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ABSTRACT

This thesis studies admissibility, in the context of linear
model theory, under general quadratic risks, when only linear
estimators are considered. Algebraic representations of admissible
linear estimators are obtained for the following cases: the space of
the mean parameter is RP and the design matrix X is full rank or non
full rank; the space of the mean parameter is a subspace of RP and
X is full rank. Minimax properties of linear estimators over special
cubes and any ellipsoid centred at the origin are given. 1In particular
the following questions are answered: given a constraint region of
such a kind and a quadr;tic risk what is the minimax linear estimator
under this risk for this region? Given gjliﬁear estimator and a quad-
ratidArisk;onwhat regions the estimator is linear minimax under the
quadratic risk. The region where an admissible linear estimator has better
matrix - quadratic risk than the best linear unbiased estimator is
characterized. An optimal property of restricted best linear estimators
is. proved and finally admissible linear estimators are characterized

in terms of minimax properties.



ACKNOWLEDGEMENTS

I am very grateful to my supervisor, Dr. H.P. Wynn, for his
constant academic (and non-academic) support.

The existence of a real school (of statistics) at Imperial
College made my permanence there more enjoyable and fruitful. This
school is mainly the creation of Professor D.R. Cox and it is for me
a pleasure to thank him for it.

I would also like to thank the staff of the Mathematics Library,
for their help, Mrs. Robertson for her excellent typing and
Mrs. P.A. Easton for her assistance on a number of occasions.

Without the financial support of Conicit, Caracas, Venezuela,
it would have been impossible for me to realize this work. .

Finally, something important Qould be missing in this
acknowledgement if I did not thank Irene for her presence beside me,

in those long years outside my country and for many other things.



TABLE OF CONTENTS

ABSTRACT

ACKNOWLEDGEMENTS

TABLE OF CONTENTS

CHAPTER 1.
Introduction
CHAPTER 2.
2.1. The set of S-BLUE's
2.2. The set of minimum square error linear estimators
2.3. The set of admissible linear estimators
CHAPTER 3.
3.1. The existence of S—BLUE's
3.2, g-Inverses and S-BLUE's
3.3. Characterization of ALE ﬁhen X is non
full rank
3.4. Linear admissible estimators for subspaces
CHAPTER 4,
4.1. Q-minimax estimators over T-cubes
4.2, Q—minimax.estimators over ellipsoids centred
at the origin.
CHAPTER 5.
5.1. Where is an ALE better than the GLSE?
5.2. An optimal property of S-BLUE's and generalized
Marquardt's estimators
5.3. The Kuks-Olman property

REFERENCES

Page

13
22
30
35
42
43

46

50
61
65

66

90
110

111

121

127

138



CHAPTER 1

INTRODUCTION

To set the background for this thesis it is necessary to sketch
gome of the main branches in the evolution of the theory of statistical
linear models. We shall not attempt to give a full history since the
introduction of least squares by Gauss (see the 1855 book) but
rather make use of more recent work, some of which themselves contain
extensive bibliographies.

Before the 1960's the theory separates roughly into two main
groups. The first tries to interpret many of the statistical
procedures and concepts arising in practice in terms of least squares.

. Some of the questions areﬁthe definition of the best linear unbiased
estimator' (BLUE) as a least square;estimator (LSE) when the variance
of the model is of the form oy (Aitken, 1935), when X is a non full
rank matrix (Bose 1944, Rao 1946) or when the parameter of the mean
is restricted to lie in a subspace (Rao 1945), the formulation of
hypothesis testing in terms of least squares (Rao 1946). The second
group, with a smaller literature (Durbin and Kendall 1951), but
nevertheless important, develops geometrical understanding of the
least squaresestimator. It becomes clear that a least squares estimator
can always be seen as the projection (using an appropriate inner
product) over some subspace contained in the range of the design
matrix X.

Kruskal's free coordinate approach (1961) extends existing
geometrical interpretations to other practical situations. The relation

between BLUE and LSE is studied again (Zyskind 1967, Kruskal 1968).



The g-inverses are adopted as a standard algebraic device to solve
problems related to the estimation of the mean. This work has been
extensive since the early 1960's (see Mitra and Rao 1971 for a good
account). By the end of the 1960's the theory of BLU estimation had
been thoroughly worked and indeed it was probably a common belief
that BLUE's were the only useful linear estimators.

The beginning of the 197023 brought fresh life into the topic.
Mainly motivated by computational problems, Hoerl and Kennard
(1970a, 1970b) used perturbations of the LSE of the form
MY = (X'x + kI)-lx'Y as estimators. They were called ridge estimators,
It was a turning point for the estimation procedures of the mean of the
linear model: the new estimators had interesting statistical properties
which qualified them as possible competitors of the BLUE's. . A wide
field was open up to research. As a first consequence, a host of new
estimators, generalizations of the ridge estimator, became available.
Their increasing use in practical situations generated a considerable
number of theoretical and applied studies. On the applied side the
paper by Gotd (1979) (see also its bibliography) is a guide to the
developments in the area. Three main avenues of theoretical research
can be distinguiéhed.

Efron and Morris (1973) developed the ideas of Stein (1956) whose
famous work showed the inadmissibility of the ordinary unbiased estimator
of the multivariate normal mean and hence the LSE in regression for
dimensions greater than two. Exploiting some of the comnections between
shrinkage estimators and ridge estimators Thisted (1976) gave a '"ridge
rule" which had uniformly smaller risk than the relevant BLUE (in the

normal case). There has been considerable subsequent work in this area.



Although with the assumption of normality a wide range of practical
gsituations can be covered it is also important to have properties which
depend only on second order assumptions. Kuks and Olman 1972,

Kuks (1972) and later Bunke (1975), Lauter (1975) studied minimax
properties of those estimators. in the set of linear estimators, which
depend only on second order assumptions.

Finally another important contribution was to recognize that all
those new estimators had a common property: the class of the linear
admissible estimators was defined. This gradually became apparent
through the works of Cohen (1966), Shinozaki (1975) and mainly Rao
(1976) who gave a clear characterization of them. (See Definition 2.1
and Corollary 2.3.1 in this thesis.) Hoffmann (1977) studies the
class of admissible linear estimators when the mean is restricted to
be in an ellipsoid centred at the origin.

In the meantime the theory of BLUE's has produced important
developments. Seely (1970a,b) emphasizes the notion of estimable
function due to Bose (1944) to build up an elegant and flexible theory,
and applies the results to the estimation of the components of variances
in the mixed linear model. Eaton (1970) gives a free coordinate
approach of the estimation of the mean in a mixed linear model. Gnot
et al (1980) is the most refined prolongation of this work, their list
of references gives a good idea of the main intermediary developments.
Rao (1971) also builds up a general theory of BLUE's. Its main concern
is to reduce most of the problems of BLU estimation and testability
to the one of calculating a g—inverse.

Despite all the contributions mentioned above a close look at the
subject reveals a number of gaps and shortcomings. It is the main

motivation for this thesis to try and make up for some of these.



Here 1s a list:

(i) Some useful properties have been proved only for particular kinds
of admigssible linear estimators. An immediate question is to see if
those properties are in fact a property of all the admissiblg linear
estimators. For example: Farebrother (1976) and Obenchain (1978)
studied the good region for ridge and generalized ridge estimators.
What is the good region for an admissible linear estimator? (see
Section 5.1.). Kuks and Olman (1972) proved a minimax property for a
dense subset of the set of admissible linear estimators. In Section 5.3

we extend that property.

(ii) Some of the theoretical work such as that developed by Kuks (1972) and
Lauter (1975) is-difficult to apply in practice because of the complexity
of the algebraic formulation. It is reasonable to expect that further

work in this direction would be helpful; see Chapter 4.

(iii) There is a big division between the full rank case and the non
full rank case. The g-inverse algebraic machinery has reached a high
degree of sophistication and is successfully applied to treat the non
full rank case in the least square theory of egtimation. It seems,
however, that a similar application of g-inverses to admissible linear
estimators in the non full rank case is more intractable (see Sections

3.2 and 3.3).

(iv) Another desirable feature, which is ébsent from admissible linear
estimation theory is a good geometrical interpretation. This is despite
the fact that the use in practice of admissible linear estimators, is
restricted to those for which a clear geometrical understanding of the

bias function is available (see Corollary 2.2.1 and Corollary 2.3.2):



(v) For an arbitrary admissible linear estimator only one algebraic
representation has been given (see Rao 1976) but it does not seem to
have attracted much attention. It can be proved that any restricted
BLUE is an admissible linear estimator but the representation given by
Rao does not help us to see this easily. Moreover, whereas in this
representation, all admissible linear estimators look very much the
same, the usual representations of subclasses of admissible linear

estimators look very different (see Sections 2.1 and 2.3).

(vi) A more remarkable fact is that the concept of admissible linear
estimator has been studied for the case when quadratic restrictions are
imposed on the parameter (see Hoffmann, 1977) but for the intuitively
easier case where only linear restrictions have to be satisfied
(i.e. the parameter is restricted to be in a subspace) no work exists
on admissible linear estimators (see Section 3.4).
All these apparently divergent points have a common root. The
aim of this thesis is to expose this. To do this a general represen—
tation of admissible linear estimators is given (Theorem 2.3). This
representation is, from a purely algebraic point of view, just a step
further than the one given by Rao. It is nevertheless this small step
which will allow us to discover most of the relations underlying
different approaches in the literature. As a byproduct of this, the set
of admissible linear estimators will appear as a natural extension, from
a statistical point of view, of the set of BLUE's (see end of Section 2.1).
In previous works on BLU estimation, geometrical interpretation was
mainly used to give proofs of already known propositions or to understand
in geometrical terms some of the algebraic procedures used. Our work
goes further in that as a consequence of it we make some progress in

stating and solving unsolved problems in the theory, also new algebraic
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procedures for old problems are suggested (see the method at the end
of Section 3.2). In our approach geometry plays an essential part.
The results are a natural consequence of working in the geometry

1 . . .
X (the information matrix

defined by the inmer product given by X'V
of the model). Algebra. plays the other part precisely because it
provides the notation and operational rules which gives the approach
its flexibility and utility in practical situations. The main tool

which enables us to take advantage of both the geometry and the algebra

underlying the subject is the component estimator (see Definitiom 2.3).

For completeness we should mention areas not covered in this thesis
but to which the work may eventually have applications. The main areas
are: (1) dynamic linear system theory, much of the deQeIOpment of
which has been in control theory. (2) Robust regression techniques
introduced largely to cope with non-normal errors. (3) Special study
of particular design situations (restrictioms on X). (4) Computational
aspects of the new theory developed.

Before giving a chart which indicates some of the main inter-
relations.between chapters and describes the structure of the thesis,
some notat;Jn will be given.

The standard notation used in set theory will be adopted. If X
is a matrix, X' will denote its transpose; if C is a subset of the
domain of X,X(C) will denote the image of C under X, N(X) the kernel
of X‘and Range (X) the range of X. IR, IR® and N will denote the set
of real numbers, the usual euclidean vector space and the set of natural
numbers respectively. ¢ will denote the empty set and [a,b] the closed
interval with extremes a and b, C-Z will denote the set difference

between C and Z. |é|, ||v|| will be the absolute value and the euclidean

norm of a and v respectively. Lim and Lim will be the upper and lower



limits. k will denote vector k as opposed to the scalar k.

letter I will be reserved to denote the identity pXp matrix.

11

The
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REPRESENTATION OF AN ALE

f Chapter 2 Section 3.4 Section 3.1,3,2,3.3
FULL RANK FULL RANK NON FULL RANK
RP SUBSPACE =P

- Section 5.1

GOOD REGIONS FOR ALE's

Section 5.2

OPTIMAL PROPERTY FOR BLUE's

Section 5.3

KO PROPERTY

T-CUBES ELLIPSOIDS CENTRED AT THE ORIGIN

Section 4.1 Section 4.2

MINIMAX PROPERTIES FOR ALE's.

CHART
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CHAPTER 2

Let X be an %xp matrix of rank p, V an &x% positive definite
symmetric (p.d.s.) matrix and Ca subset of RP . The triplet (X,v,C)
will be called a linear model with design matrix X, variance V and
parameter space C.

Let VC =A{YBIYB is a random 4xl vector and 8 €6 C}, VC is

said to satisfy the linear model (X,V,C) iff
E[YB] = XB , ¥ B8 €C,

Var{Y,] = V , ¥ B 8 C,

8

Where E[Y_ ] and Var[YB] are the expectation and the covariance matrix

B

of YB. The last equality implies that the variance of YB'is
functionally independent of 8. This assumption will be kept throughout

the thesis.

In practice a realization Y of one of the random variables YB
is observed and B is not known. The problem is to obtain some
information about B from Y. One usual way for this is the following one:
Choose (independently of the observed value Y) a px{ matrix M.
Consider the value MY as an estimate of the value of the unknown RB.
When such a procedure i; followed, it is said that B has been estimated
linearly or that MY is a linear estimate of B or even that MY is a
linear estimator of B. According to this we will use MY to designate

any of the random vectors MY, with B € C, and we will call it a

B

linear estimator of B. The set of linear estimators of B will be

denoted by L. Since nothing is lost in clarity and to avoid superfluous

symbols, we will make the following conventions:
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EB[M] will be EMY,]-
Var [M] will be Var[MYBL
Cov [M,N] will be Cov[MYB,NYBL

(Here Cov means covariance).

As a result of long theory and practice some elements of L are
of particular interest from a statistical point of view. The next
paragraphs will give a short account about those particular estimators
and some properties that are important statistically. They also will
help to situate the content of the chapter in a proper perspective.

A linear estimator which has been widely used in practice is
the generalized least squares estimator (GLSE). One standard

expression for it is:

8 = xv i kvl .

Another common expression for # is obtained using the spectral

decomposition of X'V_IX (see Watson 1967) and it is given by:

- P -

B = z L V.V.'X'V lY ,
. A, 11
i=1 i

where‘{vi}?=1 is a complete set of normalized eigenvectors of x'v_lx

and A, are the corresponding eigenvalues. Since'{vi}?=1 is a basis

of IRp, for any B € RP there are scalars bl”"’bp such that
P ]
B= I bivi° Let B' the linear estimator given by
i=1
i _ 1 N |
B VAR E (2.0.1)
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We then have:
A P
B = T B . (2.0.2)

And:
P

- _1_ tgry— L -
E [B] = " v,V XY x(iz1 bivi) =b.v, (2.0.3)

. Al .. .
The estimators 8 are called principal component estimators because

they satisfy (2.0.3). One of the main reasons to use the GLSE in
estimation problems is the fact that it is the unique linear estimator

which satisfies:

[}

EB[él B, vgeRP

Var [M], ¥ MY 6 [ such that E,[M] = 8, ¥8 € RP.

Var[g] ]

A

If A and Q are symmetric matrices, A > Q means that A-Q is a non-
negative definite (n.n.d) matrix. Because B has those two properties

it is often called the best linear unbiased estimator of 8 (BLUE of B8).

Another subset of | which is important is the one formed by the

restricted BLUE's, which are the BLUE's of B, when B is restricted to
lie in some subspace S of RP , i.e. B® is an S-restricted BLUE if:

E (8] = 8 , Vg ES

Var[(g®] < Var(Mj, ¥ MY € L such that E Ml =8, ¥ 665,

The function E(M] : RP -+ RP defined as E(MI(B) = E,M] for all

g 8 RP will be called expectation function of (the linear estimator) MY.
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The function B{M, ] : RP - RP defined as B[M,B] = 8 ~E[M](B) for

all 8 € RP will be called the bias function of MY. With statements

of the kind "MY is a biased estimator of B if EB[M] # 8 for some

B 6 RP" or "MY is an unbiased estimator of 8 if E,[M] = B8 for all

B
B & RP" the explicit use of the expectation and bias functions is
avoided. Nevertheless in contrast to this tradition we will make
extensive use of both in the thesis. Some reasons for this choice are:
When MY € L, the expectation function of MY has a particularly simple
form: E([M] = MK. We feel that those concepts give more freedom to
state some propositions like the generalization of the Gauss—Markov
Theorem given in the first section. A third reason is that when we
want to give a description of the bias of an S-restricted BLUE on RP,

which goes beyond the trivial "E (85] # 8 for some 8 6 RP" we are

somehow compelled to speak of the expectation function of the S-restricted

BLUE. This last point has been one of the motivations for this

chapter and Corollary 2-1 gives a geometrical description of B[M,8] .
Another motivation for the results of the first section is the

following one: as it was pointed out above, the BLUE can be expressed

as the sum of particular estimators called principal component estimators.

This representation has its advantages and has been exploited (as it

will be seen later) in the context of generalized ridge estimators.

The fact is that an analogous representation for S-restricted BLUE's

is mnot available and in general the representation of an S-restricted

BLUE is relatively complicated. A unified representation is therefore

useful. As a result of this one is led to introduce the concept of

component estimator which seems to be the natural generalization of
the principal component estimator. This concept, besides having a
clear statistical interpretation will prove to be very useful from a

mathematical point of view for further developments in the thesis. It.
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is somehow appealing that both motivations lead to the same kind of
results.

Since 1970, arising out of the works of Hoerl and Kennard,
other kinds of linear estimators have been used for estimation problems.

They introduced the ridge estimators which are estimators of the form:

1 1

MY = v o+ kD) vy, (2.0.4)

where k is a positive number. Those estimators are advantageous
from at least two points of view:

The first one is that the inversion of x'v_lx + kI if k is
"large enough" is a lot easiér than the inversion of x'v"lx when
x'v'lx is an ill conditioned matrix.

~The second one, which is more relevant from a statistical point
of view, is that for any k > O there exisfsa set ¢ RP such that:

k

EB[(Mk—B)'(Mk-B)] < EB[(B-B)'(B-B)] , ¥86C - (2.0.5)

In current literature EB[(M—B)'(M-B)] is denoted by MSE[M,8] and is

the mean square error ofMy at g. (2.0.5) can be written as:

MSE[M,8] < MSE[B,B] , ¥86C, .
An estimator which satisfies (2.0.5) is said to be better than the
GLSE é on Ck (in terms of the mean square error).
The second property of the ridge estimators aroused an interest
in the MSE properties of the elements of L. In this context the notion

of minimum mean square error linear estimator (MMSELE) or best linear

estimator (BLE) appeared (see Theil 1971, Rao 1971, Bibby 1972,
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Farebrother 1975). MY 6 L is a MMSELE (or BLE) if there exist

By RP such that
MSE[M,B,] < MSEIN,B,] » ¥ NY 6L .

The second section of the chapter studies some properties of this
kind of functions and it is shown that they are closely related to
the component estimators discussed in the previous section.
Another property, which in some sense is in contrast to the
above one, but closely related, 'is the notion of admissibility
when the set of estimators considered for the definition of admissibility
is L. Since this notion will play an essential part in the thesis,

a formal definition of it is made:

DEFINITION 2.1.
Let MY 6 L. MY is an admissible linear estimator for the model
(X,V,]Rp) (i.e.: MY is an ALE) if and only if there does not exist

NY 8 L and 8, 6 B® such that
MSE([N,81 < MSE[M,8] , ¥ g6 RP

and

MSE[N,BO] < MSE[M,BO]

Shinozaki in 1975 studied this property and Rao (1976) gave the

following characterization: MY € L is an ALE if and only if

M= AX'V-I, A is symmetric and~AX'V_1XA < A. (2.0.6)

(Here again < is the partial order in the set of non negative Symmetric

matrices). Although this characterization is very clear from a



mathematical point of view it has at least one important disadvantage

from a statistical point of view. The bias of MY is given by:
veo— L
B(M,R] = (I - AX'V "X) B . (2.0.7)

From this expression and (2.0.6) it is not easy to have a geometrical
description of the bias. This is perhaps one of the main reasons to
prefer using in practice the ridge estimator and some of its

1

generalizations. 1In fact using the spectral decomposition of X'V X,

Mk can be written as:

P Tyt -1
M T F v Vi iV
i=1
or
P A, e
_ -7 i
MrY= I = fF
1=1 1

where the él are the principal component estimators and Ai are the
. . -1 P
corresponding eigenvalues of X'V X, If B = I bivi we have that the
i=1
bias function of MkY is:

) A
B[Mk,B] =z (1 -
1= .

i
ALtk
i

. ) bivi ,

which has a clearer geometrical interpretation tham B[M,g8] in (2.0.7).

The "spectral form" of the ridge estimator suggested these generalizatioms:

%Y = g —i gt k., >0 1<i<p
4 ] = ? —_ -
-~ i=1 Ai+ki 1 ?
and
A p Ai
MY = &8 8 0<% <1,1<iz2p



Those estimators have been studied by Mayer and Willke 1973, Goldstein
and Smith 1974, Rolph 1976 and Obenchain 1978 among others. They are
usually éalIed? "shrunken estimators', "shrinkage estimators", or "gener:-
lized ridge estimators' The §, are called shrinkage factors. One common
feature to those estimators is that all of them are ALE and their bias
function has the general form

%
L

i=1

which again is easily interpretable in geometrical terms.
When in (2.0.4), kI is replaced by a non negative definite
symmetric matrix G an important generalization of the ridge estimators

is obtained; the estimators of the form:

MY = v g o+ o) kv ly.

For each k = (kl""’kp)’ k; >0,0< i < p, there exists an n.n.d.s
matrix G such that

M'k.Y = MGY

-~

The converse is not true. Any estimator MY is an ALE and for any

ALE MY there exist a sequence‘{Gn} of n.n.d.s. matrices such that,
(as n» =)

Despite their explicit form (as opposed to the Rao's characterization

given in (2.0.6)) the estimators M.Y lack in gemeral = an interpretable

form of their bias function:

1

BIM,B] = (T - (X'V X + &) x'v x) 8.



21

In the third section of the chapter it is shown that any ALE MY can be
represented as the sum of appropriate MMSELE. This representation 1is
analogous to the one given in the first section for the restricted
BLUE's in terms of component estimators. It allows us to give an
expression for the bias function which has the same geometrical

interpretation as the one for shrinkage estimators.
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2.1 THE SET OF S~BLUE's

It is common in practice to be working with a linear model
(X,V,Iﬂ)) with linear restrictions of the form H8 = 0. When those
restrictions apply we are working with a linear model (X,V,S) where
s = {g|HB'= 0} and in this case the GLSE é corresponding to the
"full model" (X,V,RP) is not any more the BLUE and the restricted
GLSE B° corresponding to the 'restricted model" (X,V,S) is better

than é in the sense that
As A . p
Var[B~] < Var(B] , (if s # R") .

