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ABSTRACT 

The fir part - of the work do,,scribes an attempt made to 

separate the isotopes of nitrogen, in the form of ammonia, by gas-

liquid chromatography, making use of the isotopic exchange reaction 
14 

between .tho two species which enriched the N H
3 
species in the gas 

phase, The fixed liquid phase in the chromatographic column was an 

aqueous buffer solution which controlled the distribution coeffi--

cient and the separation factor. The ammonia emerging from the 

column was determined by an integral method which followed the 

colour change in an indicator solution photoelectrically. When 

longer runs were carried out with longer columns, it was discovered 

that the dectection method was subject to an error due to reaction 

between the indicator solution and its glass container. These 

errors were large enough to invalidate the method used to determine 

the ammonia, and the experiment was abandoned in view of the length 

of time which would have been required to overcome this difficulty0 

The second part of the work 	an attonpt to establish an 

experimental and mathematical technique for deter:17111,g the residence-

time distribution function ?(t) in a flow system averaged over a 

long period of time. This was done by carrying out a first-order 

reaction in the system and determining the mean fraction a  of 

initial material unconverted in the outlet stream, averaged over 

a long period of time, as a discrete-`value function of the reaction- 



rate constant k. 

2ho mathematical treatment of the method necessitated 

ex',racting' f(t) from the experimental results by the 

numerical inversion of the Laplace transform oc(k). The 

inversion was performed by the technique of linear  

programming, using an automatic computer. The inversion 

technique was successfully tested on 'synthetic' data 

for plug flow and perfect mixing. Also, in one case, 

satifactory agreement was found between the function f(t) 

determined for the same reactor by inverting the experi—

monta1 a(k) results and that determined by a step—change 

method; for a second reactor the agreement was 

unsatisfactory. 
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PART I 

ATTEMPT 	Hi)  SEPARATION OF NITROGEN 

ISOTOPES BY CHEMICAL ECCHANGE  



1. 	Introduction 

The present work was initiated in order to determine 

whether gas chromatography could be used to supplement or replace 

the mass spectrometer for the analysis of isotopes, so that the 

measurement of isotopic abundances could be effected more cheaply. 

As a trial of the method, the gas chromatographic separation of 

the isotopes of nitrogen, in the form of ammonia, was attempted, 

although the nitrogen isotopes have successfully been separated by 

other methods, notably chemical exchange1 and gaseous thermal 

diffusion2. 

In chromatography a solute mixture is distributed between 

a moving phase and a stationary phase. Owing to a selective re-

tardation exerted by the stationary phase, the components of the 

mixture travel in the moving phase at different effective rates 

and thus tend to segregate into separate zones or 'bands'. In 

gas-liquid chromatography, the stationary phase is a liquid held 

in place by a support, i.e. an inert packing in a column, and fill,  

moving phase is a harrier gas or vapour. 

Hartin and Synge3, in 1941, introduced the concept of 

liquid-liquid partition into 'chromatography and, in passing, 

suggested that one of the phases could be a vapour. Synge4, in 

1946, again suggested partition chromatography with a gaseous 

moving phase. It was not until 1952 that James and Martin30  

experimentally used vapour--liquid partition chromatography and its 

use has expanded tremendously since. 
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As early as 1941, Martin and Synge advocated vapour—liquid 

chromatography for the separation of isotopes. They thought that 

the isotopes of nitrogen could be separated by passing ammonia gas 

over gal-  impregnated with ammoniun sulphate solution; the sug—

gested partition was to be based on th.. N14—N 5  exchange reported 

by Urey and Thodol. Work has since been done on the gas—liquid 

chromatographic separation of hydrogen, lithium, neon,nitrogen 

and other light isotopes6,7. 
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all the gas phase from the first plate into the second, whilst the 

gas in the second plate is displaced into the third, and so on 

down the column. After each displacement of gas phase, the con—

tent of each plate comes to equilibrium with respect to the two 

phases. Successive equilibrations are carried out by displacement 

of the gas phase of one plate to the next by the flow of one plate 

gas volume into the first plate. 

If p is the probability of a solute molecule being in the 

gas phase at a given moment, the probability of a vapour molecule 

being in the rth  plate when n plate gas volumes have passed is 

1 Dr 
n 

n! 	,r 	„In—r.  
r! (n—r)! 	YI  

Equation 2.1. is a binomial distribution, having a maximum at 

r=np. By assuming that n, r, apd'n—r aro all large, so that 

Stirling's theorem for the factorial of each can be used, and by 

assuming nsuffciently large so that np(1—p)>>2p-1, it can be 

shown that 

Pr = 	1  exp n hIT2wnr(1—p 

If the dittribution coefficien4 is defined as 

(2.2.) 

moles of solute in the liquid phase per unit lehgth  

	

/ 	 .(2.3.) 

	

4 	moles of solute in the gas phase per unit length 	' 
' 	- 

then 1,  
P = ---r; 12  + 

since in chromatographic practice,g» 1, then 

P 	I 

 

(2.5.) 

 

(2.6.) 

?. 4 ) 



Then, equ-tion 2.2. becomes 

1 	—(np—r)2  
Pr  — n 	•T[27mr] 

(2.7.) exp 
2np 

,r exp 
Wr-) I .,,wr 

(n—n 	)2    (2 10,) 
max 

1 —P 

2r 
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and 1—p 	1 . 	 .(2.6.) 

Equation 2.7. is a Gaussian distribution, whose variance is np, 

and whose maximum value, or 'peak', occurs at np=r. 

Consider the arrival of the peak at the exit of a column 

of r plates; theref ore, 

r 
max p 
1 

En 	 exp 
—P
2  

(n—nmax • • • 6 • • d • • ( 2•9.) 
2r 

In the vicinity of the peak, np—r is small, and since np and r 

are both large, then np nr, and 

Let the retention time of the carrier gas, whose passage through 

the coulmn is unimpeded by the presence of the liquid phase, be 

to;then the retention time of the solute vapour, i.e. the timt 

for its peak concentration to reach the column exit, is 

to  (19k) max 

	

	(2.11) 

t µ. 	  (2.12) 

If the fie-,  rate of the gas is constant, time measured from the 

start of the recess is directly proportional to n. A molecule 

of Ca rrier gas which spends the whole of its passage time in the 
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gas phase reaches the column exit when r gas volumes have passed. 

Denoting the flow of n gas volumes in a time t, then 

nt 
t - 

r 

 

. (2.13.) 

 

and 	 n t max o 
t 	=   ;   .( 2.14,) max  

therefore 	1 	-r 	t-t ,r 
exp 	( 	 max)  2. 	

(2s15, ) 

kr[271-r] 	2 	• u max 

Equation 2.15. states that if at time zero, one unit of solute is 

put into the first plate Pr units of aolute arc contained in the 

rt  plate at time t. 

If Q moles of solute are placed in the first plate at time 

zero, the rate of solute vapour Toss at the column exit is 

	

I r 	t-t 	2 

exp 7 ( max  
) ' 

	

7T. 	_ 	t g2 max max 

which is a Gaussiari distribution about t=t max* 

In gas ch]-ematoraphy it is the rate of emergence of 

solute vapour from the column which is actually measured, and 

hence the last expression derived forms the basis cf the method. 

In the theory just considered and in the other theories 

to follow it is assumed that p and hence the distribution coeffi-

cient /2 had the same value at all points in the column, i.e. 

there was a linear isotherm. 
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2.1.2. Continuouc Flow 

The plate theory with continuous' flow has been treated 

- G/ueck-mi10  and by KliikaaborG and Sjentzer9. This theory 

by 

differs from the previous in that flow of Gas from plate to 

plate is considered to be continuous iastead of i:.termittent; 

equilibrium between the ph7,ses in any plat:: is considered to bo 

instantaneous. The probability P o± a vapour molecule being in 

the r
th plate after the rassage of 77 affective plate Gas volumes 

of Gas is Given by 

P 
r —77 

77 ° 

 

(2.16:) 

   

r! 

  

where 

S = tct.1 volume of carrier Ga2 which has flowed 

f7:-)m time zero, 

v. 	, the effo3tive -)lato 

vG = vclumc of has per plate ,  

v 	= vclumc of liquid per plate, 

r^-1 b` volume, 

fl.nount of solute per unit volume of G:-.s phse 
7 

L111 - 3 1uto per unit volum„: o± liquid phase. •  

K= the equilibrium constlil;. 

 

V,- 
1.4 

 

In this theory t:rn K and µ are assumed to be eonst7lt. Equion 



1 exp 
Af'[271-r] 

	 9   (2.17. ) 

2r 
Pr = 
77 

-(1.-77  ) 2  
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2.16. is the Poisson exponential function whose maximum 

occurs at 77 =r. By the application of Stirling's theorem, and 

assuming that r is large and that both r-77 and (r-7) )/r are 

small, it c-al be shown that 

which is a Gaussian distribution with variance r and maximum 

at 

	

= r.   (2.18.) Amax 

Since 77 is proportiona] to time t, then it can be seen that 

2 

1° 
1 	r(tin_lx-t ),

r = 	 exp 	/ 	 (2.19.) 
'' 	Nr[271-2.] 	2 	t 

for the plate theory with intermittent flow. If the 

carrier gas flow rate is G, the the carrier g-ts retention 

time t is given by 
to = 

rvG  

 

(2.20) 

    

 

G 

  

also, rvE  
--- max G  
	42.21) 

= - 
r 

vG + Xv 

 

42.22.) 

 

t0 (1 1-11 ) C • • • 9 • • - .„.(2.23 ) 

t„ 7i 9 

  

(2.24.) 

  

which is the 	in th,: previous case. 

If Q moles of solute are put into the first plate, the 

rate of solute vapour loss from the column exit is 



Q 	r exp -r (t 	2 max  -t ) 
7 

which is the same as for the previous case. 

2.2 	Rate Theor:i- 

The rate theory of chromatography has been treated by 

Lapidus and Amundson'', Glueckauf 12, Tunitskii13, Liddingz 
14 	 15 and Eyring, and by van Deemter et al . 

2.2.1.  Continuous Column Thcor1 Ljith Instantaneous 

Equilibrium 

AJouming that the solute concentrations are dilute 

everywhere in the column, and neglecting diffusion in 

the liquid phase, a mass balance over 	elemental length 

of column az yields the tvation 

a2y  

D--2  = 
az 

G ay ( 

m, az 

m ay 
1  - 

ril
G
I( at 

 

('-)  25.) 

 

where 	y = mel fraction of solute in the gas phase, 

x = mol fraction of solute in the liquid phase, 

mG 	column gas density, moll per unit length, 

= column liquid density, mots per unit length, 

G = molal gas flow rate, 

D = longitudinal diffusivity in the gas phase, 

and 	K is the equilibrium constant defined by 

y = Kx.   (2.26.) 

t,.. 	2 7r 	2 	t max 



In this theory K is -ssumod constant. 

By making the trans,,formation 

Gt 
	 (2.27.) s = z 

  

  

 

17111<_,  

 

The differentia. enu..-.tion 2.25. becomes 

()Y 
-- • 

Cr  
en•e••••••••(2• 28• ) 

This equation is subject to the 'ooundary conditions, 

t=0, 	y , 	0 < s < CO ,   (2.29.) 

	

t = 0, y = co , s = 0,   (2.30.) 

and 	lim y = 0, t > 0,   (2.31.) 
s GO 

which implies a long column, At z = 0, t = 0, Q moles of 

solute are introduced into tl ..e column as a pulse. Then, 

n1\ 

G {_cc)  
 (2.32,) Q 	= tyl ( 1 + Ti77) yds. 

Under those conditions, the solution to equation 2.28 is 

given by 
Q s 

 rl.. 
y = 	 e.xp - -- (1 + =----;"-, . . ( 2. 33 ) 

r1:5" ' 	44Dt 	_ ,Gis- 
am r

+ 
 lift (1 

•- 	
- 

__J 
T 

\] 	\\ 	
21r; 

Defining 	distribution coefficient, by 

g = 1 
G K 
	.......... 	. ( 2. 34.  

for all t, 

•••41•0••0 /•• .(2.35.) 



5 

4 t , a 
5 

C 

if Gs 
» 1. 

/I-11 G = p,D — tmax 	\.r" - 

	 ex p 	
z ) 	t 

t 
/ max  - t)/ 

(2Dmr 	max 

-1 

. . 0 (, 	• 

G-y = 
10 

• r 	i• J -) 	' 

fl— 

since 12»1, substition for s yields 

Q 	 -A 	Gt 

2m hf:vg:t] 	
--- (z ,. 	 exp .   (2.36.) 

G'• 

The maximum of equation 2.36. occurs for 

The carricr f -ea.5 :,!-- e:p.7t011 time 

rn G
- 
 

  (2• '0 
o 

therefore, t = max 	o 

as in the -p--re tiqeory. 

The main contribution to y is Toc:=tcd in the repion 

near 	daKiMUM where t 	t?li:i hence, it is permissitae 

to replace t by lim,z/G in equation 2.36., except in the 

numertor 	tne 	 tevm. Therefore!  

_ 2 -Gz t 
	 exp tT 

11-DmG 	/ 
- 

The rate of oss of solute vapour from the column exi t 

	  (2.42.) 
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If we denote the number of plates r in the column as 

Gz 

2DmG  ' 

 

(2.44.) 

 

equation 2.43. becomes 

2 
Gy = t 	

 r 
	 (2.45.) 

-r P a 	
9 

r 
- t 

exp 

	

max V 27r 	max 

which is the same expression as for the plate theories. From 

this it can be deduced that the length of column equivalent 

to - theoretical plate, or 'Height of a Theoretical Plate, 

2DmG  HETP = 
G 

 

(2.46.) 

 

2.2.2.  Continuous Column Theory With Finite Rate of  

Mass Transfer  

If there is not instantaneous equilibrium between 

phases, the mass balance over an elemental length of column 

dz yields the equation 

a2y 	G ay ay mL  ax 
- 	— 	 - — . 

Oz2 - mG a z at
+ LT  

Gat 
If it is further assumed that the rate of transfer of solute 

between phases is proportional to the deviation from equili-

brium, there is also obtained the equation 

(2.47.) 

— = k (y - Kx 
at 

) 9 

 

(2.48.) 

 

where k is a mass transfer coefficient. For the introduction 



O whore (2.49.) 
2 

0 	2D z 

G ) 

0- 2 2m CT 
ospoope ,.,*(2.51 1) 

G 
t
max 

	zrzi G 
5 

O 00(.0 0••0000 00 0006004000( 2 • 5 3 • ) 

• .............O ..........(2.5.1..) 

and 

o poros OOOOO 	C.,10v10 OOOOO (2.52O) 

-2 •L- 

of a concentration pulse y't' of sufficiently short duration 

t', the solution is 

2 

In Cotaining this solution it was assumed that K and 	were 

constant throughout the column, that the effect.: of lonffi -tuA-

inal diffusion and the deviation from equilibrium were small, 

so that a:11 retention times t were close to the maximum 

value t 	and the main contributions to the exponential max 

term were located in this region, and that there wt-.s suffi- 

cient retention of solute in the column, 	0. p was large. 

The rate of loss of solute vapour from the column 

exit is 
Gy't' 	-1 /

zmG\ 
2  
/ tmax 	 Cry exp 	2 	2 \ 

• bi,IL 21r( o-  /2  ± Q- 22  )11 	2,1 	2 + a-- 	G ) 	tmax 

,..(2.55.) 

y' t' 
MaX 

- t 

gkr [27( 
, •J - 	exp 



therefore it can be deduced that 
7 	2 
G-  (0-7- ' c -) 

HETI' 	 (2.58) 

-24-- 

	

,-) 	2 2 . 
Q 	1 

	 ( 
zni.

G
)' 	-1 	/zmG `'max - t \ 

	

= 	 exp ) ' 
2 t m 	.!;- ax ' 

 
0-1.  + y 

2 
) 	G 	

. 
2(q_ +  

	

a 	 max 

	

wherewhere 	Q = y't', the. total solute introduced. 	:.(2.56.) 

Equation 2.56. agrees with that for the plate theory if 

2 
17, PICA 

G 
...,...(2.57.) 

21-11A 

/ Dr. 
...,... ...... (2.59.) 

5 
Klinkenberg and Sjenitzer defined 2n /G as the height of a 

mixing stage for the peak spread by longitudinal diffusion 

in the gas phase. -13- ich was considered to be the sum of two 

contributing factors, that due to molecular diffusio-L ill "'—

gas phase and that due to 'eddy diffus :', i.e. the spread 

of the peak becau2 e of the irre -- larity of the packing and 

the tortuosity of the channels for gas flow. The term 

2G/kml  was defined as the height o2 a transfer unit for thc 

peak sprcad by non--tt,tinment of ocilljlib-  'm. Equation 2,59. 

shows how the corresponding heights for longitudinal mixing 

by diffusion and mass transfer must be added to obtain the 

HETP. 1  and 0
-2 are the contributions to the variance, 

spread, of the Gaussian distribution due to longitudinai 
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diffusion in the gas phase and to the non-attainment of 

equilibrium, respectively, 

2.3. 	Factors Affocbin the HETP 

The height of a theoretical plate, HETP, is the column 

length divided by the number of theoretical Plates. The 

latter is a measure of the effective number of equilibrationb 

which tale place between the mobil,- gas phase and the fixes'' 

liquid phase as the solute vapour passes through the column 

it is a fairly complex function of a variety of exprimental 

facer :nch as tha flow rate of the carrier gas, type and 

size of the column ppckin, the nature of the fixed phase 

and solute vapour, column pressure, tempeiature of operation., 

size of solute sample injected and others. In ceneral, any 

factor which tends to increase the efficiency of the success-

ive equiTitratons 1>Aw en the two ha-es will tend to gi,. 

a large number of theortical plates, 

Van Deemtcm and his 	 the followjn:-!: 

expression fa- inC 

11- 	= 
L. 

(, 2., 60 , ) 

where the three terms on the right hand side 	respective 

the contribution to the HI= due 	diffusion, tha=t due 

to molcula.r diffulon in the gas phase, and t_iat due tc 

attainment of eouilibriri between the two phass. In equation 

2.60, .2\ is a dimensionless parametf.;r which is a measure of 



the the packing irreglarities, the iz47.-z-,:r X, the more irregular 

the packing, d is the particle diameter of the packing, yis 

a factor which corrects for the tortuosity of the channels, 

varying from up to a limiting vaTus of unity for incre sing 

particle size, D 	is the molecular diffusivity in the gas 
gas 

phase, u is the linear gas velocity, k' is given by 

gF /7  
iq -gas, where /J. is the distribution (-)efficient, Fitn  

and F 	arc the J_Lcsu.,_ot.i. of the colup, .-olume occupied by F ry 
 

the liquid pnase atti gas phase, resively, df  is the 

effective 7 icuid film thickness, and. :alio  is the molecular - 
diffusivity in the 	phase. In the 	etrAion 

2.60. it is possible to discuss qualitatively the effect of 

the column operating conditions. 

2.3.1.  Carrier Gas 

).xaminat0n oI cluation 2.60. shows that the contrj- 

bution to the HETP of) 	ldy ( -'_ffusion term is independent 

of the ca-rrier 	that the contribution due 

to molecular diffusion i3 inve-rsoly proporionl to the gas 

velocity, and that the contribution due to non-attainment 

of equilibrium is directly proportional to the 	velocity. 

ghen the gas flow rate is small, the HETP is determined 

mainly by the molecular diffusion tel. If the gas velocity 

is small enough, the HETP may become very large owing tc 

longitudinal molecular diffusion. This influence becomes 

-
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negligible when the flow rate is large, in which case the 

HETP may become large as a consequence of the resistance to 

mass transfer. Thus, there exists an optimum value of the 

carrier gas flow rate at which the HETP is a minimum. 

In an actual experimental column the flow rate of 

carrier gas increases from the inlet 3nd to the outlet, duo 

to the pressure drop, and it may not be possible to operate 

the whole column at optimum efficiency, i.e. the HETP 

may vary along the length of the column. 

The nature of the carrier gas used will influence the 

HETP by its effect on P 	A carrier gas of low diffusivity gas 

such as nitrogen of CO2  gives a lower HETP than a gas of 

large diffusivity such as hydrogen or helium. 

2.3.2. Column Support  

In gas-liquid chromatography the column packing con-

sists of an inert solid material supporting a nonvolatile 

liquid. In order to onsureintimate contact between the gas 

and liquid phases, the column should be uniformly packed 

with small particles. 

A qual itative estimate of the influence of the support 

be undertaken with the aid of equation 2.60. The term 

2Nd is characteristic of the column packing and is indepen-

dent of the solute, the solvent and the operating conditions. 

The most obvious way to reduce this term, and its contribu-

tion to the HETP, would be to diminish dip, the particle 
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diameter. However, the value on, a factor dependent on the 

manner in which the particles are packed, proves to be 
15 

increased by small_ values of d 	. This fact shows that 

regular packing is easier to realize with large than with 

small particles; a fine support is more liable to cause 

channeling than a coarse one. In practice little is gained 

bLr reducing the particle size below 30-80 me-11. Smaller 

particles also increase the resistance of the column to t.  

gas fl ow, so that 	-Le pressure drop 'across a column of given 

length is increased, with consequent Towering of the 

efficiency in parts of the column, as discussed in the 

previous section. 

2.3.3. Stationary Liquid Phase 

The amount of liquid phase in a chromatographic column 

usually varies in practice b,:,tween 15 and 50 parts per 100 

(wM of the sup-iort, and is present as a coating that is as 

thin and uniform as possible, so that it will not move by 

gravity or be transported by the; carrier gas, and in order 

to establish rapidly g.-.s-liquid equilibrium, since the 

solute molecules need not travel far in the liquid phase 

where the rte )f diffusion is small. 

The effect of the amount of stationary liquid on the 

support shows up in the third term 	the right hand side 

of eauation 2.60. in which the thickness dr, of the liquid 

film enters in the second power. If f is small. in compar- 



icon to the particle diameter, as is usually th, case, the 

total volume of stationary liquid is about equal to the 

product of the surface area of the support and the effective 

film thickness. Since, in the case of ,-orous materials, the 

surface area scarcely increases with a reduction in particle 

16 size , d f  will vary little with particle diameter, and for 

a given support will be roughly proportional to the amount 

of stationary liquid. 

The contribution to the HETP of the term involving df  

does. n.ot, however, increase directly in proportion to the 

square of df' since the cuantity k' 	
g„.s  is also 

affected. For a given column packing, Fli4  + Fgns  is constant, 

so that an increase in F,. will reduce F 	and cause an gas 
increase in F 	7 and hence tend to decrease the over. 11 

liq 5as 

effeot of increasing df. 

2.3.4. Temperatre 

The effect of the column temperature upon the HETP is 

more difficult to assess and is usually determined empiric:a_l t: 

In equation 2.60. the factor 
	k')2  has a maximum 

of 0.25 at k'.1. Normally k' will be appreciably greater 

than unity and will decrease with increasing temperature, so 

that k' /(l- + k')2 then becomes larger and tends to increase 

the contribution of the mass transfer term to the HETP. On 

the other hand, an increase in temperature increases the 

diffusion coefficient Dli 	partly owing to a reduction in 
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The Half—Width 

Let us consider the chromatographic equation 

Q 	—r (tmax  — t)2 

9 

	

q 	 exp 
2 

 tax 

	

Nr [277-r]  
 (2.61.) 

q is the quantity of solute in the rth plate at time 

	

t when Q 	of the solute are put into the first plate 

at time Ilero. Since, in gas—chromatograph,7, it is the sol—

ute in the vapour phase which is detected upon its emer—

gence from the column, it will be of more use to consider 

the amount of solute 0 in the vapour in the last plate. It 

is easily seen that 

	

0   (2.62.) 
(µ+ 1) 

	

q42 9  
 (2.63.) 

wlierefr is the distribution uoeffinient as defined in 

equation 2.3. and it is assumed that µ>> 1. 

Fig. 1. The Half—Width  

2.4. 

 

2 1ds 1  max- 

 

tmax 

t 
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she half-width of the Gaussian distribution Ois defined as 

the width of the peak at a value of 0 which is one-half the 

maximum value of 0. (See figure 1.) The value of 0 max in 

Q /44q2n-r] which occurs at t.tmax. The half-width is 

	

2(t 	t 	). max 2 max  

Expressing equation 2.61. in terms of 0 and by making the 

substitution 0 =,3s mix' 	2 max 
 , it can be shown that 

	

1 	-r tmax t. 

exp 

	

2 	2 	max 

from which the 

Since 

21n2 
half-width = 2tmax r 	(2.65.) j  

2a 	m ax 

	

2.35   (2.66.) 
r2  

	

tMaX =   (2.67.) 

where to is the residence time of the carrier gas, 

t 
half-width= 2.35 	o  .   (2.68.) 

r2  

The significance of the half-width is that it gives 

an indication of how much the solute peak has spread in 

traversing the column. It is important to attempt to 

decrease the half-width in a given column so that two peaks 

which emerge from the column at slightly different times 

should not overlap each other excessively. For a given 

column length and gas flow rate, this could be done by 

2 
max)  

 

(2.64.) 
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increasing r 5  the number of plates in the column. 

For the separation of two isotpic species in a 

chromatographic column, the half—width in relation to 

the peak separation will be cosidored later. 
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where 11 and vG are the litres of liquid and vapour phase, 

respectively per unit length of column. Substituting 

[N113],ig  = [ NH3] + [NH4] 

and multiplying top and bottom of equation 3.4. by 
LI\TH3 liq' there is obtained the relation 

vL  05:Eylicl i-DTET + [NH4] 
vG [U1,3]gas L 	[ICH3]liq 

If it is assumed that [INH3]lici  = [NH3] , which is true for 

aqueous solutions of ammonia in which the greater part of 

the ammonia is present in the undissociated form, then 

v [NH . 	[NH4] L 	3 llq 	1 + 	4 	• 	....(3.7.) • ,m 
vG N11.3]gas 	[Pe3] 

Let x and y be the mol fractions of ammonia in the liquid 

and vapour phasesIrespectively. If the two phases are 

everywhere in equilibrium, and the column is always oper-

ated in the region where the equilibrium curve of y versus 

x is linear, with slope z, then 

z = y/x 	(3.8.) 

ML  [NH3  laas  
	(3•9*) 

MG  [NH3],iti  

where VL and MG  are the moles of liquid and vapour phases, 

respectively, per litre of phase. Substituting 

[1111.3 ],ig/[NH3]8as  from equation 3.9. into equation 3.7., 

(3.5.) 

p 3.6.) 
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it can be seen that 

A = 	
nal,[ 4.  [Nil ] i 

....(3.10.) 
mGz  [NH3 j, 

where me viA. and mG= vGMG  are the moles of liquid and 

vapour, respectively, per unit length of colul_n. 

3.1.2. 	In An Aqueous Buffer Solution 

If the aqueous phase contains a buffer system con—

sisting of a weak acid AH+  and its conjugate base A, there 

will also exist the equilibrium 

AH+  A H+  

  

(3.11.) 

  

with the dissociation constant K
A defined by 

  

[A] [H+] 

A  
[AH+  ] 

   

(3.12.) 

   

In a buffer system the hydrogen ion concentration 

and pH remain effectively constant. By preparing the 

buffer solution so that the conjugate species A and 

qre present in cquale ncentrations, the solution is given 

its maximum buffering action; also, under these circum—

stances, [H4] = KA. However, the ratio [A]/ [kill can be 

set to any value near unity so that th&• hydrogen concen—

tration is set to any value in the vicini,y of KA. Differ—

ent buffer systems can be chosen in order to vary the 

available K. 

In any aqueous ammonia solution, from equation 3.2., 
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KB 

[NHg] 	[OH] 

KB [H+] 

  

(3.13.) 

  

 

	 (3.14.) 

 

KIT 
9 

whore Kw  is the ion product of water; hence, from 

equation 3.10., 
211 

[AH+] 

K  

KB DTI 

	  (3.15.) 

(3.16.) 
KBK

A]. 	 

mGz 

In a buffer solution whore = 

W 

[A 	, 

= 
mGz  Kw  

An acid buffer has the effect of sending more of the 

ammonia in solution into the ionized form, thus increasing 

its solubility in the liquid phase, and increasing its 

distribution coefficient. The distribution coefficient 

can be fixed by choosing a buffer solution of appropriate 

pH. 

3.2. 	The  Effect Of Pressure on the Distribution 

Coefficient 

In the previous section it was assumed that only 

ammonia and water were present. In order to use the system 

in a gas—chromatographic column, a third component will be 

present—the carrier gas, In this case the distribution 

coefficient must be expressed in terms of the partial 
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pressure of ammonia over its aqueous solution, in which 

case other components can be present in the gas phase. 

At a point in the column whore the total pressure is 

P, if the partial pressure of ammonia is p, then 

y = PAD  	(3.17.) 

and 	z = p/Px . 	(3.18.) 

In this new system, the moles of gas phase per unit length, 

mG, is given by 
mG  = PvG/RT,   (3.19.) 

where vG is the litres of gas phase per unit length of 

column, R is the gas constant and. T is the absolute column 

temperature. Substituting equations 3.18. and 3.1 9. into 

equation 3.15., and assuming that the column is operated in 
x 

the region where the p versus,., curve is linear, with slope 

CO, then, in a buffered system, 

mtRT 	 KB [H41  A= 	 14. ...(3.20.) vG 	Kw 

From this analysis it can be soon that the distribution 

coefficient g is independent of the total pressure at any 

point in the column, although the pressure varies contin—

uously from the column inlet to the exit. 

The assumption that the slope of the p versus x 

curve is linear when x is small is shown to be valid in 

section 3.4. 
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3.3 	Isotopic Enrichment  

In a solution containing both undissociated ammonia 

molecules and ammcniun ion in equilibrium with a gas phase 

containing ammonia, the following isotopic exchange 

equilibrium takes place 

4H4 
+ N1- 	(sol'n) + N15H3 

( 

N15H+
4 
 (sol'n) 

- (gas)9 ..(3.21.) 

where the equilibrium constant K1  for the reaction as 

written iL; given by 

[N 5  Hsolin) [N14H3](gas) -I- a

determined theoretically by Uroy19  as 1.035 at 25.0 

	

1-1; 	[N H3](;cts) 
, 

. .0.22.) K1  . 	,, 	 

	

1/. + 	—15 [N '](sol'n) 
, 

and exporiment7:21y by Kirshenbaum et a1
20 as 1.037,± (/.002 

at 25°C. 

Another eff,ct tending to increase the concentration 

of the N15 species in the gars phase is the equilibrium 

N14H°  
3 
(sol'n) + N15H

3 

15 0  N H
3 

(gas) 

(sol'n) + Nl'H3 
	' 
(ens), ..(3.23.) 

where the relative volatility K2  is given by 

K2 - 
[N15H3] (sol'n) 

[N141.1,0] ( sol in) 

[N 4113] (gas) 

[N
15H

3
] (gas) 

..(3.24.) 

_\./ was 



Now, pl5HA(gas)  p H-1 LN15H341 
[N1411 31(gas) [N154 	11115HJ1 

sol'n) 
	(3.30.) 

K2 	1 + P4H 
	

N1 nrH' 1 / 

D15H1 /D144 

(3.31.) 
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NH3 represents all the undissociated ammonia in solution. 

K2 was determined by Thode et a1
91 as 1.006.f. 0.002 at 25°C. 

By combining equations 3.21. and 3.23. it can be shown 

that in solution the overall exchange reaction is 

N14H+ N15 	° H° 	N15 H + N1/' 3 ,  
 (3.25.) 

with the equilibrium constant K given by 

INI5Hfp14/111 

[N14H1P5Hil 	 

Ki 

K2 

K (3.26.) 

(3.27.) 

At 25°C., 	K = 1.035/ 1.006 

= 1.029 

If we define the isotopic enrichment factor, or 

separation factor 0( as 
! ratio of total Ni rli3  to total N

15  H
3 
in the gas phase 

04— 
N14H 	

15 ratio of total 	to total N-  H3 
in the liquid 

3 . . 
then 	c 	

5 • (3.29.) "..(3.28.) 
"4-14 

where 5  and",  are defined according to equation 3.3. 

species of ammonia, respectively. for the N15 and Nirr 



[N141141/E\1141 
4 	3  

1 + [N1 411,1/1N 

For ammonia in a queous solution, 

IN111-H+1 =  KB  [H41 
V4H31 

KW 

2 + (K1 - K2) 

• 

• (3.32,' 

	 (3.33-` 

as has been previously shown; therefore, 

KB  VH41 / Kw  

=K2 4- (K1  — K2) 	+ KB[H+ 
	(3.34,

I / 

Hence, in a buffer solution oc-is constant. From equation 

3.3'. it may be seen that pt. can be varied from K2  when Lills 

small, i.e. in a strongly basic buffer, to K1  when [H41 is 

large, i.e. in a strongly acidic buffer; therefore, for 

appreciable isotopic enrichment the buffer solution in th: 

column should be acidic. However, no further advantage iE 

gained by using a very acidic buffer, for there will be 

little improvement tno( while the distribution coefficien27/0 

as given by equation 3.20. will increase considerably, 

so that the retention time of the ammonia peaks will be 

very large. This principle will be illustrated in the 

next section. 
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Estimation of the Distribution Coefficient and 

Separation Factor for the Ammonia-Water System at 25°C. 

364.1. Distribution Coefficient  

The distribution coefficient for the ammonia-water system 

at 25°C. was calculated, using equation 3.20, repeated here 

for convenience: 

iA 
RT 

•••••• v + KB [e] 
KW 

3.20 

The value of w was evaluated by plotting the partial pressure p 

of ammonia over its aqueous solution against the mol fraction 

x of ammonia in solution and determining the slope of the curve 
in the region of small x. A sample calculation will be given.. 

At 25°C., over an ammonia solution consisting of 0.5 grams 

of ammonia per 100 grams of water, the partial pressure of 

ammonia p is 3.4 mm. Hg (22). The mole fraction of ammonia 
in solution is therefore 

0.5/17 
x = 0;5/17 + 100/18 

0.00527. 

The values calculated for other points are listed below: 
x p 

.00527 3.4 
.01o46 7,4 
.(.)1253 9.1 
ol66 	 12.0 
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.0207 15.3 

.0257 19.4 

.0308 23.5 

These values can be compared with those from another source. 

The following equation is given in the International Critical 

Tables (23) for the partial pressure at 25°C; 

P = 12.90 (1 + 0.0460). 	3.35 

where p is the partial pressure of ammonia in mm. Hg. and C 

is the concentration of the ammonia solution in moles per litre 

of solution. The equation is valid up to c = 1.6 moles per 

litre. The conversion of c values to values in x requires an 

iterative calculation, using the density figures of aqueous 

ammonia solutions, also given in the International Critical 

Tables (24). For example, let c = 1.6 moles of ammonia per 

litre of solution; hence, 

p = 12..9 (1.6) 1 + 0.046 (1.6) 	mm Hg. 

= 22.2 mm. Hg. 

