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Abstract 

This thesis describes an investigation of a stably-stratified turbulent 

shear flow, and the experimental techniques adopted for the hot-wire 

measurements made in a low-speed, variable temperature flow. 

Modification are introduced to both the heat-transfer formula of 

Collis and Williams (1959), and to the data-reduction scheme of Arya (1968), 

so as to improve the reliability of the hot-wire observations. 

The turbulence measurements suggest that the ratio of turbulent 

eddy conductivity to eddy viscosity decreases quite rapidly from a value 

of 1.35 near neutral conditions as stability increases, and that the 

critical flux Richardson number is about .2. The spectrum measurements 

of the fluctuating vertical component of velocity show a buoyancy-subrange 

with a slope of - 11/5, as suggested by Bolgiano (1959 and 1962); the 

streamwise spectra and the temperature spectra differ from his predictions. 
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Nomenclature and Notation 

The lists of symbols below are not exhaustive; it was felt 

that some definitions (particularly the more fluid-mechanical ones) 

were more readily incorporated in the body of the text. 

Primed, lower-case symbols represent fluctuating quantities. 

The primes have, on occasion, been suppressed in the text when there is 

no possibility of confusion. Overbars represent time averaging. The root 

mean square (r.m.s.) value of some fluctuating quantity x' is written 

A 
x 

50 2 

and the correlation coefficient of two such quantities, x' and y' is 

usually written 

(x', y ') 	x'y' / (x
A /■
, y) 

Most measurements and definitions are in terms of the M.K.S. 

system of units. These units are not rigorously adopted, and when it is 

more convenient to talk in terms of a 1 inch length we do so, and not of 

a .0254 m. object. 

The abbreviation C.T.A. is used in the text to mean either 

constant temperature hot wire anemometry, or the anemometer itself, the 

sense being conveyed by context. The abbreviations W2 and W4 are used 

to refer to the work of Webster (1962, and 1964). 

Paragraph numbers are indicated by underlining, e.g. 3.1, 

and equations by parantheses e.g. (5.6). 

Physical constants and fluid properties are taken from Kaye and 

Laby (1966) or from the Smithsonian tables, as are such relations as 

Sutherland's Laws. 

Some of the symbols listed require long mathematical expressions 

for their definition. In such cases their defining equation number is 

listed, rather than the equation itself. 

vi 
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Roman Symbols  

A a 	Constant appearing in hot wire heat transfer equation (3.1) 
A 

See a. 

ca 	
Constant appearing in hot wire eqn (3.3). 

c
b 	

See ca. 

d 	Diameter of hot wire. 

e' 	Fluctuating voltage Dutput from C.T.A. 

eij 	Rate-of-strain tensor 

E 	D.C. voltage output from C.T.A. 

E(k) 	Energy spectrum function 

f 	Temperature loading for hot wire, defined variously in text, 

or frequency in Hertz. 

g 	Acceleration due to gravity. 

i 	Hot wire probe current, or square root of - 1. 

k 	Thermal conductivity of fluid, or a wave number, or a constant. 

Ke 	
Horizontal conductivity of momentum for a turbulent fluid, 

defined in eqn (5.20). 

KH 	Eddy conductivity of turbulent fluid, defined in eqn (5.1). 

KM 	Eddy viscosity of turbulent fluid, defined in eqn (5.2). 

1 	Length of hot wire, or integral scale of the turbulence 

(Chapter 5) 

Nu 	Nusselt number, (3Q/Dt)/(Trk1). 

Px(w) 	Power spectral density of a signal. x, normalised to unit area. 

q 	 , R.M.S. turbulent intensity, ku.,2  + v'2  + w,2) 

Q 	Heat Transfer. 

ro 	Ro - 

r1. 	R1 - 

R 	Hot wire equ-.1.1ibrium resistance, (Appendix 1) 

RA 	Hot wire overheating ratio, R1/R0,  

R
e 	

Any Reynolds number. 
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.eff 	
An effective internal bridge resistance, 100 + RL  

R
f 	

Flux form of Richardson number, eqn (5.3). 

R. 	Gradient form of Richardson number, eqn (1.1) 

RL 	Hot wire lead resistance 

R* 	Reference wire resistance of 0°C. 

s 	Exponent in hot wire heat transfer equations; it is 

variously .45 or .42. 

S
u 	

Sensitivity of C.T.A. to fluctuations in U, 10. 

S . 	Sensitivity " 	n 	n 	n 	" T, Tt. 
T 

S
w 	

Sensitivity " 	n 	Il 	. 11 	" W, w'. 

t 	Time. 

T 	Any mean temperature, degree Kelvin. 

Tm 	Film mean temperature about hot wire, i(T1  + T
o). 

To 	Cold temperature of hot wire. 

T
1 	Operating (hot) temperature of hot wire. 

u' 	Fluctuation in velocity in mean flow direction. 

U 	Mean velocity of fluid. 

U
c 	Mean velocity at tunnel centre line. 

w' 	Fluctuation in velocity normal to mean flow direction, 

(positive vertically upwards). 

X,Y,Z 	Right handed set of axes, The x-positive direction is usually 

associated with mean flow direction; Z is always positive veritically 

upwards. 

Greek Symbols 

Temperature coefficient of wire resistance 

13(w) 	(Pw(w)  / P 

y - 	Hot wire temperature sensitivity correction factor, 

y = 1 - a 

y(w) 	Frequency dependent y, y(w) = 1 - GSM 



ix 

ro 	
Constant appearing in empirical expression for y, 

eqn (4.7). 

r
I 	

See To. 

(5 	Yaw component of Sw, Sw  = dSu, eqn (3.33). 

E Any turbulent dissipation rate. 

Temperature ratio, Tm/To. 

o 	Mean air temperature, degrees Celsuius. 

0
w 	

Mean air temperature, as measured by the hot wire. 

X 	Taylor microscale 

✓ Kinematic viscosity of fluid. 

P 	Density of fluid. 

A A 
a 	T . 

1  /ti  
w 

 

T f 	 Temperature fluctuation in turbulent fluid. 

T
w 	

Temperature 	n 	n 	11 	ff , as perceived 

by the hot wire. 

w Circular frequency, 2Trf'-. 
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Chapter 1. 	Introduction 

1.1 The Report  

This chapter should be regarded partly as a gloss on the table of 

contents and a description of the structure adopted in ordering the main 

text, and partly as an attempt to place turbulence measurements obtained in 

equipment like the density stratified shear flow wind tunnel in the general 

fluid mechanical context. 

As a preliminary point it may be noted that some duplication occurs 

in the text, to make the various chapters nearly self-contained, and to 

simplify reference to results or arguments found in other chapters. We have, 

working from the well established didactic principle of telling people what 

you are about to tell them, chosen to precede each chapter with one or two 

paragraphs in which its structure and contents are sketched out. 

This thesis divides into four sections. We first describe, in 

Chapter 2, the wind tunnel and the measuring equipment that is concerned 

solely with the determination of mean velocity and air temperatures and their 

gradients. Some preliminary results are shown. The second, and biggest, 

section is concerned with those procedures adopted for calibrating the hot 

wire anemometers, using them, and doing both reliably. An apology is tendered 

for the amount of space (two chapters and an appendix) devoted to these 

techniques. It does not reflect a passion for instrumentation on the part of 

the writer, but more a reluctant appreciation, gained after much labour, that 

the hot wire anemometer is a wickedly difficult instrument to operate with 

precision in low-speed variable-temperature airflows. If it is not used with 

the greatest care results are likely to be wildly unreliable, and even when 

it is they should be approached with no small measure of caution. The third 

section contains the bulk of the turbulence results obtained with the hot 

wire anemometers. These are found in Chapter 5, and they are preceded by a 

description of a typical experimental run, and by a short review of relevant 



theoretical work. The results are mainly compared with the experiments of 

other workers, and only secondly with available theoretical calculations. 

This course was adopted partly because this thesis is an account of experimental 

work, partly because the interests of brevity conflict with those of detailed 

theoretical exposition, and partly through scepticism. 

The appendices form the fourth section of this thesis. The criteria 

adopted for the relegation of a topic to an appendix were either that it was 

peripheral to fluid mechanics (Appendix 3, typically), or that no clear way 

could be found to include it in the main text (Appendix 1). 

Some of the figures and text were presented in a short report 

(Young, 1973). 

1.2 Mixing and Stable Stratification  

When we observe the behaviour of a set of tagged or labelled 

points in a body of fluid in an arbitrary state of motion we will, in general, 

be able to discern two kinds of fluid transport mechanism. There will be the 

bulk transport which may clearly be associated with the mean motion of the 

fluid, and a transport due to mixing which is very often associated with 

gradients, both of the mean motion and of the fluid properties. This latter 

process, whose end result is to reduce or eliminate initial non-uniformities 

in the fluid, is of importance in a wide range of phenomena, ranging from the 

sweetening of tea with sugar to large scale atmospheric behaviour. In 

between these extremes we find many engineering problems which are essentially 

concerned with the control of mixing. We know from common experience and 

detailed experiment that its vigour or efficiency may be enhanced or practically 

suppressed by changes in the flow conditions, or in the fluid properties, or 

both. The experiments reported in the following chapters deal with the 

interactions of a particular family of flow and fluid properties and the manner 

in which mixing may be effected. 

Turbulence is by far the most important of those agencies which 
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contribute to the smoothing out of initial flow or fluid irregularities, and 

though the smallest scale non uniformities are dealt with by molecular 

mechanisms, which must not be neglected, we cannot begin to understand - and 

eventually predict - the manner in which the necessary and vigourous three 

dimensional fluid transport takes place without having a sound knowledge of 

how turbulence behaves. An interesting sidelight on how we automatically tend 

to equate the physical processes of turbulence and mixing is provided by the 

formal definitions of turbulence given in the standard texts of Batchelor 

(1953), and Hinze (1959). Three definitions are given, all of which stress 

the irregular or random nature of the phenomenon (applicable equally well to 

the random behaviour of small surface waves seen on any large expanse of 

water) and no mention at all is made of mixing. The omission can scarcely be 

due to the authors never having noticed the process, so we must conclude that 

its identification with turbulence is so habitual as to be overlooked. 

In this thesis we will be examining a particular flow in which there 

is a tendency for the turbulence, and hence the mixing, to be suppressed. The 

flow generated in the density-stratified shear-flow tunnel in the Aeronautics 

Department at Imperial College is suggested by one which occurs naturally, 

and which is of some considerable practical importance in coal mining. In 

mining, potentially explosive volumes of methane gas are released from the 

coal seams, and rise to collect in dangerous concentrations at the roadway 

ceilings. Ventilation induces some mixing with the surrounding air, but the 

statistically stable density gradient tends to suppress the turbulence. The 

sort of density gradient one might expect to see in such a system would look 

like some error function, whose central portion can reasonably be approximated 

by a straight line, Dp/az = constant. A substance as dangerous as methane is 

not well suited to routine laboratory work, so in the shear flow tunnel this 

linear gradient of mean density is imposed on the incoming free stream by an 

electrical heating grid, and the mean shear and initial turbulence are imposed 

by a second grid, allowing the experimenter to set up a flow in which 
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a-p 
az 

and 	' 3U 	_ 
Bz 

constant S 0 

constant > 0 

The effect of the interaction of mean profiles of this kind was 

studied initially by Richardson (1920), who examined the ratio of work done 

against the gravitational field to work done by the mean shear in maintaining 

the turbulence. 

We may take, for the work done per unit mass in a vertical 

displacement 6z, 

1g 39 o0 z2 - —  
2 PI az  

and the kinetic energy per unit mass of a particle of fluid so displaced, 

relative to its new environment, will be 

3U  
1 ( dz 	) 3z 2  2 

We wish to consider the ratio 

- g ap 	3U \
2 

P @z / at 

which is called the gradient form of the Richardson number, or just the 

Richardson number. Richardson argued that if this ratio is greater than unity, 

then the turbulent activity must be eventually be suppressed, since the rate 

at which turbulent kinetic energy is being lost by working against gravity is 

greater than the rate at which energy is being fed into the velocity field by 

the interaction of the turbulence with the mean shear. This stable strati-

fication may arise in different manners in different flows, and examples of 

the way in which inertial forces effect flows having curved geometries may be 

found in the papers of Scorer (1967) and Bradshaw (1969, and 1973). 

The Richardson number defined in eqn (1.1) is not the only non-

dimensional ratio pertinent to a study of density-stratified turbulent flows. 
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Another such quality is the flux form of the Richardson number, Rx  (defined 

elseWhere) which is of particular importance when we examine the actual 

mechanics of the flow. We shall, however, take Ri  as our basic measure of 

the flow stability per se, and will regard the flux form more as a measure 

of the effects of stability, rather than one of its defining variables. 
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Chapter 2. 	The Measurement of Flow Mean Variables  

In sections 2.1 and 2.2 we describe the density-stratified shear- 

flow tunnel, and mention some of the typical difficulties encountered with 

this equipment. A brief introduction to the measurement of mean air temperature 

and of aVaz is given in 2.3, and precedes a description (in section 2.4) of 

the pulsed-wire anemometer used for reference velocity measurements. The probe 

array used in the actual experiments is introduced in section 2.5, together 

with some of the mean flow observations. 

2.1 The Wind Tunnel 

The heated-shear-flow wind tunnel has been described in some detail 

elsewhere (W2 and W4) so that a brief account should suffice here . 

It is a square-section (nominally .25 m
2
), open-circuit tunnel, about 

10.5 m overall length. The entry section consists of an entry flare - over 

which a sheet of terylene gauze is stretched, as a dust-trap - followed within 

.5 m by two wire mesh gauzes to reduce spatial and temporal irregularities in 

the incoming air stream. This section is followed by the grid section, in 

which the temperature and velocity profiles are imposed on the flow. The first 

of these grids consists of eighteen heater bars (of nichrome alloy) set 

horizontally across the tunnel, and with a uniform vertical spacing. By means 

of a complicated array of controlling resistors mounted above the tunnel a 

wide range of linear temperature profiles may be imposed. The overall power 

supply to the grid may be varied by use of a pair of theatrical lighting 

dimmers. In practice some difficulty was encountered in the initial adjustment 

of the controlling resistors so as to obtain the desired linear profiles, but 

once adjusted the grid served reliably. 	After a settling distance of .6 m the 

air encounters the shear producing grid. This again consists of horizontal 

bars (seventeen in this case) set across the tunnel. These bars have different 
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diameters and different vertical spacing, originally determined according to 

the first-order theory of Owen and Zienkiewicz (1957). The geometry of the 

grid differs slightly, in fact, from that predicted by the theory. For a 

full account of the modifications see W2 or W4. By varying the airspeed and 

the power input to the heater grids a wide range of linear velocity and 

temperature profiles may be imposed (independently, in principle) on the air-

flow. Practical limitations do arise, however, in that the highest Richardson 

numbers - corresponding to large value of 3T/az and small values of aU/az - 

may only be attained with rather low airspeeds. There is thus a certain bias 

in the results of Chapter 5. 

The grid section is followed by a working section - some 6.8 m long - 

which contributes most to the length of the tunnel. Access to the interior 

of this section is via removable panels. Six working stations are provided, 

at each of which a traversing rod of .5 inch diameter may be passed through 

bosses set into the tunnel floor and ceiling. A number of different probes 

may be secured to the traversing rod, and it was found useful in some cases 

to arrange the probe geometry so that the fact that the traversing rod could 

be rotated, as well as move in the vertical, could be exploited. This is 

described further in section 2.5. The working section is followed by a fan 

assembly driven by an electric motor through a Kopp infinitely-variable gear 

box. A counter is incorporated into the gear setting mechanism. This 

provides a useful - though approximate and arbitrary - indication of the mean 

airspeed. The maximum attainable centre line airspeed is about 2.1 m/sec. 

The temperature gradients attainable are functions both of power input to the 

heater grid and mean airspeed, and may reach values of about .7°C/cm at the 

slowest practical air speed. 

Examples of both temperature and mean velocity profiles are shown 

later. 

A real problem associated with the operation of a low-speed open- 
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circuit wind tunnel arises from the great sensitiyity of flow conditions 

within the working section to variations in conditions in the operating 

environment. One would ideally like a large laboratory dedicated to that 

piece of equipment, and only to that piece of equipment. It was initially 

proposed to operate the tunnel in a rather small laboratory which was, 

however, to be free of other experiments. 

A variety of tests were conducted to establish how safe it was - in 

the sense of well behaved mean flows - to operate the tunnel in the proposed 

setting. Hot-wire observations and smoke tests showed that the proximity of 

the tunnel entry to one of the walls of the laboratory gave rise to poor 

quality mean flows, although the effect of the wall was not as pronounced as 

might have been expected on the basis of the work of Mitchell (1965), who 

had examined this problem. In an attempt to improve the flow a filter-cum-

resistance (in the aerodynamic sense of drag) assembly was constructed to 

smooth the airflow in the vicinity of the tunnel entry section. This 

assembly was of the form of a truncated square pyramid, whose base was affixed 

to the wall immediately in front of the tunnel entry, and whose smallest 

section was fastened directly to the tunnel, just downstream of the entry 

section. The sides of this pyramid were of a coarse calico, the resistance 

of which - it was hoped - would smooth out the flow. Repeated hot wire and 

smoke tests demonstrated that the flow had been improved, but not enough. It 

was still possible, for instance, to discern a number of flow irregularities 

which persisted through the turbulence grid. 

In spite of the fact that the laboratory was - in other respects - 

ideal for the experiments the unavoidable result was that the tunnel had to 

be moved. A suitable site was found in another laboratory, and after re-

erection the flow inside the tunnel was found to be satisfactory. The 

difficulties associated with the new site were mainly those of disturbances 

in ambient conditions caused by other experimental work. It was found 
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necessary to conduct many of the later measurements at night or over week-ends 

to obtain stable conditions over sufficient lengths of time (one to one and a 

half hours say). If future experiments are envisaged in this tunnel it might 

first be useful to investigate the use of a large setting chamber, say, and a 

modified entry section as a means of isolating - to some extent - the shear 

flow tunnel from other activities. 

2.2 	Measuring Equipment for Mean Flows  

A variety of devices was employed for the measurement of flow mean 

velocity and temperature. We shall not be much concerned with hot wire 

anemometry in the following sections (the details of the necessary calibration 

and measurement procedures adopted will be found in Chapters 3 and 4) but 

since reference will be made to hot wires we now list the various anemometers 

and voltmeters employed. 

The hot-wire measurements were all based on the DISA range of 

equipment, type 55A01 anemometers being used. The more recent type 55D01 

anemometer was employed to provide back-up measurements of various resistances 

and so on necessary for reference purposes. The DISA range of signal-

conditioning and voltage-measuring (both D.C. and mean square) equipment was 

used extensively. 

In the following sections the techniques used for observing mean air 

temperature (T) and mean air velocity (U), together with their vertical 

gradients, will be described. 

Temperature measurements will be treated first, because they are 

simplest, followed by a brief description of the methods used for the 

measurement of velocity. Although the methods are described separately it 

must be borne in mind that, in practice, velocity and temperature were 

measured simultaneously, so as to give the best estimates of the gradient 

form of Richardson number. 
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R 	
a' ,DT/8z  

. 
T 

011/az) 
(2.1) 

This approach did however, cause certain experimental difficulties 

in that the (ideal) requirements for the measurement of temperature, say, 

might well conflict in some manner with those required for velocity measurements. 

A short description of the probe configuration adopted, and of some of 

the practical difficulties encountered in simultaneous measurement of T and U 

is included. 

2.3 	The Measurement of Mean Air Temperature  

Webster, in his report (W2) described at some length the difficulties 

he encountered of mean air temperature and its vertical gradient. 

The intervening progress in instrumentation has rendered this the 

easiest quantity to measure in a low speed wind tunnel, such as in the 

stratified-shear flow tunnel. Commercial chromel/alumel thermocouples, used 

with Comark electronic thermometers were found to perform satisfactorily 

throughout the experiments. 

A configuration of two parallel thermocouples, separated (vertically) 

by 4cm, their output being fed to a differential thermometer, gave stable 

readings of temperature gradient. Measurement of the gradient over an 

extended Z distance was easily obtained by traversing the assembly. It is 

worth noting that temperature gradients obtained by traversing a single 

probe were less satisfactory, since the mean ambient temperature drift within 

the laboratory during a run could easily be about 1°C, quite sufficient to 

render a gradient so obtained practically worthless. 

The output from one of the thermocouples was fed to a conventional 

electronic thermometer as well as to the differential one, to give reference 

values for T, as well as providing a check on the readings provided by the 

latter instrument. 



Some difficulty was encountered in determining the best vertical 

range over which T (and U) gradients were to be determined . This was also 

a function of the x-wise station at which the observations were made, since 

boundary layer growth on the tunnel walls progressively limited the range 

over which vertical gradients could be maintained. In the end an effective 

centre line, 2 cm below the geometric centre line, was chosen, and all the 

turbulence measurements were made at this vertical station. 

At one stage during the earlier experiments a progressive deterior-

ation of the temperature profiles with increasing height was noticed. This 

was very probably because the top wall of the tunnel, just upstream of the 

heater grid, had been happily smouldering away. It was only the marked 

departure of the temperature profile from linearity which occurred when the 

tunnel actually caught fire that cleared the mystery up. 

In spite of the relative ease of measuring T (as compared to U), 

drift in ambient temperature caused difficulties throughout the experiments. 

Temperature gradients were best obtained as rapidly as possible, and, when 

necessary, measured several times in succession. 

2.4 The Measurement of Mean Air Velocity  

The measurement of mean velocity in low speed turbulent flows is at 

best difficult, and when the flow has the added complexity of a superimposed 

density (or temperature) gradient such difficulties are compounded. 

We may, in principle, rely entirely on the use of a hot-wire 

anemometer, operated in either the constant temperature, or in the constant 

current mode. This approach is, however, open to severe practical objections 

in that, (a) complicated corrections are necessitated by changing air 

temperature, and that, (b) there does not, at present, seem to be a universally 

acknowledged curve for Nusselt number against Reynolds number. These factors 

cast doubt on velocity measurements based exclusively on hot-wire observations. 
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It is therefore prudent to employ an alternative measuring device, at least 

as a check on results obtained by some hot-wire procedure. 

A method used with some success in the past makes use of the well 

known phenomenon of vortex-shedding behind a cylinder placed in some airflow, 

the regular shedding frequency being related to mean airspeed. Webster (1962) 

discusses the problems associated with this approach when it is applied to 

mean velocity measurements in a turbulent free stream. He mentioned in 

particular the difficulty of determining an appropriate correlation between 

Strouhal number and Reynolds number, and also the practical difficulties of 

determining the shedding frequency associated with a vortex street when that 

vortex street is being shaken around by turbulence. Partly because of these 

difficulties, and partly because of the rather cumbersome nature of probes 

based on vortex shedding when applied to the shear flow tunnel, this technique 

was not pursued in the experiments conducted by the present writer. A 

particular reason for discarding the equipment was in part a consequence of 

this cumbersomeness; previous workers had found it necessary to obtain mean 

flow observations in runs conducted separately from those used for the 

turbulence measurements. This observer feels that this is a particularly 

risky approach in the shear flow tunnel; preliminary measurements showed that 

for the sake of reliable results the mean gradients should be determined as 

a part of the turbulence measurements. 

Time - of - flight techniques, using one small wire briefly heated 

by a short electrical pulse to introduce a small tracer of heated fluid into 

the flow field, and one or more small wires operated as resistance thermo-

meters to observe its passage, have been described in the literature, in 

particular by Bauer (1965), and Bradbury (1969), or Bradbury and Castro (1971)- 

Bauer described a system involving two parallel wires mounted in such 

a manner as to permit the determination of the local velocity vector. A 

limitation on his method was, however, that the downstream - or pickup - wire 

afforded a very small "window" through which to observe the passage of the small 
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packet of heated fluid. (In terms of his experiments this was not truly a 

limitation, since accurate determination of a vector demands that directions 

as well as magnitudes be closely defined. In the case of a turbulent flow 

we do, however, run the risk of missing the passage of too many hot packets 

to make his configuration very attractive in practical operation). A bonus 

in his method was that since the wires were mounted parallel to one another 

the pickup wire was swept by the tracer over most of its length and a large 

output signal could be obtained. 

Bradbury introduced an essential modification into Bauer's scheme, 

in that the pickup wire (or wires) was mounted at right angles to the source, 

or pulsed wire. More precisely, if we take the wires to be of unit length, 

and consider a right handed set of X, Y, Z axes and identify one wire with 

the unit vector in the Z direction, say (k = 0, 0, 1), then the other wire 

Mould have end points (X, 1/2, 1/2) and (X, -1/2, 1/2). In this description 

X is the shortest distance between the two wires. A sketch of the geometry 
is shown in fig (2.1). This geometry has the advantage that the pickup 

wire is far less likely to miss the passage of the tracer. A short analysis 

of this geometry shows that the time of flight measured is that corresponding 

to the component of velocity lying along the shortest distance. In the 

above example this would be of the velocity component passing through the 

points (0, 0, 1/2) and (X, 0, 1/2). A weakness of the configuration is that 

the output signal from the pickup wire is much smaller than that observed 

using Bauer's scheme. Bradbury developed this technique using two pickup 

wires, so as to provide useful information in reversed flow regions. The 

reader is referred to his report for a more detailed exposition of the 

method. The construction of such probes is simple. Piano wire is passed 

through each of the bores of a suitable length (15 cm say) of four bore 

quartz tube, being sealed in place with Araldite. One or two cm. of each 

wire is left protruding at each end. The wires at one end are formed and 
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trimmed to provide the sensing wire supports. Those at the other end are 

suitably trimmed and then lead cables are soldered on. (It is well worth 

the effort of ensuring that the initial tinning of the protruding piano 

wire is of very high quality; this renders the subsequent soldering of the 

sensing wires and lead cables much easier). The lead cable joints may now 

be resealed with Araldite, if desired, to provide permanent insulation. 

The sensing wires are soldered on, and etched, in the usual manner employed 

with fine Wollaston wires. The sensing, rather than pulsing, wire may be 

of some high temperature coefficient of resistance material to improve the 

quality of the pickup signal. In the present experiments the pickup wire 

was, for reasons discussed in Chapter 4, 1 pm Wollaston wire. 

