

dispersion and slit width limited wavelength resolution [5.10]. 
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The distance of the image plane from the grating has been chosen 

to ensure the same linear plate dispersion. In Tondello's system the 

plate is steeply inclined by the diffraction angle |3 to the base ray, 

so the plate dispersion is increased by a factor of 1/cosP over that 

in the plane perpendicular to the ray. Since the angular dispersion 

is the same in the flat field design then the plate distance must be 

increased by the same factor, which is 12.4. This change also 

increases the value of the sagittal transverse magnification to a 

value of 3.4. 

The aperture was chosen so that the same light flux travelled 

from the object to the image plane. This was done by calculating the 

aperture ray coordinates at the first surface so that the Lagrange 

invariants in the two sections were the same as Tondello's. This 

resulted in the equations, 

Yi = X, = w;r m 1 [5.11] 

cos-3' 

The convergence angles u s and U^ remain the same for both designs. 

The photographic exposure is determined by the light flux per 

unit area at the image plane. The flux, width of the field stop image 

and the linear dispersion of the system are the same as Tondello. The 

transverse magnification has increased by a factor of 3.4 so the 

illumination is approximately one third that of Tondello's system. 

The elements of the initial design calculated are given in 

appendix A.2. The radii of the toroidal mirror were obtained from 

equations 5.1 and 5.4. The conventional concave grating was required 
o 

to form its meridional focus for the 44 A wavelength at the image 

plane. Its radius was obtained from W 2 Q O = 0 i.e. 
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1 = 1 cos a + cos B 
r' R 2 c o s a + c o s p \ rm2 

The initial system was optimised, holding the meridional 

curvature of the mirror constant because of the slit position. The 

other radii of curvature and the holographic grating were allowed to 

vary to reduce the merit function. This was based on the sum of 

squared aberration coefficents W 0 2 0 and W 2 0 0 , taken at wavelengths 30, 

o 
44, and 60 A with a weighting factor of two for the central one. 

2000 
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Fig. 5.8 Variation of the Meridional Focal Distance with Wavelength 

Initial System Parabasal Design 

The meridional focal distances for the parabasal and initial 

designs are shown in figure 5.8. Correction of the defocus due to the 

optimisation of the holographic grating is particularly noticeable for 

the shorter wavelengths. 

5.2.2 Final Design 

The final design for the system was obtained by optimising the 

parabasal design using the r.m.s. wavefront aberration merit function, 



- 113 -

this produced the best balance of the aberrations. The optimisation 

was performed with an in-plane object point and the merit function was 

taken at the same wavelengths as before with the same weighting factor 

of two for the central one. All the parameters were allowed to the 

vary except for the meridional curvature of the toroidal mirror. The 

overall improvement of the r.m.s. wavefront aberration of the final 

design over that of the parabasal design was approximately 1255. 

The stop position was chosen by optimising the system for an 

object point .4 mm from the meridional plane. The elements were fixed 

and only the stop was allowed to move. Its optimum position was found 

to be at the toroidal mirror. 

The final design is given in the table of appendix A.2. It will 

be noted from the sign of the incidence angle for the mirror, that its 

position is the reverse of that in Tondello's system. This enables 

cancellation of the coma aberration W 1 2 0 between the mirror and the 

grating. The aberration of the mirror predominates and cancellation 

by the grating reduces it by approximately 1 355 . 

The frequency of the holographic grating is mapped out in figure 

5.9, the XJI axes have the same orientation as those in the appendix. 

There is a linear decrease of the frequency along the grating in the 

direction of the image. This frequency change is the reason for the 

correction of the meridional defocus aberration over the wavelength 

range. 

The holographic and surface defocus contributions are plotted 

with wavelength in figure 5.10. The difference between these is taken 

to give the total meridional defocus, which from [2.64] is, 
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Fig. 5-10. Variation of the Holographic and Surface Meridional 
Defocus Contributions with Wavelength. 
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W200 ' m 2 0 0 - mA.H 2 0 0] X 2 Where m =1 

'•o 

The cancellation of the surface defocus contribution by the 

holographic contribution can be clearly seen and shows that the 

correct order has been chosen, otherwise the gradient of the 

holographic contribution would have the opposite sign. 

The aberrations of the final design are given in figures 5.11 

and 5.12. One of the major changes from the parabasal design is the 

doubling of the W 3 0 0 coma aberration. This is due to the holographic 

grating and is brought about as an attempt to compensate for the W 1 2 0 

aberration, since they are of opposite signs. There is also a slight 

increase in the defocus aberration. 

