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ABSTRACT 

Some of the previous work is reviewed and then a method, based on 

compatibility of deformations, is presented fsr estimating the ultimate 

moment distribution in continuous prestressed concrete beams. New 

Bilinear and Trilinear moment-rotation idealisations are suggested. 

The degrees of error involved in estimating the ultimate loads of 

2-span and 3-span beams by adopting the various idealisations are 

investigated. Accordingly conclusions are drawn regarding the appropriate 

idealisations that may be adopted in the case of 2-span and 3-span beams 

respectively, 

Based on an equilibrium approach, an expression is derived for the 

change in ultimate load carrying capacity of a span of a continuous 

rrestressed concrete beam as affected by tendon transformation. 

New empirical formulae for ultimate strain and stress in concrete 

under flexural compression are suggested. These involve only the known 

parameters and therefore have the advantage of being independent of any 

trial and error calculation. 

The effect of untensioned steel on cracking and moment redistribution 

is investigated. 

Severe transformation of tendon profiles may lead to reduction in 

rotational capacity of the critical sections whose effective depths are 

reduced as a result. This can lead to an early failure and a consequent 

reduction in ultimate carrying capacity. EMpirical limits are suggested 

for the transformation of tendons as a safeguard against any significant 

reduction in ultimate strength. 

In all, twenty-two beams were analysed, of which sixteen were 

z-r)Tv7fdctured and tested by the author. 

(±) 
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GENERAL NOTATION 

ec = strain in concrete at a fibre under compression. 

= compressive strain in extreme concrete fibre at Limit ce 	 1' 
= compressive strain in extreme concrete fibre at Limit cu 	 L2. 

do 	= overall depth of a section 

d or d = effective depth of a section (up to c.g. of tendons). 

Z 	= section modulus of a section 
(Zb = Z for bott 'm fibre and Zt 

= Z for top fibre) 

A (or A ) c 	Ap.s., Am.s.  = section areas of concrete, prestress*ng st el 
and mild steel respectively. 

1 	= span length 

Ec 	= Young's modulus of elasticity of concrete 

E 	 steel 
s 

 

es 	= eccentricity of tedon from c.g. of section. 

EI 	= flexural rigidity of a section 
(EIun = uncracked or full II, EIcr 

 = cracked EI) 

C 	= total internal longitudinal compressive force in a sect*on 
tt 	tt 	tensile 	if 	P4 if 	It 

fsy = yield stress in steel 

esy  = yield strain in steel 

nud = depth up to neutral axis from compression edge, at Limit L2 
nd 	it 	PI 	tt 	91 	II 	 it 	 n 	IT 	IT 	L 
e 	t 	 1 
fcyl or fc = cylinder strength of concrete (6" x 

12" cylinder) 

f cu = cube strength of concrete (6" cube) 

B.M. = bending moment 

M
2 
or Mu 

= moment of resistance of a section at Limit L2 
M1 

or M
e 
= 	it 	If 	 It 	L

1 
Moor M cr= that applied B.M. at which a section cracks. 

MP s.~ primary B.M. due to prestress, = P.es  at a section 

P 	= prestressing force 

Wu 	
= applied ultimate lead 

w 	= uniformly distributed self weight of a beam. 

fc 	= maximum flexural compressive stress in concrete. 

(vi) 



” 	volume of binders per unit length of beam  p 	= % 	( of binding = 	100) volume of concrete in that length of beam 

ep = effective prestrain.in a tendon. 

ecp = strain in concrete at level of tendon, due to stress due to 
prestress and dead load. 

e cse
= strain in concrete at level of tendon, due to applied load at 

Limit L
1. 

ecsu or e = strain in concrete at level of tendon, due to applied load 

Limit L
2 

= 

Limit L
o = 

either (i) tendon attains 0.1% proof strain while e is 
still less than .002 (UNDER-REINFORCED agE) 

or 	(ii) e equals .002 while tendon has not yet 
aRained 0.1% proof strain. (OVER-REINFORCED CASE) 

tendon attains 0.1% proof strain and eequals 
.002, simulataneously. (BALANCED CASE)ce  

that stage at which, at the critical section,crushing strain 
(e cu) is attained at the extreme concrete fibre. 

that stage at which visible cracking sets in. 

NOTE: A hinge is understood to have started developing when the applied 

B.M. at the critical section equals its M1  value, and to have 

matured fully when the applied B.M. at the critical section 

equals its M2  value with concrete showing signs of distress. 

• = rotation over a hinging region. 

= 0 due to prestressing moment 

= 0 due to applied B.M. when it equals Mo value at the critical section..  

0
1 
or

e = 0 when applied B.M. at the critical section equals its Mi  
value. 

82 or 0u or 0T = 0 when applied B.M. at the critical section equals its M
2 value. 

= 0
e 
 + 0

p  where 8p  (total plastic rotation) = pl + 0pr. 

pl• 	= plastic rotation to the left of a hinge section 
Apr = 	11 	 11 	 PP  ,1 right of a hinge section 

Sd 	= Curvature at a section 

°P.S. 	= cd due to prestressing moment 

at Limit L2.  
Limit L

1 
 = that stage at which, at the critical section: 

P• .S. 
0
o 

mp ( = 	s Vmun) 



= 9f due to Mo  ( = °/EIun) 

01  or 0e  = 0 at Limit L1( = ce/ned) 

e 
02  or 0 = 0 at Limit

2
(= Cu  d) 

u 

hp  = length to one side of the hinge section over which inelasticity 
exists. 

1 = 'equivalent' plastified length to one side of the hinge section. 
(1— = 1 to the left and 1 = 1 to the right of the hinge pl p 	pr 

 p 	section) 

z 	= distance between a hinge section and the point of contraflexure 
to one side of the hinge. (z1  and Zr refer to the points of 

contraflexure to the left and right of a hinge section!  
respectively.) 



CHAPTER 1.  

BRIEF REVIEW 

A brief resume of some of the theoretical methods for 

estimating ultimate bending moment distribution in continuous 

beams is given below. This is followed by a summary of the con-

clusions drawn from some of the tests conducted to verify the 

theories. 

Tests on some 2-span continuous reinforced concrete beams 

were conducted by Glanville and Thomas 1  in 1939. It was con-

cluded that benang moments were fully attained at the critical 

sections at ultimate, through the process of redistribution. 

In the theory proposed by Professor A.L.L Baker 
2 
 , the 

structure is rendered statically deterMinate by introducing, n 

hinges (n being the number of statical indeterminacies) at the 

most likely positions. &Dee permissible values of the plastic 

rotations at the hinges, the cracked EI values of various members 

and the first-trial values of ultimate moments at the hinge-forming 

sections are ectimated from various suggested formulae. The various 

influence-coefficients are calculated. The estimated values are 

substituted in the compatibility equations written for each hinge 

and thus the plastic rotations at the n hinges are found and com-

pared with their permissible values. The first-trial values of 

the ultimate moments at all or some of the hinge sections may have 

to be suitably adjusted by a continuous trial and error process 

until all the plastic rotations, as worked out above, fall within 

their permissible values. The final values of these adjusted 

hinge-section moments are then assumed to represent-the true 

ultimate bending moments at the critical sections. Superposition 

of these 'fixed end moment° diagrams on the 'free moment' diagrams 

then represents the (calculated) true distribution of moments at 

ultimate for the assumed hinge pattern. (Various idealisations 

1, 



of moment-rotation curves will be desdrioediin detail in Chapter 2 

which follows). 

According to the theory proposed by M. Guyon 3 for pre-

dicting the ultimate bending moment distribution in continuous 

prestressed concrete beams, it is assumed that the shape of 

moment-curvature curve for all sections is constant provided the 

moments and the curvatures are expressed as fractions of their 

ultimate values. Elastic rotations are neglected in relation to 

plastic rotations. In order to maintain geometric continuation 

all along the beam without any section opening out (compatibility 

condition), the plastic rotations at the criticvl sections are 

assumed to satisfy a definite geometrical relationship. First-

trial ultimate bending moments are assumed at the critical sections 

and the corresponding ultimate bending moment diagram is drawn. 

The envelopes of positive and negative 'ultimate' moments of resis-

tance and 'cracking' moments of resistance are drawn after calcu-

lating their values at a number of sections along the beam. Assum-

ing inelasticity in the portions where the assumed ultimate bend-

ing moment diagram penetrates the cracking moment envelopes, the 

plastic rotations over such plastified portions estimated from 
1 

the generalised formula : B x l x — where B is a coefficient r1 
which takes account of the shape of distribution of moments, 1p  

1 denotes the length of the plastified portion and — denotes the 
r1  

ultimate curvature at the critical section corresponding to its 

failure moment. The first-trial moment diagram is suitably 

altered until finally the estimated plastic rotations satisfy 

the necessary geometrical relationship, i.e. the compatibility 

condition. Thus the ultimate bending moment distribution is 

established. 

However, Mallick 	proposes an extension to Guyon's method 

by taking into account the local concentration of curvature at the 

first forming hinge in the two-span beams he tested. Calling 

2. 



moment diagram and proceeding 
1 plastic rotations (B x 1 x ) p r  

at the first hinge is 

3. 
B x 1

P r  
x - (the plastic rotation as per Guyon's method) as the 

i 
'distributed' plastic rotation, he expresses the total plastic rota- 

tion at the first forming hinge as a sum of 'local' plastic rotation 

and a 'distributed' plastic rotation. The 'local' term is omitted for 

the second hinge at which the ultimate conditions are attained later
4. 

Assuming a suitable first-trial ultimate 

as per Guyon's method, the 'distributed' 

are estimated. 'Local' plastic rotation 

estimated from an empirical formula4 and added to 'distributed' plastic 

rotation value. If necessary, suitable alteration is made in the 

first-trial moment diagram until finally the plastic rotation at the 

first hinge ('local' term + B x 1 x— 
1 ) and at the second hinge (only 

1 	 ri 
B x 1p  x ) satisfy the necessary geometrical relationship. 

r  The method of 'imposed rotations' reported by G. Macchi
5' 6 

consists in considering inelastic rotations as rotations artificially 

imposed in critical sections of a still elastic structure which cause 

the moment-diagram of redistribution. Superposition of this diagram 

and the elastic moments due to loads gives the real distribution of 

moments. In other words a first-trial ultimate bending moment diagram 

is assumed and the corresponding applied load calculated from the 

statical condition. The elastic bending moment diagram corresponding 

to this load is calculated. The moment-diagram of redistribution, due 

to inelastic rotations imposed at the critical sections, is worked out5 

after finding the inelastic rotations at the critical sections corres-

ponding to their first-trial assumed ultimate moments. (Although 

Macchi used an Idealised moment-curvature curve earlier5 for finding 

the inelastic rotation, recourse is now taken directly,to moment-

rotation curves.6) If the superposition of this moment-diagram of 
redistribution with the earlier worked out elastic bending moment 

diagram gives the assumed.first-trial ultimate bending moment diagram, 

then compatibility exists, otherwise a fresh trial is made until 

finally the compatibility is satisfied. 



4. 

The empirical method suggested by Cooke7  is extremely simple in 

its application. In effect, he neglects elastic rotations and assumes 

a constant Idealised moment-rotation curve for all hinge regions 

(moment and rotation expressed as fractions of their ultimate values). 

From the geometry of the deformed mechanism, a geometrical relationship 

between the rotations at the critical sections is established. It is 

assumed that M and G at the failure section equal its Mu  (absolute 

ultimate moment of resistance) and Gu (ultimate rotation), respectively. 

"If the critical sections are identical except for the position of 

cables, their 0 values are assumed to be equal but if there is a 

considerable difference between the dimensions of the sections it is 

suggested that the values of curvature obtained by Baker's method 

should be used." Thus the relation between Gu 
values at the critical 

sections is derived. Hence the value of g/0u at the critical sections 

other than the failure section can be evaluated from the earlier 

derived geometrical relationship. Corresponding to this e/9 u, the 

Mau value is read off from the suggested? Idealised 
M
/Mu vs. /Gu 

relationship. Knowing the absolute ultimate moment of resistance Mu  

of the critical sections, their attainable ultimate moments M are 

therefore calculated. Thus the ultimate bending moment distribution 

is established. 

Guyon3  tested four 2-span beams which varied in cable profile but 

had similar loading arrangement (equal twin loads acting on each span 

at distances of 6 in. on either side of the centre of the span). 
Comparison of the experimental ultimate load with that estimated 

theoretically - basal on full redistribution and teorctically 

calculated ultimate moments of resistance of the critical sections 

showed almost a complete redistribution. Actual reactions and hence 

the actual moments were not measured. 



5. 

Lin 3  tested four 2-span beams, all of which were identical 

except that two contained untensioned reinforcement. Two were 

tested under static loading and two under repeated loading. All 

beams were loaded with a concentrated load applied in each span at 

0.65 of the span from external support. Professor liagnel considered"' 

these tests to be a demonstration of the validity of the elastic 

theories and of the absence of any adaptation before cracking. The 

presence of untensioned steel was concluded to have a considerable 

influence on fatigue failure on account of the fact that there is 

not formed only one crack which opens rapidly, but a large number 

of small cracks which do not open out so long as the untensioned 

steel has not yielded. 

Morice and Lewis"8 tested twenty-eight 2-span beams. Reac-

tions (and hence moments) were measured only in some of the tests. 

Assuming that stress in cable steel was unaffected by the value of 

the effective depth, and that full redistribution occurred, it was 

theoretically proved that linear transformation of tendon profiles 

did not alter the ultimate carrying capacity of the beam. However, 

it was admitted that the above assumption tends to become less jus-

tifiable where the tendon is transformed close to the compression 

surface, as it gives a very small effective depth and large steel 

percentage over the 'effective' section. In such a case it is 

unlikely that the full steel strength will be developed. (Keeping 

in view only such severe transformations, it is feared that the 

ultimate carrying capacity may well be affected. This will be dis-

cussed in Chapter 7 ahead, in the light of further tests). It was 
generally concluded that full moment of resistance of the critical 

sections was attained simultaneously. The addition of untensioned 

steel did not greatly increase the ultimate load carrying capacity 

of the beams tested, as they already had relatively large percentage 

of tensioned steel. 



6. 

Macchi9 tested three 3-span beams, all loaded in the centre of the 

central span, He reported that complete redistribution did not occur. 

Bennett10 concluded from a large number of tests that no relation existed 

between actual ultimate bending moment distribution and the elastic 

ultimate bending moments; and that complete redistribution did not 

occur in all cases. 

Mallick4, from his tests on 2-span beams, generally concluded that 
practically full redistribution occurred in beams for which the ultimate 

strengths of the second hinge sections were enhanced by the addition of 

untensioned reinforcement. He explained the occurance of larger 

redistribution, than that predicted by Guyon's method, to be due to 

additional plastic rotation occurring at the first forming hinge sections, 

owing to local increase in curvature as the beam folded about the main 

crack. 

Cooke7  made an exhaustive analysis of tests on 3-span and 2-span 

beams and arrived at the following conclusion regarding the degree of 

accuracy of various theoretical methods of analysis in predicting the 

ultimate load: 

Method of 
3-span beams 

- 
2-span beams 

Analysis Theoretical ult. load „, J. .'. standard deviation/ Experimental ult. load 70 

Baker* 

Macchi 

Guyon 

Cooke** 

94.6 ± 6.0 
96.8 i 2.0 
97.5 i 1.4 
99.4 ± 1.7 

84.0 + 22.3 
90.7 i 14.5 

	

95.8 i 	9.4 

	

99.5 ± 	3.0 

* based on Research Committee Report on Ultimate Load Design 
of Concrete Structures; Proceedings of I.C.E. February 1962. 

according to Cooke, this method becomes less accurate for tests 
carried out at places other than Leeds, since not all the 
ultimate bending moments of the critical sections were 
measured during the tests on the beams. (The figures 
99,4 ± 1.7 and 99.5 ± 3.0 above refer only to beams tested 
at Leeds.) 

** 



CHAPTER 2  

DEFORMATION CHARACTERISTICS  

The early attempts to formulate a design procedure for 

reinforced concrete recognised the inelastic non-homogeneous 

characteristic of the composite material. This early emphasis on 

the inelastic properties was discontinued when the elastic straight 

line theory was introduced in the early part of this century. There 

are only a few papers in the period 1910 to 1930 which discuss the 

inelastic properties of the material, but since then there has been 

ever increasing interest in this subject. Evans11 and Hognestad
12 

have published excellent reviews of this work. There have been 

many alternative stress blocks suggested for the flexural compressive 

stress distribution in concrete, such as: a cubic parabola by 

Mensch, a quarter ellipse by Kempton-Dyson, a fifth degree parabola 

by Lyse, a combination of parabola and rectangle by RUsch and 

a combination of parabola and trapezium by Hognestad. 

Structural 'analysis' is the evaluation of the distribution 

and magnitude of the load-effects (viz: bending moments, shearing 

forces and twisting moments) due to the applied loads, while 

structural 'design' embodies the calculation of section sizes and 

properties of the members for resisting the load-effects acting on 

them. M. Guyon has phrased it as follows: "The first object is to 

'know' - within the limits of our ability to do so, and the second 

is to 'apply' - without going beyond what we know." 

The flexural compressive stress distribution in concrete 

alters greatly between the working load and ultimate load owing to 

its inelastic behaviour beyond elastic limit. Nhen a structure is 

designed on the basis of elastic theory such that at working load 

the maximum concrete stress is a third of the cube crushing stress, 

it does not infer that the structure can carry thrice the working 

load before it fails; nor is it possible to predict the collapse 

load by elastic analysis because the elastic theory embraces only 

7. 



the initial portion of the total load-deformation curve. In a 

statically indeterminate structure loaded to collapse, the bending 

moment at deformed sections will not necessarily be proportional to 

the applied load. When a member is designed according to the 

elastic theory, the code of practice requires that its ultimate 

moment of resistance is not less than a certain load factor times 

the applied working load moment. After cracking sets in and some 

sections start yielding, redistribution of moments commences. At 

the collapse of a structure it is possible that some critical 

sections may be unable to contribute their full ultimate moment of 

resistance owing to the lack of redistribution and the obligation 

of compatibility. In such a case the structure will have collapsed 

when the applied moment at these sections was still less than that 

required by the code. Therefore it is necessary, in a structure 

designed on an elastic basis, to estimate the ultimate moment 

distribution and check that the (thus calculated) mobilised 

ultimate strength of every critical section is not less than 

the anticipated applied ultimate moment. 

COLLAPSE BEHAVIOUR OF CONTINUOUS PEAMS  

Consider a continuous beam being loaded proportionally from 

zero load to collapse. During the loading history, a stage is 

reached when some critical sections begin to yield (Limit L1). 

With total load on the beam as a whole increasing, the burden of 

resisting this additional load falls more and more upon other 

sections that have not yet yielded. The yielding sections act 

like 'hinges' in that their stiffness is much reduced. The 

hinging regions are commonly idealised as being effective at 

the maximum-moment section and are called plastic hinges. 

The bending moments at the sections of reduced stiffness do 

not increase proportionally with load and hence an increase in 

load must be taken by a rapid increase in moment at other less 

highly stressed sections. This adjustment in the distribution of 

8. 



9. 

bending moment is commonly called the 'redistribution' of moments. 

Each time a plastic hinge is formed, the number of statical 

indeterminacies reduces by one, until eventually the beam becomes 

statically determinate in respect of such loading as remains to be 

applied to it. Then the development of yet another plastic hinge 

will make the beam unstable — a mechanism, causing its collapse. 

However, a premature collapse (i.e. when number of hinges formed 

is less than n + 1, n being the number of statical indeterminacies) 

is possible when any hinge reaches its deformational limit earlier 

and/or any individual span becomes unstable. A complete or full 

redistribution refers to the formation of n + 1 hinges at failure 

with each hinged section attaining its full (absolute) ultimate 

moment of resistance through the phenomena of redistribution. 

The essential difference between steel and concrete is that 

in the former, the stress increases at high strains (i.e. strain 

hardening), while in the latter, after a distinct maximum stress, 

the stress decreases with increasing strain (i.e. strain softening). 

As a result of this, steel beams generally do not have a distinct 

collapse but exhibit large changes in geometry. On the other hand, 

owing to strain softening in concrete, the moment at a section does 

not remain constant once the ultimate value is reached, but 

diminishes with increasing deformation. This causes a distinct 

collapse in case of concrete. When the moment at a particular 

section is decreasing while the applied load on the whole is increasing, 

the yoke of resisting this load falls more and more on less deformed 

sections. The sharper the falling of moment at one section, the 

quicker the increase at others and hence greater the redistribution. 



MOMENT, CURVATURE & ROTATION 

The static behaviour of a structure has always to meet the 

requirements of: 

a) Equilibrium of forces, 

b) Compatibility of deformations, 

c) Conformity to load-deformation characteristics. 

Equilibrium of fortes requires internal and external systems 

of forces to be in equilibrium individually. 

Compatibility of deformations requires maintenance of geometric 

continuity. 

Conformity to load-deformation characteristics requires every 

hinging region to behave in keeping with its moment-rotation criteria. 

Reinforced and prestressed concrete are 'composite' materials 

(concrete and reinforcing steel) and as such a stress-strain curve 

cannot be their basic load-deformation criteria since it will vary 

with variation in quantity and quality of the composing materials, 

shape and size of section and bond-slip effects. Consequently 

resort is taken to moment, curvature and rotation characteristics 

in each hinging region. A moment-rotation relationship refers to 

moment at a critical section and the angle between the tangents 

drawn at the two points of contraflexure which mark the bounds of 

the hinging region for that critical section. Therefore it 

represents the characteristic for a certain length of a member 

rather than for just a section of it. 

Curvature 0 at a section (defined as the reciprocal of radius 

of curvature) represents the slope of the strain gradient (eq4d) 

across the section. This is readily seen from fig: 2.1, where 

strain in extreme concrete fiber on compression side is 

change in length 	ab - cd 	R.dG - (R - nd).dG 
original length 	ab 	R.dG 

nd 
- R 

so that 
ec  

_ 1 
nd 	R , the curvature. 

10. 

ec  



Upto cracking, elastic conditions can be assumed to exist, so that 

the curvature can also be evaluated from the elastic equation of 

flexure: VI = E/R = f/y; giving curvature 1/R = M/EI, where EI 
represents full (uncracked) flexural rigidity and M the net bending 

moment at the section. But after cracking, the (unknown) cracked 

EI exists and so curvature after cracking would best be evaluated 

from ee/nd only. 

Rotation G over a certain region represents the area of 

curvature diagram over that region. This is readily proved from 

fig: 2.1, where ds 1  R.dQ or -.ds = d9, so that 0.ds = dQ, giving 

0.ds = A. 
Fig: 2.2 shows distribution of curvature along a simply 

supported beam and the shaded areas represent the plastic rotations 

occurring to the left and right of the hinge. If 0 is some shape 
factor such that, when multiplied with the ordinates hp  and 

A -fie) of the shaded area on one side of the hinge, gives the 
shaded area, then in the present case 

Gpl = Gpr = p•  hp (Ou - e 
If p.h is represented by 1p  (the 'equivalent' plastic length 

on one side of the hinge), then 

gP1 = gPr = 1p-( 4) u 96e) 
(In other words, 1p  represents the width of an equivalent rectangle 

of the height ( 7 u  -96e), so that Oa  = Apr  = area of 'equivalent 

rectangle' = 1p.( u - 905e). ) In the expression (96u  -4%) or 

(e0u/nud - ece,/ned) Chan13  makes an approximation that nu  = ne, 

such that 

Apl = Apr . 11) (
ecu - ece) 

nud 

From a large number of test results, 1, has been empirically 

expressed to be equal to kik2k3.(2/d)4.d, where 19, k2 and k3 are 

parameters representing influences of type of steel, axial load and 

strength of concrete, respectively. 

11. 



According to the old C.E.B. reconnendations:- 

a) ecu = .0035 , b) flexural compressive stress distribution in 

concrete: parabolic up to ec  = .002 whereafter constant 

(rectangular) up to ecu  and equal to fg 	(1-2.33er), where 

12. 

e= standard deviation in fy.nd 
ecu ece) kik2k3 	d (using 7/ 
( 	

nu 	(  
= 0.7 for mild steel, 0.9 for  

f6 = .85 fcu approx. And c) Gp  = 

`1 for 	and Zr  for @pr) where 

cold worked steel, k2 = 1.0 for 

zero axial load and k3 = 0.6 for feu  = 6000 p.s.i., 0.9 for feu  = 

2000 p.s.i. 

According to the new recommendations published by Baker and 

Amarkone14:- 

a) ecu  = .0015 (1.45 + 1.5 p" 	( .7 - .1 p" )/nu 	101+) 
but not greater than .01 

b) flexural compressive stress distribution in concrete: 

parabolic up to ec  = .002 whereafter constant (rectangular) 

up to ecu  and equal to 	= fc (0.8 + .1/11u) but not 

greater than f'e and fc = .85 feu approx. 

and c) Gp  = 0.8 (ecu - ece) kik3 (z/d) (using z1  for 	and zr  

for Gpr) where 191(3 may be taken as 0.5 in general ( so that 

Gp  = 0.4 (ecu 	ece) z/d). 

Note: for sake of convenience, the old recommendations will 

be referred to as 'old method' and the new recommendations 

as 'new method' hence forth, when referring to these 

C.E.B. recommendations. 

Prof. Baker's BILINEAR & TRILINEAR IDEALTSATIONS  

The necessity to idealise the moment-deformation characteristic 

is evident because the actual experimental curve will obviously be 

unavailable every time. A study of a large number of experimental 

curves has made it possible to predict the approximate form. The 

simplest standardisation is assumed to consist of one straight line 

from the origin to the point representing moment and deformation at 

yield (limit L1 ), and a second straight line joining the points 

representing moment and deformation at yield and at ultimate (limit L2) • 
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Such a curve is commonly called an Idealised Bilinear moment-deformation 

curve. However, in prestressed concrete cases, since cracking commences 

quite late in comparison with reinforced concrete, a closer 

approximation to the actual curve is a trilinear curve which takes 

account of the uncracked phase. 