As a first approach to x let us assume a solution density of 

0.990 gms. per cc. Therefore the weight per cent of ammonia is 

(0
1
. (990)(10
.6)(17) 00) x 100% = 2.73%. 

According to the density tables, the density of a 2.73% ammonia 

solution is 0.986, to 3 figures. As a second approximation, 

let us assume a solution density of 0.986 gms. per cc. 
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.17) Therefore, the weight per cent of ammonia is
(
(1 6)(  
.986)(1000) 

x100% 

=2.76%. 

From the density tables, the density of a 2.765 ammonia solution 

is 0.9861 to 3 figures, which agrees with the assumption. Hence, 

for p = 22.2 mm. Hg. 
1,6  x = 
1.6 + 

18 

= 0.0292. 

Similar calculations for other values of c yielded the p x 

relations listed below: 

p 	 x 

	

22.2 	0.0292 

	

17.8 	0.0237 

	

13.5 	.0.0182 

	

9.3 	0.0127 

	

5.25 	0.00725 

Both sets of points are shown plotted in figure 2, and the best 

curve drawn through them which also passed through the origin. 

w was taken as the slope of this curve in the dilute region 

wher6 the curve was virtually linear. This slope was measured 

as 720 mm. Hg. Substituting' into equation 3.20 the values 

= 720 mm. 

T = 298 °K., 

and R = 63.36 mm. Hg. litres/gm.mole/°K, 

which assumes that VG 
will be measured in litres per unit length, 
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A 

where 

and 

= 

= 

25.8 m1, 
i•-•• 

25.8 mr  

1 	KB [H+7; (3.36) 

...(3.37) 

(3.38) 

(3.39) 

(3.40) 

Kw 

1 	+ 10Pr:-117  - pKB-pH 

log10 	004 	 

log10  Kw, 	 

log10  KB. 	 

7G  

pH = - 

pKy = - 

pKB  = - 

Data for pKB were taken from the work by Bates and Pinching ( 25 ) 
and those for pKW were taken from Conway (26). At 25°C., 

pKB = 4.75 and pKW = 14.00; hence, 

= 25.8 raL1 + 109°25  - pH 	(3.41) 
liG 

The variation of i with pH is shown in figure 3. It can be 

seen that for values of buffer pH below about 9.50, the 

distribution coefficient for a given column increases very 

rapidly. 

3.4.2. Separation factor  

The separation factor a was calculated for the ammonia-

water system using equation 3.34, repeated here for convenience: 

a = K,, + 

	

	2 
(K1-K2) KB ':H+1 /KIN 

	

KB [11+:1/KW   (3.34) 

which was re-written as 

a = 1.006 + 
(00029) 10PKW PKB - pH 9(3.42) 
1 + 10PKW PKB - pH 
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FIG. 3. 
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using the same values of pKw  and pKB  as above, and K1  and K2  

as determined in the literature (see section 3.3). The 

variation of the separation factor with pH is shown in figure 

4. 
Since a high value of the separation factor is desired, 

a buffer of low pH is necessary; however no farther advantage 

is gained by using a buffer with a pH below the range of 

about 8, for there is little improvement in a whilst the 

distribution coefficient g will increase considerably, so 

that the retention time of the ammonia peaks will be very 

large. 
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FIG 4 VARIATION OF THE SEPARATION FACTOR WITH pH 
AT 25°C. 
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3.5 The Effect of Temperature on Column Operation 

J.5.1. Distribution Coefficient  

The distribution coefficient is given by equation 3.20, 

repeated here for convenience: 

R T 	1 	1013K'1  I- pKB  - pH 2.,„
,(3,20) a vG 

where the terms are defined in sections 3,2. and 3.1. The 

distribution coefficient was calculated for temperatures of 

0, 10, 20, 25, 30, 40, and 50°C 

In equation 3,20 the temperature will affect the terms 

T, co, pKw, pKB, and pH, It will be assumed that the temperature 

change of the liquid phase density is negligible. The temperature 

variation of pKw is tabulated by Conway (26), that of pKB  is 

tabulated by Bates and Pinching.(25); both pKw and pKB decrease 

with increasing temperature. The variation of the buffer pH 

depends on the type of buffer which is chosen. For example, we 

will consider the use of the NaOH— borax buffer of Bates and 

Bowers (27), with d(pH)/d(temp.) = - 0.008 pH units per degree 

C. Values of ( at the various temperatures were calculated as 

in section 3.4. using the data of Perry (22), The values of p 

and x used are tabulated in appendix 1 and the values of w 

derived from them are listed below and plotted in figure 5. 
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Temp. 	( °C.) w 	(mm. Hg.) 

0 230 

10 380 

20 580 

25 720 

30 920 

40 1460 

50 2130 

60 2880 

The distribution coefficients, in the form J2 vGAT, were 

calculated for naOH - borax buffers whose pH at 25°C. were 

9.20 and 8.20. 	The values calculated are listed below and 

are plotted in figure 6, 

Temp. 	( °C.) 	 µ T AL 
pH at 25°C.=9.20 	pH at 25°C.=8.20 

0 )428 3610 

10 166 1240 

20 77.1 488 

25 54,7 314 

3o 33.0 195 

40 20.4 83.6 

50 12.7 42.2 

3.5.2.  Separation Factor  

The separation factor a is Sr j7en by ecuation 3.34" 

repeated here for convenience: 
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a = X2 + (K1  - K2) KB 	/Kw  	 (3.34) 
1 	KB [H47/4 

(K1 - K2) 10PKW PKB - pH 

The separation factor was calculated for temperatures of 0, 

10, 20, 25, 30, 40 and 50°C. 

The variation of K1 with temperature is given by Urey (19). 

The value of K2 is available in the literature only for 25°C., 

and it was then assumed that K2 varied by - 0,004 for every 

2500. rise in temperature in the range under consideration. 

(K2  also decreases with rising temperature). As K2  varies 

only slightly over the temperature range considered, by 0.008 over 

50°C., this seems a fair assumption. Since the limiting value 

of Ki  or K2, as equilibrium constants, is unity, the maximum 

possible error in K2 is of the order of 0.006, and it is most 

probably less than this over the small temperature range under 

consideration; therefore, the error in a should not be unduly 

large with the assumption made. The variation of pKw, pKB  

and pH was taken as in the preceeding section. The aeparation 

factor a fbr buffers whose pH values are 9.20 and 8.20 at 

25°C are listed below and plotted in figure 7. 

Temp. (°C.) a 
pH at 25°C.= 9.20 pH at 25°C.= 8.20 

	

0 	 1.034 
	1.038 

	

10 	 1.029 
	1.036 

	

20 
	

1.024 
	

1.034 

= K2  + 
1 	10PKW PKB - pH 

.. (3.43) 
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FIG. 7. VARIATION OF SEPARATION FACTOR WITH TEMPERATURE 

TEMPERATURE, 	°C. 



-57- 

25 1.021 1.033 

30 1.018 1.031 

40 1.014 1.028 

50 1.010 1.026 

Examination of figures 6 and 7 shows that it would be 

advantageous to operate the column at a higher temperature if a 

buffer of low pH is used. In general, the higher temperature 

entails a lower distribution coefficient and hence a lower 

residence time. Although the separation factor a decreases with 

increasing temperature, the decrease is less for the more acid 

buffer. In any case, it would be wise to consider the effect of 

temperature on the relative peak separation i.e. the ratio of the 

peak separation ( a - 1)A t, (see section 4.1) to the residence 

time of the peak, gtos  which is (a-1). 

By increasing the temperature of a column, the retention time, 

gto, can be reduced drastically with only a mall decrease in the 

relative peak separation. Therefore,for a given retention time, 

a higher temperature of operation will permit a longer column to 

be used with consequent increase in the number of theoretical 

plates. 
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4. Experimental Work 

4.1 Column Design Considerations  

The elution curves for the two isotopic ammonia species, 

assuming that the number of theoretical plates r for each 

species is the same will be 

Q14 	Hmax - t 
14 = 	exp - r 

4[27rr ] 	2 ti4max 

)2 
.(4.1) 

and 015 = Q15 	exp - 
P4.2ffr 

tl5max - 
t15max 

t )2 
....(4.2) 

where 	ti4max = g14 to 	 (4.3) 

and 	tl5max = 1 15 to. , 	 (4.4) 

Equations 4.1 and 4.2 state that if Q moles of one species is 

put into the first plate at time zero, 0 moles will be present 

in the vapour in the rth  plate at time t. Since a = 1215/ 1214 9 

then 

tl5max 	(4.5) a - tittmax 
Since a >a- , then tl5max y tiLimax and the N14H3 species 

of ammonia will arrive at the column exit first. The two peaks 

C615 °14max and 	max9 each of which can be expressed as 

Q/ Nr[2irr] 	, will arrive in the rth plate at times differing by 

tl5max - ti4max = ti4max (a - 1) 	 (4.6) 

= 1214 to (a - 'Os -- 	 (4.7) 

A large peak separation is desired so that the two ammonia 

peaks can be distinguished as they emerge from the column. 
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Analysis of equation 4.7. shows that large values of g , a 

and to are required. Large values of both p and a are 

obtained by using an acid buffer in the fixed liquid phase, 

i.e. one with low ?AKA. 

Since t is roughly proportional to r;  the number of 

theoretical plates;  a large value of r, i.e, a long column, will 

give a large separation. 

It must be noted that y, to  represents the time taken for 

the peak to emerge from the column. If this value is to be 

kept within the bounds of practicable experimental time, the 

values of A  and to  cannot be increased indefinitely. A 

compromise muse be struck between a large peak separation and a 

low residence time, for by favouring one, the other is sacrificer. 

An acidic buffer, which increases a and u , will automatically 

increase the residence time of the ammonia peaks in a given column. 

It is also desirable that the half-widths of the peaks be 

small so that they do not encroach on each other and thus mask 

the separation. Slnceata constant carrier gas flow rate, to  is 

roughly proportional to the number of theoretical plates r in 

the column, it can be seen from eauation 2.68. that the half- 
1 

width is roughly topport:.cnr1 to p. 1. 1- , and it would seem that 

small A and small r, i.e. a buffer of high pKA  and a short 

column, respectively, would satisfy the small half-width criterion. 

However, it is deceptive to state the principle in this way, for 

obviously with a short column the half-width will be short, 



because the peak will not have had time to spread. The half-

width must be considered in relation to the peak separation. 

Since the peak separation is proportional to r whilst 

the half-width is proportional to r 9  it is theoretically 

possible to separate the peaks completely by having a large 

enough r, i.e, a long column, for the peaks will separate to 

a degree greater than which the individual peaks will spread, 

as r is increased. If it is arbitrarily assumed that the 

separation of the two peaks is achieved when the peak separation 

is, say, twice the half-width, then the number of plates r*  

required for separation can be deduced from eauations 4.7. and 

2.66. as 

r-  = 22.1 	, 
77.152  

 

(4.8.) 

 

where a is given by equation 3.3L. 	If a  is close to unity, 

the number of plates required to effect a desired degree of 

separation may become excessively large, in which case columns 

of “npractical lengths may be required. For the amonia 

species at 2500., since a will range from K2  = 1.006 for a 

strongly basic buffer to K1 = 1.035 for a strongly acidic 

buffer, r*  will range from 600,000 for a basic buffer to 18,000 

for an acid buffer. Even the latter figure is quite large for 

a chromatographic column. To achieve this number of plates, 

a very long column will be required, necessitating a long 

retention time. A second factor contributing to the length of 

the retention time is that in order to attain this lower limit 
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to rt  , an acid buffer is required; hence A  will be large and 

the retention time gto  will also be large. 

Although it would be possible to have a single column 

which would contain all the plates required for separation of 

the isotopic peaks, this column would be so long and its 

resistance to flow so great that an enormous inlet pressure 

would be required. For columns operated with a large pressure 

ratio between inlet and outlet, it is not possible to optimise 

conditions, from the point of view of efficiency, along the 

whole length of the column, as has been pointed out previously. 

An obvious method of overcoming the large inlet-outlet pressure 

ratio effect is to divide the long column into several smaller 

ones and to pump the gas between them. Since the introduction 

of an inter-stage gas pump would smear the peaks as they 

passed between stages, the pump must have a hold-up very small 

compared to the gas volume of the part of the column occupied 

by the peaks, i.e. the column volume corresponding to the 

half-width. This could eFtsi17:be achieved in practice. 

Only a small part of the chromatographic column is 

occupied by the solute vapour at any time, and the remainder 

of the column is, as it were, wasted. If the solute vapour 

wave could be circulated back to an unoccupied section of the 

column, which it had previously vacated, the wave could be 

made to traverse a greater number of theoretical plates in a 

given length of column. In principle, the solute could be 



circulated round and round a circular column by a small pump 

in the system until the leading edge of the wave began to 

overlap its tail, and a given section of column could be used 

many times. A small detection device would also have to be 

incorporated into the circuit to determine the number of 

cycles of the waves and in order to decide when to stop the 

circulating. 

The object of the experimental work described here was to 

perfect the operation of a smaller column with a view to using 

it as part of a stagewise or cyclic apparatus. In the end the 

separation process was to be made automatic. 

4.2. 	Detection  
The methods used for detecting and measuring the compon—

ents of the effluent gas emerging from a chromatographic column 

can be divided into two groups: differential and integral. A 

differential type of detector registers some momentary property, 

usually physical, of the effluent gas. The property most comm—

only measured is thermal conductivity. As the property of the 

effluent gas reverts to that of the carrier gas between the bands 

of the solute components, the elution curve in such cases shows 

a number of peaks on a horizontal base—line, such as in figure 8. 

In the integral method some effect produced by a component in the 

effluent is registered additively; the elution curve in this 

case shows a series of mounting steps as in figure 9, in which 
it is assumed that the carrier gas does not add to the property 

recorded. If the carrier gas does add to the accumulative 

property recorded, as for the system in figure 8, then the 
integral curv7; will be as shown in figure 10. In the integral 

curve, the position of the maximum slope is indicative of the 
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type of solute vapour, i.e. it gives its retention time/At(); 

the step height above the initial sloping line is indicative 

of the amount of solute, i.e. the area between the base—line 

and the peak in figure 8. By plotting the slope of the integral 

record, which represents the rate of emergence of solute 

gas from the chromatographic column,against time, a differential 

curve is obtained, as in figure g. 
With the very long columns to be used in these 

experiments, the rate of ammonia emergence at the column 

exit would be so small_ that it would be difficult to detect 

using the di:,:ferential method of detection, so it was decided 

to use an integral method for its detection. The method 

used was the titration with standard acid of the a.monia 

as it emerged from the column(32) 

Nitrogen was used as the carrier gas because it was 

cheap, with a flow rate of about 50 cm3 per minute at the 

column outlet, which is in the range normally used in gas 

chromatography. 



4.3. Apparatus 

In all the runs the apparatus was essentially that shown 

schematically in figure 11. The various pieces of equipment 

and other items will be considered in detail. 

4.3.1. Surge tank. The surge tank was a two-foot long steel 

pipe, six inches in diameter flanged at the ends and capped 

with steel plates and gaskets held to the pipe with bolts. Two 

steel tubes 	inches in diameter were welded into one end for 

the gas connections. The purpose of the surge tank was to 

smooth out fluctuations in flow from the nitrogen cylinder. 

1'..3.20  Flow control. Tho combination of the roducin7 valve of 

the gas cylinder and the fine-control needle valve was found 

sufficient to control the flow rate at any desired value witho'it 

the addition of any other flow controlling device. 

4.3.3. Flow lines.  All flow lines betWeen pieces of apparatus 

on the high pressure side of the chromatographic column were 

joined with * inch pressure tubing which was wired on. On 

the low pressure side, connections were made with ordinary 

rubber tubing wired on. 

4,3•x. Gas  Saturators.  The gas saturators consisted of 

sintered discs of porosity 1 set in pyrex glass columns, as in 

figure 12. The saturators were filled with buffer solution 

by means of a ground glass joint which was subsequently 

cemented with picene wax and held under tension with elastic 

—b 



TO 
ATMOSPHERE 

AMMONIA 
ABSORBER 

\_) 
FLOWMET ER 

NEEDLE 
VALVE 

INJECTION 
CAP 

= 

TRAP 

CHROMATOGRAPHIC 
COLUMN 

GAS 
SATURATOR S 
CONTAINING 

BUFFER 
SOLUTION 

MANOMETER 

N ITROGEN 
CYLINDER 

SURGE 
TANK 

FIG. I I. 	SCHEMATIC DIAGRAM OF APPARATUS 



12 INCHES 

DISC 

12 INCHES 

	 DISC 

GAS INLET 

RUBBER 
GASKET 

B RA S S PLATE 
BOLT HOLES 
NOT THREADED 

RUBBER 
SEATING 

• •• 

E? RA SS PLATE 
BOLT HOLES 
THREADED 	 ------'-\\\ {---- 

N- 	0 

TOP OF COLUMN 

FIG. 13 I NJECTI ON CAP 

- 67- 
GAS OUTLET 

F IG. 12 

GAS SATURATOR 

NOT TO 
SCALE 

NOT TO SCALE 



bands. The joints held satisfactorily up to a gauge pressure 

of at least 125 cms. of mercury. A total of five saturators 

were used, the first two containing distilled water and the 

others the same buffer solution as in the chromatographic 

column. 

4.3.5. Traps.  Two traps were put in the flow circuit after 

the gas saturators in order tc remove any buffer solution 

entt,ained in the saturators. 

4.3.6. Injection Cap.  The sample introduction end of the gas 

chromatographic column was fashioned from a 'Quickfit' flanged 

glass tube of internal tube diameter 5-6 mm; a side-arm was 

added for the carrier gas inlet. A rubber gasket was held 

against the glass flange by means of metal plates held together 

with bolts, as in figure 13. It was through this rubber gasket 

that the sample of ammonia was injected onto the column by me ns 

of a syringe. The rubber gasket device was designed so that no 

leakage of gas took place through the rubber after it had been 

punctured by the syringe needle. A 4  inch slice taken from 

an ordinary laboratory rubber bung placed with she smooth flat 

face against the class flange was found very satisfactory, 

withstanding, after having been pierced, at least 125 cme. cf 

Hg. gauge pressure. 

.3.7.  Syringe. The ammonia sample was injected by means of a 

syringe with screw feed, mhe glass piston of a commercial 

-68 



insulin syringe ('Accoson', 1 ml. capacity, Bell and Croyden, 

50 Wigmore Street, London, W.1.) was replaced with tine of 

stainless steel, machined to a close fit. The syringe and 

plunger were held in a frame fashioned from a ribbed brass 

tube which held the syringe body at one end by clamping set 

screws onto a rubber tube fitting the syringe body closely; 

at the other plugged and of the brass tube was a threaded hole 

through which a long screw could be advanced to advance the 

syringe plunger. (See figure 1)4). The long syringe needle, 

13 inches in length, was held to the assembly by means of 

springs. 

4.3.8. Columns.  All columns used consisted of pyrex glass 

tubing of 5-6 mme internal diameter. Short columns up to four 

feet in length consisted of a length of tubing bent into a 

U shape. Longer columns consisted of a number of U tubes 

connected together with 1/16 inch I. D. glass capillary tubing 

held in place with 3/16 inch I. D. pressure tubing wired on. 

4..3.9. Ammonia Absorber.  In the experimental runs, one basic 

absorber design was used. This consisted of a sintered glass 

disc, of porosity 1, set in a 1 cm. diameter pyrex glass tube 

with a side-arm, as shown in figure 15(a). The absorber 

contained indicator solution through which the gas emerging from 

the chromatographic column was distributed by the disc; the 

side-arm mixed the contents of the absorber using the air-ltrt 

principle. The upper body of the absorber was made of larger 
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diameter in order to decrease entrainment. The absorber exit 

consisted of a ground glass joint held in tightly with rubber 

bands in order to prevent gas leaks. The titrating acid 

could easily be added after removing the rubber bands and 

unseating the top pa:2t of the joint. 

When the end point was determined photometrically, the 

cell through which the light beam passed was set in the side-

arm circuit as shown in figure 15(b). The cell was adapted 

from the flow-through cell of Hilger and Watts (98, St. Pancras 

Way, London, N. 	1, catalogue No. H576); the cell was made 

of optical borosilicate glass, with an optical path of 1 cm. 

4.3.10. Photometer.  In the runs in which the end point was 

determined photometrically, the Hilger and Watts 'Spekker' 

absorptiometer (catalogue No. H760) was used. 	The absorptiometer 

was fed from the mains through a constant-voltage transformer 

(type M.T. 14°A, 230 volts output R.M.S., Advance Components 

Ltd., Hainault, Essex), as recommended by Smith et al (28). 

4.3.11. Cell Holder.  The photoelectric analysis cell was 

supported in a holder made of perspex and brass, which was 

fastened to a brass slide machined to fit into the 'Spekker' 

absorptiometer. (See figure 16). All parts of the holder were 

painted matte black. A positive stop was incorporated into the 

device so that the slide could be positioned reproducibly into 

either of two positions: one so that the light beam could be 

passed through the cell and the other so that there was nothing 
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in the path of the light. This positive stop was simply a 

brass pin which fitted into either of two holes in the slide, 

so that the pin could come up against the body of the Spekker 

and be arrested in a given position. It was necessary that the 

analysis cell be positioned in exactly the same position for 

each determination of optical density in order to standardize 

the analysis procedure; distortion of the light due to 

aberrations in the glass cell would then be the same for each 

determination. 

4.3.12. Flowmeter.  The flowmeter was the type in which th@ 

pressure drop across an obstruction to flow was measured. The 

constriction used was a 1 cm. diameter glass tube tightly 

packed with glass wool to a depth of 12 cms. The pressure drop 

across the packed tube was measured by a manometer fitted with 

butyl phthalate which was coloured with methyl red. 

The flowmeter was calibrated against a soap-bubble flowmeter 

over a range of 20 - 100 cm3 per minute; the calibration curve was 

linear over this range. In calibrating the flowmeter it was 

assumed that the gas in the soap-bubble meter was completely 

saturated with water vapour and the flow rate in the calibration 

was taken as cm3  per minute of wet gas. 

4.3.13. Drop-weight Titrator.  The drop-weight titrator was a 

device by which the amount of titrating acid added to the 

ammonia absorber could be accurately weighed out. It was simply 
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a rubber bulb attached to an acid bottle with a capillary 

nozzle, as in figure 17; the whole could be hung in a balance. 

In the end of the threaded feed screw was drilled a hole to 

take the point of a drawing pin, the head 

the rubber bulb; the purpose 

wear on the rubber bulb. By 

number of drops of acid from 

and accurately weighed.  

of which was against 

of the drawing pin was to decrease 

advancing the feed screw, any 

the bottle could be delivered 

4.3.14. Heating lines. In the runs carried out at the higher 

temperatures, in order to prevent condensation of liquid from 

the gas leaving the chromatographic column, the capillary lines 

from the column exit to the ammonia absorber were wound with 

heating wire connected to a potential divider, as in figure 18; 

the divider was adjusted so that condensation in the exit 

lines was prevented. The capillary lines had three flexible 

joints consisting of rubber tubing joining the capillary tubing 

in order to permit movement of the ammonia absorber relative 

to the Spekker slide. 
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4.4. Experimental Methods 

A large number of runs were performed with various 

columns under different conditions such as temperature, flow 

rate of carrier gas, buffer pH, column length, type and 

treatment of packing and the amount of ammonia gamble injectat,  

The object of each run was to follow the emerence of ammonia 

from the chromatographic column by titration with dilute scit. 

using an adaptation of the method of James ant Martin (32). 

An integrated record Was kept of the amount of dilute acid ,added 

to the ammonia absorber, the total acid which had been adde up 

to any time being equivalent to the total ammonia which had 

emerged up to that time 

The preliminary runs were -2erformed 7ith she °.columns 

operated at room temperature, and an excessively lalTe amount 

ammonia was used in the saml?le. It was intendet 1:o ur's 

thermostatted columns and smaller amounts of amno-lia when the 

techniques of column operation and ammonia analysis were 

perfected. With longer columns, trials were made with an 

ammonia sample enriched in the N15 species of amonia. 

The details concerning the methods and ma'=ials aced in 

the experiments will be discussed below under separate heclinc-c. 

In appendix 2 are listed the experimental conditions and 

parameters for runs 5 to 65, as well as the results of 

calculations based on the experimental results. 



Lthel 	Buffer Solutions. 

A variety of buffer solutions were used in order to cover 

the range of pH values used in the experiments. They were 

prepared so that the conjugate acid-base components were in 

nearly equal concentration, and the concentration was made as 

high as possible compatible with the solubility of the 

components at the column temperature and their ammonia-dissolving 

capacity. Both the equality of the acid-base component 

concentrations and their high value were required to give a 

high buffer capacity, so that the relative change in the buffer 

pH on the addition of a given amount of ammonia was as small as 

possible. 

In the literature can be found tables of buffer solutions 

which can be prepared in order to obtain a solution of any pH; 

however, these solutions are usually fairly dilute, so that for 

the concentrated buffer solutions actually prepared, which had 

ionic strengths different from those quoted in the literature 

for the same buffer ratio, the pH had to be determined. For 

this purpose the Universal pH meter (Doran Instrument Co., Ltd., 

Stroud, Glos, Catalogue No. M4980), incorporating a temperature 

compensator was used. The pH meter vies standardized with a 

M/20 solution of potassium acid phthalate, whose pH is known 

accurately (29). 

For the runs carried out at room temperature, the buffer 

solution was warmed or cooled slightly in order to determine 

the pH at temperatures in the vicinity of those actually 
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encountered during the runs. The pH of the NaOH (0.70 molar) - 

KH2PO4 (0.74 molar) buffer, which was used in runs 52 - 65, 

including those with columns thermostatted at 21, 32 and 40°C. 

and those run with isotopically enriched ammonia samples, was 

determined over a wide range of temperatures by warming the 

buffer solution to about 45°C. allowing it to cool, and recording 

the pH and temperature at various times thereafter. The results 

are plotted in figure 19. In the experiments the value of pH 

was read from the smoothed curve. 

In the table in Appendix 2 are listed the actual buffer 

solution used during each run and its pH at the mean column 

temperature. 

4.4.2. Column Supports. 

Essentially, only two types of packing material were 

employed, firebrick and 'Embacel', and each of these was 

subjected to a number of treatments in attempts to render them 

inert to the buffer solution and to ammonia. 

4.4.2.1. Firebrick. 

A siliceous firebrick was obtained commercially (Sil-o-cell 

G2  firebrick, Johns Manville, Co., Ltd.). It was crushed, 

ground and sieved; the fines were removed by repeated settling 

in water - all particles not settling in one minute were 

rejected. The wet packing was then dried, fired in a furnace at 

300-500°C. for at least three hours and re-sieved. Most of 

this treatment was advised by James and Martin (5). Since all 
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the firebrick packing used was subjected to this treatment 

(except for that in run No. 47, which was not fired), it will 

henceforward be referred to as 'untreated'. 

No firebrick packing was used which was outside the sieve 

range of 52-120 B.S.S. mesh; the most common sieve range used 

was 60-85 mesh, but this criterion was occasionally waived in 

order to provide sufficient packing from a given batch. 

The firebrick packing was used in the following ways: 

(a) Untreated. 	See above. 

(b) Acid-washed. Untreated, dry packing was stirred in 

several changes of concentrated HC1, allowing several hours 

between changes. The acid was then thoroughly washed out with 

many changes of distilled water, dried. in a warm oven and 

re-sieved. It was found that excessive washing reduced the 

packing to very fine particles. 

(c) Base-washed. Dry, untreated packing was stirred in 

several changes of a 5% solution of NaOH in methanol, the base 

was thoroughly washed from the packing with distilled water, 

and the packing was dried and re-sieved. Excessive washing 

with base converted the salmon-coloured firebrick to a white 

gelatinous substance. 

(d) Acid and base-washed. Dry, acid-washed packing, as 

prepared in (b) was then treated as in (c). 

(e) Pre-Saturation. Untreated, dry packing was repeatedly 

soaked in changes of the buffer solution which was to be used 
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in the run, then centrifuged to remove excess liquid and dried 

in a warm oven. 

(f) Silver-plating.  Dry, untreated packing was given a 

coating of silver by the method of Ormerod and ;;cott(35)• 

The majority of the runs with firebrick were carried out 

with untreated or acid-washed packing. 

4.4.2.2. Embacel  

'Embacel', a commercial chromatographic packing, 60-100 

mesh, was used as received, (May and Baker Co., Ltd., Dagenham, 

Essex), or in some cases was pre-saturated with buffer solution 

as in 4.4.2.1.(e)„ above, and in one run, run No. 27, was 

impregnated with 'squalane' (May and Baker Co., Ltd.), an 

almost involatile orcanic liquid. The latter treatment was 

carried out by dissolving a known amount of squalane in acetone, 

adding the solution to dry packing, evaporating off the 

acetone by stirring and warming the mixer under reduced pressure 

and drying in a warm oven. 

That the buffer solution reacted with the firebrick packing 

was shown by the fact that when packing to which buffer solution 

had been added was placed in a beaker and distilled water added, 

a gelatinous white substance was produced, which floated to 

the top of the liquid. The degree to which the reaction 

proceeded was indicated by the relative amount of this substance 

produced; the degree of reaction varied from one batch of 
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packing to the next, and even between samples of the same batch. 

Firing the firebrick packing removes volatile matter and 

converts iron impurities into a form which can be easily 

removed by acid. The purpose of the acid and base treatments 

was to reduce the capacity of all components in the packing 

which reacted with acid or base. Pre-saturation of the 

packing with buffer served the same purpose. The purpose of 

the silver plating and squalane impregnation was to coat the 

surface of the packing in order to prevent reactions of the 

ammonia or buffer with the packing or to prevent adsorption 

of ammonia. 

In order to calculate the void volume of the column, the 

specific gravity of the packing was required. The true specific 

gravity of the packings was determined by measuring the 

displacement of toluene into which was placed a known quantity 

of the packing, which had been dried over potassium hydroxide. 

The toluene was held in a 25 ml. volumetric flask, a mark on 

its neck recording the initial toluene level. About 5 grams 

of dry packing was quickly added to the flask and the ground 

glass stopper quickly replaced. The flask was then carefully 

agitated to shake loose air bubbles occluded in the particles. 

When the packing was completely wetted, and no more air bubbles 

were released, the final toluene level was recorded by a mark 

on the flask neck. The volume between the final and initial 

toluene levels, equivalent to the true volume of the packing 
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was determined by measuring from a graduated pipette the volume 

of water required to change the water level in the flask from 

the first mark to the second, taking the mean of several water 

volume determinations; these volumes were of the order of 

21 mis. The values of true specific gravity recorded for six 

different samples of 72-85 mesh firebrick packing were 2.32, 

2.31, 2.17, 2.22, 2.26, and 2.22, with a mean value of 2.25. 

Similarly, the true specific gravity of the 'Embacel' packing 

was 2.26. 

In the table in Appendix 2 is listed for each run the 

packing used and the treatment to which it was subjected. 

4.4.3. Column Volume. 

The values recorded in the table in appendix 2 were the 

empty column volume, i.e. the volume of that part of the 

column in which the packing was present. This was found by 

measuring the amount of water required to fill the column 

between two marks up to which the column was subsequently 

packed. For the 30 ft. long columns, the volumes of each 

U-section comprising the column were totalled; the capillary 

tubes which joined the column sections were not included in 

the total volume, nor were the portions of the column occupied 

by the glass wool plugs. No significant. error in the 

calculation of the carrier gas retention time to  was made by 

ignoring these dead spaces because the volume of these dead 

spaces was negligible compared with the void volume of the 
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packed sections. With the large distribution coefficients 

encountered, the time required for a given molecule of ammonia 

to traverse the sections of dead volume was negligible 

compared with the retention time in the parts of the column 

where buffer was present, so that very little error was 

introduced into the experimental value of tmax. 

In quoting the empty column volumes, the column length 

is given implicitly. Columns with empty volumes between 11 

and 14 cm3  had lengths of about 55 cms; those with volumes 

between 23 and 26 cm3  had lengths of about 110 cms; those with 

volumes of about 330 cm3  had lengths of about 1280 cm3; and 

those with volumes of about 300 cm3  had a length of about 

1160 cm2. 

4.4.4. Packing the Columns. 

Before being impregnated with buffer solution, the packing 

was dried for several hours in an oven at 100°C., then cooled 

in a desiccator over potassium hydroxide, weighed and re-dried 

in the same way for a shorter time before the buffer was added. 

Two methods of impregnating the packing with buffer were 

used. In the first method, used in runs 5 to 44, a known 

amount of buffer solution from a pipette was added to a 

known amount of dry packing, and the mixture was stirred 

thuroughly in order to distribute the wetted packing evenly. 

In the second method, used in runs 45 to 65, a given amount 

of buffer solution was diluted with sufficient distilled 
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water, so that when the dry packing was added to the solution, 

the packing was totally immersed. The mixture was then placed 

under reduced pressure (in a fume cupboard) with frequent 

stirring until sufficient water evaporated to reduce the buffer 

to its original concentration. The second method is probably 

more efficient in distributing the buffer solution evenly 

throughout the packing. As the diluted buffer solution evaporates, 

the liquid remaining will be drawn into the pores of the 

particles by capillary action, and crystals of the buffer salts 

should not be deposited anywhere, for there is sufficient water 

present to dissolve it. 

In all the runs the same column packing procedure was 

employed. The dry, clean glass column, or section of the long 

columns when used, was filled with buffer-impregnated packing, 

the ends of the column were stoppered, and the column was tapped 

and shaken until the packing compacted itself so that further 

tapping failed to lower the level of the packing in the column. 

More packing was then added, with further consolidation by 

tapping after each addition, while the remaining, unpacked 

material was stored in an air-tight container in order to 

prevent evaporation. When the column was filled to a known 

volume, the small dead spaces at the column ends were filled 

with wads of glass wool which served to hold the packing in 

place, and the injection cap was screwed into position at the 

column entrance. After the column was packed, the unpacked 

material was weighed. Assuming that no evaporation of water 
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from the buffer had taken place during the packing process, the 

total mixture packed was calculated and the amounts of buffer 

and dry packing in the column were evaluated. The proportion 

of buffer in the column is given in the table in Appendix 2 

as a weight-to-weight percentage of the dry packing in the 

column at the beginning of the run. 

4.4.5. Ammonia Injection Samples  

Aqueous ammonia samples of concentrations 10N, 1N, 0.5N 

and 0.1N were prepared by dilution of concentrated commercial 

ammonia solutions; a 0.1N aqueous solution was prepared from 

NH4NO3 salt containing 33.4 atom% N15  in the NH4 radical 

(Eastman Kodak Co., Ltd., Rochester, N.Y., U.S.A.), by the 

addition of excess 0.5N barium hydroxide solution. Barium 

hydroxide was preferred to sodium hydroxide because the latter 

would contain CO2 which might be liberated into the gas stream. 

