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Abstract: The accurate reproduction of the hysteretic behaviour exhibited by soils under cyclic 

loading is a crucial aspect of dynamic finite element analyses and is typically described using the 

concept of damping ratio. In this paper, a general algorithm is presented for assessing the damping 

ratio simulated by any constitutive model based on the registered behaviour in three-dimensional 

stress-strain space. A cyclic nonlinear elastic model capable of accurately reproducing a wide range 

of features of soil behaviour, including the variation of damping ratio with deformation level, is 

chosen to illustrate the capabilities of the proposed algorithm. The constitutive model is described 

and subsequently employed in two sets of finite element analyses, one involving the dynamic 

response of a sand deposit subjected to different types of motion and another focussing on the 

simulation of a footing subjected to cyclic axial loading. The application of the presented algorithm 

provides insight into the processes through which energy is dissipated through hysteresis. 
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1. Introduction 

In nonlinear dynamic finite element analysis, the hysteresis exhibited by material behaviour is the 

main source of energy dissipation, meaning that its accurate simulation is one of the most important 

technical challenges that needs to be addressed. Moreover, knowledge of how this characteristic of 

soil response under cyclic loading develops during the analysis has the potential to provide valuable 

insight into the dynamic response of geotechnical structures. In general, this ability to dissipate 

energy has been described using the concept of damping ratio, evaluated from stress-strain loops 

measured in laboratory tests, which are often regular and characterised by one-dimensional 

conditions. 

In this paper, an approach similar to that often employed to describe the phenomenon of 

liquefaction under cyclic loading (e.g. [1-6]) is proposed to assess the damping ratio associated to 

irregular, three-dimensional stress-strain relationships, such as those typically observed when 

analysing soil-structure interaction problems involving multi-directional seismic motions. The 

devised algorithm relies solely on the analysis of the stress-strain history and is, therefore, applicable 

to analyses carried out using any constitutive model. For its validation, simulations of a soil deposit 
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under seismic loading, as well as of a footing subjected to cyclic axial loading, are carried out using a 

general cyclic nonlinear elastic constitutive model. This model allows the variation of damping ratio 

with deformation level to be directly specified, hence enabling the performance of the algorithm to 

be assessed as it provides a well-defined reference behaviour against which the outcome of the 

proposed methodology can be compared. 

 

2. Constitutive model 

In the present study, a cyclic nonlinear elastic constitutive model [7, 8], namely the Imperial College 

Generalised Small Strain Stiffness (IC.G3S) model, was used. This model is formulated in three-

dimensional stress-strain space and incorporates a wide range of features designed to allow both 

the accurate simulation of cyclic soil behaviour [9] and the analysis of static problems, often in 

conjunction with a plastic model [10, 11]. According to the cyclic nonlinear elasticity framework, the 

soil response is defined by two components: a base stress-strain relationship (also called “backbone 

curve”) and a set of rules establishing the unloading/reloading behaviour. The former aspect of the 

model defines how the material behaves during monotonic loading and can assume a variety of 

forms (e.g. [7, 12-14]). Typically, the latter component of this type of models ensures that cyclic soil 

response adheres to the two basic rules proposed by Masing [15], which state that (I) the material 

follows the chosen backbone curve during initial loading and (II) if a reversal in the loading direction 

occurs, the stress-strain behaviour of the material follows the backbone function translated to this 

point and scaled up by a factor, 𝑛, of 2. Although adequate to describe the behaviour of soils 

subjected to regular loading patterns, Pyke [8] demonstrated that the application of these rules to 

irregular cyclic loading could potentially result in undesirable behaviour being simulated and 

suggested the modification of the unloading/reloading rules by introducing the soil strength in the 

computation of the scaling factor 𝑛. This process effectively prevented some of the issues identified 

by Pyke [8], though the link between the stress-strain behaviour and the mobilised shear strength 

meant that a unique variation of stiffness with deformation level could no longer be ensured. As an 

alternative, additional unloading/reloading rules were proposed (e.g. [16]), whereby (III) if when 

unloading/reloading the strain value exceeds the maximum past strain level, the stress–strain curve 

follows the backbone function and (IV) if an unloading/reloading curve intersects an 

unloading/reloading curve from a previous cycle, the stress–strain curve of the material follows that 

of the previous cycle. Another limitation of the Masing rules concerns the fact that with a constant 

scaling factor 𝑛 = 2, the values obtained for the damping ratio, which quantifies the energy 

dissipated through hysteresis per each loading cycle, tend to be smaller than those measured in the 

laboratory experiments at small strain levels, while for large strains the opposite trend is observed 

and the models overestimate this property [17]. This may be partially mitigated by increasing either 

the nonlinearity of the backbone curve (e.g. [12, 13]) or by adopting a variable scaling factor, as 

demonstrated in Taborda and Zdravkovic [9]. 

In the case of the IC.G3S model (see Appendix A for the complete set of equations), rather than 

specifying an explicit stress-strain relationship, the adopted formulation establishes the variation of 

the tangent shear modulus of the material as a function of its stress and strain states: 



3 
 

𝐺𝑡𝑎𝑛 = 𝐺𝑚𝑎𝑥 ∙

(

 
 
𝑅𝐺,𝑚𝑖𝑛 +

1 − 𝑅𝐺,𝑚𝑖𝑛

1 + (
𝐸𝑑
∗

𝑛𝐺 ∙ 𝑎
)
𝑏

)

 
 

 (1) 

where 𝐺𝑚𝑎𝑥 is the shear modulus at very small strains; 𝑅𝐺,𝑚𝑖𝑛 is a parameter limiting the reduction 

in stiffness with the accumulated deviatoric strain (𝐸𝑑
∗) since the last shear reversal (see Appendix A 

for the a brief description of the process used to compute 𝐸𝑑
∗); 𝑎 and 𝑏 are degradation parameters 

which can be made to depend on the stress state and loading direction; 𝑛𝐺 is the scaling factor 

defining the unloading/reloading behaviour. The maximum shear modulus is determined using the 

expression proposed by Hardin and Black [18]: 

𝐺𝑚𝑎𝑥 = 𝐺0 ∙ 𝑓𝐺(𝑒) ∙ (
𝑝′

𝑝𝑟𝑒𝑓
′ )

𝑚𝐺

 (2) 

where 𝐺0 is a constant; 𝑓𝐺(𝑒) is a function which incorporates the influence of the void ratio, 𝑒; 𝑝′ is 

the mean effective stress; 𝑝𝑟𝑒𝑓
′  is a reference stress and 𝑚𝐺 is a parameter defining the nonlinearity 

of the dependence of 𝐺𝑚𝑎𝑥 on 𝑝′.  

With respect to the unloading/reloading behaviour, which is defined by factor 𝑛𝐺 in Eq. (1), the 

IC.G3S model allows the possibility of using either a constant value for 𝑛𝐺 (e.g. 1 if the stiffness 

reduction curve is to remain unchanged during the analysis, or 2 if the Masing rules are to be 

followed), or the nonlinear variation of 𝑛𝐺 with the deformation level 𝐸𝑑
∗  proposed by Taborda and 

Zdravkovic [9]: 

𝑛𝐺 = (𝑑𝐺,1 + 2)
𝐸𝑑
∗ ∙𝑑𝐺,2 ∙ (

(𝑑𝐺,3 + 1) ∙ 𝐸𝑑
∗

1 + (𝑑𝐺,3 + 1) ∙ 𝐸𝑑
∗
)

𝑑𝐺,4

 (3) 

where 𝑑𝐺,1, 𝑑𝐺,2, 𝑑𝐺,3 and 𝑑𝐺,4 are model parameters. It is important to note that, despite the 

substantial number of parameters required for the characterisation of the shear component of the 

model, most of these quantities have clear physical meaning and can be easily determined (see [11] 

for possible calibration strategies). Moreover, some of the features of the formulation, such as the 

void ratio and mean effective stress dependency of the maximum shear modulus and the effect of 

loading direction and mean effective stress on the degradation parameters 𝑎 and 𝑏, can be simply 

eliminated by adopting suitable model parameters. 