We will now introduce some notation that will soon prove to be
useful. Given a function f and a subset C of its domain, the restriction
of £ to C will be written fC. In general when a function appears in
the text with a subscript which is being used to name a set it will be
understood that the domain of the function is the set denoted by the
subseript; when no set subscript appears, the domain will be assumed
to be RP unless the contrary is specified. When two functions f and g
coincide on a set C, we will write fé)= gg+ Let f = E[M], then
E[M]C = fC; i.e.: the restriction fo'C of the expectation funcfion of
MY will be denoted by E[M]C. The letter S will be used to name sets
which are subspaces. The next definition will play an essential part in

the thesis, it is a convenient generdlization of the definition of BLUE,

DEFINITION 2.2.°
Let S a subspace of RP and £ a function,f : RP + RP. Let

MY € L. Then MY is an S~BLUE of f if and only if:

E[M]S = £
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and

Var[M] < Var(N], ¥ NY € L such that ENlg = fg.

DEFINITION 2.2'.

When in the above definition f is the identity on'Rp, i.e.:
f = I, the S-BLUE of f will be called S—-BLUE and will be denoted by _é_s.
The RP- BLUE will be written B.

The next theorem has been used by Seely and Zyskind (1971) to
build up their theory of minimum variance linear unbiassed estimators

and it is due to Lehmann and Scheffé& (1950) (Theorem 5.3).

LEHMANN-SCHEFFE THEOREM.

Let (X,V,S) a linear model. Let LoS = {NY € L]E[N]s = 0}. Then
MY is an S-BLUE for fS = E[M]s if and only if Co¥[M,N] = O for all
e Lt
PROOF. If MY is an S-BLUE of fS we have that Var[M+N] > Var[M] for
all NY € LOS or 2 Cov[M,N] + Var[N] > O for all NY € I_OS; this implies
in particular that 2t Cov[M,N] + t2 Var[N] > O for all t € It; but
this ié only possible if Cov[M,N] = O. Conversely suppose that
Cov[M,N] = O, then Var [M+N] = Var(M] + Var[N] > Var([M], but this implies
that MY is an S-BLUE of fS because any estimator MbY € L such that

E[M.o]s = f must be of the form MOY = MY + NY for some NY €& LOS.

The next propositions will prove the general Gauss-Markov Theorem

which constitutes essentially Theorem 2.1.

PROPOSITION 2.1.

Let a linear model (X,V,IRP) and LY € L. Let S a subspace of RP

dim S = r. Then:
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(i) There exists an S-BLUE MLY of E[L]S.

(ii) MLY = AX'V-IY and the rows of A are in S,

PROOF. Let M be the space of 1x¢ matrices with the inner product
<N1,N2> = N1VN2'. For linear estimators NlY’ N,Y we have
COV[NI’NZ] = <N1,N2> and Var[NI] = <N1,N1
_ . n
if N @M ° then ELN]-0. Let {N.}, ., an orthonormal basis of M s,garowopl_
0 n 5 i‘i=1 0

>, Let MOSCM such that

n v v
let{ML)? L= iil <H’Ni> N. =L1j-PFp (L) (here Py is the projection
according to the inner product <,> of M onto MOS). From its definition

it is easy to see that(?I}N> =0 for all N e M § and so Cov[ML,M] =0
L 0

for all MY 6 LOS. The L.S. Theorem tells us that MLY is an S-BLUE of

E[ML]S. To prove (ii), first notice that NY € LOS iff the rows of N

are orthogonal to X(S). Let MY 6 L, the L.S. Theorem tells us that

MY is S-BLUE of the restriction to S of its own expectation function iff

MVN' = 0 for all NY € LOS. This is equivalent to asking that mi'Vz =0

for all z 6 X(S)t and for all rows mi' of M. This in turm is equivalent

. 1
to Vm; € X(8) for i =1,...,p or mi' = ai'X'V for some o, 6 8,

i=1,...,p. This proves (ii).

PROPOSITION 2.2.

Let S a subspace of RP . Let M Y, M

1 2Y € L such that:

(i) EM = E[M,]

s s
(ii) Var[M;] = Var[M,] < Var(M] for all MY € L such that

E[M]S = E[MI]S .

Then: M, = M,.
PROOF. From (i) we have that E[Ml-MZ]S = 0, Since
Cov M, -M,,N] = CoV[Ml,N] - Cov[M,,N] and Cov(M;,N] = Cov[M,,N] =0

for all NY 6 LoS (L.S. Theorem) we have that Cov[M N] = 0 for all

17y
NY 6 Los and then again from the L.S. Theorem we can conclude that
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(Ml-M2>Y is an S—-BLUE for fS = 0. Since MY = 0 (for all Y 6 R&)
is an S-BLUE of fs = 0 and Var[M] = O we must have that
Var [M;-M,] =0 which is equivalent to (Ml-Mz)V(Ml-MZ)' = 0; but

this is only possible if MI-MZ = 0, because V is a p.d. matrix.

PROPOSITION 2.3.
For any subspace S of RP , there exists a unique S-BLUE.
PROOF. The uniqueness is assured by the previous proposition. The

exigtence from the fact that E[B]S = Ig. The next proposition is

important to prove Theorem 2.1 and Theorem 2.2.

PROPOSITION 2.4.
Let MY = AX'V-IY and the rows of A span a subspace S. Then MY

is the S-BLUE of fS = E[M]S.

PROOF. From Prop. 2.1, the S-BLUE of E[M]g has the form MlY = AIX'V—IY

with the rows of A1 in §. Let T = X'V_lx, we then have

gD = A = by

for all B 8 S and the rows of A-A1 are in S. Since T is a p.d.s.

matrix this is only possible if A=A, = 0; or A = A;.

TB for all B € S. This implies that (A—Al)TB =0

The next theorem, which summarizes the results contained in the
preceding propositions, is a generalization of the Gauss-Markov
Theorem which we have not found in the literature,

THEOREM 2.1

Let -a linear model (X,V,]Rp ). Let MY 6 L such that MY = AX'V-lY.
Let S a subspace of RP, Then: MY is the unique S-BLUE of E[M], if
and only if  the ‘fows of A are in S.

To start the study of S-BLUE's we will consider the simplest case,

the case when dim S = 1.
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DEFINITION 2.3.

MY is called a component estimator if there exists a subspace S
of dimension 1 such that MY = és (i.e. MY is the S-BLUE, see
Definition 2.2').

Given a p.d.s. matrix T we will say that B is T-orthogonal to ¥y
. . - . . : n .
iff B'Ty = 0, We will write g;ry. The set {Bi}i=l is a set of
T-orthonormal vectors iff B.' T 8. = &,. (here §,. denotes the

1 J 1] 1]
Kronecker delta). B = {Bi}2=1 is a T-orthonormal basis of S iff B
is a basis of S and B is a set of T-orthonormal vectors. Also the
T-norm of B will be[|8l|T = (B'TB)I/Z. The T-orthogonal complement
of S is the set of T-orthogonal vectors to S and will be denoted by

LT

S When T = I, the T will be dropped in the above definitions and

notation. The following proposition gives an explicit expression for

component estimators.

PROPOSITION 2.5.

Let B 8 RP and 5 = Span {B}. Let T = X'V-]'X. Then:

1

S . 1 gyl

el 2"

PROOF. Let vy € S and A 8 R such that vy = A8. By Prop. 2.1

éS = aS'X'V—lY for some vector a € I{R because any matrix with rows

in S has the form «B' if S = Span {B}. From this we must have that

EY[ésl = aB'X'V-1XY = AIIBI[TZQ. From the definition of S-BLUE we
must also have that Ey[ésl =y = AB. This implies that o = —_lTI_E
|18
T

and the proposition is proved.
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If v, is an eigenvector of T, we have that

Tv. - A.v- = 0 3
1 11

or
vi'Tvi - Aivi’vi = 0,
and then
2 2
llViIlT = Aillvil[ .

When Vi is normalized

2 _
IlvillT = Ai

Then if in Prop 2.5, B is replaced by Vi the principal component
}

.
~

. 1. , ot s e .
estimator B~ is obtained. This justifies partially the name of

component estimator for 85 when dim s = 1.

Let Pg : R’ > RP a linear function such that Pg (B) =B
. T . ir T . . . .
if 8 € S and PS (B) =0 if 8 8 S ~. Ps is in fact the projection of

RP onto S when the inner product used is given by <Bg,y> = B'Ty.

We will call it T-projection (of RP onto S). From nowon T = X'V—IX

unless otherwise specified. A simple calculation shows that if

{Bi}§=1 is a T-orthonormal basis of S (see after Definition 2.3 for

the definition); we have that fg' = MST = .;i Biei'T. Using this
notation in Proposition 2.5 we sée that ésl; MSX'V~1Y and if becomes
evident that E[és] = Pg . The next theorem shows that those properties
are true for éS even if dim S # 1. The proof is immediate: let

MY = '§1 BiBi'X'V_lY, from Prop. 2.4, MY is the S—-BLUE of fs = E[M]s
(becatge the rows of. ; Bisi'are in8); also EB[M] = .E Bisi'TB = PE(B)

i=1 i=1
and then E[M]S = IS. Definition 2.2' implies then that MY is the

S-BLUE.
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THEOREM 2.2.

Let (X,V;Rp) a linear model. Let S a subspace of RP . Let

T = x'v—lx and {Bi}z=1 a T-orthonormal basis of S. Then
T
(1) 85 = & g.p.x'v iy
i=) t 7t
A T
(ii) E8°] = By .

As an immediate corollary we obtain a geometric interpretation for

the bias of és.

COROLLARY 2.2.1
The bias function of the S-BLUE is given by B[éS] =71 - Pg .

Theorem 2.2, (i) suggests an "additive law" for S-BLUE's.

COROLLARY 2.2.2

s _ 201 25
Let S, Sl’ 82 subspaces of RP. Then 8° = B - + B ~ iff

S = Sl@-psz and S; I 15,.

1 and 82
respectively, then B, |J B, is a T-orthonormal basis of S (if S = § S,)
y 1Y 22 1Y °2h

PROOF. Let By = {B8.}._,, By = {y,};_, T-orthonormal bases of §

but this implies as a consequence of Theorem 2.2, (i) that

éS = ésl + ész. The other implication can be seen as follows: Suppose
that és = ésl + ész, then we have that Pi (B) = EB[ES] =

= Es[ésll + %Jészl = P:l(B) + sz(ﬁ) (from Theorem 2,2(ii)); but since
Ps s Pgl and sz are projections this can only be possible if

s;U S, =58 ands; | .s,.
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COROLLARY 2.2.3.

Let'{Bi}l.l-=1 a T-orthonormal basis of S and B the component

estimator corresponding to Bi. Then:

PROOF. It is immediate from Prop 2.5 and Theorem 2.2, (i). This
corollary can be seen essentially as a generalization of the spectral
decomposition of the GLSE. This furthef justifies the name of component
estimators to the S-BLUE's of subspaces of dimension one.

The following remark perhaps helps to avoid possible confusion.

Given an arbitrary basis'{y.}?_ of S, which is not T-orthonormal or
i1'1=1

even T-orthogonal, the S-BLUE can always be decomposed as the addition
s . r . r
of estimators Yl (i.e. BS = I +Y) such that if B = I biyi we have
. i=1 s i=1
EB[YI] = biYi' The existence of the Yl can be seen in the following

way; for.{Yi};=1 there exist always a p.d. matrix 7 such that the

T-projection PE of RP onto S; = Spah{Yi}satisfies PE(B) = bi' We
r o

then have that B = I Pz (B)Yi and y- =
i=1

require that PEBS is the Si—BLUE (L <1 < r) the set {Yi}§=l must be

PI és. Now only if we further

T~orthonormal.

COROLLARY 2.2.4.
AS r
The variance of an S-BLUE B = I

8.8.'X'V 1y is
1_1 11
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2.2. THE SET OF MINIMUM MEAN SQUARE ERROR LINEAR ESTIMATORS

Minimum mean square error linear estimators (MMSELE) have been
studied , among others, by Theil (1971), Rao (1971), Bibby (1972),
Farebrother (1975). 1In this section a new way of deriving MMSELE's
will be given. Also some properties of MMSELE's are obtained. In our
context the most important property of MMSELE's is their connection
with the component estimators which is summarized in Proposition 2.6.
At the end of the section a subset of [ is defined by analogy with

the set of S-BLUE's.

DEFINITION 2.4.
Let (X,V,RP) a linear model. Let 8 € R’ . The minimum mean
square error linear estimator (MMSELE) of B,'MBY is the linear estimator

which satisfies?

MSE[M,, Bl < MSE[M,B] , ¥MY €L . (2.2.1)

@

To be able to state some properties of this section and of the next

Chapters we will introduce more general notions of '"quadratic risks'".

DEFINITION 2.5.

Let Q a n.n.d. matrix. The Q quadratic risk of MY at g will be

RyIM,81 = EB[(M"B)'Q(M—B)].
It is immediate that:
R, [M,B] = MSE[M,8]

The Q-bias of MY at g will be:

2
ByM,8] = HEB[M] - sllQ .



The Q-variance of MY at B8 will be:

VarQ [M] = Tr[Q Var(M]]

(Here Tr[A] denotes Trace of A.)
We shall often use the well known relationship between RQ’ BQ and

VarQ:

= (2.2.2)
RQ M, 8] BQ[M,S] + VarQ M1.

‘ Q .
Now let S = Span{B} and P the Qrprojection of RP onto 5 (we

consider that Q is a p.d.s. matrix). We then have:

2 2
BoM,81 = |[E M) - sllQ = H(MX—I)BHQ ,
> 119 ax-1)8]| .2 = |1E. 122 M1 - 8]].2 = B,(PQ ,8] (2.2.3)
- S Q B S Q Q''s P! T
and if H = SLQ:

1]

Var,.[M] = TrlQMvM']

Q .Q '
Q Tr[Q(PS +Py MVM']

= Tr [ng MVM'] + Tr[QPg MVM']
= Tr[QPcé 'MVM'(P% 3T+ Tr[QPg MVM'(P?I )l
> Tr[QPg MVM'(Pg '] = VarQ[Pg M1l (2.2.4)

(2.2.3) and (2.2.4) imply that if MgY satisfies:

R,[M,,B1 <R

Q™M M,81 , v MY gL

Q

MY must also satisfy EB[MB] = AB for some A 8 R. Since

VarQ[Aésl < VarQ[M] for all MY € L such that EB[M] = )R we have that:

Y
MY = A8

s for some A € R
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Also:
] 1 1
Rq[MgsB1 = lfo—Le T—I)B||(22+Tr[Q(>\ 8 B8
8l 1y [1ellz  1l8llz
2
9 s o |8l
RyMg,81 = (A-1) IIBHQ-'-?\ ——92
| e
Then if MBY satisfies (2.2.1), we must have:
2
%\-(A-l)2||8||2+>\2“—8-l—]7 = 0
NEIRE
Or
X
A -1+ = 0
2
I18llz

From this we obtain

18]l

1L+ |8l

Since this result is independent of I, it is also true that for any

p.d.s matrix Q we have:
Ry Mg:8] 2 RQIM,81 ¥ MYy € L .

This result was quoted by Bibby 1972. The proof we have given is
shorter and avoids matrix differentiation. The result can be extended
to n.n.d.s matrices Q in the following way: let Ql such that

Q

e = Q + sQ1 is a p.d.s. matrix for all € > 0. The result follows from

the fact that:

R.[M,B] = 1lim R, [M,B], ¥ MY e L .
Q Q
e->0 €
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We obtain in particular that

P
Ry, Mg,81 <R ,M,8] ¥oa6 RP, VMY QL

S’

Since
a'EBI(MB—B)(MB-B)']a = Raa.[M,BJ
We have that
EB[(MB—B)(MB—B)'] S EglM-g)(M-8)'1 , ¥ MY .e L.

We also have
1015
1+ {l8lly
o sl _ Ilsliglisllg
18112 1+ {]s]]D?

= (1=3)2 2 _
ByMg:81 = (1-3) llsIIQ = 5T

VarQ[MB,B] = A

and

8]l 3

1+ [l8]|2

To be able to refer to those results we will put them in form of

propositions.

PROPOSITION 2.6.
(i) MY € L is a MMSELE (for some unknown B) iff it has the form

MY = GBS, 0<8§< 1 and és is a component estimator.

(ii) The MMSELE for B, M,Y is given by

B
2
el

MY =
2
L+ [lsllyg

B

Where S = Span {B}.
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PROPOSITION 2.7.

(1) Let o 8 R?., Then:
Rw,[MB,B] SR MHBT, v MY 6 L.
(ii) Let Q a n.n.d.s. matrix then
Rq[Mg:81 < RyM, 81, v My 6 L.
(iii) EB[(MB-B)(MB-B)'] < EB[(M-B)(M-B)'], ¥ MY 6 L .

PROPOSITION 2.8.

For any B8 G'RP, and Q n.n.d.s. matrix we have:

2
18114
(1 + |18[],5°

]

(1) BQ[Msz]

[ell5%118]1,

(+ |8l 5?

(ii) VarQ[MB]

18112

1+ |18l

(iii) RQ[MB,B]

The MMSELE have no practical value mainly because BQ[MB,BO]
grows fast as soon as BO is "not near'" to 8. They should be considered
mainly as theoretical objects. By analogy to the shrinkage estimators

and in the light of Theorem 2.2 and Proposition 2.6 it is mnatural to

ask about the properties of estimators of the form

1

= XYy
MY §;8:8; XV Y

n ™o

i=1
where 0 < §; < 1, i=1,...,p and {Bi}§=l is a T-orthonormal basis of
RP. It will be proved in the next section that these estimators form

in fact the set of admissible linear estimators of the linear model

x,v,RP).
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2.3. THE SET OF ADMISSIBLE LINEAR ESTIMATORS

The next lemma will play an essential role in most of the results
of the thesis., The statements given in it are given in enough
generality to cope with the different applications in which it

will be used.

LEMMA 2.1.

Let T be an arbitrary n.n.d.s matrix (not necessarily X'V_lx);
A a symmetric matrix, such Thai N(A);J‘C,N (T)*+=S-
Let AS’ AH and AJ the restriction of A to S, H and J respectively;
where H = 51 (s N(A))xif J= RC\Wﬁe_ A= N(AYY and

h = dim A(S) = dim H

dim J. Then there exist a basis B ='{B.}§
1 i'1i=1

. _ h
of H and | . a basis B, "'{Yi}i=1_°f J , such that
t - ' = ] =
(a) B, TBJ. Y; TYJ- Gij i,j=1,...,h
h
- 1 - 1
() A T(i=1 A.8.8. )T Ay = B'AB,
' h -1 -1 -1
= t = ' .
(Q)s A izl LR PR RPN Y (yi A Yi) and A, © is the

inverse of the restriction of A to J.

h

- 1
(@) At=(z —=3.8."). -
H i=1 Ai i1'7
1 by
AT =(T( ¢ Y. ')T .
(e) J ( (i=1 -].E'YlYl) )J ‘

-1 . . .
(£) Let TS be the inverse of the restriction of T to §. Let

r = dim S and'{ei};‘:1 any Tg-orthonormal basis of S. Then

r
T 1=(Z £

.
.E. ) .
S =1 1 1 ‘S
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L

T
PROOF. Let C; = 5] ]| BH:, =1} N {Bys.--»8; ;} 5, then the

i-1

vector Bi which satisfies

2 2
max 8 = B. (2.3.1)
s 116l1E = llegll}

can be found using Lagrange multipliers through the equation:

2
a8

4
{Vieduey is @ basis of NCT).
(the existence of the solution comes from the fact that C, is a compact

] 4
Ll |
8'A 8 - 1, (8'Te~1) -Z’\JK(B'TBK) - KZJK Bvg=0 ; (2.3.1)

set and I[B[Ii is a continuous function of B). We will prove that
B; 6 C; satisfies (2.3.1) if and only if the following equality is

gsatisfied
A - AiT)Bi = 0 . (2.3.3)

For i = 1 it is immediate that (2.3.3) reduces to (2.3.2). Suppose
that the equivalence is true for i-l. It is obvious that (2.3.3)and P: €<
implies (2.3.2). To see the other implication notice first that

(2.3.2) implies that (A - AiT)Bi belongs to Si = Span{TB }1-1

=1 becaure ;¢S5

i-1
amd thoe (A -A.T)B. = 12 v, Tg, . If (A -).)TR. # O there is an n < i
S 1 k=1 k "k B § i
such that v # O and B?' (A.—)\iT)Bi = v, lflsn' T8, = Vn (from the

k=1 -
induction hypothesis); since 8; € Ci we must have Bn'TBi = 0 and then

B;A,Bi # 0. TFrom the induction hypothesis, since n < i, we have that

? = ' ] = 1 - . -
Bn.A Aan T and then B A..Bi A B 'TB; =0 (because B; € Ci)’
we have reached a contradiction; this proves that (AH-AiT)Bi = 0.
Now because B; € C. we have that ‘[Bilsz =1 and frem (2.3.4)

e h
. o= ' \ - . )
Bi A Biﬂ> 0 L4 L g,h . . The set {Bi}1=1

obtained in this way is called a set of T-eigenvectors of Ay. From
its construction it is immediate that it satisfies Bi'TBj = Gij’

i,j=1,...,h and that it is a T-orthonormal basis of H. Now since
5] s
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h
v 8 S can be written as v = I biBi + u where u 6 N(A ), we have
i=1
h h
A(v) =A(L bB,)=A(F bB) =
L=l MR i=1 t 1t
h h h
= I .A (B.,) = b.A.TB. = L b,X.B. =
Z bl (61) iil i* B; T(i=1 lllﬂl)
h h
=T1( 2 b,x.8,(8,'TR.)) =T( I A,B.B,'(Tb,B8.))=
j=1 T EAALH 4op 1 id i'i
h h
=T(Z A,8,8,')TCZI b,g)=TCZI A,8,8.")Tv
j=p 1 id j=1 L4 j=p L 1i

This proves (b) and part of (a). To see (d) we only need to see that
-1 -1 _ ‘s .

AHAH = IA(H)' AH AH = IH . Those conditions can be checked using (a)
by expressing the elementsof A(H) and H as linear combinations of

{T81}2=1 and {Bi}?= respectively .

