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Abstract 

The problem of fully-developed and developing, laminar and 

turbulent, uniform-property flow in a tube containing a twisted-tape 

has been formulated in terms of partial differential equations of 

momentum and heat transfer. These equations have been solved by 

adapting two existing numerical procedures to predict the friction 

and heat transfer characteristics of the flow. 

For laminar flows such characteristics have not been obtained 

in the past, either theoretically or experimentally. The present 

predictions of the fully-developed laminar flow are found to be in 

good agreement asymptotically with the existing analytical solutions 

for the case of a tape of zero twist. 

The predictions of the hydrodynamics of the developing flow are 

found to agree asymptotically with the predictions for fully-developed 

flow. Similar asymptotic comparisons of the heat transfer predictions 

are not made because the thermal boundary conditions employed for the 

fully-developed and developing flow predictions are different. 

Two turbulence models are used to predict the fully-developed 

turbulent flow. In one of them, all the six Reynolds stresses are 

expressed with the aid of a scalar or isotropic effective viscosity. 

In the other, only those stresses responsible for the diffusion of 

axial momentum are expressed by using the effective viscosity; the 

other stresses are calculated from algebraic expressions which are 

• derived by simplifying the Reynolds stress equations. In both the 

models, the effective viscosity is calculated from two scalar prop-

erties of turbulence: kinetic energy and the energy dissipation rate. 

The predictions for fully-developed turbulent flow are compared 

with the available experimental data. The predictions with both the 

models of turbulence have under-predicted the gross features such as 

friction factor, wall shear stress, and Nusselt number; the under-

prediction being greater with the scalar-viscosity model than the 

algebraic stress model. The better performance of the latter model 

is explained by its ability to allow for the effects of non-isotropic 

effective viscosity. 

• 

• 



Preface 

This thesis contains the principal results of my research during 

the last four years. 

After my arrival at Imperial College in November 1968, I devoted 

most of my time in the first year to reviewing literature on twisted-

tape flows, and to learning about the numerical procedure, developed 

at Imperial College, for two-dimensional elliptic flows. While 

learning about this procedure, I predicted the laminar developing flow 

in the entrance region of a circular tube, and studied the effects of 

different inlet conditions on flow development. 

With this initiation, I embarked on the prediction of fully-

developed laminar twisted-tape flow. This work, which occupied most 

of my time in the second year, introduced me to certain numerical 

aspects that are important in the solution of strongly coupled twisted-

tape flow equations. This work also provided a base for the predic-

tion of fully-developed turbulent flow. 

The turbulent flow predictions were obtained by using two models 

of turbulence. This work was spread over the last two years; in the 

same period, I also spent a considerable time on two other items of 

work. 

The first of these was concerned with the prediction of developing 

laminar flow in a tube containing a twisted-tape. I had not included 

this work in my original research objectives. However, achievements, 

in the early part of 1971, of the '3-dimensional duct flows' group in 

the Heat Transfer Section encouraged me to embark on this work. I 

therefore devised a computer program for a general orthogonal co-

ordinate system with provisions for non-uniformly spaced grids. The 

predictions obtained with this program are included in the thesis. 

The second item was a programme of experimental work. The purpose 

of this work was to determine the circumferential variation of the 

magnitude and of the direction of the wall shear stress at a cross-

section of the tube containing a twisted-tape. The diffusion con- 

3 
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trolled electrolysis technique was used to measure the mass transfer 

coefficient at the wall where suitably designed cathode electrodes 

were placed. Electrolysis was induced in a high Schmidt number 

fluid and the measured mass transfer coefficient was related to the 

magnitude and the direction of the wall shear stress by a very simple 

correlation; this correlation is well established for flow in a 

straight circular tube. The experimental data thus obtained showed 

certain anomalies which were traced to faulty manufacture of the 

cathode electrodes. By empirically modifying the correlation ref-

erred to above, these anomalies could be eliminated. However, I con-

sidered this to be an unscientific approach and, as the time was not 

available for thorough completion of my experimental work, the data 

are not included in this thesis. 

During my stay at Imperial College, many individuals provided 

information, assistance, and guidance; none more so than Dr. J.R. 

Singham, my supervisor, Professor D.B. Spalding and Dr. A.D. Gasman. 

These three formed my thesis committee, and they critically reviewed 

my work on five occasions. I am especially grateful to Professor 

Spalding who suggested a rotating co-ordinate system, which forms 

the basis of the mathematical problem of twisted-tape flow predic-

tions. 

I should like to express my gratitude to Dr. Singham for his 

advice on many matters and especially on the subject of writing 

technical reports. He insisted on clarity and continuity of thought 

in my writings and especially on easing the task of the reader. His 

uncompromising marking of probably all my reports exposed my defic-

iencies in this respect. I cannot truthfully say that I always 

enjoyed his merciless marking; but, nonetheless, without his efforts, 

the deficiencies remaining in the thesis would be far greater than 

they are. 

I would also like to thank Dr. B.E. Launder and Wolfgang Rodi 

for many informative discussions on turbulence models; my colleague, 

Ashok Rastogi for help and understanding during the finishing stages 

of the work; my friend Charles Noad for reading many parts of the 

thesis and for his help in its compilation; Miss E.M. Archer and 

Mrs. L.M. Ward who very cheerfully obtained even the most obscure 



• 	 5 

reference for me; and my other colleagues, for discussing with me 

our common problems. 

, Among those who are not associated with Imperial College, but 

in whom I found a great source of encouragement are my parents in 

India and Ashis Mitra in London. I am very grateful to Ashis for 

his friendship and understanding which kept me going at times. I 

should also like to acknowledge my gratitude to Mr. Robert G. Back_ 

. shall of the Grumman Aerospace Corporation, U.S.A., for sending me 

his experimental data in tabular form. 

Finally, I would like to acknowledge the financial assistance 

given by Shell Research Limited for the first year, and the Science 

Research Council for the last three years. 
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Nomenclature  

Symbol 	Meaning 
Equation 

of first  

mention 

   

1. Roman letters  

Ac 	Cross-sectional area 	(1.3-5) 

Ah 	: Heat transfer surface area 	(1.3-8) 

a, b1,  b2,  c, d 	: Coefficients in the general partial (2.2-26) and 

differential equations 	(2.2-12) 

CN, CE, CE, C. Ca 	: Coefficients in the general finite (2.2-1) and 

difference equations 	(3.3-1) 

Cfin : Fin parameter 	(3.2-4) 

: Specific heat of a fluid 

C1, C2 	: Constants in the redistribution term(4.3-3) 

C CG' CD 	: Constants in the k - e turbulence 

Fin parameter as used in the 

correlations 

:. Friction factor based on hydraulic 

diameter  

: 	Friction factor based on internal 

diameter 

(Table 1.4) 

(1.3-1) 

(5.2-1) 

: Local friction factor (5.3-2) 	• 

: Friction factor in McAdam's cor- 

relation (Table 1.3) 

: Secondary velocities (2.3-1)and 
(2.3-2) 

: Coefficients in the boundary 

conditions for vorticity (3.2-2) 

Generation terms in kinetic energy 

equation (4.2-8) 

: Grashof number (1.3-16) 

: Heat transfer coefficient (1.3-6) 

model 	 (4.2-9) 

D : Diameter of the tube 

D
h 	: Hydraulic diameter 	(1.3-3) 

E : Constant in the log-law of. the wall (4.4-2) 

F 

4 

f 

f. 
1 

f. 1,2 
fo 

gr' 

g1, g2,  g3 

G 

Gr 

h 
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Symbol 

: 

Meaning 

12 

Equation 

H Pitch for 180d  rotation of twisted-

tape 

of first 
mention 

k : Kinetic energy of turbulence (4.2-5) 

K
f Thermal conductivity of fluid 

K
m : Thermal conductivity of tape metal 

A : Length-scale of turbulence (4.2-1) 

L : Length of the test-section (1.3-1) 

Lh  : Heated length of the tube (1.3-8) 

: Mass flow rate (1.3-4) 

n : Distance between the wall grid node 

and the adjacent interior node 

Nu : Average Nusselt number based on 

hydraulic diameter (1.3-2) 

Nu.1  : Average Nusselt number based on 

internal diameter (5.2-7) 

Nuo : Nusselt number according to McAdam's 

correlation 

P 1 Pressure (1.3-1) 
p  

: Mean pressure (2.2-9) 

Po : Variable pressure (2.2-9) 

Pr : Prandtl number (1.3-11) 

Pr Effective Prandt1 number (2.2-9) eff 

q0' qz 

Atm,- kecty Cp 
Heat fluxesAin radial, tangential 

and axial directions (2.2-8) 

Q Total heat input (1.3-7) 

Q • Heat input per unit length (5.2-3) 

ro 
• . Radius of the tube 

r, 	0, 	z • . Cylindrical polar coordinates 

r', 	0', 	z' • . Coordinates of a rotating coordinate 

system 	- (2.2-1) 

Re Reynolds number based on hydraulic 

diameter (1.3-10) 

Re. Reynolds number based on internal 

diameter (5.2-2) 
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Rs 

Symbol 

: 

Meaning 
Equation 
of first 

Residual source convergence 

mention 

criterion (5.2-10) 

S : Source term of finite-difference (3.2-1)and  
equations (3.3-1) 

StI  : Local Stanton number (4.4-20) 

T : Temperature 

V : Time-mean velocity 

V' : Fluctuating velocity (4.2-1) 

Vcs : Cross-stream or secondary velocity 

VT : Friction velocity (4.4-2) 

Vr, : Radial, tangential and axial 

time-mean velocity (2.2-4) 

X., X. : Cartesian coordinates in directions 
i and j (2.2.11) 

y : Twist ratio. 	(In Chapter 4, also 

used as: 	distance from the wall) (1.3-9) 

2. Greek letters • 
a : Flow angle (4.4-18) 

: Coefficient of volume expansion (1.3-16) 

: Thickness of the twisted tape 

bij  : Kronecker delta 

: Dissipation. 	(In Chapter 1,also 

used as height of the roughness) (4.2-4) 

: Redistribution term in the Reynolds 

stress equation (4.3-1) 

K : Constant in log-law of the wall (4.4-2) 

: Dynamic viscosity 

Peff : Effective viscosity (4.2-1) 

V : Kinematic viscosity 

p : Density 
T 
ij : Shear stress when i / j 

Normal stress when i = j (2.2-11) 

0 : Dependent variable of the partial (2.2-26)and  
differential equation (2.3-12) 

: Stream function 
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Equation 
Symbol 	Meaning 	 of first  

mention  

r 	 : Laminar diffusivity mu,kk'ftieci byP 	(2.2-12) 

reff 	: Effective Value. o f r 
w : Axial vorticity 	(2.2-20) 

3. Subscripts  

b 	: Bulk value over the cross-section 

m 	: Mean value over the cross-section 

W : Tube wall 

o : Wall grid node 

no 	: Near-wall grid node 

turb. 	: Turbulent part of the effective value 

eff 	: Effective value 

in 	: Inlet value 

out 	: Outlet value 

r, z, 0 	: In the directions of r, z and 0 

k 	: Pertaining to kinetic. energy of turbulence 

T 	: Pertaining to temperature 

: Pertaining to dissipation 

: Pertaining to vorticity 

— — Vr
2 

V'2 V' V' 	: Pertaining to stresses pV;..
2  1  pV62  , pV1„ V6 

1, j 	: In the direction i and j 

: Local value 

: Based on internal diameter 

Also : P, E, W, N, S, NE, SE, NW, SW, and the 

corresponding lower case letters denote the 

respective values at the corresponding grid 

nodes of the finite difference grid. (See figure 

3.2-2 for illustration). 

4. Superscripts  

: Refers to rotating coordinate system or 

fluctuating component 

: Refers to dimensionless variable 
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*. 

Symbol 	Meaning  

d 
	

: Refers to downstream value 

u 	: Refers to upstream value 

5. Other notation 

F .4 4 
	

"Function of" 

e 
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PROLOGUE 

1.1 	The problem considered  

Twisted-tape inserts inside circular tubes provide a means of 

increasing the surface heat transfer coefficient within the tubes of 

tubular heat exchangers. Figure 1.1-1 shows the layout of a tube 

containing a twisted-tape. The tape consists of a long metal strip 

which has been twisted about its longitudinal axis, the width of the 

tape being equal to the internal diameter of the tube. 

The twisted-tape creates a helical path for the fluid and 

increases the convective heat transfer between the fluid and the tube. 

There are three main reasons for this increased heat transfer: 

1. For the same mass-flow rate, the velocity of the fluid 

relative to the wall is greater in helical flow than in straight flow 

because of the greater distance that the fluid has to travel in helical 

compared to the straight motion. The helical path also increases the 

secondary flow and causes greater mixing. 

2. The centrifugal force field established by the helical flow 

increases heat transfer when the tube wall is hotter than the fluid. 

Denser and colder fluid from the core is flung out to the tube wall, 

displacing the lighter and hotter fluid there; this again causes 

greater mixing. 

3. The tape itself provides an additional heat transfer surface, 

acting as a fin. 

The advantages of increased heat transfer can be exploited in 

two ways: firstly, the thermal performance of an existing tubular 

heat exchanger can be improved by inserting twisted-tapes into its 

tubes; secondly, for a given performance, the capital cost and the 

size of a new heat exchanger can be reduced, since the increased ease 

of heat transfer enables the amount of primary heat transfer surface 
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to be lowered. 

The disadvantage of twisted tapes is, of course, the increase 

in pressure drop which accompanies their use. Hence, the pumping 

power required is greater for helical flow than for straight flow. 

The reduction in capital cost obtained from increased heat transfer 

may, consequently, be offset by the increase in pumping power cost. 

The designer must therefore carefully consider the gain in heat transfer 

performance and the loss in pumping power before recommending twisted 

tapes for a specific application. 

Lustander and Staub (1964) recommended the use of twisted 

tapes in a steam condenser of a marine steam power plant. Their aim 

was to reduce the size of the condenser, so that it could be installed 

in the exhaust hood of the turbine, and no separate, expensive 

foundation for the condenser would be necessary.- Application of 

twisted tapes in nuclear power heat exchange systems is possible: 

Shiralkar and Griffith (1970) have showed the benefit of using 

twisted tapes in the case of heat transfer to carbon dioxide at 

super critical pressures where 'hot-spots' have to be avoided. 

Extensive heat transfer and critical heat flux data obtained (see 

references 23,24,47) for boiling of coolant liquids in tubes containing 

twisted tapes clearly indicates the usefulness of twisted tapes in 

liquid cooled nuclear reactor heat exchange systems. Peterson et al 

(1968) have suggested the use of helical vanes ('half twisted tapes') 

in the design of a counter-flow potassium boiler for an advanced 

Rankine cycle space power system. The aim of their design was to 

determine the required twist for the helical vane-for given input and 

output conditions, so that the lengths of the boiler tubes; and con-

sequently the boiler size, were minimum. 

Before the designer can'attempt a cost or size optimisation 

study for any specific application, however, he will need knowledge of 

the heat transfer and pressure-drop characteristics of the flow in 

tubes containing twisted tapes. The purpose of the present thesis is 

to provide procedures for predicting these characteristics. 

The prediction procedures described in this thesis provide 
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numerical solutions to differential equations which govern the flow 

and heat transfer in a tube containing a twisted tape. These 

solutions are then interpreted so as to obtain the required pressure-

drop and heat transfer characteristics. The prediction procedures 

are adaptations of general numerical procedures developed at Imperial 

College; these adaptations are general in the following respects: 

The procedures can predict both laminar and turbulent, and 

developing and fully-developed flows in tubes containing twisted tapes. 

They can be readily extended to at least two related geometries: a 

circular tube containing a helical vane, and an annulus containing a 

number of helical vanes or fins. The procedures enable the study of 

the following four independent variables which govern the flow and 

heat transfer characteristics in such geometries: the twist of the 

tape or vane; the mass-flow rate or the Reynolds number of the flow; 

the Prandtl number of the fluid; and a fin parameter (introduced to 

• account for the fin effect of the swirl promoting device). 

The work reported in the present thesis is restricted to 

prediction of single-phase, uniform-property fluid flows only. 

Although it is recognised that such .a restriction would be most 

unwelcome to the designer, this restriction is imposed primarily to 

place a reasonable limit on the scope of the present work, and to 

reduce the mathematical complexity of the problem. 

In spite of the restrictions imposed, the present work is 

the first of its kind on twisted tape generated helical flow; this will 
• 	 become apparent when we review the previous research on twisted tape 

flows. 
ov 

Twisted tapes are only one of the many techniques for 

increasing heat transfer in tubes. For the benefit of the reader who 

is unfamiliar with these techniques a brief introduction is provided 

in the next section. 

1.2 	Heat transfer augmentative techniques  

A detailed survey and evaluation of many heat transfer 
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augmentative techniques for flow in tubes is given by Bergles and 

Morton (1965). Of the various techniques surveyed, the ones which are 

of most practical relevance can be classified as follows: 

1. Artificially roughened surfaces. 

2. Extended surfaces or fins. 

3. Insertion of objects to produce flow disturbances. 

4. Swirl generators. 

Bergles et al (1970) have summarised those experimental 

studies which can be essentially classified under techniques 1 and 2. 

Devices which produce disturbance in the flow upon their 

insertion in tubes are sometimes referred to as 'turbulence promoters'. 

Examples of turbulence promoters are-: axial discs, axially streamlined 

bodies, axial propellers, axial rings, coiled wires, etc. Publications 

dealing with the pressure-drop and heat transfer characteristics of such 

devices are those of Koch (1958), Nunner (1956), Churchill and Evans 

(1962), Nagaoka and Watanabe (1936), Seigel (1946), and Colburn and King 

(1931). 

Twisted tapes, helical vanes, spiral ribs, spiral corrugations, 

etc., are examples of devices which augment heat transfer by inducing 

swirl in the flow. Publications of Smithberg and Landis (1964), 

Gutstein et al (1970), Kidd (1970), Migai (1968) deal with the pressure-

drop and heat transfer characteristics of such devices. There are other 

techniques which employ tangential slots, guiding vanes, etc., placed 

at the entry to the tube. The swirl created by these techniques 

.decays rapidly as the fluid flows down the tube (Krieth and Sonju, 

1965), and their effectiveness in increasing the heat transfer is 

consequently restricted. 

Of all the heat transfer augmentative devices, whether a 

particular device is more beneficial than others, will entirely depend on 

the type of application, the cost situation, and the heat transfer and 

pressure-drop characteristics of the device; It is impossible to make 

universal statements like 'twisted tapes are more economical than 

artificial roughness'. There are, however, methods, both graphical 

• 



• 
20 

and analytical, which deal with evaluating heat transfer geometries 

for heat exchangers. The methods of Bergles and Blumenkrantz (1972) 

and Bergwerk (1965), for instance, compare heat transfer surface areas 

at constant pressure-drop, or pressure losses for a fixed surface area. 

Churchill and-Evans (1962) and Lieberam (1967) combine the choice 

of best geometry with the choice of optimum fluid velocity so that the 

total cost (both running and capital) of the heht exchanger is lowest. 
• 

There are other considerations, however, when a heat transfer 

augmentative technique is considered for a specific application: 

e.g. the increase in weight of the heat exchanger due to insertion of a 

particular device. Migai (1968) has shown that insertion of twisted 

tapes inside tubes increases their weight by about 20 to 25 per cent; 

where increase in weight can be a-disadvantage, spirally corrugated 

tubes may be preferred. 

With this brief introduction to the heat transfer augmenta-

tive techniques, we shall now consider the previous work on flow in a 

tube containing a twisted tape. 

1.3 	Previous research on twisted tape flow 

1.31 Introduction  

Almost all the investigations reported on twisted tape flow 

have been of an experimental nature. The main objective of these 

investigations was to determine the pressure-drop and heat transfer 
• 	characteristics of the fully-developed turbulent flow in a tube 

containing a twisted tape. These characteristics were conveniently 

expressed by the following dimensionless parameters: 

D 
AP h  

Friction factor, fE-7  2 	2  
pV 
z,m 

(1.3-1) 

and Nusselt number, Nu El hDh  / Kf 	( 1.3-2) 



21 

• 

where, 

AP is the static pressure-drop; 

D
h 
is the hydraulic diameter; 

p is the density of the fluid;' 

L is the length of the test-section; 

V
z 
 is the mean axial velocity; 
,m 
h is the inside heat transfer coefficient; 

and K
f 

is the themal conductivity of the fluid. 

The hydraulic diameter D
h' 

the mean axial velocity V , z m,  
and the inside heat transfer coefficient h were defined as follows: 

( TE1)2 	4D6)  D
h 	(n 4. 2) D - 26 

where 6 is the thickness of the tape (see figure 1.1-1); 

V 	_ M 
z,m 

- 

pAc  

(1.3-3) 

(1.3-4) 

where M is the mass-flow rate, 

and Ac is the flow area at any cross-section of the tube, defined 

thus: 

Ac 4  
a D2  - DS' 

62/Ah  
• h E 	 (TwHT

b
) 

Where T
w 
and T

b 
are the inside tube wall and bulk fluid temperatures 

respectively and Q is the heat input calculated as: 

Z= M Cp in  (T - Tout  ) 
	 (1.3-7) 

wherecisulespecificheatofelefluidanciTimand T
out are the 

inlet and outlet temperatures of the fluid respectively. The heat 

transfer surface area Ah  was defined as: 

Ah  = It DL
h 	

(1.3-8) 

where L
h is the heated axial length of the tube. 
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To 'determine f and Nu, the pressure drop AP, the heat 

transfer coefficient h, and the mass-flow rate lit were measured. 

We shall not concern ourselves here with the methods employed for the 

measurement of these quantities; these methods are adequately 

described by each investigator. 

The three important independent parameters, which govern 

the friction factor and Nusselt number for the twisted tape flow are: 

the twist-ratio y, the Reynolds number Re, and the Prandtl number Pr. 

These parameters are defined as follows: 

and 

y = H/D 

z m Dh 
Re ' 

p. C 
Pr —2  -K I, 

where H is the pitch for 180 degrees rotation of the twisted tape (see 

figure 1.1-1). 

The variation of f with y and Re, and that of Nu with y, Re 

and Pr then, describe the required characteristics of the flow. All 

the investigators represented the friction characteristics by plotting 

graphs of f against Re for various values of y. The heat transfer 

characteristics (i.e. values of Nu) were also plotted in similar 

fashion; the effects of Prandtl number, it was found, could be 

accounted for by plotting values of Nu/Pr
0.4  instead of Nu alone. 

Before we examine these experimentally determined character-

istics, the reader is referred to Table 1.1 and 1.2 (at the end of the 

present chapter), where information regarding the range and the type 

of experimental conditions employed by various investigators is displayed. 

The experimental conditions considered in the tables are exclusively 

confined to single-phase* or non-boiling conditions only, although, it 

may be noted that experiments involving boiling of liquids have also 

been considered by many investigators (see references 23,24,47). 

a 

*There are no experimehtal investigations reported for condensing vapours, 

which again would provide two-phase flow conditions. 



23 

1.32 Friction factor data  

The measured friction factor data of various investigators 

are plotted in figure 1.3-1 to demonstrate the influence of Reynolds 

number Re and twist-ratio y. The curves plotted in the figure are 

the mean curves through the data of individual investigators; the 

maximum deviation is less than 4- 15 per cent in each case. The data 

are those obtained under isothermal conditions; where non-isothermal 

conditions were encountered (e.g. Thorsen and Landis, 1968, curve 

AA), the data: were reduced to isothermal conditions. Only one set 

of data is selected for each value of y, firstly, to preserve clarity 

in the figure and, secondly, to convey a general impression regarding 

the variation of f. The selection of data for a particular value of 

y is done arbitrarily, although, as we shall see insection 1.34, 

considerable differences exist in the data of various investigators 

for similar values of y. 

The data which are not considered in this thesis are those 

obtained with tubes which were (or suspected to be) rough (i.e. 

e/D
h 
> 3 x 10

-4
). Some of the earlier data (e.g. Colburn and King, 

1931) are neglected, as they were plotted in dimensional form. Also 

the data of Evans and Sarjant (1951) are not considered since they used 

significantly undersized tapes (i.e Tape width = 0.835D). 

Referring to figure 1.3-1 again, the following general 

observations can be made: 

1. Irrespective of the twist-ratio, the friction factor 

decreases as Reynolds number increases. 

2. For the same Reynolds number, the friction factor usually 

increases as the twist of the tape becomes tighter (i.e. as y decreases). 

A significant exception to this conclusion is shown by the data 

(curve L-L) of Kidd (1970) for y = 14.7. These data coincided with 

Kidd's own data for y = 5. Although this trend seems implausible, 

it was found to be reproducible by Kidd, when obtained under different 

experimental set-ups. 
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3. The slopes of the curves are remarkably consistent for 

Re '> 2 x 10
4 

but for lower values of Reynolds numbers the slopes are 

uncertain. 

4. The figure shows that data for y = m (curve M-M) can be 

correlated by the correlation of McAdams (1954) for an empty circular 

tube. This implies that, 

1.2 

(AP)Y=.00 = (AP)empty ("7)  
h 

Thus, assuming D/Dh  = 1.7 say (see Tables 1.1 and 1.2), the pressure-

drop for a tube fitted with a straight tape is nearly 89 per cent 

higher than that for a circular tube for the same 

We shall now review the heat transfer data. 

1.33 Nusselt Number Data  

All the experimental data available up to 1962 were reviewed 

by Gambill and Bundy 4(1962). Their review showed that the Nusselt 

number could be increased by insertion of twisted tapes inside tubes. 

The data, however, were largely inconsistent, and quantitative 

description of various factors affecting the heat transfer was 

impossible with the available information. 

In recent years, very reliable and consistent data have 

become available; the emphasis in this thesis is placed on these 

recent data. Figure 1.3-2 shows some of these data for 1.575 <: y <Hm 

and 2.5 x 10
3 
< Re < 10

5
. The curves in the figure represent mean 

values of the data, with a maximum deviation of less than 10 per. 

cent in each case. The data considered are those obtained with smooth 

tubes, and they correspond to heating conditions only. The data, 

however", vary in terms of type of heating condition (i.e. steam or 

electrical heating), fin effects of the tape, wall-to-bulk fluid 

temperature ratios, and Prandtl numbers of the fluids. 

t 

The effect of the last two factors has been adequately taken 

into account in the figure. Where the wall-to-bulk fluid temperature 
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ratios greatly exceeded unity, the data were reduced to isothermal 

conditions by multiplying the measured Nusselt number values by a 

factor (T
w 
/ T

b
)-m
' where the value of m was chosen on the basis of 

recommendations made by the investigators. The effect of Prandtl 

number has been taken into account by plotting the values of Nu/Pr0.4  

instead of Nu. 

The differences in the data due to different types of heating 

conditions cannot be significant in turbulent swirling flow. Thus, 

as far as comparison of the data is concerned, the only uncertain 

feature in the figure is introduced due to the different fin effects 

of the tape in the different data. 

That the data for y = m can be predicted by the well known 

correlation of McAdams (1954) for an empty circular tube, indicates 

that, for the same flow rates, the improvement in the heat transfer 

coefficient obtainable by inserting a straight tape nearly equals 

(D/Dh)
0.2 

 . For typical values of 
D/Dh' this implies improvements of 

between 13 to 15 percent. More significant improvements are, 

however, possible with tighter twists (i.e. as y decreases). 

We shall now consider the Nusselt number data in greater 

detail in order to establish the effect of the various factors affect-

ing the heat transfer. 

Reynolds number  

Irrespective of the values of y, the curves in figure 1.3-2 

are nearly parallel to the line representing McAdams correlation. 

This signifies that the twisted-tape flow Nusselt number essentially 

varies as Re0.8  . 

Tape-twist effect  

We observed earlier that irrespective of the Reynolds number, 

the Nusselt number increases as y decreases. In figure 1.3-3, data 

of some investigators are plotted at Re = 2 x 104 and Re = 4 x 104 to 

indicate the effect of y on the improvement in heat transfer rate which 
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is implied by the ratio Nu/Nu , where Nu stands for the Nusselt 
cx-oYew--t 4-e m cdoan,As  

numbers obtained 	 This figure shows that 

for o < 1/y < 0.5, the increase in Nu/Nu
o 
is fairly gradual; for 

1/y > 0.5, Nu/Nuo  increases rapidly for air-data than for water-data. 

The curve shown in the figure is that suggested by Kidd 

(1970). 

Prandtl number effect 

The air (Pr '40.7) and water (Pr .=.3.0) Nu-data of Smithberg 

and Landis (1964) are plotted in figure 1.3-4. For the same twist 

ratio, the Nusselt number for water is nearly 60 to 85 per cent higher 

than that for air. Also (Prw
ater

/Prair)
0.4 

 %^ 1.70, hence the 

dependence of Nu on Pr can be effectively predicted by Pr
0.4 

 .. 

