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ABSTRACT 

The aim of this work was to ensure the effective and 

efficient application of receptance coupling techniques to 

the analysis of turbine rotor vibration. 	Previous recep- 

tance analyses had been limited to extremely simple bladed 

discs and the coupling had been performed in only two co-

ordinate directions. These analyses have now been extended 

to include all six directions and to be valid for a model 

assembly. The model was designed to possess the essential 

dynamic characteristics of engine rotors, but at the same 

time to be amenable to moderately simple analysis. It 

comprised: a disc formed from a number of concentric 

uniform annuli; blades, each formed from a number of uniform 

beams joined end-to-end; and, where appropriate an interlocking 

or non-interlocking shroud. 

Receptances were derived for the model components by 

coupling the tabulated receptances of their constituents. 

The accuracy of these receptances was confirmed by measure-

ments on separate disc and blade testpieces. The accuracy 

of the complete analysis was also verified by measurements 

on three specially constructed bladed disc assemblies. 

As a further test, the observed natural frequencies of 

some engine assemblies were compared with calculated 

values for carefully designed models. The agreement proved 

that the model assembly is indeed dynamically representative 

of turbine rotors. 

Finally, a numerical study of the receptance coupling 

analysis was carried out using model assemblies. This 

indicated certain areas of the analysis where approximations 

yield worthwhile savings in effort, but also highlighted 

other areas where rigour is vital to avoid grossly inaccurate 

results. 
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Chapter One 

INTRODUCTION  

(1.1) NATURE OF•PROBLEM 

Fatigue is one of the chief hazards to turbine 

and compressor blading (1)*, (2) and alternating 

stresses must be kept to a minimum if the continual 

demand for higher power/weight and power/volume 

ratios, longer life and fewer overhauls is to be 

satisfied without sacrificing reliability. This is 

particularly true of aircraft engines where lightness 

and safety are at a premium and of 'continuously 

rated' power generating turbines where long periods of 

faithful service are expected. A certain amount of 

vibration is always present in engines and the hostile 

environment with its severe centrifugal, thermal and 

aerodynamic loading and the possibility of small 

imperfections in the blades, such as might be caused 

by foreign object damage, combine to reduce fatigue 

resistance. Moreover, any risks are magnified by the 

large numbers of blades fitted in any one engine; 

for example, the table below, taken from (3), shows 

the number of rotor blades present in a typical sample 

of three aircraft engines currently in service. It 

should be remembered that the stator blades, although 

also subject to vibration and fatigue, have not been 

included in this count. 

* References listed in Appendix 7 



NUMBERS OF ROTOR BLADES 

ENGINE 1 ENGINE 2 ENGINE 3 

L.P. COMPRESSOR 206 383 117 

H.P. COMPRESSOR 481 0 656 

TURBINE 166 140 393 

TOTAL 853 523 1166 

Needless to say, a single blade breakage in a compressor or 

early turbine stage of such an engine could precipitate a 

chain reaction of failures destroying the whole engine. 

Despite this, however, a typical jet engine might be expected 

to run for 7,000 hours between major overhauls, after about 

ten years operating experience had been accumulated on 

similar engines. 

In an engine the most notable frequencies at which 

blade vibration occurs are the cantilever frequencies 1F, 

2F, lE and 1T or restrained cantilever frequencies, but in 

addition coupled blade-disc or shroud-blade-disc resonances 

are often encountered well away from these frequencies. 

Academic investigations (4) have shown that a bladed assembly 

resonates as an integral structure in a nodal circle/nodal 

diameter mode shape and that the apparently blade encastre 

modes are simply those in which a large number of nodal 

diameters has rendered the disc almost rigid. 

Excitation. The main causes of blade vibration are: 

(a) wake pressure nonuniformities. If the fluid pressure 

incident on the rotor is not constant around the 

annulus, each blade will be subject to an alternating 
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force as the wheel rotates. These nonuniformities are caused 

by obstructions in the flow such as stator blades, bearing 

supports, bleed ports, measuring probes or simply by the 

discrete number of combustors; 

(b) rotating stall - generally encountered in compressors 

operating below rated speed; 

(c) transmission through mountings. Periodic forces may 

be transmitted via the rotor to the blade supports from 

accessory drives, gearing, rough bearings (5), 

pulsations in pumps etc.; 

(d) flutter (6), (7), a type of self-excitation of the 

blading caused by the aerodynamic forces changing with 

blade deflection; and 

(e) random excitation is always present, resulting mainly 

from buffeting by turbulence in the fluid flow. 

Of these (a), (b) and (c) are probably the most important 

and are 'engine ordered', i.e. the exciting frequency is a 

fixed multiple of engine speed. The susceptibility of 

bladed disc resonance to engine ordered excitation may be 

estimated from the proximity of the bladed disc natural 

frequencies to the engine speed lines on a frequency/ 

diametral mode plot (8) or interference diagram (5) 

constructed on the principle that an'm th order excitation 

can stf.mulate a tuned assembly to vibrate only in modes 

witheNnodal diameters. The interference diagram is the 

more common in practice, but the two types of graph differ 

on1;-  in the form of presentation and each is readily 

obtainable from the other as demonstrated in figures 4(a) 

and 4(b) of ref. (9). 
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For convenience, the frequency/diametral mode plot will be 

used throughout the following work to display the natural 

frequency characteristics of bladed assemblies. 

Blade and disc vibration is generally measured by strain 

or displacement gauges fitted to the engine or to single 

stages spun in air-evacuated cells (10), (11), (12). The 

measurements can conveniently be analysed by means of an 

interference diagram which today may be constructed 

automatically resulting in a 'g-MODI (13). References (2) 

and (14) demonstrate the use of interference diagrams in 

investigating and solving turbine vibration problems. Many 

examples of blade breakages resulting from both blade and 

wheel vibration, together with a diagnosis of the modes and 

excitations responsible, have been given by Luck (15), 

whilst Hort (16) presents photographs of fatigue failures 

resulting from bladed disc vibration. 

Remedies. The vibration problem may be mitigated by: 

(a) choosing carefully the dimensions of the assembly at the 

initial design stage in order to achieve favourably 

situated natural frequencies; 

(b) modifications to the vibrating parts during the 

development program of the engine: 

for example by thickening the disc web, by lengthening 

the blade chord, or by fitting shrouding, clappers, 

wire lacing etc. (17), (11); 

(c) reducing the pressure fluctuation by upstream modifications: 

for example altering the guide vanes (18), changing the 

number or spacing of the nozzles, changing the number 

of combustors or the distance of the rotor from the 

nozzles; 
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(d) increasing damping, possibly by loose roots (19), 

energy absorbent inserts or lacing wire threaded. 

through holes in the blades (17), although in the 

opinion of one manufacturer (10) mechanical damping does 

not provide a practical method of controlling amplitudes; 

(e) selecting a blade material with a suitable density/Young's 

modulus ratio and high internal damping and fatigue 

life, or by enhancing the fatigue resistance by surface 

treatments; 

(f) tuning the assembly in order to ensure a regular 

circumferential variation in blade amplitude. This 

reduces the possibility of individual blades being 

subjected to exceptionally high stresses (20) although, 

on the other hand, detuning is sometimes advocated for 

alleviating flutter. 

At present most manufacturers rely on (b) to combat 

fatigue problems, and in practice a considerable proportion 

of all engine stages have to be modified after being designed, 

built and tested. It is reported (21) that excessive 

amplitudes can be avoided in service if the basic resonances 

of the four lowest blade modes with the main flow obstructions 

are removed from the operating speed range of the engine. 

Unfortunately, alterations during engine development cause 

serious delays and often degrade engine performance. The 

ideal solution to the problem is, quite clearly, good initial 

design and this is where, it is hoped, the following work will 

make a contribution because at present it is impossible to 

predict turbine vibration properties reliably at the design 

stage. 



(1.2) PREVIOUS STUDIES OF BLADED DISC VIBRATION 

Analytical Methods. Although turbine blade and disc 

vibration have been the subject of prolific mathematics 

since the pioneering efforts of Stodola in 1920, it is 

generally acknowledged that no completely reliable analysis 

has so far been advanced, mainly on account of the complex 

profiles of engine parts. The various computational 

approaches inevitably require some major simplification t 

the system to render the mathematics tractable. For example, 

those analyses which can cope with such formidable but 

realistic features as blade pretwist, taper, camber, the 
and 

aerofoil cross-sectionWlexural-torsional coupling generally 

consider only one blade in isolation from its neighbours. 

Comprehensive bibliographies of such methods have been 

compiled by Rao (22) and Dokainish and Rawtini (23). Analyses 

which consider inter-blade coupling through disc or shroud 

elasticity are more relevant to the present theme, although 

these have hitherto been limited to very simple shapes of 

assembly. Some such techniques have been discussed in the 

author's M.Sc.thesis (21i) and additional ones are introduced 

below. 

Moody 1945 (25) showed how the bladed disc analysis of 

Stodola (essentially Rayleigh's method in which the blades 

are assumed rigid) could be improved through the use of 

better deflection functions, graphical techniques and tables. 

Ellington and McCallion 1957(26) investigated the vibration 

of a packet of blades held rigidly at the roots and joined 

by lacing wire at their tips. Using finite difference 

calculus they were able to solve for the natural frequencies 

of the various symmetric and asymmetric modes. 



In a later publication 1959 (27), they used a very simple 

model to examine coupled blade-disc modes. The disc was 

supposedly rigid except for a rim represented by a uniform 

massless elastic ring held so that no radial motion of the 

blade roots was'possible. They showed that the natural 

frequencies of the system were arranged in an infinite 

number of groups, that each group comprised (N + 1) members 

(N = no. of blades) and that the frequencies within any group 

were situated close to a blade cantilever frequency. 

Singh and Nandeeswaraiya 1959 (28) analysed separately 

the tangential and axial vibration of uniform bars mounted on 

a rigid disc and fitted with a tip shroud. They showed how 

the natural frequencies depend upon blade length/shroud arc 

length and blade stiffness/shroud stiffness. 

Fillippov1965 (23) studied the axisymmetric or 0 nodal 

diameter tangential modes of a bladed disc mounted on a 

flexible shaft. He allowed for deformation within the disc, 

which had a hyperbolic thickness variation, and produced 

graphs proving that the disc flexibility had a very important 

influence on the blade frequencies. His mathematics was then 

extended to allow for a tip shroud. 

Capriz 1961 (30) formulated the differential equations 

of motion for a bladed disc clamped at its centre, in which 

the blades were represented by rigid bars. He solved the 

equations numerically and hence produced graphs showing how 

the natural frequencies depended on the clamping radius and 

number of nodal diameters. In a second paper 1967 (31), he 

allowed for both bending and shear deformations in the blading 

and also considered shear within the disc. In addition the 

model had a shroud, the inertia of which was assumed lumped'at 

the blade tips. 
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Unfortunately this second contribution included no numerical 

results, but he stated that comparison of experiment with 

calculations had put in evidence discrepancies when modes 

with large numbers of nodal diameters were considered. 

Kempner 1968 (32) used matrix coupling based on dynamic 

stiffness to formulate the frequency equation for blades 

mounted on a rigid disc and linked by a number of continuous 

elastic hoops. Hence he solved for the case of (a) an 

inextensible shroud which possessed bending flexibility, and 

(b) one or two concentric lacing bands which had zero flexural 

but finite extensional stiffness. Finally he considered the 

deflection of the disc, but only for the tangential or in-plane 

modes of the wheel. The rim was represented by a thin circular 

ring to which the blades were rigidly fixed. He studied both 

the axisymmetric and the diametral modes but omitted to 

produce any numerical results. 

Paterson 1969 (33) devised a method for predicting the 

vibration of model compressor assemblies by supposing the 

blades to be mounted on a rigid disc and joined by a continuous 

clapper ring. He derived the transfer matrix for a segment 

of the clapper and also the transfer matrix for a blade at 

clapper height and, by multiplying these and then forming the 

product over all the blades, he arrived at a frequency 

equation for the assembly. This technique had the advantage 

that it did not require all the blades to be identical but

unfortunately computational ill-conditioning, associated with the 

very large numbers generated, made it difficult to apply. 

Ehrich 1971 (34) reported an investigation into 

vibration problems in the final stage blades of a steam turbine 

which was required to operate over a wide speed range. 
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He used a simple mathematical model, in which the disc was 

rigid and the blades pin-jointed to a tip shroud, to prove that 

shrouding would reduce the alternating stress to only a small 

fraction of that present in unconnected blading. He also 

showed that, for a shroud divided into 6 segments with 10 

blades per segment, the spectrum of new natural frequencies 

resulting from the blade interconnections would not be 

susceptible to nozzle excitation within the operating speeds. 

Kirkhope and Wilson_1971 (35) used the Finite Element 

Method to predict the axial vibration of bladed discs. They 

based their elements and deflection functions on the 

assumptions that the structure was axisymmetric, that the 

blade loading was continuously distributed around the disc rim, 

and that the axial deflection always obeyed a nodal diameter 

pattern. In this manner, they were able to formulate a 

mathematical model with a very small number of degrees of 

freedom. The model could easily accommodate variations in 

disc thickness and blade cross-section and they indicated how 

it could be extended to allow for in-plane stresses and 

shrouding. Good agreement was demonstrated between experiment 

and theory using only two or three elements in the disc and 

blading. 

The original receptance analysis of Armstrong (4) which 

assumes the bladed disc to be axisymmetric has been extended by 

Cottney 1971 (24) to allow for the effects of continuous tip 

shrouding. Another receptance analysis of Ewins (36), which 

can take into account circumferential nonuniformities in the 

assembly, has been used by Fong 1972 (37) to investigate 

discontinuous shrouding qualitatively. 
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Shiga 1973 (38) used the lumped mass method of Prohl 

(see ref.24) to calculate the vibration of a packet of blades. 

linked by a tip shroud. After improving this analysis by 

incorporating shear deformation and rotary inertia, his 

predicted frequencies were within 10% of measurements 

performed on a model packet of six blades. 

Finally, a group of five steam turbine blades lashed 

together has been analysed by Filstrup 1973 (39) using a finite 

element program. He divided each blade into 700 elements and 

allowed for support flexibility by 11 additional elements. 

Computed natural frequencies, mode shapes and stresses were 

compared with experimental measurements for the first nine 

Modes and agreement was good. It was concluded that a knowledge 

of the amount of root flexibility present is essential for 

obtaining accurate predictions of frequencies and stresses in 

all modes. 

Experimental  Methods. Calculating accurately natural frequencies 

once the wheelis details and dimensions have been finalised 

is, however, only onefacet of the design process. The designer 

must initially have a broad appreciation of how the dynamics 

of an assembly is influenced by geometry so that he can 

visualise roughly where the resonances will lie on an 

interference diagram and hence predict whether tirouding, 

clappers etc.,-are likely to improve or impair response over 

the relevant speed range. The need for qualitative insight 

into bladed disc dynamics is also essential when interpreting 

the results of engine tests and this has stimulated many 

physical as well as mathematical models of vibrating assemblies. 

Kantorowicz 1962 (14) examined in det6i1 interference 

diagrams for steam turbines fitted with two lacing wires, 



16 

each at a different radius. He measured the natural 

frequencies of a number of turbines in which the blades were 

grouped into batches by the wires and hence determined the 

effects of changing the number of blades in each batch and the 

relative angular positioning of the wires. This enabled him to 

formulate design rules for the application of lacing. 

French 1965 (5) measured the vibration of two compressor 

rotors under stationary and rotating conditions; one having 

short blades mounted on a large diameter disc, and the other 

long blades on a smaller disc. He demonstrated how the 

natural frequencies, mode shapes and interference diagrams 

of the two geometries differed and showed that small 

imperfections in the discs had a marked effect on behaviour 

near resonance. 

Stargardter 1966 (40 tested numerous models of vibrating 

stages made of a silicone rubber. This material could easily 

be cast into complex shapes and was sufficiently flexible 

for visual identification of resonant frequencies and modes. 

He plotted interference diagrams for many different 

configurations and hence demonstrated the effects of fitting 

a shroud, of varying the shroud thickness and radial position, 

of introducing blade taper and of making the shroud discontinuous. 

Squires and Smart 1970 (41) have reported a series of 

tests on a rig composed of blades mounted on a ring-shaped 

hub and interconnected by a continuous clapper ring. They 

investigated the effects of changes in blade stagger, clapper 

radius and hub flexibility, of cutting the clapper ring, and 

of disturbing the axial symmetry by detuning. 
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(1.3) THE RECEPTANCE COUPLING TECHNIQUE 

Several very simple receptance analyses of bladed 

disc vibration have already been performed, as has been 

pointed out in the previous section, and the remainder 

of this thesis will be devoted to extending these 

studies. However, before proceeding with details of the 

present analysis, the Receptance Coupling technique 

will be introduced as a general vibration analysis tool. 

Definitions and Origin. The following work will be 

concerned with linear systems under steady state 

conditions and the term 'receptance' will be used to 

express the amplitude of sinusoidal response to a 

sinusoidal excitation of unit amplitude. The receptance 

concept is particularly useful when analysing composite 

mechanical systems, since it allows some of the 

techniques of electrical network theory to be practised. 

In fact the idea was originally borrowed from electrical 

engineering because of the necessity to compute the 

oscillatory behaviour of engine-airscrew systems from a 

knowledge of the separate characteristics of the two 

subsystems. The name then used was 'mechanical 

admittance'. Duncan extended the admittance approach 

into an effective technique for general vibration 

analysis by the publication of a popular monograph in 

1947 (42). In 1954 it was proposed that the name be changed 

to 'receptance' to avoid confusion between electrical 

and mechanical applications. Bishop and Johnson 1960 (43) 

have thoroughly explored and discussed the advantages 

of the concept and made it readily usable by the 

tabulation of receptances for many elementary systems. 
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Heer and Lutes 1968 (44) have evolved the receptance coupling 

theory for a network comprising any number of subsystems 

interconnected in any arbitrary fashion. 

Receptance is also referred to as 'dynamic flexibility', 

'influence coeffLcient' and 'frequency response function' in 

the literature and is only one member of a family of similar 

quantities relating the amplitude of a harmonic disturbance 

to the amplitude of the resulting harmonic response - others 

being mobility, mechanical impedance, inertiance etc. The 

special advantages of each depend partly on personal preference 

and partly on application: for example, mobility (peak 

velocity/peak force) is often preferred when measuring or 

plotting response over a wide frequency range because its 

magnitude does not progressively grow or diminish with frequency. 

Adjectives such as 'driving-point' and 'transfer', 

'direct' and 'cross' indicate whether or not the displacement 

is measured at the point of excitation)and whether or not 

the coordinates response and excitation coincide. 

Particular Advantages of Receptance Coupling. Understanding 

the physical nature of a vibration problem is often more 

difficult and more important than simply obtaining numerical 

valiies for frequencies and modal displacements, especially 

when elaborate computer programs can generate such data with 

relative ease. Receptance analysis facilitates such 

understanding by illustrating the interaction of the individual 

components, and how the dynamic properties of the components 

combine to fashion the response characteristics of the assembly. 

Receptance Coupling provides a systematic means of 

analysing any structure, irrespective of complexity or 

external constraint, by dividing it up into smaller, more 
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manageable subsystems for separate consideration. The method 

places no restriction on how the subsystem receptances-are 

obtained - indeed, the technique used to derive the receptances 

may be chosen to suit the particular subsystem and does not 

have to be the same for each one. Receptances may be 

obtained by mathematical analysis, by measurement, or from 

tables, Furthermore, if the resulting assembly predictions 

prove to be inaccurate, then the exact location of the fault 

can be established by scrutinizing and checking the component 

'receptances in turn, and possibly rederiving each by a 

second method. In turbine applications computed receptances 

can be verified particularly easily, because it is standard 

practice for manufacturers to frequency-test separate blades 

and discs prior to assembly. Having once completed a 

receptance analysis, the designer can readily examine the 

consequences of making changes to one part of an assembly 

without having to reanalyse the whole structure; he simply 

modifies the relevant receptance and couples to the remaining 

unchanged receptances. 

Receptances may be expressed either in the closed or the 

series form and, as will be demonstrated later, the latter has 

distinct advantages for complex substructures in that series 

receptances can be easily stored as a sequence of constants and 

subsequently regenerated at any frequency without having to 

repeat a detailed numerical analysis. 

(1.4) NATURE OF PRESENT INVESTIGATION 

Objectives. The central aim of the present research is to 

lay the foundation for a receptance analysis capable of 

computing the vibration properties of bladed wheels with an 

'accuracy and efficiency acceptable to industrial users. 
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Previous receptance analyses have been restricted to very 

simple bladed discs and the coupling has been limited to only 

two coordinate directions at each junction. These must now 

be extended to cope with more realistic assemblies and to 
6 

couple in allAcoordinate directions. Unfortunately the 

ultimate goal of analysing engine assemblies in detail will 

necessitate deriving a receptance matrix for each component, 

which will be a formidable undertaking on account of the 

complex profiles of these components. For example, the 

analysis of a shrouded assembly would require a 6 x 6 disc, 

a 12 x 12 blade and a 6 x 6 shroud receptance matrix. Deriving 

the blade receptances would be particularly difficult and 

would probably have to be treated as a three dimensional 

problem, requiring the use of advanced shell theory. 

Admittedly some fairly exhaustive analyses of single blades 

have been published already, but such studies have taken many 

years in themselves and still fall far short of the above 

requirements. Notwithstanding the difficulties, it is almost 

certain that sooner or later elaborate computer programs will 

be available which will be capable of generating receptances for 

complex components as a routine exercise. However, it should be 

borne in mind that, no matter how extensive computations may 

be, they never yield exact results for real systems and as a 

rule, the finer the accuracy required, the greater the effort 

which must be expended in procuring it. Consequently, in 

commercial applications it is vital to know just how 

rigorously analyses should be executed in order to achieve 

acceptably trustworthy predictions whilst, at the same time, 

avoiding all unnecessary work. 

In the light of the above observations, it was decided 



that the present research should be limited to exploring the 

basic vibration characteristics of bladed assemblies and to 

seeking the most efficient way of analysing them, rather.  

than attempting the accurate analysis of engine rotors. 

Method of Attack. A comprehensive. study will be made of the 

vibration behaviour and method of analysis of some simplified 

models of turbine rotors, henceforth referred to as 'idealized' 

assemblies. These models must be carefully designed to 

possess all the important dynamic characteristics of engine 

rotors, whilst at the same time remaining amenable to 

reasonably straight-forward mathematics. It was decided that 

the salient dynamic properties are governed by the presence 

of the following physical features: blade stagger, shrouding 

and whether it be interlocking or non-interlocking, and 

radial variations in disc and blade cross-section. Therefore 

a computer program must be developed to analyse idealized 

assemblies possessing these features but excluding the more 

formidable complexities of engine components. 

Initially the program must be thoroughly tested, both 

for accuracy and to confirm that the idealized structure, 

for which it has been developed, is truly representative of 

engine rotors. Finally, an-attempt will be made to optimise 

the application of the receptance coupling technique to 

turbine assembliesIby means of a numerical study using the 

idealized models. This will involve finding the minimum 

quality and quantity of receptance data which must be derived 

and processed in order to attain a specific accuracy in the 

resulting predictions for the assembly. 

„. 	. 



2.2. 

CHAPTER 	T'r1/ 0 

THE COUPLING OF DISC, BLADE AND SHROUD RECEPTANCES  

The equatiOns of motion and frequency equation for a 

composite structure may be formulated by dividing the structure, 

mathematically speaking, into a number of connected 

components, deriving the receptance of each component and 

then recombining them by matching internal forces and 

displacements at the contiguous boundaries between each pair 

of joined components. The method of coupling the receptances 

will be explained in the present chapter and the receptances 

will be derived in chapters 3 to 5. 

(2.1) SCOPE OF THEORY 

The following theory is an extension of Armstrong's 

work (1+). Because Armstrong used only two coordinate directions 

when coupling disc and blade receptances, his basic analysis 

was capable of describing only axial vibration fully. 

Receptances will now be coupled in all six coordinate 

directions at each junction and hence the theory will be 

valid for all posdble responses, although a later chapter 

will examine the consequences of eliminating certain 

coordinates in the interests'of economy. Armstrong made the 

further simplification of considering the blade root forces. 

to be evenly distributed around the disc rim. The following 

theory will improve this by taking into account the discreteness 

of the loads applied to the disc and shroud. The chief 

limitations on the present theory are: 

(a) the system must be conservative; 
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(b) the structure must be axisymmetric and the blade 

displacementS observe a sinusoidal envelope around the 

circumference; 

(c) shrouding may or may not be fitted but, if it is, axial 

symmetry requires that it be either continuous or 

divided between every blade; 

(d) the motion is free from thermal, aerodynamic and 

centrifugal effects. 

Otherwise the coupling algebra will place no restrictions on 

the complexity of the assembly.which may be an actual engine 

rotor or just a simple model. 

(2.2) COORDINATE SYSTEMS 

This section explains the coordinate systems by which 

the forces and displacements are measured and in which the 

receptances are expressed and coupled. The notation, which 

is also explained in Appendix 1, will refer to displacements 

by lower case lettersand forces by capitals, for example eu 

and (11 respectively. 

In chapters 3 to 5 the receptances will be derived in 

'local' coordinates, i.e. in coordinates specially chosen 

to facilitate the analysis of the particular component - 

very often the principal coordinates. Clearly the subsequent 

coupling must be performed in a single, common coordinate 

system (hereafter referred to as 'global' coordinates) and 

hence the receptances must be transformed. Both systems use 

the same six coordinate directions Which have been labelled 

sequentially 1 to 6 and are defined in appendix 1. The two 

systems will now be explained in detail. 

Local Coordinates. The disc and shroud local coordinates are 

continuously distributed around the circumference with a 
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harmonic variation in magnitude. Forces, displacements and 

receptances in these distributed coordinates are distinguished 
\SU/ 

by a 	mark. For example, if the disc rim has a displacement 

aN) , 
0. 0.0 , then by definition its axial deflection, at any 
ul  

angular position e , is q (,co qt.9 as shown below. 
ut  

121  AXIAL 
\OEFLECTionl 

R*1 	 CaStile 

U_NOEFLECTED DISC 
RIM 

St 
DISC RITZ WITH DISPLACEMENT q tifo 

v.)I 

Loads in local coordinates will be expressed in units of 

force (or torque) per unit angle. It may be observed that 
. a 	LA, 

the notation V11.) or C01) does not specify the phase of the 

wave, which in the above example has been that of a cosine 

wave. Throughout the following work, the phase relationships 

of the various coordinates will obey an implicit ordering, 

which will depend upon direction, such that coordinates 

relating to directions 1 to 4 will be cosine waves and those 

of directions 5 and 6 negative sine waves. In other words, 

radial rotation (no.5) and radial translation (no.6) will be 

situated -4. wavelength in advance of the remaining four 

coordinates. For example. 
ivt r to-Mb 

indicates that 	Q =me 
the displacement vector 	the displacements at 

any point, position easraec,, c1,363)cr'S=1  

q w .4  
-(15  Wara9 

- &tulle 
■, 
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The blade local coordinates are simply point or discrete 

coordinates defining the conditions at a single blade.. 

Global Coordinates. The global coordinates are distributed, 

but not continuously; that is they express the values of force 

or displacement at.a series of discrete points around the 

circumference, each point situated at the angular position of 

a blade. The magnitudes of these coordinates are described by 

a sinusoidal 'envelope, as in the case of continuously 
t 

distributed coordinates. A SL identification mark will now 

be used. For example, if the disc rim has a displacement ciL(,11) 

then the axial deflection at the circumferential position of 

the 	blade is implied to be S.CArS alTNIfq 	where 
vi  

N = the total number of blades. Note that the rim displacement 

at points between the blades remains unspecified. For these 

coordinates, loading will be expressed simply in units of 

force (or torque). The phase relationships are identical to 

those in distributed coordinates; that is coordinates 5 and 6 
IT 

are situated Z  in advance of the others. 

(2.3) COORDINATE TRANSFORMATION 

It is easy to transformreceptances from local to global 

coordinates providing we can convert forces and displacements 

from one coordinate system to the other. The transformation 

of a typical receptance component entails the following 

operations. 

Step (a) Apply a loading to the component in global coordinates 

and then express this loading as a system of forces 

in local coordinates. 

Step (b) Form the product of the forces in local coordinates 

with the relevant local receptancesand hence obtain 

the response in local coordinates. 



26 

Step (c) Interpret this response in terms of displacements 

in global coordinates. 

Step (d) The global receptance is the quotientof the final 

response over the initial loading. 

Details of the transformations for specific receptances are 

given in appendix 2. 

(2.4) COUPLING THEORY 

Having manipulated the receptances into suitable form, 

we shall show how they may be combined to predict the wheel's 

natural frequencies and mode shapes. As noted previously 
by 

the blade displacements, and,linearity also the blade end 

loads, are assumed to vary sinusoidally around the 

circumference with m cycles. In the algebra, radial 

position will be indicated by the following subscripts: 

D at the disc rim; R at the blade roots; T at the blade tips; 

and S at the shroud, 

Unshrouded Wheel  

for compatibility, %M I 	CO/..)/ 
K 

/1_ 
for equilibrium, 	sow} 	‘.(s1 0.01 . 0 

K 

response/excitation relationshipsSirci  n il 45)4 Sq(i4 	(2.3) 

wv 	
kN (2.4) 

rk RR 	K 

hence the equation of motion is 

[11f€k-A-)1 
RR 	R 
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This is a set of 6 homogeneous, simultaneous equations and 
for a non-trivial solution the determinant of the coefficients 

must vanish, 

KR (2.6) 

The natural frequencies of the structure are those which 

satisfy equation (2.6). 
Shrouded Wheel  

In this case we have some additional equations relating 

conditions at the blade tips: 

IL 
for compatibility, Vt001.1..  = 1.41.101;1 (2.7) 

for equilibrium, -r1Q1(f11) 	ktq (2.8) 

response/excitation relationships, 

kj(tP61 
lk 	RT 	T 

VCI 	= NL(M)-1 	(IY01 
TR 	R 	T T 

ktt (rn)l  

combining these gives the equations of motion: 

jr Rr‘]  RR 	[I(P(1  RI 

LZ(rYl))TR 	EN] +Rfit a(rrt)-1 
TT 

Again, for a non-trivial solution: 

=to] (2.12) 

uo(r44-(4,„ 	`rim)] RT 

TR D" 
TT 

0 
(2.13) 

   

If it is required to solve for mode shapes, then we 

take eqn. (2.5) or (2.12) and set one of the components of 
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the blade end loads to unity. We then delete one of the rows 

of the coefficient matrix and are thus left with a set of 

nonhomogen eous equations which can be solved for the remaining 

blade load components. Finally, by multiplying these loads by 

the relevant receptances, we can obtain the displacements 

anywhere within the structure, 

(2.5) NUMERICAL CONSIDERATIONS 

Root Finding. The numerical values cf the natural frequencies 

may be found by evaluating the determinant of eqn. (2.6) or 

(2.13) at a number of trial frequencies until a sign change 

is detected and then iterating in order to pinpoint the root 

more accurately. Initially, linear interpolation was used for 

the iteration because this procedure invariably converges, it 

is reasonably efficient, and it requires the evaluation of no 

derivatives. Unfortunately in certain cases convergence was 

intolerably slow. This was found to result from severe 

fluctuations in the magnitude of the determinant within the 

range of iteration, as shown below. 

The shortcoming was remedied by employing linear interpolation 

and step bisection alternately, the latter being less efficient 

but less readily ensnared by numerical ill-conditioning. 

Pole Elimination. The previous section explained how the 

roots of the frequency equation could be found by looking for 
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sign changes in the determinant. Unfortunately the 

• determinantal curve does not change sign only at the true 

roots. Discontinuities occur in the curve at which the 

determinant tends to infinity and simultaneously reverses 

sign, as illustrated below. These additional sign changes 

will be called 'poles' and the true roots 'zeros'. 

Poles occur when individual recebtance terms within the 

determinant become infinite, thus dominating the remaining 

terms and dictating the magnitude and sign of the determinant. 

This phenomenon is encountered at each free-body natural 

frequency of each component within the structure. 

Fortunately it is fairly easy to recognize when the 

iteration is converging to a pole, instead of a zero, because 

of the steady increase in the magnitude of the determinant. 

Consequently it is unlikely that a pole be mistakenly 

registered as a root. However, the presence of poles inflicts 

another, more serious handicap; namely the possibility of a 

pole being situated close to a zero. Should this occur, there 

is a risk that the computer will step over both sign changes and 

detect neither. The density of poles depends on the complexity 

of the system under analysis or, to be more specific, the 

number of poles within a given frequency range-. is a product 
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of the number of components incorporated in the structure 

and. the number of natural frequencies of each component-over • 

that frequency range. For example, the determinantal curve 

for a shrouded assembly might have a pole at each free-body 

resonance of the shroud in axial flexure, in-plane flexure, 

elongation and torsion; a pole at each free-body blade 

resonance in flap, edgewise flexure and torsion; and a pole 

at each free-body disc resonance in flexure. The present 

work has shown that, for the more complex bladed disc models, 

poles are more numerous than zeros and these poles seriously 

hinder the root-finding process. 

Fortunately it is always possible to eliminate the 

poles, leaving the determinant a continuous function of 

frequency by multiplying the determinant by certain frequency-

dependent coefficients which tend to zero and simultaneously 

change sign at the frequencies of the poles. For example, 

consider a simple bladed disc in which only two coupling 

coordinates are used. The frequency equation is: 

OX7" 4:1k) 
NAZI ..t.1-2.1:) ) 

The determinant will possess discontinuities unless it is 

multiplied by suitable coefficients.  thus: 
-N 

1-  (11 keK4 

Clearly, the coefficientsA4and4must be selected very 

carefully so that they change sign at only the desired 

frequencies. 

The most usual way to form these coefficients is as 

follows. Factorize each receptance into a numerator and 

denominator as shown below. (This can be done with almost all 



receptances as is proven in ref. 43 section 3.2). 

2-1  i'l?.1.1 	
Ces 	kl 

A, fx  LN 
t —2_1 
Lok k is then taken asi!a( 	. andt as La 	This topic will be 

treated in more detail in chapters 3,4 and 5. 

Details of Computer Program. A Fortran program was written 

to evaluate the receptances and hence formulate and solve the 

frequency determinant. Attention should be d-awn to a quality 

which represents one of the chief attributes of the present 

type of receptance coupling analysis; namely, the modesty 

of the computer storage requirements. The complete program 

compiled and executed in under 20,000 words. The main reason 

for this was that the amount of central memory needed is 

related to the size of the arrays which must be stored. In 

the present analysis, the largest array was the frequency 

determinant which, being a product of the number of coupling 

points and coupling coordinates, was only 12 x 12. 

