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Abstract

Natural ventilation is a low-energy design strategy that has the potential both
to significantly reduce energy usage in buildings and to provide a healthy and
comfortable indoor environment. It has particular potential for use in tall, multistorey buildings. However, the integration of natural ventilation into these large
building designs has seen mixed success. Furthermore, there is a gap between
simple ‘rule-of-thumb’ design guidance and detailed, computational design tools.
This research attempts to bridge the gap between the simple and detailed with
the broad aim of providing rapid and intuitive guidance for use in preliminary
design. We use a simple mathematical approach to develop a coherent and
easy-to-use framework for modelling ventilating flows, which quantifies the interactions between a core set of design variables. We focus in particular on
buoyancy-driven ventilation in buildings with atria, ventilation stacks and/or
similar vertical spaces that span multiple floors.
Simple methods centred around hand calculations and design charts are developed to inform the sizing of vents in an ‘ideal design’ scenario, in which the
desired ventilation flow rates and air temperatures are delivered to all occupants
within a building. We define a measure of the ventilation performance of an
atrium and use this to provide an indication of when an atrium is beneficial to
a ventilation system design and when it is detrimental. We also use a transient
flow analysis to consider ‘o↵-design’ scenarios, in which undesirable flow regimes
may occur, and to place design tolerances on the building envelope.
It is hoped that this work will form a point of reference for further research and
for future revisions of design guidance literature.
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Reference tables

Nomenclature
Tables 1 to 4 give a comprehensive overview of all symbols and abbreviations
used in this thesis, with the exception of the few symbols that only appear once
or twice in isolation. We make extensive use of dimensionless variables, which
b for example). Where
are denoted by hats (dimensionless flow rate is denoted Q,
a symbol has more than one meaning, we indicate the chapter(s) in which each
meaning applies.

Table 1: List of Roman symbols

Symbol

Description

Units

A

Vent area

m2

AS

Surface area

m2

A0

E↵ective vent area

m2

A⇤

Combined e↵ective vent area

m2

A

Scaled vent area per person

-

B

Buoyancy flux

cd

Discharge coefficient

-

cf

Friction factor

-

cp

Specific heat capacity of ambient air

cw

Wind pressure coefficient

-

D

Diameter

m

Ė

Rate of energy transfer

m4 .s

continued on next page
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3

J.kg 1 .K

J.s

1

1

Reference tables

Table 1: List of Roman symbols (continued)

Symbol

Description

Units

E

Atrium enhancement parameter

-

Fr

Froude number

-

g

Gravitational acceleration

m.s

2

g0

Reduced gravity

m.s

2

h

Density interface height

m

H

Storey height

m

H

Atrium height above top storey

m

i

Storey number

-

k

Constant (e.g. plume constant, kp )

-

l

Thickness of vent in flow direction

m

L

Length

m

m

Mass

kg

M

Momentum flux

n

Number (e.g. of people)

-

N

Total number of storeys

-

p

Pressure

N.m

2

Q

Flow rate

m3 .s

1

Qv

Flow rate across vent v

m3 .s

1

Flow rate from zone m to zone n

m3 .s

1

Qm!n

m4 .s

r

Radius

R

Specific gas constant of air

m
J.kg 1 .K

RA ⇤

Ratio of vent sizes

-

R

Design deviation ratio

-

Re

Reynolds number

-

S

Area

m2

t

Time

s

Time step

s

Temperature

K

Temperature excess

K

t
T
T

2

u

Speed

m.s

U

Heat loss coefficient

1

W.m 2 .K

continued on next page
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Nomenclature

Table 1: List of Roman symbols (continued)

Symbol

Description

Units

V

Volume

m3

W

Heating rate

W

z

Vertical distance

m

Table 2: List of Greek symbols

Symbol
↵

Description

Units

Plume entrainment constant
Thermal expansion coefficient

K

Dimensionless deviation from design

-

Source parameter

-

Ventilation performance indicator (VPI)

-

1

µ

Zone heat transfer parameter

m3 .s

1

⌫

Kinematic viscosity

m2 .s

1

⇢

Density of air

kg.m

3

⇣

Pressure loss coefficient

-

Table 3: List of vector and matrix symbols

Symbol

Description

Units

b

Buoyancy flux vector

m4 .s

3

g0

Reduced gravity vector

m.s

2

Q

Flow rate matrix

m3 .s

1

r

Position vector

m

Surface vector normal

m2

dS
u

Velocity

m.s

1

U

Heat transfer parameter (µ) matrix

m3 .s

1

V

Zone volume matrix

m3
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Table 4: List of subscripts

Subscript

Description

0

Reference state

a

Atrium

char

Characteristic value

crit

Critical value

c

Ceiling-level vent

d

Design value or ideal design value (ch.4 only)

e↵

E↵ective value

e

External environment

fric
f
isolate

Friction
Floor-level vent
Isolated storey not connected to atrium

i

Storey i

l

Flow loop index

min

Minimum value

max

Maximum value

m, n, o

Zone indices

N

Top storey

out

Outflow rate

p
pa
stack

Per-person value, plenum (ch.3 only) or plume
(ch.2 only)
Plenum and atrium (combined value)
Stack pressure

s

Storey (individual value)

S

Storey (total, average or bulk value)

tot

Total

vent
vc
v, w
w

Pressure loss across a vent
Vena contracta
Vent indices
Wind (ch.2 only)
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Conversions for key quantities

Conversions for key quantities
Throughout this work we interchangeably use two pairs of variables, the first
being g 0 (reduced gravity) and

T (temperature excess), and the second being

B (buoyancy flux) and W (heat input). We convert between these variables
using reference values for air at sea level at 15 C, taken from NASA (1976) and
listed in Table 5 below. The corresponding conversions are presented in Table 6
for quick reference. See §2.1 for more detail.

Table 5: Reference physical values for air at sea level, taken from NASA (1976),
which have been used for calculations throughout.

Quantity

Symbol

Gravitational acceleration

g

External air temperature

Te

External air density

⇢e

Heat capacity of air

cp

Value
9.81 m.s

2

15 C ⌘ 288.15 K
1.225 kg.m

3

1005 J.kg 1 .K

1

Table 6: Conversions between heat input and buoyancy flux, and temperature
excess and reduced gravity.

Quantity
Heat input, W
Buoyancy flux, B
Temperature excess,

T

Reduced gravity, g 0

Conversion

Quantity

1kW ⌘ 0.0275m4 .s
4

1m .s

3

2

Buoyancy flux, B

⌘ 36.3kW

Heat input, W

⌘ 29.4 C

Temperature excess,

1 C ⌘ 0.0340m.s
1m.s

3
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Reduced gravity, g 0
T

Reference tables

List of Figures
Table 7: List of figures
Figure
1.1

Caption summary

Page

Visualisations of two example multi-storey buildings with atria,

20

which will form the focus of work herein.
1.2

Photographs of atria at the Gemini Residence, Copenhagen, and

21

the ‘Gherkin’, London.
1.3

Illustration of a simple naturally ventilated building with a ven-

22

tilation stack, showing a number of the interacting factors which
impact upon the operation of the ventilation system.
1.4

Illustration of the relationships between a number of the variables

22

which a↵ect impact upon the operation of natural ventilation systems.
1.5

Photograph and illustration of the principle of operation of a tra-

24

ditional Iranian windcatcher (Badgir ).
1.6

Photograph and illustration of the ventilation scheme at the Hof-

25

burg Palace, Vienna.
1.7

Schematics showing a single room ventilated by the wind for the

29

cases of (a) cross ventilation and (b) single-sided ventilation.
1.8

Schematics showing a single room ventilated by stack e↵ect with

30

(a) unidirectional flow through two vents and (b) bidirectional
flow through one vent.
1.9

A single naturally ventilated room with (a) wind assisting stack

32

e↵ect, (b) wind opposing stack e↵ect and (c) a strongly opposing
wind which causes a reversal of flow through the building.
1.10

Photograph and illustration of the ventilation scheme at the CH2

33

Building, Melbourne.
1.11

Illustration of use of an atrium or similar ‘vertically spanning’

35

space to enhance stack ventilation in a four storey building.
1.12

Photograph and illustration of the ventilation scheme at the Fred-

37

erick Lanchester Library, Coventry.
1.13

Photograph and illustration of the ventilation scheme at the Contact Theatre, Manchester.
continued on next page
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Table 7: List of figures (continued)
Figure
1.14

Caption summary

Page

Visualisation and illustration of the ventilation scheme at the Li-

39

brary of Birmingham.
1.15

Screenshots of CFD simulations of natural ventilation flows.

44

1.16

Photographs of small-scale experiments in water showing the use

45

of (a) heat in water and (b) saline in water.
1.17

Examples of the types of buildings and buoyancy-driven ventila-

46

tion flows that have been investigated in small-scale experiments
using a variety of techniques.
1.18

Core natural ventilation variables that will form the focus of the

49

present work.
2.1

A naturally ventilated box with key features, which will be con-

54

sidered in this chapter (Chapter 2), highlighted.
2.2

A fluid parcel with density ⇢ and mass m surrounded by fluid with

57

density ⇢0 > ⇢.
2.3

General control volume, V , bounded by a surface, S, with outward

59

normal unit vector dS.
2.4

Flow of fluid with uniform density, ⇢, through a streamtube.

61

2.5

Flow along a streamline through the streamtube control volume

62

shown in Figure 2.4.
2.6

A general ‘sharp-edged’ circular vent with cross-sectional area A,

64

diameter D and thickness in the direction of flow l.
2.7

High Reynolds number flow through a sharp-edged circular hori-

65

zontal vent with cross-sectional area A.
2.8

(a) Forward and (b) reversed flow across a vent and the corre-

67

sponding sign convention adopted for defining flow rate, Q, and
pressure drop,
2.9

pvent .

Flow of buoyant fluid through a horizontal vent with area A. Fluid

69

with density ⇢1 passes through the vent with a flow rate Q and
velocity u into a region of fluid with density ⇢2 .
2.10

Illustration of unidirectional and bidirectional flow across a hori-

71

zontal vent.
2.11

A naturally ventilated room, showing key nomenclature for geometry, flow rates and temperature.
continued on next page
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Table 7: List of figures (continued)
Figure

Caption summary

Page

2.12

Flow loop through a single room.

76

2.13

(a) Pressure distribution and (b) pressure excess distribution

79

within the naturally ventilated room shown in Figure 2.11.
2.14

Examples of a number of ‘resistive’ flows which require a drop

82

in pressure including (a) crack flow through a window (b) a flow
junction and (c) a long duct, with frictional losses.
2.15

A ventilated room containing ‘well-mixed’ air at uniform temper-

85

ature Ti and a heat source with strength W (Watts) or, equivalently, B (m4 .s
2.16

3

).

Two approaches for solving heat and pressure balance models to

87

predict heat and air flows through buildings: (a) simultaneous
solution and (b) ‘ping pong’ time-stepping approach.
2.17

Stratification patterns in a single ventilated room produced by a

90

variety of di↵erent heat source geometries.
2.18

Two localised heat sources with strength B: (a) a point source

91

and (b) a circular source with radius r.
2.19

A room containing (a) a single point heat source with strength B

93

and (b) n identical circular sources with total strength B (in the
example shown, n = 2).
2.20

Illustration of the e↵ect of the number of heat sources and heat

95

source area on the depth of the warm layer of air within a room.
2.21

Illustration of disruption by inflowing air of the stratification

96

within a room containing a point heat source.
2.22

Example of thermal zoning, showing the division of a solar chim-

98

ney with a vertically distributed heat source into three thermal
zones.
2.23

Illustration of the four stable stratification types possible in a

99

space divided into 3 thermal zones (as shown in Figure 2.22).
3.1

Flow chart outlining the key steps of the approach to preliminary

103

design presented in this chapter (Chapter 3).
3.2

Visualisation of a three-storey building with inlet plenum, which
doubles as an entrance hall, open-plan occupied spaces and a
glazed solar chimney or atrium.
continued on next page
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Table 7: List of figures (continued)
Figure
3.3

Caption summary

Page

Schematics in elevation of the three-storey building shown in Fig-

107

ure 3.2, showing the division of the building into zones (top) and
graphical representations of the resulting flow networks (bottom).
3.4

Example pressure distribution in a three-storey building with a

109

plenum and atrium, for the case of ‘forward’ flow through all
storeys.
3.5

Three independent flow loops - one passing through each floor -

110

which form a ‘spanning set’ of all possible flow regimes through
the example building.
3.6

An example of superposition of flow loops to describe additional

111

flow regimes.
3.7

Schematics of a general building zone n, showing the ‘core’ vari-

113

ables required to construct a mathematical model of air flows (top)
and heat flows (bottom).
3.8

Multizone schematic of the example three-storey building from

119

0

Figure 3.2, showing notation for flow rates, Q, temperatures, g ,
heat inputs, B and e↵ective vent areas, A0 .
3.9

b with vent area ratio, RA⇤ ,
Variation of dimensionless flow rates, Q,
for a three-storey building with d
H = 1, Ba = 0 and equal heat

124

inputs on all storeys.

b with vent area ratio,
Variation of dimensionless flow rates, Q,
RA⇤ , for a three-storey building with (a) d
H = 1 and Ba /Btot =

126

4.1

Visualisation of a four-storey atrium building.

129

4.2

Schematic of a single room with height H, showing notation for

3.10

0.75, (b) d
H = 4 and Ba /Btot = 0.75, and (c) d
H = 4 and
Ba /Btot = 0.

0

132

0

e↵ective vent areas, A , flow rates, Q, temperature, T and g , and
heat input, W and B.
4.3

Illustration of the definition of per-person variables for a room

134

with n occupants.
4.4

Design chart showing the relationship between
Qp .
continued on next page
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Figure
4.5

Caption summary

Page

Stripped back illustration of how to use the design chart in Figure
4.4 to select ranges of

p,

137

T , Wp and Qp that will satisfy design

requirements.
4.6

Left: Schematic of a general N -storey atrium building and Right:

139

the corresponding graph of the flow network.
4.7

Flow loops through a general N -storey atrium building, each pass-

140

ing through one of the storeys.
4.8

Schematic of a general N -storey atrium building, showing key

141

nomenclature.
4.9

Comparison of (a) a building with an atrium with (b) an equiva-

145

lent building without an atrium.
4.10
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148

4.11
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ba = 1 and (c) B
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B
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153

4.12

ba .
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155
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5.1
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160

a known steady ‘design state’ and (b) a steady ‘perturbed state’.
5.2

Illustration of an example o↵-design scenario for a three-storey
ba = 0 (unheated atrium) and
atrium building with d
H = 1, B
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1 Introduction

Today, more than half of the world’s population lives in urban areas, a figure
projected to rise to two thirds by 2050 (UN, 2012). We are also spending more
time indoors than ever before in buildings which account for up to 40% of our
total primary energy consumption (EU, 2010).⇤ The need to focus on architecture and building design, therefore, is clear. Steele (1997) describes architecture
as ‘building to meet essential needs’. Historically, essential needs have always
included shelter, but – in the context of modern building design – have arguably
expanded to include the need to provide a healthy and comfortable indoor environment, whilst minimising energy consumption.
Central to the delivery of a healthy and comfortable indoor environment is an effective heating, ventilation and air-conditioning (HVAC) system. With advances
in technology and design techniques, higher standards of comfort and levels of
control over the indoor environment have come to be expected by building users
(Shove, 2003). These social and cultural demands, coupled with an increased
awareness of the need to improve energy efficiency have, in turn, led to the
development of ever more complex and ambitious building designs. The selfperpetuating nature of these advances goes some way to explaining why HVAC
design forms the subject of so much active current research, and the focus of this
thesis.
We focus herein on natural (or passive) ventilation. In particular, we focus
on early-stage design approaches for natural ventilation in large, multi-storey
buildings. We develop simple mathematical models – based on the fundamental
⇤

Figure for EU buildings energy consumption in 2010.
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Figure 1.1: Two examples of the types of multi-storey buildings that we focus
on herein. Left: A three-storey building with open-plan office spaces, an inlet
plenum which doubles as an entrance hall, and a glazed atrium – see Chapter
3. Right: A four-storey open-plan office building with a glazed atrium – see
Chapters 4 and 5.

physics governing ventilating flows – which can be used to balance core design
variables and provide rapid and intuitive guidance in the preliminary stages of
design. We apply this approach to a number of generic multi-storey building
forms, with particular focus on buildings with atria, ventilation stacks, or other
vertical spaces that span multiple floors and which have the capacity to enhance
natural ventilation. Two example building layouts are shown in Figure 1.1.
The context and motivation for this work – which we expand upon in this introductory chapter – can be summarised as follows:
The benefits of natural ventilation: Natural ventilation is a low-energy design strategy which, when properly implemented, can significantly reduce energy
consumption whilst also providing measurable health and comfort improvements
for building occupants. We discuss these benefits in more detail in §1.2.
Atria and multi-storey buildings: Atria, ventilation stacks and other tall
vertical spaces are common, and often architecturally striking features (see Figure
1.2) of multi-storey naturally ventilated buildings, and have the potential to
enhance ventilation performance. However, the integration of natural ventilation
into large building designs has seen mixed success. We introduce the driving
forces for natural ventilation – wind and buoyancy – in §1.3. We use some case

study buildings to illustrate how these driving forces can be harnessed in practice,
and to highlight some of the challenges encountered by designers in §1.4.
The need for simple models: Some of the variables that play a role in the
20

Figure 1.2: Examples of the atrium as a striking architectural element. Left:
The central atrium at the Gemini Residence, Copenhagen (photo credit: Ellie
Clipsham). Right: The ‘Gherkin’, 30 St. Mary Axe, London, with six helical
atria – highlighted by dark blue glass – which spiral around the building (photo
credit: TwoWings, Wikipedia Commons).

design and operation of natural ventilation systems are highlighted – for a simple
example building – in Figure 1.3. The interdependency between these variables
is summarised in Figure 1.4. Although this set of variables is by no means
exhaustive, it clearly illustrates the complexity of ventilation systems and the
challenge to designers. The design tools and modelling techniques available to
tackle this challenge range from the simple and intuitive to the highly detailed,
requiring expert input. We provide an overview of these techniques in §1.5 and
identify the need to bridge the gap between the simple and the detailed.

Scope and focus: Simple mathematical models, which have been extensively
used in experimental studies of natural ventilation and in industry best practice
guides, can be used to provide rapid preliminary design guidance. Their further
development and application to multi-storey buildings forms the focus of the work
presented herein. We summarise the scope, structure, aim and key objectives of
this thesis in §1.6.
Note that this chapter is used to introduce a number of key concepts and outline the motivation for the present work. We leave discussion of the associated
mathematical theory until Chapter 2.
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Figure 1.3: Illustration of a simple naturally ventilated building, showing a
number of interacting factors – such as wind and temperature stratification –
which can have a significant impact on ventilation system design.
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Figure 1.4: Interactions between some of the variables indicated in Figure 1.3
which play a role in natural ventilation. An arrow pointing from variable A to
variable B should be read as ‘A a↵ects B’.
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1.1

Ventilation fundamentals

Before going into more detail, it is informative here to introduce a number of key
ventilation definitions.
Ventilation can be defined as the movement of air through a building and the
circulation of air within internal spaces (Etheridge & Sandberg, 1996). The two
key aims of ventilation are:
To provide good indoor air quality (IAQ) by removing airborne pollutants
including carbon dioxide, odours, excess moisture, particulate matter and any
other substances whose build-up could have a detrimental e↵ect on building
occupants.
To provide thermal comfort for building occupants. Working in conjunction with heating and/or air-conditioning systems, ventilating flows can be used
to control heat flows into and out of occupied spaces and thereby deliver the
desired thermal environment.
The ventilation systems used to achieve the above aims fall into three categories:
Mechanical (active) ventilation, where air is supplied to and extracted from
a building, and the internal circulation of air within spaces achieved, by fans,
pumps or other powered air handling units.
Natural (passive) ventilation, where air flows through a building are driven
by pressures generated by the wind acting on the external surface of the building
(wind-driven ventilation), and/or by the buoyancy forces which arise as a consequence of the di↵erences in air temperature between internal spaces and the
external environment (stack e↵ect, or buoyancy-driven ventilation).
Hybrid (mixed-mode) ventilation, where air flows are achieved by a deliberate combination of natural and mechanical means.
We focus herein on natural ventilation, and in particular on buoyancy-driven
stack ventilation (we discuss this focus further in §1.3).
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1.2

Benefits of natural ventilation

1.2.1

Historical context

Before the development of mechanical HVAC systems, all buildings were naturally ventilated. A classic example, found in traditional Persian architecture,
is the windcatcher tower, or badgir (A’zami, 2005), shown in Figure 1.5. The
distinctive design ensures that the wind can be harnessed regardless of direction
and works in conjunction with other building components, such as underground
waterways (qanats), to provide healthy and comfortable conditions for building
occupants, even in the hot, arid climate of the Iranian plateau. Large, multicompartment buildings such as the Houses of Parliament in London (Reid, 1837)
and the Hofburg Palace, Vienna (Käferhaus, 2004) – shown in Figure 1.6 – were
also designed to make particular use of stack ventilation.
The advent, development and widespread deployment of mechanical HVAC systems over the course of the 20th century provided engineers and building occupants with direct control over the indoor environment. The desire for increased
levels of control, coupled with a growing awareness of the need to reduce the
energy demand of buildings – particularly in the wake of the 1970s energy crisis

Hot dry wind

Windcatcher
(badgir )

Occupied
space

Underground water channel (qanat)
Figure 1.5: Left: Photo of windcatcher towers (badgirs) in Yazd, Iran (photo
credit: Stewart McDowall). Right: Illustration of the principle of operation of a
badgir. The tower is divided internally to ensure inflowing and outflowing air is
separated. Evaporative cooling of a secondary air flow via an underground water
channel (qanat) can provide additional cooling to the occupied space.
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Figure 1.6: Left: Photo of the central atrium in the Corps de Logis wing
of the Hofburg Palace, Vienna, Austria (photo credit: Gryffindor, Wikipedia
Commons). Right: Illustration of the ventilation scheme. Cool air is supplied
to the central atrium from the basement and warms as it passes through the
building. Ventilation stacks assist buoyancy-driven natural ventilation.

– led to the construction of increasingly airtight buildings, and the reduction
of ventilation rates. Awbi (1998) reviews the historical variation in ventilation
rates and notes that between 1936 and 1989, recommended ventilation rates were
2-5l.s

1

per person (see ASHRAE (1981), for example), up to five times lower

than the 8-10l.s

1

per person recommended by modern standards such as the

CIBSE guide A (CIBSE, 2006) and ASHRAE standard 62.1 (ASHRAE, 2007).
Reduced ventilation rates led to higher concentrations of airborne pollutants in
indoor spaces which, coupled with an increasing amount of time spent indoors,
led to building occupants presenting with symptoms such as headaches, fatigue,
eye and throat irritation and respiratory problems – a condition known as Sick
Building Syndrome (SBS). Redlich et al. (1997) provide an overview of SBS,
coupling its emergence in the 1970s with the poor IAQ, build up of airborne
pollutants and excessive dryness or humidity associated with poorly designed or
maintained HVAC systems, and noting that ‘treatment involves both the patient
and the building’.
The conflicting challenges of mitigating SBS whilst simultaneously improving the
energy efficiency of buildings sparked a renewed interest in natural ventilation.
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1.2.2

Sustainable design with natural ventilation

SBS arose as a consequence of a desire to improve the energy efficiency of buildings. Reducing energy consumption is even more of a concern today than it was
in the 1970s. This is reflected by current energy policy and legislature such as
the Climate Change Act (2008), which commits the UK to reducing greenhouse
gas (GHG) emissions by 80% relative to 1990 baseline levels by 2050 (HMSO,
2008), an ambitious target that will require the UK to reduce its energy intensity
(energy use per GDP) to less than 10% of current levels (DTI, 2006).
Buildings currently account for around 40% of EU primary energy consumption, more than half of which can be attributed to heating, ventilation and air
conditioning (Pérez-Lombard et al., 2008; EU, 2010). Natural ventilation is identified by DEFRA (2005) as a key technology for reducing this figure, and – in
combination with other low-energy technologies including intelligent Building
Management Systems (BMS) and improved insulation – is projected to account
for more than half of GHG emissions reductions for buildings by 2050.
Used as part of a sustainable building design, natural ventilation has already
proven successful in delivering significant reductions in energy consumption. The
naturally ventilated Frederick Lanchester Library in Coventry, UK, for example,
uses less than half of the energy of an equivalent mechanically ventilated building
(Krausse et al., 2007). The CH2 Building in Melbourne, Australia – which
uses a mixed-mode ventilation system – has also been awarded 6 ‘Green stars’,
identifying it as a world-leading sustainable design. The CH2 Building was also in
the top 20% of buildings for occupant satisfaction in Australia (Birt & Newsham,
2009), illustrating a further benefit of natural ventilation – its capacity to deliver
a healthy (SBS-free) and comfortable indoor environment.

1.2.3

Health, comfort and IAQ

The perception of comfort within a space is highly subjective. Fanger (2006)
reviews the literature on IAQ and notes that provision of an ‘acceptable’ ventilation rate, as stipulated by design standards, is not sufficient to satisfy all building
occupants. Designers following modern best practice for ventilation rates can still
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expect the most sensitive 15 to 30% of building occupants to be dissatisfied with
the IAQ, and even to present with SBS symptoms. An impracticably large increase in ventilation rates would be required to provide good IAQ and improved
productivity for all building occupants. A multifaceted approach – combining
increased ventilation rates with control of internal sources of airborne pollutants
and the provision of air that is perceived as ‘fresh’ – is therefore required.
Natural ventilation systems necessarily supply fresh air – rather than recirculating internal air – and provide a strong link with the external environment,
o↵ering benefits for perceived IAQ without increasing ventilation rates. Natural
ventilation systems also su↵er from fewer maintenance-related issues than their
mechanical counterparts. In a review of building Post Occupancy Evaluations
(POEs), Seppänen & Fisk (2002) note that occupants of naturally ventilated
buildings are up to three times less likely to su↵er from one or more SBS symptoms than occupants of mechanically ventilated buildings.
A stronger link with the external environment may also o↵er some more holistic
psychological benefits, which in turn impact on perceptions of IAQ and comfort.
Wilson (1984) proposes the Biophilia Hypothesis: that we as humans have an
innate need to connect with nature. Ulrich (1993)⇤ reviews evidence supporting this hypothesis in the context of urban environments, noting that a strong
connection with natural aesthetics has a measurable postive psychological e↵ect,
resulting in improved creativity and problem-solving ability. Similarly, Boyce
et al. (2003) note that natural lighting in buildings has benefits for health and
productivity, owing to its link with the body’s natural circadian rhythm. Natural
ventilation systems often work hand-in-hand with natural lighting – the central
atrium at the Frederick Lanchester Library, Coventry, acts both as a ventilation
inlet and a light-well, for example (Lomas, 2007) – perhaps providing a further
explanation as to the significant preference for naturally ventilated buildings
found by Seppänen & Fisk (2002).
The psychological benefits of naturally ventilated buildings also extend to thermal comfort. As with IAQ, the perception of thermal comfort is highly subjective.
Fanger (1970) combined six factors influencing thermal comfort – air tempera⇤

A chapter in Kellert & Wilson (1993), which contains a number of studies examining the
evidence for the Biophilia Hypothesis.
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ture, humidity, radiation, air speed, clothing level and activity level – into a
deterministic model which can be used calculate a predicted mean vote (PMV)
of thermal comfort and predicted percentage (of building occupants) dissatisfied
(PPD) with the thermal environment. Although the PMV model is useful as
a design tool, and is found in the CIBSE guide A CIBSE (2006), for example,
de Dear & Brager (1998, 2002) note that a deterministic model does not capture contextual factors influencing expectations – and therefore perceptions – of
thermal comfort.
In particular, de Dear & Brager (2002) present an analysis of an extensive set of
field studies of thermal comfort from around the world and note that occupants
of naturally ventilated buildings will tolerate a larger range of temperatures
than occupants of mechanically ventilated buildings – an e↵ect not predicted by
the PMV model. This can partly be attributed to the expectation of a higher
range of temperatures within naturally ventilated buildings, but may also be
linked with the psychological benefits of natural ventilation mentioned above.
An adaptive thermal comfort model, based on these findings, is now incorporated
into ASHRAE Standard 55 (ASHRAE, 2010) and British Standard 15251 (BSI,
2007).
The benefits of natural ventilation, therefore, are clear: it promotes a healthy
and comfortable indoor environment, a↵ords designers greater flexibility in terms
of targets for internal air temperatures, and – used in conjunction with other
sustainable building technologies – has the capacity to significantly reduce energy
consumption.

1.3

Driving forces for natural ventilation

Natural ventilation can be driven by the wind, buoyancy (stack e↵ect) or a
combination of the two. These two driving forces are illustrated in Figures 1.7
and 1.8.
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cross ventilation

single-sided ventilation

(a)

(b)

Figure 1.7: Schematics in elevation showing a single room ventilated by the
wind. Grey arrows indicate the pressure distribution relative to the case of no
wind. Arrows pointing towards the building indicate an increase in pressure;
arrows pointing away from the building indicate a decrease in pressure. Two
ventilation strategies are shown: (a) Cross-ventilation, with vents on opposite
sides of the building. (b) Single-sided ventilation, with vents on the same side
of the building.

1.3.1

Wind-driven ventilation

Figure 1.7 shows a schematic in elevation of a single room ventilated by the wind.
Grey arrows are used to show a typical pressure distribution, relative to the case
of no wind, on the building exterior. The wind produces an increase in pressure
on the windward side of the building (indicated by arrows pointing towards the
building), and a decrease in pressure on the leeward side (indicated by arrows
pointing away from the building).
The exact changes in pressure on the building surface depend primarily upon
building geometry, wind direction, and wind speed, which in turn can vary depending upon proximity to terrain and other buildings, and height above ground
level.
These pressure di↵erences can drive flows through the building (cross ventilation), as shown in Figure 1.7(a), or cause air to enter and exit a space through
the same side (single-sided ventilation), as shown in Figure 1.7(b).
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Figure 1.8: Schematics in elevation of a single room ventilated by stack e↵ect.
Air within the room is warmer than air in the external environment. Grey
arrows indicate the resulting pressure distribution within the room relative to the
exterior, and the neutral pressure level (NPL). Two possible ventilation schemes
are shown: (a) Cool air enters through a low-level vent, and warm air is exhausted
through a high-level vent (‘displacement ventilation’). (b) Air enters and exits
the room through the same vent (‘mixing ventilation’).

1.3.2

Buoyancy-driven (stack) ventilation

Figure 1.8 shows a schematic in elevation of a single room ventilated by stack
e↵ect. Air within the room is warm and positively buoyant compared with air in
the (wind-free) external environment. The resulting pressure distribution within
the room, relative to the exterior, is indicated by grey arrows: close to the floor,
the pressure within the room is lower than in the external environment; close
to the ceiling, the pressure within the room is greater than in the external environment. This causes air to be drawn in through low-level vents, and exhausted
through high-level vents, as shown in Figure 1.8(a).⇤
The pressure di↵erence (stack pressure) driving this type of ventilating flow depends primarily upon the temperature and density di↵erence between the internal and external environment (a greater di↵erence results in a greater stack
pressure) and the vertical separation of the inlet and outlet vents (a greater
separation gives a greater stack pressure).
Note that there is a height at which the pressure in the building is equal to the
⇤

Note that air within the building could also be cool and negatively buoyant compared with air
in the external environment, which would act to drive air downwards – rather than upwards
– through the building. For simplicity, however, we focus primarily on buildings containing
warm, positively buoyant air herein.
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pressure in the external environment. This is known as the ‘neutral pressure
level’ (NPL). Vents positioned below the NPL act as inlets; vents positioned
above the NPL act as outlets. The NPL, therefore, is ostensibly a useful concept
for design and is highlighted in design standards such as the CIBSE AM10 guide
(CIBSE, 2005). However, as we will show in Chapter 3, the NPL is difficult to
define for multi-compartment buildings (see Figure 3.4) and we will not explicitly
make use of it for analysis herein.
It is possible to use buoyancy to ventilate a room through only one vent, as shown
in Figure 1.8(b). In this case, a bidirectional exchange flow occurs, whereby
warm, buoyant air exits the room, and cool, external air enters the room through
the same vent. The NPL for this type of flow is either in the plane of the vent
or very close to the plane of the vent, as indicated by the dashed grey line.
The ventilation strategies shown in Figure 1.8 are commonly referred to as ‘displacement’ and ‘mixing’ ventilation, respectively. However, as we will see in §2.7,

internal mixing within a space, which generates a (close to) uniform temperature
internal environment, can occur even when flows enter through low-level vents
(i.e. what would typically be referred to as ‘displacement’ ventilation). Making
the distinction between ‘displacement’ and ‘mixing’ ventilation on the grounds
of where flows enter or exit a building is therefore potentially misleading. We
will focus instead on the distinction between unidirectional and bidirectional
flows across vents, and make specific reference to mixing within a space when
necessary.

1.3.3

Combined wind and buoyancy

In general, neither wind nor buoyancy acts in isolation and flows through buildings will be driven by a combination of the two. In broad terms, depending on
vent location, wind direction and temperature distribution within the building,
the wind can either assist or oppose buoyancy. These situations are illustrated
in Figure 1.9, which shows the building from Figure 1.8(a) in the presence of an
external wind.
Figure 1.9(a) shows the case of wind assisting stack pressure. This typically
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assisting wind
forward flow

opposing wind
forward flow

opposing wind
reversed flow
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Figure 1.9: A single naturally ventilated room (in elevation) with (a) wind
assisting stack e↵ect, (b) wind opposing stack e↵ect and (c) a strongly opposing
wind which causes a reversal of flow through the building. Grey arrows are used
to show an example pressure distribution on the building exterior, relative to the
case of no wind, as in Figure 1.7.

occurs when the inlet vent is on the windward side of the façade and the outlet
vent is on the leeward side, resulting in an increased flow rate through the building. Conversely, an inlet on the leeward side and an outlet on the windward side
typically results in a situation in which wind opposes buoyancy, reducing the
flow rate through the building, as shown in Figure 1.9(b). A sufficiently strong
opposing wind will cause a reversal of flow through the building such that warm,
positively buoyant air is driven downwards through the space, as shown in Figure
1.9(c).⇤
The Iranian windcatcher – shown in Figure 1.5 – is a good example of a building
in which wind opposes buoyancy and drives cool, negatively buoyant air upwards
through the occupied space (a ‘reversed’ flow, as defined in Figure 1.9).
Many modern building designs, however, make use of the wind to assist buoyancy, thereby providing the greatest potential for high ventilation flow rates.
Specialised inlet and outlet designs (such as wind cowls or ‘Venturi’ exhausts
(Kemperman, 2012)) and streamlined building forms (such as the Gherkin, Figure 1.2) can be used to promote ventilation-assisting wind pressures.
⇤

All three of these scenarios have been observed and investigated in detail using small-scale
experiments and complementary theoretical modelling by Hunt & Linden (2001) (assisting
wind) and Hunt & Linden (2005) (opposing wind).
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Figure 1.10: Left: photo of the west façade of the CH2 building, Melbourne,
Australia (photo by author). Right: illustration of the ventilation scheme. Fresh
air is drawn into the building through high-level inlets on chimneys on the south
façade, and is supplied to the occupied spaces at floor level. Warm air is then
exhausted via the ceiling voids and is drawn up stacks on the north façade. The
wind is harnessed by cowls at top of the stacks, which assist the ventilation
scheme.

The CH2 Building, Melbourne – shown in Figure 1.10 – is an example of a
building designed so that wind assists buoyancy. Fresh air is drawn into the
building through chimneys with high-level inlets (referred to as ‘top-down’ chimneys (Gage et al., 2001)) and supplied to the occupied storeys via floor-level
vents. After passing through the occupied zones, air is exhausted through stacks
heated by solar gains and topped by wind-driven cowls, which act to assist ventilation. In particular, the wind cowls are intended to assist night-time ‘purging’
of warm air from the building and were predicted at the design stage to provide
a 6% increase in flow rates compared to a design without wind cowls (City of
Melbourne, 2003).
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1.3.4

A focus on buoyancy only: rationale

The wind is inherently variable. The wind pressure driving ventilating flows
depends on numerous interacting factors such as wind speed and direction, positioning and orientation of vents and façades, and surrounding terrain and buildings.⇤

Indeed, de Wit & Augenbroe (2002) identify wind pressure calculations

as the most important source of uncertainty in natural ventilation design, pointing towards the need for a probabilistic – rather than deterministic – design
approach.
Rather than taking a probabilistic approach, we will consider instead designing
for a ‘worst case’ scenario in which no wind is available to assist ventilating
flows. In this case, a naturally ventilated building should be designed to provide
sufficient ventilation under the action of buoyancy only. Indeed, a number of
buildings have been designed with this intention and employ specialised outlet
designs to minimise the action of wind (and its associated uncertainty) on the
ventilation system. The Contact Theatre, Manchester, for example – which we
will use as a case study building in the following section – makes use of distinctive
‘H-pot’ stack terminations (see Figure 1.13) to minimise the possibility of winddriven downdraughts through the stacks (cf. Carpenter (1990)) and thereby
ensure that ventilation is primarily buoyancy-driven. A review of the designs
of a number of other ‘advanced naturally ventilated buildings’, which are also
ventilated primarily by the action of buoyancy, can be found in Lomas (2007).
This discussion highlights the importance of understanding how to ensure the
e↵ective operation of a natural ventilation system under the action of buoyancy
(stack e↵ect) only – whether due to the lack of an assisting wind, or by design –
and forms the rationale for the focus of work herein.

⇤

An overview of these e↵ects and some wind speed and direction data for a number of locations
in the UK are presented in the CIBSE guide A (pp. 2-37 to 2-43).
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Figure 1.11: Illustration of the use of an atrium or similar ‘vertically-spanning’
space to enhance stack ventilation in a four-storey building (with the same layout
as the building shown on the right of Figure 1.1). Connecting the storeys with
the atrium increases the depth of warm, buoyant air, and therefore the stack
pressure (see §2.4 for further detail), available to drive flows, as highlighted here
for the second storey.

1.4

Multi-storey buildings: the challenge for designers

We will focus herein on buoyancy-driven natural ventilation in large, multi-storey
buildings such as offices, libraries and theatres. In particular we will focus on
buildings with tall vertical spaces that span multiple floors such as ventilation
stacks, atria or solar chimneys, which are intended to enhance the stack pressure
that drives ventilating flows.
The basic principle of an atrium is illustrated for a four-storey building in Figure 1.11. The atrium provides a space within which warm, buoyant air can
accumulate, thereby increasing the depth of buoyant air, and therefore the stack
pressure, available to drive ventilation. In the case of a glazed atrium, or solar chimney, air can also be heated by solar gains to greater temperatures than
would be permissible in occupied zones, further increasing the pressures available
to drive ventilating flows.
An atrium should, in principle, enhance ventilation flows, providing greater flow
rates through the occupied spaces than for an equivalent building without an
atrium. However, by linking multiple floors, an atrium adds to the complexity of
the building system by allowing for multiple flow regimes and complex feedbacks
between floors. We illustrate some of the resulting challenges to designers by
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considering a number of case study buildings.

