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ABSTRACT 

A treatment is presented for the elasto-plastic large-deflection 

analysis of stiffened (including isotropic) plates subject to lateral 

and/or in-plane loading, using finite difference approximations to the 

three governing simultaneous non-linear partial differential equilibrium 

equations. The discretely stiffened plate has been analysed by consider-

ing it as an isotropic plate subjected to interactive line loads at the 

location of the stiffeners, representing the effect of the stiffeners. 

Out-of-plane buckling of the structure and in-plane buckling of stiffen-

ers, have been considered. For iterative solution of the set of non-

linear equations a method equivalent to the linearly convergent Newton-

Raphson method with 62-extrapolation has been used which has resulted 

in a very fast convergence. Ideal elastic-perfectly plastic behaviour 

(with no strain hardening) is assumed for the material. 

For the plasticity of plate, the Ilyushin yield criterion with 

the associated Prandtl-Reuss flow rule has been adopted, which assumes 

a sudden plastification through the plate depth. For the plasticity of 

stiffeners the effect of axial stress has been considered only. Initial 

deformation of plate and stiffeners and residual stresses in plate and 

stiffeners have been considered. 

Numerical examples are presented for unstiffened and stiffened 

plates (with eccentric and concentric stiffeners) having different 

flexural and membrane boundary conditions and various types of loadings 

(lateral load, direct compression, shear load and combined shear and 

in-plane bending). Close agreement with the few existing solutions is 

obtained. The method is also used to check the basis of a proposed 
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design method for plate— and box—girder webs which will be used in the 

new British bridge code. 
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CHAPTER 1 

INTRODUCTION AND LITERATURE REVIEW 

1.1 	INTRODUCTION 

1.1.1 	General Remarks on Behaviour of Stiffened Plates  

In practice thin plates are seldom used in isolation, they are 

usually connected to beams resulting in stiffened plates or plated grill-

ages which as structures or sub-structures are structurally more efficient 

and functional. Such systems are used frequently in space, marine and 

civil engineering metal structures. The function of the plate element in 

stiffened plates is often to withstand transverse pressure and transfer 

it to the stiffeners, and/or to act integrally with the stiffeners to 

sustain in-plane forces. The presence of longitudinal and transverse 

stiffeners affects the structural behaviour of stiffened plates compared 

with unstiffened plates in many ways. For example, the mode and character 

of buckling and failure which may occur can be altered and influenced by 

stiffener geometry and connection methods. 

A great deal of interest has been generated in the ultimate 

strength of stiffened steel plates in recent years, particularly in the 

wake of the failure of a number Of steel box girder bridges. This has 

highlighted the need for more powerful theoretical methods for the 

analysis of plated structures, that can predict their behaviour up to 

and possibly beyond their maximum load carrying capacities. Ideally, 

the methods should be able to include all main factors affecting the 

behaviour of stiffened plates, such as fabrication tolerances and 

material properties. Such methods need reliable numerical processes to 

be used in solving the complex equations which govern the non-linear 

behaviour of the structure. The importance of developing rigorous 
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methods which take account of both geometric and material non-linearities 

and fabrication tolerances and therefore can predict more realistically 

the behaviour of stiffened plates is twofold. In the first place there 

are insufficient experimental data available to check the validity of 

simplified approximate methods. The results of a rigorous analysis could 

thus serve to calibrate approximate methods. Secondly, the relevant 

design parameters in stiffened plates are too numerous (plate aspect and 

slenderness ratio, stiffener geometry, spacing and arrangement, boundary 

conditions, etc.,) to be investigated thoroughly using an experimental 

approach. Numerical parametric studies could be used, however, to gener-

ate results covering the range of practical parameters in a more economic 

and efficient manner. 

The purpose of the present work is to develop an analytical 

technique to predict the elasto-plastic large-deflection behaviour of 

stiffened plates subject to different types of loading and having differ-

ent in-plane and flexural boundary conditions. For developing such a 

technique all factors governing the behaviour of stiffened plates should 

be known and their effect should be incorporated into the solution method 

considered. In view of the lack of relevant experiments there is little 

known about the behaviour of stiffened plates and, therefore, it is poss-

ible only to discuss briefly under what circumstances the influence of 

different factors will be significant. The main factors governing the 

behaviour of stiffened plates are: 

(a) 
	

Boundary Conditions  

Stiffened plates are usually considered as sub-structures of 

the total structure and may be treated in isolation. Often 

members providing large out-of-plane rigidity support stiffened 

plates. In most cases the out-of-plane boundary conditions are 
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easily determined. The nature of the membrane boundary condit-

ions, however, is often very difficult to judge and a close 

examination and clear definition for any particular problem is 

required. Frequently edges remain straight, but are free to pull 

in in-plane. 	In-plane boundary conditions have a significant 

influence on the magnitude of membrane stresses and hence on 

the deflections and surface stresses, which is not possible to 

predict from small deflection and plane stress solutions alone. 

(b) 
	

Geometry  

The geometry of orthogonally stiffened rectangular plates is 

defined by the following parameters: 

(i) Aspect ratio of stiffened plate (width/length), 

(ii) Aspect ratio of plate between stiffeners, 

(iii) Slenderness ratio of plate between stiffeners, 

(iv) Stiffener geometry (size, shape, etc.) and arrangement. 

The different geometric parameters have a significant effect on 

the behaviour and ultimate strength of stiffened plates and this 

should be considered both in design and analysis. Stiffened 

plates with closely spaced stiffeners, generally show a column-

like failure mode under axial compression(1). For a wide 

integrally uniaxially stiffened plate subject to uniaxial com-

pression the critical modes of bifurcation are either the local 

buckling of the plate between stiffeners or buckling of the 

panel as a wide Euler column. By a suitable choice of plate and 

stiffener rigidities and arrangement, 	plates may be designed 

so that theoretically at least, buckling occurs simultaneously 

in these two modes. Such designs usually maximise the theoret-

ical bifurcation load for a given amount of material
(1)

. The 
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simultaneous buckling designs are, however, more imperfection 

sensitive than other designs due to the strong mode interact-- 

i (2,3) 
on 	and also show a reduction in load carrying capacity 

compared to alternative designs using a similar amount of 

material. In practice stiffened plates are often designed so 

that they bifurcate in the plastic range. The relative import-

ance of some factors such as residual stresses and geometric 

imperfections depends on geometric parameters. In plates with 

low slenderness ratio, residual stresses have a more pronounced 

influence on their ultimate strength than geometric imperfect-

ions
(4), because such plates have a high buckling stress and 

therefore a loss of the effective flexural rigidity of the 

stiffeners becomes considerable due to early partial yielding 

of the plate. Initial distortion has a significant effect on 

the behaviour of stiffened plates, specially in cases of in-

plane loading. Large initial distortions result in extensive 

changes in the distribution of the membrane stresses. Two 

main types of geometric imperfection are important in plated 

structures. Firstly, the out-of-plane displacement of plate 

and stiffeners which also induces out-of-straightness in 

stiffeners. Secondly, additional out-of-straightness of stiff-

eners. In the present work only the first type of geometric 

imperfection has been considered, however there is no difficulty 

in considering the second type of imperfection in the presented 

method of analysis. Out-of-flatness is often towards the 

stiffeners. 

(c) 	Material Properties  

One of the basic advantages of structural materials such as 
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steel and aluminium is their ductility - the ability to undergo 

large plastic deformations without fracture. One type of fail-

ure in steel structures is brittle failure by brittle fracture 

or fatigue cracking. The other type of failure is the ultimate 

collapse in which the structure fails to carry further load due 

to partial or full yielding of a critical section. In the 

present work the first type of failure is disregarded and the 

ultimate collapse is considered only. Partial yielding in the 

stiffeners due to applied stress plus residual stresses reduces 

considerably the buckling strength of the stiffened plates. In 

order to avoid a great reduction of the strength, "hybrid stiff-

ened plates" have been recommended(4), in which a higher strength 

steel is used for the stiffener than the plate. 

Some materials show a strain-hardening behaviour, but in the case 

of steel an ideal elastic-perfectly plastic behaviour can be 

assumed with sufficient accuracy. 

(d) 	Loading 

In general a stiffened plate is subjected to several different 

load conditions composed of combinations of in-plane and lateral 

loading. The lateral loading is generally distributed pressure, 

but there are frequently cases of concentrated lateral load such 

as wheel loading on bridge decks, or truck loading on a ships 

deck. The actual in-plane loading is dependent on the stiffness 

of adjacent structural elements, and may be reproduced either as 

distributed stresses or prescribed displacements along the edges. 

In marine structures and bridges in-plane loading is often 

induced by composite action of the stiffened flange with deep 

girder webs in bending action. Frequently, stiffened plates are 
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subject to combined lateral pressure and in-plane loading. 

In rectangular plates under combined axial compression and 

lateral load an increase in buckling load can be achieved(5). 

This is because of the conversion of the flat plate to a 

segment of cylinder loaded in longitudinal compression. 

Lateral pressure may however, cause a reduction in the 

strength of stiffened plates where transverse membrane 

compression is present. This is because the displacement 

due to lateral pressure acts as an initial geometric 

imperfection. 

Another important aspect in stiffened plates is the presence 

of residual stresses. Recent theoretical
(6
'
7)

and experimental 

(8,9)studies have led to a much improved understanding of the 

influence of residual stresses on the strength of plated struct-

ures. The high temperatures involved in the yielding process of 

plate panels and stiffeners produce large thermal strains, 

which due to the uneven rate of cooling in the areas near 

and away from the weld result in considerable residual stresses 

which are self-balancing. The weld and areas near to it 

have tension stresses of the order of the metal yield stress 

and because of statical equilibrium the other parts have 

compressive residual stresses. Based on experimental results 

some residual stress patterns have been suggested(7). The 

residual stresses will speed up or delay the process of 

yielding in different parts of the stiffened plate depending 

upon the applied stresses and residual stresses in that part 

being of the same or different sign. 
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1.1.2 	Analysis and Design 

The rational design of stiffened plates is based on factors 

such as material properties, geometry, fabrication, loading, method 

of analysis and some design criteria. To develop rational design 

criteria the behaviour of the structure under all possible loading 

conditions should be well understood. Such design procedures should 

produce structures which are safe and at the same time are not un-

necessarily conservative. The analyses on which design methods are 

based should therefore be able to consider all the main factors which 

have a significant effect on the behaviour of the structure. The 

applicability of existing methods is often restricted to special 

cases of geometry, material properties, type and magnitude of loading 

and boundary conditions. 

The choice of method of analysis depends not only on the type 

of loading but also on its magnitude. In the case of lateral loading 

when displacements are small, we can assume with sufficient accuracy 

that the loading is transferred to supports (or stiffeners) by the 

bending action of plate and stiffeners, and classical small-deflection 

analysis will give sufficiently accurate results. With increasing 

displacements, membrane forces will be developed and the relationship 

between the applied loading and deflections and stresses will become 

non-linear. The loading will be partly resisted by the membrane 

forces of plate and stiffeners, which are significant in magnitude. 

In some cases such as ship and aircraft structures, under the working 

condition loadings the components undergo deflections of the order of 

their thickness. Here a small-deflection solution will overestimate 

deflections and stresses and so will lead to an unduly conservative • 

design. In such cases a large-deflection non-linear theory should be 
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employed. This theory allows for the stiffening effect due to membrane 

stresses which develop under finite deflections. The effect of initial 

geometric imperfection can be also included in this theory. In some 

cases under the working conditions, the loadings result in stresses 

which exceed the proportionality limit of the material. Parts of the 

plate and/or stiffeners yield and so the elastic large-deflection 

theory will underestimate the displacements. This is because the 

theory considers only the geometric non-linearity but not the material 

non-linearity. A design criterion used for some structures subject to 

lateral pressure is to limit the level of permanent deflections (e.g. 

helicopter landing pads, ship decks, etc. ). Normally limitations on 

permanent deflections are dictated by serviceability criteria, e.g. 

satisfactory functioning of bridge deck surfacing. Apart from 

satisfactory functioning of the structure under normal service loading 

there are no other reasons for such a limitation unless compressive 

membrane forces co-exist with the lateral loading. In practice plates 

are subject to combined in-plane and lateral loading so that the 

permanent set limitation is often necessary from considerations of the 

effect of in-plane loading. Evaluation of permanent set is possible 

only by using elasto-plastic analysis. Even for structures which 

have a linear behaviour under working condition loads, an elasto-plastic 

analysis may be required to predict its behaviour in case of over-

loading and its safety with respect to collapse. 

If in-plane loads dominate the full advantage can often be 

taken of the ultimate load as unserviceability is not the controlling 

limit state. An important principle in the design of such structures 

is to identify the load-carrying action at collapse so that elements 

may he sized to meet load and in-plane deformation requirements, and 
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details arranged so as to prevent premature localised failure. Inter-

action of elements is known to significantly affect stiffeners and 

thus load redistribution between components, and consequently their 

ultimate strength. Local collapse of some elements may influence the 

overall deformation pattern through sympathetic rotational and membrane 

interaction with adjacent panels and stiffeners. Redistribution 

throughout one element may significantly alter total loading on an 

adjacent one of smaller dimensions. The ultimate collapse of plated 

structures may occur in the following modes or their interactions(10): 

(a) Local buckling of plate panel between stiffeners: In this 

case the ultimate strength of the plate panel between the 

stiffeners is exceeded before extensive yield occurs in the 

stiffeners. By increasing the applied load beyond this 

point the reduction of load in the plate panel will proceed 

more rapidly than the increase of load in stiffeners, so 

that the ultimate load for the stiffened plate is reached 

before the stiffener failure occurs. 

(b) Flexural buckling of the longitudinally stiffened panel: 

In this case the compressively loaded stiffener and the 

plating as its flange show a column-like flexural buckling 

between the transverse - stiffeners. 

(c) Lateral-torsional buckling of longitudinal stiffeners: In 

this case failure occurs by a lateral-torsional buckling of 

compressively loaded stiffeners. This mode of failure 

occurs when the stiffeners have small torsional rigidity 

e.g. flat bars. 

(d) Overall grillage buckling: In this form of failure the 

grillage buckles in one or more half waves over its length 
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with bending in transverse as well as longitudinal stiffeners. 

In the past the design of stiffened plates has been based 

on the results of the linear buckling theory, in which any fabrication 

tolerances such as geometric imperfection of plate and stiffeners and 

residual stresses due to welding are ignored. A more correct approach 

would be the use of ultimate strength of stiffened plate evaluated by 

an elasto-plastic large-deflection analysis as design basis. The 

conventionally employed methods for dealing with stiffened plates are 

based on the "orthotropic plate theory". Such techniques are based 

on replacement of the stiffened plate by an equivalent continuum 

obtained by smearing out the stiffener properties. The result is a 

continuum model which is anisotropic, and in the case of plates with 

orthogonal stiffeners is orthotropic. If the discontinous system 

(stiffened plate) is replaced by a continuum (orthotropic plate), 

the interpretation of the solution for local behaviour e.g. near a 

stiffener, lacks a rational base. The method gives therefore results 

that at best predict only the overall behaviour of plates with fairly 

closely spaced stiffeners. Moreover, this method is not appropriate 

in the inelastic range since the phenomenon of local yielding in the 

plating and stiffeners and the spread of the plasticity in the 

structure can not be examined in terms of overall plate properties 

used in this theory. Also the method can not deal exactly with 

initial geometric imperfections in the plating and torsional type 

initial distortions in the stiffeners and the local buckling of these 

elements. Finally the requirement that there should be a sufficient 

number (at least five) of closely spaced stiffeners for the theory to 

be valid,.-limits its usefulness even for the study of overall elastic 

behaviour. There is a tendency in marine structures to increase frame 



19. 

spacing to reduce costs, and so deck grillages frequently have only a 

few stiffeners and perhaps only one stiffener between deep frames on 

bulkhead boundaries. 

The other frequently used method for analysis of stiffened 

plate is the "discrete beam element" technique in which the plated 

structure is treated as a grillage of discrete beam elements, the 

plating being represented by equivalent effective flanges acting with 

the stiffeners according to the beam theory. Elements are normally 

taken as the segments of beams between grillage intersections, but 

additional subdivisions may be necessary if discontinuities in the 

sectional properties, loading or initial imperfections occur between 

intersections. In this technique plasticity can be considered, but 

in general its use is restricted only to cases where a beam-column 

behaviour is expected. 

The purpose of the present work is to develop an analytical 

technique to predict the non-linear elasto-plastic behaviour and to 

predict the ultimate capacity of discretely stiffened plates including 

cases with eccentric stiffeners. For the numerical part of this work 

the finite difference method has been used which has in this case some 

advantages compared with other available techniques. At each node 

there are three variables (u, v, and w), which is less than the five 

degrees of freedom often used in the finite element method. A further 

advantage of this method is that the treatment of stiffeners involves 

only some changes in the rigidities at the respective nodes, rather 

than the addition of new elements as in the finite element method. 
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1.2 	LITERATURE REVIEW 

The review is concentrated mainly on works concerned with 

the analysis of unstiffened and stiffened plates which are related to 

the present work. Basic information on the subject can be found in 

standard text books
(11-15).  A detailed review of theoretical and 

experimental research on unstiffened and stiffened plates is presented 

in Ref. (16). A review and references of works on this subject using 

the finite element method can be found in Refs. (17-20). 

1.2.1 	Elastic Linear Solutions  

Unstiffened Plates: Linear small-deflection solutions and 

the problem of critical buckling of plates has been tackled by many 

investigators. Elastic critical buckling solutions for rectangular 

plates having various boundary conditions are extensively reported in 

Refs. (11,21,22,24), and by many others. 

Stiffened Plates: Pflueger
(25,26)

has derived three 

simultaneous fourth order linear partial differential equations which 

govern the three displacement components u, v and w for two way 

reinforced plates in the linear elastic range, considering interaction 

between plate and stiffeners. Gienke
(27-31) reduced these to two 

fourth order linear differential equations in terms of lateral displace-

ment w and stress function F. By elimination of u and v, Trenks
(28) 

reduced Pflueger's equations to a single eighth order differential 

equation for w. The complexity of solution was not lessened by this 

modification. Dean and 0midvaran
(29) 

presented a discrete continuous 

field approach to the analysis of rectangular plates reinforced in 

one direction by straight ribs. The reinforced continuum has been 

analysed by dealing with each rib as a line of discontinuity in 
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loading. A closed form field approach is indicated, in which one 

attempts to find a field or functional solution that will yield the 

stresses or deflections.at the desired point through substitution of 

the co-ordinates into the solution formula, which is valid for all 

points. A similar approach was also presented by Wah and Calcote(3°)  

The first solutions for critical buckling of plates having longitudinal 

or transverse stiffenerswere reported by Timoshenko
(32)

, and were based 

on energy principles. He presented solutions for plates subjected to 

uniform uniaxial compression and pure shear load. Exact solutions were 

later reported by Loshkin(33)  and Barbre(34'35)  who investigated the 

buckling of plates with one and several longitudinal stiffeners. 

