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ABSTRACT

This thesis deals with some problems of local and general
stress distribution in the presence of certain discontinuities
that occur in ship structures.

Photoelasticity and cxperiments on a stecel model have heen
used to arrive at a new shape of cut-out which considerably reduces
the stress concentration at the root of expansion joints in super-
structures. Finitc difference displacement solutions have been
obtained to calculate the effect of the depth of a cut (representing
an expansion -joint) on the general stress distribution in idecalised
plate-projections. A method of grading the net close to
discontinuities has been used to find the stress distribution in
these regions.

The effect of certain geomctrical parameters on the elastic
stress concentration factor in plates with rectangular openings
(representing hatch openings in ships) has been studied experimentally.
The general stress distribution was found by using the finite
difference method. Machined specimens of ship steel with rectangular
opcnings have been tested under repeated loading in the high cycle
as well as the low cycle range. The fatigue strength reduction
factor is correlated with the elastic stress ;oncentration factor
taking into account the geomctricﬁl size~cffect. The correlation

was found to be good. Using the existing theories the probable

fatigue behaviour of a large-size plate with a square opening was

studied.
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: 1.
INTRODUCTION

General

The static failure of a ductile structure or component in
tension is generally governed by the average value of stress over
the load-bearing area, and not by local stress concentrations.
The condition becomes quite different if the structure is éubjected
to répeated loads. Although the average stress level may be
quite small, local concentrations of stress may lead to failure
by fatigue. This is because the failure of metals by fatigue
depends mainly on the maximum value of the stress and not on the
average value. The study of stress concentrations therefore
becomes important for structures subjected to repeated loads.
Aircraft, ships, bridges and machines may be quoted as examples
of such structures.

vStress concentratiqns are causé& by discontinuities such as
holes or changes of section in shafts, hatch Spenings, super-
structures or expansion joints in ships. It is difficult to
eliminate stress concentrations completely from a structure with
discontinuities, but attempts are made to reduce their severity.

Stress concentration studies date back to the middle of the

(1)

nineteenth century when Rankine gave an explanation for railway
axle failures. Since then, a vast amount of research has been
done in studying and reducing stress concentrations occurring in

various engineering structures and machines. A large number of
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prbblems of stress concentrations arising out of simple geometrical
discontinuities have been solved theoretically. Experimental
techniques such as brittle coatings, strain gauging and photo-
elasticity have been developed and used for investigating stress
concentrations. Data sheets and handbooks giving geometrical
stress concentration factors have been prepared from the results

of the theoretical and experimental investigations.

This thesis is concerned with certain discontinuities which
occur in ship structures. The resulting stress concentrations
are investigated by experimental and numerical methods; in the
case of hatch openings their effect on fatigue strength is
considered. The review of literature which follows is limited
to that which is directly relevant to these topics.

Superstructures

A long superstructure, being of light construction for reasons
of stability, will be subjected to heavy stresses because of its
distance from the neutral axis of the hull girder. It is sometimes
the practice to introduce "expansion jeints" in the form of cuts
in order to reduce the stress. The introduction of an cxpansion
joint causes a high stress concentration at the root, and a crack
commonly develops at this point as a consequence.

The effect of expaﬂsion joints has been studied experimentally

(2) (3)

¢n a box structure and measurements on actual ships show

that the stress at the top of the deckhouse may be reduced almost
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to zero., There is no general agreement as to whether expansion

joints should be provided and wherce they arc used there is no
accepted basis for determining their depth and spacing. There

is no general theory for determining the overall or local stresses

. {which are interrelated) in the presence of expansion joints,

(4)

although the short superstructure has been treated .
'The contribution which a superstructure or a deckhouse makes
to the overall longitudinal strength of a ship depcnds upon a
number of factors, such as the length and width of the super-
structure, the transverse stiffmess of the hull and the nature
of bending moment applied. Neglecting the effect of shear lag
and applying the simple theory of bending separately to the
superstructure and the hull, the effect of somec of the factors
“has been studied theoretically and by model experiments (5 @ ).
An energy method has also been applied to calculate stresses in
deckhouses (6).
The superstructure is loaded at its lower cdge by shearing
and vertical forces which impose a longitudinal and vertical
.displacement on this edge; The sides of the superstructure can
be to some extent idcalised as a plate-projection, and the |

relaxation technique has been used to find the stresses in plate

projections subjected to constant strain or constant curvature
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(8)

at the boundary . In this thesis the ecffect of cuts in plate
projections has been studied numerically with the help of the
Atlas computer. A method of grading of net is indicated for
finding the stress distribution near the end of a projection

or a cut.

Investigations on a passenger liner of 24000 tons with onec
expansion joint were made during the acceptance trial (9)¢
Mcasurements were taken on two alternative stress relieving
cut-outs. Stress concentration factors of 17 and 8.6 were
observed and cracks developed during this initial voyage. Similar
craéks were veported in S.S5. Leviathan (10), Various types of
stress relieving device have been studied at Imperial College
and mecasurements on a new type of anchor-shaped cut-out are

described in this thesis (11).



Hatch openings | 5.

The high stresses occurring at the corners of hatch openings
are well known and have caused a large number of failures. During

World War 11, Liberty ships were made with sharp hatch corners

(1)

and there were 10 hatch corner failures per 100 shipyears
Attempgs to understand and reduce stress concentrations around
hatches have since been made. A considerable amount of theoretical
and experimental work has been reported. Efforts are now being

made to apply the knowledge to actual practice by the ship

(26)

classification societies by specifying minimum corner radii .

Full scale welded hatch corners have been tested to determine the

(12)

effectiveness of the various modifications used « The complex

variable technique has been used to investigate the stress

distribution around simple and reinforced rectangular openings (13),

(14). Photoelastic investigations have been made to study the

effect of various parameters on stress comcentration at the corner

as)

of a rectangular opening in a plate of finite width . Using
the results of photoelastic investigations, attempts have been

made to arrive at empirical relations for calculating stress

(16)

concentration factors . Some tests on model steel decks have

©),

been reported ; and others are being conducted by the British

Ship Research Association to study the effect of various geometrical

y A7),

and structural parameters (e.g. insert plates, coamings
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An empirical formula (taking account of the geometrical parameters)

for the calculation of stress concentration factors has been

d (18)

suggeste o Measurements on actual ships have been taken

to correlate them with model studies (6)> (19).'
In all the above investigations, only the geometrical stress

concentration factors have been studied, but the effect of
various parameters on the fatigue behaviour has not been investigated.
Whereas the geometrical stress concentration factor is a function
of the geometry of the discontinuiﬁy and is yélid for any stress

within the elastic limit, the reduction of fatigue strength depends
upon a number of factors. For example, the volume of highly-
stressed material, the amount of plastic deformation, the size

of the specimen and the presence of residual stresses are all
important factors. A study of the effect of some of the parameters
on tﬁe fatigue behaviour of small plate specimens is reported in
- this thesis. An attempt is made to cérrelate the fatigue behaviour
with the geometrical stress concentration factor taking into
account the geometrical size-effect. The stress concentratioq
has been found-éxberimentally. The general stress distribution
in ghe plate has been found by the finite differenge method using

the Atlas computer.
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Fatigue in ship structures

The importance of fatigue in ship structures has been the
subject of discussion and controversy for some years. The views

generally held in this country have been at variance with those

(20)

held on the continent . At the international conference on

fatigue of metals (1956), dﬁt of about 80 papers presénted, only
one (by Russian authors (21)) was on fatigue ih ships. It has
_ been suggested that fatigue failures have not been recognised
because pressure for immediate febairs to enable ships to cpn;inue
their voyages has prevented detéiied investigatién of the nature
(20) |

of cracks found in practice . After the second world war, in

a survey of 210 tankers 66 were found to have cracks in deck or

shell and of these 65 were considered to be due to fatigue (22).

It is now generally recognised that fatigue cracks do occcur in

ships (23) (34)

A ship is subjected to reversals of longitudinal bending moment

in service. The cumulative frequency distribution found in certairn
(24)

can be approximated to a straight line if the logarithm of

ships
the number of reversals is plotted against the stress levels at which
they take place. A small number of reversals take place at a high
stress leVel and cause cracking at points of stress concentrations.
This low cycle fatigue phenomenon in ships has received some attention

25
in recent years ( ). However, the damaging effect of the reversals
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at lower stress levels can mot be igmored. Assuming a straight
line spectrum and applying Miner's cumuilative damage law it can
be showﬁ that the damage rate is considerable at low stress
levels. Although the Miner's hypothesis provides a method of
determining the life under random loading condition, its
applicability &s itself a subject of discussion. It does not
take into account the damaging effect of stresses below the
endurance limit, and takes no account of the sequence of stress
cycles. There is evidence to believe that these factors do have
effects on the fatigue life <34)(35). In some parts of the ship,
fatigue is likely to be caused by vibrations from machinery or
pressure pulses from the screw. The problem will become more
important with the use of high tensile steel which.will result
in higher design stresses without any increase in fatigué strength.
The damaging effect of discontinuities on fatigue life is further
aggravated by additional concentrations crcated by.welding.
Perhaps the most realistic approach to the fatigue problem
in ships is the programmed fatigue testing of full size structural
elements under corrosive conditioms. This.will require extremely
eiaborate testing arrangements and may still not take into account
the restraints exertcd on the element when it is part of a ship.
Due to the scatter inherent in all fatigue testing, it may

. sometimes secem difficult to draw too definite conclusions from
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such tests unless severcl of them are done. Tests on smaller
specimens on the other hand give the possibility to compare the
effect of different parameters even though they fall short of
providing a firm basis for predicting the fatigue strength of a
structural detail in service.

To investigate the fatigue performance of different types
of détail, tests 6n large-size structural components have been

(28) (29) _ 4 tosts on the fatigue behaviour of

welded stiffeners have been reported (30)° Tests on small machined

carried out

specimens of ship steel to dtudy the general low-cycle fatigue
31)(32

phenomenon and crack propagation have been conducted 1)( ).

Some tests to study the effect of fatigue damage on brittle

(33

fracture properties of ship steel are reported and others are

in progress (25).

The tests on small size idealised laboratory specimens
reported in this thesis are intended to throw light on the
relative importance of various parameters (such as radius or
length of a hatch) under fatigue loading in the low cycle as well
as the high cycle range. The fatigue strength reduction factor

- is correlated with the elastic stress concentration factor taking

account of the geometrical size-effect.
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SECTION I

SUPERSTRUCTURES

EXPERIMENTS

It is necessary to keep the superstructure ﬁeiéht low
for reasons of stability. A light superstructure has only
a limited influence on the level of the neutral axis of the
ship girder and it follows that the stresses at the top of the
superstructure may be large. It is sometimes the practice to
reduce the stresses in the top of the superstructure by
providing "expansion joints'",

The structural discontinuity so introduced inevitably
gives rise to a stress concentration and cracking is commonly
initiated from the root of the joint. Some relief of the
concentration can be obtained by introducing a cut-out, but
nevertheless stresses up to seventeen times the nominal stress
have been observed in a ship at sea. (9) Improvements
can be.made by modifying the design of the cut-out and the
purpose of this investigation was to determine the form of

cut-out which gives the greatest reduction in stress concen-

tration,
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Photoelastic Experiments

The superstructure stress does not vary greatly over the
depth of the expansion joint, and a qualitative appreciation
of the problem can be obtained by considering the applied
stress to be uniform. The problem can be further simplified
by the use of a single plate model; such a model does not
represent exactly the conditions found in a ship, but it
is reasonable to suppose that a device which relieves the
concentration in the model will have a similar effect in a
ship.

Photoelasticity provides a convenient means of estimating
the variation of stress concentration with the shape of a
cut-out, since the position, as well as the magnitude, of
maximum stress is determined at once from the fringe pattern.
If care is used in the machining the same model can be used
for a number of different cut-outs.

The purpose of these tests was to study the variation of
magnitude and position of maximum stress concentration with
the length of a circular cut-out and the effect of providing
a cut-out in the form of a curve with linearly varying

curvature,
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The stress concentration at the end of a U-shaped notch
depends on the ratio of the depth of notch to the end radius,
and if the stress concentration were to be limiﬁed to about
2;6 it would be necessary to make the radius of the same
order as the depth.

Thﬁs in the case of a ship's superstructure, a radius
giving an acceptable stress concentration would result in an
unduly wide slot. Attempts have sometimes been made to
obtaih the benefits of an increased radius without recourse
to a wide slot'by designing anchor shaped cut-outs.

In an anchor shaped cut-out the maximum stress concentration
may oééur at the centre or near the ends, depending upon the
relative curvatures and the overall proportions of the anchor.
Figure 1 shows results obtained at Imperial College on

(11)

anchor cut-outs. It is clear that any further substantial
reduction would be dependent upon increasing the overall
.dimensions of the anchor rather than by modifying the shape

of the small anchor.
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The photoelastic specimens were cast in the form of 12"
square plates using Araldite resin CT 200 with 28 per cent
hardener HT 901. The cut-outs were made by using a high spez?
diamond cutter which copied the pattern from a template on
a pantagraph machine. The plate was submerged in cooling
water during the cutting operation.

Testing Procedure

Expériments were carried out with symmetrical cut-oute
in Araldite sheets which were loaded in tension (Figure 2 )
The loads were applied hydraulically and measured by strain
gauges on a célibrated link. The loading frame proper was
contained within an outer frame relative to which it could
be moved vertically or hori;qntally so that any part of the
médel could be situated within the field of the polariscope.
(Figure 3 )

The fringe pattern was projected on to a small screen
and the emergence of successive fringes was noted as the load
was gradually increaged. The fringes were also recorded
photographically, and typical patterns are shown in Figures
4 and 5 . Both cut-outs on 0ppdsite sides of the plate

were observed as a check on the symmetry of loading.
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The fringe order is proportional to the difference of
the two principal stresses. The point of maximum stress
concentration occurs at the free boundary where the nogmal
stress is zero. Stress concentration factors can therefore
be readily determined by knowing the fringe order and the
average applied stress on the net section of the plate.

The first anchor shope considered was based on a slot
in the form of a circular arc having its centre on the edge
of the plate at the top of the slot. The arms of the anchor
were gradually increased in length until they reached the
edge of the plate and fommed a U-notch of radius equal to
its depth (Specimen 1, Figure 6). The plate thickness was
0,261 in.

Consideration was also given to the possibility of reducing
the concentration factor by using a curve with linearly
varying curvature (a highway transition curve) instead of
a semicircle. Accordingly Specimen 2 was designed with a
cut-out shape as shown in Figure 6 . The plate thickness
was 0,128 in.

Test results

The position and magnitude of meximum stress concentration
is shown in Figure 6 and Tablce 1 . The concentrations are

shown as a multiple of the average appliced stress ON.
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As the length of the anchor arm is increased from zZero,
the point of maximum stress concentration shifts from the
centre to near the cnds and then back to the centre. The
magnitude of the maximum concentration approaches a limiting
value of 2.09 which>may be compared with Peterson's theoretical
value 37 of 1.88, &“

In the case of the tranSition curve cut-out a siighﬁ
reduction in the stress concentration was noted end the
stress along the bottom of the cut-out was almost uniform,

but there was no marked improvement relative to the

semicircular cut-out.
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Experiments on a stcel model

With the photoelastic equipment and materials available
the size of specimen was limited, and since the smallest
diamond milling cutter obtainable for cutting the slot was
one eighth of an inch in diameter it was not possible to
represent to scale an anchor with a very narrow slot such as
might be used in practice, so consdderation was given to
designing the model in stecl. Cutters down to one sixteenth
of an inch were obtainable, and as the specimen size could
be much increased the ratic of dep;h to width of slot could
be made larger.

The photoelastic experiments W&T¥e

primarily intended

to give a qualitative appreciation of the effect of differently
shaped anchor cut-outs on the maximum stress concentration

and for simplicity the experiments were limited to loading

in direct tension. For the more realistic slot proportions

of the stecl specimen, the loading and dimengiphs were

chosen to give a linear distribution of strain over the

depth of the slot, such as would be present in an'éétual
superstructure expansion joint. Thus in Specimen 3 (Figure

7) the cut-out was made in a flanged plate projection

welded to the top flange of a heavy stcel I-beam. The
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dimensions of the projection were chosen so that the stress
distribution over its depth was similar to that existing

in a ship's superstructure. 1In actual ships the relative
depth of cxpansion joint to superstructure height showsia
very wide variation. The depth of slot chosen for the model
relafive to the superstructure height is approximately at
the middle of the range noted.

In practice an expansion joint slot may be perhaps one
inch wide and twenty feet long, so that the radius at the
end of the anchor arms will be very small relative to the
depth of the slot and it is likely therefore that the
maximum stress concentration will be much higher than the
values measured in the photoelastic experiments already
described. It is also likely that the point of maximum
stress concentration will remain at the ends of the anchor
however long the arms may be made.

From a design point of view the stress concentration
factor is of less importance than the actual maximum stress,
and it follows that if a stress raiser such as a sharp radius
can be situated in an arca of low stress, the stress level
due to the concentration may still be acceptable. The

modified anchor shape used for Specimen 3 (Figure 8)
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was based on these considerations. By making the anchor
arm in the form of a spiral the sharp end radius was removed

to a region where the stress was expected to be negligible.

Testing Procedure

Speciﬁéh‘3 was iéaded as shown in Figures 7 and 11
with the complete length of the superstructure subjeéted to
pure bendiﬁg; Strains were measured by electric resistance
strain gauges using a high speed automatic strain recorder.
Around thé éeriphery of the slot the gauges were of 3mm. gauge
length; clsewhere they were of 0.5 in. gauge length. Opening
of the slot was measured at four positions by a two inch
gauge length mechanical g;uge spanning the slot.

