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ABSTRACT 

Theoretical solutions based on the expansion scheme 

for large x and large M oo, as proposed by Freeman, are 

obtained for the asymptotic inviscid flow over plane bodies 
2 	2 of the shape i =a) in the range -3-11 <m< 3  where blast wave 

theory applies as a first approximation. In particular, 

the second order terms, which are necessary to satisfy the 

body boundary condition for the normal velocity are 

computed. The magnitude of the second order terms is found 

to increase from zero at m = la  to infinity at m = I. 

As a comparison with theory, experiments at Me0 =8.2 

were made with two plane power-law bodies in the range 

m.‹. I (at m = 1 and ) and on a plane parabola with a 

tangent wedge nose. These consisted o4'the determination 

of shock wave shapes, surface pressure distributions and 

detailed investigations of the distribution of pitot and 

static pressure across the shock-layer. 

The experimental results are in particularly good 

agreement with the theory in the case m = 2, where the 

second order effects are small. At m = I the region of 

validity of the theory is limited to much larger distances 

from the nose of the body and larger Mach numbers. 

Accordingly, the prediction for the deviation from first 

:order theory, although being correct in sign, is too small. 

Shock wave shapes on bodies of the same power but of 

different size are correlated by the similarity theory 

when scaled with respect to the dimension d. 

The experimental results obtained with the wedge-

parabola are in very good agreement with a characteristics 

solution by Lewis. 
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NOTATION.  

Symbols. 

A 	a constant 

- various constants 

Q„ 	speed of sound in the free stream 

b 	- a constant 

C 	- coefficient 

D - drag 

d - length scale of body 

Il' I2  - two integrals defined in eqns. 2.33 and 2.34 

integer, = 0 for plane, = 1 for axisymmetric flow 
2 

E1ZNL 
- 1- 

m - exponent of body shape 

p 	pressure 

Pt2 	pitot pressure 

P,V - pressure functions 

q - speed = 

density functions 

time 

absolute temperature 

velocity in x-direction 

velocity in y-direction 

velocity functions 

coordinate in free stream direction 

coordinate normal to free stream direction 

normal distance function 



6.  - ratio of specific heats 

s = m-2 

6 	1 
2 - 

rt 
	similarity variable in outer layer 

similarity variable in intermediate layer 

e 	streamline slope 

2(114  
/1-4- 

_ exponent of shock wave shape 

V 	kinematic viscosity 
sin 

go  - density 

Z - slenderness parameter 

shock wave slope 

X - viscous interaction parameter 

Subscripts. 

b - body 

shock wave 

o 	first order, also stagnation 

second order 

- free stream,-also up to x =co 



1. INTRODUCTION.  

The theoretical part of this investigation is con-

cerned with the inviscid asymptotic flow field at large,  

distances from the blunt nose of an asymptotically slender 

body, when the free stream Mach number is large and where 

the body still supports a strong shock wave. 

The appropriate equations of motion are simplified 

to the hypersonic small disturbance equations developed by 

Hayes (1947), Goldsworthy (1952), Van Dyke (1954). This 

relies on the hypersonic similarity parameter,M.T, being 

finite with Mc, large and T small, where PL.is the free stream 

Mach number and T' is a slenderness parameter. In deriving 

the hypersonic small disturbance equations, terms of order 

172 or 	are neglected. 
Mc. 
The boundary conditions for the hypersonic small 

disturbance equations are specified along the shock wave by 

the Rankine-Hugoniot relations, and at the body surface by 

zero normal velocity. The hypersonic small disturbance 

equations together with these boundary' conditions are identi-

cal with those of one-dimensional unsteady flow produced by 

a moving piston when the longitudinal variation is replaced 

by time. 

When the assumption of 

the boundary conditions at the 

considerably. This assumption  

a strong shock wave is made, 

shock wave are simplified 

involves the neglect of terms 
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of order(MISinz  g)" compared with one. The density is then 
constant along the shock wave. 

Under these conditions the hypersonic small distur-

bance equations possess the self-similar solutions obtained 

by Lees and Kubota (1957), provided that the shock wave 

shape is of the form 	The solutions have direct 

physical significance in the range 2  <1140 , where j = 0 for 
3+,) 

plane, and one for axisymmetric flow, the body being given 

by ybxm, m =IA. Their significance for /A outside this 

range has been considered by Mirels (1959) but is of no 

interest here. The solution for 11.1= x
1 

is singular, since 
54j 

it does not satisfy the surface boundary condition. This 

singular solution corresponds to the solution of the one-

dimensional unsteady problem of a constant energy explosion 

obtained by Taylor (1950) and Sedov (1959). This solution 

bad previously been interpreted by Lees (1955) and Cheng and 

Pallone (1956) as that appropriate for the blunt flat plate 

or cylinder, and this interpretation is usually referred to 

as the "blast wave analogy". If the drag of a body for 

which the similar solutions apply is considered, the pressure 

at the shock wave is given by the shock conditions as pro-

portional to.,---x.4(/4-1)  and thus, since similarity applies, 

the body pressure will also be proportional to X21)-0 

The body shape is y proportional to xm  and with iu.r---mthe drag 

will be proportional to ja.3(4-1)Xj/jCbC which varies as 

coast. + JC(31-3)/4-2  . The constant can be interpreted as 



the drag of the blunt nose, the other term as the drag of 

the afterbody. For }A.7 3- it is seen that the afterbody 

drag dominates, whereas forp..eil  the two terms are of 

equal order and the drag is independent of x. Hence, the 

drag of a body with m < 
3t
2  is finite and dominated by the 
j 

effect of the blunt nose. This would suggest that the 

solution for "Li= 3t2  s  is a first approximation for the flow 

over all bodies in the range 0< m<1+ 71  The effect of the 

asymptotic body variation then appears as a higher order 

term. These solutions fail near the nose, where the small 

disturbance assumptions break down because of the blunt 

nose. It is possible, however, to treat the effect of the 

blunt nose as an upstream condition on the asymptotic flow, 

by using the condition that entropy remains constant along 

streamlines. This upstream condition is not satisfied by 

the similar solutions in a layer near the body which.has 

become known as the "entropy layer" or "cool core", because 

the antropy- and temperature are required by the upstream 

condition to be lower than the predictions of the similar 

solutions. 

A further limitation is the requirement that the 

shock wave be strong. The error terms due to a weaker 

shock have been obtained for the one-dimensional unsteady 

case of a constant energy explosion, by Sakurai (1953,1954) 

and Swigart (1960), and for blunt bodies in the range 

3
?-• 
j
<vn<I by Kubota (1957). 

+ 
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Attempts to formulate a rational expansion procedure 

have been made by a number of authors, among them Guiraud 

(1958), Freeman (1962), Yakura (1962), Vaglio-Laurin (1964), 

Zolver (1964) and Messiter (1965). It will be sufficient 

for the purpose of this introduction to describe only a few 

of the results. 

Yakura considered the. "inverse problem", in which 

the shock wave is given and the body shape is to be deter-

mined, and thus started with an entropy distribution which 

was known in terms of the stream function. This yielded 

an inner (entropy layer) solution which could be joined by 

matching to an outer similar solution. Although the 

inverse approach removes many difficulties from the problem, 

it has often been criticised because, by choosing the shock 

wave shape, one specifies the transition from the entropy 

layer to the outer solution and thus applies an artificial 

constraint to the system. 

Guiraud (1958) considered the "direct problem" for 

the case of the blunt flat plate or cylinder and obtained 

the order of magnitude of the error term introduced in the 

Sedov solution by the effect of the entropy layer. 

Freeman (1962) considered the direct problem for 

power law bodies in the range 0<rn<1 and obtained the 

order of magnitude of the error terms introduced in the 

respective first approximations in expansions in inverse 

powers of A/1..10r large x. He found that, in the range 
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04.0071<-..?,, where the first approximation takes no account of 
3,4".1 

the body shape, the error is due to the effect of the bOdy 

or entropy layer, depending on whether m is greater or less 

than 	respectively. In the range 3-+,j 

entropy 	

the 
(3.+ j) N 

entropy layer was again found to give the important error, 

f-l• and only for riT> 2( I) was the error term as small as 
(3-t-S)iS+2 

that given by Van Dyke (1954) and assumed by Yakura, that 

is, of order 
Met  
-- • Figures 1 and 2 show the essential 

results of this work. 

The approach adopted here will be that used by 

Freeman. A discussion of other work will be left to sec-

tion 3. The aim of the theoretical part of the present 

work is to derive and solve the differential equations for 

the second order quantities in the range 2  .<rrt< -2- ) 0013)V 	3-1-j 
where the first approximation is the Sedov solution and the 

first perturbation is due to the body. 

'Compared to the number of theories available for 

the blunt body problem, experimental data is limited. The 

most complete set of data is that of Kubota (1957) who 

obtained surface pressure distributions, shock wave shapes 

and pitot pressure traverses through the shock layer on 

three axisymmetric power law bodies, m = 2, Land 4 at 

14... 7.7. All other available experiments are restricted 

to the determination of shock wave shape and surface 

pressure distributions and very few deal with power law 

bodies other than m = 0. Among them are the works of 
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Hammitt and Bogdonoff (1956), Freeman, Cash and Bedder (1962) 

and Peckham (1965). 

