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Abstract 
 

Materials need to be designed under certain conditions to withstand high thermal 

gradients to operate at high temperature environments. Many advanced gas cooled reactor 

(AGR) power plant components with operating temperatures in the range of 500-650 °C 

undergo creep-fatigue loading conditions. These components may be subject to isothermal 

low cycle fatigue (LCF) and thermo mechanical fatigue (TMF) damages due to the cyclic 

operation of power plant caused by the start-up and shutdown processes and due to the 

fluctuation of energy demand in daily operation. Hence, the influence of these cyclic loads 

induced mechanically and thermally, on the different structural components need to be 

carefully monitored and analysed in order to prevent failure and ensure safe operating 

conditions of critical units. 

The material Type 316 SS with cast number S7646, widely used in this type of 

components, is investigated in this project. The aim of this research is to conduct 

experimental tests to obtain quality stress-strain data for the material under investigation 

under cyclic plasticity in isothermal and an-isothermal tests using the available testing 

machine systems in the University of Imperial College London. The data obtained from 

experimental results are then utilised to develop advanced novel finite element damage 

models in a creep/fatigue loading environment in order to predict the cyclic behaviour under 

LCF conditions. Finally, the results of cyclic data derived from isothermal tests were used to 

predict the thermo mechanical fatigue behaviour for this alloy.  

The LCF-TMF testing unit, Instron 8801 with a temperature uniformity of less than ±10°C 

within the gauge section of the specimens were employed to conduct the experimental tests. 

Fully-reversed, strain-controlled isothermal tests were conducted at 500°C and 650°C for the 

strain ranges of ∆ɛ=±0.4%, ±0.8%, ±1.0% and ±01.2%. Strain-controlled in-phase (IP) 

thermo-mechanical fatigue tests were conducted on the same material and the temperature 

was cycled between 500°C and 650°C. Additionally, the creep-fatigue interactions were 

investigated with the introduction of symmetrical hold time at maximum strains in tension and 

compression under both LCF-TMF tests. 

From the investigation and the analysis of the experimental stress-strain data, three 

phases are observed when the cyclic stress responses are plotted; cyclic hardening, 

stabilisation and damage evolution. In the final stage of the behaviour of the material, a 

nonlinear decrease of the peak stress level was observed which was initiated by the 

presence of micro-crack and the failure occurred as the crack propagated.  The evolution of 

inelastic strain energy density, ∆w, against the number of cycles, N, was used to determine 
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the number of cycles at which the material stabilised, 𝑁𝑠ta , the damage initiated, 𝑁𝑖  and the 

failure occurred, 𝑁𝑓. The introduction of the hold time in both tension and compression 

strains in the LCF and TMF tests, produced an increase in the plastic strain range which 

subsequently increased the inelastic strain energy density and slightly reduced the peak flow 

stress when compared with the continues cyclic tests. The stress relaxation was observed 

when the hold time was introduced. The amount of stress relaxation was dependent on the 

test temperature and the imposed strain amplitude and the same trend was found when 

different strain ranges were examined. 

The cyclic behaviour of the Type 316 steel was further studied by analysing and 

performing microstructural investigations using the scanning electron microscope (SEM). 

The metallographic and the fractographic studies revealed  that in all LCF-TMF tests the 

cracks mostly initiated in transgranular mode and propagated in either transgranular (under 

continuous cyclic loading) or in a mixed mode (under symmetric dwell period). The 

comparison of the metallographic and the fractographic studies of the LCF and TMF tests 

under both conditions (i.e. with and without dwell period) highlighted that the proportion of 

intergranular cracking increases with decrease in frequency, i.e. from 0.01Hz to 0.001Hz. 

Furthermore, the transgranular fatigue process dominates at high frequencies whereas the 

intergranular time dependent mechanism governs at low frequencies, low imposed 

mechanical strain amplitude and they both act together at intermediate frequencies and 

imposed mechanical strain amplitude. 

 A constitutive model based on isotropic and nonlinear kinematic hardening rules was 

used to replicate numerically the cyclic structural behaviour of the material. A user-defined 

subroutine was developed and implemented in the finite element software, ABAQUS to 

predict the cyclic hardening, the stress relaxation during hold time and finally to demonstrate 

the damage evolution once the damage initiated. The final stage of the material behaviour 

(i.e. failure) was simulated numerically for both LCF and TMF tests conducted with and 

without hold time where for the tests with continuous cyclic loading (without hold time) a 

hysteresis energy-based phenomenological model was implemented in a USDFLD 

subroutine. Further, this model in combination with the creep damage model based on the 

time-fraction law were employed simultaneously to replicate the experimental results in 

which the hold time was introduced.  

In the end, the FE results were compared with the experimental results and the minor 

deviations observed in e.g. the first and stabilised hysteresis loops under TMF conditions or 

in the FE hysteresis damages, could be minimised by conducting further isothermal tests to 

define additional material properties at intermediate temperatures and performing tests at 

various strain ranges respectively.  
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  Chapter 1

Overview 
 Introduction 1.1

Many engineering components in power generation plants, gas turbines and petro-

chemical industries operating at high temperatures undergo creep-fatigue loading conditions 

and they are almost invariably submitted to static, combined cycle loading or even both 

simultaneously. The failure can, therefore, be due to net section rupture, crack growth or a 

combination of both. To assess the life of such components, fracture mechanics assessment 

models are required throughout the entire life of the components in order to avoid potential 

catastrophic failures in the future. Hence, understanding the fundamentals of the fracture 

mechanics in both Linear Elastic Fracture Mechanics LEFM, elastic-plastic and high 

temperature fracture mechanics, defining the failure assessment models that can illustrate 

the possible flaws in the materials which are either microscopic, due to cracked inclusions, 

debonded fibres etc., or macroscopic due to fatigue, corrosion and welding are needed to be 

studied in depth.[1] 

Fracture mechanics assessment approach is being widely used to assess the 

significance of defects (i.e. crack like flaw) based on additional understanding of creep crack 

growth behaviour and improvements in NDE methods. In this approach a crack of finite size 

is assumed to exist in a component and its propagation is evaluated to determine the 

remaining life of the component using methodologies such as creep, fatigue or creep-fatigue 

analysis. There are several procedures available for the assessment of crack growth due to 

creep CCG. [British Energy R5, ASME RP 579, BS 7910, French RCC-MR] 

Type 316 SS and some materials are designed with high thermal gradients to operate at 

high temperature environments such as aircraft gas turbine engine, hot section combustor 

liners. These materials are subject to cyclic strains that are produced thermally and/or 

mechanically and under these constant and cyclic temperatures- strains, isothermal and 

thermo-mechanical fatigue damages occur which will lead to the initiation of cracking and 

subsequent crack growth [2] like occurs in the Advanced Gas-cooled Reactor (AGR) in 

which the temperature oscillations have a major impact. The total strain under thermo-

mechanical fatigue (TMF) is, therefore, the sum of both thermal and mechanical strains.  

During services, in addition to LCF and TMF damages due to the start-up/shut-down 

cycling, the high-temperature components are exposed to the time-dependent creep 

damage due to their normal operation at elevated temperatures. For instance, when 
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considering the discs and blades in a gas turbine of an airplane that is subjected to take-off, 

steady-state cruising, and a short landing, during the on-load cruising periods many time-

dependent effects can be introduced amongst which creep is the most important factor. In 

many other systems like nuclear-pressure vessels and heat exchangers similar behaviours 

could be observed. As a result, for the materials used in these systems, the stress-strain 

behaviour of the components under cyclic loading and both creep-fatigue damages need to 

be thoroughly understood when characterizing the mechanical behaviours. In order to 

represent the stress-strain-temperature cycles generated in the systems mentioned above, a 

series of strain-controlled LCF and TMF experimental tests were conducted in which the 

start-up and shut-down cycle is produced via symmetrical and continuous fatigue cycle of 

equal strain rates in tension and compression and to reproduce the on-load period, hold 

times were introduced at a constant peak strain.  

The simulation of the components under cyclic loadings requires a combination of cyclic 

plasticity constitutive material model and an additional suitable damage model by which the 

stress-strain behaviour and the failure life can be accurately predicted. In the scope of this 

project, the experimental data from isothermal tests will be used to derive the parameters 

required to establish a reliable Finite Element (FE) material model to simulate the 316FR 

mechanical response under TMF operating conditions with and without hold time. Moreover, 

a finite element damage model in a creep/fatigue loading environment will be presented 

based on hysteresis energy concept to predict damage initiation and evolution under LCF-

TMF testing. 

Since the LCF-TMF behaviour at high temperatures is a very complex subject and many 

time dependent processes other than creep may be involved such as, the oxidation, 

dynamic-strain aging, mechanical instability, microstructural degradation, precipitation, 

frequency, strain rate, waveform, dwell position, dwell period, and strain range it is not, 

therefore, possible to cover all these factors in this dissertation and the attention was more 

given to study the LCF-TMF behaviour under creep-fatigue interactions with and without hold 

times at various frequencies. 

 Aims and Objectives 1.2

The overall aim of this project is to study the mechanical behaviour of the material Type 

316FR with cast S7646 under isothermal and thermo mechanical fatigue conditions and to 

simulate the observed experimental results of TMF tests with the use of acquired isothermal 

data. Additionally, the creep-fatigue interactions are to be investigated with the introduction 

of hold time for both LCF-TMF tests. The main objectives of the research are:  
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 To conduct Low Cycle Fatigue (LCF) and Thermo Mechanical Fatigue (TMF) 

experimental tests on Instron 8801 LCF-TMF testing unit(available at Imperial 

College London) to obtain the required stress-strain data on the Type 316 steel. 
 

 To determine the required parameters to define a material constitutive model to 

simulate and verify the LCF experimental results and to employ the isothermal 

data to predict the cyclic behaviour observed in TMF experimental results using 

the commercial finite element software, Abaqus. 
 

 To study the creep-fatigue interactions under cyclic loading conditions by 

conducting a series of LCF and TMF experimental tests with an introduction of 

hold time and observing the microstructural evolutions throughout the lifetime of 

the material. 
 

 To develop and implement a suitable damage model in Abaqus, to characterize 

the behaviour of the material under investigation during cyclic LCF-TMF loading 

with and without hold time. 

 Thesis structure 1.3

The general overview of the background knowledge relevant to the project, the elastic-

plastic and the damage constitutive models employed in the FE modelling part of the project 

in relation to the material used in this study is presented in Chapter 2. The behaviour of the 

material under investigation at elevated temperature under fatigue, creep and the interaction 

of both subjected to cyclic loading, i.e. low cycle fatigue (LCF) and thermo mechanical 

fatigue (TMF) conditions, are described. In this section, the cyclic plastic deformation and the 

strain hardening mechanisms are studied and the constitutive material models representing 

the material behaviour under cyclic loading are discussed, i.e. the isotropic, kinematic and 

the combination of both. In the end, several life prediction models have been discussed. 

In Chapter 3, the details of the experimental procedures carried out on the Type 316 FR 

austenitic stainless steel in accordance with the ASTM standards, the material preparation 

and its properties and the machine alignment are explained. Furthermore, the selection of 

the specimen geometry to reduce the risk of misalignment is discussed. 

In Chapter 4, the experimental LCF results, i.e. the stress versus mechanical strain 

hysteresis loops, the evolution of the maximum and minimum stress per cycle, the evolution 

of the accumulated inelastic strain energy density per cycle and the stress relaxation under 

both with and without hold time at 500°C and 650 °C are described. The experimental 

results obtained under TMF conditions, on the other hand, are shown in Chapter 5. Both 
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LCF-TMF results are for the strain ranges of ∆ɛ=±0.4% to ∆ɛ=±1.2% with temperatures 

cycling from 500°C to 650 °C in the case of TMF tests. The frequency of the cycles is varied 

from 0.001Hz to 0.01Hz in the tests with and without hold time respectively. 

The experimental data presented in  Chapter 4  and  Chapter 5 for LCF and TMF results 

respectively are used to  study the cyclic plasticity and the time dependency behaviour of the 

material until steady-state condition (stabilised cycle), as illustrated in Chapter 6. To define a 

constitutive model that can numerically replicate the cyclic behaviour of the material, the 

required hardening models (isotropic-kinematic) with their parameters are discussed next 

and finally the experimental isothermal LCF data are employed to predict the material cyclic 

behaviour under TMF condition.  

Having discussed the material behaviour until stabilised point in the previous chapters, 

the final stage, i.e. the failure is investigated experimentally and replicated numerically in 

Chapter 7. The damage initiation and damage evolution throughout the last stage of the 

material behaviour for the tests with continuous cyclic loading are assessed based on a 

hysteresis energy-based phenomenological model and with an addition of time fraction rule, 

the total damage model was investigated for the tests where the hold time was introduced. 

This model was implemented in Abaqus via user defined sub-routine. Finally, in chapter 8 

the overall research conclusions and suggested future work are stated. 

In the appendix section, included at the end of the thesis, a sensitivity analysis of the 

damage initiation and damage evolution parameters in the model based on hysteresis 

energy is included which investigates the contribution of each parameter in the overall output 

and also highlights the key factors (which could be a combination/interaction of the other 

parameters) that have more influence over the others.  

 

 

 

 



Chapter 2 

5 

  Chapter 2
 

Literature review 
 Overview 2.1

This literature review chapter is mainly associated with the general overview of the 

background knowledge relevant to the project, the elastic-plastic and the damage 

constitutive models employed in the FE modelling part of the project in relation to the 

material used in this study, namely 316FR steel with cast number S7646. The behaviour of 

material at elevated temperature under fatigue, creep and the interaction of both are 

described. Cyclic loading under both low cycle fatigue (LCF) and thermo mechanical fatigue 

(TMF) conditions, which introduce plastic behaviour and strain hardening, through isotropic, 

kinematic and the combination of both are reviewed in this Chapter. The final part of this 

chapter presents several life prediction models that have been used in the literature for the 

materials tested under LCF/TMF cyclic load conditions. 

 Introduction to the material under study 2.2

The engineering materials referred to as stainless steels are extensively used in many 

applications due to their resistance to corrosion, heat and staining with low maintenance and 

familiar lustre . Furthermore, stainless steels can be seen more frequently in dairy and food-

processing plants, power generation plants, gas turbines, petro-chemical and transportation 

industries operating at low-high temperatures. In addition to Iron (Fe), carbon (C) and 

chromium (Cr) the stainless steel may also have other elements such as nickel (Ni), 

molybdenum (Mo), tungsten (W), titanium (Ti), niobium (Nb) and manganese (Mn) of which 

the addition of a minimum of 12% chromium to the steel makes it resist rust, or in other 

words stain 'less' than other types of steel [3]. They are also categorised in 5 different 

groups, namely martensitic stainless steels, ferritic stainless steels, austenitic stainless 

steels, duplex (ferritic-austenitic) stainless steels, and precipitation-hardening stainless 

steels [4].  

According to the AISI nomenclature, the American Iron and Steel Institute, three 

subsequent numbers are used in order to identify the stainless steels. 100 , 200, 300, 400, 

500 and 600 series are allocated for austenitic chromium-nickel-manganese alloys, 

austenitic chromium-nickel-manganese alloys, austenitic chromium-nickel alloys, ferritic and 

martensitic chromium alloys, heat-resisting chromium alloys and  martensitic low-alloys 

respectively [5]. However, it can argued that the 300 series alloys containing 0.01-0.08% C, 

17% Cr, 12% Ni, 2% Mo and 0-0.13% N, are the most extensively used austenitic grade 

http://en.wikipedia.org/wiki/Lustre_(mineralogy)


Chapter 2 

6 

stainless steels within which the type AISI 316 is one of the most favourite. Austenitic 

stainless steels of type 316 are widely known as structural materials for the primary circuit of 

fast breeder reactors (FBR).  

The L grades represent low-carbon variants with a nominal C level of 0.03% that reduces 

the formation of carbides and hence improves the resistance to intergranular attack in 

corrosive environments which results in the type 316L to be an ideal candidate to be used as 

a weld filler material. However, the H grades have carbon levels approaching 0.1% and due 

to their high temperature strength compared to the standard or L grades, the type 316H 

alloys are preferred to be used at elevated temperatures. The addition of 2% Mo and 0.13% 

N improve the strength and the pitting corrosion resistance of the alloy [6]. The type 316FR 

with low carbon (approx. 0.01%) and medium nitrogen has a high thermal conductivity of 

liquid sodium coolant and high coefficient of thermal expansion   which makes it suitable for 

the FBR applications.[7]  

 Materials behaviour at elevated temperature 2.3

2.3.1 Fatigue mechanism 

In electric power plants, in order to follow the demands for electricity and equipment used 

for making chemicals, they may have to change their operating temperature and pressure 

and to shut down and re-start for their routine maintenance, Figure  2-1. This will cause the 

materials in the power plants to undergo increasingly arduous condition which may lead to 

fatigue failure [8]. Fatigue is known as an accumulative damage process occurring in a 

component subjected to cyclic loading conditions with the maximum stress during the 

deformation often being less than the ultimate tensile strength (UTS) of the material, 

although below or above the yield stress are other possibilities. In a very simple concept, 

when a motion is recurring, the object that is doing the work becomes weak and weaker and 

due to the alternating stresses over a long period of time Fatigue occurs [9].  

 

Figure  2-1: Typical aircraft flight cycle during take-off, flight and landing.[10] 
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2.3.1.1 Fatigue failure mechanism 

At elevated temperatures, the failure of engineering components which are subjected to 

high stress levels are often due to creep, fatigue, environmental processes or interaction of 

these mechanisms. The dominant failure mode can be identified by investigating material 

composition, heat treatment, cyclic to mean load ratio, frequency, temperature and the 

operating environment where more than one mechanism is involved the failure of the 

component [11]. To study the fatigue deformation behaviour of a material alone, laboratory 

fatigue deformation tests are usually conducted on uncracked round bar specimens at room 

temperatures. Note that in the tests at high temperature where the creep deformation is 

present, the tests need to be conducted under high frequency cycles and with no hold time 

introduced at maximum and minimum imposed strain amplitudes so that the dominant failure 

mechanism is fatigue. 

2.3.1.1.1 Fatigue crack initiation 

The mechanism of fatigue crack initiation is generally associated with the existence of the 

persistent slip bands (PSBs) [12] which are believed to be the major nucleation sites for 

cracks in metals and alloys of high purity. During fatigue cycling, the plastic deformation is 

mainly concentrated in the thin PSB lamellae and it is at least an order of magnitude higher 

than that in the matrix [13]. The surface roughening originated by the formation of PSBs, as 

shown schematically in Figure  2-2, is manifested as microscopic hills and valleys, commonly 

referred to as extrusions and intrusions. Despite the conflicting data regarding the crack 

nucleation sites, the cracks tend to initiate within the PSBs at the deep narrow intrusion, and 

the interface between the PSB and matrix (including the borders) [14]. 

 

Figure  2-2: Persistent slip bands formation leading to extrusions and intrusions [14] 
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Although the exact initiation sites are often specific to the alloy system considered, in 

metals and alloys of high purity, cracks tend to initiate at the free surface whereas in high-

strength nickel-base superalloys, cracks have been found to initiate near the large defects, 

either pores or nonmetallic inclusions. Considering the temperature at wich the fatigue 

mechansim is considered, the cracks are found to initiate at defects near the surface for both 

the low and high imposed strain amplitudes at the ambient temperature, however, at high 

temperatures, the cracks seem to nucleate at the interior or the surface of the specimen 

when imposed to low and high strain ranges respectively [15]. 

2.3.1.1.2 Fatigue crack propagation 

Subsequent to the nucleation of fatigue crack, which in general initiates at the free 

surface, the crack may grow in three stages, as shown schematically in Figure  2-3 [16]. The 

crack propagates at stage I in a crack-tip shear plane oriented at approximately 45° to the 

load axis which is an extension of the crack initiation that usually lasts a few grains. 

However, in stage II, the direction of the crack is perpendicular to the applied load and it 

grows by repetitive blunting and sharpening process at crack tip and the final region (stage 

III) during which the crack propagates rapidly until the final failure. The three stages (i.e. 
Stage I, II, and III) may be characterized by the featureless, striated, and microvoid-

coalescence regimes, respectively. Depending on the imposed strain amplitude, the 

fractional area of the fracture surface would vary for the three stages, i.e. in a test where the 

imposed strain amplitude is high, the material span life will be short with striation (stage II) 

covering most of the fracture surface, although stage III will be dominant for very high 

imposed strain-levels. However, in contrast, for the tests conducted under low level of 

imposed strain amplitude, the failure life will be long with the featureless regime (i.e. stage I) 

being the dominant fracture surface cover. 

 

Figure  2-3: Fatigue-crack growth failure stages across a specimen section [16, 17] 
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Paris, et al. [18, 19] in the early 1960s, presented fracture mechanics as a useful tool for 

characterizing crack growth by fatigue known as FCG which is usually observed as 

transgranular cracking at low temperatures. Fatigue crack growth is characterised by the 

stress intensity factor range, ∆𝐾 = 𝐾𝑚𝑎𝑥 − 𝐾𝑚𝑖𝑛 when the plasticity is neglected and the 

crack growth per cycle denoted here 𝑑𝑎/𝑑𝑁 , using the power law relation in steady state 

fatigue, is expressed by: 

 (𝑑𝑎/𝑑𝑁)𝑓 = 𝐶∆𝐾𝑚 ( 2-1) 

Where C and m are the material constant with m being approximately around 3 and  

∆𝐾 = 𝑌∆𝜎√𝑎 where ∆𝜎 is the range of applied stress and Y being the non-dimensional 

geometry factor [20]. Figure 16 is a schematic log-log plot of 𝑑𝑎/𝑑𝑁 versus ∆𝐾 (sigmoidal 

curve) which demonstrates typical fatigue crack growth behaviour in metals and consists of 

three regions. At the intermediate ∆𝐾 values, the curve is linear and deviate from the linear 

trend as 𝐾𝑚𝑎𝑥 approaches the 𝐾𝑐 (critical fracture toughness of the material) and 𝑑𝑎/

𝑑𝑁 approaches zero at a threshold∆𝐾 when ∆𝐾 is at the low level [9]. The linear region was 

expressed by ( 2-1). 

 

Figure  2-4: Three regions of the 𝑑𝑎/𝑑𝑁 curve (Threshold, Paris and accelerated) [21] 

Typically the primary and the tertiary regions of 𝑑𝑎/𝑑𝑁 as demonstrated in Figure  2-4 

(threshold and accelerated regions), are sensitive to the mean stress or the load ratio R 

defined by 

 𝑅 =
𝜎𝑚𝑖𝑛

𝜎𝑚𝑎𝑥
 ( 2-2) 
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Equation ( 2-2) is the ratio of minimum to maximum stresses and many researchers have 

developed models to include this ratio. Forman [22] proposed the following equation that 

includes the stress ratio along with the critical value of stress intensity factor. 

 (𝑑𝑎/𝑑𝑁)𝑓 = 𝐶∆𝐾𝑚/[(1 − 𝑅)𝐾𝑐 − ∆𝐾] ( 2-3) 

Klesnil and Lukas [23] also modified the Paris equation to account for the threshold by 

 (𝑑𝑎/𝑑𝑁)𝑓 = 𝐶(∆𝐾𝑚 − ∆𝐾𝑡ℎ
𝑚) ( 2-4) 

2.3.1.2 Fatigue parameters 

For a material subjected to fatigue, the failure can be associated with residual stresses, 

coating, corrosion and surface hardness but mainly advanced by high tensile stress, the 

large deviation between maximum and minimum stress magnitudes and large number of 

stress cycles elapsed. As a result, the fatigue parameters need to be identified for a material 

subjected to cyclic loading conditions in order to be able to study the influential factors which 

lead to the failure. For a specimen subjected to cyclic loading conditions, fatigue parameters 

can be defined and expressed as 

 ∆𝜎 = 𝜎𝑚𝑎𝑥 − 𝜎𝑚𝑖𝑛 ( 2-5) 

 𝜎𝑚𝑒𝑎𝑛 =
𝜎𝑚𝑎𝑥 + 𝜎𝑚𝑖𝑛

2
  ( 2-6) 

 𝜎𝑎 =
𝜎𝑚𝑎𝑥 − 𝜎𝑚𝑖𝑛

2
 ( 2-7) 

Where 𝜎𝑚𝑎𝑥  and 𝜎𝑚𝑖𝑛 are the maximum and the minimum loads in each cycle 

respectively, ∆𝜎 is the stress range, 𝜎𝑚𝑒𝑎𝑛  is the mean (average) stress and 𝜎𝑎 is the stress 

amplitude. The stress ratio, R, and the amplitude ratio, A, are then defined so that the fatigue 

cycle can be described. 

 𝑅 =
𝜎𝑚𝑖𝑛

𝜎𝑚𝑎𝑥
=

𝑃𝑚𝑖𝑛

𝑃𝑚𝑎𝑥
=

𝐾𝑚𝑖𝑛

𝐾𝑚𝑎𝑥
 ( 2-8) 

 𝐴 =
𝜎𝑎

𝜎𝑚𝑒𝑎𝑛
=

1 − 𝑅

1 + 𝑅
 ( 2-9) 

In equation ( 2-8), 𝑃𝑚𝑖𝑛, 𝐾𝑚𝑖𝑛 and  𝑃𝑚𝑎𝑥, 𝐾𝑚𝑎𝑥 are the load and stress intensity factors 

corresponding to the minimum and maximum stresses ( 𝜎𝑚𝑖𝑛, 𝜎𝑚𝑎𝑥) respectively. The R-

ratio is negative for the tests with tensile-compressive fatigue cycles whereas for the tests 
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with tensile-tensile cycles the ratio becomes always positive. It can also be noted that for a 

test under tensile-compressive cycle, known as fully reversed cycle, the magnitude of 𝜎𝑚𝑎𝑥  

and 𝜎𝑚𝑖𝑛 are the same by which R = -1 and 𝜎𝑚𝑒𝑎𝑛 = 0. The cyclic fatigue parameters are 

illustrated schematically in Figure  2-5. 

 

Figure  2-5: Typical cyclic loading fatigue parameters 

2.3.1.3 Cyclic hysteresis loops  

The curve obtained from the cyclic stress-strain response of a material subjected to 

fatigue cycle is termed the hysteresis loop. In a test under continually rising, monotonic, 

uniaxial load, if the loading process is reversed and the specimen is unloaded after yielding, 

the stress-strain relationship will follow a line with a slope equivalent to the elastic modulus 

E. If the unloading is then followed by a compressive load, the material yields at a stress 

level that is less than the yield stress in tension and it continuous until it reaches the 

maximum compressive stress after which if the loading process is continued from maximum 

compressive stress to maximum stress in tension then a hysteresis loop will result. 

Figure  2-6 illustrates a typical cyclic hysteresis loop with the important parameters. 

When subjected to strain-controlled cyclic loading, the cycling always occurs between the 

same total-strain limits.  If the maximum stress increases with each successive cycle, i.e. the 

stress necessary to attain a given total strain increases with each cycle, the material is said 

to cyclically harden. A reverse trend is also possible, i.e. if the maximum stress decreases 

with the number of cycles, the material is said to cyclically soften. The change of stress level 

during the initial small number of cycles, typically within 10 to 20% of the total fatigue life, will 

result both the plastic and elastic strain ranges to change during the test. In general, cyclic 

hardening and softening can be associated with the materials that are initially soft and hard 
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respectively [24, 25]. The cyclic hysteresis loops produced in a cyclic test for strong, tough 

and ductile materials under the same imposed strain range are illustrated in Figure  2-7 [26]. 

After hardening or softening process, the material reaches a stabilised/saturated point at 

which the shape of the hysteresis loops do not change from one to another. The stress-

strain data obtained from the stabilised hysteresis loop can be used in various fatigue-data 

analyses to predict for example the number of cycles to failure or the total energy absorbed 

in a cyclic test. In cases where the stabilised hysteresis loop is not identifiable, i.e. due to 

continuous decreasing or increasing stress level, the hysteresis loop at the half life may be 

used instead. The area inside a hysteresis loop which represents the inelastic strain energy 

absorbed per unit volume during one cycle can be used to indicate whether the material is 

brittle or ductile, for example if absorbed energy inside the area is small, the material is 

brittle and if it is large, the material appears as ductile. Also note the different imposed strain 

amplitudes correspond to the different types of energy in the hysteresis loops, i.e. the higher 

the strain amplitude is the higher the inelastic strain energy will be. Figure  2-7 

 

 

Figure  2-6: Typical cyclic hysteresis loop. 
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Figure  2-7: Hysteresis loops indicating the cyclic stress-strain behaviour for strong, 

tough, and ductile materials. [26] 

Applying various strain amplitudes, will result in new stabilised hysteresis loops to be 

obtained. Connecting the tips of these hysteresis loops will generate a curve that is termed 

the cyclic stress-strain curve. This curve can be established using a single or a series of 

specimens for a material at a specific test temperature on different imposed strain 

amplitudes, provided that the LCF life of the specimens is long enough. A typical cyclic 

stress-strain curve with the monotonic curve, for comparison, is shown in Figure  2-8 [26].  

 

Figure  2-8: Cyclic stress-strain curve obtained by connecting the tips of the stabilised 

hysteresis loops under various imposed strain amplitudes.[17, 26] 
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A power-law relationship can be used to represent the cyclic stress-strain curve shown in 

Figure  2-8, 

 ∆𝜎

2
= 𝐾′ (

∆𝜀𝑝

2
)

𝑛′

 ( 2-10) 

in which ∆𝜎/2, ∆𝜀𝑝/2 , 𝐾′ and 𝑛′ are the stress amplitude , the plastic-strain amplitude of 

the stabilised hysteresis loop, the cyclic strength coefficient and the cyclic strain-hardening 

exponent respectively. Despite the difference exists between the monotonic stress-strain 

curve and the cyclic stress-strain curve, the total strain is comprised of both elastic and 

plastic strains as shown below. 

 ∆𝜀𝑡/2 = ∆𝜀𝑒/2 + ∆𝜀𝑝/2 ( 2-11) 

In equation ( 2-11), the elastic component can be represented by the power relationship 

introduced by Basquin in 1910 [27], which correspond to elastic material behaviour in the 

Strain-Life approach as shown in equation ( 2-12). 

 ∆𝜀𝑒/2 =
𝜎𝑎

𝐸
=

𝜎𝑓
′

𝐸
(2𝑁𝑓)

𝑏 ( 2-12) 

The plastic strain component in the Strain-Life data could also be modeled using a power 

relationship developed independently by Coffin-Manson in the early 1950’s [28, 29],  

 ∆𝜀𝑝/2 = 𝜀𝑓
′ (2𝑁𝑓)

𝑐 ( 2-13) 

In equation ( 2-12) and ( 2-13), 𝜎𝑎 is the cyclic stress amplitude, 𝑁𝑓 is the number of cycles 

to failure, 𝜎𝑓
′ , 𝑏 , 𝜀𝑓 

′ , and 𝑐 are fatigue strength coefficient, fatigue strength exponent, fatigue 

ductility coefficient and fatigue ductility exponent respectively which can be obtained by 

plotting the elastic and plastic strain amplitudes (∆𝜀𝑒/2, ∆𝜀𝑝/2) against the number of 

reversals to failure (2𝑁𝑓) on a log-log coordinates as shown in Figure  2-9 . The fatigue 

strength and coefficient (𝜎𝑓
′ , 𝜀𝑓 

′ ) are defined by stress and strain intercepts at 2𝑁𝑓 = 1 

respectively whereas the slopes of the lines define the constants 𝑏 (elastic line) and 𝑐 

(plastic line). The strain-life curve shown in Figure  2-9 can be approximated by summing the 

elastic and plastic components from equations ( 2-12) and ( 2-13). 