Bilinear Idealisation 

In this Baker assumes whole of the hinge region cracks 

uniformly at limit L1  and EI has a constant cracked value of 

M1/0951  (= Ml/ece ). The initial rotation due to prestress moment is 

neglected. Thus curvature distribution at limit L1  is represented 

by the area abca, fig: 2.6, for the case of a centrally loaded 

simple span beam. 

The plastic rotation is assumed to be concentrated at the hinge 

and is estimated from the empirical formula mentioned earlier under 

the 'new method' which supersedes that in the 'old method'. 

The moment-deformation curves are shown in fig: 2.3. 

Trilinear Idealisation 

In this Baker15 separates uncracked and cracked parts and 

assumes that the uncracked EI changes to a constant cracked EI 

(given by slope OL1 , fig: 2.5) immediately the cracking begins. 

This cracked EI is the same as in his Bilinear idealisation. Since 

therefore Bilinear idealisation is assumed in the cracked part, the 

initial rotation due to prestress moment is neglected in this part. 

In the uncracked parts the effect of initial rotation due to prestress 

moment is considered. (See fig: 2.7).  

Owing to the assumption that the uncracked EI changes to cracked 

EI 'immediately' the cracking begins, there is a sudden step at 

M = Mo  in the curvature distribution at limit L1  (area aai debfgcica 

in fig: 2.6) and in the M -0 curve (Lob, fig: 2.5). 
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Due to the assumptions made, since the curvature distribution 

in the cracked part at the limit Li  coincides with that in a Bilinear 

idealisation (ebf falling on abc in fig: 2.6), it can be assumed that 

the plastic curvature distributions in the two idealisations are 

identical. Hence the plastic rotation in Baker's Trilinear idealisation 

may be estimated from the same exApirical formula as in his Bilinear 

Idealisation. 

The moment-deformation curves are shown in figs: 2.4 and 2.5. 

Incidentally it might be noted that the ordinates Op and Oq 

(- former merely representing Mp.s e  at the hinge section and the 

latter representing that value of the applied moment at the hinge 

section at which Qp.s.  is wiped out -) may not be equal. This could 

be so because the areas of the curvature diagrams in the two cases 

can be equal even when their ordinates at the hinge section may be 

unequal. 

The idealised moment-rotation characteristics as defined by 

Baker15, figs: 2.3 and 2.4, show the final rotation as a sum of 

(i) the elastic rotation when the critical section attains limit Li , 

and (ii) the plastic rotation Q. Apparently the increase in elastic 

curvatures at sections other than the critical, as the B.M. increases 

from Mi  to M2  at the critical section, is neglected, because this 

is very small. If Qp  is measured from the point Ll'as shown in 

figs: 2.8 and 2.9, then an elastic rotation x will have been 

included which could be assumed to diagramatically represent the 

sum of the increase in elastic curvatures mentioned above. However, 

the value of x as compared to Qp  is small and it is immaterial 

whether the latter is measured from Li  or L4. 
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CHAPTER 3  

PROPOSED COMPATIBILITY METHOD. 

The compatibility requirement in a continuous beam at ulti-

mate may be expressed in terms of elastic and plastic rotations as 

follows : 

( 	. mi dx 	. M . = 0 
elastic 

where i = 1, 2, 3, 	 n (n = number of statical indeterminacies), 

elastic rotation under the effect of the ultimate 
CIET\  

/elastic moment diagram. 

a 	= plastic rotation. 

m. 	= B.M. diagram, drawn on the statically made deter-

minate beam, due to a unit moment-type bi-action 

applied at the ith  of the n hinges. 

This may be proved by considering compatibility under the cumulative 

effect of elastic and plastic conditions as follows: 

Compatibility under elastic rotations  

According to Castigliano's theorem 16 , the partial deriva-

tive of total strain energy U, with respect to a contributing couple 

p, gives the angular rotation of the couple at its applied point. 

At an intermediate support i, in a continuous beam, the rota-

tion X between tangents drawn at two sections infinitely close to 

each other — one just to the left and other just to the right of 

the support section, can thus be found as follows: 

Introduce a couple p (a moment bi-action) at the support i. 

Then total moment at that section is 	ip,where N repre- 

sents the ordinate of the existing elastic B.M. diagram before the 

application of p. 

S , 
U 	m2 	 dx = (M+mip)2 

	 dx. 2EI 2 EI 
, au(m + mip) 

i 
Rotation X due tolp= — = 1 	 EI 	m dx 

i aP 
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Nm 

f . 
Hence, rotation X without the application of p is 737i- dx. But 

for compatibility purpose, since no section should open out in order 

to maintain geometrical continuity, the rotation X should be zero. 
( Thus the compatibility requirement becomes : ^ 
	

° 	i 
m. dx = 0. 4  

elastic 
Compatibility under plastic rotations. 

Assume that the total plastic rotation at a hinge is split up 

into parts occurring to its left and right. These split plastic rota-

tions may be designated by a in general. (Dist:races up to sections 

where these plastic rotations occur, will always be reckoned from left 

hand support in the span). 

An extremely exaggerated picture is shown in fig.3.1. Taking 

'anti-clockwise' rotation as positive and a line 'rising'from left to 

right as positive; then in fig.3.1 : a
1, a4 and a are negative, a2  

5 
and a3  are positive, slopes. and i+1  are negative, Lad slope bi  

is positive. 
th Considering . span :- 

magnitudes only: ili 1. + 	x1) = a2  (1.-x2  )+ a3(1i-x3)-a4(11-x4) 

transposing and attaching signs: - Yi = c,  a(1- 	) 	(1) 

similarly for i+1th  span 	_y 	
1 1   a(1- ) 	(2) 

	

1 	i+ 

again, considering magnitudes only : 	6.1.I- a4  (1.-x4  )= a3  x3  +a2  x2  -a1  x 

transpcAing and attaching signs: 6. =7i  a - a4 	... (3) 1  

And, since in a triangle: exterior angle = sum of two opposite interior 

angles, therefore, in magnitude, a4  = 61.  

Attaching signs, we get 	a4r-- bi Yi+1 	... (4) 

Substituting eqns.(2) and (3) into (4), we get 

x 
4.. a 

1  - + i+1  
4-- a (1- i) 	0 	... (5) i  

This compatibility equation may also be written as 

11. = 0 	 ... (6) 

because summation of a diagram with mi  diagram (fig.3.2), gives the 
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same condition as eqn.(5) gives. 

Combining the compatibility conditions under elastic and plastic 

rotations, and considering compatibility at all the n critical sections, 

we may write: 

(MEI 
).midx 

elastic 
(7) 

   

= 1, 2, 3, 

 

n. 

 

Note: 

(1) The elastic part of the above equation may be obtained by 
M 

splitting the (17,) 	diagram into convenient geometrical areas 
--elastic 

and then multiplying them by the ordinates of the mi  diagram under 

their respective centroids. 

(2) The number of compatibility equations to be satisfied simultaneously 

can be reduced in cases of symmetry. For instance in a symmetrical 

2-span beam (n = 1), loaded symmetrically, the above equation need be 

applied only to any one span: because the mi  diagram is symmetrical 

about the central support. Similarly in a symmetrical 3-span beam 

(n = 2), loaded symmetrically, the above equation need be applied 

only to any one mi  diagram: because the two mi  diagrams are symmetri-

cally placed about the centre line of symmetry. 

PROPOSED IDEALISATIONS  

As already discussed in the previous chapter, owing to a significant 

uncracked phase in the case of prestressed concrete, a trilinear ideal-

isation follows the actual moment-deformation characteristic more 

closely than a bilinear one. However the latter is simpler in use and 

hence of more practicability. 

A Bilinear idealisation is proposed (Fig. 3.3) which lies in 

between Baker's Bilinear idealisation and a Trilinear idealisation. 

Therefore it follows the actual curve more closely and yet retains 

the simplicity in application that goes with a Bilinear idealisation. 
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In the proposed bilinear idealisation, the constant cracked value 

of EI is assumed to be MI 	Mo I 	o  (slope om, Fig. 3.3) as against 1 
91,1 + cif° 

assumed by Baker. This relative increase in the cracked EI value 

apparently decreases the rotation at the limit L1  in comparison with 

that in Baker's case. The initial rotation due to prestress moment 

is neglected. 

The plastic rotation is assumed to be concentrated at the hinge 

and is estimated from the empirical formula used in the case of Baker's 

Bilinear idealisation. (The validity of this assumption will be 

discussed later.) 

Whether this proposed bilinear idealisation yields results any 

better than those predicted according to Baker's, will be found in 

Chapter 6 and discussed in Chapter 7 ahead. 

As for as the reason for proposing a slightly different trilinear 

idealisation to Baker's is concerned, the author is of the opinion 

that the 'sudden' change from uncracked EI to the 'constant cracked 

EI of the bilinear idealisation' - which leads to a sudden 'step' in 

the curvature distribution diagram (Fig.2.6) and in the moment-

curvature diagram (Fig. 2.5) - is not realistic. The reason for this is 

that neither the observed curvature distributions nor the observed 

moment-curvature diagrams show such distinct sudden 'steps'. In the 

author's opinion, a gradual linear (not stepped linear) variation is 

nearer to actual. This may be achieved not by assuming a constant 

cracked EI given by the slope Ohl , Fig.2.5, throughout the cracked 

part, but by assuming uncracked EI (slope al,
o
, Fig. 2.5) for moments 

up to M
o 

and cracked EI that corresponds to the slope L
o
LI 

Fig. 2.5 ( = MI - Mo 	), for moments between Mo 
and MI

. Effect 

- 	°P.S. 
of initial rotation due to prestress moment in the cracked part is 

not neglected since that assumption is made only under a bilinear 

idealisation. The curvature, thus variesfgradually and linearly in 

the cracked region from 	MP.9  to Mo MP.S.  MI M  \\. 

EIun 	EIun  ,
PI1 	." o 

91 - 90 9P.S. 



Ge, is equal to 2( EI un 

m  
EIL L 0 	1 	 o 1 
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i.e. from (Vo  - P.S. ) to (11o 
 - V

P.S. 
 + 
°1 	95o + P.S. 

 ) which means 

from (0o - 0  ) to 0'1.  (In the author's view, this idealisation 
—04 

appears more realistic and closer to the actual behaviour, though may 

not be vastly more accurate.) 

Based on these assumptions, therefore the curvature distribution 

at the limit L1 is represented by the area aa1
dbgc

1
ca in Fig. 2.6. 

The moment-curvature relationship is represented by aLoL1L2 in 

Fig. 2.5. The moment-rotation relationship is similar to that shown 

in Fig. 2.9 with the difference that rotation at the limit L1, i.e. 
1 + 1 u 	c 	1u 

+ 1
c 

) where: m
1 
= ordinate of 

applied B.M. diagram at limit L
1 

up to M
o 

value minus ordinate of 

prestress moment diagram; m = ordinate of applied B.M. diagram at 

limit L
1 

between M
o 

and M
1 

values; 

ing to the slope LoLl  in Fig.2.5. ( 

and EI
L L 

= cracked EI correspond-
o 1 

M
1 
- Ho  ). This G is 

/°1 9fo °P.S. 
represented by the area aa

1dbgc1
ca of the curvature diagram, at limit 

L1, in Fig. 2.6. While the bending moment diagrams shown in Fig.2.7(a) 

and (b) hold good for the present idealisation, those in Fig. 2.7(c) and 

(d) differ slightly: in that the prestress moment diagram is not 

neglected in the cracked region in the present idealisation as explained 

already. The plastic rotation is estimated from the empirical formula 

recommended in Baker's idealisation, mentioned in the previous 

chapter. (The validity of this assumption will be discussed presently.) 

Whether this proposed trilinear idealisation yields results any 

better than those predicted according to Baker's, will be found in 

Chapter 6 and discussed in Chapter 7 ahead. 
The slight increase in elastic rotation owing to increase in 

elastic curvatures at sections other than the critical as the applied 
B.M. increases from M

1 
towards M2 

at the critical section, is 

diagrammatically accounted for (as shown by x in Figs. 2.8, 2.9 and 

3.3) when 9 is measured from L1 rather than from L1. 
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If the finally attained moment at a criticil section, at the 

ultimate of the beam, is less than its M2  value (as may well be the 

case if full distribution is not effected), then the plastic rotation 

attained will also be lesser. In such a case this plastic rotation 

may be estimated by proportion 	M 	M1 ( 	 x G M being the M
2 
- M

1 
finally attained moment) 

Having explained these idealisations, it will now be attempted 

to show that the plastic rotations in these two idealisations are 

nearly equal to those in Baker's idealisations and hence may be 

estimated from the same recommended empirical formula as in his case. 

Diagrammatically, the plastic rotation in the case of the 

proposed trilinear idealisation exceeds that in the case of Baker's 

by an amount equal to the sum of the areas bhj and bh'j', Fig. 3.4. 

From this figure: 

x ( 	= area bhj = area bh'j') 	 .1 p.(B - A) 

1p
01 °/M1  + P.S. 

- 9,1
0) , 

/1% 	1 - M 

(3/141 

	 (8) 

Similarly the plastic rotation in the case of the proposed bilinear 

idealisation exceeds that in the case of Baker's by an amount equal to 

the sum of the areas bhjb and bht j
I 
 b 1  Fig. 3.5. From this figure: 

1 	 1 	t 
x ( = area bhjb = area bhjb) = 1 .bb (approximately) 

= 1p(0 - 

1 + °/M1  
) (approximately) 

01 +00  
(9) 

Let y represent the plastic rotation on one side of the hinge 

(Figs. 3.4 and 3.5), given by 0.4(e 
cu 
 - e

ce
) z/d 

(as mentioned under 

'new method' in the previous chapter). Values of x, as given by 

equations (8) and (9), have been calculated for the ten simply 



.0307 .0027 8.8 .0017 

.0298 .00017 0.5 .0012 

.0226 .0004 1.9 .0013 

.0167 .00015 0.9 .0011 

.0146 .00027 1.8 .0011 

.0114 .00012 1.0 .0008 

.0083 .00022 2.6 .0009 

.0067 .00013 1.9 .0008 

.0077 .00017 2.2 .0007 

.0062 .0001 1.6 .0006 

5.5 
4.o 
5.7 
6.5 

7.3 
7.0 
11.6 

12.7 

9.0 

9.7 
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supported beams, B-1 to B-10, and are recorded below along with the 

values of y. (The values of various terms involved in the equations 

(8) and (9), and in the formula for y, may be found in Chapter 6.) 

Beam 	y 	x 	
L2)z 	x 	

1121 from eqn.(8) 	.,. 
(1)' 	from eqn.(9) 	(1)'

0z 

(1) 	(2) 	(3) 	(4) 	(5) 

B-1 

B-2 

B-3 
B-4 

B-5 

B-6 
B-7 
B-8 

B-9 

B-10 

Av: 2.3% 	Av: 7.9*% (approx) 

* Actually it will be even smaller, because the areas 
I 	r 	I 

bhjb and bh j b are not rectangles as assumed in 

deriving eqn. (9). 

Thus the theoretical error involved in assuming the same plastic 

rotation formula for the proposed idealisations as for Baker's ideali-

sations is of the order of 2% to about 6%. In the formula . 

0.8(ecu e
ce)k1k3

z/ k1 is assumed to vary from 0.7 to 0.9 depending 

on the type of steel, and k
3 
is assumed to vary between 0.6 and 0.9 -

depending on grade of concrete. If k
1k3 is taken as 0.5 on an average 

 

which is no more arbitrary than the choice from the above mentioned 

coefficients, there is no justification for making a modification of 2 to 

6% in the plastic rotation formula to suit the proposed idealisations. 

(Note: It is shown later that by adopting the unmodified 

plastic rotation formula in the proposed idealisations, the degree 

of accuracy in predicting the ultimate load is quite high.) 
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In order to estimate the ultimate moment distribution (and hence 

the ultimate load) in a given continuous bean by the proposed 

compatibility method, first the necessary calculations at the limits 

L2, L1 and Lo 
may be done for each critical section and the appropriate 

EI values for each hinge region calculated. A suitable first-trial 

ultimate moment distribution may then be assumed, the cracked and 

unoracked parts marked off, and the m. diagrams drawn. The assumed 

ultimate moment diagram is correct provided the n compatibility 

equations (eqn.?) are satisfied, otherwise a new trial is necessary. 

(The prestress moment diagram is considered appropriately in the case 

of a Trilineer Idealisation, as explained already.) 

CALCULATION AT LIMIT L
2 
 for finding M2' 

e
cu 

and n
u 
in a given section: 

(1) Assume a suitable first-trial value for nu 
and therefore calculate 

nu
d. 

(2) Estimate eCU  from the empirical formula: 

,, (.7 - .ip ) f 
9)  0 	= .0015(1.45 + 1.510 + 	n  — cu 

but if it exceeds .01, then assume ecu 	.01 only. 

(3) Estimate the concrete-stress fc 
(Fig. 3.6) from the empirical 

formula: 
0—  . f = f (0.8 + --1) c c n
u 

VI 
but if it exceeds f

c
, then assume f

c 
= f

c 
only, where 

f = 0.85f c 	cu 

(4) Draw the strain and stress blocks in relation to the effective 

section, as in Fig. 3.6, and work out the location of concrete strain 

.002. , Also find the strains at the levels of various steels, 

from the strain block. 

(5) Find out Total Tension T and Total Compression C, in the effective 

section. If T equals C then the first trial is alright, otherwise 

assume a fresh suitable value for nu 
in (1) above and repeat all 

the calculations until T equals C in the final trial. 

u 	10 
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(6) Calculate M
2' 

the absolute ultimate moment of resistance of the 

section, by taking moments of the T and C forces about any 

fibre in the section. 

THUS nu' e
cu 

 and M
2 
(i.e M

u
) arc found. 

CALCULATION AT LIMIT L
1 
 for finding M e

ce 
and n

e
d in a given section: 

Since the section could be an 'under-reinforced', a 'balanced' or 

an 'over reinforced' one, one might start off by assuming 'under-

reinforced' case first: 

(1a) Assume a suitable first trial value for n
e 
and work out ned. 

(2a) Assume total strain in the extreme tendon (or at c.g. of tendons, 

if bunched together) equal to its 0.1% proof strain, so that 

ecse = (0.1% proof strain - ep  - e cp). Draw the strain block 

across the effective section and work out e
ce
; if it is less 

than or equal to ,002, then draw the corresponding concrete-

stress block and work out Total Tension T and Total Compression C 

in the section. If T equals C, then calculate Mi  by taking their 

moments about any fibre in the section. If T does not equal C, 

then, may be by merely trying fresh values for n
e 
- with e

ce 
still working out to less than or equal to .002 - T might equal 

C. In such a case the assumption made earlier that the section is 

'under-reinforced' is valid, unless ece  has worked out exactly 

equal to .002 in which case it is a 'balanced' section. 

If instead it is impossible to get T = C in the above trials 

unless e
ce 

exceeds .002, it means that the section is neither 

'under-reinforced' nor 'balanced' but is 'over-reinforced'. 

Then proceed as follows:- 

(lb) Assume a suitable first-trial value for n
e 
and work out n

e
d. 

(2b) Assume ece equal to .002, draw the strain block across the 

effective section, work out e
cse and check that total strain 

(ep  + e
cp 
 + e 

cse
) in the extreme tendon (or at c.g. of tendons, 

if buadhed together) is less than its 0.1% proof strain. Draw 
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the corresponding concrete-stress block and work out T and C. 

If these are equal, the assumed value of n, is correct; otherwise 

try fresh value for n
e and repeat the process (e + e + ecse pcp 

not exceeding 0.1% proof strain), until finally T equals C. 

Then calculate M
1 by taking moments of T and C forces about 

any fibre in the section. 

THUS n
e
, e

ce 
and M

1 
(i.e. M

e) are found and it is known 

whether the section is under-reinforced, balanced or over-reinforced. 

CALCULATION AT LIMIT L
o  for finding Mo in a given section: 

The phenomenon of 'cracking' in a prestressed concrete continuous 

beam has been dealt with in some detail in Chapter 7. The concept is 

based on the assumption that the secondary moments commence diminishing 

right from the instant of microcracking, so that the amount left over 

at the time of visible cracking is uncertain. This, of course, applies 

to the case of non-concordant cables, there is no such ambiguity in 

the case of concordant cables. 

In the concordant cable case, the cracking moment Mo  may be 

calculated from the following eqn:- 

M + M 	P.e 

	

o D.L.  (.12 	_ f  

	

A 	mod. 

whereD.L. = dead load B.M. at the section, Z = section modulus to 

the extreme tension fibre, A = section area and fmod. = modulus of 

rupture of concrete. 

In the nonconcordant cable case, the following is suggested 

(see Chapter 7): 

calculating M2 

and 	Mo 0.50M2 if untensionod steel is considered in 
calculating M2. 

(M2 increases when contribution of untensioned steel is considered 

whereas Mo is assumed to remain unaffected, so that its ratio to 

M2 decreases.) 

	 (10) 

Mo 	0.55M2 if untensioned steel is not considered in 



e  therefore s2(1 - 7---) 002 

solving which, we get, fc  = 

fc 
f ec  . 	( 

.002‘
2 
 

e
c ) 

.002 

s
2 

If 

-1-17(fC 	fc)  
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A Note on 'Stress-strain blocks for concrete in flexural compression' 

and 'Idealised stress-strain curve for cable-steel': 

(used in the calculations at Limits L
2 and L1) 

(a) STRESS-STRAIN BLOCKS FOR CONCRETE 

These are assumed to be as shown in Fig. 3.6. Obviously at the 

Limit L2, Fig. 3.6(a) is valid, while at Limit L1, Fig. 3.6(b) is 

valid if the section is over-reinforced' or 'balanced' and 

Fig.3.6(c) is valid if the section is 'under-reinforced'. 

It is convenient to divide the effective concrete section into 

rectangles, so that when taking moments of their compressive forces, 

the lever arms are the same as those of their stress blocks. 

(1) For the rectangular portion of the stress-block, or part thereof, 

evaluation of the 'average-stress' and 'location of its centroid' 
PP 

present no difficulty at all - the former being equal to f
c directly 

and the latter lying at the middle of its depth. 

(2) For the parabolic portion of the stress block - fig: 3.6(b), 

or part thereof (Fig. 3.6(c)), the 'average stress' .13fc  and 

location of its centroid below its top.' =11X. The values of the 

coefficients Aandrt depend on the value of concrete strain e
c at 

the level of top of the stress block: 

From  the properties of a parabola y2 kx (y-axis along depth 

of section, Fig. 3.6(a)), 

2 
	

2 
k Y 	

n
/fc  

PP 
at x = (fc - 

fc), y = s(1 
.002)  5 

Referring in general to Fig. 3.6(c) and equating the area of 

'average' (equivalent) stress block to that of the 'actual' 

(parabolic) stress block, we have, 



area of an element 
J3fc.X  = i of the parabolic area 

" ----(2 --2—).dx c..002 	.002 

e s But X = s — and dX 

	

.002 	.002"ec 

I I ec 	1.‘  " C 	 ec f .s. 	- f ----(2 	) -==-.de .• 

	

c .002 	c.002 	.002 .002 c 

e2 

or P.ec = .002 	(2ec  -2--)de .002 c 

ec 	ec  
so that 3. 	( .002 1  - 777)  

Again, equating the moment of areas of the 'average' stress 
block and the 'actual' stress block about the neutral axis, 

we have: 

".X. (X 1X) = 	(1' dX)X 

L.H.S. = .002(1  

ec 	e
c 

" f. 	

c 	s 
.002 (2  .002

)
"s  .002..002 dec  

ec  -  757) fc (1  - V(s .(1)2  

n 
After integration, R.H.S. = f 	s 	(3ec 	.00gUg ) (.002)3  

Equating L.H.S. to POLS. and simplifyingl we get: 

2  — 4 - -- .002 
ec  

12(1 ---r) .000-  

30 • 

c
.dX 

2 

(12)  

(13)  
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For convenience sake, values offiand have been kept plotted 

in Fig. 3.7 for values of e
c 

up to .002 (i.e. for the entire range 

of parabolic part of the stress block) so that, while doing the 

calculations at the Limits L
2 
 and L

1 
for any section, their values can 

be readily read off instead of working them out from eqns. (12) and 

(13) every time, 

Note: 

These coefficients 18 andrbrefor only to the 'parabolic' portion 

of the total stress block, unlike the coefficients cz and '61 described 

in Chapter 4 ahead, which refer to total stress block. The latter 

include rectangular portion as well as 'full' parabolic portion. 

Accordingly, )3 and 11 are defined in terms of c
c 
(for e

c 
0 to 0.002) 

while 0.4and '6 are defined in terms of 0
cu. 

(b) IDEALISED STRESS-STRAIN CURVE FOR CABLE-STERL  

It has been recommended earlier by Professor A.L.L. Baker to use 

an idealised curve from the point of view of correlating the test 

results for the C.E.B., from the various laboratories the world over. 

This idealised curve follows the actual curve up to a strain of ep,  

whereafter it is a rising straight line passing through the 0.1% proof 

strain mark in the actual curve, until it meets a horizontal line drawn 

through the middle of 0.1% proof stress and ultimate stress. This 

trilinear looking idealised curve is depicted in Fig. 3.8. 
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CHAPTER 4 

EFFECT OF TENDON TRANSFORMATION ON ULTIMLTE STRENGTH 

An attempt has been: made here to show theoretically that the 

ultimate carrying capacity of a continuous prestressed concrete beam 

does not remain unaffected with tendon transformation. Basing the 

analysis on the assumptions that, at ultimate of the beam, each 

critical section attains its full ultimate moment of resistance and that 

the sections are not over reinforced, a formula has been derived for the 

% change in the ultimate load carrying capacity caused by linear trans-

formation of the parent cable. The derivation is based purely on an 

equilibrium concept. However, the above mentioned assumptions may not 

hold good in some cases, which limits the applicability of this 

equilibrum method formula. 