As has been pointed out by Freeman et al., the 

magnitude of the error term depends on the value ofliA in 

such a way, that the region of validity of perturbation 

solutions will be achieved only for very large values of x 

for some values of/A. As will be seen in section 3, this 

value of x is sometimes outside the range of present experi-

mental facilities. 

The determination of the flow quantities in the 

shock layer presents a further difficulty. Kubota relied 

on the assumptions that the total temperature is constant 

and that the streamline slope is independent of the distance 

normal to the body in order to derive all quantities from 

one measurement (pitot pressure). Although the second 

assumption becomes more and more accurate as m-.1, it is 

certainly not satisfactory for m4:
31-
2 
i 

, especially for the 

plane case. One would therefore like to be able to measure 

other quantities as well in order to avoid this assumption 

and, if possible, to achieve some redundancy in the measure-. 

ments to serve as a check. 

The aim of the experimental part of this project 

was thus to develop a reliable technique for determining 

the flow parameters in the shock layer under the conditions 

which could most nearly be compared with the conditions of 

the theoretical part within the limits of the available 

facility. 
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2. THEORY FOR M.0-10.00.  

2.1. Equations of Motion. 

The equations of motion for two-dimensional, inviscid, 

compressible flow over an asymptotically slender blunt body 

are considered in the limiting case Mwiro.00, x--'- under the 

assumption that rates of change in the x-direction are 

negligible compared to rates of change in the y-direction. 

1 The ratio of these rates of change is of the order of Roo  , 

since small disturbances are propagated across the flow at 

the free stream speed of sound and convected along the flow 

direction at the free stream velocity. It is appropriate 

therefore to choose the following set of dimensionless 

variables. 

pressure 

density 

x-velocity 

y-velocity 

r 	 

2.1 

J 

41  and Cte3  is the where x,y are cartesian coordinates, 

free stream sound speed. 

If the primed variables are defined as of order one 

and terms of order 6 are neglected, the equations of 

motion become: 



2.3 

au 
a 	 = 0 
at. 	 Bx! 

'au + 

(1 	,}xoze 
	 0 

14 

2.2 

and the boundary conditions on the shock wave on which 

fan cp 

become.  
-ha 2q' [ I - 	coi2  

2 
t- 1 CC)+201

]-1  

= 2  ian2s61.1—coi zibil 71+1 

Ic!i.  1  tan q31  - cce (p'] 

These are the hypersonic small disturbance equations with 

the equation for Le decoupled from the remaining three 

which are identical to those of one-dimensional unsteady 

flow when the transformation t = x " is made. For the case .., 

of a strong shock wave, tan2tP is large, and the cot2451 

term in 2.3 may be neglected. 

As has been shown by Lees and Kubota (1957), 

similar solutions exist only for a strong shock wave whose 
f 

shape is ys^wx I/  . The body boundary condition for v
I  , 

v dxs 
I 	I on y = yb  

 

2.4 

 



= Yn  ac. 	— 0(1) 

x 	-7Fol 

d d  

td
\  
body 

and therefore 	X =-- 

4 6 

And 
I;  

Py f.4 17. x2 

requiring the body to be a streamline, determines the scale 

for y and x:- If the body shape is given by 

= 

2.4 requires that 

15 

2.5 

The boundary condition for v t  at the strong shock wave 

requires by an analogous argument that 

X1 	UE-1) 04-4)  

Thus, if both boundary conditions for v i  are to be signi-

ficant,p. must be equal to m, and the body shape is similar 

to the shock wave shape. 

2.2. The Similar Solutions of Lees and Kubota and 

Error Terms. 

The equations can now be written in terms of a 

Ws  similarity variable rif= 441, where the stream function 'Y' is 

defined by 

and tj41
3 
	 In .1+1 

(Ce  ) is the value of Von the shock 
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wave. Considering the plane case, j = 0, they become 

at; _ x  4. — + ;it art 

[te--P2. tt l t% 
a ay.% 

z(1 
With the following expressions for the dependent variables 

2 -26-10 
P 

	

Co Xs 	e  (ti) 

41'14 f 

	

1Y1  = 
,••• 	I 	

V;, (r;) 

= Ro(q) 

the equations become independent of x' and are 

('-/I)Vo dva 

2 /2  
RI 	(14 I) relig4)  

R: dV„ dR. =-- 0 

	

drl 	r - i lin   

Here, the second of equations 2.6 has been integrated using 

the shock wave shape tjs==a  3Pto give the second of equa-

tions 2.7. The boundary conditions on the shock wave require 

that Vo  , Po  and Re are given constants on 11,
.1 , and the body 

boundary condition, which requires Vo = #-- , determines the o 
scale of the shock wave in relation to the scale of the body. 

The solution for small q can be obtained directly by 

0 

0 

 

2.6 

 

— 2.7 
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considering Po to be constant near the body surface in the 

last two equations:- 

1 	1 -20 -p0 
p oc ac. 

{ 1'11_20— ) 
÷ const. I . 	1 

g11-40 

It is seen that the velocity boundary condition at tit  =. 0 

can be satisfied if the constant is put equal top . How-

ever, the density at the body is zero. The value of density 

can be obtained from the relation Tor  = constant along 

streamlines by considering its value from the point where 

the streamline crosses the shock wave as 

f  
1 4  

	

But Jos is a constant, andP aC 	 In the region s 1-1-cot2  •  

under consideration cot 0>>1 and 

. P? -P  

	

g 	lir 
µ

OC 

as in 2.8, but for streamlines close to the body, 

1 2711-60.  

	

0C- 	X . 	S. I  

while it has been assumed to be 0(1) everywhere. The 

similarity solution thus fails in a layer near the body in 
„AL-- 

which 0 — 0(1) and not 0(S ZO-P.) 	as it was assumed. 
7E-C 

In this layer it fails to satisfy the upstream condition 

F$  of rl  t4  

2.8 
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for the entropy distribution. A new set of variables may 

now be defined, which remain of order one in this layer. 

This will, in turn, introduce a perturbation in the outer 

solution which has to be matched with the inner solution. 

The expansion in the outer region will then be of the form 

Co2 	01) + CI  Co  •S 	Xi( t' 	P, (Iv 

• 
= C. 32-"P  Vo(rt) + C, & 	x (t 	')/' V, (n) .. 

P 	Ro  (IV + 	(4 - 1))11 
Co 	

- R161) * 

where X- 20-k° . If these expansions are substituted into 
I 

equations 2.2 and terms of order. -5  Y are collected, a new 

set of differential equations for V1, R1 and P1 are obtained, 

which describe the effect of the inner entropy layer on the 

similarity solution. The shock wave is then perturbed to 

the form 

Co x/.1  + C, S I-17  x' 

and this, substituted into the strong form of 2.3 gives the 

now shock conditions for the three equations in P1, V1  and • 
R1. 	When S 7-A-- , that is, when I 	=1 , or rrk ism 

the error term is of the same order as the terms which have 

been neglected in deriving equations 2.2. This means that 

the entropy layer would, for net 72(r+0 be so thin that 
3w1-2 

it would lie within a layer in which u can no longer be 

approximated by 

2.9 



0 

0 

2.10 
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At the other end of the range.for which this 
2 	2 

expansion applies 	m = 57-3- or m = 5 for plane flow - the- 

first approximation breaks down at the body surface because 

then the constant in v l  of 2.8 becomes zero. This means 

that the effect of the body on the outer flow is dominated 

by the blunt nose. 

2 2.3. The First Order Equations for m<-  3 . 

For m<-3- the shock wave is thus given as 

while the body is ci =(-5) . The shock condition for 

vi  now requires that xi.=-1-) Si  and y`3 a s are both 0(1) for 

the purposes of the first approximation, while on the body 

this would mean that 

t 	I rv% I- sp 

The effect of the body on the outer flow is thus of the order 

r 	 2 When m is -- ' this becomes 515  

g r t 

and the perturbation due to the body is again as small as 

that of the entropy layer. 

For the range 0.c.:m4:1-s the equations 2.2 become 

2 
XII3  or 

2 

(te — 	Fpx 

I 
ac. 3  ot aq Xs apt 



. 	4 v0(i) 3(1(4-1) 

8 
.P0(1) 7(17+7 

vi.l. R0(l) = X-1 

2.13 
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where ti is again Y. - 
'P5 Cxs 0 

being given by ti=ç x1. 

where --- 	S fi.god • the shock wave 

With the expressions 

Co. 	 Fi; (1-0 

to' = Ro(r0 

xi vocro 

equations 2.10 become independent of x t and are:- 

dPo _ 	,.2 c4, 
d a 	dri = 

rx-I N1  
Po 	8J _ .  
R: 	9 

dRo R2dVo 
11 	° 

2.11 

2.12 

The second equation has here been integrated and the con-

stant has been determined from the value of 4 on the point 
where a given streamline crossed the shock wave. The 

boundary conditions on the shock wave (rt=1) are:- 

2.4. The Effect of the Body for Small 1, LC4171'4.  

The behaviour of this solution for small 11 can be 



2.14 

'X. = 

=7- 

4 S  
-0-V) 

="--  
Slros 

s 	1 

— 	S g- a 

obtained directly by considering Po  to be constant:- 

21 

C x11  

	

ez 	PO(o) 
i 

1,1 	C- 	3  a-  r-8- 1/  3(e+0 L9 (vi-OPA I ' 

r I8 
t (zit) P.(0)] re 

But the boundary condition on the body requires 

31,11 Orn-I 1 
X- 

This means that when rt is so small that U e•- OV 3  
m_g 	1- 3--" is of the same order as 	z 	that is, when. 

