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ABSTRACT 

The thesis is divided into two distinct parts. 

The work contained in Part I is concerned with crossing 

matrices in unitary groups and goes on to evaluate explicitly 

a number of these matrices for cases of physical interest. 

Section 6 of this part studies their symmetry properties 

and section 7 brings out a relationship between matrix 

elements and recoupling coefficients. 

Part II deals with the non-leptonic decays of hyperons 

in various symmetry schemes and is divided into two chapters. 

In Chapter I, the decays are studied on the basis of 

a dynamical model which assumes pole approximation for the 

decay amplitudes. 	This splits, diagrammatically, the 

interaction into a strong vertex and a weak vertex. The 

strong vertex is assumed to be unitary symmetric whereas 

the weak one is assumed to transform like a member of the 

regular representation of the group of invariance. This 

enables us to calculate the 	ratio, the strong coupling 

constants and the /1- and .;c. -decay rates. 

In Chapter II, the Lagrangian formalism is adopted 

i.e., a phenomenological lagrangian is written assuming it 

to transform like some appropriate member of the regular 

representation of the symmetry group. 	This is further 



reinforced by assuming CP-invariance and using the current- 

current picture for the interaction. 	Various competing 

symmetry groups are tried to check the relative proximity 

of their predictions to the experimental situation. 



PART I 

CROSSING MATRICES 



INTRODUCTION 

In the study of scattering processes, one often 

comes across the concept of the crossing matrix which 

relates one channel amplitude with that of a crossed 

channel. The crossing matrix has a special role to play 

in some formalisms like 'Bootstrapping' where, besides 

other things, one tries to explain the existing particles 

or to foresee new ones. This is done by a qualitative 

analysis involving the examination of the crossing 

matrices from which can be inferred the nature of the 

forces in the various states of a scattering process. 

To know in which angular momentum state and irreducible 

representation of the internal symmetry group the 

particles are likely to occur, what one needs to do is 

to look at the sign and the strength of the interaction 

in the various channels as dictated by the appropriate 

crossing matrix elements. This idea has been borne out 

by the success of the famous Chew-Low static Model () as 

well as by the qualitative results of many subsequent 

dynamical calculations(2) 

In the following sections, we attempt to write down 

some crossing matrices in the general n-dimensional 

unitary unimodular group (gU(n))(3). First we discuss 



a simple case to illustrate the procedure. The example 

chosen is in fact an elastic scattering of the quarks 

which are supposed to be the constituents of the basic 

representation. The other cases which have been worked 

out correspond to Meson-Baryon, Meson-Meson, Baryon-Baryon 

and Baryon-Antibaryon scatterings in SU(n) (allowing for 

the usual elementary particle assignments). 

In section 6, we derive some symmetry properties of 

the crossing matrices. In general, there are not many 

relations. However, in particular cases e.g., the 

elastic scattering case one can learn a lot about the 

structure of the crossing matrices. Finally in section 

7, we investigate the relationship between the crossing 

matrix elements and the various recoupling coefficients 

(or s-symbols). 
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1. PRELIMINARIES  

Construction of Tensors  

We first consider GL(n) — a group of linear trans— 

formations in an n dimensional space Rn. The group may 

itself be a faithful representation of some abstract 

group. An element of the group may be written as 

= aij  . . x. 	or xt = a x 	(i, j = 1, 2,...n) (1.1) 

where the vector 3cclin  and aeGL(n). If we consider a 

Yo  productoftwovectorsxi and.,and apply the  

transformation (1.1), then 

= aik  aj/  xk  yl  (1.2) 

We notice that the n2 quantities xi  yj  transform according 

to the Kronecker square of the matrix aij. 

A set of n2 quantities Tij that transforms as 

14 4 
= a. a 	T

kl 
ik j1 (1.3) 

is said to define a tensor of rank two. 

Thus the n2 quantites x.y. defined in (1.2) are the 

components of a second rank tensor. 

In the same way, we can define an rth—rank tensor 

with respect to the group. Take r vectors in Rn  and 

subject them to the transformation (1.1) so that 

xl 	x' ...x! 	= a. . 	a. . 	...a. 	x. 	...x 11 i2 ir 11°1 12°2 	1rr °1°2 jr 



4 

i i 
The rth-rank tensor T 1 2 	r is a quantity which is 

described by nr  components in a given coordinate basis, 

and which transforms like the product of r vectors: 

Ti1i2'..i  J 	—j r  = ai 	a4  4 	' J T 12' 	r 	(1.4) 
1°1 	'2d2 . rr 

Thus we say that a transformation a of GL(n) induces 

a transformation 9./%2A...Aa (r factors) in the space of 

rth-rank tensors. 

Irreducible Tensors  

The set of transformations (1.4) with a varying 

through all non-singular matrices, constitutes a repre-

sentation of the full linear group GL(n). However, the 

representations thus obtained may not be irreducible. 

To see this in the simple case of second rank tensors 

(1.3): permute the indices to obtain Tij + Tji  and Tij  - 

Tji  which are symmetric and antisymmetric respectively 

in the indices. Each of these tensors in itself consti-

tutes a linear subspace of the parent tensor space. Thus, 

permuting the tensor indices and taking linear combinations 

decomposes the space of the second rank tensors into two 

invariant subspaces. 

One can extend the above argument to the tensors of 

rank r and show(4) that the whole space of rth-rank 

tensors is reducible into subspaces consisting of 
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tensors of different symmetry. 

Next we pose ourselves a question:. how are we to 

obtain rth-rank tensors which have a definite symmetry 

type? The answer is as follows: 

To each Young pattern [X1 ,...Xn], with 	r, 
i=1 

there corresponds a particular symmetry type of tensors 

of rank r. To indicate the symmetry type of a tensor 

we shall write its indices in the boxes of the Young 

diagram. For example, for r=2, the symmetric and anti- 

EIIMI 

T 	Tij + Tji  (also denoted by T(ij)1  

= Tij - Tji  (also denoted by T[ii]) 

One can obtain them from a general tensor Tij by applying 

operators (1+(ij)) and (1-(ij)) respectively, where the 

operator (ij) stands for permutation (jj:1) and 1. is the 

identity operator. These operators are called the /Young 

symmetrizers'. For,r = 3, there are three symmetry classes 
ij  

Tli  J 1k1, T 	and 	corresponding to the partitions [3], 

[2,1] and [13]. Explicitly, they may be expressed as 

Tiik 	Tiki. 	 Tjik  + Tkji  + Tikj 

T(iik) 

symmetric tensors are denoted by T 

Explicitly, they are, as noted earlier, 

and 
	

respectively. 
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23  = Tijk + Tjik - Tkji - Tjki 

,-z T[(ii)k] 

and 

Tijk 	 Tjki Tkij - Tkik  - Tkji 	Tikj 

the operators being 1+(ijk) + (ikj) + (ij) + (ik) + (jk), 

(1-(ik))x(1+(ij)) and 1+(ijk) + (ikj) - (ij) 	(ik) - (jk) 

respectively ((ijk) is the permutation (lilt) 	In general, jki 

the rth-rank tensors with partioion [X1 ,X2,...X.k] may be 
.i 

obtained by applying to the general tensor 
Ti/12.• r 

 of 

rank r the Young Operator Y = QP, where P is the operator 

for the horizontal permutations in the diagram and Q is 

the operator for the vertical permutations. Consequently 

the tensor thus constructed will be antisymmetric in 

column indices. 

For the general linear group GL(n), the matrix 

elemantsalj  .. are not subjected to any restrictive conditions; 

so the only process of reduction of the tensor space is 

the symmetrization process which we have used above. 

The rth-rank tensors of a given symmetry, therefore, form 

the basis of an irreducible representation of GL(n); in 

other words, they are irreducible tensors with respect 

to G-14n). 

So far we have talked exculsively in the context of 
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the general linear group GL(n). However, one can show 

(for proof see e.g. Hamermesh(4)) that the irreducible 

representations of GL(n) remain irreducible when we go 

to the unitary, unimodular subgroup SU(n). 

The dimensionality of the irreducible representations  

In this subsection, we shall determine the number of 

independent components of tensors of definite symmetry 

type. Before giving the general rule, we consider some 

simple examples: 

(i) Representations with one row only i.e., [X]. 

They correspond to a space of totally symmetric tensors. 

The dimension of this representation is easily computed 

as the number of ways one can choose X objects among n 

objects allowing repetitions, namely 

n+X-1N 
d[X] = 	) 	.;(1(t1  !  1  

(ii) Representations with one column only i.e. [1X] 

(a column of length X). They correspond to tensors which 

are completely anti-symmetric. The dimension of such a 

representation is obviously the number of ways of 

selecting X objects out of n objects, allowing no 

repetition this time. Therefore, 

d[1X] = n!  
= m(n-X)! (1.6) 

(1.5) 



(iii) 	Sometimes we shall use a method (very useful 

for low values of r- the number of boxes in a Young 

tableau) which is based on the analysis of products of 

representations. For example, the dimension of [2,1] is 

easily computed by looking at the product decomposition 

t 1 0E1 =IZZEle EF 

d[2,1] = n.n(T-1)  n(n+1)(n+2) _ n(n2-1)  3! 	3 (1.7) 

Finally the general formula for the representation 

[X1 ,X2,...Xn] of SU(n). There are various methods for 

its determination which we shall not attempt to explain 

here. We merely state the result: 

- D(n-1,n-2,...12,1,07 
	(1.8) 

where 	=Xl+n . -1 and D is given by 

= (4 1k) 
Let us see how we can interpret the equation (1.8) in 

simple practical terms(5):- 

First of sll, the numbers that appear on the right-hand 

side are  	To obtain D(n-1,n-2,...,2,1,0), we n-1,n-2,...2,1,0° 

subtract from n-1 all the numbers that occur on its right and 

then take the product of the resultants. This gives (n-i)! 

Similarly (n-2) gives (n-2): and so on. Thus D(n-1,n-2), 
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...2,1,0) = (n-1)1(n-2)!...2!1! The argument is repeated 

for the numerator noting that 

1 = X1+(n-1), 	= X2+(n-2), etc. 

Example: d[2,1] in SU(6) 

214""' 	_ 7,5,3,2,1,0 
n-1,n-2,... - 5,4,3,2,1,0 

(7.6.5.4.2.)(5.4.3.2.).3!2!1!  
D(n-1 1/1-2,...) 5:41.31211! 

= 70 

the same as from (1.7). 

Alternatively, we use the following thumb rule:- 

We draw the Young tableau corresponding to the 

symmetry type of the tensor. Suppose it is 

in SU(6). We allot the boxes the numbers, starting with 

6 (dimension of the given group) in the top left hand 

corner. We fill the first row first such that the 

numbers increase in the natural order as we move along 

it. This gives Now the columns are 

completed by moving down in a naturally decreasing order 

so that the diagram looks ARM 

Next we draw another .iagram by alloting numbers 

in a different way. First the left hand box again. We 

give it the number which is equal to the number of boxes 

in the row and the column which meet there, including 
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the reference box itself (but only once). Then we fill 

the second box, the third and so on in the first row 

the same way till we have completed it. This gives 

. We repeat the argument with the 

second row starting from the extreme left corner. We 

keep doing this till we have filled the whole diagram(6)  
71/ 	31 2!/j 
3  
11 

The dimension is given by the product of the 

integers in the first diagram divided by the product of 

the integers in the second diagram. In the above case, 

6.7.8.9.10.5.6.4.  - d[5,2,1] - 5760 which agrees with 7.5.3.2.3 

direct computation from (1.8). 

Before we close this section, a word about contra- 

gradient representations. We know that, for SU(n), two 

representation$of symmetry types [X1 ,X2,...,Xn] and [XI- 

Xn'1-Xn-1,...,X1-X2] are contragradient to each other 

and have equal dimensionalities. In particular, d[1] = 

d[1n-1]. Tensorially, the representation [1] corresponds 

to a covariant tensor Ta(a=1,2,...,n). The contragradient 

representation [1n-1], therefore, would correspond to a 

tensor which is a complex conjugate of Ta, and that we 

denote by a contravariant tensor by setting the indices 

as subscripts i.e., Ta. With this notation, we can 
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indicate the adjoint representation [2,111-2] or pictorially 

n- 
a 

by a mixed tensor Tb  which is traceless i.e., 

a 	a 	I , 	

aa Tb =T Tb  - —o T n b 
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2. 	Simple Example  

Let us consider the process 

[1]1  + [1]2  -4 [1]3  + 	4 
	 (2.1) 

This corresponds to quark-quark scattering in SU(n). We 

T3 have four basic tensors Ta T
2
a 
' T3 and T4° The invariants 

we can construct out of these are 

a 	 a 
1 = (TI  T3a)(T2 T4b ) and 12 = (Ti  T 4a-1 T3b) (2.2) 

which are linearly independent. We can construct another 

set of invariants in the following way: In the direct 

product 

the irreducible tensors T(ab) and T[ab] corresponding to 

the symmetric and antisymmetric representations, respectively, 

are 

T(ab) _ _a b 	b a T  T2 + T1 T2 

T[ab] = -a b 	b a T  T2 - T1 T2 

(2.3) 

They are orthogonal and provide the scalar invariants 

11 
 = T(ab) T(ab) = 2(1 +1 ) 

and 	
(2.4) 

I!  = T[ab] 
2 	T[ab] = 2(11-12). 
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which form a linearly independent as well as 'orthogonal' 

set (here the word 'orthogonal' has been used to indicate 

the fact that the product tensors (2.3) which finally 

build the scalar invariants are orthogonal). The tensors 

in equations (2.3) are not normalized yet. If we do 

that, then the invariants (2.4) become 

II 	= 	(11+12) 

1 I' 	= 7  (11-'2) 

Therefore the amplitude for the process (2.1) is expressible 

as 

	

;(i1+I2)a12(i1-I2 )a2 	 (2.5) 

whexe, al  . represent the reduced matrix elements. 

Let us go to a crossed channel process: 

[1]1 	[111-1]3 -3 [1n-1]2 	[1]4 	(2.6) 

where [111-1 ] or [1] corresponds to a tensor Ta. In 

tensor notation, this process is of the type 

T1
a  + T

30 	
T2b + T4 

Here the product decomposition is 

Ta  Tc = Ta  Ta   

where Tc
a  is a traceless irreducible tensor of symmetry 

type [2,1n-2]. The trace Taa  corresponds to [1] symmetry. 
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Explicitly, the product tensors Tac", Ta are, 

a Tc = T1
a  T 	- 	5a T1Ta 3c n c 	3a 

and 

T,1 	1 Ta
a  = T/  T3a  or 7.3.  Tai  T3a  (normalized) 

so that the invariants in the crossed channel are 
a c 	1 a a 	1 6c Tc Ta = (Ta  T 	- — 5 T T )(Tc  T 	- 1 3c n c 1 3a 2 4a E a 

TP  T413 )  

= (12-4 '1) 
and 

Ta  TP - I ap n1 

The crossed channel process is, therefore, given by 

= (I2-11 ) pl  + n1.02 	(2.8) 

pi's being the reduced matrix elements. 

Combining (2.5) and (2.8), we obtain 

Pt.= 2(11+12)a1  + 2(I1-12)a2  

+ 1.I1  I2  

Equate the coefficients of I1  and 12  

al 	a21 	_4_ I n 
2 ' 2 = --/T "1 ' 	"2 

and 



al 

Pi 	P2 

1 	1 1-- n n 
or 

	

1 	1 
a2 	\ -1  -17 
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al 	a2 
2 - 2  

The simultaneous solution of these equations gives the 

crossing matrix 

• 

[2,1n-2] [in] 

[2] (ni;:l  

[1,1 n+I ] ---- 1 

We may summarize the procedure in the following 

words: From the tensors which define the given process 

a+b-->cfd, we form all possible invariants I's by 

contracting the tensor indices in all possible ways. 

These invariants are linearly independent. Next we con-

struct product tensors corresponding to the irreducible 

representations through which the process can proceed. 

We must make sure here that the tensors so formed are 

properly normalized. These tensors provide another set 

of invariants A's which are linearly independent as 

well as 'orthogonal'. The process a+b-->c+d is, therefore, 

expressed as linear combination of A's i.e., aiAi. 

We repeat the argument with the crossed channel 

a+c-4b+d and obtain piBi. 

Finally we note that 
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aiAi  = piBj 	(summed over i and j) 

because after all what one is trying to do is to construct 

a scalar 1 in the product Ti 0 T2 co T30  0 T4d  by factorizing 

it in different ways i.e. 

T4d)  (4® T2) 0  (T30  0 T4d) and (TTI 0 T30) ® (T
b  mto 2  

The third factorization one can do would correspond to 

the u-channel amplitude a+a-->c+E. Equating I's (which 

are linearly independent) in aiAi  = p.
JJ
B., we obtain a 

set of simultaneous equations the solution of which 

gives the desired crossing matrix. 

NOTE: 	The phase of a's and p's is arbitrary. We 

shall adopt the convention such that, when reduced to 

SU(3), it agrees with De Swart (). 
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3. 	Consider a process of the type 

[3] + [2,111-2] 	[3] + [2,111-2] 	(3.1) 

or using tensor notation 

T(abc) 	T 2d 	T(apy) 	T48 

	

1 	e 	3 6 

Note that it is an SU(n)-analogue of 56+35 	56+35 in 

SU(6) (Baryon-meson elastic scattering, if we follow the 

popular convention of the particle assignments). The 

invariants one can construct are the following: 
= T(abc) T 	

T e  1 	1 	3(abc) T2e 4d 

= T(abc) T 	T  d T  e 

	

2 1 	3(abd) 2e 4c 
(3.2) 

1
3 = Tabc) T3(abd) T 2: T d  4e 

= T(abc) T 	m  d 
4 	1 	3(ade) T e  4c 

and 

To construct an torthogonal' set of invariants, 

consider the product decomposition: 

[3] 0  [2,1n-2]  = [5,1n-2]  

or pictorially 

 

[3] (3) [4,2,111-3] 0 [2,1] ak 

 

g .T = TMCI:3
k 	

T 	 ) T9117®  TEVIE  (3.3) • n 9 	 0  
the lined.  indicate contraction of indices to be done. 

1 
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Dimensionalities  

To determine the dimensionalities of the various 

irr.reps., we can use the formula (1.8) or alternatively 

proceed as follows:- 

dim. TCEII = ! n(n+1)(n+2) 	(from eqn.(1.5)) 31 

n2-1 

dim. T 	= dim TC:11 	(3.4) 

The two tensors in eqn. (3.4) differ only in their 

explicit structures. 

dim. TCDED13  = dim. (Tri-FrIx T-) - dim. 	3.5) 

4,n(n+1)(n+2)(n+3).n - 4.1 n(n+1)(n+2) 

= 4:1(n-1).n(n+1)(n+2)(n+4) 

dim. T 	= dim. TEP' 

1 = 
3-n(n-1)(n+1) 	(from eqn.(1.7)) 

Finally the dimension d of the tensor TEA. " can be 

obtained by using the fact that the dimensionalities of 

the two sides of eqn. (3.5) should be the same i.e. 

