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ABSTRACT 

The reviewed literature has revealed that the steady state 

components of the equation of motion of a solid particle are 

considerably affected by acceleration. One would expect similar 

influences on the motion and hehaviour of gas bubbles in accel-

lerated liquid flows, a problem which was almost avoided by 

previous investigators. As a new study on the latter aspect 

a simple apparatus was designed to accelerate a water stream 

(either at constant pressure gradient or at constant velocity 

gradient) and by photographic means the motion of injected 

liquid drops (of the same density as water) and air bubbles 

(of equivalent diameters between 0.039" to 0.250") were recorded. 

Theoretical analyses were also undertaken. From these analyses 

the bubble relative motion was found to approach an asymptotic state 

(similar to the terminal velocity in still water) shortly after 

being subjected to acceleration. Such a relative motion was 

confirmed experimentally by all bubbles in this work and formulae. 

were developed to express these experimental findings in terms of 

the theoretical and few statistical considerations. 

For values of Reb, 2,000 the inspection of the drag coefficient 

has revealed its decrease with the increasing flow acceleration and 

in all cases it was found less than the steady state value. The 

importance of the added mass term in the equation of motion was 

also analysed and some experimental results are reported. 

Shapes and trajectories of the bubbles and drops, as they 

travelled along the test section, were also studied. New shapes, 
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other than the traditional ones, were observed and the influence 

of the wall or neighbouring bubbles were discussed. This work 

has also dealt with coalescence and breakup of bubbles. In 

that respect and within the accelerating part of the water 

flow, while the growth of bubbles by coalescence was generally 

found favourable, breakup of bubble was rare. 
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CHAPTER I 

INTRODUCTION 

The role of gas bubbles is an important one in many 

branches of science and technology involving interaction 

between liquid and gaseous systems. In hydraulics, the 

engineer is frequently faced with the presence of air 

bubbles entrained in flowing water. These bubbles are 

either entrained naturally by the fast moving water flow in 

contact with a free surface, or are artificially supplied to 

improve the operation of the hydraulic systems. In both cases 

the knowledge of the interaction of the bubbles with the water 

flow is essential for a better understanding of the factors 

controlling the design of such systems. 

Two distinct lines of research are visible in the lit-

erature. In the first one, investigators tend to analyse an 

aggregate phenomenon by carrying out certain modelling techniques. 

The second line is to attack the problem at its base, starting 

from an isolated bubble and enlarging the whole picture to 

cover the more complex system, with more than one bubble, 

through statistical relationships. However different those 

approaches look, still, both of them must go hand in hand for 

a better understanding of such types of flow which is at the 

moment far from being understood. 

For practical problems, at present, the hydraulics 

engineer is left with no choice but to adopt the modelling 

techniques. The selection of the appropriate controlling 



forces for both model and prototype is very difficult in 

such types of flow. Unfortunately and in spite of the genuine 

(48 efforts of many investigators,47,86,,49..)  most of the model 

tests involving air entrainment are subject to unknown scale 

effects.(33,72,41,7) It is of the present opinion that 

better understanding of these unknowns can be attained 

through further extension of the second line of research. 

A general survey of the literature revealed vast amount 

of works published on the behaviour of single air bubbles in 

calm water. It was well established, from those works, that 

the shape, path and drag coefficient of a single air bubble 

rising at its terminal velocity can be described in terms of 

its Reynolds number. In contrast, however, very little 

attention has been paid to the situation where the water is 

moving, especially with acceleration. This odd situation 

has left the engineer with no alternative but to adopt the 

well established steady state results to analyse situations 

far from being steady. Whether those steady-state values will 

still be valid, if the bubble is moving through a water flow 

subjected to a velocity or pressure gradient is, at the moment, 

a question with no definite answer. 

It is, also, evident from the available literature that, 

while a bubble may coalesce with a neighbouring one to form a 

larger bubble, a bubble bigger than a critical size may break 

up into many smaller ones. Such behaviour, in spite of their 

differences, can lead to change in the size, the shape and 
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ultimately the forces governing the motion of the bubble. 

Unfortunately the modes in which these phenomena mostly 

occur, and the influences of a pressure or velocity gradient, 

are not yet established. 

Investigators of single spheres moving near and parallel 

to a wall had proved that in effect the sphere would be 

attracted towards the wall, and in case of a fluid sphere 

the turbulence eddies near the wall could break up the sphere 

into smaller parts. To the author's knowledge no experimental 

evidence is available in the literature to prove the validity 

of those findings for the case of an air bubble moving with 

a water flow. 

Gilbert et al(28) reported that even very small solid 

particles will lag behind an accelerated air flow and this lag 

will reduce the specific impulse of the gas flow. Inspired by 

Gilbert et als' findings, Gutti(3°'31)  has recently shown 

theoretically that a very small air bubble can lead or lag, 

according to whether the liquid flow is being accelerated 

or decelerated, behind a water flow. Knowing the assumptions 

under which those results were obtained, the validity of 

those findings will remain in great doubt until experimental 

confirmations are produced. 

In order to seek an answer to some of the above questions 

the present experimental investigation was carried out. Since 

no similar experimental work is available in the literature, 

it was decided that this work should be essentially fundamental 

and a deliberate effort was made to keep the apparatus simple. 
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Water was accelerated to four times the entry velocity by 

constricting the test section from (4" x i") at the entry 

to (1" x i") at the outlet. Keeping the third dimension 

constant (1) the constriction was achieved by designing 

the curvature: first to give constant acceleration for 

lengths of ku and 2" respectively: second to give a linear 

acceleration for a length of 4". The difficulty of getting 

frequent records of the bubble movements was solved by using 

a high speed eine camera taking up to 10,000 frames per second. 

To compare the experimental findings, from the above set up, 

with a more appropriate theoretical background, Gutti's
(30) 

solution has been modified for the new boundaries of the linearly 

accelerated runs, and a new solution has been suggested to deal 

with the constant acceleration cases. 

With these arrangements it is hoped that the present work 

may help in a better understanding of the interaction of bubbles 

with moving water in conditions other than the classical calm 

water cases. 
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CHAPTER II 

REVIEW OF LITERATURE 

II.1 Introduction 

While a magnificent amount of work has been published by 

many investigators in different parts of the world on the 

behaviour of bubbles motion in calm liquids, very little 

information has appeared in the case of bubbles moving with 

a moving liquid, especially when the liquid is undergoing 

acceleration. The main reason why many investigators have 

avoided the latter case is because of the large number of 

variables involved. Such difficulties can be observed from 

the general definition of the equation of motion, for a single 

bubble in an accelerating liquid, which may be written as 

Drag Pressure force Weight . History (Basset's Integral) 

(Mass I- Added mass) x Acceleration. 

The drag of a bubble, in a non-flowing liquid, is a 

complicated function of its geometry, velocity and the physical 

properties of the medium. Any acceleration to the bubble may 

not only bring more complications to the non-flow drag, but 

create other problems by the appearance of the added mass and 

history terms about which not much is known at the moment. 

To avoid the above difficulties, most of the previous workers 

have studied the less complicated problems of bubbles rising at 

their terminal velocities in calm liquids. For such situations 
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equation II.1 reduces to 

Drag -f- Buoyant Force + Weight = 0 

or CD 
	pLgV(1 - Pg/PL) 

Measuring u. 	, V and knowing pL,pg, in equation 11.2, 

CD 
can be determined. These values of CD 

are usually 

represented in terms of other functions Auch as the bubble 

size or Reynolds number. 

Other than the steady state form of the equation of motion, 

this study is meant to include the accelerated form of the 

equation of motion (II.1), its different components and results 

of its solution. Although the bulk of the available literature on 

the latter topic has dealt with accelerated solid or liquid 

particles, it will be reported here in the hope that it may 

help in a further understanding of the scarcely mentioned topic of 

accelerated gas bubbles. 

In addition to the above, the chapter gives a brief review 

of the general behaviour of gas bubbles in liquids. This general 

behaviour includes important topics such as the formation, shape, 

trajectory, coalescence, break•-up and effect of wall on bubbles 

in liquids. 

Being the first, in some ways, of its kind, this review 

may look somewhat lengthy. The reason is always the difficulty 

of drawing a line between what is important and what is very 

important. However, in its present form, this review is 

not only designed to furnish a good base for the study of this 
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particular work, but also to help ac a guide for future studies 

on this important problem. 

11.2 Steady-state form of the equation of motion 

(i) Dra Coefficient of bubbles in calm liquids 

Most of the workers studying the drag coefficient of bubbles 

in calm liquids have adopted a form of equation 	
(261,10,11, 

 

25,76,24,71,32,75,77,62,64,56,16,65,20,55) For air bubbles 

moving at their terminal velocity in water, it has been found 

that the drag coefficient of the bubble can be described in 

terms of its Reynolds number.
(76) 

Rosenberg(76) has reported that for Reynolds number of less 

than 70, bubbles behave like rigid spheres. With an increase 

in Reynolds number, a decrease in the drag compared to that of 

rigid spheres occurs even though the bubbles are still spherical. 

For Re between 400 and 5000, the bubbles become eMipsoidal, 

and both the surface tension and hydrodynamic forces are 

important in determining the shape and consequently the drag 

coefficient of the bubble. Above this range of Reynolds number, 

the shape of the bubble is mainly determined by the hydrodynamic 

forces. In this case, the bubbles have a spherical cap 

shape and their drag coefficients have a constant value of 

about 2.6, which is independent of the bubble size.
(32) It 

has also been shown(5)  that the rise velocity of a spherical 

cap bubble can be represented by the relationship 

= 	 (I1.5) 



L 

P, 
C
D

p
LAu 2 = p

LgV(1 - -L) 
.... (11.4) 

8. 

where R = radius of curvature of the spherical cap bubble. 

Using simple flow-visualisation techniques, Maxworthy(58)  

has demonstrated the presence of a wake behind a large bubble and 

has used hydrogen bubble techniques to measure the velocity 

profile in the wake region behind the bubble. From these 

measurements, he has estimated a value of 3.2 for the drag 

coefficient of a spherical cap bubble. 

Although the description of CD  for air bubbles in water 

in terms of Reynolds number is generally accepted by most 

investigators, the actual values, limits and reasonings 

occasionally differ from one investigator to another. Such 

differences are mainly due to the difference in the techniques, 

nature of the liquids, and dimensions of the containers used 

by different workers. 

(ii) Drag Coefficients of air bubbles movin in a uniform water flow  

For cases where the bubble is moving at its terminal velocity 

relative to a uniformly moving liquid, equation 11.2 can be written 

as 

Roberson et al(75) have reported fluctuations, which they 

attributed to turbulence, in their measurements of the relative 

rise velocity of air bubbles in turbulent water flow. Haberman 

and Morton(32) added that these fluctuations could be due to the 

turbulence as well as the acceleration. 
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Although Baker and Chao(')  have noticed similar 

fluctuations in their measurement of bubble velocities in 

turbulent water streams, yet they reported some quantitative 

measurements of the drag coefficient. From their measurements 

they found that the drag coefficient was, in general, lower 

than that of the non-flow case. At high Reynolds number 

it was found to have a peak value of 2.0, instead of the 

classical 2.6 reported before. 

11.3 Equation of motion for accelerated spherical articles 

The motion of accelerated solid particles in stagnant 

fluid media has been tackled by many workers. Due to the 

many difficulties appearing in the way of reaching a general 

solution, some workers have tended to neglect certain components 

whose magnitude is relatively smaller than the others. Such 

difficulties are intensified when treating the particles' 

accelerations relative to a moving fluid. Many more difficulties 

have been met by workers who have tried to apply the same 

principle to accelerated fluid particles. The additional 

complications stem from certain properties of the fluid 

particles, such as oscillation, internal circulation and 

deformation. The phenomenon of oscillation, which is more 

obvious in the case of gas bubbles, has encouraged some 

investigators to add a radial motion to the bubble. 

To avoid further confusion the present review is arranged 

under the following sub-headings: 

(i) Particles accelerating in calm fluid. 
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(ii) Particles accelerating in moving fluid. 

(iii) Radial motion of particles. 

(iv) Velocity lag or lead. 

(v) Effect of acceleration on CD 

(vi) The added mass. 

(vii) Basset History term. 

(i) Particles accelerating in calm liquid 

Basset  () has proposed an integro-differential equation, 

in which the resistance is a linear function of the velocity, 

for the motion of a sphere falling in a viscous liquid of 

unlimited extent, under the influence of gravity. This 

equation may be written as 

dv (t dvs 

(ms4m)  dt'  = (ms-m)g-5117dvs- d2  .11w 	dt' 
o 1E:0\  

(II05) 

The first and second terms in the left hand side of 

equation 11.5 represent the forces of the sphere and the 

added mass effect respectively. The first, second and third 

terms on the right hand side stand for the gravity effect, 

drag force and the history of the motion respectively. The 

history term, however, indicates that the resistance 

to motion at any time, t, due to the unsteadiness of the 

flow is, in part, a function of the resistance at a previous 

time. 
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This form of the equation of motion has been accepted and 

3) 
used by many authors, including Boussinesq

(12) and Oseen
(6  

Unfortunately the solution proposed by Basset to equation 11.5 was 

complicated by the appearance of imaginary functions for the 

Ps - 
ranges of — ;0.625. 

The reviews reported by Hughes and Gilliland,
(4°) Torbin 

and Gauvin,(85) and recently Clift and Gauvin(18)  have indicated 

the approaches, followed by different workers, to solve the 
P, 

equation of motion for the case where 7:7=:.) 1. 	Those approaches 
f' 

can be summarised into two distinct lines of attack. 

One group of investigators tends to modify equation 11.5 

by neglecting the history term, keeping the resistance term 

to vary as for the steady-state, and allowing the added mass 

term to account for the balance of the forces of the equation 

of motion. In this situation the equation of motion can be 

written as 

dv 
(m 	m) 	- (m - m)g 	p A iv v 
s A 	d 

s 

t 	
D f sq s

;
! s 

The second group of investigators have neglected both the 

history and added mass term, and expressed the resistance in 

terms of a total drag. Thus equation 11.5 can be reduced to 

dv 
- (ms s m)g  - ..CDAPfAs 

v5 
 vs 

Hughes et al, )  assuming a spherical drop, have carried 

out a dimensionless analysis which gave CDA  as a function of 
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the following: 

G 'f C
DA 

= 0(Re, S
u 

 , W Ac, 
t, 	 p s s 

(11.8) 

where S = surface tension group, 

Wt  = gravity Wroup 

and A
c 
= acceleration group. 

Though Brush et al(13) had accepted the Basset derivation 

of equation 11.5, yet they described his solution as erroneous. 

They then proposed a solution for the equation by applying a 

Laplace transform with L lirs(t)"( = f(s) and suggested a 

solution for the non-linear resistance form of the equation 

of motion which they defined as 

d2 piv - s  g D 7  - Tr - 	' (ms±1m) 

dv  

dt 	(m - m) -- C 	vs 
 

t dv r 	s 
\ dt' dt' 

6,X'17-t-1\  

(II.9) 

Odar et al
(66) have suggested an equation for the forces 

exerted by a viscous fluid on a sphere which is accelerating 

arbitrarily and moving rectilinearly in an otherwise quiet 

fluid. This equation can be written as 

d 
(tv s , , 

-(m+Cm)  ci 

dv

t ° 	
D Td? f  , 	

2 	dt' 
= c s A 	pvsk Vs  -F 	41J' 	:7E7\ dt' 

6 

The main differences between equations II.10 and 11.5 are the 
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absence of the gravity term and the introduction of the 

generalised coefficients CD, CA and CH' 
which stand for the 

drag, added mass and history terms, respectively. 

Equation 11.10 was found to give quite satisfactory 

results in the case of a simple harmonic motion,at least up to 
2p,A wR 

a Reynolds number ( 	s  ) of 62. While CD 
was found to be a 

f 
function of the Reynolds number only, C, and CH 

were found to be 

independent of the Reynolds number and dependent n the ratio 

of the convective to the local acceleration d dv dt 

0dar(57)  later applied equation II.10 for the case of 

free fall of a sphere in a viscous fluid and verified its 

validity to this case. 

(ii) Particles accelerating in moving fluids 

Tchen(83) had generalised equation II.5 to suit the case 

where the particle is accelerating relative to a moving fluid. 

His result for one scalar component of the total differential 

equation of particle motion may be written as 

dvs 	dkuf 1  ays  duf 	,a2 	
dv dui. 

\t(dt's  - dt, ' 
Ms at .-- m  at - 2m(dt - at ) - 3711

d(vs-uf ) - -.`--'' 
	

mir
'' ft - fl.‘ 	t I  

o 
.... (II.1") 

Equation II.11 was obtained by rewriting equation II.5 in 

terms of a particle whose velocity is (vs  - uf) in still fluid 

and then endowing the entire system with a term equivalent to 
auf  

the fluid pressure gradient (m 

Equation II.11 was modified by Corrsin and Lumley
(22) for 
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the case of Stokian motion of a small spherical particle 

in a turbulent fluid. Their form of the equation of motion 

may be written as 

dv 	Du 	 av 	bufi 	du
fi Si 	/fi 	-,:2 	■ 	/ \I M. / -21 l 	S i 	- V 

at 	6t 	si 

f t 5xsi 	611fi 	
au
fi 

 tl at - -TT-  - vsk axk  - 3Trild(vsi  - U ) 	2  d2 	\ 	 at ' ...( ms_m)e  
fi 2 '01P" 

ease (II.12) 

However, equation 11.1' was reduced by Gilbert et al,
(28) 

for the case of a particle accelerating in one-dimensional gas 

flow characterised by a constant velocity gradient and Stokes 

flow, to the following form: 

dv 
m 	- 3711d(v 	) 
s dt 	

s  uf  

An exact solution for the above equation was obtained and some 

of the interesting features of that solution will be metnioned 

later on. 

Forms similar to equations 11.6 and 11.7 were used by Ingebo
(42)  

and other workers to deal with the relative acceleration or 

retardation of particles in moving fluids. 

Neglecting the gravity term Hjelmfelt and Mockros(38) had 

used ecuation II.1 to investigate the motion of discrete 

particles in a turbulent fluid. They solved the modified equation 

of motion before and after carrying out the following three 
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approximations. While the first approximation was obtained 

by neglecting the history term, the second one was reached 

by neglecting both the history and added mass terms, and finally 

the third approximation was made bi neglecting the fluid 

pressure gradient as well as the history and added mass terms. 

Hjelmfelt and Hockros(38) have solved these equations by 

expressing; vs  and of  in their Fourier integrals as follows: 

u - 	coswt + A sinwt)dw, f 	j 

v
s 
= W.  coswt + sinwt)dw 

Their resuls were expressed in phase angles ((3) and amplitude 

ratios (c0 of the velocity of the particle to that of the fluid 

at different values of Stokes number and for different density 

ratios. The most interesting features of these results is 

the demonstration that the third approximation can be 

adopted, without any appreciable error, for the motion of 

particles with high density ratio to the fluid flow. 

Zwick(87)  has published an excellent study on the behaviour 

of small permanent gas bubbles in a liquid. Part I of that 

study was concerned with the dynamic behaviour in a liquid of low 

viscosity of permanent gas bubbles that are small enough to be 

treated as spheres, and sufficiently isolated from one another 

to be studied individually. He suggested two types of motions for the 

bubble: a radial motion, which will be treated later, occurs if 

the pressure in the vicinity of the bubble changes with time: a 
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translation motion relative to the surrounding liquid if a 

pressure gradient exists in its neighbourhood. 

Zwick's treatment for the translation motion started 

by considering a body and surface forces acting on a sphere 

moving through the liquid as follows 

dm v 
dsts. rise  

P 

f  
e ndP 

adrface 

The term p in equation 11.15 contains the external 

field (Pc) and preturbulation due to the bubble (Pr), the 

added mass (pm) and the drag (pdrag) terms and the radial 

(Pradial ) terms. While the pressure gradient term was 

included, the radial and external field terms were neglected 

since they do not contribute to the integration of the surface 

term in equation 11.15. Hence the above equation could be 

written as 

t —d  n! v + -2-ml  (v - u )! ,mg-ku —(v - u ) 	1/7/,, 
dt L s s 	f 	o 2 s 	c 

(II.16a) 

Equation 11.16 is more or less a special form of the modified 

Basset equation suggested by Tchen (ecIn. II.11). The only 

differences are the neglect of the history term and the special 

representation of the drag and pressure gradient terms. Equation 

II.16a was further modified by Zwick, after finding from his 

treatment of the radial motion that pcV = constant (eon. 11.20), 



17. 

so as to be written as 

[
1 1- PV(v s  - uf 	T 	- u

f
) VV pc  

dt 	
0 

 

(II.16b) 

In part II of his study, Zwick tried to correlate the 

equation of motion of bubble clouds, which were assumed to 

be not too densely packed, by writing the same equation of 

motion as for an isolated bubble (II.16b). The only difference 

was in the value of the drag coefficient which he thouelt would 

be larger than that of the former case. 

Gutti(30) has reported a neat solution of the equation 

of motion for an isolated single spherical bubble in a linearly 

accelerated liquid flow. Neglecting any effect due to exchange 

of mass with the liquid, neighbouring solid boundary, and torque 

or lift forces, Gutti accepted equation 11.15 as representative 

of the bubble motion. Later, omitting the gravity effect, he 

modified equation 11.16 to be written as 

D 
r-(trisVs  2 m Ur) = Vs  4c  iCDAspfU4 Uri 

Equation 11.17 was solved by Gutti(30)  for the case of a non-

turbulent bubble wake (i.e. Cd  = n7). His results have shown 

very interesting features which will be discussed later in this 

review. 

Gutti's adoption of the modified form of equation (11.17) 
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to solve the problem was criticised by Hje1mfelt(39) who 

argued that Gutti's neglect of the history integral term 

was unwarrented unless there was no acceleration component 

with the ratio \rv/wd .  <1.2 and if that was so, the added 

mass might have also been neglected,In the same discussion 

Hjelmfelt has reported that the upper limit of equation 

11011 is not obviously the steady-state Stokes' drag relation, 

but (as he found from his work with freely falling spheres), 

it can nevertheless be valid up to Reynolds number of 1310. 

In a more recent work, on the movement of small gas 

bubbles in smoothly decelerating liquid, Gutti(31)  has defined 

the general equation of motion as 

d(m -its) 

dt (zmur) ":7(ms m)  Vb7 p 	CDPfAstirl ur 

dur  
rt 

dt' 
47 	- dt,  

2 	k E701  
ao (II.18) 

Equation 11.18 is a more generalised form of Basset 

equation and different from equation 11.17 by the presence of 

the gravity and history terms. However, Gutti(31)  has reported 

that the history term is only very considerable in cases where 

the gas bubble is subjected to a sudden stop of the liquid 

movement. Neglecting the history and gravity terms and 

replacing CD by ( f(R)), Gutti(31)  has solved this modified  

form of equation 11.18 with and without the added mass. He also 
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demonstrated the case where (f) equals to unity. His findings 

together with other quite interesting topics will be discussed 

in other relevant parts of the present review. 

(iii) Influence of Radial motion of the  bubble  

It has already been mentioned that the movement of a bubble 

inside a liquid should include the superposition of the radial 

movement on the movement of translation. The radial movement 

was studied in 1917 by Lord Rayleigh 	More recently, several 

researchers have interested themselves in this study, especially 

with regard to underwater explosion and heat and mass transfer 

in bubble-liquid flow. It was for Zwick(87)  and later 

Chincholle(17) that the radial motion has been treated as a 

part of the bubble equation of motion. 

The dynamic situation with which Zwick performed his work 

was that of a bubble moving under the combined influence of 

buoyancy due to gravity and pressure forces due to the 

' oscillation of the liquid pressure about its mean value. 

Assuming incompressible inviscid liquid, the basic equations 

for the radial motion of either the liquid or the gas were defined 

by Zwick as 

)..V
r 	

rr  

P F v = 	
f 	

-. v. 	- 
3t 	 a, t  T 	 r :.$r 

rt--2 pCv 	vr 	i= ke\I TL- p'\ .vr 
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Zwick has solved equation 11.19 by introducing 

dimensionless coordinates and applying the equation for both 

the liquid and gas phases separately after considering the 

appropriate boundary conditions. Those boundary conditions 

are 

a) At the bubble wall where r = R(t) 

dR --- 	/ 
vr 	r 

= v' = 	, T = 	k 	k- 	p = po 	2J-  Qp - 	rimes refer to gas) 
dt 

b) Far from the bubble 

0, 	(constant)' 	Pc -'.-Ajc(1 	TIC)  

The solution of equation 11.19 was performed in such a way 

that it could detect any temperature or pressure effects, due to 

the radial motion of the bubble, on the liquid flow. 

About his solution to the temperature case, Zwick wrote 

...e essentially no temperature change occurs in the liquid due 

to the pulsations, so that from this standpoint the bubble is 

adiabatic with respect to the liquid. Nevertheless, there 

can be a steep temperature gradient in the liquid just at 

the bubble wall 	
 it 

The pressure-volume relationship for the bubble was established 

by him as 

, 1, 

PIT .= constant where;' 

L(1.4), 
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The expression found by Zwick for the pressure field far 

from the bubble could be approximated as, 

P
c 
 = Pc  (1 	cosT) 

and the actual pressure field within the vicinity of the 

bubble was given by 

P 	= P (1 	cosT) 	
_cosT 

	

(S,T) 	c 3t1 -1(3(1-1)). - 

... (11.22) 

The meaning of equation 11.22 is that within the vicinity 

of the bubble an induced pressure field, which essentially 

varies as -I is created. 

Chincholle(17)  has treated the motion of a bubble, moving 

with translatory velocity vs  in an incompressible,inviscid 

dr liquid, as having another velocity component z- due to the 

radial motion of the bubble. He derived the equation of motion 

of the bubble in a uniform field of pressure as, 

dv_ 
mil ' 	

3vs dd 
1":s 	dt 	d 

.... (11.23) 
dvs dm' 

	

orms  m 	=dt 

The differences between equation (11.23) and the well-

recognised Basset equation for the translatory motion of the 

bubble, are the absence of the drag and history terms and 

the appearance of a term depending on the radial motion of 

the bubble. 



dm' 
(ms m') 	- vs 7r- --4 nPR

3 
 a  

dvs  
.... (11.26) 

22. 

After neglecting the term containing the mass of the 

bubble, equation 11.23 was integrated by Chincholle to give 

m'y
s = Constant 
	 .... (11.24) 

From equation 11.24 it can be detected that the bubble 

sometimes enjoys a great degree of autonomy. By variation of 

volume (m1 ) it can propel itself in the same manner as a 

rocket. 

The power absorbed by the bubble in its translation motion 

was written as: 

dv 	dv 
	2 dm' 

P = 	
s 

V 	= •-(Mt V 	+ V 	.... (11.25) 

The meaning of equation 11.25 is that an increase in volume 

dm' (----
dt  >0) accelerates the bubble, whereas a decrease in volume 

dm' < (—dt —0) slows it down. ' 

The equation of motion of the bubble in a non-uniform field 

of pressure was derived by Chincholle as: 

p 	s sdt 	sdt 	sdt 

where pa is the gradient of the pressure field. 

Neglecting the mass (m) of the bubble equation, 11.26 can 

be written as: 

dvs 	vs dd 
dt - _ 3 - c-r- 	- 2a .... (11.27) 
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Equation 11.27 suggests that the acceleration of the bubble 

in its translatory motion depends notably on the radial motion 

(4. However, Chincholle has demonstrated that in situations dt 

where the difference in pressure between the bubble and the liquid is 

sufficiently large the radial term will be much greater than the 

pressure gradient tern (2a) and hence the motion can be described 

by the radial term only. 

(iv) Velocity 	fluid 

Equation 11.13 was solved by Gilbert et al(28)  to show that 

even very small particles (about 10 microns) can lag appreciably 

behind linearly accelerating gas flows. The ratio of the velocity 

lag to the instantaneous velocity of the gas reaches an equilibrium 

value 	), after a certain time, which can be expressed as 

!v.. _ 	+ 	- 	+ 	 .... (11.28) 

Such a lag must be considered in two main engineering problems: 

the first is the tracking of flow by small particles: the second 

is the amount of impulse loss in engineering systems where this 

lag is encountered.viith regard to the latter, Gilbert et al 

wrote ".... a system containing 20 weight per cent solid of 

100-micron particles, the particle lag causes a 3 percent loss 

in specific impulse in a 1300-lb thrust motor.': 

Zwick(87)  has demonstrated that in a case of an oscillating 

bubble in a compressible liquid under appropriate conditions the 
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net oscillational force can be larger than the 'buoyant force 

on the bubble and the bubble would move downward rather than 

rise through the liquid. 

Baker and Chao( 3), in their investigation of bubble 

motions in a turbulent water stream, have noticed that the 

relative velocity of air bubbles in upward concurrent, 

turbulent water flow was slightly higher than their terminal 

velocities in calm water. 

Hjelmfelt and Mockros(38) results have demonstrated for 

any particle to fluid density ratio other than unity, there 

exist limits of Stokes' number below which the particles' 

velocities may differ from that of the fluid in both phase 

and amplituda. It is also noticeable from their solution 

that, within those limits of Stokes' number, for particles with 

density ratio greater than one, the velocity lags behind the 

flow in phase and amplitude while the reverse occurs for 

particles of density 	ratio less than unity. Those limits, 

however, decrease appreciably with the decreasing density ratio. 

For the situation where the density ratio is unity, the 

solution suggests that the particle follows the fluid in 

both phase and amplitude. 

Dealing with bubbles in a centrifugal pump, Chincholle(17) 

wrote "Although it (the bubble) is subjected to a considerable 

buoyancy force it can still escape from pump, often faster 

than the liquid. 

Gutti(3°)  has shown that small bubbles can advance 
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asymptotically through an accelerating liquid. Such a 

phenomenon could increase the impulse of the flow, in the 

same way as that in which the solid particles decrease 

the impulse in an accelerating gas flow, and might be 

used to improve the propulsive efficiency of a water jet. 

Considering a linearly accelerating liquid flow and a small 

bubble with non turnulent bubble wake, Gutti found from his 

solution to the corresponding form of equation (11.17) that 

the slip ratio ('.0 will reach an asymptotic value 	) which 

can be expressed as 

.... (11.29) 

The value of Aur,  , for air bubbles in water, varies from 

zero at 6 = 0 to an asymptotic value of 0.9967 asr—t.cc) 

It 	also decreases, with increasing density ratio of 

the bubble, to zero when the bubble density is equal to that 

of the liquid. 

John et al(45) have demonstrated theoretically and 

practically that a solid particle can lag behind the gas 

flow and decrease the latter's velocity in a nozzle designed 

to give a linear acceleration. 

From his solution to the modified form of equation (II.18), 

Gutti(31)  has found that at the equilibrium conditions, in all 

cases the gas bubble is lagging behind the liquid. This lag 

can be expressed, in the reduced form of the limiting slip 
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ratio -11„ 	, as 

and 

((f - 	-\(; pg . + 
2 

  

( - 29
2 

 

(For the special case 
where f 	) 

ai CIA r: 

  

At .se  .-0.01 Gutti has found that the bubble reaches 

eauilibrium almost immediately. This result could encourage 

the utilisation of the bubble movement trackings to get a qualitative 

streamline pattern of slowly decelerating liquid flows. 

It was also remarked by Gutti(31) that the slower movement of 

the bubble can decrease the local velocity of the liquid. Such a 

decrease, which is more clear near the boundaries where the liquid 

flow tends to separate, can have a serious effect on diffusers 

used with two-phase flows. 

(v) Effects of acceleration on the steady state Drag Coefficient 

Many investigators have studied the effects of acceleration on 

the steady state drag. Unfortunately, most of the work has been with 

particles of high density relative to that of the fluid. Early 

workers such as Allen(2), Cook(21) Lunnon(57)  and Laws(55) had 

all reported that an additional term must be added to the normal 

steady-state drag to compensate for the accelerating motion of 

the particle. 

The excellent review reported by Hughes and Gilliland(4°) was 

the first in drawing the attention of investigators to the effect of 
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acceleration on the steady-state drag. They confirmed the 

existence of accelerating drag as a general rule and suggested 

that its magnitude is larger for turbulent regions than for 

creeping motion. 

