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Abstract

This paper describes two explicit couplings of standard Brownian motions B and
V, which naturally extend the mirror coupling and the synchronous coupling and
respectively maximise and minimise (uniformly over all time horizons) the coupling
time and the tracking error of two regime-switching martingales. The generalised
mirror coupling minimises the coupling time of the two martingales while simulta-
neously maximising the tracking error for all time horizons. The generalised syn-
chronous coupling maximises the coupling time and minimises the tracking error
over all co-adapted couplings. The proofs are based on the Bellman principle. We
give counterexamples to the conjectured optimality of the two couplings amongst a
wider classes of stochastic integrals.
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1 Introduction

Let (2, (F:)e>0,F,P) be a filtered probability space that supports a standard (F;)-
Brownian motion B = (B;);>¢ and let

V:={V = (WV)i>0 : V is an (F;)-Brownian motion with V; = 0}

be the set of all (F;)-Brownian motions on this probability space. It is well-known that
for any time horizon 7' > 0 the Brownian motion in ¥V which minimises the probability
that the processes X = z + B and Y(V) = y + V couple after time T (for any starting
points z,y € R), i.e. the Brownian motion that solves the problem

minimise P [ro(X —Y(V)) > T overV eV,
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Coupling and tracking of regime-switching martingales

where 7o(X —Y(V)) :=inf{t > 0: X; = Y;(V)}, is given by the mirror coupling V = —B
(see e.g. [5]). Furthermore it is easy to see that the Brownian motion which minimises
the tracking error of Y (V') with respect to the target X at time 7, i.e. solves

minimise E [(XT - YT(V))Q} over Ve,

is given by the synchronous coupling V' = B. This paper investigates the following
generalisations of these questions.

1.1 Problems

Let Z = (Z;)¢>0 be an (F;)-Feller process, i.e. a Feller process on our probability
space, which is (F;)-Markov. Let the state space E of Z be a subset of a Euclidean
space R? for some d € IN. For real Borel measurable functions o; : E — R, i = 1,2,
define the stochastic integrals X = (X;);>0 and Y (V') = (Y3(V))>0 by

t t
X, ::x+/ o1(Z)dB, and  Yi(V) :=y+/ 03(Z4) Vi, (1.1)
0 0

where z,y € R and V € V. Throughout the paper we assume that for each starting
point the process Z is a semimartingale (in particular, it is non-explosive and has cadlag
paths) and

t
E/ 02(Z)ds < oo forall t>0,i=1,2. (1.2)
0

This implies that the processes X and Y (V) in (1.1) are well-defined true martingales
(e.g. see [10, Cor IV.1.25]). In the case the state space [ of Z is embedded in a multidi-
mensional space, a natural choice for the volatility functions ¢, and o, are the projec-
tions resulting in ¢, (Z) and 0(Z) being coordinate processes of Z in R¢. Furthermore,
to avoid degenerate situations, we assume throughout the paper that (|01 |+ |o2|)(z) > 0
for all z € [E. The class of stochastic integrals in (1.1), with the integrand Z typically a
jump-diffusion (i.e. a Feller process), arises frequently and is of interest in the theory
and practice of mathematical finance in the guise of stochastic volatility models (see
e.g. [3]).

We are interested in the “distance” between the two processes X and Y (V) for
any V € V. In other words we seek to understand how large and small the following
quantities can be

E[o(Xr —Yr(V))] and P[n(X -Y(V)) >T], (1.3)
for T > 0 a fixed time horizon,
¢ : R — R convex with |¢(x)| < a|z|’ + b for some a,b>0,p>2andVz e R, (1.4)

and 7o(X —Y(V)) :=inf{t > 0: X; = Y:(V)} the coupling time of the processes X and
Y (V). Since V is an arbitrary (F;)-Brownian motion, the law of the difference X —Y (V)
is in general not easy to describe. Therefore we cannot expect to be able to identify the
quantities in (1.3) explicitly. Our goal is to establish sharp upper and lower bounds for
the expectations in (1.3), which hold for any choice of Brownian motion V' € V and are
based on a natural generalisations of the mirror and synchronous couplings of Brownian
motions described in Section 1.2. More precisely, we are looking for Brownian motions
VM /S ¢V such that the following inequalities hold for all V € V:

M E[Xr-Yr(V9)] < E(Xr-Yr(V)] < E[o(Xr—Yr(v'))],

© PlX-YWVM)>T] < Plr(X-Y(V)>T] < P[TO(X —Y(V*)) > T}’
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where the generalised mirror (resp. synchronous) coupling holds for B and V¥ (resp.
Vo).

In Problems (T) and (C), the goal is not merely to prove the existence in an abstract
sense of the integrators V™ V* €V, but primarily to understand for which classes of
(F:)-Feller processes Z are the generalised mirror and synchronous couplings of Brow-
nian motions, described in Section 1.2, extremal in the inequalities of Problems (T)
and (C). In particular, for the volatility processes Z with the property that the gener-
alised mirror and synchronous couplings satisfy the inequalities above for all Brownian
motions V € V), the following holds: maximising the coupling time of the stochastic in-
tegrals minimises the “convex distance” of the two processes and vice versa uniformly
over all time horizons T" > 0.

1.2 Results

In the setting of processes (1.1), it is natural to define generalised synchronous and
mirror couplings of Brownian motions in the following way. Let the functions ¢y, éry -
IE — R be given by the formulae

¢r(z) == sgn(01(2)02(2)),  ¢érr(z) = —sgn(o1(z)oa(2))

for any z € E, and define the Brownian motions V! = (V,!);5¢ and V! = (V;!1);50in V
by

ot t
1% ;:/ ¢1(Z,)dB, and V! ::/ ¢rr(Z) dB,. (1.5)
0 0

Note that ¢;; = —¢é; and hence V! = —V!| It is clear from (1.5) that B and V! gener-
alise the synchronous coupling of Brownian motions, while the pair B and V!/ extends
the notion of the mirror coupling. A natural conjecture, based on the case where X and
Y (V) are Brownian motions, goes as follows.

Conjecture. For any (F;)-Feller process Z and V' € V, the inequalities in (T) and (C)
are satisfied by VS = V! and VM = vl = v,
1.2.1 The conjecture fails in the class of general (F;)-Feller processes
Let the Feller process Z, with state space I := (0, 00), be defined as
Zy = 2o Mg, where M; := exp(B; — t/2) and zy > 0, (1.6)

and the volatility functions o1,09 : E — R given by o;(z) := —iz for any z € E and
i = 1,2. The corresponding candidate extremal Brownian motions V! and V!, defined
in (1.5), are in this case given by the classical synchronous V! = Band mirror V! = —B
couplings. The fact that M; = 1 + fot M,dBy yields fg 0i(Zs)dBs = —izo(My — 1), for
¢ = 1,2, which in particular implies the following for all ¢ > 0:

X =Y (V) =2 —y+2M—1) and X, -Y(V')=2—y—32(M; —1). (1.7

Fix a time horizon 7' > 0 and note that, since (1.7) implies the supports of the random
variables X7 — Y7 (V1) and X1 — Y7 (V!!) are given by

supp (X7 — Y7(V')) = (z —y — 20,00) and supp (Xr — Yr (V') = (=00, z — y + 32),

any non-negative non-zero convex function ¢ : R — R that satisfies the assumptions
in (1.4), with support (i.e. the closure of ¢~'(0,c)) contained in the half-line (z — y +
320, 00), clearly yields

0=E[¢(Xr—Yr(V"))] <E[o (Xr—Yr(V!))].

EJP 20 (2015), paper 38. ejp.ejpecp.org
Page 3/40


http://dx.doi.org/10.1214/EJP.v20-2307
http://ejp.ejpecp.org/

Coupling and tracking of regime-switching martingales

Hence the tracking part of the conjecture fails for Z = zo M.

Assume that the starting points in (1.1) satisfy x — y < —3%¢ and define the stopping
time 7 := inf{t > 0: B;—t/2 = log(1—(z—y)/20)}. Note that the representations in (1.7)
imply P [1o(X — Y (V7)) = o0] = 1 and P [7o(X — Y(V)) > T] = P[r > T] < 1 for any
time horizon 7' > 0. Therefore the coupling part of the conjecture also fails:

Plro(X -Y(V) >T] <P [r(X —Y (V) >T] =1

1.2.2 The generalised mirror and synchronous couplings are optimal if 7 is a
continuous-time Markov chain

Unless otherwise stated, in the rest of the paper Z denotes an (F;)-Markov semimartin-
gale with a countable state space. More precisely, we assume that

Z is a non-explosive, irreducible, cadlag (F;)-Feller process on a discrete space E C R¢.

(1.8)
Assumption (1.8) makes [E a countable set (i.e. the cardinality of It is at most that of
IN) and Z a continuous-time (F;)-Markov chain on E. The following assumptions on the
semigroup P and the @-matrix @ of the chain Z ensure the finiteness of the expectations
in (T) (see Section 3) and the regularity of the law of the coupling time (see Section 4)
respectively:!

VzeE: (Pr(loi|’ +|o2/P))(z) < oo, (1.9)
VzeB: (Q(o1]? + |o2]?))(2) < oo. (1.10)

Theorem 1.1. Let a Markov chain Z satisfy (1.2), (1.8) and (1.9) and ¢ be as in (1.4).
Then for any V € V it holds

E[p(Xr —Yr(V)] < E[p(Xr-Yr(V))] < E[p(Xr—Yr(VI))].
The integrability condition in (1.9) is not necessary for the solution of Problem (C).

Theorem 1.2. Let an (F;)-Markov chain Z satisfy (1.2), (1.8) and (1.10). Then for any
V €V it holds

PloX-YWV")>T] < Pr(X-Y(V)>T] < PlnX-YV")>T].

Remark 1.3. (i) The function ¢; = —¢é;;, and hence the Brownian motions VI =
—V!I, that feature in the solution of Problems (T) and (C) depend neither on
the maturity T nor on the precise form of the convex cost function ¢. No local reg-
ularity (e.g. differentiability) of ¢ is required for Theorem 1.1 to hold. Note also
that essentially no restriction on the volatility functions ¢, and o5 in the stochastic
integrals in (1.1) is necessary, for the two theorems to hold. Furthermore, the as-
sumptions in Theorems 1.1 and 1.2 place no restrictions on the filtration (F;):>o0;
in particular (F;);>o need not be generated by the processes B and Z.

(ii) Brownian motion V! (resp. V') is chosen to minimise (resp. maximise) at each
moment in time the Radon-Nikodym derivative of the quadratic variation of the
process X — Y (V) over the set V. It is clear that V! and V!! can also be defined
for much more general integrands than the ones considered in (1.1) and that the
generalisations will still be locally extremal.

11t is not hard to show that neither of the conditions (1.9) and (1.10) implies the other, see Appendix B.
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Coupling and tracking of regime-switching martingales

Section 3.2 shows that local maximisation/minimisation of the Radon-Nikodym
derivative mentioned in item (ii) is also globally optimal in a non-Markovian set-
ting in the special case of the quadratic tracking (i.e. where the cost function is
¢(x) = x?). Section 4.3 establishes a coupling result, analogous to Theorem 1.2, in
the case where the volatility processes are time-inhomogeneous but deterministic.
However, Sections 1.2.1 and 5.3 show that the generalisations of Theorems 1.1
and 1.2 do not hold for general (F;)-Feller processes.

The key fact, established in Lemma 2.5, that enables us to prove Theorems 1.1
and 1.2 is that the chain Z is in fact independent of the driving Brownian motion B
(see Section 2.3). It is therefore natural to ask whether the results in the theorems
above hold for a general (F;)-Feller process Z, which is independent of B. The
example in Section 5.3 shows that Theorem 1.1 cannot be generalised even if such
independence is assumed.

The results in Theorems 1.1 and 1.2 are likely to remain valid in the generalised
setting given by the filtered space (2, (F;)i>0,F,P) supporting an additional fil-
tration (G;);>o, such that 7, C G, for t > 0, with properties that every Brownian
motion in V €V is also a (G;)-Brownian motion and the continuous (G;)-Feller pro-
cess Z is independent of any V € V. These conditions are satisfied for example by
G, := F; ® H;, where the filtration (H,).;>o is independent of (F;);>o and supports
a continuous (H;)-Feller (and hence (G,)-Feller) process Z, e.g. Z is a stochastic
volatility process (i.e. a solution of an SDE) driven by an (H,)-Brownian motion.
The reason why such a generalisation is likely to remain true lies in the fact that
the representation in (2.3) still holds in this setting and the continuity of the paths
of the process Z could be used to perform the necessary localisations in the proofs
of Theorems 1.1 and 1.2. Note that by Lemma 2.5 the setting of the paper is given
by G, := F; and Z a continuous-time (F;)-Markov chain.?

The volatility functions o1 and o, are typically distinct, which makes the maximal
coupling time 7o(X — Y (V!)) finite. Hence the upper bound in Theorem 1.2 is
non-trivial (i.e. smaller than 1).

Recall that sgn(z) is 1 if x > 0 and —1 if < 0. In the setting of Theorems 1.1
and 1.2, the choice of sgn(0) in {1, —1} can be arbitrary, since by [10, Prop IV.1.13]
it influences neither the laws of the processes ¢(X — Y (V1)), (X — Y (V1)) nor of
the variables 7o(X — Y (V?1)), 7o(X — Y/(VI1)).

In [1] the authors establish an inequality, analogous to the first inequality of Theo-
rem 1.1, in the case X and Y (V') are solutions of driftless SDEs. A related inverse
question to the tracking problem is studied in [8]. A general reference on the
theory of coupling is given in [7].

In the case Z is a continuous-time Markov chain, the processes in (1.1) are regime-
switching martingales as they evolve as Brownian motions with varying values of
the instantaneous volatility, determined by the current state of the chain Z and
the functions o;, i« = 1,2. The seminal paper [4] introduced such regime-switching
models to economics and finance. Since then, such models have found a plethora
of applications in areas as diverse as macroeconomics, term-structure modelling
and option pricing (see e.g. [6] and the references therein).

2We thank one of the referees for this remark.

EJP 20 (2015), paper 38. ejp.ejpecp.org

Page 5/40


http://dx.doi.org/10.1214/EJP.v20-2307
http://ejp.ejpecp.org/

Coupling and tracking of regime-switching martingales

1.3 Structure of the paper

Sections 2.1 and 2.2 state two well-known lemmas that allow us to relate the cou-
pling inequalities above to problems in stochastic control. Section 2.3 proves that the
(F:)-Markov chain Z and the Brownian motion B are independent. Sections 3 and 3.1
prove Theorem 1.1. Section 3.2 discusses Problem (T) in a non-Markovian setting and
establishes a generalisation of Theorem 1.1 in the case of a quadratic cost function.
In Sections 4, 4.1 and 4.2, we establish Theorem 1.2. Section 4.3 proves an analogue
of Theorem 1.2 in the case the volatility processes are time-inhomogeneous but deter-
ministic. Section 5 discusses four counterexamples to the Conjecture above in the case
where certain assumptions of Theorems 1.1 and 1.2 are violated. Appendix A contains
the proofs of Lemmas 2.1 and 2.3. of Section 2.