The classical mode of operation of such time - of - flight probes 

is to record the pickup signal in a storing oscilloscope, and to read off 

the time of flight directly from the screen. This method does not work 

satisfactorily in a flow which itself contains relatively large temperature 

fluctuations, since the signal from the pickup wire jumps all over the 

screen and it is often very difficult to determine the time of flight. This 

fly may be removed from the ointment by noting that the heat pulse arbitrarily 

imposed by the upstream wire is not correlated to the random background 

temperature fluctuations present in the turbulence. If we average over a 

sufficiently large ensemble of pulses the background fluctuations will thus 

be averaged out. 

The procedure eventually adopted was to drive the upstream wire in 

a repetitive mode (pulsing at about 11 to 15 cps), using this signal to 

trigger a digital averaging oscilloscope (Northern Instruments Inc. Type 513), 

and averaging the pickup signal on this instrument until a stable trace was 

obtained (this would typ17_cally require about 1800 - 2000 samples to get a 

good trace, although a usable one could be obtained far more rapidly). The 

trace obtained could then be read out onto an X vs. T chart recorder 
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(Varian Associates type G-14A-2). A calibration of the oscilloscope] 

recorder combination could be easily obtained by feeding a square wave of 

appropriate amplitude and frequency into the system and measuring the 

wavelength written to the chart with an accurate ruler and a pair of 

dividers. It is not, in principle, necessary to calibrate the pulsed wire 

probe itself, but only to measure the distance between the wires. It is far 

easier, however, as a practical proposition, to calibrate the probe in some 

known airflow, and the potential core of a small (1 in.) air jet was used 

for this purpose. A typical trace obtained using this combination of 

crossed pulsed wire anemometer, averaging oscilloscope and chart recorder 

is shown, full size, in fig.(2.2). 

Velocity measurements made using this technique were found to be 

stable, repeatable, and straightforward to perform. They did however suffer 

the drawback of being relatively slow to obtain - typically 90 to 120 

seconds averaging, followed by perhaps 30 to 45 sec. spent in reading the 

signal out onto the chart recorder and resetting the electronics. This 

slowness conflicted directly with the preferred option of measuring temper- 

ature gradients (in particular) as rapidly as possible. It was largely to 

reduce this time mis-match that extensive use was also made of conventional 

hot-wire anemometry, with DISA type 55A01 C.T.A. equipment, in determining 

U vs Z profiles. Another factor was, of course, that since the conventional 

hot wire probes were in the wind tunnel anyway, for the turbulence measurements, 

it would be ridiculous to thrown out any additional mean flow information they 

could provide. 

2.5 	Simultaneous Measurements of U and T  

Since both pulsed wire and conventional hot wire techniques were used 

for velocity measurements there was a total of four probes in the tunnel for 

mean flow measurements, including the two thermocouples required for 



. - 16 - 

determining T and its vertical gradient. 

The geometry of the configuration may be best described by referring 

to the XYZ axis system used earlier. Take the origin to be on the tunnel 

centre line, with the Z axis (f ive upwards) identified with the traversing 

rod, take X + ive downstream, so that the flow field has its origin (in 

principle) at - co, finally take the unit of length to be 1 cm. The two 

thermocouple probes were mounted parallel to one another, with their bases 

at 0, 0, 2 and 0, 0, -2 and tips at -L, 0, 2, and -L, 0, -2 respectively. 

L being the length of (all) the probes. One velocity measuring probe was 

based at 0, 0, 0, running to -L, 0, 0 (between the thermocouples), the 

second one, mounted co-linear with the first, pointed downstream to L, 0, O. 

A sketch is shown in fig. (2.3). 

The lead cables of the velocity probes terminated in subminiature 

B.N.C. type connectors. These were connected to a bank of sockets set into 

the traversing rod itself. Miniature low noise coaxial cable led up the rod 

to the outside of the tunnel, to terminate in full-size B.N.C. connectors. 

A system of colour coding made it simple enough to know which cable was 

connected to which wire (i.e. pulse probe:- upstream or pickup, C.T.A.:- 

U + w or U - w). The leads from the thermocouple probes, some 6 m. long, 

were passed through a small hole in the traversing rod, and then down the rod 

to the outside. Since, in a flow field with varying temperature, the 

conventional hot wire probe requires a knowledge of mean air temperature for 

successful use it was this one that was usually set between the thermocouples, 

with the pulsed wire probe pointing downstream. Rotation of the traversing 

rod about its axis (the Z axis) sufficed to bring the latter probe into the 

position previously occupied by the former. An accurate metal ruler, solidly 

fixed to the outside top of the tunnel served to determine the Z-wise station 

of the probes in the working section, with the aid of two rigid pointers 

clamped to the traversing rod itself. Two pointers, duplicating the geometry 
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of the two velocity sensing probes, are necessary (or one pointer and two 

rulers) to accurately align the assembly in the streamwise plane. 

Before examining the behaviour of the mean flow profiles we may 

briefly look at the measurements of mean velocity, determined at the tunnel 

centre line, fig (2.4). The Ri = 0 (cold tunnel) observations are 

represented by crosses, the triangles representing observations for a number 

of heated runs. These observations differ markedly from those of Webster, 

who reported - broadly speaking - that the velocities obtaining in the wind 

tunnel when heated were systematically some 30% smaller than when the 

tunnel was unheated for the same fan r.p.m. It is seen in the present 

results that no such systematic behaviour is observed, although in the range 

.6 m/sec. to 1.1 m/sec, approximately, the "hot" air velocities are smaller 

than the "cold" ones. There is no clear way to account for the difference. 

It is not reported, in W2, whether correction was made for the effect of 

varying temperature on viscosity in the calculations relating Reynolds' 

number to Strouhal number, but even if such a correction were absent this 

could account for no more than about 6% of the difference in the worst cases. 

The solid curve in fig. (2.4) is an exponential best fit to the cold air 

data. This provides a useful rule of thumb when setting up a given run. 

The fit is given by 

Uc = 0.264 exp (0.1 G) 	 (2.2) 

where G is the counter setting on the gear box. 

We now consider the mean flow profiles. Because of the slowness 

of measurement associated with the operation of the pulsed wire probe 

the profiles were usually obtained by taking a reference measurement with 

the pulsed wire probe, reversing the probe array, performing the simultaneous 

profile measurements with the thermocouples and C.T.A. as rapidly as possible, 

then either taking a second reference with the pulsed wire, or using it for 

a "second opinion" for any particularly doubtful looking points on the profile. 
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The reference points were usually measured at the top and hottom of the 

traverse, so as to provide an estimate of gradient in the event that the 

C.T.A. determined gradient appeared particularly spurious. The points on 

the profiles were generally measured in a random order. On completion of 

the profile measurements the array was set with the hot wire probe pointing 

upstream, and the various turbulence measurements could then be obtained. 

In fact, a fairly lengthly redundant-data technique was found to 

be necessary for accurate turbulence measurements in the heated flow but 

see Chapter 4, below ), so that the mean flow profiles were generally 

obtained about midway through any run, thus providing (hopefully) a most 

typical Richardson number, mean velocity and so on. In any event, a fairly 

frequent monitoring of the Comark thermometers allowed one to detect any 

unacceptable drift. 

Typical mean velocity and temperature profiles are shown in fig. (2.5). 

It „may be seen that for positive Z, the velocity profiles appear to depart 

from the extrapolation of the profile as defined by the negative Z points. 

This overshoot was often observed but was felt to be sufficiently small for 

reliable gradients to be obtained by a least squares line fit to the 

experimental data. 

The mean flow measurements were made, in the first instance, at four 

different X - wise stations. Examination of the profiles obtained showed 

that much the best (i.e. most nearly linear over the greatest range of the 

tunnel cross section) were found at a station 4.57 m downstream of the shear- 

producing grid. The observations made at stations further upstream indicated 

that the flow had probably not yet become independent of entry conditions. 

Observations made further from the grid were affected by the growth of 

tunnel wall boundary lay.rs, which considerably restricted the vertical 

range over which linear profiles could be maintained. For this reason the 

results presented here, and in Chapters 4 and 5, are all, unfortunately, 
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restricted to the one station noted above. 

When we consider the distribution of velocity gradients, expressed 

as (l/Uc) 8U/3Z, in fig. (2.6) we again obtain results at variance with those 

of Webster. He observed pronounced differences in this distribution, 

depending on whether the wind tunnel were run hot or cold. His hot distri-

bution (taken from W2) is indicated by the solid line in fig. (2.6), whereas 

his cold distribution is, excluding points obtained at velocities less than 

about 0.6 m/sec, very similar to the hot one presented here. It is seen that 

his results, whilst agreeing with a few of the present points, are not 

readily to be reconciled with the bulk of the data. It is a long established 

fact that gradients are notoriously difficult to pin down, being subject 

(essentially) to the errors inherent in numerical differentiation, and it 

is possible that some of the discrepancy between the two sets of results 

arises for this reason. Even so, one might expect such errors to manifest 

themselves more in terms of scatter than in terms of overall trend. Webster 

himself, in discussing his results, surmised that the unexpected differences 

between his hot tunnel results and cold tunnel results might be due, in 

part, to a small vertical component in the mean flow induced by buoyancy 

effects in the heated flows. Some evidence for this is presented in 

Chapter 4. 

A number of other procedures were used to compare the mean flow 

gradients and other results obtained under differing conditions. One 

procedure, used also by Scotti (1969), permits of a definition of mean 

Reynolds' number, based on the observed gradients. If we set AT = temperature 

difference between top and bottom points of the measured profile, with a 

similar definition for AU, and write 6T  = ATI(3T/n) the gradient being 

determined by a least squares fit, then we may define a mean Reynolds' 

number, RM  say, 

RM  = (ST  AU/v 	 (2.3) 
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A number of points are shown plotted against Richardson number in 

fig. (2.7). This correlation between the two dimensionless quantities 

must be borne in mind when considering the results presented in Chapter 5. 

We may also note, for future reference, the typical variation of 

Uc 
and Win with Richardson number. The values tabulated below have been 

taken from mean curves drawn through all the data. 

TABLE 1 

R. 
1. 
U
c 

@U/3Z 

0. 

1.97 

2.96 

.1 

1.85 

2.44 

.2 

1.28 

1.62 

.3 

.94 

1.19 

.4 

.82 

1.09 

.5 

.78 

1.08 

.6 

.76 

1.07 

.7 

.76 

1.06 

It may be seen from the above values that the variation in Ri  at 

the higher end of the range observed (Ri  > .4, say) is due largely to the 

variation in temperature gradient, the variations in velocity and its 

gradient being small. At the lower end of the range (Ri  < .2, say) the 

changes Ri  are due more to the variations in velocity, while a:given poWet 

setting is maintained on the heater grids. In the middle there is ad area 

ofove-rlapinwhichagivenvalueofR.could be obtained by modifying 

either T, or Uc. 
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Chapter 3 	Hot Wires; Calibration and Analysis  

In section 3.1 we introduce the heat transfer relations used in 

the calibration experiments of section 3.2. From these experiments it 

appears that modifications to the Collis and Williams (1959) law may be 

necessary at low speeds. Such extra detail as is necessary for a description 

of _X.-probe calibration is given in section 3.3. Sections 3.5 and 3.6 

consist largely of the formal manipulations necessary to obtain the hot wire 

sensitivities to fluctuations in velocity and temperature, on the basis of 

the previously established mean flow calibrations. Two short summaries are 

provided to draw the various threads together. 

3.1 Heat Transfer from a Heated Wire, 

Basic Considerations 

The application of hot wire anemometry to flows exhibiting 

fluctuations in both velocity and temperature requires an examination of 

the overall heat transfer from a hot wire to the incident fluid flow, and 

not merely a bald statement of the calibration "law"  used to correlate 

mean velocity to bridge output voltage, as would suffice for flows with a 

uniform temperature (or concentration) field. 

The Nusselt and Reynolds numbers of the wire are usually supposed 

to be related by an equation of the form 

Nuf
-1 	 A 
=a 

A 
 + b Rs  (3.1) 

where the Nusselt number is based on wire length, and the Reynolds number 

on wire diameter, and the symbol f represents some empirical function of 

A A 
overheat ratio, RA. The coefficients a and b are taken as constants. 

A widely used cioice for the various terms is that provided by 

the measurements of Collis and Williams (1959) who suggest 
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a = 0.24 	
A 
b = 0.56 

and 	s = 0.45 

with f-1 = (Tm/T0)-0.17 = c-0.17, say. 

Here Tm  = 1(T1  + T0), ) and it is called the "mean film temperature", 2  

Re  = Ud/v 

2 
with Nu = . R1 

wl k R1 
- R

0 

the kinematic viscosity and thermal Conductivity of the air both being 

evaluated at T.  Other suggestions have been made; and for a recent 

discussion see Bradbury and Castro (1972). 	The work of Kjellstrom and 

Hedberg (1968) may also be referred to in this connection, providing as 

it does a study of the behaviour of the exponent s over a range of air 

speeds up to some 100 m/sec. Their data thus cast some doubt on the 

presumed constancy of this coefficient. 

The equation (3.1) is not in a convenient form for routine use - 

at least not when using commercial DISA type 55A01 equipment - and may be 

rearranged. Noting that for this equipment the relation between volts 

and current may be written 

-  
100 RL 	

E 
R1 	elf  

R
1 

we may then rewrite (3.1) as 

E
2 	*1 	tvlds 	k 	s = 	

v 	r .k.f 
R*  cr 	A 	R 	c 2 	

v
s 	

u 
 

where r
R absorbs the various resistance terms and is defined aa 

= E 
1.04 

cr 	 say, 
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rR = C1 -RC)CR1 "eff 
	(3.2) 

We may simplify further by absorbing the constants wherever possible, 

and so set 

E
2
=c

a
r
R
kf+c

b  rR 
 —f U

s 

 v
s 

(3.3) 

or 
	

E
2 

= a + b Us 
	

(3.4) 

the eqn (3.4) being the conventional form used for G.T.A. operation at a 

given overheat ratio. From an experimental standpoint these forms of the 

heat transfer relations are acceptable, since (in general) one is more 

concerned with conveniently collapsing one's calibration data, than with 

examining the minutiae of the heat transfer processes involved. 

Given a knowledge of the properties of the wire and of the 

A 
	it i constants a and b t s, of course, possible to calculate the constants ca 

and c
b 

directly, given confidence in the various values necessary for 

their computation. It is probably much safer, however, to obtain ca 
and c

b 

from direct calibration. Thus, given a set of a, b determined by experiment 

over a range of overheat ratios RA  we may calculate the ca  from the 

expressions a/(r
R 
k f) where the appropriate values of resistance, mean 

temperature and so on are used in rR, k and f. The average value of the 

various c
a 
so determined could then be taken as the value to he used in 

subsequent data reduction. An alternative procedure would be to consider 

the experimental values of a as the dependent variable of the independent 

variable r
R
k f. A plot of the one against the other leads, in principle, 

to a straight line of gradient ca  which passes through the origin. The 

gradient is easily determined by a least-squares procedure. This scheme 

has the advantage of allowing any systematic variation with overheat ratio - 

arising perhaps from an incorrect formulation of the component factors in 

the independent variable - to be seen at a glance. The amount by which the 
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the straight line missed the origin would afford another test of accuracy. 

In any event, having determined ca  (and cb  by an identical procedure) 

we may test the accuracy of the calculations and the underlying hypotheses 

by making the comparison of 
	

c
a 

4. c
b
(U/v)

s 
 

with 
	

E
2 
/ (r

R k f) 
	(3.5) 

This check could be simply visual, or various statistical tests 

could be performed. 

3.2 	Calibration Experiments  

Calibration experiments were performed on the hot-wire probes, 

DISA 55A01 C.T.A.'s being used to determine resistance versus temperature 

behaviour of the wires, and also to obtain voltage data as a function of 

velocity and overheat ratio. The main labour in these experiments was 

inevitably devoted to calibrations for velocity. Mention should be made, 

however, of the determination of the temperature coefficients of the wires 

used. 

Messrs. D.I.S.A. specify that the temperature coefficient of 

resistance of the tungsten wires in their miniature probes is .0042 / °C. 

It was felt worthwhile to check this. The probe whose wire resistance 

was to be examined was placed in a small oven. The temperature of the 

wire was determined by use of mercury-in-glass thermometers, and by chromel-

alumel thermocouples used with a Comark electronic thermometer. The 

thermocouple and the bulb of the thermometer were usually placed within 

about a millimeter of the wire. The temperature field in the oven was 

sufficiently uniform for us to assume that the wire was at the air temperature 

so measured. The resistance of the wire was thus obtained at a number of 

different temperatures using the DISA C.T.A. A plot of R against T then gave 

the desired answers for R*  and a. There was, as a rule, very little scatter 
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in the experimental points. The values of 0 for the various wires lay in 

the range .004131°C to .00425/°C. A subsidiary test was carried out with 

a shorting probe to see if there was any appreciable bias due to changes in 

lead resistance with temperature. Any such bias was of the same order as 

the scatter and was ignored. This was certainly due to there never having 

been more than about 15 cm. of lead cable in the oven, since in the wind 

tunnel experiments appreciable changes were observed in the lead resistances. 

The velocity calibrations were done with the hot wire probe 

placed in the potential core of a 1 inch diameter air jet. The pressures 

were measured with a 'Comb.ist' micro-manometer. The hot-wire probes used 

were either 55A25 miniature U-probes or type 55A38 miniature X-probes, both 

by DISA. The output from the 55A01 anemometer(s) was measured on DISA 55D30 

digital voltmeters. The range of velocities over which calibrations were 

conducted was typically about .8 m/sec to 5.5 m/sec. The range of overheat 

ratios was typically 1.08 to 1.80. The wire cold resistance Ro  and the 

cable resistance RL  would be measured at the beginning and end of each run, 

the value of R
o 
used in subsequent data reduction being taken as the mean 

of the two values. In the rare event of these values differing appreciably 

(by more than .03 ohms, say) the run was repeated. The velocity and 

voltage measurements were made in random order to minimise possible 

systematic trends. At first, the probes were calibrated at about 20 

different overheat ratios, but as experience was gained it was found 

possible to obtain stable calibrations with rather fewer values. At a given 

overheat ratio it was found necessary to measure about 13 to 20 pairs of 

values of mean velocity and d.c. volts E. It was found that adequate 

stability of calibration could not be maintained with fewer pairs, and in 

particular that at the Extrema of the overheat range (say RA 
5 1.2 or 

RA 
> 1.65) caution would suggest that at least 15 pairs of E, U should be 

measured. In total, then about 250 to 350 pairs of E, U were measured 
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for each hot wire, together with the required resistance and temperatun 

information. 

These data were analysed in two ways. In the first, the -values of 

a and b at each overheating ratio were calculated using the Collis and 

Williams value of s = 0.45, and the values of c
a 
and c

b 
determined as 

described in para. 3.1 above, again using the Collis and Williams 

0.17 temperature loading f = 	. The calibrations were then tested using 

eqns (3.5), and also with repeat data. 

The check involved in equations (3.5) was made by comparing the 

curve defined by ca  + cb(U/v )s  with the experimental data E2/(rR  k f), 

both being plotted against Reynolds number based on the nominal wire 

diameter of 5 pm. To facilitate the comparison of data obtained with 

different wires the results were always normalised with respect to the 

value of c
a 
+ c

b
(U/v)s at a Reynolds number of 1. Without some such 

normalisation it is difficult to assess the relative quality of the 

calibrations performed on different probes. An example of calibration data 

reduced by the Collis and Williams expressions is shown in fig. (3.1). 

The smooth curve is the function c
a 
+ c

b
(U/v)

s 
 , the crosses represent data 

used in the calculations of a, b, c
a
, and cb  and the triangles represent 

repeat data used as a check. The squares represent data of Bradbury and 

Castro (1972) reduced in the same manner. It is seen that the scatter is 

such as to render the predictive value of calibrations practically 

negligible, particularly in the working range of the shear flow tunnel 

(R
b 
< .75 say). The Bradbury and Castro data shows that the scatter of the 

present results is about par for the course. 

An additional objection to the scatter was that it exhibited some 

systematic trends with a=spect to overheat ratio. 

The calculation procedure eventually adopted involved, firstly, 

the determination of a new value of the exponent, s, and secondly, an estimation 



- 27 - 

of a new form for the temperature loading, f. 

The exponent was calculated by applying a least squares fit of eqn 

(3.4) to all the data. The values obtained for s for the various wires 

varied from 0.41 to 0.45, and having taken into account the quality of the 

various data a value of s = 0.42 was eventually settled on. Given a value 

of s we may now calculate the corresponding values for a and b, and proceed 

to the estimation of a new form for f. 

The calculated a and b for a single normal hot wire, using an 

exponent s = .42 are shown in fig. (3.2). The circles represent the values 

of a, the triangles those of b, and the abscissa is the temperature loading 

parameter = ITm/To, calculated on the basis of the previously measured 

resistance/temperature calibration of the wire and the measured wire 

resistances R1  and R0. 

In the first instance the values of 

caf  = a/(rR9 

and c
b
f = 1)/(rR  v-s) 

(3.6) 

were calculated directly from the data. Examination of the results showed, 

however, that the scatter was too large to define the form of f, apart 

from the fact that it was certainly nothing like X
0.17

, which is an 

increasing function of 	while the present results decrease with increasing 

This problem was largely removed by the fitting of a polynomial to the 

a (or b) points, and then calculating the subsequent steps on the basis of.  

caf = Pa/rIJc 

where p
a 
is the polynomial fitted to a. A similar procedure also being used 

for cbfand pb. 
A simple polynomial, giving excellent results was (for a) 

2.  
c
o 	

c
1 
 a 4. c.a 
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which is easily inverted to yield a function of the form 

Pa 
	a = -a0  al  (4 - a2) 

	
(3.7) 

where the values of ao' 
a1 

and a2 
are obtained from the results of curve 

fitting. A similar polynomial is obtained for the values of b. These 

polynomials are the solid curves shown in fig. (3.2), in which it may be 

seen that the quality of fit is satisfactory. We could clearly use these 

polynomials when calculating a and b at a given overheat ratio in subsequent 

data reduction. It was felt to be of interest, however, to pursue the study 

a bit further to see if some information could be gleaned as to the 

behaviour of f. Using these polynomials we may now recalculate the factors 

c
a
f and cbf. We see that if there exists a general function f, of temperature 

loading, then the two sets of answers may differ by a multiplicative factor 

only, and that a simple re-scaling will collapse the cbf points onto the caf 

points. The result of such a scaling is shown in fig. (3.3) in which it is 

seen that the points collapse well. Some difficulty was encountered in 

establishing a formula describing the shape of the curve until P. Bradshaw 

(private communication) pointed out that the general form of such a curve 

would be similar to the Squire and Young (1937) formula for the variation of 

c
f 

on an aerofoil. Following this idea led to an equation for f of the form 

f = const. 
C.1 	c2

) 2 
	(3.8) 

where c
1 
and c

2 
are determined by curve fitting. It is clear that, in 

principle, the constant in the numerator should he cl  - c2
2
, so that at 

zero overheating ratio the value of the temperature loading function f is 

unity. This form was not, in fact, adopted since - as far as the present 

experiments were concerned - all that was required wi.,s to have an empirical 

function to put into the equations for a and b in subsequent data reduction. 
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For this reason, the points shown in fig. (3.3) are plotted to a vertical 

scale which is determined by the constants of a particular hot wire, rather 

than to a universal scale. The solid curve in fig. (3.3) is calculated 

according to expression (3.8). The shape of the curve clearly differs from 

that provided by by 4.17. The most plausible reason for this difference 

must surely be that the function f defined in (3.8) has absorbed compensation 

fox end effects due to the finite length of the hot wire, whereas Collis 

and Williams proposed a separate compensation for these effects, additional 

to their 4.17 correction for temperature loading. In any event, the 

adequacy of an equation of the form (3.8) as a description of temperature 

loading effects, or of a combination of such effects with other distortions - 

introduced because of finite wire length say - may be tested by application 

of the relations (3.5) to the data. The result of such a data reduction is 

shown in fig. (3.5). The crosses and triangles represent the same given 

data and check data as were used used in fig. (3.1), the circles represent 

repeat data obtained some eight weeks after the original calibration. The 

quality of the collapse is seen to be much improved as compared with the 

original data reduction of fig. (3.1). 

To summarise, the calibration procedures may be used either to 

establish polynomial relations pa, pb  of the form given by eqn (3.7), or to 

establish constants ca'  cb, 
c
1 
and c2, permitting us to use an empirical 

loading of the form (3.8), and then to set 

a = c
a 
r
R 
k f 
	

(3.9) 

b = cb  rx  k f 	(3.10) 

Although the polynomial procedure is the most rapid way to ;. 

correlate the data, the use of the temperature loading is - in a sense - 

more satisfactory in that we require knowledge of fewer constants in our 
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subsequent data reduction. 

3.3 	The calibration of X-probes 

Most of the calculation and experimental techniques used for the 

single normal hot-wire probes discussed in the preceding paragraphs could be 

taken over directly, and we will concern ourselves here solely with those 

points peculiar to X-probes. 

The calibration procedure used was to align the probe in the airjet;. 

so that its two wires were inclined at a nominal 45°  to the incident air-

stream. D..I.S.A. specify that the actual angles are within .5°  of their 

nominal values. 

As far as calibration procedures are concerned, wire angles are 

taken to be ± 45°, and corrections for effective wire angle are introduced 

later, in the actual reducHon of experimental, rather than calibration, data. 

During the calibration runs the two wires were operated 

simultaneously. Other workers, notably Arya (1968) have recommended the 

separate calibration of the wires in an X-probe, so as to eliminate any 

interference effects. The present author feels, however, that since the 

wires will be used simultaneously in subsequent work they should be driven 

together during calibration. In this way any interference present can be 

absorbed in the calibration process. 

The subsequent data reduction followed the lines of para 

above, but one departure from the behaviour of a single-normal wire was 

discovered. When the quantities 

a/(r k) 	and 

bar
A 
 k v-8) 

were plotted it was found that the points did not collapse onto a single curve 
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f as found in 3.2, but onto two slightly different curves. This is shown 

in fig. (3.4). All X-wires calibrated exhibited this behaviour, and with 

one exception - in which the difference in shape of the curves was much 

greater than that shown in fig. (3.4) - the difference in shape of the 

curves was closely similar . The probe having the wire with atypical 

curves was not used in subsequent experiments. 

Expressions of the form given by eqn (3.8) were used to fit the 

points as shown in fig. (3.4), and we thus recover, for a wire in an X-

probe, the expressions 

a = c
a rR

k f
a 

b = cb rRkfb  /vs 

with fa = 1/(cal - (Inc - ca2)
2
) 

and a similar expression for fb. 

The reason for this behaviour is not yet clear; it could 

possibly be due to interference between the wires, but if so why it 

should manifest itself in this manner is not understood. 