 ∆𝜀𝑡/2 =
𝜎𝑓

′

𝐸
(2𝑁𝑓)

𝑏
+ 𝜀𝑓

′ (2𝑁𝑓)
𝑐 ( 2-14) 
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Figure  2-9: Typical Low cycle fatigue life including total strain, plastic strain and elastic 

strain amplitudes. 

 

2.3.2 Dynamic Strain aging (DSA) 

Rapid diffusion of the solute atoms in the specimen under test at a rate faster than the 

speed of the dislocations leads to the discontinuous yielding behaviour of the material which 

is termed as dynamic strain aging (DSA). The DSA concept equivalent to Portevin-Le 

Chatelier (PLC) effect was initially introduced in [30] and further examined in [31-33]. DSA, 

which is activated at elevated temperatures due to its attribution to bulk diffusion as 

suggested in [34], is characterized by the diffusion of solutes such as interstitial particles 

around the dislocations [35]. The dislocation motion is a discontinuous process and therefore 

when the dislocations are caught and locked by the solute atoms they arrest until the stress 

is sufficient to move them until the next obstacle, i.e. an increase in load is required to 

overcome the obstacles between the dislocations and the solute atoms and once the 

dislocations are torn away the load drops suddenly. The longer the dislocations arrest the 

higher the stress would be needed to unpin the solute atoms.  

The effect of this phenomenon (DSA), which generally depends on the strain rate, grain 

size and temperature is repeated continuously with the serrations in the stress-strain 

response and it has been highlighted that due to higher solubility and diffusion coefficient, 

Nitrogen has a major effect in the strain aging of steels when compared to Carbon [36]. 

Evidence of DSA effect was observed in a variety of face centred cubic (f.c.c) and body 
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centred cubic (b.c.c) materials in [37, 38] and [39] respectively, for which constitutive models 

are developed to describe the effect of this phenomenon (e.g. [39]).  

2.3.3 Deformation of material under uniaxial and multiaxial stresses 

Under uniaxial stress, when the stresses are greater than the yield strength of the 

material, the plastic deformation occurs which is a constant volume and non-reversible 

process. The deformation process for an elastic-plastic material under strain hardening can 

be expressed by Romberg-Osgood law [40] as follows: 

 ε =
𝜎

𝐸
+ 𝐴𝑝𝜎𝑁 ( 2-15) 

In which the total strain ε is represented by adding the elastic σ/E and plastic element of 

strain 𝐴𝑝𝜎𝑁  together. The plastic deformation can alternatively be expressed in a normalised 

form; 

 
𝜀

𝜀𝑦
= α(

𝜎

𝜎𝑦
)𝑁  ( 2-16) 

With α being the yield offset, 𝜎𝑦 the yield stress and𝜀𝑦 the corresponding strain at𝜎𝑦 . Under 

multiaxial stresses, a body that is subjected to a combined state of stress will yield when an 

equivalent stress, 𝜎 is obtained and 𝜎 can be described by either Von Mises or Tresca 

stress. 

 𝜎 =
1

√2
[(𝜎1 − 𝜎2)2 + (𝜎2 − 𝜎3)2 + (𝜎3 − 𝜎1)2]0.5 ( 2-17) 

In equation ( 2-17) 𝜎1, 𝜎2, 𝜎3 are the principal stresses. Therefore the equivalent plastic strain 

for Romberg-Osgood law based on equations ( 2-15) and ( 2-16) can be shown as below: 

 𝜀̅ 𝑝 = α𝜀𝑦(
𝜎

𝜎𝑦
)𝑁 = 𝐴𝑝�̅�𝑁   ( 2-18) 

2.3.4 Creep mechanism 

2.3.4.1 Creep deformation-uniaxial stresses 

A time dependent process at elevated temperature which results in a non-recoverable 

deformation is defined as creep. Creep may ultimately lead to failure known as creep rupture 

or assist in developing cracks, CCG and most likely occurs for components which are under 

stress for a long period of time or subjected to high temperature or a combination of both. 

Although in polymers the creep strains can be fully or partially recoverable but in metals is 
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characterised by an accelerating creep rate. Tertiary stage is the precursor to final failure 

and usually consists of necking as illustrated in Figure  2-12. An increase in local stresses 

under a constant load, formation of a neck, voiding and/or cracking and over-aging can lead 

to the uniaxial creep fracture in a specimen [11]. On the other hand, nucleation and 

coalescence of voids on the grain boundaries are generally expected to take place in the 

tertiary creep region.  

 

Figure  2-12: Creep deformation- Tertiary stage-necking[1] 

 

 Analogues to plasticity deformation, for an isothermal condition the steady state 

creep rate is shown by Norton power law; 

 𝜀�̇� = A𝜎𝑛   ( 2-19) 

and in a non-dimensional form similar to equation ( 2-16) 

 
𝜀�̇�

𝜀0̇
= (

𝜎

𝜎0
)𝑛  ( 2-20) 

where the material constants are 𝜀0̇ , 𝜎0 , the strain rate and the stress respectively and 𝑛 

that is the steady state creep exponent. There are various physical models that describe the 

creep response of metals and structure as presented in Figure  2-11. It is possible to express 

the minimum secondary creep strain rate 𝜀�̇� or 𝜀�̇�
𝑐   when the secondary creep dominates in 

the form of: 

  𝜀�̇�
𝑐𝛼 𝜎𝑛 𝑒𝑥𝑝(−𝑄/𝑅𝑇)  ( 2-21) 

Simple power law stress dependence is not always satisfactory and therefore an 

exponential expression of the following form is more adequate [41]. 
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  𝜀�̇�
𝑐𝛼 exp(𝛽𝜎) 𝜎𝑛 𝑒𝑥𝑝(−𝑄/𝑅𝑇)  ( 2-22) 

where 𝛽 is a material dependant constant and 𝑄 is the activation energy. It was shown in 

[42] provided 𝛽 = 𝛼𝑛 equations ( 2-21) and ( 2-22) can be illustrated in the form of: 

  𝜀�̇�
𝑐𝛼(𝑠𝑖𝑛ℎ  𝛼𝜎)𝑛𝜎𝑛 𝑒𝑥𝑝(−𝑄/𝑅𝑇)  ( 2-23) 

When 𝛼𝜎 < 0.8 and 𝛼𝜎 > 1.2 equation ( 2-23) reduces to equations ( 2-21) and ( 2-22) 

respectively. These model based laws are rarely useful in engineering purposes 

nevertheless they provide a better understanding of the creep behaviour. In order to provide 

a more accurate description of the observed creep curve, empirical laws have been created 

[42],[43] that represent the three stages of the creep as listed below: 

Primary creep for when  𝑇/𝑇𝑚 < 0.3, as work-hardening process dominate and primary 

creep is observed. 

  )1ln( tc     ( 2-24) 

𝑇/𝑇𝑚  is the ratio between absolute and absolute melting temperatures respectively, 𝛽 

and 𝛼 are function of stress and temperatures. For 0.3< 𝑇/𝑇𝑚 <0.5 the secondary creep 

region starts to appear and a typical equation can be written as: 

 𝜀𝑐 = 𝛼𝑡𝑚 + 𝜀�̇�
𝑐  𝑡   ( 2-25) 

Equation ( 2-25) is the sum of primary and secondary creep region respectively where m 

takes the value less than 1 and t is the test time. Finally for 𝑇/𝑇𝑚 >0.5 although Equation 

( 2-25) is still applicable, an alternative expression has been provided: 

 𝜀𝑐 = 𝜀𝑡 [1 − exp (
−𝑡

𝜏
)] + 𝜀�̇�

𝑐  𝑡    ( 2-26) 

In this report, to describe the creep response of the materials subjected to strain-

controlled low cycle fatigue (LCF) and thermo mechanical fatigue (TMF) tests, the primary 

and secondary creep strains were used as expressed in equations ( 2-27) and ( 2-28) 

respectively which  will be discussed in further details in the next chapters. 

 

   𝜀𝑐𝑝 = 𝐴1𝑡𝑝𝜎𝑛1 ( 2-27) 

 𝜀𝑐𝑠 = 𝐴1𝑡𝑓𝑝
𝑝𝜎𝑛1 + 𝐴𝜎𝑛(𝑡 − 𝑡𝑓𝑝) ( 2-28) 
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where t is time in hours, A1, p, and n1 are the material constants in the primary regime 

and A and n are the constants for the secondary creep regime. tfp is  also defined as the 

transition time at which the primary and secondary creep strain rates are equal. 

One of the key elements that play a major rule in creep process is the microstructure of 

the material, as creep damage occurs first on grain boundaries. The microstructure consists 

of the grain size, size and type of precipitates, orientation of grain boundaries to loading 

direction and etc. which can be either homogenous where the majority of the metallic 

materials are and they are in the same size and have similar properties, or inhomogeneous 

i.e. welded materials. When a material is welded the inhomogeneous part is created across 

the weld and the parent material adjutant to the weld, known as Heat Affected Zone (HAZ) 

[44]. As it can be seen from Figure  2-13, the grain size varies across the weld and HAZ and 

therefore different creep strain rates are expected from various part of the microstructure. 

Moreover, due to the residual stresses introduced during welding process, higher complexity 

is observed when investigating the creep behaviour of the welded material, i.e. in low alloy 

steels lower creep deformation rate, higher creep rupture strength and lower creep ductility 

than that of the base material is reported for the coarse grained HAZ, whereas, higher creep 

deformation rate, lower creep rupture strength and higher creep ductility than that of the 

base material reported for the partially transformed and tempered zones. [44] 

 

Figure  2-13: Typical diagrammatic section of a heat-affected zone where the 

microstructure changes during welding.[45] 
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2.3.4.2 Creep deformation-multiaxial stresses 

Creep deformation at high temperature is described analogues to plasticity by replacing 

the plastic strain with the creep strain rate. Hence, it can also be shown that the equivalent 

creep strain rate under multiaxial stress condition, 𝜀 ̅̇ ,  can be expressed in terms of 

equivalent stress �̅� [46].Under multiaxial stress condition, Cock and Ashby [47] provided a 

model associated with the coalescence of voids along grain boundaries which enhances the 

void nucleation and growth, ultimately reducing the creep ductility. 
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    ( 2-29) 

 ℎ = 𝜎𝑚/�̅�𝑒𝑞  ( 2-30) 

 𝜎𝑚 =
𝜎1 + 𝜎2 + 𝜎3

3
  ( 2-31) 

In which 𝜎1, 𝜎2, 𝜎3 are the principal stresses and ℎ is the ratio between the mean stress  

𝜎𝑚 (hydrostatic) and equivalent (von Mises) stress �̅�𝑒𝑞 which is also referred to as the 

triaxiality and has a value of 1/3 for uniaxial conditions which holds true for  𝜀𝑓
∗ = 𝜀𝑓. The 

effect of triaxiality using this model in [48] has provided a good representation on rupture life 

of a C-Mn steel. 

2.3.4.3 Creep rupture 

In most of the engineering metallic materials the rupture time estimation, which plays a 

major key in defining the time of the rupture when a component is designed to operate in 

creep regime, has an inverse power law dependency on the applied stress as shown below. 

 𝑡𝑟 =
𝜀𝑓

𝜀0̇
(

𝜎

𝜎0
)

−𝜈𝑟

= 𝐵𝑟𝜎−𝜈𝑟  ( 2-32) 

In which 𝜀𝑓 is the uniaxial failure strain, 𝐵𝑟 and 𝜈𝑟 are the rupture constant that may be 

defined by fitting to creep test data [49] as shown schematically in Figure  2-14. From the 

combination of equation ( 2-32) and the average creep strain rate (i.e. 𝜀�̇� = 𝐴𝐴𝜎𝑛𝐴, 𝐴𝐴 and 𝑛𝐴 

are the average constant and power exponent) the following equation can be obtained which 

demonstrates the dependency of rupture time to the applied stress. [49] 

 𝜀𝑓 = 𝜀�̇�𝑡𝑟 = 𝐴𝐴𝐵𝑟𝜎𝑛𝐴−𝜈𝑟   ( 2-33) 

For 𝑛𝐴 = 𝜈𝑟 the creep failure strain will be independent of stress whereas for 𝑛𝐴 > 𝜈𝑟 when 

stress decreases creep ductility will also decrease. 
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Figure  2-14: Representation of Creep rupture in power law expression. 

 

2.3.4.4 Creep hardening laws 

In creep tests where the load and temperature are usually constant, the creep strain rate 

can be defined using the primary, secondary or the combination of both as mentioned in the 

previous sub-sections. In the tests where the load (stress) and/or temperature vary a creep 

hardening law would be required since the rate of the creep deformation depends on the 

applied stress, temperature and the current creep strain in the material [11].  

The commonly known strain hardening (SH) law and time hardening (TH) law are 

employed to identify the state of the specimen by the current creep strain or the exposed 

time in the material respectively. The SH and TH laws are represented in equation ( 2-34) 

and ( 2-35) respectively. 

Strain hardening law (SH) 𝜀̇𝑐 = 𝑓(𝜎, 𝑇, 𝜀𝑐) ( 2-34) 

Time hardening law (TH) 𝜀̇𝑐 = 𝑓(𝜎, 𝑇, 𝑡) ( 2-35) 

The creep strain rates obtained from both SH and TH approaches are not equal as shown 

schematically in Figure  2-15. It can be observed that when the materials condition change 

(loading changes) from σ1, T1 to σ2, T2 and finally to σ3, T3, if the time hardening law is 

assumed, then by changing the loading conditions to σ2, T2 the subsequent creep strain rate 

would be defined at point B’ whereas point B would be the corresponding point if the strain 

hardening law is used. The two approaches (SH, TH) will affect the accumulated creep strain 

in the material. It can be said that the strain hardening law is more appropriate to be 

employed in the tests where the time hardening i.e. primary creep is dominant, whereas the 

time hardening law can be used for when the stress in the component decreases or the 

tertiary creep dominates. [11, 50]. 
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Figure  2-15: Creep strain accumulation based on strain and time hardening laws  

 

2.3.5 Creep-Fatigue interaction 

In austenitic stainless steel, the damage mechanism of components in aircraft engines 

and power-generating plants which are subjected to the combined cyclic loading as well as 

creep can be associated to the interaction of different operating conditions such as 

temperature intervals, strain range levels, strain rates, frequency and environmental effects 

which may lead to both creep and/or fatigue failures. The activation or deactivation of the 

damage mechanism under creep, fatigue or the combination of both could influence the 

cracking behaviour from, for example, transgranular cracking in fatigue conditions, to 

intergranular for creep dominant regimes.  

In Figure 2-16 the different failure modes are represented in which under fatigue failure, 

Figure 2-16(a), the cracks initiates on or near the surface and propagates through the grains 

and the crack path is formed as transgranular. In the tests where the creep-fatigue 

interaction exists, due to consequential or simultaneous creep damage accumulation, the 

creep-cavitation damage within the material and the surface-fatigue damage initiate 

independent of each other and the crack propagates in both transgranular and intergranular 

form (Figure  2-16 c). In the tests where the creep damage dominates, the initiation and 
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growth of cavities along the grain boundaries lead to intergranular crack path in the material 

(Figure  2-16 b). 

         

 

Figure  2-16: Schematic of creep-fatigue failure mechanisms: (a) fatigue dominated, (b) 

creep dominated, (c) creep-fatigue interaction. [17, 51] 

 

It must be noted that one of the aims of conducting tests under creep-fatigue interaction is 

to be able to predict the fatigue life and the failure mode of specimens under various 

conditions so that the boundaries can be defined from which  the extrapolation of short term 

laboratory data can be validated.  

2.3.5.1 Damage mechanisms under Creep-Fatigue interactions 

In the continuous cyclic loading tests (fatigue tests) where the cyclic-strain rate, the 

frequency of the cycles is reduced or the tensile hold time is increased, the creep component 

of the cycles will be increased which will consequently alter the failure mode into either 

fatigue-damage dominated or cavitation-damage dominated. As a result, three different 

mechanisms can be derived for the tests under creep-fatigue interactions as listed below; 

1. Continuous cyclic-crack initiation enhanced by the creep-cavitation damage, 

2. Continuous cyclic-crack propagation enhanced by the creep-cavitation damage, and 

3. Creep-cavitation damage enhanced by cyclic loading. 

The above mentioned mechanisms are represented in Figure  2-17. The influence of 

creep-cavitation damage on continuous cyclic-crack initiation and/or propagation and the 

effect of imposition of cyclic loading in cases where cavitation damage enhances are 

represented schematically in Figure  2-18 and Figure  2-19 respectively [52].  

Experimental results indicate that the number of crack initiations varies depending on the 

mechanism of the failure, i.e. in the tests under pure fatigue condition, only one or two 

cracks may initiate, whereas in the tests where the creep-fatigue failure dominates, many 

grain boundaries at the surface can lead to many cracks from which the largest propagates 

as the major crack (Figure  2-18 a). As illustrated in Figure  2-18 b, the enhanced fatigue 

crack growth can propagate by lengths much greater than the crack-tip opening 
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displacement. In the case where the rate of damage formation is advanced with the 

imposition of cyclic loading, i.e. the enhanced cavitation damage as represented in 

Figure  2-19, although the integrated stress-time area is smaller for cyclic loading than it is for 

monotonic loading, yet the cavitation damage is greater. 

 

Figure  2-17: Damage mechanism deviation from the linear-damage rule caused by the three 

mechanisms of Creep-Fatigue interaction.[17, 52]  

 

Figure  2-18: The (a) crack initiation or (b) crack propagation under fatigue dominated 

failure, accelerated by cavitation damage.[17, 52]   

𝑵𝒊= Cycles for crack initiation 

∆a= crack advance per cycle 

∅= Crack tip opening displacement 
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Figure  2-19: The rate of the damage accumulation enhanced in a cavitation-dominated 

failure by the imposed cyclic loading in which the stress-time area is smaller for cyclic 

loading (b), when compared to the monotonic loading area (a). [17, 52]   

2.3.5.2 Hold time effects 

In continuous strain-controlled cyclic tests the term, hold or dwell time, refers to that 

portion of strain cycles during which the specimen is held at the maximum strain in tensile or 

compressive half of the cycle, or both, which results in the stress relaxation to occur. The 

need for such testing can be associated with the general lack of the correlation between the 

observed conventional LCF lives of materials when compared with the actual service 

experience [53]. Introducing hold time during experimental short term tests enables to 

systematically impose a creep component on the cyclic loadings and the simulation of the 

steady state operation of the high-temperature components between transients as was 

shown in Figure 2-1. This method of introducing hold time is the most extensively used 

method of studying the interactions of creep-fatigue in high-temperature materials [54-62].  

Figure  2-20 illustrates the strain as a function of time with possible position of hold times for 

a test under strain-controlled condition. From the results in the literature it can be argued that 

the imposition of tensile hold times during the cyclic loading tests will decrease the number 

of cycles-to-failure, relative to continuous cycling for Incoloy 800 [63], IN 595 [64], Type 304 

SS [63, 65], Type 316 SS [63, 66-69], 20Cr-35Ni SS [70] and Hastelloy X and its modified 

version, Hastelloy XR [71]. Increasing the hold time tend to change the fracture mode from 

the transgranular to intergranular failure [63, 66, 72] and furthermore, decreases the number 

of cycles-to-failure [63, 66, 67, 70] which can be ascribed to the occurrence of enhanced 
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creep and oxidation damage at grain boundaries as shown by Srinivasan et al  in [60], in an 

effort to study the effect of hold time on LCF behaviour of  316L stainless steel. 

 

 

 

  

  

Figure  2-20: Cyclic loading strain vs time waveform with various hold times 

 

For the tests where the hold times were introduced, the decrease in the fatigue life  were 

associated and explained with the conversion of the elastic strain to plastic and/or creep 

strain in [53, 59], i.e. the increase in the plastic-strain range were used to explain the reason 

for the reduction of fatigue lives. This approach could only provide a general view as to the 

tests with hold times and the reason as to why in some cases, tensile hold times are more 

detrimental than compressive hold times or vice versa were yet to be further explained.  

However, it is generally agreed that the stress relaxation occurs during the hold time, i.e. 

the creep damage, causes cavities on grain boundaries which may interact with a 

propagating fatigue crack, resulting in an increased crack-growth rate. This can be held true 

for the tests with tensile hold times since in the tests where there is only a compressive hold 

time, the cavities in grain-boundary will not form and for the tests with balanced hold times, 

i.e. tests with both compressive and tensile hold times, the cavities generated during the 

tensile hold time may be sintered during the compressive hold time since this needs both 

shear and normal tensile stresses across the grain boundary [63]. This mechanism of 

interactions of grain boundary cavities and fatigue cracking can be used to explain the 

experimental results in which the tensile hold times appeared to be more damaging than 

either a compressive hold time [73] or balanced hold times in both tension and compression 

[63].  
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Lord and Coffin in [74] discuss about the tensile mean stress which could develop during 

a cyclic loading tests with compressive hold time when the ratio of the plastic to elastic strain 

is small and this may enhance the crack opening, and, hence, the crack-growth rate. This 

phenomenon indicates the possibility of the tests with compressive hold times being more 

damaging than the tensile hold times, as has been reported for the 2-1/2Cr-1Mo steel [75, 

76] and nickel-based superalloys, In 738 [59], UDIMET 700 [77], and cast Rene 80 [74]. In 

the tests with tensile hold times where the damage is found to be more severe, the ratio of 

the plastic to elastic strain is large which can be an indication that the compressive mean 

stress does not develop during tensile only hold times. In the tests where balanced hold 

times are imposed, the tensile mean stress developed during the compressive hold time will 

be eliminated by the tensile hold times and therefore the damage encountered will be the 

least amongst the other two hold time tests [74]. 

 
 

Figure  2-21: Typical partitioning of a cyclic hysteresis loop with tensile hold period in 

which; ∆𝜀𝑝𝑝=Pure fatigue inelastic strain range, ∆𝜀𝑝=Plastic strain component at half-life, 

∆𝜀𝑐=True creep strain component at half-life and 𝜀�̇�𝑤 = Transitional strain rate 

 

The studies of Hales conducted on Type 316 SS specimens in [51] which were tested at 

600 °C under creep-damage condition, i.e. with hold time, proposed that a creep strain rate 

of less than 10-4 s-1 was required to cause the grain-boundary damage and the accumulation 

of creep strains during the stress-relaxation mode can be calculated as shown in equation 

( 2-36). 
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 𝜀 =
𝜎𝑚𝑎𝑥 − 𝜎𝑚𝑖𝑛

𝐸
=

1

𝐸
{𝜎𝑚𝑎𝑥 − [𝜎𝑚𝑎𝑥

1−𝑛 + 𝐴𝐸(𝑛 − 1)(𝑡 − 1)𝑝]
1

1−𝑛} ( 2-36) 

 

In which, 𝐸 is the Young’s Modulus, 𝜎𝑚𝑎𝑥 is the stress at the beginning of the relaxation 

process, 𝜎𝑚𝑖𝑛 is the stress at the end of holding time, t and the constants 𝐴, 𝑝 and 𝑛, being 

the creep constants which were discussed earlier in  2.3.4. As illustrated schematically in 

Figure  2-21 [78], apparently, only a fraction of the relaxation strain during the hold period 

contributes to the creep grain boundary damage. The fraction could be defined with a 

transitional strain rate, 𝜀�̇�𝑤 above which, the matrix deformation (fatigue damage) dominates 

and below 𝜀�̇�𝑤, the grain-boundary cavitation (creep damage) dominates.  

2.3.5.3 Effect of Grain size -Strain range and Creep ductility 

In cyclic loading tests where a hold time is introduced to study the effect of creep-fatigue 

interactions, other influential factors also need to be considered when the results are 

discussed. The grain size of the material, imposed strain range during the test and the creep 

ductility of the material under investigation are the three most important parameters that can 

influence the fatigue life and failure mode of high temperature alloys. Temperature and the 

frequency of the loading cycle are the other factors which will be discussed in the next 

section. The studies of few researchers [79-82] on the influence of grain size have shown 

that the grain size effect on the fatigue life is more pronounced during the test conditions in 

which the intergranular failure was considerable.  

 

Figure  2-22: Variation of grain size for different steels on the low cycle fatigue and creep-

fatigue interaction lives. [17] 
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The fatigue lives of various stainless steels have been studied with the variation of their 

grain size for the tests conducted at 600°C and a strain rate of 6.7 × 10-5 s-1 as shown in 

Figure  2-22 [79], in which, increasing the grain size decreased fatigue lives. Moreover, the 

fracture mode in the hold-time tests changed to completely intergranular features from 

dominantly transgranular and became more distinct with increasing the grain size. The 

decrease in fatigue lives due to increasing the grain size can be associated with the ease of 

the formation of wedge cracks and cavities at the grain boundaries in coarse-grain materials. 

The work of Maiya and Majumdar in [80] on Type 304 SS, also provided similar results in 

which they found that the effect of variation in grain size was more pronounced where the 

hold time was introduced in tension. 

The influence of creep ductility and strain range can be discussed based on the results 

Miller et al. provided in [83] on endurance and fracture mode of the low alloy ferritic steels as 

shown in Figure 2-23. It can be seen that the number of cycles to failure reduced as a result 

of reducing the creep ductility. An increase in creep ductility and strain range resulted in the 

creep-fatigue interaction to be predominant and the creep failure became more pronounced 

when the strain range and the ductilities were low and/or the hold times were increased. The 

reason why the creep damage becomes dominant is attributed to the fact that the 

development of internal creep damage becomes faster than the surface crack initiation at 

low strain ranges by which the failure becomes creep dominated [17]. In contrast, at both 

very high strain levels and fast cyclic loading conditions (i.e. high frequency) where there is 

not enough time for the occurrence of creep damage, the failure becomes fatigue 

dominated. 
 

 

Figure  2-23: Ductility effect for low alloy ferritic steels.[17] 
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2.3.5.4 Effect of Frequency and Temperature  

Failure mechanism of the material under cyclic loads can significantly vary when the 

temperature of the test or the frequency of the cyclic loads are altered. For example, 

increasing the temperature or decreasing the frequency at a given elevated temperature will 

favour the time-dependent process (creep damage) to be the dominant failure mode. This 

failure mechanism, time-dependent process, may include the environmental interactions, 

grain-boundary sliding, strain aging, dislocation climb-cross slip and other microstructural 

instabilities which can affect the fatigue life. The dynamic strain aging (DSA) which occurs at 

elevated temperatures and produces a more fatigue-resistant microstructure is reported to 

be the mechanism in [84, 85]. The experimental results observed in [85] indicate that the 

increase in the fatigue life due to increasing the frequency can be ascribed to the effects of 

creep and oxidation being eliminated and the decrease of the fatigue life can be associated 

with the less cross slip and the promotion of very planar slip.  

Overall, a change in the fracture mode from the transgranular to intergranular fracture can 

be expected to occur as a consequence of the decrease in the fatigue life which resulted 

from the increase in the temperature or the decrease of the frequency. This also indicates 

that the time dependent creep damage component increases. Figure  2-24 represents the 

families of creep curves obtained for the tests performed at a constant load (stress) with 

various temperatures. The creep failure accelerates (all stages of creep) as the stress or 

temperature increases [11]. 

 

Figure  2-24: The effect of variation of stress and temperature on creep curves. 

 

Having studied the factors that may influence the damage mechanism in cyclic loading 

tests, it can be concluded that the damage mechanism can change with the test conditions 

and since creep and creep-fatigue interactions are dependent on the microstructure of the 
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materials, hence, the precise strain range, frequency, temperature and the ductility regimes 

over which they operate will vary from cast to cast [86]. 

 Materials behaviour under LCF-TMF conditions 2.4

In the engineering vocabulary the word, fatigue, which is commonly associated with 

physical and mental weariness, has widely become acceptable to describe the damage and 

fracture of materials and structural components which are subjected to cyclic, repeatedly 

applied stresses or strains. Under the influence of cyclic loads where the maximum loads are 

considerably smaller than the ‘safe’ loads estimated from the static testing data, the fatigue 

failure is expected to occur. In order to be able to more accurately describe the material 

behaviour under cyclic loads at constant temperatures, it is important to note the differences 

exist between the high-cycle fatigue (HCF) and low cycle fatigue (LCF). For the tests under 

LCF condition, the cycle number up to the initiation of a visible crack or until the final fracture 

is anticipated to occur below 104 or 5 × 104 cycles and usually the peak stresses are above 

the tensile yield strength, which hence, results in a noticeable plastic component in the 

strains induced. In contrast, in HCF, the strains are restricted, at least from a macroscopic 

point of view, to the elastic region.  

The term, thermo-mechanical fatigue (TMF) in engineering components, is the result of 

cyclic temperature and mechanical loading which causes a synergistic damage process and 

will lead the components to fatigue crack initiation (FCI), fatigue crack growth (FCG) and 

failure. TMF can be considered as anisothermal LCF process when the initiation of cracks 

tends to occur at a number of cycles of around 5x104 cycles [87]. 

Both LCF and TMF tests are usually conducted under uniaxial conditions where in 

isothermal LCF tests one of the aims is to extract the material properties under cyclic loads 

at different constant temperatures so that the behaviour of the material under TMF condition  

with temperature cycles can be simulated. Although predicting TMF behaviour via LCF 

experimental results ignores the effect of the temperature cycles in the effective inelastic 

mechanical strain, registered during the real operating conditions, and the cyclic stress-strain 

behaviour and/or the damage mechanism under TMF loading may differ significantly from 

the material behaviour recorded under isothermal loading [88], but since a large amount of 

different TMF tests would be necessary to reproduce the different operating conditions of the 

components, the use of isothermal data seem to be more effective to attempt  [89-91].  

For the tests under TMF condition, the laboratory tests are designed to assess life based 

on In-Phase (IP) or Out-Phase (OP) cycles.  In IP concept (𝜑 = 0°) the maximum 

mechanical strain coincides with the maximum temperature of the cycle and in OP (𝜑 =

180°) the mechanical strain maximum happens to be at the minimum where 𝜑 is the phase 
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shift between 𝜀𝑚 and 𝑇. The variation of strain components with temperature in OP and IP 

cases is illustrated in Figure  2-25. Under IP condition enhanced fatigue life is observed since 

the Young’s Modulus and yield point of the material reach their lower magnitude and a 

beneficial mean compressive stress develops that reduces the amplitude of the tensile 

stress per cycle. 

 

 

Figure  2-25: Typical strain-temperature profile for TMF tests under a) In-Phase (IP) and 

b) Out-of-Phase (OP) condition. [87] 

 

Figure  2-26 also illustrates a schematic of stress-strain behaviour corresponding to TMF 

IP and OP cases. 

