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ABSTRACT. Let p be a prime and G a subgroup of GL4(p). We define G to be p-
exceptional if it has order divisible by p, but all its orbits on vectors have size coprime to
p. We obtain a classification of p-exceptional linear groups. This has consequences for
a well known conjecture in representation theory, and also for a longstanding question
concerning %-transitive linear groups (i.e. those having all orbits on nonzero vectors of
equal length), classifying those of order divisible by p.

1. INTRODUCTION

The study of orbits of linear groups acting on finite vector spaces has a long history.
Zassenhaus [47] investigated linear groups for which all orbits on nonzero vectors are reg-
ular, classifying the insoluble examples, i.e. the insoluble Frobenius complements. If one
merely assumes that there is at least one regular orbit, there are many examples and the
investigation and classification of these is a lively area of current research. For example, if
p is the characteristic and G is a quasisimple irreducible p’-group, there is almost always
a regular orbit, the exceptions being classified in [19, 28]; this played a major role in the
solution of the k(GV')-problem [16]. In a different direction, linear groups acting transitively
on the set of nonzero vectors were determined by Hering [23], leading to the classification
of 2-transitive permutation groups of affine type. Results on groups with few orbits, or a
long orbit, or orbits with coprime lengths, can be found in [11, 30, 33]. A much weaker
assumption than transitivity is that of %—tmnsitivity — namely, that all orbits on nonzero
vectors have the same size. The soluble linear groups with this property were classified by
Passman [38, 39].

In this paper we study linear groups with the following property.

Definition Let V = Vy4(p) be a vector space of dimension d over F,, with p prime, and let
G < GL4(p) = GL(V). We say that G is p-exceptional if p divides |G| and G has no orbits
on V of size divisible by p.

Note that if d = ab for positive integers a, b, and ¢ = p?, then I'L,(q) < GL4(p), so the
above definition also applies to subgroups of I'L;(q).

If G < GL4(p) has a regular orbit on vectors, then G is not p-exceptional. On the other
hand, if G is transitive (or i-transitive) on nonzero vectors and has order divisible by p,
then G is p-exceptional.

We shall obtain a classification of all p-exceptional linear groups, up to some undecided
questions in the imprimitive case. We also give applications to i-transitive groups, and to

a conjecture in representation theory. ’

We begin with our result for primitive linear groups. In the statement, by the deleted
permutation module over F,, (p prime) for a symmetric group S., we mean the irreducible
F,S,-module S/S NT, where S = {(a1,...,ac) : a; € Fp,> a; =0} and T = {(a,...,a) :
a € Fp}, and S. acts by permuting coordinates in the obvious way. Denote by V* the set of
nonzero vectors in a vector space V.
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Theorem 1. Let G be an irreducible p-exceptional subgroup of GL4(p) = GL(V), and
suppose G acts primitively on V. Then one of the following holds:

(1) G is transitive on V¥ (a list can be found in [30, Appendix 1]);

(ii) G <TLi(q) (¢ =p?), determined in Lemma 2.7;

(iii) G is one of the following:
(a) G =A., Sc withc=2"—2 or 2" — 1, with V the deleted permutation module

over Fy, of dimension ¢ — 2 or ¢ — 1 respectively (see Lemma 9.4);

(b) SLy(5) 9 G <TL2(9) < GL4(3), orbit sizes 1,40,40;
(¢) L2(11) S G < GL5(3), orbit sizes 1,22,110,110;
(d) Mi1 <G < GL5(3), orbit sizes 1,22,220;
(e) Mas =G < GL11(2), orbit sizes 1,23,253,1771.

For the imprimitive case we first require a result on permutation groups. For a prime p,
we say a subgroup K <'S,, is p-concealed if it has order divisible by p, and all its orbits on
the power set of {1,...,n} have size coprime to p. The following result is an extension of
[5, 41], which classify primitive groups having no regular orbit on the power set.

Theorem 2. Let H be a primitive subgroup of S, of order divisible by a prime p. Then H
is p-concealed if and only if one of the following holds:

(i) Ay <H<S,, andn=ap®*—1 withs>1,a<p—1 and (a,s) # (1,1); also H # As
if (n,p) = (3a2);

(i) (n,p) = (8,3), and H = AGL3(2) =23 : SL3(2) or H = ATL,(8) =23:7:3;

(iii) (n,p) = (5,2) and H = D1g, a dihedral group of order 10.

Theorem 2 will be proved in Section 3.

Here is our main result on imprimitive p-exceptional linear groups.

Theorem 3. Suppose G < GL4(p) = GL(V) is irreducible, p-exceptional and imprimitive,
and also G = OP (G). Let V=V @ ...®V, (n > 1) be any imprimitivity decomposition
for G. Then Gy, is transitive on Vlﬂ, and G induces a primitive p-concealed subgroup of S,

on {V1,...,Vu}.

There is a partial converse: if X < GL(V}) is transitive on Vln and H <'S,, is primitive
and p-concealed, then the full wreath product X H acting on V = V}* is p-exceptional (see
Lemma 2.5).

The following is a general structure theorem for irreducible p-exceptional groups.

Theorem 4. Let G < GL4(p) = GL(V) be an irreducible p-exceptional group, and let
Go = OPI(G). Write V| Gog = V1 @& --- ® Vi with V; irreducible Go-modules. Then Ggl 18
either a primitive p-exceptional group (given by Theorem 1), or an imprimitive p-exceptional
group (given by Theorem 3). Moreover, the V; are pairwise non-isomorphic Go-modules, and
G acts on {V1,...,V} as a transitive p’-group.

Again, there is a partial converse (Lemma 2.5): the full wreath product of a p-exceptional
group and a transitive p’-group is p-exceptional.

The next result has important applications in the modular representation theory of finite
groups. Recall that, if p is any prime and B is a Brauer p-block of any finite group G with
defect group P, then the Brauer height zero conjecture asserts that all irreducible complex
characters in B have height zero if and only if P is abelian. One of the significant results
of the representation theory of finite groups in the 1980’s was to prove that if G is p-soluble
and A € Irr(Z) is an irreducible complex character of a normal subgroup Z <1 G such that
x(1)/A(1) is not divisible by p for all x € Irr(G) lying over A, then G/Z has abelian Sylow
p-subgroups. This theorem, established by D. Gluck and T. Wolf in [17, 18] led to a proof of
the Brauer height zero conjecture for p-soluble groups. As shown by very recent results on
the Brauer height zero conjecture, in particular, the proof [36] of the conjecture in the case
p=2and P € Syl,(G), as well as reduction theorems for the conjecture [34] and [35], one
of the main obstacles to proving the conjecture in full generality is to obtain a proof of the
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Gluck-Wolf theorem for arbitrary finite groups. This has now been achieved in [37], which
uses Theorem 5 in a crucial way.

Theorem 5. Let G be a non-identity finite group and let p be an odd prime. Assume that
G =0 (G) = OP(G) and G has abelian Sylow p-subgroups. Suppose that V is a finite-
dimensional, faithful, irreducible F,G-module such that every orbit of G on V has length
coprime to p. Then one of the following holds:

(i) G = SLa(q) and |V| = ¢* for some q = p%;

(ii) G acts transitively on the n summands of a decomposition V. = @._, V;, where
p<n<p? n=-1modp. Furthermore, Gy, acts transitively on Vlﬁ, and the action of G
on {Vi, ..., Vi, } induces either A, or the affine group 23 : SL3(2) for (n,p) = (8,3);

(iil) (G, |V]) = (SLa(5),3%), (217 - A5, 3%), (Lo(11),3°%), (M;y,3%), or (SLa(13),39).

Here is a further consequence concerning %—transitive linear groups.

Theorem 6. Let G < GL4(p) (p prime) be a %—tmnsitive linear group, and suppose p
divides |G|. Then one of the following holds:

(i) G is transitive on the set of nonzero vectors (given by [30, Appendix] );
(i) G < TLi(p?);
(iii) SL2(5) < G <T'L2(9) < GL4(3) and G has two orbits on nonzero vectors of size 40.

Concerning part (ii) of the theorem, some examples of %—transitive subgroups of I'L; (p?)
are given in Lemma 2.7.

Recall that a finite transitive permutation group is said to be %—tmnsitive if all nontrivial
orbits of a point stabiliser have the same size, this size being greater than 1. By [45, Theorem
10.4], such groups are either Frobenius groups or primitive. Steps towards the classification
of the primitive examples were taken in [2], where it was shown that they must be either
almost simple or affine, and the former were classified. The next result deals with the

modular affine case. The non-modular case will be the subject of a future paper.

Corollary 7. If G < AGLy(p) is a %—tmnsitive affine permutation group with point-
stabiliser Go of order divisible by p, then one of the following holds:

(i) G is 2-transitive;

(ii) G < ATLy (p%);

(iii) SL2(5) < Go <T'L2(9) < GL4(3) and G has rank 3 with subdegrees 1, 40, 40.

The layout of the paper is as follows. Theorems 2 and 3 are proved in Section 3; then
the proof of Theorem 1 is given in the next nine sections, culminating in Section 12. The
deductions of Theorems 4, 5 and 6 can be found in the final Section 13.

Notation: The following notation will be used throughout the paper. For a vector
space V with subspace U, an element g € GL(V) and a subgroup H < GL(V),
VE=V)\ {0}
Cv(g) ={veV]vg =0}
Cy(H)={veV |vh=vforall he H}
V | H = restriction of V to H
Hy ={h € H|U" = U}, the setwise stabiliser of U in H.

Moreover, if H stabilises the subspace U then HY is the subgroup of GL(U) induced by H.
Also ¢ denotes the conjugacy class of an element 2z in a group G, and .Jj, denotes a unipotent
Jordan block of size k.
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ery Grant; Giudici acknowledges the support of an Australian Research Fellowship; Praeger
acknowledges a support of a Federation Fellowship; Tiep acknowledges the support of the
NSF (grants DMS-0901241 and DMS-1201374).
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2. PRELIMINARIES

We begin with a simple observation.
Lemma 2.1. Let H < GL4(p) be p-exceptional on V = Fg.

(i) If K is a normal subgroup of H and p divides |K|, then K is p-exceptional on V.
(ii) If N < GL4(p) has order coprime to p and N is normalised by H, then NH 'is
p-exceptional on V.

Proof (i) If K had an orbit, say A, in V of length a multiple of p, then the H-orbit
containing A would have length divisible by |A| since K is normal in H, contradicting the
fact that H is p-exceptional.

(ii) Let L := NH,let v € V¥, and consider v* and v"V, the L-orbit and N-orbit containing
v, respectively. Since N is normal in L, v* is the set theoretic union of a subset By of the
set B of N-orbits in V, and By is an H-orbit in its induced action on B. Moreover vV € By

and |[v”| = [vNV].|By|. As |N| is coprime to p, also |vV] is coprime to p. Since H acts on B,
the H-orbit v consists of a constant number of vectors from each N-orbit in By. Thus |By|
divides |vf| and hence |By| is coprime to p. [}

Lemma 2.2. Let ¢ = p® with p prime, let Z = Z(GL,(q)) and let H be a subgroup of
'L, (q). Then H is p-exceptional if and only if ZH is p-exceptional.

Proof If ZH is p-exceptional then so is H, by Lemma 2.1(i). The converse follows from
Lemma 2.1(ii). [ |

Lemma 2.3. Let G <TL(V) =TL,(q) (q=p*) be p-exceptional, and let Go = GNGL(V).
Then one of the following holds:
(i) p divides |Go| and Gy is p-exceptional;

(ii) Go is a p'-group, and G contains a p-exceptional normal subgroup of the form Go(co),
where o € TL(V)\GL(V) is a field automorphism of order p.

Proof If p divides |G| then Gy is p-exceptional by Lemma 2.1, so (i) holds. Now assume
p does not divide |Gyg|. As G/Gj is cyclic, we have G = Go(x) for some z of order divisible
by p. Taking o to be a power of x of order p, we obtain (ii) by applying Lemma 2.1 to
Go <O’> [ |

The next lemma will be used many times in the proof of Theorem 1.
Lemma 2.4. Let G < GL(V) = GL4(q) with ¢ = p* (p prime), and suppose that G is p-
exceptional and Cy (0P (G)) = 0. Let t be an element of G of order p, and let P & Sylp(G).

(i) Then d = dimV < rjlog, |G : Ng(P)|, where 1, is the minimal number of conjugates
of P generating O (G).

(ii) We have |V| < |Cy (t)] - |t].

(i) Suppose OP' (G) is generated by o conjugates of t. Then ¢¥/* < [tC].

Proof As G is p-exceptional, every nonzero vector is fixed by some conjugate of P, so
V=] cvP).
geG
Moreover, dim Cy (P) < d(1 — %), since otherwise the group generated by r, conjugates of
P
P would have a nonzero centralizer in V', contrary to the hypothesis. Hence
d(1—-+
¢ = V| <|G: Na(P)| " 7).
This gives (i).

For (ii), observe that every nonzero vector in V is fixed by a conjugate of ¢t (as G is p-
exceptional), so V' = {J,c Cv (¢7), which implies (ii). Finally, (iii) follows from (i) together
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with the fact that dimCy(t) < d(1 — 1) (which follows from the argument of the first
paragraph). ]

The next lemma proves the existence of many examples of imprimitive p-exceptional
linear groups, giving partial converse statements to Theorems 3 and 4.

Lemma 2.5. Let Vi = leﬁ, let n be a positive integer, and let V. = V* = ]F’;” Suppose
G1 < GL(V1) and H <'S,, are such that one of the following conditions holds:

(i) Gy is transitive on Vlti and H is p-concealed,
(ii) Gy is p-exceptional and H is a p’-group.
Then the wreath product G = Gy wr H, acting naturally on V', is p-exceptional.

Proof Suppose (i) holds, and let 0 # v = (vy,...,v,) € V]* = V. Let 41,...,4 be the
positions i for which v; # 0. Then the orbit v“ has size |V1ﬁ|k - 0, where ¢ is the size of the
orbit of H on k-sets containing {i1,...,ix}. As H is p-concealed, p does not divide §, and
so [v9| is coprime to p. The argument for (ii) is similar. ]

We shall need the following upper bounds on the order of p’-subgroups of GL,,(q) for
m=2,3.

Lemma 2.6. Let ¢ = p/ >4 and let A be a p'-subgroup of GL,,(q).
(i) If m =2 and ¢ # 5,7,11 or 19, then |A| < (¢> — 1) - (2,9 — 1).
(i) If m = 3 then |A| < (¢ — 1)(¢® — 1).

Proof (i) It suffices to show that any p’-subgroup of PGLy(q) (¢ # 5,7,11,19) has order
at most (¢+1)-(2,¢—1). From the list of subgroups of PGLa(q) in [10, Chapter XII|, any
subgroup of order at least (¢ + 1) - (2,¢q — 1) has order dividing one of 2(q + 1), ¢(¢ — 1), 24
(if g =4 or 9), or 60 (if ¢ = 4,9 or 29). The assertion follows.

(ii) The bound can be checked directly using [8] for ¢ < 11, so we will assume g > 13. If
A is reducible on Fg, then A is contained in a maximal parabolic subgroup P of GL3(q), and
so |A] < |P|y = (¢* —1)(g — 1)%. If A is irreducible but imprimitive, then |A| < 6(q — 1)3.
Finally, if A is irreducible and primitive, then |A| < ¢? - log, ¢® by the main result of [14].
In all cases |A| < (¢ —1)(¢® — 1) since q > 13. [

Now we consider the case of p-exceptional 1-dimensional semilinear groups. Here we
identify V = Fg with the field Fj .. Let w be a primitive element of F,« and let ¢ : x — 2P
denote the Frobenius automorphism. The 1-dimensional semilinear groups are subgroups of
I'Li(p?) = (&, ¢), where & denotes the multiplication map x + zw. We determine all such
p-exceptional groups and show that p divides d and there exists a unique minimal example.

Lemma 2.7. Suppose that H < T'Li(p?) and H is p-exceptional on V = Fpa. Then p
divides d and there is a factorisation d = p*s for some k > 1 such that H has a normal
subgroup K = <w<ff—1>/f‘, ©®) of index coprime to p, for some j dividing p* — 1. Moreover
all such subgroups H and K are p-exceptional and each contains the p-exceptional group

(d)”d/p’l, ©¥P). The group K is %—tmnsz’tive on VE, having péj_l orbits of length Zj:} -]
Proof Write Hy = H N (&) = (&°), say, where ¢ divides p? — 1. Then |Hy| = (p? — 1)/c
is coprime to p, and H/Hy = H(®)/{w) is isomorphic to a subgroup of (¢) and hence is
cyclic of order dividing d. Since p divides |H| it follows that p divides d. Let d = p*s where
p¥ is the p-part of |[H|. Then H has a unique normal subgroup K containing Hy such that
|KK/Hy| = p*. The group K is generated by &¢ and some element 7 of the form ¢*@. We
may assume that |7| = p*. A routine computation shows that P = @@=/ =1 and
hence p* — 1 divides b, say b = (p* — 1)b'.

By Lemma 2.1, K is p-exceptional. This implies in particular that 7 fixes setwise each of
the Hy-orbits in V¥, and these orbits are the multiplicative cosets w’ (we) for0<i<c—1.
Now 7 maps w’ to w® ** and this element must therefore lie in w(w®). It follows that
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i(p* —1)+b= (i +b)(p° — 1) is divisible by ¢. Choosing ¢ such that i + b =1 (mod ¢),
we conclude that ¢ divides p* — 1, say ¢ = (p* — 1)/j. This means that &* € Hy, and hence
that K = (P =1/7 *),

The computation in the previous paragraph shows that ¢® fixes each Hy-orbit setwise
and hence that K has c orbits of length (p? — 1)/c on nonzero elements of V. In particular
K is p-exceptional and hence any subgroup H containing K with index coprime to p, and
intersecting (@) in Hy is also p-exceptional. Finally each of these subgroups K contains the
group (d}pd/p_l, ©/P) | and our arguments (with k = 1) show that this group is p-exceptional.

|

Next we analyse the possibilities for 2-dimensional semilinear p-exceptional groups. We
use the following notation: Z denotes the group of scalar matrices in G Ly(pf); the group of
diagonal matrices is denoted by T'; and ¢ denotes the Frobenius map (a;;) — (aj;).

Lemma 2.8. Suppose that H < TLo(pf) and H is p-exceptional on V = Fif. Then one of
the following holds.

(i) H contains SLy(p).
(i) p divides 2f, H N GLy(p’) is contained in (T, (_01 é)) if pis odd, or T if p=2.

)
(iii) p divides 2f, and H < T'Ly(p?/) is as in Lemma 2.7.
(iv) pf =9 and SLy(5) < H N GLo(9).

Proof If H contains SLy(p’) then H is transitive on V*# so H is p-exceptional. Suppose
now that this is not the case, and let Hy = H N GLy(p?).

Observe that, for a proper subfield F,e of F,; the group SLa(p®) acts regularly on the
orbit containing (1,w) where w is a primitive element of F,;. If SLy(p®) were normal in H
then the H-orbit containing (1,w) would have length a multiple of p. Thus H has no normal
subgroup conjugate to SLa(p©) for any proper divisor ¢ of f. Moreover if f > 3¢, then the
stabiliser in Z o SLo(p©) of the 1-space ((1,w)) is Z. Hence, if p divides |Hy| then Hy is not
contained in a conjugate of Z o SLy(p°) for any divisor ¢ of f such that f > 3c.