One particularly puzzling feature of the difference between fa  

and f
b 
is that f

b 
seems to follow the shape of f (found on a single normal 

wire) more closely than does fa, as may be seen by comparing fig. (3.4) 

with fig. (3.3). This is strange on the face of it, for one might 

reasonably have expected that f
b' 

being more closely connected with the 

forced convection term bUs, would be the most effected by a change in the 

orientation of a wire with respect to an incident air stream. 

Experiments with single yawed wires, and with X-probes, only one 

wire of which is run at a time, would clarify the position. It is hoped 

to conduct such experiments in the future. In the mean time we suggest 

that the effect is due principally to the asymmetry in temperature 

distribution on a yawed wire, rather than to interference, but this is 



- 32 - 

only a guess. 

Considering the shapes of the curves f, f
a 

and f
b 
it is legit-

imate to ask whether this is a genuine effect, or due to quirks of the 

equipment used. .If the latter be the case it seems likely that it is 

quirk of the 55A01 series of anemometer, since the same shape was found 

using different instruments of that range. Taken overall, the performance 

of the 55A01 CTA's was satisfactory in terms of the measurement of mean 

D.C. levels, or of mean resistances. The resistance/temperature curves 

for the wires tested were all reasonable, giving perfectly acceptable 

values of cc, and when checks were carried out by measuring resistances 

with a Marconi universal bridge the agreement was close. In any event, 

the consistent difference in shape of the curves f
a 

and f
b 
determined for 

X probes argues that a uniform temperature loading connection should not 

be applied to such devices. 

3.4 	Summary for Mean Flow Calibrations  

It is essential to calibrate the equipment used over the working 

range considered; reliance on standard heat transfer relations seems 

unsatisfactory, at least in the low speed region. 

The main labour is involved in the actual experimental work; 

the calculations may be easily programmed for a computer. The 

experimental procedure is routine and the workload could be greatly 

reduced by using automatic data recording. 

For the equipment used, and over the speed range considered, the 

correlation of E to U was satisfactorily represented, for a single normal 

wire, by the equations 

E
2 
= c

a
r
R
k f

a 
+c r --s- 

b R v
fbUs 

= a + bU
s 

(3.14) 

(3.15) 
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with f
a 

= f
b 

= f 

= 1/(ci  - (1n-C - c2) 
2
) 
	

(3.8) 

For X wires we may use correlations of the same form, but with f
a
# f

b
. 

A convenient notation to adopt in this case is to write 

f
d 
= Me

di 
- (1n. - cd2)

2
) 
	

(3.13) 

where the suffix d may be set to a or b as desired. 

A convenient least squares fit to the a or b curves is given by 

NI a = pa  = -ao  + al( - a21 

b = pi)  = -bo  + b1( -b2)1 

(3.7) 

(3.16) 

These curves afford an alternative correlation for E on U. 

For the probes considered, s= 0.42 was found to be preferable 

to the value given by Collis and Williams, s = .45. 

3.5 	Response to Fluctuations 

On the basis of the equations summarised in para 3.4 above we will 

briefly sketch out the derivation of the hot wire sensitivities to 

fluctuations in temperature and mean velocity. The response of a yawed 

wire to v or w component fluctuations is considered in para 3.6 below. 

The derivation is a straightforward application of differentiation. 

We wish to derive equations of the form 

dE = 3E 
	DE 
dU + 	dT0  

0 

„ 11 	 T . 	e' = 
U T (3.17) 
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where 0 = To 
- 273 
	C. 

From the relation 

	

2E 8E 
	

= s(E
2 
- a) 1 

	

au 
	

U 

we may derive the well known result for velocity sensitivity 

 

Su = s E2 - a 

 

(3.18) 
2 

   

The temperature sensitivity may be determined in two ways, 

depending on whether the mean flow equations (3.15) (3.16) or (3.14) are 

used. For simplicity we shall first use the expressions (3.15) and (3.7) . 

We have 

2E DE = as + 3b Us 

3To 	DTo 	aTo 

and, using (3.15), 

Da 
-  - al(c - a2 ) 	DT 1  

3T  0 	o 0 

a
T 	

T1 
2 but 	-1 	

• 

so that 2 a o 	T  

Da = -1 	a
1 
 (c - a2

)-1  
4  DT 	

T

12  
o 

0 

2 

• _ 
T1 	

a
1  

4 	2  
To a ao 

with an analogous expression for 913/3To. Substitution into (3.19) yields 

- T1 	
a
1
2 	b1

2 
E
2 
- a i 

dT
o 	

8E T DTo 	
2 	a + a

o 	b + bo o 
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but since we have 

Re - R*  

Ric a 

it follows that 

S 	-  T1 	 a1
2 	

b1
2 	E2 - a 	Ro  - R* 

T 	
8ET02 
	

a + ao 	b + bo 	Riece 

(3.20) 

The derivation of S from the more involved expressions.of (344) 

(3. 8 ) is. on similar lines, but it will be_ convenient to define the' 

following usage. 

If F is some function of T, (such as viscosity say), then we write 

the logarithmic derivative as 

1 	al' 
= Ft  F aT 

(3.21) 

It should be noted that since we calculate v and k at the mean film 

temperature Tm, then, for k say, 

ak _ ak aTm  
aTo 	aTm  aTo  

2 kkt (3.22) 

and av-s 
aTo  

vt:  
2 vs 

(3.23) 

from (3.4), 

arR 	= 	- R*cc (R1 	Reff) 
aTo 	R

1 

2 
(3.24) 

and from (3.8) 

of = — f
2 
 T1 	(1n4 - c

2) aTo
To-T 

(3.25) 



-36- 

Differentiation of a yields 

( DrR kf+ rR 
 3k f + rR k Df ) = C

a  DTo 

substitution from the set (3.22) to (3.25) then gives 

( R + R_ )2 
Da 	1 

R 
 eff  

= ca 	
k f((Ri  - Ro) (I kt 

+ ft
) - Riec) 

o 	1 

= a(I k + f - R* cc 	) 
t 	t 	R1 - Ro  

Similar substitutions also give 

Us 3To  
31, = (E

2 
- a) (1 (k

t 
- s vt) + ft - R1 - 

cc 

Ro 
) 

Collecting terms and substituting into (3.19) 

2E 3E _ 
3To 	

E
2 
(I (kt  - s(E

2 - a) vt) + ft 	R* « ) 

E2 	
R1 

- R
o 

so that 

1E (I(k
t 
- S(E

2 
- a) v

t
) + k

t 
- Rlec 	) Ro - R*  

E2 R1 - Ro 	
R*cc 

Da 

DT0  

(3.26) 

Slight differences are found in S , depending on which of (3.20) or 

(3.26) is used. This point will be considered further in the following 

chapter. 

3.6 	Response of a Yawed Wire 

For a yawed wire the mean flow calibrations are determined by eqns 

(3.13) to (3.16), and inspection of (3.13) (3.14) shows that the equations 
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derived in para 3.5 for Su  and ST  will have to be modified. The result for 

S is most easily disposed of. Examination of (3.26) shows that, since fa 	fb' 

the only necessary modification is the substitution 

a fat  + (E
2 
- a) fbt  

for f t 
E2 

 

so we have 

ST  = 1E(1(k
t 
- (E2 - a) v

T
) + a fat + (E

2 
- a) f

bt 
- R

ik
& 	

) Ro - R* 

E
2 	

E
2 	

R
1 
- R

o 
	R*.c 

(3.27) 
. 

t..- 
The question of sensitivjies to velocity fluctuations is more 

complicated. 

A number of heat transfer laws for yawed wires has been proposed in 

the past; the most common of these is undoubtedly the cosine law. The most 

reliable discussions on this point to date seem to be those of Champagne et al 

(1967, 42). This work suggests the use of a cooling law involving an 

effective cooling velocity U
E 
or U0), where 

U
2
(4)) = U

2 
(cos

2
cp + k

2 
 sing  4  ), 

(I) is the angle between the U velocity direction and the normal to the wire, 1'. 

and k is a constant depending on wire aspect ratio. Other workers have made 

substantially the same proposals, in particular Hinze (1959) and Webster (1962), 

and a more recent study by Kjellstrom and Hedberg (1968) examines the 

behaviour of k with airspeed. For the DISA probes used k is about .2. Setting 

K
2K2(4) = cos2(I) + k2  sin2 
	

(3.28) 
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the effective velocity may be written 

U
E 

= K(4) U 	 (3.29) 

For the case of fluctuating velocities Champagne defines 

instantaneous velocities QI  and. 
 Q where 

2 	2 	2 	2 
QI 	(Qs qs) q 	q  

or, in a more common notation, 

U
2 	

= 	(U + ul.)2  + w 	+ v 
	

(3.30) 

for a wire lying in the X - Z plane. 

We define U
E (his QE) by 

U
2
E 

= U
2 

K
2
(0) 

A 
where a is the angle between U and n. After lengthy but elementary 

trigonometry Chanpagne derives (his eqn 10) 

2 	2 	2  
U 	= U cos (I) 	1 + k

2 
 tang  (1) + 2(1 + k

2 
tan

2 
cp) 

 

+ 2 tan cp (1 - k
2
) 	+ 0(u 2) lk 

Champagne obtains the square root of this equation by means of a 

binomial expansion; quite how is not clear, but it seems to be on the lines 

RHS = U
2
cos

2 
(I) (1 + k

2 
tan

2 
(p) (1 + 2 u' + 2(1 - k2) tan (I) w' 

U 	1 + k2tan
2 

cp 
(3.31) 

and extracting the square root by expansion we obtain 
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1 	, 
UE  = U cos cp. 1(1 + , k2 tan (I) - — k

4 
 tan

4 
 (6) kl + 	+ 

8 

wt. 
very long terms in — and 0( 2) I 

Apart from being very cumbersome, this result has, in the view of 

	

the present writer, one serious disadvantage. When we let u' and w' 	0, 

we do not recover the original relation 

U
E 

= U R((t) 
	

but only an approximation to it. 

If it is at all possible a perturbed equation should lead to the original 

one, in the absence of perturbations. For this reason it seems preferable to 

develop eqn (3.31) above as 

UE2 =U2K2(q) 	1 + 2 u + 2(1 - k
2) tan gy  

U 	1 + k
2 

tan (I)
U  

so that 

UE 
= U K(4) 	1 + u + (1 - k2) tamp  w / to 0(1) 

1 + k
2 
tan cp 

(3.32) 

This equation overcomes the above objection, and is rather more 

convenient to use, besides. 

When we apply eqn (3.22) to the problem of determining Su and Sw it is 

found that Su is unchanged in form from (3.18), and that 

S = S 	(1 - k2) tan (I)  
w 	u 	Su 6($) 

1 + k
2 
 tang  (I) 

(3.33) 

where the mean flow E vs U calibration was obtained at a yaw angle (I). 

We may note that eqn (3.33) shows that if a wire is calibrated at a given yaw 

angle 4) and is subsequently used to measure w /U at a slightly different yaw 

angle, (I) + E say, then a correction for E should be used. In the experiments 
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discussed earlier, with (1) = 45°, we find that 

S
w 

= + 0.9231 Su 
— 

3.7 	Summary 

The terms Su and S in 
T 

e= Su u + S T 
T - 

U 	e 

are determined by differentiation of the mean flow calibration equations and 

are set out in eqns (3.18) (3.20) (3.26) for a single normal hot wire. ST  and 

S
w are similarly calculated for a yawed wire and are given by (3.27) and (3.33). 

Use of these equations for DISA probes in low speed flow (i.e. 	2 m./sec) 

leads to systematic errors in the answers obtained. This is due, . 

principally, to the fact that ST  is not adequately represented by aE/aToin this 

range. Corrections in Sw are also necessary. The reasons for the breakdown of 

these equations is discussed in Chapter 4.  
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Chapter 4 	Hot wires; Measurements and Data Reduction  

In section 4.1 we survey the various approaches to the problem of 

extracting information on velocity and temperature fluctuations from hot wire 

observations. A procedure, due to Arya (1968), which involves the independent 

measurement of the temperature fluctuations T, is examined. The interference 

of the wire—support prongs with. the temperature field, which causes distortions 

in the measurement of T, is discussed in sections 4.2 and 4.3. In section 4.4 

the basic data reduction scheme is set out; it involves a modification to the 

proposals of Arya. Sections 4.5 to 4.7 treat some corrections to the scheme 

that were found to be necessary in the density stratified shear flow tunnel. 

Section 4.8 contains a step by step summary of the procedures, and in 4.9 we 

show which modifications are necessary for the calculation of spectra. 

4.1 	Measurement Procedures, Introduction 

The problem of measuring the r.m.s. values of the fluctuations of 

velocity and temperature, and their cross products, has been tackled with 

varying degrees of success by various workers in the past. One of the first 

approaches was that developed by Corrsin (1949). His method will be sketched 

out for the case of a single normal hot wire. 

Consider a hot wire in a flow containing velocity fluctuations u and 

temperature fluctuations T; the response will be of the form 

e = Su — + S 
U 	T 

so that the mean square voltage fluctuation is given by 

	

e 2  = Su.
2 

u
2 

+ 2 Su. ST:. UT 	ST.
2 

T
2 

i 
 

— 
U
2 	

1 

	

U0 	
1 e 2 

(4.1) 
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where the suffix i indicates that the measurements have been obtained at an 

hot-wireoverheatratioR. Al. It is clear that, in principle, measurements 

at three overheat ratios and a knowledge of the functional forms of Su and ST  

I 
will give three simultaneous equations, soluble for u

2 
 /U
2 
 , uT/U and T/0 2. 

There will be, inevitably, errors in measurement, and to compensate 

for these a redundant-data technique was proposed by Kovasznay (1953). This 

method is rather cumbercome, and a neater method was proposed by Arya (1968). 

This worker divided eqn (4.1) through by ST  , so that 

Y 
e 2 u

2 	........ 
u T. 	T2 

S12 	
1 

- X.
2 — + 2 X. — + —2- 

U 0 	0 T 
(4.2) 

with X. = Su./S 
1 	1 Ti 

Measurementsofe.
1
atanumberof. RA1 allow us to determine a least 

squaresfitparabolaofy. 
1  vs X.1

, the constants of which give u
2
/U
2 
etc. 

Arya considered that the method described so far (represented by (4.1) and 

(4.2)) gave rise to unacceptable errors and remarked that it  is conceivable 

to measure negative values of T
2
/ 0 2". In the experience of the present 

writer it is not only conceivable, but very easy to do so, and the method 

2 2 
of Corrsin often returned negative values of u /U too. 

To improve the method (4.2) Arya proposed the independent measurement 

of T2/02 by means of a resistance thermometer and set 

Y 	
2  . 

so that 

 

2 

  

2 u
2 

= X2 	+ 2 X. UT 

1  U (4.3) 

Measurements over a range of RAi, and a least squares fit for the six to eight 

Y., X.
L 
 thus obtained gave good answers for u2/U2 and uT/UO . This method, 
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involving an independent determination of T2/ 82, leads us to consider the 

problem of resistance thermometry in low speed flows. 

4.2 	The measurement of Temperature Fluctuations 

The relation between voltage fluctuation e, and that of temperature,T for 

a fine wire of resistance R(0) through which a small current is passed is, on the 

basis of E = iR 	, and 

R = R*(1 + =0) 

e = i DR de = iR*  4 T 	to 0(1). 	(4.4) 
ae 

The wire used could be a specially chosen wire with a high temperature 

coefficient of reistance, or a "conventional" wire such as is used in hot wire 

anemometry. In the latter case the voltage output from the wire would have to 

be.amplified by some suitable low noise amplifier. 

The use of a conventional wire certainly adds to the simplicity of the 

experimental set up, the more so since it would already have been calibrated 

for resistance vs temperature. For this reason preliminary measurements of T2 

were made using such a wire and applied to the method of Arya. The results 
 

were appalling, the values of T /6-
2  
, for instance, being about 50% smaller 

than had been expected. 

The source of this error was traced to thermal interference effects 

between the wire supports, or prongs, and the wire itself. Indeed, in the 

reference manual for the 55D01 C.T.A., Messrs DISA discuss the problem for a 

type 55A22 hot wire probe in low speed ( < 10 m/sec.) flow. For such a probe 

they point out that, if e
w 
is the instaneous wire temperature, and 0 is the 

mean prong temperature, then one may set 

ew = 	+ T
w 
= (0 +0 (1 - y) 	e y 	

(4.5) 
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where 8 is the mean air temperature and we may set 0  = 0. They suggest 

y = .7 in still air and Y = .2 at U = 1.4 m/sec with a decrease to 

y = 0.02 at 10. m/sec. The situation may be expected to be worse for 

the type 55A38 miniature probe. From eqn (4.5) it follows that 

Tw  = t (1 	1) 

so that eqn (4.4) will go over to 

e = i R*  all - if) t 	 (4.6) 

The above considerations make it clear that the conventional hot wire 

probes are unsuitable for temperature measurements in the speed range of 

the shear flow wind tunnel. 

Several prong/wire combinations were tested to find the one that 

was best fitted for the flow produced in this tunnel, and eventually the 

combination of 1 p Wollaston wire supported on prongs of thin piano wire 

was chosen. The Wollaston wire was etched to yield probes whose resistance 

at 200C was typically 140 - 150 ohms. 

The probes were operated by passing a current through a current-

limiting resistor of known value (nominally 1 KQ), then through a 0 - 5 K 

potentiometer, and then through the probe itself. The voltage across the 

probe was amplified as necessary, the gain = 10 setting of a Servicon 

Dynamics Ltd P.H.I. fixed gain amplifier usually being sufficiently large. 

The current was determined by measuring the voltage drop across the known 

resistor, a value of about 0.8 mA usually being set. The voltage was 

provided by a Solartron SRS.153.2 power supply, or, on occasion, by dry 

cells. The output signals from this simple equipment were generally quite 

acceptable, although electrical pickup from other experiments could be a 

problem sometimes. It was not found necessary to drive the probes as one 

arm of a constant current bridge. 
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The major fault of these 1 P etched probes was their extreme 

fragility. There was no way of overcoming this, but to avoid a run 

(possibly lasting two or more hours) being completely washed out by breakage 

it was decided to attempt to calibrate the hot wire probes for Y so that they 

could - in extremis - be used for temperature measurements also. 

4.3 	The Variation of y 

In the DISA manual it is stated that the value of y depends upon 

the air velocity, the frequency of the temperatures fluctuations, and on the 

mass of the probe supports. It presumably depends also on other factors of 

probe geometry. Short of solving the airflow and temperature fields around 

the probe, and the temperature field within it and its supports, we must - 

at this stage at least - make guesses as to the behaviour of Y. 

Given the variation of y for the type 55A22 probe noted in para 

4.2 above, a plausible starting hypothesis is that: over a reasonably small 

working range, 

= ro 	r 	U 
* 	

(4.7) 

where U
* 
 is a simple function of U. U = U is one guess, but given the 

55A22 behaviour, U = U2  or U = In U seem the more plausible guesses. 

If we now introduce the notation, for a small fluctuating 
1 

quantity x say, 

x ' 2 	^2 

then for two dissimilar probes eqn (4.6) gives 

) 
= 	(1. 	yj) 
	= 1, 2 

J 
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Define the (measurable) quantity 

(  / 

	A 

 e%  ) ( 	: 

a 	
) 

-  	, then 

	

iR*°: 	iR 
1 	2 

1 - Y
l 

 
a =  	also. 

1  - Y2 

We need also to relate y2  to yi; a suitable guess is 

Y2 
= gy i  

where g < 1 for probe 2 "better" than probe 1. Substitution for 	and and 

then using (4.7) to eliminate yl  leads to an expression of the form 

a = 
	f(U ) 

with g, 1'0  and ri  as constants. 

We may now expand 

U = CO 
+ Cla + C

2
a 

and fit our data to obtain g, 1'0, and 1'1. This procedure was followed for 

the various probes tested in para 4.2, but no sensible answers could be 

obtained for g. We thus had to suppose that the ip probe was perfect with 

Y = 0, so that we could write 12 

yi  = 1 - a 

It is not clear whether the failure of supposing y2  = g yl  was due to this 

being a totally unrealistic assumption, or simply that the scatter on the 

experimental data was too large for it to be sensibly tested. 
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In any event, the model given by eqn (4.7) was satisfactory, 

given the quality of the data obtained in the heated shear flow wind tunnel. 

The points y = 1 - a are plotted in fig. 4.1 for two wires of a DISA type 

55 A 38 miniature X probe, together with a least squares fitted straight 

line for which U = lnU. Separate analysis of the points obtained for the 

two arms of the X probe lead, in fact, to slightly differing lines 

y = r0  - rl u . This difference was small when compared to the overall 

scatter of the points, and so one curve was assumed to fit the whole data 

set. These measurements, as well as allowing us to use the X probe as a 

back up temperature measuring device, afford an independent test as to 

whether the two arms of an X-probe are well-matched. 

The foregoing has been concerned only with the overall behaviour 

of y with velocity. Clearly there are likely to be frequency dependent 

effects also. 

A 	A 
Let us adopt the notation that T( w) and T

w
(W) are respectively, 

the rms fluctuation of T land the rms fluctuation of T as perceived by the 

wire, both measured effectively through a narrow band-pass filter centred 

at a frequency w. We may now set, as generalisations of the quantity a, 

and of the factor y, 

A 	A 
of w) = 	Tr( w)/T( 03) 

and 	y( w) = 1 	c1( 

In practice, Fourier analysis of the measured signals was the 

procedure adopted for their examination in the frequency domain, rather 

than direct band-pass filtering. The actual procedures used are discussed 

elsewhere in the text, but their use resulted in the generation of 

normalised spectral density functions, say Px( w) for an arbitrary siggal 

x , such that 
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co 

fPx(w) dw = 1 

0 

Thus we obtain, for the energy centred on a given frequency w, 

2 
x (w) = A x2 P

x 	
0) 2 

i 
A 

where x is understood to be the total mean square energy. We thus see 

that a(0) is generated by 

A 
T 	P (w) 

Cr (w) = 
P (co) 

allowing us to obtain y(w) from our data. An examination of the behaviour 

of y(w) may be found in Appendix 1. It was felt more suitable to defer the 

study of this quantity till after the examination of the spectra themselves, 

rather than to include it in this chapter. It is necessary, however, to see 

that it may be calculated, and may thus be included in the data reduction 

schemes used. 

4.4 	Measurement Procedures 

Although we are now in possession of a measurement technique for 

2 
the independent determination of T " / g 2, one further consequence of the 

thermal interference factor y must be considered before we are able, to 

continue our study of Arya's procedure. 

(a) 	In paras 4.2 and 4.3 and in the DISA manual the effect of y was 

considered in terms of constant current resistance thermometry. That y 

also has a direct effect on the simultaneous measurement of velocity and 

temperature fluctuations by means of a constant temperature hot wire 

anemometer was not immediately apparent - at least to the present writer - 

but such is the case. 
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The expressions derived in chapter 3 for the temperature 

sensitivity ST  were obtained by differentiating the mean flow calibration 

relations with respect to the cold wire temperature T. Throughout the 

derivation there was the implicit assumption that the instantaneous cold wire 

temperature, To 
 -f T say, was equal to the air temperature at that instant, 

To 
+ r . Thus, symbolically 

T 	T 	
ow 

T
o
+ T =T

oA 
say 

allowing us to set 

3E 	1 	DE 	1 
T 	aT

ow 	
3ToA 0 

But from eqn (4.5) we see that 

Tow = ToA
(1 - y) + T

p 
y 

hence 
3
T
ow  

DT
oA 

This leads to the result 

S
T 	

DE 	D
T
ow 1 

DT ow 
	

aT
oA 0- 

or 	S
T aT 

aE  
(1 y) .13- 

ow 
(4.8) 

This may be written 

S
T 

= S (1 - y) 
	

(4.9) 
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where S 	is defined by eqns (3.20), (3.26) and by (3.27) for a yawed 

wire. Apart from the substitution of the symbol ST  for S , the equations 

and arguments of para 4.1 carry over directly. 

This correction of the temperature sensitivity is essential in 

flows slower than about 10 m/sec., say, for most commonly used hot wires. 

One would, ideally, wish to use a wire for which y is sensibly zero, but the 

only wire so far tested that possesses this pleasing characteristic is 111 

Wollaston. The fragility of such wire imposes one restriction on its wide 

use, another is that most commercial CTA's would have ho be modified to 

operate successfully with probe operating resistances of the order 270 ohms. 

It is worth noting that the correction is required not only for 

intrinsically low speed flows such as are produced in the shear flow tunnel, 

but also in regions near the wall in a heated boundary layer. 

A2 2 
(b) 	Using values of T /0,,  measured with a 1 p etched Wollaston wire it was 

2 
possible to test the method of Arya for calculating u 

A 
 /U

2 
 and uT/Ue . It was 

soon clear that, although the method worked satisfactorily when observations 

ofe.1 
 were obtained for six or so overheat ratios RAi, the time spent in 

obtaining all the data and the labour involved in the data reduction were 

both too. great. A further point was that this method involved dividing 

through by ST  )andthe author was disinclined to divide anything by a 

quantity as tentatively established as 1 - y. The procedure adopted 

required, essentially, that Arya's method be turned on its head. If-we 

examine eqn (4.1) we see that if we choose to divide through by S . 
2 
, rather 

than s 
2 we may still obtain relations between a variable Y. 1 

 and a 

variableX.,albeit defined in another way. If we set 

A2 	2. 
ei 	

S . 	 2 
. T 

Y. 
1 
	

Sul Sul 
02  (4.10) 
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A2 	S T ut 
then 	y. = 	 - =a+b X. 

U
2 Su U0 

(4.11) 

'where 
	

X. = S
T
/Su 
	

(4.12) 

InthisformulationthegraphofYi vsX.is a straight line, 

simplifying curve fitting either by the method of least squares or simply 

by eye. The method is illustrated for a typical case in fig (4.2). In 

this plot the circles correspond to a calculation using the detailed 

eqn (3.26), and the triangles to the simpler eqn (3.20). It is seen that the 

2 
answers obtained for 

A  
u /U

2  and ut/U0 depend very little on the equations 

used, in spite of the different values of ST  = ST(1 - y) they yield. The 

points in this graph were obtained from a run at a gradient Richardson 

number of 0.15, and the overheat ratios from 1.77 in the top right of the 

graph down to 1.16 near the X axis. One can also see that the method is fairly 

robust, in that measurements taken solely at the extremes of overheat ratio 

2 
will lead to answers for u 

A 
 /U

2 
 etc. not much different from those obtained 

by an even spread of points Xi  and yi. 

