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Abstract

We study the geometry of unitary Shimura varieties without assuming the existence of an
ordinary locus. We prove, by a simple argument, the existence of canonical subgroups on
a strict neighborhood of the p-ordinary locus (with an explicit bound). We then define the
overconvergent modular forms (of classical weight), as well as the relevant Hecke operators.
Finally, we show how an analytic continuation argument can be adapted to this case to prove
a classicality theorem, namely that an overconvergent modular form which is an eigenform for
the Hecke operators is classical under certain assumptions.
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Introduction

A modular form is defined as a global section of a certain sheaf on the modular curve. To
study congruences between modular forms, one is led to introducing new objects, namely p-adic
and overconvergent modular forms. These are sections of a sheaf respectively on the ordinary locus
of the modular curve, and on a strict neighborhood of the ordinary locus. A lot of work has been
done using these objects, one can for example construct families of overconvergent modular forms.

It is possible to generalize the definition of p-adic and overconvergent modular forms to other
varieties. One can for example consider the Hilbert modular variety, or the Siegel variety. The
natural definition for an overconvergent modular form is a section of a certain sheaf on a strict
neighborhood of the ordinary locus. In greater generality, one can consider Shimura varieties with
a non-empty ordinary locus.

But for Shimura varieties without ordinary locus, this definition fails. Recall that for Shimura
varieties of PEL type, the criterion for the existence of an ordinary locus at p is that p splits com-
pletely in its reflex field. For Shimura varieties of PEL type (C) (associated to symplectic group),
the reflex field is Q, so there is always an ordinary locus. But if one considers Shimura varieties of
type (A) (associated to unitary groups), then the reflex field may not be Q and the ordinary locus
may be empty.

Let us look at an example. Let F' be a CM field with totally real subfield Fj, and consider the
special fiber of the Shimura variety associated to an unitary group with signature (a,,b,) at each
real place o of Fyy. Suppose for simplicity that p is a prime number inert in F, and which splits in
7T7~ in F. The choice of 7% gives an order for the elements of the couple (ae,by) for each real
place o of Fyy. The existence of the ordinary locus at p is then equivalent to the fact that there exist
integers a and b such that a, = a and b, = b for each real place o. The structure of the p-torsion of
the abelian variety is then well known on the ordinary locus. In our setting, the p-divisible group
A[p*>] splits in A[(7T)>|@ A[(7~)*°], and A[(7~)>°] is the dual of A[(7")>°]. On the ordinary locus,
the p-divisible group A[(7)*] is an extension of a multiplicative part of height da, and an étale
part of height db (d is the degree of Fy over Q). In particular, there exists a multiplicative subgroup
H, C A[r*] of height da. Actually, this property characterizes the ordinary locus : if there exists
a multiplicative subgroup H, of height ha, then the abelian variety is ordinary at p. On the rigid
space associated to the Shimura variety (i.e. the generic fiber of its formal completion along its
special fiber), then one can define the ordinary locus. There is still a multiplicative subgroup of



A[rt] of height da on this locus, and work of Fargues ([Fa2]) shows that this subgroup extends to
a canonical subgroup on a strict neighborhood of the ordinary locus.

If the (a,) are not equal to a certain integer a, then the ordinary locus is empty. There is

always a special locus in the special fiber of the Shimura variety, called the p-ordinary locus, but
the situation is more involved. Suppose we are in the same setting as before, and let us order the
elements a1 < as < --- < agq. Then the p-ordinary locus is characterized by the fact that the
p-divisible group A[(71)>°] is an extension has a filtration 0 C X; C X5 C --- C Xgq1 = A[(x )],
such that X;.1/X; is a p-divisible group of height d(a;;1 — a;) with its structure explicitly described
(by convention we set ag = 0 and a4+1 = aq+bg). The fact that A is p-ordinary is then also equiv-
alent to the existence of subgroups 0 C H,, C ...H,, C A[r"], with H,, of height da;, and the
structure of H,,,, /H,, explicitly described.
If one looks at the rigid space of the Shimura variety, then one can define the p-ordinary locus.
There are several canonical subgroups in A[r™] on this locus. We lack a good theory for these
canonical subgroups, which should be analogous to the one dealt by Fargues in [Fa2]. However, by
simple arguments, one can prove the following fact.

Theorem. On a strict neighborhood of the p-ordinary locus, there exist canonical subgroups H,, C
-+ C H,, in AlrT]. These subgroups are characterized by the fact their degree (in the sense of [Fd)])
is mazximal among the subgroups of the same height of Alrx™].

The proof is actually very simple : let us consider Xy, the variety with Iwahori level at p, and
denote f : X, — X the projection. The p-ordinary locus is the image by f of the locus where
the subgroups H,, are of maximal degree. Let 0 < £ < 1/2, and consider the locus in X, where
the degree of H,, is bigger than the maximal degree minus €. The image by f of this locus is a
strict neighborhood of the p-ordinary locus. The existence of canonical subgroups follows from the
definition. Their uniqueness is a simple computation using the properties of the degree function

(see the proposition [[24]).

If we consider the space Xr,, then one can call the locus where the degree of each H,, is
maximal the p-ordinary-multiplicative locus. It then makes sense to define an overconvergent mod-
ular form as the section of a certain sheaf on a strict neighborhood of the p-ordinary-multiplicative
locus.

The Hecke algebra at p acts both on the rigid space and on the space of modular forms. In the case
of existence of the ordinary locus, there is one relevant Hecke operator, parametrizing complements
of the canonical subgroup. In the general case, there will be as many relevant Hecke operators as
the number of canonical subgroups. We will denote by U, o, these Hecke operators. One can show
that these operators increase the degrees of all the subgroups of A[n"], then act on the space of
overconvergent modular forms.

We can now state the main result of the paper, mainly that an overconvergent modular form, which
is an eigenform for the Hecke operaotrs U, ,, can be analytically continued to the whole variety
under a certain assumption, and thus is classical. Let s be a weight ; explicitly, it is a collection
of integers (Hi,l > 0 2 Kiag /\i,a >> )\i,bi)lgigd- Let S = {al, . ,ad} n [l,ad + by — 1] The
cardinality of S is exactly the number of canonical subgroups. Let us note ¥; = {j,a; = a;} for all
i.

Theorem (Theorem BIT). Let f be an overconvergent modular form of weight k. Suppose that f
is an eigenform for the Hecke operators Uy 4., with eigenvalue o for a; € S, and that we have the



relations
n; +v(a;) < jienxfi(ﬁj,aj + Ajby)

Then f is classical.

Here n; is a constant depending on the variety. It actually comes from the normalization factor
of the Hecke operator U, 4,. This theorem is a classicality result, analogous to the one proved by
Coleman ([Cq]) in the case of the modular curve. Actually, this result has been also proven by Buz-
zard ([Bul) and Kassaei ([Ka]) using an analytic continuation method, from which we inspire here.
Note that there has been extensive work for the classicality problem in the case of the existence
of ordinary locus. We can cite the work of Sasaki ([Sa]), Johansson ([Jo]), Tian et Xiao ([T=X])
and Pilloni and Stroh ([P=S]) in the case of Hilbert varieties, and the work of the author ([Bil]) for
more general PEL Shimura varieties (one can also cite the thesis of the author [Bi2] for Shimura
varieties with ramification).

In this introduction, we have assumed that p is inert in Fy and splits in F'. The group associated
to the Shimura variety is then a linear group at p. If p is inert in F', then the group is an unitary
group at p. Everything we have said adapts to that context : the desciption of the p-ordinary locus,
the existence of the canonical subgroups, and the analytic continuation theorem. Note that the
geometry is more involved in that case : for example, to define Hecke operators, one has to deal
with subgroups of A[p?].

Of course, the assumption that p is inert in Fj is for simplicity, so what we have said can be for-
mulated for any prime p unramified in F'. In the redaction of the paper, we have tried to formulate
propositions valid both in the linear and unitary case as much as possible, but of course we often
had to treat separately the proofs.

Let us now talk briefly about the text. In the first part, we introduce the varieties we are
dealing with, define the p-ordinary locus and study the canonical subgroups. In the section 2 we
define the classical and overconvergent modular, as well as the Hecke operators. In the third part,
we prove the analytic continuation result. For simplicity, we have suppose that the prime p is inert
in the sections 2 and 3, and the section 4 shortly shows how to handle the general case.

The author would like to thank Benoit Stroh, Valentin Hernandez and Vincent Pilloni for
helpful discussions.

1 Shimura varieties of type (A)

1.1 The moduli space
1.1.1 Shimura datum

We will introduce the objects needed to define the Shimura variety of unitary type we will work
with. We refer to [Kd| for more details.

Let Fy be a totally real field of degree d, and F' a C'M-extension of Fy. Let (Ug,(,)) be a non-
degenerate hermitian F-module, and G its automorphism group. For all Q-algebra R, we have

G(R) ={(g9,¢) € GLp(Ug ®q R) x R*, (g9, gy) = c(x,y) for all 2,y € Uy ®q R}



Let 71,...,74 be the embeddings of Fj into R, and let o; and &; the two embeddings of F' into
C extending 7;.The choice of o; gives an isomorphism F' ®p, R ~ C. Let U; = Ug ®p,,-, R. We
note (a;, b;) the signature of the anti-hermitian structure on U;. Then G is isomorphic to

G (ﬁ U(ai, bz)>

where a; + b; is independent of i, and is equal to zl—ddim@UQ. We'll call a 4 b this quantity.

We also give ourselves a morphism of R-algebra h : C —EndpUg such that (h(z)v,w) = (v, h(Z)w)
and (v,w) — (v, h(i)w) is positive definite. This morphism gives a complex structure on Ug : let
Ué’o be the subspace of Ug on which h(z) acts by multiplication by z.

We then have U(é’o o~ H?:1((C)ai @@bl as FogR ~ ®%_, C-module (the action of C on (C)% @ (C)
is the standard action on the first factor and the conjugated action on the second).

b;

The ring O is a free Z-module. Let oy, ..., a; be a basis of this module, and
detyio = f(X1,..., Xy) = det(Xyaq + - + Xpa,; UL @c C[X, ..., Xy])

We can show that f is polynomial with algebraic coefficients. The number field E generated by its
coefficients is called the reflex field.

