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Notation 

Unless otherwise specified, we shall employ the following notation. 

A,B 	nxn matrices over the real or complex field. 

A ,  
A a A -1 
	

The inverse of A over the real or complex field. 

akt, kre=1,2...n 	Elements of the matrix A. 

A+ 	The matrix obtained from A by replacing all akt  by their 

respective moduli lakzl. 

Complex conjugate transpose of X. 

H (A) 
	The Hadamard transform of A, and is the matrix obtained from 

A by replacing the diagonal elements by their respective 

moduli, and the off-diagonal elements by the negative of 

their respective moduli. 

D 	The Nyquist contour. 

a(A) 	The spectrum of A. 

I 	nxn identity matrix. 
n 

 

n 	The set of integers 1, 2 	n. 

1<k<n 	k takes integer values from 1 to n. 

R(s) 	The return difference matrix. 

h.(s,F.) 
3 	3 

The transfer function seen at the j
th 

loop when all loops 

.th 
except the 3 are closed. 

X
0 	

Maximum eigenvalue of a non-negative matrix. 

(S[-] 	Degree of the polynomial [.]. 

4:12. 	The gain space. 

r( -)rc(*) 	Appropriate 'Nyquist' Locus for (.) 

r* 	Appropriate Gershgorin band. 
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ABSTRACT 

This thesis presents a frequency domain approach to the analysis 

and design of linear multivariable feedback control systems, which is 

a significant extension of the Nyquist Array design procedure proposed 

by Rosenbrock. The proposed scheme succeeds in getting rid of some 

ad-hoc aspects inherent in the existing Nyquist Array design method. 

By formally establishing that the Nyquist Array design technique can 

be used without requiring any form of diagonal dominance on the open 

loop system, it becomes possible not only to fill some apparent 

theoretical gaps in the existing scheme, but also to extend the class 

of systems to which the design procedure may be applicable. 

This new extension of the scheme to a wider class of systems, 

is made possible by the development of a general theory of bounds for 

closed loop transfer functions of multivariable systems. Such a theory 

forms the cornerstone of all subsequent resultS produced in this 

dissertation. For example, stability results that depend on the 

bounds, and which are of immediate use in the design problem are given.. 

Using a new measure of interation which is closely related to the bounds, 

we are able to relate the complexity of compensators to the degree of 

interconnection in the system. This leads to a systematic way of 

choosing appropriate compensators for different situations. With these 

results, the main analytical machinery for the proposed design 

technicrue is complete. 

SoTof-2 aspects of the other two main frequency domain design 

techniques, the sequential return difference method of Mayne, and the 



characteristic loci design method of MacFarlane, are also studied. 

Although not directly related to the mainstream of our present design 

method, the results obtained here, help to clairify some points in our 

design scheme. They also indicate when in principle, these alternative 

design schemes may lead to an easier procedure than the one we propose. 

Quite independently, the results give further theoretical justification 

for using these alternative schemes whenever they are applicable. 
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CHAPTER 1 

General Introduction and Literature Review 

1.1 INTRODUCTION  

The theory of linear time-invariant multivariable control systems 

has advanced greatly in the past two decades. A stage has now been 

reached, where many aspects of the linear theory are fairly complete. 

What is rather disappointing however, is that little of this mass of 

theory has found applications in important practical problems. 

A typical multivariable control problem requires the design of 

some compensation - dynamic or static to guarantee the following 

behaviour of closed loop systems: 

(i) Each of an assigned set of output variables, converges to, 

or tracks, a corresponding observed reference input from a specified 

function class. This is usually called the servo problem. 

(ii) Each of an assigned set of reference variables converges 

to a set point or desired value, from arbitrary initial values,, when 

the system is perturbed by, possibly non-measurable disturbances in 

a specified function class. This is called the regulator problem and 

the convergent variables are said to be regulated. 

Often both features are present in the same problem. That is to 

say, the system is required to track, in the presence of disturbances. 

Infact, the formal distinction between the servo and the regulator 

problems disappears if the tracking error (the difference between a 

reference input and the corresponding output) is regarded as a 

variable to be controlled. For this reason we shall concentrate on 

the regulator problem in this work. For the tracking problem per se, 



a very complete theory is available, whereas very little is really 

known concerning the regulator problem [L I]. While the tracking 

or servo problem is amenable to very elegant mathematical analysis 

via the calculus of variations - and the methodology of classical 

mechanics, the opposite is true of the regulator situation. It 

turns out [F 10] that it is the regulator problem, that less 

developed part of the linear theory, which is most important in 

many practical applications. Attempts to apply the elegant 

mathematical machinery of the servo problem to the regulator problem, 

have often resulted in unattractively complicated and economically 

unrealistic control structures [N 6]. 

The difficulty is that these probfUms, like most mathematical 

constructions, are posed in such a way as to yield mathematically 

feasible solutions. That is to say the mathematical requirements 

are often part of the total engineering. requirements, but sometimes 

these partial requirements are pushed to the paint where they are 

forced to become the principal factors in the control. Control 

system design like most design processes, is often a compromise 

between conflicting objectives. Optimisation of one design factor 

to the absolute exclusion of the others, will usually be paid for 

dearly in the excluded factors. Indeed it is very unlikely that any 

mathematical construction which attempts to capture all the design 

requirements of a system will be mathematically tractable - computers 

or no coz:;:uters: 

In recognition of the above difficulties there has been a trend 

in recent years to re-examine the classical frequency response methods, 

which had hither to been applicable only to single loop systems, with 
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a view to possible generalisation to the multivariable situation. 

This is not surprising because scientists tend to re-examine classical 

methods in a new light whenever the inadequacies of the currently 

popular methods become apparent. Frequency domain techniques, 

although mathematically pedestrian, have been known to yield robust 

and simple controllers with desirable disturbance rejection 

properties. It is not in fact surprising that some of the men who 

made great contributions to the development of frequency domain theory 

from Nyquist to Bode and Evans were engineers - concerned with the 

solution of engineering problems. 

We owe to Rosenbrock [R 7] the credit for initiating this 'new 

look' at old ideas• Since his pioneering paper. [R• 1], more and more 

work on multivariable systems is now undertaken in the frequency 

domain. The recent works of MacFarlane trim 5] and Mayne Di 1] 

are only typical of this new trend. This thesis can therefore be 

considered as a continuing chapter in this current trend, 

1.2 SINGLE LOOP DESIGN METHODS  

The main impetus behind the neo-classical developments of 

recent years is the desire to produce multivariable design methods 

that make the simplicity and intuitively appealing classical methods 

available. Essentially, one is looking for a precompensation matrix 

K(s) of as simple form as possible such that when the plant transfer 

matrix G(s) is compensated by K(s), it becomes possible to use 

single loop techniques to design the diagonal feedback compensatOr 

matrix F(s) = diag(fl(s),f2(s)...fn)s)) for the composite transfer • 

matrix G(s)K(s), where n is the order of both G(s) and K(s). 
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In principle, one can in many cases, always choose some 

compensator matrix K(s), such that G(s)K(s) is diagonal or tri-

angular, thereby rendering the single loop design of the multivariable 

problem trivial. This may well be necessary in certain specialised 

servo problems, if important design objectives are achievable via 

such a procedure. But whereas such servo criteria may be useful in 

some situations like aero-space applications, it becomes very 

unrealistic to demand such extreme measures as decoupling in many 

practically important situations such as in process control 

applications where the regulation of process variables is by far 

more common and more important than non-interaction. 

1.3 NON-INTERACTING CONTROL: PROBLEMS 

Non-interacting control leads.to some inherent undesirable 

properties of the controlled system. Consequently when used solely 

as a means of applying single loop methods it has little power. 

In reality, the matter is not as simple as that, for if it were, 

the multivariable design problem would become redundant. It turns 

out that non-interacting control as it has been proposed in the 

literature [W 2, FW 1] almost always leads to very complicated 

controller structures even for rather simple systems. Furthermore, 

so much design effort is expended in trying to achieve non-interaction, 

that in the end there is little room left for improvement of the 

resulting system performance. When the system has an unstable 

inverse [B 1], the technique of non-interacting control fails 

completely since stability, which is one of the essential requirements 

of any adequately controlled system, is not guaranteed in this case. 
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Even putting the above reasons aside, there appears to be some need 

for keeping a certain amount of interaction or 'communication' 

between the different loops of a multivariable system [SP 1],[A 3]. 

What appears to be very important in interacting systems, is the 

nature of the interaction rather than interaction- What is 

more, meaningful engineering systems have to be tolerant of parameter 

variations. The sensitivity question for decoupled systems has not 

been thoroughly investigated and until some of the above problems 

concerning decoupling are solved, non-interacting control will 

continue to be of rather academic interest, except for a few specialised 

applications. It is against the difficulties created by decoupling 

relative to the applicability of single loop design techniques that 

some of the recently suggested design procedures have to be judged. 

1.4 DESIGN PHILOSOPHY  

While the classical frequency domain design methods are 

mainly huerisic., the majority of the modern state space methods are 

almost always analytic or synthetic. In the synthetic methods, the 

control law is obtained as a solution to a mathematical problem 

where the design objectives are re-formulated in precise 

mathematical language. On the other hand, the classical methods 

start with an initial guess of the control law, which is then 

improved upon successively by physical insight, simulations and 

experience about the system dynamic characteristics. Whereas the 

analytic methods suffer from .inability to deal with all the design 

rE:quirements, the classical methods suffer from inability to indicate 

if better control would have been obtainable by a different control 
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structure. 

Our approach is a marriage between the two methods, We use the 

synthetic methods to obtain a controller K(s) which makes G(s)K(s) 

upper or lower triangular or diagonal, thereby making the single 

loop design techniques available in principle. Using approximation 

methods, we then gradually reduce the complexity of the controller 

as much as is consistent with the desire of using single loop design 

methods. In this way, we are able to keep direct accounts of the 

relative trade-off between controller complexity and system 

interaction. Controller complexity in our sense is the dynamic 

order of the controller. Thus the minimal complexity controller 

would be the controller with no dynamics, that is independent of s. 

1.5 THE ROSENBROCK NYQUIST ARRAY (RNA) 

One of the more successful frequency domain design methods to 

date is the Nyquist Array Design method proposed by Rosenbrock [R 3]. 

When it works, it offers tremendous advantages over non-interacting 

control and removes most of the objectionable aspects of decoupling, 

while simultaneuosly making single loop design techniques immediately 

available. Essentially the method requires choice of some K(s) of 

simple form, such that G(s)K(s) is diagonally dominant in a suitably 

defined sense. Then single loop theory can be used to design the 

feedback controllers F(s) = diag (f1(s)...41(s)) for corresponding 

input-output pairs. Thus diagonal dominance as it is used in the 

procedure ensures that interaction in the system is suitably bounded 

and small. Hence the essential simplicity of non-interacting control 

is made available without the cost of inherent controller complexity 

to say the least. Furthermore, the method, like most frequency domain 



design techniques, copes well with parameter variations, deals with 

on-line tuning up problems adequately, and handles most of the 

normal engineering requirements of single loop feedback control 

systems. As an added advantage, it also works on a limited amount 

of experimental data. 

The principal difficulty with the technique however is that 

there is no systematic way of choosing the controller K(s). 

Consequently, the success of the technique depends on design 

experience and some trial and error ad hoc schemes [R 5]. More 

fundamentally, diagonal dominance as it is used in the technique, 

is a very strong condition. It is clear that if G(s)K(s) is upper 

or lower triangular, then the design methods of non-interacting 

control are trivially applicable but it does not necessarily follow 

that any triangular matrix is diagonally dominant. Our arguments 

also remain valid if the upper or lower off diagonal elements of 

G(s)K(s) are small in a suitably defined sense. Furthermore, the 

technique dries not incorporate any quantitative measure of 

dominance and consequently does not indicate explicitly how system 

performance or other system properties are affected by the 'amount' 

of dominance in the system. Clearly, what is required here is 

some index of dominance which may possibly range from zero to 

infinity, and such that the said index approaches zero for perfect 

dominance, that is, for triangular or diagonal systems. Evidently it 

is of both practical and theoretical interest to resolve the above 

problems inherent in the Nyquist Array design method. The resolution 

of these problems forms a major part of our investigations in this 

thesis. 
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1.6 THE CHARACTERISTIC LOCUS DESIGN SCHEME (CLD) 

Because diagonal dominance is not a priori necessary for non-

interaction or for reduced interaction, some research workers 

[M 2, M 3] have been led to search for new design methods which 

will make single loop methods avaialble for design purposes without 

the necessity of satisfying the diagonal dominance condition. 

The characteristic locus design method proposed by MacFarlane 

[M 6] falls within this class, By regarding the transfer matrix 

G(s) as an operator over the field of rational functions of the 

complex variable s = G + iW, MacFarlane employs the eigenvalues 

A (s) of the transfer matrix as a basis for design. Effectively, 

the eigenvalues are used as the basis for stability studies. The 

compensator K(s) is chosen so that the eigenvalues of the matrix 

product G(s)K(s) satisfy some specified set of design criteria. 

In its present form, all compensation must be put in the forward 

loop; so that feedback is through an identity matrix or a matrix 

that is proportional to the identity. Furthermore, the matrices 

G(s) and G(s)K(s) are assumed to be strictly proper but unlike the 

Nyquist Array design technique, no restriction is placed on the 

structure of G(s). It is its very generality, which makes the 

technique suspect in some practical situations. In the first place, 

encirclement theorems involving eigenvalues of a rational matrix 

although theoretically plausible present some severe practical problems 

connected with vector loci on Riemann surfaces [T 1]. The difficulty 

is that because A.
3
(s) may be irrational in s, the encirclement curves 

upon which stability and design are based, may not be closed. In 

theory at any rate, the curves generated by the whole set of 
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eigenvalues may be juxtaposed in groups in such a way as to form a 

family of closed curves [BK 1], but this is decidedly awkward in 

. practice. Furthermore, when the feedback is not through an identity 

matrix or a matrix which is a proportion of the identity matrix, the 

method can give some misleading results as noted recently [RC 11. 

There does also appear to be more computational work in the method . 

than is the case with the Nyquist Array design method. When 

attempts are made to remove the restrictions of the scheme, such as 

requiring that G(s) can be proper rather than strictly proper, or 

that feedback is through an arbitrary diagonal matrix, the required 

restrictions on G(s) are then such as to make the scheme equivalent 

in principle to the Nyquist Array design technique. Finally, there 

appears to be no easy way in the scheme to keep track of the 

controller conplexity. We shall be considering aspects of these 

difficulties, in relation to the Nyquist Array design technique in 

the main body of the work. 

When the method works however, it gives an appealing geometric 

way of looking at the design problem. 

1.7 THE SEQUENTIAL RETURN DIFFERENCE ALGORITHM (SRD) 

An alternative and conceptually rather general approach to 

single loop design of multivariable systems is the sequential return 

difference design technique proposed by Mayne EM 1]. As the name 

implies, the method is used to design the control loops sequentially . 

and taking due account of the interactive effects as the whole design 

process unfolds. This algorithm is in many ways, a control theoretic 

formulation of the problem of sequential stabilisation in decentralised 
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economic theory DI 9]. 	In its present form, the technique is 

most suitable for the design of high performance control systems, 

since its applicability depends critically on the admissibility 

of high gains in each loop, assuming that the conditions for this 

to be possible as satisfied. 

Although the method has within it, an option for incorporating 

diagonal dominance; whenever this is done, one reverts back to the 

Nyquist Array method, thus defeating the original,  urpose: What 

is conceptually even more difficult is to determine the optimal order of 

loop sequencing or loop closure, relative to overall system performance; 

if and when such an order exists. This is infact the control 

equivalent of the assignment problem in economics., Furthermore 

there is no guarantee that the last loop in the sequence will be nninirned 

(h -s. On top of the above, the question of the convergence of the 

leading principle minor quotients of G(s)F(s) to the values of the 

inverse elements of the leading diagonal of G(s), as a function of 

the feedback gains 5(s) = diag (fi(s),f2(s)...fn(s)), has not been 

resolved in any satisfactory manner [HM 1]. The admissibility of 

very high gains is impractical in some applications as the whole 

system may saturate at these high gain levels:  Even if it did not, 

noise amplification problems could become severe. It appears that 

the scheme still requires some further theoretical development and 

some practical refinement before it can gain general applicability. 

But when this can be done or has been, the technique will offer 

significant advantages over the other methods. 

The moral of the discussion so far, is that some form of 

generalised diagonal dominance, leading to a generalised Nyquist 
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Array design scheme is central to the development of a consistent 

theory of linear multivariable system design. By using the theory 

of M-matrices, we present a unified theory of single loop design 

of linear multivariable systems, which in some cases passes a unifying 

thread through the more important frequency domain design methods in 

current.use. 

Based on this theory, we present a systematic design procedure 

which is practically feasible and computationally attractive, as 

well as being superior to the other methods. 

1.8 OUTLINE OF CHAPTERS AND ORIGINAL CONTRIBUTIONS  

This section contains the organisation and arrangement of the 

chapters, together with our contributions, Certain results obtained 

during the course of our work and which have no direct bearing on 

the main thrust of our design philosophy, have been included here, 

This is done only when it is felt that these results either elucidate 

some points in related design techniques or supply some missing links 

in the current theory and so provide some useful points of departure 

for future research. Unless otherwise specified to the contrary all 

the results listed under the chapters are the author's original 

contributions. 

In Chapter 2, we give a frequency domain formulation of the 

control problem. We also discuss the main criteria for control adequacy 

as well as the role of multivariable zeros on the satisfaction of these 

criteria. The multivariable root locus problem is then treated and 

effectively forms the main result of the chapter. Although we do not 

lay claim to originality in this chapter,, our treatment is novel and to 

the best of the author's knowledge the multivariable root locus result may 



be new. 

Chapter 3 gives a thorough treatment of bounds for closed loop 

transfer functions of multivariable systems. Here new results for 

such bounds are produced and include the existing results on bounds 

(based on diagonal dominance) as special cases. Unlike the existing 

bounds however, the new bounds are shown to have desirable convergence 

properties, which enables us to treat both diagonal, nearly diagonal, 

triangular and nearly triangular systems in the same framework. 

Furthermore the superiority of our new bounds over existing ones is 

shown, particularly in terms of sharpness and the freedom of trade 

off in the accuracy of estimating bounds for individual loops. It is 

also proved here, that unlike existing bounds, the new bounds are 

invariant under change of units of measurements. 

In Chapter 4, we present new stability results which have 

immediate application to the design problem. The emphasis in this 

chapter is on results which decompose the multivariable stability 

problem into the sum of single loop stability.  problems. This enables 

us to guarantee multivariable stability whenever the individual loops 

comprising the multivariable system are asymptotically stable, The 

main contribution here is a statement and proof of the stability results 

which is derived directly from the bounds of Chapter 3. Its principal 

advantage for design purposes, is that it does not require the drawing 

of Gershgorin bands. Another major contribution of thiS chapter is an 

alternative proof of this main result. The proof is based on the 

eigenvalues of the transfer matrix. This result makes it possible to 

check the stability of a multivariable system by checking the stability 

of the individual eigenvalues of the return difference matrix. It thus 

removes one practical drawback of MacFarlane's eigenvalue stability 
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results Cm 5],[qK 	and gives a partial solution to a problem posed 

recently by Rosenbrock and Cook [RC 1]. Furthermore the result 

gives a new insight and deeper understanding of MacFarlane's results 

and strongly indicates pointers for possible extension of the 

eigenvlaue results. Two new results based on such an extension are 

also given. Results on the domain of closed loop stability in the 

parameter space of the feedback gains - the so-called stability 

invariance problem (SIP) are also proven. This is useful for studying 

the stability of the closed loop system under wide parameter variations. 

In Chapter 5 a new index of interaction is derived. Based on 

this index a solution to the input-output pairing problem [N 1] is 

given: This may be considered the main contribution here. It 

effectively solves the problem of the optimal permutation compensator 

with respect to minimisation of closed loop system interaction under 

finite feedback gains. ThiS problem had hither to been considered on 

purely heuristic basis It is believed that this is the first time 

that the problem has betn given an analytical foundation. The monotonic 

convergence of Mayne's sequential return difference algorithm (SRD) 

EM 1] for a restricted class of systems is proved and for the said 

class, gives a theoretical justification for using Mayne's SRD to 

obtain a fast and easy design scheme giving, adequate control action. 

The class of transfer matrices which can be transformed to diagonally 

dominant form by pre- or post-multiplication by a nonsingular diagonal 

matrix of stable rational functions, with no zeros in the right half 

compled plane is characterised. This result is very useful in the 

Rosenbrock Nyquist Array design scheme, and together with methods of 

obtaining this class of transfer matrices from general ones, forms a 

potentially powerful and systematic pr-Dcedure for achieving dominance. 
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Chapter 6 proposes a design scheme based on the philosophy of 

trade-off between the closed loop system interconnection and controller 

complexity. Here a generalised form of the Nyquist Array technique 

is presented. It has the advantage of not requiring any form of 

diagonal dominance on the open loop system. The said trade-off is 

effected by using order reduction techniques based on Pade 

approximations, on the controller. Our design scheme has the advantage 

of relating the accuracy of design directly to the degree of 

interconnection in the system, and to the order of the compensator 

matrix K(s). 

In Chapter 7, we make brief concluding remarks and indicate 

pointers for future research in this area. 

All the relevant mathematical results which are indispensible to 

the development of the results given here,- but which are not easily 

accessible in the literature, are compactly collected in the Appendix. 
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CHAPTER 2 

The Multivariable Design Problem 

2.1 INTRODUCTION  

In this chapter we formulate the control problem with which we 

shall deal, in the rest of the thesis. The central theme in many 

design situations is satisfaction of some criteria of adequacy. Here 

we shall also discuss briefly the usual requirements of an adequately 

controlled system. These criteria will form the basis of the 

subsequent design procedure which will be given in Chapter 6. The 

role of the transmission polynomial of the transfer function matrix 

with respect to disturbance rejection will be considered. This leads 

to the multivariable root locus problem, which is solved with 

particular reference to sequential control schemes. 

2.2 PROBLEM FORMULATION  

Consider the n-input, n-output multivariable feedback system 

shown in figure 1. For zero initial conditions, the system is described 

by 

x(s) = U(s) - F(s)Y(s) 	 (2.2.1) 

y(s) = G(s)K(s) 	 (2.2.2) 

where x(s), u(s) and Y(s) are the Laplace transforms of x, u and Y 

respectively. 

The closed loop transfer function matrix which relates Y(s) to 
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U(s) is given by 

H(s) = G(s)EI+F(s)G(s)]-1 
	

(2.2.3) 

= EI+G(s)F(s)]-1G(s) 
	

(2.2.4) 

Write 

R(s) = I + F(s)G(s) 	 (2.2.5) 

where R(s) is the return difference matrix of the system. The 

criteria for control adequacy can be discussed entirely by considering 

equation (2.2.5) only. 

2.3 CONTROL REQUIREMENTS OF CLOSED LOOP SYSTEMS  

Some or all of the following will usually be needed in most 

feedback control systems. We shall call the totality of the 

requirements the criteria for control adequacy [L 1]. 

2.3.1 Closed Loop Stability 

Closed loop stability is the most important requirement in 

feedback control systems. 

DEFINITION 2.3.1  

A polynomial U(s) is said to be Hurwitzian if it has all of its 

roots in the interior of open left half of the complex plane. Write 

° 	(s) 
IG(s) I = 

 

a0 (s) (2.3.1) 

where 

IG(s) I A det G(s) 
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0
(s) is called the transmission polynomial of G(s) and a

0 
 (s) is 

called the characteristic polynomial of the minimal realization of 

G(s). G(s) is said to be stable, if a0(s) is Hurwitzian. This 

condition will usually be assumed in the rest of the thesis. Let 

a(s) be the characteristic polynomial of the closed loop system. 

Thus the closed loop system will be stable if a(s) is Hurwitzian. 

LEMMA 2.3.1 [Cumming C 

IR(s) 1 = eta((:)) 
0 

(2.3.2) 

PROOF 

For a neat and simple proof, see Mayne [M 2]. 

2.3.2 Stability Invariance Problem  

The invariance of closed loop stability over some specified 

domain of the parameter space is very important in many practical 

control systems. Such problems arise for example in electronic 

control circuits whenever 'drift' occurs or in process control 

systems when flow rates vary due to valve blockages. Stability 

invariance was first studied in a more general context by Aizerman 

and Gantmacher in 1937 [AG 1]. Here, we are interested in the 

stability of the system when the parameter values of the feedback 

matrix F(s) vary. 

Assume that the feedback matrix in (2.2.1) is constant and 

diagonal. Any value of .F can be represented by the vector coordinates 

f , 1 < k < n of an n-dimensional vector space R . Suppose a
k 

< f
k 
<

k 

DeSIne an open region by the relation iGN 

(D A {F -00<a,<f k 
	' 
<13 <co 1<k<n} 	 (2.3.3) 
k  
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Let a(s,F) be the closed loop characteristic polynomial of the system 

of equation (2.2.3). 

TIEFIkITION! 2.3.2  

The feedback system H(s,F) is said to be stability invariant in 

the region 0 c Rn, if d(s,F) is Hurwitzian for all F c 0. The 

• 
space Rn  cordinatized by f

k  I < k < n, is called the system gain  — 

space CM 5] while is called the stability domain in the gain space. 

2.3.3 System Integrity  

System integrity is very desirable when we: are interested in the 

maintenance of closed loop stability under arbitrary failure of some 

measuring devices such as feedback transducers, output transducers, or 

error monitors.. The parameters ak  and (3k  in(2.3.3), 1 <.k < n, usually 

represent the minimal and maximal design values of the feedback gain 

respectively. 

M 
Suppose ak 

 = 0, and 0
k 

= f
k
aX 
 A maximal design value of gain f-  -- 

Then the open region may be replaced by a closed region 

A {rio<f
k— 
<fmax 1<k<n} 	(2.3.4) 

DEFINITION 2.3.3  

The closed loop system H(s,F) is said to have strong integrity 

with respect to F, if a(s,F) is Hurwitzian whenever the elements of 

F are constrained to taking their minimal values 0, and or their 

maximal values f
max
k 
	Thus strong integrity contrains the elements of 

.F to the boundary of 

LEA mA 2.3.2  

a(s,f01) is Hurwitzian if the system H(s,F) has strong integrity. 

PROOF  

1 is on the boundary of 0'. 
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It is clear therefore that strong integrity implies that the 

open-loop system is stable ab initio. 

LEMMA 2.3.3  

If H(s,F) is stability invariant in the closed region 

(D 	
<fm

s A IF10<fk— 
kax, 

 1<k<n}, then the system has strong integrity. 
— — 

PROOF 

The closed region 0' includes the boundary. 

Remark: Lemma 2.3.3 emphasises the important fact that strong 

integrity on the boundary of Ol need not imply stability 

invariance in 0' since the system may be unstable for some F in the 

interior of 0'. On the other hand, stability invariance in any 

closed region 0' always implies strong integrity on the boundary of 

It turns out that strong integrity is a structural property 

of the return difference matrix R(s) A I + FG(s). Indeed we can 

obtain the following result of MacFarlane DI 6], as a special case 

of general stability invariance problem treated in Chapter 4, Theorem 

(4.5.1). 

DEFINITION 2.3.4  

A proper rational polynomial matrix P(s) is said to be strongly 

Hurwitzian if the numerator and denominator polynomials of 

A
k
(s), 1 < k < n are hurwitzian where A

k
(s) is kth  order principal 

minor of P(s). 

LEMMA 2.3.4 

The closed loop system H(s,F) has strong integrity in 0' if and 

only if R(s) A I + FG(s) is strongly Hurwitzian. 

2.3.4 Disturbance Rejection  

Consider the system of Figure 1, subject to an unmeasurable 
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distrubance E(t) from a specified function class i(t). 

Let the Laplace transform of C(t) be E(s). Then the input-

output relations are given by 

y(s) = G(s)u(s) + c(s) 	 (2.3.5) 

The closed loop system transference is given by 

y(s) = H(s,F)u(s) + R-1(s)E(s) 	(2.3.6) 

where 

R(s) A I + FG(s) 

Now from (2.3,6) the effect of the disturbance c(s) will be decoupled 

from the output y(s) if R
-1
(s) = 0. However this is an ideal which 

is almost never achieved in practice. The best we can do is to 

minimise the norm of R(s) A R
-1
(s) over an appropriate space. 

Regard the norm here as an operator from L
n 

L
1
p
, where L

p 
is a set 

p 

of C
n 

valued functions x such that 

1 xx 1 P12  < 
0 

(2.3.7) 

n  
and the 	flum 	Rn. Write 411Q nprm QS 

sup 	11;c(s)E(s)11 = p(s) say 
sED 

M(s)11=1 

(2.3.8) 

n 	G 	 (2.3.9) 

CtritD 1  \a-4,3 	'Inca cGL to Sr1-\ V E. 
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f
e  If for any arbitrary iSrr6A.0 pc.che nufnribeY'L7•70, we have that 

n' < (S, then the disturbance effects of c(s) will be reduced at the 

output. 

For a fixed value of s E D, such reduction is possible if we 

can obtain arbitrarily high values for IIFIIp•  

Notice that 

IIR(s)II < 	1 1 .2 (s)11 .11Fil 
	

(2.3.10) 

inorder for n 0 for fixed s, it is clear from (2.3.10) that we must have 

IIFII 

The conclusion is thus that good disturbance rejection properties 

in a closed loop system is u_chiv/a6te with high gain feedback. 

2.3.5 System Performance  

Closed loop stability is necessary but by no means sufficient 

to gurantee adequate performance of a control system. Here we use the 

general term performance to refer to both the dynamic and the static 

response of a closed loop system. For example, large overshoot may be 

undesirable in some control situations whereas in others disturbances 

must be damped out in a very short time. Measures such as gain margin 

and phase margin are used heuristically, to determine the probable 

performance properties of a given system. 

Consider a single input single output system given by 

y(s) = h(s)u(s) 	 (2.3.11) 

where h(s) is the closed loop transfer function. The performance of 

h(s) is usually tested by injecting a step input u(s) = 1/s at the 
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input of the system. Assume that h(s) is stable. Then the weighting 

function h(t) of h(s) satisfies the conditions for absolute 

integrability [S 2], and can be calculated by taking inverse Fourrier 

transforms thus 

co 
r 

h(t) = 
1 

j h(iw)e
iwt

dw 
-CO 

1 	e 
= :j1-1(iw)[cosHut.-1-i sin wt]dw 

(2.3.12) 

(2.3.13) 

By considering only the even real part of (2.3.13), we obtain that 

h(t) = -11Re h(iw) cos wtdw 
Tro  

(2.3.14) 

If we now inject an input u(s) = 1/s into the system then the output 

function y(t) becomes 

t 
Y(t) =

2
IRe h(iw)cos wtdw]dt 

'0 0 

On changing the order of integration, we obtain 

°,3. 2 
y(t) = -112e h(iw) 

sin 
 WtdW 

o 

(2.3.15) 

(2.3.16) 

If the open loop transfer function is g(s), then the system error 

is given by 

1 
C(s) — 	u(s) 

1+g(J) 
(2.3.17) 

Assume that 

u(s) = 1/s 
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The error response is then given by 

E(t) = 27 Re E(iW) sin Wtdw 	(2.3.18) 
0 

Criterion 2.3.5(i) Overshoot  

Since the test input is a unit step, we can define the maximum 

overshoot 0) of the system by the relation 

(1)  = sup IY(t)I - 1 	 (2.3.18a) 
t> 0 

0. 
2 	sin wt = fsuplE-Re h(iW) 	d1011} 

t>0 7I0 
(2.3.18b) 

from (2.3.16). 

