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Abstract—In hands-on robotic surgery, the surgical tool is
mounted on the end effector of a robot and is directly manipu-
lated by the surgeon. This simultaneously exploits the strengths
of both humans and robots; such that the surgeon directly feels
tool-tissue interactions and remains in control of the procedure,
while taking advantage of the robot’s higher precision and
accuracy. A crucial challenge in hands-on robotics for delicate
manipulation tasks, such as surgery, is that the user must interact
with the dynamics of the robot at the end effector, which
can reduce dexterity and increase fatigue. This paper presents
a null-space based optimization technique for simultaneously
minimizing the mass and friction of the robot that is experienced
by the surgeon. By defining a novel optimization technique for
minimizing the projection of the joint friction onto the end
effector, and integrating this with our previous techniques for
minimizing the belted mass/inertia as perceived by the hand, a
significant reduction in dynamics felt by the user is achieved.
Experimental analyses in both simulation and human user trials
demonstrate that the presented method can reduce the user
experienced dynamic mass and friction by, on average, 44%
and 41% respectively. The results presented robustly demonstrate
that optimizing a robots pose can result in a more natural tool
motion, potentially allowing future surgical robots to operate
with increased usability, improved surgical outcomes and wider
clinical uptake.

I. INTRODUCTION

HANDS-ON robotic surgery is a collaborative approach
in which the surgical instrument is mounted at the end

effector of the robot and the surgeon controls its motion by
directly applying forces and torques to it. The main advan-
tage of this technique is that the forces and torques of the
interaction between the robot and the environment can be felt
directly through the tool, without the need for an additional
force sensor at the end effector. The surgeon can utilize this
natural feedback to more precisely apply forces and torques
to the hard or soft target tissue, which is a valuable feature
when performing surgery with robotic assistance.

By attaching the surgical tool to the robot, however, the
surgeon must additionally interact with the dynamics of the
manipulator, which can include joint friction, backlash, the
mass and inertia of the robot links, and other disturbances,
such as interactions with the sterile draping. Each of these
factors can reduce the dexterity of the surgeon and increase
fatigue, particularly over the time frame of current procedures,
which can range from 40 to 120 minutes [1]. The aim of this
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research is to achieve a more natural feeling for the surgeon
when performing hands-on robotic surgery by providing an
experience that is closer to the feeling of the tool moving in
free space, unconstrained.

To accomplish this, while not affecting the desired com-
mands of the surgeon, we utilize the redundant degrees-of-
freedom commonly found in many torque controlled systems.
Redundant robots, which have more degrees-of-freedom than
is necessary to achieve a pose in three-dimensional space, can
perform a task in multiple ways and, typically, a criterion is
optimized to resolve the redundancy. Redundancy-exploitation
has been used to avoid obstacles in the way of the robot’s body
in positioning tasks [2] and to optimize performance by, for
example, minimizing gravity torques [3] or improving force
and velocity transmission [4].

In [5], we proposed that redundant torque controlled robots
should be used for hands-on robotic surgery in order to
provide a compliant interface that directly transmits the force
and torques of the tool-tissue interaction to the surgeon and
allows optimizations to take place in the redundancy. Therein,
we developed a null-space based method for minimizing the
effective mass and inertia at the end effector of the robot,
which was demonstrated in simulation with a redundant planar
manipulator. In this paper, we extend our methods to the
optimization of the projection of the joint friction onto the
end effector. We present our methods in a simulation of
the lightweight robot to show their effectiveness over the
workspace and to demonstrate the small trade-off typically re-
quired when simultaneously optimizing mass and friction. We
then implement the control strategy on the same lightweight
robot as used in the simulation. Through user trials, we show
a significant decrease in the work required to perform point-
to-point motions, as compared to classical approaches, for
redundancy resolution, demonstrating a more natural motion.

The strategy presented here has been developed to be usable
concurrently with active constraints strategies, which prevent
the user from entering areas of the workspace deemed unsafe
or unnecessary [6]. These shared control techniques improve
the accuracy, precision, and safety of procedures and have
been successfully employed in commercial systems such as
the Sculptor (formerly of Stanmore Implants Worldwide Ltd.
and now of Stryker Corp.) [7] and the RIO (formerly of Mako
Surgical Corp. and now of Stryker Corp.) [8] for Total Hip
Arthroplasty and Unicompartmental Knee Arthroplasty. Re-
search is currently ongoing into developing active constraints
that can handle deformable soft tissue [9] [10] and therefore,
expand their applicability to more types of surgeries.
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II. BACKGROUND

A review of hands-on robots, also known as comanipulation
robots, for surgery [11] demonstrates the two main ways in
which these devices are typically designed. Hand-held smart
tools, such as the Steady-Hand Robot [12], do not have a
significant dynamic effect on the surgeon; however, they are
typically surgery specific, limiting their general application.
Our aim is to improve the surgeon’s interaction with large
scale robots such as the Mako RIO as a solution for these
systems could provide the largest possible benefits and affect
a wider range of surgeries.

Recent research in hands-on robotic surgery has focused on
improving the accuracy at which these devices can perform
[13], [14] rather than the ease with which the user interacts
with the device. Two other areas of research that have focused
on improving the direct interaction between robots and humans
in human-led collaborative tasks are: rehabilitation systems,
which assist patients in performing movements; and power
assist systems, which allow the user to carry heavier loads.

Rehabilitation robots, such as those described in [15], [16],
[17], assist patients who have suffered debilitating illnesses,
such as strokes, by exercising their limbs to restore neurolog-
ical function. This is done by applying assistive forces along
a trajectory or towards a particular set point. However, in
surgery, the surgeon’s desired trajectory is not known a priori
and can be complex and environment dependent.

Power assist systems allow a user to more easily lift and/or
carry heavy objects. These systems typically detect user intent
to move using force sensors [18] [19] and some combine
this with electromyographic (EMG) sensors attached the skin
to estimate user stiffness and damping [20] [21]. In both
cases, these methods scale the user’s applied forces, effectively
reducing the mass of the object being manipulated.

The Berkeley Lower Extremity Exoskeleton uses positive
feedback of the system dynamics to amplify the system’s
sensitivity to external forces, without requiring force/torque
sensors [22]. However, this amplification treats all forces
equally, such that external disturbances cause the system to
respond in the same way as the user’s commands. Addition-
ally, this control strategy was shown to be very sensitive to
modeling uncertainty and system stability was shown to be
less robust [23].

