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Abstract  

A speckle pattern is a pattern of randomly varying intensity 

usually produced by the scattering of coherent light from material 

media. In this thesis we study the changes which occur when 

partially coherent light is used to produce the speckle pattern. 

In particular we investigate the effect of polychromatic light, 

that is, of light of finite spectral bandwidth. The thesis is divided 

into three sections. The first is concerned with the correlation 

between two monochromatic patterns produced by light of different 

frequencies. It is known that, for speckle patterns produced 

in both the Fraunhofer and image planes of a scattering surface, 

this correlation is dependent on properties of the surface. 

A detailed mathematical discussion of this dependence is given 

and the results obtained are used in the second part which considers 

the statistical properties of specklein polychromatic light. 

Moments and the first order probability density function are 

evaluated and a method of measuring surface roughness is suggested. 

The second order statistics are also considered and related to 

the appearance of speckle patterns in polychromatic light. From 

this a second method of measuring surface roughness is suggested. 

Experimental measurements of the first order probability density 

function are shown and experimental evidence is included to support 

theory on second order statistics. In the final section the 
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work is extended to include speckle patterns produced by the 

scattering of light which may also be spatially partially coherent. 

The first order probability density function and the atuocorrelation 

function of the intensity fluctuations are again discussed. 

Particular consideration is given to the limiting case when speckle 

patterns are produced by quasimonochromatic light. Thus the 

properties of speckle patterns produced by polychromatic light 

and spatially partially coherent light are considered. 
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4. 

INTRODUCTION 

A speckle pattern is a pattern of randomly varying intensity 

usually produced by the scattering of coherent light from material 

media. Random variations in the positions of scatterers or of the 

dielectric constant in the medium give rise to random phase 

variations in the scattered light. Interference between contributions 

from different scattering centres results in intensity fluctuations 

which may be random in space and time. This phenomenon is a common 

physical process and has been studied by many people working in 

different branches of physics, chemistry and biology. One of the 

earliest reports of the observation of speckle was that by Exner 

(1877). More detailed studies followed by Rayleigh(1888) and Von Lau.e 

(1914,16,17), but it was the advent of the laser which marked the 

beginning of the current interest in the field. From this time there 

has tended to be two lines of approach to the subject. One approach 

has been concerned with the properties of stationary patterns, the 

other has involved studying temporal correlations in fluctuating 

speckle patterns. 

The first approach, which I refer to as the speckle approach 

developed from the rediscovery of speckle by Rigden and Gordon (1962). 

Speckle was an unexpected noise in coherent imaging systems and 

was a serious restriction to the then novel technique of holography. 

Studies of the statistics of the intensity fluctuations (Goodman 

(1963), Enloe (1967)) proceeded at the same time as applications to 
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strain and displacement measurement were introduced (Archbold and 

Ennos (1972), Leendertz (1970)). In 1970 Labeyrie proposed a 

method of obtaining high resolution images of stars by analysing 

the atmospherically degraded (or 'speckled') images. The results 

obtained by Gezari et al (1972) were very encouraging and gave 

another impetus to work on speckle patterns. Currently, work is 

being carried out on aspects of stellar speckle patterns and on the 

problem of determining the statistical properties of a scattering 

medium from properties of speckle patterns(Fujii and Asakura (1974,75), 

Jakeman and Pusey (1973,75)). 

Work concerned with temporal fluctuations of speckle developed 

from the Hanbury-Brown Twiss experiments (1954,56,57). Martienssen 

and Spiller (1964) suggested that a diffuser rotating in a laser 

beam gave intensity fluctuations similar to those obtained from 

thermal sources, and that this pseudothermal source could be used 

to demonstrate the existence of spatial correlation of the intensity 

fluctuations. At about the same time work was reported on temporal 

fluctuations in maCromolecularsolutions, biological systems and 

turbulent fluids (see for example Cummins and Pike (1974)). Recently 

properties of liquid crystals and other deep phase screens have 

been investigated (Jakeman and Pusey (1973,75)), Bertolloti (1974)) 

and this has led to a joining of the two lines of approach with the 

work of Beckmann (1963,67) and many Russian scientists (see for 

example Shmelev(1972)) on the properties of electromagnetic radiation 

scattered from rough surfaces. Until this time work has tended to 
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develop independently along these two lines of approach. This has 

led to a certain amount of overlap; for example Martienssen and 

Spiller (1964) gave some results of measurements of the spatial 

autocorrelation in a speckle pattern but these are rarely referred 

to in speckle literature.  

The work reported in this thesis has been developed using the 

speckle approach. It is concerned with the properties of speckle 

patterns in partially coherent light, particularly speckle patterns 

produced by polychromatic light. Interests in the effects of 

polychromatic light developed after Rigden and Gordon (1962) reported 

that speckle patterns could be clearly observed in white light. At 

the same time Goodman (1963) demonstrated theoretically that the 

correlation between patterns produced by light of different frequencies 

was dependent on the properties of the scattering medium. Sprague 

(1972) demonstrated this by measuring the contrast of speckle in 

polychromatic light. Theoretical and experimental studies of the 

statistics of speckle in polychromatic light have been reported by 

Parry (1974a,b,1975) and Pedersen (1975a,b). George and Jain 

0973,1974) have used polychromatic light in their studies of 

speckle reduction in optical images. 

There are three parts to the thesis. The first includes a review 

of relevant results concerning monochromatic speckle patterns, and 

also considers the changes which occur in monochromatic patterns, 

when the frequency of the light is changed. The results of this 

work are used in the second part which discusses the first and second 
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order statistics of speckle produced by polychromatic light. In the 

final section the statistics of light of arbitrary coherence are 

formulated and effects of spatial coherence are discussed as a 

particular case. Most of the work is theoretical but experimental 

work is reported for some first and second order properties of 

speckle in polychromatic light. 
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PART 1 

SPECKLE PATTERNS IN MONOCHROMATIC LIGHT  

Chapters 1 and 2 are concerned with the properties of speckle patterns 

in monochromatic light. Some well known statistical properties are 

discussed in the first chapter; the second chapter considers the 

changes which occur when the frequency of the incident light is 

changed. These are discussed in terms of the spectral correlation 

function. 
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CHAPTER 1  

SPECKLE PATTERNS IN MONOCHROMATIC LIGHT  

1.1 	Introduction  

In this chapter we consider the properties of speckle in 

monochromatic light. Most of the results are well known so 

detailed derivations and discussions are included only for features 

which are particularly relevant to the study of the effects of 

partially coherent light. The first order statistics of the 

intensity and complex amplitude in the speckle pattern are the 

most important of these, but before discussing them in detail 

we should consider whether they are properties of the optical 

field to which a photodetector responds. It can be shown that a 

detector which operates by photon annihilation responds to the 

A_ 	A 
quantity 	E

+ 
 E , where E 	and E 	are the positive and 

negative frequency parts of the electric field operator E. The 

corresponding classical quantity is E+  (x, t) E (x, t) where E+  

and E 	are positive and negative frequency parts of the electric 

field E (x, t). 

-t- 
E (.1) ) = 	e 	e397--Lwt d, 

0 

00 

E 	 f e CZ,14 -expi.Lot ch..) 

(H) 
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and 

00 

= 	e (x,w) exp-0,0b duo 	(1.2) 
- 00 

Since (E) = E, and since Eq. (1.1) shows that functions 

E (x, t) is proportional to the analytic signal V (x, t) used 

by Wolf in his theory of partial coherence (Wolf 1954, 1955), then 

we see that a photon annihilation detector responds to the squared 

modulus of the analytic signal. This of course is the intensity 

I (x, t). 

( 	I V (?..c 	 (0  -3) 

In fact the probability of photoelectron emission is proportional 

to the intensity. For sufficiently strong fields the output from 

the detector is continuous and the current is proportional to the 

intensity of the light incident on the detector. Many measurements 

made on fluctuating speckle patterns involve measuring the output 

for very short time intervals. The output is no longer 

approximately continuous but consists of a series of random pulses. 

In such circumstances it is still possible to relate the statistics 

of the photoelectrons to the statistics of the intensity. We now 

consider the properties of the intensity and field in a speckle 

pattern. 



11. 

1.2 First Order Statistics  

1.2.1 Patterns observed in the Fraunhofer plane  of the scattering medium  

Speckle patterns can be produce in the far field of any material 

medium by the scattering of coherent light from randomly positioned 

scatterers or from random refractive index variations in the medium. 

In this thesis we are particularly concerned with scattering from rough 

surfaces but we also discuss, in less detail, scattering from random 

refractive index variations in turbulent media such as the earth's 

atmosphere. The first order statistics in these two cases can be found 

if we know that each scattering area or volume contains a large number of 

independent scattering centres. This is the situation which we will be 

dealing with most of the time . Without referring to any particular 

model we can write 1/('g,t), the field in the Fraunhofer plane of the 

scattering medium,as 

V 	 iCS ,t) = V-0(1̂ )) 	a.e —J 1 	
(1.4) 

where the random variables V
o
(.'0 ) is the component of the field incident 

at frequencyw on the scattering medium, and ai  and 0, are the random 

amplitude and phase of the contribution at 5 from the i'th scatterer. 

In this chapter we will discuss the effects of the scatterer and will be 

concerned with the function V ('2 ) 	a. elk , the spatially varying 
s 

e. 

part of the field. The properties of V
o 	

) depend on the nature of the 

source and will be discussed in the next chapter. Since we have assumed 

that the scatterers are independent then the statistics of V ( 7.;) can be 
s 

found using the random walk analysis in the complex plane, (Rayleigh 

1880,1918,1919). If the number of scatterers is N, the central limit theorem 

predicts that for large N the real and imaginary parts are independent 

Gaussianly distributed random processes. 
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The mean values of VR  ((,t) and VI  (:,t) are determined by 

the distribution of the total phase vo.if the phase is uniformly 

distributed in the interval (0,2W ) then both VR  and VI  will 

have zero means and identical variances q. Thus 

1) (Viz  ,V1) = 	I 	AX? (- (V-4. Vt)12 0Y4 
	

(1.5) 

.rr V 

where p(VR,VI) is the probability density function. If the 
tonvimil'ioHM 

phases are not uniformly distributed in (0,2K) , then Nthe real 

part of the field will have non zero mean but the imaginary part 

may have zero mean. This is the situation when scattering light 

from a surface with height fluctuations which are less than the 

wavelength of the light. Figure (1.1) illustrates these features. 

The probability density function for this case is 

F(VR)VI)= 
2

1rs.0.7. .expERVR — Vmf+V- V2crvI] 
	

(1.6) 

where we have assumed that (Pedersen 1974) 

trV 	CIV = c • 
	(1.7) 

Welford (1975) has discussed the most general case where U # 0-  

	

V
I 	

V
R 

The analysis given here follows this work for the particular case. 

(See also Dainty (1972), Vilkomerson (1971)). 

For surface scattering the phase 43t(E)consists of two terms: 

a random contribution,and a linear term dependent on the position g . 

There has been some discussion in very recent literature concerning 
the validity of Pedersen's assumption (Goodman (1975)). It appears 
that the assumption may not be valid for weak scatterers for certain 
planes of observation_ 
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Fig. 1.1. 	The total field in a speckle pattern is found by 

summing the contributions from individual scatterers. If the 

surface is optically rough the phase of each contribution may 

take any value in (0,2n), so that when the number of scatterers 

is large the real and imaginary parts of the field are normally 

distributed with equal variance about a zero mean. If the 

surface height fluctuations introduce phases less than 2n, then 

the resultant field will not be distributed uniformly in the 

four quadrants and thus the real or imaginary parts of the total 

field may be nonzero mean Gaussian processes. 
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For points in the far field sufficiently far "off axis" the 

linear phase contribution will be greater than 2((' and the phase 

(K) will be distributed in (0,21c ). The mean Vm  will therefore 

be a function of position and will tend to zero for points outside 

the specular region. 

The first order statistical properties of the intensity can 

be deduced from Eqs. (1.5-7) by the transformation 

1,(1,4)) = 1(vg ,v,.) 	la(1)(1)) 
l'a(vR,vi) 

(1.8) 

where I = V
R
2 

+ V
I
2 

and the phase CI) = tan1 VI . This leads to 
VR  

the probability density 

pc I ,4) = I up [- (1 +1,4  -2eza,117- coscl,)iie; 	(1.9) 

LOrcrvI" 

where 

1.11  = 'M(S) 	Vm (E) 

We can determine p (I) by evaluating 

21C 

1)(1.) = 	f t)(I) (1))  Ct4 
0 

(1.10) 

This integral reduces to 

(I) -.-_-. 	p  (1E4qm( S)) 12 	(wz 41) 	o 

2 (N,7- 	 cr (1.11) 

0 
	

I to 
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where Jo(e) is the zero order modified Bessel function of the 

first kind (Abramowitz and Segun (1964)). Similarly p(1) ) can 

be found to be 

ep) = I 	.€19> 	sinN)120-y2-) 

2 Ncr,; 	 (1.12) 

X (rvleXp ("k crif) + 0-1; crf Mary) + Torii 

where 	tx = 21,i1/2.  cos 

For a rough surface or for points outside the specular region 

Vm  = o and p(I) and p((t) ) reduce to the functions given 

by Goodman (1963). 

	

?(I) = 1 exp(—If<i>) 	I ...c;• 

(1.13) 

0 
	 40 

and ?((1)) = 	J. 	 (1.14) 
2rc 

In this case 

1)(1,14)) = pCI) p(ci)) 	 (1 .1 5 ) 

that is, the intensity and phase are statistically independent. 

Figure 1.2 shows some of the density functions calculated above. 

The Gaussian nature of the field allows many properties to be 

calculated relatively easily. However, care must be taken to 

ensure that the central limit theorem is not invoked in 

circumstances where it is not strictly valid. The theorem states 
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Fig. 1.2. 	This shows the familiar negative exponential 

-intensity distribution and Gaussian field distribution 

for the real and imaginary parts of the field in a speckle 

pattern produced by an optically rough surface. 
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that the probability distribution of the sample mean tends to 

become Gaussian as the number of statistically independent samples 

is increased without limit - regardless of the probability 

distribution of the random process being sampled. It is 

important to note that although the limiting distribution is 

independent of the distribution of the samples, the rate of 

convergence may be strongly dependent on the sample distribution. 

For example, the probability distribution of the sum of N 

independent Poissonly distributed processes is always Poissonly 

distributed for finite N. The tails of such a distribution may 

differ significantly from the tails of a Gaussian distribution even 

for large N. 

There is an apparent paradox contained in the expressions for 

p(VR, VI) and p(I) as given in Eq. (1.5,13). The negative 

exponential distribution for p(I) allows infinite values of 

intensity in a speckle pattern while diffraction theory limits the 

spatial distribution of the intensity, and hence by conservation of 

energy limits the maximum value of the intensity. This maximum 

value of the intensity can be found by calculating the maximum 

intensity in the diffraction pattern of the limiting aperture of 

the surface. To obtain an estimate of the magnitude of this let 

us consider, in one dimension, a scattering surface illuminated 

by a laser beam with a Gaussian amplitude variation of width Wo. 

The speckle pattern is observed in the far field. We calculate the 

maximum permissible intensity relative to the mean intensity in the 

speckle pattern and assume when calculating the mean that scattering 

occurs uniformly into 180°. If the incident intensity is I0  then 
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the incident energy is 

En 	10  c axp— x212W07* dx 
	

(1.16) 

-60 

The maximum intensity in the speckle pattern is Imax, satisfying 

the equation 

00 

ex 	 a w12-fect 	:E 	R 	(1.17) E0  -4 	° 
wok _co 

where K = 2nfA and X is the wavelength and R is the distance 

to the far field. The mean intensity in the speckle pattern will 

be 

= E0  / g-R 	 (1.18) 

Thus the ratio 	Truax 141> = 	Wc)k 	(1.19) 

For W
o 

5 x 10m, k = 217/ 5 x 107m 	"'max 	105  

Clearly this limiting value is of no practical interest. If the 

laser were focused to a smaller spot size, the ratio would be reduced 

but is unlikely to be of significance. The paradox arises from 

Eq. (1.4). Strictly the amplitudes ai are a function of the size 

of the limiting aperture. The series in Eq. (1.4) should converge 

to a finite value if this dependence is included. 

The Gaussian field distribution is also the field distribution 

predicted on the basis of Jaynes maximum entropy principle, 

(Jaynes 1957 ). 	This has been pointed out by many people 

(Perina 1971, Dainty 1972). Jaynes extended Shannon's work on 

information theory to predict a probability distribution which 

avoids bias but at the same time agrees with the information given. 
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He suggested that the probability density function which avoided 

bias was the most "uncertain" probability density function. 

Shannon (1947) had quantified the "uncertainty" represented by 

a particular distribution as 

H 	k 	1"N 	 (1.20) 

where K is a constant. We can apply Jaynes principle to deduce 

the most unbiased probability density function for VR  (and Vi) 

by maximising 	H= fl)(vidlv, 1 (VR)6(VR 	subject to a knowledge 

of 6;,, 	and <Vit 	and subject to the values of VR existing 

between 	and ° . This can be done by using Euler's 

theorem and Lagrange undetermined multipliers and gives the result 

shown in Eq. (1.13). The full significance of this approach in 

determining properties of scattered light is not clear. Certainly 

we can infer that the Gaussian field is the least biased and 

therefore the intensity in such a speckle pattern is distributed in 

the most random way, but it is not obvious how we might extend the 

principle to determine for example, the properties of speckle 

patterns produced by a small number of scatterers. 

1.2.2. Patterns observed in the image plane of a scattering medium  

When a rough surface is imaged by a lens in coherent light, the 

image often has a similar appearance to the speckle pattern seen in 

the far field of the scattering surface. These two types of speckle 

pattern are formed in different ways. Figure 1.3 illustrates these 

differences. In the far field, the field may contain contributions 



20. 

    

    

    

    

 

(a) 

  

 

(b)  

  

  

  

 

(c)  

Fig.1.,3.  The differences between image plane and far field speckle 

patterns are shown in (a) and (b). In the far field pattern the 

field at any one point comtains contributions from all the scatterers 

in the surface. In the image plane the contributions from the 

scatterers is weighted by the point spread function. Fig. 3c. shows 

-how we can estimate the correlation of fields at two points in 

the speckle pattern (image plane ). 
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from all parts of the scattering medium but in the image plane 

the field at any point contains only contributions from the 

scatterers in the resolution "cell" subtended by the lens in the 

object plane. The statistical properties of these image plane 

speckle patterns have been studied by Enloe (1967), Burckhardt 

(1970), Dainty (1970), Lowenthal and Arsenhault (1970), and 

Yamaguchi (1972). All this work is based on the assumption that 

there are a sufficient number of scatterers within the resolution 

cell to give a Gaussian field distribution at the corresponding 

image point. In many situations this is a reasonable 

assumption but it is not always easy to see whether the assumption 

is justifiable without measuring the statistical fluctuations. 

(In the far field, a small number of scatterers gives a clearly 

visible "light house" effect). Certainly, for high numerical 

aperture systems the assumption is not justifiable 

and an extension of the work of Jakeman and Pusey (1973, 1975) 

is necessary to explain properties of image plane patterns in these 

systems. A small number of scatterers gives rise to a higher 

contrast (standard deviation of the intensity fluctuations) in the 

speckle pattern and in systems such as holographic microscopes, 

this results in very "noisy" images. 

Some useful qualitative information can be deduced from 

Fig (1.3c) concerning the "size" of the speckle. (Strictly, we 

should refer to the autocorrelation function of the intensity). The 

field at the point A contains scattered contributions from points 
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within the resolution cell C
A 

centred on the point A
1
. Similarly 

the field at B will depend on the light scattered from the cell 

C
B 

centred on B
1. 	The similarity of the fields at A and B will 

clearly depend on the overlap of the resolution cells CA  and CB, 

i.e. on the relative positions of A and B. When A and B are 

separated by more than the size of the resolution cell, there can 

be very little correlation between the fields at the two points. So 

we see that the speckle "size" will correspond roughly with the 

size of the point spread function (resolution cell) of the 

imaging lens. In fact it is possible to show that the spatial 

autocorrelation of the intensity fluctuations is equal to the 

modulus squared point spread function of the system. 

So far we have only specified that the scattering medium 

contains a large (or small) number of scattering centres. The 

magnitude of the phase variations introduced have been discussed 

but we have not considered the detailed properties of the various 

scattering media. In the next section we examine various models 

for scattering media emphasising particularly the scattering of 

light from surfaces. 

1.3 	Some detailed properties of scattering media  

1.3.1. Scattering surfaces  

It is often convenient to consider two types of scattering 

surface: weakly scattering surfaces which introduce phase 

variations less than . 2ft , and strongly 
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scattering surfaces which introduce phase variations greater 

than 211 . The weak scatterer gives a specular component as seen 

in Fig 1.1. The properties of the scattered light are also strongly 

dependent on the number of scatterers, as we noted earlier. 

In this thesis we will be concerned mainly with strongly 

scattering surfaces consisting of a large number of scatterers. 

When attempting to model a surface we would like to make only these 

simple assumptions - a strong scatterer, and large number of 

scatterers. Unfortunately, it appears that other assumptions have 

to be made, for example, a Gaussian distribution of surface heights 

is often assumed or the surface may be considered to be a "white 

noise" surface. These may be valid assumptions in many cases but 

they are assumptions which we cannot easily check. Their use in 

theoretical work is best justified on the basis that they seem to 

give the correct answers! Indeed, some of the results of early 

studies on speckle by Goodman (1963) and Goldfischer (1965) have 

been found to agree extremely well with measurements (McKechnie 

1974a, 1974b), though the models used for surfaces were based on 

assumptions of independent height fluctuations. Beckmann (1963, 67) 

has proposed that the surface heights of a rough surface are 

Gaussianly distributed and has developed a theory which allows spatial 

correlations of height fluctuations. The two surface parameters 

which are most significant are the standard deviation and spatial 

correlation length of the heights. We will be discussing Goodman's 

model and Beckmann's model in detail since these are the two models 

which have been used to study the scattering of polychromatic 
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light (Goodman (1963), Parry (1974a), Pedersen (1975a, b). 

It is easy to formulate the problem of surface scattering 

in general terms. We have to solve Maxwell's equations subject 

to statistical boundary conditions on the field but in practice 

this proves an almost impossible task. There are two common 

approaches: the Kirchhoff method (Beckmann 1963) and the method 

of small perturbations. The Kirchhoff method assumes that the 

field reflected or transmitted can be calculated by geometrical 

optics. This limits the scale of the fluctuations in surfaces 

be such that the radius of curvature of the roughness is large 

compared with the wavelength of the light. This is the approach 

used by Beckmann (1963) and we will also use it here. The method 

of small perturbations can be applied to surfaces for which the 

height irregularities are small compared with the wavelength 

and which vary spatially over distances much less than the 

wavelength. (Shmelev 1972). It is not a very common approach in 

current work. 

1.3.1.1. Goodman's model  

.Goodman's report (1963) includes a study of the frequency 

dependence of speckle patterns, based on the surface model to be 

discussed, so his work is very relevant to this thesis. This work 

on the spectral dependence will be discussed in the next chapter. 

Here we outline the features of this surface model and its use in 

studies of monochromatic speckle patterns. The scattering surface 

is represented by a collection of randomly positioned scatterers 

. whose heights are randomly distributed about a mean level. These 

scatterers introduce phase variations in the transmitted or reflected 

light and it is assumed that: 
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(i) the phase of the scattered light is uniformly distributed 

in (0,210) so that the surface is optically rough. 

(ii) the phase introduced by any one scatterer is independent of 

that introduced by other scatterers. 

(iii) the scattering cross sections of the scatterers are statistically 

independent and identically distributed. The region of observ-

ation is chosen so that the cross section does not vary within 

that region for any given frequency. 

Goodman defines an effective scattered field distribution in the 

(x,y) plane (see Fig 1.4) at the surface. This may be written 

\it X )y )t) 	E cci 	 S(x-xj)S(y---.3j) 	. .21 ) 

3=1 

where 40C‘i  is proportional to the modulus of the incident field, pi  

is the phase of the scattered light, and co is the angular frequency 

of the monochromatic light. We drop the time dependent factor for 

the present and write 

-.Ir. Vs' (.%,) ew,p-- ,-(43t • 	 (1.22) 

The field in the Fraunhofer plane (g4) is found by Fourier 

transforming the field Vsbc& . This gives 

co 	 _:Lk(t)c 	)11? 
VS(S)10 	 Vs' (x,y) R. 	cbcd,3 

(1.23) 

—o 

where k is the wavenumber of the light and R is the distance 

between the (x,y) and (g,11 ) planes; C is a constant. 

Substituting for Vsi(x,) from Eq. (1.21) we obtain 
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Goodman. 	(x ,y) = xec.e p-ip. b (x-x.) b (y-y. ) 
J. 	J 	J 

Beckmann. 

VS(x) = V0(x) exp-i (20 

  

1<_-plane 

Fig. 1.4. 	This shows the optical arrangement and some 

relationships between functions used in the Goodman and 

Beckmann scattering models. Note that the function VD(x) 

includes any variation introduced by the limiting aperture 

of the surface. Thus it is usually a truncated function. 
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_z(gxj+-1(%)IR 
Vs  ( S,v) = 	fxj e 	s2- 

R 

Clearly Vs  (g,10 is also a function of k, through both 

exponential terms on the right hand side. Thus we write 

Vs(tiv1)=-.  Vs(,vt)k)= Vs( )  k) 

(1.24) 

(1.25) 

(Note that VA,12) does not indicate the spectral content of 

the light. The light is monochromatic; the k dependence 

indicates the dependence of the field on the wavenumber of the 

monochromatic light. The field is dependent on k because it is 

the field resulting from diffraction from the surface.) When the 

scatterers are densely  packed the summation  process is replaced 

by an integration process. 

The main criticism of this model is that the assumption of 

statistical independence is rarely completely justified and that 

in the densly packed limit the Kirchhoff approximation is 

invalidated. -Specific criticism can be made of the derivation 

of Eq. (1.24) from Eq. (1.23). The Kirchhoff integral 

approximation is only valid when the field does not change rapidly 

but the existence of the delta functions in Eq. (1.21) mean that 

the field must change rapidly over the region of interest. 

Nevertheless, the results of this theory do agree well with 

experiment. We will see later that the results given here do not 

significantly differ from those obtained using a less restrictive 

model. 
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1.3.1.2. Beckmann's model  

This model applies to both strong and weak scattering 

surfaces. The main features of the model are (Fig 1.4) : 

(i) The surface height is treated as a random process and 

it is assumed that the variations in height are normally 

distributed with zero mean and variance 0-h
. 

(ii) The height at any point x i  may be correlated with that 

at 	The correlation function CI, (x010= 4hC....)1.-1(2s)) 

is assumed to be stationary and the width of this function is 

usually assumed to be very much less than the size of the 

scattering region. Thus if V0(x) is the amplitude of the 

incident light. 

4(1) —11/27CIR 
(S , 12) = 	vcW ee 	 ctz_ 

stk-cface 

where we have used the vectorial notation x for the point 

(x)& on the surface. The correlation function 

615(;1 ,12)Vs  (SIX> is often required. (This is the 

ensemble average of the field at two points Si  and tx  

and is the mutual intensity function of the field). This 

can be written 

< Vs ( 	vz (Lie) 	Vo 	Vo (s)) 
sctff. ce 

	

I 	x  z 
(1.2;i) 

The information about the surface is contained in the characteristic 

function Ze)(1)--i-( P-1)—  PA) Beckmann's assumption (i) means 

that this can be written 

The symbol d
2 
 i x is used to represent a differential area element 

on the scattering surface. In Cartesian coordinates this would 
be dx dy. 

The letter c represents a constant factor. 
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<ext)-ds(z(Z-.1)-Z(I2)) = ex? C-41z2.  - 	
>s,.1))3 	(i.2,8) 

where z(x)is the optical path fluctuation corresponding to h(z)and 

where rz  ( laci-z0)= <Etal)a(x2)>/o-a2-  . Using Goodman's model 

this would be written 

	

e9,-4k(z(2(,)-Z(K2l1) 	1<eq--..t.k>C. 	(1.29) 

and for a rough surface 

eg?-0tz) 	_ o 	(;1_, # x2.) 	 (1.30) 

These expressions can be substituted into Eq. (1.26) and the 

integral evaluated. In most cases it is necessary to use 

asymptotic expansions or numerical methods to evaluate Eq. (1.27) 

with Beckmann's model. Goodman's model givesthe simple answer 

0.5 

< \is( 	= 	Ivocz)1Le 	(1.31) 

- CO 

We pointed out earlier that although Goodman's model and 

Beckmann's model often correspond to surfaces of interest, they 

are dependent on properties of the surface which cannot easily be 

determined. In the next section we discuss the possibility of 

determining the statistics of the scattered light without making 

the assumptions of statistical independence or normally distributed 

height fluctuations. 

1.3.1.3. A Surface Model  

We make the following assumptions: 
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(i) The height fluctuations are a random process h(?..) . The 

height h(1.(1) may be correlated with h(7(.2) . The 

properties of this correlation are discussed in terms of the 

transmitted amplitude at the surface. 

(ii) The transmitted (or reflected) amplitude at the surface is 

assumed to be stationary and is correlated over a region which 

is small compared with the size of the scattering region. 

Thus the surface contains a large number of independent 

scattering cells. 

The field at a far field point t can be written 

Vs( ,1z) 	
cvocx)e 	t -ckz.m-M.11R 

ex. 