Froehlich
(36) presented buckling loads for plates with one longitudinal 

and one transverse stiffener at the centre. Solutions for buckling of 

eccentrically stiffened plates in the elastic range are reported by 

Tvergaard
(2,3).  Elastic critical buckling solutions of rectangular 

plates having various boundary conditions are extensively reported 
 

22,24).  

The most common approach for the analysis of stiffened plates 

is the orthotropic plate theory, in which the stiffened plate is 

replaced by an equivalent anisotropic continuum obtained by 'smearing 

, 
out

(4) 
 the stiffener properties. Huber

(37) , working with concrete as 

an orthotropic material, first formulated the linear differential 

equations which govern the small deflection behaviour of orthotropic 

plates. Using these equations Pelikan and Esslinger
(38) 

developed a 

practical design procedure for stiffened plates considering them as 

equivalent orthotropic plates. Based on Huber's equations many finite 

difference solutions have been reported
(144) 
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1.2.2 	Geometric Non-linearity  

Unstiffened Plates: 	The equations governing the elastic non- 

linear behaviour of isotropic plates were first derived by von Karman
(45) 

in the form of two fourth order simultaneous partial differential equat-

ions in terms of lateral deflection of the plate and a stress function for 

the membrane action of the plate. They can be written also in the form 

of three simultaneous partial differential equations in terms of lateral 

and in-plane displacements of the plate (u,v,w). 	The direct solution 

of von Karman's differential equations is lengthy, but several approxi-

mate and indirect methods of solution (Ritz energy, Fourier Series and 

finite difference methods) have been presented. Solutions using the Ritz 

energy method were presented by Marguerre
(46) 

and Way
(55) 

for plates 

under lateral loading. Levy(49,50)  and Levy and Greenman
(51) 

using a 

double Fourier Series presented general solutions for simply supported 

and clamped plates under the combined action of lateral and in-plane 

loading. Finite difference solutions were obtained by Kaiser
(48) 

which 

agreed closely with his experimental results. Wang
(52) 

presented 

finite difference solutions by forming and solving two sets of simult-

aneous non-linear partial differential equations. Von Karman's equat-

ions were extended by Marguerre
(47) 

to include the effect of out-of-

flatness of the plate. Most of the later work on the initially deformed 

plates are based on his formulation. Solutions for laterally loaded 

plates using dynamic relaxation technique are reported by Rushton(54)  

and Williams(53). Chien and Yeh(56)  and Thompson and Walker
(57) 

used 

a perturbation procedure for the analysis of plates. Based on Levy's 

method Coan(58)  investigated the post-buckling behaviour of an initially 

deformed plate under uniaxial compression. Yamaki(59)  extended Levy and 

Coan's work to obtain solutions for rectangular plates with simply 
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supported and clamped edges and different membrane boundary conditions. 

Other series solutions for post-buckling of plates are presented by 

Walker
(60) 

and Dawson and Walker
(61)

. Elastic large-deflection analyses 

of plates using the finite element method are reported by many investi- 

gators
(17-20,62-68) 

Stiffened Plates: The equations governing the elastic non-

linear behaviour of orthotropic or discretely stiffened plates were 

first presented by Lekhnitzkii(24)  in the form of two fourth order sim-

ultaneous partial differential equations in terms of lateral displace-

ment and Airy stress function. Based on Lekhnitzkii's work Vogel
(69,76) 

derived a new compatibility equation which more closely represents the 

behaviour of stiffened plates. 1e used a technique based on the Ritz 

energy method for the solution of the large deflection problem. Soper
(77) 

extended Levy's method (Fourier Series) to the solution of rectangular 

stiffened plates, replacing them as equivalent orthotropic plates. 

Solutions were obtained which agreed well with his test results. Basu
(70, 

71) and Aalami(72)  extended Wang's (finite difference) computational 

method and obtained solutions for a wide range of orthotropic and iso-

tropic plates with various flexural and membrane boundary conditions. In 

all solutions based on orthotropic plate theory, the local buckling of 

plate panels between stiffeners and the lateral torsional buckling of 

stiffeners cannot be considered. Massonnet and Maquoi(40), however, 

used the orthotropic plate approach for the analysis of stiffened plates 

in compression. To allow for the effects of stiffener eccentricity the 

extensional, flexural and torsional rigidities for the equivalent ortho-

tropic plate were modified according to Pflueger
(25)

. Some allowance 

for the local buckling of plate panels between longitudinal stiffeners 

was achieved by using an approximate effective width approach based on 
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Faulkner's
(73) formula and an approximate collapse criterion. 

(74 75) Rubin 	' 	presented solutions for longitudinally eccentric 

stiffened plates with initial geometric imperfection by considering the 

stiffeners as discrete members acting with an adjoining effective width 

of flange plating. The effective width is again based on Faulkner's
(73) 

formula. For the deflection in the longitudinal direction he assumes a 

sinusoidal mode but lateral deflections in the transverse direction are 

free and are established by minimising the total potential energy. Only 

normal stress and shear stress resulting from pure torsion (Saint-Venant) 

are considered for bending of stiffeners and for its membrane action only 

normal stress. Skaloud and Novotny(78)  investigated the post-buckling 

behaviour of rectangular plates with one stiffener. As in all earlier 

works they assume a lateral displacement w(x,y) function in the longitud-

inal as well as transverse direction. They presented solutions for a 

rectangular plate with one symmetric longitudinal stiffener at the centre. 

Bilstein(79
,80) 

 recently presented solutions for elastic non-linear 

buckling of plates stiffened eccentrically in the longitudinal direction. 

He considers the stiffened plate as discrete plate panels and beams and 

satisfies compatibility at their junction. For lateral displacement in 

the longitudinal direction he assumes a sinusoidal function and derives 

ordinary differential equations for the transverse direction from the 

two partial differential equations of non-linear buckling theory. A 

modified reduction method in connection with the numerical integration 

of the ordinary differential equations is used for the solution. He 

presents solutions for isotropic plates with discrete eccentric stiff- 

eners both having initial imperfection. 	The differential equations 

are derived from a variational principle for finite elastic deformations. 

Variation of the Airy stress function and of the deformations yields the 
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compatibility equations and equilibrium equations in the out-of-plane 

direction. 

Weiss and Zaenkert
(81) 

presented solutions for rectangular 

plates with one eccentric longitudinal or transverse stiffener under 

uniaxial compression. They transformed the two non-linear partial 

differential equations in terms of lateral displacement (w) and stress 

function (F) by means of the Hermitian method into a system of non-

linear finite difference equations and solved them by means of a step-

by-step iteration method. The effect of stiffeners is taken into 

account for introducing the continuity conditions for stiffener and 

plate. The edges of plates are assumed to be simply supported and free 

of shear stresses and to remain straight after buckling. The calculat-

ions are carried out for flat plates as well as for plates with sinus-

oidal initial deflections between the plates' edges and the stiffeners. _ 

1.2.3 	Material Non-linearity  

Elasto-plastic analysis of plates has been investigated by 

two different approaches, the "Area Approach" and the "Volume Approach". 

The first approach is based on an area integration using the Ilyushin(89)  

yield criterion which assumes a sudden plastification through the plate 

depth. The second approach, in which the plate is assumed to be multi-

layered, involves a volume integral and is based on the Von Mises
(83) 

yield criterion. In both methods the relation between stress and strain 

increments in the plastic stage is determined by the Prandtl
(91)

-Reuss 

flow rule. 

Unstiffened Plates: 	Bhaumik and Hanley
(82) 

 using finite 

differences presented a lower bound elasto-plastic solution to the ulti-

mate load carrying behaviour of a square sandwich plate under uniformly 
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distributed lateral load. Results are presented for three different 

yield criteria,von Mises'(83), Tresca(84)  and Johansen(85), each one 

being applied as a plane stress yield criterion to the thin outer layers 

of the sandwich plate. 

An entirely different method is used by Lin and Ho(86)  to 

determine stress and deflections of rectangular plates beyond the elastic 

range. An analogy method is used which links the plastic strain to an 

equivalent lateral load. By using influence coefficients the inelastic 

response of an aluminum plate is calculated which includes in the solution 

the Von Mises yield criterion and its associated flow rule. 

Elasto-plastic solutions assuming sudden plastification of the 

whole section have been presented by Yam and Das
(87) 

using finite differ-

ences, Bleytschko and Velebit(90)  using a complementary energy formulation, 

and Ang and Lopez
(88) 

using a discrete model approach in which the plate 

consists symbolically of a system of flexible nodes, rigid bars and 

torsional elements. Finite element solutions allowing for the progressive 

growth of plasticity through the depth of the plate and simplified solut-

ions based on sudden plastification of the whole section are presented 

in Refs. (92-95). 

Stiffened Plates: One of the main disadvantages of the "ortho-

tropic plate approach" is that its use is restricted to elastic cases only, 

because the location and shape of stiffeners are ignored in the analysis. 

Finite element solutions for buckling of eccentrically stiffened plates 

are presented by Terazawa et al.(96) 	 (1) . Tvergaard and Needleman 	invest- 

igated the plastic buckling due to axial compression for an elastic-plastic 

wide panel with eccentric stiffeners. Mode interaction and imperfection 

sensitivity were investigated numerically by application of an incremental 

method. 	The bifurcation behaviour for a perfect panel compressed into 
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the plastic range is determined analytically. Wegmuller and Kostem
(97) 

presented finite element solutions for elasto-plastic material behaviour 

with linear hardening. They investigated plates reinforced in one direct- 

ion and subject to lateral load. To the author's knowledge solutions 

based on finite differences or dynamic relaxation techniques are not 

reported. 

1.2.4 	Combined Geometric and Material Non-Linearities  

Unstiffened Plates: Solutions including both geometric and 

material non-linearities have been obtained recently by different methods. 

Moxham(101) used a Ritz energy method for the analysis of isotropic plates 

under compression. He used eight Fourier coefficients to present the 

plate displacements u, v and w. For calculating the potential energy, 

the quarter plate was divided into 405 volume units (9x9x5). The energy 

was minimized using an iterative minimization procedure due to Powell
(102) 

The plasticity was included by means of a combination of flow and deform-

ation theories. Lin(135)  extended his earlier work
(86) to include the 

large-deflection effect. Crisfield
(17,103-106) developed tangential 

elasto-plastic matrices for "area" and "volume" approaches based on Ilyu-

shin and Von Mises yield criteria respectively. Using these approaches 

in his finite element program, he presented solutions for unstiffened 

plates subject to different type's of loadings and having different mem-

brane boundary conditions. He showed that the Ilyushin criterion is in 

general satisfactory. However it tends to overstimate the strength of 

plates in direct compression, and he proposed a modification to the Il-

yushin surface to allow for the intermediate loss of stiffness, which 

improves the accuracy in the computation of collapse loads of plates in 

compression. Yam
(108-110),  using finite differences, presented solutions 

based on an "area" approach. For each node he used two non-linear partial 
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differential equations in terms of out-of-plane displacement w and in- 

plane strains E , E and y . Frieze
(111) and Frieze, Dowling and Hobbs 

x y ,xy 
(112) using dynamic relaxation and adopting the "area approach" presented 

solutions for isotropic plates under in-plane loads. Harding
(113) and 

Harding et 
al(114,143) also used dynamic relaxation but adopted the 

"volume approach" and presented solutions for plates subject to different 

in-plane load conditions (compression, compression and shear, shear and 

bending). In his program the tangential elasto-plastic matrix is computed 

at each load increment and remains constant for the following iterations. 

The effect of initial out-of-plane displacements and residual stresses 

has been considered by many investigators(17,101,111-114,143) . A detailed 

parametric study on the effect of residual stresses on the ultimate load 

of plates is presented in Refs. (111-114,143). Further research on the 

combined geometric and material non-linear behaviour of plates using the 

finite element method are reported in Refs. (18-20, 115-120). 

Stiffened Plates: Considering the combined geometric and 

material non-linearity in the analysis of stiffened plates results in a 

set of complex non-linear equations which have to be solved by approx-

imate numerical techniques. Due to lack of reliable numerical methods 

to solve the set of complex non-linear equations, a complete study of 

load carrying behaviour of stiffened plates up to collapse and beyond it 

has been limited. Some investigators have considered stiffened plates 

as grillages of discrete beam elements, the plates being represented by 

equivalent effective flanges acting with the stiffeners according to 

beam theory. The elements are normally taken as the segments of beams 

between grillage intersections. Additional subdivisions may be nec-

essary if discontinuities in the internal properties, loading or initial 

deformation occur between intersections. This method has been used widely 
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for elastic analysis of stiffened plates
(121-123). 

 Recently it has been 

used also for elasto-plastic analysis of stiffened plates
(124). 

 A special 

"beam-column grillage approach" for stiffened plates has been presented 

by Moolani(125). In this method the average stress-strain curve for the 

plate panel between the stiffeners is first generated using a large-def-

lection elasto-plastic program for isotropic plates and considering approx-

imate loading and edge conditions. Knowing the moment-curvature-thrust 

relationships of the cross-section, the equilibrium shape of the beam-col-

umn for the required load and boundary conditions can he obtained using 

an iterative numerical procedure. The effect of initial geometric imper-

fection and residual stresses has been considered. Kagan and Kubo
(99) 

reported a solution technique based on orthotropic plate theory, which is 

of little practical use. They used the Vogel's(69'76)  coupled partial 

differential equations of orthotropic plates and extended these to in-

clude the effect of yielding. By distributing a portion of membrane 

forces to the stiffeners and assuming that no unloading occurs, and that 

first yield occurs in the ribs and the plate remains elastic, they pre-

sented a solution for a laterally loaded ideal elastic-perfectly plastic 

stiffened plate. The distribution of residual stresses in welded plates 

and their effect on the ultimate strength has been discussed by Dwight, 

Chin and Ractliffe (6'9), Ractliffe(126)  and by Nishino, Ueda and Ta1l
(8) 

 . 

Further theoretical and experimental work has been reported in Refs. 7, 

10,39-41,128-133, and 145-146. 

Systematic finite difference solutions for combined geometric 

and material non-linearity considering the whole stiffened plate and its 

different collapse modes is not known. To the author's knowledge this present 

work seems to be the first in this area. Elasto-plastic large-deflection 

analysis of stiffened plates using the finite element method has been only 
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recently reported by Soreide, Bergan and Moan
(18-20). 

 The plasticity is 

considered by dividing plate as well as stiffeners in layers. Crisfield 

(17)presented solutions for stiffened plates under shear load in which 

he assumed an elastic behaviour for stiffeners. Later an approximate 

solution for stiffened plates was reported
(117). 

 In his recent works 

(107,147) he investigated the behaviour of stiffened load-bearing diaf-

ragms in which a modified Ilyushin criterion for the plasticity of stiff-

eners is adopted. Moeller
(134) presented a finite element solution for 

longitudinally stiffened plates under lateral load. Special assumptions 

are made so that its application is restricted. 

1.3 	SCOPE AND AIM OF THESIS 

Considerable attention has been given recently to the collapse 

behaviour of plated steel components, following the extensive research 

on its elastic behaviour. It is clear from the foregoing review that 

there is a lack of systematic solution techniques to study theoretically 

the real behaviour of stiffened plates considering geometric or material 

non-linearity and especially their combination. Concurrently with the 

development of the present method some alternative solutions have been 

reported. The present method with the special technique employed for 

the solution of the system of simultaneous non-linear equations can be 

used,(and indeed shows an improvement compared with the available meth-

ods) for the analysis of isotropic plates, especially in the plastic 

range. However the main aim of the thesis is to develop a systematic 

solution technique to predict the behaviour of discretely stiffened 

plates subject to lateral and/or in-plane loading up to and beyond their 

ultimate load carrying capacity. The method developed for the analysis 

of stiffened plates should be able to consider different possible modes 
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of buckling which may occur and their interaction and to take accurate 

account of fabrication tolerances. A further aim of this thesis is to 

present results for a range of different problems so as to prove the 

validity and to demonstrate the scope of the present method. A general 

computer program has been developed and a systematic study of different 

aspects of plated structures can follow. 

1.4 	GENERAL OUTLINE OF PRESENTED METHOD 

The analysis of stiffened plates is in fact a three dimensional 

problem, but practically useful solutions can be obtained by idealising 

the plate as a two dimensional continuum acting integrally with a one 

dimensional beam. The discretely stiffened plate can be analysed by con-

sidering it as an isotropic plate subjected to interactive line loads at 

the location of stiffeners. The nature and the magnitude of the line 

loadings can be determined by considering the equilibrium and compatib-

ility conditions of plate-stiffener intersection. Considering the equi-

librium of beam elements, the interactive loads can he expressed in terms 

of geometric and material properties of the stiffeners and the three mid-

plane displacements (u, v and w) of the plate. Considering the equilibr-

ium of plate elements with the interactive line loads as body forces the 

three governing non-linear partial differential equations may be obtained 

in terms of forces. These are different for each of the basic node types. 

For nodes lying on the plate itself these are the same as the usual equi-

librium equations for isotropic plates. Considering the linear terms of 

the equilibrium equations only and using strain-displacement relationships 

and considering equilibrium and continuity of deformations at the plate 

and stiffener junctions, three simultaneous linear partial differential 
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equations in terms of displacements are obtained for different types of 

nodes. These,with the equilibrium equations in terms of forces, and ex-

pressions to evaluate internal forces, are replaced by their finite differ-

ence equivalents. The non-linear equations are solved by an iterative 

method which uses the linearised equations in terms of displacements from 

which the matrix of coefficients is generated and its inverse is computed 

only once. The iteration procedure starts with an arbitrary assumed set 

of displacements. (In practice for the first load increment, the small-

deflection solution will be used as an initial guess.). For every set of 

displacements the internal forces and moments are evaluated and equilibr-

ium checked by substituing these forces and moments in the non-linear 

equilibrium equations. When no equilibrium exists the residual forces 

are used to obtain correction displacements using the linearised equilibr-

ium equations. These are added to the assumed displacements to obtain 

new displacements. Then the same procedure is repeated till either resid 

ual forces or correction displacements are sufficiently small. This 

linearly convergent method is a modified Newton-Raphson method. To ac-

celerate the convergence, Aitken's S2-method has been applied in which 

two subsequent displacement corrections are used to obtain a better cor-

rection. For the elasto-plastic analysis, ideal elastic-perfectly plastic 

behaviour is assumed (with no stiain hardening). The Ilyushin yield criter-

ion with d-Prantl-Reuss flow rule is employed which assumes a sudden plast-

ification of the plate throughout the depth. Stiffeners have been divided 

into volume units by horizontal and vertical sections, and for the plasti-

city the effect of normal stress (axial force, vertical and horizontal 

bending moments) has been considered only. Due to the incremental relation 

between stresses and strains in the plastic range, the equilibrium equat-

ions and expressions to calculate forces in the plate and stiffeners are 

written in their incremental form. 
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CHAPTER 2 

MATHEMATICAL FORMULATION  

2.0 	ASSUMPTIONS 

The formulation is based on the usual assumptions of thin 

plate and beam theory: 

1 	Stresses normal to the midplane of the plate and the stiffener 

axis are ignored and the transverse shear deformation is 

neglected in both the plate and the stiffener, so that the 

hypothesis of preservation of straight normals during deform-

ation is retained. 