The projection of Specimen 3 is unstiffened. Stiffeners
would reduce the vértical movements and would alter the
stress distribution. In order to obtain a qualitative
assessment of ﬁhe effect of stiffening, measurements were
made with vertical restraining forces applied to the projection
at the top of the slot as indicated in Figures 10 and 12.
The restraining forces applied were sufficient to reduce
the movement at C to zero. |

Test results

Distributions of longitudinal stress are shown in
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Figure 9 for a section midway between the end of the projection
and the expansion joint, and for the section in way of the
joint., The fall-off in stress in the projectién clear of

the cxpansion joint and the increase at the joint are clearly
shown,

The distribution of tangential stress around the cut-out
is shown in Figure 10. With vertical movement unrestrained
the maximum stress concentration defined relative to the
simple bending stress on the net section at the base of the
slot occurs towards the cnds of the bottom part of the anchor,
and has a value of 3.0, whilst the stress concentration ;t
the bottom of the slot has been reduced to 1.4. The peak
value could no doubt be further reduced by redistributing
the curvature to make the stresé along the length of the
anchor more uniform. It appears that the length of spiral
is greater than necessary. Vertical restraint tends to make
the stresses along the base of the anchor more uniform, but
the effect is small; towards the end of the anchor spiral
the stress is reversed.

Movements across the slot are also shown in Figure 10,
The movement of .0l7 in. at the top of the projection would
correspond to about 0,4 in. full scale (at the same stress
level); this moQ;ment is necessarily associated with the

reduction in superstructure stress.
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THEORY

The @éxperiments described above indicate that a consider-
able reduction in stress concent:ation may be obtained by
modifying the shape of thé cﬁt-ouf at the root of an expansion
joint. There are, however, other factors such as the depth
and number of cuts, the distance between the cuts and the
length of the superstructure which not only affect the
stress concentration at the root of the éut but also the
general stress distribution in the superstruétune. The
general superstructure problem is thus closely connecéed
to the problem of local cohcentrations at the roots of the
expansion joints or at the ends of the superstructure.

The lower edge of a superstructure is loaded by shearing
and vertical forces from the main deck. The resulting
longitudinal and vertical displacements impose a longitudinal
strain as well as a curvature on the superstructure base.

The variation of the diéplacements of the lower edge of the
superstructure depends upon the bending moment applied and

the distortions of the hull. For the purpose of analysis,

however, it has been assumed that the strain and curvature

at the juhction are each uniform along the length of the

supcerstructure. These assumptions, though approximate,
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can to some extent be justified by the fact that the plating
in the superstructure is thinner thgp that in the mein hull,
so that the superstructure displacements do not greatly affect
the longitudinal bending of the hull., On the basis of these
assumptions, the sides of the superstructure have been
.idealised as a rectangular plate projection subjected to
constant strain or constant curvature at the lower boundary.( 8)
A similar approach is made in this section to study the
effect of the depth of a cut (representing an expansion
joint) in a plate projection. A method of grading of nets
is indicated for finding the local stress distribution
near the ends of a superstructure or near the base of a

cut. Displacement selutions have been obtained and a stress-

function approach is indicated.



22«

Effect of depth of cut in Plate Projections

Displacement solutions have been obtaiﬁed for rectangular
plates héving partial cuts at ﬁhe centré.and with imposed
éiéplacements at the lower édge. The-equaﬁions of équilibrium-
and compatability in ferms of di;placements in two directions
are épressed in terms of finite differences and gre solved
by means of the'computér. |

" The longitudinal, transvefse.and shear stresses in a plate

'may be éxpressed in terms of-displacemehts by the equations

E

= pz)[bx+pby]

E |Dv, ,Bu
% =q- pz)[by+ o

_E [du Dx] | - .
Txy"z(.hp)[by +bx _ ‘3...-...‘.(1.1) _

The equilibrium equations are '

dx
00y b'Exy Cesevssee(le2)
dy ‘+Y)x =0 o

-The following equations may be derived by éubstituting'for ox-.

etce from (LL)

b 2+(1 p) 2 oy 2-l-(1 by v

S
Ib)v?‘ +(1- P) g z H(P)

=0
Oy

b
bz
bb

’o.-o.oo‘(1o3)



23.

These equations together with the boundary conditions expressed
in terms of displacements enable the displacements to be obtained

at all points of a grid.

6 : 2 5
et} o

3 0 !

7 8

In.a rectangular grid the following finite difference relations

may be derived by using;Taylor series

Judus,

QJ—— U= Yy "3 5;— Uz‘Ul.
2‘ ‘. .
atu b _.u,+u3 -2Up
bz '
b 5= = up+ U= 2up
Aabbu = Us- U6+U7-U8 ) 000030.9(104) |
Vx Dy ,
'Puttlng b =k . the equations (1.3) can then be written as

2k2(U1+ us -;200)*(1 -P) (U2 +us=2u0)+0-25(1+P)k(Vs = Ve ¥ V7 - Vs ) = 0
2(vgrv, 2vp) + (1-P)k2(\'1+ V3=2vp)+0°25(1+P) k (ug-ug + W "4”8) =0

o.oo¢...f(105>
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Due to the symﬁetry of the plate,‘onevhalf ofvthe plate wasf',
divided'iﬁto a 4 x 4 mesh as shown’in Figure';3i « There are
two eqp#tions to be solved at.eaqh mesh point., This particuln¥'»~
. mesh‘size.was'chosen ﬁo keep tﬁe size'of the mntfi; sﬁall,ﬁ;inc;ﬁ

the program for soiviné the equations was to be written for.thg :
Mercury computer{ 1A much finef mesh,.h0wever, ?an be dealﬁ'ﬁith.

by the Atlasvcomputer.' The computer program generatgd the

coefficients of the matrix for #ny value of[kfto give solutions

P

for any ﬁﬁ;de: ratio 6f the plate, aﬁd solVed.the simultaneous
‘equations ﬁo give,diéﬁlécementssat-each_éoint(f“t&g yai;és,of '._'
Ehe'imposed displacements aﬁ grid poiﬁts-onbthe iower,bbuﬁdary
of the plate were fed in to ﬁhgvprbgrdmras‘dath.ﬁ '

~ Boundary Conditions

A; the free boundaries the.ficﬁitious external Qalues ;f '
u and‘v were expressed in terms of.the uhknbwn displénemenﬁa' 
inside the plate, agdvthe reiations s§ obtaiﬁed,weré fed into
thé eduaﬁions Qt the boundary. h )
"Thé reiations can be obtaihed fr9m eguﬁtion<(1;ig EJ ‘
At the top edge o . I
' 5= 0

Tay=0
At the ends

Ox=0 -
Txy:Q_»;
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At the top edge B
Vo= V- Pk(ul us)
uz= u, -k(vi-vs)

At the ends . ) 0 ;fi {
. U;: Uy f—k—(vz_\k-).

| o
LoV e g (uzu)

J _ ‘
" At a corner the first and the third equation of (Lé) give
| | Ua‘Ul
Vz- 4

The second and'the foﬁrth relation of (1;‘) give’"
Gewoteaeo T

. Thus theré are two flctitious values u; and *Vg to

_ be determined from one eduation.

| An extrapolation was used to obtain the two values. Uz

was parabolically extrapolated in terms of unknown displacements

at the edge of the plate ‘and relation (1) was used to obtain

a rela:i&n exprgésing v{ in terms offuﬁknowﬁ displncgmenté.

Similarly v§ '&33 parabolically extrg§§i;ted and equntion‘(LJ);.

was used to dérivé a second relation éxﬁiessing uz in terms

of unknown displacementsf ‘Thus 3 §§1r;§f expressions kére,..

obtained for u;.and Vi . The mean of ﬁhé fwo expressions

obtained was fed into the equations{a«.f

oovo#.b o(laé) ‘
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The corner values u; aﬁd  v£- were éarabolicnlly extras
polated on a diagonal‘iinét

The:boundary conditions and extrapolations are lndiégted L
in Figure 13 . The stress condition.ass;mgd~gc the bottom;oft
the cut was Oy20 , Txy=0 . |

To find the stresses at the lower boundary it is necessatfjf

“to calculate the fictitious bbundary values. These ;aluesir‘
Qere calculated byvgpplying the equilibrium equations (1;5i'
after the displacements at all points huve‘Baen ca;cdlite&.
It was ngsumed at the cofner that | o
| O wy
‘

Ve Vo

Uo"Uz )

Vo= V2

The assumption at the corner has littie effectnqwhy from the -

corner,
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Theoretical results, experimental confirmation and discussion

The effect of depth of cut on displacements for a 1l:4 plate
with constant strain or constant curvature imposed at the lower
boundary is shown in Figure 14 . (Other results are tabulated
in the appendix). Figure 15 shows the effect of depth qf,a
central cut on the maximum longitﬁdinal stress at the top of
plate projections having different side ratios .with constant
strain or constant curvature imposed along the base. As the
purpose of introducing cuts in superstructures is to reduce
the stresses at top deck level, this level has been chosen for
the purpose of comparing the stress-relieving effect of the
cuts, even though higher stresses do occur in the region of
the bottom of the cut. Means of relieving this stress concentration
are considered separately. As the depth of cut increases, the
maximum stress at the top decreases. For a depth approaching
the depth of the projection, the stresses approach the value

corresponding ta a plate projection with a length/height ratio
half that of the original projectiom.

An experiment was done to verify some of the theorgtical
results obtained. A perspex plate 18 x % in. and 3/16 in.
thick was cemented and tightly clamped between two stecel bars

1 %-x % in. in cross-section (Figure 16). To prevent slip
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over the test length the plate was extended within the steel bars
beyond each end of the projection. The model simulated the
boundary conditions of constant strain and zero curvature ipposed
along the base df a projecgion of side r#tio,l:ﬁ. The extegsional
stiffnéss of the bars was igout fort& timeas thaf of the projectipg
perspex. Resistﬁpce strain gauges were fixed to the perspex
plate at two crosgusections ﬁhich corresponded to two grid lines
of the mesh used in the theoretical analysis. Strain gauges
were also fixed on the steel bars at these égctioﬁs. The bars
were stretched in 2 teéting machine: and strainsvwere recorded.
Control gauges were used to check the symmetry of the load. Cuts
were made symmetrically in the middle of the proiection.: The
depth of .cut was increased in stages.and sﬁrains measured. After
the finzl stage of the cut, the projectlon.was shortened‘to glve
a side ratio of 1:4. Figure 17 shows the theoretlcal and
experlmental strains for the 1:6 plate for different depths of
cut. Figure 18 shows the results for the final stage of the cut
for the 1:4 plate. In both cases the correlation is good in

spite of the coarse mesh used.



Examgle ’

The use of the curves in Figure 15is iilustrated{witﬁ thevhelp
of an exampia.balew. The Figure below shqws a plate projection (A)
of side ratio 1:6 attached atjit; lower edée to a pbaﬁe (3)3ﬁhiéh is
twice hs deep as.the‘prgject;on and has a flexurg;tstiffngss“Qery'
large compared tobtha; of (A). It méyiba aééuméd Eﬁﬁt'the‘plaCQf(B)
'is subjected to a uniform.bending moment s The neutral axia of the
| combination can be assumed to lie at che ndddla of the plate (B) as .
it is very stiff compared to (A). ntrishtbqyired~ ‘to calculate the.
depth of a centrai cu; (pj to reduce the maximum longitudinal scfess

at tha top of the projection to a value 50 per cents of that at its base. :

R ' A . T, A

(1.0. 25 per cent. of the simple bending Value at the top).
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The linear stress distribution abc would result if the
projection (A) was infinitely long compared to its height.

The plate projection can be assumed to be subjected to a
unit longitudinal stress at its base (taking bd = 1) and a
simple bending stress distribution represented by the triangle
bfc (fc = 1 by geometry). The shaded areas indicate the resulting
stress distribution.

Referring to Figure 15 (b) the ordinate for 1:6 plate with
a cut of depth 3H/4 is 0.36 units.

SN eg = 0.36 units

Similarly referring to Figure 15 (&) the ordinate for 1:6 plate
with a cut of depth 3H/4 is 0.15 units.
... fh = 0.15 units.

By superimposition, the maximum stress at the top of the
projection = eg + fh = 0.51 units.

Hence to reduce the maximum stress at the top of the projection
to 51 per cent. of the stress at its base, the depth of a
central cut should be about 3H/4.

The example only illustrates the method used. For an actual
ship the plate (A) could idealize a given length of the sides of
the superstructure and (B) the sides of the ship. If H = 30 ft.,
L = 180, depth of the ship = 60 ft., depth of a central cut
required to reduce stress at the top of the superstructure to

3 x 30

50 per cent. of the stress at the base == 22.5 ft.
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Idealised plate projections representing the sides of a
superstructure only have been the subject of the above study. To
get some idea of the cecffect of a deck, solutions can be obtained
for flanges a;tached to the unloaded longitudinal edges of the
plate. The flange can be considered to be sufficiently compact
for the distribution of stress to ba uniform across the section( 8).
This is not the condition in practice, but the practical case
where the stress varies across the width of the superstructure
may to some extent be simulated by taking a flange of variable
cross~section. A better solution may be obtained without much
difficulty by continuing ;he finite-difference grid into an
abutting superstructure deck in which the stress is allowed to
vary. This would only amount to solving a larger number of
simultaneous equations which can be fairly simply done using
the digital computer. -

The effect 6f a deck would be to reduce the growth of
longitudinal stress (Ox) in a plate projection and the curves
in Figure 15 would‘be lower than their present position. There

would be an increase of shear stress especially towards the

end of the projection.
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'"Point=forces!

The introduction of a cut introduces a stress concentration at
its root, and also affecta the stress concentration at the ends of
" the projection. The values of all the stresses at the dnds of the )
' projection and at thc root of cut are indeterminate, bnt, on a 3;:
‘Einite difference 3rid, the total "point-force" spread over one f
‘grid-length can be estimated from tho equilibrium condition that the
total shearing force on a horizontal line muat be equal to the - |
‘longitudinal force on a cross-nection which meeto the line. The -
_ pointeforces (P and Pz in the figure below) ‘give rise to thc »

concentrations of stress. -

Area A2
Longitudinal Stre: , V | .._.pz
: —— — (Area Aj)
H:A‘ly N . PZ,=A2

Figure»lé (a) shéws the variation o£ "poiﬁt-forces" Pl and Pz'with
| depth of cut for a 1:4 plate projcctian subjacted to canntaac stnin ;
rand zero curvature along the base. As the depth of cut increaaen,

the "pant-force" at the end of the projection decreases. The “pointﬁ

»force" at the root of thc cut is Kero ﬁor nc-cut and increancl as the
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depth of cut increases, while still remaining smaller in magnitude
than that at the end of the projection. If the magnitude of
the "point~-force'" is taken as a rough measure of the stress
concentration, it may be noted that in this case the introduction
of a cut reduces the stress concentration at the end of the
projection and introduces a concentration at the root of the
cut, which is smaller than that at the end.

Figure 19 (b) shows the variation of "point-forces" with thé
depth of cut for a 1l:4 plate with uniform curvature and zero
strain imposed along the base. The "point¥force5"in this case
are smaller than those in the case already discussed. As the
depth of cut increases, the "point-force" at the end of the
projection decreases. The 'point-force'" at the root of the cut
is zero for no cut. It increases as the depth of cut increases -
becoming larger than that at the end of the projection - and then
decreases. This indicates that the stress concentration in this
case has a maximum value for an intermediate depth of cut.

In the case of a plate projection subjected to a combination
of uniform strain and uniform curvature, a rough indication of
the relative étress concentrations due to different depths of cut
can be obtained by adding '"point-forces' due to uniform strain
and uniform curvature in correct proportions.

The finite differcnce method could also be used for platec

projection with a number of cuts.
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Use of Interconnected graded nets

At singular points such as the corners of ths loaded edges of
a suéerstructure or the root of a straight cut in a superstructure,
the stresses are indeterminate. 1In such regions it is however
possible to reduce the mesh size progressively so that the stress
distribution may be determined as close to the discontinuity as
may be required although the diséontinuity itself is never reached.

An interconnected graded net was used at the corner of an
idealised plate projection. Figure 20(b) shows the first stage of
the grading used at the corner. The.values at points of inter-
connection (A, B) were parabolically interpolated and expressed
in terms of displacements on the coarse net. The validity of
parabolic interpelation was supported by comparison with graphical
interpolation. There aré some points on the grid which have
unequal mesh lengths in different directions (E, I, G in Figure 20(b))
Finite difference relations for grids of unequal mesh lengths

can be derived by means of Taylor's expansion.
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A}7 l y . S . 8@(

b?u 3 *HbguA' 154 b4u -
: 3)o+rﬂ<’ 4>¢
o~ L X BRI < A

,.:.f.(l,é)l

‘ 22 33 .3
< du A, du Na” d7u . -
ug=u e A () T (=) s (5
: al ox ox

B T
7ol Sy . weeees (109
S toodx - o o

Multiplying equation (1.8) by_%?'and subtré@;ing.equggign (1.9
gives | A ‘ |
- n
To,ou AN u, -u
‘<S; >o A }h ‘gvf .
T ca (NEN

- 2. ‘ |
_*:.':’uo (1 - 7\ ) '...000( 1‘;1‘:)

'(after~neglecting terms

qf*ﬁighervorder)

: : T a2 ' 1 2y
Similarly ) = Ay =y, iy, (1 o N

syt

Cveenlall)
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Multiplying equation (1.8) by A\ and adding to equation (1.9 gives

2 - .
.(_§__uz_)° =__,_7\,u1+u3 - u 1+ A
ox 2 (?\..2 + A) ( after neglecting
2
terms of higher
orderj
Similarly
2
(‘é“%) =7\1u2+u4-u0(1+7\1)
oy” ° b2 .2
77 NN
- du
Let s, ( P )o
_ du
s, = (52 )y
_ Su
TS s
2 : . 2
s _ &, -8, +s (1- )
( E; )o = 7\1 2 g o l} .
b (%1 + %1) .......(1?12)

( Using equation (1.11) )

Using relation (1,1lQgives

S=?\.2u1-u3+uo(l-7\2)
o] 2 :
a (A +N)

7\.2u-u +u (1-7\2)
8, = 5 6 2
a O+

. Azu-u + u (1~7\2)
5, = 8 7 4

a %+
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Substitutlng the values of so, 855 8 in (1 12)g1ves

4
95 _ 'b u
by oxd
2 {us- usy-b Up (1-)\ )} {)\ g~ U7+ Uy (4-A )} +(1- )xﬂ{)‘ u.rU-5+u°(c-v\ f

240 (Ko + M)

Similarly other derlvatlveo can bc expressed in finite
difference forms and substituted in equntions (1.3), giving
the following generalized displacement equations for a point

wh1ch has unequal mesh sizes in different directions.