2.3.5(11) Peaking Index  

Define the system peaking index (p) as 

p = sup ly(t)I 
t>0 

(2.3.19) 

lim ly (t)I 
t-).00  

= max 1 21Re h(iw) cos wtdw 
0<w<00 

Tr
0 

 

(2.3.20) 
Ih(0) 

from (2.3.16). 

From (2_3.18) and (2.3.20) it is clear that if we assume limly(t)I = 1, 
-tooP 

then 

p = j + 1 	 (2.3.21) 
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Furthermore there is a relationship between the peaking index p 

and the phase margin (P), which is the phase angle 0(wc), of the 

open loop system at the cut-off frequency we as shown in Figure 4 

where 

(I) A 1800 	0 (wc) 	 (2.3.22) 

and OM is the phase angle of the frequency response function g(iW)- 

2.3.5(iii) Phase Angle Inequality  

Suppose the maximum amplitude of a closed loop system is 

restricted by a particular peaking index p
0 
 say. Write 

max Ih(iw)I < ph(0) A po 	(2.3.23) 
0<w<oo 

for the restriction on overshoot. Using elementary coordinate 

goemetry, it is not difficult to show that the phase angle is given 

by 

a 
2OM)  2 

cos 0(w) = 	 El+ ' 	(P0-1)] 2g(iw) 	Po  
(2.3.24) 

where g(iw) is the frequency function of the open loop system. 

Consequently in order to keep p within the required limit, it 

is sufficient that in the interval 

PO 	PO  

p0-1 p* P0+1  
(2.3.25) 

where p* is the peaking index of the open loop system, the following 

angle inequality holds 
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= sin 	1 — [1 	1
2]

1/2 -1  

0 	4p 
0 

(2.3.28) 

p
2
-1 

0 (w) > cos 
	2

9 	
(iw) 

Cli-g
2 
(iw) 0

2 j 
Po 

(2.3.26) 

Assume that g(iw) = 1 at w = wc say. From (2.3.24) it follows that the 

phase angle 0(wc) at the cut off frequency wc is given by 

(P,  A 0(wc) = cos-1  [l- 12] 
2P
o  

(2.3.27) 

From (2.3.28) it is clear that 

lim (I) = lim sin-1 1 — [1- 	 12  2 ]
1/2 

-÷00 	n -÷00 	0 '0 	"0 	4p
0 

= 0 	 (2.3.29) 

Inequality (2.3.26) implies that a minimum value of phase margin is 

required if a closed loop system is to perform adequately. 

The conclusion from (2.3.29) is that high values of the peaking 

index tend to destabilize the system since the inequality (2.3.26) may 

notbe.satisfiedatthese high values. In many practical systems, 

it has been found that a phase margin in the interval 30 < < 50 

is usually adequate, and corresponds to a peaking index of around 1.25. 

2.3.5(iv) Gain Margin  

Another measure of relative stability used in control systems 

is gain margin, which is defined as 

= 20 log 	 db 
g(iw) (2.3.30) 
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0 
(s) 

f30(s) 
g(s) (2.3.34) 

where g(0) is assumed equal to unity. From (2.3.26) and Figure 4 

we reach the conclusion that for any given po  

p0+1 
v 	20 log 	 (2.3.31) 'min 	PO 

Usually 8 < y < 12 is found to be adequate in practice. Now 

ai 
--)co
m ymin = 20 urn l -->coog 

 (1+ 
Po n 	p 

ff0 	0 

(2.3.32) 

= 0 	 (2.3.33) 

Again it is clear that as p0  is increased, y decreases and the 

system becomes less stable. Write 

where 80(s) is the transmission polynomial of g(s) and a
0 
 (s) is 

the characteristic polynomial of g(s). Now, the phase margin (I) 

and the gain margin y depend on the peaking index p. It can be 

shown that in turn, p depends on the feedback gain f, and on the 

disposition of the roots of 00(s) relative to those of the closed 

loop characteristic polynomial given by 

a(s) = a
0 
 (s) + f8

0  (s) 
	

(2.3.35) 

Hence the position of the roots of 80(s) are as important for the 

performance of a closed loop system as the position of the roots of 

a(s)- 
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2.3.6 Restrictions on Interaction  

Consider the closed loop system given in Figure 1. The output 

equation is given by 

y(s) = H(s,F(s))u(s) 	 (2.3.16) 

By interaction, we mean to imply the way in which the input uk(s) 

influences the output yZ(s) via the kt.
th 

element h n(s) of the 

transfer function matrix H(s,F) for k / 	k, 	= 1, 2, ... n. 

DEFINITION 2.3.5  

A closed loop system H(s,F) is said to be interacting  to order 

X
0 
 in a compact connected subset D of the complex plaAC if 

Ihkk (s)-hick(s)1 < X0 VsED 	(2.3.37) 

where hkk(s) is the transfer function between input u. and output 

yk  when all other inputs tit  = 0, £ # k, 	k = 1, 2, 	n and 

h k(s) is the transfer function between all the inputs ui(s) 1 < < n, 

and the output yk  (s) \fa kth\Q-v1 011,-kk thelnys at cii),91.4 • 

Usually 0 < X0  < co and depends on the disposition of the diagonal 

and the off diagonal elements of H(s4F). The constant X0  is called 

the interconnection (or dominance) index of the closed loop system 

H(s,F). Restrictions on interaction are useful from a system design 

point of view because when X
0 
 -4- 0 everywhere on D, classical single 

loop design methods may be used to design compensators for each 1Gcp 

independently. This makes the performance criterion of .(2.3.5) applicable 

to individual loops. A full treatment of restriction on interaction 
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will be given in Chapter 3 and is central to all the .subsequent 

developments in this thesis. 

2.4 MULTIVARIABLE ROOT LOCUS PROBLEM  

The discussion in Section (2.3) indicated the importance of 

the zeros of
0
(s) on the performance of the closed loop system in 

the single input single output case. In this section it will be 

shown that the situation is not different in the multivariable case. 

As in the scalar case, difficulty of applying feedback control in 

a multivariable control system, stems from bad location, ft the complex 

plane, of the roots of the transmission polynomial 
0
(s) of the open 

loop transfer matrix G(s). 

The multivariable root locus problem has important consequences 

for the single loop design of multivariable systems, Some preliminary 

results which will be needed in the establishment of the multivariable 

root locus theorem, will now be given. 

THEOREM 2.4.1 (Rouches'Theorem) 

If two functions a(s) and 0(s) are analytic in a domain D, bounded 

by a rectifiable Jordan curve C, and are continuous on C, and with 

Ia(s) I < I 0(s)I for every s E D, then the two functions U(s) A a(s) + 0(s), 

and 0(s) have the same number of zeros on D. 

PROOF 

See Narayan S, [N 3, pp. 272-273]. 

Rouches theorem prompts the following lemma. 

LEMMA  2.4.1  

Let a(s) and 0(s) be polynomials in s. Let the degree 6[a(s)] of 

a(s) be n and let the.degree H0(s)] of (3(s) be m. Assume that n > m. 
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1 
Given a polynomial U(s) = —a(s) + s(s) where f is a constant, then as 

f 03, m of the roots of a(s) tend to the m roots of (3(s). 

PROOF 

Without loss of generality, assume that both a(s) and 13(s) are 

1 
monic. Hence U(s) is also monic. Write 

i
- = C. Thus 

U(s) = Ca(s) 	13(s) 	 (2.4.1) 

On D, choose a circular disc D
-0 
 D such that D

0 
 contains exactly 

one root s
0 
 of 13(s). Write 

E = inf I13(s)1 	 (2.4.2) 
sED

o 

From (2.4.1) choose c > 0 such that 

C sup Ia(s)I < E 	 (2.4.3) 
sED 

0 

Then by (2.4.2) it follows that 

lEct(s) I < E = I13(s) 
	

(2.4.4) 

The above steps can be repeated for every root of 13(s) in D. Hence 

for C sufficiently small, it follows from Theorem (2.4.1) and equation 

(2.4.1) that U(s) and 13(s)  have the same number of roots on D. The 

asymptotic behaviour of the remaining n - m roots of a(s) as E .4- 0 

is given by the following lemna. 
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LEMMA 2.4.2 Krall [K 3, pp 65-68] 

Given a(s) and S (s) as in Lemma (2.4.1) then as E ÷ 0 the zeros 

of U(s) A Ca(s) + 3(s) become asymptotic to n - m rays starting from 

a -8 
1 	1 
n-m 

and passing through 

a
1
-3

1 
s - 	

+ expi 0+2.7k, 
n-m 	n-m 

for 0 < k < n-m-1. Furthermore 

a1 
s = - 	

1  + fn-m ex p i
0+2ffk3 

n-m 	n-m 

become arbitrarily good estimates for n - m zeros of U(s) where 

n-1 	n-2 
a (s) = s + a s 	+ a

2
s 	+

n 
and a(s) = s + s

m-1 
+ a2s

m-2  
+

m 1 	 1 

We can now state the main result of this section. 

THEOREM 2.4.2  

Given an nxil strictly proper rational transfer function matrix G(s). 

Assume that the system is closed through a constant feedback matrix F. 

Let 
(s) 

1G(s)1 — 577, 	(2.4.5) 

with 

S[a0  (s)] = n 	 (2.4.6) 

and 

sr ao  (s) 	m, n > m 	 (2.4_7) 
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Then as Hi 	c9, 1 < p < 03,m roots of the closed loop system 
P. 

characteristic polynomial given by U(s,F) approach the roots of the 

transmission polynomial 13
0 
 (s) of G(s). 

PROOF 

Write 

F = fF' 	 (2.4.8) 

where f is a non-zero constant. For f > 0, take the L
1-norm of F as 

f-11Fi I I 
	

The return difference matrix of the closed loop system 

H(s,F) A G(s)[I+fF'G(s)]-1 	(2.4.9) 

is given by 

R(s,.F) = I + fF'G(s) 	 (2.4.10) 

Assume that det F' / 0. Write F'G(s) = Q(s). Thus 

R(s,F) = I + DQ(s) 	 (2.4.11) 

• 

From Lemma (2.3.1) 

1 	a(s,F) [R(s,F)1 - 	--- 
a0 (s) (2.4.12) 

where a(s,F) is the closed loop characteristic polynomial of H(s,F). 

= II + fQ(s)I 	 (2.4.13) 

ri  = fl "A+Q(s)1 	 (2.4.14) 

a(s,F) 
from (2.4.12) 	(2.4.15) clo(s) 



Substituting C = 
1
- in (2.4.14) and expanding the determinant along 

principal minors, gives 

1 141Q(s)1 = c-  te
n 
 +E
n-1 

 y
1 
 (s)+E

n-2
y
2
(s)+...y 

n
(s
)1 
	(2.4.16) 

where yk(s) 1 < k < n is the sum of the kXk principal minors of Q(s). 

Recall that 

130(s) 
y

n
(
s) = IQ(

s)1 = Xclo(s) 

where,X = det F' # 0. 

From (2.4.15) and (2.4.16) we obtain 

X(3 (s) 
E a(s,F) = a

0 
 (s){En+C

n-1 
 y 
1i....  

a(s)
}  

o

0  

(2.4.17) 

(2.4.18) 

sr  n-1 n-2 	n-n-2 
= Ea

0 
 (s) {E 	+6 	y

1
(s)...E 	yn-i(s)} + 	0 (s) 

For c sufficiently small, it is clear that 

laa (s)e
n-1

+...E
n-n-2

yn-1I < 	(s)I 0 	 0 
(2.4.19) 

Then by Rouches theorem, we obtain the required result that m roots 

of a(s,F) approach the m roots of (30(s) 
	

Q.E.D. 

Theorem (2.4.2) has the following important consequences. 

(i) It is possible to choose some feedback matrix F, such that 

0(s) is cancelled in the closed loop determinantal equ&tion 
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a(s,F) 

R0 (s) 
IH(s,F)1 (2.4:20) 

When such a cancellation is possible, a(s,F) factors into 

a
1
(s,F).13

0
(s) 

Hence 

1  - 	 
a1  (s,F) 	a1

(s,F) 
(2.4.21) 

(ii) If 8
0 
 (s) has a zero near the origin, then as the norm of 

the gain IIFII increases, some pole of a(s,F) approaches this zero. 

This leads to performance degradation since this pole would now 

dominate the system behaviour. 

(iii) If 8 (s) is not Hurwitzian, then from the reasoning in (ii) 
0 

above, some poles of a(s,F) will approach a corresponding number of 

zeros of 80(s) in the right half complex plane, leading to instability. 

Thus for non-minimum phase systems, high gain is ruled out if closed 

loop stability is required, as is usual. 

(iv) Since high performance or disturbance rejection in H(s,F) 

involves high values of gain F, non-minimal phase systems by (iii) 

lead to low disturbance rejection properties. 

(v) Thus the zeros of 80(s) play exactly the same role in the 

behaviour of H(s,F) as they do in the single input single output case 

h(s,f). 

It is worth pointing out that the set of zeros of 80(s) is in 

general a proper subset of the set of zeros of G(s). We have not 

bothered about the set of zeros of G(s) since we assumed from the 

start that G(s) is stable and hence any cancellations between' the 
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characteristic polynomial a
0 
 (s) of G(s) and the numerator elements 

of G(s) will not lead to any difficulty of unstable hidden modes. 

The consequences of Theorem (2.4.2) for Mayne's SRD will be discussed 

in Chapter 5. 

2.5 DESIGN PHILOSOPHY  

The design procedure adopted in this thesis, is dictated by the 

criteria for control adequacy and the property of the transmission 

polynomial (i (s) of G(s). The underlying philosophy is given in the 

following steps. 

Step 2.5.1  

Apply sufficient pre-compensation K(s) to the original system 

G(s) to ensure that the interactive effects of the off-diagonal 

elements of Q(s) A G(s)K(s) do not destroy closed loop stability 

of the feedback system H(s) A Q(s)[I+Q(s)]-1. 

Step 2.5.2  

Apply classical frequency response techniques to each loop 

q (s) of Q(s) by using the results of criterion (2.3.5). kk 

Step 2.5.3 

If step (2.5.2)' can be carried out successfully without causing 

instability, then interaction in the closed loop system will 

automatically be reduced. If not, more pre-compensation as in (2.5.1) 

will then be carried out and (2.5.2) repeated. This procedure is 

repeated until the specified criteria for control adequacy is 

satisfied. 

In order to implement this procedure, the following are necessary 

in such a scheme. 
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1. 	Find the bounds for h.(s,F.) , 1 < j < n, where h.(s,F.) is 
J 3 

. 
the transfer function seen at the h 3 t input output pair when it is 

an open loop and the rest of the loops k j are closed. 

2.UsingtheboundshAs,1-0.), design a single loop controller 
3 	3 

f
i 
 (s) for h

3 
 (s,F

3 
 ) 1 < j < n to satisfy adequacy criteria for this 

particular loop j. 

	

3. 	If the j
th 

loop is stable for 1 < j < n the design is finished, 

otherwise precompensate G(s) and repeat step 2. 

Methodsofcharacterisingh.(s,F.). using it to study-stability; 
3 	J 

and using the bound to select an appropriate compensator K(s), 

constitute the rest of the work in this thesis. 

2.6 CONCLUSION  

The multivariable feedback control problem has been formulated. 

The criteria for control adequacy have been given. The effect of the 

zeros of the transmission polynomial of the transfer function matrix 

G(s) on the performance of the system has been shown by solving the 

multivariable root locus problem. Based on the above considerations 

the design philosophy and a scheme for realizing the aims of the 

design criteria have been indicated. 
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CHAPTER 3 

Bounds for Closed Loop Transfer Functions 

3.0 INTRODUCTION  

In this chapter we consider the n-input n-output feedback 

system shown in Figure 1 and establish the bounds for h,(s,F,). Here 

h (s,F ) represents the transfer function seen at the j
th 

input-output 

pair when the j
th 

loop is open and all the other loops k j are 

closed through feedback elements fl...fi-1, 0, fj+1... fn. The bounds 

effectively summarise the interactive effects of the closed loops on 

the open loop j. The reason for looking for such bounds is that when 

they are small in a suitably defined sense, we can in principle 

decompose the n-dimensional multivariable design problem into n single 

loop design problems be designing controllers for each loop 1 < j < n 

independently. 

The first analysis along these lines was pioneered by Rosenbrock 

[R. 3]. The essential philosophy of his argument is as follows: 

(i) the interactive nature of the multivariable problem is 

responsible for the inapplicability of classical single loop design 

methods to the design of multivariable control systems. 

(ii) Hence reduce the effects of interaction to 'acceptable' levels 

c, so that interaction is no more of a major design difficulty. 

(iii) Then apply classical single loop design methods independently 

to each individual loop of the multivariable system, such that in each 

case the criteria for control adequacy given in Chapter 2 are satisfied. 

In Section 3.1 we give a formal statement of the multivariable 
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control problem as treated in this chapter. Rosenbrock's attempt to 

resolve the problem of bounds for h.(s,F.) by using the concept of 
3 	3 

diagonally dominant matrices is then examined in Section 3.2, along 

with the several inadequacies inherent in the use of diagonal 

dominance to obtain restrictions on interaction. A general theory of 

bounds for h.(s,F.) which includes Rosnebrock's results as a special 

case is then developed in Section 3.3 by using the theory of M-matrices. 

Here two versions of the main result (Theorem 3.3.2) are given. The 

first version is adequate for practieal purposes and the second takes 

full account of the subtle mathematical situation when some loops are 

open.. Methods of calculating the bounds are then discussed in Section 

3.4. In Sections 3.5 to 3.7 the inadequacies of Section 3.2 are 

removed by studying the convergence properties of the bounds, the 

relative accuracy of the bounds and the possibility of trade-off in 

estimation error for the bounds. In Section 3.8 we examine alternative 

methods for determining the bounds and quickly discount them from 

further consideration as they never give the nice convergence properties 

of Section 3.4. Furthermore it is shown in Section 3.9 that whereas 

the bounds calculated using the method of 3.4, remain invariant under 

change of units, those calculated using the methods of 3.8 are not. 

This gives added justification for not continuing with methods of 

Section 3.8. In Section 3.10 we examine direct and inverse relationships 

and show that from the point of view of bounds, it does not matter whether 

we use G(s) or G(s). Finally in Section 3.11 we make brief concluding 

remarks. 

- 37 - 



3.1 PROBLEM FORMULATION  

Consider the n-input, n-output feedback system shown in Figure 

2. The closed loop transfer function matrix is given by 

where 

H.(s) = G(s)[I+F.G(s)]
-1 
 

3  

, = (19-G(S)F,)
-1 

 G(s) 

(3.1.1) 

(3.1.2) 

F
j(s) = diag (f (s),f2

(s)...f. 	(s),0,f 	(s)...f (s)) J-1 	j11 (3.1.3) 

Write 

h.(s,F.) = h,.
33
(s) 	 (3.1.4) 

3 	3  

,th 
H where h (s) is the j.3 	element of 	(s). 

33 	
i 

Ingeneralh
3
(s,F

3 
 ) depends on F. as well as on the elements 

gkt(s) of G(s), 1 < k < n, 1 < £ < n. When G(s) is triangular, or if 

F. = 0 it can be shown that 

h.(s,F.) = g..(s) 	 (3.1.5) 
3 	3 	33 

14e.alusexpectulatifG(s)is,ilearly,triarigularorifF..401 then 

Ih.(s,F.
3
)-g..(s)1 < a. (s) V F. e 0.

3 	
(3.1.6) 

3 	33 	—  

where0.issomeadmissiblesetofF.containing{0},anda,
3
(s) 

3  

is a positive number such that 
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0a. ÷ 

when 

ake (s) 	0, k > t or 	< k, k, 	= 1, 2, ... m 
' 

Equation (3.1.6) now gives the required restriction on interaction. 

3.2 DIAGONAL DOMINANCE AND BOUNDS FOR TRANSFER FUNCTIONS  

In order the resolve the problem of bounds on transfer functions 

such as that given in (3.1.6), Rosenbrock used the idea of 

diagonally dominant matrices to obtain some meaningful results. 

DEFINITION (3.2.1) 

An nxn matrix Z(s) is said to be diagonally dominant on the 

contour D if either 

(i) 

or 	(ii) 

lzkk(s)I  
cn 

	

 lzke(s)1 	
Tis€D 

Z/k 

n 

	

I zkk(s)
I > X lz,..(s)1 	V s E D 

.elk 
=1 

(3.2.1) 

(3.2.2) 

When either (3.2.1) or (3.2.2) is satisfied everywhere on D, then 
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Z(s) is said to be diagonally dominant on D. 	The above definition 

is a slight adaptation of diagonal dominance as defined by Ostrowski 

Ea 2]. 

THEOREM 3.2.1 [Ostrowski (0' 2), Rosenbrock (R 2)] 

Given that Z(s) is dominant on D, then for every s E D 

where 

< cbkdk(s) < d (s) 
lZkk(s)-zkk(s)I  

dk  (s) = X lz(s)1 
ZiK 

.=1 

(3.2.3) 

and 
max dk(s) 

(s) = 	k 	 
kg lzkk(s) I 

(3.2.4) 

Here dk(s) has been stated in terms of rows, but can equally well 

be expressed in terms of columns for D is a compact set and hence 

row dominance implies dominance and column dominance also implies 

dominance. 

PROOF 

See Rosenbrock [R. 2]. 

By use of Theorem (3.2.1), Rosnebrock was able to state the 

result involving bounds on transfer functions, by identifying 

-1 
F (s) + G(s) with Z(s) in Ostrowski's theorem. 

THEOREM 3.2.2 (Rosenbrock [R 2]) (for proof see ER' 31) 

For all F. E 4)., let F
-1
(s) + G(s) be row dominant on D, that 

J 	J 

is for all s E D. 
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ifk
1 
 (s)+gkk(s)I > d

k(s) = 	k = 1, ..., n-1 

=1 	 k# j 

and 

(s)I > 	19. 	(s)I 	d As)  3j 	Zik kZ  
=1 

Then 

1 11.(s/F.)-g33  —(s)HC(s)(3-(s)<("s  ) 	(3.2.5) 
3 	3 	3 	3 

where 
max 	dk  (s) 

(s) = k 
1-

1 3 Ifk1+4kk(s)1 

Inequality (3.2.5) thus gives the required bounds. When G(s) is 

invertible, then Theorem (3.2.2) can be stated in terms of inverse 

relations as follows: 

THEOREM 3.2.3 (Rosenbrock [R 1]) 

For all F. E (D., let F(s) + G(s) be dominant on D, that is, 

for all s on D 

Ifk(s)+4kk
(s) I > 	" 	= ) 	a s) gice s - k 

=1 

and 

nn 
 

(s)I > 	g.,e(s) = a. (s) 
33 	

jit 	
3 

=1 

Then 

1 < k < n-1 

k j 

< $.a (s)  < d. (s) 	 (3.2.7) 
3 	J 	33 	J J 	3 

where 
max d

k (s) 
(33 	

kij 
.(s) = k. If

k 
+gkk (s)1 
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PROOF 

See Rosenbrock ER 1]. 

Equations (3.2.5) and (3.2.7) give the basic design tools for the 

Nyquist Array design method of Rosenbrock [R 1]. It is clear from 

both of these equations that the upper bounds d
k
(s) 1 < k < n continue 

to remain finite even when G(s) or G(s) is upper or lower triangular. 

But we know that when G(s) or G(s) is upper or lower triangular, then 

dk(s) = 0 1 < k < n. In this respect, the bounds are not sharp 

enough for quasi-triangular or nearly triangular systems. This is 

because by the nature of the Definition (3.2.1), a triangular matrix, 

need not be diagonally dominant. 

It turns out that by generalising the idea of diagonal dominance 

in a suitable way we can obtain bounds which include Rosenbrock's 

results as special cases, and have. nice convergence properties. That 

is to say, dk(s) ÷ 0 as the upper or lower off diagonal elements of 

G(s) or G(s)- tend to 0. Furthermore we are then able to treat both 

diagonal and triangular structures in the same framework. 

3.3 BOUNDS FOR TRANSFER FUNCTIONS: GENERAL THEORY  

The bounds we develop here depend on the theory of M-matrices. 

The properties of Pt-matrices relevant to the developments here are 

summarised in the Appendix. More general theory of these matrices 

can be found in CO : 11.[FP 1] and [A 1]. 

DEFINITION 3.3.1 

A real square matrix C = (c,_e is called an M-matrix (or a 

semi-N-matrix) if the off diagonal elementsc
kel 

 kiZare nonpositive 

and the principal minors are positive (or non-negative). 
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LEMMA 3.3.1 CO 1] 

Let Z be an nxn complex matrix. Let B be an nxn real matrix such 

that 

1 z
kk 

1 
—
> b

kk 
	1 < k < n 

I zke I 	k 
	

k, 2 = 1, 2 ... n 

If B is an M-matrix, then 

(i) 	IZI > 1B1 > 0 

	

< 	k,e = 1, 2 ... n 

Comment: Actually some researchers [WC 1], [C 6], have looked at 

alternative restrictions on interaction but their results suffer from 

the same drawback as those based on diagonal dominance, and can quite 

easily be shown to be special cases of the general theory to be 

developed here. 

Indeed if we consider (4) of [C 6] and define Q' A (ce) with 

g 	
k n, 	= -q, k t, q = d . Post-multiplying 

k = 	
kt k 

	 nn 	n 

Q' by the vector 

	

d
1 	

do 
v (

q11 qnn 

and then applying Theorems (4.3) and (5.1) of [FP 1] ensures that Q' 

is a semi-M-matrix. Consequently the conditions of [wc 1] fit into the 

theory of bounds as given here. 
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THEOREM 3,3.1  

Let B = (b
kt 

 ) be an nxn real matrix such that for all s E D 

bkk  = 0 
	1 < k < n 	 (3.3.1) 

b
kt 
	( )1, 	k # £, 	, k, L = 1, 2 ... n 

Choose A = diag (al,a2...a
n
), such that A - B is a sem141hmatrix. 

If 

Then 

1f 1(S)-Fg
kk

(s)1 > a
k 	

1 < k < n, k 	j 
— — 

h.
3
(s,F.) -g

3
..
3
(s)1 	< a. (a.>0) 

3 	3 	3 

= 0 a. = 0 
3 

(3.3.1a) 

(3.3.2a) 

(3.3.2b) 

In order to prove Theorem (3.3.1) we need the following definition 

and subsequent result. 

DEFINITION 3.3.2 (Ky Fan EF 3]) 

A complex matrix Z is said to dominate a real matrix B if 

(i) 

and (ii) 

zkt1  < bkt k t' 

17 	1 > b 
kk — kk 

k, t = 1, 	n 

THEOREM 3.3.2  

Let a complex matrix Z dominate a non-negative irreducible 

matrix A - B = C where A = diag (al...a
n
) and is positive semi-definite, 
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and b
kk 

= O. 

If A - B is a semi-M-matrix, then 

lzkk-zkk l 	ak' 
1 < k < n 
— — 

(3.3.3) 

PROOF  

Fix an index k = n say. Without loss of generality, we may 

put k = n since we can bring any diagonal element z
kk 

of Z and c
kk 

of C to n-n position by a suitable permutation P. 

and 

Partition Z and 

Z = 

C = 

C in 

0 

1 

0  

Cl 

the following way: 

2 

cnn 

C
2 

c
nn 

(3.3.4) 

(3.3.5) 

where Z
0 
 and C

0  are the (n-1)x(n-1) leading principle submatrices of 

Z and C respectively. Consequently Cl, C2, Z1, Z2  are n-1 vectors 

respectively. From the determinantal identity for partitioned 

matrices [G 1, p. 46] ; 	d) 1= D 

     

     

 

a 

6 

 

= Ial 16-Ya-1(31 (3.3.6) 

     

     

     

we obtain: 
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IZI = IZ
0 
 I IZ 

nn 
 -ZT

1
2
0  Z2  I 

	
(3.3.7) 

and 

ICI = IC
0 
 I IC

nn 10 C2  I 
	

(3.3.8) 

Recall from the partitioning that Z
nn 

and C
nn 

are respectively the 

scalars g' and c... 
nn 	nn 

Thus from (3.3.7) and (3.3.8) we obtain respectively 

and 

lz -ZT2 
(Z01 0 	

nn 1 0
z 
 2 

(3.3.9) 

  

	 -
nn

C
1
a 

0 	
c2I (3.3.10) 

   

From the Cauchy expansion of the determinant we obtain 

^-1 
= nn 

(3.3.11) 

Substitution of (3.3.11) into (3.3.9), gives 

^-1 T^
nn

= znn - Z1
Z
0
Z
2 
	 (3.3.12) 

Or 

I z - nz 
1 	

'15' n 	I I = Iz 
n 	n 	1

Z 0Z 2 (3.3.13) 

TA 
If we can show that 1Z1

Z
0
Z
2 < Cnn 

= a
n
, then we are done. But 

Theorem (5.6) of [FP 1] ensures that ICI > 0 and IG.I > 0, 1 	j. < n-I 
J 

Ak).,1= lc' > o. 
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'Prince 

lel 	>  
I co 1—

o (3.3.14) 

It therefore follows from (3.3.10) and (3.3.14) that 

ICI 	T's 
-

nn
-C

1
C
0
C2 0 

'CAI 

Consequently 

TA Cnn —> C1C
0

C
2 

or equivalently 

cCC < 
1 0 2 — nn 

(3.3.15) 

(3.3.16) 

(3.3.17) 

< a (from the definition of C) — n 

The domination of C by Z implies from Lemma (3.3.1) that: 

det Z
0 
 I < det C

o 
	 (3.3.18) 

Furthermore from the definition of domination of C by Z we have 

like! 	1ckt.1 	" 
	, 	= 1, 2, ... n 	(3.3.19) 

Combining (3.3.18) and (3.3.19) then gives 
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Thus 

1 
IZT2 	

^-1 
< 1 0 2 = n -zn nn — nn = an  

(3.3.22) 

IZT2 Z I < CTa C 
1 0 2 	1 0 2 

(3.3.20) 

< c 	by (3.3.17) 	(3.3.21) 
nn 

Notice that (3.3.22) results from (3.3.13) and (3.3.21). Hence 

1 ZT2 Z I = 	< a  
1 

 02I 
	nn nn — n 

This completes the proof. 