As a general rule measurements were taken at 4 overheat ratios, or, 

for the slowest air flows (i.e. high Richardson nos.) at 6 ratios. The 

results were calculated on the Honeywell H-21 computer in the Aeronautics 

Department at Imperial College using both the equations for ST. The 

straight line was fitted to the Xi, Yi  points numerically for each equation 

separately, and also to the total set of points generated by both equations. 

Provided the answers corresponding to the two separate fits were within 

about 5% of those given by the third (joint) fit, this last was taken to 

2 A 
define u /U

2  etc. In the event of excessive scatter in the answers it 

became an easy matter to plot the points and see if aiy of them were 

obviously off the straight line. In such cases it was sometimes possible 

A2 2 
to reject a "rogue" point and then to recompute answers for u /U etc. 
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2 
In the example shown in fig (4.2) the scatter of u 

A 
 /U

2 
 about the central 

value was roughly 4% and the points all lie about a plausible straight 

line. The most common source of gross error was the mispunching (or 

mis-transcribing) of data when preparing it for the computer, although 

fairly gross deviations from a straight line were sometimes observed at very 

low overheat ratios, particularly for observations made at the lowest 

airspeeds. This was partly due to a poor signal-to-noise ratio (this ratio 

deteriorated with a reduction Of either airspeed or overheat ratio) and 

partly due to a quasi-systematic error to be discussed below. 

4.5 	A Source of Hot Wire Error 

Exaalination of the calculated results of some runs showed a clear 

systematic variation of the mean velocity U with varying overheat ratio. 

Thus, if U = U
1 
was the computed mean velocity corresponding to the highest 

overheat R
Al' 

then we might have U
1 
< U

2 
< U

3 
<..< U. The opposite 

ordering was also observed, (in which U1  > U2  > 	> U
n
), on other runs, 

w1MstforathirdclassofrunoneobservedthevariousvaluesU.tobe 

arbitrarily scattered as might usually be expected. The magnitude of 

U1 - Un 
might typically be about .2 m/sec., which is a gross error for a 

U1 of about .8 m/sec. It was also noted that both the magnitude of such an 

error, and the probability of its occurrence, tended to increase with the 

mean air temperature. This was particularly unfortunate since, as a 

consequence of the limitations imposed by the wind tunnel, high mean air 

temperatures were strongly correlated with low airspeeds, so that the 

percentage error was all the greater. 

In the brief description of the resistance vs. temperature 

calibrations for the hot wires (para 3.3) it was remarked in passing that in 

the wind tunnel experiments appreciable changes in lead resistances were 

observed, caused by their being heated in the hot airflows. Under normal 



operating conditions these lead resistances were the most difficult 

properties to measure. Limitations of space precluded the permanent 

placement of a dummy lead and shorting probe in the wind tunnel, so the -

resistances had to be measured at the end of each run by quickly opening 

the tunnel and exchanging the hot wire probe with a shorting probe. This of 

course disturbed the experimental conditions so one had either to wait a 

long time for them to settle down again, or try to be very quick indeed. In 

view of these difficulties it is not implausible to suggest that on some 

occasions the measured lead resistance could be in error by about 50 to 60 

percent. 

To crystallise these thoughts let us consider the effect of such errors 

on the calculated values of Us  (for simplicity) for calibrations given by 

eqns (3.15) (3.16). We have 

a = 	
ao 1- al" - a2) 
	

(3.15) 

b = - bo + b1( - b2) 

with c = I + 1  
T
1  2 

and 	U
s 

= (E
2 
- a) b-1  

(3.16) 

(4.13) 

Now, T
o 
may be measured directly by the thermocouples, whereas T

1 
must be 

inferred from the measured resistance R1. If this last is in error we 

obtain an error, A(c) say, in 	and a corresponding error p(Us) in Us. 

Differentiation of (3.13) leads to the result 

	

A(Us) 
	a1 	b1  B 	 1 	+ 

) 	

(c - b2) 

	

2b UsQ-a2)2 	
) A(0 	(4.14) 
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Examination of (4.14) leads to the conclusions: 

(i) B increases with AW, and a(c) may be expected to be larger, and 

to occur more frequently in warmer airflows. 

(ii) B increases with decreasing Us, which makes matters worse, since the 

small U
s 
values are strongly correlated with the hot flows, and 

(iii) B increases rapidly with reduction in overheat ratio, since the 

two ( 	)1 terms go to small positive quantities, and b goes to zero, as 

c goes to unity. 

The above behaviour will be qualitatively similar for an analysis 

performed on errors A(U) due to error a(c), and affords a good description 

of the systematic behaviour noted earlier. A similar analysis shows that 

the same sorts of errors - increasing with a reduction in overheat ratio - 

will occur in calculated values of ST and Su. 

A fairly satisfactory correction for this systematic divergence may 

be developed as follows. 

We note first that the hot wire response is such that the calculated 

velocity is most accurately given by measurements taken at high overheating 

ratios - as comparison with velocity measurements made with the pulsed wire 

anemometer also showed. Hence, given Uls  calculated at the highest overheat 

ratio, we may solve the equations (3.15), (3.16) and (4.13) for the variable 

C at lower overheat ratios and use this corrected value for calculating -

Su and S
T at these ratios. This procedure is clearly open to the criticism 

that too much weight is attached to the observations obtained at the highest 

overheat ratio, and too,little to the others. Alternative weightings could 

be placed on the calculated results - in fact they almost certainly should -, 

but quite what they should be was not clear on the basis of the limited 

data available. 

The solution of the three equations involves some rather tedious 

algebra which is summarised below. substituting (3.15), (3.16)into (4.13) 
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we get 

E
2 
+a

o  +bo 1  
U s  = a1( - a

2
) + b s( - b2) 

where U1
s  is calculated at the highest ratio RAl' 

and E
2 
 is the observed 

voltage at some lower ratio RA. Squaring the above equation, collecting terms 

and squaring again leads to a lengthy expression which may eventually be 

simplified by the the substitutions 

d
o 	

(b
1  U1  s
)2  

d
l 

= d
o 

+ a/
2 
 

and d2 = do
b
2 
+ a

2 
 alt + (E

2 
+ a

o 
+ b

o 
U
1
s
)
2 

which give 

,2ed  12 - 4a12do
) + (4a

1
2(a

2 
+ 

b2)do 
- 2d

1
d
2
) ■  

+ (d
2
2 
- 4a1

2 
a
2
b
2
d
o
) = 0 

or 	C
2 

c
2 

+ C1 	+ C
o 
	 (4.15) 

which may be solved for c. If we consider the coefficients C to be 

functions of U
1
s and examine the behaviour of C

1
(U
1
s
) we find that C

1, 
C
1
' 

and C1
11 

are negative for 0 < U1
s
, so that (for real roots) we always obtain 

at least one physically realistic solution. Having calculated c we may 
■.■ 

substitute our observed value of To 
and so obtain T1, and hence the wire hot 

resistance R. 1 
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The adoption of this procedure markedly improved the calculated 

2 A 
values Su, ST, and hence the results for u /U

2 
 etc. The correction was 

of greater importance for yawed wires than for single normal hot wires. 

4.6 	A Measurement Procedure for X-Wires 

The method discussed in para 4.4, involving the independent 

A2 2 	 A 2 
measurement of T / e2 	

A
, lends itself simply to development so that mu/U , 

wT/Uo etc may be calculated. 

If we have an X-probe, with wires labelled I and II, then the 

voltage response to the instantaneous fluctuations in flow state may be 

written 

T 
el = SuI 

T7+ TI 
	+ S wI U 

(4.16) 

e . Su 	S 	T; 	
S 

II 

	

	 II U II U ST II  
(4.17) 

where Sw = Su6(4) is given by eqn (3.33) and ST  by (3.27) and (4.9), Su 

being given by the usual equations. For well-matched wires we have 

Su = Su
II 

and S
T I 

= S
T II' 

so that if we define 

eD e — II 

then 

A 2 
= (ST4i  I --SW 	

2 
II)  U

2 (4.18) 

A2 2 yielding w /U . It is customary to set S VII 	WI 
= - S 	by symmetry, thus 

further simplifying the above equation. 
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In passing, one might remark that if the wires are not well 

matched, (i.e. STI/Sui 	STII/ Su
ii) it is possible to set up a redundant 

2 
data approach yielding 

A  
w /U

2  and wT/U0 in a manner analogous to that 

developed for the u terms in para 4.4. This requirement was not found 

necessary for the DISA probes used. 

If we now take the mean square of eqn (4.16) say, then dividing 

through by Su
2
I 
we may define 

A 2. 2 .e 	S 	A2 . 
tIL  t 

Ii 	 - 
Sul. 	Sul. 	6

2 
Ii 	Ii 

62 
A2 

I 
U
2 

(4.19) 

where the suffix i refers to observations made at an overheat ratio RA.,  

2 2 is 	 T 
A2 Z. . 

w /U s calculated from eqn (4.18), and 	/8 is determined from 

independent measurements as in para 4.4. The resulting mean square eqn 

then becomes 

A2 Y _ u 	 UW 	UT 	WT 

Ii 	1 2 	
+ 2 61 	+ X . ( 2 — + 2 	(4.20) 

U0 	u0 

C
IO 

+ C X . 

and X_
.STIZ/Su

It'as in eqn (4.12). A similar eqn may he written for 
=  

wire II, and by summing and differencing the coefficients C
10' 

C
II0 

etc we 

2 
obtain the desired results for u 

A 
 /U

2 
 and so on. For the case where 

(5 say, the answers are given by di
I  = I  

A2 

U 	1  

U

2 	

fr 

I0 CM) 
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uT 
U0 

uw__ 

U
2  

A 
WT 	_ 

ue 	— 

1 

1 
46 

1 

46 

if, 
‘`'Il 

- (C
I0 

(C11 

CII1)  

C
II0
)  

CII1)  

(4.21) 

This method for handling the observations made with X-wires was used 

and found to be reliable, the remarks made about the approach followed for 

the single normal analysis in para 4.4 still being generally applicable. 

The assumption of symmetry (6 = di  = 7 611) was not consistently 

reliable, however, and a discussion of its failure is presented below. 

4.7 	A Source of Yawed Wire Error 

In the first instance the results of measurements made with an X-wire 

were computed on the basis of (5 = di  = - SI,. These results were fairly 

satisfactory for mean velocities U in excess of about 1.2 m/sec. As the 

velocity was reduced, however, it became apparent that some factor was being 

ignored in the calculations, since the results progressively deteriorated. 

This deterioration was most marked for runs carried out at the highest air 

temperatures, and was correlated not only with low mean velocities, but also 

with high power inputs to the heater grid. It was not until it was noticed 

that there was a systematic divergence in the mean velocity as computed from 

the data for wire I (U145  say) from the corresponding U1145  that any 

clarification of the problem became possible. The divergence was such that 

U
145 

> U
1145 

and that U
145 -UI145 increased with the flow mean temperature 

To, when the mean velocity (i.e. 
U145, 

 UI145  or U as calculated from the 

pulsed wire anemometer) was about 1 m/sec or less. Such behaviour suggested 
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that there was some buoyancy thrust in the tunnel flow giving rise to a small 

mean vertical velocity W. This velocity would presumably have its greatest 

positive (upwards) value near the centre of the wind tunnel, with a corres-

ponding downflow along the tunnel sidewalls. In any event, it was on this 

hypothesis that a correction to the errors was derived. 

In para 3.6 we considered some of the consequences of the cooling 

law suggested by, among others, Champagne et al (1967). The effective cooling 

velocity UE  was related to the actual velocity U by 

U
E 

= K((p)U 

, where K2  (0 = cos
2 
$+ k

2 
 sin

2 
 (1) 

(3.27) 

(3.28) 

Thus, in the computations noted earlier in the present paragraph we have 

calculated 

U
s
145 = (E2I  - aI)/bI  

= (E
2
I 
- a

I
)/b*

I
Ks(45) 
	

(4.22) 

which yields 
U145' 

and a similar equation for Us
II45. 

If we now consider a 

flow in which there is present a small mean vertical component of velocity W, 

such that 

tan (c) = 	W/U 	 (4.23) 

then to calculate the correct velocities U
I' 

U
II 

(correct in the sense that 

UI = UII = U), we should use the equation 

UsI 
	I 
= (E 	- aI) / b

* 
K
s(4I) (4.24) 

4)i = 45 - 6 	 (4.25) 

with a. similar set for U
II' 

but with 

$ = 45 + 
E 

(4.26) 
II 
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Then, since UI/UI, = 1, if we define 

U
145

/U
1145 =  r 	

(4.27) 

then 
s 	s 

Us
145 = 

U 	U 
r
s 

= 

	

	
145 x  II  

s 

	

s 	s 
UI u

II 45 	UII 45 

On cancelling out various terms we are left with 

Ks(q) 
r
s 

Ks(4)II)  

Raising this to the power 2/s and collecting up terms yields: 

k
2 

	

cos
2
(45 - c) = r

2
cos

2(45 + 	+ 	(r
2 
- 1) 

1-k
2 

After some manipulation this may be solved to give 

sin(26) = 	r
2 
- 1  1 + k

2 

2 r + 1 	1 - k
2 

(4.28) 

Thus, given E we may use the corrected values cp
I,II 

in subsequent 

calculations to find (3
I' 

(5
II 

and so on. 

We may express W/U in terms of e, as in eqn (4.23). Some calculations 

have been made on this basis and the results of W/U % vs. U are plotted in 

fig. (4.3). Some runs were also conducted with the heater grid switched off, 

in an attempt to find the zero for the ordinate of this graph. These cold-

run points were too scattered, however, to allow of any firm judgement on this 

point, and so the absolute values of W/U should be taken with a pinch of salt. 

There seems, in spite of this, little doubt as to the trend of W/U with 

decrease in velocity and increase in temperature. 
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These small vertical velocities lead to remarkably large 

corrections in 61  and 611. A fairly typical value of W/U = 0.047, leads 

to 6I 
= 0.851 and 6II 

= - 1.000 both of which are appreciably different from 

6(45) = + 0.9231. 

The corrections described here leave the development of para 4.6 

on X-wire measurements unchanged, since it was framed in terms on general 

6
I 

and S . 
The only modification is in the set of equations (4.21) for 

/%2 	2 
u /U 	etc., which 

this condition 

and 

were 

obtaining, 

uw  — - 
U2 

A2 
u 

U
2 

WT 

1 
2 

—
1 
2 

1 
2 

1 

"z7 

written for 6 	= 

the equations 

CIO 
- C

II0 

- 6
II. 

become.- 

uw 
2 u 

1 

- 	-- 2 

(x  

In the general 

I - 6II)  

WT 
— 	(6 	- 6 	) 	- 
Ue 	

i 	II 

case, without 

(4.29) 

6
I 
 + 6

II 

(CIO + CII0 
 ) 

(C 	- C
II1
) 

U 

UT T - __ 

U0 

6 	+ 	6
11 

+ 	) (Cu_ + cm 

4.8 	Summary for Mean Square Measurements 

This section contains a brief list of the essential data to be 

measured and steps to be followed in using the methods outlined in this 

chapter. As in para 4.5 above, the highest overheat ratio will be denoted by 

R
Al' 

and we use the additional convention that any text appearing in brackets ( 	) 

will refer to X-wire measurements only. Other text will refer to single normal 

hot wires as well. 
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(a) Measurements 

^2 
(i) 	E. and e i  over a range RAi, at least two overheat ratios. 

	

A2 	'
- (ii)  ( (eI 	-e1I

)2 
= elo  at RA1) 

 

(iii) 'fi'by using a suitable wire - a 111 wire say - . One may also 

2 
measure T 

A 
	using the conventional hot wire as a thermometer if 

one wishes, this allows one to calculate y directly as 

2 A 
y = 1 - 

A
w

T
2 
 ) 

(iv) Any reference temperatures To, or resistances, as desired. 

The above measurements may - indeed should - be taken in a random 

order. 

(b) Calculations 

(i) Calculate U 	Sul, SI 	(U
145' 

U1145 
etc.) 

(ii) (Correct for (pi, hi, then find U1, Sun  STIletc). 

(iii) For RAI, i 	1, correct c, R1  by eqn (4.15) para 4.5, then find 

S ., ST. 

	

Ul 	1 

(iv) Find y, either directly, or by eqn (4.7) para 4.3. Then calculate 

STi 
	(1 - y)S 
 Tl 

A2 2 	/.2 
(v) (Find w /U from ap  and S

2
14, etc given by step (ii).) 

(vi) Find X., Y. and fit straight line (or lines)and use equation (4.11), 

(or eqns (4.29)) to obtain mean square values. 

The procedure is, in fact, considerably less cumbersome than it 

appears at first sight, and would be very straightforward were it not 

necessary to incorporate the various corrections discussed in the chapter. 

Of these corrections, that for the thermal interference of the prongs 

would seem to be absolutely essential for most conventional hot-wires when 

used in low speed heated flows. Use of a dummy probe would eliminate the 
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need for the correction on given in para 4.6. The correction of para 

4.7 for buoyancy effects would seem to'be unavoidable for some flow 

conditions. 

4.9 
	

Spectral Calculations 

The problems associated with the measurement and calculation of 

spectral information resolve themselves essentially into two distinct fields. 

nereistheproblemotobtainingameasurementofsmeenergye. A2 (w) in the 

neighbourhood of some frequencyw, and the problem of analysing the set of 

such measurements so as to obtain physical information on the flow studied. 

The former problem is more to do with signal analysis than with hot-wire 

anemometry. A discussion of the formal techniques applied will be found in 

Appendix 2. The result of a formal spectral calculation is to yield a 

power spectral density. All the calculations performed in the present 

experiments yielded a density normalised to unit area, so that the energy 

density in the neighbourhood of w may be written as 

A2  e.( (A) = e A. P 1 ei (4.30) 

for the signal et, say. 

We are here concerned with those necessary modifications to the 

procedures of para 4.8 above. They are very few. 

Under the heading "Measurements" the only change necessary is to 

record the various fluctuating voltages for subsequent Fourier analysis, 

as well as obtaining their overall mean square averages. It is, in principle 

at least, possible to dispense with the measurements and to trust solely to 

the accuracy of recording and analysis of the signals, but this is a risky 

procedure. In the actual, experiments the signals were recorded on an 

Ampex FR 1300 1 inch, 14 track F.M. tape recorder. The difficulty of 

control of the gains of the various amplifiers involved in recording and 
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and playback made it unwise to trust in the absolute - as opposed to 

the relative - values of power spectral density eventually calculated. 

For this reason it is urged that separate measurements of the mean square 

quantities always be taken, and that eqn (4.30) be used to define e 
.A.2 

(w) . 

Under the heading "Calculations" the essential changes are to 

steps (ii) (v) and (vi). Substitution of y(w) for y, according to the 

definition of para 4.3, allows one to calculate STi(w) = (1 - y(w)).STi, 

andherme x.(4)). similarsubstitutions for  e.2(w)toobtairly.00 then 

permit one to perform a straight line fit and eventually to extract the 

A2 
u (w) and so on. The calculations are easily performed on a computer. 

For reasons discussed in Appendix 1 it is felt very unwise to depend on a 

value of y(w) not obtained from direct measurement; it appears that the 

frequency dependence of this variable is intimately bound up with the 

actual interactions of the flow field with the hot wire, and at low speeds 

it is unsafe to ignore this quantity in any case. 
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Chapter 5 	The Experiments and Results  

In section 5.1 we sketch out the procedure for a typical 

experimental run. A review of some of the theoretical background 

appropriate to the mean square observations is given in section 5.2. The 

observations themselves may he found in 5.3. Section 5.4 starts with a 

review of some of the spectral theories suggested for buoyancy stabilised 

turbulence, and then the present results are compared with the work of 

Bolgiano (1959) and Lumley (1964). It appears that the buoyancy subrange 

observed is closer to the predictions of Bolgiano than to those of Lumley. 

Section 5.5 contains a general discussion of the experiment taken as a whole. 

5.1 	Experimental Considerations  

The data necessary for the turbulence results were obtained both 

from single normal and from X wire experiments. The single normal hot wire 

A2 A2 runs yielding only u , T and the (u,T) correlation, the X wire runs 

2 A 
providing additional information on w and the (u,w) and (w,T) correlations. 

A The duplication of the u and (u,T) results provides a certain check on the 

soundness of the procedures adopted, and the fairly good agreement between 

the two sets of results allows of a modest degree of confidence in the 

additional information provided by the X wire. In those graphs where results 

obtained from both procedures are shown the flagged points are derived from 

single normal hot wire data. 

Spectrum measurements were also made at various Richardson numbers. 

Since the various experimental procedures and data reduction schemes have 

been described in some detail in Chapters 2, 3 and 4, we will - at this 

stage - confine ourselves to outlining the experiments, and drawing the 

various threads together. 

Having selected a target Richardson number for a particular run, 

the tunnel airspeed and temperature were appropriately set, using the 
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variable gear box, and the dimmer controls. This could only be achieved 

on the basis of experience, and while it was possible in some of the 

later runs to attain the target closely, the earlier runs were rather more 

scatteredintheR.actually obtained. Allowance of one to one and a half 

hours was made for the flow to stabilise itself, and for steady ambient 

conditions to develop. The temperature was the most sensitive indicator 

of stability, and could be monitored easily with the various thermocouples. 

This time was usefully employed in performing various initialisation 

chores, typically, selecting the gains of any amplifiers used, checking 

their calibrations by injecting appropriate sine waves through the system, 

checking the calibrations of the D.V.M.'s and R.M.S. meters, and of the 

averaging scope plus chart recorder combination used for the pulsed wire 

observations. It was also found useful to conduct an approximate 

preliminary traverse of the wind tunnel in order to establish scales for 

the subsequent plotting of the raw mean air temperature and DISA mean DC 

volts profiles. When the operating conditions were deemed to be stable 

the measurements proper were made. The measurements described here would 

be for a run using an X-wire C.T.A. probe. The first measurement to be 

made was to observe the mean square of the temperature fluctuations, T 
A 2 

with the 1 pm. platinum resistance thermometer, and immediately to make 

comparison temperature measurements with the 5 pm X-wires. These 

observations were made to ensure that even if the 1 1-Cm wire later broke, 

all was not lost. Occasionally repeat sets of these measurements would be made 

elsewhere in the run. 	The 5 pm leads being reconnected to the 

appropriate C.T.A.'s, a suitable overheating ratio would be selected and 

measurements of the mean square voltage fluctuations and mean D.C. voltage 

were obtained. The mean square observations were made with a DISA type 

55D35 meter with 30 sec time constant and timed over 3 minutes with a stop 

watch, in order to minimise any bias on the part of the experimenter. The 
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mean air temperature and its gradient were noted at 45 second intervals, 

as were the mean D.C. voltages from the C.T.A.'s. The voltmeters used 

were DISA type 55D30 D.V.M.'s. The averages of the four observations 

of each variable were used during subsequent data reduction. This 

procedure was repeated for each overheating ratio chosen. An additional 

check on the temperature of the flow and pf the stability of the C.T.A.'s was 

provided by measuring the X-wire cold resistances before and after each 

set of observations made at a given overheating ratio. Somewhere near 

the middle of the run the velocity and temperature profiles were obtained 

by traversing the probe array. This procedure, and the checks provided 

by the pulsed-wire anemometer, were described in Chapter 2. The process 

was speeded up if the preceding (or following) C.T.A. observation set 

corresponded to the highest overheating ratio, so that no time was lost 

in resetting wire resistances and so on. We may note in passing that, 

for the highest ratio, the measurement of the mean square of the difference 

of the fluctuating C.T.A. signals was obtained in addition to the 

measurements described previously. When performing the traverse, the 

raw data for temperature and mean DC voltage were plotted against Z as 

they were taken, providing a check of linearity in profile for for 

temperature; for the C.T.A. outputs any spurious kink in profile could 

be re-examined and - if necessary - the pulsed wire anemometer could be 

used to provide an independent result for the doubtful point. On • 

completion of the traverse the remaining hot-wire observations were made 

for the selected overheat ratios. The only modification to this 

procedure that was required for the observations of spectra, was to 

record the signal being measured at that given time. Generally, about 

six minutes of the appropriate signal was taken as a suitable sample 

length when recording on the Ampex FR1300 machine. On completion of the run 

such additional checks on hot-wire or amplifier drift were made as necessary. 
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General Background  

When discussing the results in sections 	and 5511 the main 

objective will be to attempt to understand, or at least to clarify, some 

of the mechanics of the turbulent flow, rather than to justify or 

repudiate a particular theory. A preliminary discussion of some of the 

theoretical background is in order, however, if only to provide a frame-

work for organising the results. We follow the approach of Webster in 

examining (mainly) the work of Ellison (1957) and Townsend (1957-58), with 

brief digressions on the studies of other workers, as appropriate. The 

theories presented are to the Boussinesq approximation of a fluid of constant 

density but variable weight, so the density is only considered to be of 

dynamical importance insofar as it enters the equations coupled with 

gravitation. 

Various workers, particularly Oboukhov (1946), have looked at the 

problem of shear flows, with a density gradient and/Or a heat flux from what 

is essentially a boundary layer standpoint. The work of both Ellison an 

Townsend took a rather different, and in many ways more attractive view, 

being based on the equations of motion in a rather more general form. 

Ellison started from the Navier-Stokes equations, the equation 

of continuity, and the equation of heat conduction. Arguing that 

diffusion terms (like )(q1/!)//r3iE 	) were unimportant, and that 

pressure interaction terms (like b(pA4' 	) were equally to- be 

A ignored he derived simplified equations for A2 q2 e 	and density flux w io'. 

He introduced time scales for the rates of which these quantities would 

be destroyed were the production of turbulent energy to cease. Writing 

these decay times as T1, T
2 
and T

3 
we have 

AP Ti  fore- 	, 

A2 T2 for q 	1 

and T3  for e"" . 