: A k 2 ( 1-9
A + - (14+A) + 7\] (1+7\.] Ju
“(RZN E 1T “og N +7‘1) E ’ . og

(l+p)k %1z;§ %? 5=V +(1 K ) vy g gl vgVq 4(l K >§
(?\2+7\) (7\1 +7‘L) :

+ (1 - Al ) § vy -V, + Qo (1 - %?) gl
L

s

E‘%lvz f vy - (l+%1) vo; + ?;?_:is__ EAN +vg -(L+A)v ;

Ny |
(1+p)1< 2 § 0 cut 2Py - $Pugeu +(1-7M)u
<7\ 240 N 247) " é "5 - "2; é 87 J

+ (1 - Alz) é Z? uy - Uy + u (1l - h?) ;

occccoo(1¢l3)
(where k =

oo
L]
.
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If A= Al =1 the equations (1,5 for rectangular grid
are obtained.

Figure.20 shows the different stages of grading. The number
of simultaneous equations was 36 for the coarse net, 44 for the
first grading, and 52 for the second grading.

Figure 2] shows the cffect of grading of nets on displacements
in .2 plate of side ratio 1:2 with consﬁant strain and zero
curvature imposed on the lower boundary. It may be noted that
the displacements obtained from the first and second gradings do
not differ nuch along and to the right of the section pt; these
displacements m;y therefore be regarded as known and the plate
may be cut along pt for purposes of solution. The plate to be
solved then is PT tp. The number of equations reduce by 20.
Further gfading of the net may be continued as the corner is
approached. After further gradings, another part of the plate

can be saparated and gradings continued.
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Figure 22 shows the cffect of net-grading on u, v and %5 at the
edge of the plate. The v-displacement equation at point S when

it is on the coarse net is written in terms of displacements

which include those of T where v = 0. But when the equation

at S is written for the first grading, it involves the non-zero
value of v-displacement at J. This accounts for the difference

in the v-displacement values obtained at point § from the

coarse net and from the first grading. A similar explanation
holds for the difference in the v-dis?lacements of point J
obtained from the first and second gradings. These differences

in the values of v-displacements affect the values of %g? at
adjacent points. Thus the value of %% at the point R obtained
from the coarse-nct differs from that obtained from the first
grading. Similarly the value of %;— cbtained at point S from

the first grading differs from that obtained from the second
grading.

‘Figures 23;24 and 25 show the effect of net grading on 0x, Oy and
Txy. It may be noted that the stresses to the right of the section
pt calculated from the first grading are ecqual to thosc calculated
from the second grading. This indicates again that the plate may
be cut at this section for further grading. The transverse stress
Oy at R and S (Figure24) is affected in the same way as %% at

these points.
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3
v
(13

increase in stresses Ox and Oy as the cormer is approached,
-may be noted. All the stresses are indeterminate at the cofnet.
But the magnitude of the “point-forces" alc_ting over a gr"i‘d‘
length caﬁ be estimated by equé.ting the total shearing force on
a horizontal line to tﬁ§~1ongiﬁudinal quce on a cross-section
that meets the liﬁgs Thé yalues of point forces calculated for

different gradings of net are tabulathed below.

Longitudinal Stress

)

{Area Al

Point force ) zA)-A, V

“\ LRSS,

—
A Y
Shear. Stress CArea Az)
- : : (Plate Thlckmnuﬂ '
Type of Net - Point-force over grid length of H/&4
(in units of applied 1ongitudina1 sttess)

Coarse Mesh | ' 0.233 H‘t:

First Grading . 0.180 Ht

Second'Grading ' : _ 0,141 He

. It may be noted that the calculated pointuforce over a grﬁﬂ length

of H/4 is different for the dn.fferent net #gradmgs.. If the magnitude

of the point-force is uséd as an apprbximatj.e_-méasure of stx.;es's-
concentration forsstudying the trends.iq.théﬁVariatién of s;resp'
c°ncént£ation with a geometfical paramet;r,;ithis:neéessary~to
keep the net gradi.ng r.he same in ‘each cases |

Figure 26 shows a possible method of net grading near. r.he aud

of a straight cut in‘'a plate.

AN
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Stress Function Approach

The method of solution presented so far was in terms of
displacements with constant strain or constant curvature
imposed at lower boundary of an isolated plate-projection.
Stresées‘due to any imposed circular curvature togéther with
any imposed constant strain can be synthesized by the super-
position of these two solutions. The solution was based on
the aéproximating assumption that the superstructure dis-
placements do not affect the longitudinal bending qf the main
hull (as the‘plating of the superstructure is thinner then
that of the hull); thus ignoring the effect of the distortions
of the hull, Iﬁ is, however, possible to treat the problem
as a whole without isolating thé superstructure sides. The
probiem reduces to a thin plate attached to a thick plate
subjected to bending and the distortions of the thick plate
can be taken into account. A similar tyﬁe of plate projection
occurs between hatch openings in & ship's deck. The figure
below shows how the thin plating between hatch openings may
be treated as a plate projection from the thick plating

outside the hatches.
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The Figure shows a quarter of a plate projection .in-which
plate 2, which has différeﬁt elastic constants and thickness
from platevl, is attached to it along the boundary nr.

The solution in this case is in terms of two force-
functions F.. At the junction of the two plates certain
conditions of forces and displacements must be satisfied to
obtain the correlation between the two force-functions and to
arrive at relations necessary for the celculation of fictitious
points on the force-function nets at the junction of the

two plates.

The forces and displacements at the junction of the two

plates are discussed below. Suffices 1 and 2 are used to

denote the quantities for the two plates at the same point

on the junction

(1) The u displacement is the same in both plates at the

. U,
junction and hence ”%E is the same

u _ u
(R =l
_ . %u _ 1L @®) ™)., 7
(Ex)l -—(‘8}- )1 = T hx 1 pi zh 1
' du 1 ) (N ), T
), =(5z), = —= X2 - p 2
x"2 dx ‘2 EZ.. = .2 vl
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¥E ., %
N ), = ay'—z )ps N, = (b—y? )y
e, %
(Ny)l = (é? )1 ; <Ny)2 = (S'::z- )2
Subgtituting the values of (NX)1 (NX)2 etc. gives
1 ¥ Ef_] a1 % é’."_f_]
El hl ayz 1 a 2h2 ayz 2 a

oooooooooo

(2) The v displacement is the same in both plates at the

. . v,
junction and a is the same

du d
xgy T 3y 5\;:
»x is same
or 31xy - %—P}; is same
differentiating with respect to x
% (Yxy - ) is same
or . bzu .
<= (¥xy ) -
% Xy 2 by is same
or % (ny ) - % ( g—% ) is same
o (Nxy), . ' 1
Y é - Glg _E B {(N")l“pl (Ny)l‘]]] ;
171
= 3 (Nxy)
TR o -5 __r k, {(N’ oo |
&F . _
(ny)]. = (a—}:-——y )]. 3 (NYY) = bxby )2
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Substituting the values of (ny)l, (ny)2 cos etce

gives 2 2. - 2 |
’2?- é't'{lé" '}?‘%}g 1 T gy’:zihl {giz ‘Plgbfz:}] 1

=
'—I

N
[\

_d ¢ VF 2 1 % 0%
T ¥z é_ﬁ b:—:by§2 vy Ezhélbyz - P g?}] 2

(3) Shear force (ny)1 in plate 1 is equal to shear force

(ny)2 in plate 2 at any point on the junction.

L ¥ = (X,
%8y YTY

Integrating with respect to x

OF OF
yealloll - ‘- = A
(where A is a function of y or a

constant)

I1f the slope of the two force functions in y-direction is made

the same at the junction, A = 0
OF . _ . OF
( 5-}7 )]. - ( \oy )2 0000000(1016)
(4) ('V“F)1 = 0 ceeee (1.17) plate 1
4
(5) (gF), =0 ceees (1.18) plate 2

(6) Vertical forces (Ny)l, (Ny)2 in the two plates will be

equal gt any point on the junction

(Ny)l = (Ny)2
3% 3 d%F
( 8:—2' )1 ( 8—-5 )2



46.

Integrating with respect to x gives
( bE‘) -« dr ), = A (where A is a function of y
bx ‘1 dx 72
or a constant)

At x = 0, the slope of the two stress functions in the

x-direction can be made zero
Ly o, (X
v ox ‘1 ’ dx

°

« s A =0
L (gD, - &y~ o
Integrating with respect to x gives
(F)1 - (F)2 = B (where B is a function of y or a constant)
I1f the level of the two force functions is made the same
at the junction, B =0

So®, = (), ceeeeee(1.19)
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- Finite difference relations at the junctidn _ a

¢
T'a T
N &
" ars a2 PYPCEE PLATE . 2
:80 ‘2 © e 6. .
_a
9 +3" . 0 a1 .6
i \ ‘ T -
rIO'uIO ""0 4 12'1 12

PLATE 1 .

1 11
e
'I“hei Figure shows a' grid point O at':‘ the jun;htion of the two
plates.f Points 2'. 6', 8' andlf'l" ‘are theA_ fitt‘itious poﬂnts for
plate 1 and ﬁbings 4'_’..'10",‘ :12"".and_ 11" are i:he;_ficti.cipus'p'o_iy.'lts

" for theAp'laEe 2. L
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There are six relations derived for the junction between the
plates (Equations l.14 to 1.19). One of these relaﬁions is
already utiliZed by making the force function in the two plates
equal at the junction (Equation 1.19). The remaining five
relations at each point O can then be used for expressing the
four fictitious points 7', 2', 4" and 11" in terms of force
function at real points; and for solving for the real point
0. The finite difference expressions for these five relations
are given below. ( (§F) means 3 at the point 0 considering

Byl dy
it in plate 1).

From equation (1.14)

1 (bZF _sz_r-‘) _ 1 (sz_szzF>
E b, bayz 1 w2 b Eph, by 32 2
! - JF -
ALs (éfﬁ y o F 2 + F4 2Fo ¢ sz . = Fl + F3 2Fo
° 2’1 2 ’ 2’1 2
dy a ox a
L} . -
(éfﬁ y - F2 + F4 2Fo ( b2F - .Fl +-F3 2Fo
= - s =
bjz 2 ’ a2 bxz 2 az
Substituting these relations in the equation above gives
FZ' F4H l
( - ) = E‘+2(?-1)Fo-? (F +F]
Elhl Ezh2 v Ezhzg 2 2 271 73

! ,
-‘EF;‘E4+2(61-1)F0 -?l(F1+FBE]
C eosneeos(1.20)

Now (—g-li—) = — 1 (F.' +F ! - 2F ) ~F _ - F _ +2F,)
5248y L T3 6 8 T2 T 127 10 4
bBF —_ l 1" 1 1
gy 2~ 23 (Tt Te s Ty Fipt - Fiot 2
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(é-s-l-?-) = —L(F' - 2F' +2F, -F )
b 3 ‘1 3 7 2 4 11
y 2a
bBF -— l " 1"
( 8—3 )2 = —3 ( F7 - 2F2 + 2F4 -‘Fll )
y 2a
Substituting these relations in equation (l.15) gives
1 i 1 P
( - + = ) (F,' +F,' - 2F ') + ( - +
hlGl “lhl 6 8 2 h2 G2 E2h2
1 fi
(F L n) - = (F‘-ZF')+ —ee
12 10 4 Elh1 7 2 E2h2
"— 1" .
(2F, ,Fll) . ;
1 2 1 +1
= (- PR ) (R o+ Fy - )+ (- b =)
h2G2 2h2 6 8 2 hlGl | Elhl
(Fl,+Fg - 2, ) = —5— (F; - 2F,)) + —=— (2F, - F )
12 10 4 E h "L, h, T4 0 711
272 171
.(1.21)
From Equatlon (1.16) we have
(O, - &,
3y ‘1 oy
- T - 1
(QE, | F-E dF By - F
2a Y 2a
Substituting these relations
1 T
Fo! T8, Fo TF, ceveenn(1.22)

Expressing the biharmonic relations (1.17) and (1.18)

in finite difference form the follbwing relations may be obtained.



500
20 Fo -8 (F1 +'F2' + F3 + FQ) + 2 (F6' + F8' + F10 + F12)

= -
+F5+r7 +F9+F11 0

ceressne(1.23)

A 1" 1"
20Fo-8(F1+F2-i-I‘3+F4")+2(F6+F8+F10 +F12)

] =
+F5+F7+F9+F11 (¢

"“"'"'(1.,24)
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Boundary Conditions

- To determine the value of the force functions at the
Lo . 5F
boundaries, point p is considered first. The value of 5%

is equated to zero at this poiat, since the surface represanting

the force function must by symmctrical about :the y-axis.

Boundary pg
. 2 2
oy=0 Txy=0 .. ng = 0, %;E = 0
sz b x oy
Ry
Integrating with respect to x gives
O

Sy =Tl' ( whereT]b?s a function of y or a constant

since y is constant along pq, Y\‘ is a

constant)
% o
b %2 ' 3

Integrating Sg = ¢ (where ¢ is a function of
y or a constant)
But §£ = 0 atx=0
dx
« « C =0

DF

3x = O
Integrating

1 K .

F =A ( where A is a constant or a funtion
.'1 N
of y but as y is constant A is

constant)
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Hence, along pq

F =X - It mgy be pointed out here that
%g =YL it will be possible to obtain the
% =0 values of 7\’. andrl in terms of the

dimensions of plates after going

round the boundarics of the plates

Boundary qz

=y =0
o
* " bxdy
Integrating with respect tc y
%5 = D “u“ﬂ“'(whafé“D 1€ a function of x or a
censtant)
OF )
Aty=y, $=0 ..D=0
" OF
L ] =O
& . sz
U}{=O e a -—"2-::‘0
oy
Integrating with respect to y givas
%% =R (where E is a function of % or a
constant)
_F
A = — =
'.:Y Yz oy }t
s« E =

Integrating F = 7ly + G

’

But F=ANaty= Y,
/

a0 Gz;\"rl'yz

F ="ty + (N - 71y2>
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Hence, alcng qr

Integrating %E = H fwhere H.is a function of ¥y or a
. Y constant) But &F

- H=YL _YLatx-—-z

Integrating ;g% = J (where J is a functicn of y or

a constant)

But %g = 0 atvx‘=fx2 e« J=0 « o %% = 0

Integrating F =K ( where K is a constant)

'
But F = Vlyl + (A -Tt?z) at x=x, y=y,

R '1y1+(7\ rtyz)
. . F——Yl-yl-i'(?\ )‘tyz)

Henc», along 1

“'lyl + (7\ - "(yz)
1
0

RI51E -



54.

Boundary st
* Yy
'.F)Cy—'o oubxy ""'O
Integrating e = L (where L is a constant)
But %E =0 at s
%
. a L=O
* e ‘b‘z=0
O
S2F /
5 =btey ( a trapezoidal stress distribution
oy
is taken at the edge st so that a
2
%5 = gy + 2%— + M uniform or bending stress may be
applicd)
by’ | oy
F=—§—+—%7--1My+x
Butég_:-rl at y v
Oy ¢
and F = y1+7\..7gl
* ’
00M=TL"by '-cl
L=
' o 2 c 3
N= XNy, 1+
2
‘2 3, 3 '
F = E%_ + E%_ + (Ylf by, - ¢y, ) v+ RFYI?2~+ by,” + ey,
' 2 2 3
! SF
Let F = Rl and Y- L at y =0
This gives ' 9 3
{ 7\' byl 'Cyl
N o= Wt T Ty
N, ="-tby, - o
1 Yl 1 1
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‘
If 11 andt{l arc equated to zero it follows that

P 2
?l'= by1 + 9
2
' / 2 ro2 3
;7\ = (by, tey;") y, - by;” - cy,
2 2 3

Thus K and V]| are known in terms ofAthe éize of.thg plates and tﬁe
IOAQing applied, and the force function all aiong the boundary
is gnown,

The plates can now be éuB-divi&ed into a finitc-difference
grid. The biharmonic edhationf§§4F =0 QXpiessed in finite
difference form can be Wfittéﬁ for éllkpo{hﬁé’oﬁ the grid. The
slopes of the force function at the bounaaries may be used for
expressing the fictitious points outside the boundary in térms
of the réal poigts iﬁsiae the piates. A computer program can be
written for solving the finite difference equations.