In runs 5 to 31, about one drop of ordinary 10N ammonia 

solution was injected into the chromatographic column. After 

run 31 the ammonia concentration at the column exit, relative 

to the column buffer concentration was considered too large, 

and in order to decrease this ratio, it was decided to reduce 

the amount of ammonia used. In the remaining runs less ammonia 

was used, in some cases as little as one drop of 0.1N solution. 

In runs 46 and 52 to 65, about one drop of isotopic 0.1N 

solution was used. The table in Appendix 2 records the actual 

amount of ammonia solution injected in each run. 
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The drop volume of the various concentrations of ammonia 

solution was measured by weighing a given number of drops from 

the syringe which was used to inject the drops onto the column. 

Twenty drops of 10N aqueous ammonia solution weighed 0.187 

grams; since the specific gravity of 10N ammonia solution is 

about 0.92, then one drop occupied a volume of 0.187/20/0.92 = 

0.010 mis. Two similar determinations with 0.1N aqueous 

ammonia solution yielded drop volumes of 0.014 and 0.011 mis; 

an average drop volume of 0.012 mis. was used for 0.1N solution. 

One drop of 0.1N ammonia solution therefore contains about 

1.2 x 10-6 gm-moles of ammonia. 

4.4.6. Ammonia in  the Half-Width  

For each run the table in Appendix 2 gives a figure for 

the relative amounts of ammonia and buffer at 

when the ammonia peak is emerging. This ratio 

by assuming that all the ammonia injected into 

present in the half-width of the peak at exit; 

that the buffer solution is evenly distributed  

the column exit 

is determined 

the column is 

assuming also 

throughout the 

column, the amount of active buffering component in the half-

width is taken as the fraction, half-width divided by peak time, 

of the total buffering component in the column. The active 

buffering component is assumed to be in the same concentration 

as the more dilute of the two buffer constituents. 

It is desirable that the ammonia-buffer ratio be low, so 

that the buffer solution is not significantly changed in pH 
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when dissolving the ammonia. The ratio is naturally a minimum 

at the column exit, for the ammonia peak spreads on passing 

down the column and the half-width will correspond to more 

buffer solution than near the entrance. It has been shown that 

the half-width is roughly proportional to ri /0 so that in a 

column with constant HETP the half-width at any point in the 

column at which the ammonia peak is present is roughly 

proportional to the square root of the distance of that point 

from the column inlet, and the ammonia concentration in the 

half width at any point is roughly inversely proportional to the 

square root of its distance from the column inlet. Hence, 

knowing the ammonia-buffer ratio at the column exit, it is 

possible to calculate this ratio at any point in the column, ana 

an estimate can be made of how much of the column has been 

effective in contributing to the separation process. 

4.L..7. Starting the Runs 

The exit of the carrier gas saturating system was attached 

to the packed column entrance with pressure tubing wired on, 

and the empty ammonia absorber was coupled directly to the 

column exit with ordinary rubber tubing and wire. In the 

thermostatted runs, the carrier gas saturators and the packed 

column were allowed to attain the bath temperature by standing 

in the bath overnight. The carrier gas was then set flowing 

at approximately the desired rate. Indicator solution vies 

added to the ammonia absorber and adjusted to its neutral 
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colour trith dilute titrating acid, any back titration necessary 

being performed with a relatively concentrated basee The carrier 

gas flow rate was then adjusted to its correct level after 

which only minor adjustments were necessary to keep it 

relatively constant. 

The ammonia sample was then introduced into the column. 

With the injection syringe, containing ammonia solution, in a 

vertical position, the feed screw was advanced until one drop 

of ammonia solution fell from the needle point onto the wad of 

glass wool above the column packing; as the drop fell, a 

stopwatch was started and the syringe was quickly withdrawn. 

During the course of the run, readings were taken of 

atmospheric pressure, coluran temperature, flow rate, gauge 

pressure at the column inlet and the bath temperature in the 

thermostatted runs. 

-4-8. Column Temperature. 

The column temperature, as recorded in the table in Appendix 

2,was taken as the mean value of temperature during the run up 

to the time that the last point for the integral record of the 

ammonia emergence was determined. For the unthermn3tuttoa rune 

carried out at room temperature this was the mean value of the 

ambient temperature in the vicinity of the column, which often 

varied by as much as3°C. from the mean. For the thermostatted 

runs, the bath temperature deviated no more than 	from the 

mean. 
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4.4.9. Flow Rate  

In conforming to standard gas-chromatographic practice 

the carrier gas flow rate was determined in units of cm3 

per minute of gas at the column exit instead of the simpler 

units of gm-moles per minute. The flow rate figure quoted 

in the table in Appendix 2 for each run was taken as a mean 

value at the mean column temperature and mean pressure 

prevailing at the column exit. Since the flowmeter was 

calibrated at a pressure of 760 mm. Hg. at 2500.,  a few 

corrections had to be applied to the mean flow rate as 

indicated by the flowmeter; corrections were made for the 

mean column temperature during the run, the mean barometric 

pressure and for the mean ambient temperature in the thermo-

stetted runs. since the carrier gas, on leaving the column, 

must pass through both the ammonia absorber and the flowmeter 

before emerging into the atmosphere, the pressure at the 

column exit must be different from atmospheric. The pressure 

drop across the absorber filled with indicator and the 

flowmeter was measured over the range of flows encountered in 

the runs, in order to be able to determine the pressure at the 

column exit. The pressure drop across the absorber was of the 

order of 4-5 cms of mercury. 

In 90,T: of the experimental runs, the flow rate of wet 

carrier gas was in the range 40-65 cc. per minute, measured 

at column temperature and exit pressure. 
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4.4.10. Ammonia Titration. 

The ammonia absorber contained a dilute aqueous solution 

of methyl red, whose colour changes from red to yellow in the 

pr range 4.2 - 6.2, passing through orange. The neutral 

colour of the dye was arbitrarily chosen as orange, for which 

the pH is about 5.2; at this value of pH there will be little 

free ammonia in solution. 

To prepare the indicator solution, methyl red powder was 

dissolved in hot distilled water, allowed to cool and the 

solution filtered. This stock solution, about 0.0075 w/w of 

dye, was diluted to one-half stock concentration with distilled 

water for runs 5 to 31, in which the ammonia sample injected 

into the column was about one drop of 10N solution; in runs 

32 to 65 the dye was diluted to one-quarter of the stock 

concentration, for less ammonia was introduced in these runs, 

and it was desired that the colour change be marked. 

The titrating acid was sulphuric acid diluted with distilled 

water. The acid was 0.001N up to run 40, after which it was 

diluted to as low as 0.0002N in order to follow more closely 

the emergence of the smaller amounts of ammonia injected into 

the column. 

When ammonia passed from the column into the neutral 

absorber to which a drop of acid had been added, the time was 

noted at which the original neutral colour was restored, a 

further drop of acid was added, and so on. An integrated 

record was kept of the total acid added up to every neutralization 
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time. 

Up to run 40, while the titrating acid was 0.001N, the 

end point was determined visually as the time at which the 

indicator colour changed from red to orange; the colour 

change was sufficiently rapid and sharp for this to be done. 

In runs 41 to 65 the more accurate photoelectric end point 

determination was used, for with the more dilute titrating 

acids used, the colour change was less marked; this method 

will be considered in detail in the next section. 

In runs 5 to 30 the integrated amount of acid added 
was determined by counting the number of drops added from a 

pipette, assuming constant drop volume. In runs 31 to 65 

the drop-weight titrati)r was used to determine-the amount 

of acid added. Using this more accurate method, the titrator 

was weighed before and after each acid addition, and the 

total weight of acid added up to each neutral time was 

recorded. In the flat portions of the integral curve, when 

the time interval between each drop was fairly long, often 

in the order of hours, a drop or two of acid was sent to 

waste before the titrator was weighed, in order to bring 

fresh acid to the nozzle, for it was found that after about 

30 minutes, the titrator lost weight, about 25 of one drop 

weight, presumably because of evaporation from the nozzle. 

In the steep portions of the integral curve, when the 

interval between drops was fairly short, this procedure was 

not necessary. 
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4.4.11. Photoelectric End-Point Determination 

During the series of runs, as the amount of ammonia injected 

into the column was decreased, the titrating acid concentration 

was also decreased in order to follow the emergence of the 

ammonia peak more closely. With the dilute acids used it was 

impossible to detect the end point visually, for between drops 

of the dilute acid added, the pH change and hence tha colour 

change was very slight; hence, the photoelectric end point 

method was developed. In all the titrations using this method, 

the dilute titrating acid contained indicator in the same 

concentration as that in the ammonia absorber, in order to 

keep the indicator concentration constant. 

The ammonia absorber and accompanying optical analysis 

cell were constructed in one piece, of glass. Rubber or plastic 

tubing could not be used to connect the two, for flexibility, 

because these materials either absorbed or adsorbed indicator, 

so that the indicator solution became visibly more dilute. 

Before describing the final technique adopted, it would be 

convenient to describe the normal operation of the Spekker 

absorptiometer. 

The Spekker adsorptiometer is a photoelectric device 

incorporating two photoelectric cells, each of which produces 

a current when light falls upon it. Light from an enclosed 

lamp can follow either or both of two paths: one which passes 

through a variable aperture controlled by a rotating drum with 
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calibrated density and percentage transmission scales, and 

through the solution whose density is being measured, before 

falling upon the first photocell; the other passes through a 

diaphragm of variable opening before falling upon the second 

photocell. The photocell electrical circuits form two arms 

of a Wheatstone bridge, whose balance or unbalance is 

indicated by a moving spot galvanometer. A potentiometer 

connected in parallel with the galvanometer controls its 

sensitivity, i.e, the relative deflection of the galvanometer 

per ma. of current. 

The operating procedure recommended by the makers is as 

follows: (1) after the instrument has been allowed to warm up, 

and with neither light path open, the galvanometer spot is 

adjusted to its nul position, which can be chosen where desired 

on the scale; (2) with the density scale of the calibrated drum 

set at zero, i.e. the varible aperture wide open, the sensitivity 

control set at its minimum position, and the variable diaphragm 

closed, light it permitted to pass through the solution whose 

density is being measured; this should cause no deflection 

of the galvanometer spot; (3) the sensitivity is then increased 

until the galvanometer registers full scale deflection; 

(Li.) the variable diaphragm is then opened, permitting light to 

traverse the second path, and is adjusted until the 

galvanometer spot is made to return to its nul position; 

(5) a standard solution, i.e. a solution whose density is 

considered to be zero, replaces the original solution in the 



first light path, causing the galvanometer spot to be deflected 

from its nul position and the variable aperture in the first 

light path is adjusted by rotating the calibrated drum, until 

the galvanometer spot once more is returned to its nul position; 

the reading of the calibrated drum then denotes the density of 

the unknown solution. 

During the course of the above analysis, a coloured filter 

is placed in each light path so that light of a given wave-

length passes along each light path. 

In order to determine which filter would give a maximum 

density difference between the red (acid) and yellow (basic) 

indicator solutions, three solutions were prepared by additions 

of acid or base to the indicator solution: red, yellow and orange 

(neutral); the densities of the red and yellow solutions were 

measured by the above method, using the orange solution as a 

standard. It was found during the analysis that with certain 

filters the density of the red or yellow solution was negative, 

compared to the orange as zero, and hence could not be 

measured; it was therefore decided to set the calibrated drum 

initially, not at zero as recommended, but at some positive 

value, so that the densities of the red or yellow solution, 

relative to the orange as a standard, could be measured. In 

this way it was determined that filters which passed a light 

with a wavelength of 520 mg (52008) gave a maximum density 

difference between the red and yellow indicator solutions; 

these filters were then used in all the runs in which the end 

point was determined photoelectrically. 

J- 
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The absorptiometer operating technique actually adopted vies 

as follows: (1) after the instrument had been allowed to warm 

up, and with neither light path open, the galvanometer spot 

was adjusted to its nul position; (2) with the light in the 

first path passing through air, the sensitivity set at its 

maximum value, and the calibrated drum set at some arbitrary 

value A, the variable diaphragm in the second light path was 

opened until the galvanometer spot returned to its nul position; 

(3) with the calibrated drum set at some other arbitrary value 

B, the light in the first path was allowed to pass through the 

ammonia absorber analysis cell containing the indicator solution, 

and the galvanometer reading was recorded simultaneously with 

the time. The end-point time was taken as that time at which 

the galvanometer spot passed through its nul position. During 

the emergence of the ammonia peak, the galvanometer spot moved 

visibly along the scale, and the time at which it crossed its 

nul position was easily determined; during the 'base-line 

period the galvanometer spot moved extremely slowly, and the end 

point was determined by interpolation of the plot of galvanometer 

scale reading against time. Standardization of the absorptiometer 

after each addition of acid vies performed by repeating steps 

(1) and (2) of the above procedure. 

In the standardization procedure above the light beam was 

passed through air instead of a standard solution of orange 

colour because orange (neutral) indicator solution slowly changed 

to yellow on standing in its optical glass cell; it was thought 
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that the indicator was reacting with the soda in the glass to 

produce this effect. Since an invariant orange solution with 

the same optical density as neutral indicator solution was not 

available, it was thought best to pass the light beam through 

a colourless solution instead. The obvious choice was distilled 

water in an optical glass cell, but its use entailed keeping 

the glass cell clean. Since the choice of the 'standard' 

colourless solution vies  purely arbitrary, the light was simply 

passed through air instead. 

The use of a colourless 'standard' led to a further problem. 

When the indicator in the ammonia absorber becomes a neutral 

orange colour, its optical density will not be the same as that 

of the 'standard', and the galvanometer spot will not be at 

its nul positions This problem was overcome by determining 

optical density of the indicator when orange, referred to that 

of the colourless 'standard', and setting this value (23) on the 

rotating drum when light was passed through the analysis cell. 

The choice of this drum setting is not of great importance, for 

the time for the galvanometer spot to re-attain its nul position 

after a drop of acid has been added to the absorber will be 

constant, whatever the drum setting; ho-„ever, the sensitivity 

will be better if the solution is orange at the nul point. 

Maximum sensitivity was set in order to increase the 

galvanometer deflection from its nul position for each drop of 

acid added to the absorber and hence the accuracy of the method. 
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In order to show that the density bf the end point colour 

did n.-)t vary with the ammonium sulphate concentrations in the 

ammonia absorber, sufficient (NH4)2  SO4 was added to a 

neutral indicator solution of known optical density to 

change its ammonium sulphate concentration by an ammount to 

be expected in any run; the colour density of the resulting 

solution was the same as that before the additions showing 

that the ammonium sulphate concentration had no effects. 

4.4.12. Base Line Rate  

Before the ammonia peak emerged from the chromatographic 

column, and while oarrier gas alone was bubbling through the 

indicator solution in the ammonia absorber, the indicator 

solution required a small rate of acid addition in order to 

keep the indicator a neutral orange. This 'base-line' rate for 

each run is quoted in the table in Appendix 2 as equivalent 

moles of ammonia per minute. In many of the runs which had a 

large ammonia peak residence time, the apparatus was left 

unattended for at least one overnight period. However, 

sufficient acid was added to the absorber to keep pace with the 

initial apparent ammonia emergence rate for this period. In 

some runs only a short time preceding the actual peak emergence 

was available in which to determine the base line rate. 

4.4.13. Buffer Evaporation 

In the table in appendix 2 there is qumted for each run a 

figure for the buffer solution evaporated during the run, 



expressed as a per cent of its original weight. The loss by 

evaporation was determined simply by weighing the packed 

column before and after each run. In order to decrease the 

amount of evaporation, the carrier gas was pre-saturated with 

respect to the buffer solution at the column temperature by 

bubbling the carrier gas first through distilled water and 

then through the buffer solution before it entered the column► 

In the thermostatted runs, the carrier gas saturators were 

placed in the constant temperature bath. 

It is inevitable that evaporation of the buffer will 

take place, even with pre-saturation, because of the pressure 

gradient along the column. If the carrier gas is saturated 

with respect to the buffer solution at the column entrance, 

wherethetotalpressureisP.,then the mole fraction of 

water vapour in the carrier gas at the column entrance is 

p/PI , where p is the partial pressure of water vapour over the 

buffer solution at the column temperature. At the column exit, 

where the total pressure is 4, less than P because of the 

pressure dropl and assuming the gas is saturated, the mole 

fraction of water vapour is p/To., which is greater than that 

at the column entrance; hence, water must be evaporated from 

the buffer solution, the amount evaporated being proportional 

to (p/10. 	p/lat...). If the carrier gas is not saturated at the 

column extrance, then the amount of water vapour evaporated 

is proportional to p/1)., which is greater than when the gas 

is pre-saturated. The rate of evaporation will be greatest 

-99 
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where the pressure is lowest, i.e. at the column exit. 

4.4.14. Experimental Distribution Coefficient 

In the table in Appendix 2 is quoted the value of the 

experimental distribution coefficient for each run. The 

experimental distribution coefficient was calculated from the 

experimental results by the equation, 

Aexptil = tm/to,   (4.9) 

where tE is the time at which the ammonia peak emerged from 

the column, taken as the time at which the slope of the 

integrated titrant curve was a maximum, measured from the 

time when the ammonia sample was injected, and to  is the 

retention time of the carrier gas; both 	and to  were 

measured in the same time units. The carrier gas retention 

time, to, is given by the equation, 

2= 	(1)I/1103-1  (v) 	 
3 (pt/M2-1 (V)' 	(4.10) to   

where Pi and P0 are the column inlet and outlet pressures, 

measured in the same units, v is the total void gas volume of 

the chromatographic column, and V is the carrier gas flow 

rate, measured at the column temperature and the column exit 

pressure. See section 4.4.9. for details concerning V and Po.  

PI was evaluated by adding the mean gauge pressure at the 

column inlet to the mean atmospheric pressure during the run. 

The column void gas volume, v, was estimated by subtracting 

the volume occupied by the buffer and packing from the empty 



column volume, volume, The volume occupied by the buffer solution 

was taken as the mean volume of the buffer in the column up 

to the peak time, the assuming that evaporation proceeded 

at a uniform rate and that the effect of evaporation upon the 

specific gravity of the buffer was negligible; these 

assumptions are justified because the effect of error in the 

buffer volume upon v was very small. The pressure correction 

factor, e , given by the equation, 

2 
	

(Pt/Pd )3  -1  e = 	
(pi/p0)2...1 

   

(4.11) 

   

corrects the carrier gas retention time for the compressibility 

of the gas (31). The correction factor, e , approaches unity 

as the pressure drop becomes smaller, i.e. as P
i 
approaches 

P. 

For those runs in which the integral curve was not obtained, 

the experimental distribution coefficient quoted is the 

minimum possible value based on the time up to which the run 

was performed as %tax. For those runs in which the ammonia 

emergence was not followed closely, limits for the experimental 

distribution coefficient are quoted, based on the times 

between which the ammonia peak emerged as t 
max 

4.4.15. Calculated Distribution Coefficient  

Also quoted in the table in Appendix 2 is the distribution 

coefficient calculated for each run by the equation 
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4 	
m RT

calc = -- (1 	10p Kw - PKB - pH v (4.12) 

where m is the total number of moles of buffer solution in 

the column, taken as a mean value up to the ammonia peak 

residence time, assuming that the buffer solution had the 

same molecular weight as water. v was determined as in the 

previous section. 	w was read from the curve in figure 5, 
pKw and pKB were taken from tables (25)(26), and pH was 

determined experimentally (see section 4.4.1.) 

4.4.16. Number of Plates  

The number of theoretical plates for each run in which 

the ammonia peak was followed is quoted in the table in 

Appendix 2, and was calculated from the equation, 

r.35  
r = 

half-width 

 

(4.13) 

 

which was derived from equation 2.67. Both tlt  and the half-

width, measured in the same time units were taken from the 

differential ammonia-emergence rate curve formed by taking 

the slopes of the integrated curve at various times by laying 

a straightedge in the best position on the smoother integral 

curve. The peak time, till, is the time at which the slope was 

a maximum; the half-width is the width of the differential 

curve mid-way between the base-line and the peak. Since the 

differential curves obtained in the runs were generally skew, 

with a sharp 'front' and a slowly diminishing 'tail', this 
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method of evaluating r was considered more reliable than the 

method proposed by the Hydrocarbon Research Group of the 

Institute of Petroleum, (33), who suggested that r be expressed 

by the equation 

r = 16 	  (4.14) 
b) 

where a is the peak time and b is the width of the peak at 

the base line between two tangents drawn from the curve as 

shown in figure 20. 

Fig. 20. 

a 
Property 

Recorded 

Time 
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4.5_1  Experimental Results  

The experimental results will at first be considered in 

general. 

All runs yielded the same type of integral curve, with a 

sharp 'front' and a 'tailing' rear. The first indication that 

the ammonia was emerging from the column was given when the 

indicator in the ammonia absorber, to which had been added one 

drop of acid when neutral, suddenly changed colour. There 

was no gradual change in colour up to this point, so that the 

neutral time of the first acid drop was frequently missed. 

Successive increments of acid were then added quickly in an 

attempt to keep pace with the ammonia emergence. It was in 

this period, very shortly after the first indication of ammonia 

emergence was shown that the maximum rate of ammonia emergence 

occurred, and thereafter the rate very slowly decreased, the 

base line rate never being re-attained even after residence 

times several times greater than the peak emergence time. 

For the following discussion of the experimental results, 

refer to the table in appendix 2. 

For the runs carried out at room temperature the base-line 

rate was fairly constant from run to run, of the order of 10-10  

moles per minute. This base-line rate vies negligible compared 

to all ammonia emergence rates in runs 5 to 31, in which a 

relatively large amount of ammonia was injected, and the 

titrating acid was at its highest concentration, 0.001N. As 

the amount of ammonia sample used was decreased, the base-line 

rate was fairly large compared to the ammonia emergence rates; 
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in the runs using the long, 30 ft. columns had the ammonia 

peak emerged, the increase in the base line slope due to its 

emergence would have been of the same order as the base line 

itself. In the runs thermostatted at different temperatures 

it was found that the base line rate increased with increasing 

temperature. 

In runs 5 to 12, with the buffer pH in the range 9.8 - 10 

there was very good agreement between the theoretical and 

calculated distribution coefficients; however there was a 

large ammonia to buffer ratio at the column exit. 

The buffer solution used in the rest of the runs had a 

pH in the vicinity of 8. The experimental distribution 

coefficient never agreed with the calculated; the experimental 

value was generally less than the calculated when a relatively 

large amount of ammonia, i.e. one drop of 10N solution, was 

injected onto the column, and was usually several-fold greater 

than the calculated when the ammonia sample was decreased. 

In general, during the sequence of runs, one run was 

performed in order to determine how the experimental distribution 

coefficient was related to that calculated, the mean residence 

time wus roughly determined within wide limits, the run was 

repeated with the column prepared in the same way and the 

ammonia peak was patiently awaited on the basis of the previous 

run. 

The different pre-treatments of the packings had varying, 

unpredictable effects on the column operation. Any two 
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samples from a given batch of packing pre-treated in the same 

way differed in performance in the column. In short, the 

expected performance of a given batch of packing with a given 

pre-treatment could not be predicted with any confidence. 

A typical experimental integral curve, that for run 549 

is shown in figure 21, and the corresponding differential curve 

is shown in figure 22. The run is quoted as an example of the 

experimental results and of the accuracy of the photoelectric 

end point determination. (The accuracy will be discussed in the 

next section). The run was performed at room temperature with 

a column 55 cms. long. One drop of 0.1N isotopically enriched 

ammonia solution, i.e. 1.2 x 10-6  moles of ammonia was injected 

into the column. The base line rate was about 8 x 10-11  

equivalent moles of ammonia per minute. The ammonia peak 

emerged at 2090 minutes with a peak rate of 3.L1 x 10-8  moles per 

minute. The half-width of the peak was 860 minutes; hence, 

the number of theoretical plates, according to equation 2.66 

was (2.35(2090)/860) 2  = 33. Therefore, the value of the HETP 

was 55/33 = 1.7 cms;  which is very large for a chromatographic 

column. The experimental distribution coefficient was 13,500 

whilst the calculated was 14509 The number of theoretical 

plates was too small to chow any isotopic separation. 

A comparison of runs 58, 59 and 60 is interesting; in 

these runs, almost identically prepared columns with the same 

carrier gas flow rate were run at temperatures of 40, 32 and 

25°C, respectively. Approximately the same amount, one drop of 
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0.1N ammonia sample, was introduced into each of the columns. 

The base line for these runs decreased with decreasing 

temperature. When the differential curves for these runs, 

not including the base lines, are superimposed, as in figure 

23, it can be seen how a given wave band spreads as its 

residence time is increased in a given column, For constant r 

the half-width is roughly proportional to the peak residence 

time in these three runs, ac predicted by equation 2.66, and 

the peak height is roughly inversely proportional to the mean 

residence time. The number of theoretical plates for each of 

these runs is fairly constant, viz,, 126, 136 and 184 plates, 

respectively, with a mean value of 149 plates and a mean 

deviation of 175). Since the column in each of thes', runs 7:38 

110 cms. long, the HETP was 0.73 ems, which is still quite 

large for a gas chromatographic columns 

The remaining runs, runs 6i to 65 were a12 operated at 

40°C. with columns about 30 feet long, with the same packing 

and flow rate and almost identical buffer content,. Since run 

58 was also operated at 40°C. with the same pa,-.Acing and buffer, 

it would be expected that the mean residence times for the runs 

with the long columns could be calculate6. from the result of 

run 58. It can be shown, by application of equations 4.12, 

4,9. and 4.10. that, for two columns operating at the same 

temperature with the same buffer pH, the mean residence time 

is proportional to the amount of liquid phas., in, and the 

pressure correction factor, E 9 as given by equation 4,.11. 



For example, in run 62, the first operated successfully long 

column had a length of 1176 cms, a buffer content of 8.85 

and a pressure correction factor e of 1.85; since the 

column in run 58 had a length of 110 cms, a buffer content 

of 10.65, a value e of 1.18, and a mean residence time of 

397 minutes, it would be expected that the mean residence 

time in run 62 would be 

397 x 	8.8 	1.85 
110 x  TT:17; x  -777 = 5500 minutes. 

Also, since the ammonia peak in run 58 at 397 minutes was 

about 21 x 10-9  gm. moles per minute, exclusive of the base 

line, then it would be expected that in run 62 the peak 

emergence rate exclusive of the base line would be expected 
500  

to be 
5  
397  x 21 x 10-9  = 1.5 x 10 9̀  moles per minute, which 

is of the order of the base line itself, 1.8 x 10-9  moles 

per minute. Similarly, the expected peak times for runs 

63, 64 and 65 were 5500, 5700 and 5200 minutes respectively. 

The integral records for runs 62, 63, 64 and 65 are 

shown in figures 24, 25, 26 and 27 respectively. Each of 

these records is separated into sections for two reasons: 

during some overnight periods the base line was not followed 

closely, or the volume of the ammonia absorber was reduced 

by removing some of the excess solution. Each of the integral 

records could be considered as a series of straight lines 

with small fluctuations in each. The apparent ammonia emergence 

rate of the base line is printed on the figures for each of 
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these straight line sections; the rates were calculated from 

the slopes of the lines. The rate is also printed for the 

gaps between the sections where it was determined roughly. 

Now consider each of these runs in turn. 

In run 62, the initial base line continued up to about 

1500 minutes, after which the rate increased in segments up 

to about 3300 minutes after which the rate was 4 x 10-9  gm. 

moles per minute, at least until 4500 minutes. If it is 

considered that the initial rate of 1.8 x 10-9  moles per 

minute were the base line, the increase in slope up to 4500 

minutes would correspond to an amount of ammonia emerged of 

about 5.7 x 10-6  gm. moles, which is more than four times the 

ammonia injected, 1.2 x i0-6 moles. As was shown previously 

the ammonia peak was expected at 5500 minutes. 

Run 63 was a repeat of 62. The initial base-line was 

1.7 x 10-9  gm. moles per minute. This rate increased slowly 

up to about 6600 minutes after which there was a large 

increase in the rate to 7.7 x 10-9 moles per minute which lasted 

at least up to 12,000 minutes. The increase in rate over the 

initial value corresponds to an amount of ammonia of about 

25 x 10-6 moles, which is more than twenty times the ammonia 

actually injected; this leaves no doubt that the increase in 

slope is not due to the emergence of ammonia. 

It was suspected that the sudden increase in slope of the 

base line could be explained by the fact that the indicator 

solution reacted with the glass of the absorber, and that a 
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softer, more reactive part of the glass had been exposed to the 

solution. In order to confirm this suspicion, a second absorber 

replaced the one being used in run 63, at 12,000 minutes, and 

it was discovered that this second absorber gave a different, 

lower rate than had the first during the latter part of run 

63; this showed that the base line rate was a property of the 

absorber used. 

Various methods were attempted in order to overcome the 

high base line rate of the first absorber. It was discovered 

that after prolonged_ treatment with hot, concentrated 

hydrochloric acid toleach reactive base from the surface of 

the glass, and after washing thoroughly and drying in a hot 

oven, the base line rate of the first absorber could be 

restored to its previous low value. 

In run 64 the pretreated ammonia absorber was used. 

(See figure 26). The base line rate of 1.6 x 10-9  moles per 

minute persisted, with minor irregularities up to 7000 

minutes. The ammonia peak was expected at 5700 minutes; it 

seems that the ammonia had not emerged up to 7000 minutes. 

However, since the one drop of 0.1N ammonia solution is 

equivalent to 1.2 x 10-6  (1000)/0.00068 = 1.8 grams of the 

0.00068N titrating acid, the irregularities in the base line 

are very large compared to this expected displacement of the 

base line by the emergence of the ammonia. 

In run 65 three drops of the 0.1 ammonia solution were 

injected onto the column instead of the usual one drop. 
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(See figure 27). The absorber was again pre-treated with hot 

acid. In spite of this pretreatment the base line rate 

changed in value from 1.4 x 10-9  moles per minute up to 

3800 minutes to 1.7 x 10-9  moles per minute at least up to 

7500 minutes, although one could not be sure if the increase 

was due to ammonia emergence. 

After run 65 it was decided to abandon the experiment. 

The chemical behaviour of the ammonia absorber was not very 

reliable; one could not be sure of a constant base-line. 

Moreover the variations in the base-line rate, probably due to 

minor fluctuations with time of the glass reactivity, are too 

large compared to the displacement of the base line to be 

expected by the ammonia emergence. The unpredictability of 

the peak emergence was another factor. 

From the HETP figure of 0.73 cms. from run 58, the number 

of plates in the long column would be about 900. At 40°C. 

and with a buffer pH of 8.37, the number of plates required 

for separation, according to equations L4.8. and 3,L3. would 

be 35,000 i.e. columns about 40 times as long as the long ones 

used in the experiment would be required. In this longer 

column, the increase in the base line slope due to the 

emergence of the ammonia would be only a very small fraction 

of the initial base line slope. 
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5. Discussion  

5.1. Comparison of Calculated and Experimental Distribution 

Coefficients. 

In runs 5 to 12, in which the buffer pH was about 10, and 

in which there was good agreement between the theoretical and 

calculated distribution coefficients, there was much more 

ammonia in the half-width at exit, and hence everywhere else 

in the column when the ammonia peak was present, than the buffer 

could accommodate without a significant change in the pH. The 

excess ammonia in the peak would have the effect of increasing 

the buffer pH at that point in the column. Since the original 

buffer pH, upon which the calculated distribution coefficient 

was based was almost in the flat portion of the curve in figure 

3, an increase in the pH would not have much effect on the 

distribution coefficient. 

In the rest of the runs, in which the buffer pH was near 

8, i.e. in the steep portion of the curve in figure 3, it would 

be expected that anything affecting the buffer pH to a small 

extent would have a large effect on the experimental distribution 

coefficient. In the later runs with a relatively large amount 

of ammonia, compared to the buffer present, in which the 

experimental distribution coefficient was lower than expected, 

the buffer was swamped with ammonia so that the pH became 

higher in the column where the ammonia band was present. When 

the ammonia sample was decreased so that the buffer was no 

longer swamped, and hence would not in itself affect the buffer 



-120 

pH, other factors affecting the pH, such as reaction between 

the buffer and the packing, would have an important effect 

on the buffer pH, and hence the distribution coefficient, 

That the experimental coefficient was then greater 

than the calculated shows that the effect of the reaction 

between the buffer and the packing was to decrease the 

effective pH of the buffer; hence, it would appear that the 

reaction had the effect of removing base from the buffer, 

There may be a reaction between the sodium hydroxide in the 

buffer and the silica, of which the packing was composed 

to form sodium silicate (which may have been the gelantinous 

white substance produced). (See section 4.4.2,). Therefore 

one possible way of improving the experiment would be to 

use a more inert packing; however, this would be difficult 

because most chromatographic packings are si7iceous because 

silica is inert towards most substances encountered in 

gas-liquid chromatography. Other substances proposed have 

not the high porosity required in chromatography. 

A possible way of overcoming this handicap would be to 

use the capillary columns of Golay (33) which contain no 

packing at all, the liquid phase being held on the inside of 

the walls by surface tension. The aqueous buffer solutions 

used in this experiment have a lower viscosity than the 

liquid phases generally encountered in gas-liquid 

chromatography and might not remain evenly distributed 

throughout the column, but be carried along by the carrier 
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gas towards the column exit. In any ease the emposure of the 

aqueous buffer solution to the carrier gas in this way would 

probably increase its evaporation. 

5.2. Evaporation of Buffer Solution 

The evaporation of water from the buffer solution is 

another difficulty to be overcome. 

It was shown in section 4.4.13. that pre-sturation of the 

carrier gas by passing it through buffer solution decreased 

the amount of buffer evaporated from the column. It may be 

possible that the gas leaving the last gas saturator was not 

saturated with respect to buffer solution, so that the buffer 

actually evaporated would be greater than the theoretical. 

With the very long columns required for any appreciable 

isotopic separation, the long peak residence time would 

increase the amount of evaporation, and eventually all the 

water present would be evaporated. As the water evaporated, 

the ammonia residence-time would decrease and as the last 

remaining water evaporated, the ammonia would be forced from 

the column. One way of diminishing the effect of the 

evaporation would be to increase the amount of buffer solution 

in the column so that the ammonia would have a greater chance 

of remaining in the column for the proper length of time and not 

be expelled because of complete loss of liquid phase. Another 

possible method would be to operate the column at higher 

inlet and outlet pressures. According to section 4.4.13" an 
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increase in pressure would decrease the evaporation. 

The effect of buffer evaporation upon the shape of the 

elution curve will be considered in the next section. 

5.3. The Shape of the Elution Curve. 

The sharp 'front' and long 'tail' characteristic of all 

the differential curves obtained experimentally could be due 

to several causes. That the distribution coefficient was not 

constant is one possible reason. In the parts of the column 

where the relative amount of ammonia was high, the distribution 

coefficient would be low, as explained previously, and where 

the amount of ammonia was low, the distribution coefficient 

would be high; hence the ammonia peak would travel faster 

than the tail, and would arrive at the column exit while an 

appreciable amount of ammonia was left behind in the tail. 