• - 69 - 

On - basically a similarity - argument T1, T
2 
and T

3 
were supposed 

to retain roughly fixed ratios over a range of Richardson number. Since 

mixing destroys correlations between variables, as well as their mean square 

intensities it was taken that T3  < TI  or T2  and T1  Ct.' T2. These approx-

imations permitted him to examine the behaviour of 

-wir/000 
the eddy conductivity, and of 

KH  = -vui /ou/M 
the eddy viscosity, and the flux Richardson number 

flf = R.KJ /KM 
where the gradient form of Richardson number is 

(5.1) 

(5.2) 

(5.3) 

(-540)(442)/01Am.y. 	(5.4) 
Taking T1/T2  f."41, and setting Ct.' 5.5, its value in neutral 

conditions, he obtained a critical value of R-f  (in the sense that KH/Kti--->0) 

in the region 

R 	10.15 
fcrit 

Ellison also introduced two length scales, only one of which may be 

readily calculated from the following results. This scale, defined by him 

as 	

Li, = P /P/6a) 
is a measure of the vertical distance travelled by a fluid particle before 

either returning to its equilibrium position, or mixing with the surrounding 

fluid. 
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He suggested that, under increasing stability, when LH  is small 

the displaced fluid particle will tend to return to its equilibrium 

position before it has had a chance to mix with its new surroundings. This 

would inhibit heat transfer (which requires mixing) more than the transfer 

of momentum, which could take place rapidly through the interaction of 

pressure fluctuations. This theory has been criticised by Arya (1972) on 

two main grounds. Arya argues that the assumption of substantial constancy 

of the ratios 
T3/T2 

and  T1/T2 is false. He provides experimental evidence 

thatTp2 goesfromev0.5(at11.=0) to about .09 under conditions of 

strong stability, and that T1/T2  varies from about .3 to .6. The opposite 

trends were observed by Webster. Arya also objects to the omission of the 

pressure interaction terms in the initial approximations. A recent study 

by Launder (1975) includes these terms, and his calculations compare fairly 

well with the observations of Webster. His work will be discussed at the 

end of this section. 

The work of Townsend is based on length-scale, rather than time-

scale arguments. Under the assumptions of stationary, non-developing flow 

the transport terms are dropped from the equations of energy and temperature 

of a fluid particle. He obtains 

-ttiw,  )11 = - 3 t'tv ,  + dt'Citt't, bz T 
for the velocities, and 

wit tz k ft/ V' 
\sz 	q, 

for the temperatures. We have introduced the cartesian tensor notation 

and summation convention for convenience. The introduction of typical 

/t2 	0)2 
length scales for the dissipation of w and re-  leads to 

L A3 
,. 	W (5.5) 



- 71 - 

and 

LT  = 	 (5.6) 

where Ezm 0 1171111." and ET  =IC "CiV22-1  

Correlation coefficients kh  and k T  are introduced, 

k;. 	vz-1(w -2))'.  

and 
	

C. = (wv / 	)
2. 

The velocity and temperature equations are simplified with these 

length scales and correlations. On the argument that large scale 

fluctuations of temperature and velocity are correlated, and that the rate 

of turbulent transfer down the range of eddy size is unlikely to be 

dissimilar for the two fields, Townsend takes the ratio 
	L

u 
to be 

independent of stability. Near neutral conditions LT  and Lir  are both nearly 

equal to the integral scale of the turbulence (defined as 1 in this chapter). 

A further argument suggests that the ratio ka/kT  will also be substantially 

constant. The ratio formed from these quantities, 

N = Lu kK  
LT kr' 

(5.7? 

is therefore approximately constant. Writing the equation for Rf  in terms 

of these various quantities leads Townsend to the conclusion that real (in 

the mathematical sense) values of turbulent heat transfer and R
f 
may only 

be attained if 

R t  < 1  Luil ),;/ 1,14 
	

(5.8) 

and that an absolute upper limit may be found for Rf, Rfcrit  <;.5. 

When this limit is passed there is a sudden collapse of the 

turbulent motion. 
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We now list these quantities expressed in terms of the various 

results shown in figs (5.1) to (5.13). 

k i-;• = (W)7)`z 

kk = 	(4)w))1  

Lt1  67,17) 	[(1-Pq11-1  
LH = / 01-/a) (5.12) 

If we substitute for LT from eqn (5.6) into the simplified temperature 

equation for a fluid particle and ignore graviational effects we see that 

L
T 

may be written as 

L T  = LH /(3(W3z)) 
	

(5.13) 

These will be tabulated in section 5.2. Of the various scales, 

Lu  may be determined with by far the worst accuracy. 

We may note also the work of Deissler (1967), in which spectral 

equations are used to calculate the various mean square intensities, 

correlations and so on. This work is more a mathematical (rather than 

physical) approach to the closure problem. The cumbersome nature of the 

equations makes it difficult to summarise the various steps in the 

development of the theory, but we may remark that (expressing the averaged 

equations in wave space) the closure hypothesis is that the first two 

correlations are dominant in their effects, and thus the correlations of 

order 3 and more may be discarded. Insofar as a closure scheme of this 

kind describes the physics of the problem - rather than just providing a 

useful` method of calculating results - it is open to serious objection that 

certain of the probability densities of the field wIll eventually become 

negative. Neither mathematics nor physics permit negative probabilities. 
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This point is discussed in a review paper by Orszag (1970), in which he 

compares several of the closure schemes'currently being proposed. 

Launder (1975) has recently suggested a theoretical treatment which 

allows one to easily calculate various correlations and so on, and some 

comparisons are made in the following section between his predictions and 

the present observations. 

He closes the heat flux equations for a turbulent fluid by analogy 

with the method he has previously used for the Reynolds stress equations. 

For the Reynolds stress equations he uses a substitution for the pressure-

strain interaction which is of the form 

e -L; = c , 7%.  ( u't 	 — C2- (P -)  - 16-  P) 1. 	3  Li 

F' 
(5.14) 

where G is the rate of dissipation of q A2 , P is its rate of production, 

and Pik jis the rate of production of Itql• 	. This substitution leads to 

a simplified equation for *lig," . The constants C1  and C2  are 

determined by reference to the homogeneous shear flow results of Champagne 

et al. (1970). For the case of a flow with buoyancy the generation terms 

A P and Pik 	 q2  an are extended by including the generation of 	and Lql-e. 	by 

buoyant forces. 

The analogous substitution for the heat flux equation is, for the 

pressure-temperature interaction, 

  

(5.15) 
- C 	lit Z.  

Qy 

wherePiT represents the generation of Lift 	by the mean field and by 

buoyancy. Manipulation and further substitutions lead to a simplified 

equation for the heat flux 1/117 . Launder then determines the constants 

C
1T 

and  C
2T 

by using Webster's (1964) results for the cw,r correlation, 

the correlations k (equation 5.10), and the ratio w'Z' Acr 	at R.. = 0. 
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We will follow him in adopting the values for C1  and C2  (they are 2.0 and 

0.6 respectively) suggested by the observations of Champagne et al., but we 

will use the data presented here to determine CIT 
 and C2T. These constants 

are determined from the equations 

CiT = .63 / ( ‘4,7:)1- 	 (5.16) 

and 	 CET =  1 — -39/ C1T (*. k" ) . 	 (5.17) 

They turn out to be 2.33 and .141 respectively, as compared with the values 

used by Launder of 3.2 and 0.5. Knowledge of these constants permits the 

calculation of WW, (w,r), K_/ 	R. Ri, wr/itz ) 0.1,z) and (UM 

as functions of Rf. The calculation of KH/KM  depends on the value assumed 

for this ratio at Ri = 0. Calculation gave KH/Km  = 2.15 under neutral 

conditions and led to totally unacceptable results. Accordingly, the 

calculations shown in the graphs discussed in section La have been based 

on our experimental result of KH/Km f:-.: 1.35, and are thus effectively 

functions of five, rather than four, free constants. 

Various non-dimensional parameter are also derived, and one of 

these, y , permits one to determine Rfcrit. This quantity (i.e. I ) may 

be found from the equation 

= 	( #53 	-924 fic  — 1.6 (i—c s-r ) Rp ) 
CrT 	 *53  — 	Rp 

where the .53 - .94 Rf  terms arise from the simplified equations for 

(5.18) 

Let tj 	q/ 	The results of the calculations will be compared with the 

experiments and are indicated on the appropriate graphs by means of broken 

curves. It should be noted that these curves have not been used to assess 

thebehaviouroftheexperimentalresultsasfunctionsofR—Such 

assessment has been made by sketching by-eye curves through the points, 

as required. 



-75 - 

2.22 The mean square observations  

We will first consider the behaviour of the mean square intensities, 

then that of the correlations, and then examine the behaviour of KH, Km, 

R
f 
and the various length scales. 

2 A The results for u /U
2 
 are shown in fig (5.1), where it can be 

seen that the single wire and X were observations agree fairly well. The 

. 
trend of increasing /12

/ 
 u2 with U is similar to that of W2, although the 

present results are about twice as large as his. This trend was also 

2 	A 
observed in the results for 

A  
w /U

2 	w vs U. A plot of w2  /U2  vs R.;, 

(fig. (5.2)) shows the expected collapse of vertical turbulent motion with 

increasing stability, although it must be borne in mind that the constraints 

imposed by the shear flow tunnel restricted the high R runs to fairly 

2 A 
low centre line velocities, and some of the apparent fall in w /U

2 
 with 

increasing Rd is not strictly due to increased thermal stratification. For 

Ri  < .35, say, 02/U2  was observed to be larger than that shown in W2 by a 

factor of about 2; for higher Rd, (above .45 say) the two sets of results 

were roughly comparable, with the present results still being rather 

larger. 

A ' Examination of the results for u2/U2  and w 2/U2  shows that their 

2 A A 
dependence on centre line velocity is similar, so we might expect w /u 

to be rather less dependent on velocity effects. This ratio is shown in 

fig. (5.3), plotted against R1 The values obtained are everywhere rather 

smaller than those of W2, and behave in a less dramatic fashion. Over a 

wide range of Rd  a regular decrease in the ratio is observed, with 

3(V/a)/a- 	--3 	whereas the comparable results of W2 show a rapid 

drop until R1= .35, followed by a more gradual decrease thereafter. The 

trend is clearly that of suppression of vertical motion over and above that 

of any general drop in turbulent motion associated with both a decrease in 

Re and an increase in Ri  As neutral conditions are approached the 
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2 A A 
present results show w /u

2  x.54 or .55, in good agreement with the results 

of Champagne et al (1970). The observations of Webster tend to the rather 

larger value of w2/u
2 .73. We note that the calculation based on Launder's 

theory gives acceptable agreement with the experimental points only up to 

Ri . .25 or .3 say. The levelling off of the curve for higher values of 

R, causes it to diverge more and more from the observations. 
i 

The mean square temperature fluctuation A 2 is shown, normalised 

by ( YT/6 )2, in fig. (5.4). This is rather smaller than that found 

by W, although the scatter in the region .1 < Ri < .4 makes judgement 

difficult. The quantity plotted in Ellison's length, LH, squared, and 

suggested values of the variable will be found tabulated later, 

Thus far, the principal differences between the present obsevations 

and those of W are of magnitude, and of "regularity", none of the intensities 

behaving in quite such an abrupt fashion as his. The correlations differ, 

in some respects, rather more markedly. 

The (W)t ) correlation is numerically larger, near neutral 

conditions than either W's results or Ellison's conjecture, possibly being 

nearer -.5 or -.52 than -.38 (W2) or -.3 (Ellison). The scatter in the 

range .08 < R < .35 makes judgement difficult, however. The difference 

in shape between the present results and those of W2 is marked, the points 

shown in fig. (5.5) decreasing in a fairly regular fashion throughout the 

whole range of Ri observed, whereas the results of W2 drop rapidly to a 

value of (VI 	- .2 at 	 ^' R_ 
1 

.3, thereafter remaining more or less 

constant. We see that the calculation and the observations agree very 

well over the whole range of Ri  covered. 

The (u,w) correlation of fig. (5.6) drops, again in a fairly 

regular manner, through most of the range of Rd  examined. It seems to 

be effectively zero for values of Ri  > .7 say. This correlation decreases 

by a factor of about seven from its value at Ri  l= 0 to its value in the 
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most stable conditions. The agreement between theory and experiment is 

slightly worse than for the -( wi t-) case considered above. As Ri  tends 
to zero the value of -(u,w) is about .48, this is the value suggested by 

the results of Champagne et. al.; it is close to the result of W2 which 

is slightly larger at .5. The (u,Z) correlation (fig. (5.7)) behaves in 

a completely different manner to the experimental results of W2, the 

calculations of Deissler (1967), or the more recent calculations of 

Launder (1975). All these workers find that (u,T) increases slowly over 

the range of Ri  considered, whereas this quantity is found to decrease in 

the present experiments. 

It may be noted that the calculation of (u,T) depends on the 

calculated values for (w,lt), WV/ U'r and e/(12. Since the two former 

curves (fig. 5.5 and fig. 5.8) agree quite well with the observations and 

the w /u 	(fig. 5.3) does not, it might be hoped that substitution of 

best fit results for e/q2  would improve the calculations for (u,Z). This 

was done as an exercise and the agreement between calculation and 

experiment was slightly better. The (u,2") thus calculated was approximately 

constant with a value of about .5 until Ri  ce .4, and thereafter it dropped 

slowly to a value of .4 at Ri at .8. It must be admitted that the results 

were rather disappointing. 

Even if we ignore the most doubtful values (above R i  = .5 say) 

this trend is seen, and it is exhibited in measurements made both with the 

single normal wire, and with the X-wire probes. W2 remarked that the sort 

of behaviour his (u,r) showed might be attributable to internal wave 

motion in the fluid. We return to this point in the discussion on the 

spectral results. It is unfortunate that direct comparison with the 

generally excellent results of the Kansas field experiments (Wyngaard et. 

al., 1971) is not possible here, since they show only the ratio -ut/wz . 

The inverse of this, the ratio of the quantities - wt./u1t (fig. (5.8)) 
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also decreases, as one would expect, showing again that the turbulence 

is "flattened". These graphs, taken as a whole, seem to suggest that 

the turbulence is not only flattened, but that there is a fairly large 

total damping of the turbulence which reduces its independence as a 

transporter of Z7 fluctuations. Overall, the present results for this 

ratio lie more or less in the middle of the observations made by other 

workers. Near neutral conditions W2 obtains about .9, on the high side; 

Arya (1972) obtains tl .28, on the low side; Wyngaard et al show C.1.4, 

with those of fig (5.8) being nearer to .6. We may note that Wyngaard 

et al feel that their results may be on the low side. We again see 

excellent agreement between the calculations and the observations. 

Scorer (1969) described the mechanics of this behaviour in terms of what 

the vorticity was doing in a most lucid manner. Noting that the vortex 

lines produced by gravitational work must be in horizontal planes, and that 

in the case of horizontal mean motion with vertical gradients the 

horizontally oriented lines are not stretched, any increase in vortex lines 

thus oriented will have to arise by the gravitational work associated with 

shaking in the vertical. Stable stratification will inhibit this vertical 

shaking so these vortices (which are those producing heat and mass transfer 

in the vertical) are weakened, hence the heat transfer is inhibited, hence 

(w, 2') is smaller, as will be KH. On the other hand the Reynolds stresses 

are associated with vortex lines lying both in the horizontal and in the 

vertical. Those lying in the vertical will not be stopped by gravitation - 

except insofar as the general level of turbulence is reduced - thus the 

ratio KH/Km  will be reduced. We next consider KH, KM  and KH/Km  

Results for eddy conductivity and viscosity are shown in fig (5.9) 

and fig (5.10). They ale both rather larger at low Ri  than those found 

by W. Their ratio is plotted as a function of the flux form of the 
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Richardson number in fig (5.11), and against the gradient form in (5.12). 

Under neutral conditions it is seen that this ratio tends to 1.35, or 

thereabouts. The fall with increase in R
f 
is rapid, but a decision on 

R
fcrit is difficult, owing to the scatter of the points. On the basis 

of the whole data set, Rfcrit  seems to be close to .22, which is close to 

the result obtained by Proudman (1953) from oceoiographic observations. 

Consideration of the best points, obtained for Ri  not too large, would 

indicate a value of Rfcrit st .15, which was Ellison's suggestion. We 

may therefore surmise that Rfcrit  is somewhere in the range 0.15 to 0.25 say, 

but possibly closer to the smaller value than to the larger. The data are 

scattered, particularly at higher Ri, but fig (5.12) does seem to indicate 

a steady reduction in KH/KM  with increasing Pi, as has been assumed by 

various workers. This appears to conflict with Arya's contention that 

Ka/Km  stablise at about .6, and that it is Ri that limits itself so as to 

keep 
Rfcrit 

small. His observations certainly do seem to sustain his point 

that - at least for the heated boundary layer he examined, whose gradients 

and so on are imposed by the dynamics of the flow as a whole - Ka/Km  does 

not necessarily drop continously. It is possible that the conditions of 

the present experiments differ significantly from his. In any event, the 

behaviour of Ka/Km  shown in fig (5.11) is probably in closer agreement with 

the results of other workers than was that exhibited in the earlier work 

of W, who suggested Ka/Km  '2e. 2.3 under neutral conditions and a value of 

Rfcrit of about .35. 

The broken curves in fig 5.11, fig 5.12 and fig 5.13 represent 

the predictions of Launder's theoretical treatment. The agreement with the 

observations is fair. Fig 5.11 shows the trend of Ka/Km  as 
Rfcrit is 

attained. In section 5.2 it was noted that the non-dimensional variable )( 
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definedaval.ueforRfcrit-The criterion is 4 = 0, and substitution of 

= ..141 yields the prediction that Rfcrit  = .229. This is the limit C2T 

reached in fig 5.11, and towards which Rf  is tending in fig 5.13. 

In fig (5.13) we see PT  plotted against Rd., Here the evidence 

possibly allows us to take Rfcrit  rather larger (.29 say) than was suggested 

by (5.11). Certainly this is debatable, since the data at higher Rd are 

not good. We will return to this point after examining the spectra. 

We now consider the behaviour of the various length scales and 

correlations listed in section 	The length scales are expressed in 

metres, and the values tabulated in Table 2, below, have been established 

from mean curves drawn through the data plots we have been discussing. 

Table 2  

R. I 0 .1 .2 .3 .4 .5 .6 .7 

.653 .606 .586 .529 .503 .353 .280 .260 ku.= -wu /1,.1  

kr = I (Wit) I .52 .435 .365 .28 .21 .155 .1 .07 

LN =i1(-2-4-.) .0740 .062 .054 .045 043 .032 .024 .018 

L.T.,...LN/3h7. .0474 .0475 .0493 .0536 .0683 .0688 .08 .0857 

LEt .0761 .0863 .0767 .0657 .0507 .0531 .053 .0531 

Li. /1_, .623 .619 .643 .816 1.35 1.30 1.51 1.61 

L4 	/62) (6 	
T 

2.53 3.14 4.01 4.37 4.25 4.02 	' 5.19 8.57 
L--r 	ntli N  

We see that the correlation ku 
shows a fairly strong decreasing trend 

throughout the whole Ri  range. The value at Rd = 0 is .65, and this is rather 

larger than the results of either W2, or Arya (1972). W2 obtained ku 	.6, 

with a very slight drop as Pi  increased, and Arya gave .4, again with a very 
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slight drop. The correlation k2  is larger than that of W2, but this has 

been discussed earlier (in the paragraphs concerning (w,T)). 

The distribution of LH  is not dissimilar to that of W2, although 

the present values are rather smaller at low Ri  (.074 compared to .077) 

and rather larger (.018 compared to .017) at high Ri. Such differences 

are probably within experimental error. The behaviour of LT  is, however, 

very different. That derived by W2 falls from a neutral value of .067, 

by a factor of about 2, to a minimum at Ri  = .8 of .031. The LT  

tabulated above exhibits a completely different form, almost doubling in 

size over the Richardson number range considered. A possible explanation 

for this behaviour is provided later. 

It was pointed out in section .2 that Lu  would be the length 

scale calculated with least accuracy, so the scale itself, and the results 

for the ratios LT/Lu, and Luku
2
/LTkT

2 
must be treated with some care. Lu 

is rather larger than LT  at neutral conditions, but is suppressed quite 

rapidly with increasing Ri, although it is not clear whether the apparent 

levelingoffofi l forP.).5 say is a real effect. The present results 

for L
u 

exhibit roughly the same trend as found in W2, but appear to be about 

100% bigger. The ratio u 
 increases quite rapidly with increasing 

stability, as do the results for this ratio given by W2. The present 

observations for L-/L
u 
 are perhaps only one third as large as those in W2. 

These results conflict fairly strongly with the assumptions of the 

Townsend theory noted in section 5.2.  It must be noted that his 

assumption of non-developing flow may be only approximately modeled in 

the present experiments, but LT- /Lu  and L
u  k u 

2/L
T  kT  2 

 have been observed 

to vary with Pi by other workers, in different experiments, such as 

Arya (1972). Insofar.as the hypotheses of constant LT/Lu  and constant 

(r1,
u
/L
T
)k

u
2
/k
T
2 
seem not to be borne out, it is not perhaps surprising 

that neither of the conclusions drawn, that RI  4:N/12, and that 
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KH/KM 	3/N at Ri  = 0, seem to be well justified on the basis of the 

present experiments. We have KH/Km 	3/2.53 or '2= 1.19, which is 

rather lower than the values shown earlier. The inequality is seen to be 

truefor11—<.4, but for the more stable flows assessment is difficult. 

We will discuss the behaviour of LT 
and Lu later. 

Suitable non-dimensionalisation will permit us to examine the 

relative behaviour of the length scales and eddy conductivities. The most 

suitable length scale would be 
A

(au/o),  but since we cannot use q, we 

will define 

L e  = Q/011/e2) 
	

(5.19) 

It is unlikely that normalisation with respect to this scale 

will be too misleading, since the horizontal motion will tend to dominate 

the turbulence with increasing stability. An eddy conductivity for 

horizontal momentum may be similarly defined; we will set 
2 

V/Milaz) 
	

(5.20) 

Values of L
e 
and K

e 
are tabulated in table 3 on the following 

page, together with the ratios of the length scales and eddy conductivities 

to these quantities. 
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Table 3  

Ri 0 .1 .2 .3 .4 .5 .6 .7 

L
e .067 .066 .057 .045 .034 .029 .027 .027 

K
e 

.0131 .0127 .0064 .0031 .0017 .0012 .001 .001 

LH/Le    
._ 

1.11 .947 .954 1.0 1.25 1.1 .9 .68 
. 

LT,/Le  Y  
.712 .725 .871 1.2 1.99 2.37 3.0 3.23 

Lu/Le  1.14 1.32 1.36 1.47 1.48 1.83 1.98 2.0 

KH/Ke  .351 .211 .142 .106 .088 .063 .047 .047 

Km/Ke  .261 .18 .166 .138 .117 .096 .088 .089 

We see that the reference scales Le 
and K

e 
both decline throughout • 

the whole range of Ri, by factors of about 2.5 and 13 respectively. It is 

worth noting that the decrease in these quantities over the range .45 4 Ri  4.7 

seems to reflect a variation in turbulent activity rather than an increase 

in mean shear, which is practically constant at the higher Richardson 

numbers (see Table 1 in Chapter 2). The ratio
A e 

 is practically Constant 

and roughly equal to 1 over most of the range, decreasing only under 

conditions of extreme stability. The ratios of LT/Le  and Lu/Le  both 

increase regularly with increasing stability, by factors of 4.5 and 1.8 

respectively. This indicates that it is taking proportionally longer to 

dissipate 02  and 	at high Ri, which is to be expected since (for 02  say) 

//N 
the dissipation will depend on products of factors OW /0X1, 	and these - 
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especially the %.1 //)( 	and 	Went 	terms - will be damped by 

increasingstability.The6096increaseinLT/Le betweenR-=.4 and 

Ri = .7 presumably reflects (in part) the increase in dT/dz.associated 

with the higher Richardson numbers in the present experiments. The ratios' 

KH/K
e 
and KIK

e 
decrease by rough factors of 7 and 3 respectively over 

the Ri  range studied. This is in accord with the behaviour noted for LT/Le  

and Lu/Le noted previously; in particular, the conductive dissipation of 

which governs the behaviour of LT  will be strongly dependent on the 

efficiency with which the fluid is mixed and temperature fluctuations are 

transported, and we see here that KH/Ke 
is strongly suppressed. 

5.4  The Spectra  

Before examining the predicted and observed effects of buoyancy 

on the spectra, it is as well to note that at low Richardson numbers we 

might expect the arguments of Kolmogorov to hold fairly well, and thus use 

the results of homogeneous turbulence theory to see what we can (or cannot) 

reasonably infer from the spectra. Now, starting from the assumptions that 

the flow is locally isotropic, and that RA is sufficiently large, 

equilibrium theory leads to the result that there exists a useful range in 

which the energy spectrum functions may be written as 

E(k) = K 0/3  k-5/3 
	

(5.21) 

where e represents the rate of dissipation of turbulent energy, and K is 

a universal constant. The results of the previous section allow us to 

establish a typical magnitude of RA  for the present experiments. We noted, 

in section ,5.2, that Townsend (1957-58) takes his length scales Lu  and LT  

to be very nearly equal to the integral scale, 1, of the turbulence. This 

would imply 1 = .06 m. for low Ri, and at U = 1.5 m./sec we have, using 
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fig. (5.1), 	u .=-2. 	.14 m./sec, so (approximately) 

R, "2 520 

R :f (10 111)1  2= 72 

,1 
1/A (R1/10)2  •=-: 7.2 

and A --11 8.3 mm 

We see that both the spread in eddy sizes, and RA , are rather 

smaller than theory permits for the existence of an inertial subrange. 

Bradshaw (1969b), however, presented experimental evidence which suggests 

that the result expressed by eqn (5.21) holds for values of RA as small 

as 100, and that K is no longer a constant, but decreases roughly in 

proportion with log RA , when 1 < 100. At such modest Reynolds 

numbers we cannot infer, from the existence of a - 5/3 range, that there 

exists a range of eddy sizes which exhibit all the physical 

characteristics,we would expect of a fully developed inertial subrange 

at higher Re, but since we may. write K = E(k)/(E2/3k-5/3) we see that 

a decrease in K suggests that the relative importance of E increases, for 

a given wave number within the - 5/3 range. 

When discussing the present results in this section we shall 

therefore use the term "inertial subrange" loosely, as expressing no 

more than the existence of a range with a - 5/3 slope, and in which 

the rate of energy dissipation, 6, is not ignorable. We will not 

infer actual dissipation rates, or pretend to any knowledge of the 

degree of local isotropy in the flow. We will be looking for trends, 

rather than numbers. 

When the flow departs from near neutral conditions, we may 

expect arguments related - however weakly - to those of Kolmogorov to hold less 

well; we now examine the main arguments and predictions of the'effect of buoyancy 
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on spectra. There are two main arguments, of Bolgiano (1959 and 1962), 

and of Lumley (1964). We first consider the approach employed by Bolgiano. 