2 Preliminaries

2.1 The set of Brownian motions on a probability space

Without loss of generality we may assume that the probability space (2, (F;)>0, F, P),
where the (F;)-Brownian motion B and the chain Z in (1.1) are defined, supports a fur-
ther (F;)-Brownian motion Bt €V, which is independent of B. If this were not the case,
we could enlarge the probability space and note that this only increases the set V of all
(F:)-Brownian motions. Since the extremal Brownian motions V!, V! in Problems (T)
and (C) are constructed from B and Z alone, they must also be extremal in the original
problem. We shall henceforth assume that B+ € V exists. Any V € V and the process
X — Y(V), which plays a key role in all that follows, therefore possess the following
representation.

Lemma 2.1. For any V € V there exist (F;)-Brownian motion W € V and C = (C})¢>0,
such that W and B are independent, C is progressively measurable with —1 < C; <1
for allt > 0 P-a.s., and the following representations hold:

t t
Vi = / C,dB, +/ (1—CHY2aw,, (2.1)
0 0
and X —Y (V) = R(V), where R(V) = (R¢(V))>0 is given by Ro(V) =r := « — y and

Ri(V) ::7‘—|—/Ot(01(Zs)—C’sUg(ZS))st—/Ot(l—Cf)l/QUQ(ZS)dWS. 2.2)

Remark 2.2. (i) Equality (2.1) in Lemma 2.1 is a well-known representation for a
Brownian motion V € V in terms of B (see e.g. [1] and the references therein). For
completeness and because of the importance of the representation in (2.2), which
follows directly from (2.1), the proof of Lemma 2.1 is given in the appendix (see
Section A.1); it is this proof that requires the existence of B+ € V independent of
B.

(ii) Note that W and B in Lemma 2.1 are independent, but the process C' may depend
on either (or both) Brownian motions B, W .

2.2 (-matrices, related operators and martingales

Let Q denote the ()-matrix of the continuous-time (F;)-Markov chain Z. We define
the action of () on the space of bounded functions on [E in the standard way: for a
bounded g : E — R, let

Qg:E — R  be given by the formula (Qg)(z) := Z Q(z,2")g(7"),
RS
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since the series converges absolutely for every z € .

Let the function H : E x R — R satisfy the assumptions: H(-,z) € C}(R) and H(r, ") :
E — R is bounded for any r € R. Then, for any ¢ € [-1,1], we define L°'H:Ex R — R
by the formula:

. 1, ., o, O*H
(L°H)(r,2z) = 3 (0f — 20102 + 73) (z)m(r, 2) + (QH(r,-))(2). (2.3)

The operator L€ is closely related to a generator of the process (R(V), Z) and will play
an important role in the solution of the stochastic control problems.

The next lemma describes a class of martingales related to the chain Z.

Lemma 2.3. Let F': Ry x R x E — R be a bounded function, such that for any z €
the restriction to the first two coordinates F(-,-,z) : Ry x R — R is continuous. Assume
that the generator () satisfies

sup{—Q(z,2) : z € E} < oc. (2.4)

Let U = (Uy)i>0 be any continuous semimartingale, adapted to the filtration (F;)i>o.
Then the process MY = (M )0, given by

Myo= Y [F(s,US,ZS)—F(s,US,ZS_)]—/O (QF(5,Us,))(Zs_) ds,

0<s<t
is a true (Fy, P,)-martingale for any starting point z € .

Remark 2.4. (i) The key point in Lemma 2.3 is that we do not assume that the pro-
cess (U, Z) is Markov, since all that is required of U is that it has continuous paths
and is adapted to the underlying filtration on the original probability space. This
fact plays a crucial role in the solution of our optimisation problems, as it allows us
to eliminate all the (suboptimal) non-Markovian couplings of the Brownian motions
V and B, the laws of which are not tractable.

(ii) Assumption (2.4) on () is equivalent to stipulating that () is a bounded linear oper-
ator. This is clearly satisfied when the state space It is finite.

(iii) The result in Lemma 2.3 is well-known but a precise reference appears difficult to
find. For this reason, and because of its importance in the proofs of Theorems 1.1
and 1.2, a proof of Lemma 2.3 is given in Appendix A.2.

2.3 (F:)-Brownian motion and continuous-time (F;)-Markov chain are indepen-
dent

Intuitively, the independence of the chain Z and a Brownian motion W € V follows
from the fact that any (F;)-martingale of the form (¢(Z,,t));>0, where 1 is a real func-
tion defined on the product E x R, is equal to the sum of its jumps minus an absolutely
continuous compensator and therefore has constant covariation with any continuous
semimartingale adapted to (F;):>0. The key fact underpinning this argument is that Z
is a Markov process on the filtration (F;);>o (see Section 5.2 for counterexamples to
Theorems 1.1 and 1.2 when this assumption is relaxed).

Lemma 2.5. An (F;)-Markov chain Z is independent of any (F;)-Brownian motion W
inV.

Proof. We first show that the random variables W and Zr are independent for any
T > 0. Let the functions f : R — R and g : E — R be bounded and measurable with f
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suitably smooth. We need to establish the equality E[f(Wr)g(Zr)] = E[f(Wr)|E[g(Z7)].
Define the (F;)-martingales M/ = (Mtf)te[O,T] and N9 = (N?),co,11 by

M} =E[f(Wr)|F] and  N{ = E[g(Zr)|F.

Note that it is sufficient to prove that the product Mf N9 = (M N? )te[o,7] is @ martingale
since in that case we have

E[f(Wr)]E[g(Zr)] = M{N§ = E[M{N§] = E[f(Wr)g(Zr)]. (2.5)

Now M{ = (P} ,f)(W,), where PV is the Brownian semigroup, and hence M/ is a
continuous martingale. Similarly we have N{ = (Pr_.g)(Z;), where P denotes the semi-
group for Z, and hence It6’s lemma for general semimartingales [9, Sec I1.7, Thm. 33]
and the Kolmogorov backward equation imply dN? = (Pr_.9)(Z;) — (Pr—.9)(Z;—) —
(Q(Pr—:9))(Z;)dt (Q denotes the generator matrix for 7). In particular, the quadratic
variation of VY is equal to the sum of its jumps, i.e. the continuous part of the process
[N9, N9] is almost surely zero. Hence the continuity of M/ and [9, Sec I11.6, Thm. 28]
imply that the covariation satisfies d[M/, N9]; = 0. Therefore, by the product rule, the
infinitesimal increment of the process M7/ N9 equals

A(M{ N¢) = N¢_dM] + M} AN? + d[M7, N9], = N?dM] + M7 AN}

(the subscripts t— can be change to ¢ since M fis continuous), making M fN9 a mar-
tingale, since both M/ and N9 are bounded martingales, and equality (2.5) follows.
By an approximation argument and the Dominated Convergence Theorem we conclude
that (2.5) holds for arbitrary bounded measurable functions f and g and the indepen-
dence of W and Z1 follows.

To prove independence of random vectors (W,,,..., W, ) and (Z,,,...,Z,;,) for any
n € IN and a sequence of times 0 = ¢y < t; < --- < t,,, pick any bounded measurable
functions f : R” — R and g : E* — R and define recursively the functions f; : R*Y! — R
and g, : E*¥! — R for k = n,...,0, which are again bounded and measurable, by

fn = fvgn := g and
fk*1<Wt17""Wtk—1) = E[fk?(Wt17""thc)|‘7:tk—1]7
gk—l(Ztl""7Ztk—1) = E[gk(Zt17"'7Ztk)|ftk—1}'

Note that fy and g¢ are constant functions. Equality (2.5) applied to the bounded mea-
surable functions x — f(W,,..., Wi _,,x) and z — ¢g(Z,,...,Z:,_,,%) shows that the
following conditional expectation factorises:

ElfWhys oo s Wi )9(Ztys s Ze )N Ft o] = froma Wy oo o s We )01 (Zty s -+ o5 2ty )-

Therefore, by iteration and the tower property, we see that the following holds

Elf Wy, .o Wi )9(Zeys .oy Z2,)] = fogo = E[f Wy, , Wi )E[9(Zeys -+ oy Z2,)]-
Since f and g were arbitrary, the processes W and Z are independent. O

It follows from Lemma 2.5 that an (F;)-adapted volatility process, given by a strong
solution of an SDE, cannot be approximated pathwise by a continuous-time (F;)-Markov
chain.

Corollary 2.6. Let Z' be an (F;)-adapted Feller semimartingale, which solves a scalar
SDE with Lipschitz drift and diffusion coefficients u, o such that o > ¢ > 0. Then there
exists no sequence of continuous-time (F;)-Markov chains that converges to Z' almost
surely on compacts.
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Proof. The process W = (W,;);>o, where W, := fg(dZ; — w(Zh)dt)/o(Z)), is an (F)-
adapted continuous local martingale with [WW, W]; = t. W is therefore an (F;)-Brownian
motion (by Lévy’s characterisation theorem) and Z’ is a strong solution of the SDE
dZ] = u(Z})dt+o(Z])dW;. By Lemma 2.5, any sequence of continuous-time (F;)-Markov
chains is independent of W and therefore also independent of Z’. Therefore, since Z’ is
non-deterministic, the sequence cannot converge to Z’ almost surely on compacts. O

3 Tracking

In this section we consider the problem of tracking X by the process Y (V), defined
in (1.1), where the control is being exercised solely by choosing the driving Brownian
motion V. Recall that the tracking criterion, stated for a convex function ¢ in (1.4) and
a time horizon 7' > 0, can be equivalently expressed in terms of the following problems:

minimise E[¢p(Xr —Yr(V))] over VeV,
maximise E[¢(Xr —Yr(V))] over V eV.
Theorem 3.1. Let the Brownian motions V! and V!! be as in (1.5). Assume Z satis-

fies (1.2), (1.8) and (1.9) and that the function ¢ is as in (1.4). Then for any positive T’
we have

‘}Iéf;} E[¢(Xr —Yr(V)] = E[p(Xr—Yr(V))], (3.1)
sup, El¢(Xr —Yr(V)] = E[op(Xy—Yr(V))]. (3.2)

In this section we prove Theorem 3.1, which clearly implies Theorem 1.1, and hence
solves Problem (T). The proof of Theorem 3.1 is based on Bellman’s principle, a mar-
tingale verification argument and an approximation scheme. The first stage consists of
“approximating” Problems (3.1)-(3.2). More precisely, we proceed in two steps: we first
introduce a stopped chain Z" and, in the second step, the stopped process R¥:" (V).

To this end let U, C R%, n € IN, be a family of compact subsets such that U,cnU,, =
R? and U,, C U2 41, for all n € IN, where U, ; denotes the interior of Uy, in RY. For
each n € N, define a stopping time 7,, and the stopped (F;)-Markov chain Z" by

Z{ = Zipr, where 7,:=inf{t>0: Z, ¢ E\U,} (inf0 =o0). (3.3)
Hence, Z™ is an (F;)-Markov chain with the state space IE and a @-matrix @,, given by
Qn(z,72) = Iy, (2)Q(z,2), 2,7 €, (3.4)

where Iy denotes the indicator function. In particular, since U, is compact and hence
U, N E must be finite by (1.8), @,, satisfies assumption (2.4) in Lemma 2.3. Since the
chain Z has cadlag paths, the sequence of positive random variables (7,,),en iS non-
decreasing and the following holds

= lim 7, = P.-a.s. for any z € E.

n—oo

Too
Hence, we can extend the definition in (3.3) in a natural way to the case n = oo by
Z° = 7.
Fix a large K > 0 and define, for any V € V, the stopping time

K(V)=inf{t >0: |R,(V)| > K}  (inf0 = 00),

where R(V) is given in (2.2). The stopped process of interest R¥:"(V) = (RtK"”(V))tZO
can now be defined by
REM(V) o= Rypronercry (V). (3.5)
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For given ¢ satisfying (1.4), T > 0 and any K € (0,00) and n € NU{co}, consider the
problems

minimise E[q&(R?’"(V))} over VeV, (3.6)

maximise E[d)(Rfﬁ’"(V))} over V e V. 3.7)

By Lemma 2.5, the processes (R(V?), Z) and (R(V!!), Z) are Markov. Therefore we can
define the candidate value functions w%?n, %Q R xEx[0,T] — Ry for Problems (3.6)

and (3.7) by
fon(rozt) = Ens [oRIMV)] and G 0) = B [9(RI(VT)] L 38)

respectively. Note that by definition we have wg?n(r, z,t) = @bgln) (r,z,t) = o(r) if r €

R\ (-K,K)or z € R\ U,.

Lemma 3.2. Assume that ¢, given in (1.4), is bounded from below and ¢ € CQ(R). For

any K € (0,00) and n € NU{oo}, the functions 1/)%)“ and wglg defined in (3.8), have the

following properties.

(i) Forallr € R, z € E andt € [0,T), there exists a constant ¢ € R, such that

0< D (r 2, ), 040 (1,2, 8) < max{gp(max{K, r}), g(min{—K,r})}.

(ii) For each z € E we have ¥ (-,z,-), ¥y (-, z,-) € C2H(R x (0,T)).

(iii) Foranyr € R, z € E andt € (0,T], the derivatives satisfy the following inequalities:

3¢(1) 8¢(H)
‘; (r,21),| =5, 2| (2,1) < max{/ (max{K, r}), ~¢/(min{~K,})},(3.9)
P Ui P Vi

> 0. .
5z (120, =55 (rz,t) 2 0 (3.10)

Proof. Part (i) follows from (3.8) and the properties of ¢. To prove that zb%)n is differ-
entiable in r, define S := R{"(VT) — RF™ (V) and note that its distribution does not
depend on the starting point of R¥"(V!). Since ¢ € C?(R), Lagrange’s mean value
theorem implies that, for any small i > 0, there exists a random variable {g; such that

dr+h+S8)—¢(r+S)=hd'(r+&sn) and Esp € (S,h+9). (3.11)

Since |S| < K almost surely and r is fixed, the continuity of ¢’ yields that the random
variable |¢'(r 4+ &€g,)| is bounded above by a constant. Equation (3.11), almost sure
convergence of £sp, to S, as h — 0, and the Dominated Convergence Theorem imply
that w%?”(-, z,t) is differentiable in r and

o (r,z,t) =E,. |¢' (R (V'))|. (3.12)

Furthermore, the convexity of ¢ and (3.12) yield the first inequality in (3.9). An iden-
tical argument applied to the function w%ﬁ(-, z,t) implies its differentiability in r and
yields (3.9).
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Since ¢ is continuous by assumption, we can apply an analogous argument to the

one above, now using formula (3.12) instead of (3.8), to conclude that the functions

%)n(, z,t) and ¢%2('7 z,t) are in C%(R) with

02¢(1)n . aZw(Un) .
St t) = B [ (REMVY)] L it s t) = B [¢(RIM(VIT)]

The convexity of ¢ now implies part (iii) of the lemma. Differentiability of wg)n (r,z,) in
t follows from the smoothness of ¢ and the standard properties of It6 integrals. O

Pick a function F' : R x E x [0,7) — R such that F(-,z,-) € C>'(R x [0,T)) for
each z € E, and for each r € R, ¢t € [0,T) the restriction to the second coordinate
F(r,-,t) : E — R is bounded. Then for any constant ¢ € [—1,1] we define the function
KF:R x E x [0,T) — R by the formula:

(KCF)(r,z,t) = (ECF(-,-,t))(r,z)+aa—lj(r,z,t),

where the operator £ is as defined in (2.3).