21 



CHAPTER THREE 

DERIVATION OF DISC RECEPTANCES 

3.0 INTRODUCTION (Applies to chapters 4 and 5. also) 

The computer program described in chapter 2 requires 

only to be supplied with receptance expressions for each 

component before it can be used to set up and solve the 

equations of motion of a complete assembly. In chapters 3, 

4 and 5 we shall derive these receptances although, as 

explained in section 1.4, attention will be limited to 

idealized profiles in order to avoid very long and tedious 

analyses. For a particular component, the procedure may be 

divided into four parts, viz: 

(1) devise an idealized representation which will be 

dynamically similar to the engine component, but which 

will be readily analysable; 

(2) derive the receptances of the idealized component; 

(3) check the accuracy of the receptances by all means 

possible - for example by experiment or comparison with 

other published work; 

(4) verify that the idealized model is indeed dynamically 

similar to its engine counterpart by comparing the 

calculated vibration properties of the model with 

measurements on the engine. 

The detailed description of the final section (4) will 

be postponed until chapter 7. It has been included in the 

above list only because, for some cases, the outcome of (4) 

influenced the selection of the model in section (1). In 

other words, some trial-and-error was necessary before the 

3a 
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optimum representation could be chosen. 

(3.1) SELECTION OF AN IDEALIZED DISC MODEL 

Choosing the optimum disc model consisted of attempting 

to find a simple shape possessing natural frequency 

characteristics similar to those of engine discs. Armstrong 

(4) and Ewins (36) used uniform circular plates in their work, 

since this component was relatively easy to analyse both for 

frequencies and receptances as demonstrated in references (45) 

and (46). Initially this means of representing the disc was 

tried, but no combination of thickness and diameter could be 

,found which possessed the required natural frequency/mode 

shape relationship. It was inferred that some variation in 

disc thickness must be allowed for, since turbine discs 

usually have pronounced and rather complex thickness contours. 

Unfortunately the governing differential equations for the 

flexural vibration of nonuniform plates do not possess constant 

coefficients and no exact solution has ever been published for 

plates with an arbitrary profile. The following is a review 

of publications which might be extended to yield the 

receptances of a nonuniform thickness disc, although in 

present form each is limited in some respect. 

Previously Published Analyses Of Varying Thickness Discs  

(I) Many authors consider only the 0 and 1 modal diameter 

modes (often referred to as the axisymmetric and anti-

symmetric modes). For example, Conway (47) and Prasad (48) 

analyse linearly and partially tapered plates; Juarez (49) 

deals with stepped discs; Barakat and Baumann (50) study 

parabolic thickness variations, whilst Kirk and Leissa (51) 

and Takahashi (52) concentrate on ring-reinforced discs. 
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However, the higher diametral modes are of more interest 

to turbine engineers and the remaining contributions are valid 

for all modes. 

(II) Some analyses allow stiffening rings, rims and 

concentrations of mass at specific points. Tyutekin (53) 

considers a mass at the disc centre; Dzialo (54) analyes 

circularly stiffened plates; Karpov (55) analyses discs . 

with rims and annular ribs; Takahashi et al (56) study a disc 

whose thickness decreases exponentially with radius and which 

is loaded at the periphery by either masses or springs; 

Stuart and Carney (57) analyse an annular plate with rectangular-

section hoops stiffening the inner and outer edges, and 

discuss the use of their model for predicting turbine disc 

vibration. 

(III) In some cases exact solutions have been presented for 

discs whose thickness varies according to a specific law. For 

example Harris (58) considers a parabolic relation between 

thickness and radius; Jain (59) and (60) deals with both 

linearly and parabolically tapered plates using the method of 

Frobenius, whilst Prescott (45) treats the case of thickness 

proportional to rt (r = radius, b = a constant). Other 

references may be found in Leissa (61) chapter 11. 

Unfortunately all these solutions have the drawback that they 

require the thickness to be a continuous analytic function 

of position and consequently they would not be directly 

applicable to turbine discs, which possess irregular and often 

abrupt thickness changes. 

(IV) A number of approximate techniques have been advanced 

which are suitable for discs whose thickness profile is 

piecewise continuous. Most of these entail guessing a 

mathematical expression which is assumed to be a close 
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approximation to the true mode shape. Biezeno and Grammel (62) 

applied Rayleigh's method to steam turbine discs; Soo (63) 

used a Rayleigh-Ritz procedure and demonstrated good agreement 

between predictions and measurements on real turbine discs; 

Chopra (64) applied Galerkin's method to discs with a piecewise-

linear thickness profile and Blech (65)succeeded in 

analysing a turbine disc having a flexible ring carrying rigid 

blades at its outer radius, by a collocation technique. One 

of the most popular numerical methods to date has been that 

of Ehrich (66) who developed a transfer matrix approach. In 

this, the disc is replaced by a number of annular strips of 

constant thickness. Each alternate strip is considered to be 

massless but to have the local elastic properties of the 

actual disc, whilst the intermediate strips are considered to 

possess the local inertial properties but no flexibility or 

physical size. This technique can readily take into account 

radial variations in density and Young's modulus and also 

centrifugal stresses. Pestel and Leckie (67) have formulated 

an associated transfer matrix which allows for shear 

deformation in the elastic strips. Finally, many finite 

elements have been derived for plate vibration problems. For 

example, Olson and Lindberg (68) introduced annular and 

circular segment elements and, as a numerical demonstration, 

subdivided a uniform disc into 3 elements radially and 12 

circumferentially, with a resulting total requirement of 55 

degrees of freedom. Calculations were in fairly close 

agreement with exact natural frequencies derived from McCleod 

and Bishop (46). Unfortunately this, in common with most 

other relevant finite element solutions, suffers the dis-

advantage that, for reasonably accurate results, the mathematical 

model must embrace a large number of elements and degrees of 
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freedom. One promising exception is an analysis by Kirkhope 

and Wilson (69), (70). They have proposed an annular finite 

element for which the displacement function varies sinusoidally 

in the circumferential direction with a specified number of 

nodal diameters,,  whilst a power series is used to describe the 

radial displacement variation. The resulting model has only 

four degrees of freedom per element. The elements must be 

constant in thickness circumferentially, but may have any 

thickness variation radially. The analysis has been tested on 

discs with many different thickness profiles and the 

predictions have been compared with measurements, with exact 

calculated values where available and with results calculated 

by other methods. In all cases, good agreement has been achieved 

using very few elements. For example, for uniform discs 

better accuracy was obtained using only two elements (six 

degrees of freedom) than with Olson and Lindberg's 55 degree of 

freedom model, although the sector element would have the 

advantage that it could accommodate circumferential as well as 

• radial nonuniformities. Kirkhope and Wilson's analysis has 

been extended to allow for thermal and centrifugal stresses 

and for shear deformation.and rotary inertia. 

Development Of A New Analysis. It was felt that, of the 

above publications, the best suited to turbine disc analysis 

would be that of Ehrich or Kirkhope and Wilson. Unfortunately 

both these methods suffer the disadvantage that they demand a 

certain minimum number of elements to achieve a specific 

accuracy in the final results, regardless of the complexity of 

the plate profile.Experience with Ehrich's method has shown 

that a very large number• of elements is required to compute 

the frequencies of even a uniform disc reliably, and clearly 

the application of this method will always entail considerable 

effort and computing resources. 
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In order to overcome this drawback, a new method has 

been developed during the course of thelresent research, which 

can analyse a disc composed of any number of concentric,. 

uniform thickness annuli. In this method, the receptance of 

each annulus is first computed using exact expressions presented 

by McCleod and Bishop (46) for thin annular plates. The 

natural frequencies'and edge receptances of the complete disc 

can then be obtained by receptance coupling. Clearly the 

accuracy with which this 'multi-annular' disc is analysed is 

independent of the number of elements used. Therefore the 

number and dimensions of the annuli may be chosen to suit the 

profile of the engine disc, with no additional penalty incurred 

should that number be small. It was felt that this quality 

would allow a particularly concise analysis of turbine discs 

because of their characteristic profile. This profile is 

approximately axisymmetric and usually consists of a thick 

inner hub joined by a thinner web of gentle taper to a thick 

outer rim. Consequently a model could be formed from only 

three annuli which would be representative and would require 

relatively little computing effort. Examples can be seen in 

figures 7.1 (a) to 7.6 (a), in which a series of typical 

turbine discs and their models have been drawn side by side. 

The main disadvantages of the annular plate model are: 

(a) it is almost impossible to accommodate circumferential 

nonuniformities. These are invariably present in engine 

discs in the form of inter-stage couplings, bolt holes, bosses 

etc.; but it is felt that these are of secondary importance 

in determining vibration properties; 

(b) McCleod and Bishop's expressions may not be valid for the 

hubs and rims of engine discs which are generally thick in 

relation to their diameter. It may, however, be possible in 
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the future to extend one of the more rigorous disc analyses, 

such as that of 'Reismann and Green (71), Mindlin (72) or 

Bakshi and Callahan (73) to generate more accurate annular 

receptances. 

(3.2) ANALYSIS OF THE IDEALIZED DISC 

This section shows how the rim receptances. of a 

concentric annulus disc may be formulated in local coordinates, 

i.e. in continuously distributed coordinates, with the aid of 

McCleod and Bishop's theory (46). For the purposes of 

experimental verification, it was also necessary to obtain 

the point receptance at the rim. Here again, McCleod and 

Bidhop's monograph supplied the solution by showing how 

point receptances can be deduced from an infinite sum of 

distributed receptances. 

Consideration of the internal equilibrium of a plate 

produces separate expressions relating the flexural 

deformations to three different types of internal load; these 

being shear force, bending moment and twisting moment. At 

the plate edges these loads will be in equilibrium with an 

externally applied axial force, a tangential torque and a 

radial torque respectively., Now, because shear deformation 

is ignored within the plate, it can be shown-see articles 

647 and 648 of reference (74) - that, except in the 

immediate vicinity of the boundary, the plate will know no 

difference between an externally applied axial force and a 

radial torque, providing these loads vary with statically 

equivalent magnitude, that is providing: 
41) 	N4N., 

I d 
Q (ax) = 	71 aE3 5 

o 
 

( CRTI)= axial force,
5

= radial torque) 

(3.1) 
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Therefore, if both axial forces and radial torques are applied 

to a disc, we can combine these loads into a single 'total 

eqivalent shear force' 5f, defined such that: 

db 	4L 	_ atm 
Sf 	gp-)— 	 (3.2) 

In the following. theory, when solving the equations of motion 

of the disc, we shall specify the boundary conditions by 
dt. 

equating the SF applied to the disc rim to a similar quantity 
composed from the internal shear force and twisting moment. 

It is also the practice in the following work to use this 

'total equivalent shear force' when prescribing equilibrium 

at the contiguous edges between each pair of connected annuli. 

However, this is purely for convenience of computation and 

simply equating shear forces would have served the purpose 

just as well. In fact, to satisfy completely both compatibility 

and equilibrium across the internal boundary separating any 

two annuli, for example thei th and (4,-1)th, it is sufficient 

to ensure that: 

	

(-1-111)i 	= 
17,.. 	 =.. 	( 62 

,-4
:IL\ 

fv1-- I 
fr 

Coupling The Individual Annuli  

Consider a disc composed of 1 annuli, as shown below, 

which is excited by rim loads Q 	, qt r0 and Q Qnj 
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U'Ir 
Let V(t) be a state vector expressing the magnitudes of the 

axial displacement, slope, total equivalent shear force SF(+) 
\Po 

and bending momentRi(t)in distributed coordinates at any.  

radius (et), within a particular annulus - a subscript will 

indicate which annulus. When referring to conditions at the 

inner or outer edge of Elle 'th annulus, the radius will be written 

A-- • or 41 	. 	 ,r.:(111 

For example, VO". .)} 
1-  V v, 

,L 	
"Vat at inner edge of th 

Svf 	annulus.  
ail 

Let Mi be a vector of integration constants for the i th 

annulus which is determined by the boundary conditions and let 

LACE] •  be a matrix of coefficients for the 4, th annulus, 

defined such that: 	.:\k"t--).} = ER(tii 1" • .)(3 • 

\/(10 [IAA 
(3.3) 

 

The elements of P\ (1-.)] involve Bessel Functions and are 

tabulated in ref. ( 46 ) . However, these same data have been 

reproduced in Appendix 3 in a form more conducive to programming 

because McCleod and Bishop 's presentation is rather clumsy and 

their sign convention confusing. 

For compatibility and equilibrium between the adjacent 

edges of all- th and th annuli : 

[3..134 	 0.1_0 
(v) 1_0 

U., Jul_ LP\ ill  Nt 	(3.5) • hence 	),\(11..  ) 	(--fe 

similarly 	 -I a  
- :NI  -&-Ii[k],K1',------[A] Vi 	0-0 

Since we assume there are no loads at the inner edge of the 

innermost annulus: 	r•--  L4 ?) 1 
Diogici,FT, 	 LAdi v   

0, 
0 	 Cl /  s) 

hence, 
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Alternatively, if a unit tangential torque is applied, then 

[1._  0 0 0 
0100 

AT atsc 
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Clearly the natural frequencies of the disc may be found by 

setting the rim loads to zero. Thus, writing the above 

coefficient matrix as DI we have the frequency equation, 

[Ig tX1, 	= 01 	 (3.8) 

or simply 

Ire` = 0 	 (3.9) 

Closed Form Receptances  

The state vector at the disc rim under the above loads(kn))  
kk'rt) AN D 	S ; 

W("ti,Sr 	 = 1A:3] EBT 0 g (3.10) bivi 3,) 
If only an axial force QtrOof magnitu e unity is applied to 

the rim, the shear forceS"Vwill also be unity. 

the bending momentBM)will be minus unity. We may now write 

down the receptance matrix for directions 1 and 2: 

01, su 	 0 0—  
_ _  

73 - 

0 0 
[N1 1  1 0 

OC IN OC 1 a(-n) 	 0 0 __ 

0 -1 

The receptances to a rim radial torque may be evaluated from 

those above using the coordinate transformation(3.1), with the 

following result: 
frt at 	.11, 	 4L 	2 1/411, 

0(1503 = 	OC. VI) *, cc (113 = a Otc ,(1) • eC (A) = (1.1.) CC '11) "Pp  11  ' ZS ft Z1 ) 5.5 — 
1; 	

II 	
(3.12) 

( La.] is symmetric) 
(1-0.„-tipsr=DISC OlLTER RAtitu_S) 

The remaining receptance components relate to the 

in-plane motion of the disc and will be assumed zero, except 

for the 1 and 0 diameter modes. In these modes rigid body 

displacements are possible. 

) 
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For 1 nodal diameter 

	

,e
a 

 lt(t) U11.0) 	0 	0 
az, 

	

t\&-.1:29) 	0 	0 

S 	11) 

Cad- 	 0 0 0 
C 	101 	0 

\ RI  

( 3.13) 

for 0 nodal diameters 

(xi  (o) 	cx lio) 	o 	0 	0 0 .,  

	

- & (o) 	0 	0 	0 	0 --.......2.... 
s)- 	+.:Ro  -1',,R0 	0 	0 ft,,,,__- 

-/t \, Ro 	0 	0 ic  
(3.14) 

0 

where 	- --17 2.11" 
Mot.) 2- 	o My 
IV Mass of disc 	tAtt= polar moment of 

inertia 

Pole Elimination. In order to eliminate the discontinuities 

caused by the closed form disc receptances becoming infinite 

(see section 2.5 for more details) it is necessary to multiply 

the frequency determinant of the complete assembly in equation 

(2.6) or (2.13) by the denominator of the disc receptances, 

which in this case is the determinant 
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Series Form Rece tances 

We shall now show how the disc flexural receptances can 

be derived in the form of an infinite series, each term of 

which represents one natural mode of the disc as a free body. 

The procedure will be to formulate the receptances in 

principal coordinates and then transform them to local 

coordinates. For the purposes of the present numerical study, 

the principal receptances were evaluated exactly which, as will 

be shown below, entailed integrating some awkward expressions. 

However, it was later realized that these principal receptances 

could have been evaluated more easily by a different, 
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approximate approach. 

In the first method, the receptances of the constituent annuli 

must be available in closed form and these are combined . 

together to formulate a receptance series for the complete disc 

in which each term is exact. The second method combines series 

form receptances of each annulus to produce a series disc 

receptance in which each term is approximate. Clearly, if the 

second method were used, a limit would be placed on the 

accuracy of the results, because the disc receptances would 

still be inaccurate even if an infinite number of terms were 

retained in the final disc receptances. This restriction, 

however, is likely to be unimportant in practice, since the 

results can always be made as accurate as circumstances demand. 

)MS Definitions. Let 	Y M P S  and Ce be the displacement, force MS 

and receotance in principal coordinates of a disc resonating  

in a freely suoported mode within nodal diameters and S nodal 

circles. The relation between principal and local coordinates 

is 
to 

4)5r1) 	 }:)1,4 	(rt- )} 
TIS 

Sz 

(3.15) 

1-n  is the outer radius of the disc.(k),nslis the modal 

displacement vector of which, by definition, the axial 

component is unity at the rim;  that is, for all possible values 

of.M. and S , 

0,N ens  = 1 
	

(3.16) 

To Derive The Principal Receptances Exactly. In general the 

principal receptances can be evaluated from the relationship: 

1  

C)<•-n s 	s (GP — Wz 
(Ds  (3.17) 

Therefore, it is now necessary to calculateCOmsandoMms, i.e. 

the natural frequency and inertia coefficient of the freely 
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Supported disc in its115th mode. As explained previously, the 

closed form receptances of the individual annuli are coupled 

together to form equation (3.9), and this equation when solved 

yields the natural frequency (.),.) . Subsequently thea 	may be 
115 	 friS 

determined by finding the kinetic energy I{tits of the disc in 

its11.5 th mode, as shown . below. 
• a. 

a icms= 	
r 	

1.-(/' Z 	fi 	aft,  
i=1

33
• 

c-  t) tr  
= 	a, ,9%  sRi 	Ftrt 	 (\I 	 (3.18) s 	 s 

where RAI  , 	and Ai , j4, are the thickness, density, inner 

radius and outer radius of the th annulus. To find the 

modal displacement 0(.4
-)PftS  for each annulus we must solve equation 

(3.8) at the frequency') and hence obtain 	From this we /IS 
calculat4X1

) 
 - - - 	, using eqns (3.4.), (3.5) etc. hence, 

for the outermost annulus: 
ti,  (t) 	i, , , to-iLA(iq tx -t ( yAs 93% 1.)  

	

^n.S 	(3.19) 

or, using eqn. (3.16), 

Qt)rts  
.t1, 0,0,0 	t] 4  

1" 	4 
similarly for the( - th annulus, 

%O.) 	— 	
0 )0 )03 	 f _oR 	<  

tl 0  ) 	.)cA 	
. 

e 
and so we calculate the mode shapes of all the annuli. Now 

0101Ascontains the sums of Bessel Functions, therefore 

evaluating eqn. (3.18 ) will entail integrating products 

involving two Bessel Functions and the radius. Some of these 

integrals are given by McLachlan (75) but others had to be 

derived from first principles. All have been tabulated in 

Appendix 4 . 
Finally we compute the required inertia coefficients from: 

a 
rms 
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There are two rigid body modes which require special 

consideration. For these the modal constants are as follows: 

for 0 nodal diameters, cJ ____00 = 0, 	cl. = 00 	D 

for 1 nodal diameter, (010=  0, 	0, = M2.0 
I 	rt. j_ 

where NID  = disc mass and P1 	diametral moment of inertia. 

To Derive The Principal Receptances Approximately 

Initially we must know a sufficiently large number of 

terms .in the receptance series for each annulus. This implies 

that we must know the natural frequency and inertia coeeficient 

and also the displacement and slope at the inner and outer 

edge of each annulus for a reasonably large number of freely-

supported modes. Suppose for the i, th annulus in itsMth 

diametral and Cth circular mode these are, respectively: 

136.11c 3 	) 2 	) 	 C 3  ja'2, 	/7) faC 
As before, we compute the natural frequencies of the complete 

disc (3 
S 
 by coupling together the receptances of the annuli. 

M 

In the present case the 4) will only be approximate because 

the annular receptances each consist of a truncated series. 

Next, to calculate the disc inertia coefficient, (:), , we must ,rts 
solve for the mode shape of the complete disc in terms of both 

the displacments and forces at_the junctions between connected 

annuli. Suppose, when the disc is resonating in itsllSth 

natural mode with known amplitude, we find the loads in 

directions 1 and 2 on the ith annulus to be 
j(11
1 	At 	at the inner, and t 

	

A t 	 I  (-11)4-i,,z) )-) at the 
outer 
edge. 

We then convert this loading into principal coordinates as 

follows. Impose a virtual increasA13 on thelttth principal Tic 

coordinate of the annulus. Thus, the Virtual Work equation for 

the :Ath annulus is: 

a 1(n) f it) 	+Ikik.i)jirrtjitt)  ± 511Q  MA)  %-li-t.:113-) 1Q&1297i) 113‘..( )  

= gt,C 1311,C. 
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The loading on this annulus in principal coordinates is: 

Q ft-tli6(..) + IQ (a, )"0(k1  + q i't  0) '951(10)11c  1- IQ kiti '93z,i 0)Ttc 1)1,C. - 	I 	 ' 	I A' RC 	 . 	Si' 	Z. 414" "At  

Now the deflection of the annulus in theActh principal 

coordinate is: 

19. 	
Inc 

.Ct' 	
PMC.  

am  ((41' -lbt) x 
Knowing the principal displacements we can compute the 

kinetic energy in each mode and, by the following summation, 

we obtain the kinetic energy of the annulus, 

v. ea 

Erite. 	16,2- 
Itt v ent 

c=0 
By extending this sum over all the annuji, we obtain the 

total energy of the disc in itstSth mode: 

2. 
• CO 

2 ritS = 	 CL 
Tts- 

	

I. 	c, 0  
Hence we can compute the inertia coefficient of the disc in 

thellSth mode: 

2 R.  
ants 	pns 
Having now calculated (approximately) the natural 

frequency (th) ) and inertia coefficient 01 ). we can TO 	 - 

easily calculate the approximate principal receptance for the 

11S th mode using equation (3.17). 

Transformation Of Receptances From Principal To Local  
Coordinates. 

It only remains to transform the principal receptances 

into the required coordinate system, and the same transformation 

is valid, regardless of whether the principal coordinates are 

exact or approximate. This process may be carried out in 

the four steps described in section (2.4). As before, the 

one essential is the ability to transform loads and 

displacements from one coordinate system to the other. In 



this case, eqn. (3.15) may be used to convert displacements 

from principal to local coordinates, and the associated force 

conversion follows by virtual work. The resulting rim 

receptances relating response in directionk to excitation in 

direction t are slightly different atIl=0 fromil>0 but in 

general are given by: 
cZio 

 

 

(1.  ) • 0) • °C (tD 
Q11) 
	(it 0 	 ins 	s 

0 

(3.21) 

Note that some components of the rim modal displacement 

vector 	(to 	 are required in equation (3.21). 

This vector has already been computed when solving for the 

mode shape of the disc. Equation (3.21) is valid fork and 

I = 1 or 2, which enables the four components in the top left 
corner of the COC] matrix to be evaluated. The remaining 

components may then be derived as described in the section 

'Closed Form Receptances'. 

In order to eliminate the 'Poles' (explained in section 

2.5) introduced by the series form receptances,a disc 

receptance denominator must be formulated as shown below. 
5.= CO 

o  = 	
, 

Tr 	QS-) s.. 	1,s 

(3.3) VERIFICATION OF ANALYSIS 

The object of this section is to establish that the 

receptance expressions derived for idealized disc are free 

from inadvertent errors, and also to determine how precisely 

the mathematics, with its many approximations, is capable 

of analysing the idealized disc to which it has been applied. 

The analysis was programmed and the necessary Bessel 

Functions evaluated by recurrence relations. The Functions 

were checked against British Association tables and were 

47 



found to be accurate usually to 8 or 9 significant figures for 

orders from 0 to 50 and arguments from .2 to 20. In a few 

cases the agreement dropped to only 6 figures. 

Comparisons Between Various Computed Results. Some preliminary 

checks were made on the analysis by computing the natural 

frequencies of a circular.c flat plate by different methods: 

(a) by solving the classical equations of motion for a disc 

continuous at its centre. The associated mathematics is 

much simpler than that for an annulus and involves 

Bessel Functions of only the first kind; 

(b) by using the computer program developed in the present 

research for a non-uniform thickness disc. The disc was 

considered to comprise a number of annuli of equal 

thickness and the central hole was made very small. 

Frequencies were computed with various numbers of annuli 

from one to eight. 

In all cases the results agreed with each other and with 

the exact 'thin disc' natural frequencies which have been 

evaluated by many previous authors and are fairly commonly 

tabulated in the literature (in dimensionless form ). 

The next test consisted of using the computer program 

to calculate the natural frequencies of a uniform annulus 

which had a series of different ratios of inner/outer diameter. 

The results agreed. closely with those quoted by Vogel and 

Skinner (76), also obtained using classical thin plate theory. 

Experimental Work. A series of separate tests were performed 

on three mild steel plates as described below. These plates 

will be referred to as 'test discs 1, 2 and 3'. 

Test disc 1 was machined and tested by a previous 

worker (77). Originally 16" dia. x In thick, it subsequently 

had an annular groove j-"  deep cut in either face as depicted 



in fig. 3.1. The groove was progressively widened and.the 

natural frequencies measured, until finally a 16" dia. x .01  

thick plate was obtained. The plate received no heat 

treatment. During. testing it rested on an automobile inner 

tube and was excited by a loud speaker. The frequencies of 

maximum response were recorded with the help of a rim mounted 

strain gauge and are reproduced in fig. 3.2. 

Test disc 2, also shown in fig, 3.1, was manufactured 

by flame-cutting from steel plate and a groove was turned into 

either side. The machining was performed rather hastily and 

the rim was polished with only a hand grinder. Consequently 

there were wide tolerances on the dimensions. Again no heat 

treatment was applied. The wheel rested on an inner tube 

and was connected to an electromagnetic shaker. Its natural 

frequencies were measured by detecting the frequencies of 

maximum mobility using an impedance head mounted between the 

shaker and the disc. These results are shown in fig.3.3. 

The corresponding mode shapes were identified by probing with 

a hand-held accelerometer. The measurements were repeated 

with the wheel supported only at its centre by a 4" dia. 

rubber cylinder. However, the frequencies of the diametral 

modes were exactly the same as before, thus confirming that 

the inner tube did not restrict these modes. 

The 'over natural frequencies were measured again, by a 

different method which involved analysing the transient 

waveform produced by striking the disc. To do this, a small 

accelerometer was bonded to a point on the rim and its output 

filtered by a vibration analyser before being compared with a 

wave of known frequency on an oscilloscope screen. The 

natural frequencies found by this method agreed with those 

previously recorded to within one percent. 

11-9 
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Point mobility measurements were then made at the rim of 

the disc over a frequency range 100 to 1500 Hz. The disc was 

supported on the inner tube and a shaker attached through a 

flexible pushrod and force gauge to the rim, as shown in 

fig. 3.4. A small accelerometer was mounted at an adjacent 

point on the reverse face. The frequency was incremented in 

250 steps and the mobility'computed and recorded automatically 

by a program-controlled frequency response analyser. The same 

procedure was repeated at two more points around the rim, although 

the 3 sets of measured results, shown superimposed in fig. 3.5, 

are practically indistinguishable. 

Test disc 3 was of 15.7" diameter, i" uniform thickness 

and had a 1" diameter central hole. It was manufactured by 

flame-cutting from steel plate and then grinding with no stress 

relieving. Ten of its natural frequencies, shown in fig. 3.7, 

were measured using the impedence head with the plate balanced 

on a 	dia. rubber cylinder at its centre. No attempt was 

made to measure the 0- and 1- dia. resonances since it was 

feared that the support would restrict these modes. The disc 

was then stress relieved, which consisted of a two hour 'soak' 

at 650°C followed by a slow 24-hour cool in the oven. The 

frequencies were remeasured and found to have altered 

appreciably, as can be seen by comparing figures 3.9 and 3.7. 

The frequency changes amounted to a maximum of 31-% and were 

probably the result of residual stresses established during 

manufacture - possibly during the flame-cutting. It is 

believed that this produced tensile stresses in the 

circumferential direction which were particularly high at the 

rim, with compressive stresses in the radial direction in the 

disc interior. Thus the frequencies of resonances which 

entailed significant bending about radial lines, principally 
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the diametral modes with no nodal circles, would have been 

raised by the 'membrane effect'. On the other hand, modes 

with nodal circles, which involve more bending about tangential 

lines, would have been conversely influenced by the 

compressive stress prevailing in the central plane of the 

plate. A similar effect is reported to be caused by thermal 

stress in engine rotor diScs, which is produced by the severe 

radial temperature gradients. 

The thickness over part of the disc was then reduced to 

11711  as shown in fig. 3.1 and the frequencies measured before 

and after heat treating. In this case, however, the heating 

had negligible effect on natural frequencies, which suggests 

that turning does little to induce residual stresses. These 

frequencies are recorded in fig. 3.10. 

Comparison Of Measurements With Calculations. 

Test Disc 1. Initially, the computations were based on 

assumed, nominal values of E = 30 x 106 ibf/in2 	.283 lb/in3  

and es  = .287 for Young's modulus, density and Poisson's 

ratio respectively. It was found that the calculated 

frequencies were greater than the measured by 3% on average, 

so the former were reduced by 3% to allow for uncertainty 

in the E/ ratio and entered in fig. 3.2. 

Fig. 3.2 shows that the computational error generally 

increases with groove width. This may have resulted from 

the turning, which is reported to have been somewhat rough 

and to have caused the quality of the plate to deteriorate 

progressively. Errors must also be expected because the 

theory assumes that shear forces and bending moments at the 

junctions between contiguous annuli are distributed evenly 

across each edge, whereas in reality there will be shoulders 

of unstressed material and stress concentrations in the 

vicinity of sudden changes in thickness which weaken the structure. 



This arguement cannot of course explain the errors in the 

plane disc cases where V1/R = 0 and 1; and the 5.7% difference 

for the 2/0 mode of the unmachined plate is particularly. 

serious. 

A pattern may be discerned in the discrepancies: for 

modes with no nodal circles computed frequencies are usually 

too low. This error is most severe at n (number of nodal 

diameters) = 2 and falls with increasing n. For modes with 

nodal circles, the computed frequencies are generally high. 

It is significant that this pattern is just as distinct in 

the uniform thickness cases as in the stepped thickness state. 

Unfortunately these observations do not expose the source of 

the errors. 

Test Disc  2. Natural frequencies computed with E = 30 x 106 

lbf/in
2 
 ., 	= .281 lb/in3 and 	.287 had to be lowered by 

2.2% to allow for incorrect material properties. The 

adjusted results have been entered in fig. 3.3. It can be 

seen that the predictions again fail to agree closely with 

measurements, and the important 2/0 mode is in error by 61%. 

The situation was probably aggravated by the wide tolerances 

on the testpiece's dimensions, but it should be noticed that 

the frequency errors display a very similar pattern to those' 

of the previous testpiece. 

The mobility curves, fig. 3.5, represent the only 

attempt made to verify vibration properties other than natural 

frequencies. The point mobilities ought ideally to have been 

computed from an infinite series, but preliminary calculations 

with varying numbers of terms between 8 and 20 in the series 

indicated that 15 gave sufficiently accurate results. Hence 

all the calculated mobilities of fig. 3.5 embody 15 terms. 

5E 
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Unfortunately the calculations can be seen to digress widely 

from the measured mobilities. However, the consistency in 

results obtained from the three mobility tests, and the 

agreement between the locations of the measured peaks and the 

preceeding natural frequency observations, give mutual support 

to the accuracy of the experiments. 

The natural frequency calculations were then repeated 

with a lower Poisson's ratio and it is remarkable that all 

the predicted frequencies shifted in the correct direction, 

i.e. the 0-nodal circle family increased while the 1- and 

2-circle families dropped. Unfortunately a reduction in 6 

from .237 to .25 produced frequency changes of not more than 

11%, as is shown by fig. 3.6. Since .25 is below the range of 

values usually quoted for(;, it was concluded that 

inaccuracy in Poisson's ratio could not be the major source 

of error and 6: was subsequently held at .287. 

Test Disc 3. Natural frequencies were initially computed with 

E = 30 x 106  lbf/in2, 	= .28 lb/in3  and 5= .287 and then 

reduced by 2% so that they had the same average as..-the 

measurements. Since the vibration analysis of a plane disc 

has been presented and verified experimentally by many previous 

investigators, it had been hoped that the frequencies of 

this simple structure could have been predicted particularly 

accurately. Fig. 3.7, however, shows a 5% error for the 2/0 

mode. Furthermore, it may be seen that the discrepancies 

follow a pattern very similar to those in the previous two 

testpieces. Again, lowering Poisson's ratio to .25 brought 

marginal improvements of about 1%. An attempt was then made 

to examine the consequenc es of certain simplifications which 

had been made during the analysis. A more rigorous analysis 

was derived, based on the work of Mindlin (72) and Callahan (78), 
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to predict the natural frequencies of a uniform circular 

plate allowing for shear deformation and rotary inertia. 

(It is worth noting, in passing, that Callahan's algebra was 

found to contain a number of errors). The extended analysis 

was applied to test disc 3 and the modified results, fig. 3.8, 

show an improvement of at most 1% to 2%, although the same 

basic discrepancy pattern still remains. 

The disc was then heat treated which, as has been noted 

above, altered the measured natural frequencies significantly. 

The new measurements are compared in fig. 3.9 with computations 

in which shear deformation and rotary inertia have been 

considered. The errors are now not more than 	which is 

probably acceptable. 

Finally the testpiece was recessed and, since it was now 

non-uniform, its frequencies had to be computed using the 

classical thin plate theory. The calculations are compared 

in fig. 3.10 with measurements. Errors are moderate, rising 

to 2.7%, although the pattern still persists of negative 

errors for the 0- circle family and positive errors for the 

other families. This is despite the fact that the disc has 

now been heat treated twice. It may;  be, however, that the 

maximum temperature of 650°C was insufficient to relieve all 

the internal stresses. 

It is believed the above results contain sufficient 

evidence to infer that residual stresses caused most of the 

discrepancy between experiment and theory for all three 

testpieces, and if this is so the non-uniform disc analysis 

should be sufficiently precise for present purposes. Extensions 

to both the experimentation and the theory have been commenced 

by another author (79) with the aim of achieving better 

correlation and investigating the problems associated with 

applying the analysis to turbine discs. 
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CHAPTER FOUR  

DERIVATION OF BLADE RECEPTANCES 

(4.0) INTRODUCTION 

The structure and format of this chapter will be similar 

to that of chapter 3. It will be recalled from chapter 2 that, 

to obtain the receptance of the blade array in local 

coordinates, it is necessary to consider only a single blade. 

Hence we must now derive a 12 x 12 matrix, in coordinates 

aligned with those of the disc, giving the end responses of a 

free-free blade to excitation at either end. 

(4.1) SELECTION OF AN IDEALIZED BLADE MODEL 

It must be appreciated that the blading is one of the most 

complex parts of the engine and it would be impracticable to 

try to take into account all the features influencing the 

‘dynamic behaviour of a real turbine blade. Numerous studies of 

single blades, some very elaborate and detailed, have already 

been published, for examples see ref. (22 ) or (23 ), but 

these have been confined, almost without exception, to cantilevers. 