1.4.1

The Frederick Lanchester Library

Figure 1.12 shows the Frederick Lanchester Library (FLL) at Coventry University, UK, which incorporates ventilation stacks as clearly visible elements of the
architectural form. The intended ventilation scheme is shown: cool air is supplied to each of the four storeys through lightwells spanning the height of the
building. Warm air is then exhausted through perimeter ventilation stacks which
again connect with the occupied storeys and span the height of the building.
In the initial design, both the lightwells and stacks were connected to all floors.
However, as Krausse et al. (2007) note, modelling using CFD (computational
fluid dynamics) at the design stage highlighted the possibility of ‘reversed’ flows
through the top storey – shown in the cutout of Figure 1.12 – in which air which
has already passed through the lower storeys is recirculated via the ventilation
stacks into the top storey, resulting in a stu↵y and uncomfortable environment.
As a result, in the final design, the top storey was isolated and served by dedicated
ventilation stacks not connected to other floors.
The top storey remains an issue, however. The stack height above the top floor,
and therefore the depth of warm air available to drive ventilation, is less than
for the lower floors. Lomas (2007) identifies the top floor as a limiting factor
in buildings of this type for this reason. Although all parts of the FLL receive
adequate ventilation to meet CIBSE best practice requirements, measurements
by Krausse et al. (2007) indicate that air temperatures on the top floor are 1-2 C
warmer than on lower floors – indicated by the deeper red colour on Figure 1.12
– which may be indicative of reduced ventilation rates.
A further issue identified by Krausse et al. (2007) is that, in order to ensure effective operation of the ventilation scheme, it is crucial to have e↵ective communication between all parties involved in the design, programming and operation
of the Building Management System, which controls the opening of vents. This,
in turn, points towards the need to make understanding the operation of the
ventilation system accessible and intuitive to all.
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Figure 1.12: Above: Photo of the Frederick Lanchester Library (FLL), Coventry, UK (photo credit: Eddaido, Wikipedia Commons). Below left: Illustration
of the fresh air supply system. Fresh air enters the building through basement
plena, and is supplied to the storeys via lightwells spanning all four storeys. Below right: Illustration of the exhaust system. Warm air is exhausted through
a central lightwell and perimeter stacks connected to the bottom three storeys.
Air from the top storey leaves through dedicated ventilation stacks, which were
added to solve the potential problem of recirculation of stu↵y air via the central
lightwell (‘reversed flows’), shown in the cutout.

1.4.2

The Contact Theatre, CH2 Building & Library of Birmingham

Figure 1.13 shows the Contact Theatre, Manchester, UK, which makes use of
ventilation stacks with distinctive ‘H-pot’ terminations to enhance stack ventilation through the studio theatre space. The intended ventilation scheme is shown:
cool air is drawn in through a plenum beneath seating within the main theatre,
and exhausted through the ventilation stacks. However, measurements reported
by Fitzgerald & Woods (2007a) showed that a second flow pattern, in which a
bidirectional exchange flow occurs at one or more of the stack terminations – as
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Bidirectional flow
(also observed)

Unidirectional outflow
(intended scheme)
H-pot stacks

Studio
theatre

Fresh air supply
through raked seating
Figure 1.13: Left: Photo of the Contact Theatre, Manchester, UK (photo
credit: Pit-yacker, Wikipedia Commons). Right: Illustration of the ventilation
scheme for the studio theatre. Fresh air enters through a low-level plenum beneath the theatre seating. Warm air is exhausted through ‘H-pot’ ventilation
stacks. Two flow regimes were observed: unidirectional flow through the stacks
(as intended) and bidirectional flow through the stacks, shown in the cutout.

shown in the cutout of Figure 1.13 – is also possible.
An exchange flow results in the ingress of cool, external air into the stacks, reducing the air temperature and therefore stack pressure available to drive flows. For
buildings of this type, which use stacks or atria to enhance natural ventilation,
exchange flows are therefore undesirable. The ingress of air through what should
be an outlet may also contravene fire regulations.
The Contact Theatre is not an isolated example of this problem. At the CH2
Building, Melbourne (Figure 1.10), exchange flows at the chimney outlets were
also identified as a potential issue. Control at the chimney outlets, provided by
the wind cowls, allows exchange flows to be avoided, but leads to situations in
which the wind cowls sometimes restrict rather than enhance flows (personal
communication, G. R. Hunt).
As a final example, the Library of Birmingham, UK, makes use of a central
38

1.4 Multi-storey buildings: the challenge for designers

Central
atrium
Open plan
public spaces

Figure 1.14: Left: Photo of the Library of Birmingham (photo credit: Elliott Brown, Wikipedia Commons). Right: Cross section through the building
showing the central atrium and intended air flow pattern (adapted from Frearson
(2013)).

atrium – shown in Figure 1.14 – to assist natural ventilation and to serve as a
striking architectural element. The results of CFD simulations during the design
process again pointed towards exchange flows at the atrium outlet as a potential
problem. The proposed solution in this case was to align internal balconies
and other structures protruding into the atrium to minimise the resistance to
vertical air flows through the lower floors and thereby promote unidirectional
flows through the high-level outlets (McCutcheon, 2011).

1.4.3

The Gherkin

The Swiss Re building (‘The Gherkin’) in London, UK (Figure 1.2) is one of the
most recognisable buildings on the London skyline and was designed with lowenergy ventilation in mind. Six helical atria are incorporated into the circular
plan of the building and spiral around the façade, accentuating its distinctive
architectural form. The atria were designed to assist a mixed-mode (hybrid)
ventilation system in which buoyancy assists mechanical air handling units and
wind-driven flows through windows on each floor. However, problems with the
operable windows, notably when one of the windows fell from the building (Wainwright, 2005), led to the majority of private tenants sealing o↵ connections with
the atria and opting for mechanical HVAC systems (Massey, 2013).
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Although not technically a purely naturally ventilated building, the example
of the Gherkin is included here as a cautionary illustration of a more general
issue associated with low energy design, namely communicating with the end
user. Had the building tenants had a better understanding of the ventilation
system, would fewer have chosen to revert to mechanical HVAC solutions? As
with the study at the FLL, this example serves to reinforce the need to provide
building occupants with a better understanding of natural ventilation to promote
its uptake and e↵ective use.

1.4.4

Key questions for designers

These case studies highlight a number of key questions for designers – which
apply not only to the case study buildings, but to natural ventilation design in
general – and are specifically targeted in this thesis:
1. How do we ensure air flows in the intended direction at all vents?
The possibility of ‘reversed’ flows identified at the FLL, and the observation
of bidirectional flows, where unidirectional flows were intended, at the Contact
Theatre, CH2 Building and Library of Birmingham, point towards a need for understanding all possible flow regimes that might occur in a building and ensuring
that the intended flow pattern is realised.
2. How do we deliver adequate ventilation to all parts of a multi-storey
building? The case of the FLL indicates that overheating on the top floor of a
building is a potential issue and a limiting factor for design. Depending on the
form of the building, other floors may be the limiting factors. We therefore pose
the general question of how to deliver a comfortable environment in any and all
parts of a building?
3. How do we ensure an atrium enhances ventilation? The interaction
between floors provided by an atrium is not always desirable, most clearly illustrated by the case of the FLL. Understanding how to ensure that an atrium
enhances – rather than restricts – the performance of a ventilation system is
therefore crucial for design.
4. How do we make natural ventilation strategies accessible to all? A
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broader question that arises from this discussion, illustrated both in the case of
the Gherkin and of the FLL, is that of how to provide both designers and building users with a better understanding of natural ventilation systems. Simple and
intuitive guidance could assist designers, reducing the time and costs associated
with the design process, and allow building users to maximise the performance of
the ventilation system. Discussions the author has had with both academics and
industry professionals at conferences and seminars attended over the course of
this Ph.D. project have also pointed toward the need to improve simple and intuitive design guidance for natural ventilation. This final design question therefore
informs the general ethos of the present work, which we return to discuss in more
detail in §1.6.

1.5

Modelling natural ventilation: design tools

In order to tackle the design questions identified in §1.4.4 above, we will employ
analysis based on simple mathematical models, which describe the fundamental

physics governing the movement of heat and air through buildings. The motivation for this approach is, firstly, that models of this type have been extensively
validated in experimental and computational studies and, secondly, that – owing
to their relative simplicity – they are able to provide rapid and intuitive indications of how ventilating flows behave (thereby addressing question 4 in §1.4.4
above).

In order to put our approach into context, in this section we briefly review a
number of other tools which are available to engineers and architects for use
in natural ventilation design. We focus on tools that can be used during the
pre-construction design stages, rather than full-scale measurements and postoccupancy evaluations which can inform design refinements after construction.
We return to discuss the rationale for our simple mathematical approach in more
detail in §1.6.
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1.5.1

Building performance simulation software

Numerous commercial and open-source software packages are available to model
the energy performance of buildings, an integral part of which is modelling the
performance of HVAC systems. Crawley et al. (2008) provide an overview of
a number of commonly used programs, including EnergyPlus (Crawley et al.,
2001), TRNSYS (Klein, 2007), ESP-r (Hand, 2011) and IES<VE>. These software packages typically make use of multizone flow network models – such as
COMIS (Feustel & Rayner-Hooson, 1990) and CONTAM (Walton & Dols, 2010)
– to model heat and air flows.
In a multizone model, a building is divided into a number of interconnected zones
and mathematical models describing the transfer of heat, mass and contaminants
between zones solved (see Axley (2007), for example). This provides information
on a wide range of physical parameters – such as air temperature, pressure and
humidity – which can be linked back to the performance of the building in terms
of the indoor environment and energy consumption.
Building simulation software has the capacity for detailed whole-building analysis. Users can specify a wide range of input parameters including weather data,
predicted occupancy patterns and the thermal properties of building components.
However, due to this flexibility, results can vary significantly based on user input,
particularly when analysing complex ‘real-world’ scenarios (Roulet et al., 1999).
This may suggest that the breadth and depth of modelling options available in
software packages may obscure some of the intuitive understanding of the ventilation scheme, and the building design as a whole. Furthermore, Crawley et al.
(2008) note that it may not always be obvious to the end user which software
package would be most suited to their design needs. Each program has its own
specific features, capabilities and associated ‘vendor-specific jargon’. Some programs may also require specialist input to ensure reliability of results, as is the
case for modelling natural or hybrid ventilation in ESP-r, for example (Crawley
et al., 2008). Whilst powerful, building modelling software should, therefore, be
used with caution.
The need to provide a coherent and accessible framework for software modelling
is one of the motivations for the recent move in the building design community
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towards integrated Building Information Modelling (BIM) – see Crotty (2012),
for example. Providing designers with a better conceptual understanding of
the underlying physics of heat and air flows through buildings is also key, as
this could help to improve the choice of input parameter values and reduce the
uncertainties and inconsistencies associated with software modelling.

1.5.2

Computational fluid dynamics (CFD)

Whilst multizone models can provide per-zone information on heat and air flows,
computational fluid dynamics (CFD) can provide more detailed 2-D and 3-D
predictions of localised, intrazonal heat and air flows. CFD analysis can be
carried out using standalone packages such as ANSYS Fluent (ANSYS, 2013)
and OpenFOAM (OpenFOAM Foundation, 2014), or using CFD modules that
are integrated into multizone software, such as CONTAM (Wang et al., 2010).
For CFD analysis, the region under consideration is divided into a grid and the
Navier-Stokes equations – which describe the fundamental physics governing fluid
motion – solved for each grid point. CFD is capable of high-resolution prediction
of flow patterns within a space – including information on time-varying velocity,
temperature and pressure distributions. Example outputs from CFD simulations
of natural ventilation flows are shown in Figure 1.15.
Various ‘genres’ of CFD code – including DNS (direct numerical simulation),
LES (large eddy simulation) and RANS (Reynolds-averaged Navier-Stokes) –
are in widespread use.⇤ LES and RANS both use turbulence closure models to
approximate the behaviour of turbulent flows at small scale. DNS does not use a
turbulence closure approximation, providing an arguably more ‘direct’ model of
turbulent flows – as its name suggests – although this demands a large computational overhead and restricts modelling to relatively low Reynolds number flows
(typically, Re ⇠ 103 to 104 ). The di↵erences between these ‘genres’ of code can
⇤

Note that RANS is the most commonly used ‘genre’ of code for practical design, and is
what most commercial software packages employ. Indeed, the term ‘CFD’ is often used
only to describe RANS modelling. However, for the outline provided herein we use ‘CFD’
as an umbrella term to describe all numerical approaches to predicting fluid flow patterns,
including LES and DNS.
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lead to di↵erences in simulation results (Horan & Finn, 2005). Choice of grid
and boundary conditions can also significantly a↵ect results, and testing results
for grid-independence is a standard requirement in CFD studies. CFD therefore
requires expert input to ensure accuracy of results.
With careful use, however, CFD has proven powerful as a modelling tool – both
for use in practical design and fundamental research – and has shown good
agreement with small-scale experiments (Ji & Cook, 2005; Cook, 2014) and fullscale measurements (Rundle et al., 2011).

1.5.3

Small-scale experiments

A number of experimental techniques are available to model natural ventilation
flows at small-scale in the laboratory. The most common technique for modelling
stack ventilation involves using a scale model of a building (typically 1:20 to 1:50
scale), which is immersed in a reservoir of water. Flows of water through the

Rundle et al. (2011)

Ji & Cook (2005)

Figure 1.15: Screenshots of CFD simulations of natural ventilation flows. Left:
temperature distribution within an atrium, taken from Rundle et al. (2011).
Right: velocity field (above) and temperature distribution (below) within a
two-storey building with an atrium and top-down chimneys, taken from Ji &
Cook (2005).
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(a) Heat in water
Livermore & Woods (2007)

(b) Saline in water
(photo by author)

Figure 1.16: Photos of small scale experiments in water. (a) Investigation of
a building with distributed heating at two levels using heat in water (Livermore
& Woods, 2007). (b) Modelling a three-storey building with a ventilation stack
using saline in water (photo by author). In both cases the total height of the
Perspex model is around 30cm, and a red dye has been used to visualise the flow.

building – analogous to air flows at full scale – can then be generated by providing
sources of buoyancy which can take a number of forms:
Saline in water: Buoyancy-driven flows can be generated by injecting buoyant
fluid, most commonly saline solution (which is denser than fresh water), into
a model immersed in a fresh-water reservoir. This is often referred to as the
‘salt bath’ technique. Density di↵erences due to salinity at model scale can be
straight-forwardly related to temperature di↵erences at full scale. Density can
be measured directly using a densitometer or indirectly using a dye calibration
technique (Allgayer & Hunt, 2012), in which dye is added to the saline solution.
Dye also allows for visualisation of flows – as shown in Figure 1.16 – which is
crucial for identifying transitions between flow regimes (see Fitzgerald & Woods
(2008) and Co↵ey & Hunt (2010), for example).
Heat in water: Heat sources, in the form of heated plates or wire heating elements, can also be used to provide a source of buoyancy within building models
immersed in fresh water. Water temperatures can be measured using thermocouples or thermistors, and related to air temperatures at full scale.
Heat in air: Building models do not necessarily have to be immersed in water.
Heating elements can be used produce buoyancy-driven flows in air. Large models
(1:20 scale or larger, depending on the temperature di↵erences used) are typically
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Experimental techniques

Building features

Salt in water

oz – Occupied zone(s)

Heat in water

vs – Ventilation stack

Heat in air

Air/water flow
Localised buoyancy source

a – Atrium

Fine bubble technique

tdc – Top-down chimney

Linden et al. (1990)

Distributed buoyancy source

Gladstone & Woods (2001)

Chen et al. (2001)

Connick (2013)

Partridge & Linden (2013)

(a)

(b)
vs

tdc

Fitzgerald & Woods (2008)

(c)

Livermore & Woods (2007)

Chenvidyakarn & Woods (2005)

(d)

(e)

oz

oz

vs

a

Chenvidyakarn & Woods (2010)

(f )

Holford & Hunt (2003)

oz
tdc

oz

(h)
a/vs

a

oz

a

Hunt & Holford (1998)

(i)

Livermore & Woods (2006)

(g)

vs

Ray & Glicksman (2013)

(j)

Ding et al. (2005)

(k)

Figure 1.17: Examples of the types of buildings (shown schematically in elevation) and buoyancy-driven ventilation flows that have been investigated in smallscale experiments using a variety of techniques (indicated by coloured squares
and circles). Examples of (a)–(e) buildings with one occupied zone and (f )–(k)
buildings with multiple interconnected zones are shown.
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required when using heat in air to ensure dynamic similarity with full-scale flows.
As Chen et al. (2003) note, control of the surrounding thermal environment is
also a particular challenge to ensure reliability and clarity of results. E↵ective
flow visualisation is also arguably more difficult in air than in water. Ding
et al. (2005), for example, used the smoke from incense sticks for qualitative
visualisation of flows in an eight-storey atrium building.
Fine-bubble technique: A less widely-used technique for modelling buoyancydriven flows is the ‘fine-bubble technique’ developed by Chen et al. (2001). A
model is immersed in a reservoir of saline solution (as opposed to fresh water) and
an direct electric current applied to generate fine hydrogen bubbles at a copper
wire cathode. The bubbles reduce the bulk density of the fluid, thereby generating buoyancy-driven flows. This technique was employed by Spencer (2001) to
investigate natural ventilation of buildings with solar chimneys.
A number of the building types that have been modelled using small-scale experiments are shown in Figure 1.17, with indications of the technique(s) used. The
list is by no means exhaustive – either in terms of the building types shown, or
the studies cited – but is intended to illustrate that experiments have successfully been used to model a broad range of buildings, from simple rooms (Figures
1.17(a) and (b)) to more complex multi-storey buildings with atria or other similar vertically spanning features (Figures 1.17(h) to (k)).
These experimental techniques are necessarily based on idealisations of ventilation systems and are not able to capture the complexities of weather and occupant
behaviour, for example. For the same reason, however, experimental campaigns
have proven highly successful in isolating specific fluid flow phenomena – such as
transitions between uni- and bidirectional flows (Hunt & Co↵ey, 2010), and the
presence of multiple flow regimes in a single space (Hunt & Linden, 2005; Fitzgerald & Woods, 2008) – and provide a strong physical basis for the mathematical
models which describe these phenomena.

47

Chapter 1: Introduction

1.5.4

Early-stage design guidance

Various guidance literature is available to engineers and architects to inform the
early stages of design. The CIBSE AM10 guide (CIBSE, 2005), for example,
outlines the fundamentals of natural ventilation and presents a number of design
guidelines based on hand calculations, charts, measured data (such as weather
data, and pressure loss coefficients) and experiential ‘rules of thumb’. Notably,
the guide presents a simple mathematical approach to sizing ventilation openings
for a single naturally ventilated space, known as the ‘explicit method’.
Hand calculations and charts provide rapid and intuitive guidance for designers,
and can be used both by architects and engineers, assisting e↵ective communication between members of a design team at the early stages of design. A
number of chart-based methods which are commonly used by architects to inform conceptual decisions about building form, orientation and qualitative sizing
of vents are reviewed by Sayigh & Marafia (1998). Etheridge (2002) also provides an overview of the benefits of dimensionless design charts to provide more
quantitative guidance.
The methods presented in early-stage design guidance are necessarily simplified.
However, the intuitive understanding gained at the early design stage is crucial
for informing the inputs to more detailed modelling tools, and for providing a
sense check for the results of software simulations.

1.6

Thesis scope, structure, aims and objectives

1.6.1

A simple mathematical approach: rationale

The discussion presented in this chapter has highlighted the complexity of natural ventilation systems, particularly in multi-storey buildings. The case studies
presented in §1.4 illustrate that problems with building designs may not be identified until the detailed design stages, or even after construction. Detailed design

methods, such as CFD, carry associated costs in time, and the need for expert
input. Making alterations to a building design after construction is even more
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costly. It is crucial, therefore, to identify potential issues as early on in the design
process as possible.
However, current early stage design methods – which are necessarily simple –
have limited scope to provide guidance for complex multi-compartment buildings.
The design chart methods reviewed by Sayigh & Marafia (1998), for example,
provide only qualitative guidance, and the ‘explicit method’ presented in the
CIBSE AM10 (CIBSE, 2005) is only applicable to single-zone buildings. This
points towards the need to fill the gap between simplified, conceptual design and
detailed design with more coherent methods.
Simple mathematical models, which capture the fundamental physics of ventilating flows, have been extensively validated both by experiment and CFD,
and underpin early stage guidance, can readily be applied to multi-compartment
buildings. Etheridge (2012), for example, uses a simple mathematical approach
to extended the ‘explicit method’ to multi-compartment buildings. Following a
similar tack, we will use a simplified mathematical approach to gain a better intuitive understanding of the behaviour of natural ventilation of multi-compartment

Air temperature
& stratification
Stack
pressure
Leakage through
building envelope
Building
layout &
geometry

Ventilation
flow rate
& direction

Wind
pressure

Location &
size of vents

Wind speed
& direction

Location &
nature of
heat sources

Occupant
behaviour

Local weather
& climate
Proximity to other
buildings & terrain

Figure 1.18: ‘Core’ natural ventilation variables that will form the focus of the
present work (highlighted in blue). Other variables that play a role in natural
ventilation design (cf. Figure 1.4) have also been included (in grey) to place our
‘core’ variables in context.
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buildings in an e↵ort to narrow the gap between simple and detailed design.
The work herein will focus on the interaction of a set of ‘core’ variables: ventilation flow rates, air temperatures, heat inputs, building geometry and vent
sizes and locations. The interaction between these variables – as a subset of the
variables from Figure 1.4 – is shown in Figure 1.18. We focus on stack ventilation only on the basis that wind is typically harnessed to enhance flows (cf.
CH2 building); designing for the ‘worst-case’ scenario of stack ventilation only
should, in principle, ensure that the building always meets or exceeds design
requirements.

1.6.2

Aim and objectives

The broad aim of the work herein is to use simple mathematical models to
inform the design of stack ventilation in multi-compartment buildings, with a
focus on buildings with atria, ventilation stacks or similar vertical spaces that
span multiple floors. The focus of this work is informed by the key questions for
designers identified in §1.4.4, and can be summarised by three key objectives:
Objective 1: To develop a generalised framework for constructing simple mathematical models of stack ventilation in multi-compartment buildings.
Objective 2: To develop a simple and intuitive analytical approach for sizing
ventilation openings in multi-storey atrium buildings to meet requirements for
ventilation rates and air temperature, and to ensure that the atrium acts to
enhance flows.
Objective 3: To investigate ‘o↵-design’ scenarios in multi-storey atrium buildings to quantify the tolerance of the building to variations in design parameters,
particularly vent sizes.

As a final remark, the intention of this work is to build upon and improve current early-stage design methods and to provide a coherent basis for future work
in this field. As such, we have tried to communicate the work as plainly and
clearly as possible through the use of diagrams, charts and simple mathematical
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formulae. We have also included additional detail to show where the work could
be extended, in the hope that this thesis will form a point of reference for future
work.

1.6.3

Overview of chapters

In Chapter 2 we review the theory of natural ventilation, and present a number
of key mathematical models which describe the fundamental physics governing
ventilating flows.
In Chapter 3 we present a simple mathematical approach for modelling stack
ventilation in multi-compartment buildings (Objective 1). We apply the resulting model to an example building and show how design guidance may be drawn
from a qualitative examination of the mathematical model.
In Chapter 4 we develop an analytical approach for sizing ventilation openings
in multi-storey atrium buildings to deliver an ‘ideal’ design, in which equal perperson ventilation flow rates and temperatures are delivered to all occupied parts
of the building. We identify two key dimensionless parameters which can be used
to balance the ‘core’ design variables and to quantify the ventilation performance
of the atrium (Objective 2).
In Chapter 5 we develop a mathematical description of ‘o↵-design’ scenarios in
multi-storey atrium buildings, in which core building parameters deviate from
their ideal design values (Objective 3).
In Chapter 6 we explore the behaviour of four possible flow regimes in an example three-storey atrium building. We develop a numerical approach to investigate
the transient development of flows and determine the tolerances of the building
to deviations in vent sizes from design, if undesirable flow regimes are to be
avoided (Objective 3).
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1.6.4

Publications

At the time of writing, work related to this Ph.D. project has been published in
four papers:
Acred & Hunt (2013a): Multiple flow regimes in stack ventilation of
multi-storey atrium buildings. International Journal of Ventilation, 12:1,
31-40.
Acred & Hunt (2013b): Passive ventilation in multi-storey atrium
buildings: a first-order design guide. Proceedings of the 34 th AIVC Conference, Athens, pp.407-417.
Acred & Hunt (2014a): A simplified mathematical approach for modelling stack ventilation in multi-compartment buildings. Building and Environment, 71, 121-130.
Acred & Hunt (2014b): Stack ventilation in multi-storey atrium buildings: a dimensionless design approach. Building and Environment, 72,
44-52.
The work in Chapter 3 is based largely upon Acred & Hunt (2014a); the work
in Chapter 4 is based upon Acred & Hunt (2013b) and Acred & Hunt (2014b);
and the work in Chapter 6 builds upon Acred & Hunt (2013a).
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In this chapter, we examine the mathematical models which capture the key
physics of natural ventilation. Starting from fundamental physical laws, we show
how – by applying a set of reasonable simplifications and assumptions – we can
arrive at a simple and intuitive model of ventilating flows, which can readily be
applied to multi-compartment buildings in later chapters.⇤
Figure 2.1 shows a naturally ventilated box, which will form the focus of much
of this chapter. The box is ventilated by stack e↵ect only. Air flows into and
out of the box through floor- and ceiling-level vents. Heat sources within the
box produce a temperature and density stratification which in turn provides the
stack pressure to drive the ventilating flow.
A mathematical model of this type of flow comprises two key parts: a pressure
balance, based on conservation of mechanical energy, which is used to calculate
ventilation flow rates; and a heat balance, based on conservation of enthalpy,
which is used to calculate air temperatures and densities. We split up analysis

⇤

A note for expert readers: Much of the theory reviewed in this chapter is ‘bookwork’,
which appears across numerous textbooks (such as White (2011) and Rogers & Mayhew
(1992)) and journal papers (notably Linden et al. (1990)), and has been amalgamated here
for completeness. Readers who are already familiar with the theory of natural ventilation
may wish to proceed straight to Chapter 3. Before doing so, we would recommend that the
reader familiarises themselves with a number of key results from the following sections which
will be used extensively in later chapters: §2.3.2 (sign convention for flow direction), §2.3.5
(transition between uni- and bidirectional flow across a vent), §2.4.2 (use of flow loops) and
§2.4.5 (definitions of e↵ective combined vent area, A⇤ , and reduced gravity, g 0 ). A summary
of the key features of the theory reviewed in this chapter is also given in §2.8.
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Figure 2.1: A naturally ventilated box. Air flows (blue arrows) into and out
of the box through floor- and ceiling-level vents. Heat sources within the box
(curly red arrows) produce a temperature and density stratification (represented
by the colour gradient within the box) which in turn provides the stack pressure
to drive the ventilating flow.

in this chapter accordingly, considering pressure balance and calculation of ventilation flow rates in §§2.2-2.5, and examining heat balance and heat sources in
§§2.6-2.7:

Flow rate and pressure balance: In §2.2, we consider general conservation of

mechanical energy, and show how this conservation law can be written in terms
of a pressure balance – the familiar Bernoulli theorem – for ventilating flows. In
§2.3, we apply Bernoulli’s theorem to examine flow across ventilation openings,
which are key components of any ventilation system. In §2.4, we consider the
case of a room ventilated by stack e↵ect only (as shown in Figure 2.1) and show
how the relationship between the ventilation flow rate, vent areas and internal
air temperature can be expressed in terms of a pressure balance around a closed
flow loop. In §2.5, we generalise this flow loop analysis to cater for a variety of
additional pressure terms (such as wind pressure).

Heat balance and heat sources: In §2.6 we introduce the general heat balance

for a single room. Finally, in §2.7, we provide an overview of how heat source location and geometry can a↵ect the temperature and density stratification within
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a room.
Before tackling ventilating flows explicitly, however, we begin – in §2.1 – by
examining the relationship between air density and temperature, since this will

provide the link between the pressure balance and heat balance models, and also
provides the opportunity to introduce two key variables – the reduced gravity
and buoyancy flux – which we use extensively throughout.

2.1

Variations in air density and temperature

Stack ventilation is driven by the buoyancy forces arising from di↵erences in
density between internal and external air. These density di↵erences, in turn, are
generated by di↵erences in temperature between internal and external air.

2.1.1

Density and temperature variations in an ideal gas

The relationship between temperature, T , density, ⇢, and static pressure, p, for
a fluid can be written in terms of an equation of state. For air, which can be
treated as an ideal gas, the equation of state is
p = ⇢RT,

(2.1)

where R is the specific gas constant for air. Rewriting (2.1) in di↵erential form,
changes in temperature, density and pressure are related as follows
dp
d⇢ dT
=
+
.
p
⇢
T

(2.2)

For natural ventilation flows, dp/p is typically much smaller than both d⇢/⇢ and
dT /T ,⇤ and variations in pressure in (2.2) can be neglected. Rewriting (2.2),
⇤

The di↵erences in pressure driving stack ventilation are typically of order 10Pa. Comparing
with atmospheric pressure – such that p ⇠ 105 Pa – the fractional change in pressure is then
dp/p ⇠ 10

4

. Temperature di↵erences are typically of order 10K. Taking T ⇠ 300K gives

dT /T ⇡ d⇢/⇢ ⇠ 10

1

dp/p.
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the thermal expansion relation for air is then given by
d⇢
=
⇢

dT
.
T

(2.3)

Integrating (2.3), variations in air density and temperature can be expressed in
terms of departures from a reference state, with density ⇢0 and temperature T0 ,
as⇤
⇢
T
=
,
⇢
T0

(2.4)

where
⇢ = ⇢0

⇢ and

T =T

T0

(2.5)

are the density deficit and temperature excess relative to the reference state,
respectively. For the analysis of natural ventilation herein, we will take the
density and temperature of air in the external environment – assumed to be
uniform and constant – as the reference state (see §2.4).

2.1.2

The Boussinesq approximation and reduced gravity

The density di↵erences driving stack ventilation are typically small such that
⇢
⌧ 1.
⇢

(2.6)

Flows for which (2.6) holds are described as Boussinesq and can be modelled
by applying the Boussinesq approximation, which is summarised by Spiegel &
Veronis (1960), as follows:
In the equations for the rate of change of momentum and mass, density
variations may be neglected except when they are coupled to the gravitational
acceleration in the buoyancy force.
This approximation allows us to simplify our modelling by treating air as incompressible to leading order. Equation (2.4) can then be simplified by writing
⇤

Note that the denominator on the RHS of (2.4) is the reference temperature, T0 , whereas
the denominator on the LHS is the local density for the fluid under consideration, ⇢.
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⇢ ⇡ ⇢0 , such that⇤

⇢
⇢0

T
.
T0

=

(2.7)

Multiplying (2.7) by the gravitational acceleration, g, leads to the definition of
the reduced gravity, g 0 , given by
g0 = g

⇢
⇢0

=g

T
.
T0

(2.8)

The reduced gravity, g 0 , can be thought of as the e↵ective acceleration due to
buoyancy experienced by a fluid parcel with density ⇢ surrounded by fluid with
a di↵erent density ⇢0 , as shown in Figure 2.2. The upwards body force, Fz , on a
fluid parcel with mass m is then simply given by Fz = mg 0 . The reduced gravity
therefore conveniently describes variations in both air density and temperature,
as well as the buoyancy forces that drive stack ventilation.
Treating all natural ventilation flows as Boussinesq, variations in density are
considered herein only when they appear in, or are linked to, reduced gravity
terms. Air is otherwise treated as incompressible.
Fz = mg 0
fluid parcel
mass m

z
⇢0

⇢ g0

Figure 2.2: A parcel of fluid with density ⇢ and mass m surrounded by fluid
with density ⇢0 > ⇢. The vertical force on the fluid parcel due to buoyancy is
Fz = mg 0 , where g 0 is the reduced gravity defined in (2.8).

2.1.3

Heat transfer and buoyancy flux

Variations in air density and temperature within a building are generated by
heat sources (or sinks), such as building occupants, office equipment and solar
⇤

Equation (2.7) is simpler than (2.4) because we have replaced the variable, ⇢ (local density),
with a constant, ⇢0 (reference density).
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gains. The strength of a heat source can be described either in terms of a heating
power, W in Watts (W), or a buoyancy flux, B in m4 .s 3 , given (for Boussinesq
flows) by
B=

gW
,
⇢0 c p T 0

(2.9)

where cp is the (constant pressure) specific heat capacity of air.
The buoyancy flux can also be defined in terms of a volume flow rate Q, in m.s 3 ,
of fluid with reduced gravity g 0 as follows
B = Qg 0 .

(2.10)

The buoyancy flux can therefore be used not only to describe heat inputs, but
also to describe a general flow of buoyant fluid with some density excess or deficit.
As Linden et al. (1990) and many others have shown, this is particularly useful
for linking the analysis of full-scale flows in buildings – in which the density di↵erences driving flows arise due to heating – with small-scale ‘salt bath’ experiments
– in which a direct supply of dense fluid drives flows (see §1.5).
2.1.4

‘Engineering’ vs ‘fluid dynamical’ variables

We frame the majority of analysis herein in terms of the ‘fluid dynamical’ variables, g 0 (reduced gravity) and B (buoyancy flux), because their use simplifies
mathematical expressions and is relatively widespread in the literature. We note,
however, that the ‘engineering’ variables

T (temperature excess) and W (heat-

ing rate) are a more natural choice for use in practical design, and will recast
our analysis accordingly in sections with a design focus. We summarise the
equivalence between these sets of variables in Table 2.1 below.
engineering variables

fluid dynamical variables

Temperature excess (K)

T

Heating rate (W)

W

eq. (2.8)

!

eq. (2.9)

g0

! B

Reduced gravity (m.s 2 )
Buoyancy flux (m4 .s 3 )

Table 2.1: Summary of the equivalence between ‘engineering’ and ‘fluid dynamical’ variables, which we use interchangeably in analysis. See Tables 5 and 6 for
the physical values used herein for conversions.
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2.2

Bernoulli’s theorem

Ventilation flow rates can be calculated using a pressure balance – Bernoulli’s
theorem – which is based on conservation of mechanical energy. In this section
we start from conservation of mechanical energy within a general control volume
– which, in practice, could represent an entire building, or specific regions within
a building – and outline the simplifications and assumptions that are required to
recover Bernoulli’s theorem. Whilst Bernoulli’s theorem is likely to be familiar to
most readers (cf. White (2011), Chapter 3, for example), we frame the derivation
here in the context of ventilation in order to lay a complete foundation for the
theoretical framework that will be used in later chapters.

2.2.1

General conservation of mechanical energy

dS

u(r, t)

p(r, t)
⇢(r, t)

control
volume
V

bounding
surface
S

Figure 2.3: General control volume, V , bounded by a surface, S, with outward
normal unit vector dS. Fluid with density ⇢(r, t) passes into and out of the
control volume due to a velocity field u(r, t). The static pressure field is p(r, t).

Figure 2.3 shows a representation of a general control volume, V , bounded by
a surface, S, with outward unit vector normal dS. Fluid with density ⇢ passes
into and out of the control volume due to a velocity field u. The static pressure
field is denoted p. In general, the density, velocity and pressure fields will vary
in both space and time such that ⇢ = ⇢(r, t), u = u(r, t) and p = p(r, t), where
r = (x, y, z) is the general position vector and t is time.
General conservation of mechanical energy for the control volume can be ex59
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pressed as
Ėflux + Ėgen = Ėmech + Ėvisc ,
|
{z
} |
{z
}
transfer of energy
into control volume

(2.11)

absorption of energy
by control volume

where Ėflux is the net flux of mechanical energy into the control volume due to
fluid flows, Ėgen is the rate of generation of mechanical energy – due to sources
such as fans, for example – within the control volume, Ėmech is the rate of change
of mechanical energy within the control volume, and Ėvisc is the rate at which mechanical energy is dissipated by viscous e↵ects – such as turbulence and friction
(along ducts, for example) – and converted to other forms of energy.
The energy flux term is given by
◆
Z ✓
1
2
Ėflux =
p + ⇢gz + ⇢|u| u.dS,
2
S

(2.12)

which describes the rate of work done by pressure on the control volume and the
fluxes of geopotential and kinetic energy into the volume.⇤
To simplify analysis herein, we will assume that no sources of mechanical energy
are present such that Ėgen = 0. We also focus primarily on steady flows such
that the energy accumulation term, Ėmech , can be neglected.

2.2.2

Conservation of mechanical energy for a streamtube

It is often convenient when analysing ventilating flows to choose a streamtube as
the control volume, since this geometry is compatible with flows through vents
and ducts. Figure 2.4 shows a general streamtube. Fluid passes into and out
of the streamtube through the bounding surfaces – numbered 1 and 2 – at the
ends of the tube with areas S1 and S2 . Flow is perpendicular to surfaces 1 and
2. Elsewhere, flow is parallel to the bounding surfaces of the streamtube.
We assume uniform fluid velocity, pressure and density profiles across surfaces 1
and 2. This is reasonable, given that ventilating flows through vents and ducts
are typically turbulent, with Re & 1000 (Etheridge & Sandberg, 1977), where
⇤

Note that, for flows into the control volume, u.dS < 0 – since dS is the outward vector
normal – hence the need for a negative sign on the RHS of (2.12).
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S2

p = p(r, t)
u = u(r, t)

p2

⇢ = const.

u2

S1
z

Q2

p1
u1
Q1

Figure 2.4: Flow of fluid with uniform density, ⇢, through a streamtube. Fluid
passes into and out of the streamtube through the bounding surfaces at the ends
of the tube with areas S1 and S2 . Elsewhere, flow is parallel to the bounding
surfaces of the streamtube. The general energy balance for this type of control
volume is given in equation (2.15).

Re is the Reynolds number given by
Re =

uL
,
⌫

(2.13)

where u is a characteristic flow velocity, L is a characteristic length scale and
⌫ is the kinematic fluid viscosity.⇤

The (uniform) fluid velocity, pressure and

density at surface i (i = 1, 2) are denoted ui , pi and ⇢i , respectively. The flow
rate, Qi , across surface i is then
Q i = u i Si .

(2.14)

Applying conservation of mechanical energy from (2.11) and (2.12) to the streamtube gives
✓
◆
✓
◆
1
1
2
2
Q1 p1 + ⇢1 gz 1 + ⇢1 u1 = Q2 p2 + ⇢2 gz 2 + ⇢2 u2 + Ėvisc
2
2
|
{z
}
|
{z
}
flux of mechanical energy
into streamtube

where z i =

⇤

⇣R

flux of mechanical energy
out of streamtube

⌘
z
dS
/Si is the geometric average height of surface i.
Si

For vents and ducts, L is taken as the hydraulic diameter.
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2.2.3

Bernoulli’s theorem for a streamline

A common and convenient technique is to frame analysis in terms of a pressure
balance along a streamline. Figure 2.5 shows the streamtube from Figure 2.4,
with a streamline connecting point 1 on surface 1 and point 2 on surface 2
highlighted. The static pressure, flow velocity and height at point i are pi , ui
and zi , respectively.

point 2
p2 , u2 , z2
z

point 1
p1 , u1 , z1

Figure 2.5: Flow along a streamline through the streamtube control volume
shown in Figure 2.4. The streamline connects point 1 on surface 1 with point 2
on surface 2. The static pressure, flow velocity and height at point i are pi , ui
and zi , respectively.

Equation (2.15) can be simplified to recover the familiar Bernoulli theorem, which
describes the pressure balance for the streamline. As noted in §2.1, natural
ventilation flows are typically Boussinesq, allowing variations in density to be

neglected such that, for the streamtube in Figure 2.4, ⇢1 = ⇢2 . Conservation of
mass and conservation of volume are then equivalent, and the flow rates across
surfaces 1 and 2 are equal, i.e. Q1 = Q2 = Q where Q simply denotes the flow
rate through the streamtube. Equation (2.15) then simplies to⇤
1
1
p1 + ⇢gz1 + ⇢u21 = p2 + ⇢gz2 + ⇢u22 +
2
2
|
{z
} |
{z
}
|
total pressure
at point 1

⇤

total pressure
at point 2

pvisc
,
{z }

(2.16)

viscous losses
within streamtube

Note that, for (2.15) and (2.16) to be strictly equivalent, we require that the streamline is
chosen such that zi = z i . For a vent with a regular geometry, such as a circle, this condition
simply states that the streamline should pass through the centre of the vent.
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where ⇢ = ⇢1 = ⇢2 is the fluid density and
pvisc =

Ėvisc
Q

(2.17)

is the e↵ective loss in total pressure due to viscous dissipation of energy within
the streamtube.
Equation (2.16) is the familiar Bernoulli equation for a streamline, but includes
the loss term

pvisc which describes dissipation of energy within the streamtube

control volume. A complete analysis therefore requires consideration not only of
a streamline, but also the control volume through which it passes. We highlight
this subtlety here, since the majority of analysis herein is framed in terms of a
streamline only.

2.3

Flow through vents

All ventilating flows involve the flow of fluid through some kind of opening, such
as a vent or duct. The flow through an opening is driven by a drop in pressure,
which characterises the resistance the opening poses to the flow. Pressure drop
characteristics for an extensive range of opening geometries and flow conditions
can be found in Idelchik (1986) and Ward-Smith (1980), for example. Following
Linden et al. (1990) and many other studies of natural ventilation, we restrict
our attention to only one type of opening – the ‘sharp-edged’ vent – which can
be used as an idealisation of purpose-built ventilation openings.