Remark 1.1. We chose for simplicity to work with a central algebra. One can easily adapt the
arguments here replacing F' by an simple algebra B with center F.

1.1.2 The Shimura variety
Let us define now the PEL Shimura variety of type (A) associated to G. Let K be an extension of

Qp containing the images of all the embeddings F' < Q,. Assume that p is unramified in F. We
also fix an integer N > 3 prime to p.

Definition 1.2. Let X be the moduli space over O, which S-points are the isomorphism classes
of (A, \,¢,n) where

e A — S is an abelian scheme
e \: A — Alis a prime to p polarization.

e : Op — End A is compatible with complex conjugation and the Rosati involution, and the
polynomials detyi.0 and detp;e(4) are equal.

n : A[N] — U/NU is an Op-linear symplectic similitude, which lifts locally for the étale
topology in a Op-linear symplectic similitude

Hi(A,A%) — U @z AY

We will make a slight hypothesis on the variety we consider.
Hypothesis 1.3. We suppose that we are not in the case d =1 and (a,b) = (1,1).

This condition is technical, and will ensure that one can neglect the cusps in the definition of
the modular forms. The case we exclude corresponds essentially to the modular curve, which is
well known.



1.1.3 Iwahori level

Let 7 be a prime of Fy above p, we will call f the residual degree and note ¢ := p/. Since p is
unramified in F', we have two possibilities for the behavior of p in F' :

o 7 splits in 777~ in F'. We say that 7 is in case L.
e 7 is inert in F'. We say that = is in case U.

The terminology L and U becomes from the fact that the group G at 7 is respectively a linear
or an unitary group according to the different cases. To define the Iwahori structure, we will break
into the two cases.

Definition 1.4. Let X7, . be the moduli space of isomorphism classes of (4, A\, ¢,n, H, ), where
e (A, )\ ,n) is a point of X.

e 0C Hy C -+ C Hqyp = A[r"], where each H; is subgroup of A[r™] of height fi and stable
by Op in the case L.

e 0C H; C--- C Hyyp = Alm|, where each H; is subgroup of A[r] of height 24, stable by Op
and such that Hy1p—; = HZl in the case U.

We also define the full Iwahori space by X = Xpwm Xx X1wm Xx -+ Xx Xiw,n,, where

T1,...,Tg are the primes of Fy above p, and the maps Xy, -, — X are the natural morphisms
corresponding to forgetting the (H;).
Remark 1.5. In the case L, the subgroups A[r*] and A[r~] are Cartier duals. This comes from
the compatibility between the complex conjugation and the Rosati involution. Therefore, each of
these groups is totally isotropic. A flag (H,) of A[r"] give naturally a flag (HJ") of A[x~], with
Hi = (A[n+]/H;)P C Aln*]P = A[x~]. Choosing the prime 7~ instead of 7% would have given
the same definition.

Now we will explicitly describe the determinant condition for the abelian scheme A. We are still
working with a prime 7w of F{, above p, and assume it is of type L. Let ¥, be the decomposition
group at m, i.e. the elements o € Hom(Fo,@p), such that o sends 7 into the maximal ideal of @.
For every o € ¥, there are two embeddings o™ and o~ of F into @ above ¢ ; the embedding o
sends 7T into the maximal ideal of @, and similarly for 7—. To o we have a couple of integers
(ay,bs), and the choice of the embedding o gives an order for the two elements of the couple. Let
A — R be an abelian scheme over a Og-algebra R. If we denote w, := 6*9114[7700], then we have

wr = w, ®wy, where wl = e*Qh[(wﬂm]. The determinant condition for A implies then that
- @
oEX

with Op acting on R% by o*. Similarly, we have

w, = @ Rbe

cEX

with O acting on R’ by o~.



Now suppose that 7 is of type U. We still denote by Y, the decomposition group at 7 of Fjy.
For each o € ¥, there are two embeddings o1 and o5 of F' above o ; the choice of o1 gives an order
for the elements of the couple (ay,b,). Let A — R be an abelian scheme over a O-algebra R. If
we denote w; := 6*9114[”30], then the determinant condition for A implies

Wy = EB R% @ R
cEX

where O acts by o on R% and by o5 on Rb.

1.2 p-ordinary locus

We will describe in this section the p-ordinary locus of the Shimura variety. Let us first introduce
some notations.

Let L be an unramified extension of ,, of degree fo, and k a field of characteristic p containing the
residue field of L. Let D be the Galois group of L over Q, ; there is a isomorphism D ~ Z/ fyZ,
where 1 is identified with the Frobenius o of L. We will note W (k) the ring of Witt vectors of k.
Let € = (¢;)rep be a sequence of integers equal to 0 or 1. We define a Dieudonné module M, in
the following way : it is a free W (k)-module of rank fy, and if (e;)recp is a basis of this module,
then the Frobenius and Verschriebung are defined by

Fe,—1, =pSe, Ve, =p'~ e, 1,

The module M, is given an action of the ring of integers of L : Oy, acts on W(k) - e, by 7.
We'll note BT, the p-divisible group over k corresponding to the Dieudonné module M., and H.
the p torsion of this p-divisible group.

1.2.1 Linear case

Now we come back to our Shimura variety. Consider first the case L ; we are still considering a
place m of Fy above 7 which splits in # = 77~ in F. If k is a field containing the residue field of
Ok, and if x = (A, \,1,n) is a k-point of X, then the fact that the abelian variety A is p-ordinary
at 7 will depend on the p-divisible group A[(7T)°°]. Recall that this p-divisible group has an action
of Op .+, the completion of Op at 7" ; this is an unramified extension of @, of degree f. If X,
denotes as before the decomposition group of 7 in Fj, then there is a bijection between ¥, and the
Galois group of Op .+, and for each o € X, we have a couple of integers (a,,b,). We order the
elements (a,) by increasing order : we then have a3 < ag < -+ < af. For each integer 0 < ¢ < f
we define the sequence g; = (¢; j)1<j<s par &;; = 1if j > i+ 1 and ¢; ; = 0 otherwise. We also set
by convention ag = 0 and ay11 = a + b.

Definition 1.6. Let k& be an algebraically closed field of characteristic p, and @ = (A, \,¢,n) be a
k-point of X. Then x is p-ordinary at 7 if there is an isomorphism of p-divisible group with Op .+
action

!
Al(xt)>] ~ [ BT+
=0



Remark that the term in the right-hand side is explicitly

a as—a af—ayf— b
BTG 1y x BTGy "0y x - x BT g1y x BT(§ )
Let Xy denote the special fiber of X, and X} ~m=ord the p-ordinary locus at the place 7. We
have the following proposition due to Wedhorn ([We]).

Proposition 1.7. The p-ordinary locus Xg_”_ord is open and dense in Xg.

We also have the following characterization of the p-ordinary locus.

Proposition 1.8 ([Mo], Theorem 1.3.7). Let k be an algebraically closed field of characteristic
p, and © = (A, \,¢,n) be a k-point of X. Then x is p-ordinary at 7 if and only if there is an
isomorphism of finite flat group schemes with Op .+ action

/
Alr ]~ [[ BT+ =[xt
1=0

Since BT, is multiplicative for ¢ = 0, étale for 7 = f and bi-infinitesimal otherwise, we have the
following criterion for the existence of the ordinary locus at .

Proposition 1.9. The p-ordinary locus equals the ordinary locus (at the place 7) if and only if
there exists an integer a such that a, = a for all o € ¥.

This last condition is also equivalent to the fact that the local reflex field at 7 is equal to Q)
(one can see [We] section 1.6 for more details).

1.2.2 Unitary case

Let us now consider the unitary case. Let k be a field containing the residue field of Ok, and
x = (A, )\ t,n) be a k-point of X. The fact that the abelian variety A is p-ordinary at 7 will
depend on the p-divisible group A[7>°]. Recall that this p-divisible group has an action of Op r,
the completion of Op at 7 ; this is an unramified extension of Q, of degree 2f. Recall that > is
the decomposition group at m of Fj and it is of cardinal f. If ¢ € ¥, there are two embeddings o
and oy of F' into @p, and the choice of one of the two gives elements a, and b,. We suppose that
the choice is made such that a, < b, ; we also order the elements in X, such that the sequence
(ay) is increasing. We then have

ay <ax <---<ap <bp<bp g << by

This gives an order on the embeddings of F into Q,. For each integer 0 < i < 2f we define the
sequence €; = (&;,j)1<j<2f par €;; = 1 if j > i+ 1 and ¢; ; = 0 otherwise. We define a sequence
(ai)0§i§2f+l by ap =0, a; =a; for 1 <i< f, a; = b2f+1_i for f+1<¢<2fand Qofy1 = a+ b.

Definition 1.10. Let &k be an algebraically closed field of characteristic p, and x = (A4, \,¢,n) be a
k-point of X. Then z is p-ordinary at = if there is an isomorphism of p-divisible groups with Op .
action

2f
A[r™] ~ H BT
1=0



Remark that the term in the right-hand side is explicitly

a az—a af—ayf_ br—a af—ayf_ a
BTG 3y % BTGy " gy > X BT g1y 0y % BTg g1y X BT gon..1 X * BTG o)
(We have used the fact that b; — b;_1 = a,—1 — a;, since the quantity a; + b; is independent of j.)
Let X, denote the special fiber of X, and X/ ~m=ord the p-ordinary locus. We have the following
proposition due to Wedhorn ([We]).

Proposition 1.11. The p-ordinary locus X{fﬁﬁ*ord is open and dense in X.
We also have the following characterization of the u-ordinary locus.

Proposition 1.12 ([Mo]). Let k be an algebraically closed field of characteristic p, and x =
(A, X\, t,m) be a k-point of X. Then x is p-ordinary at 7 if and only if there is an isomorphism of
finite flat group schemes with O . action

2f
Alr] ~ H BT =% [x]
i=0

Since BT, is multiplicative for i = 0, étale for ¢ = 2f and bi-infinitesimal otherwise, we have
the following criterion for the existence of the ordinary locus at .

Proposition 1.13. The p-ordinary locus equals the ordinary locus (at the place ) if and only if
a5 =by = (a+b)/2 for all o € 3.