Lemma 3.3 (HJB equation). Let ¢ in (1.4) be bounded from below and satisfy ¢ € C(R).
Letn € IN and K € (0,00). Then the functions

FO(r 2, t) := %?n(r,z,T—t) and FUD(r 2 t) = %fn)(r,z,T—t),

(see (3.8) for the definition ofw%) and 77[1%1)) satisfy the HJB equations:

n n

for any triplet (r, z,t) € (—K,K) x (ENU,) x [0,T) (see (3.3) for the role of the set
U,,) we have

inf (KcF® t
ce%r—lm] ( ) (r.z,1)

sup (lCCF(H)) (r,z,t) = 0. (3.14)

ce[—1,1]

0, (3.13)

Furthermore, if at least one of the conditions |r| > K or z € E\ U, ort =T is satisfied,
we have

FD(r, 2, t) = FUD (r, 2,1) = ¢(r). (3.15)

Remark 3.4. Unlike Lemma 3.2, the proof of Lemma 3.3 depends on Lemma 2.3 and
so requires the assumption n < co.

Proof. Note first that the definitions in (3.8) imply the boundary behaviour stated in (3.15).
We now focus on the proof of (3.13). Recall that for any starting point z € |E and
t € [0,T), on the event {7, > t} we have Z]' = Z;. The Markov property of the process
(R(V1), Z) and the equality in (3.15) now imply
E[o(RE"(VONR] = E[o(RE" (V)< 7] +E [o(RE" (V) (7, 20| 7]
= SREN(VI) I oy + 050, (RE (VD) 22T = )] (7, 51y
= QRO WT), 20T~ 1),
The following observations are key:

e the quadratic covariation [R¥" (V1) Z™], vanishes for allt > 0 and i = 1,...,d,
where Z™ is the i-th component of Z" (recall that we are assuming E C R%);
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e the chain Z" satisfies the assumptions of Lemma 2.3 and hence the process MV =
(MtU)te[o,T]' given by

MY = Y ORI V), 20T — ) = 0 (REM(VT), 2,7~ )|
0<s<t
t
- / (@D (R (VD). T — 5))(Zm) ds,
0

where @, is the generator of the chain Z" given in (3.4), is a true (F;, P, )-martingale
for any starting point z € .

By Lemma 3.2, the function w%}n possesses the necessary smoothness so that It6’s
lemma for general semimartingales [9, Sec I1.7, Thm. 33] can be applied to the process
( %?n(RtK’"(VI), 71, T—t))iecjo,r), Which is itself a bounded martingale. Since Q,(z, 2) =
Q(z,7') for any z € ENU,, 2’ € E and on the event {t < 7,,} we have Z; = Z}' € U, the
pathwise representation of this bounded martingale implies that the following process
N = (Nt)tE[O,T]'

tntant® (V) [ 62¢(I)n
N o= l2<|al||az|>2<zs> SRRV, Z,,T )
0 r
+ QUi (BENVD), T = 8))(Z) = —5 = (RE"(VT), 2, T = 5) | ds,

is a continuous martingale. The quadratic variation of N is clearly equal to zero and
hence N, = 0 for all ¢t € [0,7] and starting points (r,z). For any z € E N U, we have
P.[Z; = z,Vt < T] > 0. On this event the following holds: 7,, > T P,-a.s. and the process
RE™(V1)is by (1.5), (2.2) and (3.5) either equal to the constant r (if o1(2) = 02(2)) or a
Brownian motion stopped when it exits (— K, K). Since, with positive probability, Brow-
nian motion visits a neighbourhood of any point in (—K, K) and stays in this interval
until time 7', the fact that Ny = 0 for all ¢ € [0,7] and starting points (r, z) implies the
equality
52 (I) P (I)
0= 501l ~ o)) ;”j;’"<nz,T—t>+<Qw§§?n<n-,T—t>><z>— .
for all (r,z,t) € (=K, K) x (ENU,) x [0,T).
To prove (3.13), observe that (|o1| — |o2])? = inf.ej_1,1)(0F —2co102 +03). Then (3.10)
of Lemma 3.2 implies that

(r,z,T—t) (3.16)

i) i)
(07 = 200100 + o) ()52 (12, T =) > (o] = |o2))*(2) —5 5™ (2. T = )

for any ¢ € [-1,1] and each (r,z,t) € (-K,K) x (ENU,) x [0,T). This inequality and
identity (3.16) imply (3.13). The proof of (3.14) is analogous and therefore left to the
reader. 0

3.1 Proof of Theorem 3.1
Assume that ¢ satisfies condition (1.4) as well as
(<¢(x)Vz€R,LER, and ¢ecC*(R). (3.17)

Pick V € V and, for any ¢ € [0,7], define Brownian motions V!t = (V!);5, € V and
VIIt — (VgIIt)SZO cy by

V. ifs<t V. ifs<t

It s st It s <t

. = 1
Vs {Vt—I—VSI—VtI ifs >t & {Vt-l-VS”—V;” ifs>1 (3.18)
EJP 20 (2015), paper 38. eipcipocp.org
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where V!, VI are given in (1.5). In other words, for each ¢ > 0, the Brownian motions
VIt and V!t are arbitrary (but fixed) up to time ¢ and have increments equal to those of
the candidate optimal Brownian motions after this time. We now consider two Bellman
processes (B{(V))ieo,r) and (B{!(V))iepo, 1], associated to Problems (3.6)-(3.7), given
by

Bl(V) =9 (REM(V), 22, T —1t),  BH(V) =i (RE™M(V), 2P, T —t).  (3.19)

The definitions in (1.5) of VI, V!, together with Lemma 2.5, imply that the pro-
cesses (R(V?!),Z) and (R(V!!),Z) are Markov. The definition of the Brownian motion

VIt in (3.18) and the properties of the function @b%)n therefore imply

E[o(RI"(VINIF] = E[SRE" (VDI <l F| +E [S(RE" (VI s, 20| F:

= ¢(R7I_(n,n(v))]'{7_n<t} + w%,)n(RtK’n(V)a Zénv T— t)I{‘rnzt}
I n n
= g(,)n(RtK) (V)th ,T—t).

This equality, together with a similar argument based on the definitions of V! and
@Z}%Q yields the following representations for the Bellman processes

Bl(V) =E[6(RE"(V™)|7] and BI'(V) =E [o(RE"(VIT)|7].

By Lemma 3.2 we can apply It6’s formula for general semimartingales (see [9, SecIl.7,
Thm.33]) to B{(V) and B!/(V). Lemma 2.3 and inequalities (3.9) imply that the local
martingale parts of these path decompositions of processes B!(V) and B/(V) are true
martingales. Therefore, the fact that the quadratic covariation [R¥" (V1Y) Z™¢], van-
ishes for all t > 0 for each component Z™ of Z", together with Lemma 3.3, implies that,
for any V € V, B/(V) is a submartingale and B!/ (V) a supermartingale. Furthermore
it follows from the discussion above and Lemma 3.3 that B/ (V') and B!/ (V!!) are mar-
tingales. This establishes the Bellman principle and solves the optimisation problems
in (3.6) and (3.7). Put differently, we have established the following inequalities for any
starting points r € R, z € E, any K € (0,00), n € IN and all Brownian motions V' € V:

En: [o(RE" (V)] < B fomENv)] < B [e®ETOVT)] G20

The next step in the proof of Theorem 3.1 requires two limiting arguments. First,
note that for any Brownian motion V' € V the definition of the process RIT<’”(V) in (3.5)
implies

RE>(V) = 71LlT1£10 RE™(V) P,.-as.
for any starting points » € R and z € E. Furthermore, by Lemma 3.2 (i), the random
variables qﬁ(Rij (V) are bounded in modulus by a constant uniformly in n € IN. There-
fore, the Dominated Convergence Theorem implies that the inequalities in (3.20) hold
for n = cc.

For the second limiting argument, recall that P denotes the semigroup of Z and
note first that the following inequalities hold for any » € E, ¢t € [0,T] and a non-negative
function f:

Prf(z) = Z Pr_y(z,2")P (2, y) f(y) > Pr_i(z,2) P, f(z)

EAS )

exp((T — t)Q(z,2))Pif(2) > exp(TQ(z, 2)) P f(2), (3.21)

Y
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since the probability P.[Zr_; = z] = Pr_(z, z) is greater than the probability that the
exponential holding time at z of the chain Z is bigger than 7" — ¢. Hence, by assump-
tion (1.9), for the function f := |01|P + |o2|P : E — [0,00) and p € [2,00) as in (1.4), we
have

T
Ez/ (o] + |oal?) (Z)dt < 50 for = € . (3.22)
0

Furthermore, it is clear from the definition of R*:°°(V), for any V € V, that
Jim_ ¢(Rp (V) = 6(Rr(V)) Pr.-as.
The following almost sure inequality is a direct consequence of the definition in (3.5)

~S<RE>(V)<S forall K >0, where S:= sup |Ri(V)]. (3.23)
t€(0,T

By assumptions (1.4) and (3.17) the following inequalities hold for some constants a, b >
0and /¢ € R:

|@(Ry > (V)] < max{|€], |6(S)], |$(~S)|} < max{|¢],alS|” + b} < alS|” + b+ |€].

The Burkholder-Davis-Gundy inequality [10, Thm IV.4.1] applied to the martingale R(V)
at time T, together with inequality (3.22), implies that |S|P is an integrable random
variable. The Dominated Convergence Theorem therefore yields the L!-convergence
for ¢(RA(V)) — ¢(Rr(V)) as K — oo. By (3.20) for n = oo, we obtain the following
inequalities for any V € V:

E.-[(Rr (V)] = lim E..[o(Ry (V"))

K—oo

> lim E,.[p(Ry (V)] = E..[6(Rr(V))]

K—oo

>l ERET()) = Eclo(Re(VD)L (324)

implying Theorem 3.1 under the additional assumption in (3.17).

In order to relax the assumption ¢ € C?(R), fix a non-negative g € C*(R) with
support in [M, 0], for some M € (—0,0), satisfying ffoo g(y)dy = 1. For each n € I,
define the convolution

0
on(x) = /_ oz +y/n)gly)dy, ze€R.

Note that ¢, : R — R is a convex function, which satisfies both (1.4) and (3.17) (here
we still assume that ¢ is bounded from below), and the sequence (¢,,),cn converges
point-wise to ¢ as n | oo (see e.g. [10], proof of Theorem VI.1.1 and Appendix 3).® Since
¢ satisfies (1.4), for any x € R and n € IN we have

£ < ¢p(x) <max{p(x + M/n),d(z)} < amax{|z + M/nl?, |z|P} + b < A|z|P + B,

where the constants A, B > 0 are independent of both n and x. Since the random
variable |S|P is integrable (see previous paragraph), where S is defined in (3.23), so is
|Rr (V)P for any V' € V. The inequality above and the Dominated Convergence Theorem
imply

lim Elén(Rr(V))] = El6(Rr(V))]  forany V €V,

n—oo

3We thank one of the referees for observing that Theorems 1.1 and 3.1 require neither smoothness nor
boundedness from below of the function ¢ and suggesting the argument presented here.
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which together with the inequalities in (3.24), establishes Theorem 3.1 for ¢ that are
bounded from below and satisfy (1.4).

Since for any V' € V the processes X and Y (V') are true martingales by (1.2), we may
substitute ¢ with a function ¢°(z) := ¢(z) + cz, € R, for any constant ¢ € R, without
altering the solution of Problems (3.1)-(3.2). For any ¢ satisfying (1.4) there exists some
¢ € R such that ¢° is bounded from below and hence Theorem 3.1 follows. a

3.2 Non-Markovian Tracking

The Markovian structure of Z does not feature explicitly in the conclusion of Theo-
rem 3.1, but only in its assumptions. It is therefore natural to ask whether, under some
additional hypothesis, Theorem 3.1 can be generalised to a non-Markov volatility pro-
cess Z. In this section we argue intuitively that, for such a generalisation to hold for
a large class of convex cost functions ¢, an underlying Markovian structure is in fact
necessary but show that it is possible in the special case ¢(z) = z? (see Section 5.2.1
for an explicit example of a process Z, with a countable discrete state space IE in R,
which is not (F;)-Markov and the conclusion of Theorem 3.1 fails).

Assume (in this section only) that the stochastic integrals X and Y (V) are given by

t t
Xt:er/ H,dB, and Yt(V):er/ J,dV,, (3.25)
0 0

for some progressively measurable integrands H = (H;)¢>0 and J = (J;);>0 on the
probability space (2, (F;):>0,F,P) and V' € V. As usual, we denote the difference of X
and Y(V) by R(V) = X — Y(V). The extremal Brownian motions V! and V!/, defined
in (1.5), can be generalised naturally by V; = [} sgn(H,.J,) dB, and V;/' = —V/!. Hence,
for any fixed VV € V, we can define the Brownian motions V* and V'’ as in (3.18). If
the generalisation of Theorem 3.1 were to hold in this setting, the Bellman processes
BI(V) and B! (V), defined in (3.19), would be a submartingale and a supermartingale,
respectively, for any V € V. We will focus on B!(V), as the issues with B!/(V) are
completely analogous. Representation (2.1) of V' in Lemma 2.1 and It6’s formula yield

¢ (Rr(VY)) = ¢ (Ro(V')) + M[ + %/0 ¢" (Ry(V)) (H2 — 2C,H,J, + JZ) ds
T
+ 5 [ RO = RV + RAV)) (] = | ds,

where M is a local martingale, which we assume to be a true martingale. The process
B{(V) = E [¢(Rr(V'"))|F] is a submartingale if and only if the conditional expectation
E[BL (V) — B}(V)|F], proportional to
E[ S o (Ro(V!) = Ru (V1) + R (V) (|H,| = |])? ds
— [y " (Ra(VT) = Ru(VT) + Ry(V)) (|H,| — | Ja])* ds
+ 16" (Ry(V)) (H2 = 2C H,J, + J2) ds
= I 6 (RVT) = R(VT) + Ru(V)) (H.| = |7,)° ds| 7]
by the formula above, is non-negative for all 0 < t < ¢’ < T. Hence B!(V) is a sub-

martingale for general integrands J and H if ¢” does not depend on the state, i.e. when
the cost criterion ¢ is quadratic, and we obtain:

Proposition 3.5. Let R(V) = X — Y (V), where X,Y (V) are as in (3.25), and T > 0.
Then, for any V € V, we have

E[(Xr—Yr(VD)?] < E[Xr—-Yr(V))?] < E[(Xr-Yr(V')?].
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This proposition is consistent with an argument based on It6’s isometry: the variance
of a stochastic integral is equal to the expectation of its quadratic variation and hence
minimising/maximising its variance is equivalent to locally minimising/maximising the
Radon-Nikodym derivative of its quadratic variation. Furthermore, it is also clear from
the representation above that in the absence of an underlying Markovian structure,
for a general convex ¢, the process B!(V) may fail to be a submartingale and hence
the strategy in Theorem 3.1 is not optimal for general non-Markovian integrands (see
Section 5.2.1 for an explicit example demonstrating this phenomenon).