2 	3we I 	 rn 

L11 	0 I.  —311 	S 	
T 

new variables have to be defined as of order one as follows. 

A suitable new similarity variable in this layer could then 



It 
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F 2.17 

17,(0) 	t12  C„ 2.19 

22 

2 Vn — be defined as ti,= -E-.1 Sat  , where 14(x==Al . Equations 2.10 
1- s  

• 
in x and this variable, neglecting terms containing S to 

a positive power, become:- 

4 . a q.. 	0  
cons!. 2.16 

K 3_sh 
nt 

PiNci 	n 
= 0 

'cu  
With the expressions 

the x" dependance is again lost: 

 

d 3). . 0 d bit 
Tit  1.prq 1 

9 lisT1) tr-t-t 

r) 	rod% 0  
ts dr. 	dr/ 

    

2.18 

 

Ti. 

   

   

 

1 

  

and the boundary condition for v is 

The solution of these equations is immediate, giving 



   

23 

(52 a RI (0) 
I 	1 

r+1 f 9 (w+1) P(0)}1  

  

2:20 

  

  

    

1 _ 
2 f 8  11  

3((41) L9(141) P.(01 

Substituting these expressions into 2.17 and re-writing them 

!xi I-15  
in terms of 11:=r(,OC. 	S 	it is seen that the result for 

large q reproduces the result 2.14 precisely except for the 
1_3m 	les...I 

term mx1 m-1  in vu. This term becomes 	. in vi  

and is thus a higher order term in the outer solution. It 

represents the perturbation produced by the body on the 

outer solution. The matched solution for v' is now uni-

formly valid, but the upstream condition is still not 

satisfied, p being given as zero on 	while an argument 

similar to that following equations 2.8 gives the true 

density to be f)=Uko ) on 4' 	In the entropy layer, 

where (;-=‘,A6'), it is therefore necessary to define new 

variables in order to get a uniformly valid solution for 

the density, It is evident that this procedure fails when 

m = 33  , because then IC:=0. This means that the effect of 

the body is so small that the outer solution fails for a 

value of V= all(s) or LP 	==0) and hence the entropy 
Paeltoci 

layer needs to be considered as well. 
2 	

rn <  2.5. The Second Order Equations in the Outer Region, ii< S  

The effect of the body can now be determined in the 

-- 	- 



outer layer in the range 2 <m<.-1 by introducing 3 IC 

3 	
4 

f n--  
Ps 	C:0 P.(1-0 + 	S 1— 	x''  	Cec, ic? 4-1) + . .., 

l-  3.., 1 41- 1 
Irt — co 3C:11  Vo CID + 	S I  Z. 	CY, (rt) +.... 

1.‘ 1- '1 	- 
Ls' — C. 1  Yck) + 	S I—  1  XI. t"  C. Ylkt) t ..... 

in equations 2.10. Collecting terms of order one gives 

equations 2.12, which are the first order equations. The 

similarity variablen.  is taken:to be unchanged, such that 

corresponds to the first order shock wave. Collecting terms 
I- Shi 

of order a —r and neglecting any higher order terms, 

an expansion 

2.21 

3 

results in 

d P, 
d 

— 7;2  q CAM = 0 
3  (Art 

3 ni 

go 	vi I  
rt 211g-pi 	-21ZaccA') R,— 0 

 

2.22 

 

The second of these equations has been obtained from the 

integrated form of the second of equations 2.10, that is, 

-r-  -a=.41 along streamlines, to 
second order, using the 

s 
perturbed shock wave shape 

2.23 

So far, the equation for y has been omitted because it is 



not necessary to consider it in order to solve for p t, vi  

andio. y' can always be determined afterwards by considering 

e , 	c7(11. 

  

2.24 art. 

 

which is a direct result of the definition of if. If the 

expansion for q is considered in 2.24, there results 

ct Yo 	I 
d rt 	Ro 

d Y. 
d rj 	R: 

 

2.25 

2.26 

 

 

for the first and second order respectively. 
• 

It is now necessary to consider the boundary con-

ditions for the second order equations. The similarity 

variable 1'L  was chosen to be unity on the first order shock 
• 

wave. Since Yls =m1s , however, equation 2.23 gives 

st- 	rn- 
Co  

It is this value of n  , therefore, at which the shock con-

ditions have to be applied. That is, taking the shock 

condition for the pressure (equation 2.3 in the strong 

form) as an example, 
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Since S is small, Po(rts)  can be expanded as 
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Proceeding in a similar way, the boundary conditions for 

V1, R1  and Y1 
can be obtained. There is an additional 

boundary condition at 9..40, of course, which requires that 

•,Nri(000) be matched with vii(co,x"). Since the term in rt.  

of the first order solution is already matched (equations 

2.20, 2.14) it remains only to satisfy 

tn 	 3,v1 
S
i_S 	

Co  On) Co 	S 	rn-1  Ci  V1(0) 

which requires V1(0) =. All the arguments leading up 
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to this statement can be made analogously for y
t and the 

2 	2 The problem in the outer region , 'when --<m‹. -5- can 

now be stated as the solution of the following equations:- 
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1 parallel result is Y (0) 1 	C1 
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As has been stated earlier, these equations can be solved 
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without considering the equations and boundary conditions 

for Y
.43 and Y1. Furthermore, since the second of equations 

2.28 and the second of equations 2.29 have already been 

integrated using the shock wave conditions for Po, Ro, P1  

and R1, the boundary conditions for Po and P1 can not be 

used again. There remain five boundary conditions, one of 

which - V1(0) = serves to determine the unknown Ci 

coefficient C1, which is common to all the perturbation 

quantities. The boundary condition for Y1(0) also gives 

C1, but this is not an independent condition. It merely 

/ % leads to the identity Y1(0) = (0) = -Vik0). This is a useful m 

check in the numerical calculations. 

2.6. Series Solution for Small ri  . 

The-solution for the first order equations, which has 

been given by Sedov (1959) analytically (see Hayes and 

Probstein (1959) section 2.6), has the behaviour given by 

equations 2.14 for small rt. Substituting 2.14 into 

equations 2.22 produces 
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where A 
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A complete solution in terms of hypngeometric funtions can 
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be obtained for equations 2.30. The second of these 

equations with P1  assumed constant for small rt gives the 

first two terms in R1, and these, substituted into the 

third, suggest the corresponding terms in V1  which can then 

be used in the first equation to get 'the expansion for P1. 

Proceeding in this manner, the following expressions result. 
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These solutions for small q contain some illuminating 
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information. As is to be expected, they fail when m = 2 3T 
as for example in V1, where the power of the second term 

becomes zero and its coefficient becomes infinite. This 

means that V1  will behave like logIsince, writing 3M. =E l  

Jim
O E 	En

e 
= 	E togs( 

-P 

+ (09 q+---. 

In P1  the logarithm appears further down as glogrLand in R1 

it appears as 1 16311 . This is the logarithmic term 

which has been observed by Freeman, Guiraud, Vaglio-Laurin 

and other authors. Its occurrence is not restricted to 

the case m = 2 but occurs in all solutions at some stage 

in the expansion. The difficulties associated with it will 
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be discussed later, in section 2.9. 

The above solutions for small break down again when 

2 M = 31  as for example in R1, where the powers of the first 

two terms become the same. By examining the behaviour of 

the individual terms in the series solution in terms of Y 

and x , the terms containing m in their power can be traced 

to perturbations from the entropy layer, and the terms con-

taining m merely in their coefficient are caused by the 

body itself. 

This demonstrates again the change in the relative 

importance of the perturbations introduced in the outer 

30 

region by the body and entropy layer when m decreases from 

2 through to 
3W • 

2.7. Energy Considerations and the Coefficients Co and Cl. 

If the equations of continuity, momentum and energy 

are considered for the control volume shown in Fig. 3, the 

Shock 

u 

P 

Body 
tjb 

Fig. 3. Control Volume  

following result which represents an energy balance is 

obtained (see Freeman (1962)). 

2 
3 
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where [)== 	pbcAl is the drag of the body up to x. This 
o 

equation can be expressed in terms of x and r) as follows. 
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If the expansions 2.21 are substituted in this equation and 

terms of equal order in S are collected, the following two 

results are obtained. 
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While equation 2.34 provides yet another means of checking 

the value of C1, the constant Cocannot be obtained from 2.33 

without the knowledge of D.. This can only be obtained from 

a knowledge of the pressure distribution on the nose of the 

body, which is outside the region of validity of the present 

theory. 