Observe that the T-orbits in V have lengths 1,q — 1,¢q — 1, (¢ — 1)2. Thus if p divides f
then any subgroup of T.({y) containing T and of order divisible by p is p-exceptional. If p
is odd the same is true for such subgroups of T.2.{p). These examples and some of their
subgroups are listed in (ii). So suppose that Hy is not conjugate to a subgroup of T'.2.

Also if Hy preserves on V' the structure of a 1-dimensional space over F 2y, then H is a
1-dimensional semilinear group and we obtain the examples in (iii) by Lemma 2.7.

If Hyp has a non-trivial normal p-subgroup K then for a vector v not fixed by K, the
H-orbit containing v is a union of some K-orbits, each of length a nontrivial power of p.
Thus no such subgroup exists.

Consider Hy = HyZ/Z < PGLy(p’). From our arguments so far, and the classification
of subgroups of PG Ly(pf) [10, Chapter XII], we may assume that Hy = Ay, Sy (with p odd)
or As (with pf = £1 mod 10), and that Hj is not realisable modulo scalars over a proper
subfield F,e with f > 3c. In particular then, p is odd and f divides 4. Thus p divides |Hy|
and hence p = 3 (as p # 5 if Hy = As). If Hy = A4 or Sy then Hy > SLy(3) which is not
the case, so Hy = As, and p/ = 9 or 81. In the latter case one checks that the orbit of
Hy containing the vector (1,w) has size divisible by 3. Hence pf = 9, which leads to the
examples in (iv) since Z o SLy(5) is transitive on the nonzero vectors. [

The next two lemmas concern the usual action of a group G on a quotient group G/V
defined by (V)9 = V9.

Lemma 2.9. Let G be a finite group, p a prime, and suppose G has a normal subgroup

~

V' which is an elementary abelian p-group. If t € G is a p'-element, then Cg(t)/Cy (t) =
Cayv(t).
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Proof Assume first that [V,¢] = V. Let g € G be a preimage of an element of Cg/y (t), so
that t9 = tv for some v € V. By assumption there exists u € V such that [t,u] = v. Then
t" =tv =19, 50 g € VCq(t). This shows that Cg /v (t) = VCq(t)/V, as required.

Now consider the general case. Writing V' additively, we have V = [V ] @ Cy (¢), by
coprime action. Again let ¢ € G with t9 = tv, v € V, and write v = vy + vo with
vy € [V,t],v2 € Cy(t). If vg # 0 then tv = ¢(v; +v2) has order divisible by p, a contradiction
(as t is a p’-element). Hence vy = 0, and now we argue as in the first paragraph of the
proof. [

Corollary 2.10. Let G be a finite group, p a prime, and suppose G has a normal p-subgroup
V' such that V/Z(V') is elementary abelian and Z(V) < Z(G). Ift € G is a p’'-element, then

Ca(t)/Cv(t) = Cqyv ().

Proof Write G = G/Z(V). By Lemma 2.9, VCq;(t)/V = Cgq v (t). If g € G is a preimage
of an element of Cx(t) then 9 = tz for some 2z € Z(V). Since this has p’ order, we must
have z = 1, and the conclusion follows. [}

3. IMPRIMITIVE GROUPS

In this section we prove Theorems 2 and 3. First, for Theorem 2, we determine the
primitive p-concealed groups, i.e. primitive subgroups H of S,,, such that the prime p divides
|H| and every orbit of H on the set of all subsets of {1,...,n} has length coprime to p.

Proof of Theorem 2

Let @ = {1,...,n}, and define Q; := {X C Q| |X| =k} for 0 < k < n. Let H be a
primitive subgroup of S,, of order divisible by a prime p.

Assume first that H > A,,. Since p divides |H|, we have n > p and H # As if (n,p) =
(3,2), and H has exactly one orbit on Q,_;. Furthermore, p is coprime to |Q,_1| precisely
when p does not divide any of the p — 1 consecutive integers n —p+2,n—p+3,...,n, that
is, p|(n+1). Now we can write n = _;_, a;p’ — 1, where s > 1, a;, > 0, and p—1 > a; > 0.

Suppose that n # agp® — 1. Choosing k := p* — 1, we see that

{;J_{;J_{n;kJ:“S‘O—W«—Dzl,

and so p divides |Q|. Next suppose that n = asp® — 1. Write any ¢ between 0 and n as £ =
Zf:o bip’ with0 < b; < p—1. Thenb, < as—1andn—{ = (as—bs—l)pSJer:_Ol(pfbifl)pi.
Hence, for 0 < r < s,

n 14 n—=~¢ . > i s—r = i—r
T T - e e

and so p does not divide |€2|. Since n > 3, H is transitive on ;. We have shown that H is
p-concealed if n = azp® — 1.

From now on we will assume that H #? A,,. Clearly, if H contains a normal subgroup
K which is also primitive of order divisible by p and has a regular orbit A on 2%, then
the H-orbit containing A has length divisible by p. Hence, we may assume that H has no
regular orbit on 2% and apply [41, Theorem 2] to H. In all but three of the cases listed in
[41, Theorem 2] for H, either we can find a subgroup K with the prescribed properties, or
we can use GAP [15] or MAGMA [4] to show directly that H is not a p-concealed group. The
three exceptional cases give the examples in parts (ii) and (iii) of Theorem 2. [ ]

The main result of this section is the following:

Theorem 3.1. Assume G < GL(V) is a (not necessarily irreducible) p-exceptional group
which acts primitively as a permutation group on the n summands of the direct sum decom-
position

Frm=V=Viohe.. o
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where dimp, V; = m > 1 and n > 2. Let H < S;, be the subgroup induced by this primitive
action. Then one of the following holds:

(i) H is a p'-group;

ﬁ(ii) One of (i), (ii) and (iii) of Theorem 2 holds for H. Moreover, Gy, is transitive on
%3

Proof Assume that p divides |H|. First we show that H is p-concealed, and so (i), (ii)
or (iii) of Theorem 2 holds for H. Indeed, suppose that an H-orbit A of H on the subsets
of Q@ := {V4,...,V,} has length divisible by p. Pick X = {V;,,...,V;,} € A, 0#v; € V},
for 1 <4<t and let v:=wv; +...4+v;,. Then I := G, preserves X and so IK/K < Hx
for K := N"_,Gy,.. Since p divides |A|, it must divide [G : I] = |v%|, contrary to the
p-exceptionality of G.

Now we assume that H satisfies one of the conclusions of Theorem 2, but G; := Gy,
has at least two orbits u€' and v©! on Vlﬁ. For each 1 < i < n, fix some g; € G such
that Vig; = V; (and g; = 1), and set u; = ug;, v; = vg;. Choose any non-empty subsets
XY C Q with X NY = 0. Also consider w = Y"1 |, w;, with w; = u; if V; € X, w; = v; if
V; €Y, and w; = 0 otherwise. Observe that any h € G,, stabilises both X and Y. (Indeed,
h fixes X UY. Assume that V;h =V, € Y for some V; € X. Comparing the Vj-component
of wh = w, we see that vg; = v; = u;h = ug;h, and so ugihg;1 =v. But gihg;1 stabilises
Vi, so we conclude that v € u®*, a contradiction.) Now the p-exceptionality of G implies
that p does not divide |H : J| for J := Hx y, the subgroup of H consisting of all elements
that stabilise X and stabilise Y.

It remains to exhibit a pair (X,Y") such that p divides |H : J| to get the desired contra-
diction. In the case (i) of Theorem 2, we choose X := {1}, Y :={V5,...,V,}. Then
n!
pl-(n—p)!
is divisible by p. In the case (ii) of Theorem 2, we can choose X := {a} and Y := {b, ¢} for
some distinct a, b, ¢ € 2, and check that |H : J| = 168 is divisible by p = 3. In the case (iii)

of Theorem 2, we can choose X := {a} and Y := {b,c} for some distinct a,b,c € €, and
check that |H : J| = 10 is divisible by p = 2. [}

|H :J|=1Sn: (Sp—1 X Sp—p)| =p-

Deduction of Theorem 3

Theorem 3 follows very quickly from the above theorem. Indeed, suppose G < GL(V) is
irreducible, imprimitive and p-exceptional, with G = O’ (G). Let V=W, &..® W, be an
imprimitivity decomposition for G. Coarsen this to a decomposition V =V; & ... & V,, such
that G acts as a primitive permutation group on {Vi,...,V,,}, where V7 is, say, W1 ®... & Wj.
As G = O (G), conclusion (ii) of Theorem 3.1 holds for the action of G on {Vi,...,V,}.
In particular, Gy, acts transitively on the nonzero vectors of V;. But it also permutes
Wi, ..., Wi, so k = 1. Theorem 3 follows.

4. TENSOR PRODUCTS I: C4 CASE

In this section we handle p-exceptional groups preserving tensor product decompositions.
These correspond to subgroups of groups in class C4 in Aschbacher’s classification of maximal
subgroups of classical groups [1], hence the title of this (and forthcoming) sections. If U and
W are vector spaces over a field Fy, then a central product GL(U) o GL(W) acts naturally
on V. =U®W. We also denote by I'L(V);,y the stabiliser of the tensor decomposition,
which is a group (GL(U) o GL(W))(o) where o is a field automorphism fixing both factors.
As usual, write Z for the group F; of scalars in GL(V).

Theorem 4.1. Let V be a vector space over Fq of characteristic p, and write V. =U @ W,
a tensor product over F, with dim U, dim W > 2. Let H < GL(U) o GL(W) < GL(V) and
suppose H is p-exceptional.
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Thenp=2,dimU =dim W = 2, and ZH = (GL1(¢*) oGL1(q?)).2, where involutions in
H act nontrivially on both factors GL1(q?). This group is p-exceptional, and acts reducibly
onV.

We also need a result for the semilinear case.

Theorem 4.2. Let V be a vector space over Fy» (of characteristic p), and write V=UQW
with 2 < dimU < dimW. Let H < TL(V)ygy, and assume H is p-exceptional and
HNGL(V) is a p'-group.

Then p = dimU = 2. In particular, H N GL(V) is not absolutely irreducible on V.

The proofs are given in the following three subsections.

4.1. Some theory of tensor decompositions. First we give some general theory for
tensor decompositions V. = U ® W of a vector space V' = Fy, where ¢ = p! for a prime p,
a=dmU >2,b=dim W > 2, and n = ab.

Let {uy,...,uqs} be a basis for U, {wy,...,wp} be a basis for W, and write elements
of GL(U),GL(W) as matrices with respect to these bases respectively. Then V has an
associated basis B := {u; @ w; |1 < i < a,1 < j < b}, which we refer to as the standard
basis. For elements u = >, au; € U and w = 3, bjw; € W we denote the element
>i(aibj)(ui @ wj) of V by u®@w. A vector v € V is called simple if it can be expressed as
v=u®w for some u € U,w € W.

The stabiliser X := GL(V )y gy in GL(V) of this decomposition is a central product of
X := GL(U)oGL(W) and we view elements of X as ordered pairs (4, B) € GL(U)x GL(W)
modulo the normal subgroup Zo = { (A, A~'1) | A € Fi}, where (A, B) : u;Qw; — u; A®w; B
(extending linearly). The stabiliser X := TL(V) vew i TL(V) is a semidirect product of
X and the group (o) of field automorphisms, where o : 3. aijju; @ w; — 3, afjui ® wj.

For an arbitrary v € V, the weight of v is defined as the minimum number &k such that v
can be written as a sum of k£ simple vectors. It is not difficult to prove that elements of X
map weight k vectors to weight k vectors; in particular, the notion of a simple vector does
not depend on the choice of standard basis. Also, the weight of a vector is well defined since
any vector can be written as a sum of n simple vectors (each a scalar multiple of an element
of B).

For subspaces Uy of U and Wy of W (not necessarily proper subspaces), Xy, ow, consists
of all elements (A, B) of X such that Uy is A-invariant and W, is B-invariant, and Xy, ow,
is generated by Xy,gw, and a conjugate of o.

Lemma 4.3. Let v € V' of weight k, and suppose that v = Z;C:l T; @ y;, where the x; €
Uy, € W. Write Uy = (x1,...,x%) and Wy = {y1,...,yx). Then

(i) dim(Up) = dim(Wy) = k, so k < min{a, b}.

(i) If also v = Ele x; @ yi, where the x}, € U,y, € W, then (z},...,z}) = Uy and
<yi7~-~7y;€> =Ws.

(iii) Let A, B be the matrices representing the linear transformations A : x; — z, B :
yi = yh (for all i) of Uy, Wy with respect to the bases {x1,...,xr} and {y1,..., Yk}
respectively, where z},y. are as in (ii)). Then B = AT € GLk(q).

(iv) X, < XU0®WO, the group induced by X, on Uy @ Wy is a diagonal subgroup of the
group GLi(q)oGLy(q) induced by Xu,ow,, consisting of the pairs (A, A=) (modulo
Zy) for A € GLi(q) (with respect to the bases in (iii)), and X, = (X,,0'), where
o' is conjugate to o and induces a generator of the group of field automorphisms of
GL(UO (%9 Wo)

Proof Part (i) follows almost from the definition of k, since, for example, if x;, = Zf;ll a;x;,

then v = Zf;ll x; ® (y; + a;yr). For the rest of the proof we will assume without loss of
generality that z; = u; and y; = w; for 1 <1 < k.
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Suppose also that v has an expression as in part (ii). For 1 < ¢ < k, in terms of the
basis B we have z; = Z?zl agjuj and y; = 22:1 bijwj. Write Ag = (ai;) € Mgxa(g) and
By = (bij) € Mixp(q). Then

k a b k
v = Z Z Zaijbiéuj ® wy = Z <Z aijbig> U & wy = Z(AgBO)j,KUj & wp.
i=1

i=1 j=1¢=1 gl gl

Then since v = Zle u; ® w;, and since B is a basis for V, we deduce that (A% By);, = 0 if
at least one of j > k,¢ > k,j # ¢, and (Al By)j; = 1 for 1 < j < k. In particular this implies
that each z} € Uy and each y; € Wy. Moreover by part (i) the z; are linearly independent,
and also the y, are linearly independent. Thus part (ii) follows. We have also proved part
(iii).

Finally if g = (A1, B1) € X, (modulo Zp), with A1 = (a;;) € GL(U) and By = (b;;) €
GL(W), then we have v = Zle(uiAl)@)(wiBl). By part (ii), for each ¢ < k, u; A1 € Uy and
w; By € Wy, so g € Xy,ew,- Moreover, if A = Ay|y,, B = Bi|w,, written as matrices with
respect to the bases {x1,..., 2%} and {y1, ...,y } respectively, then by part (iii), B = A~T
so g is one of the elements described in part (iv). For each A € GLg(q), there exists an
element (Ay, By) € X with A = A;|y,, A~T = Bi|w,, and the fact that this element fixes v
follows from the displayed computation above. Finally X, contains a conjugate of o which
induces on Uy ® Wy the natural field automorphism with respect to the basis formed by the
T ® yj. [ |

By Lemma 4.3(ii), the subspaces Uy and Wy are determined uniquely by v, and we denote
them by Up(v) and Wy(v) respectively.

4.2. Proof of Theorem 4.1. Suppose H < X preserves a non-trivial tensor decomposition
V=UeW of V=Fp, and that X, X, Zy,q = p,a,b are as in Subsection 4.1. Suppose
also that H is p-exceptional on V. By Lemma 2.2 we may assume that H contains Z :=
Z(GL(V)) = (Zu x Zw)/Zo, where Zy = Z(GL(U)), Zw = Z(GL(W)).

For Theorem 4.1 we will have H < X, but Lemma 4.4 is more general and will be used
also for the proof of Theorem 4.2. The natural projection maps ¢y : X - PT'L(U) and ¢w :
X — PI'L(W) have kernels Ky = ZyoGL(W) = GL(W) and Ky = GL(U)o Zw = GL(U)
respectively. Also for subspaces Uy < U, Wy < W, we have maps ¢, : XUO®W — PTL(Uy)
and ¢y, : XU®WO — PT'L(Wy) with kernels Ky, , Kw, respectively. If an element z € X
or subgroup L < X lies in Xy, gw then we write 270 = ¢y, (z), LV = ¢y, (L) for the
corresponding element or subgroup of PI'L(Uy); also by the fized point subspace of LU we
mean the largest LY-invariant subspace Uy of U such that LYo = 1. Similarly for subspaces
of W. A subgroup L < XUO®WO is said to act diagonally on Uy @ Wy if LN Ky, and LN Ky,
both induce only scalar transformations on Uy ® Wj.

Lemma 4.4. Suppose that H < X and H is p-exceptional. Let Uy, Wy be 2-dimensional
subspaces of U, W respectively, and let P be a Sylow p-subgroup of Hy,ew,.- Then P is
a Sylow p-subgroup of H (and so P # 1), P acts diagonally on Uy @ Wy, and moreover
PNKy,=PNnKw, =1, and PN X is elementary abelian of order at most q.

Proof Choose a weight 2 vector v € V such that Uy(v) = Uy and Wy(v) = Wy. Then by
Lemma 4.3, H, < Hy,ew,, and by our assumption |H : H,| is coprime to p. Thus P is a
Sylow p-subgroup of H, and in particular P # 1. Also, P is conjugate in Hy,gw, to a Sylow
p-subgroup P’ of H,. Since P’ induces a diagonal action on Uy ® Wy by Lemma 4.3(iv), it
follows that also P induces a diagonal action on Uy ® Wj.

Let Q@ = PN Ky, and assume that () # 1. Since P acts diagonally on Uy ® Wy, it follows
that Qo = 1 (since Q is a p-group), and we deduce that Q = P N Kyy,. Further, since
Q # 1, we may assume without loss of generality that QU # 1. We produce an element
g € Q and a 2-dimensional (gV)-invariant subspace U} such that gUo # 1 as follows: the
fixed point subspace U; of the nontrivial p-group QU contains Uy and U; # U, and there is
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a 1-dimensional subspace Uy /U; of U/U; left invariant by QY in its induced quotient action
on U/Uj. Since QY = 1 and QY2 is a nontrivial p-group, there exists u € U\ U; and g € Q
such that (u9) = (u + z) for some non-zero x € U;. Let Uy = (u, x), and note that 29 = x
since € Uy. Thus U} is invariant under (%) and has dimension 2, and gY0 # 1. Moreover
since g € ) C P, it follows that g € Hygw, and that g does not act diagonally on Uy @ Wy
since g0 = 1. This contradicts the diagonal action of a Sylow p-subgroup of Hy;ow, on
Uy @ Wy. Thus PN Ky, = PN Ky, = 1. In particular P is isomorphic to a subgroup of
PT'L(Up) and hence PN X is elementary abelian of order at most q. [ ]

Corollary 4.5. Assume that H < X, and let 1 # g € H be a p-element. Then gV and g"V
are both regular unipotent of order p.

Proof We may assume that 1 # g € P < Hy,gw, with Uy, Wy, P as in Lemma 4.4.
Then P is elementary abelian so |g| = p, and gU¢, g"0 are both nontrivial. Also g¥, gV
have non-zero fixed point subspaces. Suppose that U; is a 2-dimensional subspace of the
fixed point subspace of gV. Then g is a nontrivial p-element in Hy, gw,, contradicting the
diagonal action of p-elements proved in Lemma 4.4. Thus the fixed point subspace of gV
has dimension 1, so gV is regular unipotent. Similarly ¢"" is regular unipotent. [

In the next lemma we use the following notation. For a vector space V of dimension
at least k, let Py(V) denote the set of k-dimensional subspaces of V. Also let I'L(¢?) =
GL1(g?).p, where the cyclic group of order p on top is generated by a field automorphism
(so that T'Li(¢?) < GL,(q)).

