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Abstract. This paper presents the findings of a computational study into the effect of different support
conditions and geometric imperfections on the nonlinear elastic stability of tubular members of
varying length under global bending. Using the finite element analysis software ABAQUS, the tubular
member was modelled as an isotropic thin-walled cylindrical steel shell and subjected to a uniform
bending moment distribution. The classical elastic critical buckling moment, the linear bifurcation
moment and the critical nonlinear buckling moment were computed and the imperfection sensitivity
under the linear buckling eigenmode was examined. The study demonstrates that the support
conditions at the edges have a significant effect on the predicted buckling moment for short tubes, but
that this influence vanishes for longer tubes. Additionally, the influence of initial geometric
imperfections in the form of the critical buckling eigenmode on the nonlinear buckling strength of the
tubes appears to be strongly dependent on the length of the tube. A detrimental effect was observed for
longer tubes but a neutral or mildly beneficial effect for shorter ones. Overall, tubular members under
global bending do not appear to be as imperfection-sensitive as those under uniform axial
compression.

1 INTRODUCTION

Tubular members are widely used in structural applications in which the dominant loading
condition is uniform global bending, key examples being chimneys, wind turbine support
towers, pipelines and tubular piles. These shell structures exhibit a rich nonlinear behaviour
under bending due to the coupling between cross-section ovalisation and local bifurcation
buckling [1,2].

Ovalisation is a nonlinear phenomenon where the cross-section of a tubular member
undergoes progressive flattening near its midspan and begins to assume an oval shape in
response to an increasing meridional curvature [3,4,5,6]. Brazier [7] documented in 1927 that
ovalisation reflects a progressive reduction in the bending stiffness as a result of a decreasing
second moment of area of the flattening cross-section [8,9], culminating at a limiting-point
instability now known as the critical ‘Brazier’ moment (Eq. (1)):
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where r and ¢ are the radius and thickness of the cylindrical tube, and £ and v = 0.3 are the
Young’s modulus and is the Poisson’s ratio respectively.
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Numerous studies conducted since then on the ovalisation instability behaviour of long
thin-walled cylindrical tubes under bending have shown remarkable agreement with the
Brazier moment [6,10,11]. However, many of these studies have also shown that this critical
moment is usually never reached as another type of instability (local bifurcation buckling)
typically precedes the ovalisation limit point [12,13].

Ovalisation had not been detected in moderate length thin-walled cylindrical tubes under
global bending, suggesting early on that the phenomenon is length-dependent [14,15,16].
However, it was only recently that Rotter ef al. [1] documented that the absence of ovalisation
in shorter tubes was as a result of the restraining power of the boundary conditions at the ends
of the tube. This study also demonstrated that the geometrically nonlinear buckling behaviour
of perfect elastic cylindrical tubes under global bending may be classified into four distinct
length-dependent domains, termed ‘short’, ‘medium’, ‘transitional’ and °‘long’, with the
clearly-defined length boundaries that depend on the relative influence of end support
conditions and ovalisation on the critical buckling behaviour. This is similar to but more
complex than the well-known classification of cylinders under uniform axial compression
which exhibit only three length domains, namely ‘short’, ‘medium’ and ‘long’ [17]. The
additional ‘transitional’ length domain under bending is a direct consequence of the
ovalisation phenomenon which is not present under uniform axial compression. The buckling
behaviour of ‘short’ cylinders was additionally found to be particularly sensitive to the nature
of the restraint at the end supports, a phenomenon illustrated in this paper.

The imperfection sensitivity of cylinders under axial compression has been reasonably well
documented  through  numerous  analytical and  experimental studies e.g.
[2,17,18,19,20,21,22,23,24,25], and it is well understood that even minor imperfections lead
to steep losses in the load-bearing capacity. By contrast, comparatively little is rigorously
known on the corresponding imperfection sensitivity for cylinders under global bending,
except what is often inferred without proof from the related but still very distinct load case of
uniform axial compression.