Amplification of user’s forces through control has poten-
tially dangerous effects. When a controller emulates dynamics
that differ significantly from the intrinsic hardware dynamics,
an increased risk of coupled or contact instability arises [24]
[25]. In addition, as shown in [26], a very stiff impedance
interacting with such controls would be unstable. In hands-on
robotic surgery, the robot interacts with potentially deforming
and/or pulsating environments, with stiffness ranging from
hard bone to soft tissue. This diversity would make it very
difficult to ensure stability sufficiently for regulatory approval.
Additionally, the amplification effect can increase interaction
forces with tissue. The desired forces and torques, which the
surgeon wishes to apply to the tool and, consequently, the
anatomy, are based on the surgeon’s medical training and
understanding of the goals and decision making processes

necessary to complete the surgery safely. The application of
scaled forces and torques could potentially cause the surgeon
to harm the patient unintentionally. Lastly, the surgeon’s forces
can range from delicate (for interacting with soft tissue) to
large (for gross positioning). This would require the force
sensor to have a large range and still be of sufficient sensitivity
to detect changes in more delicate interactions.

Alternatively to the above methods, we focus on a strategy
that does not require EMG measurements or an end effector
force sensor, thus avoiding potentially unstable control, to
modify the user’s forces and torques. We assume the surgeon
acts as the end effector stiffness and damping regulator and
applies the necessary forces to perform surgery. To make the
motion of the tool more natural, we apply control in the null-
space of the surgeon’s desired tool pose. This follows recent
trends in surgical robots to ensure the surgeon is always in
control of the procedure by ensuring that assistive control
forces and torques are energetically dissipative [27] [9]. By
leaving the surgeon fully in control of the tool, the surgeon
retains full responsibility.

Several optimality measures have previously been developed
for finding optimal poses in order to improve the performance
of manipulators in specific tasks. Kinematic manipulability
ellipsoids were demonstrated in [28] for velocity and force
transmission, and a control strategy was presented for their
maximization in redundant robots. In [4], these kinematic
manipulability measures were extended to allow for directional
force and velocity optimization.

To account for robot dynamics, the dynamic manipulability
ellipsoid was presented in [29] for optimizing acceleration
transmission. This measure was extended to account for grav-
ity [30]. The effects of velocity on dynamic manipulability
were shown in [31], however, no extension to the measure to
account for the effects of velocity was proposed.

The dynamic conditioning index quantified the amount of
dynamic coupling and numerical stability of the inertia matrix
[32]. This measure was later applied to the end effector mass
matrix to quantify the coupling between the directions of
tool motion [33]. An impedance controller with reduced end
effector inertia was applied to improve the ease of use, while
this measure was optimized in the null-space in order to
reduce the stability issues found in inertia reducing controllers.
The authors found increased stability, however, the force
amplification issues discussed previously were not addressed.

It was demonstrated in [30] that the manipulability ellip-
soids were an approximation of the actual performance of
manipulators and that the abilities of a robot were more accu-
rately represented by a polytope, or n-dimensional polygon.
Several methods to optimize, according to the full polytope of
various measures, have been developed.

From the acceleration polytope, the acceleration radius was
proposed in [34], specifying the lower bound on the acceler-
ation of the end effector for a particular configuration. The
acceleration radius was generalized in [35] to overcome the
inhomogeneity problem in mixed manipulability optimizations
of rotations and translations [36]. More recently, the power
manipulability ellipsoid was proposed as a method for dealing
with inhomogeneity [37]. This measure was extended in [38]
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to the convex hull-based power manipulability index, allowing
for analysis with respect to the power polytope, which is
the n-dimensional polygon that represents the ability of a
manipulator to generate power in an arbitrary direction.

While measures using polytopes are shown to more ac-
curately characterize manipulator behavior, our aim is to
optimize the interaction for a given robot online and these
measures have yet to be demonstrated in real-time on a
redundant system capable of achieving arbitrary Cartesian
poses. Additionally, these measures focus on the robot’s ability
to act on its environment. For hands-on surgery, the surgeon
is applying forces and torques to the robot and therefore, the
measures we develop should optimize the way in which the
robot reacts to the surgeon. In [39], uniform end effector
mass/inertia of the robot’s workspace was included as a
design optimization parameter, however, in [5], to the author’s
knowledge, the first active null-space based mass optimization
was performed.

III. METHODOLOGY

A. End Effector Dynamics

When maneuvering the tool attached the robot, the surgeon
is interacting with the end effector dynamics of the robot.
In this section, we will derive these configuration dependent
dynamics from the joint space dynamics.

The joint space dynamics of an n degree-of-freedom serial
manipulator can be written in the Lagrangian formalism as,

A(q)q̈ + b(q, q̇) + g(q) + τf = τm + JT
[
Fu
τu

]
(1)

where A(q) is the inertia matrix, b(q, q̇) is the vector of
Coriolis and centrifugal torques, g(q) is the vector of gravity
torques, τf is the vector of joint friction torques, τm is the

vector of joint motor torques, and JT
[
Fu
τu

]
is the projection

of the user’s end effector forces and torques onto the joints.
The dynamics of the end effector position and orientation

can be computed from the joint space dynamics by multiplica-
tion with the transpose of the dynamically consistent inverses
of the linear velocity Jacobian, Jv , and the angular velocity
Jacobian, Jω , respectively,

Jv = A−1JTv Λv and Jω = A−1JTω Λω (2)

where Λv =
(
JvA

−1JTv
)−1

is the pseudo kinematic energy
matrix associated with mass and Λω =

(
JωA

−1JTω
)−1

is the
pseudo kinematic energy matrix associated with inertia1.

The resulting equations of motion provide a mathematical
description of how the surgeon and robot interact at the tool
point. The equations of motion associated with linear motion
can be expressed as,

1Note this separation of position and orientation at the end effector neglects
cross-terms between mass and inertia. Prior works [40] [41] make use of task
Jacobians and task dynamics in operational space in which the Jacobians can
be of any size up to the total number of degrees-of-freedom. Therefore, this
form of the dynamics can be considered a suitable simplification. The effects
of this simplification will be investigated in future work.