Lapple and Shepherd(54), as well as Gilbert et al
(28)  

have ignored anrpossible unsteady motion effects in the 

development of their, otherwise, neat solution for the motion 

of accelerated spherical particles. 

In 1959 Torbin and Gauvin(85) have reported an extensive 

review of the available literature about the non-steady drag 

forces. That review includes the work of many investigators 

who reported an increase in the drag coefficient due to accel-

eration. Such an increase was either expressed in an added 

mass form in addition to the traditional steady state drag 

(equation 11.6), or in a total drag form (equation 11.7). 

The latter expression was found to be the more adequate. 

The new total drag coefficient (C.  ) is no longer a function DA 

of the Reynolds number only, but other factors must be added. 2 

According to Iverson and Balent(45) those factors could be L
s ) ir L 	 1/.  L 	L

s 
and (---,T), while according to Keim

(46) (-tp and (7-) should v c- 
s s 

s 
suffice. 

The concept of an increasing drag coefficient due to 

acceleration started to be in doubt when Bugliarello(14) 

published his results of 3 spheres (706,809 & 15.2 sue) drawn 

by a constant force through a calm pool of water. The results 

produced some scatter but for the two small spheres showed 
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clearly the increase of the drag coefficient due to the 

acceleration. The results with the larger sphere showed in 

general a smaller accelerative effect, although in some cases 

the drag coefficient was less than the steady--state values. 

Such an unexpected behaviour was justified by Bugliarello in 

terms of a prematurely turbulent boundary layer developed by the 

surface roughness of the sphere. 

The doubt was, however, further confirmed by Ingebo(42) 

who worked with small droplets and solid spheres injected as a 

cloud with a nogligible entrance velocity into an air steam 

moving with velocities of 140 to 180 ft/sec. Ingebo's results 

(Re = 6 to 400) indicated a decrease in the drag coefficient, 

rather than the classical increase reported by most of the 

previous workers. His results have also shown an increased 

departure from the standard curve with the increasing Reynolds 

number, while all other previous workers have reported a decrease 

in the accelerative effect with increased Reynolds number. 

Using spray droplets accelerated in air streams moving from 

50 to 70 ft/sec (Re = 20 to 100), Fledderman et al(26)  have 

reported rather more decrease in drag coefficient than indicated 

by Ingebo. Neither the reason why Ingebo and Fledderman have 

shown a decrease in the drag coefficient, nor why there is a 

drastic difference between their results has yet been established. 

The picture was made even more complicated by Buzzard and 

Nedderman(15), who proved that the drag coefficient for a falling 

nylon sphere is unaffected by the acceleration. From this result 
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they concluded that the drag coefficient of accelerating a 

liquid droplet in air would not differ significantly from that 

at its terminal velocity (1000<I Rr<„3000). 

In 1971, Clift et al(18) reported an extensive review about the 

drag experienced by an entrained particle in relative motion through 

a fluid. They showed that the drag is not only dependent on the 

solid and fluid properties and the relative velocity, but also 

upon other factors including the fluid turbulence, acceleration, 

particle shape and orientation, and particle-fluid mass transfer. 

They described the use of steady drag for non-steady conditions as 

risky and misleading. 

The above summary is unf-Irtunately concerned with particles 
that 

of densities greater than/of the fluids through which they move. 

Also, the theoretical works on accelerated bubbles reported by 

Zwick(87)  and Gutti(3o'51)  have adopted the steady state drag 

with an added mass term of constant coefficient (value 1) and 

which could imply an increase in the total drag due to acceleration. 

(vi) The added mass 

The concept of added mass is not new (Du BantmBarely reported by (59)). 

Stokes(81) reported that when a solid body is in motion (acceleration 

or retardation) in a frictionless fluid of infinite extent, the 

effect of the fluid pressure is equivalent to an increase in the 

inertia of the body. Stokes was followed by many pioneers 

(Bessel
(6)

, Allen(2), Cook(2/), Lunnon(57), etc.) who started to 

determine experimental values for this inertial factor. 
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Most of the hydrodynamic books (Lamb(53), Mille-Thomson
(6o)1 

Birkhoff(8):), using the potential theory, have estimated values 

for the added mass, in terms of the displaced mass times a 

factor depending on the shape of the body and the nature of 

the motion. For a falling cylinder with its axis horizontal 

this factor is estimated as one, which decreases to Z-  in the 

case of a falling sphere. The use of the added mass coefficient 

determined from potential theory was later restricted by Torbin 

and Gauvin(85) to either the beginning of rectilinear acceleration 

or to oscillatory motions with small amplitudes. Beyond these 

regions they found that the added mass was generally inadequate 

to represent the portion of the resistance due to acceleration. 

Hjelmfelt and Mockros(38) have shown that although in the case 

of a particle of high density relative to the fluid the added 

mass can be neglected, it may be significant at a low density 

ratio. 

Stelson and Fredric(80)  have reported that the added mass 

depends on the size and shape of the body, the direction of 

acceleration and the density of the fluid. They accelerated 

their simple shapes (spheres, long circular cylinder, long thin 

rectangular rod) with an oscillatory motion and obtained values of 

added mass coefficient, which agreed with theoretical results 

obtained from the potential flow theory. Such validity of the 

potential flow theory to estimate the added mass coefficients for 

oscaillatory motion was later confirmed by Sarphaya(78) who worked 

with lenses and parallel plates. 
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Ackermann and Arbhabhirama(1) have determined the added 

mass for a sphere by oscillating a spherical body in a fluid 

held in a fixed concentric spherical shell. They found that for 

Re < 2 x 103 Stokes' equation is the most satisfactory way 

of expressing the virtual mass, while the potential theory 

may be useful at Re> 1050 These findings were later 

confirmed by McConnell et al(59) who have reported that in the 

case of small amplitudes , of motion and rigid boundaries the 

Stokes viscous flow solution will predict accurately the 

added mass for spheres. They reported that the viscous 

solution, which is best represented by the Stokes number, 

could approach asymptotically the constant value given by the 

potential flow theory at high values of Stokes' number 

(i.e. --1A:L=.> 105). To explain the apparent confusion they 

wrote "The reason for the good agreement between experimental 

results and potential flow solutions which has been reported by 

several investigators is that these experiments were conducted 

in water or other low viscosity fluid that gives high Stokes' 

numbers". 

Goldschmidt and Protos(29)  have found the added mass of 

equivalent-triangular cylinders experimentally and theoretically 

using a kinetic energy method, and obtained satisfactory agreement 

(1.53 & 1057). 	They suggested that small discrepancies could 

be due to viscous and wall effects. 

Odar et al(66) and later Odar
(67) have shown that the added 

mass coefficient of a sphere in a rectilinear acceleration (at Re<62) 
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is a function of the ratio?of the convective acceleration to 
v, 

the local acceleration Idv 1 ' . 	The potential solution value 1  
s  d 	v 2  

is reached only when 	dt 	s  ) approaches zero. 
dvs 

, 
d dt 

To Clift and Gauvin(18) the concept of added mass suggests 

that the total resistance is the rusult of the steady-st 

drag and acceleration term acting in the same line as the 

velocity and acceleration. They remarked that this may be so 

only at the initial and oscillatory motion. 

In the case of bubbles in liquids, not much has been recorded 

concerning the added mass concept. Miyagi(61), assuming a constant 

volume of the bubble and a rectilinear motion, has added to the 

equation of motion a factor equal to the displaced mass multiplied 

by a coefficient (-1). This coefficient is merely another form 

of the added mass coefficient. He found that (kr2  = constant); 

the coefficient of added mass is a function of the square of the 

bubble radius. 

Pearcy and Hill(7°), Zwick(87), Hjelmfelt and Mockros(38), 

Gutti(3°'31)  and Hjelmfelt(39)  in their treatment of gas bubbles 

in accelerated liquids have adopted the potential flow solution 

value of the added mass coefficient for a spherical body (D. 

However, Hjelmfelt(39)  has argued that if Gutti(3°)  was 

justified in neglecting the history term in equation (II.11), 

then the added mass could have also been neglected. Gutti(31)  

has solved the equation of motion with and without the added mass to 

demonstrate the importance of this factor. His results have shown 



33. 

that although the neglect of the added mass has little effect 

on the bubbles asymptotic slip limit values, and on the 

dimensionless distance-time plot, a large shift in the slip-

dimensionless time is apparent. 

(vii)  Basset History Term 

It was reported by Basset() that a history integral 

term must be added to the equation of motion of an accelerated 

particle defined as: 

dvs 
rt 

d2 	11/4, 	dt' dt' 
2 1  

6 	'N.' 

.... (11.31) 

Although this suggestion was accepted and used by 

many investigators, very little attention was paid to a detailed 

study of its significance. Among the few workers who devoted part 

of their work to the study of this term are Pearcy and Hill (70)  

Odar et al("), 0dar(67), Hjelmfelt and Mockros(38), Gutti(30131)  

and Hjelmfelt(39). 

Pearcy and Hill(70) have designed a model in which a bubble 

or a small liquid drop was undergoing a uniform, rectilinear 

motion due to a body force. At time t = 0 that force was 

removed so that the particle decelerated to rest under the action 

of viscous forces. Thus equation (II.5) was reduced to the 

following dimensionless form, 

• + v'  
dT 

(dvqt - 	(3.- -,1  
j d(T - 1') f' 

0 

.... (11.32) 
where 	,;.4! = 9 Pf V7(2ps+pf) 
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Equation (t1.32) suggests that the history term depends 

on -AI which depends on the relative densities and coefficient 

of viscosities of the two media. Solving equation (11.32), 

Pearcy and Hill have shown that the effect of this term can 

be very significant in such situations. They wrote "The 

effect of the infinite rate of the diffusion of vorticity in the 

case of accelerated motion of small droplets and bubbles can 

be an important factor in determining at any instant their 

velocity and position. Although the effect is small for liquid 

droplets in a gas, it is important in the case of vapour bubbles in 

a liquid or for two immiscible liquids". 

Odar et 
al(66) 

have reported that, for a sphere under a harmonic 

acceleration, the coefficient of the history term decreases as 
vs2 
------)increases and reaches the value in eauation (II.31) only 
dv
s 	v  2 
d 	o s 

dt 	whenkr---)approaches zero. This result was later 

confirmed dt 	by Odar(67)  for the case of a falling sphere. 

In the case of gas bubbles moving in a turbulent liquid stream, 

Hjelmfelt and Mocki-os(38)  have demonstrated that, within certain 

ranges of Stokes number, the role of the coefficient of history 

factor can be quite significant. Later Hjelmfelt(39)  has criticised 

Guttits(3°)  solution of the equation of motion without the history 

term. Gutti(31)  argued that the magnitude of this term is only 

substantial in cases where the bubble is subjected to high accel-

eration relative to the fluid and where the measured drag is 

many times the steady-state drag. Thus in the smoothly accelerated 

(or decelerated) model the neglect of the history term was justifiable. 
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11.4 General Behaviour of Bubbles 

(i) Formation of bubbles 

The production of a single gas bubble of specified size 

from an orifice is difficult even in calm water. The problem is 

even more difficult when the bubble is to be formed in a stream of 

water moving in the direction of the gravitational force. 

Unfortunately, most of the published contributions are 

concerned with the formation of bubbles in still water. In 

such a situation the size of the bubble is found to vary with 

the orifice diameter, properties of the liquid and gas (PflilflPsIlls), 

flow rate of gas, pressure, surface tension and other properties. 

Among the investigators who have described methods of bubble 

production and (or) the factors affecting that production are 

Allen(2), miyei(61), Datta et al(2q, Pattie
(69), Spells and 

Bakowski(79), Batchelor and Davies(5), Rosenberg(76), Peebles and 

Garber(71), Haberman and Morton(32), Saffman(77), Jackson(44), 

Baker and Chao(3), Ranakrishinan et al(73), Kumar (52)  and Swope(82). 

Allen produced small bubbles from a capillary tube by lowering 

and lifting a tube partly filled with mercury. Miyagi's apparatus was 

also simple and consisted of 2 bottles connected to a glass nozzle 

by india-rubber tubing. Single bubbles were produced by controlling 

the displacement of air from the second bottle by controlling water 

coming from the first bottle. 

Datta et al and others, in a conference on the formation and 

properties of gas bubbles, gave an excellent review of the 

properties and behaviours of gas bubbles formed at a circular 

orifice. 
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Rosenberg(76) and Haberman et al(32) used rat, er similar 

apparatus, for producing bubbles. However, for producing 

large bubbles, they used a cup to collect a number of small 

bubbles released from a nozzle. 

Peebles and Garber have used a more sophisticated 

apparatus which worked very efficiently for small bubble 

production. However, for producing large bubbles, they also 

used the cup technique which they described as inadequate for 

producing the required bubble sizes. 

Saffman designed a simple apparatus in which the bubbles, 

which were released from the end of a capillary tube, were 

previously introduced into the other end of that tube by 

squeezing a rubber syringe containing air. 

Jackson in a review instigated by the Institute of 

Chemical Engineers has summarised the available information on 

the formation of drops and bubbles in liquids. He has reported 

the factors which affect the diameter of a bubble at an 

orifice as; the orifice diameter, rate of gas flow, properties 

of gas and liquid (ps,116,pf,y, the submergence of the orifice 

below the liquid surface, the surface tension, the pressure 

drop across the orifice, the volume of the gas chamber below the 

orifice, the velocity of sound in gas, and the wetting properties of 

the material of the orifice. 

Interest in the Baker and Chao apparatus arises from the 

device used to avoid producing bubbles directly in the more 

turbulent regions of their apparatus. The bubbles were generated 
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from an oil-free air supply and injected through a guarded 

slot. 

While Ramakrishnan et al have studied bubbles formed 

under different controlling factors, Swope's work was essentially 

concerned with the formation of single bubbles at orifices 

submerged in viscous liquids. 

Kumar's more recent study suggested a unified approach for 

the formation of both bubbles and drops from a single submerged 

nozzle. 

(ii) Bubble tra'ectories and sha es 

The shapes and trajectories of bubbles in calm water have 

been investigated and well established by many workers. Among 

those who have contributed to this topic are Allen(2)1 MlYagl(61)  

Datta et al(24), Rosenberg(76), Peebles and Garber(71), Haberman 

and Morton(32), Saffman(77) and Hartinunian and Sears(37). 

Rosenberg has described the trajectories and shapes of air 

bubbles in water as a function of the Reynolds number in the 

following manner. Those with Re cc 400 are of spherical shape 

and follow rectilinear paths. For 400 <Re< 500 the bubble has 

an oblate spheroid shape and a rectilinear motion which develops 

to a helical motion at 500<„ Re ‹. 1100. For Re between 1100 

and 5000 the shape is in a transition from oblate spheroid to a. 

spherical cap with the motion almost rectilinear. At this range the 

shape is fluctuating and irregular, especially as Re increases. 

For Re beyond 5000 the bubble takes a spherical cap shape and a 



rectilinear motion. 

Almost all the other workers have suggested the same 

regimes for the shapes and paths but with perhaps differences 

in the limiting values of Re between those regimes, and in 

the description of the path of the ellipsoidal bubble depending on 

whether it has a zig-zag path or follows a uniform spiral. 
(61 
'
77) 

 

Saffman has suggested that the reasons for the zig-zag 

motion is an interaction between the instability of the rectilinear 

motion and a periodic oscillation of the wake. 

An observation made by all workers in the "calm water" field 

is that the ellipsoidal bubble always moves with its longer 

axis perpendicular to the direction of motion. 

Baker and Chao (), working with an air bubble in a turbulent 

water stream, have noticed similar regimes of spherical, ellipsoidal 

and spherical cap bubbles. A helical motion has been noticed within 

the ellipsoidal range, while a rectilinear motion has been reported 

for the spherical cap. Surprisingly, the writers have reported 

that the motion of ellipsoidal bubbles could not be seen with a 

longer axis perpendicular to the direction of the flow. This might 

be due to the large oscillations observed in this case. Large 

oscillations were also noticed in the spherical cap range. 

(iii) Bubble hehaviour in terms of its geometry 

Amongst those who have described the bubble behaviour in 

terms of its geometry are Rosenberg(76), Harmathy(34)  and Baker  

and Chao P)  Rosenberg has described the ratio of the average 

values of the major and minor axes of the air bubble (f) in terms 
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of the equivalent radius (re  in cm). He has shown that for 

a 0.35<( r
e 
 A( 0.55 b — is constant and equivalent to 2.7, whereas 

a for 1 <re< 3.5, .1-7  is approximately 4.02. For re< 0.35 

77 
 

a 	 a 
decreases froth 2.7 to 1. Due to the large variation of 17 

in the region 0.55< re< 1, no results have been recorded. 

He has also found that the spherical cap bubble can be described, 

other than in ratio, in terms of 0 (the subtended angle) or R  
e 

(R = radius of curvature). 

Harmathy(34)  has described the ratio of the major to the 

9 0d2 minor axes in terms of Eotvos number (---- gm/sec) and attributed 

the scatter of his points to the shape oscillation. 

Baker and Chao(3) have presented the ratio of the major to 

the minor axis in terms of the equivalent radius for both tap and 

demineralised water and comparOd the results with Rosenberg's 

Curve. The values of a for 0.1.4( r
e 

0.35 were generally higher 

for tap water (Baker and Chao consider that this might possibly 

be due to either a difference in the bubble surface charge 

or a change in the surface tension). Very large scatter of the 

results was noticed for both cases. This large scatter might 

have been due to the combined influence of the velocity gradient 

in the water and the over-ride during the bubble's attempt to 

reach an equilibrium shape. 

(iv) Bubbles interactions and coalescence  

Many investigators of bubbles (or drops) have noticed that 

a bubble moving at a distance behind another bubble can catch 

it and unite with it to form a single bubble. This phenomenon 

is called coalescence. During the process of coalescence the 
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trailing bubble enjoys a considerable acceleration and at the 

end of the process a new larger bubble is usually formed. 

Such acceleration and increase in bubble size will ultimately 

change the previous forces acting on the separate bubbles. This 

change in the forces acting on the bubbles has encouraged many 

investigators to study this phenomenon. 

Allen(2) had noticed the phenomenon of coalescence and 

reported that the union of groups of bubbles produced behaviour 

similar to that of a bubble of equivalent size. After Allen 

the problem disappeared from the literature for some time. 

Datta et al(24) have suggested that coalescence occurs most 

freely when the bubbles are of substantially spherical shape 

and travel along a vertical path. They wrote "A bubble may be 

observed to be sucked into the slip stream of the bubble immediately 

ahead of it, the two remaining in proximity for a short interval 

and then coalescence". They reported that a force holding the two 

bubbles in contact for a short time is essential for coalescence 

to occur and due to the absence of this force when sideways 

contact is made, coalescence does not occur. Garner and Hamilton
(27) 

have reported that the rate at which bubbles are produced is one 

of the factors responsible for the differing results obtained between 

various investigators. They suggested that the error due to 

interaction of successive bubbles is less than 1% only when the 

interm.1 between their production is greater than 3 seconds. 

Similar effects were noticed by Haberman and Morton.(32) 

In a brief review Jackson(44) has summarized the difficulties 
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encountered by previous investigators in their efforts 

to establish a theoretical or experimental study of 

coalescence. He supports the Datta et al theory that 

coalescence occurs in two steps with drainage of the 

liquid film separating dispersed elements to a critical 

thickness followed by rupture of the film and coalescence. 

Harrison and Leung
(36) 

have reported a wake extending 

over about 1.1 bubble diameters and travelling behind a 

bubble in a fluidized bed. The effect of this wake is to 

increase the velocity of another bubble, within its proximity, 

by an amount about equal to the velocity of the leading 

bubble. Thus the trailing bubble will accelerate and 

eventually catch the leading bubble and coalescence will take 

place. 

Baker and Chao(3)  noticed, in their study of air bubbles 

in turbulent water streams, that some bubbles had sarlite 

bubbles. It was observed that not only did the wake of the parent 

4L 
bubble affect the sayilite, but the presence of the sat llite 

also affected the parents. In fact, as one bubble accelerated, 

the other decelerated. 

Tool et al(84)Is recent study on this subject has shown that 

if two bubbles arranged in a vertical path have a distance between 

them less than the sum of their diameters, the lower bubble 

will be accelerated to a greater extent due to mutual action, 

whereas the velocity of the leading bubble is almost unaffected. 

They have also confirmed that bubbles arranged horizontally 



1+2. 

do not immediately coalesce, whereas a bubble arranged 

obliquely relative to another may move beneath the upper 

bubble to coalesce, but in this case coalescence requires 

a longer time compared to the vertical path case. 

Zwick(87)1  who was not interested in the wake phenomena 

as such, has looked at this topic from another aspect. He 

has reported that an oscillating pressure field in a liquid 

can produce an attractive force between two eighbouring 

bubbles in that liquid. This force can be written as: ..1C1 

c R' 
TA 

p1
2-vV 
- 1 2 - F - 

12 	2 87 r
12 

Cotton's and Gokhale's(23) experimental study was 

(II.33a) 

concerned with the collision and coalescence of drops, but it 

has some reference to the present studies. From the results 

obtained in a vertical wind tunnel, they suggested that the 

growth of a rain drop is due either to a direct capture, or 

to a wake capture. The wake capture is the most efficient of 

the two in a steady-state updraft, up to a relative terminal 

velocity (U u) of 50 cm/sec. Above 50 cm/sec direct capture 

becomes more effective in the growth of the rain drop. Cotton 

and Gokhale have also confirmed the effect of oscillation in 

bringing drops together by demonstrating a non-wake collision. 

However, it was reported that although the drops had collided, 

they did not coalesce, since a minimum energy transfer was 

needed for impact coalescence. 
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(v) Wall.effect 

It has previously been established in hydrodynamics 

(Lam.0(53),  Milne-Thomson
(6o)

) that when a spherical body 

moves near and parallel to a wall, a force will be developed such 

that the body will be attracted towards the wall. 

However, if the spherical body happens to be a pulsating 

bubble, then an extra force of attraction will be developed 

towards the Wall (Cole(19), Batchelor and Dav
ies(5) and Zwick

(87)). 

Cole(19)  has described the reason for this extra force of 

attraction in the case of underwater explosion. He has 

suggested that when the bubble is large, water being accelerated 

towards the wall is restricted and a pressure difference is 

therefore developed between the two sides of the bubble, causing 

it to move towards the wall. During the contraction phase, 

the opposite force is smaller, since the bubble is also 

relatively smaller in size and the duration is less. The 

dominant motion is, therefore, towards the wall. 

Zwick (87) has extended the theory an the attraction between 

oscillating bubbles by considering the case of an oscillating 

bubble near a rigid wall. He conceived an image force and 

thereby demonstrated that the oscillating bubble would be 

attracted towards the wall. The image force is given by: 

2.-2;7.2 p w 	v 

32nd 
(II.33b) 

where d = distance of the bubble from the wall. 
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(vi) Break-up of bubbles 

Although bubbles increase in size through coalescence, 

the reverse will happen when bubbles break up. Such a decrease 

in size may also change the shape and ultimately the forces 

acting on the bubble. Though many investigators have recognised 

this phenomenon, yet little attention has been given to this 

aspect. 

Amongst those few investigators who have tackled this 

topic, Levich(56)  comes first. In describing the mode of 

break-up of a large bubble in a calm liquid, Levich wrote 

"The bubble flattens out and starts to pulsate, forming a thin 

film at the centre. This film breaks suddenly and the bubble 

breaks up into a group of smaller bubbles." He then went so 

far asto suggest a theory to estimate the critical radius 

at which the bubble will break up. His first attempt to 

obtain the critical radius by equating the dynamic pressure 

(pf 17/.72) to the capillary force (tr) produced values far 

below those obtained by experiment. This failure encouraged 

him to suggest a turbulent motion,,)inside the bubble, which 
p v ` s rs 

produces a dynamic pressure 	which is directed outward 

from the inside of the bubble. When this dynamic pressure 

exceeds the the capillary force (7), the bubble inevitably breaks 

up. Assuming vrs  to be equal to uf, he obtained the following 

expression, for the critical radius (acr), which was found to 

be in good agreement with the experimental values: 

r— 
a 
cr 2 r--  00 U 3 s  P f i Pf 
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In the case of a bubble in a turbulent liquid stream 

Levich has suggested that the bubble will be broken up under 

the influence of turbulence. He has proposed an expression, 

for the critical radius in this case, which can be written as 

a *.:::- K(.17L)3/5  u 5/6  (Pf)1/5  
cr Pf 	s  

.... (11.35) 

where K = (k
1  f)1/5 12/5  5,1 2. ' 

From .his work with drops, it would also be expected 

that the critical radius for bubbles near the wall would be 

smaller than that represented by equation (11.35). 

The works of Blanchard(19), Cotton and Gokhale
(23)

1 

O'Brien(65), and Koenig(51), are concerned with drops, but 

have some relevance to the study of bubbles. Accordingly a 

brief review of the work is given below. 

Blanchard(9) has suggested that the disintegration 

of large drops is due to the oscillation of the drops. 

Cotton and Gokhale(23)  have described the forms of drop 

break-up between two extremes. At one extreme is the dumb-bell 

mode, in which break-up occurs most frequently after the collision 

of a pair of drops, whilst at the other extreme is the more 

vigorous 'bag' mode. 

O'Brien(65)  has attributed the break-up, in the latter mode, 

to a vortex instability. 

(51), however, wever, has described the formation of the bag 
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as "a result of a diaphragm-type of oscillation at the 

flattened base of the drop which becomes unstable. The 

dynamic pressure forms a transient balloon in much the same way 

that a child forms bubble in bubble-gum". 
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CHAPTER III 

THEORETICAL ANALYSIS 

III.1 The model  

The model consists of an 5solated gas bubble (i.e. air) 

moving with a stream of liquid (i.e. water) accelerated at either 

(a) constant pressure gradient (7 = K) 

dv 
or (b) constan dx 

The bubbles are assumed to be unaffected by the presence of a 

solid boundary and not to exchange mass or heat with the liquid. 

The interaction between the bubble and the liquid is simplified 

by treating the equation of motion for the bubble in a one-

dimensional system. 

111.2 General form of the e uation of motion 

With notation as in page (x). 

The general form of the equation of motion of an isolated 

particle, within an accelerated fluid, based on the effects 

described by Basset(4)  can be written as 

du t r c 
d 	d ( n 	-7N 	in 	, 	H ,2 	„ 	 t' 
UT ìnsug'-i- nuArriur) 	g .1116-  vb VP-2`:1PfAsur uri - -7 u 	ub- 

i\rt--"11  0 

.... (111.1) 

The meaning of the terms in equation III.1 is as explained 

in Chapter II (11.3) . The only differences between this form 

and equation (II.18) suggested by Gutti(31) are the representation 
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of the added mass and history coefficients in a more generalised 

way (CA & CH
). The value of (-D for the added mass coefficient 

for a spherical body has been found by many workers to be valid 

only for oscillatory motion or the beginning of a rectilinear 

motion (i.e. 85). In the case of a gas bubble it has also been 

noticed that even at relatively slow flow the shape of the bubble 

cannot be considered as spherical. The work of (66 & 67) has 

also proved that CH  is not constant and that it varies with the 

acceleration number. 

For smooth acceleration the same argument as that given by 

Gutti(31)  can be adopted so that the history term can be neglected 

and equation (III.1) is reduced to: 

1.7(CAMil;) = g ms  - V;ip - iCDPLA uriuri 

.0.. (11.2) 

The value of CD  is suggested to be the same as for the steady. state, 

while the added mass term is allowed to add for the excess resistance 

due to acceleration. The failure of the added mass term to represent 

the excess resistance when a solid particle is accelerated in a fluid 

should not detract this new assumption, since for any excess re- 

sistance due to acceleration the coefficient would not be expected 

to vary much because the displaced mass is relatively much larger. 

The bubble may also be expected to undergo a radial motion 

due to the pressure gradient. The effect of this motion may be 

assumed to average out because of the inward and outward motions 

of the bubble surface, and any excess acceleration would be included 

d 	 -- 
dt( mgug 
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within the added mass term in the translatory motion. In the 
V
b whole treatment the shape factor (k1 
	br e 
= 	always be 

considered as constant. 

Equation (II.11) was found to be valid up to Re =. 1310 

and with the above arrangement a wider range of validity would 

be expected. 

111.3 Bubble motion in a fluid with constant .ressure adient 

Assuming that any perturbation to the liquid pressure caused 

by a bubble will be small and local and that the Bernoulli's 

equation will apply for the pressure velocity relation, the 

pressure gradient would be written as: 

Vp =Px 	k)p 

where k = v 
dv
x 

x  dx 

Considering the motion of the bubble with the liquid accelerating 

in the direction of gravity and neglecting the terms containing 

the mass of the bubble (being much smaller than the displaced mass) 

equation (III.2) can be reduced to: 

V 
d a(CAmuri = m(k - g)- 	AbUr , U 	(III.3) Vb 	r, 

Dividing all terms by (CAm) and rearranging the form, equation 

(III.3) becomes: 

dur 	- g) 	CD Ab 
dt = 	- 7  7 ur \lir! A 	A b 
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Equation (III.4) can be treated for two ranges of CD: 

24 (a) C_D Re = ---f(Re) where f(Re) can be taken as unity for 

0.001<:Re<1 (Stokes' region). 

ForR.e>-1 the following formula suggested by Chao(26) 

can be used: 

f(Re) = 	-a (1 	2 	- 0.314(1 	4 	)/Re') 3 L 

For Re‘c0.001 Lamb(65) has suggested the following 

correction 

f(Re) - 	
7 

 3(2.002 - inRe) 

The upper limit of equation (III.5) is not obviously Re(400) 

as mentioned by Gutti(30'31), since the steady state shape-Re 

relationship may not be valid here as will be discussed in 

Chapter VI, 

(b) At Reb Rebc  CD  (for (fo spherical cap bubble) could be 

considered as constant. 

(d) CD  = 24 f(1:e) 	(Re = 2r 114') 

Within this range the bubble would be taken as spherical in 

shape and equation (II.4) reduces to 

dur = A - B ur  dt 

k - g 	IQ 	1;  f (Re) where A - 	and , _ 9- CA 2r 2 n kip, 

f(Re) & CA are assumed constant. 

... (111.7) 
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Two cases are treated here: 

(i) u 	(at u , t = 0) r' ro' 	ro 0 

In this case, equation (III.7) can be written as 

U
r  

ti 	dur 
A 

uro B  — - u
r 

,t .-la c r (t 
) 

r 
du 	

\ 	dt dt or 	- B i ' 0 - u
r  ur 

o 	to 

A (k g)  where 0 _ B 	x 2r2 = The maximum value of u (u ;1  ). r 	'1 

The solution of the above equation for u
r is 

Ur =1 	(U - 1)e T  
ro 

u 	u , where Ur ur , u ro = — 	= — uro and T = dimensionless time = Bt. 
r.:: r›,- 

The acceleration of the liquid in the x-direction can be 
Du1 du

1 duI expressed as 	= Lit 	dt 	dx ulx 

but the water velocity at a point is not changing with time, so 

dt

du1  that 	-1-0, and 

Du
1 du1 

Dt = dx u1 	k 

Hence u
r = x -(ulo kt) 

where x is considered to be the velocity of the bubble. 

(In all this chapter at t = 0, x = 0 and SE = ugo  and ul  = ulo). 