          

Figure  2-26: Cyclic stress- strain hysteresis loops under TMF-OP and TMF-IP cases. [92] 
 

The components which operate at high temperatures and are subjected to cyclic 

deformations in the heating and cooling transients that occur during start up, shutdown and 

during operation regime changes  are associated with the LCF-TMF phenomenon [87]. The 

aircraft fan blades, automotive combustion engine cylinder heads, pistons, exhaust elbows 
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and the light water reactor piping systems of the nuclear industry are also the typical 

examples of structures prone to suffer LCF-TMF failure.  

 Hardening models for cyclic plasticity 2.5

For the materials subjected to cyclic loading condition the resulted plastic deformations 

generate other phenomena such as cyclic hardening or cyclic softening, the Bauschinger 

effect, ratcheting and dynamic strain aging. In order to represent the cyclic stress-strain 

behaviour, under tension-compression conditions, which occurs under cyclic loading with 

time independent effects, the isotropic hardening, kinematic hardening or some combination 

of both, i.e. the nonlinear isotropic and kinematic hardening models need to be employed. 

These models are discussed briefly in the following sub-sections. 

2.5.1 Isotropic hardening model 

The isotropic hardening describes the change in size of the yield surface. For a specimen 

subjected to uniaxial tension-compression loading, the yield stress generated in tension with 

the new yield stress in compression will be equal in magnitude, that is, the yield surface has 

expanded, Figure  2-27 and Figure  2-28. The isotropic hardening model is based on the 

relation between the equivalent stress σ0i and the equivalent plastic strain 𝜀̅𝑝𝑙 of the material. 

When the specimen in uniaxial tension is loaded beyond the yield point B in Figure  2-27, the 

equivalent plastic strain begins to increase and if the load is reversed, the peak stress in 

tension will determine the new yield limit in compression. The material will behave linearly 

and with constant equivalent plastic strain until the maximum stress in tension D is 

exceeded, then yielding will take place again and the equivalent plastic strain will increase 

which will define the updated new yield point and this process will be repeated cycle by 

cycle. 

As shown schematically in Figure  2-28, the change in the yield surface is represented by 

A, B, C and D which corresponds to the points indicated earlier in Figure  2-27. The change 

of yield surface with uniform changes in all directions from the initial point, A, to D within the 

first cycle indicates the yield surface changes sizes but the shapes do not change. The 

isotropic hardening model has been widely used in literature to reproduce the cyclic stress-

strain behaviour of different materials [93-95]. This model is implemented in the finite 

element analysis package, Abaqus [96], through a tabular function of the yield surface, σ0i 

versus the corresponding equivalent plastic strain 𝜀 ̅𝑝𝑙. The data can be introduced at various 

temperatures to account for the change in material properties with temperature. The 

equations to describe the isotropic hardening component are discussed in details in the 

chapter where the cyclic hardening models where will be represented. 
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Figure  2-27: Cyclic stress-strain curve under uniaxial tension-compression loading.  

 

 

Figure  2-28: Schematic representation of the isotropic hardening model. 

2.5.2 Linear kinematic hardening model 

The translation of the yield surface in the deviatoric stress space is represented by the 

linear kinematic hardening model, originally developed by Prager [97], in which the 

equivalent stress defining the yield surface, σ0i, remains constant at σ0, the equivalent stress 
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maximum allowable stress before yielding in one direction (σ3) is increased whereas the limit 

stress in the other directions (i.e. σ1, σ2) is decreased proportionally. In Abaqus [96], the 

definition of the linear kinematic hardening model definition is based on the description of the 

yield surface in space through a backstress, α, expressed as a linear function of the 

equivalent plastic strain, 𝜀̅𝑝𝑙 which will be discussed in detail in the next chapters. The 

kinematic hardening model has been used by several investigators in an effort to replicate 

the cyclic stress strain behaviour of materials; see e.g. [93, 95] also in [101] where Chun et 

al. used the kinematic hardening model to predict the Bauschinger effect. 

2.5.3 Combined nonlinear isotropic/kinematic hardening model 

From experimental results of real materials, both the cyclic hardening/softening and 

Bauschinger phenomena are normally observed. This observation therefore illustrates the 

need for a combination of both isotropic and kinematic hardening rules in order to predict the 

cyclic plasticity of engineering materials. The model based on the work done by Lamaitre 

and Chaboche [102] has been widely used in the literature for this purpose, e.g. for 

polyethylene [93] and polyoxymethylene [103] to model the cyclic stress-strain behaviour of 

the materials, for simulating the hardening behaviour of metals like medium-carbon steel 

[104], in the Chaboche unified viscoplasticity model [100] where the material properties of 

316 stainless steel were determined and for modelling the low cycle fatigue behaviour of 9Cr 

Steel [105], structural carbon steel and stainless steel [106]. 

Theoretically, the combined nonlinear isotropic/kinematic hardening model, shown 

schematically in Figure  2-31, is a complex material model that takes into account both the 

expansion/contraction of the yield surface and its translation through the stress space. The 

evolution law for the kinematic hardening component implies that the backstress is contained 

within a cylinder as denoted here by small dotted circle and any stress point must lie within 

the cylinder of dotted circle with higher diameter. 

 

 

Figure  2-31: Illustration of the nonlinear isotropic/kinematic hardening model.[96] 
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For the purpose of replicating the cyclic behaviour of the material investigated here, the 

constitutive model for cyclic plasticity will be based on the model included in the nonlinear 

hardening model of the finite element software Abaqus [96]. The description of this model is 

discussed where the evolution of the yield surface is formulated by the combination of the 

isotropic hardening and the nonlinear kinematic hardening components will be discussed 

further in the cyclic hardening simulation chapter. 

 Life prediction models under cyclic loading 2.6

In order to improve the life predictions of components under cyclic loading conditions, 

sophisticated models have been proposed and developed which are based on creep-fatigue 

interactions and other damage effects. More than one hundred life prediction approaches 

and variations exist for crack initiation [107], where the difficulty in understanding and 

predicting the interaction of creep-fatigue behaviour has stimulated significant research effort 

in finding good life prediction models. However, despite the vast amount of existing models, 

the lack of the generality of these models for the engineering applications yet remains to be 

solved. The most popular models are briefly described next which include damage-based, 

stress-based, strain-based and energy-based criteria. 

2.6.1 Damage summation Model  

The damage summation model (DS), introduced first by Taira (1962), also known as 

linear cumulative damage, is the simplest model which assumes that failure occurs when the 

sum of fatigue and creep damage is equal to a critical value [108]. 

 

 totalcreepfatigue DDD   ( 2-37) 

By applying the Miner and Robinson rules for fatigue and creep damage respectively, the 

above equation can be expressed by 
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In which, 𝑁 is the number of cycles to failure, 𝑁𝑓 is the pure fatigue life, 𝑡ℎ

𝑡𝑟
  is the creep 

damage fraction in each cycle, where 𝑡ℎ  is the hold time and 𝑡𝑟 the time to rupture under 

static creep at that stress. For thermo-mechanical conditions, ( 2-38) was modified by Ellison 

[109] which considered the conditions where load/temperature is held constant or increases 

with time above a threshold creep value (loading creep strain) and when strain is held 
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constant over the hold time resulting in stress relaxation (dwell creep strain). By this 

modification the linear damage summation model, DS, can be rewritten as; 

    total
ri

hi

fi

i D
t
t

N
N

 ( 2-39) 

Where, the subscript i  refers to a specific fatigue condition. Figure 2-32, represents a 

typical strain-controlled cyclic loading test with a hold time in tension where the creep and 

fatigue damage fractions are decomposed. Creep damages are estimated from the creep 

rupture time-stress curves from which the time to rupture is identified and the fatigue 

damages are determined from the continuous fatigue life curve from which the number of 

cycles to failure under pure fatigue can be found. 
 

 

Figure  2-32: Schematic of the decomposition of creep-fatigue fractions. [110] 

 

2.6.2 Frequency separation Model (FS) 

This model incorporates the effect of frequency upon the creep fatigue life and assumes 

that low-cycle fatigue damage can be measured by the microcrack growth. In 1976, Coffin 

[111] postulated a power-law relationship shown in equation ( 2-40) that separates the 

tension-going and compression-going damage by which a significant error reduction in high 

temperature low-cycle fatigue life prediction was provided. The FS model assumes the fact 

that during the tension-going part of the cycle the microcrack opens and advances while 
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during compression the crack closes and does not advance. This model was developed to 

deal with very complex wave shapes. 

 k
tc

m
tinf vvvCN )/(

 
( 2-40) 

In equation ( 2-40), ∆𝜀𝑖𝑛 is the inelastic strain-range, 𝜈𝑡  and 𝜈𝑐  are reciprocals of the 

tension-going and compression-going time 𝜏𝑡 and 𝜏𝑐 respectively, 𝐶, 𝛽, 𝑚 and 𝐾 are the 

constants dependent on material, environment and temperature, Figure  2-33. The method of 

FS is fairly complicated and inefficient as indicated by Manson [112] since considerable input 

data from separate tests is required for each temperature of interest.  

 

 

Figure  2-33: Typical complex wavefor with slow-fast cycles. 

 

2.6.3 Ductility Exhaustion Model (DE) 

Following the model originally developed by Coffin-Manson to account for the relationship 

between the inelastic strain-range and the number of cycles to failure, equation ( 2-41), in 

1981 Priest and Elison [78] proposed a model to predict the creep-fatigue life by separating 

the total damage into two components; creep failure that was predicted earlier in 1966 by 

Edmund and White [113] in which the total accumulated creep strain in a dwell period is 

equal to the creep ductility of the material, equation ( 2-42), and the fatigue damage 

dominated by plastic strain, equation ( 2-43).  
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In the above mentioned equations, ∆𝜀𝑐 and ∆𝜀𝑝 are the tensile creep strain per cycle and 

the effective plastic strain respectively and they are calculated from the stabilised stress-

strain hysteresis loop in creep-fatigue test whereas 𝐷𝑐 and 𝐷𝑝 are the low band creep and 

fatigue ductility respectively. In order to estimate the lifetime of creep-fatigue, the simple 

interactive damage rule can be used by 

 pcf NNN /1/1/1 
 ( 2-44) 

Coffin [114] and Ellison [115] indicated that possibly due to oxidation and/or specimen 

geometric instability, the lifetime prediction of creep-fatigue based on the DE model is 

normally conservative.  

2.6.4 Strain-Range Partitioning Model (SRP) 

This model was developed by Manson et al. [116] in which the inelastic strain-range is 

partitioned into time-independent plasticity and time-dependent creep instead of working with 

the total inelastic strain-range alone. There are four possible combination cycles of inelastic 

strain under cyclic reversed loading which need to be taken into account in SRP model. 

These cycles are PP, CC, CP and PC which stand for tensile plasticity reversed by 

compressive plasticity, tensile creep reversed by compressive creep, tensile creep reversed 

by compressive plasticity and tensile plasticity reversed by compressive creep respectively. 

The first simple model is shown by equation ( 2-45), which was further modified by 

Hoffelner et al. [117] using the interaction damage rule and the strain-range fractions to 

partition damage as expressed by equation ( 2-46). [112] 
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In which  𝐹𝑝𝑝 ,  𝐹𝑐𝑐  , 𝐹𝑝𝑐  and 𝐹𝑐𝑝  are PP, CC, PC and CP strain range fractions and can be 

determined by using 𝐹𝑝𝑝 = ∆𝜀𝑝𝑝/∆𝜀𝑖𝑛 for example. The fatigue lives produced by PP, CC, 

PC and CP are 𝑁′𝑝𝑝 , 𝑁′𝑐𝑐 ,  𝑁′𝑝𝑐 and  𝑁′𝑐𝑝 respectively and they can be determined by 

   ppC
ppppin NA 

 
( 2-47) 

   ccC
ccccin NA 

 
( 2-48) 
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   pcC
pcpcin NA 

 
( 2-49) 

   cpC
cpcpin NA 

 
( 2-50) 

The coefficients of A and exponent C, are material constants, determined experimentally. 

Manson et.al [118] provided the new model so called as the “step-stress” method that 

simplified the partitioning of inelastic strain experimentally. Under this method, to obtain the 

creep strain the stress held constant at various points around the hysteresis loop and the 

steady-stress creep rates where determined and integrated throughout the period of one 

cycle. Due to difficulty of this model, Nitta and Kuwabara [119] proposed a simplified method 

in which the creep is negligible below a specified threshold temperature and above this 

temperature  the creep strain rate is a linear function of time as simplified below. 

 

 ∆𝜀𝑐𝑝 =
𝐴𝜎𝑇 𝑚𝑎𝑥

𝑛 𝑡1(𝑇𝑚𝑎𝑥 − 𝑇𝑐)

4(𝑇𝑚𝑎𝑥 −  𝑇𝑚𝑖𝑛)
 ( 2-51) 

 

In equation ( 2-51) 𝜎𝑇 𝑚𝑎𝑥  is the stress at 𝑇𝑚𝑎𝑥, 𝑇𝑚𝑎𝑥, 𝑇𝑚𝑖𝑛 and 𝑇𝑐 are the maximum, 

minimum and the specified threshold temperatures respectively. The time for one cycle 

without hold time is defined as 𝑡1 with 𝐴, 𝑛  as the constants. This method appeared to yield 

non-conservative results and therefore, Kuwabara et al. (1988) proposed an alternative 

method referred to as the “loop inversion” method which assumes the creep strain is 

generated only during the heating period.  

In the SRP method, several limitations exists such as, neglecting the environmental 

attack caused by oxidation that may lead to over prediction of the life [120], difficulties in 

applying the method to the non-ductile material where the inelastic strain is too small to be 

determined correctly [121]. Despite the “step-stress” method [118] with its simplified version 

and the “loop inversion” method developed in [119], the SRP method is still difficult to 

partition the inelastic strain experimentally. 

2.6.5 Total Strain Version of Strain-Range Partitioning (TS-SRP) 

As it was mentioned above, the previous model, SRP, only considers the inelastic strain 

range which is limited in the low-strain, long-life regime, where the inelastic strains are too 

small to be identified experimentally. Hence, Saltsman et.al [122] extended the SRP model 

to TS-SRP which takes into account the damage resulted from both the elastic and inelastic 

strain-range and the failure can be expressed by 
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( 2-53) 

 

Where 𝐹𝑖𝑗, are the strain-range fractions associated with PP, CC, PC and CP and the 

coefficient  𝐴𝑖𝑗, are those calculated from equation ( 2-47) to ( 2-50). Analogously to equation 

( 2-14) , Figure  2-9 and from the parallelism assumption, B is the intercept of the elastic 

strain-range versus life relation, and 𝐶′ is the intercept of the equivalent inelastic line for 

combined creep-fatigue cycles. In equation ( 2-53) b and c are both constant independent of 

cycle time and waveshape. 

2.6.6 Strain Energy Partitioning (SEP) 

The SEP model is a combined model of SRP and Ostergren’s damage function (another 

form of DS model) which was developed by He et al. [123]. This model assumes the fatigue 

damage is caused by the work done upon the material by the external forces and it has four 

partitioned strain energy vs. cyclic life relationships like SRP as expressed below; 

 

 ppC
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cccccc UAN )(

 ( 2-57) 

 

In the aforementioned equations,  ∆𝑈𝑖𝑗 = (𝜎𝑇𝜀𝑖𝑗) is the partitioned strain energy, 𝜎𝑇 is 

tensile peak stress, and  𝐴𝑖𝑗,  and  𝐶𝑖𝑗,  are material constants and only tensile stress is 

considered to produce microcrack growth and fatigue damage [123]. Duan et al. in [124] 

employed the SEP, SRP and the FS methods to predict the experimental observations for 

several turbine engine materials, such as, 1Cr-18Ni-9Ti for casing, GH36 and GH33A for 

turbine disks from which they concluded that only the SEP model provided results to 

correlate the test data within the scatter band factor of two for all three materials. 

2.6.7 Summary 

From the models explained above, and various papers that have been reviewed and 

presented by researchers from different institutions, it is not possible to indicate which model 
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is invariably better than the others. In addition to classical fatigue under isothermal and 

thermo-mechanical fatigue, creep and oxidation can occur. Inelastic deformation of metals at 

elevated temperature comprises of both plastic and viscous component which is associated 

with fatigue damage and creep microcrack propagation respectively. It is very important to 

take into account the interaction of fatigue and creep under LCF-TMF loading as both plastic 

and viscous deformation would serve as driving forces for microcrack propagation. On the 

other hand, during cyclic loadings metals exposed to environment are subject to corrosion by 

oxidation which can enhance the nucleation and propagation of fatigue microcracks. Hence 

a micro-crack propagation model to which explicitly accounts for damage due to fatigue, 

creep and oxidation was proposed in [125].  
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In which ∆𝐽 is the cyclic 𝐽 integral and more details regarding this model can be found in 

[125].  For the materials subjected to creep-fatigue interactions, the decomposition of overall 

damage into creep and fatigue have been investigated by researchers for many years from 

which various creep-fatigue laws have been proposed. A list of numerous models for creep-

fatigue life prediction models have been summarised in Table A8.1 in [126]. Furthermore, 

the models proposed by Spindler in [127] and Levaillant et.al in [128] can be employed to 

determine the creep damage component for the tests where a dwell time is introduced. The 

model proposed by Spindler is a modified version of ductility exhaustion method where the 

effects of creep dwell position have been investigated using tests on three austenitic 

stainless steels; Type 316H, cast Type 304L and Type 347 weld metal. Levaillant proposed 

model used an incremental intergranular damage law to calculate the creep damage per 

cycle during stress relaxation as expressed below [69]. 

  𝐷𝑐 =
2𝐵

√𝐸
(𝜎𝑚𝑎𝑥)4√𝜎𝑟 ( 2-62) 
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  Chapter 3

Experimental details 
 Overview 3.1

This chapter provides the details of the experimental procedures carried out on the Type 

316 FR austenitic stainless steel which were in accordance with the ASTM standards E606 

[129], E2368 [130] and E2714 [131] for isothermal-LCF, an-isothermal-TMF and creep-

fatigue testing (i.e. tests with holding time)  respectively. The material preparation and its 

properties have been presented as well as the machine alignment which was checked and 

rectified. Strain controlled tests were used, e.g., some tests were carried out with constant 

temperatures and some with variable temperatures (i.e. isothermal-LCF and an-isothermal-

TMF respectively) with various strain amplitudes. The specimen geometry was modified to 

reduce the risk of misalignment during the tests. 

 Material 3.2

The material used for this project is a type 316FR stainless steel which could be dual 

certified as either ASTM 316 or/and 316 or in British Standards BS 1501 as either 316S16 

or/and 316S49 with cast number S7646.  Since, 316S16 is not normally used for pressure 

vessels in the creep regime, it would be appropriate to define it as BS 1501 316S49. Similar 

to type 316L (N), 316FR is a low-carbon grade of stainless steel with a more closely 

specified nitrogen content and chemistry optimized to enhance elevated-temperature 

performance. Table  3-1 illustrates the chemical composition of this material.  

 

Table  3-1: Chemical Composition of 316FR plate in weight (%) 

As B C Co Cr Cu Mn Mo N_Tot Nb 

0.02 0.003 0.05 0.08 18.08 0.1 1.88 2.22 0.048 0.01 

Ni P S Si Sn Ti V W Zr 

11.8 0.023 0.006 0.38 0.02 0.01 0.1 0.04 0.01 

 

The material was supplied as a plate with 2500x1000x50 mm dimensions. The plate had 

been solution treated at 1070-1100 ° C and then water quenched I order to increase the 

material’s strength and toughness. 
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 Specimen Geometry  3.3

Initial cylindrical hourglass polished samples were machined according to Instron 

recommended geometry (Figure  3-1) with an overall length of 180mm. The extra 10 mm 

length was to give enough contact between the samples and the hydraulic grip and to 

provide enough space for the production of the induction coils. Figure  3-2  

Due to misalignment that was encountered during the tests, several steps were taken to 

eliminate this issue and therefore the geometry had to be modified as illustrated in 

Figure  3-3. All geometries were designed in accordance with ASTM standards [129-131]. 

The middle section of the specimen is referred to as the gauge section which was at least 

16mm in order to allow the placement of the extensometer ceramic arms which are 12.5mm 

apart. The specimen was designed in a way to account for the placement of the induction 

coil and also to make sure the required temperature could be achieved. 

 

Figure  3-1: Recommended LCF-TMF geometry by Instron. 

 

Figure  3-2: Initial cylindrical LCF-TMF geometry. 

 

Figure  3-3: Final-modified LCF-TMF geometry. 





Chapter 3 

48 

    

Figure  3-5: Instron dynamic testing unit 8801 a) The servo-hydraulic actuator b) The 

Instron 3520 servo-hydraulic actuator oil temperature controller. 

3.4.1.2 100 KN Hydraulic water cooled grips 

The samples were mounted and secured on the machine using water cooled hydraulic 

grips. The 100 KN tension water cooled hydraulic grips are equipped with wedge shaped jaw 

faces in order to align and to provide sufficient contact with the sample. The grips are 

capable of working in the temperature range of -70ºC to 350ºC. The water cooling system for 

the grips is provided by the cooling unit Kelvin. Figure  3-6 

           

b a 

a b 



Chapter 3 

49 

 

Figure  3-6: a) The Instron hydraulic water cooled grips, b) The wedge shaped jaw faces 

and c) water cooling unit-Kelvin. 

3.4.1.3 Extensometer  

The extensometers are employed for the purpose of dynamic measurements of 

deformation in the gage section of the sample. The Instron-CP100697, High Temperature 

(1000ºC)- axial extensometer is used for the LCF-TMF tests. The extensometer converts the 

mechanical displacement of the strained and heated test specimen into an electrical signal 

with the conditioned signal permitting the monitoring and/or controlling of the specimen 

strain.  

The gauge length of the extensometer is 12.5mm with the travel range from +2.5mm to -

1.25mm and maximum frequency of 1Hz. Its rod type is of alumina with a chisel end and the 

output at gauge length is zeroed using a gauge length setting bar. The extensometer can be 

used for temperatures up to 1200˚C. Careful adjustment of the springs in the supporting 

assembly is required to ensure the knife edges contact the specimen with uniform pressure. 

Figure  3-7 

 

c 
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Figure  3-7: Extensometer set up a) Assembly on test specimen b) Gauge length setting bar. 

3.4.1.4 Temperature controller unit 

The Eurotherm temperature controller unit 2704 along with a contacting welded K type 

thermocouple are used to control the temperature of the specimen in heating and cooling. 

The controller unit is capable of producing an accurate and stable temperature measurement 

over a temperature range of 200°C to 1100°C. Another Eurotherm controller 2116 is also 

used to act as an over temperature controller. This controller system is supplied with an over 

temperature alarm with separate thermocouple to shut down the heating system in an over-

temperature event.  Figure  3-8 

 

Figure  3-8: The Eurotherm temperature controller unit. 

a b 
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3.4.2 Heating-Coil design 

Since the heating in the testing unit is produced via high frequency induction heating, 

therefore an induction coil is required to be designed within which the interaction of the test 

specimen, made of metal, with the magnetic field generated by the flow of alternating current 

can produce the desired level of heat.  

The temperature variability in the gage section of the sample has always been a critical 

issue, especially if the material properties such as modulus of elasticity, ductility, 

microstructure, crystal structure and etc., are affected significantly. Hence, in order to be 

able to control the temperature gradient along the gauge section to within the required 

standard ( ±2˚C or ±1% of 𝑇𝑛 ,whichever is greater, in the case of isothermal test [129, 131] 

or to within ±5˚C in the case of an-isothermal test [130, 132, 133])  the induction coil, made 

of copper tubing, has to be designed accordingly. The temperature tolerance is widely used 

as ±1% of the maximum temperature as formulated in equation ( 3-1). 

 𝑻 =  𝑻𝒏  ± ∆𝑻 ( 3-1) 

Where; 

𝑇𝑛 = nominal test temperature in °C 

∆𝑇 = ±2°C, ±5°C or ±1 %, whichever is greater 

The temperature variation through the induction coil, as well as the density of the 

magnetic flux, induced by the induction heating system, can be controlled and adjusted by 

changing the shape and in particular the number of coil turns and the pitch between the 

turns. The following figures illustrate the variation of the coils employed, of which the final 

design that produced a temperature variation of less than ±5°C is shown in Figure  3-12. 

 

Figure  3-9: Initial coil design. 
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Figure  3-10: Second Coil design- compacted with more turns. 

 

Figure  3-11: Third Coil design- used for large and thicker samples. 

 

Figure  3-12: Final coil design.  
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The current induction heating system can produce a fast heating rate up to 50˚C per 

second and a cooling rate up to 25˚C per second is achieved with forced air within the 

frequency range of 150 kHz to 400 kHz. The temperature control feature in the heating 

system is therefore an important element in the LCF-TMF tests so that the required 

temperature cycles could be achieved. 

3.4.3 Machine Alignment 

This has been proved for many years that the material properties under investigation in 

mechanical tests such as monotonic or cyclic tests can be significantly influenced by the 

bending stresses induced from the misalignment between the axes of the load and the 

parallel length of the test pieces. The most common properties which would be influenced 

are the tensile, creep and stress rupture as well as the fatigue properties.[134]Thus, prior to 

any experimental tests the misalignment of the machine (LCF-TMF machine) needs to be 

carried out.   

3.4.3.1 Alignment initial issue 

The need for checking the alignment of the testing unit was mostly raised when over 10 

experimental tests failed due to combination of the following reasons: 

 Machine misalignment 

 Specimen geometry design 

 Extensometer attachment on the sample  

From the above reasons, the first issue appeared to be the dominant factor. The error 

message that mostly appeared on the TMF-software display after the failure of the tests was 

that the limit trip for the strain controller was reached. After the specimens were taken out, it 

was noticed that the specimens had bent and the dislocation of the extensometers legs on 

the samples were believed to be from this issue.  Figure  3-13 

 

Figure  3-13: Experimental test specimens failed due to misalignment 
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3.4.3.2 Solutions for the misalignment 

3.4.3.2.1 Machine alignment 

According to the ASTM standard E1012 [135] and the code of practice [136], the 

misalignment error could be induced from either the concentricity and angularity errors 

between the two ends of the rigid portion of the test machine or the combination of the two 

errors. Figure  3-14  

      

Figure  3-14: Illustration of different source of misalignment a) Concentricity error b) 

Angularity error C) Combination of (a) and (b). [136] 

 The special aligning tool, Instron AlignPRO package that was provided by Instron, the 

testing machine supplier, was used to check the misalignment. The system comprises of the 

aligning fixture that is to align the upper and lower grips and is fitted between the crosshead 

and load cell, the Align Pro software-signal conditioning for measurement of specimen 

bending and a strain gauged round alignment cell with 8 strain gauges bonded to it. 

Figure  3-15 

The aligning procedure was followed as per the guidance provided by Instron. Once the 

alignment cell was assembled on the testing machine and after following the required steps, 

the AlignPro software provided a graph for concentricity and angularity errors. As illustrated 

in Figure  3-16 (a), the errors are displayed in lines ending with a cross. The length of the 

lines indicates how far the alignment is out and the crosses at the end of the lines provide an 
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indication of the direction of the errors. In order to reduce the alignment errors, adjustments 

need to be done through the aligning fixture by changing the direction of the hexagon 

screws, so long that the crosses at the end of the lines can be close enough to the centre 

point of the AlignPro displayed graph. Figure  3-16  (b)  

    

Figure  3-15: The alignment cell bonded with 8 strain gauges- The numbers 10-12 are for 

the cells with 12 strain gauges 

     

Figure  3-16: Misalignment correction tools  

a) The AlignPro software graphical display of misalignment, b) Alignment fixture 

(The colours red and blue indicate concentricity and angularity errors respectively)  

[From Instron Manual] 

a b 
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3.4.3.2.2 Specimen geometry design 

Another factor in solving the existent misalignment was to rectify the specimen geometry 

design. From the experimental results it was noticed that the initial design, Figure  3-2, was 

not suitable for mechanical strain ranges above ±0.4%. Hence a new design was needed to 

rectify this issue. The new specification of the specimen had a large diameter in the gauge 

section and the remaining parameters were as previous design, Figure  3-3. The new design 

provided an improvement in the results and there was no failure observed in the gripping 

ends of the specimens. The specimen diameter was 8mm and still within the standards as 

specified in [131]. 

3.4.3.2.3 Extensometers attachment 

The failure of the experimental tests, LCF or TMF tests, were mostly associated with the 

error message of ‘’ strain limit trip’’ was reached. As mentioned earlier, this could be initiated 

from the specimen being buckled that caused the extensometer legs to move or the 

extensometers knife edges were slipped for not being firmly in contact with the specimen 

surface during the test. In order to reduce this issue the attachment cord was used as 

illustrated in Figure  3-17. The cord was looped around the specimen gauge section tightly so 

that the knife edges were firmly in contact with the specimen.  

  
Figure  3-17: Attachment cord to ensure a firm contact between the cords and the sample  
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3.4.3.2.4 Actuator bearing type 

In order to ensure smooth-running characteristics in a system which relies on high levels 

of concentricity, the contacts between the bearing and the piston in the testing unit needs to 

be reduced. In the current LCF-TMF unit, due to the position of the lower load cell which is 

travelled away from the reference point and its heavy weight on the moving piston, the 

stiffness of the load cell is examined using a magnetic dial gauge.  Figure  3-18   

Having mounted the dial gauge on the load cell, a small amount of force was applied by 

thumb and the movement on the dial gauge was read. The gauge was then mounted in 

different places and in majority of the places the dial gauge indicated a value of around 0.4 

mm. Once the force was removed it was noticed that the dial gauge in some places would 

go down to 0mm and in some places it remained at 0.4mm. The issue was raised with 

Instron engineers and it was decided to change the bearing type on the actuator to increase 

the stiffness of the cell and to reduce its side to side movement. As a result, the current 

bearing type (plain bearing) was removed and it was replaced with the hydrostatic 

bearings. The hydrostatic bearings have pressurised oil supplied radially on to the piston and 

this has a centring effect that should counter-act the out of alignment. However, this type of 

actuator with the hydrostatic bearings uses more oil than the plain bearings which is due to 

the pressurised oil flow. Figure  3-19 

 

Figure  3-18: Dial gauge mounted on the lower load cell   



Chapter 3 

58 

 

Figure  3-19: Hydrostatic bearings with four pressure-balanced chambers   [137] 

 

 Testing procedure 3.5

3.5.1 Prior actions to the actual test 

Prior to conducting any either LCF or TMF tests, the following actions were performed.  

3.5.1.1 Temperature calibration 

The temperature variation on the gauge length of the specimen during the tests could 

influence the experimental results. Thus, in order to achieve a uniform temperature along the 

gauge length with a maximum variation of ±10°C of target temperature, the copper coil for 

the induction heating system needed to be designed effectively to ensure the temperature 

variation is within the specified tolerance. This was done as explained earlier in 

section  3.4.2. 