2 
	

The stiffeners are of solid rectangular cross-section and 

undergo negligible warping deformations under torsion. 

3 
	

The Lagrangian fixed co-ordinate system is used, thus imply- 

ing small gradients. 

4 
	

Stress-strain curves are reversible. 

5 
	

Material has ideal elastic-perfectly plastic behaviour (with 

no strain hardening). 

6 
	

The Ilyushin yield criterion and the Prantl-Reuss flow rule 

are employed. 

7 
	

The effect of shear stress on the stiffener plasticity is 

neglected. 
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2.1 	LARGE-DEFLECTION THEORY OF ECCENTRICALLY STIFFENED ISOTROPIC 

PLATE. 

2.1.1 	Derivation of Governing Equations  

2.1.1.1 Displacement Compatability at the Stiffener-Plate Interface 

Let x, y and z be a set of rectangular cartesian co-ordinates 

with the z-axis pointing downwards and x- and y-axes in the midplane of 

the plate, and let the net components of displacements in the midplane 

of the plate along x, y and z directions be denoted by u, v and w 

respectively. The net components of displacements at the centre of 

stiffeners will be shown as u 
c 
 , v

c 
 and w

c
. Forces, moments and dis-

placements in longitudinal stiffeners (x-direction stiffeners) are re-

presented by index 1 and those in transverse stiffeners (y-direction 

stiffeners) have the index 2. Indices A, H, V and T have been used 

for axial, horizontal, vertical and torsional forces and moments 

respectively for both longitudinal and transverse stiffeners. 

Interaction between plate and stiffeners can be achieved by 

enforcing equilibrium of forces and moments and continuity of deform-

ations at the plate and stiffener junctions. Because of the flat 

deflection curve we can assume that the distance from the stiffener ' 

centres to the mid-plane of the plate is very small with respect to the 

radii of curvature so that the curvature of the stiffeners can be set 

equal to that of the plate. Now we can write the following relation-

ships between midplane displacements of the plate and displacements 

at the centre of the stiffeners (Fig. 1). 

For longitudinal stiffeners: 



(1) 

(2) 

and: 

(4) 

u
cl- 

= u - e Dv 

31.7 
v
cl- 

= v - e -- 
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W
- 

= w 
cl 

1 3x 
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3w 
ucl = u  - e• l Tx-

3w Ty- vc1 =v - el  

Wcl = W 

Similarly for transverse stiffeners: 

uc2 = u  

• 

TX' 

3v 
vc2 = v e• 2 3y 

wc2  = w 

Defining initial imperfection by index 0 and total displacements by 

and considering that the plate will have only lateral imperfections 

(u
0 
 = 0

, 
v
o 

= 0 and w
0  = 0), we can write the following relationships. 

For longitudinal stiffeners: 

3w0  u
c10 

= - e
1 

3w0 v
c10 

= - e
1 
Dy 

w
c10 = w0 

Dx 

(3) 

The corresponding relations for the transverse stiffeners are obtained 

by writing 2 in place of the subscript 1 in the above equations. 
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2.1.1.2 Derivation of Equilibrium Equations in Terms of Forces 

The governing partial differential equations in terms of forces 

can be obtained by considering the equilibrium of an element of stiffened 

plate (Fig. 2). First we consider a plate element having only one rect-

angular bar stiffener in the x-direction. The sectional actions on an 

element cut by two pairs of planes parallel to x-z and y-z planes are 

shown in Figs. 3 and 5. For clarity moments and forces for both beam 

element and plate element are shown separately. Figures 3a and 3b show 

moments and forces respectively for beam element and Figs. 5a and 5b 

show the same for plate element. Figures 4a, 4b and 4c show sectional 

actions in a deformed element of beam. F
xl
,  F

yl 
and  F

zl 
are the inter-

action forces and T
1 

is the interaction moment per unit length of 

stiffener assumed acting at the level of the midplane of the plate, 

F
xl 

and  F
yl 

acting in the plane of the bent plate in x-z and y-z plane 

respectively. The intensities of these forces and moment per unit area, 

required while considering the equilibrium of the plate element, are 

F
xl
/Ay, F

yl
/Ay, F

zl
/Ay and T

1
/Ay, where Ay is a finite distance perpend-

icular to the stiffener over which the forces and moment are assumed to 

be distributed. As will be seen later Ay is the length of finite 

difference mesh in the y-direction. Flexural and membrane actions in 

the beam are forces and moments,while those of the plate are forces and 

moments per unit width of plate. To derive the governing equilibrium 

equations we consider first the equilibrium of a beam element (Figs. 3a 

and 3b). 

(a) 	Beam element: 

Taking moment about x, y and z-axes with origin in the mid-

plane of plate, and considering equilibrium of forces in x, y and z-

directions,we obtain the following 6 equations. 
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Taking momentsabout x-axis: 

amT1 	aNH1 dx + 	dx e1 
- T1 dx = 0 

ax 
	ax . 

which gives: 

T = - + 	e 
1 	1 

am_i 	aNH1 

ax 	ax 

l 	 (5) 

Taking moments about y-axis similarly gives: 

aNAl 
NV1 + 	el  = 0 	 (6) 

ax 	ax 

and about z-axis: 

.t4111 	N
H1 

= 0 
	

(7) 
ax 

Equilibrium of forces in x-direction: 

aN
Al dx - F

xl 
dx = 0 

ax 

which gives: 

aNAl  
F
xl 

= 

	

	 (8) 
ax 

For equilibrium of forces in y-direction considering the component of 

NA1 in y-direction we can write: 

2-- 
aNH1  

a v
21 

 
,dx Fyl 

dx + NA1 	2 .(I
x + 

aNAl ay
c1 dx = 0 

ax 	pc 	ax ax 

Substituing 
aNH1 from (7) in the above equation we have: 
ax 

2-- 
a
2
MH1 	

D v
cl 	

aN
Al 

av
cl F

yl - ax2 	pc 
+ 
NA1 	2 

+ 
ax 3x 

(9) 

Similarly considering the normal components of NA1, Fx1'
and  F

yl
, the 

equilibrium equation for z-direction will be: 

aNV1 	a
2 	aNAl  aw 	aw 	aw 

dx + N 	
2 

---- dx + (--" - F
xl 

."-'.) dx - F l Y ..--- dx - F
zl dx = 0 

ax 	
Al ax 

	

ax ax 	ax 	ay 
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aNV1 
From (8) the term in the bracket is zero and substituing 	from (6) 

ax 
in the above equation, we then have: 

2ma 
-V1 
 a2N

Al 	32w 
F
zl

e + N 
ax2 ax

2 1 	Al 
ax
2 

F — y1 
3y 

(10) 

Substituting 
aNH1- from (7) in (5) and substituting Fyl 

from (9) in (10) 
ax 

ignoring third order terms and writing equation (8) and (9) again, we 

will have all interaction forces in terms of internal forces of the 

stiffeners: 

aN
Al 

F
xl 

- 
ax 

2mH
1 	

2-- v
cl 

3N
Al 

ay
cl 

F - 	+ N 
yl 	ax2 	Al ax

2 
ax ax 

2 
M.,. 
vl 	

a
2
N
Al 	a 

2 
.14 	9 M 	at; 

zl 

a
2 

H1   
F 	+ e 	+ N --- 

ax
2 	1 ax

2 	Al 
9X

2 
ax

2 
b7. 

DM- il 	
a2M

H1  
T
1  = 
	+ e1 

3x
2 

ax 

(b) 	Plate element: 

Now consider the equilibrium of the plate element (Figs. 5a 

and 5b). The body forces acting on the element are Fxl
/Ay, F

yl
/Ay, 

F
zl

/Ay and q the applied transverse loading. The line couple T1 
is 

replaced by two equal and oppOsite vertical line loads T1/(2Ay) per 

unit length acting at a distance Ay on either side of the stiffener. 

These forces are to be (algebraically) added to the given transverse 

loading when considering equilibrium at these lines. 

The equilibrium equations in terms of moments and in-plane 

forces work out to be identical to those in customary thin plate 

theory except for the body force terms
(100) 

and are given below: 

(12)  

(13)  

(14)  
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3Nx DN F
xl + 	+ 	= 0 

3x 3y Ay 

DN 	9N 	F 
__LY 	= 0 

3y 3x Ay 

a4x 
	

a2m 	32M v--7. 3 w 3 w 
+ 2 	+ 	+ ( N 	+ 2 N 

3x2 
axay 	3y2 	x ax2 xy axay 

+N 
Y  3y2  

F 

	

+q+ --- 0 	 (17) 
Ay 

Finally, substituting for F
xl
,  F

yl 
and  F

zl 
from equations (11)-(13) in 

equation (15)-(17), the three equilibrium equations for the plate-

stiffener combination at the line of interaction can be obtained in 

terms of internal forces in the plate and the stiffener. 

3N 	DN x 	ja 4. 
1 DNAl __ 	= 0  

ax 	ay Ay ax 

2— 	 — 
9
—  N + 3N X 4. 

1 
 r  3

2
M 

	

-H1 	3 vcl  3NAl vcl  

	

...Y. 	.._._2_.c  
‘ 	2 + NAl Dx2 + 	 ) = 0 

337 ax Ay ax 	ax ax 

3 2M 	 92‘,1. 32M 	9 2M 	 9 w x + 2 	+ 	+ ( N 	+ 2 N 
ax2 

axay 	3y2 	x ax2 	xy  axay 

a2w 
+ N

z 
 ) + q 

Y ,y  

— — 
1 32M...vl a2NAl 	9

2
w 9w , 	

3x2 	3x2 + 	k 
Ay 
	+ 	 e

1 
+ N Al ax2 

The equilibrium equations of the plate and a y-direction (transverse) 

stiffener can be found by writing for body forces Fx2 / Ax, Fy2 / Ax 

and Fz2 /A x in equations (15), (16) and (17) respectively. These body 

forces themselves are found from equations (11), (12) and (13) by re- 

(15)  

(16)  

) = 0 
ay ax

2 
1̀H1 

(18)  

(19)  

(20)  
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placing displacement v by u, subscript 1 by 2 and interchanging x and y. 

The equilibrium equations at intersections of longitudinal and transverse 

stiffeners are obtained by writing for body forces (Fxl
/Ay + F

x2
/Ax, 

F
yl

/Ay + F
y2
/Ax and F

zl/Ay + Fz2
/Ax) in equations (15)-(17), and then 

expressing the interaction forces in terms of internal forces in plate 

and stiffeners as in the previous cases. The equilibrium equations at 

all other points are obviously those for unstiffened plates and are given 

by equations (15)-(17) with the body forces omitted. All the above men-

tioned equations are given in Appendix A. 

2.1.1.3 Force-Displacement Equations 

The internal forces in the plate and stiffeners can be related 

to the plate mid-plane displacements u, v and w in terms of rigidities of 

the plate and the stiffeners which are defined as follows: 

E t 
E 

1-v
2 

Ei = v (21) 

E t 
E' = G t - 	 
xy 

2(1+v) 

E t
3 

and 	D -  
12(1-v

2
) 

	 (22) 

For stiffeners in x-direction: 

C
sl 

= E A
sl 

= E t
sl 

h
sl 

3 
E tsl hsl 

12 

3 
E h

sl 
tsl 

12 

B
V1 

B
H1 

(23) 
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B
Tl 

= K
1 
G h

sl 
t
sl 
3 

	

j 
where K

1 
is the torsional rigidity factor and depends on the h

sl 
/ t

sl 

ratio. The rigidities of stiffeners in the y-direction are C
s2, BV2' 

B
H2 

and  B
T2 

and are obtained by replacing 1 by 2 in equation (23). The 

force-displacement equations for the plate are now given by: 

N
x 

= E' 6 
X 
 + E' 6 

1 y 

N = E' 6 + E' E 
Y 	y 1 x 

N = E' y 
xy xy xy 

a2w 	a2  w 
14x = — D ( ----2- + v --7) ax 	ay 

2 a w 	a2w 
M Y = - D ( 2+v 

2 ) 2 ay 	ax  

a 2w 
Mxy = - M

yx  = - D (1-v) ---- axay 

with 

au 1 aw 	aw a 
Ex = — + — ( — )

2 + ( ----w0  ) 
ax 2 ax 	ax ax 

aV 	1 	@w 1.7 
E = — + — ( — )

2 + .( — —w0  ) 
Y ay 2 	ay 	ay ay 

	

au . av aw aw aw aw0 	aw awo 
Y = .-..- + -•-- + -'..--- - + "--- -----m-  + mm..--  

'xy ay ax ax ay 	ax ay 	ay ax 

Similarly the following force-displacement relationships can be written 

for the stiffeners in the x-direction. 

au 1 	2  aw aw, 1 

NA1 = Cs1[ —S—  4. 1 — ( aw  ) + 	" — 	4. 	
(DV  

Cl )2 4.  .‘7C1 "C10  1  

ax 	2 	ax 	ax ax 	2 	ax 	ax 	ax 	J  

(24)  

(25)  

(26)  
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9u 1 aw 2  3w aw
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	] ( 	el ax 	2 	ax 	ax ax 	31c 
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32w
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32w
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NT1 = B  Tl 	
B
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w 

axay 	3x3y 

a2 	 a 2
v 	3

3
w 

- B 	
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B
H1 
( 

2 	
e
1 	2 
	 ) 	(30) H1 ax

v
cl  

ax 	ax ay  

am
111 	

a3v 	3
4
w 

3 

N
H1 

= 	- 	
3 v

cl  B 	- 	B
H1 
( 

ax 	H1 ax3 ax3 	1 ax3ay 
(31) 

The force-displacement equations for stiffeners in the y-direction are 

obtained by interchanging (x and y) and (u and v) and replacing subscript 

1 by 2 in equation (27)-(31). 

2.1.1.4 Presentation of Equilibrium Equations in Terms of Displacements 

For the solution method employed in this work, as mentioned in 

1.4, it is not necessary to obtain explicitly the non-linear equilibrium 

equations in terms of displacements. However the linear parts of these 

equations are needed to provide, through finite difference approximations, 

the matrix of coefficients which will be used for finding corrections to 

trial displacements in the iteration process. 

(27)  

(28)  

(29)  



2 
C
sl 

u
cl 

represents the contribution of the 
Ay 

In equation (32) the term 
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Now we consider again points on stiffeners in the x-direction. 

Using equations (24)-(31) and considering the linear terms only, equa-

tions (18)-(20) can be written in terms of displacements as follows: 

2u 	a
2
v 	a

2
u 	C

sl 
a2uc1 

E' 	2 + ( E' + E' ) 
	+ E' 	=0 	(32) 

ax 
1 	xy 	 2 

axay 	
xy 

ay
2 

Ay 3x 

a
2
v 	a

2
u 	a

2
v B

H1 
a4v

cl  
E' 	2  + ( E1

' + E' ) 	+ E' 	4 =0 	(33) 
ay 	

x y axay 	xy ax 
	Ay 

Ay ax  

BV1 a
4
w 	a

4
w 	a

4
w ( D  

+ D 	+ 2 D 	 
C
sl 

e
1 
 93u

cl  = q 

Ay 	ax
4 	ay4 	ax2ay2 

Ay ax
3 

(34) 

stiffener to the in-plane displacement in the stiffener direction, and 

B
H1 

a4v
cl 

the term 
Ay ax

4 
in equation (33) denotes the in-plane bending of the 

stiffener. The terms 
C
sl 

e
1  33l 3uc B

V1 
94w 
4  and 	in equation (34) show 

Ay ax 	Ay ax 
 

the effect of stiffener flexural and extensional rigidities on plate 

bending. 

Equations (32)-(34) can be written also in terms of displace-

ments of the mid-plane of the plate: 

	

2 	3 
C , 9

2
u 	a

2
v 

(E' + e" 	
3 u Csl  e1 

 9 w 
+ (E' + E' ) 	+ ET 	= 0 	(35) 

i  2 1 xy 	xy 
Ay ax 	DxDy 	ay

2 
Ay ax

3 

a
2
v 	a

2
u 	92v BH1 

 a
4v 	a

5w 
E' 	2 + (E' + (E' + E' ) 	+ E'   ) =0 (36) 

1 	x 
DY axay 	

xy 
ax
2 	

Ay 	ax
4 -el 

9x
4
ay 

C e
2 94w 	3

4
w 	a4w B

V1 	sl 1 	
C
sl 

e1  93 u 
) (D+ 	+ 	4  + D 	4  + 2D  	(37) 

Ay 	Ay 	9x 	ay 	ax 
2 2 	

Ay 	ax 9y 
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Note that the last term in each equation represents coupling between 

bending and membrane action and each has been entirely missed by the 

orthotrQpic plate theory. 

Similar equations can be written for other node types and are 

given in Appendix B. 

2.1.2 	Boundary Conditions  

The deflected shape and the distribution of membrane forces in 

the plate is greatly influenced by the boundary conditions. At the bound-

aries the deformation in the plate and the stiffener must be the same at 

the junction. This means that tha slope in both components is the same 

in magnitude and sign. The edges of the plate are assumed not to have 

any stiffeners and to be rigidly supported. At the boundaries it is ass-

umed that only the plate is supported and stiffeners are free. In general 

four boundary conditions are required on each boundary for the complete 

solution of plate behaviour. Two conditions are associated with the bend-

ing equations and two with plane stress equations. The boundary conditions 

in mathematical form are now presented for edges parallel to the y-axis. 

(a) 	Flexural Boundary Conditions: 

The two flexural conditions are associated with lateral dis-

placement (sinking) and rotation•of the edges. 

(1) 	Simply supported edge: 

(1) The edge is rigidly supported so that the first condition 

is: 	w = 0 	 (38) 

(2) The edge has complete rotational freedom, so that plate 

and stiffener can rotate freely in the vertical plane. Under 

such a condition the curvature normal to the edge at the end 

of the plate and the stiffener would be zero (curvature along 
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the edge is zero because of w = 0), so we have: 

a
2
w 

= 0 
	

(39) 
ax 

(This condition implies that both M
x 

and Mvi  are zero, 

that is, the bending moment at the edge of the plate and 

the end of the x-direction stiffener in the vertical plane 

are both zero.) 