ANALYTICAL DERIVATION OF THE PROPOSED FORMULA 

First an expression is derived for the ultimate moment of resist- 

ance of a prestressed concrete section. The term representing 'force' 

in the tendon is replaced by a mathematical equation expressing 'force' 

in terms of 'strain' in the tendon. Later the variable part 
ecru' 

 in 

the strain e + ecp ecru' (called e in short) is expressed by a 

transcendental equation linking it with the location of the tendon in 

the section in order to make the cable force sensitive to linear 

transformation. Assuming each critical section attains its full ultimate 

moment of resistance, an expression is derived for the 'maximum free B.M.' 

that a span of a continuous beam can carry with parent cable as well as 

with transformed cable in terms of ultimate moments of resistance of 

the sections concerned. Formulae derived earlier for the latter are 

then substituted and the % change in the 'maximum free B.M.s1  in the 

two cases worked out. Hence a % change in the ultimate loads that can 

be carried in the two cases, is obtained. 

Though•the analysis is carried out assuming a rectangular section 

of the beam, it is still applicable in the case of other sections so 

long as the effective section at ultimate is rectangular. 
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DERIVATION 

Consider an intermediate span of any prestressed concrete continuous 

beam, as shown in Fig. 4.1. The cable profile in chain-line represents 

the parent cable, while that in full-line represents a linearly trans-

formed cable: transformations being +El  at (left hand support) 

section 1 and +6'3 at (right hand support) section 3. Consequently the 

effective depths at sections 1 and 3 increase, while that at an inter-

mediate section 2, distantpl from 1, decreases by 62  such that 

62 = 	-VI'61 +PE3* 

Let 

B = width of concrete section 

As area of cable steel in the section 

A = area of untensioned steel in the section 

D = eff. depth from compression edge to c.g. of untensioned steel. 

ratio of average flexural compressive stress in concrete at 

ultimate to f "7  where f
c" = ,85f 

 
cu.  cu 

= ratio of depth up to centre of compression at ultimate to depth 

up to neutral axis at ultimate. 

N.B: Ckand W. refer to 'total' flexural compression stress block 

at ultimate. 

tr  = stress in cable steel in the section at ultimate of the section 

t = 	" in untensioned steel in the section at ultimate of the section. 

(31 = distance of 'maximum span-moment section' from (left hand support) 
section 1. 

1 = span 

d1, d2, d3  = eff. depths under parent profile case, at sectionsl, 2 and 3 

dl
7 2  di 1  d3

i = 94 	 it 	transformed " 	v? 	0 0 
1  

M1, M2'  M3  = ultimate moments of resistance under parent profile case 
of sections 1, 2 and 3 

M1, M2, M 	ultimate moments of resistance under transformed profile 

case of sections 1, 2 and 3, 
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= 	values under parent profile case at sections 1 ecul. ecu2, ecu3 	ecu  

2 and 3. 
1 	I 	I 

, e 	e cu3 	cu = 	values under transformed profile case at sections ecul, ecu2  
1, 2 and 3. 

e1, e2, e3  = ecru  (or e) values under parent profile case at 

sections 1, 2 and 3. 
r 	I 	I 

e1, e2, e3 ecsu  (or e) values under transformed profile case at ft  
sections 1, 2 and 3. 

d
3 	

61 	6'3  
/ a = 

d2 	c = 	r = / s  /al , /d1 	1 
' 	d' 

q = 	
, p = 

62
/s. 

1 	1 

Evidently, 	= d
1 
- d ' 52 = d2 - d2, 	£3 = d3  - d3  

and 
d1 	= (1 + r)d 1 

d2 = (a - pr)d1 	) 

and 
	

d
3 

= (c + qr)d
1 	

) 

41 

Values of e
cu 
 and f

c may be found from the following proposed 

empirical formulae: 

ecu = 0042(d/do + .4p " 	
-2 

)Ac  x 10 , but ..,&.0035 and* .01. 
A 	+ .05A p.s. 	m.s. 

f = .85f cu 

These formulae have an advantage over those recommended under the 'new 

method' in Chapter 2 in that they are independent of trial and error 

calculations. Validity of the former in comparison with the latter 

will be examined in Chapter 7 ahead. 

(A) 
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The stress-strain block for concrete under ultimate flexural 

compression is assumed to be as shown in Fig.4.2. Value ofo(may be 

obtained by equating the areas of the 'average' (equivalent) stress 

block and the assumed stress block: 

PP 	P9 	Si 

nud.0(f = 0.fc  + c 

substituting for Q and S (Fig. 4.) and simplifying,we get: 

_ (1 	.0007 ) 

cu 

Value ofW may be obtained by equating the moments of areas of the 

'average' (equivalent) stress block and the assumed stress block, say, 

about the compression edge: 

	

fi 	S1 	 U 

	

(Q•fc 	":".S.fX(c.prlud = (Q.fc) f 	(i.S.fc)(Q 	i•s) 

substituting for Q and S and simplifying, we get: 

(e 	- .002)
2 

cu 	 
2 

+ (eau 	.0013).0013 

e (e 	- .0007) cu cu 

From the internal equilibrium condition C = T, at ultimate of a section: 

(B.n
u
d)c)(f

c 	A .tr  +2A. t s  

A .t +27,A.t • s r nu 
B.Cif.d 
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Taking moment of internal forces, say about centre of compression, we 

get an expression for ultimate moment of resistance of the section, 

viz: 

Mu  = A s  .t r
.(d -.;5%n

u
d) + fl.t.(D -)(nud) 	 (2) 

At ultimate of the section, the untensioned steel invariably yields 

and therefore carries its yield force. The shift in the position of 

ultimate centre of compression C from that in the parent cable case to 

that in the transformed cable case may be assumed to be small in 

comparison to the lever arm of the untensioned steel. Therefore the 

contribution of the untensioned stool to the change in MU 
under the 

two cases may be neglected. Accordingly, for the present purpose, 

the equations (2) and (1) may be simply written as: 

Mu  = A s  .t r.(d -)5.nu
d) 	  (3) 

A t 

	

and n
u - 

s. r    (4) , 
B.cou cd 

substituting (4) in (3) we get: 

Mu  = (A s 
 .t 
r)d - (As.tr)2. 	 

B.Coef 
(5) 

(A s  .t r), the tensile force in the tendons, depends on total strain 

(ep 	ecp ecru) in them, of which ecru 
 depends on the location of the 

tendons in the section. 

The load-strain curve of a High Tensile Steel tendon resembles a  

half range sine wave, and may be expressed in the form 

	

y = K. (x)   (6) 

making use of Fourier series. Since usually the normal prestressed 
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concrete continuous beams are not over reinforced, the total strain 

in cable steel at the ultimate of a hinge section may be assumed to 

be about .0095. For one 0.276" din. H.T.S. wire (that was used in 

the continuous beams tested by the author), a reasonably accurate 

relationship between the load y and the strain x, for strain values of 

about .0095, may be expressed as follows: 

y = 14400 Sin 7(7. —7: (lb. units) 	  (7) 

where .03 represents its ultimate strain (the half-range). 

Hence in general the load-strain relation for tendons may be written 

as: 

y = b Sin (K3x)   (8) 

where 

y = load or force (A .t ) 
s r 

x = total strain in the tendon 

b and K3  = coefficients, depending on type of H.T.S.; 

former also depending on the number of tendons 

y and b having same units. 

For the particular 0.276" dia. H.T.S. wires, therefore: 

b = (14,400N)lbs., N being number of wires 

K
3 

= 7(/ .03 

Substituting into equation (5), we get: 

M
u y.d y2  1  

b215.  = bd.sin(K
3
x) 	1, ----- sin2 (K

3
x) • 

Bo/fc  

Bo(fc  

(9) 



But x = ep +e +e cp 	csu 

calling ep + ecp  as K1 
and e csu  as e, we have: 

42. 

x = K1 +e 

Mu = bd.Sin(K3K1 + K3e) 

b2  
Bac  

b2v 0 .Sin2(K3K1 + K3e) 

Bd4 

as K4' we have: calling K3K1  as K2 and 

Nu  = bd.Sin(K 	+ K3e) - K14..Sin2(K2  + K3e) 	 

Thus: 

Mi  = bd1.Sin(K2  + K3e1) - Kh  .Sin
2(K2  + K3e1) 

".1 
) 
) 
) 
) 

(10) 

M2  = bd2.Sin(K2  + K3e2) 	K4  .Sin2(K2  + K3e2) ) 
2 ) 

) 

) 

) M
3 	

bd
3
.Sin(K2 + K3e3)  - K

43
.Sin2(K2 

+ K
3
e
3
) 

) 
) 
) 	 

(10a) 

) 
Mi  = bd1.Sin(K2  + K3e1 	- Kh  .Sin-(K2  + K3e1) 1) ) 

) 
) 
) 

bd2.Sin(K2 	K3e1  2) 	KIL2.Sin2(K-+ K30t2) ) 
) 

) 

) 

' 	2 t 	
) 

M
3 	

bd
3 
 .Sin(K2 + K3e3)  - K4  .Sin (K2  + K,e3) 	) 

3 
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From strain-compatibility across a section, based on linear strain 

distribution from compression-edge to tendon, we have: 

d n
u
d 

e = e 

ecu 	- 1) nu  

Substituting equation (8) into (4) and then this into the above, 
we get: 

, 
B.04,f.d c  

e 	ecu  ( b. Sin CK3X-) 	1)  

B  
Calling 

 

as H and substituting for x as before, we get: 

 

Hd  
e = e (Si 	N 1) cu n(K3K/  K3e) 

and 	K3K1 = K2, 

:0 e = e ( 	Hd 	
1) cu Sin(K

2 
K3e) 

Hd.e 
so that Sin(K

2 
+ K3e) 	

cu   (11) 

(ecu e)  

which is a transcendental equation. 

cu nud 



In parent cable case: 

In transformed cable case: 

PI = 	)mi  + m2  +Pm3 	 (12) 

M =(1 -p)mi  + m2  ±p m3  (13) 

1+4. 

Thus: 

Sin(K2 + K3e1) 

Sin(K2 
+ K3e2) 

Sin(K2 
+ K

3
e
3
) 

Sin(K2  + K3e1) 

_ 

- 

— 

= 

H
1
d
1
.e

cu1 ) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 
) 

 	(11a) 

(ecu 	+ e1) 
1 

H
2
d
2
.e
cu2 

	

(ecu 	+ e2) 2 

H,d .0 

	

.7  3 	cu 
3 

	

(e  cu 	e„) 

	

cu 	, 
3 

I 	t 	t 
H
1
d1.0cu 

1 
1 

(e 	' 	+ e 	) cu 
1 	1 

I 	f 	I 	) 
H2od2.0cu 	) 

2 	) Sin(K2  + K
3 
 e

1

2) t 	I 
(o

cu2 
+ e2) 	). 

t 1 4 	) Hd e .2  3' cu 	) 1 	
1 	

3  Sin(K2 + K3
0
3
) = 	) t 

(ecu + e
3
) 	) 

3 

Assuming full redistribution of bending-moments at ultimate of the 

structure so that each critical section attains a B.M. equal to its 

Mu, and referring to Fig. 4.3, we have: 

where: 

M = maximum free B.M. due to total loading on span in parent cable 

case. 
t 

M = maximum free B.M. due to total loading on span in transformed 

cable case. 



I 	+ Z i 	2 
0-1-Pr'ecu _X2ecu2 (cf -Pr) 

2 	, 	/ 2  
(eel  + e 	(ec LI

2
"i"e2 w2 2  

+ H2 
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The 'change' in the maximum free B.M.s that the span is therefore able 

to carry, relative to parent cable case, is: 

—t 	(1 p )m
t  
„, + m2  + p M.4  

M M - 1   -1 -X   (14) 
171 	(1 -13 )M1 	1,12  -Fp M3  

 

M2(I  (3 )M1 + M2 +13 m3  
(1 - 	+ M2  +0 M3  

 

(15) 
where X 

 

X= N, (I--) 

Substituting into equation (15) the equations (10a) and then into this 

new equation substituting equations (11a) and then into this still new 

equation substituting equation (A), and noting in general that 

b 	BoUc 
K
4
H ( = 	x 	is simply equal to b-6, we get after a very 

BOtf 

laborious simplification: 

/ (c+cp )2ecul 	W;e2Z1  (c.i.ci 
+H p 	/ 	3 	z  

(ecu + € i) 	(e04 i -÷e/ )4  3 3 	3  3. 
*( ea, ) -01 2 e 	al  - 	e'''''; -a-f.  4- h 

3 
p clews  %," ..... 	03 ecy, 3  

(ec,,..1_ei, i 
{ 

(ecuo-e. ecti.2*22, 	ecur 2 (e,Lia+e (e 	÷e3)1" cu3  

	  (16) 

NOTE: In the above analysis b has been assumed constant at all sections. 
However, should it vary for different sections, then its account can be 

taken in equations (10a) and a modified formula for X worked out. 

0.rfac.„' , e,u 0+ e M1041' 	a 
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Now if: 

w = equivalent uniformly distributed own weight of the beam per 

unit length 

W - = applied (equivalent point) load at section 2, corresponding to N 
- t 

and W= 	71 7i 	77 	77 	ii IV Psi 
,2 

then Pi = 	 + 	f3(i 15) 
2 

2 ...A 
and M = 	1 _p)./31+ Y-g-- /3(1 _13) 

so that — RI 	(1 4)11(U — Us)  
17(1 -(i)g1 w12 vi  

2 -1  ' 

 

 

w
2 

If the term ----p(1 -f3) (own weight B.14.) is neglected then: 

M-M = W-W 	
(17) 

Connecting equations (17) and (14), we get the % change in ultimate 

load carrying capacity of the span, below that of the parent-profile case, 

_t 
W viz: (W  ----)100, equal to (1 - X)100 

where X is given by equation (16). 

Thus the procedure for evaluating the % change in ultimate load 

carrying opacity, from this equilibrium method formula, may be summarised 

as follows: 

(1) Find the load-strain (y:x) relationship for a tendon in the form: 

x 
y = b sin —7; where b is as explained earlier, and U = ultimate 

tensile strain. 
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(2) Estimate eau  and fc at each critical section, in the parent cable 

case as well as in the transformed cable case, using the proposed 

empirical formulae: 

Cu
d  

= .0042( /do + 	) 

rr 
and f 

= .85fcu 

A x 10-2 
c 

 

 

.01 
, but .0035 and 

A 	+ .05 A 
p.s. 	m.s. 

(3) Estimated, ‘ti  and H et each critical section, in the parent cable 

case as well as in the transformed cable case, using the following 

formulae: 

c,4 = (1 - .0007/0.) 

(eau  - .002)2/2  + (eau - .0013).0013 

e cu  (0  cu  - .0007) 

and H = Beefyb 	(b = N times b for one tendon found in 

(1) above; N being the number of 

tendons at the section) 

(4) Plot Hd vorsv7, 0 relationship from: 

0 
Hd = (1 + /ea u) sin(K2  + K30) 

where: 

K2 	U = — (e + e ) assuming e = .0002 approximately 
7( 

p cp 	cp 

K = 3 U 

and 	eau  = average of the eau  values found in (2) above, 

(an approximation) 
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(5) (i) Referring to the left hand support section, the right hand 

support section and the maximum-bending-moment span section 

by suffixes 1, 3 and 2 in the parent cable case respectively, 
and by suffixes 1 , 3 and 2 in the transformed cable case 

1 
respectively, then H1, Hp, H3, H1 , H2  and H3  stand known from 

(3) above. Read off e from the Hd vs. e plot, corresponding 
I 

to Hd T = H1d1,  H2d2' ... and H3d3.  Thus el 
e
2 

0
32 
 0

1 
e
2 

and e3  are known. 

(ii) Find the values of, the terms (1 + r)2, (a - pr)2, (c + 
qr)21  

a
2 

and  c
2 
from the relations: 

(1 + r) = 1/d 7 (a - pr) = 	2/d ' I 1  1 
+ qr) = 

d 3  
/d  

1 

d  d  a = 	2/ 	and c = 3/
d 

respectively. 

(6) Evaluate X from equation (16). 

(7) Then (1-X)100 represents the % change in ultimate load carrying 

capacity below that of the parent cable case. (If (1 - X)100 

turns cut to be positive, it means a decrease in carrying capacity 

compared with parent cable case). 

It has to be noted that in case of en ordinary two span beam, only 

two terms in the numerator and in the denominator in the above 

expression for X exist. This is so because for instance if the span 
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under consideration be the right hand one, then M
3 
 0 in Fig.4.3, 

and so therefore in equations (12) and (13) too. Similarly if the span 

under consideration be the left hand one, then M1 
0 in Fig. 4.3, and 

so therefore in equations (12) and (13) too. 

Use of this analysis has been shown in Chapter 6 and its limitations 

discussed in Chapter 7 ahead. 
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CHAPTER ,5 

MATERIALS, MANUFACTURE AND TESTING 

DESCRIPTION OF TEST BEAMS 

Twenty-two beams were analysed, sixteen of which were manufactured 

and tested by the author and the remaining were tested by Macchi9  and 

Cooke.7  For ease of description, they have been nomenclatured as 

follows: 

The author's 10 simply supported beams .. 	B-1 to B-10 

6 two span continuous beams .. CB-1 to CB-6 

Macchi's 	3 three span 	.. C-1 to C-3 

Cooke's 	3 	 b-1, b-3 and b-4. 

Beams B-1 to B-10 (fig: 5.1) 

All were of the same constant I-section throughout, except in the 

last 8" at each end, where the section was made rectangular. These end 

blocks were nominally reinforced with 27" dia. m.s. grills. The c.g. of 

tendons was kept at the same position in all the beams in order not to 

make it a variable parameter. For the same reason, all the beams were 

provided with the same amount of shear steel as calculated for B-10, 

the latter being the strongest beam and consequently resisted greatest 

shear. (Shear steel was calculated according to the formula suggested 

by Hernandez.)
17 

The shear steel was provided along the longitudinal 

centre line of a beam, approximately in the shape of a sine wave. This 

was done for two reasons. One, in order to escape the need of having 

to provide longitudinal suspender bars as it was desired to test some 

beams without any such untensioned steel; the former would be neces-

sary if shear steel was provided in the shape of stirrups. The second 

reason was to cut out the effect of lateral binding (which the stirrups 

would otherwise provide) on rotation. 

B-1, 3, 5, 7 and 9 were pretensioned with 2, 4, 6, 8 and 10 wires 

of 0.2" dia. H.T.S., respectively. B-2, 4, 6, 8 and 10 were also pre-

tensioned with 2, 4, 6, 8 and 10 wires of 0.2" dia. H.T.S. respectively 
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and, in addition, were reinforced with 4 bars of -4" dia. m.s. placed 

near the bottom surface. A comparison between B-1 and 2, B-3 and 4, 

B-5 and 6, B-7 and 8 and between B-9 and 10 therefore enabled to 

study the influence of untensioned steel. 

The concrete cube strengths varied slightly: 8720 p.s.i. in B-1 

and 2, 8100 p.s.i. in B-3 and 4, 8720 p.s.i. in B-5 and 6, 7780 p.s.i. 

in B-7 and 8, and 8720 p.s.i. in B-9 and 10 (average of five 6" cubes). 

All beams were centrally loaded over an effective span of 6?-10". 

(Details of force in cables are given in Chapter 6 ahead). 

Beams CB-1 to CB-6 (fig: 5.2) 

All were of the same constant rectangular section, 4" x 64°. The 

end blocks were nominally reinforced as in simply supported beams. 

All beams were provided with the same amount of shear steel as cal-

culated17 for CB-6, and it was provided longitudinally, approximately 

in the shape of a sine wave. (The reasons being the same as mentioned 

in the case of simply supported beams.) 

Each beam was post-tensioned with three 0.276" dia. H.T.S. wires 

for cables. CB-1 had a concordant cable profile, CB-2 and 3 had upward 

linearly transformed cable profiles, and CB-4 and 5 had downward 

linearly transformed cable profiles. CB-6 was similar to CB-1 but, in 

addition, was reinforced with 4 bars of 11" dia. m.s. placed near the 
tension faces in the support and the span hinge regions. 

The concrete cube strengths varied slightly: 8000 p.s.i. in 

CB-1, 7760 p.s.i. in CB-2, 7860 p.s.i. in CB-3, 7730 p.s.i. in CB-4, 

7910 p.s.i. in CB-5, and 8120 p.s.i. in CB-6 (average of ten 6" cubes). 

All beams were loaded by a single concentrated load at the middle 

of each span. Each beam measured 19'6" overall: consisting of two 

91 -0" spans and a 01-9" overhang at each exterior support. A span 

to depth ratio of 18 was achieved, which is in proximity with 

industrial practice. 

(Details about force in cables are given in Chapter 6 ahead.) 
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Beams C-1 to C-3 (fig: 5.3) 

These beams have been described elsewhere3  and will therefore be 

described here very briefly: 

C-1 and C-2 had spans of 6T-7", 13'-2" and 	C-3 had spans 

of 91 -10", 131 -2" and 91 -10". All wore of the same constant rect- 

angular section of 3.95" x 9.85" and each was post-tensioned by an 

8-wire cable of 0.2" dia. H.T.S. Arrangement of cables is shown in 

fig: 5.3. Each beam was reinforced with 4 untensioned (m.s.) bars 

at the corners and with rectangular m.s. stirrups of 0.12" dia. 

spaced at about 11 -1" pitch. The concrete cube strength was 5680 p.s.i. 

in C-1 and C-2, and 7540 p.s.i. in C-3. The stress in the cables at 

the time of testing was 61 T/sq.in. for C-1 and C-2, and 60 T/sq.in. for 

C-3; the corresponding values for the prestressing force were 

33,400 lbs. and 32,400 lbs. respectively. 

Beams b-1, b-3 and b-4 (fig: 5.4) 

These beams have been described elsewhere?, and will therefore be 

described here very briefly: 

Each beam had spans of 5,-0", 10'-0" and 5'-0", a constant 

rectangular cross section of 4" x 6", and three 0.276" dia. H.T.S. 

wires for the cable. b-1 had a concordant cable profile, while b-3 

and b-4 had upward and downward linearly transformed cable profiles 

respectively. Each beam was reinforced with 4 bars of 	dia. m.s. 

bars at the corners, and with rectangular stirrups of i" dia. m.s. 

The concrete cube strength was 10,070 p.s.i. in b-1, 9,800 p.s.i. in 

b-3 and 10,080 p.s.i. in b-4. The force in the cable at the time of 

testing was: 25,300 lbs. in b-1, 26,050 lbs. in b-3 and 27,100 lbs. 

in b-4. 

NOTE 

The rest of this chapter refers only to the beams manufactured 

and tested by the author. 
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MATERIALS 

(a) Cement 

Rapid hardening cement (Ferrocrete) was used in all beams. The 

required quantity was obtained in one lot, thoroughly blended in the 

laboratory, stored in bins with air-tight lids and set aside in a 

dry-room. 

(b) Aggregate  

The Thames River sand and the Thames River gravel were used. 

The sand was surface dried in a drier in the laboratory and then 

sieved into two grades: one passing 3/16" B.S.S. but retained on 

No. 25 B.S.S., and the other passing No. 25 B.S.S. but retained on 
No. 100 B.S.S. 

The coarse aggregate used was that passing a specially madei" sieve 

but retained on 3/16" B.S.S. The li" passing' coarse aggregate was 

thought desirable from the point of view of the clear covers in the 

beams. 

These aggregates have been used for several years in the Concrete 

Structures Laboratory at the Imperial College and have given satisfactory 

results. 

(For Mix design, see Appendix I) 

(c) Reinforcemento 

(i) High Tensile Steel (H.T.S.)  

In beams B-1 to B-10, 0.2" dia. indented H.T.S. wire, having 

an ultimate tensile strength of 110 T/sq.in., was used. Its load-

strain curve is shown in Fig. 5.5. 
In beams CB-1 to CB-6, 0.276" dia. indented H.T.S. wire, having 

an ultimate tensile strength of 101.5 T/sq.in., was used. Its load-

strain curve is shown in Fig. 5.6. 

(ii) Cold Worked Steel (C.W.S.) 

14." dia. C.W.S. (0.2% proof stress = 56,000 p.s.i.) was used 

for the shear steel it beams B-1 to B-10. 



55. 

(iii) Mild Steel (m.s.)  

2" dia. m.s. (yield stress 48,700 p.s.i., yield strain .0016) 

was used as untensioned steel in the beams B-2, 4, 6, 8 and 10 and in 
CB-6. It was also used as shear steel in the beams CB-1 to 6. 

FORMWORK, CASTING AND CURING 

(a) Beams B-1 to B-10  

The pretensioning abutments were positioned sufficient distance 

apart, enabling two beams to be manufactured in one operation by the 

long line process. In alignment with the centre lines of the two abut-

ments were erected the side shutters for two beams in a line on one long 

bottom shutter. Side shutters consisted of 3/16" m.s. plate fitted 

with wooden inserts, such that when bolted on to the bottom shutter 

(made out of a channel section), the required I-section was enclosed. 

The untensioned steel was correctly placed in one beam, the H.T.S. 

wires threaded into correct position and the pretensioning done. Shear 

steel was placed in carefully. Then concrete•was poured in one batch 

for each beam and thoroughly vibrated using 'Kango' external vibrators. 

The control specimens were cast for each beam from the respective batch 

of concrete. To minimise the loss of fat from the concrete under 

vibration, the joints were sealed with grease. Before casting, the 

forms were given a thin coating of grease in order to facilitate 

dernoulding. 

The top surfaces of the beams and their control specimens were then 

covered with damp hessian for twenty-four hours, and after this the 

moulds were stripped. Immediately the beams and the control specimens 

were covered with wet hessian and polythene sheeting for the next three 

days. This was followed by simple air curing. The prestress was 

transferred on 5th or 6th day when the cube strength was about 6000 p.s.i. 

