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The central charge of supersymmetric AdS5 solutions of type IIB supergravity
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We show that generic supersymmetric AdS5 solutions of type IIB supergravity admit a canonical
contact structure. This structure determines the central charge of the dual field theory and the
conformal dimension of operators dual to supersymmetric wrapped D3-branes. Hence both quanti-
ties can be calculated using incomplete information about the solutions, allowing us to prove that
they are rational numbers for solutions with a U(1) R-symmetry, in agreement with field theory
expectations. We also discuss related Duistermaat-Heckman integrals and localization formulae.

INTRODUCTION

In its simplest setting, the AdS/CFT correspondence
is an equivalence between d-dimensional conformally in-
variant quantum field theory (CFT) and string theory
(or M-theory) in a ten- (or eleven-) dimensional back-
ground of the form AdSd+1×Y , where AdSd+1 is (d+1)-
dimensional anti-de Sitter space and Y is a compact, in-
ternal manifold. Generically, the weakly coupled limit
of the string/M-theory background describes a strongly
coupled limit of the CFT. This remarkable duality has
provided powerful new insights into strong coupling phe-
nomena, with potential applications to condensed matter
and nuclear physics systems.

One focus has been to study superconformal field the-
ories (SCFTs) in four dimensions with N = 1 supersym-
metry. Such SCFTs are invariant under an abelian R-
symmetry which encodes considerable information about
the theory. For example, the anomalous dimensions of
a special class of operators O, known as chiral and anti-
chiral primaries, are given, exactly, by their R-charges
via ∆(O) = 3

2
|R(O)|. Furthermore, the central charges,

which determine the conformal anomaly, are fixed by the
R-symmetry via [1]

a = 3
32

(
3TrR3 − TrR

)
, c = 1

32

(
9TrR3 − 5TrR

)
(1)

where the trace is over the R-charges of the fermions in
the theory.

An interesting subclass of such SCFTs have a dual
description in terms of type IIB string backgrounds of
the form AdS5 × Y . In the supergravity limit, requiring
the background to be supersymmetric implies particu-
lar restrictions on the geometry of Y [2]. The dimen-
sion of certain chiral operators of the SCFT can then be
deduced via Kaluza-Klein (KK) reduction of the super-
gravity modes on Y , while others can be computed by
analysing supersymmetric sub-manifolds of Y on which
branes can wrap. In this limit, the SCFTs necessarily
have a = c, the value of which may be calculated by
determining Newton’s constant, G5, in the effective five-
dimensional KK reduced theory [3].

The R-symmetry of the SCFT corresponds to a Killing
vector field ξ on Y , which has a canonical construction
given the background is supersymmetric [2]. If the orbits
of this Killing vector field all close the R-symmetry is
U(1), while if they do not it is R. In light of the com-
ments above, one would like to understand in general how
the R-symmetry Killing vector can be used to calculate
quantities of interest for the dual SCFT, in particular, a
and ∆(O). Indeed, the a central charge is an important
quantity in a d = 4 CFT, being (conjecturally) a count
of the massless degrees of freedom in the theory.

To date, the most widely studied class of dual solu-
tions are in a particular class where only the metric and
the self-dual five-form flux F5 in the supergravity the-
ory are non-vanishing. In this case Y is necessarily a
Sasaki-Einstein manifold SE5. By definition, the met-
ric cone over SE5 is Calabi-Yau and the AdS5 solutions
arise from the near-horizon limit of D3-branes sitting at
the apex of this cone. The central charge is inversely
proportional to the volume of SE5 [4]. In this case, ξ
is known as the Reeb vector field, and using the Sasaki-
Einstein geometry, several formulae for a and ∆(O) in
terms of ξ can indeed be derived [5, 6]. These formulae
are significant because they allow one to calculate impor-
tant physical quantities without requiring the full explicit
solution. Although rich classes of explicit SE5 solutions
are known, their construction relies on the solutions hav-
ing a large amount of symmetry and they comprise a
small subset of all solutions.

In this letter we show [12] that such formulae still arise
in the case of generic supersymmetric AdS5 type IIB so-
lutions. This is rather remarkable since the derivations
in [5, 6] for the SE5 case used the Calabi-Yau property of
the cone which no longer holds in general. Our analysis
only excludes the special case when F5 vanishes. Physi-
cally, this means we require that the D3-brane charge is
non-vanishing and this includes all known AdS5 type IIB
solutions.