(ii) 	Built-in edge: 

(1) The edge is rigidly supported 

w = 0 	 (40) 

(2) The end rotation is zero, that is: 

aw 
= 0 	 (41) 

x 

(Note that here both the plate and the stiffener are builtz-,  

in and the stiffener has moment at the end. Specification 

of zero moment at the end of the stiffener (M
V1
=0) will 

automatically mean zero curvature, hence zero moment in the 

plate at stiffener locations. This is not permissible.) 

(iii) 	Symmetric edge: 

For edges the case of symmetry has been also considered so that 

for symmetric and double symmetric plates only a half or a 

quarter of the plate needs to be considered respectively. 

(1) For lateral displacement (depending on the type of the node) 

one of equations (37), (B-3), (B-6),and (B-9) can be used. 

(2) The rotation in nodes on the line of symmetry is zero: 

w 
= 0 
	

(42) 
x 
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(b) 	Membrane Boundary Conditions: 

At each edge each of the in-plane displacements (u and v) can 

be free or given: 

u = free 	u = constant 

v = free 	v = constant 

Restrained edges are special cases of given displacements, where constant=0. 

(I) 	Free extensional displacement, u=free (K
x
=0) 

In this case at stiffener locations the resultant normal force 

in plate-stiffener combination should be zero, since in general 

N
x 

and NAl cannot both be zero, thus we have: 

Nei 
N 	--=== = 0 	 (43) 

Ay 

Elsewhere: 

N
x 
= 0 
	

(44) 

(II) Free tangential displacement, v=free (S 
x
=0) 

At all points 

N
xy 

= 0 
	

(45) 

(III) A given extensional displacement, u=constant 

At all points: 

u = constant 
	 (46) 

(Note that specification of the additional condition of NA1= 0 

is not permissible here, since it amounts to the specification 

of N
x 

as well. For example for simply supported edges with 

v = 0, the condition NAl  = 0 leads to Nx  = 0 ) 

(IV) A given tangential displacement, v=constant. 

At all points: 

v = constant 	 (47) 
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(V) 	An additional boundary condition used in some cases is that 

the edge is constrained to remain straight such that there is 

no resultant transverse edge load. In this case for the edge 

x=0 (i=0 mesh line, Fig. 7) for one edge node we have: 

J-1 	N
A1 

E ( N + 	)0 • = 
j1 It.  Ay 

and for other nodes: 

3
2
u 

2 
= 0 

3y 
 

The cases of given edge displacements are used for edges sub-

ject to in-plane loading in the form of displacements. 

The boundary conditions obtained so far are based on the recog-

nition of four independent displacements (u, v, w and 343x or 3w/ay) 

at the plate edges, as is appropriate in the customary thin plate theory. 

There is however another edge displacement corresponding to the rotation 

of the stiffeners in the horizontal plane and is given by 317
cl 

/ 3x for 

a x-direction stiffener. Due to continuity of displacements at the plate 

and stiffener junctions this value depends on displacements of fictitious 

nodes and therefore it is prescribed by the above four displacements, 

since 
cl 

av 9
2
w 

= 	- e 
3x 	3x 	1 3x9y 

2.2 	ELASTO-PLASTIC LARGE-DEFLECTION ANALYSIS OF ECCENTRICALLY 

STIFFENED ISOTROPIC PLATES 

2.2.1 	Introduction  

For the ultimate strength analysis of structures the non-linear 

behaviour of the material should be taken into account. For this purpose, 

(48)  

(49)  



48. 

first the stress-strain relationships which describe adequately the 

plastic deformation of the metal should be defined, and by making some 

idealizations the material behaviour should be described by a mathemat-

ical model (plasticity theory). Secondly these effects are to be incor-

porated in the numerical analysis of the structure. 

The "deformation" and the "flow" theories are the two major 

plasticity theories(139). The deformation theory assumes a unique relat-

ion between total stresses and total strains. But the stress-strain re-

lationship for a real elasto-plastic material is not only a function of 

the present loading, and the load history of the structure should be also 

considered. In the "flow theory" the load history is considered in the 

way that the plastic deformations are "memorized" by integrating an equi-

valent plastic strain increment over the load history and gives an in-

cremental relationship between stresses and strains. The flow theory 

consists of two parts, yield criterion and flow rule. 

The "yield criterion" assumes that there exists a loading func-

tion (yield surface) in stress space which governs the transition between 

the elastic and plastic states. Many different yield criteria have been 

suggested, but most experimental work on steel structures favours the Von 

Mises yield criterion
(83) 

The other part of the "flow theory" is the "flow rule" which 

gives the incremental stress-strain relationship. 

The Von Mises yield criterion and its associated Prantl-Reuss flow 

rule can be used for the so called "volume approach" where the plate is 

divided in some layers in its depth. Due to the large computer time and 

storage needed for this approach, and because the main aim of the present 

work is to verify the presented method for the analysis of stiffened 

plates a single layer approach using an approximate yield criterion 



49. 

formulated by Ilyushin has been employed. Based on the deformation theory 

(which ignores the load history), Ilyushin developed a yield criterion 

for thin shells. He assumed a sudden full-depth plastification of the 

section, which is determined on the basis of stress resultants rather than 

stresses. This approach has been recently used by Frieze
(111)

(dynamic 

relaxation) and Crisfield
(17)(finite element method) for the elasto-plastic 

analysis of isotropic plates. Although the Ilyushin criterion is based 

on the deformation theory, Mikeladze
(137) and Robinson

(136)
who investigated 

its suitability, concluded that it should be still applicable even when 

a flow rule is employed. Crisfield
(17) 

assumed that the expressions for 

the generalized stresses in the Ilyushin yield function can be treated as a 

plastic potential such that the generalized plastic strain rates are pro-

portional to the partial derivatives of the potential so the Prantl-Reuss 

flow rule which was originally intended for stresses was used for stress 

resultants. This resulted in a single-layer formulation (area Approach) 

which he used in his recent work and he also made some modifications to 

the Ilyushin yield criterion for cases which are "in-plane dominant". 

In the present work for the plate itself the "area approach" 

derived by Crisfield is employed which gives the following incremental 

stress-strain relationships: 

{hi} = [el {Ac t} + [cd] fAx1 
(50) 

{AM} = 	 + [D*] {Ax t} 

r 	1 	, 
The tangential elasto-plastic modular matrices LC

*
1, ID

* 
 I and red' are 

each functions of the six current stress resultants fN} and W. The 

Ilyushin yield criterion and the derivation of the above incremental 

stress-strain relationships are given in detail in Appendix C. 

For the stiffeners, it is assumed that they are slender and the 
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shear forces as well as the twisting moment do not significantly affect 

the yielding. They are divided horizontally and vertically in Layers. 

2.2.2 	Presentation of Governing Equations in Incremental Form 

Due to the incremental nature of the stress-strain relationship 

in the post-elastic range the equilibrium equations in terms of forces 

and the force-displacement equations are modified to represent the incre-

mental behaviour and are given in Appendix D. To get a better convergence 

for elastic instability problems it is also desirable to employ the in-

cremental approach. 

2.2.3 	Boundary Conditions  

The boundary conditions for the generation of the matrix of coeff-

icients for elasto-plastic problems are basically the same as those for 

the elastic problems discussed under 2.1.2. Necessary changes and modi 

fications are considered in the checking program where equilibrium is 

checked and out-of-balance forces are calculated. 

For a non-deflecting simply supported edge along the y-axis, in 

the elastic range the condition Mx=0 was reduced to zero curvature trans-

verse to the edge: 

a2w 
xx 	

ax
2 

0 

But in the plastic range this condition becomes: 

Axx  = -(cd11  AE  + cd21  AE y 
 + cd 	

Ayxy D21 AXy 

(51) 
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CHAPTER 3 

METHOD OF SOLUTION 

3.1 	INTRODUCTION 

An analytical solution of the simultaneous non-linear differ-

ential equations of equilibrium is not generally possible. The method 

of finite differences has therefore been adopted, being particularly 

powerful for regular geometries like the rectangle considered here. The 

plate has been divided into (1+1) divisions in the x-direction and (J+1) 

divisions in the y-direction. The mesh lengths in the two directions are 

Ax and Ay respectively (Fig. 7). In the governing equations Ax and AY 

have been equated to dx and dy respectively. The mesh is chosen such 

that plate-stiffener intersections coincide with mesh lines. First-order 

central difference formulae have been used throughout to approximate the 

derivatives of the governing equations. 

3.2 	SMALL-DEFLECTION SOLUTION 

The linear small-deflection solution will be discussed first. 

This solution is useful for problems where the deflections are small and 

the material remains elastic. 	In the present work, it is used to ob- 

tain the starting approximation for the iterative large-deflection solu-

tion at the first load level and, what is more important, the evaluation 

of the displacement corrections vector in each iteration involves a small-

deflection solution. 

There are (IxJ) internal mesh points in the plate and at each 

node there are three unknown displacements u, v and w. For each internal 

node three equilibrium equations (B-4)-(B-6) or their special cases de-

pending on the node type can be written as difference equations with u, 
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v and w as unknowns. The equilibrium equations in finite difference form, 

when applied at nodes near an edge, generally involve displacements on or 

outside the edge, the latter being termed fictitious displacements. Hence 

the total number of equations for internal points (3xIxJ) is less than the 

total number of unknown displacements involved in the difference equations. 

In a properly formulated problem the number of these additional unknowns 

would be exactly matched by the number of available boundary conditions. 

In principle the equilibrium equations and the boundary cond-

itions are solved together to yield values for all displacements includ-

ing the fictitious ones. It is more economical to eliminate the addition-

al displacements by using the boundary conditions, where such elimination 

is practicable, and to solve the reduced set of equations. (The number 

of arithmetic operations involved in equation solution varies approx-

imately as the cube of the number of equations in the set). In some 

cases however this method can be laborious and it is easier to add the 

boundary conditions to the internal equilibrium equations. To keep the 

present computer program general the first approach has been employed 

and the equilibrium equations and boundary conditions are solved together. 

The use of boundary conditions to complete the matrix of coefficients 

will now be illustrated with reference to the edge x=0 (i=0 mesh line) 

(Fig. 7). It is assumed for clarity of illustration, that there is no 

y-direction stiffener at 1=1 or i=2. The relevent equilibrium equations 

are therefore those which correspond to points either on the plate or on 

the intersections of plate and x-stiffeners. The latter, equations (32)-

(34) are listed here again: 

9
2
u 	3

2
v 	D

2
u 	C

sl 
92 u

cl 
E' — + ( E' + E' ) 	+ E'

xy 3)7
2 
 Ay 3x2 

- 0 
3x
2 

1 xy Dx9y  
(52) 
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3
2
v 	3

2
u 	a

2
v 	Bill  a

4vci 	0  

3y 
	xy E' —2 ( E' EXv ) 	

+ E' 
326y 	

xy 
3x
2 
 Ay ax4  

BV1 
a4w  

, 	34w 	a
4
w 

4 	+ 2 D 	 
C
sl 

e
1 
 33u

c1  ( D 	) 	 = q 

Ay 	3x 	3y 	3x23y
2 

Ay 	Dx3 

The equations for points on the plate only can be obtained by omitting 

the terms associated with the stiffeners. 

1. 	Flexural Boundary Conditions  

(a) Lateral Displacement: 

The edge is rigidly supported so: 

w0,j = 	( for j = 0 to J+1 ) 	(55) 

(b) Rotational Conditions: 

The edge can be either simply supported or built-in. 

(i) Simply supported: 

The boundary condition for this case is: 

a
2
w 
=0 

3x
2 

This expression can be written in form of a difference equation 

as: 

w
-1,j 

- 2 w
0,j 

+
1,j 

= 0 

and since w 	= 0 then 
0,j 

w-1,3 = 
	w

1,
. 	( for j = -1 to J+2 ) 
j 

(ii) Built-in: 

The boundary condition is: 

3w 
—= 0 
3x 

which written in the form of a difference equation gives: 

(53)  

(54)  

(56) 
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w . - w 	= 0 
-1,3 	1,j 
	or 

w-1,j =w
l,.( for j .-1 to J + 2 ) 
	

(57) 

In equation (54) the highest derivative of w in each direction 

is of the fourth order. This equation relates to the lateral displacement 

and is used only for internal points (all edges are rigidly supported), so 

that lateral displacements on lines i=-1, j=-1 and j=J+2 are involved, which 

are defined by boundary conditions. For the stiffened plate shown in Fig. 

7 with 1=8 and J=5, the total number of latral displacements will be 

(I+4)x(J+4)=108. The number of flexural equilibrium equations for internal 

points is IxJ=40. The lateral displacements for 2(J+1+2)=30 boundary nodes 

are defined as zero. Finally the lateral displacements for the 2(J+1+6)=38 

fictitious points are defined by other flexural boundary conditions of the 

type given by equations (56) or (57). So the number of available flexural 

equations equals the number of unknown lateral displacements. 

For symmetric edges, for lateral displacements (depending on the 

type of node) one of equations (37), (B-3), (B-6) or (B-9) is used. The 

displacements of nodes behind the line of symmetry are given by symmetry. 

2. 	Membrane Boundary Conditions 

At each node,in-plane displacements may he either free or known 

as a given constant, hence four different types of boundary conditions 

are possible. As an additional boundary condition for plates subject to 

in-plane loading the case of a straight unloaded edge has been considered. 

I 
	Both in-plane displacements are known. 

II 
	In-plane displacement normal to edge is free and the tangential 

displacement is known. 

III 
	In-plane displacement normal to edge is known and the tangential 

displacement is free. 
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IV 	Both in-plane displacements are free. 

V 	The edge is constrained to remain straight such that there is 

no resultant transverse load. 

Now each of the above cases will be discussed in detail with reference to 

the edge x = 0 (i=0 mesh line). 

Membrane Boundary Condition I 

Consider the edge to have given (zero or constant) normal and 

tangential displacements and to be simply supported or built-in flexurally. 

The in-plane boundary conditions are: 

u = constant 	 (58) 

v = constant 	 (59) 

Generally for all cases where boundary displacements are given, equilibrium 

equations (52)-(54) are applied at the interior nodes only. The highest 

derivatives of in-plane displacements for nodes without stiffeners are of 

the second order and therefore in-plane displacements of fictitious points 

are not involved. For nodes lying on stiffeners, the in-plane displacements 

of fictitious nodes along the stiffeners 
(ucl)-1,j 

and (vci)...1,j  are re-

quired and should be defined by using other relationships. To determine 

(vc1)- 
13j  we consider that 

cl 
N
H1 

= -BH1 
	3 

3x 

we also note that 

3 
31/4  

f
1

_(11111)2,j-(M111)0,j  -13 f
3v

cl)  
` H1/13 	11 

3x 	'-. 

	

2 Ax 	
H1` 

9x
3 1

'
j 

a3 
or 	= 	

v31  
1H1)0,j 	2 Ax BH1 	3 11,3 	` H112,3 

3x 

in terms of displacements the above equation becomes: 

3
3
v 

(60) 



( aucl ) = - 2 Ax ( 
D2u

cl) . 	( 
;u 	

) 

ax C)'-1 	3x
2 1'3 3x 2,j 

(62) 
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2 
f  32vcl 	, 

33v
cl 	

v
cl 

; 

` 
3x
2 10,j 	

2 Ax 	
3x3 J1,j 	

k 
3x
2 /2,j 

From the above equation written in finite difference form 
(vcl)-1,j 

can 

be eliminated and substituted in equation (52) when written in finite dif-

ference form. Similarly, to determine 
(ucl)-1,j 

we can use the following 

relationships: 

,2 ;N 	(N
Al
)
2,j

- (1 ) 	. 	d 11C1  ( 	Al ) 	Al 0,3 	c 	( 	 ) . 
sl ` 	2 '1,3 

ax 	l'J 	2 Ax 	3x 

2 
cl )

s1 	. + ( N 	) 	• or  ( NA1)0,j= - 2 Ax C 	2 	1,3 	Al 2,3 ax 

which can be written in terms of displacements as: 

(61) 

For the plate shown in figure 7, in addition to equilibrium equations for 

the interior nodes, equations (61) and (62) are applied on nodes (0,2) and 

(0,4) to take account of four unknown fictitious displacements (ucl)-1,2' 

(v
cl
)
-1,2' 

(u
cl)-

1,4 and (vcl)-1,4' 
The total number of boundary dis-

placements is 3 (J+2) for which 3 (J+2) equations 

u
0,

. = constant , v
0, 

 . = constant , w0, 
 . = 0 

3 	3 	3 
(for j=0 to J+1) 

are available. For (J+2) unknown fictitious lateral displacements there are 

(J+2) equations of the type of equations (56) or (57). 

Membrane Boundary Condition II 

For a flexurally simply supported or built-in edge with free in-

plane displacement normal to the edge and given displacement along the edge, 

the in-plane boundary conditions for a stiffener point are: 

( N
x 
+ NA1  ) = constant 	 (63) 

Ay 

v = 0 	 (64) 
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For all other nodes the above conditions reduce to 

Nx =0 	 (65) 

v = 0 

Using the force-displacement relations for Nx  and NA1  (equations 24, 26 

and 27) and ignoring the non-linear terms, the first condition becomes: 

(E' 
Cal ) 	E, 	_ e 1 sl 	w - 0 
Ay ax 

1 3y Ay 3x2  

3u 3v C 32  
(66) 

In the membrane equilibrium equations applied on nodes (1,j), displacements 

on the boundary are involved, but in this case displacements normal to 

the edge are unknown and cannot he obtained by the boundary condition 

(66), and an extra equation is needed. For this reason the governing 

equation (52) expressing the equilibrium of forces in the x-direction 

is now applied at the edge nodes (0,j). But in this equation the terms 

3
2
v/3xy, 32u/3x2 (and for nodes on stiffeners also the term 2

u
cl
/3x

2
) 

are involved. This means that the fictitious in-plane displacements 

(u)-1,j , 
(v)-1  . and 

(vcl)-1,j 
are needed. (The fictitious lateral ,3 

displacements for nodes (-1,j) were discussed earlier under flexural 

boundary conditions.). The unknown (u)_1,i  will be taken into account 

by applying equation (66) on nodes (0,j). To determine (v)_1,j  for nodes 

without a stiffener the equilibrium equation (53), and for nodes with a 

stiffener equation (61), are used. The fictitious displacement (u
cl
)
-1,j 

can be found from the boundary condition (63) written as: 

311 	3v 	C
sl 

311
cl 

E' — + E' — + 	= 	 (67) 
3x 	1 ay Ay 	ax 

and substituted in equation (52) when written in finite difference form. 

