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ABSTRACT

Isentropic processes are crucial in engineering as they represent idealized processes and serve as reference conditions for thermodynamic
analyses. Existing methods for calculating isentropic processes in non-ideal fluids are either too slow for practical engineering applications
[equation of state (EOS) approach] or inaccurate (classic modified polytropic isentrope equation: Pvj ¼ Const: where exponent j is the isen-
tropic expansion coefficient). This paper proposes a novel isentrope equation, Pvk ¼ Const:, with a path-specific exponent k correcting for j
variation in generic non-ideal fluid isentropic processes. The benefit of this approach is that it maintains the isentrope equation’s polytropic
form, so that the explicit isentropic relations can be derived, enabling straightforward and rapid calculations and a better physical under-
standing. Using supercritical carbon dioxide as the fluid to test the hypothesis, the proposed isentropic relations accurately calculate the stag-
nation state within 2% of the exact EOS calculation, whereas the classic isentropic relations have errors up to 50%. Additionally, the fitted k
function is explicit and can calculate the stagnation state approximately 15–20 times faster than the EOS approach. Moreover, the results of
two other non-ideal fluids, hexamethyldisiloxane and R-143a, are included to prove the robustness and general applicability of the proposed
equations. This method strikes a balance between accuracy, simplicity, and computational speed for calculating isentropic processes in non-
ideal fluids, offering greatly simplified expressions for thermodynamics modeling in engineering applications such as turbomachinery
reduced-order models and design optimizations.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0229842

I. INTRODUCTION

As a type of idealized process that is both adiabatic and reversible,
isentropic processes are widely used to provide a perfect-condition ref-
erence in engineering when analyzing real thermodynamic processes.
For example, isentropic efficiency is one of the most important metrics
for cycle processes or turbomachines. Therefore, providing an analyti-
cal expression describing the isentropic processes is important in ther-
modynamics analyses.

In the literature, relations between thermodynamic properties
characterizing the isentropic processes are normally referred to as isen-
trope equations.1 For gases that are both thermally and calorically per-
fect, their isentrope equations can be analytically derived from first
and second law of thermodynamics2 to be in a polytropic form as
Eq. (1) as follows:

Pvc ¼ Const: (1)

However, for non-ideal fluids, the ideal gas law is not applicable and
the internal energy is no longer a linear function of temperature.
Therefore, there are no simple isentrope equations that can be directly
derived as Eq. (1). There are two major approaches available for non-
ideal fluid calculations in the literature: the exact equation of state
(EOS) calculation and the corrected isentrope equation.

Equations of state are equations showing the relationships of
thermodynamic properties. The most typical one for perfect gas is
P ¼ qRT , which describes the relationship between pressure, density,
and temperature. For non-ideal fluids, plenty EOS has been proposed
in the literature such as cubic,3,4 viral,5 and Helmholtz energy-based
EOS.6 The Helmholtz energy-based EOS is considered to be the most
accurate one. Unlike ideal gas laws, which assume no interactions
between molecules, the Helmholtz energy-based EOS accounts for
inter-molecular forces and the resultant deviations from ideality. The
thermodynamics state properties can be calculated using density q and
temperature T as native inputs. These EOS are widely accepted in
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non-ideal fluid literature to retrieve properties and are usually consid-
ered as ground truth references in thermodynamic analyses.

The expression that characterizes the isentropes using EOS would
hence be simply s ¼ Const:, and the specific state properties along the
isentrope can be calculated using another state variable (usually
enthalpy from the definition of the stagnation state). The detailed cal-
culation procedures are included in Sec. IIA. However, since entropy
is not a native input of the EOS, the corresponding state needs to be
calculated using reversed EOS, which involves an iterative numerical
method and requires more computing times. Additionally, the com-
plexity of EOS makes it impossible to have an explicit equation that
shows how different properties vary in an isentropic process like Eq.
(1), creating difficulties when modeling thermodynamic processes.
Therefore, although EOS can compute properties with high accuracy,
its complexity and implicit formulation make it less preferred for engi-
neering applications that require extensive calculations and rapid
responses.

The other approach to deal with non-ideal fluid isentrope behav-
iors is to use modified isentrope equations. Multiple alternative forms
are proposed, such as Rayleigh,7 Callendar,8 and Walker9 equations.
However, these relations were rarely used in application due to the
resulting complicated form of isentropic relations (stagnation-to-static
property ratio equations).1 Therefore, in most of the non-ideal fluid lit-
erature, the polytropic form of the isentrope equation as in Eq. (1) was
maintained for equation simplicity.