PROOF OF THEOREM 3.3.1 

For all s E D, identify Z(s) in Theorem (3.3.2) with 

-1 	 1 
F (s) + G(s) in Theorem (3.3.1),with f

k 	
0, 1 < k < n-1, k # j. 

Thus put 

1 g 	(s)1 = b 	t, k 	= 1, 2, ... n 

-1 
If we can find A = diag (a

1
...a

n
), such that If

k 
(s)+g

kk
(s)I > a

k
, 

1 <k< n-1,Vse D andA-Bisasemi-M-matrix. 

Then from Theorem (3.3.2) we have that 

1h. (s,F.)-g.. (s) I < a. (s) 	j < 1 < n 	(3.3.23) 

In (3.3.23) the l.h.s. is always non-negative because of the taking of 

moduli. Consequently whenever a. = 0 in (3.3.23), the weak inequality 

Q.E.D. 

3 	3 	37 	J 
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trivially becomes the equality 

3 
Ih.

J
(s,F.)-g

3
..(s)1=a.(s) = 0 	(3.3.24) 

Q.E.D. 

When the inverse of G(s), that is, G
1
(s) A G(s), exists, we can 

state the bounds with the inverse relations as follows. 

THEOREM 3.3.3  

Assume G(s) is non-singular. For all s E D, 	let B = (b
kt
) 

be an nxn real matrix which satisfies b
kk 

= 0 

bkt > gke (s) 
	k. £ = 1, 2 ... n, k 	t 	(3.3.25) 

Choose A = diag (al -..an) such that A - B is a semi-M-matrix. If 

If
k
(s)+gkk  (s), > ak 	k = 1, 2, ... n, k 	j 

• 

then 

Ih.(s,F.)
-1  
	g..

DJ
(s) 

3 	7  
(3.3.26) 

PROOF  

Again we identify F(s) + G(s) in the theorem, with Z(s) in 

Theorem (3.3.2). Then the proof proceeds along the same lines. Q.E.D. 

Theorems (3.3.1) and (3.3.3) are suitable for obtaining bounds 

for 
hj J  

(si.F.) or h (s,F,)
-1 
 respectively and for simultaneously giving 

-1 
restrictions on f

k 
(s) for k = 1, 2, ... n, k 	j. When the 

inequality (3.3.1a) holds for all k = 1, 2, ... n, then the 

inequality (3.3.23) and (3.3.26) hold for all 1 < j < n. 

However, when the restrictions a
k 
on f

k
(s) are given a priori 
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for k = 1, 2, ... n, k / j, and we are just required to calculate a 

bound for a particular loop, the next theorem is more convenient. 

THEOREM (3.3.4) 

Let Z(s) = F
-1 
 + G(s). As in Theorems (3.3.1) and (3.3.2) let 

b
kk 

= 0 

bkL — > 1gk2  (s)1 	VSED 

Assume that 

-1  Ifk  (s)+g
kk

(s)1 > a
k
; 	k = 1, 2, ... n, k 	j 	(3.3.26a) 

and that C
o 
= A

0  - 
	

is an M-matrix where 

A
O 
= diag (a1...aj-1,aj+1

,a
j+2

...a
n
)  

Also B
0 
 is the (n-1)x(n-1) matrix obtained from B by deleting 

th 	
j the j row and the 3 column. 

Then we have that: 

where 

T ^ 
111.(s,Fi-g..(s)1 < C C C 
7 J. 77 	1 0 2 

(3.3.27) 

and 

= (-b. ...-bjj- . 
31 	1 j,j-1

.-b
jn
)T 

(3.3.28) 

C2 = (-b ,-b 	 (3.3.29a) lj j-1,j j --b  +1,jnj 
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In the above theorem, if we put 

T ^ 
a =CCC 

1 	2 
(3.3.29b) 

then C = A - B becomes a semi-M-matrix CANI]. Theorem (3.3.4) 

differs from Theorems (3.3.1) and (3.3.3) in the subtle point that 

(3.3.26a) contains a weak inequality whereas the relationship 

between Ifk
1  +g

kk
(s)I and a

k 
in the other theorems, involve a strong 

inequality. Also Co  of Theorem (3.3.4) is assumed to be an m-matrix, 

whereas the corresponding matrices in Theorems (3.3.1) and (3.3.3), 

need not be. Indeed Theorem (3.3.1) is a limiting case of Theorem 

(3.3.4). 

A similar result to Theorem (3.3.4) can also be stated in terms 

of inverse relationships. However we omit it here since it follows 

quite trivially from Theorem (3.3.4). 

To prove Theorem (3.3.4), the following Lemma is crucial. 

LEMMA 3.3.2  

Assume the pair of nxn matrices P A (p O) and Q A (q0_,) satisfy 

1p kk — 
I > q kk — > 0, k = 1, 2, ... n-1 	(3.3.30) 

1Pkti < 	
0, k, 	= 1, 2, ... n, k 	(3.3..31) 

Let P
0 
 and Q

0 
 be the (n-1)x(n-1) leading principal submatrices of 

P and Q respectively. 

If Q0 
 is an M-matrix, then P

0 
 is nonsingular, and 
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det P  
< nn det POI 	Q — 1Q 0Q 2 

where 

T 	f  
Q1 = 'qnl—qn,n-1 

and 

Q2 =(qn—qn-1,n) 

Furthermore, if Q is a semi-M-matrix, then 

T^ 
QQQ < 1 0 2 — qnn 

(3.3.32) 

(3.3.33) 

(3.3.34) 

(3.3.35) 

and if Q is an M-matrix, then 

T^ 
Q1Q0Q2 < qnn (3.3.36) 

PROOF 

Since Q0  is an M-matrix, and inequalities (3.3.30) and (3.3.31) 

hold, then by Lemma (3.3.1) Po  is nonsingular and 

I; 	I 	1:1 	pl Oke — Ok, 	
k, 	= 1, ... n-1 (3.3.37) 

... 	th 	nth 	... 
where Pokyis the k.e element of Po  and gokz  is the kr. element of Q0. 

But from the partitioned matrix determinantal relation (3.3.6) 

we have that 

where 

T^ 
det P = det P

0
(p
nn
-P

1
P
0
P
2
)  (3.3.38) 
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T 
P = 	, 
1 	n1...p n,n-1) 

and 

P2 = (13 —P  1n 	n -1,n 

Consequently from (3.3.31), (3.3.37) and (3.3.38) we obtain 

det PI 	i 11^ 	1 	Tis 

	

IPnn det P
0  I 
 - 1 1P0P21 	 1Q0Q2 

If Q is a semi-M-matrix, then 

T^ 
det .Q = (cInnQ1(202) det Qo  > 0 

(3.3.39) 

(3.3.40) 

with strict inequality holding in (3.3.40) if Q is an m-matrix. 

Since det Q0  > 0 by assumption, then we obtain (3.3.35) or 

(3.3.36) depending on whether Q is a semi-M-matrix or an M-matrix. 

PROOF OF THEOREM 3.3.4 

Now put j = n without loss of generality. Then identify 

H(s) = Fn  + a (s), 0' 1' C2 
 of Theorem (3.3.4) with P, Q , Q1 

and 
 

Q2  of Lemma (3.3.2) respectively. 

Then the result follows directly. 	Q.E.D. 

It is easy to show that Rosenbrock's bounds on diagonal 

dominance (Theorem '(3.2.2) is a special case of Theorem (3.3.1)). 

Indeed, from Theorem (3.2.2), write 

Z(s) = F
-1 
 (s) + G(s) 

Then by the diagonal dominance condition, 
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- 
if
k
1 
 (s)+g

kk
(s) I > d

k
(s) = y iq

kt 
 (s) 	VsED and L. 	- 

=1 	k = 1, 2, ... n, k 	j 

Also 
n 

Igli(s)1 > di  (s) = / Ig.p
jke

(s)1 

=1 

Now put 

ak  (s) = d.(s) 

and 

b = 

Then clearly [see Appendix 1], A - B is a semi-M-matrix. Hence by 

Theorem (3.3.1) 

3 
111.
7 
 (s,F.

3
)-g

3
..(s)I < d.(s) 	VSED 
 — 

which is Rosenbrock's result. 

ALTERNATIVE PROOF OF THEOREM 3.3.4: BASIC FORMULAE FOR h.(s,P.) 
3 	3 

Again fix an index j, and without loss of generality assume j = n. 

Now 

1 h (s,F ) - 	L g 
n n Rnn t=1 ne n  

(3.3.41) 

where 

R(s) = R = (r
ke 

 ) = I + F
n
G(s) 

and Rilt  is the algebraic complement of the element r in the 

determinant det R [K. 1]. 

Define an nxn matrix P by 

(3.3.42) 
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0 
h(s,F ) = 	det P 
n 

 
det P 

(3.3.47) 

p kk = 1 + f k (s)g
k 
 (s), k = 1, 2 ... n-1 	(3.3.43) 

P 	= f
K 
 (s)g

kL 
o(s), 1 < k < n-1, 1 < e < n, k 	(3.3.44) 
 — — 

P 	= g
ne
(s) 
	

(3.3.45) 

P
nn 

= g
nn
(s) 
	

(3.3.46) 

Thus the elements of R and P are the same except for those of 

the n
th 

row. 

Therefore we obtain P
nt 
= R, 	= 1, 2 	n, where P

/le 
is 

the algebraic complement of the element Pile  in the determinant det P. 

As 

G 
gnz(s)pnt  = det P 

t1 

we obtain from (3.3.41) that 

where P
0 
 is the (n-1)>(n-1) matrix at the upper left hand corner of P. 

Thus 

det P = P 
0 nn 

If P is nonsingular (3.3.32) and (3.3.47) can be expressed as 

^-1 
hn(s,Fn

) = P
nn 
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Using Lemma (3.3.2) and the above relationships between hn(s,Fn)r 

P and P, it is now easy to derive the alternative proof. 

ALTERNATIVE PROOF  

Define an nxn matrix Q = (ikt) by 

q
kk 

= 	If
k
(s)la

k 
= If

k
(s)

I Ckk, fk (s) 
	

(3.3.48a) 

1 

	

	f
k
(s) 	= 0 
	

(3.3.48b) 

1 "<*. k < n-1 

qict.  = -Ifk(s)lbkt  = Ifkz(s)IC
kt 
	(3.3.49) 

k = 1, 2, 3 ... n-1 

t = 1, 2 ... n, k 

`Int =nt 
= C

nt 	
= 1, 2, ..'. n-1 	(3.3.50) 

T -1 
q
nn 

= C
1
C
0 
C
2 = 

C
nn 

where C A (c
kt 

 ) is an nxn matrix given by 
=  

C = C
O 

C
2 

CTC -1  
1 	1 0 C2 

(3.3.51a) 

(3.3.51b) 

Let go  be the (n-1)x(n-1) matrix at the upper left hand corner 

of Q. Let us denote by Q(ki...km) and C(ki...km), the mth  order 

principal minors of Q and C consisting of the elements of the k 1th "" 

km
th 
 rows and columns of Q, and the corresponding rows and columns of 
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C respectively, where k
1 
 < k

2 
< k

3 
< 	kT.  

From the relations (3.3.48) - (3.3.51) we have that 

12(k1
,k
2
...k

m
) = y

kl,k2...km
C(k,k

2
...k) 
	

(3.3.52) 

where y
k 

is the sum of all the k
th 

order principle minors of Q that 

contain the element a 
-rm.  

Here if k
m 
 = n, the set (k 1 ...k'} is a subset of the set 
 1 m 

...k 
m 
 1 on which f

k 
 (s) i 0 and 

m' 
y
k...k = n If

lc'(s)1 
1 m u=1 

 (3.3.53) 

By (3.3.52)-(3.3.53), the sign of the principal minor Q (or Q0) is 

the same as that of a certain principal minor of C (or C0). 

Therefore Qo 
is an M-matrix as C

o 
is an M-matrix by definition 

(3.3.51b). 

Now by comparing (3.3.48)-(3.3.51) with the corresponding 

relations in (3.3.41)-(3.3.47), and by considering the assumptions 

of Theorem (3.3.1), it is clear that P and Q satisfy all the conditions 

of Lemma (3.3.2). 

Hence by (3.3.47) and Lemma (3.3.2) particularly the relations 

(3.3.32) and (3.3.35) we have that 

det P T -1 	TQ-1 
PnnI = IP1PO P  2 —< q1 0 q2 det P

o 

But, P
nn 

= gnn
(s) by (3.3.46) and h

n 
 (s,F 
net  
) - det 

 P 	
b
y 

0 

(3.3.54) 
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Hence substituting in (3.3.54) we obtain 

T  
rh
n
(s,F

n
)-g

nn
(s)1

nn 
= C1C

0
1 
 C
2 

(3.3.55) 

Upon recalling that C1 C
0
I 
 C
2 
= a

n 
by (3.3.29b) the proof is 

complete if we identify Z in Theorem (3.3.2) with P. 

It is also possible to give an alternative proof to Theorem 

(3.3.1). To do so, we require the following result. 

LEMMA (3.3.3) 

Let M = (mkt) be an nxn semi-M-matrix and define an nxn matrix 

C = (c) by 

c
ke. 	

MIck 	k = 	= 1, 2 ... n-1 	(3.3.56) 

otherwise 

where E is an arbitrary positive number, then C is an M-matrix if 

m
nn 

> 0. 

PROOF 

Let C
a 
 and M

0 
 be the (n-1)x(n-1) leading principal submatrices 

of C and M respectively. 

Because m
0 
 is a semi-M-matrix, it follows [see Appendix 1] that 

C
0 
 = M

0 
 + CI is an M-matrix. 

So the proof is complete if we show that det C > 0. Now 

expanding dot C as a power series in C gives 

det C = Y1E
n-1 	12En-2 
	--- In 
	(3. 3.56) 
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where y
k 

is the sum of all k
th 

order principal minors of M that 

contain the element m  

Since M is a semi-M-matrix, y
k 	

1 < k < n. In particular 
— — 

y
1 
 = m

nn 
 > 0. Therefore det C > 0 for any C > 0. Q.E.D. 

ALTERNATIVE PROOF OF THEOREM 3.3.1 

  

Now fix f
k
(s), k = 1, 2 ... n-1 and set 

C = 	min kkk (s)I-a
k 
 > 0 

1 < k < n-1 
— — 

(3.3.57) • 

f
k
(s) 	0 

  

Set M = A - B, and define C as in Lemma (3.3.3). Consequently Co  

is an M.-matrix by Lemma (3.3.3). Since (3.3.57) implies in the 

sense of Theorem (3.3.4) that 

I -1 
fk +gkk

(s)I> a
k 

+ C, k = 1, 2 ... n-1 

Then by Theorem (3.3.4) we conclude that 

lh
n
(s,F

n)-gnn (s)  I < CT1C 1C  — 0 2 

(3.3.58) 

(3.3.59) 

SinceMAA-Bis generally a semi-M-matrix by assumption, C is 

generally a semi-N-matrix. 

In particular if C
nn 

> 0, then by Lemma (3.3.3) it is clear 

that C is an M-matrix. 

Therefore by identifying C with Q in Lemma (3.3.2) we obtain 

that C
1
T 

 C
0
-1 

 C
2 
< c

nn 
if c

nn 
> 0 and C

1
T 
 C
0
-1 

 C
2 

cnn if cnn 
= 0. 
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Upon recalling that the elements of C
0
1 
are all nonnegative 

since C
0 
 is an P•1-matrix [A 11 and that C

1 
and C

2 
have non-positive 

elements, it is clear that C
1
T  
C
0 
C
2 
= 0 if c

nn 
= O. 

This proves Theorem (3.3.1). 

3.4 DETERMINATION OF THE BOUNDING MATRIX A  

One of the chief advantages of the bounds determined by using 

the diagonal dominance condition (3.2.1) or (3.2.2) is the ease with 

which the bounds dk 
 1 < k < n can be determined, since it involves 
 — — 

just the summation of the moduli of the off diagonal elements of the 

matrix Z. It is not just as straightforward when it comes to 

determining the a
k 

1 < k < n in Section 3.3. The essential problem 

to be solved is the following: Given a non-negative nxn matrix 

B = (bid.), find a diagonal matrix A = diag (al...a
n
) such that A - B 

is a semi-M .-matrix. 

Since each diagonal element ak  of A gives an upper bound for 

hkls  ;Fitgkk (s)I, it is very desirable to make ak  as small as possible 

but consistent with the requirements of the theorems on bounds. 

Let us seek to make A - B locally minimum in the sense that none 

of the elements of A can be decreased if we wish to keep A - B a semi-

M-matrix and hence satisfy the conditions of the theorems on bounds. 

DEFINITION 3.4.1 

An nxn semi-M-matrix C = (ckt. ) is said to be locally minimum if 

C - A is not a semi-M-matrix for any diagonal matrix A = diag (61,-6
n
) 

with (S > 0, 1 < k < n, and y k > O. 
k=1 
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(3.4.1) B = B11 	
B
21 

0 B22 
f•■••••■ 

DEFINITION 3.4.2 

An nxn matrix (real or complex) B is said to be reducible if 

it is of the form U-PREN 0-Y Lcct 	Rtt-c-14 	novrnatiov 

or can be put to that form by a simultaneous row and column 

permutation P, thus giving  

P -1 
BP = 

B11 

0 

B
12 

B22 
•■•••••■ 

In general, a nonnegative matrix B can be brought to the normal form 

(with respect to reducibility) given by 

B 
 = [

1 	
0 

B21 	
B
2 

• 

U1 

(3.4.2) 

   

0 

BU  

  

by the permutation operatio 	an n
7  
. x n. irreducible 

matrix for 1 < j < U. This normal form of B is determined to within 

a permutation of the block and permutation with the blocks [S 3, pp. 9-15]. 

Corresponding  to the normal form, we may partition A into the 

U-diagona/ blocks given by 
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A = block diag (A1  Ai  Au) 	 (3.4.3) 

By the definitions of a semi-M-matrix and its local minimality, it 

is clear that A - B is a locally minimum semi-M-matrix if and only 

if Pi. -- 13.. 1  < j < U is a locally minimum semi-M-matrix because a 
3 

principal minor of A - B is a product of those of some  Ai  - Si. 

It therefore follows that the essential case is that for 

which B is irreducible [details of this will be given in Chapter 4]. 

From now on, and without loss of generality, we shall assume that B 

is irreducible. 

The following Lemma is needed for further developments. 

LEMMA 3.4.1 

A singular irreducible semi-M-matrix is locally minimum. 

PROOF (By Contradiction) 

By property (A2.3) of semi-i4-matrices [see Appendix], the 

proof is complete if we can show that C - A is not a semi-m-matrix 

when one
k 

> 0 and the rest are all equal to zero. 

Thus assume that 6
n 
> 0 say. Hence 6

1 
 = 6

2 
= 6

3 
= 	6

n-1 
 = 0. 

By the use of the partitioned matrix determinantal identity, we 

express det (C-A) as 

det (C-A) = det C - 6
n 
det CO  

 

where C
0  is the (n-1)x(n-1) leading principal submatrix of C. 

Suppose Co  is an Effmatrix, then det Co  > 0, therefore C can be 

a singular semi-M-matrix only when det C = 0. 

Consequently, det (C-A) < 0. 
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Hence C - A is not a semi-M-matrix. 	 Q.E.D. 

Notice that no loss of generality results from the assumption 

that 6
n > 0, since any other 6. can be brought to the n-n position 

by simultaneous row and columm permutations. 

The following result, gives a way of choosing A such that not 

only is A - B a semi-M-matrix, but also it is locally minimum. 

THEOREM 3.4.1  

Let B be an nxn irreducible nonnegative matrix, and let 

W = diag (w1...w
n
) be a positive definite diagonal matrix. 

Put A = X
0 
 W, where X

0 
 is the spectral radius of BW 1. Then, 

A - B is a locally minimum semi-M-matrix. 

Remark: Note b
kk 

= 0 in these developments, 1 < k < n. 

PROOF 

By the fact that multiplication of a matrix C by a positive 

definite diagonal matrix W alters neither the semi-M-matrix property 

of C nor its local minimality, it follows that C is a locally 

minimum semi-M-matrix if and only if CW is so [see Appendix 1]. 

To complete the proof we have to show that 

CAXIn 
	

1 
- BW = (A-B)W

-1  
— 0  (3.4.4) 

is singular. Also since irreducibility is invariant under change of 

diagonal elements, or under multiplication by some positive definite 

definite diagonal elements, all that is left to be shown now is that 

indeed C is a singular semi-M-matrix. 

Recall that the existence of X
0  > 0 is assured by the 

Frobenius-Perron theorem on the maximum eigenvalues of nonnegative 
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matrices [see S 3] or (Theorem A 5 of Appendix 1). 

Since 6
0 
 > 0, and BW

-1 
 is, nonnegative, thenCAX

0
I- BW 1  

=  

satisfies the conditions for semi-M-matrices if its leading 

principle minors are nonnegative. But from the Frobenius-Perron 

theorem, it is clear that C is singular, thus establishing the 

required result. 	 Q.E.D. 

There are many possible choices for the weight matrix W in 

Theorem (3.4.1), but one of the most natural choices is to put 

W = diag (Iz 	I) where Z is any irreducible nxn complex 

matrix and wk = lzk I, and b
kt

= lzktlkit 1 < k < n 1 <t< n.  

Indeed we have the following result. 

THEOREM 3.4.2 

Let Z be an nxn irreducible complex matrix. Write 

wk  = Izk I 
k 

zicel k 	1 < k < n, 1 < 	< n b
kt 

b
kk 

= 0 

(W-B) A C is a semi-M-matrix if and only if 

A
o
(BW 

1 ) < 1 

PROOF 

The proof involves showing that 

and 

with 
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o(I-BW 
1 
 ) < 1 

Recall from the property of semi-M-matrices (see Appendix) that 

(W-B) is a semi-M-matrix if there exists a diagonal positive 

definite matrix R = diag (r1...rn) such that 

wkrk  > X bket; 1 < k < n 	(3.4.5) 
kg 

By the Frobenius-Perron theorem, C has a positive eigenvalue 

X
0 
 and a corresponding positive eigenvector U = {U1U2...Un}  with all 

elements positive, that is, Uk  > 0, 1 < k < n. Therefore 

CU = X
o 
	 (3.4.6) 

or 

wk  Uk kg
b  = X 	„U„ 	 (3.4.7) 

Now, consider the matrix C' = BW
1 
- X0In.  Since C' is 

singular, it follows that cick  < 1 for at least one k. 	But 

V c
kk 

1 = A
0 	

1 < k < n
- - 

Consequently, X0  < 1 as claimed. 	 Q.E.D. 

Theorem (3.4.2) is useful for indicating the interconnective 

structure of the matrix. Z, that is, the relationship between the 

magnitude of the diagonal elements of Z, compared with those of the 

off-diagonal elements. 

For example, if C = (ckt, ) is an M-matrix where 
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1 	k 	k, t, - 1, A  	en • 

then from the theorem, A0  < 1. This condition may therefore be used 

to indicate when a matrix is diagonally dominant, modulo multiplication 

by suitable diagonal weighting matrix W. 

Similarly if A0  = 1, then we have a critically dominant 

situation, that is to say that there exists some weight matrix W 

such that in CW, 

n 

dkkwk = /
A  c

kt 
Je 
=1 

for at least one index W. 1 < k < n. In this situation the sum of 

the moduli of the off diagonal elements equals the modulus of a 

diagonal element for at least one W. When A0  > 1, then for every 

choiceofWc
kk
w
k 
 <Y cid.  w2  for at least one index k. This implies 

161k 
that some off diagonal elements dominate some corresponding diagonal element. 

Consequently we cannot approximate the norm of C by the norm of the matrix 

obtained by neglecting the upper,off diagonal elements or the lower off 

diagonal elements of C, or both Co 3]. 

As a direct application of Theorem (3.4.2) we have the following 

result. 

LEMMA 3.4.2  

Given an nxn proper rational matrix of holomorphic functions of 

s, G(s) put 
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g (s) 	b
kk

(CO) = W
k (W) • 

g
la 
(s ) = b(w) 

	

Let the eigenvalues of CB (W) -W (W) -1 
	

= C (W) be X
1 
 (w) X

2 
(w) 	X

n 
(w) . 

Then B(w) is an m-matrix for -03 < w < co if 

max sup {1Xic(s)I, 1<k<n} < 1  
k sED 

PROOF  

As the proof is not much different from that of Theorem (3.4.2) 

we omit it here. 

3.5 CONVERGENCE OF THE BOUNDS a
k 

From Section (3.3) we saw the utility of keeping ak  as small 

as possible in order to minimise the error of approximating h.(s,F.) 

by. 
g3D 3

(s) when designing the controller f,(s) for g..(s). Indeed 

when aj  = 0, the bounds give 

(srF.)g ..(s) 
3 	73 

In Section (3.4) we saw that A0  is a good way of keeping tag of the 

bound ak, 1 < k < n. As such, the nearer ak  is to 0, the more 

accurate our approximation. In system design suppose E > 0 is 

.given a priori and we are required to find some suitable controllers 

K(s) such that in the closed loop system 

Ih
3J33
(S(F.)-g..1 < E, 	1 < j < n 
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It becomes important to know how E depends on A0  and Igkkir 1 < k < n. 

We recall that a
k 	0 kk 
' A Ig I 1 < k < n. So one way open to us to make 

a
k 
 < E, is to make A

0 
 as small as necessary to insure that 

max sup X0 g
kk 	

<E 1 < k < n 
k -00<(.13<co 

In Theorem (3.5.1) we study how A0  varies with the off diagonal 

elements of G(s). 

THEOREM 3.5.1  

Let B(6) = (ba(6)) be an nxn nonpositive matrix with 

bkk  = 0 

bkt(E) = Ebkt, k < 

bkt(E) = bk  , k > 

Let X
0 
 (c) be the spectral radius of B(6), then 

lim X(s) = 0 
	

(3.5.1) 
c±0 

PROOF 

The characteristic equation f(A,6) of B(c) can be expressed as 

f(X,E) = An  + 	An-2+...0 ) 
	

(3.5.2) 

where C
k 

are polynomials in E. 
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Consequently the roots of f(A,c) define an analytic function 

of C. 

Now 

lim f(X,e) = lim An  + c(E1  
c÷0 	6+0 

= An (3.5.3) 

Solving for the roots of (3.4.3) gives 

A 	= 0 
	

(3.5.4) 

Hence A0  = 0, thus proving that A0  4- 0 as bkk  0 k < t. 

Note: The result also holds when bkk  = Cb
kt 

 k > t with b
kk 

= 0, 

and bkk. 
 (E)=  b

kt 
k < £, k, t, = 1, 2 ... n. 

If we insist on demanding diagonal dominance, it becomes 

necessary to define B(c) as bkk(C) = 
bkk' bkt(E)  = Ebkt k t.  

Then A0  0 as C ÷ 0. But from the last theorem it is enough that 

= Ebke  k < £ or for k > £ in order that A0  ÷ 0 as C ± 0. 

Theorem 3.5.1 leads into the so called epsilon decoupling problem 

(E-DP) which can be stated as follows. 

E-DECOUPLING PROBLEM  

Given an nxn transfer matrix of proper rational holomorphic 

functions G(s), find (if possible) some K(s) of the same dimension 

as G(s), such that in the matrix Q(s) = G(s)K(s) and under constant 

feedback F = diag (f1 
	fn)' 

Ih
J

(S,F.)-q..(s)< E 	V 1< j< n 
 DJ 

(3.5.5) 

for some given c > 0, c 	0. 
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Of course if we are prepared to admit K(s) of complicated form, 

then (E-DP) always has a solution: for K(s) can always be chosen 

such that G(s)K(s) = Q(s) is upper or lower triangular or even 

diagonal in which case we have from Theorem (3.5.1) that X
() 
 = 0 every-

where on D. The important design problem, is to choose K(s) of 

minimal macmillan order, such that e - DP is solvable: we shall 

consider some aspects of this important problem in Chapters 5 and 6. 

In practical situations (3.5.5) may be too stringent: one typically 

requires (3.5.5) to hold in some region St c D. 

3.6 RELATIVE ACCURACY OF THE BOUNDS ak, 1 < k < n 
 — 

In principle, there are many alternative ways for choosing the 

bounding matrix A = diag (al...ak...an), but the method for the 

choice of A in Section (3.4) was guided by the need to make a
k 

0 

as A0  4. 0. A lo-product of the way we chose A in Section (3.4) is 

that, the choice equalised the errors of estimation in each loop in 

the following sense: 

a1 
 a2 	

a
k 	a

n = .  
w
1 w2 	wk 	

w
n 

(3.6.1) 

Consequently for a given choice of W = diag w ...w
n
) we can use 

(3.6.1) to determine the ratio 

a1 
: a

2 
: 	a

k 
: ... a

n 
	 (3.6.2) 

From Theorem (3.4.1) it is clear that we have freedom in the choice 

of W, but having chosen W, we automatically fix A by the relation 
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(3.6.2). 

By "equalising" ak, (1<k<n) in this way we have from equations 

(3.3.1a) and (3.3.2a) that if 

 

f
-1
+g
kk 

 (s) 
k  

g
kk

(s) 

  

   

 

A0 (3.6.3) 

then 

  

 

h.(s7.)-g.. (s) 
3 	3 	3 

  

 

<X
o  (3.6.4) 

 

g
3  
..qs) 
3 

 

    

for 1 < j < n and 1 < k < n where we recall from Theorem (3.4.1) 

that 

a
k 
=

01
g
kk

(s)1 
	

(3.6.5) 

In some situations, it might be desirable to make some elements 

of A sharper than others. This would arise for example when it is 

desired to control some loops more tightly or more accurately than 

the others, for some technical reason. Indeed Theorem (3.4.1) 

indicates that we have (n-1) degrees of freedom in the determination 

of the elements a
k of A by choosing (n) different sets of W. Each 

choice of W determines some A. Notice however that because of the 

ratio relation in (3.6.1), sharpness in the estimate of some a
k 

will 

usually mean looseness in the estimates of the remaining at, £. # k, 

t, k = 1, 2, ... n. 
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3.7 TRADE-OFF BETWEEN THE ELEMENTS OF A  

In view of the discussion in Section (3.6), let us consider 

the following problem: 

"Suppose we are given some A, such that .A - B is a locally 

minimum semi-M-matrix, where A and B are given by equations (3.3.1) 

and (3.6.5) respectively. Find another diagonal matrix A', such 

that A' - B is also a locally minimum semi-NI-matrix, with a' = a < a 
k' 

where k is a fixed index in n." 

In practice we can make a' as small as we please by using 

high gain in the k
th 

loop whenever g
kk

(s) is minimum phase, but in 

general, because of interaction, we lose the freedom of using high 

gains in other loops. Thus increase in the gain of one loop 

necessitates decrease in the allowable gain of another loop if we 

are to maintain closed loop system stability. In this direction, we 

have the following result. 