For the plate shown in figure 7 the total number of unknown in-plane dis-

placements involved at edge x = 0 are 4(J+2) for which the same number of 
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equations are available as follows: 

J+2 	equations v = constant for (v)0,i  (j=0 to J+1) 

J equations (52) without stiffener terms for 

(u)0,i  (j=0 to J+1 but j2 and j4) 

2 	equations (52) for (u)0,j  (j=2 and j=4) 

J equations N
x 

= 0 for (u)-1,j (j=0 to J+1 but j*2 and ig4) 

2 	equations Nx  + NA1/Ay = 0 for (u)_1,j  (j=2 and j=4) 

J equations (53) without stiffener terms for 

(v)
-1,j 

(j=0 to J+1 but jg2 and jW4) 

2 	equations (61) for (v)_1,j  (j=2 and j=4) 

The two fictitious displacements (ucl)-1,2 and  (ucl)-1,4 are eliminated 

from equation (67),applied at nodes (0,2) and (0,4),and substituted in 

the corresponding equations, so that no other equation is added to the 

system of equations. 

Membrane Boundary Condition III 

For an edge with free in-plane displacement along the edge and 

given displacement normal to the edge, the in-plane boundary conditions 

for all points are: 

u = constant 	 (68) 

Nxy = 0 	 (69) 

Using the force-displacement relations for N , equations (24) and (26), 
xy 

and ignoring the non-linear terms, the second condition becomes: 

au ay 

Exy ( 
	+ 	) = 0 
ay ax 

(70) 

The boundary displacements (v)0,j  cannot be found from the above equation, 

and an additional equation is needed. Therefore the equilibrium equation 
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(53) expressing equilibrium of in-plane forces in the y-direction is applied 

at the edge nodes (0,j). For nodes without a stiffener the fictitious 

in-plane displacements (u)_1,i  and (v)_1,j  are needed, and for nodes on a 

stiffener, in addition to these 
(vcl)-2,j 

is also required. For deter-

mining 
(u)-1,j 

the governing equation (52), and for determining (v)
-1,j 

the boundary condition (70), are applied at nodes (0,j). To eliminate 

(ucl)- 
1,j, which involves (w)_1,i,equation (62) is used. To eliminate 

(vc1)-2 	
from equation (53) we note that j , 

aNH1 	(NH1 ) 
	 4 

(NH1 ) 
	• 

2,3 	0,3 	B 	( 
9v

cl ) 
( 

	
)1,3 	

2 1,3 	 lx4 	1,j 2 Ax 

c 	. 	f  or MH1)0,j = 2 Ax BH1( 	4
l 
 '1,3 	H1 12,3 

;x 

which can be written in terms of displacements as: 

; v
cl 

3 	

;4
l 

4
v
c 	

;3v l  
( 	)0 	= - 2 Ax. ( 	)1,j+ ( 

ax 	;x 	;x 
(71) 

From the above equation written in finite difference form (vcl)-2,j 
can 

be eliminated and substituted in equation (53) when written in finite 

difference form. 

For the plate shown in figure (7) the total number of unknown 

in-plane displacements involved in edge x = 0 are 4(J+2) for which the 

same number of equations are available as follows: 

equations u = constant for (u) . (j=0 to J+1) 
0,3 

equations (53) without stiffener terms for 

(v)0,j (j=0 to J+1 but j2 and jW4) 

equations (53) for (v)0,j  (j=2 and j=4) 

equations N
xy 
 = 0 for (v) 	(j=0 to J+1) 

equations (52) without stiffener terms for 

J+2 

J 

2 

J+2 

J 
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(u)
-1,j 

(j=0 to J+1 but 	and j;4) 

2 	equations (52) for (u)_1,i  (j=2 and j=4) 

The four other unknown displacements (u
cl

)
-1,2 'cl

)
-2,2 ' 

(u
cl

)
-1,4 

and 
(vcl)-2,4 

are eliminated from equations (62) and (71),applied on nodes 

(0,2) and (0,4), and are substituted in the corresponding equations. 

Membrane Boundary Condition IV 

This case is similar to case III, but here both normal and 

tangential in-plane displacements are free. The boundary conditions for 

a stiffener point are: 

N 	N
Al _ 0  

x 
Ay 

= 0 
xy 

Fot other nodes they reduce to 

N = n x 

(72)  

(73)  

(74)  

N = 0 
xy 

The equations used in this case are the same as those for case III, and 

only equation (68) has been replaced by equation (72) which in terms of 

displacements is given as equation (66). 

In cases where on two adjacent edges,e.g. edge x = 0 and edge 

y = 0, both normal and tangential displacements are free, additional 

equations are needed. Considering the our nodes (0,0), (0,-1), (-1,0) 

and (-1,-1), the total number of unknown in-plane displacements is 8, but 

only the following five equations are available. These are the two 

equilibrium equations (52) and (53) without stiffener terms and the three 

boundary conditions N
x 
= 0, Nxy = n and Ny  = 0. Therefore three additional 

equations are needed to determine (u)_1,...1, (v)
-1,

_
1 
and (u) 	(or 0,-1 
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(v)-1,0 ). The term (u)-1,-1 
is found by extrapolation from other u-

values on the line i = -1, and similarly (v)-1,-1 
is determined by extra-

polation from v-values on the line j = -1. The unknown 
(u)0,-1 

is also 

extrapolated from u-values on the line j = -1. 

Membrane Boundary Condition V 

For the case of a shear free straight edge with no resultant 

transverse edge force, the boundary conditions can be written as: 

Nxy = 0 

2u  
= 0 

J-1 

E ( N + 
Al 

	—= 0 )
0,j  

This case is similar to case III but instead of using equation (68) for 

each edge node, here equation (77) is applied at one edge node and 

equation (76) is used for all other edge nodes. The application of 

equation (77) involves the displacements of all edge nodes and thus 

results in a large band width for the matrix of coefficients. 

The total number of unknown displacements in most cases is 

3(I+2)(J+2), and these are to be found from the same number of simult-

aneous linear algebraic equations, obtained by using finite difference 

approximations to the differential equations of equilibrium and from 

boundary conditions. 

3.3 	LARGE-DEFLECTION SOLUTION 

3.3.1 	Elastic Large-Deflection Solution  

The equilibrium equations in the large-deflection range are 

non-linear and require an iterative method of solution (Fig. 8). The 

2 
ay. 

j=1 x  Ay 

(75)  

(76)  

(77)  
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solution method used here utilises the linear small-deflection equations 

as noted earlier. Let the small-deflection problem in terms of unknown 

nodal displacements u, v and w be stated as: 

[Al {R} = f131 	 (78) 

where {R} is the vector of nodal displacements, {P} is the given load 

vector and tAi is the square matrix of coefficients obtained from the 

linearised equilibrium equations in their finite difference form, called 

"the initial stiffness matrix" in the present text. The solution of 

these equations gives the nodal displacements: 

{P.} = [A]-1  {P} 	 (79) 

One cycle of the iterative method for the solution of the non-linear 

equations for a given load vector consists of the following steps: 

1. Assume a trial displacement vector {R}i. 

2. Calculate the strains (including the effect of the quadratic 

terms) and, hence, the internal forces and moments at various 

nodes in the plate, using the force-displacement equations (24), 

(25) and (27)-(30). The boundary conditions are utilised in 

this step, either to avoid the computation of nodal forces at 

the boundaries or to obtain their values at or outside the 

boundaries,if these values are needed in the following step. 

3. These forces and moments are substituted in the non-linear 

equilibrium equations in terms of forces at the interior nodes, 

and also in those equations at the boundaries that correspond 

to the displacements not specified at that boundary. In general 

the equilibrium equations (and some boundary conditions) will 

not he exactly satisfied by these substitutions for the given 

loading {P}, but will indicate that the plate is in equilibrium 

with a fictitious loading {P} - {dP}
l' 

where {dP}
1 

is called the 
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vector of "out-of-balance forces". 

4. The additional displacements needed to britg the load level up 

by {dP}1  are found approximately by assuming that the plate 

behaves linearly under this load as in the small-deflection case. 

Thus the additional (correction)displacements are given by: 

{dR}1  = [AI-1  {dP}1 	 (80) 

If the individual components of {dR}
1 
are sufficiently small 

compared with those of {R}1, then {R}1  is the required solution, 

otherwise the new approximation for the displacements is 

{R}2 	{R}1  {R} + {dR} 
2 	1 	1 

5. Same as step 2 

6. Same as step 3 to find {dP}2  

7. Same as step 4 to find {dR}2. If {dR}
2 
components are suff-

iciently small, {R}2  is the solution. Otherwise proceed to 

step 8. 

8. Rather than using {dR}
2 
as correction displacements to obtain 

the new approximation, an improved approximation to the dis-

placements is now found by using Aitken's 6
2
-extrapolation 

{R}*  7 {1)1 	{dR)* 	 (82) 

where each element of {dR1*  is found from the corresponding 

elements of the two subsequent correction displacements {dR}
1 

and {dR}
2 
using the formula 

dR
1  dR* - ( 	) dR

1 
 = a dR

1 dR
1
- dR

2 

(83) 

When dR
1 
and dR

2 are very close for a particular displacement 

component, the factor a becomes very large. In such cases an 

upper limit has been imposed on the value of cx.( lal = 4 if 

(81) 
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la' > 6 ). If the individual components of {dR}*  are suff-

iciently small compared with those of {R}1, then {R} = {R}*  is 

the required solution, otherwise{R}*  is the new approximation 

.and setting {R}1  = {R}*  completes a cycle (Fi.R. 8). 

The whole iterative procedure is given in flow chart form in 

Appendix E. The initial approximation for fR} at the first load level is 

found from the small-deflection solution-equation (79). For subsequent 

load levels the initial approximation is found by linear extrapolation 

of the individual converged displacements obtained at the previous two 

load levels. Assuming the load increment is constant, and the large-def-

lection displacements of the previous two load levels (i-th and i-lst ) 

canberepresentedasqlq.and {R}1_1, and displacement at each node and 

direction can be shown byk 
Ri  
. 	and R. 	k  then: , 	
,i

_i  

Ri-1,k  
- ( 2 - 	) 	 (84) 

Ri+1,k 	1,k 
Ri,k 

For instability problems an improved procedure for obtaining the initial 

approximation for the third and the subsequent load levels has been adopted. 

For this case a parabolic extrapolation of the displacements obtained at 

the previous three load levels has been used. 

To obtain a better convergence for instability problems, and 

due to the incremental nature ofthe stress-strain relationships in the 

elasto-plastic problems, for both cases an incremental iterative approach 

has been adopted (Fig. 8). 

3.3.2 	Elasto-Plastic Large-Deflection Solution  

For elasto-plastic problems the solution procedure is basically 

the same as for elastic cases. Here because of the incremental nature of 

force-displacement relationships in the plastic range a combined incremental 

iterative solution technique has been adopted. For this purpose all govern- 
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ing equations have been used in their incremental form (Appendix D) to 

compute the displacement and force increments for a particular load 

increment. These displacement and force increments have been added to the 

previous total displacements and forces up to the application of the 

present load increment to obtain the total displacements and forces for 

the present load level. For instability problems this approach has been 

employed even in the elastic range and a faster convergence has been 

achieved. One cycle of the incremental iterative method for a given 

load increment vector {AP}  consists of the following steps: 

1. Assume a trial displacement increment vector {Ap}
1 
 for the 

load increment vector {A131. 

2. Calculate the increments of the strains, forces and moments for 

various nodes of plate, using the incremental force-displacement 

equations (D-3), (D-5)-(D-6), or equations (D-7), (D-12)-(D-14), 

depending on the plate and stiffener at the particular node being in 

the elastic or plastic range respectively. The boundary conditions 

are utilized in this step, either to avoid the computation of 

nodal forces at the boundaries or to obtain their values at or 

outside the boundary, if these values are needed in the following 

step. 

3. These incremental values and the total values of displacements, 

forces and moments are substituted in the incremental equilibrium 

equations in terms of forces (D-2) at the interior nodes and also 

in those equations at the boundaries that correspond to the dis-

placements not specified at that boundary. In general the equi-

librium equations will not he exactly satisfied for the load 

vector {AP}, but for a fictitious loading IAP} - {dAP}1  with {dAP}1  

as vector of out-of-balance forces. 
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1 
- dAR

2 	
1 

dAR - - * 

d AR - 1 
dAR1  = a dAR (87) 
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4. 	The correction displacements needed to satisfy the equilibrium 

are approximately found by assuming that the plate behaves linear-

ly under this small load as in the small-deflection case. Thus 

the correction displacements vector is given by: 

{dAR} = [A]-1  {dAP} 
1 	1 (85) 

When the individual elements of {dAR}
I 

are small compared to 

{AR}
1 

then {AP}1 is the required solution, set 
{AR} = {AR}

1 
and 

proceed to step 9. otherwise the new approximation for the 

displacements is: 

fAR12  = {AR}1  + idAP11 	 (86) 

5. Same as step 2. 

6. Same as step 3 to calculate {dAP}
2 

 

7. Same as step 4 to calculate {dAR}2. 

8. Rather than using {dAR}2  to obtain a new approximation for dis-

placement increments, an improved correction displacement vector 

{dAR}*  is found by using the Aitken's 62-extrapolation, from 

corresponding elements of {dAR}1  and {dAR}2  by the formula: 

When dAR
1 

and dAP
2 
are very close for a particular displacement 

component on a node, the factor a becomes very large, in such 

cases an upper limit has been imposed on the value of a. 

( la! = 4 if !al > 6 ). If each individual element of {dAP}*  

is sufficiently small compared with {AR}1, then 

{AR}*  = {AR}].  + {dAR}*  

is the required solution, set {AR} = {AR}*  and proceed to step 9. 

Otherwise {AR}*  is the new approximation for the displacement 
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increments and by setting {AR}1  = {An}*  and proceeding to step 

2 an iteration cycle is closed. 

9. 	Using -W11. (displacement increment vector for the current i-th 

load increment) and the total displacements up to application of 

the current load increment 	force and moment increments 

are computed and by adding these to total forces and moments up 

to application of the current load increment, the total forces 

and moments for the present load level are obtained. 

= {N}i-1  + fANli  

(88) 
{M}1  = 	{AM)i  

Now at each node the plate and the stiffener are checked for 

plasticity. At a particular node one of the following four 

cases may occur: 

(a) The plate has been elastic and it remains so at the end of 

present load increment. In this case elastic rigidities will 

be used in the next load increment to compute plate forces and 

moments. 

(h) The plate has changed from plastic to elastic during the 

last load increment (unloading). Also here as in case (a) 

elastic rigidities will be used for the next load increment. 

(c) The plate has been plastic at the beginning and it remains 

so at the end of present load increment. In this case the new 

tangential elaqtn-plastic rig:dities (Appendix r.) are cro-nuted 

from the present total forces and moments, and they are stored 

to be used in the next load increment. (Tangential elasto-

plastic rigidities are computed for each node at each load in-

crement and not at each iteration ). 

(d) The plate has changed from elastic to plastic during the 
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last load increment. The present force and moment increments 

which were computed using elastic rigidities are not exact, and 

the following approach is employed
(17) 

to obtain a more exact 

approximation for force and moment increments. Let fi_i  he the 

elastic value of the yield function at the end of i-lst load 

increment(fi_1 <l)andf.be the plastic value of the yield 

function at the end of present load increment (f. > 1). The 

strain increments to cause the stress resultants that just reach 

the yield surface may then be approximated as "P" times the 

total incremental strains. Where 

(89) 

The present estimate of resultant forces and moments, computed 

using elastic rigidities for the last load increment is 

{N}i,e  = fNli_i  + {AN}i  = fNli_1  + [El {Act} 	

(9n) 

IMli,e {M4-1 	{M}i-1 	14t1  

Now the resultant forces and moments to reach the yield surface 

can be estimated as: 

INli,yield = 1Nli-1 
	[El {act} 

(91)  

Mi,yield = Mi-1 	r-11 tAxt/  

The better estimate for forces and moments at the end of the 

last load increment is: 

{N/
i= 	(1-A)  ([Ei* {pc

t} 
	

[cd] fAxt}) 

(92)  

Mi= 	
(1-R) ([cdfr  {Act} + [D1*  fAxtl) 

Using the total forces and moments up to the present load level, 
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the tangential elasto-plastic rigidities for the particular node 

are computed and stored to be used for the next load increment. 

The plasticity of the stiffener at a particular node is checked 

at each iteration of a load increment for computing the stiffener 

forces and moments. The total stress at each area element of 

stiffener is checked and if it exceeds yield stress, the stress 

increment is made zero. Force and moment increments are cal-

culated using equations (D-9)-(D-14). Having displacements, 

forces and moments for the present load level, a new load inc-

rement can he applied. The first approximation for displacement 

increments of the new load increment can he found by linear 

extrapolation from previous displacement increments. Having the 

first estimate for displacements, proceed to step 2 to begin the 

first iteration. 

3.4 	DISCUSSION ON SnLUTION METHOD 

3.4.1 	General 

The iterative method described here is a modified Newton-Paphson 

method, since it uses the "initial stiffness matrix" [A] throughout the 

iterations (Fig. 8), rather than a different "tangent stiffness matrix" 

at each iteration as required by the original method. It thus avoids the 

necessity of generating a new tangent stiffness matrix and of solving the 

corresponding linear equations each time when a new vector of correction 

displacements is to he computed. In the present method [A] 1  is evaluated 

only once and is stored in the computer; the computation of a new vector 

of correction displacements merely requires [A1
-1 

to be multiplied by a 

vector {di)} as indicated in equations (80) or (85). (In fact in the 

present program [A] is a band matrix, and to save computer time and storage 
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it has been decomposed into an upper and a lower triangular matrix which 

have been stored in the computer). Thus the computation per cycle is 

greatly reduced from that required by the original Newton-Raphson method. 

The present method is linearly convergent, whereas the original method 

converges quadratically. The application of the Aitken's
2
-extrapolation 

on the individual displacements in the same way as in the case of single 

equations, partly restores the loss in the speed of convergence, and in 

many instances ensures convergence where the modified Newton-Raphson 

method would have failed. 

3.4.2 	Acceleration of Convergence  

It has been possible to achieve further improvement in the rate 

of convergence by noting the change in the actual stiffness characteristics 

of the problem with the loading, and taking this into consideration in an 

empirical way by modifying the displacement increments. Thus, in place- , 

of equation (81) we have: 

{R}2 = {R}i 	f,  fdRli 
	 (Q3) 

and similarly for the next iteration we have: 

{R}
3 
 = {R}

2 
 + R {dR}

2 
	 (94) 

The use of the same R in both iterations allows the application of the 

extrapolation procedure in spite of this modification. Clearly R should 

be different for each displacement component at each node. The R-values 

to he used for the next load level for a particular displacement component 

at a particular node is calculated so that using R we could get the 

converged result for the last load level R from the first trial R1 

and the correction displacement of the first iteration dR 1
.  

R = R
1 
 + R dR

1 
	 (95) 

or 	R = ( R - R1  ) / dRi 	 (96) 
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Whereas for bending problems the use of A has resulted in a faster conver-

gence, in some buckling problems it has not helped and therefore it has 

been ignored in such cases. 