Before transfer, the Demec points were stuck on the concrete surface and 

their zero readings taken. After transfer, the protruding wire ends 

were sawn off and the beams lifted aside, leaving the pretensioning bed 

free for the next casting. 
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(b) Beams CB-1 to CB-6  

The side shutters consisted of 3/16" m.s. plate, which when bolted 

to the bottom shutter (made from a channel section), enclosed the 

required rectangular section. Cable profile hangers (see photograph) 

were made in advance; one for each midspan section and one for the 

central support section. Holes for receiving the two legs of a hanger 

were drilled in advance in the bottom shutter at the three critical 

sections. The exact height up to the grooves of a hanger was so pre-

calculated that, after stressing as the tendons would thrust against 

the grooves - sandwiching the duct wall flat in between, the height up 

to centroid of the tendons was equal to the intended value. 

After fixing the cable profile hangers, the three tendons enclosed 

in individual in dia. corrugated C.C.L. duct tubings were threaded into 

profile. Correct holes were already drilled in the two end plates to 

properly profile the cables at ends. Shear steel was placed in care-

fully. In order to ensure that the three tendons remained in one 

horizontal plane at every vertical section, they were tied to sr  dia. 

short m.s. cross pieces at about 3'-10" intervals. 

Concrete was poured in two batches and thoroughly vibrated using 

2Kango' external vibrators. The control specimens were cast from the 

batches for the beam. Greasing of joints to prevent escape of fat and 

lightly coating the shutters with grease to facilitate demoulding, was 

done as in the case of beams B-1 to B-10. The beam and its control 

specimens were then covered with damp hessian and polythene sheeting for 

four days, after which the moulds were stripped. This was followed by 

simple air curing. The beam was lifted aside to leave the bed free for 

the next casting. (The lifting was done from four suitable points such 

that the handling stresses were safe at all sections.) 

PRESTRESSING 

(a) Beams B-1 to B-10  

Prestressing force was measured by meansuring strain in the 

tendons. 
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A P.L.S. 10 electrical resistance strain gauge was glued on to the 

tendon with CN Adhesive (a chemical glue), after cleansing the tendon 

surface with fine sand-paper and acetone. Leads were soldered to those 

of the gauge, naked joints insulated, and the gauge covered with 

PS Adhesive (a waterproofing agent). A short length of identical H.T.S. 

wire formed a 'dummy' with a similar gauge stuck to it in a similar 

manner. With the active and dummy leads connected to a 'Peekel' strain 

meter, any tension applied to the tendon was read off as the correspond-

ing strain in terms of 'Peekalt divisions needed to balance the bridge. 

C.C.L. monowire system of stressing was adopted, using XL re-usable 

anchorages. 

First, the tendon was tensioned up to a strain e (please see 

description in Fig. 5.7) and locked. If the left over strain was 

found to be less than e2, additional stressing was done until, after 

locking, the left over strain was equal to e2. (Additional stressing 

was done by using a restressing stool and packing in thin shims under 

the lifted anchorage.) This ensured the intended effective force in 

the tendon after losses. 

(b) Beams CB-1 to CB-6  

Prestressing force was measured directly by using an external load 

cell placed between the back end of the C.C.L. monowire stressing jack 

and its quick-release grip. This was preferred to the procedure 

adopted in case of beams B-1 to B-10, because it did not involve the 

processes of gluing the gauges, soldering their leads and finding out-

lets for them through the duct tubing. Also, the consequent absence of 

any glued and waterproofed gauges on the wires, ensured an unobstructed 

grouting. The external load cell consisted essentially of an annular 

Duralmin cylinder with annular endplates. 

Electrical resistance strain gauges were permanently fixed to the 

cylinder to measure strain in it when axially loaded. As the tension-

ing load on a tendon was increased, change in strain on the cylinder 

could be recorded (in this case by means of a Teekelt strain meter), 

and the value of the tensioning load could be read directly from the 

already prepared calibration test curve of the load cell. 
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Tensioning was done from one end because of a particular advantage 

in the present cases: under one-end stressing, the loss of force per 

tendon due to friction and wobble, in CB-1 for example, was 936 lbs. 

while the loss due to i" slip was 937 lbs. Assuming that the prestress 
force distribution from the stressing end to the other end was linear 

(though not strictly truo) end noting in the present case that the sum 
of the intended effective force and the losses due to shrinkage of 

concrete, creep of concrete, relaxation of H.T.S. and elastic shortening 

was equal to 7,644 lbs, it is shown in Fig. 5.8 that by simply stressing 
at one end to (7,644 936 .) 8,580 lbs, the net force distribution after 
slip and friction effects was rectangular and equal to a content value 

of 7,643 lbs. This was almost the desired value. After locking at 

8,580 lbs, the tendon was pulled over a restressing stool until the 

anchorage just started to lift. If this force was less then 7,643 lbs., 

necessary shims were slipped under the lifted anchorage. 

Since the caluclated friction loss was not significantly different 

in the six beams, the above procedure was applied to all.  
The beams were post-tensioned usually on the 10th day after 

casting. 

NOTE 

In case of beams with transformed tendons, the calculation of 

secondary reactions (see Appendix III) revealed that the reactions at 

the three supports due to dead load of the beam were insufficient to 

compensate for the secondary reactions. If stressing was done with only 

the self weight of the beams acting, uplift would be caused at external 

supports in case of CB-2 and 3 and at the central support in case of 
CB-4 and 5. Owing to high concrete strength at transfer, the stresses 

at all sections wore safe even in the uplifted (statically determinate) 

conditions and therefore no external loads were put on. However, during 

actual tests, calculated dead weights were mounted at the right sections 

to create the necessary secondary reactions and hence the continuity. 
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GROUTING (in beams CB-1 to CB-6) 

Cement 'Fondu' was mixed with water (w/C = O. by weight) in 

electrically operating mixer. This grout was pumped into each duct, 

using a hand operated high pressure grouting pump. Grouting was done 

immediately after prestressing. At least one week was allowed for the 

grout to set before testing the beam. 

INSTRUMENTATION 

(a) Measurement of strain in concrete 

The strain in concrete was measured by means of 4"-Demountable 

Demec strain gauges. 

The Demec metal points wore glued to the surface of concrete with 

'Durafix' after the surface had been lightly rubbed with a Carborundum 

atone (to remove latence), washed with water and cleaned with. Acetone. 

The Demec points were closely spaced near critical sections. See 

Figs. 5.9 and 5.10. 

(b) Measurement of rotation 

The rotation was measured by means of Clinometers mounted on top 

of a beam. 

Each Clinometer (see photograph) used a.0001" micrometer head and 

a levelling bubble tube, supported at one end on two ball supports and 

at the other by the micrometer screw. The distance between this screw 

and the balls was 4". The levelling tube pivoted on the two balls by 

means of the axial movement of the micrometer screw. Before applying 

a load to the beam, the bubble was made central by screwing the micro-

meter and the latter read and recorded. After loading, the bubble was 

again made central and again the micrometer read. The difference in 

the two readings divided by the effective span of the clinometer (in 

this case 4") gave the tangent of the angle through which the tangent 
at the section had rotated under the load. Because this was smell, 

it also represented the angle of rotation in radians. 

The Clinometer was sufficiently accurate, because a movement of 

one division on the micrometer head (which corresponded to a vertical 

movement of .0001" over 4" pivoting distance) represented a slope 

measurement of .000025 radian. 
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Although only two clinometers are necessary to measure rotation 

over a hinge region (one at each point of contraflexure), a few 

intermediate ones wore used in the case of the simply supported booms 

to permit an experimental comparison with the curvatures calculated 

from the Demec strain readings. (The difference between slopes 

(measured by clinometers) at two sections, divided by the distance 

between them, gives rate of change of rotation, i.e. the average 

curvature.) 

Figs. 5.11 and 5.12 show positions of clinometers in beams B-1 

to B-10 and CB-1 to CB-6, respectively. In the latter, two clino-

meters were placed on either side of the central support to enclose 

a good range of travel of the points of contraflexure that was 
anticipated from elastic to ultimate phases. A mean of the two clino-

meter readings on each side of the support was assumed as the reading 

at the corresponding point of contraflexure. 

(c) Measurement of deflection 

The deflection measurement was done by dial gauge deflectometers, 

reading to .0001". Some of those dial gauges had to be reset during 

the course of an experiment if their travels were exhausted. 

The deflections were measured only in the beams B-1 to B-10. 
Five gauges were mounted under a beam by means of a bridge as shown in 
tho photograph. Two dial gauges were mounted at each support to 

detect any settlement of supports. Fig. 5.11 shows position of the 

deflection gauges. 

(d) Loading devices  

At near ultimate load the effect of creep in concrete is 

significant. There are two types of measurement recorded, viz. load 

and deformation. The effect of time can be eliminated on only one 

measurement, thus leaving the other time-dependent. The usual way 

to differentiate between the two typos of loading is to define that 

measurement which is independent of time, viz, constant load or 

constant deformation. The simply supported beam test is carried out 
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with the object of obtaining information which is eventually to be 

used in the calculation of an indeterminate structure. This information 

(particularly at near ultimate) can be obtained only from a constant 

deformation method of loading as it allows a small drop in the applied 

load (owing to relaxation of beam under creep) at a load stage. This 

is not possible under constant load method of loading because a simple 

span beam, unlike a. continuous beam, fails once its ultimate is reached. 

In order to follow the behaviour of a statically indeterminate beam as 

closely as possible (in which, at ultimate, the moment distribution is 

calculated on the basis of a constant gravitational loading, and in 

which, some sections may themselves be unloading even though the applied 

load may be increasing), a constant load technique is therefore 

preferable. 

(i) Beams B-1 to B-10 

These simply supported beams were loaded by a 'constant deformation' 

mehtod. A 10-ton load cell was attached to the ram of the loading jack 

that was fixed to the transom of the test rig and connected to an 

electrically operated oil pump. On loading, the change in strain in 

the load cell could be recorded - in this case by a 'Peekel' strain 

meter, and the value of the applied load could be road directly from 

the already prepared calibration test curve of the load cell. 

In order to take various measurements at a load stage, the loading 

was stopped (for about 8 to 10 minutes) by closing the oil inlet in the 
jack and switching off the electric pump. The load tended to decrease 

due to creep of concrete, but became practically constant after a while. 

However, peak as well as steady values of the load at each load stage 

were recorded (and hence the serrations in the observed moment-rotation 

curves of these beams). 

A b...11 seating was provided between the load cell and the loading 

platten on the beam for the loading to be carried out vertically. A 

6iv x 2" x Zt1  u.s. plate was attached to a u.s. pedestal grooved at top 

to seat the ball. A thin layer of felt paper was used between the u.s. 

plate and the concrete surface in order to reduce local stress con-

centrations due to slight surface irregularities. 
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Roller-rocker bearings were provided under each end of a beam 

in order to allow the beam a symmetrical freedom of longitudinal 

movement and end rotation. But providing roller-rocker bearing under 

both ends (instead of the normal of a roller-rocker under one end and 

only a rocker under the other) was possible, only because the loading 

arrangement allowed no inclined force application so thats  the beam was 

stable even with freedom to roll at each end. 

(ii) Beams CB-1 to CB-6  

These two span continuous beams were loaded by 'constant load' 

method, using a Universal Amster loading equipment capable of maintain-

ing constant load. 

The two Amster loading jacks were connected to one loading cabinet. 

The applied load was directly read from the dial scale on the cabinet, 

which could be read up to 22.4 lbs. Each jack had a floating head on 

an inbuilt ball seating so that the load was applied vertically. A 

4" x li" x in u.s. plate was placed centrally under each jack head 

in order to reduce width of load. A thin layer of felt paper was 

placed between the surface of concrete and the u.s. plate as explained 

earlier. 

Roller-rocker bearings were provided under each exterior support 

and a rocker bearing was provided under the central support. 

(e) Measurement of reactions  

In order that the applied bending moment was known at all the 

sections in a statically indeterminate beam at any load stage during 

the test, it was essential to know the support reactions. 

Three bearing-type load cells were used, one under each support. 

On loading, the change in strain in the load cells could be recorded - 

in this case by 'Peekell strain meters or a 'Solartron', and the values 

of the measured reactions could be road directly from the already 

prepared calibration test curves of the respective load cells. 
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TEST PROCEDURE  

(i) Beams B-1 to B-10 

Before placing a beam on its supports in the test rig, the two 

supports were checked by a Dumpy level for equal elevation. The 

verticality of the applied load was ensured by ensuring a vertical 

travel of the loading ram with the help of a theodolite. 

The load was applied in steps of 15% of the (anticipated) ultimate 

load in the first four load stages and after that in steps of 5%. 

Each load stage lasted for about 15 minutes. If the deformation was 

excessive towards the ultimate, then the load increment was reduced. 

Loading was continued until it had fallen about 5% below the maximum 

recorded value. 

(ii) Beams CB-1 to CB-6  

Before placing a beam on its supports in the test rig, the three 

supports were checked by a Dumpy level for equal elevation. Zero 

readings of the three support load cells were taken. The beam was 

placed in carefully. The calculated dead weights were mounted at the 

right sections to create the necessary secondary reactions in the beam 

to restore the continuity, if the tendons were other than concordant. 

(See Appendix III). Reactions were measured, and if necessary, steel 

shims were packed in under the supports until the reactions measured 

were right. At this stage the beam was analogous to the one in which 

necessary secondary reactions existed if cables were other than con-

cordant and continuity existed with elastic distribution of self weight 

of the beam. The beam was now ready for test. 

The load was applied at each midspan section simultaneously and 

equally. 

The application of load was carried out in steps as in the case 

of the beams B-1 to B-10, mentioned earlier. 

Since all the reactions were measured at every load stage, it was 

possible to check how much the sum of the reactions differed from the 

sum of the total applied load. In the initial stages the agreement was 

within 20 lbs., but towards ultimate the error was up to about 280 lbs. 
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The test rig was extremely rigid as it was also to be used for 

other tests in the laboratory, involving heavier loads. The central 

support did not sink to any measurable degree under, even up to, 

8 tons applied from the two loading jacks. 

RECORDING OF RESULTS  

In the tests on beams B-1 to B-10, following information was 

recorded at every load stage: peak load, steady load, clinometer 

readings, Demec strain gauge readings, deflection gauge readings and 

crack pattern. 

In tests on beams CB-1 to CB-6, the following information was 

recorded at every load stage: applied load, clinometer readings, 

Demec strain gauge readings, support reactions and crack pattern. 

The load stage at which cracking became visible, was also recorded 

in the test log. 

A tape recorder was used for taping down the Demec strain gauge 

readings as they were being read and shouted. 

To facilitate the correlation of the test results by the C.E.B., 

most of the results have been presented in the form of graphs. It was 

thought unnecessary to repeat the data in the form of tables. 

PROCESSING OF RESULTS  

In each test, over 2000 readings were taken. Their processing 

would have been tedious and time-taking if all was done manually. 

For this reason the services of the Computer Unit of the University of 

London were utilised. (Relevant computer programme is included in 

Appendix II.) 

CONCRETE CONTROL SPECIMEN TESTS 

(i) Cube crusing tests  

6" cubes were cast with each beam - 8 in the case of a simply 
supported beam and 13 in the case of a continuous beam - in order to 

know the cube crushing strengths at various times. 
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(ii) Modulus of rupture tests  

Three 20" x 4" x 4" plain concrete prisms were cast and tested with 

each beam to know the modulus of rupture of concrete in the beam. 

Third point loading was applied to these specimens over an effective 

span of 16". 
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CHAPTER 6 

THEORETICAL RESULTS AND TEST RESULTS 

The simply supported beams are grouped under PART A and the 

continuous beams under PART B. 

PART A (Beams B-1 to B-10) 

The relevant description of the beams B-1 to B-10 has been given 

in the previous chapter. Their midspan section properties are 

tabulated below: 

Table 6.1  

Beam Ap.s.  

(in2) 

Am.s.  

(in2) 

Ac  

(in2) 

Yb  

(in) 

Yt  

(in) 

e; 

(in) 

I 

(in4) 

Zb  

(in3) 

Zt  

(in3) 

No. of 
0.2" 
H.T.S. 
wires 

No. of 
" m.s. 
bars 
placed 0.6" 
above btm. 

B-1 .0628 

0
 
0
 0
 0

 0
 

34.25 3.97 4.03 0.87 238.6 59.8 59.2 2 0 

B-3 .1256 34.57 3.97 4.03 0.87 238.8 60.0 59.3 4 0 

B-5 .1884 34.88 3.97 4.03 0.87 239.0 60.2 59.3 6 0 

B-7 .2512 35.20 3.97 4.03 0.87 239.3 60.6 59.2 8 0 

B-9 .3140 35.51 3.97 4.03 0.87 239.5 60.6 59.1 10 0 

... . 

B-2 .0628 .196 35.33 3.87 4.13 0.77 249.4 64.2 60.2 2 4 

B-4 .1256 .196 35.55 3.87 4.13 0.77 249.7 64.3 60.6 4 4 

B-6 .1884 .19635.86 3.87 4.13 0.77 249.9 64.4 60.3 6 4 

B-8 .2512 .196 36.18 3.87 4.13 0.77 250.0 64.6 60.6 8 4 

B-10 .3140 .196 36.50 3.87 4.13 0.77 250.2 65.0 60.2 10 4 

* all wires are straight and therefore es  is constant 

all along a beam. 
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It was intended to create an effective prestress of 55% of U.T.S., 
i.e. 135,800 p.s.i. or 4,265 lbs. per wire, in each beam at the time 

of test. Losses in prestress were calculated in accordance with 

B.S. C.P. 115. Stressing was carried out as explained in Chapter 5. 

Actual effective prestress in each wire of the various beams is 

recorded in the following table: 

Table 6.2 

Beam Losses in 
prestress- 
ing force 
(per wire) 

Actually 
observed 
strain in 
the wires 

Prestressing 
force cor- 
responding 
to (2) on 

Effective 
prestress- 
ing force 
(3) 	- 	(1), 

Effective pre- 
strain e 

P 
(corresponding 
to (4) on after final 

locking 
the 'return- 
curve' 

(per wire) 'return-curve') 

(av: of all 
wires) 

(per wire) 

(1) (2) (3) (4) (5) 

B-1 & 2 743 lbs. .00577 5000 lbs. 4257 lbs. .0049 

B-3 & 4 85o 	ii :00601 5200 	" 4350 	li .0050 
B-5 & 6 1010 	It .00607 5250 	n 4240 	il .0049 
B-7 & 8 1052 	" .00643 5550 	" 4498 	n .0050 
B-9 & 10 1322 	" .00663 	! 5700 	TI 4378 	" .0050 

Calculations at the limits L
2 

and L
1 

were done for the midspan sections 

of these beams, basing the calculations on the recommendations of the 

'old' as well as the 'new' methods stated earlier in Chapter 2. The 

thus calculated values of M
u
, M

e, ecu ece nud,  ned, '11 
and  9

'e 
are 

tabulated in Table 6.3. A typical calculation at the limit L2, based 

on the recommendations of the 'old method', is given below. A similar 

typical calculation, but based on the recommendations of the 'new 

method' is presented later in this chapter in Part B. (These typical 

calculations at the limit L
2 are intended to explain the application of 

the procedure laid out in Chapter 3 and the appropriate recommendations 

stated in Chapter 2. It is therefore unnecessary to give here similar 

calculations at limit L
1 as well.) 
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PP 

If 

x 2.19 = 

x 3.19 = 

x 4.19 = 

x 5.19 = 

e2 = 

03  = 

e4 =  

e5  

.00347 

.00505 

.00663 

.00822 
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A typical calculation at limit L
2  under the old C.E.B. recommendations  

('old method') - for beam B-8 

Try nu = .45 (final trial) 

nud = .45 x 4.9 = 2.21° 

Cu = .0035 

	

2f 	 1 

	

fc 	= fc (1 - 2.33e) = fc(1 - 2.33 x .05) = .8835fc  

= 	.8835 (.85fcli) 	.75f cu = 5,830 p.s.i. 

See Fig. 6.1 

21 x = .002 x 2. 	1.26" .0035 

y = 2.21 - 1.26 = 0.95' 

. ec = .0035 x 2085  - .00013, so that = .06 and Ti = .334 .21 
(see Chapter 3) 

.0035 e1 = 2.21 x 1.19 = .00188 

Tension in a H.T.S. wire is equal to the force corresponding to total 

strain in it, read from its idealised load-strain curve explained earlier 

in Chapter 3. The total strain consists of the effective prestrain, 

e t  and the change in strain in the concrete fibre at its level due to 

applied load, (e
cp  + e). As the load is applied to the beam, tensile 
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strain is caused at the level of the tendon. Owing to the presence of 

the compressive strain e
cp 
 (due to prestress and dead load of beam) at 

that level, the net effect is first to neutralise it and then create a 

tensile strain e. Thus the net change in strain at this level is 

(ecp + e), which is transferred to the tendon. Of this, ecp 
 develops 

in the tendon as e diminishes in the surrounding concrete. 
cp 

In general, e 
cp 

P. es 	141, 
(P 77 es  - 	es); but in the present 

case, dead load B.M. being very small, its effect on ecp 
 is neglected. 

Value of e thus calculated at the level of each wire is: cp 
wires 5 and 6 -- .00022, wires 1 and 2 -- .00025, wires 3 and 4 -- .00027 

and wires 7 and 8 -- .00030. 
Knowing the ep  values from Table 6.2, thus total strain (ep  + ecp 

 + e) 

in each wire is calculated and hence the tensile force. Total tensile 

force in the tendons is found to be = 11,200 + 13,100 + 14,400 + 14,400 = 

53,100 lbs. Tensile strain at level of untensioned steel, e5, is 

greater than its yield strain. Thus tension in the 4 m.s. bars is 

equal to 4 x (yield stress x section area of one bar) i.e. 4 x 2380, 

i.e. 9,520 lbs. 

:. Total Tension, T = 53,100 + 9,520 = 62,620 lbs. 

Total Compression, C = (6.y)fc + (6.x) ifc 	
((6 - 2.25).085)13f: 

6 x .95 x 5830 + 6 x 1.26 x j x 5830 - 3.75 x .085 

x .06 x 5830 
= 33,250 + 29,400 - 111 = 62,539 lbs. 

: • T and C are (nearly) equal and therefore the trial is 

satisfactory. 

The ultimate moment of resistance of the section is found by taking 

moment of T and C forces about (say) centroid of tendons (c.g.s.): 



TABLE 6 -3 
	 1)5. 

Hem B-1 B-2 B-3 B-4 B-5 B-6 1B7 B-8 B-9 B-10 
calculations 	based on OLD method 

A44, 73 3 00 141200 130 100 193600 1887oo 2437oo 231 000 276250 28/230 32784o 

Me  61 goo 130 Boo 114 360 180 000 156 000 215665 204 730 25573o 23654o 2.92100 

ec • oo35 -0035 .0035 .0035 .0035 .0035 • 00 35 • 0o35 - 0035 • 06 3 5 

ece •oo086 •o0/23 •oo127 •00/54 -00135 •oo159 • 00177 - 0020 -00162 • 0020 

mud • 490 • 810 •980 1.322 1•375 /•665 1 • 96o 2.2/0 2.110 2.350 

/led • 932 1.240 r • 42o 1.562 1 • 760 1•960 -2.200 2.350 2.45-0 2.6o0 

nu •/oo • 165 '200 • 270 •280 -340 .400 • 450 • 430 •48,0 

7- e"lci  cb 7 / 5 A.1-03  4' 32 g IC)  3.5.9 r. 1;3  2. a4 xrci 2•55.  sf33  2.10 x  ro 1.78x10 1.58x10 1 .66 xio
-3  

/ • it 9 A i0
-3 

eel, 96 • . 9 2 8 s 1-03  • 9 9 1 s i;:-)3  -891x10 -986 ;lel .767x/03  .81z,,03  •804x10 • 862„; .662s10  .7701,163 

ca cultions 	based on NEW, method 
Mu  67350 /366001304o. /83/00 /962o0 252400 237300 290350 28E3950 342000 

me  62000 /27000 11356o /77010 /5774o 216115 20183o 261280 239480 297666 

eCu 
.01 00 . woo •00792 .00645 -00562 '00482 • 001110 • oo390 -00393 -0o552 

ece •00081 •- 0o112 •- oo115 •• oo146 •-00126 •.60141 •• oc. 16o •-00187 •'0015'2 •'oo 167 

nud • 343 '588 '760 •932 1.128 f•370 (.710 2.000  1 • 860 2.110 

ned .993 1.127 /•32o 1.550 1.610 1 • aeo 2.02a 2.235 2.35o 2.5oo 

nu • 070 '120 • 155 -190 •230 - 280 •35'o -4/0 • 380 • 4 3o 

O _ f eu  -3 
29•20)(10 

-3  
17•00s10  

-3 I0•4I ' ,to 
-3 

6.93 x10 
-3 

5 .00 xio 1'67 >cioa  3 .53 y.,
-
0
3 -3 

2 .4o x10 
-3 

I•95sio 
-3 

2.06. xio -3 nod  

95
ece -3 918 ',to 

- 
'994 y.10 

-3 
•874t .1c, 

, 	-3 
*94.2 Ala 

-3 
.782 y.10 

-3 
'758,00  

-3 
•7801410 

-3 
- 840,L io -3 •646,,a, 

-3 •6,68,do  e.:_.--;--7  

Note :  
(1) 	all url i 1Ls in A:is. and in. 

e1/ deplA d 
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Mu = 33,250(4.9 - 2 ) + 29,400(4.9 - y - ix) - 111(4.9 - 2.125 - 	.085) 

+ (14,400 x 1.5 + 14,400 x .5 - 13,100 x .5 - 11,200 x 1.5) 

(9520 x 2.5) 

= 276,250 lb.in. 