He confines this attention to a free atmosphere, with no 

boundary effects and takes the system to be axisymmetric about 	; there 

is no mean U or dU/dZ, and therefore no supply of energy to the turbulence 

by the working of the Reynolds stresses against the mean shear. For this 

system he takes it that in the production of fluctuations in density (or 

temperature) the loss of energy by the vertical motion is not confined to 

a rather narrow range of wave numbers in the driving scales of the motion, 

but takes place over a fairly wide range of wave-numbers. He argues that 

this is a consequence of the anisotropy imposed on his system. This energy 

extracted from the vertical motions is absorbed into the field of density 

fluctuations which is regarded as being a reservoir of potential energy. 

This overall and fairly gradual and widespread reduction in the rate of 

2 
transfer of energy across E

w
, the w 

A 
 energy spectrum, leads to a difference 

between the rates of generation of turbulent energy and its final viscous 

dissipation, with the eventual result that generation > > the viscous 

A 
dissipation of w 2  E, w. The critical definition of a buoyancy subrange is )  

now that the rate of inertial transfer is so much greater than ew  that this 

dissipation no longer governs the equilibrium, and that it is the rate of 

extraction of energy by the fluctuating density field, and the rate at 

which these fluctuations are eventually dissipated, that controls the 

process. A mathematical analysis, in which Ew  is discarded as being small, 

then leads to E
w
(k) ^." k- 11/5 in the buoyancy subrange, and to the 

conclusion that even the higher wave number -5/3 range may be suppressed 

if the system is sufficiently stable. On the assumption that the density 

fluctuations and the potential energy associated with them are transferred 

through the wave number range of the spectrum, Ee(k) say, eventually to be 
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. dissipated, a further analysis leads to E? 	 7/5 k 	in the buoyancy 

subrange. 

The analysis of Lumley (1964) is much closer in form to the 

conventional approach used when considering non-buoyant flows, and may there- 

fore be treated more briefly. He takes the view that the spectral energy 

flux of E
w 

through the wave-numbers is the dominant quantity and that 

buoyancy affects the result only in that the rate at which work is done 

against it causes the flux of E
w 
to no longer be constant. The rate at 

which work is being done is determined by the energy flux in the first 

instance. Since this flux is dominant - even if it is not constant - the 

rate of dissipation ew  must be the main parameter on which any equilibrium 

range depends, by analogy with the normal equilbrium theory. The mathe- 

matical analysis gives Ew  ti  k-3, and Ee  ^. k-1
. The physical  systems in 

which this behaviour is supposed to be .ekhibited are very strong temperature 

inversions, which produce an intense band of internal waves at low wave numbers. 

Experimental evidence is not clear. There are observations of 

k 3 spectra (Shur, 1962) in atmospheric conditions, but Arya (1966) could 

observe no buoyancy range whatever in his experiments. Pao (1969) shows 

evidence for buoyancy ranges with gradients somewhere between the predictions 

of aagiano and Lumley, but inclining rather more to Lumley than to 

Bolgiano. He summarises the available data obtained from atmospheric 

and marine observations and sets out three spectral ranges of interest. 

These are: 

1. The internal-wave subrange, found only at the lowest wave numbers. The 

spectrum here is kinked and lumpy, rather than the smooth sort of shape we 

are used to. These peaks arise because the internal waves disperse slowly, 

and so retain wavelengths set by the flow geometry. 

2. The buoyancy subrange, at rather higher wave numbers. All velocity 

spectra, vertical and horizontal, are steeper than the -5/3 prediction 
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and.they obey no clear power law. Temperature or density spectra are less 

steep than -5/3, and obey no power law. 

3. 	The usual inertial subrange, leading up to the dissipation range. 

The gradients of the velocity and temperature spectra tend to 

-5/3 as neutral conditions are approached. 

The present spectrum measurements are plotted in 

fig. (5.14) to fig. (5.18). 	The quantity plotted is the energy 

spectrum function divided by k
2
. Any slope taken from the 

graph's is thus "true-power-law slope - 2". The spectra have all been 

normalised to unit area so as to make the comparison of relative trends 

easier. There are some residual spikes at multiples of mains frequency 

still dotted about in the spectra presented; these should be ignored. 

The wave number scale is trf/uc. 
Fig (5.14) shows a number of P.S.D.'s obtained for the u 

velocity spectrum, all of them being taken in neutral conditions, with the 

tunnel heater grid switched off. Of the six runs shown, two were 

conducted with U ==2 m/s (symbol x), the remaining four were obtained at a 

variety of velocities between U = 1 m/sec and U = 1.6 m/sec (symbol 0). 

The spectra were obtained from digitised, tape-recorded signals, and 

were calculated by breaking up the frequency range into 3 subranges, with 

appropriate resolution chosen for each. This was done because Webster's 

work had suggested that the very lowest frequency ranges merited particularly 

close examination. The labour involved in such a procedure is considerable, 

and the forseeable labout of calculating the extra w and t spectra, and 

the various correlations, led to recasting the programs for the Imperial 

College CDC 6400, a machine which supports graph plotting equipment. 

(There is only a limitec! range of symbols available with the graphical 

A2 2 
routines used. For this reason' heading information such as u /U has been 
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transcribed as US 	SQ in the various figures. In fig. (5.19) the ratio of 

the power spectra for W2/112  is titled WSP/11SP). We note from fig. (5.14) that 

there is a well developed subrange with a -5/3 slope at the higher wave- 

numbers, and a smaller slope at the lower wave number. We see a variation of • 

the spectra with Tic  at the lowest wave numbers. This is not large, and is 

probably due to residual grid effects. 

Because these spectra show that there is more of interest in the 

higher wave-number range than in the lower, it was decided, when doing the 

calculations for figs (5.15) to (5.22), to use a constant spectral window 

1.95 Hz, providing an evenly spaced 512 spectral points over the frequency 

range 0 - 1 kHz. The following graphs will therefore not show the very - 

low - frequency resolution shown in fig (5.14). The dimensions of the 

following plots are not quite the same as for fig (5.14). For this reason 

we have shown, in fig (5.15) a 1112  P.S.D. (obtained at a low Richardson 

number of .029) by itself, together with the best fit lines obtained from 

fig (5.14) to show the rescaling involved. The -5/3 subrange is seen clearly 

in both cases. The line drawn arbitrarily through the lower wave-number : 

range also provides a good fit to the data, down to k 	25 say. This corres- 

ponds to a frequency of about 8 Hz. The obvious drop in magnitude at the 

very lowest frequencies of the Ri  = .029 case as compared to the Ri  = 0. 

straight line is possibly due in part to the initial effects of a weak 

buoyancy gradient on the very largest eddies. A factor in this decrease 

is, however, the digital smearing associated with the lower resolution 

employed in the calculations leading to figs (5.15)... (5.22). In any 

event we are talking of length scales of about the same order of magnitude 

as the wind tunnel, which are of no great interest in the context of a 

theoretical model of flows far from boundaries. Having established a 

means of comparing the results obtained at higher Richardson numbers with 
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those obtained under neutral conditions, we may now proceed to examine the 

2 "2 	A 2 
spectra of u 

A 
 , w and 15 	- Pu,  Pw  and PT  say - shown in figs (5.16) 

(5.17) (5.18). 

Before examining the details of the spectra we may note that the 

curves for Pu, P14, Pt, all exhibit the same sort of trends: the -5/3 

range is well defined at the lowest Richardson number, the higher Ri 

cases showing totally different behaviour. At first sight this general 

(if approximate) similarity between the spectra of different quantities 

might be taken as an argument in support of Townsend's assumption of broadly 

similar spectral behaviour for the velocity and temperature fluctuations. 

Further examination suggests that only at the lowest Ri are the similarities 

more than casual. This similarity at the lowest Ri was also observed by 

Clay (1973) who was examining velocity and temperature spectra in a 

unfOrmly heated air jet under neutral conditions. Closer inspection brings 

out suprising difference between the curves. In the case of the Pu  spectra 

fig (5.16) we see that the -5/3 gradient, limited by bold ticks 

corresponding to those of figs (5.14) and (5.15), may be extended back to 

lower wave numbers in the case of the spectra obtained at higher Ri
. 
 

Granted that the data are scattered, and that other straight lines might 

be drawn through them, it still does look as if the -5/3 line is as good 

as any other at this stage. Certainly -3 or -11/5 gradients are rather too 

steep. Arguments based on the existence of a -5/3 range extending to lower 

wave numbers must be tentative. It is hard to square potions of isotropy 

with the existence of eddies some 4 cm in size in a temperature gradient 

of about .40°C/cm. It might be more plausible to assert, however, that 

these eddies have lost knowledge of the initial large scale conditions. 

This would would suppose first, that the larger eddies carrying that 

information had been obliterated by the stable temperature gradient, and 

secondly, that some other mechanism had come into play to transfer 



energy up the wave number range. We may note in passing that Clay also 

reported a widening of the inertial subranges in his heated air jet. He 

tentatively attributed this to the particular jet/blower geometry he was using. 

Given that the present results are from a totally different experiment it 

is possible to surmise that the entrainment of cold air by the jet might 

have given rise to buoyancy effects. Thus far, the observed spectral 

behaviour does not much agree with the theories of Baclgiano or Lumley, or 

with the summary of Pao, the gradients not being plausibly steeper than 

-5/3. In connection with the very lowest wave numbers we note a slight 

kink in the spectra obtained at high Ri  (this is also to be seen in the 

P
w 

and Pt. curves); it is possible that this is a manifestation of very weak 

internal wave motion in this range. The wavelength of this motion is about 

.4m to .5m, the order of magnitude of the tunnel height. 

2 
The spectra of the w 

A 
 observations are shown in fig (5.17); they 

exhibit the same general sort of shape as do the Pu  results, in the sense 

that the higher Richardson number observations are quite different from the 

Pi = .029 case, and that one straight line fits the results over a good 

portion of the wave number range. The important point in this case is that 

the lines are drawn to the -11/5 gradient of Bolgiano, and not to the -3 

result of Lumley. On Bolgiano's argument we may infer that the extraction 

of vertical energy working against the 4)e/c)a 	gradient is such that 

2 A 
the dissipation of w , 	e say, is reduced to an extent that it is no 

longer big enough to be of importance in the buoyancy subrange. It is 

unfortunate that the noise contamination at 100 Hz and 150 Hz 	in the 

Ri  = .687 run is so bad that we cannot hope to see how the -11/5 range changes 

at higher wave number. A vivid imagination permits one to see the possible 

remnant of a -5/3 range in the Ri  = .22 run, but its width is so small that 

the interpretation is rather doubtful. 
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A 	of A2 The spectra for w thus differ clearly from those oi u at the 

higher Richardson numbers, and it is reasonable to ask what properties 

of the flow might contribute to this difference. Bolgiano's argument for 

2 
the -11/5 subrange shown in the w 

A 
 spectra is that 	e w, the rate of 

viscous dissipation of *2, is negligible in the buoyancy subrange. We 

may therefore possibly be justified in supposing that the -5/3 slope shown 

2 A in the u spectra really does represent a subrange in which Eu  is 

dominant - at least at the high wave number end of the range, if not in 

the lower k end discussed earlier. It is dangerous to infer the existence 

of an inertial subranget'from a -5/3 slope when Rx is small, but it is 

difficult to account for the differences exhibited by the present spectra 

unless some such hypothesis is made. 

The spectra of 	"r 2  in fig (5.18) are, like those of
-
P
u
, rather 

suprising. It is possible that no power law provides a good fit for both 

the EL 	.22 and R. 	.687 runs, although the electrical contamination in the 

former run, at 50 Hz, makes assessment difficult. The line drawn through 

thetheR...687 result.  fits the data moderately well; its slope is that 

used for the Pw data, -11/5. The data are scattered, and a variety of 

other lines could be chosen; their gradients do not differ significantly 

from similarly drawn lines chosen to fit the Pw  data. This differs from 

the atmospheric and oceonographic behaviour summarised by Pao, in which the 

PZ 	spectra always exhibited buoyancy subranges (when they exhibited them 

at all, that is) with gradients less steep than those shown for the 

corresponding velocity spectra. The following argument, offered by way of 

partial explanation of these anomalies, must be regarded as a preliminary 

speculation; it could possibly be justified by a reworking of Bolgiano's 

analysis for the case of a flow with a mean velocity and a mean vertical 

shear. Bolgiano argued that the physical basis of his calculations for 

A2 the w spectra was that so much energy had been lost to the density 
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fluctuations that the rate of viscous dissipation 	E w could be ignored. 

By analogy we will infer that (under conditions of extreme stability at 

least) the basis for a -11/5 gradient in the P. 	case is that ET is 

similarly suppressed. That ET  is small is in itself not suprising. We 

have ET  = K rIrirs which is effectively determined by conductive 

processes, and for strong conduction we require large temperature gradients. 

If there is no strong mixing induced by the larger eddies to bring hot and 

cold blobs of the fluid together, then it is unlikely that we will find the 

strong short range temperature gradients needed for conductive dissipation. 

We are left with the problem of where did the kinetic energy, undoubtedly 

extracted from the vertical motions by the buoyancy forces, go to? A 

plausible suggestion is that the buoyancy-induced pressure fluctuations 

associated with a fluctuating density or temperature field have fed energy 

back into the velocity fields over the lower wave numbers. It is hard to 

assess the magnitude of these fluctuations, but to the Boussinesq 

approximation with e  (or T) held constant the equation of state gives 
A 2 	, 	2 
}) 41 

A2 
 (or Aor e  ), if we ignore transport effects in an equilibrium 

range of the spectrum. In any event, energy fed into the w motions at low 

wave number VIM be immediately extracted again, but the u and v components 

will provide suitable sinks for the P.L. energy that would otherwise have 

to be dissipated. We see that this model differs from that of Bolgiano 

in that he takes the fluctuations in density more or less as providing a 

sink for the Pw 
energy, and regards the bulk of the energy so absorbed 

in the PT  field as being eventually dissipated by conduction. We are 

saying that since the large scale mixing has been suppressed in the very 

process of the buoyancy field extracting energy from the vertical 

turbulent motions then the efficiency of dissipation within PT  has also 

been hampered, so that the fluctuations in density must be regarded more as 

an agency of redistribution of the turbulent kinetic energy, rather than 
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A 
just providing a sink for the w energy. So much for the Pl:  spectra;  

what inferences can be drawn as to the effects of this model on the other 

results? Whether or not the extension of the -5/3 slope to lower wave 

numbers for the u component spectra is to be regarded as being eveidence 

for a similar extension of a classical inertial subrange, the feeding in of 

energy to the P
u 

spectra will lead to a slope that is less steep than 

observed in the Pw 
spectra, since on Bolgiano's argument the u component 

dissipation cannot any longer be neglected. It would be interesting to 

observe the v component spectra to see if similar behaviour is shown. This 

anisotropy in dissipations rates provides us with a rough and ready 

explanation for the behaviour of LT  and L
u 
observed in section 5.3. If we 

refer to the equations (5.5) and (5.6) used to define these length scales, 

rather than to the eqns (5.11) and (5.13) used to calculate them, we have 

LT 	
N9- 

= wt  
3 Er 

and if E 7  decreases sufficiently rapidly then LT  will increase. On the other-- 

hand 
A A .2. 

= \J W .  
E 

and E is the total viscous dissipation. This must be the sum of the 

dissipation rates for u, v and w, and when ew  is suppressed there will 

remain an appreciable Eu (and possibly an appreciable E v ), so that 

A n2 
W W 

E 

In fact, the more that w 
A 
 is suppressed with the consequent 

reduction in ET and Ew, the more the rate u 
+ v must proportion- 

ately increase, if conservation is to be maintained, so that Lu  will thus 

decrease with increasing stability. 

say. 
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One last point may be inferred from the overall behaviour of the 

spectra shown in figs (5.17) and (5.18). We note not so much the 

similarities between individual spectral curves, but more that that the 

spectra obtained at Ri = .22 and Ri = .687 are alike, in that at both 

Richardson numbers the curves shown are very different from the the 

Ri = .029 run, in which buoyancy effects are still quite small. This 

suggests that (however we choose to describe the details of the dynamics) 

whatever it is that is happening to the turbulence has already largely 

happened by R1= .22. If we refer back to the plots of KH/Km  and Rf  

against Ri  in figs (5.12) and (5.13) we might thus be justified in taking 

the behaviour of KH/KM  as being best described by the steep drop that 

takes place over the range 0 < Ri < .25, and that of R
f 
as being 

typified by Rfcrit -1 .18 or .20, rather than the .29 that might be 

deduced from the points lying between 0.3 < RI  < .6 say. 

The ratios and correlations to be seen in the following figures, 

fig (5.19) to fig (5.22) are rather less illuminating than the spectra we have 

so far examined. Note that the curves plotted in these figures have not 

been normalised to a standard area; thus what is shown is effectively what 

would be seen if we were to obtain a series of measurements using a band 

pass filter. In other words the areas under the curves actually shown are 

proportional to the total mean square values of the corresponding 

quantities. , 

A 2 	A 
The ratios of power spectral density for w (k)/u

2 
 (:k) are shown 

on fig (5.19). We note the general suppression of this quantity with 

increases in Richardson number; it is also fairly clear that this suppression 

is not confined to a limited range of wave numbers, but is widespread. 

The results shown here are not too badly contaminated with electronic noise. 

This is not the case for the correlations, all of which show badly the 

effects of noise at the higher frequencies. 
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The (u, t') correlations of fig (5.20) show very strongly the 

effect of noise on the calculations. We know that correlations may not 

be greater than unity, but if the calculations are based on a very poor 

signal then we see here how unreliable the results may be. For this and 

the following figures, it is necessary to confine our attention to wave 

numbers less than 225 or so (log k < 2.35). We note the general drop in 

) with increasing R, following the typical values of (u, Z) at the 

corresponding Richardson numbers. These values are .58, .41 and .2. 

For the run closest to neutral conditions we also observe a 

general decrease of (u, t ) with increase in wave number. We cannot, 

unfortunately, say anything useful about frequency dependent trends for 

the other runs. 

The (w,1C ) correlations are shown in fig (5.21). We note the 

massive drop in (w,15 ) with increasing stability, much greater than 

observed for (u, /: ) above. This drop is largely a function of the 

greater numerical decrease in -(w, t) as compared to (u, it). Typical 

values for -(w, 2:*) are .54, .36, and .05 at the Ri plotted. It also 

appears that, for the Ri = .029 run, the correlation drops markedly 

with increasing frequency, so that above k Ct 250 it is virtually 

negligible. The high wave number ends of the curves for Ri = .22 and 

RI  . .687 have been suppressed since they are so large that any scaling 

which fits them onto a graph compresses their low wave number regions onto 

the wave number axis. 

The (u,w) correlations are shown in fig (5.22). There is' a 

general suppression of this quantity with increasing stability, which is 

similar to that shown by the (u,T: ) correlations of fig (5.20). This 

reflects the trend in the overall -(u,w) correlations, which takes on 

typical values of .45, .33 and .1 at the Ri considered. 



-.97 - 

We also note that the drop in (u,w) with increasing wave number is reduced 

as stability increases, suggesting that - since (u,w) is effectively a 

normalised Reynolds stress - the larger scale activity of extracting energy 

from the mean shear has been substantially reduced, thus affecting the 

overall level of the turbulence. Comparison with fig (5.21) for the -(w,T) 

correlations also permits us to infer that buoyancy is less successful at 

suppressing momentum transfer than temperature transfer at high wave 

numbers. This is not unexpected, since the process of turbulent heat 

transfer (which must take place through mixing) is inherently slower than 

that of momentum transfer which takes place rapidly through pressure 

interaction. 

Considering the (w, 	) and (u,w) correlations together, we could 

argue that they provide a fairly good illustration of the consequences of 

Scorer's argument noted in section ,`,in the discussion of the mean square 

observations. The eddies associated with the Reynolds stresses being much:-  

less affected by stability per se, whereas the eddies associated with (w,T) 

are unable to acquire the energy necessary to promote efficient mixing. 

5.5 	Conclusions 

Any assessment of the results discussed in the two preceding 

sections must attempt to account for the manner in which they compare with, 

and differ from, those of Webster (1962), since both sets of observations 

were made under nominally identical conditions in the same wind tunnel. 

As far as equipment is concerned the difference between the two experiments 

are largely those of electronics and instrumentation. The hot-wire 

anemometers, data recorders and measuring devices used by the present writer 

were far superior in performance to any available to Webster. This 

superiority was not just in improved accuracy and reliability, but also in 
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the matter of ease-of-use, which is an important factor when one is 

conducting an experiment of several hours duration. Improved equipment 

also permitted the determination of au/z and TRZ during the runs 
in which the turbulence observations were made. Webster had to rely on 

separate observations of these quantities. This could account for some of 

the differences between the two sets of results, particularly at the lower 

mean velocities which are associated with the higher Richardson numbers. The 

present writer found it very difficult to repeat au/az under these 
conditions. 

The two experiments differ most importantly in the way in which 

the raw data were analysed. Webster's analysis of his hot-wire data was 

based on Collis and Williams (1959) heat-transfer law for fine wires; he 

thus avoided the time consuming calibration experiments mentioned in 

Chapter 3. The present writer feels that the results of that chapter amply 

justify the conclusion that such experiments are a necessary pre-requisite 

for reliable operation of hot-wire anemometers in the testing conditions of 

the density-stratified shear-flow tunnel. Both experimenters used hot-wire 

measuring and data-reduction techniques in which one wire was operated more-

or-less as a resistance thermometer. The present results are based on a 

redundant data technique in which a resistance thermometer measures the 

temperature fluctuations independently of the several observations of the 

hotw-ire signals. Such techniques, discussed in Chapter 4, suffer from the 
disadvantages of being more laborious to carry out than the alternative 

methods of Corrsin (1949) or Webster (1962), and of not being suited to the 

determination of (say) intermittency. It is felt, however, that they 

represent the most reliable schemes currently available for determining 

2 

 mean-

square square quantities and spectra. The trends shown in section 5.3  for w /u , 

-(uMandyNas12.-->0 seem to indicate that the present results compare 

more favourably with the results of other workers than do those of Webster. 
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This is also true of the observations of Rfcrit. Difficulty arises when 

we consider the results for (u,7:). The concensus of opinion seems to be 

that this correlation increases with increasing stability, whereas we 

observed the opposite trend. Further observations are necessary to clear 

up this point. 

The main weakness in the resuls both of Webster and the present 

writer lies in the restricted range of low mean velocities (.7 msec to 

2 m/sec, say) available in the density - stratified shear-flow tunnel, and 

the manner in which the higher Richardson numbers are tied to the lowest 

values of U. This last restriction could presumably be overcome by a more 

powerful heating grid, and some of the sensitivity of conditions inside the 

tunnel to external factors could be reduced by rebuilding the entry section 

to include a large settling chamber to stabilize the flow. EVen with these 

modifications the observational difficulties associated with low mean velocities 

would remain. The small signals implied by the low airspeed and heavily 

damped turbulence at the higher Ri  cause great difficulties in hot-wire 

experiments. Good accuracy may only be attained with C.T.A. equipment (with 

any ease, at least) at higher airspeeds, when the mean output voltage is • 

A 
fairly large. Difficulties are also involved in the measurement of 	, as 

noted in section 3.5.  These are caused by thermal interference between the 

sensor wire and its supporting prongs, and become less important at higher 

airspeeds. These factors suggest that the present results are probably 

fairly sound up to a value of Ri  •-•J .5 or so; under conditions of extreme 

stability they should be interpreted with some care. Since the difficulties 

noted above become less important at higher airspeeds it would seem desirable 

that similar future work should be conducted in tunnels providing a Uc  of at 

least 10 - 20 m/sec, say. The spectral behaviour discussed in section 2..4 

provides another good reason for conducting the experiments at higher 

airspeeds; under such conditions the existence of an inertial subrange could 
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be inferred with rather more confidence than at present. This should 

permit the clarification of the various arguments raised in the context 

of Bolgiano's theory and of the length scales Lu  and LT. It might also 

be fruitful to further examine the behaviour of the hot-wire temperature-

sensitivity correction factors If and 1(63). Such a study could inform 

the interpretation of C.T.A. results obtained in a number of different 

fields in which fluctuating temperatures occur. 
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Appendix 1 	The Variation of y with Frequency  

Section A1.1 contains a review of the behaviour of the 

temperature sensitivity correction factor introduced in Chapter 4. 

Experimental evidence is presented which suggests that the observed 

behaviour of y is not what would be expected on the basis of a 

straightforward application of the hot-wire response equation. In section 

A1.2 it is argued that the interaction between the velocity and 

temperature fields must be taken into account; an approximate analysis 

leads to modified response equations. In the concluding section the 

calculations are compared with experimental data. 
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A1.1 	Introduction  

In sections 4.2 and 4.3 mention was made of the effect of 

relatively massive prongs on the measurements of temperature 

fluctuations obtained with a fine wire. The measurable quantity a was 

defined as 

A A 

CI = 	
w

/T 

	

(A1.1) 

with the corresponding factor y defined as 

y = 1 - a 	 (A1.2) 

where the suffix w again refers to that which is perceived by the wire, 

rather than that which actually happens. The above quantities are 

defined for observations of total r.m.s. temperature fluctuation. 

For the examination of frequency dependent behaviour we have 

the similar quantities 

A „ 

a(w) =W
(W) 

(A1.3) 

 

A 

T(03) 

 

and 
	

Y(w) = 1 - a (w) 	(A1.4) 

Use of a normalised power spectral density (P.S.D.) allows us to set 

A2 	 2 
T (w) = T PT  (w)  (A1.5) 

for the mean square fluctuation in temperature in unit bandwidth in the 

neighbourhood of some frequency w. 	There is a similar equation for 

A2, 
Twk). Substitution leads to 

Pw(w)  a(w) = a( \  
P (0) 

(A1.6) 

The frequency-dependent behaviour thus seems, in a sense, to 
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separate itself into a bias due to overall o and to a frequency 

component, 	w) say, 

P 
13(0 	1.7 
	

(A1.7) 
PT(w) 

As a problem in resistance thermometry we may proceed via the 

conventional hot-wire response equations for vanishingly small (constant) 

current and examine how a finite time constant affects the measurement of 

13(w). (Note that we are not interested in what the wire hot resistance 

is doing under constant temperature operation, but in how the wire cold 

resistance is actually behaving). Simple calculation and physical 

intuition suggest that the response (effectively “w))falls off with 

increasing w, and thus that y(w) should increase in a uniform manner. 