2.8. Numerical Solution and Results. 

The equations 2.28 and 2.29 were solved numerically on 
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the London University Mercury Computer for 9 values of m in 

the range 2
34

4(m.c1 when W = I. The integrals 	and I 5 	 2  
were also evaluated and the results are presented in figures 

4, 5, 6, 7, 8 and 9. The behaviour of V1  near q = 0 made it 

difficult to determine V1  (0) from the computer results, 

since the calculations had to be stopped short of rt = 0 to 

avoid the infinite value of some of the derivatives. In 

order to avoid this difficulty, the independent-variable 
3111 I 

was transformed to 	=lr-ls, and the computer calculations 

were repeated with Sas independent variable, giving a 

straight line for vi(g) near = 0 which could be extrapola- 
ted accurately to S = 0 giving V1(0) = 

(see fig. 8). 

2 The limit cases of the range, m = 3 and m 2 = 
31r 

, were 

Cl , and hence Cl 
 

included in the calculations, although the expansion pro-

cedure does not apply for them, and the results obtained in 

the previous sections are borne out by the behaviour of V
1 

2 obtained by the numerical calculation. When m = —V 3x , 1 

has a logarithmic singularity at ri. 0, giving Cl  = 0 and 
when m = 3, V1(0) = 0 giving Cl  =-4m. The three 

obtaining C1  afforded by the boundary conditions 

YI,  and equation 2.34 give the same result. 

2.9. Matching with the Entropy Layer. 

The density in the entropy layer, in which 

is of the order of one, behaves like 

methods of 

for V1 an 
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where b..- 3m Siw, • Expanding the results for large 
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2.36 

It is now necessary to match the result for small rt with 
these expressions. Comparing equations 2.14 and 2.31 with 

2.36, it is seen that this would require the form of the 

functions on the left of the following table to be matched 

with the form of the functions on the right, without con- 

33 
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It is seen that these agree throughout except for the case 

m = 2 , when the last would require 

I- 	r 
'2C135 S

1 
LI og te+ zo9  —1 103x:1 

l--I 

2511° 
c 1101 tv 

which is obviously not the case, and a more sophisticated 

approach is probably necessary to deal with this case. 

The problem for m = 0 is characterised by a pertur- 
1-1 2  

bation of the shock wave shape of the form Et 4  a:" in 

the analysis of Freeman (1962). This will always lead to 

2 the difficulty encountered in the above case m = 575  , that 

the logarithmic term cannot be matched. Guiraud (1958) and 

Messiter (1965) avoid this difficulty by disallowing a 

shock wave perturbation of this form and considering the 

next perturbation to be of the form s2(1-i) oc k
r _ 4  

Although this allows the entropy layer to be matched with 

the outer solution when m = 0, it does not remove the 

difficulty when m = — , since then a perturbation of the 

form S 4  X. 	appears from the body. The reason for the 
1..1 
	31‘ 

2 

2 failureofthematchingprocedurewhenm = 3 is not — 
 

obvious, but it is probable that the full partial nature of 

the differential equations may then be important. 

2.10. General Discussion of Theory and Practical Implications. 

2
X  

In the range 
3
—<m<-3-- the solutions obtained here 

are uniformly valid for large x and Mo0=00, satisfying the 

boundary condition for normal velocity on the body and the 

upstream condition for the entropy distribution. They 
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demonstrate that the shock layer has to be subdivided into 

three layers: 

a) The outer region in which the Sedov solution is 

the first order solution, and the effect of the body (terms 
NT 1  

AXm  and 2frrV etc.) are of second order. 

b) The intermediate region, where the terms AXM and 
Ion 	 3,11-1 

q, 	dominate and the term containing til l: V is of 

higher order. 

c) The inner region, or entropy layer, in which the 
t-i 	 am_i 

term AXm  dominates and the terms :0 1i W 	and Oen W 	N 

are of higher order. 

The way in which these solutions change their order 

of importance and how they are matched can best be demon-

strated in a schematic diagram (Fig. 10) plotting log yl  

against log rt for particular values of m and x , where the 

sum of the three curves, which represent the dominant terms 

of the three effects, gives the composite solution for y% . 

The range of i for which this analysis can be 

expected to describe the flow reasonably accurately can now 

be evaluated by requiring that 

twt-i  s "1-  x 	3 .‹.<1 
wt._ 

or 	(i) 5 4AC I 

If one specifies the maximum size of this quantity as, say, 

0.3, the range of validity is restricted to i:>%0.3, a , 

3Y 	5 
2 which, for m = — and )c= 1  is of the order of 500. If m is 

2 	 5 w x nearer 3, say, for example m = , (-71,  would have to be larger 
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than 3 x 1012 and if this is to be applicable on a body of, 

say, 50 ft length, d would have to be smaller than about 

10-10  inches, which is well below the limits of the theory 

anyway, because of restrictions to inviscid and continuum 

flow. 

The practical use of the theory is thus clearly 

limited. However, it does give an insight into the way in 

which the blast wave solution is approached asymptotically 

and the physical reasons for the deviations from it. 

The negative value of C1  for example, shows how the 

drag Dee  is approached from below as x•-•-ec,  and for large x 

the rate of change of drag reduces rapidly to zero. The 

form of the drag as a function of x'is 

D.„ — const. 8 -11-  X! 

which shows that the drag to be used in order to obtain the 

coefficient of the first order quantities, Co, is D. the 

maximum value of Dx as x —co.P 	The shock wave shape will 

also approach the first order shock asymptotically from 

below, and thus lie inside the first order shock wave. This 

appears to be wrong only when the drag caused by the 

immediate neighbourhood of the nose is considered to be that 

giving Co  instead of the asymptotic drag, D. 

If the solutions to second order in the outer region 

are rewritten in terms of physical quantities, they are 
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These have been calculated for m = I and m = 1 and various 

values of - and are shown in Figs. 11 and 12 as .p. 2: and 
Ps 

fs  versus Is  ▪ It is seen that as ---4000the solutions converge 

to the first order solutions, and that the deviation from the 

first order solution is almost undetectable for m = 1 even 

for large values of a f!( =1 	. Taking -4  to be about 
Go( 	co 

0.1, that is assuming Co  = 1.3 for m = 0.5, the deviation 
from first order theory is less than 5% in normal velocity 

for as small a value of - as 80. This is not the case for 

M = B, wherean assumed value of 23  = 0.5 (Co  = 2.8) leads to Co  

a deviation of about 20% for - = 224 110. In these coordi-

nates the effect of the perturbation is very small in the 

case of pressure and density, and slightly larger in the case 
of normal velocity. Pressure and normal velocity are 

increased while the density is decreased by the perturbation. 

All the curves of Figs. 11 and 12 have been cut off 

at their lower limit of validity in q (where the solutions 
have to be matched to the inner solution). This corresponds 

approximately to the point on the body surface, 4 :_-_- 	. 
'is 	'3s 



3. EXPERIMENTS AT M.0= 8.2. 

3.1. Facility. 

The hypersonic gun tunnel at Imperial dollege was used 

for the present investigation and it will be described 

briefly below although a more detailed account is available 

in a paper by Needham (1963). The gun tunnel uses a light 

piston, fired along a barrel by the sudden application of a 

high pressure to compress the working gas to the high 

stagnation conditions necessary for expansion to high Mach 

number flows. This expansion is achieved by a convergent-

divergent nozzle leading to the working section which is 

connected to a large evacuated dump tank. The duration of 

the flow is thus limited by the'mass of compressed gas and 

the mass flow rate through the nozzle, but the steadiness of 

the flow is interrupted periodically during this time by 

38 

reflected waves impinging on 

typical uninterrupted steady 

The most suitable conditions 

the back of the piston. 

running time is about 40 

for the present experiments 

A 

msec. 

would be a high Mach number and high Reynolds Number. 

However, the conical nozzle available for the highest Mach 

number (15) at Imperial College was considered unsuitable 

since a non-uniform flow would probably be critical in these 

experiments, and the Mo0= 8.2 contoured nozzle was chosen. 

The conditions were chosen to give the highest possible 

Reynolds number. This meant that the condensation limit 



had to be checked. From results collected by Bowman (1965) 

the lowest total temperature at which condensation effects 

are undetectable at 	8.2 and total pressure = 1560 

p.s.1:a., is about 640°K. This agrees with some measure-

ments made by. Crane (1965) and the total temperature was 

chosen as 6600K for the present work. 

The viscous length scale, /1.0, under these conditions 

is of the order of 10-5  inches and is thus likely to be 

small compared with a suitable model dimension, since the 

uniform core of the working section flow is about 6 inches 

in diameter. The results of a Mach number calibration of 

the upper half of the vertical centre-plane of the working 

section are given in Fig. 13. 