Again, this last condition is equivalent to the fact that the local reflex field at 7 is equal to Q.

We'll need later to work with the rigid space associated to X. Let us note X,.;4 this rigid space ; it
is the generic fiber of the formal completion of X along its special fiber. We refer to [Be] for more
details on rigid spaces. We have a specialization map sp : X,;; — Xo, and we’ll note Xfi;”ﬂ)rd
the inverse image of the p-ordinary locus under the specialization map. We’ll also note Xy, ¢ the
rigid space associated to Xy, .

1.3 Canonical subgroups
1.3.1 Degrees and partial degrees

Before introducing the canonical subgroups on the p-ordinary locus, we’ll define the degree for a
finite flat group scheme defined over a finite extension of Q,, and the partial degrees for these
endowed with an action of a ring of integers of an unramified extension of Q,,.

Definition 1.14. Let L be a finite extension of @, and G be a finite flat group scheme of p-power
order over Oy,. Let wg be the conormal module along the unit section. The the degree of G is by
definition

deg G := v(Fitty wa)

where Flitty denotes the Fitting ideal, and the valuation of an ideal is defined by v(zOp) = v(x),
normalized by v(p) = 1.



We now state some propositions of this function. We refer to the work of Fargues [Fa] for more
details.

Proposition 1.15. The degree function has the following properties.
o Let G be as before. Then, if GP denotes the Cartier dual of G, we have

deg GP = MG — deg G
In particular, deg G € [0, ht G].
e The degree function is additive : if we have an exact sequence
0—-G1—= Gy —G3—0
with G; finite flat, then deg Go = deg G1 + deg G3.

e Let G and G’ be two finite flat group schemes, and suppose that there exists a morphism
f G — G’ which is an isomorphism in generic fiber. Then degG < degG’, and we have
equality if and only if f is an isomorphism.

We deduce from the last property the following corollary.

Corollary 1.16. Let G be a finite flat group scheme of p-power order defined over a finite extension
of Qp. Suppose that Hy and Hy are two finite flat subgroups of G. Then we have

deg Hy + deg Hy < deg(H; + Ha) + deg(Hy N Ha)

Proof. By diving everything by H; N Hs, we are reduced to the case Hy N Ho = {0}. The morphism
H, x Hy — Hy + H5 is an isomorphism in generic fiber, thus by the previous proposition, we get

deg(H1 X HQ) < deg(H1 + HQ)
But since the degree function is additive, we have deg(Hy x Hs) = deg Hy + deg Ho. O

Let G be as in the previous definition and suppose now that G has an action of O, where M
is a finite unramified of Q,. Let ¥ be the set of embeddings of M into Q,. The the module wg has
an action of Oy and has the decomposition

wag = @ W@, o

ceX
where Oy acts on wg,» by o.

Definition 1.17. The partial degree of GG is defined for all o € ¥ as
deg, G = v(Fitty wa,o)

Proposition 1.18. The partial degree functions have the following properties.

o We have degG =3 s deg, G.

oeEX

10



e Suppose that G has height [M : Qplh. If GP denotes the Cartier dual of G, we have for all
DY
deg, GP = h — deg, G

In particular, deg, G € [0, h].
e The partial degree functions are additive : if we have an exact sequence
0—-G1—= Gy —G3—0
with G; finite flat with action of O, then deg, G = deg, G1 + deg, G for all 0 € X.

We refer to [Bi2] for more details.

Remark 1.19. If we are in the situation of the third point of the proposition [LTH] i.e. if we have a
morphism of finite flat groups schemes f : G — G’, which is an isomorphism in generic fiber and if
G and G’ have an action of Oy, then it is not true that the partial degrees increase. Indeed, the
functions who increase are linear combinations of the partial degrees. For example, if [M : Q,] = 2,
there are two partial degrees deg; and deg,, and the functions who increase are deg; +p deg, and
pdeg; + deg,. See [Bi2] for more details.

Example 1.20. Let us apply what we have said to our Shimura variety. Let x = (A, A\, 1,m) be a
Or-point of X (where L is a finite extension of Qp) and suppose that 7 is a place of Fy above p in
case L. Then A[r"] has an action of O, . Moreover, we have

deg, A[r"] = a,

for all 0 € Y. If H is a Op-stable subgroup of Alnt] of height fh, then the orthogonal H is
subgroup of A[r~] of height f(a+b—h). We have H+ ~ (A[x*]/H)?, and thus

deg, H* = (a +b—h) — (ay — deg, H) = by, — h +deg, H
for all o € ¥;. We see that one has the inequalities
deg, H>h—b, and deg, H->b, —h
forallo € ¥.

Example 1.21. Suppose now that 7 is in case U. Then the group scheme Alr] has an action of
OrFx. Recall if o € ¥ is an embedding of Fy into Q, above 7, then there are two embeddings oy
and o9 of ' extending o. With our previous conventions, we have

deg, Alr] =a, and deg,, A[r] = b,

If H is a Op-stable subgroup of Aln] of height 2fh, then the orthogonal H* is subgroup of A[r] of
height 2f(a +b— h). We have H+ ~ (A[r]/H)P-¢, where the subscript ¢ means that the action of
Or on (Alr]/H)P¢ is the conjugate of the natural one. This comes from the compatibility between
the Rosati involution and the complex conjugation. Thus

deg,, H*=a, —h+ deg,, H and deg,, HY =b, —h+ deg, H
for all o € ¥;. We see that one has the inequalities
degyy H>h—b, and deg,, H>h—a,

for allo € ¥.
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1.3.2 Siegel variety

Let us now recall some facts for the canonical subgroup for the Siegel variety.

Let g > 1 be an integer, and A, the Siegel variety. There is a universal abelian scheme A on Aj.
There is also a Hasse invariant Ha on A,. We quote the main result obtained by Fargues on
the canonical subgroup.

Proposition 1.22. Let A be an abelian scheme of dimension g defined Oy, (L is finite extension
of Qp). Suppose that the valuation w of the Hasse invariant is strictly less than 1/2. Then there is
a canonical subgroup H C Alp|, of height g, totally isotropic, with

degH =g —w

Let Ay g be the rigid space associated to A,. Then the ordinary locus of A, .4 is defined as
the locus where the associated abelian scheme is ordinary ; it is also the locus where the Hasse
invariant is invertible. The proposition says that on a strict neighborhood on the ordinary locus,
there exists a canonical subgroup of high degree in A[p]. We propose a simple reformulation of this
property. We have the following observation.

Proposition 1.23. Let A be an abelian scheme of dimension g defined Oy, (L is finite extension
of Qp). There exists at most one subgroup H of height g of A[p] with

1
degH>g—§

Proof. Suppose not, and let H; and Hs be two subgroups, with deg H; > g — 1/2. Then we have
2g — 1 < deg Hy + deg Hy < deg(H;y + Hs) + deg(H; N Ha)

But deg(H; + Hz) < degAlp] = g, and since H; N Hy is of height h < ¢ — 1, we have
deg(H1 N Hsy) < g— 1. We get a contradiction. O

This can be used to prove the existence of the canonical subgroup in the following way. Let A; be
the Siegel variety parametrizing a g-dimensional abelian scheme with polarization and a subgroup
H totally isotropic of height g. We have a map f : A} — A, corresponding to forgetting H. If we
denote A[ ;. the rigid space associated to Aj, we still have a morphism f : A} ;. — Ag rig. Define

X, ={zx 6 Aq rig-deg H(xz) > g — r} for any rational , it is an admissible open of A ., . Then
the ordinary locus of Ay g is f(Xo), and the (f(XT))T>0 form a basis of strict neighborhoods of
the ordinary locus. The previous proposition shows that on f(X,) there is exactly one subgroup of

height g of degree greater or equal to g — r for r < 1/2, this is the canonical subgroup.

1.3.3 Linear case

Now let’s get back to our Shimura varieties. Suppose we are in case L. Then we have the following
proposition.

Proposition 1.24. Let L be a finite extension of Qp, and x = (A, \,1,m) a Op-point of X. Let
1 <i < f be an integer. Then there exists at most one subgroup H C A[r™] stable by Op of height

fa; such that
/

1
deg H > g in(a;,a;) — =
eg j:1m1n(aJ a;) 5

12



Proof. Suppose not, and let Hy, Ho be two such subgroups. Let us denote by fh the height of
Hy N Hy ; the height of Hy + Hs is then f(2a; — h). We have

deg Hy + deg Hy < deg(H; + Ha) + deg(Hy N Ho)

But ; _ ;
deg H1+H2 Z aJ,2ai—h)§Zaj+ Z (2al—h)
j=1 j=1 j=i+1
and
f i—1 f
deg(H1 N Hy) < Z aJ,h)gz%-—l-Zh
j=1 j=1 j=i
We finally get
i—1 f
deg Hy + deg Hy < 22(1] +2 Z a; +a; +h < 2Zmln (aj,a;) —1
j=1 j=i+1 j=1
since h < a; — 1. We get a contradiction. O

The proposition shows that there exists at most one subgroup of height fa; and of big degree.
The next proposition shows that if two such subgroups exists (with different heights), then we
automatically have an inclusion.

Proposition 1.25. Let i < j be two integers between 1 and f. Let x = (A, \,¢,n) be a Or-point
of X, and suppose there exists that for | € {i,j} a subgroup H; C A[x*] stable by Op of height fa
such that

N | =

f
deg H; > Zmin(ak, a) —
k=1
Then we have H; C Hj.

Proof. Let fh denote the height of H; N H;. We have the following inequalities.

/ J f
deg(H; + H,) <Zm1nak,az+a7—h SZ Z (a; +a; —h)
k=1 k=1 k=j
/ - /
Jes(, 0 ) < Y min(o ) € Y+ 3
k=1 k=1 k=i
We the get
i—1 f
deg H; + deg H; < deg(H; + H;) +deg(H; N H;) < 22% +Z (ax +h) + Z (a; + ay)
k=1 =1 k=j+1
If we do not have the inclusion H; C Hj, then h <a; —1. We then get
f
deg H; +deg H; < Z(min(ak, a;) +min(ag,a;)) — (j —i+1)
k=1
We get a contradiction with the hypothesis stating that I; and H; have big degrees. O
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As a consequence, we directly get the existence of canonical subgroups for p-ordinary abelian
scheme. Let s be the cardinal of {a1,...,ar} N[1,a + b — 1], and denote by 4; < --- < A, the
different elements of this set.

