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ABSTRACT

The complex phenomena of mixing in a flow system are studied
by assuming the ''system'" to be composed of a number of independent
components or zonesrof flow connected in series or parallel with
each other, TFlow zones such as plug flow, perfect mixing, short
circuit and recirculation are assumed and a method for determining
them in proportion to the total volume is presented, Control
theory is used in developing six different mathematical models
described in this work,

The mathematical models are verified by direct siﬁulation,
using turbulent flow in a tube to simulate plug flow and a diffused
aeration tank to simulate perfect mixing, The mathematical models
are found to agree with experiment fairly well, In a second series
of experiments, flow curves obtained from a small rectangular tank
are analysed by the proposed models, It is shown that these models
can deal with multipeaked flow curves, when these peaks are due to
a combination of main flow, short circuit and/or recirculation,

Two methods of determining the optimum values of the parameters
which give the best fit of the models to the experimental curves are
presented, The first is a direct application of linear programming
technique to the experimental data, The second method is indirect,
involving the '"Pulse Technique!, Both these methods have been

found to be satisfactory and useful for this type of problem,
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1t

C., =

NOTATTONS

Concentration of tracer

Average concentration of tracer

Total weight of the tracer added divided by system volume
Area of the input pulse/nominal detention time,

Concentration of the input pulse = height of the input pulse

fy, f; = Fraction of short circuiting flow

i
=]
il

Fraction of recirculating flow

Fourier Transform of

Perfect mixing fraction

Pilug flow fraction

Flow rate

Recirculation fraction, also perfect mixing fraction in the
short circuit path of the 5 parameter model

Short circuiting fraction of the total volume

Laplace complex variable

Time

Nominal detention time = volume of the system/flow rate
Dimensionless time = t/T

Input pulse width in time units = duration of input
DimensioﬁleSS»input pulse width = T1/T

Transfer Function

Least Sqﬁare erroxr

is used as a multiplication sign from Chapter 2 onward and does

not stand for convolution.

All other symbols used are described in the text whenever they

appear,



CHAPTER T

REVIEW OF LITERATURE



1,1l The analysis of flow systems

An analysis of the flow behaviour in a flow through system is of
the utmost importance in giving a physical insight into the operation
of the system, Many attempts at such analysis have been made by
research scientists in Chemical Engineering, Much work has been done
(1)(2)(3) on chemical reactors and different theories have been put
forward which attempt to relate the flow system to changes in tempera-
ture, or concentration of the reacting components, with time,

One of the commonest procedures adopted is the stimulus~-response
technique, The stimulus may be a pulse, an impulse, a ramp or a
step change in some property of the flow into the system at the input,
Generally, a tracer or a dye is used, The response to such a stimulus
is measured and plotted against time, Such a response curve, known
as a "Flow eurve" (4), or '"Detention time distribution curve" (&),
or '"Dispersion curve' (5) is assumed to reflect the various components
of the system, since each component contributes towards its formation,
Hence an analysis of this flow curve can reveal valuable information
on the behaviour of the components of the system,

A flow through system (which will be referred to henceforth as
a reactor) may be subdivided into a number of idealised zones of flow
in which plug flo% (piston flow), perfect mixing, dead space (stagnant
zone), short circuiting or recirculation are combined, Different
combinations of these zones give rise to different flow patterns in
the reactor which are reflected in the shape of the flow curve,

Mixing, the most important unit operation in chemical engineering
and perhaps the most intractable problem, has been the subject of
intense study in recent years, Since no real system can produce
ideal mixing or ideal plug flow research has been largely concentrated

on the deviations from these ideal conditions (1)(2)(3)(H)(5).
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These deviations have been represented more in qualitative than in
quantitative terms, Recently attempts have been made to supplement
the gqualitative approach with quantitative information and thereby
give meaning to the previous analysis in more specific terms,

Work done on this topic may be divided into two broad categories,
that based on a statistical approach or that based on a guantitative
or deterministic approach,.

The forerunners in analysing the flow curve were MacMullin and
Weber (1), However Danckwerts (2) was the first to represent it
in terms of a number of distribution functions. Since these functions
form the basis of a large number of works using the statistical
approach, they will be described in some detail in the following

section,

1,2 Definitions of Age-Distribution Functions

The "Residence Time" of a fluid element is the time that elapses
from the instant the element enters the vessel to the instant it leaves
it, The "Age" of an element at a particular instant is the time that
elapses after the entry of the element into the system up to that
instant, In what follows, the existence of a system of volume V
through which fluid flows at a steady rate Q is assumed,

From the above definition of '"Age', it is clear that the vessel
contains fluid of varying ages. The internal age distribution fre-
quency is denoted by the functional notation I(t); I(t) has the
units of fraction of ages per unit time, In accordance with
probability theory in statistics, the fraction of the fluid elements
between ages "t" and "t + At" is given by I(t),.At, Since the
internal age distribution function I(t) is a continuous function it

is normalised by making the sum of all the fractions equal to unity:i-
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o0
I(t)at = 1 veoes 1.2.1
QO
The time t = O is an arbitrary initial point and not the starting
time of the fluid flow, Physically equation (1,2,1) means that all
the fluid in the vessel has an age between O and oo,
The fraction of the vessel contents younger than a certain age "t"
is -
t
j I(t")at’ 1.2.2
o}

while the fraction older than "t" is

© t
I I(t")at' =1 - j I(t')at' .. 1.2.3
: t o)
Ag:/’/”C?7?77“7n }’/’gﬁggption younger than "'t"
I ,./:’ >
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“ A \\\K;gggtign older than "M
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) -
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L . Dyt
.,
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The "Residence time distribution" or "Age Distribution Function''
is defined as the exit age frequency distribution function E(t), which
has the units of fraction of ages per unit time, As in the previous
case E(t),At denotes the fraction of material leaving the system
between ages t and t+At, On normalisation

.00
3}

i BE(t).,at = 1 cocee 1.2.4
0



The fraction of the fluid in the exit stream younger than "t" is

equal to t-

t
" Benyae 1.2.5

.JO

and the fraction older than t is equal to -

o) t
S E(t)dt' = 1 - j o(t')at' .. 1.2.6
L o 0

These are illustrated in figure 1,2,2

Fraction younger than "t!

\
| ha
1 XN
/ f;9\ Fraction older than "t"
ki R N =
7 é/ -
+ ' ’ PN
/ i e
+ —
Fig, 1.2.2

Naor and Shinnar (7) introduced the "Intensity Function" A(t) and
defined it as the fraction of the fluid in the vessel of age "t" that
will leave at a time between Mt!" and "t+at", This function gives
the escape probability during the time interval At and will be discussed
more fully at a later stage,

Himmelblau and Bischoff (8) related the above defined distribution
functions to one another in the following way,

A vessel of constant volume "U" with a constant flow rate "Q" is
considered, Iet all the fluid entering the vessel at time t > O be
called the 'mew! fluid, The existing content at time t = O is then

the old fluid, At a time t equation 1,2,2 gives the fraction of new

fluid in the vessel,

t
Amount of ‘'mew'" fluid _ N ot
in vessel at time t =V Y I(t')dt

Therefore (



Equation 1,2,6 gives the fraction of the outgoing fluid at any

instant of time, that has an age greater than t,

-t fo's)
| qat’ [ E(£M)at!
Jo wt!

Amount of "old" fluid

Therefore (gone from vessel at time t

Since the o0ld fluid must be replaced by the new fluid it follows
that -
-t -t ~00
v S I(t')dt' = J Qat' | E(tM)atn eee 1.2.7
o o !

Differentiating both sides with respect to t'

.00
v,I(t) =Q.1, | E(t')at'
4t
or
- , Q0 : t
t.I(¢) = S E(tdt' =1 - j B(t')at’ s 1,2.8
4t o}
where t = Y average detention time,

Q

Differentiating again

E(t) = - T & 1(4)

dt

s 10209

The Intensity Punction A(t) may be related to the E(t) and I(t)

functions in the following manner :-

/Amount of fluid \ /Amount of fluid\\ / Fraction of Age t
\ leaving between | = ! present at ] X | that will leave
\times t and t+it/ \ time t ] between times t,
\ ’ \ and t+4t
oxr
; ]
Q.E(t)dt SEAEION S [a6.a6 ) ... 1.2.10
or
Mgy =L B L2 (g0 T 1(e)) .. 1201
T OI(t) dt

"ty B(E) = - T 1)

dt
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A1l of the above functions convey the same basic information
i.e, the "age" of the fluid elements, and they are useful in studying
deviations from ideal flow,

Again these distribution functions are generally written in
dimensionless form, time being represented by € in most literature (2),
where

6 = ssevae 102-12

o} |+

thus E(®),de = E(t),dt, I(e).d8 = I(t),dt and so on, so that :-

E(8) = tE(t) 1.2,13
1(0) = TI(t) 1,2.14
AO) = TA(E) veees 1.2,15
E(8) = - & 1(8) 1.2.16
dae
Aoy =28 _ L1y 1) 1.2,17
I(8) ae

1,3 The Experimental Measurement of Age Distribution Functions

The stimulus response technique referred to in section 1.1 is
used to measure the age distribution functions defined above, An
injection of tracer is used as the stimulus to the flow system, and
the response is the tracer concentration measured in the outlet stream,
The tracer may be a coloured dye, a photosensitive material, an
electrolyte or a radioactive compound, depending on the type of
situation, The tracer should preferably have the same density, and
viscosity and be hydrodynamically indistinguishable from the process
stream in order to represent accurately the flow conditions,

The tracer may be injected in the form of a step change or in
the form of an impulse and Danckwerts (2) defined "F'" and "C" diagrams

in relation to these two methods as follows,



Suppose some property of the inflowing fluid undergoes a sudden
change from one steady value to another (i,e, step change), For
example, let the colour change from white to red, Then let the
fraction of the red material in the outflow at time "t later be F(t),
Then the dimensionless plot of F(8) versus © is called the "F'" diagram,
In F(8), the concentration C of the outflowing tracer is made dimension-
less by dividing by Co’ the concentration. of the entering stream,

The "F'" curve rises from O to 1,

Danckwerts (2) defined the "C'" curve as the concentration-time
function of the tracer in the exit stream of a vessel in response to
an idealised instantaneous or impulse tracer injection, Concentration
and time are made dimensionless as above with the result that the area
under the 'O curve is always equal to unity,

COC
I .é' de = l seeee 103010
o ©

The "F" and "C" diagrams are illustrated in Fig, 1,3,1, and 1,3,2

respectively,
J _Input _..F=curve (output)
1. +- - A - P
e
T E S
F = C/ CO : . 7
! e
| e
1
' e
e —
Fig. 1,7.1
1N Impulse Input
}‘// B fl‘"\
T o0
.-'/ \\_\
/ " Gzcurve (autput)
/ <
—




Relationships between F, C, E and I functions are deduced by
Danckwerts (2), Levenspiel (9), Himmelblau et al, (8), considering
the reactor as a closed vessel, A closed vessel is defined as one
in which the material flows in and out of the vessel by bulk flow
only, Thus diffusion and dispersion are absent at entrance and
exit so that, for example, we do not have materials moving upstream
and out of the vessel entrance by swirling or eddying.

Considering the steady state flow of fluid through such a vessel
and assunming that the tracer is introduced zs a second fluid into
the flow at time t = O, in place of the original flowing fluid thus
giving a step change in the input to the vessel, Then at time t
and dimensionless time 6 (@ > 0), a material balance for the vessel

gives i~

[Rate of tracer input] = [Rate of tracer output]
+ [Rate of tracer accumulation within the vessel]

Q=QxT + 4 ‘iv x Fraction of second fluid within vessel }

dt
d 8 .
or Q=QxF + =— {v b ‘] Idg}
dt o)
4 - e
or 1 =F 4+ — ¢ j 140
dt o}
a
or 1l =F 4 — v Tde
Q& “Jo
t
But = = o,
t ) o
el =F 4 — Ide
de o
or F+I=l P Y YY] 10302
or FP=1~-TI essuws 1.5.3

Again at any time 6 ‘=

EThe fraction of the second fluid Fraction of fluid in the exit

in the exit stream 1= |:stream younger than 6 ]

2
By definition T = g Ede cenee 1.3.4
-0



This may a%se be obtained by comparing equations 1,28 and 1,33,

Now consider an input to the vessel in the form of an impulse
of tracer, At the instant of tracer injection (t = 0) all elements
of the tracer fluid have the same starting time for the measurement
of their ages, Thus the outlet concentration curve or the '"C!
curve is a record of the fraction of the tracer elements that entered
the vessel at time t = 0 and left at time t = t, This is obviously
the same as the exit age distribution function “EY,

Therefore C = B = t x B{t) cenee 1.3,5

From equations 1,34 and 1,3,5 i~

kS
F= | Ca 1.3.6
o]
Also
C:-d—}': =—§'1:' evose 103‘7
doe de

In all the above equations F, I, E and C are considered as
functions of 6,

Equations 1,3,6 and 1,3,7 are special cases of the general
theorem for linear systemé, They show that an impulse is the
derivative of a step function,

Denbigh (10) defined a function f(t) called the "Residence Time
Frequency Function' in the same way as the function E(t) is defined

above, The importance of this function will be discussed later on,

1.4 Idealised Flow Regimes

As mentioned in section 1,1 different flow patterns in the body

17

of fluid in a reactor contribute to the formation of its characteristic

flow curve, The frequency distribution functions defined above are
used to analyse the flow curve and indicate the dominating regimes
present in the reactor in a qualitative fashion, The different

idealised regimes or zones and the ways in which they are defined and
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determined by different authors are briefly outlined below,

The perfect mixing regime

Perfect mixing assumes that the vessel contents are perfectly
homogeneous and have the same composition as the exit stream,

MacMullin and Weber (1) determined the F(t) and I(t) functions
for a perfectly mixed vessel using a statistical probability approach,
Consider a vessel of constant volume V with constant overflow rate Q,
Assume that an increment or lump of fluid AV enters the vessel at a
time t = O, Since the volume of the tank is constant, in a time
interval At a lump of fluid AV will go out of the tank, The probability
P, of the "new" lump AV not going out of the vessel in a length of

time t is
t
v t
( y &
Vi AV

P =
n

where %E is the number of increments or lumps AV passing through the

vessel in that time t,

t
or P (1 + AV At
P v
n
or - In Pn =X 1n (1 + %!
At

Since AV and At are very minute increments

&y ~ 4V

In (1 + =< V?
. ot N i
on-LnPn“Atdv"vot
AV
But T the overflow rate Q@
t
e = IN P = e
L[] L ] n V
/Q
or Pn =e /(V/Q) evees l.l‘*'.l.

Pn represents the fraction of the fluid that is held in the
tank longer than time t, This in fact represents the Internal age
distribution function I(t) of Danckwerts (2) for a perfectly mixed

vessel,
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t
R
Hence 7 F(t) =.1 - e Q XY EE) 104.25
On normelisation I(8) = e eeeve 1oH3.
F(g) = l - e-g essee l.l‘i'.Ll-,

The F and I diagrams for perfectly mixed vessels are illustrated
in Figs, 1,4,1 and 1,4,2 respectively, I falls exponentially from

1 to O while F rises from O to 1 and becomes asymptotic at F(6) = 1,

i 1o TTmmmmmmses s o LlnEee s
o
I(e) _ -0 ‘(o)
. I(Q) = e ///ﬂ\\
K / \ -
\\\\\ 7 NE(9) = 1-e
.\\‘ ’/
“‘\.‘\K\ /J
'E OV e
- = :;_ -0 = E
‘ t
Pig.l.4,1 Fig, 1l.4.2

" Chollette and Cloutier (2i) obtained equation 1,4,1 using a
materials balance approach, Consider a vessel of volume V containing
a fluid of initial concentration C_, fed at a flow rate Q, At a time
t = 0, a new fluid of feed composition CF = 0 is introduced at the
same flow rate Q into the vessel thus introducing a negative step input,
At any given time t, with perfect mixing, the tank contents are of
uniform composition C throughout equal to that of the effluent stream,

A material balance over a time element dt gives -~

d 3
QoCF-dt = Q,C,dt + 'a'_'t" (V.C)d( sevee 1-14‘354-

Since Cp = O and V = constant, equation 1,4,5 can be written :=

£+g-C=O
v

dt
Integrating between limits O and t and considering that when

t=0 C=C andwhent =t C =C
° Qq

-

c v
6 = € s esee 10406-

(o}



When % is plotted against g_on semilog paper as shown in
o t

Fig.l.4.,3 a straight line is obtained

Log, scale |
AN
N
! N
! AN
C -9
C \ -~ = e
ce) =g N Co
o] .
N,
hY
N
! N\
t/— 8 —
&

Normal scale
Figo 1.4“3.

From equations 1,3,7 and 1,4,3

e

C(G) = .- %‘Q‘ I(Q) = e— ese e 10407

Wolf and Resnick (12) considered the function E(t) as the first
derivative of F(t) so that from equations 1,4,2

-0

B(t) = e veees 1.8

t
Therefore, for the particular case of perfect mixing, normalised
vlots of B, I and C give the same curve as shown in Figs, (1,4,1),

The Plug Flow regime

In plug flow, all materials pass through the vessel wifhout any
mixing whatsocever;j each fluid element stays in the vessel for the
same length of time, In the case of a step input, the interface
between the tracer and the fluid moves through the vessel like a piston,
For this reason plug flow is sometimes referred to as piston flow,
Under such conditions each element of the fluid remains in the vessel
for a time equal to the mean residence time t

In this case the F(@) curve is a step function as shown in

Fig,l. 4.k,
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F(Q) = U(t - :E) ensee 1-4'9
where _
_ 0, t <%
U(t - ©) = B
1, t>%
1 1 -
I(t) = - [1 - F(Q)] = :[l - U(t - t)] esves 104010
t t
B(t) = 5% = $0(t = D) = 8(t = ) eees 14,11
I(g) = l - U(g - l) [ EEXE) 104012
E(G) = 6(9 - l) sovee 104013

where 5(x) is the Dirac Delta function or the Impulse Function
defined as
0, x<%

6t(x) =4+ @y x =t

IO, x>t
L
4 R P At les) | syF @
1 } |
| : ' ; s
| I | i' |
F(®) (L) E(Q) } Gt(x) Area = 1
=c(e)| |l
i !
e S S !
=1 I =0 1 === 8 4 == 9 b
Fig,lob b Fig.1.4.5 Fig,l,4.6 Fig.l.4.7

Fig,l.4.5 shows the I diagram, Fig.l.4.6 the E and C curves
for plug flow and Fig,l.4,7 is an illustration of the Dirac Delta
Function, Thevproperties of the unit step and Dirac Delta functions
will be described in detail later on,

Danckwerts (2) defined plug flow as the condition when elements
of fluid which enter the vessel at the same momeﬁt, move through it
with constant and equal velocity on parallel paths and leave at the

same moment,
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Short circuiting or Bypassing

MacMullin and Weber (1), Denbigh (13) and Weber (14) used the
term "short circuiting’ or "mathematical by-passing" (13) to describe
conditions for which the F diagram differs from that of Fig,1l,4.4,
for example Figs.,1.3,1 and 1.4,2, However Denbigh (13) defined
"mathematical by-passing" for well agitated tanks in which the contents
are substantially homogeneous, as the condition in which reactants are
lost within a time shorter than is required to complete the reaction,
Thus Denbigh's short circuiting was with respect to reaction time
rather than theoretical detention time, MacMullin and Weber (1)
considered the perfect mixing regime as an emtreme case of short
circuiting and argued that the occurrence of any short circuiting
indicates a departure from "streamline'" flow, They suggested that
by dividing the system into @ number of well agitated tanks in series,
this problem could be solved, Since an infinite number of perfectly
mixed tanks in series gives a plug flow output, the greater the number
in the series the greater will be the reduction in short circuiting,
Weber (14) comments that the extent of short circuiting can be quan-
titatively evaluated in terms of the number of reactors in the series,
the vessel recirculation rate, and the volumetric overflow rate for
the system, Colburn (15) defined short circuiting as the situation
in a tank in which some of the feed is channelled to the outlet without
being completely mixed, and later MacMullin (16) agreed that short
circuiting could be interpreted as chamnellized flow between inlet and
outlet,

Wolf and Resnick (12) regarded short circulting as the situation
in which part of the entering feed passes to the outlet with infinite
velocity, Although this definition departs from reality it is

commonly accepted for its ease of mathematical modelling,
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A more ra¥iona1 definition of short circuiting can be taken from
Danckwerts' (2) segregation model, although Danckwerts did not define
it as such, When the contents of a vessel flow in parallel paths
without being mixed with one another, the flow is said to be segregated,
If the time of travel along one path is shorter than another, the flow
can be considered to have shortcircuiting in a relative sense,

However this model gives only a qualitative approach to the detection
of short circuiting or deviations from the perfect mixing regime and
therefore has limited usefulness, The method most commonly used in

the literature for the detection of bypassing is the "I' curve, An
initial sudden drop in the "I" curve as shown in Fig,1,4,8 indicates
short-circuiting, The "E" and "C" curve also shows up short circuiting

Fig,1.4,9;but the I curve is the better indicator,

TN 4
\ i
AN
S _1f\\ Short circuiting
@) | . \Fraction
\\\\kh
——
Fig, 1,4.8.
|
E(O) ! _Peak indicator
/" of short circuiting
= C(8) ! ~ PN
: RS Y
P/ - o
3 'f‘ \ '_,/J ‘\4
/ N ~
;’ ""n\

.

! — G

}:‘-‘ig. 1. Ll.' 90

The Stagnant or Dead Water zone

A region of a vessel may retain fluid elements for a time greater

than the mean residence time of the total fluid, Such a region is

Al
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called a stegnant sone, However there is a direct relationship
between by-passing as defined in the last paragraph and dead water,
By-passing or shortcircuiting is considered as that part of the

flow which is relatively fast, Dead water was considered by
Levenspiel (9), Wolf and Resnick (12), Himmelblau et al, (8) and
others (3),(4) in their models as an inert region or a region of fluid
at rest, Since this is physically inconceivable, it may be better
defined as the flow region with relatively the slowest flow in the
vessel, Thus as pointed out by Himmelblau et al, (8) from the some-
what arbitrary definitions of short circuiting and dead space, 40%
short circuiting may also be called 60% dead space, Both these effects
can be termed "stagnancy" (8), However in the literature "stagnancy"
is generally taken to mean dead space (7).

Stagnancy may be determined qualitatively from the YE'" or "C"
diagram (8),(9) and the A function (7)., Quantitative determinations
were attempted by others (4),(12), Stagnancy will be discussed in
some detail when dealing with combined models,

Recirculation

Recirculation is defined by levenspiel as the pattern of flow
where a portion of the fluid leaving the vessel or leaving a flow
region is recirculated and returned to mix with fresh fluid, Internal
recirculation is one of the most complex phenomena and is difficult to
evaluate, Some statistieal methods involving the use of convolution

integrals have been advanced by Sinclair and McNaughton (17),
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1,5.Combined Models (Qualitative Approach)

Plug flow and perfect mixing are ideal regimes which are never
attained in practice, Tlow patterns in a flow through system are
a combination of (i) Plug flow (ii) perfect mixing (iii) by-passing
(iv) stagnant zones and (v) recirculation such that the resulting
outflow curve depends on the relative proportions of one or more of
the above patterns of flow, The various attempts to identify these
flow patterns are described below,

MacMullin and Weber were the first to investigate the "I"
curve for a number of perfectly mixed vessels in series, As shown
earlier they obtained the equations for F(8) and I(®) for a single
perfectly mixed tank from the laws of probabhility, In the same way
they deduced that for "n' number of equal capacity perfectly mixed
vessels in series, the fraction of the total flow which has remained
in the system for a time "t" or longer is equal to the probability

of that event for any particle in the flow :~

-8 @ & ot |
I(e) = € [l+9+lg_+§+ QQQQE] Y 10501

and -'b" =
t

where @ =

)<

<

o Jer

They also deduced the equation for the "C" curve by differentiating
I(e) w,r,t © and plotted a family of "I" and "C" curves for different
values of n as shown in Figs, 1,5.,1 and 1,5,2 respectively,
McMullin and Weber did not try to interpret these curves as Denbigh (13)
did but simply stated that in the "C" curve, the mode approaches the

mean as the value of '"n" increases, which was to be expected,
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Denbigh (13), considering the problem of mathematical by-passing,
obtained the equation of the F function for a system of n equal
volume completely mixed tanks in series from a mass balance apprdach

- n-1
F(e) =l-e-e[1+9+‘g‘2r+%3r+ evsse (;gl-:]jlj socee 10502

. -

where @ is defined as in eqguation 1,5,1,

As n = ©, F(6) remains zero for all values of © smaller than 1
as the term in the brackets converges to ee_ For @ > 1, e-9 x [term in
the brackets] = 0 and F(8) = 1,

Fig, 1,5,3 illustrates the "F" diagram obtained by Denbigh (13).

It should be noted that as n increases, the curves shift towards the
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vertical line at © = 1, As shown in Fig, 1,4,4 a vertical line at

@ = 1 relates to a piug flow condition, Hence the higher the number
of perfectly mixed tanks in series, the more the flow through the
system approaches the plug flow condition, This criterion is often

used for design purposes,
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Fig, 1.5.3

Denbigh (3) explained the "C" and "F" dia-rams in qualitative
terns, suggesting that the more slender the peak of the '"C" diagram,
the more the flow approaches the plug flow conditions and that a
flat peak indicates deviation from the plug flow condition, This
tendency may be measured by the kurtosis of the digtribution or the
Lth moment of thé_diagram area about the mean, A low value indicates
a condition approaching plug flow and a high value indicates deviation
from it, Similarly the "F" diagram becomes less and less sharp at
the edges as the flow deviates more and more from the plug flow
condition as shown in Fig, 1,5.3.

Danckwerts (2) used the terms "hold back' and "segregation
as measures of deviation from ideal conditions, He defined '"hold
back" as the quantity "' defined as the area under the F diagram

between © = 0 and © = 1, This is the dotted area in Fig, 1,5.%4.

1
H = L F(g)dg eensecs l¢5¢3-
t
H = 0 for plug flow and I = J.(l - e"O) de = % for perfect mixing,
0
H = 1 when the entire space is completely stagnant,
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Danckwerts' (2) use of the term "segregation' as a measure of the

efficiency of mixing can be explained with reference to Fig, 1,5.5.

If the actual diagram for a particular system is superimposed on the

diagram for perfect mixing, it cuts the latter in one or more points,

Arveas Ay and A, in Fig, 1,5.5 indicate the degree of variation from

perfect mixing,

Since the area between each curve and F(Q) = 1 - e

-0

is the same, (A = A,) segregation ¥ is quantitatively defined as the

area Ay between the "F" diagram of the system and the curve F(8) = 1 - e

up to the point @ = T where the curves cross,

water, the diagram is like that of Fig, 1,5.6,

then S

-4,

in Fig., 1.5.7y &4 + Ay = A, and segregation

F(e)

e

Fig. 1.5,7

When there is dead

The segregation is

When the curves cross in two or mnore points as shown
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Segregation for plug flow is the area A, in Fig,.(1,5,8) = +A) =

ol 1o

When most of the tank volume is dead space S — -1, being the area
between the curve F(@) = 1 - e~ ana F(Q) = 1 taken over the limits
O -3 o,

One of the most useful qualitative methods of identifying dead
space is that put forward by Naor and Shinnar (7), They pointed
out that the statistical parameter approach could give rise to confusion
and advocated the use of the Intensity Function, They aited as an
example the case of a tubular vessel filled with porous packing,
through which fluid flows with near plug flow, but in which the out
flow curve is affected by diffusion of the fluid into and out of the
packing, In this case the porous packing modifies the plug flow
curve to a J function (18), The coefficient of variation in such
cases is equal to 1,0 as in the case of a completely mixed vessel,
although there may be very little back mixing, Skewness or the 3rd
moment of the C diagram about the mean has been considered as a measure
of the amount of stagnancy, However, it is found that a system con-
sisting of a number of ideally mixed vessels in series exhibits
considerable skewness, @lthough in the physical sense there is no
stagnancy, Even recent authors (8) have indicated that skewness or
the deviation from the mean is a strong indication of dead space.
However Van Deemter (19) also compared the skewness of different
distribution functions and concluded that it is not representative of
the physical properties of the system,

The Residence Time Frequency function f(t) sometimes referred
to as the Residence Time Density function (7) was mentioned in
Section 1,3, It is defined as the function which gives the probability
of a particle which has entered a system at time t = O leaving the

system between times t and t + dt. Stated in another wey; the

o
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probability of a particle remaining in a system for a length of time
between t and t + dt is equal to f(t)dt, Naor et al, (7} defined
the Intensity Function A(t) as the measure of the probability of an
escape of a particle which has remained in the system for a length of
time t, such that the probability of the particle leaving the system
in the next time interval 4t is A(t),dt, From Section 1,2, the
probability of a particle not leaving the system before time t is
I(t)dt, Therefore from the laws of probability

[Probability of nof| [ The probability of]
L?eaving the system| leaving the system

"Probability of remaining ]
in the system for a length _
of time between t and “1before time t between times t

i
{
4 iand t+dt

+dt
f(t)dt = I(t)dt x A(t)dt ceses L5h
or A(t) = "f—(;tl' = = 9- ’ In I(t) sesse 105.5
I(t) dt

The function f(t) is similar to the function E(t) defined in
Section 1,2, In that section the relationships between A(t), E(t)
and I(t) were derived, Equation 1,5,5 differs from equation 1,2,11
only in the fact that the In term contains t, This has arisen from
material balance considerations, Equation 1,5,5 was obtained from
a consideration of the probabilities with respect to one particle
only, without taking into consideration the volume of the tank and
the overflow rate,.

Naor et al, (7) showed that the relationship between f(t) and
A(%) is given by:-

4

-JO A(tT)at!
f(t> = A(t).e e s e 1'5.6
From equation 1,5,4 f£(t) = A(t) x I(t) ceses 1,5,7
t
But In I(t) = - j A(t")at! eeses Lo2,11
0
or . ‘_~§-:A(t')dt'

I(t) = e



Substituting in equation 1,5,7 gives 1,5,6.

If we regard a stagnant zone as a region for which the escape
probability decreases with time, then the Intensity function may be-
used to indicate stagnant conditioms, For a perfectly mixed vessel
A(@) = 1 and for ideal plug flow a plot of A(8) versus 6 yields
a vertical line at 6 = 1. Naor et al, (7) showed that the intensity
function A(@) does not decrease with time in the case of a number
of perfectly mixed vessels in series, They also observed that
a system of perfectly mixed and/or plug flow units in series does
not show stagnancy, When stagnancy exists, after the main bulk of
the fluid passes out of the vessel, the remaining fluid has a low
probability of leaving the vessel until a time has elapsed equal to
the residence time of the slow moving component, Then the A(S)
curve will no longer increase continuously but decreases at some

time t > t for the system, as shown in Fig, 1,5.9.

Kldeal plug flow
Lo /,/”T“%\\#/pﬁad spaci
% ‘/Vf ; ,J}K\huwji?erfectly mixed vessel
; PR
e .+ Bypassing
i 7
OB |
4 !
1,0 e

— e

Fig., 1.5.9.

In the case of shortcircuiting or by-passing, for a time egual
to the residence time of the by-passing component, the A(8) curve
increases, After this fluid has left the system, the remaining
fluid will have a low probability of leaving untif the mean residence
time t has elapsed, when the A(6) curve starts rising again, as shown
on ¥ig, 1.,5.,9. When the deadspace and by-passing fractions are both

large it is difficult to distinguish the one from the other from the

AO) curve,



Basically the A(®) curve does not give any further information
than the E(®) curve or the I(8) curve, When the actual average
detention time is known, the E(8) curve can be used for quantitative
determination of dead space, which the A(8) curve cannot be used for
that purpose, However it is a fairly sensitive indicator of dead
space which can be applied to experimental data under different flow
conditions,

Another approach to this problem of flow curve analysis has been
published recently (20,21) based on the ratios of various dimensions

of the curve,
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Fig., 1,5.10

T = nominal deteption time =

O

tp = Peak time

C_ = Peak concentration
»
C C
tc and tb are the widths of the flow curve at —g and ig

respectively,
Referring to Fig, 1,5,10 Villemonte et al, (21) proposed that -

(i) Ti = ;i measures severe short circuiting, It has the values
1 for plug flow and O for perfect mixing,

(ii) Tp =“£2 measures dead space and has the values 1 for plug flow
and O for perfect mixing,

(iii) T, ;%%2 measures the extent of eddy diffusion caused by

Duration of injection

t

turbulence and has the value ( )} for plug

flow and about 0,7 for perfect mixing.

32
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t
b = ) measures the extent of turbulent and large recirculation

t
eddies and equals (

(iv) T

Injection time of tracer

) for plug flow and

t
2,3 for perfect mixing,

(v) Te = [(tt. - tp) - (tp - ti)]/E measures the eccentricity of the
curve and thus is a function of recirculation and has the value O
for plug flow and 2,3 for perfect mixing,

Tekkipe et al, (20) changed the term in (v) to Te = [(t% - tp) -

(tp - ti)]/E suggesting that it represents Te more accurately,

It can be seen that these measures are purely qualitative and do

not give any insight into the flow regimes in the system,

1,6, Combined Models (Quantitative Approach)

In this section a number of the more important attempts to analyse
the flow curve quantitatively are described,

TLevenspiel (9) proposed an arhitrary cut off point on the tail of
the flow curve and argued that the part of the tail thus removed could
be considered as representing the dead or ineffective volume of the
vessel, He took this point at twice the nominal detention time,

The area of the I diagram thus obtained represents the fraction of the
volume which is effective and from it the dead space can be found by
difference,

On the C diagram the mean can be found by computing

- 2
Q = K Q.C(Q),d@ . (XY 10601
-0

If there is no dead water & = 1, If dead water regions are

present © <1, If Vd is the volume of dead water and V = Volume

of the system then

<

d

——— =l—5 LI N ] 10602
V
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In considering short circuiting Levenspiel assumed that it was
instantaneous as shown in Fig,1.6,1(2), In such a case the I diagram
shows an instantaneous drop as shown in Fig,1,6,1(b), the drop being
equal to %L so that §, can be computed, Fig,1,6,1(c) represents the
C diagram for such a condition, The area of the main portion of the
diagram = %L and the mean = %;. From measurement of the area or the
mean, the main flow can be found and hence the shortcircuiting can be

determined, Levenspiel (22) gave the I and C curves for different

combinations of plug flow, perfect mixing and shortcircuiting.