It is interesting to see how much the astigmatism has been 

reduced in comparison to Tondello's system. The astigmatic wavefront 

aberration of the two systems cannot be compared directly because of 

their different magnifications and different image plane distances. 

The important thing to be considered is how the astigmatism interferes 

with the spatial resolution. This is done by using the transverse ray 

aberration. From [2.69], then the transverse ray displacement in the 

image plane is, 

by' = -r' d W 

Y2 d y n 

for astigmatism, W = JL W Q 2 0 y
2 

2 

so 6y' = -Ji W 0 2 0y n 

Y 2 

Considering a system of magnification M then the transverse ray 

aberration in the object plane is, 
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5 y s -_rl W 0 2 Q yn 

MY 2 

Therefore, with the appropriate substitutions from the 

appendices. For Tondello's system at full aperture, 

5y = - 600 W 0 2 0 

and for the final flat field design at full aperture, 

6y = - 365 W 0 2 Q 

Then from figures 5.3 and 5.11, using the maximum astigmatic 

aberration of the two systems over the same wavelength range, the 

astigmatism of the flat field design is approximately one third that 

of Tondello's design. 

As far as tolerances of the holographic grating are concerned, a 

radial movement of one of the construction sources by 1 mm changes the 

spatial resolution by 6$ and causes a 20$ change in the image width, 

both defined by the F.W.H.M. The depth of focus extends 10 mm either 

side of the image plane for a 10$ change in the spot area. 

5.2.3 Comparison with Tondello's Design 

The performance of the flat field design can be compared with 

that of Tondello's system by raytracing, this takes the slit 

vignetting into account. The full width half maximum of the spot 

diagrams obtained is used as the criterion for the spatial resolution. 

The variation of the object resolution with wavelength for both 

systems is given in figure 5.13. Two field positions have been 

chosen, one in the meridional plane and and the other at a height of 

.4 mm. The etendue of the systems is the same if the slit vignetting 

is disregarded. 
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The percentage of the rays that pass through the slit, for the 

different systems and field point positions, is shown beside the 

graphs. For the in-plane object point the light flux through the slit 

is slightly less than for Tondello's design. This is due to the 

increase in coma aberration associated with bringing the slit closer 

to the mirror. This change in position reduced the W,,, aberration 

which is why the light flux through the slit for the off-plane object 

point is twice that of Tondello's. 

Although the flat field system suffers from meridional defocus 

the raytracing proves this to be less than the slit width limited 

wavelength resolution. Thus the wavelength resolution is 165 mA for 

both systems. 

The spatial resolution of the flat field system extends over a 

greater wavelength range than Tondello's system, as a result of the 

reduction of the astigmatism. For the off-plane image the resolution 

and the flux are increased. 

Apart from the increase of the useful image region the flat 

field system is particularly suited to the recently developed 

photoelectric MAMA detectors (28). The wavelength range 30 to 60 A 

would cover 22.5 mm on one of these detectors which are available in 

sizes up to 25.6 x6.4 mm? The magnification of the system enables 

full use of its spatial resolution when coupled to one of these 

plates, which have a maximum resolution of 25 pm. For Tondello's 

system its unit magnification limits it to the spatial resolution of 

the detector. 
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CHAPTER 6 

CONCLUSION 

6.1 Results Achieved 

The main results of the work that has been given in this thesis 

can be summarised as follows: 

1. The wavefront aberration theory has been developed for holographic 

toroidal grating systems. 

The foundation of the theory, formed upon the idea of wavefront 

aberration from an astigmatic surface, was given in section 2.2. 

Following from this, in sections 2.3.1 and 2.3.2 the aberration 

coefficients were derived to the fourth order for a holographic 

toroidal grating with an external position of the stop. The use of 

these coefficients to find the aberrations of a plane symmetric 

grating system was described in section 2.4. Finally, the stop shift 

equations were found in section 2.3.3, giving the change in the 

aberrations of an off-plane pencil for a longitudinal shift in the 

stop position. 

To verify that the theory was correct and to check its accuracy, 

the predictions for Tondello's system were compared against the 

raytrace results. Using the transverse ray aberrations for an oblique 

exit pupil, which were derived in section 2.5.2, spot diagrams were 

generated from the wavefront aberrations. These spot diagrams and 

those from the raytrace program are shown in figure 3.3. Comparison 

between the two sets showed that the theory accurately described the 
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aberrations of this grazing incidence system with its intermediate 

astigmatic focus. 