Λvẍ+ vv + pv + J
T

v τf = FEEm + Fu (3)

where vv is the vector of Coriolis-centrifugal forces at the end
effector, pv is the vector of end effector gravity forces, J

T

v τf
is the projection of the frictional torques onto the linear end
effector dynamics and FEEm , J

T

v τm is the vector of forces at
the end effector resulting from motor torques. The equations
of motion associated with angular motion can be written as,

Λωω̇ + vω + pω + J
T

ωτf = τEEm + τu (4)

where vω is the vector of Coriolis-centrifugal torques at the
end effector, pω is the vector of end effector gravity torques,
J
T

ωτf is the projection of the frictional torques onto the angular
end effector dynamics and τEEm , J

T

ωτm is the vector of
torques at the end effector resulting from motor torques.

The projections of the frictional torques onto the end
effector, J

T

v τf and J
T

ωτf , are the frictional forces and torques
that the surgeon feels when moving the tool as a result of
the friction on the joints. We will define the effective end
effector friction force, FEEf and the effective end effector
friction torque, τEEf as these projections.

FEEf , J
T

v τf and τEEf , J
T

ωτf (5)

Assuming the motor torques applied to the space of the
end effector are used only to compensate for gravity and that
Coriolis-centrifugal forces are small, the resulting dynamic
systems that the surgeon interacts with consist of the oper-
ational space mass and inertia and the effective end effector
frictional forces and torques.

Λvẍ+ FEEf = Fu and Λωω̇ + τEEf = τu (6)

From these equations, two factors can be identified that
affect the way in which the robot interacts with the surgeon.
First, the resulting accelerations from the surgeon’s forces and
torques are scaled by the mass and inertia of the manipulator.
The surgeon performs surgery with a set of tools, each of
which has specific inertial properties that the surgeon is
likely used to. Attaching these tools to the robot modifies the
mass/inertia that the surgeon experiences when using them. To
provide a more natural response of the tool to the surgeon’s
forces (i.e a closer experience to the tool being handled while
not attached to the robot), we will minimize the end effector
inertial properties without affecting the surgeon’s desired tool
pose.

Second, the effective frictional forces and torques reduce
the impact of the surgeon’s forces and torques, requiring the
surgeon to apply more forces to achieve the same acceleration
for the same mass/inertia. Clearly, the tool alone does not
exhibit friction of this type. To reduce this effect, we will
minimize the friction forces and torques without changing the
surgeon’s desired end effector position and orientation.

B. End Effector Mass and Inertia Optimization
End effector mass and inertia optimization was previously

demonstrated in [5]. For completeness, the theory will be
reviewed here.
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1) Mass and Inertia Optimality Measures: As shown in
Section III-A, the end effector mass and inertia with which
the surgeon is interacting can be characterized by the pseudo
kinetic energy matrices for mass, Λv , and inertia, Λω , re-
spectively. These matrices depend on the configuration of
the robot and, if the robot is redundant, the configuration
of the redundancy. This means that we can reconfigure the
redundancy to achieve a different effective mass/inertia for
the robot, without affecting the surgeon’s desired end effector
pose. As the inverses of these matrices are guaranteed to exist
and are more robust to singular or near singular configurations,
we will use the inverses for our optimizations.

In [5], it was shown that the determinants of the inverse
pseudo kinetic energy matrices are equal to the product of
their singular values and these singular values correspond to
the inverse of the mass/inertia along the principal directions.

det(Λ−1) =

m∏
i=1

σi (7)

This led to a simple way of optimizing the inertial prop-
erties. To minimize the mass or inertia, the negative of the
determinant of the inverse pseudo kinetic energy matrices
should be minimized.

cdet = −det(Λ−1) (8)

To consider mass and inertia simultaneously, a weighted
sum must be used, due to the inhomogeneity resulting from
an attempt to combine the two [36].

ccm = wv det(Λ−1v ) + wω det(Λ−1ω ) (9)

where wv and wω are the weights of the mass and inertia
optimizations respectively.

2) Directional Mass and Inertia Optimality Measures: In
addition to optimizing the mass and inertia at the end effector
in all directions, specific directions can also be optimized to
create a preferred direction of motion that could be used in
cases where there is frequent motion in a particular direction
or where the intended direction is known a priori. The mass
or inertia felt when applying a force or torque in a specific
direction is referred to as the effective mass/inertia [42].

The effective mass or inertia in a specified direction can be
computed by,

1

mu
= uTΛ−1v u and

1

Iu
= uTΛ−1ω u (10)

where u is the unit vector in the desired direction, and mu

and Iu are the effective mass and inertia respectively, in the
direction of u. As these are the quantities that we are directly
interested in modifying, we use these as our measure for
optimization.

cdm = −uTΛ−1v u and cdi = −uTΛ−1ω u (11)

Additionally, multiple directions can simultaneously be op-
timized by a weighted sum of the effective mass or inertia in
the specified directions.

cdw =

n∑
i=1

wi
(
uTi Λ−1v ui

)±1
+

m∑
j=1

wj
(
uTj Λ−1ω uj

)±1
(12)

C. End Effector Friction Force and Torque Optimization

When the surgeon applies forces and torques to the end
effector, he or she not only feels the mass and inertia of
the manipulator but also the joint friction torques. As shown
previously in Section III-A, the joint friction torques can be
projected onto the end effector to find the effective friction
force and torque that the surgeon feels at the tool point (5).

1) Directional End Effector Friction Force and Torque
Optimality Measures: Friction models such as [43] and [44]
aim to accurately model the friction forces present at the
joint by incorporating complex effects such as stiction and the
Stribeck effect. These models typically exhibit a dependence
on velocity outside of the static friction regime [45] [46].

However, using an accurate real-time estimation of the
current joint friction to optimize the pose of the robot in hands-
on robotic surgery can lead to behavior that is undesired. In
such a set-up, rapid changes in the velocity of the end effector
may cause the direction and magnitude of the frictional forces
and torques to quickly change and, as a result, cause the system
to reconfigure rapidly to optimize these changing values. Such
rapid changes are likely to be disconcerting for the surgeon
and dissuade clinical usage. Secondly, with an accurate friction
estimate, if the surgeon was not moving the tool, the robot
would no longer change configuration. In other words, using
the current value of q̇ to compute the frictional forces acting on
the system would mean optimization would only occur when
a joint was in motion. A strategy that is able to continue to
optimize when the robot is at rest would be able to reduce the
frictional effects for the next motion. Lastly, we assume that
we do not know the surgeon’s intended motion. Therefore, a
general optimization strategy that can reduce the friction that
would occur regardless of the direction of the next motion
would be advantageous.