Corollary 1.26. Let L be a finite extension of Qp, and let x = (A, X\, ¢,n) be a Op-point of X.
Assume that x is p-ordinary (i.e. the special fiber of A is p-ordinary). Then for any integer
1 <k < s, there exists a unique subgroup Hy, C Aln™| of height f Ay, with

deg, H, = min(a,, Ay)
forall o € X

Proof. We can work over Q,. Since A is p-ordinary, we have by [Mo] a filtration on A[(7T)>] :
Xo=0C X1 C- CXpp1=A[(7r7)™)

with X; p-divisible groups such that (X;41/X;) x F, ~ BT""'" for 0 < i < f. This gives a

filtration of A[w™], hence the existence of the desired subgroui)s. The uniqueness follows from the
previous proposition. O

Remark 1.27. We also have the following description of the canonical subgroups in the special fiber.
Let L be a finite extension of Q,, and let x = (A, A,¢,n) be a p-ordinary point of X defined over
Or. Let A4 denote the special fiber of A ; then the Frobenius acts on As[(7)*], and we can form

the subgroups _ ' _
C; = (7T+)fﬂAS [Fj, (7T+)fﬂ+1]

for 1 < i < f, where F is the Frobenius. Then we have 0 C C; C --- C Oy C Ag[n"], and the
special fiber of the canonical subgroups are equal to one of the C;. More precisely, we have for
1 <k <s, Hy x k(L) = Cy(x, with k(L) the residue field of L and r(k) = min(l, a; = Ay).

We can then define the relevant degree functions on Xy, ». For each integer k, define

dy, = Z min(a,, Ag)

cEX

Let X1 = rig be the associated rigid space. We define the degree function Deg : X1y x rig — szl [0, dk]
on this space by
Deg(Au )‘7 Ly, HO) = (deg HAk)ISkSS
We also define the k-th degree function by Degp(A, A, ¢,n, He) := deg Hy, for 1 <k <s.

Remark 1.28. The integers s, dy as well as the functions Deg and Degy depend on the place 7. If
the context is clear, we choose not to write the the dependance on 7 to lighten the notations.

We then have the following description of the p-ordinary locus.

Proposition 1.29. The space Xfi;”ﬂ”“d C X,y is exactly the image of Deg™*({d1} x --- x {ds})
by the map Xy xrig — Xrig-
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Proof. If x is a p-ordinary point, it then follows from the previous corollary that there exist sub-
groups Hj with deg Hy, = dj for all 1 < k < s. Conversely, suppose that (A, \,¢,n) is a point
of X,ig, with A defined over the ring of integers of an extension L of @Q,, and that there exists
subgroups Hj with deg Hy = dj for all 1 < k < s. We want to show that A is p-ordinary ; it
suffices to show that A[zr"] has a nice description. Define Ho = 0, Hoy 1 = A[r ], and let H} be a
complement of H;_; in H; for all 1 < j < s+ 1. This is possible if the field L is big enough. We
claim that
Hj ~ HJ/ X Hj,1

Indeed we have a morphism H;_1 — H;/H}, which is an isomorphism in generic fiber. The degree
of the image of H;_1 in H;/H; thus increases ; but since the degree of H;_; is maximal, it must
be an equality. We deduce that deg H; = deg H]' +deg H;_1, and that the morphism H]' x Hj;_q is
an isomorphism.
We finally get

Alrt] >~ H{ x Hy x --- x H. 4

But we can explicitly describe the groups H ]' We then conclude that A is p-ordinary by the
proposition O

1.3.4 Unitary case

Suppose now we are in case U. Then we have the following proposition.

Proposition 1.30. Let L be a finite extension of Qp, and x = (A, \,1,m) a Op-point of X. Let
1 < < f be an integer. Then there exists at most one subgroup H C A[r] stable by O of height
2fa; such that
2f
deg H > Zmin(aj,ai) -

j=1

N =

Moreover, if such a subgroup exists, it is totally isotropic.

Proof. The proof of the first part of the proposition is exactly the same as in the linear case (see
proposition [[24)). To prove that the subgroup is totally isotropic, we will use the same argument
as in the proof of the proposition 25 We only need to get a bound for the degree of H+. But we
have H+ ~ (A[r]/H)P, so

2f 2f
1
deg HY = 2fb; — deg(A[r]/H) = deg H + b —a) > b; —a; +min(a,a;)) — =
g f g(Alr]/H) g ;( i) ;( j (), a)) = 5

But b;—aj+min(e;, a;) = min(b;, a;+b;—c;), and since a;+b; is constant, we have a;+ b;— a; = a1,
In conclusion, we get

2f
1
deg H* in(b;, aj) — =
eg >Zm1n( ,05) 5
Jj=1
We conclude that H C H+ by applying directly the proof of the proposition [[Z5] (note that H= is
of height 2fb;). O
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The proposition shows that there exists at most one subgroup of height 2 fa; and of big degree.
The next proposition shows that if two such subgroups exists (with different heights), then we
automatically have an inclusion.

Proposition 1.31. Let i < j be two integers between 1 and f. Let x = (A, \,1,n) be a Or-point
of X, and suppose there exists that for I € {i,j} a subgroup H; C A[r] stable by O of height 2fa;

such that
2f

1
deg H, i - =
eg Hy > Zmln(ak,al) 5
k=1
Then we have H; C Hj.
Proof. The proof is the same as in the linear case (see the proposition [[.29]). O

As a consequence, we directly get the existence of canonical subgroups for p-ordinary abelian
scheme. Let s be the cardinal of {a1,...,ar} N1, (a + b)/2], and denote by A4; < --- < A, the
different elements of this set.

Corollary 1.32. Let L be a finite extension of Qp, and let x = (A, \,t,n) be a Op-point of X.
Assume that x is p-ordinary (i.e. the special fiber of A is p-ordinary). Then for any integer
1 <k <s, there exists a unique totally isotropic subgroup Hy, C A[r] of height 2f Ay, with

deg, Hy, = min(a,, Ag)
forallo € ¥.
Proof. The proof is similar to the linear case (see [.20)). O

Remark 1.33. We also have the following description of the canonical subgroups in the special fiber.
Let L be a finite extension of Q,, and let x = (A4, A, ¢,n) be a p-ordinary point of X defined over
Op. Let A, denote the special fiber of A ; then the Frobenius acts on A4[7>°], and we can form the
subgroups

C; i= m2I =i A [P g2l =i+

for 1 < i < 2f, where F is the Frobenius. Then we have 0 C C; C --- C Coy C Ag[nl, and the
special fiber of the canonical subgroups are equal to one of the C;. More precisely, we have for
1<k <s, H, x k(L) = Cyyy, with k(L) the residue field of L and r(k) = min(l,a; = A). Note
also that Ot = Cofq1—i-
We can then define the relevant degree functions on Xy, ». For each integer k, define
2f
dy, = Zmin(aj,Ak)

j=1

Let X1y = rig be the associated rigid space. We define the degree function Deg : X1y x rig — szl [0, dk]
on this space by

Deg(Au )‘7 Ly, HO) = (deg HAk)ISkSS

We also define the k-th degree function by Degp(A, A, t,n, He) := deg Ha, for 1 < k < s. We
then have the following description of the p-ordinary locus.
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Proposition 1.34. The space Xﬁi;md C Xyig is exactly the image of Deg= 1 ({d1} x --- x {ds}) by
the map Xrw xrig — Xrig-

Proof. If x is a p-ordinary point, it then follows from the previous corollary that there exist sub-
groups Hy, with deg Hy = dj. for all 1 < k < s. Conversely, suppose that (A4, \,¢,n) is a point of
Xrig, with A defined over the ring of integers of an extension L of Q,, and that there exists sub-
groups Hj with deg Hy = dj, for all 1 < k < s. We want to show that A is u-ordinary ; it suffices
to show that A[r] has a nice description. Define Hy =0, H; = Hy,,,_,; for s+ 1 <i <2s+1, and
let HJ’ be a complement of H;_; in H; for all 1 < j < 2s+ 1. This is possible if the field L is big
enough. We claim that
Hj ~ HJI X Hj_l

Indeed we have a morphism H;_; — H;/ H ;, which is an isomorphism in generic fiber. The degree
of the image of H;_1 in H;/H; thus increases ; but since the degree of H;_; is maximal, it must
be an equality. We deduce that deg H; = deg HJ' +deg H;_1, and that the morphism HJ' x Hj;_q is
an isomorphism.
We finally get

Alr] ~ Hy x Hy x -+~ x Hj 4

But we can explicitly describe the groups H. ; We then conclude that A is p-ordinary by the
proposition [[L.12] O

2 Modular forms and Hecke operators

2.1 Modular forms

Let us now define the modular forms for the Shimura variety X. Let m be a place of Fj above p,
and suppose it is in case L. Then we define the O ® Og-module St by

s b
Str = 0% © O

where Op acts on O%¢ by o* and on Ol;g by ¢~. If 7 is in case U, we define the Op ® Ox-module
St by
St := 0% @ Ol

where Op acts on O%¢ by o1 and on Oll’g by o2. Finally, we define the O ® Og-module St by
St =P Stx

where 7 runs over the places of Fj above p. If R is a Ok-algebra, and if (A4, \,¢,n) is a R-point of
X, then the R ® Op-module 6*9114/1% is isomorphic to St ®o, R. The sheaf wy := e*Q}MX is then

isomorphic to St ®o, Ox (it is a locally free sheaf on Ox).
Define
T =Isomorzox (St ® Ox,wa)

It is a torsor on X under the group defined over Ox

M= 1] ] GLa, x GLs,

TEP o€EX
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where P is the set of primes of Fyy above w. Let Bj; be the upper Borel of M, Uy, its unipotent
radical, and Ty its maximal torus. Let X (Tas) be the character group of Ty, and X (Th)" the
cone of dominant weights for Bys. If k € X(Thy)™, we note k' = —wor € X (Th)T, where wy is the
element of highest length in the Weyl group of M relatively to Thy;.