From equations (III.8) and (III.9) the velocity of the 

bubbble can be expressed as 

(u
lo 

+ kt) + u 	+ (u - u 	)e 
T 

r:<= 	ro 	rAs.- 
(Iii.lo) 
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A distance time relationship can be produced for this 

case as follows: 

kt 	
ulo 

2 

2 x = 	+ ( 	+ ur  )t 	u ran)(1  - e
-T
) 

(ii) u \-`u 
ro 

In this case equation (III.7) can be rearranged and solved to 

give ur as: 

U
r = (1 + U )e -T  - 1 ro 

(III.12) 

The maximum time taken by the bubble to reach the velocity 

of the flow (i.e. ur 
= 0) is, 

	

t = 1 	
u 
ro  

	

 ln B 	u 
(III.15) 

A distance time relationship for the bubble movement 

can be written as: 

kt2 
x = 	+ (u 	u 	)t - 1(u 	u )(1 - e

-T
) 

2 	lo r')e- 	B r 	ro 

0000 (111014) 

and the maximum distance to be taken by the bubble before it 

reaches the liquid velocity is 

	

u 	-I- u 	2 	u 	+ u 	u 	4- u 	u 
k I 	I  r7,-.:. 	ro )... 	o 	r,-, 1 	r ao 	rok . 	ro 

x = 	2l 	\ 	) -I- 	 ) - 
u
r 	

B 	ur 	B 
2B 

.... (III.15) 
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Numerical example 1: 

A hydrogen bubble, 0.003" in radius is introduced in a 

s:ream of water (at about 20°C) accelerating horizontally with 

a constant acceleration k (where k = 0.01g, 0.1g, g, 5g, 10g 

and 100g respectively). Assuming that at t = 0, x = 0, 

ug  = ugo  and u1 
 = u10' 	= - and that k 	2o'  calculate: - 	0 -4-  4 ul 

a) The maximum relative velocity (u ) with which the rrx 

bubble can lead the flow, the time (t 0.99) taken to reach 0.990 

of that velocity, the horizontal distance (s 0.959) travelled by it 

before reaching that 0.999 	Re„,  , and f ti  (PO. 

Compare the above values with the values obtained at k = g. 

(If uro  = 0) 

b) Calculate the time (t) and the distance (s) travelled by the 

bubble to reach the velocity of the flow, if it is introduced 

with a lagging initial relative velocity, (uro) equals to the 

relative rise velocity of that bubble. 

Compare these values with the values obtained at k = g. 

Solution: (neglecting gravity since the flow is horizontal) 

From equation (III.7), 

A Lc...R2L
2 

 0 = ura,, = T3-  = g VT; 

Using equation (III.5), f can be eliminated andurn: can be 

found. Finding 	Reza and 	can be found by simple 
2r ur  

substitution in (Recc, = —117—) and (III.5) respectively. 

To find t equation (III.8) can be used by putting 
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Uro = 0 and U
r 

= 0.999, so,that 

-T 

	

0.999 = 1 	
T 

e 	-= 0.001 

T = In 1000 = 6.91  0   
2 

and t = 1 — x 6.91 = 
4r ,`f 

 N 6.91 

qL 
(f in this case can be taken as f at the average value of Re, 

Reo Re'y 

i.e. 	 
2 	2 

Knowing t, the horizontal distance (s) can be found from 

equation (III.11). 

These values together with the comparison are shown in 

Table III.1a. 

b) For finding (t) equation (III.13) can be used directly 

(average f = 1). 

To find the distance (s), these values of t can be 

substituted in equation (III.15). 

Those results together with comparison can be seen in 

Table III.1a. 

It can be concluded from the solution of 

(a) (i) That u 	can go as high as ------ u  
g x f rise 

t 

	

(ii) While 	t 	
decreases very slightly (1 to 0.77) with 

rise 
s 0.999u 	. 

the increasing k, 	increases rapidly from (0.09 to 12.31). 
rise 

The short time and distance needed by the bubble to reach 

0.999 ul.„,„;  could suggest its use at low acceleration for tracking 

the motion of a fluid. 

(b) While 	decreases rapidly with the increasing k, 
rise 
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TABLE (111.1) 

(a) 

u
lo 

ft/sec 0.119 0.375 	1.1871 	2.6541 	3.753 11.868 

k (acceleration) 

ft/sect  

0.01g 0.1g 	1 	g 	5g 	10g 

i 	1 

100g 

u 	ft/sec 
r..:..0 

0.0004 0.004 = 0.040, 0.168 0.324 3.049 

uroc, 
0.01 0.1 1.0 4.2 8.1 76.2 

u
rise 

103 x t (seconds ) 4.46 4.46 4.46 3.91 3.71 3.43 

t 
1.0 1.0 1.0 0.88 0.83 0.77 

rise 

10
4 
x S ft 5.35 17.20 5fe6f 12134 1144 686.0 

s 
Sg 

0.09 0.30 1.00 2.1/ 2.9'8 #41) 

Re =c 0.0183 0.1829 1.831. 7.68 14.80 139.40 

Re rw 
0.01 0.1'.i 1.00 4.2 8.10 76a0 

Re 
g 

fx  1.0r, 1.00 1.036 1.20 1.244 1.32 

(b) 

103 x t (seconds) 2.98 1.55 0.447 0.143 0.0748 0.0083 

tg 6.67 3.47 1.00 0.32 0.17 0.02 

10
4 x s (ft) 3.31 5.65 5.26 3.79 2.80 0.986 

s 	
t 

Sg 
0.63 	1.07 1.00 0.72 10.53 0.19 
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increases first to a maximum and then decreases in smaller rate 

than the time ratio does. The maximum value of s 0.999ur  is 

reached at about a value of k of the order of 0.25g, 6.055 x 10 4  ft 

reached after 1.038 x 10 3 of a second. 

V 
(b) CD = constant k1re where re = equivalent radius) -b 

In this case equation (III.4) reduces to: 

dur _ A - Cu- 
dt 

.... (111.16) 

k , C
D 1 - 

where A = 	g and = 2 Us' X r  C
A 	A 	1 e 

Equation 111.16) can be written as: 

dur 
= Cdt 

m2_u  2 
r 

(III.17) 

where 0 =,f7 = The asymptotic value of the relative velocity 

as t 	(i.e. u 	). 

Two cases will be treated here: 

(i) u 	r0  r and u , -2;, 0 (same solution whether Ur;  - . uro or uro-). ur).  

Equation (III.17) can be integrated directly to give: 

K1e
2T - 1 

Ur _ 
K1e

2T 4  1 

Ur 	u 
where U = 	and K = ran ro and T = 00t, r 	1 u 	- u roc ro 

(III.18) 
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or alternatively 

U + tanhT 

Ur 	
ro — 

r 1 + U tanhT 
ro 

• (III.19) 

since x = ur 
u = ur 

+ ulo kt (Eqn. (III.9)) 

A time-distance relationship can be obtained from 

equation3(III.18) & (III.9) as 

k 	(1 + Ke2T) t2  

	

x = 	(u 	- u 	-1. 
2 	lo 	

)t 	12 
 

• (III.20) 

or from the integration of (III.9) after substituting (III.19) to 

give equation (111.20) in a form corresponding to (III.19), 

kt2 . 1 	ur.)0coshT + uro sinhT 

	

= 	ulot  

• (III.21) 

(1±) uro  < ur  c. 0 

For this case equation (II1.7) can be rewritten as: 

dur 
2 2

= -Cdt 
0 ur 

.... (111.22) 

where 0 is as in b(i). 

The solution of the above equation between the above limits 

will give: 

(U 	- tangy') 
airc  Ur 	licaTy. 77)  .... (111.23) 
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and the velocity of the bubble x can be expressed as 

(u cosT - u 	sinT) 

	

ro 	roc:. X = u
o 

+ kt - 	x urfy:,  
ro 

A distance-time relationship can be obtained by 

integrating the above equation to give 

kt2 	u sinT + u 	cosT 
x =u t- -an( ro - - rx) --- ) 

	

2 lo C 	urn  

.... (111.24) 

In all of the above treatment the pressure gradient force 

is assumed to act always downward in the gravity direction 

(i.e. the positive direction of x), while the resistance terms 

(drag and added mass) are always acting opposite to the direction 

of the bubble relative motion. However, it is worth noticing 

that when the relative velocity is negative (III.12) & (111.23), 

the bubble velocity must be taken as the vectorial sum of the 

relative velocity and the liquid velocity. 

The meaning of the above equations can best be described 

through the following example in which a bubble is introduced 

in a liquid accelerated at constant pressure gradient in the 

direction of gravity, with an initial velocity (ago) less than 

that of the liquid (i.e. ur is negative). In such a situation 

the bubble will first reach the liquid velocity and advances 

beyond that to reach a limiting velocity (ur.:,d asymptotically 

as the time approaches infinity (Fig. 3.1). 

For the part of the motion where the bubble is still lagging 
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behind the liquid, equations (111.23) & (111.24) will describe the 

motion in zone 4 (Fig. 3.1) while equations (III.12)to (III.15) 

will govern the rest of the motion in zone 2 (i.e. Rec< Re‘0). 

as for the part of motion where the bubble is leading the 

liquid flow (i.e. u = 0 to u = u ), the adoption of equations 
r r 	r:-)a 

(III.8) & (II1.11) is suggested for zone 1, while equations 

(III.18) to (III.21) can deal with the rest of the motion up to 

u 	(acne 3) if Re.,N,,Re 
rt,c? 	c 

In the case where the initial relative velocity (u ro) is 

larger than the limiting relative velocity (u 	), equations 

(III.18) to (III.21) will describe the motion if Reci.02: Rec 

(zone 5). In this case the bubble will have a relative deceleration 

in spite of the acceleration of the liquid flow. This deceleration 

will ultimately bring the relative velocity of the bubble to 

u 	as T-7› roc-) 

The zones through which the bubble move are not necessarily as 

shown in the above example. They depend mainly on the initial 

Reynold number (Red, and the limiting one (Re q,...;,  ). However, it 

is apparent that whatever the initial relative velocity of the 

bubble is, it will ultimately reach a limiting value (u 	) as 

the time approaches infinity. This limiting velocity is in many 

ways similar to the rise velocity of bubbles in calm liquids. 

It must also be remembered that there is a region between 

these where Reb =.Rec  and C., - LEI . This region is ignored in 

this analysis. 
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dui  
111.4 Equation of motion at constant velocity gradient:(dam = a). 

In this case 

= 	ax u1  ulo  .... (111.25) 

where x is the direction of the liquid motion which is coinciding 

with the gravity direction. 

In the whole treatment of this section at t = 0, x = 0, 

while ugo and ulo 
are not necessarily so. 

Assuming the Bernoulli equation to apply for the velocity 

pressure relation of the liquid, 

du 

- 
	e p dx 	dx 	1 

Hence equation (II1.2) can be written as 

.... (111.26) 

d m u 

d 	+ dt  2—(CA  m u r) = 	
+ (ulo 

+ ax)am 	+ gm 
t  

LbVb -• u 	fD 1 	Vb 	
r. r! 

which can be reduced to (-4- m) 

2 	du 	 , A 

d 	

b 2 

dt2 
x Q 	r  

	

dt 	(ulo ax)a g(1 - Q) - up  v-- ur  

.... (111.27) 

where 9 = pg/pli 

dx 
and taking ug  = 	= Sc and ur  = us  - ul  = 1s - (ulo ax)i 

d2x dx = Tt7 aat 
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and g(1 - 	g 	(since 9<(1.1). 

Equation (111.27) can be solved for two regions of CD: 

2 (a) CD 	
4
Re
Re) where f(Re) covers the same region as in 

section (III.3). 

(b) CD  = constant for high regions of Re (i.e. Reb>Rect  as in 

the previous section). 

(a) 	_ 24f(Re) 	(Re  
	

2u r 
) D - Re 	 -  4 

In this section the bubble is assumed spherical, and equation 

(III.,77) can be reduced to 

d2x 	dx 

dT2 	
dT Bx = R .... (111.28a) :  

(f - 	 .1(2 
where A = 	B = 	 ; R =11W6+ f) - g-4(8 + CA) 

A 2 A 	a` 
(111.28b) 

2a  ;X - r97 & = 2r  t 

Assuming f and C, as constants, equation (111.28) is a linear 

second order differential equation, with constant coefficients, 

which can be solved exactly in the range (A2 I 4B),› 0 to give 

K1T 	K2T x = C1  e 	Ce 	+ Z .... (111.29a) 

2(Q CAS) 
where C1  = 19N1 + 	-- 1 	41, 

 

(14- 	
(f-C?)

)), If au 

C2 = -;;(1  - 
A 	2(8 +cA)6((0-1-1)-1-(f-cA)0 

gC 	
(f -c./1);p( 1-47) 

1' 1°  
= ((f - CAn2  + 4(9 + CA) (ti. 

K1  = 7777-7113 (f  - 	; 
F 

A 
K -1 r  

2  2(g+cA)LP (f - cnrind 

z 	gY 	2A 
a2(6+f) 

(111.29b' 
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Hence the liquid velocity (u1) can be written as: 

KT 	K,T 
u
1 	2 

= 	(C' e I  -1- CI e 	) ;- aFT-fY lu
10I 	2 

• (III.30) 

where C,1 = C1 	and CL = C2  

and the gas velocity (bubble velocity X) can be written as 

K t 	K
2
T 

ug = -212lo(C3 e 
1  + C e 	) • (III.31) 

C'K 	20 -uf) - (_
o +1 ) ( f - C.,) 

where C3  =-47-1  = (. -:1) : 
P 

CIK 
2 2 	

2(-',-f) - (L.0-:1)(f - Ci..Z0  

	

1 	+ 2g ,.. and C _ = ---- = ('s  4A) 
o 	P 	aulop 

The slip ratio /1 is given by: 

2PT  
2(g±CA) (0 -0')-1-(CL-C1)e 	2g, --(5 

3 	9- 2 	au 0<;+f) lo - 
A = 	_ 

1 

_ 2r2L—'e 
auloP  

P+(f-CAlS)j T 

	

-7-1-13+(f -C 	T T 	7677) 	A' 
CI+ C' 7677CK7 f3 
	A 	R__,/ 

au 1 	2 	 lo V -i-f)  

.... (111.32) 

As T 	, 1 approaches an asymptotic value n 	which can be 

2 T 

written as 	A 	0) . 

A 	= 

CI 
	 .... (111.33 ) 
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By rearranging the constants equation (111.33) can be 

written as: 

1 	r 
2(Q CA)iP (f cfP] 

.... (111.34) 

Putting g = 0 and CA  = z, equations (I11.29a) to (111.32) 

will give exactly the same results as given by Gutti.(31)  

Equation (111.34) is however independent of gravity. The meaning 

of this is that although the gravity may affect the time for the 

bubble to reach the limiting velocity, the slip ratio limit (A00) 

is a function of the non-dimensional velocity gradient C(,), the 

added mass .--efficient and density ratio (Q) only. 

Putting the special value of 3  for CA  in equation (111.34) 

will give equation (X.d) found byiGutti.(31)  Adding to this 

the value of f = 1, equation (111.34) will give equation (XIII) 

given by Gutti.(30)  

In treating the case of slowly decelerating flow Gutti(31)  

wrote "For small liquid velocities, the relative velocity of the 

bubble is also small, and the added mass effect which is based on 

relative velocity is negligible, particularly in the case of low 

density liquid." 

If the liquid velocities are small it can also be argued 

that the pressure gradient and drag effects are also small. 

Thus there is no obvious warrant for the added mass term to be 

neglected. 

All the solutions shown above (ignoring gravity terms) have 

indicated that the effect of the density ratio (Q) is always 
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combined with added mass coefficient (CA
) as (C) + CA). 

This is apparent even in the limiting case where 	decreases 

with the increasing (9 : C,). Since 0 and CA 
are both assumed 

constants, then if there is a value to be neglected, in the 

special case of C, = 1 and 9 = 1.22 x 10Nair-water), it 

should not be CA. 

The influence of neglecting the added mass is quite 

noticeable in Guttils
(31) solution, especially for the parts of 

the motion before it reaches the limiting state. The reason. 

why this effect of neglecting the added mass is not large is 

du 	du 
The function of the acceleration terms (0 is to 

d 	C  
t A at) 

 

bring a sort of equilibrium between the pressure gradient and 

the drag forces. At the beginning of the motion, usually one 

of those two forces is larger than the other, so that the 

acceleration terms have their maximum value. As the bubble 

accelerates or decelerates, those two forces reach equilibrium 

after some time and the value of the acceleration terms reaches 

its minimum value. Hence the effect of the added mass term on 

u 	is smaller than the previous part of the motion. rcc 
It is also interesting to present the following relationship 

in the case of a horizontal flow. 

fAF 	 .... (111.35) 

where F = the ratio between the pressure gradient force and the 
Vb  dp/dx 

drag force at any moment ( 
4 2). 12 -2.1 f (Re ) piur  

As 	7 

the case of u
roe 

 can be argued as follows: 
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F. • (III.36a) 

or 	F.1„, 

. 
2(Q + C,)t.

2 
 

 

• (III.36b) 

 

••■••■••■ 

 

f lP - (f 	- 2(Q .'.- CA) t`:..' 

where F>  = the ratio between the pressure gradient force 

and the drag force as at T 	(equilibrium). 

Numerical example  2: 

A hydrogen bubble, 0.003" in radius is introduced in a 

stream of water (at about 20°C) accelerating horizontally with 

a constant velocity gradient a (where a = 1.085, 3.432, 10.852, 

24.267, 34.318, 108.52 (1/sec.) respectively.) Assuming that 

dx 
at t = 0, x = 0, ug  = (m.)0  . 1160  and ul  = ulo = a (where L =10 di) 

and CA  - 27  calculate: 

a) the maximum slip ratio (A_..) ), the time (t) taken to reach 0.999 

of that slip ratio, the horizontal distance (s) travelled before 

reaching 0.999 	, the relative velocity (ur) at 0.999 	and the 

limiting force ratio (Ft. ). 

Compare t, x (s) and ur above with the values obtained at 

constant pressure gradient in numerical example 1. 

b) Calculate the time and the distance travelled by the bubble 

to reach the velocity of the flow, if it is introduced with a 

negative initial velocity (uro  ) equal to the relative rise 

velocity of that bubble. 

Compare those values with the ones obtained from example 1. 
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Solution: (neglecting gravity) 

	

For finding 	equation (111.34) was used after finding 

the value ofIc and P from (111.28b) and (111.29 b) respectively 

(g = o). 

t 0.999LNuo was calculated from (111,32) (after putting g = 0) 

x 0.9990 was calculated from equation (111.29). 

For values, however, for 1i> 1 (f is no longer one), the 

above procedure can be carried with f = 1 as a first guess; then 

after a value for x is obtained a new value for f can be obtained 

from equation (III.5). Table 111.2 shows the results obtained 

after 3 guesses where the results converged so quickly. 

For part (b) eauation (111.32) was used to calculate the time 

after putting (g = = 0). The distance is then calculated from 

equation (111.29). 	Table 111.2 shows the results of the solution 

with the required comparison. 

It can be concluded from 

(a) (i) 	For valueof (0.001<Re(1), 64,07;7:1;. (In which case Fx)41P1 

(eqn. (111.35)). 

(ii) As Re values increase the value of Fx., tratio of the pressure 

gradient forces and the drag forces) also increases. 

(iii) It can generally be said that a shorter. time and distance 

are needed for the bubble to reach 0.999 of the steady-state 

condition in this case than for the previous case 

	

.• de 	= const.). The relative velocity Cur for 0.999 41w) 

is, however, obviously less than that for the former case. 

(iv) The relative velocity ratio is also lower than the distance 

or time ratios. 



(a) 

(b) 

TABLE 111.2 
67. 

u10 ft/sec 	0.119 	0.375 	1.187 	2.654 	3.753 	11.868 

a (1/sec.) 	1.085 	3.432 	10.852 	24.267 	34.318 	108.52 

Z)x 103 	1.356 	4.290 	13.565 	30.333 	42.898 	135.650 

L.0:, 	0.001355 	0.004281 	0.01347 	0.026562 	0.035397 	0.098215 

103x t (sec) 	4.315 	4.300 	4.288 	4.033 	3.344 	2.380 

TrTr 	0.967 	0.964 	0.961 	1.031 	0.901 	0.694 

s2c104 (ft) 	5.470 	16.390 	49.110 	118.695 	154.415 	474.450 

sli. 	
1.022 	0.953 	0.85i 	0.44 	o.89 

sI 
0.69t 

u (.0.999-) r 	0.000162 	0.001631 	0.01671 	0.07814 	0.15161 	1.6714 
ft/sec. 

ur(0.9998(0 
0.405 	0.408 	0.418 	o.465 	o.468 	0.548 

um.1 

Re,-<, 	0.00741 	0.0746 	0.764 	3.573 	6.932 	76.416 

Reap II 
0.468 	0.548 

Rep 
I 
	

0.405 	0.408 	0.418 	0.465 

F . /5/fAoc 	1.0007 	1.0021 	1.0071 	1.0138 	1.0180 	1.0570 

t x 103(sec.) 3.449 	2.038 	0.778 	0.251 	0.138 	0.0153 

ta 	1.157 	1.315 	1,740 	1.755 	1.845 	1.843 
TT 

s x 104(ft) 	3.030 	7.404 	9.592 	7.407 	5.222 	1.954 

311 
0.915 	1.310 	1.824 	1.954 	1.865 	1.982 

sI 

Subscripts I for values from Table III.1 
II for values from table 111.2 

(b) (i) It can generally be said that a larger time and distance 
than for the former case are needed to bring ur  to zero. This 
would be expected, since the acceleration is lower in this case. 



2( 4-1):1(QA-CA)+(f - 
C = 	 1 

PI 

g
1 	(f1-CPr  ) 

(1 
aulo(".;1 1'1) 	P1 I 

17 
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b) CD  = constant (Reb27 Rebc) 

V 	f 
 In this case it is assumed that 

• 

= k
1
r
e 
and CD  = — Re 

where f is still assumed constant. 

In this case, equation (111.27) can be reduced to: 

d2x  

dT2 	O4 
A  dx Bx = R (III.37a) 

	

(f1  - Cso<i) 	',11(f, 4:61) 	
e,2 

1 	1  where A = 	, B 	; - 	R 	f) 	11/(9 C); 
td-1-UA 	(g CA 	 a ) 	1 	2i A 

	

4k r2a 	2k r2 
1 e 1 e u  

9 	 and T 	t lo 	2 Lat
1
r
e 

Equation (I11.37a) is a second order linear differential equation 

whose solution is 

(111.37 

where 

K T 	KT 
x = C1 e

I 	C2 0 	Z oaoo (I11.38a ) 

1 	
(f

1 	1 ,q -CY )-; 

-',-.f 1) (I  - 	R1  

r 	(e+c )+(f - 
C = 	_ 

1  K _ 1 	2(02,C, 	-(f 	c 	) 1 	A- 1 i 

-(f - C 1 	A' 1 
( 

P = ((f1 	cAy- 	4). 1(9 	c1) (f1 - 

and Z = - R/B. 

K _ 	1 

 IP 2 	2(0 CA )  

(111.38 
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And the liquid velocity can be written as: 

K T 

C2e 

 K T 

) 
u
1 
 = 

e ulo le 
(C' 	' 2 	g )34. f) ;.... (111.39) 

-  

and the bubble velocity is 

ITT 	KT 

u
g 
= iulo(c3e / 	c 	) 	

• 	

(111.4o) 

where C' = 

• 

C

• 1 

 and C' = C • ' 1 

CK, 
2 

C4 = Y 
 = ((A +1 

2(  +f ) - 	+1)(f -CO 	6 2 .  
1 	o 	1 A i 

	2g>1 + 	) 
1 	aulof31 

The slip ratio A is given by 

p
1
T 

 

A 	
4e6

1 	A 	A4 (c -c1)÷(C -C1)e 	_ 
= a:22 . 3 i 	4 2 	auloci.i±f1) C  

Ill 	1 
- 	1 	(p  +(f — c st", ))T -175757 	4g51 	gv,., \■1 	1 A I 

GYI -1-Ce. 	
+ aulo(i41V-f

1
) e 	

w-i-L,A) 
t\---0' 

• (III.41) 
and 

_ 	 .... (111.42) 

Equations (111.38) to (111.42) have correspondingly similar 

forms to equations (111.29) to (111.34). The only difference is in the 

representation ofrC, , and T which look more general in the latter case, 
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Equations similar to (111.33) to (111.36) can also be 

developed for this case. 

The physical meaning of equations (111.29) to (111.42) 

is that a gas bubble introduced to a linearly accelerated liquid flow 

will reach an equilibrium state (comparable to the terminal velocity 

stage) where the ratio of the relative velocity (ug u1) to the 

liquid velocity (u1) takes a constant value depending on the radius 

of the bubble, the kinematic viscosity )L  the function (f), the 

liquid velocity gradient, the added mass coefficient and to a 

small extent on the density ratio of the bubble. The ratio between 

the pressure gradient force and the drag force will also reach 

an equilibrium state depending on 	and inversely proportional to 

AN., and f. 

111.5 Comments 

In the derivation of the above equations CD  was assumed to have 

the steady state values at the same Reynolds number. There are 

strong indications that the well established steady state values, 

for bubbles in calm water, are not necessarily the same as the 

steady state values for bubbles in a turbulent water stream (33)  

or an accelerated stream (Chap. V). Till an appropriate curve 

of CD is produced for those last two cases, the calm water results 

must be, if used, treated with some reservations. 

It was also assumed in the above derivation that f(Re) is 

constant which is true only for small ranges of Re. f solution 

however, for the ranges of varying f can be obtained by dividing 
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into many small steps the range where f is assumed constant. In 

certain cases where this region contributes only for a small part of 

the motion, an average value can be used. 

In all the above treatment CA  was assumed to be constant. 

There is some 

conditions CA 

evidence, however, that even in very id9lised 
u
1 	(66,67) 

can vary with the acceleration number  d k°  

Since the objective of the added mass term in here is to take 

care of the extra resistance other than the steady state drag, 

then CA 
can be taken as an average value in the same way as 

CDA in equation (II.7). 
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CHI►PTER IV 

EXPERIMENTAL APPARATUS AND MEASURING TECHNIQUES 

To avoid unnecessary complications in this study the 

general philosophy has been here to keep this apparatus as 

simple as possible. 

The purpose of the different components of this apparatus 

are to produce an accelerating water flow, with single or few 

air bubbles running with that flow, and to keep records to enable 

the study of the motion and behaviour of those bubbles compared 

to that of the flow. The different parts of the apparatus and 

the measuring techniques will be described in this chapter under 

the headings: 

1. The Apparatus 

2. Water Flow Measurements 

3. Production of Air Bubbles 

4. Recording of Air Bubbles 

5. Analysis of High-Speed Films 

6. Calculation of Velocities, Acceleration and Estimation 

of errors. 

Iv.1 The Apparatus 

The essential parts of the apparatus are shown in Figs. 4.1 

& 4.2. It comprised a 10" diameter steel pipe which lead to a 

6" diameter steel pipe. The 6" inlet valve (A) was always kept 

closed so that the water could flow through the 2" diameter steel 



73. 

pipe where the fine adjusting bye-pass valve (B) gave more 

sensitive control to the water flow. The air bleed (C) ensured 

the absence of any air pocket at the top of the bend. The long 

straight 6" diameter steel pipe (D) helped to reduce any 

disturbances produced in the flow within the bend. The rounded 

rectangular transition section (E) brought about the convergence 

from the 6" diameter pipe (E) to the perspex section (F). 

The perspex section (F) was 24" long with a rectangular 

cross-section of: first a length of constant cross-section 

4" x P; converging section at the middle to provide the 

acceleration in the flow; and a constant :E-section of 1" x 1' 

of equivalent length to that of the 4" xi" section. The flow 

from the perspex section ran to tank (G) which was carefully 

levelled. The tank was divided into two portions so that by 

careful arrangement the water jet from the perspex section 

could either be diverted to the measuring portion, or to the 

draining portion. A small glass tube connected to the bottom 

of the tank, with scale at its back, was used to measure the 

depth of the water in the tank. 

The apparatus also contained bubble production components 

(J,H,I,L,K,N,M in Fig. 4.2), the camera, lighting arrangements 

and other smaller parts,which will be described in other parts 

of this chapter. 

IV.2 Measurements of the Water Flow 

To provide an accelerating water flow, the 4" x in part of 
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the perspex section (F) was converged to 1" x i" for specified 

length. The choice of these dimensions was governed by 

experimental convenience. 

IV.2(i)12921.moftheconvergentsectionr.  

The purpose of these sections were to accelerate the 

average velocity of the flow from u
o 
in the upper part 

(4" x -") to 4uo 
in the lower part (1" x 

Under the assumptions that 

ux x Ax 
= constant (continuity) 

and that Bernoulli's equation is valid, 

three converginG sections were designed to give: 

(a) A constant pressure gradient for 

(i) a length of 4" as in fig. 4.3 (for tests A1,A2,A3  & A4); 

(ii) a length of 2" as in fig. 4.4 (for tests B1). 

(b) A constant velocity gradient for a length of 4" as in fig. 4.5 

(for tests C1,C2 & C3). 

IV.2(ii) Average velocity measurement 

The average velocity of water was estimated by carefully 

measuring the water discharge volumetrically and calibrating this 

against: 

(a) An air-water manometer (12) connected across the transition 

section (E) as shown in Fig. :40r . 

(b) A combined air-water (. 3.a- 4.a) water-mercury C 3.b-.4.b) 

manometer connected across the converging perspex section 

as in Fig. .4.6. 
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Figs. 4.7a & 4.7b show these calibration curves for the 

average velocities, plotted against the difference al (in 

inches) between the limbs of the different manometers. The 

average velocity in the upper constant cross-section (4" x i") 

as determined from manometerj72)can be read from curve 1. 

A-I  
Curves/pii/Yrepresent the average velocity in the 1 

K T 
,2w-6r 

constant x-section (4" x -22-41) as indicated by the reading of 

nh in manometers 3.a-'4.a and i3.b- 4.b respectively, for 

the converging section (4" long) at constant pressure gradient. 

Curve Ishows the values for the transition designed for constant 

velocity gradient. 

The validity of these calibrations were always checked 

before any test was carried out. In addition, the discharge of 

the water was measured volumetrically just before and after each 

test. 

IV.2(iii) Measurement of the central velocity 

A comparison of the bubble velocity with the average velocity 

ascertained as above was uncertain, for the central velocity could 

be of different magnitude. Such uncertainty was evident after 

test Al  was carried out and the bubbles velocity at the acceleration 

zone was noticed to be higher than that of the flow. 

Therefore, three static holes were made along the central line 

of the back face of the converging section ( 
	

constant for a length 

of 4") as shown in Fig. 4.8. With the help of the 3 holes, 
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the already existing holes for manometers 	& —3,4, and 

using total head probes of different lengths, the central 

velocity of the flow was carefully measured at sections 

1.1 to 10.10) of Fig. 4.9. 

Some of these central velocities as well as the 

corresponding average ones, at different sections of Fig.: 4.9, 

are plotted in Fig. 4.10 as a function of the difference (Ah) 

between the limbs of the mercury manometer ( 3.b- 4.b). 

IV.2(iv) Photographic measurement of the1121121IE 

Due to the difficulties in operation and calibration of 

the total head tube, the incomplete record of the central 

velocity, that method was replaced by a photographic method. 

In this method, single drops of a liquid (10:22:15 of Nitrobenzene: 

Olive Oil:water respectively) of density equal to that of water were 

injected, from a hypodermic needle through a hole in the transition 

section (E), in the flow and their motion was recorded by a high 

speed camera (within the test section). Much care was spent in 

the preparation of the mixture and the way by which it was injected 

in the flow. (The description of the photographic side and the 

analysis of the film will be given later in this chapter). 

This method was used to measure the velocities of the water 

flow L,L-an 3  for esslBC 3,Bd,D  1,D  2 and D3  f 	tests i 2,fk3, 11 11C 2 and C3  

respectively. 

While the comparison between this method and the total head 

tube cue has shown fir agreement, the latter one is adopted only for 
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measurement of the flow velocity in test Al, where the first 

preliminary film was taken, and test A
4 

where the photographic 

technique was not successful. 

IV.3 Production of Single Air Bubbles 

It was required from this apparatus to produce, within the 

test section, single or few air bubbles with: 1-wide range of sizes; 

2-continual supply. 

This is, however, difficult even in the case of still water. 

That difficulty is increased here by (i) a wider working range of the 

water flow (u
o 

2.87 ft/sec to u
o = 10.152 ft/sec); 

(ii) that the bubble, when first produced, has to move against 

buoyancy. 

That means; if the bubble is introduced to a slow water flow 

so that buoyancy is dominant, it will rather travel upwards 

against the direction of the water flow. On the other hand, if 

the bubble is introduced to a fast moving flow, it may break up 

into many small ones and no single bubbles are formed. 