It is found that if there is a cut in the plate 2 representing
an cxpansion joint, it is not difficult to decide the force
function round the cut. The figure below shows the.céiotdirates
of the cut in the plate 2, and the values of the force function

round the cut arc also given below.
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Y
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SECTION I1

HATCH OPENINGS

The structural discontinuity introduced at the corners of
hatch openings givesrise to stress concentration and cracking is
sometimes initiated at these points. This section deals with the
study of the effcct of certain geometrical parameters (such as
radius orllength of an opening) on the geometrical stress
concentration factor as well as on the fatigue strength reduction
factor. Whereas the geometrical stress concentration factor depends
wholly on the geometry of the opening and is valid for stresses
below the elastic limit, the reduction in fatigue strength depends
upon a variety of factors such as the size of the specimen and
the cycles to failure. Small-siie machined specimens of ship
steel with rectangular openings were tested under repeated loading
in the high cycle as well as the low ¢ycle range. The fatigue
strength reduction factor was correlated to the elastic stress
concentration factor taking into account the gecometrical size-
cffect, Using the existing theories the probabie fatiguc behaviour
of a large plate with a square opening (of dimensions comparable
to those of hatch openings) has been studied. The cffect of a

mean stress is also included.
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Experiments to find Geometrical Stress Concentration Factors

Photoelasticity was used to find the geometrical stress
concentration factors for the proportions of hatch openings for
which plate specimens of ship steel were tested under repeated
loadingo A steel plate specimen was also tested.

Photoelastic Experiments

The specimens consisted of quarter inch thick cast sheets
of Araldite Resin CT 200 clamped between steel end plates to
which tension was applied. The openings were made by using
high speed diamond cutters which copied the pattern from a
template on a pantograph machine, the plate being submerged in
cooling water during the operation. After machining, the radii
at the corners of the opening were checked by projection to a
50:1 magnification. The projected radii were indistinguishable
from the correct configuration. By exercising care in the
machining process it was possible to use cach specimen for
successive modifications.of the shape of the opening.

The loads were applied hydraﬁlically and measured by strain
gauges on a calibrated aluminium alloy link. The loading frame
was contained within an outer frame relative to which it could
be moved vertically or horizontally so that any part of the
model could be placed within the field of the polariscope.

(Figure 27).
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Fringe patterns were projected on a screen and the emergence
of successive fringes was noted as the load was applied. The
point of maximum stress concentration occurs at the free boundary
where the normal stress is zero, so that the observation of
fringe order is sufficient to determine the stress concentration.
Fringe orders were also determined at some points on the straight
boundaries of the opening and the longitudinal edges of the
plate.

The effect of the length and width of the opening on stress
concentration was studied for a corner radius of 1/24 of the
width of the opening. This is the smallest ratio recommended
by Lloyds Register. The effect of varying the radius was stﬁdied
for a square opening.

Table.2. .=ond Tigures 28 to 30 show the variation of the
stress concentration factor kt;éﬁf different proportions of
opening. The stress concentration decreases with.increasing length
or width of opening. Direct comparison with the results obtained
by other investigators is difficult becausc thc hole shapes are
not identical. In general, however, the valucs obtained are
somewhat lower than those interpolated from results reported

(15)(16)
elsewhere » and surprisingly low compared to the infinite

plate solution.
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The low valucs of stress concentration factors for very
small radii may be duz to the effect of the thickness of the
plate in relation to the corner radius. To study this effect,
further photoeclostic tests were conducted on small circular
holes in a 12 in. wide 1/4 in. thick Araldite plate. The
smallest hole was 3/32 in. in diameter giving a thickness to
radius ratio of 5:4. The diameter of the hole was increased
in stages and stress concentration‘factors determined.

Figure 31 shows the effcct of varying thickness to radius
ratio on the stress concentration and the theoretical curve

37)

due to Howland is also shown. At very small values of
the radius, (giving a lorge thickness to radius ratio) the
departure from the theoretical curve is considerable. As the
thickness to radius ratio decreascs, the cxperimental points
get closer to the theoretical curve. The lower curve shows

the relation between the thickness/radius ratio and the radius/

width ratio for the plate tested.
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The observed departures from the accepted values of stress
concentration facfors are clearly very significant, and cast
doubt on the validity of the photoelastic experiments. Further

(40)

investigations were carried out at Imperial College to

explain the discrepancies observed. Although these investigations
(40) . . :
did not explain the low values of stress concentration
factors obtained by photoelasticity, they indicated that tests
on a steel specimen having a thickness/radius ratio not greater
‘than about ten would give reliable valuas. Tests were therefore
conducted on a steel specimen in which the greatest thickmess/

radius ratio was equal to one.

Experiments on a Steel Specimen

The specimen consisted of a steel plate 2 ft. 9 in. x 8 ft.
overall x % in. thick clamped at its ends between pairs of plates

2 ft. 9 in. x 2 ft. x % in. thick by high tensile bolts. It
contained a 1 ft. 4 % in. square opening with radiﬁsed corners
(Figure 32). The corner radii at the oppésite ends of the
opening were different to obtain stress concentration factors
for two radii from a single test. Electrical resistance strain
gauges of % in. gauge length wére fixed along the radiused edges
of the opening and at points at the centre of the sides. The
position of maximum stress concentration for square openings

(36)

in infinite plates was used in deciding the distribution

of strain gauges around the corner. 1In some cases, the backing
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of the strain gauges was cut to reduce their overall size. This
enabled two rows of gauges to be fixed on the thickness of the
plate at close intervals. It was checked that the gauge-factor
was unaffected due to the cutting of the backing of the geauges.
The specimen was loaded in tension, the load being applied
hydraulically and measured by a load cell. Figurec 33 shows the
testing arrangement. The testlwas conducted in two stages. The
radii at the two opposite ends of the opening were made to give
radius/width ratios of 1/6 and 1/24 in the first stage; and
in the second stage they were machined down to give ratios of
1/12 and 1/66 respectively. The proportions corresponded to
those of the steel sbecimens tested under repeated loading.
The load on the specimen was increased in steps and a linear
load-strain diagram was obtained for every strain gauge. The
maximum load was limited to give a maximum recorded local
strain of about 900 microstrain. Strains were recorded by
an automatic strain recorder and the accuracy of measurement
was about + 5 microstrain. The gauge factor should not vary

more than + 1.5 per cent. from the nominal value.
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Results and Discussion

Table 3 shows the configurations tested and the corresponding
stress concentration factors Kt (max.). Figure3# shows the
variation of stress concentration fector with radius/width rétio,
the photoelastic results also being plotted on the same diagram.
The low values obtained by photoelasticity especially at small
radii may be noted. Figure34 also shows the values from the

(36)

infinite plate solution. As an approximation, these values
mey be modified for a finite plate by multiplying them by a
reduction factor, the value of this factor being decided on the
basis of existing theoretical results for a circular opening in

a finite plate. (37)

The reduction factor in the case of the
openings tested was taken as 2.16/3, where 2.16 is the stress
concentration factor for a finite platebﬁith 2 50 per cent.
circular opening, and 3 is the stress concentration factor for
a circular opening in an infinite plate. It may bec noted that
the modified values plotted in Figure 34 have a2 moximum deviation
of about 13 per cent. from the steel plate results.

Figure 35 shows the variation of stress concentration along
the corner radii. The position of meximum stress concentration

36)

for the infinite plate is shown for comparison. Due to the
extrapolation of very high strain gradients into the thickness

of the strain gauges at points of stress concentration, the
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strains recorded may be slightly high. A second error, in the
opposite direction, arises due to the strain gauge recording
the average strain over the gauge length. Both errors increase
as the radius decreases. For a radius of % in. (x/b = 1/66)
the observed value of Kt (max.) may be about 6 per cent. low,
the error due to gradient being calculated on the basis of a
circular bole of this radius in an infinite plate, and that
due to gauge length being calculated on the basis of the
tangential stress distribution shown in Figure 35 . For each
of the remaining three radii the net error calculated on the
above basis is less than 1 per cent.

Figure 36 shows the stress distribution across the middle
of the plate in way of the opening. The total force inferred
from the strain readings across the centre of the plate agreed
with the applied load within less than 1 per cent. Stress
distributions obtained experimentally are compared with results
obtained by finite difference displacement solutions in the

theoretical part of this section.
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Fatigue Tests

The results of the tests described so far, on specimens loaded’
statically, merely gave the value of the geometrical or elastic
stress concentration factor.s° In order to find the reduction in
fatigue strength, plate specimens with rectangular openings of
different proportions werc tested under alternating loads. The
specimens were of ship steel and were tested in the low cycle as
well as the high cycle range.

Some amount of exploratory experimental work was done before
embarking on the actual test programme.

Operating Frequency for high-cycle Tests

The higher the frequency and the stress amplitude, the greater
is the heating of the specimen. For temperatures between 0-100°C

(41)

the fatigue strength of steel is unaffected In order to

decide the operating frequency for the high cycle testing, tests

were conducted on a specimen of plain steel at different stress

levels and frequencies. Figure37 shows the effect of stress level

on temperature at two frequencies. It may be noted that the effect

of frequency on temperature is bigger. at higher spress levels. Figure
38 shows the effect of frequency on temperatufe at a given high stress
level. From the graph it can be secen that the frequencies below

140 cps will keep the temperature below about 100°C. Hence it

was decided to keep the frequency below 140 cps cspecially at

high stress levels. The tcmperature in these tests was measured

by a thermocouple attached to the specimen and an automatic temperature

recorder. -
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Effect of Surface Finish

Surface roughness as a result of machining reduces the
fatigue strength in comparison with polished specimens.
Internal stresses are always caused at the sufface by
maéhining as a result of plastic deformation of the grain
on the outermost layer and to some extent as a resu;t of
high local overheating. The direction of machining in
relation to the direction of dynamic stress also affects
the fatigue life. It is difficult to separate the effect
of roughness from these other factors and therefore the
reduction in fatigue strength: should be referred to different
methods of machining instead of to roughness alone.

The specimens to be tested under repeated loading were
to have rectangular openings with radiused corners. It is
extremely difficult to obtain a smooth transition between
the radiused part and the straight part by ordinary machining
methods without producing undercuts (at the point of tramsition),
due to the deflection of the tool. This introduces additional
stress concentrations. The spark erosion method was there-
fore used to obtain the final shape of the openings. A
uniform surface finish inside the opening was also obtained
by this method. Therefore the surface finish investigations
were done on specimens finished by this method. Details of

the method will be given on Page 73 .



67.
Figure 39 shows the effect of surface finish at test section

of plain specimens of annealed steel on their fatigue life (38)°
The effect of surface finish at geometrical discontinuities (e.g.
that of finish inside a hole in-a specimen) on fatigue life has
not been fully investigated. A few tests were conducted to study
this effect and to decide the surface finish to be adopted for
the inside of the openings. Identical specimens with circﬁlar
holes of different surface finish inside were tested under
alternating loads. Figure 40 shows the effect of surface finish
on the fatigue life of specimens which had the same geometrical
sttess concentration. It may be noted that in this case the
effect is more pronounced than in plain specimens. The results
shown in Figure 40 are for specimens spark-eroded by a machine
which was not to be used for the specimens required for the actual
fatigue tests. The time of spark-eroding a hole on a given
machine increases with the fineness of the finish required, and
is different for different machines. The new machine which was
to be used subsequently was used for spark-eroding specimens
for more test; on surface finish. The specimens tested had
3/4" square openings with 1/16" radius at the corners. This
particular shape was chosen because the actual specimens were

also to have similar openings. The table below shows the time

of spark-erosion versus the surface finish obtained.
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Speed No. on Surface Finish Time of Erosion
Eroding Machine

2 40- 50 Microinches 16-21 hours
4 100~ 150 " 1 % hours
5 about160 " 1 hour
6 about235 " 1 hour

1t may be observed from the table that the time of erosion
increases drastically for a very fine finish. It was
decided to use a speed of 4 which gave a reasonable finish
in a short time. Tests on two specimens spark-eroded

at a speed of 4 indicated that the same speed gave the same
surface finish and the same fatigue life.

The surface fiﬁiéh méﬁtioned above is defined as the
average undulation of thé surface from the mean surface.
The measurements were taken on a Talysurf surface finish
instrument. The range of magnification in this instrument
in the vertical direction is from 1000 to 50,000 and in the
horizontal direction from 20 to 100. Figure 4l shows a
typical surface finish record. A gauge length of 3" on
this record (corresponding to .03" on the actual surface) is
chosen and a mean line is decided such that the area under
the curve, above this linesis equal to the area under the

curve below it. This was obtained after a few trials using
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the planimeter. The surface finish for a 3" gauge length

is given by the following formula

Surface finish P in microinches

2 (Area above mean line in sq.in.) « 106
3 M

where M is the vertical magnification.

Shape of specimen for finding the fatigue properties of the
mﬁterial

In order to find the fatigue properties of the material,
the aim should be to make the shape of the specimen such
that there are no geometrical stress concentrations and
such that the material at the test section is not restrained
by the adjacent material. A sgspecimen with a parallel test
length followed by a gradual transition to the gripped part
satisfies both these requirements. But certain practical
difficulties are encountered with a specimen of this shape.
Firstly, using ordinary machiniog methods it is very difficult
to avoid undercuts at the points of transition. These undcr-
cuts give rise to stress concentrations and initiate premature
failure. Secondly it is difficult to keep such a specimen
stiff cnough not to buckle under the very high stresses applied

in the low-cycle range.
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Several trial specimens of different shapes were tested
to arrive at the best possible shape which could be tested
in the low-cycle as well as the high cycle range with the
available testing equipment. Figure 42 shows the dimensions
of the various trial specimens. Trial Specimen 1 broke at
the point of transition where there was an undercut of about
«002" showing signs of buckling when tested at a high stress
level. Specimen 2 was provided with a more gradual transition
and was ground to avoid undercuts. Measurements taken by a
sensitive device showed the absence of any undercuts. The
specimen when tested at a high stfess level buckled as a
fixed ended column in the low-cycle test rig. Small cylindrical
specimens with threaded ends were designed and made out of
the thickness of the material (which was available in the
form of 3/8" plates). Specimeﬁ 3 broke at the thread due
to stress concentration. Specimen 4 broke at the point of
transition due perhaps to an undercut. Specimen 5 was made
with no straight part in the test length but a very slight
neck in the midd;e which introduced a very small value of
known stress céncentration but elimiﬁated the possibility
of breaking of the specimen at the point of tramsition due

to unknown concentrations. This specimen did break in the
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middle when tested at a low stress level in the high cycle
range. A similar specimen (No. 6) was then testad at a

high stress level in the low cycle range. This specimen
buckled due to the top part swaying relative to the bottom.
As the plate specimen (Trial 2) failed in a more favourable
mode than the cylindrical one (Trial 6), specimen 7 was
designed as a plate specimen. This specimen had no. straight
part and had about 5 per cent geometrical stress concentration
present at the mid-scction. This specimen was tested

at a high stress and was found not to buckle and the fracture
took place at the mid-section. This was the shape adopted

for finding the fatigue behaviour of the material.

s,
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Desipgn and Fabrication of Hatch Specimens

Figure 43 shows the intended programme of tests. The
skatches sﬁow specimens with one and with two openings; but
the test series for the second case was not carried out
for this thesis. The proportions of the openings were
chosen to lic within the limits of the proportions of hatch
openings in ships, and also corresponded to thosc adopted
for the photoelastic tests. The specimens were designed
against buckling and their size was close to the largest
that could be tested with the available testing equipment.

The steel used was ship steel grade A and was available
in the form of black hot rolled plates 20! x 3" x 3/8'". The
yield stress of the material was 19 tons/sq.iﬁ. The
fabricstion of the specimens was done with extreme care to
reduce the scatter inherent in all fatigue testing. The
various stages of machining are indicated below.

(1) Bandsawing and shaping roughly to sizc.

(2) Rough machining two faces by vertical fly-cutting

(3) Bandsawing the curved sides and accurate machining end§
and edges by verticel milling.

(4) Rough machining the hole leaving .020" for spark erosion.

(5) Spark-eroding the hole in two stages.

(6) Grinding the faces to fine finish.

Care was taken to avoid any scratches on the finished specimen.
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Spark-Erosion Technique

Figure 44 shows part of a‘sPark-eroding machine. The process
consists of passing an electrode through the hole and str1king
an arc between the electrode and the specimen. The spark loosens
particles of metal from the specinmen, giving a hole of torrect
shape and unlform finish. The speclmen is immersed in a tank of
paraffin. The electoode vibrates at a high frequency (300 cps)
to dlsperse the debris’ and sometimes w1thdraws a small amount to.
allow the agitated paraffin to clear the debris. The spark gap ‘
(hence the size_of the"éféqtrode) depends.upon the surface finish'-
required. By ordinary machining methods it is fairly easy to
make an accurate electrode with an outside ‘tadius at the corners;
The electrodes may -be of bnass or Elkonite (an alloy of copper
specially compounded for epark~erosion). The wear of an Elkonite

electrode is very much smaller than thetvof bress.e
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Figure 44 shows the electrodes that were used. The
electrode passes through the hole in two stages. In the
first stage the electrode passes at a higher speed giving
a rough finish, whilst the second (slower) pass gives the
final shape and finish. The first stage of the electrode
was 012" smaller than the size of the hole required and
speed 6 was used for this stage. The second stage was .004"
smaller and the speed setting was 4. The same electrode
could be used for a batch of 8 or 10 similar specimens. A
rotating electrode was used for obtaining the circular
edges of the specimens required for finding the material
fatigue behaviour.

Testing

The usual procedure for determining fatigue behaviour is
to test a number of similar specimens subjecting each to a
particular range of alternating load until it breaks, so that
a relation between the alternating stress S and the number of
cycles to failure N (known as the S-N curve) is obtained.

The purpose of the present series of tests was to obtain
complete S-~N curves starting at the semi-range of stress
equal to the ultimate strength of the material and extending it to

low values of stress at which the life is measured in
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millions of cycles. Low-cycle fatigue is generally considered
to cover the range of life from 1/4 cycle to 100,000 cycles,
and high-cycle fatigue covers life above 100,000 cycles.

Batches of specimens with openings of different
proportions were tested.