The cylinder length is thought particularly likely to change the sensitivity to both the form
and amplitude of imperfections under global bending due to the presence of the ovalisation, a
phenomenon absent under uniform compression. The form of imperfection that leads to the
most detrimental effect is clearly of key interest, and it was traditionally assumed that this was
achieved by the linear buckling eigenmode (LBA eigenmode) [26]. Indeed, the European
Standard on the Strength and Stability of Metal Shells [27] proposes the LBA eigenmode as
the ‘default’ imperfection form in a computational analysis. This concept, derived from
Koiter’s original perturbation analysis [18] and valid without reservations for classical column
buckling, remains only a guide in shell buckling because the LBA eigenmode does not
necessarily always lead to the lowest possible buckling strengths and it does not relate well to
more realistic imperfection forms originating from specific manufacturing processes [26,28].
Rotter [29] suggested that the ‘worst” imperfection form should depend on the shell geometry
and loading, though exactly what form it should take is very much open to discussion.

The aim of this paper is firstly to demonstrate the effect of varying end support conditions
on the predicted length-dependent nonlinear elastic buckling strength of thin cylindrical tubes
under global bending, assuming the most common ‘clamped’ and ‘simply-supported’ cases.
Secondly, the study aims to briefly illustrate the possible imperfection sensitivity of such
cylinders under the ‘traditional’ linear buckling eigenmode imperfection form.
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2 NUMERICAL MODELLING USING FINITE ELEMENTS

The modelling and analyses of the tubular members was performed using the commercial
finite element analysis software ABAQUS v. 6.13.2 (2013).

2.1 Model details

The cylindrical tube was modelled using four-node reduced-integration S4R shell
elements, details of which are shown in Figure 1. Only a quarter of the cylinder was modelled
to take advantage of its double symmetry and to enhance the computational efficiency of the
analyses, acceptable where the shell structure does not undergo torsional deformations [30]. A
reference node was created at the centre of the cross-section at the end and connected to the
edge surface of the tube using a rigid body kinematic coupling. This reference node was
allowed to displace along the meridional z-axis and to rotate about a transverse y-axis of the
global coordinate system, with all other degrees of freedom restrained, while also serving as
the point of application of the applied global bending moment. Further details of the
numerical model may be found in [1,31].
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Figure 1: llustration of the details of the numerical model, after [31]

The magnitude of the bending moment applied through the reference node was related to
the classical elastic critical moment M, (Eq. (2)):

Ert’
-V

It should be noted that the above equation is based on the assumption of buckling
occurring when the most compressed fibre reaches the classical critical buckling stress for
uniform axial compression o, = 0.605Et/r. This ‘local buckling hypothesis’ is made on the
basis that the membrane stresses on the compressed side of the cylinder are approximately
uniform over a sufficiently wide zone to support an axial compression buckle [2,15]. This
hypothesis is approximately correct under a pre-buckling membrane stress state with little or
no local bending deformations or ovalisation. It will be shown that this is no longer the case

M, =m’to,(r)=1.813
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for either short cylinders which undergo extensive bending deformations due to the influence
of the end support conditions or for long cylinders which undergo extensive pre-buckling
ovalisation.

Where applicable, the mean meridional curvature ¢ of the cylinder was deduced from the
end rotation S, (Figure 1) and normalised by the curvature at buckling ¢.; as predicted by
linear bending theory:

28 t t
¢= Ly and @, = ~0.605— 3)

2.2 Geometric and material properties

It was assumed that the cylinder was made of steel with a Young’s modulus E of 2 x 10°
N/mm?” and a Poisson ratio v of 0.3. Plastic behaviour was not considered in this study. The
radius and thickness were taken as r = 100 mm and # = 1 mm respectively to maintain a radius
to thickness (7/f) ratio of 100, typical of a ‘thin’ cylindrical shell. The cylinder length L was
related to a dimensionless length parameter  (Eq. (4)) which was varied from @ =1 to 1600
to cover the full set of different length domains for cylinders under global bending as
identified by Rotter et al. [1].
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2.3 End support conditions

Two different sets of conditions for the normal displacement w of the cylinder wall were
investigated at the end supports at z = 0 and L: simply-supported and clamped. These
correspond approximately to the BCIr (Eq. (5§)) and BC2f (Eq. (6)) boundary conditions
respectively as defined in EN 1993-1-6 [27].