2.3.1

Flow through a sharp-edged vent

Figure 2.6 shows a general circular vent with cross-sectional area A, diameter
D and thickness l. The vent is ‘sharp-edged’, such that l/D ⌧ 1. At sufficiently high Reynolds numbers (Re > 4000) Ward-Smith (1980) notes that all

flows through sharp-edged openings exhibit the same general features, which are
shown in Figure 2.7: fluid accelerates as it passes across the plane of the vent,
and continues to accelerate beyond the vent such that the streamtube – which
contains all fluid passing through the vent – contracts until reaching a mini63
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l
A

D

Figure 2.6: A general ‘sharp-edged’ circular vent with cross-sectional area A,
diameter D and thickness in the direction of flow l. For sharp-edged vents,
l/D ⌧ 1. The flow pattern observed through this type of vent is shown in Figure
2.7.

mum cross-sectional area at the vena contracta (vc), a perpendicular distance
zvc downstream of the vent. The cross-sectional area of the streamtube at the
vena contracta, Avc , is given by
Avc = cd A,

(2.18)

where cd is the discharge coefficient for the vent (see §2.3.3). At these high
Reynolds numbers, it is reasonable to assume that the velocity within the stream-

tube at the vena contracta is uniform and given by uvc . The flow rate through
the vent, Q, is then given by
Q = Avc uvc = cd Auvc .

(2.19)

We can now apply Bernoulli’s theorem (equation (2.16)) along the highlighted
streamline in Figure 2.7 between a and c, which passes through the vent at b
and the vena contracta at vc. Point a is situated in the plane of the vent, at
z = 0; point c is situated in the plane of the vena contracta, at z = zvc . Both
points are far away from the vent, where fluid velocities are negligible, such that
ua = uc = 0.
Applying Bernoulli’s theorem first between a and vc gives⇤
1
1
pa + ⇢gza + ⇢u2a = pvc + ⇢gzvc + ⇢u2vc +
2
2
⇤

pvisc .

(2.20)

Note that we cannot reasonably apply Bernoulli’s theorem between a and b, since the flow
pattern in the plane of the vent is non-uniform.
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Avc
z

c

vc

A

zvc
a

b

Figure 2.7: High Reynolds number flow through a sharp-edged circular horizontal vent with cross-sectional area A. Fluid passing through the vent accelerates
until reaching a maximum velocity at the vena contracta (vc), where the streamtube cross-sectional area is a minimum, Avc . The pressure drop across the vent
can be calculated by applying Bernoulli’s theorem along the highlighted streamline between a and c.

We assume that the flow is dissipationless, such that

pvisc = 0. We also assume

that the di↵erence in height between the plane of the vent and the vena contracta,
zvc , is sufficiently small that it can be neglected for practical applications and we
can write za ⇡ zvc .
Applying these simplifications, equation (2.20) becomes
pa

1
pvc = ⇢u2vc .
2

(2.21)

We could continue analysis by applying Bernoulli’s theorem between vc and c.
However, since all streamlines within the streamtube at the vena contracta are
parallel,⇤ it follows that static pressures are equal everywhere in the plane of the
vena contracta, both inside and outside of the streamtube. Without applying
Bernoulli along the streamline,† we therefore find that
pvc = pc .
⇤

(2.22)

This implies that fluid within the streamtube is not accelerating, and that the net force
acting on it is zero.

†

If we were to apply Bernoulli between vc and c, we would find

pvisc = ⇢u2vc /2. This states

that all kinetic energy within the flow at the vena contracta is dissipated (by turbulent
mixing) as fluid moves from vc to c.
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Substituting this result into (2.21), we find that the di↵erence in static pressure
in the ambient fluid on either side of the vent is
pa

pc =

1
pvent = ⇢u2vc
2

(2.23)

Substituting (2.19), we recover the general expression for the pressure drop,
pvent , across a sharp-edged vent (cf. Ward-Smith (1980), for example), given
by
pvent =

⇢Q2
.
2c2d A2

(2.24)

We will use this expression to calculate the drop in pressure across both horizontal
and vertical vents. For (2.24) to be valid for vertical vents, we require that the
vertical extent of the opening is small such that hydrostatic pressure variations
in the plane of the opening can be neglected. For ventilation of a room with
floor-to-ceiling height H (as shown in Figure 2.11), this requires that D/H ⌧ 1,

such that hydrostatic pressure variations over the height of the room are much
larger than those in the plane of the vent.

2.3.2

Flow direction

Equation (2.24) describes the pressure drop across a vent in the direction of
flow. For our analysis of multi-compartment buildings, in which multiple flow
regimes may be possible (see Chapter 6), the direction of flow is a key parameter
for design. We therefore adopt a sign convention for distinguishing between
‘forward’ (Q > 0) and ‘reversed’ (Q < 0) unidirectional flows across a vent, such
that

pvent is positive for ‘forward’ flows and negative for ‘reversed’ flows, i.e.

pvent

8
⇢Q2
>
>
+
< 2c2 A2
d
=
2
>
⇢Q
>
:
2c2d A2

when Q > 0 (forward flow)
(2.25)
when Q < 0 (reversed flow)

as shown in Figure 2.8. For use in design, it will typically be convenient to
choose the ‘forward’ flow direction (shown as an upwards flow in Figure 2.8) as
the direction corresponding to the expected or desired flow, with a ‘reversed’ flow
(shown as a downwards flow in Figure 2.8) corresponding to an undesirable flow
regime.
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Q>0

pc

Q<0

pc

pa

pa

p a > pc

;

pvent > 0

p a < pc

(a) forward flow

;

pvent < 0

(b) reversed flow

Figure 2.8: (a) Forward and (b) reversed flow across a vent and the corresonding sign convention adopted for defining flow rate, Q, and pressure drop,

pvent .

Any direction could, in principle, be chosen to define ‘forward’ flow which, in this
case, is shown as an upwards flow. Static pressures on either side of the vent are
labelled pa and pc to correspond with points a and c on Figure 2.7.

2.3.3

The discharge coefficient, cd

We have introduced the discharge coefficient, cd , in terms of the contraction of the
streamtube. In general, however, cd is the ratio of the actual flow rate observed
across a vent to the flow rate predicted by inviscid theory – which assumes a
dissipationless flow – for a given drop in pressure, i.e.
r
Q
Q
⇢
cd =
=
,
Qinviscid
A 2 pvent

(2.26)

where the second equality comes from rearranging (2.24). The value of cd therefore captures all e↵ects which cause a loss in total pressure across a vent including – but not limited to – contraction of the streamtube, friction and buoyancy
e↵ects.
The value of cd therefore depends on numerous complex, interacting e↵ects and is
a major source of uncertainty in pressure and ventilation flow rate calculations.
Indeed, large variations in the value of cd have been measured. For example,
Bjørn et al. (2000) and Heiselberg et al. (2001) conducted full-scale measurements
of the discharge coefficient for flows through top- and bottom-hung windows and
found 0.3 . cd . 1.1.⇤
However, for well-defined vent geometries and steady flow conditions, cd takes a
⇤

Values of cd > 1.0 are unphysical, and may have been a result of experimental uncertainty,
particularly – as Heiselberg et al. (2001) note – for small opening areas.
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constant value. Ward-Smith (1980) showed that, for sharp-edged openings (with
l/D ⌧ 1) and at high Reynolds numbers (Re > 4000), the discharge coefficient

takes a constant value, cd ⇡ 0.6. A value of cd = 0.6 ± 0.1 was also observed
by Flourentzou et al. (1998) in full-scale measurements of a building ventilated

by stack e↵ect. Hunt & Holford (2000) and Holford & Hunt (2001) measured
the dependence of cd on the density contrast across a vent and showed that,
for flows dominated by inertial, rather than buoyancy e↵ects,⇤ the discharge
coefficient again takes a roughly constant value of cd ⇡ 0.6 (see §2.3.4 for further
discussion).

Taking cd = 0.6 is therefore reasonable in a number of situations, particularly
since ventilation flows are typically high Reynolds number,† and is recommended
as a first estimate in the CIBSE AM10 guidelines (CIBSE, 2005) and CIBSE
guide A (CIBSE, 2006). We summarise the conditions for which this estimate
is valid in Table 2.2. We will restrict our design analysis herein to situations in
which these conditions hold such that cd is constant.
condition

reference
Ward-Smith (1980)

High Reynolds number

l/D ⌧ 1

Re > 4000

Ward-Smith (1980)

Buoyancy e↵ects negligible

Fr > 0.37

Hunt & Holford (2000)

Sharp-edged vent

Table 2.2: Summary of the vent geometry and flow conditions required for a
constant discharge coefficient, cd ⇡ 0.6. The Froude number, Fr, is defined in
equation (2.29).

⇤

Note that this refers to the local flow conditions at a vent. It is possible for a building to be
ventilated by buoyancy only, but for the local buoyancy e↵ects at vents to be negligible, see
§2.3.4.

†

For example, consider flow across a vent with A ⇡ 1m2 , D ⇡ 1m and Q = 100l.s
3

0.1m .s

1

1

=

(a sufficient ventilation flow rate to supply up to 10 people, in accordance with

CIBSE guide A), such that u ⇡ 0.1m.s

1

. From equation (2.13), this gives Re ⇡ 104

which illustrates that, even with modest flow rates, the high Reynolds number condition can
be satisfied. For more examples of Reynolds number calculations for ventilation flows, see
Etheridge & Sandberg (1977).
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2.3.4

The e↵ect of density contrast on cd

Hunt & Holford (2000) showed that buoyancy e↵ects can a↵ect the value of
cd , and conducted a series of experimental measurements, using the salt bath
technique, of flows of buoyant fluid through a horizontal sharp-edged vent. This
situation is depicted in Figure 2.9. Fluid with density ⇢1 passes through a vent
with area A at a flow rate Q and average velocity u = Q/A into a region of fluid
with density ⇢2 . Fluid passing through the vent is buoyant such that ⇢1 < ⇢2 ,
resulting in a plume-like flow beyond the vent. The density contrast can also be
expressed in terms of a reduced gravity, g 0 = g(⇢2

⇢1 )/⇢2 .

Q, u

z

A
⇢2
⇢1
Figure 2.9: Buoyant flow through a horizontal vent with area A. Fluid with
density ⇢1 passes through the vent with a flow rate Q and velocity u into a
region of fluid with density ⇢2 . Fluid passing through the vent is buoyant such
that ⇢1 < ⇢2 .

Hunt & Holford (2000) categorised these flows in terms of a source parameter,⇤
, given by
=

k Q2 B
5

M2

5

k g0A 2
=
,
Q2

(2.27)

where B = Qg 0 is the buoyancy flux across the vent, M = Qu is the momentum
flux across the vent and k is a constant given by
k =

5
1

8↵⇡ 2

⇡ 3.01,

(2.28)

where ↵ = 0.117 is the plume entrainment constant for a ‘top-hat’ velocity profile
(see §2.7). The source parameter can be thought of as a Richardson number,
which quantifies the ratio of buoyancy to inertia within the flow. For

& 20,

Hunt & Holford (2000) showed that buoyancy e↵ects become significant, resulting
⇤

Where ‘source’ refers to conditions in the plane of the vent, i.e. at the source of the outflowing
plume.
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in a ‘lazy’ plume-like flow (see Figure 2.18(b)), which causes the streamtube to
contract further than it would under purely inertial flow (i.e. with no density
di↵erence), and causing cd to decrease rapidly with increasing .⇤ For

. 20,

the dependence of cd on buoyancy is weak and it is reasonable to take cd ⇡ 0.6.
More detailed models linking cd and

were proposed by Holford & Hunt (2001)

and Radomski (2007), following further experimental work. However, the critical
value,

⇡ 20, provides a convenient rule of thumb for use in preliminary design.

This critical condition for cd to be constant can also be expressed in terms of a
Froude number, Fr, given by
Fr =

Q
0 12

5

g A4

.

(2.29)
1

Comparing (2.27) and (2.29), we find Fr = (k / ) 2 , and therefore require
Fr > 0.37 for cd to be constant.
Note that the analysis in this section refers to positively buoyant, plume-like
flows through vents. At the time of writing, no studies were found examining
the e↵ect of buoyancy on cd for the case of negatively buoyant, fountain-like
flows.

2.3.5

Bidirectional flow across a vent

All of our analysis so far has focused on unidirectional flows across vents. However, bidirectional exchange flows – in which fluid flows in both directions across
a vent simultaneously – are also possible.
Bidirectional flows are employed in single-sided ventilation of rooms in which
simultaneous inflow of cool air and outflow of warm air occur through a single
window, or set of windows, a technique described as ‘mixing ventilation’ by
Linden (1999) and others (cf. Figure 1.8(b)). For buildings which employ stacks,
atria or other vertical spaces to enhance stack e↵ect, however, bidirectional flows
are typically undesirable. This is principally due to the fact that a bidirectional
flow across a high-level vent – a stack termination, or high-level atrium vent –
would result in a supply of cool air to the stack or atrium, reducing the stack
⇤

Increasing

from 20 to 40, for example, results in a roughly 30% decrease in cd (see Hunt

& Holford (2000), Figure 5).
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pressure available to drive flows. A unidirectional flow regime – in which each
vent is a dedicated inlet or outlet – is typically most suitable for buildings of this
type. It is informative for design, therefore, to identify conditions under which
bidirectional flows might occur.
Unidirectional and bidirectional flows of buoyant fluid across a horizontal, sharpedged vent are shown in Figure 2.10.⇤ Hunt & Co↵ey (2010) investigated these
flows using salt bath experiments and showed that the type of flow that occurs
depends on the Froude number at the vent, Fr, as defined in (2.29). Above
a critical Froude number, Frcrit , pure unidirectional flow is observed. Below
Frcrit , however, a number of more complex flow phenomena are possible including
‘pulsing’ transient exchange flows and, for sufficiently small values of Fr, steady
bidirectional flow.†
bidirectional flow

unidirectional flow

Fr < Frcrit

Fr > Frcrit
Q
⇢2

A

⇢1
Frcrit

Fr

Figure 2.10: Illustration of unidirectional and bidirectional flow across a horizontal vent. Which type of flow occurs depends upon the Froude number, Fr.
For horizontal, sharp-edged vents, Frcrit = 0.33 (Hunt & Co↵ey, 2010).

Hunt & Co↵ey (2010) found that Frcrit ⇡ 0.33 for horizontal sharp-edged vents.

To ensure unidirectional flows at horizontal vents, we therefore require Fr > 0.33,
providing a useful rule of thumb for design. Note that we use the critical Froude
number condition only to identify when bidirectional flows may occur. Whilst
experimental studies have been conducted to measure and quantify bidirectional
flows – see Epstein (1988) and Heiselberg & Li (2007), for example – no ro⇤

Note that the unidirectional flow in Figure 2.10 is equivalent to the flow shown in Figure 2.9.

†

The distinction between di↵erent types of bidirectional flows has not been shown in Figure
2.10 for simplicity. See Hunt & Co↵ey (2010) for details.
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bust analytical models, suitable for general application in design, yet exist for
calculating bidirectional flow rates.
The transition between unidirectional and bidirectional flow can be thought of
as a consequence of the competition between buoyancy and inertial e↵ects at
the vent, hence the dependence on Fr. High Fr flows are ‘forced’, resulting in
unidirectional flows dominated by inertial e↵ects. For low Fr flows, however,
buoyancy e↵ects dominate and the density contrast across the vent drives positively buoyant fluid upwards and negatively buoyant fluid downwards, i.e. a
bidirectional flow. The requirement for unidirectional flows therefore has a similar physical basis to the Froude number condition for constant cd (discussed in
§2.3.4), i.e. that local buoyancy e↵ects at the vent are not significant. This may
also partially explain the similarity of the critical Froude numbers for these two
criteria (Fr > 0.33 for unidirectional flow; Fr > 0.37 for constant cd ).
Hunt & Co↵ey (2010) considered flows across horizontal vents only. Bidirectional
flows may more readily occur at vertical vents, since buoyant fluid flowing one
way through the top part of the vent naturally separates from denser fluid flowing
in the opposite direction through the bottom part of the vent. We might therefore
expect higher values of Frcrit to be associated with vertical vents.

2.3.6

More complex vent and duct geometries

It is worth mentioning here that, although this section has focussed on sharpedged vents, pressure losses across more complex vent or duct geometries can,
in principle, also be calculated using (2.24) simply by modifying the discharge
coefficient, cd . The discharge coefficient accounts for all e↵ects which cause a
loss in total pressure and can therefore be expressed as a sum of losses as follows
cd =

X
i

⇣i

!

1
2

,

(2.30)

where ⇣i are pressure loss coefficients which can be attributed to any e↵ect which
causes a loss in total pressure, given by
⇣i =

ploss,i
,
⇢u2 /2
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where

ploss,i is the loss in pressure attributed to a given e↵ect i (such as friction),

and u is a reference velocity.⇤ Values of ⇣i can be found for an extensive range of
vent and duct geometries in Idelchik (1986). Summing over all values of ⇣i gives
an overall pressure loss, which is captured by cd . An e↵ective value of cd can, in
principle, then be calculated for any vent or duct.
This approach was applied by Syrios & Hunt (2004) and Hunt & Syrios (2004)
in the context of roof-mounted ventilation towers comprising multiple components, allowing a convenient ‘system loss coefficient’ to be defined.† Similarly,
Chenvidyakarn & Woods (2005) use an e↵ective value of cd to calculate pressure
losses along ventilation stacks in small-scale experiments. Equation (2.24) therefore has broad applicability for calculating the pressure drop across a range of
vent geometries (for high Reynolds number, unidirectional flows).

2.4

Natural ventilation of a single room

Having reviewed a number of the underlying ‘building blocks’ of our mathematical model, we are now able to analyse the case of a single room ventilated by
stack e↵ect. We focus in particular on how flow through the room can be expressed in terms of a balance between stack pressure, which drives the flow, and
the drop in pressure across vents, which can be thought of as a resistance to flow.
Much of this section follows the analysis of Linden et al. (1990) for an ‘emptyingfilling box’, although we frame the key results in terms of a pressure balance
around a flow loop – a technique described by Axley (1998) – since this will
allow the analysis to be readily extended to multi-compartment buildings in
later chapters.

⇤

For flow through a vent or along a duct with constant cross-sectional area A, the reference
velocity is taken as u = Q/A.

†

Syrios & Hunt (2004) note, however, that ⇣i is Reynolds number dependent for meshes and
screens; in this case an iterative approach is required to calculate cd .
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Qc
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z

H

⇢i (z) Ti (z)

⇢e

Te

Qf
Af
Figure 2.11: A naturally ventilated room with floor-to-ceiling height H. Fluid
enters the room through a floor-level vent with cross-sectional area Af , and is
exhausted through a ceiling-level vent with area Ac . The flow rates through the
floor- and ceiling-level vents are Qf and Qc , respectively. Air in the external
environment has uniform density, ⇢e , and temperature, Te . Air within the room
is stratified, with density ⇢i (z) and temperature Ti (z).

2.4.1

Layout of the room

Figure 2.11 shows a room – which is equivalent to the ventilated box from Figure
2.1 – in elevation. The room has floor-to-ceiling height H and is situated in a still,
wind-free environment. The room is ventilated through sharp-edged horizontal
vents at floor-level (z = 0) and ceiling-level (z = H) with cross-sectional areas
Af and Ac , respectively.⇤ We consider the case in which air is drawn into the
room through the floor-level vent and exhausted through the ceiling-level vent,
as shown. The volume flow rates through the floor- and ceiling- level vents are
Qf and Qc , respectively.
Air in the external environment has uniform density, ⇢e , and temperature, Te . Air
within the room is stratified, with density ⇢i = ⇢i (z) and temperature Ti = Ti (z).
Applying equation (2.7), air temperatures and densities are related by
⇢e

⇢i
⇢e

=

Ti

Te
Te

,

(2.32)

where we have taken the external environment as the reference state (i.e. taking
⇤

Note that the vents need not be aligned, one above the other, as shown (for consistency with
other figures in this chapter) in Figure 2.11; it is the vertical separation of vents, rather than
their horizontal positions, that is important.
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⇢0 = ⇢e and T0 = Te ).
Note that we assume that ⇢i and Ti do not vary horizontally. In practice, horizontal variations in density and temperature may a↵ect design, particularly in
‘deep-plan’ buildings in which air has to travel a significant horizontal distance
between inlet and outlet. However, buoyancy forces typically act to even out
horizontal variations in density and temperature, thereby producing a vertically
stratified, horizontally homogeneous internal environment, an observation that
has been corroborated by many small-scale experiments (see §2.7).
We have also assumed that there is no spatial variation in ⇢e and Te . This is not
unreasonable given that noticeable changes (> 1%) in atmospheric air density
and temperature with height occur over scales of around 500m.⇤
Finally note that, in general, all of the quantities in our model will vary with time
such that ⇢i = ⇢i (z, t), Ti = Ti (z, t) and so on. We have not explicitly included
this time-dependence in mathematical expressions for brevity. However, the time
scales associated with variations in pressure, which cause variations in ventilation
flow rates, are extremely rapid (of the order < 1s) compared with the time scales
over which air density (and temperature) within the room change (of the order
minutes or hours). For the purposes of modelling, we can therefore assume that
any time variation in density will instantaneously result in a change in pressure
and ventilation flow rate, and that the pressure balance analysis in this section
is valid for both steady-state and transient flows.

2.4.2

The flow loop

We analyse ventilation of our example room by tracing flow around a closed
‘flow loop’ which passes through the room and external environment, as shown
in Figure 2.12. A number of key points on the flow loop, numbered 1 to 6, are
highlighted. We apply Bernoulli’s theorem (equation (2.16)) along streamlines
connecting each pair of points to form a mathematical model of flows through
⇤

Taking the temperature gradient at ground level as dT /dz =

6.5K.km

using a reference temperature of Te = 300K, we find from (2.8) that
at z ⇠ 500m.
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6

5
4

z
1

2

3

Figure 2.12: Flow loop through a single room. The edges of the streamtubes
passing through the floor- and ceiling-level vents are shown by dotted lines, and
the plane of the vena contracta for each vent is highlighted by a dashed line. The
locations of the points 1 to 6 are discussed in the text.

the room.
Points 1 and 6 are in the external environment and are chosen to be sufficiently
far away from the vents that fluid velocity at these points can be neglected,
i.e. u1 = u6 = 0. Similarly, points 3 and 4 are situated within the room,
but sufficiently far away from the vents that u3 = u4 = 0. Point 2 is situated
within the streamtube passing through the floor-level vent, at the vena contracta.
Similarly, point 5 is situated at the vena contracta of flow passing through the
ceiling-level vent.
Point 1 is located in the plane of the floor-level vent, such that z1 = 0. Points
2 and 3 are both at the level of the vena contracta for the ground-level vent.
Similarly, point 4 is located in the plane of the ceiling-level vent, such that
z4 = H; and points 5 and 6 are both at the level of the vena contracta for the
ceiling-level vent. Following the analysis of §2.3, we assume for each vent that the
vertical separation between the vent and the vena contracta is small compared

with the height of the room, H, such that we can write z1 = z2 = z3 = 0 and
z4 = z5 = z6 = H.
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2.4.3

Flow through vents

The streamline between points 1 and 3 describes flow across the floor-level vent.
Following the analysis of §2.3, the change in pressure between 1 and 3 is given
by equation (2.24), i.e.

p1

p3 =

pvent,f

⇢e Q2f
= 2 2,
2cd,f Af

(2.33)

where cd,f is the discharge coefficient for the floor-level vent. Similarly, following
the streamline between points 4 and 6, and assuming a Boussinesq flow such that
⇢i ⇡ ⇢e , the change in pressure across the ceiling-level vent is
p4

p6 =

pvent,c =

⇢e Q2c
,
2c2d,c A2c

(2.34)

where cd,c is the discharge coefficient for the ceiling-level vent.

2.4.4

Hydrostatic balance

Away from the vents, we assume that fluid velocities are negligible such that the
pressure distribution is hydrostatic, i.e.
dp
=
dz

⇢g.

(2.35)

Integrating (2.35) between points 1 and 6 in the external environment, we find
p1

p6 = ⇢e gH.

(2.36)

Similarly, integrating (2.35) between points 3 and 4 within the room, and noting
that ⇢i = ⇢i (z), we find
p3

2.4.5

p4 =

Z

H

⇢i g dz.

(2.37)

0

Closing the flow loop

Since pressure is a state function, when we pass around the flow loop – starting
and finishing at the same point – the net change in pressure experienced will
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be zero. For example, if we start at point 1, pass around the flow loop, and
return to point 1, the pressures at the start and end of our circuit are both p1 .
Mathematically, this process is described by summing pressures around the flow
loop as follows:
(p1

p3 ) + (p3

p4 ) + (p4

p6 ) + (p6

p1 ) = 0.

(2.38)

Substituting the results from (2.33) to (2.37), and dividing by ⇢e , the pressure
balance around the flow loop becomes
Q2f
Q2c
+
=
2c2d,f A2f
2c2d,c A2c

Z

H
0

✓

⇢e

⇢i
⇢e

◆

g dz.

(2.39)

Treating air as incompressible to leading order and applying continuity, the
flow rates through the floor- and ceiling-level vents must be equal such that
Qf = Qc = Q. Equation (2.39) then simplifies to recover the general result of
Linden et al. (1990), in which the flow rate, Q, through the room is given by
⇤

Q=A
where
0

g =g

✓

⇢e

✓Z
⇢i

⇢e

H

0

g dz
0

◆

=g

✓

◆ 12

,

Ti

(2.40)

Te
Te

◆

(2.41)

is the reduced gravity, and
A⇤ =

1
2c2d,f A2f

+

1
2c2d,c A2c

!

1
2

(2.42)

is a combined e↵ective vent area for both the floor- and ceiling-level vents, which
characterises the resistance they pose to the ventilating flow. Equation (2.41)
provides the definition of reduced gravity for application to building ventilation.
We will use this definition extensively herein to describe variations in internal
air density and temperature.

2.4.6

Pressure balance for a single room

Equation (2.40) provides a general expression linking the flow rate, Q, through
the room with the key variables g 0 and A⇤ . This relationship can also be expressed
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in terms of a pressure balance by rewriting (2.39) as follows

|

where

pvent,f +
{z

pvent,c =
pstack
}
| {z }

(2.43)

⇢e g 0 dz

(2.44)

resistance to flow

pstack =

driving pressure

Z

H

0

is the stack pressure which drives the flow. This relationship can more clearly be
seen in Figure 2.13, which shows the pressure distribution within the room and
in the external environment.
z

z
pvent,c

pvent,f

pvent,c

z=H
npl
ou

g 0 (z)

i
ts

s id

de

in
e

z=0

p
pvent,f

(a)

p
pstack
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Figure 2.13: (a) Pressure distribution and (b) pressure excess distribution
within the naturally ventilated room shown in Figure 2.11. The temperature
and density stratification within the room is described by a reduced gravity,
g 0 = g 0 (z). The neutral pressure level (npl), at which the pressures inside and
outside the room are equal is also highlighted.

Note that Figure 2.13 also shows the height at which the pressures inside and
outside the room are equal, which is known as the neutral pressure level (NPL).
Below the NPL, there is a pressure deficit within the room, causing any vent
below the NPL to act as an inlet. Conversely, any vent above the NPL acts as
an outlet due to the pressure excess within the room. It is clear, therefore, that
the NPL is a useful parameter for analysis and design of natural ventilation in
a single room, and widely appears in design guidance such as the CIBSE AM10
(CIBSE, 2005). However, as we will see in Chapter 3 (§3.2.2), it is difficult
to define the NPL in buildings with multiply connected spaces. We will not,
therefore, employ the NPL in analysis, but will instead focus on the pressure
balance around flow loops, using equations of the form of (2.43).
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2.5

The general pressure balance

The pressure balance in (2.43) can be generalised by writing it as
plosses =
where

pdriving ,

(2.45)

plosses captures all ‘resistive’ losses in pressure around the flow loop and

pdriving is the net pressure driving the ventilating flow. For our analysis so far,
we have considered only pressure losses due to flow across vents, and the driving
pressure due to stack e↵ect. Although this simple balance will be sufficient for
much of our analysis, we note that numerous other e↵ects can impact on the
pressure balance, such as losses due to friction in ducts and turbulent mixing.
For completeness, we provide a brief outline of some of these e↵ects here.

2.5.1

Wind pressure

In general, the net pressure driving a natural ventilation flow is a result of a
combination of stack e↵ect and wind pressure, i.e.
pdriving =
where

pstack +

pwind ,

(2.46)

pwind is the (assisting) wind pressure. For a given wind speed, uw , the

static pressure on a given point on the external surface of a building, p, is related
to static pressure in the absence of wind, p0 , by
p

p0 = cw

⇢e u2w
2

(2.47)

where cw is a dimensionless wind pressure coefficient. The value of cw depends
primarily on building geometry and wind direction and can be determined in wind
tunnel experiments using small-scale building models. Cóstola et al. (2010), for
example, use small-scale wind tunnel experiments to measure the values of cw
on various points on the exterior surface of a building for a number of building
geometries and wind directions. Note that cw > 0 corresponds to an increase in
pressure relative to the case of no wind, whereas cw < 0 corresponds to a decrease
(i.e. a suction). A detailed overview of wind pressure coefficients, including
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values for a variety of building geometries, is presented by Orme (1994).
For a flow through a building, the wind pressure driving flows,

pwind , is related

to the wind pressure coefficients at the inlet and outlet vents – denoted cw,in and
cw,out , respectively – by
1
pwind = ⇢e u2w cw
2
where

cw = cw,in

(2.48)

cw,out .

We will neglect wind pressure for analysis herein, and focus on ventilating flows
driven by buoyancy (stack e↵ect) only. As noted in §1.3.4, the rationale for this
is, firstly, that wind pressures are difficult to predict and control, and secondly,

because – through careful inlet and outlet design – buildings can readily be
designed to ensure that wind always assists stack ventilation (such as the CH2
building in Melbourne, shown in Figure 1.10). The case of stack e↵ect only can
therefore be thought of as a ‘worst case’ scenario, and a building which provides
sufficient ventilation in the absence of wind should, in principle, always meet
or exceed design demands. Our analysis herein is therefore intended to inform
conservative design guidance.

2.5.2

Pressure losses

So far, we have considered only the pressure losses that arise due to flow through
vents. A number of other ‘resistive’ flows, driven by a drop in pressure are shown
in Figure 2.14.
Adventitious crack flow: No building is entirely airtight, and leakage flows
through adventitious (accidental or unwanted) openings – such as gaps around
window or door frames (as shown in Figure 2.14(a)), or cracks in the building
fabric – are possible. Following Etheridge (1998), the pressure drop,

pcrack ,

which is required to drive a flow rate Q through a general adventitious opening
is given by
pcrack = aQ + bQ2 ,

(2.49)

where a and b are constants, the values of which are found by empirical measurement (see Baker et al. (1987), for example).
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Figure 2.14: Examples of a number of ‘resistive’ flows which require a drop in
pressure. (a) Crack flow through a window. (b) A flow junction (in a stack, or
atrium, for example). (c) A long duct, with frictional losses.

The pressure drop required to drive significant leakage flow rates is typically large
compared to stack pressure. As an indication, leakage flow rates are typically
measured in ‘blower door’ tests, in which a nominally sealed building is pressurised to 50Pa (see UK Building Regulations, part L2A, for example (HMSO,
2010)). Stack pressures are typically less than 10Pa⇤ . We will therefore neglect
the e↵ects of leakage through adventitious openings herein.
Flow junctions: Figure 2.14(b) shows an example of a flow junction in which
two flows converge. This is a typical feature in buildings with ventilation stacks
or atria linking multiple floors. Figure 2.14(b) shows the flow of fluid along a
duct or stack with cross-sectional area S. The flow rate in the stack below the
vent is Q1 . This flow is joined by fluid passing through a vent with area A at a
rate Q2 . The resultant flow rate in the stack is Q3 = Q1 + Q2 .
Consider first the flow travelling in a straight line along the stack. The increase in
flow rate in the stack leads to an increase in vertical momentum, which must be
produced by a drop in pressure, which we denote

pmix , since this can be thought

of as a loss due to the mixing of two converging flows. Following Livermore &
Woods (2006), and applying vertical momentum conservation , we find
pmix = p1
⇤

p3 =

⇢
Q23
S2

Q21 .

(2.50)

For example, for a building with height 20m, for which the internal air temperature is 10 C
above ambient, we have

pstack ⇠ ⇢e g 0 H ⇡ 8Pa.
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Similarly, a drop in pressure is experienced by the fluid which is joining the flow
in the stack through the vent, which we denote

pjoin . Combining the result in

(2.50) with energy conservation, we find
pjoin = p2

p3 =

⇢
Q22 + Q1 Q2
2
2S

Q21 .

(2.51)

See Appendix A for a full derivation of this result and further discussion. Note
that both

pmix and

pjoin have a dependence on Q2 /S 2 . Our analysis will focus

on buildings with ‘wide’ stacks or atria, which are large compared to vents, with
S/A

1. In this case,

pmix ⌧

pjoin ⇠

pvent and

pvent , i.e. we can neglect

the additional pressure losses that arise at flow junctions.
Frictional losses: Figure 2.14(c) shows a flow of fluid at a rate Q along a
circular duct with diameter D and length L. The pressure drop that occurs due
to friction along the duct,

pfric , is given by
✓ ◆✓ 2◆
2L
⇢Q
pfric = cf
,
D
S2

(2.52)

where S = ⇡D2 /4 is the cross-sectional area of the duct and cf is a friction factor,
related to the Reynolds number of flow through the duct – for turbulent flows –
by the Blasius formula, cf = 0.079Re

0.25

(Ward-Smith, 1980), where Re is the

Reynolds number as defined in equation (2.13).
In the context of natural ventilation, frictional losses may occur long, narrow
stacks. Livermore & Woods (2006) conducted an example calculation for a typical stack and showed the frictional losses,
smaller than the losses across vents,

pvent .

⇤

pfric , to be an order of magnitude
A similar calculation in the CIBSE

AM10 guide (p.56) also shows frictional losses to be significantly smaller than
other loss terms. We will therefore neglect frictional losses for calculations herein.

⇤

Taking Re ⇠ 105 , L = 10m and D = 1m results in

a vent, for which cd = 0.6, we find
2

2

pfric ⇠ 0.2⇢Q2 /S 2 . Comparing with

pvent ⇠ 2⇢Q2 /A2 , and therefore that

pvent / pfric ⇠

10S /A . Even for narrow stacks, for which S ⇠ A, we can therefore reasonably neglect
frictional losses.
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2.6

Heat balance

The stack pressure that drives ventilating flows is produced by variations in air
density, which are a result of variations in air temperature. These variations in
temperature, in turn, are produced by heat gains within a building from office
equipment, occupants’ body heat, solar gains, and so on. Air temperatures within
a building can be calculated by considering the balance between internal heat
gains, and heat exchange with the external environment due to ventilation and
transfer through the building fabric. In this section we consider the heat balance
for a single ventilated room, which we extend to multi-compartment buildings in
later chapters.

2.6.1

Heat balance for a single room

Figure 2.15 shows a room, ventilated by stack e↵ect, containing a heat source
with strength W (Watts), which – applying (2.9) – can also be expressed as a
buoyancy flux, B (m4 .s 3 ). We examine the case in which the air inside the
room has uniform temperature Ti .⇤

The temperature of air in the external

environment is Te . Applying equation (2.41), the temperature excess (or deficit)
within the room can also be expressed in terms of a reduced gravity, g 0 . The flow
rate through the room is Q. The rate of heat transfer through the building fabric
to the external environment is Wloss (Watts) or, equivalently, Bloss (m4 .s 3 ).
Applying conservation of enthalpy, the heat balance for the room is given in
terms of the ‘engineering’ variables, T and W , by
⇢e c p V

dTi
=W
dt

Wloss

⇢e cp Q(Ti

Te ),

(2.53)

where V is the volume of the room. Equivalently, (2.53) can be rewritten in
⇤

At steady state, an approximately uniform temperature internal environment is produced by
a distributed heat source at floor level, as shown by Gladstone & Woods (2001) (see §2.7).

In principle, however, the heat balance analysis presented in this section could be applied to
any building zone for which is it reasonable to assume a uniform temperature distribution,
regardless of the geometry and location of heat sources.
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Q

Bloss Wloss

Ti (t) g 0 (t)

Te

Q

B W

Figure 2.15: A ventilated room containing a heat source with strength W
(Watts) or, equivalently, B (m4 .s

3

). Air within the room has uniform temper-

ature Ti ; air in the external environment has temperature Te . The temperature
excess within the room can also be expressed in terms of a reduced gravity,
gi0 . The flow rate through the room is Q. Heat is lost to the external environment through the building fabric at a rate Wloss (Watts) or, equivalently, Bloss
(m4 .s

3

).

terms of the ‘fluid dynamical’ variables, g 0 and B, as follows
V

2.6.2

dg 0
=B
dt

Bloss

Qg 0 .

(2.54)

Heat loss through the building fabric

For practical design – and particularly for preliminary design – it is convenient
to ‘wrap up’ some of the complex physics associated with heat transfer into a
‘U-value’ model (see CIBSE guide A, p.3-3, for example), in which the rate of
heat transfer across a surface is proportional to the temperature di↵erence across
it. Applying a ‘U-value’ model to the room in Figure 2.15, the rate of heat loss
through the building fabric is given by
Wloss =

X

US AS (Ti

Te )

(2.55)

S

where AS is the surface area of any surface S – such as a window or wall –
which separates the internal and external environments and U (W.m2 .K 1 ) is
a heat loss coefficient (‘U-value’) for the surface. The values of US characterise
the thermal properties of the materials that comprise the building fabric, such
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as glass and brick. A detailed description of how to calculate the U-values for a
range of building components is given in the CIBSE guide A, Chapter 3 (CIBSE,
2006). Summing over all surfaces gives the total heat loss through the building
fabric. Combining (2.9) and (2.55), the equivalent buoyancy flux, Bloss , which
describes the rate of heat loss is
Bloss = µg 0
where
µ=

P

(2.56)

US AS
⇢e c p

S

(2.57)

is an overall heat transfer parameter for the room.⇤
Combining (2.55) and (2.53), the heat balance for the room can be written in
‘engineering’ variables as
dTi
⇢e c p V
=W
dt

X

!

US AS + ⇢e cp Q (Ti

S

Te ) .

(2.58)

Equivalently, by combining (2.57) and (2.54), the heat balance is given in ‘fluid
dynamical’ variables as

dg 0
= B (µ + Q)g 0 .
dt
We will use this form of the heat balance extensively herein.
V

2.6.3

(2.59)

Solving the heat and pressure balance models

The general heat balance equation in (2.58) describes how the air temperature
within a single room is influenced by internal heat gains and the ventilation flow
rate through the room. The pressure balance equation in (2.40) describes how
the (buoyancy-driven) flow rate through the room, in turn, is related to the air
temperature. The two models are therefore interdependent and together constitute a complete simplified mathematical model of heat and air flows through the
room.
The same general principle applies to any naturally ventilated building. Heat and
⇤

Note that µ has units of flow rate (m3 .s

1

), and can therefore be thought of as an equivalent

leakage flow rate which would result in the rate of heat loss given by Bloss or Wloss .
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pressure balance models must be solved in combination to describe the movement
of heat and air through the building. We will use two approaches herein to
combine and solve heat and pressure balance models, illustrated schematically
in Figure 2.16:
Pressure balance

Pressure balance

Combined model
for a specified flow regime

Time

Heat balance

Heat balance

(a)

(b)

combined heat and air
flow model

time stepping
‘ping-pong’ model

Figure 2.16: Two approaches for solving heat and pressure balance models to
predict heat and air flows through buildings. (a) For steady flows it is possible
to combine the heat and pressure balance models and solve simultaneously, when
the direction of flow across all vents is specified. (b) For more general transient
analysis, the heat and pressure balance models must be solved separately. For
analysis herein, we use the ‘ping-pong’ time-stepping approach shown.