2-1)  = ilnkn2_, 4ln(n+1)(n+2) x (n2-1) = 	+ 

1 	1 	2 71n(n+1)(n+2) + d + 3.n(n -1) 

dim. 
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= 4ln(n+1)(n+2)(n+3) + d + 3n(n2-1) 

(using eqn. (3.5)) 

dim. Tr =8n2(n+1)(n-2)(n+3) 

Structure of the tensors  

Now we construct, explicitly, the product tensors 

of eqn. (3.3) in terms of their constituents:- 

(aba)_c 	 (bca)_ 	_a 	 (caa)_ T5T0 	T Ta  T Ta  T Ta  

(abc) (say) 	(3.6) X 
(abc) 
X 	• is an irreducible traceless [3]-tensor occuring 

in [3] C) [2,1n-2]. 

Tr:0=T represents an irreducible traceless tensor 

of symMetry type 	 . [5,in-2j1 Explicitly, it is expressible 

as 

..0 
4.* 

T(abc) Td 	T(abd) Tc 	T(acd) 1:1) 	T(bcd) Ta  

AS:(T(abc)  Tda  + T(abd)  Tc  + T (acd) Ta
b) 

- .A.8(m(aPc)Td  + T(ar3d) 	T(tcd)  Ta  

- Aoce(T(aby) T  „sd 
+ T(ayd) ,b , " T(byd) ,a 

Y  

d (abp5) c 	-(ac5) mb + m(bco) TS) - A5e(T 	Ts + T 	18  	X 	X8) (3.7) 

We have subtracted all possible traces so that the tensor 
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becomes manifestly traceless. To determine the constant 

A, demand (say) a-e trace to vanish. This gives 1-nA--3A = 0 

or A = 775. We may, therefore, rewrite (3.7) as 

Tlitli _ T(abcd) 	1(oa (bcd) 	b (acd) 
e - n+3\ e X 	+ 5e X 

oc (abd) 	od v(abc) ) 
e' 	e 

where x(abc) is taken from eqn. (3.6). 

(3.8) 

corresponds to an irreducible traceless 

tensor of symmetry type [2,1] occuring in the direct 

product [3]0 2,1n-21  and is described as 

T 	= T(aba) Tc 	T(bca) Ta EF,°  a 15. 	 a 
 

[(ab)c] 
• X 	(say) 	(3.9) 

Finally the [4,2,1n-3]-tensor given by TEF2  
0 

Evidently it has got two types of traces in it - one 

corresponding to the contraction T 	and the other 

• And the two traces have the symmetry 

types [2,1] and [3], respectively. 

Therefore, 

T 

T T(abc) Td 	T(dbc) Ta 
e 

_'A(oa 
A  
,(bcd) - Sed  ` e 

x(abc) ) 
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- B [5ae( x[(bc)(1] 
	x[(cb)d]) 	obe(x[(ac)d] 

X 
[(ca)d])+5 9. [(ba.)d]_0( ,[(bc)a] 	x[(cb)a])  

et.X' 	4-,?c 	I 	e‘ A 

_(*x[(dc)a] 	X[(cd)a]) se( 
x[(db) ] 

X
[(bd)a])] 

where x
(abc) and x[(ab)c] are taken from eqns. (3.6) and 

(3.9), respectively. To determine A and B, use a trace- 

lessness condition e.g., demanding d-e trace to vanish 

gives: 

0 = _T(abc) ma 	A( x(abc) 	n  X(abc)) 	B[,(_,L14. _La  

(x[(bc)a]+ 
X + X [(cb)a]) 	( X[(ca)b] 	[(ac)b]

) + 

( x[(ab)c] i_ x[(ba)c])] 

Equating coefficients of T(abc) Ta  and T(aca)  Tb  we a 

obtain 

0 = -1-A(1-n) - B(-2n-4) 

and 

0 = -A(1-n) 	B(n+2) 

so that 

B= 	 3(n+2) 

Thus 

T[4:E1  

	

T(abc) Td 	T(dbc) Ta 

	

e 	 e 
1 	

O
a X (bcd)_ 3(n-1) e 

se 
(b) e. x ac N  

I 	
3(n1+2) Lee.(x[(bc)d]) 
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X
[(cb)d]) 	38b( x[(ac)d] 	x[(ca)d]) 	oe( x[(bc)a] 

X
[(cb)a])] (3.10) 

NORMALIZATIONS 

Now we determine the normalization factors of the 

product tensors in (3.6), (3.8), (3.9) and (3.10) one 

by one. What we shall do is to select a particular 

component of the tensor and work out its normalization. 

The result is independent of the selection of the 

component. A judicious choice, however, makes things 

simple. 

For T1 	1  I i I = T(abc) d m  + m(abd) Tc 4_ m(acd) T-b 

	

'e 	' 	e 	' 	e + 

T(bcd) 2a - e traces 

select a:-.- ;  = =c=d and e=2. All the trace terms vanish so .4.:,, 	..,. 	 ... 
that the 

Tensor = 4.6.T(111)  T2. 

norm.2  = 16.36. 

T(abc)
Td 

m(c) For TEFtT 	db Ta 
e - traces 

put a=1=b=c, d=2 and e=3. This choice makes all trace 

terms vanish and therefore, 

Tensor = 6T(111)  T - 2T(112)  Ti  

	

3 	3 

norm.2 = 2.(36 + 4.3) = 2.48 
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The factor of 2 takes care of the fact that the selection 

a=2, b=1=c=d and e=3 also gives the same tensor component. 

Let us consider now 

  

T(aba) 
'a - T(bca)  Ta  a 

  

  

Putting a=1=b and c=2, we get 

4.1 2T(11a)  T2 - a 
T(12a) m1 

2T(11a)  ( 2 _ 	82 	( - T(12a) 	- 	51 tp\  = 	ta  

	

n a pi 	`aria pi 

(from eqn, (1.9) 

	

2[3T(111)2 4. m(112)( 	T(113) 
1 	' 

... (n-2) terms] 

42T(112)(411 	2T(122) ,1 	
" 
m(123) 41 

	

Y2 	3 

... (n-2) terms] 

6T(111) 	2T(112) 1 1 + 2T(113)
3  +...  

n-2 terms 

+ 2T(112) 	- 2T(122) ik:12  - T(123) ...(n-2) terms 

norm.2 = 2.(36 + 4.3 + 4.3.(n-2) + 4.3 + 4.3 + 

6(n-2)) 

= 2.18(n+2). 

To determine the normalization factor of x(abc), put 
a=1=b=c so that 



= 6[3T(1")  

T(112) „IA 
2 

3T(111)( 1,2+  
2 ° • °+ 4.(rin)  

+ 	(n-I) terms] 

„r1 n-1 
z1° n 
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(abc) = 2.T(11a)  TI  + 	a 
2.T(11a) TI 	2.T(11a)21 

a a  

= 6.T(11a) TI 
a 

= 6.T(11a)( t1 - 1 a n 

6.[3T("1)( 

8Ia  1) (from eqn, (1.9)) 

+ T(112) 1,1 n p. 2 "' 

(n-1) terms] 

norm. 2 	36[9(n1-11)2 	92(11-1) 
n 

(n-1)3] 

= 36.3.(11-1)(in+3)  1  

'Orthogonal? Invariants  

Knowing the explicit structure of the various 

irreducible traceless tensors corresponding to the product 

representations and also their normalizations, we are in 

a position to write down the 'orthogonal' invariants 

correctly normalized: 

T T 1 
36 	

(T(aba) mc - m(bca) 4.6).  
(

. 	
n+2) 	.L.a.L. 

(T(abp) TIC -P T(bcp) Ta)  

I  
18(n+2) (13-14) 	(3.11) 
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TE14191110. • 
x(abc) x  

108(n-1)(n+3) 	(abc) 

n 	0(m(aba) Tc 	m(bca) 4,c 	T(caa)Tb)  
108(n-1)(n+3) 	a 

c TP + 	TP 

	

x(T(abp) 	T(bcp) T  a  + T (cap) b)  

	n  

	

= 36(n-1)(n+3) (13+214) 	(3.12) 

Tr E07- TO 	_ 	1 [-T(abc) Td 4. m(abd) mc _,_ 
CD 	11-1—r1 - 7r:77  - 	e ' 	'e ' 

	

T(acd) Tb 4. T(bcd) ma 	1 [ 5a y(bcd) + e 	-Le 	n+3 	e ' 

8b X(acd) + 8c x(abd) + 8d x(abc) ] 1 e 	e 	e 

Td _i_ m 	me 	e 
xEabc) Td ' '(abd) 'c + T(acd) Tb + T(bcd) Ta 

n+3 [
8e x 
a 	(bcd) 	5-1!) X(acd) 	X(abd) 

sd X(abc) ]1 

= 11 6.757 [4(11+312) - n  3  (13+214)] 	(3.13) 

It is important to note here that when we multiply two 

irr. tensors (which are complex conjugates of each other) 

to form a scalar, the trace part of one multiplied with 

the whole of the other does not contribute. This is 

simply because a scalar can be obtained only from the 

product of an irr. representation and its complex 

conjugate, and not from two different ones. 



1 [T(abc) Td 
e 

X(bcd) - 

x[(bc)d] 

(x[(ac)d] 

m!dbc) Ta 

5d X(abc)) 

/(cb)d]) 

x[(ca)d]) 	- 

(5a 

[5a 

3(n-1) 

3(n+2) 

35t,  

X[(bc)a]  

Finally 

TL313  . 
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+ X[(cb)a])]] 

	

e 		1  
D Td 	

(5e
(abc) 	T(dbc) Ta 	3(n-1) 	a 

Ae 
X(bcd) - 'd 

e 
X(abc))  7n-77 5 - [ a 

( x[opod] +X  [ cb)d]) 	35t( X[(ac)d] 

X[(cOd])  - 8d( X[(bc)a] 	Xjacb)a]] 

8 - 37i777  (13+214) - 7777  

(13-14 )] 	 (3.14) 

(S-U) Crossing Matrix 

To calculate the Crossing Matrix for 

[3]1  + [2,111-2]2  

[3]1  + [2,1n-2]4 

+ [2,1n-2]4.... 

+ [2,1n-2] 

S -channel 

U -channel 

the U-channel amplitude is obtained from the S-channel 

by interchanging [2,111-2]24.>[2,1n-2]4  
° ' 

i.e 	by the 
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transformations 

1/-41i , 12-413, 13-412  and 14.-414. 

The Crossing rels. are 

- 16I. 3e [4( 11   7  2' 	n+2 (
T  
31

OT  
4)J 

 
al 

48 
[(I 1  _12  ) _ 3 1;1 1  (13+214) 	(1 -I )1a 3(n8 	+2) 3 4 2 

108(n-1)(n+3) ° 	_ 	 3(I-+21.)a 4 	18(n+2) (13-14)a4 

1636 
[4(I 	

12 	ri 
1+31 3) - n3(12+214)]pi  + 	1 -I3  ) 

\in 3(n-1) (12+214) . 	3(n
8  	(T
+2) k'27'

T 
 41JP2 

+ 	 108(n-1)(n+3).3(12+214)133 + 18(n+2)(12714)134 

(3.15) 

Equating coefficients of Ii , I2, 13  and 14  we obtain 

the following set of equations: 

4 , 
"1 

a1 

' 
, 1 4-1  p 

"2 

8 	\ 

16.36 

12  

77 a2 - 	
4 	R 

11 

16.36 	"1 

- 	
-12 

'48 

n  

"1 16.36 48 '12 16.36°n+3 + i$(3 n-1 3(n+2)
,,

fl-'2 

3n 1  + 108(n-1)(n+3)133 + „  18(n+2) 134 

1 -12 	1+  /  -1 	8 	3n  
77777'n+3 .1 	48k 3(n-1) 	77777T'a2 	108(n-1)(n+3)a3 

_  12 	1 
18(n+2)a4 	16.36 131748 132 
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+ 	6n  
108(n-1)(n+3)a3 

1 	1  -24 	i I -2 	8  la 

	

18(11+2)a4 - 16.36%1+3 	+ 48'777=77 + 777777"2 

6n 	1  
108(n-1)(n+3)133 	18(n+2)134 

The solution of these gives the crossing matrix given in 

table II (put X = 3 there). 

t-channel amplitude  

Let us now study the t-channel of our baryon-meson 

elastic scattering in SU(n) i.e., 

[3]-1  + [3n-1]3 	[2,1 ▪ [2,1n-2]4 

It corresponds to the process 

baryon + antibaryon 	2 mesons. 

Let us first write down the product decompositions for 

the initial and the final states: 

[3] x  [311-1]  _ [6,3n-2] 1. [4,2n-2] I. [2,1n-2]  

[3n] 	(3.17) 
and 

[2,111-2] x [2,1 [4,2n-2] + [3,1n-3] + [3,211-3] 

,2 	A 
▪ L2,1

, ] 	[2,111-2, 
jD  [2,1n-2]F 

+ [3n]. 	
(3.18) 

or pictorially 

1 -24 1 ( 	-2 8 
16.36' n+3 + 48`3(n-1) )a 3(11+2) 	2 
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Trr-r-r. = 	+ TErrii+ I 	I 	1171 

Tax T° = TC:C1+ 
CID 

However, the transition 

Trn TE1 
Li 

is possible only through 

[4,2n-2], [2,1n-2] D,F and [3n] representations. 

In SU(6), these correspond to 405, 35D, 35p  and 1 

representations. In SU(n), their dimensionalities are 

dim.[4,2n-2] = 4n2(n-1)(n+3) 

dim.[2,1n-2],),F  = 

and 

dim.[39 = 1. 

The explicit structure of the common product 

representations in (3.17) and (318) is given below:- 

= T (aPY)  T 	lt 
300Y) 

contractions) (3.19) 

T1(aPa)  T 	
1 A 	16y) , 

3(apb) - 7 ula). 	
( 

	13(apy)) 

( 2 contractions) 

a X i!: (say) 	 (3.20) 

Tit 	 =T (aab) T 	x13 + oa xb 	ob Xa  
Erl+I 	I 	3(acd) 	d c c d 

8b xa\ 	Di8a 8b 	8a 81:7 .(T1(apy) m  
d Ci 	-U \ C d m  d 	'3( aRY')  

(3.21) 
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In order to determine A and B, use a-c trace = 0 so that 

0 	T(aab) 
T(aad) 	(n+2)A Xbd  - (n+1)B6bd(T(a11)T(apy)) 

Taking b/d gives A = 4_7and if b=d, then B = 	 
n(n+1) 

T17  tau =T a TP 213 4a 

T2p T4bP  +T2bP Ta 4p - 

t at. ( say) 

=T a TP -TT a  2p 4h 2bP  41 

(3.22) 

2 .a.(T  a 
E 'ID` 2(3 T4a ) 

(3.23) 

(3.24) 

and 

a b a 	 a +m T +T T +T T = T2c T4d 	-2d 4c
b 	

2c
b 
 4d 	2db  40 i 	I 

	

-A (
6a vlb 	6a ,,b , 610 x-a 	b 	a 

	

c ^ d 	d'c' cd + 5d  x'd 

(8ac'obci  + opiD(ITPcx) -B 

Using a tracelessness condition as before, we get 

1 Al = 	and B1  = rin+1) 

(3.25) 

We now attempt to determine the normalization of these 

representations:- 

T 	: Putting a=1=b and c=2=d gives 

norm.2 = 16. 



1 	2 	3 4 ...... n 
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Substituting a=1=b and c=2=d, 

Norm.2 = 144(n+4) 

1 : Norm.2 = (36)2  . 1 n(n+1)(n+2) 

Finally 

T(aPa)  T(40  - trace 

= T(41)  T 
	

(for a=1 and b=2) 

When we carry out the summation, a variety of terms 

appear with different coefficients. The situation is 

best depicted by the following table: 

1 	6.2 	2.2 	2 	2 	2 

2 	2.2 	2.6 	2 	2 	2 

3 	2 	2 	2.2 	1 	1 

4 	2 	2 	1 	2.2 	1 

n 	2 	2 	1 	1 	2.2 

a and p define the terms in the expansion and the entries 

denote their coefficients. 

2- 	- Norm.2 = 12.5.2 + 42.).3.(n-2) + 223.6.4(n-2).2.+ 

43.3.4.+36.(n-n-2).4  = 2.62(n+2)(n+5). 
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T1 T. - TP Tl b 2 p (putting a=1 and b=2) 

(t-1 _ 151 
(3 	n p -116c)( 	- 	200) 

= 	_ ,113 
p 2 	p 

norm.2 = n+n = 2n. 

(using eqn. (1.9) 

Tap =T T 	13 m a 
dg 	2P 4h T2b _,40 -trace term 

= T1 Tp + 	Tlp (putting a=1, b=2) 2 

= ( 1-113  -  '/43.5 	Icc(c)( 	-ri4 	( ~ns  ira) 

( -1 
-1_151 ta) (from eqn. (1.9) 1- n 	a 

2 
_ 2 1,1 .1ra 	2 ,

Tr
a 1-(1 

2 13 	n 	2 'a - 	-a ""2 

_ 1 1 2 1 2 
- 	,1,2(1--27)+ 	t2(1-17) + ( 	+ 	n-2 terms) 

1 

	

t2 t-..11(1-.T4)+ 	,k12(1-24) + ( 	+ 	n-2 terms) 

_a 1t 3 
n t2( t3 +... n-2 terms) - 2-21( q+... n-2 terms).112 

norm.2 = 4.(1-i)2 + 2.(n-2) + 4.(n-2).2 = 14(n2-4). 
n' 

TV  \ : 
LL.4 

a p T
2P 

T
4a 

2 
norm.2 = n -1. 

Tfyi. = T(aab) Tk 	- trace terms , acd)  



TTI1  L=  T((aPY) T3(apy) 

= (T aPa)  T 3(apb) 	44Y) T
3(aPY)) 
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The orthogonal invariants are: 

b +m b T y_ 2.A b T yT  8\  x (T2Y m a '4y 	'2y 4a 	n'a 28 4y1  

2 = (Io+I3  --nI ) L 

(44a) T3(apb) 1 Aa T(aPY) T
3(aPY)) 1 

b 

	

m  b m  8\  
2a 48 - '28 '4' 

= (12-13). 