To avoid these difficulties, the bubbles were introduced at 

different suitable locations of the test apparatus arranged as shown 

in Fig. 4.11. Three of these locations (b,c & d) were provided, by 

inserting pitot traverses through sealing glands, in the transition 

section (E); and a fourth location (a) at the lower portion of 

the 6" diameter steel pipe (D). 

IV.3(i) Sumly212ir bubbles 

This part of the apparatus was modified many times to meet the 
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requirements of continual supply of wide range of bubble size. 

The generation of bubbles from controlled water-air supply 

(Fig. 4.12a), in spite of the various modifications, had 

given poor satisfaction to the above requirements. 

Single air bubbles were produced from a wide rubber tube 

connected to a bicycle pump as shown in Fig. 4.12b. This 

method, which depended on manual control, failed to give continual 

supply of air bubbles. 

The various requirements were, however, met by the last 

modification shown in Figs. 14.2. It consisted of a dura pipe 

reservoir (J) of 6" diameter and 25" in length. The air 

entered the reservoir (J) from a pipe connected to the air 

compression supply to the laboratory, through the diaphragm 

reducing valve (H). This valve could also control the amount 

of air pressure required in the reservoir as indicated by the 

Pressure gauge (L). The flow of air from the reservoir (J) 

to the small rubber tubing leading to the steel probe was 

controlled by, first a needle valve (I), and then the clamp (M). 

In between these last two controls, was a small pressure gauge 

to measure the pressure when both I and M were opened. The 

draining valve (N) was kept open just before any air was 

supplied or cut from the reservoir, as a safety measure. 

IV.3(ii) The selection of the probe 

The size of the probe, as well as the shape of its end, were 

found to influence the size of the produced bubbles. After many 
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trials, the best shapes and sizes of the steel probes used 

in this work were those shown in Fig. 4.13. With the 

exception of probe (iv), which extended along the whole width 

of the section, the probes were designed to produce single 

bubbles at any location across the section. 

IV.4 Recording of the Air Bubbles 

While at this stage, the problem of producing single air 

bubbles was solved; the problem of visualising and recording 

their fast motions still required resolving. 

The problem of visualising the bubbles' motion was, however, 

solved by putting at the back of the test section a strobe-light. 

Attached to the back of the perspex section, before the stroboscope, 

was a black shield with a hole, at its centre, of dimensions 

equal to the observation section. A transparent tracing paper, 

divided into 0.1" intervals, was carefully attached to the back 

side of the perspex section (E). This was found to improve the 

quality of the observed object and acted as a grid for further 

measurements. 

With this arrangement it was made possible to visualise 

the bubble at certain intervals of time. This would not, however, 

enable any measurement of the bubble motion. 

To have a record of the bubble motion, many still photographs, 

using different types of films, were taken. Good quality prints 

(Fig. 6.2) were obtained, when a bubble happened to lie within 

the camera's view at the time of exposure. This method was found 
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inadequate and unreliable. A better method, giving continuous 

record of the bubble motion, was to use a high-speed cine film 

camera. 

Iv.4(i) The high-speed camera 

The camera used here was a Hitachi High-Speed Motion Analysis 

Camera (HIMAC), Type 16HM, shown in Fig. 4.2c. It is a rotating 

prism type, having a photographic speed of 500 to 10,000 pictures 

per second. The HIMAC is a precision camera, but can easily be 

operated. In addition to having a wide speed range, the HMAC 

contains a timing device which provides a precise measurement 

of the speed of the film, and consequently that of the object 

photographed. 

IV.4(ii) Experimental procedure 

After the required condition of water flow was carefully 

adjusted, the best possible bubbles (or drops) were satisfactorily 

reached (as visualised by the strobe-light), the strobe-light was 

then substituted by a direct back lighting and the previously 

focused and loaded cine camera was started. The operation of 

the camera required only a few seconds, depending on the speed 

of the film, selected according to the expected motion of the 

object. 

Using this procedure, films were taken at the specified 

conditions given in Table IV.1. 

Having these films, the next problem was to analyse them. 

The method of analysis is described in therext section. 
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TABLE IV.1 

Film Test Condition Type *L 

inches 

u 
o 

ft/sec 

1 A
l 

Constant press. grad. Air bubbles 4,1  2.875 

2 A
20 

n li 11 5.113 

3 A
21 

II It It It 

4 A
23 

IT It It II 

5 L
2 

it Liquid drops It It 

6 A
3  

It Bubbles It 7.335 

7 L
3 

It Drops it It 

8 A
4 

TI Bubbles " 10.152 

9 B It II 2"  5.08 
1 

10 B
2 

II Drops ft II 

11 C
1  Const. vel. grad. Bubbles 4” 3.00 

12 D
1  

II Drops It If 

13 C2 It Bubbles It 6.00 

14 D2 
II Drops IT It 

15 C3 It Bubbles tr 9.00 

16 D 3 
It Drops ti It 

*L = length of convergent section. 
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IV.5 L1212....21111SEi51171PPsd Films 

For qualitative analysis of the films, a specto projector 

which can enable; frame by frame; two frames per second; 

and 16 frames per second motion of the film was used. For 

quantitative analysis, which provides numerical information 

regarding the path, velocity and acceleration of the object 

as well as its shape, a Vanguard Film Motion Analyser was 

used. 

IV.5(i) 

Fig. 4.14 shows a photograph of the Vanguard Analyser 

used in this work. 

Fig. " 4.15a shows a sketch of the projection case which 

is model C.11 of serial number 938. It consisted of the viewing 

screen, cross-hair measuring assembly, and most of the controls for 

operation of both projection case and projection head. The cross- 

hairs were positioned by the handwheels shown in the Figure. 

Readings were in inches, tenths, hundredths and thousands on 

the image common co-ordinate form. The micrometer Readout 

Dials showed the cross-hair positions in the X and Y directions from 

an arbitrary zero base at the left and at the bottom of the viewing 

screen. 

Fig. 4.15b shows the Projection Head which is model M.16c 

of serial number 937. It comprised the film advance and registration 

mechanism, the projection lamp and the projection lens. The film 

could either be run at a single frame advance, or at up to about 
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30 frames per second advance by using the cine-speed control 

knob. :The film could be run both backward and forward, and 

the frame counter provided means of repeating work in frame by 

frame analysis. 

IV.5(ii) Analysis procedure 

From the developed negative another positive copy was 

made. This copy was to preserve the original film repeated use 

in certain of the qualitative or quantitative analysis. The 

procedure for taking numerical results from the film was carried by 

measurements from 

(a) the negative copy; 

(b) the positive copy. 

(a) Measurement from the negative film  

High-speed cameras based on rotating prisms are generally 

designed such that, when started, they accelerate very rapidly 

to pre-set speed level where they retain that speed with fair 

constancy up to the end of operation. However, the higher the 

pre-set speed levels, the longer are the acceleration times 

needed, thus making the duration of constant speed less. The 

camera is therefore fitted with a device (timing mark) from which a 

record of the actual speed during the operation can be 

determined. This is achieved, in this camera, by the black marks 

made on the marginal portion of the film, at constant intervals 

of time (100 ---- of a second). 
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The procedure used in the analysis was to mount the negative 

on the analyser and to set the frame counter to zero. The film 

was slowly run and stopped when a black spot appeared on the 

margin. The location of the beginning of that spot was accurately 

positioned and recorded to the g:th of a frame. This procedure 

was continuedtatil the whole film speed was recorded as a function 

of the frame counting. 

Recorded at the same time as the film speed were the number 

of bubbles (or drops) as a function of the frame number at 

which they first appeared on the recorded section. Together 

with that, the number of frames for each bubble (or drop), 

in all the films, to cross the distance within the converging part 

of the test section were accurately measured to an accuracy up 

to 0.1 frame. The boundaries of that section were easily located 

from the grid previously put behind the section, while the cross-

hair gave precise measurements of the fraction of frame by 

which the object was above or below the edge of these boundaries. 

The times for the bubble (or drop to cross these boundaries were 

calculated from the number of frames (N) and the speed of the 

1 film (frames/ 57 second) at that location as 

t = 1 	Number of frames (N) 
100 Number of frames (from film speed) 

(IV.1) 

These values of t, for both bubbles and drops, together with 

other values are shown in the corresponding tables in Appendix I. 

The time for different drops in the same film will, however, 
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be expected to be of equal values. 
t 
 From tables(I,21I,B2,DilD2&D3)(App.I), 

	

- 	l 
the mean average error -raver.  

t 

	

aver 	
x 100 

n 

was found to vary from 1.2 to 1.8%. That small error 

might be due to personal inaccuracy, inhomogeneity of the 

liquid solution, history of the motion of different drops, or 
- 

some fluctuation in the water flow. In calculating-(tb  
tw 

in Appendix I, the m can average value of the drop time 

(t.1(average)) was used. 

(b) Measurements from the positive film  

These measurements were taken for: 

(1) the size of the bubble; 

(2) the detailed motion of the bubble (or drop). 

(1) The size of the bubble 

It was noticed, in all tests, that the bubbles attained 

smooth shapes at about the start of the converging section. 

It was at that region that the measurements of all the bubble 

sizes were carried out. A unified procedure, for all the bubbles, 

was used by measuring the X and Y widths of each bubble using 

the measuring cross-hairs. To minimize the errors due to 

fluctuations in the shapes and sizes, as many readings as possible 

were taken for each bubble within that region. The mean 

average of the square root of the multiplication of the X and Y 

readings, multiplied by the scale factor (S) was taken as the 
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equivalent diameter of the bubble. 

-1.-----1 
±j2...-CY  D 	x S 	.... (IV.2) 

equivalent - n 

No correction was made for the change in the size of 

the bubble, due to the change of pressure within that region, 

since it would not be of great significance. 

The corresponding tables in Appendix I show the equivalent 

diameters, for all the bubbles, as determined from the above 

procedure. 

(2) Detailed motion of single  

A few bubbles (or drops), from each film were selected 

and a detailed record of their motion was made. 

Using the X and Y measuring cross-hairs, the co-ordinates 

of the centre of the bubble (or drop) were measured with respect 

to two perpendicular reference axes within the grid photographed 

with the object. Measured at the same time as the X and Y 

co-ordinates was the frame number as indicated by the frame 

counter. That procedure was continued till the bubble (or drop), 

under observation, had crossed the recorded section. 

IV.6 Calculations of Velocities, Accelerations and Estimations 
of Errors. 

Before any calculations of velaities were carried out, 

the cross-hairs readings (X,Y) and the framing number were 

reduced to the corresponding distances and times (X,Y,T), While 

X and Y indicated the co-ordinates of the centre of the bubble, 
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in inches, from two reference axes in the grid, T was the 

time in seconds at that location measured from the frame-counting and 

the speed of the film at that location. 

IV.6(i) Calculations of the velocities and accelerations 

The variables (X,Y,T) found as above, were fed to the computer 

unit in Imperial College of Science and Technology, and by means 

of the programme shown in Appendix II the different components of 

velocities and acceleration were calculated. 

Due to the large number of pages needed to show the variables 

(X,Y,T) as well as the corresponding calculated velocities and 

accelerations, for all the tests, only a representative example 

(Test C
1
) is shown in Appendix II. For further information 

about the rest of the tests, the library of the Civil Engineering 

Department (Imperial College) can be consulted. 

IV.6(ii) The water velocity 

The water (or drop) velocity as calculated by the above 

programme were not directly used for plotting the velocity-

displacement curves shown in Chapter V. These values were, 

however, fed to another best fit programme, which gave the smooth 

curves (L2,L3,B2,D1,D2,D3) used as representatives of the water 

velocity for tests A2,A3,B1,C1,C2,C3, respectively. 

Fig..V.16 shows the best fit curves, the calculated values 

of the velocity from the above programme, and the total head tube 

values for tests L2. Similar curves can be drawn to show the 

comparisons between the best fit curves and the calculated values 

for tests L3,B2,D1,D2  and D3. 
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IV.6(iii) Estimation of errors 

The procedure for estimating uncertainties used here is 

that given by Kline and McClintock.(50) If the uncertainty in a 

result T, where R = R(V
1' V2' 

,V
3 
	), is desired, then a very good 

approximation may be expressed as: 

r )1R  
"R = 	

2 
W
2
) W )21 

n 
)V n 

0 	 (IV.3) 

where W1,W2.....Wn  are the uncertainties in V1,V21 	V
n
, 

respectively. 

(a) Sources of  

In reducing data taken from the film to obtain velocity, 

the x-component of velocity was found as 

Laaaa1 k (f/sec) 	x f(frames/sec.) 

(IV.4) 

where -17.  is the estimate of the x-component of the actual 

local Eulerian field velocity u(x,y,z,t) at some point 

(xo,y0,zo,t0); Tr is the temporal and spatial average taken 

during the short time interval 

X = x-component of displacement of bubbles during a known 

1 time interval :IT = T. measured on the film. 

S = scale factor converting displacement on film,X, to feet unit. 

f = camera framing speed. 
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Equation (IV.3) can be applied to equation (IV.4), so 

that: 

wa 
 [

Wx  2 W 2 Wg  

X 	S 	' (IV.5) 

The scale factor S is determined by a reference grid 

photographed as bubble data are recorded and an estimated value 

could be written 600 ± 2 to give 

45 	2 
= 'sou = 0.0°3  

f is determined from marks in the film itself and these 

1 marks are read to th of a frame. The framing rate, for the 

few selected bubbles, was found to vary from (11.125 to 32) 

giving 

ff 
	
101.125 	

0.12 .125  - 0.011 to 	_ 0.004 

The uncertainty in X comes from 

1) Measurement of X on the film. 

2) Averaging effect in changing velocity field. 

3) Possible displacement of the bubble out of the X-Y plane. 

4) Response of the bubble to fluctuations. 

5) Resolution problems due to finite bubble size and due to 

finite averaging intervals. 

1) Uncertainty in X measurements may be due to a personal error, 

W 

friction in film reader, optical distortion, film-image resolution 
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limits, and so on. 

Under the conditions of this work, these errors are estimated 

as 0.025. 

2) The error is reduced, here, by taking small interval of time. 

3) Displacement of the bubble out of the X-Y plane is reduced 

here by having a narrow width of the test section. However, an 

error in this together with the response and resolution problems 

(4 & 5) are estimated as 0.025. 

The total error estimated on the velocity is 

W- r 2 	2 	2 	2 
= 1 67575 + 0.011 + 0.025 + 0.025 - 

- 

0.037 

Error in velocity measurement could be up to 4%. . 

Similar errors can be estimated for the velocity components 

in other directions. However, the effect of these errors were made 

systematic by carrying similar procedure for the measurements of 

both bubbles and the flow(drops) velocities. 

(b) Source of errors in time measurements 

(i.e. in the time for the bubble (or drop) to cross the boundaries 

of the converging section). 

Since from Equation (IV.1), t= 100 f , then 

/11  t 	 wil )2  + Wf 	 (IV.6) 
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From the tests carried out here, f varies from 7.375 to 

32 frames/--- 100 	± sec. _ th frame; N varies from 15.4 to 32 

frames ± 0.1 frame. 

Wf varies from 0.017 to 0.004 

0.006 to 0.003 

Wt  varies from 0.018 to 0.005. 

This gives an error in t varying from i to 2%. 

and 
WN 
N 

It 
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CHAPTER V 

ACCELERATED MOTION OF THE BUBBLE 

This chapter includes the experimental results for 

the bubble motion, and a discussion and comparison with 

the theoretical solutions developed in Chapter III. 

Table V.1 shows the conditions at which the different 

tests, with bubbles, were undertaken. The relative motion of 

the bubble is used with reference to the absolute motion of 

the water flow, as measured and presented in Chapter IV. 

V.1 Bubble Motion in a Water Flow at Constant Pressure Gradient 
(i.e. Const. Acceleration.) 

vol(a ) y2222ikjaacLaicilm2LL1222u1  
From the theoretical analysis in Chapter III, a plot of the 

bubble velocity as the bubble travels along the test section 

(Fig.5.0b),compared to that of the flow velocity would be 

expected to look as in Fig. 5.0a. Fig. 5.0 is not drawn to 

scale and the meaning of the different points, lines and regions 

are explained as follows: 

Region I  

Initial uniform velocity region, before the start of the 

effect of acceleration. Due to buoyancy the bubble velocity is 

expected to lag behind that of the flow. 

Region II  

The flow and the bubble are under acceleration up to line II 

where a sudden halt of the flow acceleration produces a deceleration 
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TABLE V.1 

Test u 	in ft/sec o 

J 

1=length of 	Type of acceleration 
variable 
section in 
inches. 

Range of bubble  
size (2r 	inin inch( 

A1 2.875 4 Const.press.grad.=154 ft/s2  0.102 to 0.229 

A20 5.113 4 1, 	=556 	11 0.063 to 0.125 

A
21 

II 4 it 	it 	u 0.094 to 0.175 

A23 
, 

11 4 

. 

II 	if 	“ 0.209 to 0.248 

A3  7.335 

..„ 

4 11 	 =1179 " 0.053 to 0.196 

A
4 10.152 4 11 	=2286 	II 0.052 to 0.228 

B1 5.080 2 It 	=1129 " 0.039 to 0.132 

C
1  3.000 4 Const.vel.grad.= 27(74F) 0.101 to 0.144 

C2 6.000 4 II 	= 54 	" 0.082 to 0.250 

c
3 9.000 4 li 	= 	81 	I,  0.057 to 0.200 
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in the bubble average velocity up to the end of that region. 

Within the accelerated part of region II the bubble moves 

faster than the flow and so eventually leads the flow. Once 

the deceleration is developed at line II the bubble moves more 

slowly than the flow, and so its average velocity may fall 

below that of the flow. 

Region III  

Final uniform velocity region, just after the end of the 

effect of deceleration. The average velocity of the flow in 

this region is 4 times that in region I. Due to bToyancy the 

bubble velocity is expected to lag behind that of the flow. 

Line I  

The horizontal line at which the reduction of the test section 

width begins. The acceleration effect usually starts beyond this 

line. 

Line. II  

The horizontal line at which the reduction of the test section 

width ends. The deceleration effect starts at this line. 

Point A  

A point in region II where the bubble (previously lagging 

behind the flow) reaches the velocity of the flow. 

Point B  

The point in region II where the average velocity of the 

bubble (previously leading the flow) reduces to that of the flow. 
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Point B is always below Line II. 

Figs. 5.1 to 5.5, however, show the vertical component 

of the bubble velocity, compared with the actual corresponding 

velocity of the water flow, within the test section for tests 

A1,A20,A21,A23,A3,A4  and B1  respectively. 	The smooth 

curves representing those velocities are the best fit polynomial 

series (ao + a1
x + 	anx

n
) estimated by a standard routine 

using the I.B.M. computer. Typical values for the measured 

velocity of the bubble together with the best fitting curve can 

be seen in Fig. 5.6, for test A20. 

From Figs. 5.1 to 5.5, region I as defined before, either 

appeared for a short range (Figs. 5.2 & 5.5), or is not covered 

by the recorded range. As mentioned before, due to buoyancy 

the bubble velocity would be expected to be lower than that 

of the flow. This is actually the case in tests A20,A21,A23 

(Fig. 5.2), while in test B1  (Fig. 5.5) the bubble and the flow looks 
to be of similar velocities. This may either be due to an early 

influence of the curvature, the turbulence in region I, or special 

behaviour due tothe shape of the bubble. Comparing curve B2  

(Fig. 5.5) with that of L2  (Fig. 5.2), will suggest that the 

start of the record in test B1 is far enough from line I to be 

that much affected by the curvature, while the lag of the bubble 

in test A2(at similar conditions to B1 in region I) suggests that 

the acceleration developed by turbulence is not enough to balance 

buoyancy. The influence of the shape is obvious from Fig. 5.5 
in which the actual velocities of the selected bubbles are drawn for 
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region I and the early parts of region II together with the 

best fit curve, and Fig. 6.24, which shows the trajectories 

of these bubbles within that region. Bubble B1(7)  (Fig.5.5 ) 

which shows on average a lag to the flow velocity, is the only 

bubble in test B1  to have a trajectory more influenced by 

the water flow. On the other hand, bubble B1(11) which 

shows some independence in its trajectory, has led the flow in 

region I. 

Figs. 5.1 to 5.5 demonstrate that on entering region II, 

the bubble accelerates faster than the water flow, reaching 

its velocity (if it was previously lagging in region I 

as in tests A20,A21  & A23) at point A and leads the velocity 

of the flow. The location of point A would be expected to be 

influenced, among other factors, by the amount of acceleration 

on the flow and the size and shape of the bubble. The effect of 

the acceleration of the flow is obvious from test A2 (Fig.5.2) 

where point A is reached at about 0.8" before line I, and 

test A3  (Fig.5.3) , at higher acceleration, where point A 

appeared as early as more than 1.1" before line I. While 

the influence of shape is noticeable from test B1  (Fig.9.5), 

the size role is not clear from tests A20,A21  and A23. 

For a bubble lagging behind the flow in region I, the 

influence of the flow acceleration and the bubble's size 

on the location of point A is also apparent from the 

theoretical coneideration (Chapter III). While formula 

111.13 estimates the time for the bubble to catch that of 



C u A ro .... (v.3) t = 
A k g 
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the flow as 

2r2  C 	uro9  f(Re) —e 
to = 777-1.7m) 11(1 -I- ----- 

(k-g)x 2re 

.... (v.1) 

(RebS  400) 

Formula (111.23) (for Reb":7, Reb ) estimates it as: 

1 
t = 	1; r 
A 	

e 	-1 
uro CD2 

- 
	tan_ an  

(2(k-g)k1re
)2 

.n.. (v.2) 
u C 

which at low values of tan-1 ro D 

 

eqn. v.2 

 

approaches 
	(2(k-g)kire )2  

Equation (V.3) suggests that at high values of (k - g) 

the size factor is less important. That may be the reason 

why in tests A2  (A20,A21  & A23), point A is almost at the 

same location. 

Beyond point A up to line II all the tests (Figs. 5.1 

to 5.5) demonstrate the lead of the bubble velocity to that 

of the flow. Comparison of curves A20,A21 and A23 in Fig. 5.2, 

A3(small) and A3(big) in Fig. 5.3, and o4(small) and A4(big) in  
Fig. 5.4, demonstrate the influence of the bubble size on the 

amount of velocity by which the bubble leads the flow. 

Beyond line II one would expect the relative velocity of 

the bubble to decrease so that the bubble ultimately lags 
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behind the flow, due to buoyancy, once region III is 

reached. To reach that stage the previously advancing 

bubble would be expected to pass through point B when 

its velocity reduces to that of the flow. While point B 

is noticed in test B
1 
(Fig. .5) at about 1.75" after 

line II, about to be reached in test A21  (Fig. 5.2) at about 1" 

and 2.8" after line II, it im'clearly missed in tests A20
, 

A
23 

and A
3 
(Figs. 5.2 and 5.3). 	While on average the 

velocity gradient of the water flow in tests L2,1,3  and B2  

(Figs. 5.2, 5.3 and 5.5 respectively) are slowly increasing 

(i.e. accelerating) after line II, its magnitude is not that 

high to give a lead velocity as high as that of A23 (Fig. 5.2) 

or A3(big) (Fig. 5.3). This may suggest that the motion 

of the bubble beyond line II, other than by the average 

velocity gradient of the flow, is affected by the amount 

of turbulence in the flow, the size and shape of the bubble 

and the width of that section. 

The influence of the developed turbulence after line II 

is responsible for an additional acceleration to the bubble; 

the influence of the size is clear in comparing test A20  to A23, 

A3(small) to A4(big); the influence of shape may be the reason 

why bubbles in test A21 of bigger sizes have lesser velocity 

than those of test A20, and those in test B1  have developed 

lower velocity than that of the water flow. 

Thus it is clear from the above tests that region III 

as defined in Fig. 5.0, is not reached. However, while 
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this point needs further confirmation by tests with 

bubbles in uniform turbulent flow, one would expect that 

a lag of the bubble velocity to that of the flow in region III 

is of some donbt. Since as a result of the local pressure 

gradient the bubble may be on the average accelerated to 

the extent that this acceleration may balance or may exceed 

buoyancy and so the bubble leads the flow. That may mean 

that point B will never be reached in an average best-fit plot. 

In looking to a typical velocity-position curve (Fig. 5.6), 

it can easily be seen that the bubble velocity is not always 

leading that of the flow after line II. Almost all the bubbles 

have lagged behind the flow for a short interval of their 

courses. This means that the bubble has actually passed 

through.B many times, while on average it has a velocity 

greater than that of the flow. 

It can also be seen from Fig. 5.6 that the velocity of the 

bubble is fluctuating about the best-fit curve. Such fluctuation 

is mainly due to the continuous oscillations of the bubble. 

Such oscillations are inevitable as lone as the bubble has 

a pressure gradient round its surface. However, this oscillation 

is noticed to be more intense beyond line II. The reason for 

that may be the increasing turbulence intensity beyond that line. 

V.1(b)The relative terminal velocity of bubbles (unx., ) 

Fig. III.1 in Chapter III suggests that what ever the initial 

relative velocity of a bubble in a constantly accelerated flow is 



its relative velocity (ur) will approach an asymptotilc: 

value urOc  (as T.--',-Do) similar to the terminal velocity . 

obtained in the calm water case. Using equations 111.8 or 

111.18, the corresponding times and distances for a bubble, 

initially leading the flow, to attain 98% of that velocity 

are very small compared with the times and distances needed 

by the bubble to travel from line I to line II. Assuming 

that the bubble gets that value soon after crossing line I 

and keeps up to it till line II, the mean average of the 

instantaneous relative velocities, on crossing the distance 

between line I and line II, of few selected bubbles are 

estimated. Using those values as a reference, the relative 

terminal velocity for the rest of the bubbles on the various 

tests are estimated by using the more reliable parameter 

(tw  - tb), the difference between the measured times for 

the flow and bubble to cross that distance. 

Fig. 5.7 shows the relative terminal velocity, as defined 

above, plotted as a function of the equivalent radius of the 

bubble with the flow acceleration (k - g) as a third parameter. 

plot for bubbles Included in Fig. 5.7 is Haberman and Morton(32)  

at their terminal velocities in calm water. From those results 

it is quite clear that the amount of acceleration (or pressure 

gradient) is a significant factor in determining the relative 

terminal velocity. It is also clear from all tests that for 

re> 0.045", urn  increases with the increasing re  value. 

The rate at which ur,)  increases with the increasing re  is, 
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however, increasing with the increasing acceleration (Fig. 5.7). 

For values of re.<0.045",regions of minimum u, are noticed rx 

at about re  = 0.035" for test A4  and at about 0.04" for 

tests A
2 (A20,A21,

A23). A similar minimum region is noticed 

from Haberman and Morton(32) test with filtered water at higher 

value of re.  

It can thus be concluded from Fig. 5.7 that the terminal 

velocity of an air bubble in a water flow at constant pressure 

gradient, can be presented in terms of its equivalent radius 

in a way similar to that in calm water. However, the value of 

that terminal velocity and the way with which it varies with 

re may be quite different from the calm water values. 

V.1(c) Effects of acceleration on the steady state drag 
coefficient (CD). 

It has been reviewed in Chapter II how the drag coefficient 

for a solid particle is greatly affected by acceleration. The 

effect of acceleration on the drag coefficient of an air bubble 

in an accelerated water flow will broadly be treated in this 

section. 

As the relative velocity of the bubble approaches its 

terminal value, equation (III.16) reduces to 

.... (V.4) 2 A - c u 	= 0 no 

rearranging equation (V.4), the drag coefficient (CD) divided 

by the shape factor ki  can be written as: 

CD (k g) x 2r 

kl  
u2 roc 

.... (V.5) 
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C  

The values of — calculated from equation (V.5) are k
1 

plotted in Fig. 5.8, for different values of (k - g), 
2u r 

against the bubble Reynolds Number (Reb = CD 
Fig. 5.8a shows those values of — and the best-fit 

1 
lines,fortestsA2,bothk„and B1, and for A4 

using the 

same polynomial routine as before. Fig. 5.8b shows only 

the best fit curves from those tests, Haberman and Morton(32) 

plot for bubbles in calm water, and Baker and Chao(3) results 

for large bubbles in turbulent water stream. It can be 
CD  

noticed from Fig. 5.8 that in test A2  the value of 7  
reaches a peak of 1.8 at Reb  of about 1350, and then slowly 

decreases to have almost a constant value of about 1.52 

between the limits (2200 to 5000) of Reb. On the other 
CD 

hand, for test A4 of higher acceleration,7- reaches a 
1 

peak of only about 1.30 at Reb  of about 2000, then slowly 

decreases to acquire roughly a constant value of 1.17 between 

the limits (3000 and 4300) of Reb, and slowly decreases to an 

average value of 1.09 between the limits (5000 to 10,000) of 

Reb. For tests B1  and A3  of intermediate values of (k - g) 
C
D 
-  A2  and A4, similar behaviour of 	can be noticed 
1 	CD 

7. with intermediate values. Those peak values of 	noticed on 

the above figures are corresponding to the minimum values of 

roo noticed in 

The comparison with Haberman and Morton's results indicates 

CD 
that for values of Reb beyond 2000, 7- is generally greater than 

1 

that for a bubble in an accelerated flow. However,for values 
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C 

 
of Re <-2000 the calm water values of — lie within that b 	 k

1 
for the accelerated water cases. 

C
D 

It can thus be concluded that for Reb  > 2000 7  
1 

decreases with the increasing pressure gradient. One 

would expect that by increasing the pressure gradient the 

X-sectional area of the bubble will increase, so that 
VbD . 

ki(ki  777) decreases, and consequently 	increase. 
e 	 1 

So, such an unexpected decrease in CD/ki  may be due to an 

increase in u 	as a result of the radial motion which is 
rc 

greatly influenced by the increasing pressure gradient round 

the bubble surface. 

Baker and Chao(3) tests with bubbles in turbulent water 

stream for Reb:> 1800, while generally showing lower values 

of CD/k1  compared to that of Haberman and Morton, indicate 

a peak of about 1.5 within the constant range of test A2  

at Reb  =2-'3000, and then slowly decrease down. Baker and Chao 

tests were, however, carried out with bubbles travelling in the 

direution of their buoyant force, yet their terminal velocity 

have been found (for larger bubbles) to be higher than that 

estimated from buoyant force. The reason for that may be 

the additional acceleration produced by the eddies of the 

turbulent flow so that the bubble would run faster than 

expected. However, if that argument is accepted, one may 

expect an opposite effect to happen, if the bubble and flow 

are moving downwards with gravity direction, so that the drag 

coefficient and the terminal relative velocity can be quite 



1
1 
6 for the case of A2 and 

straight lines are drawn 

104. 
different from those of Baker and Chao. Such an effect is 

roughly noticed from Figs. 5.2 & 5.3, for the region after 

line II, where the relative velocity of the bubble is 

larger than that expected from the flow pressure gradient. 

V.1(d) Non-dimensional evaluation of the terminal velocit 

At high Rot  values, it can easily be proved from 

equation (III.17) that the terminal velocity of the bubble 

can be expressed as (1.7g) 

F2fy 

rtCD  —' kre .... (v.6) 
15u2 

since k = 

ur:: 	• 	11 r: 	e 
\ CD  (v.7) 

rav 
Shown in Fig. 5.9 are the values of 	plotted as a 

f r' ,0 
e function of\117 	From equation (V.7) one would expect the 

slope of the best straight line through those  points to be 

k 	 D 
for the case of A4, two CD  1.1 

in Figs. 5.9 as shown. Those lines seem to fit fairly well 

in the corresponding  experimental results. Small deviation 
ire-t 

appears at low values ofi-T where CD  is no longer constant, and 

at lower values of k where the effect of the neglected gravity 

is significant. 

equal to the assumingly constant 

From Fig. 3.8 adopting zr-= 

ri5ki\ quantity \) D . 
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The corresponding equations from the two lines in 

Fig. 5.9 can be written as: 

r 1 
u 	= 3.06 u- 
rrNO 	

(for tests A3,A2,B2, 

and u 	= 3.69 u o 	(for A4) vI2 

.... (v.8) 

.... (V.9) 

The values for the terminal velocity (u ) calculated 

from the above equations (V.8 & V.9) are plotted as in Fig. 5.7, 

It is clear that they fit quite well in the experimental results 

for r 	0.06". For lower values of r
e 
the approximation 

gets less reliable due to the departure from the region of high 

bubble Reynolds number (Reb). 