Q @i j
_V__._.__...T_..,-,_,... .i Vessel :v__.‘ v._..—.-;;._.v,..._.._. — P
i R |
[Q, ;
(a)
!
1 i ._,....,‘_..,_.‘._......__‘.”..._,_,}. Q
n { Fraction of fluid bypassing = Ef
» 5.,..._..»...—»—-—-...'-‘_»:\.::.
1e) ||
P ~
| .
! w-"‘\....
,! (v e @
L{E N
Pl ™~
c(e) | 1' .
il T
O —
Fig. 1,6.1 e 8
@ = Flow rate through the main path
Qe = Flow rate through the by-pass
Q@ = Total flow = @ + Q

Although Levenspiel's (22) analysis throws new light on the
formulation of mixed models, the idea of instantaneous short
¢ircuiting cannot be reconciled with reality, The determination

of dead space from the I or C curve in the above manner only holds
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good when the’experimental data are very accurate and tracer recovery
is 100%, Also although the use of the I diagram in the above
manner for determining by-passing is upheld by Himmelblau et al, (8),
a rough I curve or a smoothed I curve with different slopes is of no
- use for computing small amounts of short circuiting,

The original theoretical'work of Cholette and Cloutier (11)
will be illustrated by 6onsidering onc of their combined models in
detail, The particular model combines partial mixing and short

circuiting and is illustrated in ¥ig,1,6,2,
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Fig, 1.,6.2

A fraction m of the total volume V is assumed to be agitated
(partial mixing), A fraction f is assumed to short circuit to the
outlet and (1 - f) of the‘flbw Q enters the perfect mixing zone,
The initial concentration of the fluid in the vessel (which is fed
continuously at the rate Q) is assumed to be uniform and equal to CO.
At a particular time t = O, the feed composition CF is suddenly
changed from CO to O (negative step change), Let the concentration in
the perfect mixing zone at time t = t' be equal to ¢', The material
coming out of this zone mixes with the short circuiting fractionm so
that the cémbined concentration of the fluid at the outlet is C.
Writing a materials balance equation for the perfect mixing zone

(1 - f)Q.CF.dt = (1 - £)9,8'.dt + mvac'

]
or gz e mvf)Q ¢! =0 Cp =0
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Integrating between limits C _ and c!

.C-_'_ _ e—(l;.\i;,)Qt
CO B soves 10603

Considering the outlet zone
f,Q.CF.dt + (1=f)Qe'dt = Q,C.dt

As C,. =0 C = (1-f)c'

F
and equation 1,6,% becomes
c "(l“iéQb
g = (1-De eees 1.6

e}

Taking logarithms on both sides

(1-£)Q
In % = In <l"f) ad "—'-'-t evoee 10605
o mV

Thus plotting % against g on semi log paper which gives a
o t
straight line, (1=f) can be obtained as the intereept on the ordinate

and the slope gives (3=£) from which "m" the mixing fraction of the
volume can be obtained,

Note that the fraction (1-m)V in the above model is considered
as completely dead, so that the concentration of the fluid remains
at Co throughout,

In a similar manner Cholette et al, (11) obtained % functions
for a number of other models. °

(1) Plug flow and partial mixing in series

L= = (1-m) )

sl
ol |t

o8 6o 1.606

where m = the perfect mixing fraction
(1-m)

- vV
t= /9

the plug flow fraction

i

(ii) Partial mixing and piston flow in parallel with a short circuit

from inlet to outlet as illustrated in Fig,1,6.3.
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C_ (1—f)(l~m)/m ~(1-£)t
C_ = [(1~f-p) + pe Ple T veees 16,7
where p = Fraction of the feed into the plug flow zone
m = Perfect mixing fraction

(1-m)= Plug flow fraction

f = Fraction of feed short circuiting

(1-p~-f)= Fraction of feed going into the perfect mixing zone,

Bquation 1,6,7 holds for t > (E%ELE
j ~(1-D)%
For O<t<ﬂ-;;nl)-§ C/C =P + (l—f—p)e -t-m v 4+ sesae 10608

o}

(iii) Plug flow and perfect mixing in parallel with a short circuit

as shown in the block diagram, Fig, 1.6.4,

p§_~mmé (L~m)V ;ﬂa
i i

Q T (i-pd£)q Q
> ’ mV I

k 4

£Q Fig, 1.6k,
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-(1-p-£)t
C/C =P + (l—p-f)e Em ecese 10609
(e}
for 0<t < (l"—’;i?—?
-(1-p-f)t
C/C = (l—p-f)e Em scase lq6.10
(o]

for t > (l—m):E/p

Cholette et al, (11) produced these models with a view to deter-
mining the m fraction, or effective volume of mixing in partially
mixed reactors and later (23) incorporated reaction rates into their
equations for reactor design but again on a theoretical basis only,

No method of fitting experimental data to these equations was reported,

Wolf and Resnick (12) made use of transfer functions (which will
be discussed fully in Chapter 2) in the derivation of F(t) functions for
g number of combined models, Their F(t) functions are the response
curves to a unit step function input, One such model is shown in
Fig.l,6.5 where plug flow, perfect mixing, and a measurement lag are
combined in series, while a fraction short circuits the perfect mixing

zone, The short circuit is again instantaneous.

0
I T
.t “Perfect | ,1
Ty ———— H
~%—-»3Plug Flow--*~£}%f mixing ' 'mli» Time lag :mm.mﬂwwg%w
AR— SO | . ‘ ' SO
Fig. 1,6.5

The F(t) function for this model is:-

F(t) = 1 ~ Bxp.[- —Sl:il—_ * {t—Lw Eﬁl:glzi + mar(1l-d)t } eseeelsb,1l
ar(l-d)t (1-f) ’

for F(t) >0



29

where f « Fraction of the feed short circuiting

rt = True residence time

E:v/Q |

d = Fraction of the volume considered to be dead
p = Plug flow fraction

a = Perfect mixing fraction

L = Lag in measurement

m = Lag factor,
They concluded that the I'(t) function for any system can be
represented in the general form

e-ﬂ(t-e )/%

F(t) =1 -

i

for F(t) >0 ceess 1.6,12

and F(t) =0 for 0 <t <¢

1l

Tor the combined model above

N = __ﬁlifg.. ceass L.0J13
ar(1-4)
¢ = [0+ B (a0 veees 1.6.14

They concluded that 1) was a measure of the efficiency of mixing,
For perfect mixing T = 1 and for pure plug flow T —> oo, When dead
space is present T} > 1 and for shortcircuiting 71 <1, Thus T is a
measure of deviation from perfect mixing, E is a measure of the
time lag in the systen, It may be the result of plug flow in the
system or a lag in measurement, For shorteircuiting as defined by
Wolf and Resnick € is negative, The authors did not explain or refer
to the method By which they obtained the transfer functions or the
technique by which they are combined algebraically, The idea of
obtaining a negative £ due to an "anticipatory response' cannot be
accepted, Their method of obtaining the parameters was entirely

graphical, and the errors in so doing are reflected in obtaining 100%



plug flow for turbulent oil in a pipe, and 100% perfect mixing in
gas fluidized beds,

Rebhun and Argaman (4) applied Wolf and Resnick's (12) technique
to a model sedimentation tank in order to determine the proportions
of the different flow regimes present, They assumed that the tank
contained 2 combination of perfect mixing, plug flow and dead space.
The formula they derived for F(t) is as follows,

F(t)

it

1 t .
1l- Exp[- m‘{% - p(l-m)}] ssese 106015

where m = the dead space fraction

-~

lem = the effective fraction of the tank volume
p = the plug flow fraection
1-p = the perfect mixing fraction
t = Average detention time
'ﬂ(t-é)/g
or F(t) =1 - e ceses lebalb
where
M= 1
(T-p) (T-m)
€ = p(l=m)t

Re-arranging equation 1,6,15 and taking natural logs

1

In [1 - F(t)] =Em{%- p(l-m)) veee. 16,17

A plot of [1 - F(t)] versus %-on semi log paper gives a straight line
t
of slope (1og e)/(:L-m)(l--p).

If F(t) = 0 then p(l-m) =

A jor

Therefore given the slope of the straight line and the value of t/%
for [1 - F(t)] = 1, the values of m and p can be computed,

The experiments were conducted on a model tank, with varying
flow rate, depth and inlet arrangements and the results obtained

by the method were correlated with the statistical parameters of the
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distribution curves, The conclusions put forward by Rebhun and
Argaman were that in most sedimentation basins 60% of the total
volume was occupied by perfect mixing and that only 40% of the volume
was occupied by the plug flow of the classical settling tank theory,

This work was strongly criticised by Wallace (24) who insisted
that perfect mixing in a sedimentation tank was unrealistic, and that -
the fraction (l-p) should be regarded as a deviation from plug flow
rather than perfect mixing, However no indication was given as to
the form which this deviation might take, In analysing some of the
experimental results Rebhun et al, (4) obtained some negative dead
space fractions which they disregarded and attributed to experimental
errof.

A more constructive contribution to this discussion was that
of El-Baroudi (25), who considers that plug flow is non-existent in
sedimentation tanks, and estimates that such basins consist of
approximately 10% complete mixing.and 90% measurable turbulent mixing,
Again these estimates are not backed up by any experimental verifi-
cation, However turbulent shear flow approximates more closely to
ideal pistbn flow (because of its velocity profile) than any other
real flow except that of flow through porous media, E1l Baroudi also
pointed out that ideal dead space does not exist in real systems and
that in the above experiments the negative values of dead space
obtained corresponded to values of ta/-E greater than 1, EI1 Baroudi (25)
again suggested that the response function resulting from an impulse
input is more amenahle to graphical solution, Accordingly differenti-

ating equation 1,6,17 we obtain
F ()

f(%) -2 T = L Exp [- 1 {; - p(l—mQ ] eeees 16,18
T d('%) (1-p) (1~-m) (1-p)(1-m)( t S

Thus on semilog paper a plot of f(EO versus t yields a straight line
log t t

with slope - — . The advantage of this method is that the
(1-p) (1-m)
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values of %— can be directly plotted without the need to determine
the fractiogs F(e). Here E1l Baroudi (25) proposed two approximations i~
(i) The rising limb of the plot is converted to a vertical straight
line at a point midway between 9; and @  as shown in Fig,1,6,6,
(ii) The falling limb is considered to be a straight line, thus

representing equation 1,6,18 for @ > p(1l=-m), Thus the real

curve is transformed into a right angled triangle ABC in which

AB = 1
(1-p) (1-m)
p and m can be computed,

and © at B = p(1l-m), From these two dimensions

m
Fig, 1,6.6 © 77

El-Baroudi (25) showed that by applying this method to Rebhun et al,
data, the negative dead spaces found by them could be eliminated in
favour of increased values for the plug flow fractions,

He pointed out that the vertical straight line approximation to
the rising limb of the curve is satimfactory when there is a relatively
small amount of longitudinal mixing, For a broad rising limb, which
he attributed to high longitudinal mixing he advocates Rebhun's et al's (4)
original method with the modification that only the points on the falling
limb or tail of the curve are used when determining the line of best
fit, thus ignoring the rising limb, However as will be shown later,

the rising limb of the curve is just as important as the tail and should

not be ignored or approximated by a vertical straight line, Its shape
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is a function, not only of longitudinal mixing, but also of short-
circuiting and recirculation, Also the breadth of the curve
(Gi — em Fig.1,.6,6) will be shown to be directly proportional to
the injection time of the tracer,

The use of convolution for the determination of the response
of a system to any tvpe of input is recommended by many authors (8)(17),
However this can only be done when the response of the system to an
impulse is known (8), An interesting account of the way in which
convelution integrals may be used to determine the residence time
probability density function f£(t) (defined as in Levenspiel (22))
of a complex flow system is given by Sinclair and McNaughton (17).
This method is described in the following paragraphs,

The rules for the addition and multiplication of continuous
probability functions (26) are used, They are as follows :-

Given two continuous random variables 7y and Z, with probability
density funcﬁions f, (3) and £,(j) respectively, (i,e. the probability
that § <% < 3+ aj = £ (j),a§p, then, the probability density

function of the variable Z is given by

+@
£(3) = | £ (2).£,(i-a)da veees 16,19
‘,;'-OO
when Z = 2y + Zg
and when 2 = 7y or 7,
£(3) = K& () + (A-K)£,( ) ceees 15,20

where K is the probability that Z = 7, and (1-K) is the probability that

Z =2y, The integral in equation 1,6,19 is called the Convolution

integral, Falting.integral, or a form of Duhamel's integral,

Bquation 1,6,19 is written for convenience in the following notation
f=1 =1 eesee 1,6,21

and Eqn,1.6.20 f = Kf1 + (1“‘K)f2 seece 106022



These rules are used in the case of two subsystems of R,T,P,
(Residence Time Probability) f, (t) and f,(t) as follows, If the

two subsystems are in series then the R,T,P., of the whole system :-
t

£(t) = £ = £, = | £ (a).f,(t-a)da teess 1.6.23
[¢]

-

When the two subsystems are in parallel :-

£(t) = Kf; + (1-K)f, ceess 1,6,20
This is because a particle passing through the system has the
probability of passing through either of the two subsystems, K being
the probability of its passing through the first,

These two basic combinations are used in any system with a number
of independent subsystems occurring in series, parallel or combination,
Ah important contribution of Sinelair and MeNaughton (17) is the
equation for a system with recirculation, The block diagram of this
case is shown in Fig,1,6,7 together with an analytical diagram which

shows how the contributions are made to the point B by the successive

recirculation fractions, ?OO
_‘,_.._-..#_-.: f2 e
| {
| ! L*--~ —- §
]
‘ £, () ey ey i
IR I
] i
§ A i "“’”}““”“” i 1-q B
e A IO e
A | £ (%) B | ' !
SN, o
LR L la(i-a)
L - | ‘qu (l"q.:)
o Nfi____f S RS
|
Fig.1,6,7 ©

q = the fraction of the total flow entering at A which is recirculated
as shown, A part of the flow of materials that enters the system at A

makes 1,2,3,..., N.,... “e2passes through the forward path with R,T.P. f, (%)
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and 0,1,2,3 ,., (n-1) ,.. ccpasses through the recycle path with
R.T.P., f,(t)., For unit quantity of material entering at the point A,
a part (1-q) goes to the point B after the first pass, The fraction
g is recycled of which q(1~gq) reaches the point B after the 2nd pass
etc, Then the R,T,P, for the overall system is the summation of

the R,T.P,'s for each of the infinite number of fractions, The

amount subscribed to the point B :-

From the 1lst pass = (1-g)f,

From the 2nd pass

q(1-q) £, =f, =1,

From the 3rd pass

q? (1-q) £, #( £, ®f, )a(f, =L, )

qn-l(l-a)f1x(f2x£,)x(fzxf1)x(fzxf,),,..(n—l) times

From the nth pass
o', the R, T,P, for the whole system fA-B

£,5 = (Of + q(Q-) & #(fH#E ) + o® (1-q) £y w(Hxf, du(fx8 ) + ...,
Using the notation f© = fsfsfx ,,, n times

e8]

£ = (1-q) S ¢
AB /,

£, (£, =8, ) ceees 1.6,25

n=0

It need not be pointed out that equation 1,6,25 can only be
solved on a computer and that it takes a considerable amount of time to
solve the convolution integrals, even if, as suggested by Sinclair et
al. (17), one of the two paths is considered to have zero residence
time, Turthermore the choracteristics of each subsystem that contribute
to £, (t), f,(t) etc must be known in order to determine f(t) for the
system, Once f(t) is known the response to any input can be determined

by the convolution

t
c (t) = j c,(a), £(t-a)da een. 1.6.26
(«]
or
ot
C(t) = | C.(t-a) £(t)da s 106427
(o] 3 o 1

Equation 1,6,27 can be obtained from material balance consideration

as follows t=
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Fig.1,6.8

Suppose an arbitrary input Ci(t) is fed into the system which
produces a response Co(t). The stendy volumetric flow rate is equal
to Q. The form of the output signal will depend on the form of the
input signal and the characteristics of the system.

At a time t,, the mass rate of the tracer leaving the system is
Q,Co(t1). Some of the tracer at the outlet entered the system at
a time interval a before t,, when the rate of tracer entering the
system was QCi(t1-a), The fraction of this inlet mass contributing
to the exit mass rate after a time interval a is therefore:-

QC,; (ty-a). f(a)da,
This can be viewed in another way, The input can be considered to
be made up of a number of impulses of width Aa, Then the gquantity
of traeer put into the system in a time interval pa after time (t,-a)
is equal to QCi(t1-a)Aa, Now suppose that the response characteristic
to a unit impulse of this particular system after a time a is equal
to £(a). Therefore it follows that the output concentration due to
this particular impulse (of width Aa) is equal to Q.Ci(t1-aLAa,f(a),
assuming linearity, Now considering all the elementary impulses
summed to produce the input pulse, then the output concentration Co(t1)

is given by the summation
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t
Co(t1 ) = Z QCi(’c-, -a), f(a),0a
a=0
Y
Q \l Ci(t1-a).f(a),da

it

hs ta =>0 C_(t)

O Gy Iy

For @ =1 C_(t) = 0, (% -a).f(a),da eeees 1.6,28

BEquation 1,6,28 is similar to equations 1,6,27 and 1,6,19,

Thus knowing any two of the three functions Ci(t), Co(t) and f(t),
the 3rd can be determined, Generally Ci(t)'and Co(t) are known
and f(t) is determined,. In some cases Co(t) can be predicted for

any input when the system characteristics are known,

1,7 Summary and purpose of present study

From the above review and discussion it is clear that theories and
methods do exist on the intervretation of flow curves and on the des-
cription of flow systems in terms of combinations of idealised flow
regimes, However they are in general lacking in a number of respects,

Most of the theoretical equations are concerned with the system
response to an ideal impulse input, or a unit step input. No
information appears to exist on the response equations of systems
to thick pulses, 1In a practical case, when the residence time in
a system is short, or whgn it is not desirable to force a quantity
of tracer into the system inlet in a short time, thus causing an
undesirable disturbance to the flow, a thick pulse is a better alter-
native,

The graphical methods of solution which are generally used suffer
from the serious drawback that they tend to ignore the points con-
tributed by the frontal interface of the output pulse as is evident

in the case of Rebhun and Argaman (4),



- The delay time implicit in any practical case of short activity,
which causes a considerable amount of mathematical complexity is
generally omitted on this account,

Few of the theories advanced by authors are supported by actual
experimental work, Convolutions and transfer functions are readily
derived but their practical use is limited because of the shortage
of appropriate computer programmes,

The objects of this study are to formulate response equations
corresponding to thick pulses and thus establish a technique for the
determination of the different flow regimes, which add up to a flow
system characteristic, on a quantitative basis, Particular attention
is paid to such considerations as recirculation and shortcircuiting
with delay time, as these are of particular interest to designers of
large flow systems containing density gradients, A number of workable
computer programmes are presented and the theory is supported by

experimental data,
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CHAPTER IT

THECRY PART A
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2,1, Analysis of flow systems

The analysis considered relates to a "flow through system',
The word "flow" implies a continuous flow of any fluild through the
system, »
Dooge(é7) defined & Y'system" as a structure, a device, or a
procedure, real or abstract, that interrelates with reference to time
an input with its corresponding output, The input or stimulus may

be in the form of energy, matter or information., SchematiZally the

situation is as shown in Fig.,2,1.1.

X(t) ‘ G(t) [ ¥(%)
Fig.2,1.1
where X(t) = Input as a function of time
G(t) = System characteristics
Y(t) = Output as a function of time,

The relationship between Y(t) and X(t) depends on G(t) and may be
linear or nonlinear, The reaction of the system to an input depends
on the state of the system, This "state! may be known from past
history or known features or may be a subject for determination,

A system may be time dependent br time invariant depending on whether
the response is related to the time of input or not,

Three different problems may arise and are shown in tabular form

below,
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Type of Problem | Input System Output
'(1) Prediction Known Known To be determined
or predicted
Analysis<(2) | Tdentification |Known To be determined|Known
(3) | Identification |Unknown | Known Known

The present analysis is concerned wholly with problems of the second

type,

A basic assumption in the deduction of the following theory is

that the system concerned is linear,

Linearity means that the system

has the property of superposition, expressed mathematically as follows,

If X, (t) —3 Y, (t), then for a linear system

aX1(£) — a¥, (t) where "a" is

[=4

Also aX, (t) + X, (£) —= a¥, (t) + bY, (%)

constant of proportionality.

If the input X(t) is the synthesis of a number of simultaneous inputs

X, (£)y % (£) wuuuy X_1(8) or

n',

X(t) = E;icnxn(t) where '"C! is a constant of proportionality,
n=l

then from the principles of superposition
t

n

v = ) C_Y (%)

n=}

The following additional assumptions are also made,

(i)
zones,

(i1)

its course from its designated forward path,

(iii)
distance,

the reactor,

The system is assumed tc be a combination of independent flow
The zones are interconnected in such a way that no flow changes

The properties of the flowing fluid do not change with time and ’

In other words their is no reaction taking place in
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2.2 Transfer functions and Block Diagrams

Bearing in mind the above assumptions the system under considera-
tion can be compared with a servomechanism in the broader field of
Automatic Control Systems, and the theory of such systems may be applied
in this case,

The input and output shown in Fig,2,1,1 can be related algebraically
to the system characteristic G(t) in the form of a transfer function,

The latter is defined as the ratio between the lLaplace transform of

the output and the Laplace transform of the input.

let
LY(t) = ¥(&)
IX(t) = X(8)
LG(t) = G(5)
where L stands for Laplace Transform of and "8!" is the Laplace "S",
Then G(s) = L& reen 2,21
X(s)
or Y(S) = G(S).X(S) reses 2.2,2

Inverting Y(S) to time domain

HORRAUORICY coeee 2.2.3
Therefore, knowing the input function X(t) and formulating the
Transfer function G(S) with assumed Transfer Elements, Y(t) can be
predicted, Conversely, the assumed traonsfer elements can be corrected}
by comparing the predicted values of Y(t) with the known values of Y(t),
A Transfer Element is an element with a defined Transfer Function
which possesses the characteristic of unilateral transfer of signals,
An element which consists of several transfer elements connected one
after the other is also a transfer element(ag).

The next important step is the construction of Block Diagrams,

A block diagram is not a circuit diagram as in electrical engineering,
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It indicates only the signal transfer, whereas a circuit diagram
represents also the state of energy transfer, The three elements
necessary to construct a block diagram are
(i) a transfer element to indicate received signals and their
transformation into other signals,

(ii) a summing point to produce the algebraic sum of two signals, and
(iii) a pick off point to separate a signal into two paths,

The elements (ii) and (iii) are only necessary when there is more
than one signal, The transfer element is indicated by a block in
which the transfer function of the element is usually written. The

components of a block diagram are shown in Fig,2,2,1,

~ S
a //<:T//\ a+h a ) . o |aw .
= KT > 62 i
- \\ I/ \/} —_——— ‘\7;:' ‘—"»} —
.t o “\
T o2,/ v \atb ; I
1 b ’ £ ’ a
L or L &
i b Pick=-off point Transfer

Summing point Element

Fig,2,2,1

A system with a number of transfer elements arranged in different
combinations is difficult to analyse by ordinary means, The
Equivalent Transformation technique of assimilating the transfer
elements into one Block Diagram makes the analysis very much easier,
The following algebraic rules should be observed @

(i) The product of the transfer functions in the forward path
.(the signal path from input to output) is invariant, i.e. cannot
be altered or replaced,

(ii) The product of the transfer functions in each loop is invariant,

(iii) Two neighbouring summing (or pick up) points can be interchanged,
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(iv) A summing point cannot be interchanged for a pick off point

and vice versa,

Using these rules, any combination of transfer elements can be
transformed into one block diagram, Three of the most useful combina-
tions and transformations that will be used in the construction of
models are given below:

(i) Series Connection:

a Gy b Gy c a 5 Gy Gg C
Before transformation After transformation

Fig.2.2.2

Referring to Fig.,2,2.2, two transfer elements with transfer -
functions G, and G, are connected in seriesy where '"a" is the input
signal, '"b" is the output from G, and "c¢" is the output from the whole
system, Then from the properties of transfer functions (see equation
2.2,2)

b = aly
As b is the input to element G,

c = b,
Substituting the value of b

¢ = a@ G,
Thus, the transfer function of the system is Gy x G, and the equivalent
transformation block diagram is shown in Fig.2,2.2, In general if
there are n transfer elements n = 1,2,,.,.0, with transfer functions
G1;G2,...Gn in series then the equivalent transfer function of the
system is

G'—:IIG ses v 20204
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(ii) Parallel Connectiont

When the two elements G, and G, are combined in parallel as shown
in Fig,2,2,3 and "a" is the input and "d" is the output signal of the

system, the equivalent transfer function is obtained as follows:

b e d
b3 §

?
h
e "2'_,\‘ G-[ +G2 '—'"d_)

Gy -—4-——J

Before Transformation After Transformation

Fig.2.2.3

1l

Let b

the output signal from the element G

and ¢ = the output signal from the element G,

a,. g

¢ = a,Gp

Then b

It

Since d = b + ¢

by substitution d = a(G + G,)

Thus if a system contains n = 1,2,3,,..,@® transfer elements in parallel,
with transfer functions G1,G2,,,.Gn, then the equivalent transfer
function of the system

G=ZG seeee 2‘205

(iii) Feed back system:

"Feed back'" is a most important aspect of Automatic Control.
The problem considered here is the case of a positive feed back in
which the signal from the feed back element is added to the primary
input so that the input to the main element is an addition, rather

than a difference which is so often the case with automatic regulator,
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a b G, c a G: c
-~———? 1-G; Gy ——3
; |
Before Transformation After Transformation
Fig.2,2.4

The transfer elements are arranged as shown in Fi~,2,2.4
g

Let a = The innut signal into the system
¢ = The output signal of the system
~b = In ut into the element G,
d = Output of the element G,
Then,
b=a+d
¢ = b

But ¢ acts as an input in G,

... d ”»” C.Gz = bG:.lGa

... b=a+bG1G2
or b(l"Go]Ge) = a

a

or b =

on substitution c = aGy
1"G1 G2

Therefore the equivalent transfer function of the system is equal to

-—-—-——l—G soeve 2.206
1-Gy Gy

If the summing point in Fig,2.2,4 were an error sensing device,

such that b = a-d, the equivalent transfer function in that case

would be < . It is necessary that the system be a closed loop in
1+Gy Gy
order to obtain the above formula,
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2,3 Transfer functions for perfect mixing and plug flow

Q S

C. C ’
i ' e}
Fig¢203¢l

Let the element be perfectly mixed, of volume V with flow rate Q.
If a tracer input of concentration Ci be introduced into the element
at a time t = 0, and if Co(t) is the concentration of the %racer at
the output end of the element at any time t, then from materials

balance considerations !

Amount of tracer Amount going out Amount accumulated
entering at the = of the element at 4+ within the element
instant of time % the instant ¢
or

dac (t)

° dt

or

ac (t)

v 0

Taking the Laplace Transform of both sides

v
0;(8) = C_(8) + % . 5.0(8)

and assuming that Co(t) =0att=0

%wx1+%s)=%w)

or
Cc(s) 1
= eeave 2-3,01
¢;(8) ¥
Q
1
Therefore by definition the transfer function G(S) = 1+M-S
Q.
]-_:et % = T Then G(S) = l essaa 2.302
1+T3

Equation 2,3.2 is analogous to that of a 1lst order system in

control theory, The term T is known as the Time Constant of the
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(28)

system which, in this case, is the nominal detention time, Ceaglske
stresses the importance of this time constant and points out that it
is the only factor that determines the position of the transient
response curves of 1st order systems, The time constant in general
is a combination of several physical properties of the system, or in
other words no single physical property is responsible for the type of
response obtained, If the properties of the systems are known, the
Time Constant can be calculated and the response curves drawn,

As plug flow is eqguivalent to a time lag, the transfer function
for a plug flow element is'simply a translation function, If Q
is the inflow rate into a plug flow element of volume V, then the
lag time is % = T and the corresponding transfer function of the

element is

C (8) o
2 = o718 eves 2.3.3
0,(s)
@@
c. 5 c
hY 1 —— o Y
7 Q g’ q + 3q i)
FigvaoBoa

Consider a plug flow element of volume V, At any time t a thin
block of material of volume OV between the planes (i) and (é) is assumed
to be homogeneous and of the same concentration as that of the fluid
entering at the plane face (i} . Assume that the concentration of the
ingoing tracer at the plane {1’/ is q and that the concentration at the
plane (é) is (g + 6g), This change in concentration 8q is purely
imaginary and may be positive or negative, Then for & flow rate Q

a mass balance for the block between planes (i) and (g) yields :
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0lt) x Q =(a(t) + da(t) x q + ovIALEL

at

or dq(t) = ~ v . 99&3)
o at

Taking the Laplace Transform of both sides

1l

dq(8) oV g q(5) , assuming q(t) =0 at t =0

Q
or 288)_ N g even 2.3
q(S) Q
As the plug flow element is made up of an infinite number of
such blocks, equation 2,3,4 can be written for the whole element as:
[ o I
0q(8) v
' = o =5 2
-_(i'r_lz-s-) Q souse .3.5
n=1

In the limiting case when oq —% 0, equation 2,3,5 becomes

ch,(s) ) v
. Ci(s) q(SS Q
co(s) v
or In 6—]7-57 = - Q.S =~ T8
or Co(s) ~T3
Ty = e which is the derivation of equation 2,3,3,

i
- Consider a system composed of two elements in series as shown in
the block diagram Fig,2,3,3. The first element is a perfect mixing
element of time constant ¥X; and the second element is a plug flow

element of lag constant K,,.

Q o =K,S Q
1 {_76
-  ——
c. 1+K, S c
1 O
Fig,2.3.3

If the total volume of the system is V and the flow rate is Q,
then let m Ybe the fraction of thes total volume occupied by the

perfect mixing block and let p be the fraction occupied by the
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plug flow block, so that m + p = 1, Therefore in equation 2,3,2

E% = mT, where T = 1 the nominal detention time of the system,

Q

Let K; = nT representing the time constant of the perfect mixing

T =

element, Similarly T in equation 2,3,3 = E% = pT = K, for the plug
flow element,

Then the equivalent transfer function of the system from equation

2,2,k is
e-Kzs
G(S) = e 008 2'3.6
1+K S
or c,(s) ) oK
C.(8) 1+KS
-K,8
or C (S) = C-(S) -—E‘-‘_‘ cessen 2.307
© 1w KS
~K,5
o) = 1o (), 2 cores 2.3.8
(1+K,8) ’

Thus the parameters that control the output function Co(t)
are K; and K,, Depending on the form of the input function Ci(t)
equation 2,3,8 may be used to give the direct solution of a two

parameter model,

2.4, Solution of two parameter model using a thick input pulse

By a thick input pulse is meant a pulse of rectangular shape,
This has all the prbperties of a Gate Function, a brief description
of which is given below

G, (t)

l.o T L R ey S

Fig,2.4,1



A rectangular pulse as shown in Fig,2,4,1 is called a Gate
Function and may be regarded as the difference of two unit step
functions given by

Gi(t) = U(t) - U(t-¥) ceees 24,1
vhere T, is the pulse width,

An interesting property of the Gate Function is that if any
function which has non-zero values in the duration of the gate is
multiplied by the gate function, the value of that function within
the gate is unaffected(zg), This property can be used to invert the
Laplace Transform of complex input functions,

However the gate function only is used in this study because of
its simplicity of application both in analysis and experimentation

compared with the unit step function, or the impulse function, or more

complex functions,

I Gi(t) = U(t) - U(t-T,) is used in the two parameter

model, Taking Laplace Transforms
1 5T
Ci(s) = g - ""g"""" TR 20402

Putting this value of Ci(S) in equation 2,3,8 gives

Co(t) = L—l e

(o}
»)

(& - Z—) x 75/ (11, 8) ceeee 2.3

The right hand side of equation 2,3,11 is simplifiéd and transformed
as follows :
-1 e-KZS e-S(T1+K2)

1 -
lS(1+K1S) S(1+K, 8)

- L—l e"'K.zs _ L—l e_s(T1 +K2)
S(1+K.8) S(1+K, S)
-(t=K,) -(£-Ty =K, )
o) = (e /) wuteer)-(1me S w0k, k)

.43
Thus equation (23%3l) becomes
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C (¥ =0 0 <t <K
-(t-Ke)/K.,
Co(t) = 1(' e ) (. K2)< t<T +X seees 2.0
-(~T, =K -(%-
Co(t)=e ! 2/K1—e Kﬂ/K’.....t>T1 + Ka

This equation is illustrated graphically in Fig.2.4.2

g

v ,{,—;{\‘
Co(t) ,/ff ™~

S
/ i \\\\\\

/ \\

’)’ 1 ““\.‘%\ﬁ

0 K, T,+K, —t
Fig. 2,42

Thus in the absence of any other parameters, the length of time
between the first injection of tracer at the inlet and the first
appearance of tracer at the outlet is equal to the lag constant K,.
Knowing X,, the plug flow fraction p can be determined, Once p
is known, the perfect mixing fraction can be obtained since m = 1-p,

The rising limb in Fig,2,4,2 represents C _(t) = 1 - o~ (8-Ke ) /Ky
which continues up to the time (T1 + Ky). This means that the rise
continues for a time équal to the input pulse width, If T, is small,
the peak becomes more sharp, For T, —3 0, the rising limb becomes
a vertical line at t = K,,

The falling limb represents the exponential decay
Co(t) = e-'(t-JII"-KZ)/K1 - e—(t-Kz)/K1, As Ty decreases, the drop
after the peak becomes steeper, For a particular T,, the rate of
decay depends on the time constant X;, which in turn is proportional
to the degree of mixing,

A family of curves is drawn in Fig,2,4.3 for which m = 0,6,

p = Q,%, T the theoretical detention time = 5 minutes and four values

of the pulse width T, are taken, The curves are presented as plots
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of C/C;) versus t/T (or @) where C_ is equal to the amount of tracer
added divided by the tank volume,

It can be seen clearly that the slope of the rising limb,
obtained by connecting the point of first appearance of tracer to
the apex of the curve, is inversely proportional to the width of
the input pulse T, and tends to flatten out as T, increases. Also
as the width of the input pulse increases, the tail of the curve
gets longer, a fact which has been noted by a number of investigators,
Therefore it is important to know the form of the input pulse, as
a non-idealised input may result in a flattened peak and a long tail

which may be mistaken for dead space or increased mixing,

2,5, Four parameter model with short circuiting

Real cases of perfect mixing in series with plug flow are rare,
and in most practical cases there is a fraction of the flow which is
comparatively slow moving or fast moving with respect to the main
bulk of the flow, In this model it is assumed that such a flow
occurs in parallel with the main flow, This flow is referred to
henceforth as the short circuit flow,

In the first instance, it is assumed that the short circuit flow
is wholly represented by a plug flow element,

Let m = Fraction of the total volume of the system which is

perfectly mixed,

p = Fraction of the total volume which is plug flow in
series with m,
8 = Fraction of the total volume occupied by the short

circuiting flow,

m+ p+8=1

<
Il

Total volume of the system

f = Fraction of the total inflow Q@ that short circuits,

63
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Then the time constant of the perfectly mixed element m equals

K =<%%?7 , the lag constant of the rlug flow element in the main

flow equals K, =(§f%7 , and the lag constant in the short circuiting
T,5

element equals K; = .