For this reason, and also because the cantilever frequencies and 

mode shapes are commonly measured and quoted by manufacturers, 

some thought was devoted to trying to extract free-free 

receptances from cantilever properties. Initially it was 

believed that this could be done by deriving the receptance in 

the form of a series in which each term represented one 

cantilever mode. This would have entailed resolving the blade's 

forced deflection into the sum of a set of orthogonal functions, 

which in this case would have been the natural cantilever mode 

shapes. On reflection, however, it was realised that in 

general a free-free blade will have some root movement which 
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would always be absent in the above sum, even if an infinite 

number of cantilever modes were superimposed. Consequently the 

above method would fail to yield the required receptances. 

A different method (8) has been successfully employed in 

practice to obtain the approximate receptances of turbine 

blades from a knowledge of the blade mass, moments of inertia 

and lower cantilever frequencies. The technique assumes each 

receptance component to comprise only a zero frequency term, 

calculated from the blade's rigid body properties, plus a 

frequency - independent constituent to account for all the 

higher modes. These frequency - independent terms can be 

estimated by neglecting flap/edgewise coupling and by choosing 

constants such that cantilever frequencies calculated using 

the approximate receptances equal those observed on the engine 

blade. It was felt, however, that the accuracy of receptances 

derived by this method would only be satisfactory at low 

frequencies. 

Several authors have been concerned with the similar, 

but more general problem of obtaining the free-body response of 

a structure from a knowledge of its constrained vibration 

properties, e.g. (80) - (82). Unfortunately, of these works, 

the method evolved by Flannelly et at. (80) requires that a 

small deflection be permitted at the support points and the 

others also appear to fall short of present requirements. It 

was finally concluded that all the published analyses of 

cantilever vibration would require radical modification before 

yielding free-free receptances and so attention was switched 

to direct analyses of freely-supported blades. 

The only relevant literature found was Bishop and 

Johnson's tables (4 3) for uniform bars and so, initially, it 

was decided to represent the blade by a uniform rectangular - 
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section beam. The beam would, of course, have been attached 

to the disc at a suitable stagger angle in order to couple 

the axial and tangential vibration. Unfortunately, as will 

be described in chapter 7, a comparison of the predicted 

cantilever prop9rties of such models with measurements on 

engine blades gave very poor agreement, and it was inferred 

that the model's receptances would also be unrepresentative. 

Subsequently a better model was devised, comprising a number 

of uniform rectangular-section beams joined end-to-end, each 

having a different cross-section and stagger, and together 

representing a tapered twisted blade. This model would 

simulate the flap/edgewise but not the flexural/torsional 

coupling within the blade. Subsequent tests, described in 

chapter 7, revealed that models with only two stages could be 

designed to possess similar cantilever frequencies to engine 

blades. 

(4.2) ANALYSIS OF TEE IDEALIZED BLADE 

The end receptances of a blade composed of a number of 

uniform elements will now be derived both in closed and series 

form. Initially the closed form receptances will be 

formulated by deriving the receptance of a single element and 

then combining a number of elements using receptance coupling. 

Receptance of A Blade Element. The flexural receptances based 

on Bernoulli-Euler theory for a uniform beam in directions 

aligned with the principal axes have been quoted by Bishop 

and Johnson (43).  In order to use these, the directions and 

magnitudes of the principal second moments of area of the 

beam cross-section must be known and, since some of the 

testpieces had parallelogramic-shaped blades, the sectional 

properties of a parallelogram have been evaluated and presented 

in appendix 5. Bishop and Johnson also derived expressions for 
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the torsional receptances of circular shafts which may be used 

for other cross-sections, providing the correct torsional 

flexibility and polar moment of area are inserted. In the 

present work an approximate formula quoted by Roark (83) for 

rectangular sections was used to calculate the blade torsional 

flexibilities.. This formula was tested for several width/ 

depth ratios against the exact infinite series (see ref. 84) 

based on the St. Venant theory and fairly close agreement was 

obtained if more than two terms of the series were retained. 

Hence the approximate formula was deemed adequate for present 

purposes. 

In some of the calculations more accurate flexural 

receptances were required and so elemental receptances were 

used based on the Timoshenko theory. The improved receptances 

were taken from ref. (85) and are reproduced in appendix 6. 

In all cases radial deformation, that is stretching of the 

blades, was ignored. 

We have now sufficient information to assemble a 12 x 12 

receptance matrix for a blade element in directions coinciding 

with its principal axis of flexure. For they th element this 

matrix will be written Dsii . To find the receptances in . d  
coordinates aligned with the disc axis, which will be written 

and in general will be inclined to the principal 

axis by the local stagger angle $* we must perform the 

following coordinate rotation: 

D-1 
	

(4.1) 

whe r e [11 
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Closed Form Recentance of Composite Blade. The standard method 

for formulating the receptance matrix of a composite structure 

is to combine the elemental stiffness matrices into the 

structural stiffness matrix and then to invert. However, the 

simplicity with which the present elements are connected, 

allows a more concise derivation. Let[[ , and N 	be the 
\ 

receptances of two blade elements which may each be partitioned 

into four 6 x 6 matrices thus: 

@croje 

[(1  

If the two elements are joined end-to-end then the end 

receptances of the combination is: 

[1 ], 

-krqS0("5]  
(4.2) 

whereUq= 	ttOyq  

The receptance of a three-piece blade DO 	can then be formed 
\14-2:1.3 

by substitutin440.1fortei an40 a  for [02.  in eqn. 4.2. 

Thus, by repetition we can obtain the end receptances [Ik3)] of 

a blade comprising any number of elements. 

Blade Natural Frequencies. The most convenient way of finding 

the free-free natural frequencies is to solve the equation: 

= 
	 (4.3) 

Alternatively the cantilever frequencies may be found by setting: 

=O 
	

(4.4) 
Series Form Receptances Of The Composite Blade. The derivation 

of these receptances closely resembles that of the series disc 

receptances and only a brief outline will be given below. As 

before, we first obtain the receptances at the principal 

coordinates, either exactly or approximately, and then transform 
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to local coordinates. For the k th free-free mode of the 
blade the principal receptance is: 

= 
°AV-1k 

Where (,rand (1.1 are the inertia coefficient and natural 

frequency of the th mode. Tofind lik  exactly we solve 

eqn. (4.3) for Olk and then obtain Cies follows. Calculate 

the end displacements of the bladeoly andp), by solving 

the equation: 
Eitl MK) q.k1 	1 

(4.5) ((05 	%IT 	0 

One of the displacements must, of course, be given an 

arbitraty value to obtain the non-trivial solution. If we 

assume that there is no loading at either extremity of the 

blade, we can solve for the internal loads at the elemental 

junctions. Using internal receptances supplied by Bishop 

and Johnson, we may then calculate the transverse displacement 

at any position within any one of the beam elements. This 

enables us to calculate the kinetic energy in each of the 

elements. Finally, the required in ertia coefficient may be 

obtained from the following equation, where (KE) is the 

total kinetic energy of the blade in itAth free-free mode: 

Special inertia coefficients are required for the rigid body 

modes, and these can be computed from the blade's mass and 

moments of inertia. It is perhaps worth noting that the only 

significant difference between obtaining the blade and the 

disc inertia coefficients is that, in the present case we must 

integrate products formed from two of the following: 

CA:n>1.X. 	art\oc 'gat )a.(notation in conformity with 

Bishop and Johnson), whereas in chapter 3 we had to integrate 

products of two Bessel Functions. 

Approximate principal receptances may be derived by the 

techniques described in chapter 3,, providing the blade elemental 
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receptances are available in series form. 

To convert principal receptances into local coordinates, 

the following transformation may be used: 
00 

at the blade root, 11()Ni 	\Dk‘9(R)k} 
k.0 m 

at the tip, 	
(t(7)1 = 	)YA56(T)  k=0 

These equations require a knowledge of the blade modal 

displacement vector49%)kandVS(T) , which in turn require 

a knowledge of each end displacement component at the frequency 

UJik  . It will be recalled that beam displacements have been 

calculated when solving equation (4.5). However, previously 

we gave one of the end displacements an arbitrary value, so 

we must now apply a scaling factor in order to normalize 
75110 

. Finally the complete 12 x 12 matrix [ ] may be 

assembled term by term as shown below. 

For 	= 1 to 6 and ti 	= 1 to 6 (top left quadrant, i.e. gkil ) 
95.,cR)It 

For i = 1 to 6 and L = 7 to 12 (top right and bottom left 

quadrants, i.e.WOland [(3-q) 

= 	C°  OPOIK • 0(.(T)  

0 	k(k)31i2 
For 	= 7 to 12 and L= 7 to 12 (bottom right quadrant, 

.'*2  9S-A (-6 k • 95.jt  
(4"' = Z7=-0 

pole Elimination. It will be recalled from chapter 2 that in 

order to cancel the adverse effects of individual receptance 

elements tending to infinity at certain frequencies (poles), 

it is necessary to multiply the complete frequency determinant 

by a specially chosen function which changes sign at each pole. 

Now in the case of the disc and the shroud, each receptance 

element possesses a denominator which may conveniently be used 

as this function. Unfortunately the blade denominator 

([61 in eqn 4.2) has poles of its own in addition to zeros, 
• 
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which render it unsuitable for pole elimination. however, 

after some deliberation it was recalled that one of the 

characteristic properties of transfer receptances between the 

two extremities of a body is that these receptances never 

become zero. As a consequence, transfer matrices change sign 

onlyat resonant frequencies i.e. at poles. This quality may 

be put to use in solving the present problem because a 

determinantL„= 	, formed from the 6 x 6 blade transfer 

matrix, will change sign only at the blade free-free natural 

frequencies. Thus, if the bladed disc frequency determinant 

is multiplied by 	, it will exhibit no discontinuities at 

these frequencies. Unfortunately the above technique does 

not work for truncated series form receptances, but in this 

case the receptances have a denominator which is a simple, 

continuous function suitable for pole elimination; i.e. for 

series blade receptances: 

= )(c- 

(4.3) VERIFICATION OF ANALYSIS 

Before using the blade receptances, we must check the 

accuracy of the mathematics and programming, and also the 

validity of the classical beam vibration theory. 

Comparisons Between Various Computed Results. The receptances 

and cantilever frequencies of some uniform bars were calculated 

using the above analysis, in which each bar was made up from 

a number of beam elements. The number of elements was varied 

and the receptances were evaluated using both the closed form 

and the series form expressions. In all cases,the results 

agreed with values tabulated by Bishop and Johnson. Some 

difficulty was encountered when evaluating the inertia coefficients 

of the series receptances at high frequencies, particularly 

at free-free modes above about the thirtieth (comprising 
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approximately 16 flexural + 14 torsional modes). The inertia 

coefficients tended to become very large and in some cases 

negative. After a thorough scrutiny of the computations, the 

inconsistenciesWer-efound to result from rounding-off errors and 

were remedied by the use of double precision arithmetic. 

Subsequently the truncated series receptances were evaluated 

at a number of frequencies and shown to converge towards the 

closed form as the number of terms increased. 

Experimental Program. In order to test the theory further, 

a non-uniform blade was constructed and some components of its 

mobility matrix measured over a wide range of frequency. 

Figures 4.1 and 4.2 show the testpiece which was milled 

as an integral item from mild steel bar. It comprised two 

rectangular-section elements, which were constructed with a 

fairly large relative stagger angle between them so that there 

would be plenty of coupling between edgewise and flapwise 

flexure. The testpiece was suspended from two light elastic 

ropes and excited by a Derritron VP4 shaker through a flexible 

push-rod. For the tests at the root two Birchall accelerometers 

were used: an A/02, mass inc. stud. approx. 20 g, cross 

sensitivity approx. 6%; and an A/23, mass inc. stud approx. 

5 g, cross sensitivity approx. 6%. For the tip tests, two 

identical'B and K accelerometers were used: type no. 8303, 

mass 3.5 g, cross sensitivity 2%. The force gauge was a'B 

and K type no. 8200, mass inc. connector between gauge and 

pushrod approx. 30 g (3 g below gauge). All the gauges were 

fixed to the beam using small studs and Plastic Padding. The 

tests were controlled and the measured data processed and 

recorded on paper tape by a Solartron JX 3381 Program Controlled 

Frequency Response Analyser. 

The point translational mobilities in the directions of 

the local principal axes were measured at either end - no attempt 
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was made to record rotational or transfer mobilities. The two 

accelerometers were mounted close to an end, one on the beam 

face and the other on the edge. The excitation was applied 

firstly to the edge (direction 1) and then to the face (direction 

3), so that all four translational mobilitiesc%
11' clfft,31' 	13' 

and II1J
33 

could be determined. This process was repeated at 

the opposite end. 

The rotation/torque mobility% 
55 

was measured at the tip 

by a technique developed by Ewins and Sainsbury (86) in which 

the results of two tests are combined and processed. Excitation 

is applied at two different points in succession during which 

the translational responses in the direction of the force are 

monitored simultAneously by two accelerometers, a small distance 

apart, see Fig. 4.3. Together the four measured quantities 

enable the mobilities 1, 55' Tft33, cm 	 and and '111 
35 

to be 

deduced. 

The positions of the gaugeson the beam could be measured 

using a micrometer, but it was difficult to estimate the point 

of application of the force precisely. In all cases the 

frequency was incremented from 1001Vo 3 ,14.Hz in about 250 steps 

with a few seconds settling time. The mobility data was 

recorded on paper tape for subsequent graph plotting. No mass 

cancellation was used. Where a test was performed twice, 

repeatibility was acceptable, but better for direct than cross 

mobilities. The cross mobilities were found to be very 

sensitive to the alignment of the drive unit and in particular 

to whether the pushrod was normal to the surface. 

Comparison Of  Calculations With Measurements. The computed 

and measured mobilities are compared in figs. 4.4 to 4.12, 
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from which it may be seen that computed resonant frequencies 

are always higher than measured, usually by 4%- 5%, but 

sometimes by up to 10%. In general, the direct mobilities 

show better correlation than the cross mobilities. The 

calculated values at the minima or troughs of the cross 

mobilities are too high. Each cross mobility is reasonably 

similar to its reciprocal companion, or at least nearer to 

this than to the calculated mobility. In all cases correlation 

deteriorates above 1 KHz. The torsional mobility, Fig. 4.12, is 

particularly good, although there is evidence of 'breakthrough' 

from the flap resonances at 240, 800 and 1900 Hz. The 

discrepancies between the calculated and measured natural 

frequencies may have been caused by: 

(i) The wrong density/Young's modulus ratio, the omission of 

shear deformation and rotary inertia from the analysis, and the 

weakening effect of the sudden change of section, all of which 

could have rendered the calculated resonant frequencies too large; 

(ii) the inertias of the attached gauges, which would have 

reduced the measured resonant frequencies. This was later 

confirmed by some tests which were conducted with the beam 

freely suspended and with the push rod and all the gauges 

disconnected, except for one small accelerometer. The beam 

was struck and the transient signal from the accelerometer 

analysed. The five lowest natural frequencies could be 

discerned and measured in this manner, and they were all found 

to be 1% to 2% higher than the corresponding peaks of the 

measured mobilities. 

As noted above, the cross mobilities were particularly 

poor. This may have been because: 

(i) these are generally smaller than direct mobilities and 

hence more difficult to measure and more easily affected by the 
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cross sensitivities of the gauges; 

(ii) of the mass of the attached gauges. In the direction of 

excitation the mobility measurements are affected only by the 

mass of the accelerometers plus the small base below the force 

gauge, whereas in the transverse direction the beam is subject 

to the full inertial loading of all three gauges; 

(iii) it was difficult to ensure that the pushrod was normal 

to the beam face- and hence not applying a component parallel 

to the surface. Any such misalignment would, of course, affect 

the small cross mobilities much more than the direct 

components. 

Other workers have measured larger testpieces using the 

same equipment and claim that errors generally do not exceed 

a few percent for translational mobilities. However, in view 

of the operating conditions, the present agreement is 

probably sufficient to accept the analysis for practical 

purposes, though not to validate it unreservedly. 

Suggestions. Where there is significant rotation or motion 

of the structure normal to the direction of excitation, it may 

be advantageous to place the pushrod between the force gauge 

and the testpiece, because mass cancellation would thus only 

be required in one direction. This might also allow the 

point of application of the force to be defined more precisely. 



67 
CHAPTER FIVE  

DERIVATION OF SHROUD RECEPTANCES  

(5.0) INTRODUCTION  

In this chapter a model for the third component, the 

shroud, will be chosen and analysed. Attention will be centred 

on the types of shroud present in the turbine stages of aero 

engines, but the analysis could be applied with little 

modification to mid-height snubbers, lacing wire etc. Shrouding 

is very common in modern gas turbines and is generally 

composed of a number of segments or arcs each produced 

integrally with one of the blades. Such shrouds may be 

classified as non-interlocking or interlocking. In the former, 

the object of the shroud is simply to minimize has leakage over 

the blade tips and there is no contact between adjacent 

segments, even when the blades vibrate. The latter type has the 

additional and often more important purpose of restricting 

blade vibration by stiffening the structure. In this type, 

the segments are designed with'zig-zag' edges such that when 

the blades are assembled in the disc the segments knit together 

and a preload is established at each interface. In service, 

centrifugal untwist and thermal expansion increase the preload 

so that effectively a continuous hoop is formed, as portrayed 

in the sketch of the engine shroud in fig. 5.1. 

(5.1) SELECTION OF AN IDEALIZED SHROUD MODEL  

A number of vibration studies of bladed assemblies with 

lacing or shrouding have been published already, many of which 

have been discussed earlier in this thesis or in the preceding 

work (24). In all these the shroud has been represented 

rather crudely - usually by a uniform beam or by a series of 

spring - connected masses, but for present purposes a more 
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realistic description was considered necessary. Consequently 

the following models have been proposed for the two types of 

engine shroud. 

Noninterlocking Shroud. This can satisfactorily be represented 

by a rigid rectangular block attached to each blade tip with 

dimensions chosen to reproduce the mass and moments of inertia 

of a single arc of engine shrouding. 

Interlocking Shroud. It can be seen from fig. 5.1 that contact 

is not made across the whole axial width of the shroud 

interfaces, but is confined to a small abutment projecting 

from the end of each arc. It is suspected that, when the hoop 

is bent, stress concentrations and local yielding occur within 

the abutments. Moreover during engine overhaul, fretting is 

often observed at the interfaces and shrouds which were 

originally assembled with a preload have become slack, 

suggesting that slipping and wear have taken place. At present, 

designers cannot predict quantitatively the effects of tight 

interlocking shrouds on turbine vibration and are unable to 

predict even qualitatively the effects of loose shrouding. 

Because so little information is available about the 

nature of shroud deformation and about what elastic and 

frictional forces are involved, it was considered prudent to 

devise a number of possible models and to choose the optimum, 

at a later stage, by comparitive assessment. This comparison, 

described in chapter 7, will consist of using each model in 

turn to estimate the vibration properties of some shrouded 

engine rotors for which calculations can be checked against 

measurements. Four interlocking shroud models have been 

designed. These are shown in fig. 5.1 and described below. 

Model (I) is simply a uniform hoop with a number of lumped 

inertias distributed aroud its circumference. Each inertia is 
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situated at a blade tip and together they simulate the 

variation in shroud cross-section but make no allowance for 

the possibility of inter-shroud slip. 

In Model (II) each shroud segment is considered massive and 

rigid, with all.the deformation occurring at the interfaces. 

This relative motion between segments is controlled by a 

'ball and socket' joint which is flexible in the three 

rotational directions but restrains these rotations by 

torsional springs. Needless to say, such joints preclude any 

sliding. 

Model (III) is similar to (II) in that it comprises a chain 

of rigid blocks with spring-controlled twisting permitted at 

the joints, but in addition this model allows for sliding. 

The sliding is frictionless and takes place between planes 

inclined at an angle lir to the engine axis and parallel to the 

radius. The slip or contact angle can readily be obtained 

from drawings of engine shrouding. 

Model (IV) is very similar to (III), except that the sliding 

is now restrained by springs AT  and -A‘ acting in two 

orthogonal directions across the slip planes. It is realized 

that such springs constitute a rather crude representation of 

frictional restraint, but Coulomb friction is very difficult 

to incorporate in a linear analysis. 

In all the above models it was relatively easy to 

estimate the inertias required because the mass and dimensions 

of the engine shroud were always available. On the other 

hand, choosing the various spring stiffnesses was considerably 

more difficult and this topic will be discussed in more detail 

in chapter 7. 
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(5.2) ANALYSIS OF THE IDEALIZED SHROUD MODELS  

Noninterlocking Shroud. The receptances of a circle of 

unconnected blocks in local coordinates equal the point 

receptances of a single block and these can be written down 

immediately the relevant mass and moments of inertia are known. 

Interlocking Shroud  

Model (I) can be compounded from two seperate units: a series 

of inertias, and a uniform circular hoop. Consequently the 

shroud receptance can be formulated by deriving and coupling 

the receptances of the two constituents. The recentances of 

the inertias are similar to those of the non-interlocking 

shroud, so that only the hoop need be considered below. An 

approximate analysis of a rectangular-section ring has been 

presented in ref. (24) in which the receptances are estimated 

by studying the forced motion of a straight beam with identical 

load and displacement boundary conditions specified at either 

end. It was felt that this analysis should be satisfactory 

for engine shrouds because their cross-sectional dimensions 

are generally small in relation to the radius, and thus their 

curvative is negligible. For modes with more than one nodal 

diameter, the whole 6 x 6 matrix may be derived from this 

analysis with the result as presented in fig. 5.2. The ring 

may vibrate in four different ways, involving deformation in: 

(1) out-of-plane flexure; (2) in-plane flexure; (3) tangential 

rotation (twisting) and (4) tangential translation (elongation). 

The 'straight beam' analysis indicates no coupling to exist 

between the four types. Special receptances, also entered in 

fig. 5.2, are required for the 0 and 1 diameter modes because in 

these modes rigid body motion is possible in addition to 

deformation. The 0 diameter expressionscan all be evaluated 

by elementary mechanics but the 1 diameter receptances are more 
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difficult since motion resulting from deformation is generally 

coupled to that resulting from rigid body displacement. For 

example, no rigid body motion in axial translation, radial 

rotation or tangential rotation can occur without simultaneously 

exciting rotational deformation about a tangent. Moreover, 

rigid body tangential and radial translations are dynamically 

coupled to tangential elongation. The correct receptances 

were finally derived by a careful application of Lagrange's 

equations. 

For the purposes of 'Pole Elimination' (explained in 

detail in section 2.5) when using the uniform hoop receptances, 

the frequency determinant of the complete wheel should be 

multiplied by a product comprising each of the different 

denominators appearing in the receptance matrix, fig. 5.2, 

that is by LtsdcAixLx xL_g_ 
Models (II) and (III). A scrutiny of fig. 5.1 will reveal that 

models (II) and (III) are simply special cases of model (IV). 

That is, starting with model (IV), model (II) can be obtained 

by setting the slip spring rate AT to infinity and model (III) 
by setting At  to zero. Therefore only model (IV) need be 
analysed. 

Model (IV). The response of the interlocking shroud to a 

series of external forces will be evaluated and hence the 

receptances obtained. Out-of-plane flexure, in-plane flexure 

and tangential torsion are uncoupled one from another and can 

be analysed seperately. The following notation,also 

diagramatically defined in fig. 5.3 and 5.4, will be used for 

out-of-plane flexure. The displacement vector of the 	th 

segment of shroud will be and the corresponding externally 
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applied forces E, 

k3?5):- 
The displacements of the(i+1) th segment relative to the 	th 

will be 1.A.Tji along the slip interface, and V.t.i4 in radial 

rotation. The corresponding internal forces at the junctions 

between the 	th.and (1+1)th segments will be kiiri and 111,11 . These 

are analagous to shear force and bending moment. The force 

normal to the slip surfaces will be liwt. It will be assumed 

that all the displacements are small compared with the 

segmental dimensions. This includes the assumption that any 

radial rotations are much smaller than the slip angle lir . 
The out-of-plane receptances may be evaluated by the 

following four steps. 

(a) For compatibility between the j th and(i-1) th segments (see 

fig. 5.3) in axial translation: 

% 	c 	 (9, 1471 	 S ji 
in tangential translation: 

Ck 	q i   
u3Jf`l 

in radial rotation: Si  . 	= M 53A 
( b ) For equilibrium of the A, th segment (see fig. 5.4): 

(111,1  and rmsare the mass and radial moment of inertia of the 

segment ) 

forcest 	 Cf3t - 	him o A 
forces 1Qsl 	ct)a 	UT; 	4m,14 + 	- 	ursAkl= 0 

torque gsji+ ecn.56"cts:::- 	 AsUrAtt 	+ U4  ....)(1 WA( = r,1 
( c) Force/deflection relationships. 

.T4-1 
it. s m, 

( 5.3) 

(d) Solution. 

Since the assembly is vibrating with-ct nodal diameters, 

the loading applied to the shroud will have a sinusoidal 
-n,  variation in space. Thus, if lt = ZTT N 

( 5.1) 

5.2. 
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and 1 is the imaginary operator: 

Q; 	t iL Q3 ...4., 	CRP: MEANS REALNATOO 

Since we are dealing with a linear system under steady state 

conditions: 

	

3).4 

	AND UN:6  AR A Ikk 	 ETC. 
 

	

(1,5,:i 	5 	
U N 

Now, substitute equations (5.4) and (5.3) into equation (5.1) 

and (5.4) into equation (5.2) 

	

93  — ..c "1) 	(VW+ C 8, + .711) 

	

 

9:60 	TA)dit 

%ILS-  + 	(13's 	31- 1̀) Aiurcv 	-Q 

szc3‘6+ Q,(+— 9:1/2 ) Limy QN Q 11'0 cices.y =--- 
9,m5t3+ UTQ÷ 11.q) 4.cmy — UN(i- 5 

(5.5) 

(5. 

We must next express the displacements and forces in distributed 

coordinates. The radial rotation wave in these coordinates has, 

by definition, a phase lead over the waves of axial and 

tangential translation, so that, 
cl,P) 
	may be written for 

rIstn.) 
It will be found that, in general, the internal forces 

do not act precisely in phase or in antiphase with any of the 

displacements and so their distributed coordinates must be 

defined accordingly. Therefore U-1 ft) will indicate waves whose 

peak values and phase relationships are defined by 
UtAkY1) 

(ts  

I 
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Call the above coefficient matrix i! 	. To obtain the 

receptances, set each of the external loads to unity in turn 
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We may summarise the results as follows; 

and solve for the displacements. The 3 x 3 out-of-plane 
-1 

receptance matrix is the top right quadrant ofRi3]. The 

QL 

4L J1. 
U ty0 	Q Z113 

2 x 2 in-plane flexural receptance matrix may be derived from 

a similar analysis withy = 0 . The remaining receptances 

relate to tangential torsion. Because tangential torsion is 

uncoupled from flexural vibration, all these receptances are 

zero except the direct component )Cze.  . The 	was obtained 

by considering the shroud to comprise a series of inertias with 

elastic interconnections and by using the analysis of shroud 

model (I). 

It should be remembered that the above solution is valid 

only fori/..-?_ . No attempt was made to derive the 0 and 1 

diametral receptances because the associated natural frequencies 

were not measured or quoted by the manufacturer. 

Poles (see section 2.5) resulting from all three types of 



75 

deformation may be eliminated by multiplying the natural frequency 

7 	--I-- determinant of the complete wheel by the productRo\bkl° 
A. ‘6 	, 

[ 	

V.. 
where 	 .!-..L 	is the in-plane coefficient matrix. 

(5.3) VERIFICATION OF ANALYSIS  

No verification was considered necessary for the non-

interlocking shroud in view of its simplicity. The receptances 

of the interlocking models could not be tested directly by 

experiment because of the rather hypothetical nature of the 

constituent parts and of their interconnections. In fact only 

one section of the analysis-that relating to a uniform circular 

hoop - could be readily verified. This component has been the 

subject of numerous other academic investigations and hence 

published results were available for comparison, e.g. references 

(87)-(90). First, natural frequencies of a rectangular-section 

ring, computed using the present 'straight beam' analysis, were 

compared with values quoted by Love (87). Results agreed 

closely in the high diametral modes but discrepancies increased 

as'n. decreased, rising to 30% to 40% atm. = 2, both for out-of-

plane and in-plane flexure. The expressions of Love were then 

checked against formulae derived by other authors using 

different techniques. Wasserman (88) and Taniguchi and Endo (89) 

have presented results for out-of-plane flexure and Rao and 

Sundararajan (90) for in-plane flexure, all of which agreed 

reasonably closely with Love. The last two references are 

valid for moderately thick as well as thin cross-sections. 

As an additional test, McCleod and Bishop's (46) analysis was 

used to predict the natural frequencies of an annular plate 

whiase radius and thickness equalled those of a typical shroud. 

The inner radius was gradually increased, and the natural 

frequencies were found to converge towards those obtained from 

Love's out-of-plane formula. It is believed that the 
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discrepancies between these results and the !straight beam' 

frequencies was caused by the hoop curvature which couples 

out-of-plane flexure to tangential torsion and in-plane flexure 

to tangential translation. 

In order to investigate the consequences of using shroud 

receptances based on the 'straight beam' analysis, the 

natural frequencies of a very simple shrouded bladed disc were 

computed using firstly the 'straight beam' method and then 

McCleod and Bishop's annular plate analysis to evaluate the 

out-of-plane shroud receptances. Both sets of frequencies were 

almost identical, probably because the shroud does not play a 

dominant role in determining assembly behaviour. It was 

concluded that, while curvature strongly influences the vibration 

of a free shroud, the approximate 'straight beam' analysis would 

probably be sufficiently accurate for bladed disc calculations. 

As noted earlier, the ability of the models to reproduce 

the dynamic properties of engine shrouds will be tested in 

chapter 7 by comparing calculations with measurements on 

engine assemblies. This exercise is also regarded as a check 

on the accuracy of the model shroud analyses. 
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CHAPTER 6  

APPLICATION OF ANALYSIS TO SIMPLE BLADED 

TESTPIECES 

(6.1) OBJECTIVES 

In Chapter 2 a receptance coupling procedure for 

predicting bladed assembly natural frequencies has been 

developed, and in subsequent chapters the receptances of 

some idealized components have been derived. The present 

chapter combines this earlier work and applies it to a 

number of simple bladed disc assemblies for which comput-

ations can be closely compared with measurements. The 

main objects of the exercise are: 

(a) To prove that the basic coupling program can 

fulfil its purpose of predicting bladed disc fre-

quencies reliably; 

(b) To complement the earlier attempts at verifying 

the accuracy of the component receptances derived in 

Chapters 3, 4 and 5. This will be done by using these 

receptances to compute assembly natural frequencies; 

(c) To explore and explain qualitatively the mode 

shape and natural frequency characteristics of un-

shrouded and shrouded bladed discs, in order to provide 

some guidance to manufacturers who must design new 

turbines and must interpret the results of measurements 

on current engines. 



(6.2) GENERAL PROCEDURE 

Three assemblies were designed, built and tested 

as described below. It will be noticed that the assem-

blies were arranged and tested in a sequence of increasing 

complexity, starting from a very simple bladed disc. In 

this manner, the various dynamic characteristics typical 

of engine rotors could be introduced and studied in turn. 

Briefly, the testpieces consisted of: 

(1) a plane disc with 30 uniform unstaggered blades, of 

which the axial vibrations were measured both before and 

after shrouding; 

(2) a plane disc having 45 uniform blades, which were 

staggered in order to introduce coupling between axial (out-

of-plane) and tangential (in-plane) motion. Again the natural 

frequencies were recorded with and without shrouding; 

(3) a 36-bladed disc which, in an elementary fashion, 

simulated the following inherent features of engine rotors: 

radial variations in disc thickness, radial changes in blade 

cross-section and stagger, and coupling between flexure 

about the two principal axes of the blade. This wheel was 

tested only in the shrouded state. 

In each case the shroud was simply a uniform hoop and 

thus no attempt was made to exercise any of the idealized 

models (I) to (IV), devised in Chapter 5, because of 

18 
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constructional difficulties. 	It was felt that the uniform 

hoop would impose a tip constraint similar to that exerted 

by interlocked shrouding and would also provide an opportunity 

to test the 'straight beam' ring analysis, for which some 

verification was desirable; firstly, because this analysis 

involved some rather bold approximations and secondly, because 

such a ring forms the major constituent of shroud model (I). 

Each testpiece was manufactured as a single integral 

piece from mild steel plate, except where the shroud was 

attached after the initial testing. This practice, although 

admittedly relatively expensive, was thought to be warranted 

to avoid introducing unknown conditions at the roots. Root 

flexibility is known to have a crucial bearing on blade 

vibration and it was feared that any imperfections or 'stress 

raisers' around the root might disrupt the stress flow. This 

suspicion was confirmed by ancillary experiments in which 

several triangular slices were removed from the rim of a 

plane disc. The wedges were immediately replaced and 

cemented firmly with an epoxy resin adhesive. Measurements 

performed before and after the operation revealed that the 

disc natural frequencies had changed significantly, and it 

was inferred that the rim receptances would be similarly 

affected by cutting slots and inserting blade roots. 

During the experiments the testpieces rested on a 

partially inflated automobile inner tube and were shaken 
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by an electromagnet. The natural frequencies were found 

by searching for the frequencies of minimum impedance using 

an impedance head mounted between the moving coil of the 

shaker and the wheel surface (fig. 6.1). The mode shapes 

were identified by probing with a hand-held accelerometer 

(fig.6.2). 

In order to estimate the correct density/Young's 

modulus ratio for use in the calculations, a procedure 

similar to that employed for the unbladed testpieces 

(Chapter 3) was adopted in which a value was guessed and 

later, if uniformity was maintained in the relationship 

between the measurements and the resulting calculations, 

the value was adjusted. Poisson's ratio was always taken 

as .287. Generally, the first three terms of the Fourier 

series, equation A2.8, were used to convert the disc and 

shroud receptances from local to global co-ordinates; in other 

words, the loading applied by the blading to the disc and 

shroud was described by three sine waves superimposed. 

This number proved sufficient to ensure satisfactory 

convergence of the natural frequency calculations both 

in the low and high diametral modes. 
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(6.3) 30-BLADED DISC (UNSHROUDED) 

Disc details: 	radius = 10.3 in., thickness = .5 in. 

Blade details: stagger = 0°, length = 7.9 in., 

WIDTH (tarigentially) = .7 in, depth (axially) = .5 in. 

This testpiece had already been constructed and its 

natural frequencies measured by a previous worker. His 

results are compared with the calculations of the present 

author in figs. 6.3 and 6.4. Only three coupling co- 

ordinates between the disc and blades were necessary in the 

calculations, namely axial translation (no.1), tangential 

rotation (no.2) and radial rotation (no.5). This was 

because the remaining co-ordinates describe motion in the 

plane of the wheel, which in this testpiece was not excited. 