This effect would be diminished in a longer column, in which 

the ammonia would be dilute everywhere, and the elution curve 

would approach the Gaussian distribution. 

Another possible reason for the tailing is the adsorption 

of the ammonia by the column packing. James and Martin (32) 

observed this effect with ammonia on a similar type of 

packing to that used in this experiment, but with an organic 

liquid phase. 

The evaporation of buffer solution from the column would 

tend to counteract the tailing of the peak. Since the mean 

residence time and hence the distribution coefficient is 
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proportional to the amount of buffer solution in the column, 

and since the evaporation is greater in the column the 

greater the distance from the column entrance, the distribution 

coefficient in the leading edge of the ammonia peak would be 

larger than in the tail. However, this effect is apparently 

not great enough to counteract completely the effects of 

buffer swamping and ammonia adsorption. 

5.4. The Base-line  

The fact that the slope of the base-line is not zero is 

thought to be due to the reaction of the acid in the 

indicator solution in the ammonia absorber with the glass 

walls of the absorber. This was evidenced by the fact that 

when neutral indicator solution was poured into the empty 

ammonia absorber, the indicator immediately turned yellow 

showing that the hydrogen-ion concentration in the indicator 

had suddenly decreased, i.e. base had been taken up by the 

solution presumably from the soda in the glass. During the 

runs, when the indicator solution in the ammonia absorber 

was maintained neutral, the solution slowly leached soda 

from the glass and the rate of this leaching process is 

equivalent to the slope of the base-line. If no leaching 

occurred the slope of the base line would have been zero. 

When the column was operated at 40°C., the temperature 

in the ammonia absorber was only about 5°C. above the 

ambient temperature; this difference was proportionately 
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less for lower column temperatures. That the base-line 

increased with increasing temperature in the ammonia absorber 

tended to confirm the existence of the reaction between the 

indicator solution and the glass. 

Although the glass ammonia absorber and the analysis 

cell were made of borosilicate glass, they still contained at 

least 3% of soda glass. Pre-treating the glass with hot, 

concentrated HCl leached the base from the softer, more 

reactive parts of the glass, but the base-line was still 

subject to minor fluctuations after this treatment. The only 

way of overcoming the handicap of the reaction between the 

indicator solution and the glass would be to construct the 

absorber and analysis cell of some material which would not 

react with the indicator solution and yet be transparent. 

Quartz immediately suggests itself. Construction of the ammonia 

absorber and analysis cell of quartz, and especially the 

sintered disc would be a costly and difficult task. 

Appreciation of the Photoelectric Analysis Method  

No other analysis method was available for the accurate 

determination of ammonia necessary for the very small concen-

trations which would be encountered with the long columns 

required for the separation of the isotopic ammonia species. 

Except for the reaction between the indicator solution and the 

glass walls of the ammonia absorber, the photo-electric method 

used in this experiment would prove a very useful tool for 
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analysis. Referring to figures 21 and 22, cited as an example 

of the method in section 4.5., it can be seen that an 

ammonia emergence rate of approximately (0.009)(0.0004)/1000 = 

4 x 10-9  gm. moles per minute can easily be determined. The 

fluctuations of the experimpncal points in the integral curve 

of figure 21 are Vary small, of the order of the fluctuations 

in the slope of the base line, and a smooth curve can easily be 

drawn through them with a fair degree of certainty. 

In order to obtain the differential curve upon which the 

figure for the number of theoretical points is based, it is 

necessary to determine the slope of the integral curve 

graphically. Since graphical differentiation is inaccurate, 

error will be introduced into the differential curve apart 

from that due to scatter in the integral curve. 

It is possible that at room temperature with the base-line 

present in the experiments, an ammonia emergence rate as low 

as approximately 4 x 10-10  gm. moles per minute, i.e. 1/10 of 

that in run 54, could probably be determined with ease. This 

compares favourably with the most sensitive differential 

detectors used in gas chromatography. 
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6. Conclusions 

A number of experimental difficulties notably the reaction 

between the column support and the buffer solution, the 

evaporation of buffer solution and the fluctuations in the 

base-line due to the reaction of dilute methyl red indicator 

solution with the glass walls of the ammonia absorber, have 

yet to be overcome if the gas-chromatographic separation of 

the isotopic ammonia species is to be effected. 
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APPENDIX 1  

Values of p-x calculated for the determination of 41  

p is the vapour pressure of ammonia in mm. Hg. over an 

aqueous solution of ammonia whose mole fraction is x. c'  is 

the slope of the plot of pv.c,x in the dilute region. The 

values are calculated from the data of Perry (22) as in 

section 3,4. 

Temp.(°C.) 

	

0 	11.2 	0.0502 

17.7 	0.0734 

25.1 	0.0957 	230 

	

10 	11.3 	0.0308 

16.1 	0.0406 

19.1 	0.0502 

29.9 	0.0734 

41.8 	0.0957 	380 

	

20 	12.0 	0.0207 

15:0 	0:0257 

18.2 	0.0308 

24.9 	0.0406 

31.7 	0.0502 

50.0 	0.0734 	580 

	

25 	see section 3.4 	720 
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Temp.(°C.) p x co 

30 11.5 0.01253 

15.3 0.0166 

19.3 0.0207 

24.4 0.0257 

29.6 0.0308 

40.1 0.0406 

51.0 0.0502 920 

40 15.4 0.01046 

18.3 0.01253 

24.1 0.0166 

30.0 0.0207 

37.6 0.0257 

45.0 0.0308 

60.8 0.0406 

76.5 0.0502 1460 

50 22.2 0.01046 

26.7 0.01253 

35.5 0.0166 

44.5 0.0207 

55.7 0.0257 

67.1 0.0308 

91.1 0.0406 

115 0.0502 2130 
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Temp. (°a.) p x co 
60 30.2 0.0105 

36.3 0.01253 
48.7 0.0166 
61.0 0.0207 
77.0 0.0257 
94.3 0.0308 

129.3 0.0406 2880 
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Nomenclature. 

a 	= mean residence time, as shown in figure 20. 

peak width at base, as shown in figure 20. 

df = effective liquid film thickness. 

packing particle diameter. 

Longitudinal gas phase diffusivity. 

Dgas = molecular gas phase diffusivity. 

D 	= molecular liquid phase diffusivity. Dl   
fraction of column volume. 

molal carrier gas flow rate. 

mass transfer coefficient. 

k l  = 	Flii)514 	(See section 2.3) 

equilibrium constant. 

equilibrium constant for exchange reaction in equation 

3.22. 

K2 	relative volatility of isotopic ammonia species in 

equation 3.24. 

KA = acid dissociation constant. 

Kg = dissociation constant for ammonia in water. 

Kw 	ion product of water. 

total moles of buffer solution in column. 

mG = moles of gas per unit length of column. 

ML = moles of liquid per unit length of column 

MG = moles of gas per litre. 

ML 	moles of liquid per litre,. 
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number of plate gas volumes. 

probability of a vapour molecule being in gas phase, 

in section 2. 

partial pressure of ammonia over its aqueous solution. 

P 	total pressure. 

pr 	probability of a vapour molecule being in rth plate 

of column in section 2. 

Pi  = pressure at column inlet. 

Po 	pressure at column exit. 

q 	quantity of solute in rth plate. 

quantity of solute sample. 

number of theoretical plates 

r* 	value of r for isotopic separation in equation 4.8. 

gas constant. 

as defined by equation 2.27. 

volume of carrier gas. 

time 

to  = carrier gas residence time. 

tinx  = peak residence time. 

t' = sample introduction time 

carrier gas velocity. 

total void volume of column. 

vE = effective plate gas volume. 

vG = volume of gas per plate. 

volume of liquid per plate. 

V 	= volumetric carrier gas flow rate. 



VG  = litres of gas phase per unit length. 

VL 	litres of liquid phase per unit length. 

x 	= mole fraction of solute in liquid 

mole fraction of solute in gas. 

y 	= rate of introduction of solute sample. 

column length. 

slope of y-x curve. 

a 	= isotopic enrichment factor, defined in equation 3,24,. 

column tortuosity correction factor (section 2.3) 

= pressure correction factor, as defined in equation twil 

number of effective plate gas volumes. 

dimensionless column packing parameter. 

A 	= distribution coefficient. 

a- 	= as defined by equations 2.50 and 2.51. 

0 	= quantity of solute in gas phase in rth plate. 

= slope of p-x curve. 



-136— 

REFERENCES  

lc Urey, H. C., Thode, H. Goy J. Chem. Phys. (1939) 2 34. 

2. Clusius, K., Dickel, G., Becker, E., Naturwiss. (1943) 

31 210. 

3. Martin, A. J. P., Synge, R. L. Mop Biochem. J. (1941) 

35 1358. 

4. Synge, R. L. M., The Analyst (1946) 21 256. 

5. James, A. T., Martin, A. J. P., Biochem. J. (1952) 

50 679. 

6. Glueckauf, E., Kitt, G. P., Disc. Far. Soc. (1949) 

2 199. 

7. Glueckarf, E., Kitt, G. P., Vapour-Phase Chromatography 

Po 422, Butterworth's London (1957) 

8. Phillips, C., 'Gas Chromatography', p. 11. Butterworth's 

London, (1956). 

9. Klinkenberg, A., Sjenitzer, Foy Chem. Eng. Sci. (1956) 

5 258. 

10. Glneckauf, E., Trans. Far. Soc. (1955) 51 34. 

11. Lapidus, L., Amundson, N. R., J. Phys. Chem. (1952) 56 984. 

12. Glueckauf, Boy 'Principles of Operation of Ion-Exchange 

Column', paper read at the Conference on Ion Exchange, 

London, April 5 - 7 (1954). 

13. Tunitskii, N. N., Doklady Akad. Nauk. SSSR. (1954) 22 577. 

14. Giddings, J. C., Eyring, H., J. Phys. Chem. (1955) 5.2 416. 

15. van Deemter, J. J., Zuiderweg, F.J., Klinkenberg, A., 

Chem. Eng. Sci. (1956) 	271. 



-137- 

16. Keulemans, A. I. M., 'Gas Chromatography' p. 147 

Reinhold Publ. Corp. N.Y. (1957). 

17. Littlewood, A. B., Phillips, C. S. G., Price, D. T., 

J. Chem. Soc. (1955) 1480. 

18. Sidgwick, N. V., 'Chemical Elements and Their Compounds' 

Vol. I. p. 659. Clarendon Press, Oxford (1950). 

19. Urey, H. C., J. Chem. Soc. (1947) 69 562. 

20. Kirshenbaum, I., Smith, J. S., Crowell, T., Graff, J., 

McKee, R., J. Chem. Phys. (1947) 12 440. 

21. Thode, H. G*9 Graham, R. L., Ziegler, J.A., Can. J. Res. 

(1945) 23B 4o. 

22. Perry, J. H., 'Chemical Engineer's Handbook', 3rd Edition 

p. 674, McGraw-Hill, N.Y. (1950) 

23. International Critical Tables, vol. 3, p.259. McGraw-Hill, 

N.Y. (1926). 

24. ibid. 	vol. 3. p.59. 

25. Bates, R. G., Pinching, G. D., J. Am. Chem. Soc. (1950) 

12 1393. 

2 	Conway, B. E., 'Electrochemical Data', p. 187 Elvesier 

Publ. Co. London (1952). 

27. Bates, R. G., Bowers, V. E., Anal. Chem (1956) 28 1322. 

28. Smith, T. B., White, C. A., Woodward, P., Wyatt, P. A. H., 

J. Chem. Soc. (1952) 7.4 3848. 
29. Bates, R. G., 'Electrometric pH Determinations', p. 74. 

Chapman and Hall, Ltd., London, (1954) 



-138-- 

30.  

31.  

James, 	A. 	114, 	Martin, 

It 

A. 	J. 	P., Analyst (1952) 22 	915. 

Biochem. 	J. 	(1952) 	238. .22 

32.  Brit. 	Med. 	Bull. 	(1954) 

10. 	170. 

33.  Desty, D. H., 	'Vapour Phase Chromatography' p. xii, 

Butterworth's London (1957). 

34.  Golay, M. J. E., Gas Chrom. Proc. Sym. p. 36-53 Amsterdam 

(1958). 

35.  Ormerod, E. 	CO, 	Scott, R. 	P. W., J. 	Chrom. 	(1959) 	2 65. 



-139- 

PART II 

STUDY OF RESIDENCE-TIME BY 

CHEMICAL REACTIONS  



1. Introduction 

1.1. Residence-Time Distribution Functions. 

The concept of residence-time distributions was treated 

fully by Danckwertsl. 

Residence-time distributions in flow systems are usually 

discussed in the following way: 

Consider a small element of material leaving the systoA 

during a short interval of time; a fraction f(t)dt of 

this material has spent a time between t and t + dt in 

passage through the system. 	The average 'age', T , of the 

material in the element is equal to the holdup of the system 

V, divided by the flow rate, v; the latter two auantities 

are considered not to change with time. 	It can be demon- 

strated1 that 	0 

T = 	ftf(t)dt, 	(1.1) 
0 

i.e. T is the first moment of f(t) about t = 0. 

Another property of the function f(t) is that 
CO 

f f(t)dt = 1, 	(1.2) 
0 

i.e. all the material in the element under consideraflon 

must have ages between zero and infinity. 

Another method of expressing the residence-time 

distribution is by means of the integral function, F(t), 

defined by the relation 
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F(t) =f f(t)dt, 	(1.3) 

In other words, F(t) denotes the fraction of material in the 

outflow which has been in the vessel for a time less than t. 

Experimentally, it is possible to determine either f(t) 

or F(t) directly. 	The function f(t) is determined by the 

instantaneous injection into the fluid entering the system 

of a quantity of tracer whose concentration can be measured 

accurately after much dilution, such as an intensely coloured 

dye or a radioactive isotope, and measuring the tracer 

concentration at the system outlet as a function of time 

after the injection. 	If an amount Q of tracer is injectof 

into the system at time zero, and if c denotes the tracer 

concentration at the outlet at time t, then 

f(t) =-$1.1 	 (1.4) 

The function F(t) is determined by introducing a step chanO 

into some inlet fluid property and following its effect upon 

the outlet fluid property; for instance, if the system 

initially contains a colourless fluid, and the inlet fluid 

is changed to a coloured fluid, then F(t) is equal to the 

fraction of coloured fluid in the effluent at time t. 

Either of the functions f(t) or F(t) can be determined from 

the other by graphical integration or differentiation. 

Two types of flow system are usually cited for purpo$es 

of comparison: these are plug flow and perfect mixing. 	In 



FIG. I. RESIDENCE-TIME DISTRIBUTION FUNCTIONS 
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plug flow, all the fluid which entered the system together 

at a given instant leaves together a time T later, i.e. 

all the fluid leaving at any time has an age T 	In 

perfect mixing the age distribution of the effluent is 

exactly the same as that of the fluid left "inthe syster4 

for perfect mixing, 

f(t) = 1  e-t/T 	(1.5) 

and 	F( t) = 1 	e
-t/ 

 T 	 (1.6) 

T 
Both f(t) and F(t) are illustrated in figure 1 for these 

two systems. 

Normally the time scale used in discussing residence-

time distributions is made dimensionless by dividing by T 

the mean residence time, so that for plug flow, for example, 

all the fluid leaving has a dimensionless age of unity. 

The f(t) values can be multiplied by r to make a dimension-

less distribution function. 

1.2. Smoothed Residence-Time Functions. 

In the preceding treatment the flow pattern in the 

system was considered to be steady and non-fluctuating. 

Suppose, however, that the flow pattern in the system is 

not steady; the distribution function f(t) may have a 

different form for the material in successive elements. 

The fraction of material in an element leaving the system 
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at time e, which has spent a time between t and t + dt in 

the system, is f(8,t)dt. 	If the material leaving the 

system is labelled in some way with its age, t, when it 

leaves the system, and a large sample of the effluent 

stream is collected, we can define a smoothed residence-time 

distribution function independent of 9, the time of obser-

vation: let f(t)dt be the fraction of the material in the 

sample labelled with ages between t and t + dt, i.e., 
8 

t) = 8 	f(e,t)de, 	(1.7) 

The properties of f(t) are analogous to those of f(t) in a 

steady system, e.g. 

	

f(t)dt 	1, 	 (1.8) 
0 f  

I f(t)dt = P(t), 	 (1.9) 
0 
, 	lim 

and 	P(t) = 0-00 	p(e,t)del 	(1.io) 
0 

t 

where 	F(0,0 = 	f(e,t)dt. 
0 

The overall or smoothed mean residence-time 

system is defined as 

T = 

(1.11) 

in this unsteady 

(1.12) 
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00 

oftic( oat 

(i-2-Poo 8f [7 f tf(t,e)d]de 
0 	0 
e 

(1.13) 

(1.14) 

lim 
6L,C° 8 	(e)de. 

- 0 

(1.15) 

Fluctuations may make the determination of smoothed 

residence-time distributions by ordinary tracer methods 

laborious. One must, in effect repeat the determination 

many times. 	The methods described here avoid this by using 

the progress of a chemical reaction to 'label' the elements 

of material leaving the system according to their ages. 

1.3. Experimental Determination of Smoothed Residence-Time 
Functions. 

The following are examples of the way in which reactions 

can be used to determine "t(t) or P(t). 	The essential 

feature of the methods described is that one of the 

reactants should be progressively destroyed, at any rate 

during part of its time of residence, but the amount 

destroyed must not be proportional to its time of residence. 

In each case the reaction is stopped as the material leaves 

the system by mixing into an excess of suitable solution. 

The reaction used to label the ages of the elements of 

material must be a simple one of known kinetics, so that the 

concentration of reactant in any element is a simple 
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mathematical function of its age alone. 	The reaction 

must be irreversible, for in a reversible reaction the 

reactant concentration in a group of molecules leaving the 

system is a function not only of their time of residence 

but also of their environment during their passage. 

The chemistry of the reaction should be such that it 

is easily initiated, preferably by the mixing of two solu-

tions and can easily be stopped by running the reaction 

mixture into a suitable solution. 	The analysis of the 

unreacted material should be easily performed. 

1.30. Zero-order Reaction. 

When a zero-order reaction takes place in a batch 

system, a reactant disappears at a constant rate which is 

independent of its concentration. 	Let c be the con-

centration of this reactant at any time t, let co  be the 

initial concentration, and let T be the time at which the 

reactant concentration becomes zero. 	(See Figure 2) 

The concentration of the reactant is given over all 

times by the equations 

do(1 - 	t < T 

(1.16) 
0;T <t. 

Suppose that this reaction is initiated in the fluid enter-

ing a flow system. If c(e) is the average concentration in 

an element of material leaving during a short time interval 
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e
J 
 F(Tle)de, 
0 

so that de.LT(TE)  

lim 
61-4c° where 	a = 

-148 

dt, then T 

(e) = dio f 	- )f(t,e)dt T 

If we denote 

a(e) = 

(1.17) 

( 1 .18) 

then it follows from equation 1.17 that 

d
T 
 [T.a(8)] =1 f(t,e)dt 

0 00 
lim 

but 	8-boo [dT e 

= F(t 2 (5); 

a(e)de 

i.e. E is determined from the concentration of a large sample 

of the effluent stream with the reaction stopped as soon as 

the material has left the system. 	P(T) is found by varying 

T (for instance, by changing the initial concentration of the 

reactant) and plotting Ta against T; P is then found by 

differentiating the curve graphically with respect to T. 
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Properties of TE 

For plug flow, 

TCT, 	0, 0 < T < T 

T - 	T < T. 

For perfect mixing, 

TE = (T 	+ T 
0  _TA: 

For all systems TE approaches the line T -it as T becomes 

larger. (See figure 3). 	It can be demonstrated that the 

shaded area in figure 3 is equal to one-half the variance 

of the residence-time distribution function f(t), where 

the variance of the function T(t) is defined by 
r m 

=j (t - 1-)21'(t)dt. 

0 

Hence this area is a measure of the spread in residence 

times of the system. 

Truly zero-order reactions are rare in practice. A 

pseudo zero-order reaction is the enolization of acetone 

in the presence of bromine2, when the acid and acetone 

concentrations are much larger than the bromine concentra-

tion; in this system the bromine disappears at a constant 

rate. However, this reaction is unsatisfactory for the 

present purpose, because, in the absence of bromine, there 

exists an equilibrium between the keto and enol forms of 

acetone, so that in an element of fluid in which the bromine 

has disappeared, i.e. t > T, enol will be formed slowly 

(1.23) 



-150— 

until the equilibrium is re-established. In material in 

which bromine is still present, the bromine reacts instant-

aneously with the enol form as soon as it is formed; by 

following the rate of bromine disappearance, the rate of 

formation of enol from the keto form is determined. 	If 

two elements of fluid, one with an age less than T containing 

bromine, and the other with an age greater than T containing 

both forms of acetone, are mixed, the bromine will react 

instantaneously with the enol present and at a finite rate 

thereafter with the enol formed from the keto species, so 

that the final concentration of net bromine or enol will not 

be related to the two initial ages or to the mean age of the 

mixed elements. 

The general type of pseudo-zero-order reaction suitable 

for labelling is one in which the monomolecular slow 

irreversible reaction 

	

A  	B 

is followed by the instantaneous irreversible reaction 

	

B+C 	D, 

so that in a batch mixture of A and C, with the concentration 

of A much greater than that of C, C will disappear at a 

virutally constant rate. 	The slow reaction need not be 

monomolecular, but could be of higher order; the necessary 

condition is that the reactant concentrations be much greater 

than that of C. 
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There are probably no practicable examples of the ideal 

zero-order reaction envisaged above, and no other types of 

homogeneous zero-order reactions are known; hence it seems 

improbable that this reaction would be available for label-

ling purposes. 

The experimental results would be a series of values 

of TEL plotted against T, and a smoothed curve would be drawn 

through them. 	The curve must then be differentiated graphic- 

ally in order to obtain P. 	To obtain T, P must be graphic-

ally differentiated also. Since graphical differentiation 

is a notoriously inaccurate procedure, it is unlikely that T 

would be obtained from the experimental results without 

excessive magnification of the experimental error. 

1.3.2. First-order Reactions. 

There are a great number of known reactions of this 

type, and it is not necessary to list them all. 	The 

simplest are monomolecular reactions which are initiated by 

the introduction of a suitable catalyst, such as the hydrolysis 

of an ester by acid. 	Pseudo-first-order reactions can be 

derived from higher order reactions by taking certain of 

the reagents in excess, so that during the disappearance 

of one reagent the concentrations of the other are virtually 

unchanged. 
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Consider the first-order decomposition in a batch 

system of a compound whose initial concentration is co 

and whose concentration at time t is c. 	The change in 

concentration is expressed by the differential equation 

dc dt = -kc. 	(1.24) 

By separating the variables, integrating and imposing the 

condition, c = oo, t = 0, the solution to this equation can 

be shown to be 

-kt c = c e 
0 (1.25) 

where k is the first order reaction rate constant. 

Suppose that the first order reaction is initiated in the 

fluid entering a flow system. Consider the material leaving 

the system during a short interval at time G. A fraction 

f(99 t)dt of this element has ages between t and t 	dt. The 

concentration of reactant in this element is c e-kt  and its 

contribution to the mean reactant concentration in the 

element is coo-ktf(G9 t)dt. 	Therefore, the overall 

reactant concentration in the element, summed over all 

residence times is 
cc 

o = co e-kt f(€,t)dt. 

0 

In this case therefore 
00 

a(k) = f(9,t)dt 

(1.26) 

(1.27) 
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and 
0 00 

E(k) 	tf(e t)dt] 0.G 	(1.28) 

I  e-ktlIcoat, 	 (1.29) 

where a and E are defined as before. 

It will be seen from equation 1.29 that a is the Laplace 

transform of f(t). In order to determine f(t), E must be 

determined experimentally as a function of k, whose value 

must be altered from experiment to experiment by suitable 

adjustment of the conditions. 	In each experiment, in order 

to determine E, a large amount of effluent must be gathered 

by collection into a solution which will stop the reaction 

on contact. 	Having determined E as a function of k, it 

will then be necessary to invert the Laplace transform in 

order to extract the desired function f(t). 

It is easily shown that, for plug flow, 

e -k7 	(1.30) 

and for a perfect mixer, 

a 	= 
	1 	( 1 .31) 
kT+ 1 

Properties of E(k)  

For all systems E is unity for k = 0, and a approaches 

zero as k becomes larger, the closer to perfect mixing the 

system is, the slower the approach to zero. (See figure !+) 

For all systems it can be shown that 
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(rt) 	(_ 

dkr  k=o  

)r f t r(t)dt. 
0 

(1.32) 

In other words, when the plot of ci against k is successively 

differentiated r times with respect to k, the slope of the 

resulting curve at k = 0 is related to the rth moment of 
zero 

T(t) about
A 

. In particular, 

dE 	_T 	 (1.33) dk)k=c)  

i.e ., the initial slope of a plotted against k is 	and 

d2- a 

(dk2)k=o = 
-f 	t2 f(t)dt, (1.34) 

i.e. the second derivative at k = 0 is the negative of the 

second moment of f(t) about k = O. 

The property of E(k) expressed in equation 1.32 may be 

of use in determining distribution functions for systems in 

which the value of the mean residence time, 71-- , is unknown. 

1.3.3.  Higher-Order Reactions.  

For homogeneous first-order reactions or pseudo-first-

order reactions the extent of the reaction depends solely 

on the duration of its stay in the reactor. Danckwerts2  

has shown that for reactions of order higher than the first, 

the average rate of reaction is in general dependent on the 

degree of mixing on the molecular scale as well as the 

residence time. 
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1.4. Distribution Functions and Laplace Transforms in 
Chemical Engineering. 

In the experimental determination of the residence 

time distribution function, a number of corresponding values 

of E and k are tabulated, and it is desired to extract 11(t) 

in some form by the use of equation 1.29, which expresses 

E(k) as the Laplace transform of f(t). 	This inversion 

problem is not unique in chemical engineering. 

For the absorption of a gas in a liquid, Danckwerts4  

derived the relationship 

R = f 0(t) (t)dt, 
0 

(1.35) 

where R is the mean rate of absorption of gas per unit area 

of non-stagnant liquid, t is the time for which a liquid 

surface has been exposed to the gas, i.e., the age of the 

surface, 0(t) is the surface-age distribution function, 

and OW is the rate of absorption of gas per unit area 

of stagnant liquid surface. 	For packed absorption towers, 

in which the surface-age distribution function is the same 

as for a stirred liquid, i.e., 

= se-st 0(t) 	9 

equation 1.35 becomes 	co 

R/s = f e-St (t)dt, 
	(1.36) 

0  

where c is a quantity which must be determined experimentally 
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for any system. R is measured experimentally as a function 

of 3. As can be seen from equation 1.36, R/s is the Laplace 

transform of c  (t). 

Orcutt5 followed a heterogeneous first-order irrever-

sible reaction occurring in a fluidized bed of catalyst and 

experimentally determined the fraction of reactant uncon-

verted, 3, as a function of k, the first-order reaction 

rate constant, which he varied. For his system he derived 

the equation 	00 

13(k) . I e-ktg(t)dt
0 

	 (1.37) 

where g(t) is the distribution function of dimensionless 

contact-times t of the fluid with the catalyst. p is the 

Laplace transform of g(t). 

Richards6 studied the absorption of gases in a buffer 

solution in which the gas took part in an irreversible 

first-order reaction. 	By varying k, the first-order 

reaction rate constant, he determined a quantity Y as a 

function of k by taking experimental measurements of liquid-

film mass transfer coefficients, and the diffueivity of the 

gas in the liquid as well as the rate constant. In his 

system, 

Y( k) = f -kt 0(t) e 	d 
t 	t 9 (1.38) 

where 0(t) is a surface-age distribution function which he 
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wished to determine, and t is the time of exposkre of each 

element of liquid surface to the gas phase. From equation 

1.38 it can be seen that Y(k) is the Laplace transform of 

t-40(t). 

Methods of determining the distribution functions by 

numerical inversion of the Laplace transform will be 

considered in section 5. 

In passing it should be remarked that the methods of 

inversion proposed are not restricted to Laplace transforms 

but could be extended to any other type of integral trans- 

form. 	For example, in equation 1.35 the surface-age 

distribution function 0(t) could be of a form other than 

that given by Danckwerts, or equation 1.38 could be con-

sidered to define Y(k) as an integral transform of 0(t). 
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2. 1. The Reaction Kinetics 

In order to determine a as a function of the first-order 

reaction-rate constant k, the latter should ideally be varied 

over a wide range, from slow reactions with a half-period 

much less than the mean residence time 7.  to fast reactions 

with a half-ppriod much greater than T 	In the experimental 

work the flow systems used had mean residence times of the order 

of 55 seconds; therefore the half-period of the first-order 

reaction should ideally range between perhaps 0.55 seconds and 

5500 seconds. Since the half-period tN. of a first-order 

reaction with rate constant k is given by 

tl = 
7 
I loge  2, 	 2.1 

then the reaction-rate constants should range between 1.26 and 

0.000126 seconds:I  This is the very wide range of k. Since th-

very slow and very fast reaction-rate constants are inconvenient.  

to measure experimentally, k was in practice varied over a 

smaller range of values. 

The smaller range of values of k sufficient fc,r the 

representation of a was estimated in the following manner: 

By examination of residence-time distribution functions 

determined by other workers using dye injection or step-change 

techniques, one could say that the value of these functions werc-, 

negligible for times below about one-tenth of the mean residence 
IMO 

time T and above about three times 7r compared with their 

values elsewhere; since in the experimental work, 7 was 

roughly 55 seconds, it would be necessary to determine f(t) 
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in the range t = 5.5 - 165 seconds. From examination of equation 

1.29 it can be deduced that for large t, a is very small 

except for values of k roughly of the order of 1"; therefore, 

since the minimum necessary value of t is 5.5 seconds, the 

maximum value of k necessary would be 1/5.5 = 0.180 seconds-1. 

Similarly, for small k, a is very small except for large t, 

of the order of 1/k„ and since the maximum necessary value of 

t for which f(t) is appreciable is about 165 seconds, the minimum 

necessary value of k is 1/165 = 0.006 seconds-I. Moreover, the 

behaviour of a in the region of small k is governed by the fact 

that for k = o, a must be unity and the slope of a must be 

-r . Hence, a first-order reaction was required which permitted 

k to be varied conveniently between 0.006 and 0.180 seconds-1  

as well as satisfying other requirements such as ease of analysis 

and stopping. 

The reaction u,sed in the experiments was the irreversible 

reaction between secondary propylene chlorohydrin and hydroxyl ion 
?-2N 

in aqueous solution to produce chloride ion 	. The reaction 

can be written as 

CH3  -CHOH-CH2C1 + 0H 	CH3-CH7CH2  + Cl-  + H20; 
Or  

the reaction is second-order, and the rate of disappearance of 

chlorohydrin in a batch system can be expressed by the equation 

dc 
dt = 2.2 

where c and a, respectively, denote the concentrations of 

chloroOrdrin and hydroxyl ion, and k l  is the second-order 

reaction-rate constant. Values of k i  qujted in the literature 
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are 0.11 litres per gram-mole per second at 18°C.(7)  and 0.13 

litres per gram-mole per second at 20°C.(8). The reaction can be 

made pseudo-first-order by taking either the hydroxyl ion or the 

chlorohydrin in large excess. For economic reasons, the 

hydroxyl ion, in the form of sodium hydroxide, was provided 

in excess, and the reaction was made pseudo-first-order with 

respect to the chlorohydrin. For this system the relevant 

equations are equations 1.24, and 1.25, where k = k t a and ec, is 

the initial chlorohydrin concentration. The first-order 

reaction-rate constant k can be varied by changing the sodium 

hydroxide concentration a. At 20°C. the range of sodium hydroxide 

concentrations required to vary k between 0.006 and 0.180 

seconds-1  would be from 0.046 to 1.38 moles per litre. 

As well as using a convenient range of sodium hydroxide 

concentrations in order to give the desired values of k, the 

reaction has other advantages. The reaction can easily be 

initiated by mixing two solutions of chlorohydrin and sodium 

hydroxide and can easily be stopped by pouring the mixture into 

excess acid solution. Since one mole of chloride ion is formed 

for every mole of chlorohydrin reacted, the extent of the react; o:1 

can be followed by determination of the chloride ion concentratitm 

after the reaction is stopped with acid, by titration with 

standard silver nitrate solution. 	Nitric acid was used in the 

experiments to stop the reaction in order to avoid introducing 

another anion species to the analysis samples; the acid was made 

strong, 3 molar, in order to prevent excessive dilution of the 

'stopped' samples, and to ensure that the acid would be in excecs 
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in the stopped effluent collected from the flow system at the ene. 

of the collection period as well as at the beginning. 

The chlorohydrin concentrations during the runs must be 

such that when the reaction is complete, the hydroxide con-

centration, and hence the reaction-rate constant, must be 

virtually unchanged compared to its initial value. If the 

initial chlorohydrin concentration is, say, one per cent of the 

initial hydroxide concentration, then the initial chlorohydrin 

concentrations should range from 0.00046 moles per litre for 

the slowest reaction, to 0.0138 moles per litre for the fastest. 

However, for the slowest reaction, the reaction is only 63% 

complete in a time of about 165 seconds, the maximum residence 

time for which f(t) is considered to be appreciable; hence, the 

lower limit of chlorohydrin concentration can be raised to 

0.00046/0.63 = 0.00073 moles per litre. The low concentrc.tinn 

in the slower reactions is no serious obstacle, for the technica 

of chloride analysis are such that very dilute solutions can bc 

analysed. 
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2. 2. Preparation of Secondary Propylene Chlorohydrin 

Secondary propylene chlorohydrin (1 - chloropropanol - 2) 

was prepared from the reaction between allyl chloride and 

concentrated sulphuric acid by a combination of the methods 

of Bancroft (9)  and Dewael.(1°) 	The compound was prepared 

in .small batches as required. To a mixture of 150 cc. of 

concentrated sulphuric acid and 2 gms. of crystalline OuSO4 

was slowly added a total of 100 cc. of ally' chloride in small 

portions, with vigorous stirring, while cooling the mixture in 

a-current of cold. water; the disooluttmn -was-complete'in.about 

nne-hour. The.mixture was then diluted_with 1500 cc. of 

distilled water and distilled. All the distillate was 

collected until a temperature of 128 - 130°0. was attained, when 

dense, white fumes were evolved. The distillate was saturated 

with anhydrous potassium carbonate, and the oily layer 

separating out was isolated in a separating funnel and extrnetn(i 

with ether. The ether extract was dried over freshly fused 

K2003. The ether was then distilled off, the residue passing 

over between 120 - 130°0; when the residue was re-distilled, 

the fraction was collected which came over between 126-12800. 

The yield of chlorchydrin was about 50 mis., sufficient for 

about 80 litres of 0.005 molar stock solution. 