High Cycle Tests

Specimens in the high cycle range were tested in a
Vibrophore high frequency fatigue testing machine.(Figure 45 )
The machine operates electromagnetically at the resonant
frequency of the vibrating parts. The range of test frequency
is from 60 to 300 cycles/sec. The load is measured by a
dynamometer using an optical system, the load range being
controlled automatically by a photoelectric device. The
machine is capable of applying alternating or fluctuating
loads.

Specimens were tested under alternating stresses at
different levels at a frequency of about 130 cps. The
machine switches off automatically when the crack is initiated.
The test was then continued to fracture by controlling the

machine manually.
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Low Cycle Tests

The low cycle fatigue tests could not be conducted on
the Vibrophore due to heating of the specimen. A hydraulic
rig was therefore designed for thesc tests.

The specimen was pretensioned by four lapped rams acting
through serrated and hardened grips which were clamped by
high tensile bolts (Figure 46 ). The rams were connected
to a hydraulic loading cabinet C (Figure 47) and a nitrogen
accumulator A. The rig was put in the compression-test part
of the universal testing machine R. A pulsating compressive
load with an amplitude equal to the desired alternating
amplitude is applied by the testing machine to the test rig.
The test rig applies a prétension to the specimen equal in
magnitude to half the desired alternating amplitude. The
superimposition of these two loadings give a resultant
alternating load to the specimen as shown in Figure 48 .

The function of the nitrogen accumulator connected to -the
rams is to keep the pretension constant. It consists of a
cylinder with a piston floating between oil and nitrogen
gas at equal pressure. Du; to the clongation or compression
of the specimen, the change in volume of the gas due to oil

being pumped into ér out of the accumulator does not
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change its pressure significantly and keeps the oil pressure

constant. Figure 49 also shows the low cycle test assembly.
Lapped rams were used because the améunt of friction

is very small and constant, whereas packed rams suffer from

the disadvantage that the packing deteriorates and the

friction varies at different pressures. The calibration

of the rams used, showed remarkably small amount of friction

(0.3 per cent). The cylinders were designed to increase

in diameter by not more than .000l in. under pressure.

Figure 30 shows the working drawing of a ram.. The ram

and the cylinder were lapped to give a radial clearance of

.0001". The amount of leakage during normal working

amplitudes was very small, and the quantity of oil lost due

to this reason was compensated by the load-maintaining device

of the loading cabinet.

Material Defects

Some of the specimens were found to have laminations
and inclusions. These defects in some cases were undetected
until the final stages of the preparation of the-specimens.
Figures 51 and 52 show some of these specimens. The life
of such specimens was affected by the flaws thus introducing

scatter in the results.
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Fractures

‘High Cycle Fatigue

The fracturad surfaces of specimens broken under high
cycle fatigue were characteristic of fatigue fractures. 1In
the region of the origin of crack the surface shows small
dark markings. Therc is a sccond zone where the crack spreads

more rapidly showing a less smooth appearance.

Low Cycle Fatigue

- Figure 93 shows a fractured surface of a specimen tested
in the low cycle range. Cracks.started at the transition
point between the corner radius and the straight sides of
the openings. The prescnce of small dark markings in the
area of origin of the cracks may be noted. The crack then
spreads into a somewhat: rough surface perpendicular to the
direction of the load towards the middle of the plate thick-
ness and inclined to this direction towards the ends. The
dark zonc shows that part of the specimen where fracture
occurred when the section reduced so much that the metal could
not withstand the last application of the load.

In a number of cases, cracking was initiated at 3 or 4

corners. This indicates that the specimens were accurately

made and concentrically loaded.
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Results and Discussion

Figure 54 shows the S-N curves for specimens with square
openings with varying corner-radii together with S-N curve for
the material. The fatigue strength reduction factor is generally

defined for a given number of cycles to failure as

K. = (Alternating stress in plain specimen)

£ . . . . .
(Nominal alternating stress in specimen with stress

concentration)
For example, in Figure 54 for square openings with corner radius
of 1/8 in. the value of K is given for 106 cycles by ;l . It
méy be noted that along the S-N curve the value of Kf depends
upon the number of cycles to failure and has two limiting values.
One value (usually denoted by Ks) occurs when N = % s that is
when the specimgns are broken in a single pull. The second
limiting value (usually denoted by KA ) occurs at the other end
of the S-N curves where the curves become horizontal (Fatigue
Limit). For materials which do not possess a fatigue limit, no
great error arises if representative values are obtained at 107
cycles.

Figure 55 shows the variation of observed values of strength
reduction factor Kf with corner radius for different lives. One
batch of specimens was made with openings having sharp corners,
but measurements of the cormer radii with a magnifier using a

magnification of 100 showed that the nominally sharp corners had

a radius of about 0.008 in. It may be noted: that as the corner



SOQ

radius increases, the value of Kf initially increases and then
decreases. In other words, the specimens with sharp cornered
openings have a higher fatigue strength than those having a

radius of 1/32 in., although the elastic stress concentration
factor for the former will be much higher than that of the latter.
This peculiar behaviour is associated with high gradients of
stress which occur at very sharp discontinuities containing high
stress concentrations. The stress gradient, which is not a
dimensionless quantity, depends on the size of the specimen.

The "size-effect" noted in fatigue testing is therefore associated
with the stress gradient. The size-effect phenomenon and. its
relation to stress gradients is illustrated in Figure 356 . 1In
the absence of stress gradient, no size-effect is observed in
axially loaded plain specimens (Figure 56 Case 1). On the other
hand, in specimens subjected to bending and in notched specimens,
a definite size-effectwis observed (Figure 56,Cases 2,3).

Since extremely small notches giving infinite theofetical stress
produce very little or no reduction in fatigue strength, the curves
in Figure 55 are produced to pass through the origin (Kf =1 no
reduction in fatigue strength when r = 0).

Various fheories have been put forward to explain the size-

effect phenomenon.
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Neuber's Theory

Neubef's elementary block concept is that fatigue failure is
governed not by the maximum stress but the average stress over an
elementary block of finite size. This means that a higher maximum
stress can be withstood when the gradient is high, than when it
is low. Neuber points out that the classical theory of elasticity
which is based on the assumption of a homogenous material is
inapplicable to materials with sharp notches. TFor a bar containing
an extremely small notch, the classical theory predicts high values
of elastic,or theoretical, stress concentration factor Kt’ whereas
experience shows that small notches give no reduction in fatigue
strength. Neuber rcconsidered the theory of elasticity on the
basis of materials composed of numerous small and finite particles,
and by taking account of the stress distribution near the point

of maximum stress,he arrived at the empirical relatiom

t
A 1+ 3 cevosscel2o1)

K, = fatigue strength reduction factor

A

Kt = geometrical stress concentration factor

r = radius of the notch

A = a material constant having dimensions of length and

representing half the width of a Neuber block.
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This formula takes into account size-effect by including a
dimension of the notch (root radius) and shows trends of size~
effect which agree with those found experimentally. It can be

shown that when r tends to zero, KA tends to unity.

THe Inherent Flaw.Concept

The inherent flaw concept regards the material as containing
a number of internal stress concentrations. Irregularities are
produced in the micro-stress distribution due to discontinuities
introduced by inclusions; cavities or surface irregularities.
The resulting stress concentrations can be regarded as originating
from '"equivalent flaws" of a given size. The influence of
internal flaws depends on their size in relation to the region
of high stress. This can be illustrated by considering the effect
of an external notch on a material containing many internal flaws.
If the notch is large compared with the flaws, there will be a
number of flaws wholly within the region of high stress at the
root of the notch, and reduction in fatigue strength will be
considerable. 1If on the other hand the size of the notch is
comparable to the size of the flaw, it amounts to adding to a
material, full of stress raisers, one more stress raiser of the same
size; and éonsequently the reduction in fatigue strength,due to
the notch,is very small.

An analysis of the intcracting effect of equivalent flaws
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with geometric stress concentrations leads to an empirical material

notch formula suggested by Heywood <272
K

K, = ’ £
- —e——
A 1+2(Kt:"1)\/—‘E
T r coosenl2:2)
t . )
where KA’ Kt and ¢ have the usual meanings and e = the material

notch alleviation factor corresponding to the length of cquivalent
inherent flaws or the flaw parameter.

Heywood has aﬁtempted to correlate \/E‘émpirically to the
tensile strength or fatigue limit of the material, and the type
of discontinuity. He has plotted the observed values of notched
fatigue limiés from results of various experimenters against
calculated values using an empirical value of QG-based on the
type of discontinuity, (hole, groove or shouldér) and either
tensile strength or the fatigue limit of the material. The
agrecment was considered to be satisfactory comsidering the wide
range of specimen shapes and sizes included and the difference
in techniques used by different investigators,

Using Heywood's cequation, knowing the values of KA from
fatigue tests (S-N curves, Figure 54) and Kt from the steel test
(Figure 34), a mean value of\/g has been obtained for discontinuifics
in the form of rectangular openings with radiuscd corners in ship
steel. lUsing this valuc of JG_in Heywood's equation, the
variation of KA for geometrically similar specimens has been

calculated. This mean value of /e obtained from experimental results

agrees well with values suggested by Heywood for grooves (Figure

57).
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Figurc 57 shows plots of KA versus corner-radius for
geometrically similar specimens with square openings with
different radius/width ratios. As the radius decreases a point
is reached where KA becomes less than unity signifying that the
discontinuity under consideration produces less weakening effect
than that due to inherent flaws; the material beyond this point
should be considered to have KA = 1. The cross~-plots on the
curves in Figure 57 correspond to a constant value of the size
of the opening, b. Knowing the size of the opening, b, and the
% ratio, these curves can be used for finding K.A for specimens
having square openings with % = 0.5, thus providing an approximate
method of estimating the probable long-life fatigue behaviour
of large specimens. For example, for a 24 ft. wide opening in
a 48 ft. wide plate, the values of Ky for different-g ratios
would be the ordinates of points 1, m, n, o in Figure 57 . Dividing
the fatigue limit of the material by KA’ the average alternatiﬁg
stress over the net section (oﬁn in the Figure below) which can
be applied to such a plate for fatigue failure to take place in
107 or more cycles, can be obtained. Valuecs of Oén are

tabulated below. The valuec of the fatigue limit used is that

obtained from the S-N curve for ship steel (Figure 54).
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(Fatigue limit: = 1&.8 tons/sq.in.)

S |
T :Eb-"-?‘( Bt

=

xlb KA' | {_1,o_a.n“ lé -8 tcns/sq.in.
S v i U :

1/93.4 4.06 = - 315 S

j R ( 0‘ - altemating'
1726 - 275 7 4e66 4 X, -
' ' ' ]; stress Eor 10 cycles

?.-'

1712 2,40 5.33

o . . K to failure)

‘The dimensions used‘.in the ab.ove éxample Jaré of the same °
- order of magnitude as chose in hatch’ openings 1n ships. This
very example would be used at a later stage for calculating the
alternating stress(q‘an)f‘og differentﬂcycles‘to failure»(.from

- 1/4 to 107 cycles)s I S o V‘ L ' :
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Effect of Cycles to Failure on Fatigue Strength Reduction Factor

The knowledge of KA for a given specimen or component gives
only. the limiting value of fatigye strength reduction factor,
but, as was pointed out before, the reduction factor Kf dgpends
upon the cycles to failure and has two limiting values KS (single
pull) and K, (near the fatigue limit). For a structure subjected
to a spectrum of stresses, it is necessary to have a knowledge
of Kf over the whole range. In some cases it so happens that
some parts are subjected to comparatively few cycles during the
servicellife and parts designed for fatigue limit will be
unnecessarily strong.

Heywood suggests an empirical relation for calculating K. at

£

any life.

n? \

Kf = KS+ '7:—_ (KA"KS ) canoooe(2°3)
n +d

Kf = fatigue strength reduction factor at a given life.
KS = strength reduction factor under static loading
KA = limiting fatigue strength reduction factor
n = log of number of cycles to failure
d ., = a constant which depends .upon the material and, fog-simple

geometric notches is independent of the type of the notch.

"1750 .2
ot ) where Ot

For steels Heywood suggests a value of d = (
is the tensile strength in KSIL. As very few experimental results

are available in the literature giving complete S-N diagrams
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for reversed loading of plain and notched specimens, the relation
has not been verified to a great extent and may be considered
to be very approximate.

Heywood's equation may be rewritten as

Ke = K+ XI(KA - K )
where w=-—2——-—-
h+d

Figure 58 shows a plot of \If versus life using
d = ( %gsg )2 = 615 (ot was found to be 70.5 KSI for the steel used)
The experimental values of yf obtained from the relation
K. - K
_ f .
yD’— o K, (where Kf, Ks, K, are obtained from

y the S-N diagrams)
are also marked. There appears to be some scatter, but it can
be easily seen that the empirical curve represents the mean of
the experimental observations fairly well. The reason for the_
deviation at l’l: 1 is readily apparent. For 107 cycles when

the experimental S-N curves become horizontal K and ?7V* 1,

whereas the emplrlcal curve for this life glves

;p:__(ll___: 0.8

(7) + 615
With the limited amount of test results available for steels with

large value of d (that is, with low tensile strengths), no attempt
is made to suggest a new empirical expression for d;and the value

of 615 is used in the calculations that follow.



Example o : R e o _‘Ifl:g-ln

The values of fatigue st.i'engt;h_ N 7% .
reduction factor Kf' for different A r ‘ Ib:Zl: rB=48'
lives have been calculated for the .

- example treated before (Bage 85 ). | T_hev values of limiting_:.f_atigqe

strength reducﬁio;i Eé;;or KA' have been takén £rom the” table on Pag'e‘85.

Kf has been calc\'xlatedi for different {- ratios uping Heywood's ' '
, equation - , o _ C

K, = K_ + (K, «K_ ) ..

L L A s ° -

(d = 615,_1{8 is taken -as unity)
dax;’the average stress »c:m»‘pet section for a given life,is R

calculaited from the relation
(v}

a
. an _Kf

. where o, = faﬁigue strength of the mg;é:;al-for the
same lifes -

The calculationg are shown inm & tabular form belows

W

. -
1o
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Cycles to 7 6 5 2
| Faiure | 10 10 16 10 16
.| Materiat - - - , ’
Fatigue Strength . . . AR . qQe . . .
G from SN 12:80 1375 1575 19‘30 24°30 | ?8 90
" | Diagram in "~ i :
Tons/sq. in.
AKA Oan | K¢ | Gan | K§ | Oan | K¢ | Fan | Kf | Gan| Kf | Gan
= | Tons) Tons/ Tons/ Tons/ Tons/ Tons/
sq. In| sq. in. $q. in. $q. In sq.in. sq.in.|
T T 1 & |
%25152 406 (315 | 308 | 447 | 2'54 | 620 | 1°90 (1016 [ 136 [1791 (1708 |2682 |
oo (275 | 466| 219 | 629 | 188 | 837 | 151|127 | 120 |2025) 104 | 2760
Lo (240|533 | 195{ 705|171 | 923 | v41 1367|116 |2095( 103 | 2606’
l‘_“l : »: : - | . .
D6 (198 647| V65| 835 1749|1054 | 129 (1498| 111 | 2188 1102 | 2629

Figure 59 shows plot:s“: of 0’an versus life for different -g- ratios |

for the pia;;e considered. The damage to the plate’dué_ to a spec_t_:rimi:?

of élternatiﬁg stresses can be calculated by plotting the curve

representing the spectrum on this figure and apj:lying the 'cumlgt‘ive

damage rule. ,Be:ﬁbr_e considérin_g the damage due to a spectrum, the

effect of the presence of a meau stress is considered belows

»

' *' " This value is referred to ;on Page 95 -
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Effect of mean stress :

The calculations so far have been done for alternating stresses
only. In practice, however, a mean stress is usually present
and‘cycles of stress of different magnitudes are superimposed over
the mean value. For example, in ships, the stress reversals are
superimposed on the still water-bending stress.

In order to take account of the mean stress in a specimen or
a component with a geometrical discontinuity, it is esséntiél to
know the relation between_alternating stress, mean stress and
cycles to féilure for a plain specimen of the same material.

Heywood suggests the following approximate formula for plain

specimens of steel (272
%—i— = §1§%‘§ ﬁ Ao+7<1-Ao>§ cenennen(2.4)
where Ga = alternating stress
Om = mean stress
ot = ultimate tensile strength
Ao = L7 Clna‘ = valﬁe of g% at zero mean stress
l1+c na
2
y = Om (2+g—%‘)“

3ot

n= log of cycles to failure
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A mean value of each of the constants cy and <, has»been arrived
gt, by using the expe?imentally observed values of %% for zero
mean stress. Using these values ( ¢

= ,0024, c, = .0063) the

1 2

relation between alternating stress, mean stress and cycles to
failure, known as YMaster Diagram" has been plotted in Figure 60.
Tensile mean stresses are qf much greater importance than
compressive mean stresses in affecting fatigue behaviour. In
practice, failures in compression are extremely rare due to
increased fatigue strengths. The master diagram is mainly for
tensile mean stresses; extrapolation into the compressive zone
has been done but limiting-conditions (such as the condition of
failure to take place in one cycle when Om + Oa = Ot) may not

be satisfied in this region. The tensile zone of the master
diagram on Figure 60 will be used in the subsequent calculations;
these predict the fatigue performance of a large plate specimen

with a square opening, subjected to stress reversals superimposed

on a given tensile mean stress.



