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ABSTRACT  

Methods have been developed to describe the atmospheric transport of 

gaseous pollutants and these have been applied to the study of sulphur 

compounds in the atmosphere. 	The methods are based on the description 

of the transport of material in the vertical by analytical solutions 

of the diffusion equation using Green's functions. 

Two different models are given for different ranges of pollutant 

transport. A steady state model has been developed which is suitable 

for the meso-scale transport (--100km) of pollutant plumes. 	This 

model has been applied to measurements of sulphur dioxide in the 

East Midlands of England, and enabled an estimate to be made Of the 

large scale deposition velocity of this gas. 

For situations where the steady state assumption is not appropriate 

a time dependent model has been developed which incorporates the 

time variation of the meteorological conditions which determine 

pollutant transport. 	This model has been applied to the long-range 

transport of sulphur compounds from north-west Europe to South Norway. 

Model calculations have been compared with measurements of sulphur 

in air and rainwater for five specially chosen episodes. 	These 

detailed comparisons have provided much information about the physical 

processes involved. 

The steady state and time dependent models have been shown to be 

very useful in the study of the transport and ultimate fate of 

anthropogenic sulphur compounds and have many other potential 

applications to these and other atmospheric pollutants. 
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NOTATION  

a 	mixing depth (m) 

A 
n 	

expansion coefficients for F (sm 2) 

A 	extrainment parameter 

b 	top of daytime adiabatic layer (m) 

B constant in vc 
 = B x 

Bn 	expansion coefficients for G (m
-1
) 

cn 	top of stable layer n (m) 

cp 	specific heat of air at constant pressure (J kg-1  K-1) 

cx, cy 	components of 	(m) 

C 	concentration of pollutant ( kg m
-3
)  

d 	distance between receptor and puff centre of mass (m) 

do 	bottom of stable layer n (m) 

D loss of material to dry deposition (kg) 

Dx, Dy 	'memory' functions for cx, cy  (m) 

E 	gain of material due to entrainment into top of mixing 

layer (kg) or 'memory' function for 
aH2  (m2)  
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f 	Coriolis parameter (s-1) 

F 	flux of material (kg) 

g 	acceleration due to gravity (m s-2) 

G Green's function for the one-dimensional time dependent 

diffusion equation (m-1) 

h. 	height of source emission (m) 

H sensible heat flux (W m-2) or h/a 

H cylinder function = ti J + Y 
n 	 n n n 

i, j, k 	unit vectors 

Jn 	Bessel function of the first type of order n 

Kx, Ky, Kz 	turbulent diffusion coefficients (m2  s-1) 

Ke 	shear diffusivity for horizontal spread (m
2 

s
-1 
) 

K1 	maximum value of Kz  (m2  s-1) 

L material lost from top of mixing layer (kg) 

m 	power law index for wind speed profile 

Mmn 	moments of C 

N contribution to C from one puff (kg m
-3
) 

eigenvalues in solution of diffusion equations (m-1) 

atmospheric pressure (kg m-2) 

production or sink terms in the transport equation for C 

pn 
P, P 

P 



source emission rate (kg s-1) 

source strength (kg) 

correlation coefficient or total rainfall (m) 

equivalent puff radius (m) 

initial value of r 
e 
(m) 

-1 
incoming solar radiation (W m-2) or rainfall rate (ms ) 

eigenfunctions of solutions to diffusion equations 

surface layer depth (m) 

material converted to sulphate (kg) 

time (s) 

Lagrangian time scale (s) 

time at start of step (s) 

diffusion time scale a2/K1  (s) 

release time of puff (s) 

Tn 	asymptotic approximation to pn 
(m

-1
) 

u, v, w 	components of v, (m s-1) 

u, 	friction velocity (m s-1) 

U 	lYI 	(ms-1) 

Y 	wind vector (m s-1) 

advecting wind vector (m s-1) 

vd 	deposition velocity (m s-1) 

W 	material lost due to precipitation scavenging (kg) 

x, y, z 	coordinate axes (m) 

centre of mass of puff (m) 

Y n 	
Bessel function of the second type of order n. 

zd 	height at which vd  is defined (m) 

0 	surface roughness length (m) 

GREEK SYMBOLS  

(3 	vertical velocity parameter defined by w =f3z (s
-1 
) 

y 	fraction of sulphur dioxide converted to sulphate in 
the near field 

n 	
constant in definition of Hn  

I' 	Green's function for the two-dimensional steady state 
diffusion equation (sm ) 

ō 	Dirac Delta function or backing angle from free stream 
wind direction 

vertical component of vorticity (s-1) or z/a 
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O 	potential temperature profile (K) or wind direction 

X 	A r  + As  (s-1) 

Ar 	precipitation scavenging coefficient (s
-1 
) 

A
s 	

rate of chemical conversion (s-1) 

A 	time integrated value of A 

A 	stability parameter 

exp(( At) 

effective value of 	for several time steps 

times between which puff contributes to pollutant 
concentrations at receptor (s) 

P 	density of air (kg m
-3
) 

a 	standard deviation 

t a2/K1  

X 	one-dimensional pollutant concentration (kg m-1) 

lapse rate (Km-1) 

total mass of pollutant deposited by wet deposition (kg m-2) 

S2 	angular velocity of Earth's rotation (s
-1 
) 

total mass of pollutant deposited by dry deposition (kg m-2) 

SUBSCRIPTS  

A 	isallobaric 

c 	crosswind or calculated 

F 	free stream 

g 	geostrophic 

H 	horizontal vector components 

o 	observed 

2 	relating to sulphur dioxide 

4 	relating to sulphate 

OTHER SYMBOLS  

time average or mean advecting value 

spatial average 

H1' n 2  



15 

CHAPTER 1 - INTRODUCTION  

1.1 Atmospheric Pollution  

The atmosphere provides an extremely large but finite reservoir 

for material emitted into it. 	Prior to the industrial revolution 

material released into the atmosphere as a result of man's 

activities had little effect on its overall constitution, with 

any deleterious effects being confined to a small area in the 

vicinity of the emission. With the great increase in 

industrialisation in the last two hundred years this is no longer 

the case; pollutants emitted in one region may have significant 

effects on other regions or even the whole of the atmosphere. 

Some effluents that were not even considered as pollutants 
previously have now become very important. 	The increase in the 

atmospheric carbon dioxide content as a result of the widespread 

burning of fossil fuels is a prime example; carbon dioxide is 

a natural component of the atmosphere but concern has been 

expressed that increasing concentrations could result in 

climatic change. 

A large proportion of pollutant emissions into the atmosphere 

derive from energy conversion industries such as the generation 

of electricity. 	Whether electricity is generated by the burning 

of fossil fuels or by nuclear fission, routine releases of waste 

products are necessary. 	Whatever changes take place in the 

structure of industrialised society in the future it appears 

certain that man's activities will continue to pollute the 

atmosphere. 	It is clear that a knowledge of the local, 

regional and global effects of all types of emissions is 

necessary. 

1.2 Sulphur in the Atmosphere  

The burning of fossil fuels releases many different gases into 

the atmosphere, but one of the most important and widely studied 

is sulphur dioxide. 	This gas is unusual in that global 

anthropogenic emissions are comparable to natural emissions; 

Granat et al (1976) estimate that man made sources contribute 

60% of the total sulphur emissions. 	In the industrial areas 

of the world, which constitute a very small area of the globe, 

natural emissions are negligible compared to man made emissions. 
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Sulphur dioxide is the most important acidic gas in industrial 

areas, and this is utilised in simple methods of measuring 

concentrations of the gas. 

In high concentrations sulphur dioxide is an irritant to the 

bronchial system and may effect the growth of vegetation. 	Such 

high concentrations were experienced in the London smog episodes 

in 1962. 	In this year a maximum concentration of 5660µg m-3  

was recorded, compared to typical winter averages of 200µg m-3, 

and significant damage to human health resulted (National Society 

for Clean Air, 1974). 	The better understanding of nearfield 

dispersion together with changing fuel usage resulted in a dramatic 

decrease in sulphur dioxide concentrations in the 60's despite 

an actual increase in the total amount emitted. 

Sulphur dioxide is oxidised in the atmosphere to produce sulphate 

aerosols, and both species can be removed from the atmosphere 

in rainfall when they contribute to its acidity. 	In 1971 it 

was suggested that the increase in long-range transport of 

sulphur compounds could be responsible for increasing acidification 

of water in rivers and lakes in Scandinavia resulting in damage 

to fish stocks (U.N., 1971). 	The increasing level of sulphates 

in the air-in large areas of the United States with possible 

adverse effects on human health has also been given much attention 

(E.P.A., 1975). 	These are examples of how attention has been 

focused on the regional scale problems of sulphur in the atmosphere 

in the last ten years rather than the local problems of high 

sulphur dioxide concentrations. 

Other sulphur compounds are released into the atmosphere as a 

result of industrial processes such as hydrogen sulphide and 

mercaptans (Stern, 1968). 	The quantities concerned are, 

however, very small in comparison with sulphur dioxide which 

results in by far the greatest contribution to anthropogenic 

atmospheric sulphur. 

1.3 The Fate of Atmospheric Pollutants 

Figure 1.1 shows some of the important physical processes 

affecting the transport and fate of atmospheric pollutants. 
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FIGURE 1.1 IMPORTANT PHYSICAL PROCESSES IN THE TRANSPORT OF ATMOSPHERIC POLLUTANTS 



On being released the pollutant is dispersed by turbulent 

diffusion. 	If it is significantly denser than air it will fall 

out to the surface, but gases of density comparable to air and 

very small particles will only be affected by diffusion. 	The 

pollutant may be converted to another substance by chemical 

conversion or decay, or it may be lost to the surface by dry 

deposition or removed in rain by precipitation scavenging. 

The transport of pollutants away from the source is determined 

by the magnitude and direction of the wind, and the mixing layer 

is also very important in determining the transport in the 

vertical. 	The mixing layer is the height reached by turbulence 

generated by processes associated with the surface. 	Mechanically 

generated turbulence derives from the wind passing over a rough 

surface, whilst convective turbulence derives from the heating 

of the surface by the sun. 	The mixing depth over land usually 

shows a clear diurnal variation, being deeper in the day than 

at night; daytime mixing layers are typically lkm in depth, 

whilst nocturnal layers may be only a few tens of metres deep 

and this can result in material being isolated from the surface 

for long periods. 	Material can also be removed from the mixing 

layer by large scale vertical velocities due to the convergence 

of air masses near the surface. 	These vertical wind speeds 

are generally much smaller than horizontal wind speeds, being 

typically a few cm s-1  compared with about 10m 
s-1 

for a normal 

horizontal wind speed, but can be very important in regions of 

strong convergence such as fronts. 	Where there is large scale 

divergence the reverse situation exists where material can be 

entrained into the mixing layer from above it. 

1.4 Modelling the Transport of Pollutants  

In order to improve our understanding of the dispersion and fate 

of atmospheric pollutants it is useful to model the physical 

processes described in the previous section. 	Any model of 

atmospheric transport can be considered to have four constituent 

parts :- a description of the source of pollution, a description 

of where the pollutant is transported to, a description of what 

happens to the pollutant en route to the receptor point, and a 

description of what effect the pollutant has at the receptor 

itself. 

18 
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1.4(i) The Three Regimes of Atmospheric Transport  

The transport of pollution from source to receptor can be 

classified into three broad regimes according to the travel 

times and distances involved; nearfield, meso-scale and 

long-range. 	Models for the transport of pollutants are generally 

developed for one or more of these regimes. 

The nearfield regime is for transport up to about 20km from the 

source. 	For pollutants with significant sedimentation velocities 

this may be the only regime of importance. 	The travel time from 

source to receptor is small (typically less than about an hour) 

so that the conditions at the source can usually be taken as 
representative of the whole travel time. 	Only those processes 

with time scales of the same order as the travel time will be 
important, with dry deposition for example not usually greatly 

affecting pollutant concentrations. 

Meso-scale transport corresponds to distances of the order 100km. 

The maximum ground level concentration of the pollutant has 

usually been reached well before these distances, and one can 

not in general assume that conditions do not change between 

source and receptor. 

Long-range transport corresponds to distances of the order 1000km. 

This may involve travel times of one or more days and the 

pollutant will be affected by large scale meteorological 

processes. 	The diurnal variation of the mixing layer and the 

development of synoptic scale weather systems will both be 

important in the pollutants transport. 	Vertical wind speeds 

which are generally unimportant for meso-scale transport may 

result in the pollutant being taken to much greater heights 

above the surface. 	If, for example, the pollutant enters 

a region of strong convergence it may be transported to the 

upper levels of the troposphere. 

The different time and distance scales involved in the three 

regimes enables simplifying assumptions to be made when modelling 

one particular regime, but this may result in the model being 

inapplicable to shorter or longer travel times. 



1.4(ii) The Equations Governing the Dispersion of Pollutants  

The starting point of most equations used to model pollutant 

transport is the Eulerian mass conservation equation. 	If C is 

the concentration of the pollutant and the wind vector v has 

components (u,v,w) then after ignoring molecular diffusion one 

has 

+ 	D. (C. ) = P (1.4.1) 

where P denotes any source or sink terms. 	It has been assumed 

that the pollutant does not possess a sedimentation velocity. 

In a turbulent flow field C and n will have mean and fluctuating 

components i.e. 

C = C + C' 
(1.4.2) 

Inserting (1.4.2) into (1.4.1) and averaging one obtains 

20 

ac 
at + 	,vr.VC + V.(7177) = P 

(1.4.3) 

The problem that arises immediately is the representation of 

the term representing the turbulent flux of material involving 

,v'C'. 	The way in which this term is dealt with determines the 

level of closure employed. 	The most commonly employed first 

order closure is obtained by making an analogy with molecular 

diffusion and assuming that the flux depends directly on the 

gradient of the mean concentration field. 

v' C' 	 a ~ f/ 
r 

 
= 	— t kx ~x  hj s Za2 (1.4.4) 

The 	turbulent diffusivities are 

several orders of magnitude greater than the corresponding 

molecular diffusivities. 	In the atmosphere K 
z 
will be typically 

10m2 s-1 whereas the molecular diffusivity is only about 10-5 

2 -1 m s . 	The physical basis of this closure is very weak but 

it is widely used due to the absence of better alternatives. 

Second order closures can be defined by taking further moments 

of (1.4.3) to produce a transport equation for v'C' and then 
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relating the higher moments of C that occur in it to the lower 

moments to give a closed set of equations. 	Such models are 

available (e.g. Lewellen and Teske, 1976), but their application 

to real atmospheric conditions is limited by the need to specify 

more parameters which are difficult to define. 	Leslie (1973) 

discusses the general closure problem in detail, and from 

considerations of higher order closures it is possible to define 

situations where the diffusion approximation is likely to be 

good and where it is likely to be invalid. 	In general the 

diffusion approximation is reasonable when the dimensions of 

the diffusing pollutant are larger than the characteristic 

length scale of the turbulent flow field (Pasquill, 1974). 	A 

simple illustration of this principle can be given by considering 

the one dimensional form of Lewellen and Teske's model for an 

unbounded region, in the absence of buoyancy forces and 

with constant model parameters. 	With zero mean flow velocity 

and no removal mechanisms one has 

ac 
at 

3F 
āz 

(1.4.5) 

3F 	 aE 	 3F 
3t = w'w' aazz + p1āz(p2p3 9z) p4F 	(1.4.6) 

where F = - w'C' and 
p1, p2,  p3 

and p4  are model parameters. 

From these equations it is easy to show that the vertical spread 

az  of a cloud released at z=0 is given by 

az2  = 2w w'  (t+ e-p4t 	1 ) 
p4 	 p4 	p4  

from which 

(1.4.7) 

	

P4 	 (1.4.8) 

Lt 	6 2 	2w'w' 	1 
t» 1/p 	z 	-  n4 	(t - p4) 
-4  

These limits are identical with the predictions of statistical 

theory (Csanady, 1973) if 1/p4  is identified with the Lagrangian 

	

time scale tL. 	It is clear that for t «tL  the diffusion 

approximation is not valid but for t »tL  d az2/dt = 2 w'w' tL 

Lt 2  
t«1/ 	6z 	= w'w`t 2  
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which is identical with the diffusion approximation calculation 

with Kz  = w'w' tL. 	The condition t » tL  can be seen from (1.4.7) 

to be equivalent to 	z » V'2V'w'w' tL . 	A length scale for 

the turbulence can be taken as N/w'w0 tL  so that this condition 

corresponds to the original requirement that the cloud dimensions 

be greater than the turbulent length scale. 	In the neutral 

atmosphere tL  is typically 100s and-N/w'w' 1 m s-1  so that the 

turbulent length scale is of the order 100m away from the surface. 

One problem that immediately arises in the application of the 

diffusion approximation for dispersion in the vertical is that 

the presence of the surface and of stable layers in the atmosphere 

means that the diffusion coefficient can not be taken to be 

constant with height. 	The use of the diffusion approximation 

for dispersion in the horizontal plane can not readily be 

justified as there is no limit to the eddy sizes responsible 

for dispersion. 	This effectively means that Kx  and K can not 

approach values independent of the time since release as is the 

case for K z  

1.5 A Description of the Present Work  

This thesis describes the development and application of methods 

for modelling the longer range transport of atmospheric pollutants. 

Much of the work is applicable to pollutants in general, but the 

applications are specifically to sulphur compounds. 

1.5(i) The Motivation for the Work  

The nearfield dispersion of sulphur dioxide has been studied 

extensively. 	Power stations are large sources of sulphur 

dioxide and much work has been undertaken in the last twenty 

years or so to measure and model its dispersion around individual 

stations (e.g. Martin and Barber, 1973 and Moore, 1975). 	In 

addition many experimental exercises have been undertaken to 

measure the dispersion from ground level sources (Pasquill, 1974). 

Generally, simple models assuming a Gaussian spread of material 

have been found to give an adequate description of pollutant 

dispersion close to the source. 	Whilst a much better knowledge 

of atmospheric turbulence would be necessary to predict accurately 

dispersion from individual sources on any particular occasion, 
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the statistical properties of the dispersion are fairly well 

understood and estimates of, for example, the maximum likely 

hourly average ground level concentration can be made with 

reasonable confidence. 

The dispersion of the pollutant over longer travel distances is 

much less well understood. 	The present concern about atmospheric 

concentrations of particulate sulphate produced by the oxidation 

of sulphur dioxide and the contribution of sulphur compounds to 

the acidity of rainfall have already been referred to in Section 

1.2. 

Two models will be described for the meso-scale and long-range 

transport of pollutants which have been compared with measurements 

of sulphur compounds. 	The models enable a better quantitative 

description of the transport and ultimate fate of anthropogenic 

sulphur to be made. 	Both models employ the diffusion approximation 

for vertical dispersion discussed in the previous section, which 

is certainly a good approximation for the longer range transport 

to which the models are applied. 	In both cases methods are 

developed to use analytical solutions of the appropriate equations 

rather than employing numerical techniques. 	This approach has 

many advantages including reduced computing time. 

1.5(ii) The Steady State Model  

This model is based on the assumption that the mixing layer is 

effectively in a steady state and that each source emits a 

continuous plume of pollution at a constant rate. 	A single 

horizontal advecting wind is used for each source and receptor. 

The loss of material due to dry deposition, chemical conversion 

and precipitation scavenging are included in the model, but 

vertical winds are assumed to be unimportant. 

It will be shown in the next chapter that the concentration of 

pollutant at a receptor point due to a single source can be 

written as the product of three terms 

C = q F Y 	 (1.5.1) 
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where q is the source emission rate, r describes the development 

of the plume in the vertical as it travels downwind from the 

source and Y describes the crosswind spread of the plume. 	It 

will also be shown that r is obtained by solving the two-

dimensional diffusion equation. 

The steady state assumption is not always a good approximation 

for meso-scale transport, but the applications of the model 

described in Section 2.4 are chosen so that the model is applicable. 

The two applications are to measurements of sulphur dioxide 

and sulphate in the central U.K. by an intensive aircraft 

monitoring exercise and a ground level measuring network in the 

East Midlands. 

1.5(iii) The Time Dependent Model  

The time dependent model does not assume that the mixing layer 

is in a steady state so that it is not possible to consider 

steady plumes of pollution. 	Instead the model is based on an 

analysis of instantaneously released puffs of pollution, with 

each puff being tracked from the source to the receptor using 

trajectory analysis techniques. 	The development of the puff 

along the trajectory is followed by allowing the model parameters 

to vary in a step-wise manner and including the effects of 

vertical winds. 	It will be shown in Chapter 3 that the 

concentration of the pollutant at a receptor due to a single 

puff can be written as the product of three terms 

N = Q G H (1.5.2) 

where Q is the source strength of the puff, G describes the 

development of the puff with time in the vertical plane,. and H 

describes the development of the puff with time in the horizontal 

plane. 	The actual concentration at the receptor will result 

from contributions from many puffs from many sources. 	In 

Section 3.2 it is shown that G is the Green's function for the 

one-dimensional time dependent diffusion equation. 	The 

specification of H is discussed in Section 3.3 where the methods 

used to follow the centre of mass of the puff and the spread of 

the puff about its centre of mass are described. 	The model is 
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not only concerned with concentrations of the primary pollutant 

as given by (1.5.2), but with concentrations of other pollutants 

deriving from it. 	In the case of sulphur dioxide, sulphate 

concentrations and the concentration of sulphur in rainwater can 

also be calculated. 

The specification of the various model parameters along the puff's 

trajectory from routine meteorological data is an important part 

of the model and is discussed in Section 3.4. 	The model 

parameters to be specified can be divided into two groups; 

those relating to the mixing layer structure which have to be 

determined whatever pollutant is under consideration , and 

those relating specifically to the removal mechanisms of sulphur 

from the atmosphere. 

Chapter 4 is totally devoted to a description of the use of the 

time dependent model to investigate episodes of the long-range 

transport of sulphur compounds from north-west Europe to South 

Norway. Model calculations are compared with measurements of 

sulphur dioxide and sulphate concentrations in air and of sulphur 

in rainwater made at ten of the O,E.C,D's measurement sites. 
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CHAPTER 2 - THE STEADY STATE MODEL  

2.1 General Description  

The steady state model described in this chapter is based on 

the assumption that the mixing layer structure is not varying 

with time and that all sources are emitting pollutant at a 

constant rate. 	This model is most suitable for meso-scale 

transport with travel distances of the order 100km and is 

principally concerned with describing the dispersion of the 

primary pollutant, sulphur dioxide. 

Starting with the basic mass conservation equation (1.4.3) 

various simplifications can be made to produce the equations 

solved by the model. 	The first time dependent term is 

omitted due to the steady state assumption, and the turbulent 

flux terms are represented by the diffusion approximation. 

Chemical conversion and precipitation scavenging away from the 

source are represented by first order decay terms with 

coefficients Xs  and Xr2,  and dry deposition is incorporated 

in the lower boundary condition. 	For a point source of 

strength q at (x', y', z') the mass conservation equation has 

reduced to 

ac 	ac 	ac _ a 	ac  _ a 	ac 
u ax + ° ay + w az 	ax (Kx ax ) 	ay (K   a y )  

az (Kz az)  = qd(x-x' )S(y-y')6(z-z') 

— 
(Xs  + Ar2 )C 	 (2.1.1) 

The vertical velocity w is generally unimportant for meso-

scale transport so that the term involving it can be neglected. 

A further simplification follows if it is assumed that a 

single horizontal advecting wind direction can be taken 

independent of height above the surface. 	In reality the wind 

direction and magnitude vary with height as a result of frictional 

drag at the surface, the surface wind direction typically being 

30o  different from the wind direction at the top of the mixing 

layer. 	It is shown in the appendix however that it is 



reasonable to take a single wind direction provided that this 

direction is taken to be dependent on source-receptor 

separation. 	Taking this resultant wind direction to be in 

the x-direction the term involving the velocity v can now be 

omitted. 	For continuous plumes it is easy to show that the 

diffusion term along the wind direction is very much smaller 

than the advection term so that it is possible to take Kx  

to be effectively zero and omit the corresponding term in 

the equation. 	This approximation is known as the 'slender 

plume' approximation (Csanady, 1973). 	After these various 

simplifications (2.1.1) has the solution 

= q F(x, x', z,z') Y(x,y) 	(2.1.2) 

The source strength q may be modified if it is assumed that 

some of the emitted sulphur dioxide is converted to sulphate 

in the immediate vicinity of the source (see below). 	The 

function Y is a multiplicative crosswind spread term that is 

taken to be Gaussian for a point source and r is the Green's 

function, or solution for a unit point source, of the two-

dimensional diffusion equation i.e. 

	

9c 	9 

	

u(z) āx 	2z (Kz az) + (3(z-z') (5(x-x') 	(2.1.3) 

(as  + Xr2)1" 
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The boundary conditions are obtained by assuming no net flux 

of material at the top of the mixing layer and applying the 

deposition boundary condition near the surface. 	Some of the 

details of the resulting model are shown in Figure 2.1. 

Before (2.1.3) can be used it is necessary to decide on the 

functional forms for the wind speed and diffusivity profiles. 

In the lower levels of the mixing layer the wind profile in 

neutral conditions is logarithmic (Pasquill, 1974) and the eddy 

diffusivity for momentum or eddy viscosity varies linearly with 

height above the surface 

u(z) = u* ln(Z  ) 
M 	

k 	° 	 (2.1.4) 
K
z 

= k u*z 

Here u.is the friction velocity, k is von Karman's constant 

( 	0.4) and z0  is the surface roughness length. 	It is often 

assumed that KzM  is the same as Kz  for passive scalars such as 

pollutants, and this is known as Reynold's analogy. 	The depth 

over which these relations are valid is referred to as the 

surface stress layer as the flux of momentum to the surface 

given by p Kz  6u/3z  is constant and equal to 	pu*. 	Typically 

this depth is a few tens of metres, but the profiles often remain 

a good approximation up to around 100m. 	In stable or convective 

conditions these profiles are modified but are still correct as 

one approaches the surface. 	Above the surface layer the wind 

speed gradually increases to its value at the top of the mixing 

layer, although most of the wind shear takes place in the 

lower levels of the mixing layer. 	The diffusivity may be 

taken to be fairly constant over some depth above the surface 

layer where turbulent velocity and length scales do not vary 

very greatly, and then decrease towards the top of the mixing 

layer. 	These points are illustrated by the 'Leipzig profiles' 

shown in Figure 2.2 which have been drawn from tabulated data 

in Lettau (1950). 	A more detailed discussion of diffusivity 

profiles in different stability conditions is given by Moore (1975). 
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To incorporate general diffusivity and wind speed profiles in 

(2.1.3) would require a numeridal solution. 	This has been the 

approach taken by several workers and Smith's dispersion category 

calculations reported by Pasquill (1974) were derived in this 

way. 	It will be argued later in Section 2.3 that it is not 

necessary to be able to include general profiles, however, 

provided that the surface layer is well represented and that the 

overall mean value of the two quantities above it are reasonable. 

Analytical solutions can be obtained if the profiles are 

simulated by a number of layers. 	The wind speed profile is 

approximated by taking a power law profile with index m in the 

lowest layer and a constant value above it, whilst the 

diffusivity profile is taken to be a series of straight line 

segments. 	Three such profiles together with the simplest 

possible assumption of uniform profiles are shown as four 

versions of the model in Figure 2.3. Profile 1 forms the basis 

of the model of Scriven and Fisher (1975), and this will be 

referred to again later. 	In the following section the solution 

of the equation for profile 2 is given as this is the version of 

the model that is employed in the applications described in 

Section 2.4, but the methods are quite general for the class of 

profiles used. 

The chemical conversion of sulphur dioxide to sulphate is 

represented by assuming that a fraction 7 of the emitted sulphur 

dioxide is converted to sulphate in the immediate vicinity of the 

source followed by a conversion rate 
Xs 

away from the source. 

The concentration of sulphate can be written in a form 

corresponding to (2.1.2). 

C4 = q r4 Y (2.1.5) 

where 	r4 satisfies 

ar4 	a 	ar4 
u ax 	= az (K z ) + 2 ~s r2 

Xr4 r4 

(2.1.6) 

The term 3/2 
Xs 

r2 is the source term due to chemical 
conversion and the factor of 3/2 is due to the different molecular 
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weights of the two species. 	r2  is the Green's function for 
sulphur dioxide. 	The resulting form of 	I' 4  is however very 
complicated, and in view of the fact that one is primarily 

concerned with sulphur dioxide, sulphate concentrations are 

treated in a simplified way. 	A mixing layer average concentration 

only is calculated, and it is assumed that no material is lost 

to dry deposition. 	This latter assumption is reasonable as the 

deposition velocity for particulate sulphate is an order of 

magnitude smaller than that of sulphur dioxide (Garland,1978). 

The mathematical details of the calculation of this mixing 

layer average sulphate concentration are again given in the next 

section. 

2.2 Mathematical Details  

The steady state model has been described and it was shown that 

the calculation of sulphur dioxide concentrations requires the 

solution of the two-dimensional diffusion equation, 	This 

section describes the derivation of these solutions, together 

with the method used to calculate mixing layer average sulphate 

concentrations. 

2 2(i) Green's Functions for the Two-Dimensional Diffusion Equation  

It is required to solve (2.1.3) subject to the appropriate 

boundary conditions. 	Initially it is assumed that dry deposition 

is the only removal mechanism so that the sink terms due to 

chemical conversion and precipitation scavenging are omitted 

to start with. 	The analysis is undertaken for profile 2 of 

Figure 2.3 but the methods used are quite general for the class 

of wind speed and diffusivity profiles used in the model. 

For convenience the partial differential equation to be solved 

together with boundary conditions is restated 

u(z)  ar = a 	(K 	(z)  ar)  } 8(x—x' ) 6(z—z')(2.2.1) 
ax dZ z  2z 

K  ar 	= 
Bz a K ar  

z az I  zd = v d rl zd 
(2.2.2) 



Kz(z) = K1  z/ s 	zd<z<s (2.2.3) 
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= K1 	s< Z<a 

	

u(z) = u1  (Z)m  zd<z<s 	(2.2.4) 

= u1 	s< z<a 

The problem has the following symmetry relations (Morse and 

Feshbach, 1953) 

r(x, x' ) = r(x - x) 	 (2.2.5) 

r(z, Z') = r( 	z) 	 (2.2.6) 

It is also separable so that the solution can be written down 

as a series of the form 

r(x,x' , z, z' ) = E An  Xn  (x, x' )Zn ( z, z' ) (2.2 7) 
n 

For x # x', z 	z' one has from (2.2.1) and (2.2.7) 

-K1pn
2 

= 1 aX _ 	1 	
a(K (z) 

az n) 	
(2-2.8) 

u 	Xn  ax znu(z) 3z z 	āz 
1  

pn  represents an eigenvalue of the problem. 	Using (2.2.5) one 

has apart from a multiplicative constant 

Xn  = exp (-K1pn2(x-x')/u1 ) (2.2.9) 

whilst the equation satisfied by Zn  is 

a 2z 
2n + pn2Zn  = 0 	s<z<a 

z2 	
2s(Z)  

m 
z Zn + aZn  + pn S Zn  = 0 zd<z<s 
a--z— 3z 

(2.2.10) 
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In the first range the solution can be expressed in terms of 

trigonometric functions, simplified by the boundary condition at 

the top of the mixing layer. 	In the second range the solution 

is expressed as cylinder functions or combinations of Bessel 

functions (see, for example, Sneddon,1966). 	Using the symmetry 

relation (2.2.6) one has 

Zn. Rn (z )Rn (z ) 	 (2.2.11) 

Rn(z) = cospn(a—z) 	s<z<a 	(2.2.12) 

1+m 
„ 	,z. 2 ) 	zd<z<s 

l+m 	1+m (2.2.13) 

J0 is a Bessel function of the first type of order zero, and 

Y
0 

is a Bessel function of the second type of order zero. 

By matching the solutions and their derivatives at s and 

applying the deposition boundary condition one obtains the 

eigenvalue equation for p n 

	

vd 	 s 1+m (—) 2 
pnK1 zd 

	

r vd 	s 1 +m 
Er 	 (—) 2 

pnKl zd 

Yo(01 ) + Y1(01 ) (2.2.14) 

J
0
(61 ) + J

0
(01 ) 

 

Yo (02) sin pn(a—s) + Y1(02) cos pn(a—s) 
J
o 

(0
2
) sin pn(a—s) + J1(02) cos p (a—s) 

1+m 
Z
d 

2 

el = 12m Pi 	62 — l+m pns 

From (2.2.1) it is easily shown that the initial condition at 

x = x' gives 

= n o(1+m pns(S) 2 ) + ~~Y0(1+m pns(s) 2 	) 

S(z—z') = u(z') 7 AnRn(z)Rn(z') (2.2.15) 
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As the system is of the Sturm-Liouville type (Morse and Feshbach, 

1953) the eigenfunctions Rn(z) are orthogonal with respect to a 

weighting function. 	It can be shown that the weighting function 

w(z) follows the wind speed profile i.e. it is equal to (z/s)
m 

 

in the lower layer and 1 in the upper, so that one has 
a 

w(z)Rn(z)Rm(z)dz = smn 0 
(2.2.16) 

where 6mn  is unity if m=n and zero otherwise. 	Multiplying both 

sides of (2.2.15) by Rm(z) and the weighting function and 

integrating one obtains an expression for the expansion coefficients 

An  = 1/u1(I1  + I2) 	(2.2.17) 

where 

at  
I1  = 	cost  pn(a-z) dz = 

s a-s 	sin 2pn(a-s) 

(2.2.18) 

2 

 

4 pn  

s 	1+m 
m 

12  = 
	(s) 

xo2(
1+Tn  pns (S) 2  )dz 

zd  

- 1+m  (Ho2(02) + x12(82)) 

(2.2.19) 

z 1+m 
1+m  (Sd ) 	(Ho2(e1) + H12(81)) 

Thus the final solution can be summarised as 

r(x,x' ,z,z') _ 	AnRn (z)Rn (z' ) 	 (2.2.20) 
n 

exp (-K1pn2(x-x')/u1) 
where the eigenfunctions R 

n(z) are defined by (2.2.12) and 

(2.2.13), the eigenvalues pn  are obtained from (2.2.14), and 

the expansion coefficients An  are given by (2.2.17). 

The solution of the eigenvalue equation is greatly simplified 

if one can obtain approximate values T 
n 
for the eigenvalues 

pn  which can be used to start an iterative procedure. 	These 



exp (-K1pn2 Ax/u1) 	a 	 < 10- 
exp (-Kipo2 Ax/u1) 

(2.2.24) 

are obtained by taking the limit for large values of pn in the 

eigenvalue equation and using asymptotic expansions for the 

Bessel functions (Abramowitz and Stegun, 1965). 	One then 

obtains 
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Lt sin (02 — el + pn(a-s)) = 0 (2.2.21) 

p .moo 
n 

so that 

p T - 	nor 	l+m 	(2.2.22) 
2s n 	n 	

(a-s) + 12m (1-(T-)(1-( d) 2 
and it can be shown that 

Tn < pn < Tn+1 
	 (2.2.23) 

In actually calculating the solutions it is necessary to know 

the number of terms that will be required in the series 

summation. 	This is readily estimated from (2.2.20) due to the 

exponential decay terms and the fact that AnRn(z)Rn(z') are 

of the same order for all n. 	After choosing an accuracy 

parameter a one has 

where ax is the minimum distance from source to receptor to 

be considered. 	From (2.2.22) T
n 	

n 1r /a for s « a so that 

au 	2 
a 	1  

n 	~r (K1 Ax 1og10e 
) (2.2.25) 

2.2(ii) The Inclusion of Chemical Conversion and Precipitation  
Scavenging  

The solution (2.2.20) can be modified to include the sink terms 

due to chemical conversion and precipitation scavenging in (2.1.3). 

If it is assumed that 	
Xs 

and 	X r2 have particular vertical 
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profiles, then the form of the eigenfunctions has to be changed. 

It is possible however by making the convenient choice of 

having both removal parameters follow the wind profile to 

incorporate them straightforwardly. 	This is not an unreasonable 

approximation as the profiles are usually taken to be independent 

of height and the wind profile alters this only very slightly. 

When the diffusion equation is separated equation (2.2.9) then 

has additional terms in the exponential decay due to the two 

removal mechanisms. 	Henceforth Xs  and X r2  will refer to 

the constant values of the removal coefficients above the surface 

layer. 	The modified Green's function is now 

r(x,x',z,z') =EARn (z)Rn(z')(]-7) 
n 

exp [-(K1pn2+Xs+Ar2)(x-x')/u1] 
(2.2.26) 

2.2(iii) The Mixing Layer Average Sulphate Concentration  

Making the same assumptions about the profiles of the removal 

coefficients the mixing layer average sulphate concentration 

can be written from (2.1.5) and (2.1.6). 

C4  = q r4  Y (2.2.27) 

where (after omitting a small term which is not important in 

practice) 

	

3f"43 	
- 

3 
u1 ax 	2 A s r 2 	A r4 r 4 (2.2.28) 

Using the expression for 
A 
I'4  can be written 

r'2  in (2.2.26) it is easily shown that 

F4 2 āū exp( -ar4(x-x')/u1) + 2  as(1-Y)eXp(-Xr4(x-x')/u1) 

EA H H (z'){1-exp[(a -K p 2-a -a )(x-x' )/u ] n n n 	 r4 l n 	s r2 	1 
(K1pn2+X +Xr2-Xr4) 

(2.2.29) 
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2.3 A Comparison with Other Models  

The most important alternatives to the type of model just described 

are those based on numerical solutions of the diffusion equation 

and those based on Gaussian plume methods. 	Box models which 

assume a uniform vertical distribution of the pollutant are 

only really of use for long-range transport and will not be 

considered here. 