Lemma 4.6. Assume that H < X and let k < min{dim(U),dim(W)}. Then H acts
transitively on Py (U) x Pp(W) (in its natural product action). Moreover p = dim(U) =
dim(W) € {2,3}, and H <TLj(¢?) o TLi(¢P).

Proof By Corollary 4.5, each element of order p in H fixes unique k-dimensional subspaces
of U and of W, and this property is true also for each Sylow p-subgroup of H. For i = 1,2,
let U;, W; be a k-dimensional subspace of U, W respectively, and let v; = Z?zl Tij QYij €
U; ® W; be a weight k-vector so that the z;; span U; and the y;; span W;. Let P; be a
Sylow p-subgroup of H,,. Since H is p-exceptional, P; is a Sylow p-subgroup of H, and by
Lemma 4.3, H,, < Hy,gw,. Thus there is an element x € H such that Pf = P», and hence
P, fixes the k-subspaces Uy, Us of U and W{, Wy of W. By uniqueness, we have Uy = Us

and W’ = Wj. This proves the first assertion.

By [31, Lemma 4.1], for the group ¢y (H) to be transitive on k-subspaces, one of the
following holds: (i) ¢y (H) > PSL(U), or (ii) k € {1,dim(U)—1} and ¢y (H) # PSL(U), or
(iii) dim(U) = 5,p = 2 and |¢y (H)| = 31.5. Since p divides |¢y (H)|, case (iii) does not arise,
and by Corollary 4.5, dim(U) = 2 in case (i). The same comments apply to ¢w (H). Since
we may always take k = 2 in the previous paragraph, it follows that each of a := dim(U)
and b := dim(W) is at most 3. Then by the classification of transitive linear groups (see
[30, Appendix]), and noting that p divides |¢y (H)|, either ¢y (H) < T'Li(q*)/Zy, or a = 2
and ¢y (H) > PSL(U), or As < ¢y(H) < PT'Ly(9). We have the same three possibilities
for ¢w (H).

Suppose first that ¢y(H) > PSL(U) with a = 2. Then since P acts diagonally by
Lemma 4.4, it follows that b = 2 and H has a single composition factor PSLs(q). However
in this case H is not transitive on P, (U) x P;(W). A similar argument rules out the third
possibility. Thus ¢y (H) < T'Li1(¢%)/Zy, and similarly éw (H) < T'Li(¢%)/Zw. Since p
divides the order of each of these groups we must have p =a = b € {2, 3}. [

Next we show that the case p = 3 does not yield a p-exceptional group. The proof and
the proof of Lemma 4.10 use the following simple fact.

Remark 4.7. Suppose that ¢ = dim(U) = dim(W). Let {u1,ug,...,uq} be a basis for U.
By Lemma 4.3, each weight a vector v in U @ W has a unique representation of the form
v = 2?21 u; @ w; where the w; form a basis for W. Thus the number of weight a vectors is

|GL4(q)]-
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Lemma 4.8. If p=3, and H <TL3i(¢?) oT'Li(¢P), then H is not p-exceptional.

Proof Suppose that H is as stated and that H is p-exceptional. By Lemma 2.2, we may
assume that Z < H, and by Lemma 4.4 it follows that a Sylow 3-subgroup P of H has
order 3 and acts diagonally on U @ W. Let r := ¢®> + ¢ + 1. By Lemma 4.6, r? divides |H|.
Also, since ged(r,q — 1) = 1, it follows that H = Z x (Z2.P). Now P centralises Z and
Ny (P) = ZP so that H has exactly 72 Sylow 3-subgroups.

The group P in its action on U leaves invariant a unique 2-subspace Us. The same is true
for the P-action on W. Let {u,u2,us} be a P-orbit forming a basis for U. By Lemma 4.3,
each weight 3 vector v in U ® W has a unique representation of the form v = E?:1 Uu; @ w;
where the w; form a basis for W, and it is straightforward to show that v is fixed by P if and
only if the w; form a P-orbit in W; now each such P-orbit yields three weight 3 vectors fixed
by P. Hence the number of weight 3 vectors fixed by P is exactly ¢ — ¢?>. By Remark 4.7,
the number of weight 3 vectors is |GL3(g)|, and since each weight 3 vector is fixed by some
Sylow 3-subgroup of H, it follows that H has at least |GL3(q)|/(¢® — ¢*) Sylow 3-subgroups.
Since r? < |GL3(q)|/(¢® — ¢?), this is a contradiction. [ |

Finally we show that the case p = 2 does lead to (reducible) p-exceptional examples. This
result completes the proof of Theorem 4.1.

Lemma 4.9. Ifp =2, and H < T'L%(q?) o TL}(q?), then ZH is 2-exceptional if and only
if ZH = (GL1(¢?) o GL1(¢?))-2, an index 2 subgroup of T'L}(q?) o UL} (q?), with the Sylow
2-subgroups acting diagonally. This group Z H is reducible and 2-exceptional, with two orbits
of length ¢*> — 1 and q — 1 orbits of length (¢> — 1)(q + 1) on non-zero vectors.

Proof Suppose that H is as stated and that H is 2-exceptional. By Lemma 2.2, we
may assume also that Z < H. Arguing as in the proof of Lemma 4.8, a Sylow 2-subgroup
P has order 2 and acts diagonally on U @ W, Ny (P) = ZP, and H = Z x (Z},,.P) =
(GL1(¢?) 0 GL1(q?))-2.

Conversely suppose that H = (GL1(¢?)oGL1(¢?)).2 with each Sylow 2-subgroup P acting
diagonally. Identify U and W with F,> and let H; be the index 2 subgroup of H so that
H;y acts by field multiplication on both factors. Then H = H;(r) where 7 acts on both
factors as the field automorphism of order 2. Let w € Fy> have order ¢ + 1 and note that
w? =14 dw where A = w + w? cI,.

Let v =1®14+w@wand w =10w+w®1l. Let X = GL1(¢?) o I and note that
¥ = {(@1+¢tweuw| e F?.} is a set of size q?> — 1 and forms the set of nonzero vectors of
an F,-subspace Uy of V. Similarly, wX = {{ @ w+éw® 1| € ]FZQ} is also the set of ¢ — 1
nonzero vectors of an F,-subspace Us. Moreover, U3 N U; = {0}. Note that an element of
X induces multiplication by the same element of Fr. on each of Uy and Us.

Let g € H be the element that multiplies by w in both the first and second factors. Then

w =wRw+weuw
=w(14+ M)+ (1+\w)Qw
=wRl+Mw+14+Iw)Qw=w
Thus |wf1| < ¢® — 1 but since w* C w! it follows that w'’* has size ¢ — 1. Also
ERw+lwel)” =w!+{wi®l
S8 +w) +EN+w) @1
=D W (EA+ EA %) @ 1
={1Qw+lw®l el
Hence Us is H-invariant.

Similar calculations, taking g to be the element that multiplies the first factor by w and
the second by w?, show that U; is also H-invariant.

Let C be the subgroup of GLi(¢?) x GLi(¢?) acting on Uy & Uy given by
C={(a,B) | a,B €Fp, (ap~1)atl =1}
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Note that |C| = (¢> — 1)(¢ + 1) = |H;1|. We have already seen that elements of X are
elements of C. Now consider elements y = (1,£) of Y = I o GL1(¢?) < Hy and let a,b € F,
such that ¢ = a 4 bw. Then

1I®l4+wew) 1®(a+bw) +w® (a+ bw)w
a®1+bQw+aw@w+bw® (1+ \w)
(a+bw)®@1+ (b+ aw+ bw) @w

=€(R1+wew

and so y induces multiplication by £ on U;. Similarly, (1@ w+w® 1) =1 Qw4+ {fw® 1
and so y induces multiplication by £2 on Us. Thus the elements of Y are also elements of C'.
Since each element of H; is the product of an element of X and an element of Y, comparing
orders yields C = H;. We have already seen that H; has two orbits of length ¢% — 1 (U{i
and UQ’j)7 and using the fact that H; = C' we see that it also has ¢ — 1 orbits of length
(¢* — 1)(g + 1), namely

Ay = {(u,v) | u,v € Frs, (wv™ 14t = A}

for X € F}, on V*. Also consider 51,52 € GL(V), where s1 sends (u,v) € V to (u?,v) and
so sends (u,v) to (u,v9). Then C := (C,s1,55) = C : 2% has the same orbits as C' does on
V. Moreover, H = C': {s182). [

4.3. Proof of Theorem 4.2. Suppose now that H < I'L,(¢?) acting on V' = F7,, is p-
exceptional, that p = |H : HNGL(V)|, and that |[H N GL(V)| is coprime to p. Suppose
moreover that H < X :=T'L(V) 4y, where a = dim(U) > 2,b = dim(W) > 2 with a < b,
and set = ¢P. By Lemma 2.2, we may assume that H contains Z = Z(GL(V)). Theorem
4.2 follows from the following lemma.

Lemma 4.10. p=a = 2.

Proof Choose 2-dimensional subspaces Uy, Wy of U, W respectively, set Vy := Uy ® Wy,
and consider the subgroup L of I'L(Vy)y, ow, induced by Hy,gw,. Let A denote the set of
weight 2 vectors of Uy ® Wy (considered as vectors of V'), and let v € A. By Lemma 4.3,
H, < Hy,gw,, and since H is p-exceptional |H : H,| is coprime to p. It follows from
Lemma 4.4 that p divides |L| and a Sylow p-subgroup P of L acts diagonally on Uy @ Wj.
We may assume that P acts as a group of field automorphisms of order p. Then the set of
fixed points of P in Uy @ Wy forms an Fy-space Uj @ W( = Fg ® IF?I. In particular we may
choose a basis uy, uz for Uy from UJ.

By Remark 4.7, |A| = |GLa(r)|. Also each v/ € A has a unique expression as v =
up ® w1 + us ® we where wi, we span Wy, and it is straightforward to prove that P fixes v’
if and only if P fixes wy and ws, that is to say, if and only if v' € U] @ W{. Thus P fixes
exactly |GL2(q)| vectors in A. Since each v’ € A is fixed by at least one Sylow p-subgroup
of L (by p-exceptionality), it follows that the number |L : N (P)| of Sylow p-subgroups of
L is at least

_GL(r)| _ (= 1)(r? —7)
PTIEL0 T @@ -9
Let Zy = Z(GL(V,)), and note that Z; is contained in Lo := L N GL(Vp) since H contains
Z. Now NL(P)NZy = Z,_1, and Np(P) contains L N (GL(U}) o GL(WY)).

Recall the definitions of the maps ¢y, , ¢w, at the beginning of Section 4.2. From the
classification of subgroups of PGLa(r) (see [10, Chapter XII)), it follows that the p’-group
Lg is such that each of ¢y, (Lo), dw,(Lo) is either a subgroup of Dy(,4+1) or equals one of
A4,S4,A5. In the latter three cases, p would be odd, and such subgroups would lie in a
subfield subgroup PGLs(q), and be centralised by P.

Suppose for instance that ¢y, (Lg) is Ay, S4, or As. As Lg is p'-group, we get p > 5,
r = qP > 32, so 2(r + 1) is the largest possible order for ¢yw,(Lo). Also, Ly > Zy. Hence
for Ky = Ker(¢y,) N Lo, we have that |Ky/Zy| < 2(r + 1). On the other hand, we noted
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that Lo/Ky is centralized by P, and L = PLg. It follows that L = NKy = NZyK for
N = Np(P). Now
|IL:N| =|L:NZy||NZy: N|=|NZyKy: NZy||NZy : N

= |Ko/(NZo N Ko)||Zo/ (N N Zy)|

< |Ko/Zo||Zo /(N N Zo)|

<20r+1)(r-1)/(¢—-1)
which is strictly less than y, giving a contradiction. Thus Lo/Zy < Da(yye) X Da(rgery, for
some ¢,¢’ € {1, —1}.

Suppose first that p is odd. Then Np,(P)/Nz,(P) < Dag4e) X Da(g4ery, and we find
~1 ' -1\°
|L:NL(P)|§T .r+s.r—|—a < T
q—1qg+e q+¢ g—1

which is less than y, contradiction. Hence p = 2.

Suppose now that ¢ = min{a,b} > 3. We may repeat the above analysis with 3-
dimensional subspaces Uy, Wy and A the set of weight 3 vectors in Vy = Uy @ Wy: the
cardinality |A| is |GL3(r)|, P fixes |GL3(q)| vectors in A, and the number of Sylow 2-
subgroups of L is at least

, _|GLs(r)| _ (= 1)(° —r)(r® —1?)
- GLs(q)l (@ =)@ —a)(d® —a?)
Again Ly := LNGL(Vp) is such that each of ¢y, (Lo) and ¢w,(Lo) is an odd order subgroup
of GL3(r), and hence is completely reducible. Thus each of these subgroups is a subgroup
of one of Z,24 1.3, (Zy2_1 X Zr_1)/Zo or Z2_,/Zy, and it follows that

2
—1 2 1 —1 (r—1\°
|L: Np(P)| < "7 [ max %,(T—Fl)?ﬂi, !
q—1 PHq+1 g—1"\¢g-1

which equals (¢> + 1)%(q + 1) (recall that r = ¢2 here). However this quantity is less than
y' and we have a contradiction. Thus a = 2. [

5. TENSOR PRODUCTS II: C; CASE

In this section we classify p-exceptional groups which preserve tensor-induced decom-
positions. By this we mean the following. Let V; be a vector space over F,, and let
V= Vl®t =11V ®- - ®V,, a tensor product of ¢ spaces isomorphic to V3. The group
(GL(V1)o---0GL(V;)).St acts on V, where all centres are identified in the central product
and the group S; permutes the tensor factors. If G is a subgroup of this group we say that
G preserves the tensor-induced decomposition V = Vl®t.

Theorem 5.1. Assume G < GL(V) is a (not necessarily irreducible) p-exceptional group
which preserves a tensor-induced decomposition
Fr=V=W*»=nehe oV,
where dimp, V; =m > 2 and t > 2. Then p = 2, and one of the following holds:
(i)t=4 and m =q=2;
(ii) t = 3, and m = 2,3. Moreover, if m = 3 then ¢ =2, and if m = 2 then q < 4;
(i) t = 2, and m = 2,3. Moreover, if m = 3 then q < 8.

We shall also need the following result for the semilinear case.

Theorem 5.2. Let G <TL(V), and assume that Gy < G = (Go, o), where

(i) Go is an absolutely irreducible p’-subgroup of GL(V) which preserves a tensor-
iduced decomposition

V=W*=Viehe -V,
with V =Ty, dimp, V; =m > 2,1 > 2, and
(ii) ¢ = pP’, and o induces the field automorphism P of V-modulo GL(V).
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Then G is not p-exceptional.

The following result classifies the p-exceptional examples occurring in the cases left over
by Theorem 5.1.

Proposition 5.3. Let G < GL(V) be p-exceptional as in the hypothesis of Theorem 5.1,
and suppose t,m,q are as in one of conclusions (i)—(iii) of the theorem. Suppose also that
G is irreducible on V. Then one of the following holds:

(a) m = 3,t = 2,q = 2: there are two irreducible 2-exceptional groups G, of the form 7.S3
(orbit lengths 1,21,497,147) and (7.3)2.2 (orbit lengths 1,21,49, 1473 ); both are imprimitive.
(b) m = 2,t = 2: any irreducible 2-exceptional group G in this case is conjugate to a

subgroup of GLy(q?), hence is given by Lemma 2.8.

The proofs of these results are presented in the following three subsections.

5.1. Proof of Theorem 5.1. Throughout this section we assume that G < GL(V) is a (not
necessarily irreducible) p-exceptional group which preserves a tensor-induced decomposition

V=W*¥=VeWhe -V,

where V' = Fy, dimp, V; = m > 2, ¢t > 2, and (m,t,p) # (2,2,2). Let B := G N (GL(V1) o
...0 GL(V;)) be the base group and let H = G/B < S; be the permutation group induced
by the action of G on the t tensor factors V;.

5.1.1. First reduction. We begin with some elementary observations. Recall that a rational
element of a finite group is an element which is conjugate to all of its powers which have
the same order.
Lemma 5.4. Under the above hypothesis, the following statements hold.

(i) B is a p'-group.

(ii) H is a transitive subgroup of Sy of order divisible by p. In particular t > p.

(iii) Let 1 # h € G be any p-element and let Q < G be any p-subgroup containing h. Then

|G = No(Q)| > [V/Cy (h)].

(iv) G\ B contains an element g of order p, and for such an element,

G|
—— > |V/Cy(g)|-
p 1Ot~ VY
If in addition the element gB is rational in H = G/B, then
G
> W/l

p(p—1)-|Cs(9)|

Proof If p divides |B| then B is p-exceptional by Lemma 2.1, which contradicts Theorem
4.1 (since we are assuming that (m,t,p) # (2,2,2)). Part (i) follows. Likewise, if H is
intransitive, then G preserves a nontrivial tensor decomposition of V' and we get a contra-
diction by the same result; hence (ii) holds. Next, the p-exceptionality of G implies that
any nonzero element v € V is fixed by a Sylow p-subgroup of G and so by a conjugate of Q)
as well. Hence,

V= 1=|VH <|G: Ne(Q)-ICv(Q)| £ |G : Na(Q)| - |Cv (h)],

and (iii) follows. Since p divides |G| and B is a p’-group, we can find g € G \ B of order
p. Now we choose h := g and @ := (g) in (iii). Observe that Cg(g) contains g and the
p’-subgroup Cg(g), whence the first inequality in (iv) follows. Finally, since B is a p’-group,
the rationality of gB in G/B implies g is rational in G (see e.g. [42, Lemma 4.11]), in which
case we have |[Ng(Q)| = (p — 1)|Cs(g)|. Hence the second inequality in (iv) follows. [ ]
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We fix the element g in Lemma 5.4(iv) and bound & := (dim Cy(g))/(dim V). Observe
that |V/Cy(g)| = [V|'~*. Replacing G by some conjugate subgroup, we may assume that g
permutes V7,. .., V, cyclically:

g :Vim Vo Vo o=V, Vi

Choose a basis (ej | 1 < j < m) of V; and let e := (e])g"~" for 1 <i < p. Since |g| = p, we
(€

J
see that (eéj)g = e; and |1 <j<m)isabasis of V; for 1 <i < p. Clearly,

(e;l®e?2®-~-®e§p\1§j1,...,jp§m)

isabasisof U : =V, ®---®V,. Let J, denote the Jordan block of size k with eigenvalue
1. Then g | U permutes the above basis vectors of U in (mP — m)/p cycles of length
p, hence has Jordan canonical form ( f,JI’;), where a := m, b := (m? —m)/p. Also let
W=V ® --®Visothat V=UW.