Secondary propylene chlorohydrin is available commercially;  

but unfortunately, because of the method of its production, it 

is contaminated with its isomer, primary propylene chlorohydrin 

(2 - chloropropanol 	1) from which it is exceedingly difficult 

to separate. Since this isomer undergoes a similar type of 
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reaction when treated with hydroxide to produce chloride ion, 

but at a slower rate, its second-order reaction-rate constant 

being 0.044 litres per gram-mole per second at 2000.(8), it is 

necessary that it be removed from the secondary chlorohydrin. 

In a mixture of the two, if the reaction is followed by 

determining the chloride concentration at various times, the 

apparent reaction will not be first-order. To illustrate, 

suppose we have a mixture, at 20°C., consisting of 0.003 moles 

per litre of the secondary, 0.001 moles per litre of the 

primary chlorohydrin (this is approximately the ratio of the 

two compounds in the commercial secondary chlorohydrin) and 0.2 

moles per litre of sodium hydroxide. The first-order 

reaction-rate constant for the secondary chlorohydrin will be 

about 0.13 (0.2) = 0.026 seconds-I, and for the primary will be 

about 0.044(0.2) = 0.0088 seconds-1, ignoring any possible affect 

of ionic strength on the second-order rate constants quoted in 

the literature. The decomposition of the two chlorohydrins 

in the mixture is shown in figure 5. Also shown is the total 

chlorohydrin composition which would be determined if the 

chloride content were analysed at different times. It can be 

seen that for low values of the time the total rate is governed 

by the secondary compound, and for large values of time, the 

total rate is governed by the primary. For first-order reaction-, 

the reaction-rate constant is determined by measuring the slope 
the 

of plot of the log of the concentration against time. (See 

section 2..3). These ::lots for the two chlorohydrins are shown 

in figure 6; also shown is the plot of the log of the total 
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FIG. 5. 	DECOMPOSITION OF PRIMARY 	AND 

SECONDARY PROPYLENE CHLOROHYDR I N S 
AT 20° C. 
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chlorohydrin concentration. The plots for the individual 

compounds are linear, showing that the decomposition of each 

is first-order, but the plot for the total chlorohydrin 

concentration is non-linear. Since it is impossible to 

distinguish whether a chloride ion came from either the primary 

or the secondary chlorohydrin, a.mixture of the two isomers MUs.C. 

nut be used if the overall reaction is to be first-order. 



2. 3. The Test for Purity of Secondary Propylene Chlorohydrin 
Each batch of chlorohydrin prepared was tested for purity 

by determining whether the reaction with sodium hydroxide 

solution was first-order. An example of one such test is given 

herewith. 

Solutions of approximately 0.005 molar chlorohydrin, O.L. 

molar sodium hydroxide and 1.5 molar nitric acid were prepared 

with distilled water. The hydroxide and chlorohydrin solutions 

were petmitted to attain a temperature of 20°C. in a constant 

temperature bath maintained at 20f 0.10C. At time zero, when 

a stopwatch was started, approximately 300 cc. of each solution 

were quickly and intimately mixed. Every 10 seconds thereafter 

up to 90 seconds, and at 110 seconds, approximately 50 cc. of 

the reaction mixture were 'stopped' by quickly pouring them into 

separate beakers containing approximately 25 cc. of 1.5 molar 

nitric acid solution. The remainder of the reaction mixture visa 

allowed to react to completion, and separated into two aliquots 

of approximately 60 cc. to each of which was later added about 

30 cc. of acid solution. weighing the beakers before and after 

established the amount of reaction mixture in each portion. 

In order to determine volumes, the specific gravity of the 

reaction mixture was measured and found to be 1.0075. 

The stopped samples, together with the completely reacted 

aliquots were then analysed for their chloride content by 

titration with C.01 molar silvell nitrate solution. The 

chlorohydrin concentration at the various 'stopped' times was 
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determined by subtracting each chloride concentration from the 

mean chloride concentration of the completely reacted solution. 

The results of the typical test are given in the following 

table with the concentrations in moles per litre. 

Time 
(seconds) 

Chloride 
Concentration 

Chlorohydrin 
Concentration 

4 + log10  
Chlorohydrin 
concentration 

10 0.000504 0.001586 1.2004 

20 0.000898 0.001192 1.0763 

30 0.001194 0.000896 0.9523 

40 0.001411 0.000679 0.8319 

50 0.001589 0.000501 0.6998 

60 0.001701 0.000389 0.5399 

70 0.001783 0.000302 0.4300 

80 0.001865 0.000255 0.3522 

90 0.001912 0.000178 0.2504 

110 0.001983 0.000107 0.0294 

CA (1) 0.002081 0 

Co (ii) 0.002100 0 

The mean chloride concentration at 'infinite' time was 

0.002090 moles per litre. Agreement between the duplicates of 

the completely reacted samples was generally much better than 

in this example. 

The common logarithm of the chlorohydrin concentration war 

plotted against time, as shown in figure 7. A straight line 	)N 

reasonably be drawn through these points. Theoretically, the 
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slope of of this line for a first-order reaction should be 

-k log10e, where k is the first-order reaction-rate constant. 

The slope of the experimental line was - 0.0121 seconds,-1 and 

hence the reaction-rate constant, 

k = 0.0121  
logioe 

= 0.0280 seconds-1  

By extrapolating the line back to zero time, the initial 

chlorohydrin concentration was given as 0.002095 moles per litre, 

which agrees well with the mean analysis value of 0.002090. 

The sodium hydroxide concentration in the completely 

reacted mixture was determined by titration with standard acid 

and found to be 0.236 molar. Therefore, at the beginning of the 

run the base concentration was 0.238 molar, and the mean base 

concentration during the run was approximately 0.237 molar; 

hence, the second-order rate constant for the reaction, 

k = 0.0280 
0.237 

= 0.118 litres per gram-mole per second, 

compared to the value of 0.131 as determined by Forsberg(8) also 

at 20°C. 

It will be seen from figure 7 that the plot for the reaction 

deviates slightly from the straight line at the higher values of 

time. This deviation could be the result of several factors. 

Since the sodium hydroxide concentration decreases slightly as 

the reaction proceeds, the reaction rate constant, and hence the 

slope if the plot, will decrease slightly with time. Another 

factor is that the chlorohydrin concentrations are determined by 
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subtraction of two chloride concentrations; at large values of 

time a difference of two large values is being taken and the 

sum of the errors in taking this difference is an appreciable 

fraction of the absolute value of the difference. However, this 

latter point does not explain why the deviation from the straight 

line is always in one direction. A third possible factor is that 

there might have been a small amount of the isomer contaminating 

the chlorohydrin. 

The 'straightness' of the plot was taken as a measure of 

purity of the secondary chlorohydrin prepared. An attempt was 

made to separate by distillation the isomers present in 

commercial chlorohydrin; however, the product gave a reaction 

plot which was markedly curved. 
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2. 4. Chloride analysis. 

The chloride content of the samples was determined by 

titration against 0.01 molar silver nitrate solution, using the 

technique of potentiometric titration.(11)(12)  The reference 

electrode was a saturated calomel electrode, and the indicator 

electrode was a bar of silver which was dipped into the 

chloride solution being analysed; an agar-saturated sodium 

nitrate salt bridge connected the calomel electrode and the 

chloride solution. The e.m.f. between the two electrodes was 

measured by a potentiometer. (Catalogue No. E4246, Doran 

Instrument Co., Stroud, Glos.) 

The agar salt bridge was made by slowly heating, with 

vigorous stirring, a mixture of 3 grams of agar, 10cc. of 

distilled water and 50 cc. of saturated Analar potassium nitrate 

solution. ;Then the agar had dissolved, the warm solution was 

sucked into small-bore glass U-tubes of convenient size 

(approximately 3 cm. limbs) and allowed to cool. When not in 

use, the bridges were stored with their ends in saturated 

potassium nitrate solution, after they had been thoroughly 

rinsed with distilled water. The precaution was taken of always 

dipping the same end into the calomel electrode in order to 

avoid contamination of the bridge with chloride ion. A salt 

bridge lasted for about thirty chloride determinations, when it 

was discarded in favour of a fresh one; the useful life of a 

salt bridge was considered at an end when the galvanometer 

needX4 fluttered during any reading. To retain sensitivity, it 
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was ensured that air bubbles were not trapped at the bridge tips. 

To every chloride solution being analysed was added 

approximately its own volume of Analar methyl alcohol in order 

to decrease the solubility of the silver chloride formed in each 

titration, and hence to sharpen the end-point. During a 

titration the solution was continuously stirred automatically 

by means of a glass-encased magnet. Silver nitrate solution, 

0.01 molar, was added in increments of 0.10 mls, and the e.m.f,I73 

of the electrode pair was recorded after each addition. The 

increment of e.m.f after each addition of silver nitrate solution 

was plotted against the volume of titrant v corresponding to the 

middle of each titration interval. The volume of titrant 

corresponding to the maximum e.m.f. increment was taken as the 

end point. 	The end-point occurred close to an e.m.f. of 

261 mv. The value of Ai, EAv 	did not become appreciable 

until E was about 210 my. and, hence, the silver nitrate solutir,  

could be added quickly until the e.m.f. reached 210 my, after 

which the solution was added more slowly. After the first few 

runs it was found that the time required for each titration 

could be reduced, without loss of accuracy by taking as the 

end-point the volume of titrant required to raise the e.m.f. to 

261 mv. This procedure entailed an interpolation between two 

readings about the end point. 

All samples during any run contained approximately the 

same proportions of chloride solution, acid solution and methyl 

alcohol. In addition, all samples were corrected for initial 
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chloride ion which was present to a small degree in the de-,ionimed 

water with which the stock solutions were made up. The 

correction sample was prepared by acidifying one volume of 

sodium hydroxide solution with an excess of nitric acid solution 

in the right proportion and adding one volume of chlorohydrin. 

(This was the proportion in which the stock solutions were mixed 

in order to initiate the reaction). 

Duplicate samples were analysed whenever possible; these 

usually agreed to a small fraction of one per cent. 



3. 	WORK WITH FLOW REACTIONS 
3, 1. Apparatus  

The experimental apparatus is shown schematically in 

figure 8. 

Metered streams of the two solutions, after passing through 

coils immersed in a constant temperature bath, were intimately 

mixed in a perspex mixing chamber of small volume, whose close-

fitting perspex impeller was driven at 1500 r.p,m. by a motor; 

it was in this mixing chamber, where the two solutions were 

introduced to each other, that the reaction was initiated. 

The reacting solution was thence fed into the main reaction 

vessel, whose volume comprised the major portion of the system 

whose residence-time distribution function was being determined. 

Feed lines consisted of glass, perspex or polythene tubing. 

During the experiments, two types of reaction vessel were 

used, denoted as reaction 7essel A and reaction vessel B; these 

are illustrated in figures 9(a) and 9(b). Both reaction vessel,: 

were horizontal perspex cylinders, approximately 9 cms in 

diameter and 20 cms. in length. Reaction mixture entered vessel 

A along a radius perpendicular to the main cylinder axis, at the 

bottom of one end; solution entered vessel B tangentially at 

one end; in both cases fluid left the vessel from the top of 

the opposite end. These configurations were chosen so that the 

flow patterns would differ as widely as possible from one 

another. 

5--- 
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The long exit line after the main reaction vessel was 

necessary in order to provide sufficient head for the desired 

flow from the stock bottles; the extra head could not be pro—

vided before the mixer without excessive alteration of an exist—

ing apparatus. The total volume of the system was measured from 

the mixing chamber outlet to the end of the exit line, the en—

trance line contributing about 15 and the exit line about 55 of 

the total system volume, as determined by measuring the volume 

of water required to fill the system. The actual volumetric 

figures, in cc. 	, for each system are listed below. 

System A 	System B 

Entrance line 11 11.7 

Main reaction vessel 1252 1175.5 

Exit line 61 61-1 

Total 1324 1248.3 

With a total flow rate of 1400 cc. per min., the mean residence 
B 

time for system A was 56.7 secs. and for system was 53.5 secs° 

The Reynolds number for each main reaction vessel was approxi—

mately 330, based upon the vessel diameter. This corresponds, 

by hydraulic similarity, to a cylindrical vessel 10 ft. long 

4.4 ft. in diameter with a flow rate of 4.6 gallons per min° 

Between the mixing chamber and the main reactor was a 

sampling, point used for tha determination of the experimental 

reaction—rate constants. The reaction mixture could be div—

erted from the reaction vesse2 to a collecting vessel by clos—

ing the line to the reactor with a clamp and removing a plug 

from the sampling point. 



-179- 

3. 2. Experimental Procedure 

The flow rate was 700 cc. per minute of each of the stock 

solutions, giving a total flow rate of 1400 cc. per minute in 

the system. The volume change on mixing was found to be 

insignificant: when a 0.5 molar solution of sodium hydroxide, 

the strongest stock solution concentration used during the 

runs, whose specific gravity was 1.022, was diluted with an 

equal volume of distilled water, s.g. = 0.999, the resulting 

solution had a specific gravity of 1.011; if there were no 

volume change on mixing, the resulting specific gravity would 

have been 1.010. 

The constant temperature bath, through which the stock 

solutions were passed before being mixed, was maintained to 

limits of t0.1°C. at a temperature in the vicinity of the room 

temperature prevailing at the time of the experiments, ca• 2100. 

Since the room temperature during the course of any run did 

not change significantly, the constant temperature bath was 

not strictly necessary, for the main criterion of the reaction, 

that it be first-order, would be fulfilled at any constant 

temperature; however, it was used in order to enable successive 

runs to be done at the same temperature so that the reaction-

rate constant k could be chosen more closely in successive runs 

by application of the rule that, at constant temperature, k is 

proportional to the sodium hydroxide concentration. For 

example, after having performed a run, and obtained a given k, 

a higher value of k 7ould be aimed for by increasing the sodium 
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hydroxide concentration; without the temperature control the 

combination of the higher hydroxide concentration and a lower 

temperature might yield a value of k close to that obtained in 

the previous run, and hence the second run would not be of 

much benefit in the further representation of a as a function 

of k. Temperature control permitted values of k to be predicted 

with more confidence. 

Since the sodium hydroxide stock solution, and hence its 

density and viscosity varied from run to run, itsflowmeter was 

recalibrated before each run. The chlorohydrin flowmeter was 

checked periodically and underwent little if no variation 

over a long period, for the concentration was always low, 

ca. 0.005 molar. 

With each stock solution flowing at 700 cc. per minute, 

the system was filled with the reacting mixture. After all 

air bubbles were expelled from the system by tilting and tappir—

the reaction vessel, a stopwatch was started. Steady flow 

conditions were maintained for about nine minutes, which was 

about ten times the mean residence time; the effluent from 

system during this period was run down the drain. The effluent 

was then collected in a 2-litre beaker containing initially 

500 cc. of 3 molar nitric acid,; two lots of such 'stopped' 

effluent were successively collected. The beakers were weighed 

before and after to determine the amount of effluent collected. 

After the effluent samples had been collected, the flow to 

the main reaction vessel from the mixing chamber was stopped by 
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means of the clamp, and the mixture was allowed to flow from 

the side-arm for the determination of the reaction-rate constant. 

With the flow rates eadjusted to their proper values, the 

effluent from the side-arm was collected for a period of 20 

seconds in an initially empty vessel, with stirring,and six 

50 cc. aliquots from this vessel were 'stopped' at further equal 

time intervals by quickly pouring them into separate beakers 

containing 25 cc. of 3 molar nitric acid solution; the liquid 
remaining in the vessel was allowed to react to completion, 

and from this, two aliquots were taken and acid was later added. 

The amount of reaction mixture stopped was determined in all 

cases by weighing beakers before and after. The chloride 

concentration in each of the aliquots was determined by 

potentiometric titration with 0.01 molar silver nitrate solution. 

In addition, duplicate chloride analyses were performed on each 

of the effluent samples from the 2-litre beakers. 

The specific gravity and sodium hydroxide concentration of 

completely reacted mixture were also determined. 

For the theory of the method of determining the reaction-

rate constant, see appendix 1. The equal intervals between the 

six aliquot stoppings in this part of the experiment varied 

from 15 seconds for the slower reactions and 8 seconds for the 
faster; 8 seconds was the minimum practicable interval for 
manipulative facility. The chloride concentrations of 

'stopped' aliquots 'were subtracted from the mean chloride 

concentration of completely reacted material, yielding tie 
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chlorohydrin concentrations; the common logarithm of the chloro-

hydrin concentration was plotted against 'st'pping time', and the 

best line was drawn through these six points. The negative of 

the slope of this line, when divided by logioe yielded the 

reaction-rate constant for the run. The initial chlorohydrin 

concentration, c
o
, was determined by subtracting the initial 

chlorohydrin concentration (see below) from the mean chloride 

concentration of completely reacted mixture. The common logarithm 
kg 

of e  (1-e
-  )/k0 , where ly was 20 seconds in all the runs, when 

calculated and compared with the intercept of the line 

extrapolated back to a time of 20 seconds, afforded a check on 

the accuracy of the value of k determined. 

In order to determine a  , it was necessary to make a 

correction for the initial chloride concentration. This 

correction was determined, in duplicate, by acidifying 50 cc. of 

sodium hydroxide stock solution with 50 cc. of 3 molar nitric 

acid solution, adding 50 cc. of chlorohydrin stock solution and 

analysing for chloride. The initial chloride concentration was 

of the order of 3-5 x 10-5  moles per litre. The value of 5 

for each of the effluent samples from a given run was cal-ulated 

by dividing the mean effluent chlorohydrin concentration, 

corrected for initial chloride, by C0; the values of a for 

each effluent sample were averaged, when these did not differ 

too greatly, to yield the mean value of 3 for the run. 
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3. 3. Results 

Detailed results are given in appendix 2. The values of 

k and a(k) for each reaction vessel are tabulated below, in 

ascending values of k. 

Reaction Vessel A  

Mean residence time = 56.7 seconds. 

Run no. 	k 	a 

46 0.0139 0.521 

49 .0152 0.496 

50 .0180 0.439 

b1 .0203 .403 

47 .383 

48 .0238 .347 

42 .0280 .297 

40 .0282 .296 

43 .0288 .287 

51 .0297 .284 

45 .0315 .270 

52 .0355 .233 

44 .0368 .238 

39 .0366 .233 

ais shown plotted against k in figure 10, Also 

plotted on figure 10 are the theoretical carves for plug flow 

and perfect mixing for vessels with a mean residence time of 

56.7 seconds. 
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Reaction Vessel B 

seconds. Mean residence time = 53.5 

Run No. 

58 0.0181 0.504  

59 .0205 .465 

53 .0233 .436 

60 .0255 .410 

54 .0275 .389 

61 .0300 .366 

57 .0310 .360 

62 .0315 .346 

63 .0325 .344 
56 .0343 .330 

5 is shown plotted against k in figure 11. Also plotted 

on figure 11 are the theoretical curves for plug flow and 

perfect mixing for vessels with a mean residence time of 

53.5 seconds. 
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4. Determination of Residence - Time Distributions by the  

Step-Change Method. 

As a check on the validity of the a (k) curves determined 

experimentally, the residence-time distribution functions for the 

two reactions were determined by a tracer technique, their 

Laplace transforms evaluated numerically and compared with the 

respective experimental a  (k) curves. 

The residence-time distribution function for each of the 

experimental reaction vessels was determined by the step-change 

method. This was performed by changing the inlet stream from 

water to a dye solution and measuring the effluent dye 

concentration as a function of time after the step-change to 

yield r(t) directly. The experiment was also performed by 

changing the inlet stream from dye solution to plain water. 

The dye solution used in this determination was a solution 

of xylene cyanol FF in distilled water containing approximately 

0.25 grams per litre of dye. Analysis of dye solutions was 

performed by measurement of colour density in the Spekker 

absorptiometer. The absorptiometer was calibrated by making 

up a series of dye solutions of various concentrations by 

appropriate dilutions of stock dye solution. The concentration 

range 0 - 0.025 gms. per litre was measured at a wavelength of 

605 mg , by using appropriate filters, in order to obtain 

maximum galvanometer deflection. Because with this arrangement, 

the higher concentrations gave density readings which were 

not in the compass of the absorptiometer's density scale, the 
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concentration range 0.025 - 0.25 gms. per litre was measured 

at a wavelength of 490 mg. The latter arrangement could not 

be used to cover the whole range of concentrations because 

the lower concentrations did not give sufficient galvanometer.  

deflection. 

The same flow systems, i.e. reaction vessels A and B, 

were used as in the c- lc experiments. Stock bottles of distilled 

water and dye solution were connected to the flJw system by 

means of a 3-way stopzock, which permitted either liquid to 

flow through the system. Initially, dye solution from the 

stock bottle flowed through the 3-way stopcock to the drain, by 

means of a side-arm before the main vessel, at 1400 cc. per 

minute, and the stopcock was closed without altering the 

flowmeter adjustment, so that if the 3-way stopcock were opened 

again, the dye flow rate of 1400 cc. per min. would be resumed. 

After flushing the sidearm of dye solution, distilled water 

flowed through the system through the stopcock, all air bubbles 

were expelled, and the water flow rate was set at 1400 cc. per 

minute. As a stopwatch was started, the stopcock was turned 

ouickly so that dye solution began to flow through the system 

in place of tbe water. Any necessary flowmeter adjustment to 

bring the dye flow rate to 1400 cc. per minute was quickly 

ncrformed. 

About every five seconds after the step-change, approx1 mnte17, 

15cc. of effluent liquid was collected in separate test tubes 

over a total period of abou'; two minutc, In addition, two 



-189- 

samples of the dye stock solution were taken, one before the 

run and one after. All samples were analysed in the Spekker 

absorptiometer. Effluent dye concentration divided by stock 

dye concentration was plotted as F(t) against time. This run 

was repeated for vessel A. 

The experiment was repeated with water displacing the dye 

solution originally flowing, and the effluent dye concentration 

ratio subtracted from unity was plotted against time as F(t). 

For each vessel the results are listed in detail in 

appendix 3 and are illustrated in figures 12 and 13, which show 

F(t). Also plotted in these figures are the F(t) functions for 

a perfect mixer with the same mean residence times, as 

calculated from equation 1.6. The best smooth curve was drawn 

through all sets of points for a given vessel, the result being 

taken as the mean value of F(t). Since 	D.?xickwerts (1) 

has shown that the areas denoted by 
00 

[F(t)dt 
0 
Poo 

and 	f D-F(t)1 at 

should be equal for any F(t) function, these areas for the 

experimental curves were measured by means of a planimeter, in 

order to check the validity of the mean function F(t) 

determined, and in each case these areas agreed to within 1 per 

cent, showing that the mean F(t) in each case was fairly 

accurate. 
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In the case of vessel B, use was made of the fact that the 

experimental curve for F(t) coincided with that for the perfect 

mixer of the same mean residence time, at least after about 

100 seconds, and the various integrals concerning F(t) could 

be evaluated analytically after t = 100 seconds by means of 

the relation 

F(t) = 1 - e-t/53.5'. 	(4.1) 
With water flowing through the reaction vessel at 1400 cc. 

per minute, a quantity of dye was injected near the entrance 

by means of a syringe, and the time was noted when the first 

sign of dye reached the exit. This was repeated ten times for 

each reaction vessel, and an estimate was made of the sh,Drtest 

time of passage of dye through the vessel. 

This minimum residence time was 5 seconds for vessel A 

and 3 seconds for vessel B. These times helped in the 

construction of the plots of F(t) and f(t), in setting a lower 

limit to the time at which the distribution functions became 

perceptibly finite and non-zero. 

The slopes of the respective F(t) curves were determined 

graphically and plotted as f(t), against time, as in figures 

14 and 15. The areas under these curves were measured with a 

planimeter, and in each case agreed to within 2 per cent with 

the theoretical value of unity. Also plotted in figures 14 and 

15 are the curves for the respective perfect mixers with 

equivalent mean residence times for purposes of comparison. 
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The function t f(t) was constructed for each system and 

plotted against time, and the area beneath the curve was 

measured with a planimeter. The areas were equal to the 

respective mean residence times as exialesned by equation 1.1, 

within 2 per cent. This provided an additional check on the 

mean residence time distribution functions as measured. 

Each function f(t) was approximated by a histogram for which 

the Laplace transform was calculated 	These transforms are 

plotted together with the main a- k experimental results in 

figures 10 and 11. 
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5. Inversion of the Laplace Transforms 

The problem of numerically inverting a Laplace trans-

form has been considered before. 

Orcutt5 attempted the inversion of his Laplace trans-

form (see section 1.4) by various methods he found in the 

literature,13,14,15,16,17 but found them to be either ex- 

cessively laborious or lacking in accuracy. 	He himself 

attempted the inversion by another method. 

Orcutt assumed that a fraction gb  of the total gas 

stream by-passed the fluidized bed, so that the function 

g(t) which described t for the entire bed was of the form 

g(t) = gb.e(t) + (1-gb)w(t), 	(5.1) 

where 6'(t) is the Dirac delta function. It was the 

approximation of the continuous function w(t) which was 

required, and it was assumed that w (t) could be approxi-

mated by 

(t) Ci-Lr(n9e9t) 9 	 (5.2) 
r=o 

where Lr(n,e,t) is the Laguerre polynomial defined by 

LI;(n,c,t) = ` r 
	 (5.3) dt' 	757 

tr+n-1 e-et 9  

and the Cr were coefficients to be determined. 	By sub- 

stituting equations 5.1 and 5.2 into eloAion 1.37, 

inverting the order of summation and integration, and 

making use of the properties of the Laplace transform of 

a derivative, it was shown that 



R(k) = gt  + (1-g ) 
=o Cr  Tr " 

(k n c) 
	

(5.4) 

where 
k % T (k,n ) 	(-1) r r 	- rf  r (r+n) 7----,TTE • 	(5.5) 

kk+e) 

Equation 5.4 was then fitted to the experimental values of 
3(k) to determine the coefficients Cr. 	First, by making 

use of the area and moment constraints for dimensionless 

00 

g(t)dt = 1 	(5.5.) 

cc 
and 	I tg(t)dt = 1, 	(5.6) 

0 

he was able to show that 

Co = 1 	(5.7) 

and 	C1 = 761(11-gb 
/1\ 
el 	 (5.8) 

Writing 

n) 

n 
Gr = (-1)1. 	 r(r+n), 	(5.9) r( 

and 	br = (1-810)Cr, 	(5.10) 

and after substituting for Co  and C. it was shown that 

equation 5.4 reduced to 

time, i.e. 



o(k) _  en[k(1-1-cn-e2 )+E.   ] 	eb[ 	
(k+e)n+1 

e[k(ne+1)+.-.e]]  
(k + e)n+1  
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+b2G2 
k2 kJ  

(k + e )31+2 + b 3
G 
3  (1c

,
+ 

en[k(l+en - e2) +el 
(k +6' )11+1  

Letting y = P(k) 

• • CO 
	(5.11) 

(5.12) 

an equation was obtained which had linear coefficients 

gb' b2, b3,  

 

, and which easily lent itself to a 

 

least squares regression analysis. 

There was an arbitrary choice of the two parameters 

n and e . 	Their choice was dictated both by convenience 

and also by the 'goodness of fit' which was obtained with 

a particular choice. 	Orcutt restricted n to integral 

values in order to reduce the r functions to factorials, 

and he determined e such that the residual sum of squares 

of the deviation was a minimum. 

In order to apply equation 5.11 to the experimental 

data, the values of e  and n which gave the best fit were 

determined. This was done approximately in the following 

manner: 

After some preliminary trials, 6 pairs of values of 
e,n4ere chosen and 6 regression lines calculated. From 
the regression analyses the residual sums of the square of 

the deviations SSE were determined, using only the terms 

in 5.11 containing gt  and b2. 	These values of SSE, 6  

and n were points on the surface 

SSE = s(c911) 	(5.13) 
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to be determined. 	Next it was assumed that s(c,n) could 

be represented by 

s(6,n) = ao  + a1n + a2c + a3
n2 + a

4
e2 + a

5 
en, 	(5.14) 

and the 6 values of a in this equation were determined by 

regression of e and n on SSE. 	Knowing the a, S(e,n) 

was then differentiated partially with respect to e and n, 

the derivatives set equal to zero and the resultant 

equations solved for the values of e and n which were 

those giving minimum SSE. These were the best fit values. 

When thus inverted, Orcutt's distribution function 

assumed negative values at some points because of polynomial 

oscillations which began at a value of t twice the mean 

contact-time, and he smoothed these by eye so that the 

distribution function remained greater than zero. 

Orcutt's method seems to be excessively laborious as 

well as having a tendency to give non-positive values at 

some points. A. method will be described which avoids both 

of these disadvantages. 

5.1. Direct Solution of Integral Equations. 

For a more detailed version of the following discus- 

sion, refer to Kopal18. 
cc 

E(k)  = I e-kt r(t)dt, (1.29) 

Equation 1.29, repeated here for convenience, is called an 
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integral equation, for the function desired is under the 

integral sign. 	Indentifying e—kt7(t) with E(t), 

equation 1.29 can be expressed as 

E(k) = R(t)at. 	(5.15) 

The usual method of solution of the integral equation 5.15 

is to express the integral by the sum of a finite number 

of terms; for instance, equation 5.15 ould be written as 

Ft(k) = 	 :H. E(t.). 	(5.16) 
i•1 

In equation 5.16, the values ti  are n predetermined values 

of the abscissa, and the n valuesofii(t.)are the value 

of the function E at these abscissae; the Hi are predeter—

mined weighting coefficients which are dependent upon the 

interval between the abscissae t.. 

In general the function E(t) is approximated by a 

polynomial of given degree which passes through the n 

points [ti, E(ti)] lying on E(t). 	The points of coin— 

cidence of R(t) and the polynomial must be chosen in 

such a way that the areas expressed by the right hand sides 

of equations 5.15 and 5.16 are equal. 	In the methdd of 

Gauss, the error in approximating the integral by the 

polynomial is minimized for any given value of n. In the 

Tchebysheff method the weight coefficients Hi  are all made 

equal. 	In both of these methods, the interval between the 
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ti  are unequal. 	The intervals between the abscissae are 

made equal in the Newton-Cotes method; Simpson's rule for 

integration is a particular case of the Newton-Cotes method. 

In all these methods the determination of theHi  and t. 

which satisfy the arbitrary conditions of minimum error, 

equal coefficients or equal intervals is very laborious, 

especially as n is increased; however, for all the 

systemsmentioned,valuesoft.andli.have been tabulated 

for values of n up to 20. 

When the n values of Hi  and ti  have been established, 

n latmem values of E are inserted into the left hand side 

of equation 5.16, the corresponding values of k into the 

riFht hand side, and the resulting set of n simultaneous 

linear algebraic equations are solved for the n values 

of R(ti). The values of R(ti) are plotted against 

their respective abscissae and joined with a smooth curve. 

However, for the present purpose it is much better to 

rewrite equation 5.16 as 
n 

E(k) = 
1 	i i=1 	• (5.17) 

repeat the substitution of values of E and k and solve 

the resulting equations simultaneously for n values of 

f(t.), which are plotted and joined with a smooth curve as 

before. 
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The disadvantage in this method of solving the 

integral equation, apart from the computational labour 

involved in determining a large number of Hi  and ti  when 

these are not available in tabulated form, is that no 

provision is made for experimental error; the final 

solution is forced to satisfy exactly the tabulated values 

of (E,k), and T(t) may be drastically distorted as a 

result. 	In addition, the solution may involve negative 

values of the function, which, in the case of distribution 

functions, are physically impossible. 

5.2. The Laplace Transform Method. 

The method described in this section is actually a 

special case of the methods described in the previous 

section, which makes use of the fact that equation 1.29 

defines the Laplace transform of T(t). 	Expressing E(k) 

as a finite series of terms in k, each of which can be 

inverted by consulting a table of Laplace transforms, the 

mathematics of the system is greatly simplified. 

Suppose the distribution function T(t) is approxi-

mated by a series of n steps as in figure 1C, so that 

T(t) is considered constant in each over a finite range 

of t. The Laplace transform of such a function is easily 

evaluated. Consider the single step illustrated in 

figure 17, for instance, in which 
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l'(t) 	Al t < B, 

1'(t) 	0 , 	t 	A, t > B. 
(5.18) 

The Laplace transform of this single step is 

al = k 
Ti(0-kA e-kB).  
" 	 (5.19) 

If the function T(t) is composed of n such steps 

and if the interval in t be A throughout, then the overall 

transform of the histogram in figure 16 is 

1-e-kA ry 
 e-(1-1)kb,  E(k) 

	

	 (5.20) 
i= 

G. a.Ti 	(5.21) 
= 1 

where a = 1-e
-k0  -(i-1 )kA (5.22) 

  

In the histocram of figure 16, the first interval need not 

begin at t = 0, nor need the A be equal. 	The time scale 

may be divided into intervals which are chosen so that they 

cover the region of interest and may be shorter where the 

function is rapidly varying and longer elsewhere a would 

then consist of n terms of the type given by equation 

5.19. 

By substituting into equation 5.20 the m experimental 

values of a and k, there is obtained a system of m 

linear algebraic equations, each containing n values of 

' to be determined. 	Two further equations can be derived 
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from the two a priori conditions which the function T(t) 

must satisfy; these are 

?(t)dt = 1 	(5.23) 

and 

t 77(t)dt = ; 	(5.24) 

these equations will henceforth be called the area and 

moment conditions. 	For the histogram illustrated in 

figure 16, i.e. equal A these conditions correspond to 

the equations 
n 

-... 1  
A 

2........  T = 
i 	1 y 	 (5.25) 

1=1 

and 

	

,6! 7(1. - ) f i 	7" • 	(5.26) 

If n is made equal to m 2 the m equations 5.20 

together with equations 5.25 and 5.26 comprise a system of 

m + 2 simultaneous equations in m + 2 variables. These 

equations can be solved exactly; however, this does not 

guarantee that all the values of fi  will be positive — it 

is quite likely that they will not be because of errors in 

the experimental results. 

An example of the type of solution resulting from the 

exact solution of a system of simultaneous linear algebraic 

equations will be given for a set of experimental results. 
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Using reaction vessel A, the following experimental 

results were obtained with a commercial sample of secondary 

propylene chiorohydrin before 

nated with its isomer: 

it was shown to be contami- 

0.0108 0.565 

0.0124 0.532 

0.0154 0.451 
0.0180 0.390 

0.0213 0.333 
0.0247 0.285 

0.0270 0.250 

As has been shown previously (see section 2.3), the impure 

chlorohydrin is not suitable for the determination of 

residence-time distribution functions, and the results 

quoted above are useless for the flow system actually 

used. 	However, the experimental results could represent 

those which might have been obtained using some other flow 

system with the same mean residence-time of 56.7 seconds 

and with a truly first-order reaction, and they will be 

used solely for purposes of illustration. 

The experimental points are shown plotted in figure 18. 