Maul (1977) gives examples which illustrate that the model 

calculations are not sensitive to the exact profile of K 
z 

above 

the surface layer for meso-scale calculations. 	In general 

numerical solutions have advantages for nearfield calculations 

where the details of the wind speed and diffusivity profiles 

may be important, but after 20km or so only the overall mean 

values above the surface layer and the structure of the surface 

layer itself are important. 

One major advantage of using analytical solutions instead of 

numerical solutions for the diffusion equation is that computing 

times can be significantly reduced. 	Barker (1977) made a 

detailed comparison between two computer programs for the meso- 

scale model and the numerical solution of Jacobs (1977). 	Both 

were run on an I.B.M. 370/168 computer and their calculations 

were mutually consistent. 	For calculations over distances 

between about 5 and 100km the meso-scale model gave much quicker 

computing times as concentrations are calculated directly and 

do not involve the stepping through time of the numerical 

solution. 	An example illustrates this point: Calculations 

with profile 2 for 10 observation heights at 5km downwind of 

a source took 18.7s for the numerical solution and 0.7s for 

the analytical solution for one particular set of parameters. 

For calculations very close to the source the numerical 

solution will be more efficient however, as it requires less 

stepping through time whilst the meso-scale model needs an 

increasing number of terms in the series expansion. 	The 

decreasing efficiency of the meso-scale model as one approaches 

the source is shown by equation (2.2.25) which gives the 
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approximate number of terms required in the expansion. 	For 

given values of the various parameters this number 

varies as Ax- . 

The simple Gaussian plume model calculates pollutant concentrations 

on the assumption that dispersion in the vertical and crosswind 

directions follows a Gaussian distribution with standard deviations 

a z  and ay. 	The meso-scale model uses the same description 

for crosswind spread but the vertical dispersion is very different. 

The presence of the surface in this simple model is represented 

by a virtual source (Csanady, 1973) so that 

C 	27gy6u exp(-(y-y')2/2a 2) 

[exP((:_zt )2/2az2) + exp(-(z+z')2/2az2  

The two parameters of the distribution a and 
z 

are functions 

of the downwind distance x-x'. 	The original Pasquill category 

recommendations for these parameters (Pasquill, 1961) were based 

on experimental measurements for ground level sources (.z'=0) but 

were later used by many authors for dispersion from elevated 

sources as well. 	Many different methods of specifying them 

have been given based either on graphical plots (e.g. Smith's 

curves in Pasquill, 1974) or algebraic expressions (e.g. Sutton 

1949). 

A useful approximation for a has been suggested by Moore (1976) 

(2.3.1) 

a 
y 

7  
.08(ū)Z  TZ(x-x') (2.3.2) 

where T is the sampling time in hours. 

By a suitable choice of the Gaussian parameters the simple 

Gaussian plume model provides a very convenient method of 

estimating nearfield dispersion. 	It has the great advantage 

of simplicity, being easier to use than models based on 'K' 

theory. 	For short travel times the calculations of the meso- 

scale model for a source in a region of uniform diffusivity become 

identical with those of the Gaussian plume model with a2=2K x/u. 
z z 



As already pointed out, however, the meso-scale model is very 

inefficient at these distances. 

For meso-scale and longer distances the simple Gaussian plume 

model has serious limitations as it does not take account of the 

finite depth of mixing or losses due to dry deposition. 	Some 

Gaussian plume models incorporate the finite depth of mixing 

by adding a series of reflection terms (Csanady, 1973). 

C = 276y6ZU exp(-(y-y')2/2a 2) 

Liexp(-(z-zt+2na)2/2az2)+ 

exp(-(z+z'+2na)2/2az2)] 

(2.3.3) 

Whilst this removes the first limitation it means that more 

calculations have to be done the further downwind of the source 

one goes. 	By the time the pollutant is well mixed throughout 

the mixing layer one only needs one term in the series expansion 

for the meso-scale model, whereas one needs an increasingly 

large number of terms in the modified Gaussian model. 	The 

first modification that was introduced to incorporate dry 

deposition into Gaussian plume models was to use a simple 

exponential decay term. 	This method assumes that the plume 

profile is unaffected by the loss of material at the surface, 

and is generally referred to as the source depletion method. 

Prahm and Berkowicz (1978) looked at this question and showed 

that if H is a representative depth over which the pollutant has 

spread, then a time scale for the pollutant diffusion is H2/K, 

whilst a time scale for the depletion of the pollutant by dry 

deposition is H/vd. 	The ratio of these time scales given 

by Sh = vdH/K can be used as a measure of the importance of 

dry deposition. 	Prahm and Berkowicz showed that for Sh « 1 

the source depletion method was adequate. 	For sulphur dioxide 

transport over meso-scale distances H --0-a and Sh is generally 

in the region of 1 and the source depletion method does not 

adequately describe the loss by dry deposition. 	Horst (1977) 

illustrates the souce depletion method's shortcomings and 

describes a modified Gaussian plume model which includes dry 
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deposition at the surface directly (a surface depletion model). 

Whilst such models no longer have the limitations of the simple 

Gaussian model, the main advantage of simplicity has been lost. 

The incorporation of dry deposition and the finite depth of 

mixing are naturally included in the meso-scale model directly 

in the governing equation and boundary conditions. 

The sensitivity of the meso-scale model to its different 

parameters changes greatly with travel distance. 	In the 

nearfield loss mechanisms are generally unimportant and the most 

important parameters are the diffusivity profile KZ  and the 

source height h. 	When the pollutant is well mixed throughout 

the mixing layer and long-range distances are approached the 

pollutant concentration can be expressed as C = q' exp [-vdt/a] 

where q' is a modified emission rate (other loss mechanisms than 

dry deposition can of course also be included in the decay term), 

and the two important parameters are a and vd. 	In between 

these extremes, for meso-scale distances no single parameter or 

set of parameters is most important, as the sensitivity to each 

parameter depends on the exact travel distance involved. 

To summarise: Gaussian plume models are the most convenient 

to use for nearfield dispersion. 	Although the meso-scale model 

can give identical calculations for short distances its use 

there is very inefficient and is not recommended. 	Models based 

on the solution of the diffusion equation are more suited to 

meso-scale calculations as the finite depth of mixing and loss 

by dry deposition are both included naturally and straight- 

forwardly. 	Numerical solutions have the advantage of being 

able to include arbitrary wind speed and diffusivity profiles, 

but it is argued that provided the main features of these 

profiles are included in analytical solutions such as those 

used in the meso-scale model, little difference is seen in 

calculations for meso-scale distances, whilst the latter 

method has the advantage of significantly quicker computing 

times. 
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Having described the steady state model two applications are 

given which illustrate how it can be used for the calculation 

of meso-scale pollutant transport and the interpretation of 

field measurements. 	The applications relate to the measurement 

of sulphur compounds in the East Midlands and off of the East 

coast of England. 	The first is for an intensive measuring 

exercise using aircraft where line average measurements of 

sulphur dioxide and sulphate were made, and the second is for a 

ground level monitoring network continuously measuring sulphur 

dioxide concentrations over a period of two-and-a-half years. 

Both uses of the model require a detailed source inventory for 

sulphur dioxide emissions in the region of interest, and the 

inventory employed is described in detail by Maul et al (1980). 

Sources were divided into high level power station emissions 

which were treated as point sources, and lower level domestic 

and industrial emissionswhich were treated as area sources. 

Figure 2.4 shows the estimated total annual emissions for 10 x 

10km grid squares in the most detailed part of the inventory. 

Seasonal and diurnal adjustments are employed to give estimates 

for emissions at any particular time. 

Model calculations were not undertaken during periods of 

significant rainfall. 	Although the scavenging of sulphur 

dioxide and particulate sulphate by rain is included in the 

model, the mixing layer is rarely close to a steady state 

during heavy rain. 	The parameters specifying the conversion 

of sulphur dioxide to sulphate were taken to be those suggested 

by Fisher (1978) i.e. 	7 = 0.1 and Xs  = 10-6 	In In each 

case calculations were made for two different values of the 

deposition velocity for sulphur dioxide, vd  = 5mm s-1  and 10mm s-1. 

Mixing layer depths and diffusivities were estimates from 

meteorological measurements and the details are given in the 

descriptions of the applications. 

2.4(i) An Intensive Aircraft Monitoring Exercise  

In June 1975 a joint exercise was undertaken by the C.E.G.B, and 

the Norwegian Institute for Air Research (N.I.L.U). 	Accurate 

line average measurements of sulphur dioxide and particulate 

sulphate were made along several flight paths at different heights 
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above the surface. 	Supplementary data from ground level 

measurements were also made. 	Full details of the exercise are 
given by Fisher et al (1977). 	A brief description of the 

comparisons undertaken between the calculations of the steady 

state model and the measurements is given here. 

Figure 2.5 shows the flight paths on the three days of the 

exercise which were used for model calculations, and Table 2.1 

gives details of the conditions during the flights. 

Flight 
Path 

Date Time Wind speed 
at 389m 
ul  m s-1  

Wind 
Direction 

Mixing 
Depth 
a m. 

1 - 2 18th 10.00 - 11.30 8 235 1600 

7 -10 12.00 - 14.00 230 

1 - 7 19th 11.00 - 12.15 11.5 219 1250 

13 -15 13.15 - 15.00 218 

4 - 5 20th 13.15 - 16.00 5 220 1680 

Table 2.1 - Conditions when aircraft flights were made  

On all three days conditions were convective with deep mixing 

layers. 	For all the flight paths the steady state approximation 

was excellent for transport from the most important point and 

area sources. 	The values of u1  shown in Table 2.1 are the 

measured values at 389m on the Belmont Tower which is shown in 

Figure 2.5. 	The estimates of the mixing depth were made from 
measurements of atmospheric stability and scattering coefficients 

made at the time of the flights. 

From measurements of individual power station plumes it was 

found that the crosswind standard deviation 	vy  was generally 

in good agreement with the approximation ay  = 0.05 x downwind 

distance, and this was used for all sources in the calculations. 

The effective height of power station emissions during the 

exercise was around 500m, and for simplicity this value was 

used for all high level emissions. 	The diffusivity K1  was 
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FIGURE 2.5 FLIGHT PATHS FOR THE INTENSIVE AIRCRAFT 
MONITORING EXERCISE 
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taken to be 40 m2  s-1  which is consistent with the average 

diffusivity used by Moore (1974) to fit measurements made around 

Tilbury Power Station in convective conditions. 	Values of s 

and m were taken as 100m and 1/7, although neither parameter 

is very important in deep convective mixing layers. 	During 

the exercise direct estimates of power station emissions were 

available for the stations nearest to the flight paths, and 

these estimates were used in the source inventory in place of 

the estimates based on annual emissions. 

The calculations of the model with a deposition velocity for 

sulphur dioxide of 5mm s
-1 

are compared with measurements in 

Table 2.2. 	Using a higher deposition velocity of 10mm s-1  

made very little difference to the calculations in the 

prevailing convective conditions (only 3 µg m3  at the coast). 

In general the comparisons between calculations and measurements 

are very good. 	Little can be said about the sulphate comparisons 

except that the use of 	y = 0.1 appears to give reasonable 

estimates for the conditions at the time. 	The ground level 

calculations generally compare less well than those for heights 

above the surface. 	In particular, on the 20th June the 

measurements made at the six sites of the East Midlands 

monitoring network that were operational at the time of the 

flights were much higher than the calculations. 	A second set 

of calculations for these sites for a slightly different wind 

direction is also shown in Table 2.2, and showsthe sensitivity 

of the calculations to the exact choice of wind direction. 	A 

slight error in the specification of the mean advecting wind 

direction could explain the discrepancies observed. 

In conclusion it can be stated that the convective conditions 

present during the exercise meant that little could be learnt 

about most of the model parameters. 	Nevertheless, the good 

agreement between calculations and measurements gives confidence 

in the accuracy of the source inventory and the use of the model 

in convective conditions. 	The ground level measurements 

and calculations illustrate that the model can be very sensitive 

to the choice of advecting wind directions. 



Date 
Position 
on map 

Height 
above 

ground(m) 

Measured 
concn 

(mg N 
SO2  

3 m 	) 
SO4  

(µg N 
SO2  

Calculated 
concn 

m-3) 
SO4  

18.6.75 1 - 2 0 44* 51 6 

168 68 10 66 6 

Near field 400 63 8 76 6 

550 60 6 73 6 

Far Field 7 - 9 
(
( 80 49 10 40 7 

(10 - 7 550 50 7 38 7 

19.6.75 

Near field ( 3 - 4 180 77 14 
downwind of 5 - 6 180 44 13 

45 9 

station ( 	7-5-7 460 37 14 51 9 

Far field (13 - 15 90 46 14 50 9 

( 460 43 13 49 9 

( 1040 37 13 44 9 

20.6.75 ( 4-5-4 0 37* 59 10 

( 183 63 10 70 10 

Far field ( 460 68 11 72 10 

( 760 65 10 62 10 

( 1070 61 10 51 10 

( 	2 0 20* 12,29+ 

4 0 46 9,40 

Sites in ( 	6 0 51 4,12 
Midlands ( 	7 0 32 16,53 
Network 

( 	8 0 34 6,40 

( 	9 0 36 6,28 

* SO2  + sulphate expressed as equivalent SO2  

+ In the first column, in the wind direction is 220,°  and in the 
second column, the wind direction is 240°  

Table 2.2 - Comparisonsbetween Sulphur Measurements and  
Steady State Model Calculations for the  
Intensive Aircraft Monitoring Exercise. 
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2.4(ii) The East Midlands Measuring Network  

The previous application was for a limited period with intensive 

measurements when meteorological conditions were similar for 

each day. The use of a ground level monitoring network enables 

one to look at a wide range of meteorological conditions, although 

the measurements are inevitably less detailed. 	The ten sites 

constituting the East Midlands network are shown in Figure 2.6. 

They were chosen to be away from nearby sources of sulphur 

dioxide as far as possible, and flame—photometric Meloy 

instruments were installed to measure sulphur dioxide 

concentrations continuously at each site. 

A detailed description of the network and the measurements made 

during the two-and-a-half year period between October 1975 and 

March 1978 is given by Maul et al (1980). 	A brief description 

is given here of comparisons between calculations of the steady 

state model and chosen periods of measurements., 

The specification of periods for model comparison  

The steady state model can only strictly be used when the mixing 

layer is close to a steady state for the whole of the period 

of transport of the pollutant from each source to the measurement 

site. 	Inevitably some compromise has to be made in defining 

the periods to be considered, but the more distant sources for 

which the steady state assumption may be poor usually contribute 

much less to pollutant concentrations than the closer sources 

for which it is valid. 

Two sets of periods were used for model calculations, in the 

day and night. 	The daytime periods were defined as being on 

'dry' days (days when less than 4mm of rain was recorded at all 

the sites) between noon and 4.00pm for which the wind vector 

was'steady' from 4.00am. 	This ensures that for most sources 

the travel time between source and receptor was in the daytime 

mixing layer. 	The nighttime periods were similarly taken 

between midnight and 4.00am with a steady wind vector from 4.00pm. 

the previous day. 	An additional restriction had also to be 

applied to the wind direction. 	Only those periods with a 

mean advecting wind direction in the westerly sector from 180° 
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to 360°  have been used for sites 1 - 3, and 180°  to 330°  for 

sites 4 - 10, to ensure that transport was primarily meso-scale 

from U.K. sources and not long-range from other European sources. 

The specification of model parameters  

The value of the wind speed above the surface layer, ul  and the 

mixing layer mean wind direction, B were taken as weighted 

averages of measurements at 450m and 30m in the area of interest, 

being specified to the nearest 2m s-1  and 10°  respectively. 

The crosswind spread standard deviation was taken as ac  = .18 x, 

where x is the downwind distance. 	This agrees fairly well 

with (2.3.2) for the sampling time of four hours, and corresponds 

to a spreading of 10°. 

Daytime mixing layers were split up into three types: stable, 

near neutral and convective. 	The classification was made from 

a consideration of the wind speed and the details of potential 

temperature profile and cloud height and type given by radio- 

sonde ascents. 	Stable mixing layers occur most frequently in 

winter when the ground based temperature inversion is formed 

comparitively close to the surface. 	Convective conditions 

correspond to much deeper mixing than would be produced by 

mechanical turbulence alone in light wind conditions (u1< 10m s
-1 
) 

generally in summer. 	Near neutral conditions were the most 

frequently assigned when indications of the mixing depth from 

the radio-sonde ascent did not differ appreciably from the 

value given in Table 2.3 and u1  was at least 6m s-1. 	A 

detailed discussion of the specification of mixing depths and 

diffusivities is given in section 3.4(i), and the values 

employed here correspond to typical figures for the three 

stability classes. 

By grouping the steady periods into these categories the amount 

of computing time required was greatly reduced. 	In any case, 

the specification of a and K1  from the meteorological information 

available cannot be accurate enough to justify undertaking 

individual model runs for each period. 
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Stable Near Neutral 
(u1  > 6m s-1) 

Convective 
(u1  < 10m s-1) 

a (m) 33 u1  100 u1  1000 

K1  (m
2s-1) .01 u12  .2 u12  40 

Table 2.3 - The parameterisation of daytime mixing  
depths and diffusivities in the Steady State Model  

The nocturnal mixing layer can become extremely stable, and its 

characteristics depend greatly on such external factors as the 

cloud cover and the time of year. 	In the absence of detailed 

meteorological information, it was assumed that the parameters 

a and K1  were the same as those used in the specification of 

the daytime stable layer. 

The mean mixing layer advecting wind direction 
A 
 is not the 

best direction to use for all sources as the effective wind 

direction depends upon time of travel from the source. 	This 

question is discussed in the appendix where it is shown how the 

effects of wind shear could be taken into account if detailed 

information about the wind profile was available. 	The 

effective wind direction varies from an initial value between 

the directions at the source height and the surface wind to 

the mean advecting wind direction in a time of the order 

a2/2 K1. 	In the model calculations described below typical 

values for the change in effective wind direction were used. 

A' = 0-5(1-2K1x/u1a2) x<u1a2/2K1  (2.4.1) 

where the backing angle 3 was taken as 20°  for low level sources 

and 10°  for elevated power station sources. 	The wind velocity 

profile in the mixing layer is discussed in more detail in 

Sections 3.3 and 3.4. 

Comparisons between Measurements and Model Calculations  

From the two-and-a-half years data used there were 15 stable, 

62 near neutral, 14 convective and82 nocturnal suitable steady 
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periods. 	This is only about lo7 of the data, but is not 
surprising in view of the restrictions imposed. 	The first 

simple comparisons are shown in Figures 2.7 and 2.8 for daytime 

near neutral and nocturnal conditions with the calculations 

employing a deposition velocity of 10mm 	For For each 10°  

wind direction the mean values of calculations and measurements 

for the steady periods at each site are shown, unless there were 

less than four periods for a particular wind direction when 

classes were pooled to give sufficient periods. 	The number 

of suitable periods varies greatly with wind direction, there 

being none at all for 180°  or 190°  and very few for directions 

greater than 290°. 	This variation is to be expected in view 
of the generally more frequent westerly and south-westerly winds 

over the British Isles, and the fact that north-westerly winds 

are frequently very variable and associated with unstable cold 

advection air streams (Pedgley, 1962). 

A brief look at Figures 2.7 and 2.8 shows that the comparisons 

are usually good. 	In general there is an underestimation of 

concentrations in south-westerly winds, probably due to 

inaccuracies in the source inventory. 	The underestimation of 

concentrations to the north-west and north for sites 1 - 3 

is at least in part due to the presence of local sources to the 

north of these sites which can not be incorporated in detail in 

the source inventory. 	The averaged comparisons hide to some 

extent the large variation in measured concentrations in 

similar meteorological conditions. 

Table 2.4 gives details of the averaged comparisons for the 

four classes of mixing layer. 	It is well known that pollutant 

concentrations tend to follow a log-normal distribution 

(Csanady, 1973) so that it is more correct to use the logarithms 

of the concentrations rather than the concentrations themselves 

when calculating a correlation coefficient, and this has been 

done in calculating the coefficients r in the table. 	Calculations 

are shown for vd  = 5mm s-1  and 10mm s-1  but only one value of 

r is given as the differences between the two cases were 

negligible. 
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Mixing 
Layer 

Number of 
data points o 

2 c  
r. 

r 
,vd  = lOmms -1 vd = 5mms -1 

Stable 114 41 39 57 .47 

Near 
Neutral 

544 31 28 33 .64 

Convective 121 30 28 34 .61 

Nocturnal 710 27 28 40 .44 

Table 2.4 - Comparisons between mean steady state model  
calculations and measurements with all sites  
combined. (All concentrations are in pg m-3) 

Site 
Number of 
data points o 

Ec  r 
vd  = 10mms-1  vd  = 5mms-1  

1 60 38 39 45 .67 

2 50 31 28 34 .68 

3 55 31 25 30 .78 

4 57 33 29 35 .71 

5 54 26 25 30 .51 

6 54 26 23 28 .65 

7 51 33 31 38 .54 

8 56 32 28 33 .52 

9 57 29 26 32 .66 

10 50 26 21 26 .51 

Table 2.5 - Comparisons between mean steady state model  
calculations and measurements for near neutral  
conditions. (All concentrations are in ug m-3) 
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For all of the calculations smaller mean errors were incurred 

when using vd  = 10mm s-1  than 5mm s-1. 	The calculations 

clearly suggest that the area average deposition velocity is 

between the two values and closer to the higher figure. 	This 

is consistent with the widely used value of 8mm s-1  (Smith and 

Hunt (1979), 0.E.C.D. (1977), Garland (1978)). 

The comparitively low values of r are indicative of the 

uncertainties remaining in the comparisons resulting from 

measurement errors, errors in the source inventory, the 

specification of meteorological conditions and model short- 

comings. 	Nevertheless, the comparisons are good on average 

and for vd  = 10mm s-1  the calculations are within a factor of 

two about 80% of the time. 	Another encouraging factor is 

that the errors incurred in the comparisons do not vary greatly 

from site to site. 	Table 2.5 shows the breakdown of the 

analysis for near neutral periods for individual sites. 

A close examination of the populations of the calculated and 

measured concentrations shows that the spread of data points is 

nearly always greater for the measured concentrations. 	This 

is due to a larger number of `high' concentrations in the 

measured population. 

It appears that a significant contribution to the uncertainties 

involved in the model comparisons comes from steady periods 

where concentrations are dominated by a few local or 

comparitively close sources. 

2.5 Discussion  

The two applications of the steady state model show that it is 

very useful in the investigation of the dispersion of sulphur 

dioxide over time scales for which the mixing layer is close 

to a steady state. 	In addition useful information has been 

gained about many of the processes which influence pollutant 

transport over these distances and which are parameterised in 

the model. 	It is often only by using a mathematical model 

that information about important processes can be interpreted 

and this was demonstrated in the evaluation of the large scale 
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deposition velocity of sulphur dioxide from data from the East 

Midlands monitoring network. 	The model is straightforward to 

use, although a computer program is required to apply it, and 

is suitable for routine use when estimates of sulphur dioxide 

concentrations are required. 
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CHAPTER 3 - ltir; TIME DEPENDENT MODEL  

3.1 General Description  

The previous chapter was concerned with the steady state model 

where continuous plumes of pollution were modelled. 	To describe 

time dependent processes it is more convenient to consider 

instantaneously released puffs of pollution. 	A continuous 

source can be considered as a series of pollutant puffs so that 

concentrations of the pollutant at the receptor can be calculated 

by summing over the contributions from individual puffs. 

The description of a puff's development can be split up into 

two separate problems; the description of its development in 

the vertical and of its development in the horizontal plane. 

If one considers the pollutant concentration integrated over 

the horizontal plane, the resulting one dimensional concentration 

X can be shown to satisfy similar equations to those used in 

the steady state model. 	It can be expressed as the product 

of the strength of the puff Q and the Green's function for the 

one-dimensional time dependent diffusion equation. 	The 

development of the puff in the horizontal plane involves 

calculating the trajectory followed by the centre of mass of 

the puff and its spread about it. 	It is assumed that the 

pollutant profile in the horizontal does not vary with height 

so that the concentration N of pollutant in the puff at a point 

(x,y,z) can be written 

N = x(z, t) H (x, y, t) 
= Q G (z, t) H (x, y, t) 	 (3.1.1) 

The concentration of the pollutant is obtained by summing over 

a number of such puffs. 

In section 3.2 the development of the puff in the vertical is 

described. 	A series of discrete time steps are used to 

simulate the development with time, typically of one hour's 

duration, with model parameters remaining constant within each 

time step but changing discontinuously from one step to the 

next. 	The governing equations for the one-dimensional pollutant 

concentration are solved in each time step and the concentration 

profile at the end of one step provides the initial profile for 
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the next step. 

For each time step one can undertake a mass balance as shown 

in Figure 3.1. 	With all quantities expressed as equivalent SO2  

F1  + E1  = F1+1  + L1  + D1  + Wi  + Si  (3.1.2) 

The flux of material entering the step from the previous 

mixing layer (F1) together with any material entrained from 

above it (E1) must equal the flux of material entering the 

next mixing layer (F1+1) combined with the material lost to 

dry deposition (D1),precipitation scavenging (W'), chemical 

conversion (Si) and material entering the stable layer above 

the next mixing layer (L1). 	The mass balance provides an. 

important check on model calculations. 

Particulate sulphate produced by oxidation of sulphur dioxide 

in the atmosphere will be subject to the same processes. 	It 

has a very small deposition velocity, however, and as in the 

steady state model its loss due to dry deposition is ignored. 

As its only significant removal mechanism is by precipitation 

scavenging the mass balance for sulphate corresponding to 

(3.1.2), with F4  representing the total flux of sulphate, is 

Si + F4' = F41+1 + W41 
(3.1.3) 

In section 3.3 methods are developed for following the 

trajectory of the centre of mass of the puff. 	Associated with 

the calculation of the horizontal advection of the puff is the 

estimation of vertical wind speeds which are used in the 

description of the puff's development in the vertical. 	The 

shape of the puff is taken to be circular in the horizontal 

plane with a radius r 
e 
and the method used to represent the 

growth of the puff is given. 	The position and spread of the 

puff determine the times for which it contributes to pollutant 

concentrations at receptor points, and further details of 

how pollutant concentrations and depositions at the receptors 

are calculated are given in that section. 
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FIGURE 3.1 	COMPONENTS OF THE STEP-WISE MASS BALANCE FOR SO2 
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3.2 Puff Development in the Vertical Plane  

In this section the equations satisfied by the one-dimensional 

pollutant concentration are derived, and the methods used to 

solve them are described. 	The development of this concentration 

is independent of the wind field, and an example is given to 

illustrate how the methods of the section can be used to 

investigate some aspects of the history of pollutants in the 

atmosphere. 

3.2(i) Mathematical Details  

Starting with the mass conservation equation (1.4.3) it is 

required to obtain the equation satisfied by the pollutant 

concentration integrated over the horizontal plane. 	Taking 

the sink mechanisms to be represented by XE,  where X is a 

net removal coefficient due to precipitation scavenging and 

chemical transformation, and considering a point source in 

space and time one has 

āt + „v,.00 + p.(v'C') = Q S(r-r')S(t-t') - XC (3.2.1)  

Integrating this equation over the horizontal x-y plane one 

obtains, assuming that all concentrations and fluxes tend to 

zero at infinity and employing the diffusivity approximation 

for the turbulent flux in the vertical plane 

ā 	8'z (Kz āz) 	XX + QS(z-z')S(t-t') 	(3.2.2) 

The solution of (3.2.2) for a unit source with the usual 

boundary conditions at the top and bottom of the mixing 

layer will be denoted by G(z,z',t,t'). 	The methods to 

obtain this Green's function are the same as those used for 

the two-dimensional steady state equation of chapter 2. 	The 

solutions are identical if one takes t = x/u1  and m = 0. 

G(z,z' ,t,t') = E An  Rn(z') Rn(z) 	
(3.2.3) 

exp C- (K1pra2  + X) (t-t') 	t>t' 

The form of Rn(z) will depend upon the diffusivity profile 

employed. 	For the remainder of this section it will be 

assumed that profile 2 of Figure 2.3 is used so that the 

analysis runs parallel to the steady state solution in 
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Section 2.2. 	One then has 

Rn  (z) = cos pn  (a — z) 	a>z>s 	(3.2.4) 

= Ho  (2 pn  ij z s) 	s>z>zd  

a 
An  = 1/ 	% Rn2  (0) dB 	 (3.2.5) 

zd  
So that 

1/An  = 
a 
cos2  pn  (a—B) dB + fH02  (2pn  sB)d0 

zd  

sin pn  (a—s) 
(a+s)/2  + 	4 p  n 

(3.2.6) 

zd [H (2P n  s zd  ) + H1
2 
 (2pn  s zd  )] 

Stepping the solution through time 	
JJ 

 

It is now required to specify how this solution for an 

individual time step can be stepped through time, with model 

parameters changing at intervals At. 

For the first step the solution to (3.2.2) for a source at 

height h released at time T is 

x(z,t) = Q G1  (z,z',t,t') 

where the superscript 1 refers to the step number and At is 

the step length. 	At each ensuing step the solution is 

obtained by integrating the Green's function for the step 

evaluated for t' = to (the time at the start of the step) 

over the mixing layer weighted by the concentration profile 

at the end of the previous step i.e. 

a i 

T<t<T +At 

t'=T zd<z<a1 
	(3.2.7) 

z'=h 

  

G1  (z,z',t,t') X(z',t01) dz' 

t'=t 1  0  

X (z ,t) = 
zd  

  

(3.2.8) 

zd <z<a1  

toi< t < toi+l  



which can be expressed in the form (3.2.9) 
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X(z,t) = E B n1Rn1 (z) exp[— (Ki pn2 + 	a1)(t—to)] 

to < t < to+1 zd < z < a1 
In the presence of large scale vertical motion, the vertical 

velocity profile is taken as 

w = Sz 	 (3.2.10) 

This form has been used, with a change in sign, by Carson (1973). 

Vertical velocities are taken into account by 'stretching' 

or 'contracting' the pollutant profile at the end of each 

step. 	The 'stretching' factor is given by 

= exp (gAt) (3.2.11) 

so that at the end of a step the profile is slightly modified 

from (3.2.9) to 

X(z,toi+1) = 	Bn Rn ( ) exp[— K1 
pn2 

+ X1)Atl 
n 	 L 

max (zd, C1zd) < z 
<Eiai 

(3.2.12) 

In the case that 
Eia1 > ai+1 material is lost from the top of 

the mixing layer to form a new stable layer. 	The parameters 

defining the pollutant profile are retained and the new layer 

can be subsequently affected by vertical motion, chemical 

conversion and precipitation scavenging, although the shape 

of the profile is unaltered as the diffusivity is taken as 

zero. 	The concentration in a stable layer at the start of 

step i + 1 corresponding to (3.2.12) is given by 

X(z,to+l ) — .i~ X(tō+1 	, ^z3 ) exp (—A~3) 

d < z <c n— 	n 

(3.2.13) 
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where 

Aij = At E 	xk 
k=j+1 

E '3 = 	k 

k=j+1 

(3.2.14) 

(3.2.15) 

The index j refers to the step at the end of which stable 

layer n was formed. 	If no material has been entrained from 

the layer the top and bottom of the layer at time 
toi+1 

will 

be 7~33a3 and 713a3+1. 

Evaluation of expansion coefficients  

To complete the solution one requires to evaluate the 

expansion coefficients B. 	From (3.2.8), (3.2.9) and 

(3.2.12) together with the form of the Green's function 

(3.2.3) provided that a <_ 
a
i-1 Ei-1 (i.e. no material is 

entrained from the stable layers) 

Bi 	Ai 	Bi-1 ex -(Ki-1 i-12 + Ai-1 

	

n n 	m 	p 1 pm 	
)At I

mn 
m 

(3.2.16) 

where the integral Imn is given by 

a 
i 

jr
Imn - H

ill 	
Rn (0) Rm-1 	(fiel) d8 

zd 
(3.2.17) 

In the range where both of the terms in the integrand can be 

expressed as trigonometric functions, the contribution to 

Imn is evaluated straightforwardly. 	This contribution is 

given by 
i 
	

(3.2.18) 

(1) 	a 

I mn 	i-1i cos 
pn(ai

-e)cos pm(a
i-1 	e

-1 )de 
1  

JJJ 	 ~ 

where 

1 
= max (s,

1-1 si-1) 	
(3.2.19) 



Similarly, in the range where both terms can be expressed as 

cylinder functions one has 

Imn 	i11 	Jnj 
( a.V8) Hi-i ( TA/8) de 	(3.2.20) 0

E 

where 

c2 = min (si, 
Ei-1 si-1) 

C3 = max (zd, 
l-1 zd) 

a = 2 pn v/s1 

p = 2 pi-1  
mv+ 

(3.2.21) 

(3.2.22) 

(3.2.23) 

(3.2.24) 

(3.2.20) can be evaluated as 

Imn(2) 	i-12 2 	2 	8 {ai4 (a8) H. 	
(0) 

(a 	) 
(3.2.25) 

_uHi-1 (pe) Hi (a8) p * a 

~ i 
111 ~ 2 82 {Hi (ae) Ho-1 (a8) 

\A 3 

+ H1 (ae) Hi-1 (ae) 	p = a 

The third contribution to I 
mn 

from the integration between 
11  and X21 has to be evaluated numerically. 

i i-1 i-1 i 	i-1 i-1 
In the case a >_ a 	, a is replaced by a 	in 

(3.2.17) and (3.2.18) and there will be an additional term 

in (3.2.16) 	for each stable layer which has material 

entrained. 
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From (3.2.3), (3.2.13) and (3.2.8) the contribution corresponding 

to stable layer n is given by 



Ai 

i7nJ 
exp (-A~3 ) 	Bm exp -(K1 pmt + X3) At1 r 	

J L m 

min(a1,cn) 

Rn (0) Rm (  ~ ei~ 

d

) de 

" n 
(3.2.26) 

Components of the Step-Wise Mass Balance  

The individual components of the mass balance given in (3.1.2) 

and illustrated in Figure 3.1 can be evaluated using the above 

solution. 	The flux of material entering the mixing layer 

(F1) is obtained by integrating the flux profile at the end 

of the previous step over the appropriate range. 
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Fi 
min (ai-1i-1, ai) 

zd 
X(6,tō) de 	(3.2.27) 

The integrand is given by (3.2.12) and the upper limit of 

integration is dependent upon whether the mixing layer has 

increased or decreased. 

Material is entrained into the mixing layer at the start of 

the step (E1) if a
i > ai-1 E i-1

, and this flux is given by 

a i 

Ei = 	X(e,ti) de (3.2.28) 

The integral is over all the stable layers for which a1> dn, 

and the integrand is given in (3.2.13) 

The loss due to dry deposition (D1) can be written as 



W = Xi 	 x(e,0) de do r2 i to  zd  

t i+1  0  

	

D1  = vd 	X(zd ,e) de 
to  

• 2 

	

= vd 	Bn  Rn (zd )[1-exp ( -(K1 pn 	+ X1)At) / 

n 
2 

(K1 pn + X ) (3.2.29) 

When there is large scale subsidence a small amount of 

material is lost below the deposition surface due to the 

'contraction' of the profile at the end of the step. 	This 

material which was at heights between zd  and zd/' before 

'contraction' is added to D1. 

The loss due to precipitation scavenging (W1) can similarly 

be written 
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(3.2.30) 

= Xr2 EB[1_exP(_(Kpn2 
	+Xr2At)1

n 	i 	
J 

a 
2 

Rn (q)) do/(K1 pn + X i 2) zd  
There is a similar expression for the loss due to chemical 

conversion (S
i) with 	replaced by Xs. 

In the case 	1  a1  > a
i+1 a new stable layer is formed and the 

material lost is given by 

la  i 

L1 
=ai+11 

 X(6 , tō+1 ) de (3.2.31) 

Particulate Sulphate  

As sulphate is not considered to be subject to dry deposition 

its vertical profile is not as important as that of sulphur 

dioxide. 	For this reason its profile is taken to be uniform. 

The one-dimensional concentration of sulphate at the start 



of step i is thus given by 

X4(to) = F4 /c1 	
(3.2.32) 

where c1  is the top of the stable layers. 	In the mass 

balance for each step it is good enough to approximate the 

wet loss W4  by 

W = (F4 + S'/2)(1—exp (—A 4  dt)) 	
(3.2.33) 

so that all the components of the mass balance in (3.1.3) are 

defined. 

The use of the Time Dependent Model for Long-Range Transport  

The above analysis was carried out for a two layer diffusivity 

profile and the methods used can be applied to any of the 

profiles in Figure 2.3. 	The capacity to incorporate these 

non-uniform profiles can be very useful for meso-scale 

calculations where the mixing depth variation is important. 

Husar et al (1978) have used a similar model with a numerical 

solution of the diffusion equation to look at transport from 

a single power plant plume. 	The time dependent model will 

be used in Chapter 4 to investigate episodes of long-range 

transport and it is then possible to use a uniform diffusivity 

profile without loss of accuracy. 

Scriven and Fisher (1975) showed that for the steady state 

model applied to long-range transport the effect of the 

surface layer can be incorporated by defining an effective 

deposition velocity vd  given by 

vd  vd  — 	
17J.!1+ K 

loge s /z ) 
1 

(3.2.34) 

which is defined at the top of the surface layer, so that the 

diffusion equation is only solved for a >z >s. 	This 

procedure is not possible in the present model because of the 

variation of the surface layer depth, but one can modify 

vd  in order to enable a uniform diffusivity to be used. 	One 

can replace vd  by a modified value vd' so that the first 
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eigenvalue is the same as would be obtained using Scriven and 

Fisher's procedure. 

This can be approximated by 

avd  
vd ' = min (vd' a—s )  (3.2.35) 

Using a constant value of K
z 
 and a modified deposition velocity 

given by the above equation greatly reduces computing times 

as the solution is then totally in terms of trigonometric 

functions and no integrals involving Bessel functions have to 

be evaluated. 	Comparisons between calculations using the 

two layer diffusivity and the one layer diffusivity almost 

always give agreement to within l7 for long-range transport 

calculations, and this justifies the use of a uniform 

diffusivity in this regime. 