The block diagram of this model is shown in Fig.2,5.1,
C f! -K;58
1 e

1+K, 8

o~KeS B

(1-£)

Fi80205'1
TFrom equations 2,3,2 and 2,3,3 the Transfer function of the perfect

mixing element is equal to the transfer function of the plug

I S
1+Ks’?
“K28 .4 the transfer function of the short

circuiting element is equal to e-K3S. Referring to Fig.2,5.1 the

K35

flow element is equal fo e
transfer function between points C and D is equal to f e and
between points A and B is equal to (1-f)e-K2°/(1+K1S). The diagram

of Fig,2,5.,1 can be reduced as shown in Fig.,2,5.2

£ o7Ks5
K+ S e KB
I £ e 2 4(1-f)
Ay r 1+K15
5,0
(1-f)e A,
1+K, 5 A&/ !
(a) (b)
Tig.2.5.2

Therefore the combined transfer function of the system is as

follows:

e-KZ S

a(s) = £ r (1-F)e %25 /(14%, 8) veen. 2.5.1

Considering a rectangular input of width T, and height unity:-
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C.(t) = U(t) - U(t - T,) and
1
1 e-ST1
Ci(S) =& - = See equation 2,4,2
ol Co(b) = Ci(s)‘Gé;)
-STy _ .
or 0 (8) = (& - S)f 7 2° 4 (1-De K25 /(14,87
-KBS —S(T1 +K.3) - -KZS .‘ ."S(T1 +K2)
or Co(s) _fe _fe . (1-f)e _ {I-5)é
s S S(1+K, S) S(1+K,8)  2.5.2
Inverting the Laplace Transforn,
- -Kss - "‘S(T1 +K3) - - “'Kzs - -S(T1 +K$
Co(t) -1 1 fe -1 fe r L 1 (1-fe .11 (1-De
S S S(1+K, S) S(1+K, 8)

or
C_(t) = PRUCH-K;) = £0(t=T,~K;) + (1-£) (1-e~ (K2 ) Ky ek )

~(mp) (1 - o T KKy i k) ceree saves 2.5.3

Equation 2,5,3 may be written in terms of © where © = t/’I' in

which case the values of K;, K; and K; become

s K, =P amd K =Sande = /T
£

(1-£) (1-1)
Four conditions may arise -~
(1) K <K< (8 +K;) < (8 +Kp)
See Equation 2,5,4
(2) K <(8 + K) <K, < (& + Kyp)
(3) K, <Ky < (8 +K;) <(6 +Kj) )
See Equation 2.5,5
() K, <(& +Kp) <Kz < (& +K)

Conditions (1) and (2) arise when K3 <K, and in this case

equation 2,5.3% has the following form,



(i) CO(Q)

(ii) co(o)

(1iia) co(g)

(iiib) CO(Q)

(iv) CO(Q)
(v) CO(Q)

When K,
(3) and (&)
(1) co(e)
(ii) co(@)

(iiia) CO(Q)
(1iiib) co(e)
(iv) CO(O)

(v) CO(G)
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=0 0 <@ <Kj;
= f (K5 <®<Kp or K; <©<(®,+K;) depending
(on whether K,<(@, +K; ) or K,>(8, +K;)
- L <
=f+(Lﬂu%(&MMQ) K, <0<(8, +K5 )
2‘504
=0 (6, + K;) B<K,

-(0~K, )/I ( (8, +K; )B<(8, +K; )
(1-f)(1-e 2 <1) ( K222)<(Q11+1J222) or

(1-£) (o= (8=CrKa VB _ =(0-K)/Kay g 5 (o | )

< K3, the function takes the following form (conditions

=0 0 <8 <K,
= (1_f)(1_e"(9—K2 )/K1) : K2< e 4(3 or K2 <@ < (91 +K2)
= f 4+ (1—f)(1—e'(Q"K2)/K1) K, <0< (8 +Kp)

2.5.5

(1-£) (o= OO =K /Ky _=(8-K0)/Kyy (g L yp,

-(8-0, =K, )/ ~(6=~Ky) ( (8, +K, )<B<(8, +X; )
£ e (1mp) (eSO K om(OR)y LS ) e

(l_f)(e-(o_e1 ) K o~ (8K )/K1) 6> (8 +Ks)

i

Fig.2.5.3 shows the form of equation 2,5,4 with the various

functions labelled accordingly, except part (iiib) which is excluded,

wFeak 3
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Part (i) shows the time lag required for the short circuiting
flow to raach. the outlet, This situation indicates that the short-
circuiting part of the flow traverses the system in a shorter time
than the main flow, Part (ii) shows the tracer concentration
corresponding to this short circuiting flow, Part (iii) of the
curve is generated when the main bulk of the flow mixes with the
short circuiting flow at the outlet, Part (iv) starts when the
input of tracer is stopped and the rise is entirely due to the main
flow, This rise continues up to a peak at time (8, + K;). Part (v)
is the exponential decay part of the curve, The above curve has
three peaks., The sharpness of the first peak depends on the relative
velocity of the short circuit, and it merges with part (iii) of the
curve when the relative velocity is small, The second peak corresponds
to the end of tracer output through the bypassing channel, The third
peak indicates that the end of the tracer pulse has reached the outlet
by way of the mainflow, The second peak will be higher than the third
peak if the tracer injection is continued for a comparatively long time
depending on the amount of short circuiting, Curve VNo,6 in Fig,2,5.4
is an example of such a case,

Equation 2,5.4 including part (iiib) and excluding part (iiia)
represents an extreme case of short circuiting when a shooting flow
across the system occurs, The flow diagram for such a case is shown
in Fig.2.5.5. If the injection time &, is short, the result is a
discontinuous two part outflow curve as shown, The first part
corresﬁonds to the short circuit and the second part to the main
flow, The time of occurrence of each change is labelled on the
abscissa, Such a curve is easier to analyse than any other type as
the shortcircuiting fraction is readily deduced, This will become

clear in the analysis of experimental curves in Chapter 4,
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{

C.(® ;
K.3 91 +K3 K.2

T~

—— 0

[
c(e) f |
|

.

,Q+K2
Fig.2,5.5

Equation 2,5,5 2pplies to the case of shortcircuiting in which the
shortcarcuiting fraction is slow moving compared to the main flow,

This may be regarded as a stagnant zone, Two types of curves result
corresponding to conditions (3) and (&%),

When K; <K; < (8 +K;) < (8 + K;) a curve of the type shown |
in Fig,2,5,6 is generated, This curve has only one peak which occurs
at time (6, + K,) and is disproportionately tall, This happens when
the negative step of the rectangular input pulse arrives at the
outlet by way of the main flow, during the time when the shortcircuited

pulse is passing through, The various parts of the curve are labelled

Curve No 4 in

and correspond to equation 2,5,5 excluding (iiib),

A
T (iiia)//g\\{/(iv) T
¥/
c (8 l[ !\ c ()
C.(0) I . C.(9)
1 ' . 1
(i;?f: P
KZ K} 91 +K2 (=]
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Fig.2.5.4 is a computer generated curve of this type with K, = 0,375,
Ks = 0,5, 8 =0,2 and K = 0,75, It should be noted that for a very
narrow input pulse, the peak beccmes tall and slender, a result which
might be misinterpreted as a high plug flow condition,

When Ky < (8, + K,) <Kz < (8 + K;3), the outflow curve takes
the form of Fig,2.5.7. This curve has a second peak on the tail
part of the main curve, If the stagnant region releases its contents
after a long delay and is itself a plug flow region then a sudden rise
i%. the tail occurs as illustrated in Fig,2,5,7 at © = K3, The height
of this second peak depends on f and K;, The greater the value of f
and the nearer the value of X; to (6, + K;), the higher will be the
peak, Computer generated curve No,2 in Fig,2,5,4 with f = 10%,
K, =0,66, K = 0,33 and 6, = 0,2 shows the second peak to be only
slightly lower than the main peak, Curve No,3 in the same figure
with £ = 15%, X = 0,667, K, = 0,7, & + K, =0,55 and § = 0,2 is
an example of a large peak generated by the shortcircuiting flow,
at. the expense of the main peak due to the major flow., The distinguish-~
ing feature between the two peaks is that the one due to the main flow
has a smooth rise and slow decay, while the one resulting from the short
circuiting flow has a sharp rise and a sharp fall, The two peaks
become indistinguishable when the difference between K; and (6, + Ky)
becomes very small or smaller than the sampling interval, This is
illustrated by curves No.lt and 5 in Fig.2.5.4., It is important to
be able to distinguish the position of the second peak in order to
select an initial value of K; in the optimisation analysis which will

be described later,
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2,6, Tive parameter short circuiting model

In the previous model, the assumption of plug flow in the short-
circuiting element has given rise to sharp peaks or humps caused by
such shortcircuiting, However, in practice the sudden increases and
decreases in the output curve may not be as sharp and abrupt as the
above model indicates, A better approximation to reality would be
to assume a shortecircuiting path with plug flow and perfect mixing

in series, The block diagram for such a model is shown in Fig,2,6.1.

f 4 1 K55
(1+K,S) l
. L
---,__a}(l'f) TEE ,___4 S Sy
Fig.2,6,1

The equivalent block diagram is shown in Fig,2,6,2,

£,e755 o K38 KpS
4%21+K4s5 | : +(1-£) —
: [ 14K, S 14K, S
= ¥
(110125 =N
g3 1+K1 S rd . ) (4

Fig,2.6,2

The transfer function for the short circuiting path is

P e-K;S

~——— and for the main path is G, (8) = (1-f)
1+ K,S8 1+K, 8

K28

Gy (8) =

where K, and K, are the time constant and the lag constant respectively
for the main zone, K, and K; are respectively the time constant and
the lag constant for the short circuiting zone, f is the fraction

of fhe total flow that passes through the short circuiting path as

before, The combined transfer function for the system is
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or ~K35 K, 8
e e
G(S) = f + (l"f) eso e 2n6ol
14K, S 1+K, S

For a rectangular input of unit height and width T,, the Laplace
transformed input to the system is

S

e

1
c (s) = 5 -

If Co(t) is the output function,

Then

CO(S) = Ci(S),G(S)
or

—ST.l “K}S -Iizs
1 e e e

CO(S) = (g'- R )[fl+KhS + (1-1) i;ﬁ:gﬂ ceeee 2.6.2

or
o’ T E(,8) TS ¥ K80t TS 8 ST + K 9)

Inversing the transform
C () = £ x (1—e-(t-K3)/K“) # U(t=Kz) = f(l-e‘(t’T1'K3)/K#)§

e-( t-K2

Ut = Ty = &) + (1-£)(1 - YKy s Uek,)

~(1-0) (1 - o T/ Ky e k) ceeer 2.6.3

Bquation 2,6,3 is made dimensionless by replacing t by @
and Ty by 6, where @ = % and 6, = T1/T, As in the four parameter
model described in section 2,5 two conditions may arise

(1) K, >K;

() ¥ >K,

(1) Equation 2,6.3 may be written as follows @

I

0 when O <@ < K3

(i) CO(Q)

(ii) ¢ (@ when ( K3 <@ <K, or

( K3 <e < (91+K3)
(1 - e‘(g-Ké)/K#) + (l—f)(l—eﬂ(g-Kz)/TH)

1l

(iiia) CO(Q)

when X, <6 < (8, + K;)
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LS. . .

(iiib) CO(O) =

1l

(iv) CO(Q)

(v) C (8) =

(2) Similarly when K; > K, equation 2,6,3 can

1l

(i) CO(Q)

1}

(ii) co(e)

(iiia) CO(Q)

[t}

(iiib) CO(Q)

(iv) ¢ (@

Il

(v) ¢ (8)

f(e-(G-Q1-K3)/K4~e-(O-K3)/Kk)

fce-(e-g1-K3)/K4_e-(9-K5)/K4)

f(e--(@--@1 -K3)/K, _ e—(Q~K3) N

T

0

(1=£) (1me™(O=K2 )/ Ky
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when (01 +K5) <e < K2

SCCIC N Ry
when (8,+Kz) < © <(6,+K,;)

or K, <6 < (8;+K;)
(l_f)(e—ce_-_qiﬁ-_@_ o~(8-K, )/K1
when € > (6, + Kp)

be written as follows:

when 0 <8 < K,
when K, <0 <K;

or K, <0 < (6 + K,)

(1-1) (1-e~(OH /K1y | £(3.67(060/Ks

(l_f)(e-(9-91~K2)/K1_ e-(g-K£>/K1)

(l-f)(e'(g%"Kz)-e_(ogiz)) +

(l-f)(e-(e'g%:Kz>-e"(9£?z)

) +

when K5 < 8 < (8, +K,)

” eee2.6,5
when (6, +K,) < © <K;
f(lne?(Q-K3)/K4)

when (6, +K;) <6 <(&; +K5)

or Ky <8 < (8 +K5)
f(e-(9-91—K3)/Kk_e-(O—K3)/Kq)

when © > (9, + Kyp)

Equation 2,6,4 excluding part (iiib) produces a curve as shown

in Fig,2,6.3,

equation 2,6,4,

/""‘?\.~ (iV)
. . { AN
I (1117 ' \
CO 9) i[ ; :1‘\

Ciiei /«:’ : ‘ ‘\,\

(ii)’ ! N
2R R N\
(1) / ~—

Different parts of the curve are labelled according to

Kz (91 +K3 ) (91 +K2 )
Fig.2,6,3
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Curve No,4 in Fig,2,6.4 is a computer generated curve where the
shortcircuiting fraction is 20% of the total flow and occupies 10% of
the total volume, Of this shortcircuiting volume, 70% is plug flow
and 20% is perfect mixing, In the main path of the flow 60% of the
volume is occupled by perfect mixing and 30% by plug flow, The
overall constants are K, = 0,75, K, = 0,375, K; = 0,35, ¥, = 0.15,

f =0,20 and § = 0,1,

Equation 2,6,4 excluding part (iiia) gives rise to a curve as

shown in Fig,2.6.5, The curve is correspondingly labelled and has

two peaks, the first peak being due to the short circuit,

Fig.2,6.5.

Figure 2,6,3 may be compared with Fig,2,5,3 and it will be
seen that the present model produces a gradual rather than a step
cMméﬁmpM%(ﬂth@pM%(ﬁ)wdﬁmPM%(ﬁm)
through phase (iv), Tig,2,6,3 might be confused with Fig,2,5,6
because of similarity of shape, but closer examination reveals the
fundamental difference, In Fig,2,6,3 the curves of part (ii) and
(iiia) are different, whereas in Fig.2,5.6 part (iiia) is a continua-
tion of the initial exponential rise of part (ii) with a step addition
equal to £, In the limiting case, in which the perfect mixing
constant K, vanishes, this model becomes identical with the previous

four parameter model of Fig,2.5.6, The selection of either model is



DETAILS.

lr:‘vllrfl . K] KZ
08 0L

K3 KL f s T B]
004 036 025 001 009 O}

2”2 2

008 032 - 002 008 -

99 2

012 0286 = 003 007 »
020020 _» 005 805 »

e~ L DN [

2?2 2%

|

FIG. 2.6.b

02 03 04 | 05 06 07 08 09 10 11 12 13 % 15 16 17 18 18 20 21 22 23 24 25

— 8

-~J
-~J



78

a matter of judgment and either will lead to results which are equal
within tolera-le limits,

The conditions which give rise to the curve of Fig_2.6_5 are
easy to distinguish, It has two peaks of gradual rise and gradual
fall, The rise and fall of the shortcircuiting peak is illustrated
by the family of computer generated curves presented in Fig,2.6,6.
The steepness of the rise and fall depends on the time constant K,
of the short circuiting flow, Also if the short circuit volume is
held constant and K, is increased, the tracer arrives at the system
outlet in a shorter time, These points are illustrated by curves
1 -3 4 of Pig,2,6,6,

Equation 2,6,5 is valid when there is a stagnant zone (i,e, when
Ky >K,). When K, < (8 + K,) <Ky < (€ + K;), a curve of the
type shown by curve No,l in Fig,2,6.4 is obtained, which is characterised
by a late rise or peak in the tail of the main flow curve, Again the
steepness of the rise and fall depends on the time constant K, of the
short circuiting part of the model, As K, decreases, the curve
approaches the pattern of Fig,2.5,7. Curve No,1 in Fig,2,6.4 is
a typical case often seen in experimental results, As K; decreases,
the second peak approaches the first one as illustrated by curve No,2
in the same figure, Curve No,3 results when K, <Ky < (6, + Kp) < (8, + K,
in which case the second peak follows closely on the first, Fig.2,6.3
and No,3 of Fig,2,6.4 are very difficult to distinguish from Fig.2,5.6
in cases where K; is very nearly equal in value to (6, + K,), The
decision as to whether to use a four parameter model or a five parameter
model should be based on the way in which the peak falls off, If this
is gradual or the peak seems to be flat, a five parameter model is more

appropriate,
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2,7 Recirculation models

The mathematical solution of models containing a recirculation
element is difficult and only those cases in which the transfer
function of the recirculation element is taken as unity appear in
the literature, Takamatsu et al,(BO) attempted to fit a model
consisting of a plug flow main path combined with a plug flow recircu-
lation path, to experimental results obtained on a model sedimentation
tank with induced surface recirculation, They were successful in
matching the peaks, but omitted all other parts of the flow curve,
so that it is clear that such a model is not completely satisfactory,

The model presented here consisté of a main flow path consisting

of perfect mixing and plug flow in series, combined with a plug flow

recirculation path, The block diagram of this model is shown in Fig,2.7.1.

: ~K35
&/ e © |

|

o a8 _-—;-—];__-

-3
S f B C
Fig,2,7.1
Q'
—~—t Recirculation
i
& _(X)——i Hain path > 4
C C
Q'
Fig.2.7.2,

Let Q be the inflow rate, and Q' the quantity recirculated as

shown in Fig,2,7.2. Then (Q + Q') is the quantity flowing through

the main path, Let f = §~ . Then the flow through the main path



=Q(1 + f) and the recirculated flow = Qf, Therefore TT%ET of the
flow which comes to the point B is recirculated,
Let the fraection of the total volume occupied by the perfect
mixing, plug flow, and recirculation elements be m,p, and r respectively,
such that m + p + r = 1, It should be noted that the volume occupiegd
by the main flow is less than unity and that the flow rate through
this smaller volume is greater than Q, Thus the residence time of
the main flow fraction decreases with increasing recirculation,

Let K, = £ and K5 = ?f be the time constants of the

m
o K2 = I0F

perfect mixing, plug flow and recirculation elements respectively,

Then the transfer function of the forward path
-k, 8

_e . . _ I -KS
Gy (S) = RS and that of the recireulation path G,(8) = 7 © .

Then the equivalent transfer function from points A to B from

equation 2,24 is

e-Kz%/(l+K;S)
GAB(S) = ( f ) e-S(K2+K3) o v 2.7.1¢
Tt TOIHK S
But G,~(5) = 1
AC 1Tf' G(S)/\xB sSeese 2.7021
1 e-Kzﬁ/(1+K1S) \
Therefore G, (8) = (335 TR seene 2473,
- (TP 14K S /

Equation 2,7,3 cannot be easily inverted to the time domain,
One method of solution makes use of convolution integrals but this
is too complex when a rectangular input is used,

Bquation 2,7,3 may be simplified by expanding the denominator

- -t -
using Maclaurin s series as follows:

~Kq S

| 5 (Kp+Ky ) | =1
l.e T e
G(8) = (m).m). 41-1+f T +K9) )
or o l e"'K.zs \ f e-S (Kz +K3 ))
G(u) = (T:f)'\l+1<15 ,. (l + L B B 2.7.4.

I+f * (1 + K 8)
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o= (Kp+K;
(1 +K8)

the first two terms considering all other terms to be negligibly

} < 1 and truncating the series after

assuming {1ff .

small,

Let Ci(G) and CO(Q) be the concentration of the input and
output pulse with respect to the normalised time 6, Then for a
rectangular input of unit height and width 6,

€;8) =g~ F—
Therefore CO(S) = ci(s) % G(8)

=3 (2K, +K5 )
ay _ (1 e 1 ./e f e 273
or C,(8) = (5~ =g -)<1+f)<1+1<15 TTE T r KGB)2 )
or (5 _; E:?,S ) e-S(Q1+K2) . P e-s(2K2+K5) i e-S(Q1+2K2+K33
° (L+£)] S(1+K 8)  S(1+4K,8) 1+f  S(1+K,8)2 1+f S(1+K,8)2 _l

e s s 2.7.5

Inverting the Laplace transform,

co(t) = J_[(l-e”(g"K2 )/t Y U(0-Ky) ~ (:L-e"(e'61 =K ) /%4 d# U(8-6, ~K, )
1+f

PSR 02K -K) o~ (822K,

= 7 7 )Lx U(6~-2Kg =K
+

£ =0, =K, =K\ =(6=Q, —aKz-Ki)l ]
- (P 11 - (1+ T ) e 7 j{ # U(6-6, -2K,=K;) |

oewew 2-7.6

Two situations may arise in solving equation 2,7.6.
(1) K <(8 +Ky) < (2K, + K3) < (8 + 2K, + Kj3)
(2) K <(2Kp + K5) < (& +K) < (6 + 2Ky + K;)
When condition (1) applies equation 2,7,6, becomes
(1) ¢ (@ =0 when 0 <@ <K,

(_1__)(1 - e“(@-—I{z )/K‘l ) when K, <@ < (91 + Kz)
1+f
1 )(e-(e-91 -K, ) /K, _o~(8-K;

(=

1+f

(ii) co(e)

(1i1) ¢ (@) YKy when (6, +K,) < 2Ky + ;)



2
+ - (l+9—2":'—K )e-(e-zé-l(,)/x,}]
1 -(8-6,-K,) -(8-Kp) o2t G Ks
(-i—:f)[e e - K +{/Z{f/€(/l s )V//%/]’

- when (2K, +K3) <0< (6, +2K;+Ks )

11

(iv) ¢ (@)

-(0=-6,-K;)  ~(8-K;)
(‘fll_?)[e K1 - K1 XX} 2.7.7

(v)  C(8)

f B~0, =K, ~K ~(©=0, =K, =K; ). 0-Ky =K5 \ = (G~ K 5'=Kg ¥
+']:|.—f'{(l+— 1K1 27°3) e T 2 =3 /. (l_l___.ﬁ‘z._.}_)eA 2 3’)«4}]

e

when © > (8 +XK,+K3)

For condition (2), the equation is identical to equation 2,7.8 except
for the following variations,

(ii) The limits of part (ii) are K, <8 < (X, + K;)

; £6-2K, ~K
(iii) CO(Q) = .i%f 1~ e-(Q-K2 )/K1 + T}:‘-f‘l - (1 + 2:.}.{12}..(.21125)9 K4 ? ]

when (ZK,+Kz) <0< (6, +K,)

(iv) The limits of part (iv) are (§+K;) < 8 < (& +2K,+K;5) . ,,, 2,7.8

Equation 2,7,7 gives rise to curves such as that of Fig,2,7.3.
This particular curve was generated by assuming ¥ = 0,545, K, = 0,309,
Ky = 0,6, £ =0,1 and & = 0,1, AB in the figure represents part (ii)
of the equation, The peak B is reached after a time (6, + K;), K
being the time of first appearance of the tracer at the outlet, BC
represents part (III) of the eguation which is in the form of an
exponential decay, C is the point when the recirculated tracer
begins to appear at the outlet after a time (2%, + K3)., From C
for a time equal to ©,, the curve takes the form of part (iv) and
thereafter is represented by a further exponential decay, part (v),

It can be seen that when the value of K; is small, the point'C
will be difficult tb lecate, One method of determining this point
is to draw an exponential decay cﬁrve from the point B using constants

Ky Ky and £ determined from a best fit of the rising limb AB, The

value of K, is given by the position of the point A&, and it remains
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to select values of X; and f in equation 2,7,8 part (ii) such that

it fits the curve AB, As shown by the dotted line on Fig,2,7.3,

the point C is located where the exponential from B deviates from

the actual flow curve, and thus an estimate of the value of K; is
obtained, Using these initial estimates of X, K,, X; and f, the
flow curve can be fitted to equation 2,7.8 by a suitable optimisation
technique, provided that this model is appropriate,

Pig,2,7,4 shows three computer generated curves with different
recirculation times K; and constent recirculation rate f = 0,10,
Since f is a constant, an increasing value of K; corresponds to an
increase in the volume occupied by recirculation and a consequent
decrease in the main path volume, This gives lower values of K,
and X, , Another effect of recirculation on the flow curve which
is evident in Fig,2,7,4 is that as K; increases the tail of the
curve becomes longer,

Cases in which 8, > (K, + K3) are rare and hence equation 2,7,8
can be neglected,

The effect of increased recirculating flow with constant recircu-
lation time constant (i,e, f increases but K; remains constant) is
iliustrated in Fig,2,7.5. With incréased recirculation, the second
peak of the flow curve becomes more and more prominent until the
effect becomes similar to that of shortcircuiting.

The question arises as to how to distinguish a recirculation peak
from a shortcircuiting peak, This problem may be tackled by examining
the curve closely bearing in mind the following points,

(a) If the distance between the first and second peaks of the curve
is less than the value of K,, then the second peak is invariably
due to short circuiting,

(b) If the second peak of the curve has a sharp rise and fall as
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shown in Fig,2,5,4 then it can only be caused by a short circuit,
(c) A gradual rise and gradual fall in the second peak as illustrated

by curve No,l1 in Fig,2,6,4 may be due to shortcircuiting or

recirculation,
In order to determine which model is the more appropriate it is
necessary first of all to determine the values of f, K, and K,, by
fitting the model equation to the rising limb of the first peak of
the experimental curve, For the short circuiting model the equation
of the rising limb isi-

-(6-Xy)/
1
CO(Q) =(T:§') (l - e M )-

The value of K, in either case is fixed by the first arrival time
of the tracer, and since for small values of f, (T%f ~ (1-f), the
values of f, K and K, obtained from a best fit of the rising limb

will not differ by very much, The value of K; is fixed by the time
| at which the second peak starts to rise in either case, but the
secondary peaks are different, The shorteircuiting model produces
higher secondary peaks than the recirculation model and the more
appropriate choice should be made accordingly,

From the above analysis, it can be concluded that systems with
either short circuiting or recirculation can be quantitatively examined,
When both shortecircuiting and recirculation are present, the analysis
is more difficult particularly when the shortcircuit is of the slow
flow type analogous to stagnancy, In the next section a model
combining fast shortcircuiting with plug flow recirculation is

developed which may prove useful in more complex situations,
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2.8 Combined shortcircuit and recirculation model

A flow diagram showing the assumed arrangement of the flow

zones is given in Fig,2.8.1.

Qa

Recirculation

Q Main flow path Q
] Q-Q1+Q2

N
A4
w
Y
\y

Short circuit

Q

FigDZOBOl.

f2/
65 (8) - (Ee)

f.’c
G, (8) Co(S>

Gy (S)

Fig.2.8.2.

where Q@ is the flow rate into the system

@ = Flow which is shortcircuited
Qs = Flow which is recirculated
T = nominal detention time for the whole system

Let my p, s and r be the fractions of the total volume occupied
by the perfect mixing, nlug flow, short circuiting and recirculation
zones respectively,

Let £ = %J and f; = %2

Then if K;, Ky, K; and K, be the time constants of the four

elements, assuming as before that the main flow cousists of perfect
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mixing and plug flow in series, then

mT

K,] =
K, = 2

(1 - f‘l + fz)
K3 = 'I"'?‘

f2

sT
Ky = =
L f1

If normalised with respect to time, then T becomes unity in the
above constants as before,
The transfer functions for the main path, shortecircuit, and

recirculation transfer elements are as follows?

K8
G (8) =

1+ K8
Gz (S) = G-Kl"s
G5 (3) = e75°

A block diagram of the system is shown in Fig.2,8.2. For simplicity
in the first case it is assumed that the shortcircuit takes place at

a point A béfore the summing point of the recirculation element, so
that a fraction f; of what comes to the point A passes through the
shortcircuiting path, Also it is assumed that the summing point C of
the shortcircuiting element coincides with the pick off point of the

recirculation element, Therefore the fraction of material that is

recirculated from the point C is equal to Q%ag = 1+§§ and the
fraction that reaches the point B or the outlet of the systenm is

equal to 1 - . S
1+5, 1+ 1,

G(S)y the equivalent transfer function for the system is derived

from eguations 2,2,5 and 2,2,6 as follows,
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G(S) = £ .G, (8) + Gy (S)/[1 - =2 .G, (8).G5(S)] eeee 2,81
1+fq

Substituting the values of G, (8), G,(S) and Gg(S) in equation
2,8,1 and expanding the denominator of the second term as in

equation 2,74

K, 8 e‘K2S/ (1+2, )(1+K18)2}

(145, 8) =5 (2K +%; )/{

G(S) = f,e fye

L B 2.802

Again taking a rectangular input of width 6,, in dimensionless

1 e ©
form, so that Ci(S) =5~
C (8) = —2— .;G'(S)l.{C.(S}}, where ¢ refers to the transfer
° Lef, ¢ ot ¢

function at’ the point ip Fig.2,8,2, and = G(8),

-56
.. C(8) = (1 - = G- ) x g o o5 (1, s)
1+ 2
+ e~S(2K2+K5 )/{(1+f2) x (1+K18)2}:|

or C_(8) = [fe” /5 - 1, e 5Kt g oS g1 5) - o7 Ke*® )1k 5

G-S ( a(.z +.K3

+ Ty )/S{(1+f2)(1+K1 S)z;

e-'S ( 91 +2K2 +K3

- £ /8 (168,) (14K, )23 1/ (148, ) revns 2.8.3

Inverting the Laplace Transform,

C (8) = £, /(1+£,)5U(6-K,) ~ £, /(1+£;)xU(6-6 K, )

- (6K, )/K1 )/ (L+£, )=wU (6~K, )

+ (1l~e
- (e Ke/y ) /1, Ya (G- Ky )
v Tp/(14£,)2 [1—(1&‘%—'—’55-) o~ (82 =K3) /% Juu(6-2K, -k, )
- £/(14E, )2 [1-(1: 500 = =Ky (8~0, =22 =5 )/y 1.11(0og, -2K, -k, )
- erese 2480
Pour situations may arise

(1) X, <K< (& +K;,.) < (6, + Ky) < (2K, +K) < (8 + XK, + Ks)

(2) K, < (8 +K,) <Ky, <(6 +Ky) <(2K, +Kz) <(8 + XKy + Ks)
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(3) Ky <K, <(& +Kg) <(6 +K,) <(2K, +K3) <(6; + 2K, + K3)
(B K, <(8 +Kp) <K, <(8, +K,) < (2K, +K;3) < (8 + 2K, + Ks)
Situations, when 6, > (K, + K3) are not considered, when
conditions (1) and (2) are applied to equation 2,8,4 the output curve

has the following form:-

(i) CO(Q) =0 0 <8 <K,

(ii) co(e) = 1, /(1+£,) K, <0 <K, or K, <6 <6+K,)
(1i18) C_(6) = £, (148, }+1/(1eg, ) (1-e™ 0K /K K, <8 < (6 +K, )

(11ib) C_(6) = O 6 + k) <0 <K

(iv)  C_(8) = 1/(14£y ) (1-e™ O/ K (6,+K,) <6 < (6,+K,) or

K, <0 < (6, +K,)

(v) ce) = /(18 ) (6700 =K )/ Ky | =(0-10) /Ky (g iy < <(2Kp+K; )

(vi) ¢ (8)

l/(l+f2)[e‘(g_g1"K2)/K1- e—(0~K2)/K1+i§%;{;—(l+9:§%5351)

e"(e"'aKz ~K; )/K1 }']
(2Ky+K5 ) <@<(8; +2K, +K; )

1 /(1+£,) [e—(e-e,, -K, ) /X, e~ (8-K2 ) /K4 . 132 {(1+(9‘91 -IiKz-Kz ))

it

(vii) CO(Q)

e~(9—9.1 ~2K2 "'K3 )/K4| - (1 _*.g__a_}%f-_KL)e-(g—ZKg ‘K3 )/K1 %]

6 > (6, +2K,+K5 )
[N NN ] 2.8.5
Applying conditions (3) and (4) results in a curve of the

following form

(1) ¢ (8) =0 0 <8 <K,
(li) CO(G) = l/(l-l-fz)(l—e_(g_KQ )/Kq) Kz <o < K[. or K2 <@ < (91 +K2)
(iiia) C_(8) = == [(1-e"(O-K2)/Kiy ¢ K, <0 < (8+K;)

° (L+£,)

(iiib) CO(Q) = __]_-_ (e”(9—91 -Kz )/Kq _e~(Q-K2 )/K1 ) (91 +K2) <@g < K,.
(1+1£,)

(1) o (8) = L (7 (EH )M _~(OKI/Kry g g

(l‘l‘fz)
(8, +K3 )<®< (8, +K, ) or

K, <0 < (& + K,)
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(v ¢ (8 =(-—¥-—) [(e=(80 K )/ Ky _=(0-Ka)/Ka vy (g 1k, )< 0 <(2K,4K;)
1+1,

(vi) Same as (vi) of equation 2,8,5,
cseas 2,846,
(vii) Same as (vii) of equation 2,8,5,

It can be seen that equation 2,8,5, is valid when K, <X, and
equation 2,8,6, is valid when K, <K,,

Four curves plotted from computer data are shown in Fig,2,8.3.