Direct observations for 5 pm X-wires are shown in fig (A1.1). No great 

attention should be paid to the oscillations evident at the odd harmonics 

of 50 Hz; all spectra were so contaminated to some extent. The curves 

all show appreciable dips before climbing in the manner expected. We 

also note that the higher the airspeed, the larger the dip, and also 

the hoped-for behaviour of smaller overall y(w) (i.e. better response) 

being correlated with increase in U. What is clear is that data 

reduction schemes based on the assumption of uniformly increasing y(w) 

will tend to distort any resultant spectra in the large-eddy and energy 

containing ranges. We may also note, in passing, that the magnitude of 

the averaged response to temperature fluctuations - as shown - does not 

seem to depend strongly on the orientation of the sensing wire to the 

mean flow, for if this were to be the case we might expect systematic 

divergences in the response curves for the two wires of an X-probe. Such 

divergences may exist, but in the data presented are not to be distin-

guished amidst the general clutter of the signals. A simple analysis of 

the problem will now be given. 
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A1.2 	Analysis  

The following analysis does not pretend to provide, in any real 

sense, a defensible theoretical treatment of the problem - it is more a 

preliminary foray, or reconnaissance. The approximations introduced after 

eqn (A1.11) are crude, and their sole purpose is to simplify the mathe-

matics sufficiently for succeeding equations to be written down; the 

manner in which the physics of the situation are incorporated in the 

approximations is - at best - plausible guesswork. 

Following Corrsin (1949) we note that, expressed in terms of 

resistances, the rate of heat loss of a fine wire under constant current 

operation is 

	

1. 	dR1 	2 s 
R
1 
- R0 

4.2 C
T  

- iR
1 
 - (A + B U ) 

	

R* 	dt 	 R*= 
(A1.8) 

where CT 
represents the thermal capacity of the wire. In the fluctuating 

temperature field which is our concern all the resistances will vary. A 

reference resistance is provided by the adoption of Corrsin's usage and 

defining an equilibrium resistance. This resistance, R say, is taken to 

be the instantaneous resistance the wire would have were its time 

constant to be zero. This is equivalent to requiring that the l.h.s. of 

(A1.8) be zero; we recover 

.2 
R = R (1 	

R= 	) 	R (1 - e) 
o 

 
A + BUs 

say, 

We shall measure all excursions in resistance from the mean, 

and if we set 

r
1 
 = R

1 
 - R , 	and r = R - R 	, we 

obtain (A1.8) in the form 



[(A + B US) - i2Re 	r = 
dt 	4.2 C

T 	
1 

	
4.2 C

T  

dr
1 	

1 	 1 
[(A+ B Us) - 
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1 	dr1  
- i

2(r + 
11-  - (A + B Us) 

r
l 
 - r + ER 

4.2 CT1 
Re dt 	 R*.ce 

and re-arranging, 

2 . 
- 1 R*cc]r (A1.9) 

For the sake of definiteness we will assume the Collis and 

Williams correlation which allow us to set 

A = 0.24 	 1 ka 71.   

/d)s  B = 0.56 ka n 1 kv  

s being of course 0.45. The temperature loading factor may be ignored. 

If we evaluate v and k
a 

at some mean air temperature of 3000 K say, using 

Sutherland's relations, then for a 1 mm long wire 

A = .079 10
-3 

 

B = 399 A ds  

Typical calculations for a 5 pm. wire at a mean U = 1 m/sec. yield 

A + B Us 	 i2  - 2.1 10-4. Calculating the 	R*c= terms for i = 1.5 mV and 

R*cr = .013, we find that they are some 7,000 times smaller than the 

A + B U
s 

terms, and may be safely discarded. The 4.2 CT term may be 

calculated, (taking the density and specific heat of the wire from the 

Smithsonian tables) we find that 

4.2 C
T 
"--= 2500 d

s 
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Setting Go  for the (A + B Us) / 4.2 CT  term we obtain 

Go (d,U) = 
3.5 

10
-8 

(1 + 399 dsUs) 
d2 

(A1.10) 
C 

= 
d
2 (1 + C1 d

sus) o 

In the 5 pm case this reduces to G
o 

= 1400 (1 + 1.643 Us). 

The equation for r1  thus becomes, in terms of G
o, 

dr1 
+ Go(d,U)ri  = Go(d,U)r 

or, recast in terms of temperature, with Tw  as the excursion in temperature 

corresponding to a change in wire resistance r
1 
(i.e. the perceived 

change in temperature), and T as the actual change in the air temperature, 

then 

dt 

dT
w 

+ Go(d,U)Tw  = Go(d,U)T 

 

dt (A1.11) 

The problem arises as to how best to represent the forcing 

temperature field T, and what to do about the velocity field - i.e. 

whether to ignore its fluctuations, and set Go(d,U) = Go(d,1.) only. For a 

given choice of mean velocity it is easy to show that the frequency . 

response (effectively 8(w) in our notation) of the wire, as given by 

equation (A1.11), behaves in the well known manner 

8(w) 	G 2 / o + w). 

. This result drops out as a special case in the following analysis, 

and will therefore not be derived in its own right. 



- 107 - 

The natural analytic way of expressing a random field T is by 

means of same Fourier integral of the form 

T(t) = jT(w) ciwt  

where T(w) is the transform of T(t) and integration is over all w. For 

a signal of limited duration we would use a series expansion of the form 

CO 

T(t) = E T 
n  n=o 

or, more conveniently, the substitutions f = n/2T and w = 2 Trf permit us to 

recover 
co 

T(t) = E T
f 

e
imt  

f=o 

For simplicity we make the assumption that, for our purposes, the 

above series may be adequately approximated by the real part of our term 

T
f
E
iwt  . To recover a reasonable representation of the energy of the field 

as a whole w is treated as an arbitrary parameter, with T
f 
becoming some 

function (yet to be determined) of w. 

We thus set 

T = T(W) 
imt 

it being understood that we are interested in the real part only. This 

drastic truncation of the full series for T(w) may be justified to some 

extent if we remember that we are only interested in the P.S.D.'s P (w) 

and P
w
(w). In any calculation of such spectra from the full expressions 

for T(w) and Tw(w) all phase information contained in the complete series 

will be lost. Therefore, provided that we can sucessfully model the 

contributions of any dropped terms to the averaged energy content of the 
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spectra, there is no point in carrying extra terms which yield irrelevant 

phase information. A plausible assumption is to model T(w) in some manner 

on the P.S.D. for temperature fluctuations, thus, in our usual notation 

T(w) = T p ii2  (0.1) 

Should we wish to retain the effects of velocity fluctuations we 

might model them in the same manner, by setting for the total field 

U = 1-1(1+ v(w) eitu t  ) 

A 
where v(w) 	u: p U1/2 (w) 

Approximations of this nature, while (it is hoped) simplifying the 

problem to manageable proportions, clearly play hob with the physics. In 

the real world the fields T(t) and u'(t) are not independent. To retain 

some hold on the physics it would seem necessary - at the very least - to 

include the (u,T) correlation in the description in some manner. Without 

specific information as to how to achieve this we rely on symmetry, and 

Ockham's razor, and load the T(w) and v(w) functions evenly with (u,T)
1/2 

so that 

1/2 A 1/2 
T(10)". 0.,T)TP-(to ) (A1.12) 

and 
A 

U 
v(w) 	(u,T)1/2 U — Put/2 (w) 

In reality the matter is more complicated than we have yet allowed, 

even at this level of simplification, since turbulence is a 3-D phenomenon, 

and we wish to describe the response of a yawed wire. From Chapter 3 we 

know that we may set, from the expressions for the effective cooling 

velocity UE, eqns (3.32) & (3.33) 
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U
E 	u 	w1 

= 1 + 	+ 6  (4))  
UK(4) 	U 

so any attempt to model the field must be of the form 

v
1 
 (w1

) eiwlt  + v2 (w 2 - 
) ,i2t 

2 A 
and include extra factors to account for the w /U

2  intensity, and the (w,T) 

and (u,w) correlations. In view of the fact that the results reported in 

2 	 2 A 	 A 
Chapter 5 show that u is always greater than w , and that in these 

2 	
2 increases  

A experiments the ratio u : w ncreases with decreasing velocity, it is 

A2 2 
proposed that - subject to some constant factor cv  say - w /U be ignored. 

The same argument holds for the (w,T) correlation. The u - w interactions 

will, for the while, be ignored, and at this level of argument we thus 

model any velocity field with 

a v(w) 	cv  (u,T)1/2  UP 	( u
1/2

43) (A1.13) 

with the possibility that Pu
, say, is subject to some constraints imposed 

by interactions with the w field. 

The equation (A1.10) for G(d,U) thus takes the form 

C 
G = —

o 
 (1 + c d

S
U
S
) + 

0 	1 
d
2 d

2 

A 

dsU
s  s cv (u,T)

1/2 P 
1/2 civet 

U
u 

where the first terms in the expansion (U + us)s  have been retained. We may 

note in passing that the effects of fluctuations in temperature on v and ka 

have not been included in our model for Go
. Simple calculations, involving 

typical excursions u' and T as estimated from the results of Chapter 5, 

show that the influence of T on Go 
is small (5% to 10% say) as compared with 

that of u'. 
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For future reference it is convenient to set 

C o  
g = 	(1 	C1  ds  Us) 

d
2 

(A1.14) 

and 	 h = cv 

 C
o 
C
l 
s 	

Us(u,t)1/2 	
P 1/2 

d
2 - s 

(A1.15) 

c
v  h1 

 P 
u1/2 

 (w) 

hence 
	

Go = g + hE
iw t 
	

(A1.16) 

and where we assume h < g. 

Substitution of G
o 

from (A1.16) into the 0.D.E. (A1.11) gives 

rise to the integrating factor 

exp (f Godt) 	. 

h  
Now, 	 irG

o
dt = gt + 

1 	
iwt

W 

and expansion of the second term on the r.h.s. gives 

r.h.s. = gt + I—h + ht + i 
 wh i t  

We retain 0(1) terms in t only, and obtain 

exp ( r G dt) = c(g + h)t 	-ih/w 
• 

The 1.h.s. of (A1.11) thus becomes 

1.h.s. = 	 (Tw  c(g+h)te.ih/w)
dt 

2 
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and the r.h.s. may be written 

r.h.s. 	
E 	

e 
(g + h)t -ih/w , 	, iwt, „ iwt 

(g + he 	) T(w) e 

Integration between limits 0 and t1  gives 

l.h.s. 

and for the r.h.s. 

= T(t) c(g h)ti 6-ih/w - To) e-ih/w W i 	
W 

-ih/w 
(g + h + iw)ti 	he + h + 2iw)ti  

, 
r.h.s. = T(w) E 	

ge  

g + h + iw 	g + h + 2iw 

h 
.• 

We now eliminate excess exponential terms, retain only those other 

terms left under steady state conditions, and drop the suffix from tl. We 

are left with 

iwt 
he

2iwt 
Tw(t)  = T(W) 	

ge 

	 (A1.17) 
g + h + iw 	g + h + 2iw 

We set G = g + h and extract the real part of (A1.17), 

T (t)  = Too 	g(G cos wt + wsin wt)  h(G cos 
2 
 2wt + 2 wsin 2wt)  

/ 	 2 
G
2 
+ w

2 G + 4w 

(A1.18) 

The mean square intensities are found by squaring (A1.18) and 

integrating, dividing by T and examining the limit as T 	co. If we 

select boundary conditions t = 0 and t = T = 2nir/w and allow n --'Pco we are 

left with, after some algebra 

T w 	T2(or  g
2 2 

w
2() 	

2 	'I 
G
2
+w
2 G2h 

 

G+ 4w2 ] 



2 /, 2 k, 	
, A 
T2 	2 4 E—W W t.  . (u,T)  T

w 	
= g2 

 
1  

2 g2  w2  Wel
,.._ (A1.22, 
7r 
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all the other terms being eliminated by the boundary conditions, or by 

the limiting process. We have chosen to retain terms to 0(1) in h only, 

SO 
2 

2 	2„ 	 
Tw(w) = 	T (w) 	 g  

G
2
+ w

2 
(A1.19) 

To continue the analysis requires that we now choose an expression 

for the P (w) spectrum. Variou.s choices may be made yielding a better fit 

to P at the cost of greater complexity. We shall use a normalised 

22 
exponential c

t 
E w /w t , where w

t 
is chosen by comparison with actual 

spectra in fig (5.18) say, and ct  is then selected so as to suitably 

normalise our spectrum. From tables (Spiegel, 1968) we obtain for our 

approximation to the P.S.D. 

Pc (w) — 

 

2 	_w2/w2 
t (Al . 20) 

 

with 
	

w
t 
 = 2ff ,kt U 
	

(A1.21) 

k
t 
being chosen by reference to spectra. 

For simplicity we initially consider the case of no fluctuating 

velocity field. Equation (A1.19) becomes 

and we wish to establish some normalising factor such that 

P W 
	

A 
(w) = fac T

w 
2 

 

so as to be able to form the expression for a(w), (A1.7). The integral of 



-(w 
	2 

Jir  

c 	t 
dw 

03 

f(w') = 
g2 + w2 
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importance is 

-
2. 
w 
/ 

g2 + w2 

and it does not, unfortunately, appear to be in standard tables. It may be 

evaluated fairly accurately in the following manner. 

Define a function 

I = 
	

f

a 

dw 

O 

then clearly I = f(o). The terms in the integrand are even in w, and we 

choose to consider it as a convolution between the exponential term and the 

denominator. Thus 

03 

f(w') = 	f 

Invoking the convolution theorem, and referring to tables 

(Erdelyi et al, 1954), we obtain - after cancelling out most constants 

03 

1 17- 	-gt 	-w
2 

t
2
/4iw't

dt f(cu') = T, 	6  t L 4 g wt 	e  

The integrand may be split into sine and cosine transforms. The 

tables show that the sine transform vanishes. Using the cosine transform 

we obtain 

2 	2/  2 
I = f(o) = 	Eg 	t Erfc (g/wt) 

4 g 



y(w) = 1 - a( 2 	 2 	2 

2 

g + w 
(A1.24) 
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This is exact, but a more useful approximate result is obtained by 

expanding the complementary error function in its series and retaining the 

first term 

3/2 	 2 
wt g

2
/w
2
t e-g

2
/w
2 	w 

	

I = IL 	 t (1 - -7 	) 

	

4 	---i c  
g 	 g 

. a 3/2 w
t  

4 	2 
g 

The error in this truncation is less than 1% for the w range of interest 

here. Substitution of I into the rest of eqn (A1.22) yields 

fac - 2, 
T kU,T)ff 

4 

and 4 	g2 1  
PW(w)= 77377 2 wt  g2 + w2 

2,
/ 
 2 
t11  t (A1.23) 

Substitution of (A1.23) for P
w
2(w) and (A1.20) for P 2(w) into 

(A1.7) allows us to write down the familiar result 

P.
2
(w) = 

2 2 	 
2 2 7F 	g +to 

so that, from (A1.4) for y(w), we find 

It is clear that this is a monotone increasing function in w, 

exhibiting none of the dips seen in fig. (A1.1). A plot comparing this 

function with the observed y(w) for U = .738, the flattest case, is shown 

in fig. (A1.2). We have used g defined in (A1.14) and taken the numerical 
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values from the expressions (A1.10). 

We now consider the inclusion of the velocity perturbations. 

A 2 
Normalisation of eqn (A1.19) for T

w 
(W) requires, in this case, that we 

evaluate 

co 

ji 	6-6)  41
2, 2 

t 
I = 	 dW 	(A1.25) 

G
2 

+ w2 

0 

in whichwe have 

G = g + c
v 
h
l 
P
u 

(w) 

Substitution of some exponential approximation for P
u
(0, in the 

manner employed for PT(w) leads to an integrand which does not seem to be 

amenable to any obvious analytical attack, and which requires numerical 

evaluation. This evaluation is discussed later. We may proceed in an 

approximate manner for the while on the assumption that the turbulence is - 

overall - a less important factor than the change in w2, This will allow us 

at least to form some idea of the response curve S(w). At this level, then, 

the turbulence serves only to perturb the integral we evaluated earlier, 

and we set 

7r 
3/2 w

t  
I= (1 - 2H) 

4 	2 
g 

where H is due to h, and the minus sign arises as a consequence of the local 

increase in the magnitude of the denominator (compared with the non-turbulent 

case). We obtain, as before 

1 
,A2 

7r(u,T)T 	1 - 2H 
fac 



9 1  
R(w) = (:1) 	(1 + H) 5- (1 1 w 2 

g 2 7 
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so that, expanding (1 - 2H)-1  

g2 	-w2&2t 
4 Pw(w) 73777 	(1 + 2H) 	 2 	2 

G + w 	w
t 

(A1.26) 

2 
and 0

2
(0 = — 2 (1 + 2H) 	 

Retaining terms to 0(1) in h, we expand 

G2 + w2 

For w < g. Thus, as an approximation 

1 W2 + 	2  

	

y(w) = 1 - (-
2 r 

(1 + H) a + (1) 	(1 + H) a ( 	uv  
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where we have expanded h from (A1015) and used a normalised P (w) of the 

form 

2, wu 
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It may be seen that, for small w, the decrease in the exponential 

term may be more rapid than the increase in w2/g2. After a certain increase 

in w. the h term will be so small as to contribute nothing to the expression, 

and we recover a function which will grow in the expected manner. 
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A1.3 	Calculations 

The calculations were performed using the exact (in the sense of 

this model) equation (A1.19) for '1,7(w). We have to use G = g + h, and 

substituting for h from (A1.15), PT(w) from (A1.20), and Pu(w) from (A1.28), 

the expression for -1142(w) becomes 

2, 	, 
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000000 [((g  c  
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 (A1.29) 

and h
1 

depends on the wire constants and on the fluid data Us, (u,T) and 

AA 
U/U. Us was calculated directly. The (u,T)2  and u/U terms were obtained 

from mean curves sketched (by eye) through.the results presented-in 

figs: (5.7) and (5.1). The behaviour of the calculated curves is thus, to 

some extent, fortuitous, in that other curves so sketched may give 

differing results. 

For a given choice of wu  = 2 Tr k U and cvithe normalisation factor 

c
n 
say, was first determined by numerical quadrature. The expression 

2
(w) = cn  T

2
(w) / PT(w) 

and then evaluated. The values of c
v 
and ku 

were selected by requiring 

that the calculated y(w) had a plausible minimum corresponding to that of the 

first of the U = 2,073 curves shown on fig. (A1.1). This was achieved 

pretty quickly on the trial and error basis of comparing the printed value 

of experiment and calculation. This was simplified by adjusting the value 

of cn by about 2% so that the calculated and experimental values of y(0) 

were identical, (The initial comparisons had been, in fact, made with all 

curves arbitrarily rescaled to give 8(0) = 1. This was a consequence of such 
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a scaling having been - mistakenly in retrospect - imposed on the 

experimental curves some time previously in the hope that trends in frequency 

might thereby be seen independently of the origin of R. They were of 

course, but it provided no information of value.) Subject to "un-rescaling", 

with the curves for 8 and y being brought back from the 8(0) = 1 case to what 

they really are, the comparison for U = 2.073 may be seen in fig. (A1.3). 

The calculated curve exhibits roughly the correct trends at low w, although 

it is clear that a more satisfactory choice of k
u 

and c
v 
might have been 

made. (In the scaled case a cursory examination, using a linear-linear 

plot of the first few points, had suggested a rather better quality of fit). 

Retaining the values of c
v 
and k

u, the calculations were repeated for the 

1 	A 
two other cases, the appropriate estimates of (u,T)2  and u/U being taken 

from the by eye curves. The results may be seen in figs. (A.1.4) and (A1.5), 

subject again to an adjustment of about 2% in n . The quality of fit is 

better than expected. The apparent fidelity with which the calculated 

curve follows the experimental curves at low w in these cases is partly due 

to the fact that we are plotting y(w) = 1 - a8(w) and that as a decreases 

at low speeds the effect of variations in 8(w) will be less evident than at 

high speeds, when y is much smaller. The value of ku  used here is some 

20% smaller than might have been suggested by the spectra of Chapter 5. 

It is possible, insofar as the model mirrors the physics at all, that this 

is a consequence of the fairly sharp drop in the (u,w) correlation with 

increase in wave number seen in fig. (5.22), so that a suitable loading 

should have been included in the initial description of v(w). It must be 

stated that, though, that this sort of tinkering is unlikely to be 

particularly fruitful. The extent to which the preceding does not provide 

a theory of the situation is clear from the magnitude of the factor cv. 

In a correct treatment this would be unity (subject of course to the 

removal of yaw effects which are at present included in this term), in the 
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present calculation it.lies between 38 and 40. 

Even so, it is clear that the model has the right sort of 

properties. And (while the simple minded approximations used, and 

closed-form expressions obtained are not to be seriously_ justified) the 

main suggestion, that the interactions of the flow field with the probe 

should be taken into account when analysing the spectral behaviour of 

signals obtained with conventional hot-wires at low mean airspeeds under 

conditions in which temperature fluctuations are imposed on the flow, 

merits further study. 

It is not clear whether, in the case of flows exhibiting 

variations in concentration, there exists a weighting factor analogous to 

the overall y for temperature fluctuations. If there is, however, then 

similar considerations might well apply to the analysis of their spectral 

behaviour. 

We may briefly examine the consequences of increasing the mean 

airspeed, U. Clearly, for U sufficiently large, y will be small enough to 

be safely ignored, but at intermediate speeds it may be the case that, 

although y itself is fairly small, the change in shape of y(w) is still 

of importance. With the preliminary caveat that the model has been 

devised and checked over only a small range of low airspeeds, and that any 

extrapolation must be treated with some caution, we show, in fig, (A1.6) 

the curve calculated for U = 10 m/sec. The value of y was taken by 

extrapolating the mean curve of fig. (4.1). The drop in y(w) is still 

appreciable, being about 18% of y(o), and since we have modelled our 

forcing function v(w) on the spectrum Pu, the effects of this change will 

enter any data reduction scheme over a wide range of wave numbers 

(1.2 < log k < 2.5 say). It is doubtful whether the calculation of flow 

results, based on hot wire experimental data, will be reliable if we 

ignore variations in - effectively - frequency response of this magnitude. 
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There seems to be no obvious way of avoiding the necessity of actually 

measuring y(w), since although we may clearly introduce electronic 

compensation for the effects  of a measured wire time constant which is a 

function of wire properties only, it is difficult to see a way in which 

such compensation may allow for the influence of an unknown, random 

turbulent field. 

We note our last, and even more tentative, point. In Chapter 5 

we noted that the present results indicated that the (u,T) correlation 

showed a decrease in magnitude with increasing Richardson number, whereas 

those of W2 showed that this correlation increased with stability. If 

the observations of y(w) noted in fig. (A1.1) are to be explained in terms 

of the (u,T) correlation in anything like the manner adopted in para A1.2, 

then they are not compatible with the (u,T) increasing with stability. 

This conclusion is valid only insofar as the model of A1.2 is not total 

nonsense. The model would probably be most easily tested in the first 

instance by numerical experiments using a computer, rather than by wind 

tunnel experiments in which the various factors of importance are less 

easily controlled, 
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Appendix 2 	The Spectral Calculations  

This appendix contains three main sections, the first two of which 

are concerned mainly with the problems of spectral calculations as such, the 

third is concerned more with those arising from the nature of the hot-wire 

signals and from the data reduction scheme adopted. In A2.1 we look briefly 

at alternative approaches to the numerical estimation of power spectral 

density (P.S.D.). In A2.2 we examine a particular implementation which may 

be of interest to those having access to mini-computers. The appendix 

concludes, in section A2.3, with a discussion of some of the difficulties 

encountered in calculating useful results from the actual hot wire and 

thermometer signals obtained in the shear flow tunnel. 

A2.1 	General Introduction  

In recent years the use of digital methods of signal analysis has 

become increasingly widespread. Insofar as we are concerned with P.S.D.'s, 

and auto - and cross-correlations, the impetus has mainly followed from a 

desire to reduce the labour involved in their estimation. This has been 

particularly true of the analysis of signals possessing interesting 

features at low frequencies, since the modern hybrid analysers have only come 

onto the market in the last two or three years, and the previous analogue 

devices were not too satisfactory. 

There is now an extensive literature on the various methods 

applicable to digital analysis, so the following paragraphs will contain 

little detail; for that, the reader is referred to the sources cited. In 

digital terms a P.S.D. Px(w) say, of a signal x(t), is represented by a 

sequence of numbers Pn. Thus 

Px(w) 	P0(0), Pi(Aw), 	Pn(nAw)... PH(MAw). 

Similarly the time series is represented by the sequences 
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X(t) a  X0(0), X1(At) 	XN(NAt) 	• 

There are a number of approaches to the problem of estimating Px  

from X; a good discussion will be found in Blackman and Tukey (1958). The 

oldest established method of obtaining Px  is to form the auto-correlation 

of X, c
x, say, and then to obtain Px by means of a Fourier transform. We 

shall call this method "type A". If we use the notation * for a convolution, 

then 

cx = X * X 	and is represented digitally by the sequence 

c
x = co, ..... cn 	

cm  

where 

= E (Xm  Xn+m) 

1 Xm X N 

	

	m+n 
m=o 

where M' = N - n - 1, and the notation E( 	) is adopted for expectation. 

Symbolising the Fourier transform by 	, we obtain Px  as a result of 

An alternative method (called "type B" here) is to transform the 

given time series X into a complex series Y
x say, 

X + x 

and 
	

Y
x 	

Y
on' N 

The periodogram, Ix, is then defined 

Ix 	
I
o 	In 

 , ....I 
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where 

I
n 

- 	
In  I 2 

2T 	I 

The estimate of P
x 

is obtained by a suitable smoothing of the 

periodogram. The most straighforward is to use a moving average of some • 

width 2 K + 1, so that 

	

1 	 
P
n 	In - k 

The type A approach has been used widely, and was applied to the 

analysis of hot wire data by Bearman (1968) at the N.P.L. The rediscovery 

of the fast fourier transform (F.F.T) by Cooley and Tukey in 1965 has lead 

to extensive use of the type B method. 

The F.F.T. algorithm itself has been widely discussed (see for 

example Cooley, Lewis and Welch (1969), Enochson (1969) or Gentleman and 

Sande (1968) for general treatments) and gives itself to a number of 

applications. When used with a type B estimate of Px  it is more accurate than 

a type A calculation and may typically be anything better than five times 

faster in terms of the number of operations involved. Thus, if the computer 

implements fixed point (integer) and floating point arithmetic in the same 

way and at substantially the same speed there is an appreciable gain to be 

had by using the F.F.T. It may be, however, that the computer installation 

supports a fixed-point hardware multiply device, but only software (i.e. a 

programmed routine) for floating point operations. This is most likely to 

be the case with a mini-computer. 