1

To see (c), from the proved part of (a) and (b) we know that there

h
. : h _1 [ 1 -1
exists a set {Yi}i=1 such that AJ =T E TLYY T)J ,;'i..Yi AJ Y
i=1
By (d) we obtain AJ = (AJ_]')-'1 =( 2 gL YiYi')J.By similar arguments
i=1 "i
h
to those used in (b) it can be seen that A (v) = ( ¢ -l-YiYi')v for

i=1 "i
all v 6%, This proves (c) and (e). If we make A=T, (f) follows

immediately from (4).
The next theorem shows that the set of estimators defined at the
end of Section 2.2 is the set of ALE's, This theorem will play an

esgential role in the thesis.

i
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THEOREM 2.3.
Let a linear model (X,V,]Rp) . Let MY 6 L. Then MY is an ALE
for the linear model (X,V,RP) if and only if
P 1

= Tty
MY izl GiBiBi X'v 'y ,

where'{Bi}E=1 is a T-orthonormal basis of RP and 0 < Bi <1l,1<1i<p,

PROOF. The first point is that if MY is an ALE it must be the BLUE
of its own expectation function., To see this, let £(B8) = EB[M] and

MlY the BLUE of £(8), then we have that for any g 6 RP

= B (M,B] + Var [(M,] < B [M,8] + Var [(M] = R_[M,8],

and then MY is not an ALE. From Proposition 2.1 (i) MY has the form
MY = AX'V-lY. Now from Prop. 3.4 MY must be an ALE under the risk

p
defined by T; but then Prop. 3.5 and 3.6 imply that A = I

i=1
where {Bi}z=1 is a T-orthonormal basis of RF and O E-Gi < 1 for

§.8.8.",
ititi

1 < i < p. The other implication of the theorem is Prop. 4.8.

We will prove now as a corollary the characterization given by

Rao, 1976.

COROLLARY 2.3.1.
MY is an ALE iff MY = AX'V—lY and A is a symmetric matrix which
satisfies ATA < A.

PROOF. If MY is an ALE, from the theorem we kunow that MY = AX'V-lY,

A is symmetric and A = §.B.B." where'{B.}?_ is a set of T-orthonormal
j=p + 11 1°i=1

o

vectors. Thus
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p P P 2 p
(r ¢§.8.8,")0Czt 6§,8.,8,')= I 6.7B.8.'< I 6.8.8,".
421 L i1 421 T 104 j=1 L 11Ty iTiH

To obtain the other implication, from Lemma 2.1 (c¢) we know that

there exists a set{Bi}E=1 of T-orthonormal vectors such that

P
A= T 6,8,8.'. Leta,' =8.'T, then a.'ATAa. = 6.2 and o, 'Aa., = 8.,
i=1 1 11 1 1 1 1 1 1 1

since ATA < A we must have Giz < Gi but this implies that 0 < §; < 1.
This completes the proof.
The next corollary provides us with a geometrical understanding

of the bias function of an arbitrary ALE.

COROLLARY 2.3.2.
P -1
Let MY = ¥ §.8.8.'X'V 'Y an ALE. Let B =
. _ 111 .
i=1 1=1
bias function of MY is

™o

b.B.. Then the
i1

B(M,g] 5 (1-5i)bi3i .

i=1
We will use Lemma 2.1 to see how an estimator MY which is given in

the form MY = (T+G)_1X'V—1Y can be put in the form given in Theorem 2.3,

Consider the ellipsoid BG {BIB'Gf3§ 1}. By analogy to the case when

T = I the ith T-main axis of Bg is‘defined to be just the set of vectors
of the form tVlSi with A 5_*%- where B. and Ai are given by

G = T(.Z1 AiBiai')T (in the ;ase that G is singular, the T-main axis
corres;;nding to Ai = 0 will be the subspace spanned by Bi). Let Y;

be a vector of the subspace spanned by By such that Yi'GYi =1; we

have that ||yi|IT2 = f% (if A; # 0) and
i
2
1 _ ” Y]'_” T
TV ° . (2.3.4)

i1+ Iyl
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From Lemma 2.1, (f) we have

-1 P
T T=T (% B.8.")T.
i=1 **
Therefore
p
T™+G = T (£ (1 +2,) B.B.") T.
i=1 1 11

From Lemma 2.1, (4d)

- P
(r+0)"! = IoT i - B.8.'
i=1 i b1
From (2.3.4)
2
(T+G) ~ = % > 8.8, '+ % S.Bi'
_ 1
A, #0 1+ ||yi|[T A, =0
From Proposition 2.6
-1, -1 1y L
(T+G) X'V 'Y = My,Y + I B.8.'XK'V Y.
70 A;=0 it

If G is a p.d. matrix all the A, are different from zero and

(r+¢) x'v ly =

[ ae R

Myi Y.

i=1

. -1, Py ,
i.e. (T+G) is the sum of the MMSELE corresponding to extreme points
of the T-main axis of the ellipsoid Bs.

From the previous development it becomes clear that the only ALE

which cannot be put in the form (T+G)_1X’V-1Y for some n.n.d.s. matrix G

P -

are those which in the form £ S,B,Bi'X'V 1Y have Gj = 0 for some
i=1 * %

1 < j<p. The results are summarized in the next theorem.
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THEOREM 2.4.
P -1
Let MY = I §6.8.8.'X'V Y an ALE.
j=1 111

(i) There existsa n.n.d.s. matrix G such that MY = (T+G)-1x'v—1Y

if and only if 8, #0, 1 <i<p. When such a G exists, it is unique
and is given by

1-¢,
i

T

G = 1T(
i

B ~o

808") T.
ii

(ii) Let G a p.d.s. matrix; let‘{yi}z=1 a set of extreme points of the
T-main axis of the ellipsoid B, and'{MYiY}E.;1 the corresponding
MMSELE. Then

(T+@) " Yx'v ly =

&0

MYiY~

If G is not p.d. but only n.n.d, the equality remains valid if the

MY corresponding to zero T-eigenvalues of G are replaced by the
i
component estimators of their T-main axis.
p - .
From now on if MY = I &.B.8.'X'V 1Y the set {B.}?_ will be
j=p 111 i'i=1
called a set of axis of MY and'{ai}g=1 the set of shrinkage factors

of MY. One set of axis and one set of shrinkage factors define
a unique ALE. An ALE defines a unique set of shrinkage factors
(including possible multiplicities) but in general it does not define

a unique set of axis,

"
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CHAPTER 3

In the previous chapter the inner product defined by the matrix

T = X'Vilx has been extensively used. When X is not full rank the
matrix T no longer defines an inner product on RP. Nevertheless it
will be seen that the results obtained in Chapter 2 can be kept

with just minor changes.

The chapter will have four sections:

(i) 1In the first section necessary and sufficient conditions are
given for the existence of S-BLUE's. It is also proved that the
representation for an S-BLUE in terms of component estimators
(Theorem 2.2) remains valid when X is not full rank, if the S~BLUE

exists..

(ii) The second section of the chapter deals with the conmection of

our formulation and the formulation in terms of g—-inverses.

(i1ii) The third section characterizes the set of ALE when X is non-full
rank, To prove this characterization some general propositions about
risk inequalities are proved. Those results will also be useful in

the next chapters.

(iv) The fourth section will give a characterization for admissible
linear estimators when B is restricted to be in a subspace. In that

section X will be assumed to be full rank.
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3.1. THE EXISTENCE OF S-BLUE's

The first step in this section will be to extend Prop. 2.1

and Prop. 2.2 to the present situation.

PROPOSITION 3.1.

Let LY 6 L. Let S a subspace of R®, Let fg = E[L]g. Then:

(i) There exists an S-BLUE of £q3

(ii) Any S-BLUE of f¢ has the form

MY = (A + Ml)x'v"ly,

with the rows of A in S and the rows of M1 in N(X).

(iii) The S-BLUE of fs is unique.
PROOF. (i) can be proved exactly the same way as Prop. 2.1(i).
Following the line of the proof of (ii) of Prop 2.1 we can conclude

that Vm; € X(s) for all rows m.' of M, but this is equivalent to asking

-1 . . .. .
that mi’ ai'X'V , @ €68, i=1,...,p. Since V is invertible

1

= - ' . . =
mg =V X'y, if and only if y; = a; + u; where u; 6 N(X). Then we

. -1 .
obtain that MY = (A + Ml)X'V Y where the rows of A are given by the

ai' 's and the rows of M1 by the ui' 's. The proof of the unicity of
the S-BLUE of fs is the same as the one given in Prop. 2.2.

Without loss of generality we will always assume that M1 =0

1

- - L
because MY = (A+M1)X'V Y = AX'Vv lY for all Y€ R . The next

proposition is a generalization of Prop. 2.4.

PROPOSITION 3.2.

' Let MY = AX'V—lY and S a subspace spanned by the rows of A.
Suppose that S [} N(X) = {0}. Then MY is the S-BLUE of fo = EMIg.
PROOF. From Prop. 3.1 (ii) the S-BLUE of fg has the form MY =

- 1 .
! = = 1
A1X V Y and we have AfFB AT g EB[M] for all B 8 S. Since
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S N N(X) = {0} we have that Tg (the restriction of T to S) induces

an inner product TS on S. Then (Al-A)TB = 0 for all 8 8 S implies

that each row of Al—A is Ts—orthogonal to all the vectors in S, since

the rows of Al—A are in S, this implies that they are zero or

equivalently A1 = A.
As in the previous chapter a general version of the Gauss Markov

Theorem can be obtained.

THEOREM 3.1,

Let a linear model (X,V,RP). Let MY € L such that MY = AX'V ‘y.

Let S a subspace of RP guch that S ) N(X) = {0}. Then MY is the

unique S-BLUE of E[M]S if and only if there existsa matrix M0 with

rows in N(X) such that the rows of A-M, are in s.
If v @ N(X) we have that v'Tv # O and then MY = w'R'V Y

v'Tv

is well defined. It is immediate that if g = )\v then

EB[MV] = Av = B and then also from Prop. 3.2 we can conclude that MVY

is the S~BLUE for S=Span{v}. If S [} N(X) = {0} and dim S = r, there
exist a Ts-orthonormal basis {Bi}]];l for S. Using the Ts—orthonormality

it is easy to see that:

' -1
Bisi X'v."1 = B8, ¥ g 6 S.

Again from Prop. 3.2 we can conclude that the S-BLUE és is given by

gS 8.8.'X'V ly.
1 1

[ S |

i=1

THEOREM 3.2.

Let S a subspace of R such that s N(X) = {0}. Then there

exists an S-BLUE és and it is given by
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B.B.'X'V_IY,
1 1

w0
[
e

i=1

where {Bi}§=1 is a Ts—orthonormal basis of S.

THEOREM 3.3.

Let S a subspace of RP .  Then:

There existsan S-BLUE if and only if s 1 N(X) = {0}.

PROOF. Theorem 3.2 gives the "if" part. To see the other implication
let MY = és, then we have from Definition 2.2' that EB[éS] = B
for all B 8 S. We also have E_ [M] = MX'B= 0 if B € N(X). Then if

B
there exists 8 € S {] N(X) different from zero we would have simultaneously
EB[ésl = B and Es[ésl = 0, which is impossible.
Among the S-BLUE's, when X is non full rank, there are some

which are particularly important, those which are maximal in the sense

that Span(s |J N(X)) = RP,
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3.2, g~INVERSES AND S-BLUE's

The normal equations for the linear model (X,V,]Rp) are given by

v iz = xvly

When X is a full rank matrix the solution is readily obtained using
the inverse of X'V-IX. When X is non full rank, x'v_lx is not
invertible. The solution of the problem is now an affine variety and
not just a point. In most practical situations, statisticians are
not interested in the whole variety but mainly in obtaining a point

in this variety. Two main methods have been used to obtain such a

"solution point":

(i) Through the use of g-inverses of T.
(ii) Putting some restrictions on B in such a way that there is only one

point in the variety which satisfies the restrictionms.

The second method has the advantage over the first that the restrictions
can have some meaning (or can even be "true") in the particular context
where the problem arises. The first method has the "advantage' that no
particular assumptions are made on B to obtain the solution, but the
use of one particular g-inverse leads to an implicit choice of where 8
lies. It is now a well known fact that both approaches are equivalent
in the sense that for each g-inverse there exists a set of linear
restrictions such that the solution to the normal equations obtained
by using them is equal to the one obtained by using the g-inverse.
Also for each set of linear restrictions which define a unique solution
to the normal equations there is a g-inverse with which the same
solution is obtained.

Dge mainly to their use for obtaining a solution to the normal

equations, g-inverses have been widely studied. Geometric properties of
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AA", A A and A (where A” is a g-inverse of A) have been given (see for
instance Rao 1962, Kruskal 1975) and also many methods for calculating
them are available (see Shinozaki, 1975). Nevertheless the implications
of the geometrical properties do not seem to have been fully exploited
to give a method of calculating the g—inverses of T. The next theorem
which is not essentially new is given mainly for the sake of complete-
ness. We will first give some preliminary definitions and results.
Given an arbitrary pxp matrix A,a g-—inverse A" of A is a matrix which

satisfies
AAA = A . (3.2.1)

It is easy to see that any matrix which satisfies (3.2.1) must satisfy
cs(a) N n(a) = (o}

and
span{cs(aA A) U N(A)} = RP,

where CS(A ) is the vector space spanned by the columns of A . This

suggests the following equivalence relation on the set G(A) of
y

g-inverses of A

A v A, if and only if CS(A1 A)

cs(A2 A).

Given a subspace S of RP such-that S N(A) = {0} and Span (SUN(A)) = RP

GS(A) will be the equivalence class in G(A) defined by the subspace S.

THEOREM 3.4.
Let S a subspace of R? such that s 1 N(X) = {0} and
span(s U N(X)) = BP . rLet G,(T) the equivalence class of g-inverses of T

defined by S. Lety{Bi}§=1 a TS—orthonormal basis of S. Then:
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R

(1) B.B.' 6 GS(T).
1L 1

i=1

(ii) For any T € Gg(T) we have

T .
(: B.8.")T8 = T T8, for all g € RP .
i=1 %

PROOF. Let {uj}z;i a basis for N(X), then:

r
' = 1 =
T ('z BiBi )Tsi T8, i=1,...,r.
i=1
r
T(ZI B.B.'")Tu, = Ty, =0, j=1,...,p~r.
i=t ** J

Since {B.}?_ U {u.}?-r, forms a basis of RP this proves that
1°i=1 1 i=1" :
. r
. B,B.' is a g-inverse of T. It is immediate that Range( I B.B,'T) = §.
1 i=1 **
Then we have proved (i). To see (ii) notice that TT_TBi = Tsi, this
implies that T-TBi = B;+v; where v; € N(X). Wow if \A # 0, since

Range (T T) = S we would have that Bi+vi_8i 6 s and so S [l N(X) # {0},

contrary to our assumptiomns. Then:

T—TBi, i=1,...,r,

]
BB TRy

[ B

i=1

and

BiBi'Tuj T Tuj = O, j = 1,...,P—r,

[ e Ba

i

ifT € Gg(T). This implies (ii).
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COROLLARY 3.4.1.

Let T a g-inverse of T such that Range T T = S. Then:

e | ~S

TX'V'Y = B .

A very common situation in practical applications is to impose
a set of linear restrictions: HB = 0. The theorem suggests the

following method to obtain a solution which satisfies the restrictions.

METHOD. Let SO = CS(H'); applying Gram-Schmidt orthonormalization

n
method to the rows of H an orthonormal basis {ui}i=1
n

obtained. Let Po = I uiui' the orthogonal projection of RP onto S
i=1

of So is
0

P s 17 p - - 1 =
and {ei}i=1 the canonical basis of R" ., Let v, = e, ~Ppe., i 1,...,p.

L
SO .

0

e . . . P p -
Then it is immediate that:. .. {Vi}i=ll S and Span({vi}i=1)

o
" = {8|HR = 0}. We now apply to

It is worth noticing that S0

{vi}?=1 the Gram-Schmidt orthonormalization method (but using as "inner

product" the one given by T) to obtain a maximal set {Bi}z £

=1 o
“ » . .
"T-orthonormal vectors contained in Sé . Then the estimator
T

MHY = 3 B.B.'X'V-lY satisfies the restrictions and is an S-BLUE
i=1 * 1 N
(notice that r = dim S < dim So ).
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3.3. CHARACTERIZATION OF ALE WHEN X IS NON FULL RANK

Although the characterization that will be given at the end of
this section is the ome that would be intuitively expected from
Theorem 2.3, Theorem 3.2 and Theorem 3.3, the formal proof is not
immediate. We will need to geheralize some results due to Shinozaki

1975 and Rao 1976. Those results will be useful also in other chapters.

PROPOSITION 3.3,
Let Q a n.n.d. pxp matrix. Let C a subset of RP. Let MY 6 L.

If there existsan MY € L and vy € C such that:

0
RqMys8] < RyIM,8] , ¥ g 8c,
and
Rq[MosY] < RQ[M’Y] s
there existsan NY 6 [ such that:

R (N,B] < Ry [M;8] ¥ Bgec,

and

PROOF . Mo exists only if Q # O, Then let F = -;— Q where X is the largest
eigenvalue of Q. Then
R.M,,B8] < Rp[M,B8] s ¥ gec, (3.3.1)

and

Rp(Myy] < RpiM,yl . (3.3.2)



Let NY = MY + F[MOY - MY]. Then:
- )l _ 2y _
RI[N,B] RI[M’B] + EB[(MO M)'F (M0 M)] + ZEB[(M g) F(MO M)].

Since 0 < F < I, we have F2 < F and

A

2 .
EB[(MO-M)‘F (My~M)1 2 Ep [ -M) 'F(M-MT 5
Also:
EB[(MO-M)'F(MO-M)] = RF[MO,B] + RF[M,S] - ZEB[(MO-S)'F(M—B)].

We then have

RI[N:B] < RI[M:B] + RF[MO’B] - RF[M’B] ¥ B € C.
From (3.3.1)

R N,8] <R;(M,8] , ¥86C.
From (3.3.2)

RI[N,y] < RI[M,Y]

This proves the proposition.

By MY is an ALE under the risk Q, we will understand that MY

satisfies the conditions obtained by substituting in Definition 2.1.
RI by RQ' We have then the following known result (Shinozaki 1975,

Rao 1976).

PROPOSITION 3.4,
Let Q a n.n.d pxp matrix. Let MY be an ALE, then MY is an ALE

under the risk Q. (X full or non full rank).
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In the next lines we will describe a generalization of unitary
transformations and some related topics. As it is well known an
unitary transformation from RP into RP is anm isomorphism which
transforms orthonormal sets into orthonormal sets. Given an arbitrary
n.n.d.s. transformation T, the restrictién TS of T to a subspace §

such that S (] N(X) = {0}, defines an inner product on S. We will speak
of TS-unitary transformations as those linear transformations from S

to S which transform Tg-orthonormal sets into Tg-orthomormal sets.

r

- T
If B, = {Bi}i=1 and B, = {Yi}i=l are two Tg-orthonormal bases of S,

a matrix for the TS-unitary transformation which transform B, into B,

1

is given by

It is easy to see that if dim S = p - dim N(X)
Uu'tu = T .,

st o . This is a generalization of the

property (for unitary transformations)

L —
Also any pxp matrix D such That ,Ram%e D=N(D)C S= IQ‘ahC&e_ ]
has a Ts—singular decomposition; i.e.. there exist two Ts—unitary

matrices U1 and U, and a symmetric matrix A such that
= 1t A
D—Uz_/\Ul.

To see this first notice that D'T D and DT D' are symmetric matrices.

— r ' )
Here T =% B.B., {B.}F is a T_—-orthonormal basis of S. If there
j=1 * i i“i=1 S
exists a T§~singular decomposition we should have
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' = ' T !
D'T D Uy A UZT u2 A U1 . (3.3.3)

U,' AU, TU.,'A U, . (3.3.4)

“nt
DT D 2 11 2

Now from Lemma 2.1 we know that there exist Ts—orthonormal bases

r r
{Yi}i=l’ {ai}i=1 of S such that
- T 2
D'TD = T (I A. v.vy.")T,
j=1 * 11
- r 2
DTD' = T(Z u. a,a.')T,
i.=1 1 1 1

(we chose Aiz and uiz only for notation conveniences). From considerations
arising from the forms of (3.3.3) and (3.3.4) and from the Tq-ortho-

normality of the Yi's and ai's, we must have that -

r
= '
Ul .Z Bin T
i=1
r
- ]
U2 = .Z Biai T:
i=]1
2 2 .
)\i = Ul N 1= 19 <3P
and
r
A = T(Z A,B.B.")T,
a_a 111
i=1

with {Bi}§=1 a Tg-orthonormal basis of S. It is easy to check that
those matrices satisfy (3.3.3) and (3.3.4). We are now ready to prove

the next proposition,
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PROPOSITION 3.5.

Let C a subset of RP . Let MY = AX'V-lY. Then if TAT is not a

symmetric matrix there exists an estimator MOY such that:

Rp(My,8] < R, M,8] , ¥ 8 € C.
PROOF. TFor any g-inverse T of T, we have

Bp[M,8] =-8'(I-TA')T(AT-I)8 ,

=-8'(T-TA'T)T (TAT-T)B

Let D = T-TAT, then TAT is symmetric if and only if D is symmetric.

Let U, U, and A such that D = Uz' A U1 is a To~singu1ar decomposition
. . L L .
of D (To is the restriction of T to N(X) ) defined as above. From
T
this, if g = £ b.y. +v, v € N(X)
. . i'i
1=1 :
n .
_ 2, 2
BT[M)B] = .E )\i bi
.1=1

We also have

Tr [TATA'] = Tr[T TATT TA'T],

VarT[M]

Te [T (D-T)T (D'~T)1,

Tr(T (DT -TT )(D'-T)],

and

Tr(T [DT D'-TT D'-DT T+IT T}]

Using the To-singular decomposition of D, we have
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TT D' = D',
DT T = D,
- r 2
DT D' = T(Z A.“a.a.')T,
i=1 1 1 1
r
t = 1 - '
D Ut A u, T(.E Aiyiai )T,
i=1
and
r
D = T(T A.o.'y.) T.
. L 1 1L
1=1
Then
r -
= ' D!~
Var, [M] z a, (DT D'-D D+T)ai,
1=1
T 2
= ¢ (A, "-2x,a.'Ty. + 1).
i=l 1L 1 1 1
Let
r -1
= - ] [
MY (-E (1 ki)yiyi )X'V Y, then
1=1
r
- 2 _
BpMg.8l = 2 A% = miomer
i=1
and
r 2
Varp (M) = izl‘xi - 2 + 1.

If TAT is not symmetric, Ul # U, and then there exist 1< j < r, such
that o # Y and therefore Iaj'Tyjl < 1. Since for 1 <i < r,

1
lag Tyi| < 1 we have that

VarT[MO] < Var,, [M].

T
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Since BT[MO,B] = BT[M,B] for all B 86 RP, this proves the proposition.

PROPOSITION 3.6.