A smooth curve was drawn through them. 	Also shown are the 

curves which would be obtained if nerc 7ere plug flow or 

perfect mixing in the flow system with the same mean-

residence-time 
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The time scale for il(t) was divided into the following 

12 intervals in each of which ?i  was considered constant: 

Time Interval (beconds) 

	

1 	5 - 25 

	

2 	25- 45 

	

3 	45 - 65 

	

4 	65 	85 

	

5 	85 - 105 

	

6 	105 - 125 

	

7 	125 - 145 

	

8 	145 - 165 

	

9 	165 - 185 

	

10 	185 - 205 

	

11 	205 - 225 

	

-12 	225 - 425 

In the interval 0-5 r!econds and after 425 seconds, T(t) 

was assumed to be zero. 	From the smooth curve drawn 

through the e::perimental results, the following 10 pairs 

of values of k and a were chosen: 

is 	a 

0.0019 

0.001,1 

0.0063 

0.0098 

0.0133 

0.0176 

0.0234 

0.3318 

0.0482 

0.0678 

0.900 

0.800 

0.698 

0.600 

0,531 

0.400 

0.301 

0.200 

0.100 



i=1 

12 2 2 B. - A i 
2 

(5.29) and 56.7 
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Using these points the ten equations, 

12 
111 E. = 	
(9-kjAi 

/2 
1=1 J 

J = 

were formed. (See figure 17 and equation 5.19). 

(5.27 

These 10 

equations together with the area and moment equations, 

12 

1 = l  (B - Ai 	 (5.28) 
i=1 

with the coefficients calculated to six places of decimals, 

formed a set of 12 equations in 12 unknowns. 	These 

equations were solved simultaneously using EDSAC 2, an 

automatic computer available in the University of 

Cambridge Mathematical Laboratory. 	The solution obtained 

is illustrated in figure 19(a) - a discouraging result, 

for the distribution function oscillates between large 

positive and negative values. 	One coefficient of one 	of 

the equations was altered by 1% and the new set of equations 

was solved. 	The new solution is illustrated in figure 

19(b). 	The small variation in one of the coefficients 

caused a drastic change in the new answer; hence, it is 

impossible to assess the effect of small experimental 

errors in a or k. upon the distribution function obtainec' 

by the inversion method. 
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FIG. I 9 (3) EXACT SOLUTION OF SIMULTANEOUS EQUATIONS 
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5.3. Relaxation 

The chief undesirable property of the 'exact' solution 

of the system of equations was that the function became 

negative in places, while it is necessary that the function 

be positive everywhere. 	The fact that the solution is 

exact must not be allowed to overrule the physical require— 

ment of the problem that T(t) > 0 for all t. 	Since the 

exact solution of the equations yields both positive and 

negative values, the solution which holds all variables 

positive cannot be an exact solution, but must be in error 

to some extent, the error being a result of experimental 

inaccuracy in the values of E and k upon which the system 

of equations is based. 	The whole problem is thus one of 

making best use of a restricted range of inexact data, 

i.e. to find those values of positive Ti  which best fit 

the experimental data, subject to the conditions that the 

area and moment equations for f(t) are both satisfied. 

The solution of the system of equations was attempted 

in this way by the relaxation of the simultaneous equations, 

by the method of residuals.19 

The residual of an equation is equal to the right 

hand side of an equation, into which estimated values of 

all the variables have been substituted, less the values of 

the constant term on the left hand side of the equation. 

It is a measure of how close the equation is to being 
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satisfied. 	For instance, referring to equation 5.21 the 

residual d is defined by 

d = 	 a.T. 
i=1 	

- E. (5.30) 

When the equation is satisfied exactly, d = 0. 	For the 

exact solution of a system of equations, the residuals of 

all the equations are necessarily zero. 

A crude relaxation of the system of simultaneous 

equations derived in the previous section was attempted by 

allotting values to the more important II, and adjusting 

the values of the others until all the residuals were made 

as small as possible and of the same order of magnitude 

relative to the constant on the left hand side of the 

equations. 	Since it was seen from figure 18 that the 

hypothetical system -nder consideration was fairly close 

to plug flow, it was decided initially to allot the maximum 

possible value to T3, in whose time interval of !.5-65 

seconds the mean residence time of 56.7 seconds occurred. 

Withil3 =0.05andallotherT.zero, the residual of the 

area equation was zero, i.e. the equation was exactly 

satisfied butthe other 11 equations had residuals which 

wore a mean of 10% of the L.H,S. constant, varying from 

0.1% to 248%. 	The residuals of all the equations were made 

as small as possible by restriTouting some of the area of 

T3 tOthe;011eith.Crsideoff3 slIcilthatallthe c Ti 
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positive and the resulting approximation to ?(t) decreased 

monotonically from a maximum value at 113. 

It was thought unlikely that there would be more than 

one maximum, for distribution functions in the majority of 

cases, have only one maximum. 	Although it may be possible 

to have more than one maximum value of residence time, for 

example in a flow system where there are two well-defined 

paths which the liquid may follow, such cases can be 

anticipated and dealt with by a different method. 

After lengthy and tedious redistribution calculations, 

the equations were on the average 2% from satisfaction, 

the residuals varying from 0.35% to 3.!f%. 	The final 

solution obtained is shown in figure 20. 	The fact that 

the Ti for the higher values of time were not brought into 
the solution during the relaxation, indicated that the 

system of equations need not be square, i.e. there can be a 

greater or less number of variables than there are equations. 

For purposes of comparison, figure 21 shows the solution 

obtained for the same system of equations by the method of 

linear programming now to be described. The mean residual 

was 0.5% of the L.H.S. constant, varying from 0.18% to 

1.41%. 
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5.4. Linear Programming 
The relaxation method, although very tedious to per-

form by hand, is a process which readily lends itself to 

machine computation. As linear programming handles positive 

variables only, the present problem seems to fall well 

within its scope. 	It was discovered that the method was 

available in the University of Cambridge Mathematical 

Laboratory for use on EDSAC 2. 
In linear programming a set of linear algebraic 

equations expressing inequalities is solved in such a way 

that each variable is held positive or zero and a linear 
or minimized 

combination of the variablezis either maximizedA • For 

example, the problem for a system of m equations in n 

variables xi  could be: 

n 

1=1 

subject to 	aijxi 
S bj, j = 
	(5.32) 

1=1 

and 
	x.1  > 0 9 

	 (5.33) 

where the aij  are coefficients of the equations and the c. 1 

are 'weight' coefficients depending on the importance of 

each variable x in the quantity being minimized. (In 

this case all the residuals of the equations are of the 

same sign.) 	In matrix form the equations 5.31, 5.32 and 



(5.37) 

(5.58) 

(5.39) 

JO 
/ 
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5.33 would be expressed: 

	

minimize Cx 	 (5.34) 

subject to 	ax 5 b 	 (5.35) 

and 	x ?. 0, 	 (5.36) 

where C is a 1 x n matrix, a is a m e n matrix, x is a 

variable n x 1 matrix, and b is a m x 1 matrix. 

A solution to the problem is called feasible if it 

satisfies equations 5.35 and 5.36. 

In solving this system a slack  variable 6' is added 

to each equation so that the inequalities become exact 

equations, and the problem would become: 

minimize Cx 

subject to 	ax 	Im 	= b, 

0 

and 
	

6 > 0 9 

where Im is a unit m x m matrix, i.e. each element along 

the main diagonal D:s unity and all others are zero. 	In 

the usual notation, equation 5.38 would 1,e expressed 

n 

.\2.: a-l  :K.1  4. cr. 	:= "b., j  (5.41) 

j= 

In solving the problem, the computer begiri7 with a 

solution which satisfies equations 5.38, 5.39 and 540, 

in which Cx is not necessarily minimi7.oc7 end proceeds 

from one solution to the next such tho minimIzation is 
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progressively improved. 	The obvious solution to begin 

with is 	e. = b 1  j = 	(5.42) 

and 	x = 0 	i = 	(5.43) 

To understand fully the mathematics involved in obtaining 

the optimum solution, one is advised to consult detailed 

texts on linear programming.20,21. 

In the present problem, in order to solve the m ± 2 

equations simultaneously, it is required that each of the 

residuals of the equations be numerically as small as 

possible. 	Since the residuals, as defined by equation 

5.30, may be negative as well as positive it is required 

that the sum of the absolute values of the residuals be 

minimized. 	Hence, the problem becomes 

m+2 

minimize 

j=1 
d. 	 (5.44) 

with 	f. 	0 
	

(5.45) 

As linear programming techniques handle positive variables 

only, two new slack variables Si  and 

such that 

ifd.. >  

= 0, 	if d j  < 

and 	= 0, 	if d. 	0 

= -d., if d. < 0. 

SI. can be defined 
0 

(5.46) 

(5.47) 
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The problem now takes the form: 

m+2 

minimize >---1  (e j  + sj), j=1 
(5.48) 

where a j  

and 

j = 1,2,...(m4.2),(5.49) 

(5.50) 

During the inversion process the computer, in effect, 

fits a smooth curve through the experimental data such 

that the sum of the absolute value of the deviation of 

the values of E from the curve is a minimum. 

In the linear program for the computer, it is 

possible to specify that an equation be satisfied exactly 

by specifying that the values of 6' and SI  for an 

equation be made zero in the final solution. 	These 

conditions would be imposed for the area and moment 

equations which all residence-time distribution functions 

must satisfy exactly. 	In general, the larger the number 

of these exact equations, the higher the sum of the 

deviations of the remaining equations. 

It is also possible to impose the conditions 

141+1 

< F. - 1+1' or fi  
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by adding to the original set of equations 5.32 the 

equations 

- Ti  + T. 2.+1 < 0 
IMO 

(5.51) 

or T - T. i 	1+1 0 9 (5.52) 

respectively, so that in the final answer, T(t) would 

decrease monotonically both ways from the maximum value, 

whose position is determined by first solving the system 

of equations without these restrictions. 	These 'shape' 

restrictions would discard a more exact solution, i.e. one 

with a smaller sum of absolute values of residuals, in 

which several maxima of Ti  are separated by regions where 

the function is smaller. 	This seems to be a logical 

procedure, for distribution functions, in the majority of 

cases, have only one maximum as mentioned before. 	The 

maximum value will tend to occur, in the majority of cases, 

between times zero and 'r 	If the flow system is close 

to plug flowl the maximum will occur near F , and if close 
to a perfect mixer, the maximum will be closer to zero time. 

Intelligent interpretation of the experimental E(k) curve 

in relation to those curves which would be obtained for 

plug flow or for a perfect mixer in a flow system with 

the same mean residence time should qualitatively deter-

mine the approximate position of the maximum. 



-220- 

The general method of solving the problem would seem 

to be to determine initially where the maximum of the 

function is located by solving the equations with no 

'shape' restrictions imposed and then to re-solve the 

equations with shape restrictions imposed such that the 

function decreased monotonically either way from the maxi- 

mum value. 	As a check, the shape restrictions could be 

imposed about the time intervals on either side of the 

initial maximum in order to determine whether the sum of 

the residuals is thus reduced. A further refinement would 

be to divide the time scale near the maximum into smaller 

intervals. 

Whether or not the first solution puts the maximum in 

the right place depends upon how close the actual flow 

system is to plug flow, i.e. on the spread in 11(t). 	If 

the bulk of the area of the function is in a small time 

range, the first solution will put the maximum in the right 

place. If the area of T(t) is spread over a larger time 

the first maximum is not necessarily correct. 	This 

principle will be illustrated in subsequent solutions. 

Detailed instructions for solving a set of equations 

on EDSAC 2 is given in appendix 4. 

The method of inverting a Laplace transform proposed 

here can be readily checked by attempting the inversion of 

an 5,(k) function whose inverse is known, i.e. for perfect 

mixing or plug flow in a given vessel. 
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alest of Computer Inversion. 

Since the analytic equations for f(t) are known for 

both plug flow and perfect mixing in any given flow system 

whose mean residence time T is known, it is possible to 

to express their Laplace transforms a(k) analytically. 

From the analytic transforms several k can be chosen, 

the corresponding values of E evaluated, the resulting 

set of equations inverted by the linear programming method 

and the answer compared with the known function f(t). 

.5..5.1.  Plug Flow. 

The theoretical relationship between a and k for 

plug flow in a system whose mean residence time is T is 

given by the equation 

E(k) = e-k 7 	(5.53) 

This relationship js plotted in figure 10 for reaction 

vessel A, with 7 = 56.7 seconds. The following eight 

points were picked from the curve by eye in the region 

in which the values of k could be expected to be 

determined experimentally: 



k value of a used 
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value of E calculated 

0.010 0.567 0.567 
0.013 0.478 0.478 
0.016 0.402 0.404  
0.019 0.341 0.341 
0.022 0.288 0.287 
0.024 0.257 0.256 
0.027 0.216 0.216 
0.030 0.182 0.183 

were 
Also 'listed are the values of a which4calculated for the 

respective k by means of equation 5.53; since there is 

a discrepancy between these two values of Ey a certain 

error has been introduced, by visual reading of the graph, 

apart from that due to rounding off. The effect of using 

more exact, calculated values of 6, instead of those 

eye-read' will be considered later. 

The time scale for 	?(t) 	was divided into the 

following eleven intervals in each of which i 	was 

considered constant: 

time-interval (seconds) 
1 	0 	25 
2 	25 	- 	35 
3 	35 	45 
14. 	1+5 • 	- 	51.7 
5 51.7 - 	61.7 

6 61.7- 	70 

7 70 	85 

8 85 	- 105 

9 105 	-155 
10 155 	- 230 
11: 230 	- 360 



-e 	1) = 
-k-A. 1 

1,2,...,8. 

, 

(5.54) 
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After t = 360 seconds T(t) wa8 assumed to be zero. The 

interval of f57 from 51.7 to 61.7 seconds, an interval 

of 10 seconds, was so chosen as to be centred on t = 56.7 

seconds, the mean residence-time, in anticipation of the 

result. 	If the method of solution were completely success- 

ful,115 wouldbe0.01seconds-l andallotheril.would 

be zero. 

From the 8 pairs of values of k and 6 were formed 

the 8 equations, 
It 

The eight equations 5.54 together with the area and moment 

conditions 	1f 

1 	1 - Ai )Ti 	(5.55) 
1=1 

and 	56.7 	= 	- A1) f 	(5.56) 
i=1 

It 
	

2 	2 2 . - 

formed a set of 10 equations in 11 variables fi, with all 

coefficients calculated to 6 places of decimals. 	The 

computer was asked to satisfy the area and moment equations 

exactly,toholdallipositive and to minimize the sum of 

the absolute values of the residuals of the other 8 

equations formed from the chosen values of k and E. 

The solution given by the computer was Y.5  = 0.100 and all 
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other fi  zero, as was expected; the result is illustrated 

in figure 22(a). The sum of the absolute values of the 

errors in the 8 (k.,E) equations was 0.006010; hence the 

mean error in each equation was 0.2%. 

The correct answer for plug flow, viz. T(t) = ap„ 

t = T /would be approached as the time interval centred on 

the mean residence-time ;7"-. became smaller. 

If the time intervals were chosen so that no time 

interval was centred on Tr , it would be expected, 

intuitively,thattheanswerwouldconsistoftwoT.,of 

unequal magnitude, grouped together in the vicinity of 771  

with a larger error in the equations. 

It was decided to test the effect of the positioning 

of the time intervals. The time intervals of T4' T5 and T6 
were altered from 45-51.7, 51.7-61.7 and 61.7-70 seconds to 

45-55, 55-65 and 65-70 seconds,respectively. 	For the new 

set of equations, satisfying the area and moment conditions 

exactly, the computer gave the answers, 

f
1 	

0.01921  

Y'
8 	

0.0260, 

and all other'
1 
 zero. 	This is illustrated in figure - 

22(b). 	The total absolute error was 10.14, with a mean 

error in each equation of 371%, which is a tremendous 

increase over the previous case; moreover, the computer 

indicated that the problem was not feasible, i.e. the 
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FIG.2 2. TEST INVERSION — PLUG FLOW 
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computer could not find any solution which would satisfy 

all the requirments. 

From this result it was suspected that the require-

ments of exact satisfaction of the area and moment equations 

led to inflexibility in the solution - the computer looked 

for the precise numbers which would satisfy them to an 

accuracy of 10
-12. 

This problem was again submitted to the computer with-

out the requirements that the area and moment equations be 

exactly satisfy; 6he answers given were 

= 0.03176, 

5 
= 0.068041  

and all other T. zero; this solution is illustrated in 

figure 22(c). 	For this solution, the moment was 56.7 

seconds, which is correct, to within 10-5 and the area 

was 0.998, which is not correct (to 0.2%) but is accept-

able. The total absolute error in the other eight equations 

was 0.006606, a mean error in each equation of 0.3%. 

The fact that the error in the moment equation was 

zero is an indication of the reason -yhy this latest 

solution is much more acceptable than the 'exact' solution: 

'zero' to the computer while executing the linear program 

is a number less than 10
-12 whilst in the solution as 

printed by the computer, 'zero' is a number less than 105, 

for no answer, be it a 1.7triable or an error, is printed if 
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it is less than 10-5, and it is then considered zero. 

An error of the latter order of magnitude is quite accept-

able; hence the exactness restrictions are quite super-

fluous. 

In the unrestricted solution, an unacceptable error in 

the area or moment equation can be overcome by 'weighting' 

the equation in question, so that the error in the weighted 

equation will be of smaller order of magnitude than the 

unweighted. 

The preceding unrestricted problem was repeated with 

the area equation weighted by 100, all the other equations 

having a weight of unity; in this way thee( in the area fl 
equation would be 1/100 of the order of the error in the 

other equations. 	The answers given were 

T4 . 0.0330, 

15 
= 0.0670, 

and all other 71i  zero; this solution is illustrated in 

figure 22(d). 	Both the area and the moment equations were 

satisfied, that is, to within 10-5. 	The total absolute 

error of the other equations was 0.01655, a mean error in 

each equation of 0.6%. 	This answer is very close to the 

preceding, although the error has doubled. 

Summarizing the preceding results, it would be better 

not to specify that the area and moment equations be 

satisfied exactly (to 10-12). 	When random time intervals 
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have been used, and the unrestricted solution is of the 

form illustrated in figure 22(c), i.e. two Ti  values 

group together in the vicinity of F , a flow system close 

to plug flow should be suspected. A choice of one time 

interval centred on 7-  would confirm or dispel the 

suspicion. 	In any case, it would be advisable to use 

smaller time intervals in the region of 7.  . 	If the area 

or moment equations are not satisfied closely enough, the 

respective equation could be weighted, although there may 

not be any signifloant change in the resulting form of 

1(t). 

In what follows,when any set of equations is solved 

by linear programming there will be no restrictions upon 

the area or moment equations, unless otherwise specified; 

all equations will also have equal 'weight'. 

In order to test the effect of errors in E upon the 

form of the solution, the original set of equations, having 

one time interval centred on T , were re-solved, first with 

the original ET which contained small errors, and then 

with E which calculated correct to 10-6, using equation 

5.53. 	With the inaccurate E, the solution given was 

T5 
= 0.0997, 

= 0.00036, 

and all other 11i  zero; the mean error in each equation 

was 0.2% which is of the order of the error in the a values. 
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With the accurate a, the solution was the correct one, 

i.e.T5 =0.100andallotherT.
1  zero; the mean error in 

e each equation was of the order of 2 x 10-470,of the order 

of the error in the accurate a and much less than for the 

inaccurate E,whose form of T(t) was not drastically dif— 

ferent from the correct one. 	From this it can be seen 

that the error in the curve drawn by the computer through 

the (k1E) points is quantitatively of the same order as the 

scatter in the values of (k„E). 

5.5.2.  Perfect Mixing.  

The theoretical relationship between a and k for a 

perfect mixer whose mean residence time is 7-  is given 

by the equation 

a(k) 	... 	1 	• kr + 1 (5.57) 

This relationship is plotted in figure 10 for reaction 

vessel A, with 'T = 56.7 seconds. 	The following eight 

points were picked from curve by eye in the region in which 

the values of k could be expected to be determined 

experimentally: 
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k 	value of a used 	value of E calculated 

0.010 
	

0.639 
	

0.638 

0.014 
	0.558 
	

0.557 

0.019 
	

0.482 
	

0.481 

0.023 
	

0.434 
	

0.434 
0.027 
	

0.395 
	0.395 

0.032 
	

0.355 
	0.355 

0.036 
	

0.330 
	0.329 

0.040 
	

0.306 
	

0.306 

Also listed are the values of a which were calculated for 

the respective It 'Dy means of equation 5.57. 	The effect 

of using more exact, calculated values of F. will be con-

sidered later. 

The time tale for f(t) was divided into the following 

elevenintervalsineachofwhich. 11 was considered constant: 

	

i 	time intervals (seconds) 

	

1 	0 - 15 

	

2 	15 - 3o 

	

3 	3o - 46.8 

	

4 	46.8 - 66.6 

	

5 	66.6- 8o 

	

6 	8o - 100 

	

7 	100 	- 11-0 

	

8 	130 	- 170 

	

9 	170 	- 220 

	

10 	220 - 300 

	

11 	300 	- 400 

After 400 seconds the distribution function T(t) was 

assumed to decay according to the equation 
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f(t) = T11e-t/5617, t > 400 seconds, (5.58) 

i.e. with the same half-life as a perfect mixer of the same 

mean residence-time. 	This seems to be a logical procedure, 

for an experimental tail may decay very slowly (see the 

experimental results for the step-change determination of 

the residence-time distribution functions for reaction 

vessel B, figures 13 and 15), and although the area under 

the tail may be negligible, the contribution to the moment 

may not be. 	For tnstance, for a perfect mixer with 

-T. 56.7 seconds, the area after 400 seconds is only 0.1% 

of the total area, but the contribution to the moment is 

0.8%, of a higher order. 	It would be better to make this 

expcnantial decay assumption for any unknown vessel. 	The 

coefficient of f11 in the area equation will be increased 

by F , in the moment equation its coefficient will be 

increased by 771  (400 +71- ), and each coefficient of TII 
in the other equations will be increased by ',Fe -400 k/(k7. +1) 

The eight equations formed from the eight pairs of 

values of k and a, together with the area and moment 

conditions formed a system of ten equations in eleven 

unknown values of T.. 	These equations were solved by 

linear programming with no restriction on the shape. The 

answer given is illustrated in figure 23(a). (The detailed 

answers for this solution and all subsequent solutions are 

listed in appendix 5.) 	Also illustrated in figure 23 is 
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the known curve for the perfect mixer with T. 56.7 
seconds, calculated from equation 1.6. 	The area and moment 

equations were satisfied (to 10-5) and the total absolute 

error was 0.001862, i.e. the mean error in each of the 

8 equations derived from values of k and E. was 0.0517%. 

The maximum value of this solution occurs for 15, 

although an appreciable amount of the function is taken 

up by f1, T2  and f3. 	Pretending that the final answer 

was not known beforehand, the shape restrictions were 

imposed such that 

11 5 12 5' 13 5" 14 5- 15 ?- P6 ?. P.7***> 111 /  

based upon the principle that T(t) decreased monotonically 

both ways from the maximum value at T5. With this shape 

restriction the solution to the set of equations given by 

the linear program is illustrated in figure 23(b). The 

moment equation was satisfied (to 10-5) but the area under 

1(t) was given as 1.0045, which was acceptable. 	The mean 

error in each of the (E)k) equations was 2.93%. 

The above shaping of T(t) from T
5 
was an arbitrary 

step. 	Although the maximum Ti  occurred in T5, the major 

portion of the area of T(t) occurred to the left of f5, so 

it is most likely that the maximum value of T(t) occurs in 

this region. 	It remains to be seen whether the error in 

the equations is reduced by 'shaping' f(t) such that the 

maximum occurs for 7f;1  - 114
. - 



-234— 

The solution of the equations was shaped from ?
4 by 

imposing the conditions 

<in >I.> 
2 - 	3 - 	- 	5 - -6

> 
	a'111.  

The solution with this shape restriction is illustrated in 

figure 23 (c). 	Both the area and moment equations was 

% satisfied (to 10-5) and the mean error in the (k,a) 

equations was 1.36%, a definite improvement over the 

previous case; hence this solution is better than the 

previous, as indicated by the error figures as well as by 

comparison of figures 23(b) and 23(c) with reference to 

the correct solution. 

It was thought that a further improvement, i.e. 

decrease in the error figure, could be obtained by further 

shifting of the maximum position of T(t) to the left. 

The shape conditions were imposed such that the maximum 

value of T(t) occurred at T3, T2  and Ti  in turn. The 

solutions obtained are illustrated in figures 23(d), 23(e) 

and 23(f), respectively. 	The figures for the mean error 

were 0.194%, .0545% and 0.0525%, respectively. In all cases 

% both the area and moment conditions were satisfied (to 10 5). 

Although it is known that the solution obtained when 

1(t) was shaped about ?1 , as illustrated in figure 23 (f), 

is the closest to the theoretically correct answer, this 

could be indicated by the fact that it also has the mini-

mum error in the equations formed from the values of E and 
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FIG. 23. TEST INVERSION — PERFECT MIXER 
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FIG. 23. TEST INVERSION—PERFECT M IX E R 
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k used. 	This minimum error of 0.0525% is very close to 

the error of 0.0517% obtained when no shape restrictions 

were imposed. 	An interesting point to note is that the 

solutions obtained when T(t) is shaped about ?
2 and f3, as 

illustrated in figures 23(e) and 23(d) respectively, would 

be acceptable answers, because they compare well with the 

known theoretical solution; in addition, their residual 

errors given by the computer in solving the (a,k) equations 

are fairly low, compared to the error obtained when no 

shape restrictions are imposed. 	All this tends to con- 

firm the conclusion that the best answer is the one which, 

having shape conditions imposed, gives the least residual 

error. 

In order to test the effect of errors in a upon the 

solution, the original equations were re--solved with a 

calculated correct to 10-6, using equation 5.57. 	The 

solution given, with no shape restrictions, is illustrated 

in figure 23(g). - 6e The mean error was 7.06 x 10 /0. The 

equations with accurate E were also solved with the solution 

shaped from Ti. 	The solution is illustrated in figure 

23(h), the mean error was 4.24 x 10-5%. 	Comparing these 

two solutions with the corresponding ones obtained with the 

inaccurate F1.9  as illustrated in figures 23(a) and 23(f), it 

can be seen that the solutions with E correct to 10-6 are 

only very slightly, if at all, better than those obtained 

with inaccurate a although the mean errors have been greatly 

reduced. 
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5.6. Inversion of Experimental Results 

A. Reaction Vessel A. 

The 14 experimental determinations of pairs of values 

of k and a, together with the area and moment conditions 

yielded a system of 16 equations. 	The time scale was 

divided into the following 14 intervals, in each of which 

fi  was considered constant: 

i Time (seconds) 

1 5 - 	10 
2 10 - 	20 

3 20 - 	30 

4 30 - 	40 

5 40 - 	50 

6 50 - 	60 

7 60 - 	70 

8 70 - 	80 

9 80 90 

10 90 - 100 

11 100 - 120 

12 120 - 150 

13 150 - 200 

14 200 - 250 

After 250 seconds the function was assumed to obey the 

equation 

''' t,/g6 7  T(t) = r
14
e 	" t z  250 seconds. 	(5.59) 

Use was made of the experimental observation, obtained by 

dye injections, that T(t) was zero for t 	5 seconds. 
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Detailed answers for the various inversions are given 

in appendix 5. 

Unless otherwise specified below, the moment and area 

equations were satisfied in all solutions, to 10-5. 

The system of 16 equations in 14 variables, with no 

restraint on shape was solved by linear programming. 	The 

maximum value of T(t) occurred for f6, and the total absolute 

error in the 14 equations derived from the experimental 

values of EL and k was 0.05321, with a mean error of 1.126%. 

The system was re-solved with the shape restrictions 

such that a maximum occurred at T7'  f6,  f5,  f4 and f3 
successively. 	The solutions obtained are illustrated in 

figures 24(a)4 24( b), 24(c), 24(d) and 24(e) respectively; -

the mean errors in the equations were 1.206%, 1.200%, 

.1206%, 1.213% and 1.224%, respectively. 

In figure 24 is also shown the function f(t) determined 

in the step-change dye experiments with reaction vessel A, 

for purposes of comparison. 

For the time intervals used above, the minimum error, 

and, by definition, the best solution,is obtained when the 

function T(t) is shaped from a maximum at 16. 

In order to test the effect of the choice of time 

intervals, the time scale was re-divided in the following 

way, Ti  still considered constant in each interval: 
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i (seconds) 

1 5 - 	11 
2 11 - 	17 

3 17 - 	25 

4 25 - 	35 

5 35 - 	45 
6 45 - 	55 

7 55 - 	65 

8 65 - 	75 

9 75 - 	85 

10 85 - 100 

100 - 120 

12 120 - 150 

13 150 - 200 

14 200 - 250 

After 250 seconds the function was assumed to obey 

equation 5.59. 

The new system of equations was solved with the shape 

restrictions such that a maximum occurred at f8, T71 T6 

and f
5)

successively. 	The solutions obtained are illustrated 

in figure 24(f), 24(g), 24(h) and 24(1), respectively; 

the mean errors in the equations were 1.216%, 1.201%, 

1.202% and 1.210%, respectively. 

For the new time divisions the minimum error and 

hence the best solution is obtained when the function T(t) 

is shaped from f7, with t = 55-65 seconds. 

The results for the two methods of dividing the time 

scale show that the best solution, i.e. the minimum error, 
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occurs when T(t) is shaped from T6  with the original time 

intervals. The value of a(k) for this optimum solution 

is shown plotted in figure 10 in which are also plotted 

the experimental determinations of k and a for vessel A. 

The integrated value of the solution when shaped from 

T6' t = 50-60 seconds, is shown in figure 25(a). Also 

plotted in figure 25(a) is the function F(t) determined 

by the step-change method for reaction vessel A. 

Although the solution of 11(t) when shaped from T6  

gives the smallest residual error, it gives worse agreement 

to the function f(t) determined by the step-change experi-

ment than those shaped from other maxima [see figures 

24(e), 24(d) and 24(i)halthough the latter solutions 

have greater residual error. 	This aspect of the solutions 

will be discussed later. 

B. Reaction vessel B. 

The ten experimental determinations of pairs of 

values of k and E, together with the area and moment 

conditions yielded a system of 12 equations. 	The time 

scale was divided into the following 14 intervals, in each 

of which fi was considered constant: 
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TIME (seconds) 

1 3 10 

2 10 20 

3 20 30 

4 30 40 

5 40 50 
6 50 60 

7 60 70 

8 70 80 

9 80 90 

10 90 100 

100 120 

12 120 150 

13 150 200 

14 200 250 

After 250 seconds the function was assumed to obey the 

equation 

T(t) = 114  e-t/53.5 , t Z  250 seconds. 	(5.6o) 

Again use was made of the experimental observation, obtained 

by dye injections, that T(t) was zero for t 5. 3 seconds. 

Detailed answers for the various inversions are given 

in appendix 5. 

The system of 12 equations in 14 unknown values of fi  

was solved with no restraint on shape. The maximum value 

of T(t) occurred for f5  and the total absolute error in the 

10 equations derived from the experimental values of k and 

a was 0.01679, with a mean error of 0.425%. 

The system was re-solved with the shape restrictions 

such that a maximum occurred at f5, f4, T3, T2  and Ti. 
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The solutions obtained 	illustrated in figures 26(a), 

26(b), 26(c), 26(d) and 26(e) respectively; the mean 

errors in the equations were 0.428%, 0,426%, 0,4.26%, 

0.4.26% and 0.4.26% respectively. 

Sinco the minimum error occurs when the f-raction is 

shaped from Tl  , T2'  or 113' 
i.e. :.e(t) han a maxim= between 

3 and 25 seconds, it was thought that a change in the time 

intervals might locate the maximum more closely. 	The time 

scalewasre-dividedsothat?.was again constant in each 

interval in the f011owing manner: 

TIME (seconds) 

	

1 	3 

	

2 	9 - 15 

	

3 	15 - 25 

	

4 	25 - 35 

	

5 	35 - 45 

	

6 	1.5- 55 

	

7 	55 - 65 

	

3 	65 - 75 

	

9 	75 - 85 

	

10 	84 

	

11 	95 - 120 

	

'12 	120 	150 

13 150 200 

	

14 	200 - 250 

After 250 seconds. thr functlon 	a9sumed to obey 

equation 5.60. 
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The new system of equations when solved with no shape 

restrictions gave a mean error in each (k,c7) equation of 

0.425%. 	The new system of equations was also solved with 

shape restrictions such that a maximum occurred at Ti p T2  

and f3, successively. 	The solutions obtained are illus-

trated figures 26(f), 26(g) and 26(h), respectively; the 

mean error in the (k,a7) equations were 0.426%, 0.481% and 

0.481%, respectively. 

The results for the redistributed time intervals show 

that the optimum value of the function, i.e. the one that 

gives the minimum error in the equations occurs when shaped 

from T.1 with the second set of time intervals, i.e. with a 

maximum in the time interval 3-9 seconds. 

The function a(k) for the optimum solution is shown 

in figure 11 in which are also plotted the experimental 

determinations of k and a for vessel B. 

The integrated value of the solution when shaped from 

T 	t . 3-9 seconds, is shown in figure 25(b). 	Also 

plotted in figure 25(b) is the function F(t) determined 

for reaction vessel B by the step-ohfInge method. 
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6. DISCUSSION AND CONCLUSIONS 

6. 1. Errors in Experimental Method 

6..1.1. Flew reactor experiments  

ja) Reaction-rate constant 

One source of error in the experimental determination of 

the reaction-rate constant k is in the 'stopping' time. The 

error in each of the stopping times could be as much as one 

second, the time required to pour the contents of a measuring 

cylinder into a beaker containing acid and to mix the two 

solutions. In the determination of the slope of the plot of 

the logarithm of the concentration against time, which is 

directly related to k, this would lead to an error of about 

2.4% in the slope for the low values of k, determined over a 

period of 85 seconds and about 4.25 in the slope for the larger 

values of k, determined over a period of 50 seconds. 

The effect of error in the chloride concentrations upon 

the slope is more difficult to assess because the concentration 

is used as the logarithm. In general the chloride determinations 

are very accurate. Examination of the chloride analyses of 

the duplicate samples reported in appendix 2 for completely 

reacted mixture shows that the difference between these duplicate- 

is about 0.000005 moles per litre on the average; hence the 

average deviation from the mean is about 0.0000025 moles per litre. 

Since the chlorohydrin concentration is determined by the 

subtraction of two chloride concentrations, the average error 

in the chloride concentration is about 06000005 moles per litre. 
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Taking run 46 as an example of a slow reaction, in which the 

chlorohydrin concentration during the time in which k was 

determined varied from 0.001353 to 0.000479 moles per litre, it 

can be shown that the error in the slope due to error in the 

chloride concentrations 7ould be about 1.4. Taking run 44 as 

an example of a fast reaction, in which the chlorohydrin 

concentration varied from 0.000848 to 0.000135 moles per litre, 

the error in the slope can be shown to be about 2.4% 

For the fast and slow reactions the effect of an error of 

0.0000025 moles per litre in the chloride concentration of 

completely reacted mixture would be to change the slope by 

about-1%, which is negligible compared to the other possible 

errors. 