R 
-00 

(1.32) 

Since the surface consists of a large number of independent 

scattering cells Vs( ,1‘) is Gaussianly distributed and all the 

higher order moments of V$ 	can be related to the second 

moment (Reed (1962). 	We will study this second moment 

<NIS(1)11)\/:( 2.,k)) = Cie 	Vo(x1) Vo  (X2) 
RZ  )) 

x < 	(zC3,1)---atxin S2:12)1R 
e 	ex , 

We define the function 

A(z() — ex -itzz(1) 

(1.33) 

(1.34) 

and express the characteristic function in Eq. (1.33) in terms of 

this 

(exp_a()(0-1C1.21)). <N(Zi)1\)c(Z2?› 
(1.35) 
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Since A(x) is stationary (assumption (ii)), we can also define 

the function fA(t_A.) 	by the transform relationship 

be 
_zuu.12crx.x) 

CA ( 	f ft,(t_t) 	otzu 	(1.36) 

7  00 

Substituting this into Eq. (1.33) gives 

be 

<v5 (e „10 vs'e(s2.,10 = c-±? if (ti) OA+ ii)ke0.44- 06k2•1.1 0 .37) 
R2. 	A 	

X ft 	NR 	9  
04, 

where 

A. 
tro  (11 ) 	 . 	(1.38) 

—oo 

The function 	is is the spatial power spectrum of the 

amplitude variations in the surface plane, and tro() is the 

Fourier transform 	of the amplitude distribution incident on 

the surface. 

In Fig 1.5 we have plotted the integrand of Eq. (1.37) for 

a one dimensional system using typical scales for the functions. 

We see that the effective region of integration is approximately 

the region defined by the first zeros of the function Lro("t) 

and that ff‘(u) 	is effectively constant over this region. Thus 

the expression for the second order moment is 

CO 

	

<vs  (ti oVs4(S.,,12)) = c2112-f(L4i.LA)fisO(t&+-ifiNR) 	(1.39) 

R1 A 	—  co )033 (IA* z,A) celA 

We see ( using the Wiener Kintchine theorem) that this is the 

same expression as we obtained using Goodman's approach (Eq.(1.31)). 
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F(u) 

vo(u+gi/xR) 

v:( u+,../AR) f(u) 

-gzAR -gi AR 

Fig. 1.5  . The integrand of Eq. (1.37) is plotted for a scattering 

region which is approximately 50 X the size of the spatial 

correlation length of the height fluctuations. Clearly the function 

fA(u) can be assumed constant over the region of integration. 
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but it is modulated by the factor f/A-4-c2. 12,NR). By writing 

the mean intensity as 

<Vs(E„k) is*CtoR)>. 	(1.40) 

we find that Eq. (1.39) may be written 

oe> 

'6/5( )10 Vs*(t.2.112)) = 	 clv (x)12. 	 1.41) 

where 	
= 	 I yo (.() (7"  41x 	 u-,,(1A)11  dpi 

	
(1.42) 

Thus the "independent scatterers" approximation appears valid 

provided that the amplitude variations of the light at the 

surface are correlated over a region which is small compared with 

the total extent of the scattering region and provided that the 

mean intensity is constant over the region of interest in the 

far field. It is interesting that the surface properties are only 

apparent through variations of the mean intensity. We will see 

later that the speckle patterns produced by scattering polychromatic 

light from these surfacesare far more sensitive to surface parameters. 

Let us examine theinitial assumptions in a little more detail. 

The main assumption is that of stationarity of NA-) . This is 

not the same assumption as stationarity of h(1) . In general 

<A(xopk4ozo> 	 (1114' 	 z().0> 	(1.43) 

+IA 	rt 	n! rn! 
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and the assumption that 

< A ( 	Av.(1.0) 	Function  ( 'X% 2CO 

implies that 

< 	2c_,) ZLm (x2)> 	 ot, (Xi- 7(0 ,:sse ail km tek 

(1.44) 

(1.45) 

This of course, is a more stringent constraint on 2:(1) unless 

11(x) is Gaussian when <4z,yar"(x2.)› 	can be expressed in terms 

of second moments. It is interesting that these conditions on 

the stationarity are similar to the differences between linear and 

statistical independence. The assumption made in this section is 

that the surface height fluctuations are statistically stationary. 

1.3.2. 	Scattering from Turbulent Regions of the Atmosphere  

We will briefly discuss some of the properties of speckle patterns 

produced by the scattering of monochromatic light from turbulent 

regions of the atmosphere. The refractive index variations in the 

atmosphere introduce phase variations in the light and these result 

in spatial and temporal fluctuations of the intensity. Interest in 

these speckle patterns has recently increased as it appears possible 

to obtain diffraction limited performance from a telescope by 

analysing the partially coherent speckle patterns produced by a 

star. This technique will be discussed in Chapter 5. . Here we 

outline some of the theory by Tatarski (1961, 1971 	) relating 

properties of the scattered light to properties of the medium. In 

this case we have light incident on a scattering volume and the 

speckle pattern is observed in the far field of this, as shown in 

Fig. 1.6. The method which we use (Tatarski (1961)) involves 

solving the wave equation in a random,medium by means of perturbation 

theory. We will only consider the case of homogeneous turbulence. 



k 

observation  

point 
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V 

Fig. 1.6. 	This illustrates the geometry of the system we 

are considering when scattering from a turbulent region. 
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The refractive index variations in a turbulent atmosphere 

are usually very small. If we are considering only single 

scattering in the medium, then we expect, qualitatively, to 

obtain a speckle pattern similar to that which we obtain from 

a weak diffuser. That is, we expect a specular component and 

a diffuse component. The diffuse component is produced by a 

large number of scattered components so we would expect the 

diffuse field to be normally distributed with zero mean.*  The 

existence of the specular and diffuse components is clear if we 

solve the wave equation for the field in a random medium. We can 

write 

V4Vs + n2Vil Vs 	(1.46) 

for thescalar field 	and for turbulence whose scale is 

greater than the wavelength of light. (We are neglecting any 

polarisation effects here). Tatarski (1961) suggests solving 

this by a perturbation method. Let 

n(11) = 	 (1.47) 

where the mean refractive index is very close to 1 	and n,t,E) 

is the random component of n at the position r . We also write 

VS  = Vs0 	Vs, + v -+ 	 (1.48) 

where Vs 	is a term of n'th order of smallness and neglect 

multiple scattering, so we only consider the terms in VS, 	and 

\1st  . 	Substituting these into (1.46) andneglecting terms of second 

and higher orders we obtain 

vlvs, 	vst, = 0 
	

(1.49) 

and 
	

V2.  vsi 	k2  Vs, = —21e- 	Vso 	(1.50) 

The following theory is not dependent on this property of the field. 
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after collecting terms of equal order of smallness. If the 

incident wave in the scattering volume is plane then 

Vs0(1C) = 	Vs irlicictent 	
L13.-12 
	

(1.51) 

Equation (1.50) can be solved by a standard method and gives the 

scattered field in the Fraunhofer region of the scatterer as 

tle 
Vs  (s) 	 i et 	dr' 

zrc 	 Incident 
Vol 

where q.  is the scattering vector, 

k km 

k is the incident wavevector and h.) is the direction of 

scattering. These two terms Vs0  and Vs, are the specular 

and diffuse components. It can be shown that the mean of the 

diffuse component contains information about the refractive index 

variation but we see in the next chapter that the spectral 

correlation function is more sensitive to the refractive index 

variations. 

(1.52) 

(1.53) 
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CHAPTER 2 

SPECTRAL CORRELATIONS 

2.1 Introduction  

In Chapter 1 we discussed some properties of speckle produced by 

monochromatic light and investigated particularly the properties of the 

spatially varying part of the field. In this chapter we first show 

that the correlation of spatially varying parts of the fields produced 

by light of different frequencies is relevant to the study of speckle 

in polychromatic light. In perfectly monochromatic light the field 

incident on the scattering surface has a constant amplitude but for 

quasimonochromatic light the amplitude of the incident field varies 

randomly in time. The statistical properties of these amplitude fluctuations 

are dependent on the nature of the source. So an analysis of the 

properties of speckle in polychromatic light must take into account 

the temporal variations of the incident field and the random variations 

arising from the scatterers. The following analysis shows how the 

processes are accounted for when considering the long time averaged 

intensity. A similar analysis is given at the start of Chapter 3. 

The field incident on the scattering medium is V (x,t) and for 
o — 

polychromatic light this can
( 
 be written 

V
o
(
—
x,t) 	f V (x) V (6J ) e

ito tdu? 
o — o 

l•• 
where V

o(to) is a random process describing the statistical variation of 

the light incident. The properties of this process depend on the source. 

Vn(x) indicates any spatial variation of the incident light and allows 

for Gaussian beam or limiting aperture effects. The field in the 



Fraunhofer plane of the scattering medium is obtained by evaluating the 

spatial field variations introduced by the scattering process and 

Fourier transforming this. Thus the scattered field component at frequency 

60  becomes 	7 

= 	(3,0) t60,-0-- 	f 	e, 

wherephas been defined previously as the random phase term Arising 

from random height fluctuations. The term in the brackets is seen to be 

the function V
s 	

,k) (where k=w/c). Thus we write for the total 

scattered field 
G.ot; 

V ( 	Lt.)) 	,k).e_L' 

The intensity of the scattered field I( ',t) is 

( 	60:0\!: )122) e AJ I  (1,4)2 .  

If the intensity fluctuations are observed (with a fixed diffuser) for 

a long time T (broad band limit) then the detected intensity is an 

6') 	 1.0  1- 1^-)Z.) 	 L,.; 

. • 	indicates an ensemble average over the source. Since the 

random variations of the incident fields at different frequencies are 

independent, the long time averaged intensity becomes 

< 	< C,(1,-)) 1 2>o  \'s 	at,j 

and we may write S(W), the spectral density function, instead of <I\V"-)1 > 

Since we will be referring to long time averaged measurements throughout 

this thesis, we will drop the averaging brackets and write 

) 	f 	t,) ( vs  C ,k 	LL 

This expression is identical to the expression derived by Wolf (Born and 

average intensity, where the average is an ensemble average over the source. 
4 T/L 

T 
f 	if< 	t4)7) V 1L'•10> V CE 	) 	) 



Wolf (1970)) but there are some differences between Wolf's derivation and 

that given here. Wolf's coherence theory is based on the generalised 

harmonic analysis of random processes. This involves time averages. In 

the analysis given Jlere the random field incident on the surface has 

been considered to be a sample function of the random process, and the 

averages taken are ensemble averages. Davenport and Root (1958) refer 

to this approach as the harmonic analysis of random processes as opposed 

to Wolf's generalised harmonic analysis. They point out that for ergodic 

processes both methods give identical results. 

We will discuss detailed statistical properties of the intensity 

in the next chapter but we note here that moments of the long time 

averaged intensity are dependent on /I 
s 
 (( .k

1 
 ) I 

s 
 (t ,k

2 
 );"), 	where 
' 

11. 
EAk)dVgAThis  second moment of intensity variations is a fourth 

moment of Vs(; ,k) but since this a Gaussian process then the fourth moment 

can be related to the product of second moments (Reed, 1962). Thus we 

must consider the correlation of the spatial parts of the monochromatic 

fields produced by different frequencies. We first consider the behaviour 

of this correlation qualitatively by considering changes of Vs(' ,k) 

with the frequency of the monochromatic illumination. 

2.2 Qualitative Discussion  

A rough surface introduces random phase variations in the reflected 

or transmitted light. The phase variations are proportional to the 

wavenumber of the light so these change as the wavenumber changes. When 

the light is scattered the phase will also have a deterministic contribution 

dependent on the scattering direction. Fig.2.1 shows this for surfaces 



wavefront 
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wavefront of light scattered 
in direction a 

(e) reflection 

39- 

(a) transmisson 

Fig. 2.1 	This shows that the phase of the light scattered from 

a rough surface consists of deterministic and random terms. The 

deterministic contribution is linearly dependent on the sineof the 

scattering angle. 
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observed in transmission and reflection. The deterministic 

term also depends on the position of the scatterer and on the 

wavenumber of the light. The total phase of the light scattered 

from a point x on the surface may be written 

Ox,12) 	kz(70 4 kx&k8 	(2.1) 

where 0 is the scattering direction and z(x) is the random 

optical path introduced. When the light is transmitted 

z(x) 	(y1-011(x) 	 (2.2) 

vt is the refractive index of the medium andh0c) is the height 

fluctuation. For reflected light, incident at an angle & 

Z(x) = 2.1.t(x) cos9i. 5 	(2.3) 

and A must be taken as the angle relative to the specular 

direction. The field scattered from the point x  is 

exp—Lcip(x,k) 	and the field measured in the far field of the 

surface v,;(1,10 	is the sum of the contributions from all 

points on the scattering surface. Changes in the field 

Vs(t,k) arise from changes in 4(z,k) . 	When the field is 

measured in the specular directiongt.o and 9=0 , the 

changes in 4)(x,k) arise from the surface dependent factor only. 

The magnitude of the change in 4(D)10 depends on the change 

in k and on the scale of the optical path fluctuations. As 

the frequency of the light is changed the speckle in the 

specular direction simply evolves. In non specular directions 

the situation is more complex since the deterministic contribution 

to 01 k) 	must be included. We see from Eq. (2.1) that a 

change in wavenumber from It 	to ki 	means that the deterministic 

part which was measured in direction 8 	is now found in the 
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direction 8' where 

ksine 	. 	 (2.4) 

Thus the speckle in non specular directions appears to move 

as it evolves with changing k . The distance moved before 

complete decorrelation occurs will depend on the roughness of 

the surface. This movement of the speckle pattern is of course 

the change in scale of a diffraction pattern with k . The 

whole speckle pattern is simply a diffraction pattern of the 

surface. The movement of the speckle suggests that maximum 

correlation of fields at different k will occur at different 

points in the pattern, and suggests that we should consider 

,\ 
mathematically the correlation function <VS(  S% >1(1"s (-. 2.2 Ps2-1, 

The situation is slightly different when the speckle pattern 

is an image of a surface. In this case the field at a point is 

the sum of scattered field contributions from all points on the 

surface which fall within the area defined by the point spread 

function of the imaging system. Again there are two factors 

affecting the 11 dependence of the field in the image plane. The 

first is the random phase term Itz(x) which we discussed for the 

far field case. The second is the amplitude point spread 

function of the imaging system. A change in wavenumber changes 

the phase of the light from each scatterer - as for the far field, 

and this results in a change in the intensity in the speckle 

pattern so that the speckle simply appears to evolve with 

changing k . The effect on the point spread function is a 

deterministic effect. The scale of this function is proportional 

to k so that a change in 1:t allows a larger (or smaller) number 
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of scatterers to contribute to the field at a point in the 

speckle pattern. This is not dependent on the position of 

observation in the far field. The effect of changing the number 

of scatterers is to change the intensity in the pattern; thus 

the speckle evolves more rapidly than it would if only the random 

phase term were included. These effects are illustrated in 

Fig (2.2). 

To discuss the k dependence of the field Vs( 

mathematically we need to determine the correlation function 

<VsCti,12,)Vs*(t2.,k2)> 	. Here the angle brackets indicate an 

average over the ensemble of statistically equivalent scattering 

surfaces. We will be using this function extensively in the 

section on polychromatic light. We will also need to use the 

intensity correlation function <Is(,,li) s(g,,k2.)› where 

Is(i,k) is the intensity at ' in a speckle pattern produced 

by light of the wavenumberk . The intensity correlation function 

can be related to the amplitude correlation function by the Reed 

theorem (Reed 1962) or Skgert relationship (Glauber (1963)if Vs  

is a complex Gaussian process since 

< 	) IS  ( e 1,,)> = <vs 	vs  (..s2,1RDvAg1„122)› (2.5) 

This fourth moment of the amplitude fluctions for a complex Gaussian 

process may be written 

I <VsCtoki) V:( S21k2)12 	Cls(t 100> < Is(- 1)1Z2)›. 	(2.6) 



43. 

Fig. 2.2  The intensity at a point in an image plane speckle 

pattern contains contributions from points within the point spread 

function of the imaging system. The contribution from any one point 

is weighted by the value of the point spread function. This diagram shows 

how the size of the spread function changes as the wavenumber of 

the incident light changes. The weighting of the contribution 

from a particular scatterer also changes. 
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Thus if CT ( 1 ) 	k2.) = 	s  
s 

,ski; 	,Izz) 	I <Vs(t1 ,121)Vs'e(gz,t22)12-  (2.7) 

where 

— 	 (2.8) 

Figure (2.3) shows how this intensity correlation function can be 

measured. We let 	<Vs(11 ,121)Vs 	 1,k1 t1) 1z2.) 

and refer to it as the spectral correlation function. This 

function was first discussed by Goodman (1963) for speckle 

patterns formed in the far field of a surface. Goodman considered 

the function defined above but recently Pedersen (1975b) pointed 

out that the function can be considered as a correlation of the 

functions Vs(4,1) and Vs(q,d where q, is the scattering 

vector. This formulation does not lead to any new results but it 

does allow a more elegant treatment of the problem. However, most 

of the work for this thesis was carried out before Pedersen 

published his formulation of the problem so I have used the 

correlation function ligiOzi,11,k2.) 	for most of the thesis. 

We shall see later in this chapter that there are some advantages 

in this particularly when producing an unified approach to 

studying speckle patterns in the Fraunhofer and image planes. Most 

of the work on the image plane spectral correlation function has 

been published by George and Jain (1973, 74, 75). We will now 

review this work in detail. 

2.3 	Review of Published Work  

Goodman (1963) used his surface model discussed in the previous 

chapter and based his derivation of the spectral correlation 
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Fig. 2.3  The spectral correlation of intensities can be measured by correlating the intensities 

in the speckle patterns detected by the two photomultipliers. The beam splitter is a dichroic beam 

splitter so that the photomultipliers only measure the intensity in the speckle pattern produced by either 

k
1 
or k2 

. Usually the spectral correlation is dependent on the separation of wavenumbers and this can 

be varied by tuning the dye laser. 
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function on the expression for the field in the Fraunhofer plane 

given in the previous chapter (Eq. (1.24)), 

(t .a‘i)/R 

	

V(S )k) = ck 	(X3R- 
R 3=1 

	

A 	6 	6 
j_ where x, = XjL: 4-.y;j 4. and 	and 	are unit orthogonal 

vectors. If light of wavenumbers 	and hz is incident with 

equal intensity the correlation function may be written 

NI 	* 
!VS( t ki) Vs*(c1R1)) = c2k1 < 	f):j ()( e 

Rz 	j=1 tr---.1 

x el) 	 1R2 

When the scatterers are densely packed the random variable xj 

may be assumed continuous and the summation can be replaced by an 

integral. Goodman made the assumptions concerning independence 

of scatterers discussed in the previous chapter and these lead to 

the expression 

	

1'v ( 1 ,1z1 ) 	k ) = c-4 	 (2.11 ) 
R2- 

where 	(k) is the characteristic function of the optical path 

fluctuations introduced by the surface, 

	

z 02) 	 (2.12) 

The function ptl,k1,1:31,k) is a term dependent on the intensity 

distribution across the scatterers Sa(x) = 1 \10(:012 
00 

(2.9) 

(2.10) 

(S 1 , i21 ) 	= 	scpmep-i (I?) 	 a- (2.13) 



Goodman's final expression also applies to reflection from rough 

surfaces of light incident at an angle 	. The characteristic 

function iz(k) is written 	6(.1z(1-̀1-1 1cosec)) , where Di. 	is 

the angle of incidence, and k is the random height fluctuation . 

However, there appears to be a geometrical error in this 

expression. The optical path variation z is 231coseL 	when 

the light is obliquely incident in the surface so that we would 

expect the correct expression to be 	1,,(2IRcosec) 

The normalised form of the spectral correlation function is 

more useful in practice. This is defined 	(Pedersen (1975)). 

'‘v 	)1 1) 	= Pv(1)}2■A2.)122.)  <1(_,)1 ,) 2.41tS2.)121.)  (2.14) 

From Eq. (2.11) we see that 

00 

ICS312)>. = 	g,12,= Cal Scp),42x (2.15) 
RZ 	Ri  

and 

)ry c 	k ) 	tlo 	t2) 	.J?.2_) I cscP-)41( 2 .1 6 ) 

This expression shows that the spectral correlation function is 

dependent on two terms, a surface dependent term and a term 

dependent on the shape of the scattering urea, Sp.These are the 

two terms which we would expect from the qualitative arguments 

given earlier. The criticism which can be made of Goodman's 

derivation is that it is based on a model which assumes a "white 

noise" type surface. Pedersen (1975b) showed that this expression 
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(2.16) is also the form of the spectral correlation function 

obtained when Beckmann's surface model is used, provided that 

certain approximations are made concerning the size of the 

correlation length of the height fluctuations. This formulation 

begins with the expression for the field in a speckle pattern in 

the Fraunhofer plane as 

—i(1.: x + cilz.z(1)) 
Vs( S 7k) 	(61,) 	1,2-  fce-x  Vo(2_).e 	 (2.17) 

lt 

where $ is the scattering vector defined 

4,= ko— 131 
and g,,x 	is the component of j, in the x -plane. 

Figure (2.4) shows the geometrical relationships between the vectors.  

The spectral correlation function is a particular case of 

<1./5(qpi)0/5( 3)›. This may be written 

co 	 vat) zCac.,?) 
> 

11, ( qe1) c1-22 = 	$;2- 6. 	cl:LX1 	VoCai)vo az) <e. 
(2.19) 

9'11 1%.  

In this notation Goodman's expression becomes, using Eq. (2.14) 

(q,$) = Iz(61,z) Sl(og z) 	(2.20) 

where Lct,z--.91 --  14z2 	and 

03 

tlfz) HC1214  Sct(3) (:("X2- 2-1 

 

1/J 

This is obtained by assuming that ZC..1) and z(2(,) are independent, 

and greater than the wavelength of the light incident. To account for 

(2.18) 

Saq)Az..1( 	(2.21) 
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Fig. 2.4  This shows the geometric relationship between the 

vectors used in Pedersen's theory. 
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spatial correlation of the height fluctuations, Pedersen defined 

the second order characteristic function, .$ 2.(1,z1„9,1%,&. ) . in 

the following way 

( 	) x) 	< egri. (ct,z 	1 ) 4-Gt,zt30) 	(2.22) 

and introduced a spectral representation for this, according to the 

equation, 

N(V = 1\1(q,„,ctiz) = 	 ,6.1) e. 	(2.23) 
-CO 

He also defined 	co 

kr( q_o .= 	(2) Q (2.24) 
-00 

to represent the function 1/6(.10 spectrally. The integral on the 

right hand side of Eq.(2.19) contains the characteristic function 

t(ct,z2)ctezi, La) and generally this cannot be related to the 

function 11(1,) . However it can be shown that the first and second 

order characteristic functions of a Gaussian process can be related 

in the following way, 

	

112. 	Ilz 

) 	i(-`1/z22—ci,z1) 	rEq,ziii„.1, (2.25) 

AZ ) 

This allows a representation of I1(.'=1,,--q/zi,t,l) (which occurs in 

Eq. (2.19)) in terms of N(4,) and the first order characteristic 

function provided that Z is a Gaussian process. It can be shown 

that this formulation leads to the same expression as in Eq. (2.20, 21) 

provided that N(  ) is constant over the range of LI-C(4,x) . The 

function N(,q) is the spatial power spectrum of the fluctuations of 
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the field in the plane of the surface. The assumption that W90 

is constant over the range of vlq40 therefore implies that the 

field (or complex amplitude) fluctuations in the surface plane 

are correlated only over regions small compared with the total 

scattering area. (This is the assumption used in Chapter 1, 

Section (1.3.1.3.)). 

This analysis by Pedersen is elegant but it is not very useful 

when considering whether the results given for the two surface models 

discussed apply to any other surfaces. This problem will be 

considered in more detail later when we derive the spectral 

correlation function in a speckle pattern produced by a surface of 

arbitrary height distribution and with small but finite spatial 

correlation of these height fluctuations. Before doing this we will 

continue with the review of published work and consider the image 

plane spectral correlation function. 

Work related to this has been reported by George and Jain in 

a series of papers (George and Jain (1973 , 	1974, 1975)). In their 

early papers they used a rather complex facet type model for the 

surface but their later work is based on a Beckmann surface model. 

Their early analysis of the problem was also rather complex and 

confusing. They were concerned with defining a criterion for 

decorrelation of speckle with wavelength for use in speckle reduction 

work. Their later work is concerned with evaluating the properties 

of the spectral correlation function, and uses a method based on 

linear filter theory. This allows an elegant formulation of the 

problem. We consider the optical arrangement shown in Fig 2.2 and 

let X(x)h)  be the amplitude point spread function of the imaging 
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system. The complex amplitude or field transmitted by the diffuser 

is 2:(x,k) and the field at a point x  in the image plane is 

Vs(3,10. Here we have used the same coordinate to represent points 

in the object and image planes. This is valid for a 1:1 imaging 

system. We will assume an isoplanatic relationship for the 

imaging system, that is 

IC 	 „ 7.0 = 	l<(x— z) 	 (2.26) 

(See for example, Welford (1974)). With these assumptions, we can 

use the imaging equations for coherent image formation (Born & 

Wolf (1970, Goodman (1968)) to write 

Vs()1z) = Z(1) 3 /4z) 	K(x)k) 	(2.27) 

where 0 indicatesa convolution of the two functions. The spectral 

correlation function in the image plane becomes 

f'v (xi, , 21.2, 12.1) 	(Z11,0 	k(.1‘,IRO(ZYrCS-1,k 7.) ® kC1(1,123))> 	(2.28) 

A standard result in communication theory allows us to simplify this 

and obtain 

ry  (x1)1 1)7c23111) 	7.(7.,,ho'Z(;s2,1z2).> 	(I<C)-L-1,11)1k*(z,.,1z2)) (2.29) 

Clearly the two terms in Eq. (2.29) are those discussed qualitatively. 

The first term on the right of the equation is the surface dependent 

term and the second is the term dependent on properties of the 

optical system. 



53• 

This completes our review of the small number of papers 

published on properties of the spectral correlation function. The 

Eqs. (2.20,21) have been used in some experimental work by Parry 

(1975) and reasonable agreement obtained, although the properties 

measured in that case were properties of polychromatic speckle 

patterns which used the relationships. Other experimental work by 

Tribillion (1975), Spague (1972), George and Jain (1975) and Parry 

(1974b) certainly indicates that the spectral correlation function 

has the qualitative-dependence expected but no results have been 

reported on a direct theory-experiment comparison. An experimental 

arrangement shown in Fig 2.3 would be suitable for this. From the 

theoretical point of view it is necessary to consider in more 

detail the range of validity of the expressions for the spectral 

correlation function, referring particularly to the surface 

properties. Some consideration will be given to this in the next 

section of this chapter which discusses the work which I have 

carried out on the properties spectral correlation function. 

2.4 	Some Properties of the Spectral Correlation Function  

In this section we show first of all that the spectral correlation 

function satisfies two Helmhotz equations which can be solved to derive 

propogation laws for the function. The expressions given by Goodman, 

Pedersen and George and Jain and discussed previously are shown to 

be particular cases of these. This initial analysis is not dependent 

on any particular surface model but we discuss later in the section 

the spectral correlation function in a pattern produced by a surface 

with small but finite spatial correlation of height fluctuations which 

may be arbitrarily distributed. We use the surface model discussed 

in Section (1.3.1.3.). 



2.4.1. The Propagation of Spectral Correlation  

The field Ni(xM is a solution of the wave equation 

7. 
V V CX t) 	?2  VCX 	0 

C2- 2t2 
(2.30) 

where x = (x)y,z) and V2-  is the differential operator 

?12. ?_!' 4- 2!.  
Dx1 	

For monochromatic light the temporal 

dependence of V is harmonic so Eq. (2.30) takes a simpler form 

V2.Vs(x,k) + 	Vs  (x 710= 0 	(2.31) 

Here V5 is the field defined by Eq. (1.22). The monochromatic 

fields Vs(ZI,IRD 	and Vst..2.,1z2) 	satisfy the following two 

equations 

v12-vs(a,,Iz t) 	Ii vs( )11)10 = 0 
	

(a) 

(2.32) 

V Vs (12  ) ha) 4 122.2" 	( 	,11/ 2.) = 
	 (b) 

where vri.i = VI" 4 ?1" 4 D' 
Daciz as;' az"(  

and aZ = a + 	+ 92.  
azZ 23 5Z22.  

If we multiply both sides of Eq. (2.32(a)) by Vs14-(x2,h,) 	and 

take an ensemble average of the products then we obtain 

V7 < Vs  (x 130 Vs%( 	41)) 4 1212  V s  (Ai ) i2i) 4(X 2021)) =2 0 (2.33) 

or 

(lv 	x2,42) 	1212  Fv (Isi,1,1'2,7.) ..=c) 
	

(2-30 

A second differential equation for ry can be obtained by taking the 

complex conjugate of the functions on the left of Eq. (2.32(b)) and 
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then multiplying throughout by VpiltQ . 	After averaging over 

the ensemble of scattering surfaces producing Vs(?c,k) we obtain 

V < 	(1c 1,121)Vs*(X 2)23Y> 4 	12Z <Vs (xt,tzt) V: (12, iz2.)..> =0 	(2.35) 

or 

Vi p t, 11, x.  Izo + 	(/ 	x h2.) = .1 	v  —1, 	a a, 	v •-•1) 1 3 --a,  (2.36) 

Equations (2.34) and (2.36) are a pair of differential equations 

which the spectral correlation function must satisfy in free  

space. (The properties of 	in a medium of varying refractive 

index are far more complex and will be mentioned later). This 

pair of equations is similar to the equations satisfied by the 

mututal coherence function in free space Wolf (1954,55). Indeed 

if izizizazTz so that ilik412. , then R(*14  ,Tz3-xl,1:1) 	is the mutual 

coherence function, provided that the field V is an ergodic 

process(this is necessary since tiv 	is defined as an ensemble 

average while the mutual coherence function is defined as a 

time average. The two averages are equivalent for ergodic 

V ). Thus to determine the spectral correlation function in any 

plane we must solve Eqs. (2.34) and (2.36) subject to known 

boundary conditions. The boundary conditions are usually the 

ensemble averaged surface properties of the scattering medium. 