-1
Let C a subset of R? ., Let MY = AX'V Y. Suppose that TAT =
r
TC z (1-A.)y.y.")T and {y.}._. is a T.-orthonormal basis of N(T)L .
i=1 177171 i“i=1 0
. . s < . ol _
Then if AJ ¢ [0,1] for some 1 < j < r, and Span (C) D Span {Yl}(l—Xi)¢ 0
there exists MOY €L and Y€ C such that:

RLM,8] S R, [M,8] ,VBec ana R [M Y] <& [M,] -

T
PROOF. Let MY = A X'V 1Y with A = I (1-u.)y.y.' and
0 0 2 i=1 111
1=y, = min(l,]l-lil). Let 8 = 151 biy; +v, v8 N(T),then
r
_ 2, 2
BT[MO,B] = -Z ui. bi )
i=1
and
T 2
Varp Myl = I (1 - ui) .
i=1

From the definition of My it can be seen that A $ [0,1] implies that
0 f_ui < lkil and Ai € [0,1] implies that ui = Ai. From this if

Xj ¢ (0,11 for some 1 < j < r, we have that

r r
B(M_,8] = T u.2b.>2 <z % 2-B.mp ¥8eRP.
T0 . i1 . T
i=1 i=1
r ‘ 2 r 2
Varg(M,] = I (1-p.)" < -2 (1-r.)" = Varg[M] .
) i . i
1=1 i=1

and from the condition on C, there existsyYeC such that.yij# O and

so BT[ My, y] < Bp, [M,¥] . This proves the proposition .
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PROPOSITION 3.7.

If MY is an ALE, then MY = AX'V—IY with TAT a symmetric matrix,

r

= ' . ' r .
TAT T(i§1 GiBiBi )T, 0 < 8§, 2 1 for 1 <i<r and {Bi}i=1 is a
To-orthonormal basis of SO = N(']'.‘)'L .

PROOF. As in Theorem 2.3, it is easy to see that any ALE must be the
BLUE of its own expectation function, hence it must have the form
MY = AX'V—lY for some matrix A. TFrom Prop. 3.4 MY is also an ALE

under the risk defined by T, but then from Prop. 3.5 TAT must be
r

symmetric; from Lemma 2.1 (b) TAT = T( I Gisisi')T for a T -orthonormal
i=1

basis {Bi}§=1 of 89 = N(T)'L . Finally from Prop. 3.6, 0 < Gi <1 for

1<1ic<r,

From the last proposition the condition that TAT is symmetric becomes

important. Next we will characterize the set of matrices A which
r

satisfy this condition. If TAT = T( £ A.8.8.')T with {8.}:_, a
j=1 111 i'i=1

To-orthonormal basis of S0 = N(T)L we have that 'I'ATB:.L = Tkisi,

1<1i<r. This implies that ATBi = ki(Bi+ai) for some a, € N(T),

i . . = B.*a, < i<
1<ic<r. Let Y; = Bites, 1l <i < r, then

r
I A.vy.v.'TB = ATB , ¥ g8 e RP.
jop 110
r
Let A; = I A.Y.Y.'. We will see that A,T = AT if and only if
=1 % 1 2

Ay = A;#M, where the rows of M; are in N(T). 1If one row of My ¢ N(T)

then for some B, MlTB # 0 and so AZTB = (A1T+M1T)B # AlTB = ATB. The

. . . . .. . : r .
other implication is trivial. We will see now that {vy.},_, is a set

1" 1i=1

of TS—orthonormal vectors and S = Spah{yi}i=l satisfies s M1 N(T) = {0}.

' = 1 ' = 1 =
g TV (8, '+o, )T(Bj+aj) B, T8y = 845
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r
This proves the Tg-orthonormality. Suppose that v = & a.v; 6 N(T),
i=1
then 0 = Bi'Tv =a;, 1 <i <r. This implies that v = 0 and so
s N N(T) = {0}. We obtain the next proposition.
PROPOSITION 3.8.
T
TAT is symmetric if and only if A = I Xiyiyi'+M1 where
i=1

'{yi}§=1 is a Ts-orthonormal basis of S = Range AT and the rows of M

1
are in N(T).

Now we will give the main result of this section.

THEOREM 3.5.

Let MY 86 L, S = Range M. Then MY is an ALE if and omly if

s N N(X) = {0} and there existsa matrix A such that MY =AX'V-1Y,
T

= v T . - .
A= I GiYiYi R {Yi}i=1 is a Tg or?honormal basis of S and 0 < §, <1

i=1 )
for 1 <i <r.

PROOF. The necessity of this condition is a direct consequence of
Prop. 3.7 and Prop. 3.8. To see the sufficiency let us suppose that

there exists M Y 6 [ such that MOY = AOX'V-IY and

(0]

RiMy,8] < Ry MMl ¥ g6 R .
This implies that
RI[MO’B] < RI[M,B] ’ ¥ g € S, (3.3.5)

There is no loss of generality in taking the rows of Ao in S. Let X1

such that X+X1 is a full rank matrix and Psxl' =0 (PS is the

orthogonal projection onto S). Let NY = A(X+X1)'V—1Y and

-1
= '
NoY Ao(x+x1) vV Y. We have that

RI[N,B] = RI[M,S] s ¥ B € 8.

RI[NO,B] = RI[MO,B] , ¥ B € 8.
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(Because rows of A and Ao are in S and Psxl' = 0). From Theorem 3.6,

NY is admissible for the model (X+X,, V, S) and therefore there does

1’
not exist NOY 6 L and BO 6 S such that

RI[NO,B] < RI[N,B] s ¥ g 8 8§,
and

(3.3.5) implies that

RI[NO,B] = R IN,B] s ¥ges. (3.3.6)
Since NY is ALE for the model (X+Xl’ V, S), (3.3.6) implies that NOY
is also an ALE for (X+Xl, V, S). . But this implies, again by Theorem 3.6,
r
. that A_ is symmetric. Let T, = I +v.y.' then for 8 6 S: T_ T8 =
0 S j=1 T 1 S

= ISB = B. Hence

B [M,B] = B'T(A-TS-)(A-TS—)TB , ¥pges,
and

By [M,8] = B'T(AO-TS")(AO—TS—)TB, ¥ g @ s.
Let y = TR. Then from (3.3.6) we have

y'my = Y'[(A-TS')2 - (AO-TS')Z]Y =0, ¥ y € Range T.
Since 7 is symmetric, the rows of m are in S and S {] N(T) = {0}

-

-2 -2 _
(A—TS )< - (AO-TS Y© = 0.
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—

Since TS_-A and TS -Ay are symmetric and n.n.d. this implies that

A= AO. As a consequence we obtain.

COROLLARY 3.5.1.
MY = AX'V—lY is an ALE if and only if TAT is symmetric and

(TAT)T (TAT) < TAT. (T is any g-inverse of T).

PROOF. If MY is an ALE from Prop. 3.7 TAT is a symmetric matrix and
r

TAT =T( I 6.8.8.')T, 0< 8. <1 forl<i<r,
"-i=1 1 1 1 - 1 - - -
- r 2
Then (TAT)T (TAT) = T( g Gi SiBi')T. From this it is immediate that
i=1 .

(TAT)T (TAT) < TAT. To see the other implication; since TAT is
symmetric from Lemma 2.1 (b) TAT = T(.; K.B.Bi')T for some
To-orthonormal basis‘{Bi}§=1 (To is ;;l restriction of T to N(T)L ).
From (TAT)T (TAT) < TAT it follows that Aiz < A; and this implies that
0 < Ai <1 for1<i<r. Prop. 3.8 and Theorem 3.5 imply that MY is
an ALE. This corollary generalizes to the non full rank case the

characterization given by Rao 1976, for ALE's in the full rank case (see

Corollary 2.3.1).

COROLLARY 3.5.,2.

The ridge estimator (T+kI)—1X’V"1Y is an ALE even if X is a non
full rank matrix.
PROOF, (T-i-k'.[)--1 = A+M1 where A and M1 are szpmetric matrices, rows
of A are in N(T)l and rows of Ml are in N(T). Then
1 1 | r

= AX'V ~. Tt is also easy to check that A= g SiBiBi'
i=1

where 0 < §; <1 for 1 < i <r and {Bi}§=1 is a T,-orthonormal basis of

(T+k) " kv

N(T)l . From Theorem 3.5 we can conclude that (T+kI)—1X'V-1Y is an

ALE.



61

3.4, LINEAR ADMISSIBLE ESTIMATORS FOR SUBSPACES

In the thesis, until now, we have studied admissible linear
estimators when the parameter space is RP . 1In this section the
notion of linear admissibility, whem the parameter space is a subspace
of‘Rp, will be studied. Hoffmann (1977), studied the problem for
ellipsoids centred at the origin. First some propositions will be
given. The next one, which is very useful, is essentially Lemma 1

in Hoffmann 1977.

PROPOSITION 3.9.

Let A and Q two p.d. symmetric pxp matrices. Let MY, NY € [.

Then there exists MOY 6 L such that
RQ[MO,B] < RQ[M,B] for all B such thaF_RA[N,B] < RA[M,B] s

and

RQ[Mo’B] < RQ[M,B] for all B such that RA[N,B] < RA[M,B]

PROOF. Let A the maximum eigenvalue of A and u the minimum eigenvalue

of Q, let D = % and ™ = Q . Let
H
M, = (I- 'p)M + = lpN.

We then have

R’ﬂ' [MO:B] EB[(MO_B)TT(MO‘B)] >

EB[(M-B)'ﬂ(M—B)] + EB[(M-N)'Dn'lﬁw'ID(M—N)]

-EB[(M~N)'DW—1W(M-B)] - EB[(M~B)'nw-1D(M-N)],

Ia

R_[M,8] + EB[(M—N)'D(M-N)] - ZEB[(M—N)'D(M-B)],

]

RTT[M’B] + RD[N,B] - RD[M’B]
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<R _M,8] , if R,[N,8] <R,[M,8] ,
or

<R_(M,8] , if R [N,8] < R,[M,8]

The first inequality is a consequence of Dﬁ-lD < D. The last two
inequalities are a consequence of the hypothesis of the proposition
and the fact that RA[N,B] < RA[M,B] if and only if Ry (N,B] < R, [M,8] ,
(idem for <). The same reason and the inequalities obtained imply

the proposition.

PROPOSITION 3.10.
Let Q be a p.d. symmetric pxp matrix. Let X full rank. If
r
MY 6 L is not of the form MY = AX'V 1Y, A= I 6.8.8.", {B.}:_
i=l 11 1 1 -'l
a T-orthonormal basis of S and O 5_61 <1 forl<i<rzr, there

existgan estimator MOY 6 L and Y € S Such that
RQ[MO,~ B] < RQ[. M, 8] ,¥ Bes _ana RQ[MO,y]<RQ[M,Y] C (3.4.1)

PROOF. If MY is defined as above, Propositions 3.5 and 3.6 show the

existence of an estimator NY € L and Y€ S
Ry[N,8] < R M,81, VB € s and R[N, ¥] <R [M7] -

Since X is full rank, T is invertible and so p.d. Making T = A,

(3.4.1) follows from Proposition 3.9. This proves the proposition.

PROPOSITION 3.11.

Let Q be a p.d. symmetric pXp matrix. Let X full rank. Then MY
is an ALE if and only if MY is an ALE under the risk defined by Q.
PROOF. The proposition is an immediate consequence of Proposition 3.9,

the definition of ALE and ALE under the risk given by Q.
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The last proposition was already proved by Shinozaki (1975). The
next definition makes precise the notion of linear admissible

estimators for subspaces.

DEFINITION 3.1.
Let Q a p.d. symmetric pXp matrix and S a subspace of RP .

Let MY 6 L. Then MY is a S-ALE under the risk Q if and only if there

does not exist NY 6 L and vy 8 S such that

R,[N,B] <R

S
Q ™M,8] , ¥B6S

Q

and

RQ[N,Y] < RQ[M,Y]

When Q = I we will simply say that MY is an S-ALE.

Proposition 3.9 implies that MY is an S-ALE under Q if and only if MY
is an S-ALE. The next proposition is important for the main result

of the section.

PROPOSITION 3.12,

Let S a subspace of RP. Let MY € L. Then

[PQM,B] < R

(i) 1If Range Md: S, RylPg

M,B] , for all B € S.

Q Q

(ii) If MY is an S-ALE then Range MC S.
PROOF. For any B 6 S we have

- - 2 Qo vx- 2
Boii,81 = || 0x-Dg|| 5 > |l pgx-18]l ¢

| (PgMX—I)B” é =B [Pgm,'sl . (3.4.2)

Q
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1.Q
Let SO =G . Then

VarQ[M] = Tr[QMVM'] = Tr[(Pg+PgO)'Q(P§+P30)MVM'] ,

Tr[(pg)'qwgmvm + Te((ed ) 'eed 'y
0 0

Quret (o2 0 Q 1eoQ o
Tr[QPSMVM (ps) ] + Tr[Q(PSO)MVM (PSO) 1 )

gM] + VarQ[PQ M]

%0

VarQ[P

If Range Mq‘.' S we have Var

Q[PgoM] > 0 and

VarQ[M] > VarQ[PgM] . (3.4.3)

From (2.2.2), (3.4.2) and (3.4.3) we have
R [PQM Bl < R,[M,B] ¥ B 68 S
Q S 3 Q b} 3 4

This proves (i). And (ii) is an immediate consequence of the definition

of S~ALE and (i).

THEOREM 3.6.

Let MY 8 L. Let S be a subspace of RP . Then

(i) MY is an S-ALE if and only if Range MC S and MY is an ALE.

r
(ii) MY is an S-ALE if and only if MY = I GiBiBi'X'V 1Y where
i=1

}r

B3ia1

i is a T-orthonormal basis of S and 0 < Gi <1l,1<i<r.
PROOF. Proposition 3.10 implies that if MY is an S-ALE then it is

an ALE. Proposition 3.12 implies that if MY is an S-ALE then Range
MC S. This proves the first implication in (i). From Theorem 2.3
Range MCS and MY is an ALE is equivalent to asking that MY has the
form given in (ii). Then to prove the theorem we only need to see
that any esfimator MY of the form given in (ii) is an S-ALE. But this

last implication follows from Theorem 4.1 and Theorem 4.2 using a

similar argument as in Proposition 4.8, restricted to S.
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CHAPTER 4

The chapter studies minimax estimators over some subsets of RP,
when the risk considered is a quadratic risk defined by a

p.d. symmetric matrix Q and attention is regstricted to the set of

linear estimators. Those estimators will be called Q-minimax

estimators. We will assume that X is a full rank matrix.

The first section of the chapter studies a particular class of
subsets of WP which will be called T-cubes. This class appears to
be in some sense a ''matural' class of sets for the problem. It also
contains a wide variety of sets which can make it useful for applications.
As opposed to the second class of sets studied in the chapter, this
class can be defined by linear restrictions on the parameter 8.

The second section of the chapter studies the problem for the
class of ellipsoids with center at the origin. The ellipsoids are
defined by quadratic constraints on the parameter 8. Part of the
problem for this class has been already studied by Kuks (1972) and

Lauter (1975).
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4.1 Q-MINIMAX ESTIMATORS OVER T-CUBES

The section is structured as follows:
Proposition 4.1 shows that the Q-minimax estimator over a T-cube is
the same as that over the set of vectors formed by its '"cormers'.
That is why the whole section studies Q-minimax estimators of
T-orthogonal subsets C of RP . Proposition 4.2 simplifies considerably
the study by relating the axis (see end of Chapter 2) of the Q-minimax
estimator of C, to the vectors of C. The unicity of the Q-minimax
estimator McY of C is proved in Proposition 4.3. From Proposition 4.2
we only need to determine the shrinkage factors (see end of Chapter 2)
of MY to have it totally specified. A property satisfied by the
bias of Mc on C (proved in Proposition 4.4) allows us to calculate,
using Lagrange multipliers, a condition on the shrinkage factors
which defines them implicitly. This is mainly the content of
Proposition 4.5. Proposition 4.6 shows how to build a-set CM for
which the ALE MY is a Q-minimax estimator, if the shrinkage factors
of MY are less than.unity (the case when some of the shrinkage factors
are one can be treated using the results of Theorem 4.2). Proposition
4.7, translates the results of Proposition 4.6 into the usual represen-
tation for ALE's. Theorem 4.1 gives an explicit expression for the
shrinkage factors of McY if it is known on which axis of MY the
shrinkage factors will be different from zero. As a consequence of
the theorem we are able to give a method to calculate the Q-minimax
estimator of an arbitrary T-orthogonal set of vectors C. After this
some particular examples are studied, where the pfevious results are
used. Theorem 4.2 is essentially the natural extension of Theorem 4.1,

Proposition 4.8, give us a result which is a consequence of the previous



67

results of the chapter and whose main application is in Theorem 2.2.
The section ends with Proposition 4.9 and Theorem 4.3 which are the
starting point for the second section.

The next two definitions make precise our terminology.

DEFINITION 4.1.

Let MY 6 L. Let Z be any subset of rP. 1f

sup R [M,8] < sup R

(N,8] , ¥ NY gL
B8z Q REZ Q ’

we will say that MY is a Q—minimax estimator for Z. Sometimes Q-minimax

estimator will be written Q-m.e.

DEFINITION 4.2.

Let Z be a subset of'Rp. Let cc(Z) denote the convex hull of Z

and let Sym(2) = {Ag|Xx 6 [-1,1}, 8 6 Z}. Then Z -will be a T-cube

if there exist a set C, of T-orthogonal vectors of RP such that

N
1]

cc(Sym(Cz)).

Sometimes the elements of Cz will be called corners of Z.
The next proposition simplifies considerably the study of

Q—minimax estimators for T—cubes.

PROPOSITION 4.1.
Let Z be a T-cube. Let Cz a set of corners of Z. Then MY is a
Q-minimax estimator for Cz if and only if MY is a Q-minimax estimator

for Z.

PROOF. For all MY 8 [ we have

sup RQ[M,B] = sup RQ[M,B] = sup RQ[M,B]
BeC, BGSym(Cz) BGcc(Sym(Cz))
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= sup RQ[M,B]
gez

The second equality follows because RQ[M,B] is a convex function on 8

and the first equality from the definition of RQ[M,B] and Sym(Cz).
From the proposition it is clear that the problem of finding a

Q-m.e. for a T-cube 2 ié the same as the one of finding a Q-m.e. for

one of its sets of corners Cz; it is for this reason that from now on

we will deal only with Q-m.e. for T-orthogonal subsets of RP .

PROPOSITION 4.2,

Let C = {Yi}?=l be a subset of T-orthogonal vectors of RP . Let

B, = Tr;;ﬂﬁ; » (L <i<m). Then any Q-minimax estimator MY for C

has the form

1

= ' '—
MY §.8.8.'X'V Y,

Il B

i=1

where Gi depends on Q, T and C.
PROOF. Any Q-minimax estimator must be the BLUE of its expectation
function, a similar argument to the one given at the beginning of

Q

Theorem 2.3 shows that MY = AX'V-lY. Now let Pi' the Q-orthogonal

projection_of'Rp onto the S, = Spah{Bi}. Let MOY = AOX'V-lY such that

= Q ’ ’
AoTyi Pi ATYi, ¥ Yi € C,
and

il
ATY = O, ¥ yec .

Since T is invertible M, is uniquely defined and since:

2
BoMsvy) = || (ar-Dy, || Q ,



and
= Q 2
BuMy ;) = | (2] ar-)v, || Q
we have

BoM,Y;1 > B, v, ]

Let {Bi}z=1 a T-orthonormal basis

completed. Then from Lemma 2.1(f)

T(
i

P
T I B.B.')T.

1

Therefore

VarQ[M] Tr([QATA'] = Tr[QAT(

1

Tr[QATBiBi'TA']

oo

i=1

and

m Q' 9
Vary Myl = . Il P, ATBi”Q

1=

Then
VarQ ™1 > VarQ Myl

with strict inequality if for some
ATR, # 0 form < i < p. From (2.2.

obtain
o .
RQ[M,Y ] > RQ[MO,Y ]

with strict inequality if Var

Q

1 <1i<m.
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= 1 pQ (a7- 2
= || »; (aT-Dv,|| Q"

(4.1.1)

P . : m .
of R"¥ obtained when {Bi}i=1 is

we have

I Mo

B.B.')TA']
ii

3

Il o

Il azegll ,*

(4.1.2)

1<j<m, ATBj is not in Sj or if

2), adding (4.1.1) and (4.1.2) we

1l <i<m,

M1 > VarQ[MO] . This implies that MY

must be of the form stated in the proposition if it is a Q-minimax

estimator of C.
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The next proposition shows that for each T-orthogomal subset C

of RP there existsa unique Q-minimax estimator MY of C.

PROPOSITION 4.3.

Let C = {Yi}?=l a set of T-orthogonal vectors of RP . Then there

exists a unique Q-minimax estimator MY of C.

PROOF. From the previous proposition any Q-m.e must be of the form

m
-1
M§ = izl GiBiBi'X'V Y where Bi = Yi/llYillT and § = (61,.... am).
Then
R.[M Y]=(1_6)2”Y”2+I;62“B”2=f(5)
e i i Q ;=1 1 i''qQ its

Each fi(§) is a quadratic function of §, so that each f; has

a unique minimum. WNow the suprémum of a finite nﬁmber of functions
which have each a wunique minimum has itself a unique minimum. Thus
there exist §O such that

sup £,(8) > sup f.(60), ¥.§ 8 R® such that 6§ # §_ .
1<i<m 1~ 1<i<m 1~ - ~  ~0

sup RoMc,y;1 > sup RoM, ,v,1 ,¥86R", §#8
1<i<m ~ 1<i<m ~0
This proves the proposition.
From now on McY will be the Q-minimax estimator of C. Also it
can happen that some of the shrinkage factors of McY are zero. There
is no loss of gemerality in assuming that these shrinkage factors
correspond to the larger i's; that is we can always reorder the vectors

Y; in such a way that

-1 m -1 < -1
Tyt syt - Tyt
8,88, 'X'V Y+ I 8.8.B KV Y= I 688 'KV Y,

r
MCY = I
i= i=r+l i=1
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8 #0if 1 < i < r and Gi =0 if r <i < m, This ordering assumption

will apply from now on. The next proposition gives an important

property satisfied by the bias of M_Y on C.

PROPOSITION 4.4.

Let C ='{Yi}?=1 a set of T-orthogonal vectors of RP and

Y, r

i . -1
g. = 1<i<m. LetM Y= £ §,B8.8.'X'V Y the Q-minimax
1 |LYi||T ’ - - c =1 T 11 Q

estimator of C. Then

(a) BQ[MC’Yi] = BQ[MC’Yj] ’ 1 <1, b <r
(b) BQ[Mchi] > BQ[MC,Yk], 1<1i<r, r<k<m.
() BQ[MC,Yi] = 3:3 BQ[MC’Y] s 1 < i <r.