To summarise the importance of the diffusivity profile for 

all travel times one can say that in the nearfield the exact 

details of the profile can be important in determining ground 

level concentrations, for meso-scale transport a simplified 

profile is adequate provided the surface layer is properly 

represented, and for the far field a uniform diffusivity 

can be used if the deposition velocity is modified. 
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3.2(ii) Example Calculations  

The methods used to describe puff development in the vertical 

can be employed on their own to look at various problems 

involving atmospheric pollutants when one is only concerned 

with transport in the vertical. 	An example is given here 

to illustrate the effect of diurnal variations in mixing 

depth on the amount of material lost to dry deposition. 

A diurnal cycle was considered as shown in Figure 3.2, which 

gives details of typical variations in mixing depth and 

surface sensible heat flux when one has convective daytime 

conditions. 	This figure was taken to approximate to the 

measurements made at O'Neill (see for example Smith and Hunt, 

1978). 	There is a fairly shallow stable nocturnal mixing 

layer with a small flux of heat to the surface. 	After 

sunrise there iš a net flux of heat from the surface to the 

atmosphere which increases until noon, and the mixing depth 

grows deeper. 	The mixing depth reaches its maximum value 

in the early afternoon and stays at about the same level in 

the late afternoon. 	After dusk the shallow nocturnal 

mixing layer is reestablished. 

In the calculations a steady wind at the top of the mixing 

layer of 5m s-1  was used. 	Diffusivities above the surface 

layer, K1,  can be estimated from the wind speed and the surface 

sensible heat flux as described later in 3.4(i). 	These 

methods will not be discussed here, but the resulting 

diurnal variation in Kl  is shown in Figure 3.3. 	No rainfall 

was considered, but sulphate conversion parameters of 

7 = 0.05 and X 
s 
= 3 x 10-6  s-1  were used, and the deposition 

velocity for sulphur dioxide was 8mm s-1. 

The development of puffs released at different times of the 

day was calculated for a low level source at 10m and a high 

level source at 600m. 	Calculations were made for the two 

layer diffusivity profile taking the surface layer depth to 

be a tenth of the mixing depth, and the one layer profile 

using the modified deposition velocity. 	Figure 3.4 gives 

details of the amount of material lost to dry deposition 



FIGURE 3.2 	TYPICAL DIURNAL VARIATIONS OF MIXING DEPTH AND SURFACE SENSIBLE 
HEAT FLUX WITH CONVECTIVE DAYTIME CONDITIONS 
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after one diurnal cycle. 	It is clear that this amount depends 

markedly on both source height and time of release. 	Dry 

deposition is always less for the elevated source, but the 

difference between the two source heights is smallest around 

midday when the pollutant is rapidly mixed through a deep 

mixing layer. 	Dry deposition is greatest for the low source 

for puffs released shortly after dusk as they spend most time 

in the shallow nocturnal mixing layer. 	It can also be 

seen from the figure that there is very little difference 

between the calculations for the two diffusivity profiles. 

This reinforces the validity of using the simple profile with 

modified deposition velocity for long-range transport. 

These calculations illustrate the great importance of 

conditions at the source in determining the long-range 

transport of pollutants and this will be further emphasised 

in the episode analyses described in Chapter 4. 



3.3 Puff Development in the Horizontal Plane  

Here one is concerned with tracking the centre of mass of 

the puff and specifying its spread about this point. 	The 

trajectory analysis methods employed in the time dependent 

model are described in Section 3.3(i). 	It is assumed in 

that section that wind velocities are to be specified from 

measurements of surface pressure, but the same methods could 

be used if measurements of wind vectors were available. 

Associated with the calculation of horizontal winds from 

surface pressure data is the estimation of vertical wind 

speeds. These are not used in the trajectory analysis, but 

are employed in the description of the development of the 

puff in the vertical. 

The methods used to describe puff spread are given in 

Section 3.3(ii). 	The assumptions made about the shape of 

the puff in the horizontal affect the details of the 

calculations of pollutant concentrations at the receptor, 

and a description of the methods used in the time dependent 

model are given. 	The approach to puff spread is most 

suitable for use in long-range transport calculations with 

large area sources. 	Slightly different methods could be 

used for other applications. 

3.3(i) Trajectory Analysis and the Vertical Velocity Parameter  

Before one can calculate the puff's trajectory it is 

necessary to have estimates of the advecting wind vector 

at any chosen time and place. 	It is assumed here that these 

estimates are to be derived from surface pressure measurements. 

Consider the equation for flow in the atmosphere in the 

absence of frictional forces ( Haltiner & Martin , 1957) 

Dvr __ 	1 
Dt 	—  p Vp — 252 Xv + g  

- N 
(3.3.1) 

where p is the density of air, g the acceleration due to 

gravity, p the pressure, v the velocity and n  the angular 
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velocity of the Earth's rotation. 	The coordinate system 

used here, and throughout the chapter, is one with the x axis 

orientated eastwards, the y axis northwards and the z axis 

vertically. 	When the horizontal components of (3.3.1) are 

considered, and a small term involving the vertical velocity 

is neglected one obtains 

Dv 	1  
Dt 	H 	— p (VID)H — fkXv 	 (3.3.2) 

where the subscript H refers to the fact that horizontal 

components only are considered, f is the Coriolis parameter 

and Is is the unit vector along the vertical axis. 	If all 

the acceleration terms on the left hand side of the equation 

are zero, one obtains after multiplying throughout by Is 

1 vrg  =- ā f  ()11  x k (3.3.3) 

The subscript g is used to denote that this is the geostrophic 

approximation which represents a balance between the 

horizontal pressure gradient and the Coriolis forces. 	This 

approximation is only strictly valid for steady flow with 

straight isobars, but it is usually a good approximation to 

the velocity at the top of the mixing layer. 

Deviation of real flows from the geostrophic approximation 

is usally due to the acceleration terms that have been 

neglected. 	From (3.3.2) and (3.3.3) the geostrophic 

deviation can be written 

„v, — yg  = 	k X 
Dv (Dy,) 

 H (3.3.4) 

These ageostrophic effects have been discussed elsewhere (e.g. 

Haltiner and Martin, 1957 and ApSimon et al, 1978b). 

Frequently the most important acceleration term is  

which is due to the development of the pressure field with 

time. 	This isallobaric correction is easily incorporated 

into the methods employed here and can be written as 



a- 
v 	

1  = f k X at 
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1 kX a~'g=— 1 	aP 
f 	at 	pf 2 H (at) 

(3.3.5) 

 

The remaining acceleration terms that have been neglected 

are due to advection changes in the pressure field. 	They 

are most important when one has narrowly spaced isobars of 

small radii of curvature, but can not be incorporated easily 

into the present methods. 

The resulting approximation for the horizontal wind vector 

is thus 

( V̂' )H 	Vg + NA (3.3.6) 

The vertical wind speed profile is taken to be 

w = 13z (3.3.7) 

It can be shown that 0 can be estimated from a consideration 

of the vorticity equation (Haltiner and Martin, 1957), but 

the same result is readily obtained by applying the continuity 

condition. 	It can be shown that 

	

= dw 	— ( au + 
ay' 

	

dz 	axāy (3.3.8) 

Applying the approximation for the horizontal wind vector in 

(3.3.8) the estimate of /3 becomes 

(3.3.9) 



The approximation for the three-dimensional wind vector can 

be written in full as 

	

(- 1 ap 	1  a2p 	1 ap _ 1  a2p  

	

pf ay 	
p 
f2 axat ' pf ax 	p f2 3373t ' 

Pf2 VH2(3t)) 
(3.3.10) 

Mixing Layer Winds  

Mixing layer winds are modified from the free stream winds 

discussed above. 	Due to frictional drag at the surface the 

mean wind speed reduces as one approaches the surface and the 

direction is backed by an angle S down the pressure gradient. 

For simplicity the wind speed profile in the mixing layer is 

represented by a power law 

Iv i = I a(a) I ( z/a )m 	 (3.3.11) 

The index m increases with increasing stability and surface 

roughness. 

When the pollutant is well mixed in the mixing layer it travels 

with the mean speed OF/(1+m) and backed by an angle S from 

y(a) which is some fraction of 	the the backing angle at the 

surface. 	The mean backing angle 8 is taken as 5O/3 as most 

of the turning of the wind vector takes place in the lower 

levels of the mixing layer. 	This is consistent with the 

approximation 6= 60(1-vt).The values taken for m and SO  

are discussed in Section 3.4(i). 

Near the source the mean advecting velocity changes as the 

pollutant diffuses through the mixing layer. 	The 

approximation for the advecting velocity v is 

I 	= Iv(h) 1 + 4(T-T2)( I:I - Iv(h) I) 0
< T < 

S 	= ō(h) + 4 (T-  T2)(60/3  - 6(h)) 	
(3.3.12) 

where T is non-dimensional time (tK 2  z /a 	
in a steady state 
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Kl(t-ti) 
T = TO + z 	° 	to <t < tō+1  

i2  a 
(3.3.13) 

mixing layer), and N  is the mean velocity through the mixing 

layer. 	This approximation merely allows the wind velocity 

to vary from its value at the source to the mean mixing layer 

value at 7=  1. 	This is a reasonable approximation, 

especially for elevated sources, and this is discussed in 

the Appendix. 	In the time dependent problem r has to be 

modified as the mixing layer changes. When the mixing layer 

depth changes from ai  to a
i+1 

the value of r at the end of 

the step i is modified to r(az/ai+1 )2 so that the value of 

r for some time t in step i is given by 
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where T
0 
 is the modified value of r at the start of the step. 

In the Appendix it is shown that for nearfield and meso-scale 

transport from a point source the ground level trajectory of 

a puff can be greatly affected by the change in advecting 

velocity. 	Its importance for long-range transport from area 

sources can be assessed from a consideration of equation 

(A20). 	This gives the maximum error that could be incurred 

by ignoring the source height for a steady state mixing layer 

as u  tD  UF. 	For the wind profiles used here µ is typically 

3 x 10-2  so that typical maximum errors are about 30km. 

Bearing in mind that the use of (3.3.12) and (3.3.13) will 

produce much smaller errors, and that 30km is comparable with 

initial puff radii for areas sources, it is clear that this 

effect is only secondary. 

The Numerical Solution of the Advection Equation  

Having described the methods used to define the advecting 

wind velocity of the puff it is now required to specify the 

trajectory of the puff's centre of mass. 	This involves 

solving the advection equation numerically. 	This equation 

is given by 

d 
CFE (3.3.14) 
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When material travels above the mixing layer this equation may 

have to be solved separately for two or more puffs. 

The model uses a single step Runge-Kutta routine (see for 

example Ralston and Wilf, 1960). 	Sykes and Hatton (1976) 

recommend the use of a variable time step procedure in order 

to ensure that the error incurred in solving the equation 

stays below a specified tolerance. 	It is more convenient, 

however, to use a fixed time step of the same length as the 

steps used in solving the diffusion equation. 	These steps 

are sufficiently short to ensure that the errors are 

comparable with variable step methods. 

The single most important factor determining the accuracy of 

the trajectories is the extent tD which wind velocity 

estimates based on the surface pressure field are representative 

of real mixing layer advecting velocities, which depends 

very much on the synoptic situation. 	Near regions of large 

horizontal divergence (e.g. in the vicinity of fronts) the 

estimates may be poor, especially as the pressure field is 

necessarily smoothed by the pressure interpolation techniques. 

Similarly, in regions of slack pressure gradients, effects 

such as the thermal wind may become important and render the 

velocity estimates unrealistic. 	One would expect that in 

regions where there is a sufficiently strong pressure gradient. 

and small horizontal divergence that estimates would be good. 

Bearing this in mind it is possible to quantify to some extent 

other possible sources of error. 	Sykes and Hatton (1976) 

show that random errors in estimating the wind velocity of 

the order lm s-1  resulting from fitting the pressure fields 

are much more important than errors incurred in solving the 

advection equation. 	They give examples to show how errors 

can rapidly increase in areas with high vorticity. 

Trajectory analysis is however usually satisfactory up to 

about three days and an indication of large horizontal 

velocity gradients is frequently given by wide divergence 

between successively released puffs. 



3.3(ii) Puff Spread  

The horizontal spread of a puff which stays in the mixing 

layer can be described in four stages :- 

(i) Turbulent diffusion stage 

(ii) Accelerated shear-induced diffusion stage 

(iii) Shear diffusivity stage 

(iv) Synoptic scale distortion stage 

The first stage corresponds to the first few kilometres of 

travel and the spread of a point source can be approximated 

by (Moore, 1976) 

~H = Bix - ?Sol (3.3.15) 

where B is a function of wind speed and sampling time. 

After a few kilometres the contribution to spread from shear-

induced diffusion becomes dominant, and the puff behaves as 

it would in an unbounded or semi-bounded region. 	Smith 

(1965) has shown that in this region the puff growth is more 

rapid, with aH varying as t3. 	When the pollutant is well 

mixed throughout the mixing layer the rate of spread slows 

down and a shear diffusivity stage is reached if the mixing 

layer is sufficiently close to a steady state. 	In this 

case one has 

aH2 = 2Ket + E(z,h) 	 T>1 
(3.3.16) 

where K 
e is an effective diffusivity and E is a 'memory' 

function that is unimportant for very large times. 	The 

methods used to calculate Ke are given in the Appendix. 

In practice the time variation of the mixing layer and 

transport above the mixing layer will be important but 

(3.3.16) still appears to represent the rate of spread fairly 

well (see for example Randerson, 1972). 	For very large 

times the horizontal velocity gradients across the puff 

become important. 	In addition to contributing to the 

uncertainty in the calculation of the trajectory of the 

centre of mass of the puff these gradients can result in a 
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distortion of the puff. 	In the absence of large scale 

horizontal divergence, however, this will not result in a 

systematic increase in the area of the puff. 

For long-range transport only the last two stages are 

important. 	The value of Ke  is not very sensitive to the 

details of the wind profile so that the spread can be taken 

to be the same in any horizontal direction. 	A constant 

value of 104  to s-1  is used throughout in the calculations 

of the time dependent model. 

Having specified the horizontal spread of the puff it still 

remains to define the shape of the concentration profile in 

the horizontal consistent with this spread. 	When one is 

dealing with large area sources model calculations are not 

very sensitive to this choice. 	Pollutant concentrations 

at a receptor will be made up of contributions from many 

puffs from many sub-sources. 	If, for example, puff sizes 

were generally overestimated, concentrations from single 

puffs would be underestimated, but this would be offset by 

the larger number of contributary puffs. 	For this reason 

the simplest choice of circular puffs with uniform 'tophat' 

profiles is used. 	The equivalent puff radius r 
e 
is given 

by 

re  = V'2 aH  (3.3.17) 

so that at each step the radius is incremented as follows 

rei+1 = i2 + 4Ki  At 
(3.3.18) 

It has already been noted that when material travels above the 

mixing layer it is necessary to track two or more new puffs 

separately. 	When material is re-entrained it can either be 

considered as one puff again or remain separate. 	In practice 

for large area sources, it is almost always the case that the 

separation of the centres of mass of the puffs is smaller than 

their radii so they are recombined in the model to a single 

puff. 	Bearing in mind that puff spread above the mixing layer 



is assumed to take place at the same rate as in the mixing 

layer, the new centre of mass and effective radius after 

entrainment are as follows 

N 	 N 
?S

t = E M /Em 
p=1 p p  p=1 p 

  

(3.3.19) 
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(3.3.20) 

where there are N-1 puffs being re-entrained, puff 1 is 

the puff in the mixing layer and Mp  is the amount of 

material in puff p at the time of re-entrainment. 

Thus the re-entrainment of material into the mixing layer 

can act as a mechanism for increasing puff dimensions. 	In 

connection with puff spread it is worth noticing a difference 

between the spread of a puff (released instantaneously) and 

of a plume (released continuously). 	For a plume the time 

variation of the wind velocity field results in an increased 

crosswind spread. 	Apart from puff distortion already 

referred to, there is no comparable effect for pollutant 

puffs, although it is taken into account by the divergence 

of successive puffs. 

The Calculation of Pollutant Concentrations and Depositions  

As each puff is represented by an equivalent cylinder of 

radius r 
e
, with concentrations uniform in the horizontal 

plane, it contributes to the pollutant concentration at a 

chosen receptor point for the first time when r
e 
 is equal 

to the distance d between receptor and puff centre of mass. 

If the distance d3  is greater than r 3  at time t 3  at the 
e 	0 

start of step j, and d3+1  is less than re
3+1 

then this time 

is given approximately by 
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II1  = to  + 

 

di  - r3  e 

 

At (3.3.21) 
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There is a similar expression for II2'  the time at which the 

puff ceases to contribute to the concentration 

k 	re —  dk  
II2  = to + r

k 
— d

k 
+ dk+1 — rk+1 At 

e  
(3.3.22) 

The contribution to C, the concentration of pollutant at the 

receptor due to the source in question, at time t at height 

z from a puff released at time T can therefore be written 

N(z,t,T) — X (z,t,T) 	IIi  <t <II2  
TIT 

e
2 

 
(3.3.23) 

Estimates for times between the start and end of steps can 

be made by interpolation. 	The resultant value of C is 

approximated by 

C(z,t) -. AT EN(z,t,T) 
T 

(3.3.24) 

where the sum is over all the contributing puffs and AT is 

the interval between puff releases. 

Calculations of the dry and wet depositions of the pollutant 

can be made in a similar way. 	If D1(T) is the amount of 

material deposited for step i between times ti  and t 4-1 for 

the puff released at time T, then the total amount of 
N 

material deposited from this puff per unit area D can be 

approximated by 

k—i 	i 	(t3+1  — II ) 	J 
D(T) = 	 D 	+ 	(to 	1 	D  

i=j+1 Trri2 	At 	rrj2 

e 
(3.3.25) 

(112  — to) Dk 

At 	k2  
irr  e 

and the total deposition then becomes 

= AT 	6(T) 	 (3.3.26) 

There are similar expressions for W(T) and I2 which are 
corresponding quantities for wet deposition, but in this case 

material above the mixing layer must also be considered separately. 

+ 
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3.4 The Specification of Model Parameters  

The previous sections have given a full description of the 

time dependent model, but several of the model parameters 

have yet to be specified. 	These parameters can be split 

into two groups; those associated with the structure of the 

mixing layer and those associated with the removal of sulphur 

compounds from the atmosphere. 	The first group is 

discussed in Section 3.4(i) and are quite general in that 

they have to be specified whatever the pollutant under 

consideration. 	The second group is discussed in Section 

3.4(ii) and these parameters are specific to sulphur compounds. 

3.4(i) Mixing Layer Parameters  

To describe the mixing layer at each time step in the time 

dependent model it is required to estimate the mixing depth 

a, the value of the diffusivity above the surface layer K1, 

and the two parameters describing the wind profile SO  and m. 

The free stream wind speed OF  and its direction are specified 

in the trajectory analysis procedure. 

The Surface Sensible Heat Flux  

One of the most important factors determining the structure 

of the mixing layer is the flux of sensible heat into it 

from the surface, H. 	When this flux is large and positive 

one has convective conditions, whilst if it is small or 

negative turbulence generation is primarily mechanical. 

Mechanical mixing layers can be considered to be near neutral 

if H is small in either direction, and stable if H is negative. 

In stable conditions the flux of heat to the surface tends to 

suppress turbulence. 	In the time dependent model H is 

estimated from the incoming solar radiation R and the cloud 

cover. 

During the day the amount of incoming solar radiation depends 

upon the time of day t, the latitude L, the day of the year 

d (taking January 1st as 1), and the time of local noon v. 
ApSimon (1977) has shown that in the absence of cloud R can 

be expressed to a good approximation as 
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R = 950 ( cos 	cos T cos L + sin cp sin L ) (3.4.1) 

W m
-2 

where if t and v are expressed in hours 

T = Tr(t—v)/12 	 (3.4.2) 

and 

= tan
-1 

[.4348  sin ( Tr (d-78) / 180 ) 

(3.4.1) is only valid for daytime hours i.e. 

V - 
1~ 

~ cos -1 (tan 0 tan WI <t 
< v +

a' cos-~ (tan q tan L) 1 Tr 

(3.4.3) 

(3.4.4) 

It also has to be modified by a reduction factor in the 

presence of cloud. 	The factors used are those suggested by 

ApSimon (1977) and shown in Table 3.1. 	The unit of cloud 

cover is the okta or eighth. 

Cloud Amount (oktas) Reduction Factor 

0 1.00 

1 0.89 

2 0.81 

3 0.76 

4 0.72 

5 0.67 

6 0.59 

7 0.45 

8 0.23 

Table 3.1 Reduction Factors for Incoming Solar Radiation  

H is dependent upon R and the nature of the surface. 	It 

will be assumed that the relationship between these quantities 

is a constant for the land surface defined by 

H = aR + Ho (3.4.5) 



a is typically 0.35 for rural areas (Pasquill, 1974) and this 

value is used in the model calculations. 	H
0 
 is taken as the 

heat flux that would be expected in the absence of incoming 

radiation, and depends primarily on the cloud cover. 	A 

simple formula is employed which gives similar values to 

those recommended by Pasquill (1974). 

Ho  = —3 (8.5 — cc) (3.4.6) 

where cc is the cloud cover in oktas and an obscured sky is 

assigned cc=8. 

HO  is of course the heat flux to the surface at night, so 

that (3.4.6) is the estimate used for H in the nocturnal 

mixing layer. 

Mixing Layer Depths and Diffusivities in Mechanical Mixing  
Layers  

From a knowledge of the free stream wind speed UF  and the 

estimate of the surface sensible hear flux H the parameters 

a and K
I 
 can be estimated for mechanical mixing layers. 	The 

expressions derived are strictly only applicable to steady 

state conditions, but the mechanics of the mixing layer are 

too complicated to attempt a more general approach at 

present. 

When mechanical turbulence dominates, the mixing depth is 

usually taken to be proportional to windspeed (Moore, 1975) 

i.e. 

a = M UF  
(3.4.7) 

The value of M in neutral conditions MO  depends upon the 

surface roughness, and is taken to be IOOs over land and 50s 

over sea. 	In stable conditions M depends upon the degree 

of stability and a frequently used stability parameter is 

u defined by 
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ku* 	—k2gH  W — 	- 
fL 	u*2pcpeof 

(3.4.8) 



CD  is the geostrophic drag coefficient (uk/UF)2  which is also 

a function of stability but is typically 4-6 x 10-4  in 

stable mixing layers so that µ can be approximated by 

= — 044 	_ 	.044H  
2 u* 	CDUF2  

(3.4.9) 
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Here L is the Monin-Obukhov length scale (see for example 

Monin and Jaglom, 1965) which is frequently used in the study 

of the surface layer. 	The length k u./f is often used as 

a length scale for the depth of neutral mixing layers (Clarke, 

1970), so that µ is the ratio of these two lengths. 	It is 

not possible to specify µ accurately from routine meteorological 

information, but reasonable approximations can be made so that 

the mixing depth decreases with increasing stability in the 

manner observed in field experiments. 	Taking typical values 

for k, g, f, p ,c and 00,  one obtains 

-100H  

U 
2 	 (3.4.10) 
F  

there is some evidence that a varies as µ (Wyngaard, 1975) 

so that the values of M have been taken as 

M = min (M0,  Mou 
2) 	

(3.4.11) 

so that the neutral mixing layer is approached as --a. 
(in fact for completely neutral conditions µ = 0). 

The diffusivity is generally taken to depend on the square of 

the windspeed (Moore, 1975) i.e. 

K1  = DUF2  (3.4.12) 

In neutral conditions DO  is taken as 0.2sover land and 0.05s 

over sea. 	The dependence of D on stability is represented 

by 

D = min (Do , Du 2 ) 	
(3.4.13) 
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It is possible to have stable mixing layers with H<0 in the 

daytime when there is very low insolation, and this can 

clearly be seen from (3.4.5). 

The Potential Temperature Profile and Convective Mixing Layers  

When one has convective mixing layers over land during the 

day it is not possible to estimate the mixing depth and 

diffusivity from the wind speed and surface heat flux. 	In 

these conditions the mixing layer structure is dependent 

upon the history of the heat flux, and the vertical temperature 

profile plays an important part in the mixing layer development. 

For this reason the daytime potential temperature profile is 

estimated for each time step in the time dependent model. 

The potential temperature 0 is defined as the temperature 

which would be produced by an adiabatic expansion or 

compression to 1000mb. The details of the potential 

temperature profile at night are not important as the mixing 

layer is always assumed to be mechanical. 	Standard 

profiles are used at dawn to commence the calculation of 

the development during the day. 

ApSimon et al (1978a) have shown that the development of the 

mixing layer is not critically dependent on the exact initial 

profile, and that the use of typical dawn profiles is 

acceptable. 	Figure 3.5 shows the simplified standard 

profiles that are used, all of which have a constant 

potential lapse rate of .006°C m-1  above 300m. 	These are 

derived from the profiles used by Dutton which are given by 

ApSimon et al (1978a). 	The profile to be used depends upon 

the cloud cover and free stream wind speed at dawn as shown 

in Table 3.2. 

UF (ms-1) 	cc 0-1 2-4 5-7 8 9 

0-2 8 8 7 5 7 

3-6 8 7 6 5 6 

7-14 7 7 6 5 4 

15-21 6 6 5 5 4 

Over 21 5 5 5 3 4 

Table 3.2 Standard Temperature Profiles used at Dawn 
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Potential temperature profiles are simplified by the use of 

a number of layers with uniform lapse. 	In the convective 

mixing layer conditions above the first tens of metres are 

usually close to adiabatic with a uniform potential 

temperature profile. 	Carson (1973) described a model for the 

development of a dry inversion capped unstable mixing layer 

which estimates the potential temperature profile given an 

initial profile and H. 	ApSimon et al (1978a) have modified 

Carson's method to be more suitable for use in a stepwise 

procedure, and the method used in the time dependent model 

is based on this. 

From dawn until dusk the heat flux is taken from (3.4.5). 

When H is positive the lower stable layers are eroded until 

a well defined adiabatic layer is obtained. 	Figure 3.6 

illustrates how the adiabatic depth b changes from step to 

step. 	Allowance is made for entrainment of heat from the 

overlying stable layers according to Carson (1973). 	The 

heat entrained is taken as AH, and A is taken as 0.15 

following ApSimon et al (1978a). 	This entrainment results 

in a temperature discontinuity 06 at the top of the adiabatic 

layer. 	One has 

bi+1 = jb1 2~ 2H(1+A)t 261b1 +
1 pc 	1 	1 
1 p 	1 	1 

 

(3.4.14) 

where 	is the lapse rate in the first layer above the 

adiabatic layer, p is the density of air and c is the 

specific heat of air at constant pressure. 	The new mixing 

depth may be modified by vertical motions, when there will be 

a corresponding change in the stable layer lapse rates given 

by 

yn+1 = in exp(—S'At) (3.4.16) 
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FIGURE 3.7 THE POTENTIAL TEMPERATURE PROFILE 
ADJUSTMENT FOR NEAR NEUTRAL CONDITIONS 
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For unstable mixing layers Yordanov (1972) uses a KZ  profile 

proportional to 
H1/3z4/3, 

 and a similar functional dependence 

is used here for K1  in convective conditions. 

(c) 
K1 	= .0007 H

1/3 b4/3 

Before a well defined adiabatic mixing layer has been 

established, or in windy conditions when mechanical turbulence 

dominates, the estimates of the mixing depth derived from 

the evolution of b may be too small, and it is then necessary 

to allow for near neutral conditions. 	If the calculated 

adiabatic depth b is less than the mechanical mixing depth 

MUF,  then the mixing layer is taken to be mechanical and the 

potential temperature profile is adjusted to allow for this 

as shown in Figure 3.7. 	A lapse rate of .004°C m-1  is 

used in the mixing layer which is typical of near neutral 

conditions, and the profile is simply modified to give the 

correct mixing depth and to conserve the mixing layer's heat 

content. 

Maritime Mixing Layers  

The external parameters that determine the mixing layer 

structure over land are much less important over sea (Smith 

and Carson, 1977). 	The sea has a much greater heat capacity 

than land so that the diurnal cycle of the surface temperature 

is very small (<1°C) and the incoming solar radiation does 

not greatly affect the mixing layer structure. 	For this 

reason it is assumed that maritime mixing layers are 

exclusively mechanical, and that the parameters a and K1  can 
therefore be specified in the same way as mechanical mixing 

layers over land. 	It remains to specify the heat flux at 

the surface, H, in order to be able to use these methods. 

This heat flux depends largely on advective effects when the 

air mass leaves the land and travels across the sea. 	When 

warm air flows over a cold sea the air mass will undergo 

stabilisation with a flux of heat from the mixing layer to 

the sea. 
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(3.4.17) 

It is assumed that the lower layers of the air mass in contact 
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H — (3.4.19 ) 

with the sea will at least partly adapt to the sea temperature 

in comparatively short distances. 	The criterion used to 

decide whether stabilisation takes place is obtained by 

comparing the temperature 817  with the temperature of the 

sea surface. By  is the temperature extrapolated to the sea 

surface from the overlying stable layer (see Figure 3.8). 

The temperature of the North Sea is taken from Moore and 

Fisher (1975) 

A s = 9.4 + 4.7 sin [.986(d-140)°] °C 	(3.4.18) 

IfB >0 it is assumed that stabilisation does take place, 

otherwise a near neutral mixing layer is taken. 	Convective 

mixing layers over the sea have been neglected as it is 

assumed that these would not persist for appreciable 

distances. 	The temperature profile used for the 

calculations if the advection takes place during the day is 

the one used in the calculation of mixing layer development, 

such that the surface temperature corresponds to the synoptic 

temperature datum. 	At night one of Dutton's standard 

temperature profiles is used. 	It is necessary to parameterise 

the heat flux to the sea surface in terms of A8 =O -Bswhen 

stabilisation occurs, although this is not straightforward as 

there may be a flux of latent heat in the opposite direction 

to the flux of sensible heat (Smith and Carson, 1977). 	A 

simple specification is used which is based on the bulk 

transfer methods described by Deardorff (1972), using typical 

values for the coefficients over the sea. 
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As the puff travels over the sea the scaling temperature 

difference AB is held constant, but the wind speed is 

allowed to change in this expression. 

The parameters a and K1  can then be defined as described in 

the specification of mechanical mixing layers. 	The reduced 

mixing depths and diffusivities over the sea compared with 

over land reflect the much reduced surface roughness (^ .1mm 

compared to about 30cm for typical area average values over 
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land) which results in reduced production of mechanical 

turbulence. 

Advection effects from sea to land are less important as 

the mixing layer over land is determined by external factors 

to a much greater extent, and can adapt to conditions over 

land comparatively quickly. 	If the advection takes place 

during the day the development of the mixing layer proceeds 

from the initial temperature profile shown in Figure 3.9., 

depending upon the synoptic surface temperature data, the 

maritime mixing depth and the unchanged overlying stable 

layer profile. 	When advection takes place at night one of 

the standard Dutton profiles is used. 

The Wind Velocity Profile in the Mixing Layer  

It was shown in Section 3.3 that the wind velocity profile is 

specified in the model by two parameters; the surface backing 

angle 30  and the index for the wind speed profile m. 	From 

the discussion above it is clear that for each time step the 

mixing layer can be assigned to be convective, neutral or 

stable. 	Both 60  and m depend upon atmospheric stability 

and surface roughness. 	Typical values of 30  for average sea 

and land conditions in mid-latitudes are given in Table 3.3, 

and these are used in model calculations. 	They can be 

compared with, for example, Haltiner and Martin (1957). 

Type of mixing 
layer surface 

Unstable Neutral Stable 

Sea 10°  15°  25°  

Land 25°  30°  40°  

Table 3.3 Typical Values of 60  

Table 3.4 gives the values of m that are used. 	The values 

for land correspond approximately with the relationship between 

SO and m given by Sutton (1949) 
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tan 60  =\/m (m + 2) 
	

(3.4.20) 



Type of mixing 
layer surface Unstable Neutral Stable 

Sea 0.00 0.05 0.10 

Land 0.10 0.15 0.25 
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Table 3.4 Typical Values of m 
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3.4(ii) The Removal of Sulphur from the Atmosphere  

The parameterisation of the removal mechanisms for sulphur 

compounds in the time dependent model is the same as that 

employed in the steady state model. 	The conversion of 

sulphur dioxide to sulphate is represented by a fractional 

conversion 7 in the immediate vicinity of the source and a 

conversion rate Xs  away from the source. 	The dry deposition 

of sulphur dioxide to the surface depends upon the deposition 

velocity vd, whilst the dry deposition of sulphate is neglected. 

The precipitation scavenging of sulphur dioxide and sulphate 

are represented by scavenging coefficients 
Xr2 

and 
 Xr4• 

Of these parameters the deposition velocity for sulphur 

dioxide is the best defined. 	In Chapter 2 it was shown that 

measurements from the East Midlands network were consistent 

with a value of 8mm s-1. 	Smith and Hunt (1979) recommend 

a value of Imm s-1  over sea, but this difference between land 

and sea is not very important in model calculations, and a 

uniform value of 8mm s-1  throughout has been used. 

The parameterisation of the chemical conversion with 7 and 

X s 
is much less well defined. 	There is evidence that there 

is frequently a much higher oxidation rate near the source 

where concentrations of other pollutants which may be 

involved in the conversion process are higher (see for 

example Smith and Hunt, 1979), and this is the reason for 

including 7 as a separate parameter. 	In Chapter 2 7 was 

taken as 0.1, but its actual value will certainly be dependent 

on atmospheric conditions and the source type. 	Generally 

calculations of sulphate concentrations after long travel 

times are not very sensitive to the choice of 7 and a value 

of 0.05 will be used in the next Chapter following the O.E.C.D 

(1977). 	The rate of oxidation away from the immediate 

vicinity of the source can vary over two orders of magnitude 

depending upon such factors as solar radiation and humidity. 

Husar et al (1978) quote observed values betweek 0.1 and 6% 

per hour, corresponding to values of Xs  between 2.8 x 10-7  

and 1.7 x 10-5  s-1. 	Present knowledge about the oxidation 

rate does not enable it to be specified from external parameters 
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and a constant value is used in model calculations. 	From 

calculations using a Lagrangian model the O.E.C.D (1977) 

suggested a value of 3.5 x 10-6, but later recommended a 

lower value of 2 x 10-6  s-1. 	In the episode analyses 

described later two values of A A
s 
are used of 3 x 10-6  s-1 

and 10-6  s-1. 

Precipitation scavenging comprises the two separate processes 

of washout and rainout. 	Washout is the removal of pollutants 

below cloud base whilst rainout is the removal within the 

cloud. 	For sulphur dioxide, the gas removed in the rainout 

process is usually oxidised to sulphate by the time it 

reaches the surface in rainfall, whilst the gas removed by 

washout is found as sulphite ions in fresh rainfall (Davies, 

1979). 	Hence the rainout of sulphur dioxide can be regarded 

as being included in the conversion to sulphate, although the 

constant value of As  does not directly take into account the 

corresponding increase in conversion rate during rainfall. 

The scavenging coefficient 
Ar2 

can therefore be identified 

with the washout coefficient for sulphur dioxide. 

Measurements of sulphur dioxide during rainfall by the East 

Midlands monitoring network enabled an experimental 

investigation of Ar2  to be made. 	Maul (1978b) describes 

how measurements before and after periods of heavy rainfall. 

were used to estimate 'apparent' washout coefficients. 	For 

rainfall rates in the range 1-4mm hr-1  the analysis was 

consistent with 

Ar2  = a2  (R/R1) 
	

(3.4.21) 

where R is a reference rainfall rate of lmm hr-1  and a2 
 

in the region of 3 x 10-5  s-1. 	
2  

These estimates of Ar2  must be regarded as 'apparent' values 

as ground level measurements at fixed sites only have been 

used. 	Nevertheless they appear to agree fairly well with 

estimates made by other experimental and theoretical 

investigations. 	Garland (1978) has reviewed the observations 
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of several authors and concluded that they almost all give 

values for washout coefficients of the order 10
-5 
 s-1. 

Sulphur dioxide that has been washed out is present in fresh 

rainwater as sulphite ions and the measurements of e.g. 

Davies (1979) appear to be consistent with these washout 

coefficients. 

Billingsley et al (1976) undertook calculations for Xr2  using 

'well-mixed drop' and 'stagnant drop' models. 	The differences 

between the two models.were generally small, and the 

calculations compared well with the estimates based on (3.4.21) 

for typical atmospheric concentrations of sulphur dioxide. 

These estimates are used in the episode analyses of the next 

chapter. 

Garland (1978) has undertaken a study of the various processes 

by which sulphate can be removed by rainfall and concluded 

that the only important process is the rainout of condensation 

nuclei. 	The washout of sulphate particles is only important 

for the largest particles. 	Most atmospheric particles have 

diameters below a micron with corresponding terminal 

velocities of around .01mm s-1  with extremely small washout 

coefficients (Pasquill, 1974). 	Garland suggested a 

scavenging coefficient of around 10-4  s-1  for a rainfall 

rate of lmm h-1. 	Smith and Hunt (1979) have suggested a 

simple analysis which provides an alternative method of 

estimating Xr4. 	They considered the steady state situation 

where wet air below cloud base is entrained into the cloud 

to provide the water required to sustain the rainfall. 	If 

the rainfall rate is R and there is M kg m-3  of water in the 

entrained air then there must be a corresponding vertical 

velocity at the cloud base given by 

p WR 
w — (3.4.22) 

where p is the density of water. 	M is typically about 5 to 
-3w 	 -1 

lOg m corresponding to values for w of 3 to 6cm s 	for R = R1.  

Assuming that the sulphate in the entrained air is all removed 
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by rainout, then the scavenging coefficient for this process 

is w/c assuming a uniform profile up to the cloud base c. 