Due to the non-ideal fluid effects, the specific heat capacity ratio c
can no longer work as the exponent and a thermodynamic property j,
named isentropic expansion coefficient,10 becomes its substitution for
non-ideal fluids. This parameter has been identified as an important
thermodynamic property for non-ideal fluids and will affect flow
behaviors such as normal shock,11 speed of sound,12 compressor13 and
turbine performances.14 In the literature, its values are still treated as
constants for many non-ideal fluids.15 However, for fluids near the
critical point, the variation of j is non-negligible and will cause signifi-
cant errors in the isentropic relations. The detailed explanations are
included in Sec. IIB.

In this paper, our objective is to introduce an alternative method
for isentropic process calculation in non-ideal fluids. This method
seeks to balance the strengths of the EOS approach and the classic
modified polytropic isentrope equation approach in terms of accuracy,
simplicity, and computational speed. We present a novel isentrope
equation for generic non-ideal fluids with variations in j along the
isentropes. By maintaining the simplicity of the polytropic form, we
propose a new exponent, k, to derive explicit isentropic relations,
enabling straightforward and rapid calculations of non-ideal fluid isen-
tropic processes, as well as a better physical understanding. This new
exponent, k, remains constant along a given isentropic process and is
obtained through an optimization process. It is therefore a path-
specific parameter, which aims to account for the j variation in generic
non-ideal fluid isentropic processes. To validate the effectiveness of
our approach, we evaluate its accuracy using supercritical carbon diox-
ide (sCO2) as a case study. Additional performance evaluations are
also carried out using non-dimensional mass flow rates and analytical
nozzle solutions.

II. THEORETICAL BACKGROUND

In this section, the two major approaches in the literature for cal-
culating non-ideal fluid isentropic processes, namely the exact EOS

calculation and the modified polytropic isentrope equation, are
explained in detail to provide a first glance at the problem.

A. Exact EOS calculation of isentropic process for non-
ideal fluid

For non-ideal fluid, there are no simple explicit isentropic rela-
tions due to the deviation from perfect gas equations. Therefore, the
stagnation state must be calculated using the following procedure from
a given static state (any two thermal property states could work but
now using pressure P and density q for consistency) and a given Mach
numberM.

1. Calculate the specific entropy of the state s ¼ EOSsðP; qÞ.
2. Calculate the specific enthalpy h ¼ EOShðP; qÞ.
3. Calculate the speed of sound c ¼ EOScðP; qÞ.
4. Calculate the total enthalpy h0 ¼ hþ 0:5ðMcÞ2.
5. Calculate the required stagnation state property using

EOSðh0; sÞ.
This is the standard non-ideal fluid isentropic relation calculation

and is considered the ground truth in this study. However, as
explained before, the calculation process requires multiple EOS calcu-
lations, which can be complicated and time-consuming. Moreover, the
retrieved stagnation state properties are enthalpy and entropy, both of
which are not native inputs of the EOS (q and T). Thus, the calculation
of the stagnation state is much slower. Although sometimes the prop-
erties of the same state can be calculated in a single call of the EOS sub-
routine, three different properties (in steps 1–3) are still calculated
inside the call. In addition, if lookup tables (LUT) are used, these three
calculations are separate operations. The lack of an explicit equation
describing the static-stagnation property ratio also makes it unfavor-
able in gas dynamics modeling for engineering applications.

B. Modified polytropic isentrope equation for
non-ideal fluid

Alternatively, the modified isentrope equation approach can pro-
vide simple and explicit equations for isentropic processes, but will
inevitably make some assumptions. The widely used polytropic isen-
trope equation using isentropic expansion coefficients j is introduced
and discussed in this section.

1. Isentropic expansion coefficient

Isentropic expansion coefficient or isentropic expansion exponent
j [also denoted as ns (Ref. 16) kpv (Ref. 17), and cPv (Ref. 18) in the lit-
erature] was first proposed as the “effective c,” which is a constant
exponent for non-ideal fluid polytropic isentrope modeling.19 It is later
properly defined using Eq. (2) as a fluid thermodynamic property10

and is widely used in non-ideal fluid thermodynamic models,20

j � c2q
P

: (2)

From the definition of the speed of sound and thermodynamic rela-
tions, it can be proved (Appendix A) that j is equivalent to a set of dif-
ferent forms as shown by Eq. (3).17,21
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j ¼ q
P

@P
@q

� �
s

¼ �c
v
P

@P
@v

� �
T
: (3)

For a thermally perfect gas, Pv¼RT, Eq. (3) is therefore simpli-
fied to

j ¼ �c
v
P

@P
@v

� �
T
¼ �c

v
P

�RTv�2ð Þ ¼ c; (4)

which indicates that the isentropic expansion coefficient j is equal to
its heat capacity ratio c. Furthermore, if the gas is also calorically per-
fect (constant heat capacities), j of such gases is a fluid-specific
constant.