Curves (1) and (2) are cases in which K, <X,, Curve (1) is the case

in which (6, + K;) <K, and has two peaks, The second peak is

produced by the short circuiting flow and has a sharp rise and fall,

As the recirculation time is low (= 0,333), the expected third hump

is not visible and the effect of recirculation can be ascertained only

by the technique mentioned in connection with the curve shown on
Fig.2,7,3. Curve (2) of Fig,2,8,3 illustrates the case when K, < (8,+K,),
Curve (3) is the case when K, <K, and the recirculation time has the
value 0,733, It is characterised by two peaks (which cannot be

detected unless the sampling interval is sufficiently small) and

a hump on the tail produced by recirculation, Curve (4) arises when

K, and K, are almost equal. Such a case gives rise to a disproportionately
high peak followed by a sharp fall,

The above model represents the case in which the inflow to the
system is divided into two distinct parts, One of the parts bypasses
the system directly to the outlet and consequently does not contain
any recirculated flow, The case in which a fraction of the recirculated

flow is also bypassed is more general and is considered helow,
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Again @ = the flow rate into the system-

Gy

Q, = the flow which is recirculated

the flow which is shortcircuited

i

T = the nominal detention time for the whole system,
Q Q

Let & = and 22 = f,
g ~hoadg =%

The total flow into the point 'A' in Fig.2.,8.4 is equal to Q + Qa.

0f this total flow the fraction that short circuits is equal to

Y. -8 and the fraction that goes along the main path =
Q+Q2 1+f2
Q= +Q _1-% + 5
Q + QZ 1 + fz
As in the case of the previous treatment the fraction that re-
circulates from the point 'C' is equal to S S . In order
Q,+Q2 1+.f2

to simplify the algebra the following notation is introduced at this

point,
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A1=!'_:..£_i._£2.

1+ 1,
Ay = g
1+ £
Lo
A3=
1+ 1

Let the Transfer Functions of the main path, short circuit and
recirculation elemonts be Gy, G, and G; respectively as shown in the

Block Diagram of Fig,2,8,5, where

e-Kzs

Gy = A
L+K, S
K5 S

The constants K,y K;, K; and K, have the same meaning as before,

The equivalent Transfer Function of the system fwom the point A to

G+ G (L
l"Gl’3 (G1 +G2 ) 1+ f2

the point C 15 G(S) =

Again expanding the denominator:

G(S) = (G + G){1 + G; (q +G2)}(ﬁ-f—2-)
or G(S) = (G1 + Gz + G3G12 + G3G22 + $3G1G2)(1%.f;) esesve 2'.8-?

Putting in the values of Gy, G, and G; in Equation 2,8.7

K, S i
G(8) = [A"l .e + Aze_K‘os_l_ A3A1 26“0(2K2+K3). 1
1+K15 (1+qu>2 5 8 8
+ A;Azze-s(ZK"+K3 )+ ZZHAZA:,-G-S(K2+K3+K") 1 ] ( 1 )

(1+K;8)  1+1f,

With a rectangular input of width 6, ,

=38
1 e
¢;(8) =5-3
1 o
Then CO(S) = g - 'S- ).G(D) sssee 2n8-9

Inverting the laplace Transform in equation 2,8,9 term by term,
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c () = [A (1_9-(4:.1{2 )/Kﬂ) # U(0=K,) - A (1-e'(g'g" K )/K*) # U(0-9, ~K, )

+ A, mU(P-K,) = A, #U(R -0 -K,)

f -2K,, =K. -(&ZEE = )
v A1 - (1 BRI . 5 };{ U(6-2K, -K; )
Ky
VL R 9-231%12-1-{2—"—1’5-) e © Y3t U(6-0,~2K, -K; )
+ D302 % U(O-2K, K5 ) ~ A3A,2 3 U(6~-0, ~2K, =K;)
~ (@ -Kp K5 =K, )/, -

+ 26 A A, {1 -e S U(@-Kp =K; ~K,, )
=204 Ay Ay '\l - e 17 3% U(C~0, =K, =K5 =K, ) ]x S

- o + 2

esr00e 2.8010

Assuming that the pulse width & is less than 2ZK,, (K, + K;) and
(K3 + K,), equation 2,8,10 produces eight different composite curves
each comprising eleven parts, for the conditions K, <K, and K, > K,.

If K, <K, the limits of the four curves are as follows i-

(1) K, < (8,+Ky) <K, < (8, 4K,) < (Hy+Ks) < (0 +2K,+K5) < (Kp+K5 +K, )
< (@) +Kp +K5+K, ) < (2K, +K5 ) < (O, +2K,+K5)

(2) Ky <K, < (9, +K;) < (8 +K,) < (ZKp+K;) < (Kp+Ks+K,) < (6, +2K,+K;)
< (2K, +K5) < (0 +Ky+K5 4K, ) < (8 +2K, +K;5 )

(3) Ky < (0,+K,) < (2Kp+K5) < (€ +ZK,+Ks) <K, < (6 +K,) < (K2+K3+K,)
< (8 +Kp+K5 +K, ) < (2K, +K5) < (8, +2K,+K3)

(4) Kp < (81+Ky) < (ZK,+K3) <K, < (0, +FKy+K5) < (8 +K,) < (Ky+K5+K,)
< (@) +Kp +K5 4K, ) < (2K, +K5) < (8 +2K,+K5 )

If K, > K, the limits of the four curves are as follows i~

(5) K, < (8+K,) < (ZK,+K5) < (€ +2K,+K;5) <K, < (6 +K,)
< (Kp+Ks +K, ) < (8 +Kp +Kz 4K, ) < (2Kp+K5) < (6 +2K, +K;5)

(8) K, < (8+4K,) < (ZK,+Ks) <K, < (0,+XK,+K5) < (6, +K,)

< as for (5)
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< as for (5)
(8) Kx, < Kz < (91 +Kt,) < (91 +K2) < (ZK1,+K3) < (91 +2K1,+K3)

< (Kp s 4Ky ) < (FKp+Kz ) < (8 +Kp+K5+K, ) < (6 +2K,+Ks)

Equation 2,8,10 has been computed and presented on Fig,2.8,%
as curves 1, 2, and 3 for conditions (1), (2) and (8) respectively,
These may be compared with the curves on Fig,2,8,3, On comparison
it can be seen that the most obvious effects of shorteircuiting part
of the recirculated flow are to reduce the magnitude of the peaks of
the curves, Also it is clear that peaks in the immediate vicinity
of the major peak of a curve cannot be caused by reeirculation unless

the flow in the maim path is predominantly plug flow,

2,9, Conclusion

In this chapter a number of models are suggested which might be
used to study complex flow situations, In a practical case a flow
test should be performed and the flow curve obtained for a known
rectangular input, The output curve is then studied and a model is
selected, The corresponding theoretical curve is fitted to the practi-
cal curve within acceptable limits of accuracy by varying the values of
the parameters, The best model is that which gives the best fit for
the minimum number of narameters, This approach is referred to
hereinafter as "the direct method™,

In the next chapter, another technique of analysis, known in
Control Systems theory as the "Pulse Response Technique™, is considered,
Although "Pulse Response' or "Frequency Response! techniques are standard
methods of analysis in control systems,; they are seldom used in systems
with long residence times, However, it has been found that this technique
produces valuable information regarding the nature of such a system and
may be used as a guide in selection of the initial values of the parameters,

in analysis of a flow curve by the direct method,



CHAPTER III

THEORY PART B

99



100

3.1, Frequency Response

A well known technigue used for testing the dynamic properties
of a system in Electrical Engineering is that of frequency response,
It involves the application of a sinusoidal pulse at the input end of
a system under steady state conditions and the measurement of the
steady state variation of the output response, The frequency of the
applied input is varied over a wide range and the corresponding
responses are recorded, TIrom these frequency response data, it is
possible to determine time constants, undamped natural frequencies,
and damping ratios in the circuits under test,

Enough information is stored in the frequenecy response data to
determine the output from the circuit due to any input within the
limits of linear operation, However according to Clements et aL(BZ)
this technique is not as widely used in chemical engineering as one
would expect considering its many advantages,

The basic mathematical background associated with pulse spectra
and frequency response information is given here, According to the
well known theory of Fourier, it is possible to represent almost
any periodic function as the summation of a series of sinusoidal waves
of different frequencies and amplitudes(BB), A pulse form may be
analysed as being composed of a d,c., component (zero frequency), a
fundamental frequency, and an infinite number of harmonics, the ampli-
tude and phase of each component depending upon the shape and

(34)

characteristics of the pulse form Any repeating function of
time having an angular period of 2n may be represented by the Fourier

seriest-
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a
0

Sn = =3+ 8y COS © + 8y COS20 + ,eaee an cos n@

+ b sin ©® + b, sin20 + ,,... b, sin ne eeaee Delol,

where

O=2nft=wt

b
fp = 1/Time Period = Pulse repetition rate
w = Angular frequency in radians/sec,

1 +T

a == j f(8),cos n® de
-T

1 +T
b == \ £(8) sin n6 de
n T
J =T
1 (T
a == S_n £(9) de

The term %ao represents the d,c, component, the (a4 cos € + by sin @)

represents the fundamental frequency harmonic, the (a, cos 20 + b, sin 20)

represents the second harmonic and so on up to the nth harmonic,

Equation 3,1,1, can be written asi~

sn = 12ao + 01 Sin (@-}01) -+ 02 Sin (2@"’4)2) + eeeea

[ N N ] + cn sin (ng+‘¢n) LI N 3.1.2.

where the c's are the coefficients of the Fourier series,

.2 2, +} _ a
cn = (an + bn) and ¢n = tan 7 e—

If these coefficients c, are plotted for n = 1,2,3 ,.., etc a curve

is obtained, The ordinates of this curve at n = 1,2,3, etc are

known as the Pulse Frequency Spectrum,

If the shape of a particular pulse remains the same, but the

pulse repetition rate is decreased (see Fig,3.1.1l) then more lines

are added to the spectrum, The magnitudes of these lines compared
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with those of the previous spectrum are reduced, but the ratios of
these magnitudes to one another remain the same, Part (i) of
Pig,3,1.1 shows a periodic rectangular pulse of time period T,

part (ii) shows the same rectangular pulse with a timé period 2T,
part (iii) shows the plot of ¢ Versus 'w' associated with part (i),
and part (iv) shows the increased number of spectral lines and

reduced magnitude associated with part (ii),

(i)

Catn
.
He
N
{
!
e,
!
i
t
o rrmnn v}
1

(iv)

J [j'\ i T P M I B
RN RS ISR
The sinuSOidal nature of the <, plot is due to the fact that

bn = 0 for a rectangular pulse and c,=a. As the pulse occurs

less and less often, the spectrum contains more and more lines, until

in the limiting case, the pulse occurs only once and the spectral lines

merge with each other to form a continuous envelope curve, Any

individual amplitude is infinitesimal, but the envelope still retains
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(34)

the same shape as before . The expression which describes this
envelope 1is the Fourier integral of the time function which represents
the pulse form, This operation is known as taking the Fourier
transform,
The Fourier Integral is the integral of the Fourier series
described by equation 3,1,1,
If the pulse form is described by a function f(t), then the
Fourier transform (hereinafter referred toias the FT) of f(t) is
given by:
+00 .
(D) = | 2(e)e”IMPat = w(gu) veres 3103
-®
For a single pulse, the limits of the integral are from O to tp,

where tp = pulse width, Therefore equation 3,1,3 beconmes
tP
FT (£(t)) = j' £(t)e” Mgy eeees 31k
o]

where w = frequency in radians per second

and j = /-1

The Frequency Response of a system is defined as the ratio of the

Fourier transform (FT) of the output pulse to the FT of the input pulse:

|
Frequency Response = EL output G(jw) eovse JaldDd

FT input
It is also known as the "Performance Function' and it should be
noted that it is defined in a manner similar to the "Transfer Function”
of Chapter 2, The transfer function is expressed in terms of the
Laplace '"S'" and is in the time domain, whereas the frequency response
is in the frequency domain and may be obtained by simply writing § = jw,
From equation 3,1,5 it follows that:-
T output = FT input x G(jw) cesee 341.6

Thus if the system characteristics are known, the FT of the output
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pulse can be predicted for any input pulse. If on the other hand
the output pulse is known corresponding to a known input pulse,
then the I'requency Response for the system can be determined,.

For any particular value of w, G(jw) can be represented as
G(jw) = |al / %(35) ceeve 3J1.7
The part |G| refers to the magnitude or amplitude and the / qa
is the angle or phase, These values of magnitude and 'phase angle
are the ratios of the magnitudes and phase angles of corresponding
input and output pulses, obtained in accordance with the rules of
vector algebra, The magmitude of the quotient of two vectors is
equal to the quotient of their magnitudes and the phase angle of the
guotient of two vectors is equal to the phase angle of the vector in
the numerator minus the phase angle of the vector in the denominator(BG),
For this reason IG[ in equation 3,1,7 is known as the magnitude

ratio or "gain' between the output and the input amplitudes:-

Output amplitude

la| =
Input amplitude

Referring to Fig,3,1.2 if Gi represents the amplitude of the input
pulse and Go that of the output pulse, then the magnitude ratio of
the frequency response of the system is given by ‘Gl = O/Gi, and
the phase angle ¢g in radians by which the output lags behind the
input is given by ¢G = QGi - QG where QGi represents the phase
angle described by the input pu;se from the origin and ¢G that of

0
the output pulse, In fig,3.1.2 @G = 0, Therefore ¢G = -¢
i

G

o
which is negative because it lags behind the input, Thus if a pure
sinusoidal input is introduced into a linear system, the magnitude

ratio can be easily obtained from the amplitudes of the input and

output pulses, The feasibility of this technique in cases of pure

(3) (37

plug flow is illustrated by Denbigh and Krenkel
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T Input
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. i %U \\ -

Fig.3,1.2

3,2, System characteristics from Frequency Response Functions

The problem is that of determining the systen cﬁaracteristics
embodied in the Frequency Response Function G(jw). If the output
corresponding to a particular input is known, from these data, the
magnitude ratio and phase angle can be determined by a data reduction’
technique which will be discussed later, In Chapter 2 transfer
functions corresponding to various theoretical models were derived
and from each of these transfer functions the magnitude ratio and
phase angle can be determined directly for the particular theoretical
model, By comparing the magnitude ratio or the phase angle obtainedA
from the mathematical model which includes the various parameters
representing the system characteristics, with the magnitude ratio
or phase angle obtained from the experimental data, optimum values
of the parameters can be determined,

The manner in which the M,R., (magnitude ratio) is obtained from
the system transfer function is illustrated by.the following simple example,

Let the transfer function of a system be

1
1 + ST

T.F, =

Writing S = jw, G(jW) = sectes 30201|

1+ JwT



In this ocase the numerator is simply 1, In the complex plane
this is represented by a vector A as shown in Fig,3.2.1, having a
magnitude of 1 and a phase angle O with the +ve real axis, The
denominator is’a complex number of which the real part is equal to
1 and the imaginary part is equal to wT, It can be represented by
the vector B the magnitude of which is (1 + w2T2)12 which makes an
angle @ with the positive real axis, From Fig,3.2,1 it can be séen
that tan ¢ = wT, so that ¢ = tan-le. I'rom the last section it

follows that for this'system

/(1 4 w2T2)2

MQRO =
q = - tan—le
Imaginary
axis
Pid
N /}
Vg
2& o0 wT
O
/ﬂ‘(b
Real Axis
Fig.3.2,1

Considering experimental results, it is comparatively easy to
determine the M,R, from a purely sinuseidal input and sinusoidal
output, However in practice, a purely sinuscidal input is difficult
to generate, and is not always desirable for other reasons, Such
a series of pulses may interfere with the steady flow condition of
a system, and from a practical viewpoint cannot be continued for a
long time because of possible interruptions in the normal running of
a plant, For flow systems in which changes occur very rapidly
a sinusoidal input cannot be used, The use of a single pulse for

these studies is more common, as it can produce the same amount of

107
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information as a series of pulses and an invut of any known pulse
shape can be used, The time taken is shorter and the equipment
required is less costly in the case of a single pulse, Law and

(38)

Bailey distinguish the use of a single pulse from the use of
a train of pulses by calling the former the "Pulse Technique" and
the latter the '"Frequency Response Technique',

If Ci(t) and Co(t) are the input and output pulse functions
respectively and Ti and TO are the corresponding pulse widths then

the Frequency Response of the system from equations 3,1,4 and 3.1.5

igt=-

T .
[ e co(t)e‘JWtdt
FT(Output pulse) o

{ C.(t)e” Mrat
_‘.O 1

Using the Euler relationship,

-jx . s
e = co8 X - j sin x
Bquation 3,2,2 becomes
o} {To
C (t) cos wt dt = 7 ! € (%) sin wt dt
N - [s] -t o
G(jw) = “o o 3.2.3
III III SO0 000 L] *

i i i
Jo Ci(t) cos wt dt ~ j Jo Ci(t) sin wt dt

T

o
Tet & = { C (t) cos wt at
2
T
B = ©
( Co(t) sin wt dt
.._/O
T,
i
¢ = _J Ci(t) cos wt dt and
o ,
T,
i
D= J Ci(t) sin wt dt

o
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Equation 3,2,3 may be written

A - 3B

G(jw) = L B N 3.2‘4

C - iD
It follows therefore from section 3,1 that the magnitude ratio and

phase angle are given by:i-

A% 4+ B2 :
M.R. Z[Cz + D2 ] and
1 [AD-BC]
¢ = tan [ Cz + D2 i ewnse 3.235

For a particular frequency, the values of A, B, C and D can
be obtained with the aid of a digital computer, using a technique
known as a data reduction technique, The key to the successful use
of this technique is the accurate evaluation of the integrals
represented by A, B, C and D, and this in turn depends upon the
accuracy with: which the input and output pulses are recorded, Various
methods have been proposed in the literature (32)(38)(39) for evaluating
these integréls. The trapezoidal approximation technique of Dreifke
et al,(ho) which is a modification of earlier techniques has been used

in this study and is described below,

If the pulse to be integrated is as shown in Fig,3,2.2

1‘ Approximation
' T
£(t) AT T
. / ! :
{,. t :
/o
¥ 1
/ D
/ o N
1 L ; \
ty i il %
n+l
i=n+l

Fig,3,2,2
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Let fi be the ordinates of the pulse i = 1,2,3,,,.n+1 and
consider two such ordinates fi and fi+1‘ The tops of the ordinates
are joined by a straight line which approximates the curve connecting
them as shown, The interval between the two ordinates is taken as At,

Therefore the equation of the straight line which approximates

the curve is given by

where ti is the time at the ith ordinate, Re-arranging equation
3.,2.6
t ti t ti
f(t) = fi(l - "A',E + ‘A'_E’) + fi+1(At - "E'b') erceae 3-207

The Fourier Transform of the function f(t) considered at the ith

interval can be evaluated from its definition as

i+l .
F.T.i (f(t)) = J f(t)e—JWtdt [ X B N N ] 3.2.8
t.
1

Therefore from equation 3,2,7

t
i+l t, .t R
F,T,. f£(t) = ‘ (st~ 2y pr (Ao Ly | mdutyy
t i i+l
Jti at At At At

LI W ] 3'2'9
It can be shown (see Appendix)  that equation 3.2,9 on

integration yields

£, . . . . .
F,T,i {f(t)} = el E—A-e—JWti+l - (e 1)e-3wti]
w

wAt wit
f, . =jwt, . =Jwt,
P [ 1awlee ™ D, l] 3,2,10
W wht wAt

The integrals for the trapezoidal intervals can now be summed over the

whole pulse width from t, to t
n+l

i=n

AL L O 2. E {re) veves 3.2,11

n+1. ’ =1
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For convenience equation 3,2,11 can be written as

FT, . {f(t)} - 5.d [--Q.---e":'Wt2 - (1 + —-j-)e"jm;’]
T Ukl w  wit wit
i=n . . . _ . . . s .
N Z £ o e-Jwti [ l. e Jwit_ (.L + 1)1 J ) J eJWAt:I
522 w wAt whAt wit wat

£ eV pa—dy o eI 3202
w wit wat

Note that the first and last segments under the curve are

integrated separately by Dreifke et al.(%), Separating the real and

imeginary parts of equation 3,2,12 it can be written as follows (see

Appendix )
sin war
FT.&' -t if(t)F = [Atf1 ’;% Ata)a cos wty - . £l - sin wit ) sin wty!
n+l W = wit wit
. Wit n
sint—
2,2 <7
+At(_é_t_) x [ f. cos wt
2 =
At
+ At,f l{g(sm w 2)2008 Wk o+ L Sinwely in wtmﬂ
- At wit wit 3
2
sin v\l-A-E 2
i A
+3[Atf1 f-}( =T 2\sin vty L (1=K t) cos wt;?,
L widt wit :
2
At P
sSin W——-Z :;-r
+At( iE >x¢_‘_ f. (- sin wt.)
2 i=2
5in w-—-At
Cap 2\2 . 1 sin wit N
+ Lt f - Vsin wt, 4= (1-==2Z)cos wt IAJ
n+l{“ 4 W___EE / ntl Wit Wit n+1

o asd ‘3.2‘]‘3

Equation 3,2,13 is used in the data reduction technique in this

study and a computer programme has been written by the author in which
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two different interval values At,and At, are used for the steep
and the flat portions of the curves respectively,

If the function f(t) above represents the output function,
then the real part of equation 3,2,13 gives the term A of equations
3,2.4 and 3,2,5 and the imaginary part of equation 3,2,13 gives the
term B, If the function f(t) represents the input pulse, then the
real and imaginary parts of equation 3,2,13 give the terms C and D
respectively in equations 3.2,4 and 3,2,5,

Using equation 3,2,5 it is now possible to compute the magnitude
ratio M,R, and the phase angle @ for various values of the freguency w,
This computation is made from experimental data, From the transfer
function of the proposed theoretical model, the magnitude ratios and
phase angles are also computed for the same values of frequency,

The parameters that control the theoretical transfer function are
optimised so that the magnitude ratio and phmse angle obtained from

the theory fit those obtained from the experimental data,

The optimisation method known also as the regression technique(BS)

consists of matching magnitude ratios and phase angles in Bode form,

The plots of M,R, versus w and Q versus w on log.log paper are

known as Bode plots, This is a standard method of analysis(35’38’ho)
and typical Bode plots are shown in ¥ig,3.2,3.
- %Am‘""“\_
.. .- “‘\\
| s S .
Gji in e t;::>\\ ¢ in
Decibels el g degrees
Tz N
Ny ~
- .
.. - ) \.\\
-
0.1 90°
0.1 1,0 10,0
— W

Fig.2.2.3
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The magnitude ratio at zero frequency is known as the system
gain, In the Bode representation, the magnitude ratio data are
normalised before plotting by dividing all values by the system gain,
Also in the data reduction technique, the time lag (known also as
dead time) for the first arrival of tracer at the output should be
removed from the output pulse test data by shifting the time origin
to the first arrival point,

The optimisation of model parameters can be achieved by matching
either magnitude ratios or phase angles for the appropriate frequency
range, Either is sufficient and in this study magnitude ratio has
been used, hecause of the difficulty of determining in which quadrant

Q lies when using a digital computer,

3,3, Magnitude ratios and Phase angles for the Tranafer functions

of theoretical models

A, The transfer function of the two parameter model of section 2,3
is given by equation 2,3,6,

"K-.z S

G(S) =
+K 5

Converting to frequency domain by writing S = jw

o~ K
G(jw) =
1+ JwkK,
or G(3) = cos wK, -~ 3j sin wK,
1~ jl-wK)
Using equation 3,2.,5
1 3
M.R, = [ > 2] eseas 3'301
1+K w

and

Q = - tan—lK1w wesee Ju2,2
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B, The transfer function of the four parameter short circuiting

model of section 2,5 is given by equation 2,5,1.

« K, S
6(5) = 20755 4 (epye  /(1HES)

or
_K2

G(s) = {fe‘KBS(1+Iqs) + (1-fe S}/(m@s)

Converting to frequency domain :-

G(jw) = [{f(cos Kzw - j sin Kzw) (1+ 3K, w)+(1~f) (cos Kyw - j sin sz)}j
(13K W) ]
or
G(jw) = [{f cos Ksw + JfKjw cos Ksw -~ Jf sin Kz w
+ fKwsin Kzw + (1-f) cos Kpw = j(1-f) sin Kow /(1+3K1w)]
or
G(jw) = [{f(cos Kzw + Ky w sin Kz w)+(1~f) cos sz}

_j{f(sin Ksw ~ Kyw cos K3w)+(1~f) sin ngi] /{l-j(-K1w)}
Using equation 3,2,5
MR, ='{[{f(cos Kzw + Ky w sin Kz w)+(1~f) cos sz}z

+ {f(sin Ksw = Kyw cos Kzw + (1-f) sin Kpw)?] /(1+K12mﬂ)‘};
T X NN ] 3.3.3

9 = tan-l'{[if(cos Kzw + K w sin Kw)+(1-f) cos KwiKyw

_ff(sin K;w - Kyw cos Kzw)+(1~f) sin sz?] /(1+E12w2)}
[ BN X N J 3.3l4
Note that the system gain in this model is 1, which is obtained

by putting w = O in equation 3,3,3,
C. The transfer function for the five parameter short circuiting
model of section 2,6 is given by equation 2,56,1,

e-K;S e—KZS

G(S) = f,———— 4 (1=f) ————
1+ K,S 1+KS

Converting to Frequency domain,
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= JwKs _ = JwKq
G(jw):fe +(lf)e
1+ jwK, 1+ jwky
or
a( 5w = f{(cos wKs = 3 sin wK; ) (1+3wK; )+(1-f)(cos K,w=3j sin sz)(1+jWK;)}
(1 JwK, ) (14 JwKy )
or

G(jw) = {f(cos wk;~j sin wKs+jwK; cos wK; + wK; sin wKj)

+ (1-f)(cos wK, = j sin wK, + jwK, cos K,w + wK, sin Kzgj}
(1+JwK, + jwK, - K K,w?)

or
G(jw) = [{f(cos wKs+wK; sin wks)+(1=-£)(cos wK,+wK, sin szz}
- HE(sin wKy=wK, sin wK,)+(1-f)(sin wk, - wK, cos K,w)}]
[(1-K K w?) = 3{-u(K, +K,)}]
seces 36245
Defining A = f(cos wK; + wK; sin wK;)+(1-f)(cos wK, + wK, sin K, w)

B = f(sin wK; - wK; sin wK;)+(1l-f)(sin wK, - wK, cos K,w)

1

C=(1-KEK,w)

D= -W(K1 + K‘*)
Equation 3,3.,5 becomes
A - B
G(qw) = —2=
C - 3D
Using equation 3,2,5

1
A% 4 B212

M.R. =[02 . DzJ secee 3.3.6

1
- - 12
q = tan 1 [U—l

- 02 +D2J o e 3.307

D, The transfer function for the recirculation model of section 2,7

is given by equation 2,7,1,

e"'KzS
1 (1+K, S)
G(8) = -1
(1+D) {1 - ( f ) e"S(K2+K3 )l

I+ L+ K4S

Converting to frequency domain,
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(cos Kpw - j sin Kow)

(1+£) (1+3K, w - K {cos (K +K5)w = § sin (Kp+Ks)w)

o1 [ cos Kbw - jsin Kow ]
(1+£) * {1 - K cos (Kp+K; Jw}y - J{-Kiw - K sin (K2+K3)w}

o s o ace 3.3.8

f
where K = -1—_;_-]-:_:

Therefore the Magnitude Ratio

M.R, = —3;-[1/[{1 - K cos (Kp+Ks )wi?+{-Kyw - K sin (K2+K3)W)2]]12
1+f ) #
and L N N ] 3.3‘9

4 = tan~1[c28 Kywi-K, w ~ K sin (Ky+K; Jwl- sin Kyw{1-K cos (K,+Ks )w§]
Ly 12 s N T2
{ 1=K cos (Kp+K;)w:® +{ - Kyw - K sin (K2+K3)m5
L 3.3.10
Note that the gain of all the system models given above at
zero frequency is unity, This can be used as a check on the experi-

mental transfer function gain at zero frequency,

3.4, System Sensitivity

By increasing the number of parameters in a mathematical model,
the model can be made to fit experimental data better and better,
However a large number of parameters will cause overloading in optimisa-
tion and also the significance of important parameters in the model
will tend to become reduced, Sensitivity analysis or the determination
of the effect on th; overall transfer function of the'system by a small
change in only one of the parameters, is useful in deciding on the
number of parameters that should be included,

(8)

Himmelblau et al, have defined system sensitivity as the

change in the output variable due to a change in any one of
the system, coefficients or in some cases system inputs,

It enables an engineer to predict possible changes in
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a system output quantitatively based on propdsed or actual changes

in the system parameters,

(1)

Horowitz has defined sensitivity in Laplace Transform space

in what he terms ""Conventional Form" as Si where

ST-—":EE‘("%) IR RN 30401
sy /S oex

X
where T(S) = the transfer function of the system of which x is a
parameter the sensitivity of which is to be determined, This is

(41)

the inverse of Bode's original definition, Horowitz specifies
two conditions for the use of equation 3,4,1,

(i) The change "3x" in the parameter should be infinitesimally small,
(ii) The parameter '"x" should be independent of the other parameters

in the system transfer function T(S).

The usual way of writing equation 3,4,1 is as follows:

i = e ® 6] ' ceces 3.2

ST =
T(S) Ox

If the parameter change is finite but small then

T AT(S) < X 34,3
T(S) Ax

Then in a given system if there is a small change in a parameter
x from X, to Xy and the system transfer function changes from
TO(S) to Tf(S), by using equation 3,4.3 and an Argand diagram Si
can be determined,

In the following paragraphs sensitivity analysis is applied to
three of the models of Chapter 2,

(i) Consider the four parameter short circuiting model of section 2,5
1 Ky S K; S

+K 8

transfer function T = fG; + (1-f)G,.G,. The S within parenthesis

in which G, (8) = s Go(8) = e and G;(S) = e and the



is omitted for simplicity, -

Consider a small change in the parameter K, .
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Let the subscripts (or superscripts) o and f denote the

values before and after the change, For example G4 © changes to G,

when ¥, © changes by a small increment to K4 f, and the initial and

final values of the transfer function are TO and 'J.‘f respectively,

Then T_ = £G; + (1-£)G, °G,
T, = 6, + (1-£)G G,
MGy = (G, £ - G o)
M o=T =T = (DG - 6 )G

1l

(l"f) AG1 .G2

TFrom equation 3,4,3
AT

/T o , °
S;‘ or Sg = &____O_ o= (l‘f)AG1 «Gia oGy - (]_—f)G! G
1 1
,/G1 TO'AG1 To
(l-f)GH ooG2 - 1 _ 1
= ~ - -
05 + (1-0)6 G 4 , 16 . L+,
(l-f)Gq G2
TG
where L = e————de——

° (1"f)G1 OGz

The ratio T is obtained as follows :
o/T £

T fG; + (l“'f)G1 O.G2 z?_%cyé;vé: +1

e}
— = T = £
T £G; + (1-£)Gq .Gy £G G
£ 06 6, ¥ §o
L + 1
= f
k
Lo + G, o

omeoese 3'405

Note that L , G ° and Gy T are all functions of S(jw), Hence

T
Gy £

of Lo( jw) and 9-1-3- (jw) for different values of w on an Argand

S. and To/'J.‘f are also functions of S(jw)., By plotting the locus
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diagram, Sg1 and To/Tf can be determined,

The method is illustrated by an example,

Let the values of K;, K;, Ks and f in the above system be
0,778, 0.278, 0.5 and 0,1 respectively and let the time constant K
‘be changed from 0,778 to 0,90, Then the values of the parameters

Gyy Gy and G; are

Gy ° = —-——~——-—-—l and G1 £ = 1
1+0,7788 1+0,908
G2 = 9-0.2788
Then Lo = ———291—3——
(1-1)G, 6,
1 { .
= 5 {cos (0.2220) + 0,778u sin (0.222u)}
+ ] x-%&3.778 w cos (0,222w) =~ sin (O.222w8 ceeve 30,6
and
af 1078 wi _ 1+ 0,202 - 0,122 wj 340
g ° 1+ 0,9 wj 1+ 0,81 w?
f
The loci of Lo(jw) and.[glzﬂ are plotted in Fig.3,4,1 from
G v

equations 3,4,6 and 3.4,7,

Considering the sensitivity of the system at w = 1 and referring
to the figure, OM = L, where M is the point on the locus of Lo(jw)
at w = 1 and O is the origin of the complex plane, The point N

corresponds to 1,0 on the real axis, If P is the point on the locus

of G1fyé1° corresponding to a frequency w = 1 then the vector MN

= 0OM + ON = Lo + 1 and the vector MP = OM + OP = L + gL; o T From
the equations 3,4,4 and 3,4,5 and Fig,3,4,1 Sg1 = 1,17g1and Tg = 1,06,
These two values show that the system is sensitive to changesfin X .

T

When a system is completely insensitive the values obtained for SG

tend towards O,
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It can be seen from Fig,3,4,1 that the locus of Lo(jw) droops
downwards for values of w greater than 3 approx,, S§1 <1 and
the sensitivity to change in Gy decreases rapidly,

The effeetive frequency bandwidth should be determined by
a stability analysis before a test for sensitivity is made, but
since stability is not a problem in this type of model, this aspect
of the problem is ignored in this analysis,

Tor comparison the sensitivity obtained from equation 3.4,2 is

TG B GG (1) _ 1
G TT X T IGHIDGG, .