Lemma 5.5. We have

. 1
dim V p  mpP~1

Proof Consider any indecomposable direct summand W’ of the (g)-module W. Suppose
g acts on W’ via Jordan block J,. Then g acts on U ® W’ with Jordan canonical form
(J§,J5) @ Je = (Jg, JF). Tt follows using the values of a,b above, that

dimCyeow:(g)  a+bk _ a+b dimCy(g) 1 1—3

dim(U®@W’)  k(a+bp) ~ a+bp  dimU p  mpl

Applying this observation to every indecomposable direct summand W’ of the (g)-module
W, we get k < (a+b)/(a + bp), yielding the desired inequality. ]

Next we estimate |B : Cp(g)|-

Lemma 5.6. Let X be a p’-subgroup of PGL,,(q) of largest possible order.
(i) Let h € G be an arbitrary element. Then

|B: Cp(h)| <|X|" < (|[PGLm(q)]p)"-
(ii) If, in addition, g acts trivially on W, then
B : Cp(g)| < [X|P7" < (|IPGLum(q)lp)P ™"

Proof Recall that for a tensor product space }F’; ®qu, if A,C € GLi(q) and D, E € GL;(q)
are such that A® D = C ® E, then C = a4 and E = o~ ' D for some a € Fy. It follows
that the map
f + B—= PGL(V}) x --- x PGL(V,),
defined by f(z) = (A1,..., 4) ifr = A, ® 4, ®---® A; € B, A; € GL(V;), and A; denotes
the coset containing A; in PGL(V;), is a well-defined homomorphism. Observe that each
fibre of f is contained in exactly one Cg(h)-coset in B. Indeed, if f(z) = f(2'), then 2’ = S
for some 3 € Iy, and so 2’ x~! € Op(h). Furthermore, since each x € B is a p’-element by
Lemma 5.4(i), the elements A; are p’-elements in PGL(V;). Composing f with the projection
PGL(V4) x -+ x PGL(V;) — PGL(V;), we therefore get a homomorphism f; : B —
PGL(V;) with f;(B) being a p’-group. It follows that |f;(B)| < |X| < |PGLn(q)|y. Now
|£(B)| <TI'_, |fi(B)|, whence (i) follows.
For (ii), notice that

(1) Y;:={CeGL(V;)|C=A, forsome h=4,®---® A € B}

is a p’-subgroup of GL(V;). Given the action of g on V4, ..., V), we can identify ¥;, 1 < i < p,
with Y;. Consider the homomorphism

ffF: Y =Yix---xY;—>Y0---0Y;
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given by f*(41,...,4:) = A1 ® --- ® A, and note that B < f*(Y). Let
K ::{(A,...,A,Dp+1,...,Dt)|A€Y1,Di€y;'},
—_———

p
Zy = {(a1]m7. . ,atIm) ‘ a; € FZ} .

Since the element g of order p acts trivially on W and permutes V1, ..., V,, cyclically, f*(K Zy)
centralizes g. Thus f*(KZy) < Cf-(yy(g) and

* )Y vl \"
B:C —|gB| < |gf M| < |/ = = :
1B Colo)l = o7 < lo" ™ = T2z = Thzel ~ \g =1

It remains to observe that |Y1| < (¢ — 1)|X]. ]

Lemma 5.7. Under the above assumptions, one of the following holds.
() p =3 and (m,t) = (2,4), (2,3).
(ii) p = 2. Furthermore, eithert =2 or (m,t) = (4,3), (3,3), (2,6), (2,5), (2,4), (2,3).

Proof By Lemma 5.6, for g the element defined before Lemma 5.5 we have

G:Cs(g)l <|H|-|B:Cp(g)] < (t) - (|PGLm(q)lp)"

< (5 qrem D) < yisnta),

where -
m(m+1)/2 + log, £ —

In particular, if ¢ > 5, then f(m,t,¢q) < 0.6. By Lemma 5.4(iv),
|G+ Cr(g)| > plV/Cv (g)| > g V= aim V(@) = jyji=r,
and so f(m,t,q) +rx > 1.

If p > 5, then ¢t > 5 by Lemma 5.4(ii) and so f(m,t,q) < 0.6. Then by Lemma 5.5,
k < 1/4, a contradiction.

Now assume that p = 3, so ¢t > 3 by Lemma 5.4(ii). If ¢ > 5, then f(m,t,q) < 0.47. If
t =4 and m > 3, then f(m,t,q) < 0.3. If t = 3 and m > 4, then f(m,t,q) < 0.46. In all
these cases k < 1/2, and we arrive at a contradiction as above.

Consider the case m = t = 3 (still with p = 3). If ¢ > 9, then f(m,t,q) + k <
0.5907 + 11/27 < 1, again a contradiction. Assume ¢ = 3. Then |Cy(g)| < 3!! by Lemma
5.5. On the other hand, by Lemma 5.6 we have

|G Cp(g)l <2 (|PGLs(3)l3)* < 3'°,

contradicting Lemma 5.4(iv). The remaining cases are listed in (i).

Now we consider the case p = 2. If t > 7, then f(m,t,q) + x < 0.22 4+ 0.75 < 1. If
m > 3 and t > 4, then f(m,t,q) +rx < 0.32+2/3 < 1. And if m > 5 and ¢ > 3, then
f(m,t,q) + kK < 0.36 + 0.6 < 1. The remaining cases are listed in (ii). ]

5.1.2. The case p = 3.

Proposition 5.8. The case p = 3 is impossible.

Proof Observe that the subgroup X in Lemma 5.6 has order 2(¢ + 1) by Lemma 2.6(i),
and £ < 3 by Lemma 5.5. So [V/Cy(g)] > [V|'™" > ¢™/2. By Lemma 5.7 we need to
consider two cases.

(1) Suppose (m,t) = (2,4). In this case, Lemma 5.4(iv) and Lemma 5.6 imply
¢® <|V/Cv(g)l <8-(2(¢+1))",
whence ¢ = 3. Assume in addition that g acts nontrivially on V4 = F%, ie. V4 | g = Jo.

Then
Vig=(JiJ3) ey = (J3,J5)
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and so Lemma 5.4(iv) implies
¢’ <|V/Cy(g)l <8 (2(g+1)",

again a contradiction.

Thus g acts trivially on V4 = W. In this case, by Lemma 5.6 we have ¢® < |G : Cg(g)| <
8- (2(q+1))?, again a contradiction.

(2) Assume now that (m,t) = (2,3). In particular, H = Az or Ss, and in the latter case
g is rational. Also, g acts trivially on W. Hence by Lemma 5.4(iv) we have

¢' <|V/Cv(g9)l < |B: Crlg)l < (2(a+1)),

a contradiction as ¢ > 3. ]

5.1.3. The case p = 2.
Lemma 5.9. Assumep =2 andt>4. Thent=4 and m =q =2, i.e. V =FiC.

Proof Recall that H is an even-order transitive subgroup of S;. We claim that H contains
an involution h = dk with d € S4 a double transposition and k € S;_4 disjoint from d. (If
not, then we may assume H > x = (1,t). Since H is transitive, for any 2 <i <t — 1 we can
find w € H with 1* =4, and so H 3 2® = (i,t%). If t* # 1,¢ then H > - 2% = (1,t)(4, t*),
contrary to our assumption. If t* = ¢, then 2" = (i,t) € H. If t* = 1, then H > 2** = (i,t).
We have shown that (i,¢) € H for all i with 1 <¢<t¢—1, and so H =S; 5 (12)(34), again
a contradiction.)

Without loss of generality we may now assume that G contains an involution h which
permutes Vi with Vo, V3 with Vy, and acts on {Vs,...,V;}. Arguing as in the discussion
about g preceding Lemma 5.5, we see that

Vi@We) L h=(Va@ Vi) Lh=(J8J5).
Then setting M := V] ® --- ® V4 and arguing as in the proof of Lemma 5.5 we obtain
. dlva(h) < dlmCJ\/[(h) . a® + 2ab + 2b? . 1 1

dmV — dimM m* 2 2m?’
In particular, v < 5/8. Now we will apply Lemmas 5.4 and 5.6(i) to h instead of g, and
treat the cases described in Lemma 5.7 separately.

Assume first that (m,t) = (2,6). Then |Cy (k)| < |[V]Y < ¢*°, so |[V/Cy(h)| > ¢**. On
the other hand, by Lemmas 5.6 and 2.6(i), we have

1
516G Ca(h) <1G: Ca(h)] <360 (¢* —1)° < ¢*,

contradicting Lemma 5.4(iv).
Next assume that (m,t) = (2,5). Then |Cy (h)| < [V|* < ¢%°, so |[V/Cy(h)| > ¢*2. Hence
by Lemmas 5.4(iv) and 5.6 we must have

1
2 < 5|G :Cg(h)| <|G: Cq(h)] <60-(¢* —1)5,

and so ¢ = 2 or 4. If ¢ = 4, then by Lemmas 2.6 and 5.6 we have |B : Cp(h)| < (¢ + 1),
whence
|G : Cq(h)| <60-(q+1)° < ¢*2,
a contradiction. If ¢ = 2, then for @ € Syl2(G) we have
G : Na(Q)] <15-3° <22,
again a contradiction by Lemma 5.4(iii).

Finally, we assume that (m,t) = (2,4) and ¢ > 4. Then |Cy(h)| < [V| < ¢'°. Also,
any 2’-subgroup of PGLs(q) has order at most g + 1 by Lemma 2.6(i), and |H| < |S4]. In
particular, the involution h is central in some @ € Syla(G). Furthermore, C'g(h) has odd
order, so |Ca(h)| > |Q| - |Cp(h)|. Tt follows that

IG:C(h)| <|H:Q|-|B:Cp(h)| <3-(q+1)" <,

a contradiction for ¢ > 4. n
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Lemma 5.10. Suppose that p =2 and t = 3. Then either m =3 and ¢ =2, or m =2 and
q<4.

Proof By Lemma 5.7 we need to distinguish two cases.

(1) Assume that (m,t) = (4,3). Then x < 5/8 by Lemma 5.5 and so |Cy(g)| < ¢*°.
Observe that any 2'-subgroup X of PGLy(q) 22 SLy(g) has order < (¢ —1)(¢® — 1)(qg — 1).
(Indeed, this follows from Lemma 2.6 if X acts reducibly on V; = IE‘;". Suppose that this
action is irreducible. Then Homy (V) = Fga for some al4, and Vi is a (4/a)-dimensional
absolutely irreducible Fq« X-module. Since X is soluble, any irreducible Brauer character
of X lifts to a complex character by the Fong-Swan Theorem [12, 72.1]; in particular, 4/a
divides |X| and so a = 4. This in turn implies that X < GL1(¢*), and so we are done.)
Hence, applying Lemma 5.6 to the element g defined before Lemma 5.5, we have

¢*' <|G: Ca(9)l <3-((¢° = (@ — (g - 1)),
a contradiction.

(2) Consider the case (m,t) = (3,3) and ¢ > 4. Note that any 2’-subgroup of PG L3(q) has
order < ¢® — 1 by Lemma 2.6(ii). Assume in addition that the involution g acts nontrivially
on V3 = Fg, i.e. V3 \l, g = (Jl, JQ) Then

and so |Cy(g)| = ¢*°. Lemmas 5.4(iv) and 5.6 now imply that
¢ <|G:Calg)l <3- (¢ —1)°,
a contradiction.
Thus g acts trivially on V3 = W. In this case, by Lemma 5.6(ii) we have
¢’ <|V/Cy(9)l <|G: Calg)l <3- (¢ — 1),
again a contradiction.

(3) Now assume (m,t) = (2,3) and ¢ > 8. Note that any 2’-subgroup of PGLy(q) has
order < g 4+ 1 by Lemma 2.6(i). Assume in addition that the involution g acts nontrivially
on V3 = Fg, i.e. V31 g=J. Then

Vig=(Jf )@ Jr=J;
and so |Cy (g)| = ¢*. Lemmas 5.4(iv) and 5.6 now imply that
¢ <|G:Cqlg)| <3-(¢+1)°
a contradiction. Thus g acts trivially on V3 = W. In this case, by Lemma 5.6(ii) we have
¢* < |V/Cv(g)l <|G:Calg)l <3-(¢+1),

again a contradiction. m

The rest of this subsection is devoted to the caset = 2,s0 V = V;®V5 and p = 2 by Lemma
5.4(ii), and Vi, V5 are interchanged by g. As before, we fix the basis (e; := e} |1 <j<m)
of Vi and (fj := e = ejg| 1< j < m)of V. Then we can identify both Vi and V, with
;' Consider the subgroups Y1 = Y3 of GLy(q) defined in (1).

The key observation in the case t = 2 is the following:

Lemma 5.11. Suppose t = 2. Then the subgroup Y1 < GL,,(q) is transitive on k-
dimensional subspaces of ¥y for any k <m — 1.

Proof Recall that if 0 # v € V has weight k: v = Zle z; ® y;, then

[’U]l = <{,E1, I 7xk>IE‘q7 [’U]Q = <y17. . ,yk;>]f‘q

are k-dimensional subspaces of IFj" uniquely determined by v. In particular, if vg = v, then

k k
in@)yi:v:vg:Zyi@xi,
i=1 i=1
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and so ([v]1)g = [v]a.

Next we show that if 0 # v € V has weight k and is fixed by some involution ¢’ of G,
then there is some element a ® b € B such that [v]2b = ([v]1a)g. Indeed, since |G| = 2|B|
and |B| is odd, we must have ¢’ = zgz~! for some r = a®b € B. Writing v = Zle i QYi,
we see that w :=vx = Zle ;a0 ® y;b is fixed by g. Hence, according to the first paragraph
we then have

([vha)g = ([wl)g = [w]z = ([v]2)b,
as stated.

Now we set L := (e1,...,ex)r,, M := (f1,..., fr)r,, and consider any k-dimensional
subspace N := (uy,...,ug)r, of V1. Then v = Zf:l u; ® f; € V has weight k, with
[v]y = N, [v]s = M. The p-exceptionality of G implies that v is fixed by some involution
g’ € G. By the previous paragraph, there is some x = a ® b € B such that

(Na)g = ([vlia)g = ([v]2)b = Mb = (Lg)b,
ie. Na = Lgbg~'. Writing f;b = >0, b;; f; for some b;; € F,, we have (e;)gbg~" =
ZZZI bije;. Thus, under our identification of V; and V5 with IF;”, we have Na = Lgbg™!

Lb, and so Lba~! = N. It remains to observe that B contains 92~ ! = (ba™!) ® (ab™?
whence ba™! € Y.

m |

Proposition 5.12. Assumet =2 (sop=2). Then either m =2, orm =3 and ¢ < 8.

Proof By Lemma 5.11, Y7 is transitive on k-spaces for all k, and has odd order. Hence
[31, Lemma 4.1] shows that if m > 2 then either m = 3 or (m,q) = (5,2). In the latter
case Y1 = I'L;(32), V = F%, and |Cy(g)| < 2! by Lemma 5.5. Applying Lemma 5.4(iv),
|B: Cp(g)| > 2'°. On the other hand, the proof of Lemma 5.6(ii) shows that |B : Cz(g)| <
|Y1| = 155, a contradiction.

Next suppose that m = 3. By Lemma 5.5 and Lemma 5.4(iv) we have |B : Cg(g)| >
|V/Cyv(g)| > ¢3. Now the proof of Lemma 5.6(ii) shows that ¢®> < |B : Cp(g)| < |Y1l/(q —
1) < 3f(¢*> + ¢+ 1), which can happen only when ¢ < 8. n

This completes the proof of Theorem 5.1.

5.2. Proof of Theorem 5.2. Throughout this section we assume that G < T'L(V) is a
p-exceptional group such that Gy <« G = (Gg, o), where

(i) Gy is an absolutely irreducible p’-subgroup of GL(V') which preserves a tensor-induced

decomposition
V=W =Viehe oV,

with V = IF;‘, dimp, V; =m > 2,1 > 2, and

(ii) ¢ = g8, o = p/, and o induces the field automorphism z — 2% of V modulo GL(V).
Note that |Cy (c)| < [V[V/P. Indeed, since G := GL(V ®p, F,) is connected (where F, is the
algebraic closure of Fy), o is G-conjugate to the standard Frobenius morphism o¢ : & — 2.
Hence

v )] S 1Cyyr60,50)] = Clyras 5, (00)] = VI
5.2.1. First reductions. The following lemma simplifies further computations.
Lemma 5.13. Under the above assumptions,
(i) m® divides |Go|; in particular, p does not divide m, and
(ii) [Go| > [V[*=1/P.
Proof Part (i) follows from the assumptions that Gy is a p’-group and absolutely irre-

ducible. For (ii), one can argue as in the proof of Lemma 5.4(iii), taking Q = (o).
|

Next we rule out most of the cases using Lemma 5.13:
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Proposition 5.14. Under the above assumptions, t = 2.

Proof Assume to the contrary that ¢ > 3. The proof of Lemma 5.6 implies that the base
subgroup Go N (GL(Vy) o...0 GL(V;)) of Gy has order at most (¢ — 1) - | X |, where X is a
p’-subgroup of largest possible order of PGL,,(q). Hence

¢ t+1\" H(mlmtD) 1)1
|Gol <! (q = 1) - (|PGLn(@)ly)" < { —5— | ~a" 2 :
and Lemma 5.13(ii) yields that
1 m? 4+ m — 2 t+1
it
flm,t,p):=m (1—p> —t-f—l—t-logPT < 0.
Note that the function f(m,t,p) is non-decreasing for each of its variables. Now direct
computations show that the latter inequality is impossible unless one of the following holds.
(a) t =5, m = p = 2. This is ruled out by Lemma 5.13(i).

(b) t =4, m =2, p < 3. By Lemma 5.13(1) we must have p = 3 and so ¢ = ¢& > 27.
Since for m = 2 we have |X| < 2(¢ + 1) by Lemma 2.6(i),

|Go| <24-(2(g +1))* - (g —1) < ¢ = VP2,
a contradiction by Lemma 5.13(ii).
c) (t,m,p) = (3,3,2). In this case ¢ > 4, an <g°—1lasm= y Lemma 2.6(11).
3,3,2). In thi 4 d|X 31 3byL 2.6(ii
It follows that
Gol <6-(¢° = 1))* - (¢ = 1) < ¢*7* = [V|'/2,
again contradicting Lemma 5.13(ii).

(d) (t,m) = (3,2). By Lemma 5.13(i) we must have p > 3 and so ¢ > 27. Also, by
Lemma 2.6(i) we have | X| < 2(¢ + 1) as m = 2. Hence

IGol <6-(2(¢+1))° (¢ —1) < "3 < [V|*=1/r,

again a contradiction. [ ]

5.2.2. The case t = 2. Throughout this subsection we assume ¢t = 2.

Lemma 5.15. We have Gy < GL(Vy) o GL(V3) and p = 2.

Proof Let B = GoN (GL(Vy)o GL(V2)), and suppose Gy # B. Then Gy = B(s) = B.2,
where s interchanges V; and V5. Since Gy is a p’-group this implies that p > 2. As ¢ has
order p it therefore fixes V4 and V3, and so B{o) is a normal subgroup of index 2 in G, hence
is p-exceptional. This contradicts Theorem 4.2.

Hence Gy = B. If p > 2 then again o fixes V7, V5 and we contradict Theorem 4.2. Hence
p = 2, completing the proof. [

Proposition 5.16. The case t = p = 2 cannot occur.

Proof Assume to the contrary that ¢ = p = 2. By Lemma 5.15 we have Gy = B and
G = B{(o) with o of order 2, and Gy is an absolutely irreducible 2’-group on V. By Lemma
5.13, m is odd; in particular, m > 3. If o fixes both V7 and V5, then Theorem 4.2 gives
a contradiction. So ¢ interchanges Vi and V5 and also it is semilinear: (Av)? = A"v with
q=2% =2

We will now follow the arguments in Subsection 5.1.3 for the corresponding case in The-
orem 4.1, and indicate necessary modifications because of the semilinearity of o. We fix the
basis (e; := e} | 1 < j < m)of Vi and (f; :=e5 = a(e;) | 1 < j < m) of V. Then we can
identify both Vi and Vo with F7*. Consider the subgroups Y1 = Y3 of GL,,(q) defined in
(1). Note that if 2 = X ® Y € B, then 27 =Y ") @ X", where X(") = (27,) if X = (2).
In particular, if X € Y; then X(") € Y, and vice versa, whence Y; 2 Y,. Now the proof of
Lemma 5.11 can be carried over verbatim, except that we have to replace ba=! by b("Ma~1.
Thus Y7 (and Y3) is transitive on k-spaces of F* for all k, and [Y7] is odd (and contains all
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scalar matrices). Now [31, Lemma 4.1] implies that m = 3 or (m, q) = (5,2). The latter is
impossible as ¢ = r2.