THEOREM 3.7.1  

Let B = (b
kZ  ) be an nxn irreducible nonnegative matrix with 

bkt 	O. Let A = diag (a
1 
 ...a 
n1  
) and A' = diag (a'...a') bkk = 0,    

satisfy 

akalIc  > akat, k, 	= 1, 2 ... n, k 	(3.7.1) 

If A - B is a semi-M-matrix, then A' - B is also a semi-M-matrix. 

PROOF 

By the theory of M-matrices [see Appendix 1] it is clear that 

ak  > 0, 1 < k < n. Thus for a positive number E, another positive 
— — 

number 8 can always be chosen such that 
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(a[.)(a1-1-e) > (a +15)(a 4c3) 	(3.7.2) 

This, together with Theorems (5.1) and (4.10) of [FP 1] ensure that 

A' - B is a semi-M-matrix, thus completing the proof. 	Q.E.D. 

The above result means that we can obtain arbitrarily high 

accuracy of estimation for a particular loop bound a
k 

by using high 

values of If
k
(s)I and by restricting the other If.(s)1,j # k 

strongly near 0. That is to say, ak  can be made arbitrarily small 

by making at  arbitrarily large for k # t. 

Indeed, the theorem verifies the claim that a
k 

0 as 
41k 

-+ {0} 

where k is a fixed index in n. 

If the inverse relations are used however, an opposite 
A 

convergence situation would be obtained. Then ak -4-  0 as q)k 	{00} 

and as one is usually interested in closed loop behaviour, this may 

be one reason why the inverse Nyquist arrays may be preferable to the 

direct Nyquist arrays in certain situations. 

3.8 ALTERNATIVE METHODS FOR CALCULATING A 

One of the disadvantages of using the methods of Section (3.4) 

to determine A in a typical design situation, is that one would 

need to determine X
0 
 for each selected frequency (w) in the interval 

Ok< w < 00. This leads to increased computation. Notice however 

that since one is calculating the maximum eigenvalue, the 

computational procedure is not difficult; what it means is that the 

methods of Section (3.4) may require more computational time than 

some other alternative methods. It turns out that by-using these 

alternative methods, we lose the convergence property ak  0 as 
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Ch =r 0, k < t. Here we present one such alternative method: that 

of summing rows or columns of B. 

We recall from Section (3.2) that the inverse Nyquist Array 

[R. 1] depends on row or column sums for a
k 
 1 < k < n when the 

diagonal dominance situation is satisfied. Since the method uses 

the eigenvalue bounds of Gershgorin, it is plausible that any other 

eigenvalue inclusion theorem may be used. We note that the 

eigenvalues of any matrix C and W
1
CW (where W is any nonsingular 

matrix) are the same. In particular, by choosing W diagonal, we 

obtain for any set of w = diag (wi...w
n
), a set of a

k
's given by 

a = 	X lc lw 	1 < 	< n, 1 < k < n 
k 

k w 0, id. 	— — 	— — 

In Gershgorin's original theorem, the a
k
's are given by 

ak  = y ickzi, 	< e< n, 1 < k < n 
,eA 

(3.8.1) 

(3.8.2) 

We have used row sums in (3.8.1), but column sums would be 

equally valid. Again, by the use of the weighting matrix W, we can 

alter the size of some a
k as we please, but this will be at the 

expenseofsomeinereas.es ca.'s for j 	k. We can now state the 

following result. 

THEOREM 3.8.1 

Given the relation Z(s) = F
1 
+ G(s) where for all s E D 

kk (s) i = Ifk
1

kk(s) 
	

(3.8.3) 
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If 

(s) 
k "Jkk 

	r 
> a = Lb w , 1 < k < n 
— k w

k kt 	— — 
(3.8.6) 

and 

• kkz(s) 1  = Igkt(s) =  b k , kt  (3.8.4) 

Assume that Z(s) is irreducible, for every s E D, choose 

W = diag (w1..-wn), 
> 0 1 < k < n. Put 

a 	
1 

= 1 b 
k I 	Id. 

k kg 
(3.8.5) 

then 

I h.(s,F.)-g..(s)1 < a, 33 	— 

PROOF 

From Theorems (3.3.1) and (3.3.3), the proof is complete if 

we can show that A - B is a locally minimum semi-M-matrix with A 

given by (3.8.5). Therefore by Lemma (3.4.1), it is enough to show 

-1 
that C = (A-B)W is a singular irreducible semi-M-matrix. 

Now, irreducibility of a matrix is invariant under change of 

diagonal elements, or under multiplication by a positive definite 

diagonal matrix W [see A 1]. Consequently, irreducibility of B 

implies irreducibility of C. 

By definition, C has the property that ckt  < 0 for k L  t and 

c 	)cn= 0  kk 	kt_ 
kg 

=1 

(x.a.7) 
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That C is a semi-M-matrix is evident from the Frobenius-Perron 

theorem [see Appendix 1]. Hence from (3.8.7), C is a Minkowski 

matrix with zero row sums. 

This in turn implies that C is a singular semi-M-matrix. Hence 

by Theorem (3.3.1), the conditions of the theorem are satisfied 

whenever (3.8.6) is true. 	 Q.E.D. 

Remark: 

It is clear from (3.8.5) that a
k 

will not tend to 0 unless both 

the upper and the lower off diagonall elements of B tend to zero 

simultaneously. This clearly excludes triangular structures for C, 

which as we saw in Theorem (3.5.1) yields a
k 	

0 as 
bJct. 	

0, k < £. 

Infact this is one of the theoretical difficulties in all methods'of 

calculating ak  by row/column summation. 

3.9 INVARIANCE OF BOUNDS UNDER CHANGE OF UNITS  

Another important factor that makes the methods of Section (3.4) 

more appealing than those of Section (3.8) is that in the former, 

all results are invariant under change of units of measurement of the 

output y(s). The converse however is true for the methods of 

Section (3.8). 

Suppose the old units (y(s)) are related to some new units 

y(s) by 

= y(s) = iiy(s) 

where 

= diag U ...0
k 
...0

n
) 
	

(3.9.1) 
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Then from (3.1.1), (3.1.2), (3.3.1) and (3.1.4) we obtain 

G(s) = UG(s) 	 (3.9.2) 

F(s) = F(s)U
-1 	

(3.9.3) 

and 

H(s) = UH(s) 

The above relations cause a change in B, given by 

B = BU 
	

(3.9.4) 

Now we determine A by the method of Section (3.4). Put 

W = diag (w1...wn) where 

w
k 
 = ak Ig

kk 
 (s)1 
	

(3.9.5) 

with a
k 

constant. 1 < k < n. The new weight W is related to the old 

weight by 

W = WU 
	

(3.9.6) 

Consequently, the new bound A is related to the old bound by 

A = Al) 
	

(3.9.7) 

From (3.9.5) and (3.9.7) we obtain that 
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-1 	-1 -1 
BW = BUU W 

= BW -1 
	

(3.9.9) 

(3.9.9) together with (3.9.2) - (3.9.4) implies that 

3 	D 	JJ 	JJJ 
= Ih.(s,F.)-g.1 	(3.9.10) 

and 

with 

a. = a. 
J 	J 

=  
I k 	I k 	

1 
 

(3.9.11) 

(3.9.12) 

whiletheinequalitylh.(s,F.)-g. .1 < a. is independent of U. With 
7 	J 	77 	J 

the method of Section (3.8) however, the relations will vary with U. 

For example, suppose we use row sums, then form equation (3.8.1) 

= L  a
k w

k 	
kt t 

1  
w 	bket.wet k k tik 

=1 

1 
b.w U

2 
wk  Uk 	kt £ 

(3.9.13) 

(3.9.14) 

which is clearly dependent on Uk  1 < k < n. Notice that the constants 

a
k 

were introduced in (3.9.6) inorder to allow for arbitrary accuracy 

in the estimate of some a
k
. Whenever we wish to estimate a

k, 

1 < k < n with equal accuracy, then we put a
k 

= 1,1 < k < n. 
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3.10 DIRECT AND INVERSE RELATIONSHIPS 

Certain aspects of the inverse relations 

H(s) = F(s) + G(s) 	 (3.10.1) 

make them unattractive from both some theoretical and practical 

viewpoints. The most obvious one of course is that the procedure 

fails when H(s) does not exist. From a computational point of view 

also, the inversion process is cumbersome. 

On the other hand, consider the direct relation 

1 
F (s) + G(s) (3.10.2) 

When If
k
(s)1 	I 0, then f 

1 
 (s)I ÷ co, and so the requirements 

for the bounds are trivially satisfied. That is to say, when fk  = 0, 

-1 
thenIf

k 4-gkk(s)1  
> ak  trivially, since by contruction, ak  is 

necessarily finite for all s on D. 	However, when f
k 

= 0 in the 

inverse relations, it may be that there exists no ak for which 

I f
k
-Eg
kk

I > ak and A - B is a semi-M-matrix. Also using the inverse 

relations, it is impossible to check for integrity against error 

monitoring channel failure [BM 1] since in the event of such a 

failure H(s),becomes singular. 

In the Nyquist array design method ER 1], the inverse relations 

have been prefered to the direct relations mainly because the a
k 

for the inverse relations tend to be sharper than the a
k 
of the 

direct relations, or even more: it is possible that H(s) is 

diqonally dominant whereas H(s) is not CR 6, Chapter 3]. But then 
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A 
it is also possible that H(s) may be dominant whereas H(s) is not 

The implication is that it is possible for 

If
k
+g
kk

(s)I > ak 
	 (3.10.3) 

and at the same time 

I  k 	
kk(a)1 ?I a 	

(3.10.4) 

and vice versa. Infact it is the attempt to make IT(s) diagonally 

dominant for all F E 0 that imposes the extra restriction of 

demanding that G(s) be diagonally dominant; as that would correspond 

to the value of H(s) when F = 0 E 0. But it is clear from the 

direct relations that G(s) need not be diagonally dominant in order 

that the Nyquist Array design procedure be applicable, since all 

that is required is that F
-1 

+ G(s) be diagonally dominant and G(s) 

be open loop stable. This means that the procedure can still work 

even when G(s) is singular as the nonsingularity of G(s)is not 

necessar,  for F
1 
+ G(s) to be nonsingular. 

Even assuming that G(s) is nonsingular, the anomaly (3.10.3) 

and (3.10.4) could still persist because of the way a
k 
and a are 

defined by the use of row or column sums. It is interesting to note 

however, that when a
k 

and a
k are determined by the methods of Section 

(3.4), then the said anomaly disappears. This means that if 

111.
3
(s,F.

3
)-g..(s)1 < a. 	 (3.10.5) 
 73 	— 

then necessarily 
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Ih.
3 
 (s,F.)-g..

1 
 (s)1 < a. 

37  
(3.10.6) 

and vice-versa, whenever the inverses exist. Also if 

If
k
14.g

kk
I > a , then If

k4/4kkl > ak 
and vice versa. 

A 
The explanation for the symmetry between H(s) and H(s) in 

terms of the bounds (3.1.0.5) and (3.10.6) lies in the relationship 

between the minors of a matrix and its inverse and on the properties 

of the so-called weakly positive sign symmetric matrices [GK 1], of 

which the class of M-matrices is a special case [C 1],[1( 1]. 

Indeed we can prove the following: 

THEOREM 3.10.1  

Let Z be an nxn matrix. Assume that H(Z) is an M-matrix. Then 

H(Z) is also an M-matrix. 

PROOF 

Let H(Z) A B. By hypothesis B is an M-matrix. By a result of 

Fielder [F 9], B ° BT  is also an M-matrix. 	(3.10.7) 

where (-) ° (•) is the Shur Product of (.) and (-). Let 

c A (c ) 
kt 

Put 

Ckk = bkki:Ick 

and 

c}c = 
-b

Jct. kt. 
k 

c 

where 	is the ath  element of BT. 

From (3.10.1) and (3.10.8-3.10.10) it follows that 

C A B 0 H(B
T 

 ) 

(3.10.8) 

(3.10.9) 

(3.10.10) 

(3.10.11) 

is an M-matrix. 
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From a result of Ky Fan [F 3], if (3.10.11) holds then 

H(B ) is an M-matrix. But from the theory of M-matrices [FP 1], H(B ) 

is an M-matrix impliesl that H(B) is also an M-matrix. From lemma (3.3.1) 

1;kti k, 	= 1, 2, 	n 	(3.10.12) 

Hence 

B 0 H(Z) < B 0 H(B) 
	

(3.10.13) 

But from the Hadamard transformation [FP 3] 

H(Z) < H(B) and H(Z) is nonsingular 
	

(3.10.14) 

Hence 

B 0 H(Z) is nonsingular 

Since B 0 H(B) is an M-matrix from (3.10.11) it follows from (3.10.14) 
A 

that H(Z) is an M-matrix. 	 Q.E.D. 

3.11 CONCLUSIONS 

The main contribution in this chapter is a statement and proof 

of the theorem on bounds for h.(s,F.) which contains previous results 

[R 3], [WC 1] as special cases. The bounds given here reflect directly 

the block triangular structure of G(s). Furthermore the methods 

developed here provide bounds which are locally minimal and have 

desirable convergence properties, that is to say, a. > 0 as 
3 

gkt (s)(k>t) 	0 or when (1, 	{0}. 

The method of calculating the bounds by use of the dominance 

index A
0 
 has the advantage of allowing for the possibility of assigning 

arbitrary ratios to the relative accuracy with which each loop is estimated. 
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It also guarantees that the nice convergence properties of the bounds 

are maintained. However, it involves more computational effort than 

the methods of obtaining bounds by row or column summation (Section 3.8). 

We believe that the consequent advantages of using this method of 

calculating the bounds outweighs the computational disadvantage of 

calculating Ao  at several frequencies. 

In addition, Section 3.7 shows explicitly the possibility of 

trade-off between the accuracy of loop estimates. Finally in Section (3.10) 

it was shown that when G(s) is non-singular it is immaterial from 

the point of view of obtaining suitable bounds whether we use the 

direct- of the inverse relationships. From other theoretical 

considerations however it is better to use direct relationships. At 

least using G(s) instead of G(s) obviates the need for finding the 

inverse of a rational matrix. This is a definite advantage over the 

RNA. 
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CHAPTER 4 

Closed Loop Stability 

4.0 INTRODUCTION  

In this chapter, we study the question of decomposing multi-

variable stability problems into a set of single loop stability 

sub-problems, the direct sum of whose solution yields a solution 

to the multivariable problem. When the decomposition is possible, 

we can guarantee multivariable stability simply by ensuring the 

closed loop stability of each individual loop in an n-input 

n-output feedback system. This leads to stability results that have 

immediate application to the single loop design of multivariable 

systems. 

The decomposition also enables us to study the stability 

invariance problem (SIP): that is, the domain of closed loop 

stability of a given system in the parameter space of its diagonal 

feedback elements. As a result of our desire to study (SIP), we 

shall usually assume that the feedback matrix is diagonal and 

constant (i.e. independent of s), though in some situations we may 

have to relax this condition. 

4.1 STATEMENT OF THE PROBLEM  

.Consider the multivariable feedback system shown in fig. 3. 

The plant defining equations are given by 

= Ax t Bu 	 (4.1.1) 

y = Cx 	 (4.1.2) 
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where A, B, C are constant matrices of appropriate dimensions. We 

assume further that u and y are of the same dimensions. 

Taking the Laplace transforms of (4.1.1) and (4.1.2) one 

obtains under zero initial conditions 

y(s) = C(sl-A)-1Bu(s) = G(s)u(s) 	(4.1.3) 

The dynamics of the compensator K(s) are defined by 

= 	-+ 6'e 

(4.1.4)/ 

= 1-112 	' 

and on taking Laplace transforms of (4.1.4) we obtain 

u(s) = K(s)e(s) 	 (4.1.5) 

where again we have assumed zero initial conditions, The feedback 

matrix (F) is assumed constant and diagonal. Now the feedback term 

is given by F.y(s). Hence 

e(s) = yo  (s) - Fy(s) 	 (4.1.6) 

where yo(-) is desired output. From (4.1.3), (4.1.4), (4.1.5) and 

(4.1.6) we obtain the closed loop system response as 

y(s) = G(s)K(s)y0(s) - G(s)K(s)Fy(s) 	(4.1.7) 

On simplifying (4.1.7) we have 
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Put 

Then 

Y(s) = EI -.+G(s)1((s)F7-1G(s)K(s)y0(s) 

G(s)K(s) = Q(s) 

y(s) = [In+Q(s)F]-1Q(s)u(s) 

(4.1.8) 

(4.1.9) 

(1 +Q(s)F) is the Bode return difference matrix, while Q(s)F 

is the return ratio matrix. 

Let us assume that the system is open loop stable, so that any 

cancellations in (4.1.8) do not lead to hidden unstable modes. 

Furthermore, we shall assume that the transmission polynomial s(s) 

of G(s) is Hurwitzian. This last assumption ensures that difficulties 

connected with non-minimal phase behaviour do not arise [R 2]. 

It is well known ER 1, C 1] that the closed loop system of (4.1.8) 

is stable if and only if det (I+Q(s)F) has its poles in the interior 

of the left half complex plane. 

Write 

det (I+Q(s)F) = II+Q(s)FI 

= II+FQ(s)I 

= IFI'IF 1+Q(s) 
	

4 IF! lq • 	(4.1.10) 

From -(4.1.10) it is clear that the closed loop system is stable, if 

and only if 

1F-11-2(s)1 
	

(4.1.11) 

is stable, with IFI 	0. 
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Equation (4.1.10) is fundamental for all the stability results - 

that follow. In that form, it is particularly suitable for studying 

the stability invariance problem. In the following sections, we derive 

a set of equivalent stability conditions. All of them are useful for 

design, the application of particular results depending on 

circumstances and need. 

4.2 STABILITY DECOMPOSITION  

In keeping with the spirit of our present development we wish to 

study the problem of checking the Hurwitzian property of the 

denominator of IF
-1 
 +G(s)I in (4.1.14) by decomposing the problem into 

that of checking the Hurwitzian property of each fk
1 
 (s) 	

gkk(s) 

1 < k < n. As is usual in frequency response stability theorems, we 

use Nyquist type encirclement results to resolve the issue. For the 

sake of brevity we shall put 

-1 
F 	+ G(s) = R(s) (4.2.1) 

Let the Nyquist contour be given by the compact connected set D, 

where D consists of the imaginary axis from -iR to +iR together with 

a semicircle of radius R about the origin, in the right half plane. 

R is chosen so that this semicircle does not intersect any pole or zero 

of det G(s) or of det H(s). D is indented into the left half plane, so 

as to avoid any poles or zeros of det G(s) or det H(s) on the imaginary 

axis, with the indentations being small enough to exclude any poles or 

zeros of G(s) and H(s) in the left half plane. This is always possible 

since det G(s) and clot H(s) are rational functions with isolated poles 

6415' 
and zeros. R is chosen large enough to enable all finite (:Lesand 



zeros of det G and det H to lie in the interior of D. 

We now state a modified form of Rosenbrock's encirclement 

decomposition theorem ER 2] upon which all the later results hang. 

We recall that the Nyquist locus r(r?  of a bounded rational function 

i(s) is given by 

r(r) = fx+iy:x=Rey(w), y=Inciy(w) —m<cir<0,4 

In view of the fact that r(s) is bounded, it follows that r(r) is 

also bounded. Hence r(r) encircles a given point x
0 
 + iy

0 
 N times if 

x
0 
 + iy

0 
 is not on r(r), and the met clockwise angular encirclement 

of x
0 
+ iy

0 
 by rm is -.40<., is 2rrN. 

THEOREM 4.2.1  

Let IR(s)I map D into NRI) and encircle the origin N times. 

Letr,..(s)mappintorandericircletheorigilaN.times- 

33 	3 	 3 

If 

IR (s.01 	0 	se b , 0 ,•5  e 	 n 

then 

 

 

N= I•N. 
j=1 3  

(4.2.1) 

PROOF 

The proof is given effectively in Rosenbrock (CR 3] Chapter 5, 

Theorem 6.2) and is omitted here. 

Remark: Rosenbrock's proof assumes that R(s) is diagonally 

dominant V s E D, this being sufficient to ensure that IR(s)I V 0. 

Rosenbrock did not state explicitly that the nonsingularity of R(s) 

is the key to the proof, but implicitly that is clear from his proof. 

We are now in a position to give the main results of this chapter. 

- 88 - 



THEOREM 4.2.2  

Let R(s) be as given in (4.2.0). Let IR(s)I map D into the 1419tui&I- 

Locu.S r(IRI) and encircle the origin N times. Assume that r.. 
33 

maps D into the tocuSrj  and encircles the origin Nj  times,

1 < j < n. 

Put 

Ir 	(s)I > b. Xiw) 
ji 	— 33 

-Irp 4< -b, (D,0) 3z 

If B(iW) = (bjz(iW) is an M-matrix for all s E D then 

and 

(4.2.2) 

(4.2.3) 

N = X N. 
j=1 3  

PROOF 

As R(s) is assumed holomorphic on D, it follows that 

R(s) 	R(iw) as s 	iW, that is, as CY ÷ 0. Now for every -co < w < co 

B(w) is an M-matrix by hypothesis. 

Inequalities (4.2.2) and (4.2.3) imply by definition (3.3.2) 

that R(iW) dominates B(W) for -C < W < co. That B(W) is an M-matrix 

implies that 

det B(W) > 0, -° < W < co 	 (4.2.4) 

But domination of B(w) by R(iW) implies by DO 1] that 

Idet R(iw) I > det B(w) 	 (4.2.5) 
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Equations (4.2.4) and (4.2.5) imply that 

Idet R(i0.)1 > det 	> 0 	(4.2.6) 

Thus R(iw) is nonsingular for -00 < w < co. If [R(iW)I maps D into 

MR.1)andr..(iw)mapsDintor.(1<j<n) and encircles the origin 
J3 

N. times, then the nonsingularity of R(iw) on -co < w < co ensures 

by Theorem (4.2.1) that 

N = .1 N. 

j= 3  

thus completing the proof. 	 Q.E.D. 

Remark: Indeed, if we admit Theorem 4.2.1, then the nonsingularity 

of R(s) on D is guaranteed by Theorem 3 of [0 1]. 

COROLLARY 4.2.2  

Let G(s) be stable and IG(s)1 have hurwitzian denominator and 

numerator polynomials. Let R(s) = F-1  + G(s) satisfy (4.2.2) and 

(41.2.3)forallsE0withEiMall14-111a.trix.Assumer..(s) maps D 
33 

into r,
J 
 and encircles the origin N times 1 < j < n. The closed 

 "-1 
loop system H(s,F) = G(s)[I+FG(s)] 	is asymptotically stable if and 

only if 

y N. = 0 
j=1 

PROOF 

Since the system is open loop stable by assumption, and G(s) 

has a Hurwitzian transmission polynomial, then IG(s)I has neither 

a pole nor a zero on D. 
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Thus by the principle of the argument, 

d  
1  r —ds (IG(s) I) 

27iJ 	IG(s)I 
ds = 0= N (4.2.7) 

Let IH(s)1 map D into rc and encircle the origin Nc times. It is 

known [R 3, Chapter 5, Theorem 6.1] that H(s) is asymptotically 

stable if and only if 

NC  = No 	 (4.2.8) 

That is, if and only if 

N
c 
= 0 by (4.2.7) and (4.2.8) 
	

(4.2.9) 

Since IR(iw) I > IBM] > 0 -00 < w < Co, from (4.2.5),-. Then by 

Theorem (4.2.2) 

N
o 
 = y: N. = 0 

. 	, 
7=1 

(4.2.10) 

Hence by (4.2.8) and (4.2.10), H(s) is asymptotically stable if and only if 

N
c 
= y N

j 
= 0. 	 Q.E.D. 

j=1- 
We can now obtain stability results that parallel the developments 

of Chapter 3. These are the results that are most useful for design 

purposes. 

4.3 CLOSED LOOP STABILITY AND SEMI-m-MATRICES  

The nearest stability result to Theorem (3.3.2) is given by the 

following: 
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THEOREM 4.3.1 

Given R(s) = F 
1 
 (s) 	G(s). Put 

	

I fk1(s)+gkk 
	I 
(s)1 = c kk(iw) 	1 

	
(4.3.1) 

(s) I = _ 
cke 1w)  k 	k, 	= 1, 2, ... n 

	
(4.3.2) 

The closed loop systent is asymptotically stable if the Nyquist locus 

of g
kk

(iw) does not encircle the point (-f
1
,0) and if C(iw) is an 

M-matrix for -co < w < co, and 1 < k < n. 

PROOF  

The Nyquist locus of 
gkk(it° 

 does not encircle the point 

(-fk
1 
 ,0) is equivalent to the Nyquist locus of fk1 gkk(iw) not 

encircling the origin. By hypothesis, IG(s)I has no poles or zeros 

in the.  closed right half plane. 

Hence the encirclement of the origin by r is N
o 
= 0. Now the 

closed loop system:is stable if N
c 
= 0 where N is the number of 

clockwise encirclements of the origin by the locus 1H(s)1 which maps 

D into rc. 

From Equation (4.1.20) the stability of H(s) is determined by 

the Hurwitzian property of the denominator of IR(s)I A IF-1  (s)-1-0(s)I. 

Thus if 1H(s)1 maps D into rc and encircles the origin Nc times, so 

also does IR(s)I map D into rc and encircle the origin Nc.times from 

(4.1.10), assuming det F # O. From (4.2.8) H(s) is stable if and 

only if 

	

N = N = 0 
	

(4.3.3) 

Since C(iw) is an M-matrix for -m < w < 00, then from Theorem 	(4.2.2) 
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.if f
k
1 
 + g

kk
(iw) maps D into rk and encircles the origin N

k  times 

1 < k < n, we have that 

N
k 

= N
c 

k=1 

Equation (4.3.4) implies by (4.3.3) that 

y N
k 

= 0 
k=1 

or equivalently that 

N
1 
 = N2 

... = N
n 
= 0 

(4.3.4) 

(4.3.5) 

(4.3.6) 

-1 
which means that none of f

k 
+ g

kk 
 (iW) encircles the origin. But 

by the statement at the beginning of the proof, this in turn implies 

that none of g
kk

(iW) encircles the point (-f
k
1 
 ,0) and this proves 

the theorem. 	 Q.E.D. 

The last theorem can be stated under weakened conditions as 

follows and corresponds to Theorem (3.3.4). 

THEOREM 4.3.2 

Assume that R(s) = F-1  + G(s) is irreducible. Put Igkti < bkz  

k t, k, 	= 1, 2 ...n, with bkk  = 0. Assume there exists a positive 

definite diagonal matrix A(W) = diag (a1(0,a2(0.5)...an(w)) such that 

A - B is a semi-M-matrix for -00 < w < co. If 

I  k 	 kk
(iw) I > a

k
(w) (4.3.7) 

with strict inequality holding for at least one k 4n 	and if 
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g
kk

(iw) does not encircle the point (-f
k 
 ,(3), 1 < k < n, then the 
 — — 

closed loop system is asymptotically stable. 

PROOF 

The proof consists in showing that under the above conditions, 

R(s) is non-singular. Since R(s) dominates the semi-M-matrix A - B, 

it is clear that the matrix H(R(s)) is also a semi-M-matrix where 

Ir nn 

This implies that there exists a positive definite diagonal 

matrix P such that HJR(s))P is quasi-dominant in the sense that . 

Irk -IP 	
#

I rkZ 
5e 

, 1< k< n, 1< 2< n (4.3.9) 

One strict inequality in (4.3.7) guarantees a strict inequality in 

(4.3.9). 

The existence of a strict inequality in (4.3.9) together 

with irreducibility of R(s) ensures by a result of Tausky [T 2] 

that H(R(s))P is non-singular. 

Since P is positive definite and hence non-singular, it follows 

that H(R(s)) is also non-singular. 

Then by Theorem 3 of Ostrowski (1937 CO 1]), it follows that 

IR(s)I > IH(R(s)) I > 0. 

An appeal to Theorem (4.2.1) then completes the proof. 	Q.E.D. 

H(R(s)) = (4.3.8) 
n 
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COROLLARY 4.3.2 

. 
Let R(s) 8 F

-1  + G(s) be irreducible. Put 

Ifki+gkk (s)I=c
kk 

(iW) 
12_ 

I gkt, (s)  = ckt (iw.) 
 

The closed loop system is asymptotically stable if the Nyquist locus 

of g
kk

(iw) 1 < k < n, does not encircle the point (-f
1
,0) and if 

— — 

C(iw) is a semi-M-matrix. 

PROOF 

Trivial from Theorem (4.3.2). 

4.4 STABILITY AND THE EIGENVALUES OF G(s) 

In this section we consider the stability of n-input, n-output 

feedback systems in terms of the Nyquist plots of the eigenvalues 

of G(s) - the plant transfer matrix. The original idea of expressing 

the stability conditions in this way, is due to MacFarlane 	5] and 

has been used as a basis for the characteristic locus design technique 

3], [MB 1], [BM 1]. 

Consider the nxn transfer matrix G(s) with n-eigenvalues(s) Xj  

1 < j < n, which arise from solution of the defining equation 

IX(s)I
n
-G(s) I = 0 	 (4.4.1) 

Recall that closed loop stability depends on the Hurwitzian property 

of the denominator of the return differencematrixdeterminant 11+FG(s)I, 

and because quite generally 
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IG(s) I = F X . (s) 
	

(4.4.2) 
j=1 

then using the eigenvalue shift theorem Cm 6] we obtain that 

II+G(s)F1 = II (1+X.(s)f) 
	

(4.4.3) 
j=1 

where we have assumed that the feedback matrix F = fI. Now let 

II+G(s)1 map D into F and encircle the origin N times, where F is 

the Nyquist locus of 1I+G(s)1. 

	

Also let (1+X (s)) map D into 	and encircle the origin N 
i 

	F. 	
i 

times. - Here also F. is the Nyquist locus of (1+X, (s)). Then it 

has been shown [BK 1], that quite generally 

r 
N = 

	

	N., where r < n 	 (4.4.4) 
j=1 3  

NoticehoweverthatX.(s) are in general algebraic functions of s 

and as such will invariably lead to branch points in D. Consequently 

for the encirclement results to be meaningful, these branch points 

must constitute removable singularities. If the branch points 

constitute essential singularities then we must modify our concept 

of encirclements by taking appropriate cuts in. D, and employ an 

analytic continuation on a Riemann sphere [T 1] to ensure the 

analjcity of X. (s), 1 < j < n everywhere in D. This leads to a 

practical difficulty connected with vector loci on Riemann surfaces 

[T 3], The difficulty is that in this case we cannot guarantee 

stability by using the idea of critical point encirclements by the 

Nyquist loci of Xk(s), 1 < k < n since these loci may not form closed 

curves. Also notice from equation (4.4.3) that if F = fI, then 
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Hence 

1I+FG(s)1 = 1F(F 14-G(s)1 

- = If(f 1 
 I+G(s)1 

(4.4.5) 

II+FG(s)I = fn  .1f-1I+G(s)1 	(4.4.6) 

Again by the eigenvalue shift theorem 

, ICI.1-G(s)1=11(f-1.f.A.ksi) 
j=1' 

(4.4.7) 

For the results on eigenvalues to be applicable, F is constrained 

to be either the identity matrix or a proportion of the identity, so 

that the eigenvalue shift theorem [M 4] be applicable. Thus, in its 

general form, the eigenvalue results cannot be used to study the 

stability invariance problem as F E (1)  would be required to be 

arbitrary, where 

0 A {F I -eo<aki
k
<f3
k
<00, 1<k<} 

But because of the insight which the eigenvalue results offer with 

regard to the design problem, it is desirable to seek ways of 

dispensing with these practical difficulties. It turns out that when 

we put some restrictions on the structure of G(s) the difficulties 

can be made redundant, and furthermore, the resultant stability 

conditions are then equivalent to those of Sections (4.2) to (4.3). 