The result is the same as that obtained from equation 3,44,

However the value given for Sg1 by the above when w = 0 is (1-f) = 0,9
T

whereas the result obtained from Fig,3.4,1 is Sa. w=o = 1.12 and

T 1 W=

Tﬂ = 1, This discrepancy is due to the fact that the change in
f

the value of Gy is not infinitesimal,
Consider now the sensitivity of T for the same model to a small

change in Gy, Let the value of K; change from 0,5 to 0,6, Then
T

(s}

T, 16,7 4 (1-£)G, G,

W

£G5 © + (1-£)G, G,

AT =T, - T = £(6, % -~ 6,°) = rag,

From equation 3,4,3

T £G,° £G, © _ 1
G 16, O (1-£)G G, 1 4+ oD)HC
o G, 0
1
= ensoe 301‘*'.8
1+ L
[

where L, in this case is equal to

_ (1-£)6,G, _ 0.9 o-5(,278-0,5)

[o] See b 3.4.9.
G5 0.1 1+ 0,778

L




122

and To 1+ Lo
2 - ; eesss 3.4,10
Tf L+ 73 G3o
-K; f5 f_ o .
G3 f/G 0 = e 0 = e S(K3 -KB ) = e-.o.lwa LN N R BoLl'.ll
5 X5 %
e
G f
The loei of Lo(jw) and [—13] are plotted in Pig,3.4.2,
Gy (jw)

The sensitivity in this case is found to vary widely with the

frequency w, At low values of w the sensitivity is quite small,

€.8.
T
w=1 SG3 = 0,16
T
w=20 SG3 = 0,11

But at high frequencies the system becomes more sensitive to

variations in K;, e,.g,

T
w=3 SG3 - 0,37
w=5 s§3 = 0,77

However the value of To/‘I'f does not vary very much, its value being
approximately 1,0,
(ii) Sensitivity analysis is now applied to the five parameter short
circuiting model of Chapter 2, section 2,6, = and the method is
illustrated with an example in which the value of K, and K, and f
are numerically equal to those in the four parameter model above,
The values of the parameters in this case aret-
K, =0,778, X, =0,278, K = 0,278, K, = 0,222 and £ = 0,1,
At first this model will be analysed to see if a change in Ky,

(again from 0,778 to 0,9) changes the system sensitivity differently

from the four parameter model, In this case, G = L y Gy = e-Kzs,
- 1+K 8
G3=6K35andGb= l .
1+K;'S

The initial value of the transfer function

TO = ijGl, + (l‘f)G-' O,Gz
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where G, © is the value of the parameter G, for K, = 0,778 and G,
is the new parameter value f>» K, = 0,90,

Therefore T, = fG;G, + (l-f)G1f.G2.
lsing equation 3,4,3 and procedures similar to those used in the

previous model

—S(K3-K2) o)
Sg 1 where L = fG; G, _ fe (1+K,8)
T D (1-£)G, %G, (1-£) (14K, S) peeee 3,412
and
To 1+ LO
.= sesee 31’"‘.13
Tf G £
—J—O- +LO
G‘l

Putting the values of K, K,, K5, K, and £ in equation 3,4,12

2
Ly =% AR o gL 006w veees 3.1k
140,049284 v 1+0,049284 w
and £
G°  143(0,9 w)
3 - f - »
By plotting Lo(gw) and [QLE] as shown in Pig,3,4,3 the values
: Gy “(gw)
ST = 1,14 and ES = 1,06 are obtained, VWhen these are compared
Gy T
f w=1 m To
with the values 3 = 1,175 and == = 1,06, of the four

parameter model it is seen that the inclusion of an additional
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parameter does not affect the sensitivity of the model to changes of

the parameter G, .

Now considering the effect on the sensitivity of the model caused

by the change in G; made by increasing K; from 0,278 to 0,30,

sensitivity of the system is given by

Sg = where Lo = (;:igéjb
S G5 .G,
and T L + 1
-—9— [ 4 0
T

f G;sto + 1
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Substituting the values for ¥, , K,, K;O, K, and f in the
f

expressions for I. and G T
o a.°
3
L =g (20.2228y _ 9f1+0,173 v} _ 3 9§0.556 ]
° 1+0, 7783 140,605 w2 1+0, 605w’

and

G Y -3(0.022 w)

~LE = e . = cos (0,022 w) - j sin (0,022 w)

Gs

G f
Plotting the loci of Lo(jw) and.-JT; as shown in Fig,3. 4.4 values
T Gy (Jjw)

of Sg andVﬁg for various values of w are determined, As in the

3 f

four parameter system, this model is found to be less sensitive at

low frequencies:-

we=1 Se = 0,158
3
T
w=25 SG = 0,403
3
whereas at w = 10 Sg = 0,575
3

On comparison with the four parameter model it can be seen
that the sensitivity of this systen to changes in Ky is appreciably

decreased by the introduction of the parameter K,, e.g.

w=5 Sg = 0,77 4 parameter case
3

w=5 Sg = 0,403 5 parameter case
3

However at low frequencies, the results are very similar

(1i1) In the case of recirculation models which are analogous

to electrical systems with feedback, the effect of all such feedbacks
is to reduce the sensitivity of the system to changes in its parametersES’QI)
Applying this analysis to the recirculation model of Chapter 2,7

in which the initial values of K;, K,y K5 and f are 0,778, 0,278, 0,5,

and 0,1 respectively

1 & °G,

T =
* f
(1e8) {1 - () 6 %6,

o}
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1 ~KyS
[} G2 = e 2 , G3 =
+K, 8

value corresponding to K = K ° . 0,778, If G f is the value of

where Gy = and Gy ©® is the initial

G, when K; = K f = 0,90 then

- 1 ¢ f.a,
(1+£) {1- L5t ,33}
(1+1)
AT = Agg AG1 /’ f

JGp G5 ) (1-BG, ©,G .65 )}

f o} 1 I

where AT:(Tf—TO), My =G -Gy A= and B =

(1+£) (1+£)
Then using equation 3,4,3
G %, £ &%, £
ST = /G1 = ————Z.G-‘-——— T EEX] 344016

(o] (o] o}
G °pg, T = BaGaGs  Gi°jp £ 4Ly

£ e-S(K2+K; )

(148) (1 + K °9)

where LO R BG1O,G2 .G3 = e seosce 3.1'*'.17

and G,o _1+K1fS
F =

Gy 1+ K °S

[ E RN X ] 3.4.18

Putting the values of the constants in equations (3,4,17) and (3,4,18)

1 fcos (0,778w) - 0,778 w sin (0,778u)

L (jw) = =
° 1L (1 + 0.605 w?
. 1{0.778w cos (0,778w) + sin (0,778w)l
R . ;
’ 1+ 0,605 w? -
and Gy ° 1+ 0,7002 W ., 0,222 w
[__1_%,] o= )+ (et )
Gy 45w 1+ 0,605 w? 1+ 0,605 w?
o]
Plotting the loci of L_(jw) and[g-f] as shown in Fig,3.4,5,
G T (dw)

the sensitivity of the system can be determined vectorially using
equation 3,4,16, when

0.5 5 0,947

w

w =1 S

1,0

Fol =Rl



w=2 831 = 1,035

On comparison with the values obtained for the four parameter
short circuiting model it can be seen that the sensitivity of the
- system to changes in XK; has been decreased, as it to be expected
for a system with recirculation, In a2 similar way the model

sensitivity to changes in other parameters can be examined,

3.5. Conclusion

In this chapter various aspects of the pulse technique have
been presented, It is a good method and can produce good results
provided that the input and output pulses are accurately measured,
Sensitivity analysis gives a guide to the range of frequencies in
which the magnitude ratios and phase angles should be calculated
and matched, This range of frequencies is primarily dependent on

(42) (32)

the input pulse, Hougen and Walsh and Clements et al,

discussed the merits of various pulse shapes, They found that an

have
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impulse can excite the highest range of frequencies and a rectangular

pulse the lowest, However an impulse is difficult to measure and
rarely used in practice, A narrow pulse with a sharp peak is most

guitable for dynamic system analysis from experimental data,
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CHAPTER IV

EXPERIMENTAL VERIFICATICN OF THEORETICAL

MODETLS
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4,1, Object of Experiments

In this chapter the experiments carried out are described,
The object of these experiments was twofold, firstly to verify by
direct simulation the mathematical models outlined in Chapter 2,
and secondly to analyse the flow in a continuous flow rectangular
model tank with the help of such mathematical techniques, In the
direct simulation part of the work, 79 experiments were performed
under different conditions, each one being repeated as a check on
reproducibility, In the analysis of tank flow, 40 sets of experi-
ments were performed at different flow rates, and using different
input pulse shapes, Again each individual experiment was repeated

once as a check on reproducibility,

4,2, Input pulse
In all these experiments an input pulse of rectangular shape was

used, Various values of €, in the range 0,09 —3 4,0 were used
(where @, = the dimenéionless pulse width), The pulse height can
also be varied and should be selected so that the pulse and its
corresponding outpuf can be measured with an accuracy which is
acceptable,

In these experiments the input pulse was produced by injecting
a tracer, aqueous sodium chloride, into the inflow to the system at
a point sufficiently far upstream for the tracer to be completely
mixed with the inflow on arrival at the input measuring point,
The tracer concentration was measured in situ in the flow in terms
of conductivity, Sodium chloride was used for its high solubility
in water and high ionic dissociation which make it detectable in low

zoncentrations using a sensitive bridge,
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to bridge.
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Conductivity was measured by means of a platinum electrode cell
(No,C521, Wayne Kerr) shown diagrammatically in Fig,4.2,1 andlillus-
trated in Plate 4,2,1, The electrodes are platinized and the cell
constant is 1,0 i.l% s0 that when used in conjunction with a bridge,
values of specific conductivity in absolute units are given directly
in Mhos, The bridge used in this case was an "Autobalance Universal
Bridge! (No,B641 Wayne Kerr) illustrated in Plate No,4,2,2 and the
overall accuracy of the cell and bridge is + 2%,

At low concentrations, the relationship between concentration
and conductivity is linear for sodium chloride in solution (see
Fig.4,2,2) so that for these experiments, the concentrations were
kept within the linear range and pulse shapes could therefore be
plotted directly from bridge readings, It is also sufficient that
results be precise rather than accurate, as for these experiments
relative values of conductivity are adequate, Absolute values of
conductivity are not necessary,

In order to facilitate the measurement of pulse ordinates at
short time intervals, the bridge was coupled to a digital volimeter
(Dynamco DM 2006) which gave an accuracy of 0,01% of full scale
deflection, With these instruments values of conductivity could be
recorded to three decimal places of a ymho, However considering
that a change in temperature of 1°C results in a change in conductivity
of approximately 10 umhos or more it was decided to record values to
the nearest pmho,

Two conductivity cells were used, at the inlet and outlet end
of the system, each immersed in the flow, for the purpose of recording
the input and output pulses, An electro-mechanical switch was used
to connect the probes alternately to the bridge, The time between

consecutive readings was approximately 3 seconds, The circuit
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diagram of this switch is shown in Fig,4,2,3.

The principal objection to the use of sodium chloride is its
high density in solution (43, 44, 45), However it is still widely
used (4, 9, 46) and in this particular case, considering the lowest
throughput of the rectangular tank (4,0 litres per minute) and the
maximum flow of tracer (0,1 litres per minute) of concentration not
greater than 10 gr/4, the specific gravity of the fully mixed tracer
reaching the tank inlet was found to be 00,9990 (at 2OOC) compared
with the specific gravity of the tapwater in the tank which was
found to be 0,9989, All the experimental runs were carried out at
a temperature of 7 - 8°C and the temperature was found not to vary
during any experiment by more than one degree, This iz important
because of the non-linear relation between temperature and conductivity

shown in Fig.4.2.4,

4,3, Experimental Set-up for direct simulation

Plug flow and perfect mixing are theoretical concepts which
cannot be achieved in the laboratory, However plug flow can be

approximated by turbulent flow in pipes(g’la)

and perfect mixing
can be simulated by intense agitation of the liquid in a suitable
vessel using diffused air, Using appropriate combinations of
these two, experimental models were built up corresponding to the
theoretical models of Chapter 2,

General views of the apparatus used are illustrated in Plates
4,3,1, 4,3,2 and 4,3,3, A flow diagram is given in Fig,4,3.1.
Steady flow through the system was maintained from a constant head
tank of capacity 0,33 m’, controlled by a needle valve V,, and

measured by means of a rotameter which was calibrated volumetrically

a number of times,
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The tracer solution was stored in a graduated vessel of
capacity 1 litre fixed at a height of approximately 1 metre above
the injection point, The rate of tracer flow was controlled by
a valve at the base of this vemsel, the vessel being connected to

the tracer injection point by a 3mm bore polythene tube, At the
injection point an on - off instrument toggle valve V,, which Opens
and closes instantaneously gave the effect of a step rise or step
fall as required in the tracer flow, To ensure good mixing the
tracer was introduced into the centre of the flow through a piece
of stainless steel 1 mm bore tubing inserted in the outlet of the
toggle valve, and this valve was screwed into the body of the flow
control valve V; just downstream of the valve gate,

The conductivity probes P; and P, were mounted centrally in
2,54 cm diameter perspex tubing in such a way that the electrodes were
parallel to the direction of flow and equidistant from the pipe centre
line,

The inflow from the tube containing P, discharged freely into
the perfect mixing chamber, which consisted of a polythene vessel
29 em x 30 cm x 37 em of capacity 30 litres, Mixing was accomplished
by blowing compressed air at a pressure of 0,07 Kgf/cm® approximately
through a diffuser dome 8,75 cm diameter placed centrally at the
bottom of the vessel, Mixing with compressed air was found to give
better results than mechanical mixing with a stirrer, The volume
of water in the perfect mixing vessel was determined directly by
weighing the vessel during operation on a semi-automatic self
indicating valance (Avery),

The plug flow volume consisted of 45,7 metres of 2,54 cm diameter
rubber tubing wound around a 31 cm diameter drum, The tubing was

subdivided into five lengths, so that a variable length could be
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used, thus varying the ratio of the plug flow volume to the perfect
mixing volume,

The flow from the perfect mixing chamber through the plug flow
tube was maintained by a variable speed pump (No,1 of Fig.hk,3.1,
Stuart Turner Ltd, No,12), teady conditions were maintained by
regulating the speed of the pump in order to keep the weight of the
perfect mixing chamber constant at the desired value, In this way
the volume of perfect mixing was controlled to within + 0.25 litres
of the desired value, The outlet of the plug flow tube was
connected to a 30 cm length of 2,54 cm dia, perspex pipe containing
probe P, from which the flow discharged freely to the volumetric tank
and hence to waste,

In order to incorporate a shortcircuiting element in the system
a 7' long 1.25 em dia, tube was connected between the downstream
side of probe P; and the upstream side of probe P,, The flow
through this path was maintained by a variable speed pump, No,2 in
Fig.4,3,1 (Charles Austen Co, type C-15) and was measured by a flow
meter, This same length of tubec could be used to represent recircu-

lation by simply reversing the direction of pumping,

L, L, Objects of direct simulation experiments

The apparatus described in 4,3 was used to test the following
mathematical models,

(1) The two parameter model containing perfect mixing and plug
flow in series, in which the ratio of the perfect mixing to
plug flow volumes could be varied,

(ii) The four parameter short circuiting model, in which the
fraction of the flow which shortcircuits is varied, thus
varying the shortecircuiting time and altering all the other

time constants,
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(iii) The recireulation model, in which the recirculation rate
of flow is varied, and also the perfect mixing and plug flow

fractions,

4,5, Experimental procedure for direct simulation experiments

Before conducting a flow test, the water was turned on for a
considerable time at the approximate flew rate, in order to ensure
that ponditions reached equilibrium and temperatures and conductivity
readings became steady at inlet and outlet, Then the flow was
adjusted to the appropriate value by adjusting the valve Va s and
steady conditions were established throughout the system by adjusting
the épeed of pump Neo,l. If shorteircuiting or recirculation was
incorporated in the model, this flow was regulated by adjusting the
speed of pump No,2, Otherwise this flow path was isolated from the
systenm,

The tracer used in these tests was prepared by dissolving
sodium chloride (99,9% AnalaR) in distilled water in the desired
concentration, For these tests the concentration used was 5 gr/4
This was thoroughly mixed in the tracer reservoir by bubbling air
through before injection,

The tracer was introduced by opening valve Va for a predetermined
length of time, and the conductivity of the flow stream was recorded.
at inlet and o;tlet at intervals of 15 seconds, It was found that
the input pulse was approximately réctangular and the transition from
background concentration to platform concentration required approxi-
mately 2 seconds, Recarding of conductivity at P; and P, continued
until the values at P; returned to within 1 ps of the value at P, ,

A record of temperature qhanges was also kept and any changes in
background conductivityyér condyctivity response due to temperature
changes were noted and corrections applied to the output pulse ordinates

where appropriate,
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L, 6, Determination of mixing efficiency for the Perfect Mixing Chamber

and the Plug Flow Tubing

Various experiments were conducted in order to determine the
degree of mixing that could be achieved in the perfect mixing vessel
at three system flow rates 5, 10 and 15 litres/minute using diffused
air, and at a system flow rate of 5 {4/m using mechanical mixing by
means of a 10 cm dia, propeller, These experiments were carried out
with three different volumes of water in the mixing vessel, The
outlet end of pump No,l was directly connected to the perspex tubing
housing the probe P,,

The curves were analysed using the two parameter model and the
results are tabulated in Table 4,6,1, Each result in this table is
the mean of the results of three experiments, as emch test was
repeated three times to ensure reproducibility, It was found,
other conditions being equal, that better mixing was achieved using
diffused air, In the case of set 8 the diffuser was inverted, The
volume of the tubing between the perfect mixing chamber and P, was
0,076 litres,

The volume of the plug flow in the plug flow tubing was determined
by doing similar tests and again applying the two parameter model,
The data are presented in Table 4,6,2,

To demonstrate the types of input and output curves obtained
from these tests, the results of set Nos, 7 and 20 are plotted in
Fig, 4,6,1, and 4,6,2 respectively. On these plots C refers to the
concentration recorded in terms of conductivity,

From these tests it was found that approximately 90% perfect
mixing could be cbhtained under the best conditions in the perfect
mixing chamber, The higher the throughput the better the mixing
obtained, Tt was also found that the smaller the volume of water

in the vessel, the lower the value of m the perfect mixing fraction
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and this was because of the fact that smaller volumes resulted in

shallower depths and the diffuser dome was mounted 3,5 cm above

the bottom of the vessel.

The plug flow tube gave values of p,

the plug flow fraction, of approximately 95% and it was found that

the shorter the tube the better the result, as was to be expected,

The above information was used below in assigning real rather than

theoretical values to the parameters p and m in direct simulation,
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Set |Conc, of}Quantity Tracer ‘Vol.in Flow Model
No, |tracer {of tracer | & [recovery|[system rate Parameters
gr/ L in pulse
L % 4 4/min | m P

14 5 0,14 2,231 99 4,488 | 10 0,03 | 0,97
15 5 0,28 L 461 100 L, 488 | 10 0.04 | 0,96
16 5 0,14 1,11 | 100 4,488 5 0,05 { 0,95
17 5 0.28 2,221 99 L, 438 5 0,05 | 0,95
18 5 0,14 1,11} 100 8,977 | 10 0.05 | 0,95
191 5 0,27 2,23 1 100 8.977 | 10 0,06 | 0.9%
20| 5 0,14 0,448 105 22,440 | 10 0,05 | 0.95
21| 5 0,28 0.894 101 22,440 | 10 0.05 | 0.95




Table 4,6,1

] t
Set !Conc. of Quantity Tracer Vol, in |Flow |Stirrer| Vol, of P Model
Test  tracer of tracer o, recovery,| system rate |speed air diffused arameters
No, + gr/4 in pulse % L/min,|r,p.m, | 4/m at n P
% 4 4 0,07 Kgf/cm2
1 § 5 0,04 0,125 96 10 5 350 0.79 | 0,21
2 { 5 0,04 0,083 % . 15 5 280 0.83 | 0.17
305 0.14 0,320 05 1 15 5 350 0,86 | 0.1k
boos 0,0k 0,063 106 | 20 5 | 560 0.87 | 0.13
51 5 0,04 0.125 04 |10 5 35 ©.88 | 0,12
61 5 0,04 0,083 97 | 15 5 35 0.9 | 0.10
7 5 0,04 0,125 98 ! 20 10 35 0.89 | 0,11
81 5 0,04 0.125 107 20 10 35 0.85 | 0,15
9i 5 0.0k 0,167 90 15 10 35 0,86 | 0.14
10 5 0,04 0,250 95 10 10 35 0.8% | 0.17
11 5 0,04 0,375 97 10 15 35 0,82 | 0,18
12! 5 0.04 0,250 95 15 15 35 0,86 | 0,14
13 5 0,04 0,187 102 20 15 35 0,% | 0,10
|

64T
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4,7, Verification of the two parameter model

The perfect mixing chamber and plug flow tube were connected
in series and operated under a variety of conditions with the total
system volume varying from 15 litres to 45 litres approximately.

Two values of flow through were used, 10 and 15 litres per minute,
Lower values of flow were not used as it was clear that good simula-
tion of plug flow required highly turbulent flow in the tubing,

Good mixing in the perfect mixing chamber was achieved by supplying
35 litres/minute of air through the diffuser at a pressure of

0,07 Kgﬁ/cmz.' A total of 46 experiments was performed (each
experiment was repeated once, making a total of 92 runs in all)

and the ratid of perfect mixing to plug flow was varied from 0,3:0,7
to 0,8:0,2 approximately, The data are shown in table 4,7,1.

Each result shown in this table is obtained from the mean of a pair
of experimental output curves, Typicai pairs of such curves are shown
in Fig,4,7,1 and 4,7,2,

The purpose of these tests was to determine whether the values
for perfect mixing and plug flowy, obtained by matching the two para-
meter model to the output curves obtained in these experiments,
agreed with the known values, The '"known' values were measured and
corrected by applying the information obtained from the experiments
of section 4,6 which process in itself assumes the validity of the
model, However this was felt to be a logical approach,

The experimental values of 'm' were plotted against the optimised
values in Fig,4,7.3. It has been found that the plotted points
were slightly below the opntimum 45° line through the origin, This
can be accounted for by the approximation in calculating the corrected
values of 'm’',

From these experiments it can be seen that a system such as the

above can be represented by the two parameter model and that this
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Table 4,7.1

] i i
gSet Q v T 8, % Input i Actualg Actualj Corr, |Corr, |{Optimised| Optimised| % Stand,
No,| litresiTotal {Mean de- ! Pulse | pulse Tracer Error
per volume ; tention E width : step n p . P & P recov,
mimgte |of jtime change
system;
Litres| mins, y, S ;
30 10 33.2h1 3,32 0,20 8k 0,30 % 0,70 { 0,284 |0,716| 0,288 0,712 99 0,021
31 10 | 33,24 3,32 0,60 | 86 0,30 | 0.,70}0,284]0,716| 0,300 0,7C0 101 0,009
32 15 33,24 2,22 0,45 54 0,30 0,70 10,284 10,716| 0,294 0,706 100 0,029
33 15 33,241 2,22 0,91 55 0,30 0,701 0,284 {0,716 0,300 0,700 106 0,008
b2 10 28,701 2,87 0,35 50 0,34 0.661]0,315 | 0,685 0,324 0,676 104 - 0,018
L3 10 28,70] 2,87 0,70 59 0,34 0,660,315 |0,685| 0,305 0,695 106 0,030
Lhy 15 | 28,70} 1,91 0,52 | 37 0,3% | 0,660,315 |0,685] 0,313 0,687 106 0,011
b1 15 | 28,7] 1.91 1,05 | 33 0.34% | 0,66{0,315|0,685{ 0,314 0,686 104 0,024
26 10 38,24 3,82 0,26 85 0.392{ 0,608 0,370 | 0.630] 0,396 0,60k 104 0,009
27 10 38424 3,82 0,53 85 0,392| 0,608 0,370 |0,630]| 0,393 0,607 106 0,005
281 15 | 38,24 2,55 0,39 | 55 0,392! 0,609 0,3 |0.630] 0,378 0,622 104 0,005
29 15 38,2k 2,55 C.78 55 0,392 0,603 0,370 10,6301 0,391 0, €09 98 0,01
b6 10 23,89 2.39 0,42 ke 0,4 0,590,370 {0.630| 0,409 0,591 99 0,013
47 10 23.89| 2.39 0,84 45 0,41 0,590,370 | 0,630} 0,407 0,593 102 0,017
48 15 23,891 1.59 0.63 28 0., 0,591 0,370 | 0,630| 0,401 0,599 105 0,018
49 15 | 23.89 1.59 1.26 43 0, 0,590,372 | 0,630 0,400 0,600 98 0,019
38 10 33,707 3.37 0.,296| 56 0,40 0,600,374 10,626 0.391 0,609 98 0,030
b39( 10 | 33,70] 3,37 0.59 | 57 0,40 | 0,60|0.,374 |0.626] 0.393 0.607 101 0,016

HaT



Q § ' ' T 1; e, v Input g‘Actual ActualiCorr,|Corr, Optimised?Optimised % Stand, ’

Set |litres| Total .Mean de-| Pulse | pulse ¢ ’ Tracer Error
No,per volume: tention | width | step m P m P m P recov,

minute| of time change

| systen i !

; Litres| mins, TN o S
Lo 15 33.70 2.24 0,4k Lo 0,40 0,60 {0,37410,626 0,407 0,593 102 0,022
41 15 33.70 2,24 0,89 Ly 0,40 0,60 {0,374{0,626 0,410 0,59 107 0,021
22 10 43, 24 4,32 | 0,23 92 | o.,482 | 0,538{0,443|0,567| 0,500 0,500 102 0.029
23 | 10 | 43,241 4,32 | 0,46 92 | o.,462 | 0,538{0,44310,567| 0,505 0,495 101 0,042
2k | 15 43,24 2,88 0,35 56 | O.462 | 0.538]0,443]0,567| 0,505 0,495 96 0.024
25 15 bz 24t 2,88 | 0,70 s4 | 0,462 | 0,53810,443{0,567 0,502 0,497 108 0,017
58 10 19,35 1,94 | 0,51 53 0,51 | 0.49 |0,448|0,552 0,483 0,517 102 0,010
59 15 19,35 1.29 C.77 3k 0.51 0,49 j0.44810,552 0,509 0,491 103 0,040
50 10 28,89 2,89 | 0,35 50 | 0.52 | 0,48 {0.,47110,529 0,475 0.525 93 0,013
51 10 28,89 2.89 0,69 69 0.52 0.48 |0,47110,529 0,491 0.509 96 0,015
52 15 28,89 1,93 0,52 43 ! 0,52 | 0,43 0.47110,529 0,503 0,497 97 0,080
52 15 28,89 1.93 1,04 4o 0,52 | 0.48 l0.47110,529 0,502 0,498 100 0,017
34 10 38,70 3.87 0,25 86 0,51 0,49 |0,484{0,516 0,496 0,504 99 0,013
35 10 38,70 3,87 0,52 85 0,51 0,49 |0,484{0,516 0,499 0.501 100 0,009
36 15 38,70 2,58 0.39 55 0,51 0.49 10,484}0,516 0,500 0,500 109 0,020
37 15 38,70 2,58 0,77 43 0,51 | 0,49 |0,484|0,516) 0,480 0,520 98 0,023
€ | 10 | 24,35 2,44 L o,,1 ¢ 56 | 0,61 | 0.39 |0,544{0.4561 0,598 0,402 97 0,015
6L | 15 24,35 1,62 0,62 ko 0.61 | 0,39 {0,54410,456 0,493 0.507 105 0,019

6e1
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Corr,

sett Q v T ©, Input {Actual {Actual Corr, [Optimised [Optimised % Stand
No litres | Total Mean de-| Pulse |pulse o n n T r Error.
*lper volume |tention |Width |step P : p P race
minute | of time change recov,
system
Litres mins, SRR
541 10 | 33,89 3.39 10,59 {55 0,59 { 0.4 {0,546]0,454 0,600 0,400 | 103 0.065
55| 10 | 33.89 3.39 10,59 | 56 0.59 | 0.4 }0,546[0,454 0,600 0,400 | 98 0,016
56| 15 33,89 2,26 0,44 | 0.59 | 0,41 [0.55110,449 0.597 0.403 | 105 0.066
571 15 | 23.89 2,26 10,88 | 42 0.59 | 0,41 10,551|0,449 0,601 0.399 | 99 0.095
6k | 10 14,54 1,45 10,69 | 46 0,68 0,32 10,58 |0.42 0,636 0.364 | 105 0,011
651 15 | 145k 0,97 |1.03 | 30 0,68 | 0,32 0,58 [0.,42 0,655 0,345 | 106 0,045
66| 10 19,54 1,95 10,51 | 46 0,76 | 0,24 |0,666]0,334 0,765 0.235 | 107 0.016
67 | 15 19,54 1,30 10,77 | 24 0,76 0.2 10,666{0,334 0,716 0,284 | 105 0,053
68 { 10 24,54 2,45 (o, | 47y 0,81 0,19 {0,731]0,269 0,720 0,280 | 105 0,024
69 | 15 24 54 1,63 lo.61 | 27 0.81 0,19 }0.739{0.261 0,708 0,292 | 101 0,014

961
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model could be used for simulation or prediction in this case with

reasonable accuracy,

4,8, Verification of the 4 parameter shortcircuiting model

In order to verify this model, five experiments were performed
each of which was repeated three times meking a total of fifteen
tests in all, A typical set (71) of three output curves is plotted
in Fig.4.8.1. Shortcircuiting was achieved by the bypass pipe
shown in Fig,4,3,1, controlled by Pump No,2 and measured by means
of a flow meter, The experimental conditions are tabulated in
Table 4,8,1, from which it can be seen that the perfect mixing,
plug flow and shortcircuiting volumes are kept constant, and that
the flow through the system is constant, but the fraction of this
flow that shortcircuits to the outlet is varied, Thus the emphasis
was put on the fraction of the flow being shortcircuited rather than
on the shortcircuiting volume as this was easier from the practical
point of view, The same range of shortcircuiting time constant could
have been examined by keeping the shortcircuiting flow rate constant
and varying the shortcircuiting volume, The shortcircuit volume
was deliberately kept small to ensure good plug flow and to determine
the ability of the optimisation techniques to identify small "dead
space'',

The experimental results were verified in three different ways.
(i) To the known values of m, p, s and f corrections were made in
accordance with section 4,6, These values were then used in the
mathematical model to predict the output curve from the known input
pulse, The output curve obtained in this way was compared with the
actual experimental output curve, These curves are plotted in

dimensionless form in Fig,4,8,2 for set 71.
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(ii) The values of the parameters in the model were optimised to give
a Least Squares fit of the experimental curve, The output curve
obtained in this way was also plotted on Fig,4.8.2., for set 71.

(iii) The indirect pulse response technique was applied as described
in Chapter 3 using the data regression method, The Bode plot
obtained for Experiment 71 is shown in Fig,4,8.3 and the curve

obtained by this method is plotted in Fig,4.8.2.

4,9, Verification of the Recirculation Model

TFive sets of experiments were performed on the system re-arranged
so as to contain an element of recirculation, The data for these
tests are shown in Table 4,.9,1, It can be seen that the recirculation
volume was kept constant and the recirculation rate was varied from
one tenth to one quarter of the main flow, Again each experiment was
repeated three times and a typical set of tests is shown in Fig.4,9.1.

The recirculation model was tested and the optimised values of
the four parameters are shown in Table 4,9,2 together with the
standard errors of estimate, The curve obtained in this way from
set 77 is shown in Fig,4,9,2 for comparison with the experimental curve,

As a check on the combined short circuiting and recirculation
model of Chapter 2 Fig,2,3,1 p, values of the six parameters were
inserted in the transfer function and the output curves computed from
the known inputs, These were then compared with the experimental
output curves, Nominal values for S and f;, were adopted as the
experimental set up did not contain any element of shortcircuiting,

An example of such a "predicted" output curve is given in Fig.,4.9.2
again from set 77, This model appears to be satisfactory and produces

a good fit,



Table 4,8,.1.

[

Set Flow System |Mean i Pulse iConc. | Tracer Input |Perfect{Plug | Short- Short
No e vol, V |deten~- | width | of | recov,|step mix |{flow |circuiting |circuit
* litres/ litres tion o tracer | change vol, !vol, | volume flow rate
min, °S ltime T ™t gr/t | % win ) ) ) 4/m
70 12,0 19,80 |1,65 0,613 5 110 Lo 15.0 14,54 | 0,26 3,0
71 12,0 19,80 |1,65 0,613 5 105 Ly .15,0 14,54 1 0,26 2.25
72 12,0 19,80 1,65 0,613 5 102 4l 15,0 {4,54 | 0,26 1.75
73 12,0 | 19,80 {1,865 {0,613 | 5 104 | 46 15,0 {4,554 | 0,26 1,25
7l 12.0 19,54 |1,628 ;0.615 5 104 Lo 15,0 |4.54 - -
i

Table 4.8.2.