Let ¢ : T — X be the projection morphism.

Definition 2.1. Let k € X(Th)*. The sheaf of modular forms of weight x is w® = ¢.O7[r'],
where ¢.O7[r'] is the subsheaf of ¢,.O7 where By, = Ty Uns acts by & on Ty and trivially on Uyy.

A modular form of weight x on X with coefficients in a Op-algebra R is thus a global section
of w”, so an element of H°(X x ¢, R,w"). Using the projection X, — X, we define similarly the
sheaf w™ on X7, as well as the modular forms on X7y,,.

2.2  Overconvergent modular forms

For simplicity, we will now assume that there is only one place 7 of Fy above p, that is to say that
p is inert in Fy. The case with several places doesn’t add any difficulty, and will be treated in the
last paragraph.

We can then define the space of overconvergent modular forms. These will be sections of the sheaf
of modular forms defined over a strict neighborhood of the p-ordinary locus. Recall that we have
defined in both cases a degree function.

S
Deg : Xrurig — | J10, di]
k=1
Since there is only one place above p in Fpy, we have X1y, = Xy -
We define the p-ordinary-multiplicative locus as Deg='({d1} x - - x {ds}). By the proposition [[29
or [[L34] this locus lies in the p-ordinary locus.

Definition 2.2. The space of overconvergent modular forms of weight x is defined as
M := colimy H(V, w")
where V runs over the strict neighborhoods of the p-ordinary-multiplicative locus in Xz, rig-
An overconvergent modular form is then defined over a space of the form
Deg ' ([dy —e,dy] x -+ x [ds — €,ds))

for some ¢ > 0.

2.3 Hecke operators

We now define the Hecke operators. These operators will both act on the rigid space, and on the
space of modular forms. We will fix the weight . Explicitly, s is a collection of integer

((fia,l 2 T 2 Ha’,ad)u ()\a',l 2 T 2 )\U,bd))aezﬂ

We recall that we still assume that 7 is the only place of Fyy above p. To simplify the notation, we
define Ky = Kg,q, and Mg := App, -
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2.3.1 Linear case

Assume that 7 is in case L. Let 1 <i < a+b— 1 be an integer, and define C; be the moduli space
defined over K parameterizing (A, \, ¢, 1, Ho, L), with (A, X, 1,1, H,) a point of X1, and L = Lo® Ly
is a subgroup of A[r], where Ly is an Op-stable subgroup of A[x"] with A[x"] = H; ® Lo. We have
two morphisms p1,ps : C; — X1 X0, K. The morphism p; correspond to forgetting L, and the
morphism po is defined as pa(A, A, ¢,n, He, L) = (A/L, N,/ 1/, H,), with

o H) = ((x+) " (H; N Lo))/Lo if j > i

We take the polarization X to be equal to p - A, which is a prime to p polarization. Let C¢™ be
the analytic space associated to C;, and define C; .59 := pfl(ijﬁm-g). The morphisms py, ps give
morphisms C; rig = X1, rig-

Definition 2.3. The i-th Hecke operator acting on the subsets of X, ;4 is defined by
Uri(S) = p2(p1 ' (9))
This operator preserves the admissible open subsets, and quasi-compact admissible open subsets.

Let us denote by p : A — A/L the universal isogeny over C;. This induces an isomorphism
P* 1 wa/L)/x — wa/x, and thus a morphism p* (k) : p3w" — pjw”. For every admissible open U
of X1w,rig, we form the composed morphism
~ * K Tr
Uri + H(Una ), 0") = H(p7 (W), ) "= HO (o U), pie®) 3 HO@U, ")

)

Definition 2.4. The Hecke operator acting on modular forms is defined by U, ; = p]lvi ﬁw,z‘ with
N; = Z (min(i, as)min(a + b —i,b,) + max(a, — ¢,0)ke + max(i — a,, O)/\g)
cEX

We will also write
n; = Z min(i, a,) min(a + b — i, b,)
cEX
the constant term of N;, which is independent of the weight.
Let us explain briefly the meaning of the normalization factor N;. Then term min(z, a,) min(a+ b— 7, b,)
comes from the inseparability degree of the projection py. The term max(a,—1i,0)k,+max(i— a,,0)\,
comes from the morphism p* (k). Indeed, we have the following proposition.

Proposition 2.5. Let M be a finite extension of Qp, let (A, X, 1,1, He) be an Opr-point of X, and
L= Lo® Ly a subgroup of A[r], where Lq is an Op-stable subgroup of AlrT]| with Alxt] = H;® Lo
in generic fiber. Then we have for all o € ¥
deg, Lo > a, —i¢ and deg, L(J; >0 —ay
Proof. The group A[r"]/Lg is of height fi, and has partial degree (a,—deg, L¢),. Hence a,— deg, Lo < 1,
and deg, Lo > a, —i. We get the other equality by duality (note that b, — (a+b—1i) =i—a,). O
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We have the following proposition concerning the behavior of the Hecke operator regarding the
degree function.

Proposition 2.6. Let © = (A, \, 1,1, Ho) be a point of Xiw.rig, and y € Ux ;(z) corresponding to
a subgroup L € Alr| as before. Write y = (A/L,\,¢,n, H,) ; then we have

deg Hj > deg H;
foralll1 <j<a+b—1. Moreover, we have
deg H! = deg A[r"] — deg Lo
If deg H = deg H;, then deg H; € Z.

Proof. For all 1 < j <4, the morphism H; — H J’ is an isomorphism in the generic fiber. Thus the
inequality degij >degH;. If i <j<a+b—1, we have

deg Hj = deg((r™) ™" (H; N Lo)) — deg Lo
Since deg((7") ' H) = deg A[r "] + deg H for every subgroup H of A[r*], we get
deg Hj = deg A[n™] 4 deg(H; N L) — deg Ly = deg(H; + Lo) 4 deg(H; N Lo) — deg Lo > deg H;

from the properties of the degree function.

We have H! = (A[r"]/Lo), hence the formula for the degree of H]. If deg H] = deg H;, then we
have deg H; + deg Ly = deg A[n "], and A[r"| = H; x L. Since A[r*t] is a BT}, so is H;, and its
degree is an integer. O

2.3.2 Unitary case

Assume now that 7 is in case U. Let 1 <14 < (a + b)/2 be an integer, and define C; be the moduli
space defined over K parameterizing (A, \, 1,1, He, L), with (A, \,¢,n, He) a point of Xy, and

e L is a Op-stable, totally isotropic subgroup of A[r?] such that A{r] = H; ® L[r] = H* ©® 7L
if i < (a+b)/2.

e L is a Op-stable, totally isotropic subgroup of A[r] such that Ajx] = H; ® Lifi= (a+b)/2.

We have two morphisms p1,ps2 : C; = X1y X0, K. The morphism p; correspond to forgetting L,
and the morphism ps is defined as pa(A, A, ¢, 1, He, L) = (A/L, N,/ , 7', H,), with

e Hi=(H; +L)/Lif j<i.
e Hi=(n""(H;NL)+L)/Lifi<j<(a+b)/2

We take the polarization X' to be equal to p - A, which is a prime to p polarization. Let C#" be
the analytic space associated to C;, and define C; iy := pl_l(XIw,”-g). The morphisms p1, po give
morphisms C; rig — X1 rig-

Definition 2.7. The i-th Hecke operator acting on the subsets of X, ;4 is defined by

Ur,i(S) = p2(p7 1(9))

This operator preserves the admissible open subsets, and quasi-compact admissible open subsets.
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Remark 2.8. The condition A[r] = H;-®rL is actually redundant with the condition A[r] = H;® Lx].
Indeed, since L is totally isotropic, we have 7L C L[r]* (we denote by L[r]* the orthogonal in
Al[r] of L[x]). Comparing the heights, we see that we have the equality 7L = L[r]*.

Let us denote by p : A — A/L the universal isogeny over C;. This induces an isomorphism
P* W )/ x — wa/x, and thus a morphism p*(k) : psw" — pjw”. For every admissible open U
of X1u,rig, we form the composed morphism

~ P — * K (k) — * K Tr K
Upi s HO(Ur s (U),w") = HO(p7H(U), phw®) "= HO(p7 U), plw”) =" HOU, w")

Definition 2.9. The Hecke operator acting on modular forms is defined by U, ; = ]1% ﬁm- with

P
N; = Z ((a + b) min(i, a,) + max(a, — i,0)k, + max(by, — ay, by — i))\g)
oEX

if i < (a+b)/2, and

Neattye= Y ((a ; D + e ; %))\g)
cEX

We will also write

n; = Z (a + b) min(i, a,)

ocEX
if i < (a+0)/2, and

N(a+b)/2 = Z (a _2|— b> (o
cEX .
the constant term of N;, which is independent of the weight.
Again, the reason for the normalization factor n; comes into two parts. Then term (a+b) min(i, a, )
comes from the inseparability degree of the projection p;. The term max(a,—i,0)k,+max(by— ag, by — )Ny
comes from the morphism p* (k). Indeed, we have the following proposition.

Proposition 2.10. Let M be a finite extension of Qp, let (A, \,t,n, He) be an Onr-point of X,
and L a subgroup of A[r?] as before. If i < (a + b)/2, we have

deg, L>a,—1i and deg,, L > max(by —1i,by — a,)
If i = (a+b)/2, we have
deg(72 L> bU_Taa
Proof. Suppose first that ¢ < (a 4+ b)/2. The subgroup L being totally isotropic, we get
deg,, L =deg, L+ bs, —as
The group A[r]/L[n] is of height 2fi, hence we have deg, A[r]/L[r] <1i. We get
deg,, L > deg, Lir] > a; —i

We deduce that deg,, L = deg,, L + b, — ac > max(by — i,by — a5).
If i = (a +b)/2, then L is a maximal totally isotropic subgroup of A[r]. Thus we have

bd — Qg bo — Qg

+deg,, L >

deg,, L =
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We have the following proposition concerning the behavior of the Hecke operator regarding the
degree function.