For these reasons, we have developed a methodology that
sacrifices the precision of the true frictional forces to allow
for values that are more consistent with the joint pose rather
than the velocity in order to simplify the optimization and to
avoid the aforementioned issues. To do this, we propose the
concept of ‘potential velocity’ of the end effector, which is to
be used in combination with a standard joint friction model.
At the current pose, the joint velocities required for the end
effector to move at a particular velocity at a specified pose
can be computed using the dynamically consistent inverse of
the linear and angular Jacobians.

q̇Pv , Jvẋp and q̇Pω , Jωωp (13)

q̇Pv and q̇Pω are defined as the vectors of potential joint
velocities for a potential end effector linear velocity, ẋp, or
angular velocity, ωp.

The potential joint velocities for a given direction and speed
can be used to compute the potential frictional force and torque
at the end effector, FEEf (q̇Pv ) and τEEf (q̇Pω ), implementations
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of which are given in section III-G. The potential friction here
does not represent the true friction occurring at the end effector
at the current time. Rather, it represents what the friction would
be if the device were moving at the potential velocity at the
current pose. In this way, the friction being optimized is more
closely tied to the current pose, as opposed to the current
velocity. To minimize the potential frictional force or torque
for a given direction and speed, it suffices to minimize the
squared magnitude of the friction vector.

cdf = ‖FEEf (q̇Pv )‖2 and cdτ = ‖τEEf (q̇Pω )‖2 (14)

The optimization is a function of the robot’s pose rather
than its instantaneous motion. This means that an optimal
configuration will be reached, even when the robot is at
rest, avoiding rapid reconfiguration due to changes in motion
direction and speed.

2) End Effector Friction Force and Torque Optimality Mea-
sures: To quantify the generalized frictional force and torque
for a robot pose, independent of the robot’s instantaneous
motion, the optimality measure is the sum of the directional
optimization measures from unit velocities in the three prin-
cipal Cartesian axes. This can be expressed as,

cf =

3∑
i=1

‖FEEf (q̇P,iv )‖2 (15)

where q̇P,1v = Jvẋ, q̇P,2v = Jv ẏ, and q̇P,3v = Jv ż are vectors of
potential joint velocities associated with unit linear velocities
in the three Cartesian axes, ẋ, ẏ, and ż using (13).

Similarly, the optimality measure associated with frictional
torques can be expressed as,

cτ =

3∑
i=1

‖τEEf (q̇P,iω )‖2 (16)

where q̇P,1ω = Jωωx, q̇P,2ω = Jωωy , and q̇P,3ω = Jωωz are the
potential joint velocities associated with unit angular velocities
about the three Cartesian axes, ωx, ωy , and ωz using (13).

Multiple end effector velocity directions and combined opti-
mizations of frictional forces and torques can be accomplished
using a weighted sum. Similarly to (9) and (12), a weighted
sum is required for combined optimizations since forces and
torques can not be directly added.

ccf = wf

n∑
i=1

‖FEEf (q̇P,iv )‖2 + wτ

m∑
j=1

‖τEEf (q̇P,jω )‖2 (17)

D. Combined Optimization

Finally, the optimality measures developed above can be
combined into a single metric, in which each measure must
be weighted according to, for example, relative importance or
expected effect,

c = wmcm + wici + wfcf + wτ cτ (18)

where wm, wi, wf , and wτ are the weights for the mass, in-
ertia, frictional force, and frictional torque metric respectively.

E. Local Posture Optimization

For each of the optimization metrics discussed above, the
optimization problem we wish to solve is to find the joint
angles that minimize the specified optimality metric, subject
to the constraint that the joint angles must result in a pose
equal to the surgeon’s current pose on the entire path between
the initial configuration and optimum.

minimize
q

c(q)

subject to
∫ tf

t0

‖x(q0)− f(r(t))‖ dt = 0
(19)

where r(t) is a parametrization of the path between the initial
joint angles and optimum such that r(t0) = q0 and r(tf ) =
qopt and f(q) is the forward kinematics of the manipulator.
Note that this constraint is stronger than simply requiring the
end effector pose corresponding to the optimum joint angles
to be equal to the surgeon’s initial pose. As the null space
manifold can be discontinuous, there can exist joint angles
that satisfy the desired pose, but cannot be reached from the
current joint angles without violating the desired pose in the
transition. Therefore, only solutions that are reachable from
the current joint position are valid.

To simplify this problem and ensure it remains solvable in
real-time, we compute the control necessary to move towards
the local optima and project this into the null space of the
current end effector pose. The local optima to the current
pose can be reached by simply computing the gradient of the
optimality measure and performing gradient descent. Sentis
presented a velocity saturation method for gradient descent
that we will use here [40],

ωdes = −kp∇c
kd

vd = min

(
1,
ωmax
|ωdes|

)
Fp = −kd(q̇ − vdωdes)

(20)

where kp is a spring gain, kd is a damping gain, and ωmax is
the maximum allowed velocity.

Null-space controllers are used to simultaneously achieve a
hierarchy of tasks such that the tasks do not affect each other
and higher priority tasks take precedence over lower priority
tasks in the event of a loss of degrees of freedom. We use
the dynamic recursive null-space formulation by Sentis [47]
in order to achieve our goal of concurrent active constraints
application [10] and towards our goal of developing a complete
hands-on robotic control system. Equation (21) shows the
general form of the recursive null-space controller that allows
N hierarchical tasks to operate concurrently.

Γ =

N∑
k=1

JTk|prec(k)Fk|prec(k) (21)

where Jk|prec(k) = JkNprec(k) is the Jacobian of the k-th
task operating in the null space of the previous k − 1 tasks,

Nprec(k) = I −
N∑
k=1

Jk|prec(k)Jk|prec(k) is the combined null
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space of the higher order tasks, and Fk|prec(k) represents the
forces of the k-th task acting in the null space of the previous
k − 1 tasks.