To solve these two equations we can use the methods for 

solving Wolf's equations. Parrent (1959) showed that formal 

solutions can be obtained in terms of Green's functions. The basis 

of the method is to first obtain a solution of Eq. (2.34) 
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subject to the given boundary conditions and then to use this 

solution as a boundary condition for Eq. (2.36). We consider 

the propagation of P v  from the x -plane to the 	-plane 

(the 	-plane need not necessarily be the far field in this 

case), and we take Pv(1,1,2(_2,,Iz2) 	as our boundary condition. 

The formal solution for 	from Eq. (2.34) is 

rv 	- 1 ilv(x-t)kl,'-(2)1z0  a61(t,,?siik)ax, 

cr 	 511, 

where g, 	is the Green function satisfying 

(2.37) 

[717-  + 	— - 	z0 	G I 	oz,k)- 0 	x6cr (2.38) 

and a 	is the normal derivative at the surface Cr at the an, 
point xt . (See for example Morse and Feshbach (1953)). The 

solution of Eq. (2.36) subject to Eq. (2.37) becomes 

 

 

2. 	2. 
riv( i 	'c k2.)  = 	if 	 3  61 ?gl. dxi clx2.  

cr 
(2.39) 

where 	= g 	zos;.,kc) 

To use the formal solution above, we will first try to attach 

some physical significance to the functions Dg 10h . 	It is 

possible of course to obtain solutions of Eq. (2.33) and hence 

find Pv 	for various propagation geometries, but in order 

to link with previously derived expressions for nv  then we 
will try to deduce some physical properties of these functions. 

We have to extend some work by Perina (1971) to relate 

 

d2 i x is a differential area element on the surface cr 
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and 

Since 
	

ilv(11,kt, 	 a,k2 	41) 
	

(2.40) 

then 
fr  ac. 

Pv(il)ki;h3112). 1) 	(ac(1122,aci,k1) Dgi  

a g2(1 	dX y dx 2  (2.41) 

a- 

a 
12) a 	(g x 12) v  -0 13  2. / 	_ 2 2-2 2 

aol  (2.42) 

a g2 	7 Zi , 	tx,cc;,_ 
an2. 

=   Pv  i?1))s-2,1z2) 
cr 	?1.11 

06:(11,30121) c12/1 6111S2. 
5-r1 2.  

(2.43) 

Comparing Eq. (2.39) and Eq. (2.43) we see that 

(2.44) 
an, 	 ant  

If we write 

k(t l 7s )12) = 	0.4 (S ) 1c,k) 	 (2.45) 
Ok% 

then Eq. (2.39) may be written 

riv(1)121).1.311) 	rc(_1)1?„2.)120k(-gi).13)21) 
0- 

k
x
t 	 ctlxi ci2)42  

(2.46) 
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The physical significance of K can be deduced by taking 

kv>•.. 11z),". k 	so that riv  becomes the mutual coherence function. 

The above equation reduces to the form derived by Hopkins 

(19 53) where k(S )2e_ )k) is the diffraction function (the point 

spread function of an imaging system or the exponential propagation 

term for the Fraunhofer plane). We can now link with the previous 

work discussed in Section (2.3). 

Speckle pattern in Fraunhofer plane  

The diffraction function WS)x) tz) 0C k exp-i-kA.IIR (in the 

same notation as used previously)and Eq. (2.46) becomes 

Pv(t„ial,1„120 cc grivC113121,x21,21 	 ext  aix2:  
cr (2. 14-i) 

The boundary condition Pv(I1,1212,122.) 	is simply the surface 

dependent term; in fact, it is the second order characteristic 

function of the surface height fl uctuations < exp—Z (10-(x1)—k2ac.2))> 

This is exactly the form used by Pedersen (1975b) and Goodman 

(1963). 

(ii) Image plane speckle patterns  

If it is reasonable to assume that isoplanatic conditions 

hold, then 

IC( S,02) 	7/R) 	 (2.48) 

so that Eq. (2.46) becomes 

(11 	11 2) kCt -2( 12 I) 
1, ‘, 2, 2 	 V -• ) 	-2) 	 1 	 1 ) 

Cr 	k C 	d2g, co-4, 
(2.49) 
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This takes the form of a convolution integral when the cr 

dependence is included in liv(113 1)ai)lea) thus reducing to 

the expression derived by George and Jain. 

The formulation given here allows Pv  to be determined 

in a speckle pattern formed in any plane. It does not depend 

on any surface model. Indeed, the function ilv(xt)121,1,ki) 

is only a boundary condition specified on the surface 0-  , and 

this need not be the scattering surface. Before discussing 

some other properties of the spectral correlation function, we 

consider in detail the form of ry in a speckle pattern 

produced by a scattering surface, and attempt to generalise the 

results previously obtained for surfaces with specified properties 

to surfaces with more general properties. 

2.4.2. 	Surface dependent properties  

As in Section (1.3.1.3.) we make no assumptions concerning 

the distribution of the surface heights and allow for spatial 

correlation of the height fluctuations. In section (1.3.1.3.) 

this was done by first introducing a spectral representation 

for the first order characteristic function; such a representation 

is not easily chosen for the second order characteristic function 

so we use a series expansion. (Davenport and Root (1958)). We write  

= 	2 (---i:kOn  12)1v1 	x Z(2.9 > 	(2 . 50) 
vl 717 M I 

Substituting this into the general expression given in Eq. (2.46) 

gives 

)— 	_°20"( .__..̀-1'75  11 4  ri 4,nz%1K( x v CI 1)e2.) 	(- 	 (2.51) 
h 	h! 	! 	if 

r 	k(gv ar,.,122) ex I  (12> z 
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To simplify this we make essentially the same assumptions 

concerning Z 	as we made in section (1.3.1.3.). We will 

assume that 

Y1 	YM 	 h4-ril 
< C_Xt) (V> 	> 3 (II — .x.„) 

(2.52) 

Here 3(I) hnt (X& is an even function satisfying the 
'1)% 

following conditions for all in and '1 

( o, 0) = 

IAMA 	g 	(x y)= ANA. 3  , (x,(4) . 0  
X—>o0 	 a--)00 

 SiI 9,,(x& 	colls)-ant- 
(2.53) 

These assumptions are all physically reasonable. For a 

Gaussian distribution of Z the stationarity of the second 

moment is sufficient to obtain stationarity of all other moments 

so that this formalism appears to be a generalisation of that 

used by Pedersen (1975b) for the Gaussian Z distribution. It 

is also a generalisation of Goodman's approach since in that 

case ntn 	60(1-7(1). When Eq. (2.52) is used with 

Eq. (2.51) we obtain the expression 

ry .13121)12,122) 	 (1127)M<Z.67,f 	oki) „122.) (2'54) 
m' 	r11 	nviA, 

where 

1z2) 	ff 	 0g2,1,222 (2.55) 
cr 	dXi  d2,L2. 
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The expression for
um  can be written in a slightly different 

form if we introduce the function 10Cx) to represent the 

complex amplitude or field distribution across Cr . We do 

not consider any contributions from points outside C-  so we 

can extend the region of integration to cover an infinite surface 

through O. Thus if 

	

kej g K,k) 	k(t, x,k) 	 (2.56) 

then 
00 

	

(11)4‘32)/22.) = 	 fgrom(11 .) 
 14c6C5.1)11)11) 	2 	(2.57) 

-00 	kc< (g„ 	1z2.) d x, c812  

or 
co 

I- 	
co 

* 

	

fhm ( I )111) g-2_ ) /z2) = 	kttql ,zoki)fico(  ( 2.,"X i—a,kz) gtir,(20 cay 2zi  
.... 	-co 	 (2. SS) 

* 
Now 3

ti 
 (z)
t 	varies for more rapidly than kK(g ) k) when the 

size of the scattering region is much greater than correlation 

length of the surface height fluctuations. Therefore the 

function lec4
*  
(t12.5k) may be taken outside the integral with 

respect to x and given the value kc((f)o,k) . 	In Eq. (2.58) 

this means that we can write 

l'ko((11,x,,k) k:( 1, 1, kz) c12, 	(2.59) 

-co 	
c(20 

We assumed in Eq. (2.53) (C) that the integral of 9m (a.) with 

respect to x 	is constant irrespective of rA and bq . In 

practice this may not be so but the variation with rvi and " 

will usually be very slow. The value of this integral will 
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depend on the correlation length of the height fluctuations. Our 

final expression for 	becomes 

cono:k1122 fCtk13-t zl oIZ (-020" 	(2.60) 

M X Lr113;-)1"  <ZniSh  
en! 

which is the same expressions as derived by Pedersen and Goodman. 

(or-(.2)z 
Pv( 1, S 2  Oh) 	ki}22 SCSI,kot2,2)<2 	> (2.61) 

where f(gAi;g2,1z2.) 	is defined in Eq. (2.13) as a Fourier 

transform of the intensity distribution across the scattering 

surface. 

The derivation of Eq. (2.61) for surfaces with finite correlation 

of height fluctuations and for non Gaussian height fluctuations is 

useful in extending the range of surfaces which can be considered. It 

is also useful from a slightly different point of view; it emphasises 

some of the assumptions implicit in the assumption of Gaussian height 

fluctuations. The most important of these is that Gaussian distributed 

height fluctuations only require two parameters to completely specify 

their statistics. These are the standard deviation and second order 

correlation function. For non Gaussian height fluctuations we must 

make some assumptions or specifications related to all correlation 

functions, not just the second order correlation function. For this 

reason we had to make assumptions (2.52, 2.53). This may be obvious 

but so much work on light scattering from surfaces refers to Gaussian 

height distributions that there is always a tendancy to think in terms 

of two parameters when specifying surface statistics. 



63. 

2.4.3. 	Some more properties of  

From Eq. (2.61) we see that Pv(coki,g1,k2) is proportional 

to the product of two functions defined by Fourier transform 

relationships. These are, 

03 	- L0111, 
g, 121 	 ki 	So,(1)e 	 ci2,4  (2.62) 

and 

< en)-1.(z,- izz)z> = 	S 1,(z) exr  --zolr tz2)z dz 	(2.63) 

•-■00 

If 13(z) is an even function of Z , then it can be shown that the 

characteristic function 5z(k) is real. Similarly if SaC7-.) 	the 

intensity distribution across the scattering surface, is even then 

S(tiOzolviza.) is also real and hence c(il,k0;2,1R2) must be 

real. When 1:(z) 	is symmetrically distributed about some non 

zero mean zo  the characteristic function will not be real but 

can be expressed as 

z
(k) 	t gK(1)1 	 (2.64) 

and 4z(01 will be the value of ./z.  when z...o . We can show 

in a similar way that an off axis symmetric aperture limiting the 

size of the scattering region only introduces linear phase terms. 

To conclude this section we consider, as an example of the 

theory presented, the spectral correlation function in a speckle pattern 

produced in the far-field of a surface whose height fluctuations are 

Gaussianly distributed. We will consider a scattering region limited 

* p(z) is the probability density function of 
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in extent by a circular aperture radius a. The surface dependent 

term is easily shown to be 

01-112) 	011 -12zY-cra2-12- 	 (2.65) 

Here 0"z. is the standard deviation of the fluctuations of optical 

path. The aperture dependent term is best evaluated using polar 

coordinates. We let p and 9 be polar coordinates in the surface 

plane so that 

1‘ 	. pcose. 1.. -4- cisme J. 	 (2.66) 

)
j. are unitorthogonal vectors, and let 

t 1 - Ig2.1) 
. 4 

G4.1 Coscp t 4 t-JSio,.. + 	 (2.67) 

Thus Eq. (2.62) becomes 	

a2rc 	cos(9-01 R 

	

p (4, 4),p, ,120 	sA (e,ks)lz- 	Pded9 	(2.68) 

00 

This reduces to the expression 

f (w, 	lqi,k2.) = 	2  51 (czt,1  )R)  x 	 (2.69) 

(avoiR) 

We can write 1.0 as lk)tc-kz .2) 	so the final expression becomes 

(k'l-k2.)10-2.12- 

) 11  Lt 	.)t27 - 12,) 	cots': a 	 _ 	(2.70) 

X Ji 

( Ci ftzl 	- 	gzi) 
This function and similar functions will be used extensively in 

Chapters 3 and 4. 
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It is clear that the maximum correlation occurs at different 

points 	and liz. 	The maximum value is dependent on the 

standard deviation of . 

2.5. 	The spectral correlation function of light scattered by turbulent media  

In Chapter 1 we considered some properties of the field scattered 

by random refractive index variations in a turbulent medium. The 

approach given there was that by Tatarski (1961). In this section 

we extend the results obtained to derive an expression for the 

spectral correlation function. We refer to the same scattering 

volume and use the same geometry as in Chapter 1 (Fig 1.6); again 

we assume that the measurement times involved are very much less 

than the time constants of the fluctuating medium so that Doppler 

broadening effects can be ignored. Two approaches will be 

discussed: the first involves a direct application of Tatarski's 

expression for the scattered field; the second is an extension of 

the work of section 2.4. We derive a differential equation for 

the spectral correlation function in the scattering medium using 

a similar approach to that used for free space propagation. Both 

approaches lead to the same expression and limiting forms of this 

are consistent with expressions for the mututal coherence function 

derived by Beran and Parrent (1964) and the mean intensity derived 

by Tatarski (1961). 

We assumed in Chapter 1 that the field could be expressed as 

the sum of two terms: \40  the field measured when no refractive 

index variations are present, and Vs, 	the contribution arising 

from scattering by the refractive index variations. We found that 

the scattered field was given by the following expression. 
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ikr 	 L q."1:1  

Vs 	) 	
, 

e 	f IVs4 (1-1)1 e ( r ) dsr t 
- — 

2.ATT 
Vol. 

The spectral correlation function of the total field can be 

(2.71) 

written 

<Vs(lsi,ki)V5*(r2,122)> 	vsoCc„ I) V: Cc)  fqxy> + <vs,  ,1q1) V:eivle)> 
(2.72) 

* 	* 	, + <Vs  cr 	(-(21,12 2.)> + < v 	o'RdvsoCrz , ki)> 0 

The last two terms of this expression must equal zero if Vs, 

is a zero mean process (or if the mean value of the refractive 

index fluctuation NO') 	is zero). We assume this is the case 

and obtain the expression 

(2.73) 

Pv(Tiokl,T2.21z2.) = ry cro le ill,)lex) 	c Cf 1 ,'1R ilf12)20 

where 11,7 and 11 	are the spectral correlation functions of 

the unscattered and scattered fields. It is only the scattered 

field correlation function which gives information about the 

scattering medium. This function can be deduced directly from 

Eq. (2.71). We find that 

k2.1.7.) 
e 	jj Ni(s.:)11\ -1:1)1 

it 

	

4teTif). Voi . 	(2.74) , 

x 	tli":)n (1:1)> e. 	ef --1 
Where the variables have all been defined in Chapter 1. We see 

that the spectral correlation function is dependent on the spatial 

correlation of the refractive index variations. 
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The second approach to this problem differs conceptually 

from the first method. We consider the propagation of the spectral 

correlation function itself. We use an analysis which is similar 

to that given by Beran and Parrent (1964) for the mutual coherence 

function but we will use the Tatarski approximation to model 

refractive index variations. Thus we assume that the refractive 

index can be written 

	

= 	 (2.75) 

This leads to the following expression for the scattered field 

V51 (see Eq. 1.50), 

Vsi 	,h0 4 1412. VS, (11,1z0 = !) vs0(1. ‘31). 	(2.76) 

Similarly we can write 

	

V2.1:. Vs
) 

1.2, )2.2) 	k2.2. 	= — 	ni 	VsC:(-‘1)127.)- 	(2.77) 

If we multiply Eq (2.76) by Vs% ( -f i, 120 and then operate on both 

sides of the equation with (d2.
z 
+K2) 	, we obtain 

(722:4-12;:)(V:1+4217-)VC-ci,kn(5'cr,'.,),. si 	 (2.78) 

1z 12 vl (-et) (722 + 	) Vs CI: „1 1)Vst.{11,121) 

and using Eq. (2.77) to simplify the right hand side of this 

expression we get, after taking ensemble averages, 

221:)CV12-#4q-) ilvS(11,121,[1,1a0 -= 14?Illz2-4(ilti-dnItr)) 	(2.79) 

x TiVa(n)1)7_-)12i) 
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This expression could not have been derived had we not used a 

method of small perturbations, since generally the field 

Vs; 1Z) satisfies the equation 

V2 VS (r_!k) 	v?" (f.) 122. Vs C:c, 2) .0 	
(2.80) 

and from this we can deduce that 

V12. V2.2- 4 VsCti )1e i )Vsw(c)izo).+ 	 122!' \/ 	,h1) 	( 2 . 81) 

	

x 	-C2) 122) = 

The second term on the left cannot be simplified generally since 

\10..)k) may be dependent on ras) . It is only possible to 

obtain an useful expression for Py 	if the method of small 

perturbations is applicable. 	To solve Eq. (2.78) we extend the 

method used by Beran and Parrent (1964) to solve a similar 

equation for the mutual coherence function. The Green's function 

for the operator (VIiiq)(9-1:W) 	is equal to 

I 	eq i, Ckt R, - k2.1Z1) 	 (2.82) 
(U K)2 

volume and T1 in the observation plane. Thus the solution of 

Eq. (2.79) becomes 

pvS (To 	 S 4-1R12*ni(ls:)n1(1.21.)>V\7(fil,lqi,f21_,121) 
41"ft) 	Rozl 	

cCki R i?2R1) 	GO-e21. 

(2.83) 

If P:(1.111,ki,T,I) ki) 	has the form expected for a plane wave 

incident on the scattering volume, 

RA. 

where 121 	is the separation between a point 	in the scattering 
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(•_1z. ,c 
V C-L• 	= IV 1 -e — VS 

 (2.84) 

then v 1  —1 1 	j2... -1 ) 
hiptAivs.(1.1)1_e_ 

I w (2.85) 

Substituting for this in Eq (2.83) and assuming far field 

observation to simplify Ri and Rx we obtain 

1-  )- k( 2i -I) 1 )-1) 	- 	SIN 0-1)Itv ( I 1 	I 12:-2.  
(2.86) 

tirK Ylr2. 0 1  Vol 	CV) n ,! C» 6"r1  L 	 c0f,: 

which is the same expression as we derived using the first 

approach. If we let 	, and 	122 then we obtain an 

expression for the mean scattered intensity which is the same 

as that given by Tatarski (1961, p.64). If Di  -4- lc but I2 I.cs.k2--1;z 

then we obtain an expression for the mutual coherence function 

which is the same as that derived by Beran and Parrent (1964). 
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PART 2 

SPECKLE PATTERNS IN POLYCHROMATIC LIGHT  

This second part of the thesis discusses some first and second 

order statistical properties of the intensity fluctuations in 

speckle patterns produced by scattering polychromatic light from 

rough surfaces. The spectral correlation function which was studied 

in Chapter 2 is used in this work. 

The first order statistics are considered in Chapter 3. First 

we formulate the basic mathematical expressions for the moments and 

probability density function of the intensity fluctuations. 

Detailed properties of these are discussed by considering particular 

systems emphasising the dependence of the speckle statistics on 

the surface properties. In Chapter 4 we consider the second order 

statistics, particularly the spatial autocorrelation function. 

Results obtained in both chapters suggest that properties of 

speckle in polychromatic light may be useful for surface studies or 

speckle reduction work. 
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CHAPTER 3  

SPECKLE PATTERNS IN POLYCHROMATIC LIGHT: 

FIRST ORDER STATISTICS  

3.1. 	Basic Formulation  

If the intensity fluctuations in a speckle pattern are 

measured with a detector for a time interval t then the 

measured intensity fluctuations will be I () where 

-CI' 

(S) 	 Gib 
	

(3.1) 

- 1 2. 

The intensity '(t)  t) is the instantaneous intensity measured 

1 7- 
at a time t , and N,Q= 1)/(1,01 . For monochromatic 

light the analytic signal has a harmonic time dependence, 

V( 	= Vs 	e."4* 
	

(3.2) 

Here we have shown Vs  to be dependent on t) 	for the reasons 

discussed in Chapter 1. In polychromatic light the analytic 

signal can be written 

co ;AA* 

V( )b) ="-. 	..\7q,14,) 	CtW  (3.3) 

0 

where C11  (,t.3) is proportional to the Fourier Transform of the 

real part of 1,41,0 	and is the field at 	due to light of 

frequencyco. Since ' is a point in a speckle pattern then ci(i,w) 

is the product of the incident field Votes) 	and the modulation factor 

arising from diffraction from the scattering surface, which is Vs(E10). 
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Thus 

;ot 

V( .)-b) 	f V0(1.0)VA,63)e- 	(3.4) 
0 

and the intensity I(S) 	becomes 

ti7. 
5E 	 (Ga-G.21 )E 

IL 	=-_ 	vs  cE,Avs(tp)vocovo cox. 	64,actual (3.5)  

0 

When the observation time T is long 

th 60 

M) = tit 	I ctt ccV 	)Vs  Atrd )V (4,0 (td)c. cLookwi (3.6) 
ism 	

VS( to 	0 0 
rc- 

—tiz 0 

and this reduces to the final expression 

to 

][00 = I (1 SCw)15)w)a° 	
(3.7) 

where IS( ,L0)= WI;,(.011  and S(W) is the spectral density 

function of the incident light. 

In practice it is sufficient for the observation time to 

be long compared with the coherence time for Eq. (3.7) to be 

valid. In the work discussed in this chapter we will be 

investigating effects of spectral bandwidths typically of order 

10 nm so that we will always be concerned with detection times 

long compared with the coherence time of the light. We will 

usually use Eq. (3.7) in the form 

I( 	
= f 

soz) Is  ( 	ale 	(3.8) 

0 

where k is the wavenumber of the light. This can be used to 
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deduce moments of the intensity fluctuations. The n'th moment 

can be written 

<i"› = 	< R s(zi.) 
L=1 

0 

(3.9) 

and since 	1.50:!,k0 = Vs(t,k.L)V;(.) 

then 	 (3.10) 

<In> = 	s(kl)... sow  <vs(uo 

whereVP)is a zero mean complex Gaussian process. Reed (1962) 

has shown that the n'th moments of a complex Gaussian process 

may be expressed in terms of the products of second moments. He 

shows that 

<V5( ,k1)--VA,k1)\(:(g,k1)...V:(QQ>=Z<Vs(Qz0V.:4,krc(9)>-- (3-11 ) 
rc

• • • <Vs  (i,kh)VN kr,-(,))) 

where TT 	is a permutation of the set of integers 1,2,3,.... 

and 1('-) 	is the i'th member of the set. Thus the n'th 

moment, and hence the complete first order statistics of speckle 

patterns in light of finite bandwidth are dependent on the 

correlation function 0/s(VRON/s  qA)> . This is the spectral 

correlation function which are discussed in the previous chapter. 

(Actually it is a special case of this for 	• ) 	Usually 

we are concerned with the first and second moments and these may 

be written (Parry 1974a/1976, Pedersen 1975). 
co 

<IK)> = 	S S(12) <1.s ( e ,k) ctiz 	 (3. 12) 
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oo 

<f t 	= c5 suzo5ozo[1<vs(5_,I0vN,k2)>I2*-1-oac,k,)><I(S.,k4 	(3.13) 

The variance of I can be deduced directly from (3.13) 

03 

6; 	S ( ZI) SCk2) I <VS (i 	k2)Al akt a ki 
0 

These expressions apply to zero mean processes Vs(S,k); they 

apply therefore to speckle patterns produced by surfaces which 

are rough compared with the wavelength of light (that is the 

surface height fluctuations are greater than the maximum 

wavelength incident). To extend these results to non zero mean 

processes Vw(g,k) as would be obtained from weakly scattering 

surfaces then we define a new zero mean process VaK,k) 

according to the equation (Pederson 1975a). 

Vct( Lk) 	Vp.4 (,4) 

	
(3.15) 

where VM(c,k) is the mean value of Vw(c lk) . Physically, 

VS)  k) is the specular field and VA,k) is the diffusely 

scattered field. 	To determine the second moment of the 

intensity fluctuations we need to evaluate <Is( ,Izi)Is(:,.)) 

where 

Is( ...11?1)-J.A,k2.)> =-. 	 ,kz)> 	(3.16) 

Substituting  the expression for Vw 	from Eq. (3.15) into 

Eq. (3.14) we obtain, after much algebraic manipulation, the 

(3.14) 

As mentioned previously, this approximation may not be valid for 
weak scatterers in particular planes of observation (Goodman 1975). 
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following expression 

,ko aD.S,kz)) = <vt,,( 3k1)11:,,(S,Izal- vtS,)vmt.,ka?\1( 3 . 17) 

where LI 	The expression for the variance then 

becomes 

Higher moments can be found in a similar way. 

alternative formulation which we shall see enables us to 

determine the probability density function as well (Parry 1974a, 

1975, 1976). We expand the function Vs(1,k) in terms of the 

functions 4, 	,k) according to the Karl-unen -Loeve expansion 

(see for example Davenport and Root (1958) or Papoulis (1965)). 

Of.  = ijs(zi)ozo[1(14,(soov:(&,ww. 

Before evaluating some of these moments we will discuss an 

03 

— iv,,(s, 	Vm  ,12011 akidizz 

(3.18) 

Vs 	tz) = 	(R) 
	

(3.19) 

where at are random coefficients and the functions 
	are 

chosen to form a complete set and to be orthonormal with respect 

to the weighting function Sao 	thus 

co S(k) 	(k)4,j4-(k) 	C • 	 (3.20) 

— oa 

where Sei 	is the kronecker delta function. This allows us to 

write 

co 

S(k) Vs( 	*iA lz) ak 
	

(3.21) 

-a) 
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Now if Vs(,h) is a zero mean complex Gaussian process, then 

aL will also be a zero mean complex Gaussian process since c 

is linearly related to Vs(g,i1). Let XL be defined 

< iatlz> = 	 (3.22) 

The process aL is still not completely specified. Eq. (3.21) 

shows that the process will be completely specified when the 

functions 	are chosen. If we choose a set of functions  

k, such that 

<ct t  . a.-*) = <cti> <cti44> = o j (3.23) 

that is, the process ai is linearly independent of aj then 

the total intensity (from Eq.(3.8)) becomes 

= 
	

(3.24).  

The condition for linear independence can be found from Eq. (3.21). 

Since 

Co 

<Cki ck.f> 	Sitzt)Sttz04A(ki)+J4(14)(v(Lizos*()k).) 	(3.25) 
_00 

the condition (3.23) is satisfied if 

SaZI)+L(hi) <Vs  (S,120V&2)).cklz = 	+;.(-k2.) (3.26) 

-w 

Some properties of this integral equation will be discussed in 

detail later in this chapter. From Eq. (3.24) we can write for 

the mean and variance 

(3.27) 

(3.28) 
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The equivalence of these expressions to Eq. (3.12) and (3.14) 

is shown in the appendix (A.1). 

This formulation in terms of uncorrelated random processes 

is used extensively in statistical communication theory (see 

for example Thomas (1969), Slepian (1954,58), Van Trees (1967)). 

It has also been used in optics. Bedard (1966), Jakeman and 

Pike (1968) and Mehta and Mehta (1973) used this method to 

determine properties of the time integrated photon counting 

distribution. Condie (1966), Dainty (1971), Barakat (1973) and 

Scribot (1974) calculated the effects of aperture integration 

in the same way. 

The first order probability density function can be found 

by first evaluating the characteristic function ICt) defined 

by the equation 

	

CO 	< ext ia-b> 	 (3.29) 

If we substitute for the intensity we obtain 

	

411 (t) 	<e)(i) 	 (3.30) 

and use the fact that Gaussian processes which are linearly 

independent are also statistically independent, then we obtain 

i=1 < el> 	 (3.31) 

To evaluate the characteristic function we calculate the Fourier 

transform of Wadi) 	the probability density function of 10;(2. 