For non-ideal fluids, a state-specific compressibility factor
Z ¼ ZðP; qÞ is introduced and the equation of state now becomes
Pv¼ZRT. Therefore, j is no longer equal to the heat capacity ratio but
becomes a state-specific property. It is important to distinguish isen-
tropic expansion coefficient j and heat capacity ratio c from their defi-
nitions, which are fundamentally different.10

Research has been carried out to derive an equation of j using
different equations of states such as Redlich–Kwong–Soave22 and van
der Waal’s23 EOS. In this paper, CoolProp library24 which uses the
Span–Wagner (S–W) EOS6 will be used to calculate the isentropic
expansion coefficient values and all other properties in the non-ideal
fluid calculations for accuracy.

2. Classic polytropic isentrope equation

The isentrope equation is an expression that can characterize the
isentropic paths of a fluid using thermodynamic properties, such as
Eq. (1). According to the state postulate,2 only one property is needed
to determine any thermodynamic state along each isentrope
(s ¼ Const:). Mathematically, it implies that a thermodynamic prop-
erty along the isentrope is only a 1D function of another property [i.e.,
P ¼ PðvÞ]. Therefore, the following relationship, which is derived by
rearranging and integrating Eq. (3) along isentropes between two states
(Appendix B), is valid for any isentropic processes by definition:

lnP1v
j1
1 ¼ lnP2v

j2
2 �

ð2
1
ln v

@j
@v

� �
s
dv: (5)

If the isentropic expansion coefficient j is constant (j1 ¼ j2)
along the isentrope, the integral term in Eq. (5) is zero, and the equa-
tion can be simplified as Eq. (6), which is the polytropic isentrope
equation,

Pvj ¼ Const: (6)

This equation is widely used in perfect gas and non-ideal fluid thermo-
dynamics and will be referred to as the classic polytropic isentrope
equation in this paper.

Since j ¼ c as a fluid-specific property for perfect gases, Eq. (6)
reduces to Eq. (1), which is almost globally used for perfect gas calcula-
tion.2 For non-ideal fluid, although initially introduced as a constant
polytropic index,19 j is now defined as a state-specific variable and
may have non-zero ð@j@vÞs values. When the variation of the isentropic
expansion coefficient is small along the isentrope, Eq. (6) is a good
approximation and the errors of resulting isentropic relations is negli-
gible.15,25 However, significant deviation from ideal gas law is observed
for fluids near the critical point.

In this paper, supercritical carbon dioxide (sCO2) is selected as a
non-ideal fluid for illustration purposes. It is a promising candidate for
next-generation power cycles.26 In addition, cycles closer to the critical
point are shown to provide higher overall efficiency,27 so it is ideal to
have sCO2 cycles that operate near the critical point. As a result,
modeling sCO2 near the critical point becomes crucial for cycle
designs. Using CO2 as an example, the solid lines in Fig. 1 show the
contours of compressibility factor of CO2 and its values are only
around 0.5 near the critical point. The speed of sound (represented as
dashed lines) also varies significantly and hence the variation of j is
not negligible. As a result, Eq. (6) will introduce large errors compared
to Eq. (5) when calculating thermodynamic properties along the isen-
trope, especially with high Mach numbers when states 1 and 2 have
large enthalpy differences.

3. Derived equations from classic polytropic isentrope
equation

The classic polytropic isentrope equation Eq. (6) (implicitly
assumes j ¼ Const: along the isentrope) offers simplicity in non-ideal
fluid modeling because it can provide a series of derived equations,
including isentropic relations, non-dimensional mass flow rate, and
the area–Mach number relation (AMR) equations.1

a. Isentropic relations. Isentropic relations, or stagnation-to-static
property ratio equations, are a set of non-dimensional equations that
can calculate the ratio of stagnation and static properties. These equa-
tions are widely used in thermodynamics such as calculating stagnation
states, choking mass flow rate, and analytical nozzle solution. For both
perfect gases and non-ideal fluids with negligible j variations, isentro-
pic relations for pressure and density can be derived analytically.28