3.5.1.2 Thermocouples 

The temperature evolution during LCF and TMF tests was measured using K-type 

thermocouples (TC). The K-type thermocouples are recommended for temperatures up to 

850°C due to their higher thermo-voltage. The TC was attached on the surface of the 

samples by spot welding. Three TC were spot welded on each sample within the gauge 

length. The top and bottom TC were averaged and they controlled the temperature of the 

machine and the middle TC in the centre of the gauge section was only used to monitor the 

temperature variation in the middle of the gauge section. The TC wires were separated and 
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spot welded with a maximum of 1mm distance from each other and the wires were 0.5mm 

maximum thickness to reduce the effect of cold spots on the specimen. [133]  

 

Figure  3-20: Thermocouple attachment within the gauge length of the specimen    

3.5.1.3 PID values 

In order to obtain an optimum performance from the testing unit for any LCF or TMF tests, 

the PID (proportional, integral, derivative) values of the machine were utilised. This was 

done by trial tests using ‘square’ and ‘triangle’ waveforms to provide the desired controlled 

shape parameters for strain, load or position. This procedure was carried out while the 

specimen was heated and cooled. Table presents the PID values as determined. 

 

Table  3-2: PID values determined for Strain, Load and Position 

PID Strain Load Position 

Proportional 
(dB) 11 13.1 42.4 

Integral 
(I/sec) 1.2 1 0.9 

Derivative 
(msec) 0.3 2.3 0.4 

 

3.5.1.4 Verification of the extensometers  

In order to be able to evaluate the correct operation of the extensometer, it was decided 

to measure the Young’s modulus of the material prior to setting up the tests in the room as 

well as the operating temperatures and to compare the values obtained with the values in 

the literature. The values that were determined in the testing specimen were comparable 

with the reference values and therefore the extensometer was then verified. In order to 

determine the Young’s modulus, a small amount of force was needed to be applied to 

ensure it was within the elastic region. Thomas et al. [138] recommended a maximum load 

of 50% of the 0.1% proof stress. 
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Table  3-4: LCF test matrix for tests with and without hold times at 500 °C 

Specimen 
number 

Mechanical  
strain 
range 

Cycle 
frequency 

Hold time* 
 Temperature 

[ref] [%] [Hz] [s] [°C] 
316 FR11 ±0.8 0.001 450 500 
316 FR9 ±1.0 0.001 450 500 
316 FR10 ±1.2 0.001 450 500 
316 F25 ±0.4 0.01 0 500 

316 FR22 ±0.8 0.01 0 500 
316 FR21 ±1.0 0.01 0 500 

 

3.5.3 Thermo Mechanical Fatigue (TMF) Tests  

Thermo mechanical fatigue tests were conducted on the same material as 316FR cast 

S7646 with the sample geometry as defined in Figure  3-3. The tests were conducted with 

and without hold times with the aim of observing the combined effect of cyclic mechanical 

and thermal loading on the behaviour of the material. The TMF tests were carried out under 

strain-controlled condition and the experimental data were extracted to be used for the 

damage initiation and damage evolution models explained in the next chapters.  The 

temperature during the tests was cycled between 500 °C and 650 °C simultaneously with the 

mechanical strain under in-phase loading conditions (maximum temperature at maximum 

strain) up to 30% drop in maximum stress which was set as the failure criteria. 

3.5.3.1 TMF test without hold times 

Prior to setting up the tests, similar to low cycle fatigue tests, initial actions were taken to 

utilise the performance of the testing unit. Then, the specimen was heated to the target 

temperature within 50 seconds from room temperature and it was continued under zero load 

for about 5 minutes to achieve a stabilised temperature response within the gauge length. 

The temperature variation was recorded to be less than ±7 °C.  

Once the prior actions were completed and the temperature was calibrated, the triangular 

loading waveform was set up in the testing unit software with an imposed axial mechanical 

strain range varying in the range of ±0.4% to ±1.2%. In contrast to LCF tests where the 

temperature was constant, in the TMF tests, the temperature was cycled in the range of 500 

°C- 650 °C under IP (in-phase loading). The cyclic frequency of 0.01 Hz was employed 

which gave a total cycle time of 100 sec. A typical loading waveform with a strain ratio 

𝑅𝜀 = −1 and stain range of ±0.8% is shown in Figure  3-23 in which the total strain is the sum 

of mechanical and thermal strain. 

* The hold times were applied both in tension and compression 
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Figure  3-23: Schematic representation of loading waveform for TMF strain controlled test 

at strain range of ∆ɛ=±0.8% with T=500 °C - 650 °C   

3.5.3.2 TMF test with hold times 

In order to be able to evaluate the effect of creep and its interaction with fatigue damage, 

thermo mechanical fatigue tests with 450s hold times in both tension and compression were 

conducted on the same material with the same geometry design as the ones without hold 

times. The imposed axial strain range was varied in the same range as the TMF-none hold 

time tests (i.e., in the range of ±0.4% to ±1.2%) with a cyclic frequency of 0.001 Hz giving a 

total cycle time of 1000 sec.  The temperature vas cycled between 500 °C and 650 °C. A 

typical trapezoidal waveform with a strain ratio 𝑅𝜀 = −1 and stain range of ±0.8% is shown in 

Figure  3-24. 

The aim of this investigation is to understand the effect of creep and the influence it might 

have on the number of cycles to failure when the hold times is introduced and how it might 

interact with the fatigue damage. The experimental results could be compared with the TMF 

tests without hold times in order to develop a constructive damage model that could predict 

the damage evolution in the material for various imposed strain ranges. 

 A typical trapezoidal waveform with a strain ratio 𝑅𝜀 = −1 and stain range of ±0.8% is 

shown in Figure  3-24. The test matrix for the thermo mechanical fatigue tests conducted 

under strain controlled condition with and without hold times is also illustrated in Table  3-5. 
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Figure  3-24: Schematic representation of loading waveform for TMF strain controlled 

dwell test at strain range of ∆ɛ=±0.8% with T=500 °C - 650 °C   

 

Table  3-5: TMF test matrix for tests with and without hold times at 500°C -650 °C 

Specimen 
reference 

Mechanical  
strain 
range 

Cycle 
frequency 

Hold time* 
 Temperature 

[ref.] [%] [Hz] [s] [°C] 
316 FR28 ±0.4 0.001 450 500-650 
316 FR14 ±0.8 0.001 450 500-650 
316 FR12 ±1.0 0.001 450 500-650 
316 FR13 ±1.2 0.001 450 500-650 
316 F27 ±0.4 0.01 0 500-650 

316 FR24 ±0.8 0.01 0 500-650 
316 FR23 ±1.0 0.01 0 500-650 

 

3.5.4 Actual test 

Having performed the initial actions required prior to setting up LCF or TMF test, the 

actual test was carried out at the target temperature for a specified range of strain which was 

provided in the testing unit software via mechanical loading waveform. The specimen 

general information such as specimen material and job number was provided in the testing 

unit software (the TMF software). The effect of thermal expansion of the specimen was 

corrected for the compensation of the imposed axial strain based on the time-based 
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compensation method by measuring the thermal strain while the specimen was being heated 

and cooled.    

In the TMF software the actual test was divided into four stages as Stabilisation, Thermal 

Strain Measurement, Verification and Main test of which the first three stages were only the 

preparatory stages. In the first three stages the load was kept at zero, the temperature was 

cycled to allow the heating and cooling cycles to stabilise and the resultant thermal strain 

measurements were performed and verified based on the actual temperature waveform for 

the main test. In the case of low cycle fatigue test, only the last stage was necessary to 

apply. Figure  3-25 

 

Figure  3-25: Schematic representation of TMF test stages (Image from instron manual-

[139]) 

Following the thermal expansion compensation measurements and the required prior 

actions, the data logging parameters were set to minimum 200 points per cycle in the case 

of LCF and TMF tests without hold time and in the tests where the hold time was introduced, 

the logging parameter was changed to record the points every 5 seconds. The acquisition 

default setting was also employed for the cyclic hysteresis loop data to be recorded during 

the initial 100 cycles and during 20 cycles before failure. An interval of 20 cycles for the 

intermediate cycles was employed.  
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  Chapter 4

The investigation and the analysis of Stress-Strain 
data of LCF cyclic tests 

 Overview 4.1

This chapter presents the experimental results obtained from experimental tests 

conducted on the 316FR material under low cycle fatigue conditions. The experimental 

results cover the LCF tests with and without hold times at two different temperatures of 

500°C and 650 °C in conjunction with the test matrices tabulated in Table  3-3 and Table 3-4. 

The data obtained from the experimental tests are, the stress versus mechanical strain 

hysteresis loops, the evolution of the maximum and minimum stress per cycle and the 

evolution of the accumulated inelastic strain energy density per cycle. These data are used 

in this and the following chapters to identify the cyclic hardening parameters, the number of 

cycles at which the material stabilises and the evolution of the damage from when the 

damage initiates. The stress relaxation during the hold periods under LCF conditions, are 

also presented.  

 Stress-Strain history 4.2

4.2.1 Cyclic-Stress evolution during cyclic loading 

One aspect of stress-strain history is the evolution of the maximum and minimum 

stresses recorded during the LCF tests. This is done by plotting the maximum and minimum 

tensile and compressive peak stresses respectively from the hysteresis loops against the 

respective number of cycles. For the LCF tests with hold times at a temperature of 650°C, 

the stress evolutions against the numbers of cycles are presented in Figure  4-1 to Figure  4-4 

, whereas the LCF tests without hold times are illustrated in Figure  4-5 to Figure  4-8. 

The material 316 FR cast S7646 strain hardened during the initial cycles of the tests, with 

and without hold times, showing a fairly rapid rate of stress increase. The rate of stress 

increase became small until a steady state (saturated cycle) was obtained after a few cycles 

after which the material hardening was finished and the material response began to soften 

with an almost unnoticeable softening rate. The stage of strain hardening could be attributed 

to the generation of dislocations, their mutual interaction as well as the interaction of 

interstitial solute atoms with the dislocations by which the plastic and creep strains are 

generated. The softening rate was associated with the rearrangement of dislocations and 

micro-crack generation. The material was continued after the presence of micro-crack and 
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the failure occurred after several cycles when the macroscopic crack initiated and the stress 

amplitude was dropped progressively.  

 

 

Figure  4-1: Cyclic stress response for ∆ε=±0.4%, at 650°C with f=0.001Hz 

 

 

Figure  4-2: Cyclic stress response for ∆ε=±0.8%, at 650°C with f=0.001Hz 
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Figure  4-3: Cyclic stress response for ∆ε=±1.0%, at 650°C with f=0.001Hz 

 

 

Figure  4-4: Cyclic stress response for ∆ε=±1.2%, at 650°C with f=0.001Hz 
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4.2.2 Cyclic Stress-Strain hysteresis loops 

Another aspect of the stress-strain history is the stress-strain behaviour of the material 

316FR under strain-controlled LCF/TMF tests.  This behaviour is provided by plotting stress 

against mechanical strain (i.e. hysteresis loops) for the imposed various axial strains. The 

hysteresis loops for the first and stabilised cycles of the LCF tests without hold times, at 

temperature of 650°C with the mechanical strain range varying from ±0.4 % to ±1.0% are 

presented in Figure  4-9 and Figure  4-10 respectively. 

  

Figure  4-9: First cyclic response for ∆ε=±0.4% to ±1.0%, at 650°C with f=0.01Hz 

 

Figure  4-10: Stabilised cyclic loops for ∆ε=±0.4% to ±1.0%, at 650°C with f=0.01Hz 
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From the stress-strain hysteresis loops graphs, as expected in the case of LCF tests, the 

plastic strain range increased due to increasing the mechanical strain range. Also presented 

in Figure  4-11 is the comparison of the stabilised hysteresis loops for LCF tests at 

temperatures of 500°C and 650°C. Only the relevant data from the LCF tests at 500°C is 

presented in this study since the focus of the project is to compare the LCF tests with and 

without hold time at 650 °C. The data from 500°C will also be used in the next chapters to 

predict the TMF behavior of the material  

As it can be seen in Figure  4-11, comparing the stabilised cyclic stress-strain  hysteresis 

loops obtained for the material at two different temperatures, it can be concluded that the 

material at higher temperature produces a lower peak stress associated with a higher plastic 

strain range when compared with those at lower temperature. Additionally, the material at 

higher temperature produces a lower slope in the linear region of the cyclic stress-strain 

loops where the value for the cyclic Young’s modulus is determined from. 

 

Figure  4-11: Comparison of stabilised cyclic loops for ∆ε=±0.4% to ±1.0% between 

temperatures of 500°C and 650°C  

The stress-strain hysteresis loops for the first and stabilised cycles of the LCF tests with 

hold times (i.e. f=0.001Hz), at temperature of 650°C with mechanical strain varying from ±0.4 

% to ±1.0% are presented in Figure  4-12 and Figure  4-13 respectively. Similar to the tests 

with continuous cyclic loading, the LCF tests with hold time produced an increase in plastic 

strain range as well as an increase in the peak stress values when the mechanical strain 

range was increased. The stress relaxation was also observed in the hysteresis loops during 

which the magnitude of the relaxation was higher when the imposed strain range was 

increased.  
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Figure  4-12: First cyclic loops for ∆ε=±0.4% to ±1.0%, at 650°C with f=0.001Hz 

 

 

Figure  4-13: Stabilised cyclic loops for ∆ε=±0.4% to ±1.0%, at 650°C with f=0.001Hz 
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The saturation after the initial hardening stage could be associated with the development 

of a well-defined cell structure or with the saturation in the density of slip bands. 

Furthermore, cell shuttling motion of dislocations has been shown to be the basis for the 

occurrence of stress saturation consequent to the development of cell.[142]  

The manifestation of the dynamic strain aging could also be observed in the hysteresis 

loops for the LCF tests conducted at both temperatures of 500°C and 650 °C (serrations on 

the hysteresis loops). As can be seen in Figure  4-14, the effect of DSA is more evident for 

the test at higher temperature than that of seen in the lower temperature, however it must be 

pointed out that, the strain range for the lower temperature is higher than the test at higher 

temperature. The effect of DSA was previously shown in [143-145] to influence the failure 

mechanism of the 300 series austenitic stainless steels at the temperatures in the range of 

300-650 °C.  

 

Figure  4-14: DSA observed for LCF tests at 500°C and 650 °C with f=0.01Hz 

 Analysis of stress evolution during cyclic loading 4.3

According to Figure  4-1 to Figure  4-8 the material exhibited an evolutionary cyclic 

hardening behaviour for different strain ranges and the attendant increase in stress range 

and consequent decrease in plastic strain range was observed cycle-by-cycle. In the case of 

cyclic softening the material would have shown an inverse behaviour (i.e. the attendant 

decrease in stress range and consequent increase in plastic strain range). 
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4.3.1 Inelastic strain energy density (ISED)  

To define the number of cycles to failure, the British standard as mentioned earlier was 

pursued. However, to determine the number of cycles for the stabilisation and the damage 

initiation, such a procedural standard does not exist and the definition is not clearly 

documented in the literature. Nevertheless, a quotient curve method was employed in [148] 

to estimate the number of cycles for the damage initiation and the number of cycles to 

failure. Hales et al.(2002) in the code of practice for the determination of cyclic stress-strain 

data [149], indicates that the hardening materials usually demonstrate a plateau in a plot of 

stress range versus cycles after which the onset of cracking occurs.  

Depending on the material being analysed, the evolution of the stress amplitudes per 

cycle could exhibit different patterns and therefore various materials may provide different 

stress evolution response, hence dissimilar stabilised plateau [150]. As a result, due to the 

definition of the stabilised cycle as the point at which the shape of the loops do not change 

from one to another, the stabilised as well as the damage initiation cycles could be estimated 

more accurately by the evolution of the inelastic strain energy density per cycle (i.e. ∆w vs. 

N). The parameter ∆w, is widely used in the literature for describing both damage initiation 

[105, 151]  and crack propagation [152, 153] under strain controlled LCF tests. 

 The inelastic strain energy density can be defined by the following equation ( 4-1): 

 ∆𝑤 = ∫ 𝜎𝑖𝑗𝑑𝜀𝑖𝑗𝑖𝑒

𝜀𝑖𝑒2

𝜀𝑖𝑒1

  ( 4-1) 

In which  𝜎𝑖𝑗 is the stress tensor, 𝜀𝑖𝑗𝑖𝑒 is the inelastic strain tensor, 𝜀𝑖𝑒1 is the inelastic 

strain tensor at the beginning of the cycle and 𝜀𝑖𝑒2 is the inelastic strain tensor at the end of 

the cycle. Equation ( 4-2) could also be employed to derive the inelastic strain by subtracting 

the mechanical strain obtained from the LCF/TMF experimental data from the instantaneous 

elastic strain.  

 𝜀𝑖𝑒(𝑡) = 𝜀𝑚(𝑡) −
𝜎(𝑡)

𝐸(𝑇º)
 ( 4-2) 

In equation ( 4-2), 𝜀𝑖𝑒(𝑡) is the instantaneous inelastic strain, 𝜀𝑚(𝑡) and 𝜎(𝑡) are the 

instantaneous mechanical strain and the stress recorded during the test and the Young 

modulus is denoted as 𝐸(𝑇º). The inelastic strain 𝜀𝑖𝑒 is equivalent to the sum of creep and 

plastic strain as illustrated in equation ( 4-3) and is equivalent to the plastic strain in the case 

of continuous cycling with no hold time (i.e. high frequency tests). Equation ( 4-4) 

 𝜀𝑖𝑒 = 𝜀𝑝 + 𝜀𝑐 ( 4-3) 
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 𝜀𝑖𝑒 = 𝜀𝑝 ( 4-4) 

An example of the effect of converting the mechanical strain to inelastic strain for the 

stabilised cycle of sample 316-FR20 is demonstrated in Figure  4-16. The value of ∆w is 

equivalent to the area of the hysteresis loop enclosed by the red squares. 

 

 

Figure  4-16: Stabilised hysteresis loops for the LCF test at ∆ε=±0.4%, f=0.01Hz  at 650°C  

 

The calculation of the hysteresis loops can also be carried out by a less time consuming 

and simpler approach of using the statistical method referred to as the trapezoid method. In 

this method the approximation of the area under the loops is done by summing the individual 

trapezium areas calculated between two adjacent points as shown in Figure  4-17 and is 

given by the following equation: 

  ∆𝑤 = ∑
𝑦𝑖 + 𝑦𝑖+1

2

𝑛−1

𝑖=1

(𝑥𝑖+1 − 𝑥𝑖) ( 4-5) 

 

In the view of the investigations in this study, the values for stress and inelastic strain in 

the hysteresis loops are represented by 𝑦 and 𝑥 respectively.  
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Figure  4-17: Schemetical  demonstration of calculation of the area under a curve [154] 

  

4.3.2 Determination of  𝑵𝒔𝐭𝐚 and 𝑵𝐢  

The evolution of the inelastic strain energy density per cycle for an LCF test conducted at 

∆ε=±1.0% with the frequency of f=0.01Hz at 650°C is illustrated as an example in 

Figure  4-18. As it can be observed from this figure, the evolution of the inelastic strain 

energy density per cycle followed the same pattern as that observed in the stress response 

evolution plots.  

In Figure  4-18, the three stages of material behaviour is evident in which, during the initial 

cycles where strain hardening phase occurred, the inelastic strain energy density per cycle 

increased significantly until it reached a stable response where the energy dissipated per 

cycle remained constant. Finally, the inelastic strain energy started falling once the damage 

initiated. It must be pointed out that the onset of damage initiation is not well documented in 

the literature and there is not a standard as to how to define the exact number of cycle at 

which the damage initiates. For the scope of this study, having compared the evolution of ∆w 

for all experimental tests (will be analysed in details in section  4.4), a 0.5% drop from the 

maximum value of inelastic strain energy density considered to be a reliable value at which  

the damage initiated (Ni). 
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Figure  4-18: Inelastic strain energy density evolution of an LCF test with no hold time 

 

The values obtained for ∆w, 𝑁𝑠ta, 𝑁i and 𝑁f for all LCF tests conducted at 650 °C with and 

without hold time are summarised in Table  4-1 . 

 

Table  4-1: Experimental results of ∆w, 𝑵𝒔𝐭𝐚, 𝑵𝐢 and 𝑵𝐟  for LCF tests at 650 °C 

Specimen 
reference 

Mechanical  
strain 
range 

Hold time ∆𝒘𝒔𝒕𝒂 𝑵𝒔𝐭𝐚 𝑵𝐢(0.5%) 𝑵𝐟(10%) 

[ref.] [%] [s] [MPa] [N] [N] [N] 
316 FR18 ±0.4 450 2.02 20 200 926 
316 FR7 ±0.8 450 5.80 9 66 306 
316 FR6 ±1.0 450 8.53 7 41 275 
316 FR8 ±1.2 450 10.50 8 27 199 
316 F20 ±0.4 0 1.75 20 1000 1215 

316 FR15 ±0.8 0 5.78 10 98 360 
316 FR16 ±1.0 0 8.39 8 81 247 
316 FR17 ±1.2 0 10.21 7 61 194 

 

In Table  4-1, as it was expected, increasing the mechanical strain range from ±0.4% to 

±1.2% has influenced the values obtained for ∆w, Nsta, Ni and Nf. The conclusion that can 

be drawn here is that the imposed axial strain has an inverse relationship with the number of 
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cycles for stabilisation, damage initiation a well as failure. Nsta, Ni and Nf are all decreased 

as the strain range is increased. Identical behaviour is observed for both LCF tests (with and 

without hold time) although the LCF tests with hold time appeared to have expended higher 

amount of energy due to the extra energy induced by imposing the constant strain at peak 

tension and compression. 

4.3.3 Loop Shape Parameter, 𝑽𝒉 

It has been investigated in the past [155, 156] that the occurrence of persistent slip bands 

(PSB) at the surface of the specimen can be highlighted by the loop shape parameter 𝑉ℎ 

given in equation ( 4-6), 

 𝑉ℎ =
∆𝑤

4𝜎𝑎𝜀𝑎
 ( 4-6) 

Where σa and εa are the stress and plastic strain amplitudes. The evolution of this 

parameter has been illustrated in Figure  4-19 for the LCF test conducted at 650°C with an 

imposed mechanical strain of ±1.0%. As it can be observed, the magnitude of the loop 

shape parameter decreases in value during cyclic hardening phase and it reaches a steady 

condition where it remains constant for several cycles and finally decreases during the 

damage evolution period. 

 

Figure  4-19: Loop shape parameter evolution for 316-FR16, LCF test at ∆ε=±1.0%, 

f=0.01Hz and temperature of 650°C 
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 Comparison of experimental LCF results 4.4

4.4.1 Cyclic stress-strain response comparison 

The cyclic-stress responses against the number of cycles to failure (𝑁10%) at various 

strain levels with and without hold times for the LCF tests conducted at 650°C are presented 

in Figure  4-20 and Figure  4-21 respectively. As shown in the figures, the cyclic stress 

response is dependent on the temperature, the hold time as well as the imposed mechanical 

strain amplitude, i.e. the degree of cyclic strain hardening increases with increasing the total 

strain range.  

At strain range of ∆ε=±0.4%, the initial cyclic hardening to the peak stress amplitude is 

achieved after around 20 cycles whereas at the strain range of ∆ε=±1.0%, this is obtained in 

less than 10 cycles. This phenomenon is evident in both cases of LCF tests (with and 

without the hold times). Another important factor to highlight is the number of cycles to 

failure.  As expected and can be observed, in both LCF tests, at low strain range the material 

survives longer than when it is imposed to high strain amplitude, i.e. ∆ε=±1.0%, this was also 

shown in Table  4-1.  

In Figure  4-22, in an effort to highlight the effect of hold time, the plots of Figure  4-20 and 

Figure  4-21 are illustrated together. It appears that the effect of hold time is more visible at 

lower strain amplitudes, i.e. ∆ε < ±0.8%. In the case of LCF test with a hold time, the material 

stabilises quicker than that observed in continuous cyclic loading. This is more visible in 

strain amplitude of ∆ε=±0.4%. The LCF tests conducted with hold time have a lower tensile 

flow stress with a larger plastic strain range, Figure  4-23 , and the LCF tests without the hold 

time, have a higher flow stress with a lower plastic strain range. It can be argued that the 

lower stress flow results lower stress intensity factor around the crack and therefore the rate 

of crack propagation should be reduced, however it must be taken into account that the 

crack propagation enhances when the plastic strain range is increased., The effect of hold 

time on the number of cycles to failure is more distinguished where the imposed axial strain 

amplitude is at the lowest, ∆ε=±0.4%. 

Figure  4-23 contains the hysteresis loops for the stabilised cycles of the LCF tests under 

both condition of with and without hold time for strain ranges of ∆ε=±0.4%, ±0.8% and 

±1.0%. Comparing the loops, the flow stress has decreased and the plastic strain has 

increased where the hold time is introduced, however, this effect is much less where the 

strain amplitude is ∆ε=±0.4%. 
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Figure  4-20: Cyclic stress responses of LCF tests conducted at 650°C without hold time 

and frequency of 0.01 Hz.  

 

 

Figure  4-21: Cyclic stress responses of LCF tests conducted at 650°C with hold time and 

frequency of 0.001 Hz. 
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Figure  4-22: Comparison of cyclic stress responses of LCF tests with and without hold 

time conducted at 650°C  

 

Figure  4-23: Comparison of stabilised hysteresis loops of LCF tests with and without hold 

time conducted at 650°C 
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4.4.2 Inelastic stain energy density evolution 

A comparison of the inelastic strain energy density (∆w) absorbed throughout the life to 

failure for the LCF tests with and without hold time is illustrated in Figure  4-24. Due to the 

introduction of hold times in both maximum strains in tension and compression, the value for 

(∆w) was anticipated to be higher than those without hold times. This can be observed in 

Figure  4-24, where the highest difference in the values for ∆w is more evident for the low 

strain range of ∆ε=±0.4% and the lowest difference is noticed where the imposed strain 

amplitude was ∆ε=±0.8%, which could be justified since the LCF test at this strain range 

without hold time had a much higher flow stress.  

Another factor to highlight in Figure  4-24 is that when the evolution of ∆w against the 

number of cycles to failure, N, was plotted for all strain ranges, quite surprisingly the point at 

which the LCF tests with and without hold time cross each other, appeared to be 

approximately around the number of cycles at which the damage initiated for the LCF tests 

without hold time. This is demonstrated in the figure below where the damage initiation cycle 

number is highlighted with small black circles for the LCF tests without hold time. 

 

 

Figure  4-24: Comparison of the inelastic strain energy density (∆w) against the number of 

cycles to failure, N, for the strain-controlled LCF tests with and without hold time at 650°C 
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4.4.3 Stress relaxation under LCF tests 

The holding period that was introduced in both the tension and the compression strains of 

the LCF tests, under strain-controlled condition, indicated the time-dependency effect for the 

material at 650°C. During the hold periods, the stress-relaxation behaviour was observed in 

which the amount of relaxation was dependent on the temperature and the applied strain 

amplitude.  

As can be seen from Figure  4-25, the material exhibited similar trend for stress relaxation 

behaviour at strain amplitudes of ±0.4%, ±0.8% and ±1.0% during the first few cycles. The 

same trend is also observed in the saturated cycles which are shown in the smaller graph 

inside Figure  4-25. However, the amount of stress relaxation is variable for different strain 

amplitudes, i.e. the higher the strain amplitude is applied the higher the stress relaxation 

would be resulted. The stress relaxation amount is achieved by taking the stress difference 

between the starting and the last point of the holding period and is 53.81, 77.41 and 90.3 

MPa for the imposed strain ranges of ±0.4%, ±0.8% and ±1.0% respectively. The effect of 

holding time on the amount of relaxation is summarized in Table  4-2.  

 

 

Figure  4-25: Stress relaxation of the first few cycles of LCF tests with f=0.001Hz  
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Table  4-2: Amount of stress relaxed during the hold period  

Specimen 
reference 

Mechanical  
strain range 𝝈𝒎𝒂𝒙 𝝈𝒓 Stress 

relaxed 

[ref.] [%] [MPa] [MPa] [MPa] 
316 FR18 ±0.4 212.5 158.69 53.81 
316 FR7 ±0.8 241.03 163.62 77.41 
316 FR6 ±1.0 277.92 187.61 90.3 

 

 Fractography and Metallography 4.5

The tested LCF samples were subjected to metallographic and fractographic investigation 

to determine the microstructure of the samples tested at 650°C under mechanical strain 

ranges of ∆ε=±0.4%, ±0.8% and ±1.0% at both f=0.01Hz and 0.001Hz  . By combining the 

fractographic and metallographic results, the crack behaviours for all tests were successfully 

investigated. In order to conduct the metallographic study, the tested samples were 

sectioned parallel to the loading direction using the Electric Discharge Machining (EDM), and 

they were then mounted with conductive phenolic mounting resin. The surfaces of the 

sectioned samples were ground and polished down to a 1μm finish by using a rotary 

grinding machine, with silicon carbide paper, and diamond cloth. Finally, the polished 

samples were subjected to ferric chloride as the chemical etchant to reveal the 

microstructural features of the material under an optical microscope. The Hitachi S-3400N 

scanning electron microscope (SEM) was used to investigate the fragtographic study.  

 The metallographic and fractographic investigations for the LCF tests under mechanical 

strain ranges of ∆ε=±0.4%, ±0.8% and ±1.0% with hold time are presented in Figure  4-26 to 

Figure  4-28 whereas the tests with continuous cyclic loads are illustrated in Figure  4-29 to 

Figure  4-31. In general, the fracture of specimens subjected to cyclic deformation would 

yield two successive stages, i.e. the cracks firstly initiate and then propagate. For all of the 

low-cycle fatigue tests with and without hold time, the cracks were found to originate entirely 

from the surface of specimens and in a transgranular mode, as shown in Figure  4-26 to 

Figure  4-31 in (a) and (b). For low-cycle fatigue tests without hold time, it can be concluded 

from the metallographic and fractographic studies that the cracks initiated and propagated 

transgranularly with the well-defined fatigue striations which could be clearly observed in the 

crack-propagation region, as shown for example in Figure  4-29 (a) and (b). For the tests with 

hold time, it can be observed from the figures that the crack initiated mostly in a trangranular 

mode and propagated in a mixed process of transgranular and intergranular types, as 

presented for example in Figure  4-26.  
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 Conclusions 4.6

From the investigation and the analysis of the experimental stress-strain data for the LCF 

tests conducted under strain-controlled condition with and without hold time at the 

temperature of 650°C, the following conclusions can be drawn; 

 The cyclic-stress-response behaviour of the material is dependent on the test 

temperature and the imposed strain amplitude, i.e. ∆ε=±0.4% to ±1.2%. 
 

 Three phases are observed when the cyclic stress responses are plotted; cyclic 

hardening, stabilisation and damage evolution, (e.g. see Figure  4-22). 
 

 In the final stage of the behaviour of the material, a nonlinear decrease of the 

peak stress level was observed which was initiated by the presence of micro-

crack and the failure occurred as the crack propagated. 
 

 In the cyclic stress-strain hysteresis loops, the higher the strain range is applied 

the higher the flow stress and the plastic strain range are produced. When the 

test temperature is increased the flow stress is subsequently increased whereas 

the plastic strain range is decreased. 
 

 The manifestation of the dynamic strain aging (DSA) was observed in the 

hysteresis loops for the LCF tests conducted at both temperatures of 500°C and 

650 °C. 
 