V. Bubble Motion in a Water Flow at Constant Velocity Gradient  

V.2(a) Velocity  lead and lag of the bubble 

Figs. 5.10 to 5.12 confirm that at a constant velocity gradient 

a bubble previously lagging behind the flow, also accelerates 

at a rate greater than that of the flow. If that acceleration is 

sufficiently high, the bubble reaches the velocity of the flow 

and ultimately leads the flow. The smooth curves (C1iC2,C3) 

in these figures are the best-fit curves estimated by the 

polynomial series routine used before. A typical plot of the 

measured values of the vertical component of the bubble velocity 

together with the best-fit curve can be seen in Fig. 5.10 for test 

Cl.  
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Although region I as defined in section V.1a can be seen 

in both Pigs. 5.10 and 5.11, the value of the relative lag 

velocity in test Ci(uo  = 3 ft/sec) is more than twice that 

in test C2 (uo = 6 ft/sec). The reason for that may be due 

to the influence of the excess turbulence in case of C2 

or an effect of the shape in the bubbles of test Cl. 

The effect of the velocity gradient on the location of 

point A is also well indicated in this case. While in test C
3 

(Fig. 5.12) point A appears at only about 1.5" before line I, in 

test C2 its location is only about 0.8" before line I, and in 

test C
1 (Fig. 5.10) it goes as far down as 0.3" below line I. 

Region III and point B as defined in section V.1a are not 

indicated in Figs. 5.10 to 5.12. It is also obvious from Figs. 5.10 

and 5.11 that soon after line II the velocity gradient of the flow 

is decreasing. In spite of that apparent deceleration in the flow, 

the bubble velocity keeps its lead to that of the flow. This 

observation may thus support the argument in section V.1a that 

the acceleration due to the turbulence after line II and the 

shape of the bubble have a significant influence on the average 

value of the relative velocity of the bubble. 

Fig. 5.10 also confirms that while on the average the 

bubbles on test C1  have always greater velocity than that of 

the flow (after line II), in fact soon after crossing line II 

bubbles C1(517) have attained for a short while, lower velocities 

than that of the flow. This indicates at least two sites 

of point B as defined in Fig. 5.0. 	Fig. 5.10 also 
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confirms the oscilhtions, on the bubble motion, which are 

more noticeable after line II. 

V.2(b) Non-dimensional evaluation  
t - t

b  Fig. 5.14 shows ( t 	
) x log plotted as a function of 
12u r o e the parameter "6 which equals —73-171,- in this case. The 

t,- tb  
parameter (7) x 100 is selected here because of the 7  

relatively higher degree of accuracy in measuring both tw  

and t (Chapter IV). It is clear from the plot that 
-tb  

x 100 shows a systematic dependence on ?S 	The 

only exception is for the values taken from test C1, which 

appear lower than those for tests C2 
and C

3 
at similar values of. 
tw  - tb  

\r- 
disguised form of A. Since the parameter 0 would only be 

expected to give a systematic variation with A at its terminal 

values (Ao0 ), test C1  with point A lies below line I is 

bound to give some deviation as that in Fig. 5.14. 
tvs; - tb  

Fig. 5.15 shows ( 	tw  ) x 100, for air bubbles in a 

water flow at constant pressFe gradient, plotted as a function 
12uore  

of the same parameter 	as in Fig. 5.14. It is interesting 
12u r2 L 

that a parameter (7TEE--  ), deflund for a oototant velocity gradient, 

brings the results of the different tests (A1,A2,A31A4 & B1) in 

a constant pressure gradient flow in a systematic order. This 

may be due to the fact that the parameter 	is essentially a 

function of the ratio of the pressure gradient forces to the 

drag forces. In the case of a constant pressure gradient, this 

This would be expected, since the parameter tv4 is a 
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ratio approaches unity as the bubble approaches its terminal 

values. 

A more reliable presentation is shown in Fig. 5.16, where 

A x:  is plotted as a function of )5 . This is certain from 

equations 111.34 & 111.42 in Chapter III where Aco is derived 

to be dependent on 6 . Fig. 5.16 indicates similar trends 

to these in Figs. 5.14 & 5'.15. 

Ac;o was estimated by assuming that the bubbles in 

tests C2 and C3 
obtain the terminal value of A (Apo ) soon 

after crossing line I and keep up to that till line II. 

The mean average of the instantaneous value of A on crossing the 

distance between line I and line II were estimated for a few 

selected bubbles;using these values as a reference, A.)o for the 

rest of the bubbles on test C2  and C3  were obtained by using 

the more reliable parameter ( 	). Similar procedure 

was carried out for estimating 0o.0 from test C1  between 

a line 1" after line I and line II. This later modification 

for test C1  is to ensure that the terminal values(AD0 ) are 

about to be approached. 

Table V.2, however, shows the value of Ax. given from 

the best fit through the points in Fig. 5.16 and those estimated 

by Gutti()  at similar values of . It is apparent that the 

values estimated by Gutti's theoretical solution (f = 1) are 

much higher than the experimental ones obtained from this work. 

The reason for that, together with other relevant comparisons 

man V.2 

200 400 800 1200 1600 2000 

A co (Gutti) 0.94 0.97 0.98 0.99' 0.99 0.99 

(Fig. V.16) 0.10 0.13 0.16 0.18 0.18 0.19 
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with Gutti's work will be shown later in this chapter. 

Before leaving this section, it is interesting to 

notice from Fig. 5.16 that the effect of coalescence 

can greatly affect the value of Ate, . 

V.2(c) Com arison with Gutti's work 

Equations (111.34 & 111.42) in Chapter III have 

demonstrated that at its terminal condition a bubble in 

a constant velocity gradient flow will reach a limiting state 

with 

Act) 
2(e 	cA L 

) P - (f - 

 

.....x.••••••■•• 

  

   

.... (v.10) 

Considering the special case where f = 1 and CA  = 2, one 

may reach similar values for Af-ic , as that estimated by 

Gutti(30)  (Eqn. 111.13), which may be expressed as 

A 	 .... (V.11) 

Gutti's derivation of equation (V.11) is on the assumption 

that f(Re) = 1 which requires values of the bubble Reynolds 

number (Reb) less than unity. However, Gutti has used the 

equation (V.11) to calculate and plot Loci at different 

values of 	up to 104  (Fig. 4, pp.1079). In table V.2, those 

values have shown a serious deviation from the experimental 

results obtained from this work. With Gutti's assumptions in 
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mind it looks somewhat risky to go for high values of 6 as 

these suggested by him. This last point can best be explained 

in terms of the following example. 

Since 	- 
9 VL dx 

1  as suggested by Gutti 

and uL = uo + ax 

considering a bubble in a flow accelerated from uo  to nuo  for a 

length (L), then: 

duL 	
—a = a = (n - 1) dx 

2r
2 

(n - 1)  r = Reo 	9 	r 

' or Re = 	— o n
9 6 
- 1 r 

The bubble Reynold number (Reb) can be expressed as: 

Reb  = 
2ur  r 

 

but from Gutti's solution; (at terminal values) 

ur  = 	u, = ANt.x(u + 	uo + ax 

since from his solution A Y1 as %C.0 becomes high enough. 

2re
2   duL  



Reb  a= 
2ru 

o(1 	(n 	1)x)  = Reo(1 + (n - 1) 2) 

9 	L 	x 
77-77 ° ÷ 9  7)°_ 

Since r is assumed to be very small 

L x & — are greater than unity. r r 

Re.b  

Therefore at high values of 1  Reb  could also be high and 

the assumption that f(R) = 1 would no longer be valid° 

L. better presentation can be derived by rewriting equation 

(V.10) as: 

= 77 7 

	

I  777 4- C
1
)2 
	f 
+ 4(Q + ch)(7  + 1)) - + cIl  - 

oeoo (V.12) 

For air bubbles in water Q can be neglected (being very 

small) and assuming CL  = 2 equation (V.12) reduces to: 

Poo = f f _ 0.5)2 2(
f + 1)12  - f- 0.5  

.... (V.13) 

Fig. (3.17) shows A5e, plotted as a function of fA as 

calculated from equation (V.13). Plotted in the same figure 

are the experimental results of A:vs, as a function of f4c estimated 

as follows: 

ht high values of Reb  (Chapter III, page6c.), ) 

fi CnRel, CD2urre 	CD ur = 
?5 	 6k1  uo  re  1 	N61 	4kr2a  - 
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At terminal values; 

ur 
= hoc uL 

Taking an average value of ut  at the centre of the 

test section, 

uL(centre) = 2°5 uo 

A-.x.) CD 1_ 
'?.<1  12 k 	 r 

L 

e 
.... (V.14) 

From experimental consideration AD0 is found to increase 

CD 
with Reb  (i.e.T ), while rr-is found to decrease with it in such 

CD 
-  way that A0DX 	can be taken as a constant quantity, estimated 
1 

in this case as 0.26. Thus f1/is 1  can be estimated for this 

case (C1,  C2, C3) from 

01 
	0.1083 x-7- 	 .... (v.15) 

The plot of the experimental values of 600 as a function 

of f1/s6 1  (as estimated from equation V.15) in Fig. 5.17 has 

shown a reasonable agreement with the calculated values from 

equation V.13. Such agreement could be improved when enough 

experimental data of CD/ki  as a function of Re and of At)o,  as 

a function of 	are available. The rather lower values 

obtained from test C1  may suggest that some bubbles in that 

test did not have enough time to reach their equilibrium (6x ). 
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V.3 The Added Mass  

It has been reviewed in Chapter II that the added mass 

adoption as a parameter for the accelerated motion of solid 

particles in fluids is inadequate. For the accelerated 

motion of gas bubbles in liquids, it is argued in Chapter III 

that the neglect of the added mass term, for the part of the 

motion before approaching high percentage of the terminal 

value is risky. 

However, from Figs. 3.10, 5.12, 5.2, where point A is 

clearly indicated, one would expect the drag force term to 

disappear from equation (III.2) so that, in neglecting 

terms containing the mass of the bubble, the added mass 

coefficient (C1) can be estimated as 

Vb dx 
dx C 

`du - du 
PL b 	 r  

dt 
	PL 

dt
r 

(v.16) 

Table V.3 shows the values of CI. obtained from equation 
dur  

(V.16), by taking the values of .g and 	from Figs. 5.10, 

5.11, 5.12, 5.2 & 3.3, respectively. While it is noticeable 

from the more reliable tests C1,C2, C3, that the value of 

CA is about -2-, the influence of the size or acceleration 

number is indefinite. The shape in that region is, if not 

spheriodal, ellipsoidal (Chapter VI). In tests (A20, A21,  

A23 & B1), where the water flow is sultcted to a sharp sudden 



114. 

acceleration, the influence of the best-fitting curve is 

considerable. While C1 
values are estimated from Fig. 5.2(a), 

those of .A(1)  are estimated from Fig. 5.2(b) at higher 

standard deviations and lower polynomial degrees. In the 

case of B1, point A is not c7 ear, which is why CA  is 

estimated at a point x = 2.1". However, these values 

are merely preliminary results which suggest a need for 

more elaborate work at more controlled conditions. 

As the bubble approaches its terminal values, the 

importance of the added mass term depends on the type of 

flow acceleration. For the case of flow at constant pressure 

gradient, the added mass term will be insignificant compared to the 

pressure gradient force and the drag force terms. This is why the 

added mass coefficient disappears in the estimation of urup. In 

the case of flow at constant velocity gradient, the added mass 

influence can be seen from Fig. 5.18. While the neglect of 

the added mass term could seriously effect the value of 600 at 

low values of r, it is insignificant for value of 

TABLE V.3 

Test cl  C2  C3 
 

A20 A
21 

A23 B
1 

C1 0.66 0.46 0.70 0.21 0.28 0.05 0.38 

a.1 
0.58 0.72 0.52 
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CHAPTER VI 

GENERAL BEHAVIOUR OF BUBBLES 

The discussion of this chapter will be described in terms 

of a simplified form of the plot of the average vertical vel-

ocities of the bubble and of the water stream, plotted for 

various positions in the test section shown in 6.1(b). Fig.6.1 

is a new form of Fig. 5.0 modified according to the new facts 

deduced from Chapter V. The meaning of the different regions, 

lines and points in the figure were described in Chapter V. 

(i) Bubble shape  

The study of the bubble shape in region I is not the purpose of 

this work, yet from the work of Baker and Chao
(3) and the short 

portions noticed heretwithin Tests B1,C;11A1  and Fig. 6.2)the 

bubble is noticed to have either of the three traditional shapes, 

spherical, ellipsoidal or spherical cap, depending on the Reynolds 

number based on the average size and relative velocity of the 

bubble. While these three traditional modes are generally 

noticed, the distinctions between them are not very clear. 

This could be due to the oscillation of the bubble and to the 

shortness of the region within this test. 

The shape of the bubble in region II will be described here 

first for bubbles moving within the central portion of the test 

section. In this case the bubble shape, from the start of region II 

to point A, is found to depend on the bubble shape in region I. 

Thus a bubble with a spherical cap shape in region I is found to 
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continue as such for some time and with the width getting longer 

in the flow direction. At one point the previously smooth and 

straight end of the spherical cap becomes rounded and produces 

an ellipsoidal bubble with the longer axis in the direction of 

the flow. This long axis however soon decreases and the short 

axis grows so that, for a very short time, a spherical bubble 

may persist at A (Fig. 6.3). While an ellipsoidal bubble in 

region I may develop to a spherical shape at A, a spherical 

bubble in region I continues as such until it reaches point A 

(Fig. 6.4). 

The spheroid bubble at point A as it travels downwards is 

then observed to change to an ellipsoidal shape, with the longer 

axis in the direction of the flow. Later the bubble changes to 

a hemispherical front and conical rearkQction with a sharp apex 

at the extremity of the bubble. The reason why this conical shape 

is developed may be because the bubble, to avoid separation at the 

rear, develops this streamlined 

not exist for a long period and 

(deb increases) and the tail of 

shape. However, this shape does 

as the bubble moves downward 

the cone is seen to be withdrawn 

by the bulk of the bubble to form a smooth flat rear (Fig. .5). 

This could be due to the increasing Reynolds number which leads 

to a wake behind the bubble. The period and the distance for 

the bubble shape development from region I to this stage are found 

to decrease with both the increasing flow acceleration and the 

bubble size (indirectly the bubble Re), and is sometimes partly 

influenced by the oscilhtion of the bubble. 
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The trimmed cone shape which is usually obtained not 

far from line I, continues downwards through region II with the 

longer axis getting shorter, in the flow direction and if 

it is not divided, which usually is the case, it reaches line II 

as a spherical cap with a thin width in the flow direction 

(Figs. 6.4 & 6.6). In the case of bubbles tested in the zone of 

constant pressure gradient, it is found that the bubble will 

reach its equilibrium state almost within the trimmed cone shape 

zone. That means a constant Reynolds number, based on the average 

relative velocity and size of the bubble, is attained, although 

the spherical cap shape is observed to continue to decrease in width 

in the direction of the flow. Thus the tendency of the bubble to 

reduce its axis in the direction of the flow may suggest that 

the pressure gradient is not actually constant in that region. It 

is also noticed that the spherical cap bubble within region II 

has usually a smooth curved leading part and a smooth flat 

rear which becomes wavy as the bubble size or the acceleration 

of the flow, increases (Fig.6.6a). The Reynolds number at which 

the bubble develops the spherical cap shape is found not to be 

necessarily about 5000 as suggested by Rosenberg
(76) for bubbles 

in calm water. Spherical cap shape bubbles are obtained in case 

of A20  at Reynolds number equal or less than 1000. 

The thin spherical cap bubble on reaching line II will be 

subjected to a sudden deceleration of the flow. As a result of 

that the bubble is noticed to oscillate more vigorously with an 

'Fight-like' section (Fig.6.7). Under certain conditions such 
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a bubble may develop a shock break-up which will be discussed 

later in this chapter. A bubble surviving shock break-up 

in this zone is usually distorted, but on average keeps its 

velocity leading that of the flow. During its movement from 

this zone through B to region III, the bubble shape will be 

expected to take the same forms as at A. Although this is 

roughly the case, due to the sudden deceleration of the flow, 

the larger average velocity, and the higher turbulence intensity 

of the flow, the shape is found to depend not only on the size of 

the bubble, but also the nature of the flow. For example, in 

test A
l (uo = 2.875 ft/sec), a bubble of diameter about 0.102" 

is seen to emerge after line II as spherical in shape, while 

in A2 (uo = 5.133 ft/sec), bubbles of diameters ranging from 

0.07 to 0.106" (A20) are seen to emerge after line II with 

shapes from spherical to almost oblate spheroid, and a bubble 

of diameter of about 0.147" (A21(5)) is seen to continue after line 

II-to a spherical cap for a short while, and then develops through 

ellipsoidal shape with a neck at the centre (Fig. 6.8). In A3  

(u0  = 7.335 ft/sec) only bubble A3(7) of a diameter of about 

0.053" is seen to emerge as spherical after line II, while 

a bubble of 0.091" in diameter (Fig.6.9) emerges as ellipsoidal 

and all bubbles t of diameters -?,...1024.0.132".)are of spherical 

cap shape at one stage of their journey after line II. In the 

case of A4 (uo = 10.152) spherical bubbles after line II are 

4(6 s- , 13))' while only noticed for bubbles of diameter 0.06" (A 

bubbles A4(7,  14) of diameters about 0.078" and 0.082" respectively 
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are noticed to emerge as ellipsoidal in shape. A bubble of larger 

size than these ranges will if it survives break-up, emerge on 

crossing line II wivh a very rough, distorted and oscillating 

shape (Fig.6.6). As will be mentioned later, such a bubble 

is found to develop a vigorous form of break-up (disintegration 

mode) in region III (A24). 

The shape of the bubble far from the central axis, in region I, 

is not different from that of another one of equal size within 

the central axis so long as it is not affected by the wall. Once 

it enters region II its shape will be influenced by the pressure 

gradient developed due to the curvature. Thus the bubble is noticed 

to have a shape with a minimum width in the direction of the centri-

fugal acceleration. As the bubble travels down region II the 

effect of the centritagal acceleration quickly reaches a maximum 

and then starts to decrease, while the pressure gradient in the 

direction of motion is continuously increasing. Due to this condtion 

the bubble is noticed to attain a shape with maximum B- value at 

the region of maximum curvature and as the translatory acceleration 

increases a point is reached where the two accelerations are equal 

and the bubble shape ratio• (Ii) is in the vicinity of unity. 

The location of this point is found to be close to line I (depending 

on the size of bubble, acceleration of the flow, distance of the 

bubble from the centre and the curvature of the wall). At about 

this stage the bubble will have developed its spherical cap shape 

which gets shorter, in the direction of its motion, as it moves 

downwards. Within the middle of region II, however, the effect of 
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the wall e.tarts to attract the bubble, so that an axis drawn 

perpendicular to the smooth rear of the spherical cap bubble () i  

is no longer along the flow line but rather along the bubble 

trajectory (Fig.6.10). Due to the history of the bubble the width 

of the spherical cap, in the direction of the flow just before 

line II, is found to be higher than another one of equal 

size within the central portion of the test section. On 

crossing line II the shape, however, is severely distorted. This 

may be due to the higher intensity of turbulence, movement towards 

the wall and the pressure gradient developed near the wall. The 

effect of the pressure gradient near the wall is clear in 

test A
24 

(region III) where bubbles moving close to the wall 

are noticed to have, at one stage of their motion, a rough 

inverted cone shape with its base at the rear of the bubble 

(Fig. 6.56). Such a bubble is noticed to decrease its width 

perpendicularly to the direction of flow as it travels downwards. 

The story of the shape of bubbles looks incomplete without 

recording the following three observations. The first is that, 

although the shape of the bubble within region II is on average 

as described above, yet the size of the bubble is noticed to 

decrease and increase continuously, This radial motion should 

be expected as long as a pressure gradient around the vicinity 

of the bubblers surface is available.(87)  The second observation 

is that the average size of the bubble is found to increase as 

it travels from region I to III (Table 6.1). It is generally 

accepted that the size of the bubble will increase in region III 
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TABLE VI.1 
1 	 ----7-  

Bubble Number 	i 	Size at point A 
inches 

size in re 
size at A 

A10 ,7) 
. 0.102 1.13 

A
3(4) 

0.102 1.05 

A3(7)  0.053 1.22 

A4(4) 0.224 1.48 

A4(6) 0.060 1.64 

A
4(7) 0.078 .143 

A
4(35) 0.228 1.79 

B1(11) 0.109 1.10 

C2(11) 0.183 1.45 

02(16) 
0.198 1.47 

03(26) 
0.167 1.32 

C
30 .7) 

0.197 1.53 

due to the decreasing pressure, but it is very risky to conclude 

from Table V311 that this increase is a function of the bubble 

size or the acceleration of the flow. Since the size of the 

bubble is continuously changing, some of these values can possibly 

be at the lowest, in between or the highest bubble size. The third 
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observation is that the shape of the bubble is noticed to 

be smoother within the accelerating part of region II than 

in regions I or III. This may be due to the presence of more 

turbulence intensity in those regions than in that part of region 

II. However, Fig. 6.11, which is taken for bubbly fbow apparently 

looks somewhat contradictory to this observation. This may 

be due to the interaction between bubbles which affect the shape 

of each other and the upper limit of that effect is coalescence. 

Figs. 6.35, 6.36 (print) shows how the bubble may develop a 

peculiar shape with the longer axis along the direction of the flow 

(against the normal tendency of bubbles in that region to have a 

shorter axis in the flow direction) during the process of coalescence. 

Before leaving this topic, it is necessary to say a word about 

the shape of the liquid drop used to trace the flow. The striking 

observation in this respect is that the drop is noticed to 

elongate within the accelerating part of region II, contradicting 

the behaviour of the bubble of decreasing its width in the 

direction of the flow. Table VI.2 shows the ratio of the 

measured length of a drop in the direction of the flow at line II 

over that at line I. This increase of length would be expected 

since the leading edge will continuously move, within the 

accelerating part of region II, faster than the rear edges 

(Figs. 6.12 to 6.15). It is also very interesting to notice 

(Figs. 6.12 and 6.13), where by chance the liquid drop enters 

the acceleration zone as a thin line. This line is noticed 

to elongate smoothly within the acceleration zone. Once it 
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enters the turbulent zone after line II, its shape starts 

to rotate and to develop certain irregularities like saw teeth. 

This confirms the smoothness noticed on bubbles within this 

range. The shape of the drop in the lower range of region II, 

and region III, is greatly affected by the developing turbulence 

and its inhomogeneity with the flow. 

TABLE VI.2 
--, 

Drop number B
2(7) 	

B
2(8) 

B
2(9) B2(12) B2(26) B 2(27) 

Length at line I 
inches 0.315 	0.360 0.135 0.488 0.265 0.123 

Length at line II 
inches 0.487 	0.655 0.147 0.912 0.390 0.180 

Length at line II 
1.87 1.46 

Length at line I 1.54 	1.82 1.09 1.47 

(ii) Bubble shape in terms of its aspect ratio (517) 

To complete the picture of the bubble shape development as 

it crosses the different regions of Fig. 6.1, the ratio of 

the long axis (L) over the short one (B) is chosen as a parameter 

for both bubbles within the central portion of the test section 

(±0.1") and those for towards the side (>0.5") in the case of test 

A1.  
Bubbles within the central portion (Fig. 6.16) are noticed 

L to decrease in r value as they travel down region II to reach a 

minimum value (Min.1) of less than 1.2 at about point A(3c,;')-2). 
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. 
The value of L — increases again to a 

at the region of ellipsoidal bubble 

from Min.1. E  again decreases to a 

maximum value (Max.1) 

after point A about 0.25" 

minimum (Min.2) of about 

1 at about 1.1" from line I, due to the change from spherical 

cap bubble of longer axis in the flow direction to another one 

with almost equal axis. As it travels downwards the value 

of L/B increases again to a maximum value (Max.2) just before 

entering line II. Beyond line II the value of IA starts to 

decrease and a cycle similar to that near A would roughly 

be expected. This region, however, could not be covered by the 

range of Test Al. 

For bubbles far from the central axis (Fig.6.17), the effect 

of the centrifugal acceleration is more noticeable the further 

the bubble is from the axis. The value of L/B is noticed to 

increase first to a maximum value, before line I, which differs 

in value and location for different bubble sizes and locations 

from the central axis (A1(10)  ,A1(0)). This point of maximum 

1.1/18 may be near the point of maximum curvature effect. Beyond 

that point the value of L/B is noticed to decrease first sharply 

and then gently to a weak minimum at about 1.4" below line I. 

Then the value of L/B is seen to increase gently to another 

maximum, whose value is less than that for bubbles within the 

central portion and at a distance before line II greater than the 

central ones. In the short interval after this point the value 

of L/B is noticed to decrease again. 

The main difference between the two cases are the disappearance 
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of Min.11  the appearance of a maximum point before line I, 

the late appearance of Min.2, and the early appearance and 

less value of Max.2 in the second case due to the effect 

of curvature and 7-...ter on the presence of the wall. Bubbles 

observed between those two positions (Fig. 6.18) have shown 

a clear transfer of features from Fig. 6.16 to those in 

Fig. 6.17, as the position of the bubble moves away from 

the centre. 

(iii) Bubble trajectory and effect of wall 

Before describing the trajectory of the air bubble, 

an initial look at the behaviour of a drop, of density almost 

equal to that of water, would seem necessary. Such a drop would 

be expected to represent the water flow in amplitude and phase 

angle within the acceleration region-
(38) 

In the short recorded 

part of region I (Fig.6.19a) the trajectory of the drop is 

roughly rectilinear. In Region II drops at the central axis 

are noticed to continue along that line till line II (Fig.6.20). 

As the drop position gets further towards the wall, the effect 

of curvature becomes larger and the drop trajectory moves more 

towards the central axis (Figs. 6.19 to 6.23). This movement 

continues till the drop reaches line II. On leaving line II 

drops within the central portion are noticed to continue along or 

towards the centre (B2(20,22) ,D2(3),L2(7,4),D1(1)), while drops 

more to the side are noticed to move towards the wall. This movement 

is found to increase with the increasing size of the drop and 

velocity of the flow (B2( -, lY 18)4D1(26) ,D
2(19)). Such movements of the 
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drop towards the wall within the turbulent zone appear 

contradictory to the movement of the water flow, unless a form 

of relative movement is created between the drop and the water flow. 

This relative motion can exist as long as the drop is not homogeneous 

with the flow, so that the turbulent movement of the flow is not 

readily transmitted within the bulk of the drop. Also within 

this zone any small difference of density between the drop and 

the flow will add another effect tz) the relative motion, while 

any osciThtion on the drop will have $n. effect an attraction 

towards the wall. 

The trajectory of the bubble, on the other hand, is found 

not to be influenced by the flow only but also by the shape. 

In region I ellipsoidal bubbles are noticed to follow a sort of 

helical course similar to that reported by Miyagi.
(61) This is 

noticed in Fig. 6.24 for bubbles varying in diameter from 

0.104" to 0.132". From the work of Baker and Chao
(3) and 

the short ranges observed here, spherical and spherical cap 

bubbles are generally found to follow a rectilinear course, 

within this region, as long as they are far from the influence 

of the wall. 

AS the bubble proceeds from region I through point A to the 

location where the first spherical cap shape (C) is developed 

with the longer axis in the flow direction, the three traditional 

shapes are developed at periods depending on the size of the 

bubble and the acceleration of the flow (or more generally, the 

local Reynolds number of the bubble). The trajectory is found 
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to vary with the shape: spherical and spherical cap bubbles 

are noticed to follow a course influenced by the flow only, while 

ellipsoidal bubbles are found to enjoy a clep:ree of freedom 

in their courses which is usually independent of the flow 

course. Such peculiar courses of the ellipsoidal bubbles can 

be seen clearly in bubbles B1(11) (Fig.6.24), C1(517114) (Fig.6.26), 

A
1(17) (Fig.6.25) and A20(11) (fig.6.27). The equivalent 

diameters of those bubbles are noticed to vary between 0.102"  

to 0.132"  with an ellipsoidal shape for the majority of the 

distance before point A. These sizes are well within the 

limits prescribed by Rosenberg
(76) 

for e1EP soidal shapes and 

helical motions for air bubbles in calm water (i.e. 0.087"  to 

0.147"). Bubbles of smaller sizes than the above limits 

(A20(6,10,14,16,18,20) ) (Fig.6.27) 
, A3(7) (Fig.6.28), 

A4(6,13,14) (Fig.6.29), have courses affected only by the 

flow till point A, then the ellipsoidal bubble developed after 

that has given their courses a relatively small irregularity. 

A look at the point where A4(13) (Fig.6.29) has developed 

the maximum departure from the central axis (x = 2.34"), 

contradicting the normal tendency of the flow, reveals that 

the bubble has acquired an ellipsoidal shape with the longer 

axis in the direction of the flow. Larger bubbles (A 1(except 17)' 

Bubbles A21  (Fig.6.30), A23 (Fig. 6.31), A4(4,33,351..), 

C
20 

f
1,121 

16) (Fig.6.33) and C
3(12,20,37) 

(Fig.6.33), are noticed 

to develop an ellipsoidal shape within the above region. The 

effect of that on their courses is, however, not as big as in 
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the above cases, and is found to decrease with the increasing 

bubble size and flow acceleration. The reason for that may 

be the short period for the existence of Reynolds number 

range within which ellipsoidal bubbles survive. 

Once the bubble establishes a spherical cap shape not 

far beyond point A (depending on the bubble relative 

Reynolds number) the course is mainly influenced by the flow. 

In all cases the bubble is seen to develop a movement towards 

the central axis, which is increasing with the distance of the 

bubble from that axis. Comparison of A25(13)-22(6,19)' 

A25(4)-L2(13)' '121(6)-L2(5),  A21(16)-12(5)' A21(20)-12(4); 

A20(10)-L2(514)' C2(11)-D2
(19) and C2(16)- D2(19)  have revealed 

that with this part of region II the air bubble is more attracted 

towards the centre than the liquid drop at the same location. 

This should be expected, since the flow is under an acceleration 

(centrifugal acceleration) in which case the bubble would run 

faster than the flow (Chapter 3 & 5). It is also noticed that, 

within this range, larger bubbles develop faster movement towards the 

central z.e..d.s than smaller ones of the same location A4(4_6). This 

is not surprising, since accelerated larger bubbles are found to 

move faster than smaller ones (Chapters 3 & 5). 

The comparison between the courses of bubbles in Al  and A4  

has revealed that the increase of the initial velocity in region I 

from uo 
= 2.875 ft/sec to 10.152 ft/sec has brought bubbles in 

Al  (other than ellipsoidal), of similar sizes and locations to those 

of ALE, more towards the central axis within the early stages of 
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re
gi

on II (i.e. A
1(7)

-A
4(33),  A1(2)

-A
4(35,33),  A1(20)

-A
4(33) 

& etc....). The reason for that is the decreasing value 

of the ratio of the centrifugal acceleration to the translatory 

one for faster flows. The influence of the centrifugal 

acceleration can, however, be increased by increasing the 

curvature (i.e. B 	-L 	B 	-L 	etc). 
2(18) 2(9)/  2(20) 2(19,6)"°°   

As the bubble heads towards the central part of region II, 

that motion towards the central axis is noticed to decrease, 

and ceases for some time and some distance before line II. 

A movement away from the central axis is noticed for bubbles 

not very close to that axis. This behaviour may be due to the 

fact that the effect of curvature is decreasing while the influence 

of the wall is increasing as the bubble moves downwards. 

The effect of the wall would, however, be expected to increase 

as the bubble moves downwards, since the ratio of its width to 

that of the test section would increase together with the bubble 

oscillation. Bubbles within the central portion of the flow (far 

from the wall) will continue moving along or towards the central 

axis. 