As our goal is to optimize while not affecting the desired
tool position and orientation of the surgeon, the work in this
paper uses two tasks; dynamic compensation of the point in
contact with the surgeon and the null space optimization. The
two-task version of (21) used here is as follows:

Γ = JTt (ut + pt) +NT
t J

T
p (Fp + up + pp) (22)

where Jt is the linear and angular velocity Jacobian of the
contact point with the surgeon, ut and pt are the Coriolis-
centrifugal and gravity forces respectively at the contact point
with the surgeon, Jp is the Jacobian of the posture, Fp repre-
sents the optimization forces (20), up and pp are the Coriolis-
centrifugal and gravity forces respectively of the posture, and
Nt = I − J tJt is the dynamically consistent null space of Jt.

Using this strategy, the robot can reconfigure without af-
fecting the surgeon, to achieve the optimal local configuration
in the null-space.

F. Additional Measures

In addition to mass/inertia optimization, this formulation
allows for the addition of further terms to cater for other
criteria using a weighted summation. Safety can be improved
using gradient based methods such as joint limit avoidance
[48] [49], obstacle avoidance to prevent collisions with the
patient, surgeon, or equipment [2] [50], and self collision
avoidance [51] [52].

G. Kuka LWR 4+ Friction Model

The robot we will be using for testing these measures in
simulation and in an experimental setup will be the Kuka
LWR 4+ (Kuka Robotics GmbH), which has seven degrees-
of-freedom and is able to be controlled in impedance mode.
To perform friction optimization, an appropriate joint friction
model for the robot must be chosen.

The LWR 4+ is intended for compliant assembly in in-
dustrial tasks and, as such, aims for a higher payload than
traditional impedance systems. To accomplish this, the system
is inherently non-back-drivable and, instead, provides a virtual
impedance through modeling. The virtual impedance of each
joint is modelled as Coulomb friction with a 1.5Nm nominal
sliding torque.

To prevent discontinuities, a sigmoid function approximat-
ing the LWR’s effective Coulomb friction is used in the
optimization,

τf = τmax

(
2

π

)
arctan (βq̇) (23)

where τmax is the maximum frictional torque and β is a
parameter that affects the slope of the friction torque near
zero. As β tends to infinity, τf approaches τmaxsgn(q̇).

Fig. 1: A visualization of the local minimum mass pose (green)
and the local maximum mass pose (red) overlaid on the initial
joint posture (white).

IV. SIMULATION RESULTS AND DISCUSSION

Simulations were performed on a PC (i7-2600 @ 3.4
GHz) running Ubuntu 12.04, implemented using the ROS
(www.ros.org) and OROCOS (www.orocos.org) frameworks.
The dynamics of the robot were provided in a library by Kuka
and these equations of motion of the robot were integrated
using the Dormand Prince 5 method [53] provided by the
odeint library in boost::numeric (www.boost.org).

A. Effectiveness of Mass and Friction Optimizations Over the
Robot’s Workspace

To demonstrate the effectiveness of considering mass prop-
erties over the workspace of the LWR, we aim to show that
for a large sample of arbitrary, non-singular, initial joint angles
and corresponding end effector poses, the difference in the
mass ellipsoid between the local minimum posture and the
local maximum posture is substantial in a majority of cases.
The local minimum and maximum postures are defined as the
sets of joint angles corresponding to the local minimum and
maximum, respectively, of the optimization measure, relative
to the initial pose. Figure 1 depicts an example of the local
minimum and maximum postures overlaid on the initial joint
posture.

1000 random, non-singular, initial joint configurations were
found by drawing from a uniform distribution over the robot’s
joint limits for each link and testing for singularities by
computing the singular value decomposition of JJT . Keeping
the initial end effector position and orientation constant, the
robot was then optimized using (22) from the initial joint
angles with the parameters of (20) set to kp = 50, kd = 10,
ωmax = 10rad/s, and c set to (8).

The effectiveness of considering frictional force over the
workspace of the LWR can be demonstrated in a similar way
by comparing the local maximum and minimum friction force
postures for random, non-singular sets of initial joint angles
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Fig. 2: The percent change in the largest principal component
between the local minimum and maximum mass postures
(blue) and in the magnitude of the friction force vectors
between the local minimum and maximum friction force
postures (red) for 1000 random poses.

and corresponding fixed end effector poses. The same 1000
random initial joint configurations described previously were
optimized, keeping the end effector pose fixed, using (22).
The control parameters of (20) were set to kp = 50, kd = 10,
ωmax = 10rad/s, and c was set to (15). The potential end
effector velocities were generated with a magnitude of 5cm/s,
taking the values given in [54] as a low estimate of the normal
operating velocity. Though some studies have documented
movement speeds of up to 20cm/s [55], no definitive value
is given in the literature for the motions common in hands-on
robotic surgery.

Figure 2 depicts the percentage change in the largest prin-
cipal component of the end effector mass ellipsoid between
the local minimum and maximum configurations for the 1000
trials, arranged in ascending order. The mean reduction in
the mass ellipsoid was 44.23% and the standard deviation
was 20.97%. Figure 2 depicts the percent change in the
magnitude of the friction force vectors between the local
minimum and maximum configurations for the 1000 trials,
arranged in ascending order. The mean reduction in the
magnitude of the friction force vector was 41.44% and the
standard deviation was 21.93%. The results for both mass and
friction optimization show that, in almost all of the sampled
robot configurations, an appreciable difference exists between
the mass/friction felt at the end effector in the optimized
and non-optimized configurations. This result implies that,
by optimizing the pose of a robot for these parameters, a
significant reduction in the dynamics felt by the surgeon could
be achieved.

B. Combined Mass and Friction Optimization Trade-off

As mass, inertia, and friction have different units of mea-
surement, a weighted trade-off must be used to simultaneously
optimize these quantities. Figure 3 depicts an example of the
trade-off between mass and friction optimized configurations.
If the optimal poses of mass or friction are too far apart,
which can occur when optimization goals are conflicting,

Fig. 3: A comparison of the optimal mass pose (red), optimal
frictional force pose (green), and an equally weighted trade-off
pose (blue).

a combined solution may not work well in reducing either
quantity. This section investigates the performance trade-off
when simultaneously optimizing both mass and friction on
the Kuka LWR 4+.