Initial values

of Parameters assumed

Values obtained by direct

Values obtained from

optimisation pulse technique

- D s £ stand, 0 p s £ stand, 0 o s stand,

error error error
70 | 0,75 0.23 0.04 0,25 0,09 0,68 0,31 0,01 0,22 0,02 | 0,5 0.4 0,06 0,3 0,017
71 fo.66 0.3 o.,04 0,18 0,08 (0,68 0,31 0,01 0,17 0,02 {0,647 0,337 0,016 0,19 0,014
72 | 0,68 0,28 0,04 0,145 0,05 lo0,678 0,31 0,012 0,13 0,04 |0,724 0,265 0,01 0,12 0,014
73 | 0,66 0,20 0,04 0,104 o,0% |[O,64 0,34 0,02 0,12 0,03 [0,7%2 0,248 0,01 0,08 0,006
74 | 0,66 0,30 0,04 0,01 0,04 Jo,65 0,34 0,01 0,02 0,02 |0,875 0,315 0,01 0,02 0,01

29T
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Table 4,9.1

ot Flow System | Mean |[Pulse 'Conc. Input [Tracer gP?rfect Plug !Rec?rcu- Rec%rcu-
No _ vol, V dgtenn width of step recov, |mixing |flow jlation lation
. 11Fres/ . t%on tracer change » volume |vol, ivolume ! rate
min, litres ;;ﬁ:_ &, gr/4 el P 2 s U o/
75 | 12.0. 19,80 | 1,65 [0.606 5 43 98 15,0 {4,54 | 0,26 3,0
76 | 12,0 19,80 1,65 (0,606 5 Lo 98 15,0 | 4,54 0,26 2,10
77 | 12.0 19,80 | 1.65 10,606 5 30 | 102 15.0 | &.54 ¢ 0,26 1.7k
78 | 12,0 19.80 | 1,65 |0,606 | 5 37 103 15,0 |54 | 0,26 | 1.20
79 | 12,0 19,80 | 1,65 10,606 5 49 102 15,0 {454} 0.26 -
Table 4,9,2
Set| Assumed initial values of parameters used in short- Optimised values obtained from
No, circuiting and recirculation model recirculation model
n P s r £ i) stand, " o r £ stand,
error error
75 | 0,610 0,380 0,002 0,01 0,01 0,250 0,05, 0,650 0,344 0,010 0,181 0,020
76 | 0,619 0,366 0,005 0,01 0,01 0,175 0,05 0.667 0,321 0,011 0,180 0,015
?7 | 0,635 0,350 0,005 0,01 0,01 0,145 0,05 0,640 0,350 0,010 0,150 @,020
78 | 0,651 0,33% 0,005 0,01 0,01 0,100 0,04 0,648 0,349 0,003 0,08 0,015
o | 0.65 0,350 O 0 0 0 - 0,64 0,353 0,001 0,010 0,004

6ot
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The simple recirculation model also fits the experimental curve
well and the Optimiséé values of the four p&rameteré agree reasonably
well with the actual values except in the case of Set No,75 in which
the value of f is low, This is probably because of the approxi-
mations involved in the derivation of the model formula, in which
only two terms of Maclaurin's series were included, This approxi-
mation is valid only if the recirculation rate is low,

One difficulty observed in the analysis of flow curves from
these recirculation experiments by the optimisation technique is that
with a very short recirculation time, the optimised values of r and
f tend to diminish and merge with the perfect mixing fraction,

This is logical since perfect mixing is in effect micro and macro
recirculation, If a strong optimisation technique were available,
the values of r and f in each of the above cases would have
approached zero, However in cases where plug flow is dominant,

a plug flow recirculation will probably not have this tendency to

diminish,

4.10 Analysis of Flow curves obtained from a model tank

Having established the usefulness of the models of Chapter 2
in the interpretation of flow curves, a series of these curves was
obtained from a continuous flow model tank and analysed by using
these methods,

The model tank is shown in Fig,4,10,1, The dimensions of this
model were 138 x 46 x 23 cm, The inlet was a single 2,54 cm dia,
pipe mounted in the centre of one end and fitted with a baffle of
diameter 7,6 cm fixed at a distance of 5 cm from the inlet end for
the purpose of distributing the inflow, The outlet consisted of a

single weir directly opposite the inlet Fixed at a height of 15 cm
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from the tank bottom thus determining the depth of flow, Downstream
of this weir a collecting chamber passed the flow to a 2,54 cm diameter
outlet pipe and hence through a measuring tank to waste, The probes
P; and P, were mounted 15 cm upstream of the inlet and 1 5 cm down~-
stream of the collecting chamber respectively, The tube downstream
of P, could be throttled in order to ensure sufficient depth in

the collecting chamber to maintain full pipe flow past the probe P,

and prevent air entrainment,

The flow rate was varied from 5 litres/minute to 14 litres/minute
(average tank velocity 0,12 cm/sec, to 0,338 cm/sec,) and responses
were recorded for input pulses of 2, 3, 4 and 5 minutes duration,
Bach experiment was repeated once as a check on reproducibility and
typical pairs of response curves are shown in Fig,4,10,2 - 5,

The tracer technique used was similar to that used in the
direct verification experiments, Readings were taken at intervals
of 15 secs for at least one nominal tank detention time, After this,
readings were taken at 1 minute intervals as the rate of-change of
concentration was low, The temperature of the flowing water was
recorded by a thermometer placed upstream of the tank outlet weir,
Temperature corrections were made to the observations where necessary
as before,

Tracer recovery was checked in each case and was found to lie
between 95% ahd 105%, except in a few cases at low velocity where
values less than 95% were obtained, It is thought that this was
due to density currents and the consequent long tail to the output
curve,

The two parameter, four parameter, and five parameter models
were fitted to the curves using the optimisation techniques described

in Chapter 5, The details of the experiments and the results of
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the analysis are given in Tables 4,10,1

From the two parameter model data it can be seen that the flow
regime consisted of approximately 71% perfect mixing and 29% plug
flow, Also it can be seen that as the flow through the system was
increased the perfect mixing volume tended to decrease and the plug
flow volume tended to increase which is logical, Héwever with this
model the standard error of estimante was of average value 0,24
indicating a’poor fit of the experimental curves,

By introducing the four parameter shortcircuiting model which
includes a plug flow shortcircuit in parallel with the above, a better
fit was obfained as indicated by standard errors of estimate of the
order of 0,1, The average perfect mixing fraction was found to be
0.75, plug flow 0,20 and shortecircuiting 0,05,

The next step was to introduce a fifth parameter in the form
of a perfect mixing element in the shorteircuit branch of the last
model, This model can now be regarded as two two parameter models in
parallel, As can be seen from Table 4,10,3 the standard erroms of
estimate were further reduced particularly for the higher flow rates,
This model is more flexible than the previous model as can be seen
when it is applied to set No,81l as shown in Fig,4,10,6., The outflow
curve in this case has two distinct peaks, the first of which is
sharp and narrow indicating a shortcircuit, The second peak has
a gradual rise and a gradual fall, representing the mainflow, In
this case the time constants for the shortecircuiting flow and the
mainflow are widely different, Where this is not the case as in
sets Nos, 90, 91, 92, 93 the two peaks merge to form a single fall
peak (see Figs, 4,10,7, 8, 9 and 10), VWith the five parameter
model, when there are two peaks it is possible to consider either

peak as the shorteircuiting peak, For instance referring o Fig.4,10,6
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Table 4,10,1

Two Parameter Model

Set Q e, % m P Standard
No, £4/min, tracer Error
recovery
80 4 0,084 85 0.75 0.25 0.43
81 4 0,21 90 0,76 0,2k 0,33
82 5 0,105 92 0,71 0,29 0,36
83 5 0,158 100 0.75 0.25 0.34
84 5 0.210 98 0,73 0,27 0.35
85 5 0,263 99 0,82 0.18 0.18
86 6 0,126 92 0,68 0.32 0,38
87 6 0,189 96 0,70 0,20 0,36
88 6 0,252 90 0,73 0,27 0.3
89 6 0,315 95 0,73 0,27 0,27
20 7 0,147 95 0,69 0,31 0,24
o1 7 0,221 96 0,71 0,29 0,28
92 7 0,294 97 0.71 0.29 0,24
93 7 5.}68 95 0.71 0,29 0,19
ol 8 0.168 103 0.66 0.34 0.20
95 8 0,252 96 0,64 0.36 0,22
96 8 0,336 95 0,68 0,32 0,17
97 8 0,420 ol 0,68 0,32 0,15
98 9 0,189 95 0,67 0,33 0,08
99 9 0,284 97 0,67 0,33 0,10
100 9 0,378 105 0,69 0.31 0.09
101 9 0,473 99 0,69 0,31 0,08
102 10 0,210 102 0,63 0.37 0.10.
103 10 0,315 96 0,66 0.3k 0,07
104 10 0,421 97 0,66 0,34 0,06
105 10 0,525 96 0.68 0,32 0.06
106 11 0,231 102 0,62 0.38 0,11
107 11 0,347 98 0,65 0,35 0,07
108 11 0.462 98 0,65 0,35 0.04
109 11 0,578 98 0,68 0,32 0,04
110 12 0,252 98 0,62 0,38 0,09
111 12 0,378 96 0,65 0,35 0,07
112 12 0,504 98 0,62 0.38 0,07
113 12 0,620 95 0,65 0,35 0,04



Table 4,10,1 (cont mued)

Set Q 9, % m P Standard
No, 4/min tracer Error
recovery
114 13 0,273 98 0,59 0.41 0.12
115 13 0,410 97 0,66 0,34 0,10
116 13 0,546 95 0,66 0,34 0,08
117 13 0,673 99 0,66 0.34 0.06
118 14 0,294 95 0,67 0.33 0,12
119 14 0,441 92 0,67 C.33 0.13
120 14 0,588 95 0,63 0,37 0.08
121 14 0,735 95 0,67 0,33 0,08
Table 4,10,2,
Four Parameter S,C,
Model

Set Q e, % n P s f Stand-
No., 4/min tracer ard

recovery Error
80 L 0,084 85 0,536 0,46 0,008 0,03 0,37
81 4 0,21 %0
82 5 0,105 92 0,759 0,220 0,021 0,015 0.25
83 5 0,158 100 0,727 0,233 0,040 0,170 0,19
84 5 0,210 98 0.84% 0,126 0,031 0,130 0,19
85 5 0,263 99 0,779 0,193 0,028 Q.14 0,12
86 6 0,126 92 0,751 0,222 0,027 0,09 0,13
87 6 0,189 96 0,785 0.174 0.04 0,14 0,15
88 6 0,232 90 0,788 0,152 0,060 0,20 0,14
89 6 0,315 95 0,777 0,192 0,031 0,18 0.15
90 7 0,147 95 0,679 0,284 0,037 0,12 0,10
91 Vi 0,221 96 0,749 0,200 0,051 0,16 0,12
92 7 0,294 97 0,756 0,191 0,053 0,16 0,10
93 7 0,368 95 0,748 0,206 0,046 0,14 0,08
ol 8 0.168 103 0,692 0,28 0,028 0,08 0,07
95 8 0,252 96 0,716 0,271 0,013 0,033 0,10
96 8 0,336 95 0,724 0,228 0,068 0,170 0,09
97 8 0,420 oL 0.727 0,215 0,058 0,140 0,08

181



Table 4,10.2 (continued)

Set Q 8 % m P 5 f Stand-
No. 4£/min tracer ard
recovery Error
98 9 0.181 95 0,589 0,311 0,10 0,080 0,08
99 9 0,284 97 0.675 0,291 0,034 0,074 0,07
100 9 0,378 105 0,702 0,250 0,048 0,100 0,07
101 9 0,473 99 0,704 0,259 0,037 0,090 0,05
102 10 0.210 102 0,631 0,360 0,009 0,010 0,05
103 10 0,315 96 0,648 0,333 0,019 0,038 0,04
104 10 0. 421 97 0,657 0,311 0.031 0,074 0,04
105 10 0,525 26 0,676 0,286 0,038 0,073 0,05
106 11 0,231 102 0,542 0,349 0,109 0,096 0,10
107 11 0,347 98 0,579 0.332 0,089 0,079 0,06
108 11 0,62 98 0,576 0,331 0,093 0,078 0,04
109 11 0,578 98 0,662 0,280 0,058 0.094% 0,05
110 12 0,252 98 0,541 0,367 0,092 0,076 0,07
111 12 0.378 96 0.617 0,328 0,055 0,056 0.04
112 12 0,504 98 0,589 0,350 0,061 0,055 0,03
113 12 0,630 95 0,636 0,306 0,058 0,076 0,04
14 13 0,273 98 0.548 0,407 0,045 0,05 0,07
115 13 0,0 g7 0,588 0,395 0,017 0,02 0,03
116 13 0,546 95 0,596 0,352 0,052 0,05 0,03
117 13 0,673 99 0,600 0,350 0,040 0,05 0,05
118 14 0,294 95 0,552 0,391 0,057 0,06 0,06
119 14 0.1 99 0.558 0,367 0,074 0,075 0,06
120 14 0,588 95 0,539 0,378 0,083 0,075 0,03
121 1k 0,735 95 0,576 0,352 0,072 0,078 0,04
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Table 4,10,3

Five Parameter - S,C, Model

Set Q o % Stand,
No, £/min tracer m P s r f Error
recovery
80 4 0,084 8 0,42268 0,3945 0,00002 0,18281 0,2174 0,16
81. 4 0.21 0 0,52403 0,38978 0,05288 0,03331 0,30536 0,16
82 5 0.105 92 0,730 0,245 0,00001 0,025 0,150 0.18
83 5 0.158 100 0,778 0,190 0,025 0,007 0,140 0.18
84 5 0.210 98 0,760 0,200 0,020 0,020 0,150 0.17
85 5 0,263 99 0,80 0,170 0,017 0,008 0,140 0,11
86 6 0,126 92 0,721 0,243 ©,03% 0,002 0,120 0,15
87 6 0,189 96 0,768 0,176 0,053 0,003 0,180 0,16
33 6 0,252 % 0,778 0,150 0,065 0,007 0,2% 0,11
89 6 0,315 95 0,745 0,232 0.022 0,001 0,200 0,186
90 7 0,147 95 0,695 0,246 0,044 0,015 0,160 0,134
91, 7 0,221 96 0,750 0,188 0,055 0,007 0,178 0.160
92 7  0.29% 97 0,750 0,188 0,057 0,004 0,178 0,100
93 i 0,368 95 0,743 0,196 0,052 0,008 0,173 0,066
o4 8 0,168 103 0,667 0,290 0,010 0,032 0,140 0,090
95 8 0,252 96 0,830 0,260 0,050 0,010 0,147 0,060
9% 8 0.336 95 0,705 0,207 0,076 0,012 0,217 0,060
97 8 0,420 94 0,696 0,190 0,083 0,031 0,256 0,070
98 9 0.189 95 0,581 0,303 0,062 0,054 0,092 0,020
99 9 0,284 97 0,652 0,264 0,059 0,025 0,168 0,060
100 9 0,378 105 0,702 0,256 0,035 0,007 0,090 0,070
101 9 0,473 99 0,694 0,260 0,041 0,005 0,110 0,050
102 10 0,210 102 0,550 0.332 0,062 0,056 0,085 0,040
103 10 0,315 9% 0,613 0,325 0,033 0,029 0,113 0,040
04 10 0.421 97 0,649 0,312 0,028 0,011 0,085 0,040
105 10 0.525 9% 0,672 0,281 0,042 0,005 0,090 0,040
106 11 0,231 o2 0,491 0,330 0,124 0,054 0,137 0,080
107 11 0,347 98 0,531 0,323 0,095 0,051 0,110 0,040
108 11 0,462 98 o,4os 0,299 0.1% 0,125 0,180 0,030
109 11 0,578 98 0,592 0,291 0,043 0,069 0,110 0.03%0
110 12 0,252 98 0,544 0,364 0,077 0,014 0,080 0,050
111 12 0.378 96 0,582 0,322 0,069 0,027 0,080 0,030
112 12 0,504 98 0,491 0,321 0,122 0,066 0,130 0,030
113 12 0,630 95 0,605 0,333 0,031 0,031 0,050 0,030
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it is possible for the second peak to represent bypassing of a slow
nature through a relatively stagnant zone,

Closer observation of the curves in Fig, 90 - 93 reveals a gradual
rise and fall in the tail of each curve which can be attributable only
to the presence of a recirculation element, The curve of Fig.4,10,7
and 4,10,8 are fitted with the recirculation model of Fig.2,8.5,

A better fit was obtained as a result of introducing an extra parameter,
However the result was not as good as expected, due to the fact that
the shortcircuiting element contained plug flow only,

In view of the complications involved when extra parameters are
introduced it would appear that four parameter model describes these
curves reasonably well, Where the actual system contains macro-
recirculation it will be necessary to use a more complex model,

In general in any given case the best model is that which fits the

curve adequately and contains the least number of parameters,
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Table 4,10,3 (continued)

Set Q 6, % Standard
No, 4/min tracer m P ] r f Error
recovery
114 13 0.273 98 0,273 0,326 0,17 0,108 0,23%0 0,040
115 13 o,40 97 0,54 0,384 0,042 0,027 0,050 0,030
116 13 0,546 95 0,582 0,345 0,066 0,007 0,070 0,030
117 13 0,673 99 0,556 0,373 0,063 0,008 0,050 0,020
118 14 0,294 95 o.,422 0,30 0,154 0,124 0,236 0,030
119 14 o4 99 0,418 0,309 0,168 0,105 0,212 0,040
120 14 0,588 95 0,527 0,376 0,08 0,015 0,080 0,020
121 14 0,735 95 0,539 0,387 0,073 0,001 0,060 0,020

4,11 Statistical Analysis

In the literature on longitudinal mixing various conclusions have
been inferred from the statistical parameters of dispersion curves,
and for comparison a statistical analysis of the above experimental
data was carried out, The mean, median and modal times of flow and
the standard deviation of the input and output pulses for each set
of experiments were determined using the following formulae,

(i) The mean time of flow is given by the centroid of the pulse shape

and was calculated as follows?

a—y

Fig. k., 11,1,
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Figure 4,11,1 shows a typical pulse as a plot of C against %,
Readings are assumed to be taken at a uniform time intermal At,

The distance of the centroid of the area under the pulse curve from

the origin O is given by

Il
_ A At 20 +C,
) "1;1 5 (C3#05,9) —-5-*—1—3-1-) + (i-1)at}
t =27 ir1"d ceewe 1101
n
1
PERY U CHEN D
i=1

(ii) The modal time is the time from the origin at which the maximum
value of C occurs,

(iii) The median time is the time from the origin to that ordinate
which bisects the area under the curve,

(ivj The standard deviation is the square root of the second moment

about the mean value and is given from Fig,4,11,1 by

+C
E (01+C1+1> 3 —-J'—tl-—}-) + (i=1)At - E 2
= /1=1 { (01 1+04 J ceeas 11,2
M

n
At
ZI = (Ci + Ci+1)

i=1

In analysing the experimental results, equations 4,11,1 and 4,11,2
were modified to include two different time intervals At; in the
vicinity of the peak and At, for the remainder of the curve,

There is much controversy in the literature with.regard to the
calculation of average detention time, Theoretically the average
detention time is equal to the mean time t. obtained from equation
4,11,1 which is also equal to the volume of the system divided by
the flow rate, In the case of a thick input pulse the average de-
tention time is theoretically equal to the distance between the mean
of input pulse and the mean of the output pulse,.

In flow systems which contain any element or region in which the

flow is very slow in comparison with the main flow, often referred to
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in the literature as "dead space'’, tracer which enters these regions
is released very slowly, and at low concentrations which are difficult
to measure accurately, Consequently the flow curve may have a long
tail, which makes the determination of the first moment about the

origin inaccurate, This difficulty has been referred to by

(47) (48) (49)

Thackston et al, . Krenkel and Spalding .

(47)

Thackston et al, introduced a mathematical model to describe

the flow curve in terms of the longitudinal diffusion coefficient D

L’
average velocity and time of flow, This model is based on the
diffusion equation
2 - '
ﬁ =DL§._Q-!1‘B-C- soeow 4v11¢3
ot o¥? ot

where C the averacse concentration of the tracer ever the cross-
section of the flow
u = the mean velocity of the flow,

If the tracer is initially uniformly distributed across a plane

perpendicular to the flow x = 0 at time t = O, then the solution of

equation 4,11,3 is given by Thackston et al.(47) as
-(x-ut)?
C = " e /4DLt eeosse 401104
A/EﬁDLt

where M = total mass of the tracer

% = distance from the origin in the direction of the flow

i

A

cross-sectional area of flow normal to x

In dimensionless form equation 4,11,4 is written as

-p(1-"/%)
—-9-- = \A e Ll't/E sscne 401105
M/A{'1 Ll-TE'b.t

where P = Peclet number = == and

DI
t = average detention time = é where
u
x = the distance from the injection point to the measuring point

at the outlet.
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M/Aﬁ = the total concentration and is given by the area
under the flow curve,

Thackston et al.(47) recommend that this equation should be fitted
to the flow curve by least squares taking_P and t as variable parameters,
Trom the optimum values of P and t thus obtained, the actual diffusion
coefficient D, and the average detention time t are computed,

L

As initial values t is taken as the nominael detention time and

(9

u = %; DL is calculated using Levenspiel's formula given below,
If 0, and G are the standard deviations of the input and output
pulses respectively, then the change in variance between the input

2

and output points is given by Ac® = 0,2 - o 2. In dimensionless

form this difference is related to the Peclet number P as follows

A L2 L (4P e ) verer h12,6
t2 P?

Calculating A0 and taking t as the nominal detention time P is
computed and DL is obtained, The value of P obtained from equation
4,11,6 is directly introduced into eguation 4,12.5 as a first approxi-
mation in the optimisation procedure,

From the optimised average detention time, the fraction of

stagnant volume, referred to here as dead space is given by

Nominal Detention time - Optimised Detention time

Nominal Detention Time
In Table 4,11,1 Peclet numbers, diffusion coefficients and dead
space values are calculated using the time from the centroid of the
-input pulse to the centroid of the output pulse as the mean time t
and applying equation 4,11,6., In many cases the results indicate

negative dead space which is impossible,



Table 4,11,1

Set Q 8, % T Mean Mean i % o, o D, Peclet
No, 4&/min tracer Poor of dead . 2/ - No,
. : . in in em? /min,
recovery mins, input output mins, space mins . mins
pulse pulse ° *

80 4 0,084 85

81 4L 0,21 90

82 5 0,105 92 2 1,00 17,01 16,01 16 0,644 8,560 235 3,22
83 5 0,158 100 3 1.49 18,79 17.3%0 9 0.934 9,206 207 2.99
84 5 0,210 98 L 1,99 18,00 16,01 16 1,223 9,892 322 3,13
85 5 0,263 99 5 2,48 17,91 15,43 19 1,511 7,940 298 4,10
86 6 0,126 92 2 0,99 15,20 14,21 10 0,645 7,16 296 3,90
87 6 0,189 96 3 1,49 16.8% 15,35 3 0,934 8,633 376 3,07
88 6 0,252 90 4 1.99 15,60 13.61 14 1,223 7,812 294 2,93
89 6 0,315 95 5 2,48 16,58 14,10 11 1,513 8,370 Loo 2.78
0 7?7 0.147 95 2 0.99 13,24 12,25 9 0,644 5,753 296 4,55
91 7 0.2 96 3 1,49 14,12 12,62 7 0,934 6,465 367 3.67
92 7 0,294 97 4 1,99 14,90 12,91 5 1.223 7,094 420 3.21
93 7 0.368 95 5 2,48 15,13 12,65 7 1.512 7,032 423 3.19
oL 8 0,168 103 2 0,998 11.97 10,97 7 0,645 5,126 332 L, el
95 8 0,252 926 3 1,490 12,26 10,77 9 0,934 5,165 346 4 45
%6 8 0.3%6 95 4 1,990 12,19 10,20 14 1,223 5,075 375 4,13
97 8 0,420 oL 5 2,480 12,62 10,14 15 1,512 4,922 330 4,67
98 9 0,189 95 2 0,998 11,01 10,01 5 0,645 4,299 291 5.94
99 9 0,284 97 3 1,490 10,87 9,37 11 0.934 4,180 315 5.50
100 9 0,378 105 4 1,990 11.43 9,44 10 1,223 4,468 361 4,79
101 9 0,473 99 % 2,480 13,50 11,02 -4 1.512 5,886 435 3,57

68T



Table 4,11,1 (continued)

Set Q 8§, % T Mean  Mean T % o, o Dy Peclet
No. #/min tracer P of of dead T ° N
recovery mins, input output . - space mji.;ls m}ur:s cm?/min, O°
pulse pulse ) * *
102 10 0,210 102 2 0,997 10.06 9,06 5 0,645 3,646 266 7,24
103 10 0,315 96 3 1.490 10,32 8,82 Vi 0,934 3,821 315 6.11
104 10 o.,421 97 b4 1.990 11,56 9.57 =0,5 1,223 k707 438 4,39
105 10 0,525 96 5 2,480 11,48 8.999 5 1,512 4.1 7 L. 62
106 11 0,231 102 2 0,996 10,57 9,57 =10 0,645 4,107 355 5.97
107 11 0,347 98 3 1,490 10.77 9.28 -7 0,935 4,296 1419 5,05
108 11 0.462 98 L 1,980 10.92 8.94 -3 1,224 4,110 384 5.52
109 11 0,578 98 5 2,480 11,61 9,13 -5 1,512 4,676 517 4,10
110 12 0,252 98 2 0.995 8.885 7.89 0.5 0.545 3,053 268 8.60
111 12 0,378 96 3 1,492 9,557 8.06 -1 0,935 3,503 36h4 6.34
112 12 0,504 98 4 1,986 10,232 8,245 =4 1,226 3,780 2 5.61
113 12 0.630 95 5 2.4k76 10,409 7.932 0,03 1,513 3,676 38 6.08
114 13 0,273 98 2 0.998 8,416 7.118 -1 0,645 2,787 254 9,84
115 13 0,410 97 3 1,491 8,491 7.000 4 0.935 2,776 274 9.12
116 13 0,546 % L 1,990 9,355 7.365 =0.5 1,22k 3,220 362 6.91
117 13 0.673 99 5 2,481 10,329 7,847 -7 1,513 3,784 479 5.23
118 14 0,294 95 2 0,997 7.719 6,721 1 o.645 2,634 284 9,48
119 1k o.4n 99 3 1,493 8,534 7,050 -3 0,935 2,852 316 8.53
120 14 0,588 95 4 1,988 8,699 6,711 1 1,224 2,835 320 8.43
14 0,735 95 5 2,182 9,209 6,727 1 1.512 3,024 361 7.47

121

06T



Table 4,11.2

Set Q &, % Tp DIé P t Dead Megn Mean Mean Mean
No, 4/min tracer .1 om / Peclet Space Dead Dy, p z
recovery > min, No, min, % Space 2 /sec min
80 4L 0,084 85
81 4 0,21 %0
82 5 0,105 92 2 551 2,17 15,945 21
83 5 0,158 100 3 Loy 2,51 13,538 37 35 476 2,53 13,97
84 5 0,210 98 4 b5 2,68 12,699 43
85 5 0,263 99 5 433 2,95 13,693 4
86 6 0,126 92 2 512 2,80 12,41 27
87 6 0,189 96 3 48t 2,96 11,756 35 37 439 3,35 11,7
88 6 0,252 90 4 12 3,48 11,288 42
89 6 0,315 95 5 347 4,14 11,344 Ly
0 7 0,147 95 2 489 3,42 10,794 27
91 7 0,221 96 3 508 3,29 10.216 35 36 415 4,23 10,39
92 7 0,294 97 L 372 4,50 10,195 40
93 7?7 0,368 95 5 293 5,72 10,369 al
9% 8 0,168 103 2 B3 43 9,481 27
95 8 0.252 96 3 350 5,45 9,504 33 34 356 5.48 9.57
96 8 0,336 95 L %25 5,88 9. 445 37
97 8 0,420 ok 5 305 6,26 9,833 38
98 9 0,189 95 2 %1l 5,96 8.953 2k
99 9 0,284 97 3 356 6,05 9,013 26 29 330 6,57 9.13
100 9 0,378 105 L 314 6,84 9,061 33
101 9 0,473 99 5 289 7,42 9,477 33

61




Table 4,11,2 (continued)

Set Q e, % T D P I Dead %  Mean Mean Mean
No, 4/min tracer p 2 Peclet Space Mean D -
. cm?/ . N L P t

recovery mins, . No, min, % Dead 2 .
_ min, S cm? /sec min,
= pace
102 10 0,210 102 392 6,10 8,573 20
103 10 0,315 96 346 6,90 8.596 26 26 335 7.2h 8.82
104 10 o,k21 97 313 7.63 3,833 28
105 10 0,525 96 289 8,27 9,274 29

390 6,73 8,129 18
358 7,35 8.250 22 22 341 7.78 8.46
326 8,06 8,539 2k
292 8,98 8,908 23

106 11 0,231 102
107 11 0,347 98
108 11 o,4e2 98
109 11 0,578 98

ViHEsWn Jpeswm VMW Ueswn Vipeswmn

110 12 0,252 98 387 7.41 7.388 19

111 12 0,378 96 395 7,26 " 7.679 2z 21 36k 7.90 8,00
112 12 0,504 93 353 8,12 8.387 20

113 12 0,630 95 324 8,84 8.559 23

114 13 0y273 98 346 8,98 7.101 17

115 13 0,410 97 398 7,80 7,443 19 19 351 8,91 7.72
116 13 0,546 95 361 8,60 7.941 19 ‘

117 13 0,673 99 302 10.27 8.381 20

118 14 0,294 95 4z 7,76 6.532 18

119 14 oW 99 365 9,17 7.106 18 18 342 9.28 731
120 14 0,588 95 335 9,97 7.549 17

19 14 0,735 95 32¢ 10,25 8.07 19

26T



Table 4,11,3

Set Q 8 % Nominal I T Corr, Corr, Mean Mean Mean of
No, 4&/min tracer detention T /T pﬁT 3/ Dead Dead f s,C, Vol,
recovery time "I7 T Space Space from 5 model
mins, min, % % par,model 5 par, %

80 4L 0,084 85

81 4L o,21 0

82 5 0,105 g2 2 0,84 0,026 0,81 19

83 5 0,158 100 19,04 3 0,7k 0,039 0,67 33 35 0,15 3

34 5 0,210 98 4 0,67 0,052 0,62 38

85 5 0,263 99 5 0,720,065 0,66 34

86 6 0,126 92 2 0,79 0,031 0,76 24

87 6 0,189 96 15,87 3 0,74 0,046 0,69 31 34 0,18 6

88 6 0,252 90 4 0,71 0,063 0,65 35

89 6 0,315 95 5 0,72 0,078 0,64 36

90 7 0,147 95 2 0,800,037 0,76 24

91 7 0,221 96 13,60 3 0,76 0,055 0,71 29 29 0,17 6

92 7 0,294 97 4 0,75 0,074 0,68 32

98 7 0,368 95 5 0,77 0,091 0,68 32

9L 8 0,168 103 2 0,80 0,042 0,76 24

95 8 0,252 96 11,90 3 0,80 0,063 0,74 26 26 0,19 9

96 8 0.336 95 4 0,80 0,084 0,72 28

97 8 0,420 ok 5 0,8 0,105 0,72 28

98 9 0,189 95 2 0,85 0,047 0,80 20

99 9 0,284 97 10,58 3 0,88 0,070 0,81 19 21 0,12 7
100 9 0,378 105 4 0,86 0,094 0,77 23
101 9 0,473 99 5 0,90 0,118 0,78 22

¢6T



Table 4,11,.3 (continued)

Set Q 8, Nominal I T c ]
No, 4/min detention T /T 9/4 Off. Corr, Mean Mean_ Mean of
recovery time WT! T Dead f S.CsVol,
mins Space  from 5 Model
* % par,model par,
102 10 0,210 2 0.90 0,053
103 10 0,315 9.52 3 0.90 0,079 16 0,09 8
104 10 o,k21 L 0.93 0,105
105 10 0,525 5 0,97 0,131
106 11 0,231 2 0.9% 0,058
107 11 0,347 8,65 3 0,95 0,086 12 0.13 18
108 11 0,482 L4 0.99 0,115
109 11 0,578 5 1,03 0,144
110 12 0,252 2 0.93 0,063
13r 12 0,378 7.93 3 0.97 0,094 10 0,08 11
112 12 0,504 4 1,05 0,126
113 12 0,630 5 1,08 0,157
114 13 0,273 2 0,97 0,068 0,90 10
115 13 o0.40 7.32 3 1,01 0,102 0,91 9 Vi 0.06 7
116 13 0,546 L 1,08 0,13 0,94 6
117 13 0,673 5 1.14 0,170 0,97 3
118 14 0,294 2 0,96 0,074 0.89 11
119 14 o.4a 6480 3 1.04 0,110 0,93 7 5 0.07 8
120 1% 0,588 L4 1,11  0.148 ©.96 4
121 14 0.735 5 1,18 0,184 1,00 0
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Table 4,114

Set Q e, %  Nominal T t t t5 t1 t
No, 4/min tracer hor, P a/T m/T yT O/T ,o/-l-qa

recoveryv velccity

cny s

80 4L 0,08 85
81 4 0,21 90
82 5 0,105 92 0,1207 2 0,8 0,31 0,79 1,63 0,21
83 5 0,158 100 0.1207 3 0,90 0,31 0,94 1,78 0,18
84 5 0,210 98 0,1207 4 0,84+ 0,37 0,8 1,68 0.19
85 5 0,263 99 0,1207 5 0,8 o0,41 0,8 1,63 0,21
86 & 0,126 92 0,1449 2 0,89 0,3 0,82 1,70 0,21
87 6 0,189 96 0,1449 3 0,96 0,38 0,88 2,02 0.18
88 6 0,252 9 0,1449 4 0,86 0,44 0,76 1,95 0.19
89 6 0,315 95 D,1449 5 0,88 0,49 0,82 2,02 0.20
90 7 0,147 95 0,1691 2 o,éo 0,42 0,81 1,69 0.24
o1 7 0,221 96 0,1691 3 0,93 o4 0,86 1,91 0,21
92 7 0,294 97 0,191 4 0,95 0,51 0,8 1,98 0.21
93 7 0,368 95 0,1691 5 0,93 0,59 0,88 2,06 0,22
9k 8 0,168 103 0,1932 2 0,92 0,46 0,84 1,85 0.24
95 8 0.252 96 0,1932 3 0,9 0,553 0,8+ 1.8 0.25
96 8§ 0,336 95 0,193%2 4 0,86 0,59 0,82 1,85 0,25
97 8 o,420 94 0,19%2 5 0,86 0,65 0,8 1.8 0,27
93 9 0,184 95 0,274 2 0,95 0,57 0,8 1,79 0,28
99 9 0,284 97 o0,2174 3 0,8 0,57 0,87 1,7 0,29
100 9 0,378 105 0,2174 4 0,90 o,64 0,92 1.89 0,28
101 9 0,473 99 o0,2174 5 1,04 0,73 1,02 2,36 0,24
102 10 0,210 102 0,245 2 0,95 0,60 0,92 1,79 0,29
103 10 0,315 96 0,2415 3 0,93 0,64 0,92 1,70 0.31
104 10 0,421 97 0,2415 4 100 oO0,72 1,02 1,89 0.28
105 10 0,525 96 0,245 5 0,95 0,80 1,05 2.36 0,30
106 11 0,231 102 0,2657 2 1,0 0,61 1,04 1,79 0,28
107 11 0,347 98 0.,2657 3 1,07 0,69 1,04 1,79 0.26
108 11 Oo,462 98 0,2657 4 1,03 0,8 1,07 2.10 0.28
109 11 6,578 98 0,2657 5 1,05 0,87 1,13 2,00 0,28
110 12 0,252 98 0,2898 2 1,00 0,66 1,01 2,08 0,32
111 12 0,378 98 0,2898 3 1,02 0,72 1,04 2,19 0.30
112 12 0,504 98 0,2898 L 1,04 0,87 1,10 2,19 0,29
113 12 0,630 95 0,2898 5 1,00 0,96 1,13 2,31 0.31
114 13 0,273 98 0,3140 2 101 0,7 1,02 1,76 0,35
115 13 0,410 97 0,314 3 0,96 0,78 1,02 2,01 0,35
116 13 0,546 95 0,3140 4 1,00 0,85 1,13 2,14 0.32
117 13 0,673 99 0,314 5 1,07 1,04 1,23 2,14 0.31
118 14 0,29% 95 0,3381 2 0,99 0,77 0,99 1,77 0,36
119 14 o444 99  0,3381 3 1,04 0.8 1,10 1,77 0,37
120 14 0,588 95 0,3381 4 0,99 0,97 1,14 2,05 0,32
121 14 0,735 95 0,338 5 0,99 1,03 1,25 2,32 0,33
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In Table 4,11,2 the experimental results are fitted to the
model equation 4,11,5 using the values of P and t in Table 4,11.1
as initial values, Optimum values of P and ¥ were thus obtained,
and dead space values recalculated, In this analysis the ordinates
of the flow curve are made dimensionless by dividing them by the
area of the curve, The tike scale is not dimensionless, The dead
space volumes in this case were computed by subtracting the mean
time of the input pulse from the optimised mean time t of the output
pulse and dividing it by the nominal detention time,  Although
the results shown in Table 4,11,2 now show no negative values for
dead space, the values obtained are rather high, It must be
remembered that the model is based on an impulse input at time t = O
at a flow cross-section x = O whereas for these experiments the
input was a pulse of considerable width such that the model is not
strictly applicable, The fact that lower values of 6; (or Tp)
give rise to lower values of dead space tends to support this
argument, Also if dead space does exist then the longer the input
pulse, or the greater the mass of tracer injected, the longer will

be the tail of the dispersion curve, It appears from these

experiments that if the input pulse width is increased by a length
x so also is the tail of the output curve, This in itself should
not give rise to any inaccuracy in estimation of ¥ from the distance
between the centroids, but when dead space exists then excessively
long tails are produced which tend to give large values of .