PROOF. It is immediate that (c¢) implies (a). Let us then suppose that
(c) does not hold and let n such that 1 < n < r and

BoM, .,y 1 < sup B,[M_,Y] . (4.1.3)

Q" c’'n +6C Qe ,
We will build an estimator MOY which is "better" than M Y for C. Let

r

MY= I 6.8.8.3X'V—1Y + 88 B 'X'V-IY. Then for any § <§, we have
0 i=1 111 nn 1
i#n
VarQ[MO] < VarQ[Mc] s (4.1.4)
and
BQ[MO’Yi] = BQ[Mc’Yi] s l<i<m, i¢n.
Therefore

RQ[Mo,yi] < RQ[MC,Yi] s 1 <i<m, i # n. (4.1.5)
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As § > 8;y BoMo,y 1 ~ BoMM .y ] and then from (4.1.3) for § < 8,
close enoughto.Gi we must have
ByMy,Y 1 < sup B,[M,,Y]
Q" 0''n 6 Q' ¢
Thus from (4.1.4) we have
RyM, ;Y 1 < sup R,[M_,v]
Q"0’'n Y6C Q" c
From this last inequality and (421.5) we obtain
sup R [M_,yY] < sup R [M ,v] .
yoc & O vec ¢ ¢
Then (4.1.3) is impossible and (c) is proved. To see (b) we again
suppose that it does not hold and then show the existence of an
estimator MOY which is "better" than McY for C. Let now n be such that
n>r and RQ[MC,Yn] > 1St.xp RQ[Mc’Yi]'
<i<r

m

And let MY = MY + I  §8.8.'X'V Y. Then
o . i1
i=r+1
- 20 42 2, @ 2
RoMyavyl = (1-8) Ilyi[hQ + & i=§+1 IIBiIIQ + Varp 1,

r <i<m. (4.1.6)

Now if § > O is chosen small enough we have

2 2 2 T 2 2
1-§ . 8 z . . < i <m, 4.1.7
- vill g+ 2 T eyl gt <Myl vr<icm
and
RQ[Mo,y.] = RQ[Mc’Y'] + 62 g ||B.]| 2 . sup RQ[Mc,y], 1<ic<r.
* 1 i=r+l1 17Q yec

(4.1.8)
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From (4.1.6) and (4.1.7) we obtain

2 :
RyMgsv;1 < IR Q * VargMl = RoM .yl , r<i<m  (4.1.9)

Finally from (4.1.8) and (4.1.9) we have

sup R . [M.,y] < sup (M ,¥v] s
yec 2 O vec

which contradicts the assumption on McY' The proposition is proved.

PROPOSITION 4.5.

Let C = {Yi}?=1 a set of T-orthogonal vectors of RP . Let

Y. T
i . -1
. = 1<i<m. LetMY= I §,8.8,'X' ini
B; ﬂf;;nf; » 124iz2m LetM E ;8;8;'X'V Y the Q-minimax

estimator of C. Then M Y must satisfy
(a) 0<6, <1, 1<icz<r.

(b) (1—ai)l| Yi” Q- (1-53.)[[ lel Q" 1<i, j<r.

r & 1
() I 17, 7 - L
i=1 1 ” Yl” T

PROOF. From Prop 3.10 and 4.3, we know that 0 < ai <1 forl<i=<r.
By the ordering assumptions adopted just before Proposition 4.4, Si >0
for 1 < i <. Then, we only need to prove that Gi #1lforlc<ic<r,
To see this suppose that Gn =1 for some 1 < n < r and let

MY=MY*MY - g8 'X'V-lY, where M Y is the MMSELE of y_. Then
0 c n nn n n

_ 2
VargMi1 = Var,[M ) Il snll Q * VarqiMl < VarolM 1.

BQ[MO’Yi] = BQ[MC’Yi] b 1 i 1 _<_ m’ 1 # n.



Joining the last two expressions we obtain

RQ[MO’Yi] < RQ[Mc’Yi] y 1 <1 <m, i # n. (4.1.10)
Also, since R MM _,v ] < || 8 || 2 e have

’ Q n''n n'qQ _

2
= + - < = .

RyMps ¥yl = R[M v 1 + Vary(M ] i ssnllQ Varg Ml = RoM .y ]
From (4.1.10) and the last inequality we have

sup R.[M.,Y] < sup R (M ,v]

vac 0 v6c 2 €
This contradicts that McY is the Q-m.e. for C. Then Gi <l,l<ix<r
and (a) is proved. The condition (b) is essentially Proposition 4.4 (a)
(if it is known that O < 6i < 1). The problem of finding M Y when it
is known that MCY has the form given in the proposition can be put in
terms of a minimization problem with Lagrange multipliers if the
restrictions on the bias proved in Proposition 4.4 are used., Since
R

Q[Mc’Yi] as a function of 6§ = (6 ,...Gr) is quadratic, the solution

1
of the Lagrange problem is unique and it is a minimum. We have, if
l1<n<r, foralll<ic<r

r

3 -
3—6_;-: RQ [MC 3Yn] - iil ui [BQ [MC 3Yn] - BQ [MC )Yi] ] = 0.
i#n

Or

3 2 2 I 2 y 2 2
35 (=8 ) |l Q" 121 8.7 1 8.1l q - ii w, 11=8 )7 v_|l Q
i#n

,)-‘

2 2
- (1-5,) Il yiHQ 1 = 0.
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Then

2 2 bl
-2(1-<sn)||yn||Q + 28 [l 8_l Q * 2 Z wl=s v | Qzl = 0,

1=1
i#n
and
26 |l 8.0l o2 - 2w 18 )| v. ]l 21 = 0, 1<i<r i#n
i 1" Q i i i Q ’ - T =" :
From this
(1-8 ) r 1-§
n 2 2 n 2 -
i#n
and
Ile.ll 2 .
= 1" Q 1 . .
Hy N 7 o5, ° l<ic<r, i+#n.
Yi Q
Substituting uy we have:
1-§ r |82 (1-6 )6,
n 2 _ 2 _ i 2 n_ i _
o lrll gt - el g* - 2 ——-Q-”Y [ 2l s, = o
i#n 17 Q
Or
1- 2 (1- y
66n ” Yn” QZ _ ; “ 3” 2 ” Yn” Qz :1_2“;? 0. .
a N
Then
2
1-5 r el 2 s,
n |IY ll 2 1- 3 1" Q 1 -
8 ' Q =1 v, |l Q2 1-6,

Since Q is a p.d. matrix, llyn” Q > 0 and the last equation is equivalent to
2 .
el g™ 8
. 2 1-4.
= vl 2 T

[ s

= 1,
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From the definition of B, the last formula is equivalent to

T §.
5 1 i

. 2 " 1-6,
=1 [yl ,2 T

fl
-

and then the third condition (c) is proved.

It is not immediate that MY as defined in the above proposition

is the Q-m.e. for the set Cr ='{Yi}§=1. The: next proposition will show

r

that for any estimator MY = % GiBiBi'X'V 1Y there existSa set CM
i=1

for which MY is the Q-m.e. As a consequence we obtain that McY is

indeed the Q~m.e. for Cr’

PROPOSITION 4.6.
T

Let MY = T s.s.s.’x'v'ly such that 0 < §, < 1.
i=1 111 1
(a) Let CM ='{Yi}§=1 a set of T-orthogonal vectors of RP which

satisfy the following conditions:
(i) y.=t.B, forsome t. 8 R, 1 < i <r,
i i1 i - -
i1 =V. . = =0. . ’ 1<. .<-
(ii) (1 Gl)llYl” Q (1 GJ)” YJIIQ < i j<r
r §

(iii) I T L -
i=1 i I'YillT

1.

Then MY is the Q-minimax estimator for CM'

(b) The estimator McY defined in Proposition 4.5 is the Q-minimax

. - r

estimator for C_ = {Yi}i=1'
PROOF. Suppose that MY is not the Q-m.e. for CM’ then from Propositions
4.2 gnd 4.5, the Q-m.e. McY for C, must have the form

M

q -
MY= I diBiBi'X'V 1Y, with q < r. The indexes of the vectors in

CM = {Yi}z—l can be taken, without loss of generality, in a way that the
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indexation in MY coincides with the one in MY until i = q. From

Proposition 4.5 we have that O < di <1, 1<1ix<

i ~m.0.0
[= 9
oy

(L=d ) || v,|l o= (2=d) || v.ll .» 1 <1, j <qand

1 17 Q ] 17 Q - - ioq 1-ds 2
11 1 ”Yi”T
Since we also have (iii) and r > q, at least for some 1 < n < q we must

8

.n n .
have 15 °© T:E; and so Gn < dn' If M Y is Qm.e. for Cy from

Proposition 4.4 we must have

AW rll g 2 vyl

this implies

A8l mall g > Mgl o

and then for any O < §-< 1 we have

(1-6n)H Yn” Q” (1-8) || Yq+1” Q-

But this contradicts that

(1—5n)u YnH Q" (1-6q+1)llyq+1||Q , 0<68 <1,

q+1

which in (ii) we assume it holds. This proves that MY is the Q-m.e.
for CM. Now (b) follows immediately from the fact that if MY is
the Q-m.e. for C, from Proposition 4.5 it satisfies conditiomns (i), (ii)

and (iii) in (a) and then it must be the Q-m.e. of {Yi}§=l =C=2¢

r M
When O < Gi <1, 1<1i< p, we know from Theorem 2.4 (i ) that
> ) | ) ) )
MY = ¢ GiBiBi'X'V 1Y can be represented as MY = (T+G) 1X'V 1Y where
i=1

G is a p.-d. symmetric matrix and a set of T-eigenvectors of G is
{31}5-1' The next proposition gives similar results to Proposition 4.6

for MY represented in this way.
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PROPOSITION 4.7.
Let MY = (T+G)—1X'V-1Y, G a p.d. symmetric matrix. Suppose that
{Bi}§=1 is a set of T-orthonormal eigenvectors of G. Then MY is the

Q-minimax estimator of the set CG = {Yi}§=1 defined as follows:

{or some .
(1) Y; Tt8:0 t, 8 R, 1 <ic<p.
(i) If a, = v, (T(T+) "} - 1)QU(T+6) '1-1)y., then a, = a
i i i’ i j’
1 = i, j P
P 1
(iii) ¢ ——— = 1.
=1 vl .
i" G
P -1
PROOF. (i) Follows from the fact that if MY = % aisisi'X'V Y
i=1

the set {Bi}li;1 is a set of T-eigenvectors of G and Proposition 4.2.

(ii) is only a reformulation of Proposition 4.6 (ii). We will see that

P
(iii) is equivalent to (iii) in Proposition 4.6. Let G = T( ¢ Aisiei')T,
' i=1
then from Lemma 2.1(£f) and (d) we have 8, = —f%x or
8, i
T:%_ = ng 1 < i <p. Therefore Proposition 4.6 (iii) can be written as
i i
4 1 1
I — .= = 1.
=1 v, 0 M
i'T
Now noticing that || v | 2 A = Ll 2 because vy, = t,B, and B, is
it'T " i i G i i"i i

a T-eigenvector of G corresponding to the T—eigenvalue.li, (iii) follows.
Since conditions Proposition 4.5 (c) and Proposition 4.7 (iii) are

equivalent, the T-cube Zg for which (T+G)—1X'V-1Y is Q-minimax estimator

is totally contained in the G-unit ball, that is in the set

B, = {B[B'GR < 1}. The next theorem summarizes the results of some of

the previous propositions, gives explicit expression for the shrinkage

factors and gives the supremum of the Q—risk of MY on C.
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THEOREM 4.1.

Let C =‘{Yi}?=1 a set of T-orthogonal vectors of R® and

Y. T

i . -1

. = 1<i<m, LetMY= ¢ 6.8.8.'X'V .

81 ﬂ'_ﬂ_Y,._ . »y 1 €1 <m et M, L 18181 Y. Then

(a) MY is the (unique) Q-minimax estimator of C if and only if MY
satisfies

(i) 0<s, <1, 1l<icr.
(i) (=8 )| v, || Q- (1—5J.)l| lel ¢ liiiizr

$; 1
=6

(iii) > =
1 il YiH T

LI S IR o ]

i
(iv) (l—Gi)H ‘Yi” Q > ” Yk” Q’ l<ic<r, r <k <m.

(b) 1If MY is the Q—minimax estimator of C, its shrinkage factors are

given by

|yl

1 '51 M. T2
§ =1- = i T , 1<n<r.
T, L or Loz

. 2
i=1 [ v,ll

5.2

() sup Ry 1 = [l v, Il 2(1-s D711 + po—i 1
Y€C n n i=1 (1-6 )7 || v. ]l 4

R

PROOF. Proposition 4.6 implies that if M Y satisfies (a) (i), (ii)
and (iii), McY is the Q-minimax estimator for Cr = {Yi}z=1' It is also
clear that (iv) implies

sup R.(M_,y] = sup RLH[M ,y]l .
vec & ¢ vec, & °©
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But this implies that Mc is the Q-minimax estimator for C. Now

suppose that MY is the Q-m.e. for C, then Proposition 4.5 implies (a)

(i), (ii) and (iii). Conditiom (a)(iv) is implied by Proposition 4.4 (b).
The unicity of MY is established in Proposition 4.3. This completes

the proof of (a). To see (b) from (a)(ii) we have

8, (R A
T T IEA L Pihomzw
1 n Yn Q

Substituting this expression for each i in (a)(iii) we obtain

r v, il
Z 1"16 ” llrQ - 1) ——1-—'2' = 19
i=1 ~°n l1¥allq Iyl
r I v: |l 1-6
(16 ) = I 1 Q 5 - )
i=1 [ vl QH (7] I | Y| g
r r IRAl
(1-5) 1+ = —1 - 3 1 Q

. 2 . 2
=1 vl 2= vl oIyl g

And then
; ”Yi”gz
L i vl
n r

Pvallq 1w 3 2
i=1 || v, Il 4

We will now prove (c). From (a) (ii) we obtain

65, vl 2
s M8yl gt = -8 )% (mp? R, 1ciiac
R T (Y |
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Therefore

2 2 _ i y2 2
el = =) vl 1

( 84 )2 1
T L)L
Yillp

0~

VarQ[Mc] =

[ a4

1

<

From Proposition 4.4, (c), we have

- s 32 2
?3‘5 RyMesv] = RoMM v ) = (1-6)) v |l g * VarqM.l.

We then obtain

(‘Si)z

2 1 1
1-s, 2
18 iy,

9 T
sup RaM_,v1 = (1-6 )7 v_|| 1+ I
+6C Qe n n'' Q i=

The theorem provides us with the following way of calculating the
Q-minimax estimator MCY of an arbitrary set of T-orthogonal vectors
: m . .
C = {y;}; ;- Let first order C in such a way that l]yii|Q > 1‘Y2‘|Q >

-2 ||Ym||Q and calculate the Q-m.e. MY for C; ='{Yi}1=1. Then if
2 .
Bolyovyd 2 vyl " l<icm, (4.1.11)

Theorem 4.1, (a) (iv) says that M.Y is in fact MY If (4.1.11) does

1
not hold we calculate the Q-m.e. MzY for C2 =4{Yi}i=1 using Theorem

4.1 (b). TIf

2 .
BoMyovpl 2 Ivll w0 2 <dizm, (4.1.12)

then from Theorem 4.1, (a) (iv), we know that M,Y is M Y. If (4.1.12)

2

does not hold we do the process until the step r < m where
2 .
BByl 2 vl g% r<i <, (4.1.13)

holds. From Theorem 4.1, (a) (iv), we know that MY is M Y. The
only remaining point to clear up in this method is that if at the step

n < m we have
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2
BoM »v 1 < 1l Yn+1“ Q (4.1.14)

then the Q-m.e. M

Y of Cn must have all its n+l shrinkage factors

+1

different from zero. Let us suppose the contrary and let W a proper

n+l

subset of {1 ..., n+l}  such that MY = I G.B.B.'X'V—IY is the Q.m.e. of
iew *
,6. # 0, i€W.From Proposition 4.6(b), MY is the Q-m.e. for

Cn+1’ i

CW ='{yi[i € W}. Let k the smallest number which satisfies 1 <k < ntl
and k ¢ W. We will see that W cannot be contained in {1,... k-1}. 1If
we suppose the contrary from Proposition 4.6, (b) and the condition on k

MY is the Q-m.e. for C Also because MY is the Q-m.e. for c,

k-1°

from Proposition 4.4, (b) we have

+1°

2 .
Bolpvygd 2 vyl ™ n ko <d <o,

and then from Theorem 4.1, (a) (iv) MY is also Q-m.e. for Cn’ by

unicity we then have MY =M Y; but then from the last equality we have

2
B o] 2l vyl

This last inequality contradicts (4.1.14); then W is not contained in
{1,...,k-1}. From this, the condition on k and the definition of MY
there exist k < j < n+l such that Gj > 0. From Proposition 4.4, (b)

we have

2 2

This contradicts the assumption on the ordering of the Yi's made at the
beginning of the method. This proves that all the n+l shrinkage

factors of Mn+ Y will be different from zero and then Theorem 4.1,(b)

1

can be applied to calculate them.
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When llYi"Q = ||Yj||Q, 1<i, j <m, some important simplificatioms

can be done. This particular case will be studied in the next corollary.

COROLLARY 4.1.1.

Let C = {Yi}?=1 a set of T-orthogonal vectors of RP such that

IlYiHQ2 =2, 1<iz<am.
i 1 d p L Th
Let B, = £i<m and a= I . en
N i=1 [y, .2
i% T
_ 1 28 - a
(a) MCY = 1ta B° , where S = Span (C).

a
(b) itég RQ[MC,Y] = g T+a

PROOF. From (a)(ii) in the theorem we have § = 61’ 1<1ic<r.

Since

% 1 -8 1
1

= T-s, 7" 15 )
i=1 i |l vl i=1 || v, o

I 11

can be made equal to 1, by appropriate choice of § for am arbitrary

r 6 we have that r = m and
s = 1
— z————.—:l’
e |yl
it
or
_ 1
8 T 1+ a
Then M Y = § ? B.B 'X'V_lY. Since B. = L Span{g,}'_. =
= .P. . s = ? i’i=1
c jop b 1 i l|Yi” p i‘i=1
m -1 .
Span (C) = S and from Theorem 2.2, (i), we know that I BiBi'X'V v = 8%,

i=1
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This proves (a). A simple calculation shows that (b) follows when
. . 1
Gn and Gi are substituted in Theorem 4.1, (c) by Tea
We will now study some particular examples where the previous

results are applied.

EXAMPLE 4.1.
= P —a =
th Q=1I, {Bi}i=1 a set of T-eigenvectors of I, \fl tisi,
- e 4 _ P . .
= < =
llYillI t, 1 <i<pandC {Yi}i=1' Let first notice that
2 _ 2 _ ' .
llYi"T Ai||Yi|II Ait, where the Ai s are the eigenvalues of T.

Then from the corollary we have

p P -
a= I ——1——= I 1 =l.Tr[T1].
i=1 ”'Y ” 2 i=1 t.li t
ittt
Then
§ = ——
t + TrlT 1
And
McY = _-_-_E-—:E_ 8
t + T[T 1]
And ' T
a t Tr[T-l]
sup RQ[Mc’Y] AT . -1
y€C t + T[T ]
EXAMPLE 4.2.

Let C as in Example 4.1, but Q = GZT (the Q~risk corresponding'to
Q= 02T is usually called the prediction mean square error, see
Brown et al. (1978)). In this example if T is very ill conditioned

it can happen that r < p and then the method described at the end of

Theorem 4.1 should be applied to find M.Y.



EXAMPLE 4.3.
Let Q = czT, {Bi}i___l a set of T-eigenvectors of I and Y, = t%Bi,

1<i<p. Let C= {Yi}g=1' As in Example 4.1 we must have § = 6,,

i
1 <i<p. Since llYilsz = tllBilsz = t we have
P
i=1 || vl o
From this
t
§ = t + p ’
— t 3
MCY Tt o+ P B !

and since 'IYIIQZ 02” v]] T2 = Gzt for Y€ C

]

2 t
sup RoM ,v] = o° o5
v€C P
The next theorem extends the results of Theorem 4.1 to limits of

T-orthogonal sets.

THEOREM 4.2,
r m :
Let C = {v.}. .U C U s.)=c,Uc, such that C, is a set of
i’i=1 . 1 2 1
i=r+l
T-orthogonal vectors of RP, Si is a subspace of dimension 1 for

. .. p
r<i<m, S, 1 S., r<i, j<mand C,] C,. Let B. =
- STy P - L1+ T2 il Yi” T ’
1<i<rand B, 6 S:s Il Bi” T = 1, r<1i<m.

Let S Span(CZ) and 8% the S-BLUE. Then

(a) There exists a unique Q-minimax estimator MY for C given by

= 2S
MCY = MlY + B

]

where MlY is the Q-minimax estimator for Cl'
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(b) (i) sup RQ[M »Y] = sup RQ[M Y1
yec Y€C1

(ii)  sup R,M_ ,Yy] = sup R,[M, ,y] + Var 18%1.
yec @ yoo, &1 Q

PROOF. Proposition 4.2 can easily be extended to sets C of the form

given in this theorem and then there is no loss of generality in
T m
. -1 -1
i Y = 'X! .B.'X' = .
considering MCY as Mc 12161818 vV 'Yy + 1=§+1 Gislsl V'Y M1Y+M2Y

Now if 6 # 1 for some r < i < m we have that sup RQ[M , Y] = » but
v6C

sup RQ[B,Y] = Tr [QT 1]< ©» and therefore MCY is not the Q-m.e. for C.
YeC
We then have §;=1, r<i<m. Theorem 2.2, (i) implies that MY = RS,

Then for any Y; 6 C1 we have

2
RQ[MC,Yi] = (1-61) Ilyillq + Var [M 1 > Var [M ] = sup RQ[M s Y] ,

Q Q
YGC2
and then
sup R [M,,Y] = sup RQ[M Y]
yec Q Y6C

1
This proves (b) (i). Since

- s
RQ[MC’Y] =B [MC,Y] + varQ[M]_] + Var [B ])

Q Q

and BQ[MC,Y] = 0, for v € 02’ we have that

sup RQ[MC,Y] = sup R 1°Y] * Var (8%

Y6C Y€C, o

Q

This proves (b) (ii). This also implies that MY is Q-m.e. over C

if and only if MIY is the Q-m.e. over Cl' This proves (a) and the

theorem is proved. As a consequence we have

COROLLARY 4.2.1.