Simultaneous solution for a given steady flow regime: For steady flows, in
which the direction of flow across all vents is specified, it is possible to combine
and solve the heat and pressure balance models simultaneously, as shown in
Figure 2.16(a). In some cases, analytical solutions are possible, thereby providing
rapid and intuitive design guidance. Where analytical solutions are not possible,
the heat and pressure balance models can be solved numerically (using MATLAB,
for example) with a small computational overhead. We will use a simultaneous
solution of heat and pressure balance models for our analysis of steady flows in
Chapters 3, 4 and 5.
Time-stepping ‘ping-pong’ solution: For a more general analysis of the
transient behaviour of flows, or in situations where multiple flow regimes are
possible, the heat and pressure balance models must be solved separately. For
our analysis in Chapter 6, we will use a time-stepping approach – referred to as a
‘ping-pong’ method by Hensen (1995) – in which the heat and pressure balance
models are solved in turn, as shown in Figure 2.16. At a given instant in time,
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the pressure balance model is solved. The heat balance model is then solved,
which provides the inputs for the pressure balance model at the next time step,
and so on. See Chapter 6 for more detail.

2.6.4

Example: steady flow through a ‘well-insulated’ room

In order to illustrate the simultaneous solution of heat and pressure balance
models, consider the simplified case of steady flows (dg 0 /dt = 0) through the
room shown in Figure 2.15, which we also assume to be ‘well-insulated’ such that
heat transfer to the external environment is negligible (i.e. µ = 0). Substituting
these simplifications into (2.59), the heat balance for a single room becomes
B = Qg 0 ,

(2.60)

which is equivalent to the definition of the buoyancy flux in (2.10).
Applying the pressure balance in equation (2.40) to the room, we find that the
ventilation rate is related to the (uniform) air temperature and density by
1

Q = A⇤ (g 0 H) 2 .

(2.61)

Combining equations (2.60) and (2.61), the flow rate through the room can be
expressed in terms of the independent ‘input’ variables, H, A⇤ and B, as follows
2

1

Q = A⇤ 3 (BH) 3 .

(2.62)

Similarly, the (uniform) air temperature within the room is given by
2

0

g =

B3
2

1

A⇤ 3 H 3

.

(2.63)

Equations (2.62) and (2.63) constitute a simultaneous analytical solution of the
heat and pressure balance equations in (2.60) and (2.61), respectively. For known
values of of the independent ‘input’ variables, H, A⇤ and B, the dependent
variables, Q and g 0 , can then be readily calculated.
We extend this approach to multi-storey atrium buildings in Chapter 4, with
a particular focus on how analytical solutions of the heat and pressure balance
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equations can be used to inform design.

2.7

Temperature and density stratification

2.7.1

Stratification and heat sources

The temperature and density stratification within a room is closely linked to the
location, number and geometry of heat sources with the room. The stratification
patterns produced by some example heat source types within a room ventilated
by stack e↵ect only are shown in Figure 2.17.
Localised heat sources – such as individual building occupants – shown in Figures
2.17(a) and (b), produce turbulent buoyant plumes (represented by graded wedge
shapes), which carry fluid upwards away from the source. Linden et al. (1990)
showed that a highly localised point source produces a two-layer stratification,
with a layer of warm, buoyant air above a layer of denser ambient air, as shown in
Figure 2.17(a). Similarly, a localised circular source of finite extent also produces
a two-layer stratification (Kaye & Hunt, 2010), as shown in Figure 2.17(b). The
depth and reduced gravity of the warm layer – which determine the stack pressure
driving flows through the room – can be linked to the geometry of the room and
heat source, as we discuss in §2.7.2.
Hunt et al. (2001) showed that a horizontally distributed heat source at floor
level – such as underfloor heating – which occupies more than 15% of the floor
area, drives turbulent high Rayleigh number convection which produces a ‘wellmixed’ uniform internal environment, as shown in Figure 2.17(c). A uniform
internal environment can also result from mixing driven by inflowing air, which
we discuss in §2.7.4.
Figures 2.17(d) and (e) show two examples of more complex stratification patterns. Figure 2.17(d) shows the e↵ect of a vertically distributed heat source
– which might occur in a solar chimney, for example, where a vertical wall is
heated by the sun – which produces a gradual increase in temperature with
height (Cooper & Hunt, 2010). Multiple localised sources of unequal strength
produce multi-layer stratification patterns (Linden et al., 1990; Cooper & Lin89
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(a)

(b)

z

(c)

z

g0

(d)

z

(e)

z

g0

g0

z

g0

g0

Figure 2.17: Schematics of stratification patterns in a single ventilated room
produced by a variety a di↵erent heat sources. (a) A point source and (b) a localised circular source at floor level both generate turbulent plumes (represented
by graded wedge shapes) which produce a two-layer stratification, (c) a horizontally distributed source produces a ‘well-mixed’ uniform environment. (d) A
vertically distributed source, or (e) multiple point sources of unequal strength
produce more complex stratifications.

den, 1996); an example three-layer stratification for a room with two sources of
unequal strength is shown in Figure 2.17(e).
These examples are intended to illustrate the fact that a wide variety of stratification patterns can be produced by relatively simple arrangements of heat
sources. Numerous more complex stratification patterns can occur in practice.
As a consequence, the mathematical models required to accurately describe the
fluid dynamics are often highly detailed. Since our focus is on the intuitive value
of simple models, we restrict our attention to the simplest stratification patterns
– namely the two layer stratification and ‘well-mixed’ internal environment.

2.7.2

Plumes from localised heat sources

The two-layer stratification shown in Figures 2.17(a) and (b) is produced by
the turbulent plumes which are generated by localised heat sources. Following
Linden et al. (1990), the depth of the warm, buoyant layer can be calculated by
considering the fluid dynamics of the plumes.
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Qp , gp0

z

Qp , gp0

up
ue
B

B
2r

(a)

(b)

Figure 2.18: Two localised heat sources with strength B: (a) a point source
and (b) a circular source with radius r. Each source generates an axisymmetric,
turbulent buoyant plume which carries fluid with reduced gravity gp0 upwards
with flow rate Qp and (uniform) vertical velocity up . Ambient fluid from the
quiescent surrounding environment is entrained into the plume causing Qp to
increase and gp0 to decrease with height.

Figure 2.18(a) shows a representation of a point heat source with strength B
(in m4 .s 3 ). The source generates an axisymmetric turbulent, buoyant plume,
which carries fluid upwards.⇤ Ambient fluid is entrained into the plume as it
rises, causing the flow rate in the plume, Qp , to increase with height, and the
reduced gravity of fluid within the plume, gp0 , to decrease.
Following Morton et al. (1956), the flow rate in the plume can be calculated by
assuming a ‘top-hat’ velocity profile – such that the vertical velocity within the
plume, up , is uniform – and assuming that fluid is entrained across the plume
boundary with a horizontal velocity ue = ↵up , where ↵ ⇡ 0.117 (Turner, 1986)

is the plume entrainment constant.† Conserving fluxes of mass, momentum and
buoyancy, Morton et al. (1956) found that the flow rate in the plume is given
by‡
1

5

Q p = kp B 3 z 3 ,
⇤

(2.64)

Note that, at any given instant in time, the shape of the plume will be highly complex
due to the turbulent nature of the flow. However, when averaged over time, the plume is
axisymmetric, allowing the simplified model of Morton et al. (1956) to be used.

†

The value of entrainment constant quoted here is for a ‘top-hat’ velocity profile. The value
p
quoted by Turner (1986) is for a Gaussian velocity profile, ↵Gaussian = 0.083 = ↵top-hat / 2.

‡

The model developed by Morton et al. (1956) is valid for Boussinesq plumes. For a discussion
of non-Boussinesq plumes, see Carlotti & Hunt (2005), for example.
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where
6
kp =
5

✓

9
10

◆ 13

2

4

⇡ 3 ↵ 3 ⇡ 0.143

(2.65)

is a constant. Conserving buoyancy flux, the corresponding reduced gravity of
fluid within the plume is gp0 = B/Qp .
Kaye & Hunt (2007, 2010) extended the work of Morton et al. (1956) to model a
circular source of heat with a finite radius. Figure 2.18(b) shows a representation
of a circular heat source with strength B and radius r. The source again generates
an axisymmetric turbulent buoyant plume which carries fluid upwards. However,
close to the source, the flow is ‘lazy’ – with a deficit of momentum relative to
its buoyancy – causing the plume to neck inwards in a similar fashion the flow
across a vent shown in Figure 2.7. Far away from the source, the plume becomes
‘pure’ and behaves as for the point source. The flow can therefore be divided into
near-field (‘lazy’) and far-field (‘pure’) regions. Following Kaye & Hunt (2010),
the flow rate in the plume in each of these regions is given by
8
<12.3kp B 13 r 23 z
for z < 0.4r (near-field),
Qp =
:k B 13 (z + 2.2r) 53 for z 0.4r (far-field).

(2.66)

p

Comparing (2.64) and (2.66), note that the flow rate from a circular source is
greater than the flow rate from a point source for all z and all r > 0. When
r = 0, the expressions are equivalent and (2.66) simply describes a point source.

2.7.3

Layer depth in a room containing localised heat sources

Figure 2.19(a) shows a room – with equivalent geometry to the room in Figure
2.11 – containing a single point source with strength B. The plume produced
by the source sets up a two-layer stratification, with a warm, buoyant layer with
reduced gravity g 0 overlaying a layer of ambient fluid. The interface between the
layers is a height h above floor level. The plume entrains ambient air from the
lower layer, thereby providing a mechanism to transfer fluid from the lower to
the upper layer. The flow rate in the plume at the interface is Qpi , given by
setting z = h in (2.64). The flow rate through the room is Q, which, from (2.40)
is given by
Q = A⇤ (g 0 (H
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h)) 2 .

(2.67)
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Q
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g0

g0

Qpi

H

z
h

Q

Q

h
B

Qpi
z }| {
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Figure 2.19: A room containing (a) a single point heat source with strength B
and (b) n identical circular sources with total strength B (in the example shown,
n = 2). A two-layer stratification is observed in both cases, with a warm layer
with (uniform) reduced gravity g 0 overlaying a layer of ambient air. The height
of the interface between the layers is h. Turbulent buoyant plumes carry fluid
across the interface. The total flow rate in the plume(s) at the interface is Qpi .
The flow rate through the room is Q.

In general, the height of the interface can vary with time. Conserving volume
within the upper layer,
dh
Q Qpi
=
,
dt
S

(2.68)

where S is the plan area of the room. In general, (2.68) requires a numerical
solution, since both h and g 0 , and therefore Q, depend upon the time history of
the flow within the room.
Linden et al. (1990) showed that an analytical solution is possible for steady
flows, for which dh/dt = 0. In this case, substituting the results of (2.64) and
(2.67) into (2.68) gives
1

A⇤ (g 0 (H

1

5

h)) 2 = kp B 3 h 3 .

(2.69)

Since the flow is steady, g 0 is simply given by the reduced gravity in the plume
at the interface, i.e. g 0 = B/Qpi . Substituting this result into (2.69), the height
of the interface can be calculated by the implicit relation
⇤

3
2

A = kp

✓

h5
H

h

◆ 12

.

(2.70)

Note that h scales approximately with the combined e↵ective vent area A⇤ (equa93
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tion (2.42)). Increasing A⇤ allows for an increase in the flow rate Q, thereby
causing h to increase, and cooling the room such that g 0 decreases. Conversely,
decreasing A⇤ restricts flow, causing a decrease in h and Q, and an increase in
g0.
Linden et al. (1990) also analysed the case of multiple non-interacting identical
localised heat sources within a room. This scenario is shown for multiple circular
sources in Figure 2.19(b). The room contains n sources with total strength B,
such that the strength of each source is B/n (the case of n = 2 is shown). The
plumes produced by the sources carry fluid across the interface with a total flow
rate Qpi , such that the position of the interface is again described by (2.68). The
flow rate in each plume at the interface is Qpi /n.
Repeating the steady-state analysis from above for n sources, and using the
model of Kaye & Hunt (2010) in equation (2.66) to calculate Qpi , the steady
interface height is given by
8
✓ 2 3 ◆ 12
>
3
>
r h
>
2
>
43.1kp
<
⇤
H h
A
=
✓
◆1
>
n
3
>
(h + 2.2r)5 2
>
2
>
: kp
H h

for h < 0.4r,
(2.71)
for h

0.4r.

Equation (2.71) describes two e↵ects. Firstly, increasing the number of sources,
n, within a room decreases h. This can be thought of as a consequence of ‘splitting’ the e↵ective vent area A⇤ between multiple sources. Secondly, increasing
the heat source radius, r, increases the flow rate in the plume(s), again causing
a decrease in h. For a given total heat input, a decrease in h also results in an
increased ventilation flow rate, Q, and a decrease in warm layer temperature, g 0 .
These e↵ects are summarised in Figure 2.20, which shows how the warm layer
depth in a room increases both with number of heat sources and heat source area.
For a sufficient number of heat sources (i.e. sufficiently large n) and/or when
the heat sources occupy a sufficient floor area, h ! 0 and the room becomes
‘well-mixed’. Hunt et al. (2001) showed that this occurs when the heat sources
occupy more than 15% of the floor area.
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increasing heat source area
Figure 2.20: Illustration of the e↵ect of the number of heat sources and heat
source area on the depth of the warm layer of air within a room. A single point
source (bottom-left) produces the smallest warm layer depth. Increasing the area
and/or number of heat sources increases the warm layer depth. When the heat
sources occupy more than 15% of the floor area, the stratification breaks down
and the room becomes ‘well-mixed’ (top-right). We note that this picture is
valid for multiple identical heat sources; more complex stratification patterns are
possible with multiple heat sources of unequal strength (cf. Figure 2.17(e)).

2.7.4

The ‘well-mixed’ environment

For much of our analysis herein, we will assume a ‘well-mixed’, uniform temperature environment within each room or zone in a building. The analysis
presented in the previous section and summarised in Figure 2.20 acts, in part,
as justification for this simplification: real buildings contain multiple sources of
heat – building occupants, office equipment, solar gains and so on – which occupy potentially significant portions of the floor area within each room. It is
not unreasonable to assume that these sources might occupy 15% or more of
the floor area, thereby satisfying the criterion of Hunt et al. (2001), and leading
to a ‘well-mixed’ internal environment. This analysis is also compatible with
modern heating and cooling strategies such as underfloor heating and chilled
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ceilings – both of which are distributed sources. Multizone software packages
such as COMIS (Feustel & Rayner-Hooson, 1990) are also based on ‘well-mixed’
environments within each building zone.
Even in the presence of a point heat source, a ‘well-mixed’ environment can
result as a consequence of mixing driven by inflowing air, as shown in Figure
2.21. This flow phenomenon was studied by Co↵ey (2006) and Larice (2009),
who categorised the transition from no mixing to mixing in terms of a Froude
number for the lower vent. We do not specifically consider mixing by inflowing
air herein. Indeed, the flow velocities required to produce vigorous mixing in
this manner may result in uncomfortable draughts for building occupants. We
highlight this phenomenon here simply to show illustrate the variety of situations
in which a ‘well-mixed’ environment can occur.
negligible mixing
by inflow

(a)

strong mixing
by inflow

(b)

(c)

Figure 2.21: Illustration of disruption by inflowing air of the stratification
within a room containing a point heat source. (a) For low inflow velocities,
little mixing is driven by the inflow, and a two-layer stratification persists. (b)
At higher velocities, the inflow entrains fluid from the upper layer, reducing
the density contrast between the upper and lower layers. (c) At sufficiently
high inflow velocities, vigorous mixing by the inflow generates an approximately
uniform internal environment.

2.7.5

Dynamic thermal zoning

Assuming building zones are well-mixed simplifies analysis by removing the need
to consider the generally complex fluid dynamics of interacting plumes, jets,
fountains and other flow features associated with heat sources. As noted in
§2.7.4, this is often a reasonable assumption for rooms containing multiple, finite
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area heat sources.
However, for some building zones – particularly tall vertical spaces such as stacks,
solar chimneys or atria – we note that a strong stratification is likely to exist.
Penz (1986), for example, conducted full-scale measurements of the vertical temperature profile within a school building with an atrium, approximately 10m in
height, and showed a significant di↵erence in temperature (around 5 to 10 C) between the top and bottom of the atrium. Similarly, Chen et al. (2003) measured
the temperature distribution within an enclosure with a heated wall – similar to
a solar chimney – and observed a strong stratification.
It may be necessary, when modelling these types of spaces, to capture some of
the e↵ects of stratification in order to ensure that stack pressures and therefore
ventilation flow rates can be accurately predicted. Taking stratification into
consideration is also important when making the distinction between occupied
zones – which are typically close to floor level and within which temperatures
should be carefully controlled – and unoccupied zones – at higher levels, in which
higher temperatures are permissible.
One simple method for building stratification into our model is to divide spaces
up into thermal zones. An example, in which a solar chimney with a strong
stratification is divided into three zones is shown in Figure 2.22.⇤ The gradual
stratification, g 0 (z), shown in Figure 2.22(a), is approximated by three wellmixed zones, shown in Figure 2.22(b). The air temperature within each zone
is denoted gi0 (i = 1, 2, 3). Similarly, the vertically distributed heat input, with
total strength B, is split between the zones such that the heat input within each
zone is Bi , and B1 + B2 + B3 = B.
This thermal zoning method captures some of the e↵ects of stratification within
the space, whilst avoiding the need to consider the complex physics of the flows.†
This approach is also compatible with multizone and energy modelling software;

⇤

Note that our choice of three zones in Figure 2.22 is somewhat arbitrary, and any number of
zones could in principle be used to provide an appropriate level of detail. See Figure 3.3 for
a further example of thermal zoning in a multi-compartment building.

†

See Cooper & Hunt (2010) for a more detailed discussion of the fluid dynamics within a room
containing a vertically distributed heat source.
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g 0 (z)

B

⇡

gradual stratification
(a)

g30 B3

zone 3

g20 B2

zone 2

g10 B1

zone 1

3 thermal zones
(b)

Figure 2.22: Example of thermal zoning. (a) Shows a solar chimney with a
vertically distributed heat input with total strength B, which produces a gradual
increase in temperature with height. This stratification can be approximated by
dividing the solar chimney into a number of well-mixed zones. (b) Shows the
example of 3 zones. The heat input and temperature excess within each zone are
denoted Bi and gi0 , respectively.

Gontikaki (2010), for example, uses the energy modelling tool ESP-r to model a
solar chimney with 9 thermal zones.
Note that the stratification described by a combination of thermal zones must
0
be stable such that temperature increases with height, i.e. gi0  gi+1
for all i. In

order to maintain a stable stratification, the air within two or more zones may
mix. For example, consider a situation in which g10 > g20 . This is an unstable
stratification – in which the air in zone 1 is more buoyant than air in zone 2 –
which would result in bulk overturning, causing the air in zones 1 and 2 to mix,
and thereby recovering a stable stratification in which g10 = g20 , as shown in Figure
2.23(b). If this were to result in a situation in which g20 > g30 , further mixing
would occur, resulting in the space becoming well-mixed with g10 = g20 = g30 , as
shown in Figure 2.23(d).
All of the possible zone mixing scenarios which result in a stable stratification
for a space divided into three thermal zones are shown in Figure 2.23. In general,
for a space divided into n thermal zones, 2n

1

stratification types are possible.

This approach can be thought of as ‘dynamic thermal zoning’ in which the boundaries between thermal zones are selectively removed to maintain a stable stratification. This is in contrast to energy modelling software, such as ESP-r, which
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g10 < g20 < g30
(a)

g10 = g20 < g30
(b)

g10 < g20 = g30

g10 = g20 = g30

(c)

(d)

Figure 2.23: Illustration of the four stable stratification types possible in a
space divided into 3 thermal zones (as shown in Figure 2.22). It is possible for
two or more zones to mix together in order to maintain a stable stratification
(shown in (b), (c) and (d)). Mixing is denoted by curly arrows.

typically use thermal zones with fixed spatial boundaries. Note that the model
of a two-layer stratification produced by plumes in a ventilated room (presented
in §2.7.3) is also a type of dynamic thermal zoning: The room is divided into
two thermal zones (a warm layer and an ambient layer), divided by a boundary
(the density interface) which changes height according to equation (2.68).

2.8

Summary of core theory

In this chapter we have reviewed the core elements of the theory of natural ventilation, which we use and build upon in later chapters to model flows through
multi-compartment buildings. For convenience, we summarise some key features of the theoretical approach here, focussing in particular on the reasonable
assumptions that have been introduced and which will underpin subsequent analysis.
Pressure balance: The flow rate through a naturally ventilated building can
be calculated by considering the balance between driving pressures and pressure
losses around closed flow loops (cf. equation (2.45)), as discussed in §2.4 and

§2.5. For analysis herein, we assume that the only pressure losses occur at vents,
and focus on flows driven by buoyancy (stack e↵ect) only (a ‘worst case’ scenario,
as reasoned in §1.3.4).
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The Boussinesq approximation: The stack pressure that drives ventilating
flows arises as a consequence of variations in air density and temperature between
the external environment and internal spaces. As noted in §2.1, the variations

in air density associated with natural ventilation flows are typically sufficiently
small that they can be neglected (i.e. taking ⇢ ⇡ ⇢e ), except where they ap-

pear in conjunction with the reduced gravity, g 0 (cf. equation (2.41)); this is
the Boussinesq approximation. The reduced gravity describes the relationship
between variations in air temperature and density, and will be used as a measure
of relative air temperature throughout (cf. Table 2.1).
The ‘well-mixed’ environment: In general, the stack pressure that drives
flows depends upon the vertical variation in internal temperature (cf. equation
(2.44)), which in turn depends upon the number, location and nature of heat
sources within the space, as discussed in §2.7. However, as noted in §2.7.4, there
are a number of mechanisms by which a ‘well-mixed’, approximately uniform
temperature environment can be produced within a space. We therefore assume
in subsequent analysis that the air within each internal space is ‘well-mixed’, an
assumption which also considerably simplifies modelling.
A constant discharge coefficient: The pressure drop across a (sharp-edged)
vent depends on the discharge coefficient, cd (cf. equation (2.24)). As discussed in
§2.3.3, cd can vary significantly depending on flow conditions and vent geometry.
However, for the high Reynolds number flows (Re & 4000) observed in practice,

for which the density contrast across the vent is small (Fr > 0.37), it is reasonable
to assume a constant value of cd ⇡ 0.6 (see Table 2.2).
Limit of exchange flows: Our pressure balance model is valid when the flows
across all vents in a building are unidirectional. However, as noted in §2.3.5, a
bidirectional exchange flow may occur at a vent when Fr < Frcrit , where Frcrit is
some critical Froude number (cf. Figure 2.10). We will use the result of Hunt &
Co↵ey (2010) for horizontal sharp-edged vents and take Frcrit ⇡ 0.33 throughout,
providing an indicative limit for the validity of our model.

Heat balance: A pressure balance analysis allows ventilation flow rates to be
calculated when the air temperatures within all internal spaces in a building,
and in the external environment, are known. Air temperatures, in turn, can
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be calculated using a heat balance when the heat inputs within the building
are known, as discussed in §2.6. For the majority of subsequent analysis, we
will express heat inputs in terms of buoyancy fluxes, B (in m4 .s 3 ); see Table

2.1. We will also focus mainly on steady flows through ‘well-insulated’ buildings,
for which there is no heat transfer through the building fabric; in this case it
is possible to solve the pressure and heat balance models simultaneously, an
approach we will adopt in Chapters 3, 4 and 5 (see also §2.6.4). However, as

noted in §2.6.3, for general analysis of transient flows, the pressure and heat
balance models must be solved separately; we adopt this approach in Chapter 6.
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This chapter is based upon work published in the paper:
A. Acred & G. R. Hunt: A simplified mathematical approach for modelling stack ventilation in multi-compartment buildings. Building and Environment, 71 (2014), 121-130.

3.1

Introduction

In this chapter we extend the model of natural ventilation of a single room developed in Chapter 2 to more complex multi-storey, multi-compartment buildings.
Following the theme of this thesis, we focus on the intuitive value of simple mathematical models for use in preliminary design. In particular, we follow the loop
equation method presented by Axley (1998) to develop a model of ventilation
flows. We couple this model with a multizone heat balance to provide a simple and intuitive method for relating the ‘core’ design variables: ventilation flow
rate, temperature, heat input and the size and location of ventilation openings.

3.1.1

The design approach

A flow chart outlining the approach developed in this chapter is presented in
Figure 3.1. The approach can be broken down into three key steps:
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1. develop conceptual model
(i) Specify building layout

(iii) Identify flow loops

§3.2

2. develop mathematical model

(ii) Heat balance model

z }| {

(i) Flow model (flow loop equations)

§3.3

3. ascertain implications for design
z }| {

(i) Qualitative examination of equations

revise design and iterate

z }| {

(ii) Divide building into zones and specify
nature of connections between zones

(ii) Numerical solutions

(iii) Analytical solutions (hand calculations)

§3.4
ch.4

detailed design

Figure 3.1: Flow chart outlining the key steps of the approach to preliminary
design presented in this chapter. The sections in which di↵erent steps in the
approach are discussed are highlighted. Analytical solutions for multi-storey
atrium buildings are presented in Chapter 4.

1. Development of a conceptual model in which a building is split into
interconnected zones, the nature of the connections between the zones (i.e. position and size of vents) is specified, and the flow loops – which describe all possible
ventilation flow regimes within the building – are identified. We discuss this first
step in §3.2.
2. Development of a simple mathematical model of air and heat flows
through the building, which comprises a flow model – formed by application of
the loop equation method – and a heat balance model, which we consider in §3.3.
3. Application to design. The mathematical model can be solved to provide
an indication of how the ‘core’ design variables are interrelated, and to point
towards the appropriate balance of these variables for the desired design. In §3.4
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we show that, even without explicitly solving the model, the form of the equations
can provide some qualitative insights into the behaviour of the ventilation system.
We apply this approach to an example building and compare our qualitative
insights, and their implications for design, with numerical solutions for some
example building operation scenarios. Analytical solutions are also possible,
allowing for rapid and intuitive design guidance to be obtained from simple hand
calculations; these will form the subject of the next chapter.
At the very early stages of design, this approach can be used to inform highlevel decisions such as the choice of building form, and the suitability of a given
ventilation scheme. Iteration of the method allows an initial design to be rapidly
refined. Once a workable ventilation scheme has been chosen, the initial balance
of core variables can be fed into more detailed design tools such as building
energy simulation software and CFD.
The intended benefits of the method presented herein are twofold: Firstly, the
balance of core variables that can be obtained provides a starting point for software modelling, potentially reducing the number of design iterations required and
the associated computational overhead. Secondly, the intuitive insights gained
from the simple mathematical approach presented herein can act as a ‘sensecheck’ for results obtained during the detailed design stage.

3.1.2

Existing work and context

The design method presented herein is an example application of the widely-used
‘network flow model’ approach. Multizone software packages such as COMIS
(Feustel & Rayner-Hooson, 1990) and CONTAM (Walton & Dols, 2010), for
example, are based on network flow models. The design tool LoopDA (Emmerich
& Dols, 2003) also uses a network flow model, which is specifically based on the
loop equation method. Similarly, Livermore & Woods (2006) use a pressure
balance around two flow loops – a simple example of a network flow model – to
model flows through a two-storey building with a ventilation stack, comparing
their model with small-scale laboratory experiments. Numerous other studies of
multizone buildings – such as by Hunt & Holford (1998), Livermore & Woods
(2007) and Chenvidyakarn & Woods (2010) – also implicitly make use of this
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approach to develop a mathematical model for comparison with experiment. The
‘explicit method’ presented in the CIBSE AM10 guide also bases preliminary
design methods on simple network flow models, an approach which Etheridge
(2012) showed could be extended to multi-compartment buildings.
It is clear, therefore, that a simple mathematical approach to modelling natural
ventilation flows has already been widely used. However, the work herein combines, generalises and recasts existing work to add much needed clarity and to
broaden the appeal and applicability of these simple mathematical methods for
use in preliminary design. Whilst previous work has focussed mainly on numerical solutions to the mathematical models, or on specific building geometries,
we will focus on the intuitive nature of these models and provide a framework
for their general application. As such, this chapter and its associated paper
(Acred & Hunt, 2014a) are intended as reference points for work presented in
later chapters and for design guidance in general.

3.1.3

Assumptions and limitations

A number of simplifying assumptions are necessary to ensure that the mathematical models developed herein are tractable, intuitive and easy to apply in the
preliminary stages of design. The key underlying assumptions and limitations of
our approach were introduced in Chapter 2, and are summarised in §2.8.

3.1.4

Notation

We cast all analysis in this chapter in terms of ‘fluid dynamical’ variables. We
express temperature excesses relative to the external environment,
0

T ( C), in

2

terms of reduced gravities, g (m.s ; cf. equation (2.41)). We express heat
inputs, W (Watts), in terms of buoyancy fluxes, B (m4 .s 3 ; cf. equation (2.9)).
See Table 6 for quick conversions between ‘engineering’ and ‘fluid dynamical’
variables.
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atrium

inlet
plenum

occupied
storeys

Figure 3.2: Visualisation of an example three-storey building with an inlet
plenum, which doubles as an entrance hall, open-plan occupied spaces and a
glazed solar chimney or atrium. Coloured arrows show one possible flow pattern.
From left to right: cool, ambient air flows into the plenum and is supplied to the
occupied storeys by floor level vents (blue arrows); warm air exits the storeys
through ceiling-level vents (yellow arrows) and exits the atrium through a highlevel vent (red arrows).

3.2

Zones and flow loops

3.2.1

Zoning a building

The first stage in our design process is to form a conceptual building model
comprising a number of interconnected zones, which can be used to identify flow
paths.
Figure 3.2 shows an example three-storey building with open-plan occupied
spaces, a glazed atrium and an inlet plenum which doubles as an entrance hall.
We will use this example building throughout to illustrate the development of
the design method. We have chosen this particular building form as it allows us
to examine some of the complex features of flows through multi-compartment
buildings (as a result of the common plenum and atrium), whilst still providing
a tractable case study (reflected in our choice of three storeys, rather than six
or seven, for example). Some example buildings with the same topological form
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p
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a2

s2
p1

s1
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s1

(a) no thermal zoning

(b) with thermal zoning

Figure 3.3: Schematics in elevation of the three-storey building shown in Figure
3.2, showing the division of the building into zones (top) and graphical representations of the resulting flow networks (bottom) for the cases in which (a) no
thermal zoning is used and (b) the atrium and plenum are each divided into three
thermal zones. The letters a, p, s and e are used to denote ‘atrium’, ‘plenum’,
‘storey’ and ‘external environment’, respectively. A vent connecting two zones is
represented by a single line bewteen nodes. Connections between thermal zones
(thermal partitions) are represented by double-lined edges between nodes (on the
right-hand graph), or by dashed black lines (on the right-hand schematic).

include the Frederick Lanchester Library, Coventry (Figure 1.12) and the Corps
de Logis wing of the Hofburg Palace, Vienna (Figure 1.6).
The plenum is connected to the external environment by a ground-level vent.
The occupied storeys are connected to the plenum by floor-level vents, and to
the atrium by ceiling-level vents.⇤
⇤

The atrium is connected to the external

The choice of floor- and ceiling- level vents in the storeys is typical in naturally ventilated
buildings, as it maximises the driving stack pressure and promotes efficient removal of warm,
potentially contaminated air from the occupied spaces via the ceiling-level vent (which is
well above the ‘breathing zone’ at head height). The choice of floor- and ceiling-level vents
also simplifies mathematical modelling, but the general method presented herein could, in
principle, be applied to a building with vents at any height.
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environment by a high-level vent. One possible flow regime through the building
is indicated by coloured arrows.
The building can be divided into two types of zones:
Physical zones, which are distinct regions within a building separated by physical boundaries and connected by openings such as doors, windows, or purposebuilt vents. The example building can be readily divided into five physical zones
as shown in Figure 3.3(a). Air within each zone is ‘well-mixed’ and at uniform
temperature.
Thermal zones. Physical zones can be subdivided into thermal zones to capture
some of the e↵ects of stratification, as described in §2.7.5. An example in which
the plenum and atrium are both divided into three thermal zones is shown in
Figure 3.3(b).
Graphical representations of these two zonal models – which provide convenient
visualisations of the flow network – are also shown in Figure 3.3. Zones within
the building, and the external environment, are represented by nodes on the
graph. Connections between zones are represented by edges. We make the
distinction between zones connected by vents, which are physical partitions and
provide resistance to flow, and zones connected by artificially imposed thermal
partitions, which do not pose resistance to flow.

3.2.2

A note on pressure distributions

Flows between zones are driven by pressure di↵erences across vents. An example
pressure distribution within the building – for the case in which thermal zoning
is not used, and in which there is ‘forward’ flow through each storey (note the
direction of blue arrows) – is shown in Figure 3.4. Variations with height in
pressure, p, and pressure excess relative to the external environment,

p, are

shown in Figures 3.4(a) and (b), respectively.
As noted in §2.4.6, one ostensibly useful parameter for use in design is the neutral
pressure level (NPL), the height at which the pressures inside the building and
in the external environment are equal, i.e.
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p = 0. It is clear from Figure 3.4(b)
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external environment
storeys
plenum
z
atrium

z
storeys
}|
{

atrium

plenum

z

p
(a)

p
(b)

Figure 3.4: Example pressure distribution in a three-storey building with a
plenum and atrium, for the case of ‘forward’ flow through all storeys, shown in
terms of (a) absolute pressure, p (relative to some datum), and (b) pressure
excess relative to the external environment,

p.

that there are, in this example, a number of di↵erent heights at which

p=0

within the atrium, plenum and top storey. We cannot, therefore, define a single
NPL for this building. Whilst it may be possible to cast analysis in terms of the
NPL in a given zone, such as the atrium, a single NPL would not adequately be
able to capture the e↵ects of pressure losses across internal vents and variations
in temperature between zones.
This example illustrates that the NPL is not necessarily a useful parameter for
analysis in multi-compartment buildings. We will instead follow the approach of
Axley (1998) and cast analysis in terms of flow loops.

3.2.3

Flow loops

A mathematical model of ventilating flows can be formed by considering the
pressure balance around closed flow loops through the building. Flow loops can
be identified using the graph of the flow network shown in Figure 3.3.
Flow loops correspond to cycles of the graph, in which a series of nodes are
connected by a closed sequence of edges. The edges have direction, corresponding
to the direction of flow. A flow loop does not represent a streamline or streamtube
through the building. Rather, each loop represents one possible sequence of vents
and zones that a fluid parcel could pass through.
109

Chapter 3: A mathematical model for multi-compartment buildings
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(b) flow through
2nd storey

(c) flow through
3rd storey

Figure 3.5: Three independent flow loops – one passing through each storey
– which form a ‘spanning set’ of all possible flow regimes through the example
building.

The flow associated with each loop can be described by a pressure balance equation, or loop equation. The number of independent flow loops for a given building
corresponds to the minimum number of loop equations needed to describe all possible unidirectional flows through the building, i.e. the number of loop equations
which form the simplest possible mathematical model of the ventilation system.
For a building with N zones (not including the external environment), and V
connections between zones (including vents and thermal partitions), the number
of independent flow loops, L, through the building is given by
L=V

N,

(3.1)

a general result for flow networks derived by Barlow & Markland (1969), a further discussion of which is given in Appendix B. For the example building with
thermal zoning, V = 12 (8 vents and 4 thermal partitions) and N = 9, so there
are 3 flow loops through the building (i.e. L = 3), one through each storey, as
shown in Figure 3.5. For the example building without thermal zoning, V = 8
and N = 5, again resulting in L = 3. This example illustrates the general result
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Figure 3.6: An example of superposition of flow loops to describe additional
flow regimes. In this case, the flow loops through the 1st and 2nd storeys of the
example building – (a) and (b), respectively – can be combined to produce (c)
a recirculating internal flow pattern. The equations which describe the flows in
(a) and (b) are therefore also capable of describing the flow in (c).

that thermal zoning does not a↵ect the number of flow loops required for a given
building.⇤
The loops shown in Figure 3.5 do not represent all possible flows through the
example building. For example, recirculation of flows within the building via
the atrium and plenum could occur. However, flow loops can be superposed
– corresponding to linear superposition of the associated loop equations – and
all possible (unidirectional) flow regimes through the example building can be
described by a linear combination of the flow loops shown. An example of superposition of flow loops is shown in Figure 3.6.
Reversed flows can also be catered for by applying the sign convention from
§2.3.2. The equation associated with a given flow loop can therefore be used to
describe flows in both directions around the loop.
⇤

Dividing any existing zone into two thermal zones adds one additional zone and one additional
zone connection, and therefore does not a↵ect the value of L.
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The equations describing flows around the loops shown in Figure 3.5 therefore
form a complete description of the possible flows within the building, i.e. these
three loops form a ‘spanning set’.
Jensen et al. (2007) considers the use of flow loops in the context of multizone
software packages and notes that identifying the ‘spanning set’ of independent
flow loops is, in general, not trivial. However, for application to the generic building forms considered herein – such as open plan office buildings with atria, double
façades or solar chimneys – independent flow loops can be readily identified by
inspection. See Appendix B for further discussion.

3.3

Mathematical model

Once flow loops have been identified, a quantitative mathematical model of flows
can be formed, which includes an air flow model – comprising a spanning set of
loop equations – and a heat balance model.

3.3.1

Zone variables

In order to construct a mathematical model a number of core variables should be
specified for each zone, which are shown for a general zone, labelled n, in Figure
3.7. For clarity, the zone has been shown twice, once with the variables required
to construct a model of air flows (above) and once with the variables required to
construct a heat balance model (below).
Air passes between zones through vents. Each vent has a geometric area Av ,
discharge coefficient cd,v and vertical position (relative to some datum, such as
ground level) zv ,⇤ where the subscript v denotes ‘vent v’. For convenience, and
because we assume a constant discharge coefficient for each vent, we will describe
⇤

For vertical vents, we take zv as the vertical position of the geometric centre of the vent.
We assume that the height of vertical vents is small compared with the vertical separation
of vents, such that pressure variations in the plane of the vent can be neglected.
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Figure 3.7: Schematics of a general building zone n, showing the ‘core’ variables
required to construct a mathematical model of Top: air flows and Bottom: heat
flows. The zone is connected to two adjacent zones m and o, by vents labelled v
and w, respectively, each of which has an associated e↵ective area A0 and vertical
position z. Air within the zone has uniform temperature, expressed as a reduced
gravity, gn0 . The direct heat gain within the zone is Bn . The zone has volume Vn .
Air flow rates can be expressed either in terms of a volume flux across a vent,
e.g. Qv (top), or in terms of a zone-to-zone volume flux, e.g. Qm!n (bottom).
The thermal resistance of the fabric separating zones is captured by the leakage
parameters µ.

each vent in terms of an ‘e↵ective area’, A0v , given by
A0v =

p

2cd,v Av

(3.2)

such that the pressure drop across a vent, from equation (2.24), simplifies to⇤
pvent,v =

⇢e Q2v
,
A02
v

(3.3)

where Qv is the flow rate across the vent in a given direction. In the example
shown in Figure 3.7, Qv > 0 when air flows from zone m to zone n; and Qv < 0
⇤

In writing equation (3.3), we assume that ventilating flows are Boussinesq such that the
density of air passing through any vent is approximately the same as the density of air in the
external environment, i.e. ⇢ ⇡ ⇢e .
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for flows from zone n to zone m.
Flow rate can also be expressed in terms of a zone-to-zone flow rate. The volume
flow rate from zone m to zone n is denoted Qm!n . Zone-to-zone flow rates are
always positive. In the example shown in Figure 3.7, the direction of flow across
vent v, which links zones m and n, has been defined such that:
Qm!n = Qv

and Qn!m = 0

Qm!n = 0

and Qn!m =

Qv

when Qv > 0 and

(3.4)

when Qv < 0.

(3.5)

We will use zone-to-zone flow rates to construct a heat balance model, since
the rate of heat transfer between zones takes di↵erent forms depending on the
direction in which flows travel.
Each zone has uniform temperature, gn0 , volume, Vn , and internal heat gain, Bn .
Heat is transferred between zones due to ventilation, and due to transfer through
the building fabric. The thermal resistance of the fabric separating two zones, m
and n, is characterised by the heat transfer parameter µm,n (in m3 .s 1 ), defined
in equation (2.57).