92,

Fatigue strength reduction in the presencé of a mean stres$

ﬁndet repeated 1oading,mean scfess; like altecnating stress, is
"also semsitive to st;essvconcentrationso In fact; for a'specimen with
stress concenttation, there are tﬁo fatigug sttenggh rgdu;;ién factors = |
one for alternating stress and one for the mean’ stxess. fhe definitioﬁ
" of the strength reduction factor for mean. atress can be‘elucidated

_with refereance to the diagram below.*j

Alternating _
Suess’ja

|

@

Gmn ! | Mean stress» 07 (Ultimate Tensile Strength)
v , Om - - ‘ :
Curve 1 gives the relation between the alternating stress and the mean

‘stiéss for a givenvlife (say 10s cycles) for the plain materiale Curve

~

II givaa thc talanion becwaen the nominal al:ema:ing stress and :ha |

nominal mean.stress for a specimeq.with straas concencration for the
w

same l;fe..‘



939
ga

The alternating strength reduction factor Kf = Gen °

If two ordinates Ol and 02 are taken on the curves I and II

respectively, such that

o _ o2 _
02 Jan f

‘then the "mean" strength reduction factor is defined as the ratio

of the corresponding abscisgae

_ Jm
Y = omn

This definition assumes that the alternating strength reduction
factor (Kf) remains the same even in the presence of mean stresses.
An empirical formula for Km has been suggested by Heywood:

Om

K = = KS + (KA - Ks) (1 -

Omn + 0an )2
m Jmn

e ceeses(2.5)

where Om, Omn, Jan, Ot, KA’ Ks are as defined beforey, and Otn =
ultimate tensile strength of a specimen with stress concentration.
(otn = K ot)

The formula indicates that Krn depends upon the nearness of the
sum (Omn + 0an) to the static strength Otn. At static failure

when Omn + O0an = Otn, Km = Kso Also the value of Km can never

exceed KA'
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' Example:a;

Heywood's formula (Equation 2.5)‘;&9 'used to calculate t:.he fatigue
perfo@nce -of_ _‘a.large-size plate specimen. The dimensions éf the 1
plate were as in fthe‘pre\éious exampla' (Page 88). . The ‘mavgn'itulde of |
the tensile mean stress was chesen to be & t'rons]sq.in. ’ The still .
‘water bedding stxéés’ in a ship wouid be of this ;)rder.

The calculationg were done for an{- L
- .ratio of -g-%-:-“ | gsample calculat.i.on

ia shown belovw.

omn==4 tons/sq.in. BRRE

ot = 31.5 tons/sq.in. .
1 P
=95 Kp =406

w1t s required to cslculate the hominal- alternating stress‘ Oan

From Page 85 for .-5-

" that can be applied to this plate for failure to. :ake place :Ln 10s

cycles. The master diagram on F:Lgure 60 wiu be used in r.hese

) calcula:ions._ SRR o
Now . _ .
© om ‘ v ‘ . Omm + Can
alih K, + (K, =K) Q- Gen )

' 'j...g.‘ul(fro'm Equation 2°5)

" Putting o£=‘otn. K, = 1 s | .

‘ the above equacion can he rewrix:x:en as

% - [1 +. (K .1) (1 g‘{ﬂﬂ )ﬂ/ o -_('2_6) .
- : S sacncea (Lol
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From equation ( 2.3)
4

Oa é n
K. = =22 = K + —— (K, - K)) g
£ Oan s n4 +d A ]
Putting K =1
s \
Oa Oan n4
5t = ot El-l— A ‘ (KATI) ; weoossal(2.7)
n +d
, Omn 4 R
Putting ot 315 ¢ KA = 4.06 in Equation (2.6)
om _ . Oan 2
O,t = 0«127 +0°389 (0:873 - O_t ) uoocoo-(zns) .
Putting n = 5, d = 615, KA = 4,06 in Equation ( 2.7)
0a _ Oan | v
Ut - 2-542 Gt ‘ 0000-10(209)
By using several trial values of Q%% in equations (2.8) and
(2.9 , such a value was obtained that the point representing
Oa 5

and G vfgf on the curve for 10

th respondi f
e corresponding values o ot pom

cycles in the master diagram (Figure 60 ).

In this particular case

Oan
when 5t = 0.17,
oa -
Om __ .
o = 0.32
: . Oa O
The point represented by the coordinates., o - 0.43, i 0.32,

is on the curve for 105 cycles in the master diagram (Figure 60 ).
Hence 0an = 0.17 x 31.5 = 5.35 tons/sq.in. This stress may
be compared to the value of 6.2 tons/sq.in. which can be applied

when omn = 0. (Table on Page 89 , asterisk mark).
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The discontinuous curve in Figure 59 represents the fatigue

performance of the plate in the above example for an % ratio of
1

93.% and with a mean stress of &4 tons/sq.in. This curve

may be compared with the corresponding curve for zero mean
stress on the same diagram. It may be noted that a mean
stress of 4 tons/sq.in. does not change the fatigue bchaviour
of the plate considerably. GCalculations taking account of the
cffect of mean stress were therefore not done for the other

Xz ratiaos
b Q
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Damage due to a stress-spectrum

(42) h

The average stress histogram of 2 ship as been super-

imposed on Figure 59. The histcgram was obtained from measurements

on several ships at sca repcrted by Johnscn and Larkin (43)

. The
mcasurements were taken for a limited period; but for the sake
of the example, a rough estimatc is made of the number cf reversals
that a ship may get in an arbitrary period of 100 years. The
number of sailing hours per year was assumed to be 6000. According
to Miner's hypothesis the damage at a particular level of stress
. . . n!
is given by the ratio o
where n' = number of reversals at the given stress level
n = number of reversals required at the same stress
level to cause failure.
. . n! . .

The total damnge is given by z:;r-. In the application of
Miner's hypothesis n! and n were taken as values corresponding to
the middle of the stress range considered. n was referred to the

. r
curve corresponding to 5 T 934 and an assumed meon stress of
4 tons/sq.in.

The table below shows two sets of calculation of damage at

different stress levels. Onc of the sets refers to the average

histogram mentioned above. The second set refers to the histcgrem

of one of the scveral ships from which the average was cbtained.
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1 2 3 4 5.
Stress ', _Ti n'/n 100
Amplitude T in 100 years N T __Z acy X
(Semi range)| Average |Histogram of Average |[Histogram | Average |Histogram
tons /sq.in. | Histogram jona ship Histogram |of one ship [Histogram |of one ship
0-5to 1 |18516300 | 2510800 oo 0 0 0 0
Tto15 1724900 | 393300 o 0 0 0 0
1-5to 2 198200 285900 o 0 0 0 0
2t02:5 | 30000 | 115300 oo 0 0 0 0
2-5t0 3| 6300 46800 10 x 106 -0006 ‘0047 13% 1%
6
3to 35 1130 8500 2x10 -0006 ‘0043 13% 10 %
6
35t04 | 232 1460 1 x 10 0002 | 0015 | 43% | 4%
4L to 45 93 729 450,000 -0002 | 0016 le % l. %%
S 45 438 15,000 ‘0030 ‘0290 65% N%
nl
> —= 00046 0-041
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The total damage}ii?-when referred to the average histogram
is 0.0046 and the corresponding value for the histogram of ome
of the ships is 0.041ll. Failure takes place when Z%‘- = 1.

In both cases the total damage is very small. Column 5 in the
table gives the damage as a percentage of thc total damege.

It 'may be noted that the rate of damage for the two cases
considered is nearly the same, although thec total demage differs
considerably. The naturc and severity of stress spectrum (and
hepce the damage) may differ considerably for different ships.
(Nibberiﬂg (23) points out that the stress spectrum of "“Canada'
in onc month was nearly as severc as that of "Ocean Vulcan" in
‘thirty years). Secondly, the effect of welding and corrosion
has not been taken into account in the above calculations and
these factors will adversely affect the fatigue behaviour of

the plate.
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Effect of the‘lengfhiof 2 _rectangular opening
Figure 61 shows the S-N diagrams for two batches of specimens

with different lcengths of openings but equal corner radii. The

S-N diagrams for the two opening sizes ( %‘"Ax % ", % "ox % "

were found to be very close and further fatigue tests on a
third batch of specimens with a different length of opening

( % "x 1 % ") were discontinued. The photoelastic tests also
indicated small variation of stress concentration with length

of opening, thus lending further support to the discontinuation

of the tests.
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THEORY
~ The general stress distribution in plates with rectangular openings
was found using the finite difference approach - the computation belng
carried out by the Atlas computer. Relaxation solutions for .a plate with
a'fixed length to bteadth ratio,stiffeneq in two directiohs and containing
a square hele have been obtained before. (“A)'

Governing Equations

The stress-strain relations for a sheet are
[~ -
E Du +p v
1-p2 | dx oy _|

03' =7E—f37 by’*'pg;I o :

' ....-;..(:2';10)

D |
Tt Ox

Ty = z(1+p) by

For a plate stiffened in4longitudina1 and trsnsverse directions it ~
may be assumed that.the stiffeners are spread out togform equivalent-
sheets having no shear resistance. . i
Defmlng o‘x , GS’ ‘[;xy as the mean applled stresses such that hO?(,hoy:'
htxy are the forces per unit lengkh of the plate stiffener combination |

(equivalent sheet), the equations of equllibrlum are .

: bO'i( Oy — o
| + by =0

VoY, OTay ' S in 11
+ foned O ot’aoqo.(z‘dl.l)
Dy Ox SR

(h ='plate thickness)
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If Qg and ay are the stiffener areas expressed as a fraction of the

plate area, and Oxs, Oys are ﬁhe stresses in the stiffening members
G = Of + OxOis
Gy = Oy + OyOys T
'fxy= Txy S ’ ........(2_.12)

(assuming the stiffeners do not
contribute to the shearing resis-

tance of the equivalent sheet)

The stresses in the stiffening members are given by .

(o) =g QU
XS bx |
' bv o i vavess{24 13)
- 4 G‘ys- by ‘ o -

Substituting for‘ (3; s 0"y 2 'Exy from (3, i,z)in (ifil)

d0x - '60"xs 6'Exy_.
".+a bx (’)y 0

_53.‘1 T eesens(G2414)
A

" Using expressions (2+1lhnd (2.13khe equations(Z‘- 14)can be expresse'df"ih'-

terms of derivatives of displacements

z
21 <oy dv__ -
+Ob<(1 P:l +0 P yz+(1 +p)‘0£0y 0

et =) 1O 401 =0y DY '. . (215)
2fran-@ R 0-p2 +<1+p>wy =0 el
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Finite difference xelations for derivatives at point O on a grid with

unequal mesh size in different directions were derived in the section

on superstructures.

6 2 \ 5
-c-)\a . ot - a' »
b
0 l
3 1
7\1¢b
7 = + g

0

.:b_l; - iul.?muoo-)f)
0x] a(X+n)

@ )\luz U+ Up(1- iﬁ

b(?\, ?\1

-Bz__] A+ 'Ue(1+7\)
2 .
0

.a/;ofm

)\1 Up + Ug ~Ug(1+N\1) '

b/()\,-l-)\l

-

.lc‘.co(2;16) '

‘ -bzu } ﬁ[fus-us-ruzﬁ—?\)-_] [Xus-u-; +u:.(1 -)\)] +(1 7%1) [7\u1 U3 +uo(1-ﬁj

ab()\-t-)\)( XHM
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Expressing the derivatives in Equatlons(z 15}“ terms of their finite

difference equivalents we obtain

[Ru,+u3 -(1+7\)UJ "'FZD\! uz+u4-(1+7\1)u3
k +5E€{7€v5-v5+(1 X)Vz} {)wrv#ﬁ-x)v - i){iv;-\@*'(l"i)vo:a

G;[?\;Vz-a-\t. (1+)\1) v0]+Gz[7\V|+v3-(1+7\)VJ

+F3EE1{7305-UG+(1 -X)uz} {)\u -u.,+(1- u,. +(‘l 'l;){)iu,-ua - X)uo:ﬂ =0.i |

Where ‘Q T ct.ocuo‘(&ﬂ)
' IL::k
‘_ a . .’
Ceax(-pH=1g ,
teayp) =l
' F‘_ ‘.kz E
T RO
Fo=—2U0)
(AR
___(1+0)k
AR A+ N)

&= AWK LT
Gy=-2K0-D) |
(A+X)

Solving equation (2.17) for each point on a'fin'ite difference .

grid togethex with the boundary conditions anables displacements and
N )
‘ scresses to be computed at all points.



The figurégleow shows the two cases of plates which
were treated.i,Caqq 1 1s a plate with a single reccdpgulaf P -

" opening and case 2 is a plate with two ppgnings.\ﬁf

CASE 1 =
A )

B ) ‘ c

' "Figure (a) . L
T TTFIT

NS

7z
/A

/e

E Gripped part - T

C (mse )

Figure ()
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The plates were assumed to have uniform longitudinal
and zero transverse displacements imposed at the ends (AB,
CD; A'BY, C'D'). This particular boundary condition was
chosen to simulate the gripping of the fatiguc plate specimens
as shown in the figure (in a ship the effect of transverse
framing will also be to reduce transverse displacements
generally). Due to symmetry, only a quarter of cach plate
(Figure ©2) was analysed. It was divided into two
rectangular grids intcrconnected at the edge of the opening
(Figure 62), The division of the plates into the grid was
kept such that the resulting matrix could be inverted by
the Mercury computer using the matrix inversion routine
without recourse to partitioning.

A program was written for the Mercury computer such that
it could also be run on the Atlas computer at a later stage
when it was installed. The program was capable of geverating
and solving the simultaneous equations axising out of
applying Equations (2.17)to each point on the grid. The size
of the matrix was 99 x 99. The pattern of coefficients

on a point O on a gencral grid is shown below.
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- (i) Pattern of Coefficients for u-displacement equation
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Patterns of c0ef£ic'ients for points which lie on simple
rectangular grids were obtained by putting 7\.t = A= 1 in
the above patterns. ‘ A »

- By varying the ?atio -%L thg length of the opening N
".. could be changed and by- varying .ba_22. t_ﬁe di;stance b‘etiv‘een_’_
thgm (Figure 62°). The appliéd displacements, stiffener
areas, tﬁe size and disﬁ#ﬂce betwe'en openings and the
Poiséon's ratio were fed as data in th-e progi’am.  The
computer résuits were ‘:Ln' the form of displacements and
sﬁresées Ox ,0y ','V Taxy -‘at every-pgint"";m tvhe grid.

Boundary Conditions’

The fictitious external values of displacements at the
free boundaries were expressed in terms. of the unknown

internal displacements usiﬁg relations (2. 1‘2)anﬂ «2.513).

\

(i) At free boundaries = x=consiant oo Gx=0 -
2 . | 2 o
140001~ 2)] [XUI "U3+Uo(1-x ):I [)\IVZ-VI.-E- Vo('l-)\])] =0
[+ AP a()@1 N +F bO&N) - 4

(i) At free boundaries y_constant 0y =0

)\wg-v +Vi (1 X)] [‘7\2u|-u +.u Q1 -i)] =
1 +Cy (1~ 4 0 L |4P 3+Uo
[ * Y( p ][ b()\|+)\1) ‘ . a()\z"’)\) .

(i) Along all free boundaries Tyxy=0

| '7%, u;;u:.+uo(1 -761)
b(R+N)

RV]‘V3+V0(1 R) = 0

+ a()\2+7\)
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At the internal corner the fictitious valucs Ug and Ve
were found by extrapolation. The method used was to average
the fictitious values (Q', Q" in Figure 62 ) pertaining

to two adjacent points, which had been found by satisfying.
conditions of zero normal stress and zero shear stress.

At the intcrconnection of the two grids, values were
parabolically interpolated at two points (R,S).

In prder to find stresses along the cdge where displace-
ments were specified, it was necessary to find fictitious
external values of u and v . This was donc by applying
aquations (2.17)at each mesh point along this edge and
solving the resulting sct of simultancous equations. This
procedure was carried out after having determined the
displacements inside the plate, since these external values
were not required for the determination of displacements.
Parabolic extrapolation was used at the corners where

necessary.
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Results and Discussion

Tables 8 to 10 give the numerical values of relative
longitudinal and transverse displacements u and v for several
cases of plates with one or two rectangular openings; The grid-
points and the edges on which displacements were imposed are
indicated in Figure 62 . The longitudinal and transverse
displacements imposed on the loaded edges in every case were
200 units and zero respectively.

Figure 63 shows the displacement diagrams for cight cases =
the applied displacement in each case being the same. The four
diagrams on the right indicatc the effect of changing the length
of the opening on displacements, keeping the distance between
the ends of the opening and the loaded edge constant. The
diagrams on the left indicate the effect of changing the distance
between two openings, keeping the lengths of the openings constant,

‘Figure 64 shows the distribution of longitudinal stresses in
the plates on several cross-sections. As the length of the
opening decreases, the averagé rate‘of change of longitudinal
stress across the width of the sides of the opening increases.

Transverse and shear stresses in the plates are, in general,
small in magnitude. The maximum transverse stress occurs at the
ends of the opening and increases as the 1engthrof the opening

decreases.
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The width of the openings in all the cases discussed above
was 50 per cent. of the width of the plate. Figure 6$‘shows the
displacement diagram and longitudinal stresses for a plate with
a 60 per cent. opening. The applied displacements at the loaded
edge in this case are of the same magni;ude as those in the
cases already considered. The average rate of change of
longitudinal stress across the width of the sides of the opening
is greater than the corresponding case in Figure 64,

To check equilibrium, the total force at the centre of the
plate across the opening was compared with the applied force at
the end. The maximumunbalanced forcewas found to be about 20
per cent. of the applied force (applied force being greater than
the force at the centre of the sides of the opening). One of
the reasons for the discrepancy may be the use of two rectangular
grids interconnected at the ends of the opening. That this may
not be the only reason can be deduced from the fact that a lack of
equilibrium of about 10 per cent. was observed in a relaxation
solution of a similar problem using a square grdd for a plate of
fixed geometry with a square opening. Another reason may be the
disturbing effect of the assumptions made in obtainiﬁg the fictitious
point outside the boundary at the internal corner . This assumption
presumably has a greater effect if the ratio of the two longitudiqal
grid-lengths (g% ) is large, since the lack of equilibrium also

increases as this ratio increases.
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Comparison with Experimental Results and Suggestions to improve solution

Figure 36 shows the distribution of longitudinal stress in
way of a rectangular opening. The photoelastic results at the
edges are compared with results obtained by finite difference
displacement solutions. The results obtained from the test on
the steel specimen are also shown in the figure. The discrepancies
increase as the length of the opening decreases. This may be
due to the relative proximity of the internal cormer at which
position the finite difference solutions are most in error due
to the effect of the assumptions made in obtaining the fictitious
points outside the boundary at this corner. Presumably, the
effect of the assumption increases with the grid size ratio ( %% )
(Figure 62 ).