Hence m = 3. Now we consider the homomorphism f* : Y; x Y5 — Y7 ® Y5 defined by
f*(X,Y) = X ®Y, and the subgroup K := {(X, X)) | X € Y1} of Y1 x Y5. Note that
o centralizes f*(K). As in the proof of Lemma 5.6(ii), this implies that |B : Cg(o)| has
order at most |(Y; x Y5) : K| = |Y1]. On the other hand, |Cy (o)| = |[V|*/? = ¢°/2. Hence
the 2-exceptionality of G implies |G : Cq(c)| > |[V/Cy(0)| = ¢°/? by Lemma 2.4(ii). Since
[Ca(o)] =2|Cp(0)], we get

¢"? < M| <6f(¢° ~ 1),

again a contradiction. m

This completes the proof of Theorem 5.2.

5.3. Proof of Proposition 5.3. Now we prove Proposition 5.3 by treating the cases left
in conclusions (i)-(iii) of Theorem 5.1. Let G be as in the hypothesis of the proposition. If
(m,t) # (2,2) then there are just a small number of cases for (m,t, ¢) to consider, all with
g < 8and m! < 16, and a MAGMA computation shows that the only irreducible p-exceptional
examples are those in part (a) of Proposition 5.3. (For (m,t) = (3,2) and ¢ = 4, 8 we first
use Lemmas 5.4(i) and 5.11 to reduce to G being a subgroup of (I'L1(¢™) o I'L1(¢™)).2
before doing the MAGMA computations.)

The remaining case (m,t) = (2,2) is handled by the following result.

Proposition 5.17. Suppose G < GL(V') is an irreducible p-exceptional subgroup satisfying
the assumptions of Theorem 5.1 with m =t =p =2. Then G is conjugate to a subgroup of
GL2(q?) (and so is known by Lemma 2.8 ).

Proof  Without loss of generality, we may assume that G contains Z = Z(GL(V)).
Consider the base subgroup B = G N (GL(V}1) o GL(V3)) of index at most 2 in G. Then
all B-orbits on V have odd lengths. Hence, by Theorem 4.1, either |B| is odd, or B is
(conjugate to) the group H appearing in the conclusion of that theorem.

Consider the latter case. We may identify B with a subgroup of index 2 in the group C
defined in the proof of Lemma 4.9. Adopt the notation of that proof. Since G normalizes
C = Oy/(B), G permutes the two C-orbits Uf and Ug of length ¢ — 1. Since G is irreducible,
G cannot fix either of them. Thus G interchanges them, and so G has an orbit of length
2(¢? — 1), contradicting the 2-exceptionality of G.

Hence |B| is odd. Thus |G| is not divisible by 4 and so G is soluble. Also G is irreducible
on V. Hence by the Fong-Swan theorem, the dimension d of V' over Endg(V) O F, cannot
be 4 (but divides 4), and so it is either 1 or 2. If d = 1, then |G| divides |GL;(¢*)| and so
it is odd, a contradiction. Thus d = 2 and G < GL2(¢?) as in the conclusion. [

This completes the proof of Proposition 5.3.

6. SUBFIELDS

It turns out that a p-exceptional group H < T'L, (¢) cannot be realisable modulo scalars
over a proper subfield Fy, of Fy. Such groups are conjugate to subgroups of ZoGL,,(qo).(¢),
for some proper subfield Fy, of F,, where ¢ generates the group of field automorphisms of
GL,(q) and Z = Z(GL,(q)). We prove

Theorem 6.1. Let V = Fy, and ¢ = q5 with s > 1. Suppose H < (Z o GLy(q0))(#) <
TL(V), where ¢ generates the group of field automorphisms of GL,(q). Then H is not
p-exceptional.

Proof  Suppose that H is p-exceptional on V = Fy. By Lemma 2.1, ZH is also p-
exceptional, so we may assume that Z C H. Then H N GL,(¢) = Z o Hy, where Hy =
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H N GL,(q), and note that Hy is normal in H. Let {b;...,bs} be a basis for F, as an
F,,-vector space. Then each v € V may be written as a sum Zle biv; with v; € Vo =Fp. .
If the non-zero v; are linearly independent in V, then the stabiliser (Hy), must fix each of
the (U

Suppose first that p divides |Hy|, or equivalently that p divides |H N GL,(¢)|. Then Hy
is p-exceptional on V', and hence also on Vj, by Lemma 2.1. Let x € Hy have order p.
Then there exists a 2-dimensional x-invariant Iy -subspace <’l}1,'U2>[Fq0 of Vy which is not
fixed pointwise by z. Let v = bjv; + bovy. Then as we observed in the previous paragraph,
(Ho)o fixes both vy and vy and hence leaves the Fy-space U := (vq,v2)r, invariant, fixing it
pointwise. Moreover (Hp)y = (Ho)w, v, 18 the kernel of the action of (Hy)y on U. It follows
that x € (Ho)v \ (Ho)» and hence that p divides |(Ho)y : (Ho)v|, which divides |Hg : (Hp).,
a contradiction to p-exceptionality.

Thus |Hy| is coprime to p, and H has a normal subgroup which contains H NGL,(q) as a
subgroup of index p. By Lemma 2.1, this normal subgroup is p-exceptional and so, without
loss of generality, we may assume that H = (H N GL,(q)).(x) = (Z o Hyp).{x), where z is
a field automorphism of order p, and so x induces a (possibly trivial) field automorphism
on GL,(qo). Thus each element of H has the form z‘ch, for some i, with ¢ € Z and
h = (a;j) € GLy(qo). Recall that ¢ = ¢, and note that x fixes pointwise (at least) an
[F,-subspace F)) of Vp. Let ¢q1 := q'/?, so Fg, is the fixed field of z.

Choose v1, v9 linearly independent vectors in V; fixed by z, let U := (v, v2>Fq, and define
X(U) == {c1v1 + cava|er,c2 € Fy, crcyt @ F, L
First we show that (i) for v € X(U), the stabiliser H, C Hy, and (ii) X (U) is Hy-invariant.
Let v = c1v1 + cov2 € X(U) and extend {vi,v2} to a basis {v1,vg,...,v,} for V over Fy.
(i) Let a'ch € H, with c, h as in the previous paragraph, with h represented with respect

to the basis {v1,...,v,}. Since z and Z leave U invariant it is sufficient to show that h does
also. Now

n
v=0v""=¢ E (cf a1j + ¢35 az;)v;
Jj=1

and so, for each j > 3, C:fialj + cgiagj = 0 which implies that (Clcgl)zialj = —agy;. Since
a1j,a2; € Fg, while (010271)“”1 ¢ F,,, it follows that a;; = ag; = 0. Thus h leaves U invariant,
proving part (i). Also we have, for j = 1,2, that ¢; = c(cf a1, + ¢§ as;), whence

—1 -1 2t —1 zt —1 ! -1 a°
(2) ¢ =c] ] a1t s agn =cy ] ala+ ¢y C5 as
and since h is nonsingular, aijagse — ajsas; # 0.

(i) Since A (&) = (c1e; ) & By, and since (cep)(cez) ™t = cicy ' & Fy,, it follows
that 2° and each element of Z leaves X (U) invariant. It remains to consider v" where
h = (a;j) € Hy. Now

o = (cra11 + c2a21)v1 + (c1a12 + C2a22)V2.

If the coefficient of v9 were 0 we would have agy = —alg(clcgl) € F,, and hence az =
a1z = 0. However a;; = ag; = 0 for each j > 3, and this would imply that A is singular, a
contradiction. A similar argument shows that the coefficient of v; is also nonzero. Suppose
for a contradiction that v* ¢ X (U). Then

d := (cran1 + caaz1)(cra12 + caaz2) ' € Fg,

and we have ¢1(a11 — daiz) = ca(dags — ag1). If dass — as; # 0 then 0261_1 = (dags —
as1)"*(a11 — dayz) € Fy, which is a contradiction. Thus az; = dass, and hence also a1 =
dayy. This again implies that h is singular, and finally we conclude that v" € X (U), proving
(ii).

We have (z) < Hy, and since the p-part of |H| is p, it follows that (x) is a Sylow p-
subgroup of Hy. By p-exceptionality, |H,| is divisible by p and hence, by Sylow’s Theorem,
it follows that x must fix at least one vector of X (U). Without loss of generality we may
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assume that  fixes v. Now observe that v = v if and only if ¢; = ¢} for j = 1,2, and hence
(crea ) =iyt € Fg, \Fg,. Thus Fy, Z Fg,.

Now we consider a special element of X (U), namely v' = v1 + bvg, where b is a primitive
element of F,, (which we have just shown does not lie in Fy,). Suppose that zich fixes

', and note that b = b since b lies in the fixed field F,, of . Then equation (2) in the
computation in (i) shows that

1 -1
¢ =ai +baz =b"aiz +azx

which implies that b%ag; +b(a11 —aze) — a1z = 0. Since b ¢ Fy,, it follows that b has minimal
polynomial over Fy, of degree 2. The extension field Fg, (b) contains the maximal subfield
F,, of Fy as a proper subfield, and hence Fy, (b) =F, and s = 2. Also, since F,, Z Fy,, p is
odd.

We may therefore write ¢ = r??, go = r?,q; = r?, and then F,, NF,, = F,. Now | X(U)| =
(g—1)(g—qo) = rP(r*» —1)(r? —1). We showed above that the vectors of X (U) fixed by z are
101+ cavg with each ¢; € Fy, but ¢yt ¢ Fy,. Thus x fixes precisely (r2 —1)(r? —r) vectors
in X(U). Since each Sylow p-subgroup of Hy fixes the same number of vectors in X (U), the

number of Sylow p-subgroups of Hy is at least 77"1({:;:11))((:;_)1) > ppmlp2p=2pp=1 — pA(p=1),

We now consider the induced group H < I'L(U). Since |H N GL(V)] is coprime to p,
and since z acts nontrivially on U, it follows that H{ is of the form (ZY o L).(zY) with L
a p’-subgroup of GLy(qo), where ZY is the group induced by Z. Note that the normaliser
N of (zY) in HY intersects ZY in a subgroup of order r? — 1. Thus |HY : NZY| =
|\HY - N|/(%), which is at least rig:i_l)l) > r?=2 Since NZY contains ZY.(zY), we
have |[L/(LNZY)| > |HY : NZY| > r?=2 > 3% Tt then follows from the classification
of subgroups of PG Ls(q), that the p’-group L/(L N ZY) is contained in a dihedral group
Dy (g9—1) OF Dg(gy41)- Thus the number of Sylow p-subgroups of Hg is at most the number
of Sylow p-subgroups of H{ in the case where L/(L N ZY) = Dy(4o11). In this case, the
normaliser of (zV) in HY is Z,2_1 - Do(,11) - (¢V), and so the number of Sylow p-subgroups

is % < 4r3=1 which is less than the lower bound 7~ This contradiction

completes the proof. [

7. EXTRASPECIAL TYPE NORMALIZERS: Cg SUBGROUPS

Let r be a prime, m a positive integer, and let R be an r-group of symplectic type such that
|R/Z(R)| = r®™, Ris of exponent 7+(2,7), and R is as in Table 1. Let V = V,(q) be a faithful,
absolutely irreducible F,R-module, where r does not divide g. Then d = dimV = r™, and
Ngrvy(R) is as in the table. Assume further that R is not realised over a proper subfield
of Fy. Then ¢ is a minimal power of the characteristic p, subject to the conditions in the
last column of the table.

Here we prove

Theorem 7.1. Let r be a prime, and assume that R and V = Vy(q) are as above. Suppose
R 4 G < Nrpw)(R) and G is p-exceptional, and is not transitive on Vi Then G is
imprimitive on V, and one of the following holds.

(i) r =2,¢g=3,d=4 and G = 2'71A, or 2171S,, with orbits on vectors of sizes
1,16, 64.

(ii) » = 3,q = 4,d = 3: here there are five 2-exceptional groups of the form 3'*2.X;
they are 3'12.2, 3172.6, 3142.S;3 (two such groups), and 3'+2.D1o; the first has orbit
sizes 1,9%,27, the rest have 1,9,272.

(iii) » = 2,q = 3,d = 8: here there are five 3-exceptional groups; they are 21++6.X with
X = L3(2), 23.L3(2) or 23.7.3 (all with orbit sizes 1, 16, 112, 1282, 224, 448, 896,
1024, 17922), and 270 with Y = 2*.A5 or 2%.Ss (all with orbit sizes 1, 160, 1280,
5120).
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TABLE 1
R d | Narov)(R)/RZ | q
rIT2m rodd [ 7™ | Spam(r) ¢g=1modr
4021 F2m 2™ | Spom(2) g=1mod 4
g1 2m 2m | 0F (2) ¢=1mod 2

7.1. Reductions. Let G be a p-exceptional group as in the hypothesis of Theorem 7.1, and
assume that G < GL(V). We shall handle the case where G < TL(V) and G £ GL(V) at
the end of the proof in Section 7.4.

We begin with a technical lemma concerning the Jordan block structure of certain ele-
ments of Ngrv)(R). Write Jy for a unipotent Jordan block of size k.

Lemma 7.2. Let R be as in Table 1. Assume that the characteristic p is a primitive prime
divisor of ™ — 1 or a primitive prime divisor of r™ — 1 with m odd, and also that p = 7
when (r,m) = (2,3). Let t be an element of order p in Ngrv)(R). Thent acts on V as
(J;f, Je), where ™ =kp+ £ and 0 < £ < p.

Proof First we consider the case where m is odd and p is a primitive prime divisor of
rm—1(sof=1). If R = 21i+2m, then this in particular implies that R = 2}r+2m. In
all cases, embedding tRZ in a subgroup GLy,(r) of Ngrv)(R)/RZ, one can check that
there exists a t-stable elementary abelian r-subgroup A < R of order 7™ such that V |
A affords the regular representation of A and moreover ¢ acts fixed-point-freely on the
nontrivial irreducible characters of A. Thus ¢ also permutes fixed-point-freely the nontrivial
A-eigenspaces in V. Since [t| = p and dim Cy (A) = 1, it follows that ¢ acts on V as (J}}, J1)
as stated.

Assume now that p is a primitive prime divisor of 7™ —1 (so £ = p—1). Note that Z(R)Z
acts trivially on V ® V*, B := R/Z(R) is elementary abelian of order r*™, (V @ V*) | B
affords the regular representation of B, and t acts fixed-point-freely on the nontrivial irre-

ducible characters of B. Thus ¢ also permutes fixed-point-freely the nontrivial B-eigenspaces
in V@ V*. As before, it follows that ¢ acts on V @ V* as (J), J1) with n := (r*™ —1)/p.

Recall [13, Theorem VIIIL.2.7] that the Jordan canonical form of J, ® J, equals

(Jatv—15 Jatb—35 -, Jo—at1)
ifl<a<b<a+b<p,and
(JI()aerfp)’ JQp—a—b—la J2p—a—b—3n ey Jb—a+1)

if1<a<b<p<a+b Itfollows, that J, ® J, contains no block of size between 2 and
p—1 only when a =b € {1,p — 1}. Applying this observation to (V @ V*) | t, we see that
Vit=(J;, J4) for some ¢, d and some e € {1,p—1}. In fact, since (V ®V*) |  contains J;
only once, d < 1. But pc+de = r™ = kp+ (p— 1), whence (d,e) = (1,p — 1), as stated. m

The next lemma reduces the number of possibilities for R to a finite number.

Lemma 7.3. The possibilities for R are as follows:

4021H+2m 1y < 10
2™ m < 11
31—4—2m7 m < 5
51—5—27n7 m S 2
714»2777,7 m S 2
11142

Proof First consider R = 4 022" Assume m > 11. Here Ngpv)(R)/RZ = Spam(2)
and G < Ngrv)(R). Let t € G be an element of order p. By [22, 4.3], there are m + 3
conjugates of ¢ which generate a subgroup of Ngpv)(R) covering Spam,(2). In fact these
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conjugates generate the whole of Ngp, 1) (R) since otherwise they would generate a covering
group of Spa,(2); but there is no such group in dimension 2™ by [29]. It follows that
dim Cy () < 2™(1 — #ﬁ) Hence, as G is p-exceptional, Lemma 2.4(ii) implies that

3) ¢ < g,

It follows that ¢"/(m+3) < [t&| < 22™|Spy,,(2)|. Since ¢ > 5 in this case (as it is 1 mod 4),
this is a contradiction for m > 11.
An entirely similar argument shows that m < 11 in the case where R = 2?2’”.

Now consider R = r!*2™ with » odd. As above, take an element t of order p in G. By

[22], there are m + 3 conjugates of ¢ which generate a subgroup of Ngp,(yv)(R) which covers
Spam (). Such a subgroup fixes no nonzero vectors in V' (note that the restriction of V' to
a subgroup Span,(r) is the sum of two irreducible Weil modules — see [44]), and so again
dim Cy (¢) < r™(1 — #H), giving

(4) g <] < Spayn (7).

Also r divides ¢ — 1. The bound (4) implies that R is as in the conclusion, except that
R = 13'*2 is also possible; but this can be ruled out by noting that only 3 conjugates of ¢
are required (rather than 4), by [22, 3.1]. [}

Lemma 7.4. We have r < 5.

Proof Suppose r > 5. Then r =5,7 or 11 by Lemma 7.3.

First consider r = 5. Here m < 2. Suppose m = 1, so G/Z < 52.Sp3(5), d = dimV =5
and ¢ =1 mod 5. As p divides |G| we have p =2 or 3 and ¢ = 16 or 81. For p = 2, Lemma
7.2 shows that an involution t € G acts on V as (J2,J1), so that dim Cy(t) = 3. Hence
Lemma 2.4(ii) gives 162 < [t“|. However, [t¢| < 52, so this is a contradiction. And for
p =3, an element ¢t € G of order 3 acts on V as (J3, J2) and we argue similarly.

Now suppose m = 2 (still with 7 = 5). Here G/Z < 5%.Sp4(5), d = dimV = 25 and
¢ =1 mod 5. As p divides |G| we have p = 2,3 or 13 and ¢ = 16, 81 or 13%. Let ¢t € G be an
element of order p. For p = 2, involutions in G lie in a subgroup 5'72Spy(5) o 5172S5p,(5)
acting on V as a tensor product of two 5-spaces, and hence act on V as either (J2,.J;) ®
(J2,J1) or (J32,J1) ® I5; hence dim Cy (¢) < 15. For p = 3, elements of order 3 in G also lie
in this subgroup, so act as (Js, J2) ® (Js, J2) or (J3,J2) @ I5; hence dim Cy(¢) < 10. And
for p = 13, elements of order 13 in G act as (Ji3, J2), hence dim Cy (t) = 2. We conclude
that dim Cy (¢) < 15 in any characteristic. Now Lemma 2.4(ii) gives a contradiction.

The cases » = 7 and r = 11 are ruled out in entirely similar fashion. [

7.2. The case r = 2. In this section we handle the case where r = 2. By Lemma 7.3, R is
either 4 o 282" with m < 10, or 2?‘2” with m < 11.

Lemma 7.5. We have m < 5.

Proof Consider the case m = 6. Here d = dimV = 64, R = 21" or 4 0 2112 and
G/RZ < Oli2(2) or Sp12(2), respectively. Moreover p = 3,5,7,11,13,17 or 31.