In order to obtain a more realistic average time of flow an
empirical correction factor is proposed here, It is assumed that
the width of the output pulse is equal to 4T where T is the nominal
detention time, The remainder of the tail if any is ignored,

Then the shift in the mean time of flow of the output curve due to
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a duracétion of injection time Tp =T , ., On this empirical assumption,

I
the corrected average time of flow T = the optimised t for the output
pulse —pr/h,uu

The corrected T and the dead space values computed from these
corrected mean times are shown in Table 4,11.3. The dead space values
thus cbtained are more realistic, For comparison the short circuit
volumes and fractions of flow bypassing through these volumes
obtained from the five ﬁarameter model are also given, It can be
seen that for high flows the agreement between dead space and short-
circuiting volume is reasonable, The differences between the values
at the low flows might be attributable to the fact that the five
parameter model includes only one element of shortcircuiting, whereas
at low flows it is probable that the system contains bypassing of
both the fast and slow types, The model parameter values obtained
suggest that a fast shortcircuiting flow through a small volume is
prominent, and consequently the possible presence of a stagnant zone
has been indicated,

In Table 4,11,.4 the results of the tank tests are analysed quali-
tatively in the manner described in Chapter 1, The mean time "ta",
modal time "tm", 50 percentile "t; ", 10 percentile "t,,", and Morril
Index i,e, 90 percentile/10 percentile, are all computed for each set,
It can be seen the normalised values of mean,median and mode approach
1,0 as the flow through increases which is to be expected since higher
velocities and increased turbulence tend to produce plug flow, It

appears that no further information can be gained from such analysis,
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CHAPTER V

OPTIMISATION TECHNIQUES
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5.1, Curve Fitting

Having obtained experimental input and output data for a flow
system and having proposed a mathematical model for the system, it
is necessary to find the values of the parameters in the model such
that it gives as nearly as possible the same relationship between
input and output as does the real system, These values of the
parameters are known as the optimum values, and the technique for
evaluating them used in this study is curve fitting,

When the experimental data are accurate or of equal reliability,
it is frequently considered that the best approximation of the para=-
meters is that for which the sum of the squares of the differences
between the fitted curve and the data over the whole domain is the
least, This is known as Legendre's principle of Least Squareésoz

Mathematically, let the model to be fitted to the data be

B(Y) = £(x,B) cevne S5.101
where x and P are in Matrix Notation, x donating the independent
variables X, Xzy X3 ... X and By By B3 ... B are the values of
k parameters, E(Y) is the expected value of the dependent variable Y,

Let the data points be denoted by ¥iid i=1,2,3,,.n corresponding

to X4y Xp49 Fzg e xmi where n is the number of data points, Then

i

the least squares error is given by

o 2
¢ = _L_.l (Yi - Yi) YY) 5.102
i=1
where Yi are the values of Y predicted by equation 5,1.1. The
problem now is to compute those values of the parameters that will
minimise ¢.
The function f(xyB) given by equation 5,1,1 can be linear or

non-linear depending on whether the B's are linearly ar non-linearly
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related to the independent variables x, Also the function ¢

lam
given by equation 5,1,2 will be linear or nou-linear depending on
whether the function E(Y) is linear or non-linear, No completely

satisfactory solution exists for this problem if these functions

are non-linear,

5.2, Types of Error Profile

In all non-linear curve fitting it is essential to know the
variations of ¢ with respect to changes in the values of the p's.
This may be visualised by plotting the values of ¢ corresponding
to a particular parameter, say B, as shown in Fig,5,2,1 keeping the

other parameters constant,

ot e ————

-

o i
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|

i
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if ¢ is linearly related to B, the error profile will be
elliptical, If it is non linearly related, the profile will be
distorted according to the severity of the non linearity. It is
found however, that even in the most severe case of non-linearity,
the error profile is nearly elliptical in the immediate vicinity
of the minimum ¢, As observed by many numerical analysts, the
contour surface of Q is generally attenuated in some directions
(left portion of the profile in Fig,5,2.,1) and elongated i£ other
directions so that the minimum lies at the bottom of a trough,

If there is more than one trough, then it is essential that the



initial values of the B's be chosen on the inside slopes of the

trough containing the minimum,

5.3, Available methods of solution

In this section various available methods and their respective
merits and demerits will be discussed,

(i) The Newton-Raphson Method This method involves the expansion

of the function Q given by equatidn 5.1.2 in the Taylor's series
through the linear terms, Tor simplicity let equation 5,1.2 be

written in a different form as follows

2 2
¢ =\ I:f.(x’b)] sSeseee 5.3v1
Lo i
i=1
where fi(x,b) =y - £(x%,B)
For a minimum éi = 0 or EQ =0
33 3b
Therefore 2
L fi(x’b) - O secee 503.2
]

Now a change in a parameter "g" will cause a change in "b" in
equation 5,3,2, Suppose'b! changes by ¢b, Then, expanding

f(x,b+0b) by Taylor's series in the linear terms,

£(x, bi0Y) = £(x,0) + 5, XL . op,
1 1 < ab J
J=1 J
i = 1,2,3,..,30. a0 see 5'3.3

In equation 5,3,2 P is replaced notationally by 'b", values
of "p" being the least squares estimates of B, It is assumed that
the vector &b is a small correction to "b!, When ultimate conver=-
gence of the series of small corrections or steps is achieved,

£(x;,b+80) = 0

201
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k bfi
... z Smmm— x sba = - fi(xﬁ,b) LI A ) 5.3.4
j=1 ob. J ’
J
is= 1,2’31.o¢n

In matrix form equation 5,3%,4, can be written as

B,E)B = f T EX] 50305
of.
where the matrix B = - )
bbj

Since B is not generally symmetriec, multiplying both sides of
equation 5,3%,5, by ﬁr, the transpose of B

BT.B.éB = BT.f svseee 5.3.6

Writing BT,B = A and BT,f = G equation 5,3.6 becomes

1l
]

A.%B ceees DJ3.7
Then 6B = A 7,G ceres 5.3.8
The corrected values of the B's are given by B + 0B and the

process of correction is repeated until a minimum value of ¢ is
obtained, This method is also known as the Gauss method or the
Gauss-Newton method, If the initial values of the parameters
assumed are very near to the optimum values, this method can give

a rapid convergence, but in non~linear cases sometimes divergence
occurs after successive iterations and no minimum value of ¢ can be

obtained,

(ii) The Method of Steepest Descent This method makes corrections

to the trial vectors "b" by moving in the direction of the negative

gradient of ¢ given by

3 n of, (x,b)
o~ 1
6b = - bb = = a . 2.él Ob e fi(x,b) ersoe 5!309

where "a" is a suitably selected constant, In matrix notation, the

th

correction vector Ob in the r iteration can be written as :-

(2 Do’ = 6  eee. 53010
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where G has the same meaning as before and I is a unit matrix, The
values of the b's in the (r+l)1h iteration are given by

r+1

b =br+ 6br eesae 5.3.11

6b° is obtained by solving equation 5,3,10 and the process is

repeated until a minimum is obtained for the value of @_ The

method of steepest descent always converges if the initial values

of the parameters are close to the optimum values but has the disadvan-~
tage of very slow progress after the first few iterations,

(51)

(iii) Marquardt's Method Marquardt modified the above methods

and proposed a new method which he described as the '"Maximum Neighhour-
hood method'", This method again is based on the assumption that the
truncated Taylor series can adequately represent a non linear function,
Marguardt rewrote equation 5,3,7, as

(A + AL)8b =G ceess Dedal2
Gomparing equations 5,3,7 and 5,3,10 it is evident that methods
(i) and (ii) are incorporated in this formula where i replaces é
in equation 5,3,10, ©Eguation 5,%,12 can be described more clearly
as follows, Let "f" denote the function f(x,b), Then the matrix

A will represent .

i=1 ob
L k

7. A is a symmetric k x k matrix,
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If the elements of the matrix MA" are written as

119 B2 B3 eee Fp

A= 8'21 a22 a23 saw 3-2k

XX R
ssn e
senae
LN W

o ke s Bk

Then (A + AL) is obtained by adding *» to the diagonal of the matrix A,

6b is a vector of k elements and G is obtained as follows:-

n of,
Z L
i=1 6b1
: n
G = . X 7 f,
. e
n of,
P
wi:i 6bk ]

Thus G is a column vector of k elements, For convenience

(51)

Marquard proposed that MAM" and "G" should be scaled as follows:-

Q.
Aﬂ = (a;;'j) = _._.A-]-l——-_

Ja.., xvVa ...
JJ J3

1

G}E = (g}g) =-_.._-1'——-—

On solution the corrections Bbj are obtained by dividing O
by /éjj‘ The asterisks denote the scaled quantities, The g's are
the elements of the G vector,

Therefore after scaling equation 5,3,12 becomes

(a® 4 AD) x 6p" =G crees 5.3.13
and 8% = (¥ + A1)"1,6* cevee 53,14

Having obtained the corrections to the b vectors in the rth

iteration by solving equation 5,3,1l4, the zero trial vectors for
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(r+1)

the (r+l)th iteration are obtained as b = b ¢ Gbr, After

each iteration the Least Squares value ¢ is computed, The constant
r+l1 T
<d¢".

A is selected by trial and error such that ¢ Convergence

of the step lengths is said to have been achieved if lﬁbgr)‘/(T + ;b§r>l< g
5

for 211 j, (j = 1 —> k) for some suitable value of 8, say 10~ and

3 (51)

some appropriate value of T, say 10”7, Marquardt rroposed a
procedure by which A is varied after each iteration, In this procedure
equation 5,3,1%4 is solved for two different values of A in each
iteration,

Marquardt's method has been used successfully by 2 number of
authors, Krenkel(37) found it to be the most appropriate method
of curve fitting in his application of a diffusion model,

In this study it has been used for obtaining mean detention
values "t" and Peclet numbers in Chapter 4, If the correct values
of A can be chosen, convergence is obtained rapidly, Rapid conver-
gence is the best feature of the technique,

The major drawback of the method is that for each iteration
equation 5,3,14 has to be solved twice for two different values of
A, unless the values of A become éhe same in the course of the itera-
tions, Furthermore for more than three parameters the process of
calculation of the partial derivatives and inversion of the (A + AI)
matrix Pecomes lengthy, Also this process cannot be used to handle
constraints satisfactorily, If some of the parameters are very
small when compared with others, overflowing in computer analysis
becomes frequent,

(38)

(iv) The Method of Iaw and Bailey Law and Bailey proposed

a regression technique which is claimed by them to converge rapidly
if a unique solution exists, Using the same notation, equation

5.3.7 of the Newton Raphson method is modified as follows:ie
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Let D. = 6b. X g j= 1’2,3...k essee 503015
N R

and D =.S. D, IR 5-3.16
T j=1 J .

In equation 5,3,8 the values of the OB are umrestricted.
In this method they are restricted, by multiplying the ébj by «

(ébj)R = 0 X Bbj essee 5.3.17

where (Bbj)Rare the restricted corrections in the parameters and o
is the fraction by which the corrections are restricted, A ¢LR’
the cange in ¢ for a linear function over the restricted range, can

be shown to be equal to

A¢I‘R = (2“ - a2) X DT ecso e 5.3.18
Let A¢a = qé?) - ¢é?+l) ceses 53,19
and AqaR = ¢g?) - ¢(z§l) ceeee De3,20

where "r!" refers to the rth iteration and (r+l), the (r+l)th
iteration, A¢a is equal to the actual change in the ¢ function

over the unrestricted range, ¢a = ¢ calculated from equation 5,3.1,
A¢aR is equal to the act?al change in ¢Nover the restricted range and
¢aR is equal to ¢ calculated from equation 5,3,1 using restricted
changes in the parameters """, Using the terms defined above, if
the following criteria are adhered to, convergence is assumed,
(a) Dn obtained from eguation 5,3.16 must be positive if the
direction is towards a minimum, If a minimum is required and D
is found to be -ve, the sign of all the Sbj must be changed,

(b) If A¢é is +ve, the unrestricted calculation is converging
and if negative it is diverging and the present values of the
corrections must be restricted by multiplying them by a factor «,
(e) If A¢a is positive, the calculation is converging but the con~
vergence may be slow, The criterion A¢ R BA(bLR >0 ensgres

rapid convergence, A value of B between 0,1 and Q0,25 is found
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suitable for a maximum rate of convergence,

Law and Bailey's method is very useful when dealing with
unrestricted parameters, In the author's experience this method is
better than Marquardt's method in terms of ease of operation, The
trial and error involved in obtaining the initial values of A, and
the need to make computations twice are avoided in this method,

(v) Rosenbrock's Method When the parameters are constrained, or

more so if they interact, it is virtually impossible to obtain a
convergence using the methods outlined above, Rosenbrock's(Ba)
method eliminates the necessity of finding derivatives and gives an
easier method of optimisation, However this method requires a large
number of computations and iterations, for which a computer is essen-
tial, Rosenbrock's program is used extensively at present and is
readily available in computer libraries, The only task required of
the user is that of estimating the initial values of the parameters,
Without going into the complexities of the technique, it
may be visualised in the following simple manner, It is essentially
a modification of the method of Steepest Descent, in which the incre-
ments in the parameters ''b" are of arbitrary length while their
direction is fixed by the negative gradient of "¢”,
The components of a unit vector éo in the required direction

are given by equation 5,3,21,

T s 0\ 5.3.21
ER db. [ji'l (6b./] T

To illustrate, consider a case in which there are two
parameters b, and b,, If the value of the function "Q" is plotted
for various values of by and b,, contours of ¢ are obtained as shown

in Fig.5.3.1.
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‘;-~-~—¢ contours

Fig, 5.3.1.

The direction of x;o is given by the initial estimates of by and b,,
A correction is then made to b, or b, by an amount ae along a
direction parallel to 2;0, where e 1s a suitable step size. It is
customary to make e very small to begin with, If it is found that
e causes practically no change in the value of ¢ it is multiplied by
a factor a where a > 1, On the other hand if "e" causes divergence,
the value of ¢ is set between O and 1, The process of correction
in this direction is continued until the least value of ¢ is obtained
for both the parameters b, and b,, Then the second unit vector éﬁ
is calculated from equation 5,3,21, The %%T are computed from the
two adjacent points at the end of the 'éc’vegtor. Note that the

vector'kgo is perpendicular to the contour passing through the

starting points and that when a minimum is reached along EP it

becomes parallel to the local contour at that minimum point, é'

is therefore perpendicular to the local contour and hence perpendicular

to ‘io, The next vector a2 is perpendicular to 'é} and parallel to

'§>o, Thus the procedure is continued until a minimum is reached,
When there are K parameters, Q is computed along all directions

of E at each point and the direction along which ¢ is a minimum is

chosen at each point in the process, Essentially one parameter is
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varied at a time, keeping all other parameters constant, The

process is continued until no further improvement is obtained in Q,

N

after which a new trial vector E:is calculated by a method given

in Rosenbrock(52> which however is omitted from this outline, In

this way all the parameters are dealt with until an absolute minimum

is obtained,

(vi) Powell's Method A further technique available for optimisa-

(53)

tion is that of Powell . It is essentially an improvement on

Rosenbrock's method in the calculation of 2!, However the author
has experienced difficulty with this method in situations where

the contours of ¢ are flat, or form a plateau, such as that shown
in Fig,5,2,1 (two dimensional case) when the value of by is equal
to B' for instance, This condition arises frequently with the
models used in this study so that Powell's method is not considered

suitable,

5.4, Optimisation of the proposed model parameters

The parameters to be optimised in the models proposed in
Chapter 2 are my p, s, r, £, f, etc depending upon the complexity
of the particular model, However they do not occur explicitly in
the model, but appear in the time constants K;, K,, K5 etc and in
conjunction with f; and f,, They are also subject to the following
constraints,

(i) The value of each parameter lies between the limits of O and 1,
(ii) The sum of all the parameters which represent fractions of

tank volume is equal to 1,
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(iii) Any change in the flow fracfions f causes a change in all
the constants K,, K, Ks etc, al'ough the values m, p, s, etc
remain constant,

(iv) If the value of one of the tank volume parameters is fixed,
the range of operation of the other parameters is reduced by that
amount, For example if the optimised value of "m'" is found

o be equal to "a'" say then the range of values available to the
next parameter "p'" is 0 < p < (1l-a), For the next parameter the
range is still smaller and so on,

In the case of the more complex models such as the shortcircuiting
and recirculation model of Fig,2.8.5, the model curve consists of
eleven segments, for each of eight possible conditions, the different
conditions being given by the relative values of the time sonstants
and o, , During the course of optimisation, a small change in one
of the parameters may change these relative values, and thus change
the model from one condition where one set of eleven equations
applies to another condition where a different set of equations applies,
It has been found that with most of the above mentioned methods of
optimisation, such a change results in divergence rather than conver-
gence,

(52)

In the author's experience Rosenbrock's method was found to
be the most suited to the conditions and restraints described above,
The manner in which the restraints were handled is explained here,
using the four parameter model as an example,
m, p and f are replaced by m', p' and f' where
' - Arc sin (Vm)
p' = Arc sin </p/(T~m) )

Arc sin (/)

=
IH i

Hy
i

The values of m', p' and f' were optimised and the optimum values of

my, Py, s and f were calculated after each iteration as
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In this wa, 211 the constiraints are satisfied although the value
of s is rot oprtinised directly, An alternative method is ta optimise
all four parametoers and then calculate m, p and s values by dividing
the optimised velues by m - p + 8). However it was found that
this makes the cptimisation more difficult as there are four parameters
to be optimised instead of three, Indirect optimis. tion of s is

more satisfactory,

2.2 A typical flow diagram
In order to illusirate the process of optimisation, a flew chart
of the four parameter m~el c-nputer program is given below, showing

only the main Plncisg, Lo
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CO(Q) in subroutine CALCFX is computed from the equations given
in the deduction of the four parameter short circuiting model,
Initial values of the parameters m, p, s and f are estimated by close
observation of the output curve as discussed in Chapter 2, It is
very important that realistic initial values of the parameters are

selected as values chosen at random may result in a false convergence,

Except in the case of the five parameter modéi, the dbsolute minimum

of ¢ is unique for a particular set of values of the parameters,

5,6, Regression method for the pulse technique

An account of the method by which the Bode plot obtained from

a mathematical model is matched to the Bode data obtained by experi-
ment, thus finding optimum values of the paraméters in another way,
Experimental data obtained from the Pulse Technique may take the

form of a continuous record of the input and output pulses, or discrete

values taken at time intervals which may be uniform or random, In
the case of the direct simulation experiments in this study the time
interval was a constant, but in the case of the model tank values
at two different time intervals were recorded as mentioned earlier
and the computer program was written accordingly,

Again the success of this technique depends on the accuracy
with which the input and output data are recorded, Tracer recovery
should be as close as possible to 100%, 1In these experiments this
was difficult to achieve and in most cases the output curve was taken
to represent 100% recovery and the input pulse ordinates were adjusted
accordingly, This deviates from reality but was considered to be the
best way of dealing with the results under the circumstances, The

remaining steps in the analysis were as follows:



(i) The input and output data were normalised by dividing them -
by the average concentration Ca where Ca-T is equal to the area of
the output curve, The time t was also normalised to O, These

normalisations were not necessary but were made for the sake of

consistency,
(ii) As recommended by Law and Bailey(38), the origin for the time
scale of the output curve was shifted to the point when the tracer

first appeared at the outlet,

(iii) Magnitudef ratios for the data were then obtained for values
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of """ from O to "w, " where "w, " was a value such that the corresponding

M,R, was less than 0,1 or increased again for further increase in w,

The w values used were as follows:i-

[

Steps of 0,01 from w 0 tow=20.,1

Steps of 0,1 from w

0.1 to w

1.0

and Steps of 0,5 from w = 1,0 to w

W

This procedure was adopted because it was considered that at low
frequéncies, the system dynamics were not adequately reflected by
the magnitude ratio,

(iv) The magnitude ratios thus obtained were then normalised by
dividing them by the value of the magnitude ratig at w =0,

(v) Tor the particular mathematical model being fitted, the values
of the magnitude ratios corresponding to the same values of w were

computed, The parameters of the model were then optimised to give

the best fit of the magnitude ratios thus obtained to those of step (iv)

using the techniques of section 5.4,

5.7 Analysis by means of Analogue Computation

So far, analysis of flow curves by digital computer has been

presented, Curve fitting is also possible using an analogue computer,
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in which the mathematical models are simulated by appropriate analogue
programming, This method is generally quicker and easier, although
it can be said'that the results obtained are not as accurate as those

obtained from digital computation,
t

(1) Analogue programming of the two parameter model,

For ease of reference, the basic equations of the two parameter
model are reproduced below, It may be recalled that these equations
correspond to a unit input of duration §,,

0

Ii

(i) CO(G) e ccosccoesposnrecsres O<Q<K2

~(0 ~K,)
1-e ? /K1...... K, <0 < (0,+K;) 5.6.1

It

(ii) c;(g)

-(Q-Q1 —K.z )/K1 —(G-Kz )/Kq ’
~-e

e .e Q>(91+K!) J

(iii) CO(G)
Bquation 5,6,1(ii) above on differentiation yields :-

-(0-K, )
a _ 1l . /% where ¥ = CO(O)

do K,
. . a¥y o . .
Adopting the notation —= =Y it may be written
de
VT=-h (1-e /% -
Kq K
or Y=ot v 5.6.2
K K

Equation 5.6.1(iii) on differentiation yields :-

A R el LV

- e
e K
or vi’=—-_l'.Y sesssocee 506-3
K,

The Flow diagrams corresponding to equations 5,6,1(i), 5,6.2 and

5.6.3 in analogue notation are given in Fig,5.6.1,
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5.8 Verification of the two parameter model with the analogue computer

The two parameter model was verified using data obtained in the
direct simulation experiments, (Set Nos, 22, 33, 47, 55 and 69) and
the analogue program given in section 5,7, The mathematical model
was simulated on an Electronic Differential Analyser (P,A.C.E, TR 48
computer) and the resulting fit was plotted in the X~Y plane by a
P,A,C,B, Variplotter (Type 1100E),

The experimental data were plotted as C(Q)/Ci(G) against © where
Ci(Q) was the average input concentration, This method of reducing
the output concentrations gave the advantage of having the output
ordinates in terms of a unit step input.

Since the maximum value of Y in equations 5,6,2 and 5,6,3 never
exceeded 1, no amplitude scaling was necessary, A factor of 100 was
used to reduce the speed of integration., The potentiometers represen-
ting K, and K, were adjusted by trial and error until the Plotter pen
traced out a curve as close to the experimental curve as was possible,
thus obtaining a visual best fit, The fits to data sets 22, 33 and
L7 are plotted in Fig,5,6,2 and those obtained for data sets 55 and
69 are shown in Fig,5,6,5., The potentiometer settings and the Pen
and Arm sealing are given in these figures and the results are tabu-

lated together with the uncorrected "m" and "p" values on Table 5,6,1,

Set iTraction of P.M, 'Traction of Plug | Analogue éAnalogue
No, i(tank vol,) ‘Flow (pipe vol.) | value ¢ value
(m) (p) (m) (p)
22 0,k62 0,538 0,371 0,629
33 0,300 0,700 0.256 0, 744
L7 0,110 0,590 0,310 0,690
55 0,590 0.410 0,520 0.480
69 0,810 0.190 0,711 | 0,289

Table 5.6.1,
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02f

SET NO.22.
pot. no.  readings
25 0.01
28 0767
38 0234
50 0022
h1 0022

pen and arm scale=2
pot. time

scale=1:0/5

08 t

06

0Lt

C/C;

SET NO. 33.
pol. no. readings
25 001
28 098
38 0451
50 003
h1 003

pen and arm scale =2
pot.time scale=1:077
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FIGURES 5.6.2.




SET NO. 68.

pot no. reading
25 0,01
! 28 0.140
38 0.311
b0 0.028
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pen scale =2yt time scale1:2
arm » =]
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FIG. 5.6.3.
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C/C,

SET ND- 47.
pot. no-  readings

25 0.0

28 0965
38 0837
b0 0023
b1 0023

pen and” arm scale=2
pot.time scale=1:078

[oJN¢
10 15 20 25
F16.5.6.2. —8
SET NO. 70.
pot. no. readings
L9 090
h0,51 008
L0 025
25 001
28 0056
0109

pen and arm scale=Z
pot. time scale=1:Lb
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L/C,

SET ND. 77.
pot. no.  readings
L9 098
50,61  0.08
L0 0.20
25 0.01
28 0.038
38 0.126

pen and arm scale=2
pot. time scale=1:476

C/C,

©
0]
O]
05 10 15 20 25
— 0
SET NO. 72
pot. no.  readings
L3 035
50,51 0.08
L0 0.14
25 0.01
28 0.04
38 0.124

pen and arm scale=2
pot time scale=1:4.83

s 10 1B 20 25

FIGURES H.7.72.
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This method of analysis presents one difficulty in that it is
difficult to satisfy the constraint m+p = 1, Also losses in
potentiome ters, ammeters, integrators and other contacts such as
relays, require the time scaling of the plot to be adjusted, The
values of K; and K, are normalised by dividing each one by their sum,
The results obtained ultimately on comparison with the actual values

are found to be reasonably satisfactory,

5.8 Analogue modelling of the four parameter short circuiting model

In this particular case the positive type of shortcircuiting,
i,e, the type of short circuit which precedes the main flow was

gonsidered, The besic equations are given belowt~

Il

(i) CO(Q) O .-ou----cv.a..o'oooono<9<K3

(ii) Co(g) f -.oo'cooaoooooco'a.ooKB <Q<K2

1l

(i11) € () = £ + (1-1) (1-e~ (8K VKry <o < (g, 4%5)

(l—f)(l-e-(e—Kz)/Kq) ceeree(@+K3) <6 < (64Kp)
(l~f)(e_(g-g1-Kz)/K1-e—(g~K2)/K1) .o 6> (04K;)

(iv) CO(O)

(v) CO(Q)

As the analogue machine available for this study had only two com-
parators, the following modifications were made, Part (i) was omitted
altogether, The origin was shifted to the time K; so that part (ii
of the equation remains valid for a timev(Kz-K3), part (iii) remains
valid for a time 9, and part (iv) for a time (&,+K,-Ks;), Bven with
this arrangement a minimum of three comparators are necessary,

During the analysis the work of the third comparator was done manually,
The flow diagram of the model in analogue notation is given in

Fig,5.7.1.
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5.9, Verification of the four parameter model using the analogue

comguter

As a third comparator was not available on the computer the parts
of the diagram surrounded by dotted lines in Fig,5,7.1 were omitted,
The procedure for plotting the output curve and fitting it to the
experimental data by setting the potentiometers was the same as in
the previous case, The connection between the amplifiers A;, and Ay
was kept open until a time equal to (K;-Ks;) had elapsed, when they
were manually connected using the '"holding" facility, thus doing the
work of the third comparator, The time (K,-K;) was measured by the
movement of the plotter pen on the graph rather than by stopwatch,

The results of the fit are shown in Fig,5,8.2 together with the pot
settings, calculated scaling and arm and pen scales, For comparison
the results of sets Nos, 70, 71 and 72 are tabulated in Table 5,8,1
along with the actual values, Considering the approximations

inherent in an analogue circuit, the results obtained are satisfactory.
It should be noted from the transformation of the equation for the
analogue progreaun that it is necessary to know the correct value of

K; in this case before commencing the analysis, If a third comparator
had been available the results would have been better, and again various

electrical losses contributed to errors in the results,

Set fActual Analogue
No, m P 5 £ m P 5 £

70 0,66 0,326 0,014 0,25| 0,555 0,315 0,05 0,25
vl 0,66 0,326 0,014 0,200,618 0,343 0,04 0,20
72 0,66 0,326 0,014 0,15} 0,618 0,350 0,032 0,14

Table 5,8,1.
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5.10 Analogue program for the recirculation model

An analogue program for the recirculation model is given below,

The relevant equations are restated here for convenience,

(1) COCO) =0 tecessasse 0 <8 <K,
(1) ¢ (0) = —(—i—l—f-)- (1o (&K /Ky s K, <8 < (84K,
+
(1312) © (8) = —L— (o(O-& -Ko)/Ky _ -(0-Kp)/Kyy
© (1+1)

(0 +K; ) <0< (2K, +K;)

i

24 T I f1- e =)

(iiib) C (8)
° (L) (1+£) * X,

e-(g—ZKz‘K3)/K1}:] eves (FKp+Kz) <B< (0, +K,)

]

(iv)  C(0) = —2— [e=(8=8 K2 )/ Ky _ ~(6-K3)/Ky £

(1+£) 14
{‘1 -1+ 9-21<2-Ka e-(e—zx,-z«:; )/K,,} .
K, .

esese (g1+1{2) <e < (91 +22<2+K3)

or (2K2+K3) <g < (91 +'2K2 + K})

(v) c (o) = _2;_[e'(Q—Q1“Kz7/KLe—(9-K2)/K1+ £ {(l+ Q-QI_EKZ_KB)
1+f T+ f K1 | |
e—(@-91-2K2—K3)/K1 - (1+ gzégzzgl)e-(g-ZKz_K3)/K@}
v J

sesee g>g1 + 2K2 +K3

Again for convenience the origig is shifted by an amount K,,

In differential form parts (ii) and (iii) can be written as follows:-
1 1

(ii) -'Y="-"Y+_—— evase O<g<g1
Ky (1+1)K,

(iiia) ¥V =--27Y veees O <O < (K + K5)
. 4 2 3

Equation (iiib) can be transformed as follows.
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Let Y = CO(O) in (i1iib) above,

Then ¢ _ L. 1 o(OK)/K £ g _}_(1+9;2_Kz_-;1§5)e—(9-2K2-K3)/&}]

i

+f K L+t b K Kq
L (e K5 ) /Ky ]
L
or S [1- e-(Q-—K2 )/ —e gl - (1 + 8- % )e‘-(Q‘-EK2 5 VKQ]
K (1+£) (1+£) K y

e SCREES /% )}
K (1+8)0 14 !

I

or Y=L 1 éfl___f__(l+e—(e-a{2-1<3)/xq)}(
K K (f) - 1+f 5

Differentiating again

lY = - /K1 + ’ f O"(G’EKz"K3 )/qu
Ky (1+£) Ky (1+£)
S S e T I RS APy
(1 - -
1+%
or :Y:z--Y--..l-z + 1 .....(K2+K3)<Q<Q1

K, K K2 K(1+£)?