Taking into consideration both the error in the stopping 

times and the error in the chloride analyses, the error in the 

slope, and hence in k could be about 45 for the slow reactions 

(k = .014 seconds-1) and about 75 for the fast reactions 

(k = .037 seconds-1). However, it is not likely that the 

experimental error is as high as this, for two reasons. In the 

above discussion the error in the slope was considered to be 

determined by the errors in the times and concentrations at 

either end of the period in which k was determined. The overall 

error in the slope is tempered by the 4 pairs of values of time 

and concentration determined within the period; the mean 

deviation of all six points from the best line drawn through them 

was seldom as large as 4%. The other reason was that the value 
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of c!,0(  1-e-ke )/ke in each run agreed with the value extrapolated 

from the plot of log concentration versus time (see appendix 1) 

to within an average of 25 of the difference in the log 

concentrations over the interval in which k was determined. 

Error in the values of k is more important in the region 

of the lower values of k, for the plot of 	versus k here has 

a larger slope and a given deviation in k will displace the 

experimental point further from the curve than in the region 

of higher k, where the curve is flatter, especially if the 

flow system is close to perfect mixing. 

(b) 

The experimental values of a for the two successive two-

litre samples was subject to some deviation. Examination of the 

results in appendix 2 shows that the two a differed by an 

average of about 1.95, for vessel A and 0.8% for vessel B. Since 

the duplicate samples from each of the 2-litre collection 

vessels usually agreed very well with each other, the variation 

in a between the 2-litre vessels was thought to be due to small 

fluctuations in the flow patterns in the reaction vessels, 

and possibly in the flow rate; the latter was usually controlled 

very closely during the runs, however. The obvious method of 

overcoming this deviation in & is to collect much larger run 

samples in order to smooth the fluctuations, but this procedure 

would be uneconomical of material. Taking a mean value of a 

seemed to be the best way of overcoming the discrepancy in the 

two values of a . 
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Error in a is more important in the region of higher k, 

for the plot of 5 versus k here has a lower slope and a given 

deviation in a will displace the experimental point further from 

the curve than in the region of lower k, where the slope is 

larger. 

(c) Temperature  

The two reactants were maintained at constant temperature 

before they were mixed, but not while they reacted. It was found 

that there was a small rise in temperature, of the order of 

0.4°0, for the dilution of 0.5 N. sodium hydroxide solution 

with its own volume of chlorohydrin solution. This was 

determined by mixing equal volumes of the two solutions which 

had previously been maintained at the same temperature and 

observing the rise in temperature. 0.5 N sodium hydroxide 

solution was the strongest concentration of base stock solution 

used in the runs; the temperature rise for more dilute 

solutions would be less. 

It was assumed during the runs that there was little, if any, 

difference between the temperature in the reaction mixture when 

it left the flow system, and its temperature immediately after 

being mixed. This assumption is justified because the ambient 

temperature was very close to that in the reaction mixture, and 

the rate of heat transfer between the reaction mixture and the 

atmosphere through the walls of the reaction vessels would be 

small. The reaction-rate constant determined for the run was 

measured at the same temperature as that in the mixer and not 
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necessarily at the same temperature as the constant temperature 

bath, so that as long as the reaction mixture temperature 

everywhere in the reaction vessel was the same as that in the 

mixer, no error is introduced. 

6.1.2. Experimental Test of Linearity  

The example of the experimental determination in section 

2.3 of the purity of the chlorohydrin used is subject to the. 

same errors in the 'stopping' time and in the concentrations 

as discussed in the previous sections. 

The deviation of the experimental results from the straight 

line at the lower end in figure 7 could be evidence of a small 

amount of contamination of the chlorohydrin with its isomer, 

but it would be present only to a small degree for the 

agreement between the calculated and extrapolated values of 

cr.,(1-e-k0 	, as mentioned above was good. 

The value of the second-order reaction rate constant lc' 

in the example, determined as 0.118 litres per mole per second 

is not very close to the value of 0.131 litres/mole/second 

determined by Forsberg (8), also at 20°C. This discrepancy is 

much greater than could be accounted for by the scatter in the 

experimental points in figure 7. One difference between the 

present experimental determination and that of Forsberg is that 

in the present case, the reacting solutions were maintained at 

20°C. only up to the time they were mixed, and not while they 

reacted, while Forsberg maintained his reacting solution at 
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2000. throughout. However, this does not explain why the present 

value of kl is lower than that of Forsberg, for on mixing the 

two solutions initially at 20°C. in the absence of further 

temperature control, the temperature of the resulting mixture 

would rise, and hence the reaction rote would increase. The 

reason for the discrepancy may lie in the fact that in the 

present work, the hydroxide concentration was very large 

compared to that of the chlorohydrin and decidedly larger than 

that Forsberg used. The increased ionic strength of the 

solution may have tended to decrease the reaction rate or there 

could be other factors influencing the reaction rate, such as 

changes in the physical properties of the solution. The fact 

that the second-order reaction-rate constants fail to agree is of 

little importance to the determination of the a  -k relation in 

the present work, for it is important only that the reaction used 

in the experiment be first-order and that the reaction-rate 

constant k be measured. 

6.1.3. Step-Change Determination of Residence-time functions 

The values of the individual times in the step-change plots 

could be in error up to about one second, the time required to 

collect each sample. The scatter in the experimental points 

could be due to fluctuations in the flow patterns in the reaction 

vessels with time, which would also account for the non-

coincidence of the forward and reverse step-changes. 
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The displacement of some of the more obviously deviating 

experimental points could be due to splashing of dye during the 

sample collection, so that some of the effluent dye solution 

contaminated a previously gathered sample. Although care was 

taken to avoid contamination by splashing, a certain amount of 

splashing was inevitable because of the speed with which the 

sample containers were manipulated. 

That the functions F(t) and f(t) obtained by means of the 

step-change experiment were reasonable distribution functions 
00 

was proven by the area tests. The areas denoted by 	F(t)dt 0 

and 	,:L.1-F(t)idt agreed fairly closely for the F(t) function; 
0 

the area under the f(t) function derived from F(t) was reasonably 

close to the theoretical value of unity; and the area under the 

constructed function tf(t) agreed fairly closely with the known 

value of T . 
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6.2. Assessment of the experimental a k curve. 

There was a fair amount of scatter in the experimental 

points of 5 when plotted against k. During the inversion 

process the computer fitted a smooth curve through the 

experimental data such that sum of the absolute value of the 

deviations of the experimental a was a minimum. For reaction 

vessel A the mean deviation was about 1.25 and for vessel B 

about 0.4%. 	It would appear from these figures that the 

experimental data for vessel B are more precise than for vessel 

A. This is confirmed by visual examination of the experimental 

data in figures 10 and 11: there is more scatter for vessel A 

especially for the higher values of k, than for vessel B. 

For both vessels, the smooth line through the experimental 

points does not coincide with the Laplace transform constructed 

for the function f(t) determined in the step-change experiment. 

This deviation could be due to flow fluctuations during the 

step-change experiment, so that the function f(t) determined 

obtained only for a short period of time. This problem could 

be overcome by repeating the step-change experiment many times 

and taking a mean value of f(t). Another source of the deviation 

could be in graphically differentiating F(t) in order to obtain 

f(t), for graphical differentiation is not a very accurate 

operation. A third source of the deviation could be in the 

experimental error in determining a", (k). This is contradicted 

by the fact that the two curves are furthest apart in the region 

of low k where the experimental error should be least and 
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almost coincide in the region of high k where the experimental 

error should be greatest. 

Another puzzling fact concerning the deviation of the 

two curves is that the deviation is greater for vessel B 

than for vessel A, while the function f(t) determined for 

vessel B by inversion of 5 is closer to the value f(t) 
determined in the step-change experiment than for vessel A. 

Although the two curves do not coincide for the low 

values of k, they may coincide for all higher values of k 

where coincidence might possibly be more important. Since 

the residence-time distribution functions f(t) as determined 

from the step-change experiment have the bulk of their area 

in the region of low t, and hence, by the analysis of the 

range of k required given in section 2.1, the higher values 

of k would be more important. In this analysis it was deduced 

that for the experimental reaction vessels, k would have to be 

determined in the range 0.006 to 0.180 seconds-1; the analysis 

assumed that the bulk of f(t) was between times of 5.5 and 

165 seconds, so that for vessel B at least the theoretical 

range of k should be extended, for the values of f(t) at these 

times is not quite negligible (see figure 15): In actual fact 

the values of experimental k were determined in the range of 

about 0.014 to 0.037 seconds-I, which is only a fraction of the 

range considered to be necessary. 
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It was considered in section 2.1.that the lower values of k 

were governed by the requirements that for k = 0, the value of 

a must be unity and the slope of a must be - 7 ; therefore, 

it would seem to be necessary to extend the range of k only to 

higher values. 

It was found difficult to measure k in the experiments 

above about 0.037 seconds-1 because the reaction was too fast. 

The possible error in k for a value of k = 0.037 seconds-1 is 

about 7%, as shown in a section 6.1, and the error, would increase 

for still higher values of k. For flow systems close to perfect 

mixing, the effect of the error in k is less than for a flow 

system close to plug flow, for the plot of 5 against k for 

perfect mixing is fairly flat in the region of higher k. 

In order to increase the accuracy of k determination, at 

least for the higher values, it may be necessary to use some 

other method for its determination. One possible method is that 

used by Denbigh and Page (22). In this method the reaction 

mixture from the mixer would be fed into a perfectly-stirred 

vessel of known volume, and the effluent from this vessel would 

be stopped, analysed and the value of CZ determined for this 

system of known residence-time distribution. The relevant 

equation is equation=1.31, from which can be derived the relation, 

k
1-5 
	 .   (6.1.) 

Ta 
7 would be determined from the flow rate and volume of the 

stirred vessel; the latter should be appreciably greater than 

that of the flow line between the mixer and the stirred vessel, 



-264— 

but need not be as large as that of the reaction vessels used 

in the experiment. Whether or not the k determined by means 

of this method would be sufficiently accurate remains to be 

determined by experiment. 

A further point concerning the range of experimental 

values of k will be discussed in section 6.ti., in relation to 

the success of the inversion method. 
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6.3 Prior knowledge of f(t) in the inversion method 

In general, in inverting the experimental results to 

obtain 	t) some properties of the distribution function 

were determined by other methods and some were assumed. 

The value of the first moment of 1.(t) about t = o, i.e. 

the mean residence time T , was determined by dividing the 

volume of the flow system by the flow rate. No error was 

allowed for in this value of T-  ; with no restrictions upon 

satisfying the moment equation exactly, the value of 

determined by the computer was in all cases the same as that 

determined experimentally to within 105. 

The area under the distribution function ±;(t) was assumed 

to have its theoretical value of unity, and. with no restrictions 

on the area equation, the value of the area determined by the 

computer in solving the equations agreed with this value of unity, 

to 10-5; the few exceptions were cases in which the inverted 

function ( t ) was shaped from a maximum which was remote from 

the true maximum as determined by the step-change experiment, 

and the deviation in these cases was only of the order of 0.1454 

The fact that the area and moment equations were compatible 

with the equations derived from the experimental values of 

and k, agrees with the requirement that for low values of k, 

the behaviour of 5 is determined, for at k = o, 	a = 

and the slope is --f . It can be seen that the area equation 

is obtained when the theoretical experimental point, k = 
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6 = 1, is substituted into equation 1.29. 

It was assumed that the distribution function had only 

one maximum, which occurred between a small finite value of 

t and infinite time. This has been found to be true for the 

majority of residence-time distribution functionsfound in 

practice. The small value of time at which T(t) ceased to 

be zero was determined by dye injections, a simple and crude 

experimental procedure compared to the determination of f(t). 

Although it was never explicitly assumed in the inversions, 

it was found that the maximum of f(t) occurred between this 

minimum time and f , and it would be expected in the majority 

of practical flow systems that this would be the case. 

It was further assumed that the optimum time interval from 

which to 'shape' the function f(t) was that which gave the 

minimum error in the equations formed from the experimental 

values of k and a . Prior knowledge of the actual shape of 

11(t), as determined in the step-change experiments, was of 

little significance in inverting the experimental results. 

Having formulated the rule that the best answer is obtained 

when the error in the equations formed from the experimental 

values of 5 and k is a minimum, this was adhered to in the 

inversions. 

By comparison of the e:i:perimental a plots with those 

obtaining for plug flow and perfect mixing in flow systems with 

the same mean residence-time, it can be deduced whether or not 
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the experimental flow system is close to either type of flow 

system, and the inverted.function f(t) could be examined in 

the light of this. For example, the experimental c; curve for 

vessel B is close to that for a perfect mixer. The function 

f(t) obtained by inversion of the experimental 6 , as shown in 

figure 26(f) is fairly close to that for perfect mixing. The 

corresponding plots for 11(t) in vessel A are more difficult to 

assess in this way because the experimental 5 plot is almost 

equidistant between the two hypothetical curves. 
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6.4 Assessment of the Inversion Method 

The linear programming method of Laplace transform inversion 

appears to be promising, as evidenced by the successful 

inversions of the known a plots for plug flow and perfect 

mixing and by the limited success in the inversion of the 

experimental data for reaction vessel B. 

The success of the inversion method in determining the 

distribution functions for plug flow and perfect mixing from 

artificial k -Ft data should not be overestimated. The plug 

flow system is the least complex of the distribution functions 

possible and does not occur very frequently in practice. 

Therefore, the test inversion for perfect mixing provided the 

only true trial of the inversion method. 

The data provided for both test systems was fairly accurate 

and this accuracy could provide one reason for the success in 

their inversion. The values of a actually provided for the 

given values of k had a mean error of about 0.25, and the best 

curve drawn through their data had a mean error of 0.055. 

Values of 31 correct to 10-6  gave a similar answer, comparing 

the respective 1(t) functions obtained. In order to receive 

exact answers from the computer and the correct f(t) function, 

the values of a and all the coefficients of the equations 

should, in theory, be correct to 10-12 

The data for the experimental reaction vessels introduce 

a degree of scatter into the a 	k plots, more for reaction 

vessel A than for vessel B. The inverse functions T(t) obtained 
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by the inversion method proposed in the present work agree 

fairly well for vessel B and poorly for vessel A, in comparison 

to the functions f(t) determined by the step-change method. 

From this it can be deduced that if the data are more accurate 

the chances of the inversion method succeeding are greater. 

In the inversion of the experimental results of reactor 

A, that the solution with the least residual error gave a 

worse solution, compared to the f(t) function determined from 

the step-change experiment, than solutions shaped from other 

maxima, which had greeter residual error, could be attributed 

to the experimental error in a . The scatter in the experimental 

results for reaction vessel A is so large that it is not 

surprising that the computer fitted the curve it did. 

Future work on this method of inversion could be directed 

towards determining how much error could be tolerated in the 

artificial data provided for the perfect mixer which would still 

yield results which agree with the known distribution function. 

For the inversion of the experimental results for vessel 

,which showed the greatest scatter, the solutions obtained when 

shaping was imposed from time intervals near the optimum time 

interval differed markedly from the optimum f(t) solution, 

although the error did not significantly change. For the 

inversion of the more accurate results for the perfect mixer and 

for vessel flp, the solutions obtained when shaping was imposed 

from time intervals near the optimum time interval, did not 
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differ marloily from the optimum f(t) obtained; for these cases 

the error also did not change significantly. 	The reason for 

this behaviour of solutions near the optimum may be the larger 

scatter in the experimental points for vessel B. 

Since the multitude of possible 11(t) functions must fit 

their Laplace transforms into the relatively small area between 

those for plug flow and perfect mixing, it would seem that 

small error in 5 or k would have an important effect upon the 

answer. Since the error in 6 for reaction vessel EI has been 

shown to be greater than for vessel 8, (see section 6.1), this 

could be a reason why the results for vessel A  are poorer than 

for vessel sg. 

The limited range of experimental values of k could be 

another reason why the inversion of the experimental results 

failed to agree with the distribution functions obtained from 

the step-change experiment. However, if the analysis given in 

section 2.1 for the required range of k were applied to the 

perfectly mixed system, it would be shown that a wider range of 

values of k would be necessary than for the distribution 

functions of vessels A and B, and yet the range of artificial k 

assumed for the test inversion far the perfect mixer, comparable 

to the range for vessels A and B, yielded an inverted distribution 

function which was very close to the true answer. Since the 

scatter in the a provided for the test inversion was small, 

it could be deduced that for small scatter in the experimental 

points, a smaller range of k would be necessary than for 
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experimental points with large scatter. In other words, 

considering a given small range of k, if the scatter of the 

experimental points in this range is small, the behaviour of the 

curve outside this range is virtually pre-determined, and if 

the scatter of the points within this range is large, the 

curve outside the range would be subject to a greater degree 

of uncertainty. Future work on the inversion method could 

be directed to confirming the principle that experimental 

points are necessary only for a small range of k if the 

points are accurate and are required over a wider range if they 

are inaccurate. By a wider range of k is understood measurements 

extending to larger values of k, because the region of the 

curve for lower k is governed by other principles, as mentioned 

previously. 

The inversion of the experimental points is, in general, 

disappointing in that the inverse function f(t) obtained is 

constant over a fairly wide range of time instead of stepping 

up or down almost every time division as did the optimum 

inverted distribution function for perfect mixing. It is 

possible that the method of approximating f(t) by a series of 

steps as in figure i6 is too crude. Error or distortion might 

be introduced by the fact that although the area omitted from 

f(t) by the horizontal cut of the step-is equal to the extra 

area included in the approximation, their contributions to the 

moment equation would not be the same because their centroids 
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are in different positions and hence the omission of one from 
f(t) would not be balanced by the inclusion of the other. Of 
course/ this source of error in the rising portion of f(t) may 
be offset by thc same error in the falling portion of f(t). 
Examination of figure 23(f) for the perfect mixer optimum 
solution will shown that the areas of the step above and 
below the actual f(t) curve are not equal. 

It might be better to approximate 1(t) by some method 
other than the step method. The increased accuracy of other 
approximations would be countered by the extra computation 
involved in determining the coefficients of the equations. 
For example, 7(t) could be approximated by a series of trap-
eziods, as in figure 27. The area and moment equations and 
the Laplace transform of this type of approximation could 
fairly easily be evaluated. 

For the single trapezoid illustrated in figure 28, the 
area would be 

2- 
the moment about t=0 would be 

B - A 
( 2A + B ) TA 	( A 	2B ) B 6 

and the Laplace transform would be 
- 7 
B A  

k2( B - A ) 

e-kA _ e-kB ) 	( y, e  -kA  - 	-kB fB e 	). 
k 	., 

The area and moment equations and the Laplace transform of 
f(t) would be the sum  of a finite number of such trapezoids. 
The coefficient of each variable is the sum of contributions 
from two adjacent trapezoids. 

Another possible approximation to f(t) is by means of 
Simpson's rule. This gives a fairly simple expression for 
the area equation and for the Laplace transform but a more 
complex expression for the momelquation. Consider the 

B - A _ 
( fA 	7B ) 9  
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FIG. 27. TRAPEZOIDAL APPROXIMATION OF f(t) 
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portion of f(t) over the two equal intervals A illustrated in 

figure 29. Over this range f(t) is approximated by a parabola 

with vertical axis. The area of this portion of f(t) is 

( fA 	4TB 	lc ) 9 3 
the moment about t . 0 is 

22N-2iB4-Td-4.2f(B+C)TA-2(A+C)7134.(A+B)Ic 	(NTA  -2/C7 +ADT ). p 	 C • 

and the Laplace transform is 

e-kA T 
A 	

4  e-kB f
B + e 	4. -kC 7 c  ) ) 

3 
Again, some of the coefficients of f are the sum of contribu-
tions from adjacent intervals: 

More enact approximations are available covering more than 

one time interval, but the computation involved will increase 
as the approximations became more exact. 

A program could be written which would permit the computer 

to evaluate the coefficients necessary for the system of equa-

tions given the values of the times and the experimental values 
of k, a, andT. In fact it would be possible for the computer 
to shift the maximum from which f(t) is shaped until the error 
in the equations is minimized as well as computing the 

equations, so that the whole inversion process could be made 
automatic. 
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Appendix 1. Determination of Reaction Rate Constants. 

The reaction rate constant, k, in any run could be 

determined by taking a small portion of reaction mixture 

directly from the mixing chamber as it was formed, by 

'stopping' aliquots of it at various time intervals there-

after and determining its chlorohydrin concentration by 

chloride analysis; of course, some of the mixture would 

be permitted to react to completion. 	The negative of the 

slope of the straight-line plot of the natural log of the 

chlorohydrin concentration against time 'stopped' would be 

the reaction rate constant. 	Unfortunately, during the 

time in which a quantity of reaction mixture sufficient for 

accurate analysis could be collected, the portions initially 

collected were depleted in chlorohydrin, and the value of 

the initial chlorohydrin concentration was in error. 

The following procedure was adopted in order to secure 

an adequate supply of material for analysis: 

The reaction mixture from the mixing chamber was 

collected, by means of the side-arm, in an initially empty 

stirred vessel for a given period of time, e, and at 

further time intervals thereafter, aliquots from the vessel 

were 'stopped' in separate beakers containing acid, and k 

was determined in this period. 
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After the initial collecting period, 9, the collecting 

vessel contains elements of fluid of different age, each of 

which obeys the first order rate equation. 	The mean con-

centration at the end of the collecting period is greater 

than in an element of age 9. 	Let us count time from the 

instant we began to collect reaction mixture. If the col-

lecting vessel is stirred, then during the collection 

period, the chlorohydrin concentration, c, obeys the 

differential equation, 

at co [Vc] = v 	kVC, 0 	t 	(1) d  

where V = vt is the total volume of reaction mixture col-

lected at time t, v is the flow rate of reaction mix-

ture, and co  is the chlorohydrin concentration in the 

reaction mixture as it is formed in the mixing chamber. 

The solution to this equation with the boundary condition, 

C 	= 	C 0 
	 (2) 

t = 0, 

is given by 

c = 
	o (1 	e-kt).  
kt 

The same answer is given if one considers that each element 

of reaction mixture entering the collecting remains iso-

lated from the others, i.e. no stirring, until time t, when 

all the elements are mixed together; therefore, for 

0 < t < 8, each element obeys the first order reaction 

(3) 



-277- 

equation, 

o = 0 e
-kt 

9 

and the mean concentration at time t is 
t 

(4) 

f vcoe
-kt

dt 
	

(5) 
0 

e-kt).  ( 3 ) 

After time e, the first order differential equation, 

de 
dt = -kc,  (6) 

is obeyed, subject to the condition 

0 = -2 
ke (

1 	e-k9),  

t 	8; 

The solution to equation (6) then becomes 

( 7 ) 

C = (1 - e-ke)e-k(t-e)  
ke 

e
-kt 

_o 	(e+k8 _ 1) 
ke ` 

If the common logarith of c is plotted against t, the 

slope is -krlogioe. 	The intercept of equation 8 with 

Ct ke ( 	e-ke); 
" 

the collection period and can be checked by calculating the 

Is ke (1 - s-k9) 

extrapolated to time e. 

t = e, is hence k can be determined afters 

value of and comparing this with the line 
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Appenix 2. 	Flow Reactor Experimental Results  

The following tables give the experimental results for 

each run using the flow reactors. Runs 39-52 were performed 

with reaction vessel A and runs 53-63 were p9rformed with 

reaction vessel B. In the tables are given the chloride 

concentrations (C1—) at the various to-topping' times t and 

the values (C1—)„ for two samples of completely reacted material. 

The mean value of (C1—), is also given. Also tabulated are 

the computed values of the chlorohydrin concentrations (chl) 

at times t, and 4 	log10  (chl), which is denoted as LOG. 

(C1—)ois the initial chloride concentration, an co is the 

initial chlorohy drin concentration corrected for the initial 
chlorile. 

The chloride concentrations (01—)1  and (01—)2  are for 

the two run samples and 5 and 52  are the correnponding fractions 

of initial chlorohydrin unconverted. 5 is the mean of al  and a2. 

The temperature of operation and the sodium hydroxide 

concentration (NaOH) in completely reacted material are also 

recorded in the tables. 

All concentrations are in moles per litre. 



A. REACTION VESSEL  A 
0 

Run. No. 39 	Temp. = 21.6 C. 

t 30 40 50 60 70 80  cx) 1 qop 

(C1-) 0.001195 0.001522 0.001742 0.001880 0.001983 0.002053 0.002215 0.002217 

(chl) 0.001020 0.000694 0.000474 0.000336 0.000233 0.000163 0 0 

LOG 1.0090 0.8414 0.6758 0.5263 0.3674 0.2122 

Mean 	(01-)00  = 0.002216 	(G1-)0= 0.000041 

(On, = 0.001702, 	a 1  = 0.236 	k = 0.0366 secs
1
; 

(01-)2  = 0.001716 	Ci2  =. 0.230 	7:3; = 0.233 

c
o 
= 0.002175 

(Na0H) = 0.248 

Run No. 40 

t 30 40 50 	60 	70 79.5 

(c1-) 0.000986 0.001289 0.001510 	0.001676 	0.001610 0.001898 	0.002214 0.002208 

(chT) 0.001225 0.000922 0.000701 	0.000535 	0.0004.01 0.000313 

LOG 1.0881 0.'647 0,8457 	0.7284 	0.6031 0.4955 

Mean (C1-), = 0.002211 (01-)0= 0.000036 c
o 
= 0.002175 

	

(01)1  = 0.001543 	a 1  = 0.307 	k = 0.0282 	(NaOH) = 0.185 

	

(01-)2  = 0.001591 	a 2  = 0.285 	5 = 0.296 



(01-)1  = 0.001544 

(01)0  = 0.001549 

a
1 = 

o.298 

a2 = 0.296 
k = 0.0280 secs-1 

	

(NaOH) = 0.211 
a = 0.297 

Run No. 	. Temp. = 21.2°C. 

t 30 	42 54 66 78 90 	'1 	002 

(0/-) 0.000775 	0.001071 0.001316 0.001509 0.001655 0.001767 	0.002193 	0.002190 

(chl) 0.001417 	0.001121 0.000876 0.000683 0.000537 0.000425 

LOG 1.151 3 	1.0496 0.9425 0.8344 0.7300 0.6284 

Mean (01-).= 0.002192 (01)0  = 0.000034 c
o 
= 	0.002158 

(01-).l  = 0.001332 	a, = 0,399 
.(01-)2  = 0.001314 5(2  . 0.407 

k = 0.0203 secs
-1 

a  = 0.403 (Na OH) = 0.133 

Run No. 	42. 
0 

Temp. = 20.4 C. 

30 40 50 60 	70 8o '1 '2 

(c1-) 0.000953 0.001258 0.001493 0.001654 	0.001777 0.001876 0.002182 o.002180 

(chl) 0.001228 0.000923 0.000688 0.000527 	0.000404 0.000305 

LOG 1.0892 0.9652 0.8376 0.7218 	0.6064 0.4843 

Mean (01000= 0.002181 (01-) 0  = 0.000045 co  = 0.002136 



00 
1 80 

o.001919 

0.000284 

0.4533 

Co 
2 

0.002203 

k = 0.0288 secs
-1 
 

a  = 0.287 

(C1-)1  = 0.001570 a, = 0.291 

(01 )2  = 0.001587 	a2  = 0.283 
(NaOH) = 0.212 

cz 1 
= 0.237 

;42  =0.240 (NaOH) = 0.257 
(C1-)1  = 0.001413 

(C1-)2 	.001408 

k = 0.0368 secs-1  

a= 4.238 

0 
Run No. 	44. Temp. = 

50 

21.0 C. 

60 	70 	79.9 c°1 	022 30 	40 

(C1-) 0.000987 	0.001246 0.001433 0.001561 	0.001639 	0.001700 0.001834 	0.001835 

(chi) 0.000848 	0.000589 0.000402 0.000274 	0.000196 	0.000135 

LOG 0.9284 	0.7701 0.6042 0.4378 	0.2923 	0.1303 

Mean (C1-)00 = 0.001835 (C1-)0  = 0.000054 c = 0.001781 

Run No. 	43. Temp. = 20.9 0C. 

t 30 40 50 60 70 

(C1-) 0.001012 0.001319 0.001537 0.001698 0.001825 

(chl) 0.001191 0.000881 0.000666 0.000505 0.000378 

LOG 1.0759 0.9465 0.8235 0.7033 0.5775 

Mean (C1 	)c, = 0.002203 (C1)0  = 0.000031 co   = 0.002172 



Run No. 45. 

40 

Temp. = 

50 30 
(01) 0.000905 0.001159 0.001346 
(chl) 0.000931 0.000677 0.000490 
LOG, 0.9689 0.8306 0.6902 

Mean (C1-)0  . 0.001836 0.000048 
	

co = 0.001788 

70 80 	• 1 02 
0.001572 0.001638 0.001831 0.001842 

0.000264 0.000198 
0.4216 0.2967 

0 
21.3 C. 

60 
0.001480 
0.000356 
0.5514 

(O1-)1  = 0.001360 
(C1-)2  = 0.001346 

al = 0.266 

a 2 = 0.274 

k = 0.0315 
a  = 0.270 

secs-1 
(NaOH) = o.237 

Temp. 	19.8.0. Run No. 46 

30 45 60 
(C1-) 0.000483 0.000752 0.000954 
(chl) 0.001353 0.001084 0,000882 
LOG 1.1313 1.0351 0.9455 

Mean (O 	)o° = 0.00'836 

(017)1  = 0.000897 	a1 = 0.523 
(Cl )2  = 0.000910 

	
a2 = 0.519 

90 105 °c).2 
0.001251 0.001357 0.001833 0.001839 

0.000585 0.000479 

0.8573 	0.7672 
	

0.6803 

	

(C1-)0  = 0.000053 	co= 0.001783 

k = 0.0139 secs-1 
	

(NaOH) = 110 
a  = 0.521 

75 
0.001116 
0.000720 



Mean (01-),0= 0.001893 

(C1-)1  = 0.001247 a, = 0.348 

(C1-)2  = 0.001250 c7, 2  = 0.346 

Run No. 47 Temp. = 

t 30 40 50 

(CI-) 0.000697 0.000929 0.001127 

(chI) 0.001204 0.000972 0.000774 

LOG 1.080.6 0.8887 

Mean (C17), 	= 0.001901 

	

(C1-)1  = 0.001190 	cc1 = 0.381 

	

(C1-)2  = 0.001183 
	

a 2  =0.385 

0 
20.7 C. 

60 

0.o01266 

0.000635 

0.8028 

70 80 '1 '2 
0.001380 0.001483 0.001903 0.001899 

0.000521 0.000418 

0.7168 0.6212 

(C1-) 0  = 0.000037 	c
o = 0.001864 

k = 0.0212 secs
-1 	

(NaOH) = 0.171 
a = 0.383 

0 
Run No. 48 	Temp. = 20.7 C. 

60 	70 	80 

0.001336 0.001461 0.001544 

0.000557 0.000432 0.000349 

0.7459 	0.6355 	0.5428 

t 30 40 50 

(CI-) 0.000756 0.001001 0.001189 

(chi) 0.001137 0.000892 0.000704 

LOG 1.0557 0.9504 0.8476 

c° 
	 00 2 

0.001894 0.001892 

(C1-)0 = 0.000038 	c
o 
= 0.001855 

k = 0.0238 secs-1  

a 0.347 	
(NaOH) = 0.189 



t 30 45 60 

(C1-) J.000526 0.000809 0.001029 

(chl) 0.001358 0.001o75 0.000855 

LOG 1.1329 1.0315 0.9320 

75 	90 	105 	1 
0.001208 0.001340 0.001453 0.001883 0.001884 
0.000676 0.000544 0.000431 

0.8299 
	0.7356 

	
0.6345 

(C1-)1  = 0.001067 Fx 

(C1-)2  = 0.001066 a  2 
= 0.439 

0.139 

Run  No, 49  
0 

Temp. = 20.7 C. 

   

Mean (Cl )m = 0.001884  

(C1)1  = 0.000977 711 
(C1-)2  = 0.000961 772 

Run No. 50 

40 30 

(C1-) 0.000596 0.000802 

(chl) 0.001276 0.001070 

LOG 1.1059 1.0294 

Mean (C1-10  = 0.001872. 

50 	60 

0.000986 0.001125 

0.000886 0.000747 

0.9474 	0.8733 

(C1-) = 0-000037 

k = 0.0180 

a= -D.439  

co  = 0.001835 

- 	- 
secs 1   (NaOH) = 0.140 

(C1-)0  = 0.000041 
	c

o 	0.001843 

	

0.492 
	

k = 0.0152 secs
-1 	

(NaOH) = 0.118 

	

= 0.500 
	0.496 

0 
Temp. = 20.7 C. 

70 
	

80 	°°1 	
m
2 

0.001249 0.001349 0.001874 0.001871 

0.000623 0.000523 

0.7915 
	

0.7185 



Run No. 51 

30 38 

(01-) 0.990886 9.001107 

(chl) 0.001 908 0.000787 

LOG 1.0033 0.8960 

i/lean (C1)00 = 0.001894 

(01-)1  = 0.001364 

(C1-) 2  = 0.001375 

Run No. 52 

38 t 30 

(c1-) 0.9719)5 0.')01218 

(chi) 0.090884 0,30671 

LOG 0.9465 0.8267 

Mean (C1-)00  = 0.001889 

(01-)1  = 0.701457 
(C1-)2  = 

0 
Temp. 	= 21.0 C. 

58 68 76 "1 "2 

3.001460 0.001567 0.901636 0.001895 0.001891 

0.000434 0.000327 0.003258 

0.6375 0.5145 0.4116 

(c1-)0  = 0.009046 

k = 0.0297 

a= 0.284  

0 
Temp. = 21.0 C. 

46 	54 	62 	70 	cp2 

0.901384 0.001516 0.0)16-1 0.901678 9.091883 0.':91895 

0.0)0505 0.990373 0.030288 0.000211 

0.7033 	0.5717 	0.4594 	0.3243 

48 

0.001305 

0.000589 

0.7701 

51 = 0.287 
= ).281 

c = 0.001848 

-1 secs 	(NaOH) = 

1 
= 0.234 

a2  = 0.233 

(C1-)0  =0.000044 

k = 0.0355 secs-1  

a = 0.233 

c
o 
= 0.001845 

(NaOH) = 

 

 



6 REACTION VESSEL  B 
0 

Run. No. 53 

4✓  

Temp. 

50 

= 21.0 C. 