Thus: Mu = 276,250 lb.in., nu = .45, nud = 2.21", ecu = .0035, and 

011(= n~a = 1.53 x 10-3 in-1 

Values of M M 	, 	and 0 	were calculated for the midspan o p.s. o  p. s. 
section of each beam and are recorded in Table 6 4 _0 .6 

In order to plot various idealised moment-rotation curves, rotations 

at the different limits as explained in Chapters 2 and 3 were calculated. 

These are recorded in Table 6.5. A typical calculation is presented 

below: (for beam B-8) 

(a) Rotations at limits L
1 

and L
2 

for Baker's Bilinear Idealisation 

based on old C.E.B. recommendations ( t old method') 

(referring to Chapter 2, we have) 

(i) Rotation at limit L
1
, g

e, = 2.l.0e 
= 2 x 82 x .852 x 10-3 = .0350 rad. 

(ii) Rotation at limit L2, 9T' = Qe 	(g + Qpr), where: 

- 9pl = gpr = ( cu n 	e)k1k.,2k3(m/d)'' 
u

c  

(.0035 - .002) •  x .9 x.1 i'.6 x (41/4.9) .45 

= .00307 rad. 

(b) Rotations at limits L
1 
and L

2 for Baker's Bilinear Idealisation 

based on new recommendations ('new method')  

(Referring to Chapter 2, we have:) 

(i) Rotation at limit L1, e1 = i.l.0e = x 82 x .840 x 10-3 

= .0345 rad. 
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Table 6.4 

Beam 
Item  

B-1 B-2 B-3 B-4 B-5 

Mo  

MP.S. 

EI 	.x 10-6 un 

m 0 = -- 
EIun.  

MP.S. 

58,140 

7,410 

1,191 

.487 x lo-  

- .062 x 10 

60,540 

6,560 

1,249 

.486 x 10-  

.053 x 10-  

81,800 

15,190 

1,195 

.686 x lo-  

.127 x 10-  

84,o4o 

13,420 

1,249 

.675 x lo-  

.108 x 10-  

1o3,14o 

22,100 

1,195 

4 .865 x 10-  

4 
.185 x 10

_ = P.S. 	EIun 

Beam 
Item B-6 B-7 B-8 B-9 B-10 

m0  

4P S .. 

EIun.x 10-6 

= 
AEI un.  

M  .S. 

104,640 

19,600 

1,249 

.834 x 10-4 

 - 
157. 	x 10 

124,440 

30,200 

1,195 

1.042 x 10-4 

.253 x 10-  

125,94o 

27,100 

1,250 

1.010 x 10-4 

.217 x 10-4 

149,44o 

37,700 

1,197 

1.255 x 10-4 1.215 

.316 x lo-  

151,64o 

33,600 

1,250 

x lo- 

.269 x 10 ̀4.  - 7 --- .r.., 	un  

Note: (1) All units in lbs. and in. 

(2) Mo from: Mo 	P + 1L 	P.e D L. 
Zb. 	- (.E 4.  zbs  

(3) N.ps.= pies  (actual values) 

) = mod. of rupture (as 
explained in Chapter 3) 



108. 
(ii) Rotation at limit L

2' 
gT' 

= g
e 
+ (G

pl 
+ g

pr
) where: 

gpl = gpr = .8(ecu - ece)k1
k
3
z/d 

= .8(.0039 - .00187) x .5 x 41/4.9 

. .0067 rad. 

(c) Rotations at limits L  L1  and L7   for Baker's Trilinear Idealisation 

(Here the calculations are based on the new recommendations instead of 

the old ones, as it will be shown in Chapter 7 that the former are more 
accurate.) 

(Referring to Chapter 2, we have:) 

(i) Rotation, initially due to prestress moment alone, 

=i 	 P - 

	

Iun. 
	

ET un. 
area of prestress moment diagram 

G .S.  

mP.s. x 1 27,100 x 82 

	

6 	.0018 rad. EI un. 	1250 x 106  

(ii) Rotation at limit L = 	- 0 o QP.S. 

1.m0.1 - mp.s..1 
EI 

Un. 

x 125,940 x 82 - 27,100 x 82 

1250 x 106 

= 23.3 x 10 4 rad. 

(iii) Rotation at limit L1, ge = area aa1  debfgc1
ca in Fig. 2.6 

Chapter 2. 

2 
M 

= 1(01 	 I-,  - °/M1̀ -) 	0( °/M1 
- 2M_.S. 	)) 2  

(by geometry) 

substituting the numerical values from Tables 6.3 and 6.4 we 
get 

Ge = 276 x 10-4 rad. 

4,11 
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(iv) Rotation at limit L2,  9T,= ®e + (Qpl + pr)' where: 

plpr .8(ecu - eco)k1k3z/d 

= .8(.0039 - .00187) x .5 x 41/4.9 

.0067 rad. 

(d) Rotations at limits Lo1_L1 and L, for Proposed Trilinear Idealisation 

(Referring to Chapter 3, we have:) 

(i) Rotation, initially due to prestress moment alone, 

= same as in (c)(i) above 

. .0018 rad, 

(ii) Rotation at limit L  

same as in (c)(ii) above 

= 23.3 x 10-4 rad. 

(iii) Rotation at limit L1, 9e= = area aa1  dbgc1  ca 

in Fig.2.6, Chapter 2 

mp. 	• • 
- 7(9'1(1  M°) 9/0" 	

s7m 
1 

(by geometry) 

substituting the numerical values from Tables 6.3 and 6.4, 
we get: 

Qe 	207.5 x 10-4 rad. 

(iv) Plastic rotation 

9rl =pr = same as in (c)(iv) 

= .0067 rad. 
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Table 6.5 

Idealisa-
tion Item B-1 B-2 B-3 B-4 B-5 B-6 B-7 B-8 B-9 B-10 

Baker's ge  
Bilinear .0379 .0406 .0366 .0404 .0314 .0333 .0545 .0350 .0272 .0316 
Idealisa- 
tion based, 
on old 

Q i  g 
114'' 	pr  

.0242 .0126 .0102 .0067 .0071'.0051 .0040 .0031 .0040 .0029 

C.E.B. 
recmdns. 
('old 
method) 

Baker's Qe .0377 .0408 .0358 .0386 .0321 .0311 .0320 .0345 .0265 .0281 
Bilinear 
Idealisa- 9 	 19 .0308 .0298 .0226 .0167 .0146 .0114 .0083 .0067 .0077 .0062 
Lion based 
on new 
recmdns. 

ill'
1  
	Pr  

('new 
method) 

Baker's 9 .0005 .0004 .0010 .0008 .0016 .0012 .0020 .0018 .0026 .0022 
Trilinear P.S.  
Idealisa- 
tion 

90  ,9 .0015 .0016 .0018 .0020 .0019 .0022 .0023 .0023 .0025 .0028 

ee .0060 .0322 .0186 .0309 .0196 .0248 .0211 .0276 .0178 .0217 

0p1'epr .0308 .008 .0226 .0167 .0146 .0114 .0083 .0067 .0077 .0062 

Proposed gp.s.  .0005 .0004 .00101.0008 .0016 .0012 .0020 .0018 .0026 .0022 
Trilinear 
Idealisa- 
tion g o -9P.S .0015 .0016 .0018 .0020 .0019 .0022 .0023 .0023 .0025 .0028 

Ge .0039 .0230 .0119 .0224 .0133 .0185 .0147 .0207 .0130 .0167 

9p1'9pr .0308 .0298 .0226 .0167 .0146 .0114 .0083 .0067 .0077 .0062 



The observed values ofM i e ,nd and V at the midspan u cu u 	II  
section, from the tests conducted on these beams, are recorded in 

Table 6.6; while the rest of the observed results are recorded in the 

various graphs annexed. 

Table 6.6  

Observed 
values B-1 B-2 B-3 B-5 

M
u  (lb.in.) 

e cu 

nu 

nud (in.) 

9(11 	(i1171) 

76,000 

.0034 

.0616 

.302 

11.27 x 10-3  

143,200 

.0051 

.1290 

.632 

8.01 x 10-3  

133,600 

.0063 

.1730 

.848 

7.49 x 10-3  

187,500 

.0068 

.2660 

1.300 

5.27 x 10-3  

195,000 

.0070 

.2590 

1.270 

5.56 x 10-3  

Observed 
Values B-6 B-7 B-8 B-9 B-10 

Mu (lb-in.) 

o cu 

n u 

nud (in.) 

vu (in:1) 

256,000 

.0053 

.2870 

1.410 

3.82 x 10-3  

250,000 

.0057 

.3150 

1.540 

3.71 x 10-3  

281,500 

.0046 

.5210 

2.560 

1.83 x 10-3  

289,000 

.0064 

.4510 

2.210 

2.91 x 10-3  

331,000 

.0036 

.4880 

2.400 

1.52 x 10-3  

Note: These observed values correspond to the load stage at 

which maximum moment was attained. 

Discussion of results follows in Chapter 7 ahead. 
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PART B (Beams CB-1 to 6, C-1 to 3, and b-1, 3 and 4) 

The relevant description of the continuous beams CB-1 to 6, C-1 to 3 

and b-1, b-3 and b-4 is given in the previous chapter. 

In the author's beams (CB-1 to 	. CB-6), the spans, 91 -0" each, 

were fixed keeping in view the laboratory facilities. The section, 

4" x 6", was then fixed in order that the span depth ratio was suf-

ficiently high - 18 in this case. Keeping in mind the convenience 

desirable while placing the cables, reinforcements and the concrete in 

such a small section, it was decided to use three cables, each a 

0.276" dia. H.T.S. wire. These were placed in individual small (i") 

diameter ducts so that extreme transformations were possible, which would 

not be the case if they were housed in a single big diameter duct 

instead. It was decided to create an effective prestress of 6,130 lbs. 

per wire (45% of U.T.S.) and a concrete of 8,000 p.s.i. cube strength at 

the time of test. With the section, the prestressing force and the 

concrete strength fixed, and the position of application of the applied 

load known, it was possible to estimate the working load (elastic load) 

by equating the cable zone width at the central support section to zero. 
It was therefore possible to calculate the ordinates of the cable zone 

and plot it along the length of the beam. A suitable concordant cable 

profile was selected in the cable zone by satisfying the necessary 

condition: mom. 
hi do = o (where: m

a 
= primary moment (P.e

s
) diagram due 

to prestress, mi  is as explained in Chapter 3 and II is the untracked 

This cable profile was provided in CB-1. The cable profiles provided 

in CB-2 and CB-3 were 'partial' and 'extreme' upward linear transform-

ations of the concordant (parent) profile, respectively; while those in 

CB-4 and CB-5 were 'partial' and 'extreme' downward linear transforma-

tions, respectively. (As already described, CB-6 was similar to CB-1 

but for the untensioned steel.) The secondary (parasitic) reactions, 

induced by transformations, were calculated in the concerned beams, as 

shown in Appendix III. 
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Details about actual strength of concrete in CB-1 to 6, c-1 to 3 and 
b-1, b-3 and b-4 are given in Chapter 5. Details about actual prestress-

ing force in the case of the beams C-1 to 3 and b-1, b-3 and b-4 are also 
given in Chapter 5. 

In the case of the beams CB-1 to j, losses in prestress were cal-

culated in accordance with B.S.C.P.115. The stressing was carried out 

exactly as explained in Chapter 5, leaving an effective prestressing force 
of 6,130 lbs. in a wire in every beam. This corresponds to an effective 

prestrain, e , of .0035. 

In order theoretically to know the ultimate moments of resistance 

and other properties of the critical sections in these continuous beams, 

calculations at the limits
2'  L1 

 and L
o 

were done for them. (The 

calculations at L
2 
 and L

1  were based on the new C.E.B. recommendations - 

the 'new method', explained in Chapter 2, because, as will be seen in 

the next chapter, the new recommendations are more accurate than the old 

ones.) The thus calculated values 	
eau'ofM

u
,M,M

o
, 	 e 

ce 
 ,n

udand ned e 
are tabulated in Table 6.7. A typical calculation at the limit L

2 is 

given below: 

A typical calculation at limit L2  under the new recommendations ('new 

method') - for midspan sections of CB-1  

Cu

rr  
= .0015(1.45 + 1.5P +.7 	s — .1p 	fc x 10

-4) 

= .0015 (1.45 + 0 + .7/nu  - 	x 10
4) (because p"  = 0 here) 

.0015(1.45 + '7/.4 — .85 x 8000 x 10-4  ) 

.00378, which is less than .01, hence alright 
1 	Q 	• I 	 1 	.1 fc 	fc(.0 + /nu) = fc(.8 	/.4) = 1.05 fc, which is 

II 	I 

greater than f'; hence assume f
c  fc  = .85 x 8000 

= 6800 p.s.i. 

Try nu  = .4 (final trial) 

n
u
d = .4 x 4.2 =1.68' 



y = .002 x .00378 - 

x = 1.68 - y = 1.68 - .o, Qo  

1.68 .39;1 

= .79" 

See Fig. 6.2 
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e 
.00378  
1.68 x 2.52 	.00567 

Total Tension, T, = 3 x force in one wire corresponding to 
(ep  + ecp  + e) assuming ecp 	.0002 (approx.) 

e + e + e = .0035 + .0002 + .00567 = .00937 p 	cp 
= 3 x 12650 (using idealised curve) 
= 37,950 lbs. 

I I 
Total Compression, C, = 4.x.f

c + 4.y.31c 

= 4 x .79 x 6800 + 4 x .89 x s x 6800 

= 21,500 + 16,160 

= 37,660 lbs. 

T and C ore (nearly) equal and therefore the trial is alright. 

Taking moment of T and C forces about (say) c.g. of tendons: 

M
u 

= 21500(4.2 - x/2) + 16,160(4.2 - x 3 
•-• "1-37/ 

substituting the values, we get, 

Mu = 132,000 lb.in. 

Thus Mu = 132,000 lb.in, nud = 1.68" and ecu  = .00378 

The following were calculated in addition, and are recorded in 

Table 6.8: 

(1) 911  (= c'/ned) 

(2) 00  (= °/EIun) 

• • 
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Table 6.7 

Beam Section MU 
lb.in 

Me 
lb.in 

M o 
lb.in. 

nud 

in. 

ned 

in. 

e cu e ce 

CB-1 midspans 
support 

132,000 
143,700 

110,000 
120,500 

50,600 
54,200 

1.68 
1.70 

1.72 
1.74 

.0038 

.0039 
.002 
.002 

CB-2 midspans 120,400 100,400 66,200 1.69 1.69 .0036 .002 
support 162,700 143,200 89,500 1.65- 1.82 .0043 .002 

CB-3 midspans 109,400 90,600 60,200 1.66 1.62 .0035 .002 
support 181.400 165,800 99,900 1.62 1.89 .0047 .002 

CB-4 midspans 159,700 141,000 87,800 1.64 1.82 .0043 .002 
support 77,500 66,200 42,700 1.50 1.53 .0033 .002 

CB-5 midspans 181,400 165,800 99,900 1.62 1.89 .0047 .002 
support 33,320 30,700 18,320 1.26 1.32 .0027 .002 

CB-6 midspans 158,700 137,900 50,600 2.00 2.05 .0034 .002 
support 171,210 147,510 54,200 2.05 2.09 .0035 .002 

C-1 midspan 236,400 190,150 118,200 2.76 2.86 .0044 .002 
supports 236,400 190,150 118,200 2.76 2.86 .0044 .002 

C-2  midspan 3351250 279,450 167,625 3.03 3.10 .0048 .002 
supports 335,250 279,450 167,625. 3.03 3.10 .0048 .002 

C_3  midspen 353,300 296,450 -  176,650 2.24 2.57 .0053 .002 
'I  supports 353,300 296,450 176,650 2.24 2.57 .0053 .002 

midspen 159,540 149,040 79,770  1.29 1.62 .0065 .0019 b-1 supports 128,840 117,840 64,420 1.31 1.55 .0059 .002 

11)..., 
-I  

midspan 
supports 

129,000 
161,840 

117,900 
149,240 

64,500 
80,920 

1.34 
1.33 

1.55 
1.69 

.0058 

.0064 
.002 
.0019 

midspen 166,640 153,540 83,320 1.29 1.73 .0065 .0018 b-4 supports 125,140. 113,340 62,570 1.33 1.55 .0058 .002 

Note: (1) fmidspant section refers to the loaded section 

(2) Value of Mo is calculated as explained in Chapter 3 

(3)• Mu is the same as M2 and Me the same as M1, as 

explained in the general notation. 



6eam 
z 

, 
V) (416-3) 

5 , I  5z, 
-3 

(XI°  )16(15-) 
1 	A5:  A 

Mr  mi -f• m. mi - mo  El 
U r). 

(x106) 

maxrn. 
a, 

rn t. 
(sz( x)O3)(Kzr 

maxrn. 

eb 
rr  
$1.-: 

v4  
ei, =....5d(5_0  

i 	di  
1 ,=.5d(wzr 

• , 	:.--;/= 
561 g  
Cx10-1 

9 6  i 4" A 
(x.106 ) 

51-511' +ts 
(x104) 

CB-1 
pyi' 1.16o, 

-4 
•120 

.130 

.051 94.9 126-o 54.5o 432 •1e95 ' 1695 4.2o 

S-5h 1•150 
' 
• oc,2 104-5 /37-o 6 / .40 /, •1705 -1705 4..46 

CB-2 
m 1'182 • 150 • o39 84.7 125 .2 32.00  ,,, -1629 -1629 3.93 

5 1•095 .210 • 085 1.30'9 178.5 55.4, 4  -1873 .1873 5. oo 

CB-3 
,m 1•235 •14o .023 73.4 109.7 , 27.20 ii 46.30 -1630 3.68 

5 1•057 .2.50 -1017 156 - 8 206'0  79-80 i,  • /96 5 -1165 5-50 

CB-4 
rn 1 .100  • 200 • 082 128.2 176.0 54.40 i,  •1865 -1865 4.93 

1.308 •100 0 55.7 772 1782 B •1732 -1732 3.o0 

CB-5 
111 1.057 .230 -106. 156.8 206.0 71•00 if .1965 •/965 5.5-0 

/-86 

4'20 i  

6 1.515 •040 -048 2o•23` 31•6 8.72  „ *1505 •1505 

C5-6 
m .976 -120 • 051 1 111.2 1 72.5  97o0 u •1297 -1297 

5 -956 •130  •062 154.2 186-o /05'60  g ./300 •1300 4'46 

C- I '700  • o75-  ° 211.5  399.o  1/5." /57 / • 1920 •192o 4.93 

5 - 700 • o75 0 21P5 398.o 1)5.00 ii • 1c124)  •/920 4.93e  

C 2 
•656 -lob '035 426-o 597.0 193.00 i, • I7oo • 1 700  6.59 

5 -656 -106 .035 426.0 587.0 193.0o it •1700 • 17oo 6.58 

C-3 
rn -778 -094 

t 
.028 382-o 544.0 16g.80 1885 -202.0 -202o 6.58 

•778 • o94 •o28  382.o 544.o 168•80 ,, -2o20 .2020 6.59  

ni 1.180 -170 .o63 126'5 169. 64.7o 467 '4400 •44o0 .4•16 

S 1•290 -138 • olo g1•2 128.0 45.Go ii -462o -4620 3 .37  

.3 
rn 1.290 -136 '020 91.3 IZS• 45.60  ii '4520 • 452o 3'36  

1-12o -173 • o6B 133.3 178•o 67-7o I, •4320 •4320 4.22 

b-4 
1 • olg • 1783 • o77 151•o 1.99 .o 76,4o ,, •4360 •4380 4.32 

S 1•290 •134 -o14 88.0 123 . 4 43.4a ,, '4760 •4 700 3.24 

*** PT1= rrilciepcin. 
•)?' .9 = st-iPPor t • TABLE 6.8 (a1/ units in lbs. and inches) 
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(3) °P.S. (= 14P. S'/EI 

(4) M1 	(i.e. the constant cracked EI in Baker's Bilinear 
/V1 Idealisation) 

(5) M (i.e. the constant cracked EI in the proposed o Bilinear Idealisation) 

(6) M1  -ma 	(i.e. the constant cracked EI between 16 and L1 

91-1 -9fo °P.s. 	stages in the proposed Trilineex 

Idealisation) 

(7) Maxm. pl and C;pr 
 from .4(e

cu 
 - e

ced 
 in terms of 71  and zr,  
respectively. 

(8) 1
p1 and 1pr  from .5d(

z  /d)4  in terms of 7 and srarespectively. 

(assuming k
1  k3 

 - .5 and k2  = 1 in 1p 
 = k

1  k2
z  

5 /d) d.) -  

COMPATIBILITY CALCULATIONS  

Estimation of ultimate moment distribution (and thereby the 

estimation of the ultimate load) was done for all the 12 continuous beams 

according to the compatibility calculation procedure explained in 

Chapter 3, basing them on the four different idealisations one by one. 

The calculations were also done according to the empirical procedure 

put forth by Cooke 	In all, therefore, the estimation of the ultimate 

moment distribution (and the ultimate load) was done for each of the 

12 continuous beams in five different ways. These theoretically estimated 

results are recorded, along with the actually measured results from the 

tests, in Tables 6.9 and 6.10 ahead. Discussion of results follows in 

Chapter 7. 
In order to explain these compatibility calculations as based on 

the proposed Bilinear Idealisation, a typical calculation is given 

below. The calculations based on Baker's Bilinear Idealisation are 

similar except for a different value for the cracked EI. 

+ 
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Similarly, in order to explain these compatibility calculations as 

based on the proposed Trilinear Idealisation, a typical calculation is 

given below. The calculations based on Baker's Trilinear Idealisation 

are similar except that the EI value used in the cracked region is that 

corresponding to his Bilinear Idealisation and the prestress moment 

diagram in the cracked region is neglected. 

Also, a typical calculation based on Cookels method, is given 

below. 

A typical compatibility calculation based on the proposed Bilinear  
Idealisation: (- for beam CB-1) 

(Only the final trial is given here) 

At the collapse of the beam, assume that at the central support 

section 100% of its M
2 
(i.e. 1.00 x 143700 = 143,700 lb.in) is attained, 

while at the midspan sections only 93% of their M2  (i.e. .93 x 132,000 = 
122,800 lb.in) is attained. 

Because of symmetry, only one symmetrical half (i.e. one span in 

this case) need be considered. Fig.6,3(a) shows the assumed ultimate 

moment distribution, in which, by marking off the ordinates pq and p'q' 

(= M1  values of the respective hinges), the Melastic 
diagram is carved 

out. Fig. 6.3(b) represents the mi  diagram in the span. 

The position of the point of contraflexure F.is worked out from 

geometry. So are the areasA
1'  A?, P3'  A4  and A5, 

positions of their 

centroids and the ordinates of the m. diagram under the latter, found 

from geometry. 

midspan hinge 	central support hinge  

54" 	28.7" 
141 

r 

la (Table 6.8) 

25.3" 

.5 x 

= 3.98" 
1 	25.3 Dr 	.5 x 4.2(47-)4  . 3.30 
Attainable 
(Table 6.8) P' .1695 x 54 x 10-3  

.5 x 4.46(28•7/4.46)i = 5.56,7 

• • • 

.1705 x 28.7 x 10-3  
122800 - 110000 143700 - 120500 
132000 - 110000 143700 - 120500 

= .0053 .0049 

= 	in Fig.6.3(c)  = 04
3 
in Fig.6.3(c) 



Attainable 8 
(Table 6.8) pr  

.1695 x 25.3 x 10-3  

122800 - 110000  
132000 - 110000 

= .0024 

=04
2 in Fig.6.3(c) • • • 
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Ordinates of m. diagram (Fig.6.3(b)) under 04
1' 

c7( and o43  (Fig.6.3(c)) 

are worked out from geometry. 

Knowing the appropriate El value in the span and the support hinge regions 

from Table 6.8 ( = 126 x 106  lb.in2  and 137 x 106  lb.in2  1  respectively), 

values are substituted in the compatibility condition: 

(12--).m..ds +bp(m. = o, 

1 

	

EI i 	i 

	

elastic 	

A.m. . . 	i or in. 1 — 4. 3700. = o. EI 4.- i 

The l.h.s. becomes: 

2.66 x 106 x 2.9 .902 x 10
6 
 x .49 1.25 x 106  x .59 1.49 x 10

6 
 x .89 

	

(_......---77----- + 	+ 
126 x 10 	126 x 106 126 x 106'  137 x 10

6 

.48 x 10
6 
 x .98. +(.0053 x .46 + .0024 x .53 -.0049 

137 x 10
6 	)  

x .96) 

= .0014 i.e. 755, which is negligible. 1.4 

Thus 1.h.s. = r.h.s. Hence compatibility may be assumed as achieved 

under the assumed ultimate moment distribution. 

Ultimate load Wu, applied at each load point, may now be calculated from 

the statical condition viz: 

	

W 1 	wl2 u 	8_  ) ..(fixed end moment)  = actual moment at midspan at midspan 

.11 x 10825 x 2  x 12 	143700 
) - 	2 	- 122800 

	

104 	8 

so that W = 7080 lbs. u 
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A typical compatibility calculation based on the proposed Trilinear 
Idealisation: ( - for beam b-3) 

(Only the final trial is given here) 

At the collapse of the beam, assume that at the midspen section 

(the loaded-section) 100% of its M
2 
(i.e. 1.00 x 129000 = 129000 lb.in) 

is attained, while at the support sections only 92.4% of their M2  

(i.e. .924 x 161840 = 149,240 lb.in) is attained. Because of symmetry, 

only one mi  diagram need beworkedwith, as explained in Chapter 3. 

Fig. 6.4(b) shows the assumed ultimate moment distribution, in which, by 

marking off the respective M
1 

ordinates in the various hinge regions, 

diagram is carved out. By further makring off the respective the Inelastic 
Mo 

ordinates, the uncracked and cracked parts are marked. Fig.6.4(d) 

represents one mi  diagram. Fig. 6.4(a) represents the prestress moment 

diagram. 