¢ Clamped boundary condition (BClr):

dz

e Simply supported boundary condition (BC2f):

2
w=i?=0 ©)
74

The simply-supported condition was modelled by allowing the nodes on the edges of the
cylinder to rotate freely about the circumferential axis, while for the clamped boundary
condition this rotation was restrained. It was expected that the effect of changing the support
conditions would strongest within the ‘short’ length domain (w < 5). Consequently, the
cylinder length was varied at very small increments of @ = (.2 in this range to better capture
this effect.
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2.4 Meshing details

Short cylinders of length L < 64, where 4 is the linear meridional bending half-wavelength
from classical shell bending theory (Eq. (7)), were expected to develop extensive bending
deformations and high local meridional curvatures spanning the full length of the structure.
Consequently, these short cylinders were discretised with a fine mesh of approximately square
shell elements of meridional length less than 0.25Vrt (i.e. approximately one tenth of 1).

Cylinders longer than this maintained the same level fine mesh resolution only within 24 of
the end support and the midspan axis of meridional symmetry where extensive local bending
and buckling deformations were anticipated (Figure 1). Between these ranges the cylinder was
under membrane action only and thus did not require as high a mesh resolution.

A=2.444rt )

2.5 Types of computational analyses

For each length, the perfect cylinder was subject to a linear buckling analysis (LBA) to
detect the critical buckling eigenvalue A and corresponding eigenmode. The critical buckling
moment M., was then computed as (Eq. (8)):

Mcr = ﬂ’Mcl ®)

The computed linear buckling eigenmode was then imported and applied as an
imperfection in a subsequent geometrically nonlinear analysis (GNIA). The imperfection
amplitudes 0 were taken as O (perfect — GNA), 0.1, 0.25, 0.5 and 1 wall thickness. The GNA
and GNIA analyses were performed using the Riks [32] modified arc length procedure, and
terminated at the load proportionality factor LPF corresponding to the first reported negative
eigenvalues of the global stiffness matrix which denoted either global limit point or local
bifurcation buckling. The critical buckling moment M; was then calculated as (Eq. (9)):

M, =LPFXM )

3 INFLUENCE OF END SUPPORT CONDITIONS ON THE LENGTH-
DEPENDENT BUCKLING BEHAVIOUR OF PERFECT CYLINDERS

The end support conditions were found to play an important role in the linear buckling
resistance and also in determining the location of the boundaries between the shorter length
domains of the perfect cylindrical tubes under global bending.

3.1 Linear buckling behaviour (LBA analyses)

It is well known that the linear bifurcation moment M., cannot capture the true strength of
the cylinder under bending because the formulation does not permit geometric nonlinearity
and hence excludes the possible effects of ovalisation. However, M., is nonetheless computed
using a full shell theory formulation and thus includes the pre-buckling bending stresses that
arise due to kinematic compatibility requirements with the end support conditions (Eq. (5) or
(6)), something that the calculated classical elastic critical buckling moment M., (Eq. (2))
does not. Further, M., plays an important role in the design of metal shells according to EN
1993-1-6 [27] as the one of the two reference resistances required to determine the physical
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shell slenderness, the other being the plastic limit strength (in this case the full plastic moment
M,).

The study of Rotter et al. [1] was the first to illustrate the length-dependent relationship
between the FE-computed M., and hand-calculated M, moments for clamped end support
conditions (Eq. (5)). It was found that as the cylinder became shorter (w — 0), the restraint
offered by the end supports restricts the growth of an axial compression buckle ever more
severely which thus requires an ever higher M., moment in order to form. The variation of the
ratio M.,/M_;vs o is illustrated in Figure 2 and clearly shows that M.,/ M, — o as w — 0. An
alternative way of presenting this relationship is in terms of its inverse (Figure 3), and since
now M./ M., — 0 as w — 0 the vertical axis is well-defined between O and 1 instead of ill-
defined between 1 and o as in Figure 2.

Longer cylinders are not affected by the end restraints or ovalisation, and the ‘local
buckling hypothesis’ that M. = M, or M., /| M, — 1 as w — o becomes a close
approximation to the predicted linear buckling behaviour in this length range. It was
furthermore proposed by Rotter er al. [1] that the relationship between M., and M, for the
clamped case may be conservatively approximated as:

M”—1+i or My __ 1
& M, 1+4

This fit, also illustrated in Figures 2 and 3, captures the correct behaviour qualitatively at
either extreme of the length range and has now been incorporated into a new Annex E due to
be published in an upcoming update to EN 1993-1-6 [27].
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Figure 2: Length-dependent linear buckling behaviour of the perfect tubular members: M. /M, vs @

15



Classical elastic critical moment / Linear

Oluwole K. Fajuyitan et al.