60 70 80 °°1 
002 

t 30 

(C1) 0.000940 0.001238 0.001482 0.001676 0.001816 0.001948 0.002415 0.002406 

(chi) 0.001470 0.001152 0.000928 0.000734 0.000618 0.000462 

LOG 1.1673 1.0690 0.9675 0.8657 0.7738 0.6646 

Mean (C1 )00  = 0.002410 	(01)0  = 0.000033 
	c o = 0.002377 

	

(01-)1  = 0,001341 	al  = 0.436 

	

(c1-)2  = .001341 	-6, 2  = 0.436 

-1 
k = 0.0233 secs 

a =. 0.436 
(NaOH) = 0.173 

0 
Run No. 54 Temp. = 20.9 C. 

t 30 40 50 60 70 80 001 °°2 

(C1-) 0.001063 0.001390 0.001636 0.001815 0.001958 0.002059 0.002405 0.002408 

(oh:) 0.001343 0.001016 0.000770 0.000591 0.000448 0.000347 

LOG 1.1281 1.0068 0.8865 0.7716 0.6513 0.5403 

Mean (C1-)m = 0.002406 	(01)0  = 0.000039 
	c

o 	
0.002367 

(c1)1 = 0.°01448 al  = 0.388 
(c1)2. 0.001444 

'5  2 
= 0.390 

k = 0.0275 secs 

a = 0.389 
(NaOH) = 0.197 



= 0.000039 

k = 0.0343 secs 

a = 0.330 

c o 0.002363 

(NaOH) = 0.255 

Run No. 56  

t 30 38 

(CI-) 0.001199 0.001491 

(chi) 0,001203 0.000911 

LOG 1.0803 0.9595 

Temp. 

46 54 

0.001706 0.001877 

0.000696 0.000525 

0.8426 0.7202 

0 
= 21.0 C. 

62 	70 00
2 c°  1 

0.001999 0.002085 0.002404 0.002400 

0.000403 0.000317 

0.6053 	0.5011 

Mean (Cl )c.0.002:402 

(CI-  / = 0.001570 

(01-)2  = 0.001598  

(C1-) 0  

a1  = 0.336 

a2  = 0.324 

0 
Run No. 57 	 Temp. = 21.0 C. 

48 	57 	66 	75 	c"°1 	c°2 

0.001661 0.001830 0.001961 0.002056 0.002380 0.002374 

0.000716 0.000547 0.000416 0.000321 

0.8549 	0.7380 	0.6191 	0.5065 

t 30 39 

(01-) 0.0011 95 0.0011.91 

(chl) 0.001182 0.000886 

LoG 1.0727 0.9471- 

(C1-)1  
(C1-)2  

= 
= 

0.001497 

0.001503 

a 	= 
1 

a 2 = 

0.361 

0.360 

k = 0.0310 secs-1 
 

(NaOH) = 0.237 
a . 0.360 

Mean (C1 )' 
	= 0 002377 
	

(C1-)0  = 0.000036 
	co 	0.002341 



Temp. 21.0°C. 

60 75 90 105 001 002 

0.001397 0.001605 0.001770 0.001892 0.002307 0.002304 

0.000909 0.000701 0.000536 0.000414 

0.9586 0.8527 0.7292 0.6170 

(C1-)0  = 0.000029 
	

c = 0.002277 

Run No. 58 

t 30 45 

(C1-1 0.000730 0.001101 

(chl) 0.001576 0.001205 

LOG 1.1976 1.0809 

Klan (0T 	)(y0 =0.002306L 

(C1-)1  = 
	a

1  = 0.505 
	

k = 0.0181secs
-1 	

(NaOH) = 0.138 
(-1-)2  = 0.001146 

	
a2 

= 0.503 	= 0.504 

Run No. 59 Temp. = 20.8°C. 

t 30 	42 54 66 78 90 	m1 
00
2 

(C1-) 0.000804 	0.001127 0.001384 0.001584 0.001734 0.001850 	0.002298 0.002300 

(chl) 0.001495 	0.001172 0.000915 0.000715 0.000565 0.000449 

LoG 1.1747 	1.0690 0.9614 0.8543 0.7520 0.6522 

Mean (C1-).0 =0.002299 (C1-)0  = 0.000036 c
o 
= 0.002263 

(01 1 1  

(C1-)2  

= 

= 

0.001212 

0.001209 

37 
a 
2 

= 
= 

0.464 

0.466 

k = 0.0205 

a = 0.465 
secs-1 

(NaOH) = 0.158 



co- 0.002260 (Ono  = 0.000037 

k = 0.0255 secs-1-  
a=0.410 

(C -)1  = 0.001331 

(01-)2  = 0.001335 

al  = 0.41 1 

a
2  = 0" 

A09 
(NaOH) = 0.196 

Run No. 61 
0 

Temp. = 20.9 C. 

(C1-)0  = 0.000017 'lean 	= 0.002309 

0 

30 

0.001059 

0.001250 

1.0969 

40 

0.001383 

0.000926 

0.9666 

50 

0.001629 

0.000680 

0.8325 

60 
0.001800 

0.000509 

0.7067 

70 
0.001934 

0.000375 

0.5740 

80 	ml 

0.002024 0.002309 

0.000285 

0.4548 

c
o = 0.002292 

'2 
0.002309 (C1-) 

(chl) 

LOG 

(C1-)1  = 0.001455 a1  = 
(C1-)2  = 0.001453 a2  

k = 0.0300 secs-1 
(NaOH) = 0.227 

a  = o.366 
0.365 

0.366 

50 

0.001486 

0.000811 

0.9090 

Run No. 60 

t 30 40 

(C1--) 0.000942 0.001256 

(chi) 0.001355 0.001041 

LOG 1.1319 1.0174 

Mcnn (01-)m = 0.002297 

Temp. 21.0 C. 

60 70 80 00 
1 

00 
2 

0.007670 0.001810 0.001918 0.002296 0.002298 

0.000627 0.000487 0.000379 

0.7973 0.6875 0.5786 



Mean (C1-)00  = 0.002294 

(C/-)1  

(C/-)2  

= 

= 

0.001480 

0.001484 

a
l = 

a 	= 2 

(C1-)0  = 0.000033 
	

c = 0.002261 

0.315 
	

k = 0.0325 secs- 	
(NaOH) = 0.254 

0.344 	a  = 0.344 

0 

	

Ru 	J. n 62 	 Temp. = 21.0 C. 

	

t 	30 	39 	48 	57 	66 	75 	001 	0°2 

0.001806 0.001929 0.002018 0.002302 0.002322 

0.000506 0.000383 0.000294 

0.7042 	0.5832 	0.4683 

(C1-) 0.001127 0.001426 0.001612 

(chl) 0.001185 0.000886 0.000670 

LOG 1.0738 0.9474 0.8261 

Mean (C/-)00 =0,002312 	(Cflo  =0.000038 

(01-)1  = 0.001485 al  = 0.347 
(C1-)2  = 0.001489 a  2  =0.3/5 

co = 0.002274 

k = 0.0315 secs
-1 

(NaOH) = 0.243 
a = 0.346 

Run No. 63 

t 29 38 

(C/-) .).001110 0.001424 

(chl) 0.001184 0.000870 

LOG 1.0734 0.9395 

0 
Temp. = 21.0 C. 

47 	56 	65 	74 	'1 	
002 

0.001643 0.001805 0.001925 0.002014 0.002296 0.002291 

0.000651 0.000489 0.000369 0.000280 

0.8136 	0.6893 	0.5670 	0.4472 
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Vripent: 3. 	Results of Step—Change Experiments 

(a) 
	

Reaction Vessel A 

Step—change from water to dye: 

elle- concentration at effluent 
F(t) - 

stock (,rc concentration 

(i) Mean stock eye concentration = 0.2555 gms per litre. 

Time, 	t 
(seconjls) 

Effluent 	1.37-c contrition 
(gms per litre) 

F(t) 

10 0.0004 0.0016 
15 0.01135 0.0444 
20 0.030 0.1174 
25 0.050 0.196 
30 0.0882 0.345 
35 0.0897 0.351 
40 0.0998 0.390 
45 0.124 0.485 
50 0.1333 0.522 

55 0,153 0.60/ 
60 0.163 0.638 
65 0.181 0.708 
70 0.188 0.736 
75 0,2013 0.787 
80 0.2015 0.788 
85 0.206 0.806 
90 0.2135 0.836 

95 0.220 0.861 
100 0.222 0.869 
110 0.234 0.915 
120 0.241 0.943 
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130 
	

0.2'4 
	

0.955 

140 
	

0.2483 
	

0.971 

(ii) Mean stock (lye concentration = 0.256 gms per litre 

Time, t 
(seconds) 

Effluent dye concentration 
(gms per litre) 

F(t) 

10 0.0008 0.0031 

15 0.017 0.066 
20 0.0244 0.095 
25 0.072 0.281 

30 0.063 0.246 

35 0.087 0.340 

40 0.100 0.391 

45 0.115 0.449 
50 0.130 0.508 

55 0.161 0.629 
60 0.160 0.625 
65 0.178 0.695 
70 0.1865 0.729 

75 0.196 0.766 
80 0.200 0.782 
85 0.215 0.840 

90 0.214 0.836 

95 0.2155 0.842 
100 0.2215 0.865 

105 0.224 0.875 
110 0.230 0.898 

115 0.2315 0.905 
120 0,237 0.926 

125 0.2405 0.940 
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Stop—change from dye to water: 

dye concentration at effluent 
F(t) . 1 	

stock dye concentration 

Mean stock dye concentration . 0.2555 gms per litre. 

Time, 	t 
(seconds) 

Effluent dye concentration 
(gms per liter) F(t) 

10 0.2549 0.001 
1, 0.2455 0.039 

20 0.232 0.091 

25 0.2155 0.156 

30 0.1975 0.226 

35 0.1575 0.384 

40 0.1547 0.395 

45 0.130 0.492 
50 0.119 0.534 

55 0.1057 0.587 

60 0.0848 0.668 

70 0.0697 0.727 

75 0.0697 0.774 
80 0.0578 0.795 
85 0.0454 0.822 

90 0.0383 0.850 

95 0.0337 0.868 

100 0.0290 0.887 
120 0.0231 0.909 

120 0.0183 0.928 

130 0.0142 0.945 
140 0.0107 0.958 
150 0.0086 0.968 
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(b) 	Reaction Vessel B 

Step-change from water to dye: 

dye concentration at effluent 
F(t) - 

stock dye concentration 

Mean stock dye concentration.= 0.2195 gms per litre. 

Time, 	t 
(seconds) 

Effluent dye concentration 
(gms per litre) 

F(t) 

5 o.0011 0.005 

10 0.022 0.100 

15 0.050 0.228 

20 0.064 0.292 

25 0.084 0.382 

30 0.097 0.442 

35 0.106 0.483 

40 0.116 0.529 

45 0.125 0.569 

50 0.134 0.610 

55 0.142 0.646 

60 0.149 0.679 

65 0.154 0.701 

70 0.1595 0.726 

75 0.1645 0.749 

80 0.169 0.769 

85 0.173 0.788 

90 0.177 0.806 

95 0.182 0.829 

100 0.184 0.837 

105 0.187 0.851 

110 0.1895 0.863 

115 0.193 0.879 

125 0.1975 0.899 
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Stop-change from dye to water: 

dye concentration at effluent 
F(t) = 1 	

stock dye concentration 

Mean stock dye concentration = 0.222 gms per litre. 

Time, t 	Effluent dye concentration 	F(t) 
(seconds) 	(gms per litre) 

9 0.208 0.059 

13 0.1875 0.151 

17 0.1675 0.241 

20 0.1525 0.310 

25 0.138 0.375 

30 0.124 0.439 

35 0.109 0.507 

40 0.1005 0.545 

45 0.0885 0.600 

50 0.082 0.629 

55 0.073 0.670 

60 0.0665 0.699 

65 0.0645 0.708 

70 0.056 0.747 

75 0.054 0.756 
80 0.050 0,774 
85 0.044 0.801 

90 0.0385 0.826 

95 0.0345 0.844 
110 0.026 0.882 

120 0.02305 0.895 
130 0.01955 0.911 

150 0.0139 0.937 
170 0.0094 0.957 

• 
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Appendix  4. 	Linear Programming on EDSAC 2. 

For further details the programmer should consult the 

EDSAC 2 technical memorandum No. 6, "User's Guide to EDSAC 

LP Program" and the monograph, "Calculating Laplace Trans-

forms and Distribution Functions by Linear Programming 

Methods", both by Martin Fieldhouse, and available in the 

University of Cambridge Mathematical Laboratory. 

For the purpose of this discussion it will be assumed 

that a set of m equations in n variables fi  have been 

formed, viz: n 

b 	= 57a. .T 	= 1 2 
i=1 

lj 1, 	9  , 	m. 

This assumes that m-2 experimental values of k and a 

have been determined; the other 2 equations are formed 

from the area and moment conditions to be fulfilled. The 

m values of b. are m-2 experimental values of a plus the 

values of unity and F for the area and moment conditions 

respectively. 	Thecoefficientsa..ij  are calculated from 

a combination of the experimental k and the details of 

the chosen time divisions for T(t); for the area and moment 

equations the coefficients are dependent solely on the 

method of dividing the time scale. 

In order to save computing time, Fieldhouse has 

specified that an extra equation must be formed by taking 

the negative sum of all the coefficients of each fi  and 
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this equation is written first; it is termed the "cost" row. 

A tableau is formed of all the coefficients as follows: 

100 	101 	102 	100-1-n (---column number 

0 

2 

m 

Row number 

The columns of coefficients as numbered, or "labelled" from 

100 to 100+n, beginning from the column of constants b.. 

The rows are labelled from 0 to m, beginning with the cost 

row. 

It has been found that the requirement of the negativ6 

sum of columns leads to facile detection of errors in 

punching the data onto parer tape. It is a simple matter 

to write a program which will calculate all the coefficients 

formed from values of k and E and at the same time form the 

sum of the columns. 	The coefficients of the area and 

moment equations are calculated by hand and added to the 

machine-computed sum of the other coefficients in order to 

form the cost row. 
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In order to include an example of the shape restraints, 

it will be assumed that the function T(t) will be shaped 

frdm a maximum at f3. 
	

Therefore, n-1 new rows of co-

efficients must be added to the tableau in the following 

manner: 	 Column no. 

100 	101 102 103 104 105 	.... 100+n-1 100+n 

m+1 1 -1 

m+2 1 -1 

m+3 -1 1 

m+4 -1 1 

... 

• • 	• 

m+n-1 -1 1 

Row No. 

For this problem the DATA TAPE will be punched as follows: 

TITLE 

s101 

n-1 

5 m+1 

5 m+2 

5 	m+n -1 
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s102 
2n-2 
1 m+1 101 	1 
1 m+1 102 	-1 

1 r+2 102 	1 
1 m+2 103 	•--1 

1 m+3 103 	-1 
1 m+3 104 	1 

1 m+4 104 	-1 
1 m+4 105 	1 

1 m+n-1 100 i-n-1 -1 
1 m+n-1 100+n 

s104 
m+1 n+1 

100 
In 

b i  
- 

b1 
b2 
• • 0 

• • C 

bm 
0 
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101 

m al i  
j=1 
al 1 
a12 
• • • 

• • • 

aim 
0 

102 

1±I a20 . . =, J -1 
a21 
a22 
• • • 

• • • 

a2m 
0 

• • • 0 • • • • 

100+n 
m 

-5' a j-7,1  nj 

an1 

'n2 
• 0 • 

• • o 

a ntri 
0 
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s103 
m+1 m 

201 2 
0 2 
1 -1 
1 1 

202 2 
0 2 
2 -1 
2 1 

200+m 2 
0 2 
m -1 
m 1 

) C 

s107 
0 6 

100 8 
0 3 

/ 
* 

End of DATA TAPE 
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Notes concerning the DATA TAPE 

The title, printed according to the conventions for 

EDSAC 2, will be punched onto the output tape. 	Each line 

containing a title must start with the symbol t and end 

with the symbols for carriage return and line feed. Letter 

shift and figure shift symbols may be included in the titles 

as required; if the last symbol in the title is on letter 

shift, a figure shift symbol must follow it before the 

terminating line feed so that the succeeding program may be 

printed correctly on a teleprinter. 

The symbols s101, s102, etc. are directives, and there 

must be no space between the s and the 101, etc. 

If no shape restrictions are being imposed, the 

directives 6101 and s102 and the data contained in their 

blocks would be omitted from the DATA TAPE. 

In all the data blocks following the directives;  wheve 

there are two or more numbers on one line, there must be 

two spaces between each of the numbers. 	Minus signs are 

considered part of the number. 

For the data in the blocks following the directive 

s1104, the first number in each block is the column labc1, 

and the last is a check sum, which is zero for all the 

columns bocaue the first coefficient in each column is the 

negative of t=ie sum of all the others. 
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The CONTROL INSTRUCTIONS used for the program are given 

below in a column on the left. 	To the right are the orders 

carried out by each block of instructions; these are not 

to be punched onto the tape. 

p1=2 
59f38 
1r200 
s2 

p1=2 
58f74 
Of100 
s2 

p1=2 
58f74 
8f100 
s2 

p1=2 
58f74 
16f100 
s2 

p1=2 
58f74 
32f100 
s2 

p1=2 
58f74. 
12f100 
s2 

p1=2 
58f74 
32f100 
s2 

Undump program. 

Read data tape 

Start Problem 

Do general simplex algorithm 

Print Solution 

Reinvert Solution 

Print -olution 

End of CONTROL INSTRUCTIONS, 
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Operating Instructions 

1. Ensure that magnetic tapes 1 and 2 are available and that 

the high speed output punch is operating. 

2. Insert the Fieldhouse linear program tape on tape reader 1. 

3. Clear and set start. Lower the rim key. 	The Fieldhouse 

L.P. tape should be read completely and the 'wait' light 

should be illuminated. 	If a report stop occurs part 

way through the Fieldhouse L.P. tape, repeat steps 2 and 

3. 	If a report still occurs, use the other tape reader 

as tape reader 1. 	It has been found that EDSAC 2 is 

temperamental; on come days it will not read the tape 

without reportin(-). 

4. After the FielCiouse L,P. tape has been read, raise the 

run key, i2sert the CONTROL INSTRUCTIONS tape on tape 

reader 1, the DATA TAPE on tape reader 2 and lower the 

run key. 	The program will then begin computing 

5. When shape restrictions are imposed the machine will 

'stop' after reading each of the directives s101 and 

s102. The run key must be raised and lowered after 

each of these stops. 

6: If a report stop is indicated while the 'Do general 

simplex algorithm' part of the CONTROL INSTRUCTIONS is 

being executec3. raise the run key, -0070 the tape back to 

the beginning of the 'Do simplex algorithm' block, set 

start and lower the run key. 
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7. The program is finished when the 'wait' light is 

illuminated after the second 'print solution' block of 

instructions has been performed. 

The overall computing time required is about 3 minutes 

with no shape restrictions and 10 minute with shape 

restrictions. 	The block of instructions 'Do simplex 

algorithm' requires the greatest computing time. 

With no shape restrictions, the computer will spend about 

one minute on the 'Do simplex algorithm' block of the 

CONTROL INSTRUCTIONS; with shape restrictions it will spend 

about five minutes on this block. 	If these times are 

exceeded, cycling should be suspected. This will be con- 

firmed by examination of the output tape. 	For each 

iteration punched onto the output tape during the 'Do 

simplex algorithm' instruction, the following 6 items are 

printed on one line, i.e. between each set of carriage 

return-line feed symbols: iteration number, row label, 

column label, functional, infeasibility and pivot. 	If 

the row labdi and column label alternate between the same 

pairs of values from iteration to iteration then cycling is 

taking place. (In one case it was found that four values 

of each were repeated in the same order a number of times to 

indicate that cycling was taking place.) 	When cycling is 

occurring, the computer has found more than one optimum 

solution each differing slightly from the other. In order 
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to print the solution found at this stage in the calculation, 

the 'optional stop 2' key must be lowered and left down for 

the remainder of the program. 

It would probably be easier to follow the iterations 

by using the line printer, but the high speed punch was 

used in order to decrease the computing time. 

Output  

The output of the computer as printed by the high speed 

punch begins with "Correction tape errors" after which will 

be printed, if any, the data following the directives s101 

and s102 which the computer finds meaningless. 

Next is printed the title which appears as it was 

punched onto the DATA TAPE. 

Next is printed the errors found by the computer in the 

blocks following directive s104, preceded and followed by 

"Data Errors". In the data errors the computer will print 

the column number of the error, the check sum read into 

the computer for this column and the check sum computed by 

the machine for the column in question. 	If the check sum 

as computed by the machine is of the order of the rounding 

off of the last figure of the coefficients in the column, 

this 'error' may be ignored. 

As can be deduced from the CONTROL INSTRUCTIONS, the 

solution is printed twice. The second printing should be 

taken as the final answer, although it may not differ from 



-307- 

the first. Each of these solutions will be in the block 

immediately following the details of the iterations, which 

are arranged in columns, the first set with 6 columns and 
the second with 4. 	The blocks with the solutions will 

consist of the labol of a variable followed by its value. 

The value labelled '0' is the negative sum of thd absolute 

values of the residuals of the equations. 	The quantities 

labelled 100 to 100+n are the values of the variables?.1 

to fn. The quantities labelled 1 to m are the values of 

e1 to (5;11. 	Those labelled 201 to 200+m are the values of 

to (5: 	Only non-zero variables are printed. 

The two blocks after each of the important blocks of 

solutions contain information of how the solution depends 

upon changes in the coefficients. 	To interpret these 

values correctly, detailed knowledge of linear programming 

theory is required. 

If the figure in the fifth column of the last row of 

the first set of iterations, the 'infeasibility' column, 

is zero, the problem is feasible. 



-308— 

Appendix 5. 	Detailed Results of Inversions 

In_all cases there was no restriction on the area or 

moment equations; unless otherwise specified, these equations 

wore satisfied, to 10-5. 

Part I  Perfect Mixer Test. 

(i) No shape restrictions. 	See figure 23(a). 

Ti  = 0.01684 	T8  = 0.003373 

= 0.008833 9  = 0.00005488 

7
3 = 0.01292 	111= 0.00007372 

T5  = 0.01856 

All other Ti  zero. 

Total absolute error = 0.001862. 

Mean error in (81,k) equations = 0.0517%. 

(ii) Shaped from f5. 	See figure 23(b). 

Ti= i2  = f3 = i4  i5= 0.01167 

16= T7 =f8 = f9 	T10 = fll= 0.0001885 

Total absolute error = 0.1054. 

Mean error in (a,k) equations = 2.93%. 

Area = 1.0045. 

(iii) Shaped from f
4. 	Sec figure 23(c). 

T1 = I2 =I 	- r).01252 

T
5 = 6 	

i
7 = x8  = 9 . 0,0007999 

T10= 0.0005461 

f11= 0 

Total error = 0.0489 	Mean error = 1.36%. 
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Shaped from Ty 	See figure 23(d). 

Y2= 	13= 0.01389 

15 = 76 = 7 =f8 = 0.002605 

f9 = 0.0004311 

'10= f11=  M0003047 

Total absolute error = 0.00682. 

Moan error in, ( Ci,k) equations = 0.194%. 

(v) 	Shaped from f  2  . 
	See figure 23(e). 

T1 = f2  =001522 

13  = T4  = =f5  = T6  = 0.00518 

i7= 0.00357 

T8  = f9  = Tlo  = 0.0002976 

= 0000003752 

Total absolute error = 0.001957. 

Mean error in (a,k) equations = 0.0545%. 

(vi) 	Shaped from f1. 

T1  = 0.01683 

T
4 	3 =1, =0.007052 

- 0.0003184 

See figure 23(f). 

T2  = T3  = 0.009545 

- 6 	7 = T8  = 0.001992 -  

710 ~ f  ll .0.00006203 
Total absolute error = 0,001891. 

Mean error in (ci,k) equations = 0.0525;0. 

(vii) 	No shape restrictions; accurate to 10-6 See figure 
23(g) 

TA  = 0.01684 

T5 = 0.0005088 

f8  = 0.001898 

 

fl  = 0,01568 

i2  = 0.01497 

i
7 = 0.003679 
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710= 0.0003132 	T11= '0000145 

Total absolute error = 2.54 X 10-7. 

Mean error in (6,k) equations = 7.06 X 10— /0 • 

	

(vii) Shaped from f1; accurate to 10-6. 	See figure 23(h)c 

	

71  = 0.0164 	72  = f3  = 0.0104 

I, =0.006549 5  = f6  =f7= 0.003379 

	

78  = 0.0007014 	f9 = 0.0007014 

	

10= 0.0001952 	III= 0,0000192 

Total absolute error = 1.524 X 10-6. 

Mean error in (a,k) equations = 4.24 X 10-5%. 

Part II Inversion of Experimental  Results.  

(A) Reaction Vessel A 

(a) Time intervals: 5-10, 10-20, 20-30, 	 

(1) No shape restrictions. 

7/  = 0.02766 	i5 = 0.02033 

76,= 0.06102 	i14= 0.0004524 

All other f zero. 

Total absolute error = 0.05321. 

Mean error in (a,k) equations = 1.127%. 

(ii) Shaped from 77. 	See figure 24(a).  

T1  = 72 — F3  = 0,008211 	
T4  =. 0.008746 —  

f5 = f6 = f7 	0.02092 

= 	= f10=  711= f12= f13=  f14= 0.000336  
Total error = 0,05696. 	Mean error = 1.206/). 
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(iii) Shaped from f6. 	See figure 24(b). 

171  = i2  = i3  = 174  = i5  =0.008534 

= 0.04368 	1.
7 = 0.009877 

= 	= 110= ill= 112=  Tlf i14= 0.0003398 

Total absolute error = 0.05671 

Mean error in (6,k) equations = 1.200%. 

(iv) Shaped from 75. 	See figure 24(c). 

fl  = 72  = f3  = f 4  = 0.008246 

17 5  = T6  =0.02131 	f7  = 0.02057 

78  = f9 = f10= f11=  f12
= 13= 14= 0.0003363 

Total absolute error = 0.05695. 

Mean error in (a,k) equations = 1.206. 

(v) Shaped from f4. 	 See figure 24(d). 

171 =172 =173 = 0.007502 

T4  = 15  = T6  = 17  = 0.01688 

178  = 0.006256 

19 	T10= T11= 712=  1.13= f14  0.0003293= 
Total absolute error = 0.05740. 

Mean error in (a,k) equations = 1,213%. 

(vi) Shaped from f 3. 	See figure 24(c) 

T1 = I2 = 0.005739 

f3  = f  4 f5 	f6 = 	= 	= 17
7 
= 0.01473 

178 =  0.01041 

T9 — —f10=f11=f12=  13 .T= 0.0003228 14 
Total absolute error = 005790. 
Mean error in (a,k) equations = 1.224%. 
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(b) Time intervals: 	5-11, 11-17, 17-25, 	 

(1) Shaped from f8. 	See figure 2/1(f). 

f1= f2  = f3  = 0.007142 	. 0.01384 

f5 = f6 = - f7 - -f8  -- 0.01606 

i9 = 10= 511= 712= 713= 714= 0.0003287 

Total absolute error = 0.05748. 

Mean error in (61,k) equations = 1.2165. 

(ii) 	Shaped from f7. 	See figure 24(g).  

T1 = i2 = 73 = f4 = 75 = 
0.008488 

76 = 0.02291 	7
7 = 

0.03/1,97 

i8 = 7.9 = 	ill= 5l2= 713=  114= 0.0003395 

Total absolute error = 0.05674. 
Mean error in (a,k) equations. 

(iii) Shaped from 1.6. 	See figure 24(h) 

f l  = 72  = f3  = f4  = f5  = 0.008420 

f6 = 7 = 0'02719 	T8 = 000411 

.1 9 =510= iii-il2= 513-  714= 0.0003382 

Total absolute error = 0.05681. 

Mean error in (a,k) equations = 1.2025. 

(iv) 	Shaped from f5. 	See figure 24(i). 

1 = 72 - — f3 - — f4  =  0.007928 

f5 = f6 = f7 = 0.01876 	78 = 0.01222 

i9 = 510= ill= 712=  i13= fl4= 0.0003327 

Total absolute error = 0.05718. 

Moan error in (a,k) equations = 1.210%. 
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(B) Reaction Vessel. B.  

(a) Time intervals: 3-10, 10-20, 20-30, 

(i) No shape restrictions.  

fi  = 0.03112 	f,, = 0.001954 

f4 = 0.01551 	 f14 = 0.0002513 

75 = 0.05033 

All other f zero. 

Total absolute error = o.o1679. 

Mean error in (Eck) equations = 0.425(7,. 

(ii) Shaped from  IR. 	See figure 26(a). 

f
1 

= f
2 
= f

3 
= 1

4 
= 1

5 = 0.01474 

T6  = T7  = T8  = 19  = 0.004519110= 0.003458 

11-  - 	12-   713 = 714  = 0.0004521 

Total absolute error = 0.01690. 

Meanerror in (a,k) equations = 0.428%. 

(iii) Shaped  from T4. 	See figure 26(b). 

Ti  = T2  = 73  = £4  = 0.01503 

15  = 16  = 77  = Tp = 00007877 	1
9 

= 0.002997 

f10= fll=  f12= 	flay= 0.0004625 

Total error = 0.01681. 

Mean error in (a,k) collations 	0.426%. 
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See figure 26(e). (iv) 	Shaped from  f 3.  

T1 = T2 = 73 = o.01521 
t4  = 75  = 76  = 0.01132 

i7  = 78  = f9  = 0.005003 

f10- f ll- f12- f13- - 0.004727 

Total absolute error = 0.01680. 

Mean error in (&,k) equations = 0.426%. 

714=0.00046 

(v) Shaped from T2. 	See figure 26(d). 
1 =i 

2 
 .„ 0.01588 

T3  = i4  = i5  = 76  = f7 = 0.01189 

78  = 0.01449 

19 = T10= 1'11= T12= T13=  114= 0.000638 

T14 = 0.0004309 

Total error = o.01680. 

Moan error in (6,k) equn.tions = 0.476%. 

(vi) Shaped from 71  . 	Sec 

f, = 0.01792 

f2 = f3 = f 4 = 75  = 76  = 0.01275 

F7 = 0.01049 

i8 = f  9 = llo=f  l l= T  12= 	= .0.0006822 1 
f  14= 0.0004215 

Total absolute error = 0.01680. 

Mean error in (Ci,k) equations = 0.426%. 

figure 26(o). 
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(b) Time intervals; 3-9, 9-15, 15-25, 	 

(1) No sh-Ipe restrictions. 

fl  = 0.03507 

T5 = 0.05118 
7 -= 0.01532 
'6 	— 

All otherfi  . zero. 

F13=0.00198 

fi4=0.0002464 

Total absolute error = 0.01679. 

Mean error in (64k) equations = 0.425%. 

ii) 	Shaped from f1. 	See figure 26(f). 

71  = 0.01848 

72  = f3  = f4  = f5  = 76  = f7 = 0.01282 

18  = 0.004267 

F9 .10= I11_=  T12=  T13= 0.0006811 

714  = 0.0004215 

Total absolute error = 0.01680 
Mean error in (5,k) equations = 0.426%. 

	

(iii) Shaped from f9; 	See figure 26(g). 

fl= f2  = 0.01645 

73  = f 4 = f5  = 76  = 77  = 0.01242 

78  = 0.005581 

9 = 710= 711= 712= f13= 0.0006538 

714  = 0.0004274 

Total error = 0.01703. 

Moan error in (Elk) equations = 0.481%. 
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iv) 	Shaped from f3. 	See figure 26(h). 

f i  = f 2  f 3  . 0.01553 

f5 . T6 = T7 = 0.011_31 14 = 
78  = 0.008503 

T9 = 

	

	12 13= 0.000603 -10= 1.11= f  = f  
114.. 0.0004379 

Total absolute error = 0.01701. 

Mean error in (5,k) equations. 
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Nomenclature. 

a = concentration. 

coefficient in integral equation approximation, as in 
equation 5.21 and appendix 4. 

A = time. 

constants in equations. See appendix 4. 

coefficient dOfined by equation 5.10. 

B = time. 

c = concentration; 'weight'. 

C = time. 

d residual of an equation, defined by equation 5.30. 

E e.m.f. 

f = residence-time distribution function. 

integrated residence-time distribution function. 

contact-time distribution function, as in equation 1.37. 

G as defined by equation 5.9. 

h function of t in the integral equation approximation, 

equation 5.15. 

H coefficient in integral equation approximation, 
equation 5.16. 

serial number of term in integral equation approximation. 

serial number of equation. 

reaction rate constant. 

m 	number of experimental results of (k,cc) 

number of equations in appendix 4. 



-318- 

n = number of terms in integral equation approximation. 

= parameter in equation 5.3. 

Q = amount of tracer. 

R = rate of absorption of gas in equation 1.35. 

s = function of absorption system, used in equation 1.36. 

t = time. 

T = time. 

v = volume of titrant. 

= flow rate. 

V = volume of flow system. 

y = as defined by equation 5.12. 

a = fraction of initial material unconverted. 

R = fraction of initial material unconverted, in 

equation 1.36. 

as used in equation 1.38. 

6 = residual of an equation, as defined by equations 5.46 

and 5.47. 

A = time interval. 

e = parameter in equation 5.3. 

6 = time 

= collection time in appendix 1. 

¶ = mean residence-time. 

9 = surface-age distribution function in equations 1.35 

and 1.38. 

* = rate of absorption of gas per unit area of stagnant 

liquid surface in equation 1.35. 

(A) = part of distribution function as in equation 5.1. 
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UNIVERSIT/ OF LONDON PH. D. THESIS, 1962. 

by Henry Skoczylas. 

ERRATA 

Page 14. Line 19: for 'solute' read /solute,. 

Page 15. Line 14: for 1coulmn1  read 'column'; 

Line 20: for 1rocess1  read ?process,. 

Page 17. Line L' 	1Continuoucl read 'Continuous'; 

Line 11: for 1,-S *1  read 1i$ 1; 
-wE 

Line 14: insert an equals sign; 

Line 17: for tanountt read tamountq 

Line le: Insert a comma after 1µ0G1. 

ArL 

Page 22. Equation 2.44: for 1G21  read truqat. 

23E6 	2DmG  

Page 24. Line e: for 12m0/G/ read 12mGD/G1. 

Page 27. Line 12: for loft read 'or'. 

Page 30. Line 13: Insert a semicolon after 'efficiency'. 

Page 41. Line 1: forANH31  read 1NH51. 

Page 51. Line 5: for 10A1 read t/Ixt. 

Page 78. Line 20: for 'G2' read 'C22'. 

Page 136. Reference 7: for 1Gluekarf1 read 1Gluekauf1. 

Page 143. Equation 1.6: fort]. 	1  
-t/`i read 11 -e 	fr 



Page 154. 

Page 155. 

Page 227. 

Page 230. 

Page 265. 

Page 277. 

Page 317. 

Page 319. 

Equation 1.34: delete the negative sign. 
Line 9: delete: 'the negative of the'. 

Line 11: for '1.32' read '1.33'. 

Equation 1.36: for 1(t),  read '5(/(0 1. 

Line 12: for 'area in the are41 read 

'error in the areal. 

line 14: for 'wale' read 'scale'. 

Line 21: for 'values of and kt read 

'values of c7. and k'. 

Line 14: for 'logarith' read 'logarithm'. 

Line 24: for f(k,00' read 'MA'. 

Reference 5: for 'Del ware' read 'Delaware'. 
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