Weighted solutions for 1000 random configurations were
simulated and the resulting optimality measures were com-
pared with the optimal mass poses and optimal friction force
poses. Weighted simulations for 90%-10%, 50%-50%, and
10%-90% mass-friction ratios were performed.

Figure 4a shows the percentage change in the principal
mass component between the three weighted solutions and the
100% mass optimized solution. Similarly, Figure 4b depicts
the percentage change in the magnitude of the friction force
vectors of the weighted solutions compared with the 100%
friction force optimized solution.

In the majority of cases, the weighted optimization does
not have a substantial effect on the mass and frictional force
values as compared to the single optimization results. Indeed,
the change is close to zero because the distance between the
optimal frictional force and mass poses is small in general,
as shown in Figure 5a, which depicts the L2 joint distance
between the local optimal mass and local optimal frictional
force postures.

For a small subset of cases, the frictional force is lower in
the combined optimization than at the local friction measure
minimum. This is due to the greater degree of nonlinearity
present in the friction model, which leads to having more
local optima. To illustrate this, Figure 5b depicts the mass
and friction force measures for a full null-space based rotation
of joint 3, for a single pose in which the friction force
measure was better at the mass optimum. A local friction
force optimum exists at q3 = 0.4557rad, while the global
friction force optimum at −0.8445rad which is very close to
the mass optimum at −0.8599rad. As a result, in select cases,
the combined optimization leads to a better result in friction.

Overall, the results demonstrate that the trade-off on the
Kuka LWR 4+ is minimal in general and, therefore, a weighted
trade-off solution is valid for the device. One way the specific
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Fig. 4: Percentage change in the largest principal mass com-
ponent between the optimal and weighted trade-off solutions
(a) and percentage change in the magnitude of frictional force
vectors between the optimal and weighted trade-off solutions
(b).

weighting can be chosen is on the basis of the relative
magnitudes of the friction and mass (i.e. a system which is
more affected by friction is more heavily friction weighted).
However, attempting to compare the relative worth of mass
in kilograms and friction in newtons can be difficult. Al-
ternatively, the choice can be made based on the relative
improvements made by the strategy (i.e. a system with high
mass but very little null-space improvement is weighted more
towards friction). We suggest performing simulations optimiz-
ing mass and friction over the workspace as done in Section
IV-A and weighting based on the averages of the resulting
percentage improvements. As these percentage improvements
are approximately the same on the LWR (44.23% for mass
and 41.44% for friction) and the optimal joint poses are not
far apart in general, a 50%-50% mass-friction ratio has been
chosen.

C. Impact of Modeling Uncertainty on Optimization

The dynamic parameters and frictional torques on the joints
of a real system can be estimated using techniques such as
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Fig. 5: The L2 distance between the optimal mass and friction
force poses for 1000 random trials (a) and the mass and
frictional force measures for a complete rotation of one of
the joints for a single pose, demonstrating the local optima
that can be found in the frictional force measure.

[56], [57], and [58]. However, there can still be a mismatch
between the real values and the estimates, which may have
an effect on the optimization with these parameters. In [5],
it was shown that reasonably small variations in the inertial
parameters do not have a substantial effect on the optimization
outcome for mass through 1000 random trials of a single
pose, where the inertial parameters were drawn from a normal
distribution with mean equal to the true value of the parameter
and standard deviation arbitrarily set equal to 10% of its value.

To investigate the effects of frictional torque estimation on
optimization, a series of trials were performed to compare the
optimization results using the true joint friction values and the
results found using estimated joint friction values which were
drawn from a normal distribution, τf,e ∼ N (τf , (0.1τf )2).
100 trials were performed for each of 100 random poses
(10,000 trials in total).

Figure 6 depicts the percentage increase in the magnitude of
the friction force for the estimated joint friction optimization,
as compared to the friction force found using the true friction
values, arranged in ascending order. The results demonstrate
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Fig. 6: Model uncertainty optimization results for frictional
force using normally distributed joint friction estimates.

that the resulting friction vector, when optimizing using the
joint friction estimates is, in the worst case, 5.298% larger
in magnitude than the optimal vector found using the true
friction values. The average increase was 0.0631% with a
standard deviation of 0.361%. When compared to the average
reduction in the friction vector of 41.44% achieved using our
optimization strategy in Section IV-A, these results suggest
that this level of parameter variation does not have a large
effect on optimization.

V. EXPERIMENTAL RESULTS AND DISCUSSION

So far, we have demonstrated the efficacy of the proposed
methods over the workspace of the Kuka LWR 4+ on static
end effector poses in simulation. This section validates our
technique in an experimental setup in which the end effec-
tor’s position is changing over time. The point-to-point user
trials performed here demonstrate that the method results
in a reduction in the work required to move the tool over
conventional surgical null-space controllers and, hence, a more
natural motion for the user.

A. Kuka LWR 4+ Implementation

To implement our methods on the Kuka LWR 4+, the con-
trol strategy presented previously for simulation was adapted.
Kuka provides three controllers for the LWR 4+: joint po-
sition; joint impedance; and Cartesian impedance. However,
the joint impedance mode focuses on setting desired posi-
tions, along with stiffness and damping parameters, rather
than directly setting torques or current, which the null-space
gradient methodology requires. Additional joint torques can
be added in joint impedance mode, but, due to the controller’s
internal filtering and the 1.5Nm friction threshold, this mode
is too inexact for null-space motions requiring more precise
combinations of torques to ensure that they do not affect the
main task. Cartesian impedance mode, which can be used to
set end effector stiffness, damping, position and orientation,
has additional null-space parameters which can be used to set
the position, stiffness and damping of a joint positioning task
projected into the null-space of the Cartesian pose. However,

Fig. 7: Data flow diagram of optimization controller with Kuka
LWR where xEE is the current Cartesian pose of the robot,
kEE is the desired Cartesian stiffness, dEE is the desired
Cartesian damping, qD is the desired null-space joint angles
computed by the dynamic simulation, kq is the desired null-
space joint stiffness and dq is the desired null-space joint
damping.

this again does not allow us to use the original formulation
of our optimization, as the null-space based gradient descent
directly computes torques as opposed to positions.