For a cloud base of 1000m this would give values of r4  

between 3 and 6 x 10-5 s
-1 
 for a rainfall rate of lmm h-1. 

This analysis does not enable well defined scavenging 

coefficients to be calculated, but does suggest that taking 

Ar4 
to be proportional to rainfall rate is reasonable and 

also gives values that are comparable to those of Garland. 

The time dependent model therefore employs a scavenging 

coefficient for sulphate given by 

Ar4 = a4  (R/R1) (3.4.23) 

In the episode analyses two values of a4  are used of 

3 x 10-5  s -1  and 10-4 s
-1
. 

Discussion  

The specification of the 'chemistry' of atmospheric sulphur 

by only three main parameters (As,  a2  and a4) with the implicit 

assumption of first order reactions has serious limitations. 

Our present knowledge of the atmospheric chemistry of sulphur 

does not warrant a more complicated parameterisation, 

however, and the measurements that model calculations are 

compared with in the next Chapter are not sufficiently detailed 

to test any such approach. 	One can anticipate that 

improvements in the parameterisation will be possible as the 

dependence of the removal processes on external parameters 

becomes better understood. 	It is doubtful, however, that the 

inclusion of reactions of degree higher than one will be 

practical for long-range transport models in the foreseeable 

future. 

The sensitivity of long-range transport calculations to the 

parameters can be illustrated by considering a simplified 

situation, ignoring the time variation of the mixing layer 

and the effects of a finite diffusivity. 	In this situation 

one has uniform pollutant profiles which satisfy the following 

equations. 
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a  2 	

d/ 
- (-Xs  — 	a — Xr2)X2 (3.4.24) 
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a lt 	2 Xs X2 	Xr4 X4 
	 (3.4.25) 

Representing dry deposition by the exponential decay term 

vd/a is a reasonable approximation for deep mixing layers, 

but can lead to large errors in stable conditions. 	These 

equations can be solved to give 

X2  = (1—Y) X20 exp(—(Xs  + vd/a)t - Ar2) 
	

(3.4.26) 

3 X4  = YX20 eXP(—Ar4) + 2 Xs  (1—Y) X20  exp  (—Ar4) 

t 
exp[-(Xs  + vd/a)t + (Ar4 — Ar2) dt (3.4.27) 

of  
where 	t  

Art 0  dt 

(3.4.28) 

fx 4  A 4 	dt (3.4.29) 

Equation (3.4.27) for sulphate is still fairly complicated 

despite the simplifying assumptions that have been made. 

From (3.4.26) it is clear that X2  does not depend upon the 

time when it rains, but only on the time integrated scavenging 

coefficient. 	This is only the case for X4  however if the 

two scavenging coefficients are the same. 	If the scavenging 

of sulphate is more efficient than the scavenging of sulphur 

dioxide then X4  will be a maximum if all the rain occurs at 

the start of the travel time and a minimum if it all occurs 

at the end (for a given t). 

The rate of wet deposition in this simplified situation 

(expressed in terms of sulphate) is given by 

dW 3 
dt 	2 X  

__ 	
r2 aX2 + Xr4 aX4 (3.4.30) 
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Clearly for 'low' values of s the first term will be the more 

important. 	Provided that 
Xr2 

and r4 are not very different 

and dry deposition is not of overriding importance one would 

not expect the wet deposition rate to he very sensitive to 

As (although it will always increase as Xs increases if 

x4 > xr2 as sulphate is not subject to dry deposition). 

Taking an extreme example with a very long travel time so 

that only sulphate remains, and taking Xr2 = Xr4' 
the ratio 

of the wet deposition rates for two different values of Xs 

will be the same as the sulphate ratios i.e. 

X1 (1-y) 

dW 1 	1 	~+ X1 + v 
Lt (ddtt ) = 	Lt X4 	

- 
s 	d/a (3.4.31) 

t}~ (dW )2 	t}~ X4 	X2 (1-Y) 
_ 	dt 	 y+ 	 

Xr2~Xr4 	Xr2=Xr4 ~2 + vd/a 

With typical values of 'Y, vd and a of 0.05, 8mm s-1 and 

1000m it is seen that doubling Xs from 3 x 10-6 s-1 to 

6 x 10-6 s-1 increases the wet deposition rate by a factor 

of 1.5. 	For the values of travel time actually of interest 

wet deposition calculations are generally less sensitive 

still to X 
s 

The sensitivity of wet deposition calculations to a 4 is 

similarly dependent on travel time, but an illustration of 

the fact that they can be remarkably insensitive is shown 

by the same limiting example. 

(dt)1 	a4 exp (-a4 r/R1) 
Lt  	-  	 
t}~ ( dW)2 	a4 exp (-a4 r/R1) 

dt 

Xr2=Xr4 

(3.4.32) 

For the situation where a4 r/R1 = 1 (when for example 

a4 = 6 x 10-5 s-1 and r = 4.6mm) halving the value of a4 

results in the ratio of the two wet deposition rates being 

only 1.2. 
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These considerations suggest that the wet deposition calculations 

are not sensitive to the exact choice of model parameters. 

From (3.4.26) it can be seen that sulphur dioxide concentrations 

may also not be very sensitive to as  if the decay term vd/a 

is larger than Xs, which is often the case in practice. 	The 

sulphate concentration, however, can obviously be expected to 

be very sensitive to the choice of Xs  provided the travel time 

is sufficiently long for the sulphate produced away from the 

source to be more important than that produced in the immediate 

vicinity of the source. 
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CHAPTER 4 - 

EPISODES OF LONG-RANGE TRANSPORT OF SULPHUR COMPOUNDS TO SOUTH NORWAY 

4.1 Introduction  

In the previous chapter a full description of the time dependent 

model was given together with a discussion of the parameters 

employed in it. 	In this chapter an application of this model 

to five episodes of long-range transport of sulphur compounds 

from north-west Europe to South Norway is described. 

The long-range transport of air pollutants in general and sulphur 

compounds in particular in Europe has been the subject of 

detailed study in recent years. 	An area of widespread interest 

has been the relationship between the emission of sulphur oxides 
and the acidity of precipitation. A summary of the problem of 

acid rain has been given by Likens et al (1979). 	Fisher (1978) 

and O.E.C.D. (1977) have investigated the long term deposition 

of sulphur compounds in Europe, but both analyses were based 

on constant mixing layer models. 	The five episodes studies in 

this chapter provide a test of the time dependent model and 

enable the importance of time dependent processes in long- 

range transport models to be assessed. 	Area average measurements 

of atmospheric sulphur dioxide and sulphate concentrations and 

sulphur in rainwater from ten O.E.C.D. sites in South Norway are 

compared with model calculations. 	The measurements have the 

disadvantage of being daily averages, which is too long a 

period for the model to be fully validated, but they provide an 

extensive data set for model comparisons. 

The five episodes are taken in the period from August 1973 to 

February 1974, and constitute a total of nineteen days in all. 

This period was used because a suitable meteorological data 

base was available (Wrigley et al, 1979). 	The episodes were 

specially chosen to be occasions when meteorological conditions 

were such as to result in the transport of pollutants from 

north-west Europe to South Norway. 	Four of the five episodes 

had significant wet deposition of sulphur compounds whilst the 

fifth (in October 1973) had very little rainfall. 	The number 

of suitable episodes was limited by gaps in the data base, and 

no conclusions can be drawn directly about the long term 

average transport of pollutants to South Norway from the five 



episodes considered. 

The use of the data base together with a description of the 

source inventory used in the calculations is given in Section 

4.2. 	The methods used in the episode analyses are reviewed 

in Section 4.3 and the episodes themselves are described in 

Sections 4.4 - 4.8. 	Section 4.9 considers the conclusions 

to be drawn from all the episodes together. 
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4.2 The Meteorological Data Base and the Source Inventory  

The time dependent model requires meteorological information 

in order to specify some of the model parameters, and a source 

inventory to specify the strength of the pollutant puffs in 

the calculations. 

Figure 4.1 shows the area covered by the meteorological data 

base. 	The information is specified on a grid of 10  latitude 

by 20  longitude with the estimates of surface pressure being 

given at the grid points. 	Sykes and Hatton (1976) describe 

the methods used to give these estimates using measurements 

from meteorological stations and orthogonal polynomial techniques. 

The surface pressure data is used in the calculation of puff 

trajectories as described in Section 3.3(i). 	Estimates of 
the pressure time derivative are also required, and these are 

produced by differentiating the orthogonal polynomial used 

to fit the time variation of the pressure at each grid point. 

Three other parameters are specified as area averages over the 

grid squares. 	These are the cloud cover , cc (in oktas), the 

surface temperature and the rainfall rate, and are specified 

every three hours from routine meteorological measurements. 

Meteorological stations are generally plentiful over land and 

these parameters can be specified as averages of the measurements 

within the grid square. 	Over sea, however, measurements are 

sparse and interpolation of parameter estimates is required. 

The method employed is described by Wrigley et al (1979). 	The 

cloud cover and surface temperature parameters are taken directly 

from meteorological measurements and are used in the 

specification of mixing layer development as described in 

Section 3.4(i). 	The rainfall rate is used in the specification 

of precipitation scavenging as described in Section 3.4(ii) and 

is estimated from the present weather code supplied by the 

meteorological stations. 	Wrigley et al (1979) describe the 

methods used to define a rainfall index I, and Table 4.1 is 

taken from that paper. 	The rainfall rate R is taken to be 

IR1/2. 	Although I has been weighted slightly to lower rainfall 

rates, the error involved in this approximation is small in 

comparison with the uncertainty in defining I and the scavenging 
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coefficients. 	It has to be borne in mind that the rainfall 

rates are estimates of the mean value over a large area and a 

three hour period. 	It is not possible to represent accurately 

many types of rainfall which are localised in space and time, 

and this is one reason why model calculations are compared with 

area average pollutant measurements rather than individual 

site measurements. 	Despite its limitations the method used 

to represent rainfall in the meteorological data base has many 

advantages over methods employed in other modelling exercises 

(e.g. 0.E.C.D., 1977) where the periods over which rainfall 

estimates were made were much longer. 

Types of Precipitation Rainfall Rates 
(mm/h) 

Rainfall 
Parameter I 

Rain 	(Slight 0.0 - 0.5 1 

,Moderate 0.5 - 4.0 5 

(Heavy >4.0 9 

*Showers 	(Slight 0.0 - 2.0 1 

((Moderate 2.0 -10.0 2 

(Heavy 10.0 -50.0 6 

Drizzle 	(Slight 0.2 1 

(Moderate 0.5 2 

(Heavy 0.75 2 

*Rainfall parameter scaled down by factor of 10 to account 
for short duration and locality of showers. 

Intermittent precipitation takes half parameter values 

Snow, hail, ice pellets given same efficiency as rain 

TABLE 4.1 - RAINFALL TYPES AND INTENSITIES WITH ASSOCIATED 
RAINFALL PARAMETERS 

Figure 4.2 gives details of the source inventory and shows the 

positions of the ten 0.E.C.D. sites under consideration. 	The 

estimates of total annual emissions are based on those given 

by 0.E.C.D. (1974) and are on the same grid size as the 

meteorological data base except close to the sites when smaller 
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emission areas are used. 	For the United Kingdom sources the 

emissions have been divided into power station and other emissions. 

This was made possible by information from Warren Spring 

Laboratory (1978) who supplied the 0.E.C.D. with the details 

of United Kingdom emissions. 	The source details for the 

United Kingdom are not as detailed as those used in the 

inventory in Chapter 2 for meso-scale transport, as such detail 

is not necessary for long-range calculations. 	The actual 

emission estimates may also be slightly different due to the 

different methods used in compiling the inventories and to the 

fact that they refer to different years. 	For simplicity all 

power station emissions were taken to be at 200m plus a plume 

rise of 2000/u m, where u is the wind speed at stack height. 

All other emissions were taken to be at 10m. 	In the absence 

of detailed information about the European sources some 

assumption has to be made about the division of the total 

emissions into low and high level releases. 	It is assumed 

in the model calculations that half are low level and half 

are high level for each source grid square (similar to the 

United Kingdom proportion). 	This lack of information produces 

a degree of uncertainty in the model calculations. 	On any 

particular occasion diurnal and seasonal corrections are made 

to the emissionsas given by O.E.C.D. (1977). 

It should be noted that this source inventory does not include 

sources for the grid squares that the sites are situated in. 

These local sources are not readily included in the time 

dependent model calculations. 	Details of the site situations 

are given by O.E.C.D. (1975), and many of the South Norwegian 

sites are situated in valleys with small sources at the mouth 

of the valley. 	These sites may be more affected by the 

sources than they would be in the absence of the valley due to 

the 'channelling' of the wind along the valley (Stern, 1968). 

The effect of local sources will be largely confined to sulphur 

dioxide concentrations as this is the 'youngest' pollutant. 

Simple calculations suggest that in appropriate meteorological 

conditions these local sources could give contributions to 

measured sulphur dioxide concentrations that are large compared 

with annual average figures, whilst giving relatively much smaller 
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contributions to sulphate concentrations in air and rainwater. 

In the model calculations each emission area is taken as a 

sub-source and puffs are released at regular intervals (typically 

every two hours) from them. 	Pollutant puffs are taken to be 

circular as stated in Section 3.3., and the initial puff 

radius r0  is defined to give the same spread about the puff 

centre of mass as the actual sub-source. 	For a 20  x 10  source 
area r0  is typically 70km. 
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4.3 Methods Used in the Episode Analyses  

In this section a description is given of the methods employed 

to investigate the episodes of long-range transport studied in 

the next five sections. 	It must be borne in mind throughout 

that the 0.E.C.D. daily measurements against which the model 

calculations are compared were taken from 7am on the day in 

question to 7am the following day. 

An understanding of the prevailing meteorological conditions 

for each period studied is essential. 	For this reason at the 

start of each episode analysis a study is made of the synoptic 

charts for the period. 	These charts are given at twelve-hourly 

intervals and start two or three days before the first day on 

which pollutant concentrations are calculated. 

In order to give a general picture of the most important source 

regions and the type of transporting trajectories for each day, 

simple back trajectories are calculated at three-hourly 

intervals from the first 0.E.C.D. site under consideration Nl 

at Birkenes. 	These back trajectories are obtained by using 

the trajectory analysis methods described in Section 3.3(i) 

'in reverse'. 	This method is widely used in studies of long- 

range transport to determine the source region on chosen 

occasions (see e.g. 0.E.C.D., 1977). 	In these calculations 

constant backing angles of 10°  over land and 5°  over sea from 

the calculated free stream wind vector are used, with 

corresponding wind speed reduction factors of 0.9 and 0.95. 

These back trajectories can not define exactly the source 

areas that contribute to pollutant concentrations at the 

receptors as they are calculated using constant backing angles 

and do not take into account puff dimensions in the horizontal 

plane. 	Nevertheless, these calculations clearly show the type 

of trajectories one can expect on a given day, and the source 

areas usually correspond fairly closely with the full 

calculations. 

The model calculations are undertaken for a reference set of 

model parameters with Xs  = 3 x 10-6  s-1  and a2  = a4  = 3 x 10-5s-1. 

The model calculations are not intended to be capable of 
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estimating pollutant values at individual sites, but only of 

estimating area averages. 	The source inventory, surface 

pressure field and synoptic data bases are all for a grid 

spacing of 2°  longitude by 1°  latitude and the distances 

between the sites is small in comparison with these dimensions. 

For this reason all measurements and calculations referred to 

are averages over the measuring sites, except where individual 

measurements are mentioned to illustrate a particular point. 

Of the ten sites, most reported values for the wet deposition 

of sulphur during the episodes considered, but at most five 

reported values for the concentrations of sulphur dioxide and 

sulphate in air. 	The height at which sulphur dioxide 
concentrations were calculated for comparisons with measurements 

was taken to be 200m instead of close to the surface. 	Because 

of the assumption of uniform meteorological conditions across 

the puff, when a puff first contributes to pollutant 

concentrations at the receptor points its centre of mass may 

still be over the sea and the mixing layer depth may be 

effectively underestimated. 	The use of a slightly elevated 

measurement height gives a more representative concentration 

at the receptors when there are very stable layers over the 

sea which have been largely depleted by dry deposition. 	In 

practice the differences in calculations of daily average 

concentrations for measurement heights at 200m and close to 

the surface were almost always very small. 

In order to examine the sensitivity of the model calculations 

to some of the model parameters, two different parameter sets 
were also used. 	The first employed a lower conversion rate 

for sulphur dioxide of 10-6  s-1, whilst the second differed 

from the reference parameter set in using higher values of the 

precipitation scavenging coefficient for sulphate with 

a4  = 10-4  s-1. 	It would of course be possible to undertake 

model calculations over a much wider range of parameter 

variations but it has already been shown in Section 3.4 that 

the wet deposition calculations in particular are not very 

sensitive to these variations, and the amount of computing 

required to undertake a complete sensitivity analysis would 

have been prohibitively large. 	Calculations using the two 
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alternative parameter sets are given in full for the first 

episode analysis in the next section, but are only referred to 

to illustrate particular points in the later analyses. 	The 

question of parameter specification is discussed again in 

Section 4.9. 

The development of the mixing layer along the puff's trajectory 

is a major part of the time dependent model, but most of the 

models that have been used to investigate the long term long-

range transport of sulphur compounds have used uniform mixing 

layers (Fisher, 1978; 0.E.C.D., 1977). 	A simplified version 

of the time dependent model can be used to consider the 

limitations of constant mixing layer models. 	This is 

obtained by using constant values of the mixing depth and 

diffusivity, taken to be 1000m and 20 m2s-1  respectively. 	As 

this constant mixing layer model cannot incorporate vertical 

velocities in a straightforward way, these are neglected 

together with the isallobaric term in the trajectory calculations, 

in order to remain consistent with continuity. 	Calculations 

of the constant mixing layer model are compared with those of 

the full time dependent model in Section 4.9 and are referred 

to in the episode analyses to illustrate particular points. 

Detailed examination of individual puff histories is very useful 

in illustrating how the model works. 	At the end of the first 

four episode analyses one or more example puff histories is 

described which is typical of a chosen period. 	The uncertainty 

involved in the trajectory calculations can often be assessed 
by comparing the full calculations with the trajectories based 

upon the simple geostrophic approximation, omitting the vertical 

wind velocity and the isallobaric term. 	For this reason both 

trajectories are shown in some of the example puff histories. 
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4.4 Episode Analysis for August 3rd - 7th, 1973  

4.4(i) Meteorological Conditions  

Figures 4.3 and 4.4 give the synoptic charts at 12 hour 

intervals from noon on 31st July to midnight on 8th August. 

The days prior to the 3rd are included as pollutants emitted 

on these days affected concentrations on and after the 3rd. 

At the start of this period there was a high pressure region 

over north-west Europe with a front to the north of the 

British Isles. 	The pressure gradients in the high pressure 

region were very slack resulting in light winds. 	This 

anticyclone gradually moved eastwards leaving slack pressure 

gradients still over the British Isles. By noon on the 2nd 

August a frontal system had reached the British Isles which 

gave widespread rainfall. 	Following this frontal system was 

a frontal trough which reached Scandinavia by noon on the 4th. 

It can be seen that by midnight on the 4th the whole character 

of the synoptic chart had changed from light wind anticyclone 

conditions to frontal weather with moderately strong winds. 

By midnight on the 5th another frontal system was moving over 

the British Isles. 	A depression formed on the trailing cold 

front of this system which brought further westerly or south- 

westerly winds and rainfall. 	Finally, a trough passed over 

the region of interest which brought more westerly to north-

westerly winds with it. 

4.4(ii) Back Trajectories  

Figure 4.5 shows selected back trajectories from Birkenes (N1) 

for the five days under consideration. 	It should be 

remembered that the 0.E.C.D. daily measurements are taken 

from 7am on the day in question to 7am the next morning, and 

this is why back trajectories arriving at the receptor between 

6 and 30 hours are considered. 	The back trajectories have 

been calculated back three days or until the trajectory leaves 

the map area. 

The back trajectories for the 3rd all show transport from 

northern Europe in very slow moving air masses. 	During the 

3rd the trajectories speeded up and moved northwards. 	These 

trajectories show the slow transport in anticyclonic conditions 
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Full and broken line trajectories alternate 
at 24 hour intervals 

FIGURE 4.5 BACK TRAJECTORIES FOR 3rd-7th AUGUST 1973 
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on the days prior to the 3rd followed by faster transport 

ahead of the frontal system that moved across the region on 

the 3rd. 	The trajectories for the 4th show a significant 

change in source area and travel time after 6 hours. 	After 

9 hours transport appears to be primarily from northern England 

and Scotland. 	These trajectories are associated with the 

frontal system and following frontal trough that crossed 

Europe on the 3rd and 4th. 	Back trajectories for the 5th and 

6th are generally similar to the 4th with the major source 

regions being the United Kingdom and the coastal areas of 

north-west Europe. 	The trajectories for the 7th pass 

exclusively over northern England and Scotland as they are 

mostly associated with the passage across Europe of the trough 

which brought westerly and north-westerly winds to the area. 

4.4(iii) Model Calculations  

Figure 4.6 shows measurements and model calculations for the 

reference set of parameters for the wet deposition of sulphur, 

the concentration of sulphur in rainwater, daily rainfall 

amount and atmospheric concentrations of sulphur dioxide and 

sulphate. 	The figure shows that the rainfall amounts are 

slightly underestimated and this partly explains the under-

estimate in wet deposition as can be seen by considering the 

concentration of sulphur in rainwater. 	The calculated sulphate 

values are in very good agreement with the measurements, but 

the sulphur dioxide calculations are well below average 

measurements. 

It has already been suggested that local sources could 

interfere significantly with sulphur dioxide measurements, and 

there appears to be some evidence to support this from individual 

site measurements. 	On 3rd August fairly high sulphur dioxide 

concentrations were measured at sitesl and 3 (14 and 19µg m-3) 

but a very low value of 1pg m-3  was recorded at site 9. 

Conversely on 6th August low concentrations were recorded at 

sites 1 and 3 (1 and 5µg m-3) whilst a value of 15µg m-3  was 

recorded at site 9. 	These very large variations suggest the 

influence of local sources which makes comparisons between 

calculated and measured values of sulphur dioxide of limited 
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value. 	The much lower spatial correlation in sulphur dioxide 
measurements compared with sulphate measurements has already 

been referred to by the O.E.C.D. (1977). 

The figure gives a good deal of information on how prevailing 

meteorology affects pollutant levels and on the extent to 

which this is reflected in model calculations. 	On 3rd August 

high sulphate levels were recorded at the four sites measuring 

atmospheric sulphur compounds and the model calculated similar 

values. 	The reason for this is clear from a consideration of 

the back trajectories described in the previous section. 	The 

anticyclonic conditions prior to the 3rd resulted in very light 

winds and long travel times between the sources and the 

measuring sites, resulting in most of the emitted sulphur 

dioxide being converted to sulphate. 	Figure 4.7 shows the 

important source areas contributing to the calculated wet 

deposition at site Ni (Birkenes) for each of the five days 

under consideration, and these compare well with the back 

trajectory calculations. 	In particular, on the 3rd the 

distribution of contributing sources clearly reflects the 

prevailing anticyclonic wind field. 	On this day there was 

very large variability in the measured wet depositions due 

to the very small amount of rainfall which was localised in 

space and time. 	In this situation one can not expect model 

calculations of wet deposition to be very accurate. 	Figure 

4.7 clearly shows that for this day the elevated sources in 

Europe contributed proportionally much more than the low level 

sources (70% more on average). 	This is due to the low wind 

stable nocturnal conditions for many puff releases when low 

level releases undergo rapid depletion due to dry deposition, 

and this is illustrated by the example puff histories below. 

The back trajectories for 4th - 7th August are generally 

different from those for the 3rd with much shorter travel 

times between sources and measurement sites, being associated 

with the passage of frontal systems. 	Sulphate values are much 

lower and the calculated values compare well. 	The calculated 

wet deposition for the 4th is significantly below the measured 

values, and this may be due to the transition from the long 
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anticyclonic trajectories to the faster frontal trajectories. 

The back trajectories for 6h and 9h are very different 

(Figure 4.5) and slight errors in the trajectory calculations 

during this period could result in very different wet deposition 

calculations. 	The wet deposition calculations for the 6th 

are somewhat below measured values but this is most likely due 

to the general underestimation of rainfall for that day. 	The 

very low values of all three pollutants on the 7th reflects 

the low emission levels in the major source area of Scotland. 

The fact that calculations are still slightly below measured 

pollutant levels is to be expected due to the 'background' 

sources that are not included in the calculations. 	The 

difference in conditions from the 3rd is also illustrated by the 

smaller difference in contributions from elevated and low level 

releases. 	On the 6th, for example, the European elevated 

releases contributed only 1070 more on average than the low 

level releases as shown in Figure 4.7. 

Tables 4.2 - 4.4 show model calculations for the reference 

parameter set and two different parameter sets to illustrate 

the sensitivity of the calculations to changes in these 

parameters. 	The first alternative set employs a lower sulphur 

dioxide conversion rate (X
s 
= 10-6  s-1) whilst the second uses 

higher values of the washout coefficient for sulphate 

(a4  = 10-4  s-1). 	The insensitivity of the wet deposition 

calculations is quite remarkable. 	The only day on which model 

calculations varied significantly was the 3rd, and in view of 

the large variability of individual measurements it was still 

not possible to suggest that any of the parameter sets fitted 

the data better than the others. 	Decreasing the conversion 

rate of sulphur dioxide does not greatly affect sulphur dioxide 

concentrations, as dry deposition was at least as important 

in removing the gas from the atmosphere. 	Reducing the 

conversion rate has a greater effect on sulphate concentrations 

and on this occasion it appears that the reference parameter 

set gives a better agreement with measurements than the other 

two. 



DATE 3 4 5 6 7 

Measurements 26 26 22 44 3 

Reference Parameters 27 7 15 26 1 

X
s 

= 10-6  s-1  26 7 15 26 1 

a4  = 10-4  s-1  33 8 15 28 2 

TABLE 4.2 - Measurements and model calculations of wet  
deposited sulphur for 3 different parameter  
sets. 	All units are mg SO4m-2  

DATE 3 4 5 6 7 

Measurements 13.9 1.1 0.7 1.5 1.0 

Reference Parameters 11.1 1.9 0.6 1.0 0.9 

X
s 

= 10-6 s-1  5.5 0.9 0.3 0.5 0.5 

a4  = 10
-4 

s-1  6.8 1.4 0.2 0.5 0.6 

TABLE 4.3 - Measurements and model calculations of sulphate  
in air for 3 different parameter sets.  
All units are pg m-3  

DATE 3 4 5 6 7 

Measurements 11 9 4 6 5 

Reference Parameters 5 1 1 3 1 

X
s 
= 10-6  s-1  7 2 1 3 1 

a4  = 10-4  s-1  5 1 1 3 1 

TABLE 4.4. - Measurements and model calculations of SO2  in 
air for 3 different parameter sets.  

All units are pg m-3  
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4.4(iv) Examples of Individual Puff Histories  
Detailed examination of individual puff histories is very 

useful in illustrating some of the points that have already 

been discussed and in investigating the sensitivity of the 

model to other parameters such as source height and trajectory 

analysis methods. 	Figure 4.8 gives details of puff histories 

of puffs released at 10h on 31st July from the sub-source 

centred at 11°E, 52°N, with all times being measured from Oh 

on that day. 	The trajectories shown are for elevated 

releases with the isallobaric correction term included 

(trajectory A) and with it omitted (trajectory B). 	The 

corresponding trajectories for low level releases vary only 

very slightly from those shown. 	The lower diagram in 

Figure 4.8 gives details of meteorological conditions 

calculated along trajectory A, which takes nearly four days 

to reach South Norway. 	The puff is released into a 

convective mixing layer of depth lkm. which increases in depth 

towards the late afternoon to about 1300m. 	On this diagram 

and on similar ones in this thesis the time variation of the 

mixing depth and top of the stable layers has been smoothed to 

a certain extent to clarify the general trends and to omit 

short term minor fluctuations. 	Free stream wind speeds 

during the first part of the trajectory were about 4 or 5m s-1. 

At dusk on the first day the mixing layer dropped to a very 

shallow stable state. 	With very light cloud cover and low 

wind speeds conditions were ideal for the strong stabilisation 

of the nocturnal mixing layer. 	At dawn the next day the 

puff was still over land and there was again a convective 
mixing layer which developed to a maximum depth of 1500m. 

By 6pm on August 1st (42h) the puff had travelled from land 
to the North Sea. 	Wind speeds were still low and although a 

neutral mixing layer was formed over the sea, its depth was 

much less than the convective layer over land. 	The mixing 

layer decreased further to a minimum value at around noon on 

2nd August (60h) when the free stream wind speed was only 

2m s-1. 	The first rainfall was experienced just before 

midnight on the 2nd, before which time only a small net 

convergence in the region of the puff had been calculated 

which had resulted in the top of the stable layers above the 
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mixing layers rising to 2km. 	At about the time of the first 

rainfall significant vertical motion took place and the wind 

speed gradually increased as the puff moved northwards ahead 

of the occluding front passing over the area (Figure 4.3). 

Shortly after 6pm on the 3rd (90h) the puff had an equivalent 

radius of 130km and although its centre of mass was still over 

the North Sea it began to contribute to pollutant concentrations 

at the measurement sites. 	The centre of mass of the puff 

reached Scandinavia at around midnight on the 4th (96h) and 

the mixing layer increased in depth somewhat. 	At around this 

time rainfall was experienced, associated with the occluding 

front, and large scale convergence took place at the same time. 
By this time wind speeds had increased to 10m s-1. 

The puff history just described is typical of those that 

contributed to pollutant concentrations at the sites on 

August 3rd. 	The difference between the trajectories with 

and without the isallobaric correction term is primarily due 

to the convergence associated with the occluding front. 	The 

trajectory using the simple geostrophic approximation results 

in much lower contributions to pollutant concentrations at 

the sites. 

The puff history in Figure 4.8 was for a puff released during 

the day in a deep convective mixing layer and one would not 

anticipate large differences between the histories of low 

level and elevated releases. 	This is borne out by the mass 

balances shown in Table 4.5. 

D W S F L 

h=200m, t=90h 0.31 0.10 0.38 0.01 0.20 

h=l0m, 	t=92h 0.38 0.09 0.35 0.01 0.17 

h=200m, t=103h 0.32 0.41 0.19 0.02 0.06 

h=l0m, 	t=103h 0.39 0.37 0.17 0.01 0.06 

TABLE 4.5 - Mass balances for puffs of unit strength  
released at 10h on 31st July, 1973 from 
sub-source centred at 11°E, 52°N  



At the times shown the fraction of the emitted sulphur dioxide 

lost to dry deposition (D) and wet deposition (W), together 

with the fractions remaining as sulphate (S), as sulphur 

dioxide in the mixing layer (F) and the sulphur dioxide in the 

stable layers (L) are given. 	The first two balances shown 

correspond approximately to the time when the puffs first 

contributed to pollutant concentrations at the sites, and the 

second two to the end of the measurement period for 3rd August. 

When the puff released at 200m reaches the sites 38% has been 

converted to sulphate and most of the sulphur remaining as 

sulphur dioxide is found in the stable layers. 	Most of 	the 

sulphur that has been removed up to this time has been removed 

by dry deposition. 	By 103h the amount of sulphate in the 

atmosphere has been halved due to precipitation scavenging 

and only 27% of the emitted sulphur remains in the atmosphere. 

The balance for the low level release is similar with slightly 

more sulphur dioxide being lost to dry deposition as a result 

of the greater contact between the puff and the surface in the 

period before it is well mixed throughout the mixing layer. 

Figure 4.9 gives similar details for a puff released at night 

at 21h from the same sub-source and on the same day as the puff 

shown in Figure 4.8. 	One observes a similar difference 

between the two trajectory calculations and the coincidence 

of large scale vertical motion with rainfall. 	The mass 

balances shown in Table 4.6 corresponding to those previously 

discussed in Table 4.5 are somewhat different however. 

D W S F L 

h=200m, 	t=92h 0.14 0.05 0.48 0.00 0.33 

h=10m, 	t=95h 0.86 0.00 0.11 0.00 0.03 

h=200m, t=103h 0.14 0.52 0.22 0.04 0.08 

h=l0m, 	t=103h 0.86 0.03 0.09 0.01 0.01 

TABLE 4.6 - Mass balances for puffs of unit strength  
released at 21h on 31st July, 1973 from 
sub-source centred at 11°E, 52°N  
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For this release time there are very large differences between 

the two release heights. 	The puff released at 10m is emitted 

into the stable nocturnal mixing layer and most of the sulphur 

has been removed by dry deposition by the time the mixing layer 

starts to deepen at dawn the next day. 	When the puff reaches 

the sites only 14% of the emitted sulphur remains in the 

atmosphere. 	On the other hand, the elevated emission is 

released above the nocturnal mixing layer and is de-coupled 

from the surface until the early morning of the following day. 

As a result 817. of the emitted sulphur is airborne when the 

puff reaches the sites. 

This second example clearly shows that source height is a very 

important parameter when the mixing layer is shallow at the 

source. 	This sensitivity to release height is shown in the 

calculations for wet deposition for 3rd August when the low 

level European emissions contributed 7mg SO4  m-2 to the 

calculated wet deposition at Birkenes and the elevated emissions 

contributed 12mg SO4  m-2  (Figure 4.7). 	This day was however 

unusual in this respect. 

Most of the individual trajectories after the 3rd show much 

faster transport in stronger winds. 	Figure 4.10 gives details 

of a typical puff history, released at 9h on 6th August from 

the sub-source centred at 4°W, 55°N. 	For this example there 

was negligible difference between the trajectories shown and 

those calculated using the simple geostrophic approximation. 

The diagrams are for the low level release, but there are 
again only very minor differences for the elevated release. 

The free stream wind speed at the time of release was 13m s-1  

and this had increased to 20m s-1  by 17h. 	The release was 

just behind the cold front shown on the synoptic chart for 

noon on the 6th (Figure 4.4), and the puff followed closely 

behind this front for the whole of the travel time shown. 

The centre of the mass of the puff crossed the British coastline 

at around 14h when the mixing depth became shallower due to the 

reduced surface roughness over the sea. 	The model calculations 

suggested, however, that the air mass behind the cold front 

was descending, so that the pollutants that were lost from the 
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top of the mixing layer at the land/sea interface had been 

reentrained by 20h. 	The puff first contributed to pollutant 

concentrations at the sites at 21h and did not contribute 

further after 27h. 	Table 4.7 gives mass balances for 

elevated and low level releases at these times. 

D W S F L 

h=10m, 	t=21h 0.20 0.46 0.07 0.27 0.00 

h=200m, t=21h 0.13 0.47 0.07 0.33 0.00 

h=lOm, 	t=27h 0.23 0.48 0.08 0.21 0.00 

h=200m, t=27h 0.18 0.49 0.08 0.25 0.00 

TABLE 4.7 - Mass balances for puffs of unit strength  
released at 9h on 6th August 1973 from  
sub-source centred at 40W, 550N.  

With deep mixing layers for the whole travel time the stable 

layers above the mixing layer are unimportant and one would 

not expect large differences between the two puffs. 	One 

finds the small difference in material lost to dry deposition 

which is about the same size as that for the puff mass 

balances of Table 4.5. 	This reinforces the importance of 

conditions at the source in the determination of the puff 

history. 
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4.5 Episode Analysis for September 27th - 29th, 1973  

4.5(i) Meteorological Conditions  

Figures 4.11 and 4.12 give the synoptic charts at twelve hourly 

intervals for Oh on September 25th to 12h on September 30th. 

A low pressure area was centred over northern Europe on the 25th 

which gradually moved eastwards leaving an area of slack 

pressure gradients over mainland Europe on the 26th when a cold 

front crossed the British Isles. 	The front remained fairly 

stationary over the west coast of Norway during the first half 

of the 27th. 	On the 28th a frontal system moved across the 

British Isles to Scandinavia with a deep low pressure area 

situated to the north of Scotland. 	The centre of the low 

pressure area moved gradually south-eastwards bringing southerly 

winds to the British Isles by the 30th. 

4.5(ii) Back Trajectories  

Figure 4.13 shows the calculated back trajectories from Birkenes 

for the three days under consideration. 	For the first part 

of the 27th trajectories were from the east passing over Sweden 

and being associated with the low pressure region over northern 

Europe. 	The long trajectories later in the day were associated 

with the slack pressure gradient area over Europe on the 26th, 

with transport northwards ahead of the front which moved 

across the area on the 28th. 

The early trajectories for the 28th were similar to the later 

ones on the 27th, but from noon onwards the nature of the 

trajectories changed. 	These trajectories were associated 
with the deep depression and this produced rapid transport from 

the British Isles to Scandinavia, and continued for the whole 

of the 29th. 

4.5(iii) Model Calculations  

Figure 4.14 gives details of the various comparisons between 

model calculations and measurements. 	For this episode 

additional sources were added to the source inventory for 

Sweden because of transport from that area on the 27th. 	The 

contribution from these sources was minimal however. 	Rainfall 

estimates were generally slightly low again as were the 
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Full and broken line trajectories alternate 
at 24 hour intervals. 

FIGURE 4.13 	BACK TRAJECTORIES FOR 
27th-29th SEPTEMBER 1973 
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calculations of sulphur in rainwater, but the wet deposited 

sulphur calculations compared extremely well with measurements. 

The calculated sulphate value on the 27th appears somewhat 

high, although the low value for the 28th agrees well with 

measurements. 	No comparison was possible on the 29th for 

sulphate due to the absence of sufficient measurements. 	The 

variation in sulphur dioxide concentrations appears to compare 

well with measurements. 	The calculations are in fact slightly 

higher than the measurements and there is no suggestion here 

that the influence of local sources was important. 