Proposition 2.11. Let x = (A, \,¢,n, Ho) be a point of Xjy rig, and y € Ur i(x) corresponding to
a subgroup L € A[r?] as before. Write y = (A/L,\,1,n, H.) ; then we have

deg H} > deg H;
for all1 < j < (a+0b)/2. Moreover, if i < (a+b)/2, we have
deg H] = 2fi — deg(L/L[r])

If deg H! = deg H;, then deg H; € Z.
If i =(a+1b)/2, then
deg H{o1p)/2 = fla+b) — deg(L)
If deg H{a+b)/2 = deg H(a+b)/27 then d(a+b)/2 — deg H(a+b)/2 € 27.
Proof. Suppose first that i < (a +b)/2. For all 1 < j < i, the morphisms H; — Hj is an
isomorphism in the generic fiber. Thus the inequality deg H} > deg H;. Suppose i < j < (a+b)/2.
Then, observing that 7=1(H; N L) N L = L[nx], we get
deg H} = deg(r ' (H; N L) + L) — deg L > deg(n ' (H; N L)) — deg L[x]

> deg A[r] + deg(H; N L) — deg L[n] = deg(H,; + L[r]) + deg(H; N L[x]) — deg L{n]

> deg H;
from the properties of the degree function.
Let us calculate the degree of H]. We have

deg H = deg(A[r] + L)/L = deg(r ' L[x]*)/L = deg A[r] + deg L[r]* — deg L
=2fi+ deg L[r] — deg L = 2fi — deg(L/L[n])

If deg H = deg H;, then we have deg H; + deg L[r] = deg A[r|, and A[r] = H; x L[r]. Since A[r]
is a BT, so is H;, and its degree is an integer.

Suppose now that i = (a+b)/2. The same argument as before shows that we still have deg H} > deg Hj,
for all 1 < j < (a+b)/2. Since H{aer)/Q = A[r]/L, we have

deg H{, 1y /o = deg A[r] — deg L = f(a +b) — deg(L)

If we have the equality deg H(’aer)/2 = deg H(,4p)/2, then Hq1p) 2 is a BT1, and all its partial
degrees are integers. Since H,yp)/2 is totally isotropic, we have the relations

deg,, H(atv)/2 = deg,, Hayv)/2 + (bo — as)/2

for all o € 3. If we note h, = deg,, H(44p)/2, which is an integer under the previous assumption,
we have

a+b by — Gy
diatby/2 —deg Higip) /2 = Z (ag + ( 5 ) _ 2hy — (72)> =2 Z (ag — hy) € 27
oEYX oEX -
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We will also need the following useful lemma.
Lemma 2.12. Letx = (A, \, 1,0, H,) be a point of Xy rig, and let L € A[n?] be a totally isotropic
subgroup as before, corresponding to a point of Ur ;(x), with i < (a+b)/2. We have the inequality
deg(L/L[n]) < 2fi — deg Alr] + deg L[]

Proof. The multiplication by 7 gives a morphism L/L[r] — wL. But L being totally isotropic, we
have the relation 7L = L[r]*. We thus get a morphism L/L[r] — L[]+, which is an isomorphism
in generic fiber. Thus the relation

deg(L/L[x]) < deg L[r]* = 2fi — deg A[x] + deg L[n]

3 A classicality result

We will now prove a control theorem, that is to say that an overconvergent modular form is indeed
classical under a certain assumption.

3.1 Decomposition of the Hecke operators

Fix a rational £ > 0. We will fix rationals e € {e,d;} for 1 < k < s. Fix also an integer i between
1 and s such that ¢; = €. Since we have assumed that there is only one place 7 of Fy above p, we
will simply note ¥ = 3. We define a partition of this set. First, we note for 1 <k <'s

Y = {0’ €3, a, :Ak}

We will also note Xy := {0 € ¥,a, =0}, and X511 := {0 € 3, a, = a+b} (of course X1 is always
empty in case U). The sets (X)o<k<s+1 form a partition of 3.
From the collection of (e1)1<k<s, we define another partition of X. The set Sy is defined to be

Sl :E()U U EkUEerl
k#i

Erp =€

The complement is the set
SQ = Ei U U Ek

k,sk:dk
Define .
UO = Deg_l([dl - Eladl] X X [ds - Esads]) = ﬂ Deglzl[dk - Ekadk]
k=1
U, = ﬂ Deg;l[dk — Ek,dk]

k#i
We will define a decomposition of the Hecke operator U: 4, on subsets of ;. Fix a rational
a > 0, and define the integer ¢ to be 1, except in the unitary case and if i = (a + b)/2, where we
set t = 2. For simplicity, we will simply write U; for Uy, 4,. Define

U = Deg; *([0,d; — t(1 — a)]) NU
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Theorem 3.1. Let N > 1 and < € be a positive rational. There exists a finite set Sy, and
a decreasing sequence of admissible open (U (N))resy of U such that for all k > 0, we have a
decomposition of UXN on U (N)\Us41(N)

N—-1
N N—-1—j
v =TI v oy | [T 7w
j=0
. d
with Ty = UgZ?N, and for 0 <k < N
- good rrbad bad
T] - H ik, N i,kjfl,kj,N et Ui,k,kl,N
k1€ESN-1,.-,k;ESN
and
_ bad bad bad
In = t,kn-1,NYi,kn _2,kn_1,N "~ Ui,kﬁklﬁN
k1€SN-1,...,kN-1€S51
such that

e the images of Uz;% (j € Si) are in Deg; *(Jd; —t(1 — B),d;]).

e the images of Uib,lllj/,N (1€ Sk, I € Sk—1) and Uib)%v (1 € S1) are in Deg; *([0,d; — t(1 — B]))

3.2 Analytic continuation

Let f be a section of the sheaf w" on U,. We will show that f can be extended to U, under a certain
condition. More precisely, suppose in this paragraph that f is an eigenform for the Hecke operator
U; with eigenvalue «;, and that

v(ag) +nga, < (1—2f¢) (ko + Ao)

inf
g€Ssy
The first step is to extend f to Deg; '(Jd; —t,d;]) NU;. We will use the following proposition.

Proposition 3.2. Let 0 < v <1 be a rational. Then there exists an integer N such that
UM (Deg; *([di — ty,di]) NUr) C Deg; ' ([di — e, di]) N Us

Proof. The key point is that on Deg; *([d; — tv,d;]) N U, the operator U; increases strictly the
degree function Deg;. We then apply the argument in [Pi]. O

Corollary 3.3. The overconvergent form f can be extended to Degi_l(]di —t,d;])NU.

Proof. Let 0 < v < 1 be a rational. By the previous proposition, there exists an integer N such
that
UM (Deg; *([di — ty,di]) NUr) C Deg; ' ([di — e, di]) N Us

The quantity o; YU f is thus defined on Deg; ' ([d; —t7, d;]) Ny . This formula allows us to extend
f to Deg[l(]dz—t,dz])ﬁlzﬁ |

The second step is to define some series on U := Deg; ([0, d; — t(1 — a)]) Ny, for some rational
« sufficiently small. We will use the decomposition of the Hecke operator U;.
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Theorem 3.4. Suppose that all the operators Uib“d introduced in the theorem Bl satisfy the relation
[la; U < 1

Then it is possible to construct sections fn € HO(U,w" /pA™), such that Ay — co. Moreover, the
functions fx can be glued together and with the initial form f to give an element of H®(Uy,w").

We refer to [Bil] for the details of the theorem and the constructions of the series fr. We will
now prove that, under the assumption made in the beginning of the paragraph, the condition in
the theorem is fulfilled, that is to say that the norm of the operators o 1Uib“d is strictly less than
1. We will split the discussion between the linear and unitary cases.

3.2.1 Linear case

We recall that the integer ¢ is equal to 1 in that case. Let M be a finite extension of Q,, let
x = (A, )\ 1,n, Hy) be a point of U defined over Oyr, and L = Ly @ Lg be a subgroup of A[r],
where Lg is an Op-stable subgroup of A[x™"] with A[x+] = Ha, ® Lo in generic fiber. Let us denote
A" = A/L, and let H/, be the image of Ha, in A/L. Thus

H) = A[x*]/Log

We suppose that the subgroup L correspond to a bad point. That is to say that deg H 1’41, <d,— 1+«
for a certain rational o > 0. We write deg, Ly = max(a, — A;,0) + 1, for all o € ¥. As it is shown
by the proposition 25 I, is a positive rational for all . We then have for all o

deg, H), = a5 — deg, Lo = min(4;, a,) — lo
We deduce that deg H,I47_» =d; =) ,cx lo. The condition of being a bad point gives
Z . >1—«
ceX
Actually, we can control some of the [,. First, we prove the following technical lemma.

Lemma 3.5. Let ¢ = (A, \,1,m, He) be a point as before, and let H C Alx™] be a Op-stable
subgroup. If H is of height f Ay and deg H > dj, — e, then deg, H > min(ay, Ax) — ¢ for all o € X.
If H is of height f(a+b— Ay), and deg H < deg A[nt] —dj +¢, then deg, H < max(a, — A,0)+¢
forallo € X.

Proof. Suppose that H is of height fAj and deg H > dj, —e. If deg, H < min(a,, Ai) — € for some
o € %, then

deg H = Z deg,, H < min(aq, Ax) — e + Z min(ay, Ag) =dp — €
o'ex o' #o

and we get a contradiction.

If H is of height f(a+ b — Ay), and deg L < deg A[n+]| — dj, + ¢, then we can apply the previous
argument to A[r"|/H. We get deg,(A[r"]/H) < min(a,, Ax) — ¢ for all ¢ € 3, and therefore
deg, H > max(a, — Ay, 0) + . O
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Now we prove a bound for some of the [,.
Lemma 3.6. If 0 € 51, we have [, < e.

Proof. If 0 € X9 U X441, then I, = 0. If not, 0 € ¥p, with 1 < k < s, k # 4 and g, = . Since
x is a point of U, we have deg Ha, > dj, —e. Suppose first that k& < i. Since Hy4, and Lg are
disjoint, the morphism H4, — Hy, := (Ha, + Lo)/Lo is an isomorphism in the generic fiber. Thus
by the properties of the degree function deg H);, > deg Ha, > dj. —e. By the lemma [3.3] we get
deg,, H(’% > A — . But we also have deg,, H(’% < deg, H)y, = min(A;,a0) —lo = Ap — 5. In
conclusion, we get [, < €.