To implement our controller on the robot, we utilized
the Cartesian impedance mode with the additional null-space
parameters, in combination with a forward simulation of
the dynamics using the controller from the simulations (22).
Figure 7 shows a diagram of the controller’s data flow. The
current Cartesian pose of the robot, xEE , is received through
the Fast Research Interface (FRI) [59] of the robot controller
via User Datagram Protocol (UDP). This pose is set to the
desired end effector pose in a dynamic simulation of the
system, which uses the rigid body dynamic library of the
LWR provided by Kuka and the control torques computed
using (22) to integrate the system one time step into the future
using the Dormand-Prince 5 method [53] provided by the
odeint library in boost::numeric. The robot is then commanded
through the FRI using the current Cartesian pose of the
Kuka, with the Cartesian stiffness and damping, kEE and
dEE respectively, set to zero. The joint angles on the forward
simulated system, qD, are commanded as the joint angles in the
null-space controller of the Kuka with an appropriate stiffness
and damping, kq and dq . To minimize any errors in the null-
space control affecting the user’s commands, lower gains of
100Nm/rad for the stiffness and 0.1 for damping were used.

1 kHz communication was achieved through the FRI
on a PC (i7-3770 @ 3.40 GHz) running Ubuntu 12.04
(www.ubuntu.com), with the Xenomai real-time kernel
patch (www.xenomai.org), RTnet for real-time networking
(www.rtnet.org), and OROCOS for real-time components
(www.orocos.org). On this system, the forward simulation
of the dynamics for a time step of 1ms was computed in
approximately 0.8ms for the worst case.

The resulting behavior of this controller mimics the simu-
lations above and takes advantage of the tuned, low level con-
trollers of the Kuka. It assumes that the flexible joint dynamics
are handled by the Kuka controllers, i.e. the Kuka is a rigid
body robot, and that the rigid body dynamic model provided
by Kuka is accurate. In [5], mass optimization simulations
were performed using estimated model parameters which were
drawn from a normal distribution with mean equal to the true
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Fig. 8: Experimental setup consisting of Kuka LWR 4+ (1),
ATI Gamma force/torque sensor (2), 3D printed tool (3) and
surgical target (4).

value of the parameter and the standard deviation equal to 10%
of its value. It was found that small variations of the inertial
parameters do not affect the optimization significantly. Section
IV-C demonstrates similar results for frictional optimization.

B. Kuka LWR 4+ Experimental Setup

Figure 8 depicts the experimental setup which in-
cludes the Kuka LWR 4+, ATI Gamma force/torque sensor
(www.ati.ia.com) for measuring the subject’s applied forces
and torques, 3D printed tool, and the mock surgical target.
The Gamma force/torque sensor was calibrated with a range
of 32N and resolution of 1

160N for forces in the x- and y-
direction, a range of 100N and resolution of 1

80N for forces
in the z-direction and a range of 2.5Nm and resolution of

1
2000Nm for torques.

The experiment aims to demonstrate that the methodology
presented here requires less work to perform the same task
when compared to conventional surgical controllers, implying
a more natural motion. As we are not applying guiding forces
to the end effector, the user’s strategy to maneuver the tool can
affect the results since work is path dependent. To reduce the
degree of this variation and to more clearly see the effect of
the optimization, the experiments focused on optimizing mass
and frictional force only and utilized a mainly translational
task — a series of point-to-point motions.

While the Kuka LWR 4+ provides the required redundant,
compliant interface, it is a research system and does not have
the capability to operate on the small scale required for a

minimally invasive surgery, as is typically performed with
hands-on robotics. Therefore, a larger scale task was used to
evaluate the effectiveness of our controller.

Six reference points were chosen on the body of the surgical
target. Subjects moved the tool to touch these points in five
randomly generated orders to avoid selection and training bias.
The subjects maneuvered through these five sets of points three
times for each of four controllers, also in a random order. The
controllers used in this experiment were: active optimization
of mass and frictional force; fixed optimal posture; and two
other controllers, which we believe to represent the current
state-of-the-art in hands-on robotic surgery: elbow up control;
and damped posture control. Due to the absence of published
control strategies for redundant, hands-on surgical robots, we
drew this conclusion based on direct experience with the only
two commercial systems of this kind, the Mako Rio and the
Stanmore Implants Worldwide Sculptor.

Active optimization was performed using a ratio of 50%−
50% mass measure to frictional force measure, as the system
demonstrates an equal reduction in these quantities under our
optimization technique, as discussed in Section IV-B. The
parameters of (20) were set to kp = 50, kd = 10, and
ωmax = 10rad/s and the potential velocity was set to 5cm/s
as explained in Section IV-B.

In [5], a fixed optimal posture solution was shown in
simulation to perform nearly as well as active optimization.
This strategy aims to allow for the benefits of mass and
friction optimization to still be exploited in heavily constrained
surgical environments. By pre-operatively finding the optimal
solution for the region in which the majority of the surgery will
take place, a constant redundancy position control strategy can
be used to minimize the squared joint position to this optimum
and the surgical equipment can be arranged around an already
optimized robot. By including this controller here, we aim to
verify that this type of strategy works in an experimental setup.

The elbow up controller maneuvers the redundancy in
order to keep the robot out of the general work area of the
end effector. The damped posture controller applies gravity
compensation and damping to the redundancy of the robot.
This controller is typically used as a simple way for the user
to reconfigure the robot manually during tasks.

The elbow up and fixed optimal posture strategies were
implemented using the Cartesian Impedance mode in the FRI
by setting zero stiffness and damping in the Cartesian task and
commanding the necessary constant joint posture in the null-
space, with stiffness equal to 100Nm/rad and damping ratio
equal to 0.1. The damped posture controller was the default
gravity compensation provided by Kuka, which exhibits the
damped postural characteristics required.

The subjects gripped the 3D printed tool and not the robot’s
body. As the focus of this experiment was on the optimization
of mass and frictional force, which are both translational quan-
tities, the subjects were asked to keep the tool’s orientation
approximately normal to the surgical target. To reduce stress
on the subjects’ wrist, however, rotations about the normal to
the surgical target were allowed. Prior to the trials, the subjects
were given time to familiarize themselves with the controllers,
but were not given details about the aim of the controllers or
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Fig. 9: Comparison of the cumulative work for one user’s trial
over time for each experimental test controller.

the experiment in general. A total of 8 engineering students
and post-docs participated in the trials, 5 men and 3 women,
with ages ranging from 20-34. 50% of the subjects had not
worked on or with a robot previously.