The high wet deposition on the 27th and to a lesser extent on 
the 28th was clearly due to the long path trajectories shown 

in Figure 4.13 which passed over many industrialised areas. 

This can also be seen from Figure 4.15 which shows that for 

these days the major source area was north-west mainland 

Europe. 	The source areas shown in this figure again compare 

well with the simple back trajectory calculations. 

Reducing the sulphur dioxide conversion rate or increasing 

the sulphate scavenging coefficients again made little difference 

to the wet deposition calculations. 	Calculations with the 

lower conversion rate gave a sulphate figure of 2.5µg m-3  on 

the 27th in somewhat better agreement with the measured values, 

and calculations with the higher sulphate scavenging rate 

gave a value of 1.9µg m-3  which is still closer. 

4.5(iv) Example Puff Calculations  

Figure 4.16 gives details of the histories of two puffs 

released from (1°W, 51°N) during the episode. 	All times 

shown are measured from Oh on the 24th. 	The details shown 

are for releases at 10m, but the histories of elevated 

releases were similar. 	The first puff was released at 4am on 

the 25th (28h), whilst the second was released at 4pm on the 

27th (88h). 	Both puffs contributed to pollutant concentrations 

in South Norway early on the 28th, in the measurement day 

corresponding to the 27th. 

The first puff entered the slack pressure gradient area in 
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north-west Europe and was almost stationary during the 26th. 

On the 27th the puff moved northwards ahead of the approaching 

front. 	Rainfall and large vertical velocities were experienced 

in the early hours of the 28th as the front caught up with the 

puff. 

The second puff was released behind the front that affected the 

first puff, but ahead of the depression which crossed the 

region later on. 	This depression brought very strong winds 

and widespread rainfall, as is clear from the figure. 

Table 4.8 gives the mass balances for low and high level 

releases for both puffs at the end of the measurement period 

for the 27th (103h). 

D W S F L 

h=10m, 	T=28h 0.56 0.33 0.08 0.03 0.00 

h=200m, T=28h 0.37 0.49 0.10 0.01 0.03 

h=10m, 	T=88h 0.21 0.62 0.04 0.12 0.01 

h=200m, T=88h 0.15 0.63 0.05 0.16 0.01 

TABLE 4.8 - Mass Balances for puffs of unit strength  
released from (1°W, 51°N) for 7h on  
27th September, 1973 (t=103h)  

The first puff had a very long travel time and only a small 

part of the sulphur dioxide remained. 	As one would expect, 

more material was lost to dry deposition for the low level 

source than the high level source, and the situation is 

reversed for wet deposition. 

In the strong wind mechanical mixing layer conditions that the 

second puff experienced for the whole travel time there was very 

little difference between the mass balances for the two release 

heights. 	In view of the widespread rainfall it is not surprising 

that much more material was lost to wet deposition than dry 

deposition. 
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4.6 Episode Analysis for October 26th - 28th, 1973  

4.6(i) Meteorological Conditions  

Figures 4.17 and 4.18 show the synoptic charts for Oh on the 

25th to 12h on the 29th. 	On the 25th there was an anticyclone 

over Europe with a frontal system passing over the north of 

the area. 	The centre of the high pressure region moved slowly 

eastwards resulting in southerly winds over the British Isles 

from about noon on the 26th. 	A cold front crossed the region 

from Oh on the 28th leaving a region of high pressure over the 

British Isles. 

4.6(ii) Back Trajectories  

Figure 4.19 shows the back trajectories for the three days 

under consideration. 	All the trajectories for the 26th were 

associated with the westerly winds of the first part of the 

period. 	The trajectories on the 27th changed from a westerly 

to southerly direction as a result of the high pressure region 

moving eastwards. 	The later trajectories were much slower, 

taking about three days to transport material from the south 

of the map area to Norway. 	Similar long trajectories were 

evident for the first part of the 28th, but later in the day 

there was a return to westerly trajectories associated with 

the air mass behind the cold front. 

4.6(iii) Model Calculations  

Figure 4.20 shows measurements and calculations for the three 

days. 	Rainfall figures are not shown as measured values 

were all below 0.4mm and calculated figures were similarly 

very low. 	These almost negligible rainfall amounts resulted 

in very small values of total wet deposition but very high 

values for the concentration of sulphur in rainwater. 	The 

calculated values for sulphur in rainwater were somewhat below 

the measured values because the model calculated higher values 

for the total rainfall. 	With such small quantities of rain 

one cannot expect the model calculations for these quantities 

to be accurate. 

Both model calculations and measurements showed a large peak 

in the atmospheric concentrations of sulphur dioxide.and sulphate 
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FIGURE 4.18 SYNOPTIC CHARTS FOR NOON 27th TO NOON 
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Full and broken line trajectories 
alternate at 24 hour intervals. 

FIGURE 4.19 	BACK TRAJECTORIES FOR 
26th-28th OCTOBER 1973 
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on the 27th. 	This was a result of the long path dry 

trajectories from Europe as shown in Figure 4.19. 	The model 

calculation of sulphate on the 27th was rather high and much 

better agreement with measured concentrations was obtained 

using the lower conversion rate of 10-6  s-1. 

As was the case for August 3rd there was a large difference 

between contributions to pollutant concentrations from low 

level and elevated sources for the 27th. 	The European low 

level emissions were calculated to contribute 7pg m-3  to 

sulphate concentrations at Birkenes, whilst the elevated 

emissions contributed llpg.m-3  as can be seen from Figure. 4.21. 

4.6(iv) Example of Individual Puff Histories  

The example is for the puff released from 12°E, 48°N at noon 

on the 26th which contributed to pollutant concentrations at 

some of the South Norwegian sites around noon on the 28th. 

Figure 4.22 shows the trajectory of the puff and the variation 

of mixing depth etc., along the trajectory. 	The diurnal 

mixing layer variation is clearly shown, as is the absence of 

any significant vertical motion before about Oh on the 28th. 

After this time the puff experienced strong convergence due 

to a cold front approaching (Figure 4.18). 	Despite the 

approach of the front, no rainfall had been experienced by 

the time the puff contributed to concentrations at the 

measuring sites. The mass balance for the puff at this time 

(for X 
s 
= 10-6  s-1) was :-  

D (loss to dry deposition) 	38% 

S (sulphate) 	 16% 

F2  (sulphur dioxide in mixing 
layer) 3% 

L (sulphur dioxide in stable 
layers) 43% 
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4.7 Episode Analysis for January 11th - 14th, 1974  
4.7(i) Meteorological Conditions  

Figures 4.23 and 4.24 give the synoptic charts for Oh on the 

9th to 12h on the 15th at 12 hour intervals. 	Throughout this 

period winds were strong and predominantly south-westerly with 

a series of frontal systems passing over the region. 

At Oh on the 9th there was an occluded front crossing the North 

Sea and a depression was evident in the south-west corner of 

the map. 	By 12h the front reached Scandinavia and the depression 

deepened appreciably and reached north-west France. 	At Oh on 

the next day the occluded front left the region and the 

depression disappeared to the south. From 12h on the 10th to 

12h on the 11th an occluding depression crossed the region with 

very strong nearly southerly winds ahead of it, leaving an 

area of very slack pressure gradient behind it over the North 

Sea. 	Starting at Oh on the 12th another frontal system 

crossed the region, and a wave on the trailing cold front 

produced another system of warm and cold fronts which were 

clearly seen at 12h on the 13th. 	The next frontal system 

crossed the region between 12h on the 14th and 12h on the 15th 

bringing with it much more westerly winds than the previous 

systems. 

4.7(ii) Back Trajectories  

Figure 4.25 shows selected back trajectories for the days 

under consideration. 	The trajectories arriving early on the 

11th followed a contorted path and took about two days to 

travel from the edge of the map. 	These trajectories were 

affected by the depression situated over France on the 9th, and 

later the frontal system that crossed the region on the 10th. 

The trajectories arriving later in the day were generally 

faster moving, taking about a day to travel from the edge of 

the map. 	The trajectories for this day originating from 

southern England were associated with the air mass behind 

the frontal system and not the air mass ahead of it as was the 

case for the previous trajectories. 

The back trajectories for the 12th all passed over England and 
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Full and broken line trajectories change at 24 hour intervals 

FIGURE 4.25 BACK TRAJECTORIES FOR 11th-14th JANUARY 1974 
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the coastal area of mainland Europe. 	Some of the trajectories 

early in the day showed the change in direction around midnight 

on the 12th to a roughly northerly direction as they moved 

ahead of the warm front passing over the region at the time. 

Later trajectories were associated with the warm sector of the 

depression and the air mass behind the cold front. 

The back trajectories for the 13th passed over many source 

areas in southern England and mainland Europe, as they were 

affected by the complex frontal systems on that day. 	The 

back trajectories for the 14th were largely from England. 

4.7(iii) Model Calculations  

Figure 4.26 gives details of the various comparisons between 

model calculations and measurements for the four days under 

consideration. 	Daily rainfall values, wet deposited sulphate 

figures and concentrations of sulphur in rainwater all compare 

well. 	Both measured and calculated wet deposited sulphate 

was highest on the 13th, although the model calculations 

appear to be an overestimate. 

Sulphate in air concentrations were significantly underestimated 

on the 11th and 12th and the measured sulphur dioxide concentration 

for the 11th was extremely high, being well above the calculated 

value. 	The sulphur dioxide measurements at the individual 

sites measuring the gas on this day were 33, 29, 38 and 1pg m-3. 

The three high values were measured at coastal or near coastal 

sites (N1, N3 and N23), whilst the low value was recorded 

inland (N26). 	The reason for these high concentrations is 

unclear, although the possibility of local source influence 

is again a possibility. 

Figure 4.27 shows the important source areas contributing to 

the calculated wet deposition at site N1 (Birkenes) for the 

four days. 	As before, these correspond fairly closely to 

the source areas suggested by the back trajectories (Figure 

4.25). 	On the 11th and 12th there were contributions from 

long travel time trajectories from sources in the south of 

France, but these did not appear to be very important. 	These 
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trajectories were influenced by the depression over France on 

the 9th and the area of slack pressure gradient in the same 

region on the following day. An example of such a trajectory 

is given below which illustrates that little sulphur was 

calculated to reach the sites from this area. 	One can only 

hypothesise that the underestimation of sulphate concentrations 

on these days may be due to errors in the description of these 

puff histories. 

The 13th was the day of largest calculated and measured wet 

deposition. 	Figure 4.27 suggests that the major contributing 

source areas were the industrial regions of France and West 

Germany. On the following day the source area was the United 

Kingdom and wet deposition levels reduced greatly. 

For almost the whole of this period strong winds were 

experienced with deep neutral mixing layers, so that one would 

not expect the model calculations to be sensitive to source 

height. 	This is borne out by the small differences between 

the European low and high level contributions in Figure 4.27. 

The high level emissions contributed only about 57. more than 

the low level emissions. 

4.7(iv) Examples of Individual Puff Histories  

Figure 4.28 gives details of the puff history for puffs 

released at 2h on the 9th from a sub-source in France. 

Following the trajectory with the isallobaric term included 

in the wind velocity calculations it is seen that for the 

first 12 hours the puff is close to a depression and in an 

area of rapidly converging air which resulted in material 

being transported to heights well above calculated mixing 

depths. 

By 17h about 70% of the emitted sulphur had been removed by 

precipitation scavenging. 	After this period the puff was 

outside the depression and the model calculated that it was in 

a region with rapidly diverging air resulting in large 

subsidence velocities and the rapid reentrainment of material 

into the mixing layer that had been transported to greater 
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heights. 	Shortly after noon on the 10th (36h) the puff was 

transported northwards ahead of the frontal system that was 

crossing Europe (Figure 4.23). 	Wind speeds increased as the 

occluding front approached reaching over 20m s-1  by 52h, and 

the air mass was subject to vertical motion. 	The frontal 

rain removed most of the remaining airborne sulphur so that 

only 3% was left by the time the puff reached the Norwegian 

sites. 	This puff history is very interesting in illustrating 

the strong vertical motions and rainfall associated with 

depressions and frontal systems, but cannot be considered as 

being a good estimate of the actual history of material emitted 

at the place and time considered. 	The trajectory calculated 

without the isallobaric term is very different from the one 

just described (Figure 4.28). 	It leaves the map area around 

24h and takes a completely different direction southwards. 

This is an example of how errors in trajectory analysis can 

grow exponentially in depressions where there are large 

velocity gradients as pointed out by Sykes and Hatton (1976). 

The large velocity gradients in the depression were reflected 

in calculated vorticities of nearly 10-4  s-1. 

Figure 4.29 gives similar details for puffs released from a 

sub-source in central England at noon on the 11th. 	The 

releases were in a region of diverging air and subsidence. 

Early on the 12th trajectory A moved northwards ahead of the 

approaching warm front, which resulted in rising air and rain 

fall from about 41h. 	Trajectory B follows a similar path 

except that the northwards transportation takes place about 

12h later when the front is much closer. 	This again 

emphasises the importance of ageostrophic affects near frontal 

systems and the errors that can be incurred when trajectories 

are calculated near them. 
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4.8 Episode Analysis for February 9th - 12th, 1974  

4.8(i) Meteorological Conditions  

Figures 4.30 and 4.31 give the synoptic charts for the period. 

On the 7th there was a large low pressure region centred over 

Poland with northerly winds over north-west Europe. 	A trough 

of low pressure passed over the British Isles on the 8th ahead 

of a warm front as the low pressure region moved eastwards. 

The warm front occluded and remained stationary over Norway 

for about 24 hours from noon on the 9th. Another frontal 

system crossed the British Isles around noon on the 10th and 

brought strong south-westerly winds. 	Behind this frontal 

system winds became more westerly on the 12th. 

4.8(ii) Back Trajectories  

The back trajectories for the four days are shown in Figure 

4.32. 	The early trajectories for the 9th show the effect of 

the northerly winds that were present on the 7th changing to 

south-westerly winds ahead of the first frontal system. 	These 

trajectories are fairly long in comparison with the later 

trajectories which were associated with the frontal system for 

the whole of the travel time. 	The trajectories for the 10th 

and 11th are similar with mainly south-westerly winds due to 

the two frontal systems of the period. 	On the 12th the 

trajectories were entirely from northern England and Scotland 

being associated with the air mass behind the second frontal 

system. 

4.8(iii) Model Calculations  

Figure 4.33 gives details of the model comparisons for the 

four days. 	For all the days the calculationsof the concentration 

of sulphur in rainwater appear to be underestimates. 	The 

large underestimate of total wet deposition on the 11th was 

mainly due to the underestimated rainfall. 	On the 12th all 

pollutant values were greatly underestimated. 	Figure 4.34 

shows that the calculated source area was Scotland. 	In fact 

much better agreement with measurements is obtained by using 

the constant mixing layer model. 	It appears that the 

underestimation is due to a contribution from 'background' 

sources not included in the source inventory and uncertainty 
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Full and broken line trajectories alternate at 24 hour intervals 

FIGURE 4.32 BACK TRAJECTORIES FOR 9th-12th FEBRUARY 1974 
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in the trajectory calculations. 	The constant mixing layer 
model also gave better agreement with the sulphate concentrations 

on the 10th and 11th. 	This suggests that mixing layer depths 

in the full model may have been overestimated for this 

episode. 

The individual puff histories for this episode were not very 

different from the examples already given for the 'wet 

deposition' episodes and so no further examples are described 

here. 



4.9 Discussion  

Having looked in detail at the five episodes of long-range 

transport in the last five sections this section considers what 

conclusions can be drawn from them. 

Figure 4.35 shows the calculated and measured daily values of 

the wet deposition of sulphur for the reference set of model 

parameters. 	The regression line shown was drawn using the 

simple least squares calculation. 	It can be seen that the 

agreement is very good with the mean calculated value being 

slightly below the mean measured value. 	The calculated 

gradient of the regression line is not significantly different 
from 1 and the calculated intercept is very small and not 

significantly different from 0. 	The overall slight under- 

estimation is largely due to the underestimation of rainfall 

in the model; the mean calculated rainfall for the nineteen 

days was 12mm compared with the mean observed figure of 15mm. 

The good correlation is slightly misleading in that both 

measured and calculated values are strongly correlated with the 

amount of rainfall. 	Nevertheless, the good agreement is 

very encouraging as the wet deposition of sulphur is the most 

important deposition process in South Norway. 

In view of the uncertainty involved in the calculation of the 

daily rainfall totals it is also useful to look at the 

measured and calculated weighted average daily values of 

sulphur in rainwater, and these are shown in Figure 4.36. 	It 

will be seen that the three highest values were for the three 

days with less than 2mm rainfall which were the three days in the 

October episode. 	The calculated values are extremely uncertain 

with such a small amount of rainfall. 	Apart from these days 

all but one of the measurements were in the range 1 - 3mg SO4  I-1  

and the corresponding calculations were in the slightly wider 

range of 0 - 4mg SO4  1-1. 	This narrow range of observed 

concentrations on days with significant rainfall is remarkable, 

but is probably due to the fact that similar meteorological 

conditions were experienced in the four 'wet deposition' 

episodes. 	It is clear that in view of the uncertainties in the 

calculations with low rainfall amounts, and the small spread in 
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both measured and calculated concentrations with higher rainfall, 

the correlation calculation is not really meaningful. 	It 

should be mentioned in passing that the mean values shown on 

the figure are not the same as the overall weighted mean 

values referred to below. 

Figure 4.37 gives the comparisons of calculated and measured 

values of atmospheric sulphate concentrations. 	Most of the 

measured and calculated values lie in a fairly narrow range 

of 0 - 7.5µg m-3. 	As in the wet deposition regression, the 

gradient of the regression line is not significantly different 

from 1 and the intercept is not significantly different from 

0. 	The agreement can be regarded as satisfactory, particularly 

in view of the fact that the two days with the highest measured 

concentrations are also the two days with the highest calculated 

concentrations. 	The very high calculation of 25.3µg m-3  was 

on October 27th, and it has already been observed in the 

October episode analysis that a lower value for the conversion 

rate of sulphur dioxide gave better agreement with measurements 

on that occasion. 

The good agreement between measurements and calculations for 

wet deposition and sulphate concentrations is not observed 

for sulphur dioxide concentrations as is clear from Figure 4.38. 

Concentrations appear to be underestimated overall and the 

correlation between measurements and calculations is very 

poor. 	The possibility of the influence of local sources 

during the January and August episodes has already been 

suggested. 	The very high measured value of 25µg m-3  on 

January 11th is particularly puzzling. 	Daily calculations 

of sulphur dioxide concentrations by the O.E.C.D. (1977) 

produced similar poor correlations with measurements, although 

it was suggested that measurement inaccuracies could contribute 

to this problem. 	From these comparisons it cannot be 

stated definitely that local sources have affected the 

measurements, but there is a strong suggestion that this is 

the case. 	As the contribution of local sources cannot be 

assessed readily, it is not possible to use the measured 

sulphur dioxide values to assess the best choice of pollutant 
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parameters with any certainty. 

The comparisons in Figures 4.35 - 4.38 were for the reference 

set of model parameters, but similar comparisons can be made 

for the two other sets of parameters considered and the simpler 

constant mixing layer model(C.M.M). 	These comparisons are 

summarised in Tables 4.9 and 4.10. 	It has already been 

observed that the wet deposition calculations are very 

insensitive to the exact choice of pollutant parameters, and 

this is borne out by the tables. 	In addition, the calculations 

of the constant mixing layer model are little different from the full 

model in this case. 	Experience with the use of the time 

dependent model has shown that the most important aspect of the 

calculation of realistic wet deposition values is the 

specification of the time when rainfall takes place. 	In this 

respect the method used in the model for estimating rainfall 

rates from routine meteorological measurements as described in 

Section 4.2 represents a very important part of the model. 

In spite of its limitations, it has proved very useful in 

giving reasonable estimates of rainfall on a three-hourly time 

scale, which is shorter than would otherwise be possible. 	In 

future uses of this method it may prove fruitful to modify the 

relationship between the estimated rainfall rate and the rainfall 

index, as the calculations at present tend to overestimate at 

low rainfall rates and to underestimate at high rainfall rates. 

The reference parameter set seems to give calculations which 

compare better with sulphate concentration measurements than 

the other two sets, but in view of the uncertainty regarding 

the sulphur dioxide comparisons it is not really possible to 

use them to assess the choice of parameters. 	It would appear 

that the use of a conversion rate for sulphur dioxide of around 

1% hr-1  gives good results. 	It is not suggested of course 

that this is the best value to use on any particular occasion. 

At present it is not possible to specify the conversion rate 

from external parameters and one can only state that the value 

of 1% hr-1  appears to be a suitable long term value for long-

range transport. 
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Wet 
Deposition 

(mg SO
4 
 m-2) 

Weighted 
mean 

conc. of 
sulphur in 
rainwater 

(mg SO4  1-1) 

Sulphate 
in air 

(pg m-3) 

SO
2  

in air 
(pg m-3) 

Measurements 26 1.8 3.9 6.4 

Full model 
reference parameters 22 1.9 4.0 4.1 

Full Model 
Xs 

= 10-6  s-1  21 1.8 2.0 5.0 

Full model 
a4  = 10-4  s-1  24 2.1 2.6 4.1 

C.M.M. reference 
parameters 20 1.7 6.4 6.3 

C.M.M. 
X s = 10-6  s-1  

19 1.6 3.4 7.4 

C.M.M. 
a4  = 10-4  s-1  22 1.9 4.5 6.3 

TABLE 4.9 - Measured and Calculated mean pollutant values  
for all episodes  

Wet 
Deposition 

Sulphate 
in air 

SO2  

in air 

Full model 
reference parameters .79 .75 .42 

Full model 
X 
s 
= 10-6  s-1  .79 .75 .42 

Full model 
a4  = 10-4  s-1  .74 .72 .42 

C.M.M. 
reference parameters .74 .55 .31 

C.M.M. 
Xs  = 10-6  s-1  

.73 .57 .35 

C.M.M. 
a4  = 10-4  s-1  .71 .57 .31 

TABLE 4.10 - Correlation coefficients between calculated and  
measured pollutant levels 
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The constant mixing layer model calculates higher values for 

sulphur dioxide and sulphate concentrations because in general 

material will be dispersed over a shallower depth than in the 

full time dependent model by the time the pollutant puffs reach 

South Norway. 	For the reference parameter set mean sulphur 

dioxide concentrations agree well with measurements, although the 

sulphate concentrations are significantly overestimated. 	In 

this case the use of the lower value of s gives better 

agreement with measurements which illustrates how the assumptions 

made about mixing depths effect the choice of the 'best' 

parameter set. 

The table of correlations shows that there is very little 

difference between the three model parameter sets, but the full 

time dependent model compares somewhat better with the measurements 

than the constant mixing layer model. 	The time scale for 

measurements of one day is too long for the time dependent 

model to be fully tested; model calculations sometimes suggest 

large changes of pollutant concentrations within a day which 

can not be verified with the present data. 	Nevertheless, it 

is reassuring to see that the time dependent model appears to 

calculate pollutant concentrations on this time scale slightly 

better than the constant mixing layer model. 	The calculated 

mean values for the nineteen days suggest that the use of 

constant mixing layer models for long term averages is 

justified, particularly for the most important calculation of 

wet deposition. 	This gives added confidence to the long term 

average calculations of deposition in Europe by e.g. Fisher 

(1978) and O.E.C.D (1977). 

The examples given of individual puff histories have themselves 

given much useful information. 	The way in which the model 

calculates puff developments which correspond to well understood 

meteorological processes is very satisfactory. 	The most 

important conclusion that has been emphasised by these examples 

is the importance of conditions at the source in the subsequent 

long-range transport. 	This has also been discussed by, for 

example, ApSimon et al (1978c). 



CHAPTER 5 - CONCLUSIONS  

5.1 The Results of the Present Work  

The steady state and time dependent models have proved very 

useful in the study of the longer range transport of sulphur 

compounds. 	These models are novel in the methods used to 

describe the vertical transport of pollutants with the chosen 

analytical solutions of the diffusion equation using Green's 

functions. 	The use of these analytical solutions has many 

advantages including reduced computing time. 

In conditions where the mixing layer can be taken to be in a 

steady state the use of the steady state model is very 
convenient. 	The model is suitable for routine use and the 

applications which have been described in this thesis illustrate 

this. 	The estimate of the large scale deposition velocity 

for sulphur dioxide of 8mm s-1  obtained from the measurements 

made by the East Midlands monitoring network is a good example 

of how a mathematical model can be used to interpret measured 

data. 

The time dependent model is a sophisticated model capable of 

incorporating all the important meteorological processes 

affecting the transport of atmospheric pollutants. 	It has 

been shown to be a powerful research tool but in its present 

form it would not be suitable for routine use because of the 

large amount of computing time required. 	Its application to 

the long-range transport of sulphur compounds from north-west 

Europe to South Norway has highlighted several interesting 

results. 	Whilst a more detailed knowledge of the atmospheric 

chemistry of sulphur is required to make better estimates of 

pollutant concentrations on individual occasions, this would 

probably not result in much better estimates of the most 

important calculation of wet deposition. 	Comparison of the 

calculations of the time dependent model with measurements did 

not enable a detailed assessment of the choice of model 

parameters to be made, but the use of the long term conversion 

rate for sulphur dioxide away from the source of approximately 

1% hr-1  appears realistic. 	For individual daily measurements 

the time dependent model calculations can be expected to compare 
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better than simpler models using constant mixing layers, but 

long term average calculations will not be very different in 

general. 	The detailed episode analyses have clearly shown 

that on most occasions it is possible to understand the 

important processes involved in the long-range transport of 

pollutants. 	The use of the time dependent model enables the 

important source areas to be identified and the transport of 

pollutants to be quantified. 

The dispersion and ultimate fate of anthropogenic sulphur 

compounds are well represented by the models described in this 

thesis. 	There is clearly scope for them to be applied to 
other situations and other pollutants. 

5.2 Future Uses of the Models  

The steady state model is to be further developed to make it 

straightforward to apply on a routine basis for air pollution 

calculations. 	Mixing depths and diffusivities will be 

specified from routine meteorological measurements so that it 

can be applied by users not familiar with the details of the 

model. 	In this form the steady state model will provide 

an attractive alternative to Gaussian plume calculations based 

on Pasquill categories for meso-scale transport. 

It has been indicated that the application of the time 

dependent model to daily average measurements does not provide 

a full test of the model. 	The time dependent transport model 

has potential application to all situations where time 

dependent processes are important in meso-scale or long-range 

transport, and it is hoped to use the model in future for 

comparisons with measurements over shorter time scales. 
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APPENDIX 

TRAJECTORIES AND SPREAD IN A STEADY STATE MIXING LAYER WITHOUT DEPLETION  

The trajectory followed by a puff as it spreads through the mixing 

layer is determined by the wind vector and diffusivity profiles which 

will generally be changing functions of time. 	The important factors 

affecting the trajectory can however be illustrated by considering a 

steady state mixing layer, and the mathematics is further simplified if 

depletion is ignored. 	Similarly the effect of wind shear on the 

horizontal spread of the puff can be investigated by considering the 

same simplified situation. 

The trajectories and spread of a puff are investigated in terms of the 

integral moments of the concentration given by : 

m 	00 

(Al) 
-CO 	-~ 

Starting with (1.4.3), assuming no sink terms and using the diffusivity 

approximation for the turbulent fluxes the first three 

important moments 

MOO - 
az (Kz 

(Kz 

(Kz 

satisfy the 

az 

following equations (Csanady, 

QS(z-z')S(t-t') 

+ u M00 

+ 2 u M10 	+ 2 KX 

1973) 	: 

(A2)  

(A3)  

(A4)  

DM10 - 
	

a aM10 
at 

311420 	
- 

az 

a 

az 	) 

aM20 0) at az a z 
The incorporation of the depletion terms would greatly complicate the 

ensuing analysis and would not greatly influence the final results. 

The last term in (A4) will be omitted in later analysis as its 

contribution to cross wind spread for the long travel times that are 

considered is small 
conditions are given 

aM 
00 

in comparison with 
by 

Nil 
00) 

shear-induced spread. 	The boundary 

= 0 	 (A5) 
a 

conditions. 	The x-coordinate of 

: 

(Kz az 	) 

M10 and M20 have the 

the centre of the 

0 	(Kz 	az 

same boundary 

mass is given by 

Mmn (z , t) = 	f fxmynC(x,y,z,t) dx dy 



cx 	~110/~~00 

whilst the spread of the cloud along the x-axis is : 

2 	2 x = M20/M00 - cx 

The corresponding quantities for the y-direction are obtained by using 

v instead of u in the above equations. 

For simple diffusivity profiles these equations are most conveniently solved 

using Laplace transformation techniques. 	Maul (1978a) used these 

methods to look at the ground level trajectory of a diffusing cloud, 

and further reference will be made to this paper. 	If one is only 

concerned with asymptotic solutions, the equations are most straight-

forwardly solved using Green's function methods, and this is the 

approach used here. 

Taking the Green's function for (A2) to be G(z,z',t,t'), then the 

solution to this equation for a point source of unit strength at height 

h and time t=0 is G(z,h,t,0). 	The corresponding solutions to (A3) and 

(A4) can then be written (Morse and Feshbach, 1953) : 

1 
fG(zetT) M10(z,h,t) = Q a

0f 
0 	u(8) 

G(B,h,T,O) d8 dT 

M20(z,h,t) = 	2a 	fG(zOt,T)u(0)  
0 0 

M10(6,h,T) d8 dT 

G(z,z',t,t') is symmetric in z,z2 	 This can 

be used with (A8) to show that : 

1 1 
1110(84,t) d8 dcp = Q u t/a 	(A10) 
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(A6)  

(A7)  

(A8)  

(A9)  

0 0 
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After the puff is well mixed throughout the mixing layer Moo = Q / a. 

Csanady (1973) investigated the behaviour of cx and 	and and their 

dependence on z for this asymptotic stage, but did not consider the 

dependence on height of emission. 	His analysis is extended to include 

this factor. 

Integrating (A3) over the mixing layer for large times one has : 

a a t 0 — Q u (All) 

whence 

11210(z,h,t) = Q (u t + Dx(z,h) )/a 	 (Al2) 

cx(z,h,t) = u t + DX(z,h) 	 (A13) 

D 
x 

is a 'memory' function depending upon the height of emission of the 

puff and the height at which the measurement is made. 

From (A3), (Al2) one obtains : 

aD 
X
(z,h) 

u = az (KZ 	az 	) + u(z) (A14) 

whence 

3Dx ,H) — a2 
aC 	KZ(c) 	

(u - u(8)) d6 + f(H) 	
(A15) 

0 

where z and h have been normalized by the mixing layer depth. 	From 

the boundary conditions f(H) is identically zero so that : 

s 	a 

DX(~ , H)= 
a2 	1; 

1  
 (B) 

0 	z 	0 
(u—u(c))dPde + g(RR) (A16) 
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From the fact that M10 is symmetric in z and h together with the integral 

condition (A10) it is easily shown that 

Dx(~,H) = F(C) + F(H) 

1 

F() = G(c) - 	f G(0) de 
0 

(A17)  

(A18)  

0 

G(0 = a2 	Kz(0) 	(u-u(cp)) dcp dO 

0 	 0 

Csanady's analysis is obtained by omitting F(H). 	When considering the 

trajectoi of the centre of mass of the puff F(s) can be omitted. 	A 

measure of the importance of the source height is give by 

A = Dx(z,a) - Dx(z,0) which is given by : 

1 
x = a2 	K (0) 	f(_u()) dq) d0 

z 
0 	 0 

This distance is independent of z and can be expressed as : 

(A19)  

x = PtD UF 
(A20)  

where tD is the diffusion timescale a /Kz. 

Maul (1978a) considered the definition of the 'best' wind direction to 

take for a given source and receptor point. 	One can define an 

effective wind direction by : 

0' = tan-1 (_y) = 0 - L0(z,h) 	 (A21) 
x 

where 9 is the direction after long travel times and AB is the deviation 

from this. 	If the x axis is taken in the direction of the free stream 

wind vector then B is the mean backing angle through the mixing layer 

From (A13) and the corresponding equation for c one has 



vt + D 
0' = tan-1  („ 	y ) 

ut + D x  (A22) 
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t» tD  

The examples quoted by Maul (1978a) show that this limit is in fact a 

good approximation for t > tD/2 and that using the limit as t —*ao of 
v/ū only results in errors of a few degrees. 	After making an estimate 

of O'for t=0 quite reasonable approximations for 0'can be made by 

assuming a suitable smooth variation of 6,0 with t until r =  1, and this 

forms the basis of the approximations used in (2.4.1) and (3.3.12). 

Such approximations are good to within a few degrees as can be shown by 

comparing them with the full solution for a uniform diffusivity profile 

described by Maul (1978a). 

A similar analysis can be carried out for 
x2  starting by integrating 

(A4) over the mixing layer for large times to give 

1 aM20  
at 	2  Q/a 	fu(0) (u t + Dx(0,H)) ds 	(A23) 

0 

whence 

1 

M20 = Q/a 112  t2  + 2 t 	f u(e)D(oll)de + f(H)(A24) 

0 

From (A7) 

n 
ox2 = a M20/Q — 

cx2  

1 

= 2 t 	(u(0) — u)Dx(0,H)de + f(H) 
0 

(A25) 



It can then be shown that : 

ax2 = 2 Ke  t + E(z,h) (A26)  

where E(z,h) is symmetric in z and h, and K 
e 
is an effective shear 

diffusivity given by 

1 
Ke  = 	u(8) F(8) d8 of  

(A27)  

Where F is given in Equation (A18). 
It is possible to evaluate E(z,h) but the expression is extremely 

complicated and of little practical use. 	K
e 
 is not very sensitive to 

the details of the wind profile and can be written in the form 

Ke  = K tD  UF2  
(A28)  

Putting typical wind and diffusivity profiles into (A27) gives values 

of Ke  in the region of 104  m2  s-1  which are of the same magnitude as 

large scale observations by e.g. Randerson (1972) and Heffter (1964). 
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Abstract—Most simple models for the meso-scale transport of gaseous pollutants are unable to take into 
account the change of direction of the wind vector with height above the surface, and this can lead to errors in 
predicting ground level concentrations. Expressions are derived for the ground level trajectory of a diffusing 
cloud taking the height of emission and the depth of the mixing layer into account. These are used to define an 
effective wind direction dependent upon travel time which can be used to improve dispersion estimates. 

NOMENCLATURE 
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a 
b, 

cx(h), c,.(h) 

C 
D f(h), D y(h) 

f(P) 
h 

Kx K y, K~ 
L-r 
mx(h), my(h) 

M, M y 
P 
q 

Q 
s 

tp 
Tx, 7; 
U, V 

Ug 
U, V 

U, V 

x 

3' 

Ix, a, 

0 
QC 

y(h) 
A 

A.E. 12.5—E 

Depth of mixing layer (m) 
Expansion coefficients of f(p) near the 
origin 
Co-ordinates of the centre of mass of the 
diffusing cloud at ground level (m) 
Concentration of pollutant (pgm') 
"Memory" parameters defined in Equation 
(28) (m) 
Laplace transformation of f(t) 
Height of emission (m) 

T 1 
urbulent diffusion parameters (m2 s ') 

Inverse Laplace transformation operator 
Moments of C defined in Equations (3) and 
(4) (pg) 
Laplace transformations of mx, m y (rig s) 
Laplace transformation parameter (s ') 
Integral of -C defined in Equation (2) 
(ug m-') 
Laplace transformation of q (ug s m ') 
V(P/K:) (m-') 
Time (s) 
Diffusion time scale a2/K„ (s) 
Times where expansions are joined (s) 
Components of the wind vector parallel to 
the surface (m s- ') 
Geostrophic wind speed (ms') 
Mean values of U, V throughout the mix- 
ing layer (m s-1) 
Mean values of U, V between h and the 
surface (m s ') 
Co-ordinate axis parallel to the surface 
wind (m) 
Co-ordinate axis perpendicular to the sur- 
face wind (m) 
Vertical co-ordinate axis (m) 
Matching parameters defined in Equation 
(35) (m s 2) 

Dummy variable 
Crosswind spread of cloud (m) 
Non-dimensional time = 
Effective wind direction (degrees) 
D(a) — D(o) (m) 

The turning of the wind direction with height above. 
the surface has two important effects on a diffusing 
cloud ; an increase in the rate of spread and a deviation 
of the ground level trajectory from a straight line. 
These effects are most important in stable conditions 
when the difference in direction between the surface 
and geostrophic winds is greatest. 

Csanady (1969) predicted that beyond the first few 
kilometres from the source the shear contribution to 
spread would become dominant, and there is some 
experimental evidence to support this (Randerson, 
1972 ; Brown and Michael, 1974). The measurements 
of Brown and Michael also showed that crosswind 
spread can be greatest in stable conditions. 

The ground-level trajectory problem means that the 
best wind direction to take is dependent upon 
source—receptor separation. This is most important 
for the time before the cloud is well mixed through the 
mixing layer. Pasquill (1961) suggested that for down-
wind distances of between 10 and 100 km from a 
ground-level source one should take the wind direc-
tion as the mean of the surface and geostrophic 
directions backed by 10°. Csanady (1969) used the 
"concentration moment" method first considered by 
Aris (1956) to study this problem for a ground-level 
source in an Ekman layer. This paper considers the 
problem in more detail by using the same approach, 
but including the effects of source height and the finite 
depth of mixing. The analysis is also undertaken for an 
arbitrary wind vector profile, although the constant 
diffusivity profile has been retained for simplicity. This 
will not be consistent with a chosen wind profile 
(except in the case of an Ekman spiral), but provides a 
reasonable first approximation, especially for an elev-
ated source. 



0 

(5) Cx '= Mx 
9 cY =my 

0 

1046 
	

P. R. MAUL 

THE GROUND LEVEL TRAJECTORY . 