1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

-=-Simply-supported FE

bifurcation moment M_/M_,

0.2 M, —Simply-supported FIT

0.1 M., -o-Clamped FE
asw—0 —Clamped FIT

0.0

01 2 3 4 5 6 7 8 9 101112 13 1415 16 17 18 19 20

Dimensionless length w

Figure 3: Length-dependent linear buckling behaviour of the perfect cylinders: M /M., vs @

The calculations have been extended in this study to the case of simply-supported end
conditions (Eq. (6)). The rotational restraint offered by a simply-supported boundary is not as
strong as for a clamped boundary and only affects very short cylinders (i.e. w <2 or L < 20
mm). As a result, far shorter cylinders are able to undergo local buckling at a moment close to
the classical critical buckling moment M,; than was the case for clamped cylinders, and thus
the ‘local buckling hypothesis’ is valid over a much wider range of cylinder lengths. The
moment-length relationship additionally shows a number of distinct ‘waves’ which relate to
the changing critical buckling mode with length, as illustrated in Figure 4. The same effect is
also present for clamped end support conditions, although to a much smaller extent.

It is proposed here that the relationship between M., and M., for the simply-supported case
may be approximated as:

M, 2 M 1.5
=1+ or
M

30 M 15+1/&°

cl cr

cl

(11

This relationship conservatively ignores the ‘waves’ on the curve that result from the
changing relationship between the critical buckling mode and cylinder length, but still
captures the qualitative moment-length relationship at either extreme of the length range. This
relationship becomes slightly unconservative for very short cylinders with o < 1 that anyway
fall well outside the range of practical interest.
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Figure 4: Selected linear buckling eigenmodes from LBA analyses of the perfect cylinders
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3.2 Geometrically nonlinear buckling behaviour (GNA analyses)

The study of Rotter et al. [1] performed a wide range of nonlinear elastic buckling analyses
covering the full practical range of lengths for cylinders under global bending with clamped
end support conditions. The following four ranges of behaviour were identified and
characterised, with the boundaries between them expressed in terms of the dimensionless
length w.

e ‘Short’ cylinders (e < 4.8) where the end support conditions completely restrain the
development of a local axial compression buckle, leading to a significant increase
in the critical buckling moment M, to well above the M, value.

e ‘Medium’ length cylinders (4.8 < w < 50) where the end support conditions no
longer prevent the development of a local axial compression buckle, but they do
prevent ovalisation of the cross-section at midspan. The critical buckling moment
M is approximately stable in this length range and close to the classical M value.

e ‘Transitional’ cylinders (50 < w < 700) where the restraint of ovalisation provided
by the end support conditions begins to diminish. The cross-sectional stiffness
begins to drop and there is a decrease in the critical buckling moment with length.

e ‘Long’ cylinders (w > 700) which undergo extensive but stable ‘Brazier’
ovalisation. The buckling moment M; is at just below the classical ‘Brazier’ value
Mg, (Eq. (1)), which is approximately half of M,,.

The full relationship between the ratio of the nonlinear elastic moment M to the computed
linear bifurcation moment M., and the dimensionless length @ is illustrated in Figure 5 using a
log scale for the horizontal axis. The dashed lines represent approximate domain boundaries.
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These nonlinear calculations were repeated in this study for the case of a cylinder under
simply-supported end conditions, also illustrated in Figure 5, and the same length domains
may be qualitatively identified as for the clamped case. The main difference is that where the
boundary between ‘short’ and ‘medium’ length cylinders fell at w = 4.8 for the clamped case,
this boundary appears to come rather sooner at @ = 3.2 for the simply-supported case. This
may be attributed once again to the weaker rotational restraint offered by this boundary
condition, allowing shorter cylinders to develop a local axial compression buckle on the
compressed side at a moment close to the classical elastic critical M,; value.