However, in some of the calculations, fewer than three co- 

ordinates were used and hence it was necessary to indicate 

the coupling conditions on the graphs using a code. (230 

(or (7.- 3  ) will indicate that all three co-ordinates were 

used for the unshrouded (or shrouded) case.0 (t+S) , for 

example, will indicate two coupling co-ordinates (nos. 1 and 

5) in use at the blade roots, whilst Cat(1) will suggest 

that all three co-ordinates were used at the roots and only 

one (no.1) at the tips. 

Initially the Young's modulus/density was guessed to be 

30 x 106/.281 lbf. in./lbm, but the resulting calculations 

were on average .35% too high so EA was reduced accordingly. 
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As can be seen, agreement between experiment and theory is 

very good with errors rarely exceeding 2%. 	This ratifies 

receptance coupling as a valid method of predicting bladed 

disc vibration. The natural frequencies in fig. 6.4 

exhibit the well-known tendency to group into curves or 

families, each one asymptotic to a blade cantilever resonance. 

Another interesting phenomenon, which does not appear to have 

been observed by previous investigators probably because they 

used only two coupling coordinates in their analyses, is the 

clustering about the 1-1CF (the first blade cantilever frequency 

in torsion). Further calculations were performed with only 

two coupling coordinates, numbers 1 and 2 between the disc 

and blades and, as shown by fig. 6.5, the clustering dis-

appeared leaving each family asymptotic to a flexural 

cantilever natural frequency. The clustering was clearly 

associated with coordinate no. 5 (radial rotation) so more 

calculations were performed with only this coordinate 

coupling the blades to the disc. The results are shown in 

fig. 6.6. 	On this graph the natural frequencies of the 

disc alone have been superimposed and it may be observed 

that, except near the .1-1- Cr , the vibration of the assembly 

is governed largely by the disc motion, probably on account 

of the low torsional inertia of the blades. The natural 

frequencies of the assembly can again be linked by curves 

and it is believed that the modes of each curve or family 

have a unique number of nodal circles. Thus the lowest 
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family has no circles, the second one circle, etc., but 

note that below the 11-  CF the S-circle family almost 

coincides with the S-circle resonances of the disc, whereas 

above the 11-CF it tends towards the (S-1)-circle disc 

resonances. 	This is probably because below the 117u. all 

the nodal circles are within the disc and when passing through 

the torsional resonance a circle expands into the blade 

array. Above the iTcr  the blades, despite the presence 

of a node, again have little influence on the disc behaviour. 

This argument can be extended to the 3 coupling coordinate 

case and if we superimpose the 	sett of frequencies on 

the C 20(11"a)set as in fig. 6.9 it can be seen that the C-3
0  

frequencies, clear of then-  , lie very near the C CV 	 zo 

although again there is a 'shifting over' effect when passing 

the torsional resonance. 	It should be remembered that the 

blade receptance analysis neglected any coupling between 

flexure and torsion within the blades, so that the torsional 

node which the blades gain when passing the iT F  exists C 

independently of any blade flexural nodes. Consequently, 

both above and below the ilF blade twisting has little 
CF ,  

influence on the flexure of the assembly. 

The practical implications of the above observations 

are that a bladed turbine disc will have a cluster of natural 

frequencies, each of different diametral mode, near its 

1-17 . Consequently thisfrequency is strongly susceptible 

to excitation from any one of many different engine orders 
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and rotational speeds. Moreover, it should be remembered 

that aerofoil-section blades have their 117_ relatively 

lower than the rectangular sections studied in this chapter - 

in fact, in turbine blades, the 11-  is often below the 

(6.4) 	30- BLADED DISC (SHROUDED) 

A tip shroud of .125 in. (radially) x .5 in. (axially) 

was attached to the 30-bladed testpiece and the assembly 

natural frequencies below 2kHz  measured as part of an 

earlier study - ref. (24). 	The measurements have now 

been extended to over 5kHz  and all the results entered 

in figs. 6.10 and 6.11 along with calculations performed 

with three coupling coordinates (numbers 1, 2 and 5) at 

either interface. Computed frequencies, initially based 

on Ek = 30 x 106/.281 lbf.in./lbm., were on average 

2.3% too high and were therefore adjusted before being 

entered in the figures. 

Correlation between experiment and theory is again 

very good, with errors always less than 5% and generally 

less than 2%. 	An interesting observation was made while 

probing to determine the mode shapes of the testpiece. 

At natural frequencies above about 3kHz  the distortion 

pattern around the shroud did not always correspond to that 

observed in the disc and blades. For example, at 3776 Hz  

the disc and blade array vibrated with 13 nodal diameters 
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whilst 34 nodes (suggesting  17 nodal dia.) were counted 

around the shroud circumference. The number of nodal 

diameters indicated on fig.6.10 was always that observed 

in the blade array, although the shroud mode, where different, 

has been added in brackets. The explanation was discovered 

later with the aid of additional calculations. It will be 

recalled from chapter 2 that the shroud response to N 
discrete forces with a spatial variation in magnitude 

described by ann,th. order cosine wave, consists of an 

infinite number of cosine waves superimposed, each of order: 

rn, , N-ra, , 	rni , 	 etc. 	As noted earlier, it has 

been the practice in the calculations to retain nnly the 

first 3 terms, and in fact experience shows that all the 

terms in the series above the first are usually negligible. 

However, because of the slender cross-section of the shroud, 

it was found that the free-body natural frequencies of the 

hoop lay at relatively low frequencies. In fact even the 

natural frequencies of high diametral modes lay within the 

frequency range of the present calculations. Consequently, 

at certain frequencies the shroud response to the (N—rn,)th 

order component in its forcing  was greater than the response 

to then th, and hence the mode shape appeared to have ( N—cm) 

nodal diameters. This phenomenon will be found to explain 

most of the puzzling  shroud modes of fig.6.10 because in 

this case N = 30. As further proof, calculations were 
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performed in which only the first Fourier term was retained 

and the resulting assembly natural frequencies have been 

displayed in fig.6.12. 	A comparison of this graph with 

fig.6.11, reveals that the use of the two higher terms 

tends to reduce the calculated natural frequencies, and 

in fact some of the families in fig.6.11 have a downward 

(negative) slope in their higher diametral modes. This 

'turning over' effect could reverse some of the benefits 

of the shroud, which in practice is generally fitted with 

the aim of stiffening the blades and raising their frequencies. 

The large differences between the results obtained using 

three Fourier terms and those based on only one should be 

borne in mind, because it has been commonly assumed in the 

past that one Fourier term is sufficient for engineering 

accuracy. 

(6.5) 45-BLADED DISC (UNSHROUDED) 

Details of Testpiece. 	The dimensions of this assembly are 

shown in fig.6.15. 	The fairly small stagger angle (25°) 

was specified to facilitate milling from the solid, and 

slender blades were chosen so that the assembly natural 

frequencies would be low and thus easily measured. The 

disc diameter/thickness ratio (36) had to be large to ensure 

the validity of the thin plate theory, although a limit was 

imposed by the maximum overall diameter which the workshops 
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could conveniently accommodate. 	The number of blades 

was a compromise between the large number typical of 

engine assemblies, on the one hand, and a small number to 

facilitate manufacture and admit significant in-plane 

deflection to the shroud, on the other. Unfortunately 

it proved difficultGto stop the blades bending as they 

were being milled and this resulted in a + 5% thickness 

variation between blades, and also in a slight taper in 

thickness both from root to tip and from leading to 

trailing edge. The density was measured and found to be 

.2995 lbm/in3. 

Experiments. 	Appreciable rigid body motion of the disc 

was expected in the 0 and 1 nodal diameter modes and there-

fore two forms of suspension were tried: the usual automobile 

inner tube, and also an elastic rope attached to the disc 

centre and suspended from an overhead support. There was, 

however, little difference between results from the two 

techniques. An attempt was made to vibrate the wheel using 

a hand-wound electromagnet with a pole on either side of one 

of the blades. This stimulated a large amplitude in the 

excited blade and its immediate neighbours, but unfortunately 

the blade vibration was not well transmitted circumferentially 

around the wheel. Subsequently the conventional moving coil 

shaker was employed with more success. Measuring the natural 

frequencies of the higher diametral members of the Ifs{  and 
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2.-Fcc  families proved very difficult. Numerous resonances 

could be detected near the 147  and 24 frequencies but in CF 	Cf 

general the associated diametral mode could not be identified 

because the mode shape of the assembly always consisted of 

a batch of blades here and there vibrating vigorously whilst 

the rest remained stationary. 

Results and Discussion. 	Frequencies were computed initially 

taking E = 30 x 106lbf./in
2, but these were found to be on 

average 4.2% too high and were therefore adjusted accordingly. 

They are compared with measurements in figs. 6.16 and 6.17, 

from which it may be seen that errors are less than 4%. 

This is as good as could be expected considering the lack 

of precision in the dimensionscf.the testpiece. As noted 

above, few flap modes could be recognised. The irregular 

nodal patterns were caused by the scatter in blade thicknesses 

around the wheel, although the problem was aggravated by 

the closeness of the natural frequencies in the flap families 

to one another and to the blade cantilever frequencies. As 

a consequence, the blades vibrated individually rather than 

as a coupled array. Similar behaviour is apparent in 

mistuned assemblies (91). In future testpieces, a larger 

stagger angle or a gruater blade/disc mass ratio should 

be specified in order to increase disc participation in 

the flap families. 
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Additional Calculations: 	The feature of particular interest 

in the above testpiece has been the presence of blade stagger, 

and so it was decided to use the computer program to investigate, 

in a wider context, the influence of stagger on the natural 

frequencies and modes of bladed discs. To this end)a series 

of calculations has been performed on a hypothetical assembly 

designed to illustrate clearly the peculiar features assoc-

iated with staggered blading. The blades were of uniform 

rectangular cross-section and, for simplicity, radial 

rotation was ignored in the calculations. The full details 

are given below. 

Disc: radius = 10 in:.; thickness = 1.36 in.; 

Blade:number = 30; length = 5 in.; width (tangentially) = .68 in.; 

depth (axially) = 1.36 in. 

Young's modulus/density = 30 x 106/.281 lbf. in./lbm. 

The natural frequencies of this assembly calculated 

for four different stagger angles are shown in fig. 6.18. 

Clearly, for 00  or 900  stagger the frequencies group into 

distinct families which are quite separate except for a few 

points of intersection. Each family represents either pure 

axial or pure tangential vibration. In the former case 

the frequencies are asymptotic to a blade cantilever 

frequency. In the latter they are all situated at a 

particular cantilever frequency because the disc in-plane 

receptances are zero. With the introduction of stagger, the 
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families, no longer intersect; in fact, for a small 

stagger angle they bend to avoid crossing. This tendency 

is illustrated in fig. 6.18 by a dashed line linking the 

points corresponding to 15°  stagger. As the stagger angle 

increases, the natural frequencies gradually shift from 

the 0°  to the 90°  configuration. 

It is very important to know the blade mode shape 

corresponding to any assembly natural frequency, because 

this enables the stress and fatigue loads imposed on the 

blading to be ascertained. For example, a method currently 

used (21) in practice to estimate safe working lives of 

blades in engines, consists of attaching a strain gauge 

to one of the blades and filtering its output signal in 

order to determine the amplitudes in the various cantilever 

modes. It is then possible to measure the endurance in 

each of these cantilever modes separately by fatigue testing 

individual blades in a stationary rig (with the results 

corrected to allow for centrifugal and thermal effects). 

Unfortunately blades in engines never vibrate as simple 

cantilevers but rather as coupled blade-disc assemblies 

and hence it would be interesting to ascertain how rep-

resentative the cantilever modes are of the true deflection 

shapes in bladed disc resonances. 

Returning to the hypothetical assembly ,  for 0°  or 90°  

stagger the blade motion will be exclusively flap or 

edgewise; that is the bending will take place in one of 

the two principal planes of flexure of the blade. This is 
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illustrated by fig. 6.19, which is simply 6.18. redrawn 

with all the flap natural frequencies linked by a solid 

line, and all the edgewise frequencies linked by a dashed 

line. For stagger angles between 00  and 900  the blade 

modes will contain both flap and edgewise components, and 

some computations have been performed to determine the 

relative proportions of each. By way of example, the mode 

shapes at three natural frequencies of the assembly - 

A, B and C in fig. 6.19 - were computed for various stagger 

angles. The relative amounts of edgewise and flap deflection 

have been indicated by calculating and recording in 

fig. 6.20 the resultant direction of vibration at the blade 

tip. 	Clearly, within group A the blade vibration is almost 

all flap, irrespective of stagger. This might have been 

expected because all the natural frequencies of this group 

lie between, and close to, two pure flap families. On the 

other hand, in groups B and C the blade mode steadily 

alters from pure edgewise to pure flap as the stagger 

increases and as the frequency of the assembly changes 

from the frequency of a pure edgewise family to that of 

a pure flap family. 

Further calculations were then performed to investigate 

the radial variation in blade displacement. A series of 

natural frequencies - (a), (b), (c), etc. in fig. 6.18 - 

with various stagger angles and diametral modes were selected 

at random and the bending displacements in the two principal 
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planes for each case plotted in fig. 6.21. 	As can be 

seen, the mode shapes of (a), (b) and (c) are purely edge-

wise, because of the absence of blade stagger. The mode 

shape of (a) resembles that of the lECf cantilever resonance, 

whilst (c) resembles the 2.Ecf. mode. This might have been 

expected because of the proximity of their frequencies to 

the respective cantilever frequencies. 	Modes such as 

(d), (g) and (h) are situated close to one,.of the families 

of the assembly with unstaggered blading and consequently 

their mode shape is almost pure flap or pure edgewise, 

according to the nature of the neighbouring family. On 

the other hand, resonances such as (j) lie between families 

of the unstaggered blading, whilst those such as (f) lie 

near an intersection of two families and hence their mode 

shapes contain substantial quantities of both flap and 

edgewise deformation. It is interesting to compare (d) 

and (h) because,while both are predominantly flap, the 

first resembles the if mode shape and the second thea e 	 Of 

Again, this might have been expected because the two 

bladed disc natural frequencies almost coincide with the 

first and second cantilever frequencies in flap. 

From the above remarks the following conclusions may 

be drawn. The blade mode shape of an assembly in resonance 

may be determined qualitatively by: 

(a) studying the vibration of a similar wheel with the 

blades unstaggered (i.e. the stagger angle = 0°  or 90°), 

and by observing where the natural frequency of the first 
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assembly lies in relation to those of the second. This 

should indicate the relative proportions of edgewise 

and flap deflection present in the blade mode shape; 

(b) studying where the natural frequency of the assembly 

lies in relation to the blade cantilever frequencies. 

This will indicate how closely the radial variation in 

blade deflection conforms to the cantilever mode shapes. 

(6.6) 45-BLADED DISC (SHROUDED) 

Experiments. 	The mild steel shroud shown in fig 6.15 

was attached to the blade tips using a moderately high 

temperature eutectoid solder and all the natural frequencies 

of the assembly below 4kHz 
were measured and recorded in 

figs 6.22 and 6.23. 	It was much easier to find and identify 

the natural modes of the shrouded than the unshrouded•testpiece; 

the frequencies were more widely spaced and the circumferential 

variation in amplitude conformed more closely to the assumed 

sine wave. The shroud also helped to transmit tie vibrations 

around the circumference. Unfortunately, there was still 

some close spacing of natural frequencies near the blade 

flap resonances and compounding was observed between different 

modes with similar frequencies. At these frequencies, it 

was occasionally found that the axial deflection of the disc 

and shroud would display a small number of nodal diameters 



whilst, if the directions of flap of the blades were 

recorded, a larger diametral mode would be indicated. 

In general 'TO was estimated from the blade deflections. 

Computations. Calculations were performed using two 

Fourier terms to describe the loading applied to the 

disc rim and five for the shroud. This relatively large 

number was used for the shroud because measurements 

revealed the presence of high diametral modes in the 

shroud deformation pattern, particularly in the in-plane 

deformation. The calculations, initially based on 

E = 30 x 106 lbf/in.2, were found to be on average .5% 

too low. 	Young's modulus was therefore adjusted before 

entering the results in figs 6:22 and 6.23. 

Discussion of Results. 	As can be seen, correlation 

between experiment and theory is good with errors generally 

around 1% to 2%. 	It is interesting to note that initially` 

in the calculations the shroud was assumed rigid to tangential 

forces; that is, circumferential stretching was neglected. 

However, significant discrepancies were found in the 

frequencies of the lower diametral modes and in particular, 

for n = 1, the analysis completely failed to predict a 

resonance which was distinctly observed during the experiments. 

Another frequency was in error by 13%. 	The inconsistencies 

were eliminated by allowing for tangential flexibility in 

the calculations. 
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Additional Calculations. 	The computer program was then 

extended to solve for mode shapes and it was found that, 

at some of the natural frequencies of the shrouded assembly, 

the blade motion was mainly flap whilst at others it was 

clearly edgewise. As in the unshrouded case, some assistance 

in classifying and identifying the modes may be gained from 

a theoretical study of the vibration of a similar wheel 

with unstaggered blades. 	This has been done and the 

results presented in fig 6.24. 	For 0°  stagger, the 

structure's natural frequencies fall into families of two 

basic types. The first involves only out-of-plane flexure. 

These families have steep positive gradient because the 

disc and shroud both stiffen as the diametral mode (m) 

of the assembly increases. 	In the second type, the motion 

is solely in-plane flexure. This type has a gentler 

negative slope because of the way in which the shroud in- 

plane receptance changes with nru . 	To understand this, it 

should be remembered that radial translation has been ignored 

at the blade tips and consequently the shroud can never have an 

in-plane mode shape withqu nodal diameters. This leaves 

the (N--e(li) wave the dominant component in the shroud 

deformation pattern and hence as al, increases, the number 

of waves around the shroud decreases, rendering it more 

flexible. Thus the in-plane families will approach the 

blade clamped-pinned cantilever frequencies (1F cp  , 2Fcp  etc) 
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asymptotically from above if, as is approximately true, 

the shroud tangential flexibility is very small. 

(6.7) 36-BLADED DISC (SHROUDED) 

Details of Testpiece. 	This wheel, whose dimensions are shown 

in Fig. 6.25 and general profile illustrated in figs 6.1 

and 6.2 was designed to test the non-uniform disc and non-

uniform blade receptance analyses. It should be noted that 

the two blade stages effectively have different stagger 

angles. That is, if the parallelogramic cross-section is 

taken into account, the inner stage has a stagger of about 

40°  and the outer 50°. 	Therefore there will be coupling 

between flap and edgewise flexure within the blade. 	The 

wheel, complete with shroud, was machined from the solid 

and received two heat treatments during manufacture. Its 

Young's modulus/density ratio was estimated from independent 

frequency measurements on a freely supported uniform bar cut 

from the same plate as the wheel, and was taken as 

30.05 x 10
6/.2812 lbf.in./lb. in the calculations. 

Results and Discussion. 	All the natural frequencies up to 

2300 Hz have been measured and recorded in figs 6.26 and 

6.27 alongside computed results. 	In the calculations 

Poisson's ratio was taken as .287; and two and five Fourier 

terms were used to describe the loading applied to the disc 

rim -  and the shroud respectively. It may be seen that errors 
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are larger than in previous testpieces, rising to about 

13%. 	All the calculated frequencies are too high, in 

fact in the mean they are 6.6% above measured values. This 

may be becauseEk was measured incorrectly, although it 

could also indicate a shortcoming in the analysis, hitherto 

concealed by the previous method of estimating EIR . It 

is found that errors are greatest over certain frequency 

ranges. Large errors, up to about 9%, occur between 100 

and 400 Hz. 	Errors are then lower, about 3% to 6%, in 

the range 400 to 1100 Hz whilst they are again severe, 

rising to 13%, from 1200 up to 1700 Hz. 	These trends 

can be clearly seen when the percentage error in each 

computed natural frequency is plotted against frequency 

as in fig.6.28. 	Fig, 6.29, however, shows that the errors 

are independent of diametral mode, which casts suspicion on 

the blade analysis because both the disc and shroud recep- 

tances are functions °fin, . 	As demonstrated earlier, the 

flap families of a shrouded assembly tend towards the 

blade clamped-pinned frequencies in the higher diametral 

modes and therefore the first flap frequency of a pinned 

cantilever has been marked 1Fcp  on fig 6.28. 	The fact 

that the errors are specially low around this frequency 

suggests that the flap modes of the assembly have been 

analysed particularly accurately. 
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The calculations were then extended to solve for 

the mode shape at each natural frequency. From these 

calculations the direction of vibration ( 16A) of a 

point mid-way along the blades, relative to the disc 

axis, has been deduced and is plotted against error in 

fig. 6.30. 	Now, if it is assumed that the mean stagger 

angle for the composite blade is 45°, then VDA = 45°  

would indicate that the blade was vibrating in the 

edgewise direction, whilst DA =-45°  would indicate a 

flap mode. 	The distribution of points in figure 6.30 

endorses the earlier observation that the flap modes are 

less in error than the edgewise. It could be inferred that 

the omission of shear deformation and rotary inertia from 

the blade analysis might have caused such errors since the 

blades were, of course, thicker in the edgewise than in 

the flap direction. 	Moreover, this omission might explain 

why all the computed frequencies were too high. The 

calculations were therefore repeated using an improved 

analysis in which blade shear deformation and rotary 

inertia were included, and the improved calculations have 

been compared with measurements in fig.6.31. Unfortunately 

there are still considerable discrepancies, although the 

mean error has dropped to 4.2%. 

Additional errors will probably have resulted from 

the stress concentrations and shoulders of unstressed 

material in the testpiece which always accompany sudden 

changes of section but which are not allowed for in the 

theory. 
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CHAPTER SEVEN 

APPLICATION OF ANALYSIS TO MODELS OF ENGINE ASSEMBLIES 

(7.1) OBJECTIVES 

In earlier chapters a receptance•coupling technique 

has been developed which has been proven capable of pre-

dicting reliably the natural frequencies of simple bladed 

discs. In the remainder of the present thesis, we shall 

investigate the mechanics and operation of this receptance 

coupling process in order to optimise its efficiency and 

hence facilitate the future task of analysing engine rotors 

in detail. This investigation will entail a critical examin-

ation of the effectiveness of receptance coupling in 

calculating the vibration properties of some model assemblies 

having idealized profile. However, it is important that 

the vehicles for the investigation, that is the idealized 

models,be truly representative of actual turbines, otherwise 

conclusions might be drawn which would not be strictly 

applicable to 'real life' analyses. ConsequentE,,it is the 

aim of the present chapter to ensure the representativeness 

of the idealized bladed disc by taking a range of engine 

assemblies, deducing a modeL for each, and then comparing 

measured vibration data for the engines with calculations 

for the models. It is intended that this exercise should 

involve some feedback to chapters 3, 4 and 5 in which the 

profiles of the idealized components were originally 
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selected so that, where necessary, adjustments to the 

basic design of the models can be made. In particular, 

it may be remembered that a number of possible models 

for the interlocking shroud have been developed simul- 

taneously in Chapter 5. 	The relative merits of these 

shroud models must now be assessed. 

The present chapter also provided an opportunity to 

judge how much more theoretical development is required 

before real engine rotors can be analysed accurately. 

(7.2) 	DETAILS OF ENGINE ASSEMBLIES 

A total of six assemblies, all turbine rotors, were 

selected by a manufacturer as being representative of a 

wide range of modern gas turbines and full details and 

drawings supplied. The assemblies had a variety of 

shapes and sizes and were taken from both high and low 

pressure stages. Four had interlocking shrouding, one 

noninterlocking and one was unshrouded. These assemblies 

are referred to throughout by the labels A to F, and all 

the relevant details are presented in figures 7.1 to 7.6. 

Not all the data tabulated here, however, was quoted 

explicitly by the manufacturer, and the following quantities 

had to be deduced from the supplied information. 
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(i) 'Corrected Mass' and 'Axial Moment of Inertia' of the 

disc. The disc mass quoted by the manufacturer was simply 

that obtained by weighing the wheel with the blades detached. 

However, in the calculations, the disc is considered to have 

a continuous rim circumscribing the tips of the castellations. 

Hence the supplied disc mass and moment of inertia had to 

be increased to include the inertias of the blade roots. 

(ii) 'Aerofoil Mass' is the value obtained by subtracting 

the root and shroud mass from the measured blade mass. 

(iii) 'Mean Dimensions of Shroud Segment' are the dimensions 

of the rectangular-section block which would have the same 

mass and mean dimensions as one segment of engine shrouding. 

(iv) The 'Area of Contact' of the shroud was estimated from 

the extent of the fretting observed between each pair of 

adjacent interfaces during engine overhaul. 

(7.3) 	DETAILS OF SIMPLIFIED MODELS 

Clearly the best possible design of model would be 

that which inherited exactly the dynamic properties of 

its engine counterpart. In effect, it was only possible 

to choose the models so that they resembled physically 

the original assembljies as closely as possible. The mass, 

overall dimensions and material properties of the individual 
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being the same for--04-irk- the engine assembly and its 

model in each case. The remaining dimensions were 

chosen by the following process: 

(a) Each model disc comprised three annuli and 

was designed so fnat the rim and hub axial thickness, the 

rim outer diameter and the hub inner diameter all 

equalled those of the engine disc. The web thickness and 

rim inner diameter were chosen to match the engine disc 

profile as closely as possible, whilst the only remaining 

variable, the hub outer diameter, was calculated to give 

the three stage model the required mass. The predicted 

natural frequencies of the discs alone are compared with 

engine measurements for the lower diametral modes in 

figs. 7.1(c) - 7.6(c). In order to compute these 

frequencies, the effect of the rim castellations was 

simulated by an array of very short blades mounted around 

the rim. 

(b) Initially, an attempt was made to represent the 

blade by a uniform rectangular-section beam, but unfortunately 

it was found that, as long as the aerofoil and model possessed 

equal length and mass, the cantilever frequencies of the 

model were invariably too low. Furthermore, the cantilever 

frequencies of a uniform beam have a specific order and 
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spacing (1F, 1E, 2F, 2E, 1T, 	etc) which cannot be 

arranged to match those of a turbine blade. In 

particular, the torsional cantilever frequencies of 

the rectangular-section prism would always have been 

too high. Subsequently a two-stage model was introduced 

with more success. This was designed such that both 

stages were of equal length, whilst the stagger, cross-

sectional 

 

 area and ratio of second principal moments of 

area(!)1)/  ixx  

respective properties of the aerofoil at i and * height. 

These values were obtained from the graphs drawn in 

figs. 7.1(b) - 7.6(b). 

The cantilever frequencies.of the resulting models, 

which bore an additional tip mass to simulate the shroud 

segment, are recorded in figs. 7.1(c) - 7.6(c). Because 

the two-stage models never exhibited pure flap or pure 

edgewise vibration, it was necessary to identify the mode 

shapes by solving for the tip displacement at each natural 

frequency and by comparing the direction of tip motion with 

observations on engine blades vibrating in their cantilever 

modes. This enabled the computed frequencies to be classified 

according to the labelling used by the manufacturer. In 

some cases an adjustment had to be made to the cross-sectional 

dimensions of the models in order to improve the correlation 

between model and engine cantilever frequencies. 

of each stage were determined from the 
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(c) 	Each type of shroud model incorporated a series 

of massive rectangular blocks whose dimensions were estim-

ated from the mean dimensions of the engine component. 

The various interlocking models possessed springs between 

the blocks and the choice of the spring rates entailed 

some trial-and-error as described below. 

In the first interlocking model, (I), the massive 

elements were mounted on a light elastic hoop whose cross-

sectional dimensions were selected such that the predicted 

assembly natural frequencies agreed reasonably well with 

those measured on the engine rotor. In the three remaining 

models, values for the linear and torsional stiffnesses 

were generated by considering each spring to be a straight 

rectangular beam with cross-sectional dimensions equal to 

the 'contact area' (explained above) between adjacent 

segments of engine shrouding. The beam length was 

evaluated by trial-and-error. 

(7.4) COMPARISON OF VIBRATION PROPERTIES 

-1 
Figures '6,z1(c) to 16.6(c) show that the computed 

natural frequencies of the discs alone are generally 10% 

to 15% in error. Furthermore, these frequencies tend to 

increase too steeply with diametral mode, possibly 

suggesting that the rims of the models are too thick 

axially or that shear deformation or rotary inertia about 
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radial lines are significant and ought to have been 

included in the analysis. 	Nevertheless, it is felt 

that the present disc model ought to be capable of 

generating engine disc receptances with acceptable 

accuracy if its dimensions were chosen carefully, if a 

suitably large number of annular elements were used, and 

perhaps if certain refinements to the analysis, described 

in Chapter 3, were introduced. 

The computed cantilever frequencies of the blades, 

even with two stages, are still too low in flexure by up to 

30% and too high in torsion by up to 100%. 	Better correl- 

ation might possibly have been achieved had the relative 

cross-sectional areas of the two stages been chosen by a 

different technique, because this might have resulted in 

the inner stage being stouter and the outer lighter. 

However, there is a limit to the success attainable in 

view of the wide geometric dissimilarities between the 

model and engine blades. 

For the non-interlocking assembly (C) and the 

unshrouded assembly (E), errors between calculations and 

measurements are around 15%, which is as good as could be 

expected for a first attempt at predicting engine assembly 

frequencies. For the interlocking assemblies, agreement is 

very good using shroud models (I) and (IV), with errors 

nearly always less than 10% and about 5% on average, 
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although it should be borne in mind that the shroud' 

stiffnesses were deliberately chosen to optimise the 

calculated natural frequencies. Clearly, for these 

two models to be of any practical use, a method must 

be found to predict their spring stiffnesses at the 

design stage. To this end, the physical appearances 

of the model and engine shrouds were carefully compared. 

but no correlation could be discerned between the dimen-

sions of the model springs)as selected to give the 

required frequencies)and the sizes and shapes of the 

relevant engine parts. In particular, model (I) required 

elastic members with rather unusual cross-sectional 

dimensions, as can be seen from figs. 7.1(a), 7.2 (a), etc. 

Graphs 7.1(c), 7.2(c), etc. show rather poor results for 

the two remaining shroud models. The fact that use of 

model (II) invariably causes overestimation of assembly 

natural frequencies means that this shroud is inherently 

too stiff. The apparently high stiffness may be caused 

by the fact that the shroud cannot bend in the plane of 

the disc (because the shroud is composed of N rigid 

links and because no radial deflection is permitted at 

each blade tip). On the other handj model (III) is clearly 

too flexible, even when fitted with very stiff torsional 

springs, and this suggests that no slipping occurred during 

the engine measurements, or that it was subject to high 

frictional restraint. 
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CHAPTER EIGHT 

EFFICIENCY OF ANALYSIS  

(8.0) INTRODUCTION. 

So far we have accomplished an accurate receptance 

analysis of some idealized assmblies which have been shown 

to be qualitatively representative of turbine rotors. 

However, our analysis will require considerable extension 

yet before it is capable of predicting reliably the 

vibration properties of actual engine assemblies at the 

design stage. Whether this extension is at all worih -hile 

depends largely on how receptance coupling ranks in 

competition with alternative techniques as regards ease 

of application and accuracy of results. Let us define 

'efficiency of analysis' as the amount of mathematical 

analysis,;  program writing and computer processing required 

to attain a specific accuracy in the final predicted 

vibration behaviour. Clearly it is imperative that this 

efficiency be maximised, and in the following chapter we 

shall try to do this by eliminating as much inessential 

work as possible. Now there are many ways in which simpli-

fication and approximation can be introduced to the 

analysis, but the following are thought to hold the greatest 

potential in the present context: 

(1) by omitting any coordinates from the coupling process 

which are redundant, or of minor importance; 

(2) by limiting the precision with which disc and 

shroud receptances are converted from local to global 

coordinates; 

(3) by accepting the maximum possible inaccuracy in the 

disc, blade and shroud receptances. 
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Needless to say, all these simplifications will incur 

the penalty of lower accuracy in the final predictions but 

it is believed that, whilst there are certain areas of the 

analysis where a high degree of rigour is vital, there are 

many others where.considerable approximation will only mar-

ginally degrade the results. We shall now study the above 

topics in detail in order to ascertain how much approximation 

is admissable and where it should be introduced. 

(8.1) OMISSION OF COUPLING COORDINATES  

For a complex structure, such as a turbine rotor, there 

exists coupling between all the possible directions of vib-

ration such that, if an excitation is applied in any one 

direction, motion will ensue in all directions and at all 

points throughout the structure. Consequently, to analyse 

rotor vibration exhaustively, receptances must be coupled 

in all six coordinate directions at each junction. This 

entails deriving a 6 x 6 receptance matrix for each connec-

tion point of each component. It also means setting up and 

solving a frequency determinant whose size will be at least 

6 x 6 for an unshrouded assembly and 12 x 12 for a shrouded 

one. Now, it is possible to eliminate certain co-ordinates 

from the coupling process, simply by deleting rows and 

columns from the determinant. Physically this means that, 

at the eliminated coordinates, compatibility will not be 

enforced and the internal loads will be zero. Examples of 

incomplete coupling may be found in the early analyses of 

of Armstrong (4) and Ewins (36) in which the blades were 
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coupled to the disc in only two coordinate directions. 

These analyses were applied only to very simple bladed discs 

and consequently the two coordinates were generally sufficient 

to describe the vibration completely. However it is suspected 

that even in the analysis of real turbines there may well be 

coordinates which could be excluded without incurring any 

appreciable loss of accuracy in the final results. 

The benefits of omission are considerable: first the 

number of receptance components which must be derived is 

reduced, and second the order of the determinant which must 

be set up and solved in diminished. For example, consider 

a shrouded assembly. If it were established that only 3 

coordinates were significant at the disc rim/blade root 

junction and that only 4 were necessary at the blade tip/ 

shroud junction, then 9 receptance terms would have to be 

derived for the disc (instead of 36); 49 receptance terms 

for the blade (instead of 144); and 16 receptance terms for 

the shroud (instead of 36). In addition, the order of the 

complete determinant would be reduced from 12 to 7. Clearly, 

if the present receptance method were being used for the 

detailed analysis of a real turbine, the above omission 

would yield a considerable saving in effort. However, 

situations are envisaged in which some simplification of 

this type would be practically essential; namely in 

receptance analyses of assemblies in which lack of axial 

symmetry precludes the treatment of the blading as a single 

component. Such asymmetry might be caused by mistuned 

blading, packeted shrouding etc. and would necessitate 
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coupling each blade to the disc and shroud separately, thus 

entailing a prohibitive volume of work unless some coupling 

coordinates were ignored. 

Choosing the Coordinates for Omission. 	Clearly, if this 

technique is to be of any practical use, it must be possible 

to recognize the dispensable coupling coordinates prior to 

embarking on a detailed analysis. This will be difficult, 

because the relative significance of the coordinates varies 

from assembly to assembly depending upon the specific 

dimensions and geomatry. 	However, it is proposed that the 

following technique be used to classify the coordinates 

according to their degrees of importance. An idealized 

model of the engine assemblyshould be designed in the manner 

outlined in Chapter 7, such that the model will be amenable 

to the analysis of the present thesis. 	A numerical study 

should then be made of the model in which its natural 

frequencies are calculated first with all coupling coordinates 

included, and then recalculated with certain ones omitted. 