OF A DIFFUSING CLOUD 

The classical diffusion equation for the drift of a 
pollutant can be written as 

OC ac ac 
at +U ax +v a 

Y 

ax (Kx ax / + (K / ay y ay  
a(  

+ az K= az )-   

Equation (1) is too difficult to yield simple analytical 
solutions in general, but by suitable integrations the 
ground level trajectory of the centre of mass of a cloud 
released at t = 0 can be studied. 
Let 

q-=-5 
 ~ 

J C dx dy 	(2) 

mx = LJxcdxdy 

my = 
J 

I : J yCdxdy. 	(4) 

Then the co-ordinates of the centre of mass of the cloud 
at ground level are given by 

If the x axis is taken in the direction of the surface wind, 
the effective wind direction can be defined as 

0(h) = tan -1(cy/cx)• 	 (6) 

This is the "best" direction to use in dispersion 
calculations, being defined as the angle made by the 
line joining the source to the centre of mass of the cloud 
and the x axis. It will be assumed that no material is 
lost at the ground or through the top of the mixing 
layer so that 

aC 
az 

 

OC 
- az 

= 0. 
a 

(7) 

     

The inclusion of a deposition boundary condition at 
the surface would tend to move the centre of mass of 
the cloud upwards, but this will not in general greatly 
alter the calculations for the ground level trajectory. 
From Equations (1)-(5) one obtains, assuming C, 
aC/ax etc. -4 0 at large distances from the origin and 
K, K y are functions of z alone 

aq a 
at az ( 

aq
K" az ) 

- 	 (8) 

am. __ a ( amx 
at 	az 

K= az l+ q U 	(9) 

am a 

( 
am 

at - az 
K=āzy J q v. 	(10) 

It should be noted that these equations are inde-
pendent of Kx and K y. The initial condition is given by 

q(z,o) = 8(z - h) 	 (11) 

which corresponds to the instantaneous release of unit 
mass at a height h above the surface at time t = 0. The 
Laplace transformation of q is given by 

Q 
 = 

.1ge dt. 	 (12) 
0 

Mx and My are similarly defined, and one obtains  

(lCz -a!a - pQ = - 0(z - h) 	(13)  

(Kzam_ 	x
z - pM x = - UQ 	(14) 

az 

 

(Kz -7--amzY )- p M y = - V Q. 	(15) 

For simplicity K= is taken to be independent of height. 
Henceforth expressions for quantities defined along 
the x axis only will be derived, but the corresponding 
results for they axis are easily obtained by substituting 
V for U. The solution of (13) under the appropriate 
boundary conditions is 

cosh s(a - z) cosh sh 

z<h 

where 

s =,I(p/K:)• 

Equation (14) can be solved to give 

cosh sz - — sinh s (z - B) QU dB 
o K:s 

(17) 

K=s sink sa o

1 
	 coshs(a - 0)QUdB. 

o  
(18) 

Assuming that the order of the inverse Laplace 
transformation operator and the integration in (18) 
can be reversed one obtains 

mxl o = 
$o -

'Lf(P)J U(B)do 	(19) 

where 
1 Īy+~~ 

L-1[f(P) _ — J
Y _~~ ePif(p)dP 	(20) 2ni  

(1) 

(3) 

Q 	K= s sinh sa 
cosh s(a - h) cosh sz 

K= s sink sa 

z > h (16) 

Mx = Mx 

with 

M x 
a 
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and 

f(P) = 
cosh s(a - 0)Q(0) 	

(21) 
K_s Binh sa 

nix Io can be evaluated by expanding f (p) as an infinite 
series of exponential terms and inverting term by term, 
resulting in an infinite series of terms involving error 
functions which is given in the Appendix. A simpler 
approximate method for h > 0 is described in the next 
section. q is easily determined directly from Equation 
(8) and the boundary conditions to give 

1 
q = - E cos n7(1 - h/a) 

a_ T 

cos nn(1 - z/a) exp (- n2 rr2 r) (22) 

is given by 

L '[f(p)]--ab_ 2t+b_ 1 . 	(25) 

This can also be obtained by taking the limit as t -• .x 
of the full solution for mx I o given in the Appendix. 

It follows that 

ex(h) Ū t + Dx(h) 	 (26) 

where 

Ū 	a = 1/a
J  

U(9)d0 
0 

and 	

(' 	r 
Dx(h) = tD J 1 U(s)[( 1 - b)2 + 1/2(h/a)2 - 1/3] dC 

0 

(27) 

h ,a 

where r is non-dimensionalised time given by tK z /a2 . - t D U (S) (h/a - 	 (28) 
This is suitable for the calculation of q for large times 0 

but for small times a more suitable expression is Ū represents the mean wind speed in the x direction 
1 (z- h+ 2na)2 throughout the mixing layer and D(h) expresses the 

"memory" that the cloud retains for its source height. 
In practice these limits are a good approximation for 

E exp 
zt) -T 4K zC 

(z + h + 2na)2 
4K zt 	] 

r > 0.5. It is interesting to note the maximum possible 
+ exp (23) error involved in ignoring the effect of source height. 

From Equation (28) this is given by 
This is obtained by considering the infinite series of 
"reflected" sources at the ground and the top of the 
mixing layer (e.g. Csanady, 1973). Ox = Dx (a) - Dx(0) = tD  	Nog - i) dC. 	(29) 

Nearfteld 
ASYMPTOTIC LIMITS FOR THE Here simple expressions for the asymptotic limits as t 

TRAJECTORY PROBLEM -> 0 are not so readily obtained. The leading term in 
the full solution for mx lo in Equation (A5) for small 

Far field times comes from the term 
When r I. the pollutant is well mixed throughout 

the mixing layer so that q -•1 /a and the asymptotic 
limit as t -* oo is approached. This limit for cx(h) can be 
obtained by expanding f(p) in Equation (21) in powers 
of p in the region of the origin. Carslaw and Jaeger 
(1947) show that the asymptotic limit for large t can 
then be obtained by considering the residue at the 
origin only, with no contribution from the integration 
along the branch cut caused by the square root terms. 
Near the origin 

	f h

2K, a 
U(0) erfc [2 	/K=t] d9, 

and is given by 

mx I o -' h J(i_.)e2 /4Kz1 

f 
U(0) dO. (30) 

From Equation (23) the leading term for q  for small 
times is given by 

f(p) _ E bo" 
—2 

where 

1 
b_ 2 = a2 

b_ 1 = 	1 	©)2 - a2/3] 

(a - h)2 a2/3] 

6 >It 

0 < h 

1 	/4x,t 	 (31) g 1 0 y e -h' 
~/~rK_t 

whence 

ex(h) 

where U is the mean value 
the surface, i.e. 

Ū = a/h 

--> Ū t 	 (32) 

of U between the source and 

h/a 

U(C)di,". 	 (33) 
0 

a2 K_ 
[(a-+h2/2 

1 	F(a - 0)2 	©2 

a2 K 
L 	2 	+ 2 + 

2 
(24) 

whence the asymptotic limit for large t of Equation (20) 
This approximation is valid for t «172/K, and suggests • 
using an expression of the form 
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cx(h) ti  Ū t + ef.xt2 	 (34) 

for t< 1. 
Assuming this functional form one can join it and its 
derivative to the asymptotic limit for large t. One then 
obtains 

(Ū  - Ū)2  
ax = x 	

4Dx(h) 
2D x(h) 

T 	
(Ū - Ū) 	

(36) 

where Tx  is the time where the two forms for cx(h) are 
joined. This provides an approximation to iji for all t 
using 

cx(h) = Ū t + Dx(h) 	t > Tx  

_ Ūt (Ū- "'2t2  t< Tx  (37) 
4Dx(h) 

with similar expressions for cy.  

1.0 

0.8 

0.6 

0.4 

02 

(35) 

AN EXAMPLE OF 
	 0.2 	0.4 	0.6 	08 

	
10 

EFFECTIVE WIND DIRECTION CALCULATIONS 
	 Normalised wind speed 

	 a 

Figure 1 shows the U and Vprofiles to be used in this 
example of effective wind direction calculations. The 
functional forms are 

U = U 9  17  (1 - 

V= (Ua/2)( 8 /7 . 	 (38) 

Here U = ā U g  and V = i U g  at the top of the mixing 
layer so that the total turning of the wind direction 
with height is about 30°. The magnitude of the wind 
vector varies approximately as C1/7. These profiles 
have a simple functional form and are chosen to 
reproduce the important characteristics of many mea-
sured profiles in near neutral conditions such as those 
given by Clarke (1969). Any other suitable profiles can 
equally be used. Values of the mixing depth, geo-
strophic wind speed and diffusivity will be taken as 
1000 m, 10 m s- ' and 10 m2  s-1  so that t D  = 105  s, 
corresponding to a travel distance of about 1000 km. 

Figure 2 shows the calculated effective wind direc-
tions from the full solution in Equation (A5) for three 
values of h. For a source at the top of the mixing layer <G 
varies very little from tan-1  (P/C/). In each case ci 
increased from tan -1(V/Ū) at t=0 to tan-1 (V/Ū) as t 
-. 00. For h = a/2 and a/4 calculations using the 
approximate solution are also shown. The appro-
ximate solutions correspond fairly closely to the full 
solutions, although the error incurred increases as h 
decreases. This is due to the fact that as h gets smaller 
the time for which Equation (34) is a good approxi-
mation to cx(h) decreases. 

Figure 3 shows the calculated trajectories of the 
centre of mass of a plume for sources at the top and 
bottom of the boundary layer with the same para-
meters. The width of the plume is taken as 2a with a°  
= 0.075 x downwind distance. These values of a°  are 
typical of those measured by Brown and Michael 

Fig. 1. Wind speed profiles used in calculations (Equation 
38). 

(1974). It is clear that source height can be an 
important factor in determining the plume trajectory 
for hundreds of kilometres downwind of the source. 
With smaller values of to  the trajectories will become 
parallel to each other sooner. The simplest approach 
to determine how important source height will be, for a 
given set of parameters, is to calculate the maximum 
possible errors Ax, Ay as defined in Equation (29). For 
the set of parameters used here Ax = 18.9 km and Ay 
=.42.4 km. 

CONCLUSIONS 

Fairly simple expressions have been developed to 
define a "best" wind direction to represent the diffusion 
of a cloud in a bounded mixing layer (Equation 37). 
This should enable improved dispersion estimates to 
be made when accurate wind data are available in 
conditions of significant turning of the wind direction 
with height. The importance of wind shear can be 
assessed for a given set of meteorological parameters 
by evaluating the maximum possible errors involved in 
ignoring source height, given in Equation (29). 

Acknowledgements — The author would like to acknowledge 
the many helpful suggestions of one of the referees. This work 
is published with the permission of the Central Electricity 
Generating Board. 

A 



Is 	I 	I 	1 	1 	1 	1 	1 	1 	1 	1 
n n 

Is 	tan-10/6) 

14 	 h=a/2 
h= 
h=0

a/4 
 

12  

ū 10 	 /
. 	 - / 

e. 	/ 	 — 

approximate 
solution 

/ 

/Full solution 

	

1 	l 	1 	I 	I 	I 	I 	1 	I 	I 

	

0f 	02 	03 	0.4 	0.5 06 0.7 08 0.9 10 

Effect of the turning of the wind vector 	 1049 

Y 

Fig. 2. Effective wind directions. 

REFERENCES 

Abramowitz M. and Stegun I. A. (1970) Handbook of 
Mathematical Functions. Dover. 

Aris R. (1956) On the dispersion of a solute in a fluid through a 
tube. Proc. R. Soc., Lond., A235, 67-77. 

Brown R. M. and Michael P. (1974) Measured effect of shear 
on plume dispersion. Brookhaven National Laboratory 
Report 1895. 

Carslaw H. S. and Jaeger J. C. (1947) Operational Methods in 
Applied Mathematics (2nd Edition). Dover. 

Clarke R. H. (1970) Observational studies in the atmospheric 
boundary layer. Q. Jl. R. met. Soc. 96, 91-114. 

Csanady G. T. (1969) Diffusion in an Ekman layer. J. atmos. 
Sci., 26, 414-475. 

Csanady G. T. (1973) Turbulent Diffusion in the Environment. 
Reidel. 

Pasquill F. B. (1961) The estimation of the dispersion of 
windborne material. Met. Mag. 90, 32-49. 

Randerson D. (1972) Temporal changes in horizontal 
diffusion parameters of a single nuclear debris cloud. J. 
appl. Met. 11, 670-673. 

APPENDIX 
Full solution for nI u 

Equation (21) for f( p) can be written as  

f(p) - 	p sinh2  sa 

cosh s(a - B) cosh sO cosh s(a - h) 
 	B < h. (Al) 

K=  p sinh2  sa 

When expanded as an infinite series of exponential terms this 
becomes 

f(p) = 2K=p  E (n + 1) 

4 
E exp[- 2s(na + h/2  + Yr)] 

+ exp[- 2s(na - h/ 2  + y1)]] 
- t 

= 2K,p
E(n+1)  
0 

r 6 

L E exp[- 2s(na + h/2  + 7; )] 
-3 

+ exp[- 2s((n + 1)a - h/ 2  + 71 )]1 
	

B < h (A2) 

cosh' s(a - 0) cosh sh 
0>h 

0>h 

100 

E 
50 

T 

0 50 	100 150 	200 	250 
x, km 

Fig. 3. Calculated ground-level trajectories. 
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where 

yl =2a- 0 
Y2=Y3=a 
y4 =0 
Y5 = 0 
Y n = a- 0. 

Now 
k r [e-zks/P] L.- 	= erfc 
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(A3)  

(A4)  

U(0)[ 

+ erfc 

1 
+— 
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Abstract—An exercise to investigate the mesoscale transport of SO2  over the Midlands of England 
out to distances of 100 km from the main sources is described. A combination of meteorological instru-
ments and air pollution monitors, including a ground-based lidar and a correlation spectrometer 
mounted in an aircraft, was used. The flight paths were planned to be crosswind of a number of 
large power stations in order to isolate the dispersion of material emitted at a single point. The 
main value of the correlation spectrometer was for this purpose. 

A mesoscale multi-source diffusion transport model with all its parameters derived from observations 
was used to relate estimated SO2  emissions in the Midlands with the observations. Together, the 
observations and measurements provided a fairly complete description of mesoscale transport during 
dry convective conditions when there is fairly rapid mixing of SO2  from all sources within the mixing 
layer. The exercise could only give a rough indication of the removal and transformation processes 
affecting SO2  transport. 

1. INTRODUCTION 
In the past, the Central Electricity Generating Board 
(C.E.G.B.) has monitored the dispersion of SO2  over 
distances up to 15 km from its source, using arrays 
of fixed instruments at the ground. The purpose of 
these surveys was to assess the impact of particular 
power stations on the background environment, and 
to measure the maximum ground level concentration. 
Sampling periods of 3 min, 1 h and 1 day have been 
considered. Moore (1974, 1975) has summarized the 
results of these surveys and indicated where modelling 
can be successfully applied. 

It was always recognized that measurements in the 
lower atmosphere were necessary to supplement 
ground level measurements and both towers and 
remote sensors have been used. At the present time, 
there is no substitute for aircraft flights, when quanti-
tative measurements of SO2  and sulphate above 
ground are required. The Norwegian Institute for Air 
Research (NILU) has had an aircraft instrumented 
as part of the O.E.C.D. survey on the long-range 
transport of air pollutants. The C.E.G.B. has expertise 
on ground level surveys such as that around Eggbor-
ough Power Station, with its associated meteorologi-
cal measurements on the Belmont Tower, as well as 
with the use of static and mobile remote sensors. 
Between 16 and 21 June 1975 a combined exercise 
involving the C.E.G.B. and NILU was undertaken to 
measure the concentration of sulphur in the air and 
on the ground over Yorkshire and Lincolnshire. 

2. MEASUREMENTS MADE 
The purpose of the exercise was to observe the 

three-dimensional structure of sulphur in the mixing  

layer out to 100 km from its source. If sulphur from 
multiple sources is being measured, an accurate aver-
age reading over a path length is preferred to an ap-
proximate instantaneous response. If sulphur from an 
individual source is being tracked, a continuous, 
albeit approximate, response is required. Both dis-
crete and continuous recording instruments were used 
in the exercise (listed in Table 1 and Fig. 1.1). 

The discrete sampling system aboard the aircraft 
consisted of an arrangement of filters which could 
be exposed independently to obtain the average SO2  
and SO4  concentration along the sampling tracks. 
This system was used to obtain profiles of SO2  and 
SO4  with height, each averaged over several identical 
flight paths, to give a total sampling time for each 
filter of 12-30 min. The filters were analysed by NILU 
on their return to Norway, and an accuracy of ± 10% 
is claimed for these readings. 

The aircraft was equipped with a Barringer correla-
tion spectrometer, Cospec, which measures the inte-
grated amount of SO2  vertically above the aircraft. 
A nephelometer, which monitored scattering coeffi-
cient continuously, and a thermometer were used dur-
ing aircraft ascents, to estimate the depth of the mix-
ing layer. 

Lidar, which measures backscatter from particles 
in the atmosphere, was used to estimate the depth 
of the mixing layer on the morning before a flight 
and this information was passed to the aircraft. Verti-
cal cross-sections of the Eggborough power station 
plume were determined from lidar to give the typical 
height and direction of travel of power station emis-
sions. 

A Meloy sulphur monitor mounted on a mobile 
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Table 1. List of instruments used 

Instrument Measurement Mounting Operation 

Filters SO2 and sulphate Aircraft Finite sampling period 
(approx. 30 min) 

Cospec Integrated SO2 above plane Aircraft Continuous 
Novae * SO2 Aircraft Continuous 
Nephelometer Particles Aircraft Continuous 

(depth of mixing layer) 
Thermometer Temperature Aircraft Continuous 

(depth of mixing layer) 
Meloy SO2 + sulphate Mobile survey vehicle Continuous 
Meloy SO2 + sulphate Pattern over Continuous 

Lincolnshire 
Lidar Plume height and depth Fixed at Eggborough Profiles at 30-min 

of mixing layer Power Station intervals 
Anemometer Windspeed and direction 

at 389 m 
Belmont Tower Hourly average 

(derived from 3-min readings) 
Thermometers Temperature at 30 m, 200 m and Belmont Tower Hourly average 

380 m above ground (stability) (derived from 3-min readings) 
Radiosondes Temperature profile Cranwell At 1200 GMT each day 

* As there was some uncertainty as to the accuracy of the Novae record during the exercise, results from it have 
not been reported in this paper. 

air pollution survey unit, measured the ground level 
concentrations and was driven in crosswind directions 
parallel to selected flight paths. 

During flying hours, the air was unstable over the 
area with winds from the southwest. Hourly averages 
of wind direction and wind speed, 389 m above 

IC 1.1 INSTRUMENTS USED DURING EXERCISE 

FIG. 1.3 FLIGHT PATHS 19 JUNE 1975 
	

FIG. 1.4 FLIGHT PATHS 20 JUNE 1975 

SYMBOLS 
1 	2 FLIGHT PATH 	 -Mx»»rH-PATH MOBILE SURVEY VEHICLE 

POWER STATION, 	F = FERRVBRIDGE, 	E = EGGBOROUGH 	I = DRAX 
TM = THORPE MARSH, 	WB = WEST BURTON, 	C = COTTAM, 	H = HIGH MARNHAM 

x 0 = SITES IN MIDLAND NETWORK 

Fig. 1. Instruments used and flight paths during exercise. 
1.1. Instruments used during exercise. 1.2. Flight paths 18 
June 1975. 1.3. Flight paths 19 June 1975. 1.4. Flight paths 

20 June 1975. 

ground, were obtained from the 389 m high Belmont 
Tower (see Fig. 1.4). Thermometers on the Belmont 
Tower were used to determine the stability of air up 
to a height of 380 m. During each flight, an ascent 
to above the mixing layer was made. On 18 and 19 
June there was a sharp cutoff in the nephelometer 
reading during the ascent, which coincided with a 
marked increase in stability determined from the air 
temperature. These readings therefore gave the depth 
of the mixing layer and were in general agreement 
with the lidar measurements. On 20 June, no cutoff 
in the nephelometer readings was found during an 
ascent to 1680 m and there was no evidence from 
lidar on the depth of the mixing layer. The air was 
more stable as this height was approached and so 
1680 m was taken to be the mixing layer depth. Rain 
was not thought to have affected the concentrations 
of SO2 and SO4 sampled. Broken cloud was present 
near the top of the mixing layer during all the flights. 
Meteorological conditions are summarized in Table 
2. 

3. THE FLIGHTS 

The main sampling runs made by the aircraft are 
shown in Fig. 1.2-1.4, representing flights made on 
18, 19 and 20 June, respectively. The aircraft usually 
made several traverses at different heights along the 
same flight path. Some of the flight paths were di-
rectly upwind or downwind of large power stations, 
whereas others were far enough away for many point 
and area sources to be contributing to the sulphur 
measurements. Ground level sampling using the 
mobile survey unit was as close to the flight positions 
as the road network allowed. 



Airborne sulphur from multiple sources 

Table 2. Conditions under which measurements were made 
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Diurnal and seasonal 
variation in emissions 

Stability 
Mean 

depend on Wind speed Depth of temperature 
Flight Day 	Day of at 389 m 	Wind mixing up to 
path Date Time number 	week (m s 	') 	direction (m) Cloud 380 m 

1-2 18 June 10.00-11.30 169 Wed. 8 	235 1600 At the top of the Unstable 
7-10 18 June 12.00-14.00 230 mixing layer at 15°C 

13.00 
1-7 19 June 11.00-12.15 170 Thurs. 11.5 	219 1250 At the top of the Unstable 

10-12 19 June 12.25-12.50 216 mixing layer at 
13-15 19 June 13.15-15.00 218 12.45 15°C 
4-5 20 June 13.15-16.00 171 Fri. 5 	220 1680 Cloud layer at Unstable 
4-11 20 June 16.00-17.00 about 1000 m. 18°C 

Raining at Leeds 
in the morning 

The effective height of the plume from Eggborough Power Station was about 500 m. 

4. DATA ANALYSIS 

Analysis of data obtained was directed towards in-
vestieatine: 

1. The characteristics of lateral and vertical disper-
sion of SO, from individual sources. 

2. The horizontal SO, flux from individual sources. 
3. The total horizontal SO, flux from multiple 

sources. 
4. The usefulness of mathematical dispersion 

models. 

The filter measurements aboard the aircraft were 
the most reliable determinations of the total SO2  flux. 
From these results, which are discussed in more detail 
in section 5, it was found, as expected, that the deposi-
tion rate of SO2  and the conversion rate of SO2  to 
sulphate were both too small to be measured over 
the distances and under the meteorological conditions 
involved in the exercise. 

The lateral plume dispersion is given directly from 
some of the crosswind flights. The vertical dispersion 
is observed by aligning crosswind flights at different 
heights, along the same crosswind axis. 

Cospec measures the integrated SO, concentration 
above the aircraft. and the sensitivity in pm 
(ppm x m) is calibrated with a standard cell contain-
ing 350 µm SO,. Background skylight. however, pro-
duces a non-zero signal that varies with experimental 
conditions, giving rise to an unknown zero offset and 
drift. Cospec was thus primarily used for identifying 
and tracking power station plumes. The time constant 
for Cospec was set to 2 s. so that there is virtually 
no lag in its response. In the cases where individual 
plumes were clearly identified above the background 
concentration, the power station contribution could 
be estimated. The emitted SO, was assumed to be 
spread uniformly within the mixing layer and hence 
the absorption path length for Cospec was the mixing 
layer depth minus the aircraft's altitude. The area of 
the Cospec response above the ambient background 
SO2  concentration, multiplied by the wind speed at  

389 m (from the Belmont Tower) gives a flux. This 
flux multiplied by the ratio of the mixing layer depth 
to the absorption path length gives an estimate of 
the power station SO2  emission. In section 5.3, this 
estimate is compared with SO, emissions calculated 
from the power station's electrical output. 

It is not possible, however, to obtain detailed infor-
mation from Cospec on the vertical dispersion, since 
the zero drift is of the same magnitude as differences 
in the flux at different altitudes. The main advantage 
of flying Cospec is that straight crosswind sampling 
paths can be traversed quickly. 

5. RESULTS 

5.1 Sulphur concentrations 
The filter measurements are summarized in Table 

3. They indicate a fairly uniform concentration profile 
within the mixing layer on all 3 days, which is to 
be expected with deep convective mixing. Several of 
the flights described by Smith and Jeffrey (1975) 
showed similar profiles, but with evidence of a de-
crease in concentration neat or above the top of the 
mixing layer. SO, concentrations upwind of power 
stations are lower, as expected, than the concen-
trations downwind. This is illustrated by the 
17 µgm- 3  concentration upwind of Ferrybridge and 
Eggborough Power Stations, along flight path 1-2-1 
on 19th, compared to the average downwind concen-
tration of approximately 40 pg m-3, along paths 3-7 
(see Fig. 1.3 and Table 3). Similarly, on 20th, the 
upwind flight 10-11 revealed a lower concentration 
than flights 4-5, downwind of the Trent sources (West 
Burton, Cottam and High Marnham Power Stations) 
(see Fig. 1.4 and Table 3). Sulphate measurements 
along these paths, however, showed no increase in 
concentration, downwind of the power stations. If the 
conversion of SO, to sulphate in the vicinity of a 
power station is less than, say, 10% (Smith and Jef-
frey, 1975; Eliassen and Saltbones, 1975), the increase 
in sulphate concentration would be less than 



1-2 

{ 
7-9 

10-7 

1-2-1 
3-4 
5-6 

7-5-7 
10-11 
11-12 
13-15 

4-7 
8-9 

10-11 
2 
4 
6 
7 
8 
9 

18.6.75 

Near field 

Far field 

19.6.75 Upwind 
of power station 
Near field 
downwind 
of power 
station 
Intermediate 
distances 

Far field 

20.6.75 

Far field 

Comparison with 
Midlands Network 
Upwind of 
Trent sources 

Sites in 
Midlands 
Network 

1166 	 B. E. A. FISHER et al. 

Table 3. Comparison between sulphur measurements and theoretical predictions 

Date 
Position on 

map 

Measured 	Calculated 
Height 	concn 	concn 

above ground (µg N m_3) 	(pg N m-3) 
(m) SO2  SO4  SO2  SO4  

0 44* 51 6 
168 68 10 66 6 
400 63 8 76 6 
550 60 6 73 6 

80 49 10 40 7 
550 50 7 38 7 

300 17 13 

180 
180 

77 
44 

14 
13 j 45 9 

460 37 14 51 9 

300 44 14 
300 47 20 
90 46 14 50 9 

460 43 13 49 9 
1040 37 13 44 9 

0 37* 59 10 
183 63 10 70 10 
460 68 11 72 10 
760 65 10 62 10 

1070 61 10 51 10 
460 6 6 
460 6 9 

460 40 13 
0 20*  12, 29f 
0 46 9, 40 
0 51 4, 12 
0 32 16, 53 
0 34 6, 40 
0 36 6, 28 

*S02  + sulphate expressed as equivalent SO2. 
f In the first column, the wind direction is 220°, and in the second column, the 

wind direction is 240°. 

2-3 pg m-3  downwind of the station. The accuracy 
of the filter measurements prevented such an increase 
from being observed. Sulphate concentration was thus 
found to be fairly constant as a function of a down-
wind distance. No information was gained on the 
conversion rate of SO2  to sulphate, except further 
confirmation that the rate of oxidation is slow, even 
in the presence of high humidities near the top of 
the mixing layer. 

Ground level measurements from the Meloy instru-
ment in the survey vehicle and from a ground level 
monitoring network in the East Midlands (see Fig. 
1.4 and Fisher and Maul, 1976) are also presented 
in Table 3. The survey results are averages over each 
route, and the Midlands Network results are averages 
of the concentration while the aircraft was airborne 
on 20th. Ground level concentrations recorded by the 
survey vehicle are generally smaller than the aircraft 
readings. Concentrations from the Midlands 
Network, however, are higher than those obtained 
during flights 4-9 above the network on 20 June, 
when a very low SO2  concentration of 6 pg m-3  was  

recorded. One explanation is that the average concen-
tration at a fixed site is made up from the combined 
effect of sources in a range of wind directions, whereas 
the concentration along a short flight path depends 
on a virtually instantaneous wind direction. The last 
section of Table 3 shows some calculated concen-
trations at sites in the Midlands Network in steady 
winds. The difference in concentration with a slight 
change in wind direction is large and is a reflection 
of the inhomogeneous source distribution around the 
sites. A further complication to explaining the obser-
vations is the change in the wind direction with 
height. For the convective conditions prevailing, wind 
shear is not of great importance. 

5.2 Comparison between sulphur measurements and 
theoretical predictions 

In Table 3, observations and predictions of the 
mesoscale transport model described by Fisher and 
Maul (1976) are compared. Agreement between the 
model and the measured concentrations is generally 
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good. This does not necessarily confirm details of the 
model, but it does show that there is balance between 
the SO2  input and output in the region. The model 
takes into account multiple sources and represents 
crosswind spread by a Gaussian distribution and ver-
tical spread by an eddy diffusivity. 

The model requires several input parameters speci-
fying meteorological conditions. Most of these are 
measured directly and are given in Table 2. Par-
ameters, not measured directly, are the vertical eddy 
diffusivity, the crosswind spread, the strength of SO, 
emissions, the deposition velocity of SO, and sul-
phate, and the conversion rate of SO2  to sulphate. 
Assumptions made about these parameters were the 
following: 

1. The vertical eddy diffusivity was taken to be 
40 m2  s '. This value is consistent with the average 
diffusivity, used by Moore (1974), to fit measurements 
at Tilbury in unstable conditions. The decrease in the 
scale of turbulence near the ground is taken into 
account, by assuming a linear diffusivity profile near 
the ground. To obtain the results in Table 3, a linear 
profile of depth 100 m was assumed. 

2. The crosswind spread, plume height and plume 
depth for high level sources were taken from Cospec 
and from lidar measurements of the plume from Egg-
borough Power Station. All sources, apart from 
power stations were taken to be low level sources, 
at a height of 50 m for industrial sources, and 10 m 
for domestic sources. The r.m.s. crosswind spread was 
taken to be 0.05 x distance downwind and this gave 
good agreement with most of the flights. 

Table 5 indicates a crosswind spread closer to 
0.1 x distance downwind for distances up to 10 km. 
However, for measurements out to 50 km, the factor 
0.05 appeared to give better agreement. The value is 
not important when calculating line averages, but 
gives better discrimination between the individual 
power stations plumes at 50 km downwind. 

3. The deposition velocity of. SO2  does not affect 
transport of SO2  significantly over the distances in-
volved in the exercise. A value of 5 mm s-1  was used. 
When a deposition velocity of 10 mm s-' was tried 
this only made a difference of 3 pg m-3  to the coastal 
concentrations. The deposition velocity of sulphate 
was taken to be zero and sulphate is assumed to be 
uniformly spread in the mixing layer. 

4. The calculations require accurate information on 
the SO, emitted. The source inventory used was de-
veloped for analysing results from the Midlands 
Network [see Fisher and Maul (1976)]. It treats 
power stations as point sources and industrial and 
domestic emissions are given on a 10 x 10 km grid. 

5. The conversion rate of SO2  to sulphate cannot 
be accurately determined. A fraction was assumed to 
be converted near the source with slow conversion 
thereafter. Agreement only depends on the initial frac-
tion converted, which was taken to be 10%, and is 
independent of the very slow conversion rate 
(10-5-10-6  s-1) far from the source. These values are  

consistent with other values quoted in the literature 
(Smith and Jeffrey, 1975; Eliassen and Saltbones, 
1975). 

5.3 Continuous measurements 

Some typical crosswind profiles of power station 
plumes are shown in Fig. 2, at different distances from 
the source. The plumes from Ferrybridge and Eggbor-
ough Power Stations are clearly located at distances 
of about 10 km by the Cospec recorder. The Meloy 
recorder in the mobile survey vehicle also located the 
Eggborough plume. Power station plumes could be 
tracked to downwind distances of 50 km. This is illus-
trated in Fig. 2.3 where the combined Ferrybridge/ 
Eggborough plume has a total width of 20 km. 
Nephelometer measurements show no increase in the 
power station plume, indicating that they are fairly 
free of particles. 

The coastal flights on 18th and 19th, which were 
approximately 100 km downwind of Ferrybridge and 
Eggborough Power Stations, could not locate the 
power station plumes above background concen-
trations. The increase in concentration to the south 
shown on the Cospec trace (Fig. 2.4) is probably due 
to the large urban plume from the Midlands, and 
the shape of the nephelometer trace seemed to con-
firm this. 

The zero offsets shown on the Cospec traces in 
Figs. 2 and 3 were estimated from the filter measure-
ments and by assuming a constant concentration in 
the mixing layer. If the offset had been constant each 
time, then Cospec could have been used quantitatively 
to estimate SO2  concentrations. From the figures, 
however, there is obviously a large zero drift prevent-
ing quantitative measurements except when indivi-
dual plumes could be identified above the general 
background. The shaded areas under Cospec traces 
were taken to be due to individual plumes. Table 4 
lists the SO2  emission from the relevant power 
stations, calculated from the loads, and Table 5 lists 
those derived from the Cospec traces. Agreement 
between the two methods of estimating emissions is 
quite good on 18 and 19 June considering the errors 
introduced by (1) the wind speed (taken from the 
Belmont Tower), (2) the assumption of constant mix-
ing in the mixing layer and (3) the zero level drift 
in Cospec. Plumes have a fluctuating structure, which 
would also affect the measured emission. 

The flights on 20th were interesting because of the 
many measurements made about 50 km downwind of 
three large power stations roughly in a line perpen-
dicular to the wind. These Trent sources (West Bur-
ton, Cottam and High Marnham Power Stations) can 
sometimes be identified individually, but on other 
flights, under similar conditions, the plumes have 
combined (Fig. 3.1 and 3.2). The emissions from the 
Trent sources on 20th derived from Cospec are far 
too high, and this could be due to distant power 
station and urban plumes being included in the 
shaded Trent source plume. The upwind filter 
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Table 4. Estimated power station SO2  emissions 

Date Power Station 
Load 
(MW) 

SO2  emission 
(m3  s-1) 

15.6.75 Eggborough 900 1.13 
Ferrybridge 1300 1.63 

19.6.75 Eggborough 700 0.88 
Ferrybridge 1450 1.82 

20.6.75 West Barton S90 1.11 
Cottam 934 1.17 
Hieh Marnham 708 0.89 
Total Trent sources 2532 3.17 

The conversion factor used (1000 M\V - 1.25 m3  s ' 
SO2 ) is obtained by assuming 1.5% sulphur content in coal 
and a thermal efficiency of 35%. 

measurements along path 10-11 on that day gave a 
high SO, concentration of 40 µg  m- 3. This result and 
results from the calculations described below confirm 
that there is a sizeable non-uniform background con-
centration in addition to the concentration from the 
Trent sources. 

There is another reason for the emissions derived 
from Cospec being higher on 20th. The multiple scat-
tering of light through cloud near the top of the mix-
ing layer increases the Cospec path length consider- 

ably and results in a higher Cospec reading at the 
ground. This effect is being investigated. 

Plume dimensions are also listed in Table 5. The 
shaded areas under Cospec traces are estimated by 
eye, but the widths of the shaded areas are only accu-
rate to within 1 km. Nevertheless, the mean square 
spread of the plume about its mean, Q} was calcu-
lated when individual plumes were identifiable on the 
Cospec traces. The overall plume width is roughly 
four times ay.. On 18th, a, was about 1 km at a dis-
tance of 10 km in a 8 m s-' wind. On 20th, uy. was 
2 km at a distance of 50 km in a 5 m s-  ` wind. ay  
represents the short-term average crosswind spread 
since the sampling time along a path is about 10 min. 

5.4 Use of model to interpret measurements 

So far in this paper, calculations of the average 
concentration along a path, have been compared with 
readings from the filters. The variation in concen-
tration along the flight path depends on plume width 
and wind direction, and therefore agreement on the 
variation is more difficult to achieve. However, calcu-
lations help considerably in the interpretation of 
qualitative measurements. This is illustrated in Fig. 
3.3, in which the calculated depth of SO2  above 

Table 5. SO2  fluxes from identifiable sources estimated from Cospec 

Date 
Map 

position 
Height 

(m) Source 

Downwind 	Overall 
distance 	plume width 

(km) 	(km) 

Estimated 
P.S. emission 

(m3  s-1) 

18.6.75 1-2 168 Eggborough 10 4 0.8 
168 Ferrybridge 10 5 0.9 
180 Eggborough 10 4 1.1 
180 Ferrybridge 10 4 1.26 
400 Eggborough 10 5 0.7 
400 Ferrybridge 10 5 1.3 
400 Eggborough 10 5 0.9 
400 Ferrybridge 10 4 0.9 
550 Eggborough 10 5 0.7 
550 Ferrybridge 10 4 0.5 
550 Eggborough 10 5 0.7 
550 Ferrybridge 10 4 1.0 

19.6.75 3-4 180 Eggborough 6 2 2.0 
180 Ferrvbridge 6 2 2.2 

5-6 180 Eggborough 6 3 1.1 
180 Ferrybridge 6 4 1.6 

7-5 460 Eggborough 9 4 0.8 
460 Ferrybridge 9 4 2.96 

5-7 460 Eggborough 9 4 2.68 
460 Ferrybridge 9 5 1.6 

10-11 300 Eggborough 50 20 4.2 
+ Ferrybridge 

20.6.75 4-5 183 22 5.6 
183 4.6 
460 21 6.9 
460 16 5.9 
460 
760 Trent sources 50 

{ 

21 
24 

5.4 
4.7 

760 27 6.0 
760 17 6.4 

1070 
1070 

20 
24 

10.5 
9.4 

1070 24 5.5 
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460 m, 50 km downwind of the Trent power stations, 
is shown. 