Suppose first that p = 3 and R = 21i+12. Then g = 3. We shall use Lemma 2.4(ii). Let
t € G have order 3. Modulo R, t is conjugate to an element t; of order 3 in a subgroup
05 (2)F of Oft2(2)7 where 1 < k < 6, projecting nontrivially to each factor. We can work out
the Jordan form of ¢, on V as an element of 21720, (2) ® - -- ® 21120, (2) ® Izs—#: so on
V, tr acts as Jo ® - - - ® Jo ® Iy6—« where there are k factors Js. The Jordan forms of these
tensor products are easily worked out, and we find that the number of Jordan blocks of ¢
is as follows:

k 1 2 3 4 5 6
dimCy (ty) [ 32 32 24 24 22 22
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By Corollary 2.10, modulo R the centralizer of t;, in R.0%(2) is Col_2(2) (tx), which contains
O12_91(2) x 3%.S;.. Hence
o 20B0)

= 212-2k|0y5 ;. (2)] - 3k - k!’
For each k between 1 and 6, we check that |V : Cy (t3)] = 304~4m v () is greater than [t5].
So this contradicts Lemma 2.4(ii).

When p = 3 and R = 40212 we have ¢ = 9 (as ¢ = 1 mod 4 in this case). Here an
element ¢ € G of order 3 lies in a subgroup Sps(2)*F of Spi2(2) (modulo R) for some k with
1 <k <6, and we argue as above.

Now suppose p = 5. Here ¢ = 5 for both cases R = 402'*12 and R = 21;10. In the
former case, an element ¢ € G of order 5 is conjugate to an element t, in a subgroup Spy(2)*
of Sp12(2), where 1 < k < 3, projecting nontrivially to each factor. Then ¢ acts on V as an
element of a tensor product of k factors 4 o 2174.5p,(2) acting in dimension 4. By Lemma
7.2, an element of order 5 in such a factor acts as Jy, so ty actson V as Jy®@- - @ J4 @ Igq 4.
Working out these tensor products of Jordan blocks, it follows that dim Cy (¢) = 16, 16,13
according as k = 1,2, 3 respectively. Moreover as above
< 212|Sp12(2)|

= 212-4k|Sp1y 4i(2)] - BF - k!
It now follows that |V : Cy (ty)| = 5644m v () is greater than [t for each k, contradicting
Lemma 2.4(ii) again. The R = 2§j10 case is entirely similar.

[t

i

For p = 7, we see as above that an element ¢t € G of order 7 is conjugate to an element
tr (k=1 or 2) acting on V as (J7,J1) ® Ig or (J7,J1) ® (J7,J1) (using Lemma 7.2 to see
that the action of an element of order 7 in 4 o 21%6.5ps(2) < SLg(7%) is (J7,J1)). Hence
dim Cy (t;) = 16 or 10 and we contradict Lemma 2.4 as before.

For larger values of p there is only one class of elements of order p in Ngzv)(R), and its
action on V can be computed as above using Lemma 7.2. We find that for ¢ € G of order p,
dim Cy (t) is 6,5,4 or 4 according as p = 11,13,17 or 31. In each case |V : Cy(¢)| is much
bigger than |Ngp(v)(R)|, contradicting Lemma 2.4 once more.

This completes the argument for m = 6. For m > 7 the same method applies. [

Lemma 7.6. m is not 5.

Proof Suppose m = 5. The method is very similar to the previous proof, but the bounds
are tighter and more work is needed for the case ¢ = 3.

Consider first the case where p = 3. Let R = 21;10. Then ¢q = 3. If t € G is an element
of order 3, then t is conjugate to an element ¢ lying in a subgroup Oy (2)* of O (2) and
acting on V as Jo ®@ -+ ®@ Jo @ Igg/0x. We compute that dim Cy (t) = 16,16,12,12,11
for k = 1,2,3,4,5 respectively. If k = 1 then Lemma 2.4(ii) gives 3'¢ < [t{/|; however
[t < [010(2) : 28.(3 x Og(2)| which is less than 3'6. Hence (again by Lemma 2.4(ii)),
G/R is a subgroup of OF;(2) containing no conjugates of ¢; and at least 332~ dim Cv (t) 92k
conjugates of t; for some k > 2. However a MAGMA computation shows that there is no
such subgroup.

In the case where p = 3 and R = 4 0 2'*!2 we have ¢ = 9. Here an element t € G of
order 3 is conjugate to some tj as in the previous paragraph but no MAGMA computation
is required as 93274m Cv ) > |¢&| for all k, which contradicts Lemma 2.4.

Now consider p = 5. Here ¢ = 5 and an element ¢t € G of order 5 is conjugate to an
element t; (k = 1 or 2) lying in a subgroup O; (2)* of O19(2) or Sp1o(2) and acting on V'
as Jy® Ig (for k=1) or J4 ® Jy ® I (for k = 2). So dim Cy (¢t) = 8 for k = 1,2. However
we check as above that 5% > [t&| for k = 1,2, which contradicts Lemma 2.4(ii).

The other possible values of p are 7,11,17 and 31. For these values there is only one
class of elements of order p in Ngr(v)(R), and its action on V' can be computed as above
using Lemma 7.2. In each case |V : Cy(t)| is much bigger than |[Ngr(v)(R)|, contradicting
Lemma 2.4 once more. |
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Lemma 7.7. m is not 4.

Proof Suppose m = 4. Then p divides |Sps(2)], so is 3,5,7 or 17. The cases p =7 or 17
are easily handled as in the last paragraph of the previous proof.

Consider now the case p = 5. Here ¢ = 5 and G < (4 0 2178).Spg(2) < GL16(5). An
element t € G of order 5 is conjugate to an element ¢, (k = 1 or 2) lying in Spy(2)* and
acting on V as Jy ® I or Jy ® Jy; so dim Cy () = 4 for both k = 1,2. Hence 5'? < [t¢]
by Lemma 2.4(ii). It follows that G/R contains no conjugates of ¢; and contains at least
512/28 conjugates of to. Using [8], one checks that the only possible maximal subgroup of
Spg(2) containing G/ R is OF (2), and then that the only subgroup of this containing enough
conjugates of t5 are QF (2) and Og (2). But these contain conjugates of ¢, a contradiction.

Now suppose p = 3. Consider first the case where R = 4 028, Here ¢ = 9. An element
t € G of order 3 is conjugate to some t, (1 < k < 4 lying in Sp»(2)* and acting on V as
Jo ® -+ ® J2 ® I1g/2¢, and we find that dim Cy (tx) = 8,8,6,6 according as k = 1,2,3,4
respectively. We compute that 94imV-dimCvite) ~ &) for k = 1,3,4. Hence G/R is a
subgroup of Spg(2) containing no conjugates of ¢y, 3,4, and at least 9% /2% conjugates of t,.
One checks using [8] that there are no such subgroups.

Finally suppose p = 3 and R = 21*% so G < 21%8.0§(2) < GL16(3). Here the usual
bounding methods do not work and we use MAGMA computation along the following lines.
For ¢ = —, we compute that the group R has a regular orbit on vectors that has 48960
images under R.Og (2). Moreover, Og (2) has 4683 subgroups of order divisible by 3, and
all of them have an orbit of length divisible by 3 in the action on 48960 points. Similarly,
for € = + the group R has an orbit of length 128 that has 1575 images under R.O;’(?),
and O;‘(Z) has 5988 subgroups with order divisible by 3; all of them have an orbit of length
divisible by 3 on the set of size 1575. [

Lemma 7.8. If m = 3, then ¢ = 3 and G is as in conclusion (iii) of Theorem 7.1.

Proof Suppose m = 3. Then p divides |Spgs(2)|, so is 3,5 or 7. We make heavy use of
computation in this proof.

Let p = 3. First consider R = 24%, so G < 217°.0f(2) < GLg(3). We compute that the
group R has an orbit of length 16 on vectors, that has 30 images under X := R.Of (2). Let
A be this set of 30 images, and let G = R.Y < X with Y < OF (2). Then |Y| is divisible by
3. If Y has an orbit Ay on A of length divisible by 3, then GG has an orbit on vectors of length
16]A¢|, contrary to 3-exceptionality. We compute that the group Of (2) has 176 subgroups
of order divisible by 3, and all but 12 have an orbit of length divisible by 3 in the action
on A. Hence Y is one of the remaining 12 groups. When pulled back to subgroups of X
containing R, all but three of these have an orbit on nonzero vectors of length divisible by 3.
The three remaining groups are 3-exceptional — they are R.L3(2), R.23.L3(2) and R.23.7.3.
All three are imprimitive on V', preserving a decomposition into eight 1-dimensional spaces,
and are as in Theorem 7.1(iii).

Now consider R = 2% so G < 276,05 (2) < GLg(3). Here R has an orbit on vectors
of length 32 that has 45 images under X := R.O~(6,2). Now O~ (6,2) has 238 subgroups
of order divisible by 3 and all but 7 have an orbit of length divisible by 3 in the action
on 45 points. Pulling these remaining 7 subgroups back to subgroups of X containing R
we see that all but two have an orbit on nonzero vectors of length divisible by 3. The two
groups are R.(2%.A5) and R.(2%.S5), as in Theorem 7.1(iii). Both are imprimitive on V with
a decomposition into two 4-dimensional spaces.

Finally, if R = 402'%5, then ¢ = 9 and R has an orbit of length 32 that has 270 images
under X := R.Sp(6,2). Then Spg(2) has 2777 subgroups of order divisible by 3, and all but
13 of these have an orbit of length divisible by 3 in the action on 270 points. Pulling back
these 13 subgroups to subgroups of X containing R, we find that they all have an orbit of
length divisible by 3 on vectors.
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Now let p =5, s0 G < X := 4 02!76.5p5(2) < GLg(5). Here R has an orbit on vectors
of length 32 that has 135 images under X := R.Spg(2). Now Spg(2) has 82 subgroups with
order divisible by 5 and all have an orbit of length divisible by 5 in the action on 135 points.

Lastly let p = 7. If ¢ = 49 the usual method using Lemma 2.4 yields a contradiction,
so suppose ¢ = 7 and R = 25“6 (note that 7 does not divide |Og (2)| so only the + type is
possible). An element ¢t € G of order 7 acts on V as (Jz, J1), so Lemma 2.4(ii) implies that
G/R is a subgroup of OF (2) containing at least 76/2% conjugates of t. This implies that
G/R contains F (2). Now one computes that R.Q{ (2) has an orbit on vectors of length
divisible by 7. [ |

Lemma 7.9. If m = 2 then ¢ = 3 and G is a subgroup 2" T*. Ay or 2'7%.S, of GL4(3).
These subgroups are imprimitive and 3-exceptional, with orbits on vectors of sizes 1,16, 64.

Proof Here G is a subgroup of one of 2174.0§(2) < GL4(3), or 4 0 2174.5p,(2) < GL4(9)
or GL4(5). A routine computation of all subgroups of R.O5(2) and R.Sp4(2) containing R
gives the conclusion. [

This completes the proof of Theorem 7.1 in the case where G < GL(V) and r = 2.

7.3. The case r = 3. Now suppose 7 = 3. By Lemma 7.3, we have R = 3'*2™ with m < 5.
Also G < R.Spam(3) < GL(V) = GL3gm(q) with ¢ =1 mod 3.

Lemma 7.10. We have m < 2.

Proof First consider m = 5. The bound (4) forces g = 4or 7. If g =7 and t € G
is an element of order 7, then modulo R, t lies in a subgroup Spg(3) x Sp4(3) of Sp10(3).
Hence by Lemma 7.2, t acts on V as (J27,J3) and dim Cy (t) = 36. Now Lemma 2.4 gives
a contradiction. Similarly, when ¢ = 4 an involution ¢ € G lies in a subgroup Sp»(3)* and
acts as a tensor product of k factors (Jz,J1) with an identity matrix, whence we see that
dim Cy (t) < 162, and again Lemma 2.4 is violated.

Now let m = 4. Then p divides |Sps(3)|. If t € G has order p, we see using Lemma
7.2 in the usual way that dim Cy(¢) < 54. Now Lemma 2.4(ii) forces p = 2 and ¢ = 4.
The involution ¢ is conjugate to an element t lying in Sp2(3)¥ (1 < k < 4) and acting on
V as a tensor product of k factors (Jz,.J;) with an identity matrix. Hence dim Cy (t) =
54,45,42,41 according as k = 1,2, 3,4 respectively. We find that for each k we have |V :
Cy (t)| > [t¢], contrary to Lemma 2.4.

The case m = 3 is dealt with in exactly the same fashion, and we leave this to the reader.
|

Lemma 7.11. We have m =1, ¢ =4 and G = 3'72.2 or 3'%2.6 in GL3(4), as in Theorem
7.1(iii). Both are imprimitive on V, with orbit sizes 1,9% 27 or 1,9,27%, respectively.

Proof Suppose m = 2. Then p divides |Sp4(3)|, so p = 2 or 5. The usual arguments rule
out p =5 (for which ¢ =25), s0 p=2, ¢ =4 and G < R.Sp4(3) < GLy(4). A computation
of all the subgroups of Sp4(3) of even order shows that there are no 3-exceptional groups in
this case.

Hence m = 1. Then p divides |Sp2(3)], so p = 2, ¢ = 4 and a computation gives the
examples in the lemma. ]

This completes the proof of Theorem 7.1 in the case where G < GL(V).

7.4. The semilinear case. We now complete the proof of Theorem 7.1 by handling the
case where the p-exceptional group G in the hypothesis lies in T'L(V) and not in GL(V),
where V = Vy(q). Let Go = GNGL(V). If p divides |G| then Gy is p-exceptional, hence is
given by the linear case of the theorem which we have already proved. The only possibility
is that d = 3,q = 4 and Gy is one of the two groups in the conclusion of Lemma 7.11.
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Computation in I'L3(4) reveals one further 2-exceptional group G in this case, the group
31%2.D15 in Theorem 7.1(iii).

Assume now that p does not divide |Gp|. By Lemma 2.3, G has a p-exceptional normal
subgroup Go{o), where 0 € T'L(V)\GL(V) is a field automorphism of order p. Hence
q = p*? for some integer k. If r = 2 then ¢ = p or p? (as G is not realisable over a
proper subfield of F,), and also ¢ is odd; so it is impossible to have ¢ = p*P. Therefore
r > 3. Also the field automorphism ¢ acts on V, fixing pointwise a subset Vd(ql/ P), and so

[V :Cv(o)| = ¢~ Hence Lemma 2.4(ii) gives
(5) T <10 < ™S o (7).
If p # 2 then ¢ > 27 and one checks that (5) cannot hold. Hence p = 2 and ¢ = 4*.

If £k > 2 then (5) implies that m = 1, ¢ = 16 and » = 5. For k = 1, we have r = 3
and (5) gives m < 3. Moreover if m = 3 then Gy/R is an odd order subgroup of Spg(3).
Computation shows that the largest such subgroup has order 37-13. Hence |Go/R| < 3713,
and so (5) gives 227 < 31413, which is false. Hence m < 2. The possibilities remaining are
as follows, where we write K for the odd order group Go/R < Spa,(r):

(1) G =5"2K.2<TLs(16)
(2) G =3""2K2<TLs4)
(3) G =31 K.2<TLy(4)

In cases (1) and (3) we check computationally that there are no 2-exceptional examples, and
in case (2) we get the two examples 3'%2.S3 in the conclusion of Theorem 7.1(iii).

This completes the proof of Theorem 7.1.

8. Cy CASE I: PRELIMINARIES AND Lie(p)

Define G <T'L(V) =T'L4(q) (¢ = p*) to be in class Cy if G/Z is almost simple, with socle
absolutely irreducible and not realisable over a proper subfield of F,. Let L = soc(G/Z), a
simple group, and let Lbea perfect preimage of L in G.

The case where the simple group L is of Lie type in characteristic p turns out to be very
easy. Define Lie(p) to be the set of simple groups of Lie type in characteristic p, excluding
Spa(2)', G2(2)', 2F4(2)" in characteristic 2, and %G2(3)" in characteristic 3. The first two
of these and the last are dealt with in Sections 9 and 11 (in their guises as Ag, Us(3) and
L2(8)) , and 2F(2)’ in the remark below after Corollary 8.2.

Lemma 8.1. Suppose that G < TL(V) = T'Lq(q) (¢ = p*) is in class C9 and L =
soc(G/Z) € Lie(p). If G is p-exceptional, then G (and L) is transitive on Py (V).

Proof From the structure of the exceptional Schur multipliers of simple groups in Lie(p)
(see [27, Table 5.1.D] for example), we see that the perfect group L must be an image of
the simply connected group of type L (since the extra parts of such multipliers are always
p-groups which hence act trivially on irreducible modules in characteristic p). Therefore
it follows from [9, Theorem 4.3(c)| that a Sylow p-subgroup P of L fixes a unique 1-space
in V. If G is p-exceptional then so is I:, and so every nonzero vector in V is fixed by an
L-conjugate of P. For 1-spaces (v), (w) fixed by P9, P", we then have (v)g~'h = (w), and
the conclusion follows. m

Corollary 8.2. If G is as in Lemma 8.1 and is p-exceptional, then G is transitive on V.
Proof By Lemma 8.1, L is transitive on Py (V). Hence L is given by Hering’s Theorem

(see [30, Appendix 1)): so L is SLy(q), Spa(q) or Go(q) (¢ even, d = 6), and in each case L
is transitive on VF. [ ]

Remark The case where L = soc(G/Z) = 2F4(2)' and p = 2 is quickly ruled out, as
follows. Suppose G is 2-exceptional. The 2-modular characters of L are given in [26], and
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the bound in Lemma 2.4(i) implies that d = 26,¢ = 2. As 13 does not divide |V#| = 226 —1,
an element t € L of order 13 fixes a nonzero vector v. By 2-exceptionality, v is also fixed by
a Sylow 2-subgroup P of L. But ¢ and P generate L (see [8, p.74]), so this is impossible.

9. Cy9 CASE II: ALTERNATING GROUPS

In this section we deal with the case where the simple group L = soc(G/Z) is an alter-
nating group. We prove

Theorem 9.1. Let G <TL(V) =TL4(q) (q=p*) be such that G/Z is almost simple with
socle L = A., an alternating group with ¢ > 5, and suppose the perfect preimage L of L in
G is absolutely irreducible on V' and realisable over no proper subfield of F,. Assume G is
p-exceptional and not transitive on VE. Then one of the following holds:

(i) G=A; orSc withc=2"—2 or 2" — 1, with V the deleted permutation module for G
over Fo, of dimension d =c — 2 or ¢ — 1 respectively;

(i) L = SLy(5) < G < T'Ly(9), with orbit sizes 1,40,40 on vectors.

Conversely, the groups G in (i) are p-exceptional.

We shall need the following.

Proposition 9.2. Ifr is a prime with r < ¢ (and ¢ > 5), then A. is generated by two of its
Sylow r-subgroups.

Proof If r = 2 this follows from [21], so assume that r > 2. Write ¢ = kr + s for integers
k,swith0<s<r—1.

First consider the case where k = 1. If s = 0, observe that (12 ---7) and (12 ---7r)(123)
are both r-cycles, and the group they generate contains a 3-cycle, hence is A,.. If s =1 then
¢=r+1 and the r-cycles (12 ---r), (23 ---r+1) generate A, as their commutator contains
a 3-cycle. A similar argument applies for s = 2, taking (12 ---7) and (34 ---7 + 2): the
group these generate is a primitive group containing both an r-cycle and a 5-cycle, hence
is A.. Finally, if s > 2 then (12 ---7) and (s + 1s+ 2 ---¢) generate a primitive group
containing an r-cycle fixing more than 2 points, hence generate A, by Jordan’s Theorem
[45, 13.9].