Heating and cooling effect  

Figure 1.3-5 depicts water data of Lopina and Bergles (1967) 

for heating and cooling conditions. The Nusselt numbers for cooling 

are nearly 25 per cent lower than those for heating, although still 

higher than those for the empty tube case. The difference in the 

Nusselt numbers under heating and cooling conditions is attributed to 

the effect of centrifugal force. In the heating process, displacement 

of hotter fluid near the tube wall by the colder fluid in the core is 

assisted by centrifugal force. In the cooling process, however, 

centrifugal force hinders mixing. 

Effect of wall-to-bulk temperature ratios  

The air data of Thorsen and Landis (1970) are plotted in 

figure 1.3-6 for 0.6 < Tw  / Tb  < 1.9, under heating and cooling 

conditions. 	 Under both these conditions, 

the Nusselt numbers are higher when T
w / Tb is higher. The parameter 

T
w 
/ T

b represents the effect of fluid property variations in the 

fluid, and is an important heat transfer parameter for both gases and 

liquids. 
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Fin-effect of the tape  

The fin-effect refers to the heat transfer between the 

fluid and the tube wall via the twisted-tape. Lopina and Bergles 

(1967) demonstrated (see figure 1.3.:.7) the influence of this effect 

on Nusselt number by comparing the data obtained with a non-insulated 

tape with those obtained with an insulated (or non-heat conducting) 
• 	 one. In both cases, it is probable that there was no gap between 

the tube and the tape wall. ,When the heat flow between the tube wall 

and the fluid was hindered by the insulation, the Nusselt numbers 

were nearly 7 to 12 per cent lower. In reality, however, the fin-

effect will depend not just on the type of contact between the tube 

and the tape, but also on the thermal conductivity of the tape 

material, and the thickness of the tape. A tape which is nearly 

fused with the tube, and has a high thermal conductivity would greatly 

enhance the additional increase in heat transfer available from the 

fin-effect. 

We shall now examine the correlations recommended by various 

investigators for the prediction of f and Nu. 

1.34 Predictive correlations for f and Nu  

Algebraic correlations have been proposed by various 

investigators to predict the friction factor and Nusselt number data. 

Some of the correlations were developed by finding an equation to 

the curve which best fitted the investigator's own experimental data; 

there were others, however, which were developed by employing semi-

empirical theoretical analysis. In this section we shall examine 

these correlations and assess their accuracy. 

Correlations for  f 

Table 1.3 shows all the available correlations for f. The 

general format of the correlations can be described by the following 

expression: 

f = F 4 Re, y 	 (1.3-12) 



• 
28 

• 

If the experimental data were obtained under non-isothermal conditions, 

then an additional parameter (Tw  / Tb)m  or (pw  / pb)n  will be necessary 

to correlate the data by equation (1.3-12). Under heating conditions, 

the value of m, recommended by Thorsen and Landis (1968) is -0.1, 

whereas that of n, as recommended by Lopina and Bergles (1967), is 

-0.35 (D
h
/D). 

The correlations presented in table 1.3 are composed of 

.,esspntially two components; one represents the friction factor fov 
x, %ea -f o 

k "c"- 	(dehoted by fo 
or a similar expression); the other 

represents the effects of secondary flow induced by the twisted tape. 

Gambill et al (1961) assumed a rotating slug flow model; 

their correlation was arrived at by considering the increased surface 

area (due to the presence of the tape) per unit length of the'tube, 

and the increased fluid velocity relative to the tube wall due to the 

helical flow path. Smithberg and Landis (1964) considered the flow 

to consist of an axial flow with a superimposed forced vortex flow. 

They assumed that in,an incompressible flow, the frictional losses 

due to axial flow, tangential or secondary flow, and 'vortex mixing' 

can be summed up as the total frictional pressure loss AP defined in 

equation (1.3-1). The vortex mixing losses are the measure of the 

momentum defect, encountered when the slow moving boundary layer fluid 

mixes with the faster core flow. Migay's (1969) analysis is based on 

similar assumptions. These analyses, however, neglect the frictional 

losses in the core of the flow in view of the virtually uniform axial 

velocity field observed experimentally. Back shall and Landis (1969) 

in a later experiment have shown that AP cannot be realted only to the 

friction at the wall, but in addition, to the normal pressUre force 

exerted by the twisted-tape. 

The accuracy of the correlations will now be assessed by 

comparing them with the experimental data. Figure 1.3-8 shows this 

comparison for three twist ratios: y = 11.0, y = 2.5 and y = 1.81. 

For all twist ratios, Migay's correlation predicts the data 

best. The correlation of Smithberg predicts the data well for y = 11.0, 

and y = 2.5, at the high twist of y = 1.81, however, the data are 
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underpredicted. The correlations of Gambill et al, and Lopina and 

Bergles are adequate for Re > 2 x 10
4, although, at low Reynolds 

numbers they fail to predict the upward trend of the data. The 

correlation of Seymour consistently overpredicts the data at all twist 

ratios, whereas the accuracy of the- correlation of Gambill and Bundy 

worsens rapidly as the twist becomes tighter. 

Although Migay's correlation is the best available, its 

implicit nature makes it cumbersome to use. A new correlation is 

devised in the present work, which is explicit in nature, and is based 

on the best-curve-fit to all the available experimental data. The 

correlation is as follows: 

m 
f = f (—Y—) 

o y-1 (1.3-13) 

where m = 1.15 + 0.15 (7 x 104 - Re)/6.5 x 104, 

and fo = 0.046/Re
0.2 

 . The correlation is applicable for 1.5 < y <010 

and 5 x 10
3 
< Re < 7 x 104 (see figure 1.3-8 again). 

Correlations for Nu  

All the available correlation for Nusselt number are 

presented in Table 1.4. Their general form can be described by the 

following expression: 

Nu = F 4 Re, Pr, y, heating or cooling, fin effect, Tw L , 	(1.3-14) 

The appearance of (T
w 
/ T

b
) 
-m 

in the correlations takes into 

account the effects of property variations which occur under non-

isothermal conditions. In other expressions, the centrifugal 

convection effect is accounted for by Grashof number Gr, based on 

centrifugal acceleration, where Gr is defined by: 

2 

2 	D 
)2 Dh GrEE 	 p (Tw  Tb) 

Thorsen and Landis (1968) used both parameters, (Tw 
/ T

b
)-m  

and Gr, mainly to correlate their own data best. Note the difference 

in the values of m in the correlations of Kidd (1970), and Thorsen and 

(1.3-15) 
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Landis (1968). 

The correlations of Smithberg and Landis (1964) and Migay 

(1969) are derived for isothermal conditions. The appearance of 

friction factor f in their correlations indicates the analogy between 

heat and momentum transfer that they assumed in their derivations. 

• 	 There is a great deal of inconsistency regarding the power 

n to which the Prandtl number Pr is raised. The generally accepted 

values of n appear to be 0.33 and 0.4. Of all the correlations, 

Migay (1969) claims that only his (which, unlike correlations of 

others, accounts for the effects of heat transfer in the laminar 

sublayer near a wall) is valid over 0.7 < Pr < 1000. He shows, for 

example, that for Pr >> 1, the Nusselt numbers predicted according 

to Smithberg's correlation would be up to 300 per cent in error. 

There are, however, no experimental data available for Pr >> 1 to 

justify this claim. 

The heat transfer attributable to the fin-effect is expressed 

in the correlations via a parameter F. This is a variable whose value 

must be determined for a particular system by estimating the thickness 

of the gap between the tape and the tube wall, the conductivity of the 

tape material, and the thickness of the tape. Generally its value will 

be greater than 1; when F = 1, it signifies zero fin-effect. 

The accuracy of these correlations is expressed in figure 

1.3-9, where data of Lopina and Bergles (1967), Koch (1958), and' 

• 
	

Smithberg and Landis (1964) are predicted for y = 1.81, 3.15, 4.25, 

and 11.0. Each correlation requires different information to enable its 

use; where such information was not available, certain assumptions 

were made. These assumptions are indicated on the figures. 

At y = 11.0, except for the correlation of Kidd (1970), all 

correlations predict the air data of Smithberg (1964) within 4- 14 per 

cent. At y = 4.25, the air data of Koch (1958) are well predicted; 

the correlation of Thorsen and Landis (1968) however underpredicts the 

data by nearly 30 per cent. For the water data of Lopina and Bergles 

(1967), all correlations, except that of Lopina, either over— or under- 
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predict the data. At a very high twist of y = 1.81, the water data 

of Smithberg are well predicted by the correlations of Migay, 

Lopina and Smithberg. 

Over the entire range of data, the correlations of Smithberg, 

Lopina and Migay appear to predict the data best. 

1.35 Other data  

Some of the correlations presented in the previous sub-

sections were based on certain assumptions regarding the behaviour 

of the flow. For example, Smithberg and Landis (1964) assumed that 

the axial velocity profile was essentially uniform over the cross - 

section, and that the tangential velocity. profile can be represented 

by a forced vortex relationship. Such assumptions, in some 

instances, were based on experimentally determined details of the 

flow. Here we shall simply enumerate the flow quantities measured 

by various investigators, and consider them closely later, for 

comparison with the predictions obtained with the numerical procedures 

to be described. The flow quantities measured were: 

1. Distribution of the total velocity over the cross-section, 

Seymour (1966). 

2. Distribution of the axial velocity component over the cross - 

section, Smithberg (1964). 

3. Distribution of the in-plane velocity component over the cross - 

section, Smithberg (1964). 

4. Distribution of the total velocity in the boundary layer on the 

tube wall, Backshall and Landis (1969); from these measurements 

the wall shear stress data can also be obtained. 

5. Radial variation of pressure over the cross-section, 

Smithberg (1964). 

6. Peripheral variation of static pressure on the tube and the tape 
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. wall at a cross-section, 

Seymour (1966). 

7. Axial variation of static pressure in the inlet section of a 

tube containing a twisted-tape, 

Seymour (1966). 

• 	
8. Determination of laminar-to-transition Reynolds number, 

Cresswall (1957) and Seymour (1966). 

1.36 Summary of previous research  

The reviewed experimental data for fully-developed flow 

friction factor and Nusselt number are consistent and reliable. All 

the data have been obtained for turbulent flow; data on laminar 

flow do not exist. Only one set of data (Seymour, 1966) relate to 

the developing flow in the entrance region of the tube. 

The comparative examination of the predictive correlations 

have showed that correlations based on semi-empirical theoretical 

analysis of the flow possess wider applicability than those which are 

developed merely to correlate a particular set of data. 

Flow details of both practical and theoretical interest 

have been measured. 

1.4 	Scope of the present research  
• 

1.41 The present contribution  

As indicated in section 1.1, the major contribution of the 

present thesis is that it provides. numerical procedures for the 

prediction of friction and heat transfer characteristics of flow in 

tubes containing twisted-tapes. These procedures are based on the 

solution of the fundamental differential equations which govern the 

transport of momentum and heat in twisted tape flow. 

The first task of the present work is, therefore, to derive 
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the necessary transport equa.tions; this task will be referred to as 

'the mathematical problem'. The equations derived are those 

appropriate to laminar and turbulent, and developing and fully-

developed flows. The geometrical configuration of the physical 

situation considered in the present- work is such that the equations 

must be derived in a cylindrical polar coordiante system which 

rotates about the axis of the tube. 

The second task of the work is to demonstrate that the 

existing numerical procedures can be adapted to solve the necessary 

transport equations of the twisted-tape flow. The mathematical 

characteristics of the equations appropriate to fully-developed and 

developing flows, are different. The equations appropriate to 

fully-developed flow are two-dimensional and elliptic in nature; to 

solve them, the solution procedure due to Gosman et al (1969). is used. 

The equations of developing flow are three-dimensional and parabolic; 

the solution procedure of Caretto et al (1971) is used to solve them. 

The third and final task of the theoretical work is to 

compare the predictions with available experimental data. Where 

such data do not exist, as in the case of laminar flows, other 

measures are adopted to assess the accuracy of the predictions. 

The predictions presented in the thesis are concerned with 

the variations of the friction factor, Nusselt number, the profiles 

of the component velocities, and temperature. In the case of 

turbulent flows, the predicted profiles of kinetic energy and the 

length scale of turbulence are also presented. The variations of 

these quantities are considered with respect to the following 

quantities: Reynolds number Re, twist-ratio y, Prandtl number Pr, and 

a fin parameter C
fin (introduced to account for the fin-effect of the 

tape) as appropriate. 

1.42 Limitations of the contribution 

The predictions in the present work are confined to uniform-- 

property flows only. In many high-heat flux transfer situations where 
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thawall -to -bulk temperature ratios greatly deviate from unity, the 

density and the viscosity of the fluid must vary. 

Very little research has been done in the past on the 

prediction of laminar-to-turbulent transition flows. In the absence 

of any experimental or theoretical guidance, the prediction of these 

flows has not been considered in the present work. 

There are, of course, other limitations relating to the 

modelling of the turbulent flows, but these the reader will appreciate 

more fully in later chapters. 

1.43 Closure  

Summarising the scope of research then, the major tasks 

undertaken are: 

1. To formulate the mathematical problem in terms of transport 

equations which govern the transfer of momentum and heat in laminar 

and turbulent, developing and fully-developed flow in a tube conatining 

a twisted-tape. 

2. To adapt existing numerical procedures to solve the equations. 

3. To compare the predicted friction factor, Nusselt number, and other 

flow characteristics with the experimental data, and analytical 

solutions where possible. 

1.5 	The structure of the thesis  

The thesis is divided into six chapters. Chapters 2 to 5 

provide the main contribution; chapter 6 summarises the principal 

achievements of the present work. 

Chapter 2 presents the mathematical problem, and chapter 3 

the numerical procedures to solve it. It is pointed out in these 

chapters that to solve the turbulent flow problem, a set of physical 

hypotheses (or turbulence models) has to be provided; a detailed 

S 
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discussion of these hypotheses is the subject matter of chapter 4. 

Thus, having introduced the reader to all the means for the prediction 

of the twisted-tape flow, chapter 5 is devoted to the presentation and 

the discussion of the predicted results. 

The list of references and appendices follow chapter 6. 

I 
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Bergies, where Tur/T10  differed from unity. 



Table 1.3  

Predictive correlations for friction factor f  

No 	Investigator 	 Correlation 

 

Accuracy 

  

-n 
f = f 0.03 r Re 	 -- el - 	where n = -0.81 exp [-17uu o + 1.31

2 
 2000 	 D

h 

f = fo x 2.75y
0.246 

f = [0.046 + 2.1 (2y - 0.5)-1'2] Re-n, where n = 0.2 [1 + 1.7(2y)0.5] 

Gambill,and Bundy 
(1962) 

2 	Lopina and Bergles 
(1967) 

3 	Gambill et al 	 3/2 
(1960) (4y2 + n2)  f f o 

8Y
3 

4 	Seymour (1966) 
5.60 23.7 f = 	+ 0.00505. 
y/Re Re 

+ 33 per cent with 
data of ref.(25 ) 

+ 20 per cent with 
own data 

+ 20 per cent with 
own data 

+ 18 per cent with 
own data 

+ 13 per cent with  
own data 

0.0995 r 	Reff 	-0'2 f - Rey  [1125 A 	2 n(------) - 3170] + 0.184 Re 	C2'8, 	 + 5 per cent with  

0.5 
2n  [(1 + 4y2n2) + 1 (...y__ + 1)0.5 4. ....y.__ Inr.al 

+ (1 
	4n2,0.5 2 

where C - 	E 
(n+2) 	2 	Y 	

Ly 	k-.I. + --2--) 	
3 4n2 4y2 Y 

own data 

5 	Smithberg and Landis 
(1964) 

6 	Migay (1969) 

Note: 1. 	f = 0.046 Re 0.2  o T -m 
2. To predict data under non-isothermal conditions, multiply f by a) (-11) 7 where m = 0.1, Thorsen and Landis (1968), 

LO 
CO or, b) 1.0/(p30/1.1w)0.35(Dh/D),  Lopina (1967). 



Predictive correlations for Nu  

Correlations 

0.80.33 r 	L -0.7, D -0.282 	0.042 Nu = 0.0379 Be 	Pr 	1.1  + 	(Gr/Re) 

- - 
Investigator 

Gambill, Bundy 
and Wansbrough(1961) 

2 	Smithberg and Landis 
(1964) 

No 

1. 

Accuracy 

+ 10.1 percent with 
own data 

+ 10 per cent with 
own data 

D 	-0.2 -0.66 0.023 (---)Re 	Pr 	(1 Dh 

0.5 ; 0.00548) 	3  
f  y2 Nu - 

350,(Dh)  Pr  1.31 	y Re f • 
f D 

D  
	 [25.45 0 8  

3 	Lopina and Bergles 
(1967) 

_ 

4 	Thorsen and Landis 
(1969) 

5 
	

Kidd (1970) 

; 

Heating  

°8P . 0 Nu . Ch Rer • 
Cooling  

°8P . 0 No . Cc Rer 

and Cc D. 

.33 D 1) Dh 	Tb 
(1 4.  01 	a ;1.4 	2  

014 2 . 023 (1 + 	). D 

0.5 

	

+ 0.25(Gr/Re) 	(D/Dh)1 

0.5 

	

(1 - 0.25(Gr/Re) 	(D/Dh)1 
-0.2 T -0.1 

where Ch = 0.021 

.4 D 
Dh 	Tb 

-0.2 T -0.32 

Table 1.4  

• 

Heating  
4 Nu = F (0.023 (a Re)"8  Pr° . + 0.120 (Gr.Pr)0.33 

Cooling  
0.8 	. Nu = F (0.023 (a Re) 	Pr° 41 

+ 10 per cent with 
own data 

• . 	^ 	. • -- 	--• -•.- _ • 

+ 10 per cent with 
own data 

_1 
T -0.7 	 i 0.8 0.4 	w 	L -0.551  (  y .)1.1 ,D,-1.2 	, Nu = 0.0265 Re Pr 	(---) 	[1 + () 	\---1 	 4. 20 per cent with 

	

T
b 	D 	J y_l 	D

h 	-- 
own data 

(Table 1.4 continued) 
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Table 1.4  

(continued) 

Predictive correlations for Nu  

Correlations 

85[1 +(k3I]Pr h 
 0.023 Pr Re°'8  [1 + (V

1.)2]0.6 

Y f 0.5 1 + 2.14 Re E1 + (2-)21-°  
.5(pr0.66-1) 

 

Accuracy 

less than 
+ 10 per cent with 

own data 

	

No 	Investigator 

	

6 	Migay (1969) 

Nu =F 

ph Re-°'1  
1 + 	3 (5050 Pr

0.69 + 0.00006 Pr3) 
D 	7.y 

Foot notes: In above correlations, a is defined as: 
0.5 

• 

and F is the multiplier to account for the fin-effect of the tape. When there is no fin-effect F equals 1. 

For finite fin-effect F > 1.0. 

- (
4y2 + 

2 
n2

) 
4y  
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Chapter 2  

THE MATHEMATICAL PROBLEM 

	

2.1 	Introduction  

In this chapter, the laws of momentum and heat transfer 

appropriate to twisted-tape flows are described by means of partial 

differntial equations. The dependent variables of these equations 

are the three component velocities and the temperature; whereas the 

independent variables are the coordinates of a cylindrical polar 

coordinate system which rotates about the axis of the tube containing 

' the twisted-tape. 

The equations are derived for two flow situations: 

1. The fully-developed flow. 

2. The developing flow. 

The first flow situation is described by partial differ-

ential equations which are two-dimensional and elliptic; the 

equations appropriate to the second flow situation are three-

dimensional and parabolic. With this difference in mind, the 

mathematical formulation of the two problems is described separately. 

	

2.2 	The problem of fully-developed flow  

2.21 The domain of interest 

In the region of the fully-developed flow, the distributions 

of velocities and temperature at any cross-section of the tube are 

independent of the axial distance along the tube; in other words, 

they are identical at every cross-section of the tube. One such 

cross-section is shown in figure 1.1-1 (section A-A). 

Contrary to the real situation, it will be assumed that 

the width of the tape exactly equals the diameter of the tube. The 

ratio of the tape thickness b to the tube diameter D is usually small 
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enough for the free space to be regarded as two twisting ducts of semi-

circular cross-section which rotate through 180 degrees in an axial 

distance H. In the expe'rimental situations, reviewed in chapter 1, 

the ratio b/D usually varied between 1/30 to 1/20. Since the flow 

will be identical in each.of the two semi-circular sections, only one 

of these need be considered. 

• 2.22 The coordinate system  

The-only suitable cylindrical polar coordinate system is 

one in which the angular coordinate is measured from the surface of 

the twisted-tape. Such a rotating cylindrical poker coordinate 

system (r', z', 0'), say, (see figure 2.2-1), is then related to the 

customary stationary system (r, z, 0) by the following equations: 

r' = r, 

z' = z, 	 (2.2-1) 

and 	0' = 0 -I- n H  -- ' 

The positive sign before it z/H implies anti-clockwise rotation of 

the tape as z increases, when distance z' and z are measured in the 

direction of axial flow, and 0 and 0' are measured in the clockwise 

direction. 

As a consequence of equations (2.2-1), the following relations 

may be written: 

(2.2-2) 

• 

and 
6 	n 6 

bz 	bz' 
j_ 

H 60' 

These relations will now be employed to transform the well 

established transport equations of momentum and heat in the (r, z, 0) 

system to those in the (r', z', 0') system. 
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2.23 The transport equations  

The starting point in the derivation of the necessary 

transport equations is then, the equations in the (r, z, 0) system. 

These are destribed in a number of text books on fluid mechanics 

(see, e.g. Bird et al 1960). Before we make use of these equations, 

we note the following mathematical condition of the fully-developed 
• 	 flow. It is that, 

(2.2-3) 

• 

for all dependent variables, except for the mean pressure P, and 

temperature T; and bP/bz' and bt/bz' are constants. 

It follows from equations (2.2-2) and (2.2-3) that the 

transformed continuity, momentum and heat transport equations are 

as follows: 

Continuity equation  

b(rnf ) 
P (1, 	+ nrt 	= 

r 	
br'r  + 

r' 
 a0'' , 0 

	H V z
)) 	0 
 

(2.2-4) 

Axial momentum equation  

	

V0 n 
bV
z 	bi7 	- 

	

p [Vr  Z + (77 + H vz) 79.7. 	+ ITFaPo 3 - 

_ 	(r' Tr7z) + 	 t, (T 0,z) + illF*,(Tzz)) 	(2.2-5) 

Tangential momentum equation  

by 	v 	RAT bv 	v v aPo + 	z) 	r 
F 1  r br' 	r' 	H 	be' 	r' 	" 	b01  

fLL- 	(r,2 	) 	b("10 0 ) 	It  bet 0 z) 

‘,2 r' 	r,0 	r' 	be' 	+ IT w .  
(2.2-6) 
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Radial momentum equation 

2 

	

aV
r 

v 	by v 	gPo 

	

, 0 	It — N 	r 	0 1 p (XT 	+ k— + — v ) 	- 	3  . -  
r arl 	r' 	H z a01 	r' 	br' 

b T cr.", b( r ' Tr  r ) 	1. 	r,0 	
T 	 b T, ,.. 	+ 0,0 	n 	 az 1  - 1.— 

	

br' 	+ r' ae, 	r' H a0' J (2.2-7) 

Temperature equation 

r, 

P 	Tr,  + (ar, 	Vz ) 	-'Pv Z 

b(clz)  
(r' qr) + I 	(cle) 	bel 	J r' bp' 

(2.2-8) 

• 

• 

Equations (2.2-4) to (2.2-8) are two-dimensional: the 

dependent variables that were functions of r, z and 0 are now 

functions of r' and e' alone. These equations are general, and 

applicable to both laminar and turbulent flows if, in the latter 

case, the instantaneous velocities and temperature are replaced by 

their time-averaged values. 

It is important, at this stage, to note the way in which 

the pressure-terms in -equations (2.2-5) to (2.2-7) are treated. It 

is assumed that pressure at any point in the flow consists of two 

parts. Thus, P is expressed as: 

P (r, z, 0) = P (z') + Po  (r', Er) 	(2.2-9) 

where P (z') is the mean pressure at a cross-section and Po 
(r', 0') 

is that component of the pressure which varies over the cross-section. 

Thus, from equations (2.2-2), 

6p bPo 

be = be' 
(2.2-10) 

and gP gF 7aPo 
bz z,  H 

where P/azt, it will be recalled, is a constant. 
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• 

- The terms on the left hand side of the equations (2.2-5) to 

(2.2-8) represent the convective fluxes; whereas the terms containing 

TI S and q's represent the diffusive fluxes of momentum and heat 

respectively. When information regarding TI S and q's is specified, 

the mathematital statement of the transport equations is complete. 

2.24 The diffusion fluxes  

Laminar flows  

For laminar Newtonian fluids, the stresses T'S are related 

to the velocity gradients via Newton's law of viscosity (see Bird et 

al, 1960). Similarly, the heat flux components q's are related to 

the temperature gradients via FoUrier's law of heat conduction. The 

expressions for the 'G I S and q's appropriate to the rotating coordinate 

system are given in Appendix I. Unfortunately, these expressions 

cannot be presented in a general form*. To preserve the continuity 

of discussion, however, we shall present here the expressions for 

the T1 S and q's with the use of tensor notation; although it is noted 

that the tensor notation describes the expressions exactly only when 

the coordinate system is a cartesian one. Thus, we have, 

by . 
___ t= T3.3 .. 	- p (7 	axi) 

cw,3  

and c1. = — r bT/bx. 

(2.2-11) 

(2.2-12) 

where p and r are respectively the laminar viscosity and diffusivityxAe 

of the fluid. The similarity of expressions (2.2-11) and (2.2-12) 

with those presented in Appendix I, it is hoped, will be readily 

appreciated by the reader. 

Turbulent flows  

For turbulent flows, the expressions for Tij andc1 are 3 
given by (see Bird et al, 1960): 

	

By. 	by. 
T. := 	+ 	+ p V!)./1 
13 	6x. 	X. 	1 3 

	

3 	1 

(2.2-13) 

• 

*Not even the one suggested by Gosman et al (1969), for the 'geometric 

coefficients' for the system Cr', z', 0') cannot be defined. 
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0 

and 	"q.....rarnx.+p VAT' 	(2.2-14) 

Where p V1V1
3 
 are the turbulent stresses (or Reynolds stresses), and 

p V1T' are the turbulent heat fluxes. Their appropriate forms in 

the(r', z', 0') system are, presented in Appendix I. 

In principle, the values of p V!V13 
 and p VAT' can be obtained 

by solving differential equations which approximately describe their 

behaviour in a turbulent flow. However, the associated problems 

are quite formidable and not enough research has yet been carried 

out to justify their use in a prediction procedure primarily devised 

for a designer in industry. 

represent 

approach, 

suggests, 

of p V1V1 3_ 3 
equations 

Chapter 4. 

The two approaches adopted in the present thesis, to 

p V!V1 are referred to as the 'effective viscosity' 
a. 3 

and the 'algebraic stress model' approach. As its name 

the second approach is essentially concerned with modelling 

by algebraic expressions which are derived from differential 

for VIVI. We shall deal with this matter in detail in 
1 3 

The first approach is quite widely used by researchers 

interested in predicting turbulent flows. It postulates the 

existence of effective exchange coefficients analogous to II and r 

in the case of laminar flows (see equations 2.2-11 and 2.2-12). 

Thus, for turbulent flows: 

4 

 

by. by. 
( 1  + 	+ 2- k 5 

Tij = "-Ileffbx.bx. 	3 	ij 

 

and qj = - reff T/bx. 

where, k is the kinetic energy of turbulence; 

5ii  is the Kronecker delta*; 

lUeff = 	/Uturb; 
	

(2.2-17) 

and 	r
eff =  r rturb. 
	 (2.2-18) 

The subscript 'turb' signifies the turbulent part of the effective 

values. 

• 5.. 
3 	

.1 for i = j, 
1 

13 = 0 for i j. -  
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Further we can postulate that: 

r 	f/pr 
eff ef eff,T 

(2.2-19) 

it 

• 

where Preff,T
is the effective Prandtl number. Experimental 

evidence (see Spalding, 1964) suggests that its value is about 0.9. 

Thus, the unkowns Tii  and.are replaced by the unknown 

peff; in chapter 4, we shall discuss the method adopted for its 

determination: For the time being, we assume that peff is knowable. 