The case k > i can be treated by duality, considering the group A[r~]. We can also give a direct ar-
gument. Let us denote the group Lo/(LoNHa, ) by L}.. Since H 4, and Ly generate A[r "], the mor-
phism L) — A[r"]/Ha, is an isomorphism in generic fiber, so we get deg L} < deg(A[x"]|/Ha,).
But we have

deg(A[r"]/Ha,) = deg A[r"] — deg Ha, < deg A[r"] —dj, +e¢

From the lemma 35 we get deg,. L) < e. Since Lo N Ha, is of height f(Ay — A;), we have
lo =deg, Lo — (Ax, — A;) = deg, L) + deg, (Lo N Ha,) — (A — A;) < e
|

Remark 3.7. Actually, we can have more control on the [,. Indeed, suppose that there exists
o€ X NS If k <1, then we have [, < ¢ for all o € 3;, with 7 < k. If £ > 4, then we have [, < ¢
for all o € ¥;, with j > k.

Putting together all the calculations made, we get the following result.

21021—a—f6

Proposition 3.8. We have

g€Ssy
Proof. If o € S1, we have [, < ¢, and we also have EUGE ls > 1—«. Thus
Zlgzl—a— 21021—04—]“5
€Sy oeST

We can now prove the bound for the norm of the operator UP%<.
Proposition 3.9. We have

||04-_1U»bad|| < pv(ai)JrnAif(lfanfs) infyes,(ho+As)
K3 3 —

Proof. The term p*(®) is the norm of the element a; ! Recall also the normalization factor for the
Hecke operator

Na, =na, + Z (max(ag — A;,0)k, + max(A; — ag, 0)/\0)
cEX
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The first term will come in the bound, and the second term will be canceled out by the bounds for
the partial degrees of Lo and Lg-.

Indeed, let us calculate the norm of the morphism w’ — wf‘/L. We recall that L = Lo ® L. We
can easily assume that the sheaf w” is a line bundle, in which case we have

wh = Q) (detw} )™ @ (detwy )
oely

where w;; , is the sub-module of ws where O acts on o, and similarly for w} _. In this case, the

norm of map w’% — wf‘/L is exactly p?, with

A=— Z (ko deg, Lo + A deg, Ly )
oeEX

But recall that deg, Ly = max(a, — A;,0) + [, and that

deg,, Lé‘ =A; —a, +deg, Lo = max(A; — a,,0)+1,

A== (max(a, — Ai,0)r, + max(4; — ag,0)As + Iy (k55 + As)) = —(Na, —na,) + B
ceY

with

B=- o\kho o)) < — o\Ro o)) < — i o o o < —(l—a— i o o
> (Uo(ko + X)) > (oo + X)) nf (Ko+Ao) > (1—a—fe) inf (ro+Xo)
ceEX o€Ss oc€Ss

Hence the bound for the operator a;IUib“d, noting that 1 —a— fe > 1 —a —2fe. O

Since we have made the assumption

o() +na, < (L=2fe) inf (ky + )
gES?2

we see that if « is small enough, the norm of the operator a;lUib“d is strictly less than 1.

Remark 3.10. Actually, we only needed the weaker hypothesis

(i) +na, < (1= fe) inf (ko +A5)

inf
g€S>
but we used it to have the same condition on both linear and unitary cases.

3.2.2 Unitary case

We now turn to the unitary case. We first assume that i < (a + b)/2, so that the integer ¢ is equal
to 1. Let M be a finite extension of Q,, let x = (A, A, ¢,n, Ho) be a point of U defined over Oy,
and L be a totally isotropic Op-stable subgroup of A[r?], such that we have A[r] = H; & L[r]. Let
us denote A" = A/L, and let H), be the image of H4, in A/L. Thus

H), = (Alr] +L)/L
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We suppose that the subgroup L correspond to a bad point. That is to say that deg H 1'41, <d;—1+a«
for a certain rational o > 0. We write deg,, L = max(a; — 4;,0) +l,, and

deg,, L = b, — ay +deg, L = max(by — Aj,bs — a5) + s

for all 0 € X. As it is shown by the proposition .10, [, is a positive rational for all o. We then
have deg H/y = 2fA; — deg(L/L[x]), therefore

deg(L/L[r]) > 2fA; —di +1~«a
We also have by the lemma the inequality deg(L/L[r]) < 2fA; — deg A[n] + deg L[x]. Thus
deg L[n] > deg A[r] —d; + 1 — «

We conclude that
deg L > 2fA; —2d; + deg A[n] +2(1 — )
By an explicit computation, one checks that the equality
2fA; — 2d; + deg A[r] = Y (max(a, — A;,0) + max(by — Ai, by — a,))
ocXy
We conclude that the condition of being a bad point gives
Z o >1—«
ocx

Actually, we can control some of the l,. First, we prove the following technical lemma.

Lemma 3.11. Let x = (A, \,1,n, He) be a point as before, and let H C A[rn] be a Op-stable
subgroup. If H is of height 2f Ay and deg H > dy — ¢, then deg, H > min(ay, Ay) — € for all
oeX.

If H is of height 2f(a+b— Ay), and deg H < deg A[r] —dy +¢, then deg,, H < max(a, — Ag,0)+¢
forallo € X.

Proof. Suppose that H is of height 2fA and deg H > dy —¢. If deg, H < min(a,, Ax) — ¢ for
some o € X, then

deg H = Z (deg,, H + deg,, H) < min(aq, Ax) — €+ Ap + Z (min(ay, Ag) + Ag) =dy — €
o'ex o'#o

and we get a contradiction.

If H is of height 2f(a + b — Ax), and deg L < deg A[n] — di + ¢, then we can apply the previous
argument to Afr]/H. We get deg, (A[r]/H) < min(a,, Ax) — ¢ for all ¢ € X, and therefore
deg,, H > max(a, — Ag,0) + €. O

Now we prove a bound for some of the [,.

Lemma 3.12. If o € S1, we have [, < 2¢.
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Proof. If 0 € X, then I, = 0. If not, o0 € ¥, with 1 < k < s, k # i and ¢ = . Since x is a
point of U, we have deg H4, > dj —e. Suppose first that k < i. Since Hy, and L[r| are disjoint,
the morphism Ha, — H) := (Ha, + L[r])/L[r] is an isomorphism in the generic fiber. Thus
by the properties of the degree function deg Hy > degHa, > di —¢. By the lemma B.TI] we
have deg, H), > Ap —¢c. But we also have deg, H; < deg,, Alr]/L[r] = a, —deg,, L[r], and
therefore deg,, L[r] < e. Next, we study H}, := (H), +L/L[r])/(L/L[x]). Using the lemma [3.1T]
we get
A — e < deg,, Hyy < Ay —deg,, L/L[7]

Therefore deg, (L/L[r]) <e. In conclusion, we get [, < 2.

The case k > i cannot be treated by duality in this case. Let us denote the group L{r]/(L[r]NH 4,)
by Lj. Since Hy, and L[n] generate A[rn], the morphism L} — A[r]/Ha, is an isomorphism in
generic fiber, so we get deg L), < deg(A[r]/Ha, ). But we have

deg(Alr]/Ha,) = deg Alw| — deg Ha, < deg A[r] —dj +¢
The lemma B.1T] gives deg, Lj <e. Since L{r] N H,, is of height 2f(Ay — A;), we have
deg,, L[r] = deg,, L} +deg, Llr|NHy, <e+ A —A;

Now we study A’ := A/L[r] and set H), := (7~'(Ha, N L[x]))/L[x]. If HY is the image of the
morphism H’y — A’[r]/(L/L[x]), then we get deg H);, > d), — . The lemma B.TT] gives

Ay —e <deg,, Hj, < Ay —deg, (L/L[r])
We deduce that deg,, L/L[r] <e. Finally, we have
lg = deg,, L —(Ar —A;) < 2¢
O

Remark 3.13. Actually, we can have more control on the [,. Indeed, suppose that there exists
o€ X, NS.. If k<, then we have [, < e for all 0 € ¥; with j < k. If & > ¢, then we have [, < ¢
for all o € ¥; with j > k.

Putting together all the calculations made, we get the following result.

Proposition 3.14. We have
Z Il >1—a—2fe

€Sy

Proof. If o € S1, we have [, < 2e¢, and we also have dex le > 1—«. Thus

21021—a—21021—a—2f5

oS> oeS

We can now prove the bound for the norm of the operator Uib“d.

Proposition 3.15. We have

||Oé-_1U»bad|| < pv(ai)+nAi—(l—a—2fa) infresy (Fo+As)
i i =
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Proof. The proof is exactly the same as in the linear case. O

Since we have made the assumption

v(a) +na, < (1—2f¢) (Ko + Ao)

inf
g€Ssy
we see that if a is small enough, the norm of the operator ai_lUl-bad is strictly less than 1.

We now deal with the case i = (a + b)/2 : the integer t is now equal to 2. The subgroup

L is now a maximal totally isotropic subgroup of A[r]. We write deg, L = Il,, and we have
deg,, L = (by — as)/2 + 5, for all ¢ € X. Recall that we have the relation

a+b
deg H{y11)/2 = fla+b) —deg L=} (ao + %

ceX

—921,)

so that

dasby/2 — deg H{yyp) 1o =2 Z ly
ocex

The condition of being a bad point gives

Zlgzl—a

ceX

for a certain @ > 0. The calculations are now exactly the same as previously, and the bound
obtained in the proposition [0l is still valid in the case i = (a + b)/2.

3.2.3 Conclusion

We now recall the analytic continuation result we got, putting together all the results of the past
sections.
Recall that we have defined subsets

Uy := Deg ([dy — e1,d1] x -+ x [ds — £5,ds]) = ﬂ Deg;. dy, — e, di]
k=1

Lll = ﬂ Degk_l[dk — Ek, dk]
k#i

We also have defined a partition ¥ = S; [[ S2. The result of this section is thus contained in the
following theorem.