Part (iv) can be transformed in a similar way to

Y="'%¥""¥'+——£_—'—- 9.......91<Q<(Q1+K2+K3)

Ky K& KZ (1+£)2
or (K + K3y) <8< (@ + K, +Kz)
Similarly part (v) yields

Y="_--' ooaooo-og>(e1 +K2+K3)

The flow diagram for the model transformed as above is given in
Fig,5.9.1 for K, < (6;+Kp) < (2Ky+Ks) < (8 +2K,+K3 ),
It can be seen from the flow diagram that for operation of this

program, at least four comparators are necessary, Moreover the analogue
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machine should have two ¥ plotters with a change over at time (Ky+K;)
from one to the other, The use of two ¥ plotters can be eliminated
by holding at time (K,+Ks;) and manually connecting the amplifier A,
to the Y socket directly, The available equipment was found to be
unsatisfactory in that the four comparators could not be made to
work simultaneously at any one time, Consequently this model could
not be simulated satisfactorily in the time available, but it is felt
that reasonable results could be obtained on properly functioning

eguipment,

5.11 Conclusions

Two methods of computer analysis have been illustrated in this
chapter, digital and analogue, Although the results obtained from
the analogue are approximate, it is a much quicker procedure, For
complex cases it is difficult to apply and considerable errors may
result, With the digital method using Rosenbrock's optimisation
program, generally more accurate results can be obtained without much
effort on the part of the analyst, However no account is taken here
of the economics involved, It must also be remembered that in either
case good optimisation depends on the accuracy with which the initial

values of the parameters can be estimated,
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CHAPTRER VI

DISCUSSION, CONCLUSICNS AND RECOMMBIDATIONS FOR

FURTHER RE3EARCH
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6,1, Summary and discussion of work done

In any study of the behaviour of a flow through system, some
insight into its hydraulic characteristics is most helpiful, Such
knowledge is useful in comparing flow-through systems, and alsoc in
designing systems to meet particular needs, In many cases the
mechanisms that goven the hydraulic behaviour of a flow system are
difficult to measure in a physical way. For example it is difficult
to measure velocity distributions, or pressure distributions, or
density gradients in a sedimentation tank or an oxidation pond
containing sewage,

Such systems have been studied by obtaining I'low Curves or
Residence Time Distribution curves from tracer tests, and analysing
these distributions statistically, However, as was evidenced in
Chapter L4y it is difficult to infer anything about the physical
behaviour of a system from the statistical parameters of such a
distribution curve, In this thesis mathematical models are
proposed which have a closer connection with the physical behaviour
of the flow in a system and consequently give a more useful inter~
pretation of the flow curves obtained from tracer studies,

In this study the system is considered to be composed of elements
such as the perfect mixing element (or zone), the plug flow element,
the short circuiting element etc, In the actual system it is clear
that such zones caunot be distinguished and do not exist independently.
However this compartmentalisation approach is considered to be the
best available, and there are precedents for it, for instance in the
elementary theory of sedimentation, in which a tank is regarded as

consisting of an inlet zone, an outlet zone, a settling zone etc,
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In the present study therefore the system is regarded as a number
of idealised flow zones combined in series and parallel, Attempts
at such modelling which have been made in the past are described and
discussed in Chapter 1, Systems were analysed in terms of "C'" and
P diagrams which are the response curves corresponding to an
instantaneous input (a Dirac Delta function) or an ideal unit step
input, .

In most of these analyses the importance of the frontal inter-
face of the tracer, which produces the rising limb of the flow curve
has been minimised or neglected, Other omissions in general have
been the quantity of tracer injected and the duration of injection,
In this analysis care is taken to measure the tracer input as it is
considered of prime importance,

Since it is not practicable to produce a pure impulse, a
rectangular input pulse of suitable width and height was used,
Mathematical treatment of a rectangular input is not too difficult
as has been shown in Chapter 2, In that chapter six different
mathematical models were proposed, Control theory was applied in
the derivation of these, involving a number of appréximations and
simplifying assumptions, Such approximations are inherent in all
mathematical modelling amnd in the author's opinion do not render the
models invalid in this study,

The first of these models, in which plug flow and perfect mixing
are combined in series, is useful in analysing simple flow curves with .
a smooth rise and a smooth fall, In these cases, the time from the
firsi arrival of tracer at the outlet to the peak of the curve, is
equal to the duration of the tracer input pulse, The time of first
arrival of tracer at the outlet depends on the extent of plug flow

and perfeet mixing only and is not related te ''dead space" volume,
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The length of the tail of the curve depends entirely on perfect
mixing,

Since short circuiting or differential flow occurs in most
systems a four parameter short circuit model was developed which
differs from earlier work #n that the short circuit is not regarded
as instantaneous, A more realistic short circuiting volume is
introduced, which is assumed to be a plug flow volume, thus intro-
ducing a time constant for the bypassing flow, Thus short circuiting
is redefined as a bypassing flow in parallel with the main flow,
Depending on whether the short circuiting fraction of the flow reaches
the outlet earlier or later than the main flow, it is referred to as
"actual” (positive) shortcircuiting or negative shortcircuiting, In
~ this connection "dead space'! is rédefined after the manner of Levenspiel
as the volume occupied by the relatively slow moving fraction of the
flow, Thus the volume corresponding to a negative short circuit or
"long circuit" can be considered as effective "dead! space, In any
case the introduction of a short circuiting volume has made the
analysis more flexible, The relative positions and heights of the
two peaks of the flow curve, give a guide to making an initial estimate
of short circuiting volume and flow,

Since the introduction of a plug flow short circuit results in
a sharp rise and sharp fall in the flow curve, a series combination
of plug flow and perfect mixing was introduced in the short circuit
path, as being more realistic, This model is referred to in the text
as the five parameter short circuiting model, The introduction of
this type of short circuit smoothes the rises and falls in the flow
curve and again makes the model more flexible, It is‘clear that with
this model, either of the parallel flow paths of the model can be

considered as the main path, The effect of shortcircuiting time on

(9
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the relative positions of the peaks has been discussed in detail in
Chapter 2 with the aid of computer generated curves.

The next model considered consists of plug flow and perfect mixing
in series as the main flow path, with a plug flow recirculation path
in parallel, The resulting transfer function contaims exponentials
in the denominator and therefore gives a multipole solution, However
for simplicity, the denominator is expanded by Maclaurin's series and
all terms except the first two are regarded as negligibly small and
are omitted, This assumption is true in the case of a small recir-
culating fraction, TFor example cousidering the data of curve 1,
Fig.2,7.4, in which K; = 0,546, K, = 0,254, K; = 1.2, £ = 0,1, when

w = 2 the value of the magnitude of the term

~5(K, +K5
e

f )/(1+K1S)
(1+%)

is 0,05 and hence the powers of this term greater than 1 can be neglected,

With this truncation, the inversion of the Laplace Transform is not
difficult, As a result of retaining only two terms, only one recir-
culation peak is obtained from the model, This model could be
improved by retaining further terms in the series,; but this would
result in complex mathematics, In any case when the main flow
consists of plug flow and perfect mixing in series, it is considered
that unless the recirculation flow is large, secondary peaks due to
recirculation will not be distinguishable in the tail of the filow
curves, Therefore the model is useful for practical applications,
However in systems with predominant plug flow the subsequent peaks
caused by recirculation will be prominent and distinguishable, For
such cases it is necessary to retain further terms in the MacLaurin's
series, without much difficulty in inversion,

Two models with three branches in parallel were neXt examined,

The main flow path consists of perfect mixing and plug flow in series,
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This main path is combined with a shortcircuiting path and a recircu-
lation path, cach of which is »lug flow, In the first model none of
the recirculated flow passes through the shortcircuiting path, whereas
in the second case shortcircuiting of the recirculated flow is possible,
With these two models, especially the latter, most flow systems can
bé simulated, However estimation of the initial values of the para-
meters is difficult and requires much experience, In all recirculation
models it is assumed that macro recirculation takes place from outlet
to inlet, Since macro and micro recirculation contribute to perfect
mixing, it may be difficult to isolate the recirculation element from
the perfect mixing element of the main flow especially when the recir-
culation time is short compared with the main flow time. It has been
found that recirculation lowers the peak produced by the main flow and
produces a hump or bulge on the falling part of the flow curve if
shortcircuiting is also present, In these models plug flow recircu-
lationonly was considered, whereas a combination of plug flow and
perfect mixing recirculation would have given better results, However
this would greatly increase the complexity of the mathematics, apart
from increasing the number of parameters,

In Chapter 3 a description of the Pulse Technique is given and
its application to the models of Chapter 2 is illustrated, The use
of a single pulse input instead of a sinusoidal forcing function is
necessary for practical reasons, This part of the work is capable
of further extension in view of the fact that the Pulse Technique has
several advantages over the direct method of Chapter 2, The advantages
of the pulse technigque are enumerated below:-
(i) Inversion of the Transfer Function is not necessary,

Therefore in cases such as the recirculation medel, curtailment

of the series is not required,
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(ii) It is specially useful in the case of complex and high
order systems,

(iii) Any arbitrary input pulse shape can be used without extra
mathematical complexity,

(iv) If the frequency response of individual elements of a system
is known, these can be synthesized on a Bode Diagram to
determine the response of the whole system.

(v) Stability and sensitivity analysis can be considered if the
frequency response of the system is known,

A single pulse is especially advantageous, apart from its
practical advantages, in that it can contain a large number of
harmonics so that the response of the system over a wide range of
frequencies can be détermined_ This is especially useful for
stability and sensitivity analysis,

In the latter part of Chapter 3, sensitivity analysis was applied
for a number of models, and the deductions made were found by experi-~
mental verification to be valid, For example, it was fouhd by
sensitivity analysis that the introduction of a 5th parameter into the
L parameter model did not change the sensitivity of the model transfer
function very much, This was supported in the analysis of experi-
ments in Chapter 4, In fact sensitivity and stability analysis are
more useful in the case of complex high order systems, This part
of the work is capable of further extension,

In Chapter 4 verification of the proposed models was undertaken
in two stages. Various combinations of idealised flow regimes,
or as ideal as it was possible to obtain in the laboratory, were
connected together to provide a direct physical analogue to the
mathematical model under consideration, Perfect mixing was simulated

by intense agitation of water in a vessel using diffused air, Plug
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flow was simulated by turbulent flow in a tube, Shortcircuiting and
recirculation were simulated again by turbulent flow in tubes,
controlled by means of a pump, It was found that the mathematical
models could be used to analyse the flow curves produced by various
combinations of these elements, and identify the different components,
in spite of thé fact that the components were by no means ideal,

The fractions of perfect mixing and plug flow in the perfect
mixing vessel and plug flow tubing were computed using the two parameter
model, which pre-supposes the validity of this model, However in the
absencerf any alternative approach this was unavoidable,

In the second part of the experimental work, a series of tests
were carried out on a model rectangular tank, The outflow curves
obtained were analysed by neans of the models proposed, The flow
rate through the model tank and the height and width of the input
pulse were varied in these experiments, The results obtained showed
the expected trends, For example an increase in flow velocity
through the tank results in an increase in the plug flow fractions and
a decrease in the perfect mixing fraction, Short circuiting flows
also show a similar trend, decreasing with increasing flow rate and
vice versa, This tends to support the new definition of short circuit
and effective "dead" space,

In these experiments the input pulses were measured, The time
of injection, the quantity of tracer injected and its concentration
were measured so that the percentage of tracer recovery could be computed,
It was observed that an input pulse of suitably long duration smoothes
the outflow curve and the effects of different flow conditions
such as short circuiting and recirculation, The use of a long pulse
means that tracer can be injected at low concentrations and the rate

of flow of injection can be kept at a low level, These measures
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ensure that the normal steady flow conditions of the system are not
upset during injection,

In spite of the precision with which electrical conductivity was
measured during the experiments, errors have given rise to inaccurate
tracer recovery values, The most important variable which gave rise
to such errors is considered to be temperature, It has been found thaf
at the higher concentrations of salt, the change in conductivity per
degree centigrade change in temperature may be as high as 20 pvy and
furthermore the relationship between concentration change per degree
temperature change and concentration is non linear, Small temperature
variations did occur during the course of experiments which were not
recorded, However in general it was found that when the experiments
were conducted one after the other under identical temperature
conditions insofar as was possible, reproducible results were obtained,
The importance of temperature control in obtaining reproducible results
has also been reported by Tekkipe et al_(zo), because of its effect
on the flow patterns within the system, particularly when the flow
is slow, Other errorgjwhich may occur in the measurement of
residence time distribution using the conductivity tracer technique,
such as stratification within the conductivity cell, incomplete
mixing of the flow, method of sampling etc, as reported by White(sq)
were not found to influence the results of these experiments,

In Chapter 5 the computer techniques used in analysing the flow
curves and fitting the proposed models have been presented, It was

found that Rosenbrock's(sz)

optimisation technique was the most
useful one for optimising the values of the parameters, but that
a great deal depended upon the accuracy with which the initial values

were estimated at the beginning of the optimisation process, It was

found that the best approach was to study the shape of the output
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curve, and assume some initial values for the parameters which govern
the shape and position of the peak, Using these initial values some
intermediate ordinsates on the rising and falling limbs of the curve
are computed by hand and the initial estimates are changed accordingly
by trial and error, This is a cumbersome procedure but there appears
to be no alternative, In the latter part of Chapter 5 the use of an
analogue computer for curve fitting was illustrated, For a simple
flow curve a simple analogue can be conveniently used as shown, but
with more compler models a hybrid computer would have been more useful,

There is scope for further work in this direction,

6,2, Comparison with earlier work

In this section a comparison is made between the models proposed
in this thesis and a number of models or techniques which have been
proposed in the literature on the subject,

Statistical methods illustrated in the latter part of Chapter 4
suffer from the disadvantage that the parameters used, generally
calculated by moments, are greatly affected by truncation errors,

In this connection the importance of the tail has been studied by the
author by generating curves with the two parameter model and determining
the mean time by taking first moments about the origin, It has been
found that for predominantly plug flow conditions, the mean value so
determined is reasonably accurate, but with a high perfect mixing
fraction the error in calculation of the mean is great if the tail is
prematurely truncated, Tt has been found that with 90% perfect

mixing the error in méan time is 14% even if the area omitted by
truncating the tail of the curve is only 4%. Even with 0.002% of

the tail area omitted by truncation the error in the calculation of

mean time was found to be 1,2%, In this exercise the moments were
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computed using the trapezoidal rule with a step size of 0,001, It

can be seen that such an error could easily be attributed mistakenly

to the existence of "dead" space or a stagnant zone in the systen,

Apart from possible inaccuracies in the computation of these statistical
parameters, they give no great insight into the physical behaviour

of the system,

(&)

Rebhun and Argaman proposed a method for determining "m",

"p" and stagnant volume which ia described in Chapter 1, In order:
to compare the results obtained by their method with the methods
proposed here, a number of experiments were performed on the model
tank at flows of 5, 10, 12 and 14 litres per minute, The input pulse
was reduced in duration of injection to a value of 15 seconds in order
to simulate an impulse input, and the concentration consequently was
high in order to obtain an accurate result, The flow curves were
analysed and log[1-F(®)] versus © was plotted for each curve, in

order to obtaln values of m, p, and the "dead! space, The results
show that the plug flow fraction remained constant around 40% through-
out the flow range from 5 litres per minute to 14 litres per minute,
These plots also gave unrealistic "negative! dead space volumes,

A typical plot of log[l-F(@)] against © for a flow of 14 litres per
minute is given in Fig,5,2.1, For comparison the results obtained
from the two parameter model fit are plotted in Fig,6.2,2 along with
the "p" values obtained by Rebhun et al.'s method. The discrepancies
between the two.methods of analysis are very great, From a realistic
standpoint the values obtained from the two parameter model fit are
more satisfactory, The more complex models give still better results,
Rebhun and Argaman's analysis also gives negative dead spaces in the
case of their experiments which they attribute to inaccuracies in

experimental technique, This explanation seems unlikely and it is
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suggested here that the analysis in invalid,

Various diffusion models have been put forward in the literature
for determining the degree of mixing in flow systens, The basic
equation from which the diffusion models are derived is given in

Chapter 4 and is reproduced here

é-g.—D éfﬁ_u-b—g-
- 3t ox2 3x
Murphy et al,(56) used the solution of the above equation given by
ok £
Thomas et al,(57) as follows i~
o @ un(U sin Wy, + By, COS un) (v + un?)e
c, ey (U2 20+ ?) 2u
t s 1
where 6 = T o1 U =3 5 and w, are constants
/uL

iy B2y W3 eeaes Moo and are given by the roots of the equation
i
- U
B =cotl[(~r}._.—-) ]
n /2
U Yy

HD"

L is referred to by Murphy et al, as the Diffusion number and
: C
was determined from the peak of the flow curve by making d( /Co) =0

de
in the concentration equation given above,

As the level of mixing is an important factor in the design of
an aeration tank in an Activated Sludge unit, Murphy et al, have
suggested %L as an important parameter for design purposes,

For comparison purposes a flow curve obtained experimentally by

Murphy et al,(55)

is reproduced in Fig,6,2,3. Because of lack of
information regarding duration of the tracer injection, 6, was deter-
mined by the author by trial and error, It can be seen that in spite
of this the four parameter and five parameter models show a reasonably

good fit to the experimental points, It can be seen that the diffusion

model of Murphy et al, gives the best fit of the three, but it is
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suggested by the author that it gives the least information about the
flow system, The five parameter model.on the other hand indicates
that about 15% of the total volume of the tank was relatively
stagnant although 98% of the total volume was perfectly mixed, Out
of this, about 13% perfect mixing takes place in the stagnant zone,
It is suggested that this type of analysis gives a better insight
into the hydraulic behaviour of the tank than the one parameter
diffusion model above,

A second diffusion model is that used by Krenkel et al,(48)
explained in Chapter 4, This model is currently used for the deter-
mination of longitudinal mixing, This is a two parameter model in
which T is the mean time of flow and P is the Peclet number = B% .

For comparison purposes experimental set No,120 is plotted in Fig.6,2.4
and fitted with Krenkel et al,'s diffusion model, and the author's

four parameter model, The latter gives a better overall fit of the
data and can take account of the drop in the output curve at @ = 1.5
caused by short circuiting in the system, The diffusion gives a

good fit up to the peak, but thereafter deviates from the curve
considerably, The four parameter model also gives more information
about the flow conditions, A marked disadvantage of the diffusion

model is that it cannot be used in the analysis of flow curves with

more than one peak,

6.3 Possible uses for the proposed models

Apart from their probable use in the field of Chemical Engineering,
the proposed models could be used in the analysis of the flow curves
obtained from some of the flow systems and treatment units used in
Public Health Engineering, particularly in water and sewage treatment,

In cases in which retention of the liquid within the unit for a particular
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length of time is the primary function, as in the case of a chlorine
contact tank, the merits of different designs can be assessed by
carrying out flow tests on existing systems and analysing the results.
The type of design which produces the maximum plug flow fraction in
this case is the most desirable,

Tests of this type have been ﬁerformed in the past on sedimenta-
tiontanks with somewhat inconclusive results, In many cases the
actual experiments performed have not been completely satisfactory,

It is essential that in the case of either an impulse input or a

thick pulse input that the tracer be fully mixed with the flow before
reaching the inlet of the unit, In many cases the tracer slug has
béen dumped into the flow indiscriminately just upstream of the tank
inlet, tending to lead to meaningless results, In a sedimentation
tank the extent of plug flow is said to determine thelsettling
efficiency of the tank, greater plug flow being associated with better
efficiency, However in the author's opinion more research is necessary
to correlate settling efficiency with plug flow or perfect mixing.

The immediate value of such analysis is possibly the determination

of shortecircuiting or recirculation caused by the existence of

density layers,

In studies on the kinetics of bioxidation and nitrification in
waste treatment units analysis of this type may be found helpful,

Most practical units have flow regimes intermediate between that of
an ideal tubular reactor and a perfectly mixed reactor, Information
on the degree of longitudinal mixing can be obtained by the use of
these models, Similar information could be obtained from studies

on oxidation ponds, lakes and river reaches, particularly with regard

to short circuiting and recirculation,
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These techniques have possible uses in the study of Physiological
flow, to which control theory is frequently applied, As early as 1954
Meier et al,(57) introduced the dilution technique to the study of flow
and the measurement of volume of blood in arteries and veins, By
injecting an indicator dye into the venous system at a suitable point
and taking samples at some suitable point downstream, the flow of
blood or the volume of the system may be determined, In such measure-
ments it is assumed that the dye is completely mixed on injection,
Again the heart may be regarded as a reactor in which mixing is obtalined
by turbulence, It is considered by many investigators that the
ventricles are perfectly mixed compartments and the auricles are plug
flow compartments, There is some controversy over these points but

Macdonald(58)

suggests that in greatly distended hearts approaching
failure, the ventricles cease to function as perfectly mixed vessels
and large volumes of blood accumulate at the end of the systoles
creating stagnant zones in the heart, In such cases the extent of
mixing, plug flow, shortcircuit or stagnancy could be conveniently
determined by the models proposed in this work, Again according to
Macdonald(58) in such studies a prolonged injection of tracer gives
better results than jet injection (or an impulse input).

The stimulus response technique has also been used in studies
on the kidney(59), It is considered that a long tall or a secondary
peak on the response curve is a symptom of malfunction of the kidney
and indicates blockage, The use of the models developed in this
study would certainly give nore insight into the behaviour of the

kidney, In general the response of any part of the body to cardiac

output could be analysed by these methods,
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6,4 Suggestions for future research

In this thesis a method of analysing the flow into a number
of assumed flow zones has been presented, No attempt has been made
to take account of any changes which might be taking place in the
constituents of the flow or to apply reaction equations to the models
in order to determine the overall kinetics of a reactor or unit process
such as a sedimentation or chlorination tank, Since in practice
most flow systems exhibit changes in fluid composition with time and
these are of major interest, it is suggested that future work should
.concentrate on this aspect, It is felt by the author that the
application of reaction equations to these mathematical models of
flow may lead to useful results in the prediction of outlet concen-
trations of the flow constituents,

In addition the following suggestions are made for the use of
future investigators:
1. For reproducibility ahd reliability of experimental data it is
essential that the temperature of the fluid flowing through the system
should remain approximately constans, This can be attained by thermo-
static control of feed water temperature, A system as used by Tekkipe

et al,(zo)

can meet this requirenent,

2, It has been observed that as the duration of the input pulse
increnses, better and better fit of the experimental data with the
proposed models is attained, It is felt that there is an optimum

height and width of the input pulse for getting the best fit, Ulore

research is necessary to determine this optimum,



3. Thc analysis of the flow curves obtained from field units such
as the aeration tank is not yet well defined . It is hoped that
analysis of flow curves obtcined from models of different scales by
the :odels described in this vork will enable future investigators

to lgek more th .roughly inﬁé the behaviour of such units as mentioned

t
r .

above ., ’

Lo It is felt that the Pulse Technicue should be more thoroughly
investigated . For accurﬁte measurement of the input and cutput
pulses , a radio active or photo sensitive tracer and an automatic

contimious recording device can be used .

251
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APPENDIX

1. Special Functions @

A number of special functions used in Chapters 1 and 2 are
described here,

(a) The Unit Step Function U(t-a) is defined as follows @

U(t-a) = 0 for t <a

i

1l for t >a

If used as a multiplier of a function, it has the effect of
wiping out all values of the other function before t = a, It is
useful in representing pulses and in the step by step reproduction
of complicated functions, These properties of the Unit Step Function
have been extensively used in Chapter 2,

-as

The Laplace Transform of U(t-a) = S— and L U(t) = 1/s,
s

(b) The Dirac Delta Function ©6(t-a) is defined as follows :

8(t-a) = 0 for t £ a

cfor t = a
a+¢é

Also ( §(t-a)dt = 1

« Qm€

It denotes an Instantaneous Unit Impulse and represents a pulse
of infinitesimal duration, infinite intensity and unit magnitude
occurring at time t = a, If used as a multiplier of a function f(t)
as shown below, it "'picks out" the value of £(t) at any instant t = a,

1 C
(1) &[ f(t),8(t-=a) dt = f(a) when b <a < ¢

b
as

and §(t) =1

(ii) Laplace Transform of 6(t-a) = e

(111) & (U(t-2)) = 8(t-a),
dt

(c) Convolution ¢ It is an operation which gives the inverse transform
of the product of two transforms directly in terms of the original

functions,
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et F(t) and G(t) denote any two functions that are sectionally
continuous in each finite interval 0 < t < T, and let F(s) = L[F(t)],
G(s) = L[G(s)], Then

Nes t
F(s). G(s) = j ¢St j F(1).G(t - T) 4T dt and
~ 0 o
-1 t
L™ [F(s) . G(s)] = j F(T) , G(t - T) dr
o}

The integration operation as given above to get the inverse of
the Laplace transform is known as convolution and is usually denoted
as F(t) * G(t),

The various properties of convolution are
(1) It is commutative i,e, F(t) # G(t) = G(t) « F(t),

(i1) It is distributive with respect to addition :
F(t) * [G(t) + H($)] = F(t) * G(t) + F(t) - H(t),
Also F # (KG) = K(F # G) where K is a constant,
(iis) It is also associative
F(t) * [G(t) * H(t)] = [F() * G(£)] * H(D)

As mentioned in Chapter 1, these properties of convolution can
be conveniently used for determining the response of a system to any
input pulse function ¥(t), if the response of the system to a Dirac
Delta input function is known,

Let G(t) be the response function of the system for a Dirac
Delta input, Then the output function C(t) for the input F(t) is

obtained by convolution

t
o(t) = | F(t-m) , 6(7) ar,
~0
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2, Inversion of a number of Laplace Transforms :-

Details of the inversion of a number of the Laplace Transform

described in Chapter 2 are given below,

(a) 1t L . It has a single pole at s = - =
1+Ks &
st ;
o.. L-l "——“""l = Lim 1 [ = ("ﬂ{(;}
1+ Ks 8 = - = 14K 8
K, o Ky
-t
= e /K1
' -1 1 ,
(v) L = ~=———=—— , It has two poles, one at &8 = O and the
s(1+K, 8)
1
other at s = ~ &=
K4
- st
. P S LResidues of =——— at the poles,
s(14K, 8) s(1+K; )
..,eSt est,( .
= Lim —=—— 4 lin , ———— >
&0 s(l+K, s) g~ - o s(1+K, 5)
=1-~-ce /%4
-Kzs
(e) . ~l1-e (K] yiek,),  This is
s(1+K, s)

obtained from the Translation Theorem of Laplace Transforms and

the deduction obtained from section (b) above,

(d) L-l[l / s(1+K, 5)2], This can be solved from the fundamentals
of Laplace Transforms as follows,

1t [1/ s(1+ qu)a]

1t [(1/K, %) / s(s + %-4-)2]

1l

. ¥+100 ']‘_'2 eSt ds

| e
v=ico s (s+ /K, )?

2ni

ZResidues of [eS{"/Ig2 s (8 + /¥, )2] at poles s = O and
1

8 = = =

It
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The residue R, at s = 0 is

st
s e

By = lim
g0 s K2 (s+%4 )2

=1
And the residue at 5 = - %
1
1 d 1 eSt/ 2
R, = lim = S [(s4z2 2Ll
1 T3 K, T
5 = = s (s +=)
K4
st
. 1 d e
=ln o, feem )
st st
1 . s,t, - @
=gz . lin ) [Z ]
TR
R L Z IR L _
% 1, 2 K
/%

—r

t
.',}AIResidues =R +R =1- (1 + %:9 e /a

o) 1 o (ZKp + K;)s
e

s (1 + K 8)?

t - K, - Kz =(t - XK, ~ K3 )/K
= I:l - (i+ ) e ] - U(t"a{z - K;)
Kq

This is obtained from the Translation Theorem and the deductions

of section (d),.

3, Dreifke's Trapezoidal Approximation @

(a) In Chapter 5 the Fourier Transform of the function

B8y =g (L-fy oy, g (b
=ty At TRt T otisl VBt T BT |
has been presented, Here the details of the solution are given,
,ti+1 'ti+l
ot Lt t - 55wt
FI[£(t)] = fi(l == == e dt + fi 1 (="~ —=)e dt
It, At At TRlt, At At

1 ks
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o F11 Y4 gt
jt fi(l + i _A"b) e dt
i
B ti+l t. - fi ti+l it
- ‘ £.(1+ ) e Mt - = ‘ £, e IVVdt
Jy At B
i i

T, f s i+l
. ¢ -dwt r 1 -jwt
£, (L At)(- L™ - 6= e [ e )
.

t il . . A
Syl Ayemdwbier _ _mdwbiy _ L oppl Lyomdvh 7 —Jw‘c] i
fs (1+ A'b)( jw)(e ° ) At e jw)e W

t,
1
£, ] t. - Jwt, -jwt, -jwt, . =jwt :
3 i i+l iy 1 ivl_ 3 i+l
= ——*—w [(l-"A-E)(e e ) E[ti}le “ e
- Jjwt . =Jut
-t.e +de . ]
i W
_f Y C '3“’J°i+1(1 N fi _ t1+1 J 2 e'JWti(l YOy . J 3
T Tw At - TAt T Wkt 5T TR T Wlt
£, 3 -jut . -jut, t, t
i, 1 3 3 i o o i i+l
= [e + Wbt (l + WAt)e ] [ o 1 + K_E t ]
. t,
Again, i+l %
+ iy, ~jwt
i+l (E - E> dt
t,
i
% -jut, - Jwt, -3
1 1 i+l i i+l (3 i+l
fi00 - 50 e - G B ©
2 Jwt, . ~Jjwt o =Jut,
i+l ] i i
%- -2 te + %2- e )
j[ 23; e—JWti+l+ f_}_ e—Jth 1 "'Wt:wl_ i e-Jw i+l
1415 ¢ At AT Vil W
~jwt . =jwt
- 4 1
£, e + e )]
., ;[e'thi+1 ! ~dwty by ¥

I S = S I i i, Ay
141y TEt R TaD) t © (£ - =+ o)
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PN j P!

= £, 1. % [e (L= =)+ =5 e ]
f .j . —JW . . —jwtu
. - _ 3 i+l 3 1
CTLIER)] = = ip e Q-+ Sap) e ]
i+l J[(l - e-jw Wi, L e-th
Wbt +t WAL ]

(b) The regrouping of the terms in equation (3-2-'2) by separating the
real and imaginary parts is done as follows:
As an example only the first term in the above equation is

considered here, The term is

]
L
= .
r—1
S
|>
ot
.
t
o
=
B
ct
1
~
|_l
+
(0]
e
)
£t
L

| - =t | =jwbt 3 S
= .% [e b ;;ﬂ-; e IV - 1)]. TFrom Euler's Relationship,

. - § s {1 - 3 8i S B
= 5.5 [(cos wt, -~ j sin wh )f = (cos wAt ~ j sin wit) e -11]

= [(cos.wt, - j sin wty) ;v—g—t-cos wll\t+81nWAt--x—- —17
= £, .-% L m%%- cos wi . cos wAt + cos wiy ., 813A¥At wﬂt . coS8 wty
- cos wt, + FJA;E sin wty, cos wAt - J sin wt, . Siﬁtwm - wit sin why
+ j sin wt ]
= 5171 [~ '&%‘E . cos wt,, cos wAt + j cos wt,, Biﬁa‘gAt * wit

cos wty - J cos wt,' +m‘%—t-sinw’c1 . cos wht + sin wty,

sin wpt | . .
W--;;AL{: San'b‘ -s:l.nvrt1]
_ 5 1 _ cos wAt . sin wAt
= = [cos wty ( % ~T ) - sin wt, (1 - e )
t sin wAt
_,_Jg..s:.nv (e~ SOBMWAT y | oog yi, (1 - SERWAT
o wat wAt 1 ( )j]

At
£ wht (1 - cos 2 X5y wat in wAt
O ] 2 o . _ 5w
” [cos wt,, - . 2 wip - 5in wg (1 T )

(X4%)2
wat .
+ j%_ sin wt, 'Wgt 1(1 - cos 2 =5= =) z_ﬁi cos wty (1 - sr;r,lmzAt)}]
' (¥4ty2
2
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sin EQE 2
t 2 . t . sin wat
= = [cos wty , wg ( wAT B - %%E . sin wt, (1 - -—;EﬁfLQ
2
2
sin EQE
£ . wit 2 wAt sin wAt |
+ J 4~ sin wty, —>~( wiE ) - =ip + ©OS wi (1 - =g~ )j-]
2
sin wit/2 1 . sin wat
= f, ,4t [%(_—GKE7§- ) cos wt, - =if sinwt (1 - ——§3€——)
. sin wit/2 2 1 sin wht,
+ g {_ % sin wt, ( Wht/? Yy - VAT cos wty (1 -~ —~§E€——)J ]
In this way the other terms also of Equation ( 3.2:'3 ) can be
obtained,

4, Deduction of Analogue model for recirculationt

The deductions of the analogue form of the Recirculation Model
up to part (iii-b) are given in Chapter 5, The deductions for parts
(iv) and (v) are given below:

Part (1iv) is written in the form

it

¥ 1 [e-(@-c;»1 ~K /Ky o~ (6K, )/K1+ £ ?1-,- (1,22 K3

(1+£) ()" Ky
-(G-ZKz—Kz
Ky T
e i)
Then -(8-8, =K, )/ -(8-Ky )/
. 1 1 1Ry 1 2, £ 1, 0-2K,-K
Y = [-= e = e - - = (Lp——2.)
(1+£) S iR (1+1) & ok
~(8~2K, ~K5Y -(e=-2Ky-K5)/,, .
e 2Kl g, R 2-K3 K1%]
K4 ]
or,
-(0-Q, - -(e-K
i LTI TR S PSS O 3
Ky (1+1) (£) ~ %
-18-2K, -K5 )/ ~(0-2K,y~K3)/
S S + 1 K £ (1L~ e 2 K1)]
K (1+£) (148
or, ¥ £ -(8~,-K5)/,
3=~ %, + [AEIEIL (1L ~e K1)
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Differentiating again,

-(6=2K,~K; )/,
Fould o —=f o =K
K, (1+£)2K2
. - -(8~2K, K5 )/
o, T = - i = e { L (1-e 23K")}+ £
Ky (L+0)K2 L (1+8) (1+£)2K2
or, ¥ =- 2/ - XK? + £/(1e2)2 K2

eese B + Ky <0 <8 + XK; + K3 or
2K2 +K3 <9<Q] +2K2 'l'K;
Part (v) can be written as

V = i [é"(e"91 ~Ko /%y _ e-(G-Kz ) /X . f 1 4 -9 -2&{2-K3)
K

(1+£) (L) * ,

L]

e-(fi.q, -, =Kz /Ky (14 e-a}xéz-Kz y o (6-2Kz—K; )% ]
1

Then on differentiation

¥ om el [o~(8-0 K )/ -(6-Ky) /K, £ {-(o-eL-aKz—Kj)
K, (1+£) (1+£) K,

e—(9:_9_1_1_:(‘1§~2_"_1{_2_) o o (-6 2Ky K5 ) /Ky

o~ (0-2Kp=K5 )/Ky _ _-(0-2K, =K ) /K, 11

N (6=2K, K3 )

L

or,

.. X 1 [o~(0-8) -2k, -K; VK ~(0=2Ke K )/K1]
Ky K (1+8)
Differentiating again,
Voo L L E (00 =2 /Ky | ~(8-2Kp-K5)/Ky )
b ()2

or
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