To complete the characterisation of the behaviour of an isotropic material, a second elastic constant 

is required. While in Geotechnical Earthquake Engineering a constant Poisson’s ratio, 𝜈, is often 

assumed, a nonlinear variation of bulk modulus with strain is typically employed when analysing 

static problems (e.g. [19, 20]). Therefore, to maximise its flexibility, the IC.G3S model allows either of 

these two scenarios to be adopted. If the former is chosen, the tangent bulk modulus can be 

determined using: 

𝐾𝑡𝑎𝑛 =
2 ∙ 𝐺𝑡𝑎𝑛 ∙ (1 + 𝜈)

3 ∙ (1 − 2 ∙ 𝜈)
 (4) 

meaning that the volumetric stiffness of the material is intrinsically related to the deviatoric strain 

level, 𝐸𝑑
∗ . Alternatively, a formulation for the calculation of the tangent bulk modulus similar to that 

described for the shear modulus can be selected, in which case the maximum bulk modulus, 𝐾𝑚𝑎𝑥, is 

determined using:   
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𝐾𝑚𝑎𝑥 = 𝐾0 ∙ 𝑓𝐾(𝑒) ∙ (
𝑝′

𝑝𝑟𝑒𝑓
′ )

𝑚𝐾

 (5) 

where 𝐾0 is a constant; 𝑓𝐾(𝑒) introduces the effect of void ratio; 𝑚𝐾 controls the nonlinearity of the 

dependence of 𝐾𝑚𝑎𝑥 on 𝑝′. Correspondingly, the tangent bulk modulus can be calculated based on 

the imposed volumetric strain since the last loading reversal, 𝜀𝑣𝑜𝑙
∗  (see Appendix A for a description 

of how this deformation level is computed): 

𝐾𝑡𝑎𝑛 = 𝐾𝑚𝑎𝑥 ∙

(

 𝑅𝐾,𝑚𝑖𝑛 +
1 − 𝑅𝐾,𝑚𝑖𝑛

1 + (
𝜀𝑣𝑜𝑙
∗

𝑛𝐾 ∙ 𝑟
)
𝑠

)

  (6) 

where 𝑅𝐾,𝑚𝑖𝑛 is a parameter defining the maximum reduction in bulk modulus; 𝑟 and 𝑠 are 

degradation parameters which can vary with mean effective stress and loading direction (see 

Appendix A); 𝑛𝐾 is a scaling factor defining the unloading/reloading behaviour. The latter can either 

be a constant, as previously discussed, or a function of the volumetric strain according to:  

𝑛𝐾 = (𝑑𝐾,1 + 2)
𝜀𝑣𝑜𝑙
∗ ∙𝑑𝐾,2 ∙ (

(𝑑𝐾,3 + 1) ∙ 𝜀𝑣𝑜𝑙
∗

1 + (𝑑𝐾,3 + 1) ∙ 𝜀𝑣𝑜𝑙
∗
)

𝑑𝐾,4

 (7) 

where 𝑑𝐾,1, 𝑑𝐾,2, 𝑑𝐾,3 and 𝑑𝐾,4 are model parameters. 

This class of constitutive models was originally developed as an efficient form of simulating two 

crucial aspects of dynamic soil behaviour: the variations with strain of the normalised secant shear 

modulus, 𝐺𝑠𝑒𝑐/𝐺𝑚𝑎𝑥, and damping ratio, 𝜉. The former, as shown in Fig. 1, can be determined by the 

slope of the line connecting the tips of a stress-strain loop described by the material during 

unloading and subsequent reloading. Conversely, the latter, which is a function of the area enclosed 

by the loop, is related to the amount of energy dissipated during cyclic loading and can be 

determined using [16]: 

𝜉 =
1

4 ∙ 𝜋
∙
𝐴𝑙𝑜𝑜𝑝

𝐴𝑒𝑙𝑎𝑠𝑡𝑖𝑐
 (8) 

where 𝐴𝑙𝑜𝑜𝑝 is the area enclosed by the stress-strain loop, which measures the energy dissipated 

during the considered loading cycle, and 𝐴𝑒𝑙𝑎𝑠𝑡𝑖𝑐 is the area of the shaded triangle, which 

corresponds to the maximum elastic energy stored during the cycle with respect to the undeformed 

state (𝜏 = 0, 𝛾 = 0). 
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Figure 1: Definition of secant shear stiffness and damping ratio based on a stress-strain loop. 

 

Clearly, as the IC.G3S model is formulated in terms of tangent shear modulus, assessing its ability to 

reproduce the abovementioned properties requires the model equations to be integrated for 

different cycles of constant strain amplitude. The calculated stress-strain loops can then be analysed 

and the values of the secant stiffness and damping ratio obtained for that deformation level can be 

evaluated. Moreover, such procedure needs to be carried out independently for the deviatoric and 

isotropic components of the model formulation, using shear strain-shear stress and volumetric 

strain-mean effective stress cycles, respectively. The outcome of such analyses is illustrated in Fig. 2 

using the model parameters listed in Table 1. Note that the parameters used to define the shear 

modulus were calibrated based on the damping ratio curve proposed by Vucetic and Dobry [21] for 

𝑃𝐼 of 0%, which is shown for comparison purposes. For simplicity, the parameters for the variation 

of the tangent bulk modulus with volumetric strain were assumed to be identical to those adopted 

for the deviatoric component of the model. As it can be seen in Fig. 2, since the calibration process 

focused on the variation of damping ratio with strain level established by Vucetic and Dobry [21], 

which the model reproduces accurately, the simulated normalised secant shear modulus reduction 

curve is gentler than that published in the literature.  
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Figure 2: Cyclic response simulated by the IC.G3S model – variations with deviatoric strain of (a) 

secant shear modulus and (b) damping ratio; variations with volumetric strain of (c) secant bulk 

modulus and (d) damping ratio. 
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Deviatoric component, 𝐺𝑡𝑎𝑛 

𝐺0 (MPa) (*) 𝑓𝐺(𝑒) (*) 𝑚𝐺  (*) 𝑎 𝑏 𝑅𝐺,𝑚𝑖𝑛 𝑑𝐺,1 𝑑𝐺,2 𝑑𝐺,3 𝑑𝐺,4 

60.0 1.0 0.0 1.124×10
-4

 1.02 0.00 99.46 0.249 6205.44 0.817 

Isotropic component, 𝐾𝑡𝑎𝑛 

𝐾0 (MPa) (*) 𝑓𝐾(𝑒) (*) 𝑚𝐾  (*) 𝑟 𝑠 𝑅𝐾,𝑚𝑖𝑛 𝑑𝐾,1 𝑑𝐾,2 𝑑𝐾,3 𝑑𝐾,4 

80.0 1.0 0.0 1.124×10
-4

 1.02 0.00 99.46 0.249 6205.44 0.817 

(*) these parameters do not affect the simulated normalised secant stiffness and damping ratio curves and are included 

here for reference. Note that the effect of mean effective stress and loading direction on 𝑎, 𝑏, 𝑟 and 𝑠 was disregarded by 

setting 𝐴𝑖, 𝐵, 𝑅𝑖 and 𝑆 to 1.0 (see Appendix A for the meaning of these parameters).  

Table 1: Adopted parameters in the simulation of the normalised secant stiffness reduction and 

damping ratio curves. 

 

3. Assessment of energy dissipated through hysteresis  

3.1 General formulation 

The damping ratio curves shown in Fig. 2 (b) and Fig. 2 (d) were obtained, as previously discussed, by 

generating stress-strain loops of a pre-defined strain amplitude, such as the one illustrated in Fig. 1, 

and analysing them using Equation 8. In the context of dynamic finite element analysis, however, it 

is unlikely that this procedure can be applied directly as perfectly closed stress-strain loops are 

generally not obtained due to the irregularity exhibited by seismic loading. To overcome this issue, 

[22] adopted an approach similar to that outlined in [3], suggesting that the abovementioned 

process should be employed in the analysis of each half of a loading cycle. According to this method, 

the stress-strain curve between two consecutive reversals in loading direction would be centred in 

the 𝜏 − 𝛾 space and subsequently mirrored to obtain a complete cycle, which would share the same 

characteristics in terms of secant stiffness and damping ratio as the original half cycle. Despite the 

ability of this algorithm to provide important insight into the energy being dissipated through 

hysteresis during the performed site response analyses (see [14] and [23] for more applications), it 

was clearly restricted to providing one value of damping ratio per half-cycle and, due to its reliance 

on 𝜏 − 𝛾 curves, one-dimensional loading (e.g. vertically propagating shear wave). In this paper, a 

general algorithm capable of overcoming these two limitations is presented. 
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Figure 3: (a) areas used in the evaluation of the damping ratio and (b) definition of accumulated 

energy and elastic energy based on a stress-strain curve. 