Our key observation is that, remarkably, supersymme-
try implies that these solutions all have a canonical con-
tact structure. A contact structure on Y is a one-form σ
such that the five-form σ∧dσ∧dσ is nowhere-vanishing.
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Equivalently there is a natural symplectic structure on
the cone over Y . We will find that, up to a univer-
sal constant of proportionality, the central charge a is
the “contact volume” of Y . In addition, the conformal
dimension ∆(OΣ3

) of the chiral primary operator OΣ3

dual to a D3-brane wrapped on a supersymmetric sub-
manifold Σ3 ⊂ Y is given by the contact volume of Σ3.
More precisely,

aN=4

a
=

1

(2π)3

∫

Y

σ ∧ dσ ∧ dσ , (2)

∆(OΣ3
) =

2πN
∫
Σ3

σ ∧ dσ∫
Y

σ ∧ dσ ∧ dσ
, (3)

where aN=4 = N2/4 is the (large N) central charge for
SU(N) N = 4 super Yang-Mills theory, and N is the
quantized D3-brane charge. We expect that the existence
of this contact structure will be important in extending
other results from the SE5 case to generic AdS5 solutions.

SUPERSYMMETRIC TYPE IIB AdS5

SOLUTIONS

Our main results follow directly from the analysis of
generic supersymmetric AdS5 solutions of type IIB su-
pergravity given in [2]. The ten-dimensional metric, in
Einstein frame, is

gE = e2∆ (gAdS + gY ) , (4)

where gY is a Riemannian metric on the compact in-
ternal five-manifold Y , and ∆ is a function on Y . The
AdS5 metric is normalized to have unit radius, RAdS

µν =

−4gAdS
µν . The remaining IIB fields are the dilaton φ,

the NS three-form field strength H = dB, and the
RR potentials C = C0 + C2 + C4, with field strengths
F = F1 +F3 +F5 = (d−H∧)C. It is useful to introduce
the complex combinations

P = i
2
eφF1 + 1

2
dφ ,

G = −e−φ/2H − ieφ/2F3 , (5)

together with Q = − 1
2
eφF1. All of these fields are taken

to be pull-backs of forms on Y , so as to preserve the
SO(4, 2) symmetry, with the exception of the self-dual
five-form F5, which necessarily takes the form

F5 = f (volAdS + volY ) , (6)

where f is a constant. The conventions for the volume
forms volAdS and volY are given in [2]. To match stan-
dard contact structure conventions, it will be useful here

to take ṽolY = −volY as defining our orientation for in-
tegrating five-forms on Y .

As explained in detail in [2], a supersymmetric AdS5

solution is specified by two Spin(5) spinors ξ1, ξ2 on Y

satisfying the following system of equations

0 = Dmξ1 + i
4

(
e−4∆f − 2

)
γmξ1 + 1

8
e−2∆Gmnpγ

npξ2

0 = D̄mξ2 −
i
4

(
e−4∆f + 2

)
γmξ2 + 1

8
e−2∆G∗

mnpγ
npξ1

0 = (γm∂m∆ − i
4
fe−4∆ + i)ξ1 −

1
48

e−2∆γmnpGmnpξ2

0 = (γm∂m∆ + i
4
fe−4∆ + i)ξ2 −

1
48

e−2∆γmnpG∗
mnpξ1

0 = γmPmξ2 + 1
24

e−2∆γmnpGmnpξ1

0 = γmP ∗
mξ1 + 1

24
e−2∆γmnpG∗

mnpξ2 . (7)

Here γm generate the Clifford algebra for (Y, gY ), with
γ12345 = +1, and Dm = (∇m − i

2
Qm). The equations (7)

may be rewritten in terms of differential constraints on
scalars, one-forms and two-forms that are constructed as
bilinears in the spinors [2]. We shall introduce and study
two particular such one-forms in the next section.