An examination of the discrepancies observed in the finite
difference solution leads to the following suggestions which may
be considered for improving the solution.

A square mesh should be used instead of the two interconnected
rectangular grids. The length of the opening, its width and the
distance between two openings can be changed by keeping the
number of mesh-points variable. The figure below shows a quarter

of the subdivided plate.
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Square Mesh

In order to minimize t.he error due to the effecr. of the ’
';ssumptiqns made at the internal corner for calculating the . |
fictitious boundar& point,"the_mesh near the corner should be made
finer and connected to the main grid. The above figure shows a
possibig:grading at the corn;r. The number of eqﬁations'resulcing
~ from the proposed subdivision wbuld be iarge but with the available i
computer facilities,‘this does ﬁbt present a big problemy For_an |
vgxy_lafg; matrix,'partitioﬁingrof the matrix can be resorted to.

As‘the general distribution_of stress in ﬁhe'plage will, in
éengral; be unaffected by the.corner~radius,.hﬁé abo;e subdivisionl
with a sharp-corneredropening is'adequate fdr'finding this distribution.
" The variation of "point-forces“ at the carner can also be studd,d‘ |

using :his subdivislon.“
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If the variation of the position and magnitude of stress
concentration for a plate with openings having radiused corners
is to be studied using a2 numerical technique, the finite element
method may prove to be more useful. The subdivision of the plate
near the radiuséd corner is simpler using the finite element

(39

method . Using the finite difference technique, on the

other hand,.may entail the use of a polar coordinate system in
the region of the radiused-corner and an interconnection of the
polar and cartesian coordimate systems - at some distance away
from the corner.

Variation of '"Point-forces"

All the stresses at the corners of the openings are indeterminate
but the "point-force'" spread over a grid length can be estimated

by applying conditions of equilibrium (figure below).



114.

Longitudinal Stress

LArea A,

NN

I

“Point-force’ R=A; -

In the case of a single opening, it was found that the poln;Q

force increases as the length of the opening decreases. From the

photoelastic results (Figure 29) it may be seen that for a given

radius the concentration of stress also increases aslthe'lengthv

of the opening decreases. The actual concentration of stress -

depends upon the manuer in which the "point-force" is dispersed

at the corner, but the mégnitude of the "point-force'" may be téen

as a rough measure of the stress concentration in order to study
the trends in its variation with geometrical pérameters.

In the casg“of two openings;.direct comparisons between the

‘magnitudes of "'point-forces' corresponding to different distances

between the openings, can not be made because of the changiﬂg

gridelengths, bﬁ;<in;ggnerai the poin:oforce‘increasen with the !

‘distance between the openings.

In discussing the concept of "ppint-forceé" a commgﬁ;‘may.bo

whilh, comparing the various hatch corner details uSed.inAthe
Liberty ships. Degarmo dgmonstrated that hétch corners having

greater absorption of energy during tensile bggakingoteltl showc@

made regafdihg the?"éhergy absorption criterion” used by Déga:mp -

2)
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better performance in the Liberty ships. Although the relative
performance of corner details as predicted by the energy asorption
criterion, agreed with that of actual ships, the basis of
comparison is open to criticism. A ship is subjected to a
spectrum of stress reversals; therefore predictions based on
results fram tests in which the specimen is subjected to a single
pull, may not be reliable.

The plate specimens tested in thé present investigation, with
square openings of different corner-radii, weré found to break
under static load at approximately the same nominal stress and
overall elongation. This indicates that the cnergy absorbed
was independent of the cornmer-radius. On the other hand, the
fatigue behaviour was found to vary considerably with the
corner-radii.

Aithough the cnergy absorption criterion has been successfully
used to indicate, qualitatively, the relative performance of
large-size structural details (possibly of brittle steel), it
is unlikely to have general application as a measure of fatigue

performance.
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CONCLUSTENS

Superstructures

A new stress-relieving cut has been evolved which reduces
the stress at the root of the expansion joinﬁ to a reasonable
value. A value of 3 was observed for the shape considered'
(values as high as 17 have been recorded on actual ships ( 9>)°
Similar cuts might be used in analogous situations near other
discontinuities.

The finite difference technique has been applied to calculate
the effect of the depth of a cut (representing an expansion
joint) on the general stress distribution in idealised plate-
projections. The agreement between numerical and experimental
results was found to be good. It was found, for example, that to reduce
the stress at the top of a given 1:6 plate projection (sce Page 29)
to 25 per cent. of the simple bending stress (which would be
present at the top of the uncut projection if there were no shear
lag), the depth of a central cut should.’ be 75 per cent.

of the depth of the projection.

Hatch Openings

Tests on plates with rectangular openings showed that the
geometrical stress concentration factor decrcases with increasing
length, width and corner-radius of the opening. The values of

the stress concentration factor obtained from tests on a steel
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plate specimen with a squarc opening were found to be 4, 2.8,

2.4 and 2 for radius/openinge-width ratios of %3 . 3% s %5 and

% respectively. The values obtained by photoclasticity for
rectangular openings were found to be low compared to the
infinite plate solutions and compared to the steel plate results,
especially for small corner-radii. Photoelastic results for
small circular openings (giving large thickness/radius ratios)
were also found to be low compared to the plane stress solutions.
The low values obtained photoclastically remain uncxzplaincd,

but it is possible that the incident light was ncot cxactly
perpendicular to the plane of the specimen.

Fatigue

Tests on specimens with circular openings showed that the
cffect of surface finish on fatigue bchaviour is mere pronounced
in specimens with discontinuities than in plain specimens (Figures
39 and 40).

The greater strength reduction factor for the small machined
specimens with squarc openings occurred for the specimens having
% - (Figure 55). The specimens with r_1 had a leonger

24 b 93 »
lifc, and this is cuplained in accordance with thcories of fatiguc

failure which take account of the ¢ffect of stress gradicnts.

The correclation between the test results and cmpirical relaticons
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suggested by Heywood was found to be good. (Figures 57 and 58).

Using the cxisting theories, the cffect of varying corncr-
radius on the probable fatigue bchaviour for an 0pcning‘of
ships! dimensions was studied. The predicted fatigue performance
for a % ratio of 5% in this case was found tc be inferior to
that corresponding to the ratio 3% .

The cffect of corner-radius was found to be high at low
stress levels., For % =-§% s the cffect of the presence of a
mean stress ( 4 tons/sq.in. tensile) was also included; no
drastic change in fatiguc behaviour was obscrved (Figure 39).
The damage tc the plate was found to be small; the damage would
be much increased by welding or corrosion.

General

Finite difference technique has been used to find stress
distribution in plates with discontinuitics. The concept of
"point-forces" (calculated from the general stress distribution)
is shown tc¢ be useful to study trends in the varia;ion of stress

concentration with a geometrical paramcter, such as the length

or width of an opening.
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NOTATION
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Normal components of forces per unit length, parallel

to x and y axes.

Normal components of stresses parallel to x and

y axes.

Shear force per unit length in xy plane.

Sﬁear stress component in xy planc.

Plate thickness.

Displacements in x and y direction.

Unit clongation in x and y direction.

Shear strain component in xy plane.

Modulus of clasticity.

Modulus of elasticity in shear.

Poisson's ratio.

Force function.

Size of mesh in x direction.

Size of mesh in.y direction.

(also width of a rectangular opening in the
Section on Hatch Openings)-.

Width of a plate with a rectangular opening.

Radius of a circular opening or the corner radius

of a rectangular opening.

Alternating stress on a plain specimen.
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net
Nominal jalternating stress on a specimen with a
discontinuity.
Mean stress on a plain specimen.

net
Nominal fmean stress on a specimen with a discontinuity.
Tensilce strength of a material.

net
NominalAtensile breaking stress of a specimen with
a discontinuity.

. . gt
Static strength reduction factor = Stn °
Fatigue strength reduction factor at any cycles
to failurec.
Limiting fatigue strength reduction factor (for
7

10" cycles or more).
Mean fatigue strength reduction factor.
"Mean applied stresses" in the plate-stiffener
combination (such that h Ox, h Oy, h Txy are forces
per unit length in the plate-stiffencr combination).

Areas cf longitudinal and transverse stiffeners

expressed as a fraction of plate arca.
1
2
L4+ dx (1 - p%)
1
2
L+ dy (1 -p7)

Direct stress in longitudinal stiffening member.

Direct stress in transversc stiffening member.
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Height of a platc projection.

Principal stress at a point of stress concentration.
Principal stress at the point of maximum stress
concentration.

Nominal stress across the net scction of a plate
with a geometrical discontinuity.

Geometrical stress concentration factor = %%
Maxinum geometrical or clastic stress cohcentration
factor.

Material constant in Neuber's ecquation.

Notch alleviation factor or flaw paramecter

(Heywood!s equation).
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- e e
Cut-out Oe (nax) | COe on centre of cut! ge (max)
shape ON oN oN

1(a) 2.51 2.22
1(b) 2,09 1.98
1(c) 2,09 | © 2,09
' i
1(d) 2.09 g 2.09 1.88
|
2 .92 | 1.92 z
TABLE 1

Stress Concentration Factors

(Superstuucture Expansion Joint)
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TABLE 2

Lffect of Hatch Dimensions on Stress Concentration

(Photoelastic results)
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B b bg r b L L/b Kt max | -
2-9* | 1-4%°| o5 | 2% ool ity 1 20
2-9" | 1-4¥ | o5 1% Vie | 1-dy 1 24
2-9" | 1-4%"| o5 e Voo, | 1-4% 1 2-8
29" | 1-4% | o5 A Ve | 1- 4% 1 4-0
R T
&
N
(]
6'4 .
L
Oy« [ .
5
|
{
[ B %
K _Ce(max)
tmax"‘o-N'".
TABLE 3

Stress Conecentration Factors.
( Hatch Openings )
Steel Plate Experiment
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18 0 18 | 0 ' 180¢ 34 ! 173 217 | 122

; 19 0 é 165 | 0 162; 0 } 143! 184 | 100 ;
g 20 . 0o . 108 o é 107 i 0 | 98E o 70

é 4 ilooo é 0 %1000 . 0 Jooo | o %1000 % 0
g 150 | o 150 i o0 | 750 Lo i750 0 o |
120 500 0 50 ! qwfpsoo ' o 500 : o

TABLE 4
Displacements in Plate Projections with Cuts (side ratio 1:2)
Constant strain and zero curvaturce imposed

(Ref. Ficureld)




Grid
Point
No.

20!

GQ

h

~

Projection with Cut H/4 Cut H/2
No Cut deep deep
Displacement
u v u v u v
250 ¢ 250 C 250 0
0 0 0 0 0 0
0 -158 0 -158 0 -151

Cu

0

315 -159 315 -158 322 -154 326

654  -129 655 -128 657 -127 638

862  -147 862 -145 865  ~146 857

131.

t 3u/4
deep

v

0

0
-115
-143
-128

-157

1524 1254: 1526 126 1523 121 14800 83

TABLE 4_(qontd,)




132.

i‘érid é;gnt ‘érojection witﬂ | Cut H/4‘ t cut H/2! cut 3H/4|
i No. No Cut deep ‘ deep deep E
! L I ¢ W *; u VU v
T | 88 234 | 111247 182 | 278 | 301 | 319 |
| I H ¢ i

‘ ? ' % 1 i :
L2 1 51 b 233 L 65 245 117 | 276 214‘ 317 |
‘ : : : % ! ' ' ; !
'3 40 - 248 48 257 75 . 283140 ' 321 |
1 i . : 1 { !
‘ 3 - : ' | ; ;
A Y : 301 50 306 59 + 320 i 85: 345

5 87 18 110 199 180 214 300 | 232
6 ' 55 192 69 199 120 214 216 232 :

by .47 199 . 55 204 - 8 216 142|232

é 8 47 211 0 49 214 57 © 220 ; 80 : 230 é
K S 73wl w175 49 270, 146 |
10 46 136 60 (143 115 147 5214§ 145 ;
% 11 39 130 45 134 | 67 138 | 1331 140 i
12 33 ; 118 2 35 120 40 121 | 61 123 é
.13 w2 o 88 (106 . 168 ; 88 .293§ 63 |

14 .26 % ' 3 98 | 102 87 210 64 -

15 a7 s 39 74 117 sl

16 Y ; 55 17 L5620 % 51 . 35% 47

‘ : ' ' : : ;

17 e 8l 83 63 167 31292, -15
18 j c f 72 o 66 % | 29§ 212% -18

10 o s8 i0 55 .0 , 3106 -12

20 . o0 33 -0 32 ‘o . 21,06 61

‘ ; ! ! !
4 0 400 0 400 ; 0 400 0 400
Y 0 225 . 0 ;225 | O 225i O | 225

L 12 0 100 0 ‘100 . 0 ‘100 © | 100 |

PR, ——— e ee o e R e T St P S,
i

© TABLE 5

Displacements in Plate Projections with Cuts (side ratio 1:2)

Constant curvaturc and zero strain imposed
(R.]FA wioenea 130



aldr“PrOJ;tlon withé Cut H/4 Cut H/2 éut 3H/4 1
Point No Cut deep deep deep !
No. a™ VTRV u v u 1“ _;
16 0 25 0 | 25 0 25, 0 i 25§
20! 0 0 0! o 0 0 © ; oé

g 0 -34 0 !-34 t oo 24! 0 E - 5§
h ? -34 ; -6 5-32 27 1 225 -2 -23 Y
i i 66 i 86 §-66 § 87 | -62 87| -70 % 87
j 5-153 § 221 %152 5218 §-14 | 2151-148 § 2o9§
K i -47 % 499 |50 494 % -59 | 480 -85 g 455%

TABLE 5 (contd.)




i34.

I"Grid | Projection with | Cut H/& | Cut H/2 | Cut 3H7%
| Point No Cut deep deep deep
No. T"Displacement N 7
Q ; u v u v u v u v
{1 1150 | -198 | 1157]-197! 1205, -186 | 1322|-160
g 2 % 912 ! -240 9211-239 | 9731 -227 | 1099(-199
% 3 % 1291 | -2% §1298 -288 | 1337 276 | 1428{-247
E 4 § 2202 | -192 2295 -1912 2309 | -183 | 2339|-164 |
% 51127 o 1134 9511183 98 1305| 104 |
a . | : .
6 l1220 | 100 1228 101 1274% 106 1383 112°
7 1478 | 18 |1485] 11911519 122§ 1599 128
8 | 1876 % '188L] 91 1898% 93% 1937] 97
9 | 956 | 245 964 251 1036? 255 1210] 243
10 (1019 | 214 1032 222 | 1097 - 232112511 229
: : i ? ; i
11 11144 | 172 (1155 1791201 | 189 | 1314 19
12| 1313 | 103 ;1320% 106 | 1344 % 112 ilaol 119
§ 13 | 539 5 276 606 307 | 784 é 301 %1079 228
1 560 § 230 589, 261 731 277 | 1033 | 228
15 | 607 g 168 621% 190 | 686 | 210 % 905 | 204
16 | 673 o 679, 104 | 705 | 112 f 787 | 121
17, o i 281 349 220 | 752 | 1321046 41
18 | o = 22 o % 223 | 384 | 139 1086 | 12
19 % 0 i 164 i 0 é 161 % 0 § 149 g 5491 28
20 % o | % , o8 o 79 0 72
4t | 3000 { 0 ésooof 0 {3000 f 0 gsooo % 0
|8 %2250 E 0 %2250% 0 %2250 % 0 ?2250 % 0
512' 11500 % 0 215oo§ 0 {1500 % 0 | 1500 % 0

TABLE ¢
Displacements in Plate Projections with Cuts (side ratio 1:6)
Constant strain and zero curvature imposed
(Ref, Figure 13). .




135.

Grid
Point
No.

16t

i 20"

Projection with | Cut H/4 % Cut H/2 Cut 3H/4
No Cut deep i deep deep
Displacement ]
UV u i v o u v u v
750 | o | 7500 o 750 o [750] o
o | o oi olojo jo: o0
o | -107 0 | <104 0 -9 | 0 -66
E % | % | é
832 = -1l4 828 | -124 808:-129 | 733:~132
, 3 3 : Z i ;
1691~ -130 | 1682 : -1331656%-139 |1599; ~151
2 E [
2529 . -146  2523-} ,Laqzsosl-lst 12470{ -158
* RN .
3708 192 197 3691! 185 3eel; 164

3705

1

i

TABLE 6{contd.)