The nature of the end support conditions does not appear to have any significant effect on
the onset of ovalisation nor on the extent of its influence on the nonlinear critical buckling
moment M;. In both cases the start of the ‘transitional’ length domain occurs at @ = 50, and
thereafter both support conditions effectively follow the same relationship.

----------------------------------------------------------------------------------------

35

Clamped

Eventual limit
point buckling

w
o

N
wu

g
o
|

Progressive geometric |
softening due to growing
circumferential fold

[y
(9]
|

H
o
i
|
|
|
|
y
|
|
[
|
!
|
|
1
|
|
1
|
|
1}
|
|
1l
|
|
|
|
iR

Nonlinear elastic/ Classical elastic buckling
moment M/ M,

05 |/, i """""" oo [ —simply-supported FE | -
EI f(ffi 'Short' cylinder with w =3 | | —Clamped FE |

0.0 | i i i i i i i i i
0 1 2 3 4 5 6 7 8 9 10

Normalised mean curvature ¢/¢,,

Figure 6: Nonlinear moment-curvature equilibrium paths for short clamped and simply-supported
cylinders with @ =3

The ‘short’ length domain deserves special mention. Short cylinders under bending exhibit
a deep circumferential fold akin to a corrugation developing on the compressed side in a
nonlinear analysis, and thus behave very differently to other length domains. The relationship
between the applied moment and the mean meridional curvature (Figure 6) shows an initially
linear path which begins to undergo significant geometric softening at applied bending
moments, significantly higher than M. This softening behaviour is not due to ovalisation but
is a result of detrimental changes of geometry caused by a progressively deeper
circumferential fold (Figure 7a to Figure 7c), a mechanism which does not appear to be well
documented in the voluminous shells literature on this topic. Both sets of support conditions
exhibit this softening behaviour, although the equilibrium path is noticeably stiffer for the
clamped case due to the increased rotational restraint.
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Figure 7: Selected incremental nonlinear buckling modes from GNA analyses of the perfect cylinders
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4 INFLUENCE OF INITIAL GEOMETRIC IMPERFECTIONS ON THE
NONLINEAR ELASTIC BUCKLING STRENGTH (GNIA ANALYSES)

The computed LBA eigenmodes were introduced as imperfections into the nonlinear
buckling analyses in order to obtain a first picture of the potential imperfection sensitivity of
cylinders under global bending. This picture is by no means complete, and further research is
needed to establish a more complete understanding of this relationship. In particular, other
imperfection forms must be taken into account, as it is very possible that one imperfection
form will be very detrimental within one length domain but another will be more detrimental
within another length domain. This will depend on the physical basis of the imperfection form
and how it relates to the mechanics of the structural behaviour within any particular length
domain, complicated by the nonlinear effects of the end boundary layer and midspan
ovalisation.

The relationship between the computed nonlinear buckling moments M; and the
dimensionless length w are illustrated in Figure 8 and Figure 9 for the clamped and simply-
supported end conditions respectively and for different imperfection amplitudes of the LBA
eigenmode: o/t = 0 (perfect), 0.1, 0.25, 0.5 and 1. A number of observations may be now
made.
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Figure 8: Nonlinear buckling behaviour of imperfect cylinders with clamped end conditions: M/M., vs
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Figure 9: Nonlinear buckling behaviour of imperfect cylinders with simply-supported end conditions:
M /M., vs w as a function of d/t

First, sensitivity to the LBA eigenmode imperfection appears to be very length dependent.
For example, a small imperfection amplitude of ¢/t = 0.1 may have either a neutral or even
mildly beneficial effect (for ‘short’ cylinders), a mildly detrimental effect (for cylinders on the
boundary between ‘short” and ‘medium’ or ‘transitional’ and ‘long’) or a strongly detrimental
effect (for cylinders on the boundary between ‘medium’ and ‘transitional’). The reason for
this may be attributed to the changing shape of the both the LBA eigenmode (Figure 4) and
critical nonlinear buckling mode (Figure 5) with length, and the effect of one on the other.

Second, the decreased stiffness of an even slightly imperfect cylinder appears to permit
ovalisation to have a detrimental effect on the buckling strength at significantly shorter
lengths than for perfect cylinders. This is apparent in the fact that the boundary between
‘medium’ and ‘transitional’ length cylinders no longer falls at a well-defined w = 50 but
somewhere closer to @ = 10. Since most tubes and cylinders in practice are at least a little
imperfect, this suggests that basing a strength assessment on the ‘perfect’” moment-length
relationship may be unconservative. More research is needed to establish whether this is the
case for all practical imperfection forms and 7/¢ ratios.