 

In Fig. 3(b), the stress-strain curve described in the 𝜏 − 𝛾 plane by the material between the last 

loading reversal and a given loading increment 𝑖 is shown. The energy accumulated during this 

stress-strain path, 𝐸𝑎𝑐𝑐,𝑖, can be calculated using: 

𝐸𝑎𝑐𝑐,𝑖 = ∫ (𝜏 − 𝜏𝑟𝑒𝑣) 𝑑𝛾
𝛾𝑖

𝛾𝑟𝑒𝑣

 (9) 

where 𝛾𝑟𝑒𝑣 and 𝜏𝑟𝑒𝑣 are the shear strain and shear stress at the last loading reversal, respectively, 

and 𝛾𝑖  is the current shear strain. Moreover, the elastic energy currently stored within the material, 

𝐸𝑒𝑙,𝑖 can be determined by: 

𝐸𝑒𝑙,𝑖 =
1

2
∙ (𝜏𝑖 − 𝜏𝑟𝑒𝑣) ∙ (𝛾𝑖 − 𝛾𝑟𝑒𝑣) (10) 

where 𝜏𝑖 is the current shear stress. To extend this algorithm for a hypothetical full cycle such as the 

one in Fig. 3(a), it is necessary to relate 𝐸𝑎𝑐𝑐 and 𝐸𝑒𝑙  to 𝐴𝑙𝑜𝑜𝑝 and 𝐴𝑒𝑙𝑎𝑠𝑡𝑖𝑐. Clearly, had the material 

unloaded from the current increment (𝛾𝑖, 𝜏𝑖) to the stress-strain state at the last known reversal 

(𝛾𝑟𝑒𝑣, 𝜏𝑟𝑒𝑣), the full loop would be centred at ((𝛾𝑖 + 𝛾𝑟𝑒𝑣) 2⁄ , (𝜏𝑖 + 𝜏𝑟𝑒𝑣) 2⁄ ) and would have an 

amplitude of (𝛾𝑖 − 𝛾𝑟𝑒𝑣) 2⁄ . Geometrically, it can be seen that the area enclosed by the loop would 

then be given by: 

𝐴𝑙𝑜𝑜𝑝 = 2 ∙ (𝐸𝑎𝑐𝑐,𝑖 − 𝐸𝑒𝑙,𝑖) (11) 

Moreover, in order to apply Eq. 8 to a hypothetical full loading/unloading loop, a relationship 

between the maximum elastic energy stored between two consecutive reversal points, 𝐸𝑒𝑙,𝑖, and the 

maximum elastic energy stored by the material with respect to the undeformed state (𝜏 = 0, 𝛾 = 0), 

𝐴𝑒𝑙𝑎𝑠𝑡𝑖𝑐, is needed. Indeed, by comparing Fig. 3(a) and 3(b), it can be seen that: 

𝐴𝑒𝑙𝑎𝑠𝑡𝑖𝑐 =
𝐸𝑒𝑙,𝑖
4

 (12) 
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with this relationship being illustrated in Fig. 3(a) by the geometric construction represented by the 

dashed lines. Substituting Eq. 11 and Eq. 12 into Eq. 8 leads to: 

𝜉𝑖 =
1

4 ∙ 𝜋
∙
2 ∙ (𝐸𝑎𝑐𝑐,𝑖 − 𝐸𝑒𝑙,𝑖)

𝐸𝑒𝑙,𝑖 4⁄
=
2 ∙ (𝐸𝑎𝑐𝑐,𝑖 − 𝐸𝑒𝑙,𝑖)

𝜋 ∙ 𝐸𝑒𝑙,𝑖
 (13) 

where 𝜉𝑖  is the damping ratio corresponding to the behaviour of the material between the last 

known loading reversal and the current loading increment. Therefore, rather than providing a single 

overall measure of dissipated energy for each half-loop as in the method proposed by [22], this 

procedure allows the estimation of the damping ratio for each of the loading increments composing 

such half-loop. As a result, a continuous variation of damping ratio with time can be evaluated for 

each Gauss point in a finite element mesh, providing valuable insight into which zones of the soil 

deposit are responsible for the majority of energy dissipation.  

In order to deal with multi-directional loading, the above algorithm needs to be generalised to take 

into account the six components required to describe the stress and strain states of the material, 

denoted by tensors {𝜎𝑗𝑘} and {𝜀𝑗𝑘}, respectively: 

{𝜎𝑗𝑘} = [

𝜎𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧
𝜏𝑥𝑦 𝜎𝑦 𝜏𝑦𝑧
𝜏𝑥𝑧 𝜏𝑦𝑧 𝜎𝑧

] (14) 

{𝜀𝑗𝑘} =

[
 
 
 
 
 𝜀𝑥

𝛾𝑥𝑦

2

𝛾𝑥𝑧
2

𝛾𝑥𝑦

2
𝜀𝑦

𝛾𝑦𝑧

2
𝛾𝑥𝑧
2

𝛾𝑦𝑧

2
𝜀𝑧 ]
 
 
 
 
 

 (15) 

In this case, the expression for the accumulated energy between a shearing reversal and the current 

increment, 𝐸𝑎𝑐𝑐,𝑖, can be generalised to: 

𝐸𝑎𝑐𝑐,𝑖 =∑∑[∫ (𝜎𝑗𝑘 − 𝜎𝑗𝑘,𝑟𝑒𝑣) 𝑑𝜀𝑗𝑘

𝜀𝑗𝑘,𝑖

𝜀𝑗𝑘,𝑟𝑒𝑣

]

3

𝑘=1

3

𝑗=1

 (16) 

Similarly, the corresponding elastic energy can be calculated using: 

𝐸𝑒𝑙,𝑖 =
1

2
∙∑∑[(𝜎𝑗𝑘,𝑖 − 𝜎𝑗𝑘,𝑟𝑒𝑣) ∙ (𝜀𝑗𝑘,𝑖 − 𝜀𝑗𝑘,𝑟𝑒𝑣)]

3

𝑘=1

3

𝑗=1

 (17) 

allowing the value of the damping ratio to be determined using Eq. 13.  

The implementation of the proposed method into a Finite Element code requires Eq. 16 to be 

written in incremental form, as the evaluation of the integral would entail the storage, for each 

Gauss point, of the complete stress-strain history between the last known reversal and the current 

increment, which is impractical. To overcome this obstacle, the accumulated energy at the end of 

the current increment, 𝐸𝑎𝑐𝑐,𝑖, must be calculated using:  

𝐸𝑎𝑐𝑐,𝑖 = 𝐸𝑎𝑐𝑐,𝑖−1 +∑∑[∫ (𝜎𝑗𝑘 − 𝜎𝑗𝑘,𝑟𝑒𝑣) 𝑑𝜀𝑗𝑘

𝜀𝑗𝑘,𝑖

𝜀𝑗𝑘,𝑖−1

]

3

𝑘=1

3

𝑗=1

 (18) 

which requires only the changes in stress and strain states during increment 𝑖 and the accumulated 

energy at the end of the previous increment, 𝐸𝑎𝑐𝑐,𝑖−1. The simplest way to evaluate the integral in 
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Eq. 18 is to employ the trapezoidal rule, which assumes that the stresses and strains vary linearly 

during the increment: 

𝐸𝑎𝑐𝑐,𝑖 = 𝐸𝑎𝑐𝑐,𝑖−1 +∑∑[
1

2
∙ ((𝜎𝑗𝑘,𝑖−1 − 𝜎𝑗𝑘,𝑟𝑒𝑣) + (𝜎𝑗𝑘,𝑖 − 𝜎𝑗𝑘,𝑟𝑒𝑣)) ∙ (𝜀𝑗𝑘,𝑖 − 𝜀𝑗𝑘,𝑖−1)]

3

𝑘=1

3

𝑗=1

 (19) 

Moreover, given that, at any stage of the analysis, the presented algorithm requires the knowledge 

of the current stress and strain states – {𝜎𝑗𝑘}𝑖
 and {𝜀𝑗𝑘}𝑖

, respectively –, as well as of the stress and 

strain states at the last known reversal – {𝜎𝑗𝑘}𝑟𝑒𝑣
 and {𝜀𝑗𝑘}𝑟𝑒𝑣

, respectively –, it is possible to use 

this information to evaluate the secant stiffness exhibited by the material between these two points 

of the stress-strain path. Indeed, the ability to monitor the spatial distribution of stiffness values and 

their evolution with time is of particular interest when employing complex elasto-plastic constitutive 

models, as in such case this aspect of soil behaviour is often not prescribed explicitly. Moreover, in 

dynamic finite element analysis, the stiffness of the material and its variation with strain level is an 

essential property, since it is directly related to the velocity at which waves propagate, influencing 

the overall dynamic response of the soil deposit. Based on the aforementioned information, the 

secant shear stiffness can be calculated using the second invariants of the tensors corresponding to 

the changes in stress and strain between the last known reversal and the current state: 

𝐺𝑠𝑒𝑐,𝑖 =
𝐽 ({𝜎𝑗𝑘}𝑖 − {𝜎𝑗𝑘}𝑟𝑒𝑣)

𝐸𝑑 ({𝜀𝑗𝑘}𝑖 − {𝜀𝑗𝑘}𝑟𝑒𝑣)
 (20) 

where for a given tensor the two invariants, 𝐽 and 𝐸𝑑, can be determined by [24]: 