4 Coupling

In this section we consider the problems of minimising and maximising the coupling
time of the processes X and Y (V') defined in (1.1), where the controller is free to choose
the driving Brownian motion V in the integral Y (V) and the volatility is driven by a
continuous-time (F;)-Markov chain Z. Put differently, we seek sharp upper and lower
bounds for the probability of the event that the coupling of X and Y (V) occurs after a
fixed time T'. The couplings are characterised by the stochastic extrema of the stopping
time 79(X — Y(V)) := inf{t > 0 : X; = Y;(V)} (with convention inf() = oc). More
precisely, for any fixed T' > 0, we consider the following problems:

minimise P[r(X —Y(V))>T] over VeV,
maximise P[r(X —-Y(V))>T] over V e.

Theorem 4.1. Let V! and V! be as given by (1.5) and Z satisfy (1.2), (1.8) and (1.10).
Then for any T' > O we have

nf Plr(X -Y(V))>T] = P [fo(X —Y(V) >T], (4.1)
sup Pln(X -Y(V))>T] = P[n(X-Y(V)>T]. (4.2)

In this section we prove Theorem 4.1, which clearly implies Theorem 1.2, and hence
solves Problem (C) for a continuous-time (F;)-Markov chain Z. The aim is to minimise
and maximise the coupling time of the martingales X and Y (V) given in (1.1). Due to
the symmetry in Problem (C), we may therefore assume without loss of generality that
the starting points of the processes Xy = x and Yy(V') = y satisfy the inequality

z < y. 4.3)

The candidate value functions in Problems (4.1) and (4.2) will be functionals of the
law of the Markov processes (R(V!), Z) and (R(V?), Z), respectively, where R(V) is
given in (2.2) and the Brownian motions V/! and V' are defined in (1.5). The first step
in the proof of Theorem 4.1 is to localise Problems (4.1) and (4.2). With this in mind,
for any n € N recall definition (3.3) of the stopping time 7,, and the stopped chain Z".
Unlike in Section 3, in the case of coupling it is important to localise the process R(V)
by stopping only the integrand. The process R" (V) := (R} (V)):>0 is therefore given by

t t
R(V) :=r+/ al(zg)st—/ oo(ZM)dV,,  r<0, (4.4)
0 0

where B is the fixed Brownian motion and V' € V any Brownian motion on our probabil-
ity space. As in the previous section, in this circumstance it is also natural to identify
the limit (R>°(V'), Z°°) with the process (R(V), Z). For n € NU {c0}, we define the first
entry time of the process R" (V) into the positive half-line by

o (R*(V)) = inf{t>0: R}V)>0} (withinf) = c0). (4.5)
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The localisation procedure will allow us to reduce the problem to the case where
the generator of the volatility chain Z is bounded, which will in turn make it possible to
establish sufficient regularity of the candidate value functions and conclude that certain
processes are true martingales (see Section 4.1). The two Markov processes (R!/", Z")
and (R'™, Z™), which play a key role in the solution of Problems (4.1) and (4.2), are
defined by

t t
RH™ ::r+/ Y7(Z")dB, and R!" ::r+/ ¥7(Z")dB,, (4.6)
0 0

for any r < 0, where B and Z" are as above and the functions ¥;;,Y; : E — R are given
by
Yi(z) = o01(2) +sgn(o1(z)o2(z))o2(z) Vz €E, (4.7)
Yi(z) = o01(2) —sgn(o1(z)o2(z))o2(z) Vz € E. (4.8)
Note that, according to our definitions, we have R"(V!!) # R!" and R™(V') # RI™ for
any n € IN, since the Brownian motions V! and V!, defined in (1.5), are given in terms
of Z and not Z". However, if we define the Brownian motions V'™ and V™ by (1.5)
with Z replaced by Z", then the equalities R*(V/I") = R!I" and R*(VI") = R!" hold.

The proof of Theorem 4.1 can now be carried out in three steps. First, we formulate
a pair of “approximate” coupling problems (for each n € IN):

minimise P,.. [7" (R"(V)) >T] over V eV, (4.9)
maximise P, [ty (R"(V))>T] over VeV, (4.10)
for a fixed T' > 0 and any starting points r < 0, z € E. The following probabilistic

representations for the candidate value functions of Problems (4.9) and (4.10) play an
important role in their solutions:

CID(rz,t) = Py [rf (RM™) > 1], (4.11)
Dy z,t) = P [rg (RT) > 1]. (4.12)

The second step, described in Section 4.1, solves Problems (4.9) and (4.10). Lem-
mas 4.2 and 4.3 establish the necessary analytical properties of the candidate value
functions (,,(L”) and (,,(LI), which enable us to prove (see Lemma 4.4) the optimality of the
Brownian motions V" and VI". More precisely, the representations in (4.11)-(4.12)
are used to establish the required differentiability of the functions QSH) and Q(f), which
allows us to study the pathwise evolution of the corresponding Bellman processes. The
optimality of V" and V", established in Lemma 4.4, is a consequence of the non-
positivity of the second derivatives azacié” an a;f,’(; proved in Lemma 4.3.

The third step in the proof of Theorem 4.1, given in Section 4.2, applies approxima-
tion arguments, which establish the Brownian motions V! and V! as the solutions of
Problems (4.1) and (4.2).

Finally, Section 4.3 discusses the issues that arise with a direct approach, based
on the Dambis, Dubins-Schwarz theorem (see e.g. [10, Thm V.1.6]), to the coupling
problems in (4.1) and (4.2).

4.1 The stochastic time-change

Throughout this section we fix n € IN. Let X;; : IE — R be as in (4.7) and note that
our standing assumption (|o1| + |o2])(2) > 0 implies ¥2,(z) > 0 for all z € E. Therefore,
the stochastic time-change Al = (A{f),>(, given by

t
Al = / ¥2.(Z") ds, (4.13)
0
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is a differentiable, strictly increasing process. Furthermore, the definition of Z™ and (4.13)
imply that the almost sure limit lim;;o, A/ = oo holds. Hence, the inverse E!l =
(El) >0, defined as the unique solution of

Agy =s, s>0, also satisfies EZH =t forallt > 0,

and is a strictly increasing process with differentiable trajectories. Since Z" is an (F;)-
Markov chain, it is by Lemma 2.5 independent of the (F;)-Brownian motion B in (4.6).
Therefore the laws of the processes (R!/", Z™) and (r + B i1, Z") coincide, where B4
denotes the Brownian motion B time-changed by the increasing process A’’.

Let ¥y : E — R be as in (4.8) and assume further that |o;|(z) # |o2|(z) for all
z € E. This implies the inequality ¥2(z) > 0 for all z € E. Define, in an analogous way
to (4.13), the strictly increasing continuous time-change A’ = (A});>0 and its inverse
E! = (El);>0, and note that the processes (R'",Z") and (r + B4r, Z™) have the same
law. We can now state and prove Lemma 4.2.

Lemma 4.2. Pick any r < 0 and define the stopping time 77 := inf{s : By, = —r} (with
inf § = o0). Recall that the function G(r,t) := P [rP > t|, for any t > 0, takes the form

N i >
Gl 1) = 2N( ) 1 ifr<0,t>0,
0 ifr=0,t>0,

S

where N (-) denotes the standard normal cdf. For any n € IN the following holds.
(a) For any z € It the following representation holds:
D (r,2,t) = E, [G(r, AlT)]  forr <0, t>0.

X . . gD 52U ycdD
Hence the partial derivatives %"T (r,z,1), 8(;2 (r,z,t), Cgt

0,t> 0.

(r,z,t) exist for r <

(b) Assume further that |o1|(z") # |o2|(2’) for all 2’ € E. Then for any =z € IE we have

¢ (r,zt) =E, [G(r, A])] forr <0, t>0,

060 (1 1), 4 (2 1), 2
) ? Y Y ? ’

and the partial derivatives —3- 5 5= (r, 2,t) exist for any r <

0,t> 0.

Proof. We first establish (a). Recall the definition of the time-change process AT and its
inverse E'! introduced above and note that the following equalities hold almost surely
by the definition of the stopping time 7.7:

ElL =inf{E!': By = —r} = inf{t: By = —r} (with inf () = o).

Therefore, since the processes (R Z") and (r + B, Z") are equal in law, so are
the random variables 7, (R’/") and E!}. Since E'’ is a strictly increasing continuous

inverse of AL, we have

P.. [t <7 (RT™)] = P.[A]f <7P]
E. [G(r, A{")]. (4.14)

This, together with definition (4.11), implies the representation of (7(111) in part (a) of the
lemma.
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The required differentiability of (5 D in 7 follows from (4.14), along the same lines
as in the proof of Lemma 3.2. An application of the Dominated Convergence Theorem,
the mean value theorem and the smoothness and boundedness of the functions 2& and

‘or
% ¢ on a rectangle (1 — ¢, + €) x (0,00) for any fixed r < O and small € > 0, such that

11
€ 4+ r < 0, together imply the ex1stence of C (r z,t) and 2 s—(r, 2, t).

The differentiability of Cn in t is more dehcate as it is 1nt1mately related to the
integrability of the chain Z™ and the unboundedness of the function ¥;;. We start with
the following observation.

Claim. The stopping time 7,,, defined in (3.3), is a continuous random variable and

E. [I{r.<s}27; (Z7,)] <o  forany z € E and s > 0. (4.15)

Since P, [r, > t] = P, [Z} € U, NE], the continuity of 7,, follows (the definition of the
sets U, is given above equation (3.3)). To prove (4.15), note first that

(@n27)(2) = (Q¥7))(2), z€ENU, and  (Qu¥%)(2) =0, z€E\U,.

The assumption in (1.10) and definition (4.7) imply that QRE% ; is a bounded function,
even though neither QX% nor X%, necessarily are:

1l = sup [ (QuE)(2)] < oo, (4.16)

Definition (3.3) yields the following inequalities
I <3271 (Z5,) <23 (Zonr,) = %3, (Z))  forany s > 0.

Hence, to prove (4.15), we need to show EZE% (Z7) < oo for all states z € E and times
s > 0. Recall, from the definition of (,, in (3.4), that @, is a bounded operator on
the Banach space /. (E) of bounded real functions mapping E into R. Let ||Q,]|c < o0
denote its norm and recall that the norm satisfies || Q% || < [|Q.||%, forall k¥ € IN. We can
therefore use the exponential series to define a bounded operator exp(s@,,) and express
the semigroup of Z" as follows: E.X?, (Z7) = (exp (sQn») X3,) (z). Hence, by (4.16), we
find
E. [5 (22)) < 5 () + Z Bl

for all z € £ and s > 0. This implies (4.15) and proves the claim.

In order to prove that C,(LH) is differentiable in time, fix ¢t > 0, r < 0, z € E and, for
any At > 0, define the random variable

”QnE?I”oo < o0,

Da(r, z,t) = [G(r, Af{a) — G(r, Af)] | (Af{ae — ALT).

Since ¢ > 0 (resp. At > 0), we have A/ > 0 (resp. (4{1,, — A{') > 0) P.-a.s. Note
also that the random variable |Da.(r, z, t)| is bounded by a constant uniformly in At > 0.
This follows from the existence of a uniform bound on %f( -) in the second variable for
any fixed » < 0 and the mean value theorem. Furthermore the following limits hold:

aG( Ay P.-as., lim M

lim D
Ao at(rz,t) = ot At—0 At

=%3,(Z") P.-as. (4.17)

The quotient (C,(,I )(r z,t+ At) — nH)(r z,t))/At now takes the form

E. [Dac(r,z,t) (Affae — AT) JAL] = E.[Dac(r,z, )5, <iy (Alfae — AT) /AL] (4.18)
+  E. [Dac(r, 2, ) (r, sera0 (Alfar — A') /AL
+ E [.DAt 7‘ zZ, t I{t<7'n<t+At} (At+At A{I) /At] .

EJP 20 (2015), paper 38. ejp.ejpecp.org
Page 19/40


http://dx.doi.org/10.1214/EJP.v20-2307
http://ejp.ejpecp.org/

Coupling and tracking of regime-switching martingales

Since If,, <iy (Afin, — AlY) /AL = It <1¥3,(Z;,), inequality (4.15) in the claim
above, the Dominated Convergence Theorem, boundedness of Da:(r,z,¢) and (4.17)
imply that the first expectation on the right-hand side of (4.18) converges, as At — 0,

to
oG

B e

T, A )I{T,Lgt}z?n(zrn)

The random variable I{, >¢ias (Al A, — Af') /At is bounded by a constant for all
At, since, on the event {7,, > t+At}, the chain Z has not left the finite state space U,,NE
by the time t + At. Therefore, by the Dominated Convergence Theorem, the second
expectation on the right-hand side of (4.18) converges to E 9% (r, A/) I, ~1y%3,(Z,)]
as At — 0.

We will now prove that the third expectation on the right-hand side of (4.18) con-
verges to 0 as At — 0. By decomposing the path of Z" at 7,, on the event {t < 7,, < t+At}
and applying the arguments used in the previous two paragraphs to each of the two
parts of the trajectory of Z", there exists a constant C* > 0 such that

[Dai(r, z,1)] Affa — Al

E. o li<n<iran A7

Tn —
At I{t<‘r"<t+At}

z

t+ At
{ %7 (ZTW,)I{t<rn<t+At}}

E
P.[t <Tn<t+At]
E

+ A+

z [ ‘rn I{t<7'n<t+Af}}

The probability P, [t < 7, < t + At] tends to zero as At — 0 by the claim and the random
variable

Z?I(ZTn)I{t<Tn<t+At}

is, for At € (0,1), bounded above by the random variable ¥7,(Z.,)I{;, <¢+1}, which
is integrable by (4.15). Therefore, another application of the Dominated Convergence
Theorem implies that the function (; (1) i right-differentiable in time. In the case At < 0,
analogous arguments to the ones described above yield the left-differentiability of C,(lH).
The limits in (4.17) and their counterparts for At < 0 imply that the left- and right-
derivatives in ¢ of (,,(LH) coincide and part (a) follows.

For the proof of part (b), note that, under the assumption |o1|(z) # |o2|(z) for all
z € E, we have ¥%(z) = (|o1| — |02])?(2) > 0 for all = € E. Therefore, a completely
analogous argument to the one that established the equality in (4.14), based on the
stochastic time-change A’ and the fact that the laws of the processes (R!", Z") and
(r+ Byr, Z™) coincide, where B,r denotes the Brownian motion B time-changed by the
increasing process A’, implies the representation of Q(f) given in part (b) of the lemma.
The differentiability of Q(f) follows along the same lines as in part (a). The details of the
arguments are now straightforward and are left to the reader. O

Lemma 4.3 shows that the functions (, UD and C,(f) solve the H]B equations that cor-
respond to the Problems (4.9) and (4.10).