The variable ai is a complex Gaussian process; its real and 
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imaginary parts are distributed as follows, 

Nal-) 	 — cvc2-  1 2.46t1> 
Za-1.>12  

2. 
= 

 pCa  	1 	fal —acm 124ce> 
Ana 

 
<a „,ice  

(a) (3.32) 

(b)  

and 61.1>=<42 '.>. From these distribution functions it can 

	

be shown that 1D(lai.11) 	has the following form 

12.(lazt2) = 	1 	ex .— tai. ILI <lac 	 (3.33) 

Here we have used the fact that 

<1 ailz> 	<a:"} + <oti;;> 	<aT2-> 
	

(3.34) 

The characteristic function on the right hand side of Eq. (3.31) 

becomes 

Co 

<el> 	1 ck-,, 11> = 	yext) Icu, 	-ex— ait21)ct. dki,12-(3. 35) 

The integral can be evaluated easily and has'the form 

<,e) Ct 1 ai > = 	— >q€51  9 	 (3.36) 

This expression for the characteristic function differs from that 

given by Dainty (1971) and Barakat (1973) in their studies of 

the effects of spatial integration. Dainty transcribed the work 

of Slepian (1954,58) directly and did not take into account the 

z 
fact that the 	detector in the optical region responds to (V5 

while the work of Slepian referred to detectors responding to Vsl 
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Barakat (1975) pointed this out but did not correct the error 

completely. Barakat obtained the form for the characteristic 

function in Eq. (3.36) as 

Keli-b Ike.> = (1-- 	ktyl 	
(3.37) 

This error appears to have arisen in deriving Eq. (3.33). The 

expression given in Eq. (3.36) enables us to express the 

probability density function p(I) in the following way. 

 dt 
1y1(I—  LXit) 

ti(1) 	
exr-ii-b 

This can be simplified still further. When all the eigen-

values are distinct a partial fraction analysis can be carried 

out and the new integral evaluated by Cauchy 	theorem (Mehta 

and Mehta (1973)). This gives 

?CD 	(CK(),rt)exp-1.(N,., 	(3.39) 

where 
Cn = 	FT 	),„(xt,-),,,) 

zTt, 

(3.14-o) 

and N is the number of eigenvalues 

The main difficulty in determining p(I) arises when determining 

the eigenvalues 	L from the Fredholm equation. We will be 

discussing some detailed examples later in this Chapter. It may 

also be difficult to determine iD(I.) using Eq. (3.39) and 

Eq. (3.40). The expressions given here are useful for numerical 

work but it is sometimes easier to evaluate the characteristic 

(3.38) 
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function Eq. (3.31,36) and Fourier transform this when using 

analytic methods. 

We have completed our basic formulation of the first order 

statistics. The theory applies equally to Fraunhofer plane or 

image plane speckle patterns produced by surfaces or to speckle 

patterns produced by any scattering medium provided that the 

scattered field is a zero mean complex Gaussian process. -The 

differences which arise between any of these situations arise 

from different forms of the spectral correlation function. We 

will apply some of the results of Chapter 2 to the above theory. 

3.2. 	First Order Statistics of Speckle produced by strongly scattering  

Surfaces  

Most of the work refers to speckle patterns formed in the 

far field of a scattering surface. The properties of polychromatic 

image plane speckle patterns can be evaluated using similar 

techniques and these will be indicated, but detail calculations are 

given for the Fraunhofer plane. 

3.2.1. Fraunhofer Plane Patterns : Moments of the intensity  

We start by considering the statistics of speckle patterns 

produced in the far field of a rough surface by the scattering of 

light which is normally incident on the surface as shown in Fig 3.1. 

We wish to determine the mean and standard deviation of the 

intensity fluctuations; we will be using the ratio of these 

quantities. This ratio gives a measure of the contrast in the 

speckle pattern. From Eqs. (3.12, 14) we can write 



POLYCH ROM AT C-4  

LIGHT 

DIFFUSER 	 FAR FIELD 

Fig. 3.1 	This shows a typical arrangement for observing speckle patterns in the far• field of a diffuser. 
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2. 	 S(k) 1 ilv 	1 121,122)\2-  c112idiz2. 

oo 	2. 
<I>t 	SO) <IS(g,z)>dkt j 	(3.41) 

(Parry (1974a,1976), Pedersen (1975a,b)). 

It is oFten easier to use the normalised form of the spectral 

correlation function 

till 	117_ 

iv(S,IR02) 	Ilv( )121,1 2.)1<Ist.S,10><I4E,12,)›. (3.42) 

This enables us to simplify Eq (3.41). We first substitute for 

gi  in Eq. (3.41) to give 

scizoatz2)<Is(ti,k)><Is( t );)>I/Cv (e,IRI,kx)11c1101z2. 
0 
	

S 
 

co 	  
sck)<Isc,lo>cttzlI 	(5.43) 

To evaluate <15(.1)10 	we use Eq. (2.61) and the relationship 

<Isq,1O) = riv  (t,k,t,lz) 	(3.44) 

We see that 

co 
<Is(t )12) 	cc k2  J s,(I)cizz 

-co 
(3.45) 

for the surface models used here. This dependence on 	is 

usually slow compared with S(k) 	and \Sv(1,127.) so that the 

mean intensities can be removed from the integrals to give the 

approximate expression 

AC ki) /S(t7) 	c 7 121 )1R1)1di2ialZi. 	(3.46) 

where 

 

sck)/ S sclo ct$ (3.47) 

   

,k.))R.) 11,( 	›'2.)  
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The exact expression for 4(1) 	is 

-/S(1) = 	S(iq) < 	)1t) 	Saz)I1i3k) 	(3.48) 

but in many circumstances Eq. (3.47) is , a very good approximation. 

We use Eq. (2.61,16) to substitute for Yv in the above equation. 

This gives 

ff Ackimool 1.zurk2)124(1,kix)12-0/02. (3.49) 0 
s,cLocizic 

00 

Co 

where f(S,121)121)=. 	S Sa(3..) 	(.R1-1Z2) S. IR dax . 	(3.50) 
—co 

We see from this expression that the value of 001> is 

dependent on the surface properties and on the position of 

measurement, and that Yv  (S1111,1z2.)=--  ).\,(- ,hr-1Z2)• It will be 

useful to consider the a'/<z> 	ratio in the specular direction 

and non specular directions separately. 

3.2.1.1 Intensity Fluctuations in the Specular Direction  

In the specular direction 1=o 	and the cri4.1> ratio 

becomes 
co 

Ctz 	) lak 	(3.51) Criz 	/3(.1?)A0?2) /z  r 
41>7" 

This has been evaluated for Gaussianly distributed surface height 

fluctuations and for rectangular and Gaussian spectra (Parry 1974a), 

Pedersen (1975a,b)). We start with the rectangular spectrum. 

[There is a slight error in the solution given by Parry (1974a) . 
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This arises from an incorrectly defined region of integration, 

the results given there apply strictly for large bandwidths and 

only approximately to other values. The following analysis 

applies for all bandwidthl. When the light has a rectangular 

spectrum, the light incident contains all frequencies in a range 

2,Nz with equal intensity. Thus Eq. (3.51) may be written 
Ito 

(11. 	= 	
J l i 

§z(k,.-- 12.)11  
<7 2. 	4 (6,k)2-  

	

where il1z::112,c-- keI2 . Since I ... z(ki-122)12" 	is an even function, 

it can be shown readily that the integral becomes 
26,k 

I .[ c(2.Lk-Q1 (10ilak z 	 (3.53) 
< 	4.(a k)2 	0 

For a Gaussian distribution of Z , the characteristic function 

.. 1.2.00 has the following form 

.2.(12) 	k2-0-27: 12. . 	 (3.54) 

So Eq. (3.53) can be written 
26k 

Cr_ 	, 	I 	
.[ 2. 

1(zAk— k) 	AI? 1 	(3.55) 
a>z  lf(a)z  

or 

ci2- = ArFe -e(PlAka)-1- 	(4gP (-(2Akcz).t) — 	(3.56) 
4i>2. 	2 ATZ Grz 	4-(A kcrz.)1  

This is pldted in Fig 3.2, For a Gaussian spectrum, ZOO has 

the form 

(3.52) 

isCIR) = 	 (1q-- 1Ri/(Alz)2 , 
45-R Atz 

(3.57) 



A - rectangular spectrum. 

B- Gaussian spectrum. 
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0 	1 	2 	3 	4 	5 	6 	7 
Fig. 3.2  The contrast in a far field pattern produced by .a 

surface with Gaussian height fluctuations is shown for two 

spectral distributions of the incident light. The contrast is 

plotted as a function of the product of the bandwidth Ak and the 

roughness gz. The shape of the two curves does not differ 

significantly, indeed if ilk
rect

/6k
gauss 

is chosen to be a fixed 

ratio, the two curves overlap for a wide range of Grzik. 
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And Eq. (3.52) has been discussed by Pedersen (1975a,b) and 

Parry (1976) when 4i) has this form. To simplify the 

integration the lower limit of integration is extended to -co , 

thus 
co 

01 exto — Ckiz)1+ (Iz—k -)/2(r 

" ;IK(6e 11 I 	 (3.58) 
—0, 	x ex?- oi7- Ck t- 1z02.  dtz c1122  

The error introduced by extending the region of integration is very 

small provided that i2o>>.0 and tilk4.< kr) For values of 12, and 

a not satisfying these conditions the integration becomes rather 

difficult. To evaluate Eq. (3.58) we transform first to the 

coordinates , 12' 	where 

= 1z2— 	, 	= 

and then let 

12e< = 124-k t  

14, = 

(3.59) 

(3.60) 

to obtain 

°° _(0:1-1-)216,2)14-We' 	z 
(r  -ex p - o-zz 	cl1t1  GtIz ( 3.61 ) 

II* 3 1 

or 	1. I Ah + (217a  de 	 (3.62) 

Zi>2  

This is also plotted in Fig 3.2. We see that the ratio 

(or the contrast in the pattern) is a function of the product 

(rzAk 	The maximum value of 014.1.> occurs when &lz=0 	and 

the contrast decreases with increasing crz 	. This can be 
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useful as a means of reducing speckle contrast in an optical system 

when the speckle noise level is high. (Elbaum, Greenbaum, and 

King (1973)). Since 

arc ( coherence length) 	 (3.63) 

then the product crz diR is proportional to the ratio of the 

roughness to the coherence length of the light. We see from 

Fig 3.2 that speckle of good contrast is obtained when the 

coherence length of the light is less than the surface roughness 

parameter o . This of course is what we would expect on 

qualitative grounds. Indeed we see that speckle may be 

observed in white light provided that the surface roughness is 

sufficiently small. To obtain an estimate of the limitation 

on roughness we write, for speckle of good contrast 

cri 6,w12* 	< 
	

(3.64) 

Thus for 6A,3oonm., 	...SSA  mm• (white light), 0-z.litk gives 

speckle of good contrast. (Note that the theory given here 

applies when Crz>> ). Therefore surfaces with height fluctuations 

of the order of Ipt 	will give speckle of good contrast in white 

light. In a paper reporting the observation of speckle from 

laser sources, soon after the discovery of the laser, Rigden and 

Gordon (1962) pointed out that they had observed speckle in 

sunlight and concluded that speckle patterns were not sensitive to 

changes in frequency. We see from the analysis given here that this 

is only approximately true and that the appearance of speckle in 

white light depends significantly on the properties of the 

scattering surface. Sptugue (1972) and Elbaum, Greenbaum and King 
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(1972) suggested that the roughness dependence of speckle could 

be used to measure surface roughness. Sprague provided experimental 

evidence to support this but did not provide supportive theory. 

The variation of contrast with erz.dtt as shown in Fig 3.2 

is not significantly dependent on the choice of the spectrum. 

Pedersen (1975c) has recently pointed this out and suggested that 

the Gaussian spectrum could be used in most circumstances since 

this often simplifies the mathematics. This is not necessarily 

true if the spectrum is not continuous. The properties of speckle 

produced by a number of discrete frequency components differ in 

some respects from that produced by light of finite bandwidth. 

Goodman (1963) and Parry (1975) have reported on studies of 

speckle produced by a number of discrete components. Goodman 

considered the frequency components to be either completely 

correlated or uncorrelated. The following analysis applies for 

arbitrary frequency spacings between spectral components. 

We assume that light incident on the scattering surfaces 

contains NI components, so the function SCE) becomes 

5(h) 	S(.) 	 (3.65) 

Such a spectrum is obtained from a laser operating in a multimode 

state. The ratio Cri<I> becomes(Eq. 3.46) 

N N 
(7 2-  =z E Ackohckpl `‘,(i )1?„\z„)12-  

<i>z 
f N where 

js(ki) = SCkI) i 2, SCR) 

(3.66) 

(3.67) 
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For two spectral components incident with equal intensities 

t
Ija 

0-  = kik 

where YIL 	has been used as shorthand notation for Yv(t,i,) 22).  

At the centre of the pattern 1 	takes the form 

= 	
(3.69) 

15  z(k) is the characteristic function of the surface height 

fluctuations, so that Eq. (3.68) becomes 

2.1 1  
■•z(11-1z2)1 17- 	(3.70) 

AT 

This is plotted in Fig 3.3 for a Gaussian distribution of RE. 

We see that the curve is asymptotic to 	and that the width 

of the curve is given by 

Akix  e.... I 	 (3.71) 

If we subtract the asymptotic level from the curve we find that 

§.1(1 1.-(z2)1 = 	012/zi>2._ 1/2)I12- 	(3.72) 

Thus the modulus of the characteristic function can be found 

from measurements of takI> in a speckle pattern produced by two 

frequency components. This could be used as the basis of a technique 

for determining the complete first order statistical properties of 

the surface fluctuations. The following procedure would be 

suitable for such a determination. (See Fig 3.4): 

Set Ak and measure r/«>, 

Change Ak and measure the new a'/<z>. 

(3.68) 

(iii) Plot cr/41. 	versus Ak. 
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0 

.5 	1. 	1.5 	2. 	2.5 	3 	crz°k  
Fig. 3.3 The Orx /L I> ratio is plotted for a far field 

speckle pattern produced by the scattering of light 

containing two spectral components (separation of wavenumbers 

Gk ) by a surface with Gaussian height fluctuations. 
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(iv) Subtract the 'd.c.' level from the curve and either attempt 

to fit a standard form to the curve or Fourier transform the 

curve to determine (z) , the probability density of the 

optical path fluctuation Z. 

The probability density function can only be determined when the 

path fluctuations z. are symmetrically distributed. This is 

so because the curve obtained is the modulus of the characteristic 

function and this is the Fourier transform of 13(Z) 	if 1).(z.) 	is 

symmetrical. To determine 13(2.) for an asymmetric distribution 

some information must be obtained about the phase of characteristic 

function. 

Experimentally we can determine I 	0,01 	using an 

arrangement shown in Fig. 3.4. The separation of wavenumber 

can be varied by using a laser of fixed frequency and a dye laser 

of variable frequency, 	The dye used should be chosen that the 

frequency range available overlaps the fixed frequency to give a 

range of M from zero to a value determined by the fluoresence 

spectrum of the dye., For example, a He-Ne laser gives light at 

633 mm and a rhodamine 6G dye laser has a tunable range of 

570-640 mm (approx). There are many other lasing lines available 

and many corresponding dyes in the visible region. The expressions 

for a/41. 	and I .z.t&tz)\ Eqs (3.70,72) apply when the two 

frequency components are incident with equal intensities. For the 

general ease when the intensities are SI  and S2  , the following 

expression holds 
012- 	.Atz 4_ /32 4.  a_zt 4_ 1 j2.) la ---. Z. (3.33) 



He-Ne 

scattering 	 detector 
surface  

dye laser (R.6G) 

Fig. 3.4 	This shows a schematic experimental arrangement suitable for studying first order statistics 

of speckle produced by light containing two spectral components. The wavelength of the light from the He-Ne 

laser is fixed at 633 nm. and that of light from the dye laser may be varied over a range depending on the 

dye . For R.6G the range is approximately 570-640 nm. 
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where AL = St l(S ) 4S1) . The curve of cgia> versus Ak 

in this case is asymptotic to (.Al2.44n112. 	or (S1+C1)/ (SI+ z)2  

Maximum sensitivity is obtained when this is a minimum. It is 

easily shown that the minimum asymptotic value is obtained when 

SC:S2. and might be expected. 

We can extend the analysis to more than two spectral 

components using Eq. (3.66). Fig 3.5 shows the results of a 

calculation of (a/41> in a speckle pattern produced by an argon 

laser operating in an all lines state. The function has been 

calculated at the centre of a pattern produced by a surface with 

Gaussian height fluctuations and is plotted as a function of 02 

We see that as in Fig. 3.3, the ratio oii41> asymptotically 

approaches a constant value. This is not observed when a broad 

band source is used. To uliderstand this we compare the formation 

of the speckle pattern in the two cases. We consider an idealised 

source producing N discrete, equally spaced spectral components 

as shown in Fig 3.6 (a). We label each spectral component by its 

wavenumber k. . 	Fig 3.6 (b) shows a broad band spectrum and a 

Gaussian correlation function plotted on the same.scale. When 01 

is small the correlation function is wide and the individual speckle 

patterns produced by the components in the spectrum will be 

correlated. The 	same applies to spectrum (b). Thus both spectra 

will give speckle patterns with oV4z>,,i. 	As ai increases the 

width of the correlation function decreases, so that for spectrum 

(a) the speckle pattern produced by component ki 	may be 

uncorrelated with that produced by kN 	for example,a.s Oi 

increase still further each component in spectrum (a) will give 
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Fig. 3.5  The standard deviation of the intensity fluctuation is plotted for different values of surface 

roughness (a Gaussian distribution of surface heights. has been assumed). The polychromatic source was 

taken to be an argon laser operating on all lines. (The wavelengths present were 514.5, 501,7, 496.5, 

488.0, 476.5, 457.9 in the ratios 0.246, 0.008, 0.096, 0.522, 0.116, 0.013. The mean intensity was unity. 
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(a) discrete spectrum 

kl k2 	k. 
Ifv (Akii)i2  

Akii 

(b) continuous spectrum 

k1 N 

Fig. 3.6  Discrete and continuous spectra are shown with a 

Gaussian intensity correlation function of width 1/04  plotted 

as a function of the separation of wavenumbers. The width of the 

correlation function indicates the region over which the patterns 

produced by different wavenumbers may be correlated. 
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rise to a speckle pattern which will be correlated with fewer of 

its neighbouring components. Eventually the speckle pattern 

will be the sum of N uncorrelated patterns. Increasing the 

roughness oi still further does not cause any significant change 

in the properties of the pattern because the width of the correlation 

curve is now less than the separation between the spectral components. 

The asymptotic value ofollia> will be I/A5P if all the components 

contribute equally in intensity. This is not the case when the 

speckle pattern is produced by spectrum (b). The number of 

uncorrelated patterns making up the complete pattern is approximately 

Akcrz. 	(Alt is the bandwidth of the source). As ai increases this 

also increasesand the ratio ai/41> will be approximately 1 NEq, 

and will continue decreasing as ai increases since the spectrum 

is continuous. Thus for speckle patterns produced by light with a 

spectrum of the form (b), the s/41> value asymptotically approaches 

zero. 

In this section we have considered the ratio of the standard 

deviation to the mean value of the intensity fluctuations as 

measured in the specular direction. If we observe in non specular 

directions the ratio is dependent on the size and shape of the 

scattering region as well. 

3.2.1.2. Intensity fluctuations in non specular directions  

To determine criki> we use Eq. (3.49), this time including 

the factor dependent on the scattering region Sa  . The behaviour 

of the ratio in non specular directions can be seen by taking a 
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particular example. We refer to Fig. 3.1 and assume the limiting 

aperture of the scattering surface to be circular, radius a. . 

We also assume the spectral density function to be Gaussian 

is k) (k—k.)21(h, 02.  • 	 (3.74) 
4-0111a 

When the optical path fluctuations are normally distributed Ez(k) 

has the following form 

Z(k) = 	txp C— rza  iz) 
	

(3.75) 

The spectral correlation function in a speckle pattern produced 

under these conditions was calculated in Chapter 2. From 

Eq. (2.70) we can write 

\‘ 	, i22) = Z -ext) -4 021-kit/a 7j  (a(k-O'S IR) (3.76) 
IVa1 	 (a (121 -120 VR) 

and 

co 

p 	0212 WI-  R.9-(122.-k,)712(15,02.  ( 3.77  ) 
<-L? aFTWOCog" 	 0.0?1--)z7..) ° .e.13-- crzz  (k1_ k2 	I 	 dizidlzx  

I a( k'r-kz) t/R 

where --Ii(x) is the first order Bessel function of the first 

kind. A similar integral was evaluated numerically by Parry 

(1974a) for a rectangular spectrum. Pedersen (1975b) evaluated 

the integral in Eq. (3.77) when the Bessel function was replaced 

by a Gaussian function. Before considering the integral in 

Eq. (3.77) in more detail we will discuss qualitatively some 

properties of cifa>. The two most apparent features are: 
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(i) The of <I> ratio is dependent only on the radial distance from 

the specular direction and not on the angular position. This 

is what we would expect from symmetry considerations. 

(ii) The ratio does not differ significantly from its value in the 

specular direction when (Parry 1974a) 

aLk giR « 1 . 	 (3.78) 

Thus it is reasonable to consider a region around the specular 

direction where the statistics of the intensity are stationary. 

The size of this region appears to depend on the aperture and on 

the bandwidth of the light. Later in this section we will see that 

the criterion in (3.78) is too strict and can be relaxed slightly. 

To evaluate the integral in Eq. (3.77) we start by 

expressing ji (z) 	as a series (Abramowitz and5tegun (1965)) 
, 2 -71  (z) 	z 	x2.) 

(3.79) 
rei r-'0 	M t pcm+2) 

We also assume that the wavenumber IR°  >>1 and that Lk 

so that the region of integration can be extended to (-00)°0) 

Eq. (3.77) then becomes 
00 

0-12- 	cc ex ralz2:1- lelliAtzz) zxp--(2201-k2f- 
arMiercaL 	1  

-00 (3.80) 00 e-t, 	7 	/ 
X Z 	z-) 	tvt 	(00! (r4401. 	,ozi  

114=0 11-7-0 

where 7c= 	R . 	We transform to sum and difference 

coordinates, as in the previous section 

IZ = 	k, 
Izz 
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and interchange the order of integration and summation, thus 

giving 

00 
4-T 	t 	(a .gif0 

<I>2 	(WI  " 	114! n! 	6m40 Mro sk..0 

2.A.Y.4,00  6c €.-{:e1/14-0,02  (3.81) 
X I e 	k 	d12!, 
-m 	-ND 

where 
	a = (14- (412(5-,)2)/14.(Al2)2; 

The second integral is easily evaluated; the first is of the 

form 
oo 

I.t 
	

2. k 1%1  clk 
	

).(kvt+n) 	
(3.82) 

00 

and satisfies the reduction formula 

I 	( t
ac

- I 	I 
— 	

0 
2  4 7.c 	 (3.83) 

This enables us to express q/a> in the form 

 

as to 

es>' 	,4/171c A k m90 A=0 

where 

(3.84) 

3„(b( ) .S)= (a tle"+”)  

fli! 	frA +0 ! ( 

hi-Fn 

(0 	
(2Cm4y1)-0 (2CYK40-1)... 3. 

(act)"14." 

and by comparison with Eq. (3.62) 

co 00 

0-/2-cg) 	a-i2-  cco 	z 	„,((x)i) \ • 

Z2. 	
2_ rur-o nn-0

i>  

(3.85) 
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To evaluate some terms of the series it is easier tc write 

(3.86) 
( I + 14. L.122-ceL 

The first few terms become 

1 42-  4 S yLt' 	35 s‘ 4  2a-  LAS_ 133 
2. 	tb 	f92 	27-s: Go 	aoitt 

. (3.87) 

Thus we have an expression for 	41> 	as a function of position 

of measurement in the form 

o  (§) 	Ez(o) ,t1 — 	2-4 	lc 35&._ 	 (3.88) 
41)F- 	 2. 	1 

Unfortunately the convergence of this series is slow unless y Z i 

(this is basically because the series for the Besselfunction 

converges only slowly), but the expansion can be useful in 

demonstrating the dependence of 6. /«> on parameters of the 

system. From Eq. (3.86) we see that when 

4,6serzz 44 
	

(3.89) 

then 	 agAIRIR- 	 (3.90) 

Thus the ratio o=  (<i'> as a function of S is independent of of 

and we can deduce that the ratio will have approximately its 

value at g..-0 provided that 
a AkiR « 1 . 	 (3.91) 

This is the criterion deduced previously. However when 

d. itz 	>> 	 (3.92) 
then 

a Wcri R 	 (3.93) 

that is, the variable y, and hence 62141> , is independent of 
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for a given geometry,but dependent on the ratio SiO. 

Thus the variation of o f<I> with g is a much slower variation 

for very rough surfaces than for smoother surfaces. It will be 

useful to determine some numerical values of B under typical 

circumstances; to do this we first introduce the ratio € 

defined as the magnitude of 	relative to the size of the Air3 

disc. Thus E 	is effectively the number of speckles from the 

origin (or specular direction). In this unit 

1 -2.2 6 S b.kt./ (1+ 41k2-0-2-)1/2. 
(3.94) 

where 5■ is the mean wavelength and the factor 1.22 arises since 

the size of a speckle has been taken to be the diameter of the 
2. 

first dark ring of theAiry pattern. For 4-&kcia 

TS E. A Nnt , 

where ba= zK  A ki e3 and for ti_Miz o-az  >>i 

(3.96) 

From Eq. (3.95) we see that when the coherence length of the light 

is very much grtateS than the surface roughness, the values of 3 

may be small compared with unity. Typically A'' soo n.m. A A x S  

so that 

3x 3 € / 

and the stationary region about the origin has a radius corresponding 

to the size of 3-4 speckles. Eq. (3.96) gives the value of yin 

the limit of very rough surfaces; we see that is determined by 

ratio of the roughness parameter o 	to the mean wavelength of the 

(3.95) 
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light. By definition, a very rough surface is one for which 

6:0>X , so that y may take very small values compared with unity. 

Suppose oi,loja , ate- Sooner,, then 

'X 6 1 LI-c)  

and the stationary region about the origin has a radius corresponding 

to the size of 10-12 speckles. The two cases considered here are 

limiting cases and generally &IRV 	may not be very large or very 

small compared with unity. In these circumstances 9 depends on 

both ai and a . 

The complete dependence of O JIB on 	can be derived 

when the scattering surface has a Gaussian amplitude distribution 

across it. The spectral correlation function required in this 

case has been derived by Parry (1974b), and Pedersen (1975b). If 

the amplitude distribution across the scattering surface is 

given by the following expression 

Vo 	= e xp- 	/ zwv1 
	

(3.97) 

then 	Ca0 L.-- ex?- x2- /2 ws1 	
(3.98) 

where Wv. ,),Vs 	are the widths of the amplitude and intensity 

distributions. The spectral correlation function becomes 

k„lz2.) = 1 1111z1--izz) .ex? - wszf-(.ki-k2)112R1 	(3.99) 
ato42-  

Thus 

aN(Lky- (21-041 	324p -0'i-00)2120V- 	
j-/2012)/ . 

	

>c _ex - 	1 - 401-crz2; 	-1Aisttklqr-y21)2/R2 cozicipl 3 . 1 00) 

This integral has been evaluated by Pedersen (1975b). We can group 

terms together to obtain 
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c...2- 	 co _kk 412;2.) hod-  -1-0z,-12,)2-(6-;2:4vsztliR1)3 
1 = 1 	 .e. 	 (3.101) 

41 .2. 	arC.  (Md-O-TC kg.s7-)1  c \ 
0 

and this has the form evaluated previously Eq(3.58). Thus 

* 

where 

c-2- 	A 1 =- 
.0.1' 	i i + (442. 4Kx) 

.V. ...„. 0.2. 4.. v4s2 S2 ifzz 

This form of this function is plotted in Fig 3.2 for the 

variable or z 

3.2.2. 	Fraunhofer Plane Patterns: The first order Probability Density  

Function  

In section (3.1) we derived an expression for P(I) 	as a 

function of the eigenvalues of a homogeneous Fredholm equation 

of the second kind Eq. (3.39,40). The main problem associated 

with the evaluation of pa) is the determination of these 

eigenvalues. Before considering some detailed solutions we 

outline a general means of solution. We are particularly concerned 

with a determination of the eigenvalues not the eigenfunctions 

as is often the case in other branches of physics. 

The kernel of the integral equation of Eq. (3.26) is 

asymmetric in hi and k2. It is often easier to consider 

equations with symmetric kernels. By choosing an orthonormal 

set of functions 41 -
J 
 such that 

45j = '43 li5TiTt3 	 (3.104) 

we obtain the equation 

* 
This can be expanded to take the same series form in Eq (3.88) 

but with different numerical coefficients for higher power terms. 
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xj  4)3  (1 1) 	Niscizo sozo &.( 20 P
V 
 cc, )12x) oU22  

0 
This can be rewritten by expressing (t, (S,121,122) as 

<1.SC)12') 241.St,122.)2);(t)%)122.)and then assuming these mean 

values to be only weakly dependent on k . If we divide both 

sides of the equation by <I> then 

(3.105) 

co 
cki (1)  = 
	W.sckoACt2.) 	(120 TyCE 01,1,2z) olle2. 	(3.1o6) 

<I> 	0_ 
where iv  (t)  ki,122) is often a real symmetrical function of 121  

and 1z . (Even if Xv  is complex, we know that 

Yv(g ) 1)12.2.) = 15.:(t,k2)1?)) and this can be useful). 

To evaluate the eigenvalues from Eq. (3.105) we replace 

the integral by an infinite series, thus 

dpi ciel) 	.Pa
N 

-;40, 
N 

AL6Clz0,6cPc) C(,120 ‘/ (1?1 ,12i.) 	(3.107) 

where 

so that 

}Jr  j (ti) = /SOO Ciy.k t) 4  46(121)AOW 4;30Z11) Tv  (1?1,t1.) "I" /(6(M)S(3) (1e0Nerti±  

(I) Cki) = ALSCIe1its(k)+11z1)W‘c121)1z1) -F hOt zY (16( k 2) 4 6(nT5)4(k1)%1V.1 2)‘21: 

aj 	
J 	. 