Theorem 3.16. Let k be a weight, and f a section of w™ on Uy. Suppose that f is an eigenform
for the Hecke operators U;, with eigenvalue o for all 1 < i < s, and that we have the relations

na, +v(a;) < (1 —2f¢) (Ko + Ao)

inf
g€ESs

Then [ can be extended to a section of w" on U .
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3.3 The classicality theorem

We recall that we have made the assumption that p is inert in F;. We have defined integers
(Ai)i<i<s, and to each of these integers correspond a canonical subgroup, and a relevant Hecke
operator. We also have a partition

5= [[% [[2
j=1

We can now state the classicality result.

Theorem 3.17. Let f be an overconvergent modular form of weight k. Suppose that f is an
eigenform for the Hecke operators Uy a,, with eigenvalue oy, and that we have the relations

na, +v(q;) < ing (Ko + As)
[eASPI]

for 1 <i<s. Then f is classical.

Before giving the proof of the theorem, let us make the conditions explicit. In the case L, the
conditions become

v(ay) + Zmln a;, A;) min(b;, B;) < iélg(fig +As)

In the special case where all the (a;) are distinct and different from 0 and a + b, we have s = d
conditions, which can be written

v(ay) + Z min(a,, ay ) min(by, byr) < kg + Ay
o'ex

where a, is the eigenvalue of Uy .
In the case U, they become

f
—I—Zl (a + b) min aJ,A)<01é1f1(/£g+)\ o)
J:

if A; < (a+1b)/2, and

)+zj:(“+ < inf (Ko + o)

o a; < inf (ks

=1 2 J oeY;

In the special case where all the (a;) are distinct and different from 0 and (a + b)/2, we have s = d
conditions, which can be written

v(ag) + Z (a+b)min(as,a,) < ke + Ay
o'ex

where a, is the eigenvalue of Uy .



Of course, in the case where the ordinary locus in non empty, we find the same conditions as
in [Bid]. In the case L, the condition of ordinariness is a, = a, b, = b for some couple (a,b) and
for all o € . There is one relevant Hecke operator, Uy 4, and the classicality condition is

fab+v(a) < alrelfz(ng +As)

where « is the eigenvalue of Ur ,.
In the case U, the condition of ordinariness is

a, =b, = (a+b)/2
for all o € 3. There is one relevant Hecke operator, Uy (q4p)/2, and the condition is

(a+b)*

=3

+o(a) < ;relfx(fig +As)

where « is the eigenvalue of U (41p)/2-

Remark 3.18. Since we need to use all the Hecke operators Uy 4, for the classicality result, maybe
the relevant operator is a product of these ones. For example, in the linear case the operator
[, Ux.a, parametrizes complements of (a lifting of) the kernel of the f'"-power of the Frobenius
on the p-ordinary locus.

3.3.1 Proof of the theorem

Let us now prove the theorem. The overconvergent form f is a section of the sheaf w” defined over

S
Vo := (1) Deg; ' (|di — &, di))
i=1

for some € > 0. Of course, € can be taken as small as we want. Let us note K; = inf,ex, (ko + Ao ),
for all 1 <i <s. We order the elements (K;)1<;<s by decreasing order : we have

K, > K;, >--- > K,

We will use the analytic continuation theorem successively for the operators U;,,...,U;,, in that
order.
We first consider the operator U;, (we recall that we noted U; := Uy 4,). We take all the rationals

€k to be equal to €. In that case, Sy = ¥;,. We can apply the analytic continuation theorem if the
condition

na, +ov(a;) < (1-2f¢) (Ko + Ao)

inf

g€ESs

is fulfilled. But inf,eg, (ks + As) = K;,, and we have by hypothesis
nAa;, + U(Ozil) < Kil

If £ is small enough, then we can apply the theorem. We can thus extend f to

Vi = () Deg; ' ([di — &, di])
iy
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We then use the operator U;,. In this case, we take all the rationals €5 to be equal to e, except
€, = d;,. In that case, So = ¥;, U Y;,. We can apply the analytic continuation theorem if the
condition
na,, +v(a,) < (1—2fe) inf (ko + o)
og€Ssy

is fulfilled. But inf,eg, (ks + As) = inf(K;,, K;,) = Kj,, and we have by hypothesis
na,, +v(ai,) < Ki,
If £ is small enough, then we can apply the theorem. We extend f to
Vo= () Deg;'([di—e,di))
i@ {i1,i2}

Repeating this argument, we can extend the overconvergent form f to the whole rigid variety
Xrw,rig- We conclude by applying a Koecher’s principle, and a GAGA theorem, which proves that
the space

HO(XIw.,M'gwa)

consists of classical modular forms. This will be done in the next section.

3.3.2 Compactifications and Koecher’s principle

To complete the proof of the theorem, we need to prove a Koecher’s principle, and to introduce
compactifications of the Shimura variety.

Proposition 3.19. There exists a toroidal compactification X 1., of X1, defined over Og. It is a
proper scheme, and the sheaf w" extends to Xy, .

This proposition combines work of Lan ([La]), who constructed integral models of compactifi-
cations for the variety X, and of Stroh ([St]), who proved that the constructions can be adapted
for the variety with Iwahori level X7,,.

One can also construct the minimal compactification X7, of X,. The Koecher’s principle states
that, under a certain condition, the sections on X7y, automatically extend to the toroidal compact-
ification.

Proposition 3.20 ([La2|). Suppose that the codimension of the boundary of X;, is greater than
2. Then for any Ok -algebra R the restriction map

H(X 1 x R,w") — HY( X1, x R,w")
s an 1somorphism.
From this, we deduce a rigid Koecher’s principle (under the same dimension assumption) :
H(X 1, rigyw™) =~ H(X 1 ,rig, w™)

where Y[w,rig is the rigid space associated to X 1w Finally, since X 1 is proper, we have a GAGA
theorem.
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Proposition 3.21. The analytification morphism
H(X 1y x K,w") = HY(X 1 rig, w")
is an isomorphism.

To conclude, we need to make explicit the dimension condition. We have the following cases.

o If there exists o such that a,b, = 0, then the varieties X and Xy, are compact ([Lal, remark
5.3.3.2).

o If it is not the case, the codimension of the boundary of X7, is equal to d(a+b—1). Indeed,
the dimension of the variety is equal to > _asb,. From [La] theorem 7.2.4.1, there is a

stratification of X7, , and any top dimensional strata of the boundary is isomorphic to a

Shimura variety with signatures (a, — 1,b, — 1), hence has dimension ) _(a, — 1)(bs — 1).

Ifd>1ora+b> 3, then the condition for the Koecher’s principle is fulfilled.

e If d=a=0b=1, we cannot apply the Koecher’s principle.

Since we have excluded the third case by the hypothesis[[.3] it follows from what have been said
before that we have an isomorphism

HY(X 1y x K,w") =~ H(X 14 rig, w")

that is to say that the space H O(X Tw,rigs W) consists of classical modular forms. If the vartiety is
compact, this is only the GAGA theorem, and in the non-compact case, it is a combination of the
rigid Koecher’s principle and the GAGA theorem. This concludes the proof of the theorem.

In the exceptional remaining case, the variety is essentially a modular curve. To prove the classicality
theorem, one has to take the cusps into account in the series constructed. We refer to [Ka)] for more
details.

4 Case with several primes above p

In this section, we no longer assume that there is only one prime of Fjy above p. We will define the
degree functions, the overconvergent modular forms, and prove the classicality result.

Let P be the set of primes of Fy above p. We write P = {m,...,m4}. Recall that we have
defined the Shimura variety of Iwahori level at p

Xlw = XIw.jrl XX XI’IJJ,TI'Q XX+ XX Xlw,rrg

We will denote Xy, rig the rigid space associated to the scheme Xj,,. Let m be an element of P.
In the previous sections, we have defined an integer s, integers A, < --- < A; 5, other integers
dr,...,dx s, , together with a degree function

Degﬂ' : XIer,rig — H[07 dﬁ,i]

=1

34



We will define the degree function on Xyy, i by

Deg : X]w)”'g — H ﬂ[07 dﬂ,i]
TeEP i=1

T —  (Degn(px()))rep

Here p is the projection Xy rig = Xrw,x,rig-
Let X4 o= b the space Deg™'({dx}). Let us fix a weight &.

Definition 4.1. The space of overconvergent modular forms of weight x is defined as

M := colimy H(V, w")

p—ord—mult

where V runs over the strict neighborhoods of X7,

in Xlw,rig-

We have defined Hecke operators Uz 4, ,,...,Ux a,, . There is a slight ambiguity for the
polarization X. If 7 is the only place above p, one can take p- A, which is a prime to p polarization.
In general, \" is not well defined. Let x be a totally positive element of O such that v,/ (z) equals 1
if # = 7, and 0 if 7’ is a place of Fy above p different from 7. Then one takes for \’ the polarization
-

These operators act both on classical and overconvergent modular forms. We can finally state and
prove the classicality theorem.

Theorem 4.2. Let f be an overconvergent modular form. Suppose that f is an eigenform for the
Hecke operators Uy 4 with eigenvalue o ;. If we have the relations

i)

Nr, Ar s + v(aw,i) < inf (fig + /\g)
' o€

forallme P, 1 <i< sy, then [ is classical.

We recall that n, ; is the constant term of the normalization factor for the Hecke operator Uy ;,
and that X, ,; = {0 € ¥r,a, = Ari}.

Proof. We will use for each place 7 the analytic continuation theorem we got in the previous section
to extend the modular form to the whole rigid variety, and deduce its classicality. Hopefully, the
order of the places 7 is not important here.

We start with an overconvergent form f. It is a section of w” defined on a set of the form

Deg_l( H ﬂ[dﬂ,i —&, dﬂ',i])

TeP i=1

Fist, we consider the place 7. Using the Hecke operators, and the relations satisfied by the
eigenvalues, by the previous section, one can extend f to

Smy Sr
Deg ' ([J10,dxr, il < T] []ldr.i — & dx.i))
=1 T#Ty =1

Using successively this argument with the different places, one can extend f to the whole rigid
variety X, rig. Using a Koecher’s principle (if the variety is not compact), and a GAGA theorem
as in the section 3.3.2] one can prove that f is a classical modular form. O
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