Let C = {Yi}§=1 Us = C1 U S, such that C, is a set of T-orthogonal

1

vectors of RP, . 8 is a subspace of RP and SJ.T C Then the
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Q-minimax estimator MY is given by
)
Mcy=MY+B)

where M.Y is the Q~minimax estimator for C

1 1°
m
PROOF. Let C, = |J S, as defined in the theorem, then Span(Cz) =S
i=r+l

and MY is the Q-m.e. for Cl|J Cy. The result of the corollary follows

from the fact that

sup. R [MC,Y] = gup R

™ ,y]
yécyc, Q yac ¢ ¢

From Proposition 4.6 and the last theorem it can be seen that to
b

any estimator of the form MY = ‘El 6iBiBi'X'V-1\30 < Gi <1,1<4i<p
and {Bi}?=1 a get of T—orthonor;;l vectors of RP; a set C, is
associated for which MY is the uniqué Q-minimax estimator. We will
use thig fact to give an important property of the set of ALE's in the
next proposition.

PROPOSITION 4.8.

Let Q a p.d. symmetric matrix. Let MY € L be of the form
P -1
= It : ' P s
MY 121 Gisiei X'V Y where O < di <1 forl<i<pand {Bi}i=1 is a

T-orthonormal set of vectors of R? . Then MY is an ALE under the risk

defined by Q.

PROOF. It is enough to prove that there does not exist an MOY € L and

a YO e RP such that

P
RQ[MO,Y] 2 RyM,yl , ¥y €eR ,
and
1.
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Let C, the set of Proposition 4.6 or Theorem 4.2 for which MY is the
unique Q-m.e. From the unicity of MY, the first inequality implies

that MoY = MY but then the second inequality is not true. This proves

the proposition.
If MY is the unique Q-m.e. for a set C and sup RQ[M,Y] =K.,
YeC

then MY is the unique Q-m.e. for any set C. which contains C and such

1

that sup RQ[M,Y] = Kc' In this way using Theorem 4.2 and Proposition 4.6
véecC
for each estimator MY of the form given in the last proposition a unique
ellipsoid {YlRQ[M,Y] < sup R
Y6C.
the next definition and Proposition 4.9.

Q[M,Y]} can be associated. This suggests

DEFINITION 4.3.

The beias matrix Bﬁ of the estimator MY is

sQ

M - (X'M'-1)Q(MX-I).

The Q-bias ellipsoid of radius R, BS(R) of an estimator MY will be

Q. — |Q 2
By (R) = {v|y'By v <R}

Using this definition we have that

= y'8
BQ[M:Y] Y BM Y -

PROPOSITION 4.9.

Let MY be an ALE. Then there exist at leastone value R for which MY

is the unique Q-minimax estimator for Bsz).

PROOF. From Theorem 2.2 if MY is an ALE it has the form given in
Proposition 4.8. Then from Theorem 4.2 and Proposition 4.6 there exists

a set CM for which MY is the unique Q-m.e. Let R = sup B,[M,y] then

Q
yGCM

the proposition follows from the fact that
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B&(R)‘ ='{Y|RQ[M,Y] < sup RQUM,Y]} and that B§(R) contains C
v€C
M

Proposition 3.10 essentially says that if we are looking for Q-minimax

M

estimators we need only to consider ALE's. Prop, 4.6 and Theorem 4.2 are a
"reverse’to this statement. The next theorem, which is a new

. . - . i
characterization for ALE's, summarizes those results..

THEOREM 4.3.

Let MY 6 L. The following statements are equivalent.

(i) There existsa subset C of RP for which MY is the unique

Q - minimax estimator .
(ii) MY is an ALE.

PROOF. The theorem is a direct consequence of Proposition 3.10,

Proposition4.6 , Theorem 4.2 and Theorem 2.3.
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4.2. Q-MINIMAX ESTIMATORS OVER ELLIPSOIDS CENTRED AT THE ORIGIN

The problem of finding Q-minimax estimators for ellipsoids centred
at the origin is not new. Lauter in 1975 gave a representation for
those estimators. The approach of this thesis allows clarification of

hY
a number of points arising from Lauter's work:

(i) The expression given by Lauter is not very tractable when an

actual Q-minimax estimator MY has to be calculated.

(ii) Given an estimator MY it would be convenient to be able to discover
on what ellipsoids this estimator is Q-minimax (we know from Proposition
4,9 that if MY is an ALE there exist at least one). This "reverse"

problem has not been treated by Lauter.

Whenever the word ellipsoid will be used in the section it will mean
ellipsoid centred at the origin.

The section will be organized as follows:

Proposition 4.10 shows that a linear estimator cannot be a Q-minimax
estimator over two ellipsoids with constant Q-risk on their border.

The ellipsoid over which an ALE is Q-minimax estimator and has constant
Q-risk on its border is characterized in Theorem 4.4 and Theorem 4.5.
Corollary 4.4.1 is a characterization of the ellipsoid when the ALE is
represented in its usuval form; it is useful because in many

situations ALE's are given in such representation. Theorem 4.6
characterizes the ALE's which are Q-minimax estimators over only one
ellipsoid. Lemma 4.1 plays an important part to obtain this result

and Theorem 4.7. Corollary 4.6.1 translates Theorem 4.6 in terms of
the usual representation of ALE's. Then some examples are studied
where those results are applied, those examples include ridge estimators,

generalized ridge estimators and estimators of the form t8. A small
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digression is made just to show possible connections of this work

with the "Empirical Bayes Rules'. Finally Theorem 4.7 gives an explicit
procedure to calculate Q-minimax estimators over a wide class of
ellipsoids. The section is closed with some examples where Theorem 4.7
is applied. The next proposition is just the completion of

Proposition 4.9 and will play an essential part in obtaining the main

results of the section.

PROPOSITION 4.10.
Let MY = AX'V—lY an ALE. Then there exists a unique value R,
which depends on M and Q, such that MY is the (unique) Q-minimax

estimator for BﬁﬁR).

PROOF. From Proposition 4.9 we only need to prove the unicity of R.

Suppose that there exist R, # R such that MY is also Q-m.e. for

p
B(R). IfA= I 8, (8,8, let A = o (BB, ' with u(1-6.) = (1-d,)
Mo i=1 L £ 1 t L

and Mu = AuX'V 1. We then have

2 .2
[M »Y] = B [M,'Y] = u".A ’
yeBg () Q yGB8 ()
and
Var.[M ] = g (1 - u(1-6 ))2 ||B l' 2
QY =1 u i i''Q
Therefore
swp R, = A2 r - w(1-s. 02| 8, 1] 2 = £(u,0).
vesQ (1) ¢V i=1 1 170

Then a necessary condition for MuY to be Q—m.e. over Bﬁ (V) is

- ~
- £(u,2) 0.



This is equivalent to

2 P 2 2 P 2
-5, : = 1-6.)1 8.1 2.
n(A” + I (1-807 |lg; Il o .z (=80l 8,1l

Then if MY is Q-m.e. for B%(R) and B%(RO), since MY is MuY when

u =1, we must have that py satisfies simultaneously

2 2 2 P
(R + iil (1-6,07] 8.l Q)= izl (l—di)|lsi[|Q2 ,
p p
2 Y 2, _ _ 2
n(R“ + 151 (1= )71 8,1l 4 151 (- )11 8;11 4 »

and 4 = 1. But this is impossible if R # Ro. This proves the
proposition. The next theorem characterizes this unique ellipsoid for

a wide class of ALE's and givesthe Q-risk on its boundary.
THEOREM &4.4.

Let MY =

i 10
A
[
A
o]

§.8.8.'X'V 'Y an ALE with 0 < §. < 1, 1
i]. 11 1 1

then

(a) MY is the unique Q-minimax estimator over the ellipsoid

Q - RQ
Cy = By ((

I o0

2.3
Z (1—ai)sii|eillQ Y.

(b) The value RQ[M] of the Q-risk of MY on the boundary of Cg is

RQ[M] =

[ e g =]

Ioollelyf

PROOF. The Q-bias matrix for MY is

Q' t
B> =T( I B.'QB, (1-8,)(1-68 )B.B '")T.
M 1§iska 1 k i k" 1k

Let Yi = (1'5i)%3i]r. Bi . Then it is easy to check that
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= t = 2
BQ[M,Yi] Y BM Y; < RV

Now if the yi's satisfy the additional condition

i
1-6.

P §.
z 1 5
1 “ Y]'_” T

i=1

from Proposition 4.6, (a), we know that MY will be the Q-m.e. for
{Yi}?=l' Since from Proposition 4.10 there is only one R such that
MY is the Q-m.e. for Bﬁ(R), R must satisfy

2
. 1-§.
2L e 2. 1
i=1 i R 17 Q

From this (a) is readily obtained. From the above equality we have

2
(1-8.)6. || 8| Q

Then for any y belonging to the boundary of 03  we have

P
= - 2
BeM,v] = 121 (1 51»)51” siH Q

P
Since Var,[M] = I 6?” B. || 2, we have for any y in the boundary of CQ
Q j=1 i Q M

]

P |4
2 2 _ 2
s oo 2lell 2= 3 sl )t

2 2
R [IM,yl = £ (1-6.)6.] B.]| ,° +
e =1 L ITQ gy i=1

1=
This proves (b) and the theorem is proved.
The next corollary translates the result of the theorem to the

"non-shrinkage'" representation of MY.
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COROLLARY 4.4.1,
Let G a p.d. symmetric pxp matrix. Let MY = (T+G)~1X'V-1Y. Then

(a) MY is the unique Q-minimax estimator for
Q@ =82 ((rer8 ¢ ¥
M = By Byt

(b) The Q-risk R,.[M] at any point of the boundary of Cg is

Q

RyM] = Tr[(T+G)—1Q].

P -
PROOF. From Theorem 2.4 if MY = [ GiBiBi’X'V 1Y we must have

1=l

§
i

p 1-6 1 .

B.B.'

1-§, i1 °
i

G=T( I 8.8.')T. Then from Lemma 2.1,(3), ¢ = =
. S, 171 .
i=1 i i=1

i

I ™0

Therefore

P $.
B.G =T( I B, 'Q8, (1-8.)(1-6, )B.8 ')T( L =—=
1_<_i,kf_p 1 k 1 k 1 k i=l 1 Gi

B.B.").
ii

Using the T-orthonormality ofI{Bi}g=1 we have

Q -1 _ % 2
By G =T(I (1-5.)8_ || 8, |l q BiB:') -
1=1
Therefore
TeiRd ¢l = g (1-8.)8. [ 8.1 .2
M =1 i77il Pilq

Then (a) is impiied from Theorem 4.4, (a). To see (b) notice first that

-1 P
(T+G) ~ = ¢ 6.B.B.'

il 1 1 1
And then
Tr(T+6) 1q] = Tr( g §.8,8.'Q1 = g 5.0l 6.1l .2 =R 0M]
jop Gid o 10 FiNQ Q-

This proves (b).
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The next theorem generalizes Theorem 4.4 to all the ALE's.

THEOREM 4.5.
r -1 P , -1 ~g
Let MY = £ §.8.8.'X'V 'Y + T §.8.B.'X'V 7Y = M_Y+8 an ALE.
j=1 T 11 {=r+1 T 1 1 1

with 0 <6, <1, 1 <i<r (and §, =1 for r<i < p). Then
(a) MY is the unique Q-minimax estimator for the ellipsoid

Q
Cu

I o

= 3 - 2.%
By (C 2 (1-806,[8;1] ;) .

i=1

(b) The value RQ[M] of the Q-risk of MY on the boundary of Cﬁ is

P
R, [M] =

2
Q Gi” BlllQ .

i=1

PROOF. The argument of Theorem 4.4 can be followed through to

= ‘ R
(1—6i)[|si||Q i

c e 2 T 2
see that if R = (izl (l—si)sil[sillQ ) and v,

1 <1i<r, the estimator MY is the unique Qwm.e for {Yi}§=1 .
If C = {Y|RQ[M,y]_§ RQ[M’YI]}’ we also have that MY is the unique Q-m.e.
for C. Since

Q 0 2%, _
By ((iz1 (1-8.38. |l 8. || Q) = ¢,

r
(a) follows from the fact that I (1—6.)6.][8.][‘2 =
=1 11y

n o

2
RURRIA PN

To prove (b) we have that

R, M] =

P 2
Q RyMyl + X HBiHQ

i=r+l
Following similar steps as in Theorem 4.4 (b), it can be seen that
i 2
RoMMy] = 151 siﬂ Bi“ q

(b) follows from the fact that 6i =1, r<1ic<p.
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So far we have proved that for any ALE MY there is a uniqaé

Q

ellipsoid Cy

for which MY is Q-m.e. and RQ[M;Y] is constant. for ¥ on the
boundary of Cg. The question now arises if there is no other
ellipsoid C where MY could be Q-m.e. (with, of course, non constant
Q-risk of MY on the boundary of C). To treat this question we will
first prove a useful lemma. Given a n.n.d. pxp symmetric matrix m,

the unit ball of 7 will be denoted by B, that is B“Qf:{yly'ny < 1}.

We have proved in Theorems 4.4 and 4.5 that if 7 = —Eg- then MY is the

tnique Q-m.e. for B;. We will see in the next lemma that for any =

. . . -1
there exist a unique estimator MY of the form M Y = AX'V vy,
B
with A symmetric, such that ¢ = -%%
R

LEMMA 4.1.

Let ™ a n.n.d.,symmetric pxp matrix. Then there exists a unique

P
. . - '
symmetric matrix A 121 GiBiBi

R®) such that Si <1, l.i i< p and

({Bi}z=1 is a T-orthonormal set of

BQ .
5 = {I=TA)Q(I-AT) M

- ; (4.2.1)
2 R
i21(1-61)5iI[BiIIQ

(Here M = AX'V—I). Let H the unique n.n.d. symmetric matrix which

satisfies T-lﬂT-l = HQH. Then we have

R = Ir (HQ] , (4.2.2)

1+ Te(nT 1

and

A = 7! _gg (4.2.3)



PROOF. We have
‘ -1 -1
(I-TA)Q(I-AT) = T(T -A)Q(T "-A)T

Then if (4.2.1) holds

2.1

RT 1

AT = (T-l—A)Q(T_l—A). (4.2.4)

Given a matrix H, we will call a Q-representation of H a set
| > P ' | P .
{(Ai,qi)}i=1, such that H b 121 Aiqiqi and the set {qi}i=1 is a set
of Q-orthonormal vectors. From Lemma 2.1 at least one of such

representations exist if H is a symmetric matrix. If H is also n.n.d.

then Ai >0, 1<1i<p. It is evident that H =K if and only if H

. -1 -
and K have the same set of Q-representations. If T ¢T 1 = HQH and

7 and Haren.n.d. symmetric matrices then the equality

2200, =
. i 439

P
1]
L . LN )Q(-i

i=1

[ e B~

]
. xiqiqi )

establishes in the obvious way a'bijection between the Q-representations
-1 - . -1 -1 .

of T =T 1 and those of H. Then 1£f T 7T = KQK and K is a n.n.d.

symmetric matrix the set of Q-representations of K is the same as the

one of H, hence ¥ = H. Then there is a unique n.n.d. symmetrie

matrix H such that

1
T oT = HQH

Since Gi <1, 1<1i<p, we have 1 - Gi >0, 1 <i<p and therefore

T - A = P

1

. (1 - 6i)BiBi

is a n.n.d. matrix. From this, the uniqueness of H and (4.2.4) we have

RH = T -A. This proves (4.2.3). Now
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P
z

e
il

P
(1—5i)sisi )T(.Z 6iBiBi ) Q,

P
T (1-8,)6,] 8. .2 = T
i R i=1 i=1

1=1 i

]

Tr[(T_l—A)TAQ] = Tr[RHT(T-l-RH)Q],

R Tr([HQ] - R2 Tr (HTHQ] ,

]

R Tr(HQ] - R%TrlnT '] .

[l

From this we obtain

Tr (HQ]

1+ Tr[nr"l]

This is (4.2.2) and the lemma is proved. It should be noticed that
we do not have in general 0 < Gi. In fact for (4.2.3) to hold, 61
may sometimes have to be negative for certain 1 < i < p. Now we will

characterize the ALE's which are Q-m.e. for only one ellipsoid.

Y

THEOREM 4.6.
P -1
Let MY = £ GiBiBi'X'V Y. Then the following statements are
i=1
equivalent:

(a) There is only one ellipsoid (centred at the origin) for which MY
is the Q-minimax estimator.

() o0<38, <1, 1<i<op.

Q

B
PROOF, Let T = —%- and D a n.n.d. symmetric pxp matrix. Let BD’ BBﬂ
and BBD denote the unit ball of D, and the boundaries of BTr and BD

respectively. Suppose that MY is Q-m.e. for By. We have three

possibilities: Bngé Bﬂ; BDc: Bﬂ and BBD n aBTr = ¢ and finally BDC: BTr

and 3B, f1aB" # ¢. Let a = sup RQ[M,Y] and C the ellipsoid defined
YGBD

as C ='{leQ[M,y] < a}. Then if Bin B“, we will have that MY is

Q-m.e. on B7r and C, the Q-risk of MY on BB1T and on 3¢ 1is constant and

B_# C. This contradicts Proposition 4.10. Similarly, if By C BTr and

™

3By N 3B = ¢ we reach a contradiction with Proposition 4.10. The last
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possibility we are left with is 3B n 8}37r # ¢ and BDC Bﬂ. Let

BTN

n’n=1 such that L is a n.n.d. symmetric matrix for n > 1, nn tends

to ™ when n tends to infinity and if Bn is the unit ball of ™ e have
BDC: BnC:‘Bnm for n > 1. From Lemma 4.1, for each L there exist a

unique matrix A (defined by the Lemma) such that

p

A = 1 §.%.%.™

n _q 1171
1=1

from the uniqueness of An and A we have that An tends to A. Since

n . .
and Gi <1, 1<1i<p. Now since “n tends to w,

0 < Gi for 1 < i < p, there exist k such that if n > k, Gin > 0 for
1 < i < p; but then the estimator MnY = AnX'V_lY is an ALE (for n > k)
and from Theorems 4.4 and 4.5 Mny is the Q-m.e. for Bn' Also

sup RQ[M +¥] < sup R

M b (o .
Son 0 &5 Q[ n’Y]’ ecause BD Bn
D n

sup R
yGBn

M _,Y] < sup R

[M,v], because MnY is the unique Q-m.e. for Bn.
YGBn

Q Q

sup RQ[M,Y] = sup R

[M,Y], because 3By n 9B_ # ¢,
Y6B_ Y€By,

Q

By BnCZ BTT and the Q-risk of MY on BBTr is constant. Joining those

inequalities we obtain

sup RQ[Mn,Y] < sup RQ[M,Y]
yeBD YEBD

Thus MY is not the Q-m.e. for B,. This proves (b) implies (a).
T
. . . - -1
To see the other implication suppose MY = I GiBiBi'X'V Y be an ALE
i=1
with 0 < Gi’ l1<i<randr <p. Let S = Span{Bi}§=1. Then following

the arguments given in Theorems 4.4 and 4.5 it can be seen that MY is

the Q-m.e. for Cﬁ. and for Cg-[] S. Then MY is the Q-m.e. for any

ellipsoid B such that C% Nscsc C?l . This proves the second

implication and completes the proof of the theorem.
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COROLLARY 4.6.1.
An ALE MY is the Q-minimax estimator for only one ellipsoid
(centred at the origin) if and only if there exist a n.n.d. symmetric

matrix G such that MY = (T+G)—1X'V-1Y.

PROOF. The corollary follows from Theorem 2.4 and the last theorem,

COROLLARY 4.6.2
(i) Each ridge estimator is Q-minimax for only one ellipsoid (centred

at the origin).

(ii) Each estimator of the form t8, with 0 < t < 1, is the Q-minimax

estimator for only one ellipsoid (centred at the origin).

PROOF. (i) is a consequence of Corollary 4.6.1 and the form of the

ridge estimator. (ii) follows from Corollary 4.6.1 and that

£8 = (T + (;1:- - 1)T)-1X'V_1Y.

The previous results will be applied to some particular estimators

which are widely used in practice,.

EXAMPLE 4.4.

MY = (T+aI)-1X'V—1Y, a > 0. The risk is given by Q = I (mean

square error). Corollary 4.4.1 is useful in this case. We have

"G = aI, G-1=lI,
a

BL = (NT+aD) | - D((T+aD " - ).

-1,
Tr[Ba G '] =

o=

I
'l‘r[Ba 1.
And

R M,] = Tr((T + an) ™Y
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In most applications V has the form V = GZP, where o2 is "unknown"

and T is "known'". Let T0 = X'P—lx and G = j% I. Then
o}

(T+G)“1 = 02(T0+k1)_1 and MkY = (TO+kI)_1X'F_1Y , which is the usual

form of ridge estimators. Then

BL = (T (1 kD) T - 1)<(T0+k1)'11~0-1).

2 I

1 o]
] = 1: Tr[Bk ]

I -
Tr[Bk G
And

.2 -1
RI[M.k] =g Tr[(TO + kI) 7]

Some insight can be obtained if the last results are represented using

a set {vi}g=1 of eigenvectors of TO and their eigenvalues Ai. We will have

P
k 2
B = z ( )¢ v.v,! )
i=1 Ai+k'" 1 1
I - 2 p ‘ P
Tr[BkG1]=% P = 2 —E—
i=1 i i=1 (Ai+k)
and
P
= 2 1
RyMI =0 I 3%
» i=1 - i
EXAMPLE 4.5.
p
Using the same notation as in Example 4.4, let MkY = I X ik viv£
~ i=1 "1 i

X'V—IY, (estimators of this kind are often called generalised ridge

estimators). The risk as above will be given by Q = I. It is easily
realized that all the formulae obtained above in terms of eigenvectors
and eigenvalues of TO remain valid for MkY if we replace in them k by

ki’ that is
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k
I P i |2
B = 3 ( Yov.v,' ,
k i=1 Ai+ki i
k
1 - P i
Tr(B, G ] =00 & e
= i=1 (A.+k,)
1 1
and
P
.2 1
RI[Mk] =g ‘Z R
- i=1 i
EXAMPLE 4.6.