433 C°) 	41'112.i7)(73) 	k 1. 	)kt) 4* /14(1Z 2:.) .6C 03) epi  tka) 	37k2) 

(3.108) 
or in matrix notation 
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s I 	"r471321i2 - 

2.1 4 	• 

ArSTS/ 	,43  

(3.109) 

4it  

where 	)91.2..  = 	( )1 1,122.) 	13(lec) 

We see see that the matrix is Hermitian because Y12.= Izt 	and 

hence the eigenvalues are real. This would not be so if the 

kernel were asymmetric. 	This can be written in an abbreviated 

form 

where P‘ is the matrix defined above. The required eigenvalues 

are the eigenvalues of this matrix, and can be found by 

diagonalising the matrix. It is well know that the eigenvalues 

will be solutions of the equation 

deb ( 	x'I) =o 	 (3.110) 

where de. (A) is the determinant of the matrix At and I is 

the unit matrix. This approach to solving Eq. (3.105) is the basis 

of some numerical techniques for solving the problem and in most 

circumstances it appears that such techniques have to be used. 

There are other, more elegant means of solving the Fredholm 

equations but these depend on the form of the kernel. We will 

investigate some of these later in the section. The above approach 

has much in common with the solution of Eq. (3.105) when the 

spectrum /500 consists of a number of discrete lines as would be 
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obtained from an argon or krypton laser operating in a multimode 

or all lines state. If 

E 	s(t?--z) 

then subsituting this into Eq. (3.105) gives 

xi  4i 	N46(ko Ezs---(ro4gyolv c-c,k„v 	(3.112) 

0 3  
= N 

where i!"■N is the NXN matrix above. This approach is 

particularly useful when determining the first order probability 

density function in a speckle pattern produced by light containing 

two discrete frequency components. This problem has been 

discussed by Barakat (1974) and Burch (1971) but their method of 

evaluation is very complicated, paralleling work carried out in 

noise theory (Davenport and Root (1958). In the formulation 

given here, the problem reduces to diagonalising a (2x2) matrix 

and substituting the eigenvalues into Eq. (3.39,40). The matrix 

to be diagonalised is 

	

Ls (p,) AlACONA0 	2.  22) Y1

/AcuAcoo 	/S(122) 

(3.114) 

(3.113) 
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The eigenvalues, when A(tz1)=AChz) 	are solutions of the 

Since 	2..1 = 'fix*  

( 1 

that is 	›%1  

I 	zx' 
' 

then this becomes 

- 

= (1 	± 	IX12.1)12. 

0 

0 (3.115) 

(3.116) 

(3.117) 

and using Eq. (3.39,40) we obtain for 

n I (a> (1-i-V) -21/(1(1- lYi21))] 
3(1) = 

	

	 •-(3112,) 
1,1>1012.) 

This is valid provided that X124 o . If Xlz.  0 	then the 

eigenvalues are equal and Eqs. (3.39,40) are not valid. In these 

circumstances Eq. (3.38) becomes (for two equal eigenvalues). 
CO 

p(i) 	I 	exp Pat) at 	(I 4:)) 
an 	(1— OIL-0z 	

(3.119) 
-m 

and this reduces to 

I) 1 QXp-iIa 	 ?„0) (3.120) 

X2" 

Since <I> = ZN then this can be rewritten 

( 

<_> 
.exiD - 21 ki> 	 (3.121) 

equation 
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0 
	 1.0 	2.0 	 I 

Fig. 3.7a  The first order probability density function of 

the intensity fluctuations in a speckle pattern produced by 

light containing two spectral components is plotted for 

different values of normalised spectral correlation. The 

spectral correlation function is dependent on the roughness 

of the scattering surface and on the separation between the 

wavenumbers of the two components. (< I) . 1 ) 
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These results apply when the two frequency components are equal 

in incident intensity. More generally the eigenvalues are given 

by 

= <I> Dzo-A2.)71-- 	4.h,42.(1-1-rriAn 
2. 	 (3.122) 

where A and Al  are the intensities of the two frequency 

components. The method used here is similar to that suggested 

very recently by Goodman (1975) in a paper concerned with the 

probability density function of the sum of N partially correlated 

speckle patterns. The formalism given here applies to a spectral 

density function /5(k) of arbitrary form and the case of N 

discrete lines is a particular case of this. 

The properties of speckle patterns produced by a number of 

discrete spectral components is particularly interesting since 

this source can be easily realised by using an argon laser. The 

output spectrum contains six dominant components and the relative 

power of each component can be varied by changing the current in 

the tube. At low currents the output is effectively monochromatic 

and at high currents the output contains the lines 

514.5, 501.7, 496.5, 488.0, 476.5, 457.9 n.m. For this case the 

probability density function has to be calculated numerically. The 

matrix to be diagonalised is a (6x6) matrix. The elements are 

dependent on the spectral correlation function Sv ( 1>,k0j) 

If the surface is rough or if the intensity fluctuations are 

measured at points far off axis, then 	for 	will be 
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small for frequencies present in the output spectrum of the 

argon laser. Thus the matrix to be diagonalised may be sparse, 

that is, many of the off diagonal elements may be zero and the 

eigenvalues can be determined easily by numerical techniques. 

The results of these calculations are shown in Fig 3.7. The 

probability density function has been evaluated at the centre of the 

pattern (g.o), and the curves shown are for different values of 
Cr. The spectral correlation function was derived using a Z. 

Gaussian model for surface height fluctuations, so that a typical 

element of the matrix
, J 
ace has the following form 

aL! .,/1731 7:Si 	( [it — 1292- 

where 

AL = 	I 	 (3.124) 
t.7-1 

The normalised form for A;, 

from Fig 3.7 that as cri increases the peak value of p(I) 

decreases first, shifting to the right and then starts to increase 

shifting further to the right. Again a 'saturation' effect is 

found (not shown in the figure) when the curve does not change 

significantly with increasing Oz due to the very slow change 

of OLci (in Eq. (3.123)) for large 01 . The final shape of the 

?CI) curve corresponds to that obtained when the speckle 

patterns produced by all six spectral components are independent. 

The exact pCI) 	can be deduced analytically in this case. 

Goodman (1963) derived an expression for p(I) under these 

circumstances but we use a slightly different method in order to 

maintain a consistent approach. When all components are 

independent, the matrix to be diagonalised has only diagonal 

(3.123) 

above ensures that «>= t. . We see 
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.2 	.6 	1. 	1.4 	LB 	22 	1  
Fig. 3.7  This shows the theoretical probanility density 

function p(I) plotted for speckle patterns produced by an 

argon laser (all lines). Three different surfaces have been 

considered: — Oi = 1u, 	 Grz  = 24, 	— -02 = 10u. The 

spectrum of the output was assumed to be the same as in Fig. 3.5, 

and the surface height distribution assumed to be Gaussian. 

(<" = 1 ) 
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elements 

ist  0 0 0 0 
0 /Si  0  0 0 0 
0 0  133 0 0 0 
0 
0 

0 
0 

0 
0 

.414. 
o 

0 
4, 

0 
0 (3.125) 

0 0 o o o .Sc, 

Thus the eigenvalues are simply the relative powers of each 

spectral component. If all the components have equal relative 

powers then 

1:1(1.) 	(;-1[5 	exo  
5! <1>4  

In the other limiting case when the spectral components are 

(3.126) 

completely correlated (not a reasonable approximation for the 

argon laser) then 

p(i) =
<f> 

 -e4T  — V<I> 	(3.127) 

since it is no longer possible to distinguish between different 

patterns. 

Some experimental measurement of FiCI) in a speckle 

pattern produced by an argon laser are discussed later in this 

section. We first continue with the theory and study the features 

of 1,(I) in a speckle pattern produced by light with a continuous 

spectrum S(k) . It should be stated at the beginning that this 

can be a difficult problem for both analytic and numerical 

approaches. Analytically the solution of the Fredholm equation is 

only possible for certain forms of the kernel and it is extremely 
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unlikely that an analytic solution could be obtained for 

a spectrum which had been experimentally measured. Numerically 

the size of the matrix to be diagonalised can be large even for 

some modern computers and errors introduced by reducing the 

number of elements may be significant. 	So it appears that there 

are two possible approaches to the problem: 

(i) to take known solutions of the Fredhoim equation for kernels 

whose forms correspond reasonably with the typical kernels for the 

cases in which we are interested. 

(ii) to use an approximate solution. 

	

3.2.1.1 	Known Solutions of the Fredhoim Equation  

The solutions which are particularly relevant to this work 

are those first given by Slepian (1954,58) in his work on noise 

theory. The two solutions given in those papers are for kernels 

of the form 

1((x,y) = ex?--a lx-yk 2  (3.128) 

I(  (-2-23) ---1" c. 	C 	. (3.129) 

A similar integral equation arises in photon counting studies and 

these two kernels have been used extensively in this work by 

Bedard (1966), Jakeman and Pike (1968) and Mehta and Mehta (1973). 

The solution of the Fredholm equation with the kernel of Eq. (3.128) 

is also discussed by Davenport and Root (1958). 

When the surface height fluctuations in the scattering surface 

are Lorentzianly distributed the spectral correlation function in 

the specular direction is a negative exponential function of 

width oi , and the Fredhoim equation (Eq. (3.26)) becomes for a 
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rectangular spectrum 

Ak 	—crzl1R%-12.1 

A L 4)- (311) = I el(k0)< isck7)> 	cliz2_ 	(3.130) 
0 

Now <1:500> is not a rapidly varying function of k so we can 

assume that it is constant over the range Lk and remove it from 

the integral. Thus we can write 

Ak —crzIkt—It2,1 

(1). Chi) = S 	k.Liz 	ctk2 	(3.131) 
0 

Since <410X/0“:;Cf> when the spectrum of the incident light 

is rectangular. In order to reduce Eq. (3.131) to a standard 

form we carry out the transformations 

oitti =t  ? crz  izi= s, 	f(b) > d?(.}32) = Sls) 
Equation (3.131) then becomes 

(3.132) 

(3.133) 

The kernel is a function of the separation 	, so the limits 

can be changed to — 0-zAki?. and 0-z6.1212,  and we obtain the equation 

czAktx. 

= 	el— I 	Jwcts 	(3.134) 

which is the form solved in Davenport and Root (1958, p99). The 

method used to solve this involves reducing the integral equation 

to a linear differential equation and then substituting the 

general solution for -f 	back into Eq. (3.114). In the appendix 

it is shown that the eigenvalues X. satisfy the equation 

k =. 	<T>oz  Ls..k 
(3.135) 

T 2-  A.k2- 	;Ci.2  

where 

a.z.6,1z 

EL  -I co — _. R—s1 fcs)  cts 
0 

= crz  >%t./1.) 
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where xi, is a solution of the equations 

jc;. ta.A (xda) = orZ  Liz 
	

(3.136a) 

and 

	

x,:, cot (Xi. (2) 	CYz 	 (3.136b) 

Figure 3.8 shows graphically the solutions of Eq. (3.136a) 

and (3.116b). We see that solutions of (3.116a) exist in the 

ranges 

(0,-) 	(01  Tr) 	(2ri, SIK) 	(Loy, Sr) . _ 

((I) 	(rr,1m) 	<sa; 4g) 	(Src, (,m) 

Thus Eq. (3.136a) gives the eigenvalues Adtz X14- ...and Eq. 

(3.136b) gives the eigenvalues X1)13 X5- ...X .The graphical 

solution also shows that for large 4: , the roots tend to 

multiples of R . The convergence to muTtiples of IC is more 

	

rapid for smaller oiall . 	For large ai&IR the first few 

roots of the equations are close to multiples of 1 . Having 

determined the eigenvalues we can find p(I) by substituting 

into Eq. (3.39,40). This gives 

p(I) 	2, c.„ (o-,2- A,ka+zr,)  exr.tr.  4-Akx+x,7-) 	(3.137)  

2<i> Crz6•12 	2<I>ciAk 

where 
co 

cn 	trzz_AV- x,2,-,) 
t'n 	(X;1) m*Ift 

This solution is rather complicated since an has to be 

DO 

evaluated first. Nevertheless, the expression for Cr converges 
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10i ir  

	

I 	12rt 

cot(x/2); c''/x• 

3fr 	14IT 	I5ff 
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tan (x/ 2) oc/x. 

Fig. 3.8  

This shows graphically the solutions of Eqs. (3.136). The 

solutions have been considered in the form tan(x/2) = a/x, 

cot(x/2) = - a/x, (cc=0iAk). Solutions to the first equation 

only exist for x> 0, so the functions tan(x/2) and a/x have 

been plotted in this region only. The functions cot(x/2) and 

-a/x have been plotted for x< 0 since solutions of the second 

equation only exist for x< O. 



117. 

fairly rapidly for small n so it would be feasible to use this 

expression to find Fa) . 	Slepian (1954,58) evaluated the 

characteristic function of the intensity in a different way from 

the general method used here. He obtained an explicit form of 

the characteristic function for this particular equation and this 

has been used by Jakeman and Pike (1968) to deduce the form of 

p00. 	Their expression, transcribed into the variables used here, 

is 
lz 

h 	(4]Nthx,;)111 
pa) 	

aid 	

c-1)  azh 	ex p- 	2<I.> crz,Ak 3 (3.138) 
.<1> 11=0  x1,21+ 2trz  Al2+ 

Clearly Eq. (3.137) and Eq. (3.138) should be equivalent. The 

arguments of the exponents are the same but it appears to be 

difficult to show (algebraically) that the coefficients are the 

same for both series. Slepiah's evaluation of the characteristic 

function is clearly more suitable for this particular problem, 

so we use Eq. (3.138) to plot pa) versus I in Fig 3.9. The 

variation of pa) with qia is similar to that obtained 

for the spectrum of six discrete lines. However, large values 

of criAt 	in this case leads to a Gaussian shaped function for 

.1)CI) and finally to a delta function at the mean intensity. When 

the spectrum contained only six discrete components the variation 

with ori was characterised by a 'saturation' effect. The pa) 

curve. tended towards the shape of the curve obtained by six 

uncorrelated components. 

Solution of the Fredholm Equation with a sinc (x) kernel  

This kernel (Eq. (3.129)) is the kernel of the Fredholm 



0 	.2 	.4 	.8 	1. 	1.2 	1.4 	1.6 	1.8 	2. 

Fig. 3.9  This shows the results of calculations of the probability density function in a speckle pattern 
produced by light of rectangular spectral'density and a surface whose height fluctuations are Lorentzianly 

distributed. The curves are plotted for different values of 	Ak, where a is the roughness scale of the 

surface and Ak is the total range of wavenumbers in the rectangular spectrum. 
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equation which we would have to solve to determine pa) when 

light is scattered in the specular direction from a surface 

whose height variations are uniformly distributed over a given 

range. The spectrum of the light would again be assumed 

rectangular. The spectral correlation function in such circum-

stances is 

112. 

411310 = Try  (0, )1zi)= 4.r.s(izo><(2.)> 	(3.139) 
x sinc- (crz  

and the Fredrolm equation becomes 
6.102. 

,k Cho 	c<4k1)> <1.502,)>LsivI(0-i(kt.-122)) (3.140)  q2 

-A kb. 	 tC C 12%- 122.) 
X 4 (E2z) 4122- 

k1  Aksi2  , 122= isk12 	k,) =Scs) dP('))=.fm 

and obtain 
-4-1 

2 Tzzlk NE f(s) 	(.13,k(S-b)/z.)s(Q  eke  
z-z>

— 	
rc(s-e)-  

( 
(3.141) 

These eigenvalues are scaled versions of the eigenvalues of the 

prolate spheroidal wave functions which have been studied by 

Slepian (1965) and Slepian and Sonnenblick (1966), The eigenvalues 

must be substituted into Eq. (3.35,36) to determine pCX) and this 

involves numerical evaluation. This has been done by Barakat 

(1973) and Scribot (1974) in connection with studies of the effects 

of spatial integration. The detailed properties of p(I) for 

such a kernel are not included in this thesis, (see Scribot (1975)). 

We transform to coordinates 



120. 

Some eigenvalues of the prolate spheroidal wave functions are 

shown in Fig 3.10. 	Condie (1966) and Scribot (1974) have 

suggested that in many cases they can be taken as values of a 

step function such that 

Xy% = .>%0 	" <ho 

>%n = 0 	r > ho 	 (3.142) 

This allows an approximate formula to be deduced for ?CI) 

3.2.1.2. Approximate form for the probability density function  

We have seen that the determination of FiCI) in a 

polychromatic speckle pattern is mathematically equivalent to a 

determination of 1(I) in a spatially or temporally averaged 

speckle pattern. The approximate forms suggested in these 

areas can be used to determine an approximate form for the 

probability density function in the case of interest here, (Parry 

1974a, 1975, 1976). An approximate form was first suggested by 

Rice (1944,45) and this was extended by Mandel (1959) and 

Goodman (1965) to studies on photon counting and speckle 

statistics. Comparisons of the approximate forms with the exact 

forms have been reported by Bedard, Chang and Mandel (1967) and 

Scribot (1974) for the two kernels discussed in the previous 

section on the Fredholm equation. In this section we discuss the 

application of this approximation to determining ?CI) in a 

polychromatic speckle pattern and compare the approximate and 

exact forms for typical parameters. 

A speckle pattern observed in polychromatic light is the sum 

of a number of monochromatic patterns (provided that the detection 
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Fig. 3.10 Some eigenvalues of the prolate spheroidal wavefunctions are plotted (Slepian and 

Sonnenblick (1965)), for different values of c. Slepian's c values correspond tocrz Ak/2 in our 

notation. The eigenvalues have been plotted to indicate the variation of the eigenvalue spectrum 

with a2Ak, the numerical values are those given by Slepian and Sonnenblick and have not been scaled. 

Only eigenvalues greater than .001 have been plotted. 

C.= 1 	 c=5 
	c=10 
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time is sufficiently long). As we have seen the correlation 

between the intensities in these monochromatic patterns is 

dependent on the roughness of the scattering surface and on 

the position of measurement. We assume that the intensities 

are completely correlated in patterns produced by light whose 

wavenumbers are separated by Ako or less, and completely 

uncorrelated if the wavenumbersare separated by more than this. 

Thus we have a number of correlation "cells" in the k domain. 

The number of cells is 
yyt = Lk f oko 	 (3.143) 

where a is the bandwidth of the light. We can use the 

criterion (c.f. Eq. 1.70). 
6,1?0 	I /trz 	

(3.144) 

to estimate the value of dizo 	and hence obtain 

	

Nt = 1S.kCri 	 (3.145) 

In Mandel's work (1959) the correlation cell was a cell in the 

time domain and in Goodman's work the cell was a cell in the 

space domain. Mandel discussed the problem of distributing 

photons in these %en cells and showed that the probability of 

detecting h photons is given by 

.(11) = 	11("4m) 	 (3.146) 
nl. r(Pfl) (1-1-zh>/m)""(14,040,■7P 

In our case the mean number of photons is very large,<r>6_ 

and 1.2robability density function for the intensity becomes 

(Martiensen and Spiller (1966)). 

= 	mm  I!"  exp— (mi./<I>) 
	

0.141) 

r(m) <1 511  
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The value of ryi is not usually determined by Eq (3A45) but 

is found by determining the ratio of the standard deviation 

to the mean intensity in terms of m . This gives 

>7-  ( ai 	 (3.148) 

Thus to find pa) given the surface height distribution and the 

spectrum of the incident light, we first evaluate V41> and 

then substitute for m in Eq. (3.147). This formula appears 

particularly useful since the dependence of p(T) on the 

surface and spectrum of the light enters only through m . Let us 

go back to the exact expression for the probability density 

function and examine the conditions under which it reduces to the 

form of Eq. (3.147). Scribot (1974) and Barakat (1973) have 

shown that if all the eigenvalues of the Fredholm equation are 

equal up to the m'th eigenvalue and zero elsewhere, i.e. 

Xrt  = Ao 	vi 4 

?% = O n > m 

then 
co _ 

1) 
, 	e 	ot.t

(I) 
21-c 	( 1 _ i.xod" 

(3.149) 

which gives 

yn-t 

(1) = (1.1n1  I 	(293(.--T /X0) 
`AD' p(w9 

and since <E>= nl)%0 this reduces to the form given in Eq. (3.147). 

Thus it appears that the approximation used by Rice, Mandel and 

(3.150) 

Goodman is equivalent to approximating the eigenvalue spectrum by a 
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step function. Scribot (1974) has considered the accuracy of 

the approximation when the eigenfunctions are the prolate 

spheroidal functions. He suggests that nn 	be determined by 

equating the area under the step function to the area under the 

exact eigenvalue spectrum. This means that m 	need not be an 

integer. In Fig 3,11 we have plotted the first 40 eigenvalues 

of the Fredholm equation with the exponential kernel. These 

were computed from the equations(Eq. 3.136). 

2, tan xi. (z = rrZ bh 

xi.  (opt 2.02 — --ai 

Clearly, when rz Ak<1 the eigenvalue spectrum does not 

approximate to a step function so we should not necessarily expect 

good agreement between approximate and exact. For larger values 

of aia , the approximation improves. To compare the exact and 

approximate forms of pa) we first have to determine the 

functional dependence of n1 on crzAt2 via the ratio of the 

moments. From Eq. (3.148). 

(m)1  = Ca2743.>2" 

When the speckle pattern is produced by scattering from a surface 

with Lorentziam distributed height fluctuations and when the 

spectrum is rectangular 

— I 	ex.p•-2(rz (t 1-1R2.1 
72>F- 	(Alt)2  "' 0  ' 

(3.151) 

for fluctuations measured in the specular direction (Eq. 3.41,42). 

This integral can be evaluated easily to give 

2 

1>2- 
 - (f21(-24-1- Ix-1)/20z.2- 	 (3.152) 
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Fig. 3.11 This shows the eigenvalue spectrum 

for eigenvalues of Eq.3.134 (scaled). Values 

have been calculated for different values 

of a. The eigenvalues have been plotted to 	• 

indicate the variation of the spectrum with 

a. Calculations were carried out using 

Eqs. (3.136, 3.135). 
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where 

Thus 

  

(3.153) 

  

(3.154) 

 

(e)(13(-.1.) aa -I) 
and for large O. 

= 	;t0e2 	N 	Ot 	(c.S. (3. LI-S)). 	(3.155) 

Coo!- %) 

The exact and approximate forms of ?CI) are compared in 

Fig 3.12; for small values of e4 and 14<a> , agreement is 

	

poor. This is what we might expect since for small 	, the 

eigenvalues do not take on values of a step function. This also 

agrees with some results obtained by Martiensen and Spiller (1966) 

in their experimental work on the intensity fluctuations in 

light beams with several degrees of freedom. For larger values 

of e , the eigenvalue spectrum approximates a step function 

more closely and agreement improves. Bedard et al (1967) have 

compared the approximate and exact forms over a far greater 

range than is relevant here and claim good agreement for all 

values of I and of . It is very difficult to compare their 

calculations with those given here since the logarithmic scale 

which they have used extends over seven cycles and it is 

impossible to measure differences in their curves with any 

accuracy. 

We have discussed the theoretical properties of Fraunhofer 

plane polychromatit speckle patterns. In the next section we 

give results of some experimental measurements of the probability 

density function. 
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0 .4 .8 12 1.6 2.0 
Fig.3.12  The exact and approximate forms of the probability density function are compared for 

two different values of oi 4k (A = .5, B 5 ).•The surface height fluctuations are Lorentzianly 
distributed and the spectrum rectangular. 	4'I> 
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Experimental measurement of p(I)  

To study the effects of polychromatic light experimentally 

the intensity fluctuations were measured in a far-field pattern 

produced the scattering of light from an argon laser, operating 

in an all lines mode, by a rough surface. The maximum output 

from the argon laser was 	1.5 watts and this could be stabilised 

to maintain a constant incident intensity on the scattering 

surface. The incident light was spatially coherent and so this 

source had many advantages over thermal, polychromatic sources. 

The spectral properties of the light were controlled by varying 

the current through the laser tube. Typically, there were 

six lines in the visible range with significant powers. Table 

(3.1) shows the relative powers of the lines in the output when 

the current through the tube was approximately 23 amps. Variations 

in the current may have significant effects on the spectrum. 

Wavelength Relative Power * 

514.5 0.246 

501.7 0.008 

496.5 0.096 

488.0 0.522 

476.5 0.116 

452.9 0.013 

* These measurements are not corrected for spectral variation in 

the detector. Since the same photomultiplier was used to measure 

the spectrum and intensity fluctuations, it was not necessary to 

determine the corrected powers. 
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The scattering surface was a ground glass surface and 

measurements were made in transmission as indicated in the schematic 

diagram in Fig 3.13. The surface was prepared by grinding with 

a flat glass surface. The exact properties of the surface are 

dependent on the size of the carburundum , the time for which the 

surface is ground, the pressure on the surface and many other 

factors. In fact, the properties of a surface may vary across 

the surface unless care is taken. khen the surface is observed 

in transmission the phase 4) 	of the transmitted light is 

related to the surface height fluctuations 4‘. 	according to 

the relationship 

(l) = 	OA- 11 	 (3.156) 

where h is the refractive index of the phase. Variations in 

the refractive index of the glass were neglected. 

One of the main difficulties in measuring the statistics of 

the intensities in a polychromatic pattern arises from the non- 

stationary property of the fluctuations. When the scattered field 

is statistically stationary the intensity can be measured by keeping 

the surface fixed and moving the detector through the speckle 

pattern or by fixing the detector and rotating the surface. The 

ensemble properties of the scattered field are equal to the 

spatial properties because the field is stationary. (McKechnie 

1974). This procedure cannot be carried out when the fluctuations 

are non-stationary. The ensemble properties of the field must be 

studied by making measurements with statistically equivalent surfaces. 



ARGON 
LASER 

APERTURE 

1 	1  PM.  

DIFFUSER 

Fig. 3.13 	This shows schematically the experimental arrangement used to measure the first order 

probability density function in a pattern produced by an argon laser operating on all lines. 
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Thus the detector was kept fixed and the surface used for 

scattering was a small region of a surface produced by grinding 

as uniformly as possible. Between measurements the surface was 

moved so that a new part of the surface was bought into the 

beam. The total number of readings was limited by the size of 

the uniform region of the scattering surface. The results shown 

in Fig 3.14 are based on a total of 2200 measurements. This is 

not a very large number of readings for a determination of ?CI) 

and means that the statistical error bars are quite large. The 

measurements were made on the axis of system.(At off axis 

positions the statistics are stationary with respect to the 

azimuthal position and so the number of measurement can be 

increased by measuring at statistically independent points of 

the different azimuthal positions.) 

The clear line in Fig 3.14 indicates the theoretical curve 

computed in the same way as the curves shown in Fig 3.7. The form 

of the spectral correlation function was based on a Gaussian model 

for the surface height fluctuations. Thus, 

.". )1Z3 ) 	€x1)(-(61-1)26ki( Z -129212) 
	

(3.157) 

The spectrum of the light has been normalised so that the mean 

intensity is unity. Agreement between theory and experiment is 

within the statistical uncertainty for I> .8 but two neighbouring 

bins at the peak values of the curve give an excessive number of 

readings 	outside statistical error bars) and there are 
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Fig. 3.14  Experimental results are shown plotted in histogram 

form and the theoretical curve is shown in the clear. line. 

The results are based on 2200 readings and the error bars 

indicate statistical uncertainty. The spectrum of the light 

had the same form as given in Fig. 3.5. The mean intensity 
was unity. 
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no readings in the first bin. The positions of the peak intensities 

agree. The value of al, was determined by profilometric 

measurement and compared with the value of o 	calculated from the 

ratio of the standard deviation to the mean intensity of the 

fluctuations (see Fig 3.5). The two measurements agreed to within 

5%. The mean value (3.05)..4.) was used to determine the theoretical 

curve. 

The main experimental errors arise from the following: 

(i) The spectral stability of the argon laser is difficult to maintain 

while controlling the output intensity. The intensity is stabilised 

by directing a small part of the light output into a photodiode 

and this feeds back to the current supply to the tube. Any change 

in the output results in a corresponding change in the current supplied 

thus compensating for the change in output intensity. Unfortunately 

the spectral properties of the light are dependent on the current 

in the tube and the relative powers of the lines may change while 

the current changes to stabilise the intensity. It is difficult to 

avoid this problem. However, the change in current during the 

measurement process was found to be quite small (<2%) when the 

laser had been operating for about three hours before the start of 

the run. 

(ii) The surface roughness of the scatterer may have been non uniform. 

It is difficult to check the uniformity of the roughness after 

grinding. To obtain as uniform roughness as possible, the glass 

slide used was mounted onto a large glass block and the grinding 

process carried out for a long time rotating the slide at regular 

intervals. The central region of theslide was used. 
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To determine the major source of error in the results shown 

the measurements were reanalysed in blocks of 550 readings and the 

ratio 01/4> evaluated for each set of readings. The four 

readings should agree to within 4%. In fact, the ratios varied 

by 5% but there was no systematic variation, which suggests that 

the error did not arise from a steady drift in the laser current 

and hence a change in the spectral properties of the output. It 

seems more likely that the error arose from a non uniform surface 

roughness, or a combination of both errors. One way of avoiding 

the problem of obtaining a statistically uniform surface would 

be to use a different scattering medium. Liquid crystals appear 

to behave as deep phase screens (Jakeman and Pusey 1973) and these 

would be suitable for a more accurate determination of pa) . 