Previous to this theory it was only possible to describe the 

aberrations of a single holographic toroidal grating with a stop at 

its surface. It is now possible to describe the aberrations of a 

system consisting of a series of holographic toroidal gratings and 

toroidal mirrors with the stop position anywhere within the system 

The theory copes with the problem of intermediate astigmatic 

images enabling the addition of the aberrations of the seperate 

elements in a similar manner to the way Seidel aberrations are used 

for lens systems. As an additional application the aberrations of any 

r-symmetric holographic lens system can be described, these will then 

be exactly analogous to the Seidel aberrations and the stop shift 

equations of section 2.3.3 can be applied. 

2. The aberrations of Tondello's system have been analysed. 

The major problem in finding the aberrations of Tondello's 

system has been the astigmatism of the ray pencil between the toroidal 

mirror and the grating. This problem was overcome by basing the 

theory on the wavefront aberration taken with respect to an astigmatic 

reference surface. The aberrations of the system were calculated and 

the results plotted in figures 5.3 and 5.4. 

Analysis of the system yielded the results in section 5.1.2 that 

the slit vignetting was caused by the aberrations W 3 0 0 , W 1 2 0 and W n i . 

The effect of the slit position on these aberrations was discussed. 

In section 5.1.3 the spatial resolution at the anastigmatic wavelength 

was found to be determined by the W 1 2q aberration. 



- 123 -

3. A flat field spectrograph has been designed. 

The design was produced by using the optimisation program 

OPT, which was based on the aberration theory and was described in 

section 4.3. The reasoning behind the design and the method of its 

derivation are given in section 5.2. 

The holographic grating in the design was shown to reduce the 

defocussing from the focal plane in section 5.2.2. In the same 

section the conclusion was reached that, for similar wavelength 

ranges, the astigmatism of the design was one third that of 

Tondello's system. 

The spatial resolution of the design was compared with that 

of Tondello's, at the same etendue, in section 5.2.3. The results 

given in figure 5.13 show that the wavelength range over which 

useful images are produced has been increased. The conclusion was 

also drawn that the design was particularly suitable for the 

recently developed MAMA detectors (28), by virtue of its 

magnification and extended image range. 
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6.2 Future Work 

The holographic gratings considered in this work have been 

constructed by point sources, i.e. spherical wavefronts. The question 

arises however of the aberration correction possible if the gratings 

are formed by aspheric wavefronts. Although not as easy to produce in 

practice if they could provide correction, for example of spherical 

aberration, their use would be justified. Work with OPT suggested 

that this aberration is very difficult to correct. It would be 

interesting to see the relationships between the aberrations of the 

grating and those of the construction wavefronts. 

Extending the theory presented to describe the imaging of a two 

dimensional object would be very useful for spectral systems. Typical 

applications would be the design of spectroheliographs and microscopes 

for plasma diagnostics, imaging at the different emission wavelengths. 

The use of two field angles would increase the number of aberration 

terms up to the fourth order from 16 to 29. Of these, the variation 

of the defocus terms with the meridional field angle would be of prime 

importance since they would determine the inclination of the image 

plane to the base ray. 

The above examples of work to be done in the future will involve 

more complex expressions for the optical path function. Although easy 

to formulate the difficulty will come about in expanding these 

expressions. The technique of using the computer to perform these 

algebraic expansions, as used for the theory in this work, should 

provide a solution to this problem. 
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APPENDIX A.1 

Tondello's Design 

Layout 

r £ r
m1 fm2 a 3 

/ 
r 

358.39 mm 86° 242.94 mm 34.90 mm -88° 85.38° 80.55 mm 

A = 44 A 

Slit Width s w= .01 mm 

Stop at Mirror 

Rowland Circle Diameter R c = 1000. mm 

Magnification M =-1. 