We will study the estimators given in the two previous examples but
with the risk given by Q = TO (prediction risk). We again choose the

representation of M, and in terms of eigenvectors and eigenvalues
P g g

k
of TO. We then have
BTOﬁ' = (T.(T +1<1)'1 - 1) T .((T +k1)flT -1
I 070 0 "0 o} ’
P P
k 1 k t
(I oww vi%i 0T T i)
i=1 "1 i=1 "1
P kzk.
= T 1 v.v.'
. 2 i1
i=1l (A.+k)
1
T _ P kA,
r(8C .6 1] = 0% & L,
i=1 (A.+k)
1
And
_ -1 _ 2 -1
Ry [Mk] = Tr[(T+G) "T.] = ¢ Tr{(T _+kI) T.1,
o 0 0
. X.+k
1=1 "1

Again as in the preceding example, the formulae for MkY are obtained
from the above ones simply by substitution of k by’kiin the right hand

side of the formulae and k by k in the left hand side of the formulae.
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EXAMPLE 4.7.

Another very widely used ALE is MY = té, where 0 < t <1, We
will study first this estimator for the risk given by Q = I. We have
that MY = t§ = (T + (% - DD %'V 'Y and then ¢ = (% - T is a p.d.
matrix because O < t < 1. We can apply Corollary 4.4.1. Since

(T+G)_1 = t:'l‘m1 we have

Bi' = (Tf’lt—l)(tr-lr—l) = (1-0)? 1.

ol = I§E L

Tr[Bi ¢l = (1-0)2 T%; Tr(T 1] = (1-t)t Tr(T 1].
And

R_[M,] = Tr(T+6) Yy = £.Tr(T 1] = oz.t.Tr[To—l}
EXAMPLE 4.7."

The same estimator as in Example 4.7 but with the risk given by

Q= TO. We have

Tr = (1_+32
BtO = (1-t) Ty -

Tr (80 ol = (1-0)t Tr[TOT—1] = ¢2(1-t)tp.
And

-1 2
RTO[Mt] = Tr[(T+G) TO] = o%tp .

(p is the number of dimensions of the parameter B).

EXAMPLE 4.8.

The example we are going to consider is a particular case of all

the previous examples of this section. We will suppose that T =-J§ I.
.‘ 0
Then we have T, = I and then there is no difference between the mean

0

square error risk and the prediction risk. Also in this case
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MkY = MY if % - 1 = k. For this case we have

)
B, = (1-t)°1 .

_1]

Tr[BE G = cz(l—t)tp.

= 2
RI[Mt] a” tp.

A case where Example 4.8 applies is when the mean B of a vector Y

2

is to be estimated and Y is assumed to be distributed as N(B8,c Ip)

(N accounts for normal and Ip is the identity in RP). 1In this case

we have
Y=8+¢ |, (i.e. X =1).
Varle] =01 =V
T=xv1x = T, =1

L
2 0
o
And the GLSE B is 8 = Y.
Although it is not in the scope of this thesis to treat this kind
of problems we will make a small digression just to point to some
connections between this work and Empirical Bayes Rules. With this

purpose we will epnounce a theorem from Baranchik (1964) in our

terminology.

BARANCHIK THEOREM.
let Y=BR +¢, e n N(O,GZI), ge RP, p > 3. Let || Y[| 2 s.
Let f(s) a function of s with values in R. If £(s) is a nondecreasing

function of s, 1lim f(s) = o and 0 < a < 2 the estimator
Sr0

MY = (1 - o%(p-2)

f(S) ) Y,
S
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satisfies
R (M,8] < Var_[8] , for all g & RP.

Since in this case 8 = Y, MY can be put in the form
My = ()8 ,

where t(8) is a shrinkage factor which depends on 8.

When in estimation problems there is available .a good global
estimator and a set of estimators which locally are better than the
global estimator, one is tempted, instead of using only the global
estimator to estimate the value of the unknown parameter, to refine

the inference procedure as follows:

(i) First obtain, using the global estimator, an estimate of the
region where the unknown value of the parameter lies.

(ii) Then use to estimate the unknown value of the parameter an .
estimator which is better than the global estimator in the region

estimated (by the global estimator).
In our context this procedure would correspond to

(i) Estimate a region where 8 lies using the GLSE 8.

(ii) Estimate B with the Q-minimax estimator corresponding to the

~

region estimated by 8.

It is reasonable to think that in those circumstances the region

~

estimated by f should contain B. This it will be seen does not necessarily

hold. From Example 4.8 the ellipsoid where tB is I-minimax is given by

aQ
|

= (8] (1-)2%8'18 < o2(1-0)tp},

or

Q
1]

2 2 t
cmllel?ad? o (4.2.5)



Therefore it is a sphere of radius 6(T§E p)}5 and center the origin.

In the Baranchik's Theorem we have

t(s) = (1 - a%(p-2) f(:) )
Hence
o ey p = s - e B2 b (4.2.6)

Then t(s)8 is the I-minimax estimator for the sphere

el ell 2 < s1 - o2(p-2) f(j)>f(s)1(’p_2) } .

Therefore the '"Baranchik rule'" could be interpreted as follows:

(i) The estimated region where B lies is the sphere centred in the
origin and of radius given by (4.2.6).

(ii) Use as estimator the I-minimax estimator corresponding to this
sphere. Baranchik's Theorem says that (under the hypothesis of the
theorem) this procedure is better in the mean square error sense

(I-risk) than only to estimate B using the GLSE 8.

Now we will use Baranchik's Theorem to see what estimates of the region
where B lies will give us a better procedure than the GLSE 8 (under
the assumptions of the theorem).

Let C(0,al]| é” ) denote the sphere of center zero and radius

al| B]] . Then from (4.2.5) and (4.2.6) we have

2 _ .y 2, £(s) P
a” = (1= 0" (p2) =) F5yGm2)
A few calculations show that
= b S
fs) = £ .S — . | (4.2.7)
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Then for a fixed a, this function is nondecreasing in s and

1 = __L .l.
lim £(s) 5-2 * 32

[ ) a

Then f defined as above satisfies Baranchik's Theorem if and only if

_p_ L P _ .2
0 < 57 az <2 or 2(p-2) <a .

Then Baranchik's Theorem implies (under the hypothesis of the theorem)
that the two step procedure proposed will be better than the GLSE if
one takes as.the estimate of the region where B lies any sphere
c(o, a|l§||) with ETSEET < az. In particular we have that any sphere
centred at the origin which contains Y is a good estimate. We also have
that to be a good estimate it does not need to contain Y, because a can be
less than 1. If £(s) is substituted in (4.2.6) by the expression in
(4.2.7) a simple calculation shows that the shrinkage factor corres—
ponding to a particular value a is
2
t(s) = —F—
as+0p

We will end the section by giving a theorem which provides the

tools to calculate the Q-minimax estimators for a wide class of

ellipsoids and some examples where it can be applied.

THEOREM &.7.

Let 7 a n.n.d. symmetric matrix and B its unit ball. Let

T-lﬂT-l = HQH, where H is a n.n.d. symmetric matrix. Then if
A=7 1. IiHY 4 H>0, (4.2.8)
1+ Tr[nT ]

the Q-minimax estimator of BTr is given by

MY = AX'V 'y .
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PROOF. From Lemma 4.1 we know that if (4.2.8) holds, MY is an ALE.

The Q-bias matrix of MY is

Tr [HQ] 2 n
1+ Tr ['rrT—I]

B = T(a-T Hoea-T DT =(

Now following the steps of Lemma 4.1 backwards we see that

p
( —= - H2 = 5 -5s, ] 8l Q2 ,
1 + Tr[nT 7] i=1
where A = [ GiBiBi" Thedrem 4.5 allows us to conclude that MY is
i=1

the Q-m.e. for Bw'

The theorem is useful in the sense that it reduces the problem
of finding Q-m.e.'s for a wide class of ellipsoids to one of finding
Q-eigenvectors and Q-eigenvalues of a matrix; this is because H can
easily be obtained from the representation of Tw-IT in term of
Q-eigenvectors. It seems difficult to reduce the problem to a
Q-eigenvector problem when the ellipsoid does not satisfy (4.2.8).

The next examples are an application of the theorem.

EXAMPLE 4.9.

Let 7 = % I and the risk given by Q = I. Then

-1 -1 1 _-2 1 -1
T 7T =t T s, H = X T ,
t

and

MY = ——t—Tl— B.

t + Tr(T 7]

(This result has already been obtained by Lauter, 1975). This estimator

is the same as the one in Example 4.1.



EXAMPLE 4.10.

Let m = % I and the risk given by Q = T .

o)

0

-1_ -1 1 -2 _ 1 _-3/2
T wT o = $T°, H=—fT
gt
and
_.!5 - .
MY = [1-g—2E 1 LR B
t + T[T ]
EXAMPLE 4.11.
Let 7 = % T and the risk given by Q = I.
-1 -1 _1,-3 _ 1 -3/2
T =T =T T ', H= I T ,
t
and
~3/2
- _ IriT )| ¥ =2
MY (I t +p . T 1 8
EXAMPLE 4.12.
Let T = % T and the risk given by Q=T
-1 -1 _ 1 _-1 o1
T =T = T T , H = —-g T
ot
and

Then

Then

Then

109
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CHAPTER 5

This chapter studies different properties of ALE's. It has
three sections:

The first section extends results from Hoerl and Kennard (1970),
Farebrother (1975) and Obenchain (1978) among others. The region
where an ALE MY has a lower matrix quadratic risk than the GLSE B is
given; this region is an ellipsoid. In Theorem 5.1 and Corollary 5.1.1
different representations and prbperties of this ellipsoid are given.
Theorem 5.2 extends the results of Theorem 5.1 fo the non full
" rank case.

The second section generalizes an optimal property of principal
component estimators proved by Fomby et al (1978). It is seen that
any S-BLUE enjoys this optimal property if the appropriate Q-quadratic
risk is used (Theorem 5.3). This leads to a generalization of
the idea of the Marquardt's estimators.

The third section studies a property, proved by Kuks et al (1972)
for some ALE's. Theorem 5.4 shows that this property characterizes

ALE's. Theorem 5.5 explores further in some aspects of this property.
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5.1 WHERE IS AN ALE BETTER THAN THE GLSE?

The section is divided in. two parts. The first part concentrates
on the study of the problem for the case when X is a full rank matrix;
the main result is given in Theorem 5,1 and then it is shown how
this result is connected to previous work. The second part generalizes
Theorem 5.1 to the case when X is not full rank. We will, start giving

some definitions.

DEFINITION 5.1.

Let MY 6 L. The matrix quadratic risk of MY at B, R[M,B] is

given by
R[M,B] = EB[(M -8)(M -B)'].

DEFINITION 5.2.

Let M, Y, M

if and only if R[Ml,B] < R[MZ,B].

,¥ 6 L . We will say that M Y is better than M,Y atB

1 2

When for all B § WS RP s MlY is better than M2Y at B we will

say that M,Y is better than M,Y for the region W.

When R[MI’B] < R[MZ’B] we will say that MlY is as good as M,Y at B.

le is as good as M,Y for the region W will have the obvious meaning.

Since the work of Hoerl and Kennard (1970) conditioms which

define the region where a ridge estimator is better than the GLSE

1 Theohald U‘Tt'Ll)

have been studied. For the estimator MY = (X'X + kI) X'Y gave

202
B'B

at B. (Here V = 021). In 1976, Farebrother characterized the region Wk

the following condition: if k < then MkY is better than the GLSE

where the estimator MkY is better than the GILsg = as follows

1

W, = {sls'U[é 1+0" "y < 6%y,

where X'X =U'A U ’ A is diagonal and U orthogonal.
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8,

Kl v.v.'X'Y
1 i 1 1

Let the generalized ridge estimator MGY =

[ ac Bee

i
(where Ai are the eigenvalues of X'X and v, are "their" corresponding

eigenvectors). In 1978, Obenchain defined the ridge function of M.Y
P2t

P ) 16,
RF(8) = I ¢, L,
- i=1 * 1%
2
2 2N P
where 6 = (6,,...86 ), ¢.” = and 8= I a,v, .
- 1 P 1 2 ._4 11
a i=1
His main result could be read as follows:
Let § = (61,...,6p) such that O < Gi <1, i=1... p. Then
(i) M

6Y is better than the GLSE at 8 if and only if RF(§) < 1.

(ii) M, is as good as the GLSE at B if and only if RF($) < 1. Kawai

-~

and Okamoto (1979) extended those results to the case 0 < 61 <1,
1<ic<op. ‘ ‘
We have then that T“heoﬁuL!J ., Obenchain, Kawai and Okamoto

have answered the following question: given a value B of the parameter
what are the conditions on the shrinkage factors of a ridge estimator
or a generalized ridge estimator under which the estimator is better
than the GLSE at B? Farebrother instead has answered the question:
given a ridge estimator MkY what are the conditions on B under which
MkY is better than the GLSE at B8? The first point is that those two
questions have the same answer, in the sense that the expressions given
as answers can be interpreted in two ways: (i) if one considers B fixed
then they are conditions on k or §. (ii) if one considers k or 8 fixed
then they are conditions on B. We will choose, to express our results,

to define conditions on B given MY. The next definition will be useful.
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DEFINITION 5.3.

Let MY € L, the good region W, of MY will be

W, = {B|RIM,8] < R(B] I.

Here R(B] is the matrix quadratic risk of the GLSE and it does not

depend on B.

The second point is that ridge or generalized ridge estimators are
ALE. It is then natural to ask what is the good region for an
arbitrary ALE MY? The next theorem and corollaries will give an
answer to this question. A generalization of the expression obtained
by Farebrother (1976) and its equivalence to a generalization of the

ridge function of Obenchain (1978) is given.

THEOREM 5.1,

. D )

Let X be full rank and MY = ¢ §,8.8.'X'V 1Y an ALE.

i=1 1 1 1
(a) The good region of MY is
| p 1-5,
= 1 '
Wy {8} 8 T(iz1 ¥, B,8.")T8 < 1}

(b) If 0 < Gi <1, i=1,...,p; let G such that MY = (T+G)-1X'V-1Y,

then
-1 _~1.-1
W, = {8|8'(26 Lo h g < 1}.
PROOF. We first will comnsider that O < Si <1, 1<i<p. From
-1_, -1 -8
Theorem 2.4 we have MY = (T+G) X'V 'Y with G = T(lg—l BiBi')T a p.d.

. i
. -1
matrix. Let A = (T+G) , we have that

R[M,R] = (AT-I)BR'(TA-I) + ATA,
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and
R (8,81 = T ..
Therefore
R[M,B] < R(B,8] , (5.1.1)

if and only if

(AT-1)B8'(TA-1) + ATA < T T,

Let D = T—l-ATA; since 0O < éi <1, 1<4i<p,Dis a p.d. matrix.

Then (5.1.1) is equivalent to

1

a'D " (aT-1)88 " (TA-1)D Yo < a'p oD Yo , ¥ a & RP.

Let Y = (AT-I)B, then the last condition is equivalent to asking
(Y'D—la)2 <1, %®oe€ RP such that a'D—la = 1.
This happens if and only if

Y'D_ly < 1.

1 1.-1_.-1-1

Now if we notice that D - = & (A rr la"m) 1At ang  (TA-T) = (T-A"Hya,

the last condition can be written as

1

g (r-a" A oy " er-a g < 1.

Since A-.1 = T+G we obtain that (5.1.1) if and only if

1 -1.-1

B'(26 4T ) B < 1. (5.1.2)
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This proves (b). Now using Lemma 2.1 an alternative form for (5.1.2)

can be obtained; we have

_ p §.
G 1 = 2 1_:,[0: B.Bi'
i=1 i
- - P . p 68.+1
267 e T = 3 2+ 188 = I 8.8,
i=1 i 11 4= 7O 21
And
1 1 - p 1-6,
(26 ey 2 3 T 8,68, ")T.
i=1 i t?
Then (5.1.1) is equivalent to
P l—éi
] 1]
B'TC I o5 8;8,")Tg < 1. (5.1.3)
i=1 1

By continuity this last inequality remains true even if the restriction
on Gi is dropped and we allow O < 6i <1, 1i=1,...,p. This proves

(a) and the theorem is proved.

The result in (a) tells us that the good region for an ALE

-1
= Tyt
MY (SiBiBi X'v vy

i

oo

1

. . . . th . s e . . .
is an ellipsoid whose i~ T-main axis 1is in the directiom: of Bi and

14§,
has T-length equal to 2(1-61)2 (if Gi = 1, this implies that the ellipsoid
i

.. . ._ .th . ’
is in fact a cylinder; the main i  T-axes is the subspace spanned

b . ).
y 81)

In most practical situations V = GZP (where 02 is "unknown' and
I' "known'") we will take this into account to change the expressions

given in (a) and (b) of the theorem and relate them to previous results

and notation.
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(1‘+c;)'1 = (x'r']‘x + UZG)—IGZ )

Making G = l% I we obtain
g

1 1

(T+e) IV ly = (x'T MK+ k1) Yxerly.

And (b) becomes
o2 -1..-12.-1
B'(2 =T+ (X'T "X) "¢7) "8 < 1.

Or

g1+ xr o H e < o

Let U, A, vy such that X'F_IX =U' AU and vy = U'B then the last

inequality becomes

Y'(% 1+ 2 7Y < o?

which is the condition (14) of Farebrother (1976).

We will see how (a) implies the main result of Obenchain (1978)

p
and Kawai et al (1979). Let B = % biBi’ that is: the components
i=1
of B in the T-orthonormal basis
P P
(Bi}5ey  ave {biliy
We have:
p 1=,
g'T( B.B.')TB
i=1 1+6i 11
(3 9T s i gy} )
= b.g.")T B.')T( £ b B,
izl 181 iil 1+8, B181 i=1 181 ?
P 9 1-61
= z . 1+s
i=1 * i
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The last equality follows from the T-orthonormality of {Bi}?=1.

The last expression is the generalization of the Obenchain's ridge

function. To see this we have that

P8y -1 P -1
MY= I —v.v.X'T 'vy = © 6.8B.8.'X'V vy
: § 1=1 Ai ) i=1 Y 11
and then B. = <. vi and so we have
s
p p g P
B= I bB.= ¢ b, — ¥ = I a.,v
i=t ¥t i=1 *vxT 01 i=1 **
i
/Ai
Therefore b, = —= a, and
1 o] i
P 2 1-6. P 2 A. 1-6 P 9 1-6
I b, L= 1 a“—=—L= 1 ¢, L = RF(S)
j=1 & 1+6i j=1 1L 02 1+5i j=1 1+6i -

Part (i) of the next corollary was stated by Farebrother (1976).

COROLLARY 5.1.1.

- -1 . .
Let MY = (T+G) ly'v7ly an ALE and w_ its good region. Let B

M T

and BG the unit balls of T and G . Then

= 2

2
(i) BTCWM.

ii { ant .
(ii) Bg Wﬁ
2

PROOF. The contentions follow immediately from the inequalities:

¢t H et H o

3

and
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We will now discuss the case when X is not full rank. 1In this

case T is not invertible and there does not exist a GLSE unbiased

over R . From Theorem 3.3, the only restricted GLSE or S-BLUE which
exist are those for which S [) N(X) = {0}. Among them there are those
which are maximal in the sense that Span(s U N(X)) = RP . The variance-
covariance matrices associated with different maximal S-BLUE's are in
general different, then the problem as it was stated in the first part
of the section does not make sense. We are compelled to make the

following definition.

DEFINITION 5.4.
. p
Let MY 6 L. Let S such that S (] N(X) = {0} and Span(s U N(X)) = R.

The S-good region of MY will be:

wo = {8|RIM,8] < RIEST)

From Theorem 3.5 we know that associated to each subspace S which
satisfy the conditions of Definition 5.4, there is a set AS of admissible

linear estimators. We will compare the elements of AS with the S-BLUE.

THEOREM 5.2.

Let SC RP a subspacé such that S [1 N(X) = {0} and Span(s U N(X)) =
r

RP. Let MY = = G.B.B.'X'V—IY and ALE such that {B.}F_ is a
4=1 LT 11 1 1=1
Ts-orthonormal basis of S. Then
g r l—Gi
- ' t
W, =(8¢es|s T(iil T+5, BiBi )T < 1}.

PROOF. Let T1 a linear transformation from RP to RP such that the

+ opet T

restrictions of T, and T to S are equal and N(Tl) =3 1

the g-inverse of T1 such that Tl— = Var[és] = R[ES]. Let P the

€
orthogonal projection onto SL' and T1 = T1 + é P, € > 0. Since
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{Bi}§=1 is a‘Tgorthonormal basis of S it is also a Ti—orthonormal

basis of S. Then from Theorem 5.1 we have

€ _ g, -1
Wy = (8|RM,81 < (T]1 7},

1-6,

¥
= 1m€ 1 1 ymE
{8]8'T] (151 %3, B.8,)T/B <1}

Here {Bi}§=1 is a TC - orthonormal basis obtained by completing {Bi}z_l.

1
e T 1-§, c r I-Gi
' 1 ' = ' ' :
B'Ty (.z T Bisi )TIB B Tl(.E T+ BiBi )Tls, if Be s.
1=1 1 1=1 1
Therefore
e N T I—Gi
= U [}
w,l1s=1{s8 s|8 Tl(iil T+, B;T 81}, ¥e>o0.

Since (Ti)—l tends to T, as € tends to zero, this implies that

1
S r 1—Gi
= ! P ——— '
W, Ns=1{8ess Tl(iz1 5, B.8,")T.8 < 1}

Also since

EB[(M-B)(M-B)'] (MX-I)BB'(X'M'-I) + MTM' ,

if B = v+tu, with v € S and u € SL we have that

[

EB[(M—B)(M—B)'] (MX-I)vv'(X'M'~I) + MTM'

-(MX-T)vu'(X'™M'-1) - (MX-T)uv' (X'M'-I) + (MX~T)uu'(X'M'-I)
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Therefore
' ! 4
u'Eg [(=-B)(M-8)"Tu = [} u]] ¥,

and

Then the only way that
- -g)" -
EB[(M BY(M-B8)'] < T, »

is that u = 0 or equivalently 8 € S. This proves that Wﬁ Ns = W;.

By definition of T, we have that for any B € §, TlB = TR and then

1

S r 1—61
= ! !
W, = {8 &s|s'T (iil T+, 8.8, ")T8 < 1}.

This proves the theorem.
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5.2 AN OPTIMAL PROPERTY OF S—BLUE's AND GENERALIZED MARQUARDT's

ESTIMATORS

The aim of this section is to prove an optimal property_of
S-BLUE's. This property is related to some ideas behind Marquardt
estimators and it will provide us with a way of generalizing them.
The property in question is a generalization of one proved by Fomby
et al in 1978. The proof we will give here besides being general

will be more transparent. We will first state their result. Let

A, = {MY{|MY is an S-BLUE and dim § = r}.
Let ll > a0 > Ap > 0 the eigenvalues of T. Let
T
MY= § <vv.'xV 1y,
r . A, 11
i=l "1

the estimator obtained by deleting the p-r components

associated with the smallest eigenvalues of T. Then Fomby et al

proved that
VarI[Mr] < VarI[M] , ¥MY € Ar'

The next propositions will be necessary to prove the generalization

of the above property.