	

3.2.2. 	Image plane patterns  

We pointed out earlier in this chapter that properties of 

speckle patterns which are images of rough surfaces can be 

determined in the same ways as already discussed for Fraunhofer plane 

patterns (see for example McKechnie (1975)). No detailed 

calculations are given for image plane speckle patterns, but we can 

deduce qualitatively the following features : 

	

(i) 
	

The spectral correlation function is not dependent on the position 

of measurement of the fluctuations. This means that the 0. / 41> 

ratio and the probability density function do not vary with position 

in the image plane. 

	

(ii 
	

The surface dependent term in the spectral correlation function has 

the same form as for the Fraunhofer plane, so we expect the first 
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order statistics to show a similar dependence on surface roughness 

as was found for this case. However, there is a second factor 

in the image plane spectral correlation function which is 

dependent on the properties of the imaging system. This extra 

decorrelation factor always exists so we would expect the ci/41> 

ratio in an image plane pattern to be less than that in the 

specular direction of a Fraunhofer plane pattern for the same 

surface and illumination conditions. 

(iii) The difference between image plane and Fraunhofer plane patterns 

suggest that the properties of image plane polychromatic patterns 

are dependent on aberrations and defocus of the optical imaging 

system. This fact should be considered when examining Sprague's 

(1972) results which were obtained in a defocussed image plane. 
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CHAPTER 4 

SPECKLE PATTERNS IN POLYCHROMATIC LIGHT: 

SECOND ORDER STATISTICS  

4.1. Introduction  

The second and higher order statistics of the intensity 

are concerned with the spatial correlations of the fluctuations. 

Moments of the second order statistics will therefore indicate 

the general shape and size of the speckle in polychromatic 

light. The effects of finite spectral bandwidth on the 

appearance of speckle have been studied since the early 

observations of speckle by Exner (1877,1880). Von Laue (1916,17), 

Buchwald (1919) and De Haas (1918) were particularly concerned 

with the appearance of a fibrous radial structure seen in the 

speckle pattern obtained from light diffracted by particular or 

random aperture arrays. (In Fig (4.1) we show a typical 

radial speckle pattern obtained by scattering light from an argon 

laser operating in an all lines mode.) They believed that their 

sources were sufficiently monochromatic to neglect the effects of 

polychromatic light. Indeed Von Laue believed that the 

observation of a fibrous structure was inexplicable on the basis 

of classical physics. However, Buchwald demonstrated conclusively 

that the structure arose from the presence of polychromatic light. 

This early work was reviewed by Ramachandran (1943). 
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Fig. 4.1 	This shows the fibrous radial structure in a polychromatic 

speckle pattern produced by the scattering of light from an argon laser 

by a glass diffuser (standard deviation of height fluctuations 
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Martienssen and Spiller (1965) and Schiffner (1965) later studied 

the problem in greater detail and recentlyFujii and Asakura (1974) 

considered the radial appearance of the pattern when extending 

their work on speckle interferometry. The roughness dependence 

of the radial structure has been pointed out by Parry (1974b) and 

the work of Tribillon (1974) and Roblin et al (1975) suggests 

that an useful method of measuring surface roughness may develop 

from work in this field. Recently, Pedersen (1975b) has derived 

an expression for the elongation of speckle as a function of 

roughness and bandwidth. His results agree with those obtained 

semi qualitatively by Parry (1974b). 

The appearance of a fibrous radial structure in polychromatic 

speckle can be understood from the following qualitative 

arguements. We consider a speckle pattern formed by a small number 

of discrete spectral components. The polychromatic speckle pattern 

will be the superposition of speckle patterns produced by each 

component and the properties of the combined pattern will depend 

on the similarity between the component patterns. In Chapter 2, 

we discussed the changes which occurred when changing the 

frequency of light producing a monochromatic speckle pattern. In 

the far field (which we are concerned with here) there are two 

main effects: 

(1) The whole pattern moves in a radial direction, as would be expected 

from any diffraction pattern. This is effectively a change in 

scale of the pattern with points away from the axis moving further 

than those close to the axis. 



139- 

(2) The speckles change because of a .phase change in the light 

transmitted by the diffuser. The magnitude of the change 

depends on the change in wavelength relative to the roughness 

of the surface. 

Thus a polychromatic speckle pattern produced by a 

relatively smooth surface consists of the superposition of patterns 

which differ only in scale. A well defined radial structure is 

apparent. For rough surfaces, the polychromatic pattern consists 

of the superposition of patterns which may differ considerably 

and no structure, other than that seen in monochromatic light, 

can be seen in this case. Fig 4.2 is a very simplified diagram 

illustrating the formulation of a pattern in polychromatic light 

for different surfaces. 

Mathematically, the complete second order statistical 

properties of the intensity fluctuations are defined by the second 

order probability density function. This appears to be difficult 

to determine so we confine our study to a moment of the density 

function, the autocorrelation function which we define 

	

CI  C tt  ,1 2.) 	< C 	> <1(_-1)>. 	(4.1) 

We first indicate a means of evaluating this in terms of properties 

of the scattering medium and properties of the incident light. 

4.2. Basic Formulation  

In section 3.1 we concluded that the intensity at a point 

is given by the equation 

	

IC c) = 	SOO Is  ( 	lq) alz 	(4.2) 
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Fig. 4.2  This explains in a very simplified way the differences in the appearance of speckle 

patterns produced by rough and smooth surfaces in polychromatic light. When the surface is 

smooth the changes in monochromatic Tatterns with wavenumber are mainly changes in scale. When 

the surface is rough the speckle itself changes. Thus a radial structure is seen in the pattern 

produced by a smooth surface, but no such structure is apparent when the surface is very rough. 
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provided that the observation time is sufficiently long. Using 

this we can write 
00 

<1 (t t)IC.2)-> 	SC1z1) SCi.z1)<,,k,);(Lt,z2.)> ok;z1coz2  (4.3) 

Since the field YsC,k) is a zero mean complex Gaussian 

process then we can deduce that 

cmcS, )S2) = 	SOzoS0z,) 1 <VsCSI ,k,)\/:c- z,k)>czdieidiz2.  
0 

The function <NisCilsIzOVPi2,k2.)> 	is the spectral correlation 

function Pv (t1,121,t2.,122) discussed in Chapter 2. It will 

be useful to consider the ratio 

) (4.5) 

and to use the normalised form of the spectral correlation 

function defined by the equation 

riv k1) 	 LC(.121 	4I(. k,) 2<ICk)z)P (4.6) 

Thus 
00 

gCSI 	coc 	Stlz2) <TC )10> <I 

f SC121) <1( g, leo> cue, 11  

If, as in the previous Chapter, we assume that 41(g )12)> is 

not strongly dependent on k, then we can take this outside the 

integral and obtain the equation 

c:0 

CI' C 11 ,1) = 	J ACki)A(121) 1 4('51)1Rt )11, i2z)116021 A.  (4.8) 

(4.4) 
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where ACk)- SC4) . This formulation is a generalisation of 

ISCiz)die 

the work discussed in Chapter 3. We see that 

C.x  (t, •)-z-_ 

and 	 (4.9) 

01(S) I <rcg,>-2-  

In Chapter 2 we derived an expression for 1v(-Et)/e%3152.) 0  

showing that it is dependent on two factors, a surface dependent 

term and a geometric term. Substituting these into Eq (4.8) 

gives 

) = STAwiscki) (T) ciz,-k210 1 2-  is' Cs i,k,,c2)22)12-  (4.10)  
--s 

ak, 02. 

where 
Ct7 	2 	(:( 01 gi-  12.12.) ../i2  

S ft - 1  ,k1 ),1z ,), ,.._ 	i 1 VG,C1)1 -e 	--- 	-a2y 
-oo r ivowizaz21 

-«, 
From these equations we see that the autocorrelation function and 

hence CI 	is a function of both 	and tx  , so the intensity 

fluctuations are non stationary. The properties of these 

second order flinctions will depend on both the surface properties 

and the positions of measurement. To obtain more useful 

expressions than those given above we have to consider a 

particular geometry and assume certain surface properties. We 

showed in Chapter 2 that for a circular scattering area the 

(4.11) 
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geometrical factor in the integrand becomes 

1, 	= 	2 51 ( 1 	kzi21  /R) 

CR 	ti-  lq-2.c1  

or if the scattering region has a Gaussian shape then 

c 	 kzs 12  

(4.12) 

(4.13) 

where a is the radius of the circular region and R the 

distance from the surface to the far field. The variable 	is 

the ratio Imi;-1R2.  where Wo  is the width of the Gaussian 

scattering region. We also showed in Chapter 2 that for a surface 

whose heights are distributed normally 

cr2" 122  / 	 (4.14) 

where 0-z  is the standard deviation of the optical path 

fluctuations introduced by the surface. Unfortunately 

r 
substitution of these reasonable forms for j- (g,312,gi,12z) and 

6z02) into Eq (4.10) leads to rather complex integrals. 

Pedersen (1975b) has recently evaluated the integral obtained 

when the Gaussian scattering region is assumed and when a 

Gaussian spectrum J500 is also assumed. His results apply to 

barrow band sources and we will discuss his results later. First, 

we will consider the autocorrelation of the intensity in a 

pattern produced by light containing two spectral components. 

This case does illustrate the general properties of the function Cm/. 



4.3. Two Spectral Components  

In this case the spectral density function A(12) has the 

simple form 

C 	C k- 	4 g( 	ham)) )z 
	

(4.15) 

when the two components are present with equal intensity. 

Substitution of this into Eq (4.10) gives four terms: 

CI! 	= If 1 :Pc gl,ki,t,)1q1)12-4 

	

14- 	
(4.16) 

S 1(11  oz tAz, $2,.)12--1- 1Cti  

This expression satisfies the necessary condition 

Gil 
	

(4.17) 

as can be seen by using the property, Eq (4.12, 4.13), 

f ic 	kr) tz,k2-) = 11 (Sz,k2-)1,, iqt) 	(4.18) 

The first two terms are the spatial autocorrelation functions of 

the intensity fluctuations and these together determine the 

value of CI when the surface is very rough. The other two 

terms are the 'cross' terms with each geometric factor being 

	

dependent on both k1 	and kz . 	These two terms are weighted 

by the characteristic function of optical path fluctuations. It 

is these second terms which are important in determining the shape 

and size of the speckles. From the expressions given in 

Eqs (4.12, 4.13) for symmetrical scattering regions we can 

write 
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So \qi, 	 iR 2, 2!) 
(4.19) 

and we note that the maximum values of these functions occur 

when 	. Furthermore, the functions decrease 

with increasing arguement. (This is not true for the Bessel 

term above the value 3.833). 

(1) Stationarity of the Intensity Fluctuations  

We have already noted that the intensity fluctuations are 

not stationary generally. This is so since the geometric factor 

is dependent on the term il2Ii1-122%.,..k . The two terms in 

Eq (4.16) which we are interested in are dependent on (k1- 1 -- 

and ikici—IziSj . We can write these in a different form, 

1 $qi 	lc -e21 = (h12-S11-4-q-S,2-- 2-0R2 	 (4.20) 

2 	 112. 
021 V4 	-kle2tiS41,7i) 	(4.21) 

where 4?12  is the angle between the vectors 1;1 	and X52. 

Similarly 

/- 	= 	Vi  11-4- 	2ki1R2NLCoS 	(4.22) 

Thus when -Si  7:12. 	, the autocorrelation function is only 

dependent on the angle 4 	between the vectors 	and lz  

In other words, the intensity fluctuations are stationary in the 

azimuthal coordinate for a fixed radial position in the 

circularly symmetric far field. This is important when relating 

the visual appearance of the pattern to its statistical 

properties. The average statistical parameters can be related 

to the appearance averaged around a circle centred on the axis 
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of the system. 

To obtain further information concerning ( „ -I (Si, '52.) 

we transform to a new coordinate system. 

Let 	
zo 4-22 n Z z =12„— 0i2 

"f t 	10 — tktI2 	S 2.= Iv+ pp— 
	 (4.23) 

where the spatial coordinates are shown in the figure below 

(Fig 4.3). We will take the 

Gaussian forms of the 

,--- 111.6°1°111111411till o 

in Eqs (4.13, 4.14)). We 

also use the coordinates defined 
	Fig. 4.3 

in 4.23; these enable us to 

write 

d5zUS.}2) 	(7: n 12712 	 (4.24) 

and 

41( 	))21,1„k2) = 	(%1W0 	ArRiz , 	(4.25) 

SiCS1 ,12a )12,i21) = 	itheoLi.+1.111212-. 
	(4.26) 

Thus the last two terms in Eq (4.16) for CI' 
	

can be written as 

	

1_4. tz,z1)_. (crz.z. M21-1-2 (31i?<,L -1„Lk12) 	 (4.27) 

„2,4?— (0i28,k2-1- 2i1 Iz(24- 4 !S0 h12)3 

If we expand the squared terms in the exponentials we obtain 

characteristic.function given 

costa (a &12 	ex?- (0-Z2M21-21gCle0A-g1+ ,7-4121). 	(4.28) 
3_ 

geometric factor and 
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Finally our expression for the scaled autocorrelation CI  becomes 

U1(- 11 ) 1Z2-)V1-; 
	

(4.29) 

sei Co-zi dki4A- 2 Ckt,LLS24- 	t.k1)) cosh (2k0 acs fly-10) . 

When I A.,t 1--.0 the expression reduces to the correct form for the 

ratio of 6114')?' 
011 	I 	1. 4 -e(p Ccrz2-8. 	L. f22 	(4.30) 

From our final expression for CI! we see that there are two 

conditions when the intensity fluctuations are approximately 

stationary. 

(a) If the separation All between the wavenumbers is small then the 

properties of the autocorrelation are governed by stationary 

terms. Since 

cosh C 2 ko 	g 0) 

erz2zizz-+ .z (sc 1 o2 A-s24 So A 1z2 )A 	£41)-2pc 6,  

The first two terms are stationary terms so the statistics are 

approximately stationary. 

(b) If the surface is very rough, that is 

Grz  12 >-.> 

then the surface factor dominates the exponential and for 

sufficiently rough surfaces the function 	is dependent only 

on the first two terms. In this case 

Cif( 	4 {1 1(&1)12)i2.4- If(A
)

1z2.)1) 	(4.31) 

so the statistics are stationary. 
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We have discussed conditions relating to the stationarity 

of the fluctuations, we now consider the detailed spatial 

variations of the autocorrelation. 

(2) Spatial Variations of the Autocorrelation Function  

The spatial and angular variations of C! 	can be found 

from the expression given in Eq (4.29). The following features 

are apparent: 

(a) For a < L6.0. 

In this case the autocorrelation function may vary considerably 

with position and orientation of the two points. In the 

notation used in Eq (4.29), A. t is the vector joining the two 

points where the intensity is being correlated and g c, is a 

vector in the outward radial direction specifying the mean 

position of the two points. When dc is perpendicular to 1E, 

the correlation is a minimum since this corresponds to the minimum 

point of the cosh function. The maximum value occurs when eil 

and 1%, lie along the same radial direction. Thus the speckle 

has an elongated appearance. Since the variable IL appears as 

a square in the exponential term then for large fa  large Ai 

are necessary to produce significant changes in C:jr! . In other 

words, the elongation becomes more significant for large values 

of 

(b) For 	0z 	(-6R<) -i 

As was mentioned previously the statistics are stationary for a 

very rough surface. In the intermediate range, we expect to see 

a gradual decrease in radial structure as the roughness increases. 
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4.4. Speckle Patterns produced by more than two spectral components  

If the light incident on the scattering surface contains N 

spectral components, the spectral density function may be 

expressed as a sum of delta functions, 

AC 10 = 	2 sc. 
N c...1 

The autocorrelation function can be evaluated in a similar way 

to the two frequency case but detailed calculations would be more 

complex. However, we would expect a similar variation of CI'  

with Cr" as we found for the two wavelength case. The properties. 

of speckle patterns produced by Ni components can be demonstrated 

by using an argon laser operating on all lines. Fig (4.1) shows 

some photographs taken of speckle patterns produced by surfaces 

of different roughness. The output from the argon laser was 

dominated by four lines (wavelengths 514.5, 496.5, 488.0, 476.5 

in the approximate ratio 4:1.5:3:1). The three diffusers used 

had roughness values (standard deviation of height fluctuations, 

as measured with a profilometric instrument) of 1A, 3),kand 10f4 

The fibrous radial structure is clear for the l/ surface, 

slightly less apparent for the 3p4 surface and far less apparent 

for the 10tA surface. The surface dependent correlation 

between intensity variations is, for Gaussianly distributed 

surface height fluctuations, 

< 15  ( 1 1 ) is OZ2.)> 	-e9D— crz2. Ake-- 	(4.33) 

(4.32) 
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Fig. 4.4 (a) 

Fig. 4.4 Three speckle patterns 
are shown (a,b,c) produced by 
the scattering of polychromatic 
light from an argon laser by 
diffusers with surface height 
fluctuations Q1µ,3µ,10µ 
respectively. 

Fig.4.4 (b) 

Fig. 4.4 (c) 
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So it is reasonable to assume that decorrelation will occur when 

(4.34) 

or 

XL / 2.fc 6A1.2. 	
(4.35) 

Where 11 is the refractive index of the glass diffuser and crk  

is the standard deviation of the height fluctuation. 

Thus for the l/4 surface, with n= 

A)tiz 	n. gO n.tvt. . 
deco-rtrictita 

For the 3.., surface, 

A )% t2. 	 21-11-bM 
decorrelal'ect 

and for the 10pA surface 

112  
dzwyy0a,f.ed 

Clearly the polychromatic speckle pattern produced by the 1/LA 

surface is the superposition of 4 correlated patterns, the 10p 

surface gives a speckle pattern which is essentially the 

superposition of 4 uncorrelated patterns. The pattern produced 

by the 314 surface consists of 4 patterns, three of which are 

highly correlated. This is consistent with the appearance of the 

patterns. 

4.5. Speckle Patterns produced by light of finite bandwidth  

The autocorrelation function of the intensity fluctuation in 

this case can be found from the expression given in Eq (4.10). 

This was formulated by Parry (1974a); Pedersen (1975b) has 

evaluated the integral for a Gaussian spectrum with Gaussian 

aperture function and surface height distribution. He shows that 

the autocorrelation function has the following form: 
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, 6 z. i(  14-14-W1/41-  (b792-46_613)1.) 

	

C ( tit9x?Ae,9) = 	t— ko cx 	14u-w7-52-. e- 	}(4.36) 

where ex. is an angle in the radial direction, E31 	is an angle 

in the azimuthal direction (see Fig (4.5)) and Sz:=0- 62:+cr,2- ; L 

is the width of the Gaussian aperture function, and W is the 

bandwidth of the light centred on a mean wavenumber o. 

Le 

and 	Si 	(rz 

We see that the decorrelation widths in the radial and azimuthal 

directions are given by the following expressions. 

Decorrelation width in 03 	direction 	
aizQ  sx 
	(4.37) 

Decorrelation width in 	 -4- 

	

ex. direction 	2 W2-  1(4.38) 
2. 2. (Radial direction) 	 2kosx2- 	( —144w a± j 

 

The extra decorrelation factor in the radial direction explains the 

elongation of the speckle in this direction. 

These equations show the same dependence on surface properties 

as we would expect from our discussion in earlier sections of 

this chapter. The properties of patterns produced by light with 

other spectral forms appears to be difficult to determine 

analytically but again we would not expect significant changes 

from the results obtained for a number of discrete lines or for 

a Gaussian spectrum. 
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scattering 
surface 

Fig. 4.5  This shows the coordinate system used in Eq.(4.36) 
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PART 3 

SPECKLE PATTERNS IN LIGHT OF ARBITRARY COHERENCE  

This final part of the thesis considers the properties of 

speckle produced by sources which may give spatially dependent 

polychromatic fields. The statistics of the intensity are 

first formulated in general terms and then the limiting case 

corresponding to quasimonochromatic illumination is considered 

in more detail. 
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CHAPTER 5 

SPECKLE PATTERNS IN LIGHT OF ARBITRARY COHERENCE  

5.1. Introduction  

The properties of partially coherent fields are described in 

terms of second and higher order space-time correlation functions 

of the analytic signal. When the analytic signal is a complex 

Gaussian process the second order function is sufficient to define 

the coherence of the field completely. This function is usually 

referred to as the mutual coherence function and is defined by the 

following relationship (Wolf (1954, 1955), 

< 	,)\.(*(-)c.„-).-> + 
	(5.1) 

The average 	is a time average which is equivalent to an 

ensemble average for a stationary, ergodic process. (Note that 

the mutual coherence function is not the same as the spectral 

correlation function Pv  used earlier). We will only consider 

temporally stationary, ergodic fields and in this case we can 

define the cross spectral density function according to the 

following transforms. 
00 

(-2C1,1(2,-c )-12-xp 2rolq-c ok-r 

-00 	 (5.2) 

where = trt2. , and 	is the frequency of the light. The 
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inverse transform will also be used in this chapter. This may 

be written 	60 	
2.1t I -rr 

11(x x -t) 	&(?.-1312.-;9)41. 
- ) 	

ot-,7 
11  

0 
(5.3) 

Solutions of problems involving partially coherent light can be 

formulated in terms of either the mutual coherence function or the 

cross spectral density function. The particular problem which we 

discuss here is the determination of the statistics of the 

intensity in a speckle pattern produced by a rough surface when 

the field incident on the surface may be generally partially 

coherent. We will formulate solutions in terms of coherence 

functions of arbitrary form but the pattern formed by an 

incoherent source will be considered in more detail. In the 

second part of the chapter the limiting forms of the expressions 

for quasimonochromatic light will be discussed. 

5.2. Basic Formulation  

We refer to Fig 5.1. Partially coherent light is incident 

on a scattering surface (diffuse) and the field in the plane 

incident on the diffuser is described in terms of the cross 

spectral density function GICIci,12)'). We can find the 

intensity distribution in the observation plane by propagating 

the cross spectral density function through the optical system. 

Parrent (195E) suggested a means of propagating the cross spectral 

density function from one plane to any other plane. We will 

apply his results to this problem. If C7tC.,,W2)v) refers to 

the field in the plane immediately after the diffuser then the 

cross spectral density function in the plane of observation is 



   

partially 

coherent 

field 

G.1),,>s,,91 
t
(xi  x1 9) G(S1,L,9 ) 

   

   

diffuser amplitude 	optical system 	 observation plane 
transmittance Z(x)9) 	KN,x,1)) 

Fig. 5.1 	This illustrates the geometry of the system considered when discussing the properties 

of speckle produced by light of arbitrary coherence. 
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t 712.117) = ff G
eCzi 	kcit;:kh?) kCg2,112:,?) 

Xi 2 x 	
(5.4) 

S cerf-cue 	 0( — 2 

Here Pc(,x,-9) is a propagation term which depends on whether 

the observing  plane is the image plan or Fraunhofer plane of 

the surface. In the image plane it is the amplitude point 

spread function of the optical system and in the Fraunhofer plane 

k( ,x,'') has the usual exponential form 

k(t)x ,-7) of 17 	 3).9i Rc 

C is the velocity of light; R is defined in Fig  5.1. 

The integrals in Eq  (5.4) are evaluated over the whole of the 

illuminated scattering  region. This is often defined by a 

limiting  aperture. We can deduce the intensity distribution 

in the .g plane from Eq  (5.4) by writing  

ri(1,c,o) 
0 

Thus to obtain the required expression we need only to relate 

40.fi))S1;17) and CiLCX45.1;9) . Generally this is a difficult 

problem, but if we can assume that the laws of geometrical optics 

are sufficient to describe the propagation through the diffuser 

(see for example Tatarski (1961, 71), Chernov (1960)), then 

G (2c1,?c2,17)-= C7i.(31)1c27-9)ZCX1;7)74 (x2),7) 	
(5.7) 

where tZ is the complex amplitude transmittance of the diffuser. 

This expression can be deduced from the following  definition of 

the cross spectral density function: 

(5.5) 

(5.6) 
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G 	 u-(x 0.9) L7-44-(7c 

T-* co 	El 
(5.8) 

where tr(x,-7) is the Fourier transform of the real part of the 

analytic signal VOS)-6) and the bar indicates an average 

ensuring the existence of the limit at Tyco . If this 

averaging is not carried out the limit may not exist as the 

product tr(b-"6(12,-0/2.-i 	may oscillate, (Born and Wolf (1970), 

Perina (1972)). Equation (5.7) follows if we write 

u-
'b 

(.7( 	 ZCZ,-P) 
3  

(5.9) 

This relationship only applies when the diffuser is thin. The 

propagation through thick media such as turbulent atmospheres is 

more complex and the relationship between LT1 and 	must be 

deduced by dividing the thick medium into a series of thin media. 

We will not discuss this case here. Using Eq (5.8) our expression 

for GC11  -9) becomes 

C-r 	t 1)-9) 	f Ca-,; ( )7_c ,v) Z 	)-.7) (z(22-9) 	(5.10) _ 
k C 	x, ;9) k'q-g2,2c.2,-9) ct&I d22C). 

where the integral is evaluated over the scattering region. The 

intensity fluctuations can be written 
co 

= 	61/ SS GIL 	2)'2)Z (3-0Y) Z (z2)v) 	(5.11) 

0 	 C c)x,,v) k(1, -A-2,-v)d2x1 0/2x2.  
We can use this expression directly to evaluate moments of the 

intensity or we can proceed to obtain a simpler form. We see 

first that the first two moments may be expressed in the following 

way 
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co 

ff GL C102,-7) <zosi,v)z 
O k( 	'c o-9) te(i x2.1v) 013:1  dz,c, 

(5.12) 

03 

rd'7161'72s rrg 0  
k L 	

X- 
tz,,v,) 	k ‘g, ,v1) lec5 

- 2. 	5 <zt.x,,..71)Z*C3.2 92.)ZCX30-91) Z C2(14 	> dX"i • 42
( .13)  

Clearly the expression for the second moment is very complex 

and assumptions have to be made concerning the statistical 

properties of the amplitude transmittance. This can be avoided 

if we use 3(A,1.41,v) , the Fourier transform of cross spectral 

density, to simplify Eq (5.11). Since 
co 

g( 1)712)q) =. 	&;. os_1 ,712.).9) e 	dzx 1 	
(5.14) 

_co 

and 
oo 

6fi (11(,252,9) 	g(P1)#2))-e 	'61)-4,614.2. -co (5.15) 

then the expression for the intensity in the speckle pattern can 

be written in the following way, 
a7 	u7 

,)41,v) V„e(g)!11-0  (5.16) 
4,1:11 

o 	- at 

where 	
Va 	, J4 	= 	(X)v)k(1).11,v).e1-2re.).J.le 

	(5.17) 

and the integral is again evaluated over the region defined by the 

diffuser aperture. Now Va(g)z,v) can be interpreted physically 

as the field expected at g when a coherent beam is obliquely 

incident on the diffuser. If the diffuser contains a large number 

of scattering regions then V<  will be a Gaussian process. We 
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will consider Ni,,t to be a zero mean process. We can deduce 

the following expressions for the mean, variance and auto-

correlation of the intensity fluctuations by using the Reed 

theorem (Reed 1962) to simplify moments of the complex Gaussian 

process Vcc 

<I 
ao 	00  
f dv 	3 	< 
0 _cc, 

co/ii 

(5.18) 

vi 
 

00 	 OD 

"r- lc dal  dal  cc c 3 910/6.7:;.71)3v2:3)p-(0/0 	otzA-. 011)1* (5.19) 
o  

< \lot ( Ve$ 1  ;91)Vot Ci fitoVz) < Vg (I vt,t_ x ,11 )Va(i 1  pl 3;92.)> 

(5.20) 

6.1.( 1)11? 	61\71c1‘72. cM. 	;91) Vi11,1..`4 ;92-)  

< \id  Cf „fi_ov,)V,,r (12,7 4, ) •72)> <VO4  cl 1 	vegzli„072.)> 

0(126 	c0-hstp 

Clearly the function which governs the properties of these 

moments is the correlation function <V,4( 

To determine this we examine the equation for Vtx given in (5.17) 

and consider the speckle pattern formed in the far field of the 

surface. In this case 

and 	oo 	co 

vty 	kt .7) cc a ZCX) v) _e.)cp(- 2R- Z 7  
Re. 

G(214 
(5.21) 
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where R is the distance from the surface to the far field plane. 

The arguements of the exponents can be combined to give 

cons4-. 	rZ (1)-9) _2rc67(i-k- c? ),&)-=`!: (5.22) 
Rc 	

d.2.x 

If we compare this with Eq (1.2.6) we see that 

V,4  ( i3A)9) 	VsC 	(k-pl=t2 '17) 
	

(5.23) 

where Vs(1)9) is the spatial part of the analytic signal 

introduced earlier. Thus the correlation function required can 

be determined from the spectral correction function, since 

I . 	I 
(5.24) 

where 	
I 	'S7'1  

..111 	+ 	 • 
	

(5.25) 

(Note that Vs(%,) is the monochromatic field at 	produced 

by the scattering of normally incident light). 

The properties of Pv  for a far field speckle pattern have been 

discussed in Chapter 2. 