3.2. Choice of Models. 

In view of the short running time of the gun tunnel 

it is important to have an instrumentation system with a 

suitable response time. This requires that the pneumatic 

connections to the pressure transducers must be as short as 

possible. Hence the most suitable place to house the 

pressure transducers -is inside the model. This in turn 

suggests a plane two-dimensional configuration. Another 

point in favour of plane models is the relative ease of 

mounting which is afforded by the positive division of the 

"upper" and "lower" surfaces. PrevIous experimental work 

on power-law bodies has been restricted almost entirely 

to axisymmetric flows. Experimental work on plane power- 

39 
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law bodies would thus usefully fill a relatively large gap 

in the knowledge of such flows. It was decided that plane 

models would be used. 

In the light of the theoretical work of section 2, 

the range of interest of powers for the model shapes is 

here mainly 4.6.‹,m<ci. When air is used (Y. 1.4), this 

10 	2 range is 1-37<m‹ -s• It would, of course, be best to test a 

considerable number of models in this range, but because of 

the large amount of work involved in making a power-law 

shape, and because of limited workshop time, this investi-

gation had to be limited to two models. These two models 

were then chosen to be near the two ends of the above range 

in m, namely m =. 0.5 and m = 0.625, in order to test the 

large change in magnitude of the second order quantities 

predicted by the theory over the range. 

It was then necessary to make a compromise regarding 

the length scale of the body. From the point of view of 

the theory it would be interesting to look at the flow at 

very large values of d  ac-. Since x is restricted to about 

12 inches by the size of the working section, this would 

mean a small d. Two factors are against a small d. One 

is the necessity that d be much larger than the viscous 

length scale, and the other is the lower limit of the 

surface pressures imposed by the available instrumentation. 

An upper limit is also imposed on d by tunnel blockage. 
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It was decided that some experiments on simple wooden 

parabolas should be included in the pilot experiments 

described in the next section in order to determine the 

viscous effect and the limitation of blockage. 

3.3. Pilot Experiments. 

3.3.1. Effects of Viscosity and Blockage. 

Three wooden parabolas were made, 10 inches long and 

5 inches in 

shape, a 	= 

smallest of 

span, for which d in the relation defining the 
1 

edc.y, was 0.225, 0.156 and 0.100 inches. The 

these was tested at two Reynolds numbers 

corresponding to two viscous length scales.in the ratio 

2 to 1, by observing the change in shock wave shape with 

Reynolds number. This was found to be undetectable on two 

schlieren photographs. A more sensitive check on the 

effect of Reynolds number is probably afforded by a compa-

rison of boundary layer and shock layer thicknesses. The 

1 ratio of these thicknesses is seen to be less than 20

from the schlieren photographs of Fig. 30a. It was con-

cluded that the viscous displacement effect could be 

neglected. 

A test of the largest of the three models (cross-

sectional area = 15 sq. in.) showed that the flow was not 

blocked provided that the diffuser of the tunnel was 

moved forward to within 5 inches of the nozzle exit plane. 

This meant that the back part of the model could not be 
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seen on schlieren photographs. The shock wave shapes on 

all three of these models are plotted in Fig. 14 as log ci 

vs.log 247i, and it is interesting to note that they collapse 
2 

onto one curve which is very nearly proportional to fir 

This shows that the significant length scale of the shock 

wave shape is the same as that of the body, namely d, and 

that the second order effect at m = 0.5 is very small even 

at M = 15. Compared with the limit of validity of the 

theory estimated in section 2.10 as — = 500, this looks 

very encouraging. 

3.3.2. Determination of Test Conditions. 

The free stream Mach number was determined by 

measuring free stream pitot pressure and using the total 

pressure available from calibrations of the tunnel 

(Needham 1963). Estimates of stagnation temperature, 

based on running time and pressure records, were also 

given by Needham. M., pc)  and stagnation temperature 

define the state of the free stream completely. The most 

unreliable of the measurements needed to obtain these 

three quantities are those leading to the stagnation 

temperature. Although the stagnation temperature has 

been estimated subsequently from stagnation point heat 

transfer measurements by Holden (1964), an attempt was 

made in the present investigation to measure stagnation 

temperature directly. This was done by using the probe 
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shown in Fig. 13a. This probe functions as follows. The 

flow is decelerated to about M = 0.2 by the normal bow shock 

wave in front of the probe. The speed of the flow through 

the probe can be controlled by interchanging the exit throat. 

The temperature inside the tube is then very nearly the 

stagnation temperature of the flow. This is measured by using 

a thin wire (0.001 in. dia.) as a resistance thermometer. If 

a small constant current is passed through the wire, the 

voltage drop across it is proportional to the wire resistance 

and can be monitored on an oscilloscope. The material of the 

wire was chosen as 90% Platinum - 10% Rhodium for high strength 

and temperature coefficient of resistivity. In order to 

minimise radiation losses and errors due to immersion of part 

of the sensing wire in colder boundary layer flow, the body 

of the probe which consists of a pyrex glass tube was coated 

on the inside with a platinum film heater. This film and two 

silver leads connecting it to wire leads were baked into the 

glass. The platinum film is heated by discharging a capacitor 

through it. The temperature-time curve of this film can then 

be obtained by monitoring current through and voltage across 

it and using the temperature coefficient of resistance of 

such films (Holden, 1964). These films could be heated to 

about 500°0 without causing the glass to break. In order to  

avoid induced currents in the sensing wire from this process, 

the sensing wire is arranged in a vee shape. It is Insulated 

from the heater by two plastic caps which hold the wire supports.. 
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In order to measure stagnation temperature, it is 

necessary to choose the capacitor and its charge in such a 

way that the heater temperature is approximately constant 

and as near to the stagnation temperature as possible over 

the period during which the temperature is recorded. It is 

necessary for this purpose to delay the discharge of the 

capacitor with respect to the firing of the gun tunnel. 

This was done by means of a Marconi type TF1415 delay 

generator. 

Stagnation temperature was measured with the tunnel 

in four configurations: With the conical nozzle at Moo = 7.5, 

10 and 14.5 under conditions for which the estimated stagna-

tion temperature of Needham (1963) was 1300°K, and with the 

contoured nozzle, Moo  = 8.2, under conditions when the 

estimated temperature was 660°K. The temperature readings 

for these cases were, respectively, 1290°K, 1260°K, 1000°K 

and 665°K. The large discrepancy for Moo  = 14.5 is 

considered to be due to the fact that the boundary layer is 

much thicker inside the probe when Moo is large and that the 

heater, which is only capable of functioning up to 800°K, 

is unable to remove this error. 

It is interesting to note the large gradient of 

stagnation temperature with time during the run, see Fig. 15b, 

giving the trace for M oo  = 10. This is about 6000°C/sec. and 

would change the Reynolds number considerably during a run. 
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When the stagnation temperature is 665oK at 	= 8.2 this 

gradient is only about 2000°Cisec.l and after the passage of 

the first and second acoustic wave the temperature jumps to 

the same value again. 

The value of stagnation temperature used under the 

running conditions chosen for the present experiments was 

that measured by the above probe as 665°K. The free stream 

conditions were as follows: 

pt2co 	11.5 p.s.i.a. 

M4,c, 	= 	8.2 

To 	665°K. 

3.3.3. The Method of Weak Waves. 

The fact that small disturbances are propagated at an 

angle to the local stream direction which depends only on 

the local Mach number has been used repeatedly in low super-

sonic flow. It does not seem very promising at high Mach 

numbers, because the rate of change of Mach angle with Mach 

number becomes small. However, since the Mach number in 

the shock layers studied here was not likely to exceed 

about 6, it was considered worthwhile to make an attempt at 

using this technique. 

The method can best be described with the aid of 

Fig. 16. A flat plate is placed opposite the body under 

test and small obstructions are placed on the surfaces of 

the body and flat plate, such that they generate weak waves. 
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The family of waves originating on the flat plate are 

deflected by the curved bow wave of the blunt body and 

follow a curved path inside the shock layer. The family 

of weak waves generated from the blunt body travel along 

curved paths towards the bow wave and intersect the other 

family. Taking the intersection of two particular waves 

one from each family, the local flow direction can be found 

by bisecting the angle 2IA, between the two waves. The 

local Mach number can then be obtained from 

M = 

The method depends critically on the strength of these 

waves. They have to be weak enough to introduce only 

negligible disturbances in the flow.  and to propagate in the 

direction of the local Mach angle, but strong enough to be 

seen on a schlieren photograph. It is also important that 

the bow wave of the flat plate is weak, so that it does 

not disturb or deflect the flow. 

After trying several means of generating the waves, 

strips of adhesive tape of 0.0015 in. thickness and about 

ith inch width were spaced at a  inch intervals on both the 

flat plate and blunt body. Figs. 17, 18 and 19 show a 

schlieren photograph of one of the models in such a test, 

the derived Mach number distribution and the streamline 

slope distribution across the shock layer at a particular 

station respectively. It is seen that the waves originating 



from the body are not always weak enough, since the bow wave 

and trailing wave from the disturbances converge, instead of 

being parallel. Also, the bow wave from the flat plate does 

influence the bow wave of the blunt body slightly. 

This method has the following advantages. It gives 

the flow direction and Mach number relatively directly and 

supplies a distribution of these quantities over the whole 

flow field at the expense of one experimental run. Its 

disadvantages are that it is not very accurate at high Mach 

numbers and that a considerable amount of work has to be 

done on the photograph to obtain the above distributions. 