𝐽({𝜎𝑗𝑘}) = (
1

6
∙ [(𝜎𝑥 − 𝜎𝑦)

2
+ (𝜎𝑦 − 𝜎𝑧)

2
+ (𝜎𝑧 − 𝜎𝑥)

2] + 𝜏𝑥𝑦
2 + 𝜏𝑦𝑧

2 + 𝜏𝑥𝑧
2 )

1
2

 (21) 

𝐸𝑑({𝜀𝑗𝑘}) = (
4

6
∙ [(𝜀𝑥 − 𝜀𝑦)

2
+ (𝜀𝑦 − 𝜀𝑧)

2
+ (𝜀𝑧 − 𝜀𝑥)

2] + 𝛾𝑥𝑦
2 + 𝛾𝑦𝑧

2 + 𝛾𝑥𝑧
2)

1
2

 (22) 

Similarly, the secant bulk stiffness can be established using the first invariants of the stress and strain 

tensors at the last known reversal and at the current state: 

𝐾𝑠𝑒𝑐,𝑖 =
𝑝𝑖
′ − 𝑝𝑟𝑒𝑣

′

𝜀𝑣𝑜𝑙,𝑖 − 𝜀𝑣𝑜𝑙,𝑟𝑒𝑣
 (23) 

where: 

𝑝𝑖
′ =

1

3
∙ (𝜎𝑥,𝑖 + 𝜎𝑦,𝑖 + 𝜎𝑧,𝑖) (24) 

𝑝𝑟𝑒𝑣
′ =

1

3
∙ (𝜎𝑥,𝑟𝑒𝑣 + 𝜎𝑦,𝑟𝑒𝑣 + 𝜎𝑧,𝑟𝑒𝑣) (25) 

𝜀𝑣𝑜𝑙,𝑖 = 𝜀𝑥,𝑖 + 𝜀𝑦,𝑖 + 𝜀𝑧,𝑖 (26) 

𝜀𝑣𝑜𝑙,𝑟𝑒𝑣 = 𝜀𝑥,𝑟𝑒𝑣 + 𝜀𝑦,𝑟𝑒𝑣 + 𝜀𝑧,𝑟𝑒𝑣 (27) 

It is important to note that, in all of the equations presented above, only the stress and strain 

histories of the material were used, without any assumptions regarding the constitutive relationship 

having been introduced. Consequently, the proposed formulation retains its generality and is clearly 

model-independent. 
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3.2 Formulation for independent cyclic mechanisms  

The expressions proposed in the previous section allow the quantification of energy dissipation 

through hysteresis by the material. However, given that with the IC.G3S model this type of response 

can be simulated by both the deviatoric and isotropic components of the formulation, the algorithm 

described above may be extended in order to allow the identification of the origin of energy 

dissipation. Rewriting the stress and strain tensor in terms of their deviatoric and isotropic 

components: 

{𝜎𝑗𝑘} = {𝑠𝑗𝑘} + 𝑝
′ ∙ 𝐼3 = [

𝜎𝑥 − 𝑝
′ 𝜏𝑥𝑦 𝜏𝑥𝑧

𝜏𝑥𝑦 𝜎𝑦 − 𝑝
′ 𝜏𝑦𝑧

𝜏𝑥𝑧 𝜏𝑦𝑧 𝜎𝑧 − 𝑝
′

] + [

𝑝′ 0 0

0 𝑝′ 0

0 0 𝑝′
] (28) 

{𝜀𝑗𝑘} = {𝑒𝑗𝑘} +
𝜀𝑣𝑜𝑙
3
∙ 𝐼3 =

[
 
 
 
 
 𝜀𝑥 −

𝜀𝑣𝑜𝑙
3

𝛾𝑥𝑦

2

𝛾𝑥𝑧
2

𝛾𝑥𝑦

2
𝜀𝑦 −

𝜀𝑣𝑜𝑙
3

𝛾𝑦𝑧

2
𝛾𝑥𝑧
2

𝛾𝑦𝑧

2
𝜀𝑧 −

𝜀𝑣𝑜𝑙
3 ]
 
 
 
 
 

+

[
 
 
 
 
 
𝜀𝑣𝑜𝑙
3

0 0

0
𝜀𝑣𝑜𝑙
3

0

0 0
𝜀𝑣𝑜𝑙
3 ]
 
 
 
 
 

 (29) 

Applying the previously described algorithm only to the deviatoric component of the stress-strain 

behaviour of the material, the expressions for calculating the accumulated energy, 𝐸𝑎𝑐𝑐,𝑖
𝑑𝑒𝑣 , and the 

elastic energy, 𝐸𝑒𝑙,𝑖
𝑑𝑒𝑣, become, respectively: 

𝐸𝑎𝑐𝑐,𝑖
𝑑𝑒𝑣 = 𝐸𝑎𝑐𝑐,𝑖−1

𝑑𝑒𝑣 +∑∑[
1

2
∙ ((𝑠𝑗𝑘,𝑖−1 − 𝑠𝑗𝑘,𝑟𝑒𝑣) + (𝑠𝑗𝑘,𝑖 − 𝑠𝑗𝑘,𝑟𝑒𝑣)) ∙ (𝑒𝑗𝑘,𝑖 − 𝑒𝑗𝑘,𝑖−1)]

3

𝑘=1

3

𝑗=1

 (30) 

𝐸𝑒𝑙,𝑖
𝑑𝑒𝑣 =

1

2
∙∑∑[(𝑠𝑗𝑘,𝑖 − 𝑠𝑗𝑘,𝑟𝑒𝑣) ∙ (𝑒𝑗𝑘,𝑖 − 𝑒𝑗𝑘,𝑟𝑒𝑣)]

3

𝑘=1

3

𝑗=1

 (31) 

enabling the determination of the damping ratio associated with this hysteretic mechanism: 

𝜉𝑖
𝑑𝑒𝑣 =

2 ∙ (𝐸𝑎𝑐𝑐,𝑖
𝑑𝑒𝑣 − 𝐸𝑒𝑙,𝑖

𝑑𝑒𝑣)

𝜋 ∙ 𝐸𝑒𝑙,𝑖
𝑑𝑒𝑣  (32) 

An identical procedure can be applied to the isotropic component of the stress-strain response, 

resulting in the following expressions for assessing the associated accumulated energy, 𝐸𝑎𝑐𝑐,𝑖
𝑖𝑠𝑜 , and 

elastic energy, 𝐸𝑒𝑙,𝑖
𝑖𝑠𝑜: 

𝐸𝑎𝑐𝑐,𝑖
𝑖𝑠𝑜 = 𝐸𝑎𝑐𝑐,𝑖−1

𝑖𝑠𝑜 +
1

2
∙ ((𝑝′𝑖−1 − 𝑝′𝑟𝑒𝑣) + (𝑝′𝑖 − 𝑝′𝑟𝑒𝑣)) ∙ (𝜀𝑣𝑜𝑙,𝑖 − 𝜀𝑣𝑜𝑙,𝑖−1) (33) 

𝐸𝑒𝑙,𝑖
𝑖𝑠𝑜 =

1

2
∙ (𝑝′𝑖 − 𝑝′𝑟𝑒𝑣) ∙ (𝜀𝑣𝑜𝑙,𝑖 − 𝜀𝑣𝑜𝑙,𝑟𝑒𝑣) (34) 

The damping ratio associated with the hysteretic response generated by the adopted formulation 

for the tangent bulk modulus can then be evaluated: 

𝜉𝑖
𝑖𝑠𝑜 =

2 ∙ (𝐸𝑎𝑐𝑐,𝑖
𝑖𝑠𝑜 − 𝐸𝑒𝑙,𝑖

𝑖𝑠𝑜)

𝜋 ∙ 𝐸𝑒𝑙,𝑖
𝑖𝑠𝑜

 (35) 

It is important to note that the use of these expressions requires the stress and strain states at 

loading reversals for the two components of the constitutive model – {𝑠𝑗𝑘}𝑟𝑒𝑣, 𝑝𝑟𝑒𝑣
′ , {𝑒𝑗𝑘}𝑟𝑒𝑣 and 
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𝜀𝑣𝑜𝑙,𝑟𝑒𝑣 – to be detected and stored independently as these can take place at different times of the 

analysis. With regard to the calculation of the stiffness values, the relationships expressed in Eqs. 20 

to 27 retain their validity when the two independent mechanisms are analysed. However, it should 

be noted that in the case of the deviatoric mechanism only the determination of the secant shear 

stiffness is meaningful, while for the isotropic mechanism only the secant bulk stiffness can be 

evaluated. 