Tom= (1(aalo) m  trace terms) x [T "3(acd)- 	2a 

d 	 d c + m  cm 	T  d c 	1 oc T4b + T 2aT   4h 	'21D -1- 4a 	2b
T 
 4a 	n+2 	a 

ddccd 	8d ,,c\ 	2 	(8c,sd X'b + Oa  )013 + 510,Xi a  + bA a) n(n+i)  k a0b  

AcAd\ T  Ym Pi 
ub'al 2P-1- 4yi  

= 4(14 -.12+13+(n+
i (n+2) I1) 

Here we omitted the normalizatioh factors for conceniencels 

sake. 

Thus for the CS-t) crossing matrix i.e., 

[3] + [2,1n-2] 	[3] + [2,1n-2] 
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[3] + [3n-1] 	[2,1n-2] + [2,1n-2] 

the crossing relations are: 

1 	 [4(1 +31 ) - 16.36 	1 	2 	n+3 (I3+2I4)]cc1 

[(II-12)  _ 747  (13+214) 	3(2+2)(I3-14)]a2  

108(n-1)(n+3)* 	 3(1_+2I4)a3  + 18(111.4.2)(13-I4)a4  

= 	 14717. 	41 4  -11_11-F 2  (12+13) 	(n+)(n+2)I1]P1 

617(n+2)(n+3)* /2(n2_ 4) ' (I2 4- 13 - 
2 
I1 )132 

 

(35D  type) 

	 1 
(35F  type) 

1 °I1 134' 	(3.26) 
-1 

The resulting crossing matrix is given in table III (put 

X = 3 there). 

6h[2(n+2)(n+ )°77ff°(12 - 13)133 
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4. 	Now we study the processes which correspond to 

baryon-baryon and baryon-antibaryon scattering (elastic) 

i.e., 

[3]1  + C312  --> [513  + [3)4 	s -channel 

[3].1  + [3n-1]4  --> [3 	 13  + [312 	t-channel 
or tensorially 

T abc) + T (def) .....> T (
3
apy) + T 4(.776) 

-(abc) 
Ti 	+ T 	 + T2(def) 4(77E) -4 T3c6")  

The invariants are 

I , T(abc) T 	m(def) 
I 	3(abc) '2 	T4(def) 

T 
12 

= T
-1
abc) T

3(abd) '2 
(def) T4(cef) 

m  
13 

= T
-1
abc) T

3(ade) '2
(def) T

4(bef) 
and 

(4.1) 

I4 = T (abc) T 	T(def) 
4 1 	3(def) 2 	T4(abc) 

The product decomposition for the s-channel is 

[310 [3] = [6] 9 [5,1] 9 [4,2] 9 [3,3] (4.2) 
or diagrammatically 

 

MI 

 

0 ME = albjcIdielfl 

   

Here we have, for convenience-sake, represented tensors 

by the symmetry their indices have. Their structure in 
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in terms of the constituents (T(abc) and T(def)) is not 

difficult to find: 

14Acidjelfj  = 2E: (abc) (def ) 
where the summation runs over all permutations of the 

indices a, b, c relative to d, e and f; involving from 

each set one, two and all the three indices at a time 

ioeo, it is an operator of the type 

1 + (ad) + (ae) + 	+ (ad)(be) + 	+ (ad)(be)(cf) 

so that, explicitly, the tensor becomes 

= (abc)(def) + (dbc)(aef) + (ebc)(daf) + (fbc)(dea) 

+ (adc)(bef) + (aec)(dbf) + (afc)(deb) + (abd)(cef) + 

(abe)(dcf) + (abf)(dec) + (ade)(bcf) + (aef)(dbc) + 

(afd)(ceb) + (bde)(acf) + (bef)(acd) + (bfd)(ace) + 

(cde)(abf) + (cef)(abd) + (cfd)(abe) + (def)(abc) 	(403) 

To calculate its normalization, putalbcdefso that 

tensor = 36.20. 	(111)(111) 

Norm.2  = (36.20)2. 

lAAADI  	 : To obtain this tensor from (abc)(def), 

we need to symmetrize a, b, c relative to d, e followed by 

an operation: 1 - (af). This gives 

= (abc)(def)+ (adc)(bef) + (aec)(dbf) + (abd)(cef) + 

(abe)(dcf) + (ade)(bcf) - (fbc)(dea) - (fdc)(bea) - (fec) 

(dba) - (fbd)(cea) - (fbe)(dca) 	(fde)(bca) 	(4.4) 

Let a-1-b-c-d-e and f=2 so that the tensor becomes 
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120(111)(112).6 - 12(112)(111).6 

Norm.2  = 722.6.2, 

Symmetrizing a, b, c relative to d in 

(abc)(def) followed by an operation: [1 - (ae)][1 - (bf)] 

gives 

* (abc)(def) + (abd)(cef) 

- (ebc)(daf) - (ebd)(caf) 

- (afc)(deb) - (afd)(ceb) 

+ (efc)(dab) + (efd)(cab) 	(4.5) 

Putting a=b=c=d=1 and e=2=f so that the tensor becomes 

12.(111)(122).2 - 4(112)(112).2.2 + 12.(122)(111).2 

Norm? =(242.3.2 + 162.9)4= 242.10.4. 

Finally 

= (abc)(def) 	(dbc)(aef) - (aec)(dbf) - (abf) 

(dec) + (dec)(abf) + (dfb)(ace) + (aef)(dbc) 

- (def)(abc) 
	

(4.6) 

Here the Young operator we used was 	- (ad)][1 - (be)] 

[1 - (cf)]. To determine the normalization let a=1=b=c 

and d=2=e=f so that 

tensor = 36(111)(222) - 	4(112)(122) 	3 	+ 	4(122)(112).3 

- 	36(222)(111) 

is Norm.2  = 72.2  8. 

Now we are in a position to write down the linearly 

independent, orthogonal'  invariants. The results are as 
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follows: 

[6] x [6] = 20.(Ii  + 912  + 913  + 14) 

[511] x [511] = 12 (Ii  + 312  + 313  + 14) 
	

(4.7) 
[4,2] x [4,2] = 8 (II  - 12  - 13  + 14) 

and 

[3,3] x [3,3] = 8 (Il  - 312  + 313  - 14) 

where tilda ,,, denotes a contragradient representation. 

Here we have not yet included the normalization factors, 

this is deferred till the final step. One thing is note-

worthy at this stage: the numerical factors that occur 

in equations (4.7) are precisely the number of terms 

in expressions (4.3), (4.4), (4.5) and (4.6). In fact, 

while constructing the invariants, one only needsto know 

the multiplication of one term. 

So much for the s-channel. In the crossed channel, 

we already know the results for the product representations 

[4,2n-2], [2,1n-2] and [3n] (see section 3). The 

explicit structure for [6,3n-2] is given by 

= T(abc) T4(def) 	
Atoa 

1 	d ef 0•• 9 terms) 

- B(Spbe 	000 36 terms) - C(qed5; + 	36 terms). 

T1(aPY)T4(apy). 

By demanding various traces to vanish, one obtains 
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1  
A =B - 	 and C = 

n+4' 	2(n+2)(n+3) 	6n(n+1)(n+2) 

and by putting a=1=b=c and d=2=e=f, 

Norm.2  = 362. 

The orthogonal setof invariants is: 

[6,3n-2] 0  [6,3n-2]  18  I - 9  I 1 	n+4 2 + (n+3)(n+4)I3 
6  

(n+2)(n+3)(n+4)I4 

	

4 	2  [4,2](51 [4,2] = I - 	I + 2 	n+2 	3 	(n+1 )(n+2) 14 

[2,1n-2]0 [2,1n-2] = 13  - 	i 

and [3
n]rD [3nTi'l= 14. 

The crossing relations, therefore, are as follows: 

= 	
° 

, 20(1 1+912+913+14)al  + 	1 0  .12(1,+3,+ 
(720)' 	 (72) 	' 
313+14)a2  + 	 

	

(24)lo 	' 	(72$8(11-  

312+313-14)a4  = 1--(I - —2— 	18 	
I (36)2 1 n+4 2 	(n+3)(n+4)3 

(n+2)(n+3
6  
)(n+4)I4)  P1 r  144(n+4) °(I2 

2 	1  
(n+1)(n+2)I4)P2 + 72(n+2)(n+3) (13414)133 + 

31  
(36)2n(n+1)(n+2),I4  134 	(4.8) 

Table I gives the resulting crossing matrix. 



- 40- 

5. 	In section 3, the irreducible representations we 

took were of the symmetry types [2, 1n-2] and [3]. The 

latter corresponds to a Young tableau_ of three boxes in 

a row. Let us see if we can generalize by taking a row 

of arbitrary length i.e., 

[x]1 	+ 	[2,111-212  

[x]1 	+ 	[2,1 n-2 ]4  

we consider 

L 	J Fxl3 	[2, 	in-21 
' 4 

	

[X]3 	+ 	[2, 	1n-2]2 

s-channel 

t -channel 

X being an arbitrary number. The invariants one can 

construct are: 

(a/a2...a,) 	a 	@ I1  = T 	' " T(ala2...ax) T2P T4a 

(a a 	a a I 2*** N-1 x 
12 = T  T/  

X p 
T2  p T4ax  

(a
1 
 ...ax-la,) 

T, 	T4 4
p 

X T 	(5 .1) 
b 

13 
= T 0.1... a 	bx) 	2  

(al...ax_2ax_ial) 
14 = T 	T 

bx 
T2ax_i  T4ax 

The Clebsch-Gordan series is as follows: 

or 

1n-2]= [X+2, 1n-2] 6) [X+1, 2, 

[X] E) [X-1,1] 

1n-3] 0 

(5.2) 
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T1"-  --- 	/ TC]  = Ti 's 
	1J  

0 C:I D  a 
T C/211: 	T UI  

0 
their explicit structure being 

Tiii___.4 	
b 	FT 	b 

____
T
(al 	

' T
...al) a„

"
1  _ 1  (Sal  x(a2...ax+1)  

	.,„ 2. 	 -X ta 	 (5.3) 
a, „(ai a3.. .ax+., \ 	 ax+1 	(a,...ax ) 1  

+ 5b' X 	11  + ... + .5 	X 	) 1   b 

where summation runs over permutations of a1 , a2, '" ak 
with aX+1 

and 
3c(ala2...ax) = 2(a1...1' x_1  a) ax 	(axa2...ax_1a)_ 

Ta + T 

Tat 	(al...aX-2aN.a) a 
Ta

X-1  Ta + 	+ T (5.4) 

i I 	1.! 	Ta 
2(a1a2...ax_la) al + T(aXa2...aX-1a) pi 	"  er_ 

   

a1 Ta 

 

T(al...a,a)T
a
a,_, 

a),a, (axa2...a)_al 
'a' 	 la 

(5.5) 

   

T(al 

  

   

0 0 • (5.6) 

    

ax )Tax+i  
b 

(al _Lia2...al) al  
T 	 ' 	Tb 

   

• • • 

0 

  

-A(5.1) 1  
a, 

X ` 
(ao 	axax+1) ax+i x(a2...axa1))  

8b 

Sal( [(a
2...ax)ax+4] [(a.9...ax)ax+1] 

-B b   X 	+ X -I  

[(a 	X a x  3...a2)ax+1] 
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+6a2 ( x[(a13'..aX)aX+1 ] 
b ` 

+6NI 
X[(a1...a

X-1 )aX+1 ] 
b` 	+...+ 

x
[(a

X3
..a

1
)a

X+1
]
) 

x[  (aX-1 ° ° •al )aX+1 ]
) 

+...+ 

.1 	[(a 	a a 1] 2°°° X')  

- b

ax+
6 	( X 

-8
a 
2( X

[(ax+i  . • .ax)ai  

„5aX ( x[(a  X+1".a  X-1' )a  1 

+ 0 . 0 + 

+. 00 + 

X
[(a

X
...a

2)a1 ] ) 

x[(axa3 ...ax+1)a1 ] 

 

 

   

or 

	

(a1 ...a) X+1 	(aX-L.12...a) a1 Tb 	T ' 	
a, (ao... 

Tb -
b X ' 

aX+1 ) - 8ax+1 (a2...a01)
) b 

x  [ (a2  ...ax)ax+i  ]+. x[ (a3a2...ax)ax+i  ] 

Lfb 	 +... 

x[(axa3...a2)a, +1  )] 

+x 	
[I5 :

2 x[(a1 a3...ax)ax+1 ] 	a 	[(a a 	a )a 	1 ▪ 6  3 x 	1 2*** X X+1- 

a, [(a1 ...ax_/ )ax+1 ]] 
+...+8b X 

„sax+1 [ x [(a2...ax)al] 	x[(a3a2...ax)a1 ] 
+.00+ 

	

x
[(a

x
...a )4] 
	

(5.7) 
where 

[(a a 	..a..)ax+,] 	(a,a2...axa)
X+1 1 2° 	A 	 (a

X+1 )C 	= T 	Ta 	T 
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ala) T
a' 
	

(5.8) 
The constants can be checked to be 

A = X(n-1) and B = X(n+X-1). 

NORMALIZATIONS  

For TD0111011101et a =1=a2=...=ax+1  and b=2 so that 

= h! (A+1) T(11-1)TI2  

•• Norm = [(X+ 1)!]2  

: putting a1=1=a2=...=ax, we get 

X T(11...1a) ml.(," - 1)! -La  

x! T(11...1a) ( ,1 - 151 
la n a 1c ) 

= x!  [x(14) T(11...11) 	T(11...12) IA +  
*** 

n  
(11...11)(,,2

2 	
0] — T m  

Norm.2  = (M)2[0(14)2+(n-1)X+122(n-1)] = '-1.0.02(n-1)(n+X) 
n 

TET:=31110: put a1=1=a2=...=ax, ax+1=2 and b=3 so that 

=x! T(11...1) 	_ (X-1)! T(21...1)T1 
3 



-44- 

- Norm.2 = 2.[(X!)2 + ((x-1)!)2.x] 2(X!) 2 1+x  A 

The factor of 2 is introduced to take into account the 

possibility of choosing ax+1.1=a2=...=ax, a1 =2 and b=3. 

1;-77? let 1 =1=a2=...=aX-1'aX=2  so that 

	

= T(11...1a) m2 (1 _4)1 	_ T(21...1a) 	
" 
( . 

Ta
1 1 _2), 
' 

	

= (x_1)! T(11...1a)(t2 	I R2 Ira)  _ T(21 ...1a) 

	

a 	n 'a a/ 

- ;17 81,a, /).(7‘.-2)! 

= T(11...11) 2 t+[(X-1)! T(11-13) 	 ... 

	

'1-2+ 	n-2 terms] 3   

(x_1)1  T(11  ) - 2(x-2)! T(21...12)1 2 

	

1 	I a) -[(X-2): T(21—'13)  t"; + 

...n-2 terms] 

Norm.2 = 2.[(X!)2  + ((X-1)!)2. .(n-2) + ((X-1)!)2.X.2 + 

4((X-2)!)2.x' 2-1)  +((T.-2)02.X(X-1)(n-2)] 

2.(X!)2.n1-1  

the factor of 2 being again indicative of two possible 

ways of constructing the tensor component. 

'Orthogonal' Invariants  

( , 
TI-L- T111  	= ET

(8.1...ax) 
TaX-1-1  + T

al+la2...a
"
) Tat 

b "' 
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1 	a1 (a2...aX+1)  4. 5 a2  (a1  a3 ...aX+1) , - n+X(5b X b + 

aX+1 	(al...a,) 
X 	A )] + b  

T. 	+ T(a x (al...ax) .ax+1) X+1a  2—a X)  

Tat 'a1  +...+ T(a.aX-1aX+1)  TaX
) 

I 
n+X (°a1  X(a2...ax+1) 	6a2  x(ala3...ax+1) 

+ 8 	X( aX+1 	al°°°aX
)). 

 

(X+1)(I1+X 12) - 	(I3+(X-1)I4).(X+1)X 

(5.9) 
(a ...a 	a 

[T 1 X-1  
aX (ala2...ax_la) 
Ta + " 

1 +...+ T (a1'
..aXa T

a 
aX-1] Ta  

Ta  

	

x[T (al...ax_ia) 	T(axa2...ax_la) ax  

a T
i
+...+ T(a1...aX

a)Ta aX-1 

	

= x(i3+(x-1)I4). 	 (5.1o) 
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T~~
(a4 ...ax_la) al 	(ala2...ax_ 4 a) 

. 	- ET 	' 	Ta" - T ' 	' 

a 
Tat ]. 

xET (ai...ax_i a) 
Ta - aX 

T (axa2 ...ax_14 

Ta ]. a1 

(5.11) 

    

(a ...a ) 
T C7 = ET 1 	X 
97:=D 

a
X+1 Tb 	- T 

(ax+1a2 ...ax ) T 	 
0 

  

  

al Tb - trace terms] 

Tb 
Tat 

x (a1'—a) a
X+1 	T(aX+1 a2—.aX) 'a1 

(ob y 
- 8b 

TTH:T) 	al Na2...ax+1) 	ax+1 X(ai...ax) ) 

N(n+x-1) 	[ al
( X[(a 

2°..
a 
x)ax+1 ] 

x[(a3a2-.-ax)ax+1] + 0-4- X[(axa3...a2 )ax+1 ] ) 

8b X 1-X * (5a2 XE(a1 a3...ax)ax+1 ] 	a3 	[(al...ax), 

y 

ax+1 1 	*** 	uax -[(a1 ...aX-1 )aX4-1
]) 
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b _6  
ax+1 	[(a2...ax)ai  ] + X [(a,3a2...ax)a/  ]. 

+...+ X [(ax...adai  ) 

2(11-12) 	x(2.1).(13+(X 1)14) 

(X2-1)(13-I4) 

2  
X(n+X-1)* 

(5.12) 

So much for the s-channel. The u-channel is identical 

with it except that the tensor 2 and 4 are interchanged. 

This demands following changes among the invariants: 

I1 _ I1, 12-413' 13-412 and 14-4140 

so that the crossing rels, are: 

- 	
11)!]

2 [(X+1)(Ii+XI2) 	n+ - 	(I3+(X+1)I4)(X+1)Xia1  

X  2  (1 I 	1  
(X+1)(xW [ 1 2) , 	x(n...1)*(13-FX-1)I4) - 

x-1 1_2  XAn+X 	(I-1) 	3-I 4) a2. 