Starting from the definition of stagnation state,ðh0
h
dh ¼

ðP0
P
v dP: (7)

FIG. 1. T–S Diagram for CO2 with contours of speed of sound c, compressibility
factor Z, and isentropic expansion coefficient j near the critical point.
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The left-hand side of the equation can be written as follows:ðh0
h
dh ¼ h0 � h ¼ 1

2
U2 ¼ 1

2
M2c2 ¼ 1

2
M2jPv: (8)

Assuming the classic polytropic isentrope [Eq. (6)], the right-hand side
of Eq. (7) can also be integrated analytically as follows:ðP0

P
v dP ¼

ðP0
P
v0

P0
P

� �1
j

dP ¼ j
j� 1

v0P0 1� P
P0

� �j�1
j

 !
: (9)

Equating Eq. (8) to Eq. (9) and using the classic polytropic isentrope
equation, the isentropic relations for pressure and density can be
derived as Eqs. (10) and (11), respectively,

P0
P

¼ 1þ j� 1
2

M2

� � j
j�1

; (10)

q0
q

¼ 1þ j� 1
2

M2

� � 1
j�1

: (11)

These equations will be referred to as the classic isentropic relations in
this paper.

It is also important to note that the isentropic relation for temper-
ature

�
T0
T

�
is not included because its derivation will involve additional

assumptions, and hence will not be addressed in this paper.
For perfect gases, j ¼ c and the well-known isentropic relations

can be retrieved. For non-ideal fluid with constant j assumptions, the
j value will be calculated using the corresponding equation of state
(EOSj) from the given static state. The general form of isentropic rela-
tions is still the same but now with a state-specific exponent.

For sCO2, it was shown by Baltadjiev15 that Eqs. (10) and (11)
have relative errors less than 3% when the static state is far away from
the critical point. However, due to the variation of j near the critical
point, the analytical integration in Eq. (9) cannot be carried out.
Therefore, the stagnation states calculated using these equations near
the critical point will have significant errors.

b. Non-dimensional mass flow rate. Isentropic relations are often
used to non-dimensionalize thermodynamic properties in equations
such as mass flow rate. From Eqs. (10) and (11), The equation of non-
dimensional mass flow rate can be derived as Eq. (12), where A is the
cross-sectional area, and P0 and q0 are the stagnation state pressure and
density, respectively. The derivation steps can be found in Appendix C,

b_m ¼ _m
A
ffiffiffiffiffiffiffiffiffiffi
P0q0

p ¼ M
ffiffiffi
j

p
1þ j� 1

2
M2

� �� jþ1
2ðj�1Þ

: (12)

Although Eq. (12) is normally further manipulated and simplified
based on thermally and calorically perfect gas assumptions, the result-
ing non-dimensional mass flow rate will not be generic for all fluids
with constant j assumptions. Since this paper aims to address the
non-ideal fluid effects on isentrope equations, the introduction of other
assumptions will cause additional deviations and is not in our scope of
discussion. Therefore, in this paper b_m will be defined in a more general
form as Eq. (12) to provide meaningful comparisons.

c. Area–Mach number relation (AMR) equation. Another impor-
tant equation that can be derived from the classic polytropic isentrope

equation and the resulting isentropic relations is the area–Mach num-
ber relation (AMR) equation.

If the nozzle flow is isentropic, the stagnation state will be the
same at all locations and hence Eq. (13) can be derived from the mass
conservation ( _m1 ¼ _m2) and Eq. (12),

A1

A2
¼ M2

M1

ffiffiffiffiffi
j2
j1

r
1þ j2 � 1

2
M2

2

� �� j2þ1
2 j2�1ð Þ

1þ j1 � 1
2

M2
1

� � j1þ1
2 j1�1ð Þ

:

(13)

This equation is normally used to calculate analytical solutions for
isentropic nozzles with area variations, and hence aid the nozzle
designs in experiments and industry.

d. Calculation procedure using classic polytropic isentrope
equation. With the help of explicit equations derived in Sec. II B 3a, the
calculation procedure is greatly simplified:

1. Calculate the isentropic expansion coefficient j ¼ EOSjðP; qÞ.
2. Calculate the stagnation pressure P0 and density q0 using Eqs.

(10) and (11).
3. Calculate the required stagnation state property using

EOSðP0; q0Þ.
Compared to the analytical calculation procedure in Sec. IIA, the

modified isentrope equation approach only calculates the EOS once
for the value of j. In addition, one of the retrieved stagnation state
properties is density, which is a native input of the EOS. Therefore, the
calculation speed can be increased significantly compared to the EOS
calculation.