 The evolution of inelastic strain energy density, ∆w, against the number of cycles, 

N, was used to determine the number of cycles at which the material 

stabilised,𝑁𝑠ta , the damage initiated, 𝑁𝑖  and the failure occurred, 𝑁𝑓. 
 

 The introduction of the hold time in both tension and compression strains in the 

LCF tests, produced an increase in the plastic strain range which subsequently 

increased the inelastic strain energy density and slightly reduced the peak flow 

stress when compared with the continuous cyclic tests. 
 

 The stress relaxation was observed when the hold time was introduced in the 

LCF tests. The amount of stress relaxation is dependent on the test temperature 

and the imposed strain amplitude, i.e. the higher the test temperature is the 

higher the stress relaxation could be resulted. The same trend is found when 

different strain ranges were examined. 
 

 It can be concluded from the metallographic and the fractographic results that in 

all LCF tests the cracks mostly initiated in transgranular mode and propagated in 
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either transgranular (with continuous cyclic load) or in a mixed mode (with 

symmetric dwell period).  
 

 From the observations of the crack morphology one can note that the strain 

holding in the compressive side caused the crack branching (i.e. Figure  4-27 (e)), 

and it played the role of suppressing the initiation and the growth of internal 

cracks or cavities.  
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  Chapter 5

The investigation and the analysis of Stress-Strain 
data of TMF cyclic tests 

 Overview 5.1

This chapter highlights the experimental results obtained on the 316FR material under 

Thermo Mechanical Fatigue conditions. In the past few years, considerable amount of 

experimental tests have been carried out on austenitic stainless steels of 304, 316SS and 

their variants [58, 158-167]. Similar to the LCF analysis carried out in  Chapter 1, the 

experimental results in this section cover two types of in-phase (IP) TMF tests which were 

conducted at the temperature range of 500°C-650°C with and without hold times at the 

maximum strains in tension and compression. The details of the test matrices and the 

mechanical strain-temperature waveform are as illustrated before in Table  3-5, Figure  3-23 

and Figure  3-24 respectively. The evolution of the cyclic-stress response per cycle, the cyclic 

hysteresis loops and the evolution of the accumulated inelastic strain energy density per 

cycle for the strain ranges of ∆ɛ=±0.4% to ∆ɛ=±1.2% are presented and discussed in this 

section. The stress relaxation during the hold periods under TMF conditions, are also 

presented to demonstrate the effect of hold time and subsequently the effect of creep on the 

overall cyclic life behaviour of the material.  

 

 Stress-Strain history 5.2

5.2.1 Cyclic-Stress evolution during cyclic loading 

The evolution of the maximum and minimum stresses recorded during the TMF tests with 

continuous cyclic loading (i.e. no hold time) are illustrated in Figure  5-1 to Figure  5-3 

whereas the TMF tests with the introduction of hold time in maximum strains in tension and 

compression are presented in Figure  5-4 to Figure  5-7. A similar trend to what were seen in 

the LCF cyclic stress responses in Figure  4-1 to Figure  4-8 were observed for the material 

316 FR cast S7646 under TMF conditions. The three stages of initial hardening, stabilisation 

and damage evolution until failure were noticed for all the TMF tests under both with and 

without hold time. During the first few cycles the material strain hardened where the peak 

stress level was increases rapidly until it reached a stabilised point and it remained constant 

for several cycles. The peak stress level then started to soften progressively due to the 

presence of micro-cracks and after several cycles it dropped significantly due to the 

generation of the macroscopic cracks and their propagation. 
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Figure  5-1: TMF Cyclic stress response for ∆ε=±0.4%, at 500-650°C with f=0.01Hz 

 

 

Figure  5-2: TMF Cyclic stress response for ∆ε=±0.8%, at 500-650°C with f=0.01Hz 
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Figure  5-3: TMF Cyclic stress response for ∆ε=±1.0%, at 500-650°C with f=0.01Hz 

 

 

Figure  5-4: TMF Cyclic stress response for ∆ε=±0.4%, at 500-650°C with f=0.001Hz 
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Figure  5-7: TMF Cyclic stress response for ∆ε=±1.2%, at 500-650°C with f=0.001Hz 
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Figure  5-8: First cyclic loops for ∆ε=±0.4% to ±1.0%, at 500-650°C with f=0.01Hz 
 

  

Figure  5-9: Stabilised cyclic loops for ∆ε=±0.4% to ±1.0%, at 500-650°C with f=0.01Hz 
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Figure  5-10: First cyclic loops for ∆ε=±0.4% to ±1.2%, at 500-650°C with f=0.001Hz 

 

 

Figure  5-11: Stabilised cyclic loops for ∆ε=±0.4% to ±1.2%, at 500-650°C with f=0.001Hz 
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 Comparison of experimental TMF results 5.3

5.3.1 Cyclic stress-strain response comparison 

The representative cyclic maximum and minimum stress evolution against the number of 

cycles to failure (𝑁10%) at various strain levels with and without hold times for the TMF tests 

conducted at the temperature range of 500-650°C are presented in Figure  5-12 and 

Figure  5-13 respectively.  In both types of tests, the material displayed similar cyclic stress 

behaviour. One can also observe the expected asymmetry in the stress responses in the 

TMF experiments. i.e., higher stress magnitudes required to reach the maximum strain at the 

low temperature (500°C~ end of the thermal cycles.) Similar to the LCF tests, the cyclic 

stress response in the case of TMF test is also dependent on the temperature, the hold time, 

the frequency as well as the imposed mechanical strain amplitude, i.e. the degree of cyclic 

strain hardening increases with increasing the total strain range.  

In Figure  5-14, in the view of introducing a hold time, the plots of TMF experimental tests 

for continuous cyclic loading and the ones with dwell period are plotted together. As can be 

seen, higher flow stress was produced in the tests without hold time and the tests with hold 

time reached the plateau (saturation cycle) quicker than those without hold time. The 

reduction in the stress level was anticipated for the tests with dwell period due to the 

enhanced recovery of the dislocation structure that may favour the development of a cell-

subgrain structure. The resistance of the material to failure was also improved when the 

dwell period was introduced. 

 

Figure  5-12: Cyclic stress responses of TMF tests conducted at 500-650°C, f=0.001 Hz 
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Figure  5-13: Cyclic stress responses of TMF tests conducted at 500-650°C, f=0.01 Hz, 

without hold time 

 

Figure  5-14: Comparison of cyclic stress responses of TMF tests with and without hold 

time conducted at 500-650°C  
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The cyclic hysteresis loops for the stabilised cycles of the TMF tests under both condition 

of with and without hold time for strain ranges of ∆ε=±0.4%, ±0.8% and ±1.0% are 

demonstrated in Figure  5-15. It can be observed that the material under the TMF tests, 

regardless of its frequency, produced a compressive mean stress. This is due to the fact that 

the specimen is submitted to higher temperature (𝑇𝑚𝑎𝑥 = 650°𝐶) while in tension. The mean 

stress is important to consider especially when the tests are conducted under different phase 

conditions. The evidence of mean stress has been discussed by many other investigators 

[87, 168-171] and its effect is taken into account in the Smith-Watson-Topper [172] and 

Ostergren [59] parameters which are presented in equations ( 5-1) and ( 5-2) respectively. 

 𝑃𝑆𝑊𝑇 = √(𝜎𝑎 + �̅�)𝜀𝑎𝐸 ( 5-1) 
 

 𝑃𝑂𝑆𝑇 = (𝜎𝑎 + �̅�)𝜀𝑝,𝑎 ( 5-2) 

In which 𝜎𝑎 is the stress amplitude, �̅� the mean stress, 𝜀𝑎 the alternate mechanical strain, 

𝜀𝑝,𝑎 the plastic strain amplitude and 𝐸 is the Young’s modulus. In the cyclic hysteresis loops 

for the TMF tests with hold time, the flow stress has decreased and the inelastic strain has 

increased when compared with continuous cyclic tests. Another factor to highlight is that 

since the amount of stress relaxation at when the temperature is minimal, 𝑇𝑚𝑖𝑛 = 500°𝐶, the 

difference in the hysteresis loops is mostly generated due to the dwell period introduced in 

maximum temperature. 𝑇𝑚𝑎𝑥 = 650°𝐶. 

 

Figure  5-15: Comparison of stabilised hysteresis loops of TMF tests with and without 

hold time conducted at 500-650°C. 
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5.3.2 ISED evolution and determination of  𝑵𝒔𝐭𝐚 and 𝑵𝐢  

In the view of determining the cyclic parameters, the evolution of inelastic strain energy 

density procedure as specified earlier in  4.3.1 for the tests under LCF conditions, was 

employed and the number of cycles for stabilisation, damage initiation and failure, denoted 

here as 𝑁𝑠ta, 𝑁i and 𝑁f respectively, were determined by plotting the inelastic strain energy 

density per cycle for the imposed strain ranges as was shown in Figure  4-18.  

Table  5-1 illustrates the values obtained for ∆w, 𝑁𝑠ta , 𝑁i and 𝑁f for the TMF tests conducted 

at the temperature range of 500-650 °C with and without hold time. Similar behaviour to the 

LCF tests were anticipated to be seen, i.e. the higher the imposed mechanical strain range 

was applied, higher values were obtained for the cyclic parameters; ∆w, Nsta, Ni and Nf. In 

the range of ∆ε=±0.4%, it took around 30-35 number of cycles for the material to stabilize 

whereas in the case of ∆ε=±1.2%, where the highest strain range was imposed, 12 cycles 

were elapsed for the material to be stabilized. The same trend is observed in Table  5-1 for 

the number of cycles for the damage to initiate and the number of cycles to failure when 

comparing different strain ranges. 

 Hence, the conclusion that can be drawn here is as was proposed earlier for the LCF tests. 

The tests under TMF conditions where the temperature was varied have shown to have a 

different number of cycles to stabilisation, damage initiation and failure to those which were 

tested under LCF condition where the temperature was kept constant, however similar 

pattern in the overall behaviour can be observed. The imposed mechanical strain range has 

an inverse relationship with the number of cycles for stabilisation, damage initiation a well as 

failure and as the strain range increases the inelastic strain energy density, ∆w, increases. 
 

Table  5-1: Experimental results of ∆𝒘𝒔𝒕𝒂 , 𝑵𝒔𝐭𝐚 , 𝑵𝐢 and 𝑵𝐟  for TMF tests at 500-650 °C 

Specimen 
reference 

Mechanical  
strain 
range 

Hold time ∆𝒘𝒔𝒕𝒂 𝑵𝒔𝐭𝐚 𝑵𝐢(0.5%) 𝑵𝐟(10%) 

[ref.] [%] [s] [MPa] [N] [N] [N] 
316 FR28 ±0.4 450 2.142 30 732 1160 
316 FR14 ±0.8 450 6.908 20 160 427 
316 FR12 ±1.0 450 9.191 14 120 267 
316 FR13 ±1.2 450 11.967 12 99 223 
316 F27 ±0.4 0 1.813 35 800 1380 

316 FR24 ±0.8 0 6.373 26 120 473 
316 FR23 ±1.0 0 8.567 11 60 288 
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The evolution of the inelastic strain energy density (∆w) per cycle, for the TMF tests with 

and without hold time is demonstrated in Figure  5-16 to highlight the behaviour of the 

material on each specific condition and the comparison that can be made to the tests where 

the hold time was introduced. As can be observed in Figure  5-16, the tests conducted with 

hold time in tension and compression have generated higher amount of inelastic strain 

energy density, ∆w, than those conducted under continuous cyclic tests. The difference in 

∆w is believed to have been caused due to the extra energy absorbed in the material under 

dwell period and since the stress flow of the tests with no hold time as shown earlier in 

Figure  5-15 do not vary as such, therefore higher amount of energy is expected to be 

absorbed in tests with hold time. 
 

 

Figure  5-16: Inelastic strain energy density (∆w) evolution against the number of cycles 

to failure, N, for the strain-controlled TMF tests with f=0.01 and 0.001 HZ at 500- 650°C 
 

5.3.3 Stress relaxation under TMF tests 

The time-dependency effect for the material in this project was demonstrated again 

through the stress relaxation observed in the TMF tests under strain-controlled condition 

where a dwell period was introduced in both maximum tension and compression strains. 

Figure  5-17 illustrates the stress relaxation of the first few cycles for the TMF tests at the 

temperature range of 500- 650°C with the mechanical strain varying from ∆ε=±0.4% to 

±1.2%. The behavior of the material in the dwell period is similar to that observed in the LCF 

tests where the relaxation initiates with a rapid decrease in the flow stress and then it 
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becomes steady. In the TMF tests, since the temperature cycles simultaneously with the 

mechanical strain, the dependency of the amount of relaxation can be an indicator of this 

dependency. This effect is highlighted in Figure  5-18 which demonstrates the stress 

relaxation curves obtained for the cyclic hysteresis loops of the stabilised cycles of the TMF 

tests at the maximum and minimum temperatures, i.e. a)   𝑇𝑚𝑎𝑥 = 650°𝐶 and b)  𝑇𝑚𝑖𝑛 =

500°𝐶. Less stress relaxation could be seen when the temperature is reached to its 

minimum. 

 

Figure  5-17: Stress relaxation of the first few cycles of the TMF tests with f=0.001Hz  

 

   

Figure  5-18: Stress relaxation of the stabilised cycles for the TMF tests when the 

imposed strain is kept constant at a)  𝑇𝑚𝑎𝑥 = 650°𝐶  b) 𝑇𝑚𝑖𝑛 = 500°𝐶 
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The amount of stress relaxation for the TMF tests at the maximum and the minimum 

temperatures are summarised in Table  5-2 and table 5-3 respectively. The conclusion that 

can be drawn here is that the higher the strain imposed and the higher the test temperature 

is the higher the relaxation is observed. 

 

Table  5-2: Amount of stress relaxed during the hold period at  𝑻𝒎𝒂𝒙 = 𝟔𝟓𝟎°𝑪  

Specimen 
reference 

Mechanical  
strain range 𝝈𝒎𝒂𝒙 𝝈𝒓 Stress 

relaxed 

[ref.] [%] [MPa] [MPa] [MPa] 
316 FR28 ±0.4 233.33 168.07 65.26 
316 FR14 ±0.8 316.80 214.60 102.20 
316 FR12 ±1.0 327.62 208.78 118.84 
316 FR13 ±1.2 343.74 215.95 127.79 

 

Table  5-3: Amount of stress relaxed during the hold period at  𝑻𝒎𝒊𝒏 = 𝟓𝟎𝟎°𝑪 

Specimen 
reference 

Mechanical  
strain range 𝝈𝒎𝒂𝒙 𝝈𝒓 Stress 

relaxed 

[ref.] [%] [MPa] [MPa] [MPa] 
316 FR28 ±0.4 -255.82 -241.77 -14.05 
316 FR14 ±0.8 -341.94 -322.86 -19.08 
316 FR12 ±1.0 -347.65 -314.92 -32.73 
316 FR13 ±1.2 -365.23 -330.20 -35.05 

 

 Comparison of experimental TMF and LCF results 5.4

The behaviour of the material under investigation in this project is evaluated through 

comparing the experimental results of the LCF and TMF tests conducted under both with 

and without hold time. Although, the engineers assume that the isothermal fatigue life at the 

peak temperature would always yield a conservative lower bound for the TMF life and they 

use the isothermal fatigue properties at the peak temperature of the design cycle to 

determine the fatigue life of the component, nevertheless many materials have been 

observed to demonstrate poor lives under TMF conditions [173, 174]. In the scope of this 

project, as can be seen in Figure  5-19 and Figure  5-20, the LCF tests appeared to have 

failed sooner than the TMF tests under the two conditions of with and without dwell period, 

even though the flow stress in the TMF tests were higher than those in the LCF tests.  
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Furthermore, in the TMF tests, since the temperature cycles at the range of 500- 650°C, 

higher number of cycles required for the material to reach the stabilised point in contrast to 

the isothermal LCF tests where the temperature is kept constant at 650°C (Table  4-1 and 

Table  5-1).  Similar behaviour was shown in [175]. Also, the higher stress level observed in 

the TMF tests could be ascribed to the higher flow stress of the material generated at the low 

temperature of the TMF cycle. In the LCF cyclic deformation, the material is exposed to 

constant temperature throughout the cyclic loads whereas in the TMF tests the material is 

deformed by plasticity and/or creep during the low temperature portion of the cycle and 

followed by the second half cycle of deformation at the higher temperature which in turn 

results in a slightly higher stress response in the tensile half of the cycle compared to the 

LCF cyclic deformation.  

The mean stress is an important element to take into account when conflicting 

observations from tests conducted under different phase conditions are encountered [87]. In 

contrast to strain-controlled LCF tests under both with and without dwell period, the in-phase 

(IP) TMF tests resulted in a compressive mean stress. In the case of out-of-phase (OP) the 

TMF tests would have shown tensile mean stress.  The generation of mean stress under 

TMF is believed to be due to the variation in the elastic modulus with temperature which 

subsequently indicates an increase in the modulus when the temperature decreases during 

the temperature cycle, would cause a higher compressive stress in contrast to the tensile 

stress under IP cycling, leading to the compressive mean stress, Figure  5-21 and 

Figure  5-22. As shown in Figure  5-21 and Figure  5-22 which demonstrate the stabilised 

hysteresis loops for all mechanical strain ranges considered in this investigation under LCF 

(denoted by black colour) and TMF (denoted by red colour) tests for with and without dwell 

period, the LCF hysteresis loops are almost symmetrical about the abscissa (zero stress) 

and have negligible mean stress whereas the TMF tests have shown an asymmetric 

hysteresis loops with an evident evidence of mean stress as discussed previously.  

Moreover, In Figure  5-23 and Figure  5-24, the evolutions of the inelastic strain energy 

density (∆w) against the number of cycles to failure are plotted for the investigated imposed 

mechanical strain ranges of ∆ε=±0.4% to ±1.0% for the LCF and TMF tests. Figure  5-23 

shows the evolution of ∆w for the tests conducted with no dwell period and the tests with 

hold time are demonstrated in Figure  5-24. As can be seen from both plots, the evolution of 

∆w for the TMF tests appear to be higher than the evolution of ∆w for the LCF tests, meaning 

the material absorbed more energy in the case of cyclic temperature tests. This behaviour 

could be anticipated since the TMF tests showed a higher flow stress and a noticeable 

compressive mean stress which consequently resulted in a higher value for the area in the 

hysteresis loops (inelastic energy), in contrast to the isothermal LCF tests.  
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Figure  5-21: Stabilised LCF/TMF cyclic loops for ∆ε=±0.4% to ±1.0%, with f=0.01Hz 

without hold time 

 

Figure  5-22: Stabilised LCF/TMF cyclic loops for ∆ε=±0.4% to ±1.0%, f=0.001Hz, with 

hold time  
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Figure  5-23: Inelastic strain energy density (∆w) evolution against the number of cycles 

for LCF/TMF tests with ∆ε=±0.4% to ±1.0%, f=0.001Hz with hold time 

 

 

Figure  5-24: Inelastic strain energy density (∆w) evolution against the number of cycles 

for LCF/TMF tests with ∆ε=±0.4% to ±1.0%, f=0.01Hz, without hold time  
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 Fractography and Metallography 5.5

Similar to the LCF samples, the tested TMF samples were subjected to metallographic 

and fractographic investigation to determine the microstructure of the samples tested at 

temperature range of 500-650°C under strain controlled condition with and without dwell 

period (i.e. f=0.01Hz and 0.001Hz respectively). The samples for the metallographic and 

fractographic studies were prepared as mentioned for the case LCF tests in section  4.5. An 

axial cross-section was taken through the mid-section of the main crack and prepared for 

metallurgical failure analysis to study the crack morphology and surrounding microstructure. 

The samples were then break opened to examine the crack surface at various 

magnifications using the scanning electron microscope (SEM) as detailed in section  4.5. 

The metallographic and fractographic results of the TMF tests under mechanical strain 

ranges of ∆ε=±0.8%, ±1.0% and ±1.2% with hold time are presented in Figure  5-25 to 

Figure  5-27 and the tests with continuous cyclic loads are illustrated in Figure  5-28 to 

Figure  5-30. In general, the fractures of specimens subjected to cyclic deformation were 

found to originate entirely from the surface of specimens. For the TMF tests where a 

symmetrical hold time was introduced, the combination of the results of the metallographic 

and fractographic studies revealed that the cracks were found to initiate in a transgranular 

process and propagate in a mixed mode (transgranular+intergranular) in which the presence 

of the intergranular cracking may also be considered as a consequence of the combined 

creep and oxidation effects. For the test conducted at the lower strain range (∆ε=±0.8%) the 

evidence of cavities in the grain boundaries and intergranular micro-cracks can observed 

from Figure  5-25 and as the imposed strain range increases the plasticity appears to be 

dominant. Figure  5-27 

As for the TMF tests without hold time, under the test conditions used in this investigation, 

from the metallographic and fractographic studies presented in Figure  5-28 to Figure  5-30, 

one can argue that the cracks initiated and propagated transgranularly with the well-defined 

fatigue. This indicates the suitability of the frequency of the tests to conduct continuous 

cyclic load tests so that they can be employed as a criterion for the damage model which will 

be discussed in the next chapters. The presence of the δ-ferrite elongated by the rolling 

processes to make the plate, could be seen in Figure  5-25 (e), Figure  5-27 (d), Figure  5-28 

(c) and Figure  5-29 (c),(d). In general, the presence of δ-ferrite decreases the ductility, the 

toughness and in addition, austenite-ferrite boundaries could be the preferential sites for the 

precipitation of M23C6-type carbides and sigma-phase of which the latter is the most widely 

observed carbide type in austenitic stainless steels which strongly affect the corrosion 

resistance. M23C6-type carbides precipitate very rapidly along grain boundaries in 

temperature range of 500-900 ºC.[176, 177] 
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 Conclusions 5.6

In this chapter, the experimental cyclic stress-strain data for the in-phase TMF tests 

conducted under strain-controlled condition, with and without hold time at the temperature 

range of 500-650°C have been illustrated, analysed and compared with the isothermal LCF 

tests conducted at the high temperature of the TMF cycles (i.e.  𝑇𝑚𝑎𝑥 = 650°𝐶 ), from which 

the following conclusions can be drawn; 

 The material behaviour observed from all the TMF tests conducted with and 

without hold time for the strain range of ∆ε=±0.4% to ±1.2%  was associated with 

initial hardening, stabilisation and damage evolution until failure, known as the 

three stage behaviour.  
 

 The evidence of Bauschinger effect was shown in the TMF cyclic stress-strain 

data for the mechanical strain ranges investigated here.  
 

 The cyclic stress range evolution of the material is dependent on the test 

temperature, the dwell period and the imposed mechanical strain amplitude. This 

could be verified from Figure  5-12 to Figure  5-14. 
 
 

 The manifestation of the dynamic strain aging (DSA) could also be seen in the first 

cyclic hysteresis loops of both types of TMF tests. 
 

 The expected asymmetry in the cyclic stress responses in the TMF experiments 

were initiated from the low temperature in the TMF cycles at which, higher stress 

magnitude required to reach the maximum strain. 
 

 Compressive mean stress was generated for the in-phase TMF tests due to the 

variation in the elastic modulus with temperature. 
 

 

 The number of cycles at which the material stabilised, 𝑁𝑠ta , the damage initiated, 

𝑁𝑖  and the failure occurred, 𝑁𝑓 were determined via plotting the evolution of 

inelastic strain energy density, ∆w, against the number of cycles, N. 
 

 The introduction of the hold time in both maximum tension and compression 

strains in the strain-controlled TMF tests, produced a similar concept to that seen 

in the LCF tests, i.e. the plastic strain range was increased which subsequently 

increased the inelastic strain energy density and reduced the peak stress level 

when compared with the continuous TMF tests. 
 

 

 In the view of comparing the TMF cycles with and without hold time, the reduction 

in the stress level was anticipated for the tests with dwell period due to the 
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enhanced recovery of the dislocation structure that may favour the development of 

a cell-subgrain structure. 
 

 In view of comparing the TMF cycles with LCF results, higher number of cycles 

was required for the material under TMF tests to reach the stabilised point in 

contrast to the isothermal LCF tests. 
 

 The LCF hysteresis loops were shown to be almost symmetrical about the 

abscissa (zero stress) with a negligible mean stress whereas the TMF tests 

showed an asymmetric hysteresis loops with an evident evidence of mean stress. 
 

 Due to the high level of flow stress and the evidence of the compressive mean 

stress exhibited in the TMF tests, the evolution of the ∆w against the number of 

cycles appeared to be higher than those observed in the LCF tests. 
 
 

 The stress relaxation was observed when the hold time was introduced in the 

temperature cycle tests. Both LCF and TMF tests with dwell period have shown 

less flow stress than the tests without hold time for all mechanical strain ranges 

considered in this investigation. 
 

  The in-phase TMF tests exhibited a longer fatigue life than the isothermal LCF 

loadings. As a result, the LCF results could provide a conservative estimate of the 

TMF life. 
 

 

 The results of the metallographic and the fractographic studies of the TMF tests 

with continuous cyclic loads revealed that the cracks initiated and propagated in a  

transgranular mode indicating the suitability of the chosen frequency to cause 

pure fatigue condition. 
 

 The introduction of the symmetrical hold time in maximum tension and 

compression strains produced a mixture of intergranular and transgranular cracks 

which indicates the interaction of fatigue and creep for the frequency of 0.001Hz. 
 

 The comparison of the metallographic and the fractographic studies of the TMF 

tests under both conditions (i.e. with and without dwell period) highlighted that the 

proportion of intergranular cracking increases with decrease in frequency (i.e. 

from 0.01Hz to 0.001Hz). Furthermore, the transgranular fatigue process 

dominates at high frequencies whereas the intergranular time dependent 

mechanism governs at low frequencies, low imposed mechanical strain amplitude 

and they both act together at intermediate frequencies and imposed mechanical 

strain amplitude. 
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  Chapter 6

Cyclic plasticity behaviour and 

FE simulation 

 
 Overview 6.1

When a component at high temperature is subjected to cyclic loading a complex evolution 

of cyclic plasticity and damage can be caused which is hardly described in a unique, simple 

and straightforward manner [178]. In order to investigate the behaviour of materials exposed 

to mechanical loads at constant or cyclic temperature, an idealized condition of a critical 

material element on a uniaxial laboratory test specimen needs to be obtained.  This type of 

test is labelled as strain-controlled “Low Cycle Fatigue” and in the case of temperature 

cycling is labelled as “Thermo-Mechanical Fatigue”, usually abbreviated as LCF and TMF 

respectively. The total strain is defined by the following equation: [92, 133] 

      𝜀𝑡 = 𝜀𝑚 + 𝜀𝑡ℎ = 𝜀𝑚 + 𝛼(𝑇 − 𝑇0) ( 6-1) 

In which ε𝑡𝑜𝑡 is the total strain, ε𝑚 the mechanical strain containing both elastic and 

inelastic strain components, ε𝑡ℎ the thermal strain, T0   the reference temperature where the 

test was begun and 𝛼 the coefficient of thermal expansion which needs to be determined by 

cycling the temperature at zero load.  

In this chapter the cyclic plasticity and the time dependency behaviour of the material 

under strain-controlled isothermal LCF and temperature cyclic TMF tests, until steady-state 

condition (stabilised cycle) has been studied. The experimental data presented in  Chapter 4  

and  Chapter 5 for LCF and TMF results respectively are employed to determine a 

constitutive model that can replicate numerically the cyclic structural behaviour of the 

material. The isotropic and nonlinear kinematic hardening models have been discussed and 

the required parameters are derived for finite element simulation purposes. In the end, the 

experimental isothermal LCF results are used in order to simulate the material behaviour 

under TMF condition.  

 Constitutive material model 6.2

Various models have been proposed previously for predicting material behaviours at high 

temperature using non-linear hardening models. Prager in 1956 [179] introduced a model 

that described the translation of the yield surface by which the simulation of the plastic 
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response of the material is related to the plastic strain linearly. In 1966 Armstrong and 

Frederick [180] proposed a model that showed some advancement in terms of simplicity for 

computer programs and managed to simulate the multiaxial Bauschinger effect (movement 

of the yield surface in the stress space). 

Further to the Armstrong and Frederick model, Chaboche and his co-workers (1979, 

1991)[181-184] proposed a model that considered the decomposition of non-linear kinematic 

hardening rule and described better the three critical parts of a stable hysteresis curve. The 

key issue with this mode is how to determine the initial set of material parameters within the 

model which has been described by Tong et al.(2004) [185] and Zhan (2004) [186] using  a 

simple method. 

For the material investigated in this project, under both with and without hold period, the 

development of the constitutive model for cyclic plasticity is based on the model included in 

the finite element software package, Abaqus [96].  In this nonlinear isotropic/kinematic 

hardening model which takes into account both the size change of the yield surface and its 

translation through the stress space [182], the evolution of the yield surface is described 

based on the combination of an isotropic hardening and a nonlinear kinematic hardening 

component which are described in the next subsections. This model is widely used by other 

investigators in [93, 100, 103-106, 151, 187] 

6.2.1 Nonlinear kinematic hardening component 

The nonlinear kinematic hardening has been formulated using the strain decomposition to 

take into account both elastic and plastic deformations. The total strain rate can therefore be 

written as 

 𝜀̇ = 𝜀̇𝑒𝑙 + 𝜀̇𝑝𝑙 ( 6-2) 

The elastic behaviour is modelled as linear elastic by 

      𝜀𝑒𝑙 = [𝑍𝑒𝑙]−1: 𝜎 ( 6-3) 

Where Z𝑒𝑙 is the elasticity tensor and the plastic term can be shown as 

 𝜀̇𝑝𝑙 =
𝜕𝑓(𝜎 − 𝛼)

𝜕𝜎
𝜀̅̇𝑝𝑙 ( 6-4) 

Where 𝜀̅̇𝑝𝑙 = √(2 3)⁄ 𝜀̇𝑝𝑙: 𝜀̇𝑝𝑙 ,is the equivalent strain rate and 𝑓(σ − α) is the equivalent 

Mises stress with respect to the overall back stress α. The equivalent Mises can be shown 

with respect to the overall back stress α as 
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 𝑓(𝜎 − 𝛼) = √
3

2
(𝜎′ − 𝛼′): (𝜎′ − 𝛼′) ( 6-5) 

Where σ′ is the deviatoric part of stress tensor and 𝛼′ is the deviatoric part of overall 

backstress α which is defined as 

 𝛼 = ∑ 𝛼𝑘

𝑁

𝑘=1

 ( 6-6) 

In equation ( 6-6) αk is the 𝑘th backstress and  N  is the total number of backstresses. The 

back stress α is consisted of multiple back stress components which can be shown as 

 𝜎0 = 𝜎|0 + 𝑄∞(1 − 𝑒−𝑏�̅�𝑝𝑙
) ( 6-7) 

The model above is based on the work presented by Lemaitre and Chaboche in 1990 

[188] in which 𝑄∞ is the maximum variation in the size of the yield surface and 𝑄∞ (1 −

𝑒−𝑏�̅�𝑝𝑙
) will approach a value of  𝑄∞ as the accumulated plastic strain 𝜀̅𝑝𝑙 increases, b is the 

rate at which the size of the yield surface varies as plastic strain develops and 𝜎|0 is the 

yield stress at zero plastic strain. The size of the yield surface can be presented by 𝜎0 as a 

function of equivalent plastic strain. The evolution of the kinematic component of the model 

is also expressed as 

 �̇� = 𝐶(𝜃)𝜀̅̇𝑝𝑙
1

𝜎0
(𝜎 − 𝛼) − 𝛾𝛼𝜀̅̇𝑝𝑙 + 𝛼

1

𝐶(𝜃)
�̇�(𝜃) ( 6-8) 

Equation ( 6-8) is based on Ziegler law and accounts for temperature dependency. 𝐶(𝜃), 

 𝛾 are material parameters and �̇�(𝜃) is the rate of change of 𝐶(𝜃) with respect to the 

temperature. Due to high level of dependency of parameters to testing conditions, the 

material parameters in the Lemaitre and Chaboche model cannot accurately be represented 

for the real material behaviour. Therefore, a direct method to use test data from a stabilised 

cycle is approached. In the cyclic plasticity method using the stabilised parameters, as 

shown in Figure  6-1, each set of data points for 𝜎𝑖 and 𝜀𝑖
𝑝𝑙 must be specified with the strain 

axis shifted to 𝜀𝑝
0  where the initial data pair will be (σ1, 0) when the initial plastic strain point 

is 𝜀1
𝑝𝑙

= 0. 
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Figure  6-1: Schematic stress-strain data for a stabilised cycle of an experimental test [96] 

 

 𝜀𝑖
𝑝𝑙

= 𝜀𝑖 −
𝜎𝑖

𝐸
− 𝜀𝑝

0 ( 6-9) 

Using the test data, for every pair (𝜎𝑖, 𝜀𝑖
𝑝𝑙

) the values of the overall back stress 𝛼𝑖 are 

obtained as 

  𝛼𝑖  = 𝜎𝑖 −
𝜎1 + 𝜎𝑛

2
 ( 6-10) 

Where σ1+σn

2
  , is the stabilized size of the yield surface and  αi is obtained by summing all 

the backstresses at this data point. In order to enable the calibration of the parameters 𝐶𝑘 

and 𝛾𝑘, the integration of the back stress evolution laws in each uniaxial strain cycle is 

calculated with an exact match for the first data pair (σ1, 0) as 

 𝛼∗𝑘 =
𝐶𝑘

𝛾𝑘
(1 − 𝑒−𝛾𝑘𝜀𝑝𝑙

) + 𝛼∗𝑘,1𝑒−𝛾𝑘𝜀𝑝𝑙
 ( 6-11) 

where α∗k , is the initial value of the kth back stress at the first data point.  