	• [X.(I3-1(X-1)I4)] a
3 
+ 

(X!)2X(n-1)(n+N) 

	 [I-I 
(x!)-(vt+x-1) 
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1 	 [(X+1)(I1+XI3) - n+X.'(1 2+(X-1)I ) [(X+1)!]" 

x(x+1)] pi  

1  
(x+1)(x!)2  [(11  13) 	x(n—i)o(I2+(x-1)I4) 

(x-1)2 (I -I ) 	p2. AAn+X-1) 2 4 

n 
.X(I2±(X-1)I4)133 	(x!) (n+X-1) (X!)2X(n-1)(n+X) 

(12-14)f34. 	(5.13) 

For the crossing matrix, see table II. 

Let us now look at the (s-t) Crossing matrix 

[x] + [2,111-213  -4 [X] + [2,1n-2]4. J 

[xn-1] 	[2,1n-213L  + 1-21n-21 
J 

s -channel 

t -channel 

The product decomposition for [x] 	[xn-1 ] is  

TO 	If I  T 
11 

T. 11+ • ose•••• 

      

or 	[x] 	[xn-1
] 
 = [0] c)  [2,1n-2] () [4,2n-2]  (0 ••• 

Explicitly, the product tensors are 

T(al...ax) 	

(al...ax) 
(X contractions) 
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T 	
) 

r.T 	' 
(a...ax.../a,A T 
	1 aX _ 8, 

(X-1 contractions) 	
(al...ax_lbx) - 11 ox  

T
(a/ ...a) 

T(a/ ...a) 

T 
(a1...aX-2aX-1aX) T 	T(al...ax_2bx_lbx) 

(X-2 contractions) 

A 
 (

aX-1 	aX 	a 	a 	ax  
X 	+ 	X-1  X X  + 6 

, 	a 
X
b
X a--1  Sal X-1 + X b b X 	X 	X-1 

al-1 Sal 	
al_„ a, 	(al...ax_24) 

-B (610X-1 bX 
+ 6101; ' b 	T 

X-1 

T/ 

1 	1  where A = 	and B = n+2 	n(n+1) 

The product tensors from [2,1n-21 j 	[2,1n-2] are 

already known (see section 3). 

The invariants are: 

(al  
(T (a1 ...a1_2bx_lbx_2) 

- traces) 

x ET X-1  T X  
bX-1 bX 	+ T bx 

	
TbX-1 + T 	T 

bX bX-1 
ax + TaX 

Ta X-1 	aX-1 al 	al aX-1 

bX-1 	bx 	bx 	bX-1 	bX-1 

T 
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1 (6bX-1 b bX-1 b 
n+2 ` 	,sc ax + 	+ 5 X 	x

b
X-1  + 

	

aX 	aX-1 	a X-1 	aX 

O
b
X x

bX-1) aA  ax_i  

b%-1 b 2 	(,s 	x 
n(n+1)`'aX-1 (5aX 

+ 8
ax 	

8a
X-1

) TS(  Tic3c] 

1 	-2I )4 	 T 	 4 = 41 	.(1 4 - n+22+13-171 1  . n(n+1)*"1* 2 = 414-1777 - 

(12+13) + (n+4(n+2) il° 	(5.14) 

(al...ax_lax) 
T) 	i k 	t • T Q= (T 	T 	- trace) rr—A-1-1  11.1

L
1 	(ai...ax_i-x) 1,  

b 
x (T 	Ta  + T 	m a bX 22bX Y A  a, aX 	aX 'a 	7uax  T3 

   

= 	(I2+13  -14I1) 	(5.15) 

= (T(al...ax_lax) 
T, 	- trace) kal...ax_i bx) 

  

  

  

  

    

x(T ' Ta  - T(1  TbX  a aX  a 

= (12-13 ) 	 (5.16) 

(al ...ax ) 
T(a ...ax). Ta  TP = a 	I1. 

(5.17) 
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The crossing relations are: 

1 	[(x+1)(Il d-u2 ) - TA.(13+(x 1)14 ) 
[(x4-1)!]2  

(X+1)X]al  

(x+1)(x02 [(I12) 	x(n_1  
1) .(I3+(X-1)I4 ) - 

 

(13-14)Ja2  n+X -1 

	  [X.(I3+(X 1)14)]a3  + 	X-1  
(X!)-

2  
X(n-1)(n+X) 	(X!)2(n+X-1) 

(13-14) a4. 

4tiMi 
ri 

 4 	n1+2 (12+13)  (n+1)(n+2)*I43131 

	 r 	-1 ip2  
741712(n1L4).-I2+  3 nk 

+-. 1  .777.(12-13)133  + ,47.7;.11.134. 

where MI , M2  and M3  are normalizations squared for the 

representations in eqns. (5.14 - 5.17). We first solve 

for a's in terms of pls. Then, to determine the 

normalizations M's, we use an indirect method i.e., 

we use the symmetry properties of the crossing matrix 

(5.18) 
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(see section 6): 

M = 4(n+1)2(n+2)2(X 

	

1 	n++1) ' 1 
A.(X---1) 7+.1 

- 2(n+X): 	and 

	

M2 	2 X-(n -1)(n-2)!(X-1)! 

(ni-X-1)! 	. dim.[.]. M3 - Wn-1): 

; 
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6. 	Properties of the Crossing Matrices(8)  

In this section, we study the symmetry properties of 

the crossing matrices on the basis of a simple method. 

The method relies on the knowledge of the symmetry relations 

of the Clebsch-Gordan (C.G.) coefficients. 	We, therefore, 

confine ourselves to the group SU(3) where the C.G. co-

efficients have been explicitly investigated in detail(9). 

Nevertheless, the results obtained are presumed to be quite 

general. 	The reason is that as one goes to higher symmetry 

groups SU(6), SU(12) etc., no essentially new feature arises; 

the SU(3) group being already neither ambivalent(10)  nor 

multiplicity free. 	Thus proceeding in exactly the same 

way as for SU(3) one can define the C.G. coefficients and 

derive their symmetry properties. 

Consider the following reactions 

H 	H 

+ 43 	+ 44 
X  	X 

µ1 + 	> p,3 + µ2 

The matrix elements of the transition amplitude in channels 

I, II and III are(7) 

( 3  4  44 1 141 42 )  
v3 v4 vl v2 

= 
	f ( 3  44 4a )( 41 

v2
4  N3) FI 

„ v3  4  	v 40 
4w - 

vl 2 
af3 

II 

III 



7)2 	v1+ 4  la  f3  
4 

4 44 
(3  v v 
) 4 

4 143  4 4 2 v 

)(v1 

 v 1 2 
v
2 	2 

I HI 
F F 
µap fl t a t p l  

4a 
x
4 

 v v4 

4f a t 

V t  
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ux " 	u "x 	v 
i "2 '41 	"3, = 	( 42 44 4:a 1(41  4; 4'a',  II 
k_ 	F _ ) 

v2 v4 	vi V3 	- v v v 	v
1 

- v3  v 
t
v

t 	2 4 	 4
F 

1a/P/ 
atpt 

and 

(43 421041 4)  
= v3  -v21 - fv1  -v4'  

µ' 
	'2 µ" 
 art u"a" 41  )( 

v
3 

-v
2 
v" i v  

421 4"a" III 

v 	v 11  )F ilnanwr 

Then it follows that 

v v 	v 
1 2 3 4 

444 
( 3 	ly 	IF 
3 -4 1  

41 42) I 	
VI  V

2
/ 

2 

Vi 11,--) 4 a 

/ 41 42 4f3  / 	
)F 

41 42 4'13' N 	x/  b 	b 	b 	kv 	)k7) 	F 
aa

t 	
vv

t 
 44

i 
 1 

7, 
 2 
 7, 	

1 2 	40 µ, a'13 1  

or 

	

) 	(41 42 'IP\(11I 42 413' 	I 	xI 

1 	\V Vn  V 	V ) F 	F 

	

v
1  v2 "-v 	

1 a 	v2 v2 	40 40' 

b
uy 

 F
I 2 
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We repeat the argument with II and III; and then, noting 

the fact that the three amplitudes differ from one another 

only by 

N L. 

a phase 

IF I  

factor, obtain 

M4I I 
F  II 

2 

2 

I 	= µad war p,  
4aP 	 4 P 41? a  I 	!fit 

(6.1) 

where 	N
4
, M

4
, 	and Lµ„ denote the dimensionalities of 

the product representations in the channels I, II and III, 

respectively. 	Since the reduced matrix elements for any 

of the two channels are related by a crossing matrix, e.g., 

II 
(4aP IP (41,42/43,44)i 4faliV) FWatpt 

we find 

	 NP. 
a P W a l p l 

 

2 v___t 	II  2 

= IF I 
p.latpt}1. 	µ'&13r 

 

II 
WaPIP (41,42,43,114 )14raW)FWalf 

Or equating coefficients 

. 	N(4aP IP (41,42 ,43,44) 14 1 a 1 P 1 )(4aP IP (41,42,43,114)142c437) 
PaP 

=Mr 51 	 Sa r a ntt 	 ar ” 1-1,   	P P 

we may rewrite it as 
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M4(13II) 	(PII)  µc0 µ"a: 4a13  

On taking the transpose, 

= Mµr 5RI /I t? bate bptp” 

(6.2) 

(p ) M 	Il i a 
PaP 4  

,µap(PH)  n 	
_ 1 6  

epn,443 	µtµ" tiar afl6B 1 B 

(6.3) 

The relations (6.2) and (6.3) may be recognised as 'Column 

orthogonality' and 'Row orthogonality' relations, respec-

tively. Both of them may be collected in the statement 

that (f3 Mµt 	II) µaB,µtalB' 
defines an orthogonal matrix. 

All these remarks are also true for the matrix B III 

which connects I and III channels. 

One may derive some more relations among the matrix 

elements by going to particular cases. 

Before we proceed to do that, let us note that 

(4aPIPII(41424344)t4ta'P') 

1 ) 	(-1 
4 

v1v2 v3 vk 
inn 

P-1424' 43//44a 1/1  4;//V 	4/141"Ltal  
)( v 	)(_v vv, 	) viv2  v v3v4v )( 1- v3 	2 4 

(6.4) 
and 

(4aP 

1 

IP 	(µlµ2µ 
III 

µ4) lea"P") 

7;2-7,4 41424P (_,) 	( 
'v-i/A2v 

4 4 4a 	4 	14PM" 4 	04"an  )( 	3 	4 	)( 	1 	--, 	1( 	3 	2 	N  
`v3viiy ``vi-vily 	'‘v3-v2 v 	1-• 

(6.5) 

= N11 
 ” 	1, 	71 

1" 2 - 3' 4 
vvft 
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I. 	Rearrangement of terms yields 

N4(4aPIP (41424344)14 r aW) = m4t(4W taIP
II  

(41 	121'4)1 4° ) 
16.6) 

and 

N4(401P 	(41424344)I4na"P") = L III 
If "P"1P (4144

III 
34)1443) 

(6.7) 

II. Performing the crossing of the particles twice gives 

us back the original situation. 	Therefore 

7- 

(4aPIP 611424344)141 a 1 P 1 )11101 P IIP (1114;414)14"a"P") 
4 f a li31 II 	 II 

and 

= ?I  5 u  5 u  
44 aa PP (6.8) 

(4.0 	(4 4211 44 	a f3 	
/II 

1 )14tt1)(4V 'aIP 	(44 4 4x)I4"a"P") 
Iltatpt 	

1 	3  

 

= 640 6aa" 5pp" (6.9) 

Elastic Processes 

  

Let us now consider an elastic process 

41 4. 	-* 4'1 + 42 

The crossing matrix BIII  can be written as 

 



µa 
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(I-LaP IPIII   (41P'2P'3JL2)  1 4'afP')  

( i)7)2-74(11142413 4111211a)(111 44'°'41 432-ttal  
,v v v ,)(, v v 	,,v _v Vi 	, 

)(,
v _v vt 

v
1
v
2
v
3
v
4
v 	1 2 	3 4 	1 4 	3 2 

Then the sum of elements of a row corresponding to a 

particular µ 

L_ (4apip (41p24142 )illialpf) 
wa l p , 	III 

(-1)7;174(1112 (
111112a

)6  V v1v2v v3 Vil y 	
1

V3 oV 1/ 
2 4 vi v2  v3  v4  

(putting a' 	pi i.e., omitting columns with different 

a' and PI) 

= 5
af3 
	 (6.10) 

Next we consider another summation 

Nµ (4aa  IP 	(41424142) 1 
III 4a 

= 111(41aWIP (414414)14aa) L_I 	 III µa 
(from equation 6.7) 

L4, 	), 	
1 N 3 4(  1 -2 	\( 1 2 	1(  1 2 	\( 1 2 	) 7 -7  4 e4I PI  4 04tal  4 P 	P 4 4a 

(--L 	1v _V VI 	‘v
3
_v2v1 	‘17 

 1
v 
 

2v ‘v V V 
1 4 	 1 2 v

l
v
2
V
3
v
4
v  

7 	4x  4PT  (_1)  1 2(  1 2 . ‘(1 42 
`VI  -v2  v' 	' 7,1 -712 

4ta, 
) L 



-59- 

1 if µt  = 1 

 

  

(6.11) 
5a 1 p I L f if 	/ 1 	(Choosing I2 = 0 = YI  so 

that the phase disappears) 

  

From equation (6.4), if 41  = 1 then vI  = v
3  and 

V
2 
 = Vh so that 

(11aPIP (111112111112)11) 
1 	2( 	1  ( 	) ( 41424P41424a41 411  Li  (-1) %v

1
v
2
v i‘v

1
v
2
v i‘v

1 
 _v 
1
0) 

viv2v 

42 42 1  ( 
%-v v oi 

1  

2 2 

= 	(_1)v  1H+v  211. 	1  

,ap ITT 1 2 

(6.12) 

where we have used 

(II 
-V 0/ 

11 . 
(-1);4;11 1  

‘V  
14Ti; 

vH  being quantum numbers of the highest eigenstate in the 

irr. rep. 

Finally 

N 
4
(µaa 0 (R111211142) I µlaW) 

II 

X X 
M 	P (11141112112)111aa) (using equation (6.6)) 

5. -7 p 41'P' 	µ4µ µ1 a' P-1,4a 11 10
1 

a 
(-1)2&̀ v

a
-vvt  )(-v 	vt 

)(vvv  )(vvv 
  )MµT 	i3 	 24 	12 	 34 

4a  v1v2v3v4V 
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73-1 	 u•T 	( 	" Pox  
= 	m (_1) 	-( 	) 

1- 	_ 
V1 	V1  v 
	\' -V 2 v2 

vl 2 

+). (_1) 1H 2H.VR1g2.5(4t,l) 

R f a l 

v , 	) 

(6.13) 

Further, if, in addition to the process being elastic, 

either of the two representations 41 and 42 is self-

adjoint then from equation (6.9) 

2 
p 	= 1 
III 

Also from equation (6.7) 

N4(pIII )4c0,41a , p , = 4f(PIII)platpt,44.  

(6.14) 

(6.15) 

To summarize, the matrices exhibit the following 

properties:- 

(1) 	
NP 

X44 ,X44 ft  =MIEl P 
 fT, 

X - I  s 
	 M 	4 4 4714 	N 	j̀fa" 

PT 	' 

These orthogonality properties are true for all crossing 

matrices. 	Here we have adopted a general notation X for 

a matrix. 
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(2) 
(a)  

L 
/N4 X

44 1 
 =M

4  t 
 

4 
7 
) Xµµ, 
	

1 

These are valid when the processes are elastic (i.e., of the 

type [r] + [v] --* ['r] + [v]) and the crossing matrix re-

lates Channels I and III (see e.g., table II). 

(b) If, in addition, either of the two representations 

[r] and [v] is self-adjoint, we have additional symmetry 

relations: 

X T. 	44
f X 

 4 4 
ff 

N4 X44 
 = Mµ, Xµµ (no summation) 

(3) For cases which are elastic and connect Channel I with 

Channel II, 

X t 	_1 	for µ' = 1 
44 	VTic 

N4 X44  t 
	VRV7C . 5(1',1). •  
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7. 	Crossing matrices  and 6j-symbols 

In the previous sections, we were able to calculate 

some SU(n) crossing matrices. 	However, they were limited 

in scope, for one could obtain them only for particular 

symmetry types. 	The most generalized crossing matrix 

would be the one which involved representations of arbitrary 

symmetry types. We have not been able to achieve anything 

like this so far. 	The first step towards the ideal solution 

would be to determine a crossing matrix for a process of the 

type [A] + [4] --> [A l ] + [µ1 ] where each representation is 

a one-rowed representation of arbitrary length. 	This would, 

besides other things, completely solve the SU(2) problem 

i.e., for arbitrary angular momentum or isospin (SU(2) in- 

volves only one rowed representations). 	But, unfortunately, 

the procedure, in practice, gets involved and it is not at 

all easy to keep track of the symmetry. However , an 

alternative approach in SU(2) provides a simple and straight- 

forward method to do this(11)1 	The method is as follows: 

Consider a 2-body process of the type 

i1 + i2 > i3  + 4 

3 + i2 > i1 + 4 

where the is and is represent particles and anti-particles 
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respectively with the same isospin.. The crossing matrix X 

is given by(12) 

v(i1+m1)+(i3-m3)i1i2i i3i4i  i3i2il <il X li t > = 	(-1) 	c 	
Cr 

L_J 	 m1m2m  m3m4m cm   3m2m 
m1m2m3 
mom' 	 i

1
i
4
i' 

x Cm 	1 	(7.1) 
- 1mm  

where the usual notation of the C.G. coefficients of SU(2) 

has been adopted, m's being the magnetic projections of the 

isotopic spins ill. Using the well known symmetry properties 

of these coefficients(13), (7.1) becomes 

<1 X i'> = (-1)
(i1+i2-i)+(i2+i3-it) 

 

(2i t+1)  

  

   

V(212+1)(2i +1) m1m2m3 
mkm 1 

• • 1 • 	• 12 

	

131 12 	i, i i t  iiik  i_ii.i.i 
x C 	C 	j-  C 	C -I  

mm1 m mmm mtm 3 	2 	2 1 - -1m4 m3m4m  

Or using the definition of a recoupling coefficient 

(i,+in-i)+(i t +i3-i2)+2i 
= (-1) j- 

	(2i'+l)  

V(2i2+1)(2i4+1) 

X < 

2i+21 	11 
(-1) 	3.(2it+1) 

{i3 

(6j-symbol) 	(7.2) 
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Thus we note that a crossing matrix element in SU(2) is 

nothing but a 6j-symbol along with a numerical factor and 

a phase; to evaluate it we need only consult the well-known 

tables of these symbols(13) 

So far we have considered only 2-body processes. 	It 

is worthwhile to note that the above discussion is easily 

extended to the case where there are more than two in-going 

and/or outgoing particles. For instance the crossing 

matrix for 

i1 + 2 

I3 + i2 

> (13  + 	+ i5  

i t 	 N > (il  + 10 + 15  

is expressible as a product of six C.G. coefficients, the 

brackets on the right hand side indicate that the inter-

mediate states arise out of the coupling of i3, i4  and 

il' i4  in the first and the second channels respectively. 