As the bubble crosses line II, its course is influenced by 

its shape, the water flow, the wall effect and its break-up 

(or not) at the shock zone. A bubble which survives break-up 

after line II will continue its movement towards the wall, if 

it is far from the central axis, while a bubble within the 

central axis is noticed to continue along that axis. The 

only exception is found for bubbles such as A3(1),A4(14), and 
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A4(7), whose sizes are 0.091", 0.078", 0.082", respectively, 

and which show a degree of freedom on their trajectories at 

some stage of that region. Inspection of the shapes of 

those bubbles within that stage has shown a form of 

ellipsoidal shape with the narrow width perpendicular to 

the flow direction. Such irregularities would be expected 

for every bubble at some stage of its motion from line II 

to region III, since development in shape similar to that 

near point A would be expected near point B. For larger 

bubbles than this or smaller and spherical bubbles in region 

III, the stage of ellipsoidal shape would be past more quickly than 

that near point A and the corresponding effect on their courses 

will be smaller. 

Apart from the region at which the bubble develops this 

ellipsoidal shape, its attraction towards the wall is found 

to be larger than that of a drop at about the same location 

(A 23(1 3)-112(6,19)'A21(5,20)-112(6119)' C2(11)-D2(19).  ... etc.) 

This would be expected since the bubble relative motion to 

the fluid, its oscillation and size are bigger than that of 

the drop. However, it is apparent from A20(5,6)
-I
12(19,6)' 

A20(20)-L2(9)' A20(10 )-L
2(7,13)that the bubble and drop 

track almost similar lines within this range. The reason 

for that is that the size of the drop in those cases is 

larger than that of the bubble and so counterbalnnce the 

effect of oscillation and relative motion. 

Within this region (after line II) it is also generally. 
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observed that bubbles, other than ellipsoidals, are more 

attracted towards the wall the larger they are in size 

(A
20(11-18)' C

1(7_14), etc...). This is logical with 

equation(II.33b) where larger bubbles are expected to 

develop larger attraction towards the wall. However much 

larger bubble (A23(14115), A4(4)' 
C
3(37)

) have not readily 

shown this. The reason may be because these bubbles adopt 

very high width, perpendicular to the direction of the flow, 

compared to the width of the test section, so that oscillation 

is restricted and the other wall may have attraction influence 

as well. Therefore the net attraction can be less than that 

on a relatively smaller bubble. This is in addition to the 

weak effect of the central lower pressure zone. 

The course of bubbles which split after line II (A ,A 8) 21 2, 

is mainly affected by the size, shape of the divided bubbles 

and the attractive force developed between the two. Terge 

bubbles (A23(4,617,9)) are noticed to oscillated, but on 

average they move towards each other and ultimately coalesce 

and acquire a single course. Smaller bubbles (A 21(6,12,16,18,21 etc.)' 

A23(8,9,13)  are noticed to follow, on average, straight courses 

which move very slowly towards each other. Such behaviour 

may suggest that the attractive force between those bubbles is 

stronger than the influence of the wall. 

In region III, the shape, effect of the wall and the condition 

of the flow have influences on the course of the bubble. Generally 

those which leave region II and head towards the wall are seen 
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to continue that motion within the early stages of region III. 

The central point of bubble B1(11)  (d = 0.09"), A20(11)(d = 0.107"), 

A21(12) (d = 0.167"), A4(35)  (d = 0.228"), A4(33)  (d = 0.184") 

and D
3
(6) (d = 0.063") are noticed to reach as far as 0.109", 

0.135", 0.125", 0.125", 0.155", 0.175", and 0.08" respectively, 

from the edge of the wall. From those bubbles and drops it 

looks as if, within the short range recorded of region III, 

the edge of the bubble or drop has been almost about, or less than, 

0.05" from the wall edge. The question may be asked, whether 

this bubble or drop will continue this journey up to the edge of 

the wall. The test section, however, is very short within region III, 

but one would expect the motion towards the wall to be checked 

by the rapid velocity gradient layer near the wall. However 

many bubbles in test A24  have revealed that the motion towards 

the wall is checked after they reach a small distance from the 

edge of the wall, and the bubbles are noticed to move almost 

parallel to the wall. 

(iv) Bubble interactions and Coalescence 

In order to simplify the discussion and presentation, this 

section is considered under two headings:- 

1. Capture of bubbles: 

This is meant to include different ways by which two distinct 

bubbles are brought into contact with each other. 

2. Coalescence of bubbles. 

This is meant to include the ways by which two bubbles in contac' 

unite with each other to form one bubble. 
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1. Capture of bubbles  

Within the range of this work three modes of bringing 

distant bubbles in contact with each other have been 

observed: These methods are either 

(a) A direct capture which is mostly observed within the 

accelerating part of region II. In this region, it has 

already been proved (Chapter 5) that the relative velocity 

of the bubble increases with the size. As a result, the faster 

large bubble at the back will catch the smaller slower, one ahead 

of it. Figs. 6.34, 6.35 and 6.36(a,b) demonstrate clearly the 

power of this mode. This power increases with the increasing 

difference in relative velocities between the two bubbles 

(the back one being the larger). 

(b) A wake capture,in which case a bubble at the back is brought 

into contact with a leading one due to the influence of the wake 

of the leading bubble. This mode is moe; clear in the case of 

a bubble close and behind a larger bubble at the end of region I. 

On entering region II the larger one soon leads the flow and 

develops a wake within the influence of which the smaller babble 

lies. The smaller bubble, instead of lagging behind the faster 

larger one, will continue to move towards it, and is eventually 

caught. Fig. 6.37 shows how the smaller bubhle at the back 

catches up with the larger bubble ahead of it. 

The wake capture is also observed to accelerate contact 

(after diect capture within the wake of the leading bubble). 

The larger bubble is normally at the rear in these circumstances. 
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or (c) A mutual capture 

The bubbles are seen to oscillate continuously in region II 

due to the pressure gradient developed within the vicinity 

of their surfaces. The net result of the oscillation would 

be an attraction between two neighbouring oscillating 

bubbleso(87)  
Figs. 6038 & 6.39 demonstrate clearly how the 

two bubbles performed sideward contact independent of the 

direct or wake modes. It is also evident from Figs. 6040, 

606 etc., that bubbles which break-up in crossing line II 

are brought into contact if their mutual attraction force is enough 

to overcome other effects (i.e. wall effects). Such a way of 

contact, which is purely due to the oscillation of the bubbleslis 

termed here as mutual capture. 

In spite of the above simple division of these modes of 

behaviour, in reality they do not always act independently. 

For example, bubbles like A4(28_29)  (Fig.6.34) are first under 

*Mil influence of a pure direct capture, which is aided by a 

wake capture (once the rear bubble has reached the wake of 

the leading one) and a mutual capture as the distance between the 

two bubbles beccnes less. As well as acting together, these 

influences= act in succession, as shown in the 3 stages of 

bubble C3(11) (Fig. 6039)0 While stage one is a pure mutual 

capture, stage two is mainly a direct capture type of trend and 

stage three is purely a wake capture. 

2. Coalescence of Bubbles 

Two types of coalescence have been observed within the range of 
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this work. While the first one is given the name wake coalescence, 

the other is termed mutual coalescence. 

(a) Wake Coalescence 

In this case, while the contact can be achieved by any, 

or all, of the three mentioned captures, the final part of it must 

occur within the wake of the leading bubble. The phenomenon 

begins with the rear bubble (in the wake of the leading one 

and following its trajectory) elongating in the direction of the 

leading bubble and forming an inverted cone shape (Figs. 6.37, 

6.41, 6.36, 6.42). This elongation of the shape is in spite 

of the normal tendency of an independent bubble to have a shape 

with the shorter dimension in the direction of the flow due to 

the dynamic pressure increment. The reason for the change may 

be the independence of the bubble within the wake from the 

external field influence. While the rear bubble is noticed to 

elongate towards the leading one, the latter's shape is noticed to 

be more stable. The inverted cone continues to elongate till its 

apex contacts the smooth horizontal rear of the leading bubble. 

Once contact is achieved, the rear bubble is seen to be sucked 

into the leading one and the cone will be seen disappearing 

gradually into the leading bubble. The process ends with 

the formation of a single bubble, whose shape is simi3nr to that 

of an equivalent bubble at the same location. The time between 

the moment of contact and the first emergence of a single bubble 

of a stable shape is found to vary from 2 to 10 frames, depending 

on the ratio of the sizes of the two bubbles and the angle of 
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contact. 

Comparing bubble 
C3(2-43) 

 shows that bubble C3(2)  has 

taken less time for contact than that of bubbles C
3(43)° 

The reason for this may partly be due to the considerable angle 

between the line joining the two bubbles of C3(43)  and the 

trajectory of the leading one. As well as approaching the 

leading bubble, the oblique bubble adjusts itself to have 

a trajectory within the wake similar to the leading one. 

In all the above cases capture and coalescence are 

performed in region II. In regions I (Fig. 6.2a) and III, 

one would expect that, on average, the bubble might lag behind the 

flow and that the above situation would be reversed. This, however, 

will be greatly affected by the turbulence in the flow. 

(b) Mutual Coalescence  

This name is given to bubbles coalescing in the lower part 

of region II after being split due to the sudden halt of 

the acceleration in line II. For mutual coalescence to exist the 

following two factors must be satisfied. 

(i) Break-up of the bubble within the central axis of the test 

section after crossing line II. 

(ii) The size of the original bubble and, or, the amount of 

acceleration of the flow are sufficient, or in a more generaliterms; 

the degree of oscillation (or mutual attraction force) of the split 

bubbles must be sufficiently large. 

The significance of these two factors can best be described 

with the help of Table VI.3. While bubbles (A
and 

,, 
210,116,18,21) 
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TABLE 

x co-ordinate 
at breakup 
(inches) 

• 

VI.3 

y co-ord. 
at bubble 
break-up 
(inches) 

Bubble Equivalent Water stream 
No. 	diameter I acceleration 

(inches) 	ft/sec2 

y co-ord. 
at coales- 
cence 
(inches) 

x co-ord. 
at coales-1 
cence 
(inches) 

	

1.81 	0.35 
(only icapture) 

	

1.40 	0.00 

	

0.86 	-0.02 

	

0.60 	-0.02 

	

1.08 	-0.25 

9 

	

1.43 	0.20 

	

2.25 	0.02 

	

2.78 	0.10 

No. of divided 
bubbles 

x 	- x, co 	or 
(inches) 

1 

2 
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1.58 

9 

1.14 

0.83 

0.60 

0.98 

9 

9 

1.07 

3.00 

2.23 

A20(X) 
A21(6) 
A 2'WE) 
A21(16) 

A21(18) (.1%

)  2100 

A21(21) 

A23(4) 230) 
A23(6) 
A23(7) 

A23(9) 
A
23(14) 
A
23(15) 
A
3(2) 
A3(6) 
A
3(8) 

0.130 

0.144 

0.167 

0.161 

0.156 

0.145 

0.213 

0.231 

0.236 

0.239 

0.241 

0.248 

0.196 

0.150 

0.152 



A4(4) 	0.178 

A
4(18) 
	0.076 

A4(32) 

A4(33) 

A4(34) 

0.165 

0.184 

0.178 

TABLE VI.3 (contd.) 

   

    

Bubble Equivalent I Water stream x co-ordinate 
No. 	' diameter 	acceleration at break-up 

(inches) ft/sect 	• (inches) 
• 

y co-ord. 
at bubble 
break-up 
(inches) 

x co-ord. y co-ord. 	No. of divided :x - — co "br. 
at coales- at coales- 	bubbles (inches) 
cence 	cence 
(inches) 	(inches) 

	

0.72 	0.10 

	

1.48 	-0.02 

	

0.55 	0.00 

	

1.03 	-0.04 

2310 0.09 

1.00 

0.25 

0.08 

o.00 

  

0.10 

0.00 

0.00 

0.37 

-0.05 

2 

2 

2 

2 

3 

0.63 

0.48 

0.30 

1.03 
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%) have all satisfied requirement (i) and travelled A
23(4,6,7) 

through a flow of the same acceleration (k - g = 556 ft/sec2), 

yet only bubbles A23(416,7)  of sizes greater than 0.21" have 

coalesced. In the case of A3.ewhere (k - g) is increased 

to 1180 ft/sec2' A3(6,8) of sizes only about 0.15" are noticed 

to coalesce, while for A4  with (k - g) increased to 2280 ft/sec2, 

which is only 0.076" in size, is observed to bubble A
4(18)' 

reunite. The reason why bubbles A3(2,6,8) have taken a longer 

distance (xco  - xbr) to coalesce is that they are split into 

3 bubbles and so smaller sizes (or oscillation). A3(2)  is bigger 

than the other two, so a shorter time is taken to perform 

coalescence (Table VI.3). That also applies to A4(34)1while 

the effect of the wall is clear in the case of A
23(9)° 

The major factor in bringing attraction, contact or 

coalescence in this case is observed to be mainly a mutual 

capture, due to the oscillation of the bubble. Bubbles like 

(A
4(4,18,32)) with high mutual attraction are seen to acquire 

contact and coalescence in less than a frame interval (Table VI.3), 

while bubbles A21(16)' A3(2,6,8) and C3(12)  (Figs. 6.40, 6.44) 

with lower mutual attraction have developed contact for some-

time before coalescence occurs, and bubbles A21(6,18,21), with  

much lower mutual attraction, have failed to acquire contact 

within the observation range, in spite of the net tendency to 

move towards each other (Fig. 6.30). 

3. Comparison wit calm-water coalescence  

While workers with bubbles in calm water have mentioned both 
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wake and mutual captures(24'36'84) they have ignored completely 

the direct capture which could possibly be quite important 

if a bubble with higher rise velocity is released behind another 

with lower rise velocity. 

It is also evident from the classical calm-water studies '84) 

and from work in a uniform turbulent stream(3) that a form of wake 

coalescence is generally accepted, yet no-one has reported a 

mutual coalescence. Datta et al(24) has argued that the reason 

for not having mutual coalescence is the lack of the short interval 

of contact necessary for coalescence to occur. That such a period 

of contact is a vital requirement to achieve coalescence, is 

generally accepted by many workers with calm water. While contact 

and coalescence is performed iraLtbo cases of A4(18,32,34) 
 in less 

than one frame interval (c. 0.0003 of a second), that of 

C3(2,43,45,11) 
 is performed with no obvious short period of 

contact. 	Clearly, this short period of contact is not important 

if the mutual attraction is very strong (A
40
.,. 	or the wake 

8,32,34) 

and direct captures are larger than the mutual capture C3(2,11,43,45).  

Thus the reason why such a short period of contact is noticed in 

the calm water case may be due to the dependence of coalescence 

on mutual and wake captures. The wake capture, being unable to 

perform capture and coalescence alone, seeks the assistance 

of the mutual mode which is sinusoidal and after a short time, 

will appear to act against the wake mode and coalescence is 

postponed. Thus in the cases of A3(2I6,8) and C3(12) (where 

the mutual attraction is not strong enough) coalescence is 



achieved after a short time of contact (Fig. 6.44). 

While most of the workers in calm-water studies have 

reported that, during coalescence, only the velocity of the 

trailing bubble is increased while that of the leading one 

is almost unchanged, Baker and Chao(3)  with a uniform turbulent 

stream, have reported that both bubbles arc mutually affected 

in such a way that an acceleration in one produces a deceleration 

in the other. No such generalisation can be reported here. 

In Table VI.4, while the relative time of crossing the distance 

between lines I and II is increased by about 46.4% in the case 

of the smaller leading bubble of A4(5), that of the larger 

trailing bubble is almost unaffected. At the same time, the 

larger leading bubble of 
A4(21) 

has its relative time increased 

only by about 6.8%, while the smaller trailing one has it increased 

by more than 100%. The reason why workers with calm .water have 

reported no effect on the leading bubble might be because 

the capture for their wake coalescence is achieved with the 

absence of direct captures. In similar situations from 

Table VI.41  the leading bubbles of A4(21), C3(4403(14) have 

AT almost constant shape and small change in () which can 

be ohtained due to their part of the journey as a coalesced 

bubble. In working with a turbulent flow (Baker and Chao(3)), 

bubbles would be expected to oscillate considerably and the 

capture for their coalescence might have been mainly a mutual 

one. In such cases, any generalisation such as the one they 

gave should be taken with reservation. The reason why the 
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3( 	) 

03(11) 

03(41) 

03(42) 

03(43) 
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TABLE VI.4 

!Size !AT/T x 100 AT x 100 ! AT, 	,AT, 	
!Distance Distanc 

;inches ;observed . estimated' T ob T estix from .x from 
from an 	(.--) 

	

T est 1 	!line I line I 
equivalent 	100 (where where 
single coales- 
bubble icontact cence 

started occured 

 

1 

 

; Bubble No.( 

 

4T _ tw- tb • L = leading; T = trailing; 	t 
w 

t = time, for a bubble or water particle, to cross the distance between lines I & : 
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leading bubble of C3(41)  has developed a decrease in (22) 

rather than the usual increase may be because it was 

originally delayed by the larger trailing bubble 

in region I (Fig. 6.42), which was interrupted by the 

acceleration in region II. As a result, some time elapses 

before the bubble looses its original acceleration towards 

the trailing one, and its translatory movement is decreased 

by the mutual effect. 

Before leaving this section, it zould be mentioned 

that the increment of the time of capture and coalescence due 

to obliqueness reported by workers with calm water is observed 

here as well. Comparison of the distance needed by 
C3(11) 

and 

C3(2)  to perform coalescence (Table Vi.4) will demonstrate 

that point. From Fig. 6.39 it is, however, well demonstrated 

that bubbles in a horizontal line can coalesce with each other. 

(v) Break-up of Bubbles  

Three types of bubble break-up have been noticed within 

the range of this work. The first is a very mild type of break-up 

similar to the dumbbell mode reported by workers with drops.(2319,65,51)  

The second is a sudden break-up occurring,within region II, after 

the bubble crosses line II and is termed here the shock mode. 

The third is a more vigorous type occurring in region III and is 

given here the name disintegration mode. 

a) Dumbbell mode  

For the mode to occur, two bubbles or more must be in a 



non-wake mild contact with each other. In such a mild 

contact, any small external force can separate the bubbles. 

Figs.(6.38 & 6.39) show how the larger faster bubble slips 

ahead of the smaller one originally in contact with it.; 

b) Shock mode  

This form is observed to occur within the central portion 

of the test section, soon after the bubble crosses line II where 

it is subjected to a sudden halt in flow acceleration. It 

has been shown before that the bubble, on reaching line II, 

will have developed a spherical cap shape with a thin width 

in the direction of the flow. On crossing line II, a considerable 

amount of oscillation will be developed by the bubble due to 

this shock and as a result its shape will change roughly to a 

horizontal 'Eight-shape' section. The size as well as the 

translatory velocity of the bubble are also noticed to oscillate 

considerably with the urger instantaneous size in the region of 

instantaneous high velocity while smaller sizes are noticed 

within the region of lower velocity (Fig. 6.6 a,b,c). It is 

on the smaller size parts of its oscillating journey, a short distance 

after crossing line II (Table VI.3), that the bubble is seen to 

split into two or more bubbles of almost equal sizes (Figs. 6.43, 

6.44, 6.45). As can be seen from these figures, the bubbles 

are sheared in the direction of the flow and if observed just 

after break-up has occurred, the two facing surfaces look smooth 

and sharp as if they have been cut by. a knife. For bubbles 

reaching line II at a distance from the central axis the 
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possibility of shock break-up decreases as the distance 

increases, and if break-up occurs the bubble will be 

divided into bubbles of considerably different sizes 

(Fig. 6.46). 

The variables governing the occurrence of shock break-up 

within this work can be summarised as:- 

(i) The size of the bubble.(ii) The magnitude of the flow 

acceleration just before line II. (iii) The ratio of the width 

of the bubble in the direction of the flow to that in the 

flow direction, on reaching line II. (iv) History of the 

bubble motion in the earlier parts of region II. 

The first two variables can be explained by means of 

Table VI.3, in which for A2 	- g = 556 ft/sec2) bubbles of 

sizes -‹ 0.130" (A20)  have survived shock break-up while 3nrger 

ones (A
21(12,16,18,21)' 

A23(4,6,7,8) ) have been divided up. 

On increasing the value of (k - g) to 2280 ft/sec2  (A4) bubbles 

A4(18))(Fig.6.47) as small as 0.076" ( 	are not able to survive - 

break-up. Bubbles A23(14,15)  in Table VI.3 which have satisfied 

the first two requirements, have also failed to break-up, since 

requirement three is unsatisfied. That failure of large bubbles 

such as 
A23(14,15) to break up may suggest that when the ratio of 

the size of the bubble to that of the width of the flow increases 

beyond a certain limit, the free oscillation of the bubble may 

be restricted by the walls, and so shock break-up may be survived. 

Comparing actual velocities of bubbles with that A23(14,15) 

of bubble A23(6) (Fig. 6.48), shows that the oscillations due 
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to the shock at line II, are lower in the former cases. 

Requirement four, which can hardly be separated from 

the first three, is meant to take care of any extra influences 

within region II, such as coalescence (Fig.6.36) type of 

acceleration (C3), and the amount of turbulence in the flow 

within that region. 

c) Disintegration mode  

This mode is noticed to occur in region III a few inches 

from line II (Table VI.5). This location is certainly 

beyond the test section for this work. A visual observation 

using stroboscopic lighting has, however, revealed a peculiar 

phenomenon happening to some bubbles in that location. Such 

observation has encouraged the performance of experiment A24. 

Two types of disintegration break-up have been observed 

within the range of A24' 
depending on whether the bubble is 

within the central portion of the test section, or more near 

to the wall on crossing line II. 

Figs.(6.49, 6.50, 6.51 and 6.52) show that, whether they 

have developed a shock break-up at line II and mutual coalescence 

afterwards (A24(30,43,44)  or have survived the shock mode (A24(22))' 

those bubbles on entering region III have developed rougher larger and 

oscillatitg shapes. Depending on their sizes (Table VI.5), such 

bubbles are seen to divide into many bubbles in all directions. 

Although the sizes and shapes of the resultant disintegrated 

bubbles may differ, yet the size of the largest one is not 

obviously greater than that of the second large one. For large 
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TABLE VI.5 

Bubble No. 	1 
	

5 
	

22 	24 
	30 	33 	34 	39 

	
43 	44 	46 	49 

A24( ) b/a 

Size of bubble 0::211 0.188 0.154 0.206 0.183 0.157 0.120 0.155 0.198 0.16 0.193 0.1? 
inches 	0.124 * 

-1-distance 
from the 
central axis 
at line II 
(inches) 

+0 	+0.10 -0.10 +0.05 +0.05 +0.20 -0,05 -0.10 0.00 0.00 +0.25 +0.1 
-0.10 

longitudinal 
distance from 
line II at 	? 	1.3" 	0.5 0.4 	? 	? 	0.3 0.5 0.00 ? 	0.2 
point of 	0.3 
shock breakup 
(inches) 

No. of bubbles 
divided by 	1 2 2 1 2 2 2 1 2 2 2 1 2 
shock 

Distance from 
line where 
disinteg-
ration 
occurred 
(inches) 

LL21 hu ? 	5" -T  3.5 4.5 ' 4.5 6" 4" 4" 5.5 

No. of disin-
tegrated 
bubble 

2 - 	2 	7 6 - 
?."52. 
	1 	3 	7,7 	4 .,)4 

7',%5   

Size of bubble 22°1 0.09 0.05  0.03  0.06 	0.12 0.05 0.03 0.04 0.05 0.03 
No. of disin- 	° 0 12 0.04 0.03 	*0

.;  0.06 
0.04 

tegrated bubble 
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bubbles 
(A24(30,43))' 

the number of the divided bubbles 

are seen to increase as the bubbles travel down region III. 

Small bubbles 
(A24(1,34)

)(
7
igs.6.53 and 6.54 respectively), 

however, are noticed to survive disintegration break-up 

within the range of A24  and are noticed to move towards 

the wall. 

Figs. 6.55 & 6.1S represent the second form of 

disintegration, which is more influenced by the wall. 

Those bubbles are seen to continue their movement towards thewall, 

on entering region III, with the shape of the bubble taking at one 

stage the form of a rough conical shape with its height increasing 

as the bubble moves down region III. This may be due to the pressure 

gradient near the wall. Few inches from the end of line II 

(Table VI.5), small bubble will be seen to disintegrate from the 

wider rear of the parent bubble. The sizes of these bubbles are 

considerably smaller than that of the parent and the bubbles are 

noticed to increase in number, depending on the size, as the 

bubble travels down region III. 

The sort of uniformity in sizes and directions of the 

disintegrated bubbles within the central portion of the test 

section may suggest that this break-up is more influenced by the 

expected homogeneous isotropic turbulence away from thewall. 

Bubbles heading towards the wall are, however, influenced 

by that motion, the velocity gradient near the wall, eddies 

of larger scale than those at the centre and other small-scale 

eddies. 
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d) Comparison with break-up in calm water  

Levich ' has suggested that the bubble radius calculated 

by equation (II.54)is the minimum value beyond which the 

bubble can break-up in calm water. However, one may expect the 

same formula (II.30 to govern the break-up of bubbles at 

their relative terminal velocity in the constant pressure 

gradient case (k const.). Table VI.6 contains both 

the calculated relative terminal velocity urc 	Eqn. 

and the ehremed averAge value of.ur  (ur 	). 	Observation 

of the shapes of those bubbles has revealed that while bubbles 

A 
have shown no indication for break-up 21(5,6,12,16,18,21) 

within the acceleration part of region II, bubbles A , 23,416,7,8,9) 
with larger size have devloped a rippled rear at the back of the 

spherical cap (Fig. 6b). Bubbles A4( 

acceleration have shown slight indication for break-up, while 

bubbler A3(6) (Table VI.3) has actually developed a break-up within 

that region. This type of break-up is different from that of 

Levich, since the radial motion in all directions, inside 

the bubble, is restricted by the prdssure gradient of the flow. 

While the oscillationnhas certainly helped in this break-up, 

the job is finally carried out by the different pressures 

between the opposite sides of the bubble in the direction of the 

flow. However, in entering the shock zone, bubbles A4(18), 

A21(6112,16,18,21) have been divided in spite of their average 

relative velocities being less than the critical values. In those 

32,33,34,35) with higher 
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Bubble No.! Diameter Flow 
(inches) Acceleration 

1 (k - g)ft/sec2  

rc 
ft/sec 

robs.(average) 
rob.  

  

 

c 

 

A
21(5) 

A
21(6) 

A21(12) , ( 2102) 

( A 
21(10) 

' A21(18) 

A21(21) 

A23(4) 

A23(6) 

A23(7) 

A23(8) 

A23(9) 

A3(2) 

A3(5)  
A
3(6) 

A3(8) 

A4(4) 

Ak(18) 

A4(32)  

A4(33) 

A
4(34) 

A4(35) 

0.147 

0.144 

0.167 

' 0.161 

0.156 

0.11+5 

0.213 

0.231 

0.236 

0.235 

0.239 

0.196 

0.172 

0.150 

0.152 

0.224 

10.076 

0.165 

o.184 

;0.177 

0.228 

	

3.04 	2.03 

	

3.07 	2.07 

	

2.85 	2.18 

	

2.91 	2.13 

	

2.95 
	2.09 

	

3.06 	1.96 

	

2.52 	2.63 

	

2.42 	2.70 

	

2.4° 
	2.64 

	

2.40 
	2.69 

	

'2.39 	2.61 

	

2.64 	3.48 

	

2.81 	3.82 

	

3.01 	3.46 

	

:3.18 	3.22 

	

2.49 	5.74 

	

;4.22 	2.96 

	

2.87 	5.42 
5 

	

12.72 	5.43  

	

'2.77 	5.34 

	

2.4-4 	6.04 

0.67 
0.67 
0.76 
0.73 
0.71 
0.64 
1.04 
1.12 

1.10 

1.12 

1.09 

1.32 

1.36 

1.15 

1.01 

2.31 

0.70 

1.89 

2.00 

1.93 
2.48 

1180 
11 

11 

It 

2287 
fi 
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cases, the bubble will be seen to develop a considerable 

oscillation due to the change in acceleration in line II. As 

a result, the bubble develops a very high velocity gradient 

within a short interval of time. The instaneous value of 

the relative bubble velocity is many times its critical value. 

e) Break-u. of Bubbles in turbulent water flow 

Levich
(56) 

has suggested equation (11.35) to estimate 

the critical size of bubbles in a homogeneous, isotropic 

turbulent flow. Table VI.7 contains the calculated critical 

radii using the above equation, compared with result obtained 

from this work in regions I and III (A24), and that of Baker 

and Chao.(3)  Tests (1111A2,A3,C1  & C2) in region I are noticed 

to have their maximum radii less than the estimated critical 

ones (Table VI.'"). From the visual observation, using 

stroboscopic lighting, and the records on the test section, those 

bubbles were seen to survive region I with no obvious tendency 

to break-up. The maximum sizes of C
3 
and A

4 
within region I are 

noticed to be a bit larger than the estimated critical size. 

Visual observation of C3  and A4  had revealed a disintegration 

break-up within that region, and the presence of larger bubbles 

may have been due to incomplete disintegration due to the shortness 

of that region. 

Baker and Chao's tests (D41D51T3) were performed with bubbles 

of the same order as the estimated critical one, yet the writers 

have not mentioned explicitly any tendency of the bubbles to break-up 
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TABLE VI . 7 

Region Test No. ac ( calculated from 2.35) 
inches 

a
c k  , observed) , 

inches 

aobs. '
R
e 

'R
e 
stem  _sy acalculated, 

I A
l 

 

I 	A2 
I A

3  
1 A4  
I 	C1  

I 	C2 

I 	C3 
III 	A2 
Baker & ' D4 

Chao 
it 

D5 
T-3; T-3 

0.312 

0.155 

0.102 

0.068 

0.291 

0.131 

0.079 

0.017 

0.116 

0.082 

0.242 

	

:,5, 0.100 	0.32 

	

-'5..- 0.124 	j 	0.80 

	

-:- 0.098 	0.96 

	

-:; 0.114 	i 	1.68 
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:--: 0.072 	; 
I 	0.25 

	

.''' 0.125 	0.95 

	

*-0.100 	1.27 
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7.71 
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tt 
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it 

R = Hydraulic Radius. 
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within those tests. However, their failure to report bubbles 

of sizes up to 0.24", and the presence of bubbles with satellites 

in test T-2*, when the size is increased to more than 0.27", 

may give some support to the above equation. However, the break-up 

in test T-2* can be at the slot when the bubble is first released, 

at the shock zone at the change from the enlarged section to 

the test section, or within the turbulent region before the 

test section. 

Test A
2 
in region III (A24)  has also shown that the average 

size of one part of the disintegrated bubble (Table VI.5) is 

not very different from the estimated critical value. Bubbles 

A24(16,34) which have survived disintegration are noticed to move 

towards the wall, within region III, where different conditions 

control their size distribution. From Table VI.5, the average 

size of one part of a disintegrated bubble has a value greater 

than the estimated one. This cannot be taken against Levich's 

equation, since it is not definite that the disintegrating bubble has 

reached its final form within the range of A24. 

The break-up of bubbles near the wall is affected by many 

factors, including the movement towards the lall at one stage, 

the rapid velocity gradient close to the wall and the large- 

scale eddies developed near the wall. The critical size of drops 

near the wall are estimated by Levich as being smaller than 

that for drops far from the walls, influenced by the homogeneous 

isotropic turbulence, and decreases as the drops move towards 

the wall. Although similar equations can be developed and 
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similar behaviour can be expected in the case of bubbles, yet 

the experimental results are not enough to encourage such 

a comparison. Within this work, bubbles smaller than those 

within the central portion are noticed to be disintegrated from 

the parent bubble near the wall, while the size of the parent 

bubble is usually much greater than that of the largest 

disintegrated bubble within the central portion. 21.1.0 

e7ideut from both bubbles ht the central portion and near 

the wall that the process of disintegration is not finished 

from the range of A24. Whether the net distribution of bubble 

sizes, further down region III, would be as suggested above 

cannot be answered from this work. 
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CHAPTER VII 

SUMMARY, CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK 

As outlined in Chapter II, the steady state components of 

the equation of motion of a solid particle in a fluid stream are 

considerably affected by the fluid accelerations and have 

received considerable attention. In contrast the effects of 

fluid accelerations on the motions and behaviours of gas bubbles 

appear to have previously been almost completely neglected. 