The calculated response should be compared with 
the measured response shown in Fig. 3.1 and 3.2. The 
background response is large, with a peak due to 
power station and urban sources upwind of Notting-
ham. The shaded areas under the peaks in Fig. 3.1 
and 3.2 were taken to be the power station plumes. 
The calculated response suggests that these may have 
been overestimated because of the strong background 
concentration. The minimum background concen-
tration during the exercise was about 15 jig m-3. 

A further example of the value of the model, for 
interpreting the coastal flight on 19 June, is given 
in Fisher and Maul (1976). 

6. CONCLUSIONS 

There was good agreement between the sulphur 
measurements from the filters and calculations from 
the transport model. It was possible to follow plumes 
and obtain plume dimensions out to 100 km from 
their source. It was also possible to assess the magni-
tude of diffusion coefficients in convective conditions. 
The removal of sulphur dioxide by dry deposition 
and by conversion to sulphate occurs too slowly for 
accurate assessments of these processes to be made. 

The limitations of the Cospec recorder restricted 
its use to analysing the behaviour of well-defined 
power station plumes. The instrument gave informa-
tion on the crosswind spread of plumes, but the flux 
of SO2  derived from the Cospec readings only agreed 
qualitatively with the estimated SO2  emissions from 
the power stations. Calculations of the shape of the 
concentration profile along a path are sometimes the 
only satisfactory way of interpreting Cospec measure-
ments. Cospec itself, whether on the ground or in 
an aeroplane, has value mainly as a plume locator. 

The exercise showed that, in convective conditions, 
power station plumes are mixed fairly rapidly 
throughout the depth of the mixing layer. However, 
differences between the concentration on the ground 
and that above ground were hard to explain and sug- 

gest that ground level measurements should always 
be interpreted with caution. 

On all 3 days, similar conditions prevailed, in 
which wind shear was not important. This provided 
an opportunity for testing the multi-source diffusion 
transport model, which gave encouraging results. 
Measurements above ground are especially valuable 
for model validation. This exercise illustrates the limi- 
tations of remote sensors available at the present time 
for investigating concentrations high above ground, 
and shows that remote sensors should be used in con-
junction with aircraft measurements. 
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SHORT COMMUNICATION 

PRELIMINARY ESTIMATES OF THE WASHOUT 
COEFFICIENT FOR SULPHUR DIOXIDE USING DATA FROM 

AN EAST MIDLANDS GROUND LEVEL MONITORING NETWORK 

(First received 31 August 1977 and in final form 4 July 1978) 

Abstract - Using hourly measurements of atmospheric sulphur dioxide and rainfall at several monitoring 
sites together with a simple statistical model, estimates of the apparent washout coefficient A for sulphur 
dioxide have been made. Within the range of rainfall rates and sulphur dioxide concentrations measured the 
results were consistent with A = aR x 10-3  s ' where a is in the region of 3 if the rainfall rate R is measured 
in mm h'. 

I. INTRODUCTION 

The washout of sulphur dioxide by rain is usually described in 
terms of the washout coefficient A, defined as the fraction of 
SO2  removed in unit time by rain below the cloud base. 
Chamberlain (1960) calculated values of A. which increased 
from 10-4 s-1  with a rainfall rate of 1 mm h-1  to 3 x 10-4  
s -1  with R = 10 mm h-1. Recently, however, Garland (1978) 
has reviewed the observations of several authors and con-
cluded that they almost all give washout coefficients of the 
order 10-S s-1. These include measurements of deposition 
from discrete plumes (Htigstrōm, 1973; Granat and 
Rodhe, 1973; Larson et al., 1975 and Dana et al., 1975) and 
measurements in industrial areas (Davies, 1976; Meurens, 
1974 and Meurens and Lenelle, 1976). There is also support 
for this view from theoretical calculations (e.g. Hales, 1978 
and Billingsley et al., 1976), although these calculations 
depend upon many factors such as temperature, pollutant 
concentration and raindrop size and pH. 

Davies (1976) examined atmospheric SO2  concentrations 
before and after rainfall events in an industrial area. Although 
the mean SO2  concentration after rainfall was less than that 
before rainfall, the difference was not statistically significant. 
The difficulty experienced in determining the effect of pre-
cipitation on SO2  concentrations may be due to the close 
proximity of large very variable sources of SO2  in that case. A 
similar investigation is undertaken in this paper using 
information from a rural monitoring network in the East 
Midlands which has been described briefly by Fisher and 
Maul (1976). The ten monitoring sites have been chosen to 
avoid the influence of local sources as far as possible, and it is 
reasonable to assume that the pollutant will be well mixed 
throughout the mixing layer on most occasions. Flame 
photometric instruments are used for the measurement of 
SO2  and hourly average concentrations are recorded (Barber 
and Martin, 1978). Tipping vessel raingauges have also been 
installed and are used to measure hourly rainfall rates 
(Liptrot, 1977). The estimates of i. which have been made 
must be regarded as "apparent" values as ground level 
observations at fixed measuring sites only have been used. 

2. A SIMPLE STATISTICAL MODEL FOR SO, 
CONCENTRATIONS IN AIR DURING HEAVY RAINFALL 

If one considers two measurements of SO2  concentration in 
the same air parcel yl  and  y2  separated by a time interval At,  

then in the absence of measurement or other errors 

X2 = XI a
-ter 	 (1)  

where A. is the effective mean washout coefficient over the time 
interval At. The definition of A is a Lagrangian concept, 
whereas the measurements of SO2  available are made in an 
Eulerian framework at fixed sites. Two such measurements 
C1  and C2 separated by a time interval At will sample 
different air parcels a distance u At apart, where u is a 
representative wind speed. The simple application of Equa-
tion (1) to these measurements is not valid unless the parcels 
have identical histories. 

The positions of the monitoring sites, distant from major 
emission areas ensure that the pollutant is usually well mixed 
throughout the mixing layer. In addition, belts of heavy 
rainfall are usually of large horizontal extent and one would 
expect that the two air parcels would have similar histories 
provided u At is small compared with this distance and they 
are taken from the same air mass. It is reasonable to assume 
that the "sampling" error can be taken as a random variable 
so that with n pairs of C1  and C2 separated by the same time 
interval At one can write 

C21= kC11 + c, 1<_i <— n 	 (2) 

where c, represents the total error incurred. It was assumed 
that within the range of measurements available, A (and hence 
k) is independent of SO2  concentration. The method used to 
estimate k will depend upon the assumptions made about the 
error terms. The contribution to the error term from measure-
ment error can be expected to be additive and independent of 
concentration to a good approximation. Barber and Martin 
(1978) suggest that above about 20 pg m-3  the error is in the 
region of 7 pg m-3.One would expect that for "low" values of 
C1 , C2 would on average be greater than C1  and vice versa, so 
that the mean values of the "sampling" error will not 
necessarily be zero and Equation (2) can be modified to 

C2, = (C21 — AC1) = kC11 + br 	(3) 

Here AC, is the mean value of c, when k = 1 (no rainfall). In 
the absence of any better information, it was assumed that the 
residual errors b, behave like the measurement errors, being 
independent of concentration and having zero means. 

Kendall and Stuart (1961) show that the unbiased mi-
nimum variance (UMV) estimate of k with this assumption 
about the error terms is obtained by multiplying (3) through- 
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out by C11  and adding to give 

k= E c11c iE c11. 
1=1 	1=1 

The symbol " above a quantity indicates that it is the best 
estimate. An alternative unbiased estimator which gives 
somewhat less weight to the data pairs with high C1 is given 
by 

k = E Cet/ E C1[. (5) 

This is useful in testing the sensitivity of the estimates of k to 
the estimator used. 

The expansion of log. k about log. k can be written 

(k — k) (k — k)2  
logek = log.k + 	

k 	2k2 
	 + O[(k — k)3]. (6) 

From this equation it is straightforward to obtain the best 
estimate of log.k and its variance and hence the correspond-
ing values for A. 

	

1 	
a2—) 

At (log ic + 2P 

aZ  = a2/(Atk)2  
k 

with similar definitions for estimates based on k. 

3. DATA SELECTION 

The data used came from the twelve months from October 
1976 to September 1977. At each site hours of heavy rainfall 
were defined as those where 1 mm or more was recorded. The 
mean SO2 concentrations in the hours before, during and 
after these periods were then noted. In the analysis of the 
preceding section C1 and C2 must be defined in terms of these 
average values. With At = 1 h C1 was taken as the mean of 
the hourly averages before and during the "wet" hour, and C2 
as the mean of the averages during and after it. Where two or 
more suitable hours occurred consecutively it is possible to 
make similar definitions for larger values of At. Clearly there 
is uncertainty in the definition of these variables which will 
contribute to the "sampling" error referred to previously. 
Data pairs were not considered if C1  < 25 pg m 	as 
measurements in this range are not very accurate. This 
restriction can not be applied to C2 without introducing a 
bias into the procedure. 

The AC, terms in Equation (3) were defined by considering 
mean differences between C2 and C1 in dry conditions, 
depending upon concentration levels, season, site and At. The 
terms are usually small except for values of C1 greater than 
about 80 pg m-3. 

To minimise the possibility of the SO2 sampled before and 
after the "wet" hour being taken from different air masses, 
rainfall episodes which coincided with the passage of a front 
were not considered. This was made possible by using 
detailed information supplied from a local meteorological 
station on the passages of fronts together with daily synoptic 
charts. 

4. ESTIMATES OF 2 

Figure 1 shows estimates of A. using the UMV estimator for 
At = 1 h and three different rainfall rates in the ranges 1-2, 
2-3 and over 3 mm h-'. The mean rainfall rate of the data pairs 
in each class was used on the R axis, and estimates of A using 
the estimator based on R.  of Equation (5) are also shown for 
comparison. With the amount of information available it is 
not possible to investigate the detailed dependence of A on 
rainfall rate. The straight line shown on the diagram was 

Fig. 1. Estimates of A. 

drawn by taking the simplest assumption of a linear re-
lationship A = aR, and using a weighted least squares calcu-
lation with the weights inversely proportional to the va-
riances of the individual estimates. The value of a obtained 
was 2.85 + 0.29, although it is not useful to quote this to more 
accuracy than one significant figure in view of the many 
simplifying assumptions that have had to be made. Es-
timates of A for larger values of At were not significantly 
different from those shown in Fig. 1, and in view of the very 
few suitable periods available they have not been described 
separately. 

Maul (1977) used a slightly different method of analysis 
and did not exclude frontal rain. The estimates of A obtained 
were similar although the value of a obtained was slightly 
lower. It is interesting to note that when the present methods 
were applied to periods of frontal rain, significantly lower 
estimates of A were obtained. This supports the suggestion 
that it is important for the SO2 sampled before and after 
rainfall to come from the same air mass in order to avoid 
systematic errors. 

5. DISCUSSION 

The "apparent" value of A estimated with the present 
method agree well with other estimates from observations 
and theory. The dependence of these values on rainfall rate 
has been discussed, although no consideration has been given 
to other important factors such as raindrop size and pH. Care 
must be taken in using the method described to ensure that 
the measurement sites are distant from major sources but 
have sufficiently high ambient pollutant levels. Measure-
ments of SO2 for each rainfall incident must be made in the 
same air mass and the method can only be used when data 
from a large number of incidents are available. Clearly it 
would be very useful to compare estimates of A using the 
present method with parallel estimates from a chemical 
analysis of the rainfall collected. To date this has not been 
possible for the East Midlands monitoring network as rainfall 
samples have only been collected weekly. 

Acknowledgements — The author would like to acknowledge 
the many helpful suggestions given by Mr. M. Samworth and 

(4) 

(7)  

(8)  



Short Communication 	 2517 

Mr. A. Martin in the preparation of this paper. This work is 
published with the permission of the Central Electricity 
Generating Board. 

C.E.G.B. 	 P. R. MAUI. 
Scientific Services Centre 
Ratcliffe-on-Soar 
Nottingham. England 

REFERENCES 

Barber F. R. and Martin A. (1978) Experience in the use of 
Flame Photometric Detectors for the Measurement of 
Atmospheric Sulphur. C.E.G.B. Internal Report 
SSD/MID/M39/78. 

Billingsley J., Kalland A. S. and Marsh A. R. W. (1976) 
Washout of Sulphur Dioxide by Rain. C.E.G.B. Internal 
Report RD/L/N85/76. 

Chamberlain A. C. (1960) Aspects of the deposition of 
radioactive and other gases and particles. Proc. R. Soc. A. 
290, 235-265. 

Dana M. T., Hales J. M. and Wolf M. A. (1975) Rain 
scavenging of SO2  and sulphate from power plant plumes. 
J. geophys. Res. 80, 4119-4129. 

Davies T. D. (1976) Precipitation scavenging of sulphur 
dioxide in an industrial area. Atmospheric Environment 10, 
879-890. 

Fisher B. E. A. and Maul P. R. (1976) The mathematical 
modelling of the transport of sulphur dioxide across 
country. Symp. systems and models in air and water 
pollution, Institute of Measurement and Control, London. 

Garland J. A. (1978) Dry and wet removal of sulphur from the 
atmosphere. Atmospheric Environment 12, 349-362. 

Granat L. and Rodhe H. (1973) Study of fallout by pre-
cipitation around an oil-fired power plant. Atmospheric 
Environment 6, 635-660. 

Hales J. M. (1978) Wet removal of sulphur compounds from 
the atmosphere. Atmospheric Environment 12, 389-400. 

Hōgstriim U. (1973) Residence time of sulphurous air 
pollutants from a local source during precipitation. Ambio 
2, 37-41. 

Kendall M. G. and Stuart A. (1961) The Advanced Theory of 
Statistics, Vol 2, Griffin. 

Larson T. V., Charlson R. J., Knudson E. J., Christian G. D. 
and Harrison H. (1975) The influence of a single sulphur 
dioxide point source on the rain chemistry of a single storm 
in the Puget Sourd region. Wat. Air Soil Pollut. 4, 319-328. 

Liptrot N. A. (1977) A Tipping Vessel Recording Raingauge. 
C.E.G.B. Internal Report SSD/MID/M51/77. 

Maul P. R. (1977) Evaluation of the Washout Coefficient of 
Sulphur Dioxide using Data from an East Midlands 
Ground Level Monitoring Network. C.E.G.B. Internal 
Report SSD/MID/N34/77. 

Meurrens A. (1974) Sulfites et Sulfates dans la Pluie. Paper 
presented at the COST Technical Symposium, Ispra, 1974. 

Meurrens A. and Lenelle Y. (1976) Sulfite et Sulfates dans la 
Pluie. Paper presented at the COST Technical Symposium, 
Ispra, 1976. 



.4trc.~p6; ri: Lx'' .xaxt Vol. 14. pp. ;39.354. 
F,v,trtran F'r,sa Ltd. 195.1. printed in Gre.,t Britain. 

SOME OBSERVATIONS OF THE MESO-SCALE 
TRANSPORT OF SULPHUR COMPOUNDS IN THE 

RURAL EAST MIDLANDS 
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Abstract - Sulphur dioxide has been monitored continuously at ten rural sites using Meloy flame photo-
metric recorders, and estimates of particulate sulphate have also been made at three of the sites. Measure-
ments made over a period of 21 yr from October 1975 to March 1978 are described and those made 
during suitable dry periods are compared with the calculations of a meso-scale dispersion model. Daily 
averaged measurements from the continuous recorders generally compare well with measurements using 
volumetric bubblers, although it is clear that the latter can often significantly overestimate sulphur dioxide 
concentrations. The concentrations of sulphur dioxide recorded clearly reflect the distribution of emissions 
within the U.K. and show that there is significant transport from continental Europe. The use of the 
dispersion model shows that the measurements are consistent with a large scale average deposition velocity 
for sulphur dioxide of 8 mm s- '. 
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NOMENCLATURE 

mixing depth (m) 
constant in estimate of a, 
concentration of SO2 (pg m -3) 
value of C integrated crosswind (pg m-2) 
maximum observed value of C (pg m -3) 
measured value of C (pg m-3) 
calculated value of C (pgm-3 ) 
emission rate of SO2 (kta- I) 
conversion factor in Equation Al (kta-'MW-') 
fraction of SO2 converted to sulphate in the vicinity of 
source 
height of source emission (m) 
representative depth over which pollutant has diffused 
(m) 
vertical diffusivity for SO2 (m's -1) 
value of K above the surface layer (m's') 
power station load (MW s.o.) 
power law index for wind speed in the surface layer 
geometric mean (pg in -3) 
correlation coefficient 
K 1 'r g H 
seasonal adjustment factor for source emissions 
turbulent Sherwood number 
time (s) 
sampling time (s) 
thermal efficiency 
wind speed (m s- I ) 
value of u above the surface layer (m s ') 
measured value of u by low level recorder (m ') 
measured value of u at 450 m (m s') 
deposition velocity of SO2 (ms-') 
time constant for conversion of SO2 to sulphate in the 
far field (s- ') 
axis in direction of mean wind vector (m) 
axis in crosswind direction (m) 
vertical axis (m) 
height at which rg is defined (m) 
depth of surface layer (m) 
backing angle in Equation 4 
error term in Equation 6 
error term in Equation 5 (pg m-3) 
characteristic largest value of C (pg m -3) 

0 	mean advecting wind direction (degrees from north) 
0' 	modified value of 0 
O L 	measured value of 0 by low level recorder 
0. 	measured value of 0 at 450 m 
a, 	crosswind spread of plume (m) 
a 	standard deviation of log-normal distribution 

mean value 

1. INTRODUCTION 

As part of the C.E.G.B. programme to study the 
dispersion and ultimate fate of atmospheric sulphur 
dioxide, a continuous ground level monitoring net-
work has been set up across 100 km of rural East 
Midlands. Data on atmospheric concentrations of 
sulphur dioxide and particulate sulphate are described 
for the period October 1975—March 1978, providing 
information on the meso-scale transport of these 
compounds. 

Atmospheric concentrations of sulphur dioxide at 
the monitoring sites have contributions from transport 
from sources over a wide range of travel distances. This 
means that interpretation of measured data in terms of 
the important parameters governing the transport can 
only be made satisfactorily using a mathematical 
model. The model used is the one described by Maul 
(1977) and this has been applied in conditions without 
significant rainfall. Fisher et al. (1977) have described 
the use of this model in an intensive monitoring 
exercise using aircraft. 

The chemical analysis of rainwater collected at the 
monitoring sites has already been described by Martin 
and Barber (1978), and Maul (1978c) has described 
how the sulphur dioxide measurements have been used 
with a simple statistical model to investigate its 
washout by rain. 
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2. THE MONITORING NETWORK, 
INSTRUMENTATION AND METEOROLOGICAL 

MEASUREMENTS 

Figure 1 shows the location of the ten measuring sites 
constituting the network. Each site was chosen, as far as 
possible, to be some distance from nearby major sources of 
sulphur emissions, being at least 100 m from a single house 
and 2 km from a village of 100 houses. These distances were 
chosen so that even in very light wind conditions one would 
not expect a contribution to hourly average sulphur dioxide 
concentrations of more than 15 jig m-3  when the source was 
directly upwind of the site. At some locations it was necessary 
to use sites to the south of nearby villages or small towns (e.g. 
site 1 is 0.8 km south of Bottesford with a population of about 
500, and site 5 is 5 km south of Boston with a population of 
about 20,000), which can give a significant contribution to 
sulphur dioxide concentrations in northerly winds. 

At each site there are two measuring instruments: con-
tinuous Meloy flame photometric instruments and volumet-
ric bubblers. The bubblers (BS 1747: part 3 : 1969) are of the 
same design as those used in the National Survey of air 
pollution (Warren Spring Laboratory, 1972) and give a daily 
average SO2  concentration on the assumption that this gas is 
the only important acidic gas in the sampled air. The Meloy 
instruments measure chemiluminescence produced when 
sulphur species are burnt in a hydrogen enriched flame. The 
sulphur reverts to a lower energy state and emits a band of 
light radiation with its maximum intensity at a wavelength of 
394 nm. This emission intensity is measured by a photo-
multiplier tube which produces a current proportional to the 
sulphur content. This current is used as the instrument output 
expressed as SO2  equivalent. The ten instruments used are all 
the basic Meloy model SA 185-2 total sulphur meter. The 
range is 0-1 ppm with a minimum detectable sensitivity of 
0.005 ppm and an accuracy of 1% of full scale deflection 
(1 ppm = 2960 jig m-3  at 15°C). 

Rise and fall times are 90% in less than 30 s, and both zero 
and span drifts are quoted as ±0.01 ppm day' or ±0.02 
ppm per 3 days in an operative temperature of 10-40°C. 
Sample air flow rate is 200 ml min-' and the hydrogen flow 
140 ml min-1. The output is logarithmic and is available 
0-100 mV or 0-1 V. Unattended operation without adjust-
ment of flow or electrical systems is at least seven days. The 
logarithmic output gives a good resolution at the lower end of 
the range with 0.01-0.1 ppm spanning 50% of the scale, and 
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Fig. 1. Location of the measurement sites. 

for this reason it was decided not to use output linearizers. 
The basic air and hydrogen flow systems are shown in Fig. 2. 
Both the Meloys and bubblers use a common Pyrex-glass 
sample probe. 

The monitoring sites were visited once a week, and the 
Meloys were calibrated every fourth week. In practice the 
calibrations were found to be very stable and adjustment was 
usually unnecessary unless components affecting the air flows 
or electronics were changed. The Meloy instruments measure 
total sulphur, and to obtain SO2  measurements a Microsor-
ban filter was fitted in the sample line. This polystyrene 
material does not adsorb SO2, but removes particulate 
sulphate (Eggleton and Atkins, 1972). At three sites estimates 
of particulate sulphate concentrations were also made in-
corporating a motorized double three-way tap device which 
directs the sample air through the filter for 25 min, direct to 
the Meloy for 25 min and through a charcoal zeroing tower 
for 10 min in each hour. Details of this apparatus are given in 
Fig. 3. It was found in practice that significant span and zero 
drift occurred when the temperature of the instrument rose 
above 30°C, and it was not always possible to keep tempera-
tures below this. For this reason the charcoal zeroing tower 
was switched into the sample air for 10 min in each hour at all 
the sites. Figure 4 shows the type of trace obtained from the 
instruments fitted with automatic filter in/out switching and 
those measuring SO2  only. Both traces show the hourly 
zeroing level with some fluctuation due to temperature 
changes. 
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Fig. 2. Basic hydrogen and air flow systems. 
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Co) Direct sampling - 25 mins 
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Fig. 3. Automatic filter in/out device. 

In order to interpret SO2  measurements it is essential to 
have detailed meteorological information for the region 
shown in Fig. 1. A continuous wind speed and direction 
recorder at Castle Donington near Nottingham at 30 m 
above the surface was used to give hourly low level wind 
measurements. Two similar recorders were available within 
the region for comparison and to provide backup data. 
Measurements made by the Meteorological Office of wind 
speed and direction at 450 m were obtained every 6 h, and a 
tephigram obtained from the noon radio-sonde ascents at 
Cranwell was used to give information on atmospheric 
stability and cloud cover. C.E.G.B. instrumentation on the 
Belmont ITV tower was also used as a source of information 
on wind speed and direction and temperatures near the 
surface. Daily rainfall data were recorded at the monitoring 
sites and at an additional site near Nottingham. Whilst many 
of the measurements used have distinct limitations, an 
adequate picture of the prevailing meteorology on any 
particular day can usually be obtained by consideration of all 
the measurements together.  

3. MEASUREMENTS OF SULPHUR COMPOUNDS 

3.1. Comparison of bubbler and Meloy measurements 

Figure 5 shows the monthly mean SO2  concen-
tration at three sites for the two and a half year period 
under consideration. The pattern at the other sites is 
similar. During the winter periods the two instruments 
were usually in good agreement except when the 
Meloy calibration became incorrect. This was not 
always the case for the summer periods, however, when 
much lower mean concentrations were observed. Be-
low about 15 pg m 3  neither the Meloy nor the 
bubbler measurements are very meaningful, but there 
is evidence that the bubblers significantly over-
estimated concentrations in hot weather. This is 
believed to be mostly due to the breakdown of PVC 
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Fig. 4. Meloy recorder traces. 

tubing in air sampling lines producing small amounts 
of HC1 gas (Eggleton and Atkins, 1972). This was 
confirmed as a possible mechanism by laboratory 
experiments (Oakland, 1976), and the effect was mini-
mized for the second summer by reducing the length of 
tubing used. Any remaining discrepancy may be due to 
local contributions of acidic gases other than SO2  such 
as HC1 and NON. 

3.2. Concentration rosettes for SO2  
Figure 6 shows concentration rosettes for the two 

year period April 1976—March 1978. This period is 
used here, and in various other calculations described 
below, when it is desirable to use the same number of 
winters and summers. These were obtained by averag-
ing the Meloy SO2  measurements over "steady" 
periods of 6 h or longer. The criteria used for steadiness 
were that the hourly wind directions measured by the 
low level recorder should not vary by more than 40° 
and the nearest 6 hourly 450 m measurements by more 
than 30°. In addition it was required that the mean 
upper and lower level wind directions should not differ 
by more than 40°. For periods that satisfied these 
criteria an effective wind direction was taken as a  

weighted average of the two mean directions and then 
assigned to a 30° sector. The weighting 

ul  = U L/3 + 27/3, 	 (1) 

takes into account the fact that most of the wind shear 
takes place in the lower levels of the mixing layer. This 
method has the advantages of being able to use parts of 
days and of ensuring that most of the periods when 
there are large variations in the wind direction over the 
region will be rejected. 

The rosettes give only a crude indication of the 
dependence of measured concentrations on wind dir-
ection as such factors as wind speed, washout by rain 
and instrumentational availability are not taken into 
account. Nevertheless, useful information can be ob-
tained from these figures, and it is interesting to 
compare them with the location of the main source 
areas shown in Fig. 6. The relatively high mean 
concentrations at sites 1-3 between westerly and 
northerly directions are clearly related to the Midlands 
and northern industrial areas, although the peaks to 
the north are partly due to comparatively close local 
sources. The concentrations at the other sites for these 
directions are generally lower, although a peak to- 
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wards the northern industrial areas is still apparent. 
Sites 1-3 show much lower concentrations with near 
easterly and south-westerly winds when they are 
downwind of much smaller emissions. Peaks to the 
south and south-east are partly due to U.K. sources, 
but the coastal sites 7-10 clearly show that there is 
significant transport from continental Europe. The 
mean concentrations at these sites for the sector 
120=-150° were 24, 25, 27 and 28 pg m-3. These are 
lower than the figures reported by Barnes and Eggle-
ton (1977) for measurements at the east coast sites 
of Dungeness and Flamborough Head in south-
easterly winds, but their averages of 33 and 51 pg m-3  
were for winter periods only. Concentrations for this 
wind direction depend critically on meteorological 
conditions, as can be seen by comparing the two 
periods 19/10/75-21/10/75 and 3/2/76-6/2/76. Exam-
ples of the tephigrams and synoptic charts are given 
in Fig. 7. For the first period the coastal sites measured 
very low SO2  concentrations (below about 
10 pg m-3), and deep mixing layers were indicated 
with a small degree of turning of the wind with height 

and abundant cumulus and strato-cumulus cloud 
indicative of an unstable air mass. The synoptic charts 
suggested transport from Denmark, a comparatively 
low source area (O.E.C.D., 1977). For the whole of the 
second period much shallower stabler mixing layers 
were indicated with up to a 60° turning of the wind 
direction and thick low-lying stratus clouds. In ad-
dition, the synoptic charts suggested transport from 
central Europe which is a much larger source area. 
These differences were dramatically reflected in the 
SO2  concentrations measured for this second period, 
with the mean concentration at the four sites being 
63 pg m-3. 

3.3. The distribution of SO2  concentrations 

It is often assumed that pollutant concentrations 
follow a log-normal distribution. For both hourly and 
daily averaged Meloy measurements, the results did in 
fact fit this distribution fairly well except for low 
concentrations below about 20 pg m-3  when the 
measurements are not expected to be very accurate. 
Table 1 gives the parameters of the fitted distributions 

Fig. 5. Monthly average SO2  concentrations at three sites. 
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Table 1(a). Parameters of the log-normal distributions fitted to hourly Meloy SO2  measurements 

Site 1 2 3 4 5 6 7 8 9 10 

df g (pg m -3) 25 23 22 21 22 22 19 19 19 19 
a 0.31 0.35 0.32 0.28 0.29 0.26 0.32 0.31 0.28 0.30 
P(%) 2.5 3.5 2.0 0.7 1.1 0.6 1.3 0.9 0.5 0.8 

Table 1(b). Parameters of the log-normal distributions fitted to daily Meloy SO2  measurements 

Site 1 2 3 4 5 6 7 8 9 10 

Mg  (pg m -3) 27 26 24 23 24 24 21 20 18 21 
a 0.26 0.28 0.28 0.22 0.22 0.20 0.24 0.25 0.25 0.21 
P(%) 1.8 2.0 1.4 0.1 0.4 0.1 0.2 0.3 0.1 0.1 

Table 2(a). Comparison of highest hourly measurements with calculated characteristic highest values 

Site 1 2 3 4 5 6 7 8 9 10 

Cm,apgm-3) 658 398 327 398 344 441 567 441 327 310 
is (Fig m - 3) 390 495 369 251 288 217 324 295 215 301 
98% confidence 
interval (pg m-3) 

308-71I 379-973 288-677 203-428 228-504 179-358 250-593 231-529 172-365 213-475 

Table 2(b). Comparison of highest daily measurements with calculated characteristic highest values 

Site 1 2 3 4 5 6 7 8 9 10 

Cmaz018 m-3) 144 163 151 91 101 137 151 111 111 97 
Kc(pgm-3) 160 169 159 104 108 93 108 111 99 90 
98% confidence 
interval (pg m-3) 

124-291 126-321 121-304 84-172 87-187 77-148 86-188 86-194 78-176 73-145 

Table 3. Estimates of seasonal average particulate sulphate concentrations (pg m-3 SO2  equivalent) 

Site 	 Summer '76 
	

Winter '76/'77 
	

Summer '77 	Winter '77/'78 

3 8 (30%) 7(18%) 7 (20%) 6 (15%) 
5 8 (29%) 6 (15%) 5 (17%) 6 (16%) 
9 4 (20%) 6 (18%) 3 (14%) 5 (17%) 

for the two year period from April 1976 to March 1978. 
Here Mg  is the geometric mean of the population of 
concentrations C, and a is the standard deviation of 
the population of logarithms of concentrations, 
logic, C. Also shown in the Table are the approximate 
probabilities of measuring a concentration of over 
100 µg m 3, P%. 

As one would expect, the daily results are far less 
variable than the hourly averages, and the pro-
babilities of "high" (> 100 pg m-3) measurements are 
correspondingly low. These probabilities are also 
much greater at sites 1-3 which are closest to the major 
emission areas. It is of interest to look at the highest 
concentrations recorded during the two year period 
and compare them with the characteristic largest 
values K calculated from the fitted distributions (Gum-
bel, 1958). Table 2 gives these comparisons together 
with the 98% confidence interval for the largest value. 

For the hourly results the observed highest con- 

centrations are greater more often than they are less 
than the calculated characteristic value. The 98% 
confidence interval does not define the expected 
highest value very closely, but at only one site (site 6) is 
the observed value outside this range. For the daily 
results the confidence intervals are much smaller, and 
all the observed highest concentrations are well within 
the quoted ranges. 

3.4. Particulate sulphate concentrations 
Table 3 shows the estimated particulate sulphate 

concentrations at the three sites where the automatic 
filter in/out mechanism was installed for the four 
seasons shown. The winter months were taken as 
October to March, and the summer months from April 
to September. The bracketed figures give average 
sulphate as a percentage of the average total sulphur 
(both in terms of equivalent SO2). 

These mean concentrations are comparable with 
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Table 4. The weekly variation in SO2 concentrations 
(pg m-3) 

Site 1 2 3 4 5 6 7 8 9 10 

Weekdays 32 33 29 27 27 26 24 23 22 24 
Saturdays 31 32 28 25 26 25 24 24 21 23 
Sundays 27 25 26 23 25 24 22 21 20 23 

These observations support the weekly adjustment 
used in the Appendix for SO2 emissions. 

4. COMPARISONS BETWEEN MEASUREMENTS 
AND CALCULATIONS 

Fig. 8. The mean diurnal variation of SO2 concentrations at 
site 1 for December 1977. 

those reported by Barnes and Eggleton (1977). There 
is no well-defined dependence of concentrations on 
wind direction. At site 9 for example, mean con-
centrations for the two year period of 3, 6, 5 and 
4 fig m-3 SO2 equivalent were recorded for the sectors 
from north to east, east to south, south to west and 
west to north respectively. This is to be expected as 
particulate sulphate is an "older" pollutant than SO2 
(Garland, 1978). 

3.5. Diurnal variations in SO2 concentrations 

Figure 8 gives a typical example of how SO2 
concentrations vary on average throughout the day. 
On average a peak is observed during daylight hours, 
although this is not always very pronounced. This 
peak is due to the fact that both emissions and 
atmospheric turbulence are generally greater than at 
night. 

3.6. Weekly variations in SO2 concentrations 
At weekends total fuel usage is somewhat reduced, 

so that one would expect to observe lower atmospheric 
concentrations of SO2 than during weekdays. Table 4 
gives average concentrations for the two year period, 
and shows that this expectation is clearly borne out. 

Top of mixing layer 

4.1. A review of the meso-scale transport model 
Figure 9 illustrates the basis of the meso-scale 

transport model used. The mathematics of the model 
are given in Maul (1977), and this version of the model 
corresponds to profile 2 of that paper. The pollutant is 
emitted from sources at various heights h above the 
surface and diffuses towards the surface and the top of 
the mixing layer a. The rate of spread of individual 
plumes is determined by the diffusivity profile K(z) 
which increases linearly to the top of the surface layer 
z1 to a value of K1 . The wind profile is simplified by 
using a constant value u1 above the surface layer and a 
power law profile with index m in the surface layer. Dry 
deposition to the surface is described by a deposition 
velocity v9 at a height zo (taken as 1 m), whilst 
conversion to sulphate is represented by a fractional 
conversion F4 in the vicinity of the source followed by 
a slow decay with time constant W4. The spread of 
plumes in the crosswind direction is taken to be 
Gaussian with a standard deviation a, varying linearly 
with travel distance. 

The importance of the various model parameters 
varies with travel time from the source. The specifi-
cation of the crosswind spread is very important when 
considering transport from a single point source, 
depending as it does on such factors as wind speed, 
atmospheric stability and sampling time. For most 

Fig. 9. Some details of the meso-scale dispersion model. 
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applications of the model, however, one is concerned 
with transport from many different sources, often of 
large crosswind extent. In this case model calculations 
are generally insensitive to the specification of ac., and 
henceforth the crosswind integrated concentration C 
will be considered. Usually F4 is small (D.E.C.D., 
1977) and provided it is no more than about 0.1 it is not 
a very important parameter for any travel time. Some 
measurements have suggested that significantly larger 
values are sometimes possible (Smith and Jeffrey, 
1975). In the nearfield when the dimensions of the 
plume are much less than the mixing depth the two 
most important parameters are h and K(z). These 
parameters together with the wind speed determine the 
position and value of the maximum ground level 
concentration. The pollutant will become well mixed 
throughout the mixing layer in a time comparable to 
the diffusion time scale a2 /K 1  when transport can be 
referred to as long range. At this stage C decays 
approximately as exp[-(1174  + rg /a)t] and rg /a is 
usually the more important parameter. Between these 
two extremes one has meso-scale transport and the 
model's sensitivity to the various parameters is more 
complicated. If H(t) is a representative depth over 
which the pollutant has spread, then a timescale for the 
pollutant diffusion is H 2/K 1  and a timescale for the 
depletion of this depth by dry deposition is H/cg. The 
ratio of these timescales given by R = K 1 /ng H has been 
considered by Prahm and Berkowicz (1978) in con-
nection with Gaussian plume models. For long times 
H -. a and R becomes the reciprocal of the turbulent 
Sherwood number (Sh). For R» 1 Prahm and Berk-
owicz show that a Gaussian source depletion model 
is adequate, and the fulfilment of this criterion would 
mean that the deposition velocity would not be a very 
important parameter for meso-scale transport in the 
present model. In fact Sh is of the order 1 for sulphur 
dioxide for most meteorological conditions and dry 
deposition cannot be neglected. In the meso-scale 
region all the parameters are important to varying 
degrees depending upon the exact value of the travel 
time, although the single most important parameter is 
the mixing depth. 

It is particularly important to note that keeping the 
ratio c9 /a constant does not result in the same 
concentrations for meso-scale transport. Beyond a 
certain point increasing the mixing depth has a 
negligible effect on concentrations as the vertical 
spread is then completely determined by K 1. 

In applying the model to the measurements at the 
ten sites of the East Midlands network, meso-scale 
transport from sources at many different travel dis-
tances has to be calculated and it is generally not 
possible to single out any one parameter as being more 
important than the others, although one would antic-
ipate systematic errors if mixing depth estimates were 
very inaccurate. The fact that all the parameters vary 
in time restricts the conditions in which the model can 
be applied, and this question is discussed in the next 
section. A detailed source inventory is required by the  

model and the calculations in this paper are based on 
the inventory and seasonal and diurnal adjustments 
described in the Appendix. 

4.2. The specification of periods for model comparison 
The meso-scale transport model is a steady state 

model and can therefore strictly only be used when the 
mixing layer is close to a steady state for the whole 
period of the transport of the pollutant from each 
source to the measurement site. For this reason, the 
periods for model calculations were restricted to those 
without significant rainfall. Although the scavenging 
of sulphur dioxide by rain can be incorporated into the 
model, periods with rainfall are seldom sufficiently 
steady for the application of the model to be useful and 
the amount of precipitation can vary greatly over the 
region of interest. 