Lemma 4.3. Let ¢(\'" and ¢ be given by (4.11)-(4.12).

(a) The modulus of the partial derivative | | is bounded on the set (—oo, —¢) x E x

(0, 00) for any € > 0 and the second der1vat1ve in space oan satisfies
52 7(111)
or?

(ryz,t) < 0  forall(r,z,t) € (—00,0) x E x (0,00). (4.19)
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If|o1|(2) # |o2|(#) for all z € |, then the modulus \#| is bounded on (—o0, —¢) X
IE x (0,00), for any € > 0, and we have

82 7(11)
or?

(ryz,t) < 0  forall(r,zt) € (—00,0) x E x (0, 00). (4.20)

(b) For any T > 0 the following holds for allr < 0,t € [0,T) and z € E

inf {[LC(Q’”(-,-,Tt))} (r,z)a%:)(r,z,Tt)} = 0, (@21

ce[—1,1]

where the function L€ (Q(ALU)(~7 T — t)) is defined in (2.3) with Q substituted by Q,,
from (3.4). Furthermore, we have

¢UD(r, 2,00 = 1  forall (r,z) € (—0,0) x E,
¢"(0,2,t) = 0 forall(zt) € E x [0,00).

n

If|01](2) # |o2|(2) for all z € E, then for allr < 0,t € [0,T) and z € E we have

o C(I)
c T —¢t _ n T —t = 4.22
s e (@ T=0)] ) - TiraT -0y = 0 @2
(as above L° (g,ﬁ” (T — t)) is defined in (2.3) with Q substituted by Q,, from (3.4))
and
¢D(r,2,0) = 1 forall(r,z) € (—o0,0) x E,
¢D0,2t) = 0 forall(zt) € E x [0,00).
Proof. (a) Let G(r,t) be as defined in Lemma 4.2. Since n/(xz) = —an(z), where n(-) is
the standard normal pdf, we have
oG 2 r
Zrt) = ——n(-— 4.23
0 = (7). @23
%G r r
—_— = 2—— —— | < 4.24
87’2 (Tv t) t3/2n < \/E) = Oa ( )

for all r < 0, t > 0. The derivatives % i = 1,2, are bounded on (r —&,7 + ) x (0, 00)
for any » < 0 and small enough £ > 0 and hence, as in the proof of Lemma 4.2, the

Dominated Convergence Theorem implies

aciy oG o2¢ih Gelel
7(7‘7 zZ, t) = EZ |:8T(7", A{I):| and W(T, z, t) = EZ |:W(T, A{I):|

forallr < 0, z € E, £ > 0. Inequality (4.19) now follows from the inequality in (4.24)
and the boundedness of |%| on the product (—oo,—¢) x E x (0,00) is a consequence
of (4.23). Under the assumption that |01|(z) # |o2|(z) for all z € E, the properties of the
partial derivatives in space of C,(f) follow from Lemma 4.2 (b) and (4.23)-(4.24) along

the same lines.
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(b) In order to prove that Q(IH) satisfies the HJB equation above, define a bounded mar-

tingale M'! = (M}"),c(0,7], where
M =P, [rf(RY"™) >T|FR], r<0,z€kte(0,T],

where the process R/", started at R}/® = r, is given in (4.6) and the corresponding
first-passage time TO+ (R!™) is defined in (4.5). The Markov property of the process

1)

(R!™, Z") and the definition of ¢\'” in (4.11) imply the equality

CT(zII) (Rf_ér’n(lRIIn)/\t?ZZ)+(RIIn)/\t7T_TJ(RIIR) /\t) - MtII, (425)
forallr <0,z € E,t € [0,T].

Note that, by (4.23), the modulus |2¢| is globally bounded on the set (—oo, —¢] x
(0,00) for any ¢ > 0. Let r < 0, pick ¢ € (0,—r) and consider the stopped martingale
M¢® = (Mg )iejo,1), defined by

My = M

T AL

—e

where 77 :=inf{s > 0: RI/" = —¢}.

It6’s formula for general semimartingales [9, Sec II.7, Thm. 33] applied to the rep-
resentation in (4.25) of the martingale M¢, Lemma 4.2 (a), Lemma 2.3 applied for
the process U = (R!!™, ),c(0,7] and the bounded function ¢ and the facts that the

t/\'rjs
quadratic covariation [R!/", Z™%], = 0 vanishes for all times ¢ and coordinates Z™' of

the chain Z" (recall that E c RY), % is bounded on (—oo, —¢] x E x (0,00) and

P {R”” < —e, Vt > O] = 1 together yield that the process N¢ = (N§)c(o,7), defined

t/\7'ir6
by
tATT 1 ) 92 (I1) i
NE _ - gn n RlIn gn p_
e [ Gl el (R 2 T
aC(II)
+ (QnC}zH)(RgIna ST — s))(Z;l) - (;t (Ryng,T— S) ds,

is a continuous martingale. Hence, since the quadratic variation of N¢ vanishes, we
have Ni = 0 for all times ¢ < T and starting points (r, z) with r < —e. Since ¢ > 0 is
arbitrarily small, forall r < 0, z € Eand ¢ € [0,T) we have:

2-(1T)

1 0°Cn
Mol #1020 TS s T 1) 4 (@uCD T - ) (2)
(11)
_ ant (r,2,T—1t)=0 (4.26)

(here we also apply the fact that for any z € E we have P,[Z]' = z, ¥t < T] > 0 and on
this event the process R g by (4.6) and (4.7) equal to a Brownian motion which, with
positive probability, leaves the interval (—oo, —¢) after T' and visits a neighbourhood of
any fixed point in (—oo, —¢) before T).

To prove the first HJB equation above, note that for any ¢ € [—1,1] the following
inequality holds

52 ,SLH) 52 7(LII)
(o2 —200102+J§)(2)W(T,Z,T—t) > (|01|+|02|)2(Z)W(r,z,T—t),
forallr <0,z € Eandt € [0,T) since azgﬁé” (r,z,T—t) < 0by (4.19). This inequality, the

definition of ECQ(LH) in (2.3) and identity (4.26) imply (4.21). The boundary behaviour of
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the function Q(lH), stated in the lemma, at ¢t = 0 and at » = 0 follows directly from the

representation of C,(LH) given in (4.11).
In the case of the function Q(LI), by (4.20) it follows that
2 2 82 7(ll)
(0'1 — 200'10'2 + 02)(Z)W(T7Z7T — t)
forany c € [-1,1] and allr < 0, z € E, t € [0,T). An analogous argument to the one
in the case of Q(TH) establishes the HJB equation in (4.22) and the required boundary
behaviour. This concludes the proof of the lemma. O

2 ~(I)
(1011~ loo)?() Z 27— ) <

1
2

N =

We can now prove that (,,(L”) and (,,(LI) are the value functions for Problems (4.9)
and (4.10).

Lemma 4.4. Pick a time horizon T > 0 and, for any V € V, let R*(V) and 7,7 (R"(V'))

be as in (4.4) and (4.5) respectively.
(a) The function ¢\'"), defined in (4.11), satisfies the following:

CUD(r, 2,T) = jnf Py [ (R*(V)) >T]  foranyr <0,z €E.

(b) Assume that |o1|(z) # |o2|(z) for all z € E. Then the function ¢t given in (4.12),
satisfies

(,(LI) (r,z,T)=sup P, . [TS’(R"(V)) > T] foranyr <0,z € E.
Vvey

Proof. (a) Pick any Brownian motion V' € V and, for any ¢ € [0,7], define the corre-
sponding Brownian motion V"t = (VIInt) ., €V by

V. ifs<t
IInt ,__ s >0,
Vs T { V't_i_‘/slln_v;slln if8>t, (427)
where V" ¢ V is given in (1.5) with Z substituted by the stopped chain Z". For any

r <0,z € E, the Bellman process S’/ = (S/!).c(o,r] is defined by
ST = P [T (RM(VH™M) > T\ R, te0,T). (4.28)

In this definition we use > instead of > for technical reasons (see Remark after this
proof). Let 7" := 7;" (R"(V)) and note that for any ¢ € [0,T) the equality S/ = S!!

tATS
0
holds. Hence we have

11
St

PR”+ (V),Z”+/\t [TS_(RIIn) Z T— 8] |S:i§/\‘r‘5r
70

0 At
_ e (R;}M(V), 2l T = (A T;)) :

by the strong Markov property and definitions (4.11), (4.27) and (4.6) of the candidate
value function ¢\/"’, the Brownian motion V"t and the process R!!" respectively (note
that P,..[R}/" = 0] = 0 forany r <0, z € E and u > 0, implying P, . [r (R""™) =u| =0
and hence the second equality above).

Claim. The process (57');c(o,r) is @ bounded cadlag (F;)-submartingale on the interval
[0,T).

The process is cadlag on [0,7") by Lemma 4.2(a) and Assumption (1.8). It is bounded
by definition. To see that (S}! )te[o,r) is a submartingale, define a stopping time o=

—&
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inf{t > 0 : R}(V) = —¢}, for any small ¢ > 0, and note that 7*_ < 7;". Hence, for any
r<0,z€E,te0,T], we have
St = (r ( V)2 T = (e Tje)) . (4.29)

By Lemma 4.2 (a), It6’s formula for general semimartingales [9, Sec II.7, Thm. 33] can
be applied to (Sm + )tejo,r) for any fixed small ¢ > 0. In particular, for any ¢ € [0,7), we

obtain

SH = Cr(LH) (7'7 Z, T) + Nt/\'ri' + Dt/\Ti' + Mt/\Tf ’ (4.30)

tAT

where the processes N, D and M are defined, for ¢t € [0,T A T(T), as follows:

(1)
N, = /acar (RY(V). 20T — 5) dRL(V),
0
(1)
D= [ |(een) ey zer o) - S,z )| as
0
My = Y0 [CIDRIYV), 22T — 5) = (UD(REV), 22T = 5)]

0<s<t
- / (QuCID(RI(V), T — 5))(Z2) ds.

Here C' = (Cy):>0 is the stochastic correlation process from Lemma 2.1, which cor-

responds to the Brownian motion V, and LICC(” is defined in (2.3) for any constant
€ [-1,1] with @ substituted by @,, from (3.4). The representation in (4.30) relies on
the fact that the continuous part of the quadratic covariation [R"(V'), Z™?]; vanishes for
all times ¢ and coordinates Z™' of the chain Z".
Apply Lemma 2.3, with F(s,r, z) := ff”(r,z,T —s), U := R™"(V) and the chain Z"

(with bounded generator @), to conclude that (M, Art )te[o,7) is a martingale. The

process (NV, )tejo, 1) is clearly a local martingale (since the integrator R™(V) is a

t/\‘rf
martingale) with integrable quadratic variation

intt [ et (I7) 2
Wnrs, = [ ( - (RZ(V»Z:,T—s)) (03(Z0) ~2Cs01(Z2)02(Z2) +03(22)) ds

(apply Lemma 4.3 (a) and assumption (1.2)). Therefore this stochastic integral is also
a martingale. Since C; € [-1,1] for all ¢ > 0, equality (4.21) implies that D+ 20

P, .-a.s. and hence, by (4.30), the process (S ATt )te[o,T) is a submartingale.

In order to prove that (St )te[O,T) isa submartlngale, we first show that the following
limit holds

11 I1I
th + 7515/\7’

P..-a.s. forany t € [0,7). (4.31)

The paths of R™(V) are continuous and we have TfE ) 7'5’ P, .-a.s. as ¢ | 0, and hence
lime o R}, + (V)= R" (V). Since Z is a Feller process with cadlag paths by (1.8), the

7
stopped cham Z™ is also (i.e. the semigroup P™ of Z™ is continuous at ¢ = 0 and, if f is
a bounded function on E that tends to zero at infinity, then so is P, f for every ¢t > 0),
and hence quasi left-continuous. Therefore, as ¢ | 0, P, .-a.s. we have Zt”M+ — Zt"MJr

—€ 0

(i.e. the chain does not jump at 7, . By representation (4.29) and the continuity in
(r,s) € (—00,0] x [0,1] (recall that ¢t < T') of the function (r, s) — fln)(r, z,T — s) for each
z € I, implied by Lemma 4.2, equality in (4.31) follows.
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The claim now follows by (4.31), the boundedness and the submartingale property

of (SZAITjE)tG[O’T)' the fact S}/ = Sgﬁ P,.-a.s. for any t € [0,7) and Fatou’s lemma: for
any 0 < s <t < T we have
E..[SH|F] = E.. [lim sup ST, |]-"s]
€]l0 —€
> limsupE, . [Stl/{ + \fs} > limsupSI/I\ + = Sil.
el0 T el0 SAT_¢

Doob’s submartingale convergence theorem and the Claim above imply that the fol-
lowing limit holds almost surely and in L': limr S{! =: Sr. The random variable St
satisfies P, [S7 € [0,1]] = 1 (as does S/’ for all t < T) and SrI Hrn(vy)<ry = 0 Pres
a.s. (St is an almost sure limit of a process which is equal to zero for all ¢ close to T on
the event {r (R"(V)) < T}). Note that St need not be equal to SI = It (Re(v))>T}-
However, the limit satisfies Sy < SI! P, .-a.s., implying the key inequality

¢ (r,2,T) <E,. [S7] < Pr [T (R™(V)) > T] foranyV € Vandany T > 0. (4.32)

In order to prove the equality in part (a), we apply the inequality in (4.32) to the

time horizon T' + 4, where T is as in the statement of the lemma and § > 0 is arbitrary:

D, 2, T +8) < Py [rh (RM(V)) > T +4].
Since the equality Upen {7 (R"(V)) > T + 1/k} = {r;"(R*(V)) > T} holds and ¢\'") is
continuous in time (in fact differentiable, see Lemma 4.2 (a)) away from time zero, for
any V €V we get (e.g. by the DCT):

G0 (r 2, 1) = lim (0 (r, 2, T+1/k) < lim Po. [17(RY(V)) 2 T+ 1/k] =Py [ (R"(V)) > T].