C. Kuka LWR 4+ Experimental Results and Discussion

Natural motion focuses on reducing the amount of effort
it takes for the surgeon to move the tool attached to the
robot. Therefore, the metric used here to compare the control
methodologies is the sum of the absolute value of work over
each trial (i.e. the amount of energy the users transferred to
the end effector). The work was computed using the difference
in the Cartesian position calculated from the joint position
encoders and the wrench from the force/torque sensor.

For a single trial of one of the subjects, the cumulative
work over time for all four controllers is shown in Figure
9. The damped posture and elbow-up controllers result in
more work over time as compared with the fixed and active
optimization trials. Additionally, the separation between the
standard and optimal controllers appears to be increasing over
time, suggesting that the effect would increase in longer tasks,
such as those that take place in surgery.

For the results for all subjects, the work of each trial
was normalized by the length of the path over the trial to
account for variations in the lengths of the randomized paths.
Additionally, as we are not applying guiding forces to the
end effector, the precise path cannot be prescribed. General
contact-to-contact point style motions, such as those in the
trials, exhibit a parabolic shape, however, there exist user
specific variations to these motions including the height of
the trajectory and the amount of deviation from the vertical
plane passing through sequential points [60]. These variations
and the amount of rotation applied to the tool must be taken
into consideration as work is path-dependent. To account for
these factors and compare the results between subjects, the
length normalized work of each trial was additionally divided
by the mean of the control method with the highest length
normalized work per person. This allows us to examine the
relative improvement between users for the various control
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Fig. 10: The median and IQR for the cumulative normalized
work value (a) and mean torque orthogonal to the direction
of motion normalized by the control method with the highest
torque (b), across subjects for the four controllers.

methods, taking into account user control variability. The
normalization can be summarized as follows:

W i,j,k
n =

W j,k
i

Lj

maxm
1

Ntrials

∑Ntrials

l=1
W l,m

i

Ll

(24)

W j,k
i , the work of subject i for trial j of path k, is divided

by the trial length, Lj , and then by the mean of the path with
the highest average length normalized work for subject i.

Figure 10a depicts the median and the IQR for the nor-
malized absolute value of work results for all subjects across
the experimental trials for each of the four controllers. The
Komogorov-Smirnov test for normality was used to determine
that at least one of the work distributions was not normal.
Therefore, the non-parametric Kruskal-Wallis one-way analy-
sis of variance test was employed to demonstrate that at least
one of the distribution’s medians was different from at least
one other group (p < 0.01). Pairwise comparisons were made
using the Dunn-Sidak test to analyze the specific pairs for
dominance. Table I depicts the results of this test, where a
1 indicates a significant difference at the 0.01 level and a 0



IEEE TRANSACTIONS ON ROBOTICS: ACCEPTED NOVEMBER 2015 12

indicates the opposite. The results demonstrate that the fixed,
pre-optimized solution and active optimization strategies differ
significantly from the damped and elbow-up strategies. This
shows that the optimization strategies developed here require
less work to perform the same task as compared to standard
hands-on surgical redundancy control strategies and therefore,
they create a more natural motion.

Damped Elbow-Up Fixed Active Opt
Damped X 0 1 1
Elbow-Up 0 X 1 1
Fixed 1 1 X 0
Active Opt 1 1 0 X

TABLE I: Dunn-Sidak results for the experimental trials where
a 1 indicates a significant difference at the 0.01 level and a 0
indicates the contrary.

Additionally, Figure 10b depicts the mean magnitude of
the torque orthogonal to the direction of rotation, normalized
per user to account for within subject variation. The Kruskal-
Wallis test determined that at least one of the distribution’s
medians was different from at least one other group (p <
0.01). The Dunn-Sidak test was used to determine that the
damped and elbow-up differ significantly from the fixed and
active optimization strategies at the 0.01 significance level.
As the trials focused on translational motion, these torques
can be interpreted as those which the users applied to ensure
a consistent orientation of the end effector. The higher value in
the damped and elbow-up trials would suggest that the users
found it more difficult to deal with the tool, when compared
to the fixed and active optimization cases.

Lastly, the results indicate that the fixed, pre-optimized
control strategy can perform nearly as well as the active
optimization in situations where the set of poses the surgeon
will use to perform surgery do not differ significantly from the
optimal pose, which is generally the case in minimally invasive
surgery. This demonstrates that, even in heavily constrained
surgical environments, where changes in redundancy are lim-
ited, considering end effector mass and friction can reduce the
impact of the end effector dynamics on the surgeon. In less
constrained environments, with more significant changes in the
end effector poses, the active optimization controller would be
expected to improve results over the fixed optimizations.

VI. CONCLUSION

This paper has presented a state-of-the-art, null-space based
mass and friction optimization technique to make the surgical
tool more natural to maneuver for the surgeon, in the context
of hands-on robotic surgery. Previously presented work on
optimizing the belted mass/inertia ellipsoid at the end effector
was reviewed and a method for optimizing the projection of
the frictional joint torques onto the end effector was developed.
These measures were optimized in the null-space of the
surgeon’s desired pose to ensure that the surgeon remains in
control of the procedure at all times. Simulations were pre-
sented demonstrating the effectiveness of these strategies over
the workspace of the robot and the small trade-off, in general,
for optimizing mass and friction simultaneously. Lastly, these

strategies were implemented on a lightweight seven degree-
of-freedom manipulator in user trials. The trials demonstrated
the effectiveness of these optimization strategies over standard
surgical control methodologies for redundancy by reducing the
required amount of work to move the tool, hence improving
the ease of use of the device in surgery. Future work will focus
on experimental validation of the frictional torque and inertia
optimizations, demonstrating the technique in more cluttered
environments through the incorporation of obstacle avoidance
strategies, and applying other hands-on control techniques,
such as active constraints [6], simultaneously with the opti-
mizations presented here. Additionally, this work has neglected
cross-term effects between the linear and angular portions of
the end effector’s mass matrix and projected friction which
should be addressed in future work.
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