 

3.3 Validation of proposed algorithm 

The algorithm described in the previous section was implemented into the Finite Element code 

𝐼𝐶𝐹𝐸𝑃 [24]. In order to validate its implementation, two separate single-element analyses using the 

material properties listed in Table 1 were carried out: in the first test, only shear stress, Δ𝜏𝑥𝑦, was 

applied to an 8-noded quadrilateral element in a plane strain analysis, whereas the second test 

consisted of an axisymmetric simulation of an 8-noded quadrilateral element subjected to isotropic 

loading (Δ𝜎𝑣
′ = Δ𝜎ℎ

′ ). The loading stages, despite being of fundamentally different nature, were 

similar in magnitude in the two tests, as described in Table 2, and were divided into a total of 400 

increments. Clearly, this selection of geometric idealisation and boundary conditions guaranteed 

that in each of the tests only one of the two model components – deviatoric or isotropic – was 

active, allowing Eqs. 32 and 35 to be validated independently. 

 

Test Initial stress 
Stage 0 

Initial loading 

Stage 1 
(A – A’) 

Stage 2 
(B – B’) 

Stage 3 
(C – C’) 

Stage 4 
(D – D’) 

Loading increments 

1 – 100 101 – 200 201 – 300 301 – 400 

Deviatoric 
(plane-strain) 

𝜎𝑣,0
′  = 100 kPa 

𝜎ℎ,0
′ = 100 kPa 

𝜏0 = 0 kPa 

Δ𝜏 = 100 kPa Δ𝜏 = -50 kPa Δ𝜏 = 100 kPa Δ𝜏 = -80 kPa Δ𝜏 = 40 kPa 

Isotropic 
(axisymmetric) 

𝜎𝑣,0
′  = 100 kPa 

𝜎ℎ,0
′ = 100 kPa 

𝜏0 = 0 kPa 

Δ𝜎𝑣
′  = 100 kPa 

Δ𝜎ℎ
′  = 100 kPa 

Δ𝜎𝑣
′  = -50 kPa 

Δ𝜎ℎ
′  = -50 kPa 

Δ𝜎𝑣
′  = 100 kPa 

Δ𝜎ℎ
′  = 100 kPa 

Δ𝜎𝑣
′  = -80 kPa 

Δ𝜎ℎ
′  = -80 kPa 

Δ𝜎𝑣
′  = 40 kPa 

Δ𝜎ℎ
′  = 40 kPa 

Table 2: Details of the two single-element tests carried out to validate the proposed algorithm. 

 

The results obtained for the first of the tests described above are presented in Fig. 4 in terms of 

shear stress-shear strain behaviour, evolution of the calculated damping ratio with loading 

increment number and inferred variation of damping ratio with deviatoric strain amplitude. Note 

that the initial loading stage (i.e. from the initial stress state to that labelled as A) is not shown in Fig. 

4 as during that part of the analysis the scaling factors 𝑛𝐺 and 𝑛𝐾  in Eqs. 1 and 4 are set to 1.0 and 

the simulated material response is, therefore, different from that illustrated in Fig. 2. As it can be 

seen in Fig. 4(b), the implemented algorithm yields a continuous assessment of the damping ratios 

corresponding to the two hysteretic mechanisms of the model – deviatoric and isotropic. Given the 



13 
 

characteristics of the applied loads, it is unsurprising that no energy is dissipated by the latter as the 

volumetric strain was kept at 0.0, while the damping ratio linked to the deviatoric mechanism is 

shown to increase steadily during the various loading stages. As expected, whenever a reversal in 

loading direction is detected, the calculated damping ratio drops to 0.0. In Fig. 4(c), the computed 

damping ratio is represented against the deviatoric strain amplitude (i.e. half of the change in strain 

between the current state and that at the last known reversal), revealing an excellent agreement 

with the prescribed response, shown in Fig. 2(b). 

Fig. 5 depicts the results of the simulated isotropic loading test in terms of volumetric strain-mean 

effective stress, variation of calculated damping ratio with increment number and the established 

relationship between damping ratio and volumetric strain amplitude. As expected, given that the 

applied loading pattern in both tests is identical in magnitude and that the model parameters for the 

deviatoric and isotropic mechanisms only differ in terms of maximum stiffness (Table 1), the 

obtained response is very similar to that observed in the previous test. Indeed, the main difference is 

visible in Fig. 5(b), where it can be seen that the isotropic mechanism is the only source of energy 

dissipation, with the calculated values of 𝜉𝑑𝑒𝑣 remaining at 0.0 throughout the analysis. Moreover, 

Fig. 5(c) demonstrates that the variation of damping ratio with deformation level inferred by the 

implemented algorithm from the stress-strain behaviour matches the expected cyclic response  

(Fig. 2(d)).  

Clearly, based on the results of both tests, it can be concluded that the proposed algorithm is 

capable of accurately evaluating the energy dissipated by either of the two components of the 

stress-strain response, thus validating the procedure followed in its formulation and implementation 

into 𝐼𝐶𝐹𝐸𝑃.  
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Figure 4: Validation of the algorithm for the deviatoric component of the model – (a) simulated 

strain-stress relationship, (b) variation of damping ratio with loading stage and (c) calculated 

damping ratio compared to prescribed behaviour. 
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Figure 5: Validation of the algorithm for the isotropic component of the model – (a) simulated 

strain-stress relationship, (b) variation of damping ratio with loading stage and (c) calculated 

damping ratio compared to prescribed behaviour. 

 

4. Application of the proposed algorithm to boundary value problems 

4.1 Wave propagation in soil deposits 

4.1.1 Details of the analyses 

In order to illustrate the performance of the implemented algorithm in the context of a boundary 

value problem, two additional analyses were carried out. In both cases, the dynamic response of a 

10 m-deep dry sand deposit subjected to a sinusoidal excitation with a constant frequency of 1 Hz 

and a varying amplitude (Eqs. 36 and 37) was investigated, with the only difference being the 

direction of shaking: in the first analysis horizontal acceleration was applied to the base of the mesh, 

while in the second one a vertical motion was simulated. The dynamic finite element analyses were 

performed with 𝐼𝐶𝐹𝐸𝑃, using the material properties listed in Table 1. A time-step Δ𝑡 = 0.005 s was 

chosen and the time integration was carried out with the Generalised-𝛼 method, which is 

unconditionally stable, with second order accuracy and controllable numerical damping [25]. The 

initial stress state was generated assuming a unit weight of 𝛾 = 18 kN/m3 and a 𝐾0 of 0.50, while the 

10 m soil column was discretised in a finite element mesh composed of 200×1 8-noded quadrilateral 

elements with dimensions 0.05 m × 0.05 m. As it is common in this type of problems, the element 
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size was chosen in order to guarantee that the full range of relevant wave lengths could be 

accurately simulated when taking into account the nonlinearity of the stiffness of the material [26, 

27]. 

𝑎(𝑡) = 𝐴(𝑡) ∙ sin(2𝜋 ∙ 𝑡)  𝑚/𝑠2 (36) 

𝐴(𝑡) =

{
 
 

 
 

𝑡

2
 , 0 ≤ 𝑡 < 4

2 , 4 ≤ 𝑡 < 8

2 −
𝑡 − 8

2
, 8 ≤ 𝑡 < 12

0, 12 ≤ 𝑡 ≤ 16

 (37) 

 

4.1.2 Soil column subjected to vertically propagating shear wave 

In the first analysis, a horizontal acceleration was prescribed at the base of the finite element mesh, 

with vertical displacements being restricted along its lateral boundaries. The applied motion is 

depicted in Fig. 6(a), together with the acceleration calculated at the surface. As it can be seen, the 

deposit amplified substantially the prescribed motion, with the peak ground acceleration being 

about 2.5 times larger at the surface than at a depth of 10 m. This combination of boundary 

conditions means that only shear is applied to the soil and, therefore, only the deviatoric component 

of the model will be engaged (i.e. the calculated volumetric strain should remain as 0.0 throughout 

the analysis). To illustrate the simulated hysteretic behaviour, the stress-strain loops in 𝜏𝑥𝑦 − 𝛾𝑥𝑦 

space registered at a Gauss point located in the middle of the deposit are depicted in Fig. 6(b). 

Clearly, the obtained cycles are characterised by a wide range of strain amplitudes, a consequence of 

the chosen input ground motion, which is characterised by a varying amplitude. 

 

 



17 
 

 

Figure 6: Deposit subjected to shear wave – (a) input motion and calculated response at the 

surface and (b) stress-strain curve at 5 m depth. 