When the turbulence in the mixing layer is mainly 
mechanical in origin the mixing layer can be close to a 
steady state for several hours. In strong wind daytime 
conditions the mixing layer is usually close to neutral 
and the steady state assumption is a good one. 
Similarly a close to steady state, stable, nocturnal 
mixing layer is often formed a few hours after dusk 
(Delage, 1974), although the turbulence may be very 
sporadic. The model is not capable of representing this 
in detail. When the turbulence is mainly convective in 
origin the mixing layer is rarely close to a steady state. 
In daytime conditions with light winds and sufficient 
solar insolation the mixing layer increases from dawn 
to a maximum depth in early afternoon, and this has 
been described by Carson (1973). In this case any 
calculations made using the model for travel times 
comparable to the time of development of the mixing 
layer must be used with caution. When the model was 
used in convective conditions by Fisher et al. (1977) 
there was a reasonable wind of 5-12 m s-1  at 389 m 
and the major sources contributing to measured SO2  
concentrations were no more than about three hours 
travel time away, so that the steady state approxi-
mation was acceptable. 

Inevitably some compromise has to be made in 
defining the periods to be considered. Fortunately the 
more distant sources for which the steady state 
approximation may be poor usually contribute much 
less to pollutant concentrations than the closer sources 
for which it is valid. Two sets of periods have been used 
for model calculations, in the day and night. The 
daytime periods have been defined as being on dry 
days (days when no more than 4 mm of rain was 
measured at any of the sites over 24 h) between noon 
and 4p.m., for which the wind vector was "steady" from 
4 a.m. This ensures that for most sources the travel 
time between source and receptor was in the daytime 
mixing layer. The night-time periods were similarly 
taken between midnight and 4 a.m. with a steady wind 
vector from 4 p.m. the previous day. An additional 
restriction had also to be applied to the wind direction. 
Only those periods with a mean advecting wind 
direction in the westerly sector from 180° to 360° have 
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been used for sites 1-3, and 180° to 330° for sites 4-10, 
to ensure that transport was primarily meso-scale from 
U.K. sources and not long range from other European 
sources. 

It would appear from the foregoing discussion that 
the use of a time dependent transport model such as 
the one described by Maul (1978a) would be more 
appropriate. Whilst it is true that this would enable less 
restrictive periods to be used, it would not be practi-
cally advantageous to do so. Gillani (1978) has 
successfully used a time dependent model to in-
vestigate the sulphur budget of a power plant plume, 
but to undertake the calculations for the hundreds of 
sources involved in the East Midlands network would 
be prohibitively expensive and time consuming. In 
addition, the routine meteorological data available 
would not be sufficiently detailed to ensure that a time 
dependent model would give more meaningful 
calculations. 

4.3. The specification of model parameters 
For most calculations the model is not very sensitive 

to the specification of z1  or m, and these have been 
taken as a/10 and 0.2 for all conditions. The sulphate 
conversion parameters have been taken as F4  = 0.1 
and W4  = 10-6 s_1  as used by Fisher (1978). Higher 
values of the far field conversion rate are often 
observed (see e.g. O.E.C.D., 1977), but the model 
calculations are not sensitive to its exact value for the 
travel distances involved. The deposition velocity v9  
was taken as either 5 or 10 mm s-1, and its value is 
discussed in the next section. The crosswind spread 
was taken as 

a, = Bx, 	 (2) 

where x is the travel distance and B is a function of 
sampling time. In the applications described below 6, 
was taken to correspond to a 10° spreading with 
B = 0.18. Emission heights for domestic and industrial 
emissions were taken to be fixed at 10 and 50 m 
respectively. Some allowance was made for the plume 
rise from power stations by taking the effective value of 
h for the larger power stations to be (200 + 2000/u2)m 
and for the smaller stations to be (100 + 1000/u1)m. 
The remaining parameters to be specified from rou-
tine meteorological information were K 1 , u1 , and the 
wind direction. The value of u1  was obtained from a 
weighted average of the two wind speed measurements 
averaged over the 12 h under consideration as in 3.2. 
The mean advecting wind direction was similarly 
defined : 

ul  = UL/3 + 2ū„/3, 

0 = 6L/3 + 26„/3. 

u1  was taken to the nearest 2 m s -' and 9 to the nearest 
10°. The criteria used for steadiness were the same as 
those used in 3.2 except that low level wind directions 
could vary up to 50° because of the longer period 
involved. 

Daytime mixing layers were split up into three  

types : stable, near neutral and convective. The classifi-
cation was made from a consideration of the wind 
speed and the details of potential temperature profile 
and cloud height and type given by the radio-sonde 
ascent. The parameters used for the mixing depth and 
diffusivity in the three cases are shown in Table 5. In 
mechanical mixing layers (stable and near neutral) it is 
usually assumed that the mixing depth increases with 
wind speed and the diffusivity with the square of the 
wind speed (Moore, 1975). Near neutral conditions 
were the most frequently assigned when indications of 
the mixing depth from the radiosonde ascent did not 
differ appreciably from the value given in the Table, 
and u1  was at least 6 m s '. Stable mixing layers occur 
most frequently in winter when the ground based 
temperature inversion formed overnight is not quickly 
eroded the next day or where a strong elevated 
inversion is formed comparatively close to the surface. 
Convective conditions occur where much deeper mix-
ing is observed than would be produced by mechanical 
turbulence alone in light wind conditions (u1  < 
10ms-1 ) generally in summer. As noted in the 
previous section, the convective mixing depth is not 
well defined and the value taken may well be signi-
ficantly less than the maximum value reached in mid-
afternoon. The diffusivity used in these conditions is 
consistent with the average value used by Moore 
(1974) in unstable conditions. Much larger values can 
be observed, but the model calculations are not 
sensitive to the exact value of K i  when it is large. By 
grouping the steady periods into these categories the 
amount of computing time required was greatly 
reduced. In any case, the specification of a and K 1  from 
the meteorological information available cannot be 
accurate enough to justify undertaking individual 
model runs for each period. 

The nocturnal mixing layer can become extremely 
stable, and its characteristics depend greatly on such 
external factors as the cloud cover and the time of year. 
In the absence of detailed meteorological information, 
it was assumed that the parameters a and K1  were the 
same as those used in the specification of the daytime 
stable layer. 

The mean advecting wind direction given in Equa-
tion 3 is not the best direction to use for all sources as 
the effective wind direction depends upon time of 
travel from the source. This question was discussed in 
detail by Maul (1978b), where it was shown how the 
effects of wind shear could be taken into account if 
detailed information about the wind profile was 
available. The effective wind direction varies from an 

Table 5. The parameterization of daytime mixing depths and 
diffusivities 

Near neutral 	Convective 
Stable (ul >6ms-1) (u1 <lOms-') 

a(m) 	 33u1 	100u1 	1000 
K1(m2s- ') 	0.01ui 	0.2u1 	 40 

(3) 
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initial value between the directions at the source height 
and the surface wind to the mean advecting wind 
direction in a time of the order a 2/2K t. In the model 
calculations described below typical values for the 
change in effective wind direction were used. 

O' = 0 — a(1-2K 1 t/a2 ) 	t < a2/2K 1 , 	(4) 

where the backing angle a was taken as 200  for low 
level sources and 100  for elevated power station 
sources. 

4.4. Comparisons between measurements and model 
calculations 

From the two and a half years' data used there were 
15 stable, 62 near neutral, 14 convective and 82 
nocturnal suitable steady periods. This is only about 
10% of the data, but is not surprising in view of the 
restrictions imposed. The first simple comparisons are 
shown in Figs. 10 and 11 for daytime, near neutral and 
nocturnal conditions with the calculations employing 
a deposition velocity of 10 mm s-1. For each 100  wind 
direction the mean values of calculations and measure-
ments for the steady periods at each site are shown, 
unless there were less than four periods for a particular 
wind direction, when classes were pooled to give 
sufficient periods. The number of suitable periods  

varies greatly with wind direction, there being none at 
all for 180 or 190' and very few for directions greater 
than 290'. This variation is to be expected in view of 
the generally more frequent westerly and south-
westerly winds over the British Isles, and the fact that 
north-westerly winds are frequently very variable and 
associated with unstable cold advection air streams 
(Pedgley, 1962). 

A brief look at Figs. 10 and 11 shows that the 
comparisons are usually good. In general there is an 
underestimation of concentrations in south-westerly 
winds, probably due to inaccuracies in the source 
inventory. The underestimation of concentrations to 
the north-west and north for sites 1-3 is at least in part 
due to the presence of local sources to the north of 
these sites which cannot be incorporated in detail in 
the source inventory. The averaged comparisons hide 
to some extent the large variations which occur in 
measured concentrations in similar meteorological 
conditions. This becomes more evident when the 
calculations are compared on an individual basis. One 
way of looking at these comparisons is in terms of the 
error term given by 

Cc1 = Col + e, 

where Cc, is the calculated concentration for the ith 

(5) 

Fie. 10. Averaged comparisons between measurements and model calculations for daytime near neutral 
conditions. 
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steady period and Coi  is the corresponding measured 
concentration. The mean absolute error j and the 
root mean square error 	are indicators of the 
difference between the two sets of concentrations, and 
the mean error s is an indicator of whether the model 
generally underestimates or overestimates pollutant 
concentrations. As discussed in section 3, however, 
pollutant concentrations tend to follow a log-normal 
distribution so that it is also useful to look at S i , the 
difference between the logarithms of the two 
concentrations, 

logo  Cc, = login C0 + SI• 	 (6) 

One can obtain the quantities b and/ S2  correspond- 
ing to s and s2, and examination of the distribution 
of S i  shows that it is close to normal. With this 
assumption about the distribution of Co;  and assuming 
that the values of C,, are similarly distributed, it is also 
valid to undertake a correlation analysis between 
log10  Coi  and logo  C,;  to produce a correlation coef-
ficient r. An error analysis based on (6) is more valid in 
comparing calculations with different parameter va-
lues, but the errors in (5) are physically more mean-
ingful and readily understood. 

Table 6 gives details of the above statistical quan-
tities for the four classes of steady periods with all the 

Measurements 

sites combined for vg  = 10 and 5 mm s- '. Only one 
value for r has been given as there is little difference 
between the calculations for the different values of vg. 
The figures in parentheses for the stable class were 
calculated with one outlier discarded, and this is 
discussed below. The error analysis for the stable 
periods shows that neither s nor b are significantly 
different from zero for vg  = 10 mm s-  but are different 
for vg  = 5 mm s- '. Similarly, for neutral periods the 
calculations for vg  = 10 mm s- ' significantly under-
estimate the measured concentrations and those for 
vg  = 5 mm s- ' overestimate them. For convective 
conditions, all the error calculations are consistent 
with zero mean error, and for the nocturnal periods 
only s for vg  = 10 mm s- ' consistent with zero. For all 
of the calculations I sf is smaller for vg  = 10 than 
5 mm s-1, and they clearly suggest that the deposition 
velocity is closer to the higher value. This is consistent 
with the estimate of 8 mm s- ' made by Smith and 
Jeffrey (1975) and employed in the calculations of 
O.E.C.D. (1977) and recommended by Garland (1978). 

The comparatively low values of r and large root 
mean square errors are indicative of the uncertainties 
remaining in the comparisons resulting from measure-
ment errors, errors in the source inventory, the specifi-
cation of meteorological conditions and model short-
comings. In particular the meteorological conditions, 

Wind direction, degrees from north 

Fig. 11. Averaged comparisons between measurements and model calculations for nocturnal conditions. 



Table 6. Error analysis for model comparison with all sites combined (all concentrations are in pi; m -3 ) 

	

Number 	 v9  = 10 mm 	s - ' 	 v N  = 5 min s - ' 
of data 
points 	C'a 	r 	 C, 	Isl 	ē 	āz 	S 

	

26 	0.01 

	

(19) 	(0.02) 

	

17 	-0.05 

	

18 	0.01 

	

18 	0.05 

Table 7. Error analysis for model comparisons for the near neutral class of steady periods (all concentrations are in pg m -3) 

Site 

Number 
of data 
points Co  Cr  IEI 

v9  = 10 mm s 

ē 	ē2  S S2  Cr  I''1 
v4 = 5mms- ' 

i"z 	fi d i  

1 60 38 0.67 39 19 1 29 0.04 0.27 45 21 7 30 0.11 0.28 
2 50 31 0.68 28 12 -3 19 -0.05 0.24 34 14 3 20 0.04 0.23 
3 55 31 0.78 25 12 -6 17 -0.07 0.22 30 11 -1 17 0.00 0.22 
4 57 33 0.71 29 17 -5 12 -0.08 0.22 35 17 1 12 0.00 0.21 
5 54 26 0.51 25 10 -2 12 -0.04 0.23 30 11 4 15 0.04 0.23 
6 54 26 0.65 23 11 -3 11 -0.06 0.20 28 13 2 13 0.02 0.19 
7 51 23 0.54 31 13 -2 16 -0.02 0.28 38 14 5 18 0.08 0.23 
8 56 32 0.52 28 13 -4 18 -0.07 0.25 33 14 1 20 0.00 0.20 
9 57 29 0.66 26 9 -3 13 -0.06 0.20 32 10 10 16 0.01 0.20 

10 50 26 0.51 21 9 -5 12 -0.11 0.22 26 10 0 14 -0.02 0.20 

Stable 114 41 0.47 39 17 -2 
(113) (39) (38) (15) (0) 

Near neutral 544 31 0.64 28 12 -3 
Convective 121 30 0.61 28 13 -1 
Nocturnal 710 27 0.44 28 12 0 

SZ  C, 1i1 k: i:Z b X%}2 

26 57 25 16 33 0.18 0.30 
(0.24) (56) (23) (18) (29) (0.19) (0.30) 
0.23 33 13 3 19 0.03 0.22 
0.26 34 15 4 20 0.09 0.27 
0.26 40 19 13 24 0.22 0.33 

T
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which are assumed to be uniform over the area of 
interest, cannot be specified as well as during intensive 
monitoring exercises such as the one described by 
Fisher et ai. (1977), so that comparisons on any 
particular occasion cannot be expected to be as good. 
Nevertheless, the comparisons are good on average 
and for v9  = 10 mm s ' the calculations are within a 
factor of two about 80% of the time. Another en-
couraging factor is that the errors incurred in the 
comparisons do not vary greatly from site to site. Table 
7 shows the breakdown of the analysis for near neutral 
periods for individual sites. 

A close examination of the populations of the 
calculated and measured concentrations shows that 
the spread of data points is nearly always greater for 
the measured concentrations. This is due to a larger 
number of "high" concentrations in the measured 
population. Gumbel (1958) refers to methods for 
testing whether individual values for an assumed 
normal population are outliers i.e. inconsistent with 
the remaining data points. Only one measured mean 
concentration was clearly an outlier in the stable class 
of steady periods, which was a concentration of 
261 pg m-3  at site 1 in a northerly wind. This un-
usually high concentration is almost certainly due to a 
local source to the north of the site. The figures in 
parentheses in Table 7 were obtained by rejecting this 
data point, and there is clearly an improvement in the 
comparison. There are several data points which are 
not quite high enough to be classed as outliers. For 
example, in the near neutral class there are 8 periods 
for which the measured mean concentrations were 
over 100 pg m- 3  and the calculated values below this 
value. All of these points were for sites 1-3 in westerly 
(260-280°) or northerly (360°) winds. In westerly 
winds these sites are downwind of fairly close 
(— 40 km) major power station sources, when model 
calculations may be sensitive to the choice of o, whilst 
in northerly winds there is the problem of local 
sources. One can conclude that a significant contri-
bution to the uncertainties involved in model com-
parisons comes from steady periods where atmos-
pheric concentrations are dominated by a few local or 
comparatively close sources. 

5. CONCLUSIONS 

The model calculations described clearly show that 
the steady state meso-scale transport model of Maul 
(1977) is very useful in investigating the transport of 
sulphur dioxide when meteorological conditions are 
steady, and that the model parameters used are 
realistic. Comparisons with observations on any parti-
cular occasion cannot be expected to be as satisfactory 
as those made during intensive monitoring exercises 
where detailed meteorological information is avail-
able, but calculations are usually within a factor of two 
and generally very good on average. 

The monitoring network has a complicated distri-
bution of contributing sources of sulphur dioxide and  

it is not possible to measure the deposition velocity of 
this pollutant directly. It is only with the use of a model 
such as the one employed here that an estimate can be 
made, and a value of around 8 mm s -5  is suggested by 
measured sulphur dioxide concentrations. 
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APPE~D1X: THE SOURCE Ii':\,E:--;TORY 
FOR SULPHUR DIOXIDE 

Power station emissiolls 

All power station emissions in England and Wales were 
treated as point sources and estimates were based on the 
assumption of 1.5% sulphur content in the coal used and 10% 
sulphur being retained in the ash, and a sulphur content of3% 
in the fuel oil burnt (Weatherley, 1977). The total annual 
emission E of a power station in thousands of tonnes per 
annum was then derived from the average load L on the 
station (in MW station output) and the thermal efficiency Te 
of the station. 

(AI) 

where F depends upon the calorific value of the fuel used and 
the fraction of the generated electricity that is supplied as 

0 o 0 

o 0 o 0 0 o 0 000 o 0 

station output. For coal fired stations F was taken as 
0.0344 kt a-I MW-I and for oil fired stations as 
0.0438 kt a -I ~1\V-I. The values for Land Te for each power 
station were taken for the year 1975-76 for C.E.G.B. (1976). 
The stack height of the large modern power stations was 
taken as 200 m and for the smaller old power stations as 
100 m. Allowance is also made for plume rise as described in 
section 4.3. 

Detailed domestic and illdustrial emissions 

A detailed inventory for these emissions was used for 
10 x 10 km grid squares over a region of300 km2. Population 
estimates were made for each square based on the 1971 
census. Domestic emissions were simply taken to be 12 kg 
S02 per annum per person corresponding to the total figures 
given by Weatherly (1977). Industrial emissions were based 
on those used to provide the emission inventory employed by 
Smith and Jeffrey (1975). Their county sources were broken 
up into 10 x 10 km squares taking into account the distri
bution of the industries within the county where known. A 
constant reduction factor was then applied to these estimates 
to bring the total emissions within the D.K. in line with 
Weatherley's estimates, allowing for the reduction in in
dustrial output in recent years. The resulting inventory with 
power station emissions added is shown in Fig. 12. 

Contributions from local sources within the grid square of 
the measuring site were not included in model calculations, as 
these are difficult to represent accurately and are generally 
small due to the positions of the sites. 

Background sources 

Outside the 300 km2 area the background sources were 
based directly on Smith and Jeffrey's county sources, again 
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123 Each 3-digit number represents emission 
in kilotonnes for each 10 xlO km. grid square. 

Fig. 12. Detailed source inventory. 
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modified for the reduction in total domestic and industrial 
emissions. 

Seasonal and diurnal corrections 
A multiplicative seasonal variation factor S was applied to 

the above emissions which was derived from a correlation 
analysis on the demand for electricity and is given by 

S = (33,192.0 + 9.904R + 0.2054R2  
— 591T + D)/27,940.0. (A2) 

R is related to the day of the year (R = — 1 on 21 July, 0 on 22 
July etc). D depends on the day of the week (Monday = 0, 
Tuesday = —567, Wednesday = —694, Thursday = —732, 
Friday = —1023, Saturday = — 5026 and Sunday = 
—3373), and T is the "effective" noon temperature in °C. 

In the application of the model T was taken as the actual 
noon temperature recorded near the base of the Belmont 
tower, with no allowance for the temperatures on previous 
days. 

A multiplicative diurnal factor again based on the demand 
for electricity was used as given by Smith and Jeffrey (1975). 
The assumption that all types of source follow the demand for 
electricity is not wholly justified, but it was not felt that any 
alternative approach would be significantly better. 

The accuracy of the inventory 
Power station emissions obviously vary greatly from day to 

day within the two and a half years under consideration, but 
the annual total emissions are almost certainly the most 
accurate part of the inventory and amount to about half of the 
total emissions. The total estimates for domestic emissions in 
the U.K. are also fairly accurate, but the distribution of these 
sources is not so well known. The estimates for industrial 
sources are almost certainly the least accurate, but this could 
only be remedied by having detailed information from all 
industries emitting significant amounts of SO2. It is not 
straightforward to quantify the possible error on any given 
occasion, but an overall uncertainty of ± 25% can easily be 
incurred. 
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Abstract—A model for the dispersion of gaseous pollutants based on analytical solutions of the steady-
state diffusion equation is described. Important physical processes such as dry deposition are included 
and the boundary layer structure is simulated. The model is shown to be applicable over a wide 
range of travel distances, but to be most useful for meso-scale distances (20-100 km), where Gaussian 
plume and box models have many limitations. In this region, computational costs are usually well 
below those incurred by using numerical solutions of the diffusion equation. 

NOMENCLATURE 	 1. INTRODUCTION 

a 	 depth of mixing (m) 
a„ 	 expansion coefficients (s m-2) 
C 	 concentration of pollutant (kg m-3) 
C„, 	maximum ground level of C (kg m-3) 
G 	 Green's function for the two-dimensional 

diffusion equation (s m-2) 
h 	 effective height of emission (m) 
H. 	 cylinder function = yJ„ + EY„ 
J„ 	 Bessel function of the first type of order n 
K5,K„K, 	turbulent diffusitivities (m2  s-t) 
K 1 	maximum value of K. (m2  s-1) 
m 	 power law index for wind speed in the sur- 

face layer 
P0 	 eigenvalue (m-t) 
Q 	 source strength (kg s- t) 
R„ 	 z-dependent term in G 

time (s) 
T„ 	 asymptotic approximation to p„ (m-t) 
u,v,w 	components of wind vector (m s-t) 
u t 	 maximum value of u (m s-t) 
vg 	 deposition velocity (m s-t) 
x,y,z 	co-ordinate axes (m) 
xo 	 minimum value of x under consideration 

(m) 
x,„ 	 value of x corresponding to C,„ (m) 
Y„ 	 Bessel function of the second type of order n 
zo 	 height at which v g  is defined in two- and 

3-layer models (m) 
z1 	 depth of the surface layer (m) 
Z2 	 top of the second layer in three-layer 

models (m) 
a 	 accuracy parameter 
/3 	2/(1 + m) 
y,E 	 constants defined in (11) 
b 	 Dirac b function 
01,02,03 	arguments defined in (13)-(15) 

washout parameter (s-t) 
p 	 density of air (kg m-3) 
Po 	 surface value of p (kg m-3) 
aY 	crosswind standard deviation of plume (m) 
a„ 	 vertical standard deviation of plume (m) 
x 	 concentration of pollutant integrated cross- 

wind (kg m-2)  

Eulerian models for the atmospheric dispersion of 
gaseous pollutants are usually of three types: Gaus-
sian plume, box models and models based on "K" 
theory. Gaussian plumes provide a simple and easy 
to use method for predicting dispersion near to a 
source, but become less useful when the finite depth 
of mixing and dry deposition become important. Box 
models have been used successfully in the study of 
long-range drift (e.g. Eliassen and Saltbones, 1975) 
when the pollutant is well mixed throughout the 
mixing layer for most of the travel distance. They 
are, however, of limited use for meso-scale trans-
port where the concentration profile is important. 
There are some theoretical objections to the use of 
a turbulent diffusivity for elevated sources (Pasquill, 
1974), but until higher order closures (e.g. Lewellen 
and Teske, 1976) become a practical alternative, it 
will continue to be used. Many of the limitations 
of "K" theory are reduced if sufficiently flexible pro-
files can be employed to suit the meterological con-
ditions in which the model is to be used. In this re-
spect, the model presented here represents an exten-
sion of the models of Scriven and Fisher (1975) and 
Gillani and Husar (1976) where constant diffusivities 
are employed. The advantages of this extension are 
most evident when ground level calculations are im-
portant. 

Numerical solutions of the diffusion equation have 
been used, by for example Smith (Pasquill, 1974) and 
Ragland and Dennis (1975), but it is considered that 
the parameters required are not usually sufficiently 
well defined for these solutions to give more useful 
results than those obtained by analytical means. In 
addition, significant savings in computing costs can 
be made for many applications. 
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2. THE MODEL 

The classical diffusion equation for the dispersion 
of a pollutant can be written as 

ac ac ac ac 
at +" ax +° a 

+w 
 az .y 

= āx ( Kx āx) + y (K1  ā J + āZ (K=  ā ) (1) 

Assuming steady-state conditions and a wind vector 
in the x direction, only the second term on the left-
hand side remains. In addition, it is permissible to 
ignore diffusion in the x direction in these conditions, 
which is the "slender plume" approximation described 
by Csanady (1973). Upon integration in the crosswind 
direction, (1) reduces to 

ax  a ( axl—  
u ox 

 
= az K= az 

If K - and u are functions of z alone 
then (2) is separable and the solution can be written 
as 

x = Q G, 

where G is given by 

G = E a„(h)R„(z)eXp( — K1p .x/u1) 	(4) 

and Q is the source strength. 
The summation in (4) is over the set of eigenvalues 

p„ obtained from an eigenvalue equation, and a„ are 
the expansion coefficients dependant upon source 
height and type. Scriven and Fisher (1975) used a one-
layer model with constant K, and u profiles up to 
an impenetrable inversion at height a, with a deposi-
tion velocity defined at z = 0, i.e. 

OG 
K, 

Oz 
OG 

=v0Glo, K= az  o 
=0. 	 (5) 

a 

  

This model corresponds to profile 1 in Fig. 1. The 
source is taken as a (5 function at height h above 
the surface, i.e. 

G(0,z) = 5(z — h)/u(h). 	 (6)  

In the present notation, they obtained 

2 cos p„(a — h) 
sin 2p„ 

aul  1 + 	 
2p„a

a 
 

R„(z) = cos p„ (a — z), 

and the eigenvalue equation was given by 

p„a tan p„a = g a/K 1. 

They also considered the effect of incorporating a 
linear diffusivity profile within the surface layer and 
showed that for sufficiently long travel times, when 
only the first eigenfunction is important, the effect 
of the surface layer can be replaced by defining an 
effective deposition velocity above it. For near field 
and meso-scale transport, this asymptotic approxima-
tion is not valid and a fuller solution is required, es-
pecially when one requires estimates of concen-
trations near ground level. Ground level concen-
trations are generally overestimated when a constant 
vertical diffusivity is used. The more general two- and 
three-layer models currently in use are illustrated as 
profiles 2-4 in Fig. 1 (more layers could be incorpor-
ated if required). Each profile consists of linear seg-
ments for K, with the wind speed decreasing to the 
surface as z”` in the lowest layer. The profiles can 
be used to synthesize theoretical or experimental K, 
and u profiles such as those given by Moore (1975). 
Profiles 3 and 4 have the advantage of allowing the 
diffusivity to decrease to zero at the top of the mixing 
layer, as it must do when this layer is well defined. 
The methods used to obtain solutions are the same 
in each case and will be illustrated for the two-layer 
model shown as profile 3. 

Here the separated equation for G can be solved to give 

R„(z) = J o{2P„./[(a — z1 )(a — z)]} 

= Ho(sp„z1(z/z1)11s) 
where H„ is a cylinder function given by 

H„(B) = yJ„(B) + eY„(B). 	 (11) 

Matching the two forms of R„(z) and R„(z). at z1  allows 
y and E to be evaluated. On applying the deposition bound-
ary condition for vg  > 0, one obtains the eigenvalue equa-
tion 

(2)  

(3)  

a„ (h) - 

a < z<z1  
z1  < z < zo , (10) 

y _ {vg(z1/zo)1f/
p

nK1] Yo(01) + Y1(01)  

E 	[vg(Z1/ZO)1%d„KI]Jo(B1)+J1(81) 

_  Y0( 92)J1(B3) + Y1( 92)J0(9 ) 	(12) 

Jo(02)J1(03) + Jl(02)Jo(03) '  

where the arguments 01, 02, 03 are given by 

01 = fiP„z1(zoizes  

02  = RP„z1 
03 = 2P„(a — z1). 

If vg  = 0, then E = 0 and there is a corresponding simplifi-
cation in the resulting equations. 

The solution of (12) is greatly simplified if one can obtain 
approximate values T„ for the eigenvalues p„, which can 
be used to start an iterative procedure. They are obtained 
by taking the limit as p„ —> co and using the asymptotic 

(13)  

(14)  

(15)  
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expansions of Bessel functions for large argument (Abra-
mowitz and Stegun, 1965). One then obtains 

sin (02 + 03 - 01 - rr/4) = 0 	(16) 

T„ -((n + 1/4)/{2(a - zl) + /iz1[1 - (zo /z l )lla]}. (17) 

This boundary value problem is of the Sturm-Liouville 
type (Morse and Feshbach, 1953) with weighting function 
1 for a < z < z1 and (z/z1 )'" for zo < z < z1. It follows 
from this and the initial condition (6) that 

a„(h)=
Jo{2P„,/[(a-z1)(a-h)]}  a < h < 

u1(11 + 12) 

Ho[f3P„z1(h/z1)11P ] 

u1(11 + I2) 
The integrals I1 + 12 are given by 

Ir 	
J „ 

.11( 2 p„,/[(a - zi)(a - z)]} dz 

= (a - z1){J1[ 2P„(a - zr)] + Ji[2P„(a - zl)]} (19) 

12 = f 
: 

(z/z1)mHō[f3P„zr(z/z1)11R ] dz 

= 13zl[Hg(02) + Hi(02)]/2 
- 13z1(zo/z1)2Ia[Hō( 01) + Hi(01)]/2. 	(20) 

In calculating the solution of the two-dimensional diffusion 
equation, it is necessary to know how many eigenfunctions 
are required. This is readily determined from (4) due to 
the exponential decay terms. As a„(h)R„(z) is of the same 
order for all n, one merely has to find n such that for 
a chosen value of a 

exp (- ICI p xo/ul)/exp(-K1Pāxo/ul) < 10 „, (21) 

where xo is the minimum value of x to be considered. 
From (17) 
T„ : nn/2a so that n is given by 

n = 
2a

[•cul/(K1xo logto e)]'12 	(22) 

Moore (personal communication) has pointed out that in 
deep boundary layers the variation of pressure with height 
can be an important factor. If the density of air is allowed 
to be a function of height above the surface, (2) must be 
replaced by 

u Sx Sz
[plc 

Sz(p)]. 	 (23) P 

One regains (2) by using the modified variables 

u' = V 
Po 

K' = —P K  
Po 
Po 

X = — X. 
P 

Other sink mechanisms, apart from dry deposition, can 
be incorporated into the model with little modification. 
For example, washout by rain can be represented by modi-
fying (2) to 

u
Ox -~X = āz(K, āz) 	(27) 

with consequent modifications to the solution. Conversion 
to other species is similarly treated and rainout to clouds 
can be simulated by defining a deposition boundary condi-
tion near the top of the boundary layer. 

To obtain the full three-dimensional model calcula-
tion, one must multiply the two-dimensional solution 
by a crosswind spread term. For a point source this 
is taken as Gaussian and for sources of finite cross-
wind extent it becomes a combination of error func-
tions. This method is employed in preference to using 
the full three-dimensional diffusion equation directly 
because of the uncertainty involved in defining Ky. 
There is no limit to the scale of disturbance respon-
sible for lateral dispersion, and a few km downwind 
of the source wind shear becomes the predominant 
factor. 

3. LIMITATIONS AND ADVANTAGES 

A major limitation of this model, in common with 
most simple dispersion models, is its inability to allow 
for the change of direction of the wind vector with 
height above the surface. Maul (1976) has shown that 
this can be taken into account, to a limited extent, 
by defining an effective wind direction between source 
and receptor, and this problem will not be discussed 
further here. 

The other major assumption of steady-state condi-
tions is also a limitation. One can expect a well-deve-
loped quasi-static boundary layer for at most about 
6 h in a day. With a mean wind speed of 10 m s-1, 
the corresponding travel distance would be about 
200 km. This suggests that the model can be used 
effectively for transport up to 100 km. 

In the nearfield, statistical theory suggests that for 
a "cold” source K, is a function of time of travel 
so that there is a stretching of the x co-ordinate with 
the source appearing downwind of its true position 
(Csanady, 1973). Similarly for a "hot” source, this 
results in the source appearing upwind of its true pos-
ition (Moore, 1974). These effects are most simply in-
corporated into the model by defining a virtual source 
where necessary. 

The inability of the model to incorporate arbitrary 
wind speed profiles can be a minor limitation for 
nearfield dispersion. Ragland and Dennis (1975) use 
values for K, as in profile 2, but their numerical solu-
tion can incorporate a wind speed profile which is 
logarithmic within the surface layer and continues to 
increase to its geostrophic value. This can be an 
advantage for short-range dispersion from an elevated 
source where the plume is diffusing to the surface, 
but is not very important for drift over longer dis-
tances. 

Consideration of these limitations reaffirms the 
conclusion that the model is most useful for the study 
of meso-scale transport. It has many advantages due 
to its analytical nature. Computer storage require-
ments are low and a program for up to three-layers 
is currently in use on a PDP11/35 minicomputer. 
Barker (1977) has made. a detailed comparison 
between this program and a program using a numeri-
cal solution of the two-dimensional diffusion equa-
tion. Both were run on an IBM 370/168 computer 

z 1 < h < zo. (18) 

(24)  

(25)  

(26)  
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and their results were consistent with each other. For 
calculations of transport between 5 and 100 km, the 
analytical solution showed a significant saving in 
computing time. Pollutant concentrations are calcu-
lated directly, not requiring the stepping-through time 
of the numerical solution. Two examples illustrate 
this point: 

Example 1. Profile 1 with concentrations calculated 
at 10 observation heights every 10 km from 10 to 
100 km. The numerical solution took 4.23 s and the 
analytical solution took 0.48 s. 

Example 2. Profile 2 with concentrations calculated 
at 10 observation heights at 5 km downwind. The nu-
merical solution took 18.7 s and the analytical solu-
tion took 0.74 s. 

For calculations much closer to the source. the nu-
merical solution was quicker as more eigenfunctions 
are required the closer one approaches the source. 
The advantages of the model are most evident in mul-
tiple source calculations. Examples of its successful 
application for such calculations, using profiles 1 and 
2, have been described by Fisher and Maul (1976). 

4. EXAMPLES OF MODEL CALCULATIONS 
FOR SINGLE SOURCES 

When using the model, it is not generally possible 
to use theoretical or experimental profiles exactly, but 
one must approximate to them as closely as possible 
by two- or three-layer profiles. In most cases, the 
exact form of K, and u profiles is not important, pro-
vided the overall features are reproduced. It is desir-
able, especially when considering ground level con-
centrations, to represent the surface layer as accu-
rately as possible and to reproduce the mean values 
of K z  and u throughout the mixing layer. 

Figures 2 and 3 illustrate these points by showing 
some model calculations using profiles 2 and 3 for 
a crosswind line source of strength 0.1 g m- 1 s-1, 
which is typical of some urban complexes. In both 
cases, a = 600 m, m = 0.2, u1  = lO m s-1  and 
vg  = 10 mm s-1. The first profile has z1  = 100 m, 
K1  = 10m2  s-1, whilst the second profile has 
zl  = 183 m, K1  = 18.3 m2  s-1. These parameters are 

Fig. 2. 

chosen so that the mean values of K, throughout the 
mixing layer are the same. Figure 2 shows the results 
for a source at an effective height of emission of 
300 m. In the nearfield, one observes the familiar 
Gaussian plume which gradually changes to a nearly 
uniform profile in the far field. A similar series of 
events is seen in Fig. 3 for a source near ground level, 
where it is clear that more material has been lost 
to the surface by dry deposition. In neither case is 
the difference between the two sets of calculations 
pronounced at ground level, despite the very different 
K=  profiles used. For x = 200 km, the concentration 
profiles are almost identical in each case. At such 
large distances, close agreement is obtained with cal-
culations using the effective deposition velocity of 
Scriveti and Fisher (1975). 

Another illustration of model calculations is given 
in Fig. 4 which shows the dependence of az  on x 
for profile 2 with a = 1000 m, u1  = 4 m s-1, 
K1 = 8 m2  s —1, Z1 = 100 m, zo = 1 m, m = 0.2 and 
va  = 0 mm s-1. These parameters are chosen to ap-
proximate to the K, profile for neutral conditions 
used by Smith in Fig. 6.6 of Pasquill (1974). The cor-
respondence of Fig. 4 with Smith's results, obtained 
by a numerical solution, given in Fig. 6.13 (b) of the 
same book, is almost exact. 

1000 

100 

E A =1000m 
U1= 4m s-1 

b 10 K1= 8 m2  s-I 

Z1 =IGO m 
Ny =Om s-I 

10.1 I 10 100 
X, km 

Fig. 4. 
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An example of model calculations for nearfield dis-
persion is given in Fig. 5. Profiles 1 and 2 were used 
with the following parameters: 

Q = 1.86 kg s-1. u1 =11m s 1, K1 =22m s 1, 
a = 1000 m, z1  = 100m, 	zo  = 1 m, 	m = 0.2, 
v9  = 10 mm s' and It = 237 m. 

The crosswind spread was taken as Gaussian with 
6Y  = 0.064 x, and no setting back of the source was 
employed (the effect is small in these conditions). 
These parameters were chosen to correspond with a 
set used in Table 1 or Moore (1974), who assumed 
constant K=  and u profiles to calculate the position 
and magnitude of the maximum ground level concen-
tration downwind of an elevated source. In this situ-
ation, the incorporation of the deposition velocity and 
a finite depth of mixing have only a very small effect. 
As one would expect, profile 1 gives values of xm  and 
Cm  close to those observed by Moore of 5.5 km and 
10 ppm ( 280µg m-3  at STP) for hourly averages. 
The incorporation of the surface layer in profile 2 
somewhat reduces Cm  and increases xm. 

5. CONCLUSIONS 

Within the limitations of Eulerian "K" models in 
general, the model described is extremely useful for 
the study of the meso-scale transport of gaseous pol-
lutants. It is sufficiently flexible to provide an attrac-
tive alternative to numerical solutions of the diffusion 
equation, and can produce significant savings in com-
puter costs. 
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