Closure  

The similarity of equations (2.2-11) and (2.2-12) with 

equations (2,2-15) and (2.2-16) is obvious. In the discussion to 

follow, therefore, we shall use equations (2.2-15) and (2.2-16) to 

represent the diffusion fluxes, with a reminder that when laminar 

flow is considered, !Jeff  and PreffT 
are to be replaced by the 

respective laminar values: the laminar viscosity p and the laminar 

Prandtl number Pr. Also we will no longer make use of the tensor 

notation; but revert to the use of the rotating coordinate system 

(r', z', 0'). 

2.25 Introduction of vorticity and stream function  

Substituting the expressions for the T'S and q's (which 

are given in Appendix I) in equations (2.2-5) to (2.2-8) then, we 

have a set of equations which need to be solved. The unknowns 

of the equations, at this stage, are the three velocity components 

(Vr, 
V
z 

and V8)
, 
the temperature_(T), and the variable pressure (Po

). 

For the first four variables we possess enough equations to obtain 

their distributions; for pressure Po, we possess none. Of course, 

we can derive an equation for Po  (see Caretto et al, 1971); but 

the solution of this equation poses certain difficulties. 

Following Gosman et al (1969), we shall introduce the axial 

vorticity w, so that the pressure terms in equations (2.2-6) and 

(2.2-7) can be eliminated; and the information contained in the two 

z 
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equations can'be described by a single equation for w, where w is 

defined as: 

b(r1 V 
- J. 	 19  = —r, 1.60 r 

  
(2.2-20) 

• 

The process of arriving at the vorticity equation is as follows: 

differentiate equation (2.2-6) with respect to r', and equation 

(2.2-7) with respect to 0', and subtract the first from the second. 

Using the definition (2.2-20), the resulting expression can be trans-

formed into the required vorticity equation. It is as follows: 

The vorticity equation  

VO 	aW p Tyr 	+ 	+ Yz) 

2 
) a 	((/1 tiff 

( r' à,31- ,(Peff.w)) 4- (12 	1E2' ae, 	"' r,2 H2  

n 1 
6Vz b(r'V) z 

617
0 

(-1 	r' 	+ 
St  H r 	6r1 	a 	b at  (2.2-21) 

where 

2 	' ?ye 	Ve  

	

, 	f, 	 r )1 Sw 	
{}Jeff (6r' - 	

N 
- 	

- 
6rI 

(
sPeff be'  r' 	2 eff 6r' 	r 

be t  
2 a Peff • 	a2 	

by 
- 2 ---s-'-- (V0 

ar' 
 --) + 6r, e, (peff Te 

ar'2 

	

	
) + 

(V 
• 

6 	a r/r') 	e 	1 bV, 2Vr  
' 60, {-tiff 	dr, 	J 

+ 
br'60' {}Jeff r' a0' 	r 

)3 

	

2 by 	2 	aV ' 

• 1-1 f
be' 

 2 (teff drt
z) 	

dr' bOt (}Jeff 	
z)

3 	(2.2-22) 

We still have not removed the appearance of Po  from 

equation (2.2-5) for axial momentum, although, it is easily seen that 

the term aP0/0' can be found from equation (2.2-6). 

Following Gosman et al (1969) again, we shall now introduce 

a stream function t, which is defined thus: 

6r , - p (V, + //
H, 
 V z) 
	

(2.2-23) 
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and • 	
b
t 	p r' Vr e'  

(2.2-24).  

These definitions, along with the definition of vorticity 

w (equation 2.2-20), can be manipulated so that, the statement of mass 

conservation,• as expressed. by the continuity equation (2.2-4), is 

implicitly satisfied. The result of this manipulation is generally 

termed the stream function equation. 

The Stream-function equation  

• 2 	b(V r
,2) 

' I — (r' 	3 P fw - 	 3 - 0 (2.2-25) 
r 	

b 	
br') 
	1 	111 

r,2 	Hr ' 	ar' 

Thus, by introducing w and 41, we have redefined the 

mathematical statement of the problem with the following advantages: 

1. Since the stream function equation satisfies mass - 

conservation, no explicit recourse to the continuity equation is 

necessary. 

2. The introduction of vorticity has replaced the two 

equations, (2.2-6) and (2.2-7), by a single equation for w; at the 

same time, partial elimination of pressure Po  has also been achieved. 

The equations, which now need to be solved are: equation 

(2.2-25) for ill  equation (2.2-21) for w, equation (2.2-5) for axial 

velocity Vz, and equation (2.2-8) for temperature T. Following 

Gosman et al (1969), we shall represent these equations in a general 

• form. 

2.26 Generalised representation of the equations  

V
0 The terms 	+ V ) and V appear as multipliers on the 
r' H z 	r  

left hand side of the equations for w, Vz  and T. These terms can 

be replaced by using the definition of stream function *. This 

done, we can represent the equations for t!/, w, Vz  and T by a general 

equation for any dependent variable 0. This general equation is as 

follows: 
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a [ A- (0 	) - 	(0 3i )3 - aet 	art 	art 	ae' 
Convection terms,  

_ a (c 0)- a {b2 a(' °)} be" 	b01 	ar' 	ar' 
Diffusion terms 

+ d = 0 
source • 
terms 

(2.2-26) 

Where expressions for a, b1, b2, c and d for each dependent variable 

0 are given in table 2.1. 

Table 2.1  

Functions a, Id, b2, c, and d  

a b1 b2 c 

0 1/pr' r'/p 1 ,rn 1 	
6(1/zr

,2) 

LH r' 	
-(0) 

	

1 	n2  r' 

	

(— 	) + r' 

peff r' 
2 

/left 

1 

d
w  

r6F 	n 6Pol  — 

	

r' 	2 	H 	 

1 	n r' 
u, 	( 	+ 	) -eff r' 	H2 

	

r' 1— 	+ 	I 

	

asz' 	H bO' 

2 re 1 	.reff,T (7, 4-7) reff,T r' 	1 	-r' V 3-T- 
z bz' 

1 n 

where reffIT = P
ef
f/Preff,T.  ' 

and d 	//ri cf-a 	) -2a°'3- (V r'2)3- 
w H be' r' 	H ar' z 

adz 	711 c 
6r' Lar'601 	H 	be"' -w 

where S is given by equation (2.2-22). 

Such a generalised representation of the equations will allow 

us to concentrate on equation (2.2-26), when we discuss the numerical 

solution of the equations in chapter 3. 
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2.27 Discussion of the equation set  

The purpose of this section is to enumerate important 

features of the set of equations just described. We shall 

physically interpret some of the terms in the equations which carry a 

special meaning. 

• The axial velocity equation  

The-source term of the axial velocity equation is written 

in table 2.1 as: 

6Pn  
dv 	r' 	+ 17, Tet}  ( 2.2-27) 

Here the bar over P, it will be recalled, signifies mean pressure 

over the cross-section; consequently, bP/az' is invariant over the 

cross-section, and in fully-developed flow, it is a constant. It 

is aF/bz' which is equal to iP/L used in the definition of friction 

factor f (see equation 1.3-1). 

Physically, the term fr bPo/b01  has the following meaning: 

In a tube without a twisted tape, the axial pressure gradient 

62/bz' would be balanced by the axial tube-wall shear stress. 

Introduction of the twisted tape, not only induces additional surface 

shear stresses, but also axial normal stresses in the fluid. These 

normal stresses are due to the pressure field associated with the 

shear stress at the tape surface. This pressure field is assymetric 

about the tube axis, and balances the wall shear stresses in the 

cross-stream directions induced by the swirl component of the 

velocity. In other words, the pressure field contributes to the 

conservation of angular momentum. The term 6P0/W, which arises 

out of the transformation (2.2-10) is therefore not suprising. The 

multiplier n/H signifies the axial component of the pressure force 

induced by the tape. 

Experimentally, Back shall (1967) has estimated the mean 

value of H — 	/0' over the cross-section; for a significantly 
o 

tight twist of y (=H/D) = 3.08, the mean value was found to be 
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• 

approximately 14 per cent of P7°/az'. For tighter twists, the 

contribution of 21  6P /e' must be expected to be even greater. H o 

Definition of stream function  

The usual definition of * in a cylindrical polar coordinate 

system is: 

t E j p (V0  dr' - Vr r' de') 
	

(2.2-28) 

The definition of * adopted here (see equations 2.2-23 and 

2.2-24) can be written as: 

t E Sp,[(V0  + 71'  Vz) dr' - Vr  r' de' 3 	(2.2-29) 

The latter definition is more attractive than the former; for, it 

enables representation of the convective terms for the variables 

w, Vz  and T exactly, in terms of *. If the former definition was 
a0 
' used, then terms such as H  --V

z be , where 0 stands for Vz
, T or w, 

would have to be treated as sources (i.e. d terms) of 0. From the 

point of view of the numerical solution of the equations, this state 

of affairs is less desirable. The mathematical implications of this 

explanation will become more clear in chapter 3. 

The physical implication of the definition (2.2-29) is that 

the predicted lines of constant stream function will not represent 

'stream lines' in the normal sense of the word. By this, it is meant 

that the lines of constant stream function, even when they are 

closed, do not represent 'recirculation' in the plane of cross-section. 

Vorticity source terms  

For the purpose of the present section, we shall write, 

unlike in Table 2.1, the source terms of vorticity equations in 

terms of velocities. Thus, 

V (r'Ve
) 	bV 

21.1 	
apr,  

	

z 	 z 	0, + sw  
w 	H r be' 	' 	bri bO' 

3  (2.2-30) 
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where S
w 
is given by equation (2.2-22). 

The first part of the vorticity source term clearly indicates 

the effect of the twist of the tape. This effect can be explained 

as follows: Although the distribution of axial velocity over success-

ive semi-circular cross-sections of a tube containing a twisted tape 

is identical in fully-developed flow, the orientation of these 

successive cross-sections with respect to an axis parallel to the axis 

of the tube is different. On any such parallel axis, therefore, the 

axial velocity will change in magnitude from cross-section to cross- 

, 

,  

section. This also entails that the cross-sectional area of the 

stream tubes in the axial direction may increase or decrease as the 

fluid moves axially. The principle of angular momentum requires 

that this change in area should be accompanied by a change in the rate 

of 'spin' of the fluid, i.e. the axial vorticity. In other words, 

apart from the convective and diffusive transport of w, the 

transport equation for w must contain source terms which are associ-

ated with the finite acceleration (or inertia) of the fluid in the 

axial direction. 

The second part of the vorticity source terms S , will be 

hereafter neglected for two reasons: firstly to reduce the mathematical 

complexity of the equation, and secondly because the use of the 

effective viscosity approach is not quite precise. We shall refer 

to this second reason again, in chapter 4. 

2.28 Boundary conditions- 

The set of equations defined by equation (2.2-26) cannot be 

solved unless the conditions of the variables 0 are specified on the 

boundaries. The boundaries of interest are: the tube wall surface 

and the twisted-tape surface at any semi-circular cross-section. 

We shall defer the mathematical description of the boundary conditions 

for laminar flow to chapter 3, and that for turbulent flow to chapter 4, 

since the two cases are treated differently, and the material necess-

ary to understand them has not been covered yet. 

• 

We shall now define the second problem which deals with 
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developing flow in a tube containing a twisted tape. 

2.3 

	

	The problem of developing flow  

2.31" The basic considerations  

In developing, as distinct from fully-developed, flow, 

there is a change in the pattern of the.flow at successive cross-

sections along the axis of the tube. The twisted-tape creates two 

twisting channels of semi-circular cross-section inside the circular 

• tube. If the flow conditions at entry to the tube were identical 

with respect to the two semi -circular cross-sections, then the 

development characteristics of the flow in the two semi-circular 

channels will also be identical,-assuming, of course, that there is 

no gap between the tube and the tape wall. We shall assume that 

such conditions exist, and concentrate our attention on one of the 

two semi-circular channels. 

Our objective then is to derive a set of transport equations 

to describe the development of flow in a twisting semi-circular duct. 

The only coordinate system convenient for describing the flow is the 

rotating coordinate system (r', z', 0') introduced in section 2.22. 

Again the starting point in the derivation of the necessary equations, 

is the well known set of transport equations in the (r, z, 0) system. 

These equations are transformed to the (r', z', 0') system according 

to equations (2.2-2). The resulting equations contain terms which 

represent diffusive fluxes of momentum and heat, i.e. terms contain- 
• 	ing ti's and q's. 	(The reader is reminded that the expressions for 

T's and q's are given in Appendix I). To describe laminar and tur-

bulent flow by essentially the same set of equations, we use the 

effective viscosity approach (i.e. equations 2.2-15 and 2.216) to 

represent the diffusive fluxes. However, the algebraic stress 

model may also be used (see section 2.2-4 and chapter 4). 

The steps, in the derivation of the required equations, so 

far enumerated, are identical to those adopted in the derivation of 

the fully-developed flow equations. The essential conditions, which 

we specified then, were that the axial gradients (i.e. 6/bz' terms) 
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of all dependent variables should be zero (see equation 2.2-3), and 

that bP/bz' and br/bz' should be constants. In the case of 

developing flow, none of these conditions is satisfied: the axi al vekocils  

gradients are finite due to the change in the flow behaviour in the 

axial direction. The dependent variables are thus function of r' 

e' and z', and the equations are three-dimensional. These 

equations are presented in the next sub-section. 
• 

2.32 The transport equations  

Here the complete three-dimensional continuity, momentum 

and temperature equations are presented for the twisted-tape problem. 

For mathematical convenience, we shall replace Vr  and V0  by gr  and 

g0, where the latter ar defined as: 

and 

g
r 

r' V 
 

g0 	r' V0  
0 

Continuity equation  
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Axial momentum equation  

av2  
1 a ,f( g0  41 v z  ) v z  3 + ---- ] P C 	, ( g  v ) + 	.1..0  

	

r' u,' r z 	,2 '-' r
1 	 az,

z 

R ip  {a  ,+ 
	

1 
— --- + 

	

	 •—• I  - 	 3— 
H bec)I — tr  

	

' 	' br' (r ' T z
) + 1  r / r' b0' (T  0,z) + 

 

4-
H  b0' 

(T 	) 	
b z' (Tz z )3 	(2.3-4) , 

Tangential momentum equation  

.1 ,2 
p C— — 	g ) 	— 	 V ) g03 + —a (g V )] 1 	 nr 

r'br' (g  r 0 r 2 be' 
t(g 	

H 0 	z0bz'Oz 

6Po 	f  1 	b ( 2 	1 	T0,0 	n 6 T O , z  
BO' — r'2 brir* 	

/ 
Tr,0) r' be' H be' 

-______ 

z 
(2.3-5) 
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Radial momentum equation  

bg
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(2.3-6) 

Temperature equation  

1  a(gT) 	 am vz) ] _ 1  b 17 
nr,2 

4 	p [r, 	ar, 	+ 	2  .60, i,g0  + H  Vz) T3 + 	az, r' 
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r Br' 	r 	r' BO' 	H BO' 	az' (2.3-7) 

The above set of equation are three-dimensional and elliptic 

in nature. Solution of such elliptic equations is quite a formidable 

task, although a procedure to solve such equations has been developed 

at Imperial College (Caretto et al, 1972). Under certain 

justifiable assumptions, however, we can reduce these elliptic 

equations to three-dimensional parabolic form. These assumptions are 

called the 'parabolic assumptions'. 

2.33 The parabolic assumptions  

Under the parabolic conditions, the flow is assumed to be 

predominantly in the z' direction, such that there is no axial 

recirculation in the flow. Consequently, the diffusive fluxes in 

z' direction are omitted. Thus, 

aPT 	ar z 	aT Z z 	r 
- 	 - 	 z - az' 	az' 	az' 	az' 

0 	(2.3-8) 

A second assumption which is not mathematically necessary, 

but physically consitstent with the condition (2.3-8), is that terms 

such as 2. -I 	BV /Bz1) and .1i 	eff r (11 	BV/az'), which arise via 
H bO' eff 0 

terms I 	z /60' and H 	z d 	aT 	/ac', can be assumed to be small; and 
, H 0 	r  

can therefore be neglected. 

The third parabolic assumption is that the axial pressure 
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gradient at any cross-section is independent of r' and 0'. This 

assumption was introduced in section 2.23. 

In essence, the parabolic assumptions imply that the flow 

behaviour at any cross-section of the semi-circular channel is 

influenced entirely by the flow conditions upstream of the cross - 

section; the flow conditions at the downstream section have no effect 

on its behaviour. As long as there is no axial recirculation, and 

as long as the value of the mean pressure gradient P/Zz' greatly 

exceeds the values of cross-stream pressure gradients bPo/a0' and 

BP0/ar', the downstream influences will remain small. 

Assuming, therefore, that the parabolic assumptions are 

valid, we can now present the equations to be solved. 

2.34 Equations to be solved  

Along with the parabolic assumptions, the set of equations 

(2.3-3) to (2.3-7) can be solved only if an equation for pressure Po 
is solved. Here, however, we shall introduce axial vorticity w (see 

equation 2.2-20), so that an equation for Po  is not necessary. That 

both the pressure-velocity set.and the vorticity velocity sets are 

solvable sets of equations is shown by Caretto et al (1971). Both 

sets have been solved by Curr et al (1971) to predict three-dimensional 

parabolic flows; the conclusion of Curr et al was that both methods 

are equally accurate, and are equally convenient to use. 

Recent developments (Caretto et al, 1972) have revealed, 

however, that the pressure-velocity set is more attractive than the 

velocity-vorticity set, as the extension of the former to solve three-

dimensional elliptic equations is much more appropriate. In this 

respect, the use of the velocity--Vorticity set method to solve the 

equations of developing twisted-tape flow must be considered to be a 

less progressive approach. This method, however, is used here, as 

an extension of the use of vorticity in the case of equations of 

fully-developed twisted-tape flow. 

Thus, we shall write an equation for w so that the informa-

tion contained in equations (2.3-5) and (2.3-6) under the parabolic 
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assumptions can be represented by a single equation for W. The 

resulting parabolic equation is asfollows: 

Vorticity equation  

n  Fly 	(, w) 	a 	x v2 	a(w v ) 
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(2.3-9) 

where S is a term similar to equation (2.2-22), but with an even 

greater number of terms. For reasons explained in section 2,27, 

this term will be neglected hereafter. 

Thus, by writing the vorticity equation, explicit use is 

not made of the equations of radial and tangential momentum. This 

leaves us to determine the distributions of cross-stream velocities 

go  and gr  by other means. 

In the case of fully-developed flow, we introduced the stream 

function ic  to obtain distributions of cross-stream velocities. In 

three-dimensional flows, however, the cross-stream velocity components 

are not bound together by the existence of a scalar stream function. 

In other words, the stream function * cannot be defined for such 

flows. The cross-stream velocities are therefore acquired via the 

continuity equation and the definition of vorticity. When the 

continuity equation is rewritten in terms of derivatives of vorticity 

w, the following Poisson equations for g0 
 and gr can be written: 

The g0  equation  

1 ( age)+ a2g 

	

01 	a(w r,2)
2V  
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(2.3-10) 

4 
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Thq gr  equation  

2 
a L__ (r,agr)  4 .  1 	gr -
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lar' 	ar, 	
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r' 	2 	 be' 

(2.3-11) 

Thus the equations to be solved are: Equation (2.3-4) for axial 

velocity Vz, equation (2.3-9) for vorticity w, equation (2.3-10) 

for go, equation (2.3-11) for gr, and equation (2.3-7) for 

temperature. - It must be remembered that the equations for Vz  and T, 

as given by (2.3-4) and (2.3-7), are elliptic, and parabolic conditions 

are to be applied. All the equations can be presented in a general 

form: This is done in the next sub-section. 

2.35 Generalised representation of the equations  

The equations to be solved can be summarised by a single 

equation of the form: 

,2 
a [62r ' ( gr 	r' 601  0) + 	(( g0 

	H + 	Vz) 	az'  03 + r' 	(0 z)] - 

convection terms 

a 	 cc  o) c 	o)  ac 	a 	a  ae, (bi 	+ 	[1)2  6r  3] + d 	0 

Diffusion terms 	source 
terms 

(2.3-12) 

where 0 is a general variable representative of Vz, w, go, gr  or T. 

The expressions for a, bl, b2, c, and d for each variable 0 are given 

in Table 2.2. 
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Table 2.2  

Functions of a, b1, b2, c, and d  

0 a b1 b2 c d 
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and the d4 p terms serve as a reminder that when the density of the 

fluid varies, its variations are to be treated as sources of the 

respective 0. The S terms, which represent second derivatives of 

peff, are neglected. 

2:36 Closure  

Thus the problems of fully-developed and developing twisted-

tape flows have been formulated in terms of transport equations of 

momentum and heat transfer. The equations are applicable to both 

laminar and turbulent flows. 
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In the next chapter, the finite difference numerical 

procedures to solve these equations are described. 

• 
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Chapter 3.  

METHODS OF SOLUTION 

	

3.1 	Introduction  

In chapter 2, differential equations which describe 

momentum and heat transfer in fully-developed and developing 

flow in a tube containing a twisted tape were presented. .  

Information useful to the designer can be derived from them 

when they are solved. The aim of present chapter is to 

describe the two numerical procedures used to solve these two 

sets of equations. 

The equations for both the fully-developed, and the 

developing, flow problems are coupled and non-linear in nature. 

This fact disqualifies them from analytical solutions. One 

therefore has to turn to finite-difference methods. to solve 

these equations. The essence of any finite difference method 

is the conversion of the partial differential equations into a 

set of algebraic equations (or finite-difference equations) 

which can be solved on a computer. 

In section 3.2, we shaiLdescribe the numerical pro-

cedure for the fully-developed flow problem; the procedure for 

the developing flow problem will be described in section 3.3 

In these sections we shall also present the boundary conditions 

for the respective problems. 

	

3.2 	Solution procedure: Fully developed flow 

3.21 	Finite-difference equations and their solution. 

We shall derive the finite difference equations by 

referring to equation (2.2-26). The technique adopted to obtain 

the finite difference equations from this general partial 

differential equation is described in detail by Gosman et.al 

(1969), hence only its main features will be described here. 

• 
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The first requirement of the finite difference technique 

is the specification of orthogonal grid lines over the flow field 

of interest. As shown in figure 3.2-1, we choose radial and 

concentric lines (hereafter referred as grid lines) for the semi-

circular cross-section; the spacing between the grid lines need 

not be uniform. The points of intersection of the grid lines are 

referred to as the grid nodes. 

Let P denote a typical grid node, with nodes E,N,S,W 

and NE, NW, SW and SE surrounding it (see figure 3.2-2). Let 

us now restrict our attention to the domain (or cell)surrounding 

P, which is bounded by the dotted lines. The finite difference 

equation, which we seek, is derived by integrating the partial 

differential equation (2.2-26) over the cell area. 

The method of integration adopted by Gosman et.al. 

is different for convection, diffusion and source.terms. The 

integral of convection terms is evaluated in an "upwind-difference" 

form, in which a finite contribution of convection is accounted 

for only in respect of those cell boundaries across which there 

is a positive rate of flow into the cell. This finite difference 

scheme for convection terms is not only appropriate physically, 

but enables convergence to be obtained over a wide range of con-

ditions in which convection effects are significantly important. 

Thus, this scheme.  has removed a defect of conventional "central 

difference" schemes*. 

The integrals of the diffusion terms of equation (2.2-26) 

are evaluated in central difference form; whereas the source term 

d is assumed to be uniform over the cell area, and takes the value 

prevailing at P. 

The finite difference forms of the convection, diffusion 

and source terms are derived by assuming that the variables 0 

vary linearly between the adjacent grid nodes in both r' and 0' 

directions. 

* For further details see Runchal (1969) 
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After completing the integration-over-the-cell analysis•, 

the regrouping of the terms yields the following finite difference 

equations: 

Op CNON  + CS
O
S 
+ CEOE 

+ C
W0W 

+ S, 	 , (3.2-1) 

where the C's are the coefficients which usually depend on 

the variables 0's, and depending on the influence of convective 

and diffusivd fluxes, determine how heavily the neighbouring 

values of 0 should weigh in the determinations of 0p; the effects 

of sources of.0 are contained in the term S. 

There is one such equation for each 0 at every "interior" 

node of the grid, so that integration of equation (2.2-26) over 

the domain defined by 0 < r* < 1, and 0 < 0' <TT is ensured. 

This means that the equations are not integrated in the region 

close to the boundaries; at the boundaries, therefore, conditions 

of C6 must be specified. 

With conditions prescribed on the boundary nodes, there 

will be as many equations as there are unknowns. The set of 

algebraic equations given by (3.2-1), therefore, is a solvable set. 

The solution of this set will, however, require an iterative 

procedure because the C's and S depend on the 0's. Gosman et.al 

adopt the Gauss-Seidel iteration procedure which incorporates the 

successive substitution formula. This iteration scheme, starting 

from an initial guess for values of all 0's, is repeated until the 

changes in the values of respective 0's are acceptably small. 

The solution is then said to be,converged. 

For the twisted-tape flow equations, this standard 

iteration procedure does not always produce convergence. The 

reasons for this are that the equations for t, w, and vz 
are strongly 

interlinked or coupled, and therefore the finite difference equation 

see Appendix II for details. 
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(3.2-1) for any one of them (especially equations for t and w) is 

extremely sensitive to changes in the value of 1r, w, and vz  between 

successive iterative cycles. Thus, if the changes in the values 

0 are not effectively controlled (as they are not in the standard 

procedure), the solution of the set of equations (3.2-1) might 

become unstable. Procedures which avoid occurence of instability 
• 	 are discussed in section 3.2-3, in greater detail. 

Apart from convergence and stability, accuracy is 

another matter which must be considered when finite difference 

numerical procedures are employed for the solution of differen-

tial equations. The discussion of this aspect is also deferred 

to section 3.2-3. First, we must consider the boundary 

conditions, as their precise formulation can also give rise to 

numerical instabilities. 

3.22 Boundary conditions. 

As mentioned in the previous section, boundary 

conditions are necessary to "close" the numerical problem. The 

equations for fully-developed.flow are two-dimensional and 

elliptic3 and conditions of the variables 0 must be specified on 

four boundaries of the domain of interest. These boundaries, 

with reference to figure 3.2-1, are: AB(O'=O), BEC (r,*=1), 

CD (0,=u), and DA (r11%-.0). The boundary DA is essentially the 

centre point of the twisted tape; here it is treated as a boundary 

• 	of zero radius. 

In the subsequent discussion, boundary conditions 

appropriate to laminar flow are described since these conditions 

were found to have special relevance to numerical aspects leading 

to instability. For turbulent flow, the boundary conditions 

are prescribed differently; these are discussed in chapter 4. 

Each boundary of the domain of interest represents a 

solid wall; the velocity vz  is therefore zero on all boundaries, 

and the stream function t assumes a constant value: $ was assigned 
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the value zero in the present calculations. The values of (0 and 

T, however, require further consideration. 

Vorticity boundary condition 

• 
	 Vorticity is defined in terms of the gradients of the 

cross-stream velocities, but the distribution of these velocities 

in the near-wall region is unknown. The boundary conditions for 

vorticity can however be obtained from the "no-slip" condition, 

and from the assumptions regarding the profiles of the velocity 

components in the near wall region, the derivation of the 

vorticity boundary conditions can be found in Appendix III; here 

it will suffice to note the general form of the boundary conditions 

appropriate to the four boundaries.-  It is as follows: 

• 

mio = g1 ( *o - no 
  ) + g2 no 

+ g
3 
v
z,no 	, (3.2-2) 

pn2 

where subsCripts o and no refer to the boundary node and to the 

adjacent interior one respectively; and n denotes the distance 

between the two nodes (see figure 3.2-1 for illustration). The 

expressions for g1, g2  and g3  are tabulated in Table 3.1. 

Table 3.1 

Boundary g1  . 	g2 g3 

AB 	& 
CD 3 - i 0 

B E C 6 (3n - 2r0) -2 (n - ro) - u (3r0 - 2n) (3n - 2r 0) 

(5n - 4ro) (5n - 4r
o) 

H n (5n - 4r
o
) 

A D 36 -4 n 12 

1 
5 5  H 5 
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In the above table, note that g3  is finite only for 

curved boundaries BEC and AD. This is because of the appearance 

of V in the definition of the radial gradient of ' (equation 

2.2-23). A-special remark regarding the vorticity boundary 

condition on the boundary DA is necessary: the boundary rep- 

resents a collection of grid nodes at the centre point. The 
• 

boundary vorticity is calculated at the grid node which 

corresponds to a radial grid line normal to the twisted tape 

surface. Subsequently, the same value is assigned to the other 

grid nodes at the centre point to serve as boundary conditions. 