 

The results of the algorithm proposed in the preceding sections for the selected Gauss point are 

summarised in Fig. 7. As expected from the characteristics of the analysed problem, Fig. 7(a) 

confirms that the only source of energy dissipation is the deviatoric component of the model, with 

the corresponding damping ratio increasing steadily during each cycle, being reset to 0.0 whenever a 

reversal in loading direction is detected. Moreover, during the constant-amplitude stage of the 

motion (i.e. between 𝑡 = 4 s and 𝑡 = 8 s), it can be seen that the simulated maximum damping ratio is 

approximately identical for each of the cycles. It is also interesting to note that the algorithm 

provides insight into the excellent ability of the model in introducing damping in the analysis even 

when the material is subjected to very small deformations. Indeed, once the application of the 

motion at the base of the mesh is stopped (i.e. for 𝑡 > 12 s), the implemented algorithm suggests 

that a damping ratio of about 3% is being simulated, which is consistent with the sharp reduction in 

acceleration amplitude observed at the surface after 12 s, visible in Fig. 6(a). The comparison 

between the specified behaviour and the inferred variation of damping ratio with deformation 

amplitude is illustrated in Fig. 7(b), where a very good agreement between the two sets of data is 

visible. Naturally, as there are no volumetric strains, only the response corresponding to the 

deviatoric component of the constitutive model is shown, with limited scatter appearing solely at 

very low deformation amplitudes, probably due to the higher relevance that possible inaccuracies in 

integration loops may have in the computation of the damping ratio. 
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Figure 7: Results of the proposed algorithm for a depth of 5 m – (a) variation of damping ratio with 

time and (b) comparison between prescribed and simulated damping ratio. 

 

4.1.3 Soil column subjected to vertically propagating compression wave 

The second dynamic analysis performed in this study involved the application to the base of the 

studied soil deposit of a vertical motion with the same characteristics of that employed in the 

previous case. In addition to the specified vertical acceleration, the horizontal displacement of the 

nodes along the sides of the mesh was restricted, ensuring one-dimensional conditions. In Fig. 8(a), 

the applied motion is shown together with the vertical acceleration observed at the surface, 

suggesting that only moderate amplification took place (a factor of about 1.25). Under the specified 

boundary conditions, the response of the soil can be fully characterised by the stress-strain 

behaviour in vertical stress-vertical strain space (i.e. 𝜎𝑣 − 𝜀𝑣), as represented in Fig. 8(b). Therefore, 

it is important to note that, unlike in the scenario analysed in the previous section, the application of 

a vertical motion leads to the engagement of both the deviatoric and isotropic components of the 

constitutive model. 
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Figure 8: Deposit subjected to compression wave – (a) input motion and calculated response at the 

surface and (b) vertical stress-vertical strain curve. 

As a consequence of the simultaneous use of the two hysteretic mechanisms, the proposed 

algorithm returned, as shown in Fig. 9(a), two variations in time of the associated damping ratio. 

Similar to the previously analysed case, the damping ratio increases steadily during each cycle, 

returning to 0.0 when a reversal in loading direction takes place. Moreover, given that the cyclic 

response of the model is, in this study, independent of the mechanism that originates the hysteresis 

(see Fig. 2), it is perhaps unsurprising that no particular difference can be identified between the two 

sets of results. To provide further validation of the method proposed herein, the total energy 

accumulated in each half loop by the two mechanisms (Eqs. 30 and 33) is compared in Fig. 9(b) to 

that obtained by considering that work is only performed by the vertical stress component and using 

the original one-dimensional form of the algorithm (Eq. 9). As it can be seen, each of the two sources 

of hysteresis contributes almost equally to the total accumulated energy, the value of which 

matches perfectly the outcome of the assessment based on the vertical component of the stress and 

strain states. However, despite the larger accumulated energy determined in the latter 

interpretation of the test, it should be noted that the corresponding damping ratio would assume 

the same values as those depicted in Fig. 8(a), since in its evaluation the accumulated energy is 

normalised by the elastic energy (Eq. 13). Lastly, as in the previous section, the inferred variations of 

damping ratio with deformation amplitude (Fig. 9(c)) – a term used in this case to encompass both 

deviatoric and volumetric strain amplitudes – agree very well with the specified behaviour (Fig. 2). 

This provides further evidence that the unloading/reloading rules devised by Taborda and Zdravkovic 

[9] successfully enable the simulation by the constitutive model of hysteretic damping under low 

strains. 
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Figure 9: Results of the proposed algorithm for a depth of 5 m – (a) variation of damping ratio with 

time, (b) variation of total accumulated energy with time and (c) comparison between prescribed 

and simulated damping ratio. 

This boundary value problem was also selected to illustrate the ability of the proposed methodology 

to characterise the modelled stiffness of the material detailed in Eqs. 20 to 27. Similar to the results 

obtained in the previous examples for the damping ratio, the algorithm yields continuous variations 
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of secant shear stiffness and secant bulk stiffness with time, which are shown in Fig. 10(a). As 

expected, whenever a reversal occurs, the stiffness values increase momentarily to their small-strain 

values – 𝐺0 = 60 MPa and 𝐾0 = 80 MPa (Table 1) –, reducing steadily as the deformation levels 

increase. Moreover, as illustrated in Fig. 10(b), the obtained variations of stiffness values with strain 

amplitude agree with the behaviour prescribed by the selected parameters (Fig. 2(a) and 2(c)), thus 

validating the proposed approach. 

 

 

Figure 10: Material stiffness for a depth of 5 m – (a) variation with time and (b) comparison 

between prescribed and simulated stiffness values. 

 

4.2 Footing subjected to cyclic axial load 

To illustrate further the applicability of the proposed algorithm, a finite element simulation of a 2 m-

wide strip footing resting on a dry sand deposit subjected to cyclic loading was carried out. For 

simplicity, the behaviour of the soil was reproduced using the cyclic nonlinear elastic model IC.G3S 

with the parameters listed in Table 1. A plane-strain analysis taking advantage of the symmetry of 
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the problem was carried out, with the initial stress state being established assuming a unit weight of 

𝛾 = 18 kN/m3 and a 𝐾0 of 0.50. The lateral boundaries were fixed in the horizontal direction, while all 

displacements were restricted at the base of the mesh. Moreover, to simulate a rigid footing, the 

degrees of freedom of the nodes at the surface were tied and a vertical point load applied at the axis 

of symmetry. As shown by the simulated load-displacement curve depicted in Fig. 11, the footing 

was initially loaded to 75 kN (point B) and was subsequently subjected to an unloading-reloading 

cycle, with the applied load being reduced to 25 kN (point C) and then increased to 75 kN (point E). 

 

Figure 11: Load-displacement curve obtained for the simulated footing. 

 

In Fig. 12, the contours of damping ratio simulated by the two hysteretic mechanisms of the model 

at two instants during the reloading stage – points D (F = 50 kN) and E (F = 75 kN) – are shown for 

the central part of the finite element mesh. As expected, the obtained values of damping ratio are 

larger in the areas of the soil deposit where deformation levels are higher, with the maximum values 

being registered close to the corner of the footing. Moreover, as the loading progresses from point D 

to point E and the strains within the soil increase, the zone of the deposit responsible for energy 

dissipation grows substantially in both depth and width, with values of damping ratio reaching 10 % 

around the base of the footing. Another aspect of the response of the simulated footing revealed by 

the proposed algorithm is the fact that the applied loading results mostly in shearing, rather than in 

changes in mean effective stress, as suggested by the higher values of damping ratio obtained for 

the deviatoric mechanism. Lastly, the implemented algorithm allows other information to be 

retrieved, not shown here for brevity, like profiles of damping ratio and stiffness values along given 

directions or variations of these quantities with loading increment. 
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Figure 12: Determined damping ratio during the reloading of the footing – (a) deviatoric and (b) 

isotropic mechanisms for an axial force of 50 kN; (c) deviatoric and (d) isotropic mechanisms for an 

axial force of 75 kN. 

 

5. Conclusions 

A procedure to assess the energy being dissipated by soil due to hysteretic behaviour during finite 

element analyses was established by generalising to three-dimensional stress-strain space the 

integration procedure usually followed under one-dimensional loading conditions. The proposed 

algorithm is therefore model-independent and applicable to any stress-strain path described by the 

behaviour of the material, enabling the assessment of the corresponding value of damping ratio. 

This generalisation was further extended by enabling the evaluation of the simulated secant shear 

stiffness and by allowing two hysteretic mechanisms of energy dissipation to be independently 

assessed: one related to the deviatoric response of the material and another connected to its 
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isotropic behaviour. This distinction is particularly convenient when the formulation of the employed 

constitutive model addresses these two aspects of the mechanical response separately. 