3.3.2

Conservation of volume

A model of air flows comprises both a spanning set of loop equations and a
description of conservation of volume (rather than mass, since we assume that
ventilating flows are Boussinesq) within each building zone. Applying conservation of volume to zone n, such that the total flow rate into the zone is equal to
the total flow rate out, gives
N
X
m

Qm!n + Qe!n =

N
X

Qn!m + Qn!e ,

(3.6)

m

where the sums are over all internal zones (i.e. not including the external environment). Flows to and from the external environment are catered for by the
terms Qn!e and Qe!n , respectively. For a building with N zones, applying (3.6)
to each zone generates N coupled equations.
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3.3.3

Flow equation for a given flow loop

Passing around a given flow loop, l, and applying equation (3.3) at each ventilation opening, the total pressure drop across vents on the flow loop is given
by
pvent,l =

X ⇢e Q2v,l
A02
v,l

v

,

(3.7)

where the subscript v, l denotes quantities at vent v on flow loop l (see LHS of
equations (3.18) to (3.20) for this applied to the example building). The sum
in equation (3.7) is over all vents through which flow loop l passes. Similarly,
generalising and applying equation (2.44) to each zone along a flow loop, the
total stack pressure driving flows around the loop is
pstack,l =

X

0
⇢e gn,l
Hn,l ,

(3.8)

n

0
where gn,l
is the temperature within zone n on flow loop l and

Hn,l = zn,l,out

zn,l,in ,

(3.9)

where zn,l,in and zn,l,out are the vertical positions of vents through which air
passing along flow loop l flows into and out of zone n, respectively (see RHS of
equations (3.18) to (3.20) for this applied to the example building). The sum in
equation (3.8) is over all zones through which flow loop l passes.
Since each flow loop is closed, the total pressure loss at ventilation openings is
balanced by the stack pressure, i.e.

pvent,l =

pstack,l . By combining (3.7) and

(3.8), the loop equation for flow loop l is then given by
X Q2v,l
v

A02
v,l

=

X

0
Hn,l .
gn,l

(3.10)

n

For a building with L flow loops, applying (3.10) to each flow loop generates L
coupled equations.
As noted in §2.4, because the timescales over which pressures vary are extremely
rapid compared with the timescales over which internal temperatures vary, loop

equations – which describe a pressure balance – are valid for both steady and
time-varying flows. Equation (3.10) can therefore be applied at any point in time
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to calculate the instantaneous values of Q for a given set of flow loops and known
values of A0 , g 0 and H (which, in general, may also vary in time).

3.3.4

Heat balance

Equations (3.6) and (3.10) form a general multizone airflow model, allowing
ventilation flow rates to be calculated when the temperature distribution within
the building is known. The temperature distribution, in turn, depends upon the
flow rates through the building and the heat inputs within each zone, and can
be calculated by considering the heat balance for each building zone.
The temperature within each building zone varies because of heat transfer due
to ventilation, heat transfer through the building fabric, and heat gains within
the zone. The general time-varying heat balance within each zone can be written
as follows⇤

d
(Vn gn0 ) = Bvent,n + Bfab,n + Bn ,
dt

where
Bvent,n =

N
X

0
(gm
Qm!n

gn0 Qn!m )

gn0 Qn!e

(3.11)

(3.12)

m

is the heat gain within the zone due to ventilation, and
Bfab,n =

N
X

0
(µm,n (gm

gn0 ))

µe,n gn0

(3.13)

m

is the heat gain within the zone due to heat transfer through the building fabric.
In both equations (3.12) and (3.13), the sum is over all internal zones. Heat
transfer to the external environment is catered for by the terms gn0 Qn!e (in
equation (3.12)) and µe,n gn0 (in equation (3.13)).
Applying equation (3.11) to all N internal zones (i.e. not including the external
environment) generates N coupled equations which describe heat transfer within
the building. Following the state space approach of Parker & Bowman (2011)
for multizone contaminant transfer, these equations can be conveniently written
⇤

We keep the zone volume, Vn , within the time derivative in equation (3.11), such that this
model can also be applied to zones with time varying volumes, such as the warm layers
considered in §2.7.3.
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in matrix form as follows:
d
(Vg0 ) = QT + U g0 + b,
dt

(3.14)

where V is an N ⇥ N diagonal matrix containing the zone volumes, Vi , along
the diagonal, g0 and b are column vectors of length N given by⇤
0
1
0
1
g10
B1
B
C
B
C
B g0 C
B B2 C
B 2 C
B
C
g0 = B . C
b = B . C,
B .. C
B .. C
@
A
@
A
0
gN
BN
Q is an N ⇥ N matrix given by†
0
Q1,out
B
B Q2!1
B
Q=B
..
B
.
@
QN !1
where Qn,out =

PN

m

Q1!2

...

Q1!N

Q2,out . . .
..
..
.
.

Q2!N
..
.

QN !2

QN,out

C
C
C
C
C
A

(3.16)

Qn!m +Qn!e is the sum of all outflows from zone n, including

flows to the external environment, and U is
0
µ1,tot
µ1,2
B
B µ2,1
µ2,tot
B
U=B
.
..
..
B
.
@
µN,1
µN,2
where µn,tot =

...

1

(3.15)

PN

m

an N ⇥ N matrix given by
1
. . . µ1,N
C
. . . µ2,N C
C
C
..
...
C
.
A
...
µN,tot

(3.17)

µm,n + µe,n is a total heat transfer parameter (in m3 .s 1 )

for zone n, and includes the value of µ for walls in contact with the external
environment.‡
⇤

We use a lower case letter for the heat input vector, b, because it is a vector, rather than a
matrix.

†

We transpose the flow rate matrix, Q, in equation (3.14) so that the subscripts of the matrix
elements are in accordance with standard matrix notation.

‡

The diagonal elements µn,tot and Qn,out take into account heat and air exchanges with the
external environment, respectively. We use this approach, rather than explicitly modelling
the external environment as a zone in equation (3.14), because it is not possible to reasonably
quantify the volume of the external environment.
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Equations (3.6), (3.10) and (3.14) form a complete model of the air and heat flows
through a general building - comprising L + 2N = V + N coupled equations and can be solved simultaneously for Q and g 0 when all values of A0 , B, V and
µ are known.

3.4

Application to an example building

In order to illustrate how the general model presented above may be applied in
practice, we consider again the example three-storey building shown in Figure
3.2.
The key features of the building are labelled in Figure 3.8. Each storey has a
floor-to-ceiling height H.⇤ The atrium extends a height

H above the top floor.

The plenum vent has e↵ective area A0p (cf. equation (3.2)), the atrium vent
has e↵ective area A0a , and the storeys have floor- and ceiling-level vents with
e↵ective areas A0f i and A0ci , respectively (where i = 1, 2, 3 denotes the storey
number). The temperatures in the plenum, storeys and atrium are gp0 , gi0 and ga0 ,
respectively.† The heat inputs within the plenum, storeys and atrium are Bp ,
Bi and Ba , respectively.
We assume that the air inside the building is warmer than the external air, i.e.
with g 0 > 0, and that there is no wind such that air enters the building via the
low-level plenum inlet, and exits the building via the high-level atrium outlet,
following the flow loops shown in Figure 3.5. The flow rates through the plenum
and atrium vents are Qp and Qa , respectively. The flow rates through the storey
floor- and ceiling-level vents are Qf i and Qci , respectively.

⇤

In principle, each storey could have a di↵erent floor-to-ceiling height. However, assuming
equal floor-to-ceiling heights simplifies modelling, and is also a reasonable design for buildings
of this type, which may include a number of identical open-plan office spaces, for example.

†

We drop the subscript s from storey variables for brevity.
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Figure 3.8: Multizone schematic of the example three-storey building from
Figure 3.2, showing notation for flow rates, Q, temperatures, g 0 , heat inputs, B,
and e↵ective vent areas, A0 . The floor-to-ceiling height of each storey is H; the
atrium extends a height

3.4.1

H above the top storey.

Conservation of volume

Applying (3.6) to each building zone, we find that the flow rates through the
floor- and ceiling-level vents in each storey are equal, i.e. Qf i = Qci = Qi , where
Qi denotes the flow rate through storey i. We also find that the total flow rate
through the building can be expressed as Qtot = Qp = Qa = Q1 + Q2 + Q3 .

3.4.2

Flow loop equations

The flow loops around the building are shown in Figure 3.5. Applying equation
(3.10) to each flow loop gives three governing equations:
Q2tot
Q23
+
= 2gp0 H + g30 H
storey 3
⇤2
A⇤2
A
3
pa

+ ga0 H

(3.18)

Q22
Q2tot
+
=
A⇤2
A⇤2
2
pa

gp0 H + g20 H + ga0 H + ga0 H

(3.19)

Q2tot
Q21
+
=
storey 1
A⇤2
A⇤2
1
pa

g10 H + 2ga0 H + ga0 H

(3.20)

storey 2

outer

|

{z

inner

}

losses at vents

plenum storeys

|

{z

atrium

driving buoyancy terms
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where

1
1
1
= 02 + 02
⇤2
Ai
Af i Aci

1
1
1
= 02 + 02
⇤2
Apa
Ap
Aa

and

(3.21)

are combined e↵ective vent areas for the storeys (‘inner’ vents), and the plenum
and atrium (‘outer’ vents), respectively.

3.4.3

Heat balance

For simplicity and clarity, we will focus on steady flows (such that dg 0 /dt = 0 in
all zones), and will neglect heat transfer through the building fabric (such that
µ = 0 for all surfaces). Applying these conditions, for ‘forward’ flows through all
storeys (as shown in Figure 3.8) the heat balance for the building is given from
equation (3.14) by
0
Qtot
0
B
B Q1
Q1
B
B
B Q2
0
B
B Q
0
3
@
0

Q1

0

0

0

0

0

0

Q2

0

0

0

Q3

0

Q2

Q3

Qtot

10

gp0

1

0

Bp

CB 0 C B
C B g1 C B B1
CB
C B
CB 0 C B
C B g2 C + B B2
CB
C B
C B g0 C B B
A@ 3 A @ 3
ga0
Ba

1

C
C
C
C
C = 0.
C
C
A

(3.22)

The steady temperatures within each building zone can be extracted from (3.22)
as follows

Bp
gp0 =
,
Qtot
| {z }
plenum

where Btot = Bp +

P

i

Bi
gi0 = gp0 + ,
Qi
|
{z
}
storeys

Btot
ga0 =
,
Qtot
| {z }

(3.23)

atrium

Bi + Ba is the total heat input into the building. Although

we could have readily arrived at the equations in (3.23) by applying a simple heat
balance to each zone in turn, equation (3.22) was written out in full to illustrate
how the matrix method described in §3.3 can be applied to the example building.
Note that, because we focus in this example on steady flows, we do not need to
specify plan areas or volumes for the building zones.

3.4.4

Qualitative interpretation of air flow model

One of the key advantages of using a simple mathematical model is that it allows
some understanding of the behaviour of flows through a building to be elucidated
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from a qualitative examination of the governing loop equations. The key quantities in equations (3.18) to (3.20) have been highlighted accordingly to inform a
qualitative discussion of flows through the example building.
Driving buoyancy terms
The terms on the RHS of equations (3.18) to (3.20) describe the buoyancy distribution within the building which provides the driving pressure for stack ventilation.
In a typical building of this type, ambient air is supplied to the inlet plenum and
is heated as it passes through the building so that gp0 < gi0 < ga0 . Compared to the
lower floors, we note that the upper floors receive more driving from the inlet
plenum and less driving from the atrium. We therefore expect that the stack
pressure driving flows through the lower floors is greater than that driving the
flows through the upper floors.
This has implications for the relative sizing of storey vent areas; in order to
achieve equal flow rates and temperatures on all storeys, for example, we require
that A⇤3 > A⇤2 > A⇤1 . Furthermore, the greater the disparity between temperatures in the plenum, storeys and atrium, the greater the required di↵erence
in vent areas; this is significant for buildings where the atrium is heated, for
example.
Conversely, for a building with equal vent areas on all storeys, i.e. A⇤3 = A⇤2 = A⇤1 ,
we expect that there will be a disparity between flow rates through the occupied
storeys, i.e. Q3 < Q2 < Q1 , which may lead to overheating on the upper storeys.
This undesirable e↵ect can be reduced by increasing the height of the atrium
above the top storey,

H, since buoyancy contained in the uppermost portion

of the atrium contributes to driving flows through all storeys.
Pressure losses at vents and control of ventilating flows
The terms on the LHS of equations (3.18) to (3.20) describe the relative pressure
losses across vents on each flow loop. The relative size of these terms, in turn,
has implications for the design of ventilation control strategies, and particularly
for the relative sizing of vents. We can quantify the relative pressure losses across
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each set of vents by considering the ratios A⇤i /A⇤pa , a measurement of the relative
size of the ‘inner’ and ‘outer’ vents (for flows through storey i), and Qi /Qtot ,
which quantifies the relative magnitude of the corresponding flow rates.
When A⇤i /A⇤pa

Qi /Qtot , the flow is restricted (‘choked’) at the ‘outer’ vents,

and Q2tot /A⇤2
pa is the dominant term on the LHS of (3.18) to (3.20). The whole
building then behaves as a single naturally ventilated space and it is not possible
to independently control the flow rates through the storeys. Conversely, when
A⇤i /A⇤pa ⌧ Qi /Qtot , the flow is restricted at the ‘inner’ vents, and Q2i /A⇤2
i is
the dominant term on the LHS of (3.18) to (3.20). Each storey then behaves

as an isolated room. Whilst this latter case may be desirable, since it a↵ords
more control to the occupants of each storey, it requires large ‘outer’ vents,
and therefore reduced flow velocities at these vents. This results in a reduced
Froude number flow which, as discussed in §2.3.5, could lead to an undesirable
bidirectional exchange flow at the atrium outlet.

Control should therefore be shared between the ‘inner’ and ‘outer’ vents, and
each vent sized roughly in line with the proportion of the total flow rate passing
through it, i.e. with A⇤i /A⇤pa ⇠ Qi /Qtot . The flows through the storeys are
then not independent of one another; varying the flow on a given storey without

a↵ecting the flows through other storeys requires control of vents and heat inputs
in all parts of the building, which could be handled by an intelligent building
management system (BMS), for example.

3.4.5

Steady-state case study - equal storey vent areas, equal heat
inputs

In order to test the qualitative predictions made in §3.4.4, we consider the case
of steady flows through a building with equal vent areas on all storeys, such that

A⇤1 = A⇤2 = A⇤3 = A⇤s . We will consider cases in which the plenum is unheated,
i.e. Bp = gp0 = 0, and in which there are equal heating rates on all storeys, such
that B1 = B2 = B3 = Bs .
By solving equations (3.18) to (3.20) and (3.23) numerically (using a ‘perturbation’ method, which we describe in §5.4.1), we can examine how flow rates
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through the building are a↵ected by varying a number of design parameters including atrium height,

H, heating rate in the atrium, Ba , and the ratio of

‘inner’ and ‘outer’ vent sizes, denoted RA⇤ and given by
RA ⇤ =

A⇤s
.
A⇤pa

(3.24)

bi and given
We will express results in terms of dimensionless flow rates, denoted Q
by

bi =
Q

Qi

1

3
(Btot A⇤2
pa H)

.

(3.25)

A dimensionless analysis allows results to be applied to any building with the
same generic geometry and relative heat input distribution.⇤
Following Holford & Hunt (2003) and Economidou & Hunt (2009b), we compare
flow rates through the multi-storey building to the case of an equivalent isolated
storey of height H, with combined e↵ective vent area A⇤s and heat input Bs , which
is not attached to a plenum or atrium. The flow rate through the isolated storey,
1

3
from equation (2.62), is Qisolate = (A⇤2
s Bs H) ; the corresponding dimensionless

flow rate is therefore given by
bisolate =
Q

✓

2
RA
⇤

Bs H
Btot H

◆ 13

.

(3.26)

E↵ect of varying RA⇤ = A⇤s /A⇤pa
Figure 3.9 shows the variation of flow rates with RA⇤ for the case in which
H/H = 1 and the atrium is unheated, Ba = 0.
For all values of RA⇤ , flow rates decrease on ascending the building, as expected
from our qualitative discussion in §3.4.4. This behaviour has been observed in
other studies of multi-storey buildings which are qualitatively similar in form to
the example building considered here. Ding et al. (2005), for example, showed
experimentally that flow rates in an eight-storey building with an inlet atrium
⇤

Our choice of scaling for dimensionless flow rates is based on the relationship between Q,
2

1

A⇤ , B and H for a single room, for which flow rate scales as Q ⇠ A⇤ 3 (BH) 3 (cf. equation
(2.62)). We have non-dimensionalised flow rates using the atrium extension,
to allow for comparison between buildings with di↵erent atrium heights.
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3
Figure 3.9: Variation of dimensionless flow rates, Q
pa H) ,

with vent area ratio, RA⇤ = A⇤s /A⇤pa , for a three-storey building with

H/H = 1,

Ba = 0 and equal heating rates and vent areas on each storey. The dashed line
shows the flow rate through an equivalent isolated storey, i.e. a room with the
same heat input and vent areas, but not attached to an atrium or plenum. For
RA⇤ ⇠ 0.1, control of flow rates is dominated by the size of the inner vents, A⇤s ;
for RA⇤ ⇠ 1.0, control is dominated by the size of the outer vents, A⇤pa .

and heated outlet stack decrease on ascending the building. Gan (2006) also
showed in a CFD investigation that flow rates in a four-storey building with a
heated outlet stack decrease on ascending the building, for a variety of stack
widths and configurations. Measurements by Krausse et al. (2007) at the Frederick Lanchester Library, Coventry, also point towards reduced flow rates on the
top storey (cf. §1.4).
The spread in flow rates is smallest for small values of RA⇤ (. 0.1). In this
region the flow through each storey closely follows the behaviour of the equivalent
isolated storey; flow rates can then be controlled by varying the size of the ‘inner’
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vents, A⇤s , and are only weakly dependent upon the size of the ‘outer’ vents, A⇤pa .
The spread in flow rates is largest for large values of RA⇤ (& 1). In this region,
the ‘outer’ vents choke the flow through the building and flow rates cannot be
controlled by varying the size of the ‘inner’ vents, as expected from §3.4.4. For
large RA⇤ , the flow rate on all storeys also drops below that of the equivalent
isolated storey; in this case the atrium restricts, rather than assists flows through
the building.
We note that for RA⇤ & 0.4, increasing A⇤s has the counterintuitive e↵ect of
decreasing the flow rates through the top two storeys. This can be attributed to
the cooling e↵ect of the corresponding increase in flow rate through the bottom
storey, which reduces g10 ; this cool air is then fed into the atrium, reducing ga0
and thereby reducing the stack pressure available to drive the flows through the
top two storeys; the subsequent increase in g20 and g30 is not sufficient to counter
this e↵ect, resulting in a decrease in the flow rate through the top two storeys.
This e↵ect has also been observed in the numerical solutions of Cooper (2010).
E↵ect of varying

H and Ba

Figure 3.10 shows the variation of flow rates with RA⇤ for three additional scenarios in which the atrium is strongly heated, Ba /Btot = 0.75 (cases (a) and (b)),
and/or extends significantly above the top storey,

H/H = 4 (cases (b) and (c)).

The case of a strongly heated atrium may correspond to a summer ventilation
scheme in which heat gains in the storeys are minimised and the atrium (which
may be glazed) acts as a solar chimney; a tall atrium may form part of the design
of a high rise building, or where ventilation stacks are a significant architectural
feature (e.g. Contact Theatre, Manchester, cf. Figure 1.13).
Comparing Figures 3.10(a) and 3.10(b), we note that – for the range of RA⇤
shown – increasing

H has the desirable e↵ect of reducing the di↵erence in flow

rates between the top and bottom storeys, as expected from §3.4.4. Conversely,
comparing Figures 3.10(b) and 3.10(c), we note that increasing the heat input
in the atrium increases the disparity between the top and bottom storeys.
For RA⇤ . 0.1, increasing either Ba or

H increases the assisting e↵ect of the

atrium, increasing the flow rate through all storeys relative to the case of an
isolated storey.
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Figure 3.10: Variation of dimensionless flow rates, Q
pa H) ,

with vent area ratio, RA⇤ = A⇤s /A⇤pa , for a three-storey building with equal
heating rates and vent areas on each storey and (a)
(short, strongly heated atrium), (b)
heated atrium) and (c)

H/H = 1, Ba /Btot = 0.75

H/H = 4, Ba /Btot = 0.75 (tall, strongly

H/H = 4, Ba /Btot = 0 (tall, unheated atrium).
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3.4.6

Implications for design

The first conclusion to draw from this analysis is that a naturally ventilated
multi-storey atrium building should not be designed with equal vent areas on all
storeys, for the case of equal heat inputs on all storeys. This will always result in
a reduction in flow rates on ascending the building, with the potential for inadequate ventilation and overheating on the top storey(s). Furthermore, opening
vents may, in some cases, lead to a decrease in flow rate, which is counterintuitive
and undesirable for occupant control. Achieving a balanced design with equal
flow rates on all storeys therefore requires that the storey vent sizes, A⇤i , increase
on ascending the building.
The second key implication for design is that ventilation control must be shared
between the ‘inner’ and ‘outer’ vents. If the ‘inner’ vents are too small (small
RA⇤ ), exchange flows may develop at the atrium outlet; conversely, if the ‘outer’
vents are too small (large RA⇤ ), flows become choked at the atrium outlet, rendering the ‘inner’ (storey) vents ine↵ective for ventilation control. From Figures
3.9 and 3.10, a value of RA⇤ ⇠ 0.1 provides a satisfactory balance of control

between ‘inner’ and ‘outer’ vents for the example building in this study. We
note that this result applies only to three-storey buildings; we might expect that
this ‘optimum’ value of RA⇤ decreases for buildings with more storeys, owing to
the corresponding increase in atrium vent size required to serve the additional
storeys in these buildings.
The conclusions drawn in this example study are intended to provide qualitative
‘rules-of-thumb’ only. We could have extended our analysis to investigate more
combinations of vent sizes, in which A⇤i are di↵erent on di↵erent storeys, and for
varying heat loads in the storeys. However, rather than using a numerical study
to try and establish an appropriate combination of vent sizes for design, we will
show that it is possible to find analytical solutions to size vents. This analytical
approach forms the focus of the next chapter.
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4 A dimensionless design approach
for atrium buildings

This chapter is based upon work published in two papers:
A. Acred & G. R. Hunt (2014): Stack ventilation in multi-storey atrium
buildings: a dimensionless design approach. Building and Environment, 72,
44-52.
A. Acred & G. R. Hunt (2013): Passive ventilation in multi-storey
atrium buildings: a first-order design guide. Proceedings of the 34 th AIVC
Conference, Athens, pp.407-417.

4.1

Introduction

The discussion in the previous chapters has highlighted the complexities of designing for natural ventilation in multi-storey buildings. As the example analysis
in §3.4 showed, balancing the core design variables and determining the appropriate sizing of ventilation openings is non-trivial, even when using a simple model.

However, as we will show in this chapter, it is possible to find analytical solutions
for sizing vents, thereby providing rapid preliminary design guidance.
Some previous work has tackled analytical approaches to designing for stack
ventilation in multi-storey buildings. Hunt & Holford (1998) derived expressions
for sizing vents to achieve equal flow rates through all storeys in a multi-storey
building with an atrium and top-down chimneys – similar in form to the CH2
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Building (Figure 1.10), but with dedicated inlets for each storey (cf. Figure
1.17(i)). Etheridge (2012) also extended the ‘explicit method’ from the CIBSE
AM10 guide (CIBSE, 2005) to size ventilation openings in an example multistorey building, although this approach requires an iterative solution.
Building upon previous work, we develop a new analytical design approach for
stack ventilation in multi-storey buildings, with a focus on atrium buildings of the
type shown in Figure 4.1, the layout of which is described in more detail in §4.3.

In particular, we apply a dimensionless analysis to balance core design variables,
to ensure that an atrium provides the desired enhancement of ventilation rates
and to size vents on a per-person basis (i.e. a demand-based design).

occupied
storeys

atrium

Figure 4.1: Visualisation of a four-storey atrium building with open plan office
spaces all of which are connected to a glazed atrium. Coloured arrows show
one possible flow pattern: fresh air enters the occupied storeys through floorlevel vents. Warm air passes into the atrium through ceiling-level vents and is
exhausted through a high-level atrium vent.

4.1.1

The benefits of a dimensionless approach

A dimensionless analysis was used in §3.4, with only a brief introduction. Dimensionless parameters – such as the discharge coefficient, cd , wind pressure
coefficients, cw and Froude number, Fr – are used widely in fluid dynamics to
characterise the behaviour of flows, regardless of their physical scale.
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In the context of natural ventilation design, a dimensionless analysis allows a
given design strategy to be applied to all buildings with the same geometric
form, regardless of scale, and also allows for rapid comparison of full-scale buildings and small-scale experiments (Linden, 1999). Because of this versatility, a
dimensionless approach to natural ventilation design is advocated by Etheridge
(2002) and has been widely used in fundamental studies of the fluid dynamics of
natural ventilation, see Hunt & Co↵ey (2010) and Fitzgerald & Woods (2007b)
for example. As Hunt & Holford (1998) demonstrated, a dimensionless approach
also lends itself to the use of simple algebraic expressions and design charts and
is therefore capable of providing extremely rapid and intuitive guidance, which
in turn provides the main motivation for our approach herein.
We will identify two key dimensionless parameters herein, which quantify the
balance of core design variables, and the performance of the atrium in enhancing
ventilating flows.

4.1.2

Assumptions and limitations

We apply the method from Chapter 3 to form a simple mathematical model of
flows, which is subject to the assumptions and limitations summarised in §2.8.
In addition, the work in this chapter will focus on steady flows only. Although
ventilation systems are inherently dynamic, particularly in buildings with solar
chimneys or double façades (Zeiler et al., 2013), a steady-state analysis allows
analytical solutions to be obtained and provides a convenient first-order target
for design. We also do not explicitly model heat transfer through the building
fabric, and instead assign a net heat input to each zone.

4.1.3

Notation

We use both ‘fluid dynamical’ and ‘engineering’ variables herein to describe heat
inputs, W (Watts) or B (m4 .s 3 ), and temperatures, T (K or C) or g 0 (m.s 2 ).
See Table 6 for conversions. Reduced gravities are defined relative to the external
environment (cf. equation (2.41)).
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4.1.4

Chapter structure

In §4.2 we identify a key dimensionless ‘ventilation performance indicator’ (VPI),

which is linked to design requirements for fresh air supply rate per person and
internal air temperature. In §4.3 we apply the loop equation method from Chapter 3 to multi-storey atrium buildings and present our mathematical model in

dimensionless form. In §4.4 we define a measure of the ventilation performance
of the atrium – the ‘atrium enhancement’ – which allows us to derive simple an-

alytical expressions for the vent areas required to provide the desired ventilation
rate and air temperature for all occupants, regardless of their distribution within
the building. In §4.5 we place a constraint on the atrium vent area, such that
exchange flows are avoided. In §4.6 we show how to optimise the ventilation
performance of the atrium. We conclude by summarising the design approach in
§4.7.

4.2

The Ventilation Performance Indicator,

4.2.1

Definition for a single room

We use the simple case of a single room ventilated by stack e↵ect to illustrate the
definition of a dimensionless ‘ventilation performance indicator’ (VPI), , which
will prove useful for design.
Figure 4.2 shows a single room with the same geometry as the room shown in
Figure 2.11. The room has floor-to-ceiling height H and is ventilated through
floor- and ceiling-level vents with e↵ective areas A0f and A0c , respectively (cf.
equation (3.2)). The flow rates through the floor- and ceiling-level vents are
Qf and Qc , respectively. Air within the room has a uniform temperature T ,
which is warmer than the external air temperature, Te . The temperature excess,
T = T Te , can also be described by a reduced gravity, g 0 = g( T /Te ). The net
heat input within the room is denoted W (Watts) or, equivalently, B (m4 .s 3 ).
Following the analysis of §2.4, the flow rate through the room is
1

Q = A⇤ (g 0 H) 2 ,
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Figure 4.2: Schematic of a single room with height H, showing notation for
e↵ective vent areas, A0 , flow rates, Q, temperature, T (K or C) and g 0 (m.s
4

and heat input, W (Watts) and B (m .s

3

2

),

).

where, by conservation of volume, Q = Qf = Qc , and
1
1
1
= 02 + 02
⇤2
A
Af
Ac

(4.2)

is the combined e↵ective vent area for the room. Applying a simple heat balance
to the room, the temperature at steady state is
g 0 = B/Q.

(4.3)

Equation (4.1) can be non-dimensionalised by dividing by
p
Q/ g 0 H 5 = A⇤ /H 2 or, equivalently
c⇤ ,
=A

c⇤ is a dimensionless combined vent area, given by
where A
and

⇤
c⇤ = A
A
H2

p

g 0 H 5 such that

(4.4)

(4.5)

may be regarded as a dimensionless ‘ventilation performance indicator’

(VPI), given by
=
Qualitatively,

✓

Q2
g0H 5

◆ 12

.

(4.6)

describes the performance of the ventilation system by combining

two key design variables, flow rate and internal air temperature (via the reduced
gravity, g 0 ) in a single parameter. Equation (4.4) can then be thought of as the
c⇤ , and the corresponding performance
balance between the building geometry, A
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of the ventilation system, .

4.2.2

Ventilation requirements

By linking its definition with occupant requirements for ventilation flow rate and
internal air temperature, the VPI, , may be used as a simple tool to inform
design. To illustrate this, consider the case in which occupants within the room
require a certain total ventilation flow rate, Qd , and internal temperature, gd0 ,
where the subscript d denotes ‘design value’. With these known quantities, we
can define a design heat input for the space, Bd = Qd gd0 , and a design VPI,
given by

If a design results in

=

d,

✓

d

◆1
Q2d 2
.
(4.7)
d =
gd0 H 5
and B = Bd it is possible to balance fresh air supply

and heat inputs such that the requirements for flow rate and temperature can be
met simultaneously; we will refer to this scenario, in which both design requirements are met, as the ‘ideal design’. From (4.4), the appropriate (dimensionless
c⇤ , needed to satisfy the design criteria is then A
c⇤ = d .
e↵ective) vent area, A
d

4.2.3

d

Per-person ventilation requirements

Ventilation rate can be specified either in terms of a total flow rate for a given zone
or in terms of a per-person fresh air supply rate in l.s

1

per person. CIBSE and

ASHRAE recommend a minimum fresh air supply rate of 8-10l.s

1

per person,

for example (CIBSE, 2006; ASHRAE, 2007).
Consider the case in which there are n people within the room, and each person is
supplied with fresh air at a rate Qp , where the subscript p reads ‘per person’. The
total flow rate through the space is then Q = nQp . This situation is illustrated
in Figure 4.3. If we divide the total heat input in the space equally between all
occupants, we can also define a per-person heat input, Bp , such that the total heat
input is then B = nBp . The per-person heat input Bp relates not only to body
heat, but is a measure of all heat gains within the space (due to equipment, solar
gains, heating systems, etc.), divided equally between all occupants. Considering
the steady per-person heat balance, the temperature excess within the space is
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Q = nQp

ge0

B = nBp
z }| {
Bp Bp Bp

gp0

=0

| {z }
n

occupants
Figure 4.3: Illustration of the definition of per-person variables for a room
with n occupants. The heat input per person is Bp (m4 .s

3

) or, equivalently,

Wp (Watts). The flow rate per person is Qp . At steady state, the temperature
within the room can also be expressed in terms of a per-person reduced gravity,
gp0 = Bp /Qp .

then g 0 = gp0 , where gp0 is a per-person temperature excess, given by
gp0 =
A per-person VPI,

p

When n

p

=

d

Bp
.
Qp

(4.8)

p,

can then be defined – in three equivalent forms – as

=

✓

Q2p
gp0 H 5

◆ 12

=

✓

Q3p
Bp H 5

◆ 12

=

✓

Bp2
gp03 H 5

◆ 12

.

(4.9)

and nBp = Bd it is again possible to realise the ‘ideal’ design

in which the requirements for ventilation flow rate and internal temperature are
satisfied simultaneously. From equation (4.4), the vent area needed to meet the
design requirements is then
c⇤ = n
A
d
4.2.4

p

=

d.

(4.10)

Design chart

The relationship between

p

and the core design variables Qp , gp0 and Bp is shown

in design chart form, for buildings with H = 3m, in Figure 4.4. To provide a
better feel for how this plot may be used in design, per-person buoyancy inputs,
Bp (m4 .s 3 ), and reduced gravities, gp0 (m.s 2 ), have been converted to per-person
heat inputs, Wp (Watts), and temperature excesses,
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Figure 4.4: Design chart showing the relationships between
Wp (horizontal axis), Qp and

p

(vertical axis),

T , for buildings with H = 3m. Contours of

constant Qp (dashed grey curves, with values labelled on the right hand side of
the chart) and

T (thick black lines) are shown. Regions of the chart have been

shaded to show an example of its use – see §4.2.5 for details.

(2.9) and (2.41), respectively, and the physical values in Table 5. The second
and third equalities in equation (4.9) have been used to plot contours of constant
T (solid black lines) and Qp (dashed grey curves), respectively, on a single set
of axes with

p

on the vertical axis, and Wp on the horizontal axis.

By specifying the desired internal temperature excess,

T , and per-person ven-

tilation rate, Qp , and estimating the per-person heat input, Wp , a designer can
use Figure 4.4 to determine the value of

p

which corresponds to their design

requirements. By specifying the expected number of people in the room, n, equations (4.5) and (4.10) can then be used to determine the required e↵ective vent
size, A⇤ .
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4.2.5

Designing for a range of input values

In practice, a building will operate with a range of values of Wp , Qp and
Rather than selecting a single value of

p,

T.

it might be more practical for a designer

to use Figure 4.4 choose a range of values to meet design requirements. Regions
of Figure 4.4 have been highlighted to provide an illustrative example of how
the chart can be used in this case, which can be summarised in four steps (also
numbered on Figure 4.4):
1. Specify the desired range of

T (6-10 C in the example).

2. Estimate the expected range of per-person heat inputs (150-250W in the
example).
3. Determine the corresponding range of
for which the design requirements for

p

(0.0022-0.0028 in the example)

T can be satisfied for any value of

Wp within the estimated range. This target parameter range corresponds
to a rectangular region on the design chart, highlighted in dark blue on
Figure 4.4.⇤ Quantitatively, the minimum and maximum values of

p,

which bound the target parameter range, are given by

p,min

p,max

=
=

✓
✓

Te
2
⇢e c2p g
Te
2
⇢e c2p g

◆ 21 ✓
◆ 21 ✓

2
Wp,max
3 H5
Tmax
2
Wp,min
3
Tmin
H5

◆ 12

◆ 12

and
,

(4.11)
(4.12)

respectively, where the subscripts ‘max’ and ‘min’ denote ‘maximum value’
and ‘minimum value’, respectively. These values of

p

can then be used to

inform the sizing of vents.
4. As a final check, determine the corresponding range of Qp (17-24l.s
⇤

1

in

Note that the target parameter range does not correspond to all regions on the chart where
the target ranges of

T and Wp overlap. For example, choosing

example design requirements for

= 0.0020 allows our

T to be satisfied for some – but not all – values of Wp in

the expected range (Wp = 200W, for example, results in
in

p

T ⇡ 9 C; but Wp = 250W results

T > 10 C, i.e. an unacceptably high temperature), and is therefore not a suitable target

value for design. The target parameter range is therefore a rectangular region as shown on
Figure 4.4 (in full) and Figure 4.5 (in ‘stripped back’ form).
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the example). The minimum and maximum values of Qp correspond to the
bottom-left and top-right corners of the target parameter range, respectively, and can be calculated as follows:
2

Qp,min

1

2

3
3
Wp,max
Wp,min
=
⇢e cp Tmax

;

Qp,max

1

3
3
Wp,min
Wp,max
=
.
⇢e cp Tmin

(4.13)

Check that Qp,min corresponds to an acceptable design, i.e. that a sufficient
ventilation flow rate will be provided (following CIBSE or ASHRAE guid10l.s 1 ; the region of Figure 4.4 corresponding to

ance requires that Qp

inadequate ventilation flow rates has been greyed out accordingly).
For clarity, a ‘stripped back’ design chart is shown in Figure 4.5, which illustrates
the relationship between target ranges of design variables described in steps 1 to 4
above. In particular, note how contours of minimum and maximum design values
intersect with the rectangular target parameter range. The minimum value of
the per-person VPI,

p,min ,

can be determined by considering the intersection of

lines of Wp,max and

Tmax (cf. equation (4.11)), corresponding to the bottom-

right corner of the target parameter range, as shown on Figure 4.5. Similarly,

Wp,max

Ventilation performance indicator,

p

Wp,min
intersection of
Wp,min and Tmin
gives p,max

Tmin

intersection of
Wp,max and Tmax
gives p,min

Tmax

p,max

target
range

p,min

Qp,max

Qp,min

Per-person heat input, Wp
Figure 4.5: Stripped back illustration of how to use the design chart in Figure 4.4 to select ranges of

p

(dashed horizontal lines),

T (solid black lines),

Wp (dashed vertical lines) and Qp (dashed grey curves) that will satisfy design
requirements. The target parameter range, which corresponds to the range of
values of

p

for which the design requirements for

value of Wp in the estimated range, is shaded in blue
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p,max ,

is given by the intersection of lines of Wp,min and

Tmin (cf. equation

(4.12)), corresponding to the top-left corner of the target parameter range. The
lines of minimum and maximum Qp pass through the bottom-left and top-right
corners of the target parameter range, respectively.

4.2.6

A note on seasonal control strategies

Figure 4.4 can also be used to inform the most appropriate strategies for controlling ventilation flow rates and temperatures. For example, note that for high
values of Wp (which might correspond to a winter ventilation scenario, with a
heating system in operation) both Qp and
in

p,

T are highly sensitive to changes

and relatively insensitive to changes in Wp . This indicates that control of

the indoor environment requires careful control of vent sizes, but is not strongly
influenced by changes in internal heat gains. Conversely, for small values of Wp
(which might correspond to a summer ventilation scenario in which heat gains
are minimised), relatively large changes in
required to change Qp and

4.3

p

– and therefore vent size – are

T.

Multi-storey atrium buildings

The per-person VPI,

p,

can also be used to inform the sizing of vents in more

complex multi-compartment buildings. In this section, we focus on multi-storey
atrium buildings of the type shown in Figure 4.1.

4.3.1

Zones and flow loops

We apply the method from Chapter 3 to develop a mathematical model of flows
through atrium buildings. Figure 4.6 shows a schematic of a general N -storey
atrium building. Each of the occupied storeys is connected to the external environment by floor-level vents, and to the atrium by ceiling-level vents. The
(unoccupied) atrium is connected to the external environment by a high-level
vent.
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atrium
sN

storeys
sN

a
si

intermediate
storeys
s2

e

s2
a

s1

s1

a

Figure 4.6: Left: Schematic of a general N storey atrium building and Right:
the corresponding graph of the flow network. The letters a, e and s are used to
denote ‘atrium’, ‘environment’ and ‘storey’, respectively. Storeys are labelled si
where i denotes the floor number.

The building can readily be divided into N +1 zones as shown, one for each storey
and one for the atrium. For simplicity, and to allow for the development of an
analytical design method, we neglect stratification in all parts of the building
and do not use thermal zoning. The resulting graph of the flow network is shown
on the right of Figure 4.6.
The building comprises N + 1 zones, connected by 2N + 1 vents. From equation
(3.1), a spanning set of N independent flow loops is therefore required to form a
model of air flows. One readily identifiable spanning set of flow loops, with each
loop passing through a di↵erent storey, is shown in Figure 4.7.

4.3.2

Airflow (pressure balance) model

The variables required to quantify the pressure balance around each flow loop
and form a mathematical model of air flows are shown in Figure 4.8.
Each of the storeys has height H, and is ventilated through floor- and ceiling-level
vents with e↵ective areas A0f i and A0ci (cf. equation (3.2)), respectively, where
i = 1, 2, ..., N denotes the storey number. The atrium extends a height
the top storey and has a high-level vent with e↵ective area

A0a .