6.2.2 Isotropic hardening component 

The change in the size of the yield surface is characterised by the variation of the 

equivalent stress 𝜎0 which is a function of the equivalent plastic strain 𝜀̅𝑝𝑙 of the material and 

is given by equation ( 6-7).  The input data for the nonlinear isotropic hardening model in 

Abaqus [96] is generally based on the definition of the parameters (𝑄∞, b) or alternatively the 

data pairs (σ0, 𝜀̅𝑝𝑙). In the case of using the parameters, a plot of the data pair (σ0, 𝜀̅𝑝𝑙) can 

be drawn from which the parameters 𝑄∞, and 𝜎|0 can be determined. The rate, at which the 
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6.3.1 Isotropic hardening component 

As discussed earlier, the isotropic hardening model in Abaqus can be defined based on 

the definition of the parameters (𝑄∞, b) or alternatively the data pairs (σ0, 𝜀̅𝑝𝑙) can be 

inserted in a tabular format. In either way, σ0 and 𝜀̅𝑝𝑙 need to be identified and the material 

properties can be introduced as temperature dependent data to account for the change of 

behaviour with temperature variation. 

For the material tested in this project, as shown before, hardening behaviour was 

observed throughout the LCF and TMF tests. Hence the size of the yield surface in the ith 

cycle, σ0
i, can be obtained by isolating the kinematic component from the yield stress as 

 𝜎𝑖
0 = 𝜎𝑖

𝑡 − 𝜎∗𝑖  ( 6-13) 

 where 𝜎∗𝑖 is the back stress of cycle i. which can be determined from the experimental 

cyclic data as shown below. 

 𝜎∗𝑖 =
𝜎𝑖

𝑡 + 𝜎𝑖
𝑐

2
 ( 6-14) 

Equations ( 6-13) and ( 6-14) can be summarised as  

 𝜎𝑖
0 =

𝜎𝑖
𝑡 − 𝜎𝑖

𝑐

2
 ( 6-15) 

In which 𝜎𝑖
𝑡 and 𝜎𝑖

𝑐 are the maximum tensile stress and the minimum compressive stress 

in the elastic range as can be observed in Figure  6-3. 

 

Figure  6-3: Cyclic hardening parameters determined from experimental cycles [96] 
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The equivalent plastic strain 𝜀̅𝑝𝑙   which is employed in equation ( 6-7), can be 

approximated using the following equation. 

 𝜀̅𝑝𝑙 =
1

2
(4𝑖 − 3)∆𝜀𝑝𝑙 ( 6-16) 

The plastic strain range ∆𝜀𝑝𝑙 ,  can be estimated from  

 ∆𝜀𝑝𝑙 = 𝜀𝑡
𝑝𝑙

− 𝜀𝑐
𝑝𝑙 ( 6-17) 

or alternatively since the material's elastic modulus is large compared to its hardening 

modulus, the LCF test can be interpreted as repeated cycles over the same plastic strain 

range from which ∆𝜀𝑝𝑙 can be estimated by equation ( 6-18), in which E represents the 

Young’s modulus of the material and 𝜎1
𝑡 is the maximum tensile stress in the first cycle. 

 ∆𝜀𝑝𝑙 = ∆𝜀 −
2𝜎1

𝑡

𝐸
 ( 6-18) 

In Figure 6-4 and Figure 6-5, the evolution of the size of the yield surface, σ0, with 

equivalent plastic strain, 𝜀̅𝑝𝑙, of the LCF tests conducted at 650 °C and 500 °C for both with 

and without hold time are plotted respectively. As can be observed from the LCF tests at 650 

°C, the yield stress at zero plastic strain, i.e.σ|0, appears to be just around 100MPa for all the 

tests conducted and the size of the yield surface reaches the maximum variation, 𝑄∞, of 

195MPa for the tests without hold time and 175MPa for the tests where the hold time was 

introduced in both maximum tension and compression strains.  

For the LCF tests conducted at 500 °C, shown in Figure 6-5, as it was expected due to 

lower level of temperature, higher values for both the yield stress at zero plastic strain and 

the maximum variation in the size of the yield surface are observed. The material under both 

condition of with and without hold time yields at just around 145MPa, i.e. σ|0=145MPa, and 

the  𝑄∞ reaches a value of 340MPa with much less scatter as compared to the LCF tests 

conducted at the higher temperature of 650 °C. 

For the purpose of FE simulations if the cyclic hardening parameters are chosen to be the 

input data, then, b and 𝑄∞  will be required of which b can be determined using Figure 6-4 

for the temperature of 650 °C or Figure 6-5 for the temperature of 500 °C along with equation 

( 6-12) as explained above. However, alternatively the data pairs (σ0
i, 𝜀̅𝑝𝑙) can also be 

inserted in a tabular format which will be discussed later in this chapter. 
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Figure  6-4: The evolution of the size of the yield surface σ0 with equivalent plastic strain 

𝜀̅𝑝𝑙 for the LCF tests conducted at 650 °C with ∆ε=±0.4%, ±0.8% and ±1.0%. 

 

  
 

Figure  6-5: The evolution of the size of the yield surface σ0 with equaivalant plastic strain 𝜀̅𝑝𝑙 

for the LCF tests conducted at 500 °C with ∆ε=±0.8%, ±1.0% and ±1.2%. 
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6.3.2 Nonlinear kinematic hardening component 

The change in the size of the yield surface that originated due to the definition of the 

isotropic hardening component was covered previously and the required set of data pairs 

(σ0
i, 𝜀̅𝑝𝑙) were identified by the increment of the maximum and minimum stress between 

successive cycles (i.e. cyclic hardening). In this section, the second phase of the material 

behaviour, the translation of the yield surface in the stress space through the backstress α∗k, 

is identified by the definition of the nonlinear kinematic hardening component. This behaviour 

could also be observed by the manifestation of the Bauschinger effect when the load is 

reversed. 

From the theoretical models detailed in section  6.2.1 and using the test data for the 

stabilised cycles of the LCF tests, the data pair (𝜎𝑖, 𝜀𝑖
𝑝𝑙

) are defined by the method described 

in Figure  6-1 and equation ( 6-9) respectively. Figure  6-6 and Figure  6-7 illustrate the 

evolution of the data pair 𝜎𝑖 with plastic strain 𝜀𝑖
𝑝𝑙 for the LCF tests conducted at 650 °C and 

500 °C respectively. This data set will be employed in the FE simulations to predict the 

material behavior. 

 

Figure  6-6: The evolution of 𝜎𝑖 with plastic strain  𝜀𝑖
𝑝𝑙  for the LCF tests conducted at 650 °C  

with ∆ε=±0.4%, ±0.8% and ±1.0%. 
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Figure  6-7: The evolution of 𝜎𝑖 with plastic strain  𝜀𝑖
𝑝𝑙  for the LCF tests conducted at 500 °C  

with ∆ε=±0.8%, ±1.0% and ±1.2%. 

6.3.3 Finite element simulations 

In this section, the finite element simulation of the isothermal LCF tests with and without 

hold time, conducted at the temperature of 650°C with various strain ranges, namely ±0.4%, 

±0.8% and ±1.0% strain amplitudes are discussed. The material behavior is simulated using 

the commercial Finite Element software, Abaqus, for only the first two cyclic phase of the 

overall behavior, i.e. cyclic hardening and stabilization and the damage evolution is covered 

in the next chapter. The simulation results are also compared with the experimental results 

to verify the validity of the FE modelling. 

6.3.3.1 Finite element model geometry 

A 2D axisymmetric model with a 4mm of radius and a 6.25mm height was meshed using 

six first order CAX4R axisymmetric quadrilateral reduced integration elements as shown in 

Figure  6-8 . This FE model represents the gauge section of the solid specimen, where the 

extensometer ceramic arms were placed during the LCF/TMF strain controlled tests and the 

mesh density provided good aspect ratios and accurate numeric results. In order to obtain 

the same mechanical strain range as that for the experimental data, displacement control 

was applied. The boundary conditions on the axisymmetric model is shown in Figure  6-8 

where symmetry on the nodes located at the gauge length centre was applied with a 

prescribed displacements on the top part of the model and a predefined temperature field 
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propagating fatigue cracks which consequently increase the crack-growth rate. The 

mechanism of interactions of grain boundary cavities and fatigue cracking can explain the 

experimental observations of the tensile hold times being more damaging than both 

symmetrical and compression only. 

6.3.3.3.1 The RCC-MR creep constitutive model 

The constitutive creep model employed to predict the stress relaxation behaviour during 

the hold period is based on the RCC-MR creep law which consists of both the primary and 

the secondary creep regimes as specified in the following equations: 

   𝜀𝑐𝑝 = 𝐴1𝑡𝑝𝜎𝑛1 ( 6-19) 

 𝜀𝑐𝑠 = 𝐴1𝑡𝑓𝑝
𝑝𝜎𝑛1 + 𝐴𝜎𝑛(𝑡 − 𝑡𝑓𝑝) ( 6-20) 

where t is time in hours, A1, p, and n1 are the material constants in the primary regime 

and A and n are the constants for the secondary creep regime. The constants defined in the 

RCC-MR design code [189] are based on the tests data for Type 316L(N), however for the 

material investigated here the creep constants are determined from the creep tests which 

are discussed in the next sub-section. Equation ( 6-19) is valid for when the temperature is 

between 425°C and 700°C and 𝑡 ≤ 𝑡𝑓𝑝 in which tfp is defined as the transition time at which 

the primary and secondary creep strain rates are equal and when 𝑡 > 𝑡𝑓𝑝 equation ( 6-20) is 

employed with the criteria that the temperature remains between 480°C and 700°C. 

Since the LCF tests conducted here are subjected to strain–controlled hold time, 

therefore the reduction in the stresses i.e. stress relaxation, needs to be associated with a 

creep hardening law to determine the creep strain rate for when the stress varies. A strain 

hardening law is used for this purpose and in order to obtain the creep strain rate for the 

RCC-MR primary creep, equation ( 6-19) is solved for t and subsequently differentiated with 

respect to creep strain as shown below: 

 

𝑡 = (
𝜀𝑐𝑝

𝐴1𝜎𝑛1
)

1/𝑝

 

𝑑𝑡

𝑑𝜀𝑐𝑝
= (

1

𝐴1𝜎𝑛1
)

1
𝑝 𝜀𝑐𝑝

1
𝑝

−1

𝑝
 

𝜀�̇�𝑝−𝑆𝐻 =
𝑑𝜀𝑐𝑝

𝑑𝑡
 

𝜀�̇�𝑝−𝑆𝐻 = 𝑝𝐴1
1 𝑝⁄ 𝜀𝑐𝑝

1−1 𝑝⁄
𝜎𝑛1 𝑝⁄  

 

 

 

 

 

( 6-21) 
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A simple differentiation of equation ( 6-19) with respect to time can also be used to 

determine the creep strain rate for the case of time hardening law. 

  
𝜀�̇�𝑝−𝑇𝐻 = 𝐴1𝜎𝑛1

𝑑

𝑑𝑡
(𝑡𝑝) 

𝜀�̇�𝑝−𝑇𝐻 = 𝐴1𝜎𝑛1𝑝𝑡𝑝−1 

 

( 6-22) 

For the creep models where only the secondary or the average creep strains are 

considered, the accumulated strain would be independent of the creep hardening law as 

shown in equation ( 6-23). In this case, the creep strain rate is determined by differentiating 

equation ( 6-20) with respect to either time or creep strain of which both yield the same 

expression as shown below.  

 𝜀�̇�𝑠 =
𝑑𝜀𝑐𝑠

𝑑𝑡
= 𝐴𝜎𝑛 ( 6-23) 

For the purpose of FE simulations, the strain hardening law was implemented in the 

creep subroutine to find the change in the primary creep strain, i.e. Δε, during a time 

increment of Δt. This was done by integrating the strain hardening RCC-MR primary creep 

strain rate during the interval of Δε and Δt , as demonstrated below: 

 

∫ 𝑑𝑡
𝑡+∆𝑡

𝑡

= ∫ (
1

𝐴1𝜎𝑛1
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1
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1
𝑝

−1
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𝜀
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(𝐴1𝜎𝑛1)1/𝑝∆𝑡 = (𝜀 + ∆𝜀)1/𝑝 − 𝜀1/𝑝  

∆𝜀𝐶−𝑆𝐻 = [𝜀1/𝑝 + (𝐴1𝜎𝑛1)1/𝑝∆𝑡]
𝑝

− 𝜀 

 

 

 

 

( 6-24) 

 

Furthermore, for the case of time hardening law, the integration of the time hardening 

RCC-MR primary creep strain rate during the interval of Δε and Δt would yield the following 

expression: 

 ∆𝜀𝐶−𝑇𝐻 = 𝐴1𝜎𝑛1(𝑡 + ∆𝑡)𝑝 − 𝐴1𝜎𝑛1𝑡𝑝 ( 6-25) 

6.3.3.3.2 The material creep properties 

Table  6-1 presents the primary and the secondary creep constants which were obtained 

from four constant-load creep tests that were performed by EDF Energy Nuclear Generation 

Ltd. (formerly British Energy Generation Ltd.), on the material investigated here at the stress 

levels of 110MPa, 125MPa, 150MPa and 200MPa. The properties recommended in RCC-
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MR code are also presented in the same table for comparison although one must note that 

these creep properties are referred to the material Type 316L(N) which has the closest 

chemical composition to the material tested here. The constants obtained from EDF tests 

data provided good agreement with the experimental data and they were used for the scope 

of this project. 

Table  6-1: Primary and secondary creep constants for material 316FR-cast S7646    

Creep 
constants 

RCC-MR  
Model-650°C 

FE constants 
650°C 

RCC-MR  
Model-500°C 

FE constants 
500°C 

𝐴1 2.45 × 10-12 2.83 × 10-13 1.21 × 10-12 3.04 × 10-13 

𝑝 0.6218 0.55 0.38 0.25 
𝑛1 4.7024 4.4 4.07 3.95 
𝐴 1.04 × 10-22 2.0 × 10-27 2.05× 10-32 8.81× 10-32 
𝑛 8.16 10.32 9.97 11.18 

6.3.3.4 Comparison of FE and experimental results 

Figure  6-9 to Figure  6-11 show the comparison between the FE simulation and the testing 

results of the first and stabilised cycles as well as the cyclic stress evolution with the number 

of cycles for the isothermal LCF tests which were conducted with symmetrical dwell period in 

tension and compression at the temperature of 650°C with the imposed mechanical strain 

ranges of ±0.4%, ±0.8% and ±1.0%. The simulation of the stress relaxation during the dwell 

periods for the first and stabilised cycles of the LCF tests at 650°C with mechanical strain 

ranges of ±0.4% and ±0.8% are demonstrated in Figure  6-12, whilst the comparison 

between the FE simulation and the testing results of the first and stabilised cycles as well as 

the cyclic stress evolution with the number of cycles for the isothermal LCF tests without 

dwell period are presented in Figure  6-13 to Figure  6-15. 

The comparison of the FE simulations and the testing results for all LCF tests, i.e.  

Figure  6-9 to Figure  6-11 and Figure  6-13 to Figure  6-15 show good agreement at each test 

particularly at the stabilised cycles. The cyclic stress response recorded in each cycle 

increases as the number of cycle increases, indicating the material is strain hardening, and 

the number of cycles required to reach the plateau increases as the mechanical strain 

amplitude reduces (±0.4%). The promising agreement between the FE and experimental 

results proved the suitability of selecting the material properties for the strain-controlled test 

data with higher strain amplitude. Furthermore, the comparison of the experimental results 

and the FE simulations for the dwell periods, as shown in Figure  6-12, also indicate the 

suitability of the primary and secondary creep properties. From the FE results, it appeared 

that the dwell period in first and stabilised cycles are driven by the primary and secondary 

creep properties respectively, i.e. after a few cycles the secondary creep becomes dominant.  



Chapter 6 

132 

 

 

 

Figure  6-9: FE & Experimental First-Stabilised loops and Max-Min stress evolution for LCF 

tests at 650°C with ∆ε=±0.4%,f=0.001Hz on sample 316-FR18 
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Figure  6-10: FE & Experimental First-Stabilised loops and Max-Min stress evolution for LCF 

tests at 650°C with ∆ε=±0.8%,f=0.001Hz on sample 316-FR7 
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Figure  6-11: FE & Experimental First-Stabilised loops and Max-Min stress evolution for LCF 

tests at 650°C with ∆ε=±1.0%,f=0.001Hz on sample 316-FR6 
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Figure  6-12: FE & Experimental stress relaxation of First-Stabilised loops for the LCF tests 

at 650°C with ∆ε=±0.8% on sample 316-FR7, ∆ε=±1.0% on 316-FR6 
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Figure  6-13: FE & Experimental First-Stabilised loops and Max-Min stress evolution for LCF 

tests at 650°C with ∆ε=±0.4%,f=0.01Hz on sample 316-FR20 
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Figure  6-14: FE & Experimental First-Stabilised loops and Max-Min stress evolution for LCF 

tests at 650°C with ∆ε=±0.8%,f=0.01Hz on sample 316-FR15 
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Figure  6-15: FE & Experimental First-Stabilised loops and Max-Min stress evolution for LCF 

tests at 650°C with ∆ε=±1.0%,f=0.01Hz on sample 316-FR16 
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 TMF cyclic parameters 6.4

It is quite remarkable that majority of the low cycle fatigue (LCF) tests at elevated 

temperature that have been undertaken in the past forty years, relatively few have performed 

a test where the temperature as well as the mechanical strain range have varied. The 

argument in conducting LCF tests is to use the manipulated isothermal data to predict the 

service cycles of varying shape and magnitude which produces thermo mechanical (TMF) 

behaviour [90]. In order to simulate the TMF cyclic behaviour of the material similar to that 

observed in the experimental tests, the material properties obtained from the cyclic stress 

strain (CSS) isothermal LCF tests for the temperatures of 500°C and 650°C are used.  

Values of Young's modulus at each temperature were determined from the linear unloading 

part of the hysteresis loops (i.e. the average of elastic tension and compression arms).  

As for simulating the cyclic plasticity and hardening behaviour under TMF conditions, 

similar to the isothermal LCF-FE results, due to high level of dependency of parameters to 

testing conditions, using the material parameters in the Lemaitre and Chaboche model 

would require an optimisation procedure to obtain the suitable values. The gradient-based 

Levenberg-Marquardt method [190-192] is often used for this purpose which determines the 

first optimum set of the parameters using the initial set of material parameter estimates. 

However, in the view of simulating the TMF behaviour of the material investigated here, a 

direct method to use the isothermal LCF test data from a stabilised cycle for the temperature 

range of 500°C and 650°C is approached. 

6.4.1 Nonlinear Isotropic/Kinematic hardening component 

Figure  6-16  shows the comparison of the stabilised cycles of the in-phase TMF test 

result for the temperature range of 500-650° with the isothermal LCF test results conducted 

under mechanical strain range of ±0.4% at 500 and 650°C. It can be observed that the 

maximum and the minimum stress values for the TMF test appear to be similar to the stress 

values of the isothermal test data at the top and the bottom of the stabilised cycles. 

Therefore, this could indicate the fact that the definition of the cyclic hardening and plasticity, 

i.e. nonlinear isotropic/kinematic hardening parameters, for the TMF tests can be based on 

the parameters determined from the tests conducted under isothermal LCF tests for the 

mechanical strain ranges considered here.  

For the purpose of TMF-FE simulations the isotropic hardening data, (σ0
i, 𝜀̅𝑝𝑙), are taken 

as those were shown in Figure 6-4 for the temperature of 650 °C and Figure 6-5 for the 

temperature of 500 °C.  Furthermore, the translation of the yield surface in the stress space, 

by the definition of the nonlinear kinematic hardening component, is defined as the data pair 

of (𝜎𝑖, 𝜀𝑖
𝑝𝑙

) based on the stabilised cycles of those that were observed in Figure  6-6 and 
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Figure  6-7 for the evolution of the data pair 𝜎𝑖 with plastic strain 𝜀𝑖
𝑝𝑙 for the LCF tests 

conducted at 650 °C and 500 °C respectively. 

 

 

Figure  6-16: Comparison of stabilised cycles of isothermal LCF tests at 500 and 650°C with  

TMF test at the temperature range of  500-650°C with ∆ε=±0.4%, f=0.01Hz 
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decreases where the temperature varies in a range. In order to demonstrate this behaviour 

in the FE simulations, the thermal expansion coefficients, 𝛼 , as well as the thermal 

conductivity parameters, χ, are defined for the temperatures the tests were conducted at. 

The thermal parameters documented in the physical properties section of the R66 [193]  for 

austenitic stainless steels  are summarised in Table  6-2 and Table  6-3. These parameters 

are defined using equations ( 6-26) and ( 6-27). 

Additionally, by using equation ( 6-1), the thermal expansion coefficients for the TMF tests 

conducted for the temperature range of 500-650°C are determined from the experimental 

data, to compare with the R66 material properties. At 650°C the material yielded a coefficient 

of thermal expansion of 21.04 x10-6 °C -1 while at 500°C this was 20.22 x10-6 °C -1 which both 

were within the suggested uncertainty of ± 2.8 x 10-6°C -1 as specified in R66 [193]. This 
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discrepancy in the results could also be justified with the fact that the thermal expansion 

coefficient for the specimen gauge itself cannot necessarily be an indicator of a true value 

from the thermal signal, since it may contain the response of the stabilised extensometer 

detection unit and the ceramic legs during cycling. 

 𝛼 = 15.3 + 0.839 × 10−2 𝜃 ( 6-26) 

 𝑥 = 13.65 +  0.1434 𝑥 10−1 𝜃 ( 6-27) 
 

Table  6-2: Thermal Conductivity of Austenitic Stainless Steels 

Temperature °C 20 100 200 300 400 500 600 700 
χ, Wm-1 °C -1 13.9 15.1 16.5 18.0 19.4 20.8 22.3 23.7 

 

Table  6-3: Coefficient of Thermal Expansion of Austenitic Stainless Steels 

 Temperature °C 20 100 200 300 400 500 600 700 
α , 10-6 °C -1 15.5 16.1 17.0 17.8 18.7 19.5 20.3 21.2 

 

6.4.3 Finite element simulations 

Comparisons are made between the experimental and numerical results including first 

and stabilised cyclic stress-strain loops, max-min stress amplitude evolution with number of 

cycles, and stress relaxation at selected strain levels for the tests conducted with dwell 

period (450 s strain hold) where creep and fatigue interaction may be expected. The FE 

results for the TMF tests with continuous cyclic loading at strain ranges of ±0.8% and ±1.0% 

are presented in Figure  6-17 and Figure  6-18 respectively, whereas the numerical results for 

the tests with dwell period at strain ranges of ±0.8% and ±1.2%  are illustrated in Figure  6-19 

and Figure  6-20. Using the creep data summarised in Table  6-1, the stress relaxation history 

in the first and stabilised cycles for the TMF tests with hold time are demonstrated in 

Figure  6-21. 

 The FE results showed that the material properties derived in  6.4.1 for the nonlinear 

isotropic/kinematic hardening components could represent the material behaviour; however 

it must be noted that the comparison of the stabilised hysteresis loops indicated that the 

maximum stresses in tension do not fully match the experimental results. This is due to the 

fact which was observed earlier in Figure  6-16. The maximum stress in tension for the 

stabilised LCF cycle at 650°C is lower than that observed in the TMF cycle, as a result using 

the cyclic data based on that experimental data, such discrepancy can be expected to be 

seen in the FE results in which, consequently the evolution of the maximum stresses with 

number of cycles would be lower than the actual experimental results. 
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Figure  6-17: FE & Experimental First-Stabilised loops and Max-Min stress evolution for TMF 

tests at 500-650°C with ∆ε=±0.8%,f=0.01Hz on sample 316-FR24 
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Figure  6-18: FE & Experimental First-Stabilised loops and Max-Min stress evolution for TMF 

tests at 500-650°C with ∆ε=±1.0%,f=0.01Hz on sample 316-FR23 
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Figure  6-19: FE & Experimental First-Stabilised loops and Max-Min stress evolution for TMF 

tests at 500-650°C with ∆ε=±0.8%,f=0.001Hz on sample 316-FR14 
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Figure  6-20: FE & Experimental First-Stabilised loops and Max-Min stress evolution for TMF 

tests at 500-650°C with ∆ε=±1.2%,f=0.001Hz on sample 316-FR13 
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Figure  6-21: FE & Experimental stress relaxation of First-Stabilised loops for the TMF tests 

at 500-650°C with ∆ε=±0.8% on sample 316-FR14, ∆ε=±1.2% on 316-FR13 
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 Conclusions 6.5

The cyclic hardening/plasticity and the time dependency behaviour of the material under 

strain-controlled isothermal LCF and temperature cyclic TMF tests, until steady-state 

condition (stabilised cycle) has been studied in this chapter. A constitutive model based on 

using the nonlinear isotropic/kinematic hardening components from the experimental data 

presented in  Chapter 4  and  Chapter 5 for the LCF and the TMF results was used to 

replicate numerically the cyclic structural behaviour of the material from which the following 

conclusions can be drawn; 

 The temperature dependent Abaqus nonlinear isotropic/kinematic hardening 

model proved to be a reasonably good material model to simulate the material 

behaviour of 316FR cast S7646 under both isothermal LCF and temperature 

cyclic, TMF loading conditions. 
 

 The nonlinear isotropic/kinematic hardening components could be described using 

the direct method of providing a tabular format of the data pairs (σ0, 𝜀̅𝑝𝑙) and 

(𝜎𝑖, 𝜀𝑖
𝑝𝑙

). 
 

 A 2D axisymmetric model with a 4mm of radius and a 6.25mm height was capable 

of providing reasonable numerical results. 
 

 It could be concluded from the FE results that for both LCF ad TMF conditions  

(with and without hold period) the cyclic stress response recorded in each cycle 

increased as the number of cycle increased, meaning  the FE model could 

illustrate the material hardening behaviour.  
 

 The promising agreement between the FE and experimental results proved the 

suitability of selecting the material properties for the strain-controlled test data with 

higher strain amplitude to be a representative for other strain amplitudes. 
 

 Moreover, as shown in Figure  6-12 and Figure  6-21, the good agreement 

achieved between the experimental results and the FE simulations for the tests 

with dwell period conducted under LCF and TMF conditions indicated the 

suitability of the primary and secondary creep properties as summarised in 

Table  6-1.  
 

 From the FE simulations of the stress relaxation in the first and stabilised cycles, 

one could argue the fact that the dwell period in the first few cycles is controlled 

via the primary creep and it becomes more evident after a few cycles 

(approximately just before stabilisation) that the secondary creep becomes more 

dominant. 
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 From the overlap of the stabilised cycles for the LCF tests conducted at 500°C 

and 650 °C and the TMF test in the temperature range of 500°C-650°C, as shown 

in Figure  6-16, it can be seen that the maximum stress in tension for the stabilised 

LCF cycle at 650°C is lower than that observed in the TMF cycle by which, using 

the cyclic data based on that isothermal experimental data for that temperature a 

discrepancy can be expected to be seen in the FE results. This discrepancy 

observed whilst comparing the FE and the experimental stabilised cycles of the 

TMF results for the ones with and without hold time, as shown in Figure  6-17 to 

Figure  6-20. 
 

 The deviation in the FE stabilised cyclic loops, however, could be corrected 

defining additional material properties at intermediate temperatures between 500 

ºC and 650 ºC. This would require new samples to be manufactured in order to 

perform isothermal LCF tests to calibrate the nonlinear isotropic/kinematic 

hardening material model. 
 

 Finally, it can be concluded that the material cyclic behaviour until stabilisation 

point under TMF condition (with and without hold period) can be predicted using 

the isothermal cyclic data conducted at the temperature range of the cyclic 

temperature imposed in the TMF tests. i.e. (𝑇𝑚𝑖𝑛, 𝑇𝑖𝑛𝑡𝑒𝑟𝑚𝑒𝑑𝑖𝑎𝑡𝑒 , 𝑇𝑚𝑎𝑥). 
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  Chapter 7

Creep-Fatigue damage evolution and FE 
simulations 

 

 Overview 7.1

Since the engineering components in high temperature structures such as those used in 

power plants, nuclear reactors, rocket engines and jet engines are subjected to variation in 

the operating conditions due to the energy demand, cyclic loads associated with constant or 

cyclic thermal loads are anticipated to operate simultaneously generating both low cycle and 

thermo mechanical fatigues. As a result, the consequence of this cyclic behaviour on the 

different structural components needs to be carefully monitored and analysed to prevent 

catastrophic failures. The cyclic plasticity and the time dependency behaviour of the material 

in this investigation for the condition of strain-controlled isothermal LCF and temperature 

cyclic TMF tests, until steady-state condition (stabilised cycle) were discussed in detail 

in Chapter 6 . The experimental data presented in  Chapter 4 and  Chapter 5 were employed 

to determine a constitutive model that can replicate numerically the cyclic structural 

behaviour of the material. The final stage of the material behaviour (i.e. failure) is 

investigated experimentally and replicated numerically in this section.  