Using the symmetry properties of the coefficients as before, 

one can express the crossing matrix element in terms of 9-j 

symbol. 	If one were dealing with more general cases, one 

would come out with higher symbols 12-j, 15rj etc. 

Fortunately all the. higher symbols are expressible as a 

summation over the product of 6j-symbols. 	Thus, knowing 

6j-symbols, one can write down the most generalized crossing 

matrix elements for an arbitrary spin or isospin. 



7 ' 

YI.Y2v3 
vt  

Y 

72+173(1/v2
v 1...1)
7)(4 

3 

3
1, v

3)(41 11347  

1 2 	1 3 

41-YLIPI )  
-v
2
v
4
v1 v -v v ? 	)( 
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The discussion in the previous subsection concludes 

that, so far as the group SU(2) was concerned, the determi- 

nation of the crossing matrices was complete. 	This was 

made possible because of relationships between crossing 

matrix elements and 6j-symbols, and the fact that these 

symbols were already evaluated numerically. Now we ask 

ourselves: Can we do a similar thing in higher groups, say, 

SU(3)? 
	

The answer is 'no', not because we can't relate the 

crossing matrices with the symbols, but because these sym- 

bols are not yet evaluated. 	However, making use of SU(2) 

arguments a partial simplification for the expression for 

the crossing matrix can be achieved. 

The crossing matrix in SU(3) for processes 

P'2 	-> 43  + 44, 

is given by (see section 6) 

(4131,1x1p,V7') = 

where v  and -v stand for (I Iz  Y) and (I,-Iz,-Y) respec- 

tively, 	. Iz  + 	, and 3, 'y, pi  and y' indicate 



-66- 

c 
muitiPlipies of the product representation. 	Using the fact 

that an SU(3) C.G. coefficient can be split up into an SU(2) 

C.G. coefficient and an isoscalar factorWO; and then as 

before replacing the SU.(2) part by a recoupling coefficient 

or a 6j-symbol, the expression becomes 

(i_tpylxip.1 13'71 ) = 

(µl 
lY 

P, 	
W 1 	3 	• 

112mix113 44 1PP P 	P17  12Y2  IY IY I4Y4 	i i 3 3r IYI1/4I Y I -Y I'Y')  
IlY1I2Y2I3Y3 

1 1 2 2 	3 3 
 

YI'Y' 

2 	114 I PTP' 	( 1)  x (I2-Y2 IYIVY"
) x 

 \--' 
Y
2-Y3  .4,t+Il) 
2 	x (2'7+1) 

4 

(7.4) 

Here the summation over isoscalar factors has yet to be per- 

formed. 	In practice, using relations between different 

elements of the crossing matrix together with a judicious 

choice of (I,Y), we can save a lot of labour. 

For the sake of completeness, we derive here a re-

lationship between a crossing matrix element and a recoup- 

ling coefficient. 	First of all, we define, by analogy with 

the coupling of three angular momenta, a recoupling co-

efficient in SU(3) arising out of three unitary vectors 

µ 	µ2 and µ3 
resulting in 4 the following way: 



(41 P2  43  /1  1 = 
‘v1  v2  v3  1(//14 4  )( 2  

u 
2 3 v v 	) 2 1 3 

(±) 
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<(41P2)412a'r13;PP/P1'(µ2/13)P23Y;11" 

(µl µ2 
P12a

1 
2 	PP 1'1' 113 )(PP  3 \( 2 4  23 

)(
P  1P23P5\  

" 	" v L 	4-1-” 2 v12 	11121)3v 	v 2v 3v 23 	v].. -  23v/  

vl v2 v3 
v12 '23  

(7.5) 

where µ12  and 423  are the intermediate vectors. 	OnEi can 

also introduce an analogue of a 6j-symbol say a 64-symbol in 

SU(3) as 

riLl P2 412a] 	1  

	

P   <(Pa42)1112a'43;143/111'(4243)11237;45> 
113 5 P237 	1/N12'1423 

(7.6) 

which, it is easy to see, remains invariant (save for es 

the phases which occur in the symmetry relations of C.G. 

coefficients) under the usual 24 symmetry operations. 	Now 

to express the crossing matrix element in equation (7.3) in 

terms of a 64-symbol, we use the following symmetry properties 

of the C.G. coefficients: 

(ii 
+Y1 iz 5,  4, p;3  x  p,2

xy \ 
= 	2 41142P3 )(-1)

I 	

• N2 • vl - v3 -v2  i• 
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X H X 

(iii) 	 = 	3W111,211.3)(!1:
1  
1  _:2

2  _
113
v3 

 11) 

and obtain 

1431/1X14/13171) 	NITI3 . 	
P 

111 P17  ( 
P2 	44 t/ • 41') 2 (-1,1-1,111') 

3 3h)l ) 	pl µ2p.4  ) 2  (444p ) 3  (w2µ' ) • 

(7.7) 
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[6,3n-2 ] [11,2n-2 ] [2,1n-2 ] 

-(71+231-in2+3-1n+1[) 
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) 
 (n+3) 

-(n-5) 

n(n+2)(n+3) 

-2(n+•) 
(n+1)(n+2) n(n+2 ) (11+3-) 

Ln+5) 
(n+2) 

-)(n+3) 
(n+1)(n+7 

6 
iirn.727 

[3n1 
 

n(n+1)(n+2) 

-3!  
ncn-F1 (n+2) 

n(n+1)(n+2) 

riti1+1 (n+2T 
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Table I: Crossing matrix for the system 

[3)/  + [3]2 	[3]3  + [34 

[3]1  + [311-1 ]4 	> [313  + [3n-1] 
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Table II: Crossing matrix for the system 

[A]i  + [2,1n-2 ]2 

[A]i  + [2,1n-2 ] 

--E--> [A]3  + [2,1n-214  

	> [A]3 + [2,1n-2 ] 

[A+2,1n-2 ] 	[A+1,2,1n-3 ] [A] 	[A-1,1] 

n 	nA(n-2) 	n 	(N-1)  
(n+A)(A+l) (A+1)(n-1)(n+A-1) (n+A)(n-1) 	(n+A-1) 

(n+A+1) 	A(n+A)(n-1)+1 	-n  
(n+A)(A+1) (N+1)(n-1)(n+A-1T A(n+A)(n-1) 	7(n+A-17 

n(n+A+1) 	-n2  (n-2) 	n(A-lqn+A)-X2  -n(A-1) 
(n+A)(A+11- 7+1)(n-1)(n+A-1T A(n+A (n-1) 	(n+A-17 

Sn+A+1) 	-In-2T+LL 	-n 	 n 
(A+1) 	(A+1 (n-1 (n+A-fT ATITITT 	

_ 
 

[A+2,1n-2 ] 

[A+1,2,1n-3 ] 

[A] 

[A-1,1] 
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Table III: Crossing matrix for the system 

+ [2,1n-2] 

 

> [A] + [2,1n-2] 

 

Lid 1.. [0.-1] 	[2,1n-2]  + (2,1n-2]  

[4,2n-2] 
	

[2,1n-2]D [2'ln-2]F 
	[3n]  

[A+2,1n-2] 

[A+1,2,1n-3] 

[A] 

[A-1,1] 

-n 
z1 

n+A+1  
z1X 

n2(n+T+l)  
,z1 

.-111E±)(n++1)  
z1  ?\(A -1) 

n-2 
z2  s/n2-14 

-(n+2A) 	-1 
z2  1/n2-1+ z2A  

02-2)(111.2A) -n 
z2 1/17774-  

(n+A)  
z 1/72:7 z2"X 

1 
z2 

where 

z2 4(n+1)2(n+2)2(n+A+1)!  
1 	(A-1)(11+3)!A! 

2 2n(n+A):  z - 2  -X(n+1):?‘: • 



PART II 

NON-LEPTONIC DECAYS OF HYPERONS 

AND UNITARY SYMMETRIES 
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INTRODUCTION: 

The weak interactions are distinguished from the strong 

and electromagnetic ones not only by their wriakness, but 

also by the breakdown of various symmetry principles. 

For instance, they do not respect parity invariance, charge 

conjugation invariance, strangeness conservation etc. 

Nevertheless, they exhibit regularities of their own. 	A 

mere glance at them indicates that they can be divided into 

two broad classes: those which involve leptons (electrons 

muons and neutrinos) and those which do not. 	The classifi- 

cation scheme is as follows: 

I 	LEPTONIC 

(i) Muon-decay: µ -N,e+v+ v 

(ii) As = o: n p + e + u, µ p 	n + v 

µ + v etc. 

(iii) As / 0: K > µ + v 	A > e+ v +p etc. 

II NOM-LEPTONIC 

A 	N + n, 	-> N + n, 	--> A + n, K 	2n, K 3n 

etc. 

According to the V-A theory, the Hamiltonian for weak 

interactions is of the current-current type: 
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where J. is a current sum of a leptonic part Ji  and a 

hadronic partJ . (which operates on strongly interacting 

particles): 

Ji  = J + J. Ji 

The leptonic part Jf is expressible in terms of the electron, 

muon and neutrino fields. However, it is generally not 

helpful to express Jis explicitly in terms of the baryon 

and the meson fields, since the interference of the strong 

interactions prevent any conclusion being drawn from such 

an expression. 	Different approaches have been used to 

gaininformationonJ.s: (i) Study of selection rules of 

Jis   J. in respect to quantities which are conserved by strong 

interactions. 	(ii) Dispersion relations and (iii) Con-

served Currents. 

In the case of non-leptonic weak interactions where 

only Jis  are present, things are worse because the confusion 

caused by the strong interactions among all the particles 

involved is at its worst. 	Here the usual approach is to 

characterize the parts of the current Jis  by the quantum 

numbers which are conserved in strong interactions. 	If, 

however, some quantity is not conserved, we can inquire 

whether the violation assumes a simple form. 	This is pre- 

cisely the case in the hyperon decays. 	Strangeness and 
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isospin are not conserved. 	However, the violation occurs 

in a very elegant manner - the decays satisfy the following 

rules: 

6II = 2 ' 	ks 	1. 

The possibility of AS = 2 transition is ruled out by 

the absence of the mode 

n + T7 

which is at least 200 times(1) less frequent than the normal 

mode 7 -> 11+ It. 	An indirect but more stringent evidence 

against AS = 2 comes from the K1 - K2 mass difference
(2). 

If a K°  R' transition (allowing for AS = 2) were directly 

permitted in the lowest order of weak interactions, this 

would bring a mass difference of the order of 1-10 ev. 

The observed mass difference is however much smaller, of 

the order of 10-5  ev and is understood in terms of second 

order K° K0 transition. 
1 The Al — 2 selection rule(3) though has no satisfactory 

theoretical justification, can be put to various tests ex- 

plained below.. In what follows, we shall confine our- 

selves to the decays of hyperons only (24 A, El). 

Consider the A-decay modes ys. ---> p + ii and 

1 On the basis of Al = -f  rule, the charged pion decay ampli- 

tude should be V-2-  times the other. 	Hence the decay rates 

0 
A --> n + TC . 
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should be If 	2 	
2 

Nrg+a)  1 

(1- Jac) 	
where a measures the 	isospin state. 

The experimental branching ratios4'5  fully agree with the 

1 7  prediction and show that a < 0.05. 	This is 

further substantiated by the fact that the polarization 

properties of the two decay modes are the same. 

The three amplitudes e p+n°, E+  n+n+  and 

1 E- 	n+n, on the basis of 	= -f  rule, satisfy the 

relation (in the standard notation). 

(lower indices refer to the emitted pions) where each ampli-

tude is a two component vector, one for the s-wave and the 

other for p-wave.6  The rates are found to be almost the 

same5 so that the three rector amplitudes form an isosceles 

right triangle with 1-2-  Ea  being the base of the triangle. 

Since the asymmetry parameters a for E+ n+n+ and 

-> n+n are nearly zero, both the amplitudes lie along 

the coordinate axes (not the same axis) in the s- and p- 

plane. 	Therefore the third amplitude lies at 45°  to the 

axes and thus the arittropy coefficient is almost unity. 

Experimentally, it is -0.90 ± 0.25(5). 

Finally we mention a-decays LE 	A+7t and 7,r° 	jo-n°. 

should be in the ratio of 2 to 1. 	If we allow for the 

aI 2  = 	transition as well, then the ratio of the two rates 2 
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AI = 1 rule predicts ;'> 	- 1 I~ which is in fair agreement 

with experimental values5,7, though some AI = 3 admixture 

is not ruled out because of uncertainty in the determination 

of the go  lifetime. 	Also there are several estimates for 

the asymmetry parameters and they are not inconsistent with 

, the AI .12:- requirement 4E 	o(7) ) ) = a0E  

In summary, we say that there exist3a fair amount of 

evidence which confirms the AI = 1 rule. Even the known 

deviations from the rule cannot be regarded as a definite 

evidence against it. 

1 Having thus accepted the ZNI -f- selection rule for 

the pionic decays of hyperons, we pose ourselves a question: 

can we make use of some higher symmetry principle in order 

to know more about these processes? To answer this question, 

we seek guidance from what has been achieved in the field of 

strong interaction physics. 	In the recent years, a number 

of symmetry groups have been suggested - SU(3), SU(6), U(6,6) 

etc. 	We attempt, in the following chapters, to exploit 

these in the study of our weak decays. We approach the 

problem in two different ways: In Chapter II, we try to 

write down a phenomenological Lagrangian, assumed to trans-

form like some appropriate members of the regular represen- 

tation of the group. 	However, this in itself is not suf- 

ficient to he able to make predictions. 	We, therefore, 
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further assume CP-invariance and Current-Current picture 

for the interaction in so far as it tells what the 

Hamiltonian transforms like. 	Chapter I studies a dynamical 

model. We adoptthere a pole approximation scheme and 

calculate Feynman diagrams, assuming that the strong 

vertices are group symmetric and the weak ones transform 

like the regular representation of the group. Symmetry 

breaking is introduced through mass non-degeneracy. 
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CHAPTER I 

Dynamical Model 

1. 	Pole Approximation Scheme 

In this chapter, we intend to discuss the non-leptonic 

decays of hyperons on the basis of a simple dynamical model 

which is due to Feldman, Matthews and Salam.. 	The model 

assumes that the decay amplitudes are dominated by the pole 

terms. 	(The diagrams on page .1.03 give the pictoyial 

description). 	The idea is not a new one. 	The famous 

Goldberger-Trieman relation9  (between the strong pion-

nucleon coupling constant, the weak axial vector constant 

and the lepton decay rate of pion) was shown to arise directly 

from the pole term in the dispersion relation for the ap-

propriate matrix element of the derivative of the axial 

vector current10; and the pion decay rate thus predicted 

was found to be in excellent agreement with experiment. 

The idea has also been extended to the leptonic decays of 

the strnage particles(11) 

Several authors have tried this pole scheme using 

different experimental data and/or making different assump- 

tions about the contributing poles. 	For instance, Bose 

and Marshak(12) studied the decays with RA-parity odd. 
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Singh and Udgaonker13  omitted K-pole diagrams and, using 

some known information, concluded that the decay mode 
+ 

n+TE proceeds via s-wave and the various coupling 

2 
g7r.' g

2 
 TE 

constants are related: 
62271 5 	g

2
mn . 	they NNAZ  

had subjectedtheli,different sets of solutions to the test 

that 'all strong couplings be comparable with each other'. 

Later, Pati14, with more accurate data, found that one 

could not draw any definite conclusion about the relation- 

ships between the various coupling constants. 	(He obtained 

three possible solutions and no symmetry consideration 

favoured one particular one). 	Neither could one choose 

between whether z 	n+n+ proceeds through s-wave or 

p-wave'. 

Sugawara15 went a step further by introducing SU(3) 

symmetry. 	We shall, following him, assume that the strong 

vertices are scalar invariants in unitary symmetry whereas 

1 the weak vertices transform like !S 13 = - -f  , AS = 1 

member of the regular representation. 	Taking due account 

of the baryon as well as the K-meson poles, we shall cal-

culate D/F ratio, various coupling strengths and decay 

rates(16) 

2. 	Basic Assumptions 

Consider the following decay modes: 
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A p TE 

+ p + n 

4 n + n
+ 

4  A + it 

To write down their amplitudes, we make the following 

assumptions: 

(i) The decay amplitudes are dominated by the baryon-

and the K-pole terms. 

(ii) The two-fermion weak vertex (Y B) satisfying 

A 	
1 I = rule is represented by 

f (ayB 
	byB) 	(Y - hyper: n, 3 - baryon) 

where the unknown constants a's and bl s are relatively real, 

provided that the time-reversal invariance is valid. 	That 

time-reversal invariance imposes the reality condition on 

the coupling constants was first noted by Biedenharn and 

Rose17. 

According to assumption (i), we shall treat K meson 

pole and the baryon pole on equal footing. 	Some authors12' 
13,14,15,  in their analyses, neglected the K-pole contri-

butions on the basis of an estimate of (Kit) vertex made by 

K21Oneda et all8. 	This estimate assumed that K1 - K2 mass 
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difference was due mainly to a single boson pole. However 

there does not seem any justification for restricting one-

self to a single pole; and, in fact, it can easily be seen 

that, on taking more than one pole (e.g. n and 7719), no 

upper limit can be assigned to (Kit) coupling constant. 

Secondly, in Unitary Symmetry. (which we shall assume for 

the strong vertices), the K-meson couplings can be of the 

same order as the 7-meson ones. 