We have formulated the properties of the intensity fluctuations 

in terms of the cross spectral density function and spectral 

correlation function, but the expressions derived are complex 

integral relationships which seem likely to require numerical 

methods for solution. The expressions have been obtained for a 

coherence function of arbitrary form. We will now apply these to 

a specific problem; we assume that the source is an extended 

5.3. 
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incoherent , polychromatic source and consider the speckle 

pattern formed in the far field of the illuminated surface 

as shown in Fig  (5.2). We also assume that the surface is 

in the far field of the source. 

Born and Wolf (1970) discuss the form of the mutual 

coherence function in the field produced by an extended 

polychromatic source. They show that for two points PI  and 

F'2. positioned at distances RI 	and RZ  from a source point 

the mutual coherence function may be written 

—2(C1- 9-t 	; k(R1-122) Go 

	

PC P( , P2, -c) — 	ot-‘7,2- t, 	— 	I(s)-9) -e- 

0 	CotAx-ce 	RiRz 

where 7--(1-9) is the intensity distribution across the source. 

Using  Eq (5.3) we see that the cross spectral density function 

i s 12 (RI— R2) 
-1(. )  e 	A25 	(5.27) 

Source RI  Rz  

If we specify the coordinates of PI and P.  as 25 1  and xz  

and let S be a coordinate in the source plane then for the far 

field - 	 _oz 	/ tz' 

CI-(x, ;x2,v) 	x1  ,v) 	2(5,9).Z 	des  
(5.28) 

Sonte 	/212  

where R' 	is the distance from the source to the x plane. By 

comparing  this with Eq  (5.15) we can interpret the function 

sca,./) and the variable /A as the scaled intensity distribution 

across the source, and the scaled coordinate of a source point 

respectively. For this case 

(5.26) 



intensity 
	

far field of s. 	 far field of x. 
distribution I (s,v) 
	

x 

0 

extended 
polychromatic source 

Fig. 5.2  This shows the optical arrangement being considered when discussing theformation 

of speckle by an extended polychromatic source. 
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(5.29) 

Thus the intensity in the far field becomes 
co 

CS) = V04 (.1 	-9)11  des 

Sousa RI  

(5.30) 

where 	
IR' 

\lcj , S,v) 	 l< C 1,2_f 02) dux 	
(5.31) 

The integral is evaluated over the illuminated scattering region. 

Since the propagation function K has the following form for 

far field propagation, 

_t:kx. 5/R 
k(t)lc,-,7) 	oC v e 

then the field VO4 CS;x9) is given by 

	

_ 	S')/R 

	

\/04(,,S,v") C( v S-Z(13.9)-e 	Gt2-x 

(5.32) 

(5.33) 

where 5.(= CMOS . This is again the same form as the function 

Vs(1) discussed earlier and 

Vc,4(,C,7)-z.- 	(.4.5'.,7) 
	

(5.34) 

We consider this to be a complex Gaussian process with zero mean. 

Eq (5.30) allows us to determine the first and second order 

statistics of the intensity by using the same methods as for 

polychromatic light. (See Eq (3.8)). We can express the mean, 

variance and autocorrelation of the fluctuations in the 
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following way 

cd 

<i> .1 ,1) )) ds 	(5.35) 

Sou-Me 

co 

(52-  = 	lcs.1 7.1) 	•N77(5* 36  ) 2. 2- 
0 	Source 	X-C Cf-5 

where 

' 	 S 

and 	 (5.37) 
co 

	

= C e ,, 	 cb72 	(11;'() (.2.,z) <vs  (g 
o 	 A 

where 	
s.auf ee 	I —2, 

= 	1 + 5 /' ; 	12. 4- 	 (R/R')s 

The 1I 	factor has been absorbed into the function :E(.,-9). 

We see that the properties of the variance and autocorrelation 

function are determined by the spectral correlation function which 

we introduced when considering polychromatic light alone. In 

that case the variance was determined by the correlation of 

fields at the same point by produced by different spectral 

components. The variance in this case is determined by the 

correlation at different points of fields produced by light of 

different frequencies. When the spectral distribution of the 

source is spatially uniform across the source, that is 

S,v) ----- It  Cs) S(- ) 	 (5.38) 

then the variance takes a simpler form, 

	

0, = 	JJ 71 (c )1:P Cs ) C "( g 	) GiLs,a's , 	_ _ 2 	(5.39) 

Source 
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where 

AD 

(1E ll, 163!) 	,qSc-locuoi<vscg:91)vcsa)>Ildvdi,i, s 	1 	(5.40) 
a 

is the autocorrelation of the pattern produced by polychromatic, 

spatially coherent light. A similar expression can be derived 

for the autocorrelation function. 

The probability density function can also be found. The 

method used for polychromatic light (Chapter 3) can be used 

here to give 

o3 
a),  

(5.41) 
2rc _

00 	ci- 
j=0 

where the eigenvalues are determined from the Fredholm equation 

)'.̀3 	(..,-,7)= 	
d 

1..(s3,-91)<vs  CCI)V
*(4

21  
-91y>44s1

vi d 	

;7)(5.42) 
5 	t.t

5
:-  

o Soave 

These expressions for a polychromatic extended source can be 

reduced to determine the properties of speckle produced by 

extended quasimonochromatic sources. The statistics of speckle 

formed in these circumstances have been discussed by many 

authors so we will also review this work. 

5.4. Speckle Patterns formed in Spatially Partially Coherent Light  

If the bandwidth of the light is fly and the mean frequency 

7i 	then for quasimonochromatic light 

A.-,7 <<y 	 (5.43) 

when this condition holds many of the expressions derived earlier 

in this chapter simplify considerably. Eq (5.11) gives the 
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intensity in a speckle pattern as a function of the surface 

properties and the properties of the optical system linking the 

surface plane and observation plane. The quasimonochromatic 

approximation assumes that the function GL(.1,/,.;9) varies far more 

rapidly with frequency than either of the functions 2:(,7) or • 

IA:0;),/,4:). When this is so, the intensity ICS) may be written 

ICS) t-4 is  Z(1(1,-;5)Z(.32,)k(g)-1)-'3)1<(-)Z21) 	(5.44) 

Su.rfac.e. 	 u Gro_cl,25.,v)oi cex ipx, 

From the definitions of CT(11)1(2,*9) in Eq (5.3) we see that the 

integral with respect to frequency )2 can be written as P(31.25x,o), 

This is usually referred to as the mutual intensity function. The 

expression for the intensity in quasimonochromatic light then takes 

the form of the imaging equations for partially coherent light 

as given by Wolf (Born and Wolf (1970)). 

I (t) 	Sr P(31 ,1(2) 7.( 1 )alf,_)1,<C,)c,)1e(137€2.)cilx d2x (5'45)  

Surface 
1 	 1 

This is the relationship used by Dainty (1970), Yamaguchi (1972,73), 

and Fujiiand Asakura (1972,73) in their studies of speckle in 

partially coherent light. Dainty's work applied to image plane 

speckle patterns and to real random processes Z()  . He 

evaluated the autocorrelation of the intensity fluctuations. 

Yamaguchi (1972,73) and Fujii and Asakura (1972,73) considered far 

field speckle patterns andFujii and Asakura showed how the 

statistical properties of speckle can be used to measure the mutual 

intensity function. The main disadvantage of this approach is 

that it cannot easily be extended to apply to speckle patterns 
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produced by atmospheric scattering. The function r7(1:20 

refers to the coherence of the field in the plane of the scattering 

surface; in stellar speckle work it is more useful to relate the 

intensity in the far field of the scattering medium, i(g), to 

the source itself. This is the basis of the method used by 

Labeyrie (1970) and Dainty (1973). Their basic expression for 

the intensity is essentially the quasimonochromatic form 

corresponding to Eq (5.30), 

I(1) = s ICs) )V,L( 	cis 
	(5.46) 

uf 

Since our expression for VV given in Eq (5.31) is dependent on 

the scatterer being a thin scattering medium a fixed distance 

RI  from the source, then we have to reinterpret Eq (5.46) for the 

stellar speckle case. If we let 

IQ(  Ci, s,-77) - t 
	

(5.47) 

we can say that Inc  is the intensity at -e produced by a source 

point at S . Equation (5.46) is therefore the conventional 

equation for the formation of an image of an incoherent object. 

This interpretation of Eq (5.46) suggests that we should be 

using the variable —S and not S for the points in the source, 

since the image space 	and object space S are inverted with 

respect to each other. We will carry out this inversion for the 

rest of the chapter. Usually we can write 

I.4( 	 Ic(( — s) = 25(S— s') 	
(5.48) 

where 	kis( );7)17-  
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and hence express ][C) as the convolution of the source 

distribution with the intensity point spread function of the 

complete system. It is well know (Born and Wolf (1970)) that 
Fouria trar,sforn 

the intensity point spread function of an optical system is the 
of tie 

Lautocorrelation of scaled pupil function of the system. In 

the stellar speckle case the pupil function is the complex 

amplitude distribution across the telescope pupil (see Fig 5.3)) 

and is the product of the random amplitude fluctuations introduced 

by the atmosphere and the amplitude variations introduced by 

telescope aberrations 	Thus, this formulation depends on a 
complex 

knowledge of the totaliamplitude fluctuations introduced by the 

atmosphere and not on a knowledge of the detailed properties of 

the refractive index variations. We will discuss later in this 

chapter the technique suggested by Labeyrie which allows 

diffraction limited resolution of stars by processing the 

speckled images. We will now consider in more detail the 

statistical properties of the speckle in patterns produced by 

surfaces and atmospheric scattering. 

5.4.1. Speckle patterns in the Fraunhofer Plane  

We will use Eq (5.46) to calculate the first and second order 

statistics of the intensity and we will interpret \/,< Cg,g,5) 

as the field in the observation plane produced by a single point 

source. This will apply to both stellar speckle patterns and 

atmospheric speckle patterns. If there are a large number of 

scatterers in the surface or atmosphere then 	will be a 

Gaussian process. The first order probability density function 
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star 

atmosphere 

(x71 ) 

O 
telescope 

Fig. 5.3  This illustrates the formation of a speckle 
pattern in the image of a star. The theory considers 

the effects of the atmospheric fluctuations in terms 

of the amplitude (complex) incident on the telescope. 
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can then be expressed in the form (see Eq (5.41, 5.42)) 

oo 

p(I)= I 	
eXp—i IE dk 	T >0 	

(5.49) 

7.1c 	
C 	)S-E)  —Co 

where J.°0  

S
' 	I ( 2.) 	< Voz()s.1)\,/,<*( ,c2.) ,512gz(5.50) 

souxce. 

The first two central moments of this density function are 

T(S) 	S»cis 
	 (5.51) 

ce 

= f f 3:( 91(sd < 	,s 	(s ,€ z) A15 1,5125.t(5.52) 

Soto-C8 

The function governing the behaviour of these parameters is 

the correlation 4\44C,s,-Acc (S,sp, which we see from Eq (5.34) 

is simply the spatial autocorrelation of the field in the 

speckle pattern. It is well know that this will be determined 

by the size of the scattering region or the telescope pupil. 

This is what we would expect on qualitative grounds; each 

point on the source gives rise to a speckle pattern and the 

properties of the combined speckle patterns will depend on the 

similarity between individual patterns. The patterns produced 

by two different sources will not be significantly different 

in structure but may be displaced relative to each other. Thus - 

the correlation between the two will depend on the magnitude of 

the displacement relative to the speckle size. For example, if 

the scattering region (or telescope pupil) is circular radius 

a then from the discussion in Chapter 1 (Eq 1.41) we can write 
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<v ) )v,,N,S2)> = 23; (alt I _I-4„11S) 	(5.53) 

ale 

where 	is the focal length of the telescope. 

In stellar speckle interferometry the source is often a binary 

star. If the members of the Onary are not separately resolvable 

then the intensity distribution of the source can be represented 

by two delta functions. The probability density function can 

be evaluated easily in this case; if the two stars are of equal 

brightness then 

P(I) 	{ 
2)41,,t--21ki>C14- (/01,!)3 

	

evp ...21/<1>C1-1)9,,j). 
	(5.54) 

where ijg is the correlation between the fields from the 

two sources. (This is usually of the form shown by Eq (5.53)). 

This has been plotted previous in Fig (3.7a) for a speckle 

pattern produced by two different spectral components. 

The second order statistics of speckle formed in quasi-

monochromatic light can be found in a similar way. The auto-

correlation function can be written 

	

c„cipi„)= If Icoi..c.q2)iotaciA)v.4 02 ,..2)>‘ 	(5.55) 

The function governing the behaviour of the autocorrelation is 

again the correlation of fields at different points in the 

speckle pattern. The autocorrelation function of the speckle 

pattern produced by a binary star can be calculated easily by 

substituting for al(S) 

SCS-s,)4 	 (5.56) 

This gives 
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= 2 C=SC, 	-+ <Vo4(51 1))":(_ 1,51(5 .57 ) 

1<\/a Cti,C2?Vc.t*CS0S.1)>il  

where q is the function CV..e (c t  ,ci)VZ Cc 2,S I) 

This function is plotted in Fig (5.4) for a biriary star which 

can be resolved but without either of the individual members 

being resolvable. There are clearly three terms corresponding 

to the two cross terms and the single term at the origin 

arising from the autocorrelation of the speckles themselves. The 

existence of the two cross term at the positions related to the 

separation Si-S2 	forms the basis of the technique of 

stellar speckle interferometry for binary stars. 

In practice stellar speckle interferometry is carried out in 

the following way. First, a large number of speckled stellar 

images are recorded photographically by exposing for a time which 

is short compared with the time constant of turbulence in the 

atmosphere ( <1/25 sec), and by using light of narrow bandwidth 

(typically - 	In the previous discussion we saw that, for 

a binary star, each image consists of two speckle patterns displaced 

relative to each other; the displacement of these patterns is 

related to the angular separation of the members of the binary. 

One way of determining this separation involves optically 

processing the images. If each photograph is optically Fourier 

transformed and if all the transformed images are superimposed 

(so that the averaged transform image is obtained), then the 

final image will contain fringes in a direction perpendicular to 



175- 

Fig. 5.4  The spatial autocorrelation of the intensity fluctuations 

is plotted for the speckle pattern produced by a binary star. 
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the line joining the two members of the binary. The separation 

of the fringes can be related to the angular separation of the 

stars. There are many variations on this method involving 

different processing techniques. Indeed studies of stellar 

speckle patterns have been reported from many observatories, 

and the technique of stellar speckle interferometry seems to be 

one of the most useful astronomical techniques developed during 

the last ten years. 
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Appendix  

In Chapter 3 we derive two expressions for the variance of 

the intensity fluctuations in a polychromatic speckle pattern. 

We show here that the two expressions are equivalent. The two 

expressions are, 
0) 2. 

cat= S S S (t,) S022) Iry Lt ,12,A 
0 

where 

>‘L 	 SC2.)‘-V-A22) Ilv(c ,1z,31,k2.)dle2 	(A.3) 

0 

We will assume for simplicity that SL.) is uniform in the 

range (a,b), and that the Kernel Pv  ( , k,, ,lez) = 11A,k‘,122) 

can be expanded in the following way by Mercer's theorem 

ov  c 	3,e2.) = 	\-1-,2(124: 	 (A.4) 

Substituting this into (A.1) gives 

b 

a 
	PA 

	 qi.e 	+1,,,u) 	 cik2  (A.5) 

Since the orthonormal relationship holds, that is 
6 

+IL  L 	CtQl) 61,121  
a 

then we arrive at the relation in (A.2) 

7-- X 

(A.6)  

(A.7)  
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Appendix  

In Section 2.1.1. of Chapter 3 we consider the following 

Fredholm equation: 
,Tzp1R/2_ 

fit) 	 f(s)d; 	(A.1) 

To determine the eigenvalues of this equation we use the method 

of Slepian (1954,58) as discussed by Davenport and Root (1958 p.99). 

We first write 
cclz 

_(t-s) 	r 
E;, f (0 = 	) 	3-(S)ciS+ 3 e- 	Ps) c(s (A.2.) 

—002- 	 -b 

where 64= 0-z Ak 	, and then differentiate twice with respect to 

t using the relationship 
bCizo 	 b(a1) 

S 3(}11;k2) 02.= 	
40z

.3(k111.)6112z 	(A.3) 
i A i aCiti) 	 • a(ki) 	g CbORI) a 1,(10 — g(0,,k)) Da-020 

This gives 	 DtZ; 	- 

_(s-t) 
ICE) 	e 	4.(s)cts+ S  e S--(.$) ds (A.4) 

e_st 
—caa. 

o«1Z _ 
"it) 	_c A 	S(s)ds — 

Pitt) ez.) I Lt) —0 	 (A.5.) 

The solution depends on the value of 6,1 . It can be shown that 

the solution only exists when 0.<64/2 	This is 

Lpt 
S(E) = c, e 	c2_€. 

(a- ELVEL. 

(A.6.) 
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This general solution can be substituted into Eq. (A.1) and 

the integrals evaluated. By setting certain coefficients to 

zero we find that two solutions are possible; that corresponding 

to CI= cz 	and that corresponding to Gc_---c2. 

then 

-t-cunpof.12. = 

and if cr,. —C-2, , then 

p cot. poO2 

. If c-t—c2 

(A.7a.) 

(A.7b.) 

(Note: there is an error in the analysis in Davenport and Root, 

they give A.7b as pcoqc(12.=i). Thus the eigenvalues of this 

Fredholm equation are 

&t. = 	2 / ( I + r-,,z  ) 	
(A.8.) 

where tL are solutions of the equations above. Equations A.7a 

and A.7b can be rewritten 

ciAk p k treAk p 12 = crzeMz 	(A.9a.) 

c k I) cot 	kizp = — crzAk 	(A.9b.) 

oe 	+cm xjz = 6Z  Lk 
	

(A.10a.) 

cot 42_ = - 6z/S.I2 	 (A.10b.) 

am( 	 20-zzAk2- 

( rr2A/z7-4- 
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We consider the theoretical form of the probability density function of the intensity 
in a polychromatic speckle pattern. Measurements using a multimode argon laser 
are compared with theory. 

1. Introduction 
Recently, there has been much interest shown in the properties of polychromatic speckle 
patterns. The surface-dependent features of these patterns have been studied experimentally 
by Sprague [I], Tribillon [2], and Parry [3] and theoretically by Goodman [4], George and 
Jain [5], Parry [6] and Pedersen [7, 8]. These studies suggest that some moments of the inten-
sity in polychromatic speckle patterns could be used to determine parameters of the surface 
producing the pattern. This paper considers the pattern produced by an argon laser operating 
in a multimode or 'all lines' mode. The first order probability density function p(I), is discussed 
and the results of some experimental measurements are shown. The theoretical form of p(I) 
has been discussed in [6] and is found by applying the Kac-Seigert [9, 10] analysis. This is 
essentially the same approach as that used by Goodman in his recent determination of the 
first order statistics of a number of correlated patterns [11]. An approximate form for p(I) 
is often used in problems of this type (see for example Goodman [12], Dainty [13], Barakat 
[14] and Parry [6]). The exact and approximate forms are compared and found to differ 
significantly for certain values of the intensity. 

A number of authors have suggested that the standard deviation of the intensity is a suitable 
parameter to measure to determine the roughness of the scattering surface crz. Calculations are 
given showing that the standard deviation of the pattern produced by an argon laser is sensitive 
to optical path variations up to 5 um. A different source would be needed to study surfaces 
rougher than this. 

2. Evaluation of the first order probability density function 
It was shown in reference [6] that for light of arbitrary spectral content, the first order prob-
ability density function is given by 

1 	exp (— 	dt 
p(I) = 	 it A  j)  

1=1 
p(i) = ° 	 I< 0 

where A are eigenvalues of the Fredholm integral equation 
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j(k) = 10  S(011;(10 <U(k)U*(k)> dk' . 	 (2) 

Here S(k) is the spectral density function, U(k) is the amplitude in the speckle pattern produced 
by light of wavenumber k, and <U(k)U*(10> is the correlation of amplitudes in the speckle 
pattern. The brackets <. . .> indicate an ensemble averaging process. The function < U(k)U*(k')> 
will be referred to as the spectral correlation function r(k, k'). The functions ii/J(k) are eigen-
functions of the equation and orthonormal with respect to the weighting function S(k). This 
expression was derived by choosing a representation for the random process I, in terms of 
uncorrelated zero mean complex Gaussian variables ai , whose standard deviation is Ai. The 

characteristic function is found to be ri (1 — 	and the probability density function is 
i= 

obtained by Fourier transformation of this. The kernel of the integral Equation 2 is asymmetric 
(in k, k'). It is often easier to consider equations with symmetric kernels. By choosing an 
orthonormal set of functions cki(k) so that (Mk) = C(k)/\/[S(k)], a symmetrical form is 
obtained. Equation 2 then becomes 

)14),(k) = I NI[S(k)S(V)] cb,(k) r(k, k') dk' . 
0 

Equations 2 and 3 have the same eigenvalues so the statistical properties of the intensity are not 
dependent on which of the equations we choose to solve. The problem of determining the eigen-
values from Equations 2 or 3 is considerably simplified if the spectrum of the light consists of 
a small number of discrete frequencies. This is the situation which arises when using an argon 
laser in the 'all lines' mode. If the number of frequencies present is N, then the problem reduces 
to that of determining the eigenvalues of an N x N matrix. This can be seen by substituting 

N 
S(k) = 	S (5(k — k; ) into Equation 3, giving 

i = 1 
N 

A JC(k) = NI[S(k)] 	\ASO 0.i(k i ) r(k, k,) 	 (4) 

or 

	

). 4(k,) 	(Si   	( 4)(k 1)\ 
_ \/(S152 ) r(k 2, k1) 

	

0(k s) 	‘1(Si SN )F(kN ,k 1 ) 	 SN 	46(ic xi 

This can be written in an abbreviated form 

).(/) = AO 

where A is the (N x N) matrix above. This matrix is the coherency matrix used by Goodman 
[11]. The eigenvalues are obtained by diagonalizing this matrix. Before discussing these let us 
consider the elements of the matrix A in further detail. The function of most interest here is the 
spectral correlation function r(k, k'). 

3. The spectral correlation function 
This function is defined as the correlation of amplitudes in speckle patterns produced by light 
of different frequencies or wavenumbers. It was first discussed by Goodman [4], and recently 
Pedersen [7, 8] has applied some theory introduced by Beckmann [1 5] to determine its func-
tional form in more detail. The function depends on the properties of the scattering surface, 
the difference between the two frequencies, and, in a far-field speckle pattern, on the position 
of measurement. George and Jain [5] have discussed the behaviour of this function in the 
image plane of a diffuser, and shown that the function is independent of the position of measure- 

(3) 

( 5 ) 

(5b) 
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ment. The probability density function given in Equation 1 applies to both image plane and 
far-field speckle patterns, provided that the correct form is chosen for T(k, k'). 

When deriving Equations 1 and 2 it was necessary to restrict the analysis so that U(k) was a 
zero mean complex Gaussian process. This implies that the expressions are valid for speckle 
patterns produced by surfaces with height fluctuations greater than the wavelength of the light 
and consisting of a large number of scattering points. Goodman [4] has suggested a model for 
the surface making the further assumption that there is no spatial correlation in the wavefront 
emerging from the surface. Beckmann's model for the surface allows for correlation but is 
restricted to surfaces with normally distributed height fluctuations. Both models predict the 
same functional form for the spectral correlation function provided that the correlation length 
of the height fluctuations is very small compared with the total extent of the scattering area. 
The reader is referred to references [3 to 8] for detailed derivations of r(k, k'). Here we sum-
marize the main results from these papers. 

On the optical axis of a far-field polychromatic speckle pattern, the spectral correlation 
function may be written 

r(k, k') = COz(k — k') 	 (6) 

where liz(k) is the characteristic function of the optical path fluctuations z, and C is a suitable 
normalizing constant. Thus for a surface with normally distributed height fluctuations (standard 
deviation ah) Equation 6 becomes 

r(k, 	= C exp (—(n — 1 )2 eTh2(k ky 12 	 (7) 
where tt is the refractive index of the scattering medium. For points in the far-field patteru 
away from the optical axis, the correlation function will be weighted by a further factor 
dependent on the size of the scattering region and the angular position of measurement. In 
the image plane of a diffuser or scattering surface, the spectral correlation function has the 
same form as at the axis of the far-field pattern. As mentioned earlier, this function does 
not vary with the position of measurement in the image plane. 

It is clear that when r(k, k') has the form shown in Equation 7, the matrix will be symmetrical. 
This facilitates numerical evaluation of the eigenvalues when N is large. The calculations and 
results given in this paper refer particularly to measurements using an argon laser. The 
relative power of the lines in an argon laser can be controlled by varying the current through 
the tube. Experiments were carried out when six lines dominated the spectrum. Hence the 
matrix used in computational work was a 6 x 6 matrix. The eigenvalues were found using 
standard iterative procedures and the accuracy of the calculation checked by comparing the 
value of o(/) (standard deviation of the intensity fluctuations) calculated from the expression 

N 
0.2(1) = E  Az 	 (8) 

= 
(see Appendix) with its value calculated from expressions previously derived by Parry [6] 
and Pedersen [7]. 

a2(I) = ff S(k) S(k') IF(k, k')12  dk dk' . 	 (9) 

The equivalence of these two expressions above is shown analytically in the appendix. 

4. Computation of the probability density function 
Mehta and Mehta [16], Barakat [14] and Goodman [11] all give simplified expressions for 
the integral in Equation 1. If all the eigenvalues are different, then 

p(I) = E (C„/).„) exp ( — 11),) 
n=z 

(10) 
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Figure 1 This shows the theoretical probability den-
sity function p(I) plotted for different surfaces. For 
the curve —, az  = 1 pm; for — — — — cr = 2 pm, 
and for ----, az  = 10 pm. The following wave 
lengths were present in the incident light 514.5, 
501.7, 496.5, 488.0, 476.5, 457.9 in the ratios 
0.246:0.008:0.096:0.522:0.116:0.013. The mean in-
tensity <I> = 1. 

N 
C„ = IT 1.„().„ — 2,,,) - ' . 

m-1 
In * n 

This was the case for the speckle pattern produced by the argon laser. Fig. 1 shows some cal-
culated forms for this situation. The relative intensities of the lines correspond to measured 
intensity ratios, and the curves shown are for varying surface roughness. It was suggested in 
[6] that an approximate formula could also be used to determine p(I) in a polychromatic 
speckle pattern. The formula was first derived by Mandel [17] using an expression suggested 
by Rice [18]. It has recently been used extensively in speckle work (see for example Dainty 
[19], Scribot [20], McKechnie [21], and is generally accepted as being a good approximation. 
The situations where the validity of this expression has been discussed correspond to consider-
ing p(I) in a speckle pattern produced by light of finite bandwidth. It is likely that the approxi-
mation will be useful for this case, but the comparison of the exact and approximate expressions 
in Fig. 2 shows that the formula is not a good approximation when only a small number of 
wavelengths are being considered. The reason for this can be explained as follows: the approxi-
mate form can be derived from the exact form if it is assumed that the first M eigenvalues are 
equal, but that all other eigenvalues are zero, thus giving the equation 

M ar 1M-1 
p(I) = (I>' 	r(m)  exP (— MI/</>) 	 (12) 

where M can be found from the relationship 
A,./ = </>2/0.2(/) (13) 
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PG) 

09 

07 

0.5 

0.3 

0.1 
Figure 2 This Fig. compares the exact (B) and ap-
proximate (A) forms of the probability density 
function. The surface used had a az  value of 4.6 
pm and the spectrum of the light was the same as 
in Fig. 1 (<I> = 1). 

0.1 	0.5 	0.9 
	

1.3 	17 	2.1 
	

I 

and o/(I) is found from Equation 9. The eigenvalues obtained by diagonalizing the 6 x 6 
matrices to calculate the form of the curves in Fig. 1 were not equal so there is no justification 
for assuming that the approximate form should agree with the exact expression. 

5. Measurements of the probability density function 
Measurements of p(I) were made on the axis of a far-field polychromatic pattern. Since far-
field polychromatic speckle patterns are non-stationary, then it was not possible to spatially 
scan the pattern as is possible with a monochromatic pattern (McKechnie [22]). Instead, 
intensity fluctuations were generated by using different regions of a large diffuser to produce a 
number of independent speckle patterns. This imposed certain restrictions on the number of 
measurements made. Each independent measurement makes use of a region of the diffuser of 
area nr 2  (where r is the radius of the limiting aperture of the diffuser), and all regions are 
statistically identical. Thus if the total number of readings is N, then a statistically uniform 
diffuser of area 7rNr 2  is required for the experiment. Diffusers are usually produced by grinding 
a flat glass surface. The exact properties of the surface are dependent on the size of the 
carburundum, the time for which the surface is ground, the pressure on the surface and many 
other factors. In fact, the properties of a surface may vary across the surface if the area of the 
surface is too large to maintain uniform conditions across the whole surface. This limits the 
obtainable area of a statistically uniform surface. This in turn limits the number of measure-
ments obtainable from one surface. For the results presented in Fig. 3, a total of 2200 measure-
ments were made. The error bars are shown at points at the centre of the bins and indicate the 
statistical error for the number of measurements in the bin. This error was estimated by 
assuming a Poisson distribution for the number of readings in the bin. No attempt has been 
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Figure 3 Experimental results are shown plotted in 
histogram form, and the theoretical curve is shown 
in the clear line. The surface used has a a, value of 4.6 
pm and the input spectrum consisted of six lines from 
an argon laser. The wavelengths 514.5, 501.7, 496.5, 
488.0, 476.5, 457.9 were present in the ratios 
0.246:0.008:0.096:0.522: 0.116:0.013. The experimental 
results are based on 2200 readings of the intensity 
and the error bars indicate statistical not experi- 

	I  mental uncertainty. The mean intensity <I> = 1. 

made to indicate experimental errors arising from instabilities in the output spectrum of the 
argon laser, or from errors in the measurement of this spectrum. 