This concludes the proof of part (a) of the lemma.
(b) For any Brownian motion V € V and t € [0, 7], define V1™ = (VI"t),, € V by

VInt o Vvs lfS S t,
s . V;+‘/Sln7‘/;1n if5>t,

where VI" € V is given in (1.5) with Z" in the place of Z. In this case the Bellman
process ST = (S/)icp0,7] is given by

St = Pr [ (R* (V™)) > TIF] = ¢ (B2, (V)

7o N

T—(TOJF/\t)),

B3t
for any r < 0,z € E,t € [0,7T], where again 7,” := 7 (R"(V)) and the second equality
holds by the Markov property and (4.12). The proof in this case is simpler than in
part (a), as analogous arguments to part (a) imply that (St[ )te[o,T) is a supermartingale
with a limit at 7" that is in this case smaller or equal to S% (cf. Remark below). Therefore
the analogous inequality to (4.32) states

¢ (r,2,T) > P, [7g (R*(V))>T] foranyV €V,

removing the need for an additional limiting argument based on the perturbation of the
maturity T (cf. the final paragraph of the proof of part (a)). The details are left to the
reader. O
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Remark 4.5. The reason for defining the Bellman process STI in (4.28) with > rather
than >, as is naturally suggested by our setting in part (a) of Lemma 4.4, is as fol-
lows. With strict inequality, (Stll)te[o,T) would still be a bounded convergent submartin-
gale but its limit St would no longer necessarily satisfy Sy < SH = I{TOJr(R"(V))>T}
P,.-a.s. The problem arises on the event {7, (R"(V)) = T}, which need not have
probability 0 for a general Brownian motion V € V. In part (b) of Lemma 4.4, the
same phenomenon of the atom {7y (R"(V)) = T} occurs, but the required inequality
Sr > S} = I{TJ(Rn,(V))>T} holds everywhere, including the atom at T, as the Bellman

process at T, SL., takes value zero on {r (R"(V)) = T'}.

4.2 Proof of Theorem 4.1

We establish Theorem 4.1 in two steps. The first step consists of generalising the
result of Lemma 4.4 (b),

¢ (r,2,T) = sup P, [ (R"(V)) >T]  foranyr <0,z€ Eandn €N, (4.33)
Vey

to the case where the assumption |o1|(z) # |o2|(2) for all z € E is not satisfied. The
function ¢\ in this expression is given in (4.12) and R"(V) and 7, (R"(V)) are defined
in (4.4) and (4.5) respectively. The second step in the proof of Theorem 4.1 consists
of a limiting argument that generalises Lemma 4.4 to volatility chains with possibly
unbounded generator matrices.

Consider the case of general volatility functions 01,02 : E — R, which are only
assumed to satisfy integrability condition (1.2). Then, for any ¢ > 0, there exists a
function of : E — R that satisfies (1.2), coincides with o; on the set where the moduli
of the original volatility functions are already distinct,

{zeE:0i(z) =1(2)} = {z€E:|o(2) # o2l (2)}

and has the following properties for all z € I:

011(2) # loa(2),  lo1(2) —o1(2)[ <€, sgn(oi(2)oa(2)) = sgn(a1(2)oa(2))-

Note that, in order to define 0§, we used the fact that |o1| + |02| > 0, which implies that
if |01|(2) = |o2|(2) for some z € E, then |o1]|(z) > 0.

Define the process R™<(V') by (4.4), but with o, replaced by ¢¢, and note that for any
t > 0 we have

RP“(V) = R} (V) = /0 [01(25) = 01(Z7)] dB,. (4.34)

The chain Z has cadlag paths in a state space with discrete topology by assumption (1.8)
and hence Z", defined in (3.3), has only finitely many jumps, say Np(Z") € N U {0},
during the time interval [0, 7]. Therefore identity (4.34) implies the inequality | R, (V) —
RE(V)| < e(1 + Np(Z"))(supsejo,r) Bs — infoejo,r) By) for all t € [0,7]. Since the right-
hand side of this inequality does not depend on ¢ € [0, T, the random variables S5 (V) :=
sup;e(o,r) By (V) and St (V) := sup,¢(o 7 Ry (V) satisfy

|S5(V) = Sr(V)] < e(l+Np(Z2")| sup Bi— inf By | and
s€[0,T] s'€[0,T]

lin% St(V) = Sp(V)P,.-as.
This implies I{s, (v)<oy < liminfc_ I{s: (v)<oy- Fatou’s lemma and the fact that {S7(V) <
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0} = {T(T(R”(V)) > T} therefore imply

Pr [ (R"(V)) > T] < liminfP,. [S7.(V) < 0] = liminf P, . [r)" (R™(V)) > T]
< CR + In,e .
< liminf P, . [75" (R'") > ¢, (4.35)

where the process RI™e is defined in (4.6) with o, substituted by of and the last in-
equality follows by Lemma 4.4 (b).

Define a strictly increasing process A’ = (Atl’f)tzo and a non-decreasing process
Al = (Al)4>0, analogous to (4.13), by

t t
Al = / (o] — loal)?(Z) ds, Al = / (o] — [oa])*(Z2) ds.

The properties of o] imply that Af > A{ P.-a.s. for all £ > 0. As in the proof of
Lemma 4.2, the independence of B and Z (by Lemma 2.5) implies that the processes
(RI™¢, Z") and (r+By1 .., Z") are equal in law, where B 41, denotes the Brownian motion
B time-changed by the precess A’. Similarly, we have that the laws of (R/", Z") and
(r+ By, Z™) coincide, where R!™ is given in (4.6). These observations imply the almost
sure inequality, inf{t > 0 : Byre = —r} <inf{t > 0 : B4 = —r}, and the fact that the
random variable on the left-hand side of this inequality has the same law as 7, (R™¢(V))
while the one on the right-hand side is distributed as 7" (R"(V)). This therefore implies
the inequality

Pr.[m (R >T] < P,.[rd(R'™)>T]

which, together with (4.35) and the definition of C(I) in (4.12), yields (4.33) and hence
concludes step one of the proof of Theorem 4.1.

In the second step of the proof we assume that the volatility process Z is a general
(F¢)-Markov chain with state space E C R?, defined in Section 1. For any n € N,
in (3.3) we defined a stopping time 7, and a chain Z", which is equal to Z up to the
time 7,,. Lemma 4.4 (a), equality (4.33) and the definitions of the functions Q(LH) and Q(LI)
in (4.11)-(4.12) imply the following inequalities for any Brownian motion V' € V),

P.. [m (R"™) > T] <P, [r (R*(V)) > T] <P, [rg (R'™) >T], (4.36)

where R"(V) is given in (4.4) and R!", R/!" are defined in (4.6). Furthermore, for any ¢
in the stochastic interval [0, 7,,] the following equalities hold:

RY(V)=Re(V), R =R(V), R"=R(V),

where the process R(V) is defined in (2.2) and the Brownian motions V! and V! are
given in (1.5). Therefore, we have that, on the event {7, > T}, the random vari-
ables I{r;(Rn(v))>T} and I{TJ(R(V))>T} coincide. The same holds true for the pairs
I{T;(RH”»T} and I{T;(R(VH))>T}' and I{TJ(R17L)>T} and I{T;(R(VI))>T}- Since (7n)nen
is a non-decreasing sequence of stopping times, such that 7, / oo P,-a.s. as n — oo,
we obtain the following almost sure limits:

Hm Teovpimysry = Lt (revinyysy, B0 T pinysry = L (rvnysTy
Jm Lo (e vyysty = Lnd (revy) Ty

These equalities, a final application of the Dominated Convergence Theorem and the
inequalities in (4.36) imply (4.1)-(4.2). This concludes the proof. O
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4.3 Time-varying extremal couplings

It is tempting to try to prove/generalise the result in Theorem 4.1 via a direct argu-
ment based on the Dambis, Dubins-Schwartz (DDS)-Brownian motion [10, Thm V.1.6],
avoiding the Bellman principle. Let ©(1) = (zﬁ”)tzo and () = (E§2))t20 be two pro-

gressively measurable processes on (€, (F;):>0,F,P), such that fot E (Eg”)st < o0
for i = 1,2 and any ¢t > 0. As usual, for any V € V, define the difference process
R(V) = (Ri(V))iz0 by Re(V) := v+ [0V dB, — [ixPaVvi, r <0, ¢ > 0. Let the
candidate extremal Brownian motions V! = (V,/1),~q and V! = (V}!);>0 be given by

t t
Vi = _/ sgn (2@”29) dB, and V/ ::/ sgn (2@”29) dB,.  (4.37)
0 0

Under these assumptions the process R(V) is a martingale for each V € V. Hence,
by [10, Thm V.1.6], there exists a (DDS)-Brownian motion wV, adapted to the filtra-
tion (Fg, (v))u>0, where the processes A(V) = (A:(V))i>0 and E(V) = (Eu(V))u>o are
defined by

t
A(V) = /O ((zgl>)2 — 20,525 +(zg2>)2) ds and  E,(V):=inf{s : A, (V) > u}

and C = (Cy);>0 is the stochastic correlation between the Brownian motions B and V/
from (2.1) in Lemma 2.1, and the following representation holds

R(V) = r+W), forallt>0.

It is clear from these definitions that the following inequalities hold almost surely for
all times ¢t > 0:

t 2 t 2
Al = / (120 = 12@])" as < 4,(v) < / (120 + @) ds = Al”.  (4.38)
0 0
Let 77 (R(V)), 7o (r+W);,) and 7 (r+W},) denote the first-passage times over zero of
the processes R(V), r + WXH and r + WX,, respectively, and note that the inequalities
in (4.38) imply

T (r+Whin) < 1 (R(V)) < 7o (r + WY0) (4.39)

on the entire probability space (2 for every Brownian motion V' € V.

It is tempting to conclude from this that the processes r + WX” and R(V”), where
the Brownian motion V! is defined in (4.37) have the same law (ditto for the pair
r+ W}, and R(V')), which would together with (4.39), yield a generalisation or an al-
ternative proof of Theorem 4.1. However, the counterexample in Section 1.2.1 demon-
strates that the generalised mirror coupling in (4.37) can be suboptimal in this setting.
The counterexamples to Theorem 4.1, based on the continuous-time Markov chains in
Section 5.2, which are adapted non-Markovian processes with respect to the filtration
(Ft)t>0, clearly show that this approach cannot be used as an alternative proof of Theo-
rem 4.1, because it only requires the volatility processes to be (F;)-adapted. We should
stress here however, that in the case of deterministic integrands X(*) and %(?), Proposi-
tion 4.6 can be established. *

Proposition 4.6. Let X)) X(2) be deterministic processes (i.e. measurable functions
of time) that satisfy the integrability condition above, E§1)|, |Z,(;2)| > 0 forall s > 0 and

4We would like to thank David Hobson for this observation.
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AT Al /o0 ast / co. Then for any time horizon T > 0 and Brownian motion V € V,
the following inequalities hold:

P, [r (R(V)) > T] <P, [rH(R(V)) > T] <P, [7 (R(VT)) > T].

Proof. The integrability assumption fot (ES))st < o0, © = 1,2, from the beginning of
Section 4.3 implies that A’/ is a well-defined, finite, strictly increasing differentiable
function. Its inverse E'/, which is defined on [0, c0) since the limit A/ tends to infin-
ity with increasing time, is also strictly increasing and differentiable and satisfies the
following ODE:

u -2
BT~ / <|2g21| n |2E,I|) ds. (4.40)
0
Since the left-hand side of (4.40) is finite for all v > 0, for any V € V the process
WiV — (wiiv
(Wit >0,

II

Ay -1
Wtuv;:/o (\zg{;ng{{,\) awy, (4.41)

is well-defiend for all ¢ > 0, where WV denotes the (DDS)-Brownian motion introduced
above. The quadratic variation of the continuous local martingale W'V is by (4.40)

equal to [W!'V], = B!} 11 = t, making WV a Brownian motion by Lévy’s character-
isation theorem. By (4.41) we obtaln dWé{Y = dWY /( |EE,”| + |EE”|) and W) =
Iy |EEH\ + |Egl)l| dWﬁY = fo |Z(1)| + |E )y dWI1V | where the last equality fol-

lows by [10, Prop V.1.4]. Hence we find W H = Jo( (1= + 23 dWiY for all ¢ > 0.
Since ¥V and £ are non-zero everywhere by assumption, the process W = (W,)¢>o,
given by W; = fot sgn(2M)dWI1V, is a Brownian motion and the equalities |S{"| =
sgn(Egl))Egl) and sgn(Egl)EgQ)) = sgn(Egl))sgn(Egz)) hold. Therefore, the processes
R(V'"), where V! is given in (4.37), and r + W}, are equal in law and hence (4.39)
implies the first inequality in the proposition. The second inequality follows along the
same lines. O

Remark 4.7. (i) It is important to note that the Brownian motion WV, introduced
in (4.41), is not an element of the set V as it is in general not adapted to the
original filtration (F;);>o. In fact, W!!V is an (F;)-Brownian motion only in the
case V = V11,

(ii) The final step in the proof of Proposition 4.6 relies on the fact that the stochastic
integrals

/' (zgl) +sgn (E@Z@) 29)) dB,,
0

and )
/ (zg” +sgn (zg”zg?)) 2g2>) sgn (ng) awiv,
0

where B is a fixed Brownian motion and W'V is defined in (4.41), are equal in
law, which holds since ©V) and ©?) are deterministic. Assume that both processes
¥, 22 non-deterministic, but adapted to (Ft)¢+>0 and independent of the Brow-
nian motion B. Then, it is not clear whether one can define the second stochastic
integral, since W'V is not (F;)-Brownian motion. Even if this were possible, the
laws of the two integrals would in general not coincide since the integrand and the
integrator are independent in the former and dependent in the latter integral.
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5 Counterexamples

5.1 The presence of drift

If either of the processes X and Y (V) in (1.1) can have drift, the conclusion of
Theorem 1.2 fails as the following example demonstrates.
Let R(V) be the difference of X and Y (V) and assume that it takes the form

Ry(V)=r+ ut+ B — a4,

where B is the fixed (F;)-Brownian motion, V' € V an arbitrary (F;)-Brownian motion,
o a volatility parameter different from 1, r a strictly negative starting point and p a
constant positive drift. Then the candidate extremal Brownian motions in (1.5) are
given by V! = B and V!! = —B and the following lemma holds.

Lemma 5.1. For any starting point r < 0, time horizon T' > 0, volatility ¢ > 0 and
positive drift i1 > 0, the inequality P, [7;"(R(V')) > T| < P, [7;"(R(V!!)) > T| holds.

Lemma 5.1 implies that Theorem 1.2 cannot hold for processes with drift. An in-
tuitive explanation for this phenomenon is as follows: in the presence of a large drift
upwards, it is better to reduce the volatility as much as possible (in this case to the level
|1 — &), instead of increasing it to its maximal value (equal to (1 + &)), since the drift
makes the processes X and Y (V') couple before time T'.

Proof. Fixr <0,T > 0,5 >0, p > 0 and define the function F : (0,00) — [0, 1] by

T—&—,uT) o2 ( r—pT)
Flv)=N|{- v] —e MV N | — v, v >0,
= (-20k T

and recall that P, [7 (R(V')) > T| = F (1/|1 —5]), P, [7" (R(V'))) > T| = F (1/(1 + 7))
(see e.g. [2, 11.2.1, Eq. 1.1.4]), where N(-) denotes the normal cdf. To establish the
lemma it is sufficient to show that F' is strictly decreasing on the bounded interval
[1/(1+&),1/|1 — &|]. Since the derivative takes the form

+ uT _ 2 r—ul
F'(v) = —2uVTn (—T v) + 4prpe2HTY N(— v)
)= —2u JT : JT

and clearly satisfies F’(v) < 0 for all v > 0, the lemma follows.® O

5.2 (F;)-adapted non-(F;)-Markov processes on a discrete state space

In this section we construct two continuous-time (F;)-adapted processes with a
countable discrete state space, neither of which are (F;)-Markov, and show that in
both cases the strategies in Theorems 1.1 and 1.2 are suboptimal. In the first (resp.
second) example, Section 5.2.1 (resp. Section 5.2.2), the constructed process is semi-
Markov (resp. Markov) with respect to its natural filtration. This demonstrates that the
assumption that the chain Z is an (F;)-Markov process, not just a Markov process with
respect to its “natural” filtration, is indeed necessary in Theorems 1.1 and 1.2.