H above

The (steady) heat

gains within the storeys and atrium are denoted Bi and Ba , respectively. The
air temperatures within the storeys and atrium are gi0 and ga0 , respectively. The
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sN

e

sN

e

sN

si

si

si

s2

s2

s2

s1

a

(a) flow through
1st storey

s1

a

(b) flow through
2nd storey

e

s1

a

(c) flow through
N th storey

Figure 4.7: Flow loops through a general N -storey atrium building, each passing through one of the storeys. N flow loops of this type are required to form
a ‘spanning set’ which describes all possible unidirectional flows through the
building.

flow rates through the floor- and ceiling-level vents are Qf i and Qci , respectively.
The flow rate through the atrium vent is Qa . Flow rates are defined as positive
for ‘forward’ flows as shown in Figure 4.8.
Applying conservation of volume in the storeys, we find that Qf i = Qci = Qi ,
where Qi denotes the flow rate through storey i. Applying conservation of volume
P
in the atrium, we find that Qa = i Qi .
Applying equation (3.10) to each flow loop, the loop equation for flows through
storey i is

where

Q2i
Q2a
+
= gi0 H + ga0 ((N
⇤2
A⇤2
A
a
i

i)H +

H) ,

1
1
1
= 02 + 02
⇤2
Ai
Af i Aci

(4.14)

(4.15)

is a combined e↵ective vent area for the storeys and A⇤a = A0a is the e↵ective
atrium vent area.⇤
⇤

Applying equation (4.14) to each flow loop generates N

We use A⇤a rather than A0a to denote the e↵ective atrium vent area for consistency with
notation used in the paper upon which this chapter is based (Acred & Hunt, 2014b).
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Qa
A0a

environment

ga0 Ba

ge0 = 0

H

QcN
Qf N

0
gN
BN

A0cN

H

A0f N
intermediate floors

Qc2
Qf 2

A0c2

g20 B2

Qc1

A0f 2
Qf 1

H

A0c1

g10 B1

H

A0f 1
Figure 4.8: Schematic of a general N -storey atrium building, showing notation
for flow rates, Q, temperatures, g 0 , heat inputs, B, and e↵ective vent areas, A0 .
Each storey has floor-to-ceiling height H. The atrium extends a height

H above

the top storey.

coupled equations which describe the flow through the building.

4.3.3

Steady heat balance

For simplicity, we focus on steady flows to provide an initial target for design.⇤
Applying the general heat balance from equation (3.14), and simplifying, the
steady temperatures in the storeys and atrium are
Bi
BS + Ba
and
ga0 =
,
(4.16)
Qi
Qa
P
respectively, where BS = i Bi is the total heat input within the storeys.† It is
gi0 =

also useful here to define a ‘bulk’ or average temperature for the storeys, given
by
gS0 =

BS
,
QS

(4.17)

⇤

We consider transient flows in Chapter 6.

†

We will use a subscript capital S throughout to denote total (‘bulk’) storey quantities, i.e.
those summed over all storeys.
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where QS = Qa is the total ventilation flow rate through the storeys. We draw a
distinction between QS and Qa to allow extension of this method to other building
geometries - buildings with a ‘ventilated atrium’, for example (cf. Holford & Hunt
(2001)).

4.3.4

Dimensionless loop equations

Applying the dimensionless design approach from §4.2, dividing equation (4.14)

by gS0 H generates N dimensionless coupled equations describing the flow through
the multi-storey atrium building. The dimensionless loop equation for storey i
is then
2
S

where
b= Q,
Q
QS

ci 2
Q
1
2 +
c⇤
c⇤a 2
A
A
i

!

g0
gb0 = 0 ,
gS

⇣
0
0
b
b
= gi + ga N

⇤
c⇤ = A
A
H2

and

⌘
d
i+ H ,
d
H=

(4.18)

H
H

(4.19)

are dimensionless flow rate, temperature (expressed as a reduced gravity), vent
area and atrium extension respectively, and

S

=

✓

Q2S
gS0 H 5

◆ 12

is a bulk VPI for the storeys. Note that we define both the bulk VPI,
tion (4.20)), and the single-room VPI,

(4.20)
S

(equa-

(equation (4.6)), in terms of the total

flow rate and average temperature of the occupied spaces within the building to
ensure that both capture quantities relevant to occupants’ ventilation and air
temperature requirements. From the heat balance in (4.16), we also note that
ca , where B
ca = Ba /BS .
gba0 = 1 + B
4.3.5

Dimensionless design criteria

As the case studies presented in Chapters 1 and 3 highlighted, flow rates within
multi-storey buildings are likely to vary from storey to storey, which can lead in
particular to inadequate ventilation and overheating on upper storeys. We will
therefore focus on designing for a case in which the air temperature and fresh
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air supply rate per person are the same on all storeys and, hence, in which it
should be possible to create a healthy and comfortable internal environment for
all occupants.
Consider the case in which there are ni occupants on storey i, the atrium is
unoccupied, and there are a total of ntot occupants in the building, given by
ntot =

X

ni .

(4.21)

i

If each occupant has an associated heat input Bp and is supplied with fresh air
at a rate Qp , the fresh air supply rate and air temperature on each storey are
then given by
Qi = ni Qp

;

gi0 =

ni B p
ntot Bp
BS
=
=
= gS0 ,
ni Qp
ntot Qp
QS

(4.22)

where, noting that the total flow rate through the building is Qa = QS = ntot Qp ,
we have used the heat balance for the storeys in equation (4.16) to calculate
gi0 . The conditions described by equation (4.22), correspond to an ‘ideal’ design
scenario in which
• each and every occupant in the building receives the same ventilation flow
rate, Qp , and;

• the temperature is the same in all occupied parts of the building.
These conditions allow us, in principle, to satisfy occupant requirements for ventilation and air temperature simultaneously in all occupied zones of the building.
The ‘ideal’ design conditions in equation (4.22) can be written in dimensionless
form as follows:
ci = ni /ntot
Q

;

gbi0 = 1.

(4.23)

This is a convenient form in which to express the ideal design conditions, since it
links ventilation flow rates with the distribution of occupants within the building
and allows for simplification of the dimensionless equations in (4.18).
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4.3.6

Sizing ventilation openings for the ideal design

By substituting the conditions in equation (4.23) into the dimensionless loop
equations, (4.18), the dimensionless flow rate equation for storey i in the ideal
design case is

where

⇣
⌘⇣
1
1
c
+ 2 = 1 + 1 + Ba N
A2i
Aa
Ai =

c⇤
A
i
ni p

and Aa =

⌘
d
i+ H ,
c⇤a
A

ntot

(4.24)

(4.25)
p

are scaled per-person vent areas for the storeys and atrium, respectively, and
is the per-person VPI defined in (4.9). By estimating the heat
ca , a designer can use (4.24) to determine possible
input within the atrium, B
p

=

S /ntot

combinations of scaled per-person vent areas, Ai and Aa , which will provide
equal temperatures and per-person ventilation flow rates on all storeys.

4.4

The atrium enhancement, Ei

The intention of using an atrium or similar vertically spanning space in natural
ventilation design is usually to enhance ventilation flow rates by providing additional vertical space within which buoyant air can accumulate. However, as
Holford & Hunt (2003) and Economidou & Hunt (2009b) showed, and the case
studies from Chapters 1 and 3 highlighted, adding an atrium can, in some cases,
restrict ventilation flows. In this section we quantify the ventilation performance
of the atrium and show how this can be used to select a single set of vent areas
from equation (4.25) to meet design requirements.

4.4.1

Atrium enhancement

Following a similar approach to Holford & Hunt (2003), we define a dimensionless
atrium enhancement parameter, Ei , for storey i as follows:
Ei =

Qi
Qi,isolate
144
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(4.26)
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QN
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A⇤N BN
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Q2,isolate

A⇤1 B1

Q1,isolate

building
(a) with
atrium

A⇤2 B2
A⇤1 B1

building
(b) equivalent
without atrium

Figure 4.9: Comparison of (a) a building with an atrium with (b) an equivalent
building without an atrium. Both buildings have the same combined vent sizes,
A⇤i , and heat inputs, Bi , in the occupied storeys. The flow rates through the
storeys in the building without an atrium are denoted Qi,isolate . Flow rates in
the two buildings can be compared using the atrium enhancement parameter,
Ei = Qi /Qi,isolate .

where, from equation (2.62),
⇤2

1

Qi,isolate = Ai 3 (Bi H) 3

(4.27)

is the ventilation flow rate through an equivalent isolated storey which is not
attached to an atrium, but has the same e↵ective vent area and heat input, as
shown in Figure 4.9. The enhancement parameter quantifies the performance of
the atrium such that when Ei > 1, the flow rate through the storey is enhanced
by the addition of an atrium, and when Ei < 1, the atrium restricts flows through
the storey and better ventilation can be achieved without the atrium.

4.4.2

Sizing vents to achieve a specified enhancement Ei

By substituting equation (4.27) into the definition of Ei in (4.26) and noting
from equation (4.22) that, in the ideal design case, Bi /Qi = gS0 = gp0 , the scaled
per-person storey vent areas needed to provide equal temperatures and perperson ventilation rates on all storeys can be expressed in terms of the atrium
enhancement, Ei , as follows:
Ai =
145

1
3

Ei2

.

(4.28)
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By combining equations (4.24) and (4.28), the corresponding scaled per-person
atrium outlet vent area is given by
⇣
⇣
⌘⇣
ca N
Aa = 1 + 1 + B

i+ d
H

⌘

Ei3

⌘

1
2

.

(4.29)

However, we note that in (4.29) Aa is a function of the storey number, i. Since
Aa can only take one value, we require that the RHS of (4.29) is constant (and

specifically independent of i). Applying this constraint, we find that the atrium
enhancement, Ei , must vary between storeys such that
3
Ei3 = EN
+ (N

ca ),
i)(1 + B

(4.30)

where EN is the atrium enhancement for the top floor, i.e. the N th storey. In
the ideal design case, the atrium therefore provides the greatest enhancement of
flow on the ground floor (i = 1), where the greatest vertical extent of the atrium
contributes to the driving stack pressure. The contribution of the atrium to
driving flows through the storeys decreases on ascending the building such that
Ei decreases with i. From (4.28), the design storey scaled vent area, Ai , therefore

increases with i. Increasing the heat input into the atrium, Ba , amplifies this
e↵ect.
The values of Ei are linked and a designer may therefore only specify the value
of Ei on one storey. Equation (4.30) has been expressed in terms of EN since this
is the ‘worst performing’ storey and receives the least driving from the atrium;
by specifying EN

1, a designer therefore guarantees that Ei

1 on all storeys,

i.e. that the atrium enhances flows on all storeys and therefore adds value to
the ventilation system design.
Substituting (4.30) into (4.29), the required scaled atrium outlet vent area is
then given by
⇣

Aa = 1 + d
H e↵

3
EN

⌘

1
2

,

(4.31)

ca ) d
where d
H e↵ = (1 + B
H is an e↵ective dimensionless atrium height above
the top storey. We use the e↵ective atrium height to quantify the e↵ect of the

heat input within the atrium, Ba , which increases the driving stack pressure

provided by the atrium; this, in turn, e↵ectively acts to increase the height of
ca ) d
the atrium above the top storey from d
H, in the unheated case, to (1 + B
H
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when heated.
Equations (4.28) and (4.31) provide analytical solutions for calculating the scaled
vent areas required to deliver an ‘ideal’ design with equal per-person flow rates
ca are known and when a desired
and temperatures on all storeys when d
H and B
value of EN has been specified.

4.4.3

Design chart

ca are shown in design chart form in
The relationships between A, EN , d
H and B

Figure 4.10. Values of Ai (solid black curves) have been plotted against EN (using

equation (4.28)) for up to six storeys; values of Aa (dashed grey curves) have been
plotted (using equation (4.31)) for a number of di↵erent atrium extensions, d
H.
Plots have been generated for three atrium heating scenarios: (a) an unheated
ca = 0), (b) a heated atrium with B
ca = 1 and (c) a heated atrium with
atrium (B
ca = 2.
B

By specifying the desired value of EN and a known value of d
H, a designer may
use Figure 4.10 to find the ‘ideal’ design values of Ai and Aa as follows:

1. Find AN (top-storey scaled per-person vent area): read vertically
upwards from the chosen value of EN on the horizontal axis, to the solid

black curve corresponding to i = N (top storey), and then read horizontally
across to determine AN .
2. Find Ai for the remaining storeys: repeat step 1 – using the same
value of EN – for the black curves corresponding to the remaining storeys
(i = N

1 for the second-to-top storey, i = N

2 for the third-to-top

storey, and so on).
3. Find Aa (atrium scaled per-person vent area): repeat step 1 once

more – using the same value of EN – for the dashed grey curve that corresponds to the appropriate value of d
H for the building in question. Curves
have been plotted for d
H = 0, 1, 2, 3 and 4; a designer could interpolate
between curves to determine Aa for intermediate values of d
H (or use
equation (4.31) if greater accuracy is required).
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Figure 4.10: Design plots showing how to find the scaled per-person vent areas
for the storeys, Ai (solid black curves), and atrium Aa (dashed grey curves), in
ca = 0 (unheated atrium), (b) B
ca = 1
a building with up to six storeys and (a) B
ca = 2. By specifying a desired top-storey atrium enhancement, EN ,
and (c) B
and a known atrium extension, d
H, a designer can determine the scaled vent

areas required to provide equal per-person flow rates and temperatures on all
storeys. Black dots indicate ‘characteristic’ design points, which are discussed in
§4.6.
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Physical
Scaled vent area

Number of

e↵ective vent

Atrium

per-person

people

area [m2 ]

enhancement

A

n

A⇤

Ei

⇤

1.80

-

Atrium

1.00

80

Storey 4

1.00

20

0.45

1.00

Storey 3

0.71

20

0.32

1.26

Storey 2

0.58

20

0.26

1.44

Storey 1

0.50

20

0.23

1.59

Table 4.1: Example calculation of vent areas for a four-storey building for
ca = 0 (unheated atrium) and
which p = 0.0025, EN = 1, H = 3m, d
H = 1, B

there are 20 people on each storey. Scaled vent areas, Ai and Aa , have been
determined using Figure 4.10(a) and converted into physical values, A⇤i and A⇤a ,
using equation (4.32). Atrium enhancements have been calculated using (4.30).

Once the design values of Ai and Aa are known, a value of

p

can then be chosen

to correspond to air temperature and ventilation requirements (Figure 4.4 can be
used for buildings for which H = 3m) and the distribution of occupants within
the building, ni , specified. From (4.5) and (4.25), the dimensionless per-person
vent areas can then be converted to physical areas (in m2 ) as follows:
A⇤i = ni

pH

2

Ai

;

A⇤a = ntot

pH

2

Aa .

(4.32)

Table 4.1 shows an example calculation for a four-storey building with H = 3m,
ca = 0 and d
B
H = 1. A value of p = 0.0025 has been chosen from Figure 4.4 to
correspond, for example, to Qp = 20l.s 1 ,

T = 8 C and Wp = 200W per person

(a point at the centre of the example target parameter range highlighted on

Figure 4.4). A top-storey atrium enhancement of EN = E4 = 1 has been chosen;
there are 20 people on each storey.⇤ Scaled vent areas have been determined
from Figure 4.10 (by following the steps outlined on p.147) and converted to
physical values using equation (4.32). Values of Ei have also been calculated from
equation (4.30) to illustrate the reduction in atrium enhancement on ascending
the building.
⇤

Note that the atrium is unoccupied. The total number of occupants, ntot = 80, is shown in
the atrium row in Table 4.1 to indicate the number of people served by the atrium vent.
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4.5

Exchange flows

Note from Figure 4.10 that Aa increases with increasing EN , eventually tending
(at least theoretically) to infinity. For a given design flow rate and temperature,

increasing the size of the atrium vent will decrease the Froude number, Fr (cf.
equation (2.29)), of flows across the vent. As discussed in §2.3.5, sufficiently low
values of Fr can result in the development of bidirectional exchange flows across

the vent. Specifically, exchange flows may occur when Fr < Frcrit (cf. Figure
2.10), where Frcrit denotes a critical value which depends on the vent geometry
and orientation. Hunt & Co↵ey (2010) showed that, for a sharp-sided horizontal
vent, Frcrit ⇡ 0.33.
As discussed in §1.4, exchange flows are typically undesirable. We can therefore

use the critical Froude number condition to place a constraint on the maximum
allowable atrium vent size and the maximum achievable value of EN . From
equation (2.29), the Froude number at the atrium vent is
Fra =

Qa
01 5
ga2 Aa4

=⇣

ntot Qp
⌘ 12 1 5 ,
0
c
1 + Ba gp2 Aa4

(4.33)

where we have substituted the ideal design conditions from equation (4.22)
to write the second equality in terms of per-person quantities. Substituting
Fra = Frcrit into (4.33) and non-dimensionalising leads to a definition of a critical
scaled atrium vent size,
Aa,crit =

p
(ntot

p)

1
5

⇣

2cd,a

ca
1+B

⌘ 25

4
5

,

(4.34)

Frcrit

and, from (4.31), a corresponding critical top-storey atrium enhancement,
EN,crit =

✓

1+ d
H e↵

1
A2a,crit

◆ 13

.

(4.35)

In order to avoid the possibility of exchange flows at the atrium outlet, we require
that Aa < Aa,crit , and therefore that EN < EN,crit . The exchange flow limit
therefore places a constraint on the maximum achievable ventilation performance
of the atrium.
150

4.6 Optimising the atrium

Note that determining Aa,crit requires an estimate of the atrium vent discharge

coefficient, cd,a , which carries with it a degree of uncertainty, as discussed in
§2.3.3.
Table 4.2 shows an example calculation of Aa,crit and EN,crit for the example

building from Table 4.1, for which ntot = 80 and p = 0.0025.⇤ In addition, we
have specified the atrium extension, d
H = 1, and have considered four di↵erent
ca .
values of B
Increasing atrium heating

Relative atrium heat input
E↵ective atrium extension
Critical scaled atrium vent area

ca
B
d
H e↵

Aa,crit

Critical top-storey enhancement EN,crit

!

0

1

2

3

1

2

3

4

2.84

2.15

1.83

1.63

1.23

1.41

1.55

1.67

Table 4.2: Example calculation of critical scaled atrium vent areas, Aa,crit

(equation (4.34)), and top-storey enhancements, EN,crit (equation (4.35)) for a
building for which ntot = 80, p = 0.0025 and d
H = 1. We have taken cd,a = 0.6
and Frcrit = 0.33 for this calculation.

ca ; this is due to the corresponding
Note that Aa,crit decreases with increasing B

increase in atrium temperature, which produces a low Froude number, ‘lazy’
outflow at the atrium vent, which is more likely to result in an exchange flow.
However, the increased heat input within the atrium increases d
H e↵ such that

ca . Heatthe maximum achievable top floor enhancement, EN,crit , increases with B

ing the atrium therefore improves the ventilation performance of the atrium, but
places tighter constraints on the outlet vent area.

4.6

Optimising the atrium

The design process outlined so far allows vents to be sized based on any desired
value of the top-storey atrium enhancement, EN . Choosing 1 < EN < EN,crit
should, in principle, ensure unidirectional flows at the atrium outlet, and ensure
⇤

The example building in Table 4.1 has four storeys, i.e. N = 4. Note that (4.34) and (4.35)
are independent of N ; the results from Table 4.2 can therefore be applied to a building with
any number of storeys.
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that the atrium enhances flows through all storeys, relative to an equivalent
building without an atrium.
However, achieving EN > 1 does not necessarily ensure that the atrium is providing the optimal enhancement of flows. For example, note from Figure 4.10(c)
ca = 2)
that choosing EN = 1 for a building with a strongly heated atrium (B
demands a significant di↵erence in per-person vent sizes between storeys to meet
design requirements. In particular, there is a large disparity between AN and
AN

1.

⇤

A large disparity between vent sizes on di↵erent storeys may be imprac-

tical from a construction standpoint, and may also indicate that the atrium is
not being utilised to its fullest potential. The rationale for this second statement
is that the disparity between storey vent sizes increases with decreasing EN (cf.
Figure 4.10) and can therefore provides some indication of the degree to which
the atrium is restricting, rather than enhancing, flows.
To provide one possible method for optimising the ventilation performance of
the atrium, we identify a ‘characteristic’ design point at which
AN = Aa

dAN
=
dEN

and

dAa
.
dEN

(4.36)

Substituting these conditions into equations (4.28) and (4.31), the corresponding
characteristic top-storey enhancement, Echar , is
Echar =

⇣ ⇣
1
2

1+ d
H e↵

⌘⌘ 13

.

(4.37)

Substituting EN = Echar into equations (4.28) and (4.31), the scaled per-person
vent areas required to provide equal per-person flow rates and temperatures on
all storeys at the characteristic point are
⌘
ca )(N
1+ d
H e↵ + (1 + B
⇣ ⇣
⌘⌘ 12
Aa = 12 1 + d
H e↵
Ai =

⇣ ⇣
1
2

i)

⌘

1
2

storey vents

(4.38)

atrium vent.

(4.39)

ca are highlighted
Characteristic design points for various values of d
H and B

by black dots on the vent area design charts in Figure 4.10. The fact that
the gradients of the lines for selecting the atrium vent and the top-storey vent
⇤

In this example, AN = 2AN

1.
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Characteristic enhancement, Echar
Critical enhancement, EN,crit for the example case in which
p = 0.0025, ntot = 80, cd,a = 0.6, and Frcrit = 0.33.

Top-storey atrium enhancement, EN

2.0
exchange flow at
atrium vent

1.8

c
Ba

=

0
2.
1.5
1.0
=
=
a
c
c
Ba
B

1.6

ca =
B

0.5

ca =
B

1.4

0

ca = 2.0
B
ca = 1.5
B
ca = 1.0
B
ca = 0.5
B
ca = 0
B

1.2

1.0
atrium restricts flows
0.8

0

0.5

1.0

1.5

2.0

2.5

3.0
Dimensionless atrium extension, d
H

3.5

4.0

Figure 4.11: Plot showing the variation of the characteristic top-storey atrium
enhancement, Echar (black curves), with dimensionless atrium extension, d
H,
ca . Also shown for comparison are curves of the
and relative atrium heat input, B

critical enhancements, EN,crit (dashed grey curves), for an example case in which
p

= 0.0025, ntot = 80, cd,a = 0.6 and Frcrit = 0.33.

sizes are equal and opposite at the characteristic point indicates that ventilation
control is shared equally between the vents at this point, which – as identified in
Chapter 3 – is desirable for design.
From Figure 4.10, we also note that choosing EN < Echar results in an increased
disparity in storey vent sizes, whereas choosing EN > Echar results in a rapid
increase in the required atrium vent size, and a corresponding risk of exchange
flows. The characteristic point therefore provides a desirable balance between
design variables, maximising the performance of the atrium whilst minimising
the disparity between storey vent sizes and minimising the risk of exchange flows
at the atrium outlet.
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ca is shown in Figure 4.11. Note that
The relationship between Echar , d
H and B

relatively high values of Echar , approaching 2.0, can be achieved in buildings with
tall, strongly heated atria, which have significant potential to enhance ventila-

tion. Conversely, buildings with short, weakly heated atria may have Echar < 1,
corresponding to the shaded region on Figure 4.11. This indicates that, even
with an optimal design, the atrium is not able to enhance ventilation through all
storeys in buildings of this type.
One possible solution for the scenario in which Echar < 1 is to disconnect the
top storey from the atrium. This e↵ectively increases d
H by 1.0 for the remaining storeys which, from Figure 4.11 will ensure that Echar > 1. The isolated

top storey will also perform better when not connected to the atrium. This

strategy has already been employed at a number of buildings including the Frederick Lanchester Library (cf. Figure 1.12) and the proposed Dyson Building at
Cambridge University (see Figure 6.1).
For comparison, values of EN,crit have been plotted on Figure 4.11 for the example
case from Table 4.2 in which
Note that EN,crit > Echar

= 0.0025, ntot = 80, cd,a = 0.6 and Frcrit = 0.33.
ca shown, illustrating that
for all values of d
H and B
p

choosing EN = Echar ensures that exchange flows at the atrium vent are avoided.

4.7

Summary of analytical design process

Figure 4.12 summarises the general design process developed in this chapter for a
naturally ventilated multi-storey atrium building. The design process is divided
into five steps, detailed below. For convenience, we also reiterate some of the key
equations from earlier analysis:
1. Determine the per-person VPI,

p,

based on the storey height, H, design

requirements for the per-person ventilation flow rate, Qp , and internal temperature excess,

T , and an estimate of the per-person heat input, Wp .

The design chart in Figure 4.4 can be used for buildings with H = 3m,
otherwise use equation (4.9):

p

=

✓

Q2p
gp0 H 5

◆ 12

=

✓

Q3p
Bp H 5
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=

✓

Bp2
gp03 H 5

◆ 12

.

(4.40)

4.7 Summary of analytical design process
1. determine

p

based on occupant requirements

Specify H Qp T
Estimate Wp

eq.(4.9)
figure 4.4

Determine

p

2. determine Echar based on atrium parameters
Specify d
H
c
Estimate Ba

eq.(4.37)
figure 4.11

Determine Echar

4. check that exchange flows are avoided
Specify ntot
Estimate cd,a

eq.(4.34)

Is Aa < Aa,crit ?

no

reduce EN
and iterate

3. determine per-person scaled vent areas
eqs
(4.28)-(4.31)
Specify EN
Determine Ai and Aa
or set EN = Echar
figure 4.10

yes
5. calculate physical vent sizes
eq.(4.32)
Specify ni

Determine A⇤i and A⇤a

Figure 4.12: Flow chart summarising the design process developed in this
chapter. Each step is discussed in more detail, and key equations reiterated, in
the main text.

Use Table 6 (p.11) for quick conversions between ‘fluid dynamical’ variables,
gp0 and Bp , and ‘engineering’ variables,

T and Wp .

2. Determine the characteristic atrium enhancement, Echar , based on the
height of the atrium above the top storey, d
H, and an estimate of the
ca . Use either Figure 4.11 or equarelative heat input within the atrium, B
tion (4.37):

Echar =

⇣ ⇣
1
2

ca ) d
1 + (1 + B
H

⌘⌘ 13

.

(4.41)

3. Determine the scaled per-person vent areas, Ai and Aa , based on the desired top-storey atrium enhancement, EN . Setting EN = Echar provides a
convenient ‘atrium-optimised’ target design, although a designer could, in
principle, specify any desired value of EN . The design chart in Figure 4.10
ca = 0, 1 or 2, otherwise
can be used for buildings with up to 6 storeys and B
155

Chapter 4: A dimensionless design approach for atrium buildings

use equations (4.28) to (4.31), which we rewrite here as
Ai =

⇣

3
EN

ca )
i)(1 + B

+ (N

⇣
ca ) d
Aa = 1 + (1 + B
H

⌘

3
EN

1
2

⌘

1
2

and
.

(4.42)
(4.43)

4. Determine the largest permissible outlet vent size if bidirectional exchange
flows are to be avoided, using equation (4.34) (not reiterated here for
brevity). If the outlet vent size is too large, repeat step 2 with a smaller
value of EN such that EN < EN,crit , and therefore Aa < Aa,crit .
5. Specify the distribution of occupants within the building (i.e. set the values
of ni ) and use equation (4.32) to determine the physical e↵ective vent areas,
A⇤i and A⇤a (in m2 ):
A⇤i = ni

pH

2

Ai

;

A⇤a = ntot

pH

2

Aa .

(4.44)

Geometric vent areas can then be calculated by estimating discharge coefficients for each vent, and specifying the relative sizes of the floor- and
ceiling-level vents in the storeys (cf. equations (3.2) and (4.15)).
By following these steps, a designer can size ventilation openings to deliver an
‘ideal’ design – in which the desired air temperature and ventilation flow rate
is supplied to all occupants in a multi-storey atrium building – and to ensure
unidirectional flow at the atrium outlet.
The approach developed herein is based upon the robust mathematical models
outlined in Chapter 2, and extended to multi-compartment buildings in Chapter
3, which capture the interactions between a ‘core’ set of design variables. We
have introduced two dimensionless parameters,

p

and Ei , which quantify the

balance of per-person design requirements, and the ventilation performance of
the atrium, respectively. By applying this non-dimensional scheme, we have
shown that it is possible to arrive at analytical, ‘back-of-envelope’ expressions
that provide a quick and straightforward route to informing the sizing of vents.
Whilst we have focussed on multi-storey atrium buildings, it is hoped that the
approach developed herein will be extended to other building types in future
work, thereby providing broader design guidance to engineers and architects.
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5 A perturbation method for o↵design scenarios in atrium buildings

5.1

Introduction

5.1.1

Motivation

In Chapter 4 a target design for multi-storey atrium buildings was established in
which equal temperatures and per-person flow rates are delivered in all occupied
storeys. Analytical expressions for sizing vents to achieve the target design were
derived, providing a convenient first port of call for designers.
However, as discussed in Chapter 1, a host of complex interacting factors can
a↵ect the performance of a ventilation system. It is therefore unlikely that a
building will ever perform exactly at the target design point. Vent areas may
deviate from target values due to occupant behaviour (opening or closing vents)
or due to uncertainties in the discharge coefficient, cd , for example. Similarly,
per-person heat inputs may vary from storey to storey due to di↵erences in solar
gains, equipment and occupant activity.
As a result, temperatures and flow rates may deviate from target values. This
may result in uncomfortably hot or cold, or uncomfortably stu↵y or draughty,
environments in di↵erent parts of a building. Significant deviations from design
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may result in undesirable flow patterns occurring, such as exchange flows at the
atrium outlet (cf. Contact Theatre, Figure 1.13) or reversed flows through the
top storey (cf. Frederick Lanchester Library, Figure 1.12). Conversely, deviations
from the proposed target design may be desirable in some situations. If occupants
on one storey are more active than on other storeys, for example, they may
demand an increased flow rate and/or reduced temperature.
The motivation for understanding and thereby controlling deviations from design, therefore, is clear. In this chapter we will examine deviations from design,
focussing on the relationship between the core variables – flow rate, temperature,
heat input and vent area.

5.1.2

Approach

Starting from the mathematical model of flows through atrium buildings developed in Chapter 4, we will develop a dimensionless perturbation approach
that allows for the description of o↵-design scenarios. We will focus on steady
flows with forward flow on all storeys. Other flow regimes will be considered in
Chapter 6. The key rationale for focussing on steady states is that it allows the
mathematical models for air flow (pressure balance) and heat balance to be combined and solved simultaneously, rather than requiring a time-stepping approach
(cf. §2.6.3). In some cases, the mathematical model can be solved analytically,
providing rapid design guidance.

5.1.3

Notation

This chapter focusses on general N -storey atrium buildings of the type shown
in Figure 4.8 with floor-to-ceiling height H in each storey and an atrium that
extends a height

H above the top storey. Each storey is served by floor- and

ceiling-level vents with combined e↵ective area A⇤i (cf. equation (4.15)); the
atrium has a high-level vent with e↵ective area A⇤a . The (uniform) temperatures
in the storeys and atrium are described by the reduced gravities gi0 and ga0 , respectively. The heat inputs in the storeys and atrium are Bi and Ba (m4 .s 3 ),
respectively. The flow rate through each of the storeys is denoted Qi ; the flow
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rate through the atrium vent is denoted Qa .
We will use the set of dimensionless variables introduced in Chapter 4, which we
restate here for convenience. Geometric parameters are non-dimensionalised on
the storey height H as follows:
d
H=

H
H

⇤
c⇤ = A .
A
H2

;

(5.1)

Flow rates, temperatures and heat inputs are non-dimensionalised on the ‘bulk’
storey parameters, QS , gS0 and BS (cf. equation (4.17), p.141), as follows
b= Q
Q
QS

g0
gb0 = 0
gS

;

;

b= B.
B
BS

(5.2)

We will also use the ‘bulk’ storey ventilation performance indicator (VPI),

S,

defined in equation (4.20) as

S

=

✓

Q2S
gS0 H 5

◆ 12

5.2

Perturbing the design state

5.2.1

Perturbation definitions

.

Figure 5.1(a) shows a general atrium building (with known H and

(5.3)

H) in a given

steady ‘design state’ in which all values of the core variables within the building,
{A⇤ , g 0 , Q, B}, are known. Known design values are denoted by a subscript d; for
example, the design heat input in the storeys is denoted Bi,d . The ideal design

established in Chapter 4 – with equal per-person flow rates and temperatures
on all storeys – could be used to determine these design values. Note, however,
that any set of core variables that exactly describe a given steady state could in
principle be used as the ‘design state’.
O↵-design scenarios can be described by introducing multiplicative perturbations, denoted , to the design state such that the value of any variable X is
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Qa,d
A⇤a,d

Qa Qa,d

A⇤a,d
A⇤
a

0
ga,d

QN,d

0
A⇤N,d gN,d
BN,d

0
0 g
ga
a,d

Ba,d

QN QN,d

intermediate
floors

Q2,d
Q1,d

A⇤2,d

A⇤N,d
A⇤
N

0
0 g
gN
N,d

Ba Ba,d

intermediate
floors

0
g2,d
B2,d

Q2 Q2,d

0
A⇤1,d g1,d
B1,d

Q1 Q1,d

(a) design state

A⇤2,d
A⇤
2

0
g20 g2,d

A⇤1,d
A⇤
1

0
g10 g1,d

(b) perturbed state

Figure 5.1: Schematics of a general N -storey atrium building operating at (a) a
steady ‘design state’, in which all of the values of the core variables {A⇤ , g 0 , Q, B}
are known, and (b) a steady ‘perturbed state’, in which the core variables di↵er

from their design values by multiplicative factors denoted . To avoid clutter, the
perturbed heat inputs on the storeys are not shown, but are given by Bi =

Bi Bi,d

(cf. equation (5.5)).

related to its corresponding design value, Xd , by
X=

X Xd .

(5.4)

Explicitly, the ‘local’ perturbations to flow rates, temperatures and heat inputs
in the storeys and atrium can be expressed in this notation as follows
Qi =
Qa =

Qi Qi,d

gi0 =

0
gi0 gi,d

Qa Qa,d

ga0 =

0
ga0 ga,d

Bi =
Ba =

Bi Bi,d
Ba Ba,d ,

(5.5)
(5.6)

as shown for a general N -storey building in Figure 5.1(b). We also define ‘bulk’
perturbations for the storeys such that
QS =

QS QS,d

gS0 =

0
0 g
gS
S,d

BS =

BS BS,d .

(5.7)

Combining equations (5.2) and (5.5) to (5.7), dimensionless variables for the
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storeys and atrium can be expressed in perturbed form as follows
Qi

ci =
Q

QS
Qa

ca =
Q

gbi0 =

d
Q
i,d

d
Q
a,d

QS

gba0 =

gi0
0
gS

ga0
0
gS

0
gc
i,d

ci =
B

0
gd
a,d

ca =
B

Bi
BS

d
B
i,d ,

Ba

BS

d
B
a,d .

(5.8)
(5.9)

Similarly, writing the dimensionless vent areas for the storeys and atrium in
perturbed form gives
c⇤ =
A
i

⇤
d
A⇤i Ai,d

and

respectively. Finally, the bulk storey VPI,

S,

c⇤a =
A

⇤
d
A⇤a Aa,d ,

(5.10)

can be written in perturbed form

as follows
S

Q
=pS

0
gS

S,d .

(5.11)

Note that we do not perturb the height variables, H and

H, since it is reason-

able to assume that these are well-known and fixed.

5.2.2

Relationship between perturbations: forward flow

By definition, QS =

P

Qi and BS =

i

P

i

Bi ; the bulk perturbations for flow rate

and heat input can then be related to the local perturbations by
QS

=

X
i

d

Qi Qi,d

respectively.⇤ We also note that

and

BS

=

X
i

QS

=

Qa

d

Bi Bi,d ,

(5.12)

because, from volume conservation,

QS = Qa . Similarly, from the ‘local’ and ‘bulk’ steady heat balance equations
for forward flow on all storeys (equations (4.16) and (4.17), respectively), the
perturbations in temperature in the storeys can be related to flow rate and
heating rate perturbations by†
Bi
⇤

=

Qi gi0

and

BS

=

0 .
QS gS

(5.13)

Equation (5.12) is a general relation which is valid for any unidirectional flow regime through
the building, i.e. not just forward flow.

†

Note that the perturbation relations in equation (5.13) are similar in form to the definition
of the buoyancy flux in equation (2.10), i.e. B = Qg 0 .
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Using the steady heat balance for the atrium in equation (4.16) and noting that
ca , the relationship between the heating and temperature perturbations
gba0 = 1+ B
in the atrium and storeys can be expressed as
✓
⇣
⌘
d
0
1+
ga0 1 + Ba,d = gS
5.2.3

Ba
BS

◆
d
Ba,d .

(5.14)

Perturbed loop equations

We can describe the e↵ect of perturbations to the design state mathematically
by expressing the loop equations which link Q, g 0 and A⇤ in perturbed form.
We recall from equation (4.14) that the loop equation for flows passing through
storey i is
Q2i
Q2a
+
= gi0 H + ga0 ((N
⇤2
A⇤2
A
a
i

i)H +

H) .

(5.15)

From equation (4.18), this loop equation can be written in dimensionless form
as follows
2
S

ca 2
ci 2 Q
Q
+ 2
c⇤ 2 A
c⇤a
A
i

!

⇣
= gbi0 + gba0 N

⌘
i+ d
H .

Rewriting equation (5.16) in perturbed form gives
0
1
2
2
2 d
2 d
⇣
Q
Q
Qa a,d A
2 @ Qi i,d
0
0
c
d
0
0
= gi gi,d + ga ga,d N
S,d
2 +
2
2 d
⇤
2 d
⇤
A
A
⇤
⇤
Aa a,d
Ai i,d

⌘
d
i+ H .

(5.16)

(5.17)

Applying equation (5.17) to each storey generates N coupled equations which,
in conjunction with the perturbation relations in (5.12) to (5.14), form a mathematical model of ‘o↵-design’ scenarios, for steady forward flow on all storeys.
When the design values of {

c⇤ b b0 b
S , A , Q, g , B}

the four sets of perturbations {

and d
H, and at least two out of

A⇤ , Q , g 0 , B }

are known, equations (5.12) to

(5.14) and (5.17) can be solved simultaneously – either numerically or, in special

cases, analytically – for the remaining, unknown perturbations, which thereby
fully describe the ‘o↵ design’ ventilation scenario. We consider some of the
applications of this method in the following section.
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5.3

Applying the perturbation method

5.3.1

An example design state

Consider the ‘ideal’ target design from Chapter 4 in which there is forward flow
(Qi > 0) on all storeys, the heat inputs in the storeys are split equally between
occupants and there are equal temperatures and per-person flow rates in the
storeys such that
d
Q
bi ,
i,d = n

0
gc
i,d = 1

d
Q
a,d = 1,

0
d
gd
a,d = 1 + Ba,d ,

and

(5.18)

where nbi = ni /ntot is the fractional occupancy on storey i. From equations (4.28),
(4.30) and (4.31) the design vent areas in this case are
⇤
d
A
i,d = ⇣

⇤
d
A
a,d = ⇣

3
EN

+ (N

nbi

S,d

d
i)(1 + B
a,d )
S,d

d
d
1 + (1 + B
a,d ) H

and

⌘ 12

3
EN

(5.19)

(5.20)

⌘ 12

in the storeys and atrium, respectively, where EN is the top-storey atrium enhancement. Substituting these design values into equation (5.17), the perturbed
loop equation for storey i becomes
⇣
⌘
2
3
d
i)(1 + Ba,d )
Qi EN + (N
2
A⇤i

=

gi0

+

2
QS

+
0
gS

✓

⇣

d
d
1 + (1 + B
a,d ) H

3
EN

2
A⇤

◆ ⇣a
B d
1+ aB
N
a,d
BS

QS

and

(5.21)

⌘

i+ d
H ,

where we have used the perturbation relations in §5.2.2 to rewrite
terms of

⌘

Qa

and

ga0

in

0 .
gS

To simplify this somewhat cumbersome mathematical expression, we focus from
this point onwards on an example design state in which EN = 1 and the atrium
d
is unheated such that B
a,d = 0 and Ba = 1. Substituting these values, equation
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(5.21) simplifies to
2
Qi

(1 + N

i)

2
A⇤i

+

2
QS

d
H

=

2
A⇤a

gi0

+

0
gS

⇣

⌘
i+ d
H .