Temperature boundary conditions  

We shall assume that the heat flux Q is uniform along 

the length of the tube. We further make a local assumption that 

the temperature on the tube wall BEC is maintained at a uniform 

value. The temperature on the tape surface, i.e. the boundaries 

AB, CD, and DA, is unknown. We may determine this temperature 

by solving a one-dimensional heat conduction equation along the 

width of the tape. We shall present here the result of the 

analysis which is described in Appendix III. The analysis gives 

rise to a quadratic expression for the tape surface temperature 

To, say; this expression is: 

I 

F 4a= 4- fin  
..). b = F4 	 C T

o,E, 
T
o,W, 

T
b, 

Tno, 	fin 
c = F4- To,E1  To, W,Tno, 

C 
 fin 	;  

(3.2-3) 

and Tod  and T refer to temperatures at the adjacent nodes on 

the tape surface on either side of To  ; Tno  is the temperature at 

theinteriornodeadjacenttoTo ;andCfin  
is the fin parameter, 

defined as: 

C
fin 

K
m 	

(3.2-4) 

K
f 

D 

Cfin := o signifies that the tape is non conducting, and Cfin .00 

signifies a perfectly conducting tape, i.e. tape at the same 
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temperature as the tube wall. Thus we have provided a means for 

accounting for the fin action of the tape. 

3.23 Some properties of the numerical procedure  

Stability . 

In an iterative procedure, if the changes in the values 

of the variables between successive iteration cycles diminish 

monotonically,-the procedure is stable. In the equations for 

'twisted-tape flow, such was the case when the Reynolds number 

and the twist of the tape were small. 

In other circumstances, however, numerical instabilities 

were encountered. They arose mainly from the following two causes: 

1. the vorticity boundary condition*; 

2. the linkage between the stream function and vorticity 

equations. 

The first cause is associated with the distance of the 

first grid line from the wall, or simply the value of n (see 

equation 3.2-2) in the expression for the vorticity boundary 

condition. The wall vorticity w
o 
is dependent on the near-wall 

vorticity no and the stream function tno
. When n is small 

changes in wno  and *no  from one iteration to the next are magnified 

by associated changes in wo; hence instability occurs. Such an 

instability can be removed in two ways: one way is to calculate 

the wall vorticity, wo, only intermittently, instead of at every 

ieration. Such pauses allow the near-wall stream function$
no  to 

settle down in accordance with the vorticity on the wall. The 

second, and more reliable way is to convert the explicit formulation 

of the vorticity boundary condition (3.2-2) into an implicit one. 

How this is done is described in Appendix IV. 

The second cause of instability is associated with 

*This cause is associated with the boundary conditions for laminar 

flow only. 
+In the present computations n was small when n/ro  < 1/15. 
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computations at very high Reynolds numbers and high twists of 

the tape, when the source of vorticity (see Table 2.1) becomes 

very large. Under these conditions a given flow perturbation 

(i.e. perturbations in Ili and v
z) produces a large change in w 

(see equation 3.2-1). This change in w causes the stream 

function to be altered greatly, since wp  appears in the source 

term of the stream function equation. This greatly altered 
• 

stream function distribution perturbs the flow further. Clearly, 

the computation scheme can become unstable, although the physical 

flow situation is a stable one. Gosman and Spalding (1970) sug-

gested an iterative procedure to cure such an instability; the 

procedure was called the 'Multipoint circulation adjustment' 

(MPCA) procedure. The application of the procedure to twisted-

tape flow equations is described in detail in Appendix IV; here, 

only its principal features are summarised. 

The procedure simultaneously adjusts the value of vor-

ticity wp  and its four neighbours wi, i = N, E, S, W , and 

subsequently the stream function lip, in a single sweep of the 

field of computation. The constraints on these adjustments are: 

(a) that the imbalance in equation (3.2-1) for vorticity 

is reduced to zero; 

(b) that the 'circulation principle' for the cells 

represented by P, N, S, E and W is satisfied. 

The circulation principle requires that 

w . dA = § V . ds 	 (3.2-5) 

where A is the area of the cell, V is the velocity 

along the boundaries of the cell, and ds is the 

incremental length along these boundaries. 

The MPCA procedure produced convergence for all values 

of Reynolds numbers and twist ratios; but at a very slow rate. 
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Convergence  

The finite difference equations (3.2-1) fail to converge, 

or converge slowly, under two conditions: 

When the sum of the moduli of the C's is greater than 1, 

When the variations in the value of S between successive 

interations are large. 

The first condition is always avoided in the solution 

procedure (see Gosman et al), unless some other modifications are 

necessary to avoid the second condition. For example to reduce 

the variations in the values'of S, it may be expressed, if possible, 

as 

S= S
1 
O
P 

+ S
2 

so that the equation (3.2-1) can be written as:-  

(3.2-6) 

C. O. + S 
i.N,E,S,W C1 1 	2 

Op 	 • 	(3.2-7) 

The new equation may fail to avoid the first condition, since the 

sum of effective C'
s may be greater than unity if S1 

is large and 

positive. In the present computations, such a situation arose in 

the vorticity equation. 

The source term of vorticity equation is given in Table 

2.1. Originally, it was written thus: 

pr'7t aVz 	
r''T 1 	

a2*  av 	av 02*  
per' 6vz )i.  

d 	w 
H 60' 	H 	r'2 a0' 0 2 	2 , 0' 	ar' arla0' 	H ap - 

(3.2-8) 

so that it was equivalent to equation (3.2-6) 

Consequently when equation (3.2-7) was used for the vorticity 

equation, the sum of the moduli of the effective C'
s was found to be 

+ Equation (3.2-8) can be derived by manipulating the vorticity 

source term in Table 2.1, via the stream function equation. 

1 - S1 
 

• 



• 71 

greater than unity at certain grid nodes. This resulted in a slow 

rate of convergence, and, in some cases, it led to divergence of 

the iterative procedure. Hence, the source terms as presented in 

Table 2.1 were used. It was expected that such large source terms 

might produce large variations of S between successive iterations. 

Fortunately, such a situation did not arise in the present study, 

and under-relaxation of the source terms was not necessary at least 

for laminar flows. 

The computations of turbulent flow were also affected by 

lack of convergence; however, since we have not yet dealt with the 

procedure for calculating 
peff' 

measures taken to achieve conver-

gence cannot be described yet; this matter is therefore deferred to 

chapter 5. 

Accuracy  

The serious obstacle to accuracy in the finite-difference 

numerical procedures arises due to what is termed as the discreti-

zation error (see Runchal, 1969). It is the consequence of solving 

the difference equations at a discrete number of points in space, 

instead of solving the differential equations in a continuum. The 

only way to reduce the discretitation error is to compute the dif_ 

ference equations at a large number of grid nodes in the field. But 

this means that the computing time must increase. An optimum grid 

size must therefore be selected, so that sufficient accuracy is ob-

tained without the expense of excessive computing time. In chapter 

5, this optimum grid size is specified for the flow problems computed, 
vIP 

and the computing time for each one of them is also recorded. 

We next turn to the solution procedure for the developing 

flow problem. 

3.3 . 	Solution procedure: developing flow  

3.31 Introduction  

The equations of developing flow are parabolic; con-

sequently, the flow conditions at any cross-section are influenced 

only by conditions at the cross-sectioh immediately upstream of it. 

It is thus possible to write down finite difference equations at 
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a cross-section in a manner similar to that described in section 

3.21, with the proviso that the axial gradient terms are to be 

evaluated at a midway point between the cross-section in question, 

and the one upstream of it. We are therefore able to write a 

finite difference equation of the following form: 

0p
d 

= CN 0N
d 

CS  0 S 	E 
BEd 	

Cw  Ow
d 
 -t-Cu  0p11 4-S, (3.3-1) 

where superscript d refers to the cross-section in question, and u 

- refers to the upstream cross-section; CN, Cs, CE  and Cw  represent 

effects of convective and diffusive fluxes, whereas Cu  represents 

the upstream convective effects only. 	S represents the source of 

the variable O. 

Equation (3.3-1) can be solved, at a cross-section iter-

atively till its convergence is determined; one can then move to 

the next cross-section downstream. Thus, it is possible to march 

from section to section, until the desired length of the duct is 

covered. 

This then is the general plan for the computation of 

three dimensional parabolic equations; we shall now identify 

the specific details in which it differs from the solution pro-

cedure for two dimensional elliptic equations. 

3.32 	Finite difference equations  

Finite difference equation (3.3-1) is arrived at by 

integrating equation (2.3-12) over a cell area surrounding a grid 

node, where the finite difference approximations for the convective, 

diffusive, and source terms are the same as described earlier. 

In the stream function - vorticity (or 4r - w) procedure, 

all the variables 0 were defined at the same grid node, consequently, 

a single grid disposition was used for all the variables. In the 

vorticity-velocity (or w - V) procedure, following Caretto et al 

(1971) a single grid disposition is provided for each of the hydro-

dynamic variables O. This gives rise to a cluster of grids; one 

representative cluster is displayed in figure 3.3-1. . The advantages 
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of such a displaced* grid arrangement are: it allows the variables 

to be stored (in a computer) in locations which, in relation to 

other variables, are physically most representative; and secondly, 

it simplified the algebra of the difference equations considerably. 

Caretto- et al have demonstrated the use of the displaced grid to 

derive the finite difference equations; in Appendix VI, a typical 

result of the finite difference analysis for the Vz-equation is 

presented. 

	

3.33 	Boundary and initial conditions  

Again, at any cross-section, the boundaries of interest 

are similar to those described in section 3.23. The staggard 

grid cluster is disposed in such a way that the boundary nodes of 

the vorticity and temperature variables lie exactly on the boun-. 

daries of the domain, whereas those of the velocity variables fall 

outside these boundaries. 

For velocities, the boundary conditions are derived by 

using the no-slip condition at the wall; for vorticity, the boun-

dary condition is provided by the finite difference form of the 

definition of vorticity. The boundary condition for temperature 

is described in chapter 5. 

The marching calculation procedure can only begin if the 

distribution of the variables in the inlet section is specified. 

It is assumed that the inlet axial velocity profile is uniform 

over the cross-section, so that the cross-section velocities, and 

therefore vorticity, are zero in the inlet section. The temper-

ature of the fluid in the inlet section is assumed to be uniform. 

Finally the mean pressure Pu 
is specified; this was 

arbitrarily assigned a value of zero in the present work. 

	

3.34 	The marching procedure  

Once the boundary and inlet conditions are prescribed, 

we can begin to compute the flow distribution at a cross-section 

* Caretto et al (1971) refer to it as a 'staggered' grid 

arrangement. 
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immediately downstream of the inlet cross-section. The necessary 

steps are as follows: 

1. Guess a mean pressure Pd. 

2. Perform Gauss-Seidel iteration on equation (3.3-1) 

for variables g0, gr, Vz, w. 

3. Use the new distribution of dependent variables to 

correct the assumed pressure Pd  (the discussion of 

this is given in Appendix IV). 

4. Repeat steps 2 and 3 till the convergence is obtained. 

5. Determine whether the continuity equation (2.3-3) for 

each cell surrounding the grid nodes of the axial 

velocity, is satisfied. 	If not, repeat steps 3,•4 

and 5. 

6. Declare the solution to be satisfactory for the cross- 

section in question*. Consider the next downstream 

cross-section and repeat steps 1 to 6 by treating 

the values just computed as the upstream values. 

Thus, the solution procedure marches forward in the 

direction of the flow, until fully-developed flow is obtained. 

The solution procedure is essentially stable and con-

vergent. The only parameter, that was liable to upset the sta-

bility and convergence was the choice of the axial step size. 

We shall state the choices made in the present work, in chapter 

5. 

3.4 	Closure  

We have now described the two numerical procedures for 

solving the partial differential equations of the fully-developed 

and the, developing flow. The two essential aspects of these 

procedures are: 

• This is necessary to estimate the finite-difference form of the 

term aP/azt. Since 7 is known, we can now write aP/az' 	(P
d
-P
u
)Az'. 

u 
* If the heat transfer predictions are required, then solve 

the temperature equation by Gauss-Seidel iteration. 
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1. Conversion of the partial differential equations 

into finite difference equations; 

2. Solution of the finite difference equations on a 

computer. 

We have also considered other numerical aspects like 

stability,-convergence, and accuracy. 

That the numerical procedures are capable of predicting 

the required friction and heat transfer characteristics of the 

twisted tape flow is yet to be demonstrated. We shall do so in 

chapter 5, where the predicted characteristics of the flow are 

compared with experimental data, and, in some instances, with 

analytical solutions. 	However, the reader is reminded of the 

fact that we still have not described a procedure to determine 

effective viscosity (ieff), which is vital to the prediction of 

turbulent flow. Determination of peff  is the subject matter 

of the next chapter. In the context of the present chapter, it 

is of relevance to note that peff  is obtained by solving differ-

ential equations for two scalar properties of turbulence; and the 

numerical procedures described here are suitable for solving these 

equations. It is also of relevance to note that the two new 

equations also suffer from problems of instability and lack of 

convergence. However, these can be successfully overcome by some 

of the procedures already described in the present chapter; any 

new improvisations will be described in chapter 5. 

• 

a 
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Chapter 4  

MATHEMATICAL MODELS FOR TURBULENT FLOW  

	

4.1 	Introduction  

In chapter 2, we stated that the solution of turbulent flow 

equations requires information regarding the Reynolds stresses and 

turbulent heat fluxes. We proposed, in that chapter, two 

approaches to acquire this information: 

1. Effective viscosity approach; 

2. Algebraic stress model approach. 

The first purpose of the present chapter is to describe 

these approaches, and to discuss their applicability to the 

prediction of turbulent twisted-tape flow. 

The second purpose is to formulate a mathematical model 

for the flow region close to the tube and tape walls. The model is 

devised to provide the boundary conditions for the variables in 

turbulent flow. 

	

4.2 	The effective viscosity approach  

4.21 Background  

In a turbulent flow, away from the flow-region very close to 

the wall, the turbulent fluxes of momentum and heat greatly outweigh 

the viscous transport of the respective fluxes°. Therefore, the local 

value of peff  (or IIturb) 
 can be expected to depend only on the fluid 

density, and on the local effects of turbulence. A brief outline of 

the evolutionary route to model these local effects of turbulence is 

the content of the present sub-section. 

Researchers, concerned with the prediction of turbulent 

flows, have described p
eff 

by expressions which are variants of 

the following form: 

*This can be taken to mean that in equations (2.2-17) and (2.2-18) peff  

equal
suturb' 

 and reff  equals rturb • 
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eff = C 
p
VI 1 p 
	 (4.2-1) 

• 

where 

C is assumed to be a known constant, 

V' is representative of the fluctuating velocity, 

2 is the representative length scale of turbulence eddies, 

and p is the density of the fluid. 

The problem then is to determine the magnitudes of 2 and 

V', so that calculation of peff  is posSible. The first proposal 

in this respect was that of Prandtl (1925), who defined V' as the 

product of 2  and the local mean velocity gradient aV/ay say, where 

V is the velocity perpendicular to the direction of the linear 

dimension y. Thus, Prandtl's well-known mixing length formula took 

the following form: 

aV 
Peff 

=r12 
 ay P 

(4.2-2) 

aV 
where 2  and — were either determined experimentally or were specified 

by adhoc expressions. The limitations of this model were that: 

1. Whenever, the local mean velocity gradient became zero, so 

did peff; and more seriously, so did reff  (see equation 2.2-19). 

In many flow situations, it is found that diffusive momentum and heat 

transfer take-place across layers of fluid where the velocity 

gradient is zero. 

2. The length scale 2 had to be determined from experiment, and 

realistic algebraic expressions could be developed only for a few 

simple flows. 

To overcome the first of these limitations, Kolmogorov (1942) 

and Prandtl (1945) proposed that V' should be replaced by the square 

root of the kinetic energy of turbulence. Thus peff  took the 

following form: 

Peff 
=Cµ  2 k2 p 
	

(4.2-3) 

• 
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where k is the kinetic energy, and its value determined from a 

transport equation for k, and A is to be prescribed by algebraic 

formulae. This formula for peff has been successfully used for 

predicting both boundary layer and recirculating flow phenomena. 

For predicting twisted tape flow, however, the formula would pose a 

formidable difficulty; for algebraic prescription of length scale, 

which will be a function of at least four variables r', e', Re, and y, 

is impossible to achieve in the absence of any experimental 

guidance. A need for the provision of a second transport equation 

(apart from that for k), from which the distribution of 2  through-

out the flow field of interest could be determined 7  was therefore 

apparent. 

Fortunately, such a need was already recognised for many 

other flows, and a number of two-equation models (two-equations for 

the determination of k and 2) have been proposed by research workers 

seeking general turbulence models. Whereas the equation for k is 

derived in number of text books (e.g. Hinze, 1958), the equation 

for A was first proposed by Rotta (1951). Except for some very 

simple flow cases, however, it has not been possible to solve this 

equation. The trend,* therefore, has been to derive a second equation 

for a variable z of the form eel, and since the distribution of k is 

obtained from the transport equation for,k, the distribution of £ can 

be obtained from the transport equation for z. The values ascribed 

to m and n by. different research workers have, however, differed 

considerably; for example: 

m = 1, n = 1 	(Rodi and Spalding; 1970, Ng and Spalding, 1970); 

m = 1, n = -1 	(Kolmogorov, 1942); 

m = 1, n = -2 	(Spalding, 1969); 

m =-
a
' 
 n = -1 (Harlow and Nakayama, 1967; Jones and Launder, 

2 
1972). 

There are many reasons why the values of m and n differ so 

greatly. In the present thesis one consideration to which attention 

is directed is: when z is substituted in the general partial 

differential equation for any variable 0 (see equation 2.2-26), the 

equation should represent, in its simplest form, the processes which 
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govern the transport of 2 over most regions of the flow (excluding, 

of course, the regions very close to the wall). Experience at 

Imperial College (references follow), in the computation of 

equations for z, has showed that when m and n are respectively 3 2 
and -1, the above mentioned consideration is very nearly satisfied. 

These values of m and n have been tested widely for parabolic flows 

(Jones and Launder, 1972; Hanjanalic and Launder, 1971; Launder et 

al, 1972) and for elliptic flows (Mathews, 1972). The equation 

for z, for this choice of m and n, is called the 'dissipation' 

equation; for k3/2/2 can be interpreted as the dissipation rate of 

turbulence kinetic energy (see Emmons, 1954). We shall refer to 

this energy dissipation rate by a symbol e. 

Thus, in terms of k and e, peff  can be written as: 

peff - Cp  p k2/e 	 (4.2-4) 

where k and e are determined by solution of transport equations for 

these variables; these equations are discussed in the next 

sub-section. 

4.22 k—e model of turbulence  

The kinetic energy of turbulence k is defined as: 

V12 4. V'2 4. V'2 

k = r 	
0  

2 
(4.2-5) 

The transport equation for k is derived by many authors (e.g. Hinze, 

0 

	

	 1958; Emmons, 1957); its form in the rotating coordinate system is 

presented in Appendix VI. Following the practice in table 2.1, the 

equation for k is presented in table 4.1. 
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Table 4.1  

Equations for k and e  

0 a b1 
b
2 

c d 

k 1 
1 	n

2
' 

r (. r
eff,k 

r' 
 
1 r' 	(G - p e) 

effk 	T,+ --'-'--) 2 H 

C 1  
1 
 1- 

n

H2 

2
r' 

reff,e 	r 
(--, 	---) r

eff,e 
r' 1 

---T-1  e 
r' 	(CG k  --G - CD 

p e /k) 

where, 

eff k and reff ,e 
are the diffusivities responsible for the 

diffusion of k and e; and, following equation (2.2-19), they are 

defined as: 

and 

reff,k Peff/P reff,k 

reff,e = Peff/Preff,e 

where, 

Pr
eff k 

and Pr
eff e' 

like Preff T' 
are constants. CG and CD 7 	7 	 7 

are the other two constants; G stands for the generation or production 

of kinetic energy, and contains the following terms: 

av V'2 BV 

	

0 	0 	Tt 
z  2  BO' 

BV
z G 	

r 
(v'2 

Br
r  

(— be' + V 	H 
) + -- V' 	- 

' 	r'  

Normal stress production terms 

BV 
- Dow (7.1--ik + 

BV
aV 	' 	—1 

BIT 
r 

V
° 

0 z H BO' 	r' a9' ) + VWr 0  ( Br' 	r' BOI 	77)  

• av 
+ vi

r  Vz  
i ( 	+ 	 r-) 

Br' 	H apt 
(4.2-8) 

Shear stress production terms 

Hanjalic and Launder (1971) presented the dissipation 

equation in a Cartesian coordinate system. The derivation of their 

equation was based on the information provided by the publications 

of Chou (1945), Daly and Harlow (1970), and Harlow and Nakayama (1967). 
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The mathematical complexity of the equation is so great* that the 

dissipation equation is best derived in a Cartesian coordinate system 

where tensor algebra can be readily employed. For any other coordi-

nate system, the equation in the Cartesian coordinate system is then 

simulated by including the. appropriate terms. The dissipation 

equation, as presented in table 4.1, is such a simulated version of 

the equation of Hanjalic and Launder. It must be noted that their 

equation, even in the cartesian coordinate system, is not devoid of 

intuitive simulation of certain terms in the exact equation for e; 

the detailed discussion of this can be found in Hanjalic (1970). 

In table 4.1, four constants are introduced: Preff,k'
Pr
effe' CG, and CD. Along with the constant C (see equation 

4.2-4), there are five constants-in the turbulence model. 

Launder et al (1970) have suggested the following universal+  

• values for these constants. 

Cµ = 0.09, 

CG  1.6, 

CD  = 2.0, 

Preff,k = 1.0, and 

Preff,e = 1.3.  

(4.2-9) 

These constants are valid for those regions of the flow where 

the Reynolds number of turbulence, Returb is high, where Returb is 

defined as: 
• 

p k2  / 	p k2 
Re
turb 	µ 	P e 

(4.2-10) 

Returb 
is low in the flow region close to the wall; but for this region 

we will use a different model (see section 4.4). 

4.23 Applicability of k-e model to twisted tape flow 

In sub-section 4.2-1, the reasons for the choice of k-e 

*That the algebra is formidible will be appreciated if the exact form 

of the term e is noted in Appendix V. 

Jones and Launder (1972) have recently altered the values of CG  to 1.55. 
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model of turbulence were given. There are, however, certain short-

comings in the k-c, or any other k-z model, which can be serious in 

the prediction of twisted tape flow. Here a brief appraisal of the 

shortcomings of this model of turbulence is recorded. 

1. peff, as defined by equation (4.2-4), assumes that the 

effective viscosity is isotropic. Lilley and Chigier (1971) have 

provided experimental evidence to the effect that, in axisymmetric 

swirling flows, peff  must be non-isotropic. Roberts (1972), who 

predicted a decaying swirling flow, could obtain reasonable predictions 

only when the effective viscosities in the axial (peff V 
) and 

tangential (11_,, u 	
, 

) directions were ascribed different -values. This 

was achieved by 	calculating peff,V via an equation such as 

R 	Peff'Vz 	 (4.2-11)  
P n  

"eff,V0  

or by defining peff,v  by the mixing-length hypothesis of Prandtl (see 

equation 4.2-2). In the twisted tape flow, which is a non-

axisymmetric flow, such adhoc procedures are difficult to employ, and 

one must look for better ways of modelling the stress. 

2. Fully-developed flow in a straight semi-circular duct is 

a special case of the twisted-tape flow; for, in this case, it can be 

assumed that the tape possesses an infinite pitch. Launder and Ying 

(1971) have showed that for such a case, the effective viscosity 

approach is inadequate. Secondary flows, which are induced by the 

action of the normal and shear stresses in the cross-stream direction, 

cannot be predicted by the effective viscosity approach. We can, 

in the first instance, overlook this inadequecy by saying that our 
ctAA.01. 

interest is in cases where the tape possesses a finite tWiSt,l, 
cos"-vr 	-Th e_ vAc,cs 	0-4 	 cv-ey 	ova iro AAA. c_e_Gt Lod 	 .4<-)Zt1- 

"'A". t'D 	tX?c'e-ct }-0 e;N/ eir 	 C-Ow) 	0 	? to ol."_e_e_01,_ b 1L^, 

0.C.44 Ow & 11.a.. 	 ' 

3. The values of the constants of the model, as given by 

equation (4.2-9), were optimised by Launder et al (1970) by 

considering several boundary-layer type flow situations. Their use 

(4.2-4); and peffV0 was obtained 	
zeither via a ratio R

P 
 , where 

R was defined as: 

et 
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in predicting one elliptic flow situation (Mathews, 1972), yielded 

favourable predictions. Whether these constants are appropriate for 

prediction of twisted-tape flow, is not certain. However, in the 

absence of any better information, the values proposed by Launder et 

al must be accepted; but with reservations. 

Thus, assuming for the time being that the values of the 
• 	 constants are adequate, the essential shortcoming of the effective 

viscosity approach is its inability to represent the non-isotropic 

nature of turbulence. The alternative in this respect is to solve 

the six Reynolds stress equations. This, however, is a very lengthy 

and a time consuming approach; here, an approach is preferred which 

can be described as a compromise between the stress-equations 

approach and the effective viscosity approach. The discussion of this 

compromise approach is the subject matter of the next section. 

4.3 	Algebraic stress model (ASM) approach  

4.31 Introduction  

In the effective viscosity approach, all the six stresses 

Tr,z T0,z,  Tz,z, Tr,0/  TO,0
, and T

r 
'r  were modelled by equation 

(2.2-15). The basis of the ASM approach, as adopted in the present 

thesis, is that only the first three of the six stresses mentioned 

above are to be modelled by equation (2.2-15); for the last three, 

algebraic expressions are to be found. 

Referring to equations (2.2-5) to (2.2-7) then, it will be 

realised that the axial momentum equation will appear the same as 

was presented in table 2.1; but, since the stresses in the equations 

for tangential and radial momentum are now to be modelled 

differently, the form of the vorticity equation will change. With 

the help of eqUation (2.2-13), we rewrite the vorticity equation in a 

manner which is adopted in table 2.1; this equation is presented 

overleaf in table 4.2. 
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Table 4.2  

The vorticity equation  

0 a b
1

, 	b2 
—1 

c d 

w 

. 

1 
, 1

. 	
w
2
r' N 

\ '''' + -1 	I 	 r' 
r' 	1/2 	1 P.,  d

W 

where a.V 	 (Ni.z r'
2) 

b$ 	nr' 
dw  - It}iri  E s e. Or  .-. , I-  . (r. --r.-t ) - P H 	?,r 1  

bV 	6V 
z 	

21; 
- 	( 	 

art 	ar'

1 

 60! - iiiI  b j }3  + Dw 

3 - 

and 2 
D
W 	r 

p 
 I. 

' bO' 
ao2 

br' (r' (V'2- V'2)3 	r0 2 
r' 	(V'y') - 

0 r  

2(V'V') 
1 	r 0 	r 0 	n 	

2 

	

- 	
2 

3 	( 	(r' V'V') 	V'V')1] 
r' 	ar' H ar'be' 	z 

be
2 	

bel
2 r z 

The reader is again reminded that the terms in the expressions 

for D which are multipliers of H--'  are to be modelled by the effective 

viscosity approach; the algebraic expressions that we seek are for the 

other stresses. 

4.32 Analysis  

s 
The starting point of the analysis is the equations for 

pVIV!
3
. Their general form is as follows 

where 

(C-D)\ 	- G---- MT! 	1/".V1 1 3 	1 vw! 	 vnit . 1 3 	1 3 
(4.3-1) 

(C-D)V!VI 	 1 
denotes convection minus diffusion of V!V1 

3' 
a. 3 

G 	denotes terms responsible for-production of WV:, 
WV!
3. 	

3 

11  II:VI 1.3 
denotes pressure-strain correlation terms resposible for 

the redistribution of V!V!, and 3 
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V'V' 
' denotes the dissipation of WV!. 

3.3 
• 2.3 

The equation (4.3-1) can be simplified by postulating that: 

1. for high turbulence Reynolds numbers (Returb) 

• 
VW! 1 J 

2  3e,s 
`"ij 

(4.3-2) 

where e i on the right hand side of the equation represents the total 

dissipation of kinetic energy (Rotta, 1951); we use this e to 

calculatel 	13 represents Kronecker delta, as used in tensor 

algebra. 

2'. Based on the publications of Naot, Shavit and Wolf stein 

(1970), and Rotta (1951), Rodi (1972) proposed that: 

IT:V! - - C1 K 77 (VW! 	2 k 5..) - 
1 3 13 1 

2 - C2  (G 	-- 
3  G 
	) 2 	V!V1 	ij 1 

9 (4.3-3) 

where G is defined in.table 4.1, and constants C
1 

and C
2 
take the values 

2.5 and 0.4 respectively. 