3.4.3 	Convergence Criteria  

For defining the convergence criteria many factors such as the 

expected behaviour of the structure under the applied type and range of 

loading and also the possible errors and sources of inaccuracy in the 

solution method should be taken into account. Therefore in the present 

work different convergence criteria have been considered for different 

types of problems. 

For elastic bending problems where an iterative solution 

method has been used, two restrictions are considered for convergence. 

Firstly, the out-of-plane correction displacement at each node should be 

less than e
1 

= 0.01 times the total out-of-plane displacement at the 

same node: 

ldw 
ki < e1=0.01 

wkl 1  

Secondly, the Euclidean norm of correction displacements should he less 

than 0.01 times the Euclidean norm of total displacements: 

„di:0T {dR})1/2 

 

< e2= 0.01 = 0.01 (98) 
({R}T {p})1/2 

For elastic instability problems the satisfaction of each of 

the above restrictions has been considered as convergence. 

For problems where the combined incremental iterative 

solution method has been used, the total out-of-plane correction dis-

placement at each node should he less than e
3 
= 0.n1 times the displace-

ment increment plus 0.1% of the total displacement: 

(97) 



adAR}T  • {dAR})1/2 < 0.015 
({AR}T  • {A11}) 1/2  

(100) 
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IdAukl < 1(0.01 Mk + 0.001 w
k) 1 	 (99) 

In addition, the Euclidean norm of correction displacements should be 

less than e4  = 0.015 times the Euclidean norm of displacement increments 

However, if after five iterations both criteria are not satisfied, then 

for the next iteration the satisfaction of each of the two criteria has 

been considered as convergence. 

For elasto-plastic problems after the onset of plasticity the 

same technique as for elastic instability problems with the combined 

incremental iterative solution method has been used, but the limiting 

factors e
3 and e4 

have been increased as the load increment is reduced, 

to a maximum of 0.04 and 0.06 respectively. 

In elastic bending problems the convergence is fast and gener-

ally after 2 to 3 iterations the convergence is achieved. Also in 

elastic instability problems the convergence is fast at the beginning, 

but as the loading approaches the buckling load and beyond the converg-

ence is slower and generally 3 - 7 iterations are needed. If after 10 

iterations no convergence is achieved the load increment is halved and 

this is repeated. If there is still no convergence the solution will 

be terminated. For elasto-plastic problems in the plastic range gener-

ally 1 - 3 additional iterations are needed compared to the elastic 

range. 

3.5 	COMPUTER PROGRAM 

A computer program for the non-linear analysis of stiffened 

plates was developed according to the previous theory. The program can 
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be used to analyse both geometric and material non-linearity separately 

or simultaneously. Also ordinary linear (small-deflection) solutions 

can be obtained. 

Initial imperfections such as initial out-of-plane deformations 

of plate and the out-of-straightness of stiffeners caused by these 

deformations, as well as residual stresses in plate and stiffeners due 

to welding are considered in the program. 

Although the previous theory was derived for rectangular bar 

sections, but ignoring the effect of warping,other types of sections (L 

and T) have been included in the program. As special cases grillages 

ages and unstiffened isotropic plates can be analysed. The program may 

also be used to analyse plates with eccentric stiffeners. Plate and 

stiffener material properties are defined separately and may be different, 

hence hybrid structures may be analysed. 

The input data are plate and stiffener geometry, material 

properties, stiffener locations, boundary conditions, type and size of 

loading, and mesh size. As output, plate and stiffeners forces and 

moments, displacements at mid-plane of plate and at centroid of stiffen-

ers are printed. 

In the present examples in-plane loading has been specified as 

applied displacement along the edges, however loading can be defined also 

as known stresses on edge nodes. 

For large deflection solutions, lateral and in-plane loads have 

been applied incrementally (both in iterative and in combined incremental 

iterative methods). The load increment does not need to be small because 

it will automatically reduce if no convergence is achieved after 10 iter-

ations. For plasticity cases the load increment is automatically reduced 
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when the structure approaches the plastic range. A flow-chart of the 

computer program is shown in Appendix E. 
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CHAPTER 4 

NUMERICAL EXAMPLES 

4.1 	GENERAL 

The following examples are presented to prove the validity of 

the present theory and to demonstrate its scope of application. 

The results have been compared with related existing solutions where 

possible. Plates subject to three different types of loading have been 

studied. 

I - Plates subject to lateral load. 

II - Plates subject to uniaxial in-plane load. 

III - Plates subject to combined in-plane shear and compression. 

In all three cases both unstiffened isotropic plates and stiffened plates 

in the elastic as well as in the plastic range have been studied. 	To 

the author's knowledge the present theory and solution technique (in parti-.  

cular the modified Newton-Raphson method with Aitken's 6
2
-extrapolation) 

has not been used for isotropic plates before. 	It has distinct advantages 

compared to some existing methods, especially for elasto-plastic analyses. 

However isotropic plates have been included mainly to prove the theory 

since comparable results for stiffened plates are scarce. 

4.2 	PLATES SUBJECT TO LATERAL LOADING 

For plates subject to lateral loading two types of flexural 

boundary conditions are considered. 

(a) all edges simply supported 

(b) all edges built-in 
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For membrane boundary conditions five different cases are 

studied. 	In all cases the opposite edges have the same conditions. 

If Kx and Sx are the extensional and shear stiffness respectively of 

the supports parallel to the y-axis, and similarly K and S are those 

of the supports parallel to the x-axis, then the boundary conditions for 

different cases can be shown as: 

I. K =S =K =S = 00 
x x y y 

II. K
x 

=0,  S =K =S = 
x y y 

III. K
x 
 = K y = 0, S x = S 

y
= 00 

IV. K= S = K = S = 0 
x x y y 

V. Kx = Ky = 00' Sx = Sy = 0 

4.2.1 	Isotropic Plates 

4.2.1.1 Elastic Isotropic Plate 

For a square isotropic plate subject to a uniformly distributed 

lateral load, linear and non-linear elastic solutions are obtained. 	Four 

different in-plane boundary conditions (type I to IV) and two flexural 

boundary conditions (simply supported and built-in) are considered. 

The load-deflection curves for simply supported plates are given 

in figure 9. 	The solutions are checked against comparable results 

presented by Levy
(49) (Fourier Series), Kaiser

(48) (theoretical and experi- 

mental), Basu
(71) 

(finite differences) and Crisfield
(17) (finite element 

method), and a very close agreement is observed. 	For the plate with in- 

plane boundary conditions of type I, membrane stresses (figure 10) and 

extreme fibre bending stresses (figure 11) have been compared with Levy's 

and Crisfield's results. 	Here a larger discrepancy is found with that 

of central deflections, however closer agreement is obtained with Levy's 

results. 
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The load-deflection curves for built-in plates are given in 

figure 12 and are compared with results produced by Levy(50) (Fourier Series) 

and Basu
(71) 

(finite differences). 	The agreement is good but a finer mesh 

than in the case of the - simply supported plate is required. 	This is to 

be expected because of the difference in the deflection shape. 	In general, 

in cases where the edges are restrained, the results are more accurate and 

have a closer agreement with available solutions. 	In such cases also 

convergence is faster. 

4.2.1.2 Mesh Convergence 

The mesh convergence has been investigated for the simply supported 

restrained plate for both elastic linear and non-linear solutions. 	The 

results are shown in figures 13a and 13b. 	For the small-deflection 

(linear) solution a finer mesh results in larger displacements. 	Figure 

13a shows the percentage increase in displacement due to mesh fineness com- 

pared to displacements found by a 2x2 mesh. 	(Mesh size is quoted for a 

quarter of plate). 	The same figure shows that even using a 4x4 mesh an 

accuracy of 0.18%, and using a 6x6 mesh one of 0.07% can be achieved. 

The mesh convergence for the elastic large deflection (non-linear) 

solution has been investigated for the same plate subject to the pressure 

ratio qa
4
/Et

4 
= 119.05 which results in a central deflection of about 1.34 

times the plate thickness. 	The limiting percentage set for convergence 

was 0.5% (see section 3.4.3). 

The large-deflection result is more closely predicted by a finer 

mesh, i.e. a finer mesh results in smaller out-of-plane displacements at 

the centre. 	The percentage decrease in central displacement compared 

to the results obtained using a 2x2 mesh is shown in figure 13b. 	This 

figure shows that a 4x4 mesh will give results with an accuracy of 1% and 

that an accuracy of 0.4% can be expected using a 6x6 mesh. 

The load-central deflection curves for the same plate with 
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different mesh sizes (2x2, 4x4 and 12x12) are plotted in figure 14 and, as 

can be seen, the results for the last two mesh sizes are very close. 

4.2.1.3 Elasto-Plastic Isotropic Plate 

For a square isotropic plate with in-plane boundary conditions 

type V two solutions considering material non-linearity and combined geo- 

metric and material non-linearity are presented. 	For the simply supported 

case a plate slenderness a/t = 40 has been chosen. 

The first solution (considering material non-linearity only) for 

a simply supported plate has been compared with results reported by 

Crisfield(103)  (finite element 6x6 mesh, Ilyushin yield criterion) 

and Yam and Das
(87) 

(finite differences ) and close agreement is observed 

(figure 15). 	The second solution (considering both geometric and material 

non-linearity)is compared with a solution obtained by a program developed 

by Frieze
(111) 

using a dynamic relaxation method (figure 15). 	The agree- 

ment is excellent. 

For the built-in case a plate with a/t = 60 has been analysed and 

two elasto-plastic solutions are obtained (figure 16). 	The elasto-plastic 

small deflection solution has been compared with results presented by 

Bhaumik
(82) 

(finite differences, 5x5 mesh) and the agreement is very good. 

The elasto-plastic large deflection solution has been compared again with 

results from Frieze's program and good agreement is obtained. 	The small 

discrepancy for higher load levels may be due to different mesh sizes used 

in both solutions. 

4.2.2 
	

Stiffened Plates  

In this section some stiffened plates are analysed and elastic 

and elasto-plastic solutions are obtained. 	For many cases no comparable 

solutions could be found in the literature and so the number of case studies 
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is restricted. 

4.2.2.1 Elastic Linear Solution for a Discretely Stiffened Plate 

The elastic linear solution is obtained for a simply supported 

plate with a longitudinal and a transverse stiffener at the centre for two 

different in-plane boundary conditions. 	The plate is subject to a uniformly 

distributed lateral load on the plate side so that the stiffeners are in 

tension. 	The plate dimensions are shown in figure 17. 

For the plate with restrained edges (K
x 

= S
x 
= Ky  = Sy  = cc.), 

displacements and forces and moments in plate and stiffener at different 

sections of the plate are compared with results obtained from a finite 

element program developed by Moffatt(23)(figures 18 and 19). 	The results 

for the plate with free in-plane displacements at the edges (K = K = S = S,7   
xyx 

0) are compared with the solution found by a program developed by Lyons
(142) 

using a finite element method (figures 20 and 21). 	In both cases the 

agreement is very good, only some discrepancies are observed in in-plane 

displacements, particularly for plate with restrained edges. 

Figures 18 - 21 show very clearly the expected deflection shape 

and the distribution of forces and moments in discretely stiffened plates 

which cannot be predicted by orthotropic plate theory. 

4.2.2.2 Elastic Non-Linear Solution for a Discretely Stiffened Plate 

For a square plate with a longitudinal and a transverse stiffener 

at the centre, elastic non-linear solutions are obtained for different 

boundary conditions. 	The plate is subject to uniformly distributed lateral 

load on the plating side, so the stiffeners are in tension. 	The plate and 

stiffener dimensions are given in figures 22 and 23 in non-dimensionalised 

form. 
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Two different flexural boundary conditions (simply supported 

and built-in) and three different in-plane boundary conditions (type I, III 

and IV) are studied. 	The load-central deflection curves for simply 

supported and built-in plates are given in figures 22 and 23 respectively. 

No comparable results could be found for these cases. 

4.2.2.3 Mesh Convergence for Elastic Linear and Non-Linear Solutions 

The mesh convergence has been investigated for both elastic 

linear and non-linear solutions for the plate shown in figure 24 with 

restrained edges. 	The two solutions have been obtained for different 

mesh sizes for the case of uniformly distributed lateral load. 	Figure 

24 shows the percentage improvement in the prediction of out-of-plane 

displacements for points A and C for finer mesh sizes compared to results 

obtained using a 4x4 mesh. 	It is clear here that because of the stiffener 

a finer mesh is needed compared to unstiffened plates. 	This is because 

the quarter plate is similar to a plate partially built-in at two edges. 

Even so, figure 24 shows that with a 6x6 mesh the small deflection solutions 

for points C and A can be achieved with an accuracy of 1% and 2% respectively. 

The large-deflection solutions used to test the mesh convergence 

are obtained for a pressure ratio of qa
4
/Et

4 
= 285.7 which results in a 

central deflection of about 1.21 times the plate thickness. The limiting 

percentage for convergence in the iterative solution method was set at 

1% (see section 3.4.3). 

4.2.2.4 Elastic Stiffened Plate 

To obtain solutions which can be compared with results of avail-

able solution methods three equivalent stiffened plates with seven 

stiffeners in each direction have been analysed. 	The first plate has 

eccentric stiffeners underneath so that when the uniformly distributed load 
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is applied on top the stiffeners are in tension. 	The second plate has 

concentric stiffeners but the stiffener dimensions are chosen such that 

their elastic rigidity as an orthotropic plate is the same as the first 

plate. 	The third plate is similar to the first one but the stiffeners 

are connected to the top side so that they are in compression for the 

given loading. 	Load-central displacement curves for all three cases 

have been obtained and are presented in figure 25. 	Since the three 

plates have equivalent rigidities a load-central deflection curve has 

been produced from a program developed by Frieze(111) using orthotropic 

plate approach. 	Whereas the solution found for the concentric stiffened 

plate shows a very close agreement with the solution based on•orthotropic 

plate theory, the other two solutions show very different displacements 

especially at higher load levels. 	The difference is caused by stiffener 

eccentricity the effects of which can only be crudely approximated by "ortho-

tropic plate theory" in the evaluation of the orthotropic plate rigidities. 

4.2.2.5 Elasto-Plastic Beam 

A simply supported beam subject to uniform lateral loading has 

been analysed as a special case to check the stiffener part of elasto- 

plastic solution. 	The beam is hinged and horizontally restrained at 

both ends. 	Its dimensions are given in figure 26. 	The mesh length is 

L/10 (5 meshes over half the length, n = 5) and the beam section is div-

ided into six layers for plastic analysis. Three different solutions 

are obtained and are presented in figure 26. 	The elastic linear solution 

is compared with the elementary beam theory solution. 	The elastic non- 

linear solution has been compared with results presented by Timoshenko 

and Winowsky-Krieger
(12) 

and excellent agreement is observed. 	The solution 

considering both geometry and material non-linearity is compared with 
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results presented by Baecklund
(141) 

and Moan and Soreide
(20) 

and very good 

agreement is found (especially with Moan's results). 	Unloading occurred 

after reaching a load of .8 MN/m and a load-central deflection curve was 

obtained. 	The unloading curve shows close agreement with Moan's result. 

4.2.2.6 Elasto-Plastic Analysis of Longitudinally Stiffened Plate 

The longitudinally stiffened plate shown in figure 27 has been 

tested by Pelikan
(38) 

for a point load at the centre. 	The geometry and 

boundary conditions are shown in figures 27 and 28. 	The same plate has 

been analysed by Moeller
(134) 

using a finite element method. 	Elasto- 

plastic large deflection solutions have been obtained for two different 

boundary conditions for the plate ignoring the two edge stiffeners. 	In case 

I it is assumed that all edges are free to displace in-plane. 	In case II 

the edges parallel to the x-axis are the same as in case I but the other 

two edges are free to pull in but tangentially restrained. 	The present 

load-central deflection curves and Pelikan's and Moeller's results are 

shown in figure 27. 	The result for case II which is nearer to the actual 

test boundary conditions is fairly close to the test result. 	The larger 

displacements obtained may be caused by neglecting the edge 

stiffener and assuming free normal-to-edge displacements for edges parallel 

to the y-axis. 	Figure 28 shows the lateral displacement profiles for 

centre-line sections at different load levels. 

4.2.2.7 EZasto-Plastic Analysis of Orthogonally Stiffened Plate 

The simply supported square plate reinforced in both direct-

ions by open rib sections as shown in figure 29 has been analysed by 

Kagan and Kubo(99). They used Vogel's(69'76)  coupled partial differ-

ential equations for orthotropic plates and extended these to include 
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the effect of yielding. They distributed a portion of the membrane forces 

to the stiffeners and assumed that no unloading occurred in the ribs and 

that the plate remained elastic. They have presented three solutions for 

the above mentioned stiffened plate. Firstly, an elastic linear solution 

using Huber's
(37) 

equations and secondly, an elastic non-linear solution 

based on Vogel's equations, and finally, an elasto-plastic solution using 

the assumption that the plate remains elastic and only the stiffeners yield 

in tension. In reference (99) it is not clear whether for the elasto-

plastic solution geometric non-linearity is also taken into account or only 

material non-linearity has been considered. Neither are the in-plane 

boundary conditions given but it would seem that the edges were free to 

displace in-plane. The same plate has been analysed for this boundary con-

dition using the present program and four different solutions have been 

obtained and are given in the form of load-central deflection curves in 

figure 29. Where the elastic results show very close agreement to Kagan's 

solutions, the present elasto-plastic solutions differ very much from 

Kagan's elasto-plastic solution. 

4.2.2.8 Elasto-Plastic Analysis of Discretely Stiffened Plate 

The elasto-plastic behaviour of a simply supported plate with a 

longitudinal and a transverse stiffener subject to uniformly distributed 

lateral load has been investigated. 	The plate's dimensions and the elasto- 

plastic large-deflection solution in the form of a load-central deflection 

curve are given in figure 30. 	In the same figure the elastic non-linear 

solution for the same plate and both the elastic and elasto-plastic non-

linear solutions for the same plate without stiffeners are also given for 

comparison. 	The spread of plasticity in the plate and stiffeners and 

the deflection profiles for different load levels are shown in figures 30 
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and 31. 

4.3 	PLATES SUBJECT TO UNIAXIAL IN-PLANE LOADING 

In this section some unstiffened and stiffened plates subject 

to uniaxial in-plane loading have been analysed. The in-plane loading 

has been achieved by applying two opposite but equal and constant dis- 

placements normal to the edges parallel to the x-axis. 	In most cases 

it is assumed that the other two unloaded edges are free to displace nor- 

mally and tangentially to the edge. 	Other boundary conditions used in 

some cases will be discussed when dealing with the particular examples. 

All plates have initial out-of-plane displacements and in the 

case of stiffened plates the stiffeners have an initial out-of-flatness. 

In some cases the effect of residual stresses in plate and stiffeners has 

been also taken into account. 