CONTACT STRUCTURE

We begin with the one-form bilinear

K5 m ≡ 1
2

(
ξ̄1γmξ1 + ξ̄2γmξ2

)
. (8)

Defining ξm ≡ gmn
Y K5 n, it was shown in [2] that ξ is

Killing, preserves all of the bosonic fields, and is therefore
the canonical vector field dual to the R-symmetry of the
N = 1 SCFT. We next consider the spinor bilinears

K4 m ≡ 1
2

(
ξ̄1γmξ1 − ξ̄2γmξ2

)
,

iVmn ≡ 1
2

(
ξ̄1γmnξ1 − ξ̄2γmnξ2

)
. (9)

Supersymmetry implies [2] that

e−4∆d(e4∆K4) = −2V . (10)

We claim that

σ ≡ 4
f e4∆K4 (11)

is a contact one-form on Y . In particular, one can readily
show that

σ ∧ dσ ∧ dσ = 128
f2 e8∆ṽolY . (12)

Notice this calculation makes sense only if f 6= 0, or
equivalently F5 6= 0. (We shall determine the quantiza-
tion condition on f , which is related to the D3-brane
charge, in the next section.) With this assumption,
σ ∧ dσ ∧ dσ is nowhere-zero, and so, by definition, σ
is a contact form.

Furthermore, again using the results of [2], we have

1 = ξyσ , 0 = ξydσ , (13)

which shows that ξ is also the unique “Reeb vector field”
associated with the contact structure.
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If (Y, σ) is a contact manifold, the product X =
R>0×Y has a natural symplectic structure with symplec-
tic two-form, by definition closed and non-degenerate,

ω = 1
2
d(r2σ) , (14)

where r > 0 is a coordinate on R>0. Note that writ-
ing the unit AdS5 metric in Poincaré coordinates, the
metric (4) can also be rewritten in the form of a warped
supersymmetric R3,1 × X solution

gE = e2∆r2gR3,1 + e2∆r−2gX , (15)

where gR3,1
is the flat metric on R3,1 and the six-

dimensional metric on X is given by the cone metric
gX = dr2 + r2gY . In the SE5 case, gX is Calabi-Yau
and ω is the corresponding Kähler form. In contrast, in
the generic case, there is no longer such a simple relation
between gX and ω: in fact X is a special kind of gener-
alized complex geometry which will be discussed in [7].

CENTRAL CHARGE

The central charge of the dual SCFT is related to the
five-dimensional Newton constant G5 [3]. The latter, in
turn, was computed in appendix E of [2], and is given by
the supergravity formula

G5 =
κ2

10

8πV5

, where V5 ≡

∫

Y

e8∆ṽolY . (16)

In string theory the five-form flux F5 + H ∧ C2 = dC4 is
quantized. Specifically, we have

N =
1

(2πls)4gs

∫

Y

(F5 + H ∧ C2) , (17)

and after a calculation we find

N = −
f

(2πls)4gs

∫

Y

1

sin2 ζ
ṽolY , (18)

where [13] sin ζ ≡ 1
2
(ξ̄1ξ1− ξ̄2ξ2) = 1

4
fe−4∆, with the last

equality taken from [2]. Here the spinors are normalized
so that 1

2
(ξ̄1ξ1 + ξ̄2ξ2) = 1, as in [2]. Combining (16) and

(18) and using 2κ2
10 = (2π)7l8sg

2
s leads to

G5 =
8V5

π2f2N2
. (19)

Finally, using equation (12) together with the formula for
the central charge a = π/8G5 and the fact that aN=4 =
N2/4, we arrive at the remarkably simple formula (2).

SOME APPLICATIONS

The formula (2) has some immediate applications.

Suppose that the Reeb vector field ξ is quasi-regular,
meaning that its orbits all close. Its flow then defines a
U(1) action on Y , which is dual to a U(1) R-symmetry
(more generally the orbits of ξ need not all close, as hap-
pens, for example, for infinitely many of the Y pq Sasaki-
Einstein five-manifolds [8]). Then, using formula (2), we
may prove that the a central charge is always a ratio-
nal number. Notice that this is predicted from the dual
N = 1 SCFT, using (1) and the fact that the R-charges
are all rational numbers if the R-symmetry is U(1).

To proceed, let χ denote the canonically normalized
generator of the U(1) action, so that ξ = kχ for some
constant k ∈ R>0. Since ξ is nowhere-zero [7], the U(1)
action generated by χ is locally free (all isotropy groups
are finite), and the orbit space will in general be an orb-
ifold M . Thus Y is the total space of a U(1) principal
orbibundle L over M . Then the relations (13) imply that
kσ is a connection one-form on this bundle. We thus
compute

k3

(2π)3

∫

Y

σ ∧ dσ ∧ dσ =

∫

M

c2
1(L) ∈ Q . (20)

Here we have used the fact that the Chern numbers of
an orbibundle are rational. Finally, the constant k is
also necessarily rational. This follows, for example, since
the scalar S ≡ ξ̄c

2ξ1 has charge −3 under ξ [2], whereas
it must have an integer charge −n ∈ Z under χ; thus
k = 3/n ∈ Q, and it follows from (2) that a ∈ Q.