It would also be more difficult to use the method in axially 

symmetric flow. 

In order to obtain all the quantities specifying the 

flow field it is necessary in addition to measure the 

pitot pressure and total temperature. The latter can, how-

ever, be assumed constant in the non-dissipative flow 

outside the boundary layer. 

3.3.4. Static Pressure Probe. 

In relation to the low degree of precision obtained 

by the method of weak waves it seemed worthwhile to try to 

measure the static pressure as a means of obtaining Mach 

number distributions. Some experiments on the viscous inter-

action effects of a static pressure probe at M = 6 were 

reported by Behrens (1963). An estimate of the viscous 
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interaction parameter )( was made for the typical shock layer 

under the experimental conditions of the present work. The 

low value (140.08) of this parameter based on a suitable 

dimension from probe tip to orifice (about 0.5 inch) 

suggested that the viscous interaction effect would be very 

small, causing an error of less than 1% according to the 

empirical formula given by Behrens. 

A probe was then designed on the same lines as that 

used by Behrens but using the response time as a criterion 

for size. The method of Kendall (1958) for optimising 

pneumatic connections was used to relate the probe size to 

the necessary length of pneumatic connections and transducer 

volume. The available running time (about 40 msec.), the 

pressure levels to be measured (about 0.6 p.s.i.a.) and the 

geometry of pneumatic connections made it necessary to 

choose a larger probe than that used by Behrens. The final 

design of the probe is shown in Fig. 20. 

Three such probes were made and mounted on a rake, 

together with three pitot pressure probes, such that the 

streamwise position of the measuring point was the same for 

all six probes and the spacing between them was sufficient 

to avoid interference for Mach numbers above about 2.5. In 

order to test the static probes, this rake was then used to 

measure the static pressure in the shock layer of a 200 

wedge at Mop= 8.2 with the three static pressure probes at 
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the same distance from the wedge surface. The true inclina-

tion of the wedge was 18.80  and the shock wave angle 

measured from the schlieren photograph (Fig. 21) was 25.3g. 

The static pressure in the shock layer corresponding to 

these conditions with poo = 0.135 p.s.i.a. and Moo = 8.2 was 

calculated to be 1.95 p.s.i.a. from the oblique shock 

relations. The pressures as measured by the probes were 

1.935, 1.925 and 1.955 p.s.i.a., that is, within 2% of each 

other and the calculated value. This is also well within 

the accuracy of the instrumentation and recording system 

which will be discussed later. Although this pressure was 

considerably higher than the pressures expected in the shock 

layer of the blunt models, it looked very encouraging. The 

oscilloscope traces showed, however, that the response times 

were slightly longer than those estimated from Kendall (1958). 

One of the traces is shown in Fig. 22. The pressure was 

higher and the length of the pneumatic connections longer 

than those used in the estimate. The effect of these changes 

on the response time oppose each other and it was to be 

expected that the response time for the case of the estimate 

would be about the same as that encountered in the wedge 

test. This was about 60 msec., which made it necessary to 

take the reading after the interruption caused by the first 

acoustic wave. Some later measurements, in which the 

response time was reduced by shortening the pneumatic 



connections showed that the pressure settles to the same 

value after the first acoustic wave. 

It was decided that the static and pitot pressure 

method would be used to measure the local Mach number in 

the shock layer and that the total temperature would be 

assumed constant throughout the flow field in order to 

determine the remaining flow parameters. 

3.4. Design of Models and Traversing Gear. 

The results of section 3 suggest that the value of d 
m 

in the body shape fi  = ral should be varied with m in order 

to obtain comparable second order effects on models of 

similar overall length. Shock wave shapes obtained during 

the pilot experiments showed that the second order effect 

is small for parabolic bodies. The largest value of d used 

in the parabolas of the pilot experiments (0.225 inches) 

was thus chosen for the fully instrumented metal parabola. 

In contrast, the second order effect can be expected to be 

large for the 1-power body and the value of d for this 

model was chosen as 0.010 inches. This meant that the base 

thicknesses were 3 inches for the parabola and 12 inches 

for the 1-power body at x = 10 inches. The maximum values 

of were thus 44.4 and 1000 respectively. 

With the space available in the I-power model it was 

not feasible to house the pressure transducers inside the 

model. However, a sting mounting capable of housing four 
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transducers which was available from another project (see 

Needham, 1965) could be used in conjunction with this model 

without excessive lengthening of the pneumatic connections. 

The 1-power model was thus not made hollow. Details of this 

model are shown in. Fig. 23. 

The parabola was designed in two sections: The main 

afterbody which was machined hollow out of solid.duralumin 

and open at the bottom. The nose which was solid and 

attached to the afterbody by two screws. The nose and after-

body surfaces were finished on assembly and two locating 

surfaces machined on the bottom of the two sections ensured 

proper assembly. The afterbody was stiffened by a central 

web of 1 inch width which served also as a mounting surface 

for the traversing mechanism. Twentyeight pressure orifices 

were suitably distributed along the centreline, and to check 

the two-dimensionality of the flow, three pairs of orifices 

at x = 0, 1.25 and 7 inches were spaced symmetrically about 

the centreline at 1 inch from the edges. In addition, an 

orifice was positioned on the bottom of the nose, such that 

it was directly opposite one of the top orifices in order 

to check that the model was at zero incidence. The space 

in the model allowed for the mounting of 6 pressure trans-

ducers sleeved with foam rubber and held in place by spring 

clips. 

The main purpose of making this model in two parts was 



to enable the ratio of the magnitudes of first and second 

order quantities to be modified by substituting a different 

nose shape. One additional nose was made. This started 

with a 30°  half-angle wedge which had two common tangents 

with the parabola and whose apex was on the axis of symmetry 

of the parabola. In this configuration the model is referred 

to as the "wedge-parabola" below. Fig. 24 shows the para-

bola with the traversing mechanism mounted in the rear 

position. It could also be mounted at the centre of the 

parabola, in which case the probe support protruded through 

a rectangular hole in the surface. This hole was sealed 

with plasticine during runs. 

The traversing mechanism (see Fig. 23) has three 

degrees of freedom. The main slide body rotates about an 

axis about S inch below the model surface which enables 

the incidence of a probe to be changed by up to 27°. The 

probe support which is vee shaped in section engages with 

the slide and this constitutes the traversing motion. It 

can be held in position by a clamp and its position is 

recorded by a micrometer screw mounted on the slide. The 

anvil of the micrometer system can be moved by 1 inch, thus 

enabling a full traverse of 2 inches to be-Mgae. At the top 

of the probe support there is a clamp which holds the 

tubular probe sting in position at any streamwise station. 

On the I-power model the traversing mechanism was mounted 
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only on the base of the model by means of a tee block which 

could also be attached to the wooden parabolas. 

3.5. Experimental Technique and Accuracy. 

3.5.1. Instrumentation. 

The pressure measurements were made using the trans- 

ducers described in the table below. 

Pressure transducers: 

No. off Make Type 
Range,
p.s.i.a. 

3 Solartron NT4-313 0-30 

1 Solartron NT4-313 0-15 

2 C.E.C. 4-326 0-10 

None of these is very suitable for the lowest pressures 

measured, but the transducers were calibrated statically 

over the full range. The signals from the transducers were 

measured by Tektronix 502 oscilloscopes and recorded photo-

graphically using Land-Polaroid cameras. 

Schlieren photography was used to observe flow details 

and shock wave shapes. The light source for the schlieren 

system is a spark which can be delayed to any desired time 

during the run. 

3.5.2. Surface Pressure Measurements. 

The support for the metal parabola was ground parallel 

to its base on assembly such that the incidence of this 



model with respect to the base of the working section was 

zero to within + 0.05°. This was checked by dial gauge. 

The alignment of the nozzle centreline with the working 

section base was then checked by tightening a string 

accurately along the axis of symmetry of the contoured 

nozzle and measuring its height from the base at two points. 

The alignment was within 0.2°. A further check was obtained 

from two pressures measured on the parabola both at x = 1.25 

inches but on the upper and lower surface. Since these 

agreed to within 2%, alignment with the base only was 

checked for the other models by dial gauge. The two-

dimensionality check showed that the side pressures at 

= 1.25 inches were within 2% of each other and the 

pressure on the centreline. So also were those at x = 0 

while those at x = 7 inches were both 8% lower than those 

on the centreline. At any time during the experiments all 

the pressure orifices which were not connected to trans-

ducers were sealed off with plasticine or rivets inserted 

in the plastic tubing fixed to them. 

Taking into account the repeatability of conditions, 

the mode of reading pressures off a photograph and the 

calibrations of the transducers and oscilloscopes, the 

error in the pressure measurements was estimated to be 

about ± 5% at pressure levels down to about 0.7 p.s.i.a., 

and about ± 8% at pressure levels down to about 0.2 p.s.i.a. 
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3.5.3. Shock Wave Shapes and Shock-Layer Traverses. 