C. Research gap

In summary, a dilemma exists in the literature regarding the cal-
culation of isentropic processes for non-ideal fluids. While the equa-
tion of state (EOS) approach provides accurate property calculations
along the isentrope, its complexity and implicit nature considerably
slow down related applications such as low-order thermodynamic
modeling and design optimizations. Furthermore, maintaining the
classical form of the isentrope equation approach offers explicit analyt-
ical expressions and is much faster for isentropic process calculations.
However, this approach did not consider the variation of j along the
isentrope and the direct application of this method will introduce huge
errors when ð@j@vÞs is not trivial. Therefore, a new approach is proposed
here that strikes a balance between accuracy, equation simplicity, and
computational speed, which is needed for calculating isentropic pro-
cesses in non-ideal fluids.

III. METHODS
A. New approach for non-ideal fluid isentropic process
calculation

1. New polytropic isentrope equation with path-specific
exponent

For the new model for non-ideal fluids, the polytropic form of
the isentrope equation is retained due to its simplicity. In this paper,
we propose a new exponent of k that is sufficiently accurate to charac-
terize the given isentropic process; hence, the new isentrope equation
is given by Eq. (14),
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Pvk ¼ Const: (14)

The new exponent is considered to be a constant for the given isentro-
pic process (characterized by a static state and a Mach number). This
means that the exponent in Eq. (14) is now a path- or process-specific
parameter instead of a state-specific parameter as in Eq. (6).

By retaining the polytropic form of the isentrope equation as Eq.
(6), the value of k will be equal to c for perfect gas and j for fluid with
negligible j variations, respectively. For regions with large isentropic
expansion coefficient variation, k will not be equal to j due to the inte-
gral term in Eq. (5) and needs to be found for each isentropic process.
The value of k is obtained through an optimization process to mini-
mize a defined equivalent error, which will be introduced in
Sec. III B 1.

2. Derived equations from new polytropic isentrope
equation

a. New isentropic relations. By maintaining the polytropic form in
the new isentrope equation, the derivation of the isentropic relation
with the new exponent is similar to in Sec. II B 3. The isentropic expan-
sion coefficient j has two different origins in the previous derivation:
1. the speed of sound calculation, and 2. the polytropic index of isen-
trope equation Eq. (6). The proposed equations now distinguish these
two different origins and use the new path-specific exponent k as the
polytropic index of isentrope equation Eq. (14).

Starting from Eq. (7), the left-hand side of the equation remains
the same as Eq. (8) and the right-hand side of the equation is now with
the new exponent k instead,ðP0

P
v dP ¼

ðP0
P
v0

P0
P

� �1
k

dP ¼ k
k� 1

v0P0 1� P
P0

� �k�1
k

 !
: (15)

Since we assume k to be a constant for each isentropic process, the
integral in Eq. (15) is exact. The new isentropic relation using the pro-
posed model can hence be derived as Eqs. (16) and (17) for pressure
and density, respectively,

P0
P

¼ 1þ j
k
k� 1
2

M2

� � k
k�1

; (16)

q0
q

¼ 1þ j
k
k� 1
2

M2

� � 1
k�1

: (17)

Comparing Eqs. (16)–(17) with (10)–(11), the new isentropic
relations substitutes j in the classic isentropic relation with the new
exponent k and has an additional term of jk. The equation simplicity is
retained because Eq. (14) is in polytropic form. The j term in Eq.
(16)–(17) originated from the speed of sound and hence needs to be
calculated using EOSj like in Sec. II B 3.

For perfect gases and non-ideal fluids with constant isentropic
expansion coefficient, the j

k term is equal to unity and Eq. (16)–(17)
will fall back to the classic isentropic relations as Eq. (10)–(11).

b. New Non-dimensional Mass Flow Rate. From the new isentro-
pic relations derived in Sec. IIIA 2, the consequent non-dimensional
mass flow rate b_m can be derived as follows:

b_m ¼ _m
A
ffiffiffiffiffiffiffiffiffiffi
P0q0

p ¼ M
ffiffiffi
j

p
1þ j

k
k� 1
2

M2

� �� kþ1
2ðk�1Þ

: (18)

c. New area–Mach number relation (AMR) equation. The area–
Mach number relation equation can also be calculated as Eq. (19) as
follows:

A1

A2
¼ M2

M1

ffiffiffiffiffi
j2
j1

r
1þ j2

k2

k2 � 1
2

M2
2

� �� k2þ1
2 k2�1ð Þ

1þ j1
k1

k1 � 1
2

M2
1

� � k1þ1
2 k1�1ð Þ

:

(19)

Just like the new isentropic relations and non-dimensional mass flow
rate equation, it is in a similar form as Eq. (13) but with j and k at the
same time due to their different origin in the derivation. In addition,
since the AMR involves two static states with the same stagnation state,
Eq. (19) is a combination of two sets of isentropic relations with two
path-specific exponents k1 and k2.