3. 	Decay Amplitude and decay rate  

If we write the Feynman amplitude for the decay as 

TY4B+7 = 1:113(AY4f37+ 175 BY7106.7)uY 
	(1) 

then the decay rate, following Schweber20, is given by 

WyB4.71 = (27)4.47t5(m
Y-EB-E7 TY4B+71  

2 N2 12 N  
'77 (27)9 q

B dqB 

the normalization factors N and N' for the initial and the 

final states respectively and the density 7 of the initial 

one-particle state being: 

N = 1, 	N = 
mB  

2EBEn 

1  and 77 - 
(27)3  

Also 

22 

1 T  Y4B+71 
	

ITB(Ay.4B71 	iy5  By4BIduy1 
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tYtCgB-FMB)(Ar+My)] 	2 
[A.;4ilB  	  B' Y4Bn kmBmY 

tr (-12534-mB ) 	(43y+111Y  )1 

kmBmY 

1 [A2  
= 2m 	YBn(EB+mB)  

2 

By4Bn(EB-MB)] 

Here we have used py=0 and therefore Ey=my. 	The possible 

product terms involving A.B do not appear because of the 

	

vanishing of traces. 	Using this expression for the absolute 

value squared of T and changing the integration variable by 

noting that 

	

E
B 	
E 

	

clBdc1B 	E
B+E

n d(EB+En) 

we obtain 

= 	[(E -FM )A2 	(E -M )B 	] —= 	(2) Y4B+IT 411 	B B Y4Bn 	B B 	m 

The asymmetry parameters are defined to be 

a - 	 

	

2 Re (asap) 	
3 	

2 Im (asap) 

	

I asl 
2
+1 apl 

2 	
1 - I ad 

2 	
I aro! 

and 

'Y 
Iasi 2 
	2 

I 	aPI

2  

where as amd ap are s-wave (or parity violating) and p-wave 

(or parity conserving) parts respectively. 	Since we have 

assumed time-reversal invariance, the amplitudes as and a 

are relatively real so that p vanishes and 



= 
0 

. 0.) 
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2.a
P
/a
s  a - 
2 

ap/a I 

where 
;iy5uy  By..>

Bn (from eqn. 1 ) a 

B 	BYBn 
EB+ B  • Ay4B11  

where 
2 2 2 

memB-m1T  EB - 2m 
Y 

NOTE:- We are following Schweber? s convention of the 

y matrices i.e., 

s 	UB uY 	A  Y->B7c 

[ 	y 	2 gin)  

75 	Tell/273 = (0 1 

goo = 1, gib = -b. 

) 2 

0 
Y y5 	-1, yily5  

v. 0, 1, 2, 3 

1, 2, 3 

+ y
5
y = O. 

• = -T y 70  Yj 	= Toy T5  = -75 

a.b = ao  bo  - a.b, 

The various decay amplitudes calculated from the 

diagrams (see page ioS) are 



bAN  
T 

M +M Ir+M N 2gNNit )  = IN(gAa-Tu 

2gNan )  111,z_r%)19z (6) 
a 

▪ i75(kZn miA (g2z71 

bAN 	b INT 
= riNEgAZn 91-FmN  g.aZn mz+mN  

T 
tki- t- tL 

	

bpjA 	bs7d  
= 	-n-_,-7.4.1-71 	az TG 	-Firt 

1 because of I = 7  rule. The relative strengths of the 
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AN  
A-)10TE 

= 	
71 [ gNNIt  mAtniN + g -1-Z71 

a.AN  
- iT5(gNN1t 111A-mN 	

s 
AEn 

a.gN  

lit -111N 	m2  _ 	gwi k) luA 
k (5) 

TE+
-> 	= 	TI-N[ (gEz.Th  + 

N  
E ft rri,g-mN 

gNNn' mg+mN  

anN  
_mN + 

kn - 	
f 

 
2 2 glIZO ]u2 

mk mn 

gNzid]1.1 
(8) 

as 
▪ i75(gAEn rri -mN  

(7) 

k7C  
2 2 

mk mn 

Notice that T 	- T 	= 	T 	as expected ++ o pc 

vertices belonging to the same isotopic spin multiplets are 

aEA  + iy5(gcwn  

r112- 	g 

kn 

11 	AZI1 mE -111z 	grlAk mk
-mn — 

(9) 
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determined by Charge independence. The signatures have been 

decided by de Swarts' convention21. 

4. 	Experimental Information  

The experimental information we shall make use of is: 

(a) The asymmetry parameters a's for the decay modes 

4 nn+ and - 4 nn are small and consistent with zero. 

(b) The asymmetry parameter a for 	--> pn°  is large 

(nearly one). 

(c) Decay rates of 	nn+ and Z. 4 nn are equal. 

(d) a 	= +0.624 

A-pn- 

• • 	(a2) 	. +0.347  
• 

Here we have used the fact that4 

2 	2 

7 	
asi -I 

Y 
a,r 

2 I 	I 2 > 0. 
A->cirt 	i as  +lad 

a 	a 
NOTE: Determination of a gives as or —2  but does as 

not tell whether a or a predominates. 	Knowledge of 

y parameter removes this ambiguity. 

From (a), the two decay modes Et nn and Z 4 nn 

must proceed through pure angular momentum channels (s-wave 

or p-wave). 	Also 

a 
and 



Their decay rates W 	and W being equal gives + + E ->nn -->nn 
 

90 

/27 T 	= T 
n° 	-I- 	

- T
nn 

so that, for a + o 
-->P11  

and 	nn must go via different channels. This gives 

rise to two cases according as (say) 	nn+  proceeds via 

s-wave or p-wave. 	We shall deal with these two cases 

separately:- 

Case I ( M+ i nn+ proceeds via s-wave) 
+ 	nn+ goes through s-wave and consequently 

Z 	nn through p-wave so that 

= 0 = A 	- 
-->nn 	z-4.nn 

to be large, the decays 	nn+ 

EN+mN 
EN-mN 

2 2 
(M +m

N
) -mn 

( -m)
2
-M
2 

mz 

= 100 

or 	B 
E -nn = - 10. 	 (n) 

Also for A P71-  
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a 
-2  = + 0.347 = a
s 	A - EN+mN 

• • 

B 
Amp  - 

A A 
+ 0.347 

EN+mN 
E N 

2 2 

+ 0.347 
(mA+mN ) -mn . 2 2 • 
(MA-MN) -mn 

+ 6.5 (12) 

Or using equations (5), (6) and (7) 

A 
a AN  

m -m A N (gszn 
,  anN  - 2%,) mcmN  = op 

g'1.Y.4 IC 

 

enE 
N 

111emN 
0. 

mA+mN 

B _ 
A-->pn 	N 

A->PTE 

/3ZN  	 t 	cr (22n-gNNn) 	10( °272,n  +g NNn )  m-+m N +  

2 	 2 	 2 
(2gNN7t -gNN7igZE )  a: rl-mN 1\T 	6.5( gNN7E % 7L+ 	7t )  

kn + 2 	gAzzgalk  = 0. 

mk mn 

kn 
2 	2 gl\E k 

mk mn 
.0. 

(13) 
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Case II. 	( i! nn+ proceeds via p-wave) 

Arguing as before, we get 

A 	= 0 = B 	 (14) 
z E 

+-->nn+ 

B 	= - 10 A 	(15) 

B 	= + 6.5 A 	(16) 
A-9-PTE 	Ar>lolt 

IAN b.LN 

	

qVg 	 + ( x5,01  + 2 %Tit) 	= 0. 

nki+111N N 

fkn  
it  a -MN 	'1-11171 	

- 2 2 2 	= 0. 
-mN mk mn 

and 

or 

1 121_ 	LiN  
(471Iln-gNNni  111-mN 	10 (821:gn-i-g 	

b 

NN )  lit+mN  
k7TE  

2 	2 gl\E k = 0.  
mk  mn  

2 aZN 	2 	 2 ) bzN  

(gNNII nE11-3 	 6.5(2gNNICI-gMTC6NN71-g  VEn i  M +m 
AZit mZ-mN 	 N 

\ 2 2 kn  
	

 (2gNNn 
mk mn 

gNEk glak gAETC)  = 0. 

5. 	Unitary Symmetry 

In the equations (13) and (17), there are just too many 

parameters to make any attempt towards relating different 

(17) 
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physically interesting quantities associated with the 

hyperon decays. 	The parameters involved correspond to the 

coupling constants belonging to the strong as well as the 

weak vertices in the diagrams on page 	If one can 

relate some of them by exploiting a symmetry principle, 

there is a hope of making headway. This is exactly what 

the unitary symmetry scheme, proposed independently by 

Gell-Mann(22)  and by Net eman(23), does. 	This symmetry is 

fairly well established for strong interactions. 	We, 

therefore, assume that the strong vertices are unitary 

symmetric. 	This enables us to express the various strong 

coupling constants as linear combinations of two parameters 

which define D and F type couplings. Following de Swart(21)  

we make the following particle assignments:- 

Baryons 	Antibaryons 	Mesons 
associated 	associated 	associated 

..... 1 	 ......m2r.   1, 7,  '- 
1 

'' 	Bi  = p 	T3-1 = - ,._,TT 	
M1 = k

+ 

 -,-. 
1 	1 > 1, g,  - 7 ' 	B2 = n 	B2 -- so 	p42 = ko 

0, 1, 1 > = - E+ 	-ff3  = - B3  	 M3  = --Tc+ 
0, 1, 0 > 	B4 = 	 TET  4 = 

E0 

M4 = n
o 

0, 1, -1 > 	B5  = z. 	IT5  = 145  = n- 

B6 = 17 	M6 =7/ 0, o, 0 > 	B6 =A 
_, 	1 4-f  1 , , 	 o 	 ivi_

( = ko --L, 	., '''. 	 IT = n B7  =v, 7  
, 	, 

	

, 7, - 	B8  =v- 	B8  = 	m8 = -k- 

States 

Y, I, Iz> 



o 
3 

1 
gl 	vz• g2  ) . - 15n1 . -7E+  
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The interaction Lagrangian is 

L = -g(B+B)M = 
I 8

1 82 
8) /.8 

1 	v2 v) k v v °J Be, 	m—v 

— 1 	
[ 

ig 
(
/TU 

g + 	g2 ( 	 -1E76  L°) 	° 	E + 	Z -F
E E °41-4- 

-r 	gl 
/5 . 	fT 

„ 	, 
v-5- 	k 440 gl 2g2 ) (Hn+1P)  tt 

+ 	r 1 
.V$ 

g 	g2) Esj 
(1 20 3  1 	 - 

+ 	g v-6 2) 	
-9 

( 1 
g  

{275 1 A' 
62 )11 2  

 

g2  )"r - 1 g ).:521,:o 
v5-72  2 

 

 

)/7  

1 	_ 4-3 	1 	,o o [( 

	

gr Pirf 	/
1
1-' +fig2 )82  Y73  

-W-20 
141

g1 1 
	1 g 1 1  

—g2)rill“ vT5 VT y12 
a ) • 	— 241k°  siE  

1 -g.— [ - r  
i7g 	P4 10 g1 — 	62 ) E° 

1 —T + 	g, 
Zi Sgrg 	 A A z 

4.01,••••• 

,•• g 	
- 	

74" rH"  ) 	
+ • "" 

‘r172 2 	 Nr3-  
Z 



_1_0, 1 0 0 / 1 
12 	/T5 J- /r 2i.t A 

(a 	1 
 5
- 	1  g  )En]k°  P'110 61 /-6 2 / Y  /20 1 	2 
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1 	( 5 	1 
gl 	A + 	2)  - („126--0 g1 	) (nn-1SP) I .7E°  

17  

/6 g2 )-- w-  w0  j" g2  ( /5 	E • 

g2/I. 1,-/J(Finli.11- 

-1- „ -g.- 
pg. L k 	0 410-1 

1 
0  
-'2)*-21-T. 2- 

1 	(3 
gp)z n + 

/12 

[(,va 
20g1+  = 1 	

1 
2 /- g2)* -8 -V57g1-  1g2  ) LT(57 

/6  

where 

(r gl 41-3 --g2).-zn+(Ag 1 .7 
C g 20-1 7.7.-ZglZ P- J-L /12 - 	20-1 

g 	- /75  + 	.o NNIE 40 1 	2 -' = 
L.LIcTE 0 1 G g2= -g (1-2a  ) 

g 	- 2./30  gg (1-a ), g =2.4 g =2g a /Or /5  0 	P 	P 	7,7m  2 2 p p 

gn-77= `13  (zG9- gl  + 24 g2) - -1- g
P 
 (4a 

P
-1) 

/5  

gam = - 	/30  
/3- ko g1 -4 	

1 
g2) = - 	g 	), 

P  

_13-5 tp7= 23- • 	- ---.gp  (1-ap  ) , g N7  - - 2 
/30 

 gl = / •0 g1 2 
	

A - /5 im  



-1 (  /3o  
/5 ` 40 , 1 + 	g2) 	/5 P  gN&k=  g (1+2a ) 
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g
Fak 

1 
/5 	4o gl 3 	g2) = 5 gP 

 Oa
P 
 -1) 

/  

7,5  
6NEk-  40 gl 	g = g (1 2aP  ), gEEk _ -( 

/3(-5-  g1  + 
	g2  ) 	

-g P.. 
40  

where we have used 

a 	/30 	E 
R 

24 2 	40 61 24 -2' or  D+F 

Here the SU3 C.G. coefficients have been taken from tables 

of McNamee and Chilton24. 

6., ,, ratio and strong coupling constants  

The equations (13) and (17) now take the form:- 

Case I, 

azN 	+ 10 JP 
2a +1 . ... vi__.. . f - 	ku 

mE mN 	- 
_ 	Zap-1 mE—mN mk 

+ 	2 
-mII 

2 ' 

aZN 	2-a
P 	+2a2P /DEN f ku  -- + 6.5 . 	- 

mE-mN 	1+a -2o2 
MZ-I-MN 	

2 2  
- 

P 	P 	mk mu 

These equations imply that either b2:11  = 0 which is 

obviously wrong because this would forbid the decays 

E+ 	nu+ and E -> nu to occur or 

2a +1 	2-a +2a2  
10 --2-- 	+ 6.5 	P p 

2a
P
-1 	ap-2a 2 1+  
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This equation does not give any reasonable value for a as 

can be seen by comparing the various strong couplings as well 

as the 	and A decay rates. • (Two values are complex 

and the third one gives, for example, the A-decay rate 

about 30 times the z-decay rate.) 

Case II. 

a2N + 10  	Acn 2a +1 bEN  -  Zap-1 m +m 	- 2 2. 
mE mNN mk mn 
a 	1+7a -2a2 	b7t 2N 6 	p. jp  

m 	. 	kn .5 
-2+7a -2a2 m2+mN - 2 2 

P 	P 	mk mn 

Again from consistency requirement 

2a +1 	1+7a -2a2  
±10 	 p 

2aP-1 — - 6 .5 	5' 
-2+7a -2a2  

P P 

(18) 

The best fit of the results is obtained by choosing plus sign 

and taking the solution a = 0.37. 	It is interesting to 

note here that the equation (18) in a remains unaltered 

even if f = 0. Thus one may conclude that the value o' kn 

a 	is independent of whether the k-poles are included or not. 

Hence 

fr= 1.7 

and 
2 	2 	2 	2 	2 	2 	2 

gm\T-it'gr-,:6AT,gNk:gww.:gNAk:gak 

= 15 : 8.22 : 7.94 : 1.02 : 1.02 : 15.14 : 1.15 



(mz  mN)..m t2  

2m
Z  

2 - 	2 111  
(MA - MN ) 	II 

2mA  

E
N mN 

E
N mN 

-98- 

7 
	

A-decay rate  

To calculate the decay rate of A -> pit-, we write 

(using equations (2) and (14)) 

2 
(EN+mN)A Z

-4n7c- 

	
q 	m 
N A 

, • —7 • 7- _ 
[(E;1+ )A2  _+(q-mN)B2 	qN  -Z 

A-->ra 	A.-->D7t 

2 	 2 

A-9qm- 

	42.25 A 
	

(16) 

v (EN+mN)(EN-mN) 

= 
N 	(EL+mN)(E/i-mN) 

and 

Also from equations (5), (6) and (14) 
2 

A 
2 .10,1q. 

A
2—  
27.-->n7c 

= 4(g=n+gNN11 ).  ( 41_1_m  
------- 

N 
A-›lart- 

2 



-99- 

2 

2 	2 

gAZn(g7,514714-gNME)  
2 

g122 TC c 
n g

NNTE gEE gN1\17c ) 2  

2 

11-a9-2c4-2  
V-1-7a

P
+2a2 

 

P 

Substituting for the masses and for a which is 0.37, we get 

1 

Experimentally this ratio is nearly 2.5(4). 

8. 	Weak Vertex 

So far we have applied the notion of unitary symmetry 

for the strong vertices only. 	But this is obviously not 

sufficient if one wants to extend the analysis to determining 

the 
	

- - Alt - asymmetry parameter or its decay rate. 	We, 

therefore, make further assumption that the phenomenological, 

weak vertex satisfying 	ILII = 7  and As.= 1 rules 

transforms effectively like an octet. 	Under this restric- 

tion, we can express a_iB  s and bYB  Is in terms of new 

parameters al' a2 and b1, b2 respectively, the indices 1 

and 2 refer to the D and F type currents. 
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9. 	w-decay rate  

The decay rate of f 	A+It is given by 

w 	 2 
nu- 	(Elemm) A X-.4n7c- 

t  

[(E 	A 	-111••  ,)B2  A A w-_>An-  A 57->An- 

 

 

Using experimental value of the asymmetry parameter 

a 	= -0.61('5)  
92--> 

we get 

a _2 	- 0.341 a 

In obtaining this ratio, we have taken the third asymmetry 

parameter 
Ias 12-lajoi

2 

 >0. 7
E-4An- 	las 1 21-laj 2  

Using equation (4), we get 

     

Therefore 

- 0.34 x 
‘1E +m 
A A 
-m
A 

2 
W 

 2 	- 	EN+mN 	1 	(EN-FMN)(EN-MN) mw Az-inn- 

UT 
 

_ E • +m • f 
A 	A l+k•302. (E

AA 
+rn ) (E

A A  -m ) .11)  A2  
E 	 E 
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where 
2 

2 	 2 	bZ  A 	
4(=n+gNNTu)  • (mz+m

N  
N)2  

2 
A

1  
_ 	- 	

7 n-1-2gNNn)
bb

77' 	
2 

• (M  1- 
mA+mN 
MN)(M''1-ME)1  

-->ATE 
111,7-FMA (g 	

AN 

2 
4(1i-2%)

2 

 bzW(MfFMN)
2 

 

bv, 
(mA+mN)  	/3ZN bwZ  21(2a -1). 	-2(1+a ). 	12 

p 	m _,+m 	P (m-FmN)(M71-14„73).  bAN ,-. A 

The assumption about the weak vertex yields:- 

bzN  = - 20 bl  -b ) 
12 2  

and bAN  = b1 + 	b2). 

From equations (17), 

b 120 1 '
4_ 

17 -2  

g-20 b1  -1=1  b 12 2 

_x 1+a mAtITIN 
17  • 1-a ' m2+mN  

1 v5 b1/b2 = 0.2 

Hence 

1,2 

NOTE: If we select the more recent value of a _ 	= -0.4, 
-*An- 

the decay rate ratio would be 1.26 instead of 1.2. 
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10. In summary, assuming that the pole terms (corresponding 

to baryons and k meson in the intermediate states) dominates 

the decay amplitudes and also that the strong vertices are 

unitary symmetric, we were able to determine p- 1.7 and 

consequently the strong couplings: 

2 	2 	2 	2 	2 	2 	2 

gNN7t 	gEalt : g11Ezt : gNEk : gwEh : gNilk 	%Lk 

15 : 8.22 : 7.94 : 1.02 : 1.02 : 15.14 : 1.15. 