It should thus become apparent which coordinates are dis-

pensable. Moreover the author maintains that the idealized 

model is sufficiently realistic for the findings to be valid 

irrespective of whether or not the assembly is considered to 

be symmetric in the subsequent detailed analysis. 

Example. In order to demonstrate the unequal importance of 

the different coupling coordinates, a numerical study has been 

performed with the 30-bladed disc, described in Chapter 6. 



This assembly had unstaggered blades and so only axial 

vibration was of interest. Consequently it might be ex-

pected that the following three coupling coordinates would 

be sufficient: axial displacement (coordinate no. 1), 

tangential rotation (no. 2) and radial rotation (no. 5). 

Calculations were performed with only these coordinates in 

use and indeed, as has already been reported in Chapter 6, 

agreement with measurements was excellent both for the un-

shrouded and shrouded configurations. The calculated natural 

frequencies will be labelled C
30 

and C
33 

for the unshrouded 

and shrouded cases respectively. These will be used as a 

reference in order to find whether any further coordinates 

can be eliminated. 

(a) Unshrouded Wheel. Additional calculations were performed 

with only one coupling coordinate at the blade roots. Erich of 

the three directions was chosen in turn and the resulting 

three sets of frequencies compared with the reference fre-

quencies. The set C
10 

(5), (the notation indicates that the 

single root coupling coordinate was no. 5) are illustrated 

in fig. 6.6. These differed widely from the reference C
30, 

whilst sets with axial translation C10 (1) and tangential 

rotation C10 (2) as the only-coupling coordinate were both 

similar to C30. 	As can be seen by comparing figs. 6.7 and 

6.8, the latter were closest to the true frequencies. This 

indicates that shear forces and bending moments provide 

most of the coupling between blades and disc. It is worth 

noting that the C10(1) values tend towards the natural 
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frequencies of a pinned-free blade (1FpF, 2FpF, etc) and 

those for C10(2) towards the frequencies of a sliding-free 

blade (1FSF, 2FSF'  etc) where large numbers of nodal diameters 

suppress the disc motion. 

Three subsequent sets of calculations, obtained with two 

coupling coordinates at the roots, indicated the set with 

axial translation and tangential rotation C20(1+2) to be 

optimum and these have been shown in fig. 6.9. It may be seen 

that, except near the torsional cantilever frequency (1T ) CF ' 

blade torsion has little influence on the behaviour of the 

wheel, presumably because much greater effort is required to 

bend the blades than to twist them. 

(b) Shrouded Wheel. 	Further sets of frequencies were next 

calculated with three coupling coordinates at the blade roots 

and one at the tips. The three directions were chosen in 

turn for the tip coupling and, while the two sets C31
(2) 

and C31(5) - i.e. those with tangential rotation and radial 

rotation coupled at the tips - bore no resemblance to the 

reference set C33, t
h
e set with axial translation C31

(1) 

gave fairly good agreement, as may be seen from fig. 6.13. 

Thus it would appear that, of the loads applied to the blade 

tips, the shear force is the most important. An additional 

three sets of calculations were then performed with three 

coupling coordinates at the roots and two at the tips. Of 

these, as might be expected, the C32
(2+5) results differed 

widely from those for C
33
, the C32(1+2) were similar to the 

C
33 

and in fact were little different from the C (1), while 
31 

the C32
(1+5) as shown in fig. 6.14 were very close to the 
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reference set. The only noticeable difference between the 

C32(1+5) and the C33 
sets was at high frequencies near the 

torsional resonances of the shroud as a separate body. This 

suggests that the influence exerted by the shroud on the 

bladed disc stems almost exclusively from the shroud's 

flexural rigidity which far exceeds its torsional rigidity. 

This influence is transmitted mainly via axial forces at the 

blade tips while the tip radial torques make a smaller but 

still significant contribution. 

It may be concluded that, for assemblies of a similar 

nature to this simple bladed disc, just two coupling co-

ordinates should be sufficient at the blade roots (nos. 1 

and 2) and, if a shroud were fitted, an additional two co-

ordinates (nos. 1 and 5) should be adequate at the tips. 

(8.2) CURTAILING THE ACCURACY OF COORDINATE TRANSFORMATION 

It may be recalled from Chapter 2 that, in order to derive 

disc and shroud receptances in global coordinates, i.e. recep-

tances to an array of discrete forces, it is necessary 

initially to evaluate the receptances in local coordinates, 

i.e. receptances to loads varying harmonically around the 

circumference. The required receptances are then formulated 

as an infinite Fourier series of these local receptances. 

Clearly, a decision must always be made as to where this 

series should be truncated and it is the aim of the present 

section to investigate and offer some guidance. 
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An example of the Fourier series for a typical disc 

receptance component is presented below. The complete set 

of transformations was derived earlier and given in equation 

A2.8. 

_a_  .52.) 

CX (in) =   CC (1) 	 (8.1) 
1E 

where R =  1/ 3  jL,_ 	, Q3=  N.4_,11 	aN 11)  etc. 
It may be seen that the higher terms involve receptances in 

very high diametral modes and obtaining  these may be laborious, 

particularly since the classical thin plate theory is valid 

only for low modes. Consequently it is desirable to truncate 

as soon as possible. Armstrong  (4) neglected all but the 

first term, arguing  that the second and higher would in general 

be relatively small. The justification for this depends on 

the fact that in situations of practical interest N is 

usually large andirl, small so that k, will be much greater than 
I Hence both the coefficient 

EdNIAL 
 and the receptance CO.) • 

will be much smaller for the second term than for the first. 

The physical significance of retaining  only one term is that 

the blade root forces are considered to constitute a continuous 

load distributed around the disc rim. Clearly this would be 

precisely true only for an infinite number of blades. It 

was thought advisable to assess the effects on natural 

frequency predictions of using  small numbers of terms, because 

in engines the number of blades per rotor tends to vary widely 

between stages and may be particularly small for compressor 

rotors. 
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Transformation of Disc Receptances. 	Sample calculations were 

performed on a bladed disc firstly with 15 blades, then with 30 and 

then with 90. 	It was felt that 15 to 30 would be typical of 

compressor stages while 90 would be representative of turbine 

stages. The three specimens had unstaggered blades and only 

axial vibration was considered. The tangential widths of the 

blades were chosen so that all assemblies had the same blade/ 

disc mass ratio and the 30-bladed configuration was identical 

to the 30-bladed testpiece described in Chapter 6. 	Some 

of the coefficients and terms in the Fourier Series, eqn. 

(A2.8) or 8.1 , have been evaluated for the particular case 

of 2 nodal diameters and 200 Hz and have been shown in fig. 

8.1. Assembly natural frequencies have also been calculated 

for various numbers of terms and recorded in fig. 8.2. Because 

of uncertainty about the validity of the 'thin plate' disc 

receptances for high diametral modes, it was thought inadvis-

able to take more than two Fourier terms for the 90-bladed 

disc and, indeed, results utilizing the second term should 

Sirmh 
Proms figs. 8.1 it may be seen that the coefficient 16  

decays much more slowly than .the local receptances, so that 

the latter are mainly responsible for the convergence of the 

series. 	It also appears that the slope/moment receptance 
I\  

CX,-,k) decays more slowly than the deflection/force component 
Z1. 

OtC.'11(1/,) 	Fig. 8.2 shows that the calculated natural frequencies 

decrease as more terms are retained in the series. As 

be regarded with some reservation. 
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expected, errors generally increase withIL and fall withN . 

In the modes of practical relevance, namely the first four 

or five diametral, the maximum errors resulting from retaining 

only one term are around 8%, 4% and .5% for the 15-, 30-

and 90-bladed discs respectively. 

In summing up, it may be stated that one Fourier term is 

sufficient for the 90-bladed disc but higher terms would be 

advisable for 15 and 30 bladed assemblies. 

Transformation of Shroud Receptances. 	As long as the blades 

are staggered, the shroud will be forced to vibrate in both its 

in-plane and its out-of-plane directions simultaneously, and 

both these motions must be considered when deciding how many 

Fourier terms to use for the shroud. The other types of 

deformation, namely tangential translation and tangential 

rotation, have been found to be of lesser importance and will 

be ignored in this section. 

Let us concentrate initially on in-plane flexure. At 

least two terms must be used to describe the loading applied 

to the shroud, otherwise the calculations will predict no 

response at all. This is because, in the analysis, no radial 

deflection was permitted at the blade tips. Hence, if only 

one term were used, the loading would be a simple harmonic 

wave proportional to cosine (9 being the circumferential 

coordinate) and this would try to produce a radial deflection, 

also of magnitude cosqa . However, it would fail because the 

radial displacement must be zero at N points around the cir-

cumference and consequently the lowest diametral mode into 

which the shroud can deform is W/2. Thus it may be seen that 
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the second Fourier term, which is of order (1\1-'71, ), will 

be the lowest component of excitation to stimulate any response 

in the shroud, and this term must be included in the shroud 

receptance series. 

Consider next out-of-plane flexure. In this case there 

are no such limits on the number of terms and in fact satis-

factory results have often been obtained with only one. 

However, a few instances have occurred in which the use of 

insufficient terms has caused quite misleading results and 

hence it is recommended that care be exercised in deciding how 

many to retain. The higher terms are sometimes important 

because the shroud free-body natural frequencies tend to be 

low in comparison with those of the complete assembly. As 

a result the shroud may be excited at a frequency at which 

it is more responsive to the(N-^rL)th orNt11;)th order 

component of its forcing function than to the 11/ th. 

Consequently the second or third Fourier term may be greater 

than the first. An example of such an occurrence has already 

been encountered in Chapter 6 and is illustrated by the 

disparities between figures 6.11 and 6.12 in which three and 

one Fourier terms respectively were used to transform the 

shroud receptances. 

In conclusion, it may be stated that for all assemblies 

analysed in this thesis, the optimum number of Fourier terms 

for transforming Shroud receptances was found to be three. 

However, for assemblies of widely different geometry, this 

number should be reconsidered. 
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(8.3) THE USE OF INEXACT RECEPTANCES 

For the simple components analysed in this thesis, it has 

been possible to derive the receptances as exact analytic 

expressions. In order to apply the analysis to real systems, 

it will be necessary to obtain the receptances of complex 

engine parts. Therefore more elaborate methods will have to be 

used for deriving receptances, which can cope with a much 

wider range of geometries. Possible and currently popular 

examples are the finite element and lumped parameter methods. 

Unfortunately even the most advanced techniques can never 

evaluate the receptances of a real structure directly; inevitably 

a model must be devised which is amenable to the particular 

method of analysis. This model will differ from the original 

structure in that it will probably be physically simpler and 

will probably possess only a finite number of degrees of 

freedom. Hence the receptances derived for the structure will 

always be approximate. Nevertheless, the degree of similarity 

between the model and the modelled i8 generally under the 

control of the analyst - a more realistic model will yield 

more accurate results but will demand greater analytical 

effort and computational facilities. Consequently it was 

thought helpful if in the following section we ascertain just 

how faithfully each component must be modelled in order to 

ensure acceptable accuracy in the final results for the 

complete assembly. 

In general, when receptances are derived for a complex 

component, they are obtained in the form of a series in which 

each term represents one normal mode and also one degree of 

freedom of the component. 	Clearly if an approximate analysis, 
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such as those cited above, has been used to generate the 

receptances, the number of terms in the series will be finite. 

In addition, the individual terms will each contain errors, 

with the lower terms being least in error and the higher terms 

most erroneous. 

It was decided to determine the consequences of such 

imprecision by using the analysis developed in the present 

thesis. It will be recalled that receptances have been 

derived both in closed form (CF) and series form (6F) for 

idealized components. Hence, if we take an idealized bladed 

disc and compute its natural frequencies using both CF and SF 

receptances, we can readily determine how the frequency 

predictions are affected by curtailing the number of terms 

and by introducing deliberate errors to certain terms within 

the series. Furthermore, we can be confident that any 

conclusions drawn will be valid for actual engine assemblies, 

because the idealized structure has been proven dynamically 

representative of such structures. Accordingly, a receptance 

study has been applied to the three components in turn as 

described below. 

(a) Disc. 

Calculations to investigate the effects of using inexact 

disc receptances were carried out using, as a vehicle, a 

bladed disc which had a profile typical of low pressure turbine 

stages, and in fact was identical to the 36-bladed disc 

described in Chapter 6. The exercise was performed with 

and without the shroud but the results were so similar that 

only those for the unshrouded case will be presented below. 
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The lower assembly natural frequencies, calculated using CF 

receptances for both blades and disc, have been recorded in 

fig. 8.3. The disc receptances were then changed to SF and 

the calculations repeated first with seven and then two terms 

retained in the series. The percentage changes in the resulting 

assembly frequencies have been entered in fig. 8.3. It may be 

seen that neglecting disc modes above the seventh incurs 

errors which are always less than 3% and usually less than 1%. 

Errors of this magnitude could probably be tolerated in design 

calculations. On the other hand, if only two disc modes are 

considered, discrepancies are much larger, rising to 12%. 

Next, the effect of introducing inaccuracies to the disc 

receptances was examined. The seven-term receptances were 

used for this part of the study. It may be recalled from 

Chapter 3 that these series receptances have the form 

s= 6 
- 	 • A 	OStb) s 	• etc 

()CON --- 	a 	OC Q.%) = 
s= ms ms 	 a 	— 

rns wZJ S.= 

in which (i3 	Q. and9t) TSare  the natural frequency, inertia 
(AS lx6 a  

coefficient and normalised rim slope of the disc in itsl1S th 

mode. The procedure was to introduce a 10% increase in turn 

to each of the constants appearing in the first term of the 

series i.e. to 1.3,mo, CLIto  and56,N. It must be pointed out, 
to 

however, that a 10% error in the first mode is regarded as 

rather large in the scale of errors expected from the analysis 

of practical structures. 	Fig. 8.4 shows the natural frequencies 

of the assembly computed with all seven terms correct and 

also the percentage changes caused by the perturbations. 
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Alterations to the fundamental disc natural frequency ano 

appear to affect the assembly more than chang?s to CiTio  

or4% ) perhaps because the former are raised to the power 

two. The errors in assembly predictions generally diminish 

with diametral mode, as must be expected because the 

assembly frequencies are approaching the blade cantilever 

resonances which are, of course, independent of disc 

behaviour. The second family is the most sensitive to 

receptance error, probably because it is a family of 

edgewise blade modes in which disc flexure is more active 

than in the flap families. 

Experience of calculating bladed disc natural frequencies 

has shown that evaluating Bessel Functions can be very 

expensive of computing time and the use of SF disc receptances 

may be one means for economizing. For example, during the 

above exercise it was found that, in order to compute five 

bladed disc natural frequencies within a particular diametral 

mode, the following amounts of execution time were required: 

(i) 30 seconds using CF disc receptances; 

(ii) 20 seconds using the 7-term series, although in this 

case 10 seconds were required initially to compute the 21 

modal constants. 

Thus it can be inferred that, if one wanted to compute more than 

five assembly natural frequencies, one should use SF in 

preference to CF disc receptances, providing the small 

truncation errors could be tolerated. 
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(b) Blade 

A receptance study similar to that described above for 

the disc was next applied to the blading, although in rather 

more detail. Two 'assemblies were used as vehicles for this 

study: the 36-bladed disc, both in the unshrouded and 

shrouded states; and also 'assembly A' of Chapter 7. These 

were selected because the 36-bladed disc had a geometry 

typical of low pressure turbines whilst Assembly A was 

modelled on a high pressure stage (HP stages have shorter 

blades than LP). 	The blades of both models comprised two 

uniform beams joined end-to-end. Since these two beams did 

not have equal stagger angles, coupling existed between the 

two principal planes of flexure but not between flexure and 

torsion. All the free-free natural frequencies below 

100 kHz, both in flexure and torsion, were computed for the • 

blading of both assemblies and are tabulated in figs. 8.5 

and 8.6, together with related modal data. These data 

consist of the inertia coefficients and normalised displace-

ments at either end of the blade. (The modal inertia co-

efficients have been divided by the blade mass and the 

rotational components of the flexural displacements multiplied 

by the blade length to make them dimensionless). All radial 

motion has been ignored and thus each table contains sufficient 

information to formulate a 10 x 10 blade receptance matrix. 

The convergence of each series form receptance component 

to its closed form asymptote was checked numerically as 

reported in Chapter 4, but this will now be demonstrated 

graphically also. The root flexural receptances have been 
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chosen as an example. However, these comprise a 4 x 4 

matrix, and in order to make the large volume of data easier 

to assimilate, a reduced 2 x 2 matrix was derived. This was 

done by preventing movement in the plane of the disc 

(directions 3 and 4) and hence calculating the responses 

in directions 1 and 2 of a blade partially clamped at its 

root as shown below. 

(Because the in-plane disc receptances are invariably zero, 

this restraint will always be automatically imposed during 

any bladed disc calculations by the coupling mathematics). 

Three components of the restrained matrix for a blade of the 

36-bladed disc have been plotted against frequency for 

various numbers of terms in the series and are shown in 

figs 8.7 to 8.9. 	The lowest free-free frequency has been 

marked 1FFF 
for reference. The SF receptances clearly 

converge to the CF as more terms are retained in the series. 



It may also be seen that the rotational components converge 

more slowly than the translational. 	This phenomenon is found 

to be true of flexural receptances in general, both blade and 

disc, and is caused by the progressive change in mode shape 

throughout the series from the low to the high terms: the low 

frequency modes are characterized by relatively large trans-

verse deflections and gentle slopes, whereas in the high 

modes the converse is true with the slopes much steeper. 

Consequently low modes are more strongly excited by trans-

verse forces whilst high modes are more receptive to torques. 

Thus, when a force is applied to the free boundary of a blade 

or disc the response, mostly in the low modes, is well 

described by the first few terms in the series. On the 

other hand, if a torque is applied the resulting displacement 

includes a much greater proportion of steep-gradient or 

high-frequency modes. 

Truncation Errors. 	A study was then made of the errors in 

bladed disc frequency predictions caused by curtailing the 

blade receptance series. Fig. 8.10 shows the natural fre-

quencies of the unshrouded 36-bladed disc computing using 

closed form (CF) receptances for both disc and blades. It 

also shows the percentage shift in these frequencies which 

results from changing the blade receptances to series form 

(SF). 	The frequency at which the series has beenterminated 

('cut-off frequency') and the numbers of rigid body (W) 

flexural (F) and torsional (T) modes encompassed by the 

series have all been recorded. Similar tables have been 

prepared for this asse-Ibly after shrouding, fig. 8.11, and 

for Assembly A, fig. 8.12. 
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It may be seen that, in general, truncation errors 

increase with diametral mode because the disc and shroud, 

for which the receptances are exact, are becoming relatively 

less active. The variation of errors between families is not 

consistent - in sore cases the 1E bladed disc modes exhibit 

the largest discrepancies whilst in others it is the 1F or 

2F families. If all the blade modes up to 100 kHz are 

retained, maximum errors are around 5% in the lower diametral 

modes and 9% in the higher diametral and cantilever modes 

of the 36-bladed disc before shrouding. After shrouding, 

the errors are only very slightly smaller. For assembly A, 

again truncating at 100 kHz, the lower diametral modes are 

in error by 6%, the higher diametral by 9% and the cantilever 

predictions by 11%. 	Clearly errors of this magnitude are 

very worrying and should be taken as a caution by anyone 

contemplating the use of normal mode syntheses, such as those. 

above, to estimate the forced response or cantilever fre-

quencies of turbine blades. For example, analysing all 18 

free-free blade modes up to 20 kHz would probably tax the 

classical theory to the limit of its validity and moreover 

would require considerable computational effort for a real 

turbine blade but would still achieve an accuracy of only 

12% in assembly predictions and 20% in cantilever predictions. 

It should be borne in mind that in these calculations no 

allowance has been made for damping which may affect the 

relative importance of the various modes. 

Because of the gravity of the above deductions, it was 

decided to try to check the results against the work of 

other authors. The only relevant literature discovered was 

on the technique 'Modal Synthesis' developed by Hurty and 
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others (92)-(94) with the object of determining the 

vibration characteristics of composite structures by 

combining the natural modes of each constituent part. 

The technique bears some similarity to receptance coupling 

when the latter is based on series receptances. Interesting 

recent work on modal synthesis has been directed towards 

predicting how many component modes are required to attain 

a specific accuracy when calculating structural characteristics. 

Bajan (95) and Johnson and Hurty (96) have produced separate 

but similar convergence criteria which estimate the change in 

a structure's calculated natural frequencies caused by the 

inclusion of one additional component mode in the synthesis. 

As an example, Johnson and Hurty compute all the frequencies 

of a simple frame up tog()__ Hz and show that, to obtain 5% 

accuracy in the eigenvalues, it is necessary to incorporate 

all component modes with frequencies below 1.52Hz. 

Unfortunately, when applied to the 36-bladed disc the two 

criteria indicated that good accuracy ought to have ensued 

from a much smaller number of blade modes than was actually 

the case. There is one major dissimilarity, however, between 

modal synthesis and receptance coupling - the former involves 

a Rayleigh-Ritz type optimisation, which results in an eigen- 

value equation. Consequently, it is not certain whether the 

two techniques would predict the same assembly natural 

frequencies, even if both used the same total number of 

component modes. Thus a single component mode might be 

more important to one of the techniques than to the other. 

An interesting topic for future investigation would be a 

comparison of receptance coupling with modal synthesis, in 



12`7 

order to determine which gave the most accurate predictions 

when supplied with inaccurate or incomplete modal data. 

Figures 8.10 and 8.11 also help to assess the benefits 

of considering blade twisting in the analysis. That is, 

if we truncate the blade receptance series at 3 kHz, we 

retain the rigid body modes (including uniform torsional 

rotation) plus three flexural modes; whereas if we truncate 

at 5 kHz, we incorporate the first torsional mode of 

vibration also. 	Clearly for the unshrouded case, fig.8.10, 

the inclusion of blade twisting adds little to the accuracy 

of the results, whilst for the shrouded wheel, fig. 8.11, 

at least one twisting mode is essential to avoid gross 

inaccuracy. 

Perturbation Errors. 	Figures 8.13, 8.14 and 8.15 were 

compiled for the 36-bladed disc in the unshrouded and shrouded 

states and Assembly A, respectively. They contain the 

assembly natural frequencies calculated using CF disc and 

SF blade receptances with each term of the receptance 

series correct. They also show the percentage changes in 

these frequencies resulting from perturbations to certain 

constants in blade receptance series. For the 36-bladed 

disc, the series was truncated at 30 kHz and the perturb-

ations consisted of a 10% increase in turn to each of the 

modal constants appearing in the sixth term (the first mode 

of flexural vibration), then a 50% increase to the modal 

constants of the ninth term (the first mode of torsional 

vibration) and finally a 50% increase to the constants of 

the tenth term. For Assembly A the procedure was similar, 
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but the series was truncated at 50 kHz and perturbations 

were made to the sixth and eighth terms only. 

It may be seen from the tables that errors in the 

inertia coefficients are generally less detrimental to 

assembly predictions than inaccuracies in modal frequencies 

or displacements. At the root of the blade, accuracy in the 

rotational displacements, Z and At  , is more important 

than in the translational components 0 and
3 
 . For 

shrouded assemblies, knowledge of the tip displacements is 

also required, although it appears that these displacements 

do not necessarily have to be known as accurately as the root 

displacements. At the tip it is the translational components 

which must be evaluated most accurately. 

(c) Shroud. 

This final component is a special case because the geometry 

of the engine shroud is such that it may relatively accurately 

be represented by a series of rigid inertias (with or without 

elastic interconnection). Hence the shroud can satisfactorily 

be analysed using a finite degree of freedom model. Further-

more, the magnitudes of the rigid inertias are readily 

available from the known details of the engine shroud. 

Unfortunately, for the interlocking shroud the bending stiffness, 

amount of slipping and frictional restraint are difficult 

to estimate and hence it is probable that the shroud recep-

tances will always be inexact. In an exercise described in 

Chapter seven the effects on assembly predictionsof alterations 

to the shroud stiffnesses and amounts of slipping have been 
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investigated. The results showed the shroud properties to 

have a strong influence on the natural frequencies of the 

assembly and clearly further research will have to be directed 

towards predicting these properties as accurately as possible 

from design information. 

Compensating For Inaccuracies in Receptances  

The above results indicate that one of the most serious 

hindrances to the use of approximate receptances is the 

importance of the high frequency blade modes. Therefore it 

would be wise to: 

(1) use closed form receptances where possible. It may be 

feasible to represent the turbine blade satisfactorily 

by an assembly of simple elements for which CF recep-

tances are available; 

(2) retain as many terms as possible in the receptance series, 

even if the individual modal constants are not known 

precisely; 

(3) test, and if necessary improve, the analysis of the high 

frequency modes. In view of the significance of these 

modes, the use of classical thin shell or beam theories 

may be unjustifiable; 

(4) consider appending a frequency-independent quantity to the 

receptance series to make up fa-the absent terms. This 

technique has been practised to great advantage by Klosterman 

and Lemon (97) and an attempt was made during the present work 

to study the merits of using such a quantity, referred to as 

the 'residual flexibility', to improve the blade root 

receptances of the 36-bladed disc. Attention was 

limited to the flexural components which comprise a 
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4 x 4 matrix and so, ideally, sixteen residual flexibilities 

ought to have been derived. However, as has been demonstrated 

earlier, the complete matrix can be condensed into a 2 x 2 

matrix of restrained receptances by preventing any displacements 

in the plane of the disc. This condensation saved considerable 

labour because, on account of the symmetry of the receptance 

matrices, it was necessary to evaluate only three residual 

flexibilities. It was decided that it would be most appropriate 

if these flexibilities were chosen to give the blade the true 

cantilever frequencies. In other words, three constants had 

to be found such that cantilever frequencies derived from 

the 'corrected receptances' (where 'corrected receptance' = 

SF receptance + residual flexibility) would equal the corres-

ponding cantilever frequencies based on CF receptances. 

Clearly, the first three cantilever frequencies are sufficient 

to enable three simultaneous equations in three unknowns to 

be formulated. This was attempted for the 36-bladed disc 

but, unfortunately, real solutions could not be found for 

the equations and the experiment had to be abandoned. In 

retrospect, the failure was attributed to the wide disparities 

between the CF and SF receptances, even with many terms in 

the latter. The situation was aggravated by the severe 

fluctuations in the receptances with frequency. These dis- 

parities caused the true residue ( 	SF) to vary so much 

with frequency that it could not even be approximated to by 

a constant. This is illustrated by fig. 8.8 in which it may 

be seen that three quite different residual flexibilities 

would be required at the three cantilever frequencies 

1FCF, 1ECF, and 2FCF 
if the SF receptance were to be made 

equal to the CF receptance at these frequencies. 
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CHAPTER NINE  

CONCLUSIONS AND RECOMMENDATIONS  

( 9 . 1 ) CONCLUSIONS 

(1) An idealized model has been designed which 

can reproduce the essential dynamic characteristics of 

bladed turbine discs. This model consists of: a disc 

formed from three concentric uniform-thickness annuli; 

blades, each formed from two uniform elements joined end-

to-end, each element having unique cross-sectional dimen-

sions and stagger; where appropriate, a noninterlocking 

or interlocking shroud. The noninterlocking shroud model 

consists simply of an inertia fitted to each blade tip, 

whilst for the interlocking type a number of possible 

models have been developed. 

(2) A new method has been devised to compute the 

receptances of non-uniform thickness discs by coupling 

receptances of uniform annuli. For calculating receptances 

of turbine discs, this method has advantages over certain 

alternative techniques in that the effort required depends 

primarily on the complexity of the turbine disc, rather 

than on the rigour with which its mathematical model is 

analysed. 

(3) The accuracy of the disc receptances was assessed 

by comparing calculations with those of other authors and with 

measurements on three testpieces. Whilst the calculations 

were in accord, there were discrepancies between calculated 
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and measured natural frequencies of up to 15%. 	Some 

error was probably caused by uncertainty over the correct 

values of Young's modulus, density and Poisson's ratio 

but the major source of error was the effect of residual 

stresses in the testpieces. 	It was concluded that the 

derived receptances should be aufficiently accurate for 

engineering calculations. 

(4) The model blade receptances were tested by 

measuring the mobilities of a two-stage testpiece. The 

calculated natural frequencies were found to be about 5% 

too high, although the cross components of mobility were more 

in error than the direct components. It is believed that 

the errors were largely experimental, caused chiefly by the 

inertial loading imposed by the transducers and by mis-

alignment of the exciting unit. It was concluded that the 

accuracy of the blade receptances is satisfactory. 

(5) The receptance expressions for one of the shroud 

models were checked by comparing the predicted natural 

frequencies of a uniform hoop with values calculated by 

other authors. Some discrepancies were apparent but they 

were not large enough to impair the usefulness of the 

receptances. 

(6) The natural frequencies of three simple assemblies 

were measured and compared with calculations. Good agreement 

was obtained)which confirmed the accuracy of the derived 

receptances and proved that receptance coupling is fully 
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capable of analysing bladed discs with or without such 

complications as shrouding, blade stagger and variations 

in component cross-section. 

(7) Calculatinns on the above and other hypothetical 

assemblies were used to illustrate the vibration character-

istics of bladed discs in general and diagrams are included 

which show how natural frequencies are related to mode shape 

and to the geometry of the wheel. 

(8) A comparison of the measured natural frequencies 

of blades, discs and assemblies from engines with calcul-

ations for models proved that the present idealized bladed 

disc is indeed dynamically representative of turbine rotors. 

Each of the interlocking shroud models was used in these 

calculations and hence two have been selected as 

optimum. 

(9) A number of methods for minimising effort when 

analysing engine assemblies has been examined, with the 

following conclusions. 

(a) It is possible to use fewer than six coordinates 

to couple component receptances and still obtain acceptable 

results from the calculations. The benefit is that the volume 

of receptance data, which must be derived and manipulated, is 

reduced. For a given assembly, the dispensable coupling 

coordinates may be selected by a preliminary numerical 

study of an idealized model. 

(b) Disc and shroud receptances in global coordinates 

must be formulated from a Fourier series of local receptances 

and, for economy, this series should be truncated as early 
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as possible. The errors caused by truncation increase 

with diametral mode and decrease with the number of blades 

on the disc. Whilst the optimum number of terms depends 

on the detailed nature of the assembly, examples studied 

above showed that Tor formulating disc receptances one term 

is sufficient if there are 90 blades, but more than one 

would be advisable for discs with 30 or fewer blades. For 

shroud receptances, at least two terms are essential and 

three were found best for the wheels studied above. 

(c) Calculations were performed to determine how much 

simplification can be tolerated when deriving the local 

receptances. A 10% error in disc or blade receptance terms 

degraded the results only marginally, although precision 

was more important in some elements of the receptance matrix 

than in others. Likewise, limiting the disc receptances to 

the sum of seven natural modes incurred only small errors in 

assembly predictions. On the other hand, omitting the 

high frequency blade constituent modes caused much larger 

errors. For example, when the blade receptances were 

formulated from 18 free-free modes, instead of an infinite 

series, the assembly calculated frequencies were in error by 

up to 20%. It proved impossible to compensate for the absent 

blade modes by adding a frequency-independent term and so it 

was concluded that, if the blade model must have a finite 

number of degreesof freedom, emphasis should be placed on 

the quantity of the modes analysed, rather than on the quality. 
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(9.2) RECOMMENDATIONS FOR FUTURE DEVELOPMENT. 

The main hurdle to be overcome before it is possible to 

analyse turbine vibration reliably is that of computing 

accurately component receptances. 	It is believed that 

the above disc analysis could be used to generate turbine 

disc receptances with suitable precision, although certain 

extensions (already commenced in ref. 79) may be necessary 

to allow for the thick hubs and rims of engine discs and also 

to accommodate shafts and other inter-stage couplings. 

In view of the importance of the higher modal con-

stituents of blade receptance, the present blade model has 

a definite advantage in that its receptances are available 

in the closed form. The two-stage version could of course 

be made more realistic by using more stages and by off-

setting the centroidal axes of successive stages in order 

to introduce flexural-torsional coupling. Unfortunately, 

it would always be difficult to decide how much off-set 

was appropriate, and clearly such a model would inevitably 

remain a very crude description of the actual aerofoil 

blade. Before embarking on the alternative but formidable. 

task of analysing the forced vibration of a real turbine 

blade 'from scratch', it might be worthwhile examining 

some of the manifold and diverse blade analyses already 

published, for examples see ref. 22. Although almost 

exclusively concerned with cantilevers these might 

possibly be extended or adapted to yield the required 

receptances. 
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The above interlocking shroud models could probably 

be used in the accurate analysis of engine assemblies if 

more information were available about the. vibratory behaviour 

in service, particularly about how much slipping occurs at 

the interfaces. The amount of slipping is difficult to 

predict, since it depends on how tightly the structure is 

assembled, the engine rotational speed etc. 	Some indic- 

ation of the slip amplitude may be acquired by inspecting 

the fretting at the interfacesduring overhaul. It is felt 

that model (IV) would be optimum if there were appreciable 

slipping whilst model (I) would be better in case of little 

or no slip. Before using either, some method will have to 

be found for determining the flexibility of the shroud cross-

section. This could, perhaps, be done by a static analysis 

of the stresses and deflections within the narrow neck 

between each pair of contacting segments, thus ignoring 

deformation within the main bodies of the segments. 
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5 NODAL DIA. 
2336.5 

C 2318.1 
E -0.79 

6 NODAL DIA. 
3372.0 

C 3378.3 
E Q.19 

7 NODAL DIA. 
4568.4 

c 4628.8 
F, 1.32 . 

M = MEASURED NATURAL FREQUENCY (HZ) 
C = NATURAL FREQUENCY (HZ) COMPUTED USING CLASSICAL THEORY1 
E = ERROR (%) = 	(C-AI)*100/M 	 J 

1 
AFTER 

CUTTING 
GROOVE' 

TEST DISC 3 
	

FIG. 3.10. 
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NEAT I AS CoNCENTRRTc0 
AT BLADE T 1 PS 

SHRO U_D  
MODEL(I)  

DISC R►M 

(BALL AND SOCKET 
	

TORSIONAL 
	SHROUD  

TINT 
	

SPRING- 
	MODE  L(T) 

RE.PESENTRTION OF INTERLOCKING SHROUD  
FIG. 5- 

(CONTINU-ED OVER) 
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VicfrE:  MODEL (1I) ts NOT sHoNtIN HERE SLIT I s SimiLR9 

TO (DT) \4ITH 	A T= -?i,6"-= O. 