In this case, if no essential singularities occur, we are able to 

guarantee closed loop stability under a. general diagonal feedback 

matrix, simply by checking clockwise encirclements of the critical 

points by the individual eigenvalues of G(s). The results we give 
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here may be considered alternative proofs to the results of Section 

(4.3). We suggest that they give new insight and deeper understanding 

of MacFarlane's result, and strongly indicate pointers for possible 

extension of the eigenvalue results. 

We owe to Ky Fan [F 8] an elegant result generalising an earlier 

eigenvalue theorem of Kotelyanski [K 1] which enables us to treat the 

stability problem from an eigenvalue inclusion viewpoint. As usual 

in our treatment, we assume once and for all that all matrices which 

occur are irreducible, as indeed this is the essential. case. Theorem 

(4.4.3) may be considered the main result of this section. 

THEOREM 4.4.1 (Ky Fan [F 8]) 

Let B be non-negative irreducible nxn matrix satisfying b
kk 

= 0 

and }pia 	k 	k, 	= 1, 2, 3 ... n. Let A = diag(al...an) be 

n-positive numbers. If for every complex nxn matrix G satisfying 

Igkel = b kr- 
n, k 	every eigenvalue of G lies in the union of the 

discs 

lz-gkkl < ak 	
1 < k < n 

Then there exists n positive numbers Ul, U2 
...

n
, such that 

u a 	b 
k k - 

=1 

Note! The remarkable thing about Theorem (4.4.1) is that it contains 

most of the known eigenvalue inclusion results as special cases [F 8] 

The difference between Theorem (4.4.1) and Kotelyankii's original 

result is that here a
k is quite general, whereas in Kotelyankii's 

result, ak 
depends on g

kk 
 1 < k < n. Based on Theorem (4.4.1) we 
 — — 
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Can now state the following slightly more general result. 

THEOREM 4.4.2 

Let B A (b
kt  ) be an nxn non-negative irreducible matrix with 

bkk = 0,.1 < k < n. Let A = diag (a1,a2...a ) with ak  > 0 be a . — — 

diagonal nxn matrix. Then the matrix A .- B is a semi-M-matrix if and 

only if for every complex matrix Z A (zkt  ) satisfying 

tr k 0 
	k, t = 1, 2 ... n 

every eigenvalue of Z is contained in the union of the discs. 

lz-z
kk 
 <a

k
, 1<k< n 

(4.4.8) 

PROOF  

(i) Necessity: Assume that the eigenvalues of Z are contained in the 

union of the discs 

I z-z
kk

I 
—
< a

k
, 1 < k < n 

Then by Theorem (4.4.1) there exist n positive numbers U
1
, U

2 
... 0

n 

such that 

1 	n. 

ak  > 	b 1J 
k 	1.) 

k 	
v 

.1 

1 < k < n — — 
(4.4.8a) 

From [FP1], inequality (4.4.8a) is a necessary and sufficient condition 

for A-B to be a semi-M-matrix. 

"7 -  
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(ii) Sufficiency: Define a positive definite diagonal matrix by 

U A diag (U
1
...0

k
...0 ). Now carry out the similarity transformation: 

-1 
z u zU (4.4.8b) 

It is well known that the spectrum of Z is invariant under the 

transformation (4.4.8b). Therefore by Gershgorin's Theorem, every 

eigenvalue of Z is confined in the union of the discs 

lz-z
kk 
 < a', 1 < k < n 

where 

1 
a' A ---- 	y b hUh  > 0 	 (4.4.8c) 
k 0k 

 

=1 

Now define a diagonal matrix A' A diag (a'...a'...a'). Clearly A'-B is 

an irreducible Minkowski matrix with zero row sums. This implies by 

Col], that A'-B is a locally minimum semi-M-matrix. Then by [Al] or [FP1], 

it follows that for any A > A', i.e. ak  > ak, 1 < k < n, A-B is also a 

semi-M-matrix. 

It is now evident from Gershgorin's Theorem and (4.4.8c) together 

with the inequality ak  > ak, 1 < k < n, that the eigenvalues of Z are 

contained in the union of the discs 

lz-z
kk

I < a
k 

1 < k <n 

This completes the proof. 	 Q.E.D. 
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Comment: The slight difference between Theorem (4.4.2) and Ky Fan's 

result is that weak inequalities a
k I0 are assumed 

here instead of the corresponding strong inequalities in Fan's result. 

This allows for considerations of critical cases where the discs 

reduce to points as we shall see in Chapter 6. 

THEOREM 4.4.3 

-1 
Let G(s) be stable. The closed loop system H(s) = G(s)(I+FG(s)) 

is asymptotically stable if the Nyquist loci of the eigenvalues 

k
(s) do not encircle the points (-f

matrix C(iw) A (ck,e(iw)) given by 

c
kk

(iW 	I ) = f
k
1 
 +g
kk

(s)I 

ckt. 	-IgkZ(s)11 k 	t, 

is an M-matrix for - co < W < co. 

PROOF 

Let IG(s)I map D into rG and encircle the origin N times. Because 

G(s) is stable by assumption, the principle of the argument gives that 

N = 0. Let IR(s)I map D into rR  and let rR  encircle the origin Nc  times, 

where rR is the Nyquist locus for IR(s)I. 

Let r
kk 

= f
k
1 
 + g

kk
(s) map D into rk and let rk encircle the 

origin Nk  times. Similarly rk  is the Nyquist locus for rkk(s). 

That C(iw) is an M-matrixVsEDimplies by Theorem 3 of [0 1], the 

nonsingularity of R(s). Hence by Theorem (4.2.1) 

N
c 
= / N

k 
k=1 

(4.4.9a) 

1 
,0), 1 < k < n, and if the 

k, = 1, 2 n 
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As G(s) is open loop stable by hypothesis, then H(s,F) is asymptotically 

stable if and only if N = Nc  = 0 by ER 3]. Hence the closed loop system 

is asymptotically stable if and only if 

X Nk = 0 
k=1 

that is, if and only if 

N1  = N2 = N3 = 	
= N = 0 
	

(4.4.9b) 

Equation (4.4.9b) implies that the Nyquist locus of f
k
1 
 + g

kk
(iw) 

does not encircle the origin for 

- oo < w < 0, 1 < k < n 	 (4.4.10) 

The relation (4.4.10) in turn implies that the Nyquist locus of gkk(iW) 

does not encircle the point 

(-fk
1
" 
0) 1 < k < n  — — (4.4.11) 

Because C(iW) is an M-matrix for - co < w < co, then there always 

exists some ak(iw), 1 < k < n with Ifk1+gkk(s)I > ak(iw) (see Appendix) 

such that 

A - B 	 (4.4.12) 

is a semi-M-matrix. Then by Theorem (4.4.2), the eigenvalues of 

R(iw) are contained in the union of the discs 

Iz-fl+gkk 
(iw)I < a

k(iw) for - co < w < 00, 1 < k < n 

(4.4.13) 
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ThereforetheNyquistlocusoff 
1 
 + 

gk
-k(iw)  is bounded by a generalised 

Gershgorin band of radius ak(w) for every - 00 < w < 00. This band 

1 
by the fact that If

k
1 +g

kk 
> a , excludes the origin, and traps 

an appropriate set of the Nyquist loci of the eigenvalues of R(s) 

by (4.4.13). Furthermore the Gershgorin bands form closed annuli 

containing closed curves. Consequently, the number of times 

f
1 
+ g

kk
(iw) encircles the origin equals the number of times some 

subset of the set of eigenvalue lOci {4k(iw)} of R(iw) encircles the 

origin; modulo juxtaposition. 

Recall that: bands centred on f
k
1 
 + 
	

(iW) should avoid the 

origin is equivalent to bands centred on 
gkk(iw) 

 not enclosing the 

point (-f
-1 

0). 

Since sets of eigenvalue loci of R(s) are trapped by these 

Gershgorin bands for - < w < 00, then satisfaction of the Nyquist 

criterion by the bands implies satisfaction of the same criterion by 

the closed circle of juxtaposed eigenvalue loci contained in the 

bands. Then by Theorem 2 of [BK 1], the required result follows. Q.E.D. 

Remark: The practical use of the above theorem is that it dispenses 

with the need to calculate each eigenvalue Ak(s)and the further need 

to determine the essential singularities (if any) of Ak(s), 1 < k < n. 

This last requirement is a practical limitation in MacFarlane's 

technique. When Ak(s), 1 < k < n, have no such singularities, then 

the loci of each Ak(s) forms a closed curve. In this case, the non 

encirclement of the critical points (-f
1
,0) by rxk(iw) together with 

the m-matrix property of C(iw), is enough to guarantee closed loop 

stability. If the M-matrix assumption on C(iw) is dropped, we cannot 

guarantee such stability, since the feedback matrix F is not 

proportional to the identity matrix and hence the eigenvalue shift 
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theorem would fail. The next two examples illustrate this point. 

EXAMPLE 4.4.1  [M 5] 

Let 

G(s) = 	
1  

.99(s+1) 

	

9 	9 

	

-9 	99.9 
(4.4.14) 

   

The eigenvalues of 

(s ) 	= 

X2  (s)-  

G(s) 

10 

are given by 

(4.4.9a) 

(4.4.15) 

s+1 

100 
s+1 

Now close the loops through a diagonal feedback matrix F (not 

proportional to the identity matrix) given by F = diag (1,2). 

Then 

F
-1 

+ G(s) = R(s) = 
0 

9 	9 	
1  

+ f:
9 99.9

-1.99(s+1) 

.99(s+1)+9 	9 	I 	
1 

-9 	1/2 (.99(s+1) +99.9 .99(s+1) 

(4.4.10) 

Put 
!ril l 	1r121 

1r21 1 	1r221  

(4.4.16) 

It is clear that C(iW) is an M-matrix for - co < U) < co. Hence we 

may conclude stability by using the eigenvalue encirciements of 

(-1,0) and (-1/2,0). Indeed X
1
(s) and 12(s) have closed Nyquist loci 

that lie entirely in the right half plane and which can be bounded 

from the critical points, by Theorem 4.4.3). Consequently, stability 

is assured for any non-negative finite values of F. Hence we may 
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, k=1,2}. conclude stability in some 0 A Wa<fk<k  

The next example however shows that we may not conclude such 

stability in the domain 0, by the eigenvalue encirclements alone, 

without some structural restrictions on G(s). 

EXAMPLE 4.4.2 [RC 1] 

Let 

     

G(s) = 

(3-1-!—
f2
) 	2 (1+ 	) 

f
1 	f

f1

2 

f
2 1 -2(1+7,7-) - (3+ -f-- 

L 1 	2 

2  

(f2-f1
)(s+1) 

(4.4.17) 

where 0 < f
1 
< f

2
. 

The eigenvalues of G(s) are given by 

X(s) = 	
2  

1 
 
f
1  (s+1) 

X
2(s) = 	

2  
f
2
(s+1) 

(4.4. 18a) 

(4.4.18b) 

Now put f1  = 1, and f2  = 2 say. Again the critical points are (-1,0) 

and (-1/2,0). To check the closed loop stability, we have to ensure 

that F
1 
+ G(s) = R(s) is an M-matrix for all s on D. For example 

put s = 0, then 

[  
-1 	

1 0 
F 	+ G(0) = 	+ 2 

0 	12 

  

  

5 	3 
(4.4.19) 

-6 -7/2 

 

Checking 

  

C(0) = 

	

1r11 (°) I 	(0) I 

	

-1r21(0)1 	1r 22(0)1 

   

for the M-matrix property, shows that C(0) is not an M-matrix since 
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det C(0) = det 	
11 	-6 

which is a leading principal minor of order 2, is negative. Indeed 

det C(0) = 71.5 - 72 	-0.5 < 0. Since C(iw) fails the M-matrix - 

test at one point S0  .= 0 e D we need not continue for any other s c D. 

Since F is not a proportion of the identity matrix, we may not 

conclude closed loop stability even though A
1
(s) and X

2
(s) have 

Nyquist loci that lie entirely in the r.h.p. and form closed curves. 

Indeed the closed loop system is given by 

• 

L
-12 13/2 

4(s+1)+6 	3(s+1) 
H(s) - 

(a-1)
2 

	-6 (s+1) 	-(1/2)s-9/2 
(4.4.20) 

2 

which is clearly unstable: 

It is interesting to note that Rosenbrock's stability theorem [R 3] 

when given an eigenvalue interpretation turns out to be a special case 

of Theorem (4.4.3). Indeed we may formally state: 

COROLLARY 4.4.3  

Let G(s) be stable. Let R(s) A F 1  + G(s) be diagonally dominant 

for all s e D, where D is the usual Nyquist contour. If the Nyquist 

loci of the eigenvalues k
(s) 1 < k < n, do not encircle the point 

(-f
k
1  ,0), then the closed loop system is asymptotically stable. 

PROOF 

Put 
n
c  ligkz(s)1 = ak(s) 

tYk 
=1 

and put bid,  = Igkz(s)1 k 	k, 2. = 1, 2 ... n. Then clearly (see 

Appendix) A - B is a semi-M-matrix. The diagonal dominance condition 

implies by definition, that 
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Ifk-1 +gkk
(s)I > a

k
(s) 

By Theorem (4.4.2), the eigenvalue loci of R(s) are contained in the 

union of the discs lz-(f
1
+g
kk(s)I 

< a
k 
 (s), 1 < k < n, and by the 

fact that Ifk1+gkkl > ak, these bands exclude the origin. Proceeding 

as in Theorem (4.4.3) this completes the proof. 	Q.E.D. 

The next result is a slight generalisation of Theorem (4.4.3) 

and may be useful in some situations. 

THEOREM 4.4.4 

The closed loop system H(s) = G(s)(I+FG(s))
-1 
 is asymptotically 

stable if these exists a diagonal matrix A = diag (al...a
n
), such 

that A - B is a semi-M-matrix for - 00  < w < 00  with 
lfk1 1-gkk(s)I  

where the strict inequality holds for at least one k in n; given 

that bkk  = 0, bke  = Ike(s)1, k 	k, 	= 1, 2 ... n, B is assumed 

irreducible and the eigenvalues Xk(s) of G(s) do not encircle the 

point (-fk
1 
 ,0) for 1 < k < n. 

PROOF 	Let C = diag (c1 ,c
2
. ..c 

n 
 ) c

k 
	0, 1 < k < n. 

The proof consists in showing that (i) C - B is nonsingular for 

- oo < w < co, thus ensuring the use of the stability decomposition 

result of Theorem (4.2.1), and then (ii) applying Theorem (4.4.3). 

Now put c
k 	

I = f
k
1 
 +g
kk

NGSince B is irreducible, C - B is also 

irreducible as irreducibility is invariant under change of diagonal 

elements. That C - B is a semi-M-matrix implies by [FP 1] that 

these exists U = diag (U1,U2...Un) such that (C-B)U is quasi-dominant 

in the sense that C
k  Uk 

 > y b
kt 

hU , with strict inequality holding for  tAc 
=1 

at least one k in n, whenever 	Ifk
1 
 4-gkkl > ak 

for some k in n. 
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Notice that A - B a semi-M-matrix and c > a
k 
 implies that 

k —  

C - B is a semi-M-matrix. Irreducibility of C - B implies irreducibility 

of (C-B)U for U > 0. This and the quasi-dominance of (C-B)U imply by 

a result of Tausky [T 2] that (C-B)U is nonsingular, and as U > 0, 

then det U 0. Thus C - B is nonsingular, since det -(C-B)U = det (C-B)det U. 

On appealing to the nonsingularity of C - B, we proceed along the same 

lines as in Theorem (4.4.3), and trivially complete the proof. 	Q.E.D. 

4.5 THE STABILITY INVARIANCE PROBLEM 

Consider an arbitrary rectangular region 0 c  R
n
, where 

(I) A {FI-oc<ak<fk<13k<00, 1<k<n} 

It is clear from definition (2.2) of Chapter 2, that a closed loop 

system matrix H(s,F) A G(s)[I+FG(s)]
-1 

is stability invariant in 0, 

if the denominator of the return difference matrix determinant 

IR(s)I A li+FG(s)1 is Hurwitzian for every F E CD. 

Our main result in this section asserts that if G(
s
) is a 

P-matrix for - co < w < 00 and for every F E CD, and if -f
1 r 	or 

gkk 
if -fk

-1 
 5/ FA  , 1 < k < n, where F 	, rx  are the Nyquist loci of 

k 	gkk k 
g
kk 	' 

and X
k 
 respectively, then H(s,F) is stability invariant in 0. 

Here (-)4'is the matrix obtained from (-) be replacing the elements 

of (-) by their respective moduli. 

DEFINITION 4.5.1 [FP 1] 

An nxn real or complex matrix B, is called a P-matrix if all 

its principal minors of all orders are positive. 

It is thus easy to see that M-matrices, and fortiori real diagonally 

dominant matrices with positive diagonal elements are all P-matrices. 

- 107 - 



So also are positive definite matrices, totally positive matrices 

[GK 1] and weakly positive sign symmetric matrices Cc 1] since in 

each case, the principal minors are all positive. The class of P-

matrices are of interest to us here for the following reasons: 

(i) The P-property is invariant under the transformation 	BW 

or BI.--ipWB where W is any real positive definite diagonal matrix [FP 1]. 

Consequently if G+(s) is a P-matrix, so also is G+(s)F or FG+(s) for 

every positive definite finite F. This property is crucial in 

stability invariance results. Here B is any P-matrix. 

(ii) The P-property of G-1-(s) ensures the nonsingularity of G(s) 

[F 2] and hence stability decomposition is always possible for this 

class of transfer matrices. 

(iii) This class of matrices include the M-matrices' we have been 

concerned with up to now, and so constitute some possible direction 

for extension of our earlier results - particularly the eigenvalue 

results. 

The following is the main result of this section. It shows 

that MacFarlane's eigenvalue results may with some restrictions be 

used to assert closed loop stability in a set 0 of positive Lebesgue measure. 

It also provides a partial answer to the problem posed by Rosenbrock 

and Cook CRC 1], concerning the use of the eigenvalues Ak(s), 1 < k < n 

of G(s) to infer stability in 0. 

THEOREM 4.5.1 

-1 + 
Let G(s) and G (s) be stable. Let G(s) be a P-matrix for 

- co < W < co. For every F E 0, let -f
k
1 
	

F
A 

1 < k < n. Then 

H(s,F) is stability invariant in 0. 

PROOF 

), 1 < k < n. 
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From Theorem 2 of [BK 1], H(s,F) is stable if 

inf 	1I+Q(s)1 > 0 	 (4.5.1) 
Res>0 

Inequality (4.5.1) is equivalent to 

inf 11+µi(s)1 > 0 	1 < j < n 	(4.5.2) 
Res>0 

since 

I+Q(s)I = II (1+g.(s)) 
	

(4.5.3) 
j=i 

ConsidertheNyguistlocir i andrx of.and X. respectively Il  113  

for 1 < j < n. Now inequality (4.5.2) implies by Theorem 2 of [BK 1] 

that -1 f1 r and ea ,-1) = 0 wherb 0(-) is an indexed family of 

closed curve encirclements, of (-1,0). Thus the proof is complete if we 

can show that for P-matrices 

ea ,-1) = e(rx ,-1) 
Pi  

3  

(4.5.4) 

But the P-property of G (s) guarantees the nonsingularity of G(s) 

by [F 3]. Furthermore by [FP 1], the P-property is preserved for all 

positive definite F, in the transformation 

G(s)!-- ,r FG(s) A Q(s), det F # 0 	(4.5.5a) 

or for all positive semi-definite F in 

I + G(s)}-I + FG(s) 	 (4.5.5b) 
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Define R(s) A I 	Q(s). Since by hypothesis IG(s)I has Hurwitzian 

numerator and denominator polynomials, it follows that 

IQ(s)I = IG(s)I IFI, det F 	0 also has Hurwitzian numerator and 

. denominator- polynomials. 

Hence by the argument principle, we have that 

1 r  d( 
27ti, 

I IPI 

G(s) 
C(s) 

ds = 
1 	r d1Q(s) 

2 sir 	Q(c) 
[QI 

ds = 0 	(4.5.6) 

  

Let 1 + fkgkk(s)  map the Nyquist contour D into r
k 

and encircle the 

origin N
K'times, 1 < k < n, and ak 	

f
k 

_<_13
k. 

Also let. IR(s)I map D 

into r and encircle the origin N times. 

The P-property of Q(s) ensures the nonsingularity of R(s). Hence 

by Theorem (4.2.1) 

N = 	N 
k=1 

K 
 

From (4.5.6) we obtain 

N = 0 = XN
k 

(4.5.7) 

(4.5.8) 

But 

1 	r  d1R(s)  o(l' 	-1) - 
2Tri rIRI R(s) 

 

 

d(s) 	(4.5.9) 

  

by Theorem 2 of [BK 1] 

Now in (4.5.9) the r.h.s. = 0 

by (4.5.8). 

But by (4.5.6), ea(IG1,0) = 0c(1.21,0) and since 

IG(s)I=.11 
J1 

 x.(s), it follows that 0(rG' 0) = o(rA  ,-1) = 0. But 
z- . 

(4.5.10) 

D 
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0 V F(1+f
k 
 X )- 	-fk 	r(a ) 	(4.5.11) 

whence 

,-1) = e(Fx.,-1) = 0 	(4.5.12) 
3 
)1. 

Q.E.D. 

From Theorem (4.5.1) we can deduce the following integrity 

result. 

COROLLARY 4.5.1 

Let G(s) and G
1
(s) be stable, and assume that G

+
(s) is a 

P-matrix for - oo < w < co. If {0} c (D and f
k
1

1 < k < n, then 
gkk 

the closed loop system H(s,F) has integrity against any feedback 

transducer failure. 

PROOF 

Write R(s) = I + FG(s). Failure of a feedback loop corresponds 

to fk E 0. Let only m of the feedback loops be operative say. By 

means of a simultaneous row and column permutations, bring the 

failed loops to the m+1, m+2 	n positions respectively in Rf(s), 

where R
f represents the return difference matrix for the failure 

1+f
1
g
11 

f
m
g
ml 

f
1
g
lm 

R
12 

l+f g 
m mm _ 

situation. Thus 

R
f
(s) = 

0 

Since f
k
1 
 E r 	by hypothesis, it follows that 

gkk 

k 
d(l+f. g ) 1 	 kk  

d=0 1<k<n 27ri 	(1+f g ) 	s' 	
— 	— r

f g +1 	k kk 
k kk 

(4.5.13) 



The P-property of G (s) implies the P-property of (I+FG(s)) . 

Furthermore this property guarantees the nonsingularity of all 

principal submatrices of R
f(s). 

Hence IRf(s)! = Am(s) = 1111(s)1,on using the partitioned 

matrix determinahtal identity where Am(s)) is the mxm principal minor 

of R
f(s) - that is the determinant of the mxm principal submatrix 

R
1
(s) of R (s). 

The nonsingularity of R1(s) ensures by Theorem (4.2.1) and the 

argument principle that for stability 

1 r  d(am(s))  d(s)  = 7 1 	d(1+f
kgkk)r 

ds 	(4.5.14) 27i 	Am(s) 	k=1 2Tri r 	(1+f
k
g
kk) Am 	 1+g

kk 

The right hand side of (4.5.14) is zero by hypothesis. This fact 

and the P-property of Ri  ensures that Am(s) has Hurwitzian 

denominator and numerator polynomials, thus completing the proof.  

Q.E.A. 

Comment: Actually the key to Theorem (4.5.1) and its corollary is 

the simple fact that if the proper rational matrix R(s) has diagonal 

elements r
kk

(s) whose denominator and numerator polynomials are 

Uurwitzian and if R
+
(s) is a P-matrix for - 00 < co < co then all A

k
(s) 

have Hurwitzian numerator and denominator polynomials for 1 < k < n, 

where A
k 

is 	kth order principal minor of R(s). 

Notice that in general there is no direct relationship between 

the characteristic equations 

IX(s)I-G(s)1 = 0 	 (4.5.15) 

and 

1p.(s)I-FG(s)I = 0 	 (3.5.16) 
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P. .;evec Theorem (4.5.1) asserts that provided G (s) is a P-matrix, 

then the number of clockwise encirclements of a critical point by 

an indexed family of r equals the number of encirclements of the 
Ak 

same point by another indexed family of r 1 < k < n. This explains 
k 

why MacFarlane's results cannot work in any .(LI. which is not proportional 

to the identity matrix,. for without such restrictions on G(s), we 

cannot make any blanket statements concerning the equivalence of 

r and r 
uk 'X 

Another interesting aspect of MacFarlane's work, from a 

computational view point is given by the following result which 

depends,  on the field of values of complex matrices 1W 5]. 

DEFINITION 4.5.2 

The field of values of a complex matrix R(iw) is given by 

F(R(iw)) E {X*RXIX a complex n-vector, X*X=1} 

The interesting thing about F(R(iw)) is that it is known to be a 

convex region containing the convex closure C[R(iw)], of the 

eigenvalues of R(iw). Thus if R(iw) i$ a frequency function, then 

itcr 	< 1_0 < cs!,F(R(iw)) sweeps out a band W*(RiW) in the complex plane. 

'We shall call this band the Wieland Band W*(RiW). Thus-the Wieland 

Band includes all the family of closed Nyquist loci of the eigenvalues 

f 	rx  1 of R(iw). These loci are in CCP (iw )l for - 	< 	< co,  
k==1 k 

mHT.YY),EM 4.5.2 

Let G(s) be stable. Let G(ia positive stable for - co < w < co. 

If 	7.*'rfkgkk) for every F E 	1 < k < a. Then H(s,F) is 

stability invariant in 
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PROOF 

Write R(ico) = I + FG(iW) for some arbitrary F E 	Now 

H(s,F) is stable iff inf rR(s)1 > 0, or iff 
Res>0'. 

inf 114.1.k1 > 0, gk  A kth  eigenvalue of FG(s) 
Res>0 

(4.5.17) . 

Recall that positive stability of (-) implies that the real part of 

the eigenvalues of (-) are positive. Furthermore positive stability. 

of G(iw) is invariant under the transformation • 

F > 0, det F 	0 	_.(4.5.18) 

Now 

inf 112(s)1 > 0 implies inf 1(1-41k)1 > 0, 1 < k < n 
Res>0 	Res>0 

(4.5.19) 
• 

Since [FG(iw)] 	is positive stable for - co < co < 00 and F c (5, it 

follows that I FG(iw) is also positive stable for - co < w < co. 

This implies that 0 fiC(RiW) for oo < w < co, and hence by implication 

0 ¢ G[RiW] since . 

CD/ (ito) c F (R (Du) ) 
	

(4.5.20) 

by [w 51. But it is clear that 0 ¢ C[Riw] for - co < w < co is 

necessary and sufficint to guarantee that -1 j C[FGiw] or that 

u r, ) 
k-i ' k 

(4.5.21) 

And by The; rem 2 of [BK 11, (4.5.21) is equivalent to inf Il+p 
k
I ›0, 

1 < k < n. Since (4.5.21) is true for an arbitrary F e 	it 
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true for everyFe(D. Let 1 +fkgkk 
	

rk  give N encirclements 

of the origin and let ill(s)1 : D rc give Nc encirclements of the 

origin. Positive stability of R(s) guarantees nonsingularity of R(s). 

Hence by Theorem (4.2.1) and relation (4.5.17) and (4.5.21) together 

with the assumption of 0 fl r(l+fkgkk); Nc  = XNk  = O. 	Q.E.D. 

COROLLARY 4.5.2  

Let G(s) be stable. Let the matrix R(s) be given by 

R(s) = I + FG(s) 

tkk -(s) = 1 + f
k
g
kk(s) 
	

(4.5.22a) 

and 

rke 	gkt(s)  k 54  £, k, 	= 1, 2 	n 	(4.5.22b) 

If the loci ,of the eigenvalues Ak(s) of G(s) do not encircle the 

point (-fj
k' 
 0) and the matrix C(iw) is an M-matrix for - co < W < co 

where 

ckk(iw) = Itkk (s)1 
	

(4.5.23a) 

ck)(iW) = -Igkz(s)1 	 (4.5.23b) 

Then H(s,F) is stable. 

PROOF 

By Theorem (3) of [0 1], IR(s)1 > IC(iw)1 > 0. Since C(iW) is 

• positive stable [C 1]. Then 

F(C(W)) ;.; {0} for -  c° < W < 	 (4.5.24) 

Therefore F(R(s)) ?f 0 for all s on. D. 
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Appealing to Theorem (4.5.2) then completes the proof. 	Q.E.D. 

Remarks: (i) We have indicated how MacFarlane's results may he 

used to study the stability of H(s,F) in0by imposing, some 

positivity conditions of R
+
(s) or on Q (s) A FG

+
(s). Using this 

idea, it appears that one can generalise MacFarlane's results to 

the nonlinear feedback case [A 3] 

(ii) For normal matrices G(iW) the field of values F(G(iW)) 

coincides with the convex closure of the eigenvalues G(Giw) of 

G(iw) [w 5]. Since normality is invariant under the transformation 

G(iw)1.--pFG(iw), F > 0, F = diag (fl...fn) it follows immediately 

that F(FG(iW)) E CE(F(iW)] where C[(-)] is the convex closure of 

the eigenvalues of (s). Thus if G(s) is normal, its eigenvalue loci 

may be used to study stability in 0. 

If G(iw) is normal so is I + FG(iW), F > 0. The stability of 

H(s,F) can be assured by requiring that the field of values of 

I + FG(iW) should exclude the origin or equivalently that the field 

of values of FG(iw) should exclude the point (-1,0) for - co < W < co. 

But by normality, this implies that the eigenvalue loci of FG(iW) 

should avoid the point (-1,0). 

It is not difficult to show that for normal matrices, the above 

requirement is equivalent to the condition that the field of values 

of (F
-1
) and the field of values of G(iW) be disjoint. Indeed we 

have. 