Of course, we had to feed in some experimental information. 

We were also able to determine the A-decay rate 

W 

1 

against the experimental value of 2.5. 

To determine the 	decay rate, we assumed the weak 

vertex to transform like the k°  member of.the octuplet. 

It gave 

  

— 1.2 w 
->An 

which is in good agreement with experiment. Our analysis 

also favoured y 
	

to be positive which is experi-

mentally the case. 
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A 
44-- PAN+  '15" bAN ) 

4- 

-16.1;7T H 71.  

U 
0  

p ,t1(a # Zi 6 ) 
Ea S EN 

0 
Tr 

(c2;A'' `I's by.%) 

A 

-( ,.+415-'1.-)1--:-1.  
I - > Ir IT 

4(a • zr;  6 nu 	ra 

.-: 

7T 
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CHAPTER II 

Lagrangian Technique 

1. 	Spurion Formalierk 

Here we study the non-leptonic decays in terms of a 

spurion formalism; that is to say, we consider a typical 

decay as a certain group invariant interaction of the form 

Baryon -----> Baryon' + pion + spurion 

where the spurion S is a formal zero energy, zero momentum 

particle carrying appropriate quantum numbers. 	In this 

formalism, selection rules are expressed by the trans-

formation properties of the spurion; for example, the 

statement that the spurion is a member of an octuplet in 

SU
3 

expresses the corresponding transformation property of 

the Lagrangian. 	The spurion formalism is just a convenient 

bookkeeping device, even though one can, if one wishes, 

associate with it some dynamical mechanism like the 'tadpole 

idea'25. 

In the context of spurion formalism, we try to write 

down a phenomenological ,14tagrangian for our processes. 

This leads to a number of selection rules, which, unfortu- 

nately, turn out to be far too general. 	We, therefore, 
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need to impose further restrictions on our decay amplitudes. 

This we do by way of assuming CP-invariance and Current- 

Current picture for the interaction. 	In the following 

subsections we study the decay processes on the basis of 

various symmetries (SU(3), SU(6), U(12) and SU(6)w) 

separately. 

2. SU.,
2
-Symmetry(26) 

A word about notation first. We shall adhere to the 

notation of Gell-Mann27. 	We define the eight 3 x 3 trace-

lesshermitianmatricesA.1
,i = 1, 2, ... , 8 with the 

properties: 

Tr A.A. == 2 5. 	, 	[A.,A.] = 2i f. 	A 1 3 	13 	a. 	ljk 

and 

[A.,A.3] = 2 d. 13k  . Ak  + 3 l 5.j. a.  

where fijk  and dijk  are respectively ant.t-symmetric and 

symmetric in their three indices and real. 	The basis 

chosen is such that 

	

A. 	= c.A. 	(no summation) 

	

1 	1 1 

where 

	

. = -1 	for i = 2, 5, 7 ei  

	

1 	otherwise. 



A
+ 
 zo 

5 if 

A 

E- 	20A 3 

0 
/ 22_ + 

12- 

B= 

p 1-1 I-1 

= 

p 	n 

k+ 
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The octuplets of baryons and pseudoscalar mesons in the 

matrix notation are: 

k0 TE 	- .7t  
76 if 

k 	o k  
	

577 

11 

	

(M - 	T.M.) 
if  

Their transformation properties under charge conjugation (C) 

and space inversion (P) are: 

b 
C 	: Uc(B)aUc 	C(B-t  ) b  

Uc  (B) U-  = -(Bt)ba.:0-1  a  

and 
-1 , b / Uc(M)ab  Ue  = (M) a. 

M 



P 
	> g 	7 /- 

1-1,v 	v- 

 

and 
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where the superscript t indicates the transposition in the 

4 x 4 Dirac y-space and C is a 4 x 4 matrix such that 

t -1 
C C = 

-1 
P : Up  B(x) Up  = 70  B(-h,t) 

U 	F3(x) U 
- 
1 = 	o 

UP M(x) Up
- 1 
 = - M(-x,t) 

(Here the internal symmetry properties are not involved). 

It may be worthwhile to give the charge conjugation and 

space inversion properties of some of the Dirac covariants 

which we shall have the occasion to deal with later on: 

,v, V 'N.`' 
C 	-* 

> - 	T ‘1,  

▪ 74751 C  > + 	y41/5,1,' 

▪ yr,75-1- 

where we have used Schweber's notation of the metric and 

the 'y matrices. 
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3. Current x Current Interaction  

While there is no compelling reason to ascribe non-

leptonic decays of hyperons to a current x current inter-

action, it is nonetheless the consensus that all classes 

of weak interactions are but parts of one grand scheme of 

the type: 

LW — 	J+ J 

where J
4 

is what we shall call the grand charged current 

and J 	is its Hermitian conjugate. 	We shall, there- 

fore, assume that our weak decays are of the form: 

Current x Current, and that the currents have definite 

transformation properties under the unitary group SU(3). 

We shall also assume CP-invariance, though there has been 

some indication of its violation28. 'Before we do anything 

else, we would like to determine the consequence of these 

two assumptions in the context of unitary symmetry. 

4. Structure of Currents 

In the limit of exact SU(3) symmetry, there are eight 

conserved currents: letal  .(x), i = 1, 2, ... 8 be the 

real parameters which generate SU3  transformations of fields 

in the Lagrangian. The equation of motion for the funda-

mental fields gives 
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oL 	bL 
- 0 	(1) 

bai(x) - 5ai(x) 
11 

i 

	

where ai(x) - aa ax(2s.1 . 	If the Lagrangian is invariant 
11   

IA 

under the group, then the second term in the equation (1) 

vanishes and we have the conservation law 

a
11. 
v i(x) = 0 . 	i = 1, 2, ... 8 

where the conserved currents V i(x) are identified with 

bL 
V i(x) 

6aµ(x) 

We shall assume, for convenience, that the only funda-

mental fields are a triplet of quarks qa, a = 1, 2, 3. 

The conserved vector currents V()c) and the conserved 

axial vector currents Ai(x) can be constructed explicit'y 

in this case: 

Vµ(x) = i(x) 1/11 	q(x) 

and 

Ai(x) = i(x)iyily5  2  q(x) 

They satisfy the following properties under C and P 

	

C : vi(x) 	> - 6". Vj(x) 	(not summed over i) 

	

Ai(x) 	6. Ai(x) 	(not summed over i) 
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P : V
4  

	

i ( 	Irit 

	

x) 	F1.4v v v kx/  

	

Ai(x) 	- g 
4v 
 Ai(x) 

It may be noticed that the currents Vi(x) and Ai(x) are 
4 	4 

relatively real in accordance with the theory for leptonic 

processes. 

From the theory of leptonic decays which is our 

guidance principle throughout, we know that 

J4 	4 
= 	+ a[cos 9(V µ+1V2) + sin Q(V4+iV5)1 

4 4 

+ 	 [cosP 	9' (Al
4
+iA2

4
) + sin A l(All

4
+iA5)] 

where the various parts account for the selection rules (i) 
1 

	

6,S = 0, AI 	1 -(ii) .6s 	± 1, 	= 7  and 	is 

the lepton current. 

Cabbibo29 proposed a theory in which lie demanded that 

both the vector and the axial vector currents point to the 

same "direction" in unitary space, i.e., Q = ot  so that 

J
4 
 becomes 

J 	= 	+ cos Q(ji  + ij2) + sin 9(ji4  + 	, 
4 	4 	4 	4 	

.1 
 

where 

j 	a Vi
4 
 + p Al . 

4  



The hermitian conjugate J-4-  would be 

J
11
+ + cos QUI  - i j2) + sin Q(j - i j5) 

4 	4 	4 	4 	4 

Here we have used the fact that Vi  and Ai  are 

self-hermitian. 

5. 	Restriction on Spurion 

Turning back to the non-leptonic decays, for which the 

rule 
	

1'6'1 = 2 , AS = 1 is well-established, the natural 

generalization in the frame work of SU(3) Symmetry is to 

assume that the effective Weak LaFrangian Lw  transforms  

like a component of  a unitary octuplet. This can be 

achieved in two ways. 	One is to cook up the weak 

Lagrangian with this property built in and the second is 

to assume that the octet part of the interaction gets 

effectively enhanced by the strong interactions. 

In any case, the statement that Lw( .AS = 1) trans-• 

forms like a member of an octuplet still leaves some ambi-

guity: it can transform like either N6  or N7  , or a 

linear combination of both. 	However, this ambiguity is 

removed if we demand CP-invariance. 	If the current is 

Cabbibo type29  (i.e., Q = Q'), then Lw  is a bilinear 

., combination of 0 
4 
 s which form an octuplet: 

eff k 
LW 	= Ci‘k 3I  j4 
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leic  must be either d64k or d74 because the F-type 

coupling vanishes identically:" 

, .4 .k if 	jµ  jk 	tr(A.[ eku, JJ J 

8 	4 

	tr(Ai[jp,,j11]) E 0 

where jµ = 
4.11 

To decide between ri -6ek and  d76k , notice that under 
.4 

CP J 	transformd as 
11  

, CP 	: j
11
(x,t) 	> - 

c,  
E,  g

4v 
 j 

v
k-x,t) 

and therefore 

CP : d. 	jp, j
k 

 

.4 k 
a. 	>d.4k e4  ck  j p,  j  

 

= e. d. k jp, jk 

where we have used the identity 

i C 	di  &k d.4k  = d. 	(not summed) 1,4k 

Thus in order for Lweff to be invariant under CP, it must 

transform like A6 ' 

6. 	Invariant Amplitudes 

Having settled that, as a consequence of the 
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Current-Current picture hypothesis coupled with CP-invariance, 

the non-leptonic weak interactions transform like /6  , we 

can construct a phenomenological Lagrangian for the processes 

B ---> B' + n 	( z„S = 1) 

The invariant expressions one can write down out of B, B, 

M and a spurion 7\6 are; 

tr(T3B.N6M) , 	tr(TEIBM?\6) 

tr(NBM) , tr(NMB) 

tr(EMS0\6) , 	tr(13MA6B) 

tr(EM)tr(B?\6) , 	tr(13A6)tr(BM) 

and 	
tr(BB)tr(?\6M) . 

Not all of them are independent. 	It can be seen that the 

sum of the traces of four elements equals the sum of the 

terms Tr[-]Tr[-1 
	

These are for the parity violating 

amplitudes. 	The parity conserving invariants would in- 

volve 75  . 	Notice that the last expression tr(EB)tr(T6M) 

would not contribute to the processes we are interested in, 

for it demands the parent and the decay baryons B and B 

to be the same. 	Perhaps it is useful to give explicit'y 

the behaviour of the eight invariants under charge conju-

gation C 
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tr(BA6M) <---> tr(BBMA6) 

tra3MA6B) <-j1-> tr(EA6MB) 

tr (13MBA6  ) 	C > tr (TENBA6  ) 
	

(2) 

tr(ET6BM) 	C  > tr(E?\6BM) 

and 

tr(54)tr(BA6)<-C-2) tr(bA6)tr(BM) 

The CP-invariant phenomenological Hamiltonian for the parity 

conserving (p.c.) and parity. violating (p.v.) decays may be 

written as: 

HP.c.  w 

w 

is tr(i3,y5B1\6,M_,  

+ is traf,y5B1N,M_,  

if tr(EB[T6,M]) + ig 

+ib tr(N75BM + fM75BA6) 

+id tr(ffA6y5BM - f314y5B?\6) 

tr(E[2\6,M]B) 

+ ih[tr(EM)tr(D\6) - tr(N)tr(BM)] 
	

(4) 

In equation (3), one could have the term tr(EM)y5tr(M6) + 

tr(N)y5tr(BM) . But this term, due to linear dependence 

of the 9 traces, is replaceable by other terms which are 

present in (3) . 	Thus it is already absorbed in the 

equation. 	Since there are only three independent constants 

in equation (4), we can obtain a sum rule for the four 

parity violating amplitudes:- 
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2 As( 'Er -).A+7t) + 	As(  2+ 	p+Tc°) 	As(11-5. p+n) 

(5) 

This relation is in good agreement with experiments. 

The same relation was obtained for both p-v and p-c 

amplitudes by Lee30 and by Sugawara30, but on the basis 

of RP-invariance, which does not appear to be a good 

approximation. 	They had also assumed that E  i n+TE-4- 

was purely p-wave, i.e., 

A
s
( 	n+7C1- ) = 0 . 	(p.v.) 	(6) 

7. 	Su(6) sImmetm 

So far we have studied the decays of hyperons by 

assuming that they exhibited definite transformation 

properties under the group SU(3) - a group related to the 

internal properties of the elementary particles, unrelated 

to space and time. 	It is, therefore, desirable to extend 

the symmetry group so as to incorporate the external proper- 

ties - spin, parity, etc. 	The first step towards this goal 

was achieved by Radicati and Gursey3 1  and by Sakita31  in 

1964 who proposed, in analogy with Wigner's32  supermultiplet 

SU(4) symmetry of nuclear foraes, the merging of SU(3) with 

spin. 	This resulted in the development of the higher 

symmetry group of SU(6). 	Here the basic spinor was a six 
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component quark qA where A = a,a (a = 1, 2, 3 and a = 1,2) 

are SU(3) and SU(2) indices respectively. 	The direct evi-

dence of SU(6) symmetry was the appearance of baryon 56 and 

meson 35 supermultiplets with correct connections between 

spin and unitary spin properties. 	It also gives besides 

other things the right ratio of the proton and neutron 

magnetic moments. 	However, it has its limitations, e.g. 

it is non-relativistic in character. 	At best, it is an 

approximation of some more fundamental invariance principle, 

which must be expressible in a Lorentz covariant form, with 

the spin treated by four component spinors. 

Using tensor notation, the meson 35 and the baryon 56 

free-fields may be written 

MA = mb,p .= 1 Loi x(  i) Ml 	2apt (Ai) mi + 
o'a 1,,; 4  

- "a,a 2 V7 	a 	a 

where 

1 p [ ,bMab  + P Mb + l bb 5- a 	• 

is an SU(3) singlet with spin 1 and (.2\0) 

(7)  

5 '
b 
a 

= 
ABC - abc,dPy 

1 = Dabc,aPy + 3 If 

  

6abd Eat Bc,y 
+E 

bed 
8p7 Ba,a 

 

  

 

C , 6 d  caa soya Bb. ' • (8)  
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where D is a baryon decuplet and B is a baryon octuplet. 

As a natural generalization of what we did in SUN, we 

assume that the effective interaction for the decays 

B 	+ it transforms like a member of the regular represen- 

tation 	of SU(6)33. 	More specifically, we introduce a 

spurion SA
B such that 

P 
B 	Ea *-2  

Sa
b  SA

B = ba
p Sa

b and SA 2m 

for parity violating and parity conserving decays respec- 

tively. 	It may be noted, however, that strict SU(6) (which 

is static) demands = = 0 and consequently all the p-wave 

amplitudes vanish. 	Thus to write parity conserving 

amplitude, the symmetry is presumed to be broken and we are 

in fact considering derivative coupling. 

The invariants one can construct occurring in the 

direct product of the representations corresponding to the 

baryon 56, antibaryon 3-6, meson 35 and spurion 35 may be 

written as 

,--11  ABC 	
ABC 4  SE 1  

ABC I2 = 	-711 ABD  Sc 

— ABC -I- 	SD ME I
3 

= ABD E C 

(9) 

T 	= TABC 	mD sE 
'4 	 ADE B C 

and 
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The first term I1 does not give rise to observable decays. 

Let us now substitute the decompositions (7) and (8) 

into these interactions and then factorize the result into 

SU(2) and SU(3) parts. 	To illustrate the method of actual 

computation, we proceed to write 12  interaction in detail: 

I2 =S 
--ABC D 	E 

-ABD 	h 	C 

• 
[ ' aabp ' 8'ap B--c 

P
' 

[x 	sabq 	ap Bd, 

sbcp spy gr,a 

+s 	6 	B bdq 	as 	a,a + 

soap sya Bb, R1 p  

adaq  e ba Bb,p q  IMd'5 Sc, `7  e,77 	c,17 

(10) 

(we have neglected the decuplet part.) 

= tr(EsMB) x [10 tr(famB) + 2 tr(bBSM) - 2 tr(Eb)tr(MS)] 

+ tr(fB)tr(MS) x 4 tr aB)tr(ms ) - 4 tr(EBSM) - 2 tr(BSMB)] 

(11)  

where in each product, the first term corresponds to SU(2) 

	

part and the second to SU(3). 	Since we are interested only 

in pseudoscalar mesons (i.e. MA
B  = Oa

p Ma), the SU(2) bits 

may be written as 

tr(ESMB) = tr(EB) 
	

(for p.v. spurion) 

(12)  

	

tr(f 6 B) . 2 	(for p.c. spurion) 
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and 

tr(111B)tr(MS) = 2 tr(BB) 	(for p.v. spurion) 
(13) 

0 	 (for p.c. spurion) 

Working similarly with all the invariants, we obtain 

the following: 

For parity violating decays 

12 - tr(EMB) - tr(TBSM) 

1
3 	

tr(13MSB) - tr(5BMS) 

and 

14  - tr (FSMB) + tr(EDISB) + 4 tr(EsBM) 

+ 4 tr(B107.8) - 2 tr(BBSM) - 2 tr(EBYLS) 

- tr(EM)tr(BS) - tr(ES)tr(BM) . 

For parity conserving decays 

I2 
	

5 tr(BSMB) + tr(BBSM) 
(15) 

13 - 5 tr(BNISB) + tr(EbVS) 

and 

14 - tr(17sMB) + tr(RdSB) - 4 tr(fsBM) 

+ 2 tr(BMBS) - tr(55S)tr(BM) 	tr(fm)tr(ES) . 