5.2.1 (F;)-semi-Markov process

Recall that B is (F;)-Brownian motion, fix ¢ € (0,1) and then let the random times 7,
n € NU {0}, be given by Tj := 0 and

T,:=inf{t >T,_1 : |B:— Br,_,| =€} forn > 1.

5We thank one of the referees for this simplification of our original argument.
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Define the processes N = (IV;);>0 and W = (W)¢>0 by
Ny :=max{n e NU{0} : T, <t} and W;:= B, .

For every ¢ > 0 we have {T,, < t} € F, for all n € IN and hence the process W is
(F:)-adapted. Furthermore W is a continuous-time semi-Markov process (i.e. the pair
(W, B) is (F;)-Markov) with state space €Z and cadlag trajectories. In particular, W has
only finitely many jumps on any compact interval. Let

Z = zE(W), for a fixed zy > 0,

where £ denotes the Doléans-Dade stochastic exponential [9, Sec I11.7, Thm. 37]. There-
fore, by definition, we have

t Tn,
Zimzt [ ZedWo=zt [ ZodW. = Za,,,
0 0
where the second equality follows from the facts that T, < ¢, and that there are no
jumps of W during the time interval (Tw,,¢]. The process Z has a countable state
space,® which can be expressed as E := {z,(1 — €)"(1 +¢)™ : m,n € N} C (0,00) and
is a continuous-time semi-Markov process (as before, (Z, B) is (F;)-Markov).

Consider the stochastic integral fo ZsdB; and note that the equality Wr, — W, _ =
By, — Br, , holds for all n € IN. Hence the stochastic integral can be expressed as
follows:

t Tn, t Ny
[zap. = [ zap.+ [ zaB.=3 zn_(Br, - Br_)+ 2 (B Br)
0 0

TNy n=1

= (ZTNt - ZO) + ZTNt (Bt - BTNt) = Zt(]- + (Bt - BTNt)) - 20-

Therefore, since by definition we have |B; — Bry, | < eand Z; > 0, the following inequal-

ities hold: .

—20<(1—-€6)Z—2 < / Z.dB;  forallt > 0. (5.1)
0

As in Section 1.2.1, define 0; : E — R by 0;(2) := —iz forany z € Eand i = 1,2,
and note that by (1.5) we have V! = B and V!! = —B. Hence, for any starting points
z,y € R, definition (1.1) and inequality (5.1) yield the following almost sure inequalities:

t t
X, -Y,(vl) = x—y+/ Z B, > x—y—2zy, XY (V)= x—y—S/ Z,dB, < x—y+32.
0 0

For any time horizon T' > 0, counterexamples to the Conjecture in Section 1.2 (for both
Problems (T) and (C)) can now be constructed in the same way as in Section 1.2.1.

5.2.2 Non-(F;)-Markov Markov chain

In order to define a process Z, which is an (F;)-adapted, time-homogeneous Markov
chain in its own filtration and has properties analogous to the ones in the previous
section, we sample the path of the Brownian motion B at a sequence of jump times of
a Poisson process N€¢. The key idea is to use the increments of B over the jump times
of N€ to construct a certain compound Poisson process (in its own filtration), which is
coupled with B and (F;)-adapted. The corresponding stochastic exponential will then
serve as an example of Z with the required properties.

6An additional bijection is needed to define a chain with a state space that is a discrete subspace of a
Euclidean space.
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Fix a small ¢ > 0 and assume that N¢ is an (F;)-Poisson process’ with intensity 1/e.
Note that N€ is necessarily independent of B by Lemma 2.5. Define (F;)-stopping times

T,:=inf{t >0: Ny =n} foranyn € Nand7T_; :=Ty:=0. (5.2)

Recall that 7, — T,,_1, n € N, are IID exponentially distributed with with mean ¢ and
note that

Nf =max{n € NU{0} : T,, <t}, implying Tne <t<Tney1 VE>0. (5.3)
Define h(e) := exp(—1/¢?) and the function g. : R — R by the formula
9e() = (&) |1+ 2/h(e) T(zoy + 1(e) 2/1() I{aco).
where |y| denotes the largest element in Z smaller than y € R. The function g. satisfies
lge(z) —z| < h(e) VxR and ge(z) =0 < z=0. (5.4)

We now discretize the increments of B using g.: define the process W€ = (Wy);>o by

Ni
W= gc(Br, - Br,_,), t=>0.
n=0

The process W€ is (F;)-adapted, i.e. the random variable Wy, which can be expressed
as Wf = 3 o Iine=m} Yoneo Igr.<ty9e (Biat, — Binr,_,), is Fi-measurable for every
t > 0 (V€ is (F;)-adapted and recall that for any stopping times 7 < p, the r.v. B, is Fo-
measurable). Furthermore, the state space of W€ is h(¢)Z (recall (5.4) and By = 0), its
trajectories are piecewise constant and its jumps are IID with distribution g.(Br, ). The
jump times of W€ are given by the sequence of times 7;,, n € IN, for the following reason:
T, is independent of B and exponentially distributed making the r.v. Br, continuous.
Hence, by (5.4), g.(Br,) # 0 almost surely implying that W€ jumps if and only if there is
ajump in N¢. Hence W€ is a cadlag (F;)-semimartingale, equal to the sum of its jumps,
which is a continuous-time random walk in its own filtration.

Remark 5.2. It is intuitively clear that W€ cannot be (F;)-Markov: the part of the
Brownian path over the time interval [TN;7t] (recall (5.3)) is not contained in the o-
field generated by W€ up to time t (but, of course, is in F;) and provides additional
information about e.g. the distribution of the random variable W for any s > t. The
example in this section and Theorems 1.1 and 1.2 imply that W€ is indeed non-(F;)-
Markov if € is small enough. A direct rigorous argument establishing this fact (for any
€ > 0), based on the intuitive description in this remark, can also be constructed.

Let Z¢ := z&(W€) be the stochastic exponential of the (F;)-semimartingale W€
(see [9, Sec I1.7, Thm. 37] for definition). Z¢ is a time-homogeneous continuous-time
Markov chain with a countable state space and cadlag paths (footnote 6 on page 31 also
applies here). If for some 7' > 0

T

lim [ E [(Z; - Zt)Q] dt =0 (5.5)
e—0 0

holds, where Z is defined in (1.6), then, since the stochastic exponentials Z and Z€ are
square integrable on compact intervals (see Lemma 5.3), the Burkholder-Davis-Gundy
inequality [9, Sec IV.4, Thm. 48] implies the following almost sure convergence

¢ (Xp =Y (V) — ¢ (X7 —Yr(V)), Iy xe—yevysty = Lirgx—vy(vy>Ty,  (5.6)

7N¢€ is a Lévy process started at 0 with state space IN U {0}, such that Nf{ — N§ is independent of s and
Poisson distributed with parameter (¢ — s)/e for any times 0 < s < ¢t.
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as ¢ — 0, for any Brownian motion V € {B,—B} C V, cost function ¢ and volatility
functions o1, 02 given in Section 1.2.1 (the processes X¢ Y<¢(V) are defined in (1.1)
with Z replaced by Z¢ and the stopping time 74(X¢ — Y(V)) is equal to inf{t > 0 :
Xf = Y£(V)}).2 The counterexamples from Section 1.2.1 show that the conjecture in
Section 1.2 fails (for both Problems (T) and (C)) in the case of the process Z¢ if ¢ > 0
is small enough. In order to complete our counterexample, we need to prove that the
limit in (5.5) holds. To this end we establish the following lemma.

Lemma 5.3. Fix a time horizonT > 0. Let the processes N€ and Z°¢ be as defined above
and let Z be given by (1.6).

(a) For any 0 > 0 and stopping times in (5.2) we have:

lim sup P [TN; <t —(5] =0.
€l0 ¢el0,1]

(b) Z¢ and Z are square integrable on compact intervals and there exists a constant
Cy > 0 such that the following holds:

t
E [|Zt - Zﬂz} < aft,e) + / exp(Co(t — s))a(s,e)ds  forallt > 0 and small e > 0,
0
where a(t,e) € [0,00) satisfies lim.|oa(t,e) = 0 for any ¢t > 0. Furthermore, the
function a(-,€) : [0,T] — R can be chosen to be bounded uniformly in all small € > 0.

Proof. (a) Pick any small § > 0 and fix d;,d2 > 0 such that §/2 > 6;T + J,. By the
Chebyshev inequality, the event A; . := {Nf > (1 — 61)t/¢} satisfies

€2t /e < €

1-P[AL] <P[Nf < (1—01)t/e] <P[INf—t/e| > dit/e] < 52 < 5T

(recall that both the mean and the variance of Ny are equal to ¢/t). Therefore we have
lim o inf,epo, ) P [As,e] = 1. To establish (a), it hence suffices to prove

lim sup P [TNE <t—4, At,e} =0.
€l0 tefo,1)

Note that we have

{Tn; <t=0, A} © {Tia-see <t =0} S{Tla-sr/e) < (1= 1)t — €= 0o}

{ITLa—s1yt7e) — el (1 = 81)t/e]]| > 65}

for all t € [0,7] and any € € [0,6/2) (recall that d, satisfies t — ¢ < t(1 — d1) — d2 — € for
all t € [0, 7] and that the mean of T} _s,)¢/¢] is €[ (1 — d01)t/e] > t(1 — 61) — €). Hence all
we need to show is the equality lim ;o sup,c(o 1) P [|T(1-5,)t/¢e) — €[(1 = 61)t/e]| > 62] = 0.
Recall that the variance of T|(1_s, )¢/ is €2 (1—6;)t/¢] and apply Chebyshev’s inequality:

N 1N

P HT[(lftsl)t/EJ — 6\_(1 — 51)t/€H > 52] < €2 I_(l — (51)t/6j/(5§ < 6(1 — (51)T/(5%

This proves part (a).

8We note that X — Y (V) in Section 1.2.1, for V € {B,—B}, is a geometric Brownian motion (plus
a constant). Hence the distribution of X7 — Y7 (V) does not have atoms, implying in particular that
Plro(X — Y(V)) = T] = 0. We thank one of the referees for noting that this is necessary for the almost
sure convergence of the indicators in (5.6) to follow from the BDG inequality, which implies the a.s. conver-
gence limc o || X¢ — Y¢(V)||cc = 0 for a subsequence.
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(b) Define the process V¢ = (V,¢);>0 by

Ni
‘/té = BTN; = Z (BTn - BTn,,l) ) t Z 0.

n=0

Note that, as in the case of W€ defined above, V¢ is an (F;)-adapted cadldg semimartin-
gale with piecewise constant paths. The jump times of V¢ coincide with those of Pois-
son process N¢. Hence the stochastic exponentials Z* := z&(V) and Z¢ = 2, &(W°)
are also cadlag semimartingales and posses the following representations (see e.g. [9,
Sec I1.7, Thm. 37]) for any ¢t > 0:

N Ny
Z; = 2 H (1 + ge (BTn — BTn—l)) and 7; =20 H (1 + Br, — BTn—l) .
n=0 n=0

Our first task is to control the difference E {\Zf -7 |2} . Forany t € [0, T] the equality

N
E | I{nes0y Hfi(BTl — By, )|Nf. Th,....Tne | =
i=1
Nf
E | Ingsoy [[ B(T3 = Too0) |NF, T, T | (5.7)

i=1

holds for measurable functions f; : R — R4, ¢ € N, such that F;(s) := E[f;(B;)] < oo
for all i € IN and s < T. This is because the processes B and N°€ are independent
and hence, conditional on the path of N€ up to time ¢, the increments of B over the
holding time intervals of N¢ are independent normal random variables. Let K; := By, —
Br,_, — gc (Br, — Br,_,) and note that by (5.4) we have |K;| < h(e). Let P,, denote the
power set of {1,...,n} and, for any S € P,, let |S| be the cardinality of S and S° € P,
the complement of S. Using this notation and the elementary inequality (Zf; 1a;)% <
N? ZN a? for any non-negative sequence (a;);—1,.. n, we find:

=1 """
2
Ellzi-Zi /0 < B[ > TLIKI TI(+1Br = Br))
SePNte\(z)jeS i€Se

< E|22% Y J[EP [ +1Bn - Br,))?
SEPye\0jES i€se

< B[22V Y E[h(e)”H(1+|BT1-—BTH|)2‘NE]
SEPNe\D iese

< E 92N} Z h(6)2‘3‘2N‘6_‘S|E H(1+|BT1_BT112)‘N;1
SePne\0 1€5¢

By the tower property, formula (5.7) (with f;(x) := 1 + 22, and hence F;(s) = 1 + s, for
i € S®and f;(x) := 1fori € IN\ S°) and the fact that fori < Nf wehave T, —-T;, 1 <t < T,
we find

E (1+|Br, — By, ,|?)|Nf| < (1 +T)Ni— 181,
i i—1 t
icSe
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Recall that h(e) < 1 and hence we have

E{|Z§f7z\2} < zh()?E 22N Y (24 21)Ni- 1Sl
SE'PNf\w

N;

‘ N¢ .
= zoh(e)E | 22N Z < if)(z 4 2T)Ne
=1

< 2h(e)%E [(12 + 8T)Nf] < h(€)2E [Ag exp(A1 NY)]

for some positive constants Ay, A;, independent of ¢ and ¢. Since
Elexp(ulN;)] = exp((e* — 1)t/e) for any u > 0,
and h(e) = exp(—1/€?) we get
E [\Zf - Zfﬂ < Agexp (Ast/e —2/€%) Vit e [0,T] and any € > 0, (5.8)

where the positive constants A, and A3 are independent of ¢ and ¢.
In order to control the quantity E {|Zt — 7:|2}, we apply the representations of Z =

2E(B) and Z° = 2E&(V®), implied by the definition of the stochastic exponential [9,
Sec 1.7, Thm. 37): Z, = 2 + [, Z, dB, and

N

Zt:zo+/ Z5 dVefzoJrZZT BT;BT”_l):ZH/ 'Z:_an,,
n=1 0
where Z;_ := limy;, Z, if s > 0 and Z;_ := z,. We find Z;, — Z, = fo "(Zy—7Z,_ )dB, +
f:ﬁNS Z, dB,, implying the inequality
2 Tne 2 t 2
ElZ,-Z,| <2E / (Zs — Z°_)dB,| +2E / Z,dB, (5.9)
0 Tye

By (5.3) we have Ty¢ <t and hence

2

< sup
u€(0,t]

2

< sup
u€[0,Tne]

)

TN{ e
/ (Z, — Z5 )dB,
0

w —€
/ (Zs — Z5_)dB,
0

u
/ (2, —Z,_)dB,
0

which by the Burkholder-Davis-Gundy inequality [9, Sec IV.4, Thm. 48] implies the fol-

lowing bound
t
< Ay / E[
0

for some positive constant A4 (here we use the fact that 7;_ = 7; P-a.s. for all s > 0).