COROLLARY 4.5.3  

Let G(s) be stable, and normal. Let Fbe a positive finite 

feedback matrix. Then the closed loop system H(s,F) is asymptotically 

stable if -1 f/ C[G(iw)] for every - co < w < c°, F A I. 
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PROOF 

Since normality is invariant under G(itk5)1-3-FG(iW) it follows 

that F(FG(iW)) = C[FGIW]. It is clear that r*(FG(iW)) c 

And since fr
A 
} c r*(FG(iw)). We have that {1'} c c[E,Guw)]. x 
k 

Now H(s,F) is stable if -1 V 
{r 

 }. Hence stability is definitely 
k 

assured if -1 	C[FG(iw)]. 	 Q.E.D. 

4.6 CONCLUSION  

A stability condition (Thefolem 4.3.1) that depends on the bounds 

of Chapter 3 (Theorem 3.3.1) has been proved. It has the important 

advantage that stability can be concluded without drawing Gershgorin 

bands. This removes the practical question of choosing a certain bound 

out of many alternatives. 

By re-interpreting the above stability condition in terms of the 

eigenvalue loci of the return difference matrix (Theorem 4.4.3) a partial 

solution to the problem posed by Rosenbrock and Cook [RC 1] was offered. 

The two different interpretations of the stability results act as a 

bridge between the stability consideration based on the transfer function 

between the j
th 	.th 

input and D output and that based on the eigenvalues 

µj(s) of FG(s). The fact that the former is applicable even if the 

Gershgorin bands are not disjoint, suggests that the behaviour of 11-.(s  ) , 

1 < j < n are in some topological sense similar to that of f g (s). 
jj 

Thus when H(FG(s)) is an M-matrix then Theorem (4.4.3) gives a practical 

way of studying the behaviour of 	(s). 

Since M-matrices have remarkably similar properties to a wide class 

of matrices, it is expected that MacFarlane's eigenvlaue results can be 

extended (with suitable structural restrictions of G(s)) to a wider class 

of systems by using Theorem (4.4.2). Some such possible extension was 

indicated. 

- 117 - 



CHAPTER 5 

Compensation Theory 

5.1 INTRODUCTION  

In this chapter we shall consider compensation schemes that allow 

for single loop design of the multivariable problem. 

In the earlier chapters we assumed some structural restriction 

on G(s) in order that the stability results and the bounds on 

interaction results be valid. Furthermore, it was assumed that both 

G(s) and G(s) are stable. That G(s) be stable is usually true in 

A 
practice, but that G(s) be stable is not true always. For example 

we assumed some positivity condition on G(s) in order that stability 

invariance in (I) is obtainable. When any of the assumptions fail, the 

problem of compensation reduces to finding some proper rational matrix 

K(s) of the same dimension as G(s), with IK(s)I having no poles or 

zeros in the r.h.p. (in order to avoid instability or non-minimal 

phase difficulties respectively), such that the composite matrix 

G(s)K(s) = Q(s) has the necessary structural properties, to make the 

results of Chapters 3 and 4 applicable. We normally require K(s) to 

be of the smallest dynamic order possible which ensures that the 

requirements on Q(s) are met. Here, we take dynamic order to mean 

the MacMillan degree of K(s). 

5.2 DIAGONAL MATRIX COMPENSATION  

We have pointed out why the inverse Nyquist Array design 

technique requires G(s) to be diagonally dominant. Diagonal 
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compensators are easy to handle from the point of view of 

multivariable system compensation. Therefore within the R.N.A., it 

is of interest to determine the class of transfer matrices G(s) which 

can be made diagonally dominant on D, by choice of a diagonal matrix 

A(s) = diag (al(s),a2(s)...an(s)) of proper rational functions of s, 

with no poles or zeros in the right half plane. 

That is, we require A(s) as above, such that G(s)A(s) is 

diagonally dominant on D.. We emphasise that within the scheme of 

Chapters 3 and 4 such diagonal dominance is not necessary. However, 

the use of diagonal transfer matrices to achieve some control 

objectives is desirable in a wider context as is discussed in. the 

next chapter. 

THEOREM 5.2.1  

Given the nxn transfer matrix G(s), with G(s)and G(s) stable. • 

For every s E D define the matrix C as follows 

Ig
kk

(s)I = c
kk

(iw) 
	1 < k < n 

and 

-Igkt(s)I = c
kt
(iw) 	k 	L, k, t = 	n 

There exists a diagonal matrix A(s) of proper rational functions with 

no poles and zeros in the right half plane, such that G(s)A(s) is 

diagonally dominant on D, if and only if C(iw) is an M-matrix for 

- 	< U) < 

PROOF 

i. Sufficiency: From the theory of. M-matrices EFP 1] it is clear that there 

exists a matrix of continuous real functions M(iA) + E(iX)I > 0 

V A > 0 such that C(iw){M(iX)+c(iX)I1 is an M-matrix V - 	< W < 
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7  'log ak(iX)I 

2 
	 dX < co 

_co 	1+X - 
(5.2.5) 

where 

sup C(jX) < ► 	> 	onoi 	smoal (5.2.1) 

and 

M(iX) = diag (mi(iX),m2(iX)...mn(iX)) 	(5.2.2) 

Put 

(M(iX)+C(iX)I) = A(iX) say. 	(5.2.3) 

Thus C(iw)A(iA) is diagonally dominant for - m < w < co. Here X is 

a dummy variable. 

ii. Necessity: Because of the way in which the Nyquist Contour D is defined, 

A(iX) is finite on D. This in turn implies that al(iX)...an.(iX) 

are all finite on D. 

Consider one index k, the following argument is true for all 

1 < k < n. Since a
k
(IA) is finite and continuous, then it is clear 

that a
k
(iX) has bounded variation. This implies that 

f k
(iX)1 < co 
	

(5.2.4) 

Hence 

Inequality (5.2.5) ensures that if ak(iX) is a frequency function, 

then it is LP  stable, that is 

03 
r  
Jlak(tAIPdw < co 

-co 
(5.2.6) 

with co = A, and p > 0. 
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1 1 -iXs 1 
K(s,X) - 

7 s-iA 1+A
2 

(5.2.7) 

Consider the Kernel function, K(s,X) given by 

The only singularity of (5.2.7) is at the pole s = iX. Furthermore 

K(s,A) is clearly analytic in the r.h.p., and at the point at 

infinity. 

It therefore follows from (5.2.5), (5.2.6) and (5.2.7) that 

1 r  
co
l-iAs

og a
k
(iA) 

7 i s-iX -co 	1+A
2 	

dX 

converges and is analytic in the r.h.p. Consequently 

ak(s) = exp El  f 
1-iAs log ak(iX) 

S-iA
CIX] 

1+X
2 

is analytic and without zeros in the right half plane. 

Now by the definition of K(s,A) write 

a
k
(s) = explf K(s,X)a

k
(iX)dX] 

-co 

It can be shown that for fixed A, and a > 0 with s = 6 + iW 

Re K(a+iw,X) - 1  
7 a2+(w-X)

2 

(5.2.8) 

(5.2.9) 

(5.2.10) 

Hence 

lak(s)1 = expERef K(s,A)1og 	(iA)dX] 	(5.2.11) 

tO3 

= exp[f [Re K.(siX)]{log ak(iX)dX] 
.-m 
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co 
= exp[1- rJ  	 log a

k
(iX)dX] 2 

-00 a +(to-X)
2 (5.2.12) 

Define e by tame= - 	s = a iw a > O. Thus when X = 	e = -Tr/2 

and when X = m, 0 = n/2. Whence 

0 = tan
-1 X -w 	

(5.2.13) 

and 

de - 	 
a2+(w-A) 

(5.2.14) 

therefore 

And as such 

7/2 
lak(s)1 = exp[-

1   f log ak(iX)d0] 
-7/2 

7/2 
a
k 	Tr
(s)IP  = exp[.

1 
f p log ak(iX)d0] -'n72  

1 ir/f2  
= exp[— j log a pc(iX)d0] 

-7/2 

(5.2.15) 

(5.2.16) 

By Jensens inequality ER 8], we have that 

	

7/2 	1  7/2 
exp[ f log aP(iX)d0] < 	f exp[log aP(iX)]d0 (5.2.17) 

	

-7/2 	-7/2 
Thus 

7/2 	Co 
la  (s)ip <l 

7 f 
	P 

- 	ap 
	

7 
(iX)d0 = -I a-

k 
 (iX) 	a 	dX (5.2.18) - -7/2 k _co 	a2+(w-A)2 

Hence for CI > 0 we obtain 

ro 	 CO 	CO 
1 r 	

< Tw j a,(a+i(0)1
2
dw —1 fdw faP(iX) 	dX • - 7 _co .Co k21- 

a  

(W-A)
2 

Co 

2 
1  lap ( i  X 	f 

	

dX r.;  2  a 	
2 dx = 7  

	

-m 	-co 	(W-A) 
co 

1 =  2T paP(iA)dA 

= 6 > 0 
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But from (5.2.6), a
k
(iX) is LP-stable, therefore 

< co 	 (5.2.20) 

Inequality (5.2.20) then implies that ak(s) is HP-stable, that is 

co 
1 

T  f ak  (6+iw) I Pdw < (S for a > 0 
	

(5.2.21) 

where S is a positive constant dependent on iW but not on a, p > 0. 

EP-stability of a
k
(s) ensures that a

k(s) is realizable or equivalently 

that a
k(s) is a proper rational transfer function [R 8]. From 

(5.2.8) and (5.2.21) we have that since a
k
(s) has no poles and zeros 

in the R.H.P., and is H
n
-stable then a (s) ÷ a

k
(iw) almost everywhere 

on the iw axis, as s ± iW, that is, as 6 0 and with 

(iw) = a' (iA) V - co < w< 00 	(5.2.22) 

From (5.2.22), we recover the original positive function a (iX)- 
1; 

Hence ak(s) is an admissible transfer function. By the diagonal 

dominance condition: 

Igkk(s)1 lak(s)1 	Igke(s)  

=1 

which impliesI
gkk(s)1 ak(iA)  

Igke(s)1 az(iX) since lak(s)1 = ak(iX). 

This completes the proof. 	 Q.E.D. 

Theorem (5.2.1) is a slight adaption of the theorem on canonical 

representation of all stable transfer functions with no r.h.p.  zeros,  

given in Robinson [R 8, pp. 43-49]. 
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Now 

(s)1 = 1/4w
2
+25/a(w) = c11(iw) 

I g22(s)I = 

-Ig12(s)I 
 

-Ig2 ( 

42+10000/a (w) = c22(iw) 

--)42+400/a(w) = c1  (iw) 

= /2+100/a(w)( ) 2 

In applications, it is often possible to determine A(s) by 

inspection, as the following example shows. 

EXAMPLE 5.2.1 

(5.2.23) 

Let 

  

	

1 

2(s+5) 	(s+20) 

	

(s-10) 	(s+100)' 

  

 

G (s ) = 

 

    

s2 + 5s + 4 

It is clear by inspection, that G(s) is not dominant on D. For 

instance, put s = 0 E D. 

Then 

G (0) = 

10 	20 

10 100 

(5.2.24) 
4 

which is not diagonally dominant at s = 0 E D since 10 20. 

Now put 

Igkk (s)1 = ckk 
 (DA) 1 < k < 2 

and 

7Igict(s)1 = ck.e(iw) k 	k, 	= 1, 2 

where 

a(f)i) = is +5s+4 
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Now the principal minorsi\of order 1 are all positive for w > 0, 

that is, c11 (iw) > 0, c22 
 (iw) > 0 V w > 0. 

The principal minors of order 2, there is only one, the 

determinant is also positive V W > 0, that is 

1(4w
2
+25)(w

2
+10000) - /(w2+400) (w2+100) > 0 V w > 0 

Hence C(iw) is an M-matrix. 

We now apply Theorem (5.2.1) to make G(s)A(s) dominant on for 

some A(s) of stable rational functions with no r.h.p. zeros. For 

instance, choose 

A (s) = 

s+6  
s+10 

0 

0 

(s+1) 
s+10 

(5.2.25) 

    

(1(s) is rational, stable and with no zeros in the r.h.p.) Then 

G(s)A(s) = 

2s
2
+22s+60 	s

2
+21s+20 

2 
s -4s-60 	s

2
+101s+100 

J (5.2.26) 

(s+10)(s +5s+4) 

It is easy to see that G(s)A(s) is now clearly row dominant on D. 

The above example strongly suggests that when for some reason 

it is desirable to make G(s) diagonally dominant on D, it is profitable 

to use the following multistage compensation scheme: 

1. ' By means of Elementary Controller Matrix E(s) = E1(s),E2(s),..:,En(s) 

make the interconnection index ?1/40  of G(s)E(s) less than 1 for all 

S E D. (Refer to Theorem 3.4.2.) When X0  < 1, the C(iW) resulting 
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from G(s)E(s) is an M-matrix for - 	< w < 00. 

2. Find a diagonal matrix A(s) as in Theorem (5.2.1), such that 

Q(s) A G(s)E(s)A(s) = Q(s) is dominant on D. 

3. Find a feedback matrix F(s) = diag (f
1
...f

n
) such that F

1 -1-12(s) 

ratains dominance or has improved dominance. 

The suggested scheme is systematic, and removes some of the 

ad-hoc aspects in the current methods of achieving dominance on D, 

ER 5]. Short of outright diagonization of G(s), the above scheme has 

a sounder theoretical justification (Theorem (3.4.2) and Theorem (5.2.1) 

than some of the present methods of achieving dominance. 

It is possible to relax the conditions of the theorem by 

requiring G(s) to be a non-singular semi-M-matrix. This replaces the 

strict inequality in diagonal dominance, with a weak inequality for 

all but one index. All the results of the last theorem naturally carry 

over and furthermore, all the stability results that depend on M-matrix 

structure still hold. 

The following result, clarifies this point. 

COROLLARY 5.2.1  

If there exists a diagonal matrix of stable rational functions 

A(s), such that when G(s) is irreducible (G(s)A(s)) is quasi-diagonally 

dominant on D, that is, 

g
kk

(s)I la
k 	

> (s)1 	
Xlgku 

pl la o(s)I - k, L = 1, 2...n 
—  
kit 

with strict inequality holding for at least one 1 < k < n. Then 

G(s) is nonsingular on D. 
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PROOF 

By hypothesis, there exists a nonsingular matrix A, such 

that GA is nonsingular and quasi-dominant. Put GA = R. Since 

irreducibility is unaffected by multiplication by a diagonal 

matrix, it follows that R is irreducible. Irreducibility and the 

quasi-dominance of R implies by a result of Tausky ET 2] that R is 

nonsingular, as det R = det G det A, and A is nonsingular. Then 

G must be nonsingular V s E D. 	 Q.E.D. 

Although Theorem (5.2.1) and its Corollary may not have a 

direct application in the G.N.A. (Generalised Nyquist Array), they 

nevertheless elucidate the following points. 

(i) Suppose H(G(s)) is an M-matrix for - co < w < co. It is clear 

from [FP 1] and Theorem (5.2.1), that H(G(s)A(s)) is also an 

M-matrix for - co < w < co, where A(s) is a nonsingular diagonal 

matrix of proper rational functions, having no poles or zeros in the 

closed right half complex plane - as in Theorem (5.2.1). 

(ii) Since the M-property is invariant under the transformations 

G(s)A(s) 	 (5.2.27) 

A(s)G(s) 	 (5.2.28) 

it follows that any conclusion made about the system and which 

depends on the M-property of G(s) in order to be valid will continue 

to remain valid after the transformations (5.2.27) or (5.2.28). 

Thus if H(F
-1

+G(s)) is an M-matrix for - co < w < co and we find 

that the performance, or accuracy of the individual loops 

-1 
f
k 

+ g
kk 

 (s), 1 < k < n is not satisfactory, we may then design 
— — 
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ra

32(s)  

2(s)  

G (s)  

0 

diagonal precompensators A(s) = diag (a
1
(s)...a

n
(s)) of the phase 

advance type to improve the accuracy in each loop. Theorem (5.2.1) 

guarantees that the resultant system H(F
-1
+G(s)A(s)) is still an 

M-matrix for - 00 < w < co and hence all the other conclusions like 

stability and bounds for h(s,F) 	which depend on this property, 

continue to hold, mutatis mutandis. This point had not been 

clarified in the literature ER 4], EM 5]. The possibility of using 

such compensators A(s) to aid towards satisfaction of the criteria 

for control adequacy will be discussed in Chapter 6. 

5.3 PERMUTATION COMPENSATION: THE INPUT-OUTPUT PAIRING PROBLEM (IOPP) 

Permutation compensators for a multivariable system are very 

easy to design since they just involve a re-ordering of the input-

output pairs. They can be effective not only in improving system 

stability but can also be useful in ensuring an adequate integrity 

in the system. For example, consider a 2)(2 . 2.e.s-o-c1143onat transfer 

(s) 

a
1 
 (s) 

(5.3.1) 

0 

j  (s) 
where 	 , 1 < j < 2 has no poles or zeros in the closed right 

a,(s) 

half plane. It is clear that input 1 only affects output 2 and 

vice versa. Thus we cannot control output 1 from input 1 unless we 

allow the permutation 

1 
P = 

	

	 (5.3.2) 
0 

matrix 
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0 
5(s) 

I a1  (s) 

Q(s) A G(s)P =i (5.3.3) 

Indeed 

0 
132  (s) 

a2(s) 

 

   

Equation (5.3.3) shows that a simple permutation on G(s) has yielded 

a non-interacting system, for which the multivariable design problem 

is trivially solvable via single loop design methods. 

Permutation compensators are very useful in the initial stages 

of design, whenever for some specific technical reasons, particular 

inputs are required to control particular outputs. However, this is 

not always feasible in some practical problems. It may not be 

possible or even desirable to control pressure by temperature or 

fluid flow by temperature in a typical process control situation, 

for example. Whenever permutation controllers are admissiblehowever, they 

should be the designer's first effort in compensator construction. 

In general, an nxn plant transfer matrix G(s) has n! possible 

input-output combinations. This implies that for each nxn transfer 

matrix G(s), there exist n! permutation controllers Pl, P2 	Pnl. 

Equation (5.3.3) shows that in general, it is desirable to have a 

system where the k
th 

input has more effect on the k
th 

output than it 

w 
has on the 

th 
 output for 	k. How to select some P

r from 

fp1P2...Pni) such that the effect of each input on the corresponding 

output is higher in G(s)Pr than in any other combination, G(s)P q  • 

q r, is-  the optimal input-output pairing problem [N 1]. To be in 

a position to solve IOPP, we need some way of characterising the 

relationship between the diagonal elements and the off diagonal 

elements of a given matrix. 
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.Given an nxn irreducible matrix G (s) (gites). For every s E D 

define the matrices B and W A diag (wi,w2.-..wn) as follows 

Iggi 7  wk. 	1 < k < n 	(5;3.4) 

and 

.1gQ
ke 

 1 =b
ke 
 k/ 
	

k, 2= 1, 2 	n 	(5.3.5) 

b
kk 	

0 
	

1 < k < n 
	 (5.3.6) 

Write 

C = BW
-1  

DEFINITION 5.3.1 

The dOminance - index of an nxn matrix G is given by X (BW
-1
), 

where X
0 
 (-) is the spectral radius of (-) with B and W defined as above. For 

any sED and from the Frobenius-Perron theorem rFP 1] it is Cler that X .is 

real, simple and non-negative. Furthermore, if the off diagonal 

elements of G are small compared with',the diagonal elements, we 

have that 

b
ke 0 k, 	= 1, 2 ... n 
k 

Hence in this caseA
O 
 O. 

On the other hand, if the diagonal elements are small compared 

to the off diagonal elements, then the off diagonal elements of C 

a-fe very large. Consequently X0  is correspondingly large. In fact 

it is trivial to show from Theorem (3.5.1) that 

o < A0 	 (5.3.7) 
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If G is triangular (upper or lower) with non zero diagonal elements, 

or if G is diagonal and nonsingular, then from Theorem (3.5.1) A0  = O. 

Thus the dominance index gives a precise indication of the 

relation between the elements of a non-negative matrix. 

THEOREM 5.3.1 	SQ. 	ppuRdix 2 6-y 1).41•11ituv; cA oprma Fs2-vmutrcd7,514•J 

Given an nxn proper rational matrix G(s) suppose D0  is an open 

connected set in the complex plane. Then the optimal permutation 

controller is given by that controller which minimises the dominance 

index of G(s) on D0. 

PROOF 

For any given permutation P E fP
1 
 ...P

n:
1, put Q(s) = G(s)Pj.  Now 

define the nxn non-negative matrix W = diag (w1...w
n
) and B as follows 

w
k 

= inf lq
kk

(s)1 	1 < k < n 	(5.3.8) 
sED 

0 

b
kk 

= 0 	1 < k < n 

sup q (s)I k 	t, = 1, 2 	n 
bkt = seD 

0 

The dominance index of G(s) on D
0 
 is given by 

A
j0
(MI

1
) 1 < k < n! 

(5.3.9a) 

(5.3.9b) 

(5.3.10) 

where XJO 	
j
th 

(-) is the spectral radius of (-) for the 	permutation Pj
. 

From Frobenius-Perron theorem, A0 
 is a monotonic function of the 

elements of a non-negative matrix BW
1
. Since perfect dominance 

corresponds to Ao  = 0, it follows from the monotonicity of A0  that 

the optimal A0  is that 	which is nearest to zero. Hence the 

optimal X0 
 is given by 
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inf {Xj0  (BW 1), 1<j<n!} 	 (5.3.11a) - - 

= inf 	(BW 1),1<j<n!} 	(5.3.11b) 
1<j<n! 

Q.E.D. 

Theorem (5.3.1) gives the explanation of the heuristic basis upon which 

Niederlinski's design procedure is based [N 1]. 

EXAMPLE 5.3.1 

Consider the following example treated by Niederlinski [N 1]. 

Let 

sD 0 

G(s) = 
(1+s)(1+2s)(1+.5s) 

	

1.0 	-0.1 	1.0 

	

0.5 	0.6 	0.1 	(5.3.12) 
-0.2 -0.8 0.3 

1 

Since G(s) 

by 

is 3X3, it generates 3: = 6 possible configurations given 

1.0 -0.1 	1.0 
G(s)P1  -  -0.5 0.6 	0.1 (5.3.13) 

= al ts) -0.2 -0.8 	0.3 

X
10 

= 1.607 

where 

a0 	
2 

(s) = (1+s)(1+2s) (1+.5s) 

1.0 	0.1 	1.0 
G(s)P2 	a

1 
(s) 

= 	-0.2 0.8 0.3 
0 	-0.5 -0.6 0.1 

(5.3.14) 

X
20 

= 2.8 

0,5 
G(s)P =  	1 -1.0 

3 al o(s) 1 0.2 

-0.6 
0.1 
0.8 

0.1 
1.0 
0.3,  

(5.3.15) 

 

X
30 

= 9.3942 
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1 r 0.2 
-1.0 
0.5 

0.5 
0.2 
-10 

0.2 
0.5 
-1.0 

0.8 
0.1 

.-0.6 

-0.6 
0.8 
0.1 

-0.8 
0.6 
-0.1 

G(s)P4 = a 	(s) 0 

A
40 = 6.3 

1 
G(s)P

5 
 - 

a 	(s)  0 

A
50 

= 0.997 

= 	
1 

G(s)P6  
 a

0(s) 

(5.3.16) 

(5.3.17) 

0.3 
0.1 
	

(5.3.18) 
1.0 

N(s) 
G(s) - a (s) (5.3.19) 

60 = 2.3 

a0(s) = denominator of G(s) 

Put 

Now put 

k £, bkk  = 0 

and 

n 

Since a(s) is common to all the elements of G(s), we may omit it 

from subsequent calculations. Now determine 

j0(BN ) 	1 < j < 6 	 (5.3.20) 

Using Theorem (5.3.1) find 
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min {.n(B11 1)} 
1<j<6 3"' 

By carrying out the calculations indicated in (5.3.20) we have that 

<j<6} 	 1.6,2.8,9.3,6.3,0.99,2.31 	(5.3.21) 

Hence 

min A
j0
(BW

1
) = A

50 
= 0.99 

1<j<6 

Hence the optimal pairing configuration is given by G(s)P5. Since 

A
50 

= 0.99'< 1, then H(G(s)P
5) is an M-matrix for - co < W < co which 

implies that G(s)P5 is dominant in a generalised sense. Thus some 

form of dominance has been achieved by a permutation alone. It is 

interesting to note that Niederlinski arrives at the same conclusion 

via some heuristic generalisation of the Ziegler-Nichols tuning 

techniques. Furthermore Niederlinski rejects G(s)P3  as being 

structurally unstable, (meaning in fact that G(s)P3  is very interactive 

under feedback). Indeed it is clear from the set fA30(BW 1),1<j<61, 

that 

max {A.(BW 1)} _ A
30 	

(5.3.22) 
1<j<6 3  

From (5.3.21) the worst pairing configuration is given by G(s)P3  

which again agrees with the results of [N 1], and corresponds to the 

configuration for which the system is most interactive under a 

diagonal feedback matrix. 

5.4 ELEMENTARY MATRIX COMPENSATORS  

Given an nxn rational transfer matrix G(s), it is possible to 
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reduce it to an upper or lower triangular form via elementary 

operations of the following. types.'  

Type I: Interchange of c:olomn k (row k) with column j (row j) 

where k j. This is a permutation. 

Type II: Addition of U(s) x column k (row k) to column j (row j)  

Type III: Multiplication of column k (row k) by (s). 

As types I. and II elementary operations do not alter the value of 

I det G(s)I consequently they do not alter the invariant factors or 

N(s)  
the elementary divisors of the matrix G(s) .11

d(s)
. Rosenbrock 

has proved the following theorem via elementary divisor theory. 

THEOREM 5.4.1  

Let G(s) be an nxn proper rational matrix such that G(s) is 

stable. Then a permutation matrix P and an elementary polynomial 

matrix E(s) can be found, such that G(s)PE(s) = T(s) where T(s) is 

an upper or lower triangular matrix. Furthermore the diagonal 

elements t
kk

(s), 1 < k < n of T(s) have Hurwitzian numerator and 

denominator polynomials if the transmission polynomial of G(s) is 

Hurwitzian. 

PROOF 

[see R 4, Chapter 5, Theorem 7.3, pp. 212-213]. 

The interesting thing about Theorem (5.4.1) is that it indicates 

the possibility of obtaining minimal phase tkk(s), 1 < k < n, whenever 
Rg(s) 0  

IG(s)I A 
a (s) 

is minimal phase. Here the polynomial matrix E(s) has 
0 

Hurwitzian elements tke (s), k, p = 1, 2 ... m. Even if the transmission 

polynomial
0
(s) is not Hurwitzian. It is only the triangular structure 

of T(s) which makes this possible as in general we cannot obtain an 

elementary matrix E(s) with the said Hurwitzian property, unless 

has both Hurwitzian numerators and denominators [R 4, Theorem 7.4, pp. 214-

215]. This is the main difficulty with diagonal.ization procedures. 

Using the new possibilities opened up by the incorporation of 

triangular structures into the bounds of Chapter 3, we may exploit 

( s) I 
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Theorem (5.4.1) to advantage in design, irrespective of whether G(s) 

has a Hurwitzian transmission polynomial, or not. 

Triangular structures are desirable from the point of view of 

controller design, for the following reasons. 

(i) Such structures are easier to achieve, than diagonal structures. 

(ii) The triangular structure admits simpler compensators than the 

diagonal structure. 

(iii) Nonminimum phase difficulties do not arise in the compensator E(s). 

(iv) It still allows single loop design techniques to be used on 

each individual loop. 

However when we use a triangular structure, then each loop 

hkk(s,F) will have to accept disturbances injected into it from the 

following loop ha(s,F), k < t and in turn each loop hkk(s,F) will 

inject disturbances into the previous loop h (s,F) j < k. The 
jj 

situation we have described is for an upper triangular matrix, and 

with obvious changes also holds for the lower triangular case. 

These disturbances will be of no consequence if each loop 

can be controlled tightly since the system will then have adequate 

disturbance rejection properties. Infect Theorem (5.4.1) shows that 

such tight control is possible. Consequently no design advantage 

is lost by the triangular restrictions on the structure of G(s). We 

also expect that the advantages accruing from the triangular structure 

are not destroyed whenever G(s) is nearly triangular Lo 31. 

Given an nxn transfer matrix G(s), For every s e D, define 

B A (bkc- p) as follows 

1gkk
(s)I = b

kk 
	 (5.4.1) 

and 

Igkt(s)1 = bkt, k 	£ = 1, 2 ... n 	(5.4.2) 
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DEFINITION 5.4.1  

An nxn transfer matrix G(s) is said to be nearly triangular to order E, if 

for all s e D and for some given E> 0, E --> 

11B-1-B-111 < c, 1 < p < m 
0 p (5.4.3) 

where B
0 
 is the matrix obtained from B by putting all b = 0 for 

k > or for k < t as required; and where bkt  = Igkz(s)i, k, 	= 1, 2 ... n. 

It is worth noting that if G(s) is a nearly triangular transfer matrix 

then from Co 2], H(G(s)) is an M-matrix for - co < w < co. Thus for 

nearly triangular transfer matrices the dominance index X0  < 1 

everywhere on D. 

We are thus lead into the following controller simplification 

procedure. 

Controller Approximation Procedure (CAP) 

Step (i) By means of elementary operations E(s) bring G(s) to an 

upper triangular form, that is G(s)E(s) = T(s). Hence X0  = 0 

everywhere on D. 

Step (ii) Choose an acceptable value of dominance index X = 
0 

say, where 0 < 	< 1. 

Step (iii) Multiply E(s) by the inverse of any diagonal polynomial 

matrix D
1
(s), having Hurwitzian elements, and of just sufficient 

degree to ensure that E(s)D
1
(s) is realizable. 

Step (iv) Using matrix continued partial fraction expansions [C 41 

we expand E(s)D
-1
(s) A K(s) into the form 

-1 	-1 	-1 K(s) = fKi+sfK2+s IK3+— "s{1(20 ...1  ...) 
(5.4.4) 

where r is the order of K(s). 
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Step (v) Take as many terms in the expansion, as is necessary 

to ensure that G(s)K,(s) is nearly triangular and that A
0 
 < 

,th 
almost everywhere on D. Here K, is the t. order approximant to 

K(s), and is always stable since K(s) is stable [Shamash 1972 S 4]. 

1 
The zero order approximant is given by K

0 
 = K

1 
 and is 

independent of s. Indeed G(0)K0  has A0  = 0. 

By taking more terms in the expansion of K(s) we expect that 

we may obtain a suitable approximant Ka(s) for which H(G(s)Ka(s)) 

is an M-matrix over a sufficiently wide frequency range to be adequate 

for design purposes. 

The expansion (5.4.4) indicates that the approximant K
a
(s) 

approaches K(s) as s 0. When s 03 we are not certain about the 

high frequency characteristics of Ka
(s). It is for this reason 

that we shall not exploit the possibility of using infinite gains 

whenever such an option exists. Infact it is easy to show that the 

high frequency behaviour of the system is feedback invariant. 