To characterise the performance of the proposed algorithm in the context of boundary value 

problems, finite element analyses of a sand deposit subjected to seismic loading and of a cyclically 

loaded footing were performed using the cyclic nonlinear elastic model IC.G3S [9, 11], 

comprehensively described in this paper. This framework was chosen as it enables the variation of 

damping ratio with deformation level to be clearly prescribed by selecting appropriate expressions 

for the material’s stiffness and for the rules governing its unloading/reloading behaviour.  

In the first set of analyses, the response of a sand deposit subjected to vertically propagating shear 

and compression waves was studied. This one-dimensional problem enabled the validation of the 

implementation of the proposed algorithm into the finite element code 𝐼𝐶𝐹𝐸𝑃 by comparing the 

damping ratio inferred from the stress-strain response with the specified curves. Indeed, in the 

deposit subjected to a shear wave, the application of the proposed method revealed that all of the 

energy dissipation was taking place, as expected, through hysteresis simulated by the deviatoric part 

of the model. Conversely, when a vertical motion was applied to the soil column, the solicitation 

applied to the material caused both shearing and variations of volume, meaning that both isotropic 

and deviatoric components of the model contributed to the dissipation of energy.  

The potential and capabilities of the proposed algorithm were further investigated by performing a 

finite element analysis of a cyclically loaded strip footing resting on a sand deposit. The contours of 

damping ratio corresponding to the two different hysteretic mechanisms of the constitutive model 

at different instants of this two-dimensional analysis provided insight into the extent of the zone of 

the soil deposit contributing to the dissipation of energy. Moreover, this example confirms the 

ability of the algorithm to efficiently deal with the general loading conditions observed within the 

deposit. 

The formulated algorithm, through its implementation in a finite element code, provides important 

insight into the origin of energy dissipation, as well as its temporal and spatial variation within a 

given boundary value problem. Moreover, when constitutive models which do not allow for the 

damping ratio curve to be prescribed are used, such as those based on bounding surface plasticity, 

(e.g. [28, 29]), the application of the proposed algorithm allows this aspect of the modelled soil 

response to be inferred from the exhibited stress-strain response. However, it should be noted that 

other sources of energy dissipation, such as Rayleigh damping (e.g. [27]), numerical damping 

introduced by the time-integration algorithm (e.g. [25]) or viscous damping due to solid-fluid 

interaction in saturated porous media (e.g. [30]), are not considered by the presented method. 
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Appendix A – Formulation of the IC.G3S Model 

A.1 Maximum stiffness 

The maximum shear stiffness of the material can be evaluated using: 

𝐺𝑚𝑎𝑥 = 𝐺0 ∙ 𝑓𝐺(𝑒) ∙ (
𝑝′

𝑝𝑟𝑒𝑓
′ )

𝑚𝐺

 (A.1) 

where 𝐺0, 𝑚𝐺 and 𝑝𝑟𝑒𝑓
′  are parameters, 𝑝′ is the mean effective stress and 𝑓𝐺(𝑒) is a function 

introducing the effect of void ratio which can assume any of the following forms: 

𝑓𝐺(𝑒) = 1 No effect (A.2) 

𝑓𝐺(𝑒) =
1

0.3 + 0.7𝑒2
 Hardin [31] (A.3) 

𝑓𝐺(𝑒) =
(𝑓𝑒,𝐺 − 𝑒)

2

1 + 𝑒
 Hardin and Richart [32] (A.4) 

𝑓𝐺(𝑒) = 𝑒
−𝑓𝑒,𝐺 Lo Presti, Pallara [33] (A.5) 

𝑓𝐺(𝑒) = (1 + 𝑒)
𝑓𝑒,𝐺   (A.6) 

where 𝑓𝑒,𝐺 is an additional parameter. 

Unless a constant Poisson’s ratio, 𝜈, is assumed, the maximum bulk stiffness can be calculated based 

on: 

𝐾𝑚𝑎𝑥 = 𝐾0 ∙ 𝑓𝐾(𝑒) ∙ (
𝑝′

𝑝𝑟𝑒𝑓
′ )

𝑚𝐾

 (A.7) 

Where 𝐾0 and 𝑚𝐾 are model parameters. The function 𝑓𝐾(𝑒) can be defined by any of the forms 

listed above, using an additional parameter 𝑓𝑒,𝐾. 

 

A.2 Variation of stiffness with deformation level 

The tangent shear modulus depends on the current deviatoric strain level, 𝐸𝑑
∗ , according to: 

𝐺𝑡𝑎𝑛 = 𝐺𝑚𝑎𝑥 ∙

(

 
 
𝑅𝐺,𝑚𝑖𝑛 +

1 − 𝑅𝐺,𝑚𝑖𝑛

1 + (
𝐸𝑑
∗

𝑛𝐺 ∙ 𝑎
)
𝑏

)

 
 

 (A.8) 

where 𝑎, 𝑏 and 𝑅𝐺,𝑚𝑖𝑛 are parameters and 𝑛𝐺 is the scaling factor. The latter assumes the value of 

1.0 during initial loading, switching, upon detection of a reversal in shearing direction, either to a 
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specified constant value, or to that established by the scaling function proposed by Taborda and 

Zdravkovic [9]: 

𝑛𝐺 = (𝑑𝐺,1 + 2)
𝐸𝑑
∗ ∙𝑑𝐺,2

∙ (
(𝑑𝐺,3 + 1) ∙ 𝐸𝑑

∗

1 + (𝑑𝐺,3 + 1) ∙ 𝐸𝑑
∗
)

𝑑𝐺,4

 (A.9) 

where 𝑑𝐺,1, 𝑑𝐺,2, 𝑑𝐺,3 and 𝑑𝐺,4 are parameters. 

The tangent bulk modulus can be calculated based on the volumetric strain level, 𝜀𝑣𝑜𝑙
∗ , using: 

𝐾𝑡𝑎𝑛 = 𝐾𝑚𝑎𝑥 ∙

(

 𝑅𝐾,𝑚𝑖𝑛 +
1 − 𝑅𝐾,𝑚𝑖𝑛

1 + (
𝜀𝑣𝑜𝑙
∗

𝑛𝐾 ∙ 𝑟
)
𝑠

)

  (A.10) 

where 𝑟, 𝑠 and 𝑅𝐾,𝑚𝑖𝑛 are parameters and 𝑛𝐾 is the scaling factor for the bulk modulus. As 

described for 𝑛𝐺, this factor is initialised as 1.0 and, upon detection of a volumetric strain reversal, 

its value changes either to a pre-determined constant value, or is defined by the nonlinear function: 

𝑛𝐾 = (𝑑𝐾,1 + 2)
𝜀𝑣𝑜𝑙
∗ ∙𝑑𝐾,2 ∙ (

(𝑑𝐾,3 + 1) ∙ 𝜀𝑣𝑜𝑙
∗

1 + (𝑑𝐾,3 + 1) ∙ 𝜀𝑣𝑜𝑙
∗
)

𝑑𝐾,4

 (A.11) 

where 𝑑𝐾,1, 𝑑𝐾,2, 𝑑𝐾,3 and 𝑑𝐾,4 are parameters. 

 

A.3 Effect of mean effective stress and current loading direction 

The shear stiffness degradation parameter 𝑎 can be expressed as a function of mean effective stress, 

as suggested by Darendeli [34], and current loading direction: 

𝑎 = 𝑖𝑎(𝜃𝑙) ∙ (𝑎0 + 𝑎1 ∙ (
𝑝′

𝑝𝑟𝑒𝑓
′ )

𝑎2

) (A.12) 

where 𝑎0, 𝑎1 and 𝑎2 are parameters and 𝑖𝑎(𝜃𝑙) is a simple parabolic interpolation function based on 

the Lode’s angle, 𝜃𝑙: 

𝑖𝑎(𝜃𝑙) =
18

𝜋2
∙ (𝐴2 − 2 ∙ 𝐴1 + 1) ∙ 𝜃𝑙

2 +
3

𝜋
∙ (𝐴2 − 1) ∙ 𝜃𝑙 + 𝐴1 (A.13) 

where 𝐴1 and 𝐴2 are the ratios: 

𝐴1 =
𝑎𝜃𝑙=0.0

𝑎
𝜃𝑙=−

𝜋
6

 (A.14) 

𝐴2 =
𝑎
𝜃𝑙=

𝜋
6

𝑎
𝜃𝑙=−

𝜋
6

 (A.15) 
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Note that the Lode’s angle, 𝜃𝑙, is evaluated from the difference between the current stress state, 𝜎𝑖, 

and the stress state at the last known deviatoric reversal, 𝜎𝑟𝑒𝑣. 