3. Rodi further postulated that, 

(t—D) 

	

V!V! 	V:V1 

	

1 3 	1 j  

(C-D)
k 

(4.3-4) 

where (C-D)
k 

denotes convection minus diffusion of kinetic energy. 

• From table 4.1, it is easy to understand that 

(C-D)
k 

= G - e 

Therefore (C-D) 	
(G e)  

V
3.
!V! 	1 3 

V!V: 
3 

Thus, substituting (4.3-6), (4.3-3) and (4.3-2) in (4.3-1), 

we obtain the following expression for V!VI: 3 
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k (1-C2
) 
(G 	- —2 G b..) 

2 	c C 	V!VI 3 13  
V!VI — —.., k b., + 	1 	1 1  
i 3 	3 	ij  

1 + (G /c - 1)/C
1 

(4.3-7) 

and since values of k and c can be obtained from the solution of 

transport equations, and G is given by equation (4.2-8), we obtain the 

necessary algebraic expressions, if terms G viv, are known. 

Expressions for G 	in cylindrical cylindrical polar coordinate V.' V.' 
system are given byi122di (1970). Transferring  these expressions into 

the rotating  coordinate system, we can now tabulate the algebraic 

expressions for the required stresses. 

Table 4.3  

Algebraic expressions for stresses  

[_ Stress 

V'2 
r 

Algebraic model 
 

2k(1-C ) 	blf 	6V 	V, 
2 k - 	2  fw V'V' r --- r v 	G + V'V' ----- 	VV' + ) 3 	C

1
e+(G—e) (1-1 r z bOl 	r 0 60' 	r r 0 	3 

2k(1-C
2
) 6V

r 
1 + C

1
c +(G—e) ar' 

V' 2 

2 2k(1-C
2 	
) 	v e 	ve  
(17. weviz 	+ V 61q. 6r.  + , 	n 

-c e 	 1 - 1 +(G—e) 
2k (1-C ) 	av 	V 

2  ,1 0 r 

	

C
1

C +(G—c) r'a0( 	r' 

— 1/1 171  
r 0 

(1-C
2
)k 	aV 	 6 	bV 

0 	Tc 	0 

	

G+e(C1-1) CH  -1  Woltz 	;. 

	

' 	+ V 2 by
r 	

Ve 	2 v  

(1-C )k 	bV 	V 	61.7 
2 	f  r 	

+ 	
o 

4.ci-e(c -1) 	r' 	r' bO' 
1 

(2,r, 	ar') 	r' 	171.1q.VZ b01 1  

4.33 Discussion of the ASM  

We have been able to derive the algebraic expressiOns from 

the differential equations for p WV1 , mainly because of the 3 
assumption (4.3-4); since it is the convection and diffusion terms 

which make equation (4.3-1) a differential equation. Of course, 

an algebraic expression could also be derived by simply dropping the 

terms (C—D)7777 from equation (4.3-1); however, in swirling flows, 
i j 
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where secondary velocities are significant, such omission of terms 

seems unjustified. Secondly the algebraic expressions for normal 

stresses V'2 7 
 8 
V'2 and V'2, if derived in this way, are such that their  

sum does not amount to 2k (see equation 4.2-5). It is in these 

respects that. equation (4.3-4) can be reasonably preferred. 

We could have derived algebraic expressions for stresses 

V'
z
2 

V'V' and V'V' as well. We adopt the effective viscosity r z 	G z 
approach for these stresses mainly because they represent diffusion 

fluxes in the axial momentum equation; and Vz  being the primary 

velocity, the "effective viscosity approach should serve well for 

simulation of these stresses. 

The interesting point to note about the stress expressions 

is that when H is finite, the stresses in the Cr'- 0') cross-

sectional plane arise as a consequence of mean rate of strain 

(i.e. bV
z
/b0' and bV

z/br') in planes orthogonal to it. This result 

is quite different from the conventional peff  concept, which implies 

that the principal axes of stress and strain are co-aligned. 

Finally, by avoiding the use of peff in the equation for 

vorticity, we have now provided for influences which a non-isotropic 

peff  could provide 	(See chapter 5). Of course, the analysis 

presented in sub-section 4.32-_is an approximate one in that,it has 

involved simulation of certain complex terms such as 1 	, and 

all others, but perhaps with a greater degree of certaiiit)-. One 

of the shortcomings of the analysis is particularly important for our 

purpose. It is that the algebraic expressions are not general enough 

to predict the case of flow in a straight semi-circular duct. This 

is because it can be shown that, ,for y 	, 

V'V' = V'
0
2 - V'2 = o r e  (4.3-8) 

thus, the source terms of the vorticity equation, as presented in 

table 4.2, vanish, resulting in non-prediction of turbulence driven 

secondary flow. In spite of this limitation, we use the algebraic 

expressions because they represent, in the case of the twisted-tape 

flow, the non-isotropic nature of turbulence (see chapter 5). 
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4.4 	Model for flow close to the wall: boundary_ conditions  

4.41 The purpose  

In the close vicinity of the wall, dependent variables 

such as Vz
, k, w, T, etc., vary rapidly with distance from the wall. 

Therefore, to preserve the accuracy of the finite difference procedure, 

very fine grids will be necessary in this region. Consequently, the 

computer time will increase substantially. This shortcoming can be 

obviated by assuming that the flow.in this region is one-dimensional, 

and that it can be represented by the well known 'log-law of the wall'. 

The implications of this assumption can then serve as the boundary 

conditions for the dependent variables. We shall, in the first 

instance, derive these implications with reference to a typical flow 

situation close to a wall; and then extend the derived formulae to 

the case of swirling twisted-tape flow. 

4.42 Implications of the log-law of the wall  

In deriving the implications, it will be assumed that the 

fluid layer (hereafter referred to as the boundary layer) near the 

wall, in which the 'log-law' applies, is very thin, so that the wall 

and the grid line curvature effects are negligible. It will also be 

assumed that the shear stress in the boundary layer is not different 

from that which prevails at the wall. 

Figure 4.4-1 displays a typical boundary layer situation. 

V is the velocity parallel to the wall; the component of the velocity 

normal to the wall is assumed to be zero. The 'log-law' states that: 

E y V 

V 

V 1 
--= 	£n ( 	; 	(4.4-1) 
T  x 	V 

T, 
 

where 
	

VT  ="TuTp-10; 

n = 0.4, 	 (4.4-2) 
E = 9.0, and 

y is the distance from the wall. 



The implications of equation (4.4-1) are: 
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V 
aV 

ay 	y 
(4.4-3) 

 

and, since the shear stress in the boundary layer is constant: 

• 
peff 	R 

b y 
y (4.4-4) 

Using relations (4.4-1) to (4.4-4), we shall now derive the boundary 

conditions for w, V, k and c; the boundary condition for i  will be 

the same as in- the case of a laminar flow. 

Vorticity  

Since w in the boundary layer equals - 6v/ay, w at P can 

be written as: 

Velocity  

V 
ti w - 

P Ryp • (4.4-5) 

Here we use the concept of 'slip-velocity' which was proposed 

by Patankar and Spalding (1967). Thus, the finite difference form of 

(4.4-3) yields: 

V 

V = V
P 
- 
 ti 

 n 
• (4.4-6) 

• 	
Dissipation  

In the boundary layer, one can assume that the convection and 

diffusion of k are negligible; from table 4.1 it is easy to see then 

that, 

G = e 9 	 (4.4-7) 

where G for the boundary layer can be given by: 

(4.4-8) 
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From equations 

p V3
ti 

(4.4-3), 

(4.4-7), 

(4.4-4) 

(4.4-9) 

90 

and (4.4-8) therefore, 

(4.4-9) 

and(4.2-4), it can be shown 

BP 	
at P 	yp 

Kinetic energy 

Using equations 

that: 

K C-'2  V2  P p T 
(4.4-10) 

Thus, it is important to note that, unlike the case of laminar flow, 

the boundary conditions for all dependent variables, except * and V, 

are prescribed at the first grid node away from the wall, instead of 

at the wall. 

4.43 Extension of implications to twisted-tape flow  

• 

In swirling twisted-tape flow, there are two velocity com-

ponents parallel to any wall. If the variation of both of these can 

be represented by the 'log-law', then the extension of the boundary 

conditions, as described earlier, to the twisted tape flow is possible. 

Fortunately, experimental evidence of Backshall and Landis (1969) 

suggests that at the tube wall, this is indeed the case. Although 

no measurements of the velocity distribution near the tape wall are 

available in literature, we shall assume that the evidence for the 

region near the tube wall is applicable to the region near the tape 

wall as well. 

Backshall and Landis essentially measured the absolute 

velocity near the tube wall, and observed the angle a that its direction 

made with the plane perpendicular to the axis of the tube. Then 

resolving the total velocity V into axial (Vz) and cross-stream (Vcs) 

components, the resolved velocity profiles could be correlated by 

expressions such as: 

	

V • 	Ey V 
cs,T  r 	 cs,T  ) V - 	vcos a .en ( 

cs 	n icos a 
(4.4-11) 
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and 
V 	Ey V

z T ) 
z V = 	Z  . sin cc An ( 

/sin cc 
7 (4.4-12) 

• 

where y is the distance from the wall; Vcs  refers to Ve  near the 

tube wall; and Vr 
cos 0' near the tape wall7  0' being the angle 

made by the first radial grid line away from the tape wall. 

Thus, with reference to figure 3.2-1, the boundary conditions 

are as follows: 

and 

where 

and 

V 
Z,0 

WP 

K 

cp = 

V 
ti 

cc 

V 	/sin cc 
Z,T 

2 

/ 

(4.4-13) 

(4.4-14) 

(4.4-15) 

(4.4-16) 

(4.4-17) 

(4.4-18) 

. V 	- 
z,P 	n 

V 
cs,T 	r V _ ---- 	Cos a 

 x n 

1 = Cµ2 V2  

p V3ht n 

V 
CS,T , 

/sin a 	/cos oc 
v 

, 	, 	z,P 
- 1 

 
= tan 

In equation (4.4-18), V , is evaluated from the definition of stream 
cs,r- 

function (2.2-23) and (2.2-24), and the assumed law of the wall for 

V . Thus, at the tube wall, for example: 
cs 

y=n „ 	y=n 	V n 

J 
( 	.6\u, = - p 	(IT 	ZH  (ro - y)) dy j CS 

y=o 	y=o 

Substituting equations (4.4-11) and (4.4-12) for Vcs  and Vz  

respectively, we obtain after intergration: 

(4.4-19) 

V 	/sin oc 

cs,P 
*c /fP 	

V cs,T  /cos a 
V 	= r.  

H (ro 
n) (Vz P- 

Z
'
T  

pn 	yt 

(4.4-20) 

wherelltp andV
z

..

.P  are computed during the iteration process; and are 7 
thus known. A similar procedure is employed for evaluating boundary 

conditions near the tape wall. 
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To use equations (4.4-13) to (4.4-20), the values of V z,
-r 

and
s,T 

must be known. These can be evaluated by iterating 

equations (4.4-11) and (4.4-12) respectively with Vz 
= V
zP

, 

V s = V
CsP 

and y = n, all of which are known. 
c 

We shall now turn to the discussion of the tempreature 

boundary condition. 
• 

4.44 The temperature boundary conditions  

Here, to account effectively for the steep gradients of 

temperature near a wall, the law suggested by Jayatillaka and 

Spalding (1966) for heat transfer across the boundary layer is used. 

With reference to figure 4.4-1 again, let the temperature on the wall 

be Tw
, say. If, however, heat transfer across the boundary layer 

is to be represented as being proportional to (T - T ), then the 

effective exchange coefficient reff,T between P and W must be calculated 
accurately, so as to account for the steep gradients of temperature 

between P and W. The formula of Jayatillaka and Spalding provides 

information regarding reff T.  

Now, the heat-flux, q say, across the boundary layer is given 

by: 

T - T 
P 	W) 4  = reff,T ( n (4.4-21) 

The Jayatillaka-Spalding formula states that the local Stanton number 

St at the wall can be written as: 

2 
St1 - 	 (4.4-22) 

[0.9 (A sn] 

where s = V2/V2, and V = j- v2 P 
	cs P' 
+ //2 	(4.4-23) 

P. " 	z ,,  

0.75 
and A = 9.24 [(

Pr 
Pr 	) 	13 
eff,T 

Therefore, the heat flux q across the layer can be written 

as: 

= p Cp  Vp  StL (T P-T/4) 	(4.4-24) 
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and F
eff,T 

= p C
P 
 VP  St n 
	

(4.4-25) 

Thus, with reference to figure 3.2-1, for all near-wall 

in table 2.1 should be replaced by equation (4.4-22); nodes, r
eff7T  

whereas for regions inside the flow, equation (2.2-19) should be used. 

4.5 	Closure  

In this chapter, we have described three models to represent 

the turbulent twisted-tape flow: two (k-c and ASM) for flow regions 

away from the wall where the Reynolds number of turbulence can be 

expected to be high, and one for flow regions close to the wall. 

All the three models suffer from certain limitations and uncertainties 

as regards their application to twisted-tape flows. These are: 

1. Neither the peff  and the ASM approach is general enough to 

predict the limiting case of the twisted tape flow i.e. the flow in 

a straight semicircular duct. 

2. The peff  approach cannot provide for the anoisotropy of the 

turbulence structure which can be expected in twisted-tape flow. The 

ASM approach is better in this respect. 

3. The assumptions involved in the derivation of the equations 

for k and C, and the algebraic expressions for Vr2 
' V'

2 
and V'V'

0 
 are 0 	r  

not substantiated by experimental evidence in twisted-tape flow. 

4. The constants introduced in all the three models may not 

be appropriate for twisted-tape flow; although they have been proved ' 

to be satisfactory for simpler flows. 

5.. The model, for flow close to the wall, may not be accurate 

for regions near the twisted-tape surface. 

In spite of these uncertainties, the models have been used 

to predict twisted-tape flow, mainly to see whether at least the 

overall features of the flow, such as the friction factor and Nusselt 

number, can be accurately predicted. 

• 
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In the next chapter the predicted characteristics of the 

fully-developed turbulent flow are compared with the experimental 

data. Experimental data for developing turbulent flow are not very 

extensive 	(See chapter 1). This flow is not predicted in the 

present work because of the uncertainties of the turbulence models. 

It must be noted, however, that the numerical procedure described in 

chapter 3 is applicable for the prediction of the developing 

turbulent flow as well. 

■•• 

• 
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Chapter 5 

PRESENTATION AND DISCUSSION OF RESULTS 

	

5.1 	Introduction  

We have presented in earlier chapters material for the 

prediction of laminar and turbulent twisted-tape flows. The relevant 

equations, and the numerical procedures for solving them, were des-

cribed in chapters 2, 3 and 4. The purpose of the present chapter is 

to present and discuss the predicted friction and heat transfer 

characteristics, and compare them, wherever possible, with experimental 

data. 

The flow cases for which predictions are obtained in the 

present work are as follows: 

1. Fully developed laminar flow 

2. Fully developed turbulent flow 

3. Developing laminar flow. 

The reasons for not predicting the turbulent developing flow 

were given in the previous chapter (Page 94). 

In the present chapter, sections 5.2 and 5.3 deal with the 

predictions of the fully-developed and developing laminar flows -

respectively; section 5.4 deals with the predictions of the fully-

developed turbulent flow. In each section, the presentation of the 

results is preceded by a discussion of the purpose of the prediction, 

the exact problem specification, the computational details, and the 

method used for the presentation of the results. 

	

5.2 	Fully-developed laminar flow 

5.21 The purpose  

The review of the previous research on twisted tape flow  

(see section 1.3-6)showed that experimentally determined friction factor 

and Nusselt number data for laminar flow do not exist. The first 
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purpose of predicting this flow is therefore, to provide such data, 

for the first time, for a range of Reynolds number, twist-ratios, 

Prandtl numbers, and fin-parameters. 

The second purpose of predicting this flow is to establish 

the 4'-w procedure on a sound basis for predicting the more important, 

but more complex, turbulent flow. 

5.22 The problem specification  

The purpose of this sub-section is to summarise what has been 

described in detail in earlier chapters. 

Mathematically, the problem involves the solution of four 

two-dimensional, elliptic partial differential equations for the 

variables V,w, Vz  and T. The domain of interest is the semi-circular 

cross-section displayed in figure 3.2-1. The assumptions in the 

problem are 

1) Uniform fluid properties 

2) Axially uniform wall heat flux Q, and circumferentially 

uniform wall temperature T. 

The boundary conditions for the variables w, Vz, and the 

method for accounting for the fin-effect of the twisted tape were 

described in chapters 2 and 3. 

The principal task then is to determine the variation of f 

and Nu with Re., y, P
r 

and C fin
.  

5.23 	Computational details  

5.23(1) Method of computation  

To predict the friction characteristics, the equations for 

11,w, and Vz are solved simultaneously for given input values of 
	, 

aF/az' and TVH. The source term of the Vz-equation contains the term 

o/43(4,  (see table 2.1) which is evaluated periodically after a certain 

number of iterations from equation (2.2-6). To avoid the problems of 
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instability and divergence, the implicit boundary conditions, and the 

multi-point circulation adjustment (MPCA, see section 3.2-3) are 

employed. 

TheVz profile,andhencetheReynoldsnumberRe.based on 

the mean value of Vz, is the output of the solution. From this output 

the friction factor f. can be evaluated since aP/azg is already known. 

Thus: 

1 	D  
f  

2 az7 pv2 
z,m 

7 (5.2-1) 

and 
PV D 

Re..—a2--n 

	

	 (5.2-2) • 1 

The predicted distribution of Vz  and 11;  is subsequently used 

to solve the temperature equation. This requires additional inputs, 

which are: the Prandtl number Pr, and the fin-parameter Cfin, and the 

source term aT/az'. In solving the temperature equation, a dimension-

less temperature T* is used, where 

T* = (T - T
w)/(Q/Kf) 
	

(5.2-3) 

Thus, 311*/az,  from an overall heat balance over a length Az', can be 

shown to be: 

aT*/az1  4  
nr Re. Pr o I 

(5.2-4) 

aT*/.3z'isaknownconstantsinceRe.and Pr are known. 

The predicted profile of T*, and its mean value T*b, enables 

evaluation of the average Nusselt number Nu.. Thus: 

Nu. = hD 
, 

— where 
K
f 

 
(5.2-5) 

h = Q/(Tw - Tb
)/nD 
	

(5.2-6) 



• 

98 

and, therefore, 

Nu. .-1/Tb*/n 
	

(5.2-7) 

• 

The evaluation of the mean values of V
z and T* in the above 

calculations is carried out by using Simpson,s rule. 

5.23(2) 	Accuracy and measure of convergence  

In the absence of any experimental data, the only way of 

assessing the accuracy of the predictions is to repeat the computations 

with successively "finer" grids (see section 3.23), where "finer" implies 

a larger number of grids; the spacing between the grid lines being 

consequently reduced. When the difference between the results of 

successively finer grids is substantially small, the results are 

assumed to be accurate. In figure 5.2-1, the effect of the grid size 

on the profiles of axial velocity is shown for a high twist of y = 2.25 

and Re. Q 611 and 1298. 	The profiles plotted are those at the 

central plane (i.e. 441  = n/2) of the semi-circular cross-section, and 

are computed for the same input parameters in each case. Clearly, 

significant differences exist between the profiles computed with 

11 x 11* and 17 x 17 grids; whereas the difference between the results 

of 15 x 15 and 17 x 17 grids is less than 2 percent. 

Similar comparison of results at other values of y also 

showed that a 15 x 15 uniform grid gave sufficiently accurate results 

(Date, 1970). All the computations were, therefore, carried out with 

a 15 x 15 uniform grid. 

Measurements of convergence was another aspect of the present 

computations which demanded careful attention. In an iterative solution 

procedure, the solution is said to be converged when the changes in the 

values of 0 between successive iteration cycles are acceptably small. 

The criterion CC for measuring the smallness of these changes can be 

conveniently expressed as: 

max. 
CC = 

(all nodes) 

0N 0N-1 

0ref 
, (5.2-8) 

    

* 11 x 11 grid implies 11 grid lines in rg direction and 11 grid 
lines in EP direction. 
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where N and N-1 denote the 0-values- from the two successive iterations, 

and 
ref is a suitable reference value. Except for the wand V 

, 
variables0ref was assigned the value 0

N. For w and V, 0
N  was nearly 

zero in certain regions of the flow; consequently CC became, large 

even when 10N - 0N-1 1 was small. To avoid this difficulty ref was  
defined as follows: 

oref  (for  wand V) = (10N1 + 193s1 	ISEI 	10
w
I )/4 . 	(5.2-9) 

The solutions were declared to have converged when CC was less than a 

prespecified limit CCref
. The values assigned to CCref depended on the 

size of the grid. 

For an 11 x 11 grid (i.e. a &parse grid) CC
ref = 10-3  

for 15 x 15 grids (i.e. a finer grid), 	CC
ref 

= 5 x 10
-4
. 

For finer grids, CCref  is smaller because the finite difference 

formula (3.2-'1) gives a smaller shift in the values of Op between 

successive iteration cycles, compared to the coarse grids. Therefore, 

if CCref 
for a coarse grid is used for the finer grid, this would 

result in a premature termination of the solution procedure. 

When the multipoint circulation adjustment (MPCA) procedure 

is used, a criterion such as CC to measure the convergence of the 

solution of vorticity and stream function equations is meaningless. 

For these variables, therefore, a "Residual source" criterion, Rs, was 

used, where 

   

= max. 
R =  s (all 

nodes) 

O 	- p 	S 
0 i=N,E,S,W 

(5.2-10) 

   

   

Rs
, simply represents the imbalance in equation (3.2-1). The solution 

was declared to have converged when Rs  was 0.005 percent of the 

typical value of the variable 0; here, the "typical value" was the 

average of the minimum and maximum absolute values of the variable 0 

in the field of computation. In fact, this criterion must be satisfied 

for the other variables too. The variables whose convergence was 
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measured by CC were in addition tested for the Rs convergence criterion. 

They were found to satisfy this criterion. 

5.23(3) Computer time  

The computer time required depended directly on the number 

of iterations required to obtain convergence. The number of iterations 

depended on the values of the Reynolds number (or oP/az,  and 11) and y 

(or n/H). For large Reynolds numbers and small twist-ratios (i.e. tight 

twists), the computer times for solving the hydrodynamic equations were 

of the order of 180 to 200 seconds on a CDC 6600 computer; for small 

Reynolds numbers and large twist-ratios (i.e. small twists), the 

computer times were of the order of 100 to 140 seconds. 

The computer time for solving the temperature equation 

depended on Re and y in a similar manner; however it also depended on 

the values of the Prandtl number Pr and the fin-parameter Cfin. For low 

Prandtl numbers and high fin parameter, the computer times were the 

least. Over the entire range of the four parameters the computer times 

were between 25 and 110 seconds. 

5.24 	Method of presentation  

Conversion of the axial momentum and temperature equations to 

dimensionless forms reveals the following functional relationships 

(see Appendix VIII): 

"z --- F 1""', Re1" 14 	t 	 (5.2-11) 

T* 	= F4-r*, Qv, Rei, y, Pr, Cfini., 	(5.2-12) 

= F fi 	-ERe" 1  y+ 	
(5.2-13) 

and 	Nui  = FfRej, y, Pr, Cfini- 	(5.2-14) 

where V•z  equals z z,m 	1 	
1 are defined respectively 

by equations (5.2-3), (5.2-1), and (5.2-7). 



• 

101 

The friction and heat transfer characteristics are presented 

in the subsequent two sub-sections according to the functional relation-

ships mentioned above. The range of independent variables considered 

are: 10 <Re.1  < 2000; 2.25 < y < co ; 0.1 < Pr < 100; and 0 < Cfin < co . 

The reader is reminded that as y decreases, the twist of the tape 

increases; and C
fin 

 = 0 and co imply a non-conducting and an infinitely 

conducting twisted tape respectively. 

5.25 	Friction characteristics 

5.25(1) Friction factor 

Figure5a-2ashowsthePrecactedvaraationoff-with Re. 1 	1 
at different values of y. The solid line for y = co corresponds to 

the flow in a straight semi-circular duct for which an exact solution 

is available (Weigand, 1944). The present predictions agreed with this 

exact solution within 1 percent. 

The computed data which lie above this line correspond to 

those cases in which the tape possesses a finite twist. As would be 

expected, for the same flow rate (or same Rei), the friction factor 

increases as y decreases. Also, at lower Reynolds numbers the data 

converge on the line for y = Co irrespeciive of the value of y. 

Thus, the friction factor data show plausible trends. 

In figure 5.2-2b, the friction factor data are replotted as 

f. x y against Re./y. The purpose here is to show that when the data are 

plotted in this manner they come closer, although without precisely 

coinciding. At low values of Rei/y, however, they do coincide, 

indicating a one parameter dependence of the friction factor. The 

theoretical arguments for this behaviour of the data are that for low 

valuesofRe.j./y,the secondary velocities are very small; hence, the con-

tribution of the convection terms to the axial momentum balance is 

negligible, and so is the contribution of the term Tv Hapone9 (see 
equation 2.2-5). The axial momentum equation then reduces to a simple 

Poisson9s equation (Date 1970) for which, one parameter solutions exist. 
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5.25(2) Axial velocity profiles  

Figure 5.2-3 shows the comparison of the predicted axial 

velocity profiles with their analytically calculated counter parts 

for y = m (Weigand, 1944). 	The agreement between the prediction 

and the analytical solution is seen to be very good. It may be noted 

that the axial velocity profiles for y = m are independent of Reynolds 

number, and that secondary flow does not exist (i.e. vorticity is zero 

and stream function is a constant). 

Figure 5.2-4 shows the effect of y on the predicted axial 

velocity profiles at Rei  IP- 1200. The effect of twist in the figures 

is evident from the asymmetry exhibited by the profiles. As the twist 

increases (or y decreases), the profiles become flatter and flatter, 

and at y = 2.25, the profiles disintegrate into a pattern which shows 

two peaks of axial velocity. 

The influence of Re. on axial velocity profiles at y = 3.14 

is shown in figure 5.2-5. As the Reynolds number increases the 

profiles again become flatter and flatter, and the peak of the axial 

velocity profile shifts increasingly away from the central plane, and 

into the region towards which the tape is twisting. 

Profiles similar to those shown in figures 5.2-4 and 5.2-5, 

butatdifferentvaluesofRe.and y are shown in Date (1970). 

5.25(3) Secondary velocity profiles  

Unlike the case of y .03, secondary flow exists in cases for 

which y < co. The magnitude of the secondary velocities depends on the 

values of Re. and y. As Re. increases or y decreases, the secondary 

velocities increase. For the range of Rei  and y considered in the 

present work, the mean value of the secondary velocity 

Vcs (./V
r
2 +

0
2) was found to be between 10 to 35 percent of the mean 

axial velocity. 
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It is difficult to display the distribution of the velocities 

Vr and V in terms of W  in the present work mainly because the lines of 

constant stream function do not represent streamlines in the normal 

sense of the word (see sub-section 2.27). A typical description of 

V /V - is therefore shown in figure 5.2-6 to give the reader an cs z,m 

impression of the distribution of the secondary velocity. The dotted 

arrows point in the direction of the vector /V
r
2 Ve

2  , and the 

numbers represent the magnitude of V /V. All the vectors point 
cs z,m 

in roughly the same direction over the entire cross-section, showing 

that there is no recirculation of the fluid in the plane of the cross-

section. The secondary velocity is largest in regions close to the 

twisted-tape surface, and its magnitude decreases as one approaches the 

tube surface. Thus the secondary velocity distribution is quite unlike 

that which would prevail in a forced vortex situation. 

We shall now examine the heat transfer characteristics. 

5.26 

	

	Heat transfer characteristics  

5.26(1) Average Nusselt number  

(i) 	Predictions for Cfin = co 

An exact solution for the case of y = m and C fin = 
is available (see Eckert et al, 1958). In order that the present 

predictions can be compared with this exact solution, we consider 

• the case of Cfin  = m first, predictions for other values of the 

fin-parameter will immediately follow. 

Case of y = m  

Figure 5.2-7 shows the variation of Nui  with Rei  for various 

Prandtl numberS. The solid horizontal line corresponds to the exact 

solution for y = co; and it represents a Nusselt number of 5.4. This 

value, which is independent of the Reynolds and Prandtl numbers, is 

accurately predicted in the present work for three Reynolds numbers and 

Prandtl numbers. 
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Case of y<co; influence of Pr and Rei  

The curves which lie above the solid line represent 

predictions for y = 5.24; and they signify the fact that Nui  is 

dependent on both the Reynolds and Prandtl numbers when secondary 

flow exists. At a constant flow rate, or Reynolds number, the Nusselt 

number increases with Prandtl number. Similarly, for the same Prandtl 

number, the Nusselt number increases with Reynolds number. At low 

Reynolds numbers the Nui  data for all Prandtl numbers converge on the 

solution for y = co . 