The work described in this thesis was undertaken to investigate 

some of these effects. Air bubbles entrained in a water stream 

passed into a rectangular converging perspex test section in 

which; the initial velocity (u0) of the water flow was varied 

from 2.88 to 10.15 ft/sec; the diameter of the bubble was varied 

from 0.04" to 0.25"; and the converging section were designed to 

give: a) constant pressure gradient (for lengths of 4" and 2") 

and b) constant velocity gradient (for a length of 4"). These 

were observed, photographed and filmed and the results analysed. 

The results were then compared with a theoretical analysis 

(developed in Chapter III). 

1. The theoretical analysis indicates that regardless of the 

initial velocity of an air bubble in an accelerating water flow 

(at constant pressure gradient or constant velocity gradient), 

the motion approaches an asymptotic state similar to the terminal 

velocity situation in the still water case. 

In a water flow at constant pressure gradient, the asymptotic 

state is brought about by the bubble relative velocity approaching a 
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terminal value u 	presented as 

li 	- 	x 2art 9 f Re 	
(for Reba 400) 

and 

-  g)k1.17.) 
(for Reb-> Rsc) rap 	CD 

In a water flow at constant velocity gradient, that asymptotic 

state is brought about as the bubble slip limit (Aclo ) approaches 

a terminal value 

and the ratio of the pressure gradient forces to the drag forces 

(END ) reaches 

Foo  

 

fAc, 

2. The numerical examples given in Chapter III indicate that when 

small air bubbles are used to measure the velocity of a liquid flow 

corrections must be made not only for the rise-velocity effect, but 

also for the velocity or pressure gradient influences, which may 

be far more important. From numerical example 1, the relative 

terminal velocity (uroc  ) of a hydrogen bubble in a water flow 

at constant pressure gradient (i.e. constant acceleration K) can be 

expressed as 

12roc, = - • 
arise  rise 
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(e.g. for K = 100g, uroc) = 76.2 
urise. 

 To reach 0.999 u rCo 
the bubble has taken only 0.0034 of a second, i.e. 0.77 of the 

time needed by the same bubble, released from rest, to reach 

0.999 urise, and at a distance of about 0.86" from the start). 

3. The experimental work has confirmed that the velocity of a 

bubble within the converging part of the test section exceeds 

that of the flow by up to 25% or so, depending on bubble size 

and on the acceleration of the water flow. The values of u rbo 
plotted as a function of r

e
, at constant pressure gradient, have 

shown systematic trends similar to the established curves for 

17\  air bubbles in a still water. The formula (uroo = Kuok  e) 

which was derived from theoretical considerations of a flow at 

constant pressure gradient and high Reb, was found to agree 

with the corresponding experimental results, for values of 

re 0.055", and with an accuracy of ± 5% in case of test 

A2(A20'A21'A23) where relatively more experimental data was 

available. The value of the constant (K) was, however, found 

to vary from 3.0 to 3.7 as the acceleration of the flowvas 

raised from 588 to 2311 ft/sect. 

4. Beyond the converging section, the velocity of the bubble 

could be expected to lag behind the velocity of the water stream 

(due to buoyancy). In fact the velocity of most of the bubbles 

was found to be leading that of the flow. While this can be 

explained in terms of the acceleration due to the turbulence in the 
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flow, the ratio of the bubble size to the width of the stream and 

the history of the bubble motion, other experiments, with wider 

stream cross-sections and different ranges of water turbulence 

and bubble size, are needed to confirm this. 

5. It was found from the present work that the ratio of the drag 
C
D 

coefficient to the shape factor (7), for values of Reb). 2,000, 

decreases with the increasing pressure gradient and for all tests it 

was found to be lower than that for bubbles in still water. (e.g. for 

5,600< Rob< 10,000 Haberman and Morton have suggested a constant 

	

CD 	C 
value of 1.95 for (s), while in test AL ( ) was found to vary 

	

1 	' k
D
i' 

between 0.9 and 1.1). 

6. The consistency with which uroo  was found to vary with re  (at 

constant pressure gradient) suggests an extensive programme of 

future work for finding urn  and CD  at carefully designed constant 

pressure gradients, wide ranges of bubble size, small ratios of 

the bubble size to the narrowest width of the test section and 

with improved facilities for the measurement of these variables. 

t w  - tb  
7. While the value of the parameter (--77----) was found to vary f2rom 

12ur,r 
0.06 to 0.20, depending on the dimensionless parameter (5 = 

the value of Aco (for bubbles in water flow at constant velocity 

gradient) was found to vary between 

above. The systematic variation of 

parameter )5 can be expressed quite 

0.08 and 0.22, depending on as 
t tb  
( 	w 	) and Aoo with the 

w 
well by an empirical polynomial 
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series of '6  . Such expressions can be improved when more data 

are obtained in the future. 

8. The comparison with Gutti's solution, which was obtained 

for low values of Re
b 
(f(Re) = 1), has revealed that the adoption 

of that solution for high values of 	is unwarranted, since y is 
a disguised form of Reb. 

A more reliable presentation of the bubble slip ratio limit 

(.600 ) was found to be given by 

C )2  + 4(ip c )4 + 182.  - IL+ c) - lit 2(e 	+ cA) 	*6 	A 	A Is 

The experimental results were found to agree, with an accuracy of 

about f 696 (for LE< F; 6) to about ± 40% (for 6.q(10), with the 
above formula. However, this accuracy can be improved considerably 

when the estimation, from experimental consideration, of the parameter 

f is improved. mproved. Such improvement can be obtained when more reliable 
CD 

data, on the variation of r.— and Aloo  with Rob, are available in 

future. 

9. The calculations of the added mass coefficient (CA) at point 

A(ur  = 0) indicated a value of about -. The simplicity with which 

such an experiment can be carried suggests that CA  determinations, 

at different bubble sizes and shapes and at wide range of acceleration 

number, could be made very easily and would provide a profitable line 
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of research. 

The significance of the added mass term at the terminal 

conditions was, however, found to be negligible in the case of 

a bubble in a water flow at constant pressure gradient or at 

constant velocity gradient where -IT> 20. Forir 	20 the influence 

of the added mass term was found to be of considerable significance 

which increases with decreasing values of ;,; 
0 

10. While the traditional shapes (spherical, ellipsoidal and 

spherical cap) were noticed within this work, other peculiar 

shapes were also seen during the transition between these shapes. 

These peculiar shapes included, among others, a tear-drop shape (6) 

and a trimmed tear-drop shape ( () ). The ellipsoidal bubble 

developed after point A was found to have its longer axis in the 

direction of flow, while spherical cap bubbles in region II 

(test A20
) were noticed at values of Reb 

1,000 (in calm water 

case spherical cap bubbles are obtained at Re 5,000). In region 

while the spherical cap bubble was noticed to decrease its 

width, along the direction of the flow, as it travelled down the 

section, a drop of a liquid of density equal to that of the water 

stream was found to increase its length along that direction 

length at line  II 
length at line 

	= 1.87). On the other (e.g. for drop B2(1-,-e)  

hand, while the bubble was generally noticed to be oscillating, on 

average its size in region III Cu = 4u0) was found to be larger 

than in region I (u = Ito) (e.g. for Bubble A4(4) size in region III  size in region I - 1'48) 
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11. While spherical and spherical cap bubbles were observed to 

have rectilinear paths, ellipsoidal bubbles were noticed to have 

a form of helical motion. The trajectory of bubbles was found to 

be influenced by the presence of a neighbouring wall or bubble, 

and the bubble would apparently be attracted towards the wall or 

neighbouring bubble. It was also noticed that due to the curvature 

in the early stages of region II the bubbles move faster towards 

the centre than did similar drops of neutrally buoyant liquid 

at the same location. Similar behaviour was noticed beyond line 

II where bubbles move faster towards the wall than neutrally 

buoyant drops at the same location. 

12. Within the converging part of the test section, while growth 

of bubbles by coalescence was generally possible, break-up of 

bubbles, in all tests, occurred for bubble A3(6)  at about 0.7" 

before the end of that section. 

13. Three modes of bubble capture were noticed in the work (direct, 

wake, and mutual captures). These captures often led to two types 

of coalescence (wake and mutual coalescence). Direct capture, which 

is the most important mode of capture in the case of bubbles in flow 

with a large pressure gradient has not been reported by investigators 

using still water. Mutual coalescence, which is a very important mode 

of coalescence in the case of few neighbouring oscillating bubbles, 

has not been reported by any investigators. 
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14. Three modes of break-up were observed from this work. 

(a) A dumbbell mode which was merely a mild separation between 

two colliding bubbles. It was noticed even within the converging 

part of the test section. 

(b) A shock mode which occurred because of the sudden drop in 

the pressure gradient at the end of the converging section. 

(c) A disintegration mode which was a more vigorous form occurring 

few inches from the end of the converging section. 

The comparison of the average size of the disintegrated bubbles 

in region III with the formula suggested by Levich to estimate 

the critical size of bubbles in turbulent water flow, shows some 

resemblance. Further data should perhaps be obtained in future, 

using a longer test section to ensure the completion of the dis-

integration process. 

15. It would be of interest, in the future, to carry out more 

experiments concerning the influences of the forms of coalescence 

and break-up of several bubbles (instead of single ones). In 

addition, studies of the motion and behaviour of bubbles in a 

decelerating water flow would also be of interest. 

16. Such additional studies could help to give further insight 

into the motion and behaviour of bubbles in accelerated liquid 

flows which occur in many scientific and engineering systems. In 

engineering hydraulics the lead of the bubble velocity to that of the 
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flow could possibly be used to improve the propulsive efficiently 

of water in many systems (e.g. water jets, pumps, drop shafts, 

siphons, etc.). On the other hand, while the growth of bubbles 

an a converging section) could be applied to improve the efficiency 

of systems such as a de-aeration chamber, the disintegration of 

bubbles could perhaps be used to reduce the size of bubbles 

and improve their distribution in various aeration processes. 

This work could also help in understanding and estimating the 

correction to be applied when using small gas bubbles for tracking 

the flow lines or measuring the velocity of a liquid flow. Such 

correction should consider the pressure gradients in that flow and 

the influence of other neighbouring surfaces. 
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APPENDIX I 

Test A
l (uo = 2.88 ft/sec.) 

Bubble No. 

TABLE Al (t -=.... 0.0445 sec.) 

2 tw- tb 
D(equivalent)  t x 10 

' inches 	sec 

x 100ur 
:ft/s 

re 
	12uore 

L 

	

1 	0.103 

	

2 	0.176 

	

3 	0.172 

	

4 	0.162 

	

5 	0.153 

	

6 	0.176 

	

7 	0.168 

	

8 	0.213 

	

9 	0.157 

	

10 	0.170 

	

11 	0.157 

	

12 	0.168 

	

13 	0.177 

	

14 	0.163 

	

15 	0.167 

	

16 	0.160 

0.091 

	

18 	0.161 

	

19 	0.170 

	

20 	0.179 

21 	0.180 

	

22 	0.173 

	

23 	0.166 

	

3.85 	13.6 

	

!3.94 	11.6 

	

; 3.86 	13.3 

	

3.91 	12.3 

	

3.86 	13.3 

	

3.85 
	

13.6 

3.79 

.3.91 

3.92 

3.94 

4.04 

4.07 

3.97 

3.85 

3.81 

3.92 

3.95 

13.88  

3.89 

3.80 

1.33 0.142 

1.13 0.138 

1.30 0.148 

1.20 0.146 

1.30 0.163 

1.33 9.140 

1.45 0.146 

271.6 

242.3 

320.6 

292.1 

470.0 

255.0 

299.1 

255.0 

292.0 

324.3 

275.0 

289.0 

265.0 

138.2 

268.2 

299.1 

331.6 

335.2 

309.8 

285.2 

14.9 

	

12.2 	: 1.19 i 0.140 

	

12.1 	1.18 ;0.145 

	

11.4 	1.11 : 0.149 

	

9.2 	0.90 0.143 

	

8.6 	1 0.84 , 0.145 

10.9 1.06 0.141 

	

13.5 	1.32 ;0.108 

	

14.3 	1.40 !0.142 

	

12.0 	1.17 :0.146 

	

11.4 	1.11 0.150 

	

12.9 	1.26 0.150 

	

12.6 	1.23 0.147 

	

14.6 	1.42 '0.144 



174. 

Test A20 (uo = 5.11 ft/sec) 

Bubble{ 2r 
No. 1 inches 

TABLE A20 
- 

I t x 102  i
t  w - 	
-tb ----'12u 12. 

see 	t 	1001 	o 
1 

' w 	
1 fL 

1 /- 	! 
.1.. 	1 LI  1, : r 	i Reb  

'ft/sec 2u r  

i 	
( r e)  

V 

1 	1 0.090 ' 2.12 	12.5 244.2 i0.106 

	

22 : 0.091 	2.16 	. :0.7 250.9 10. 107 
i 

	

3 0.086 2.15 	! 11.2 223.9 ; 0.104 

4 	0.079 	2.18 	10.0 1187.2 10.100 

:5 	0.106 , 2.14 	11.5337.1 0.115 

6 	0.096 . 2.13 	11.9 ,279.3 ,0.1'0 

7 ; 0.125 ,209 	13.3;471.3 i0.125 

I 	12.8 225.7 0.104 8 0.087 2.11 

	

1  0.098 	2.09 	13.6 289,2 1 0.111 

	

0.071 2.12 	12.5 151.1 0.094 

	

0.107 i2.15 	1-.1 1 343.8 0.116 

	

0.084 X2.25 	i 	6.9 211.3 X0.102 

	

0.070 2.27 	6.0 149.1 0.094 

	

0.094 1  2.13 	12.2 267.3 0.109 

	

0.076 2.16 	10.8 175.7 0.098 

	

0.063 	2.14 	j 	11.8 121.2 10.089 

	

0.078 
	10.0 ' 241.1 0.105 0.089 2.18 

	

' 2.12 	12.2 1 184.0 '0.099 

	

0.086 	2.19 	10.8 221.4 1 0.103 

	

0.068 	2.14 	11.7 141.3 1 0.093 
1  

	

0.070 2.12 	12.2 147.4 0.094  

1.65 1149 

1.42 ,1003 

1.48 

1.32 

1.52 1244 2.07 

1.57 1170 11.77 

1.76 1703 1.83 

1.68 1125 1.39 

1.79 1356 1.39 

1.65 904 1.18 

1.46 1207 2.27 

0.91 1 590 ? 

0.79 43o ? 

1.61 1174 1.65 

1.43 845 1.69 

1.55 761 1.20 

	

1.32 	? i ? 
1.61 

1.42 942 1.93 

1.55 822 1229. 

	

1.61 
	

871 # 1.22 

10 

11 

12 

13 

14 

15 

16 

18 

19 

. 20 

1.50 

 2.05 

987 1 1.78 

805 1  2.05 



D 
:Re b Iki  
: 

likLFl 1.72 

1350 1.89 

2756 1.40 

,3174 1.20 

'3305 1.61 

2763 1.53 

2321 1.56 

2267  1.41 

2065 11.60 

2124 1.46 

,2360 1.43 

2818 1.58 

2399 ;1.21 

2188 1 1.53 

2518 11.54 

2642 11.62 
1 

1978 11.56 

12524 11.62 
! 2699 i1.50 

2030 1.55 

2196 1,70 

1511 11.86 

2893 11.73 

175. 

Test A21 (uo 
= 5.11 ft/sec) 

TABLE A21 

Bubble, 2r 	,t x 102 

1 	No. 	inches 	sec. 
1 	. 

w 	b x 100 
 H 	2 

1 1211or  U • r 
ft/sec 

tw , 

1 	0.094 2.15 11.3 266.1 	0.1°8 1.57 

2 	; 0.108 2.14 11.6 354.o 	0.116 1.61 

3 	0.158 2.03 16.2 748.1 	0.140 2.26 

4 	0.157 2.03 16.3 740.7 	0.14o 2.26 

5 	0.147 2.07 14.6 648.6 	0.135 2.03 

6 	0.144 2.06 14.9 628.3 	0.134 2.07 

7 	0.146 2.06 14.8 641.7 	0.135 2.06 

8 	0.139 2.05 15.2 579.7 	0.132 2.11 

9 	0.136 2.08 14.1 558.1 1 0.130 1.96 

10 	0.135 2.07 14.4 545.7 tO.130 2.00 

11 	;0.143 2.05 15.3 618.6 	0.134 2.13 

12 	H%167 2.04 15.7 851.1 10.1k4 2.18 

13 	1  .0.137 2.03 16.3 566.0 	0.131 2.26 

14 	.o.139 2.07 14.6 585.4 !0.132 2.03 

15 	:0.153 2.05 15.3 710.1 i0.139 2.12 

16 	! 0.161 2.05 15.3 778.2 	0.142 2.13 

17 0.131 2.08 14.0 517.2 	0.128 1.95 

18 0.156 2.06 15.0 736.2 10.140 2.09 

19 	0.159 2.04 15.8 764.3 I 0.141 2.19 

20 	1 1 0.133 2.08 14.2 533.3 	0.129 1.9? 

21 	i0.145 2.08 14.1 631.6 I 0.135 1.96 

22 	!0.116 2.13 12.1 406.8 1  0.121 1.68 

23 	l0.175 11  2.05 15.4 
, 9110.0,0.150 2.14 



176. 
Test A23 (uo = 5.11 ft/sec) 

TABLE A23 

2 i
t - t

b 	:12u r2 	-• , 	ur 
Bubble 2r 	- t x 10 1 w t 	x 100 o Re 	1 OD 
No. , in. 	sec. 	: 	w 	

-\)1.; 	ft/sec.! b ! 

1 0.211 ; 	1.99 17.8 1346.8 0.162 2.55 

2 0.233 i1.96 19.2 1632.7 0.171 2.73 

3 0.221 1.97 18.8 1472.4 0.166 2.67 

4 0.213 1.97 18.4 13730  0.163 2.63 

5 0.240 '1.97 18.7 1724.o 0.173 2.67 

6 10.231 1.96 19.0 1615.1 0.170 2.7o 

7 ;0.236 1.97 18.6 1678.0 0.172 2.64 

8 ;0.235 1.96 18.8 1666.7 0.171 2.69 

9 !0.239 1.98 18.3 1717.0 p.173 2.61 

10 0.203 1.99 18.0 1245.0 0.160 2.56 

11 :0.225 2.01 17.1 1521.o ,0.168 2.44 

12 ;0.209 2.00 17.4 1322.0 0.162 2.47 

13 !0.228 1.97 18.8 1567.0 0.169 2.63 

14 ;0.241 1.98 18.3 1747.0 ,0.173 2.61 

15 :0.248 , 	1.96 19.1 ,1849.0 0.176 2.72 

16 0.238 1.98 18.3 1700.0p.172 2.60 

17 i0.232 1.99 17.7 1617.0 ,0.170 2.53 

18 10.240 2.00 17.5 1734.0'0.173 2.49 

19 :0.216 2.02 16.7 1423.0,0.164 2.37 

20 10.248 1.96 19.1 1858.0,0.176 2.72 

21 :0.234 1.98 18.1 '1655.00.171 2.58 

1 0.230 2.00 17.3 1594.3i0.170 2.46 

23 i 0.248 18.5 1860.0:1.176 2.63 

24 k0.228 2.01 16.9 H568.61 0.169 2.41 

4169 11.47 

4918 '1.41 

4568 11.40 

4333 11.40 

4951 1.52 

4844 1.43 

4829 1.53 

4885 1.48 

4821 1.58 

4027 '1.40 

4243 1.71 

4002 1.55 

4635 1.50 

4362 :1.59 

:5202 1.52 

: 4783 '1.59 

4536 !1.64 

4623 1.75 

3969 1.74 

5227 1.52 

4678 1.50 

43Tb 1.72 

506 . 1.62 

4254 1.77 



177. 

Test L2  (uo = 5.11 ft/sec) 
	

Test L3  (uo  = 7.34 ft/sec) 

TABLE It 	 TABLE L 3 

2av- t ,av Film speed 'p x 10 	x 100'Drop !Film speed {t x 102  
fr./exp.;sec. 	av 	No. 1  fr./exp. 	sec. 	' tav x 100 

- t 
Drop 
No. 

12.67 1.75 

12.67 1.74 

13.0o 1.72 

13.00 1.71 

15.00 1.66 

13.67 1.67 

13.67 1.76 

13.75 1.74 

14.83 1.72 

14.83 1.74 

14.83 1.69 

14.83 1.74 

18.00 1.73 

18.00 1.74  

18.00 1.67 

18.00 1.78 

18.00 1.70 

25.25 1.71 

25.25 1.78 

25.25 1.70 

25.25 1.76 

2.30 +3.6 1 

:2.35 +1.5 , 2 	! 
i t 
;2.33 +2.3 i, 3 	i 

:2.40 -0.6 4 

i2.42 -1.5 i ,  5 

2.31 +2.7 6 

2.35 +1.5 7 

2.42 -1.5 .. , 8 

:2.32 	, +2.7 9 

2.39 	, , -0.20 ' 10 
,_ i2.4o -0.6140 11 

! 
!2.42 -1.5 12 

2.44 -2.3 13 

2.36 +1.0 i 14 
; 

2.43 -1.9 I 15 

2.36 +1.9 
i 
16 

2.39 +0.1 1 17 
, 4 
1 2.35 +1.4 18 

12.50 	, -4.9 19 
i 
!2-47 -3.4 ! 20 

i2.33 	, +2.5 :: 21 
i 

	

1 	7.5o 

	

2 	8.00 

	

3 	9.85 

4 ! 11.13 

5 ' 11.25 

	

6 	12.33 

7 15.00 

	

8 	15.10 

	

9 	16.35 

	

10 	16.5o 

	

11 	16.88 

	

12 	17.00 

	

13 	17.50 

	

14 	17.50 

	

15 	17.50 

	

16 	17.50 

	

17 	17.50 

	

18 	17.50 

	

19 	18.25 

20 18.25 

	

21 	18.25 

-1.2 

-0.3 

-0.5 

-0.9 

+3.4 

? (break4) 

-1.8 

% 

-0.6 

+0.6 

-0.6 

+2.3 

-o.6 

0.0 

-0.6 

+3.5 

+2.9 

-1.7 

-1.2 

+2.9 

-1.7 

+1.7 

E t t t = ---- = 2422a sec. 	 = - = 0 0173  seconds av n 	 1 tev n • 
,,- 
--, t 	- 	- : av 

z/ 	
.t ‹ t 	, 

' '...u..----: x 100 	 -- 
_ t 	/ 	tav x 100 
	 = '11.84% 	= 1.38% 



1.51 

1.44 

1.47 

1.49 

1.41 

1.44 

1.52 

1.46 

12.7 

16.8 

15.0 

13.9 

18.5 

16.8 

12.1 

, 15.0 

357.1 0.107 

1655.2 0.156 

727.3;0.127 

)1/16.1 0.113 
i 
1276.60.147 

1970.9 0.157 

1 121.6 11,0.081 

i 	1 
i994.1 	.136 0 

12.62 

,3.48 

13.10 

13.87 

13.82 
1 
3.46 

12.51 

;3.22 

i 

i 0644 

5270 

3106 

2255 1 

!1329 
1 
14005 

0032 

1 3007 

I 1 	0.091 

2 :0.196 

3 	0.130 i 

4 	; 
1 
0.102 

1 
5 10.172 1 
6 i0.150 

7 10.053 
i 

1 	
8 	

! 	: 
:0.152 1 
!  

1.22 

1.49 

1.25 

1.13 

1.08 

1.15 

0.87 

1.35 

178. 

Test A
3 

Cu = 7.34 ft/sec) 

TABLE A
3 

2 	
w - t

b  
^ 	2i iRe. 	D Bubble! 2r 't x 10 t 	x 100 12uor I 11 	ur 	

t 
k No. ' in. 	sec. 	. 	w 	L 	1 ft ,sec. 

Test A4  (u0  = 10.15 ft/sec; tw  = 0.0126) 

TABLE A4  

Bubble' 2r 
No. in. 

t 02u r2. 
t x 1021 wt 

; 	
x 100 	o 	Reb 

sec. 	w   ,ft/sec.', L 	';L k
1  

16.3 879.8!0.123 4.73 

15.9 442.010.104,4.61 

18.8 1904.810.143'5.46 

19.8 3002.20.167 5.74 

17.2 , 1613.00.13814.99 

1 	0.121 1 1.06 

2 0.086 1.06 

3 	0.152 11.02 
0.093 

4 	'0.224 ' 1.01 

5 	0.147 1 1.04 
,0.074 

14438 0.95 

13066 0.72 

16890 ;0.96 

9950  1.19 

5891 1.07 

1 



179. 

TABLE A4 (contd.) 

Bubble. 2r 
No. : in. 

2 w 
tb 	12u r ein 2 

t x 10 . 	x 100 	o 
sec. I tw 	!)L 0L 

r 	
Reb 

ft/sec.. 

6 '0.060 1.12 

7 :0.078 1.11 

8 :0.120 . 	1.06 

9 10.130 1.07 

10 ,0.133 ' 1.05 

11 	10.152 : 1.03 

12 10.084 1.11 

13 0.043 1.11 

14 10.082 '7.12 

15 10.090 1.08 

16 0.192 : 1.02 

17 :0.052 • 1.13 

18 0.076 ' 1.13 

19 0.149 . 1.05 

20 0.058 • 1.12 

21 ,0.176 , 1.01 

22 :0.076 0.94 

23 !0.172 1.01 

24 1 0.173 1.04 

25 10.090 1 1.12 

26 0.079 1.13 

27 '0.151 1.05 

11.6 	: 214.5 0.087;3.37 	15621 0.92 

! 

12.4 1  1.04 

	

365.3 0.099.3.60 	1 2177  

1 	 , 	1 

16.1 	! 1028.310.128 , 4.67 	43391 1.48 

15.5 	i 1018.7 0.128 4.51 	i 45541 1.12 

. ! 
17.1 	' 1(53.6 ;0.12814.95 	5082  0.95 

I 
18.2 	; 1384.0.0.138 5.28 

	

! 	. 	I
6213 0.96 

12.0 	' 419.9 !oolo2 ;3.48 	2256 11.21 

11.8 	: 112.310.074;3.42 	. 1147 1 0.65 

11.3 	266.3 ;0.101 ;3.28 	2070 11.33 

14.0 	! 488.4 10.106i 
1 

	

4.06 	:2839 
1  
,0.96 

19.2 	
1
1 2210.0 ;0.105 '5.57 	8282 11.09 

10.8 	1 160.4:0.08o:3.13 	;1254 0.93 
1 
, 	 1 	_ . 

10.2 	! 347.5 ;0.098 2.96 	; 174b i 1.52 

I 

16.4 	1318.710.136'4.76 	5480 p 1.15 

„ 
11.0 	! 199.o ;0.085 :3.2o 	I 1420 I 10.99 

! 	 ! 
! 	

1 

	

20.4 -, 1 2222.2'0.15015.92 	:8296 0.90 
i 	. 	I 	I 

25.4 -' 	(coalescence) 	i 

19.7 	:1767.0 10.147 :5.72 	; 7613 10092 

	

I 	
! 

1 
1800 	11793.0:0.147 15.22 	1 6995 11011 

I 	I 	 1 
i 

11.0 	1 488.410.10613.19 	I  2230 11 .56 

! 
, 

10.8 	: 372.8.̀0.09913.13 	.1012 !1.41 

17.2 	! 13..510.132 i 4.99 	5838 11.06 



i80. 

TABLE A
4 (contd.) 

:12u r !iri Bubble ■ 2r 	t x 102;iw - tb 	ox 100! T No. in. sec. tw  

28 ;0.06) 	1.12 11.5 

29 :0.116 	1.07 15.4 

30  0.113 	1.10 13.1 

31 0.057 	1.21 4.2 

32 i 0.165 	1.03 18.7 

33 i0.184 	1.03 18.7 

34 1 0.178 	i 	1.03 18.4 

35 10.228 	1.00 20.8 

u_ 	Re b 1  
ft/sec. 1 

1559 

44034 

3333 

542:y 

6919 

7726  

7346 

0666 

0.95 

1.02 

1.36 

0.99 

1.09 

1.09 

1.09 

217.7 0.087;3.34 

810.30.121:4.48 

764.3 , 0.119!3.81 
194.3 0.084!1.23 

1628.4 0.144:5.42 

2022.9 0.1525.43 

;1891.3 0.1495.34 

.3116.1 10.16916.04 

*t is estimated from the measurements of the water stream velocity. 



181. 
Test B1 	= 5.08 ft/sec.) 

TABLE B
1  

• 
Bubble: 2r 	. 
No. 	in. 	, 

t 
t x 102  

• - 	-^ 
tb 	!12u r2 	ur 

	

w o 	:r; 

sec. 
x 100 ' L 	"ft/sec. tw 	
- 

1 0.115 1.00 15.3 773.2 10.169 	2.76 

2 0.039 1.07 9.2 89.8 	0.099 :1.66 

3 0.087 1.04 12.1 441.2 10.147 	 2.19 

If 0.121 0.98 17.3 869.6 	0.174 , 3.13 

5 0.138 1.00 15.0 1121.5 ;0.186 i2.71 

6 0.085 1.03 12.4 421.1 	0.145 	 2.34 

7 0.104 0.99 15.9 641.1 	 o.161 	2.87 
1 

8 0.103 1.01 14.8 625.o ! 0.161 	2.68 

9 0.116 1.02 13.8 764.3 i 0.170 !2.50 

10 0.112 1.02 15.6 741 .0 	0.167 12.47  

11 0.109 1.00 15.4 706.0 	0.165 12.79 

12 0.092 1.03 12.5 1 500.0 	0.152 '2.25 

13 0.132 0.99 16.4 1025.6 	1 0.182 !2.97 

CD Reb k
1 

2446 

501 

1466 

2939 

2887 

1531 

2315 

.2137 

2323 

2181 

1 2363 

1655 

3039 

1.32 

1.24 

1.59 

1.09 

1.65 

1.36 

1.11 

1.26 

1.69 

1.68 

1.24 

1.65 

1.31 



i,11 

LI2 

1113 

-14 
i1 
1115 

06 
ii 
1117 
1,1 
Y,118 

,119 

1120 

',.25 

126 

22.70 

22.90 

23.30 

23.30 

23.75 

23.75 

24.00 

24.13 

24.30 

24.35 

24.90 

24.90 

24.73 

-3.3 

+0.1 

)1 
)1(contact?)' 

+2.0 

-1.3 

+0,8 

+1.6 

1.22 

1.18 

1.14 

1.15 

1.16 

1.17 

1.19 

1.21 

1.17 

1.19 

1.20 

1.17 

1.16 

182. 

Test B
2 

(ti
o 

5.08 ft/sec.) 

TABLE B2 

1 	' 	I , 	 ' 	; 	: 

2
t  -t  - t 

1: 	; 	
1 

2 tar -t 
'Drop film speed t x 10 7-----x 100p' ^ !film speed it x 10 t 	x 100 

No. 	fr./exp. 	sec. ! av 	i; No. 	fr./exp. 	sec. 	av 

. 	. 

2 

12.00 

15.00 

	

1.16 	+1.4 

	

1.15 	+2.2 

3 17.60 1.17 	+1.1 

4 18.65 1.16 +1.6 

5 20.00 1.18 -0.1 

6 20.50 1.15 	+2.4 

7 21.20 1.17 	+1.2 

8 21.77 1.20 	-1.6 

9 22.40 1.18 	+2.5 

10 22.55 1.20 	-1.5 

21 24.50 1.20 	-1.6 

22 24.60 1.20 	-1.3 

23 24.70 1.20 -1.7 

24 24.75 1.15 +2.7 

57t t = 	= 0.0118 seconds av n 

- 

- t! av 	 

t 
x 100 

av 



0.108263.5 

0.112230.4 
1 0.0931317.5 

0.108;276.5 

0.136!255.0 

0.0931361.2 

0.123k77.7 

0.097;312.8 

0.1091331.7 

0.1051242.5 

0.086207.0 

0.087;267.8 

0.107'308.1 

0.1271298.9 

0.079255.0 

0.0871192.0 

0.1171285.4 

0.127'234.4 

0.125226.4 

0.1051238.5 

0.1111242.5 

0.1 42 281.0 

0.131 361.2 

17.05 

7.54 

6.42 

6.88 

7.16 

6.02 

8.58 

6.57 

6.28 

7.34 

'7.95 

6.99 

6.52 

6_62 

7.16 

8.25 

6.77 

7.47 

7.6o 

7.41 

7.34 

6.82 

6.02 

183. 