Now suppose k& > 2. Take R to be a Sylow r-subgroup of A. containing the r-cycles
(1---7r), (2r—1---3r—2), ..., (2ir —2i+1---(2i + 1)r — 2¢) up to the maximal ¢ such that
(2i+1)r —2i < ¢, and take S to be a Sylow r-subgroup containing the r-cycles (r---2r —1),
(Br—2---4r—3), ..., ((26—=1)r—2i+2---2ir —2i+1). Then the group generated by R and
S contains a subgroup A._,t1, and now we can include a further r-cycle in S to generate
A.. ]

Now we embark upon the proof of Theorem 9.1. Let G < T'L(V) = T'L4(q) (¢ = p*) be
as in the hypothesis, with L = soc(G/Z) = A.. Note that |Out(L)| = 2 or 4, so p divides
G N GL(V) which is therefore p-exceptional by Lemma 2.1. Hence we may replace G by
G NGL(V) and assume that G < GL(V). By Lemma 2.4, together with Lemma 9.2, we
have
(6) d=dimV < 2log,(c!) — 210gq((%!)p),

where n, denotes the p-part of an integer n.

Since As & Lo(5) =2 Lo(4), As = La(9) and Ag = L4(2), Lemma 8.1 shows that we may
exclude these groups from consideration in these characteristics.
Lemma 9.3. One of the following holds:

(i) L =L and V is the deleted permutation module over F,;

(ii) ¢ < 13 and d < 32.
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Proof Suppose V is not the deleted permutation module. Assume that d > 250. Then the
bound (6) forces ¢ > 40. By [25, Theorem 7] (for L = A.) and [43] (for L = 2.A,), we have
d > %c(c—5). But this is greater than the upper bound for d given by (6) when ¢ > 40.
Hence d < 250. Now all the possibilities for the Fqﬁ—module V are given by [24]. We check
that the only possibilities for which the bound (6) is satisfied have ¢ < 13 and d < 32. ]

Lemma 9.4. Suppose V is the deleted permutation module for L =A. over F,. Thenp =2,
c=2"—1o0r2"—2, and V has dimension d = ¢ — 1 or ¢ — 2 respectively. Moreover, in
these representations A, and S, are 2-exceptional.

Proof Here V = S/(SNT) where S = {(a1,...,a.) € Fy | > a; =0}, T = {(a,...,a) |
a€Fp}. If p>5 define

v = (172773’1,7172’727._.,$’7$’0,”_’0) €S
and let z = v+ (SNT) € V. Then (I:)w = A._p X H where H < A, and |H| is coprime to p;
hence p divides |z, contradicting the fact that G is p-exceptional. If p = 3 and ¢ # 6 the
same argument applies, taking v = (1,1,—1,—1,0,...,0); and if p = 3 and ¢ = 6 then taking
the same v, we have |L,|3 = 3, so |«F| is divisible by |L|3/3 = 3, again a contradiction.

Hence p = 2. Here d = dimV = ¢— (¢, 2). For ¢ odd, the orbit sizes of L = A, on nonzero

vectors are (§) for 1 < i < c¢—1; and for ¢ even the orbit sizes are () (i # ¢/2) and also
1
2
And when c is not of one of these forms, let 2¢ be the smallest power of 2 that is missing

in the binary expansion of ¢; then (,.) is even, so L (and hence G) is not 2-exceptional, a

contradiction. m

(.5) When 4[c. It follows that we get 2-exceptional examples when ¢ = 2" — 1 or 2" — 2.

Assume from now on that V is not the deleted permutation module.

Lemma 9.5. IfV is not the deleted permutation module then ¢ < 7.

Proof From [24] and (6), we see that the possibilities for ¢, d, p and g are as in the following
table:

Case |c |d |p q

1 131323 3

2 12116 | 2,3 4,3

3 11(16 | 2,3,5,7 | p or p?
4 10(8 |5 5

5 16 | 2,3 2,3

6 9 18 (2,3,5,7|p

7 213 3

8 8 |8 [3,5,7 P

9 1313 3

Incases 1, 2, 3, 4 and 7 we adopt a unified approach: for the respective primesr = 13,11,11,7
and 7 we observe that r does not divide ¢? — 1, and hence there is a nonzero vector v € V
fixed by an element ¢ € L of order r. As G is p-exceptional, v is also fixed by a Sylow
p-subgroup P of L. However it is easy to see that (¢, P) = L in all these cases, so this is a
contradiction.

Now consider case 5. Here ¢ =10, p=2 or 3 and d = dim V' = 16. The Brauer character
x of V is given in [26]. For p = 3 we have x(t) = 1 where ¢ is a 5B-element of L = 2.A;;
this implies that ¢ fixes a nonzero vector v — however (¢, P) = L for any Sylow 3-subgroup
P, so this is not possible. For p = 2 we apply the same argument with ¢ a 9A-element of
L = Ay, noting that ¢ and any Sylow 2-subgroup generate L.

Next consider case 6. For p = 2 we have L = Ag < OF (2) = O(V), and L has two orbits
on nonzero vectors (see [8]), one of which has even size, contrary to 2-exceptionality. For
p = 3 or 5 we argue as above that an element ¢ in class 7A or 9A fixes a nonzero vector,
and generates L with any Sylow p-subgroup, a contradiction. The case p = 7 requires a
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little more argument. Let S be a Sylow 3-subgroup of L = 2.Ag. Since |[V| =78 =4 mod 9,
there is an orbit of S on nonzero vectors of size 1 or 3, and hence there is a nonzero vector
v which is fixed by a subgroup Sy of S of index 3. However, Sy and any Sylow 7-subgroup
generate L, so this is impossible.

Now consider case 8. For p = 5 we argue with the Brauer character that an element in
class 44 in L = 2.Ag fixes a nonzero vector; but this element generates L with any Sylow
5-subgroup. For p = 3, the Brauer character x of V shows that an element t € L of order
7 fixes a nonzero vector v. Then v is stabilised by (¢, P) for some Sylow 3-subgroup P of
j), and this contains 2.A7. However x | 2.A7 is a sum of two irreducibles of degree 4, so
2.A7 does not fix a nonzero vector, a contradiction. For p = 7 we argue similarly using a
4B-element t.

Finally, consider case 9. Here a 7A element ¢ € L = Ag fixes a nonzero vector v, and so
v is fixed by (¢, P) for some Sylow 3-subgroup P of L. This contains A;. However we see
from [26] that A7 acts irreducibly on V, so this is impossible. ]

Lemma 9.6. IfV is not the deleted permutation module then c is not 7.

Proof Suppose ¢ = 7. Here [24] and (6) show that d, ¢ are as in the following table of
possibilities:

Case | d | q

1 1513

2 13 13,5

3 9 |7

4 8 |5

5 6 |4,9,7

6 4 12,9,257
7 3 |25

In cases 1-4, an element ¢ of order 5 or 7 fixes a nonzero vector, and generates L with any
Sylow p-subgroup, giving a contradiction as usual.

Consider case 5. For p = 7, we argue as before with an element of order 5. For p = 3,
the Brauer character shows that an element ¢ of order 5 in L = 2.A- fixes a nonzero vector
v, and so v is fixed by(t, P) for some Sylow 3-subgroup P of L. This contains 2.Ag, which is
irreducible on V', a contradiction. Finally for p = 2, we have L=3A; <3.My < SUs(2) <
SL(V) (see [8, p-39]). From [8] we see that Ma, is transitive on the set of 672 non-isotropic
1-spaces in V', and A; has 3 orbits on these, so that one orbit must have even size, contrary
to p-exceptionality.

Now consider case 6. For p = 3 or 5, we argue as usual with an element of order 7 which
fixes a vector. For p = 2 we have L = A; < SL4(2) = SL(V) and L is transitive on V¥,
contrary to assumption. And for p = 7 we have L = 2.A; < SL4(7); by [30, Appendix 2], L
has two orbits on nonzero vectors, one of which has size divisible by 7.

Finally, in case 7 the Brauer character shows that there is an element ¢ of order 3 fixing
a nonzero vector v, so v is fixed by (¢, P) for some Sylow 5-subgroup P, and this contains
As; but a subgroup As must be irreducible on V', a contradiction. [

Lemfna 9.7. If V is not the deleted permutation module then we have c=5,d=2,q=9
and L = SLy(5) < SLy(9) = SL(V'), with orbit sizes 40,40 on nonzero vectors.

Proof We know that ¢ = 5 or 6. Recall that p = 3 when ¢ =5, and p # 3 when ¢ = 6.
Hence [24] and (6) show that d, ¢ are as in the following table of possibilities:

Case | c|d|q

1 64|25
2 634,25
3 51613

4 51319

5 51219
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Consider case 1. If p = 2 then L < SL4(2) is transitive on nonzero vectors. And if p = 5, the
Brauer character shows that there is an element ¢ of order 3 fixing a nonzero vector v, so the
stabiliser of v contains (¢, P) for some Sylow 5-subgroup P of L = 2.A¢. So this stabiliser
contains 2.A5; but a subgroup 2.Aj; is irreducible on V, a contradiction. The same argument
deals with case 2 for p = 5; and in case 2 for p = 2 we have L = 3.A¢ < SL3(4) = SL(V),
and [30] shows that L has 2 orbits on nonzero vectors, one of which has even size.

In cases 3 and 4 we observe that an element of order 5 in L fixes a vector and generates
L with any Sylow 3-subgroup. Finally, case 5 gives the example in the conclusion. [

This completes the proof of Theorem 9.1.

10. Cy cASE III: SPORADIC GROUPS

In this section we deal with the case where the simple group L = soc(G/Z) is a sporadic
group. We prove

Theorem 10.1. Let G < T'L(V) = I'L4(q) (g = p®) be such that G/Z is almost simple
with socle L a sporadic group, and suppose the perfect preimage L of L in G is absolutely

irreducible on V' and realisable over no proper subfield of Fy. Assume G is p-exceptional on
V. Then one of the following holds:

(i) My11 < G < GL5(3), orbit sizes 1,22,220;
(i) Mas = G < GL11(2), orbit sizes 1,23,253,1771.

We shall need the following result, analogous to Proposition 9.2.

Proposition 10.2. Let T be a sporadic simple group and p a prime dividing T. Then there
exists Sylow p-subgroups Sy, So such that T = (S1,52).

Proof For all sporadic simple groups except for Th, Jy, Ly, B and M, permutation
representations exist in MAGMA [4] (for the larger ones using the generators given in the
online Atlas [46]). This allows a Sylow p-subgroup to be constructed and a conjugate that
generates T can then be found.

For the remaining five sporadics we use three strategies. Let H be a maximal subgroup
of T such that p divides |T : H| and suppose that H has Sylow p-subgroups S; and Sy such
that (S1,S2) = H or a normal subgroup of index coprime to p. Then for each i € {1,2}
we can find a Sylow p-subgroup S} of T properly containing S; and since H is maximal in
T it follows that (S7,S5) = T. Here we list the sporadic groups, primes p and maximal
subgroups H for which we used this method:

T |p H

Th|3,5,7 25.L5(2)
2 Ss

Jy 2,311 L2(32):5

Ly | 2,3 53.L3(5)
5 2A1;

B |2,3,5 Th
7 Figs

M |2,3,57,11,13 | 2B

Next, if the only maximal subgroup of T' containing a Sylow p-subgroup S normalises S
then T will be generated by any pair of Sylow p-subgroups. This is true for (T, p) = (Jy, 43),
(Ly,67), and (B,47). Finally, if the order of a Sylow p-subgroup of T is p and there are
two elements of order p whose product has order a prime r such that there are no maximal
subgroups of T" with order divisible by pr then T is generated by these two elements of
order p. The existence of such primes can be checked by either doing random searches using
the matrix representations available in the online Atlas [46] or by doing character table
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calculations in GAP [15]. This method was used for the groups and primes listed below.

T |p r
Th | 13,19 31
31 19
Js | 5,23,29,31,37 43
7 37
Ly | 7,31,37 67
11 37
B |11,13,17,19,31 47
23 31
M |17,19,23,29,31,41,47,59 | 71
71 59

Now we embark upon the proof of Theorem 10.1. Let G < T'L(V) = I'L4(q) (¢ = p%)
be as in the hypothesis, with L = soc(G/Z) a sporadic group. Note that |Out(L)| < 2, so
as in the previous section we may assume that G < GL(V). By Lemma 2.4, together with
Proposition 10.2, we have

(7) d=dimV < 2log, |G : Ng(P)|,
where P € Syl,(G).
Lemma 10.3. L is not M, BM, Figy, Fiss, Th, Ly, HN or O’'N.

Proof Suppose L is one of these groups other than M. Then (7) implies that d < 250,
whence L and V are in the list in [24]. We check that for all possibilities, (7) fails. And if
L = M then (7) gives d < 360, whereas any nontrivial representation of M has dimension
greater than this (see [27, 5.3.8]). [ ]

Lemma 10.4. L is not Jy, Fiss, Coy, Cog, Cosz, Suz, Ru or He.

Proof Suppose L is one of these groups. Then d < 250 by (7), so [24] together with (7)
imply that L, d, q are as in the following table:

L d q

Ju 112 2

Figy | 27,78 | 4,2

Coy | 24 p (any)
Cos | 22 2

23 p(p>2)
Cos | 22 2,3

23 p(p>3)

Suz |12 p or p?
Ru |28 2
He 51 2

We deal with each of these in turn.

Let L = Jy. From [8, p.190] we see that there is a maximal subgroup H = 2!0.5L5(2)
fixing a nonzero vector v € V. Hence v is stabilised by the subgroup generated by H and a
Sylow 2-subgroup of L, which is L, a contradiction.

Now let L = Figy. Here (d,q) = (27,4) or (78,2). Since ¢? — 1 is not divisible by 13,
there is an element ¢ of order 13 fixing a vector, and L is generated by t together with any
Sylow 2-subgroup.

Next consider L = Co;. A subgroup H = Cos of L fixes a nonzero vector v, and together
with any Sylow p-subgroup generates L, provided p # 11 or 23. For p = 11,23 consider
V' | May4. Using [26] we see that this is V; @ Va3, where Vag is the deleted permutation module
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for Mss. Hence for an element ¢ € L of order p we have dim Cy (t) = 4 or 2 according as
p =11 or 23. Now Lemma 2.4(ii) gives a contradiction.

Now let L = Cog. If p = 2 we see from [8, p.154] that there is a vector stabilised
by Ug(2).2, and this generates L with any Sylow 2-subgroup. If p = 3 or 5 then there is a
vector stabilised by an element of order 23, and this generates L with any Sylow 2-subgroup.
Finally, for p > 7, consideration of V' | Ms3 shows that dim Cy () < 5 for an element ¢ of
order p, and now Lemma 2.4 gives a contradiction.

Now consider L = Cos. For p = 2, there is a cyclic subgroup H = C}; fixing a vector;
and for p = 3,5 subgroups H = McL, Ms3, respectively, fix a vector. Now observe that in
each case H generates L with any Sylow p-subgroup. And for p > 7 we argue just as for
COQ.

Next let L = Suz. For p # 3,11, there is an element of order 11 fixing a vector, and this
generates L with any Sylow p-subgroup. For p = 3 there is a subgroup Us(2) fixing a vector
and generating L with any Sylow 3-subgroup. Finally, if p = 11 then ¢ = 121 and (7) fails.

Now let L = Ru. Here a 13-element fixes a vector and generates L with any Sylow
2-subgroup.
Finally, for L = He, a 17-element fixes a vector and generates L with any Sylow 2-
subgroup.
|

Lemma 10.5. L is not McL, HS, Jy, Jo or Js.

Proof Suppose L is one of these groups. Then [24] together with (7) imply that L,d, g
are as in the following table:

L d |q
MecL | 21 |3,5
22 |2,7
HS 20| 2
21 |5
22 |3
J3 9 |4
18 | 4
Jo |6 14,9549
14 | 4,3,5,7,49
36 | 2
J1 7 |11
20 | 2

Let L = McL. For each ¢ we produce a subgroup H of L stabilizing a nonzero vector:
for ¢ = 2,3, take H = 5'*2 (as 5 is coprime to |V¥|); for ¢ = 5 take H = Cy;; and for
q = 7 take H = Mj1, noting that from [26] the Brauer character of L on V restricts to My,
as 1+ x10 + x11- From [8, p.100], we check that each of these subgroups H generates L
together with any Sylow p-subgroup, which is a contradiction.

Now consider L = HS. For ¢ = 2, we see from [26] that the value of the Brauer character
of L on elements in classes 5B,5C is 0, and hence such elements fix a nonzero vector in
V. By [8, p.80], L has only two classes of maximal subgroups of odd index, and between
them they meet only one class of elements of order 5. This is a contradiction. For ¢ = 3
observe that the restriction of V' to a subgroup Mass is Vi 4+ Va1 where Va; is the deleted
permutation module. Now My, contains a Sylow 3-subgroup of L, and if ¢ € My is an
element of order 3 acting on 22 points with cycle-type (3%,1%), then dim Cy (t) = 10. This
leads to a contradiction via Lemma 2.4(ii). Finally for ¢ = 5, V restricts to Mas as the
deleted permutation module, and hence Ms; = L3(4) fixes a vector; but L3(4) generates L
with any Sylow 5-subgroup.

Next let L = J3. Here an element of order 17 fixes a vector, and generates L with any
Sylow 2-subgroup.
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Now let L = J,. For d = 14 or 36 we produce a subgroup H of L fixing a vector and
generating L with any Sylow p-subgroup, as follows: if p =2 or 5, H = C7 (if p = 2 use the
Brauer character value); if p = 3, H = 5%; and if p = 7, H = C5 generated by a 5A-element
(which fixes a vector by consideration of its Brauer character value). For d = 6 we have
L < PSpg(q) for ¢ =4,5,9 or 49. In the first three cases the orbit sizes of L on vectors can
be found in [30] (¢ = 4,5) and [3, Table 5] (¢ =9), and in each case there is a size divisible
by p, a contradiction. And for ¢ = 49 a 5A-element fixes a vector and generates L with any
Sylow 7-subgroup.

Finally let L = J;. Here an element of order 19 fixes a vector in both modules, and
generates L with any Sylow p-subgroup. [

Lemma 10.6. If L is a Mathieu group then one of the following holds:
(i) M1 < G < GL5(3), orbit sizes 1,22,220;
(i) Mas = G < GL11(2), orbit sizes 1,23,253,1771.

Proof Here (7) and [24] imply that the possibilities for L, d, ¢ are as follows:

L |d
My, | 11,44
22

23
Moy | 11,44
22
Mas | 10
6,15, 34
21
Mlg 10
6,10,15
11
My | 10
5,10

WK OTWN WENWN LW NR
= ©

Let L = My4. For ¢ = 2, an element of order 11 fixes a vector and generates L with any
Sylow 2-subgroup. And for ¢ = 3 or 5, V is the deleted permutation module and the orbits
of the vectors (1,1,—1,—1,0?") (¢ = 3) and (1,1,2,2,—1,0') (¢ = 5) have size divisible by
.

Now consider L = Ms3. For ¢ = 2 and d = 11 there are two possible modules. In both
cases the orbit sizes are given in [3, p.170], and one of them gives the 2-exceptional example
in conclusion (ii) of the lemma. For d = 44 we argue as follows. The group L has one class
of involutions, and can be generated by three of them; hence dim Cy (t) < %dimV < 30.
Now Lemma 2.4(ii) gives a contradiction. Finally, for ¢ = 3, V' is the deleted permutation
module and the orbit of the vector (1,1, —1,—1,0'%) has size divisible by 3.