In all examples because of geometric and loading symmetry only 

a quarter of the plate needed to be considered in the analysis. 

4.3.1 
	

Isotropic Plates  

4.3.1.1 Elastic Isotropic Plate 

The post-buckling behaviour of an initially imperfect square 

isotropic plate subject to uniform direct compression has been investigated. 

The loading is achieved by the application of a constant displacement normal 

to the edge. 	The tangential displacement at the loaded edge is free. 

The unloaded edges are free to displace normally and tangentially to the 

edge. 	Two solutions, for simply supported and built-in plates are obtained 

and are given in the form of average stress-central deflection curves in 

figure 32. 	The solution found for the simply supported plate is compared 

with results presented by Yamaki(59)  and Crisfield(17) 	Yamaki used 
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double trigonometric series with four coefficients to solve Marguerre's(46) 

fundamental equations for initially imperfect plates. 	Crisfield used the 

finite element method. 	The present solution for the built-in plate has 

been compared also with Yamaki's result. 	Whereas the stress-deflection 

curve for the simply supported plate is very close to both Yamaki's 

and Crisfield's results, the solution for the built-in plate shows larger 

central displacements, especially for higher stresses due to the mesh 

size. 	A better agreement will be achieved with a finer mesh also for 

the built-in plate. 

4.3.1.2 Elasto-Plastic Isotropic Plates 

In this section the elasto-plastic behaviour of three different 

isotropic plates subject to uniform compressive displacement are investi- 

gated. 	Residual stresses and different initial geometric imperfections 

have been considered to check the different aspects of the present theory 

and the program. 	The examples are chosen so that the effects of different 

parameters such as plate slenderness, initial out-of-plane displacements 

and residual stresses can be observed. 

Plate with b/t = 40: For three different initial out-of-plane 

displacements, the load-shortening and load-central deflection curves are 

given in figures 33 and 34. 	These curves are compared with results 

reported by Harding
(113), 

 who used dynamic relaxation and the von Mises' 

yield criterion. 	The agreement is very good and the differences are 

typical for the two different yield criteria used in both solutions. 

However in all three cases the ultimate loads are very close. 

Plate with b/t = 55: For this plate two solutions with and 

without residual stresses are obtained. 	The residual stresses are assumed 

to be due to the welding of the edges parallel to the y-axis. 	For the 
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distribution of residual stresses the simplified rectangular block 

distribution proposed by Dwight and Moxham(7) has been adopted (figure 35). 

The results for both cases are given in the form of load-shortening curves 

in figure 36 and load-central displacement curves in figure 37. 	These curves 

have been compared with results presented by Moxham
(101), 

 Crisfield(17) and 

Harding(113), Moxham adopted the Ritz approach and used Fourier series 

to calculate the potential energy. He used a 9x9 mesh and the plate was 

divided into 5 layers. 	Crisfield used the finite element method and his 

results are based on the Ilyushin yield criterion. 	The present results 

show excellent agreement with Crisfield's results for both cases with and 

without residual stresses. 	But the present ultimate loads are higher by 

6% than those presented by lioxham and Harding who used a different yield 

criterion. 

Plate with b/t = 80: Figure 38 shows the plate dimensions and 

the present average stress-average strain curve which is compared with 

solutions presented by Moxham
(101) 

and Crisfield
(17) 	

The average 

stress-central deflection curve is given in figure 39. 	For both curves 

a close agreement, especially with Crisfield's results, can be observed. 

4.3.2 	Stiffened Plates  

4.3.2.1 Elastic Plate with a Single Stiffener 

The elastic post-buckling behaviour of a wide range of simply 

supported plates with a single stiffener at the centre has been investi-

gated by Weiss and Zaenkert
(81) 

using an improved finite difference method. 

The effect of different parameters such as initial out-of-plane displace-

ments of the plate, stiffener eccentricity and its extensional and flexural 

rigidity have been studied. 	Here two plates have been chosen to be 
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analysed by the present program to assess its accuracy. 	In both plates 

the stiffener is in the direction of loading and at the plate's centre- 

line. 	Both plates are equivalent in respect of elastic rigidity ratios 

6 and y . 	The only difference is in the arrangement of the stiffener 

which is concentric in one case (fig. 40) and eccentric in the other 

(fig. 41). 	For each plate two different types of in-plane boundary 

conditions have been considered. 	In the first case all edges are shear 

free and the unloaded edges are restrained to remain straight such that 

there is no resultant transverse edge load. 	The same conditions have 

been adopted by Weiss and Zaenkert. 	In the second case the unloaded 

edges are free to displace in-plane. 	The plate panels between the 

edges and the stiffener have sinusoidal initial out-of-plane displacements 

towards the stiffener as: 
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For the plate with concentric stiffener2  the average stress-maximum 

deflection curves for both cases of constrained and free unloaded edges 

are given in figure 40. 	Figure 41 shows the same curve for the plate 

with the eccentric stiffener. 	For both plates the solutions for con- 

strained cases are compared with-results presented by Weiss and Zaenkert 

and good agreement is observed. 	The buckling loads given by Weiss and 

Zaenkert for both plates are also shown in figures 40, 41. 	A comparison 

of the curves of figure 40 with those of figure 41 shows that for the 

stiffeners with the same d and y the plate with eccentric stiffener 

is more rigid and shows smaller out-of-plane displacements for the same 

load level. 
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4.3.2.2 Elasto-Plastic Analysis of a Plate with a Single Stiffener 

For a simply supported plate with a longitudinal stiffener sub-

ject to uniform compressive displacement, the elastic and elasto-plastic 

behaviour have been investigated. Also the behaviour of a hybrid plate 

(assuming a higher yield stress than that of the plate for the stiffener 

a 
os 

= 1.4 ao
) has been studied. The plate's dimensions are given in 

figure 42. The linear buckling load is very high since,because of the 

flexurally strong stiffener, the buckling occurs in plate panels between 

the edges and the stiffener. The load-shortening curves for both elastic 

and elasto-plastic analyses are given in figure 42. The load-deflection 

curves for points A and C are shown in figure 43. Figure 44 shows the 

spread of plasticity in the stiffener and plate and the deflection pro-

files for different sections. The ultimate stress is about 0.8 times 

the yield stress and only a half of the buckling stress. 

4.3.2.3 Longitudinally Stiffened Plate 

The elastic post-buckling behaviour of the longitudinally 

stiffened plate shown in figure 45 has been investigated by Bilstein(79,80).  

The plate has a low buckling stress of 788 Kp/cm
2 compared with the yield 

stress of 2400 Kp/cm
2
. 	The plate has sinusoidal initial out-of-plane 

displacements with wo  = 1.0 t. 	Although the present theory has been 

derived for stiffeners with solid rectangular cross-section, ignoring 

the effect of warping, the above mentioned plate with L-stiffeners has 

been analysed approximately. 	The elastic load-central deflection curve 

is shown in figure 45. 	The results are very close to Bilstein's solution 

up to 1.1 times of the buckling stress, but later the present method gives 

larger displacements and at 1.84 times of the buckling stress the 

stiffeners fail. 	The larger deflections observed in the present method 

will be also caused by in-plane buckling of the stiffener which has not 

been included in Bilstein's solution. 
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4.3.2.4 Elasto-Plastic Stiffened Plate with Residual Stresses 

A range of simply supported longitudinally stiffened steel 

plates has been tested by Fukomoto et al.(4)  for uniformly distributed 

edge compression in one direction. 	One of these, shown in figure 46 has 

been analysed using the present program. 	The actual and the assumed 

residual stress patterns are shown in figure 46. 	The assumed residual 

stress patterns are so determined that the self-equilibrating conditions 

are satisfied independently within each plate subpanel and within each 

stiffener. 	The maximum values of measured initial plate deflection and 

of initial displacement along the free edges of stiffeners are 

1.03 mm and 0.54 mm respectively. 	The loaded edges were simply supported 

and the specimen was set in position so that the axial line load was 

applied through the centroidal axis of the end cross-section of the 

specimen. 	The unloaded edges were simply supported and stress free. 

These edges were supported vertically by steel pipes of 22 mm diameter of 

75 mm spacing along the edge. 

The load-deflection (figure 47) and load-shortening curves 

(figure 48) have been obtained for three different values of initial 

deflections and residual stresses. 	The ultimate stress obtained for the 

initial deflection and residual stresses similar to the test conditions 

is 0.96 times of the yield stress which is about 13% higher than that of 

0.835 found by testing. The analysis shows an overall buckling of 

the stiffened plate towards the stiffener, which was also observed in 

the test. 	The difference in ultimate load will be caused mainly by 

the support conditions at unloaded edges. 	Fukumoto et al. mention in 

their report that their results seem to be low in strength compared with 

the other test results as well as the theoretical predictions. 	As one 
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of the main reasons for the discrepancy, they recognize that the de-

flections of the plate were not rigidly constrained along their unloaded 

edges. 	In the present solution the initial out-of-flatness of stiff- 

eners was also less than those of the test specimen. The ultimate 

stress obtained for a maximum initial deflection of 1.0 times of plate's 

thickness is only 4,5% larger than the test result. 	The deflection 

profiles and the spread of plasticity in stiffeners and plate for dif-

ferent load levels are given in figures 49, 50 and 51. 

4.4 	PLATES SUBJECT TO COMBINED DIRECT AND SHEAR IN-PLANE LOADING 

As a further example to demonstrate the application of the 

present theory, the response of stiffened and unstiffened plates subject 

to combined shear and in-plane bending has been studied. 	This type 

of loading occurs in the web panels of plate. and box girders such as those 

used in bridges. 	The behaviour of isotropic plates subject to such 

loading has been investigated by Crisfield(17), 	Harding 
(113)

and 

Frieze
(111)

• 	
(114,143) 

Harding et al. 	have presented a detailed 

study on this subject, discussing the effect of different parameters 

such as plate slenderness ratio, initial imperfection and residual stresses. 

The direct and shear in-plane loading has been applied as in-plane normal 

and shear displacements along the edges. 

Isotropic Plates 

 

Elastic Plate Under Shear Load 

The post-buckling behaviour of the simply supported plate shown 

in figure 52 has been investigated earlier by Williams 53) and Crisfield(17)  

using a dynamic relaxation and a finite element method respectively. 
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All edges are constrained to remain straight and the loading is applied 

as axial and shear displacements. 	The average shear stress-central 

deflection curve is obtained for two different mesh sizes and is compared 

with results presented by Williams and Crisfield. A very close agreement 

with Williams' solution is obtained (figure 52). The out-of-plane deflection 

profiles across the tensile and compressive diagonals for different load 

levels are also shown in figure 52. 

4.4.1.2 Elasto-Plastic Square Plate 

A simply supported square plate with the slenderness ratio 

a/t = 120 has been analysed for combined shear and in-plane bending. 

The loading is applied as in-plane normal and shear displacements along 

the left and right hand sides of the plate and shear displacements along 

the top and bottom edges as shown in fig. 53. 	The top and bottom edges 

are unrestrained and there are no transverse in-plane stress components 

along these edges. 	Average stress-strain curves are plotted in fig. 53 

and are compared with results presented by Harding et al. 
(143) 

 . Although 

they used a different yield criterion (von Mises'yield criterion, multi-

layer approach) than that used in the present solution, a close agreement 

can be observed between results. 	For different load levels, out-of- 

plane deflection profiles along .the tensile and compressive diagonals 

are plotted in figure 54, which show the upward buckles along the com- 

pressive diagonal. 	The out-of-plane deflection contours expressed as 

multiples of the plate thickness t are shown in figure 56. 

4.4.2 	Stiffened Plates 

Stiffened web panels are used frequently in marine and civil 

engineering structures and in general they are subjected to combined in- 
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plane bending and shear loading. 	In this section some stiffened web 

panels are analysed and since no similar solutions are available, the 

results are compared with solutions obtained by Harding et al.
(143) 

for 

isolated plates with restrained and unrestrained edges. It is of part-

icular interest to note that the examples presented form part of a series 

used to validate a design procedure currently being incorporated into the 

new British bridge code. Five different plates each with two stocky flat 

stiffeners have been analysed. 	The square centre panels of three plates 

have a slenderness ratio aft = 60 and this ratio for the other two 

plates is 120. 	The depth/thickness ratio is constant and equal to 8 

for all stiffeners. 	For plates with aft = 60, three different stiffeners 

thickness values of 0.5 t, 1.0 t and 2.0 t and for plates with a/t = 120 

values of 0.5 t and 2.0 t have been considered. 	Harding (143)  has analysed 

two plates with the same dimensions with stiffener positions represented 

by zero deflection nodal lines but without stiffeners. 	Loading and 

plates dimensions are shown in figure 55. 	This figure also shows the 

average shear stress-strain curvesfor the centre panels of plates with 

a/t = 60 and a/t = 120 respectively. 	Harding's results for similar re- 

strained and unrestrained single panels and the three panel deep webs are 

also plotted for comparison. 	In both cases of a/t = 60 and a/t = 120, the 

restrained single panels are the strongest, but for plates with stronger 

stiffeners (t
s
/t = 2) the centre panel strength is very close to that 

the restrained single panel. 	In the case of a/t = 120 the difference 

in ultimate strength for the restrained single panel and the stiffened 

plate with ts
/t = 2.0 is about 3% and for a/t = 60 this value is about 

4%. 	For a/t = 60 the ultimate strengths for ts/t = 0.5 and ts/t = 1.0 

are about 0.88T0 and 0.93T0  respectively. 	For t
s
it = 2. no convergence 
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was achieved after y / yo  = 0.95 with T = 0.93 To  which may indicate 

stiffener failure. 	For a/t = 120 the computed ultimate strengths 

are 0.78 T
0 
 and 0.89 T

0 
 for t

s/t = 0.5 and ts/t = 2.0 respectively. 

In figure 55 the results for plates with a/t = 60 show that even for a 

large stiffener thickness , stiffener failure is occurring, probably 

due to the failure of the adjacent compression panels. 	Figure55 shows 

also that for plates with weak stiffeners the strength is even less than 

that of an unrestrained single panel which is due to the out-of-plane dis- 

placements along the stiffe er location. 	In the case of plates with 

strong stiffeners although the ultimate strength is close to that of 

restrained single panels the deflection shapes are completely different. 

This can be seen from figure 56 comparing the contours of out-of-plane 

displacements for the stiffened plates with that of the single panel. 

Figure 57 shows the average shear stress-strain curves for the whole 

stiffened plates. 	The variation of shear stress distribution for the 

plate with a/t = 120 is shown in figure 58. 	Figure 59 shows the dis- 

tribution of transverse stress components along the top and bottom edges 

for two different load levels. The distribution of normal stress in 

right and left-hand sides and at the centre-line are shown in figure 60. 

The practical implications of this study are discussed in the conclusions 

to the thesis. 
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CHAPTER 5 

CONCLUSIONS AND FUTURE WORK 

5.1 	CONCLUSIONS 

(1) The three governing simultaneous non-linear partial differential 

equilibrium equations presented for the first time in this 

thesis can account for the real elasto-plastic behaviour of dis-

cretely stiffened plates by considering plate and stiffeners 

separately rather than assuming an orthotropic continuum. The 

main advantage of the present method is its ability to consider 

different possible types of buckling which may occur and their 

interaction. Factors which have a significant effect on the 

behaviour of stiffened plates such as material properties, 

initial deflection and residual stresses are included in the 

present theory. 

(2) The use of non-linear equilibrium equations in terms of forces 

rather than displacements makes the method especially suitable 

for elasto-plastic analysis. 

(3) The finite difference method used for the numerical part of 

this work has some advantages compared to other available tech-

niques. At each node there are three variables which is less 

than the five degree of freedoms used by the finite element method. 

Furthermore, in this method, the treatment of stiffeners 

involves only some changes in the rigidities of the appropriate 

nodes rather than the addition of new elements as in the finite 

element method. These result in savings on computer time and 
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storage and also help to avoid numerical instability even for 

reasonably large problems. 

(4) The non-linear equilibrium equations are solved by a modified 

Newton-Raphson iterative method which uses the linearised 

equations in terms of displacements from which the matrix of 

coefficients is generated and its inverse is computed only once. 

It thus avoids the necessity of generating a new "tangent stiff-

ness matrix" and solving the corresponding equations at each 

iteration. The application of Aitken's S2-extrapolation partly 

restores the loss in the speed of convergence (compared to the 

quadratically convergent original Newton-Raphson method) and in 

many instances ensures convergence where the modified Newton-

Raphson method would have failed. 

(5) In general, for cases of lateral loading the convergence is very 

quick and only 2-4 iterations are needed for each load increment. 

For instability problems, particularly for slender plates, a 

larger number of iterations is required. In such cases the con-

vergence speed and also the result depend very much on the size 

of the load increments. Different convergence criteria have been 

used depending on the type of the structure and loading. 

(6) The examples presented demonstrate the wide range of applicability 

of the present method to the analysis of stiffened plates subject 

to different types of loading and having different flexural and 

membrane boundary conditions. 

(7) The comparisons of solutions from the new analysis with existing 

theoretical and experimental results have established its accur- 



96. 

acy. Although the present method was derived for solid rectang-

ular sections, the analysis of a plate with L-stiffeners showed 

that even in such cases fairly accurate results can be achieved. 

Although the von Misesl yield criterion (multi-layer approach) can 

be easily incorporated into the present analysis, the examples 

quoted herein have shown that sufficiently accurate solutions can 

be achieved in most cases using the Ilyushin approximate yield 

criterion. 

(8) 	The method has been used to help formulate a new design method 

for longitudinally stiffened plate or box girder webs. The basic 

philosophy used in this method is to design outer plate panels of 

such webs as unrestrained (against in-plane movement) and inner 

panels as restrained. It was essential to establish the criteria 

which should be met to ensure the validity of this approach. 

Comparisons between existing elasto-plastic plate programs 

developed for isolated panels and the present program which can 

accurately represent a multi-stiffened panel, quickly established 

that the stiffeners bounding inner panels would have to provide 

sufficient axial stiffness to ensure that inner panels could be 

safely treated as restrained panels - a factor which had been 

overlooked in the original formulation of the design procedure. 

5.2 	FUTURE WORK 

(1) 	The relevant design parameters for stiffened plates are too 

numerous to be investigated thoroughly using an experimental 

approach. However, numerical studies using the present method 

could generate results covering the range of practical parameters 
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in a more economical and efficient manner. Thus the analysis 

may be used for future parametric studies on which limit state 

design rules for multi-stiffened plated structures can be based. 

(2) The present analysis should be extended to allow for the effects 

of stiffener warping so that sections other than flats can be 

more accurately covered by the method. 

(3) The edges of the plate are assumed to be rigidly supported and 

not to have any stiffeners in the analysis presented, but often 

the plates have some edges which are free and even more often 

edge stiffeners are present. Therefore, it would be useful to 

extend the range of boundary conditions covered by the analysis. 