The theoretical curve is seen to agree reasonably well with the experimental measurements. 
However, the measured peak value appear to be higher than the theoretical values. If we study 
the schematic diagram of the experimental system shown in Fig. 4, we find two factors which 
may have contributed to this. All light paths were enclosed by black tubes to minimize intensity 
fluctuations from air turbulence. Since the tubes do not absorb all light incident on them, then 
some of the light is reflected and contributes to the measured field. Calculations show that 
if reasonable assumptions are made concerning the magnitude and statistical properties of the 
contribution to the total field, the shape of the probability density curve would be modified 
to a form similar to the measured curve. A second and possibly more significant factor con-
tributing to the 'peaking' of the experimental curve would arise from the presence of large 
facets in the surface of the diffuser. The effects of such structures in the diffuser have been 
studied in much detail by Jakeman and Pusey [23, 24]. They are significant when their size is 
large compared with size of the scattering area. An aperture of 1.5 mm was used so as to 
minimize these effects, but it is possible that this was not sufficient. In future experimental work, 
I intend to use the fact that the statistics of the intensity, although strictly non-stationary, vary 
only slowly with position, particularly near the origin. It should therefore be possible to increase 
the number of measurements by a factor of four or five by moving the detector to other 
neighbouring points in the speckle pattern. In this way the discrepancies obtained in this 
experiment could be investigated with improved statistical accuracy. 

6. The standard deviation of the intensity fluctuations 
A number of authors have suggested that the standard deviation of the intensity fluctuations is 
a suitable parameter to measure and relate to the surface roughness of the diffuser (standard 
deviation of the surface height fluctuations). It will be shown in the Appendix that the variance 
316 
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Figure 4 Shows the experimental arrange-
ment used to measure the intensity fluc- 

	I PM  tuations. The diffuser was moved between 
each measurement to generate an ensemble 
of statistically equivalent diffusers. 

       

       

 

DIFFUSER 

    

of the intensity can be written as a simple sum of the squares of eigenvalues as in Equation 8. 
This relationship was used to calculate the contrast (ratio of the standard deviation to mean 
intensity) in a polychromatic speckle pattern produced by an argon laser. The curve in Fig. 5 
shows the contrast plotted as a function of surface roughness. Clearly the contrast is a useful 
parameter to measure, but only when measuring surface roughness less than 5 pm. The slow 
variation above this is easily understood when we consider the polychromatic pattern as a sum 
of correlated monochromatic patterns. The variation of contrast with surface roughness arises 
from the variation of spectral correlation with roughness (Equations 6 and 7). When the optical 
roughness of the diffuser exceeds 5 pm or so, the patterns produced by the separate wavelengths 
have all decorrelated and further increases in the roughness do not affect the first order 
statistics of the polychromatic pattern. To extend the sensitivity of the technique it is necessary 
to use a different source with a narrower spectral range or bandwidth. 
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Figure 5 Shows the standard deviation of the intensity 
fluctuations calculated for different values of surface 
roughness. The polychromatic source was taken to be 
an argon laser operating in the same conditions as in-
dicated in Fig. 3 </> = 1. 

    

    

Appendix 
Parry [6] and Pedersen [7, 8] have calculated moments of the first order probability density 
function using a different technique from that used here. It is necessary to show that the two 
expressions are equivalent. (The equivalence of the two approaches was used as a check of the 
accuracy of the diagonalization routine.) We will show here that the variance is the same when 
calculated by either method. 

The two expressions for the variance are 
N N 

	

C 2  = E E 	Iri;1 2 
	

(Al) 

	

a2 = 
	 (A2) 

Equation A2 is easily derived from the expression 

/ = 	 (A3) 

by making use of the zero mean, Gaussian properties of the variables ai. If au  are elements of 
the matrix A, then 
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.5;5; Ir i;1 2  = aija ji  . 	 (A4) 

Now E auai , is a diagonal element of the matrix A2, thus 

E E s,s;  Ir1 l 2  = Tr(A2 ) = Tr[diagonal (A2)] . 	 (A5) 

The diagonal form of the matrix A is 

(A, 
A2 	

AN 
	 (A6) 

so that a diagonal form of A2  

The trace of A2  is clearly E .1 . Thus 

E E sis;  ir iA 2  = E 	 (A8) 

showing the equivalence of the two approaches. 
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Abstract. Moments and the first order probability density function of the 
intensity in a speckle pattern are considered as a function of the spectral band-
width of the incident light. It is shown that the standard deviation of the in-
tensity generally depends on the surface roughness of the diffuser, and on the 
position of measurement in the far field. Numerical results are given for a 
diffuser with a Gaussian distribution of surface height limited by a circular 
aperture. Exact and approximate forms of the probability density function are 
discussed. The analysis applies when the fluctuations in optical path are 
greater than the maximum wavelength incident. 

I. Introduction 
Monochromatic light propagating through a diffuser of limited aperture 

produces a speckle pattern in the far field of the diffuser. The statistical 
properties of this pattern have been studied by Goodman [1], Enloe [2], Dainty 
[3], and other authors (Dainty's paper contains a detailed list of references). 
The intensity distribution arising from light of limited bandwidth becomes the 
sum of correlated monochromatic speckle patterns. The correlation between 
speckle patterns of different wavelengths has been discussed by Goodman [1] 
for speckle produced in the far field of the diffuser, and by George and Jain [4] 
for speckle produced in the image plane of the diffuser. Elbaum et al. [5], 
and Sprague [6] have used light of limited bandwidth to measure surface rough-
ness parameters. Asakura [7] has suggested an extension of speckle interfero-
metry to obtain information about the temporal coherence of the source. In 
this paper we present an approach determining the statistical properties of 
speckle produced by light of limited bandwidth. In particular we consider 
moments of the first order statistics and the autocorrelation function. As an 
example moments of the first order statistics are evaluated for a diffuser with a 
Gaussian distribution of surface height. The first order probability density 
function is discussed and approximate results are shown. A method of exact 
calculation is indicated. In the analysis, the optical path fluctuations intro-
duced by the diffuser are assumed to be greater than the maximum wavelength 
incident. 

2. General formulation 
The speckle pattern in partially temporally coherent light is the sum of 

correlated monochromatic speckle patterns. The problem of determining 
statistical properties of this pattern divides itself into two sections. One is 
concerned with the statistical part, the other involves the summing of the effects 
of the different wavelengths. It is easier to consider the statistical part first. 

O.A. 	 3x 
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We consider the arrangement shown in figure 1. Let x, y be the plane of 
the diffuser and 6, 7) be the far field plane of observation, a distance D away. 
The diffuser is limited in size by an aperture A and spatially coherent light of 
limited bandwidth is incident on the plane x, y. S( A) is the intensity of incident 
light of wavelength A. The intensity in the speckle pattern at a point (6, 71) is 
given by 

iv, so= fo S(A)I(,  n, A) d A, 	 (1) 

'I 

aperture limited 
	

Fourier plane 
diffuser 

Figure 1. The diffuser is limited by aperture A in the plane x, y. The statistics are con-
sidered in the far field e, 7 ). 

where I(e, n, A) is the intensity at the point (6, 71) in the monochromatic speckle 
pattern produced by light of wavelength A. The moments of the first order 
statistics of the intensity in the speckle pattern can be written as follows : 

cc 

<I(e, 77» = fo  S(A)<I(e, n, A)> dA, 
	 (2) 

CO 

(Iv, n)> = f di S(A)S(A')<I(6, 7), A)/(6, n, A')> d A d A', 	(3) 

where < > indicates an ensemble average. The moment of the second order 
statistics <I(, nme + 6', -q + n')> becomes 

<I(e, 71).1(6 + f', -ri +70> = 6 S(A)S( A') 
o 

x <I(, , Ame 4- e ,  , 7,4_71' , A')> dA dA'. 	(4) 

Clearly to determine these moments we need to consider the correlation between 
speckle patterns produced by light of different wavelengths. We need only consider 
the correlation <I(e, „ A)I(e+ e' , 7,-F n' , A')> since <I(, nme ± e' , n+.77')) 
reduces to <I 2(, 7))> at e' =71 =O. This correlation function has been con-
sidered by Goodman [1]. His method will be modified only slightly here. 

If U(e, 71, A) is the complex amplitude at the point (6., n) due to the wave-
length A, then we may write 

</(e, n, A)I(e + e' , n+n% A')>= <me, 7), A)U*(e, 7), A) 

x me ± e' , 't? + n', A')U*(6 + 6', n+-q',  A')). 
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Provided that the complex amplitude is a complex Gaussian process [1, 3], 
then the fourth order moment can be simplified using a theorem due to Reed [8] 

<U(e, 71, A)U*(e, n,  A)U(e+ , 	A, )u*(e 	, 	, A')> 

---- 	A)> <i(e 	, +71, A')> + 	A)U*(e + 6', 71+77', A')>12. (5) 

Substituting this in expressions [2], [3], [4] we can obtain the mean, variance 
and autocorrelation of the speckle pattern. 

<I(e, 71)> = f S(A)<I(, n, A)> dA, 	 (6) 

a2(/(e, 7?))= I I S(A)S(A1 )1<U(e, 71, A) u*(e, 	A')>12  dA dA', 	(7) 
0 

C,(6, 71 , 6', n')=-- ff S(A)S0')I<U(6, 	A)U*(e + e', 	A')>I 2  dada', (8) o   

where C1(, 71, e ,, 77 , ) is the autocorrelation function. 

3. Coherent limit 
The statistics of monochromatic speckle can be obtained by writing 

S( A) -- ,18( A — A0). For the variance we find the familiar relationship 
0.2(/)=  <T,2  2 . The autocorrelation of the intensity is seen to depend only on the 
autocorrelation of the complex amplitude. 

C,(, 71, 6', n')=1<u(6, ii)u*(e 	+ n')>12. 

Now U(e'/A0 D, 77'/A0D) is the Fourier transform of the complex amplitude 
distribution in the x, y plane. The Wiener—Khintchine theorem shows that 
the autocorrelation of complex amplitude in the e, n  plane is the Fourier trans-
form of the modulus squared complex amplitude distribution in the x, y plane—
the intensity distribution across the aperture A. Thus 

C1(6, n, ' , n')= F.T-( /(x, y)) 12. 	 (9) 

The Wiener spectrum of the speckle in coherent light is the autocorrelation of 
the intensity distribution across the plane x, y. 

4. The diffuser 
To consider the detailed behaviour of the mean, variance and autocorrelation 

functions, we must relate the complex amplitude U(e, 71, A) to some parameters 
of the diffuser. We represent the diffuser by a random phase screen and make 
the following assumptions : 

(i) The fluctuations in optical path introduced by the diffuser are greater than 
the maximum wavelength of the incident light. This ensures that the 
complex amplitude in the far field is normally distributed for mono-
chromatic light. 

3ii2 
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(ii) The fluctuation at any one point (x, y) is statistically independent of that 
at any other point. This is not generally true in practice, but the assump-
tion is reasonable provided there are a large number of scatterers within 
the aperture. 

(iii) The variation of refractive index with wavelength is sufficiently small over 
the range of interest, to be neglected. 

The complex amplitude in the far field is the Fourier transform, with respect 
to the variables e/AD, 71/AD, of the complex amplitude distribution in the x, y 
plane. If Z is the random optical path and U0(x, y) the complex amplitude 
incident on the diffuser, then [9] 

1 	 2,7riz) 
u(e, 7)) = 	

r, 
x, y ) ex p  

1AD 	
, 	

A 

xexp 
r 

 - ( 75 ) (xe+ y7)) dx dy, 	(10) 

Substituting this into expression (8) and 
tion, gives the following result : 

1 " 
C1(e, 71, e', 71')=.51.1of S(1/v)S(1/v') 

writing A = 1/v to simplify the integra- 

 

27ri 
x exp [ — 	((v — v')(xe +yn) — v'(xe' +yn'))1 

xexp [ — 27riZ(v — v')] dx dy) 2  dv dv'. 	(11) 

 

The autocorrelation function is a function of e , n, hence the statistics are non-
stationary. The expression for the variance is found by letting e' =71' = O. 
If we carry out the averaging process then it can be seen that the integrand 
factorizes into two terms, one depending on the properties of the diffuser, the 
other depending on the aperture A. 

1 " 
a2(I(e, 71)) = 	fof [S(1/v)S(1/v') I <exp [ — 27riZ(v — v')] >1 2  

X f f S(x, y) exp [ — 	(V e)(Xe -Fyi))1dx dy 
2] 

 dv dv', 	(12) 

where S(x, y) is the intensity distribution in the plane x, y. 	e normalize the 
above expression by considering the ratio of the standard deviation to the mean 
intensity. 

5. Mean intensity 
In order to consider the dependence of the mean intensity on the wavelength 

of the incident light, condition (ii) is relaxed to consider a correlation of phase 
over a distance 1. This gives an envelope to the speckle pattern of width of the 
order AD/l. The mean value of the intensity is dependent on this envelope. 
If we confine ourselves to regions where the envelope function varies slowly, 
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then the mean intensity will be independent of position in'the far field. How-
ever, it can be seen that the mean intensity will vary as 1/A2, so the mean in-
tensity in the speckle pattern will be 

<I(f, 77)>=C f  S(A)I A2  d A, 	 (13) 
0 

where C is a constant of proportionality. 
The 0-/<I> ratio becomes : 

uce,  
</>0 

= 	s(1/v)soizoi <exp [-27riZ(v— v')]>I2 f f S(x, y) 

x exp [ 	(v— v')(xe+ y77)1 dx dy 27ri 

Expressions (11) and (14) show that the statistics are generally non-stationary. 
However, the dependence on the coordinates e , n  may be weak. For regions 
near the origin the statistics become stationary and the o/</> ratio is dependent 
only on the characteristic function of the scattering surface. These properties 
of partially temporally coherent speckle patterns are best illustrated by con-
sidering an example. 

6. Example 
Consider a diffuser with surface height fluctuations distributed normally. 

The limiting aperture of the diffuser is circular and the incident light contains 
all wavelengths in the range Ai  to A, with equal intensity. 

The characteristic function of the random surface fluctuations is the Fourier 
transform of their probability distribution. In this case of a Gaussian distribu-
tion, the characteristic function is 

<exp [— 27riZ(v— v')]> =exp [—(2702crz2(v — v')2/2], 	(15) 

where uz  is the standard deviation of the fluctuations in the medium. Substi-
tuting this into eqn. (14) and evaluating the contribution to the integrand from 
the term dependent on the aperture, we obtain 

a2(r, ) 	1 lig 	 (axr'ID))2 	I (A. 	2 
dx 	(11A2 )dA) , 	(16) 

<I>2 
a 

/3  5
0 exp [ (27r)2x2az2] J1 (axr' ID) 	, A, 

where r' = oe2+71 2) and g= A2/( A, — 
The o/</> ratio is unity in the limit of coherent radiation. This enables 

us to reduce the expression still further to obtain 

dv dv'1
1 /2/ 

 CD2 f  S(A)/A2  d A. (14) 
2 

 

( ar'x' 
1  27rDaz ) 

ar'x' 
271-Do-z ) 

1 /2 

 

4 	2r(cr,ift) 

exp ( x'2  
27r(oz/ i3) 

(17) 

 

 

   

This ratio is clearly a function of the far field coordinate r'. For certain values 
of a and D the exponential term dominates the integral. Over the region where 
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the Bessel function argument does not differ significantly from zero, the 
ratio can be expressed in terms of the error function : 

a 	{ V 
2  (7°  erf (27raziP)/(27raziP)} 

1 /2 

• <>  

This expression is plotted in figure 2 for different surface height fluctuations. 
Figure 3 shows the effect of measuring the statistics off axis for a particular 
surface height fluctuation. 

(3/<I) 

10 	30 	50 	70 

bandwidth n.m. 

Figure 2. al<l) ratio, measured within the region of stationary statistics, as a function 
of the bandwidth of the incident light, curves are shown for az =5/2, 10/-4 and 20,u. 

The results shown in figures 2 and 3 show that the contrast in a speckle 
pattern decreases with increasing bandwidth as might be expected. The rate 
at which the contrast decreases depends on the fluctuations giving rise to the 
speckle, and on the position in the far field where the statistics are being measured. 
The speckle pattern is produced by interference of waves of random phase. 
If the path differences between waves exceed the coherence length of the inci-
dent light then the visibility of the speckle will be reduced to zero. This 
argument has been used by Elbaum et al. and Sprague in their work on measure-
ment of surface roughness parameters (5, 6). The crl<I> ratio plotted in 
figure 2 reduces to lie of this coherent value at a bandwidth of the order of that 
expected by applying the condition 

A2/ 6. A az, 
showing that the results presented here support those previously published. 

al<I> 

(18) 
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When the statistics are considered at points off axis, further path differences 
between waves are introduced and the visibility is reduced relative to that on 
axis. The criterion 

A2/A A < crz, 

for speckle of good contrast no longer applies. Equation (17) shows that the 
off axis effects will be significant for 

ar'/D 

The curves in figure 3 support this. 

7. The first order probability density function 

The calculation of the probability density function of the sum of correlated 
random variables is a problem encountered in many other branches of statistical 
optics [10, 11, 12]. The solution can be formulated exactly provided the com-
plex amplitude u(e, n, A) is a normally distributed random variable. Following 
a derivation given by Thomas [13], it can be shown that 

1 	exp ( —ilt) dt 
P(I)=—  27r 	x 11 (1 —2itAi) 

=1 

(19) 

AX=Onm. 

Xr 20nm 

4X. 40 nm 

  

   

0 	1 	2 	3 	$1, 	I5 
arg) x 10' m 

Figure 3. al<I> ratio, measured outside the stationary region, as a function of the variable 
r'a/D. This indicates the effect of aperture size a and position of measurement r. 
Curves are shown for az =10/i at different bandwidths of the incident light. 
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where Aj are the eigen values of the homogeneous Fredholm equation 

Ajcbj(A)= f  S(A')<U(e, 71, A)U*(e, 77, A')>C(A') dA'. 	(20) 
— co 

Analytic solutions can be obtained when S(A)=rect (A/A0) and 

(i) <U(A)U*(A')>=exp (— fr(A— A')), 	 (14, 15) 

(ii) <U(A)U*(A')> =sinc /3'(A— A'). 	 (16) 

Numerical solutions have recently been published by Barakat corresponding to 

<U(A)U*(A')> =exp (— 	A')2). 	 (11 c) 

The correlation between U(e, 77, A) and U(6,71, A') as derived by Goodman [1] 
has been used previously ( § 3) and is dependent on the characteristic function 
of the surface and the coordinates e, 

Mandel has derived an approximate formula in connection with photon 
counting statistics (10 a). He considers the random variables to be completely 
correlated over a certain range and uncorrelated outside this range. Using this 
idea and the fact that the probability density function is of negative exponential 
form within the correlated region, we obtain 

(N)N IN-1  
P(I)= 

 r(N) <1>N exp (— NI I<I>), 

1 

5 

ntens ty 

Figure 4. The first order probability density function p(I) as a function of 1 for different 
values of N. N can be related to the surface fluctuation via figures 2 and 3. <I> =1. 

(21) 
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where N is the number of correlation cells. If N is chosen so that a/<I> on 
the basis of the approximate formula is equal to its exact value, then it is found 
that the approximate and exact formulae agree very well (17). Figure 4 shows 
the probability density function plotted for different values of N, where 

N= <I>2102(1), 	 (22) 

and a2/<I>2  is found from equation (14). 
It is interesting to note that in the exact formula it is necessary to know the 

distribution of surface height to obtain the form of the kernel of the integral 
equation. The approximate formula depends on the distribution of surface 
height only through the ratio. This is particularly useful since an approximate 
expression to p(I) for a diffuser of any surface profile can be obtained by a 
measurement of g/</> alone. 

The results for different values of N (N increasing indicates an increase in 
bandwidth or surface height fluctuation) show the transition from a negative 
exponential form towards a delta function centred at /= <1>. Apart from the 
case of complete coherence no speckles of zero intensity are observed. The 
curves also show a Gaussian form for large N, consistent with the interpretation 
of N as the number of independent correlation cells. 

8. Conclusions 
The theory indicates that a study of speckle patterns produced by light of 

limited spectral bandwidths, gives information about the scattering medium. 
The shape of the characteristic function is dependent on the surface height, 
so information concerning the probability distribution should be possible. 
This technique may be useful as a non contacting method of determining surface 
roughness parameters. 
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On etudie les moments et la fonction densite de probabilite du premier ordre de Fintensite 
dans une figure de speckle ' en fonction de la largeur de la bande spectrale de la lumiere 
incidente. On montre que l'ecart normal de l'intensite depend en general de la rugosite 
superficielle du diffuseur et de la position de la mesure dans le champ a grande distance. 
On presente des resultats numeriques pour un diffuseur ayant une distribution gaussienne 
des irregularites de surface et limite par une ouverture circulaire. On discute des expressions 
exacte et approchee de la fonction densite de probabilite. L'analyse est valable lorsque 
les fluctuations de chemin optique sont superieures a la plus grande des longueurs d'onde 
incidentes. 

Die Momente und die Wahrscheinlichkeitsdichtefunktion erster Ordnung der lntensitat 
in einem Granulationsmuster werden als Funktion der spektralen Bandbreite des einfallenden 
Lichtes betrachtet. Es wird gezeigt, daB die Standardabweichung der Intensitat im 
allgemeinen von der Oberfliichenrauhigkeit des Streuers abhangt und von der Position der 
Messung im Fernfeld. Numerische Ergebnisse werden gegeben far einen Streuer mit 
GauB-Verteilung der Oberflachenhohen, begrenzt durch eine kreisformige Offnung. 
Exakte und genaherte Formen der Wahrscheinlichkeitsdichtefunktion werden diskutiert. 
Diese Behandlungswiese ist anwendbar, wenn die Anderungen der optischen Weglange 
griiBer sind als die grate einfallende Wellenlange. 
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A statistical formulation is given explaining the fibrous structure seen in speckle patterns in polychromatic light. 
It is shown that the appearance of the structure is strongly dependent on the surface roughness of the diffuser. This 
may be useful as the basis of a determination of surface roughness. 

1. Introduction 

In some early work on speckle patterns, there was 
much discussion of the fibrous structure seen in poly-
chromatic light [1-6]. The patterns were produced 
by diffraction at a screen containing a large number of 
randomly positioned apertures or by scattering from 
lycopodium powder. Ramachandran [7] reviewed the 
work in 1943 and decided that the phenomenon could 
be explained completely in terms of the coherence 
properties of the light. Martienssen and Spiller [8], 
and Schiffner [9] also came to the same conclusion. 
Recently Fujii ans Asakura [13] discussed the forma-
tion of the pattern in their work on speckle interferom-
etry. The speckle patterns were produced using diffu-
sers but their theory took no account of the statistical 
properties of the diffuser. In this paper a statistical 
analysis of the phenomenon is given, based on some 
work by Goodman [10]. Theory and some prelimi-
nary experimental work show that the appearance of 
the radial structure is strongly dependent on the pro-
perties of the diffuser. This may prove useful in deter-
mining surface roughness of a sample. 

2. Qualitative discussion 

The intensity in a speckle pattern produced by 
polychromatic light is the sum of the intensities from 
all wavelengths present. The patterns produced by dif- 

ferent wavelengths differ in scale; changing the wave-
length in a monochromatic speckle pattern results in 
an apparent radial motion of the whole pattern. Spec-
kle resulting from many wavelengths will therefore 
have a radial structure. If the speckle is produced using 
a diffuser, then changing the wavelength also results in 
a phase change of the light. Hence the pattern changes 
as it moves radially. The 'length' of a speckle will be 
determined by the properties of the diffuser. Since 
the diffuser is usually described statistically, the phe-
nomenon must also be considered statistically. The 
spatial autocorrelation of the intensity is the function 
which contains information about the structure. 

3. Mathematical formulation 

Let (r, 0) be coordinates in the far field of the dif-
fuser. The intensity I (r , 0,k) is the intensity at (r, 0) 
produced by wavelength X and k = 27rIX. The diffuser 
is characterised by a random surface height h(x , y). 
Let Z(x, y) = nh(x ,y), where n is the refractive index 
of the diffuser. The analysis is valid for Z(x, y) > X 
[10,11]. 

The complex amplitude U(r,  , 0) is a zero mean, 
complex gaussian random process [10]. A theorem 
due to Reed [12] enables us to write 

(A/(ri  , 01, ki ) A/(r2 ,02 , k2)) 

= l(U(r1,01,k1) U*(r2 , 0 2 , k2 ))1 2 , 	(1) 
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where 

Al(r, 0, k) = I(r, 0, k) — (I(r, 0, k)) 	 (2) 

and ( ) indicate an ensemble average. 
Goodman [10] has shown that provided the dif-

fuser is made up of a large number of statistically in-
dependent scatterers, then, 

(U(r , 0 1 , k 1 ) U*(r2 ,0 2 , k2)) 

= 43z(ki  — k2)F(ri ,r2 ,01 , 02 , ki , k2), 	(3) 

where (1)z(k) is the characteristic function of Z and, 

F(r1 ,r2 ,0 1 ,0 2 ,k 1 ,k 2 )= (k i k 2 ) 

X f f 1(10  ,y)I2  exp(—i/D)[(ki ri  cos 0i —k2r2 cos02 )x 

+ (ki ri  sin 0 1 — k2r2  sin 02)] dxdy. 	(4) 

U0(x, y) is the complex amplitude distribution inci-
dent in the diffuser plane. For mathematical simplici-
ty let 

U0(x,y) = exp [—(x2  + y2)/2W6] X const., 

where W0  is a measure of the width of the beam indi-
dent on the diffuser. It is also convenient to consider 
a gaussian distribution of surface height so that 

43z(ki  — k2) = exp [—a2z(k i  — k2)2/2] X const., 	(5) 

where az  is the standard deviation of Z. Eq. (4) be-
comes 

F(ri  , r2  , 01  , 0 2 , k i  , k2) 	 (6) 
= ak i  k 2  exp [-13(q1c2i  F rN-2k i k 2r1 r2  cos(01-02)]. 

a and 13 are constants for a given W0. In terms of vec-
tors, r1  and r2  

(A/(ri  , k 1 ) 	k 2)) 	
(7) 

= ak i k 2  exp[—a2z(k1  — k2)2 ] exp[—/31k1r1—k2r2 I 2 ] 

if r2  = ri + Sr such that 0(18/.12) ^ 0, then 

, k AI(r2 ,k2 ))= Tqki.  exp [—a2z(ki  —k2)2] 

X exp[— 20(k1  — k2)((ki — k2)ti— 2 k 2ri . Sr)]. (8) 

The following features are apparent: 
(i) The correlation is independent of 0 1 ,0 2  but de-

pendent on (0 1 — 0 2 ) for all values of r i  and r2. 
(ii) Eq. (8) shows that maximum correlation occurs  

for r1 = Sr. Minimum correlation occurs when r1  is 
perpendicular to Sr. Clearly the speckle pattern 
produced by polychromatic light will have a fi-
brous radial structure associated with it. The 'elon-
gation' becomes more significant for large values 
of r1 . 

(iii) The correlation is strongly dependent on az . The 
appearance of a radial structure will therefore de-
pend on az . This can be seen clearly by consider-
ing speckle patterns produced by a number of dis-
crete wavelengths, e.g. and argon laser operating 
so that the light output contains a number of 
wavelengths. Figs. 1-3 show three such patterns 
produced by scattering from surfaces of differing 
roughness. 

4. Discussion of experimental work 

The argon laser was operating so that its output 

Fig. 1. Speckle pattern produced by the scattering of light from 
an argon laser (wavelengths present 514.5, 496.5, 488.0, 476.5 
nm), using a diffuser with ah = 1 n = 1.5. 
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Fig. 2. Speckle pattern produced by the scattering of light 
from an argon laser (wavelengths present 514.5, 496.5, 488.0, 
476.5 nm), using a diffuser with ah = 3 11, n = 1.5. 

spectrum was dominated by four lines (wavelengths 
514.5, 496.5, 488.0, 476.5 nm in the ratio 4 = 1.5 = 
3:1). Three diffusers were used to produce the speckle 
patterns. Their surface height fluctuations were esti-
mated using a `Talysurf. Fig.-1 shows the pattern pro-
duced by a surface with ah  = 1 p, in fig. 2 ah  = 3 p 
and in fig. 3 ah  = 10 p. The refractive index n = 1.5. 

The equations show that the intensity fluctuations 
decorrelate when 

az  = 1/1k1  — k21. 

Calculations show that with the 10 p surface, none of 
the speckle patterns are correlated. For the 3 p sur-
face patterns produced by wavelengths 496.5 nm and 
488.0 nm are correlated, so those produced by wave-
lengths 488.0 nm and 476.5 nm. With the 1 p surface 
only the 514.5 nm and 476.5 nm patterns remain un-
correlated. The increase in apparent radial structure 
with decreasing surface roughness is consistent with 

Fig. 3. Speckle pattern produced by the scattering of light from 
an argon laser (wavelengths present 514.5, 496.5, 488.0, 476.5 
nm), using a diffuser with ah = 10 Az, n = 1.5. 

these calculations. 
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