Shock wave shapes were measured from schlieren photo-

graphs enlarged to twice full size. The well-defined shock 

front was taken to be the position of the shock wave and 

its position was measured from the axis of symmetry by a 

pair of dividers, transferred to a rule. The error in this 

measurement was estimated to be + 0.01 inch, which corres-

ponds to ± 0.005 inch on true size. The shock wave position 

could be checked in three isolated cases of the shock layer 

traverses, when the position of the pitot probe happened 

to coincide with the shock wave. These checks agreed with 

the photographic measurements to within ± 0.015 inch. 

The static and pitot rake was traversed along a line 

which was slightly inclined upstream from the normal to the 

body surface, and its incidence was maintained throughout 

each traverse. That is, no account was taken of the change 

in streamline slope from body to shock wave. This change 

in slope amounted to a maximum of about ± 3°. The variation 

of the static pressure reading with probe incidence was 

found to be smaller than 2% over a change of incidence from 

O° . to 3o in the shock layer of a 20o wedge. 

The spacing of the three sets of probes was measured 

accurately and the first reading of each traverse was taken 

with the lowest probe touching the surface of the model. 

The probe positions were known to an accuracy of ± .005 inch. 
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When the uppermost static probe was touching the bow 

shock wave of the model, strong interference resulted and 

the static pressure was unreliable (see Fig. 25). All such 

readings were discarded. It was hoped that the shock wave 

slope could be used in conjunction with the free stream 

conditions to calculate conditions on the shock wave. How-

ever, since the local Mach number outside the shock can 

vary with position from about 8 to 8.5 (see Fig. 13) and 

conditions on the shock wave are very sensitive to shock 

wave slope, the static pressure behind the shock could only 

be determined to within + 15% by this method. 
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4. EXPERIMENTAL RESULTS AND COMPARISON WITH THEORY. 

4.1. Surface Pressure Distribution. 

The surface distributions on the parabola, wedge- 

parabola and 1-power-law body are plotted in logarithmic 

coordinates as 	?1  ) w versus in Fig. 26. They are compared 
paoo 

with the first and second order theories, modified 

Newtonian and tangent wedge approximations and, in the case 

of the wedge-parabola, with a characteristics solution, 

which will be discussed in section 4.4. 

In order to obtain the coefficient Co of the first 

order theory, the experimental pressure distributions were 

integrated numerically to give the drag to x, Dx, as a 

function of x. Dx was plotted against x  in Fig. 27 and the 

value of Doo , the asymptotic drag,was obtained by fitting 

the expression 

D
X 

x) M-3 

to the experimental curve. D.„ substituted into equation 

2.33, yields the coefficient Co. These values of Co are 

given in Fig. 27. Although this method of obtaining Co is 

only an estimate, it is the result of an integration of 

experimental quantities and thus likely to be more accurate 

than the alternative method of comparing the magnitude of 

first and second order quantities directly. It also does 

not involve the use of any second order quantities apart 

from the actual body shape. 
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With this value of Co it is now possible to calculate 

the theoretical behaviour of the flow variables, and all 

the theoretical curves in the illustrations use Co as 

obtained in this fashion. The pressure distributions of the 

parabola and wedge-parabola agree reasonably well with the 

present theory although the effect of the finite free stream 

pressure manifests itself at large values of . 
d
— This effect  

is partially cancelled by the lack of two-dimensionality 

near the tail end of the model, where the pressure drops off 

again. These two effects are best observed in the pressure 

distribution of the wedge-parabola: The experimental 

pressure distribution falls off from the characteristics 

solution near the end of the model. This demonstrates the 

effect of the loss of two-dimensionality, since the effect 

of finite pc, is taken into account by the characteristics 

solution. The experimental and characteristics pressures 

deviate upwards from the present theory at large because 

of the finite free stream pressure effect. The lack of two-

dimensionality at the rear end of the model makes it 

necessary to treat all experimental results downstream of 

. d  F 30 in the case of the parabola and wedge-parabola with 

some suspicion. 

The pressure distribution of the 1-power-law body 

differs widely from the theoretical prediction and is in 

rather better agreement with the tangent wedge approximation 



if plotted as 	 
Pu° L):3 

• However, since the pressures on this 

body are considerably loWer than those on the other two, 

an attempt has been made to correct the error due to finite 

free stream pressure by comparing theory with experimental 

• The agreement is quite good. 

All three pressure distributions show a consistent 

"dip" in pressure in the region between x = 1 and x = 3 

inches. This has also been observed by Needham (1965) in 

the pressure distribution over a flat plate and is considered 

to be a characteristic of the tunnel. 

4.2. Shock Wave Shape. 

The pilot experiments (see section 3.3.1. and Fig. 14) 

have already shown that the significant length scale of the 

shock wave shape on a two-dimensional parabola is the same 

as d, the scale of the parabola. Since only one model was 

tested at m = 1, a similar test of correlation could not be 

made for this value. However, this correlation was tried 

in the experimental shock wave shapes obtained by Peckham 

(1965) and Kubota (1957) on axisymmetric power-law bodies. 

The result is shown in Fig. 28 for m = 1 and m = 1. 

Unfortunately, the curvature of the shock shape (in loga-

rithmic coordinates) could not always be taken into account, 

since most of the results were drawn as straight lines in 

Peckham's report. However, the correlation is quite good 

and it can be expected that shock wave shapes on a body of 
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the shape a  = m collapse for a particular m onto a 

single curve in these coordinates for large Mach numbers. 

If the stand-off distance of the bow wave is proportional 

to d which is true for m = I, this can be expected to be 

true right down to the nose. At the other end of the scale - 

--*00 - the shock wave must, of course, become weak eventu- 

ally and shrink to a Mach wave. This behaviour would 

exhibit itself in the shock wave shapes as a "tailing-off" 

of the shock wave to a line of the form ds = a + 	
1 	

d 

where a is presumably a function of M..and m (see Fig. 29). 

The tailing-off of the shock wave can be detected in the 

shape for m = I and M c., = 6.8 in Fig. 28 as a deviation of 

the shock shape from that for M oo  = 7.7. 

The shock shapes obtained in the present experiments 

are shown as schlieren photographs in Fig. 30a and plotted 

in logarithmic coordinates in Figs. 30b and 14, where they 

are compared with the present theory using the values of Co 

obtained from the drag. The magnitude of the second order 

quantities is again seen to be much larger for m = 1 than 

for m = 2, and the way in which the second order effect 

modifies the first order theory is in the right direction, 

except in the case of the parabola, where the theoretical 

prediction for ys  is 10% less than the experimental result. 

Although a better fit could have been achieved by choosing 

C and C for fit, this was not done here in order to give a 
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true comparison of theory and experiment. 

4.3. Shock. Layer Traverses. 

- Shock layer traverses of pitot and static pressures 

were made at five stations on the parabola d = 0.225 inch, 

3 stations on the wedge parabola, two stations on the 0.625 

power body and two stations on the smallest wooden parabola 

(d = 0.100 inch). The location of the stations is shown in 

Fig. 31, and the measured pitot and static pressures are 

presented in Fig. 32. The length coordinate in these plots 

is measured from the body surface. Although the two-

dimensionality of the flow is doubtful downstream of a = 30 

on some of the bodies, such traverses have been included in 

Fig. 32 to show the general trend. The quantities M q,  

and T derived from these measurements and from the assumption 

that the total temperature is constant at 665°K are shown 

in a similar form in Fig, 33. 

The static pressure as measured on the surface of the 

metal models opposite the traversing station is included in 

Fig. 32 as a point on the vertical axis. It is seen that 

the surface pressure agrees well with the extrapolation of 

the static pressure traverses, giving additional confidence 

in the static pressure probe. 

The assumption that the velocity in the x-direction 

is constant and equal to U is seen to be a good first 
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approximation except when 

7 
 d  is smaller than 5. 



It is seen from the density profiles that the assumption 

of a strong shock wave is quite drastic for the conditions of 

the present experiments, the density on the shock wave being 

less than 50% of the value on a strong shock wave for large a. 
It can therefore be expected that the density profiles will 

not be in good agreement with the theory. This is evident 

even from a cursory inspection of the density profiles on the 

1-power-law body, whose shape is considerably different from 

the density profile of Fig. 12. The general shape of the 

density profiles on the parabola, however, is similar to the 

theoretical prediction. 

The strong shock assumption is not so serious in the 

case of pressure and velocity and in the hope that the effect 

of the error in density on the pressure and normal velocity is 

not too strong, these were compared with theory in Figs. 34a 

and 34b. The normal velocity v was calculated from the 

streamline slope distributions of Fig. 19 and the q-distribu-

tions of Fig. 33. It is seen that in both cases the experi-

ments for the parabola are in very good agreement with theory. 

In the case of m = 1 the pressure distribution is of the 

right general shape but considerably higher than the theore-

tical prediciton. The weak shock effect (finite free stream 

pressure)-would account for some of this discrepancy. The 

normal velocity for m = 1 is also underestimated by the 

theoretical prediction. However, from a close inspection of 
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the shock wave shape for m = 1, Fig. 30b, it is seen that 

the shock wave begins to "tail off" at about Lc  = 300. For 

a reasonable comparison with the present theory, Lc1 should be 

at least about 500. The two regions in which the theory 

breaks down (large 	- weak shock, small 	- slow conver- 

gence) thus overlap, and a comparison with experiment becomes 

somewhat marginal unless M o, is larger than in the present 

experiment. 