Indeed let G(s)Ka  (s) 
A Q(s) have the minimal realization (C,A,B). 

- 

Let the characterisation polynomial of A be a0  (s). Write 

N(s)  
Q(s) -a (s) . Let the degree of a0 

 (s) A qa0  (s)] be m. Then  
N(s) 	

0 

m-1 m-2 
N
1  s

+N
2
s

m  
Q(s) m-1 	m-2 

a
0 
 s +a

1 
 s +a

2
s

m 

where N., 1 < j < m are nxn constant matrices. 

From the results of Chen [C 4] we obtain 

(5.4.5) 

0 (s) can be written in the expanded form. 
a  
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N = a CB N1 
	0 

N
2 
 = a

0 
 CAB + a

1 
 CB 

k j 
N
k 
 = X a

k-D  
.CA 

-1B 
 1 < k < m 

J=1 

(5.4.6) 

m 
Nm  = a

0 
 CA -1B + a

1 
 CA

m-2 
 B +-... + aM

-
1 CB 

Since a(s) is usually monic, then a0  = 1. From (5.4.5) it is 

clear that 

N 
Q(s) 	c

m
i a
s 
s}0 
	

(5.4.7) 

Now if feedback is applied to the system Q(s), then the closed loop 

system matrix H(s,F) can also be expanded as in (5.4.5), to give 

Cis  
m-1

+C
2s+...0m  

H(s) - 
y0  s +y1 s

m-2 
 +...y 

(5.4.8) 

where C„ 1 < j < m are nxn constant matrices and where 

y(s) = y 
0
s
m-1

+y
1
s
m-2

+...y
m 
is the closed loop characteristic polynomial 

of H(s). 

It is trivial to show that 

C1 
= N

1 
= CB 	 (5.4.9) 

Applying the initial value theorem to H(s) gives 
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Cisco-1
+C a m-2 

+...0 
• r 	2 -  

	

Jim sH(s) = lim st 	
m) 

u 	m-1 
S4-co 	

70"11s 4--Ym 

C
1  s

im+C
2  s
m-1

m
s 

= lim  
sm S

m
+y s

m-1 

(5.4.10) 

(5.4.11) 

Dividing top and bottom of (5.4.11) by s
m 
gives 

C
1 
 +C
2  s
-1

3  
+C s-2. +...0 m s

-n-1 
r 

-1  -2 	-m 

 1 
lim sH(s) = lim 1 	 J 	(5.4.12) 
s4 	a+co 1+y

1 
 s+y

2 
 s+...yms 
 

= C
l 

= CB from (5.4.9) 	(5.4.13) 

Since the high frequency behaviour of H(s) is dominated by lim sH(s) 
s->co 

and as the limiting value is independent of A from (5.4.13), it 

follows that the system high frequency characteristics is independent 

of feedback. 

To be able to reduce the effects of interaction over a wide 

frequency band, we shall usually demand some regularity conditions 

on 0(s). This is equivalent to .asking that Ni  be nonsingular. By 

-1 
compensating Q(s) with a matrix N

1 
we thus ensure that lim sH(s) is 

Saco 
nonsingular. We may then employ feedback to reduce the effects of 

interactions over finite frequency values, and hence obtain 'interaction 

reduction' over the whole frequency band. That is we can make 

H(F
-1 

 +G(s)E(s)) an M-matrix for - co < W < co. 

It is always possible to induce regularity in G(s) by use of 

appropriate elementary (type 2) operations, provided G(s) is 

nonsingular. 	The following result due to Wolovich [w 3] ensures 

that we can indeed achieve regularity as claimed. 
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LEMMA 5.4.1 

Given an nxn polynomial matrix N(s). If IN(s)1 / 0 then there 

exists a unimodular matrix U(s) such that the matrix M(s) A N(s)U(s) 

is row proper. SQ_Q A -RivLc6 a -n,e 	 [Toil  

PROOF 

  

   

See Wolovich [11 3]. 

Although Wolovich does not say so explicitly, but it is easy to 

show that his definition of a matrix being row proper is equivalent 

to the following: 

Given the nxn transfer matrix G(s) consider the nxl vector U(s) 

given by 

X
1 

X
2 

X 
U(s) = CS ,S ...S n] 

Take the Shur product of U(s) and G(s), that is 

U1
(s)g

11 	
U
1
(s)g

12 	
U1(s)gin(s) 

(5.4.14) 

U
n
(s)g

nl • 
U
n
(s)g

nn
(s) 

A 
 

where -0k(s) A s _ 	1 < k < n. Choose A
k 

in such a manner that not every 

element in the k
th 

row of G(s) tends to infinity or tends to zero in 
X 

lim s 
k
g
k
(s) where g

k 
is the k

th 
row of G(s). Such X

ki 
1 < k < n can 

s-*050  
always be found because they are directly related to the Brunovsky 

Controllability indices of G(s) [3 3]. If 

det lim 

Al

s- 

 
S g (S) 

s  

X
k 
k(s) 

n 
s g n(s) 

K.' / 0 	(5.4.15) 

U( s ) 0 G (s ) = U
k

(s)g
kk(s) 
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sic0 	s-K0 
(5.4.16) 

Ko  
lim K(s) = lim {K --} = K m s  

Then G(s) is said to be row proper. The dual concept of column 

proper is obtained bu considering the columns of G(s) in (5.4.15) 

instead of the rows. 

It is worth noting that Equation (5.4.15) is the well known 

condition for the state feedback decoupability of G(s). Consequently 

by making G(s) row proper we ensure that it is decoupable at 

infinite frequency. 

Consequently if we compensate G(s) by Km, then as s 00 the 

diagonal elements of G(s)Km  dominate the system behaviour. Thus for s 

sufficiently large, we may regard G(s)Km  as a diagonal matrix. 

Following a suggestion of Rosenbrock ER 5] if G(s) is compensated 

by a matrix type- PI compensator of the form K(s) = K 	
0 + 	where co 

K =
G(0) 

 ]
-1 

we have O 
	am 

Hence it follows that the dominance index X
0 
 of 0(s) A 

0
(G(s)K(s)) 

approaches zero (i) as s > 00 and (ii) s 	0. If we are interested 

in reducing high frequency interaction, we must. apply Wolovich's 

Lemma (5.4.1) using elementary operations to make G(s) row proper. 

An algorithm for reducing transfer matrices to row proper form is 

given by Wang [W 4] and also in Wolovich [W 3]. If we use a 

controller as given in (5.4.16) the remaining design effort is then 

concentrated on getting Ao  < 1 in the frequency range 0 < w < co. 

Sometimes it is possible to make Xo(G(s)K(s)) < 1 by just using 

-1 
K(s) = G(0) 	as the following example due to Owens Do 4] shows. 

- 142 - 



EXAMPLE 5.4.1 

   

  

2 	2 
s +0.5s+1 	s +6,5s+6 

 

G(s) = 
1  

a0(s) 

 

(5.4.17) 

4s
2
+2.5s+2 	3s2+4.5s+5 

 

Assume that Ka
o
(s)] > 2 where (3[-] A degree of [-]. The Hadamard 

transform of G(s) given by H(G(s)) is not an M-matrix V s e D. Thus 

A
0 
 le 1 everywhere on D. Notice however that H(G(s)G

1
(0)) is an 

M-matrix for - co < w < co. Indeed 

/ 2 
s +1.5s+1 	-0.5s 

-1 	
a
0
(0) 

(0) A Q(s) - G(s)G 

 

a0  (s) 

 

3s
2
+1.5s+1 -0,5s-2s 

(5.4.18) 

••■ 

It follows that design can proceed from (5.4.18) by using the results 

of Chapters 3 and 4. 

The above example indicates that whenever we do a controller 

approximation, it is wise to begin with the zero
th 

order reduced 

mo,7e1 in Equation (5.4.4). Notice that Q(s) in (5.4.18) is now nearly 

triangular. 

5.5 ASYMPTOTIC CONTROLLERS: CONVERGENCE OF THE SRD 

Here we consider the SRD algorithm from the point of view of 

11.(s,F.). The aim is to-show that by using the machinery of Chapter 3 
3 	3 

we can obtain results equivalent to those given in Em 1]. Furthermore 

by imposing the M-matril: structure on H(G(s)) we discover new conditions 

under which the closed loop system is stability invariant in 

= {F10<f
k-  
<co, 1<k<n}. Since we are interested in the behaviour of the 

- 	- 

closed loop system as f
k 

c°, 1 < k < n, it follows from the discussion 
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in Section (3..7) of Chapter 3 that the inverse relations are preferable 

in the present consideration. It is known that a necessary and 

sufficient condition for the solvability of the SRD is that G(s) be 

strongly Hurwitzian. Clearly G(s) is strongly Hurwitzian if and only if 

G(s) is so. The following is the main result of this section. 

THEOREM 5.5.1 

Let G(s) be an nxn strongly Hurwitzian 

Fj  #Adiag 	(f1,f2,...,fi_1,0,0,0...0) 

Then fOr all s E D 

1 	 1 
lim 	111. 	(S,F.)-g..(s)I 
f 403 	3 	7 	33 

1<k<j-1 

PROOF 

transfer matrix. 	Let 

be a constant feedback matrix. 

= 0 	1 < 	j• < n 	(5..5.1) 

(5.5.2) 

submatrix of a(s). 	By 

Write 

R. (s) 	= F. 	+ G.(s) 
3 

th 
were G.(s) A j 	order leading principal 

3 	— 

hypothesis, G. Cs) is strongly Hurwitzian for 1 < j < n. Hence by 

Theorem (2.4.2), H.(s,F.) is stable when 
J 	3 

where 

1 < j < n 	 (5.5.3) 

Assume 

Thus 

, H.(s,F.) = G.(s)[I+F.G.(s)] 
3 	3 	3 	3 3 

F. = fI 
3-1  

(5.5.4) 

(5.5.5).  

A 
F. + G.(s) = fI. 	+ G.(s) 	(5.5.6) 
3 	3 	3-1 	3 
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k 
= If+a

kk
I 	1 < k < j-1 

Now for every s E D, define the matrices B and W = diag (w1
...w

n
) as follows 

(5.5.7) 

k 
= 1g

kk
(s)1 	k = j 
	

(5.5.8) 

Also put 

t kk = 0 	 (5.5.9) 

and 

bkt 	akt 	
k 	Z, k, t = 1, 2 	j 	(5.5.10) 

Write X (BW ) for 
^^-1 

the spectral radius of BW . Put 

a
k 
 = X

0 
 If+g

kk 
 (s)I 	1 < k < j-1, k# j 

	
(5.5.11) 

A  ak =O  Iakk  I 	
k = j 	 (5.5.12) 

Write 

A = diag (a...a.) 

Then from Theorem (3.4.1) A - B is a locally minimum semi-M-matrix. 

Since f is allowed to tend to infinity from Equation (5.5.3) it 

follows that there exists a value of f < co for which 

If+akk(s)1 > a
k  T s E D, 1 < k < j-1 
	

(5.5.13) 

Then by Theorem (3.3.3) 

s,Fj)
73  

(5.5.14) 
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An appeal to Theorem (3.5.1) shows that 

lim o (fii4 -1) = 0 
f-rou 

(5.5.15) 

Combining (5.5.15), (5.5.12) and (5.5.14) completes the proof. 	Q.E.D. 

By using the above theorem we can obtain the following result 

which is central to the SRD scheme. 

COROLLARY 5.5.1 [R 4], Em 1] 

If the nxn transfer matrix G(s) is strongly Hurwitzian and the 

system is closed through the feedback matrix F,
7 
 A diag (f

1
,f
2
...f

j-1
,0,0,0,...) 

then for every s on D 
A.(s) 

lim 	Eh (s,FA -  3  
j 	3 (s) 

Aj-1 
1tk<j-1 

1 < j < n 	(5.5.16) 

Where A.(s) is the 
th 
j order leading principal minor of G(s). 

PROOF 

From Theorem (5.5.1) 

1 
(s,F.) 

 (4JJ
(s)  

f
k
->00, 

1<k<j-1 

(5.5.17) 

But from the Cauchy expansion of the determinant CM 8] 

A._1(s) 
g (s) 3 	. 
jj 	3 (s) 

(5.5.18) 

Taking inverses in (5.5.17) and combining. with (5.5.18) gives that 
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A73 

1 
lim 	h.(s,F.) = g (s) 

fk" 
1<k<j-1 

A.(s) 

Aj_i  (s)  

as claimed. 	 Q.E.D. 

Two of the principal drawbacks of the SRD scheme is the 

requirement of l'SY3.9‘-7._ gains fk, and difficulty of determining the 

optimal loop ordering. It is therefore of practical interest to look 

for ways of applying the SRD algorithm without incurring these 

drawbacks. In that direction we have the following result. 

THEOREM 5.5.2  

Assume that G(s) is an nxn strictly proper transfer matrix. 

Suppose gkk(s), 1 < k < n have Hurwitzian numerator and denominator 

polynomials. Assume that the system is closed through a feedback 

matrix F = diag (f1...fn_1,0). If H(G(s)) is an M -matrix for all s on 

D then: 	e_,t-e 14(_G*s)) 	4acickoAcuva -4YcLmvseC6Yrn 	ksQ . 

Ih.
7 	33 

(s,F.)-4..(s)1 -÷ 0 

monotonically as fk  -›- 00  monotonically, 1 < k < j-1. 

PROOF 

Since H(G(s)) is an M-matrix for all s E D, then by Theorem (3.10.1) 

H(G(s)) is also an M-matrix for all s E D. 

The elements of G (s) are monotonically increasing since G(s) is 

assumed proper. The M-matrix property of H(G(s)) ensures that the loop 

ordering problem is redundant. 

Consequently we may consider j = n without loss of generality.. 

From the assumptions of the theorem 
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Ifk 
124kk  (s)r > Igkk (s)1 	v s c D 

—  
(5.5.19) 

Hence H(F
n
+G(s)) is an M-matrix for all f

k 
 > 0, 1 < k < 
— 	— 

Writing the elements of H(Fn+G(s)) as in (5.5.7) to (5.5.10) and 

invoking the inequality (5.5.19) shows by the Frobenius Perron theorem 

(Theorem A5 of Appendix 1) that X
0 
 (BW

I
) 	0, monotonically as f

k 
co 

monotonically 1 < k < n-1. The M-matrix property of F
n 

+ G(s) ensures 

that there exists some an such that 

, 
th-1(s,F )44 (s) I < 
n n nn —  TET s e D (5.5.20) 

Putting an  = 014nn(s)1 and using the monotonicitit -property of A0  

with respect to F
n 

then gives the required result. 	Q.E.D. 

Comments: (i) When the conditions of Theorem (5.5.2) are satisfied, 

use of the SRD gives a simplerdesignprocedure than any other 

existing sequential design method. Compare Example (6.6.2) of Chapter 6. 

(ii) If high gains are allowed then we can always obtain any desired 

level of closed loop dominance. When control can be exercised by 

using finite values of gain, then the SRD becomes a powerful design 

method. 

(iii) Since high gains are used n times and at each stage one looks 

at a scalar return difference, then the SRD method gives a way of 

decomposing the n-dimensional root locus problem to n-one dimensional 

root locus problems, It is the desirability of this decomposition 

that imposes the requirement of the strong Hurwitzian property on G(s). 

(iv) As a consequence of G(s) being strongly Hurwitzian however, the 

SRD scheme controls not only G(s) but also all its leading principal 
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minors as well. This in turn implies that the SRD scheme induces 

weak integrity in the system, in the sense that loop failure in a 

specified order does not lead to instability. 

5.6 CONCLUSION  

A method of finding a diagonal controller matrix that does not 

alter the structural property of G(s) and whose elements aid towards 

the satisfaction of the criteria for control adequacy on each 

individual loop, has been given (Theorem (5.2.1)). The input-output 

pairing problem has been solved.(Theorem (5.3.1)). The reduction of 

general transfer matrices to diagonally dominant form was treated and 

was shown to constitute an improvement on current methods of inducing 

dominance. By a combination of elementary operations and order 

reduction techniques, a method of reducing the Hadamard transform of 

general transfer matrices to M-matrices over a sufficiently wide 

frequency band was suggested. Finally the Sequential Return Difference 

algorithm and its convergence were treated via the theory of M-matrices. 

The compensation methods studied here have direct application to the 

design scheme given in the next chapter. 
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CHAPTER 6 .  

Generalised Nyquist Array Design Procedure (GNA) 

6.1 INTRODUCTION  

In this chapter we give a design procedure that uses the Nyquist 

Array to obtain adequate system design. Since it is unlikely that 

one can obtain a controller that satisfies all the criteria for 

control adequacy at once, we shall concentrate on methods that 

satisfy a specified subset of the set of adequacy criteria. We 

shall assume that G(s) is stable and often, we may assume also that 

the transmission polynomial 130(s) of G(s), is Hurwitzian. 

The control requirements will determine the system specification. 

The system specification will in turn dictate the restrictions on G(s) which 

ensures that the control requirements are satisfied. To allow for 

the widest possible design flexibility we shall incorporate options 

for obtaining the relevant structural modifications on the transfer 

matrix G(s), which allows for the satisfaction of the combination of 

given sets of adequacy criteria. 

We also discuss possible connections between the GNA presented 

here and Rosenbrock's RNA, MacFarlane's CLD and Mayne's SAD. We have 

preferred to use the term RNA to describe both the Direct Nyquist 

Array (DNA) and the Inverse Nyquist Array (INA) design methods of 

Rosenbrock. Although he concentrated almost entirely on the INA, it 

is clear that his methods are also valid in the DNA as his later 

suggestions show ER 6]. Indeed from our discussion of the direct and 

inverse relationships in Chapters 3 and 4 it is clear that there is 
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more theoretical justification for using the DNA in place of the INA. 

We recall from the results of Chapter 4 that generalised 

Gershgorin bands can be drawn for any given transfer matrix by using 

the eigenvalue inclusion theorems presented there. To summarise, 

the essential philosophy adopted in the scheme presented here is the 

following. 

1. Generate the Gershgorin bands for any given transfer matrix. 

2. Using the bands test that Gershgorin band stability conditions 

are.satisfied. 

3. Design sin.91e loop controllers for each diagonal element of the 

transfer matrix such that required control criteria are satisfied. 

It is only when the stability conclusions of (2) are not 

satisfactory that the need to design precompensators arises. 

Finally, we give a few design examples to illustrate the 

suggested scheme. From these examples, the suggested advantage of 

the GNA over the other methods will become apparent. 

6.2 THE GENERALISED NYQUIST ARRAY (GNA) 

The following conditions are usually required in most multivariable 

feedback control situations. They will therefore form the basis of 

the GNA. In Section 6.4 we will consider the GNA under more restrictive 

control criteria. 

1. Restriction on Interaction: Ensure that H(F
-1

+G(s)) is an M-matrix 

for - co < W < 

2.-  Stability: Ensure that the Gershgorin hands 	avoid the origin 
3 

for -co < w < °. 
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3. Accuracy condition: Ensure that the dominance index X
0 
 (w) is 

adequate for performance and disturbance rejection. 

The Gershgorin bands give the region within which h.(s,F. ) 
7 	) 

lies for 1 < j < n. Since it is h (s,F.) for which f. (s) must b __ 	7 	3' 	7 . 

designed it is desirable to make la
7 
 (s)I <EVsED, where E is some 

prespecified accuracy of loop estimate. 

We'now state a lemma which is useful for an easy determination 

of the Gershgorin bands. Infact the lemma is an easy consequence of 

the main result of Chapter 3. 

LEMMA'6,2.1 

Let D
0 
 c D be a given closed set in the complex plane. Let 

b(s) = 0 (k=.0. Let G(s) be an nxn plant transfer matrix. Put 

= sup Ig
kt
(s)I k 	t 	. 	to 

sED
0  

(6.2.1) 

Find A(DO) = diag {a1 
 (D
0 
 ),a

2 
 (D
0 
 ),,..a 

n 
 (D
0 
 )1 such that A - B is a 

semi-M-matrix. Then for any f.(s) satisfying 

I f71(s)+g. (s)I > 	sED 	1 <k< n 
3 

	D0, — — 

we have 

111(s,F. 	..(s)1 < a.(s) VsED 
3 
	0 

PROOF 

Trivial from Theorem (3.3.1). 	 Q.E.D. 

Comment: We may put 

a. (D0 
	inf 	 gj(s) 	1 < k < n 

]  sED
0  

(6.2.2) 
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where X
o 

is the spectral radius of (BW 1) and b
ice 

is given by (6.2.1) 

with b
kk 

 = 0 and w
k 
= inf lg. (s)1. 

 sED 	Di  
0 The practical utility of Lemma (6.2.1) is as follows: 

(i) Since the Nyquist locus is often symmetric about the imaginary 

axis s = iw, it is enough to consider the half locus F for 0 < W < 00. 

(ii) We may thus divide the frequency line 0 < w < 03  into several 

intervals 0, W w2' 
..., w

N 
and apply Lemma (6.2.1) on each interval. 

(iii) Step (ii) above gives a quick indication of the general shape 

of the Gershgorin band. We may then subdivide the intervals around 

the 'critical point' into finer sub-intervals and repeat Lemma (6.2.1) 

on each of these sub-intervals. 

6.3 THE GNA ALGORITHM (Generalised Nyquist Array) 

The Nyquist Array proceeds in the following manner. 

Step 1:  Plot the Nyquist loci for gkk(iw), 1 < k < n, 0 < w < co. 

Step 2:  DiVide 0 < W < 01 into N intervals and for each interval CW..W. 3. 3+1 

find 

b
ke 

= 	max 	Ig(iw)I 	k 	t, j = 0, 2...N 
63.<w<w. 

3 	+1 

b = 0 
kk 	1  A 

m 
Step 3: For 1 < k < n find the maximum value of fk

ax 
 of f

k 
for which 

f
k
1 
 + gkk

(iw) is stable. 

Step 4:  Choose a weight matrix W = diag (w
lrw2'

..w
n
) such that BW

-1 

is a locally minimum semi-M-matrix on every interval rw.3,W3. ], +1 

0 < j < N. More specifically, put 
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min 
k = W.<W<W. Ig kk

(iW)I 	1 < k < n with W = diag (w
1
...w

n
) 

3—  3+1  

Step 5: Find X 
0
(SW

-1
) on every interval W

j 
<.(13 <Hui 

Step 6:  Put a
k 

= X
0
w
k 

on every interval W. < w < w 
j+1.  

Step 7: At every sub-interval mid point, draw a circle of radius 

a
k 

and centred on the appropriate point on the g
kk 

 (iw) locus. The 

annulus tangent to and enclosing every circle on the 
gkk(iW) 

 locus 

is called the k
th 

Gershgorin band. 

Notice that the GNA for G(s) has been generated without any 

reference whatsoever to any form of dominance. That we are able to 

do this is a consequence of Theorem (3.3.4) which shows that we 

can always generate locally minimum semi-M-matrices from arbitrary 

non-negative irreducible square matrices. 

However, the ak, 1 < k < n may not be sharp enough. For 

example we might find that there exists no finite positive values 

1 
off.forwhichlf.

1
-Fg..(s)1>a..Since stability conditions under 

J 	JJ 	3 

feedback depend on this inequality we cannot then conclude anything 

regarding the closed loop behaviour of the system whenever the 

inequality condition fails. 

The problem of compensation may therefore be seen as simply: 

Reduce the values of a., 1 < j < n such that for any f. which gives 
J _ 	J 

adequate control for 	 i 1 gjj(s) we have that 
 3 	3j 

	It is 
 3 

because we wish to reduce a. that we employ permutation controllers 
J 

and elementary matrix controllers respectively. Recall from the 

eigenvalue Theorem (4.4.1) that because we can always generate a 

locally minimum semi-M-matrix from any given G(s); we can therefore 

produce a generalised Gershgorin band which contains the eigenvalues 
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of G(s). This is quite general and is independent of the 

particular structural properties of the given matrix. In this 

respect the GNA is related to MacFarlane's CLD in the sense that 

the GNA would actually bound the eigenvalues Xk(s) of G(s), 

1 < j < n. The CLP calculates the eigenvalues. Again by reducing  

-1 a
k
, such that I f. +g..(s)I > a, we are forcing  h.(s,F.)- to lie 

JJ 

in the same band as an appropriate indexed family of closed curves 

involving  the eigenvalues of G(s). It is on these curves  that the 

eigenValue stability results are based. 

Furthermore, the CLD uses compensation to modify the eigenvalue 

loci of G(s). We suggest that this modification is equivalent to 

modifying aj  , 1 < j < n. Recall from Chapter 4 that in order to 

conclude stability using  the Gershgorin bands, it is sufficient 

that f
-1 

+ 	(s) have a Hurwitzian numerator (assuming  that G(s) 

1 -1 
isstable)polynomialandthenthat l f 	D. We 

J 	33 	3 • 

emphasise that these stability conditions have nothing  to do with 

dominance. Since ak  A X0I gii(s)l, it follows that by reducing  X0  

we are actually reducing  a.. 

Now notice that if a0  < 1, then 

-1 
If. +g..73  (s)I 

Ig33 (s) I
> X

0 
 > 1 

-1 
Consequently when H(F +G(s)) is an M-matrix everywhere on D then 

1 the stability inequality If3 
	77
. +g..I > a

k 
always holds for some a

k
, 

1 < j < n, since for M-matrices, A0  < 1. Thus it is only when 

H(F
-1 
 +G(s)) or H(G(s)) is an M-matrix everywhere on D, that we make 

contact with the RNA. This is where the restrictive condition of 
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'.

the RNA comes in. However, if one is interested in several control

criteria like stability, integrity, stability invariance and

performance simultaneously thenprobably the RNA has no rival. By

imposing the extra condition that A
O

< 1 in theGNA, we automatically

obtain an extension of the RNA which treats nearly triangular

structures as well. When integrity and stability invariance are not

important in a given design situation, the extra condition Ao < 1

-1
imposed on H(F +G(s» becomes unnecessary.

6.4 THE GNA WITH COMPENSATORS

In this section we describe the GNA with option for incorporating

controllers for different purposes. Almost every 'stage of the scheme

depends on some result developed somewhere in the body of the thesis.

Assume without loss of generality that G(s) is irreducible, .J

otherwise the scheme will have to be repeated for each individual

irreducible block in the reducible normal form -of-G(s) given by

-1
G

1
(s) = P G(s)P where P is a suitable permutation matrix.

The design proceeds as follows:

step 1: Enter G(s) .

Step 2: Enter the appropriate frequency interval W. < W < W
IDln max

for adequate control. In most problems thia will bQ in taB rggioa

o < tt) < 10.

Step 3: Using the methods of Section 5.3 of Chapter 5, determine

the optimal pairing configuration PO·

Step 4: Write Q(s) = G(s)P
O.

Step 5: Using the methods of Section 6.3 of Chapter 6, generate the

generalised Nyquist Array for Q(s) over the frequency interval w. < w <
mln max
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Step 6: Determine the maximum values of feedback gains diag (f.) 

1 < j < n for which each loop f.1  +g ..(s) is stable. 
7 	33 

1 
J 

Step 7: If if.1  +g..(s)I > a., 1 < j < n everywhere on D, go to (11), 
 33 

otherwise continue. 

Step 8:  By means of type two elementary column operations E(s) 

reduce one or more upper off-diagonal elements of Q(s). 

Step 9:  Write Q(s) = Q(s)P0E(s). 

Step 10:  Go to (5). 

Step 11: Using Dual Hodographs [CH 1], [0 5], and [NW 1] design appropriate 

singleloopcmpensatorsk.(s) around each loop q,.(1w). 
JJ 

Step 12:  If specified criteria are satisfied go to (13), otherwise go 

(8). 

Step 13: Stop. 

Note: If the E(s) obtained from the above procedure is more 

complicated than we can accept, we may use the (CAP) reduction scheme 

on E(s) and repeat the design process. 

A few remarks are now in order. First, notice from step 8 that 

the algorithm will eventually converge to a triangular Q(s)P0E1(s)E2.... 

Er(s) = T(s) if the control criteria are not satisfied before this 

stage. Then Theorem (5.4.1) guarantees that tkk(s), 1 < k < n have 

both numerator and denominator polynomials Hurwitzian. This condition 

solves the disturbance rejection, the stability invariance, the 

integrity, and the interaction restriction problems simultaneously. 

One is practically left with only the problem of satisfying the 

stability condition and the disturbance rejection problem simultaneously. 

Step 11 ensures that adequate disturbance rejection is obtainable with 

finite values of gain by employing dynamic controllers ).(s) , 1 < j < n 
7 	— 

- 157 -- 



around each loop of h.(s,F.). . This is turn implies that adequate-
] 

stability margins are obtainable whilst satisfying the disturbance 

rejection criterion. 

Suppose one is interested in just solving Mayne's SRD problem. 

One then goes through the input-output pairing problem, and picks 

any combination G(s)P = Q(s) which yields a strongly Hurwitzian 

transfer matrix. If no such pairing configuration exists, then 

Mayne's problem reduces to using appropriate operations as in step 

8 to induce such a condition in Q(s). Recall that a transfer matrix 

is said to be strongly Hurwitzian if all its principal minor 

quotients 

A (s) Q1  (s) 
	A 1 	n-1(s) 

have hurwitzian numerator  and denominator polynomials where A 

.th 
the 3 order leading principal minor of Q(s). 

Notice that the algorithm given in Section (6.4) works on the 

closed loop system (F
-1

+G(s)) with all reductions taking place as 

F
1 
+ G(s)P

0
(s)E

2
(s)...E

r(s) 

If we are interested in making A0(G(s)) < 1, then the controller 

approximation technique given in Chapter 5 is very useful. 

6.5 TRADE-OFF BETWEEN ELEMENTS OF A VIA ELEMENTARY CONTROLLERS 

As was pointed out in Chapter 3, it is possible to trade-off 

accuracy of estimates ofaj  against increased error in the estimate 

A
2
(s) 	A

n
(s) 
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of az,e j. Suppose that after generating the Nyquist Array as in 

Section 6.3 we discover that some bounds are very loose while others 

are more accurate than 'necessary'. We immediately get a pictorial 

view of the trade-off necessary between the 'too accurate' bounds 

and the 'loose bounds'. This also suggests the sort of elementary 

column operation required in this case. Assume a certain band r;.1 

is loose and that another band r*
h 
 is too accurate. To trade-off 

the accuracy of r* against the looseness of r* we immediately 
he 	 h. 

deduce that it is undesirable to reduce lq (s)1 by whatever 
jj 

elementary operation we employ. On the other hand, it will not 

matter very much if in carrying out an elementary operation as in 

step 8 of Section (6.4) we find that q (s) J is reduced. More 

directly we may now weight each a. 1 < j < n by putting 
— 

a. = 

	

3 	3 0  33 

where 0 < a. < 1. Consequently, if a specified r 	is too loose, we 

	

— 3 — 	 b. 

may then put a. < 1 for that index j, and put all the other at  = 1 

1. This implies that we estimating ri% more accurately than we 

wish to estimate r* e j. 