The study of the failure stage investigates the tests conducted under isothermal LCF and 

cyclic temperature TMF tests for both conditions of with and without hold time. For the tests 

with continuous cycles, a hysteresis energy-based phenomenological model was developed 

to predict the fatigue damage initiation and evolution throughout the last stage of the material 

behaviour. This model was implemented in Abaqus via user defined sub-routine which will 

be discussed in this section. The energy-based model has also been approached by other 

authors in [105, 152, 194]. In an effort to study the interaction of creep and fatigue, the tests 

where the hold time introduced, the damage mechanism (initiation+evolution) needed to 

consider the time dependent damage factor i.e. the creep damage to more accurately 

replicate the material behaviour. Hence, the overall damage could be decomposed as 

following; 

 𝐷𝑡 = 𝐷𝑐 + 𝐷𝑓 ( 7-1) 

In which 𝐷𝑡,  𝐷𝑐 ,  𝐷𝑓  are the total, creep and fatigue damage respectively. In the tests without 

hold time, the above expression can be expressed as 𝐷𝑡 =  𝐷𝑓. 
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For the tests where the hold time was introduced, i.e. the interrupted creep and varying 

frequency fatigue tests, the total damage model was assumed to follow the life fraction 

method as proposed by Taira [108]. This model, which is an empirical model, is based on 

the cumulative damage rules which assume that the life of the specimens is governed by the 

separated accumulation of the fatigue/time-independent and creep/time-dependent 

damages. Although, the linear-summation rule leads to conservative estimates of the life, 

however, this technique has been widely used in literature [57, 195-197] since it is 

advocated by RCC-MR code case [198] for 316L(N) steels, ASME [199] and Power Reactor 

and Nuclear Fuel Development Corporation [200] for 316FR.  

The linear-damage-summation method can be described by the following equation. 

 𝐷𝑡 = 𝐷𝑐 + 𝐷𝑓 = ∑
𝑡ℎ

𝑡𝑟
+ ∑

𝑁

𝑁𝑓
 ( 7-2) 

In equation ( 7-2), the failure is believed to occur when 𝐷𝑡 equals unity [57]. The life 

fraction for the fatigue damage contains the fraction of the number of cycles to failure (𝑁) for 

fatigue tests with hold periods at a given strain amplitude to the number of cycles to failure 

for the tests with continuous cyclic (𝑁𝑓) at the same strain amplitude, meanwhile for the 

creep damage, the fraction is based on the amount of the hold time (𝑡ℎ) in the total cyclic 

tests (i.e. 𝑁 ×  𝑡ℎ) to the rupture time (𝑡𝑟) which is obtained from a pure creep test at the 

same stress as the hold period. In this section, the total experimental damage (section  7.2) 

is evaluated against the total damage obtained by equation ( 7-2) from which the proportion 

of creep and fatigue damages are determined. In the developed user defined damage model 

sub-routine, the overall damage is assumed to follow the following expression. 

 𝐷𝑡 = 𝐷𝑐 + 𝐷𝑓 = ∑
𝑡ℎ

𝑡𝑟
+ (ℎ𝑦𝑠𝑡𝑒𝑟𝑒𝑠𝑖𝑠 𝑒𝑛𝑒𝑟𝑔𝑦 𝑑𝑎𝑚𝑎𝑔𝑒) ( 7-3) 

In equation ( 7-3) the fatigue damage is replicated by the hysteresis energy-based method 

which will be discussed in detail in the next sections. 

 Experimental damage measurement 7.2

In the tests with cyclic loads, the damage development initiates once the incubation 

period has been reached. This means when the stress levels exceed the yield stress and the 

material is subjected to cyclic plastic strain. From the metallographic and fractographic 

studies described in section  4.5 and  5.5 for the LCF and the TMF tests respectively, one can 

argue the fact that the manifestation of damage is due to the nucleation and growth of 

microvoids and microcracks in the core or the surface of the investigated material. This 
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nucleation and growth of microdefects is subjected to a complex evolution which can be 

characterized by different stages as described by Ganczarski and Barwacz in [201]. 

The measurement of the material damage under cyclic tests using non-destructive direct 

measurements has sometimes encountered various difficulties. Employing the general 

measurement techniques such as the determination of the density of surface microdefects 

usually fail to provide an accurate magnitude of damage in the core of the material. 

Subsequently, it is preferred to use indirect measurement techniques as will be discussed in 

this section. For the material investigated here, the experimental damage measurement for 

the LCF and TMF tests under both conditions of with and without hold time, the techniques 

proposed by Lamaitre and Desmorat [202-204] are employed to quantify the isotropic 

damage. In these techniques which in theory are an inverse methods taking advantage of 

the relation between elasticity, plasticity and damage, the damage measurement can be 

conducted in two ways as expressed below.  

  𝐷𝑖 = 1 −
𝐸𝑖

𝐸′
 ( 7-4) 

 𝐷 = 1 −
𝜎

𝜎′
 ( 7-5) 

In equation ( 7-4), the record of the Young’s modulus variation is used to measure the 

damage evolution under experimental cyclic loading conditions in which 𝐷𝑖 is the damage of 

the i-th cycle, 𝐸′ is the effective (or undamaged) Young’s modulus and 𝐸𝑖 is the average 

damaged Young’s modulus registered in cycle i. The effective young modulus 𝐸′ was 

derived from the elastic material response recorded during the stabilised cycle. The average 

damaged Young’s modulus, 𝐸𝑖 , was also defined as the average of the two Young’s 

modulus (tension, 𝐸𝑖𝑡 and compression, 𝐸𝑖𝑐)  which were measured from the two elastic 

material responses recorded on each cycle as shown in Figure  7-1. The record of the 

Young’s modulus in each cycle would require more care as can be observed from 

Figure  7-1, the elastic response at high and low temperature in the hysteresis loop for the 

material under TMF condition can vary.  

Therefore,  𝐸𝑖𝑡 was calculated as the slope of the linear regression fit of the 10 points that 

followed the maximum strain and 𝐸𝑖𝑐 was limited to a regression fit of the 8 points that 

followed the minimum strain. This selection of number points ensured that the Young’s 

modulus measurement was not distorted at a higher number of cycles due to the reduced 

elastic material response. In the case of LCF tests, the number of points for the slope of the 

linear regression fit was identical in tension and compression since the test temperature was 

constant. 
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Figure  7-1: Typical experimental damage measurment using the Young’s modulus criterian 

for the TMF tests conducted at ∆ε=±0.8%,f=0.01Hz on sample 316-FR24  

 

In the damage model based on the change of the effective stress, i.e. equation ( 7-5), σ is 

the actual damaged stress tensor and 𝜎′ the effective or undamaged stress tensor taken 

from the stabilised cycle. Theoretically, equations, ( 7-4) and ( 7-5) should yield the same 

damage value. However, for the tests under cyclic loading conditions the material damage 

can only accurately be measured by recording the changes in Young’s modulus in the cyclic 

loops using equation ( 7-4). In the damage technique described in equation ( 7-5), the 

influence of the damage in the stress tensor described is limited to the plastic region 

meaning the stress tensor in the elastic region will not degrade and consequently would 

result in an error in the overall damage measurement.  

This can be more clarified when an extreme case is considered within which an elastic 

perfectly plastic material is subjected to cyclic strain controlled loading. Under this condition 

the damage according to equation ( 7-5) will always be equal to zero. For the purpose of this 

project the damage model based on equation ( 7-4) is used. Figure  7-2 illustrates the result of 

the experimental damage measurement on the test conducted under LCF condition. The 

lack of number of points towards the end of the damage experimental data was generated 

by the settings of the data acquisition system in the testing unit. The cyclic hysteresis 

stress-strain data was recorded every 20 cycles once the initial 100 cycles were exceeded. 

-450

-350

-250

-150

-50

50

150

250

350

450

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

St
re

ss
 (M

Pa
)

Mechanical-Strain(%) 

Stabilised Cycle-TMF-316-FR24

Unloading-Tension

Unloading-Compression

𝑬𝒊 =
𝑬𝒊𝒕 + 𝑬𝒊𝒄

𝟐
 

𝑬𝒊𝒕 

𝑬𝒊𝒄 



Chapter 7 

153 

 

Figure  7-2: Experimental damage evolution of LCF test at ∆ε=±1.0%,T=650°C 

 Hysteresis loops decomposition 7.3

The inelastic strain energy density, in the tests where the hold time is introduced, can be 

decomposed into three main areas as shown in Figure 7-3 and explained further by Skelton 

in [205]. However in this graph, the equation to calculate the energy introduced by only 

plasticity, needs to be rectified since it overestimates the actual value, i.e. the equation 

needs to be multiplied by (1 − 𝛽), 𝛽 being the cyclic hardening exponent, to accurately 

determine the plastic energy in the loop [206]. The same expression has been employed by 

other researchers in [207-210] to determine the plastic work inside the cyclic hysteresis loop. 

The strain range partitioning technique was also employed by Manson et al. in [116] to 

decompose the total strain to analysis the tests under creep-fatigue conditions. The 

hysteresis loops decomposition is conducted in order to determine the inelastic strain energy 

density, which was detailed in  4.3.1, under fatigue domain so that it can be employed in the 

fatigue damage evolution model, described in this chapter. 

  

Figure  7-3: Energy decomposition in the hysteresis loops with dwell period. [205] 
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For the material investigated here, the method described earlier in  4.3.1 was used to 

determine the plastic work in the hysteresis loop for the tests without hold time. However, for 

the tests were the hold time was introduced, since the stabilised cycles for the TMF and LCF 

tests as shown in Figure  5-15 and Figure  4-23 respectively, overlap therefore the energy 

dissipated by creep and fatigue were determined by subtracting the total areas of the tests 

with hold time from the tests without hold time. Figure  7-4 illustrates a typical overlap of the 

inelastic hysteresis loops for the test conducted under TMF condition. 

 

Figure  7-4: Stabilised inelastic hysteresis loops for the TMF tests conducted at ∆ε=±0.8%, 

on samples FR14 and FR24 at f=0.001Hz and 0.01Hz respectively  

 The decomposition of the stabilised hysteresis loops for the tests conducted under 

both LCF and TMF condition with hold time are summarised in Table  7-1.   

 

Table  7-1: Decomposition of ∆𝒘𝒔𝒕𝒂 for LCF/TMF tests at f=0.001Hz 

Specimen 
reference 

Mechanical  
strain 
range 

Test ∆𝒘𝒕𝒐𝒕𝒂𝒍 ∆𝒘𝒄𝒓𝒆𝒆𝒑 ∆𝒘𝒇𝒂𝒕𝒊𝒈𝒖𝒆 

[ref.] [%] [-] [MPa] [MPa] [MPa] 
316 FR18 ±0.4 LCF 2.02 0.27 1.75 
316 FR7 ±0.8 LCF 5.80 0.38 5.42 
316 FR6 ±1.0 LCF 8.53 0.58 7.95 

316 FR28 ±0.4 TMF 2.14 0.32 1.82 
316 F14 ±0.8 TMF 6.91 0.54 6.37 

316 FR12 ±1.0 TMF 9.19 0.62 8.57 
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 Continued cyclic damage based on Hysteresis Energy  7.4

The application of hysteresis energy in characterising the damage evolution can be 

chased backed to late 20s. Halford [209] presented the relationship for plastic strain energy 

based on the cyclic stress-strain curve of the material and Feltner and Morrow [211] used 

the total strain–life method of fatigue analysis. Halford and Morrow were the first who offered 

the concept of using energy as a parameter for characterising uniaxial fatigue. The energy 

parameter was used later on in the damage model proposed by Ellyin and Kujawski [207] , 

which was based on the total deformation plasticity, taking the total strain energy density per 

cycle as the sum of plastic strain energy component and the positive elastic strain energy. 

Therefore, it can be concluded that the concept of using the plastic strain energy is generally 

agreed and it plays an important role in the damage process. 

7.4.1 Damage initiation  

A sequential local damage initiation method using the hysteresis energy per cycle is 

developed to incorporate damage initiation analysis into LCF/TMF conditions. This 

phenomenological damage initiation model predicts the damage initiation for the ductile 

materials subjected to cyclic load in association with the accumulation of inelastic strain 

energy density per cycle,  ∆𝑤, which has been previously described for LCF and TMF tests 

in sections  4.3 and  5.3 respectively. The damage initiation model follows the following 

equation; 

 𝑁0 = 𝑟1∆𝑤𝑠𝑡𝑎
𝑟2  ( 7-6) 

 

In which 𝑁0 is the number of cycles for damage to initiate, ∆𝑤𝑠𝑡𝑎 is the inelastic strain energy 

density of the stabilized cycle and 𝑟1 and 𝑟2 are a pair of material constants which should be 

calibrated according to experimental tests [152].  The log rules can be used on equation 

( 7-6) to obtain the values for 𝑟1 and 𝑟2 as follows; 

 𝐿𝑜𝑔(𝑁0) = 𝐿𝑜𝑔(𝑟1∆𝑤𝑠𝑡𝑎
𝑟2 ) ( 7-7) 

 

Moreover, by conducting the “expansion” rule, equation ( 7-7) can be simplified further as; 

 𝐿𝑜𝑔(𝑁0) = 𝑟2𝐿𝑜𝑔(∆𝑤𝑠𝑡𝑎) + 𝐿𝑜𝑔(𝑟1) ( 7-8) 
 

Equation ( 7-8) is a linear plot of cycle number for damage initiation versus the 

accumulated inelastic hysteresis energy density of the stabilized cycle (i.e. 𝑁0 versus ∆𝑤𝑠𝑡𝑎) 

from which the slope defines the constant 𝑟2 and the second term can be used to 

determine Log(r1). The value of 𝑁0  can be obtained directly from the experimental data by 
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using equation ( 7-9), in which 𝑁𝑖 and 𝑁𝑠𝑡𝑎 are the number of cycles for damage to initiate 

and the number of cycles to reach the stabilised cycle respectively. These parameters were 

described in depth in sections  4.3. 

 𝑁0 = 𝑁𝑖 − 𝑁𝑠𝑡𝑎 ( 7-9) 

 

The damage initiation data set (𝑁0, ∆𝑤𝑠𝑡𝑎) are summarised in Table  7-2 and  

 

Table  7-3 for the tests under LCF and TMF conditions respectively and plotted for both 

with and without hold time tests as demonstrated in Figure  7-5 and Figure  7-6. The 

constants 𝑟1 and 𝑟2 were defined by doing a power law regression line fit to equation ( 7-6). 

The scatter bands at ± two times the standard deviation are shown as dashed lines. It can 

be observed from Figure  7-5 and Figure  7-6, both the LCF and the TMF damage initiation 

data were correctly represented by equation ( 7-9). Furthermore, all the experimental data lay 

within ± two times the standard deviation scatter bands. From the regression fit analysis of 

the LCF cycles with hold time in Figure  7-5 (a), the constants value were found as 

𝑟1 = 495.61 and 𝑟2 = -1.344 whereas in the tests with continuous cycles, Figure  7-5 (b), they 

were shown to be 𝑟1 = 2332.9 and 𝑟2 = -1.708.   

As for the TMF tests, the constants for the tests with hold time, Figure  7-6 (a), were 

defined as 𝑟1 = 1735.4, 𝑟2 = -1.239 and in the tests without hold time, Figure  7-6 (b), these 

constants were represented as 𝑟1 = 2153.5 and 𝑟2 = -1.732. 

 
 

Table  7-2: Experimental results of ∆w, 𝑵𝒔𝐭𝐚, 𝑵𝐢 and 𝑵𝟎  for LCF tests at 650 °C 

Specimen 
reference 

Mechanical  
strain 
range 

Hold time ∆𝒘𝒔𝒕𝒂 𝑵𝒔𝐭𝐚 𝑵𝐢 𝑵𝟎 

[ref.] [%] [s] [MPa] [N] [N] [N] 
316 FR18 ±0.4 450 2.02 20 200 180 
316 FR7 ±0.8 450 5.80 9 66 57 
316 FR6 ±1.0 450 8.53 7 41 34 
316 FR8 ±1.2 450 10.50 8 27 19 
316 F20 ±0.4 0 1.75 20 1000 980 

316 FR15 ±0.8 0 5.78 10 98 88 
316 FR16 ±1.0 0 8.39 8 81 73 
316 FR17 ±1.2 0 10.21 7 61 54 
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Table  7-3: Experimental results of ∆𝒘𝒔𝒕𝒂 , 𝑵𝒔𝐭𝐚 , 𝑵𝐢 and 𝑵𝟎  for TMF tests at 500-650 °C 

Specimen 
reference 

Mechanical  
strain 
range 

Hold time ∆𝒘𝒔𝒕𝒂 𝑵𝒔𝐭𝐚 𝑵𝐢 𝑵𝟎 

[ref.] [%] [s] [MPa] [N] [N] [N] 
316 FR28 ±0.4 450 2.14 30 732 702 
316 FR14 ±0.8 450 6.91 20 160 140 
316 FR12 ±1.0 450 9.19 14 120 106 
316 FR13 ±1.2 450 11.97 12 99 87 
316 FR27 ±0.4 0 1.81 35 800 765 
316 FR24 ±0.8 0 6.37 26 120 94 
316 FR23 ±1.0 0 8.57 11 60 49 

 

 

Figure  7-5: Damage initiation parameters for a) LCF, f=0.001Hz and b) LCF, f=0.01Hz 

 

  

Figure  7-6: Damage initiation parameters for a) TMF, f=0.001Hz and b) TMF, f=0.01Hz 

 

7.4.2 Damage Evolution  

In this section, the evolutions of damages for the tests conducted under LCF/TMF 

conditions with continuous cyclic loads are considered, whereas the damage evolution for 

the tests with a hold time is dealt with in the next section. This is due to the fact that in the 
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tests with a hold time, the overall damage consists of the combination of fatigue and creep 

damages, therefore the parameters required to develop the damage model would vary. 

Under continuous cyclic loading, an energy-based damage model is employed to predict the 

damage evolution and material degradation originated by the stress reversals of the 

LCF/TMF cycles. This method has been implemented in the commercial FE element 

software Abaqus [212] and has also been used by a limited number of researchers, i.e. 

Biglari in [105] and Darveaux in [152]. Darveaux used a modified version of the model in 

which the damage evolution is replaced by crack growth. The damage evolution model in 

this section is based on the averaged inelastic hysteresis energy density and is determined 

once the damage initiation criterion is satisfied, i.e. the power law damage evolution model is 

employed to accommodate material degradation once the damage is initiated. The rate of 

damage, 𝐷 , per cycle, 𝑁, for a material point can be defined as; 

 𝑑𝐷

𝑑𝑁
=

𝑟3∆𝑤𝑎𝑣𝑔
𝑟4

𝐺
 ( 7-10) 

In equation ( 7-10), 𝑟3 and 𝑟4 are material constants, ∆𝑤𝑎𝑣𝑔 is the average of the inelastic 

strain energy density for the number of cycles after which the damage initiated (∆𝑁) and G is 

an element geometric property that takes the value of the area of the element in a FE model 

with first order axisymmetric elements or the volume of the element in 3D models. To 

determine the values of material damage parameters 𝑟3 and 𝑟4 , equation ( 7-10) can be 

written as shown below. 

 ∆𝐷

∆𝑁
=

𝑟3∆𝑤𝑎𝑣𝑔
𝑟4

𝐺
 ( 7-11) 

A logarithmic plot of total damage evolution over the number of cycles after damage 

initiation versus the averaged accumulated inelastic hysteresis energy density (∆𝐷

∆𝑁
 

versus ∆𝑤𝑎𝑣𝑔) will provide a graph which enables the determination of 𝑟3 and 𝑟4. In the data 

set required to plot this graph, ∆𝐷

∆𝑁
 can be defined via dividing the total incremental damage 

obtained from the method described in section  7.2 by the number of cycles that causes the 

damage to evolve to a higher state after damage initiation (∆𝑁, highlighted in the plot 

presented in Figure  4-15) and the averaged accumulated inelastic hysteresis energy density 

(∆𝑤𝑎𝑣𝑔) is obtained by averaging the ∆𝑤 of the cycles until failure once the damage initiated, 

i.e. the average of ∆𝑤 within ∆𝑁. Table 7-4 summarises the damage evolution parameters 

required to identify the material damage parameters 𝑟3 and 𝑟4. This table also contains the 

information of the total damage for the LCF/TMF tests with hold time which will be 

decomposed into creep/fatigue damage in the next section. 
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Table  7-4: Damage evolution parameters for LCF/TMF tests with and without hold time 

Specimen 
reference 

Mechanical  
strain 
range 

Test ∑∆D ∑∆N ∑
∆𝑫

∆𝑵
 ∆𝒘𝒂𝒗𝒈 

[ref.] [%] [-] [-] [N] [-] [MPa] 
316 FR18 ±0.4 LCF-with hold 0.089 726 1.23E-4 1.46 
316 FR7 ±0.8 LCF-with hold 0.13 254 5.11E-4 4.97 
316 FR6 ±1.0 LCF-with hold 0.16 239 6.69E-4 7.53 
316 FR8 ±1.2 LCF-with hold 0.16 173 9.25E-4 9.16 

316 FR20 ±0.4 LCF 0.08 216 3.71E-4 1.57 
316 FR15 ±0.8 LCF 0.12 263 4.87E-4 5.12 
316 FR16 ±1.0 LCF 0.11 163 6.75E-4 7.96 
316 FR17 ±1.2 LCF 0.11 140 7.85E-4 10.01 
316 FR28 ±0.4 TMF-with hold 0.10 428 2.34E-4 1.76 
316 FR14 ±0.8 TMF-with hold 0.11 267 4.12E-4 5.89 
316 FR13 ±1.2 TMF-with hold 0.19 124 1.53E-3 9.26 
316 FR27 ±0.4 TMF 0.10 580 1.72E-4 1.76 
316 FR24 ±0.8 TMF 0.12 353 3.34E-4 6.03 
316 FR23 ±1.0 TMF 0.14 228 6.14E-4 8.34 

 

The study of the damage evolution model based on fitting equation ( 7-11) to the 

experimental data pairs (∆𝐷

∆𝑁
 , ∆𝑤𝑎𝑣𝑔) for both LCF and TMF tests are illustrated in Figure  7-7 

(a) and (b) respectively. Only the LCF/TMF data for the tests with continuous cyclic loads are 

presented here. Based on the curve fitting analysis and taking into account the magnitude of 

the element geometric property, G = 4.166 mm2, the independent set of material constants  

𝑟3 and 𝑟4 for the LCF tests are found to be 𝑟3=7.201E-5 and 𝑟4=0.391 whereas these 

constants could be represented as 𝑟3=2.401E-5 and 𝑟4= 0.746 for the TMF tests. 

 

 

Figure  7-7: Continuous cyclic damage evolution parameters for a) LCF, f=0.01Hz and  

b) TMF, f=0.01Hz 
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 Dwell tests damage analysis 7.5

7.5.1 Creep strain rate during stress relaxation 

In both strain-controlled LCF and TMF tests where the symmetrical hold time was 

introduced, the time-dependency effect could be observed for the material investigated here 

at 650°C (LCF) and 500-650°C (TMF). The stress-relaxation behaviour was observed in 

Figure  4-25 and Figure  5-17 for LCF and TMF tests respectively, in which the amount of 

relaxation was dependent on the temperature and the imposed mechanical strain amplitude. 

In an effort to decompose the total damage induced in the material that is subjected to the 

interaction of creep and fatigue phenomenon, the investigation of creep strain rate during the 

relaxation plays an important role. Generally, in the tests with higher strain amplitudes, the 

strain rates during relaxation are expected to be higher than those tested at low strain 

amplitudes by which matrix deformation (fatigue damage) and grain-boundary cavitation 

(creep damage) would be the consequent damages respectively. This behaviour is 

illustrated in Figure  7-8 (a) and (b) for LCF and TMF tests with hold time respectively. 

  

  

Figure  7-8: Stabilised stress-relaxation strain rate for a) LCF, f=0.01Hz b) TMF, f=0.01Hz 
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 In a quantitative metallography assessment of creep-fatigue damage of type 316 SS, 

Hales [51] proposed that a creep strain rate of less than 10-4 s-1 was required to cause the 

grain-boundary damage. From Figure  7-8 (a) under LCF condition, it can be observed that 

the creep strain rate initiated at 4. 10-5 s-1 and reduced to less than 5. 10-6 s-1 and in the case 

of cyclic temperature tests (TMF) in Figure  7-8 (b), similar trend was observed with creep 

strain rate beginning at 9. 10-5 s-1 and ending at less than 1. 10-5 s-1. From the overall 

behaviour of the strain rate distribution within the stress relaxation period, it can be 

concluded that the contributing damage during the stress relaxation period can be taken as 

pure creep or grain-boundary damage. 

7.5.2 Creep rupture-stress relaxation 

In the life fraction damage model that was described earlier in equation ( 7-2), the rupture 

time (𝑡𝑟) is required in order to estimate the creep damage. This is determined from the 

average stress during hold period in the stabilised cycle [57, 60], equation ( 7-12), in 

combination with the stress rupture curve which was provided by EDF (Energy Nuclear 

Generation Ltd) and shown in  Figure  7-9.  

 𝜎𝑟 =
𝜎𝑚𝑎𝑥 + 𝜎𝑚𝑖𝑛

2
 ( 7-12) 

In equation ( 7-12), 𝜎𝑟 is the average stress during the relaxation, 𝜎𝑚𝑎𝑥  is the maximum 

tensile stress at the start of the relaxation and 𝜎𝑚𝑖𝑛   is the stress at the end of the relaxation. 

The experimental data parameters, 𝜎𝑟 ,  𝜎𝑚𝑎𝑥 , 𝜎𝑚𝑖𝑛  and the time to rupture  𝑡𝑟 at the stress 

level of 𝜎𝑟  for both LCF and TMF tests with hold time are summarised in Table  7-5. 
 

 

Figure  7-9: Creep rupture properties of 316FR S7646 at 650°C [213]. 
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Table  7-5: Stress relaxation and the time to rupture constants for both LCF/TMF tests 

Specimen 
reference 

Mechanical  
strain 
range 

Test  𝝈𝒎𝒂𝒙  𝝈𝒎𝒊𝒏  𝝈𝒓    𝒕𝒓  

[ref.] [%] [-] [MPa] [MPa] [MPa] [h] 
316 FR18 ±0.4 LCF 212.50 158.69 185.60 642.94 
316 FR7 ±0.8 LCF 239.10 161.00 200.05 277.00 
316 FR6 ±1.0 LCF 277.92 187.61 232.76 131.95 
316 FR8 ±1.2 LCF 278.91 186.26 232.59 132.65 

316 FR28 ±0.4 TMF 233.33 168.07 200.70 277.00 
316 FR14 ±0.8 TMF 306.00 214.60 260.30 60.37 
316 FR12 ±1.0 TMF 325.00 217.00 271.00 45.55 
316 FR13 ±1.2 TMF 343.74 215.95 279.84 36.39 

 

The stress relaxation behaviour used in the present study was recorded for individual 

cycles in each test, however this can also be estimated analytically using equations ( 7-13) 

and ( 7-14)  in cases where only tabular results of  𝜎𝑚𝑎𝑥  and 𝜎𝑚𝑖𝑛  are given [11].  

           𝜎𝑅𝑃 = 𝜎0 [
1

1 + 𝐴1𝐸(𝑛1 − 1)𝜎0
(𝑛1−1)

𝑡𝑝
]

1
𝑛1−1

 ( 7-13) 

 𝜎𝑅𝑆 = 𝜎0 [
1

1 + 𝐴𝐸(𝑛 − 1)𝜎0
(𝑛−1)

𝑡
]

1
𝑛−1

 ( 7-14) 

In equations ( 7-13) and ( 7-14) the stress relaxation in the constant-displacement test for 

the primary and the secondary RCC-MR creep model (as detailed in section  6.3.3.3) is 

represented in which 𝜎0  is the initial stress at the beginning of the hold time. 

7.5.3 Life-fraction damage model 

Table  7-6 summarises the creep, fatigue and the total life-fractions damages for both LCF 

and TMF tests with hold time as denoted by 𝐷𝑐 , 𝐷𝑓 and 𝐷𝑡 respectively. In conducting the 

creep damage model based on the life-fraction rule, equation ( 7-2), the hold time in the dwell 

tests was defined as 0.125 (h) and therefore the total holding time during the tests, 𝑡ℎ  , can 

be determined from ∑ 𝑁 × 𝑡ℎ with the time to rupture, 𝑡𝑟 , for each test being assessed from 

the stress relaxation behaviour at the stabilised cycle. The fatigue damage fraction, 𝐷𝑓 , in 

each test is also evaluated by the fraction of the cycles to failure for the tests with and 

without hold time, represented as 𝑁 and 𝑁𝑓 respectively. The number of cycles to failure with 

10% failure criterion, for the tests conducted under LCF and TMF conditions are summarised 

in Table  4-1 and Table  5-1 respectively. 
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The total life-fraction damage, 𝐷𝑡 ,  taken as the sum of creep and fatigue damages is also 

illustrated in Table  7-6. The total damage obtained by using equation ( 7-2) and the total 

damage determined from the experimental data using equation ( 7-4) , 𝐷𝑒𝑥𝑝  , which was 

described earlier in section  7.2, both are summarised and compared in Table  7-7 in which a 

normalisation factor is achieved by taking the fraction of 𝐷𝑒𝑥𝑝 over 𝐷𝑡 shown here as  𝜆 . An 

average value of the normalisation factor represented in Table  7-7 was decided to be 

determined in order to demonstrate a unique normalisation factor that could be employed for 

various mechanical strain ranges under the conditions the tests were conducted (i.e. 

LCF/TMF). The averaged values of 𝜆 for the LCF and TMF tests resulted in 𝜆=0.12 and 

𝜆 =0.08 respectively.  