Third, the length boundaries between ‘short’ and ‘medium’ or ‘transitional’ and ‘long’
cylinders appear unaffected by the presence or the amplitude of the LBA eigenmode
imperfection, suggesting that the behaviour at either length extreme is largely insensitive to
these imperfections. It was demonstrated in Figure 6 that ‘short’ cylinders exhibit a distinctive
limit point global buckling behaviour without developing any local axial compression
buckles, and thus are not likely to be affected detrimentally by the presence of an
imperfection in the form of an LBA eigenmode that is similar in shape to a local axial
compression buckle. By contrast, an imperfection in the form of localised axial compression

13
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buckles (Figure 4e) does not have as great a detrimental effect on ‘long’ cylinders either due
the considerable strength and stiffness reduction that they already suffer due to fully-
developed ovalisation.

Given the significant variations in behaviour within each length domain and the
uncertainty in the location of the domain boundaries under the influence of imperfections, it is
both difficult and unfeasible to devise a single imperfection sensitivity relationship for this
load case that would be valid for all lengths. An attempt at formulating a relationship between
the strength reduction on the perfect shell o; (Eq. (12)) and the imperfection amplitude d/¢ for
each length domain individually, based on an averaged value of a; for that length domain, is
shown in Figure 10 and Figure 11 for the clamped and simply-supported end conditions
respectively. The scatter in each length domain is represented by error bars showing the
standard error defined as a/\/n, where o is the standard deviation and #n is the number of data
points.
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Figure 10: Imperfection sensitivity curves for cylinders with clamped end conditions, averaged on
each length domain (as categorised for perfect cylinders) for the LBA eigenmode imperfection form
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Figure 11: Imperfection sensitivity curves for cylinders with simply-supported end conditions,
averaged on each length domain (as categorised for perfect cylinders) for the LBA eigenmode
imperfection form

Though approximate, these relationships clearly illustrate the varying imperfection
sensitivity and the scatter in predicted strengths for each length domain. The anomalous
behaviour of the ‘medium’ curve for cylinders under simply-supported end conditions (Figure
11) is a reflection of considerable scatter visible in the computed buckling strengths near the
start of this length domain (Figure 9). It may be that the definition of the boundary of the
‘short’ and ‘medium’ length domains, set at @ = 3.2 for perfect geometries under these
support conditions, is no longer appropriate for imperfect ones.

Lastly, it should be stressed that these results are valid only for the LBA eigenmode
imperfection form which may or may not be realistic representations of cylinders in practical
applications. The authors are actively working to extend the applicability of these
relationships to other imperfection forms and 7/t ratios, and to characterise them algebraically
for practical use.

S CONCLUSIONS

The following may be deduced from this computational study for cylindrical tubes under
global bending:

e The influence of varying the end support conditions on the linear and nonlinear
buckling strengths of the elastic tubes is effectively restricted to the ‘short’ and
‘medium’ cylinder length domains only. These are the length domains that are still
under the influence of by the boundary layer of local bending deformations caused by
the end support conditions.
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e For cylindrical tubes with simply-supported end conditions, the dimensionless length
range for the ‘short’ length domain is suggested to apply to @ = LA(rt) < 3.2 while the
range for the ‘medium’ length domain is then 3.2 < w < 50. This is different from the
corresponding ranges found in a previous study for cylinders with clamped end
conditions, where the ‘short’ length domain is taken as valid on w < 4.8 while the
‘medium’ length domain is valid on 4.8 < w < 50.

e The influence of a linear buckling eigenmode imperfection form on the buckling
strength of cylindrical under global bending is strongly length-dependent, with the most
detrimental effect visible for the ‘medium’ length domain. Other domains show only a
mildly detrimental effect, a neutral effect or even a mildly beneficial effect.

e More research is needed to extend the validity of these conclusions to other
imperfection forms and radius to thickness (r/f) ratios as a prelude to a final
characterisation of the imperfection sensitivity of cylindrical tubes under global bending
for design purposes.
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