Next let L = Mss. Consider p = 2. For d = 10,15 or 34, an element of order 7 fixes a
vector and generates L with any Sylow 2-subgroup. And for d = 6 we have L = 3.Msy <
SUs(2) and from [8, p.39] we see that L is transitive on the 672 non-isotropic vectors in V,
contrary to 2-exceptionality. For p = 3 and d = 21, V is the deleted permutation module,
dealt with in the usual way. It remains to consider d = 10 in characteristics 3,5,7 and 11.
For p = 11, an element of order 7 fixes a vector and generates L with any Sylow p-subgroup.
And for p = 3,5,7 we have L = 2. My < SLio(q) with ¢ = 9,25,7 respectively, and a
MAGMA computation reveals the existence of orbits of size divisible by p.

Now let L = Mjs. For ¢ = 2 or 5, V is the deleted permutation module, dealt with in
the usual way. Next let ¢ = 3. For d = 10 or 15, an element of order 5 fixes a vector and
generates L with any Sylow 3-subgroup. And for d = 6 we have L = 2.M5 < SLg(3) and
[3, p.170] shows that there is an orbit size divisible by 3.

Finally, let L = Mj;,. For ¢ = 2, V is the deleted permutation module. For ¢ = 3 and
d = 5 the orbit sizes are given by [30], giving the example in part (i) of the lemma. And for
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q = 3, d = 10 there are three possible modules V', and a MAGMA computation shows that
for each of these there is an orbit size divisible by 3. [ |

This completes the proof of Theorem 10.1.

11. Cy CASE IV: Lie(p’)

In this section we deal with the case where the simple group L = soc(G/Z) is a simple
group of Lie type in p’-characteristic. We prove

Theorem 11.1. Let G < T'L(V) = I'L4(q) (¢ = p®) be such that G/Z is almost simple
with socle L a simple group of Lie type in p’'-characteristic, and L is not isomorphic to an
alternating group. Suppose the perfect preimage L of L in G is absolutely irreducible on V
and realisable over no proper subfield of Fq. Assume G is p-exceptional on V' and is not
transitive on V. Then Lo(11) < G < GL5(3), with orbit sizes 1,22,110,110.

As in previous sections, for the proof it is useful to know that the group L is generated
by any two of its Sylow p-subgroups. For p = 2 this is true by [21]. It is presumably true
for all primes, but we do not prove this here, and just cover the following groups for which
we need the result.

Lemma 11.2. Let L be one of the following simple groups:

Ly(r): n=2,7r<37; orn=3,7<5 orn<5,r=3; orn<8r=2
PSpon(r): n=2,r<1l; orn=3,r<7; orn=4,7r=5; orn<6,r <3
Un(r): n=3,r<5; orn=4,r<4; orn=57r<3; orn<1l,r=2
and Q7(3), 05 (2), Q% (2), Fu(2),2F4(2) > D4(2), G2(3), G2(4),2 B (8).

Let X be a group such that L < X < Aut(L). If p is a prime dividing | X|, then O (X) is
generated by two of its Sylow p-subgroups.

Proof This was verified computationally using MAGMA. [ ]

Now we embark upon the proof of Theorem 9.1. Let G < TL(V) =TL4(q) (¢ = p*) be
as in the hypothesis, with L = soc(G/Z) a simple group of Lie type in p’-characteristic not
isomorphic to an alternating group. We assume now that G < GL(V'); we shall handle the
case where G < T'L(V) at the end of the proof.

Lemma 11.3. The simple group L is one of the following:

LQ(T) (7“ < 37)7 L3(4)7 L3(5)v L4(3)7

PSpy(r) (r <9,r #8), PSps(r) (r = 2,3,5), PSps(3), PSp1o(3),
U3(7’) (T = 3a47 5)3 U4(2)’ U5(2)7 U6(2)a

(3), 05 (2),

Fi(2), ?F4(2)", °Da(2), G2(3), G2(4), *Ba(8).

Proof By Lemma 2.4(i) we have d = dim V' < 1, log, |G : Ng(P)|, where 1, is the minimal
number of Sylow p-subgroups required to generate O”'(G). We have ro = 2 by [21], while
upper bounds for r, with p odd are provided by [22, Sections 3,4,5]. On the other hand,
lower bounds for d are given in [29, 40]. These, together with the above bound, imply that L
is one of the groups listed in Lemma 11.2. By that lemma, we have r, = 2 for these groups,
and so we now have the bound

(8) d=dimV < 2log, |G : Ng(P)|.

Applying this with the above-mentioned lower bounds for d eliminates many of the groups
in the list, and leaves just the groups in the conclusion. [

Lemma 11.4. If L = Ly(r), then r = 11 and L2(11) < G < GLs(3), with orbit sizes
1,22,110,110.
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Proof Assume L = Ly(r). By Lemma 11.3, r < 37, so certainly dim V' < 250 and we can
use [24] together with (8) to identify the possibilities for L, d, ¢:

L d |q
Lo(31) | 15| 2
Lo(25) | 12| 2
Ly(23) | 11 ] 2,3
Lo(17) | 8 |2
L»(13) | 6 | 4,3

713
Lo(11) |10 | 2

5 14,3,5

6 |3
Ly(7) |3 |9

The case where » = 11 and (d,q) = (5, 3) gives the example in the conclusion; the orbit
sizes are given in [7]. (Note that there are two 5-dimensional representations of L over Fj,
but they are quasiequivalent, hence have the same orbit sizes.) Also, when r» = 13 and
(d,q) = (6,3), L = SLy(13) is transitive on nonzero vectors (see [30, Appendix 1]), contrary
to our assumption in Theorem 11.1.

When r = 11,13,17,23 or 25 and (d,q) = (5,5), (6,4), (8,2), (11,2) or (12,2), the orbit
sizes are given by [7, Section 5] and [30, Appendix 2]; there is an orbit size divisible by p in
all cases.

Now consider the cases where r = 11,13,23 or 31 and (d,q) = (6,3), (7,3), (11,3) or
(15,2). For these, we observe that there is a nonzero vector fixed by a subgroup H of
order 11,7,11 or 5 respectively, and H generates L together with any Sylow p-subgroup, a
contradiction.

This leaves the cases where r = 7 or 11 and (d,q) = (3,9), (5,4) or (10,2). For these
cases a MAGMA computation shows that there is an orbit of size divisible by p. [

Lemma 11.5. L is not Lg(4), L3(5) or L4(3).

Proof Suppose L is one of these groups. By [24] and (8), the possibilities for L, d, g are:

DN 00 O W~|

O O Lo O
J

Consider the case where L = L3(4) and (d, ¢) = (6, 3). Here L < PQg (3) and we see from |8,
p.52] that L is transitive on the 126 non-isotropic points in V', contrary to p-exceptionality.

For the remaining cases (d,q) = (4,9), (8,5), (6,7), (26,2), there is a nonzero vector fixed
by a subgroup H of order 7, 7, 5 or 13 respectively, and H generates L together with any
Sylow p-subgroup, a contradiction. [

Lemma 11.6. L is not PSpay,(r) for m > 2.
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Proof Suppose L = PSpa,(r), so that L is as in Lemma 11.3. Using [24] and (8), we see
that the possibilities for L, d, g are:

L d |q
PSp4(3) 4 25
6 |5
PSpy(5) | 12| 4
PSpy(7) | 24| 2
PSps(9) | 40 | 2
PSpe(3) | 13| 4,7
14 |7
PSps(3) | 40 | 4
Spa(4) | 183
Spe(2) |7 |3,5,7
8 |3,5,7
14| 3

The three cases PSp4(3) < Lg(5), Sps(2) < L7(5) and Spg(2) < Lg(7) were handled using
a MAGMA computation, and in each case there is an orbit size divisible by p.

Now consider all the other cases in the table with 7 odd. In each case r? does not divide
q? — 1, so there is a subgroup H fixing a nonzero vector, where H is of index r in a Sylow 7-
subgroup of L (replacing r by 3 when L = PSp4(9)). However, one checks that H generates
L with any Sylow p-subgroup, contradicting p-exceptionality (use [8], or [32] for p = 2).

If L = Sps(4), an element of order 17 fixes a vector and generates L with any Sylow
3-subgroup.

Finally let L = Spg(2). For the p = 3 cases, an element of order 7 in L fixes a vector
and generates L with any Sylow 3-subgroup. And when (d,q) = (7,7) or (8,5) there are
subgroups Q5 (2) or Us(3), respectively, fixing a vector, and these generate L with any Sylow
p-subgroup. [ |

Lemma 11.7. L is not U,(r) for n > 3.

Proof Suppose L = U,(r) is as in Lemma 11.3. By [24] and (8), the possibilities are:

L d |q
Us(3) |6 |2

14| 2
Us(4) | 12 | 3
Us(5) | 20 | 2
Us(2) | 10 | 3,5,11
Us(2) | 21 |3

22 |5

The group Us(3) < Lg(2) is transitive on nonzero vectors (see [30, Appendix 1]), contrary
to assumption. For the cases (d,q) = (14,2), (20,2), (10,3), (10,11) and (21, 3), there is a
subgroup H or order 7,7,27,27, 11, respectively, fixing a vector and generating L with any
Sylow p-subgroup. In the remaining three cases with (d, ¢) = (12,3), (10,5) and (22,5), a
MAGMA computation shows that there is an orbit of size divisible by p. [

Lemma 11.8. L is not an orthogonal group in Lemma 11.3.

Proof Suppose L = Q7(3) or QF(2). Using [24] and (8), we see that L = Q7 (2), d = 8 and
q=3,5o0r 7. Here L = 2.L and these 8-dimensional representations arise from the action
of the Weyl group of Eg on the root lattice. This is transitive on the 240 root vectors, and
hence there is an orbit of size 120 on 1-spaces. Hence L is not p-exceptional for p = 3,5.
For p = 7, the total number of 1-spaces in V' is not divisible by 3, so there is a 1-space fixed
by a Sylow 3-subgroup of L, which generates L with any Sylow 7-subgroup of L. [

Lemma 11.9. L is not an exceptional group in Lemma 11.3.
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Proof Suppose L is an exceptional group. By [24] and (8), the possibilities are:

L d |q
G2(3) [ 142
Go(4) |12 3,5,7
2B,(8) | 8 | 5

For (d,q) = (14,2),(12,3), (12,5), (12,7), there is a subgroup H of L of order 3°,29 210 28
respectively, fixing a 1-space, and H generates L with any Sylow p-subgroup, a contradiction.
For the remaining case (d, ¢) = (8,5), a MAGMA computation gives an orbit of size divisible
by 5. [ |

We now complete the proof of Theorem 11.1 by handling the case where the p-exceptional
group G in the hypothesis lies in T'L(V) and not in GL(V'), where V = V4(q). Let Gy =
GNGL(V). If p divides |Go| then Gy is p-exceptional, hence is given by the linear case of
the theorem which we have already proved; but this implies that GL(V) = GL5(3), in which
case GL(V) =TL(V).

Hence p does not divide |Gg|, and by Lemma 2.3, G has a p-exceptional normal subgroup
Go(o) (hence also L(c)), where o € TL(V)\GL(V) is a field automorphism of order p. Hence
q = p*P for some integer k. Since Gy is a p’-group, we have p > 2. Moreover, ¢ induces an
automorphism of order p of the simple p’-group L, which must be a field automorphism, so
L = L(r?) is a group of Lie type over F,» for some r.

Let ¢ be the untwisted Lie rank of L. Then d > 1(r?* — 1) by [29], and also |L| < rio?®
and |Cy (o) = ¢*1~%). By Lemma 2.4(ii), |V : Oy (0)| < |0, which implies

GO0 e

This cannot hold.

Hence the case where G lies in T'L(V) and not in GL(V') does not occur. This completes
the proof of Theorem 11.1.

12. PROOF OF THEOREM 1

Let G be an irreducible subgroup of GL,(p) with p prime, and suppose that G acts
primitively on V;,(p). Suppose also that G is p-exceptional, so that p divides |G| and every
orbit of G on V has size coprime to p.

Choose ¢ = p* maximal such that G < T'Ly(q) < GL,(p), where n = dk. Write V =
Va(q), Go = GNGLy4(q) and Z = Go Ny, the group of scalar multiples of the identity in
Gy. Note that Gy < G and G/Gy is cyclic. Write K =F,.

If d =1 then G <TLi(q), as in Theorem 1(ii). So assume that d > 2.

Lemma 12.1. Gy is absolutely irreducible on V = Vy(q).

Proof We have G < Ngr, ()(K) =T'La(q). So Go = C(K) < GLqg(q).

Let £ = Endg(V) = F, C K, and write ¢ = p* = r?. Viewing V as Vjq(r), it is an
absolutely irreducible F,G-module. Now view V' as an F,G¢-module. Then U :=V ®F, F,,
as an FyGy-module, is the sum of b Frobenius twists of V. However G/GY is cyclic of order
at most b, so if V | Gy were reducible, then U | G would be reducible. But G is absolutely
irreducible, so this is a contradiction.

Hence V' | Gy is irreducible. As Cgnq(vy(Go) is a field extension of K, the choice of K
implies that Cgnq(v)(Go) = K, and so V' is an absolutely irreducible K Go-module. [

If G preserves a tensor product decomposition V' = U ® W over F,;, where dimU >
dimW > 2 (ie. G <TL(V)ygu ), then Theorems 4.1 and 4.2 (together with Lemma 2.3)
give a contradiction. So assume that G does not preserve a nontrivial tensor decomposition
of V.
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Lemma 12.2. Let N be a normal subgroup of G such that N < Gy and N £ Z. Then
V | N is absolutely irreducible.

Proof By Clifford’s Theorem V | N is a direct sum of homogeneous components; these
are permuted by G, and hence by the primitivity of G, V | N is homogeneous. Say
VINZWe---d W, a direct sum of k copies of an irreducible K N-module W. Let
Ko = Cgnaw)(IV), a field extension of K. By the first few lines of the proof of [1, 5.7], Kg
can be identified with Z(Cgrv)(N)) and G < Nppvy(Ko), so Ko = K by choice of K.
Hence W is an absolutely irreducible K N-module. At this point [1, 3.13] shows that there is
a K-space A such that V' can be identified with W ® A in such a way that N < GL(W)®14,
Go < GL(W) ® GL(A) and G < Nppv)(GL(W) ® GL(A)). By our assumption that G
preserves no nontrivial tensor decomposition, this implies that W = V, completing the
proof. [ |

Now let S be the socle of G/Z, and write S = M; X --- x My where each M; is a
minimal normal subgroup of G/Z. Let R be the full preimage of S in G, and P; the
preimage of M;, so that R = P; ... P, a commuting product. If some P;, say Py, is not
contained in Gy, then M}, is generated by a field automorphism ¢ of prime order, and so
G/Z < Cprrv)(¢) = PGL4(q0)(), where v generates the Galois group of F,/IF, and [,
is a proper subfield of ;. This contradicts Theorem 6.1.

Hence R = Py ... P, < Gy. As P, < G, Lemma 12.2 implies that V' | P; is absolutely
irreducible, hence Cg,(P1) = Z. It follows that k =1 and R = P;. Also G is not realised
(modulo scalars) over a proper subfield of F,, by Theorem 6.1.

Suppose first that M; = R/Z is an elementary abelian r-group for some prime r, and
replace R by a minimal preimage of M; in G. By Lemma 12.2 and since d > 2, any maximal
abelian characteristic subgroup of R must be contained in Z. Hence R is of symplectic type,
and now we argue as in [1, 11.8] that R can be taken to be as in Section 7. Since G is
primitive, Theorem 7.1 now gives a contradiction.

Now suppose M; = R/Z is non-abelian, so M; = T' for some non-abelian simple group
T,and R = Ry ...R; where R;/Z = T and the factors are permuted transitively by G. If
[ > 1 then [1, 3.16, 3.17] implies that R preserves a tensor decomposition V=V ®--- V]
with dim V; independent of 4, and G < Nrp,v)(@ GL(V;)); then Theorems 5.1 and 5.2 give
a contradiction.

It remains to consider the case where | = 1, so that M; = Soc(G/Z) is simple. Then
G/Z is almost simple, and has socle absolutely irreducible on V' and not realisable over a
proper subfield of F;. In other words G is in the class Cg, and so G is given by the results
in Sections 8-11.

This completes the proof of Theorem 1.
13. DEDUCTION OF THEOREMS 4, 5 AND 6

Proof of Theorem 4 Let G < GLy4(p) = GL(V) be irreducible and p-exceptional, and
let Gy = OPI(G). Then Gy is also p-exceptional by Lemma 2.1. By Clifford’s Theorem,
VI1Gy=Vy&--- &V, where the V; are irreducible Gyg-modules, conjugate under G. Note
that Op,(GO) = Gy and p divides |Ggl|, S0 Ggl is p-exceptional. If Ggl is primitive, it is
given by Theorem 1, and if it is imprimitive it is given by Theorem 3.

We now claim that the V; are pairwise non-isomorphic Gp-modules. Suppose false, and
let W = V3 & ---® Vi be a homogeneous component for Gy with k& > 1. Then GgV <
GL(V1)®1 < GL(V1) ® GLk(p). Since Gg is p-exceptional on V it is also p-exceptional on
W. We now apply Theorem 4.1, which classifies p-exceptional groups which preserve tensor
product decompositions. From this theorem, it is clear that such a group cannot act just as
scalars on one of the tensor factors, which is what G} does. This is a contradiction, proving
the claim.
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By the claim, G permutes the summands V;. Finally, the kernel K of the action of G on
the set of summands {V4,...,V;} contains Gy, so G/K is a p’-group.

Proof of Theorem 5 Let G be a finite group and let p > 2 be a prime. Assume that
G =0 (G) = OP(G), that G has abelian Sylow p-subgroups, and that V is a faithful
irreducible F,G-module such that every orbit of G on V has length coprime to p. These
assumptions imply that G = G’ and also that p divides |G/.

Suppose first that G acts primitively on V. Then G is given by Theorem 1. As G is
insoluble, it is either transitive on V* or one of the examples in (iii) of the theorem. In the
first case we refer to the list of transitive linear groups in [30, Appendix]: the only examples
where G = G’ and G has abelian Sylow p-subgroups occur in conclusions (i) and (iii) of
Theorem 5; and the examples in Theorem 1(iii) with p > 2 are also in conclusion (iii).

Now suppose G is imprimitive on V. As G = OPI(G)7 G is given by Theorem 3. Theorem
2 and the assumptions that p > 2 and G has abelian Sylow p-subgroups, now force G to be
as in conclusion (ii) of Theorem 5. This completes the proof of the corollary.

Proof of Theorem 6 Let G < GL4(p) be a %—transitive linear group of order divisible by

p, and write V = Vy(p). Let H = VG < AGL4(p), the corresponding affine permutation
group acting on V. Since G has order divisible by p, it does not act semiregularly on V#,
and so H is %-transitive on V, and hence is a primitive permutation group on V by [45,
10.4]. This implies that G acts irreducibly on V.

Since G is %—transitive and has order divisible by p, it is p-exceptional. So if G acts

primitively as a linear group on V, then it is given by Theorem 1. For G = A. or S, as in
(iii)(a) of the theorem, the orbit sizes are given in the proof of Lemma 9.4, and we see that
the only %—transitive example is for ¢ = 6 with (d,p) = (4,2), in which case G is transitive
on V. Hence G is as in the conclusion of Theorem 6. Finally, if G' acts imprimitively on V'

then it is given by [39, Theorem 1.1] (which determines all imprimitive :-transitive linear

groups). The only example of order divisible by p is D1g < I'L1(2°) < GLg(2), as in (ii) of
Theorem 6.
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