Ty . 2
E / '(ZS—ZS_)st
0

|2
~ 7 ]ds (5.10)

In order to control the second term on the right-hand side of (5.9), pick an arbitrary
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0 > 0. Then the following inequalities hold:

. 2 - ‘ 2
E / ZsdBg < E sup / ZsdBg I{TN; >t5}]
TNte _UG[Tvat] u ’
_ , 9
+ E sup / ZsdBs I{TNe <t—6}
_uG[TN§7t] u ¢
[ t 2 ¢ 2
< E| sup / ZsdBs| | +E| sup / ZsdBs| Iirye<t—s)
Luelt—=d,t] |/ u uw€[Tngt] 1V u ¢
t
< AsE [ / zZ? ds]
t—6
. 411/2
+ E| sup / ZsdBy sup P [TNf <t-— 5]1/2
u€[0,T] |Ju te[0,7] '

< 2z0A5el5+ Ag sup P [TN; <t-— (5} 1/2 ,
te[0,T)

where As, Ag are positive constants independent of ¢, ¢ and ¢ (the third inequality fol-
lows by the BDG [9, Sec IV.4, Thm. 48] and the Cauchy-Schwartz inequalities, and the
fourth is a consequence of the fact Z; = zpexp(B; — t/2) and the BDG inequality [9,
Sec IV.4, Thm. 48] applied for p = 4). Part (a) of the lemma implies that

t
/ ZsdBy
TN

€
t

2

E < (2204se” + Ag)6  for all small € > 0 and Vt € [0, T].

Since § > 0 was arbitrary and the left-hand side does not depend on J, we must have
the following limit uniformly in ¢ € [0, T7:
t
/ ZsdBg
Tn

€
t

lifga(t, €) =0, where @(t,¢€) :=2E

(5.11)

The following inequalities are a consequence of (5.9), (5.10) and (5.11):

2 t .

] §2A4/ EUZS—ZS
0

A well known elementary estimate (Gronwall’s lemma) implies

|

Define a(t, ) := 2a(t, ) + 24z exp (Ast/e — 2/€?) and note that this inequality and (5.8)
yield

€

E Uzt—zt

1 ds+a(t,e) Vtelo,T]

Zy— 7,

2 t
] <a(te) +/ exp(244(t — s))a(s,e)ds  forall¢ € [0,T] and small € > 0.
0

2 . 2
E[|thZ§\2} < 2E{tht } +2E UZth }
t
< aflt,e) +/ exp(244(t — s))a(s,€)ds,
0
which concludes the proof of the lemma. O
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Going back to the equality in (5.5) for T € (0, c0), by Lemma 5.3 (b) we have

/OT E [\Zt - Zflz} dt < /OT a(t, e)dt + /OT dt /Ot exp(Co(t — 5))a(s, €) ds.

Since T is fixed and «(-, €) is bounded uniformly in € on [0, 7], the DCT and Lemma 5.3
imply that the right-hand side of this inequality tends to zero and the counterexample
follows.

5.3 (F;)-Feller process Z independent of B

The final counterexample shows that the “tracking” part of the conjecture in Sec-
tion 1.2 fails for general Feller processes even if Z and B are independent.

Assume that there exist an (F;)-Brownian motion Bl ey, independent of B, and
define the (F;)-Feller process Z := z, + B+ with state space E := R for any starting
point zp € R. Let 01(z) := 2z and 03(z) := z, for any z € R, and note that by (1.5) we
have V! = B. We will now show that, for the cost function ¢(x) := 2*, the first inequality
in Problem (T) fails, i.e. there exists a Brownian motion V' € V such that forany 7" > 0

Erzo [(Re(V))*] < Bz [(R2(VT))] (5.12)

holds, where R(V) =X —Y (V) (and X, Y(V) given in (1.1) for any V € V) and Ry(V) =
r, Zo = Z0-
To construct such a process V, define the family V¢ = (V/¢);>0, ¢ € [-1,1], of (F)-

Brownian motions by
Vi :=+/1—¢2B; + c¢Bi,

and note that V? = B = V. Therefore the difference process R(V¢) takes the form

t t t
Rt(Vc):r—k/ (2ZSdBS—ZSdVSC):r+(2—\/1—02)/ stBS—c/ Z,dBL,
0 0 0

and hence we find d[R(V¢), R(VE)]; = (5 — 41 — ¢2)Z2dt and d[R(V), Z]; = —cZ,dt.
Lemma 5.4. Define ¢°(r,z,t) := E,,[(R,(V¢))* for any r,z € R and t > 0. Then we
have
Ve(r,z,t) = 1+ 6k(c)r?2%t + 3k(c)(r® + k(c)2* — derz®)t?
+k(e)((Tk(c) + 8¢%) 2% — der)t® + (TK%(¢) /4 + 2%k (e))t4,
where k(c) :=5 — 4v1 — ¢2 for any c € [-1,1].

Proof. The representation in the lemma for the expectation ¢°(r, z,t) follows from mar-
tingale arguments and stochastic calculus. Alternatively to verify the lemma, one can
easily check that the function ¢, given by the formula above, satisfies the PDE

0%p o 10%p Oy

— —Cz + 55 =50

Or? ordz = 2 022 ot

with boundary condition ¢(r, z,0) = * and polynomial growth in r and z. An application
of the Feynman-Kac formula then yields ¢ = . O

1
§l<:(c)z2

Note that £#'(0) = 0 and hence the derivative in ¢ at ¢ = 0 of the value function
¥e(r, 20, T) equals

8(;/}0 (r,20,T) = —r(1222T 4 4T°3).

Since this quantity is non-zero for any r # 0, inequality (5.12) is satisfied (by Lemma 5.4)
for some V = V¢ with ¢ # 0 (recall that V® = B = V). An analogous argument can be
used to show that the second inequality in Problem (T) also fails in this setting.
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A Proofs of Lemmas 2.1 and 2.3
A.1 Proof of Lemma 2.1

It is clear that Lemma 2.1 follows from (1.1) and the basic properties of stochastic
integrals if, for any V € V, we can find a progressively measurable process C' and
W €V, such that —1 < Cy; <1 forallt > 0 P-a.s., W and B independent and

t t
m:/ CSdBS+/ (1—CAHV2aw,. (A.1)
0 0

By the Kunita-Watanabe inequality [9, Sec II.6, Thm. 25], the signed random mea-
sure d[V, B]; on the predictable o-field is absolutely continuous with respect to Lebesgue
measure d[B, B]; = dt. Hence, there exists a predictable process C' = (C});>0, such that
d[V, B]; = C,dt, and for any s < t we have |[V, B]; — [V, B]s| < t — s. Therefore, we may
assume that |C;| < 1 and define the processes D; := (1—-C?)'/?2 and M, :=V} —fot C,dB;.
Note that the equalities [M, B], = 0, [M, M], = [, D2ds and [} I{p,~oyD;2d[M, M], <t
hold. Therefore the continuous local martingale W, given by

t

t
W, ;:/ I{DS>0}DS_1dMS+/ I{p.—0ydBy,
0 0

is well-defined, where B! € V is a Brownian motion independent of B. Lévy’s char-
acterisation theorem applied to W now yields the representation in (A.1) and hence
implies Lemma 2.1. O

A.2 Proof of Lemma 2.3

The assumptions on @ and F imply that E[|M|] < oo for all times ¢ > 0. The additive
structure of the process MY implies that it is sufficient to prove the following almost
sure equality:

Fi| =

E.| > [F(s,Us, Zs) — F(s,Us, Z, )

t<s<t/

E. [/t (QF(s,Us,))(Zs_)ds|F:|, (A.2)

for any 0 < ¢t < ¢’ and 2z € E. The jump-chain holding-time description of the continuous-
time chain Z, the continuity of the process U and the continuity and boundedness of
the function F' imply

E.| Y [F(s.UsZ) — F(s,Us, Z,2)] |[Fu| =

u<s<u+Au

Au(QF (u,Uy,))(Zy) + o(Aw), (A.3)

for any u > 0 and small Au > 0. In this expression, for each Au, o(Au) represents an F,-
measurable random variable which is bounded in modulus by C'Au, for some constant
C > 0 independent of Au (here we use assumption (2.4) and the boundedness of F),
and lima o O(AA,:‘) = 0 almost surely.

We now decompose the left-hand side of (A.2) into a sum over the time intervals of
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length At > 0, where tlA—’tt € IN, and apply (A.3) to each summand:

7| -

@_1
Zii(t) E. [Zi<l‘[<i+1 [F'(s,Us, Zs) — F(s,Us, Zs )]

& [Zt<s<t’ [F(S7 US’ ZS) - F(S7 US7 Zs—)]

7| -

o8 LAY S T E (QF(E+ At Upping, ) (Zipint)| Fi] - (A4)

The properties of the random variables o(At) listed in the paragraph above, the Dom-
inated Convergence Theorem applied to the right-hand side of (A.4) as At | 0, the
definition of the Lebesgue integral and the fact that Z jumps only finitely many times
during the time interval [t,t] together imply the equality in (A.2). This concludes the
proof of the lemma. |

B Two classes of examples of Markov Chains

We first construct a chain Z that does not satisfy (1.10) but satisfies (1.9).° Let
E={1,2,...} and define the Q-matrix by Q(1,1) = —1/2,

Q(l,n)=1/2", Q(n,1)=-Q(n,n)=0,>0 for n>2 suchthat Z 1/8, < o0,

n=2

and zero everywhere else. The idea is that Z makes very big jumps with small intensity
and then very quickly jumps back to 1 since (3,, are large. The process is stationary with
invariant distribution 7 given by the detailed balance equations 7,Q(n,1) = mQ(1,n),
ie. m, > 0foralln € E and m, = m/(2"6,). For the function f : E — R, given by
f(n) =2", and any m € E we have

7TmEm[f(Zl)] S Z 7T’nEn[f(Zl)] = Eﬂ'[f(Zl)] - Z f(n)ﬂ-n =T Z 1/ﬁn < 00,
n=1

n=1 n=1

and hence (1.9) holds for 7' = 1 and o;, i = 1,2, such that |0 |*+|o2|? = f. Note however
that

QF(1) =Y Q(1,n)f(n) = oo

and (1.10) fails.

To construct a chain Z such that (1.10) holds and (1.9) fails, pick a @-matrix @
on an infinite state space with the properties that Z is irreducible and only finitely
many elements in each row of ) are non-zero (e.g. a birth-catastrophe process with
E ={1,2,...} and Q(n,n+ 1) = Q(n,1) =1, Q(n,n) = =2 for n > 2 and Q(1,2) =
—Q(1,1) = 1). Then the function f : E — R, given by f(n) = 1/P1(1,n), is finite at
every n € . It hence satisfies (1.10) but clearly has the property P, f(1) = co, which
violates (1.9).

References

[1] M. T. Barlow and S. D. Jacka. Tracking a diffusion, and an application to weak convergence.
Advances in Applied Probability, 18:15-25, Dec. 1986. MR-0868504

9We thank the referee for pointing out a potential issue with the relation between the assumptions in (1.9)
and (1.10).

EJP 20 (2015), paper 38. ejp.ejpecp.org
Page 39/40


http://www.ams.org/mathscinet-getitem?mr=0868504
http://dx.doi.org/10.1214/EJP.v20-2307
http://ejp.ejpecp.org/

Coupling and tracking of regime-switching martingales

[2] A. N. Borodin and P. Salminen. Handbood of Brownian Motion - Facts and Formulae.
Birkhauser Verlag, Basel-Boston-Berlin, 2 edition, 2002. MR-1912205

[3]]. Gatheral. The volatility surface: a practitoner’s guide. John Wiley & Sons, Inc., 2006.

[4] J. D. Hamilton. A new approach to the economic analysis of nonstationary time series and
the business cycle. Econometrica, 57:357-384, 1989. MR-0996941

[5] E. Hsu and K.-T. Sturm. Maximal coupling of Euclidean Brownian motions. preprint, Uni-
versity of Bonn, 2003.

[6] T. L. Lai and H. Xing. Statistical Models and Methods for Financial Marketsi. Springer Texts
in Statistics. Springer-Verlag, Berlin, 2008. MR-2434025

[7]1 T. Lindvall. Lectures on the Coupling Method. Dover, New York, 2002. MR-1924231

[8] J. M. McNamara. Optimal control of the diffusion coefficient of a simple diffusion process.
Math. Oper. Res., 8(3):373-380, Aug. 1983. MR-0716119

[9] P. E. Protter. Stochastic Integration and Differential Equations, volume 21 of Stochastic
Modelling and Applied Probability. Springer-Verlag, Berlin, 2005. Second edition. Version
2.1, Corrected third printing. MR-2273672
[10] D. Revuz and M. Yor. Continuous Martingales and Brownian Motion, volume 293 of
Grundlehren der Mathematischen Wissenschaften. Springer-Verlag, Berlin, third edition,
1999. MR-1725357

Acknowledgments. We would like to thank Peter Bank, David Hobson and Dimitry
Kramkov for useful comments. We are grateful to two anonymous referees whose sug-
gestions and comments greatly improved the paper.

EJP 20 (2015), paper 38. ejp.ejpecp.org
Page 40/40


http://www.ams.org/mathscinet-getitem?mr=1912205
http://www.ams.org/mathscinet-getitem?mr=0996941
http://www.ams.org/mathscinet-getitem?mr=2434025
http://www.ams.org/mathscinet-getitem?mr=1924231
http://www.ams.org/mathscinet-getitem?mr=0716119
http://www.ams.org/mathscinet-getitem?mr=2273672
http://www.ams.org/mathscinet-getitem?mr=1725357
http://dx.doi.org/10.1214/EJP.v20-2307
http://ejp.ejpecp.org/

	Introduction
	Problems
	Results
	The conjecture fails in the class of general (Ft)-Feller processes
	The generalised mirror and synchronous couplings are optimal if Z is a continuous-time Markov chain

	Structure of the paper

	Preliminaries
	The set of Brownian motions on a probability space
	Q-matrices, related operators and martingales
	(Ft)-Brownian motion and continuous-time (Ft)-Markov chain are independent

	Tracking
	Proof of Theorem 3.1
	Non-Markovian Tracking

	Coupling
	The stochastic time-change
	Proof of Theorem 4.1
	Time-varying extremal couplings

	Counterexamples
	The presence of drift
	(Ft)-adapted non-(Ft)-Markov processes on a discrete state space
	(Ft)-semi-Markov process
	Non-(Ft)-Markov Markov chain

	(Ft)-Feller process Z independent of B

	Proofs of Lemmas 2.1 and 2.3
	Proof of Lemma 2.1
	Proof of Lemma 2.3

	Two classes of examples of Markov Chains
	References