In general, we may also rewrite (2) in terms of the
symplectic structure on X as

aN=4

a
=

1

(2π)3

∫

X

e−r2/2 ω3

3!
. (21)

This is a Duistermaat-Heckman integral, with Hamilto-
nian function H = r2/2 for the Reeb vector field ξ, so
dH = −ξyω. The power of the formula (21) is that it
may be evaluated using localization [6]. This is easiest to
explain when the solution is toric, meaning that there is
a U(1)3 action on Y under which σ (and hence ω under
the lift to X) is invariant. In this case there is a moment
map µ : X → R3, whose image is a strictly convex ratio-
nal polyhedral cone. As explained in [6], the integral (21)
may be evaluated by taking any simplicial resolution P
of this cone, and evaluating

1

(2π)3

∫

X

e−r2/2 ω3

3!
=

∑

vertices p∈P

3∏

i=1

1

〈ξ, up
i 〉

, (22)

where up
i , i = 1, 2, 3, are the three edge vectors of the

moment polytope P at the vertex point p. The vertices
of P correspond to the U(1)3 fixed points of a symplectic
toric resolution XP of X . Thus, remarkably, these results
of [6] hold in general, even when there are non-trivial
fluxes turned on and X is not Calabi-Yau.
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CONFORMAL DIMENSION OF BPS BRANES

Static probe D3-branes that wrap supersymmetric
three-submanifolds Σ3 ⊂ Y are dual to chiral primary
operators in the dual SCFT. We claim that the con-
formal dimension ∆(OΣ3

) of the operator is given by
(3). To show this we define ∆(OΣ3

) as the coefficient
of the logarithmically divergent part of the action of a
Euclidean D3-brane wrapped on Σ3 and the r-direction;
see, e.g., [9]. The wrapped brane is supersymmetric only
if it satisfies the calibration condition that, restricting to
the worldvolume R>0 × Σ3,

f

8

dr

r
∧ σ ∧ dσ = e−φ

√
det(h − B) dx1 ∧ · · · ∧ dx4 (23)

where xi are coordinates on the worldvolume and hij

is the induced (string frame) metric. Up to a factor of
the tension of the D3-brane, given by 1/(2πls)

4gs, the
term on the right is precisely the Dirac-Born-Infeld La-
grangian, and gives the only contribution to the logarith-
mically divergent part of the action (for further details
see [7]).

Again, ∆(OΣ3
) is rational for solutions with U(1)R

symmetry, since Σ3 fibres over a two-cycle Σ2 ⊂ M , and
the numerator of (3) is then (2π)3N/k2 times the Chern
number

∫
Σ2

c1(L), which is rational. This is as expected,

since in the dual SCFT ∆ = 3
2
R, where R is the R-charge.

CONCLUDING REMARKS

The fact that several key properties of N = 1 SCFTs
are determined by the R-symmetry of the theory should
be reflected in the geometry of the dual supergravity
background. For the case of generic AdS5 × Y solutions
of type IIB supergravity, we have shown that the relevant
object is a canonical contact structure on Y , determined
by the Reeb vector field. This led to succinct and univer-
sal formulae for calculating the central charge and certain
conformal dimensions, without knowing the full solution.
Potentially, as in the SE5 case, the contact structure is
rich enough to encode other properties of the field the-
ory. For instance, the principal of a-maximization [10]
suggests that the Reeb vector field itself might be de-
termined from general geometric data. For the class of
type IIB solutions considered here, it may be that know-
ing only the symplectic structure of the cone X , together
with some other (integral) data of the solution, analogous

to the results of [5, 6] for the special Sasaki-Einstein case,
is sufficient.

The generic type IIB AdS5 solutions considered here,
like those in [5, 6], have non-vanishing D3-brane charge.
It is natural to wonder what happens for the special case
where this is no longer true (assuming that such solu-
tions exist). The corresponding formulae would have to
be quite different since there is no longer a contact struc-
ture. It is also known that there are rich classes of super-
symmetric AdS5 × M6 solutions of D = 11 supergravity
that are dual to N = 1 SCFTs [11]. To obtain the geo-
metric formulae for this class will also require new ideas,
since now the cone geometry is seven-dimensional.
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