The important point to note is that a substantial increase in 

heat transfer can be obtained for fluids with high Prandtl numbers, 

especially,athighReynoldsnumbers.Forinstance,atRe.= 103 

compared to the Nusselt number of y =co, the Nusselt number for 

Pr = 100 is nearly 50 times as large, while at Pr = 10, it is nearly 

7 times as large. 

Case of y < co ; influence of y and Rei  

In figure 5.2-7, of course, the effect of twist-ratio y 

on the value of Nu. is not fully demonstrated. This is done in figure 

5.2-8, where predicted data for y =CO, 5.24, and 2.25 are plotted for 

Pr = 1.0. The effect of y then is as follows: At a constant Reynolds 

number, the Nusselt number increases as y decreases (i.e. as the twist 

increases). Again this increase in Nusselt number is particularly 

appreciable at high Reynolds numbers. At low Reynolds numbers, however, 

the Nu. data, like the friction factor data, converge on the line for 

y = co 

(ii) Influence of Cfin  

Case of y = co 

Figure 5.2-9 shows the predicted values of Nui  for various 

Prandtl numbers and Reynolds number at y = co and three values of Cfin: 

0 (i.e. a minimum fin-effect), 1.85 (i.e. an intermediate fin-effect) 

and co  (i.e. the maximum fin-effect). 
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Like the case of C
fin 

co the cases of Cfin  = 0 and 1.85 

also show no dependence of Nu. on Re. or Pr; and the values of Nu. 
1 

 to Can  0, 1.85, and m are respectively 2.594, 3.801, 

and 5.4. 

Thus, 2.594 and 5.4 are the minimum and maximum values of Nu. 
1 

for the case of y = w; and the ratio Nu.1  /Nu. o f is nearly 2.1. A 

	

,03 	 o 
similar comparison of Nu. 	and Nu. 	is reported by Han (1959) for 

i,m 

flow in rectangular channels of various aspect ratios*; in which the 

vertical sides are treated as fins. For channels of aspect ratio 2.25 

whose hydraulic diameter is nearly equivalent to that of a semi-circular 

duct, Han finds that 	 o Nu.1  /Nu. 	equals 2. ,m  

Cases of y < ; influence of y and Rei  

We now turn to figures 5.2-10 and 5.2-11 where the predicted 

data for y = 5.24 and 2.25 are plotted for Pr = 1, and the three fin-

parameters. The plausibility of the data is, of course, showed by their 

asymptotic behaviour at low Reynolds numbers. However, the important 

observation to be made in these figures concerns the values of 

Nu. /Nu. 	and Nu. 	/Nu. 	at various Reynolds numbers. For 1,o 	i,1.85 Ilo 

instance, in figure 5.2-10, at y = 5.24, the value of Nui  /Nu. p 10 

increasesfromnearly2.1atlowRe.to nearly 2.4 at Re. = 10
3
; and 

similarly Nu.1 1.851  /Nu. 	increases from 1.4 to 1.52. Thus unlike the , 	o 
case of y =co, at y <co  the ratios are influenced by the Reynolds number. 

The ratios are, however, further influenced by the value of y, 

ascanbedemonstratedfromfigure5.2-11.ForRe.=10
3 

in this 

figure, the ratio Nu.I 
 /Nu.

1 
 for y = 2.25 equals 2.62 as against 

,m 	,o 
2.4 at y = 5.24; at low Reynolds numbers, of course, the ratio is 

inevitably identical for all y's. 

Nu. means Nusselt number for C 	= ; and similarly 
1,. 	 fin 

for Cfin  0 and 1.85. 

* Aspect ratio is the ratio of the length of the vertical side 
to the length of the horizontal side. 
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Case of y '<co ; influence of Pr and Rei  

In figure 5.2-12, the predictions are again plotted for 

y = 5.24; but this time at Pr = 10. The magnitude of the ratio 

Nu. /Nu. varies (with Reynolds number) from 2.1 to 3.0; as against 
i'm 1,0  

2.1 to 2.4 at Pr = 1.0 for'the same twist ratio. 

Discussion of figures 5.2-10, 5.2-11 and 5.2-12  

The predictions shown in the three figures for the three fin-

parameters clearly provides an incentive for the designer to ensure 

that the tape is in good contact with the tube so that C
fin 

approaches co. 

It is recognised here, however, that ensuring a perfect contact with the 

tube may not always be feasible; especially when long tubes are 

employed. Also from the point of view of ease of cleaning of the tubes, 

the designer may prefer mere insertion of the twisted-tapes. This, 

however, would mean that a gap must exist between the tape and the tube 

wall. Thus, besides Cfin' the resistance to heat transfer due to the 

gap is an additional' fact governing the fin-effect. The magnitude of 

the resistance will depend on the thickness of the gap and on the thermal 

conductivity of the fluid. Thus for air, for example, although for a 

typical tape-tube assembly, Cfin  is of the order of 65; its fin-effect 

will be considerably lower because the thermal conductivity of air is 

very low. The same would also apply to other fluids such as oils 

and water whose Cfin  values can be shown to be of the order of 12 and 5. 

It is with this consideration of gap-resistance that the 

predictions for Cfin  = 1.85, a value which was chosen quite arbitrarily 

but is lower than the values of Cfin  mentioned above for air, oil and 

water, were obtained in the present work. The two extreme cases of 

Cfin  = co and 0 will not be considered hereafter for laminar flows. 

4 

*For a typical tape-tube assembly D/5 and Km  can both be assumed to be 
6 Km of the order of 25. Thus, C

fin D 	
will be 65 for air, 12 for oils, 

Kf 
and 5 for water. 



• 
107 

(iii) Predictions for Cfin = 1.85 

Influence of Pr and Re. 

Figure 5.2-13 shows the predicted Nui  data for Pr = 0.1, 1.0, 

10, and 100 at y = 5.24. The solid horizontal line corresponds to 

the case of y = co, and the data for all the Prandtl numbers converge 

on this line at low Reynolds numbers. The reader is invited to 

compare these data with those plotted in figure 5.2-7 for Cfin = 03. 

The magnitude of the present Nui  data for each Prandtl number, it will 

be noted, is lower than the corresponding values of Nui  r Cfin 
= co. 

Influence of y and Re. 

The influence of y on Nui  at Pr = 10 is shown in figure 5.2-14 

The horizontal line again corresponds to the case of y = m, and the data 

for all y's converge on this line. At any fixed Reynolds number, the 

Nusselt number, as would be expected, increases with decrease in y; 

this increase being more significant at higher Reynolds numbers than 

at lower ones. 

(iv) 	Generalised representation of Nui  data 

In figure 5.2-15, the Nui  data for different values of Rei  

and y are replotted against Rei/y for different Reynolds Prandtl 

numbers. The purpose of the figure is to show that, for all practical 

purposes, a single parameter Rei/y can be used to correlate the Nui  

data. Thus, within the range of the values of Rei  and y considered in 

t.hepresentwork,thefigurecanbeusedtointerpolatetheNu.data 

forvaluesofRe.and y for which predictions are not obtained in the 

present Work. 

This then completes the presentation and the discussion of 

the predicted Nusselt number data. We will now examine the predicted 

temperature profiles. 
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5.26(2) Temperature Profiles  

(i) 	Profiles at y = m, Cfin  = m 

Figure 5.2-16 shows the comparison of the predicted profiles 

of T* at three angular positions with their analytically calculated 

(Eckert, 1958) counterparts. The agreement between the two is seen to 

be excellent. 

(ii) Influence of fin parameter at y = 5.24  

Figure 5.2-17 shows the temperature profiles at Cfin  = 0,  

1.85 and co. The figure shows that as Cfin  increases, the difference 

between the value of the bulk fluid temperature and the tube-wall 

temperature decreases. This supports the trend observed earlier 

that the Nusselt number, which is inversely proportional to this 

temperature difference, must increase as the fin parameter increases. 

(iii) Influence of Prandtl number  

The influence of Prandtl number at y = 5.24 and Cfin = 1.85 

is shown in figure 5.2-18. Again as Pr increases the difference 

between the wall and the bulk fluid temperatures decreases; hence the 

Nusselt number must increase with the Prandtl number. 

(iv) Influence of Reynolds number  

Figure 5.2-19 shows the influence of Reynolds number on the 

profiles of T* at Pr = 1 and Cfin  = 1.85. Note that the asymmetry of 

the profiles increases as the Reynolds number increases; and for 

reasons put forward above, the profiles also show that the Nusselt 

number must increase with Reynolds number. 

The influence of decreasing y at constant Reynolds number 

is,similar to that of increasing Reynolds number at a constant value 

of y. 	 • 
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5.27 Closure 

We have examined the predicted friction and heat transfer 

characteristics of fully-developed laminar flow. The predicted f. and 

Nu. data for various values of Rei, y, Pr and Cfin  have been found to 

be in good agreement with existing analytical solutions for the case 

of Y.  = and 
ICfin  .= C. The trend may be compared with the trends of 

experimental and analytical data for fully-developed flow in a curved 

pipe (Dean 1927, Akiyama and Cheng 1971). The equations governing 

this flow are similar to those of the present work, and the friction 

and heat transfer characteristics are similarly affected by the 

existence of secondary flow. Here perhaps, it is desirable to 

enumerate features distinguishing fully-developed laminar flows with 

secondary flow from those without. These are: 

1) The friction factor depends on more than one parameter, and 

the product fiRei  is not a constant. When the secondary flow is small, 

however, Dean (1927) and Date and Singham (1972) have shown that a 

single parameter dependence of friction factor can sbe reasonably 

established. 

2) The Nusselt number depends on both Reynolds and Prandtl 

numbers, and a single parameter such as ReiPr (i.e. the Peclet number) 

cannot be employed, because the viscosity of the fluid has a continuing 

effect on the heat transfer. 

In the next section, predictions for developing laminar 

flow in a tube containing a twisted-tape are presented. In the regions 

of fully-developed flow, these predictions are compared with some of 

those presented in the present section. It is hoped that the exact 

agreement obtained between the two predictions in the fully-developed 

flow region will increase the confidence of the reader in both sets of 

predictions. 
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5.3 	Developing laminar flow 
• 

5.31 The purpose  

One purpose for which twisted-tapes may be used is to reduce 

the required length of tubes in a heat exchanger. In tubes of short 

length, fully-developed flow may prevail only over a very short length 

of the tube near the exit section. In the major portion of the tube, 

the flow will be developing. The purpose of the present section is to 

show the predicted axial variation of pressure (or friction factor) and 

temperature (or Nusselt number) in the developing laminar flow. 

5.32 The problem specification 

Mathematically, the problem involves solution of three-

dimensional, parabolic differential equations for the variables 

w, Vz, gel  gr  and T. The boundary, and the initial conditions for the 

hydrodynamic variables were described in section 3.33; here the 

temperature conditions are described. 

Throughout the length of the tube, the tube and the tape 

wall temperatures are assumed to be equal and uniform. At the inlet 

section, the temperature of the fluid is assumed to be uniform; its 

value being different to that of the wall temperature. As the fluid 

moves down the tube, it absorbs energy from the walls; and eventually, 

at a certain distance, the fluid temperature reaches the wall value. 

The purpose here is to determine the influence of Reynolds number, 

twist-ratio, and Prandtl number on the magnitude of this distance. 

The thermal conditions just described are different to those 

used in the prediction of fully-developed laminar flow. The predictions 

obtained here, therefore, cannot be compared in the fully-developed 

flow region with those obtained previously. 
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5.33 Computational details  

5.33(1) Method of computation  

To predict-the friction characteristics, the equations for 

V
z
, 01, 

gG and gr are solved for a given input values of 'µ,P , v z m 

and TE/H. At each step, the mean pressure corrections are estimated 

as explained in section 3.34 and Appendix VI. When converged solutions 

are obtained, the pressure P —d  at a step is noted. Knowing  the upstream 

pressure P , the local friction factor at the step is calculated thus: 

P d- Fu 
f.1 	- ,/ 2 pv2 

z m 7 

D 
Az' . (5.3-1) 

where Az' is the axial step size. f.
1 	in the region of fully-developed P 

flow must reach the value of f. given by equation (5.2-1). 

At each step, the converged hydrodynamic. solution is used to 

solve the temperature equation. 

5.33(2) Accuracy and Convergence  

The accuracy of the predictions was again checked by 

repeating  the computations for the same input conditions with different 

grid sizes. In figure 5.3-1, the predicted axial variation of the 

dimensionlessmeanpressure(P.-17)/PV
2 

is shown for five different an 	z,m 

grid sizes at Re.. 700 and y = 2.25. 

The figure clearly shows that while large differences in the 

predictions exist for coarse grids, the differences between predictions 

for 13 x 13* and 15 x 15 grids is hardly significant. At lower Reynolds 

numbers and smaller twists even an 11 x 11 grid was found to predict the 

data with sufficient accuracy. 

*In this section, 13 x 13 grid implies 13 grid nodes of the vorticity 
or temperature variables in r' and e' directions. 
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The convergence of the iterative solutions at any step was 

measured by criterion (5.2-8). The next check on the convergence of the 

solutions was provided by calculating the mass-conservation for each 

three-dimensional cell surrounding a grid node. This meant checking 

on the satisfaction of the continuity equation. If the left hand side 

of the equation (2.3-3) summed up, for each cell, to less than 10-7, 

the solutions were taken to have converged satisfactorily. 

To obtain convergence at high twists, it was necessary to 

choose the axial step size; Az', very carefully. In all computations, 

irrespective of the Reynolds number and twist-ratio, the first axial 

step Az'
I was chosen according to the following relation: 

Az'
1 
 = 2.5 x 10-4 Re% 	 (5.3-2) 

This choice of the first step-size always ensured that 

the predicted axial velocities at the first step were never greater 

than 10 percent of their inlet value. The subsequent axial step 

sizes were chosen according to: 

Az' 	= A Aze
I-1 
	

(5.3 -3)' 

where subscript I denotes Ith step, and A is a constant. A was 

usually assigned the values of either 1.1 or 1.2. However, for 

these values of A, convergence was lacking at high twists, especially 

in the region close to the fully-developed flow. The convergence in 

these cases could be restored by choosing A = 1. 

5.33(3) Computer times  

- The computer time depends on the number of axial steps 

necessary to obtain fully-developed flow solutions, and the number of 

iterations needed per step to obtain convergence. The number of 

iterations per step were kept low (typically 35) by providing good 

initial guesses for the dependent varial?les before the iteration 

commenced. A good initial guess, in the twisted-tape flow predictions, 
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can be provided by updating the values of the variables at an 

immediately upstream station by the factor A introduced in equation 

(5.3-3). For all the predictions, typically 35 axial steps were 

needed to obtain fully-developed flow. The typical computer times 

varied between 150 to 200 seconds on a CDC 6600 computer. 

5.34 Method of presentation 

The friction characteristics of the developing flow are 

presented as follows: 

(P
i 

- P)/Pv2 	F4Re, y, z,/r4, 
n z7  m o 

(5.3-4) 

and 

f. 	= F4Re, y, z,/r
o 
	(5.3-5) 

The difference between the relations (5.3-5) and (5.3-6) is that the 

former represents the functional variation of the dimensionless mean 

pressure, whereas the latter represents the functional relationship 

for the axial pressure-gradient. In the region of fully-developed 

flowfi 2  mustequalappropriatevaluesoff.presented in the 

previous section. 

As explained in.section 5.3-2, the thermal boundary conditions 

used for the prediction of developing flow heat transfer are different 

to those used for the prediction of fully-developed flow. In the 

region of fully-developed flow, therefore, comparisons between the 

Nusselt numbers of the two predictions cannot be made. Instead 

of plotting Nusselt numbers, therefore, here profiles of dimen-

sionless bulk temperature Tb* are plotted as: 

  

y, z'/r) (5.3-6) 

where 
T - 

	

T* 	w 	- 

	

b 	T - T. 
W in 

 

(5.3-7) 

MF 
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5.35 Friction characteristics  

5.35(1) Axial variation of the dimensionless pressure  

Influence of y  

Figure_5.3-2 shows a typical variation of (P. - )/P 1.
12 
z,m 

with respect to the axial distance z,/ro  at Rei  = 700, and four 

twist ratios. The predicted variation is plausible: for, over 

the same axial length of the tube, the pressure loss (Pin 
- P) must 

increase as the twist of the tape increases; and the pressure varies 

linearly with axial distance at large value of zy/ro 
indicating thus, 

that the flow has reached a fully-developed state. 

Influence of Re. 1 

The influence of Re. on the axial variation of (Pin  - F)/Pv
2 
z m 7 

is shown in figure 5.3-3. The predictions are readily understandalbe. 

In the region of the fully-developed flow (i.e. where curves become 

linear), the curves are steeper at low Reynolds numbers, indicating, 

as they should, a higher friction factor. 

5.35(2) Axial variation of the friction factor  

Influence of y  

Figure 5.3-4 shows the predicted axial variation of f. 1, 

at Re = 700 for y = co, 15.7, 5.24, 3.14, and 2.25. The horizontal 

asymptotes, drawn by solid lines, represent the values of the fully-

developed flow friction factor fi  as plotted in figure 5.2-2. It is 

interesting to note that as the twist of the tape increases, the 

flow becomes fully-developed in a shorter axial distance. For 

instance at y = 2.25)the flow develops in only 6.5 tube diameters, 

whereas for y = 001  the axial distance is nearly'18 tube diameters. 

Thus the predictions not only display ,a typical variation of f. 

but also the magnitudes of the flow development length. 
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Influence of Re. 
1 

The influence of Re. on the predicted variation of 
fi,L 

at y = 5.24 is shown in figure 5.3-5. Again the horizontal solid 

lines represent the values of fi  as plotted in'figure 5.2-2; and the 

predicted variation of f 	is asymptotic to these values. The 

figure also shows that the effect of Reynolds number on the flow 

development length is not appreciable, although the development 

length increases with Reynolds number. 

5.35(3) Development of axial velocity profiles  

Figure 5.3-6 shows the typical axial development of the 

axial velocity (V z  /V ) profiles. The profile at the inlet section, zm 

it will be recalled, is uniform (i.e. V z  /V ' 	1). As the flow z,m  

develops, the profiles become peaky; and the velocity peak shifts 

into the region of the cross-section towards which the tape is 

twisting. In the fully-developed region, the profiles are highly 

asymmetric; and the comparison of the profiles with those predicted 

by the 11,-W procedure is extremely satisfactory. 

5.36 Heat transfer characteristics  

5.36(1) Influence of y on T*b  

• Figure 5.3-7 shows the typical axial variation of the 

bulk temperature T*b  for four twist ratios at Rei  = 700 and Pr = 1.0. 

It will be recalled that the fluid is assumed to enter the 

tube with a uniform temperature; T*b, therefore equals 1 at z,/ro  = 0. 

As the fluid moves down the tube, the fluid temperature increases as 

it absorbs heat from the walls, consequently T*b  decreases as zg/ro  

increases. 

T*b' however, decreases more rapidly for higher twists 

(i.e. smaller y's) than for smaller twists. This is because, as the 

twist increases, the secondary flow also increases; and consequently 
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the mixing between the fluid layers is considerably enhanced. The 

greater is the mixing, the greater is the heat absorbed from the walls. 

Thus, increase in the twist decreases the tube length required for the 

bulk fluid to obtain the wall value. 

5.36(2) Influence of Re. on T*
b 

The effect of Reynolds number on the axial development of T*b  

at y = 3.14 is shown in figure 5.3-8. As is to be expected, the 

figure shows that the slower the speed of the moving fluid, shorter 

is the axial distance required for the bulk temperature to obtain 

the wall value. 

5.36(3) Influence of Pr on T*
b 

Figure 5.3-9 shows the effect of Prandtl number on the 

axial variation of the bulk temperature at Y = 3.14 and Rei  = 890. 

The figure shows that at Pr = 0.1, the bulk temperature 

reaches the wall value asymptotically in only 8 diameters. As is 

to be expected, at higher Prandtl numbers, for the same axial 

distance, the difference between the wall and the bulk temperature 

is quite large. 

5.37 Closure 

This completes the presentation and the discussion of the 

developing flow predictions. What is rewarding about these predictions 

is that the friction factors for fully-developed flow have agreed with 

those presented in section 5.2. 

The heat transfer predictions have been obtained here for 

the simplest boundary conditions of axially and peripherally uniform 

wall temperature. However, other boundary conditions may also be 

considered. For instance, the condition of axially uniform wall heat 

flux considered in section 5.2 for the case of fully-developed flow. 

The problem of prediction for this boundary condition is, however, 

more complex than the one considered in this section; for, the fluid 
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as well as the wall temperatures at a new step are unknown, although 

the bulk temperature at the step• is predetermined by the condition of 

uniform wall heat flux. The problem is thus non-linear, but not 

indeterminate (Montgomery and Wibulwas, 1967). 

5.4 	Fully-developed turbulent flow  

♦ 5.41 The purpose  

The need for predicting the turbulent twisted-tape flow 

cannot be over emphasised; as in the most practical situations where 

twisted-tapes may be employed, the flow will be turbulent. The 

purpose here is to see if the models of turbulence described in 

chapter 4 can accurately predict at least the gross features of the 

turbulent flow such as the friction factor, wall shear stress, 

Nusselt number etc. 

5.42 The problem specification 

Mathematically, the problem involves the solution of six, 

two-dimensional, elliptic partial differential equations for the 

variables 11;, w , Vz, k, E and T. The boundary conditions for these 

variables were described in chapter 4. The assumptions in the 

problem are similar to those in the case of fully-developed laminar 

flow, i.e. 

1) Uniform fluid properties 

2) Axially uniform wall heat flux, Q, and circumferentially 

uniform tube-wall temperature, Tw. 

The principal task is to determine the variations of f 

and Nu. The independent parameters of interest are: Re, y, Pr and Cfin• 
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5.43 Computational details  

5.43(1) Method of computation  

To predict the friction characteristics, the equations for 

w, V
z
, Wand e are solved simultaneously for given input values 

of 	P, aP/az and n/H. A number of measures, however, have to be 

adopted to obtain the convergence of the numerical procedure. One 

of them is the multipoint circulation adjustment procedure employed 

in the prediction of the laminar flow; other measures, we shall 

discuss shortly. 

TheVz profile,andhencetheReynoldsnumberRe.based on 

the mean value of Vz
, is the output of the solution. From this 

output, the friction factor f. is evaluated as aT/az,  is already known. 

Re. and f. are then converted to Re and f respectively by dividing the 

former by a typical value of D/Dh  so that the comparison of the 

predictions with the experimental data is meaningful. The value of 

D/D
h 
used in the predictions is 1.66. 

To obtain the heat transfer characteristics, the temperature 

equation is solved by using the solutions of the equations for 

*, Vz
, k and e  . The solution of the temperature equation is used 

to calculate the Nusselt number Nu. as described in the case of the 

fully-developed laminar flow predictions. Nui  is converted to Nu by 

dividing Nui  by D/Dh. 

5.43(2) Obtaining stability and convergence  

The equations of *, tu, Vz, k and e are very strongly 

coupled via the convection, the diffusion and the source terms of the 

individual equations. Even with the deployment of the multipoint 

circulation adjustment procedure and under-relaxation of the 

equations, it turns out that the iterative solutions are unstable; 

further measures for securing stability and convergence are necessary. 
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Here, the general plan for computation, describing measures which always 

resulted in stable advance of the iteration process, is described 

first. 

The general plan to ensure stability was as follows: 

1) To begin with, only the equations for *, W and Vz  were 

solved for the first 100 iterations by assuming that lieff  10 x 

2) Once these equations of the mean flow had partially converged, 

the equations of turbulence (i.e. k and s equations) were introduced 

in the iterative procedure; and lieff  was calculated via equation (4.2-4). 

3) When the equations for all the variables were being iterated 

simultaneously, some components of the source terms of the Vz, w7 k 

and s equations were under-relaxed as follows: 

( 
S
N 	C

1
S
O 	

(1 - C1) SO
N
-M)  (5.4-1) 

where S
0 
 is the component of the source term of the variable 0; super-

script N refers to the Nth  iteration, and the value of M was usually 

chosen between 20 and 40. The value of C1 
was typically chosen to be 

between 0.2 and 0.4. The relevant terms under-relaxed in this manner 

were: H —ap o
/.349,  in Vz-equation (see table 2.1), Dw 

in w-equation 

(see table 4.2), and the term G in k and e equations (see table 4.1). 

Of these three terms, the term mainly responsible for 
 

introducing instability is H aG -- . During the iterative process, it g
bP0 

 
is this term which brings about large changes in the distribution of 

the axial velocity Vz. And since the D w  and G terms very largely 

depend on the cross-stream gradients of Vz, the solution procedure 

becomes unstable. Under-relaxation of the term over 20 to 40 

iterations (as shown in equation 5.4-1), however, produced stable 

advancement of the solution procedure. 

We shall now turn to measures which ensured the convergence 

of the iterative procedure. To avoid divergence, the source terms of 

the equations for k and e were written according to equation (3.2-6) 

in Chapter 3. The source terms of kinetic energy and dissipation 
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are written in table 4.1 as: 

S
k 
=G-Pe 
	

(5.4-2) 

and 

Pk Se  = CG k  G CD k 	
(5.4-3) -e  

In the numerical procedure, Sk  was expressed with the help of the 

definition of }Leff  (equation 4.2-4) as: 

and the successive substitution formula (3.2-1) for k and e was 

written as: 

k = 	Z 	C.k. + G 
p 	1 1 

i.N,E,S,W 

  

(5.4-5) 
1 + C P

2
killeff 

7 

and e C.C. 	CG  Tc  G 
p 	i.N,E,S,W  

1 + CD 
Pe/k 

(5.4-6) 

This arrangement of the successive substitution formulae, ensured 

that the sum of the effective values of the C's was less than 1; 

a condition for convergence of the finite difference equations. 

The two more causes of divergence were noticed when the 

algebraic stress model was used for predictions. The first of these 

was connected with the coupling between the algebraic stress 

expressions presented in table 4.3. After several numerical 
—  

experiments, it was found that if the expressions for VI
2 
 were 

used in evaluating V' 
r  Ve 

 , 2  then the source terms of the vorticity 

equation (i.e. Dw  terms in table 4.2) became very large, and 

divergence occurred. A mathematical explanation for such a 

--  divergence cannot be provided. When 1722  and V'2  were, however, 
0 
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— 	 — 
replaced by fractions of k (i.e. V'

2 	
0.4 k and V'

2 
 = 0.6k), 

convergence was obtained. Here, of course, there was a danger of 

contravening the physics of the turbulence model. However, when the 

distribution of V
r
'V
0' computed as above was compared, when convergence 

was obtained, with that calculated according to the expression in 

table 4.3, the difference between the two distributions was hardly 

noticeable, both in magnitude and character. 

Divergence was also noticed when, during the iterative 

process, the G terms (see table 4.1) became negative. In certain 

flow situations it is known that the production of kinetic energy 

can, indeed, be negative*, although for twisted-tape flows, experi-

mental evidence of this fact is not available. In order to void 

divergence, however, the negative G terms were replaced by zero; and 

their distribution was compared, when convergence was obtained, with 

that calculated by the expression given in table 4.1. The comparison 

showed that the negative generation terms which were put to zero, 

were nearly 10 times smaller than the positive ones. Thus, this 

apparent contravening of the physics of the turbulence model, introduced 

to obtain convergence, is not too unjustified, especially, when the 

correctness of the ASM turbulence model is uncertain. 

5.43(3) Limits on Convergence  

The measures outlined above did not produce stability and 

convergence for all twist ratios. At y = 1.81 (i.e. very tight twist), 

the solution procedure diverged irrespective of the value of the 

Reynolds number. At y = 2.50, the procedure converged for low Reynolds 

numbers only. Measures for obtaining convergence at these high twists 

were not explored for reasons which will become clear when the results 

are presented. 

The-solution of the temperature equation never posed any 

difficulties as regards convergence or stability. 

* The effective viscosity approach, however, always ensures that G 
will be positive. 

• 
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5.43(4) Measure of convergence 

When such seemingly ad hoc measures are adopted to obtain 

stability and convergence of the finite-difference equations, the 

residual source criterion R
s 
(see equations 5.2-10) is the only 

suitable measure of the convergence of the solutions. In all the 

computations, when Rs  for each variable was 0.01 per cent of the 

typical value of the variable 0, the solutions were taken to have 

converged. It also turned out that when this criterion was 

satisfied, the CC criterion (see equation 5.2-8) was also satisfied 

for all variables except the vorticity variable. 