The parameter controlling the nonlinearity of the reduction of shear stiffness with deformation level, 

𝑏, can also be varied according to the current loading direction: 

𝑏 = 𝑖𝑏(𝜃𝑙) ∙ 𝑏0 (A.16) 

where 𝑏0 is a parameter and 𝑖𝑏(𝜃𝑙) is an interpolation function with a form similar to that used for 

parameter 𝑎: 

𝑖𝑏(𝜃𝑙) =
18

𝜋2
∙ (𝐵2 − 2 ∙ 𝐵1 + 1) ∙ 𝜃𝑙

2 +
3

𝜋
∙ (𝐵2 − 1) ∙ 𝜃𝑙 +𝐵1 (A.17) 

where 𝐵1 and 𝐵2 are the ratios: 

𝐵1 =
𝑏𝜃𝑙=0.0

𝑏
𝜃𝑙=−

𝜋
6

 (A.18) 

𝐵2 =
𝑏
𝜃𝑙=

𝜋
6

𝑏
𝜃𝑙=−

𝜋
6

 (A.19) 

Parameter 𝑟, which controls the rate of degradation of bulk modulus with volumetric deformation 

level, can be determined using: 

𝑟 = 𝑖𝑟(Δ𝑝′) ∙ (𝑟0 + 𝑟1 ∙ (
𝑝′

𝑝𝑟𝑒𝑓
′ )

𝑟2

) (A.20) 

where 𝑟0, 𝑟1 and 𝑟2 are parameters and 𝑖𝑟(Δ𝑝
′) is a function of the change in mean effective stress 

since the last known isotropic loading reversal (i.e. Δ𝑝′ = 𝑝𝑖 − 𝑝𝑟𝑒𝑣
′ , where 𝑝𝑖

′ is the current mean 

effectives stress and 𝑝𝑟𝑒𝑣
′  is the values of mean effective stress at the last known reversal): 

𝑖𝑟(Δ𝑝′) = {
1, Δ𝑝′ ≥ 0

𝑅1, Δ𝑝′ < 0
 (A.21) 

where 𝑅1 is a parameter. In a similar way, the effect of isotropic loading direction can be introduced 

in the calculation of 𝑠, which controls the nonlinearity of the bulk modulus variation: 

𝑠 = 𝑖𝑠(Δ𝑝′) ∙ 𝑠0 (A.22) 

with 𝑖𝑠(Δ𝑝
′) assuming the form: 

𝑖𝑠(Δ𝑝′) = {
1, Δ𝑝′ ≥ 0

𝑆1, Δ𝑝′ < 0
 (A.23) 

where 𝑆1 is a parameter.  

Lastly, in order to enable the correct simulation of the impact of mean effective stress on the 

variation of damping ratio with deformation level, parameters 𝑑1,𝐺 and 𝑑1,𝐾 can be expressed as: 
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𝑑1,𝐺 = 𝑑1,𝐺
′ + 𝑑1,𝐺

′′ ∙ ln (
𝑝′

𝑝𝑟𝑒𝑓
′ ) (A.24) 

𝑑1,𝐾 = 𝑑1,𝐾
′ + 𝑑1,𝐾

′′ ∙ ln (
𝑝′

𝑝𝑟𝑒𝑓
′ ) (A.25) 

where 𝑑1,𝐺
′ , 𝑑1,𝐺

′′ , 𝑑1,𝐾
′  and 𝑑1,𝐾

′′  are parameters. 

 

A.4 Calculation of deformation level 

Based on a given strain state, 𝜀𝑖, the volumetric and deviatoric strains, denoted by 𝜀𝑣𝑜𝑙  and 𝐸𝑑, 

respectively, can be evaluated using: 

𝜀𝑣𝑜𝑙(𝜀𝑖) = 𝜀𝑥 + 𝜀𝑦 + 𝜀𝑧 (A.26) 

𝐸𝑑(𝜀𝑖) = (
4

6
∙ [(𝜀𝑥 − 𝜀𝑦)

2
+ (𝜀𝑦 − 𝜀𝑧)

2
+ (𝜀𝑧 − 𝜀𝑥)

2] + 𝛾𝑥𝑦
2 + 𝛾𝑥𝑧

2 + 𝛾𝑦𝑧
2 )

1
2

 (A.27) 

An isotropic loading reversal is assumed to have taken place if the condition: 

|𝜀𝑣𝑜𝑙(𝜀𝑖+1 − 𝜀𝑟𝑒𝑣)| < |𝜀𝑣𝑜𝑙(𝜀𝑖 − 𝜀𝑟𝑒𝑣)| (A.28) 

is observed during a strain step Δ𝜀 = 𝜀𝑖+1 − 𝜀𝑖, where 𝜀𝑟𝑒𝑣 is the strain state at the last known 

reversal. Similarly, a deviatoric loading reversal is identified by verifying: 

𝐸𝑑(𝜀𝑖+1 − 𝜀𝑟𝑒𝑣) < 𝐸𝑑(𝜀𝑖 − 𝜀𝑟𝑒𝑣) (A.29) 

over a given strain step. Clearly, when the bulk modulus is described by the proposed equations (i.e. 

when a constant Poisson’s ratio is not assumed) the two types of reversal may not occur at the same 

point of the strain path described by the material, meaning that two different strain states at last 

reversal, 𝜀𝑟𝑒𝑣, need to be stored and used independently in Eqs. A.28 and A.29. 

The two deformation levels on which the shear and bulk moduli depend, 𝐸𝑑
∗  and 𝜀𝑣𝑜𝑙

∗ , respectively, 

can be determined using: 

𝜀𝑣𝑜𝑙,𝑖+1
∗ = 𝜀𝑣𝑜𝑙,𝑖

∗ + |𝜀𝑣𝑜𝑙(𝜀𝑖+1 − 𝜀𝑖)| (A.30) 

𝐸𝑑,𝑖+1
∗ = 𝐸𝑑,𝑖

∗ + 𝐸𝑑(𝜀𝑖+1 − 𝜀𝑖) (A.31) 

As discussed by [11], in addition to the cyclic mode described above, the IC.G3S model is capable of 

interpreting a given strain path using two distinct methods: continuous degradation and current 

strain. In the former, the deformation levels are calculated using Eqs. A.30 and A.31, but the strain 

path is not checked for reversals (i.e. Eqs. A.28 and A.29 are deactivated), meaning that the stiffness 

is always reducing during the analysis. Conversely, in the current strain mode, the deformation levels 

are determined using: 

𝜀𝑣𝑜𝑙,𝑖+1
∗ = |𝜀𝑣𝑜𝑙(𝜀𝑖+1 − 𝜀0)| (A.30) 
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𝐸𝑑,𝑖+1
∗ = 𝐸𝑑(𝜀𝑖+1 − 𝜀0) (A.31) 

where 𝜀0 is the strain state at the beginning of the analysis. Clearly, this form of interpreting the 

strain path implies that the stiffness of the material may increase during the analysis, should a given 

strain step bring the strain state closer to that at the start of the calculation. 

 

A.5 Summary of parameters 

The parameters required by the full set of equations for the IC.G3S model are listed in Table A.1. As 

expected, the flexibility of the formulation led to the introduction of a large number of parameters, 

although it should be noted that all the less common features of the model can be deactivated by 

choosing appropriate values for the respective parameters. Moreover, given the clear meaning of 

each of the parameters, the calibration of the model can be carried out using a straightforward 

procedure. 

 

Shear modulus Bulk modulus Meaning 

General parameters 

𝑝𝑟𝑒𝑓
′  Reference pressure 

𝜈 Poisson’s ratio (if bulk stiffness is not prescribed) 

Maximum stiffness  

𝐺0 𝐾0 Magnitude of maximum stiffness 

𝑚𝐺  𝑚𝐾  Nonlinearity of variation with 𝑝′ 

𝑓𝑒,𝐺  𝑓𝑒,𝐾  Parameter for the function defining effect of void ratio 

Stiffness variation with deformation level 

𝑎0 𝑟0 Basic degradation parameter 

𝑎1 𝑟1 
Effect of 𝑝′ on degradation parameter 

𝑎2 𝑟2 

𝐴1 
𝑅1 Effect of loading direction on degradation parameter 

𝐴2 

𝑏0 𝑠0 Basic nonlinearity parameter 

𝐵1 
𝑆1 Effect of loading direction on nonlinearity parameter 

𝐵2 

Unloading/reloading rules 

𝑛𝐺  𝑛𝐾 Constant scaling factor 

𝑑1,𝐺
′  𝑑1,𝐾

′  

Parameters for the nonlinear expression proposed by Taborda and 
Zdravkovic [9]  

𝑑1,𝐺
′′  𝑑1,𝐾

′′  

𝑑2,𝐺  𝑑2,𝐾  

𝑑3,𝐺  𝑑3,𝐾  

𝑑4,𝐺  𝑑4,𝐾  

Table A.1: Summary of parameters required by the IC.G3S Model 

 