. 136.
Grid {Projection with i Cut H/4 |Cut H/2 i Cut 3H/4

Pointi  No Cut { deep | deep | deep |
No. 7 v L TV TTITUTTTY ;
111219 | 33%8 L12§0§3399'1267;3407;1328i3421 |
2 703 |33 711;3382i 752 3391 818 3406
3 498 | 3386 | 5053388 536 3397 583 3412
& 1 394 | 3469 397 3470 407?3476% 423. 3486
5. 1193 % 2070 1200%2070:1238;2073:130112076
6 826 | 2066 834 2067 8692070 926 2074
7 545 E 2065 . 552 2066 578 2069 620 2072
8 205 12049 299 2049 313 2051§ 333 2053
9 928 | 1004 936 1010 991 Llol4 1083 1008
10 60 . 975 1 671 983, 723 991 804 9%
w95t 436 957' 473 956 530; %9
12 2l 925 | 217; 9291 236 934 264% 937
13149 - 335 ; 558 364% 702 363 860% 322
14 % 356 ; 296 é 383 327% 494 344 653 316 |
15 229 5 266 | 242: 286 293, 3041 402 299 |
6 |1 o3 | 117, 252 137 20 177 263 ;
‘v o g 19 57 673 14 828! -75 %
18 % o 68 | o | 67% 289?-2,4? 671 -84
% 19 % 0 37 i 0 35! 0. 29 2621 -56
.2 f o 15 % o 1) o 860 0l 6
Lo o 3500 § 0 365 0 3600 O 3600
i ; i ; : :
L 8 o 2025 | o0 2025] 0 2025 0 2025
[ ; i ’ ! ' l
127 o 90 | o 90! 0 %0 0 90
T TABLE 7

Displacements in Plate Projectioﬁs with Cuts (side ratio 1:6)

Constant curvature and zero strain .imposed
(Ref. Figurel3) . ’



Grid | Projection with: Cut H/&

TABLE 7 (contd.)

Cut H/2 Cut 3H/4
Point No Cut deep deep deep
No. ! u | v u v i) v )] v
160 § o E 225 | 0| 225| 0| 225 o | 225
(200 1 0 % 0 ol o 01 © 0 o !
| g | O % -9 | ol -7 3 0 i 3 0 14 é
h | -l08 & 212 -112 204 | -128/198 | -165 | 198 |
Lo -209 % 880 §-217 876 —238?871 -265 | 866 i
3| -338 § 2003 ' -347 2003§ -361%2000 =379 |1997 3
k _394“% 2731 %"3975 3730 —4u7%.372{:“-423 g'?,sf!‘;‘*é



138.

[ R 7Y ¥ 3 length of opening o
I T A L T/ S 1
Moo | W v v bew v
1 |157.12) 6. 92}143 o 8. Bér133 5L 12. 53’121 14/ 16.95 B
2 118.13; 6. 29 100. 42 8. 63] 72, 22'13 42 49.79; 20.55
3 | 105.95 10. 37 85.35! 14.06| 53. 35 21. 25 29.60:30.50
4 100. 36' L4, 72 78.97?19.39é 47.45 27,62 26.03.36.77
5 ? 95. 7o 18.72 73.60224.14' 42,50 33,21 22.67) 42.67
6  157.0L -1.91' 148,025—2,17»134.23;-2,33%123.99 -1.79 |
7 ?145.29:-0 98.133.68 -0. %! 115.79 -0.24. 102, 49; 1.52 §
P8 ; 137.20 2.35‘123.7oi 3. 28 103, 05 5, 52 87. 86 8.87 é
L9 E 131,94 5.98/117.22 7. 77 95. os 11.43° 79. 04/15.97 |
' 10 é 128.73) 9.56|113.16| 12, 11; 89.92] 10,86, 73.121 22.11
1 167.57, -0.36| 160. 80} -o. 42'150 55 -0. 42 143.25| -0.22
12 é 164.18] 0.38{152.61 o.so;145.14§ 0.87'136.89! 1.51
13 % 160.70] 2.31j153.31 2.85%139.57§ 3.97?130.312 5.29
14 1 157.92 4.93/148.82 6.05!135.02] 8.08;124.88}10.13
15 156.37 7.91 146.83 9.68%132.28 12;67;121.35315.39 5
16 133.26£ 0.41179.75 0.48%174.47 0.622170.75% 0.7 |
17 | 182.36% 1.20: 178.63 1. 432173 o1 1.83%169.00% 2.16
E 18 % 131.212 2.555177.20% 3. 07 171.13) 30912166.74% 4.58
. 19 180.01 4.462175.?1 5. 39 169.15; 6.86@164.32‘ 8.00
§ 20 178.74t 6.88| 174.13 8.34!167006,10.60§161.74%12.34
g 21 o 33, 13E 0 %31.48% 0 _529.632 0 %33.04
2 o s 23* o 34.01) 0 §32a77§ 0 i36.50 |
S S

Displacements in Plates with Openings

Case 1 Single Opening
(Ref. Page 109)



Aot i e

| I

s e g et

Point  3Bf4 | B2
No. " ATV "j," - ""'_V' B D ¥

| ! ?

25 0 3.2 o

i
!
l
l

26 1 0 §39.25§ 0 138.76

250 0 4117 0 140,99

5 : |
1 26.60 31.75°21.44 '30,47

N
ch

27 §25,87%33.85i20,62§32,99
28 ;25.13%35.89119.80§35.41
29 224.40§37.88§18,98i37.74
30 §23.66;39.80;18.15;39.97
31 53, 20127 65242.87f27 45
32 51.73129.73 41.22,29.93
33 fso 27 31 76 39 59'32.32
34 248.79;33e74;37.95;34.63
35 347.31?35.66?36.29336.86
36 é79;72§20,85{64.21§22e42
37 §77,49§22.83§61.67§24.75
38 §75,34§24.7s§5°.29527.oa
39 ?73.22526.72556,98329.30
40 §71.05§28.65§54.58:31.55
41 ?02a97?12.61§81.92 16.83
42197.98'16.75:76.27 21.81
43 509.402 7.93 89.56.10.97 |

44 82.07,18.81i 67.00119,98

LSS NN AU SR

3644

i
s

...L._...
cﬁ,
§
<

T Half 1engtﬁ of “opéniig

e s
1

e
- ———

i | :
i13. 445 29,21

112.68 | . 32.32 !

11. 93§ 35.23

0 :39

5

0 45,
7.54 33,

15,02 32.

13,93 35

;11.2o§ 37.99

1044 40.60 |

%26,87i 27.99
25 28 30.96 |
123 szi
;22 41 : 36.50
§20.92; 39.12
40.16§ 25.74
37.71% 28.52

[

135,63 | 31,25

133.67 | 33.96
f31.555»36.61
: |

iso osi 24,59

45. 05, 30.48
|

158, 12 17.29

'43.17 " 22.86

TABLE 8 (contd.)

33.78 |

i
t

L15 02 32.86 |

i
i
I
|

.1

112,201 41.93
111,23 44,
22,34 32.

1 20.77:35.12

6.10242

3. 60 45,

13 93 35,

: 13, 05 38.
I

19, 54;38

o
i
}
0
+
f
}
;

124.49;39.

118, 33 41.

16. 90 43.

§

27. 58 33.

?33.60526

e A i i b e e .3 e

24 76 29.

139

i
{
P

70

- e o —amamtme voasn

47

41 |

oL .

86

%

96 |

47

30

96

97

78

25

07 |
03 |
90

no

77

.50 1

42

_1 e —-v—._..i_



140,

i

i T Half length of apening

Point'!_'—'"‘ """3‘“35'/‘2;"' T———— B/4 .....,..,.[v—m.. ——— <B.78~_-- . we
No. | u v u I N 4 T "l A

b e« | . : —— e e
i | i ’ !

45 54.65125.50: 44 49§24 84} 28. 44'24 3( 16.15}29.40

B { : : }

27.33 29.60] 22.24] 27.84

T e

et

46 14.16: 25.88

7.97!1 29,17

47 0 130,97 0 26.86, O 26,30 0 29.14

; i ; ~ i , : ;
48 ' 183. 61f 0 180.18 0 i175.03, 0 - 171.42; ©

: ' } !
49 - 149, 04 0 . 162.59 0 1152.86: 0 !145.97% 0

B e Y DU PRSY SR

TABLE 8(contd.)

.31;224014f 0.69;228,075 1.28

S0 162.74 0 15501 0 '143.21 0 (134461 0 |
51 ?175.59' 0 3170.44% 0 16231 0 156.78 ©

52 3140.79§ 0.60%128.13i 1.09. 108. 68! 2.523 94.243 5.12
53 5162.41; 1.23 156,42 1.541142.31? 2.25, 133. 55( 3.21
54 218IJSIé 1.80 177.94° 2.16?172.11? 2. 75 167. 91! 3.24

c ézle.ss; 0 gzzo.4a} 0 2225.89. o 1229.741 0

d §216.56i 1,02§220.o9§ 1.3 2225.41§ 1.75!229.20_E 2.17

e | 216.86 0.76 220.46 1,04%225.902 1.52 229,821 2.05 :
£ | 217.48) -.66%221.232 -.675226.893 -.6o§230.99§ -.33

g % 216.21. 1. 24 219. 683 1. 65§224 951 2. 34,228 81| 3.12 |
ho 2, 78 -2. 32 221,61 -2.66! 227,45 -3, 08} 231.78 -3.07 %
i as.ssl o, 14 218. 95§ | |




Point
No.
| 1

2

{3

10
11
12
13
14
15
16
17
18
19

20

21

!
3
{

i
i
i
H

[

i

“"”_mmi.

165.85 23.17

173.58

Half Lengih

of oPening=374r

u } v

i
:114.03' 37. 86

C

65.84 44.23
52.33 51,57
41,72, 57.57
160510§‘-.66
139,21 1.24
117.36 6.72
102.70 13.42
91.96 19.28
166.05 -1.71
158.72 -1.85
149.93§ .22
142°44§ 3.89
137,64 8.40
181.19 -.51
179,04 ~.32
176.26 .99

3.45

171.54i 6.88

0 -60oﬁzm

{Point§ Half Length

141.

Poinﬁ Half Length |

-of opening=B/4, : of opening=B/4§
T o o) N
‘2 0 ek | 43 8441 %40;34 e
i 23 0 3 67.56 44 % - ? -
2% 0 70056 45 I
é 25 0 73.20 46 i - -

26 16.17 59.56 47 - é -
§ 27 14.72 63.29 48 181.99 | o !
! 28 13.23 66.63 49 168.88 g o
E 29 11.73?69.62 50 168,27 é 0
130 10.2272.26 <51 183.20 | 0
i 31 32,43§56.99 52 127.55 | 3.57
132 29.42,60.63 | 53 154,33 ?-1.08
33 26-41%63.83 i 54 21?7.69 } 0.18
T 23.46i66.75 | e 221,60 | 0
35 20.44 69.41 | d 221,18 3.9 |
| 36 49.10;52.88 % e ;221.58 '+ 5.50 é
5 43.93 56.04 | £ 222,42 | 4.30 |
238 39.42°58.96 | g §220.72 6.5 |
539 35,21561.77 h .222.94 | 1.83
%40 | 30.82%64.47 i ;220.56 ? 4,27 i
i . f i !
a 58.17, 48.22 | ; |
e _wazseso 1

TABLE -9

Displacements in Plates with Openings

Single Opening (60 °/0)

(Ref. Page 109 )



142,

Displacements in Plates with Op

enings

Case 2 Two Openings

(Ref. Page 109)

Hai%waistance between openings ‘i
Point| B | 3Bl4 | B/2 ; B/4 ”ﬁ
Bk I HA B i S I A T
1 |- s8. 51* 7. 39E' 4.14 8.42 - 23.08 9. 64 - 1. 88? 6. 58v
2 1—108.71? 4.83 - 89.71 6.37\- 62.87 8.9 - 26. 44 8. 4sl
3 | -119.41 9. 08;-104.90511.19;- 85.42 13.61 - 57.55;10.47;
4 | -121.06: 13. 68 -108.20516.405- 91.15 19.32 - 64.58216.61%
5 | -121.61 1. 04 -109.68 21.34 - 94.23 25.00; - 68.50' 23.93
6 |- 57.87;-2.425- 43.34 -1.98 - 22.84 -1.09 - 2.18 -.13:
7 - 71.943,1.012- 60.61 -.38)- 43.89, 0.411- 20,11 0.05
8 - 80.05% 3.44?- 71.17§ 4,71 - 58.9&% 5.98%- 41.25 4,37
9 |- 84.16 7,96§- 76.48 10.05 - 66.06. 12.41 48.14 12,02
10 |- 86.12:12.14g- 79.30 14.93 - 70.37:18.28. - 52.36219.82%
11 |- 43.55 o.oai- 33.00 -0.68 - 17.69%-2.04%- 1.90 -3.16
12 |- 47.23 1,445- 39.26] 0.57 - 28,06 -1.36§- 13.40 -4.00
13 |- 50.56§ 4.175- 44.72 3.81 - 37.03 2.523- 26,52% 0.28
14 - 52:80; 7~52§— 48-35} 7,90?— 42;62? 7,825— 31£B5i 7.§?§
15 |- 53.63211.10 - 50. 11 12. 24‘- 46,07 13,40} - 35,42§15.79§
16 | - 22.95 1.59 - 17. 60 0. 67[- 9.55:-1.64;- 1. 092-4 443
17 - 23,85§ 3.59 - 19.66é 2.21;- 13.81@-1.33%- 6. 67 ~5. 86!
18 | - 24.84% 6.12 - 21.80 4.873— 17.93§ 1.47§ 12, 96 -2, 05,
19 |- 25.54 9.08] - 23.392 8,36%- 20. 852 5. 963- 15. 84’ 5.14
20 % E 25.62?12.28%- 24.00212.32§- 22. 59 11. 31,- 17.87%13.04:
21 { o % 2.05% 0 i 1.132 0 i-1 42 0 2-4.792
220 0 ] 4.32% 0 E 2°§§f J ;-1.18@ 0 %-6.40%
TABLE 10 N o



143.

~~~~~ o Half distance between openings
Point T B' o -]» 3B/4 B/2 B/4 )
No, ™y~ V—'I— 'y 'l \7""4” LN A VAR S § "}""'V"‘::
23 0 i 6.9L 0 % 5.46; 0 1.30, © g-z.so
26 1 0 ; 9.81§ 0 % 8.81] © 5.54; O i 4.21
25 o {1291 o 512 64/ o . 31§ 0 §12.10
26 | -181.90 0.05;-178 89, 0. 59f-174 84. 1.33-168. 10 47|
27 £-181.41§ 2.113-178,27i 3.00}-174. 06l 4,23 -167.50' 4. 10%
28 1-180.77 4.133-177.50? 5.37 -173.145 7. 06f-166 68 7. 63;
29 |-179.75 6.231—176.26% 7082i-171.632 9. 96.~165 18! 11. 23|
30 ‘-177.89‘“8.55%-173.96510 52'-168 .76 13.17' -162.11'15.17%
31 |-161.93 4,12%-155nao; 5,911 ~146. 58 8. 30;«132 61 7.18%
32 2-161,162 6.57%-154.54 3.79?-145 66!11 76 -132 o1 11.5o§
33 ;-160.40; 9.01§-153,72?11.63 -144,83:15 13'-131 49‘15069%
34 f-159.38f11,433-152,57|14.44 ~143.57! 18, 451-130 48} 19. szi
35 | -157. 88513.825-150.77§17.20'4141.44 21.69 -128.52! 23. 841
36 !-140 93] 8.39?-130.48111,11 -116.35514.64;- 95.03 13.18%
37 2-140 71%10.662-130.55 13.74] -116.93 17,711~ 96,30i16,822
38 ?-140.46&120921-130.55 16.32%-117.38 zo.s9§- 97.29§zo.43§
39 §-140n02§15,17‘-130,29 18.89%-117.48 23.663- 97.88 24.14?
40 §-139,33§17 40 -129.67} 21. 42 -117. 10'26.602- 98.06 27.862
41 |-120.45 11, 43 ~106. 92.13 85 - 8s. 91{16 495- 62.19113.35 |
42 |-121.41 1588, | -100. o4|13 895 92.79122.16 - 66.51120.19
43 1-117 76 6.49 -101. 73 8. 22 - 79. 94g10 46( 49.731 7.85
44 4f141'4°§ 6.01 -130. 76| 8. 28--116 28 11 24 - 9%4.321 9. .08 |

TABLE 10 (contd.)



e o b st = A 4=

Half distance between openings

Point B 3B/4 | B/2 | B/4
No. u v u v ? u ﬁ v u ! v
45 -163.09§ 1.64 -156.81) 2. 97’ -148. 301 4.72,-134. 15} 2.69 |
46 | -182.33 -2.10!-179. 52%-1 % -175.72 ~1.71,-168. 711-3 38
47 oéo%o%o o%o?oioé
48 |- 22,57, 0 - 16.73, 0 . 77970 o.es% 0
49 |- 41.89 0 ?- 3o.zz§ o -13.42.0 | Lallo
50 |- 50.68§ 0 g-:ss.zef 0 f- 14.59? 0 g 2.21] 0
51 | - 33.98} o - 25.965 0 E“ 11.505 0 i 2.23} 0
52 | - 76.69; 1.14; - 66.83! 2.03?- 52.9 - 2.90! -33.97] 1.32
53 | - 48.98% 2.69i- 42.17, 2.02:- 32.97% .28% -21.34]-2.69
54 | - 24.36% 4.69 - 20.76 3.26 - 15,97§ -.50° -10.32?-5,46
55 0 ; 5,51 0 % 4.osi 0 f-.zz; 0 %-5 43§
¢ | -214.44 2.81_-216.795 3.31,-219.97 | 3. 891-225 51. 3. 85‘
d -215.42§ 2.83.-217.86! 3.13.-221.14 ' 3. 38:-227, osf 3.79
e -216.04§ 0.425-218.752 0.26-222.36 -.07'-227 961 -.65
£ -216.473 0,692-219,282 .572-223,02I .z9é-zzs,ssf - 22|
g -218.54§-2.25%-221.855-2.87%-226,25 ?3.81;-232.03%—5.19%
h | -217.03] !

0.89.-220.00] 1.061-223.94 ' 1.19-229.20¢ 0.45
H 1 } - -

TABLE 10(contd.)




145,
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Figure,57. Fatigue Strength Reduction for  Geometrically Similar Specimens.
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