Aperture Ray 

Mirror ^ = 8.71 mm Y, = .90 mm 

Grating X 2 = 2.50 mm Y 2 = .20 mm 

Elements 

Toroidal Mirror 

Conventional Grating 
(f=600.mm"1) 

R-, = 4151.33 mm 
Pi = 25.00 mm 

R 2 = 1000.00 mm 
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APPENDIX A.2 

Flat Field Spectrograph 

Layout 

r •a- rml rm2 a 3 r' 

358.39 mm -86° 180.0 mm 34.90 mm -88° 85.38° 1000. mm 

A = 44 A 

Slit Width s w = .01 mm 

Stop at Mirror Magnification M =-3.4 

Aperture Ray 

Mirror X-, = 6.45 mm Yj = .90 mm 

Grating X 2 = 2.53 mm Y 2 = .81 mm 

Initial 
Design 

Parabasal 
Design 

Final 
Design 

Mirror R-i 

Pi 

3430.98 mm 
38.61 mm 

3430.98 mm 
42.92 mm 

3430.98 mm 
42.74 mm 

R 2 

P 2 

Grating rc 
f=600. mm 1 rd 
A=4579.3A Y 

6 

2789.00 mm 
2789.00 mm 

00 
00 

-7.896° 
7.896° 

2191.70 mm 
230.53 mm 

5631.49 mm 
720.73 mm 
-7.896° 
7.896° 

2057.29 mm 
235.07 mm 
70.38 mm 
62.17 mm 
-5.897° 
9.905° 
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APPENDIX B 

SYMBOLS 

The following is a list of the main symbols that have been used, 

the page numbers given refer to their definitions. 

Subscripts 

a associated with object ray pencil 

b associated with image ray pencil 

c,d associated with construction ray pencils 

m quantity for meridional section 

n normalised coordinate 

s quantity for sagittal section (except for A s) 

y associated with auxiliary ray 

Superscripts 

/ 

primes for conjugate points and image ray pencil 

barred notation for principal ray 

value after stop shift 

Coefficients of Power Series 

aijk object pencil aberration contribution 48,49 

b-,jk image pencil aberration contribution 49,51 

Cijk 
- construction pencils aberration contribution 49,51 

d i jk 

Hjjk holographic aberration contribution 65 

Kjjk numerical constants 49,50 



- 133 -

Xjjk ray distance 47 

Mjjk surface aberration contribution 65 

Wjjk wavefront aberration coefficient 29,53 

Roman 

C 
- construction point sources 39 

D 

d distance between surfaces 63 

eccentricity (Chap. 2) 57 
E 

_ illumination (Chap. 5) 100 

f ^ . f ^ focal lines 35,36 

f grating frequency 86 

g number of gratings 53 

H m , H s Lagrange invariants 100 
h aperture stop height 58 

• ** 

1,1,1 object and image points 30 

ic critical incidence angle 19 

i 
- powers of pupil coordinates 28,29 

j 

k power of field coordinate 28,29 

L light flux, etendue 100 

I , l' sagittal stop image distances 45 

M , M' intersection points on meridional focal lines 37 

m diffracted order 74,75 

R major radius of toroid 46 

R c Rowland circle diameter 99 

r , r ' distances to anastigmatic foci 98 

rc , rd distances to construction point sources 51 

r m, r s , r m, r s ' distances to focal lines 51 
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rm1,rs1 focal line distances from mirror 98 

rm2»rs2 focal line distances from grating 98 

5 , S' intersection points on sagittal focal lines 37 

s w slit width 104 

U,U,Uc,Ud field angles for extreme field ray position 53 

u,u',uc,ud field angles 51,53 

u n normalised field coordinate 52 

W wavefront aberration 34,35 

X aperture ray coordinate at surface 52 

x n normalised pupil coordinate 52 

Y aperture ray coordinate at surface 52 

y n normalised pupil coordinate 52 

Y height of principal ray from extreme field position 53 

y height of principal ray 45 

Greek 

cl incident base ray angle 44 

P diffracted base ray angle 51 

ray pencil aberration contributions 43 

y angle of construction source 51 

A change due to stop shift 58 

6 angle of construction source 51 

5x,5y transverse ray aberrations 67,70 

6A wavelength resolution 104 

£ = H s AE 60 

£ stop shift distance (+ve along light direction) 58 

object and image heights 98 

ils sagittal focus height 44 
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T\s sagittal focus height for extreme field position 60 

•S" reflection angle 98 

X wavelength 38 

\ s anastigmatic wavelength 98 

X D grating construction wavelength 40 

p minor radius of toroid 46 

Z wavefront 35 

Z r reference surface 67,71 

t = Z Z Z where i + i + k < 4 29 
ijk i j k 

g groove spacing 86 

^mA^'mPs convergence angles ( u s = Y/r v's = -Y'/r' ) 58 

angle of fringes to blank 86 

field angles 45 

inclination angles of surfaces to base ray 63 

ft merit function 92,93 