PROPOSITION 5.1.

Let Q and T be two p.d. symmetric pxp matrices. Let

V. = {r|r = I v.y.', '{Y.}f_ is a T-orthonormal set}
1 i 1i=1
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Let A, > Az cen 2 Ap > 0 and {Bi}P=l a T-orthonormal set of vectors

1 - 1
p r
such that Q = T( £ A,8.8.')T. Let ', = I B8.8.'. Then
=1 111 0 =1 L1
Tr[QFo] > Tr[QT] s ¥T e Ur'

PROOF. We have

p
Tr(Qr] = Tr{T( & A.B.B8.')TT1 ,
. itii

1=]
P
= L A.B.'TITB. = v'a

where v' = (Al,... > 100"

Since TIT < T and || ein ;=112

(ol

< p, we have that 0 < a; < 1,

1 <i<p. Also for any I € Vr

P P P
I a, = I B.'TFTgi = Tr[T( £ B8.6,')Tr] ,
i=l Y i=1 i=1 * 1
T 2
= Tr[Tr] = Il Yi”r = r.
1i=1

Then our problem can be seen as the one of maximizing the linear

functiona'l v'a, with a restricted by the following constraints

0<a, = 1, 1<i<p,
and
P
x a. =r
i=1 1t

It is easily seen that those restrictions define a convex set whose
extreme points are the vectors of RP with entries O or 1 and with r
of the entries equal to 1. It is a well known fact that a linear

functional attains its maximum in a convex set at one or more of the

= ' 1
.,ap) and a; Bi TPTBi, 1<i<p,.



123

extreme points of the convex. Since.)\1 2y e 2 Ap > 0 it then

becomes clear that if ey is such that

a, =1, 1<i<r and a, =0, r<ic<op, (5.2.1)

v'a attains its maximum value at %, (in the convex set defined by the
r

constraints). For any I' 6 Vr’ such that T = I YiYi' let
i=1
- T T oo s .
SF = Span{yi}i=1 and PP the T-projection onto SP‘ Since

TIT = TITIT = (P?)'T(P?), we have
, T 2 .
B, 'TTTB, I PF(ei)ll T 1 <1ic<p.
Therefore
= ' = [ a '
a; Bi TTTBi 1 1if and only if Bi € S

The last condition implies that the matrices T € Vr which satisfy (5.2.1)
r .
only those for which S, = Span{B.}?_ . .= ¢ B.R.' satisfies this
r i i=1 o] j=1 11
condition and this proves the proposition.

PROPOSITION 5.2.

p
With the notation of the previous proposition, let ' = ¢ B.B.'.

i=p+l-r
Then

Tr[Qry] < Tr[Qrl, ¥ T € V..

PROOF. Let Vp—r defined in the obvious way and A € Vp-r' From

Lemma 2.1, (£f), for any T € V_ there exist at least onme A 6 Vp-r such that

P-r
For the same reason, if Ao = I B,Bi' we have
i=1

_ 1
Pl + AO = T



Then from the previous proposition we have
-1 -1
Tr{Q(T "-T)1 = Tr{QAy) > TriQA] = Tr{Q(T -I)], yrev.

This implies the proposition.

PROPOSITION 5.3.

Let Ai > a0 2> %p > 0 the T-eigenvalues of Q and suppose that m of

them are distinct. Let IR ) their multiplicities and v' = (Kl,...lp).

Then
(i) There existsa unique Fo € V_ such that

TrlQr ] > TriQr] ¥ eV
k

if and only if r = I n, for some k.
i=1

(ii) There exists a unique ', € Vr such that

1

Tr[QPl] < Tr[Qr] , ¥T € Vr’
k
if and only if r = I n, for some k.
i=1 '
1 ., . 0 . . .
PROOF. Let J_ = {i]1 < i < rl, I, = {i]1 < i <z, or i = r+1}
and Jr any subset of {1,...,p} with r elements. Let a& = (al,. ap)
T

such that a, =1 if i 6 J_and a. =0 if i § J_. Then v'a. = I A..

1 r 1 r J . 1

k r 1GJr

If for all k, r # I n., we will have that there exists a

k-1 LTy k-1 K
k such that X n, <r <Z n., and then I n. <r <r+l < ¢ n,,

. i . i . i -, i

i=1 1=1 i=1 i=1
therefore kr = Ar+1 and

via.y = I, A, = L A =v'iag
I: iyt 1 el 1 I:
r r
It is obvious that FJl and FJO the matrices of Ur corresponding to
' r r
Ji and Jg are different. Hence there are at least two matrices in Vr
"

which maximize Tr{QTl']. Suppose now that r = I n,, then Ai < Ar

i=1
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for all i > r; this implies that Z _ A, > I A, for all
jeal I jeg
1 r i
Jr # Jr . This implies that there is a unique matrix in Vr which

maximizes Tr[Ql']. This proves (i). The proof of (ii) is similar.

THEOREM 5.3.

P
Let X be a full rank matrix. Let Q = T( I AiBiBi')T be a
i=1
matrix such that {Bi}g=1 is a T-orthonormal basis of RP and

Ay > oo > X > 0. Let
1= ='p
Ar = {MY|MY is an S-BLUE and dim S = r},
P -1
MY = X B.B.'X'V Y,
r . i1
i=p+l-r
and
r -1
My = & B8.8.'X'V Y .
. 11
1=1

Then we have

. . . r
(1) VarQ[Mr] < VarQ[M] < VarQ[M 1, ¥ MY € Ar .
(ii) VarQ[Mr] < VarQ[M] ,k ¥ MY 6 Ar’ MY # M_Y
if and only if r = I n. for some k.
i=1t *

(iii) Vary) < VarQ[Mr], VMY 68 A, MY # M'Y

k
if and only if r = I n, for some k.

i=1

(Here the n, denote the multiplicities of the different T-eigenvalues

of Q).

PROOF. From Corollary 2.2.4 we have that

Var[M] € Vr’ ¥ MY 6 Ar .
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P
= [
Var[Mr] = i=§+1-r Bisi Fl .
And
r
varM'] = iil sisi' =T,

The results of the theorem follow now from Propositioms 5.1, 5.2 and

5.3.

The result of Fomby et al, follows from the first inequality of (i)
in the theorem, making Q = I and noticing that '"smallest eigenvalues
of T" means "largest T-eigenvalues of I" and so to delete the components
associated with the smallest eigenvalues of T is equivalent to
deleting the components associated with the largest T-eigenvdlues of I.
The previous results put in a general context the main idea
involved in the '"Marquardt estimators'. Marquardt suggested the use
of estimators obtained by deleting principal components associated
with the smallest eigenvaiﬁes when T = x'v-lx is 111 conditioned.
This was proved by Fomby et al to be an optimal choice among the
restricted least square estimators with a fixed number of independent
restrictions for the minimization of VarI[M]. When VarQ[M] is to be
minimized the above results show that the estimators obtained by

deleting "Q-principal components" associated with the smallest

Q-eigenvalues of T are the best choice.
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5.3. THE KUKS-OLMAN PROPERTY

This section will deal with the study of a particular property
of ALE's. Kuks and Olman (1972) gave the following property for

the estimators MG = (T+G)-1X'V_l, with G a p.d. symmetric matrix.

Min sup R, ,[M,B] = sup R_,[M,B] , ¥ a6 RrP .
MYEL 8€B, BEB, o
Here BG is the unit ball of G.

Since MGY is an ALE, one question which arises is if this property
can be extended to all the ALE's and how far it can be. This will be
the subject of the section. We will introduce some definitions and

notation necessar7 for the discussion. X will be assumed to be

full rank.

DEFINITION 5.5.

An estimator MY € L has the KO property for C if and omly if

Min sup R_,[N,8] > sup R, [IM,8] , vae RP., (5.3.1)

NYeL BeC gec 2

An estimator MY € L has the KO property 1f there exist at least

one gset C for which MY has the KO property.

The result of Kuks and Olman says that the estimator MY = (T+G)_1X'V-1Y
has the KO property for Bg.

Given a subset Z of RP, Sym(z) and cc(Z) are defined in
Definition 4.2. Also Z will denote the closure of Z in the usual

euclidean topology of RP . Ssince Raa'[M’B] is a continuous convex

function of B and Raa'[M’B] = Raa'[M’-B] we have that

sup R _,[M,8] = sup R, M,B], ¥ zcRP . (5.3.2)
peZ B8 cc(Sym(z))
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Given a convex set C, the recession cone of C, Rec (C) is defined as

Rec(C) = {B|B8 +v8 C, ¥y €C}

The recession cone of a convex set C is intuitively the set of
unbounded directions of C. If C is bounded Rec(C) = {0}. For more

information see Rockafellar (1970), page 60. If Cy and C, are two

subsets of RP, ¢, + C, will be defined as

1

C, +C,=1{8+ vY|g ec

Y 6 CZ} .
The next lemma will give two useful properties for the recession

cones of some convex subsets ofiRp.

LEMMA 5.1.

Let Z be a non empty subset of RP such that

Z = cc (Sym (2) ). (5.3.3)

(i) The recession cone of Z is a subspace s, contained in Z.

(ii) There existsa set Cz such that

PROOF. Since Z satisfies (5.3.3), O € Z. Then if a € Rec(Z), o 6 2
and ng € Z for all n € N. Again from (5.3.3) we have that [-na, nal
is contained in Z and so is Span {a}. This proves (i). To see (ii)

let Cz = {Ylyj.T S, vy € Z}. For any B 6 RP we have B = v+u,

z
ués, ,ve S: T, To prove (ii) we only need to see that v € Cé
if and only if 8 € Z. It is evident from (i) and the definition of
Rec(Z) that if v € C,, B=viu€ Z for all u 6 S,. Let us now suppose
that B 8 Z, then from the definition of Rec(Z), B - u € Z, and so

v = B - u belongs to Cz.
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The next proposition gives for any ALE MY a set BM for which

MY has the KO property.

PROPOSITION 5.4.

Let MY = [ 6.8.8.'X'V—1Y and ALE. Let G = T( % i 8.8.')T,
i=1 * 1+t s;fo b1 MR

B, = {B|B'GB < 1}, S, = Span{B.|S5. # 0}. Then MY has the KO

G - M 171

property for By = B, N SM .

PROOF. From the result of Kuks et al and Theorem 2.4 the proposition
is true for the estimators MY with O < Gi <1, 1<i < p; because in
this case G is p’d"SM = RP and so By = Bg. We will suppose now that

0<8,

lﬁl,lf_iip. Let, forn 6 N

G =T1( £ &6.8.8.")YT+T( £ nRB.B.")T +T( L .l B.B.')T
11 n 11

n o<s.<1t T T 1T §.=0 §.=1
1 1 1
= '
B_ = {8[g'c 8 < 1}.
And
M= (TG ) T RV,
n n

It is immediate that

Lim M = M.
e o

And
Lim B = B..
oo n M

We will prove, for a 6 RP , that as n tends to infinity
P

sup Raa'[Mn’B] + sup Raa'[M’S] . (5.3.4)
BeBn BGBM
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The first point to notice is that since Bn is a compact set, for

any o 8 RP there exist Bn (which depends on a) such that

sup R_,[M ,B] =R M ,B ]
868 o n aa n’ ' n
n
It is not hard to see that
sup Inf ||g-v]] 0, asn->o. (5.3.5)

BSBn-BM YGBM

Then for all'é > 0 there exist n8 and Yn e BM such that if n > n_
Ryt M 08.0 = R M,y 1
= IRGQ' [Mnsen] - RGG' [M:Bn] + RCt(X' [M)Bn] - RCtCl' [M’Yn]' < e.

This implies that

Lim sup R, M ,B] < sup R__, [M,B] . (5.3.6)
e BeBn aa n BGBM oo

Now suppose that there exist vy € BM’ w >0, nm €8 N such that for all
n>n
w

Bzgp Raa’ M,B8] = RC!.CZ' M,v] >Bzgp RCLC!' [MnsB] + w
M n

But since M is the limit of Mn and BM is the limit of Bn’ there exist

a sequence {Bn}:=l’ B, € B, such that
Raa'[Mn’Bn] > Raa'[M’Y] , as n > o,
This implies

Lim sup R__,[M_,81 > sup R__,[M,B] . (5.3.7)
e geB_ 0 geB, %
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Then (5.3.4) follows from (5.3.6) and (5.3.7). Now we will prove
that MY has the KO property for By. Suppose the contrary and let

MOY # MY such that

sup R, ,[M,8] > sup R _,M,,8] , for some a 6 RP,
BEB,, BEB,,

Then from (5.3.4), for n big enough and some 0 < ¢ < 1, we will have

ngp Raa'[Mn’B] > ngp Raa'[MO’B] + € . (5.3.8)
n M

Also, for n big enough, from (5.3.5) we have that for all B €& Bn’ there

exist u 6 Bn—BM and v € BM such that B = v+u and

Fut @ug-Dall = [[u'ayll <z minG, o
0]
Where
ko= sup | ®MIDv]| = sup eyl -
vGBM . VGBM

Then for any B € B

= + ]
Rua' [MO’B] RU.(!' [MO,V] 2(u aoao

2
1] 1
v) + (u ao)
<R M, v] + ¢

Ao 0

Therefore, from (5.3.8)

B;;p R, (M 581 > 3S§M Rogr MgsVvl + e > B;;p R o (My:81
n n

This contradicts the fact that MnY has the K0 property for Bn'

The proposition is proved.
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THEOREM 5.4.

Let MYE& L. Let X be a full rank matrix., Then the following

statements are equivalent.

(a) MY is an ALE

(b) MY has the KO property.

PROOF. (a) implies (b) is essentially Proposition 5.4, From (5.3.2)
there is no loss of generality comsidering that Z = cc(Sym(Z)) .
To see the other implication let us first assume that Z is bounded.

Let Yl € Z such that

sup ||8l} o = I v,ll . -
o T 1t

From Proposition 2.6, the MMSELE for Yy MY Y is
' 1

-1 S
MY =g X'V Y, with =
Y 18181 By [|Y1|]T

If al = TR, we have

2
R 'IM ,B8] = E_[(B,'T(M_ -8))"1,
@1 Yy BT "y

VU e a2 2 _ . a2 2
(B, 'T(6,8,8,'TB =8))" + 6,7 =((B,'TRI(§;-1N"+ §,".
From the definition of Y, we have

sup (B 'Ts)2 = (Bl'Tyl)z .

BEZ 1
Therefore
2 . 2 2 2
sup E_[(B.'T(M_ -B))°1 = (B,"Ty )°(8,-1)° + &
g6z g- "1 Y, 1 1 1 1
= EY [Bl'T(MY -yl)]

1 1
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From Proposition 2.7, (i)

' - 2 ] - 2
EYI[(BI T(MYl yl)) 1 < EYl[(s1 T(M yl)) 1, ¥ MY6L.

Therefore for any MY € L, we have

sup EB[(BI'T(MY -8))% < sup E

[(Bl'T(M-B))Z].
gez 1 g6Z

B

From this we see that a necessary condition for MY to satisfy the KO

I}

property in the direction o, is that M = M+ M. with Bl'TM 0

1 Y, 1 1
(it is necessary by the unicity of MY ). Let now S1 the subspace
1
T-orthogonal to Yl' The same argument as above can be restricted to

yA n S, to prove that M must be of the form M =M +M +M, with
1 Y; Yo 2
V2" After p of those steps we conclude

that M= & M_ . Theorem 2.3 implies that MY is an ALE. We will
i=1 i

1 = ' =
81 TM2 BZPTM2 0 and Yl L

now suppose that Z is not bounded, since Z = EETE;E?ZTT from Lemma 5.1,
(i), Rec(2) = S, If MY is not unbiased on S, there exist o 6 RP

and B € Sz such that a'(MX-I)B # O, this implies that Raa'[M’B]

is not bounded on Z, but since Raa,[ﬁ,s] is bounded, MY has not the KO

property on Z. This implies that MY = M Y + 8% where éz is the

¢}

S,~BLUE. By similar arguments to the case where Z is bounded, applied
Lt

to Sz N z, it can be seen that MOY is an ALE and the axis of MOY
.ot . .

are in Sz T. Then again from Theorem 2.3 we can conclude that MY is

an ALE. This proves the theorem. The next theorem will characterize

the subsets of RP for which an ALE MY has the KO property.

THEOREM 5.5.
Let X be a full rank matrix and MY an ALE. Then MY has the KO
property for Z if and only if cc(Sym(Z)) = By (BM is defined in

Proposition 5.4).
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PROOF. From (5.3.2) on Proposition 5.4 if cc(Sym(Z)) = By MY has

the KO property for Z. This proves the sufficient condition. To
p -

see the necessary condition, let MY = I G.BiBi'X'V 1Y and suppose
i=1

first that 0 < Gi <1, 1 <1 <p. Let G the p.d. symmetric matrix

such that M = (T+G)—1X'V-1. From (5.3.2) there is no loss of

generality in assuming EETE;E?ZTT = Z. Suppose that Z # B, then

= B, such that sup IYPG(B>|| =l

M
G gez
and A # 1. Here PY denotes the G-projection onto Span{y} or

there exist y on the boundary of B

equivalently the projection onto Span{y} along the hyperplane tangent iny

p %
toBy. Ify= I b.g, anda= £ a_Tsi we have
i=1 ¢ i=1 *

a,2 8.

P
R ,M,y] = (Z ab,(1-5.0% +
Ao . 1 1 1 1 1 1

i=1 i

I

If ¢ is chosen such that o'(MX-I) = Y'P$ we have

P
sup Raa'[M’B] = sup (a'(MX—I)B)Z + I ai26i2 s
gez BEZ i=1
p
= (' X-Day)? + 1 a,2s.2,
R R 1
1=1
Ty
P p .
=22z ab.(1-6.0%+ 3 a%6.%=Rr ,Mmr . (5.3.9)
i=l 11 1 i=1 1 1 oo

P -
Let now M = I u.B.B.'X'V 1 and u(1-§.)=1-u., 1 < i < p. We have that
u o 11 i i - =

a'(MuX—I) = po' (MX-I).
Hence as in (5.3.9) it can be seen that

sup R

2oy I[Mu:B] = RG.O.'[MU’AY] ’ (5.3.10)

ao

p 2
= uz( z Aa.b.(l—a.))2 + 7 a.2(1— u(l-a.))2 ]
i=1 11 1 i=1 1 1
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Let

fA(u) = Raa,[Mu,AYl ,

then the minimum of fk(u) is attained at

P 2
T a.“(1-6.)
i=) * *

A2(

2 P
a,b.(1-6,))" +
: ii i

a.2(1-6.)2
1 i=1 * *

[ e e =

Now since Mu =M for 4 = 1 and MY has the KO property for BM we have

that ul = 1. We also have

(a) If A > 1, there exist € > O such that fA(u) < fl(l) if p 8 (1-¢, 1),
(b) 1If A < 1, there exist ¢ > O such that fl(u) < fk(l) if u e (1, l+e).

Using (5.3.10) this can be rewritten as:

If A >1, sup R_,[M ,8] < sup R_,[M,B] for u 6 (l-g, 1).
REZ oa u REZ ad

If A <1, Zgg Rau.[Mu,B] < Zg; R o [M58] for u 6 (1, l+e).

This proves that if A # 1, MY has not the KO property for Z. We then

have proved the case 0 < 61 <1l,1<1i<op.

< 8§, <1, 1<1i<p. = .
Let us suppose now that O < 61 » 1 <i<p. Let SM Span{Bl}di#0
and suppose that 2 C SM’ then a similar argument to the one given

for the previous case, but restricted to SM, shows that Z = BM. Then

to prove this case we only need to prove that 2z C SM. Suppose the

contrary, then there exist Bj € SM

T such that sup IIP?(B)II #0
pez

(P§ is the T-projection onto Sj = Span{Bj}). We will show that there

exists an estimator MlY which 1is better than MY in the direction

a' = Bj'T. MIY will be defined as
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(a) the MMSELE M_Y of v if sup || Po(8)|| = || v]|, v & s.. (5.3.11)
v gez ] J
(b) @3, the 5.-BLUE if sup || PE(B)|| = = . (5.3.12)
] pez = 3

We then have

sup R, M;,8] = sup R ,IM,8] ,

gEZ eeP'J?(z)
2
vl 7 ,
= — if (5.3.11).
1+ “VllT
= 1 if (5.3.12).

Since a'M = 0, we also have

sup R;a,[M,B] = sup (a'B)z = sup IIP?(B)[|§ ,
BEZ BezZ gez 3

=llvllZ2 ,  if (5.3.1D).

=@ s if (5.3.12).
Then for any of the possibilities (5.3.11) and (5.3.12) we have

Z\exrzf R_w.[Ml,B] < 23123 Raa, ™, 81

But then MY does not satisfy the KO property for Z. This implies

ZC S,, and proves that Z = B

M M if O <8, < 1, 1 <1 <p. We are left

finally with the general case 0 < §, <1, 1 <i <p. Since
BM = EETE;E?E;’T, Lemma 5.1 implies that there exist a set C and a
subspace S such that BM = C+S. It is easy to see that S = Span{Bi}6‘=l.
Since for Z we have assumed (5.3.3), we have also from Lemma 5.1

that Z = C_+5 . A similar argument to the one given for the case

1< Gi <0, 1 <i< prestricted to C shows that if MY has the KO
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property for Z, then C = C,. Then to prove the third case we only
need to prove that § = Sz. Suppose first that SZ—S # ¢. Let

Y 8 §,-8, then since MY is biased for y (MY is only unbiased on S),
and ny 6 Z, n 6 N, there existsa € RP for which Raa'[M’ 'l is
unbounded on Z. But then MY has not the KO property for Z because

B is better than MY in the direction « (in fact Raa'[é’ * ] is bounded

on RP ). Then SZ-S = ¢. Suppose now that S—Sz # ¢ and let vy 6 -5,

such that YL, S , then supl]PT(B)]l = || v]] < =, with v 6 Span{y}.
gez ¥
L
Let a' = —— T and MY the MMSELE of v, then
vl
sup R, [M,8] = su R ,IM,8] = a' Var[{Mla = 1.
gez 2 BGPE(Z) e

(Because MY is unbiased on S and ¥ € S). We also have

2
il 2
(M, = < 1

sup R M _,B] = su 5
1+ (vl 5

aa'v % Raa
BEZ gEPL(Z)
Y
(See Proposition 2.8, (iii)). This contradicts the fact that MY has
the KO property for Z. Then S—-Sz = ¢. And we have proved that

S = Sz' This proves the third case and the theorem.
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