(4) In the present work the initial out-of-plane displacements of 

plate and also the out-of-straightness induced in stiffeners due 

to these displacements have been considered. However, it is 

not difficult to include the additional initial bow of stiffeners. 

(5) Future research is needed to consider the effect of shear stress 

due to torsion on the stiffener yielding. 

(6) Future research should be directed towards the optimization of 

solution techniques for non-linear equations for special problems 

such as stiffened plates. 

(7) Further analysis with finer mesh divisions should be undertaken 

and more experimental verification is needed. 
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APPENDIX A 

EQUILIBRIUM EQUATIONS IN TERMS OF FORCES FOR DIFFERENT NODE TYPES 

In 2.1.1.2 the interactive forces at the junction of plate and 

a longitudinal (x-direction) stiffener were obtained. The interactive 

forces of the plate and a transverse (y-direction) stiffener are found 

from equations (11)-(14) by replacing displacement v by u, subscript 1 

by 2 and interchanging x and y: 

F
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Similar to equations (18)-(20), the equilibrium equations for nodes on 

stiffeners in y-direction can be written: 
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The equilibrium equations at the intersections of longitudinal and 

transverse stiffeners are obtained by writing for interaction forces 

(F
xl 

/ Ay + Fx2 / Ax) etc....in equations (15)-(17), and then expressing 

the interaction forces in terms of internal forces in plate and stiff-

eners as in the previous cases: 

+NA2 2 	+ —) = 0 (A-8) 
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Finally for all other points the usual equilibrium equations of unstiff-

ened isotropic plates can be written as a special case of equations (18-

20) with the body forces omitted: 
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APPENDIX B  

EQUILIBRIUM EQUATIONS IN TERMS OF DISPLACEMENTS FOR DIFFERENT NODE TYPES 

Equations (35)-(37) in 2.1.1.4 are the linearised equilibrium 

equations in terms of mid-plane displacements of the plate for points on 

the longitudinal (x-direction) stiffeners. Similar to these, the equi-

librium equations for nodes on stiffeners in y-direction can be written: 
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Combination of equations (B-1)-(B-3) and (35)-(37) gives the equilibrium ' 

equations for nodes lying on intersection of stiffeners: 
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Finally for all other points the usual small-deflection equilibrium 

equations of isotropic plates can be written as a special case of 

equations (B-4)-(B-6): 
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APPENDIX C  

ILYUSHIN YIELD CRITERION AND DERIVATION OF ELASTO-

PLASTIC TANGENTIAL RIGIDITIES 

(a) 	Ilyushin YieZd Criterion 

Ilyushin used the von Misesl yield criterion to derive a complex 

yield surface for thin shells(89). Using mid-plane strain- and curvature 

components, he determined equivalent strains eil  on the top surface, ei2  

on the bottom surface and e. the minimum value of e. on a distance z 
10 	1 	0 

from the plate centre. Depending on whether zo  lies inside or outside the 

section, the case was described as "bending dominant" or "in-plane domin-

ant" respectively. The yield surface was derived as : 

f (Qt ' Qm' Qtm)  = ° (C-1) 
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t
, Otm  and Qtm 

are non-dimensional quadratic stress intensities: 
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and the two parameters (1) and p: 

(1) 	e. / le. 	, II = (a. 	/ e. 
12 11 	10 11 

(C-4)  

Ilyushin gave two sets of functions f1
-f
3 
for the "bending dominant" and 

"in-plane dominant" cases. Subsequently considering the two limiting 

conditions of pure bending and pure in-plane action and variation of the 

surface due to Q
tm
, he proposed a simple approximation to the exact sur-

face for the bending dominant case in which the parameters (I) and p are 

eliminated: 

1 

Qt + Qm + 7.i. IQtm I = 1 (C-5)  

Using equations (C-2), (C-3) and (C-5), the yield criterion can he written 

in terms of the six stress resultants as: 

 

isi 	4 s MN 	16 IT 
t2 G2 	t3 G2 	t4 

 u 	

1 (C-6)  

where 
MN 

s = 

IRNI 

 

This criterion is based on the assumption that the equivalent stress is 

at yield throughout the full depth of the section, hence the surface yield 

and the gradual spread of plasticity through the depth of the plate can 

not be considered. It has been used recently for isotropic plates by Cris-

field
(17) 

and Frieze
(111) who 

gives also its derivation in detail. Cris-

field found that the present criterion is less satisfactory for problems 

involving instability since the "full section yield criterion" underesti-

mates the loss of stiffness at loads for which the curvatures are not very 

large, and he proposed some modifications to the Ilyushin criterion for 

"in-plane dominant" cases
(103) 
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(b) 	Derivation of Elastic-Plastic Tangential Rigidities 

The Ilyushin criterion was derived for two dimensional problems 

N 	4 s MN 	16M 
as: 

f- 1 

t
2 
a 

3 2 4 2 2 
0 	

t Cr0 t cro  
with 	s - 

17'171 

For plastic flow to remain on the yield surface, any variation in the 

generalised stress resultants must be such that no variation occurs in f: 

where 

g ={f n}T {AN} ffm1T  {Am} = 0 
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To avoid the discontinuity in the partial derivatives of f as MN 0, s is 

made zero when MN is very small (It+ MN /(T t3  0.(2))1 < 10-4  ). Although the 

Ilyushin criterion is based on a deformation theory stress-strain law, it 

is concluded by some investigators
(136, 137) that it should still be appl-

icable when a flow rule is employed. Based on this conclusion, assuming 

that equation (C-6) may be treated as a plastic potential, Crisfield(17)  

used the Prantl-Reuss flow rule which was originally intended for materials 

obeying von Misestyield criterion. Using the Prantl-Reuss flow rule, the 

plastic strain component is normal to the yield surface: 

{Acp } = A {f n } 
	 1 	(C-9) 

{Axp } = 	{fm} 

where X is a positive scalar. The elastic incremental stress resultants 

are determined by assuming a Hookean incremental stress-strain relation- 



{ON} = t [E] ({pct} - {Acp} ) 

t3 
 

{AM} = — 12 [E] ({Axt} 	{Axp}) 
} (C-10) 
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can be found as: 
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Substituting for X from (C-11) into (C-9), the plastic strain increments 

may be related to the total strain increments: 

1 t
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(C-14)  

Substituting equation (C-13) in equation (C-10) gives the relationship 

between the increments of the generalised stress resultants and the 
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increments of total generalised strain: 

= [c*] {6,6t} + [cd] {Axt} 

{AM} = Lcd]T {Act}  + [D*1 {Axt} 

(C-15) 

 

  

LC 
	j 1 where LC 	, LID 

, 
j and [cd] are the tangential elasto-plastic modular 

matrices and are given by: 
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with [I] as unit matrix. 
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APPENDIX D 

EQUILIBRIUM AND FORCE-DISPLACEMENT EQUATIONS IN INCREMENTAL FORM 

Interactive forces and equilibrium equations (11)-(17) for 

nodes lying on a longitudinal (x-direction) stiffener are given below 

in incremental form. Corresponding equations for other types of nodes 

can be written similarly and are omitted here. 

Interactive forces: 
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Equilibrium equations: 
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 of the current load increment. w, vcl 
and u

cl 
are total dis-

placements including the current displacement increments. For example, 

for the i-th load increment we have: 

W = W. 	+ Aw. W 
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Incremental stress-strain relationships for the elastic-plastic plate 

were given in Appendix C in matrix form as: 
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w is the net displacement up to application of the current load increment. 

The force-displacement relationships for stiffeners in the elastic range of 

given by equations (27)-(30). For the incremental iterative solution of 

instability problems in the elastic range, they are given here in their inc-

remental form. However after the onset of plasticity they are not valid 

and have to be modified. 

Incremental force-displacement equations for stiffeners in elastic range: 
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1 2 ax 	ay 

(D-5)  

(D-6)  

For the plastic range the stiffener section is subdivided into rectangular 

elements (Fig. 6). Consistent with the assumption that plane sections be-

fore bending remain plane after bending, the strain at the centre of each 

element can be found from the mid-plane strains and curvatures of the plate. 
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The axial strain at the centre of element i of a longitudinal (x-direction) 

stiffener cross-section is given by: 

9
2
w 	a

2
v. 

. 	1 
E 	= Ex 	

e 
v
. 

xi 	i 
ax
2 ehi 

ax
2 

a
2
w 	a

2
v 	a3 w 

Ex evi 2 - ehi ( 
ax 	ax

2 evi 
ax
2
ay 

and its incremental form is: 

	

a
2Aw 	a

2Av 	D
3Aw 

Ae 	= AE - e 	- e 	( 	e 	 ) 
xi 	x 	vi 	2 	hi 	2 	vi 

ax
2
;y ax 	ax 

(D-7)  

(D-8)  

e 
vi 
 and  le

hi 
 are the distances from the centre of the element i to the 

reference axes. The increment in axial stress will be: 

Aa = E AE xl 	xl 
(D-9)  

At each iteration the total stress at each element is checked and if it 

exceeds the yield stress, the stress increment for that element will be 

set equal zero. With the stress increment known, the force increment for 

the element with the area 6A. is given by: 

A6NAli := Aa 	(SA. xi 1 
(D-10)  

Summation of the element force increments for the entire cross-section 

results in the total axial force increment of the stiffener: 

ANA1 = E A6NAli 
	 (D-11) 

The vertical moment AN is obtained by summing up the moments of all the 

element force increments about the stiffener's horizontal axis, that is: 

AMV1 = E ASNA, ( evi  - e ) 	 (D-12)  

Similarly the horizontal moment increment /Via  can be written as: 

84111 = 	A6NAli ehi 
	 (D-13) 
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APPENDIX E  

FLOW CHART FOR THE ITERATIVE SOLUTION PROCEDURE 

k 	denotes no. of displacement 

K 	denotes the total no. of displacements 

i 	denotes no. of load increment 

Loops: (1) Load increments 

(2) Modified Newton-Raphson iteration 

(combined with Aitken' s 6 
2-extrapolation) 

(3) Displacements 

Read geometry, loading 

and material properties 

of plate and stiffeners 

Generate All 	using linear 

equilibrium equations in 

terms of displacements 

Compute 

Generate load vector for 

first load increment {P} 

1 
Calculate small-deflection 

solution {it}
1 
 = 1A-11 {13} 



Calculate internal forces 

and moments of plate and 

stiffeners at all internal 

nodes and boundaries, 

using known displacements 

Substitute internal forces 

and moments in non-linear 

equilibrium equations in 

terms of forces to obtain 

out-of-balance forces {IP} 

Calculate {dR}
1  

{dR}
1 
= IA 1 1 {di)}

1 
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	t!) 

A 

(1), (2) (1) 

Calculate new displacements, 

for k=1,K ; R
2,k

= R
1,k+sk 

dR
1,k 

Calculate internal forces and 

moments using new displacements 

Evaluate 0112  

• 



ak 
dR 
1,k  

dR
1,k

— dR
2,k 

Set 4, if lakl > 6 

1,k l,k 	 1,k + a  
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(1) , (2) 	I (1) , (2) 

Calculate {dR}2  

.01112  = IA 11 {dP}2  

yes  

(3) 	i(1) , (2) , (3) 

(1),(2),(3) 

(1) 

(1) 

(1) 

Estimate by extrapolation 

the initial displacements 

for the new load increment 

Ri_i,k

) Ri,k Ri+1,k
=(2 

R. 
1,k 

(1) , (2) 	y 	 ( 1 ) 

Compute and print forces 

and displacements 

1 	 
Apply new load increment 

= {P} + {AP} 
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NOMENCLATURE  

A 	area 

a 	length of plate 

A
s 	

area of cross-section of stiffener 

B flexural rigidity of stiffener for bending in the 

vertical plane 

BH 	
flexural rigidity of stiffener for bending in the 

horizontal plane 

B
T 	

torsional rigidity of stiffener 

b 	width of plate 

C
s 	

extensional rigidity of stiffener 

D flexural rigidity of plate 

dx, dy 	finite difference mesh lengths in x and y-direction 

h
s 	

depth of plate 

E Young's modulus of plate and stiffeners 

e 	stiffener eccentricity, distance from stiffener's centre 

to the mid-plane of plate' 

f 	yield function 

F , F , F 
x 

y, z 
 

interaction forces between plate and stiffeners in x, 

y and z-direction per unit length of stiffener 

G shear modulus of elasticity 

10 
	 stiffener's moment of inertia about its centre line 

Is 
	 for symmetric stiffeners Is  = 10  

for unsymmetric stiffeners I
s 
= I
0 
 + A

s 
(e - t/2)

2 

K factor for torsional rigidity of rectangular stiffener 

Kcr 	
critical buckling coefficient 

Lx,  L
y 	

length of plate in x- and y-direction 

M , M 	bending moments per unit length of plate 
x y 



M , M 
xy
, 
 yx 

twisting moments per unit length of plate 

bending moments in stiffener 

twisting moment in stiffener 

in-plane forces per unit length of plate 

forces in stiffeners 
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N , N , N 	N 
x y xy,  yx 

N
A' 
 NH, N

V 

 

MN, M 	quadratic"stress intensities" in Ilyushin yield function 

Qx' Qy 	
normal shear forces per unit length of plate 

q 	intensity of lateral pressure 

T 	interaction moment between plate and stiffener 

t 	thickness of plate 

t
s 	

thickness of stiffener 

U, 173 W 

U3 V, W 

x, y, z 

net deflections in x, y and z-direction of mid-plane 

of plate 

total deflections in x, y and z-direction of mid-plane 

of plate 

rectangular cartesian co-ordinate axes 

Yxy 	
shear strain at mid-plane of plate 

Ex, Ey 	
strains in x- and y-direction respectively at mid- 

plane of plate 

0 	
uniaxial yield strain 

X 	plastic strain rate multiplier 

direct stress 

c/a 

a
0 	

uniaxial yield stress 

RC 	
residual compression due to welding 

T 	shear stress 

Poisson's ratio 
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As/(b t) 

12 (1 - v2) Is /(b t3) 

Subscripts  

1 	relates to the x-direction stiffener 

2 	relates to the y-direction stiffener 

0 	denotes initial values 

c 	relates to the centre of cross-section of stiffener 

x, y, z 	denote the directions x, y and z respectively 

A, V, H, T 	denote axial, vertical, horizontal and torsional 

quantities respectively 

cr 	critical 

e 	elastic 

p 	plastic 

s 	stiffener 

t 	total (elastic + plastic) 

Vectors 

2 
r IT 	r

2
w 	w

2
w I 

{X} 	curvatures with IA/ = t- 	2 , - 	, - 2 ----I, 
3x 	Dy

2 	3x3y  

increments {Ax} 

r , 
{c}' 	strains with .{E}T  = {E x , E y , y xy

}, increments {AE} 

{N}, {M} 	forces and moments per unit length of plate with {N}
T = 

r 

{N x ,Ny- ,11 xy}and tM} = {Mx' 
M
y' 

M
xy
}
' 

incrs. {AN}, {AM} 

{P} 	nodal forces, increments {AP} 

{d13} 	nodal out-of-balance forces, increments {dAP} 

{R} 	nodal displacements at mid-plane of plate, increments 

{AR} 

{dR} 	nodal displacement corrections, increments {dAR} 



Matrices 
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E 
[El 	modular matrix 

2 1-v  

3 
[D1 	-17 fE] 

[I] 	unit matrix (3x3) 

1 v 0 

 

v 1 0 
1-v 

0 0 2 

 

  

  

r *1 
	[D  LC ], U, [cd] tangential elasto-plastic matrices relating to 

generalised stress resultants 



Dimensions of the stiffened plate 

Fig.? Fzi 

(a) /tsi 

hs1 

@MT1 
M + —dx T1  ax 

a Mvt 
—MV1+ 	 dx 

MH1 + a mill dx 
ax 

  

dy 
■,1 — av dy 

aY 

  

    

    

    

      

   

V 

  

      

      

      

-.jaw  

ay 

aw 

a 
.ei 

y 

tsi 

Fig.1 

t 

hst 
	et 

X,U  

1 

	
y,v 

Z,W 

Sectional actions on an element of a longitudinal beam 



tS I 

(a) X- Z PLANE 

NH I + a x 	dx  

Nvii- 
a Nvi  dx 
ax 

av7/ 	a2CC/ 
+  — dx 

ay 	OX ay 

a MT' MnI + — dx 
ex aNH 1 

(c) X- Y PLANE 

dy 

133 

Fig. 4 	Sectional actions on a deformed element of beam 
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Iterative method 
	

Combined incremental iterative method 
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Newton -Raphson method 	Modified Newton-Raphson method 

Modified Newton -Raphson with Aitken's 5-extrapolation 

Fig. 8 
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Fig. 9 Simply supported elastic isotropic plate under 

uniform lateral load. Central deflection (v =0.3) 
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Fig.10 Simply supported isotropic plate under uniform 

lateral load, membrane stresses ( y= 0.3 ) 
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Fig.18 Simply supported plate with one longitudinal and one transverse 

stiffener. Small deflection solution. ( Kx = Ky :-..- Sx 7: Sy = oo ) 
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Fig. 21 Simply supported plate with one longitudinal and one transverse 

stiffener. Small deflection solution ( Kx= Ky=Sx=Sy=0 ) 



a/2 

1800- 

1600 - 

1400 - 

1200- 

E= -L = 2. 5 
t 

It 
t 

--re- 	Il 
›, 
cn 
II 

>c 
cn 
is 0-  

it 

(1) 

II 

6= 212= 0.08 
a-t 

y r.  12(1-e)IS = 4.66 
a•t 3  

1000- 

800- 

oii o 
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and one transverse stiffener subject to 
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Fig.23 Built-in plate with one longitudinal and 

one transverse stiffener under uniform 

lateral load, central deflection. 
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is /t= 0.5 yryo  1.255 is/t= 2.0 yryo  =1.297 
b/t =120 for centre panel 

   

Contours are out-of-plane deformations 
expressed as multiples of the plate thickness 

	 towards stiffener outstand 	
 away from stiffener outstand 

Wo =0.6t (see fig. 57) 

. .... '''. 
■■■ 

Unrestrained single panel no. 1.125 

Fig. 56 Out-of-plane deformation of stiffened panels 
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Fig.57 	Longitudinally stiffened plate under combined 
in-plane shear and bending displacements. 
Relation between average strain and average stress 
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Fig.58 Longitudinally stiffened panel under shear and In-plane 
bending displacement. Shear stress distribution. 
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(d) --x--Three panel deep web (Harding)
(143 

 section B-B 
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(b) -a-Present ( ts /t= 0.5 ) 
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Fig.59 Longitudinally stiffened panel under shear 
and In-plane bending displacement.Transverse 
stress distribution along the stiffeners. 
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Fig.60 Longitudinally stiffened panel under shear and In-plane 
bending displacement. Normal stress distribution 