5.43(5) Accuracy 

Computation of turbulent flow equations involves calcula-

tions of many gradient terms. These terms are collectively more 

important in any one region of the flow than in other regions. In 

the absence of any substantial experimental guidance in this respect, 

it was decided to use uniformly spaced grid lines to cover the field 

of computation. 

The,number of grid lines to be used was mainly dictated 

by the boundary conditions i.e. the log-law of the wall (see section 

4.42). This law applies for the region 30 <:yVT/V < 200, where y 

is the distance from the wall. Although in the present solution 

procedure, the value of VT is unknown at the start of computations, 

a few computational experiments showed that at low Reynolds numbers 

and twists a 15 x 13 grid was sufficient; whereas at higher values 

of the twists and Reynolds numbers a 17 x 15 grid was sufficient 

to ensure that the predicted value of yVT/v was between 30 and 200. 
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5.43(6) Computer times  

The computer times depend on the number of iterations 

necessary.  to obtain convergence. At a small twist (i.e. y = 11) 

converged solutions could be obtained in less than 600 iterations, 

and the computer time was nearly 260 secondson a CDC 6600 computer. 

At a high twist (i.e. y = 3.14) 1200 iterations were required, 

the computer time being consequently 550 seconds. 

These figures of computer times were roughly true for 

both the effective viscosity and the ASM computations. 

5.44 Method of presentation 

Before presenting the twisted-tape flow predictions, 

the predictions for the case of the fully-developed flow in a 

circular pipe are presented. This flow is one-dimensional, and 

there is no shortage of detailed and reliable experimental data 

against which the predictions can be compared. Such a comparison 

is an ideal initial test for the turbulence models described in 

chapter 4. 

This done, the predicted friction factor f, axial velocity 

(V z  /Vz m 	 z ), wall shear stress (T /PAT
2 ) and Nusselt number (Nu) data 

,m 

for the twisted-tape flow are compared with the available experimental 

data. In addition the profiles of length scale 	the kinetic energy 

k, and the six Reynolds stresses are also presented to demonstrate 

typical distributions of these variables, and to bring out the 

individual influences of the independent variables Re and y. 

Whereever the predictions are compared with the experimental data, 

comments on the-  reliability of the latter are also considered. 
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5.45 Prediction of fully-developed flow in a circular tube  

The predictions for this case were obtained by incorporating 

the k-E turbulence model in the computer program listed by Gosman et. al. 

(1969): the program calculates the two-dimensional developing flow in 

the entrance region of a circular tube; here the predictions of the 

fully-developed flow are presented. Thus unlike the'case of twisted-

tape flow, the flow is computed in the longitudinal section of the tube. 

The details of the boundary conditions at the inlet and exit sections, 

and the axis of symmetry are not described here; these can be found from 

Roberts (1972). At the tube wall, the boundary conditions were speci-

fied by using the log-law of the wall described in section 4.4-2. 

Figure 5.4-la shows the comparison of the axial velocity 

profiles.nepredictionsareforRe.=104 and 5 x 104; the data of 

Laufer (1954) are for rmzmax D/1.1. = 5 x 104. The agreement between 
predictionandexperimentismostsatisfactory.AtRe.=104 and 

5 x 10
4
, the predicted friction factor (calculated from predicted 

-.2 V
z T) also agreed with the correlation of McAdam's fo = .046 Re. , 

within 3 per cent. 

Figures 5.4-lb and 5.4-1c show the comparisons of k and }Leff  

profiles with the measurements of Laufer. The disagreement between 

the experiment and predictions can of course be removed by changing the 

constants of the model presented in chapter 4; however such changes 

affect the mean velocity profiles considerably. Also the experimental 

values of lieff  can not be considered to be certain. 	The values taken 

from the experiment are a function of the reciprocal of the velocity 

gradient; and since the gradient is small near the axis of the pipe, 

any errors are magnified. Similarly the profile of k plotted in 

the figure is evaluated from the measured values of V'r
, V'6  and V'z 

(according to equation (4.2-5) not all of which can be measured 

accurately over the entire region. 

The good agreement between prediction and experiment for the 

axial velocity and friction factor was considered to be a satisfactory 

test of the turbulence model. 
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5.46 Friction characteristics: twisted tape flow 

5.46(1) Friction factor  

(L) 	Selection of the experimental data 

In the literature, the friction factor data range for twist-

ratios between ° (i.e. zero twist) and 1.57 (i.e. a very tight twist). 

Here, data for twist ratios in the proximity of the following values of 

y are considered for comparison with the predictions: y = c, 11.0, 

4.15, 3.14 and 2.5. The data for these values of y have been obtained 

by more than one investigator. 

Figures 5.4-2 and 5.4-3_ show the data considered for comparison, 

At each twist ratio, compared to the mean value of the data, the scatter 

is generally of the order of + 15 per cent. The trendsshowed by the 

data are sufficiently consistent to justify their selection for 

comparisons with the predictions. 

(ii) 	Comparison with predictions 

For the purpose of comparisons we shall, in the first 

instance, consider those twist ratios for which the turbulence models 

are assumed to be valid. This excludes the case of y = co (see chapter 

4). 

For 2.5 < y < 11, in figure 5.4-2, it is seen that at each 

twist ratio the predictions with the algebraic stress model (ASM) are 

closer to the experimental data than those with the k-c 
(}Leff)  model. 

The data, however, are under predicted in each case, the under predic-

tion being of the order of 20 per cent with the ASM, and 30 per cent 

with the k-c model, except at y = 2.5 where the respective percentages 

are 30 and 50. "These percentages are based on comparisons with the mean 

values of the experimental data. Before offering any explanation of 

these observations we will consider figures 5.4-3 and 5.4-4, 

In figure 5.4-3, the comparison of the predicted and experi- 

mental data for y = m is shown. For this case, it was explained in 

chapter 4, that both the ASH and the ileff  models reduce to identical 
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forms. It is not surprising therefore that both the predictions have 

coincided. The experimental data for this case are under-predicted by 

30 per cent. 

In figure 5.4-4, the mean values of the experimental data 

are compared with predictions at three values of Reynolds number. 

The data are plotted as f/fo  against l/y, where fo  refers to McAdams,  

• 
	 correlation. At any one Reynolds number, the value of f/fo  increases 

with increasing l/y (i.e. increasing twist). The present predictions 

qualitatively predict this trend up to l/y = 0.318 (or y = 3.14) but 

for further increase in the twist, the predictions deviate considerably 

from the trend shown by the data. 

Thus, figures 5.4-2 to 5.4-4 have shown that although 

quantitatively the predictions do not agree with the experimental data, 

their qualitative behaviour is similar to that of the data for y > 3.14. 

The reasons for the quantitative disagreement' will now be considered. 

(iii) 	Discussion of the results  

Case of y = m  

Launder and Ying (1971) have showed that for fully-developed 

flow in ducts of non-circular cross-section, the friction factor data 

are underpredicted (by nearly 30 per cent) if the turbulence-driven 

secondary flows cannot be predicted. Both the turbulence models used 

in the present work are incapable of predicting secondary flows, and 

the under-prediction noticed in figures 5.4-2 is not surprising. 

Of course, the model used by Launder and Ying for a square 

duct, could be adapted for the semi-circular duct as well. But the 

assumptions* involved in their model can hardly be valid for the case 

of twisted-tape flow which is of interest here. 

* One of the assumptions is that the cross stream velocities are very 
small compared with the axial velocity. The assumption is certainly 
not true in the case of twisted-tape flow. 
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Cases of co  < y < 3.14 

The quantitative disagreement between prediction and experi-

ment is certainly due,to the inadequacy of the models. In the twisted-

tape flow, unlike the case of fully-developed flow in a tube, velocity 

gradients are appreciable in more than one direction. Roberts (1972) 

confronted a similar situation while calculating the swirling flow in 

a pipe. As pointed out in chapter 4, he could predict the flow 

correctly only when the effective viscosity distribution in the axial 

and tangential directions was different. The under-prediction noticed 

with the k-c model, which employs a scalar effective viscosity dis-

tribution is therefore less surprising. However the predictions 

can be improved by increasing either the IL
eff V orIl 	• but there 

z 	eff w'  
is very little justification for incorporating such a measure- for 

Improvement, since the increase in the values of the predicted viscosity 

will again depend on the value of the twist ratio yam. 

The fact that improvements in predictions can be obtained by 

the use of a non-scalar effective viscosity distribution is shown by 

the ASM predictions; and is further confirmed in figure 5.4-5 where 

typical distributions of the viscosity ratios Iteff,V9 2/Ileff,V, z 

/Leff 7 0  V9 2/11eff,Vz
, are plotted. , V z ' and 'IL ff  vf 	/1/eff,V

z 
 

' r 

it will be recalled, is calculated from k and e according to equation 

(4.2-4), and for the present purpose, Iteff;77 2, Ileff,v, 2 and IL 'eff V9  V 
r e 

are calculated from equation (2.2-15) as follows: 

(0.66k - V, 2) r 

p(0.66k - \ 2)r9  
2 - 

Ileff, V9  7 0  

 

(5.4-8) 
2(aVg/a9° + Vr) 

2 	p 	 
2av

r
/arg 

(5.4-7) 

H This was confirmed by numerical experiments. 
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— — where distributions of V' 2 , 	
2 V' 	and V'V' are obtained from the  0 

• algebraic expressions (table 4.3). 

The distributions of the viscosity ratios clearly show that 

the effective viscosities implied by the algebraic expressions are sig-

nificantly different from that calculated from equation (4.2-4) 

(i.e. eff Vz). 	Also, as we shall see later, although the normal 
7 

stresses themselves are positive by definition, their corresponding 

implied effective viscosities can be negative, and may indeed be zero. 

The magnitude of the viscosity ratios is generally greater ,than 1; 

thus the fact that in the k-c model, friction factor predictions can be 

improved by increasing
eff w is not surprising. 

The algebraic expressions, it is important to recall, are 

based on simplification of the original Reynolds stress equations. 

If the assumptions involved in this simplification are indeed in 

conformity with reality, then the effective viscosity is non-isotropic 

for twisted-tape flow. Future research must therefore do away with 

the isotropic viscosity approach. 

Case of y = 2.5  

In figure 5.4-4, it will be recalled, the predicted 

variation of friction factor with twist ratio did not follow the trends 

showed by the data for y = 2.5 ( or l/y = 0.4). This, the author 

believes is due to the non-universality of the constants used in both 

the turbulence models. It is possible, although cannot be confirmed 

from any experimental data,-  that the structure of turbulence at this 

high twist is significantly different to that which exists for low 

twists. 
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5.46(2) Wall shear stress  

In figure 5.4-6, the predicted circumferential variation 

of the tube wall shear stress-data are compared with the measurements 

of Backshall (1967). The experimental data are evaluated from 

Backshallgs velocity profile measurements. The method of evaluation 

was as follows: 

• 

Hot wire data 

At two angular positions along the circumference (i.e. at 

9'/II = 0.25 and 87/TE = 0.75), Backshall measured the velocity profile 

in the boundary layer. Measurements as close as 0.004 in. (in a 5.875 

in. I.D. tube) away from the tube wall were made. From this measure-

ment, the velocity gradient, and hence the wall shear stress is  was 

calculated as: 

a v = — 	---- Tw 
	1 a  y 

y=0 
(5.4-10) 

  

where y is the distance from the wall. 

Pitot tube data  

At other angular positions, Backshall measured the velocity 

at 0.25 in. away from the wall. At this distance away, it was assumed 

for the present purpose that the log-law of the wall (equation 4.4-1) 

was appliCable: Thus knowing the velocity and distance; the value of 

• 
	 VT  could be evaluated by applying the Newton-Raphson technique to the 

log-law. The value of Tia  was obtained from VT  from: 

T= PV T2 
	

(5.4-14) 

• The predicted values of Tw  were obtained from VzT  as: 

T= PV2 T/sin a z7  
(5.4-12) 

*At 49,/n = 0.25 and 0.75, the log-law was applicable at 0.25 inches away 
from the wall. 
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Comparison  

The experimental data, like the friction factor data, are 

again under-predicted; the under-prediction being greater with the ilea  

model than the ASM. The predicted variation is qualitatively in 

agreement with the experimental data. 

5.46(3) Axial velocity profiles 

Figures 5.4-7a and 5.4-7b show the comparison of the ASM and 

neff predictions with the experimentally determined axial velocity 

(Vz/V)profilesofBackshall(1967)aty.3.08andRe..5 x 10
4
. z,m 

Backshall first determined the direction of the absolute 

velocity at various radial locations and different angular positions by 

using a wedge probe. He then aligned the pitot tube in the noted 

direction at each point in the flow, and determined the magnitude of 

the absolute velocity V. Knowing the magnitude and direction of V, he 

then resolved the components Vz and V . This method of measuring V  cs 
must involve some errors, especially in aligning the pitot tube in 

the direction of V. However, Backshallts measurements were carried 

out in a 5.85 in. I.D. tube, and they can be expected to have been 

less affected by the disturbance of the flow due to the insertion of 

the probes. 

The agreement of the present predictions with Backshall/s 

measurements is qualitatively reasonable, although the magnitude of the 

predicted axial velocity in the centre of the cross-section exceeds 

the measured value by nearly 14 per cent. 

Figures 5.4-8a and 5.4-8b show the comparisons of the 

predicted profiles with the experimentally determined profiles of 

Smithberg (1964) at y = 5.2 and Rei = 8.1 x 104. Smithberg's method 

of measurement is similar to that of Backshall, except that the 

measurements were made in a 1.382 in. I.D. tube, and that profiles were 

measured in the exit section of the tube. Due to the smallness of the 

tube-diameter, the probes are likely to have affected the flow field. 

Also the exit-effects could have affected the flow field. In view of 

these possible errors, the complete disagreement between the measured 
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and predicted profiles is difficult to explain. 

5.46(4) Secondary velocity profiles  

The turbulent flow predictions showed that the distribution 

of the secondary velocity over the cross-section is similar to that 

presented in figure 5.2-6 for the laminar flow. i.e. the secondary 

velocities near the tape surface are greater than those near the tube 

surface, and they point in the direction of the tape twist. Instead of 

plotting a figure similar to the figure 5.2-6, the secondary velocity 

profiles at 6' = n/2 and 15n/16 are compared with the experimental data 

of Backshall (1967). His method for determining Vcs  has already been 

described in 5.46(3). 

Figure 5.4-9 shows the comparison of the experimental profiles 

with the present predictions. Clearly the data and the predictions show 

opposite trends. 

Backshall's profiles show that the secondary velocity Vc,  

can be represented by a forced vortex (i.e. V cs a r') model. In 

swirling pipe flow, such a distribution of Vcs  is understandable; but in 

a tube divided by a twisted tape, the behaviour of the data seems 

questionable. Secondly a low secondary velocity near the tube axis 

means that the flow in this region is predominantly axial; in the 

twisted-tape flow again, this seems questionable. It is certainly 

possible that errors exist in measurements due to the false alignment 

of the pitot probes. 

As regards the predicted variation of the secondary velocities 

no conclusive explanation can be put forward. However, it is true that 

their distribution is greatly influenced by the vorticity boundary 

conditions on the tube and the tape wall. The latter, as explained in 

figure 3.2-1, constitutes three out of the four boundaries of computa-

tion; and the influence of vorticity condition on the three boundaries 

must certainly propagate throughout the field of computations. Thus, 

although there is evidence from Backshall's boundary layer measurements 

that the log law of the wall applies near the tube surface, its 
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possible inapplicability near the tape surface can severely affect the 

secondary velocity distribution near the tape as well as the tube 

surfaces. 

5.46(5) Profiles of len th scale and kinetic enera 

Comparison of ;Leff  and ASM predictions 

Figure 5.4-10 shows a typical comparison of,- and k profiles 

predicted by lieff  and ASM models at y = 4.2 and Re21.25 x 10
4. 

The predicted kinetic energy profiles are plausible; since near the 

tube and tape wall, where the velocity gradients are very high, 

the levels of kinetic energy are also high. In the central core, the 

kinetic energy levels are lower than those at the walls. The important 

point to note however is that the levels of kinetic energy are higher 

in the ASM predictions than the 
Iteff 

predictions. This implies that 

the value 
ofeff,V 

is higher in the•ASM predictions than in the J
eff"

predictions since Z  the distribution of/ is seen to be nearly 

identical in both predictions. It is not surprising therefore 

that the predicted friction factor is better predicted by the 

ASM than the Ileff  predictions. 

The profiles of length scale clearly indicate the 

usefulness of solving the dissipation (e) equation; for, such a 

length scale distribution, if indeed true, would be difficult to 

prescribe algebraically in the absence of any experimental data. 

The general symmetry of the length scale profile over the cross-

section suggests that its distribution is greatly influenced by 

the diffusive effects; except in the left hand corner near the 

tape surface, where the distortion of the length scale profile 

is indicative"of the convective influences. 

Effect of twos-ratio y  

Figure 5.4-11 shows the influence of y on predicted 

profiles of 2  and k at y=5.2, 4.2 and 3.14 for Rei:7.7 x 104. 

The distribution of k is understandable, however the important 

point to note is that as y decreases, the value of k increases, 
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thus indicating the effects of greater mixing caused by 

increasing twist. The profiles of length scale on the 

other hand are very little influenced by y. 

5.4-6 The stress profiles  

 Typical profiles of Vz'2  , Vr'Vzi, V o'Vz', Vr'Vo' , 

V
r
12  and V8l 2  are shown in figure 5.4-12 at y = 5.2 and 

Re. = 7.7 x 10
4
. The predictions are obtained with the ASM model. 
-- 	 -- The profiles of V
r'
2  , V o2  , and Vr b  'V,' are those obtained by the 

algebraic stress expressions in table 4.3. Note r=hat the sum 
— -  of Vr'2  , V o'2  and V 

z
'2  is nearly equal to 2k, where k profiles 

are 	shown in figure 5.4-31. Note also the lines of zero 

shear stress in the profiles of Vr'Vzi, V o'Vz' and Vr'V o' . 

♦ Comparison of this figure with figure 5.4-5 shows 

that in regions where the normal stresses V ? and V ? 0 
are finite, the value of the effective viscocity may be zero, 

or even negative. In regions where the shear stress VrT770  

is zero, the value of the effective viscocity is finite. This 

comparison of the stress and corresponding effective viscocity 

profiles shows that the conventional effective viscocity 

approach is not always valid. 

5.4-7 Heat transfer characteristics. 

Figure 5.4-13 shows the comparison of the experimental 

and predicted Nusselt numbers. The scatter in the experimental 

data is due to: 

.1) the different fin-effects existing in 

different experimental set-ups. 

2) the variations in the values of y , small though 

they are for the data considered. 

At each twist ratio the predictions are obtained 

for Cfin andel; the measured Nusselt number data should 

lie between these two extremes of fin-effect. The exact value 
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of the fin-effect for the experimental data, however, is unknown; 

the investigators expect the fin-effect to be not greater than 

10 percent. This means that the measured Nusselt numbers cannot 

be more than 10 percent greater than those for Cfin 
= 0. 

That the experimental data lie much closer to the 

line for Cfin 
= m suggests that the Nusselt number data, like 

the friction factor data, are under-predicted. This under-prediction 

is a direct consequence of the fact that the low magnitudes of the 

effective viscosity have been predicted. Also Jayatillaka- 

Spalding law for heat transfer near the walls (see chapter 4) 

depends on the magnitude of the predicted wall shear stress. 

The latter, as was shown in figure 5.4-6, was also under-predicted. 

Thus, the under-prediction of Nusselt number data is not surprising. 

It is important to note, however, that qualitatively the data have 

been predicted accurately, and one can reasonably argue that if the 

friction factor data are predicted correctly, then so will be the 

Nusselt number data. 

5.48 Closure  

This completes the presentation and discussion of the 

predicted data for fully-developed turbulent flow. The main 

conclusions to be drawn from the predictions are: 

1. The predictions obtained with the algebraic stress model 

(ASM) and the k-e (1.1eff  ) model of turbulence under-predict the 

• 	 friction factor and the Nusselt number data for all twist ratios. 

The magnitude of under-prediction is greater with the k-e model 

than with the ASM model. Both models, however, are qualitatively 

in agreement with the experimental data. 

2. The algebraic stress model predictions imply a non-isotropic 

distribution of peff  which can be expected for the twisted-tape flow. 

3. The predicted profiles of axial velocity and the wall shear 

stress are in good agreement with the reliable measurements of Backshall 

(1967). 
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4. The predicted secondary velocity profiles are in dis-

agreement with the experiment of Backshall (1967). 

5. . The predicted profiles of length scale, kinetic energy, 

and the stresses are plausible. 

6. As far as future research is concerned, greater dividends are 

likely from improved algebraic 24:_ress models, or from the solutions of 

the Reynolds stress equations than from the isotropic effective-

viscosity ( or k-c ) model. 

• 
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Chapter 6 

CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK 

6.1 	Introductory remarks  

Development of numerical procedures to predict the friction 

S 
	and heat transfer characteristics of laminar and turbulent flow in 

tubes containing twisted-tapes has been the main objective of the 

present research work. Details of the work have been described in 

previous chapters, and it is now appropriate to review the work as 

a whole. 

The purpose of this review is to enumerate and discuss the 

achievements of the present work, and to make suggestions for future 

research. 

6.2 	Principal results of the present work  

1. Review of existing experimental data 

All the published experimental data for friction factor and 

Nusselt number for fully-developed flow have been collated. Indivi-

dual effects of Reynolds number, twist-ratio, Prandtl number, heating 

and cooling, fin-action, and wall-to-bulk temperature ratio on Nusselt 

number data have been examined closely. Influence of Reynolds number 

and twist-ratio on friction factor data has also been examined. 

Except for certain anomalies, the data have been found to be consistent 

and reliable. 

Correlations to predict the data have also been examined in 

terms of their accuracy and generality. In both these respects, 

correlations based on semi-empirical theoretical analysis are found to 

be superior to those which are developed to correlate a particular 

set of data. The best of the available correlations have been 

recommended in chapter 1. 
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2. Formulation of the mathematical problem 

The mathematical problem of predicting fully-developed and 

developing, laminar and turbulent, uniform-property flows has been 

successfully formulated by deriving the transport equations of 

momentum and heat transfer in a rotating coordinate system. 

• 3. Computational aspects  

Divergence and instability in the stream function-vorticity 

(or tlf w) procedure arise because of the strong links between the 

equations of vorticity, stream function, and axial velocity; for 

laminar flows, divergence also arises from explicit vorticity 

boundary conditions. The first cause has been removed by ensuring 

obedience to the circulation principle at all times, and by under-

relaxation of the source terms. By these means, the Reynolds number 

and twist-ratio limits for which satisfactory convergence can be 

obtained have been increased considerably. The second cause has been 

removed by formulating the vorticity boundary conditions in an 

implicit manner. 

Instabilities in the velocity-vorticity (or V - w) 

procedure have been removed by suitable choice of the axial step 

sizes. 

4. Fully-developed laminar flow predictions  

Prediction for laminar fully-developed flow have been 

obtained for a wide range of Reynolds numbers, Prandtl numbers, 

twist-ratios, and fin-parameters.. The predictions for tapes of 

finite twist have agreed asymptotically with the analytical solutions 

for the case of flow in a straight semi-cricular duct. The purpose 

of using twisted-tapes in heat exchangers is to achieve an increase 

in heat transfer. The predictions have showed that significant 

augmentation in heat transfer can be obtained at high Reynolds 

numbers, high Prandtl numbers, low twist ratios (i.e. high twists) 

and high fin-parameters. The influence of the fin-parameter has 

been striking. 
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5. Developing laminar flow -,redictions 

The hydrodynamic predictions of the developing laminar 

flow have agreed asymptotically with those of the fully-developed 

flow. The flow-development length is found to decrease with 

increase in the twist and decrease in the Reynolds number. 

I 
	 The developing flow heat transfer predictions, obtained 

under thermal boundary conditions different from those employed for 

fully-developed flow predictions, have shown realistic trends. 

6. Fully-develo ed turbulent flow redictions 

• 

The turbulent flow predictions obtained with the kinetic 

energy-dissipation (k-e) model, and the algebraic stress model 

(ASM) have under-predicted the gross features such as friction factor, 

wall shear stress, and Nusselt number. The predictions have showed, 

however, that quantitatively the isotropic effective viscosity 

distribution provided by the k-c model is less accurate than the 

non-isotropic distribution provided by the ASM. Qualitatively, 

both models have predicted characteristics which are in agreement 

with the experimental data. 

6.3 	Discussion of the principal results  

6.31 The mathematical formulation of the problem 

V 	The mathematical formulation of the fully-developed and 

developing flow problems have involved certain assumptions. The 

principal one is that the flow is elliptic in the cross-section of 

the duct; whereas axially the flow is parabolic. Consequently, 

the axail pressure-gradient is assumed to be invariant over the cross-

section. This assumption of lateral invariance of the axial 

pressure gradient is introduced in the present formulation for 

computational convenience. 

The mathematical formulation is a general one: by simply 

changing the limits of integration, the same equations can be used to 
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predict the flow in a tube containing a helical vane (or 'half 

twisted-tape'), or the flow in an annulus with helical fins. 

6.32 The computational procedures  

The equations of .twisted-tape flow (or those of a helical 

flow) are very strongly' coupled. In an iterative procedure, this 

coupling has an adverse effect on the stability and convergence of 

the procedure. This experience has also been shared by Gosman and 

Spalding (1970) who computed the flow between shrouded rotating discs. 

The present work has shown that the problems of instability and 

divergence are not insurmountable; the only cause of concern, however, 

is that measures which produce stability and convergence exact penalty 

in computing time. This concern is more serious in the computation 

of turbulent flow. 

6.33 The turbulence  models 

The kinetic energy-dissipation (k-c) model of turbulence 

has been found to be adequate for predicting flow in a straight semi-

circular tube. -The velocity gradient exists in this case only in 

the radial direction. In the twisted-tape flow, however, due to the 

existence of secondary flow, appreciable velocity gradients exist in 

both the radial and tangential directions; the isotropic 

distribution provided by the k-c model is certainly inadequate for 

predicting this flow. Roberts (1972) formed a similar opinion in 

his computations of swirling flow in a pipe. 

Of course, more accurate prediction of the gross features of 

the twisted-tape flow is certainly possible by simply increasing the 

values of effective viscosity in the equations for axial velocity or 

axial vorticity, or both. However, on the basis of existing know-

ledge, it is difficult to justify such increases in effective viscosity 

on any grounds other than expediency. 

The algebraic stress model (ASM) predictions have been found 

to be closer to the experimental data than the predictions obtained 

with the k-c model. This is a direct consequence of the fact that the 

• 
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effective viscosities implied by the algebraic stresses pV'2 OP2 and 

pV'V' are greater than that calculated from k and e. Also these 

implied viscosities have been found to be non-isotropic. 

The. improved predictions obtained with the ASM maybe further 

improved by deriving the algebraic expressions in such a way that they 

simulate most of the important effects which the Reynolds stresses 

• themselves represent. For instance, the equations for Reynolds 

stresses include the effect of rotation (or coriolis effects) which 

the present method partially neglects. Secondly, the algebraic expressions 

used in the present work do not account for the fact that in a straight 

semi-circular duct, the stresses in the cross-section of the duct are 

produced by strains in the longitudinal direction. 

It may eventually prove to be necessary to use algebraic 

expressions for all the six Reynolds stresses, or it may indeed be 

4 
	 necessary to solve the differential equations for these stresses. 

The task of such approaches is quite formidable; both in terms of 

obtaining convergence and verifying the constants appearing in these 

equations. 

Before these approaches are adopted, it is certainly 

important to ensure that the boundary conditions used in the present 

work are adequate. 

6.4 	Suggestions for future work  

6.41 Theoretical  

• Turbulence models  

The algebraic stress model used in the present work has shown 

encouraging results. However, ithas its limitations. One of them 

is that it is incapable of predicting the limiting case of the 

twisted-tape flow: the flow in a straight semi-circular duct. It is 

probable that a mo-lel which can predict this limiting case accurately 

will also predict the case of twisted-tape flow with a greater accuracy than 

that has been attained in the present work. In this respect, attention 
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should be given to the fact that, in both straight and twisted ducts, 

the stresses in the plane of cross-section are influenced by the 

strain in the longitudinal direction. This fact cn be incorporated 

in the turbulence model by more adequate modelling of the*pressure-

strain correlation term in the differential equations for the 

Reynolds stresses. 	(Hanjalic and Launder, 1971; Launder and Ying, 

1971). 