N

(5.22)

Note that, whilst we focus on this particular design state (i.e. EN = 1 and
ca = 0) to simplify mathematical expressions and add clarity, the methods
B

shown in the following sections could, in principle, be applied to any design
state.

5.3.2

Independent control of temperatures on di↵erent storeys

Consider the scenario in which the occupants on a particular storey require a
di↵erent air temperature to occupants in other parts of the building. The desired
change in air temperature can be achieved by
• changing vent areas such that

A⇤i

• changing heat inputs such that

6= 1 and/or

Bi

A⇤a

6= 1;

6= 1;

• changing ventilation flow rates such that

Qi

6= 1;

or a combination of the above. Consider further a scenario in which the desired
changes in temperature,

gi0 ,

are known and the manner in which those changes

are to be achieved – for example by varying flow rates (
heat inputs constant (
rearranged to make

A⇤i

A⇤i

Bi

Qi

6= 1), whilst keeping

= 1) – is known. In this case, equation (5.22) can be

the subject, giving

v
u
u
= Qi u
t

gi0

+

0
gS

⇣

1+N
N

i

i+ d
H

⌘

2 d
QS H
2
A⇤
a

(5.23)
,

which explicitly describes the changes in storey vent areas required to achieve the
desired changes in temperature when

Qi ,

gi0

and

A⇤a

are known. Equivalently,

using the relations in (5.13), equation (5.23) can be written in the form
v
u
1+N i
Bi u
(5.24)
u
A⇤i =
⇣
⌘
2 d
BS H
gi0 t
d
0
0
i+ H
2
2 ,
gi + gS N
⇤
g 0 Aa
S
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which describes the changes in storey vent areas required when

Bi ,

gi0

and

A⇤a

Note that equations (5.23) and (5.24) contain the ‘bulk’ perturbations,

QS ,

0
gS

are known.

and

BS ,

which quantify how changes in Q, g 0 and/or B on any one storey a↵ect

all other storeys, due to their mutual connection via the atrium. As a result,
changing the temperature, heat input and/or flow rate on one storey, whilst
leaving flows through the remaining storeys unchanged, necessitates changing
the vent sizes on all storeys. Control may also involve changing the size of the
atrium vent, although this is not necessarily required, since we can set

A⇤a

=1

in equations (5.23) and (5.24).
There may be some special cases in which it is possible to achieve control by varying the atrium vent only, or by varying vent sizes in the atrium and one storey
only. This may be possible in a two-storey building, for example, by setting
A⇤i

= 1 on the storey which is to be left unchanged and using equations (5.23)

and (5.24) to calculate the changes required for the remaining vents. However,
these are specific cases and, in general, control must be achieved through varying all vents (with the possible exception of the atrium vent) and may require
management by an intelligent BMS, for example.

5.3.3

Perturbation plots for an example scenario

To illustrate the application of equations (5.23) and (5.24), consider an example three-storey building (N = 3) with an unheated atrium with d
H = 1
ca = 0. There are equal numbers of occupants on all storeys such that
and B
nb1 = nb2 = nb3 = 1/3. We will examine the case in which control of temperatures

is achieved by varying the size of storey vents only, and the size of the atrium
vent is well-known and fixed, i.e.

A⇤a

= 1. Figure 5.2(a) shows the example

building in its design state in which EN = 1 and

gi0

= 1 on all storeys.

Consider the example scenario in which it is necessary to change temperature,
flow rate and/or heat input on the ground floor, whilst leaving conditions on the
remaining storeys unchanged, as shown in Figure 5.2(b). Equations (5.23) and
(5.24) have been used to generate ‘perturbation plots’ for this scenario, which
165

Chapter 5: A perturbation method for o↵-design scenarios in atrium buildings

d
H=1

ca = 0
B

EN = 1

unchanged
unchanged
perturbed

(a) design state

(b) perturbed state

Figure 5.2: Illustration of an example o↵-design scenario for a three-storey
ca = 0 (unheated atrium) and equal occupancy
atrium building with d
H = 1, B

on all storeys (nbi = 1/3). The (steady) design state shown in (a) corresponds to
EN = 1 and equal flow rates and temperatures on all storeys. In the o↵-design
(perturbed) state shown in (b) , conditions on the ground floor are changed,

whilst the upper floors remain unchanged. Note that changing conditions on the
ground floor may also change the temperature in the atrium, as shown.

are shown in Figure 5.3. The plots show the changes in vent areas,

A⇤i ,

on each

storey required to produce a known change in temperature on the ground floor,
for known changes in flow rate,
B1

Q1

(dashed grey curves), and/or heat input,

(solid black curves), on the ground floor, whilst leaving all other storeys

unchanged.⇤ The points at which all storeys are unperturbed and operating at
the original design point (i.e.

A⇤i

=

=

gi0

Qi

=

Bi

= 1 on all storeys) are

indicated by black circles ( ).
The perturbation plots can be used to determine the values of

A⇤i

required to produce a known perturbed state, in which two out of
B1

g10 ,

that are
Q1

and

are known, as follows:

(a) Known values of

g10

and

Q1 :

for each of the three plots, read vertically

upwards from the desired value of

g10

on the bottom horizontal axis to the

dashed grey curve corresponding to the known value of

Q1 ;

tally across to determine the required changes in vent area,

read horizonA⇤i ,

on each

storey.†
⇤

Note that not all contours of
intervals of 0.2 (i.e.

†

B1

Q1

and

B1

have been labelled, but are plotted at constant

= 0.2, 0.4, 0.6, etc.).

Note that the vertical scales are di↵erent for each of the three plots.
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1.0 1.1
1.2
Temperature change on storey 1,

1.3

1.4

1.5

g10

Figure 5.3: Perturbation plots for a three-storey building (with d
H = 1 and
ca = 0) showing the changes in vent areas on storey 1 (bottom ), storey 2
B
(middle ) and storey 3 (top) required to produce a known change in temperature excess on storey 1,

g10 ,

curves), and/or heat input,

for a known change in flow rate,

B1

Q1

(grey dashed

(solid black curves), whilst leaving the remaining

storeys and atrium vent unchanged. The original (unperturbed) design point
(

A⇤
i

=

Qi

=

gi0

=

Bi

= 1 on all storeys, and EN = 1) is indicated by black cir-

cles ( ). The example perturbed state summarised in Table 5.1, with
and

B1

= 1.2, is indicated by black squares ( ).
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(b) Known values of

g10

and

B1 :

for each of the three plots, read vertically

upwards from the desired value of

g10

on the bottom horizontal axis to the

solid black curve corresponding to the known value of

B1 ;

across to determine the required changes in vent area,
(c) Known values of

Q1

and

B1 :

read horizontally

A⇤i ,

on each storey.

for each of the three plots, find the inter-

section of the two curves that correspond to the known values of
B1 ;

Q1

and

read horizontally across from the intersection to determine the required

changes in vent area,

A⇤i ,

on each storey; read vertically downwards from

the intersection to determine the corresponding change in temperature on
the ground floor,

g10 .

As an illustrative example, consider the scenario in which occupants on the
ground floor are more active than occupants on other storeys (the ground floor
may include catering facilities, for example) such that

B1

= 1.2 (i.e. the per-

person heat input is 20% higher on the ground floor than on other storeys),
and also require a cooler environment such that

g10

= 0.8 (i.e. a 20% smaller

temperature excess than on other storeys). Note that this corresponds to case (b)
(known

g10

and

B1 )

above. The points on the plots in Figure 5.3 corresponding

to this perturbed state are indicated by black squares ( ). Reading across to the
vertical axes, we find that the required changes in vent areas,
A⇤1

= 1.76

;

A⇤2

= 1.16

and

A⇤3

A⇤i ,

= 1.33.

are
(5.25)

Note that an increase in vent size is required on all storeys to achieve the desired
conditions on the ground floor, even though temperatures, flow rates and heat
inputs on the second and third storeys are left unchanged. A large increase in
vent size, 76%, is required on the ground floor, to produce the required increase
in flow rate and reduction in temperature. The reduction in temperature on the
ground floor results in a decrease in temperature in the atrium (a 9% reduction
in ga0 , i.e.

ga0

= 0.91). This results in a reduction in the stack pressure available

to drive flows through all storeys. To compensate for this, increased vent sizes
are also required on the top two floors.
All of the values of the perturbation parameters {

A⇤ , Q , g 0 , B }

for this example

perturbed design are listed in Table 5.1. Note that it is clear from the values in
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Change in
Change in

Change in

temperature

Change in

flow rate

heat input

excess

vent area

Q

B

g0

A⇤

Atrium

1.16

-

0.91

1.00

Storey bulk

1.16

1.06

0.91

-

Storey 3

1.00

1.00

1.00

1.33

Storey 2

1.00

1.00

1.00

1.16

Storey 1

1.50

1.20

0.80

1.76

Table 5.1: Example perturbation-from-design calculation for a three-storey
ca = 0 (unheated atrium), starting from an inibuilding with d
H = 1 and B
tial design in which EN = 1 and nbi = 1/3 on all storeys (equal occupancy on all
storeys). This perturbed state is marked by squares ( ) on Figure 5.3.

the table that temperatures, flow rates and heat inputs on the second and third
storeys are left unchanged, with

gi0

=

Qi

=

Bi

= 1. Note also that, for forward

flow on all storeys, the change in total (‘bulk’) flow rate through the storeys is
equal to the change in flow rate through the atrium vent, i.e.

Qa

=

QS

= 1.16

(an increase in this case, due to the increased flow rate through the ground floor).
Also, because the atrium is unheated,

ga0

=

0
gS

and

Ba

has not been assigned a

value.

5.4

Numerical solutions for o↵-design vent areas

Equations (5.23) and (5.24) allow for calculation of the changes in vent areas
required to correspond with known and desired changes in flow rate, heat input
and temperature relative to a design state. Consider now the inverse problem in
which changes in vent areas and heat inputs are known, and we wish to calculate
the resulting changes in flow rate and temperature. In this case, the perturbed
design can be expressed by writing equation (5.22) in the following form:
2
Qi

(1 + N
2
A⇤i

i)

+

2
QS

d
H

2
A⇤a

Bi

BS

Qi

QS
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N

⌘
d
i + H = 0.

(5.26)
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For known values of

A⇤i ,

A⇤a

and

f(

Bi ,

equation (5.26) is of the form

Q1 , Q2 , ..., QN )

= 0,

(5.27)

where f (...) denotes ‘some function of’. Applying equation (5.26) to each storey
generates N coupled non-linear equations of the form of (5.27) which, in combination with equation (5.12), which relates

QS

to

Qi

and

BS

to

Bi ,

can be

solved numerically.
Specifically, for all numerical analysis herein, we use the fsolve feature of MATLAB 2012a, a multi-dimensional Newton-Raphson root finding algorithm, capable of solving systems of non-linear algebraic equations. fsolve requires an initial
guess of the solution, which in all cases was taken as

Qi

= 1 for all i. We also use

fsolve to solve simultaneous loop equations in Chapter 6, see §6.3.3 for details.
5.4.1

A note on the numerical method used in Chapter 3

The numerical perturbation method described above was used to generate the
plots in Figures 3.9 and 3.10. Note that, in Chapter 3, we did not explicitly
specify design values of vent areas, and instead characterised the vents in the
example building in terms of a ratio between ‘inner’ and ‘outer’ vents, RA⇤ . We
ca > 0. To cater for
also considered scenarios in which the atrium is heated, i.e. B
this, equation (5.26) can be rewritten as follows:
!
2
2
⇣
⌘
n
b
i
Q
i
2
d
ca
H 1+B
+ Q
2
S
RA
⇤
⇣
⌘⇣
Bi
BS
c
1 + Ba N
Qi

which can be solved for

Qi

QS

i+ d
H = 0,

ca are known. For the investigation
when RA⇤ and B

in chapter 3, known heat inputs were specified such that

5.4.2

(5.28)

⌘

Bi

=

BS

= 1.

Advantages and limitations of a perturbation approach

The key advantage of using the perturbation technique to calculate flow rates
and temperatures for o↵-design scenarios is that it allows us to solve directly for
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steady-state values – a simultaneous solution of heat and pressure balance models
– rather than having to use a time-stepping approach (cf. §2.6.3). Whilst the two
approaches produce the same steady-state results, the perturbation approach is

computationally less expensive, typically requiring a fraction of a second for a
single steady-state computation, compared to between 5 and 10 seconds for a
time-stepping run with around 1000 time steps.⇤
A second key advantage of using a perturbation approach is that it is fully
dimensionless and – along with the dimensionless design approach developed in
Chapter 4 – can be applied to any atrium building, regardless of physical size.
This also allows our approach to be readily applied to small-scale experiments,
which could be used to validate the mathematical models developed herein.
The key limitation of our perturbation technique is that it is restricted to a
specified flow regime, i.e. forward flow through all storeys, and does not allow
us to determine when other flow regimes – such as reversed flow through the top
storey – may occur. Identifying the transition between flow regimes requires an
analysis of the time-dependent behaviour
This is where a time-stepping approach becomes valuable, and forms the motivation for the numerical study presented in the next chapter.

⇤

These observations are the results of a comparison between the perturbation approach presented in this chapter and applied in Chapter 3, and the time-stepping approach presented
in Chapter 6. This comparison was part of preliminary work conducted during the initial
development in MATLAB of the numerical models used throughout this Ph.D. project.
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6 Multiple flow regimes in atrium
buildings

This chapter is based upon work published in the paper:
A. Acred & G. R. Hunt: Multiple flow regimes in stack ventilation of
multi-storey atrium buildings. International Journal of Ventilation, 12:1
(2013), 31-40.

6.1

Introduction

In this chapter we examine the conditions under which a number of di↵erent
flow regimes occur in multi-storey atrium buildings. In the previous chapter,
we showed how small deviations in vent areas or heat input from a given design
point – whether intentional, or due to uncertainties in design – can result in
deviations in flow rate and temperature from the original design, for the case of
forward flow on all storeys. As we will show herein, larger deviations in design
can result in potentially undesirable flow regimes, such as exchange flows at the
atrium vent, or reversed flows through the top storey.
Being able to quantify the maximum allowable deviations from design, if these
undesirable flow patterns are to be avoided, is of interest to designers, as it allows
tolerances to be placed on design parameters. We will focus in particular on the
e↵ect of deviations in vent sizes from their design values – which may occur due
to uncertainties in the discharge coefficient, cd , for example (see §2.3.3) – on the
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flow regimes observed.
The work in this chapter builds upon the work of Economidou & Hunt (2009a,b),
who used simple mathematical models to investigate multiple flow regimes and
the associated transient flow behaviour in two-storey atrium buildings. Notably,
Economidou & Hunt (2009a) found that reversed flows through the storeys are
possible, either at steady state or during transient flow development, when the
atrium vent is small compared to the storey vents. Some theoretical development,
extending the analysis to N -storey buildings, is also presented in Economidou
(2009). Following a similar approach, we will use the generalised mathematical
approach presented in Chapter 3 to investigate the situations under which different flow regimes occur in multi-storey atrium buildings, extending the results
of previous work and focussing, in particular, on the implications for design.
We will also give some attention to the transient development of flows within
multi-storey atrium buildings which – aside from the work of Economidou and
Hunt, and Lynch & Hunt (2011), who studied the transient night-purging of
buoyant air from a two-storey atrium building – has not yet been studied in
detail.

6.1.1

Chapter structure

We will focus on three-storey buildings with unheated atria. We describe the
motivation for this focus in §6.2. In §6.3 we apply the approach presented in

Chapter 3 to develop a mathematical model of flows through a three-storey
atrium building, and describe the corresponding numerical scheme that will be
used to model transient flows. In §6.4 we provide an overview of the inputs that
will be used for numerical modelling, including two case study design scenarios.

In §6.5, we show how deviations in vent areas from design can result in four
distinct flow regimes and examine their transient evolution. In §6.6 we conclude
by examining the boundaries between flow regimes, which allow tolerances to be

placed on the allowable deviations in vent areas from design if undesirable flows
are to be avoided.
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6.1.2

Scope

We note here that the transient behaviour of buoyancy-driven flows in multicompartment buildings is a potentially very rich subject. As we have seen in
earlier chapters, even a steady-state analysis using a simple mathematical model
which focusses on the interaction of a few core variables requires careful attention.
A transient analysis, which requires calculations to be carried out at each instant
in time, typically for hundreds or thousands or time steps (cf. Lynch & Hunt
(2011), for example), adds significantly to the degree of complexity.
The work presented herein is therefore only intended to predict some of the
features of transient flows through atrium buildings. Following the core ethos of
the work in this thesis, we intend to draw some intuitive understanding of the
building system from our analysis and link this back to design, with a view to
informing some rules of thumb for engineers and architects. There is much scope
for more detailed analysis; however, this is beyond the scope of this thesis and
should form the focus of future work.

6.2

Three-storey atrium buildings: case study

The steady-state analysis presented in previous chapters allowed a variety of
generic building types to be modelled. However, a transient analysis – owing to
its additional complexity – demands a more focussed study. We will therefore
restrict our focus to one specific building type, namely three-storey buildings
with unheated atria.
This focus is partly motivated by a building design project at the Cambridge
University Engineering Department (CUED). A new naturally ventilated multistorey office building (‘The Dyson Building’) is planned for construction at the
CUED site in central Cambridge. The intended ventilation system design at
the time of writing is shown in Figure 6.1. The building comprises four storeys
containing open plan office spaces which are supplied with fresh air through
perimeter openings. The lower three storeys are connected to five internal ventilation stacks, spanning the height of the building, through which warm air is
exhausted. The stacks are not glazed and contain no direct sources of heat174
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Exhaust through stacks
connected to lowermost 3 floors
Fresh air supply
through perimeter openings

‘Autonomous’ top storey
not connected to stacks

Figure 6.1: Left: Visualisation of the Dyson Building at CUED, viewed from
the south east. Right: Schematic of the intended ventilation scheme. Fresh air
enters the building through perimeter openings (including windows and purposebuilt vents). The lower three storeys are connected to ventilation stacks, through
which warm air is exhausted. The top storey is not connected to the stacks.

ing. The top storey is not connected to the stacks – following a similar design
rationale to the Frederick Lanchester Library (Figure 1.12) – and is served by
dedicated high-level exhaust vents. We focus on the lower three storeys, which
are analogous to a three-storey building with an unheated atrium.
Whilst our case study building is not necessarily ‘wind-neutral’, and flows may
in some cases be assisted by the wind, we focus on flows driven by buoyancy only
to provide conservative design guidance and to quantify the performance of the
building in this ‘worst-case’ scenario.

6.3

Mathematical model

We will use the general mathematical approach developed in Chapter 3, and
applied to atrium buildings in Chapter 4, to form a mathematical model of flows
through the building. We will use the generalised, simplified model of multistorey atrium buildings – shown Figure 4.8 – with N = 3 (i.e. a three-storey
building).
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The model and associated nomenclature are described in §4.3.2. We recall key

features here for convenience. The building comprises three storeys each with
floor-to-ceiling height H and floor plan area Ss . The atrium extends a height
H above the top storey and has floor plan area Sa .⇤ Each storey is ventilated through floor- and ceiling-level vents with combined e↵ective area, A⇤i (cf.
equation (4.15)), where i = 1, 2, 3 denotes the storey number. The atrium has
a high-level vent with e↵ective area A⇤a . The flow rates through the storeys and
P
atrium vent are denoted Qi and Qa , respectively, where Qa = i Qi . The (assumed uniform) air temperatures within the storeys and atrium are described by
reduced gravities denoted gi0 and ga0 , respectively (cf. equation (2.8)). The heat
inputs within the storeys and atrium are described by buoyancy fluxes denoted
Bi and Ba , respectively (cf. equation (2.9)).

6.3.1

Flow loops and pressure balance

Following the general method developed in Chapter 3, flows through the building can be described by considering the pressure balance around flow loops.
From Figure 4.7, three flow loops – and therefore three loop (pressure balance)
equations – are required to describe unidirectional flows through a three-storey
building. The loop equation for storey i is given, from equation (4.14), by
Q2i
Q2a
+
= gi0 H + ga0 ((N
⇤2
A⇤2
A
a
i

6.3.2

i)H +

H) .

(6.1)

Transient heat balance

For simplicity, we focus on well-insulated buildings for which there is no heat
transfer through the building fabric, i.e. µ = 0 for all surfaces (cf. §2.6). From
equation (3.14), the transient heat balance for the building is then given by
d
(Vg0 ) = QT g0 + b,
dt
⇤

(6.2)

We assume that all zones within the building are ‘box-like’ such that Ss and Sa do not vary
with height.
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where, following the nomenclature from §3.3.4
0

g10

1

B 0 C
B g2 C
C
g =B
B g0 C
@ 3 A
ga0
0

0

B1

1

B
C
B B2 C
C
b=B
B B C,
@ 3 A
Ba

and

(6.3)

are the reduced gravity and buoyancy input vectors, respectively,
0

B
B
V=B
B
@

HSs

0

0

0

0

HSs

0

0

0

0

HSs

0

0

0

0

(3H +
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is the zone volume matrix, and
0

B
B
Q=B
B
@
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0
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0

0

Qa!1

Qa!2

Q1!a

0
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C
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C
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is the zone-to-zone flow rate matrix. The zone-to-zone flow rates, Qi!j , are
related to the vent flow rates, Qi , as follows
Qi!a = max(Qi , 0)

storey-to-atrium flow rates

(6.6)

Qa!i = max( Qi , 0)

atrium-to-storey flow rates,

(6.7)

where the max function has been used to distinguish between forward (storeyto-atrium, Qi > 0) and reversed (atrium-to-storey, Qi < 0) flows. Similarly, the
zone outflow rates, Qi,out , are given by
Qi,out = |Qi |
Qa,out = max(Qa , 0) +

X

Qa!i

storey outflows

(6.8)

atrium outflows.

(6.9)

i

Note that, by using zone-to-zone flow rates, we are able to use equation (6.2)
to describe the heat balance for any unidirectional flow regime in a three-storey
atrium building (in contrast to the analysis presented in §3.4.3, in which the heat
balance matrix was simplified to cater for forward flows only).
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6.3.3

Numerical scheme

For the work presented herein, we use MATLAB to numerically solve the mathematical model of heat and air flows through a three-storey atrium building. To
solve our model, we apply the ‘ping-pong’ method described in §2.6.3 and shown

schematically in Figure 2.16, in which the heat and pressure balance models
are solved alternately, whilst stepping forward through time using discrete time
steps,

t. The method comprises two repeating steps:

Solve pressure balance: The loop equations in (6.1) are solved – using MATLAB’s fsolve feature – at a given time, t, to determine the values of Qi (t) and
Qa (t) for given values of gi0 (t) and ga0 (t). Flow rates from the previous time step,
Qi (t

t) and Qa (t

t), are used to provide an initial guess for the solver.

Solve heat balance: In order to solve the heat balance numerically, we convert
the di↵erential equation in (6.2) to a finite-di↵erence equation:
g0 (t +

t) = g0 (t) + V

1

QT (t)g0 (t) + b(t)

t.

(6.10)

For known values of g(t), Q(t) and b(t), equation (6.10) can readily be solved to
determine the temperatures at the next time step, g0 (t+ t). These new temperatures then form the input for the pressure balance (loop equation) calculation
at time t +

t.

For the work herein, between 1000 and 1500 iterations of the two steps outlined
above – constituting one ‘run’ – were executed to calculate the evolution of flow
rates and temperatures within a three-storey building for a given set of heat
inputs, vent areas, heights and floor plan areas.

6.4

Numerical inputs and design cases

6.4.1

Example building parameters

We will use an example building scenario to provide geometric and heat input
values for all numerical work presented herein. The values used are listed in Table
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6.1. Note that both ‘engineering’ and ‘fluid dynamical’ variables have been used
to express heat inputs and temperatures (cf. Table 2.1).
The building height and occupancy values are based upon the design of the
CUED Dyson Building, which – from values obtained in preliminary design meetings – will have H = 3.9m,

H = 5.5m, and a capacity of between 55 and 70

people in the open plan spaces on each storey. For simplicity, we have rounded
these figures, and will use H = 4m,

H = 6m. We will focus on an example

scenario in which there are equal numbers of people (ni = 50) and equal perperson heat inputs (estimated at 100W) on each storey. The floor plan areas
used are the same as for the Dyson Building, where the total plan area of the
five ventilation stacks has been used for Sa .

design

heat inputs

geometry

An example target design, in which a 5 C temperature excess within the occupied

Quantity (units)

Symbol

Value

Storey height (m)

H

4.0

Atrium extension (m)
Storey plan area (m2 )

H

6.0

Ss

380

Atrium plan area (m )

Sa

16

Number of occupants on each storey (-)

ni

50

Total number of occupants (-)

ntot

150

Heat input per person (W)

Wp

100

Buoyancy input per person (m .s )

Bp

0.00275

Buoyancy input within each storey (m4 .s 3 )

Bi

0.138

Buoyancy input within the atrium (m4 .s 3 )

Ba

0

Target temperature excess ( C)

T

Target reduced gravity (m.s 2 )

gp0

0.170

Target per-person flow rate (l.s 1 )

Qp

16.2

Target per-person VPI (-)

p

2

4

3

5.0

0.00122

Table 6.1: Example geometric, heat input and target design values for a threestorey building with an unheated atrium and equal heat inputs on all storeys.
These values are based on the design for the Dyson Building at CUED (although
rounded values of H,

H and ni have been used for simplicity, and heat in-

put values have been estimated) and are used as inputs for the numerical work
presented in this chapter.
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spaces is desired will be used for calculating target vent areas, using the method
developed in Chapter 4. The corresponding value of the per-person ventilation
performance indicator (VPI),

6.4.2

p,

has been calculated using equation (4.9).

Vent area design cases

Using the input parameters listed in Table 6.1, we will calculate design vent
areas for two scenarios, which we will refer to as case D (ideal Design) and case
E (Equal vent areas):
Case D (‘ideal design’): Vents are sized following the dimensionless design
method developed in Chapter 4 to provide equal per-person flow rates and temperatures in all parts of the building. Vents are sized based on a specified value
of the top-storey atrium enhancement, EN . From equations (4.28) and (4.31),
the atrium and storey vent areas for case D are given, respectively, by
c⇤ =
A
a
⇣

ntot

p

1+ d
H

3
EN

c⇤ = A⇤ /H 2 and d
where A
H =

⌘ 12

c⇤ =
and A
i

ni
3
(EN

p

+N

1

i) 2

,

(6.11)

H/H are the dimensionless vent areas and

atrium extension, respectively.

Case E (‘equal areas’): The atrium vent is sized as per case D – using equation
(6.11) above, and a specified value of EN – but the storey vents have equal areas
such that

c⇤
c⇤ = Aa ,
A
(6.12)
i
N
where N = 3 is the number of storeys. Whilst the top-storey atrium enhancement
is not particularly meaningful for case E, it allows us to use the same atrium vent
size for both design cases, thereby allowing for comparison of results.

6.4.3

Design cases with EN = 1

We will use a target design with EN = 1 to compare the tolerance of the building
to deviations from design for both case D and case E. The design vent areas –
calculated using equations (6.11) and (6.12) – and corresponding flow rates and
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case E

case D

E↵ective

Temperature

Reduced

vent area

Flow rate

excess

gravity

[m2 ]

[m3 .s 1 ]

[ C]

[m.s 2 ]

A⇤

Q

Atrium

2.40

2.43

5.0

0.170

Storey 3

0.979

0.81

5.0

0.170

Storey 2

0.692

0.81

5.0

0.170

Storey 1

0.565

0.81

5.0

0.170

Atrium

2.40

2.55

4.8

0.162

Storey 3

0.800

0.66

6.1

0.209

Storey 2

0.800

0.85

4.7

0.161

Storey 1

0.800

1.03

3.9

0.133

T

g0

Table 6.2: Vent areas and steady-state flow rates and temperatures for design
cases D and E with EN = 1. Physical values have been calculated using the
building parameters in Table 6.1. These are the design values against which vent
areas and flow rates will be compared throughout this section.

temperatures within the building are listed in Table 6.2.⇤

6.4.4

Deviation of vent areas from design

We will adopt the design perturbation notation developed in Chapter 5 to quantify deviations from design. Following equation (5.4), we perturb vent areas from
their design values listed in Table 6.2 such that
A⇤i =

⇤
A⇤i Ai,d

and

A⇤a =

⇤
A⇤a Aa,d

(6.13)

in the storeys and atrium, respectively, where the subscript d denotes ‘design
value’ (i.e. the values in Table 6.2) and
⇤

A⇤i

and

A⇤a

are the vent area perturba-

Note that, in case E, temperatures within the storeys, and hence the temperatures of the
associated outflows into the atrium, increase on ascending the building such that g10 > ga0 ,
g20 ⇡ ga0 and g30 > ga0 . As a result, we might expect to observe some stratification within
the atrium, with temperature increasing with height. This could, in principle, be catered for

using the thermal zoning approach described in §2.7.5. However, for simplicity, we assume
that air within the atrium is well-mixed and at uniform temperature.

181

Chapter 6: Multiple flow regimes in atrium buildings

tions for the storeys and atrium, respectively. For simplicity, we will perturb
all storey vent areas by the same amount in each numerical run, such that
A⇤1

=

=

A⇤2

A⇤3

=

A⇤i .

This ensures that, whilst absolute vent areas may

change, the ratio of storey vent areas remains the same for all runs.
It is also useful here to define a ‘design deviation ratio’,
R =

A⇤i

,

(6.14)

A⇤a

which quantifies the degree to which the storey vent areas have been perturbed,
relative to the atrium vent area. For example, when R > 1, the ratio of storey
to atrium vent areas is larger than what would be required by design. This could
correspond to a situation in which the storey vent areas have been correctly
sized, i.e.
i.e.

A⇤a

A⇤i

= 1, but the atrium vent area is smaller than required by design,

< 1. Again, note that this parameter quantifies the ratio of vent sizes,

rather than their absolute values.

6.5

Classifying flow regimes

6.5.1

Approach

Using the mathematical model and numerical approach developed in §6.3, we
executed a number of numerical ‘runs’ to model the transient evolution of flows
in a three-storey building, starting from an initial state, at t = 0, in which
Q = g 0 = 0 throughout the building. Between 1000 and 1500 time steps were
used for each run, with an adaptive time step, 1 .

t . 60s, that was adjusted

to provide greatest resolution during early transients, and to ensure a steady
state was reached for each run. The physical building parameters listed in Table
6.1 were used for all runs. Vent areas were perturbed from the design values
listed in Table 6.2 – for cases D and E, with EN = 1 – using deviations in the
range 0.1 

A⇤i

 10 and 0.1 <

A⇤a

 10.
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6.5.2

Flow regime classification

Initial numerical investigations revealed four possible flow regimes of interest –
shown in Figure 6.2 – which we label FF , FR , R and X. The flow regimes are
categorised based both on the final steady state attained and on the behaviour
of flows during transient development from an initial state in which Q = g 0 = 0
everywhere in the building:
Regime FF : Forward flow is observed through all storeys (Qi > 0) both
during transient development and at steady state.
Regime FR : A temporary reversed flow through the top storey (Q3 < 0)
is observed during transient development, but the eventual steady state
attained corresponds to forward flow on all storeys.
Regime R: A reversed flow through the top storey (Q3 < 0) is observed
both during transient development and at steady state.
Regime X: Forward flow is observed through all storeys both throughout
transient development and at steady state. However, in the final steady
state attained, Fr < Frcrit at the atrium vent (cf. equation (4.33) and
analysis presented in §4.5), resulting in an exchange flow.
Note that, in principle, exchange flows could occur at any vent during the transients. However, exchange flows are still not well understood and, at the time
of writing, only empirical models exist for calculating exchange flow rates. We
therefore use the Froude number condition determined experimentally by Hunt
& Co↵ey (2010), with Frcrit = 0.33, to identify situations in which our unidirectional flow model is not valid at steady state and therefore to provide an
indication as to when the transition between regimes F and X might occur in
practice.
Additional flow regimes – in which reversed flows are observed in the first and/or
second storeys – may also, in principle, be possible (cf. Economidou & Hunt
(2009a)). However, for the parameter range studied, forward flow was observed
at all times through the first and second storeys.
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Q = g0 = 0
everywhere

transient
development

Reversed flow
on top storey

steady
state

Time

Forward flow
on all storeys

Exchange flow
at atrium vent
regime X

Forward flow
on all storeys
regime FF

regime FR

Increasing R =

Reversed flow
on top storey
regime R

/ A⇤a
A⇤
i

Figure 6.2: Categorisation of four flow regimes in a three-storey atrium building, based on the transient development of flows from an initial state in which
Q = g 0 = 0 everywhere, and the final steady state attained. The flow regimes
are denoted FF (forward flow on all storeys at all times), FR (reversed flow on
top storey during transients, but forward flow at steady state), R (reversed flow
on top storey at all times) and X (exchange flow at the atrium vent based on
steady flow conditions).
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Initial investigations indicated that the transition between flow regimes depends
primarily upon the design deviation ratio, R . Small values of R (. 0.3) lead
to scenarios in which the atrium vent is too large relative to the storey vents,
resulting in an exchange flow at the atrium vent (regime X). For R ⇠ 1, the
desirable regime FF is observed. For larger values of R (& 3), the atrium vent

is smaller than desired relative to the storey vents, resulting in the possibility
of transient reversed flows through the top storey (regime FR ). For very large
deviations in design resulting in R & 10, the atrium vent restricts the outflow
to such an extent as to result in steady reversal of flow through the top storey
(regime R).
We return to examine the transitions between flow regimes in more detail in §6.6.
6.5.3

Transient development of flows

Figures 6.3 and 6.4 show a number of examples of transient flow development for
cases D and E, respectively. Dimensionless flow rates through the storeys, given
by

where BS =

P

i

bi =
Q

Qi
1
⇤2
Aa 3 BS3

1

,

(6.15)

H3

Bi is the total buoyancy input within the storeys, have been

plotted against dimensionless time,
⇤2

1

1

tAa 3 BS3 H 3
b
t=
,
Vi

(6.16)

where Vi = Ss H is the volume of one storey. Note that we have non-dimensionalised
flow rates in the same way as in §3.4, to allow for comparison of results. Time has
been non-dimensionalised using the same scaling, such that b
t = 1 corresponds
to one ‘filling time’ (i.e. the time required for one complete air change) for an
isolated room with height

H, volume Vi , heat input BS and combined e↵ective

vent area A⇤a .
Expressing flow rates and time in dimensionless form is particularly convenient
here, since all time series for a given value of R collapse onto one set of curves.
This confirms that the transition between flow regimes is governed by the relative
size of the storey vents compared to the atrium vent, quantified by R . Time
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series are shown, in each of Figures 6.3 and 6.4, for six values of R , and for at
least one example of each of regimes FF , FR and R. Regime X is not shown,
since our unidirectional flow model is not valid for this regime.
Following the approach used in §3.4, we use a qualitative examination of Figures
6.3 and 6.4 to gain some intuitive understanding of the transient behaviour of
flows and the transition between flow regimes.
Relative flow rates: case D
Figure 6.3(b) shows the evolution of flow rates through the building for case D
with R = 1. In this case, flow rates on all storeys increase monotonically to a
b1 = Q
b2 = Q
b3 ). This is as
steady state with equal flow rates on all storeys (Q
expected, since R = 1 corresponds to a situation in which all vents have the

correct relative sizes to produce equal flow rates and temperatures on all storeys.
The absolute values of vent sizes, flow rates and temperatures may not, however,
be the same as those listed in Table 6.2.
Figure 6.3(a) shows the evolution of flow rates for case D with R = 0.25.
Flow rates on all storeys increase monotonically to a steady state in which
b1 < Q
b2 < Q
b3 . This is an intuitive result, since R < 1 corresponds to a sitQ

uation in which the atrium vent is large compared to the storey vents. The flow
through each storey is therefore not restricted by the atrium vent and is more

‘autonomous’, such that it depends primarily on the storey vent area, A⇤i . In case
D, storey vent sizes increase on ascending the building, leading to the observed
increase in flow rates on ascending the building.
Conversely, we expect that R > 1 will result in a situation in which flow rates are
governed primarily by the atrium vent, which restricts flows, leading to steady
b1 > Q
b2 > Q
b3 . This is demonstrated by the transient flow
states in which Q
profiles in Figures 6.3(c)-(f).

Relative flow rates: case E
b1 > Q
b2 > Q
b3
For case E, flow rates decrease on ascending the building such that Q

for all values of R . This is the same result as seen in §3.4, for a three-storey
building with d
H = 1, and is a result of the decrease in stack height available
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to drive flows on ascending the building. Other than this salient di↵erence, the
transient behaviour of flows for both cases D and E is qualitatively very similar.⇤
Transition to top storey reversal - energy argument
Increasing R results in a competition between two e↵ects: the positive buoyancy
of air contained within the building zones acts to drive air upwards through the
storeys and atrium. However, decreasing the relative size of the atrium vent
(via a decrease in R ) restricts flows, leading to a decrease in the net flow rate
through the building, an increase in temperatures in all zones and therefore an
increase in the geopotential energy of the air within the building.†
The competition between forward and reversed flows through the top storey can
therefore be explained in terms of stability. For small values of R  1, regime FF

is stable. However, increasing R results in an increase in geopotential energy of
air within the building. A sufficient reduction in the relative size of the atrium
vent, corresponding to R & 3, leads to situations in which it is energetically
favourable for flows through the top storey to reverse – even though this requires
the flow of positively buoyant air downwards through the storey – as this increases
the net flow rate through the building, leading to a lower temperature, lower
energy, and therefore more stable state.
The transition between flow regimes with increasing R is clear in Figures 6.3
and 6.4, and follows the same qualitative pattern for both cases D and E. For
both figures, consider each of the individual plots labelled (a)-(f) in turn:
Plots (a) and (b): For R  1, regime FF is stable and buoyant air flows
upwards through all building zones.

⇤

Note, however, that in order to best illustrate the evolution of flow rates, slightly di↵erent
values of R have been used to generate Figures 6.3 and 6.4, which therefore should not be
compared directly.

†

The geopotential energy of air within a zone is given approximately by Eg ⇠ mg 0 z ⇤ , where

m is the mass of air within the zone and z ⇤ is vertical distance measured downwards from
some datum (e.g. the top of the atrium) to the centre of mass of air within the zone. For the
atrium, for example, z ⇤ = 12 (3H +

H), measured from the top of the atrium. An increase

0

in g therefore corresponds to an increase in Eg , which characterises the potential for the
buoyancy of air within the building to drive flows upwards.
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(f ) R = 14.6
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Figure 6.3: Transient development of flow rates for various deviations of vent
b i , and time, b
area from case D (ideal design). Dimensionless flow rates, Q
t, have
been used to allow deviation from design to be characterised in terms of a single
design deviation ratio, R =

/ A⇤a .
A⇤
i

Examples of (a)–(c) regime FF (forward

flow on all storeys at all times), (d) –(e) regime FR (transient reversal on top
storey) and (f ) regime R (steady reversal on top storey) are shown.
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Figure 6.4: Transient development of flow rates for various deviations of vent
b i , and time, b
area from case E (equal vent areas). Dimensionless flow rates, Q
t,

have been used to allow deviation from design to be characterised in terms of a
single design deviation ratio, R =

/ A⇤a .
A⇤
i

Examples of (a) –(c) regime FF

(forward flow on all storeys at all times), (d)–(e) regime FR (transient reversal
on top storey) and (f ) regime R (steady reversal on top storey) are shown.
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Plot (c): Increasing R reduces the stability of regime FF . The e↵ect
b3 , does not increase
of this is that the flow rate through the top storey, Q
monotonically with time, as shown most clearly for b
t . 2 in Figure 6.3(c),
hinting at the possibility of a reversed flow through the top storey.