After working out the positions of the points of contraflexure by geometry, 

the various areas 
A1,  A2, 	 Aloandthecrdinctescfthem.diagrom 

under their centroids are found from geometry. 

midspon hinge support hinge 

7.1 27.8" apt 

z
r 27.8" 32.2" 

Attainable Q .452 x 27.8 x 10-3  .432 x 60 x 10-3  
(Table 6.8) 11' 

129000 - 117900 149240 - 149240 
129000 - 117900 161840 - 149240 

= .0126 =0 

= c 	in Fig.6.4(c)  =04 in Fig. 6.4(c) 

Attainable Q 	.452 x 27.8 x 10-3  
(Table 6.8) Pr  

.432 x 32.2 x 10-3  

129000 - 117900 149240 - 149240 
129000 - 117900 161840 - 149240 

= .0126 = 0 

= 4:44 in Fig.6.4(c) 
	

= 2 in Fig.6.4(c) 

(04
3 

=C>kk  by 
	

(04
2 
 =045  by symmetry) 

symmetry) 
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Note: Because o(3 =0.44 
and the two are placed symmetrically ---- 

(see Fig.6.4(c)), thereforecoc.x + 0(
4
.y = 0,

3
(x + y) = 04

3
(2 x .5) 

..) 
= 04

3 
only. Hence it is unnecessary to find 1

pl 
and 1 

pr
, as the 

ordinates x and y need not be found. 

As explained in Chapter 3, the uncracked ET is assumed in the uncracked 

part and also for moments up to M
o 
in the cracked part, while a cracked 

EI equal to Nil  - Mo  

[ 

	

1 - 	9O + 

0p.s 	is assumed for moments between Mo 
and M

1
. 

V  

These appropriate EI values have been calculated for each hinge region 

and are recorded in Table 6.3. Thus here, for areas A1, 	AA A 	
3' A

2, A4, 

A5,  A6, A
9 

and A6, EI = 467 x 106 lb.in2; for A7, A8, and A8, 

El = 67.7 x 106 lb.in
2
; and for A10  it is 45.6 x 106 lb.in2. 

On substituting appropriate values in the l.h.s. of the compatibility 

condition A.m. 

2. 4.00.4m. = 0, we get: 

A..m. 	A m. 	.m. 	.m. 	A .m.A .m. 	A6.mi 	A6.mi  1 	2 a. 	'3 	4 	5 a. ( 	 ) -----  
EI 	EI 	ET 	EI 	HI 	 7EI 	( EI 	EI ) 

Ar..m4 	Ap.mi 	
118'niN 	

EI 
+ 	 HI

_L 	
( El 	+ 	EI + 	HI + 	 + (C)(3.x +0(4.y) 

954 x 103  x .67 .4.  796 x 103  x 1.00 93.8 x 103  x 	1350 x 103  x .38 

467 x 106 	467 x 106 	467 x 106 	467 ;c 106  

2150 x 103  x .78 	1903 x 103  x 1.00 910 x 103  x .86  

46'7 x 106 	467 x 106 	x 106  

512 x 103 	
-6 

1.00 	2710 x 103  x .50 882 x 103  x.50  + .0126 
67.7 x -10C  467 x lo 	45.6 x 106 

= .0003 	 i.c. -41- 1000 which is negligible. 
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Thus l.h.s. = r.h.s. Hence compatibility may be assumed as achieved 

under the assumed ultimate moment distribution. 

Ultimate load W, applied at the loaded section, may now be calculated 

from the statical condition viz: 

W .1 
wit  ) 	(

at midspan 
fixed end moment 

8 ) = actual moment at midspan 

W .120 	2 (  u 4   4.  25 x 10  x 12
) 	

149240 + 149240  
8 	 2 	

= 129000 

so that W
u  = 9,150 lbs. 

A typical calculation based on Cooke's7  empirical method: ( - for CB-4) 
Qp  

Referring to Fig. 6.5, 	/0
B = 1 for the 2-span beam CB-4. Failure 

occurred at support B, so that QB  
=ABU and MB 

M
BU. Therefore 

P, 	= 1. According to Cooke, since the sections are identical except 
/gBU 

for the position of cables, their ultimate rotations may be assumed to 

be equal, so that Q 
PU 	BU• Thus QPih  = 1. From Cooke's proposed 

'PU • 

M/Mu versus 
9

u relationship: for this g/gu, M,, 	= 1, so that 

MP/MPU = 1 or MP  = Mpu  

Since MBu  ( = Mu, Table 6.7) =77500 lb.in and Mpu  ( = Mu, Table 6.7) 

. 159,700 lb.in. and since MB 
MBU and  MP = MPU from above thus: 

MB  = 77500 lb.in  and MP  = 159,700 lb.in. 

These represent the ultimate moment distribution. 

The ultimate load W
u applied at each load point, may be calculated as 

usual - 

(
W.1 w12 	(fixed end moment)  

8 - 
(fixed 

midspan 

i.e. W x 108 
25 x 92 (  u 4 	x 12) 	77500 

8 	 2 	159,700 

so that W
u  = 7,240 lbs.  

= actual moment at midspan 
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TABLE 6.9 
• ultimate 	load 	1 lbs.) --1 From 	compal•ibillity 	ca/c/r)s. 	based 	on : as 	colculoteci 

E 
0  
t) 

dually 
easurecl 

value  

Proposed 	aciker:s 
Tr ; linear 	• Trilinec,r 
Id ea(isation ' IcleaLisailon 

T-ProPosed 
! 	aihr)szczr 
i 	Idea lisa7'ior) 

Eict.ker's 
e.)I i "leo r 
/‘="1154:7 ‘'°4  • 

by 	Cooke's 
empirical

rneilla4  
in value it .f (1) value 	r.% Ciltri  value %pc 01' value pl., of CO) value % of CO 

CI) (2.) (3) ' (4) 	(5) (6) (7) (8) ' 	(9) (to) (//) 
C8-1 744o 722o 97.2 1 724o 1 	97.3 7080 95.2 6720 9o•3 7420 99.7 

C8-2 754o 7 31,o 97.6 736o 	97.6 7260 96.4 7020 93.1 736,0 97. Co 

c8-3 7790 7220 92.7 , 	7220 ' 	92.6 7150 9).5 7240 92.9 7510 93'8 

c,8-4 
1 

7620 6700 88• 6590 	86.55 
! 

6,600 
--4 

864, i 	6190 81.2 724o 95.0 

ic8-5 65'00 54,2o 83.4 li 5210 	ii 	80.2 
'f 

 4870 75.0 1 	3870 59.5 722o /11-0 

1C8-6 
h 

9350 8935 95.5 8770  193.8 	18650  
4-1  

92-5 8550 
 4- 

91.5 894.0 95.6 
i  

AV: 
_ 

V-on 2-ron 
beams: 

92-6 
± 5438 .1 

! 	1 91'3 	i 
i ± 6.78 

89.6 
t 7-- 

Ei le--8 
-±13•12 	I 

98-8 
-± 6.34 

C-1 1/090 10880 98.1 	111! io 800 	97.5 10720 96.8 10600 95.8 11570 104 .2 

C-2 147o0 15650 106.5 	i 14960 	lot-8 	1 15/80 1o3.2' 15-oo0 	102.o ! 6490  
lo 

112.0 

C-3 14800 1 16/00 108.8 15710 	106./ 	, /508o /01.9 	,i 
1 i49oo 100•8 i 7400  117.6 

h--1 /0350  9146 88.4 	' 9120 	88.2. 
, 

9500 88.0 	! 8626 83.4 9060 87.6 

b-3 97/0 97/0 150 94.2 9158 94•o 9135 94-o 	i 9755 90.2 8032 
4-  

82.7 

b-4 9150 9/63 100 .2 9o96 
! 

99.4 ' 
4-- 

9186 100.3 t 9063 	99-1 91811 1oo-3 

Av: for ._3- - .--n 
beams: 

99' 4  
± 7-6  

1 
I 

97.8 
±623] 

97.4 
± 5.7 95.2 

I-  7./8 
100.7 

 /3.6 

These values are 	 difyteeer)i" than those ca /co Lied by 
7 L  Cook e?  because tie  C75.5cimeci 'experimeni-pl values for the 

absolute ulkmo7le mom e 	oc resisi-once oC the crilica/ sac /- ions, 
whereas here, only the iheoreii ccilly calciala/ed values ( from 
0a/c.c./lc/lions at Limit L2 ) /love been used as a uniicorrn 
51-anclard basis yror all Ae eases. 



TABLE 6.10 
	

(lb• and in. uni-1-s 
	1?1f. 

From 	Cornpcy)ibili4y 	Ccdc1ns. based 	on : 

IC 	lAted 

Actuaux  

measured 
value  

Peop0.5 e 01 

Tr i /in ea r 
Ideal/ sal-ior-) 

Baker's 
Trainear 
id e oilisahor, 

Proposed 
Bilinear 
Idea/is-al/by" 

Baker's 

Bilinear 
10/ea(isailon 

CO Ca u 

by 	Cooke's 
ern?irical 
m e Mod. 

0 value %Sir) value % 01(i) value %W(I) vcdue 7 of CO va/Lie %of CO 

cl:Zi CO 	1 	(2) (3) (4) (5) CO ( 7) (6) (9) 	t 	(la) (11) 

ultimate 	moment 	attained at SUPPORT 	section(s) 
C8-1 14000o 143700 102'7 1437o0 102.7  14370o 102.7 1437o0 102.7 143700 102'7 

Co21154800 162700 105-0 162700 /05.0 16270o 1.0450 162700 )05-6 162700 105'0 

C8-3172 goo 

1 

181400 105-1 18/400 05.1 172404' 99.9 18140o 105.1 181400 105.1 

r 
CB-4 820o0 7750o 94.5 77506  94-5' 7 7500  94.5 775oo 94.-5- 77500 94.5 

C43-5 47600 3332.0 70•0 33320 70• 0  3332D 7o.0 33320 70.0 33320 70•o 

C8-6 174800 

1.__ 
17/210 98.0 171210 98.0 17/210 98.0  171210 98.0 171210 98 .0 

Average 95.9 95.9 95.o 95.9 95-9 

C-1184000 19015. 103.3 185000 100•6 184400 100-2 165 7oo 9o-o 213760 I/6.0 

C-4 2440oo 27/800 111.2 243560 99.7 1 251500 103.0 244800 100.4 302o0o  123'9 

C-3 2062oo 268504 130.4 254200 123.0 1 229500 I11•4 22300o 108.2 3)770o 154.0 

b--1 1/1200111860o 106.6 117800 105.8 )17200 1o5.4 105000 92.6 11600-0 104-2 

b-3 /64000 /4924o 9/•0 148900 90-9 448800 9o•7 157400 83.8 145700 88.8 

6-4 /o570o 112000 106.0 110 000 104'1 112 700 /06'7 109 000 105.2 112626 /06'7 

I 
Average 108.1 124:22 , 102.9 96.4  115.6 

antecn . over ea 



ont . 	 175. 
i 	, 	

it 	1 
	

ii 	
, I 
	it 	I 	11 _, 1 

ultimate 	moment 
102.8 

attained 
122800 

at 	 SMID- PAN section(s) 

CB-1 12320 0 125500 101.8 '1266.o0 99.7 112200 91.2 132660 107.o 

CB -2 115800 120400 104-o 1204o0 14.o 11800o 102.0 110860 95.6 12o400 fo4•6 

CB-3 118300 10720. 90•60 10720o 9 o• G 109460 92.5 10720o 90.6 109.4.00 92'5 

C'6-4 145000 1452.. 100.2 142000 98.0 14-2.o0o 9$.o 131000 9o•3 1597oc. tio•O 

CB-5 154800 1324,  • 85 .5 126980 82-0 118060 76.3 90700 58.6 181400 117' 2  

CB-6, /72200 1587.• 92-o 154000 89.5 1507o0 87.4 147800 95.7 158700 92'o 

Avercfge 96-o 94.5 92.6 85.3 103.7 
,i. 

C-1 24606o 236400 96.2 236440 96.2 230/00 96.2 236460 96.2 2364O0  .96 .2 

C-2 322000 335250 104 .0  335256 104.0  3352.50 /04. 33525o /04.0 335-250 /o4.0 

C-3 362200 353300 97.5 353300 97.5 353300 .97'6  353300 97.5 3 53 3oo 97'5 

b-/ /93 2oo 159540 82.6 15954o 82.6. 15954o 82.6" 159540 82.6 1535140  82.4 

b-3127100  /29600 1o1•4 129000 101.4 129.000 101.4 129000 loi• 4 /29000  /01-4- 

b-4 /69/00 16664o 98.5 /66640 98.5 16664o 98.5 16664o 98.5 16664o 98'S 

Average 96.7 96.7 96.7 96.7 96.7 

The measured uFfimc7fe Qoctd in some 

-to correspond -1L0 their measured ciltiryial-e 

oillivou.9.17 it was possible lc, rrI ensure 117e appilec/ load Y1,9,11. i 

uplto Cr? CI p SOrne -AirrieS il.  was not poss.,ble 7to rneasur'e the 

reczc -/-10ns 	ihe Very 	0171'ir-r7 ctte . 

Cases rricty k7.4:71-  seem 
morn er-i7s beccruse l  
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Calculation of % change in Ultimate Load (caused by the linear trans-
formation of parent cable profile), using the EQUILIBRIUM METHOD FORMULA 
derived in Chapter 4  

The change in the ultimate strength of a continuous beam, as affected 

by the linear transformation of its parent cable profile, was estimated 

in the case of the beams CB-2 to CB-5 (with respect to CB-1) and the 

beams b-3 and b-4 (with respect to b-1) according to the procedure set 

out in Chapter 4, using the equilibrium method formula and the assumptions 
connected thereto. The theoretical results obtained from these cal-

culations are recorded in Table 6.11 along with the actual test results. 

Discussion of results follows in Chapter 7 along with comments on the 
validity and the limitations of the approach. 

In order to explain the calculation procedure, a typical calculation 

is given below. 

A typical calculation based on the 'equilibrium method' approach: 
( - for CB-2 with respect to CB-1) 

(1) The load-strain relationship for the 0.276" dia. H.T.S. wire used, 

as has been explained in Chapter 4, is: 

y = b sin /(x 
.03 

where b = 14400N (lb. units); N, the number of wires, being 3 here. 
it 

(2) Values of e
cu  and fc are estimated at the midspan and the central 

support sections in the parent profile case (CB-1) as well as in the 

transformed profile case (CB-2), using the suggested formulae. With ecu  
cP 

and f
c values at the critical sections known, the coefficients 0(and 

are also calculated, using their suggested formulae. Value of H 
ft 

( = 	B afc  = 4 x ye = 0VC c 	is then calculated for each 
b ' 	14400 x 3 	/10,800) 

critical section in both the beams. All these worked out quantities 

are tabulated below: 
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Item 

parent profile case 
CB-1 

tranoformed profile case 
CB-2 

midspan support midspan support 

e cu 

it 
fc p.s.i. 

.0039 

6800 

.0041 

6800 

.0036 

6600 

.0046 

6600 

.82o .829 .805 .848 

.413 .416 .410 .423 

H .517 .523 .492 .518 

(3) 'H.d vs. et graph is plotted from the suggested relation: 

H.d = (1 + 2--) sin (K
2 
+ K

3e) taking: ecu 
 = .004, the average of the 

cu 

	

e cu  values found in (2) above, K2  = 	(.0035 + .0002), and K3  = .03 	.03 

as explained in Chapter 4. (This is done by finding H.d corresponding 
to different e values from the above relation, and then plotting the two 

against each other.) 

Knowing H and d and hence H.d for each critical section in each of 

the beams, the corresponding e value is read from the 'H.d vs. e' graph. 

It is found thus that - 

CB-1 	 CB-2 

midsjan 	support 	midspan 	support  

e 	= 	.0061 	.0065 	.0055 	.0073 

(4) Following the notation explained in Chapter 4, and noting that in a 
span under consideration, suffixes 1, 2 and 3 refer to left hand support 
section, maximum span moment section End the right hand support section, 

respectively, in the case of parent cable beam, while suffixes 1 , 2 



woe 

, 
eca`,0*01  

4.e /.12 
1 /4‘-C44 p 

2 
(eou2i-e2)

2 

   

load carrying capacity of CB-2 below 

128. 
and 3 refer to those in the transformed cable beam, thus: 

considering the right hand span in the nresent case of symmetricRl beams, 

d, 	0 	4.2/  

( 71:1c-  = ( 
	/4.46)2  = .885, a

2 = 

and 

(a  

(1 

pr)2 = 

+ r)2  

d 
(2/d1)2 

( 	1/(11)2 

= 

= 

(3693/4.46)2 . .778, 

(5/4.46)  2 	
= 1.259. 

The other support section, being simply supported, does not take any 

moment and hence only two terms are left in the numerator and in the 

denominator in the expression for X in Chapter 4, as explained there. 

(5) Having thus evaluated all the required terms and noting that 0= 0.5 

in the present case, the value of X is found to be 1.02 from the 

/16(49 1 --.412-11._ 6 edul  
(ecui-i-e,) (ecus+-Q,)2  

Thus the % change in the ultimate 

following expression 

[  

/.1  1(11) .0 + e)2  ecu,  
1 	(cc14",' et ) 

+142 
1

[ 

(c4,-  PIA)
2 

 ect.L 2  
I  

.15'2.e,,,,(a-Pi" )
f  

÷e / 

cA42 	2- -) 
, 

412 	 1̀  X - 

CB-1 is (1 - X)100, = (1 - 1.02)100, = -2%, i.e. a 2% increase. 

(Discussion follows in Chapter 7) 



Table 6.11  

Beam 

% change in Wu  with respect to /parent cable beam 

Calculated acc. to 
!equilibrium-method' formula 

Observed from Test 

(1 - x)100 

CB-2 2.0% increase 1.35% increase 

CB-3 5.5% n 4.71% n 

cB-4 7.95 u 2.42% u 

CB-5 21.8% u 12.62% decrease 

b-3 2.2% decrease 6.0% decrease 

b-4 0.1% increase 11.4% ri 
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CHAPTER 7 

DISCUSSION OF RESULTS 

The discussion of results will be carried out in two parts, viz: 

PART A - in which the simply supported beams will be dealt with, and 

PART B - in which the continuous beams will be dealt with. However, 

where relevant, reference will be made to the continuous beams when 

discussing the simply supported beams and vice versa. 

PART A 

Ultimate load theories for prestressed concrete statically indeter-

minate beams require a knowledge of the moment-rotation characteristics 

of hinging regions in the beams. In order to simulate the distribution 

of bending moments adjacent to a support in a continuous beam, the test 

specimens B-1 to B-10 were simple span beams subjected to a concentrated 

load at midspan. Therefore ;half the span of a simply supported beam may 

be assumed to represent the part of a continuous beam between a support 

and an adjacent point of contraflexure, as shown in Fig. 7.1, Moreover, 

a continuous beam may be visualised to consist of a series of simply 

supported beams spanning between the points of contraflexure, each 

representing a hinging region. 

The investigation discussed here is one part of an international 

testing programme of research on structural concrete, which is being 

carried out at the initiative of the European Concrete Committee. 

(1) Effect of reinforcement on ultimate curvature and rotation 

The variation of the ultimate curvature with tendon reinforcement 

index is shown in Graph 83 for the beams with and without untensioned 

steel.- 

Curvature, being the ratio of the maximum concrete compressive 

strain to the neutral axis depth, is therefore inversely proportional 

to the latter. At ultimate, the neutral axis depth varies in direct 

proportion to the tendon reinforcement index (for equilibrium of 
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Compression and Tension forces). Thus it follows from this discussion 

that the curvature varies inversely with the tendon reinforcement 

index, which is what is exhibited in the above mentioned graph. 

Thus it may be concluded that the curvature at ultimate decreases 

as the tendon reinforcement index increases. Rotation, being a direct 

function of curvature, will also show a similar variation. This is 

seen from the observed moment-rotation curves in Graphs 1 to 10 - a 

decrease in total rotation from that in B-1 to that in B-10. 

Addition of untensioned steel on the tension face reduces the 

curvature further (see Graph 83) and hence also the rotation. Although 

not investigated here, the addition of untensioned steel on compression 

side should reduce the neutral axis depth and thereby increase the 

curvature as well as the rotation. 

(2) Comparison of the new with the old C.E.B. recommendations  

The recommendations have been reproduced earlier in Chapter 2. 

The observed ultimate (crushing) strain in concrete under flexural 

compression, in the beams reported herein, is not constant but varies. 

It is extremely difficult to record comparative values due to the dif-

ficulty in assessing crushing, but Table 7.1 shows how this strain 

varies from beam to beam as the tendon reinforcement index changes. 

According to the old recommendations, ecu  has a constant value of .0035, 

whereas according to the new recommendations it depends on the 

binding, strength of concrete and the depth to neutral axis at 

(i.e. % of reinforcement). The e
cu 

 values predicted according 

new recommendations appear to be more realistic as can be seen 

Table 7.1. 

In the empirical formula for e in the new recommendations, e 
Cu 	 cu 

In order to verify this, the observed 

degree of 

ultimate 

to the 

from 

is related hperbolically to n
u. A 

values of e
c and 1 — (at the hinge section) during the loading history of 

the beams were plotted in Graph 11. The general straight line profile 

of these curves confirms the hyperbolic relationship assumed in the 

empirical formula. 
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Table 7.1 

Beam 

e 	estimated from 
cu observed** old new 

old recmdns. new recmdns. 
e
cu  observed observed 

B-1 .0035 .0100 .0034* - - 

B-2 11  .0100 .0051* - - 

B-3 It .0079 .0063 .556 1.253 

B-4 tt .0064 .0068 .515 .942 
B-5 it .0056 .0070 .500 .800 
B-6 r; .0048 .0053 .660 .906 
B-7 ti .0041 .0057 .614 .720 
B-8 11 .0039 .0046 .761 .849 
B-9 it .0038 .0064 .547 .593 
B-10 It .0035 .0036 .973 .973 

Average .64 .88 

* * at a load stage when 	u = 1 

* beams B-1 and B-2, being the very first to be tested, the 
possibility of error in measurement is high in them. 

The (absolute) ultimate moment of resistance of a section, predicted 

according to the new recommendations, is not altered appreciably; 

however, the new values are on an average slightly more realistic as 

shown by the following Table 7.2. 

The ultimate curvatures occurring at the section of maximum moment, 

calculated according to the old and the new recommendations, are com-

pared with observed values in the following Table 7.3. Here again the 

new values, on an average, appear to be more accurate than the old 

ones. The reason for the low values of 0
U (old recmdns.) is that the 

0
u (observed) 
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Table 7.2 

(lb.in. units) 

Beam 
Mu estimated from Observed old new 

old recmdns. now recmdns. Mu observed observed  

13-1 73300 67350 76000 .965 .887 
13-2 141200 136600 14320o .985 .954 

B.3 130100 130400 133600 .975 .976 
B-4 19360o 183100 18750o 1.032 .977 
13-5 188700 19620o 195000 .968 1.008 
13-6 243700 252400 256000 .951 .987 
B-7 231000 23730o 25000o .924 .95o 
13-8 276250 290350 28150o .981 1.030 
B-9 281230 288950 289000 .973 1.000 
B-10 327840 342000 33100o .990 1.033 

Average .97 .98 

Table 7.3 

Beam 
Via  estimated from 

Observed 
011  

old new 
old recmdns. new recmdns. observed observed 

B-1 7.15 x 10-3  29.20 x 10 *11.27 x 10-  - - 
B-2 4.32 	" 17.00 	n 8.01 	" - - 
B-3 3.58 	" 10.41 	" 7.49 	" .478 1.390 
B-4 2.64 	" 6.93 	I' 5.27 	" .501 1.315 
B-5 2.55 	" 5.0o 5.56 	" .458 .899 
B-6 2.10 	" 3.53 	" 3.82 	" .550 .924 
B-7 1.78 	" 2.4o 	it 3.71 	" .48o .646 
B-8 1.58 	" 1.95 	" 1.83 	" .863 1.065 
B-9 1.66 	U 2.06 	" 2.91 	" .571 .709 
13-10 1.49 	" 1.67 	" 1.52 	" .980 1.099 

Average .61 1.00 

* (see * under Table 7.1) 
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value of e 
cu  according to the old recommendations is a highly conserv-

ative lower limiting value rather than an average value. It is proper 

to emphasize here that the variation in ecu  affects the ultimate 

curvature directly, but the ultimate strength only indirectly. Scatter 

in e
cu  therefore produces much more scatter in 0U than in Mu. 

Hence, while there is not a great difference in the average values 

(0.97 and 0.98) of Table 7.2, there is a considerable difference in the 

average values (0.61 and 1.00) of Table 7.3. 
For the beams reported herein, the formula for plastic rotation in 

the old recommendations underestimates the value in comparison with the 

formula in the new recommendations, as shown by the Table 7.4. A com-

parison of the observed moment-rotation curves of these beams with 

Baker's idealised bilinear ones based on the old and new recommendations 

is shown in Graphs 1 to 10. On an average, the one based on the new 

recommendations is closer to the observed curve. 

Table 7.4 

(rotation in radians) 

Beam 

Total plastic rotation Q 	(= Q 	+ 0) estimated from 
P 	pl 	pr 

new 

old rocomdns. now recomdns. old  

B-1 .0484 .0615 1.27 
B-2 .0253 .0596 2.36 

B-3 .0204 .0452 2.22 

B-4 ,0133 .0335 2.52 
B-5 .0141 .0292 2.07 
B-6 .0102 .0228 2.23 
B-7 .0079 .0167 2.12 
B-8 .0061 .0134 2.20 
B-9 .0080 .0155 1.94 
B-10 .0057 .0124 2.18 

Average 2.11 
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The theoretical prediction of total rotation and of ultimate moment 

is improved by the use of the new recommendations. The total rotation 

is not predicted to the same degree of accuracy as the ultimate moment. • 

Until failure by crushing of the concrete can be defined more accurately, 

there is little likelihood of better correlation of the observed and the 

predicted values of total rotation. 