-DtSC R I M 

I+- 

'GALL AND SOCK ET )  
U01 NT 

SHRou,D MODEL (177) 
VIEW ED AXI ALLY 

SHROUD MODEL (7=)  
(VIEWED 9-1:\I ALLYO 

OFINTERLOCK IN G S H ROLLO  

Fl G. 5.i 



157 

0 	o 	C.11.1E. 
	0 

rtS Lur 

0 0 0 0 
.4. 	0 	0 	0 

en' '61 
-i-s  

S y r-‘ ivl ETRIC 

0 

WHERE  

s?= 	— 

= — XL 

= rft2-- At  

zs. = rrtk- 1‘..k 

\61,  

N6t 

[ aNO. MOMEIiT OF AREA OF CROSS-SECTioN ABOUT A 1V3IAL  915(7-cF, 
FIXI AL 

I2. 	2 NO. POLAR MOMEAT Or RRA 

G-It = STI Ff NESS OF H OOP Wv;EN TWIST 	AtiouT A TatiGENT 

A = CROSS- SECTioNAL AREA 

RE CE.1"-)TRNCE OF U-N\FORIA CIRcti,LRF, H OOP 

-Ft G. 5•2- 
(co nrrin) LLED 	OVER.) 



1 58 

o 0 It_t ig 	0 wt 	 frsabit. 
1 - 	

0 	0 	Ict LtrrszAt  

o z& E-Ad o & s. 
0 	0 . 	 0 

'bt 
Sy MMETRIC 

1c 9- 

Ts. 

0 

0 

WHERE  

Lt 	t -t t 
1— 

C = 12_ 
t 	A 

= itt• (.2-9 A 	1c='. G- 	G-It  
Ass ts2- w2  E 	 - 

E. 	2rrse2-eR 2_ 

rt = 0  
)6, 0 

0 

L. 
6.32, 

0 

0 

16.1, 
t5  L,_ 

0 

0 

0 

0 

0 

sy KmE7Ric 

\6 -4- 	0 	0 
^es-  A,J_ 

0 	0 

NO "MT ION IS SMILAR TO THAT FoR 	EXCEPT : 

— — 1  - At at = rt•I  002"  I 
E Isr  

RE CE) T C.E. OF: H UNIFORM CIRCILLAR ‘400F)  

Ft G: 5.2_ 
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ANGLE rulA  • TAWGENTI L n\REc.-naN 

iti SEGMEN T 
SHROUD  

RT REST  

1r -1 TH, SEGMENT 	ti TH. SEGM ENT 

VIEW iNG RADIALL'y  

ANGLE =1Lmji,_ 

OLLD  
DurRINC- VIBRATION  

i4  i 

-1). IS PL RC_EME N T S Of s \--Wk011D MODEL 	FI G. 5.3 

14-1 

--OR CE S ACTIN G- ON 	TH. SEGMENT Or SHROU.P  
Fi G. 5.4- 



MEASURING TtiE. IMPEDRNICE Or 3(0-BLADED DISC 
FIG.6.1 

 

PROBING FOR MODE SI-IP F I G.6-2 

I60 



0 NODAL DIA. 
0.0 154.0 526.0 
0.0 149.4 526.2 

30 -3.00 0.03 

1 NODAL DIA. 
0.0 271.0 849.0 
0.0 268.8 855.1 

E
30 -0.82 0.72 

2 NODAL DIA. 
102.0 395.0 1197.0 

c 
 

102.5 395.0 1197.5 
0.53 0.01 0.05 

3 NODAL DIA. 
rt 161.0 573.0 1459.0 

E30 
159.1 
-1.15 

576.1 
0.54 

1475.9 
1.16 

4 NODAL DIA. 
191.0 790.0 1692.0 
188.9 792.7 1715.5 

E
30 

-1.08 0.35 1.39 

5 NODAL DIA. 
208.0 991.0 

C
30 205.3 

-1.30 
994.5 
0.36 

6 NODAL DIA. 
rt 218.0 1143.0 

215.2 1146.7 
E30 -1.31 0.33 

7 NODAL DIA. 
224.0 1241.0 

C
30 

221.6 
-1.06 

1248.6 
0.61 

8 NODAL DIA. 
228.0 1304.0 
226.0 1315.2 

E
30 -0.87 0.88 

9 NODAL DIA. 
rs 232.0 1345.0 

229.2 1359.9 
E
30 -1.21 1.11 

10 NODAL DIA. 
234.0 1374.0 

c-O 
231.5 1390.6 

E -1.07 1.21 

11 NODAL DIA. 
235.5 1394.0 
233.2 1412.0 

E30 -0.98 1.29 

Fig.6.3. cont/ 
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12 NODAL DIA. 
1408.0 
1426.7 
1.33 

13 NODAL DIA. 
1416.0 
1436.6 
1.46 

14 NODAL DIA. 
1416.0 
1442.4 

1.86 

15 NODAL DIA. 
1416.0 
1444.6 
2.02 

c30 

C30 

AI 
C30 

E30 

236.6 
234.5 
-0.89 

237.3 
235.3 
-0.85 

237.9 
235.9 
-0.85 

237.9 
236.1 
-0.76 

M = MEASURED NATURAL FREQUENCY (HZ) 
C30 = NATURAL FREQUENCY (HZ) COMPUTED USING 3 COUPLING CO-ORDINATES 
E = ERROR (%) = (C30-14 ) *100/N 

162. 

30-BLADED DISC (UNSHROUDED) 	FIG. 6.3  
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WIATu_FIRL c- REGLLENciES 
OF 30–BL1IDED. DISc 

(U.Ns HROLLDED) 

100 	 ITJI IIJII I  
1 	 2 	 5 	 10: 	15 

NODAL DIAMETER 





1  - NOD Fkl_ 5 I  110 	 )5 

165 

O 

O 	i-Tcv 
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0 = C10 (5)(CALCALUITED 
WrniCotLING- C0011D. 
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= NAT. rfCEC)_s. F 

DS 	DISC PLO NE IN MODE. 
Wrni S 

C RLCUL AT ED NM' URAL FRECRINCIES 
OF 30-BLADE=D Dtsc 
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1FSF 

0 0 0 0 0 0000000 
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500 	 
fi 
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ti 
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8 A eg EOM 

0000ao 
1T cF  

I b 8 

	

10000 	 
>- • 
(.3 
zw • 

ff  

	

5000 	 

300 	 

	

. 2000 	 

ES) 

  

El 1000 	 

El 

A = C30  (3 coupling 
co ords at roots) 

500 
0=C20  (1+2 )( 2 coupling 

co ords at roots) 

es 
B  EN 	El ES1 ESIESE 

E9 
CALC1.LLATE.D I\IRT11R A L FREOLLENCIES 

— OF 30-BLADED DISC. 
QIN5\-1 P., u_DE.D) 

100 	  
1 	 2 	 5 	 10 	15 

	NODAL DIAMETER----)- 

rl b-9 

flq 

200 EN El 



0.0 
0.0 

495.3 
488.8 

2009.5 
2021.8 

3296.0 
3346.5 

E33  -1.31 0.61 1.53 
1 NODAL DIA. 

0.0 253.2 806.0 1534.0 
c
33 

0.0 249.1 
-1.64 

799.6 
-0.80 

1530.3 
-0.24 

2 NODAL DIA. 
100.4 388.0 1108.0 1910.6 

C 100.1 387.2 1105.4 1913.3 
E33 -0.30 -0.20 -0.23 0.40 

3 NODAL DIA. 
rz 173.4 577.o 1346.0 2396.0 

172.3 576.8 1346.3 2418.8 
E33 -0.66 -0.03 0.02 0.95 

4 NODAL DIA. 
rs 239.6 	. 788.0 1565.4 2913.0 
C 237.6 789.2 1568.7 2954.5 
E33 -0.84 0.15 0.21 1.43 

5 NODAL DIA. 
308.4 972.0 3343.0 4650.0 

C 304.4 975.7 3404.4 4781.3 
E33 -1.31 0.38 1.84 2.82 

6 NODAL DIA. 
M 383.7 1105.0 2158.0 3671.0 
c 375.9 1113.3 2161.3 3746.8 
E33 -2.03 0.75 0.15 2.07 

7 NODAL DIA. 
rz 465.7 1200.0 2502.5 3976.0 

452.1 1213.6 2503.5 4059.8 
E33 -2.93 1.13 0.04 2.11 

0 NODAL DIA. 

 

Fig. 6.10 cont/ 	 



551.5 
530.5 
-3.81 

635.7 
607.2 
-4.48 

712.8 
677.7 
-4.92 

776.3 
737.9 
-4.95 

827.0 
784.9 
-5.09 

859.0  
818.0 
-4.78 

873.0 
837.5 
-4.61 

884.0 
844.1 
-4.52 

1279.0 
1295.9 

1.32 

1356.0 
1374.3 

1.35 

1442.0 
1456.8 

1.03 

1542.0 
1546.6 

0.30 

1649.0 
1640.7 
-0.50 

1754.5 
1729.0 
-1.45 

1833.0 
1794.7 
-2.09 

1866.0 
1818.7 
-2.54 

E33 

E33 

E33 

,33 

rI 

E33 

E33 

E33 

E33 

8 NODAL DIA. 

	

2786.0 	4333.0 

	

2801.3 	4398.1 

	

0.55 	1.50 
9 NODAL DIA. 

	

2992.7 	4544.0(21) 

	

3017.0 	4516.9 

	

0.81 	-0.60 
10 NODAL DIA. 

	

3119.4 	4344.0(20) 

	

3151.6 	4329.7 

	

1.03 	-0.33 
11 NODAL DIA. 
3195.0 
3221.2 

0.82 
12 NODAL DIA. 

	

3228.0 	3922.0(18) 

	

3238.1 	3969.6 

	

0.31 	1.21 
13 NODAL DIA. 

	

3221.0 	3776.0(17) 

	

3214.9 	3858.3 

	

-0.19 	2.18 
14 NODAL DIA. 
3695.0(16) 
3799.3 

2.82 
15 NODAL DIA. 

	

3164.0 	3670.0 

	

3162.2 	3780.4 

	

-0.06 	3.01 

4850.0(21) 
4968.6 

2.45 

5287.0 
5415.4 

2.43 

21 	  
M = MEASURED NATURAL FREQUENCY (HZ) 

G C = NATURAL FREQUENCY (HZ) COMPUTED USING 3 COUPLING COORDINATES  
E33  = ERROR (%) = (C-M)*100/M 

* Where the shroud mode 
differed from that of the rest 
of wheel, the number of nodal 
diameters in the shroud has__ 
been added in brackets. 	-4 

CD 
30-BLADED DISC (SHROUDED) FIG. 6.10 
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CENTR R L 
BOLE 

(FITTED TITTED L AT ER) 

2_5° 

015 

\ 

MEAN  WIDTH • 5 5 2_ 
MikTERIAL% MILD STEEL 	SCALE 2 x FILLL SI7E 

PILL DIMEN SION S IN INCHE S 

45-BLADED DI SC 	FIG. 6.15  



0 NODAL DIA. 
194.1 329.2 787.0 

C 192.2 313.1 773.9 
E -0.99 -4.90 -1.67 

1 NODAL DIA. 
184.1 480.0 1064.0 1315.0 2741. 

C 178.4 471.6 1051.6 1329.9 2780. 
E -3.09 -1.74 -1.16 1.14 1.46 

2 NODAL DIA. 
155.2 215.0 609.0 1900.4 

C 158.8 221.2 614.4 1066.1 1962.8 
E 2.31 2.89 0.89 3.28 

3 NODAL DIA. 
166.4 346.6 837.7 1106.0 

C 167.3 347.4 862.6 1091.2 
E 0.56 0.24 2.97 -1.34 

4 NODAL DIA. 
1,1 412.3 1045.0 1292.0 
C 168.5 407.2 1033.8 1328.4 
E 0.00 -1.23 -1.07 2.82 

5 NODAL •DIA. 
442.5 1068.0 1709.0 

C 168.8 435.5 1050.9 1777.2 
E -1.58 -1.60 3.99 

6 NODAL DIA. 
M 459.2 2107.0 
C 169.o 451.1 1055.4 2193.0 
E -1.77 4.08 

7 NODAL DIA. 
469.6 2394.0 

C 169.1 460.8 1057.5 2483.0 
E -1.88 0.00 3.72 

8 NODAL DIA. 
475.5 2568.0 

C 169.2 467.4 1058.6 2655.0 
E -1.71 3.39 

9 NODAL DIA. 
1'4 480.6 2673.4 
C 169.2 472.1 1059.4 2757.5 
E -1.78 3.15 

•
...

. u 4
0
)
 

Fig. 6.16 cont 	 



10 NODAL DIA. 
484.1 2742.0 

c 169.2 	475.5 1059.9 2822.4 
E -1.78 2. 

11 NODAL DIA. 
m 486.8 
C 169.3 	478.2 

-1.76 
12 NODAL DIA. 

M 489.3 . 
C 169.3 	480.3 
E -1.84 
- 13 NODAL DIA. 
M 490.6 
c 169.3 	482.0 
E -1. 	6 

14 NODAL DIA. 
M 492.0 
C 169.3 	483.3 
E -1.77 

15 NODAL DIA. 
M 493.9 
c 169.3 	484.4 
E -1.92 

COMPUTED CANTILEVER FREQUENCIES 
iF 	ill, 2F 2E 

169.5 	508.0 1063.0 3182.0 

KEY: M = MEASURED NATURAL FREQUENCY (H ) 
C = COMPUTED NATURAL FREQUENCY (Hz) 
E = ERROR (%) = (C-M)*100/M 

45-BLADED DISC (UNSHROUDED) 	FIG. 6.16  
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CALCULATED NATURAL FREQUENCIES 
OF HYPOTHETICAL BLADED DI SC 
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1001  a 	5 NODAL 	 10 	 13 
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DIRECTION OF 
TIP VII3RF1tION STRGGER. 

ANGLE 

bisc S1.1-F RC E 

NPR. ANGLE BETWEEN MAJOR PRINCIPAL AXIS OF BENDING AND 
DIRECTION OF BLADE TIP VI3RATION 

(HENCE9  FOR PURE FLAP vA  = 90°  AND FOR PURE EDGEWISE p =0°) 

GROUP OF NATURAL 
FREQS. IN FIG.6.19 

STAGGER licA. CLASSIFICATION OF MODE 

A 0°  90°  PURE FLAP 
15° 83o MOSTLY FLAP 
45°  81°  MOSTLY FLAP 
90°  90°  PURE FLAP 

13 0°  0° PURE EDGEWISE 
15°  20°  MOSTLY EDGEWISE 
45°  46°  INDEFINITE 
90°  , 	90°  PURE FLAP 

C 0°  0°  PURE EDGEWISE 
.15°  32°  MOSTLY EDGEWISE 
45°  49°  INDEFINITE 
90°  90°  PURE FLAP 

BLADE MOTION IN HYPOTHETICAL BLADED DISC 	FIG. 6.20. 
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BLADE VlbRATION RESOLVED INTO PRINCIPAL PLAN ES  

FL G. 	(cowr 0. OVERLERF) 



1 84- 

RADIAL POSIT' 1 N  

EAM 15 E COMPONENT 

0= FLAP COMPONENT 

?BLADE VIBRATION RESOLVED INTO PRINCIPRL PLANES  

FI G. (3-2i (CONTD. OVERLEAF) 

Dc 

cn 
ci 



=_ 4,50 0_) 'II-- 	W.= (07 b Hi. 

lSE COMPONENT 

Q= FLBP COMPONENT 

DATtIM 

1 85 

BLRDE. VIBRATION RESOLVED INTO PRINCIPAL_ PLI2o\I.S  



--
iti

o)
  .2

2
.9

.0
  1

A  
0 NODAL DIA. 

M 182.0 	300.8 693.2 	. 1159.5 1964.1 2820.2 3078.3 
181.5 	280.1 663.6 1134.6 1919.5 2775.2 3064.3 
-0.25 	-6.89 -4.27 -2.14 -2.27 -1.60 -0.45 
1 NODAL DIA. 
351.3 	923.8 1168.6 1673.2 2424.4 2935.0 3749.6 

C 344.2 	893.8 1154.9 1663.6 2402.4 2919.6 3813.2 
-2.02 	-3.25 -1.17 -0.57 -0.91 -0.53 1.70 
2 NODAL DIA. 

161.6 489.0 	951.5 1711.8 2481.7 2731.2 3548.0 
C 169.6 496.0 	934.9 1720.3 2458.8 2746.2 3713.5 
E 4.94 1.43 	-1.84 0.50 -0.92 0.55 4.66 

3 NODAL DIA. 
270.5 761.8 	981.8 2136 .1 2606.3 3374.3 
275.4 770.3 	958.6 2156.3 2569.8 3452.4 
1.83 1.12 	-2.36 0.94 -1.40 2.32 

4 NODAL DIA. 
ri 355.7 943.5 	1180.0 2423.7 

365.3 927.6 	1190.0 2451.4 2591.2 
2.69 -1.68 	0.85 1.14 

5 NODAL DIA. 
ri 458.5 960.3 	1551.3 2630.5 
c 471.9 940.5 	1576.0 2597.3 2765.6 
E 2.92 -2.06 	1.59 -1.26 

6 NODAL DIA. 
587.1 970.9 	1843.7 3165.0 

C 601.1 950.7 	1882.7 2599.6 3219.6 
E 2.39 -2.08 	2.12 1.73 

7 NODAL DIA. 
732.6 993.2 	2027.4 2648.8 3728.2 
739.7 977.1 	2079.4 2601.2 3826.6 
0.96 -1.62 	2.56 -1.80 2.64 

8 NODAL DIA. 
849.7 1063.5 	2147.9 2663.6 
838.3 1064.4 	2208.8 2606.6 

E -1.34 0.08 	2.84 -2.14 

Fig. 6.22 cont 	 



9 NODAL DIA. 
M 	886.1 	1222.0 	2238.3 	2672.6 
C 	871.8 	1223.5 	2307.0 	2624.9 
E -1.62 	0.53 	3.07 	-1.78 

10 NODAL DIA. 
M 	1436.0 	2318.7 	2695.7 
c 	880.1 	1415.8 	2382.7 	2678.0 
E -0.01 	2.76 	-0.66 

11 NODAL DIA. 
M 	895.3 	1601.0 	2389.0 	2758.0 
c 	880.9 	1590.9 	2426.7 	2799.5 
E -1.61 	-0.63 	1.58 	1.51 

12 NODAL DIA. 
M 	899.4 	1750.6 	2420.6 	2908.5 
C 	878.6 	1734.5 	2442.4 	3003.5 
E -2.31 	-0.92 	0.90 	3.27 

13 NODAL DIA. 
M 	894.7 	1857.4 	3144.4 
C 	874.8 	1840.9 	2443.3 	3279.0 
E -2.23 	-0.89 	4.28 

14 NODAL DIA. 
M 	892.0 	1929.5 	2449.2 	3451.6 
C 	870.1 	1915.8 	2437.5 	3607.3 
E -2.45 	-0.71 	-0.48 	4.51 

15 NODAL DIA. 
M 	886.2 	1976.0 	2436.7 	3794.2 
C 	865.0 	1968.0 	2429.2 	3964.9 
E -2.39 	-0.41 	-0.31 	4.50 

16 NODAL DIA. 
M 	882.2 	2006.8 
C 	859.8 	2004.5 	2419.9 
E -2.54 	-0.12 

17 NODAL DIA. 
M 	877.4 
C 	854.7 	2030.2 	2410.9 
E -2.59 

•
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Fig. 6.22 cont 	 



    

    

M 
C 

 

E 

 

C 

 

E 

 

C 

 

E 

863.0 
850.0 
-1.50 

845.9 

842.6 

18 NODAL DIA. 
2040.6 

	

2048.2 	2402.9 
0.37 

19 NODAL DIA. 
2049.2 

	

2060.7 	2396.1 
0.56 

20 NODAL DIA. 
2055.2 

	

2068.9 	2391.0 
0.67 

 

    

' KEY 
M = MEASURED NATURAL FREQUENCY (HZ) 
C = COMPUTED NATURAL FREQUENCY (HZ) 
E = ERROR (%) = (C-M) x 100/M 

45-BLADED DISC (SHROUDED) 	FIG. 6.22  
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(r) 	1.2-5 
0-  
0-  

MATERIAL MILD STEEL 
DIMENSIONS :INCHES 
SCALE : 	FLLLL 

St 

36-BLADED Dtsc 	-FIG-. )-2_5  

1. 21i- 

A 

co 
0 o • 7 
ti) 

SECTION)C—X 

ycbct' 



—
i

N e
D  

9 2
-9

  *
1
 j
  

N 
C 
E 

N 

E 

C 
E 

C 
E 

M. 

C 
E 

C 
E 

C 
E 

C 
E 

M 
C 
E 

0 NODAL DIA. 
134.3 525.4 597.0 908.5 1476.6 2240.0 
134.7 329.9 612.5 936.4 1543.4 2377.3 
0.27 1.37 2.60 3.07 4.52 6.13 

1 NODAL DIA. 
277.7 726.5 776.1 1174.0 1607.0 2245.0 
292.7 756.4 785.0 1204.7 1732.4 2419.5 
5.41 4.12 1.15 2.62 7.81 7.77 

2 NODAL DIA. 
105.5 477.6 790.6 1174.6 1888.5 1962.4 
114.8 498.5 827.0 1284.1 2001.2 2137.7 
8.83 4.37 4.60 9.32 5.97 • 8.93 

3 NODAL DIA. 
205.9 638.0 852.0 1472.2 2103.4 
224.4 660.3 887.8 1624.7 2274.6 
8.97 3.50 4.20 10.36 8.14 

4 NODAL DIA. 
293.0 741.7 1005.0 1755.0 2173.0 
318.0 778.2 1055.2 1910.3 2343.5 
8.52 4.92 5.00 8.85 7.85 

5 NODAL DIA. 
369.5 774.5 1205.0 2024.5 
396.1 815.9 1309.2 2167.6 2486.3 
7.20 5.34 8.65 7.07 

6 NODAL DIA. 
477.0 793.5 1350.3 2120.5 
472.1 838.0 1505.4 2272.4 
5.62 5.61 11.49 7.16 

7 NODAL DIA. 
527.6 817.6 1444.4 2148.8 
548.5 865.7 1627.5 2302.7 
3.95 5.89 12.68 7.16 

8 NODAL DIA. 
600.0 861.0 1511.6 2163.0 
617.1 912.4 1706.3 2317.0 
2.84 5.97 12.88 7.12 

Fig. 6.26 cont 	 



M 
C 
E 

M 
C 
E 

M 
C 
E 

M 
C 
E 

9 NODAL DIA. 
649.3 936.9 1567.0 2174.0 
666.7 988.4 1764.8 2327.7 
2.68 5.49 12.62 7.07 

10 NODAL DIA. 
675.4 1040.0 1622.0 2184.5 
696.0 1090.7 1816.6 2340.7 
3.05 4.87 12.00 7.15 

11 NODAL DIA. 
688.2 1146.2 1687.0 2203.5 
712.0 1204.6 1870.3 2361.5 
3.45 5.09 10.87 7.17 

12 NODAL DIA. 
693.9 1240.0 1768.0 2238.6 
720.7 1313.3 1930.8 2398.2 
3.86 5.91 9.21 7.13 

13 NODAL DIA. 
696.7 1308.0 1854.0 
725.5 1403.7 1994.9 2463.1 
4.14 7.32 7.60 

14 NODAL DIA. 
697.3 1352.9 1923.0 
728.3 1470.1 2051.4 2568.7 
4.45 8.66 6.68 

15 NODAL DIA. 
1381.0 1966.0 

729.9 1514.3 2091.2 
9.66 6.37 

16 NODAL DIA. 
697.5 1397.7 1988.0 
730.8 1541.6 2114.9 
4.77 10.29 6.38 

Fig. 6.26 cont 

N 

0 

0.1 
• 

M 
C 
E 

M 
C 
E 

C 
E 

M 
C 
E 



C 
E 

M 
C 
E 

731.2 

731.3 

17 NODAL DIA. 
1406.3 
1556.2 
10.66 
18 NODAL DIA. 
1409.1 
1560.8 
10.77 

1999.0 
2127.1 

6.41 

2002.3 
2130.9 
6.42 

    

MEAN E = 6.58 PERCENT. 

KEY 

M = MEASURED NATURAL FREQUENCY (HZ) 
C = COMPUTED NATURAL FREQUENCY (HZ) (USING CLASSICAL ANALYSIS) 
E = ERROR (%) =(C-M) x 100/M 

36-BLADED DISC 	FIG. 6.26  
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COMPLITATIONRL ERROR  YEA SUS DIPMETRAL MODE  

FIG.6.29 
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1476.6 
151_1.1 
2.33 

1607.0 
1684.8 

4.84 

1888.5 
1981.8 

4.94 

2103.4 
2207.4 

4.94 

2173.0 
2279.9 

4.92 

2428.2 

2240.0 
2306.1 

2.95 

2245.0 
2352.2 

4.78 

1962.4 
2073.1 
5.64 

0 NODAL DIA. 
134.3 325.4 597.0 908.5 
134.4 328.4 W.2 927.8 
o. 08 0.92 1.87 2.12 

1 NODAL DIA. 
277.7 726.5 776.1 1174.0 
291.5 750.5 780.7 1195.9 
4.96 3.3o 0.59 1.87 

2 NODAL DIA. 
105.5 477.6 790.6 .1174.6 
114.7 495.1 817.7 1262.7 
8.68 3.66 3.43 7.50 

3 NODAL DIA. 
205.9 638.0 852.0 1472.2 
223.4 655.9 877.1 1577.8 
8.49 2.80 2.94 7.18 

4 NODAL DIA. 
293.0 741.7 1005.0 1755.0 
315.7 770.7 1041.5 1843.7 
7.76 3.90 3:63 5.05 

5 NODAL DIA. 
369.5 774.5 1205.0 2024.5 

392.9 806.9 1278.5 2094.8 
6.34 4.18 6.10 3.47 

6 NODAL DIA. 
447.0 793.5 1350.3 2120.5 
468.2 '828.6 1450.6 2202.1 
4.73 4.42 7.43 3.85 

7 NODAL DIA. 
527.6 817.6 1444.4 2148.8 
543.6 856.1 1554.9 2233.9 
3.04 4.71 7.65 3.96 

8 NODAL DIA. 
600.0 861.0 1511.6 2163.0 
611.1 902.5 1623.3 2248.8 
1.85' 4.82 7.39 3.97 

M 
c 
E 

M 
C 
E 
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E 
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E 

M 
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E 

M 
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E 

M 
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E 
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Fig. 6.31 cont 



C 
E 

9 NODAL DIA. 
649.3 936.9 1567.0 2174.0 
659.7 977.2 1676.8 2260.0 
1.60 4.30 7.01 3.96 

10 NODAL DIA. 
675.4 1040.0 1622.0 2184.5 
688.2 1076.0 1727.8 2273.2 
1.90 3.46 6.52 4.06 

11 NODAL DIA. 
688.2 1146.2 1687.0 2203.5 
703.8 1182.9 1785.1 2293.9 
2.27 3.21 5.81 4.10 

12 NODAL DIA. 
693.9 1240.0 1768.0 2238.6 
712.4 1281.0 1853.0 2330.4 
2.66 3.31 4.81 4.10 

13 NODAL DIA. 
696.7 1308.0 1854.0 
717.2 1358.4 1926.2 2395.4 
2.95 3.85 3.90 

14 NODAL DIA. 
697.3 1352.9 1923.0 
720.0 1412.6 1989.3 2501.9 
3.25 4.41 3.45 

15 NODAL DIA. 
1331.0 1966.0 

721.5 1447.7 2032.1 
4.83 3.36 

16 NODAL DIA. 
697.5 1397.7 1988.0 
722.4 1469.0 2056.8 
3.57 5.10 3.46 
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C 
E 

C 
E 

722.9 

723.0 

17 NODAL DIA. 
1406.7 
1480.5 
5.27 

18 NODAL DIA. 
1409.1 
1484.1 
5.32 

1999.0 
2069.2 

3.51 

2002.3 
2073.0 

3.53 

    

MEAN E = 4.225 PERCENT 

KEY 

M = MEASURED NATURAL FREQUENCY (HZ) 
C = COMPUTED NATURAL FREQUENCY (HZ)(USING IMPROVED BLADE ANALYSIS) 
E = ERROR 00 = (c-N) x 100/M. 

36-BLADED DISC 	FIG. 6.31  
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.058 
1.63x1.42x.1 

SHROUD  

TYPE: INTERLOCKING 

MASS OF SEGMENT 
MEAN DIMENSIONS OF 
SEGMENT L1xL3xL6 
ANGLE OF SLIP —50° 

.28 x .13 AREA OF CONTACT 
L1 x L6 

HOOP CROSS-SECTION 	.01 x .15 
L1 x L6 

DIMENSIONS OF 	( 	.28x9999x.13 
ELASTIC NEMER ( 	11 .28x.0001x.13 

DISC 

CONNECTING 	(J 5UP .28x1.6 x .13 1.9131 
SEGMENTS 	( 	TORSION .28x.1 x .13 
(L

1 
x L

3 
x L6) ( 

CORRECTED MASS 	281 	en 
AXIAL M.I. 	t 24610 

04 1 21750 
E x 10-6 30. 
POISSON'S RATIO 	; 	.3 
DENSITY 	5 .297 

1.15t ASSEMBLY 

MASS 	8 357 
t 

42750
e AXIAL M.I. 	44388 

TOTAL AEROFOIL/DISC .23 .253 
MASS 

SHROUDING/DISC MASS :b x .018 
BLADE LENGTH/DISC DIA.; B .226 

NOTATION: 

ENGINE 	MODEL 
/ DISC 	DISC 

\  

L1 L
3 

,6 
bob 

(etc) 
1111 

AXIAL DIMENSION 
TANGENTIAL DIMENSION 
.RADIAL DIMENSION 
APPLIES TO ENGINE AND MODELS 
APPLIES TO ENGINE ONLY 
APPLIES TO MODEL rIVNLY 

(etc 
APPLIES TO MODEL ONLY 

UNITS: 	L3F. L3M. IN. 
(NI 

Lt ›- 
•RAnii THICLt NESSES (t  

ENGINE RXIS  
SCALE: t x tLLt! SIRE 

GENERAL DESCRIPTION 	FIG. 7.1(a)  ASSEMBLY A 



BLADE TYPE: 18 HOLE COOLED  

NUMBER 
AEROFOIL MASS 
TOTAL AXIAL M.I. 

E x 10-6 
DENSITY 
CROSS-SECTION L3xL1 
STAGGER 

LENGTH 

  

B 

fo 

87 
.818 
19778 
21000 
28.7 
.281 
.431x1.39 
.402x.878 
25.5 
40. 
3.05 
3.05 

   

NOTATION: AS FIGURE 7.1( ), EXCEPT, 

APPLIES TO 
APPLIES TO 

INNER STAGE 
OUTER STAGE 

OF MODEL 
OF MODEL 

   

2_03 

18 	.18 

BLADE R M AL ?ost-r 1 ON -->- 	StkRou.D 

ASSEM3LY A 	1LADE DETAILS 	FIG. 7.1(b)  



BLADE l'-lODE = IF lE I''f 2F 

-I-~ 1
461 - - - 166 il - -

CANTILEVER 1212 2210 
FREQUENCIES rrn, 390 1130 2857 2010 

c.a..u ... 

DIAHETHAL HODE = 2 3 4: 5 6 
. -. ~~ ... ..- .- r - .. - - .-~ - -- -- - .- - - -

DISC:NATUHAL - e 660 1006 1387 1887 
FREQUENCIES I~ 573 881 1358 1998 I 

i-- .- -.-"- .. -~ .. -.- -- "1 ~. 
~.- -- - - --- - - - - -I 

ASSBNBLY 319 393 l}()9 541 601.1: I 
NATUHAL m{I) 303 409 47 /1 527 577 I 
FHEQUENCIES mOD I 318 l~D7 68 lt 833 931 I 

In\lI[) I 329 l1: L1: 3 503 536 556 
I 1U(rrY 30? 425 504 564 619 

NOTATION AS FIG. 7.1(a) EXCEPT: 

\n (I) 1\ APPLIES TO NODEL \lITH SHHOUD (I) 
et9~ etc. 
~ ! HEASUl1E? ON ENGINE ASS' Y 
t\ I COHPUTED \lITH SHROUD (I) 
EJ ! CONPUTED \"lITHSnH.OUD (II) n i COHPUTED llITH SHHOUD (III) 
><: I COHPUTED \lITH SHROUD (IV) 

ALL FREQUENCIES IN HZ. 

E1 

EJ 

o 
X 

NR-rLL RRL FK.~G)\..LE N C.lE. S 

40Q..,.. ~ 
Qf" f\ SSE.M a L '( 

g 
~ 

3~Q:2~------------'~------~~-----'5----~6----N-C-'N--a--D-A-L~~---
DBi. 

ASSEl'-H3LY A DYNMIIC PHOPEHTIES FIG. 7.1(c) 

204-



 	 - 205 
ce 

cz) 
ru, SHROUD  

TYPE: INTERLOCKING 

MASS OF SEGMENT 
MEAN DIMENSIONS OF 
SEGMENT L

1
xL

3
xL6 

ANGLE OF SLIP 
AREA OF CONTACT 

L x L 1 	6 
HOOP CROSS-SECTION 

L1 x L6  
DIMENSIONS OF ( 
ELASTIC MEMBER( 
CONNECTING 
SEGMENTS 
L1 x L3 

x L
6 

 

.143 
1.68x1.77x.17 

-43° 
.4 x .17 

I 1. x .03 

IL .4x9999.x.17 
.4x.000lx.17 

-6R5104.4  x .4x .17 
Sup .4 x 2. x .17 

DISC 

E x 10-6  
DENSITY 
POISSON'S RATIO 

ASSEMBLY 

MASS 	lb 304.1 
AXIAL M.I. 	t 147429 

1,/11 51300 
TOTAL AEROFOIL/DISC 

MASS 	.825 
SHROUDING/DISC MASS g .071 
BLADE LENGTH/DISC 	?, .542 

DIA. 

t's 

Oi  

CORRECTED MASS 
AXIAL M.I. 

160.5 
8665 
9900 
31.2 
.297 
• 3 

NOTATION 

L1  L
a L6' 

IS 

111, 

AXIAL 
TANGENTIAL) 
RADIAL 
APPLIES TO 
APPLIES TO 
APPLIES TO 
APPLIES TO 

UNITS: LBF. 

DIMENSIONS 

30TH ENGINE AND MODELS 
ENGINE ONLY 
MODEL(S) ONLY 
MODEL SIWNLY 

&etc-5 
L3M. IN. 