The Mach number distribution as obtained from static 

and pitot pressure measurements on the 1-power model at 

= 560 is superimposed on that obtained by the method of 

weak waves at the same station in Fig. 18. The scatter of 

the points derived from pressure measurements in this traverse 

amounts approximately to that of the weak waves method. 

Within this scatter of about ± 6% the agreement is quite good. 

Fig. 36 shows streamline shapes derived from the weak 

waves method in the case of the wooden parabola, d = 0.100 inch. 

4.4. Comparison with Characteristics Solution. 

Lewis (1965) calculated the flow over the wedge-parabola 

of the present investigation under the same conditions by the 

method of characteristics. These data are compared with the 

experimental results in the appropriate parts of Figs. 26, 30b 

and 35. It is seen in Fig. 26 that the experimental surface 

pressure distribution is in good agreement with the character- 

istics solution up to about a = 30, where the experimental 
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pressure drops off due to loss of two-dimensionality. The 

comparison also lends support to the statement made in 

section 4.1., -that the consistent "dip" in pressure is a 

characteristic of the tunnel. 

The shock wave shape as obtained by the characteristics 

method is also in good agreement with experiment as is seen 

in Fig. 30b. 	The discrepancy between experiment and 

characteristics solution for small 2-c  amounts only to about 

0.020 inch and is largely attributable to experimental error. 

Two interpolations of Lewis's data coincided with two 

of the traverses of the shock-layer of the wedge-parabola. 

The position of these interpolations is marked on Fig. 31. 

The results of the interpolations are compared with the 

experimental traverses in Figs. 35a and 35c. (Note that the 

full line of Fig. 35b is a mean line through the experimental 

points.) An important result is brought out by the compari-

son in Fig. 35a where the experimental static pressure 

deviates considerably from the characteristics prediction 

when the uppermost probe protrudes through the shock wave. 

The discrepancy starts at y-yb  = 0.44 inch and this is 

corroborated by the position at which it should occur 

according to the shock wave and probe geometry (see Fig. -25 

which is taken at the same station). This gives an indication 

of the importance of probe-shock interference and has been 

used in assessing the validity of static pressures measured 
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near the shock wave in other traverses. At the downstream 

station, which is in the region where the two-dimensionality 

of the flow is doubtful, (1 = 36), the static pressure 

readings are consistently lower than the pressure obtained by 

the method of characteristics. This discrepancy amounts to a 

maximum of about 10%. 

Apart from these discrepancies the agreement between 

experiment and characteristics theory is remarkably good, the 

pitot pressures being almost identical. The distinct kink in 

the profiles at the upstream station which results from the 

discontinuous curvature of the body at the junction of wedge 

and parabola is shown by both experiment and characteristics 

method and coincides with the change in density gradient 

shown in the schlieren photograph Fig. 30a. 

The relatively large error of the quantities on the 

shock wave is due to the fact that they were determined from 

the shock wave slope and free stream conditions. This is a 

relatively inaccurate technique. 

It is more difficult to start characteristics solutions 

when the flow is locally subsonic, as it is near a blunt nose, 

especially in plane flow. The computer program of Lewis (1965) 

is unfortunately unable to deal with such cases at present. 

However, the comparisons of Fig. 35 give an indication of the 

potential of this method as a criterion for other theoretical 

methods. They also indicate the extent to which one can trust 
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the static pressure measurements in the blunt body shock 

layers of the present investigation. 

The experimental and theoretical results are available 

in the form of detailed tables at the Imperial College 

Aeronautics Department. 
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5. FUTURE WORK. 

The experiments conducted in this investigation were 

insufficient in number to determine the complete behaviour 

of the coefficients C1(m) and C (m) over the range it Im.<4, 

two points only having been obtained. A more complete 

investigation, say, of about five models in this range would 

demonstrate more clearly the strong and weak points of the 

theory. The similarity of the shock wave shapes in 	-2-c- and d 	d 

coordinates could be verified more fully by testing models 

with several different length scales for each value of m. 

' The same could be repeated for other ranges of m, and 

for axisymmetric flow. Theoretical solutions for other ranges 

of m could be obtained in the manner suggested by Freeman 

(1962), (see also section 2.2.). 

Ideally, the aim would be to obtain theoretical solu-

tions for the full range of m from 0 to 1 with a full range 

of experimental results to check them in both plane and axi-

symmetric flow. It would be better in a comparison of 

theoretical and experimental shock wave shapes to plot Co(m) 

and C1(m) rather than 'LW, since p. (m) is more properly 

At(111,  
The experimental verification of theoretical work could 

very suitably be complemented by numerical solutions such as 

those presented here for the wedge-parabola. These could 

serve to check the extent to which the assumptions of both 
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theory and experimental technique can be made safely, and to 

give a more accurate comparison with the theory. 

It would also be interesting to see how the theoretical 

solutions depend on )1 and this would need only a simple 

extension of the computer programme so long as ?f-1 is not 

small. The most difficult problem of the theory, however, 

remains the determination of matched solutions for the, 

particular values of m, for which the solution. remains 

singular near the wall to second order. These are m = 	2  
347'.W 

(3+j0+2 • 
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6. CONCLUSIONS. 

Theoretical solutions, based on the expansion scheme 

for large x and large M.. as proposed by Freeman (1962), 

were obtained for the asymptotic inviscid flow over plane 

bodies of the shape - = (= 	in the range ig <f m < 3 . 
These second order solutions enabled the condition that the 

body surface be a streamline to be satisfied. 

The magnitUde of the second order term was found to 

2 increase from zero at the singular point m = 14 to infinity 

at the singular point m = 4. At these two points it is 

probably necessary to adopt a more sophisticated approach 

since, at m = 3g , a matching condition cannot be satisfied, 

and at m = 1 the expansion does not converge in the present 

approach. 

The coefficient of the second order quantities was 

found to be negative, such that the shock wave of the second 

order theory lies closer to the body than that of the first 

term in the expansion. Similarly, the surface pressure 

approaches the first order value from below as x ---4-.0. 

Experiments at M oo. = 8.2 were performed on two plane 

power-law bodies in the range Ir.< m < 4- (at m = 2 and m = 1) 

and on a plane parabola with a 30 degree half-angle tangent 

wedge nose. These included the determination of shock wave 

shapes, surface pressure distributions and detailed investi- 

gations of the distribution of pitot and static pressures 



ratio is smaller than reducing the lower 

• x 
d about - = 10 at m = - 

one, thus limit of 

the range of validity of the theory to 
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across the shock-layer. 

A comparison of shock wave shapes on plane parabolas 

of different length scales showed that the significant length 

scale of the shock wave shape is the same as that for the 

body, the shock waves for all parabolas collapsing onto a 

single curve in the bOdy coordinates - d 
x versus d The same 

was found to apply to the results given by Peckham (1965) 

for axisymmetric bodies with m = 2 and 1. 

The deviation of the experimental results from first 

order theory was generally in the same direction as predicted 

by second order theory and the magnitude of the deviation was 

found to be much larger in the case m = 1 than at m = 

where it was very small. This again agrees with the pre-

diction of the theory. The accuracy of the experimental 

results was insufficient for a conclusive comparison of the 

shape of the deviations with the second order quantities. 

The extent of the range of validity of the theory was 

shown to vary with m. When the ratio of first and second 

order coefficients Ci -- , is taken equal to one, the ' Co  

validity is restricted to very large values of - . 

experimental determination of Co showed, however, 

range of 

The 

that this 

and - = 500 for M = 1. 

The experimental results were compared with a 



characteristics solution by Lewis (1965) in the case of the 

wedge-parabola with good agreement. The maximum discrepancy 

of the static pressure in this comparison was about + 8% in 

the region where the static probe is free from interference. 

A similar discrepancy of the pitot pressure amounts to about 

± 5%. This comparison lends strong support to the gun tunnel 

as a good facility for testing steady flows. It also shows 

that numerical solutions could be used with confidence as a 

test of the theory for values of 21  outside the range of 

experimental facilities. 
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Fig.7. SOLUTION OF EQUATIONS 2.22 FOR Vi(m,v). 
SECOND ORDER NORMAL VELOCITY, PLANE FLOW, T. 1.4. 
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Fig.23. m=1-MODEL MOUNTED ON STING. 

Fig.24. PARABOLA MOUNTED ON STING WITH TRAVERSE 

GEAR AND PROBE. 
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Fig.25. STATIC AND PITOT PRESSURE RAKE IN 

SHOCK-LAYER OF WEDGE-PARABOLA. 
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Fig.30a. (cont.) SCHLIEREN PHOTOGRAPHS. Moo  = 8.2. 
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DISTRIBUTION THROUGH SHOCK-LAYER, m=1. 
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Fig.36. STREAMLINE SHAPES ON PARABOLA (d = 0.100 in.) AS OBTAINED 

BY THE METHOD OF WEAK WAVES. 
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