The idealised trilinear moment-rotation curves for the beams B-1 to 

B-10 are also given in Graphs 1 to 10. These are based on the new 

recommendations and 9p  = .4(e - e )Z/d. Comparison of these curves 
CU 	cc 

with the observed ones shows a scatter in the location of the point L2. 

This indicates a possible modification in the various empirical formulae. 

But it is shown later that, by assuming G to be given by the above-

mentioned formula, the degree of accuracy in predicting the ultimate load 

is as high as 99.4% ± a standard deviation of 7.6% in the case of 3-span 

beams and 92.6% + a standard deviation of 5.88% in the case of 2-span 

beams. In the light of this accuracy and in the absence of a large num-

ber of results which are necessary for correlation before a modification 

is attempted, it is concluded that the new recommendations as well as 

the plastic rotation formula : 9p  = .4(e cu  - ece)
z
/d, are sufficiently 

accurate for theoretical computations. (Note: Graphs 12 to 23 show 

the observed moment-rotation curves for the span and the support hinging 

regions in the beams CB-1 to CB-6. They include the influence of 

redistribution and may not, therefore represent the 'absolute' moment-

rotation behaviours that would otherwise be exhibited if the hinging 

regions were tested as individual simple-span beams.) 

The idealised curves appear to reflect the trends in behaviour 

which are shown by the observed curves, and are - within the degree of 

error inherent in them (which is investigated later in this chapter) -

reasonable approximations of them. 

The observed moment-rotation curve in Graph 1 is typical of small 

percentages of tendon steel (under reinforced case). As the first crack 

appears, the diagram deviates from the elastic law; this deviation 

causes the redistribution at service load. Being a very under reinforced 

case, at yield of steel the diagram shows a sudden deviation. As the 
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percentage of steel increases, this 'sudden deviation' disappears into 

a more and more gradual deviation. The observed moment-rotation curve 

in Graph 10 is typical of high percentages of steel (brittle sections), 

in which failure occurs rather suddenly. 

The total rotation in a beam consists of a rotation corresponding 

to the increasing moment until ultimate moment is reached and a rotation 

corresponding to the decreasing moment. From the observed M - 9 curves 

(graphs 1 to 10), it is clear that the rotation corresponding to the 

decreasing moment is more significant compared to the rotation correspond- 

ing to the increasing moment when the slope of the drooping branch is 

small than when it is large. The slope of the drooping branch is small 

in the case of relatively under reinforced beams and large in the case 

of relatively over reinforced beams and hence the total rotation is more 

in. the former. It may therefore be concluded that the rotational cpacity 

decreases as the tension reinforcement index increases. 
u 

(3) Proposed empirical formulae for e and f 
cu 	c 

u 
In Chapter 4, new empirical formulae for ecu  and fc have been proposed 

on the basis of the analysis carried out on 34 critical sections, 

reported in Table 7.5. The recommended empirical formulae fcr ecu  and 

fc in the new recommendations (sec Chapter 2), whose realistic validity 

has already been discussed and acknowledged in the previous discussion 

involve the neutral axis factor n
u. As nu 

is found by doing the trial 
u 

and error calculations at limit L
2' therefore evaluation of ecu 

 and fc 
is dependent on the latter and is consequently complex. It is advantage-

ous if the empirical formulae are independent of a trial and error 

calculation. It is for this reason that an attempt was made to put 

forward new empirical formulae that did not involve dependence on trial 

and error calculations and yet would be at least about as accurate as 

those in the new recommendations. 

“ 
In table 7.5, the symbols used are as follows: 

A 	= ecu as per new recommendations (stated in Chapter 2) 

PI = .0015(1.45 + 1.5P 
rr .7 - .1p  - f x 10

-) but not greater 
c nu 	 than .01. 



Table 7.5 

Beam Section 
H 

A 
I 

A 
t 	II 

A /A 
It 

B 
1 

B 
1 	U 

B /B 

CB-1 midspans 
support 

.0038 

.0039 
.0039 
.0041 

1.03 
1.05 

.85 f 
" 	cu 

.85 f 
" 	Cu 

1.00 
1.00 

CB-2 midspans 
support 

.0036 

.0043 
.0036 
.0046 

1.00 
1.07 

u 
u 

u 
u 

1.00 
1.00 

CB-3 midspans .0035 .0035 1.00 ii ?I 1.00 
support .0047 .0051 1.08 at U 1.00 

CB-4 midspans .0043 .0046 1.07 u u 1.00 
support .0033 .0035 1.06 u If 1.00 

CB-5 midspans .0047 .0051 1.08 u if 1.00 
support .0027 .0035 1.30 .805 fcu u 1.057 

CB-6 midspans 
support 

.0034 

.0035 
.0037 
.0039 

1.09 
1.11 

.85 f " 	cu 
H  

ft 
1.00 
1.00 

midspan .0044 .0049 1,12 .825 f u 1.03 
.0044 C-1 Cusupports .0049 1.12 u U 1.03 

C-2 midspan 
supports 

.0048 

.0048 
.0060 
.0060 

1.25 
1.25 

.85 f 
u 	cu 

u 
N  

1.00  
1.00 

C-3 midspan .0053 .0060 1.12 II ii 1.00 
supports .0053 .0060 1.12 Ili ii 1.00 

b-1 midspan 
supports 

.0065 

.0059 
.0065 
.0057 

1.00 
.97 

H 
fl 

ii 
u 

1.00 
1.00 

midspan .0058 .0057 .99 It u 1.00 b-3 supports .0064 .0065 1.01 It H  1.00 

b-4 midspan 
supports 

.0065 

.0058 
.0066 
.0057 

1.01 
.99 

fl 
u 

ii 
H  

1.00 
1.00 

B-1 midspan .0100 .0100 1.00 ii U 1.00 

B-2 midspan .0100 .0100 1.00 ii u 1.00 

B-3 midspan .0079 .0071 .90 u1.00 

B-4 midspan .0065 .0067 1.04 ft u 1.00 
B-5 midspan .005 6 .0048 .85 ft ft 1.00 

B-6 midspan .0048 .0047 .98 u H  1.00 

B-7 midspan .0041 .0036 .87 H It  1.00 

B-8 midspan .0039 .0036 .91 u ii 1.00 
B-9 midspan .0038 .0035 .92 ti il 1.00 
B-10 midspan .0035 .0035 1.00 U u 1.00 

Average - S.D. 	1.04 * .103 	1.002 ± .012 
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A 	= 	e cu as per proposed empirical formula (stated in Chapter 4) 

.0042( 	+ .4p
" A )c x 10-2 

d 
but not greater than .01 and 

o 	,05A r.S. 	m.s, 	not less than .0035 

u 
B 	fc as per new recommendations (stated in Chapter 2) 

f
c
(.8 	.1

u), but not greater than fc where fc may be taken as .85f cu 

t; 
B 	= fc as per proposed empirical formula (stated in Chapter 4) 

= .85  fcu 

For the 34 sections reported in Table 7.5, the average value of 
A/
A“ is 1.04 and the standard deviation is .103, while the average value 

of B/Be is 1,002 and the standard deviation is .012. This degree of 

precision is thought to be acceptable. 
PP 

Although the proposed empirical formulae for e
cu 

 and fc 
are dimen- 

sionally consistent in their present form and appear to be almost as 

accurate as those in the new C.E.B. recommendations, yet they are open 

for further refinement as additional test data become available. The 

width of beam and the width of the loaded area may possibly have an 

effect. Future tests are desirable investigating the effect of such 

variables. 

(4) Effect of untensioned steel on cracking and on ultimate moment  
distribution 

For the simply supported beams reported herein, with decrease in the 

ratio of area of untensioned steel to area of cable steel from 3.12 in 

B-2 to .624 in B-10, the ratio of cracked length to effective span 

decreased from 0,46 to 0.30, respectively. Graph 24 shows the plot of 

the ratio of observed cracked length to effective span against the ratio 

of area of cable steel to area of concrete section. 

It is observed that when the ratio of area of cable steel to area of 

concrete section is low, the ratio of cracked length to effective span 

is high in a beam with untensioned steel than in a similar beam without 
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untensioned steel. As the former ratio increases, this trend narrows 

down, until at about 0.009 the latter appears to be nearly unaffected 

by the untensioned steel provided. 

Presence of untensioned steel close to the tension face appears to 

prevent concentration of cracking by assisting in distributing the 

cracks. This performance appears to be affected by the amount of cable 

steel in the section, as described in the beginning of this discussion. 

Nevertheless, the cracked length in a beam with untensioned steel is 

greater than in a similar bean without untensioned steel (Graph 24), even 

though the decrease in the ratio of area of untensioned steel to area of 

cable steel decreases the cracked length. 

From what has been discussed above, it may be argued that presence 

of untensioned steel in a continuous prestressed concrete beam may lead 

to a more complete moment distribution at ultimate because of increased 

ductility owing to increased cracked lengths. Presence of untensioned 

steel in a section increases its ultimate moment of resistance. A section 

may be assumed to crack when the resultant tensile stress under applied 

load, dead load and prestress equals its modulus of rupture and therefore 

may be assumed to be independent of untensioned steel. (This may not be 

strictly true in actual fact.) Thus the proportion of cracking moment to 

ultimate moment of resistance of a section may be lower when the unten-

sioned steel is present than when it is absent. Therefore there is more 

likelihood of early cracking (in terms of ultimate moment) when unten-

sioned steel is present than when it is absent. Consequently redistribu-

tion will start earlier in the former case which could lead to greater 

total redistribution eventually. 

In order to verify this phenomenon, two exactly similar prestressed 

concrete continuous beams, CB-1 and CB-6, differing in the untensioned 

steel that only the latter was provided with, were manufactured and 

tested. A comparison of the observed ultimate moment distributions in 

them shows that only 93.3% of the absolute ultimate moment of resistance 
was attained at midspan hinges in CB-1 as against 108.7% in CB-6, and 

97.5% was attained at the support hinge in CB-1 as against 102% in 
cB-6. 
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It may therefore be generally concluded for the tests reported herein 

that, the effect of untensioned steel placed near the tension face in 

prestressed concrete beams is to increase the cracked length and improve 

the ultimate moment distribution. 

(5) Moment-curvature characteristics 

The observed moment-curvature relationships for three differently 

located sections in each of the beams B-1 to B-10,are plotted in 

Graphs 37 to 46. It is seen that these moment-curvature curves do not 

retrace their original paths once the ultimate load is past and the 

moment is declining. 

For the failure section this phenomenon is understandable, because 

once a section fails it cannot be expected to exhibit the same character-

istic as it did before failing. That the sections other than the failure 

section should also exhibit a similar phenomenon, may appear surprising, 

because these sections have not yet failed. In the author's opinion, 

however, this may be explained as being due to creep. For instance, in 

the beam B-4, when ultimate moment was reached at the critical section in 

about three hours' time, the midspan section attained a strain of 

ec 	.00686, while two other sections - one 7" away and another 21'' away 

attained strains of only e
c = .0025 and ec = .0008, respectively. This 

significantly slower rate of loading (straining) at sections other than 

the critical, is thought to cause the creep which prevents their moment-

curvature curves from retreading their original paths once the moment is 

declining. 

It may further be noticed from these plots that, the moment-curvature 

curves for differently located sections in a beam, strictly speaking, are 

slightly different even when the sections are identical. 

In each of the Graphs 37 to 46, if iso-load-stage-lines (lines 

joining the same load-stage points) be imagined to be drawn, an interest-

ing phenomenon is uncovered, in that they have a rising characteristic 

even after the maximum load is reached. (Similar phenomenon has been 

reported in the case of reinforced concrete by Bremner18 and Edwards.19) 
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This, it is thought, may be indicative of the fact that curvature 

distribution along the length of a hinging region has an increasing trend 

even after the ultimate moment is attained. (Failure occurs when the 

local curvature at the critical section becomes so large that the area of 

the curvature diagram, i.e. the total rotation, exceeds the capacity of 

the hinging region.) The increasing trend of the observed curvature 

distribution in a hinging region can be realised from Graphs 57 to 66 and 

67 to 72, which represent the curvature distributions at various load 

stages in the beams B-1 to B-10 and CB-1 to CB-6, respectively. 

The observed values of the extreme concrete fibre strain ec 
and the 

neutral axis factor n at three different sections, in each of the beams 

B-1 to B-10, are plotted against the applied moment, in Graphs 47 to 56. 

It is observed that with increase in applied moment, ec 
increases while 

n decreases. 

(6) Measured deflections  

For various fractions of the observed ultimate moment, Graphs 73 to 

82 show the corresponding deflected profiles of the beams B-1 to B-10 

during their loading histories. Except perhaps for markedly showing 

the location of the hinging section, these curves are of little signifi-

cant use. Slope midway between two deflection gauges, at any load stage, 

theoretically equals the difference of the two deflections divided by 

the distance in between (i.e. slope = rate of change of deflection). 

From the test results it was found that the slopes thus calculated from 

the deflection gauge readings and the slopes measured with the clinometers, 

compared fairly well at some sections and differed erratically at others. 

(Results are far too many to be included here.) This variation may be due 

to the fact that the deflection gauge readings are affected by the crack-

ing of the beam. At a crack in the beam, slight vertical movement of one 

side relative to the other occurred and consequently any deflection gauge 

reading at and around such a section was obviously affected. 
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PART B 

Yollowing is a discussion of results based on the theoretical and 

the test figures pertaining to the continuous beams analysed. 

(1) Degree  of error involved in estimating the ultimate load by the 
proposed compatibility method under various Idealisations 

The theoretically estimated values, together with the test figures, 

are recorded in Tables 6.9 and 6.10 in Chapter 6. The theoretical 

computations are based on four Idealisations, namely: the proposed 

Trilinear idealisation, Baker's Trilinear idealisation, the proposed 

Bilinear idealisation and Baker's Bilinear idealisation, as explained 

in Chapter 6. 
The accuracies with which the different Idealisations predict the 

ultimate load in the 2-span and the 3-span cases, and hence the degrees 

of error involved in each, are summarised in Table 7.6 below. In this, 

the degree of accuracy refers to 

,Theoretically calculated ultimate load + 
(A ctually measured ultimate load 	- standard deviation)%  

Table 7.6 

Idealisation 
adopted 

2-span beams 3-span beams 

Degree of 
accuracy 

Degree of 
error 

Degree of 
accuracy 

Degree of 
error 

Proposed 
Trilinear 92.6% + 5.88% 7.4% + 	5.88% 99.4% + 7.60% 0.6% + 7.6o% 

Baker' car 
Triline 91.3% ± 6.78% 8.7% ± 	6.78% 97.8% ± 6.23% 2.2% ± 6.23% 

Proposed 
Bilinear 89.6% ± 7.90% 10,4% ± 	7.90% 97.4% + 5.70% 2.6% + 5.70% 

Baker's 
Bilinear 

84.8% +13.12% 15.2% + 13.12% 95.2% + 7.18% 4.8% + 7.18% 
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Therefore it is observed that, in the case of 2-span beams, the 

proposed Trilinear idealisation under-estimates the ultimate load by 

7.4% with a standard deviation of ± 5.88%, as against 8.7% + 6.78% by 

Baker's Trilinear idealisation, 10.4% + 7.90% by proposed Bilinear 

idealisation, and 15.2% ± 13.12% by Baker's Bilinear idealisation. 

However, in the case of 3-span beams it is observed that, the proposed 

Trilinear idealisation underestimates the ultimate load only by 0.6% 

with a standard deviation of + 7.60%, as against 2.2% + 6.23% by Baker's 

Trilinear idealisation, 2.6% ± 5.70% by proposed Bilinear Idealisestionl and 

4.8% ± 7.18% by BaXer's Bilinear idealisation. 
It may therefore be generally concluded that: it is preferable to 

adopt a Trilinear idealisation in the analysis of 2-spn beams, because 

adoption of a Bilinear one appears to lead to a higher degree of error; 

though it is preferable to adopt a Trilinear idealisation in the analysis 

of 3-span beams also, yet the adoption of a Bilinear one does not lead to 

a high degree of error; predictions based on the two Trilinear idealisa-

tions do not show any significant disparity, but the prediction based on 

the proposed Bilinear approach appears to be less inaccurate than that 

based on Baker's Bilinear approach; the degree of error, in general, 

is smaller in the case of 3-span beams than in the case of 2-span beams 

From the relevant average figures listed in Table 6.10 in Chapter 6, 
an overall average degree of accuracy in estimating the ultimate moment 

distribution in 2-span and 3-span cases, may be obtained from Table 7.7 
below. 

Table 7.7 

Idealisation 2-span beams 3-span beams 

proposed 
Trilinear 

Baker's 
Trilinear 

proposed 
Bilinear 

Baker's 
Bilinear 

95.9 + 2 x 96.0 - 96,6% 

94 .9% 

- 93.4% 

_ 88.8%  

+ 2 x 92.6 2 

2 x 108.1 + 96.7 - 104.3% 

- 101.6% 

_ 100.8% 

_ 	96.5%  

95.9 

3 

+ 2 x 94.5 

3 

2 x 104.0 + 96.7 

95.0 

3 3 

x 102.9 + 96.7 

95.9 

3 

+ 2 x 85.3 2 x 96.4 

3  

+ 96.7 
3 3 
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From these figures it follows that the estimation of the ultimate moment 

distribution is more accurate in 3-span beams than in 2-span beams. 

This implies that more redistribution occurs in 2-span cases than can be 

predicted, and hence the reason for larger degree of error in predicting 

the ultimate load in 2-span beams. Although the degree of error involved 

by the adoption of a particular idealisation depends essentially on its 

inherent limitations, the following factors also contribute: 

(a) degree of experimental error; 

(b) possible scatter of the concrete strengths; 

and (c) uncertainty about the full strain transfer from concrete to 

tendons owing to bond-slip between the two. 

Note: 

The degree of accuracy, in predicting the ultimate load by Cooke's 

empirical method for 2 as well as 3-span beams, appears to be quite high 

from the figures listed in Table 6.9 in Chapter 6. But in the author's 

opinion there is little theoretical justification in assuming the 

ultimate rotations of two identical sections to be the same when their 

tendons are differently located. (By shifting the position of tendons 

in a section, it becomes over or under-reinforced depending on whether 

the effective depth is reduced or increased. In the former case n
u 

increases and this, as may be seen from the empirical formulae stated 

earlier, decreases e
cu  and hence G , with the result that the rotational p 

capacity decreases.) Such an assumption made in the case of a continuous 

beam like CB-5, whose critical sections differ considerably in their 

tendon-location even though the physical dimensions of the sections are 

identical, can lead to overestimation of the ultimate moment and hence 

of the ultimate load: see the case of CB-5 in Table 6.9. 

(2) Effect of Linear Transformation of cable profile on ultimate 
strength; probable limit of transformation  

The % change in the measured ultimate loads of the beams with 

transformed tendons with respect to their parent cable beams, are 

recorded below: 



; 
'I 

Al 

SAWN SECTIONS REVEALING ACTUAL 
TENDON LOCATION & GROUT 



CB-2 w.r.t. CB-1 

CB-3 
CB-4 
CB-5  

1.35% increase 

	

4.71% 	tt 

	

2.42% 	 Vi 

12.62% decrease 

150. 

b -3 	It 
	

b-1 	6.0% decrease 

b -4 	it 	 It 
	 11.4% 	ti 

(CB-2, CB-3 and b-3 are those with upward transformations and CB-4, CB-5 

and b-4 are those with downward transformations. CB-5 had the severest 

transformation, resulting in reducing the effective depth at its central 

support section to mere 1.86".) 

The actual cable positions at the critical sections were checked by 

breaking the beams after tests. The position of the tendons in the author's 

beams was verified by sawing, and a comparison between the 'actual' and 

the 'intended' positions showed that in no case was the difference greater 

than .04". (This precision is attributed to the special type of cable 

profile hangers used.) In beams b-1, b-3 and b-4, the difference between. 

the 'actual' and the 'intended' tendon positions at the critical sections, 

as reported by Cooke7I  was as follows: 

midspan 	intermediate supports 

Intended 	Actual 	Intended 	Actual  

b-1 	4.23" 	4.16" 	3.53" 	3.371  and .... 
b-3 	3.53" 	3.361i 	4.23fl 	4.22" and 4.14" 

b-4 	4.50" 	4.32" 	3.26" 	2.74" and 3.24" 

Due to transformation of cables, the effective depths decrease at 

some sections and increase at others. When the transformation is such 

that the effective depth at the first-forming-hinge is considerably 

reduced, it may well affect the ultimate behaviour of the beam. This is 

explained as follows: reduction of effective depth of a section increases 

the proportion of the area of tendons to the area of effective concrete 

section, which makes the section relatively over reinforced. This, as 

has been discussed earlier, reduces the rotational capacity. In 

consequence of this, such a first-forming-hinge section may well be 
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unable to continue rotating all the way, until all other hinges have 

developed and matured. Ultimate load is a function of the 'attained' 

ultimate moments at the critical sections. Even though the transformation 

in question has increased the effective depths - and hence the 'absolute' 

ultimate moments of resistance - at some of the next-forming-hinges, yet 

the actually attained ultimate moments at these critical sections may 

be much lesser owing to the inability of the first-formed-hinge to 

rotate all the way. Such a phenomenon, governed by the deformational 

limit of the first-forming-hinge section and caused by the particular 

transformation in question, could lead to a premature collapse, resulting 

in a reduced ultimate strength. 

This happening was noticed in the case of beam CB-5, the one in which 

the transformation reduced the effective depth at its central support 

section (the first-forming-hinge section) considerably. Unlike at its 

midspan critical sections, a well defined hinge formed at its central 

support section. Such an apparent behaviour was not noticed in other 

cases of transformations. Though the transformation increased its 

midspan section 'absolute' ultimate moment of resistance to 181,400 lb.in. 

(from 132,000 lb.in  in the parent cable case), yet only 154,800 lb.in. 

was 'attained' when the beam collapsed. 

The above discussion indicates that the cable transformation should 

be done only within certain bounds so that the ultimate carrying capacity 

is not significantly affected. That the change in the ultimate carrying 

capacity due to tendon transformation is not zero, is also evidenced by 

the derivation in Chapter 4; limitations of which are discussed later 
in this chapter. 

The entire phenomenon is very complex and a theoretical formulation 

did not seem to be possible. It is suggested that the transformations, 

be restricted such that at no section the effective depth is reduced 

to less than 33i% of the overall depth, i.e. 

d 	d o 	o  

3 
The transformed profiles in the beams CB-2, CB-3 and CB-4 satisfy this 

requirement, and it is observed that the % change in their measured 

ultimate strengths with respect to CB-1, their parent cable case, is less 

than 	(see results stated at the beginning of this discussion). 
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The severely transformed cable profile in CB-5 does not satisfy the 

above requirement (at its central support section) and the % change in 

the ultimate strength of this beam with respect to CB-1 is 12.62% 

(decrease). The transformed profile in the beam b-3 satisfies the above 

requirement, and it is interesting to note that the % change in its 

ultimate strength with respect to b-1, the parent cable beam, is only 

6%. The transformed profile in the beam b-4 satisfies the said require-

ment, but on the face of it, it is observed that the % change in its 

ultimate strength with respect to b-1 is 11.4% (decrease). However, owing 

to the considerable difference between the 'intended' and the 'actual' 

cable positions in this beam (see results stated earlier in this discus-

sion), which in effect left the beam with a highly non-linearly transformed 

cable, the author is of the opinion that the above figure of 11.4% is 

only a random result which cannot be considered for correlation. 

Based on the above discussion and results, then the above empirical 

restriction on tendon transformation appears reasonably fair, and if 

adhered to, the ultimate strength seems unlikely to alter by more than 

about 5%. 

(3) Effect of cable transformation on cracking moment  

It has been proved in many texts that, owing to linear transformation 

of a cable profile, the resultant line of thrust along the beam remains 

unaltered. Therefore the resultant moment due to prestress, and hence 

the prestress stresses, remain the same as in the parent cable beam. 

Owing to changed location of a cable when it is transformed, naturally 

the primary moments, P x e
s
,.change, and in order that the resultant 

prestress moment should remain uneffected, secondary moments (and hence 

the necessary secondary reactions) are created. 

During the loading history from the commencement of microcracking 

onwards, there occurs a continuous diminiShing in the secondary moments 

due to continuous change in stiffness caused by cracking. The resultant 

line of thrust is therefore gradually drawn in towards the cable line, 
, until just prior to collapse when the (n + 1)th  hinge is just forming, 

the two coincide and all the parasitic actions disappear. 
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A section may be assumed to crack when the resultant tensile stress 

in its extreme tension fibre equals its modulus of rupture. Thus the 

cracking moment, Mo, of a section may be calculated from the limiting 

condition: 

M 	MM o 	m.L. 	
(
P
/A mt/Z) - fmod. rupture 

where mt is the resultant moment due to prestress. If the cable is 

concordant then m
t represents just the primary moment P x es, but if 

the cable is a transformed one (or any nonconcordant one) then mt  

represents the algebraic sum of the primary as well as the secondary 

moments. Although the secondary moment is not a sectional property, 

nevertheless, in the author's opinion, its influence at the instant of 

cracking cannot be ruled out when it is present. 

However, only up to the stage at which the diminishing of secondary 

moments has not yet started can it be presumed that full secondary moments 

exist, and that mt has the same value whether the cable is concordant or 

transformed. But since the microcracking starts prior to visible 

cracking and because it is to the latter that M
o 
refers - as much as the 

modulus of rupture refers to (visible) fracture, thus the diminishing of 

secondary moments commences ahead of visible cracking. Consequently how 

much of the secondary moment should then really be considered in 
P 

evaluating mt in eqn. (1) above in a transformed case is indeterminate. , 

Recourse has to be taken to what has practically been observed in 

regard to cracking moment. Mo  usually appears to lie between about 0.5 

and 0.6 of M
u 
if untensioned 'steel is absent and between about 0.45 and 

0.55 of Mu  if untensioned steel is present. (As has been explained 

earlier, the ratio of M
o 
to M

u 
decreases when untensioned steel is 

present in the section, because the untensioned steel increases M .) 