SCALE:  
HALF SIB E 
r 

INCHES 

(R) 
icK6ESSEG(t 

I.08t  

ASSEMBLY B 	GENERAL DESCRIPTION 

ENGWE I  MODEL 
MSG 	DISC 

\\ 

FIG  7.2(a) 



DISC 
Rim —BLADE. RADIAL Posmal.\ 

206 

BLADE TYPE: 8 HOLE COOLED 

NUMBER B 79 
AEROFOIL. MASS 1.675 
TOTAL AXIAL M.I. 38764 

41400 
E x 10-6 B 29.3 
DENSITY 286 
CROSS-SECTION (L3xL1) 

"10 
.513x1.32 
.3x1.152 

STAGGER 0  20 350 

LENGTH 1 5.79 
5.79 

NOTATION: SIMILAR TO FIG. 7.2(a) EXCEPT: 

APPLIES TO INNER STAGE OF MODEL 
APPLIES TO OUTER STAGE OF MODEL 

ASSEMBLY B BLADE DETAILS 	FIG. 7.2(b)  



IF 
155 
120 

 IE 
451 
314 

2F 
790 
521 

 IT 
989 
1190 

2 3 4 5 6 

675 1295 
721 1452 

183 239 291 329 357 
201 269 304 329 356 
202 270 301 319 335 
168 189 19( 198 200 
139 249 295 335 374 

DIAMETRAL NODE 

IiISC NATURAL 
FREQUENCIES 

• AS SEMBLY 
NATURAL 
FREQUENCI ES 

BLADE 
CANTILEVER 
FREQUENCIES 

MODE = 

NOTATION: SIMILAR TO FIG. 7.2(a) EXCEPT anc  ASSEMBLY WITH SHROUD MODEL (I) 
etc. 

!! 

0 
X 

MEASURED ON ENGINE ASSEMBLY 
COMPUTED WITH SHROUD (I)  
COMPUTED WITH SHROUD (II)  
COMPUTED WITH SHROUD (III)  
COMPUTED WITH SHROUD (IV)  

ALL FREQUENCIES IN HZ. 

0 

0 

a07 

30 

100 	 
a 

0 0  

WRTIRRL FREouLENciL& 
OF IASSEinaLy 

It- 	5 
1.!M)RL 

ASSEMBLY T3 DYNAMIC PROPERTIES 	FIG. 7.2(c)  



DIMENSIONS 
AXIAL 
TANGENTIAL ) 
RADIAL 

• 40.7 
B 1267 
B 31 
B .283 
6 .3 

SHROUD  

TYPE: NON-INTERLOCKING 

MASS OF SEGMENT 
MEAN DIMENSIONS OF 
SEGMENT L1xL3xL6  

.0107 

.69x.79x.069 

AS 

MASS 
AXIAL M.I. 

TOTAL AEROFOIL/DISC MASS 
SHROUDING/DISC MASS 
BLADE LENGTH/DISC DIA. 

B 61.1 
E 4148 

477o 
8 .468 
B .0313 
B .26 

DISC 

CORRECTED MASS 
AXIAL M.I. 
E x 10-6 
DENSITY 

POISSON'S RATIO 

NOTATION 

APPLIES TO 
APPLIES TO 
APPLIES TO 

UNITS: L3F 

BOTH ENGINE AND MODEL 
ENGINE ONLY 
MODEL ONLY 

.9  LIBM., IN. 

Li  L
3 L6 

-78t •78t  

ENGINE 
DISC 

-36t 

MODE L 
MSc 

I.55t ,[55t 

A 

Cr3 
(r) 

ENICrINEt AXIS 

SCALE: {CALF SIDE 

EkP6ii(R)&-THIcKNLssEs(t) 
iN INCHES 

ASSEMBLY C GENERAL DESCRIPTION  FIG. 7.3(a) 



BLADE TYPE: SOLID 

NUMBER 	?) 119 
AEROFOIL MASS 	ill 	.16 
TOTAL AXIAL M.I. 	E 	2881 

cm 3500 
E x 10-6 B 	29.3 
DENSITY 	B .283 
CROSS-SECTION (L3xl,1) 1 1 	.212x.613 

0 	.l 6x.511 
STAGGER 	

i 	
23 

 _ 42°  
LENGTH 	1 2.573 

2.573  

209 

NOTATION: SIMILAR TO FIG. 7.3(a) EXCEPT: 

APPLIES TO INNER STAGE OF MODEL 
APPLIES TO OUTER STAGE OF MODEL 

so° 

5 

BLADE. RAD1RL POSIT iON 

00  
USG 
RAM 

6 

ASSEMBLY C 	BLADE DETAILS 	FIG. 7.3(b)  



------
BLADE NO-DE = IF IE 2F 
CANTILEVEH I~ 1

305 886 111:63 
FHEqUENCI.8S 260 710 1374 

DIANETHAL NODE = 2 3 4 
- - - .- ... '-- -- Ie- - - - - -
DISC NATUHAL 370 575 837 
FHEQUENCIES 'lYt 292 _2°Q. 8118 

- - - - -- - -- -- -
ASSEHBLY e 170 232 318-
NATUTIAL 328 
FHEQUENCIES ~ 111-6 230 252 

NOTATION: SINILAR TO FIG. 7.3(a) EXCEPT: 

8 I FREC)UENCY NEASURED ON ENGINE ASS 'y 
G COHPUTED FHEQUENCY OF HODEL 

ALL FREQUENCIES IN HZ 

o 

-

[] 

f\5~E.MBLY NATLLRf\L 
tREGlll.ENC \ E.S 

IT 
1911:0 
3340 

IOuw-------------------~I----------~,----
~ 3 ~ 

No. NODRL DiR. 

ASSE~1BLy C DYNANIC PHOPERTIES J?IG. 7.J(c) 

2.\0 



SHROUD 

TYPE: INTERLOCKING 

MASS OF SEGMENT 
MEAN DIMENSIONS OF 
SEGMENT L1xL3xL6  

ANGLE OF SLIP 
AREA OF CONTACT L1xL6  

HOOP CROSS-SECTION L1xL6  

DIMENSIONS OF 
	

( 
ELASTIC MEMBER 
CONNECTING 
	

( TORSION 
SEGMENTS 
	

( SLIP- 
Ll  x L3  x L6 
	( PING 

.007 

. 66x . 79x. 046 

-45°  
.2 x.07 

I .009x.04 

.2x9999.x.07 
IEL .2x.0001x.07 
EL .2x9999.x.07 

.2x1.4x.07 

DISC 

CORRECTED MASS 

AXIAL M.I. 

E x 10-6  
DENSITY 

POISSON'S RATIO 

ASSEMBLY 

MASS 
AXIAL M.I. 

TOTAL AEROFOIL/DISC MASS 
SHROUDING/DISC MASS 
BLADE LENGTH/DISC DIA. 

IS 14.3 
252 

111 240.5 
pJ 31.2 
• .281 

B * 3  

% 22.5 
S 682 

111 655 
.541 
.

• 

o35 
g .322 

NOTATION 

L1  L3 L6 

AXIAL 
TANGENTIAL ) DIMENSIONS 
RADIAL 

APPLIES TO 30TH ENGINE AND MODELS 
APPLIES TO ENGINE ONLY 

71, APPLIES 
APPLIES 

TO MODEL ONLY 
TO SHROUD MODEL' (I) 

etc.  

UNITS: L3F., 	LBM., 	IN. 

211 

00 
.3- 

ENGIN E 
DISC 

.374t 

VIDDF- L 
DISC 

1.155t; 1.1551_ 

ENGINE Axis 

SC ALE FU.LL 5rLE 
ftAbii (R)&'THICKNESSES (t) 

IN INCHES 

ASSEMBLY D 	GENERAL DESCRIPTION  FIG. 7.4(a) 

   



212. 

BLADE TYPE: SOLID 

'ES 
Es 
.@, 
(111, 

B 
I!)  
1 
0 
s 
0 
5 
0 

73 
.1058 
430 
415 
28.7 
.281 
.17 x 
.16 x 
300  
40°  
1.8 
1.8 

.69 

.57 

NUMBER 
AEROFOIL MASS 
TOTAL AXIAL M.I. 

l 
E x 10-6  

DENSITY 
CROSS-SECTION (L3xL1 ) i 

STAGGER 

LENGTH 	 C 
( 

0 

NOTATION 

1REFERS 

SIMILAR TO FIG. 7. 	(a) EXCEPT: 

TO INNER STAGE OF MODEL 
REFERS TO OUTER STAGE OF MODEL 

4-0 

 30 

—10 

O 
DISC LLIP 

—SLIAttE KR DI RL PO SI TI ON—)- 

ASSEMBLY D  BLADE DETAILS 	FIG. 7.4())  



NOTATION SIMILAR TO FIG. 7.4(a) EXCEPT: 

( etc. 
REFERS TO MODEL ASSEMBLY WITH SHROUD (I) 

MEASURED ON ENGINE ASSEMBLY 
COMPUTED WITH SHROUD (I)  
COMPUTED WITH SHROUD (II)  
COMPUTED WITH SHROUD (III)  
COMPUTED WITH SHROUD (IV)  

0 

213 

BLADE 	rlopE, = 	IF 
CANTILEVER 	1 	1-470 
FREQUENCIES 	In, 	412 

IE 
f497 1497 
1602 

2F 

2365 

IT 
2282 
3959 

DIAMETRAL MODE 	2 3 4 5 6 

DISC NATURAL 822 1647 2765 4112 5605 
FREQUENCIES 871 1819 3233 5052 7236 

ASSEMBLY 315 500 657 791 883 965 1032 
NATURAL 388 568 689 797 894 98o 1051 
FREQUENCIES 425 798 1081 1247 1354 1436 1507 

JII 539 611 654 676 687 693 697! 
ISE 390 57o 685 787 880 964 1041 

az 

o o oo 
O x 

WriraRBL FRE_9U.ENG1ES 
OF IASSEMaLY 

ROO — 

900--  

goo— 

>-700—  

Q 0 

5oo- 

6 
It00—A 

300 

  

I 

 

14- 

Wt. NoDiza_ 

ASSEMBLY D 	DYNAMIC PROPERTIES 	FIG. 7.4(c)  



ASSEMBLY E GENERAL DESCRIPTION 	FIG. 7.5(a)  

--15t < 

SCALE: FULL S17..E. 

KADti (R) & 
IlitchnlEsSESW 

IN INCHES 

ENGINE 
ri DI SC 

\\.\\ 
MODEL \ 

-,Di SC 

f2 

'1 

RATIO 
E x 10-6  
POISSON'S 
DENSITY 

BLADE LENGTH 
DISC DIA. B .19 

NO SHROUD 

DISC 

CORRECTED MASS 
AXIAL M.I. 

48.5 
1162 

% 14ho 
B 31.2 
• .3 
• .28 

ASSEMBLY 

MASS 
AXIAL M.I. 	S

1YL 
TOTAL AEROFOIL MASS  
DISC MASS 

58 
1908 
2240 

.2 

NOTATION 

APPLIES TO ENGINE ONLY 
"fru APPLIES TO MODEL ONLY 

APPLIES TO BOTH ENGINE 
AND MODEL 

UNITS: L3F. L3M. IN. 



BLADE TYPE: SOLID 

NUMBER 	Q 113 
AEROFOIL MASS 	5 .084 
TOTAL AXIAL M.I.1 'g 746 

qm 300 
E x 10-6 	B 29.3 
DENSITY 	B .283 

1- '6 CROSS-SECTION• 	.217 	x .623  
(L3xL1) 	0 .14 x .472 

STAGGER 14.75°  
0 30°  
5 LENGTH 	 1.481  

1.481 
ilnio....... 	.t. 	...- CY", 	.....1  

NOTATION: SIMILAR TO FIG. 7.5(a) EXCEPT: 

APPLIES TO INNER STAGE OF MODEL 
APPLIES TO OUTER STAGE OF MODEL 

215 

.°C1 	
RIM —BLIADL. RRDIRL 	 S""u‘n  

ASSEMBLY E 

 

BLADE DETAILS 	FIG. 7.5(h)  

    



BLADE MODE = 	IF IE 2F IT 
CANTILEVER E, 1098 2960 5170 4099 
FREQUENCIES (111, 1025 2816 4180 8272 

DIAMETRAL MODE = 	2 	3 	4 	5 
DISC NATURAL 	1048 	1625 • 2357 	3256 
FREQUENCIES 	rfft 1 356 	1552 	2605 
ASSEM3LY FLAP/ 	1618/- 	890/975 1044/1290 1173/1563 
NATURAL 
FREQUENCIES 

	

EDGIWISE rut 575/- 	953/11371014/1642 1020/2084 

NOTATION SIMILAR TO FIG. 7.5(a) EXCEPT: 

AbJ irMEASURED FREQUENCY OF ENGINE ASS'Y 
,LICOMPUTED FREQUENCY OF MODEL 

ALL FREQUENCIES IN HZ 

"2. 0 0 0 - 

 

  

• 1500- 

 

2_1(0 

1300 

500 

A 

NRTLRPtL FRE.QILENCIES  
or ASS EMIILY 

2_ 	3 
NOOR L DIR. 	>-- 

fi 
Ito 

900  

cf.  aoo- 

700- 

ASSEMBLY E 	DYNAMIC PROPERTIES 	FIG. 7.5(c) 



SHROUD 

TYPE: INTERLOCKING 

MASS OF SEGMENT 
MEAN DIMENSIONS OF 
SEGMENT (L xL3 

 xL6  ) _ ANGLE OF SLIP 
AREAAREA OF CONTACT 

x 
HOOP CROSS-SECTION 
DIMENSIONS OF 
ELASTIC NEMER 
CONNECTING 
SEGMENTS 
(L1 x L3 

x L6) 

.01 

.6 x .068 

.004 x.09 
11.6x9999.x.068 
TE.6x.05x.068 

al  lomow .6x99q9.x. 068 
SLIP .6x3.7x.068 

B 

I 

.6x.87x.068 
-45°  

DISC 

CORRECTED MASS 
AXIAL M.I. 

E x 10-6  

DENSITY 
POISSON'S RATIO 

44.7 
t 1978 
rill. 2126 
2N 31.2 
B .231 
•3  

EhIcrtN1 
DiSc 

A 

217 

ASSEMBLY 

MASS 
AXIAL M.I. 
TOTAL PL,A0FOIL/DISC MASS 
SHROUDING/DISC MASS 
BLADE LENGTH/DISC DIA. 

NOTATION: 

AXIAL 
TANGENTIAL) DIMENSIONS 
RADIAL 

62.1 
4465 

' 	.367 
g .024 
,B .26 

APPLIES 
APPLIES 
APPLIES 
APPLIES 

UNITS: 

TO ENGINE ONLY 
TO MODEL ONLY 
TO BOTH ENGINE 
TO SHROUD MODEL 

Li3F. 	L3M. 	IN. 

AND MODEL 

) ètc, 

1.43Z.t> 

ezi 
(;J: 

ENGINE. FIX( 

SCALE: HIALF SiZ.E_ 

Rfa)11 (R) 't C 1\1 E. S 5 E. 5(t)IN INGRES 

ASSEMBLY F 	GENERAL DESCRIPTION 	FIG. 7.6(a)  



21e 

BLADE TYFE: SOLID 

109 
.15 
31.1 
41. 
.284 
.19x.777 

NUMBER 
AEROFOIL MASS 
E x 10-6  

DENSITY 
CROSS-SECTION 

8 
t B 

- 1 
(L

3 
x.L1) .1 x 	.558 

STAGGER 30°  
46°  

LENGTH 5 2.583 
0 2.583 

NOTATION SIMILAR TO FIG. 7.6(a) EXCEPT  

REFERS TO INNER STAGE OF MODEL 
REFERS TO OUTER STAGE OF MODEL 

ASSEMBLY F 
	

BLADE DETAILS 	FIG. 7.6(b)  

-50°` 
-1z- 



BLADE 	MODE = 

FEUECIES 	1 e  I% 
CANTILEVER 
RQN 

	

IF 	IE 	2F 	IT 	3F 

	

280 	910 	1500 	2110. 	3150 

	

280 	878 	1438 	2191 	2909 

DIAMETRAL MODE 	= 	2 3 4 5 
DISC NOT TESTED AS SEPARATE BODY 

ASSEMBLY t 187 279 395 522 
NATURAL I 180 290 405 494 
FREQUENCIES I 185 311 474 623 

TI 231 287 327 356 
] 181 295 422 527 

NOTATION SIMILAR TO FIG. 7.6(a) EXCEPT: 

I 	REFERS TO MODEL ASSEMBLY WITH SHROUD etc  

2MEASURED ON ENGINE ASSEMBLY. 
COMPUTED WITH SHROUD (I) 

OCOMPUTED WITH SHROUD (II) 
OCOMPUTED WITH SHROUD (III) 
• XCOMPUTED WITH SHROUD (IV) 

219 

ALL FREOUENCIES IN HZ  

500-- 

400- 

y. 300— 
o 
2 

O O  
2,30_: 

NATU_RRL FREGALEN CIE S 

OF R SSE_MESLN( 

100 	  
A 	

-1 
5 

No. tkm-_) FAL 
ASSEMBLY F 	DYNAMIC PROPERTIES 	FIG. 7.6(c) 

U 

0 



15 BLADES 
2nd 3rd 1st 

11 BLADES 
2nd 3rd 

	_____20_3LADES 
1st 	2nd 3rd TERM OF 

SERIES 
1st 

t 2 13 17 2 

.999 

-.1°30_0-3  

.87x10-1  

-.10)(10-3  

-.87x10-1  

28 17 2 28 92 	- 

Jaill,E. 
.999 

-103(10-3  

-.87x10-1  

-.10x10-3  

-.87xio-1  

0)4--  

.968 

-.79x10-6  

.11x10-2 

-.76x10 6  - 

.10x10-2  

.945 

-.17x10-5  

.69x10-3  

-.16x10-5  
 -,- 

.65x10-3  

.856 .814 .999 .050 .005 E 

oCtX 

0(j) 
--,(Lt s̀boc  

.11x10-5  .58x10-6  -.1oxio-  .21x10-7  .19x10-7  

.79x10-3  

.96x10-6  

.5x10-3  

.47x10-6  

-.87x10-1  

-.10x10-3 

.22x10-3  .21x10-3  

.11x10-8 .91x10-lo 

-Swyt.Eia, 
.68x10-3  .53x10-3  -.87xio-1  .11x10-4  .10x10-5  

	

, 	oc 
1 	EX 	22. 

CONSTRUCTION OF FOURIER SERIES FOR TRANSFORMATION OF DISC RECEPTANCES 
(FOR 2 NODAL DIA. AND 200 Hz) 

FIG. 8.1  



15-BLADED DISC 30-BLADED DISC 90-BLADED DISC 
NODAL DIA, 

NODAL CIRCLES 

FREQUENCY(HZ) 
CALCULATED 
USING 1 
FOURIER TERM 

% DROP 
IF 2 
FOURIER 
TERMS USED 

% DROP 
IF 6 
FOURIER 
TERMS USED 

FREQUENCY(HZ) 
CALCULATED 
USING 1 
FOURIER TERM 

% DROP 
IF 	2 - 
FOURIER 
TERMS 
USED 

% DROP 
IF 6 
FOURIER 
TERNS 
USED 

FREQUENCY 
(HZ) CAL- 
CULATED 
USING 1 
FOURIER TERM 

% D1WP 
IF 2 
FOURIER' 
TERMS 
USED 

2/0 103.6 .8 1.6 103.5 .3 .6 103.4 .1 
3/0 162.5 2.4 4.4 162.3 •9 1.9 162.2 .3 
5/0 212.4 5.3 8.2 211.9 1.7 3.4 211.7 .5 
10/0 241.9 3.0 4.9 241.6 .6 
"15/0 250.1 4.5 6.4 249.7 .7 

1/1 274.7 2.2 11.7 274.7 1.0 2.3 274.7 • .1 

2/1 403.0 2.0 4.0 403.1 .9 2.0 403.1 ••-) 

5/1 1006. 1.2 1.4 1004. .1 .2 1003. .01 
10/1 1443. 2.6 3.8 1441. .4 
15/1 1539. 5.2 6.5 1535. .6 

4/2 1757- 4.0 6.o 1759. 1.2 2.3 1757. -3 

ERRORS CAUSED BY APPROXIMATE TRANSFORMATION OF DISC 
RECEPTANCES AND HOU THEY VARY WITH n and N 

0.0  
N FIG. 8.2  



NO. NODAL 
DIAMETERS 

CUT-OFF 
FREQUENCY 
(kHz) 

NO. OF 
TERMS 
IN SERIES 

ASSEMBLY NATURAL FREQ. (HZ) 
OR ERROR (%) 

2 03 03 * 117.5Hz 247.2Hz 622.9Hz 

22 7 .2% .0% 1.1% 

1.7 2 2.1% .01% 12.2% 

3 00 00 183.011z 327.5Hz 762.6Hz 

25 7 .4% .4% .6% 

2.5 2 2.5% 3.2% 3.2% 

4 00 00 197.4Hz 434.311z 861.4Hz 

27 7 3% 1:6% :0% 

3.3 2 1.5% 8.2% .0% 

5 OD CO 201.2Hz 498.8Hz 923.7Hz 

30 7 .4% 	. 2.8% .2% 

4 2 1.1% 9.1% .8% 

means closed form receptance used. 

EFFECT OF USING TRUNCATED SERIES DISC RECEPTANCES 

36-BLADED DISC (UNSHROUDED) 	FIG. 8.3  



NO. 
NODAL 
DIA. 

PERTURBED 
CONSTANT 

FREQ. 
OF FIRST 
DISC 
MODE (Hz) 

ASSEMBLY NATURAL 
OR ERROR (%) 

FREQ. (Hz) 

2 
NONE 
W
20 a  

m20 
7'20 

285. 
313. 
285. 
285. 

1  117.8 Hz 
7.5% 
3.1% 

-,-2.6% 

247.2 Hz 
1.4% 
.2% 
.1% 

629.9 Hz 
.7% 

-1.3% 
2.0% 

3 NONE 
W30 
,(30
30  " 

690. 
760. 
690. 
690. 

183.7 Hz 
1.7% 
.9% 
-.9% 

328.8 Hz 
4.7% 
1.8% 
-1.4% 

766.8 Hz 
1.8% 
-.2% 
1.1% 

4 NONE 
W 
a
40 

°Li 

l 

X110 o 

1278. 
1405. 
1278. 
1278. 

198.0 Hz 
.4% 
.33/4 
-.2% 

441.2 Hz 
3.0% 
1.4% 
-1.3% 

869.5 Hz 
1.5% 
.4% 
.1% 

5 NONE 
1450 
.1x50 5 
w50 

2038. 
2242. 
2038 
2038. 

201.9 Hz 
.1% 	. 
.1% 
-.1% 

512.6 Hz 
1.4% 
.7% 
-.8% 

925.1 Hz 
.8% 
.3% 
-.1% 

EFFECT OF PERTURBATIONS TO DISC RECEPTANCES 
(10% INCREASE TO CONSTANTS IN FIRST TERM OF SERIES) 

36-BLADED DISC (UNSHROUDED) 	FIG. 8.4. 



ROOT DISPLACEMENTS 	 TI P ADISPLACEMENTS 

(o2)0„ 03),k  (014xL6  (OIL  

2 
1 	0.00 

0.00 
3 	0.00 
4 	0.00 
5 	.00 
6 961

0
.19 

7 2178.10 
8 2124.61 
9 4369.06 
10 5231.68 
11 7227.56 
12 7475.73 
13 8874.83 
14 12734.95 
15 13006.24 
16 13331.30 
17 15429.59 
18 19425.91 
19 20413.06 
20 22634.29 
21 24045.98 
22 ?4394..22 
23 27837.22 
24 31434.85 
25 32705.30 
26 33616.87 
27 35457.10 
28 36985.61 
29 40750084 
30 43735.26 
31 46336.31 
32 45256.13 
33 48325.09 
34 52468.81 
35 55709.26 
36 57150.19 
37 60915.47 
38 63186.31 

71 39 63575.68 
40 67915.31 
41 63659.95 
42 72138.60 
43 76090.07 

• 44 78475.43 

EX)  4 
45 79685.05
6 80835.89 th 47 83659.98 

48 88969.34 
49 91453.19 
50 91851.55  

MB 
0.1000E+01 
0.1000E+0/ 
0.4250E+00 
0.4250E+00 
0.1240 E_-02 
0.7400E+00 
0.2280E+01 
0.5112E+00 
0.1468E...02 
0.1146E+01 
0.45/7E+00 
0.6074 E-03 
0.1556E+ni 
0,8420E*03 
0.5036E+00 
0.81 38E+00 
V.1081E-02 
0.7869E+00 
0.6379E*03 
0.6028E+00 
0.1632E*02 
0.1377E+01 
0.6307E*03 
0.5074E+00 
0. 1163E-02 
0.8445E+00 
0.7962E-03 
C. 5663E+00 
0.7097E*03 
0.1390E*02 
0. 4764E+01 
0.6206E*03 
0.4627E+00 
0.1535E*02 
0.6694E*03 
0.6944E+00 
0.8963E*03 
0.4738E+00 
001004E*02 
0.9527E+00 
0.6475 E-03 
001611E*02 
0.6254E-03 
0.1529E+03 
0.3467E+00 
0.1250E*02 
0.7580E*03 
0.7373E-03 
0.1076E+01 
0.1305E*02 

	

1.0000 	0.0000 

	

0.0000 	0.0000 

	

1.0000 	2.3282 

	

0.0000 	0.0000 

	

m000 	0.0000 

	

1.0000 	4.6607 

	

1.0010 	2.9203 

	

1.0000 	7.0325 
-0.0000 	-0.0000 

	

1.0000 	11.4348 

	

1.0000 	8.1140 

	

-0.0000 	-0.0000 

	

1.0000 	16.1596 

	

*0.0030 	-0.0000 

	

1.0000 	15.2227 

	

1.0000 	7.9807 

	

-0.0000 	-0.0000 

	

1.0000 	19.9499 

	

-0.0000 	-0.0000 

	

1.0000 	13.7009 
-0.0000 	-0.0000 

	

1.0000 	26.2261 
-0.0000 	-0.0000 

	

1.0000 	23.4871 

	

-0.0000 	-0.0090 

	

1.0000 	12.1927 
-0.0000 	-0.0000 

	

1.0000 	27.2355 

	

-0.0000 	-0.0000 

	

*0.0000 	*0.0000 

	

1.0000 	0.4627 

	

-0.0000 	-0.0000 

	

1.0000 	27.4934 
-0.0000 	-0.0000 
-0.0000 	-0.0000 

	

1.0000 	36.3950 
-0.0000 	-0.0000 

	

1.0000 	21.7766 

	

-0.0000 	*0.0000 

	

1.0000 	19.7837 
-0.0000 	*0.0090 

	

-000000 	-0.0000 

	

-0.0010 	-0.0000 
1.0000 215.3871 

	

1.0000 	31.5513 
-0.0000 	*0.0000 

	

-0.0000 	-0.0000 
-0.0000 	*0.0000 

	

1.0010 	47.1799 
-0.0000 	-0.0000 

	

0.0000 	0.0000 	0.0000 

	

1.0000 	0.0000 	0.0000 

	

0.0000 	0.0000 	0.0000 

	

1.0000 	-2.3252 	0.0000 

	

0.0000 	0.0000 	1.0000  

	

1.0105 	-4.8263 	0.0000 
-2.0723 	10.8168 	0.0000 

	

0.7025 	-6.1333 	0.0000 

	

-0.0000 	-0.0000 	1.0000 

	

1.5606 	-16.0236 	0.0000 
-0.4112 	1.4836 	0.0000 

	

-0.0000 	-0.0000 	1.0000 

	

1.9282 	*25.0425 	0.0000 

	

-0.0000 	-0.0000 	1.0000 

	

0,7642 	-14.2531 	0.0000 
-1.2152 	13.2378 	0.0000 
-0.0000 	-0.0000 	1.0000 

	

1.1816 	-23.8285 	0.0000 
-0.0000 	-0.0000 	1.3000 
-0.5580 	5.3513 	0.0000 

	

-0.00.00 	-0.0000 	1.0000 
1.8333 -39.7701 0.0000 

	

-0.0000 	-0.0000 	1.0000 
0.7292 -21.3845 0.0000 

	

-0.0000 	-0.0000 	1.0000 
-1.3254 	23.6083 	0.0000 

	

-0.0000 	*0.0000 	1.0000 

	

0.8995 	-27.8979 	0.0000 
-0.0000 	-0.0000 	1.0000 
-0.0000 	-0.0000 	1.0000 
-3.3273 	80.0109 	0.0000 
-0.0000 	-0.0000 	1.0000 

	

004959 	-20.3738 	0.0000 
-0.0000 	-0.0000 	1.0000 
-0.0000 	-0.0000 	1.0000 

	

1.3449 	-46.70 08 	0.0000 

	

-0.0000 	-0.0000 	1.0000 
-0.6972 	13.1918 	0.0000 

	

-0.0000 	-0.0000 	1.0000 
1.3579 -51.3187 0.0000 

	

-0.0000 	*0.0000 	1.0000 

	

-0.0000 	-0.0000 	1.0000 
-0.0000 	*0.0000 	1.0000 

	

20.5376 	-707.2291 	0.0000 

	

0.0852 	-11.9894 	0.0000 

	

-0.0000 	-0.0000 	1.0000 

	

-0.0000 	*0.0000 	1.0000 

	

-0.0000 	-0.0000 	1.0000 

	

1.4623 	-63.3830 	0.0000 

	

-0.0000 	-0.0000 	1.0000 

	

1.0000 	0.0000 

	

0.0000 	0.0000 

	

-1.3282 	2.3282 

	

0.0000 	0.0000 

	

0.0000 	0.0000 
1.5729 *7.1467 
3.3521 -17.3629 

	

-0.7913 	7.7939 

	

-0.0000 	-0.0000 
2.1737 -23.5056 

	

-1.0888 	9.8783 

	

-0.0000 	-0.0000 
-2.1855 	32.0703 
*0.0000 	-0.0000 
1.5836 *25.6195 
0.6000 -3.6728 
*0,0000 	-0.0000 
-1.8530 	37.0073 

	

-0.0000 	-0.0000 
-0.6990 	7.1262 

	

-0.0000 	-0.0000 
2.5753 *57.4659 
-0.0000 	-0.0000 
-1.2244 	34.0772 

	

-0.0000 	-0.0000 
1.5115 -30.7718 
-0.0000 	-0.0000 
1.3626 -41.6611 

	

-0.0000 	-0.0000 

	

-0.0000 	-0.0000 
-2.1216 34.9457 

	

-0.0000 	-0.0000 
-1.6464 50.9190 
*0.0000 	-0.0000 

	

-0.0000 	-0.0000 
1.4203 -55.1591 
-0.0000 	-0.0000 
1.2352 -35.4461 
-0.0000 	-0.0000 
-1.5718 65.6609 
-0.0000 	*0.0000 
-0.0000 	-0.0000 

	

-0.0000 	-0.0000 
30.4891*1173.2382 
-0.3499 	3.9981 
-0.0000 	-0.0000 

	

-0.0000 	-0.0000 

	

*0.0000 	*0.0000 

	

-1.7552 	84.1114 

	

-0.0000 	-0.0000 

	

0.0000 	0.0000 

	

1.0000 	0.0000 

	

0.0000 	0.0000 
*1.3232 -2.3282 

	

0.0000 	0.0000 

	

1.4686 	6.5255 
*2.1656 -8.2045 
*1.5491 -11.2932 

	

-0.0000 	-0.0000 

	

1.3782 	16,2066 

	

1.3250 	12,1021 
-0.0000 	-0.0000 
-2.0310 *28.9091 

	

-0.0000 	-0.0000 

	

0.5217 	11.7237 
-2.0689 -28.3866 
*0.0000 	-0.0000 
-1.0251 -23.4013 
-0.0000 ' -0.0000 
109695 34.7509 

	

*0.0000 	-0.0000 
0.9592 28.2876 
-0.0000 	-0.0000 
-1.1901 -31.6206 
*0.0000 	-0.0000 
-1.4830 -27.6471 

	

-0.0000 	-0.0000 

	

1.2010 	36.1246 
*0.0000 	-0.0000 
-0.0000 	-0.0000 
5.1947 129.7632 
-0.0000 	-0.0000 
-0.4599 -21.2167 

	

*0.0000 	-0.0000 

	

-0.0000 	-0.0000 

	

1.7110 	59.3639 

	

-0.0000 	*0.0000 
*1.0475 -25.7819 
*0.0000 	-0.0000 
-1.7495 -66.9250 

	

-0.0000 	-0.0000 
-0.0000 	-0.0000 

	

*000000 	-0.0000 
4.2134 349.2216 
1.3927 47.0765 
-0.0000 	-0.0000 
-0.0000 	*000000 

	

-0.0000 	-0.0000 
-1.8168 *81.5240 
-0.0000 	-0.0000 

0.0000 
0.0000 
0,0000 
0.0000 
1.0000 
0.0000 
0.0000 
0.0000 

-2.8819 
0.0000 
0.0000 
1.2576 
0.0000 
-1.7071  
0.0000 
0.0000 
2.2292 
0.0000 
*1.0751 
0.0000 
3.1174 
0.0000 
*1.0456 
0.0000 
2.3837 
0.0000 
-1.5872 
0.0000 
1.3320 
*2.7628 
0.0000 
1.0034 
0.0000 
*2.9803 
1.1945 
0.0000 
*1.8390 
0.0000 
2.0762 
0.0000 
*1.1129 
3.0881 
-1.0237 
0.0000 
0.0000 
2.5350 

*1.4800 
1.4183 
0.0000 
-2.6276 

-6-> 

(c/51)k 	(02) "LB  (4),F, 	(X+4xLe  

36-BLADED DISC 	BLADE  MODA L PROPERTIES 



-n 

D a 

1 	O• 00 
2O• 00 
3 	0.00 
4 	0.00 
5 	0.0 
62249.40 
7 5034.99 
B 6576.80 
9 673709 

10 11568..51 
11 12123.61 
12 17105.35 
13 19406.48 
14 20635.82 
15 23576.58 
16 3026/.96 
17 31483.07 
18 31604.80 
19 36341.38 
20 42817.16 
21 43074.50 
22 4949/.78 
23 53497.57 
24 54625.13 
25 57105.90 
26 6238/.28 
27 66567.94 
28 72925.06 
29 7453/.50 
30 79263.42 
31 79604.51 
32 86143.64 
33 90550.22 
34 92404.21 
35 97685.48 

V4L, 
root displacements 

	
tip displacements 

0. 0000 
1.0000 
0.0000 
1. 0000 
0. 0000 
1.5751 

-1. 6455 
O. 0000 
0. 9121 0. 0000 
3.3741 

-0. 0463 
0. 0000 
7. 0337 
0. 0000 
1.6709 
0.0000 

-0. 
0. 0000 
2.1525 
0.0000 
0. 0000 

-0. 0801 
0.0000 

10.00/7 
0. 0000 
01, 000 0 
1. 0379 
O. 000 0 
0. 0000 

mO•9232 
O. 0000 
1. 3451 
O. 0000 
Os 0000 

0.0000 
0.0000 
0.0000 

m2.2969 
0.0000 

m.7.5073 
9.4755 
0.0000 

m7.9631 
0.0000 

m35.0027 
-1.6624 

0.0000 
m92.5795 

0.0000 
-28.8637 

0.0000 
5.2052 
0.0000 

m43.2281 
0.0000 
0.0000 

m2.2218 
0.0000 

m217.3723 
0.0000 
0.0000 

m29.5422 
0.0000 
0.0000 

18.6564 
0.0000 

m41.1771 
0.0000 
0.0000 

CLA  
M8 

0.1000E+01 
0.1300E+01 
0.4176E+00 
0.4176E+00 
0.9713E...03 
0.1237E+01 
0.1445E+01 
0.1150E-02 
0.6403E+110 
0.5239E-03 
0.4099E+01 
0.3579E+00 
0.7465E...03 
0,1539E+02 
0.7133E-03 
0. 1180E+01 
0.5333E.•03 
0.4181E+00 
0.1/16F-02 
0.1802E+01 
0.4860E.-03 
0.1179E-m02 
0.4431E+00 
0.5158E-03 
0.3064E+02 
0.7526Em03 
0.6330E...03 
0.6685E+00 
0.5443E-03 
0.107e E-02 
0.5690E+00 
O. 48 69 E-03 
0.9055E+00 
0.1203Em.02 
0.5039E...03 

(01)R (4'Le. 
1.00000 00 000 
0.0000 	0.0000 
1.0030 	2.2969 0.0010 	0.0000 
0.0000 	0.0000 
1. oon o 	4.5885 
1.00n0 	3.2487 
0.0000 	0.0000 
1. m n 	6.4547 
0.0000 	0.0000 1.0090 	12.8903 
1.0010 	7.9392 
0.0030 	0.0000 
1,, 0000 	26.1177 
0.0000 	0.0000 
1.0000 	15.6812 
0.0000 	0.0000 
1.0000 	9.4294 
0.0010 	0.0000 
1. 0000 	20.3124 0.0000 	0.0000 
0.0010 	0.0000 
11, 0000 	14.0597 
0.0000 	0.0000 
1.000054.8591 
0.0000 	0.0000 0.3010 	o .0 000 
1. 000 0 	21.4802 
O. 000 0 	0.0000 0. ooln 	0.0000 1.0010 13.1554 
Os 000 0 	0.0000 
1.00002E.4854 0.0030. 	0.0000 0. ono o 	0.0000 

	

AL,B 	( ), 915 (9114k 14 gkLB  (4) 	xl 
0.0000 	1.0000 	0.0000 	0.0000 	0.0000 	0.000 0 0.0000 	0.0000 	0.0000 	1.0000 	0.0000 	0.0000 
0.0000 	-1.2969 	2.2969 	0.0000 	0.0000 	0.0000 
003000 	0.0000 	0.0000 	-1.2969 	-2.2969 	0.0000 
1.0000 	0.0000 	0 . 000 0 	0.0000 	0.0000 	1.0000 0.0000 	1.5879 -7.3278 2.2176 9.9016 0.0000 
0.0000 	2.9464 m15. 6066 	-0.8112 	m1.2369 	0.000 0 
1.0000 	0.0000 	0 . 000 0 	0.0000 	0.0000 	m2.7638 
0.0000 	....0.2929 4.7875 -1.9270 m14.1409 0.0000 1.3000 	0.0000 	0.0000 	0.0000 	0.0000 	1.1757 
0.0000 	3.6622 -38.5973 	3.1293 36.5019 	0.0000 
0.0000 	-1.1293 	10.1861 	0.9409 	8.4474 	0.0000 
1.0000 	0.0000 	0.0000 	0.0000 	0.0000 	-1.8995 
0.0000 	-5.5969 	83.1953 	-7.7249 -109.8055 	0.0000 
1.0000 	0.0000 	0 . 000 0 	0.0000 	0.0000 	1.8099 
0.0000 	2.1103 m33. 7341 	1.3553 	26.4553 	0.0000 
1.0000 	0.0000 	0. 000 0 	0.0000 	0.0000 	-1.2152 
0.0000 	0.7500 	m7. 0610 	m1.3403 m18.5536 	0.0000 
1.0000 	01.0000 	0 . 000 0 	0.0000 	0.0000 	2.7016 
0.0000 	-2.5790 	49. 5652 	m1.8141 m.41.3079 	0.0000 
1.0000 	0.0000 	0 . 000 0 	0.0000 	0.0000 	-1.0016 
1.3000 	0.0000 	0 . 000 0 	0.0000 	0.0000 	2.8163 
0.0000 	m0.5454 	4.1092 	1.6657 	31.5883 	0.0000 
1.0000 	0.0000 	0.0000 	0.0000 	0.0000 	-1.1408 
0.0000 	12.0089 m246. 9448 	3.8633 126.5787 	0.0000 
1.0000 	0.0000 	00 000 0 	0.0000 	0.0000 	1.9920 
1.0000 	0.0000 	0.0000 	0.0000 	0.0000 	m1.7241 
0.0000 	-1.1065 31.1754 m1.5690 m41.7606 0.0000 
1.0000 	0.0000 	0.0000 	0.0000 	0.0000 	1.2595 1.0000 	0.0000 	0.0000 	0.0000 	0.0000 	-2.6307 
0.0000 	1.4439 m28. 9633 	-0.9459 -16.7523 	0.0000 
1.0000 	0.0000 	0 . 000 0 	0.0000 	0.0000 	1.0054 
0.0000 	1.3941 m42. 6740 	1.7488 	52.6508 	0.0000 
1.0000 	'0.0000 	0 . 000 0 	0.0000 	0.0000 	m2.8583 
1.3000 	0.0000 	0 . 000 0 	0.0000 	0.0000 	1.1102 
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NO. 
NODAL 
DIA. 