NOTE: It may be noticed that the interaction 13  as 

well as some terms in 14, although they do not contribute 

to the relevant decays, have been retained for reasons of 

charge conjugation symmetry. 	Each of the physical ampli-

tudes is expressible in terms of two parameters corresponding 
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to the contributions from I2 
 and I4. Doing that, we 

obtain 

. 
As( 	---> n+n

+ 
 ) = 3 14, As(z -> n+(-) 	-I2 

- 3 I
4 

1  As( 	p+n°) 	2 +
6 	

' A s 
(A.--> p+n-) 	-a- I 

	

{2- - 4 	16- 2 

and 	A
s
( E-  ->A+n) 	- 	I - 	I v6- 2 	v6- 

(16)  

A ( 	--> n+n+ ) 
I 	I 

I, 
	
A p( 	

--> n+n) = I2 - I4 

12 
A (Z-1-  --> p+n0) 	- 	+ -g- Il Ap  ( 	

p+n) 
%rf 

(17)  

9   1, 
V 

--> A+n) 	= I +  v6- 2 	v6- 
I4- 

These equations lead to the sum rules: 

2 As(E -> A+TE) + 	A5( + 	P-F7L°) = As( 	P+11 ) 
	

(18) 

Y7As(fl.  --> n+n+ ) - As(zt --> p+nO ) - --‘(.- A S( A--> p+n) 	(19) 
-  

and 

2 A 
P 
 ( Ee --> A+n ) + V6 A

P  ( 
	4 n+n ) = 0 	(20) 

• 9 A ( 	--> n+n-  ) + 9 A (Et --> n+TE-4- ) + VEi A ( A ---> p+n ) 
	0. (21) 

P 	P 	P 

So far we have not imposed any restriction on whether 

the spurion S transforms like A6  or A7  , nor have we 

and 
	

A ( 
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invoked CP-invariance. 	The above selection rules are, 

therefore, the most general ones one could expect to obtain. 

However, they do not fit in with the experimental picture. 

To make them do so necessitates invoking our basic assump-

tion that the interaction is of Current-Current type and 

CP-invariant. 	This restricts the spurion to A6  only. 

Thus in the case of parity violating decays, in order to 

construct a CP-invariant Hamiltonian, we are allowed to 

retain only those interaction terms that have charge conju- 

gation parity C = -1 . 	Only 12  - I)  has this property 

and hence we retain only this term for p.v. decay amplitudes. 

NOTE: It is worthwhile to mention here that the inter-

action term I4 which has CP = -I could have been retained 

had one introduced a form factor odd under charge conjugation, 

(p1  + p2) . (p1  - p2) is the only such example where p/  

and p2  are 4-momenta of the initial and the final baryons. 

This expression, however, vanishes due to mass degeneracy. 

(Strictly speaking, complete mass degeneracy would not allow 

the physical process to go). 

The assumption of CP-invariance and Current-Current 

picture of the interaction Hamiltonian rejects the contri-

bution from the interaction term I4 and, therefore, in 

equation (16) 14  = 0. 	This yields additional relations: 
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As(2:f  n+n) = 0 	 (22) 

V-6 As  (E- n+n) = 2 As 	p+n) 	(23) 

The selection rule (18) is the old SU(3) result while the 

other two (22) and (23) are characteristic of SU(6) symmetry. 

From experiment, one knows that the a asymmetry 

parameters for + n+n+ and 	n+it are zero and 

that of 	-3- p+n°  is large, almost unity. 	Also from 

the 	,M = 	 rule, A(> 	n+n+) - A(z- 	n+n-) 

p+n°) . 	The decays modes 	Z-1-  n+n+  and 

Z 	n+n , therefore, must proceed predominantly via 

s and p waves respectively or vice versa. 	But one is 

unable to tell which does what. 	The sum rule (22) re- 

solves this ambiguity by predicting that the 	n+n+ 

decay is a pure p-wave one. WR arrived at the same con-

clusion in the dynamical calculations (see Chapter I). 

In the case of parity conserving decay amplitudes, 

the further requirement of CP-invariance as well as re-

stricting the spurion to ?\6  only does not give rise to 

any change. 	The relations (20) and (21) do not fit the 

experimental data as well as the s-wave amplitudes. 

8. 	5(12) Symmetries  

As remarked earlier, SU(6) symmetry is only valid in 
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the static limit. 	Consequently the derivation of the sum 

rules for non-leptonic decays becomes ambiguous, especially 

for the parity conserving amplitudes. 	We, therefore, 

would like to have a relativistic extension of the SU(6) 

symmetry. 	The scheme we intend to follow here is the 

covariant U(12) (or U(6,6)) symmetry(34), the group struc-

ture of which is defined by the algebra of the 144 matriceo 

FRi = yR Ti 
	

R = 1, 2, .... 16, i = 0, 	, 8. 
where 

'Y 	= 1/ Y 
	0

tlyi 	2 = 	[7 µ, 	, 1111175,'Y5  

with yo  hermitian and yk  (k = 1, 2, 3) antihermitian 

and the metric (1, -1, -1, -1). 

The fundamental entity in T-1(12) is a 12 component quark 

A = 	a a where a is the U(3) index and a the spinor 

index. Baryons and mesons are described by tensors corres-

ponding to the irreducible representations 364 and 143 

respectively. 	The equations of motion are the Bargmann-

Wigner equations which break the 6(12) symmetry down to 

U(3) x P , where P is isomorphic to the Poincare group. 

The free-field tensors for the baryons and the mesons, on 

the application of the Bargmann-Wigner equations may be 

written as 

_ d 4.e 	B 	d 	4.8 	p  
ABC = abc,apy 	6abdB[a,P]y.,.c bcd 43.7]a,a cadj-IyaiP,b 
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with 

m B[aP]y,c(p) = 	m)115  c] 	B
7  dc  (P) 
	

(24 ) 

(we have written only the octet part) the antisymmetric C 

tensor being defined by 

(C-1 )
ap 	7 
(Tn) (C) 

P 	75  

a 
- 11  5 ) 	

(µ = 0, ... 

MA(q) E mb Pr,1 = 
"A"/ "a,a"I [ (1 + a )1/5]

P  

a 
Ma (q) • • • (25) 

(we have omitted the vector mesons). 	The masses m and 

are the central masses for baryons and mesons. 

Turning back to our weak decays, we assume, in line 

with our previous argument, that B --> B' + it transforms 

like a member of the regular representation 143 of the group 

U(12)35. 	The spurion SA would be 

b  	= (1/ )
P Sb SA = 0a Sa and SA 	5 	a a 

for parity conserving and parity violating amplitudes, 

respectively. 

As in SU(6) (see equations 9), we can construct four 

invariant amplitudes out of which we find that only two 

(12  and I4) contribute to the observable processes we are 

interested in. 	Using equations (24) and (25), we obtain 

the following: 
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For parity violating amplitudes 

12 "(1 - —Z)tr(ESMB - BBSM) 4m2  

I(1 + 121) [5 tr(ESMB + EMSB) 
24m2  

(26) 

+ 4 tr(EMBS + BSBM) - 5(tr(BM)tr(BS) + tr(ES)tr(BM))] 

For parity conserving amplitudes 

I2 —(1 - 	- 2-r11 )[5 tr(Ey
5
smB) + tr(fy

5
Bsm)] 

4m2  

2m 14  -- 1 	(1 - 	- --)[tr(13ry
5
smB) + tr(1371,

5
msn) 	(27) 

24m2 	km2  

- 4 tr(ET5MBS) + 2 tr(ET5SBM) 	tr(EM)75tr(BS) 

- tr(ES)y5tr(BM)] 

Ii the caloulation of 14  terms, we have used E0 = 0 , 

q being the momentum transfer. 	This is true as long as 

baryon mass degeneracy is assumed. Expressing the ampli-

tudes in terms of two parameters as in SU(6), we get the 

relations: 

As  (E+ n+n+) 

p+n°) 

= - 1h, As( 

-r  
_a 4. 	

4

, 
if if  

n+n-) 	- 12  - 5 14  

As( A--> p-1-7E) = 	12  - 1,46- 	vE  4 	(28) 

A (7-  ->A+n-) 	I - s 	 v-6. 2 .v6- 4 



and 

A 	(i4-  -> ni-n+) 

A 	(Z+ 	....). p+no)  
P 

= 

= 

- 5 

.7.1 

14, 

It  
(--=- 2 + 
3 V-2--  
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1 
Ap(2F n+TC) 3  12  I4 

4 14), Ap( A a p+TC) = --12(I2  + 2 II) 

A 	-1 	1  
Ap( Ff --> A +7C ) = 	(In  + 3 14) . 	(29) 

V6-  

These equations lead to the following sum rules: 

2- As
(E-  ---›A_FTC) 	Y-3-7 As( 4-  a pi-7c°) = As(-&-> p+Tc) 	(30) 

As  (i17  -> n+Tc+) + As  (E 	 p+T(0) 	- 3 As( A.-> p+Tc) 	(31) 

Vf A (2:4-  4. n+n+) - 3 A (i,1-  a p+7t°) 	- VI- A 
p
( A-4 p+n) (32) 

3  

10 	 A p( 	n+n-F ) - A (m+  -> p+Tc°) -
3  A

p(E-  4.A+n-) 	(33) 

Equation (30) is the well known Lee triangle. 	If we now 

restrict the spurion to ?\6  by assuming CP-invariance and 

the current into current picture, we find that, for s-wave 

decays, the selection rules are the same as in SU(6). 	The 

results for p-wave do not alter by this restriction. 

9. 	W-Spin Group 

The conventional SU(6) group consists of 35 generators 

which are combinations of SU(3) generators and the three 

Pauli spin matrices: 

o x To  , 1 x Ti  , o x Ai 
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We denote this group by SU(6)a. 	An alternative SU(6) 

group36 can be constructed by choosing the Dirac matrices 

70c,23, yo531  and alt  . 	These satisfy the properties of 

an SU(2) Lie algebra. 	Moreover they commute with the 

generators of Lorentz transformations in say the z-direction. 

Thus they can be used to classify not only states of par-

ticles at rest (like ordinary SU(2)), but also states of 

finite momentum in a given direction. 	The group so de- 

fined, denoted by SU(6)w, can, therefore, be useful for 

processes in which all momenta are in one and the same 

direction. 	This is exactly the case with our decays. 

The W-spin classification of baryons and mesom'ie ob- 

tained by knowing the behaviour under W-spin operation of 

quarks and antiquarks at rest. 	It is fairly easy to see 

that the W-spin of the quark at rest is the same as ordinary 

spin while the antiquark at rest has a peculiar W-spin be-

haviour - the z-component is equal and parallel to the 

ordinary spin, whereas the x- and y-components are equal 

and antiparallel. 	Consequently the W-spin assignments for 

the baryons (constructed purely from quarks) are the same 

as for the ordinary spin. 	But the pseudoScalar mesons 

which are quark-anti-quark combinations have W = 1 and 

W, = 0 . 

Calculations with SU(6 are formally identical to the 
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usual SU(6)cr  calculations, except for the interchange of the 

meson states. 	This interchange plays a crucial role in 

enabling predictions different from SU(6)cr  to be obtained 

for relativistic processes. 	In practice, when we write 

down our phenomenological Lagrangian (see equations 9) in 

SU(6)w, the p.s. meson tensor is M = c3aMa , the spurion 

tensor being OS/3  and (o13.p)Sb  for parity conserving as 	ma a 

and parity violating decays respectively. 

The relevant amplitudes for parity violating decays are 

I2 - tr(MB) - tr(aSM) 

and 

14 - 3 tr(B-SMB + E.MSB) - 2 tr(asom + i;bms) 

+ 2 tr(BSBM + b:MBS) - 3 tr(il)tr(BM) 
	(34) 

- 3 tr(TIM)tr(BS) 

The amplitudes for parity conserving decays are exactly the 

same as in U(12) symmetry. 	Expressing the p.v. amplitudes 

in terms of the two parameters, we find that the relations 

turn out to be equations (28) of TJ(12). 	Thus we conclude 

that the SU(6)W symmetry merely reproduces the U(12) results. 

The finding that the SU(6)w  and g(12) results are the 

same should not surprise us. 	In fact, that is precisely 

what one would expect to happen in the case of our decays. 

This is because our processes are essentially collinear and 
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invariance in 6(12) is really an invariance under a subset 

of transformations which commute with yo  and y3  

( 	= yopo, y3p3  ) . 	
This subset is nothing but the 

generators G12' 7o023' 70°31 of the W-spin group. 

10. Summary of the Results  

Let us finally put together the results we have been 

able to obtain: 

SU(6)c : 

2 As (.2 ->A+7E) + 5 As (E+ --› p+Tc°) = As (A + p+7E) 	(18) 

12-  As  (E+  -› n+Tc+  ) - As  (z+  -> p+it°  ) = 	s 

	

A ( A --> p+TE  ) 	(19) 

2 A P (2.7, -> A +IC ) + 5 Ap(z-  --> n+n ) = 0 	 (20) 

9 A P  (E -> n+7 	P ) + 9 A ( E+  ÷ n+7I+  ) + /6" A P  ( A .-> p+70'.  ) = 0 

(21) 

U(12) or SU(6)w : 

2 As  (S .÷.1141T ) + /5 As  (Z+  _.> p+70 ) 	As  ( A --> P+7L ) 
	(3o ) 

/-2-  As ( E+  --> n+Tc-f  ) + As ( E+  ---> p+71°) = -1 As  ( A ->. 13+TE - ) (31) 

9 A  p (Z 	 p+TC ) -  3 Ap(z+  --> n+Tc+  ) + f6 Ap ( A -› p+7t ) = 0 

(32) 

5 /-6-  Ap ( 2-1,7  --> A +11.1 + 15 Ap(Z-  4 n+Tc  ) - 6 Ap (z+  -> n+n+  ) 

	

0 	(33) 
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These results are independent of CP-invariance and the 

current-current picture assumptions for the interaction. 

However, when these assumptions are also incorporated, the 

spurion is restricted to be A5  only and consequently we 
followin 

find that the/ SU(6)o and M12) (or SU(6)w) results 

coincide: 

2 As(E -> +n) + /3" As (z+ 	p+n°) = As(A--> p+n) 	(R1) 

As  (E+ 	n+n ) = 0 	(R2) 

As(z+ 	p+n°) = - 	A s ( A p+71) (R
3
) 

The relation (R1) is the old SU(3) result.. Lee and 

Sugawara were able to obtain both (R1)and (R2) in SU(3) 

symmetry combined with an additional assumption of 

RP-invariance. 

It is interesting to notice that the above results 

could also he obtained without the aid of CP-invariance 

and the current-current picture: 	We know that the SU(6) 

symmetry is static whereas the SU(6) takes into account 

the collinear motion, 	However, in the case of s-wave 

amplitudes both SU(6)0  and SU(6)w  are applicable. 	Thus 

the relations (18), (19), (30) and (31) must hold simul- 

taneously. 	This gives us the selection rules (R1), (R2) 

and (R3). 	The same argument cannot be applied to the 
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p-wave decays. 	Moreover, restricting the spurion to 2\6  

does not alter the p-wave relations. 

It may be added here that Ademollo et al(38) discussed 

the decays in the context of U(6) x U(6) symmetry. 	The 

particle assignments they chose were (21,6) and (6,21) for 

baryons and (6,6x) and (6x,6) for mesons. 	Assuming that 

(i) the interaction is self-product of the currents of 

(35,1) (ii) CP-invariance and (iii) Octet enhancement, 

they were able to obtain relations (R1) and (R2). 	They 

proved the relation (R1) for the p-wave decays as well. 

An attempt(39)  has also been made to exploit U(3) x U(3) 

symmetry which is a collinear subsymmetry of SU(6). 	Here, 

assuming CP-invariance and taking spurion of (1,8) and (8,1) 

both for the parity violating and parity conserving ampli-

tudes one obtains the relation (R2) and no more. 

Finally, the decays have also been investigated in the 

context of current commutation relations assuming the 

partially conserved axial vector 	current hypothesis 

(PCAC) and that the interaction Hamiltonian is current- 

1 current type4o. 	No 	= -2- rule is adopted. 	The con- 

clusion is that if we assume octet dominance then relations 

(R1)and(R2)are true. 	An important result is that the 
1 

= -g rule is derived for the A and the E decay with- 

out octet dominance and that the sum rule experimentally 
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1 
equivalent to the L_ I = -f  rule is derived for the Z: 

decay. 	The p.c. amplitudes, in contrast, run into a 

serious difficulty: all of them are forbidden by SU(3) 

and PCAC. 
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Table I 

Particle Mass Mev Life time (Sec) Branching ratio 

A 1115.44 ± 0.12 2.61 ± 0.02 x 10-1°  p+Tc- 	(66.3 ± 1.0)% 
n+Tc° 	(33.6 ± 1.0)/o 

E±  1189.39 ± 0.14 0.805 ± 0.023 x 10-10  p+Tc° 	(51.0 ± 2.-4)% 

n1-7E+ 	(49.0 ± 2.4 ) CAD 

1197.20 ± 0.14 1.646 ± 0.023 x 10-10  n+n- 	100% 

-FT- 1320.8 ± 0.2 1.75 ± - 0.05 x 10-10  A+11- 	100C/I° 

(Collected from reference 5) 



- 138 - 

Table II 

Decay Parameters for A--> 

-a/I.--->p+n 
__ 

PA.-->pn 7A->pn- 

1 

2 

3 

5 

-0.62 ± 0.05 
 

-0.66 ± 0.25 

-n.A 	0.1 

	

7 	
0.173 'I 	‘i4  

-0.45 + 0.4 

+0.85 + 
0

* 15  - 0.21 

+0.19 ± 0.19 

--- 

assume = 0 

___ 

___ 

+0.78 ± 0.04 

4- 

--- 

+0.74 	("9  
- 0.23 

___ 

___ 

(Collected from reference 4) 

Table III 

Decay Parameters for E- 

a 	a 
- An-  A.41)71  

-a
E  - - 
	

- ->An 
P 	- 
E
-

-->
A
n 

7 
E--> An- 

1 

2 

3 

5 

4 

-0.63 ± 0.20 

-0.30 ± 0.08 

-0.52 ± 0.13 

± 0.06 

-0.65 ± 0.35 

+1 -1-0.35 
-  

+0.49 ± 0.14 

+0.85 ± 0.23 

+0.62 ± 0.11 

+1 -1-o.55 ° 
- 

___ 

-0.63 ± 0.31 

-0.85 t 0.53 

-0.68 ± 0.27 

___ 

___ 

+0.63 ± 0.31 

--- 

--- 

___ 

(Collected from reference 4) 
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Table TV 

More data on 72 ->A+7E 

Year a P 

1 1963 -0.44 ± 0.11 -0.24 ± 0.53 +0.87 1:2 

1963 -0.49 ± 0.16 -0.02 ± 0.22 +0.87 ± 0.10 

3 1964 -0.5 ± 0.35 __- --- 

4 1964 -0.62 ± 0.12 +0.63 ± 0.16 +0.46 ± 0.28 

5 1964 -0.73 ± 0.21 +0.44 ± 0.36 0.52 ± 0.44 

6 1965 -0.407 ± 0.046 --- --- 

7 -0.368 ± 0.057 --- --- 

(Collected from reference 5) 
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