In the case of concordant tendons, Mo  may be estimated from the eqn. (1) 

since the secondary moments do not exist anyway. In the case of 

transformed tendons (or any nonconcordant tendons), Mo  may be assumed 

equal to 0.55 Mu  if there is no untensioned steel, and 0.50 Mu  if 

untensioned steel is present. The latter is no more inaccurate than 
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either assessing the diminished value of the secondary moment at the 

instant of visible cracking, or neglecting it altogether. 

(4) Validity of the Equilibrium Method formula 

Table 7.8 below gives the measured ultimate moments at the critical 

sections of the various continuous beams as percentages of their calcul-

ated absolute ultimate moments of resistance. These figures give a 

measure of the employment of the critical sections: 

Table 7.8 

Beam 	midspeln critical section(s) 	support critical section(s) 

CB-1 	93.6% 	 97.5% 
CB-2 	96.3% 	 95.2% 
CB-3 	108.0% 	 95.2% 

CB-4 	90.8% 	106.0% 

CB-5 	85.3% 	143.0% 

b-1 	121.0% 	 87.0% 

b-3 	99.0% 	101.0% 

b-4 	102.0% 	 84.0% 

The basic assumption in deriving the equilibrium method formula is 

that 100% moment distribution occurs at collapse in the parent cable 

beam as well as in the transformed cable beam. 

From the figures in Table 7.8 it is inferred that only CB-1, CB-2 

and CB-3 among the 2-span beams and only b-3 among the 3-span beams 

attained at least 94% ultimate moment distribution; while in all other 

beams, at two out of three critical sections, it was much less. 

The theoretical results predicted by the equilibrium method 

formula are recorded in Table 6.11 in Chapter 6 along with the actual 
test results. From these results it may be said that the predictions 

in the case of CB-2 and CB-3 are accurate enough for all practical 

purposes, but those in the case of CB-4 and CB-5 - in whose cases the 
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finally attained moments were less than 94% of full attainment - are 

inaccurate. The application of the formula to the beams b-1, b-3 and 

b-4, appears to be invalid since, to begin with, their parent cable case, 

b-1, is far from satisfying the ultimate moment distribution condition. 

This inapplicability is confirmed by the inaccuracy of the results 

predicted by forcibly using the formula nevertheless. 

On the whole it would therefore appear that the formula is reliable 

so long as the assumption that: "ultimate moment distribution is at least 

94% if not 100%, both in parent cable beam as well as in transformed 

cable beam," is honoured. 

The application of the formula is therefore restricted to the above 

assumption. The validity of this assumption cannot, as yet, be estimated 

in a given case except by means of a test. However, the formula does 

show that, applying only equilibrium conditions to the structure as a 

whole, full moment distribution cannot be obtained for all transformed 

profiles of a given parent cable, in other words: the change in ultimate 

carrying capacity due to linear transformation is definable and may not 

always be negligible. 

(5) Effect of cable transformation on 'redistribution' 

The measured moment-load relationships for the beams CB-1 to CB-6 

are plotted in Graphs 25 to 30. 

The initial slopes of these curves refer to elastic conditions. 

Moment redistribution, as explained in an earlier chapter, is initiated 

by flexural cracking in the region of the first-forming hinge. This 

relative reduction in the stiffness of the beam is followed by the 

development of cracking in the region of the next-forming hinge. 

Marked redistribution occurs only after the moment at the first-forming 

hinge reaches the nearly flat portion of its moment-deformation 

relationship. After this stage, almost all increase in moment 

is resisted by the next-forming hinges. The stage of complete redistri-

bution is eventually reached only if the first-formed hinge has the 

necessary capacity to rotate. 
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The relative degrees of redistribution, as affected by tendon 

transformation and presence of untensioned steel, can be assessed from 

column (4) of Table 7.9. In column (4) is listed the ratio of measured 
ultimate moments at the support and the span expressed as a fraction of 

the ratio of elastic moments at the support and the span. Thus, a listed 

value of unity would mean no redistribution, and the farther this value 

is from unity the greater is the redistribution. 

Table 	7.9 

From the figures listed 

Measured ult. moment* 
(2)/

(1) 
(3) /

'1.205** Beam midspan support 

(1) (2) (3) (4) 

CB-1 123200 140000 1.137 .94 
CB-2 115800 154800 1.341 1.11 

CB-3 118300 172600 1.457 1.21 

CB-4 145000 82000 0.566 .47 

CB-5 154800 47600 0.308 .26 

CB-6 172200 174800 1.014 .84 

* see Table 6.10 in Chapter 6 (lb.in. units) 
** 1.205 = the ratio of moments at support to span under 

elastic condition ( 	•
188w

1  ) .156WI • 

in column (4), it is then evident that largest amount of moment 

redistribution occurred in CB-5 and least in CB-1. This is also evident 

from Graphs 29 and 25. From the figures listed in column (4) of 
Table 7.9, the following additional inferences can be drawn, which are 
clearly demonstrated by the relevant moment-load curves:- 

(a) Lesser redistribution occurs in a beam with concordant cable 

without untensioned steel (case of CB-1) than in a beam with 

similar concordant cable but with untensioned steel (case of 

CB-6). This effect of untensioned steel agrees with the 
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conclusion drawn in item (1) in PART A of this chapter. 

(b) Lesser redistribution occurs in a beam with concordant cable 

(case of CB-1) than in similar beams with transformed cables 

(cases of CB-2, 3, 4 and 5). 

(C) Larger redistribution occurs with larger transformations, whether 

upward or downward. This is demonstrated by comparing respectively 

the cases of CB-3 and CB-5 with those of CB-2 and CB-4. 

A further comparison of the moment-load curves for the beams CB-2 

and CB-3 (ones with upward transformations) shows that the redistribution 

of moment occurred from span-hinges to support-hinge. Comparison of the 

moment-load curves for the beams CB-4 and CB-5 (ones with downward 

transformations) shows that the redistribution occurred from support-hinge 

to span-hinges. 

The 'travel' of the point of contraflexure in between the support 

and the span hinges is pictured in Graphs 31 to 36, for the beams CB-1 

to CB-6 by plotting the measured bending moment distribution at different 

load stages. The 'travel' is minimum in the case of CB-1 and maximum 

in the case of CB-5, indicating that least redistribution occurred in the 

former and largest in the latter. If the direction of travel of the 

point of contraflexure is from span-hinge towards support-hinge, it means 

that for a small increment in moment at the latter, relatively larger 

increment occurs at the former, which implies a support to span 

redistribution. Conversely, if the direction of travel is from support-

hinge towards span-hinge, it implies a span to support redistribution. 

Also, greater the travel, greater will be the redistribution. Comparison 

of Graphs 31 to 36 in the light of this argumentation, confirms all the 

inferences drawn above. 

Almost full moment of resistance was developed at all necessary 

hinges in the 2-span beams CB-1 and CB-6 (the ones with concordant cables) 

without any appreciable redistribution of moment. This is possible when 

the hinges develop and mature simultaneously. That minimum redistrib-

ution occurred in beams with concordant cables was also noticed, by 

Cooke.?  Amongst the family of the concordant cable profiles that exist 
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in a given cable zone, probably there may exist at least one particular 

profile in whose case there would be no redistribution at all, even 

though all the hinges would form and attain their full moments of 

resistance at collapse. Such a peculiar case would thus follow an 

elastic B.M. distribution all the way up to collapse, with each hinge 

attaining its full strength eventually. In such a case the ultimate 

behaviour will be predictable by elastic analysis: 

The moment-load curves also show that the beams behaved linearly 

up to near visual cracking. 



disMn. of B.M. near a coni-inuous  Learn support 

alisfbn. of B•M. in a simple Span beam. 

159. 

fig:7.1 
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CHAPTER 8  

SUMMARY OF CONCLUSIONS  

The results discussed in the previous chapter may be summarised 

into the following conclusions very briefly:- 

(1) Curvature and rotation at ultimate decrease as the tendon 

reinforcement index increases. 

(2) The total rotation of a beam is associated with the slope of the 

drooping branch of its load-deformation curve. This slope is small in 

an underreinforced case as compared to that in an overreinforced case 

and accordingly the total rotation is more in the former. 

(3) The proposed empirical formulae for e
cu 
 and f

c' 
which are free of 

any trial and error calculations and hence convenient to apply, are 

almost as accurate as those in the new C.E.B. recommendations. 

(4) The presence of untensioned steel placed near the tension face in 

prestressed concrete beams, appears to increase the cracked length and 

improve the ultimate moment distribution. 

(5) The moment-curvature curves even for sections other than the critical 

section do not retrace their original paths once the ultimate load is 

past and the moment is decreasing. 

(6) The moment-curvature curves for differently located sections in a 

beam, are slightly different even when the sections are identical. 

(7) Lines connecting the same load-stage points in the moment-curvature 

curves of different sections in a hinging region, have a rising charac-

teristic even after the maximum load is reached. This is indicative of 

the fact that curvature distribution along a hinging region has an 

increasing trend even after the ultimate moment is attained. 



161. 

(8) A Trilinear idealisation of moment-rotation relationship leads to 

a smaller error than the Bilinear idealisation in 2-span beams. 

(9) The adoption of a Bilinear idealisation does not lead to a high 

degree of error in the case of 3-span beams. 

(10) Predictions based on the two Trilinear idealisations, namely: 

the proposed one and the one after Baker, do not show any significant 

disparity; but the prediction based on the proposed Bilinear approach 

appears to be more accurate than that based on Baker's Bilinear approach. 

(11) The degree of error in predicting the ultimate load according to the 

various idealisations, in general, is smaller in the case of 3-span beams 

than in the case of 2-span beams. 

(12) A severe cable transformation which reduces the effective depth of 

section at the first-forming-hinge, and thereby reduces its rotational 

capacity, can lead to a premature collapse during loading. This can 

result in a reduced ultimate strength. 

(13) It is suggested that the transformations be restricted such that at 

no section the effective depth is reduced to less than 334% of the 

overall depth. If this is adhered to, the ultimate strength seems 

unlikely to alter by more than about 5%. 

(14) Due to the diminishing of secondary moment from the instant of 

microcracking, it is difficult to assess how much of it exists at the 

instant of visible cracking. However, in such cases the cracking moment 

may be taken as .55Mu  if there is no untensioned steel and .50N 17  if 

there is (nominal) untensioned steel in the section. 

(15) Lesser redistribution of moments occurs in a beam with concordant 

cable than in a similar bean with transformed cable. 

(16) Larger redistribution of moments occurs with larger cable trans-

formations. 
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(17) Prestressed concrete beams follow the elastic behaviour up to near 

visual cracking. 

(18) The % change in ultimate load carrying capacity due to linear 

transformation is defined by (1-X)100, where the expression for X is 

as given in Chapter 4 - derived on the basis of equilibrium of the 
structure as a whole. The formula appears to be reliable so long as the 

assumption that: "ultimate moment distribution is at least 94% if not 

100% in parent cable beam as well as in transformed cable beam," is 

honoured, and is hence mainly of academic interest. 
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APPENDIX I 

MIX DESIGN 

Coarse Aggregate (C.A.): (irregular gravel) 

Passing 4" mesh, retained on 	 B.S.S.3/16"  

Bulk density = 90 lbs./c.ft. 

Percentages passing through the B.S.Ss.:- 

100% through 	63% through i" and 0.8% through 3/16". 

Fine Aggregate (F.A.): 

A 70% 30% mixture of (a) 'passing 3/16", retained on No.25 B.S.S.', 

and (b) 'passing No.25 B.S.S., retained on No.100 B.S.S.', 

respectively. 

Bulk density (of this mixture) = 100 lbs./c.ft. 

Percentages (of this mixture) passing through the B.S.Ss:- 

99.7% through 3/16", 90.7% through No.7, 77% through No.141  
58% through No.25, 16.5% through No.52 and 2.7% through No.100. 

Cement: 

Rapid Hardening. 

Average cube strength desired: 

About 4000 p.s.i. on 4th day (for early handling) and about 

8000 p.s.i. at time of test (age about 50 days). 

Conditions of quality control: 

Very good. (e.g. exact proportioning, weigh 'patching, using 

plant-dried aggregates, thorough vibrating, working under more 

or less constant room temperature and humidity, and constant 

supervision.) 

Degree of workability: 

Very low (about 4" slump). 



• €21. 
Proceeding according to the procedure laid down in the 

'Road Note No.4' (Design of concrete mixes, D.S.I.R. Road Research 

Laboratory, London, H.M.S.°. 1950), figures of W/C = .42 and A/C = 4.50 

are arrived at. 

Proceeding according to Example in the !Design of high-strength 

concrete mixes! (by Erntroy and Shacklock, Research Division C. & C.A, 
1.4 

Reprint No.32), figures of "/C = .48 and A/C = 4.90 are arrived at. 

Nineteen Trial-Mixes were tried in all, and finally it was decided 

to adopt the following mix proportions: 

w
/C = 0.53, 

A
/C = 4.25 and F.A./C.A.= 1/3  (all by weight). 
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APPENDIX II 

ATLAS COMPUTER PROGRAMME 

Following is a computer programme for calculating curvature, 

extreme compression fibre strain and neutral axis factor from the 

Demec strain gauge readings, slopes and curvatures from clinometer 

readings, and deflections and slopes from the deflection gauge readings, 

at each load stage, in a simple span beam of the type reported in this 

thesis. This is followed by a relevant sample data sheet. Explanatory 

notes are given in brackets. 

This programme was slightly modified when adopted for the continuous 

beams (CB-1 to CB-6), cutting out the parts dealing with clinometer 

readings (as these were processed by hand) and deflection gauge 

readings (as no deflections were measured). 

(A) Computer Programme (instruction tape) 

(1-Epanatory notes are in brackets)  

JOB 
LSC42EYI, RAINA RUN 	23 MARCH 1965 
COMPUTING k000 INSTRUCTIONS 
OUTPUT 
0 LINE PRINTER 2000 LINES 
STORE 16 BLOCKS 
COMPILER EMA 

MAIN,-300 
AUXILIARY(010) 
DEPTH 0 
DUMPS 0 

TITLE 
MOMENT ROTATION CHARACTERISTICS/PRE TENSIONED P.S.C. BEAMS/CEB 

CHAPTER 0 
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A. 10 
B4 10 
C. 10 
D* 10 
E/ 10 

1)READ(A) (read in beam No.) 
CAPTION 

BEAM NO. 
PRINT(A)2,0 
NEWLINE 
NEWLINE 
NEWLINE 
NEWLINE 
NEWLINE 
READ(B) 	(read in effective depth of beam) 
CAPTION 

DEMEC GAUGE RESULTS 
NEWLINE 
NEWLINE 
NEWLINE 

2)READ(C) (read in Demec Gauge No.) 
CAPTION 

DEMEC GAUGE NO. 
PRINT(C)210 
NEWLINE 
NEWLINE 
CAPTION 

CURVATURE 	STRAIN 	NEUTRAL AXIS FACTOR 
NEWLINE 
NEWLINE 

3)READ(L) (read in twice the number of active rows in the Demec gauge) 
M=L-1 
I=1(2)M 
READ(A:) 	(read in location of rows in the gauge, from the extreme 
REPEAT 	 compn. fibre) 
READ(F) 	(read in L x No. of load stages, not counting zero-load-stage) 
I=1 (1 )L 
READ(BI) 	(read in Demec readings in zero-load-stage) 
REPEAT 

4)I=1(1)L 
READ(CI) 	(read in Demec readings in a load stage) 
CI=BI-CI 	(reducing the readings w. r. t. zero readings) 
REPEAT 
G=0 
H=0 
U=0 



V=0 
I=1(2)M 

G=G+CI 
H=H+CIAI 
U=U+AI 
V=V+AIAI 
REPEAT 
W=0.5L 
X=ODIVIDE(WH-UG,WV-UU) 
Y=ODIVIDE(UH-GY,UU-WV) 
Xn=0MOD(X) 
JUIT5,.02?.--Xn 
Z=(6DIVIDE(Y,XB) 

5)PRINT(-.00001:0075 
PRINT(.00001Y)45 
JUMP6,.02?,:an' 
PRINT(-Z)0,2 
6) NEULINE 

F=F-L 
JUMP4,F/0 
READ(J) 
JUNP2,J=1 
JUMP3,J=2 
JUMP7,J=0 

7)1=1(1)3 
READ(AI) 
REPEAT 
READ(F) 
I=1(1)8 
READ(BI) 
REPEAT 

NEWLINE 
NEWLINE 
CAPTION 

224. 

the sideAand side B reduced read-
a row by Demec gauge factors and then 
average strain reading) 

(calculating the best straight line through 
the plotted average strain readings at the 
row levels by the method of least squares. 
Then from this strain-gradient, calculating 
the curvature X, strain Y and neutral axis 
factor Z.) 

(print curvature) 
(print strain) 

(print neutral axis factor) 

(read in reciprocals of distances between 
clinometers) 

(read in No. of clinometers x No. of load 
stages beyond zero-load-stage) 

(read in zero readings of the clinometers) 

CI=1.005CI+1.0075C(I+1) - (multiplying 
ings of 
finding 

CLINOMEIER RESULTS 
NEWLINE 
NEWLINE 
NEWLINE 
CAPTION 

SLOPEx10000 ROTNx10000 
NEWLINE 
NEWLINE 
CAPTION 
(FOLLOWING DISTANCES ARE FROM L.H. END) 

CURVATUREx1000000 



NEWLINE 
CAPTION 

NEWLINE 
NEWLINE 

0 14 26 34 48 56 68 82 7 75 a 62 30 52 

225. 

8)1=1(1)8 
READ(CI) 
	

(read in clinometer readings in a load stage) 
CI=.25B1-.25C1 (reducing w.r.t. zero readings and calculating slope) 
PRINT(CI)410 (print slope) 
REPEAT 
A=C1+C8 
	

(add up slopes of end-clinometers) 
PRINT(A)4,0 

	
(print total Rotation) 

I=1(1)3 
J=9.1 
CI=AICI-AIC(I+1) 

	
(calculating curvature midway between two clinometers 

CJ=AICJ-AIC(J-1) 
	

in each half span, from the clinometer readings) 
PRINT(100CI)4,0 

	
(print curvature x 100) 

PRINT(100CJ)4,0 
	

( P9 	 PP 	 PP It 
) 

REPEAT 
F=F-8 
NEWLINE 
JUMP8,F/0 
NEWLINE 
NEWLINE 
NEWLINE 
NEWLINE 
CAPTION 

DEFLECTION GAUGE RESULTS 
NEWLINE 
NEWLINE 
NEWLINE 
CAPTION 

Dili LECTION x 1000 	SLOPE x 10000 
NEWLINE 
NEWLINE 
CAPTION 
(FOLLWOING DISTANCES ARE FROM L.H.END) 
NEWLINE 
CAPTION 

20 	35 	41 	47 	62 	27.5 	38 	44 	54.5 
NEW/LINE 
NEWLINE 
1=1(1)4 
READ(AI) 	(read in reciprocals of distances between the underside 
REPEAT 
	

deflection gauges) 
1=3(1)7 
READ(DT) 
REPEAT 
READ(F) 
I=1(1)9 

(read in ratios of distances of the underside deflection 
gauges to total span) 

(read in no. of dZflection guE;e:,-x no. of 107_d stages 
except zero load stage) 
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READ(BI) 	(read in zero readings of the deflection gauges) 
REPEAT 
9)1=1(1)9 
READ(CI) 	(read in deflection gauge readings in a load stage) 
CI=CI-EI 	(reducing w.r.t. zero readings.) 
REPEAT 
C1=0.501+0.502 
09=0.509+0.508 
1=3(1)7 
CI=CI+DICIFD(10-1)09 
PRINT(CI)4,0 (print deflection) 
REPEAT 
1=1(1)4 
EI=AIC(I+3)-AIC(I+2) (calculating slope midway between two deflection 
PRINT(10EI)4,0 	(print slope x 10) 	gauges) 
REPEAT 
NEWLINE 
F=F-9 
JUMPT9,F/0 

END 
CLOSE 
***T  

Iatalltatattarata 

(B) Sample Data (Data tape) 

8 	(beam No.) 

4.9 	(eff. depth) 

1 	(serial no. of the Demec gauge) 

8 	(L=2 :t the numb,:r of effoctive.ro,lo 	Deniec gauge) 

0.25 0.625 1.00 1.375 	(distance up to the rows from top fibre) 

8 	(L x no. of load stages, excluding zero load stage) 

881 	872 	887 876 886 877 886 874 (Demec readings in zero-load- 
stage) 

870 	859 	875 863 874 865 873 861 (Demec readings in a load stage) 

1 	(integer J=1) 

2 	(serial no. of the next Demec gauge) 

8(L=2 x the number of effective rows in this Demec gauge) 
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0.25 

8 

0.625 1.00 	1.375 	(distance up to the rows from top fibre) 

(L x no. of load stages, excluding zero-load stage) 

898 886 893 	877 	882 871 897 873 (Demec readings in zero-load- 

886 874 881 	866 	870 859 883 861 (Demec readings in 	stage)  

0 (integer J=0) a load stage) 

,Q7143 0.08333 	0.125 	(reciprocals of the distances between the 
clinometers) 

8 	(No. of clinometors x no. of load stages beyond the zero- 
load-stage) 

5144 4064 3954 4110 3536 4683 3394 4018 (clinometer readings 
in zero-load-stage) 

5120 4042 3940 4102 3528 4669 3377 3991 (clinometer readings in 
a load stage) 

0.0667 0.1667 0.1667 0.0667 (reciprocals of distances between the 
underside deflection gauges) 

0.756 0.573 0.500 0.427 0.244 (ratios of distances up to these 
deflection gauges to total span) 

9 (total no. of deflection gauges x no. of load stages beyond 
the zero-load-stage) 

39 55 12 6 7 8 29 60 50 (deflection gauge readings in zero-load- 
stage) 

37 51 26 25 25 26 45 59 46 ( 	 a load stage) 
***z 
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APPENDIX III  

CALCULATION OF SECONDARY REACTIONS  

The cage of 03-2 is shown in Fig.s (a) to (f). Proceeding by 

the method of influence coefficients, we have: 

V1 o = 

V
11 

V10 
+ V11

p
1 

p 
ml Mo 	 Pl 4.45 = - 

= 

V
10 

= 0.557P (lb.and in. units) 

EI  

2 1 

so that p
1  

fm1m1 
EI 	3I 

0 
11 

Thus secondary reaction at each exterior support 

= secondary shear s1p1  

( .557p)A  0.557 x 18390  = 95 lbs.. (downwards) 
(9 x 12) 

As a continuous beam, the elastic dead load distribution of the beam's 

self weight provides a downward action of 85 lbs. at each exterior 

support, which, being less than 95 lbs, is consequently inadequate to 

compensate for the secondary reaction. Thus, in the absence of the 

requisite downward action at each exterior support, the beam ends will 

lift up, unless external load is applied. By placing a dead weight of 

95 lbs. at each end of the beam, the required secondary reactions will 

be provided for, and the beam will keep touching all the three supports. 

Load cell at each exterior support will then measure 85 lbs. while that 

at the central support will measure (280 + 95 + 95 	470 lbs. 

Instead, by placing a 100 lb. weight at each end, which is a convenient 

whole number measure, the three reactions will be as shown in 

Fig. (f). 
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it 
0.93 

(a) cable line 

.93 P 
2P 

(b) 	mo diag rn. (P. es ) 	113.in. 

(c) 	diagram ( i•e. mi  dia5m. i being 1) 

(d) S, diay ry) . 

Q ( spar.)  

mi 	- • 567 P 

(e) Secondary moment 

sell wt. 25 Is. per Cf. 
too lbs. 

1 	I  

t 
	

t 
95 28o 85 reactions due 4-o 	self wt 

(elastic 	edist-bn) 

1- 5 +95+95 t 5 recre 1.0 '15 	from 	dead wls. 

90 lbs. + overhand 	470 lbs. 	 90 lbs. i-overhany 	re511-1-. rear /-tuns. 

/00 
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Secondary reactions are calculated for CB-3, CB-4 and CB-5 in a 

similar manner and are found to be as follows: 

CB-3 	 184 lbs. (downwards) at each exterior support, 

causing 368 lbs (upwards) at central support. 

CB-4 .. 	 247 lbs (upwards) at each exterior support, 

demanding 494 lbs (downwards) at central support. 

CB-5 	 442 lbs (upwards) at each exterior support, 

demanding 884 lbs,.(downwards) at central support. 

Suitable dead weights were placed at each end in the case of CB-3 and 

at central support section in the cases of CB-4 and CB-5, respectively, 

to provide the requisite parasitic actions. 


	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182
	Page 183
	Page 184
	Page 185
	Page 186
	Page 187
	Page 188
	Page 189
	Page 190
	Page 191
	Page 192
	Page 193
	Page 194
	Page 195
	Page 196
	Page 197
	Page 198
	Page 199
	Page 200
	Page 201
	Page 202
	Page 203
	Page 204
	Page 205
	Page 206
	Page 207
	Page 208
	Page 209
	Page 210
	Page 211
	Page 212
	Page 213
	Page 214
	Page 215
	Page 216
	Page 217
	Page 218
	Page 219
	Page 220
	Page 221
	Page 222
	Page 223
	Page 224
	Page 225
	Page 226
	Page 227
	Page 228
	Page 229
	Page 230
	Page 231
	Page 232
	Page 233
	Page 234
	Page 235
	Page 236
	Page 237
	Page 238
	Page 239