 

Table  7-6: Damage fractions as per damage summation rule for both LCF/TMF tests 

Specimen 
reference 

Mechanical  
strain 
range 

Test  𝒕𝒉  𝑫𝒄=

𝒕𝒉

𝒕𝒓
 𝑫𝒇=

𝑵

𝑵𝒇
 𝑫𝒕=𝑫𝒄 + 𝑫𝒇 

[ref.] [%] [-] [h] [-] [-] [-] 
316 FR18 ±0.4 LCF 115.75 0.18 0.76 0.94 
316 FR7 ±0.8 LCF 38.25 0.14 0.85 0.99 
316 FR6 ±1.0 LCF 35.00 0.27 1.13 1.40 
316 FR8 ±1.2 LCF 24.87 0.19 1.03 1.21 

316 FR28 ±0.4 TMF 145.00 0.52 0.84 1.36 
316 FR14 ±0.8 TMF 53.37 0.88 0.90 1.79 
316 FR12 ±1.0 TMF 33.37 0.73 0.93 1.66 
316 FR13 ±1.2 TMF 27.87 0.77 0.89 1.66 

 

Table  7-7: Damage normalisation factor , 𝝀 , for both LCF/TMF tests 

Specimen 
reference 

Mechanical  
strain 
range 

Test 𝑫𝒕  𝑫𝒆𝒙𝒑=𝟏 −
𝑬𝒊

𝑬′
 𝝀 

[ref.] [%] [-] [-] [-] [-] 
316 FR18 ±0.4 LCF 0.94 0.09 0.09 
316 FR7 ±0.8 LCF 0.99 0.13 0.13 
316 FR6 ±1.0 LCF 1.40 0.16 0.11 
316 FR8 ±1.2 LCF 1.21 0.16 0.13 

316 FR28 ±0.4 TMF 1.36 0.10 0.07 
316 FR14 ±0.8 TMF 1.79 0.11 0.06 
316 FR13 ±1.2 TMF 1.66 0.19 0.11 

 

Having determined the value of 𝜆 for both LCF and TMF tests, this normalisation factor was 

then used to improve the creep-fatigue life-fraction damage models by simply multiplying 𝐷𝑐 

and 𝐷𝑓 by the averaged normalisation factor. By doing so, the total damage could be 
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decomposed based on the total experimental damage, i.e. equation ( 7-4), after which the 

required set of ( Δ𝐷𝑓

∆𝑁
 , ∆𝑤𝑎𝑣𝑔) for the fatigue damage proportion in both LCF/TMF tests could 

be established. Earlier in Figure  7-7, the damage evolution parameters were identified for 

the tests under continuous cyclic loads, however for the fatigue proportion of the tests with 

hold time, these parameters are better described as 𝑟3=2.16E-5,  𝑟4= 0.9358 and 𝑟3=2.40E-

5, 𝑟4= 0.743 for the LCF and TMF tests respectively as shown in Figure  7-10. 

  

  

Figure  7-10: Decomposed fatigue damage evolution parameters for a) LCF b) TMF tests 

 

 FE damage simulation 7.6

In order to demonstrate the effect of damage on the material properties, the progressive 

degradation of the material stiffness is simulated using the scalar damage variable D as 

highlighted in Figure  7-11.  

 

 

Figure  7-11: Damage evolution mechanism for monotonic loading conditions[214] 
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The scalar damage equations as shown below could be employed to determine the 

effect of damage on the material properties at any given loading cycle during the analysis.  

 𝜎 = (1 − 𝐷)𝜎′ ( 7-15) 

 𝐸 = (1 − 𝐷)𝐸′ ( 7-16) 
 

In equations ( 7-15) and ( 7-16), the effective or undamaged stress tensor and Young’s 

modulus in the absence of damage are represented by 𝜎′ and 𝐸′ whereas the damaged 

stress tensor and Young’s modulus are denoted as 𝜎 and E . The material is completely 

damage or it has lost its load carrying capacity when the scalar damage variable reaches 

unity. i.e. 𝐷 = 1.  

7.6.1 Implementation of the damage model in Abaqus 

The creep and fatigue damage models were implemented and calculated based on the 

FE model described in section  6.3.3.1 combined with the standard Abaqus CREEP and 

USDFLD user-defined subroutines. For the tests with continuous cyclic loads, the tests 

without hold time, only the USDFLD subroutine was employed whereas in an effort to 

simulate the tests conducted with hold time, both CREEP and USDFLD subroutines were 

used. The USDFLD which provides access to material point quantities at the start of an 

increment and allows the definition of user-defined state variables to generate the history 

dependent data was modified in order to implement the damage method based on the 

hysteresis energy described in section  7.4.2.  

In the USDFLD user-defined subroutine, for both LCF and TMF tests, the plastic strain 

“PE” and the stress tensor ‘S’ in the direction of 22 were called using the GETVRM 

command by which the calculation of the plastic strain energy density inside the hysteresis 

loops was determined based on the method described in section  4.3.1 (trapezoid method). 

The number of cycles for damage initiation , 𝑁0 , was determined as soon as the stabilised 

cycle was reached. The change of the inelastic strain energy densities of two successive 

cycles were measured and when this value approached approximately to zero, that cycle 

was labelled as the stabilised cycle  𝑁𝑠𝑡𝑎 and the plastic strain energy density of that cycle 

was chosen as Δ𝑤𝑠𝑡𝑎 from which  𝑁0 was calculated using equation ( 7-6).  

The damage evolution, 𝐷𝑓 , in the USDFLD subroutine ignited once the damage initiation 

criterion was satisfied, i.e. when a certain amount of number of cycles was elapsed after the 

stabilisation point (e.g.𝑁 ≥  𝑁0). Equation ( 7-10) was implemented in the FE subroutine with 

the material constants 𝑟3 and 𝑟4 as specified in Figure  7-7 and Figure  7-10 for LCF and TMF 

tests with and without hold time respectively. 
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 In order to simulate the behaviour of the material investigated here for the tests 

(LCF/TMF) with hold time, the CREEP user-defined subroutine was employed in 

combination with the USDFLD. The CREEP subroutine was modified in order to implement 

the stress relaxation behaviour using the primary and the secondary creep properties from 

the data generated in Table  6-1 along with the creep damage method based on equation 

( 7-17).  

 𝐷𝑐 = 𝜆 × ∫
𝑑𝑡

𝑡𝑟

𝑡ℎ

0

= 𝜆 × ∑
∆𝑡ℎ

𝑡𝑟
 ( 7-17) 

The overall damage in the tests with hold time, however, was calculated from the 

summation of the different damage increments, ∆𝐷 , according to equations ( 7-10) and 

( 7-17). It is also important to highlight that only the increments of creep damage originated in 

the tensile portion of the cycles were assumed to contribute towards damage and the 

deformation in the compressive portion of the cycle was neglected due to the sintering of the 

creep cavities in compression [60] and the fact that the localized damage from compressive 

portion would not take place because of the crack closure [57, 215]. Hence, it should be 

reasonable to postulate the tensile creep damage as a measure of damage for the tests with 

hold time.  

7.6.2 FE and Experimental results comparison  

The experimental strain-controlled LCF and TMF tests with and without hold time were 

replicated and simulated until stabilised cycle earlier in  0. In this section, the FE simulations 

of the tests with 10% failure criterion were conducted and compared against the 

experimental results as when the damage initiated. In order to assess the accuracy of the FE 

results, the evolution of the inelastic (plastic in tests with hold time) strain energy 

density (∆𝑤), total damage evolution (𝐷𝑡), creep and fatigue damages (𝐷𝑐 , 𝐷𝑓 ) and the 

maximum and minimum stress amplitudes (𝜎𝑚𝑎𝑥 ,  𝜎𝑚𝑖𝑛) against the number of cycles were 

presented. The FE results obtained for the tests without hold time are summarized in 

Figure  7-12 to Figure  7-14 for LCF results, whereas the tests of TMF cycles without hold 

time are presented in Figure  7-15 and Figure  7-16. The figures illustrated as (a), (b) and (c) 

in Figure  7-12 to Figure  7-16 show the evolution of (∆𝑤), (𝐷𝑡) and (𝜎𝑚𝑎𝑥 ,  𝜎𝑚𝑖𝑛) against the 

number of cycles respectively.  

The evolution of the inelastic strain energy density, ∆𝑤, and the total damage displayed 

on a log scale in figures (a) and (b) for both LCF and TMF simulations, show a good 

correlation with the experimental results during most of the tests cycles which indicates the 

USDFLD subroutine is capable of successfully calculating the plastic area in the hysteresis 

loops and predicting the total isotropic damage in the material. The same trend could also be 
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observed for the evolution of cyclic stress amplitudes as shown in figures (c). The error 

associated with the calibration of the damage evolution parameters, 𝑟3 and 𝑟4  and the slight 

deviation observed in the prediction of the inelastic strain energy density, ∆𝑤, could be the 

reason as to why minor overestimation of the damage growth rate was seen in figures (b). 

As shown earlier in equation ( 7-10), higher inelastic strain energy density recorded in the FE 

simulations tend to overestimate the increment of damage per cycle ΔD. It must be noted 

that the model implemented in the USDFLD subroutine is based on the cycles to failure with 

10% drop criterion which lies in the isotropic damage stage, however in order to predict and 

simulate the final fracture, the evolution of (∆𝑤), (𝐷𝑡) and (𝜎𝑚𝑎𝑥 ,  𝜎𝑚𝑖𝑛) for the nonlinear 

damage behaviour, i.e. the rapid decrement of ∆𝑤 that followed the cycles previous to 

failure, additional damage models would be required. 

In an effort to simulate the experimental LCF/TMF tests with hold time (Figure  7-17 to 

Figure  7-19 for LCF, Figure  7-20 and Figure  7-21 for TMF tests), the evolution of the 

inelastic (plastic in this case) strain energy density (∆𝑤), creep and fatigue 

damages (𝐷𝑐  , 𝐷𝑓 ), total damage evolution (𝐷𝑡), and the maximum and minimum stress 

amplitudes (𝜎𝑚𝑎𝑥 ,  𝜎𝑚𝑖𝑛) against the number of cycles are compared with the experimental 

results and illustrated in figures (a), (b), (c) and (d) respectively. As was expected, the 

evolution of plastic strain energy density in all figures (a) produced a lower level when 

compared to the experimental inelastic strain energy density results. This can be taken as a 

validation point for the accuracy of the subroutine’s method of determining the plastic work 

only inside the hysteresis loops, since the inelastic strain in the tests with hold time means 

plastic and creep strains combined and therefore in order to decompose the fatigue and 

creep damages, only the plastic energy inside the loops would need to be considered. In 

figures (b), the damages are separated and plotted together against the experimental data 

from which, as anticipated, the evolution of creep damage has followed similar pattern to the 

experimental results since the model was based on the time-fraction rule as defined 

previously in equation ( 7-3). This also highlights that the USDFLD subroutine is capable of 

successfully calculating the total time in the cycles from which (𝑡ℎ) is determined. 

It can be observed from the FE LCF creep-fatigue damage evolutions in figures (b) of 

Figure  7-17 to Figure  7-19 that creep damage seems to have less contribution in the total 

damage and fatigue appears as the dominant mechanism. In contrast, in the tests under 

TMF conditions, from the plots as shown in figures (b) of Figure  7-20 and Figure  7-21 one  

can argue that creep damages are nearly as much as fatigue damages and as demonstrated 

well in Figure  7-20 (b), both damages are distributed equally. Similar behaviour was seen 

earlier in the fractographic studies of the TMF samples as detailed earlier in section  5.5 (e.g. 

Figure  5-26).The overestimation of FE hysteresis damage growth per cycle as shown in 
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figures (b) of the tests which is more evident in the TMF FE results, is due to the 

normalisation factor which was averaged and it was derived from only three experimental 

tests. This deviation with the experimental damage has also led the FE total damage, shown 

in figures (c), to be overestimated. The experimental total damages are plotted based on 

equation ( 7-4) and compared with the FE total damages obtained from the summation of 

time-fraction creep and hysteresis fatigue damage techniques as shown earlier in equation 

( 7-3). In order to minimise the discrepancies in the FE hysteresis damages, an optimised 

normalisation factor would be required which can be obtained by conducting several 

experimental tests on various strain ranges. Despite the minor deviations in the FE results, it 

can be concluded that the developed subroutine is capable of accurately predicting the 

evolution of inelastic and plastic strain energy density and the magnitude of damage during 

the isotropic stage based on the energy-based damage evolution in combination with the 

time-fraction creep model (in cases with hold time). This implies that the damage laws are 

correct and that the effect of damage on the degradation of the FE material stiffness (i.e. 

Young’s modulus) accurately represents the experimental observations. The deviations 

observed in the FE cyclic stress responses, in figures (d), could be associated to the 

material properties and would disappear if the FE model accurately reproduces the 

experimental stress-strain material response. 

 

Figure  7-12: FE & Experimental (a) Inelastic strain energy density evolution, ∆w (b) Total 

damage based on hysteresis energy and (c) Max-Min stress evolution for LCF tests at 

650°C with ∆ε=±0.4%,f=0.01Hz on sample 316-FR20 
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Figure  7-13: FE & Experimental (a) Inelastic strain energy density evolution, ∆w (b) Total 

damage based on hysteresis energy and (c) Max-Min stress evolution for LCF tests at 

650°C with ∆ε=±0.8%,f=0.01Hz on sample 316-FR15 
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Figure  7-14: FE & Experimental (a) Inelastic strain energy density evolution, ∆w (b) Total 

damage based on hysteresis energy and (c) Max-Min stress evolution for LCF tests at 

650°C with ∆ε=±1.0%,f=0.01Hz on sample 316-FR16 

 

 

 
 

Figure  7-15: FE & Experimental (a) Inelastic strain energy density evolution, ∆w (b) Total 

damage based on hysteresis energy and (c) Max-Min stress evolution for TMF tests at 500-

650°C with ∆ε=±0.8%,f=0.01Hz on sample 316-FR24 
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Figure  7-16: FE & Experimental (a) Inelastic strain energy density evolution, ∆w (b) Total 

damage based on hysteresis energy and (c) Max-Min stress evolution for TMF tests at 500-

650°C with ∆ε=±1.0%,f=0.01Hz on sample 316-FR23 
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Figure  7-17: FE & Experimental (a) Plastic strain energy density evolution, ∆w (b) Cree-

Fatigue damages, (c) Total damage and (d) Max-Min stress evolution for LCF tests at 650°C  

with ∆ε=±0.4%,f=0.001Hz on sample 316-FR18 

 

 

 

 

 
 

Figure  7-18: FE & Experimental (a) Plastic strain energy density evolution, ∆w (b) Cree-

Fatigue damages, (c) Total damage and (d) Max-Min stress evolution for LCF tests at 650°C  

with ∆ε=±0.8%,f=0.001Hz on sample 316-FR7 
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Figure  7-19: FE & Experimental (a) Plastic strain energy density evolution, ∆w (b) Cree-

Fatigue damages, (c) Total damage and (d) Max-Min stress evolution for LCF tests at 650°C  

with ∆ε=±1.0%,f=0.001Hz on sample 316-FR6 
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Figure  7-20: FE & Experimental (a) Plastic strain energy density evolution, ∆w (b) Cree-

Fatigue damages, (c) Total damage and (d) Max-Min stress evolution for TMF tests at 500-

650°C with ∆ε=±0.8%,f=0.001Hz on sample 316-FR14 

 

  

  
 

Figure  7-21: FE & Experimental (a) Plastic strain energy density evolution, ∆w (b) Cree-

Fatigue damages, (c) Total damage and (d) Max-Min stress evolution for TMF tests at 500-

650°C with ∆ε=±1.2%,f=0.001Hz on sample 316-FR13 
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 Conclusion  7.7

In this section, the final stage of the material behaviour (i.e. failure) was investigated 

experimentally and simulated numerically for both LCF and TMF tests conducted with and 

without hold time. In the tests with continuous cyclic loading (without hold time) a hysteresis 

energy-based phenomenological model was implemented in a USDFLD subroutine to 

predict the fatigue damage initiation and evolution throughout the last stage of the material 

behaviour. This model in combination with the creep damage model based on the time-

fraction law were employed simultaneously to replicate the experimental results in which the 

hold time was introduced. The hysteresis loops were decomposed to extract only the plastic 

work in the loops from which the constants 𝑟3 and 𝑟4 in the hysteresis damage model can be 

defined for fatigue only. Furthermore, the creep strain rate during the relaxation period was 

examined to verify the proportion of matrix and time dependent damages. The following 

conclusions can be drawn from the analysis of the FE and experimental results; 
 

 The record of the Young’s modulus variation can be considered as an adequate 

tool to measure the damage evolution under experimental cyclic loading 

conditions. It followed almost the same trend as that plotted based on the change 

of the effective stress. Figure  7-2 
 

 

 The application of hysteresis energy in characterising the damage initiation and 

evolution was proved to be valid for the LCF and the TMF tests with and without 

hold time. 
 

  The hysteresis loops decomposition technique was conducted to obtain the 

material constants in the hysteresis damage model (𝑟3 and 𝑟4) based on the plastic 

work that was assumed to originate from fatigue only. 
 

 

 The creep strain rate examination during the relaxation period approved the fact 

that the damage occurred from the effect of hold time could be associated with 

creep only (i.e. grain-boundary cavitation) since the creep strain rate was lower 

than 10-4 s-1 which was the minimum rate proposed by Hales [51] to cause the 

creep damage. 
 

 The promising agreement between the FE and the experimental results proved 

the accuracy of the developed subroutine in predicting the evolution of inelastic- 

plastic strain energy density and the magnitude of damage during the isotropic 

stage. 
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 The damage model based on the energy in the hysteresis loops was implemented 

in the subroutine and the comparison of the FE simulations and the experimental 

results for the LCF and TMF tests without hold time indicate the suitability of this 

method.(Figures (a) and (b) in Figure  7-12 to  Figure  7-16) 
 

 Moreover, as shown in figures (b) and (c) in Figure  7-17 to Figure  7-21, good 

agreement can be observed between the experimental results and the FE 

simulations for the tests in which the hold time was introduced. This highlights the 

effectiveness of combining the time-fraction (creep) and hysteresis energy method 

(fatigue) to represent the material behaviour.  
 

 Minor deviations in the FE hysteresis damages could be minimised by conducting 

more experimental tests from which a more suitable normalisation factor , 𝜆 , can 

be obtained. 
 

 The deviation in the FE results of the total damages, as observed in figures (c) of 

the results with hold time, was originated from the error initially observed in the 

fatigue portion of the total damage. However, minimising the deviation in the 

hysteresis energy damage through the optimised normalisation factor should 

consequently improve the FE prediction of the total damage.  
 

 

 

 

 

 

 

 

 

 

 

 

 



Chapter 8 

177 

  Chapter 8

Conclusions and Future work 
  

 Conclusions 8.1

A series of strain-controlled LCF and TMF experimental tests were conducted on the 

Type 316 stainless steel under various mechanical strain ranges (i.e. ∆ɛ=±0.4% to ±1.2%) to 

examine the cyclic behaviour of type 316 SS material under investigation for the temperature 

range of 500-650°C. Hold times were introduced symmetrically at both peak strains in 

tension and compression to represent the creep-fatigue interactions. From the investigation 

and the analysis of the experimental stress-strain data for the tests conducted under 

isothermal strain-controlled conditions with and without hold time at the temperature of 

650°C it could be seen that the cyclic-stress-response behaviour of the material is 

dependent on the test temperature and the imposed strain amplitude. Cyclic hardening, 

stabilisation and damage evolution are the stages which were observed throughout the tests. 

However, it must be pointed out that all tests programmes needed to be short term due to 

the limited time period where high levels of plasticity resulted.  

The analysis of the experimental cyclic stress-strain data for the in-phase TMF tests 

conducted under strain-controlled condition at the temperature range of 500-650°C with and 

without hold time indicated a similar material response, i.e. the aforementioned three stages 

are observed throughout the tests. However, in the TMF cyclic stress-strain data the 

evidence of Bauschinger effect could be observed due to temperature cycling. Due to the 

low temperature in the TMF cycles, higher stress magnitude required to reach the maximum 

strain. In these cases, asymmetric cyclic stress responses were observed and compressive 

mean stress was generated due to the variation in the elastic modulus as temperature 

altered. In contrast, for the case of LCF tests, the hysteresis loops were shown to be almost 

symmetrical about the abscissa (zero stress) with a negligible mean stress which also 

highlights the effect of temperature on material response. 

Under both LCF and TMF tests, the manifestation of the dynamic strain aging (DSA) 

could be seen in the cyclic hysteresis loops. A plot of the evolution of inelastic strain energy 

density, ∆w, against the number of cycles, N in a log-log scale was employed to define the 

number of cycles at which the material stabilised, 𝑁𝑠ta , the damage initiated, 𝑁𝑖  ,  and the 

failure occurred, 𝑁𝑓. In view of comparing the experimental TMF and LCF results, in the 

cyclic stress-strain hysteresis loops, it is shown that the higher the strain range applied the 

higher the flow stress and the plastic strain range that are produced. When the test 
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temperature is increased the flow stress is subsequently increased whereas the plastic strain 

range is decreased. Moreover, higher numbers of cycles were observed under TMF tests to 

reach the stabilised point and less number of cycles to failure in contrast to the isothermal 

LCF results. Also, due to the high level of flow stress and the evidence of the compressive 

mean stress for the tests under TMF conditions, the evolution of the ∆w against the number 

of cycles were shown to be higher than those observed under LCF conditions. 

The introduction of the hold time in both maximum tension and compression strains in the 

strain-controlled LCF and TMF tests produced a similar concept in which the plastic strain 

range was increased which subsequently increased the inelastic strain energy density and 

reduced the peak stress level when compared with the tests without hold time. The reduction 

in the stress level could be attributed to the enhanced recovery of the dislocation structure 

that may favour the development of a cell-subgrain structure. Stress relaxation was also 

observed when the hold time was introduced. The comparison of the metallographic and the 

fractographic studies of the LCF-TMF tests under both conditions (i.e. with and without dwell 

period) showed that the proportion of intergranular cracking increases with decrease in 

frequency and the transgranular fatigue process dominates at high frequencies. The 

intergranular time dependent mechanism governs at low frequencies and low imposed 

mechanical strain amplitude whereas they both exist at intermediate frequencies and 

imposed mechanical strain amplitudes. Furthermore, the introduction of symmetrical hold 

time in tension and compression produced a mixture of intergranular and transgranular 

cracks which indicate the interaction of fatigue and creep as could be seen from the 

observations of the crack morphology conducted on the tests with 0.001Hz frequency.  

The primary and secondary creep properties, as summarised in Table  6-1, were reported 

to be suitable to represent the time dependent behaviour as shown in Figure  6-12 and 

Figure  6-21. Moreover, it can be concluded that the isothermal cyclic data conducted at the 

temperature range of the cyclic temperature imposed in the TMF tests can be utilised to 

represent the material cyclic behaviour until stabilisation point under TMF condition. From 

the present results it was shown that good agreement exists between the FE and the 

experimental results using the temperature dependent Abaqus nonlinear isotropic/kinematic 

hardening model. . A multiaxial damage model based on the energy in the hysteresis loops 

which was developed was implemented in a user-defined subroutine. The accuracy of this 

model was assessed by comparing the FE simulations and the experimental results for the 

LCF and TMF tests without hold time as shown by Figures (a) and (b) in Figure  7-12 to 

Figure  7-16. The application of hysteresis energy in characterising the damage initiation and 

evolution was proved to be valid for the LCF and the TMF tests with and without hold time. 

The hysteresis loops decomposition technique was conducted to obtain the material 
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constants in the hysteresis damage model (𝑟3 and 𝑟4) based on the plastic work that was 

assumed to originate from fatigue only. 

The time-fraction (creep) and hysteresis energy (fatigue) methods were combined and 

shown to be effective in representing the material behaviour under creep-fatigue interaction 

as shown in figures (b) and (c) to Figure  7-17 to Figure  7-21. The deviation in the FE results 

of the fatigue damages and the total damages, as observed in figures (c) of the tests with 

hold time, could be minimised by optimising the normalisation factor , 𝜆 , that could be 

generated by conducting further experimental tests at various strain ranges. 

 Future work 8.2

In order to improve, further validate and provide a more confident conclusion about the 

research work presented in this study, some potential work can be conducted in the future 

work as highlighted below.  

 In defining the number of cycles to stabilisation, damage initiation and damage 

evolution, more experimental tests can be implemented, depending on the 

availability of the material, in order to reduce the scatter of the experimental data 

and also to increase the level of confidence in determining the number of cycles 

for the aforementioned stages. 
 

 The capability of the cyclic plasticity model and its parameters, based on the 

nonlinear isotropic/kinematic hardening model, can be further examined by 

conducting repetitive experiments which will require additional specimens in the 

testing programme.  
 

 The cyclic behaviour of the TMF tests was predicted based on the isothermal low 

cycle fatigue data at maximum and minimum temperatures of the range in which 

the TMF temperature was cycled. In order to increase the accuracy of replicating 

the cyclic behaviour and the hysteresis loops under TMF conditions, further LCF 

tests at the intermediate temperature, i.e. 575°C can be performed.  
 

 Conducting repetitive experimental tests will, furthermore, reduce the error in 

identifying the appropriate material parameters in, for example, establishing the 

number of cycles for damage initiation and damage evolution models based on 

the inelastic strain energy density as shown in equations ( 7-6) and ( 7-10) 

respectively. Moreover, a suitable normalisation factor , 𝜆 , can be obtained as 

discussed in Chapter 7. 
 

 The microstructural investigation of the materials under study can be further 

studied under LCF and/or TMF conditions by interrupting the cyclic tests at various 
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stages and performing micrographic studies by using the transmission electron 

microscope (TEM) or the scanning electron microscope (SEM). Although this work 

is more relevant to specific research on the metallurgy of the materials but it will 

provide a better understanding of the evolution of the microstructure of the 

material under cyclic loadings. 
 

 In order to validate and examine the suitability of the cyclic hardening and the 

developed damage and cracking model further, the cyclic LCF/TMF tests can be 

conducted on multiaxial and fracture mechanics specimens. This implies the 

investigation of geometry and constraint effect, i.e. notched bar specimens, 

cracked bodies such as the Compact Tension (CT) or C shaped (C-Rings). The 

outcome of the results should present recommendations to improve standards 

and industrial codes of practice for cracked components. An example of the C-

Ring specimen installed on the TMF testing unit is represented in Figure  8-1. 

 

 

Figure  8-1: C-Ring specimen installed in the TMF testing unit. 
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Sensitivity analysis 
 

This section provides the results of the sensitivity analysis that was conducted on the 

damage parameters 𝑟1,  𝑟2, 𝑟3 and 𝑟4 based on the Taguchi method [216]. The detail of the 

investigation can be found in [151] and it must be noted that the damage parameters 

denoted in this thesis correspond to those indicated as 𝑐1,  𝑐2, 𝑐3 and 𝑐4. Sensitivity analysis 

is the investigation of how the changes of input factors can vary the outputs and determine 

the relative importance of each parameter to help in optimization of the chosen constants for 

the studied damage model. This method is widely used in the literature [217-220] and only 

employs a small number of all the possible interaction of model parameters to determine the 

main effects using Orthogonal array (OA) which reduces the number of simulations. The 

concept of applying the Taguchi method is as follows; 

The factors and the interactions of interest are selected at the first step, then the factors’ 

level (+, -) are defined followed by the creation of an OA with the smallest number of runs. 

The OA is based on the number of parameters, interactions and the levels. Finally, the FE 

simulations based on the OA are run and the results are analyzed by plotting the main effect 

of the chosen factors. From the plots, the factors with the highest slope will have the most 

effect, the factors with the lowest slope show little effect and the factors with parallel lines 

indicate little interactions. 

 The factors chosen for the analysis and the two high and low levels represented by (+) and 

(-) respectively are presented in Table A.1. The high and low values represent an increase 

and decrease of 40% of the initial values obtained for the damage parameters. The OA, 𝐿16 

for a total of 16 simulations and the output for both the factors and their interactions are also 

demonstrated in Table A.2. The output of the OA table is obtained by adding up all 

compressive and tensile stresses for all hysteresis loops in each simulation and subtracting 

them from the initial sum of all stresses obtained by applying the nominal damage 

parameters (see Table A.2). In order to estimate the damage parameters by plotting the 

cycle number for damage initiation or evolution (in the case of 𝑐3 and 𝑐4) against the 

accumulated inelastic hysteresis energy density per cycle (∆𝑤), three low cycle fatigue tests 

were conducted elsewhere [105] at the strain range of 0.7, 0.8 and 0.96 percent. Therefore 

the effect of the Taguchi factors have been examined on all three strain ranges as illustrated 

in Figures A.1-A.9. 
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In the main-effects figures (i.e. Figures A.1-A.6), the nearly horizontal lines indicate little 

effect on the output whereas the lines with higher slope indicate higher effect. The damage 

parameter c3 has the highest slope considering the strain range of Δ=0.96% in Figures A.1, 

and therefore will have the greatest effect on the output. This effect is clearly demonstrated 

in Figures A.4 where all the four damage parameters c1 ,c2 , c3 and c4 and their interactions 

are plotted together to demonstrate the great effect of c3 with its highest slope. The rest 

have relatively small effects. Having applied the above method to other strain ranges, c3 

again presented the highest slope and therefore it has the greatest effect on the output .This 

can be seen from Figures A.2 and A.5 for Δ=0.8% and Figures A.3 and A.6 for Δ=0.7 %. 

Finally the Pareto charts (Figures A.7-A.9) have been plotted for all three strain ranges to 

clearly illustrate the contribution of each parameter and the possible interaction that exist 

between them. Although there is an interaction between the parameters for all three cases, 

however they have a small effect on the output as the slope is minimal. 

Furthermore, the interrelationships between the parameters are based on the effect of the 

damage parameters on the overall output which has been the sum of tensile and 

compressive stresses. The parameters c1 and c2 will have an impact on when the damage 

initiates and the other two parameters c3 and c4 will describe the evolution of the damage. 

The initiation of the damage is defined based on the stabilised cycle and therefore only the 

change of inelastic hysteresis energy ∆w of one cycle will define the values for the 

parameters, whereas in the case of c3 and c4, a few numbers of cycles, ∆N, are required to 

define the ∆w. Hence the parameters c3 and c4 will be expected to have higher influence on 

the defined output 

Table A.1: Taguchi Model with contributing factors. [96] [96]  

 

Taguchi  

Factor Factor Name Level 1 
Low(-) 

Level 2 
High(+) 

A C1 8.5 19.96 
B C2 -1.139 -2.65 
AB C1 X C2   
C C3 0.0002 0.0005 
AC C1 X C3   
BC C2 X C3   
ABC C1 X C2 X C3   
D C4 0.54 1.27 
AD C1 X C4   
BD C2 X C4   
CD C3 X C4   
ABD C1 X C2 X C4   
ACD C1 X C3 X C4   
BCD C2 X C3 X C4   
ABCD C1 X C2 X C3 X C4   
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Table A.2: Orthogonal Array 𝐿16 (strain range of 0.96%). [96][96] 

 

 

 

 

 

 

 

Figure A.1: Main-effects figures for 𝒄𝟏 , 𝒄𝟐 , 𝒄𝟑 and 𝒄𝟒  at Δ=0.96% 
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Figure A.2: Main-effects figures for 𝒄𝟏 , 𝒄𝟐 , 𝒄𝟑 and 𝒄𝟒  at Δ=0.8% 

 

 

 

 
 

Figure A.3: Main-effects figures for 𝒄𝟏 , 𝒄𝟐 , 𝒄𝟑 and 𝒄𝟒  at Δ=0.7% 
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Figure A.4: Main Effect of four factors in Hysteresis Loops 

𝒄𝟏 , 𝒄𝟐 , 𝒄𝟑 and 𝒄𝟒 Δ=0.96% 
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Figure A.6: Main Effect of four factors in Hysteresis Loops 

𝒄𝟏 , 𝒄𝟐 , 𝒄𝟑 and 𝒄𝟒 Δ=0.7% 

 

 

Figure A.7: Pareto Chart- Δ=0.96% 
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Figure A.8: Pareto Chart- Δ=0.8% 

 

 

Figure A.9: Pareto Chart- Δ=0.96% 
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