Again this method of trade-off is reminiscent of the use of 

elementary controllers to balance the gain and phase characteristics 

of the eigenvalue loci in the CLD CM 5]. 

The following example shows the utility of considering only 

irreducible blocks in the normal form of G(s). It also exhibits the 

possibility of the trade-off in the accuracy of estimating bounds for 

individual loops. 
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EXAMPLE 6.5.1 

  

Consider a 3X3 reducible transfer matrix 

g11  (s)
0 
	g13  (s) 

 

G(s) = 	g21(s) 	g22(s) 	g23(s) 

g
31
(s) 	0 	g33  (s) 

(6.5.1) 

To bring G(s) to normal form, carry out the following operations. 

(i) Interchange columns 2 and 3. 

(ii) Follow step (i) immediately by interchanging rows 2 and 3. 

The operation in step (i) corresponds to postmultiplying G(s) 

by the permutation matrix given by 

• 1 	0 

O 0 

O 1 

Similarly the operation in step (ii) corresponds to the inverse 

-1 
operation P . 

NotiCe that since P is a mononomial matrix, then clearly 

-1 
P 	= P 	 (6.5.3) 

Combining the operations (6.5.2), (6.5.3) and the transfer matrix 

G(s) we obtain 

g11(s) 	g13(s) 	
0 

P 1G(s)P A Q(s) = 	g
21
(s) 	g

23
(s) 	0 
	

(6.5.4) 

g
• 31

(s) g
33 	g22(s) 

P = (6.5.2) 
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Write 

q
11
(s) 	q12(s) 	0 

Q(s) = 	q21  (s) 	q22(s) 	
0 

q
31
(s) 	q32(s) 	q33(s) 

(6.5.5) 

  

Now put bia.  = Icikt(iw)1, k, 	= 1, 2, 3, £. 	k and bkk  = 0, k = 1, 2, 3. 

We are now looking for A = diag (a1(iw),a2(iw),a3(iw), such that 

-1q12(iw)! 

  

0 

 

    

A - B = 	-1q21(iw)I 	a2(iW) 	0 	
(6.5.6) 

	

31 (iw)I 	-Iq32 (iwd 	a3  (1w) 

is a locally minimum semi-M-matrix. 

Clearly (by inspection) Equation (6.5.6) is a locally minimum 

semi-M-matrix if and only if 

a
1 
 (iw)a

2
(iW) = lg12(iw)g21(Rw)I 
	

(6.5.7) 

and 

a
3 
 (iw) = 0 
	

(6.5.8) 

Thus we do not need to calculate A
0 
 in this case. Following the 

procedure for determining the weight matrix W = diag (w1,w2,w3) which 

was given in Chapter 3, we obtain 

a
1
(iw) 	a

2
(iw) 

 

q12(iw)q21(iw) 

q
11
(iw)q22(iW) 

(6.5.9) 
1(111(iw)1 	1(122 (i63)1  
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Thus by the results of Chapter 3, Section (3.3), we conclude that if 

there exists some f , k = 1, 2, 3 such that for each w in CO W 	], max 

w
max 

< co;the inequality If 1 
kkk 	

>a k = 1, 2 holds true-and 

-f
3 # q33

(iw) 
	

(6.5.10) 

then we conclude by Theorem (3.3.1) that 

111.(iw),F, 	)-q..(iw)I < a.(iw), j = 1, 2 	(6.5.11) 
3-1 33 

and 

h
3
(iw) = q

33
(iw) 
	

(6.5.12) 

The block triangular structure of Q(s) is reflected in extensio 

in the conclusion that 

h
3 
 (iw) = q

33
(iw) 

This implies that the third loop does not influence the first and 

second looPs. The reducible normal form of G(s) therefore gives a 

clear representation of the interconnection structure of the system. 

Using the values of a (iW) 0 < j < 3 obtained from (6.5.9) for 

plotting the GNA we obtain a picture as shown in Figure 5. Infect 

from this consideration alone, we can directly determine 
lq12(w)q21

(iw)1 
lyiW)F1)-cill(i(0)1 	-1 

If
2 
+q
22
(iw)1 

Furthermore Equation (6.5.7) shows explicitly that we can 

trade-off the accuracy of loop 1 with the error of loop 2, by 

decreasing a2(iw) and increasing al(iw) accordingly, so long as their 
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product equals Iqu(iw)q21(iw)I. For instance we may put 

d
2
(iW) 	a

1
(iw) 

fq
22
(iw)1 

- a. 	
(iw) I 

(6.5.13) 

where 0 < a < 1. Putting a = .25 say in (6.5.13) then gives 

the new relationship 

a
2
(iW) 	a (iw) 

1  - 1/2 q12(iW)c121 	
(6.5.14) 

(iw)  I 2  , 1 	1 I 	(iW)I 	q
11
(iw)q

22
(iw) "12.2‘iwIl - 1/4  

The implication of Equation (6.5.7) is also explained by the normal 

form of G(s), That Equation (6.5.7) contains only the product of 

q
12
(iw) and q

21
(iw) corresponds to the fact that the interactions in 

h
1
(iw,F) and in h

2
(iw,F) are only carried through q

12
(iw) and q

21
(iW). 

Furthermore, it exhibits the .fact that the gain of the feedback path 

carrying the interactive effects is proportional to 1q12(iWc121(iwd. 

Or equivalently, it corresponds to the fact that the interactive effect 

on h
1
(iW) due to feedback around q

22
(iw), through f

2
(iw) and which is 

transmitted through 
c121(iw) 

 is proportional (in gain) to lq21(Wq12(iw) 

and vice versa. 

6.6 COMPARISON OF THE GNA, THE RNA AND THE CLD  

As was pointed out in Section (6.3) when the dominance index 

A
0 
 < 1 everywhere on D, then some similarities exist between our 

methods and the RNA. If G(s) is reducible, the RNA however gives 

unnecessarily loose bounds. Assume for simplicity that the G(s) 

given in Example (6.5.1) is both row dominant and column dominant 

on D. 
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Consider the column dominance situation first. By the column 

dominance condition 

2 
lq
kk

(iw)1 > y q (iW) 1< k< 2 
t=1 kt  

where 
2 
y qk,(iw) 	d

k(iw) t=1 
Vk 

Hence 

d
1
(W) = lq

21
(iW)1 + lq

31
(iW)1 

(6.6.1) 

(6.6.2) 

(6.6.3) 

Similarly 

d (iw) = 	(iw)I + 1q32(iw)1 	(6.6.4) 

if 

I 	
1 

fk +qkk(i ) > dk
(iw) 	1 < k < 2 (6.6.5) 

Then by Theorem (3.2.1) 

111A(iw),F.)-q.,(iw)1 
3 	3 	33 

and 

2 < j < 2 	(6.6.6) 

yiw,F3) = q33(iW) 	 (6.6.7) 

Comparing di  with ai  in Section (6.5) shows that 

d1 
 (iW) = a

1 
 (iW) + la

31
(iw)1 (6.6.8) 

d2(iw) = a2(iw) + la32  (iw)I - 	 (6.6.9) 

and 
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Quite generally, q
31(iW) may be much greater than a1

(iw) say. 

Hence d.(iw) is rather loose. 
J 

Now consider row dominance. In this case 

d
1(iw) = 
	

(iW)I = a1(iw) 	(6.6.10) 

and 

d
2
(iW) = q

21
(iw) = a

2
(iw) 
	

(6.6.11) 

Equations (6.6.10) and (6.6.11) imply that the GNA and the RNA 

prOduce the same bounds for h
1
(a.f4F

1
) and h

2
(iw,F

2
) in this case. 

Notice however that by using row dominance to determine (11(iW) 

and d
2
(iw), we make d

3
(iw) / 0, for indeed 

d3(iw) =
31(iw)I 32(1101 
	

(6.6.12) 

Thus (6.6.12) continues to show a non-zero bound when it is clear 

from the block triangular structure of Q(s) that h3(iw,F3) = q33(iW) 

which clearly implies that a3(iw) = 0. Here lies some of the 

claimed superior points of the GNA which are not apparently shared 

by the RNA. 

Notice that because the eigenvalues X
1
(s), X2(s), X3(s) of Q(s) 

are given by q33(s) and the eigenvalues of Q2(s) where 

Q (s) A 
	q 1(s) 	q

12
(s) 

/(s) 	q22(s) 

it follows that be seeking to bound the eigenvalues of 
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q
11
(s) 	q12(s) 

q
21
(s) 	q

22
(s) 

we will obtain sharper bounds than the RNA, since the bounds depend on 

q
21
(s) and q

12
(s) only. Again in the CLD, one would actually 

calculate Xl(s), X2(s) and X3(s). Thus design based on Xl(s), 

X
2
(s) and X

3
(s) would be expected to give more accurate control than 

that based on diagonal dominance. Of course, one has to contend 

with the problem of essential singularities in A
1
(s) and A

2
(s). 

We suggest that one way of avoiding this difficulty is to bound 

the eigenvalues rather than calculate them exactly. In this way, 

it is still possible to apply the whole of the design philosohpy 

of the CLD.-  

We observe however that as soon as we bound the eigenvalues, 

we effectively revert back to the GNA. This is what prompted our 

comment regarding the equivalence of the GNA and the CLD in Chapter 1. 

In the RNA it is argued that for many reasons it is often better to 

work with the inverse system._ Here we give an example which shows 
a 

a situation where neither G(s) nor G(s) is row or column dominant 

on D. Consequently the RNA scheme would be inapplicable without some 

precompensation. Within the GNA, the system is highly "dominant" 

and furthermore no precompensation is necessary in order to control 

each loop adequately. 

EXAMPLE 6.6.1 

Let 
5 1 	

10 

G(s) s+2  20 100 
(6.6.13) 
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0 Is+521 

0 s+21 
1 1001  

(6.6.19) 
0 	I 	5  I 1 	s+2 

BW = 20 	0 
1 s+2 

0 
5 \ 

100 (6.6.20) 
0 20 

4 

It is clear by inspection that G(s) is neither column nor row 

dominant at any frequency. The inverse system is given by 

A 

G(S) = (s+2)
2 

100 	-10 
(6.6.14a) 

-20 	5/  

which is again not diagonally dominant. Suppose we close the 

loops through 

[1 0 
F = 

0 1 
(6.6.14b) 

Let us determine h.(s,Fj  ), 1 < j < 2 by using our methods (GNA) on 

the direct system G(s). Write b11  = 0, b22  = 0 

b 	101 
12 	1 5+21  

b  = 20/ 
21 	ls+21  

w  = 
1 	s+2 

w 	11001 
2 	Is+21  

(6.6.15) 

(6.6.16) 

(6.6.17) 

(6.6.18) 

Since BW 1 is w-invariant from (6.6.20) it follows that X0u(Bw
1) 
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is independent of w. Now 

5 
a (BW 1) = x2  - 

420 
	100 

= A
2 
- 1=0 4 

or 

1 
= 

X1,2 	
+ 
— 2 

Hence 

0 = 2 
VsED 

(6.6,21a) 

(6.6.21b) 

(6.6.22) 

Since A
o < 1 V s E D, it follows that H(G(s)) is an M-matrix 

everywhere on D. Now put 

and 

Now 

a
1 
= A  

a2 = 0Ig22 

F
-1 

+ G(s) = 

5  
2 (s+2) 

100  
1 2(s+2)I 

1 

0 1 I 

0 	1,  5 	10 

+ 
20 100 

 

 

1 

 

s+2 

   

- 
I fl1 +g11(s)1  

5 
= 11+;;-V 

s+71 

(6.6.23) 

(6.6.24) 

Is+21  

w
2
+49 
2 w +4 

Now open loop 2 by putting f2  = 0. Clearly 
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W
2
+49  	5  

--2-- 	V w > 0 
w +4 	2(w +4) 

Hence by Theorem (3.3.1) 

1h
2
(s
'
F
2
)-g

22
(s) 

 

50 
(6.6.25) 

CO
2+4 

Similarly when loop 2 is closed with loop 1 open, we have 

5  
1111(s,F1 )-g11(s)1 	

2(w
2+4) 

(6.6.26) 

The Gershgorin bands for h1(•) and h2(-) are shown in Figure 6. 

Using the Gershgorin Nyquist stability criterion of Theorem 

(4.2.1) we conclude that: 

(i) both loops can be controlled independently. 

(ii) The system is stability invariant in 

0 A {F10<f
k 
 <0
k 
 <00, 1<k<2} 

(iii) The system has strong integrity on 0. 

Notice that no such conclusions could have been drawn from the 

RNA since the Gershgorin band for loop 1 would have enclosed the 

critical point (-1,0). The situation with a(s) is no better because 

the G-band for loop 2 would enclose the origin in that case and hence 

no stability conclusions could be drawn in either case. The RNA for 

G(s) is shown in Figure 7. 

If we apply the CLD to G(s) with F = diag (1,1) we obtain the 

following equation for the characteristic polynomial 
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IA,(s)I-G(s) I = 0 	 (6.6.27) 

(6.6.28) 

Substituting (6.6.13) 

X
2
(s) 

Factorising (6.6.28) 

A
1,2

(s) 

for G(s) 

105 

in 	(6.6.23) 

300 

gives 

= 0 
s+2 

gives 

105 

+ 
(s+2) 

 2 

/ 1052 
4(  

300 = 	+ s+2 — ( 	) s+2 2) 
(s+2) 

Hence 

and 

X
1
(s) 

A
2 
 (s) 

= 

- 

52.5 

2 

49.56 
s+2 

102.06 

s+2 

102 
s +2 

2. 94  

s+2  

3 
s+2 s+2 

(6.6.29a) 

(6.6.29b) 

Since X1
(s) and X

2
(s) are rational functions in this case, no 

difficulties about essential singularities occur. Hence the' CLD 

method will work here. However unless F = fI, we would have to 

recalculate X1
(s), A

2
(s) each time we vary the elements of F, since 

there is in general no relationship between IXI-GI and IXI-FGI. 

Then we would check their corresponding Nyquist loci. Furthermore 

when the elements of F = diag (f1,f2) are not equal, we may lose the 

rational property of X
1
(s) and X

2(s) and then real trouble sets in. 

Notice that X
1
(s) and X

2
(s) by virtue of Theorem (4.4.2) are 

contained in the bands given by Equations (6.6.25) and (6.6.26) 
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respectively. Thus the same band contains h.(s,F.) and X.(s) as 
3 	J  

can be seen from (6.6.29), (6.6.27) and (6.6.28). By using the 

GNA, we automatically avoid the difficulties just mentioned. 

To apply the SRD to!6.6.3\ye need 

A
1 s+2 

minimal phase, and 

A2_ 
A = 	2 
1 	(s+2.) 

minimal phase. Again here, SRD is applicable since a high gain can 

	

be put in loop 1.when f 	co, then 

60 
h
2
(s,F

2
) 	

s+2 
(6.6.30) 

But by using the GNA it has been shown that the use of f1 4- co is  

not necessary. In general high gains are desirable but they 

encourage system saturation. Hence one is often forced to make 

design compromises. 

The above example has shown that by using the GNA schel,le on 

(6.6.13) the difficulties which would occur in the CLD and the SRD 

have been circumvented. Without precompensation, the RNA would not 

have been applicable. 

The next example is taken from Rosenbrock [R 6, Chapter 6, 

Problem 9.1], and actually arose from industrial practice. It 

shows a situation where G(s) is not dominant on D as shown in 

5 
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Figure 8. G(s) is diagonally row dominant on D however and as such 

the RNA is applicable here, as shown in Figure 9. It is not difficult 

to show that H(G(s)) is an M-matrix for 0 < w < co. Consequently the 

GNA would be applicable directly to G(s) whereas the RNA would not, 

as shown in Figure 10. 

EXAMPLE 6.6.2 

Let 

1.0 0.7 0.3 
1+4s 1+5s 1+5s 

0.6 1.0 0.4 
1+5s 1+4s 1+5s 

G (s) = (6.6.31) 
0.35 0.4 1.0 
1+5s 1t5s 1+4s 

On inspecting the diagonal elements gki,(s), 1 < k < 3 of G(s), it 

is found that each loop is stable with arbitrarily high values of 

gain fk, 1 < k <S. Furthermore each loop is stable for all 0 <_ f k  <0 0. 

Here 

+gkk (s) > lg
kk (s) 
	

(6.6.32) 

Equation (6.6.32) together with the M-matrix property of H(G(s)) and 

Theorem (5.5.2) then guarantees the monotonic convergence of the SRD 

algorithm. Thus if a fast and 'adequate' design is required, we would 

immediately use the SRD here. The resultant closed loop system is 

stability invariant in 0 A {Fl0<yk<20, 1<k<3}. Since 0 is a closed 

region, it follows from Lemma (2.3.3) that H(s,F) has strong integrity. 

Also since high gains are allowed we have that adequate disturbance 
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rejection properties will be obtained. The SRD method was applied to 

(6.6.31) by using the MDS program package and it was confirmed that 

adequate performance would be obtained. 

6.7 CONCLUSION  

The GNA algorithm has been given. It was tested by examples and 

shown to be superior to the RNA, the CLD and the SRD. When further 

structural restrictions were imposed on G(s), it was shown that the 

SRD gave the simplest method for satisfying the criteria for control 

adequacy. The examples indicated the power and flexibility of the 

GNA which is not apparently shared by the other methods. 
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CHAPTER 7 

Concluding Remarks and Suggestions for Future Work 

7.1 CONCLUSIONS  

The design scheme suggested in this thesis has many significant 

advantages over the other frequency domain schemes in current use. 

As was shown in Chapter 6, it gives sharper bounds than the 

bounds obtainable from the RNA. The nice convergence properties of the 

bounds enable us to resolve several inadequate aspects of the RNA. In 

the first place, we can now deal with nearly diagonal and nearly 

triangular matrix structures in the same framework. Secondly we can 

also assign arbitrary ratios to the relative accuracy with which the 

bounds are determined. Our method reflects directly the block 

triangular structure of the transfer matrices. It has also been 

demonstrated that we can always generate bounds for any given transfer 

matrix. This reduces the compensation problem to that of decreasing 

the bounds to such levels that lead to adequate closed loop control of 

a multivariable system. 

The compensation techniques we developed show the wisdom of 

generating controllers by elementary operations as suggested by 

Rosenbrock. Furthermore the purpose of each component of the elementary 

controller matrix is explicitly shown. For instance, we now know that 

not only can we use permutation controllers but also that we can look 

for the optimal permutation controller in a given system. Elementary 

type 2 controllers only serve the purpose of reducing the bounds. The 

use of diagonal controller matrices in the final stages of design has 
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been recognised and used in the other techniques. What has not been 

pointed out however is the fact that the invariance of the stability 

condition under such compensation is a direct consequence of the 

invariance of some important structural properties of some classes of 

matrices under pre- or post-multiplication by certain nonsingular 

diagonal matrices. We have resolved these points. 

By using the idea of reducing the dominance index of a closed 

loop system to adequate levels, we succeeded in developing a systematic 

design algorithm that removes some of the ad-hoc aspects of compensation 

in the present methods of system design. 

The connections between our method and the other design techniques 

have also been discussed. In particular the similarity between the GNA 

and the CLD was discussed and one possible way for avoiding the 

difficulty of essential singularities in the CLD was also indicated. 

Our solution to the multivariable root locus problem clearly shows that 

intimate relationship between system zeros and the SRD. Indeed the SRD 

could be considered as a decentralised solution to the multivariable 

root locus problem. However the invariance of the high frequency 

behaviour of a system with respect to feedback was shown to necessitate 

precompensation to take account of high frequency effects in the SRD. 

Computationally the scheme we put forward is at a disadvantage when 

compared to the other methods, except possibly the CLD. For high order 

systems the calculation of maximum eigenvalues at several frequencies 

seems undesirable. However for 3x3 systems the computational 

difficulties appear to be of the same order as in the RNA. 

The examples given in Chapter 6 demonstrate clearly that the 

proposed design scheme works even in cases where the RNA would be 
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inapplicable without some precompensation. Furthermore it is now 

clear that if the scheme works for the direct system, it also works 

for the inverse system. This property is not shared by the RNA. 

Overall, the design scheme presented here is in keeping with the 

meaningful engineering design objectives of simplicity of design, 

economy of design and reliability of the controlled system. 

7.2 SUGGESTIONS FOR FUTURE RESEARCH  

The utility of the reducible normal form of transfer matrices was 

demonstrated by the sharper bounds they yield at the same time as 

maintaining the desirable convergence properties. A very fruitful 

subject for future research would be to find existence conditions under 

which the post-multiplication of a polynomial matrix by a constant matrix 

yields a reducible block triangular matrix. Necessary and sufficient 

conditions under which pre- and post-multiplication of a polynomial 

matrix by a constant matrix and its inverse respectively, yields a 

block triangular matrix, are known [I( 3]. From the control theoretic 

viewpoint, the result is not very useful since it would involve a 

post compensation. As this would imply output mixing, such a procedure 

is not useful practically. 

Another interesting line of future research would be to develop 

further the methods of the CLD by using the eigenvalue bounds of 

Chapter 4. Infact we cannot escape such bounds when we consider 

parameter variations. The eignenvalues of a matrix vary in a spurious 

manner with the elements of the matrix. By calculating the eignevalues 

exactly, we are assuming a particular set of parameter values. If 

design is done on the basis of the eigenvalues of the matrix, are we to 
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continue to assume that the design is still adequate under parameter 

changes? The bounds of Chapter 4 assure us that provided the 

parameters vary in a specified way and provided certain structural 

features are present in the matrix, then the eignevalues remain 

bounded in some specified region. Such an eigenvalue study would 

involve considering more general classes of positive matrices than 

M-matrices. Mathematical results in this area are becoming available 

slowly but consistently. 

An entirely different direction for possible extension of the 

design techniques based on the eigenvalues of the transfer matrix, is 

the positive use of the Riemann surfaces for the synthesis of the 

compensators. This method was developed around 1940 by Zunglichi 

Tagaki [T 3] for single input single output systems. It appears 

plausible that extensions to the multivariable case are possible, 

This will involve finding some topological conditions under which the 

stability conclusions that follow from the disjoint generalised 

Gershgorin bands remain valid even when the bands are not disjoint. 

Extensions of our analytical methods to nonlinear feedback systems 

appear to be possible. In this direction the recent results of 

Araki [A 2] give some pointers for future work. Using M-matrices we 

can thus produce multivariable circle theorems that generalise the 

results of Rosenbrock [R 9]. It appears possible to generalise these 

results further to a wider class of transfer matrices [F 6]. It would 

be useful to have conditions under which post-multiplication of a 

general polynomial matrix by a constant matrix or another polynomial 

matrix 	 of low order, 

will yield a product matrix whose Hadamard transform is an M-matrix. 
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If this is possible then single loop design methods can immediately 

be applied to the system in the fore knowledge that integrity, 

stability invariance and adequate restriction on interaction is 

present in the open loop system. 

An unsatisfactory aspect of the design scheme presented in this 

thesis is that like the RNA it relies heavily on the gains and gain 

margins. It is well known that gain margin is not as sensitive a 

measure of relative stability as phase margin, By using the techniques 

of spectral factorisation and the Shur Product of matrices, it may be 

possible to avoid the problem of taking moduli of elements of a given 

complex matrix. It is this operation that destroys all the phase 

information in the system. Since the CLD does not suffer from this 

drawback, progress lies in methods for removing the objectionable 

aspects of that design technique. An alternative approach would be 

to have a new definition of some phase dependent index of dominance 

that will intimately be tied to the zeros of G(s). Then by combining 

the resultsinmultivariable root locus with certain aspects of the 

eigenvalue loci of G(s), a design technique could emerge. The idea 

here would be to use precompensation to reduce the dominance index to 

some acceptable levels, 

The essential philosophy would be to obtain a comparison between 

the performance of the system when the loops are closed individually 

and when the loops are closed simultaneously. If there is no interaction 

in the system, it is obvious that there will be no difference in the 

performance. When the multivariable performance is better than the 

summation of the single loop performances we obtain justification for 

using multivariable compensators. 
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For example, it is plausible that some diagonal elements of G(s) 

may contain non-minimal phase terms but that det G(s) is minimal 

phase. The loops that contain non-minimal phase terms will lead to 

'low performance indeed, but by using a full square matrix compensator 

K(s)'we could improve the overall system performance. 

On the other hand, when the summation of the single loop 

performances is better than the multivariable performance, as is 

usual, then the aim of compensation would be to reduce the difference 

between single loop performance and multi loop performance. Such 

difference will depend on the location of the zeros of g
kk 

 (s), 

1 < k < n and the zeros of G(s). Thus the performance difference will 

depend on the phase dependent dominance index. By altering the gain 

and phase characteristics of the eigenvalues of G(s) by suitable 

compensation one can in principle reduce the dominance index to 

acceptable levels. 

In conclusion although undoubtedly improved design methods will be 

developed it is thought that the GNA is a suitable advance which 

should be fully tested in practice. 
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(a) First Loop (b) Second Loop (c) Third Loop 

Figure 5 Gershgorin Bands for Example 6.5.1 
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Figure 7 The RNA for Example 6.6.1 
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Fig. 9 The RNA (Inverse Plots) for Example 6.6.2 
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APPENDIX 1 

Here we collect some results on the properties of M-matrices 

which are used frequently in the thesis. Recall that a real square 

matrix C A (ckt. 
 ) is called an M-matrix if c

kt 
 < 0 for k £, and all 

 

principal minors of C are positive. Similarly C is called a semi-M-

matrix if c
kt 

 < 0 for k # t and all principal minors of C are non-

negative. Actually an M-matrix is a generalization of a Minkowski 

matrix, for C is a Minkowski matrix if c < 0 for k t, c
kk 

0 

for all k and lckt > 0 for all k. 

Denote by M the class of matrices C A (c
k 
 ) such that c

k 
< 0, 

k t, ckk  > 0 for all k. 

THEOREM Al  

Suppose C e M . Then the following statements are equivalent. 

(A1.1) C = pi - B for some non-negative matrix B and some p > X0  > 0, 

where X
0 
 is the spectral radius of B. 

(A1.2) The real part of each eigenvalue of C is positive. 

(A1.3) The leading principal minors of C are positive. 

(A1.4) C
-1 

exists and C
-1 

is non-negative. 

(A1.5) There exists a positive definite diagonal matrix A, such that 

CA or AC is diagonally dominant. 

A matrix which satisfies any of the above conditions is an M- 

matrix. 

PROOF 

The proof is given in [FP 1], [A 1] and CO 1]. 

The following corollary is a consequence of Theorem Al. 
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COROLLARY Al  

(A10.) All upper and lower triangular matrices in M are M-matrices 

provided the diagonal elements are positive. 

(Al.b) If C has order n < 3, then C is an M-matrix if and only if 

det C > O. 

(Al.:C) All principal minors of an M-matrix are also M-Matrices. 

PROOF' 

See G. Poole and T. Boullion, Siam Review, Vol. 16, No. 4, 

pp. 419-427, 1974. 

THEOREM A2  

Suppose C 
	

Then the following statements 

are equivalent. 

(A2.1) C = PI — B for some non-negative matrix B and some positive 

number p >
0 
 > 0, where A0  is the Frobenius-Perron root of B.  

(A2.2) The real part of each eigenvalue of C is non-negative. 

(A2.3) The leading principal minors of C are non-negative. 

(A2.4) There exists a positive definite diagonal matrix A, such that 

in CA 

n 
c
kk
a
k 	

X ca
t
, k, 
	

= 1, 2 ... n 
.e./k 
=1 

A matrix which satisfies any of the above conditions is a semi-M-

matrix. 

PROOF 

See (Al). 

DEFINITION A3  

Let Z be a complex nxn matrix. Then Z is called an H-matrix if 
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and only if there exists a positive definite diagonal matrix A, such 

that C A AZA is diagonally dominant. 

THEOREM A4 

Let Z be diagonally dominant. Then H(Z) is an M-matrix. 

PROOF 

Given in Kotelyanski [K 1, pp. 49-50]. 

COROLLARY A4  

Let Z be diagonally dominant. Put 

= y a
k 

	lz
kt

I k, 2 = 1, 2 
tik 
=1 

b
kk

= 0 

and 

b
kt 

= lz
kt 

k / 

Then A - B is a semi-M-matrix. 

PROOF 

A direct consequence of Theorem (3.4.2) and the definition of 

diagonal dominance. 

THEOREM A5 FROBENIUS-PERRON THEOREM  

Suppose C is an nxn non-negative irreducible matrix. Then there 

exists an eigenvalue A0  of C such that 

(i) A0 
is real and non-negative. 

(ii) With A is associated strictly positive left and right eigenvectors. 
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(iii) X
0 
 > IXI for any eigenvalue X 	X

0 
 . 

—  

(iv) The eigenvectors associated with X
0 
 are unique to constant 

multipliers. 

(v) X
0 
 is a simple root of the characteristic equation of C. 

(vi) min 	c < X < max y c  
kt 	0 — 

k t.=-1 	k t=1 . 
PROOF 

A very complete proof is given in Seneta CS 3, pp. 1-8]. 
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Appendix 2 

A2.1 Row (Column) Proper Transfer Matrices  

Any rational nxn transfer function matrix G(s), can be written in 

the form 

G(s) = N(s)D
-1 
 (s) 

where N(s) and D(s) are coprime. Let the degree of the highest s terms 

in the k
th 

row of N(s) be X
k 
 5. 0, 1 < k < n. Let N be the nxn constant 
 — 	— — 

matrix formed from the coefficients of the highest s-terms in each row 

of N(s). Then G(s) is said to be row proper if Nxr  is nonsingular. 

Column proper can be defined in a similar fashion by considering 

the columns of N(s) instead of rows. 

Further details and uses of row (column) proper matrices are 

given in Wolovich [W1, pp. 24-37]. 

A2.2 Elementary Polynomial and Rational Matrices  

By a slight abuse of language in Chapters Sand 6, we used the 

phrase "Elementary matrix E(s)" to stand for "the matrix E(s) formed 

from elementary tyeps I and II operations". This implies infact that 

E(s) is a unimodular matrix. 

Recall that an nxn polynomial or rational matrix E(s) is said to be 

unimodular if IE(s)1 is a non-zero scalar which is independent of s. 

A2.3 Optimal Permutation  

Recall from equation (3.1.6) of Chapter 3, that the restrictions on 
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interaction is given by 

lh,(s,F.)-g..I < a.(s), 	1 < j < n 

Let P be a permutation. Define Q(s) = G(s)P. The optimal permutation 

from the set of allowable permutations is that which minimises the 

error of loop estimatea (s), 1 < j < n over some specified domain D
o 
of j  

the complex EdEine. Since a.(s) is defined as X Ig..(s)I, the meaning 
o 33 

of Theorem (5.3.1) now becomes clearer. 

J 	3 33 — 3 
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