CUT-OFF
FREQ. 
(kHz) 

NO _ ._ 
RB 

BLADE MODES _ _ _ _ 	_ 
IF 	IT 

ASSEMBLY NATURAL FREQ. 
OR ERROR (%) 

(Hz) 

03*  5 i oa  i 00 117.5 Hz 247.2 Hz 622.8 Hz 989.5 Hz 
2 100 5 22 23 .94% 4.64% 3.85% 4.08% 

50 5 16 l  12 1.25 6.4 5.1 5.7 
20 5 l 9 i 4 1.9 10.5 8.7 9.3 
5 5 l 3 1 3.7 27.9 18.1 26.4 
3 5 3 l 0 3.7 27.9 18.1 26.4 
1 5 1 0 4.9 48.5 38.8 113. 
0 5 0 0 6.7 215. 233. 

3 03 5 f  00 00 183.0 Hz 327.5 Hz 762.5 Hz 1087.8 Hz 
100 5 22 23 4.2% 2.9% 3.9% 4.1% 
20 5 I 9 4 9. 6.3 9.2 9.5 
5 5 3 i 1 20.9 15.3 22.  28.4 
1 5  L_ 1 0 30. 29.1 69.3 

4 oo 5 00 CO 197.4 Hz 434.3 Hz 869.4 Hz 1279.9 Hz 
100 5 22 23 5.2% 4.3% 3.8% 2.4% 
20 5 9 4 11.7 9.2 8.8 6.2 
5 5 I 3 1 1 30.2 17.6 23.  21.9 
1 5 	, 1 0 49.1 30.6 

6 oa 
----1 
5 00 I 00 202.7 Hz 533.3 Hz 948.5 Hz 1856.9 Hz 

100 5 1 22 23 5.5% 7.0% 4.9% 1.2% 
20 5 9 1 4 12.5 15.8 11.2 2.4 
5 5 3 1 

1 33.2 33.0 32.5 6.5 
1 5 1 0 56.0 77.2 

Fig. 8.10 cont/.... 



NO. 
NODAL 
DIA. 

. 
CUT-OFF 
FREQ. 
(kHz)  

• 
NO. BLADE MODES 
R.-6-r F 	,, 

ASSEMBLY NATURAL FREQ. (Hz) 
OR ERROR (%) 

, 

18 00 5 . 04 oo 205.1 Hz 	596.8 Hz 986.8 Hz 2315.7 Hz 
100 5 I 22 I 23 5.7% 	8.5% 5.9% 9.0% 
50 5 16 12 7.9 	11.2 8.2 12,2 
20 5 9 4 12.8 	19..9 13.9 
5 5 3 1 34.2 	44.3 44.1 
3 5 .  3 o 34.2 	44.3 44.1 
1 5 1 0 58.5 	302. 

CANTILEVER FREQUENCIES 

1F 	1E 2F 1T 

00 I Oa OD 205.51 Hz 	611.93 Hz 993.48 Hz • 2655.2 Hz 
loo 5 22 23 5.69% 	8.85% 6.12% 1.01% 

- 5o 5 I 16 112 7.89 	11.68 8.56 1.87 
20 5 9 4 12.85 	20.67 14.57 5.55 
5 5 3 1 1 34.5 	46.2 46.5 21.1 

indicates CF receptance used) 

EFFECT OF USING TRUNCATED SERIES BLADE RECEPTANCES 

36-BLADED DISC (UNSHROUDED) 
	

FIG. 8.10  
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NO. 
NODAL 
DIA.   

CUT-OFF
FREQ. 
(kHz) 

NO. BLADE 
TilTi 	F 

MODES.] 
TT 
L 

ASSEMBLY NATURAL FREQ. 
OR ERROR (%) 

_ 
(Hz) 

2 00 I 00 I CO 114.85 Hz 499.7 Hz 834.8 Hz 1286.2 Hz 
100 5 22 1 23 -39% 2.23% 5.4% .62% 
50 5 16 12 .51 2.96 7.5 .82 
20 5 1 9 I 	4 .86 5.1 12.1 1.37 
5 5 3 1 1.5 10.0 30.0 4.5 
3 5 i 3 1 	0 13.6 58.6 32.9 4.7 
1 5 1 1 1 	0 15.8 72.21 121. 69.6 
0 5 0 0 15.9 73.0 148. 

1 
3 co co co 224.8 Hz 661.3 Hz 897.1 Hz 1630.9 Hz 

100 5 22 I 23 1.56% 1.82% 5.2% 2.2% 
20 5 9 1 	4 3.4 4.2 12.0 4.5 
5 5 1 3 1 6.1 8.6 33.1 8.1 
3 5 3 I 	0 26.9 72.3 34.8 8.1 
0 5 0 L 0 30.2 102. 

4 oo co , 	03  319.1 Hz  782.1 Hz 1061.1 Hz 1919.9 Hz 
100 5 22 I 23 2.8% 3.8% 2.2% 4.3% 
20 5 9 I4 6.3 7.9 5.8 9.5 
5 5 I 3 1 12.0 15.2 20.8 17.8 
3 5 1  3 1 	0 47.7 62.1 39.8 17.9 
0 5 0 

1 	
0 53.8 141. 

Fig. 8.11 cont/... 



NO. 
NODAL 
DIA. 

CUT-OFF 
FREQ. 
(kHz) 

NO. 
RBI 

BLADE MODES 
I F 7 T 

L 

ASSEMBLY NATURAL FREQ. 
OR ERROR (%) 

(Hz) 

6 oo oo 1  00 474.7 Hz 843.7 Hz 1514.7 Hz 2275.2 Hz 
100 5 22 1 23 3.5% 5.4% 2.7% 5.8% 
20 5 9 ' 4 8.3 12.5 5.3 
5 5 f 	3 1 1 16.9 33.8  9.3 
3 
0 

5 
5 

1 	3 , 
1 
0 
0 

68.6 
93.3 

69.8 35.9 

Mb 00 
I oo 736.7 Hz 1595.7 Hz 2152.4 Hz 

:100 5 122 1 23 6.2% 9.1% 5.0% 
50 5 16 I 12 8.7 12.1 7.0 
20 5 I 	9 4 14.3 23.3 13.5 
5 5 1 	3 1  1 39.0 
3 5 3 1 0 39.0 
1 5 1 I 

0 238. 

EFFECT OF USING TRUNCATED SERIES BLADE RECEPTANCES 

36-BLADED DISC (SHROUDED) 	FIG. 8.11  



NO. 
NODAL 
DIA. 

CUT-OFF 
FREQ. 
(kHz) 

NO. BLADE MODES 
-IT3-1-f 	VT-  

ASSEMBLY NATURAL FREQ. 
OR ERROR (PER CENT) 

(Hz) 

i 
2 oo. M 1 00 300.5 Hz 465.2 Hz 1235.7 Hz 

100 5 14 ' 16 1.38% 6.0% 5.7% 
5o 5 9 I 	8 1.94 8.79 8.5 
20 5 5 1 	3 2.79 16.5 13.7 
6.6 5 2 . 1 4.7 33.5 18.4 

3 co oo co 408.9 Hz 576.0 Hz 1387.7 Hz 
100 5 14 16 4.2% 3.5% 5.4% 
5o 5 	I 9 8 1  6.o 5.1 8.2 
20 5 5 3 9.6 9.6 14.1 
6.6 5 2 1 17.7 18.9 18.6 

00 00 I 	CO 474.4 Hz 764.9 Hz 1584.2 Hz 
100 5 14 16 5.2% 4.2% 4.2% 
5o 5 	I  9 1 	8 7.6 6.o 6.2 
20 5 	I 5 1 	3 13.2 9.3 11.8 
6.6 5 I  2 ' 	1 29.5 12.2 15.1 

6 .co 03 I 	ea 577.2 Hz 999.7 Hz 1909.7 Hz 
loo 5 	J 14 16 4.7% 8.0% 6.3% 
5o 5 9 I 	8 6.9 12.0 8.9 
20 5 	I  5 I 	3 12.0 18.6 17.2 
6.6 5 	J 2 ! 	1 28.7 25.0 27.3 

Fig. 8.12 cont/ 	 



NO. 
NODAL 
DIA. 

CUT-OFF 
FREQ. 
(kHz) 

NO. BLADE MODES_ 
R.5--1-F T 

ASSEMBLY NATURAL FREQ. (Hz) 
OR ERROR (PERCENT) 

10 00 I 	00 00 762.3 Hz 1155.0 Hz 2067.2 Hz 
100 5 I 	14 16 4.96% 8.77% 7.94% 
5o 5 9 8 7.2 13.3 11.8 
20 5 5 3 11.6 22.2 23.0 
6.6 5 I 	2 1 28.9 29.7 50.5 

CANTILEVER FREQUENCIES 

1F 1E 2F 1T 
00 1 00 100 389.7 Hz 1130.9 Hz 2010.2 Hz 2857.2 Hz 
100 5 14 16 7.8% 11.1% 9.6% 1.09% 
5o 5 I 	9 8 11.5 16.9 14.3 2.2 
20 5 5 I 3 20.8 26.9 28. 4.4 
6.6 5 12 1 1 43.6 37.7 95. 

EFFECT OF USING TRUNCATED SERIES BLADE RECEPTANCES 

 

ASSEMBLY A FIG. 8.12  

  



NO. 
NODAL 
DIA. 

EXTENT OF 
PERTURB- 
ATION 

INDEX OF 
PERTURBED 
MODE 

PERTURBED 
CONSTANT 

ASSEMBLY NATURAL FREQ. 
OR ERROR (PERCENT) 

(Hz) 

2 NONE - - 119.8 Hz 273.1 Hz 676.9 Hz 1081.9 Hz 
+ 10% 6(1st flex.) W .38% 3.97% .17% 4.79% 

II ?I  a .20 1.86 .05 -.59 
tt ft  root 0 -.70 -.59 -1.32 1.72 
u u root 0 .02 1.29 -.43 -2.86 
u 
--- 

u 3 root 0 -.09 -4.39 _____ .92 4.77 
+50% 9(1st tors.) .0001 .0007 W .0000 .0003 

__ 	___ If  ___ a 	_ .0000 _ .0000 __ 	_ .0004 .0002 	__ ___ 
+50% 10 (4ti flex.) W .33 3.1 .35 2.3 

It If  a .20 1.8 .20 1.3 
It If  root 02  -.76 -.54 .60 -1.0 
If 

It 

II  

tt 
root 0 

 root , p 0 it  
.01 
-.12 

.71 
-6.3 

.30 
-4.3 

1.2 
-4.2 

18 NONE - - 231.3 Hz 715.4 Hz 1123.6 Hz 
+10% 6(1st flex.) W 4.4% .21% 5.1% 

It If  a 2.1 .05 -.86 
If If  root 0, -2.9 -2.6 6.1 
If It  root 0` 1.0 -.67 -2.7 II “ root root. p0 

i -3.5 1.3 3.0 ____  ___J _ _ 	___ - __ __ 	- 
+50% 9(1st tors.) W .0000 .0000 

____ 	__ 	__ 	___ 
.0001 

If It  a .0000 .0000 .0000 

+50% 10(4th flex.) w 3.5 .39 3.0 
ft If  a 2.1 .23 1.7 
II tf  root 0,, -2.9 -.12 -4.4 
ft 

ft 

If  

It 
root 0 

3 root t, 	y., ,-A4  
.57 

-4.8 
.42 

-7.5 
1.3 

-1.8 
4_____ 

EFFECT OF PERTURBATIONS TO CONSTANTS IN BLADE RECEPTANCE SERIES 

36-BLADED DISC (UNSUROUDED) 	FIG. 8.13  



NO. 
NODAL 
DIA. 

EXTENT OF 
PERTURBATION 

INDEX OF 
PERTURBED 
MODE 

PERTURBED 
CONSTANT 

ASSEMBLY NATURAL FREQ. 
OR ERROR (PERCENT) 

(Hz) 

2 NONE __ ___ 
+10% 

- 	_ 
--6(ii.  Tiexi 

- 
11 

115.8 Hz - 	- 	• 	-- .01% 
_525.0 4A__ _ 

.68% 
__ 231.4 Hz 

2.% 
_ 	1103....8 Hz 

.05,;.  
If It  a .003 .24 .07 -.02 
It It  root 0 -.09 -2.0 1.1 .16 
It It  root 03  -.01 -.33 -2.2 .24 
11 It root 04  .03 1.4 3.8 -.27 
TT U tip 01  -.003 -.40 -.90 -.10 
u II  tip 0, .001 .003 .004 -.0004 
U U tip 0` .01 .53 -2.0 ' 	.38 
II II ti  p 04  -.004 -.02 1.2 -.06 

+50% 9(1st tors.) W 1.0 2.1 .025 .021 
TT ft   a .47 .93 .010 .008 
u U tip 05  -.52 -1.0 -.008 -.008 

+50% 
It 

.10(4th flex.) 
II 

u . 
a 

.010 

.006 
.000 
.000 

2.7 
1.5 

.32 

.17 
U It root 02  -.23 -.79 -1.1 .35 
It ft  root 0 -.009 -.01 1.3 .35 
It II  3 root 04  .003 -.91 -5.5 -1.2 
It It tip 01  -.002 -.01 .51 -.18 
It It  tip 0) .002 .000 -.005 	• -.001 
It tt tip 0 .006 -.008 .77 .33 
U U 

tlp  • 03  -.006 -.001 -1.3 -.18 

Fig. 8.14 cont/ 	 
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NO. 
NODAL 
DIA. 

EXTENT OF 
PERTURBATION 

INDEX OF 
PERTURBED 

MODE 

PERTURBED 
CONSTANT 

ASSEMBLY NATURAL FREQ. (Hz) 
OR ERROR (PERCENT) 

18 
NONE 
+10%- 	-- 
u 
u 
It 

u 
u 
ft 

11 
U 

+50% 
u 
II 

+50% 
U 
II 	• 

u 
It ' 

11 

ft 

u 
u 

- 
6--(it -flex. 

11 
u 
If 

u 
u 
ft 

u 
It 

9(1st tors. 
u 
It  

10(4-th flex. 
u 
If 

u 
ft  
It 

11 

11  

u 

- 
' 	- 	IT -- 

a 
root 0 
root 0 
root q 
tip 01  
tip 02 tip 0

3 tip 04  
v 
a 

till 05  
Lr 
a 

root 0 
root 0 
root Oi3 u ,4  
tip 0/  
tip 0, 
tip 03 
tip 04  

842.1 Hz__ 	1967,9 Hz__ 	2442.4 Hz 

	

2.5% 	.16% 	.300 

	

.28 	-.25 	-.76 

	

3.4 	-1.3 	2.4 

	

-1.7 	-1.1 	-.18 

	

1 2. 	2.1 	-.39 

	

-1.4 	1.0 	.50 

	

.52 	-.04 	-.04 

	

-1.7 	-.45 	1.1 

	

.30 	-.02 	.16 

	

.0004 	.0007 	.0016 

	

.0002 	.0003 	..0006 

	

-.0002 	-.0012 	-.0032 

	

2.4 	2.7 

	

 1.4 	1.5 	3-3 

	

-3.9 	3.6 	-8.3 

	

1.02 	2.3 	.34 

	

-3.o 	. 	-14.6 	3-5 

	

.83 	-3-3 	-1.0 

	

-.67 	.27 	.36 

	

.66 	.81 	-2.1 	• 

	

-.30 	.06 	-.88 

EFFECT OF PERTURBATIONS TO CONSTANTS IN BLADE 
RECEPTANCE SERIES 

36-BLADED DISC (SHROUDED) 
	

FIG. 8.14  



23 

oo 

CJ 
cri 

NO. 
NODAL 
DIA. 

EXTENT OF 
PERTURBATION 

INDEX OF 
PERTURBED 

MODE 

PERTURBED 
CONSTANT 

ASSEMBLY NATURAL FREQ. (Hz) 
OR ERROR (PERCENT) 

2 NONE - - 3060 Hz 	506.1 Hz 	1241.1 Hz __ 	__ 
+11W. -- 	-- 6(1st flex. i7-  - .46% 	- 	3.6% 	.46% 

IT II  a .24 	1.7 	.15 
U II  root 02  -.67 	-.12 	-1.8 
u u root 03  .04 	1.2 	-.58 
?I II  root 04  -.17 	-4.3 	1.5 
n n tip 01  -.04 	-.06 	-.25 
It II  tip 02  -.0009 	-.005 	-.018 
II II  tip 0 .0008 	-..25 	.10 
II It  3 tip 04 . 	007 	.05 	.0000 

+50% 8(1st tors.) W .0001 	.0001 	.0018 
II  a .0001 	.0001 	.0011 

II II  tip 05  -.0001 	-.0001 	-.0016 

10 __NONE 7 	_ 	_ _ - __ 	_ 817.5_ Hz 	120 .9 Hz 	2312.0 Hz 	__ _ 	__ 
+10% -6 (1st flex.) H .90% 	.33% 	4.1%-  

II II  a .39 	.11 	-.11 
n n root02  -1.9 	-1.8 	309 
n n root 0 .25 	-.69 	-2.9 
u II 0 root u p4 -.24 	 1.6 	3.2 

tt II  tip 01  -.17 	-.20 	-.43 
ll II  -.008 	-.01 	-.11 
It It  

tip 02 

 
tip 0 .61 	-.08 	-.8o 

n 3 tip 04  .004 	.0008 	-.14 
+50% 8(1st tors.) vi .0000 	.0005 	.0119 

II It  a .0000 	.0003 	.0082 
It tv tip 0

5 
.0000 	-.0005 	-.063 

EFFECTS OF PERTURBATIONS TO CONSTANTS IN BLADE RECEPTANCE SERIES 

ASSEMBLY A FIG. 8.15  

co 
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Appendix One  

NOTATION 

COORDINATE. 
DIRECTIONS 

Subscripts Denoting Direction 

1 	axial translation 

2 tangential rotation 

3 	tangential translation 

4 axial rotation 

5 radial rotation 

6 radial translation 

Subscripts Denoting Radial Position 

D at disc rim 

R at blade root 

T at blade tip 

S at shroud 



The following is a list of the most widely used symbols. 

Additional symbols have been defined and used locally. 

a, 	inertia coefficient for free vibration in ns th. mode. 

(for example) assembly natural frequency computed 
(:31 	with 3 coupling co-ordinates at blade roots and 

2 at tip. 

E 	Young's modulus 

1EIF IT lowest cantilever (clamped-free) frequencies of 0' CF' CF blade in edgewise flexure, flapwise flexure and 
torsion. (ALSO REFERRED TO AS I.E.3 1f-  & IT ) 

lowest blade natural frequencies in clamped-pinned 
CP' SF and sliding-free conditions 

second moment of area 

(K,E),rts  kin-etic energy of vibration in ns th mode 

111) 	mobility 

'It 	number of nodal diameters 

N number of blades 

13,11,5 	displacement at ns th principal co-ordinate 

Rns 	force at ns th principal co-ordinate 

displacement in discrete, continuously distributed 
and discontinuously distributed co-ordinates res-
pectively. 

-51,,  41- force in discrete, continuously distributed and 
Q )Lsl3l4 discontinuously distributed co-ordinates (note that 

' is in units of force/unit angle, whilst (k 	is 
in force units only). 

rir 	radial co-ordinate 

(to , 	radii of disc and shroud 

stagger angle of blade 

0 

iF IF 



2A-1 

disc, blade and shroud receptances in local co- 
0()Q,35 	ordinates 

St J-1. St 
OC 

cy,, \6-1/2' receptances in principal co-ordinates 

Lc(  L4 denominators of disc and blade receptances 

angle subtended at disc centre by blade root width 

2_11-1-17N 
angular co-ordinate 

density 

(5- 	Poisson's ratio 

IM displacement vector for free vibration in ns th mode 
113 

(3) 	frequency 

(j..),,m5  natural frequency o f ns th mode 

disc, blade and shroud receptances in global co-
ordinates 



Appendix Two  

TRANSFORMATION OF RECEPTANCES FROM LOCAL TO GLOBAL 

CO-ORDINATES 

(A2.1) DISC 

The transformation of every member of the 6 x 6 disc 

receptance matrix will not be worked through. Instead, the 

technique will be illustrated by 2 examples and the final 

results tabulated in full. 

Example 1. 	Transformation of Local Receptance OCH  
into Global Receptance  

In this example, the response and excitation are in phase 

and are cosine waves. 

Step (a). 
SL 

Apply a loading in global co-ordinates of QM (Units of 
force). 

.XL 
By definition pkity, 	 2.1T1..  3FoR 8._6700=1.111+Z ONLY 

L.1 

where E is half the angle subtended at the disc centre by 

the blade root. 

We wish to convert this into a system of continuously 

distributed loads. Armstrong (4) invented a method based 

on Fourier expansion resulting in the following infinite 

series of sinusoidal loads. 



24.3 
-11- 	 S4 	, 
Q ,(fa) 	S.iril,rat 	W+ Sim(N-en.)E.  QI(N- rf)+ -----

23V 	'TIE 	(N- at) E, 

*-ota, 

 

14(1)= 	Q 	+ 2. 5 irn. NE  ',(N)  + - — 
2.7 	 N6 

FoR 

Step (b) 

We may now calculate the rim axial deflection, 

which will take the form of a sum of displacements in 

local co-ordinates. Each local displacement is obtained 

by multiplying a distributed load by the relevant local 

receptance. The total deflection is: 

st, 
aq() 	= 	S:km_rTLE  ocp) LOIR.) 	- - - 	FOR fiti 

2.1T m,E 

sv 
— 	

och(0) Qi(o) + - - - 
%1  7 	

FOR 11=0 

Step (c) 

To estimate the response in global co-ordinates 

corresponding to the above series of deflection waves, 

we must examine the axial deflection at each blade 

position; that is, at 	ZIT I.. 	1.-13aN 
en If we evaluate the displacement only at theseN values 

of 0 , then we may write: 

CO-6 M- 	CZ'S (Ni rn.) 	arb (N+n) 8 = - etc. 

hence 

A2.2 



distributed load 

By definition, the 
JL 

s 

radial rotation caused by a 
..52J 
OC (M) a( 41M. 

5t 
e 

hence 
1‘, 	 rn.E.  oc 

t rn.E 5r  5 a  

FOR (IL= 0 

or 

41) 
ct) 0 

alm.(N-rn,)E  
cN - fn) E 

FoR 11%-i 
CO-rn)Q1  

= N Ste. tikA,  `&1‘(-n)) _ - 	ott co t  (mg 
2.1C 	rniE, 

A2.•3 

j(o)= y 	c:
st,

11(o) + 	_ 1 q, 

Step (d) 

The required global receptance is then: 

	

jj-c, 	i(n) A sariLt.t_ri ed,bcp-o + simANI - (TO  s flic - rn)+ - - 

	

t 	 t(rit) 	air 	frt 8 	 rck) 	roIR qt):i 

	

0C (o)----  q"(0) 	oc 	+ 	ato. 	0̀ 1,011(N)+ - - - 2.-Tr 
SIJ 

	

c(p 	• 1 A2•4- 

SL 
Example 2. 	Conversion of Local Recentance 0C 5l  

into Global Recentance 005t 

In this example the response wave is distributed 

around the rim W/ 	in advance of the excitation. 

Step (a) 

Q 1 \1.) is expanded as in example 1, resulting  
in eq-. (A2.1) 

Step (b) 



2.4-5 
r‘! 

Step (c) 

if e 	Fo F\ L = 	- - AONt..."( then 

	

ern. m.8=- 	-n2)9 alt(Nt M)1) 	-601(21A t(1)G 	etc  
hence 

LSL 
0(  (eft) 	- N 	Eva rn, 	((ft) —  	(ft) + - - - Q 6.rn. 
"5 	2._Tv 	cn.E, 	s' 	Q\J - (a) E 51 

FOR in.. 

VO) 	0 FoR (11= 5 
Step (d) 

tst 
CC51

(M) 	Zkft cftE  cc Qft.)— SIN-1(N- crt}E  oc 	(rt) + - 

	

2.11 	m E, 	51 	(N- (TO E 51 
oA 	 R r I 

-FL 
oC (o) 0 Fovn-0 

1\2.6 

A 2 -7 

Finally the complete transformation is: 
0 41C- Ft 	11 

OR<OC a? FA2.%  

	

<'te 	
SYMMTRIC 

> <4c\<-  A 31 A  32, 	n 	
E. 

 

OR< c't b°1.(Lo> % °(h, 3 P °1(o 

613‹ 	 b054 Biks> . 
0,4c> t)14(' 	b<t« 	b<t( ‘I 8 6Z 5 	g 6Lt. A  65  

where Operators e< and 0< >are defined such that: 
tS). 

43Q. > 	irn-,1'RE  °C. 	.J1r,rx(1\1-rn-) c  Ockl-(r)i- 	crt)E 	(TO + - 
A 'a - 	 0\3- cn.)E, 	cN + m) E, Ls 

FOR 11; 1 
kSo) 	a_Sifq.NE,t0\0-t.  -- 	-:-OR m=o 

(CG> = 	eriE 	kn,) Siavt(1\1--  'It)  jc4\1- 	Si41-(1\1+M)   &.(0+  
Lb 	27 t 	 04-  (roe 	(N-1-41)6 	t b 

 0 	
FOR rrt, 1 

- FoR  

[oCkT1-"Yr-.  Rz. 



(A2.2) BLADE  

Initially, let us transform one typical blade 

receptance component from local coordinates ( $,1\;1  to 

global coordinates RQT9 
-- hJ 

Step (a) 

We apply an excitation in global coordinates in 

direction J of Q;((i-) . By definition: 

Q. rci)= Q
d

co3 aliTtL 	Fo R = IJ  3)  
Since the blade local coordinate is discrete, describing 

conditions on a single blade, we may write the local force 

on the 1 th blade as: 

Q uys  rn.  

Step (b) 

Clearly, the response of the k th blade in local co- 

ordinates in direction Vt is 	L 
N 

Step (c) 

By definition a displacement in global coordinates (On ) 

comprises the following discrete displacements: 

L  
CfY  FOR 	JL = I, 2.1 V- - 

Hence, in the present case, the global displacement in 

direction V. is • (rYt) 



2 4- 7 

Step (d) 

ct-) 
	

is the ratio of this final displacement 

over the initial loading hence 

= 
	

1Z01) 
Therefore, generalising the result 

(A2.3) SHROUD 

The shroud receptances are transformed in a similar 

manner to those of the disc. Therefore eqn. (A2.8) may 

be used if "s601)is substituted forOCN and)c(x) forO(N . 



(45 ) . 
Sf- ANN ILL RR 

PLATE 
ELEMENT 

BM 	BM 

SF 	SF 

alt. 8 

Appendix Three  

THENr01 MATRIX FOR THE DISC 

Initially it is worth clarifying the sign convention: 

the diagram below shows the positive directions of the 

internal loads and displacements for an annular disc 

element. This convention differs slightly from that of 

McCleod and Bishop (46), but is similar to Prescott's 

    

rq= 

I, 	'(1, 	Im 	‘.,,, 
.?‘ I, 	VCri 	Cr', 	fl K'frt. 

. 
b -,,bu,..- Tra4 .15,„bui-N,u.)  Ti(I.nibuc i,,(1) 	qi,,,ibu.ckiia) 

1-2 	-1--2 	1--2 	t 2-  

1 \ 	( 
	\ 	4 . 

41.4.-1- .3-,1  u.,..) riku.,-,-  1„,,o 15 i.ri„,,,.  -Ern  uLa.)  b ,u_34- V,11  lka) 

	

4' 	 it 

Ccerte 

NOTATION DEFINED OVERLEAF 



A, ft' 

13A(1 

disc thickness 

02- 

Bessel Functions of ordern and argument 

(The argument, if omitted is 12+ ) 

derivatives with respect to the argument 



22 !Tn + = 

2.50 

Appendix Four 

INTEGRALS OF PRODUCTS OF BESSEL FUNCTIONS  

These are valid for n = 0, 1, 2, 3, etc 

The notation is explained in Appendix 3. 

4-, 	 _1141 
Sj

Ack,o\uk,y,r144- = 	VnI Y111 

S fiJrt) i(i0)4.cift, = [A 7n Imo, - In VII } III 
'II 	-rt 	 I', 

S
it, 	 ft-z_ 
4,4&) VA-) It AA- = [zi Vn.Kirn - K,11,.  

c*\(,,t)I.ft)s.cA- = [iti \( ,11,,, — 1,i,LI l: 
11 

rtz, 
tty#6#4th = 	K,ft\f„ 

S41,r tr)l'Crk6),-vat= 4-1 4'; 



(.311:2 
Zi X 
La cc 
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Appendix Five  

PRINCIPAL AXES AND MOMENTS OF AREA OF PARALLELOGRAMIC 

CROSS-SECTION 

3 
VIAERE 	= L(54, IY 	la 

1 	 pty.  a 

	tom. 



2.52. 

Appendix Six 

IMPROVED BEAM RECEPTANCES 

The flexural receptances of a uniform beam, in which 

shear deformation and rotary inertia have been considered, 

were obtained from ref. 85 and are presented below for 

four end co-ordinates. The four co-ordinates have been 

labelled 1, 2, 7 and 8. 	Co-ordinates 1 and 7 are 

transverse translations, whilst 2 and 8 are rotations of 

the end faces of the beam. Note that, in general, the 

displacements in directions 2 and 8 will not equal the 

slopes of the top or bottom surfaces of the beam. This 

is caused by shear deformation as shown below. 

ctoRDN RTE 5 
	

DISPLAcctilqT S OF 
OF BERM 
	

ENS 	tilEANN 

Notation 

cross-sectional area 

shear constant - may be taken as 2/3 for a rectan-
gular cross-section 

Cj 	shear modulits 

I 	second moment of area 

length of beam 
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The receptances are valid only for ())2".< sCG'n 
Pz 

+ 	(AY-  (RI 011— Grt EA) 
EI 	  

0 (1 -4-)+ 	 fA 	12-1 

LEI 

F(-3 Cx v1/4 

CFA .)( (2P 	+ 	( gic )-)1/N 
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