• 
An alternative to the algebraic stress model approach is 

to solve equations for the six Reynolds stresses. Indeed, research 

work is already in progress in this direction (Launder et al, 1972). 

The author feels, however, that the use of Reynolds stress equations 

for twisted-tape flow predictions must follow in the wake of this 

reseach work. 

Extensions of the computational procedures 

The procedures described in this theAs are directly 

applicable to the prediction of friction and heat transfer character-

istics of flow in annuli containing helical fins or in tubes containing 

a helical vane. As an extension of the present work, flows in these 

two geometries should be predicted. 

In the prediction of developing flow heat transfer, the 

condition of axially unifOrm heat flux has not been considered in the 

present work. However, as pointed out in section 5.3, predictions 

under this condition cm be obtained. In the region of fully-developed 

flow, these predictions must agree asymptotically with those presented 

in section 5.2 for the fully-developed flow. 

6.42 Experimental  

Sufficient experimental data of practical interest are already 

available for fully-developed turbulent flows; for example, the 

friction factor and the Nusselt number data reviewed in chapter 1. 

However, in view of the increasing usage of short-lengthed tubes in 

heat exchangers, similar gross data for developing turbulent flow are 

needed. 
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The second purpose of further experimental work would be 

to aid development of turbulence'models for flows both close to and 

away from walls. However, as the present predictions have shown, 

the complexity of turbulence models needed for prediction of twisted- 

tape flow is so high that such information should not be based on 

measurements in twisted-tape flows. There are other flow 

situations better suited for this purpose, e.a. swirling flow in a pipe. 

• 	 where appreciable velocity gradients exist in more than one direction. 

Listings of the computer pros am 

The development of the two computer programs described in 

this thesis was financed by the Science Research Council. These 

programs arc listed in report number EF/TN/A/50, Department of 

Mechanical Engineering, Imperial College. 

Anyone wishing to obtain a listing of either of these, 

programs should write to: 

The Publications Secretary, 

Heat Transfer Section, 

Department of Mechanical Engineering, 

Imperial College, 

London S.W.7., 

England. 
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A2pendix I  

Expressions for stresses and heat fluxes  

in a rotating coordinate system  

Here, expre'ssions for T's and g's in a rotating coordinate 

system (r', e', z') are-presented. 	They are derived from the 

expressions in (r, 0, z) coordinate system. 

Stress expressions  

Normal stresses T . T 	and T rr' zz' 	00 

• 

aVr 	2 
Trr 	r'' 

= -2p 	+ pV
r
'2 	-.5- + 	p k 

n  aVz  aV 	
---2 2 -5  Tzz  = -211 (Tr 7,35.7. + 5i) + plf 	+ 	p k 

1 
ili
0 r

Vr --2 2 5 T 00  = -211 (—
r1  ae, 

— 4 —7-.) + pV6 + -- p k 

Shear stresses Tr ,_y
r z 1 

and T
0,z 

av v bV 
( 	r) 

re 	6r, 	r, 	r, m , + pvrve 

n av aV 6V 
Trz  = -11 (-- 	+ 	+ 	+ °V W'  H 60' 	az' 	6r' 	• r 

aV aV aV 
 T 	0 + 	+ 	+ 0 1 = -p (— ez 	H a0' 	az' 	r' a0'

z  
 pVOV t  

Heat flux expressions  

q - " — + br ,  

c10 	r 
= — r 	+ p 	VIT' -1

' ao , 

V'T' 
z 

V'T' 
r 

(A.I-1) 

(A.I-2) 

(A.I-3) 

(A.I-4) 

(A.I-5) 

(A.I-6) 

(A.I-7) 

(A.I-8) 

(A.I-9) 



Notes: 

1.54 

1.  For laminar, terms such as p V!V1 and pc V!T' , and k 3 
are zero. 

2. For fully-developed flows: 

et bV 	alT 	ay z 	9 	r 
- 	- 	- 0 az, 	az, 	az,  (A.I -10) 

ill 

I 
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Appendix II 

Derivation of the finite difference equation for the  

general variable 0: Fully-developed flow 

The general'partial differential equation (2.2-26) for any 

variable 0 is: 

a 	p 	br (0 Lt. ) - 6  (0 311- )) - b' 	ar' 	60' 
convection terms 

6(c0) 	rb  b(c0)  1 + 
60' 	I  1 6' 	r' I  2 6r.' 

diffusion terms 

d = 0 	 (A.II-1) 

source 
term 

With respect to figure 3.2-2, we shall integrate this 

equation over the cell area surrounding the node P. 

Convection terms  

n e 
Conv1  =S a 60' 

(0 	
i 

aL  )3 br' 601  ( 
br w 

(A.II -2) 

• Lt = a S (0e 6r, I e  j dr' -S [Ow 6r, w  d r'. 	(A.II-3) 

Similarly, 

I conv2  a eS (On 30,1 n  3 do' - s (os m, s  3 do'.  
w 	 w 

.(A.II -4) 

• Thus, there are four integrals to be evaluated in the 

convection terms. Here, the treatment of one of them is given in 

detail. Consider the first of the two terms in equation (A.II-3); 

it is: 

[0 at 
IC 	e 	

e ). dr' (A.II -5) 

• 

0 
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Now, if 0 and 11.1  are both well-behaved functions, then there exists 

an average value of 0
e
, which is denoted by 0e 

such that: 

0 e 

 

S{fin 	.1t  I3 dr' e are l e 
s 

IC  

(*ne - use 
(A.II -6) 

  

S 0-2v- )1 	dr' 
r' e 

 

• 

where subscripts ne and se refer to the corners of the cell shown in 

figure 3.2-2. Therefore, 

(A.II-7) 
IC 	

g/
se
) 

The values of 0e,ne 
and 

 r se 
are now expressed in terms of the values 

of the variables at the grid nodes, according to the upwind-difference 

idea (see Gosman et al, 1969). 	Thus: 

IC = OE 
2 	 2 

(A.II -8) 

where, the values of the stream function at a particular corner of 

the cell is equal to the average of the values of it on the four 

neighbouring nodes. Thus, line  for example is: 

- *ne 	4 
*N + *NE + *E 	(A.II -9) 

0 	Following the same procedure for all the convection terms, the 

finite difference form of convection terms can be represented by: 

Conv = AE  (0p-OE) + Aw  (0p-Ow) + Aid  (0p-014) + As  (0p-Os), 

(A.II -10) 

where AE, for example, is given by: 

AE 	a (*se-  *ne)  +  (*se-  Sne  1 
3 

2 
(A.II -11) 

{(*ne - *se)  - ISne 	*sel 
 } 
	0  ((*ne - *se) 4-  I *ne 
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Diffusion terms: 

Finite differencing of these terms by central difference 

scheme is .a straight forward matter; here, the final result of the 

diffusion terms is stated. Thus: 

Diff = BE (C0,E 
 0 - C,/P 0 ) + BW (C0,W 

 - C
0,p 

 0p) + 
E v P  

+ B
N  (CO N  0N 

 - C
0,p 

 0p) ) + Bs (C0,s 
 - C

0,p 
 0p) , ) 	(A.II-12)  

where BE 
and C

0 E 
for vorticity equation, for example are: 

BE  = 2(1 + r'2. n2/H2)/(O' - O')/(0' - 0'
P
)/r" 

EPE P 

COIE = /-leffIE 

Source term: 

   

The integral of the source term d is ascribed the value of 

d at P. Thus: 

S = dp  (OE - 01:4) (rie\I  - q)/4 	(A.II-15) 

Combining results (A.II-10),(A.II-12) and(A.II-15) then, we can 

write: 

O p = CEOE + CW
OW + CNON 

+ CSOS + S 

where, CE  (AE  + BE  Co )/EAB' E   

CN  = (AN  + BN  Co  )/EAB, 

(A.II -16) 

and so on; whe're 

EAE  = AE  + Aw  + AN  + 	+ C,
$0,p 

 (B
E 
 +B
W 
 +BN  +BS  ). 
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Appendix  III 

Derivation of boundary conditions for vorticity and temperature: 

Fully-developed laminar flow  

Vorticity boundary condition: Tube wall  

With reference to figure 3.2-1, let us assume that near the 

tube wall, 

V
0 
 = ay + by2 , 

V = Cy 	7 
	 (A.III -1) 

and 
	

Vr = 0 

where y is the distance from the tube wall. 

1 a(r' V0 
 ) 

Since w r' 	l 	
' in terms of y, it can be written 

6r  
as: 

W = (a+2by) 	(ay+by2)/(ro-y). 	(A.III-2) 

Also the definition (2.2-23) of stream function can be written as: 

2 	IL = p [ay+by + — C (r y-y2)). ay 	 H 	o 
(A.III -3) 

Since C = Vz,no 
/ n, we have two equations (A.III-2) and 

(A.III-3) to determine a and b. Thus, from (A.III-2): 

at y = 0, 

and at y = n, 

ujo = a 

(r. -2n) 	(2r -3n) 

Wno = Wo (r -n) + bn 
	 (r-n) 	

(A.III-4) 
0 	0 

 

Also integrating (A.III-3) between y = 0 to y = n, we obtain, 

bn3 

3 	r n n2 
- an2/2 + 	+ H — V no 	2 - 3

--) • (A.III-5) 
z 7 

• 

In expression (A.III-5), if the values of a and b, as determined by 

equation (A.III-4), are substituted, then we can obtain the required 



2 -m2 (To - Tb) = 0 
d x 

 
d2T 

(A.III -6) 

1.59 

S 

• 

• 

expression for wo  as presented in Table 3.1. 

At other boundaries, a similar procedure is followed. 

Temperature boundary condition at the tape surface  

Here, we derive an expression for the distribution of 

temperature on the twisted tape surface at any cross-section by 

estimating the heat transfer between the tube wall and the fluid 

via the twisted tape. The method for estimating this heat transfer 

is an approximate one, and is based on certain assumptions, which may 

not be strictly physically true when one considers the real heat 

transfer situation. The assumptions, with respect to figure 3.2-2 

then are: 

1. Conduction of heat along the length of the twisted tape is 

negligible. 

2. The variation of temperature across the thickness of the 

tape is negligible. 

3. The tape is in perfect contact with the tube wall, i.e. there 

is no gap between the tube and the tape. 

The last assumption is important because, if there were to 

be a gap between the tube and the tape (as there would be, if the tape 

was a loose fit), it would offer an additional resistance to the heat 

transfer we propose to estimate. We make this assumption, essentially 

to avoid the mathematical complexity which the consideration of the gap 

would introduce, not only to the heat transfer analysis to be described, 

but also to the hydrodynamics of the flow situation considered. 

Under these assumptions, the following one-dimensional 

equation for the tape surface temperature To  can be written: 



M 
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where T
o 

T at x = 0 and x = D, 

2 	2 h(x) 
m  = 75 K

m 
and (A.III-7) 

where h(x) is the local heat transfer coefficient along the width of 

the tape and can be replaced by: 

• h(x) _ Tno 
- T

o 
 K 

 
T
o 
- T

b 

2 D 
K
f 

(T
no - To) 

Thus, m2 . - — 
D 	K 	(T - T) m 0 b  • 

6 
K 

The dimensionless parameter (—D 	
is defined as the fin parameter 

K
m 

f 
Cfin, and must be specified to solve the equation (A.III-6). 

The straight forward finite difference statement of equation 

(A.III-6), along with equation (A.III-9), gives rise to a quadratic 

in T
o 
of the form defined by equation (3.2-3). The root of this 

equation serves as the boundary condition. 

vo 

• 
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Appeal'iz IV 

Procedures for removal of instability in the  

stream-function vorticity procedure  

Instability due to vorticity boundary condition  

• The boundary condition at a wall is obtained via 

equation (3.2-2): 

(*0 - *no)  
wo = g1 	g2 wno g3 Vz,no 

pn
2  7 (A.IV -1) 

where w 
no 

 and *
no 

are obtained via equations of the kind (3.2-1). 

Thus, with respect to figure 3.2-1, 

Wno = Co Wo + C
E  wE  + C(1/4)  ww  + CS ws  + SW (A.IV -2) 

The expression (A.IV-1) can be substituted in (A.IV-2) to yield: 

UJ
no 

g1 , C
oo 	

*
no

) + g
3 

IT
z,no

3 	
I a. 

E 	C. w. + Sw 

n 	 i=E,W,S 

 

1  - g2 Co 

(A.IV -3) 

Thus, the use of expression (A.IV-2) in an iterative process is made 

partially explicit. Now, substitute *no  in (A.IV-3) by: 

*no = C! *o 	*E C1*1 VW 	 *S S*  

where 	S* = wno + d
* 
 41/ 

z 
 4 (see table 2.1) 

-  

and d* 4Vz
4 is the part of the stream function source term which is a 

function of V
z 
only. 

After further algebra, the expression for wno  appears as 

follows: 

(A.IV -4) 



• 

• 
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Wno  

C
o
W 	

*o - 	
E 	C!if  111.

1
-d 4V 

z 
 4) + g

3 Vz7no3+ 
	E w.C.W  + SW 

a. 	II: 	 1 1 
pn 	i=o7E,S,W 	 i=E,W,S  

g 
1 + CW 

o ' 
f 1 - g

2
3 

2 pn 

(A.IV -5) 

Multi-point circulation adjustment procedure (MPCA)  

U- 

With refernece to figure 3.2-2, application of the 

circulation principle at P gives: 

wP  r' dO' dr' = V0 
 r' dO' + V

r e 
dr' - V

r w 
dr' - V

0 
 r' dO' P 	

s 
s 	

n 
 

(A.IV -6) 

s 

Replacing Vo  and Vr  by *, we get: 

r' * * r' * 
l f S P Sn N, 

WP - dr' ir113 	dr' 	- r' 	dr' 

12 	 *w  2*P + E3 	d 4V 
r 	(10'2 

where d 41/
z
4 represents terms containing V. 

(A.IV -7) 

If, during an iterative procedure, 142, changes to lip  b*p, 

it will produce a change bwp  in wp. Thus: 

	

r' 	r' 

	

r s 	-1 	n 	1 	2 	1 	(A.IV-8) b 	= b* i.--- 	+ —, 	
, 

+ 	 ' Wp 	P r' 	rP dr'`' P dr'2 dO'2 r'2' P 

Writing an equation similar to (A.IV-7), for wN, will show 

that the change 51151, in lip  will produce a change bwk in wN, where: 

r' b* n P 
5WN = N dr'2 

Similar expressions for bws, bwE  and b% are: 

r's  b*p  

811JS 	r 	dr'2  

(A.IV -9) 

(A.TV -10) 
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1 	

ollfp 

45a15 = 	t2 	t 2
—  
rp  dr 

1 51P 

r'
2 

de'
2 5ww  

(A.IV —11) 

(A.IV -12) 

Now, when an iterative procedure has not converged, we can write: 

wp  = CN  wN  + Cs  ws  + CE  WE  + Cw  ww + S + Rs 
	(A.IV -13) 

where Rs 
is the residual source. 

In the standard procedure of Gosman et al (1969), wp  is 

changed to w;)  so that Rs  goes to zero; thus: 

Wp  ' 	wp  = A w (say) = - Rs 	• 	(A.IV-14) 

But, here, in order that Rs  becomes zero in equation (A.IV-13), we 

alter W., i=N,E,S,W, so that we can write: 

(0;,, = CE wE  + CN  (0;\1 + Cw  (JJ;;T  + Cs  tig + S 	(A.IV-15) 

Thus, we also have: 

(W;,- Wp) = CE 	ws) + Cm 	wN) + C 	ws) + Cw  (co- ww). 

(A.IV -16) 

Clearly these changes in w's (i.e. (w;,- wp), and (wi- wi), 

i=N,E,S,W) must equal Emil., 	and N, as given in equations 

(A.IV-9) to (A.IV-12). 

Thus, in order that a small perturbation of flow via 511fp  

does not disturb the circulation principle for cells P,N,E,S, and W, 

we have a simple procedure to adopt; it is as follows: 

1. Solve the stream function equation at a node. 

2. Estimate 611Jp0 

• 

4 

• 
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3. Calculate ow., i=N,E,S,W,P via equations (A.IV-9) to 

(AJV-12). 

4. CorrectexistdngvaluesofwibYft.,lahere i=P,N,E,S,W. 

- Thus, the circulation principle will never be disobeyed. 

IP 

4 

0 



	

r' 	A 0' 	0' 

	

P 	E 	W 

+ 

)6 
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Appendix V  

6 

4 

• 

Derivation of the finite-difference equation 

for the axial velocity: Developing flow  

The general finite-difference equation for the developing 

flow is given by equation (3.3-1). For 0 = Vz, it is written as: 

Vd . C Vd + C Vd + C Vd + C Vd + Cu Vu + S. 

	

z,P N z,N S z,S E z,E W z,W 	z,P 

(A.V....1) 

The meaning ascribed to CN, C51 	,and Cu 
are given below with 

reference to figure 3.2-2. 

gr - Igr 1 i 
	

2 v rP  ' 

cN 	L 
= [- 

(  n 	n 	
+ 	 ] / A, (A.V-2) 

 2 A r' 	A r' (A r' + A r'N  ) 

gr + Pr I 	2 v rP  ' 

C
s 
 = [ [ s 	s  , i + 	 ] / A, (A.V-3) 

2 A r' 	A r' (A r' + A r'S  ) 

• 

Cu . rP  ' V
u
z,P / A z' / A 
	

(A.V -3) 

where 

gr n 	+ Igrn
I 	grs 	- IgrsI 	, 2 	 , 2 

[ 	 4. (g 4.  nr  + 	 V ) 	4-* 1g + 71r 	V i 
2 A r' 	2 A r' 	0 	H 	

z e 	1 0 
H 

zle 
A - 	 + 

2 rP A 0' 

lIr' 2 7Er ' 2  
(go  + - 

H 
.Vz)w  - ige  + - 

H w 
vz  I w  

+ 	 + 
2r' A 0' 

1+r'
2 II2/H2 (A 0'W  + A 0'W)  

+ Vz,P  r' /A z' + v [  P 
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r' A r' + r' A r' 
PNSS1  

+ 	J 	2 	(A.V-5) 

A r' A r' A r' 
N S 

where 

-• 

	

A r' .. r' — r' 	7 n s 
A rN . r' — r' 

A r' = r'
P 
 — r' 

	

 , S 	/ 

A 0' = 0,  — 0,  e w 

	

A NI  . 0;:, —A,,,,, 	7 

	

A 0' = 0' — a' 	. 
E E P 

(A.V —6) 

Iv 

* 
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Appendix VI 

Estimation  of mean-pressure correction  

in the velocity-vorticity procedure  

The mean axial pressure difference (Pd 
- Pu), appearing in 

the finite difference equation for axial momentum, is calculated by 

consideration of mass conservation for the entire duct. 

The true mass flow rate through the duct is specified at 

the inlet to the duct. 

Therefore, p.V 	.A 
true 	zIm c 

where A
c 
is the area of semicircular cross-section. 

.(A.VI -i) 

• During an iterative process, the total mass flow rate at 

a cross-section is given by: 

.EpVzIP r' dr' de' 
	

(A.VI -2) 

where the symbol E implies summation over all Vz 
cells. 

Assuming, in the first instance, that cross-stream 

convection effects are small, the simplified version of the axial 

momentum equation appears as follows: 

bV 
- 1N° 
pbz' 

- V
z 6z'z  • 

	

(A.VI -3) 

The right hand side of this equation, we can approximate as: 

vz 6z1 
a z,m xum/Ac)/A z' 	(A.VI-4) 

• • 
where4M is given by (Al-wtlue) 2 and A z' is the axial step 

length. Therefore, the correction (A P 
-d ), which must * be applied to 

the assumed pressure Pd 
is: 

A P -d  oc,V 	xdm / A 	

▪ 	

(A.VI-5) 
z,m 	c  
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Usually, the constant of proportionality was chosen between 0.7 to 

1.0. 

A procedure for estimating A P 
-d  has also been given by 

Caretto et al (1970). Their procedure consideres the full axial 

momentum equation instead of the approximate form presented in 

(A.VI-3). However, the constant of proportionality introduced above 
-d 

provides the flexibility for accurately estimating A P. 

4 

• 
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Appendix VII  

The kinetic energy equation in a rotating  coordinate system  

- Here, the kinetic energy equation for fully-developed flow 

is presented in a rotating  coordinate system. The method of derivation 

is the one given by Emmons (1957). 

+ 	+ 	) 	3 . P r 	r' 	H z 6e' 
convection terms 

2 
(j-- 3 	Cr' 	( 	 2}c I 
r' 	6rt 

	

r' 	H2 be,2- - 

laminar diffusion terms 

	

6 	n 	
')1] - [--1 6 — (r,  (V' k + P' V')1 + 1  - — (V' k + P' V' + - (V' k + P' V 

r' br' 	r 	r 	r' ao' 	0 	0 H 	z 	z 
turbulent diffusion terms 

	

(G 
	

(A.VII -1) 

where the term G is given by equation (4.2-8). 

The term E is as follows: 

• 

	

2 	611' 
v r(  r)2 	( 	0)2 + ( ?)2 	1 4.  n ) ff  

L art 	art 	br 	2 
r' 	H2  

(6V0)2 
	61/1 2  

2 	
by, 	ay., 	V'2 1 2 Vo  

+ ( 	+ 	3 + 	(V' 	r - V' 	11/ 	)] 
60' 	60' 	,2 	a0, 	r ao, 	2 	2 

(A.VII -2) 

The turbulent diffusion terms are modelled (see Emmons, 1957) as: 

2 
1 	„ 1 + ic_.) 	6k (11-turb  

Turb. diff. = - 	Cr' 

	

br') r.,2 2 60' Pr 	bO' r' br' 	Prturb,k 	 turb,k 

(A.VII -3) 

Thus, from equation (2.2-17), we can write: 

S. 
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Total diffusion (laminar and turbulent) 

1 
6It2 	P 

(r' eff 	bk ) + ( 	+ 	) 	eff 	bk 
r' ar' 	Preff,k 

art r'
2 H

2 be' (Preff , k be' 

(A.VII —3) 

• 

• 

• 
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n2 el,*  

- V* 7 ,2 	2 	2 	z bz* Y ✓ 4y ae. 
(A VIII-3) 

• 
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Append:1:x VIII 

Non-dimensional forms of the equations for V7  and T:  

Fully-developed laminar flow  

If the dependent and independent variables of the equations 

for axial momentum and temperature are non-dimensionalised by 

introducing the following variables: 

V8  
_ r' 	

_ r 
z' 

r* = — 	z 	— , y E.-  H/D, V*0  Ee y , r
o 
 , 	* = 

o 	z m 7 
V 	

, 	
Vz 17  

V* = r  y 	V* =:- 	F.  = ✓ V 	7  

Z,M 	
z V 

z,m 	p V2 

P
o 	

z,m 

P* = 	and T* 	
T  _ 

o p V2 	
(Q/K

f
) ' 

z,m 

4 	then the following equations result: 

aV* 	V* 	6V* 

f" 	+ 	+ V* 7C \ 	
„ 6P* 

✓ 	 r* r* 	) 	0 

z 	ao,  - - c- 	
al-7P 

2 ao, 	Y bz* 

bV* 2 b2V* 
2 	fl 6 (r z 	z 1 	N 

(Re./y) Ir* br* r  br*)  r*2 4y2 ae,2 

and 

(A.VIII -1) 

(A.VIII -2) 

[V* 6T
. 
 + 	+ V* 11) 	- 	2Y 	(r* 	) + ✓ ar* 	z 2 aGp 	Re. Pr r* br* 	ax* 

	

bz* 
* 	4

-  where b 
	N 

Re.Pr (see equation 5.2-2), 
1 

	

-  
andbz* 	

f. (see equation 5.2-12). 
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• 

• 

V 

Appendix IX  

Key to the data shown in figures 1.3-1,  1.3-2, 

1.3-3,  1.3-8,  5.4-2,  5.4-3 and 5.4-12  

Figure 1.3-1  

Curve 	Fluid 	Investigator  

A-A 	Air 	Migay (1966) 

B-B 	Water 	Narasimhamurthy and Varaprasad (1969) 

C-C 	Water 	Feinstein (1963) 

D-D 	Air,water 	Smithberg and Landis (1964) 

E-E 	Water 	Viskanta (1959) 

F-F 	Water 	Lopina and Bergles (1967) 

G-G 	Air 	Koch (1958) 

H-H 	Water 	Feinstein (1963) 

I-I 	Air 	Migay (1966) 

J-J 	Water 	Lopina (1967) 

K-K 	Air 	Koch (1958) 

L-L 	N2-gas 	
Kidd (1970) 

M-M 	Air,water 	Smithberg and Landis (1964) 

Figure 1.3-2  

Curve 	Fluid 	Investigator  

A-A 	Air,water 	Smithberg and Landis (1964) 

B-B 	Air 	Koch (1958) 

C-C 	Air 	Migay (1966) 

D-D 	Air 	Koch (1958) 

E-E 	Water 	Lopina (1967) 

F-F 	Air 	Migay (1966) 

Figure 1.3-3  

Investigator  

Smithberg and Landis (1964) 

Thorsen and Landis (1969) 

,Lopina and Bergles (1969) 

Koch (1958) 

Symbol  

Re=2 x 104 Re=4 x 104 

0 



0 

SZI 
• 

• 

• 

Figure 1.3-8  

	

Symbol 	Fluid 	Investigator  

V=11.0  

Air 	Smithberg and Landis (1964) 

	

Water 	tt 	It 	It 	It 

	

Air' 	Koch (1958) 

y=2.5  
0 	Water 	Viskanta (1959) 

Air 	Seymour (1966) 

X 	Air 	Koch (1958) 

TA 	Water 	Lopina (1967) 

Y=1-81 

	

VA 	Air,water Smithberg and Landis (1964) 
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. Figure 3.2-1. Illustration of the grid distribution. 
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Figure 3.2-2. Illustration of the typical grid node P. The dotted 

lines indicate the boundaries of the area (called 'cell') 

over which integration is performed. Small arrows 

indicate the direction of flow with respect to the cell. 

Figure 3.2-3. Derivation of the temperature boundary condition for the 

twisted tape surface. 
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Figure 5,4-2. (Continued). See Appendix IX for key to the data. 
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Figure 5.4-2. Comparison of predicted and experimental friction factors. 

(See Appendix IX for key to the data). 
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Figure 5.4-3. Comparison of predicted and experimental friction factor 

data for y co. 
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Figure 5.4-4. Comparison of predicted and experimental friction factors 

at constant Reynolds numbers. 
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Figure 5.4-6. Comparison of predicted and experimental wall shear 

stress data at y = 3.08. 
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Figure 5.4-7a. Comparison of the predicted (----, Rei=5.25 x 104, ASM) and experimental (- 	Rei.5 x 104, 

Backshall, 1967) axial velocity profiles at y = 3.08. 	(Arrows indicate direction of 

rotation of tape in the direction of flow). 



Figure5.4-71).Comparisonofpredicted(—;Re..5.1 x 1042eff)  and experimental (- - - 	Re.
1
. 5 x 1047 

• 
Backshall, 1967) axial velocity (V /V ) profiles, at y = 3.08. 	(Arrows indicate rotation of z z,m 
tape in the direction of flow). 



Figure 5.4-8. Comparisonofpredicted(-,F.e.=7.96 x 10
4
, ASM) and experimental (-z - -, Re.=8.2 x 10

4
, 

Smithherg, 1964) axial velocity (Vz
/V ) profiles at y = 5.2. 	(Arrows indicate rotation of 
zm 

tape in the direction of flow). 



Figure5.4-6b.Comparisonofthepredicted .1 x 10
4
, peff) and experimental (- - - 	Re.=8.2 x 10

4 

Smithberg, 1964) axial velocity profiles (V /V rat y = 5.2. 	(Arrows indicate rotation of z z,m 
tape in the direction of flow). 
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Figure 5.4-9. Comparison of predicted and experimental secondary 

velocity profiles. 
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Figure5.4.-10.1predictedprofilesof/andkaty=4.2,Re.=1.2 x 10
4. 	(Arrows indicate rotation of 

tape in the direction of flow). 
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Figure 5.4-11. Effect of twist-ratio on'the predicted profiles of axial velocity, length scale and kinetic 

energy at Rei  = 7.7 x 104: ASM predictions. 
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Figure 5.4-12. Typical distributions of the stresses at y = 5.2, Rpi  = 7.7 x 104. 



Figure 5.4-12._ Comparison of predicted and experimental Nusselt nUmb2rs. 
(See A endix IX for ke to the data). 
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