A2.2 	Spectral Estimates using a Mini-Computer  

There are two benefits of fixed-point hardware versus floating-

point software on a mini-computer. It is much faster - on the Honeywell H-2I 

K 

2 K + 1 k = -K 
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used for many of the present calculations the hardware multiply is about 26 

times faster than the software equivalent - and it is exact; no rounding errors 

are introduced. The procedure is thus to form the auto-correlation by using 

a small and fast assembly-language loop, and then to use the F.F.T. to obtain 

the desired spectrum. A further point is of particular importance when 

considering a small machine (like the H-21 or a PDP-8 say), and that is their 

small word length, generally only 18 or 16 bits. 

This restricted word length has to be taken into account since if we 

are multiplying and adding for (typically) 64 steps in the autocorrelation, 

working on 65K data points, overflow conditions in the working accumulations 

are likely to arise. The way round this is most easily indicated by 

example. For the sake of definiteness we consider the H-21 machine, but the 

procedure is quite general. The H-21 has a core size of 8 K words, each of 

which is 18 bits long. The core size requires one to break the data into 

useful chunks, thus 65 K points could be accessed as 16 x 4096 points. The 

original data had been digitised using a P.H.I. module producing 8 bit words, 

so each multiply yields a 16 bit product in the operating registers. To 

avoid overflow we shift this result 4 bits at a time and thus accumulate four 

individual running totals in four separate words of the core. If we call the 

totals T3, T2, Tl  and T
o
, where T

o contains the accumulated result of the low 

order 4 bits, then at the end of processing each chunk of 4096 points we 

evaluate the floating point expression 

T = 8192 x T
3 
+ 512 x T

2 
+ 32 x T

l 
+ To 

and then reset T3  .... To  to zero for the next pass. 

In operation this scheme reduced multiplying times in the Honeywell, 

for typically 24K data points with 64 lags in the autocorrelation, from about 

2.5 hours to roughly 6 minutes. The gain was further improved by using 

efficient data management procedures. 
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This sort of auto-correlation routine, which may be coded very 

tightly in the computer's assembly language, really comes into its own if 

the machine supports a mass-storage disc or drum. In implementing these ideas 

on the H-21, whose high level language was a FORTRAN , the special purpose 

procedures for generating auto-correlations, calculating the F.F.T. of an 

array, and general data-management chores were all stored on drum and called 

down into core only when they were required. This overlaying was introduced 

to use core space more efficiently. Two small assembly-language routines were 

provided to link the user program - written in FORTRAN - with the utility 

procedures stored on the drum. A call to START in the user program would 

initialise the linking routines and set up a small sub-program in a fixed and 

guarded area 110 words long, called LOGIC, and similarly define a scratch-pad 

area on the drum. The drum-resident procedures would then be accessed by 

defining the desired ACTION, ACTION =GOVARI say for covariance calculations, 

and then a call to FUNCTION would execute the desired routine. To get the 

most out of the restricted core size the linkage procedures would first 

write the user program up to the drum scratch-pad area, thus releasing most 

of the core for the utility routine, then set up various flags and return 

information in the LOGIC area, and then call down the appropriate procedure 

and transfer control to it. On completion of its work this utility would 

transfer back to LOGIC, which then retrieved the user program from drum and 

returned control to it. The total fixed penalty to the user in loss of core 

space was about 5% of the total available to a FORTRAN program (i.e. LOGIC + 

START + FUNCTION used 320 words out of an available 6 K). Since numerous 

routines could be set up at once and for all on drum, all being accessed by 

FUNCTION, this was well worth it in terms of overall efficiency. 

An example of the sort of gains possible is provided by the type A 

spectral calculations. The original program, written wholly in FORTRAN, 

required the user to input data in chunks of 1000 points at a time, and did 
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not permit the F.F.T. routine to be used for the step CX  Px. Processing 

time for 1000 data points and 64 estimates was about 35 minutes. To obtain 

a P.S.D. with a precision of 5% with 64 estimates requires 24 K data points, 

this would take about 14 hours processing time. The special purpose 

procedures allowed actual processing to be completed in rather less than 

7.5 minutes. 

If one does have access to a mini-computer, preferably with a 

magnetic tape drive, it is well worth the initial trouble to design 

efficiently coded routines for calculating P.S.D,'s on it, since it is rare 

that a program of this type - using upwards of 65 K data points say - 

achieves 10 minute turnround when submitted to a big, but distant, host site 

computer. 

A2.3 	Spectral Estimation of C.T.A. Signals  

Preliminary spectral calculations were performed on the departmental 

H-21 computer; following the schemes indicated in section A2.2 above. Some 

of the results are shown and discussed in Chapter 5. The main drawback in 

using this machine arises from the fact that the data input medium is 

paper tape. Now, paper tape is.a perfectly acceptable medium for some tens 

of thousands of points, thus data reduction for the u component spectra 

alone in the cold tunnel, or for the T spectrum in the heated tunnel caused 

little difficulty. In practice the overall frequency range was broken up 

into three overlapping regions, with finest frequency resolution at the low 

frequency end of the spectrum. In this way three spools of tape, each 

containing 24 K points, were sufficient to permit the spectral calculations 

for the range 0 - 200 Hz, say, in about 25 minutes. The analysis of the data 

obtained from runs made in the heated shear flow soon ran into difficulties. 

The redundant-data scheme of Chapter 4 means that the spectra of the signals 

have to be calculated for a number of overheat ratios; only when all the 
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spectra are assembled may calculation of the spectra of the flow variables 

proceed. Taking, typically, 4 overheating ratios, with the overall spectra 

assembled from 3 subranges, we have 36 reels of tape with 24 K points per 

reel. The purely formal problems of managing this bulk of tape make the 

approach unattractive. A magnetic tape drive on the mini-computer would 

largely resolve this problem. The later availability of a magnetic tape 

drive producing tape compatible with the CDC-6400 computer permitted the 

basic spectral calculations to be made much more easily. Most of the spectrs 

obtained from the heated shear flow tunnel were calculated on this machine, 

using a type -B F.P.T. program called POWSPEC, written by Dr. M. E. Davies 

of the Aeronautics Department at Imperial College. 

In a perfect world this would have been the end of the problem, 

since the spectra obtained could be fed straight into the redundant data 

routines and the flow quantities of interest would immediately follow. It 

had been appreciated that the signal to noise ratio obtained with the type 

55 A01 C.T.A.'s used was fairly poor, especially at low mean airspeeds and 

low overheating ratios, but it was felt that data reduction would be 

straightforward, excepting possibly at the higher frequencies. The actual 

problems were rather more severe, as may be judged from figures (A2.1) and 

(A2.2) respectively; a typical spectrum of the noise measured in still air 

2 
at an overheat ratio 1.08, and a typical spectrum of the raw data e 

A 
 obtained 

at the same overheat ratio during a low speed run in the shear flow tunnel. 

The two graphs represent different combinations of probe and anemometer, so 

the spikes are not identical in their relative sizes. It is fairly clear 

that, even though the total energy of the noise component of the signal may 

be relatively low, the presence of the sort of spikes shown in fig.(A2.2) can 

throw a calculation out disastrously. 	The variation of mean-square noise 

with overheat ratio, as measured in still air, is shown in fig.(A2.3). We 

see that, although there is a large relative increase as RA  0, it is in 
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fact small in absolute terms (rather less than 1% of mean square signal, 

typically). The difficulties that arise in any redundant-data scheme,or 

for that matter in a direct application of Corrsin's (1949) method,will be 

due to the fact that at the high overheat ratios the noise is essentially 

buried in the signal whereas at the low ratios the noise may be orders of 

magnitude larger than the signal, and thus a curve is fitted to the wrong 

data - or the wrong matrix is inverted. Preliminary calculation showed that 

the resultant spectra for the velocities could easily be driven megative when 

spikes were present. Some not very successful attempts were made at 

subtracting the raw noise spectra from the spectra of signal + noise. The 

procedure eventually adopted was to smooth out the spikes as well as possible 

from both the noise spectra (PN, say) and from the runtime spectra, Pe, and 

then to subtract PN  from P
e
, this last step being justified since the noise 

is not correlated with the turbulent signal. 

The spikes were removed by, effectively, drawing straight lines 

through their bases. This is a wearying procedure if done over and over . 

again by hand plotting but it is easy enough to set up a numerical procedure 

that works its way through the regions centred on 50 Hz and its harmonics. 

The obvious feature of a spike are that it exhibits a large excursion from 

the local mean trend line, and that is has a sharp point. If we consider 

some curve in the frequency domain, x(f) say, we may compute the mean local 

trend line, R(f) say, from perhaps ten or so points on either side of the 

nominal centre of the region of interest. The excursions will then be 

x(f) - 7(f). The pointedness may be estimated from 

2 
d x (f) 

df
2 

which will be negative for a positive 

going spike, and vice-versa. The numerical definition of our spike is 

thus 

d
2
x 

min( 	2 	(x(f) - x(f))) 
df 
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and to avoid the possibility of this criterion treating some perfectly 

reasonable wiggle in x(f) as a spike it is wise to set up some threshold 

so that the actual removal of the spike only takes place when 

min ( 	) < threshold. 

In removing the spike the above test is applied twice. On the 

first pass the centre of the spike is determined and the local trend line 

is then recalculated without using the two or three points lying above (or 

below, as the case may be) the original trend line. The test is then 

reapplied with the new trend line, and the two or three points surrounding 

the spike centre are replaced with interpolations from the trend line. 

In practice it was found easier to settle for a "universal" noise 

spectrum Pm. Up to 30 Hz the shape was taken from the average of several 

noise spectra, while above 30 Hz the average of several spectra from which 

the spikes had been removed was described analytically. A satisfactory 

form was 

1 -.56 PN 	f 

with c ^, 1190, depending on the anemometer. 

The subtraction is straightforward, the absolute value of the signal 

2 A 	A 2 
i being taken from e P

e
(f), where e i s the measured total mean square value 

A 	 A 
of the signal, and N P

N 
being taken for the noise. The 	

2 
values of N were 

chosen from fig. (A2.3). 

It is granted that the above procedures for cleaning up the spectra 

prior to applying the redundant data calculations are not ideal, but some-

thing of the sort has to be done when the nature of the equipment is to 

inject unacceptably large amounts of noise into the observations. 

Fortunately those parts of the spectra likely to be most effected by errors 

introduced in this manner lie in the higher frequency range, above 100 Hz say, 
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and thus the spectral behaviour discussed in Chapter 5 is likely to be 

substantially correct, since the ranges examined there correspoilded to 

rather lower frequencies. It is felt that the undoubted errors in the 

higher frequency; ranges are due more to an underestimation of the noise, 

rather than to an overcorrection. Future studies of flows similar to 

those found in the shear flow tunnel, which require an hot-wire to be 

driven at a number of different overheat ratios, should be conducted with 

equipment less susceptible to electronic noise. 
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Appendix 3 	Digitisation and Punching  

The equipment used to prepare punched tape for subsequent spectral 

analysis is described in broad terms in section A3.1. The detailed 

listing of the necessary inter-connections between the individual P.H.I. 

units is described in section A3.2. It is unlikely that this will be of 

much interest to other than users of P.H.I. equipment, 

A3.1 	General Introduction  

Frequent reference will be made to the P.H.I. range of equipment, 

so a brief description may be in order. The P.H.I. (Patchable Hybrid 

Instrumentation) units are a set of modules, some of which are designed to 

perform most of the analogue signal contioning•needed in many experiments — 

such as amplifying, filtering and so forth - while other modules provide 

digital capabilities, operating on a 5 V - 0 V logic. Suitable combinations 

of the various modules allow the construction of a wide variety of 

instrumentation. 

Although paper tape is not the ideal medium on which to record 

the amount of data for work which involves more than 10
5 

points, say, it 

does have considerable virtues. It is cheap, it is robust, and for say 

10
4 

points or less it is a conveniently compact method of data storage as 

compared with punched cards - 12 thousand points may be held on a reel 

1 inch thick and 3.5 inches in diameter, whereas the same number of 8 bit 

words, expressed in Hotterith codes, would require 500 cards. (Say a 5 

inch high stack). In any experimental arrangement in which punched or 

otherwise digitised data are produced there are essentially two factors to 

be considered: first, the suitable conditioning of the analogue signal 

with appropriate amplifiers and so on (not forgetting the necessity of 

filtering at the Nyquist frequency if a time series, such as is needed for 

spectral analysis is required), and secondly, the subsequent digitisation 
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and binary word manipulation necessary to produce output in a standard 

code such as ASCII. 

There are so many different approaches to the former problem as 

there are experiments and experimenters. In the present experiments the 

basic analogue signals - obtained either directly from the DISA C.T.A.'s, 

or indirectly from previously recorded magnetic tape - were conditioned 

with the P.H.I. data amplifiers and fixed gain amplifiers before being 

directed to a Rockland model 1020F low pass filter, and thence to the 

digitising circuits. The P.H.I. units used in the digitising circuits 

produced 8 bit even parity ASCII coded paper tape, in which the 8 bit 

word originally produced by the P.H.I. analogue/digital convertor (ADC) 

module is split up into 2 half-words of 4 bits each. (While it is 

obviously possible to punch the 8 bit word produced by the ADC directly 

onto 8 bit tape, this approach should be eschewed for a number of reasons. 

It is always good practice to include check, or parity, bit in a digital 

procedure, to guard against such mechanical and electronic errors as may 

occur. It is usually good practice to produce code in some standard format, 

so that it may be read as easily as possible on different computer 

installations. In the present experiments there existed a further, compelling 

argument for obeying good practice. For most of the period considered the 

only processor available for the spectral calculations was the departmental 

Honeywell H-21: the machine configuration installed at Imperial College 

would only accept paper tape punched in ASCII code). 

The formal lists of the PHI modules used, and of the manner in 

which they should be patched together, given in section A3.2 below, are - 

in principle - sufficient to permit any future user to construct 

functioning equipment directly. It is likely, however, that a brief 

rationale of the procedures adopted will be helpful. 

The complete assembly described consists of 10 P.H.I. modules, to 
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which 4 external inputs are provided. These are the signal to be 

digitised, the square-wave clock pulse from which the various timing 

signals are derived, a signal input to activate the system, and a signal 

to zero the counters provided. The counters are a convenience, but are, 

strictly speaking, optional. 

Two .2 - decade counters provide information on the record length 

punched, and by patching in to a 4 input AND/NAND module (AN for short) 

they provide a means of stopping the punch at a preset word count. The 

AN module also provides switching for a starting signal which activates 

the punching. For this discussion call the combined counters and AN 

module CCAN. A second AN unit is combined with a Flip/Flop module (call 

the combination ANFF), and together they accept an external clock signal 

and use it to provide sequencing information for the digitisation of the 

analogue signal and the subsequent bit manipulation and punching. The 

ANFF are triggered off by the signal from CCAN. Their operation is 

terminated either by the preset stop signal from CCAN, or by stopping the 

external clock signal. Once stopped the units may only be restarted with 

the correct signal from the first AN. The ADC module takes the analogue 

input, and under the control of ANFF produces an 8-bit digitised number. 

It should be noted that the Burr-Brown card which is at the heart of this 

module produces a non-standard code for negative numbers. In two 

complement arithmetic it is conventional that negative numbers have a 

leading bit 1. The Burr-Brown unit produces a leading bit 0. This non-

standard form is accounted for in the patching used, so that the word 

eventually punched has the correct (leading -ive bit 1) bit pattern. The 

8 bit output from the ADC is passed to a Binary Switch module. This unit, 

under the control of ANFF, splits the 8 bits into two sets of 4 bits. 

The flag switch from ANFF which governs this is also passed to the 

Facit punch module, so that any routine reading the paper tape can 

identify the first and last 4 bits as such. The 4 bit half words are sent 
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to a parity generator in order that this bit may be correctly set, and 

this unit then interfaces with a third .AN module and thus to the punch 

module. The punch module takes 4 bits from this AN, a parity bit and a fixed 

bit (to ensure ASCII code) from the parity generator, the 2 flag bits from 

the Binary Switch, and a timing signal from ANFF. After various level 

changes in the voltage, these 8 bits and punch control information are 

sent to the Facit punch. 

The tape produced has the following format. The low-order 4 bits 

contain the half-word. Bit 4 contains the highest order bit of the half-

word. Thus if it is the first half of the complete word being punched 

then bit 4 contains the sign bit of the 8 bit word, if it is the second 

half)bit 4 contains the 4th  bit (the23  bit) of the 8 bit word. Bit 5 is 

always punched. Bits 6 and 7 are the 1
st 

half/2
nd 

half flags. For the 

first half, bit 6 is punched, bit 7 is not. For the second half, bit 6 

is not punched and bit 7 is. Bit 8 is the parity bit. 

A3.2 	The P.H.I. Assembly  

The following P.H.I. modules are required to digitise an analogue 

signal, to perform the bit manipulations and govern the punching sequence 

for a tape having the format described immediately above, and to provide 

word counting/preset stop function. 

2 	Two-Decade counter modules, called Cl and C2 in the following. 

3 	Four input And/Nand modules, called AN1, 	AN3 

1 	Flip-Flop module, FF. 

1 	Analogue/Digital convertor module, ADC. 

1 	Binary Switch, BS. 

1 	Parity generator, PG. 

1 	Facit punch module, PU 

The numeration procedure adopted in the tables below is indicated 
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in figs. (A3.1) and (A3.2), in which schematic diagrams of the front panels 

of the various modules are shown, more or less at full scale. In fig. (3.1) 

we have the front panels of a counter module, of an And/Nand module (or of a 

Flip/Flop, their front panels possess identical geometry), and of the ADC 

module. Fig. (A3.2) contains diagrams for a binary switch, a parity 

generator, and for the Facit punch module. 

There is a separate table for each module; the convention adopted 

is that entrys in the HOME (left hand) column refer to sockets in the module 

whost table it is, and that the TO colume gives the appropriate point to 

which the HOME should be connected. The abbreviations are those defined in 

the above list of modules. 

Two Decade Counter No. 1,. Cl 

HOME 	To 

1 	C2, 1 

AN2, 21 

4 	C2, 2 

5 - 12 	AN1, 13 - 17 as desired 

13 	C2, 13 

External input. Ground to reset both counters to 

zero. 

Two Decade Counter No, 2, C2 

HOME 	To 

1 	Cl, 1 

2 	Cl, 4 

5 - 12 	AN1, 19 - 23 as desired 

13 	Cl, 13 
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Four Input And/Nand No. 1, AN1 

HOME 	To 

	

1 	External input. Ground to activate punching 

	

5 	AN1, 12 

	

6 	- 	AN1, 11 

	

7 	AN1, 24 

	

9 	FF, 1 

	

11 	AN1, 6 

	

12 	AN1, 5 

	

13 	- 17 	C2, 5 - 12 as desired. 

	

18 	AN1, 20 

	

19 	- 23 	Cl, 5 - 12 as desired 

	

21 	AN1, 7 

Four Input And/Nand No. 2, AN2 

HOME 
	

To 

	

1 	 ADC, 1 

	

6 
	

BS, 1 

	

7 
	

AN2, 18 

	

10 
	

FF, 9 

	

12 
	

PU, 12 

	

13 
	

FF, 21 

	

15 
	

AN2, 19 

	

16 
	

FF, 12 

	

18 
	

AN2, 7 

	

19 
	

AN2, 15 

	

21 
	

ADC, 9 

Cl, 1 .  

	

22 
	

FF, 18 
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Flip/Flop, FF 

HOME 	To 

	

1 	AN1, 9 

	

4 	External input. Clock input 

	

6 	FF, 22 

	

9 	AN2, 10 

	

10 	FF, 16 

FF, 24 

	

12 	FF, 13 

AN2, 16 

	

13 	FF, 12 

15 . 	BS, 16 

	

16 	FF, 10 

	

18 	- 	AN2, 22 

BS, 17 

	

21 	• 	AN2, 13 

	

22 	FF, 6 

	

24 	FF, 10 

Analogue-digital converter, ADC 

HOME 	To 

1 	AN2, 1 

2 	BS, 2 

3 	BS, 3 

4 	BS, 5 

5 	BS, 6 

7 	BS, 8 

8 	BS, 10 . 

9 	AN2, 21 

10 - 11 	External input. 4mm sockets for analogue input 

12 	External input. Alternative BNC connectors for analogue signal 
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Binary switch, BS. 

	

HOME 	To 

	

1 	AN2, 6 

	

2 	ADC, 2 

	

3 	. 	ADC, 3 

	

5 	ADC, 4 

	

6 	ADC,.5 

	

7 	ADC, 6 

	

8 	ADC, 7 

	

10 	ADC, 8 

	

11 	PG, 1 

	

12 	PG, 2 

	

13 	PG, 4 

	

14 	PG, 5 

	

16 	BS, 18 

FF, 15 

	

17 	BS, 19 

FF, 18 

	

18 	BS, 16 

PU, 6 

	

19 	BS, 17 

PU, 7 

Parity Generator, PG 

HOME 
	

To 

1 	 BS, 11 

2 
	

BS, 12 

3 
	

BS, 13 

5 
	

BS, 15 
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Parity Generator, PG continued 

HOME 
	

To 

	

6 
	

AN3, 1 

	

7 
	

AN3, 7 

	

8 
	

AN3, 13 

	

10 	 AN3, 19 

	

11 	 PU, 8 

	

14 	 PU, 5 

Four input And/Nand No. 3, 	AN3 

HOME To 

1 PG, 6 

6 PU, 1 

7 PG, 7 

12 PU, 2 

13 PG, 8 

18 PU, 3 

19 PG, 10 

24 PU, 4 

Facit punch unit, PU 

HOME 	To 

1 	 AN3, 6 

2 	 AN3, 12 

3 	 AN3, 18 

4 	 AN3, 24 

5 	 PG, 14 

6 	 BS, 18 

7 	 BS, 19 

8 	 PG, 11 
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SYMBOL RICH. 

.029 0-34-1,13-a,  

A-A. A-A .220 

.687 *440(.---x 

O 
O 

1.1171:OG10(1, 11\5/ 	M.  E NU.6) 

0 

O 
O 
I 

0.80 1.25 .  
1 3.50 3.05 

FIG 5.18 
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. _ 	TSQ/TREFSQ SPECTRA VS. WAVE NUMBER 



3.04 3.32 	3.60 

FIG 5.19 
0.80 	1.08 	1.36 	1.64 2.20 	2.48 	2.76 1.64 1.92 	2.20 

NUM.) 

WSP/USP RATIOS AGAINST WAVE NUMBER . 

SYMBOL RICH. 

.029 13-14-9-B4 

&-A-A-A .220 

xxxx .687 



UT CORRELATIONS AGAINST WAVE NUMBER. 

SYMBOL RICH. 

a-m-la-m .029 

=-A-A-A .220 

xxxx •687 

3.04 2.76 1.08 	1.36 	1.64 
 LElocak 	

2.48 
 NUM.) 

3.32 	3.60 
FIG 5.20 



-WT CORRELATIONS AGAINST WAVE NUMBER 

SYMBOL RICH. 

.13-131-8-0 .029 

.---A-&-A .220 

x-x-x-x .687 

1.36  1.92  2.76 	3.04 1.08 	1.64 	2.20 	2.48 	 3.32 	3.60 

LOG10(WAVE NUM.) 
	

FIG 5.21 



—UW CORRELATIONS AGAINST WAVE NUMBER 

SYMBOL RICH. 

.029 a3-23-13-40 

A—A—A—A .220 

xxxx .687 

I 	• 

O 
O 

0 80 2.76 	3.04 2.48 1.92 	2.20 1.64 1.36 1.08 
LOG10(WAVE NUM.) 

3.32 	3.60 

FIG 5.22 



5MU WIRES, FREQ. RESPONSE VS. HERTZ 

SYMBOL VEL. 
2.073 13--E9-8—in 

A.--&—e—a 2.073 
0.900 x—H--)E—K 

I-1—e—* 0.900 
zzzz 0.738 
xxxx 0.738 

93.00 	0.30 	0.60 	0.90 	1.20 	1.50 	1.80 	2.10 	2.40 	2.70 	3.00 
L0010( FREQUENCY ) FIG R1.1 



GRMMR{110 TURB. ) , OBSERVED GAMMAS, U=.738 

SYMBOL CURVE 
GOOD  	CRLC. 
A--&--.6—° EXPT. 
xxxx EXPT. 

I 	I 	I 	I 	I 	I 	 I 	i 
c0.00 	0

I
.30 	0.60 	0.90 	1.20 	1.50 	1.80 	2.10 	2

I
.40 	2.70 	3.00 

LOG10(FREQUENCY) 	 FIG R1.2 



GAMMAS, COMPARISON FOR U= 2.073 

SYMBOL CURVE 

CALC. 01-34-6-0 

A-A.-• EXPT. 

EXPT. .--4( 

0.30 	0.60 	0.90
.2

0 	1'.
.5

0 	1.80 	21.10 	2.40 
LOG10(FREQUENCY) 

2.70 	3.00 
FIG A1.3 



GAMMAS, COMPARISON FOR U= 0.900 

SYMBOL CURVE 

,19-94-1B—Ba CALC. 

Ar—A—=—= EXPT. 

xxxx  	EXPT. 

. . 
9b.00 	0.30 	0.60 	0.90 	1.20 	1.50 	1.80 	2.10 	2.40 	2.70 	3.00 

LOG10(FREQUENCY) 	 FIG A1.4 



GAMMAS, COMPARISON FOR LI= 0.738 

SYMBOL CURVE 
CALC . 

A-4-4-a,  EXPT T. 
EXPT . x-x-x-x 

. 
I 	 1 	1 

9j.00 	0.30 	0
1
.60 	0

1
.90 	1'.20 	1.50 	1.80 	2

1
.10 

LOGIC) ( FREQUENCY ) 
2.40 

r 	1 
2.70 	3.00 

FIG A1.5 



GAMMA, CALCULATED AT U= 10.0 M/SEC. 

. ..- 
97.00 	0.30 	0.60 	0.90 	1

... 	
20 	1.50 	1.80 	2.10 	2.40 	2.70 	3.00 

LOG10(FREQUENCY) 	 FIG R1.6 



SPECTRUM OF DISA NOISE, LOW OVERHEAT 
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FIG A2.1 
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FIG A2.2 



ELECTRONIC NOISE vs. OVERHEATING RATIO, 
D ISA 55A01 C.T.A. 
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TWO—DECADE COUNTER 
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CONVERTER 

FIG. A31 
VISUAL KEY FOR P.H.I. UNITS 
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