Plots (d) and (e): A further increase in R & 3 leads to situations in
which the energetic states of forward and reversed flows through the top
storey are similar, resulting in regime FR . Reversed flows through the top
storey are observed during the initial transients. As R increases, reversed
flows become more energetically favourable, resulting in longer initial periods of reversal. These very slow transients are potentially significant for
design, as it may appear that a steady state has been reached, even when
the final steady state corresponds to forward flow on the top storey.⇤ The
delicate balance between forward and reversed flows, and the dynamic nature of buildings may also mean that, in practice, a reversed flow could be
maintained for very long periods of time at these large values of R .
Plot (f ): For sufficiently large values of R & 10, the atrium vent restricts
flows to such an extent that reversed flows through the top storey are
energetically favourable for all times, resulting in regime R.
As a final note, the competition between forward and reversed flows through the
top storey can also be explained in terms of pressures. Reducing the size of the
atrium vent increases the pressure drop required to drive flows across the vent.
This reduces the neutral pressure level within the atrium,† and therefore the
di↵erence in pressures on either side of the ceiling-level vent in the top storey.
A sufficient reduction in the size of the atrium vent reverses the direction of the
pressure drop and therefore the flow across the top-storey vents.
We reiterate here that, for these small pressure di↵erences, exchange flows may
be observed in practice. However, we do not yet have enough understanding to

⇤

This e↵ect has also been observed by J. Holford and G. R. Hunt in small-scale experimental
modelling of a two-storey atrium building (personal communication, G. R. Hunt).

†

As noted in earlier chapters, we cannot define a single neutral pressure level for the building,
owing to internal pressure losses. We therefore refer to a neutral pressure level in a given
zone, the atrium in this case.
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confidently build a quantitative model of these flows into our numerical scheme.

6.6

Flow regime limits

6.6.1

Design deviation response plots

In order to gain a more detailed insight into the response of our example threestorey building to deviations from design, around 4000 numerical runs were executed for vent area perturbations in the range 0.1 

A⇤i

 10 and 0.1 <

A⇤a

 10,

corresponding to design deviation ratios in the range 0.01  R  100. The results are shown in Figures 6.5 and 6.6.

Perturbation parameter space plot (Figure 6.5)
The response of the building to deviations from design is shown, for each of cases
D and E, in perturbation parameter space in Figure 6.5. Deviations in storey
vent sizes,
vent size,

A⇤i
A⇤a

(vertical axis), are plotted against the deviation in the atrium
(horizontal axis), such that R increases on moving diagonally

upwards and left across each plot.⇤ Di↵erent regions of the plots have been
shaded and labelled to indicate where in parameter space each flow regime is
observed. Transitions between flow regimes are marked by thick dashed black
lines. Contours of constant

Qa

(deviation of atrium vent flow rate from design)

are shown by grey curves for regimes FF and FR to give an indication of the
impact of deviations from design on the total flow rate through the building.
The unperturbed design points for each of cases D and E – corresponding to
the values listed in Table 6.2 – are indicated by black circles ( ). The line
corresponding to R = 1, along which the relative size of the storey and atrium
vents is the same as at the unperturbed design points, is indicated by a thin
dashed line.
Design deviation ratio plot (Figure 6.6)
bss,i (black curves), and
The variations in steady-state dimensionless flow rates, Q
⇤

R varies from a minimum of 0.01, in the bottom-right hand corner of each plot, to a

maximum of 100, in the top-left hand corner of each plot.
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Flow regime boundaries
= A⇤a ; R = 1
A⇤
i
Qa = constant
101

(a) Case D
4.0
3.5
3.0

Storey vent deviation,

A⇤
i

regime R
2.5
regime FR

2.0
1.5

10

0

1.0

regime FF
0.8
0.6

regime X

0.4
1

10

10

1

101

100

101

(b) Case E
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Figure 6.5: Flow regime plots for deviations of vent areas from (a) case D (ideal
design) and (b) case E (equal storey vent areas). The unperturbed design point
for each case is indicated by a black circle ( ). Contours of constant atrium vent
flow rate (grey curves), expressed in terms of a deviation from design,

Qa

(values

indicated next to curves), have been plotted for regimes FF and FR (forward flow
on all storeys at steady state).
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dimensionless time to steady state, b
tss,i (grey curves), with the design deviation

ratio, R , are shown in Figure 6.6. Time to steady state has been calculated
based on the time taken for the flow rate on each storey to reach a value within
b i /Q
bss,i )| = 0.01.
1% its steady-state value, i.e. the latest time at which |1 (Q
To allow for comparison with results shown in Figures 3.9 and 3.10, the horizontal
axis has been labelled using both R and the ratio of the top-storey and atrium
vent areas, RA⇤N = A⇤N /A⇤a (where N = 3). Both ratios, R and RA⇤N , quantify
the relative sizes of the storey and atrium vents. Also note that, for case E, RA⇤N
is equivalent to the vent area ratio, RA⇤i , used in §3.4, because the vent sizes on
all storeys are equal in this case.

The boundaries between flow regimes are indicated by dashed black lines on
Figure 6.6. The regions within which the undesirable flow regimes X and R
occur are shaded in grey. The transition between regimes FF and X can occur
over a range of values of R , highlighted by an intermediate shade of grey.

6.6.2

Variation in flow rates

Variation in absolute flow rate along R = 1 (Figure 6.5)
As noted from Figures 6.3 and 6.4, when R = 1 the relative flow rates through
the storeys are the same as the design values listed in Table 6.2, regardless of
the absolute vent sizes. However, absolute flow rates do vary, as indicated by the
contours of constant
is sized such that

A⇤a

Qa

on Figure 6.5. In both cases D and E, the atrium vent

⇠ ntot

(4.9), the per-person VPI,

p
p,

(cf. equations (6.11) and (6.12)). From equation
can be written as follows

p

=

✓

Q3p
Bp H 5

◆ 12

.

(6.17)

Since the per-person heat input, Bp , and total occupancy within the building,
ntot , are constant for all runs, we find – using the above definition of
A⇤a ⇠

p

3
2

p

– that

3
2

⇠ Qp ⇠ Qa . The perturbation in total flow rate through the building

along the line R = 1 is therefore given by
Qa

=
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2
3

A⇤a ,

(6.18)
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Figure 6.6: Dimensionless steady flow rates, Q
steady state, b
tss,i (grey curves), for (a) case D (ideal design) and (b) case E
(equal storey vent areas). Boundaries between flow regimes are denoted by thick

dashed lines. A thin dashed line denotes R = 1 (equal perturbations to storey
and atrium vent areas).
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a relationship which is confirmed by the contours of constant

Qa

on Figure

6.5. When relative vent sizes are held constant, the total flow rate through the
building therefore follows the same scaling on absolute vent area as for a single
2

1

room, i.e. Q = A⇤ 3 (BH) 3 (cf. §2.6.4).
Variation in dimensionless flow rates with R (Figure 6.6)
bss,i on Figure 6.6 follow the same qualitative behaviour as the
The curves of Q
results of steady state analysis presented in Figures 3.9 and 3.10. In fact, for
case E, we expect that if we had chosen an atrium with d
H = 1 (rather than

d
bss,i in Figure 6.6(b) would exactly
H = 1.5, cf. Table 6.1), the curves of Q

match those in Figure 3.9.

For both cases D and E, note that for R > 1 the relative flow rates on the top
two storeys decrease with R (and RA⇤N ). This e↵ect is due to the restriction of
flows by the atrium vent, and is discussed in more detail in §3.4. Note also that

all flow rates decrease with decreasing R < 1, due to the storey vents restricting
flows. Again, see §3.4 for further discussion.

6.6.3

Variation in time to steady state

Figure 6.6 allows us to gain some insight into how deviations from design a↵ect
the time to steady state for each storey. This can be used as an approximate
indication of how quickly the building can respond to changes in vent sizes and
heat inputs. A short time to steady state is desirable, as this indicates that the
ventilation system can respond rapidly to demands from occupants. We highlight
some key qualitative insights from our analysis here.
bss,1 > Q
bss,2 > Q
bss,3 ,
When flow rates decrease on ascending the building, such that Q
time to steady state increases, i.e. b
tss,1 < b
tss,2 < b
tss,3 (cf. Figure 6.6(a) for R > 1,
and Figure 6.6(b) for all values of R shown), and vice versa for when flow rates
increase on ascending the building (cf. Figure 6.6(a), for R < 1). However, a

greater flow rate does not necessarily result in a shorter time to steady state.
bss,1 both increase with R for both cases D
For R & 3, for example, b
tss,1 and Q

and E, owing to lengthening periods of transient flow reversal through the top
storey.
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For most scenarios (except for R < 1 in case D), the top storey is the worst
performing storey, with the longest time to steady state. The top-storey time
to steady state, b
tss,3 , can therefore be used as an indication of the time required
for the whole building to reach a steady state. Note that b
tss,3 is minimised
for R ⇡ 1 in case D and R ⇡ 2.4 in case E. This is, perhaps, an intuitive
result: The optimal time to steady state occurs at R ⇠ 1, a situation in which

control of flows is shared between all vents. For larger values of R , the atrium
vent restricts flows, resulting in a transient reversal of flow through the top storey
and an increase in time to steady state. For smaller values of R , the storey vents
are too small compared to the atrium vent and restrict flows, again resulting in
an increase in time to steady state.⇤

Minimising deviations in vent areas from

design is therefore desirable, not only to provide the desired flow rates through
the occupied zones, but also to minimise the response time of the building.

6.6.4

Transition between flow regimes

Regimes FF , FR and R: As we noted in §6.5.3, the transitions between regimes
FF , FR and R depend only upon the relative size of the atrium and storey vents.

This is clear in Figure 6.6, because the transitions between these three regimes
– for both cases D and E – occur at well defined values of R . Equivalently, in
Figure 6.5, the boundaries between these three regimes are straight lines with
unity gradient, again corresponding to constant values of R . The critical values
of R at which transitions between flow regimes occur are listed in Table 6.3.
Regimes FF and X: The transition between regimes FF and X is not independent of the absolute size of the atrium vent. The boundary between these
regimes on Figure 6.5 is a straight line with gradient greater than unity, and corresponds to a scaling given roughly by
⇤

A⇤i

⇠

1.25 †
A⇤a .

We can justify this scaling

The observed increase in time to steady state also reflects the non-dimensional scheme chosen.
Dimensionless time scales with atrium vent size (cf. equation (6.16)). A large value of b
tss,i

therefore reflects that the atrium is not performing adequately. For R < 1, this is because the
storey vents restrict flows and do not allow the atrium to provide the desired enhancement.

†

Note that Figure 6.5 is a log-log plot. The boundary between regimes FF and X on each sub
plot is a straight line described by the equation log10
constant, from which it follows that

A⇤
i

⇠

1.25
.
A⇤
a
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A⇤
i

⇡ 1.25log10

A⇤
a

+ c, where c is some
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by noting from equation (4.34) that the critical atrium vent area, A⇤a,crit , at which
4
5

exchange flows start to develop scales as A⇤a,crit ⇠

p.

Exchange flows develop

when the atrium vent is large compared to the storey vents, i.e. R < 1. In
this situation, the flow rate through the building is predominantly controlled by
the size of the storey vents, such that the per-person VPI scales approximately
as

p

⇠ A⇤i .⇤

nition,

A⇤i

⇠

We therefore find that
5
4

A⇤a .

p

Dividing through by

⇤5

4
⇠ Aa,crit
⇠ A⇤i and hence, by defi-

A⇤a ,

it follows that the value of R at

which the transition between regime FF and X occurs, which we denote R ,X ,
varies as R ,X ⇠

1
4

A⇤a .

Using MATLAB’s curve fitting tool, we find the following

semi-empirical relations

and

1
4

R ,X ⇡ 0.25

A⇤a

R ,X ⇡ 0.23

A⇤a

1
4

for case D

(6.19)

for case E.

(6.20)

The range of R ,X observed within our investigation range is indicated by the
light grey regions in Figure 6.6. The corresponding numerical values are listed
in Table 6.3. Note that, because R ,X depends only weakly on

A⇤a ,

the minimum

and maximum values of R ,X di↵er only by a factor of around two, even though
A⇤i

and

A⇤a

were varied by two orders of magnitude.

Design deviation ratio, R

Flow regime transition

Case D

Case E

FF to X (exchange at atrium vent)

0.21 - 0.44

0.18 - 0.41

FF to FR (transient top-storey reversal)

3.0

2.3

FR to R (steady top-storey reversal)

12

10

Table 6.3: Critical values of the design deviation ratio, R =

/ A⇤a ,
A⇤
i

at which

the transitions between flow regimes FF , FR , R and X occur in a three-storey
atrium building with an unheated atrium.

⇤

This scaling is supported by the contours of
change in total flow rate through the building,
insensitive to changes in

,
A⇤
a

Qa
Qa ,

shown on Figure 6.5. For R < 1, the
depends primarily on

A⇤
i

and is relatively

reflected by the shallow gradients of the curves of constant
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6.7

Implications for design

There are a number of key conclusions with implications for design that can be
drawn from our analysis herein.
Firstly, the transition between flow regimes, the variation of relative flow rates
and the transient behaviour of flows depends primarily on the relative size of the
storey and atrium vents, quantified by the design deviation ratio, R =

A⇤i / A⇤a .

The majority of analysis herein could therefore be applied to any three-storey
building with an unheated atrium with d
H = 1.5 and equal heat inputs on all
storeys, regardless of physical scale. This is potentially useful for informing the

design of small-scale experiments, for example, which could be used to validate
the results of this chapter. The only caveat is that the transition to exchange

flow at the atrium vent does display a weak dependence on absolute physical
scale, and should be examined on a case-by-case basis.
Secondly, we note that the qualitative response of the building to deviations from
design is very similar for cases D and E. The two cases are clearly very di↵erent
from a design standpoint. Case D allows for equal per-person flow rates and
temperatures on all storeys, a desirable design, whereas case E always produces
an arguably undesirable decrease in flow rates on ascending the building. In
spite of these key di↵erences, the transient behaviour of flows, and particularly
the values of R at which transitions between flow regimes occur (listed in Table
6.3), are very similar. The values of R listed in Table 6.3 can therefore be used
to provide ‘universal’ rules of thumb for design tolerances in any similar threestorey atrium building: R & 3 allows for transient top-storey reversal (regime
FR ), R & 10 allows for steady top-storey reversal (regime R), and R . 0.3
allows for exchange flows at the atrium vent (regime X).
Finally, from these rules of thumb, we note that the allowable deviations of relative vent sizes, if forward flow is to be maintained at all times (regime FF ), are
reasonably small. If the atrium vent is bigger or smaller than intended by a factor of around 3, for example, exchange flows may develop at the atrium vent, or
flows through the top-storey may become prone to reversal. Given the inherent
uncertainty in estimating the discharge coefficient (see §2.3.3) and therefore the
198

6.7 Implications for design

e↵ective size of a vent, scenarios in which e↵ective vent sizes deviate from their
intended design values by factors of 3 or more are not out of the question. Indeed, de Wit & Augenbroe (2002) identified uncertainties in estimating e↵ective
vent areas as the second most important source of error in natural ventilation
design, after wind pressure calculations. It is key, therefore, that designers and
manufacturers pay close attention to accurately determining the e↵ective areas
of vents, to minimise the possibility of undesirable flow regimes within an atrium
building.
The study presented in this chapter has been necessarily limited in scope to allow
a number of key phenomena to be isolated, and to gain some intuitive insight
into the tolerance of an atrium building to deviations in vent sizes from design.
Even following this brief and focussed study, it is clear that the study of multiple
flow regimes in atrium buildings, and their associated transient development, is
a potentially rich area for further research.
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7.1

Motivation and approach: summary remarks

In this thesis a simple mathematical modelling approach has been used to address
a number of the technical challenges associated with designing for low-energy
natural ventilation in large, multi-storey buildings.
This work has been motivated by a need for an improved intuitive understanding
of the behaviour of natural ventilation systems. A gap between simple and
detailed design methods was identified, with new work needed to assist designers
at the early, conceptual stages of design. Whilst computational tools play a
pivotal role at the detailed design stages, their associated costs in time and the
need for expert input mean that they are not best suited for use at the conceptual
design stage, during which rapid answers to broad design questions are required.
Conversely, most design guidance literature, which provides an essential core
understanding of ventilating flows, focusses on the ventilation of single spaces, a
treatment which is arguably too simple for use in multi-compartment buildings.
In an e↵ort to bridge this gap, we have used a simple mathematical approach
to form a basis for preliminary design. Simple mathematical models lend themselves readily to providing rapid and intuitive design guidance through simple
hand calculations and charts. Furthermore, these models have proven through
extensive study to be robust and have the capacity to capture numerous complex
e↵ects.
In order to form a tractable mathematical approach, we have focussed on the
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interactions of a number of ‘core’ variables only – namely ventilation flow rates,
internal air temperature, heat inputs, building height and vent sizes. Whilst numerous other complex, interacting factors impact upon the design and operation
of naturally ventilated buildings (cf. Figure 1.4), our chosen ‘core’ variables capture the underlying physics of ventilating flows to a sufficient extent to inform
preliminary design. Indeed, as the work presented herein has shown, even this
simplified approach is capable of predicting a range of rich behaviours.
We have focussed on buildings ventilated by buoyancy (stack e↵ect) only. This
can be considered a ‘worst case’ scenario in which the wind does not act to assist
flows. The implications for design drawn from our analysis are therefore intended
to be used to inform conservative guidance.

7.2

Designing for stack ventilation in atrium buildings

We have focussed on designing for stack ventilation in buildings with atria, ventilation stacks or similar vertical spaces that span multiple floors, which are
prevalent and prominent architectural features in modern buildings. When properly designed, an atrium can enhance stack ventilation by providing a tall space
within which buoyant air can accumulate. However – as the case studies presented in §1.4 illustrated – the atrium does not necessarily always act to the
advantage of the ventilation scheme. Feedbacks between the occupied storeys –

caused by their mutual connection via the atrium – can lead to overheating on
the top storey or undesirable flow regimes including reversed flows through the
top storey or bidirectional exchange flows at the atrium outlet.

7.2.1

The dimensionless design approach

In Chapter 4 we addressed this design challenge and used a dimensionless analysis to derive simple analytical expressions for sizing vents to deliver an ‘ideal
design’ in which equal per-person ventilation flow rates and air temperatures
are provided to all occupied spaces within an atrium building, and in which the
atrium acts to enhance ventilating flows.
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It is possible to quantify the ventilation performance of the atrium via a dimensionless ‘atrium enhancement’ parameter, E, which compares flow rates through
each storey with and without an atrium (cf. equation (4.26)). The atrium
enhancement provides a measure of the competition between the driving stack
pressure provided by buoyant air within the atrium, and the restriction to flows
posed by vents. The atrium enhancement can be used in conjunction with a dimensionless ‘ventilation performance indicator’ (VPI),

– which quantifies the

balance between heat inputs and desired ventilation rates and temperatures (cf.
equation (4.9)) – to inform the sizing of vents.
There are a number of advantages to our approach. Firstly, the simple expressions we have derived (equations (4.28) - (4.31)) and associated design charts
(Figures 4.4, 4.10 and 4.11) allow for rapid calculation of the vent sizes required
to meet the ‘ideal design’ target. Secondly, our analysis is based upon per-person
quantities – flow rates, heat inputs and vent sizes – and therefore readily lends
itself to demand-based design. Thirdly, by using a dimensionless approach – and
centring analysis around the two key parameters

and E – we ensure that results

can be applied to any atrium building, regardless of physical dimensions. Lastly,
this analysis allows us to optimise the ventilation performance of the atrium –
using a ‘characteristic enhancement’, Echar (Figure 4.11) – to ensure that it is a
beneficial feature of the natural ventilation system.
The results of our analysis are, in many ways, intuitive. The atrium enhancement
is smallest for the top storey – for which the stack height driving flows is smallest
– and increases on descending the building. The required per-person vent sizes
therefore increase on ascending the building.
Similarly intuitive is that tall atria with strong internal heat gains (due to heating
from the sun, for example) perform best and are able to significantly enhance
ventilating flows. Conversely, short, unheated atria – which extend less than
one storey height above the top storey ( d
H < 1) – may not be able to provide

sufficient stack pressure to enhance flows through all storeys (cf. Figure 4.9). In
this situation, one solution is disconnect the ‘worst-performing’ top storey from

the atrium, and provide its ventilation through dedicated vents. Indeed, this is
the strategy employed at the Frederick Lanchester Library, Coventry, amongst
others. However, we note that CFD analysis was used to inform this choice of
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design. Our simple mathematical approach – although less detailed than CFD
– allows for a much more rapid assessment of the performance of the atrium,
which can then inform key decisions on building layout.

7.2.2

Deviations from design and undesirable flow regimes

In an ‘atrium-optimised’ design, control of ventilating flows is shared between
all vents in the building such that no one vent significantly restricts flows. This
is crucial for avoiding undesirable flow regimes including exchange flows at the
atrium outlet – which occur when the atrium vent is too large, relative to the
storey vents – or ‘reversed’ flows through the top storey – which occur when the
atrium vent is too small, relative to the storey vents.
In practice, however, it is unlikely that a building will operate exactly at this
‘ideal design’ point. E↵ective vent areas are likely to deviate from their design
values due to numerous factors, notably including uncertainties in the value of
the discharge coefficient, cd (as discussed in §2.3.3). Heat inputs due to solar
gains and occupant activity are also inherently variable.

In Chapter 5 we developed a dimensionless perturbation method for quantifying
deviations from design. Using this method we showed that it is possible to
determine the conditions within a building, relative to a known design state,
either analytically or numerically with a small computational overhead. This
allows a broad range of possible ‘o↵-design’ scenarios to be quickly investigated,
which in turn can be used to place tolerances on the design of a ventilation
system to ensure its e↵ective operation.
This was the goal of the work presented in Chapter 6, in which we used the
perturbation method, in conjunction with a transient flow analysis, to investigate
the limits of undesirable flow regimes in an example three-storey atrium building.
A key result is that the flow regime observed, and the transient behaviour of flows
depends primarily on the relative size of vents, which we quantified in terms of
a design deviation ratio R =

A⇤i / A⇤a

(cf. Table 6.3).

As noted above, when the atrium vent is too large, such that R . 0.3, exchange
flows can occur at the atrium outlet. When the atrium vent is too small, such that
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R & 3, flows through the top storey become prone to reversal. The ‘tolerance
band’ for the allowable deviations of vent sizes – if desirable forward flow is
to be maintained – therefore spans one order of magnitude in R . In practical
terms, this provides relatively little room for uncertainty and reinforces the need
for accurate determination of e↵ective vent areas, and particularly to reduce
uncertainties in the value of cd .
A final key result is that the values of R at which flow regime transitions were
observed are relatively insensitive to variations in the variations in vent sizes from
storey to storey. However, as we showed in Chapters 3 and 4, correct relative
sizing of storey vents is crucial to ensure adequate ventilation can be delivered
to all parts of the building.

7.2.3

Concluding comments on atrium buildings

The key conclusion to draw from this work is that it is possible to determine
simple design rules for atrium buildings, in spite of their inherent complexity.
The design method presented in Chapter 4 is arguably no more complex than
the preliminary design methods found in current guidance literature such as the
CIBSE AM10 (CIBSE, 2005). The key results from Chapter 6, whilst based on
a relatively involved analysis, are also able to inform rules of thumb for design,
which again would not be out of place in guidance literature. It is clear, then,
that our approach is able to provide quick, simple and intuitive guidance, and is
potentially very powerful for use in preliminary design.

7.3

Further work

7.3.1

Extending the mathematical model

Additional pressure terms: Our simple approach has necessarily resulted in
the omission of numerous details. A natural extension would be to investigate
the e↵ect of wind on natural ventilation design in multi-storey buildings. As
discussed in §2.5, the e↵ect of the wind can readily be incorporated into our flow
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loop pressure balance model. The e↵ects of numerous other pressure terms also
warrant investigation. Pressure losses within narrow stacks due to flow turning
and mixing, for example, may be significant for design and could be considered in
future work. The e↵ects of fans and self-regulating vents could also, in principle,
be incorporated into our model to extend its applicability to hybrid ventilation
systems.
Stratification: A ‘dynamic thermal zoning’ approach to modelling the e↵ects of
stratification within tall spaces such as atria was presented in §2.7. This was not

explicitly used elsewhere in this thesis, but could form the focus of future study.
A sensitivity study, for example, would be useful to provide an indication as to
whether our assumption of well-mixed zones is perhaps too simple, and whether
some of the e↵ects of stratification should be considered at the preliminary design
stage.

7.3.2

Transients and multiple flow regimes

At the time of writing, only a few studies have been carried out which examine
the transient behaviour of natural ventilation flows in multi-storey buildings.
The study presented in Chapter 6 provided some qualitative insights, however,
further work is required to quantify the timescales over which flows develop and
to infer the implications for design.
Similarly, further study is required to investigate the various flow regimes that
are possible in multi-storey buildings. The limits between four possible flow
regimes in a case study three-storey building were quantified – in terms of the
design deviation ratio, R – in Chapter 6 (cf. Table 6.3). A natural extension of
this work would be to examine how these limits vary with atrium height, heat
input distribution, number of storeys and so on. This could be used to provide
design tolerance guidance for a range of buildings.

7.3.3

Exchange flows

We have used the experimental results of Hunt & Co↵ey (2010) throughout to
provide an indication as to when exchange flows may occur at horizontal vents.
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However, as yet no robust models exist that can quantify exchange flow rates.
Further study of exchange flows – probably best carried out using small-scale
‘salt-bath’ experiments – is therefore required to improve our understanding of
this type of flow.

7.3.4

Experimental work

We have made extensive use of simple mathematical models, which have proven
robust in numerous experimental and computational studies of natural ventilation. Although validation of these models is extensive for single rooms, and a
limited number of interconnected spaces (cf. Figure 1.17), no studies exist which
explicitly validate these models in the context of multi-storey atrium buildings.
Whilst we can be confident that there is a strong physical basis for the models
used herein, further experimental and computational work is needed to support
our analysis.
In light of this, an experimental campaign at the University of Cambridge, using
small-scale ‘salt-bath’ experiments, is planned to investigate buoyancy-driven
ventilation in a three-storey building with an atrium, with a specific focus on
the new Dyson Building (Figure 6.1). At the time of writing, a 1:20 Perspex
scale model of the building is nearing completion. It is hoped that the results of
experiments will allow us to gain a better understanding of natural ventilation
in this type of building, and to validate the models used herein.

7.3.5

Rapid prototyping for a range of building layouts

We have focussed primarily on multi-storey atrium buildings. However, as we
showed in §3.4, our preliminary design approach could easily be applied to
other building layouts. Buildings with inlet plena, top-down chimneys or double

façades could all, in principle, be investigated. This could lead to a more generalised ‘rapid prototyping’ approach for natural ventilation in large buildings,
allowing for quick and easy comparison of numerous building designs. This, in
turn, could be used not only to size vents, but also to inform high-level decisions
such as choice of architectural form.
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7.3.6

Updating design guidance

One of the underlying goals of this work has been to develop design methods that
are intuitive, accessible, and which are suitable for dissemination in best practice
design guidance, such as the CIBSE AM10. Indeed, discussions the author has
had with the CIBSE Natural Ventilation Group Committee over the course of this
Ph.D. project indicate that the AM10 may be updated in the near future. It is
hoped that some of the methods presented herein – and extensions thereof, such
as the ‘rapid prototyping’ approach propsed above – could be included in this
future revision, to encourage their adoption by the building design community.

7.4

Closing remarks

Natural ventilation has the capacity to significantly reduce energy consumption
in buildings, to provide a healthy and comfortable indoor environment, and to
work hand-in-hand with striking architectural features such as atria. The integration of natural ventilation into large building designs has only relatively
recently seen a resurgence and our understanding of e↵ective design methods is
still developing. These methods are not yet at the same level of maturity as
those for mechanical HVAC systems, which have dominated large building designs for much of the last century, and a↵ord comparatively precise control of the
indoor environment. This has, perhaps, led to the perception within the design
community that natural ventilation is difficult, or even impossible, to control.
However, it has been shown herein that designing for natural ventilation does
not necessarily have to be any more challenging than any other more established
HVAC design approaches. Our simple analysis has allowed a number of simple
rules of thumb for multi-storey building design to be ascertained. Whilst our
methods in no way capture all of the details that are required to provide a
complete picture of the behaviour of a building system, what we have gained is
a better intuitive understanding of the key factors that influence design.
It is hoped that the new understanding we have gained will be used to build
upon and improve current design methods. It is also hoped that this thesis
will form a point of reference for future work, which can be used to extend and
207

Chapter 7: Conclusions

generalise the framework we have developed to provide more comprehensive and
coherent guidance to the design community. Lastly, it is hoped that this work will
contribute to the wider e↵ort to move towards a low-energy future and encourage
the continuing uptake of sustainable building technologies.
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Appendix A: Pressure losses at a stack junction - derivations
Figure A.1 shows two possible unidirectional flow patterns that can occur at a
‘stack junction’. Fluid with density ⇢ passes upwards through a vertical stack
with cross-sectional area S, and through an adjoining vent with area A. The
static pressure, speed and flow rate at three points, labelled 1 (in the stack just
below the vent), 2 (in the plane of the vent) and 3 (in the stack just above the
vent), are denoted pi , ui and Qi , respectively. The flow rate through the vent,
Q2 , is defined such that Q2 > 0 when fluid enters the stack through the vent
Q 3 u3 p 3

p0

Q 3 u3 p3

Q 2 u2 p 2

p0
S

A

Q 2 u2 p2
S

A

Q 1 u1 p 1

Q 1 u1 p1

(a)

(b)

Figure A.1: Flow through a vertical stack with cross-sectional area S and an
adjoining vent with area A. Fluid can either (a) enter (joining flow) or (b) leave
(splitting flow) the stack through the vent. See the main text for more detail.
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(a ‘joining’ flow, as shown in Figure A.1(a)) and Q2 < 0 when fluid leaves the
stack through the vent (a ‘splitting’ flow, as shown in Figure A.1(b)). The static
pressure far away from the vent, where flow velocities are negligible, is denoted
p0 .
We assume that the vertical extent of the vent is sufficiently small that changes
in hydrostatic pressure due to changes in height can be neglected, i.e. ⇢g(z3
z1 ) ⌧

pvent , where zi is the vertical position at point i and

pvent is the drop

in pressure across an isolated vent with area A (cf. equation (2.24)).
We can apply momentum and energy conservation to provide outline derivations
for the simple expressions presented in equations (2.51) and (2.50) which describe
the changes in pressure that occur at a stack junction.

A.1

Straight section

Consider first the straight section of flow between 1 and 3. There is a change
in flow rate and therefore vertical momentum along the straight section, which
is caused by a change in pressure. Following Livermore & Woods (2006), this
change in pressure can be calculated by applying vertical momentum conservation to the stack, i.e.
p1 S

p3 S = ⇢Q3 u3

⇢Q1 u1 .

(A.1)

Substituting u1 = Q1 /S, and similarly for u3 , we find the general result
pmix = p1

p3 =

⇢
Q23
S2

Q21 ,

which holds for both joining and splitting flows.⇤ For joining flows

(A.2)
pmix > 0 –

i.e. there is a drop in pressure along the stack – since flow is accelerating between
1 and 3. Conversely,

pmix < 0 for splitting flows, in which flow decelerates along

the stack.

⇤

We denote the pressure change

pmix because the term was introduced in the context of

joining flows, for which the change in pressure occurs due to the mixing of flows passing
through the vent and along the stack.
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A.2

Branch - joining flow

Now consider the branching flow through the vent for joining flow (Figure A.1(a)).
We can derive an expression for the pressure drop required to drive this flow by
applying energy conservation for a streamtube (equation (2.15)) to the stack, i.e.
✓
◆
✓
◆
✓
◆
1 2
1 2
1 2
Q1 p1 + ⇢u1 + Q2 p2 + ⇢u2 = Q3 p3 + ⇢u3 + pvisc ,
(A.3)
2
2
2
where we have assumed that the vertical extent of the section of stack we are
considering is small compared to the height of the building, such that it can be
neglected. For joining flow, the resultant flow in the stack is Q3 = Q1 + Q2 . We
assume, from (2.19), that the velocity across the vent is u2 = Q2 /cd A. We also
note that the drop in pressure that causes fluid to accelerate from rest towards
the vent is simply given by equation (2.24), i.e.
p0

p2 =

pvent

⇢Q22
= 2 2.
2cd A

(A.4)

Substituting these results and the result from (A.2) into (A.3), the pressure drop
driving the flow joining the stack through the vent is⇤
pjoin = p0

p3 =

⇢
Q22 + Q1 Q2
2S 2

Q21 +

pvisc .

(A.5)

For large values of S, corresponding to a ‘wide’ stack or atrium with S/A

1, the

flow velocities in the stack are negligible and we expect the pressure drop driving
the joining flow to tend to the case of an isolated vent, i.e.

pjoin =

pvent . We

therefore assume that the viscous losses due to turbulent mixing at the junction
are the same as for an isolated vent, i.e.
pjoin = p0
Note that

p3 =

pvisc =

⇢
Q22 + Q1 Q2
2S 2

pvent , such that
Q21 +

pvent .

(A.6)

pjoin decreases with increasing Q1 . This can be attributed to the

fact higher flow rates and therefore flow velocities within the stack will result
in decreased static pressures, which can act to ‘suck’ flow into the stack. This
is referred to as the ‘ejector e↵ect’ by Ray & Glicksman (2013), who showed
⇤

Note that we take the joining loss here as
took

pjoin = p2

pjoin = p0

p3 .
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p3 , whereas in equation (2.51), we
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experimentally that the high velocities observed in narrow stacks can act to
assist joining flows by reducing

A.3

pjoin .

Branch - splitting flow

We now apply the same analysis as above to the splitting flow shown in Figure
A.1(b). Assuming in this case that p0 = p2 (as for an isolated vent), and that
pvisc = 0 (since no mixing occurs within the stack in this case) we find that the
pressure drop driving the flow across the vent is given by
psplit = p1

p0 =

⇢
Q21 + 3Q1 Q2 + Q22
2S 2

Note that, for splitting flows Q2 < 0 and

pvent .

(A.7)

pvent < 0, which should be taken into

account when applying equation (A.7).

A.4

A note on applicability

The analysis in this section is provided for completeness. Elsewhere in this thesis,
we have focussed on buildings with ‘wide’ stacks or atria for which S/A
and therefore

pjoin =

psplit =

1,

pvent , such that stack junction losses can be

neglected.
As a final comment, note that this is a highly simplified model of a complex flow
process. Gan (2006), for example, showed using CFD that 2-D flow phenomena
may play a significant role in practice. Idelchik (1986) also notes that pressure
losses at a junction may fall into di↵erent regimes based on the relative sizes of the
vent and stack, and the relative magnitudes of Q1 and Q2 . The expressions for
pressure losses derived herein are therefore only intended for use in preliminary
design calculations.
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Appendix B: Independent flow loops and spanning sets
Constructing a mathematical model of flows through a building requires the
spanning set of independent flow loops to be identified. Any loop within such
a spanning set cannot be constructed by a superposition of any other loops in
the set, and is in this sense independent. As noted in §3.2.3, the number of

independent flow loops, L, through a building with N zones and V connections
between zones (vents and thermal zone boundaries) is given by L = V

N. A

derivation of this result is presented in the context of pipe networks by Barlow
& Markland (1969). In this appendix, we provide an outline derivation of the
same result in the context of naturally ventilated buildings.

B.1

‘Completely connected’ buildings

Consider a ‘completely connected’ multi-compartment building in which each
zone has a direct connection (via a vent or other opening) with all other zones in
the building. An example completely connected three-storey atrium building is
shown in Figure B.1. Each storey is connected to the other storeys, the atrium
and the external environment. The connection between storeys 1 and 3 (which
could be via a duct, for example) is represented by a pair of dashed lines. The flow
network for a completely connected building with N zones can be represented
by a complete graph with N + 1 nodes, as shown on the RHS of Figure B.1. The

s3

atrium

e

storeys
s3

s2

a

s2

a

s1
s1
Figure B.1: Left: Schematic in elevation of a ‘completely connected’ threestorey atrium building, with vents connecting all zones (including storeys 1 and
3, connection represented by dashed lines). Right: Corresponding graph of the
flow network, which is a complete graph with five nodes.
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number of connections between nodes, V , is given by a triangular number, i.e.
1
V = N (N + 1).
2

(B.1)

A spanning set of flow loops for a complete graph can be constructed from loops
which pass through three nodes (‘3-loops’), which are the simplest possible loops
that can be formed and can therefore be thought of as ‘basis vectors’.⇤ The
number of 3-loops on a complete graph with N + 1 nodes is given by
N +1

C3 =

(N + 1)!
.
(N 2)!3!

(B.2)

A set of independent loops can be constructed from loops which all pass through a
given node, which we choose in this case to be the external environment (since all
air within a building is drawn from and exhausted to the external environment).
Any other flow loop can be constructed from a superposition of loops within this
set. The number of flow loops, L, within this spanning set is given by subtracting
the number of 3-loops that do not pass through the external environment from
the total number of possible 3-loops on a complete graph, i.e.
L = N +1 C3

N

C3 =

(N + 1)!
(N 2)!3!

N!
1
= N (N + 1)
(N 3)!3!
2

N,

(B.3)

which, from equation (B.1), can be written as
L=V

N,

(B.4)

i.e. the result of Barlow & Markland (1969).
Our example completely connected three-storey atrium building has N = 4 and
V = 10, and therefore L = 6. The six 3-loops which form a spanning set for
the building are shown in Figure B.2. Note that the loop shown in Figure B.2(f)
passes directly from storey 1 to storey 3 via the connecting duct denoted by
dashed lines, and does not pass through storey 2.

⇤

Note that 3-loops are the simplest loops for multi-compartment buildings in which at least
two internal spaces are connected. For an isolated room, air only passes through two zones –
the external environment and the internal space – and a flow loop approach is not required.

226

s3

s3
e

s2

s3
e

s2

e
s2

a

a

a

s1

s1

s1

(a)

(b)

(c)

s3

s3

s3

e
s2

e
s2

e
s2

a

a

a

s1

s1

s1

(d)

(e)

(f )

Figure B.2: Six independent flow loops which form a spanning set of all flow
regimes for a completely connected three-storey atrium building. Each loop
passes through three zones, one of which is the external environment.

B.2

Buildings which are not ‘completely connected’

In practice, multi-compartment buildings are unlikely to be ‘completely connected’. As a case in point, all of the multi-storey atrium buildings that were
considered in Chapters 4, 5 and 6 did not have connections between the storeys.
However, equation (B.4), still holds for buildings of this type:
Consider starting from a completely connected building, with L = 12 N (N + 1)

N.

Removing one connection between zones in this case removes one edge from the
graph of the flow network and therefore one possible 3-loop. Provided each zone
is connected to at least two other zones – to allow the passage of air through the
zone – the number of independent loops, L, and number of zone connections, V ,
then both decrease by one, and the result L = V
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N still holds. For exam-
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ple, removing the three connections between storeys in our example three-storey
atrium building removes the flow loops shown in Figures B.2(d), (e) and (f), and
the resulting spanning set comprises the three independent flow loops shown in
B.2(a), (b) and (c).
It is not always the case that flow loops through a building are 3-loops. For
example, flows through the building with an atrium and plenum shown in Figure
3.2 are described by 4-loops (cf. Figure 3.5). Any 4-loop can be constructed by
a superposition of two 3-loops. Removing a vent from a completely connected
building such that a 4-loop is required to describe flows therefore requires the
use of two 3-loops, and reduces the number of independent flow loops by one.
The result in equation (B.4) therefore also holds for buildings of this type.

B.3

A note on multiple vents at the same height

In practice, the circulation of air through internal spaces will be achieved using
multiple vents connecting each pair of zones. Strictly, the spanning set of flow
loops should be constructed by considering each individual vent within a building.
However, because we assume that pressure varies only with height within each
zone, when two or more vents connect a given pair of adjoining zones at the same
height, the pressure drop across each vent, for a given total flow rate, will be the
same. In this case, a designer can treat the set of vents as a single vent (with
the total e↵ective area of its constituent vents), and establish a set of flow loops
accordingly.
As an example, consider two vents at equal heights with e↵ective areas A01 and
A02 (cf. equation (3.2)), through which air passes at flow rates Q1 and Q2 ,
respectively. The pressure drop across each vent,
by
pvent =

pvent , is the same and given

⇢e Q21
⇢e Q22
⇢e Q2tot
=
=
,
A02
A02
A02
tot
1
2

(B.5)

where Qtot = Q1 + Q2 is the total flow rate passing through the two vents and
A0tot = A01 + A02 is the total e↵ective area of the two vents. When forming loop
equations, a designer can treat the two vents as a single vent with e↵ective area
A0tot , thereby simplifying analysis.
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