Test C1 (uo 
= 3.00 ft/sec) 

TABLE Ci  

Bubble 
No. 

2r 	jtx102 
in. 	sec. 

I w b 

tw  

! 	I 
I f 

x100 Ax) 1 
 

t ■ 

1 0.123 4.75 7.5 

2 0.115 4.34 7.7 

3 0.135 4.4o 6.4 

0.126 4.35 7.4 

5 0.121 4.26 9.3 

6 0.144 4.40 6.4 

7 0.101 4.3o 8.5 

8 0.134 4.39 6.7 

9 0.138 4.35 7.5 

10 0.118 4.36 7.2 

11 0.109 4.42 5.9 

12 0.124 4.42 6.o 

13 0.133 4.36 7.3 

14 0.131 4.29 8.8 

15 0.121 4.44 5.5 

16 0.105 4.42 6.o 

17 0.128 4.32 8.0 

18 0.116 4.29 8.8 

19 0.114 4.3o 8.6 

20 0.117 4.36 7.2 

21 0.118 4.34 7.6 

22 0.127 4.24 9.8 

23 0.144 4.28 9.0 

1 



184. 

Test D1  (uo  = 3.00 ft/sec 
Test D2 (uo = 5.98 it/sec) 

TABLE D
1 	

TABLE D2 
't - t. 	 ,t - t 

DropiFilm speedit x 102; I av x 100 1 Drop 'Film speedit x 102 av tav 	1 	tav 
x 100 

No. 1 fr./exp. 	sec. 	No. 1 fr./exp. 	sec: 

tav 	0.04701 sec 
■ 

2 

14.60 

14.60 

	

4.73 	-0.5 	1 

	

4.68 	-o.4 	2 

3 14.45 4.84 	-3.o 3 

4 14.28 4.75 	-1.0 4 

5 13.87 4.73 	-o.6 	5 

6 13.50 4.66 	+0.9 	6 

7 12.97 j 4.68 	+0.4 	7 

8 12.30 4.77 	+1.4 	8 
1 1  

9 11.63 4.57 	+2.8 	11 	9 

10 10.6 4.73 	-0.7 	ii 10  

11 9.4 4.72 	-0.3 1 11 

12 7.83 
is 

4.56 	+3.0 	12  

13 	17.85 

22.1354639  14 	17.46 

15 	1 17.07 	'2.40 

16 	1 16.77 	2.54 

17 	16.77 	2.43 

18 	j 16.27 	2.52 

19 	i 16.05 	2.46 

20 2.47 15.62 

21 	j 15.60 	2.42 

22 

	

 14.82 	2.50  

23 2.53 14.68 

	

2414.2o 	2.42 

25 	13.83 	2.43 

26 	13.18 	2.47 

27 	12.14 	2.47 

28 	: 11.35 	2.44  

29 	' 09.90 	.• 

1 

	

: 20.90 	2.54 

2.43 21.00 

	

, 20.92 	'2.48 

	

I 20.80 	2.45  

	

; 20.50 	'2.44 

	

20.30 	i2.41 

	

1 
20.00 	1 2.54 

	

19.48 	2.41 

	

19.3o 	I2.6o 

	

18.97 	12.39 

	

18.49 	12.45 

18.21 2.39 

tav  - tl 

Z--- t 	 x 100 
av 
	 = 1.25% 

100 sec.) 

tav " t = 	0.02464 sec 

<- 4. 

\ tav 
	 x 100 

n 

-2.9 

+1.4 

-0.5 

+0.5 

+1.0 

+2.2 

-3.0 

+2.2 

-5.6 

+3.0 

+0.6 

+3.0 

+o.3 

-2.7 

+2.8 

-3.2 

+1.6 

-2.4 

+0.1 

0.0 

+1.8 

-1.5 

-2.5 

+1.8 

+1.2 

-0.1 

-0.3 

+1.1 

n 

fr. = frame 

exp. = exposure 

_ 1.76% 



(0.132 	2.13 13.4 0.15o 607.0 

2 	0.147 	2.10 14.9 0.166 752.8 

3 	0.138 	2.12 14.0 0.157 663.5 

1+ 0.161 	2.12 14.1 0.158 903.11 

5 0.137 	2.14 13.4 0.149 653.9 

6 0.250 	2.03 17.8 j 0.199 217.7 

7 0.097 2.18 11.7 0.131 1327.8 

8 0.157 2.10 14.7 0.164 858.7 

9 0.103 2.15 12.8 0.143 369.6 

10 0.135 	2.15 12.9 0.144 l634.9 

11 0.183 	2.08 15.5 0.174 1166.7 

12 0.190 	2.03 15.7 0.176 ;1257.7 

13 0.114 	2.20 10.6 0.118 t 	452.8 

114 0.121 	2.14 13.2 0.147 510.1 

15' 0.131 	2.13 13.6 0.152 597.9 

16 0.198 	2.08 15.8 j 0.177 '1365.8 

17 0.143 	2.09 15.1 i 0.168 712.4 

18 0.125 	2.12 13.8 0.154 544.4 

19 	0.170 	2.09 15.1 0.169 1006.8 

20 	0.108 2.?0 10.7 0.120 406.4 

21 	0.138 2.15 12.7 0.142 6 663.5 6.28  

22 	0.182 	2.05 16.7 0.187 1154.0 

23 	0.153 	2.12 13.8 ► 0.155  815.5 

6.57 

5.90 

6.28 

5.38 

6.32 

3.47 

1 8.93 

5.52 

8.41 

6.42 

4.74 

14.56  

7.6o 

7.16 

i 6.62 

1 4.38 

6.06 

6.93 

5.10 

8.02 

4.76 

5.66 

t-tb  Bubble 2r 	t x 	t w 	x - AJ 
1 No. in. t sec. 

185. 
Test C2 (u0 = 5.98 ft/sec) 

TABLE C
2 



186. 

Bubble 1  2r 
No. 	in. 

TABLE 02 (contd.) 

t 102  
t t 
- w b , t , sec. 	w  

2.22 

2.16 

2.11 

2.10 

2.13 

2.19 

2.07 

2.16 

2.14 

2.15 

2.14 

2.11 

2.11 

2.11 

2.10 

2.09 

2.07 

2.11 

24 0.082 

25 ; 0.116 
1 	0 26 0.187 

27 i 0.157 

28 0.146 

29 

30 i 0.195 

31 r 0.120 

32 0.128 

33 0.130 

34 0.130 

35 0.147 

36 0.146 

37 0.142 

38 0.135 

39 1 0.176 

40 0.184 

41 	0.170 

9.7 

13.4 

14.4 

15.o 

13.4 

11.0 

16.2 

12.3 

13.o 

12.7 

13.2 

14.3 

14.3 

14.3 

14.7 

15.3 

15.9 

14.5  

0.109 1234.3 

0.138 468.8 

0.161 ;1218.3 

0.168 858.7 

io.150 j 742.6 

0.123 373.8 

.0.181 11324.7 

0.137 501.7 

0.145 570.8 

0.143 ! 588.8 

0.148 625.6 

0.159  752.8 

0.160 742.6 

0.159 702.5 

0.163 673.1 

0.171 1079.2 

0.178 '1179.5 

0.162 i1oo6.8 

10.57! 

7.47 

4.63 

5.52  
1 

5.94 
8.33! 
4.44 

7.22 

6.771 
6.671 
6.67 
5.90 
5.94 

6.10, 

6.25 

4.92 

4.71 

5.10! 



1 

	

1 i 0.173 1.44 	15.4 1 

	

2 : 0.187 1.31 	23.1 

	

0.128 1.45 	14.7 

	

3 0.157 1.44 	15.4 

i  . 	0.175 ;1564.0 

I 0.262 11827.4 
0.167 ; 856.2 

; 0.175 ;1288.1 , 

187. 

Test C3 (uo = 9.08 ft/sec) 

TABLE C
3 

. 
2 tw- tb I f  

	

Bubble ' 	2r 	i t x 10 	x 100 	L.',.-. 	; 	Ir. 

	

1 	• 	tw  No. 	in. 	sec. 	i 
; 	. 

5.01 

4.63 
6.77 

5.52 

	

4 	0.129 	1.46 	14.1 	! 0.161 1 869.6 	6.72 
i 

	

5 	0.127 , 1.46 	14.1 	i 0.161 1 842.9 	6.82 

6 0.162 1.42
, i 	! 

1 	16.b 	i 0.189 11371.5 	5.35 

	

7 	0.200 	1.46 	I 	14.4 ; 0.163 ;2090.3 	4.33 
i 

	

8 	0.168 1.44 	15.3 0.174 1474.9 5.16 

	

9 	i 0.160 	1.46 	14.4 i0.164 :1337.8 	5.42 
! 	i 	, 

	

10 	
I 
: 0.156 	1.46 	14.5 	10.1b5 :1271.7 	5.56 

i 

	

11 	i0.105 1.43 	I 	16.3 i
0.185 i1371.5 	8.25 

	

0.145 	
. 
I 	5.98 

! 	 , 	: 

	

12 	I : 0.189 	1.41 	17.4 	10.197 11866.7 	4.59 

	

13 	i 0.137 	1.45 	14.9 	10.169 ; 980.8 	6.33 
1 	I 

	

14 	1  0.150 	1.43 1 	15.9 	0.180 i1288.1 	5.78 

, 

	

0.079 	i 	11.00 ; 

	

15 	I 0.132 	1.48 	13.2 	10.149 ! 910.5 	6.57 
i 

	

16 	, 0.138 	1.48 	13.2 	10.149 1 995.2 	6.28 
i 	. i 

	

17 	i  0.059 	1.55 	8.9 	10.101 	181.9 	14.69 
1 

	

18 	• 0.158 	1.45 	14.7 	1 
I
0.167 11304.6 	5.49 

1 

	

19 	
1 
0.069 	1.52 	10.6 	10.120 . 248.8 	12.56 

; 
i 

	

20 	!0.177 	1.41 	17.1 	0.194 !1637.2 	4.90 
i 

	

21 	i0.123 	1.47 	13.9 	0.157 1 790.6 	7.05 
I 

____ 



188. 
TABLE C

3 
(contd.) 

t - tb Bubble  2r 	t x 102  wt x 100 
No. 	in. 	sec.  

	

22 	i 0.126 1  

	

23 	j 0.096 ; 

	

24 	0.118 

	

25 	0.158 

26 0.167 

27 0.107 

	

28 	. 0.057 1 

	

29 	; 0.072 ! 

	

30 	1 0.083 / 

	

31 	1 0.132 

	

32 	1 0.114 ; 

	

33 	0.139 ; 

	

34 	0.112 

	

35 	0.091 1  

	

36 	0.123 

	

37 	10.197 

	

38 	i  0.167 

	

39 	; 0.172 

	

40 	0.181 

0.155 
0.124 

	

42 	0.154 
0.165 

	

43 	1 0.157 
0.099 

1 
5o 10.097 

	

51 	0.090 

1.45 15.0 

1.50 11.9 

1.46 14.4 

1.44 15.8 

1.43 16.4 

1.47 13.6 

1.55 9.3 

1.54 9.8 

1.55 9.1 

1.46 14.4 

1.49 15.6 

1.46 14.4 

1.47 13.9 

1. 14.4 

1.46 14.2 

1.41 17.0 

1.44 15.4 

1.43 16.3 

1.39 18.4 

1.43 16.0 
1.50 12.0 

1.29 24.6 
1.41 17.2 

1.39 18.7 
1.50 12.1 

1.50 12.2 

1.51 11.7 

0.167 	829.6 

0.135 	1481.6 

0.164 	726.6 

0.179 	:1304.6 

0.186 	1457.4 

0.155 598.3 

0.105 169.8 

0.111 270.9 

0.103 360.0 

0.163 910.5 

0.143 679.1 

0.164 1009.7 

0.157 655.5 

0.152 , 432.7 

0.161 	790.6 

0.193 	2028.1 

0.175 1457.4 

0.185 1546.0 

0.209 1712.6 

0.182 	'1255.5 
0.136 	803.5 

0.279 1239.0 
0.195 1422.7 

0.212 1288.0 
0.137 512.2 

0.138 491.7 

0.133 	423.3 

6.88 

9.03 

7.34 

5.49 

5.19 

8.10 

115.20 

12.04 

10.44 

6.51 

7.6o 

6.24 

7.74 

9.52 

7.05 

4.4o 

5.19 

5.04 

4.79 

5.59 
6.99 

5.63 
5.25 

5.52 
8.75 
8.93 

9.63 



• 

1 28.60 1.68 +1.5 	20 24.5 

2 28.6o 1.69 +o.6 	21 24.08 

3 28.63 1.75 -2.7 	22 24.08 

4 28.60 1.77 -4.1 	23 24.00 

5 28.40 1.66 +2.9 	24 23.70 

6 28.00 1.71 -0.6 25  23.58 

7 27.75 1.68 +1.3 26 . 22.58 

8 27.40 1.70 +0.5 27 22.00 

9 27.40 1.79 -4.9 28 i 21.58 

10 27.40 1.70 +0.3 29 21.45 

11 27.30 1.76 -3.2 30 20.95 

12 27.04 1.79 -5.3 	31 19.42 

13 26.77 1.65 +3.2 32 19.32 

14 26.47 1.68 +1.3 33 18:60 

15 26.47 1.70 +0.2 34 17.83 

16 26.40 1.69 +0.7 35 16.68 

17 25.98 1.71 -0.1 36 14.00 

18 25.84 1.70 0.0 37 12.65 

19 25.00 1.66 +2.3 

11.70 

1.69 

11.66 

11.69 

H.75 

11.73 

`1.72 

11.66 

1.70 

k.68 

;1.69 

0.7o 

11.72 

:1.72 

:1.75 

:1.67 

+0.2 

+0.9 

+2.5 

+0.9 

-2.8 

-1.3 

-0.7 

+2.3 

+0.5 

+1.3 

+1.0 

+0.5 

-0.6 

-0.9 

-2.6 

+2.0 

+2.5 

■ 
2 tav- t 	 2 Itav- tI 

Drop ;Film speed t x 10 	 'F" x 100 (Drop ■ ilm speed; t x 10 rT-----x 100  No. ' fr./exp. xp. . sec. 	 No. ' fr./exp. ' sec. 	av 

189. 
Test D3 (uo = 9.08 ft/sec) 

TABLE D3 

t av = n = 0.01704  sec. 

itav - ti 
x 100 

= 1.7W0 



190. 

APPENDIX II 

(Simplified form of the velocities calculation program 

and tables of the detailed motion of bubbles C 1(5,7,14).) 



191. 

DIMENSION X(100),Y(100)+T(1UU),S(100),SY(100),SR(100),V(100), 
AVy(100) 
COMMON NC,X,Y,T,S,Y.I.SR,V,VY,LC 

C 

	

C 	'ROUTINE TO INITIALISE VARIABLESIAND TO CONTROL EXECUTION OF PROGR 

NER=0 

	

C 	WRITE TITLE' 

CALL OUTP(1) 
DO 12 1=1149 
NC=I 
CALL READN 
IF(LC.NE.0) GO TO 15 
1F(X(NC).EQ.0.) GO TO 5 
NER=NER+1 
GO TO 12 
NC=NC-1 

12 CONTINUE 
CALL ARIT 
CALL OUTP(2) 
STOP 
END 

$IBFTC READDK 
- 'SUBROUTINE READN 

C 
DIMENSION X(100),Y(100),T(100)+S(100),SY(100).SR(100),V(100), 
AVY(100) 
COMMON NC,X,Y,T4S,Y,SR,V,VYILC 

C 

	

C 	THIS ROUTINE READS DATA FOR THE NC-TH CARD 
C 

READ (5,1000) X(NC),Y(NC),T(NC),LC 

1000 FORMAT (4X,2F10.5,F11.6,4X,I1) 
C 

	

C 
	

IS THIS THE LAST CARD 
IF (LC.NE.0) RETURN 

C 

RETURN 

END 
SIBFTC ARITDK 

SUBROUTINE ARIT 
C 

DIMENSION X(100),Y(10())1T(100),S(IU0),SY(100),SR(100),V(100), 

AVy(100) 
COMMON NC,X,Y,T,S1bY,SR,V,VY,LC 

C 

	

C 	TO FIND THE VELOCITIES 

C 

DO 10 1=1,48 
XTEMP=(X(14-1)-X(I)) 
YTEMP=CY(I)-Y(1+1)) 
TTEMP=CT(1+1)-T(I1) 

C 
S(I)=(X(I+1)+X(I))/2.0 
SY(I)=(Y(I+1)+Y(I))/2.0 

SR(I)=YTEMP/XTEMP 
V(I)=XTEMP/(TTEMP*12.0) 
VY(I)=YTEMP/(TTEMP*12.0) 

10 'CONTINUE 



RETURN 
	

192. 
END 

C 
$IBFTC OUTPDK 

SUBROUTINE OUTP(IJ) 
DIMENSION X(100),Y(100),T(100),S(100),SY(100),SR(100),V(100),  
AVY(100) 
COMMON NC,X,Y,T,S,SY,SR,V,VY,LC 

C 
C PROGRAM TO WRITE OUT DATA 
C IFIJ=1, OUTPUT TITLE 
C • IFIJ=2, OUTPUT FINAL RESULT 
C 

GO TO (10,20),IJ 
C 	1). OUTPUT TITLE 
10 	WRITE(6,1010) 
1010  FORMAT(1H1,40X,9HBUBBLE C ///14X,3HXFT,5X13HYFT,5X,3HTSE*,SX,  

A3HSINg4X,4HSYINI5X*2HSR15X,3HVFS14X,4HVYFS//) 
RETURN 

C 
C 
C 	2). OUTPUT NC-TH CARD RESULT 
20 	DO 30 NC=1,49 

IF(NC.EQ. 49) GO TO 31 
WRITE(6,1030)X(NC),Y(NC),T(NC),S(NC),SY(NC),SR(NC),V(NC),VY(NC) 

1030 FORMAT(10X,2F8.5,F9.6,2F8.5,F7.312F8.3 ) 
GO TO 30 

31 	WRITE (6,1031)X(NC),Y(NC),T(NC) 
1031 FORMAT(10X.2F8.5,F9.6) 
30 - CONTINUE 

RETURN 
END 



193. 

XFT YFT TSE 

BUBBLE C1(5) 

SIN 	SYIN 	SR VFS VYFS 

0.30407 0.13984 0.637965 0.35203 0.14878 °0.186 2.632 °0.491 
0040000 0.15772 0,041002 0.44960 0.15772 0.000 2.722 0.000 
0.49919 0.15772 Jo044039 0.53171 0.14878 0.275 1.784 0.490 
0.56423 0.13984 0.047077 0.60732 0,13984 0.000 2.365 0.000 
0.65041 0.13984 06050114 0,70081 0.14228 -0.048 2.766 °0.134 
0.75122 0.14472 0.053151 0.81057 0.12927 0.260 3.257 0.848 
0.86992 0.11382 0.056188 0.92764 0.10244 0.197 3.167 0.624 
0.98537 0.09106 0.059226 1.04065 0,08211 0.162 3.035 0,491 
1.09593 0.07317 0.062262 1.16260 0.05691 0.244 3.658 0,892 
1022927 0.04065 0.065300 1.28943 0.03008 0.176 '3.302 0.580 
1.34959 0.01951 0.068337 1.41544 0.01464 0.074 3.614 0.268 
1.48130 0.60976 0.071374 1.53577 0.02521 °0.284 2.988 °0.847 
1.59024 0.04065 0.074412 1.64796 0.05610 ^06268 3,168 °0.848 
1.70569 0.07154 0.077449 1.77723 0.07479 -0.045 3.926 °0.179 
1.84878 0.07805 0.080486 1.93414 0.09268 ••.0.171 4.685 -0.803 
2.61951 0.10732 0.083523 2.09756 0.12032 -0.167 4.283 °0.714 
2.17561 0.13333 0.086560 2.26341 0.14227 -0.102 4.817 °0.491 
2.35122 0.15122 0.089598 2.43740 0.15935 °0.094 4.729 °0.446 
2.52358 0,16748 0.092635 2.62114 0.17155 -0.042 5.354 °0.223 
2.71870 0.17561 0.095672 2.82764 0.18211 °04060 5.979 °0.357 
2.93659 0,18862 0.098709 3.02764 0.19187 -0.036 6.662 -0,238 
3.11870 0.19512 0.100987 3.21382 0.19756 °0.026 6.959 °0.179 
3.30894 0.20000 0.103265 3.41057 0.20244 °0.024 7.436 -0.179 
3.51220 0.20488 0.105543 3.57967 0.19675 0.120 7.403 0,892 
3.64715 0.18862 0.107062 3.72113 0.19593 °0.099 8.123 °0.803 
3.79512 0.20325 0.108580 3.87479 0.19349 0.122 8.742 1.070 
3.95447 0.18374 0.110099 4.03089 0.17886 0.064 8.391 0.536 
4.10732 0.17398 0,111617 4.18293 0.17805 -.0.054 8.296 °08446 
4.25854 0018211 0.113136 4.34878 0.18049 0.018 9.901 0.178 

, 	4.43902 0.17886 0.114655 4.53333 0.18130 -0.026 10.355 °0.268 
4.62764 0.18374 0.116173 4.73008 0.18455 °0.008 11.240 °0.089 
4.83252 0.18537 0.117692 4.92845 0.18374 0.017 10.533 0.179 
5.02439 0.18211 0,119210 5.12520 0.17886 0.032 11.062 0.357 
5.22602 0.17561 0.120729 5.33821 0.16992 0.051 12.310 0.624 
5045041 0.16423 0.122248 5.56911 0.16911 -0.0.41 13.032,, -0.535 
5.68780 0.17398 0.123766 5.80488 0.17155 0.021 12.846 0.267 
5.92195 0.16911 0.125285 6.04471 0.17805 °0.073 13.479 °0.982 
6.16748 0018699 0,126803 6.27317 0.18293 0.038 11.596 0.446 
6.37886 0.17886 0.128322 6.51057 0.17967 -0.006 14.451 °0o089 
6.64228 0.18049 0.129841 6.76179 0.18618 °O.048 13.121 °O.625 
6.88130 0.19187 0.131359 7.00488 0.19349 °0.013 13.559 °0.178 
7.128146 0.19512 0.132878 7.24715 0.20162 -0.055 13.032 -0.714 
7.36585 0.20813 0.134396 7.49675 0.21463 °0.050 14.362 °0.714 
7.62764 0.22114 0.135915 7.74065 0.23902 °0.158 12.400 -1.962 
7.85366 0.25691 0.137434 7.97967 0.26016 °0.026 13.836 -0.357 
8.10569 0.26341 0.138952 8.21626 0.26829 °0.044 12,132 °0.535 
8,32683 0.27317 11o140471 8.45284 0.27886 °0.045 13.836 °0.625 
8.57886 0628455 0.141989 8.63008 0.28536 °3.016 11.232 °0.179 
8.68130 0.28618 0,142749 
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XFT YFT TSE 

BUBBLE.Q 
1(7) 

SIN 	SYIN 	SR VFS VYFS 

0 034309 0.09756 0,038760 0.39512 0009837 -0.016 2.797 -0.044 
0.44715 0.09919 0.041860 0049024 0.09187 0.170 2.316 0,393 
0.53333 0.08455 0.644961 0.58648 0.09024 -0.121 2.534 -0.306 
0.62764 0.09593 0.048062 0.68048 0008861 0.138 2.840 0.393 
0.73333 D.08130 0.051163 0078862 0.08780 •0.118 2.971 -0.350 
0.84390 0.09431 0.054264 8.90406 8.08780 0.108 3.235 0.350 
0.96423 0.08130 0.057364 1.61382 0.07317 0.164 2.665 0.437 
1.06341 0.06504 0.060465 1.11869 0.06910 -06074 2.971 -3.218 
1,17398 0.07317 0.063566 1.22439 0.06748 0.113 2.709 0.306 
1.27480 0.06179 0.066667 1032845 0.05691 0..091 2.885 0.262 
1.38211 0.05203 0.069767 1.45528 0.05641 0.022 3.933 0.087 
1.52846 0.o4878 J.072863 1.59269 0.03414 0.228 3.452 0.787 
1065691 0.61951 0.075969 1.72114 0.21464 0.076 3.452 0.262 
1.78537 0.00976 00079070 1.85041 0.00976 0.060 3.496 0.000 
1,91545 0000976 0.082171 1.99919 0.02277 -0.155 4.502 -0.699 
2.08293 0.03577 0.085271 2.15386 0.04472 0.126. 3.801 -0.481 
2.22439 0.05366 0.688372 2.30732 0.06748 -0.167 4.457 -0.743 
2.39024 0.08130 0.091473 2.49268 6.09105 -0.1195 5.506 -0.524 
2059512 0.10081 0.094574 2.66504 0.10487 •°0.058 5.012 .•.0.291 
2.73496 0.10894 0.096899 2081870 0.11463 -0.668 6.006 -0.408 
2.90244 0.12033 00099225 2.99431 6.12277 -0.027 6.586 -0.175 
3,08618 0o12520 0.101550 3.18536 0.12114 0.041 7.107 6.291 
3.28455 u.117)7 00103876 3038943 0.11138 0.054 7.515 0.408 
3.49431 0.10569 0.106202 3.59675 0.10244 0,632 7.343 0.233 
3.69919 0.09919 0.108527 3.82196 6.10081 -0.813 8.797 -00116 
3.94472 0.10244 0.110853 4.02520 0.10081 0.020 8.654 0.175 
4.10569 0.09919 0.1124013 4.18861 0.16406 -0.059 8.917 -0.524 
4027154 0010894 0.113953 4.36829 0.10000 0.092 10.397 0.961 
4.46504 0.39106 0.115534 4.55366 0.08780 0.037 9.529 0.350 
4.64228 0.08455 0.117054 4.74309 0.08699 •-0.024 10.833 -0.262 
4.84390 6,08943 0.118605 4.95203 0.08780 0.015 11.627 0.175 
5006016 0.08618 6.120155 5.16748 0.08536 0.008 11.540 0.088 
5.27480 0008455 0.121705 5.38862 6.07642 0.071 12.231 0.874 
5.50244 0.06829 0.123256 5.61767 0.07398 -0.050 12.326 -0.612 
5.73171 0.07967 0.124806 5.83658 0.08455 -0.1,47 11.270 -0.524 
5.94146 0.08943 0.126357 6.06422 0.08861 0.007 13.201 0.088 
6.18699 0.08780 0.127907 6.31545 0.08373 0.032 13.812 0.437 
6.44390 0.07967 0.129457 6.57073 0.08699 13.629 -0.787 
6.69756 0.89431 0.131008 6.82195 0.09512 ..-00007 13.375 -0.087 
6.94634 0.09593 0.132558. 7.07398 0.10661 -0.038 13.716 -00524 
7.20163 0.10569 0.134109 7.32520 0.10650 -0.007 13.288 -8.688 
7.44878 0.10732 0.135659 7.57479 0,10976 -0.019 13.550 -0.262 
7.70881 0.11220 0.137209 7.81870 0.11870 '06855 12.668 °O.698 
7.93659 0.12520 0.138760 8.05772 0,13008 -0.040 13.625 -0.525 
8.17886 0.13496 0.140310 8.-31463 0.13577 -0.006 14.599 -8.085 
8.45041 0.13659 0.141860 8.49675 0,143()9 ^0.148 9.953 -1.396 
8.54309 0.14959 0.142636 
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XFT YFT TSE 

BUBBLE 0
1(14) 

SIN 	SYIN 	SR VFS VYFS 

0,26341 6.13333 0,045872 0.32195 0.12661 0.125 2.659 0.332 
0038049 0'11870 0.049541 0.43821 0.16813 0.183 2,621 0.480 
0.49593 0.09756 0.053211 0055609 0.10244 ..•0.081 2.732 •0.222 
0.61626 1,.10732 0.056831 0.67805 0.11870 -6.184 2.807 -0,517 
0.73984 0813008 0.060550 0,83252 0.14665 0.114 4.209 •-0.480 
0.92520 0.15122 06054220 0.96829 0.15610 -00,113 1.957 -0.222 

.1.61138 0.16098 0,667890 1.08049'0.17073 •..0.141 3.138 •0.443 
1.14959 0.18049 00071560 1.22033 6.18455 -0.057 3.213 -0.185 
1.29106 0016862 00075229 1.34960 0.18862 0,000 2.658 0.000 
1.40813 0.18862 0.678899 1.49165 0.19756 -0.138 3.766 •0e406 
1.57398 0,20650 0.082569 1.64309 0.26975 -0.047 3.139 •.0.148 
1.71220 0.21301 0.086239 1.79594 0.21057 0.029 3.804 0.111 
1.87967 0,20813 0.089908 1.97235 0.21138 -0.035 4.209 -6.148 
2.06504 0.21463 0.093578 2.12357 0.21544 -..0.014 3.545 ••0.049 
2.18211 0.21626 0.096330 2.26341 0.20813 0.130 4.922 0.492 
2.34472 0.20000 0.099083 2,42632 0.19431 0.070 4.924 0.345 
2.50732 0.18862 0.101835 2.59593 0.17561 0.147 5.367 0.788 
2.68455 0.16260 0,104587 2.79624 0.16748 .6.046 6.401 •..6.296 
2.69593 0,17236 0.107339 2096179 0.15854 0.210 5.981 1.255 
3.62764 0.14472 00109174 3,09593 0.14228 0.036 6.203 0.222 
3.16423 0.13984 0.111309 3.24553 0.13577 0.050 7.384 0.369 
3.32683 0.13171 30112844 3041767 0.13089 0.009 8.197 0.074 
3.50732 0.13008 0.114679 3.59106 0.125?1 0.658 7.606 Ge443 
3067480 0.12033 0.116514 3,75366 U.11626 0.052 7.163 0.369 
3.83252 0.11220 0,118349 3.92683 0.11226 0.000 8.571 0.000 
4.1)2114 0.11220 3.120183 4,12195 0011626 •11.040 9.156 .0.369 
4.22276 0.12033 0.122018 4.32682 0.11382 0.063 9.452 0.591 
4.43089 0.10732 00123853 4.55253 0.10650 0.007 11.003 0.074 
4.67317 0.10569 0,125688 4.78699 0.10731 -0. G14 10.338 -0.148 
4.90081 0.10894 00127523 5002276 0.10650 0.020 11.077 0.221 
5.14472 3.10407 0.129358 5.27642 0.11870 1"48111 11,962 -1.329 
5,40813 0.13333 0.131193 5.53902 6.13333 0.000 11.889 0.000 
5.66992 uo13333 0.133028 5.80650 0.13983 ..-3.048 12.412 -3.591 
5.94309 6014634 0,134852 6.00455 0.14878 -0.017 12.849 -0.222 
6,22602 0,15122 0.136697 6,37154 0.15529 .•0.1128 13.218 -0.369 
6.51707 0.15935 0.138532 6.66504 0.16564 -0.038 13.440 -0.517 
6.81301 0.17073 0.140367 6.95691 0.17317 -0.017 13.070 -0.222 
7.10081 0.17561 0,142202 7024227 0.19024 -3.103 12.849 10329 
7.38374 0.20438 3.144037 7.52764 0,21463 .0.068 13.070 .0.886 
7.67154 1.22439 0.145872 7.81951 0.23173 (1.049 13.447 0o565  
7.96748 0023902 0.147706 8.11788 0.24959 -.3.070 13.661 4,6960 
8.26829 0.26016 0.149541 8.40487.0.26342 -0.024 12.406 -0.296 
8.54146 0.26667 0.151376 8.62195 	0.28049 -0.172 14.613 -2.509 

8.70244 0029431 0,152294 
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FIG. 4.2b 

Front view of the apparatus 
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FIG. 4.2c 

View of the apparatus with the camera 
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