3. Calculation procedure using new isentrope equation

With the proposed isentropic relations (Sec. III A 2 a), the calcula-
tion of stagnation state in Sec. IIA can be greatly simplified. Starting
again from the static state (P, q) and Mach numberM:

1. Calculate the isentropic expansion coefficient j ¼ EOSjðP; qÞ.
2. Calculate the path specific exponent k for the given isentropic

process.
3. Calculate the stagnation pressure P0 and density q0 using Eqs.

(16) and (17).
4. Calculate the required stagnation state property using

EOSðP0; q0Þ.
Compared to the classic isentrope equation method, the only

additional step is to calculate k. If k can be calculated explicitly in step
2, the computation speed is still faster compared to the EOS approach.
In this paper a polynomial of kðP; q;MÞ is fitted as a proof of concept.

B. Model validation

The proposed method is then evaluated for its accuracy when cal-
culating the non-ideal fluid isentropic processes and its performance
in applications.

1. Error quantification metric

To examine the accuracy of the isentrope equations, an error
quantification metric needs to be selected. Since the isentrope equa-
tions are given as the relationship between pressure and density [Eqs.
(1), (6), and (14)], stagnation pressure P0 and density q0 are the prop-
erties that are directly calculated from the isentropic relations to deter-
mine the stagnation state. Errors of other state properties originate
from errors in P0 and q0. Therefore, an effective error based on P0 and
q0 is introduced and used in this paper.

For a given static state and Mach number, the exact stagnation
pressure P0�EOS and density q0�EOS can be calculated using the EOS
approach (Sec. II A) and will be treated as ground truth for error analy-
sis. The modeled stagnation pressure P0�model and density q0�model can
be calculated using different isentropic relations [Eqs. (10) and (11) or
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(16) and (17)], accordingly. The relative errors in P0 and q0 can hence
be calculated using Eq. (20) as follows:

ErrorP0 ¼
P0�EOS � P0�model

P0�EOS

���� ����; Errorq0 ¼
q0�EOS � q0�model

q0�EOS

���� ����:
(20)

Finally, the effective errors introduced by the modeled isentrope
equation can be quantified using Eq. (21), which calculates the root
mean square (RMS) of the relative errors in P0 and q0. The RMS is
used to penalize the large errors more heavily,

RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Error2P0 þ Error2q0

2

s
: (21)

This effective error is therefore a synthetic metric and its numerical
value can be interpreted as the relative error in the calculated stagna-
tion state from the actual state calculated using steps in Sec. II A.

2. Non-ideal fluid selection and study range setup

The proposed polytropic isentrope equation is developed for
generic non-ideal fluids. Supercritical carbon dioxide (sCO2) was cho-
sen as a non-ideal compressible fluid example with j variation due to
its increasing interest in power generation. Power cycles with sCO2

operate near the critical point to maximize the efficiencies and may
suffer from non-ideal fluid isentrope behaviors.

The investigation range is given in temperature T and specific
entropy s, and is selected based on typical sCO2 compressor operating
conditions, with 305 � T � 320K and 1300 � s � 1550 JK�1kg�1.
This is also a range close to the critical point and hence with a large
variation of thermal properties. The Mach number range is selected to
be below 1.5 and the resulting maximum stagnation temperature is
around 420K. All non-ideal fluid state properties are calculated using
CoolProp library,24 which uses the state-of-art Span–Wagner (S–W)
EOS.6

3. Exponent optimization and regression

The values of path-specific exponent k are then optimized and fit-
ted using scipy.optimize library.29 For each isentropic process within
the studied range, the effective error defined as Eq. (21) is minimized.
The optimized k is then fitted for an explicit equation, enabling faster
calculations. A third-order polynomial regression using Eq. (22) is

carried out in this paper as a simple example but any sensible fitting
method may be applied,

kðP; q;MÞ ¼
X3
i¼0

X3�i

j¼0

X3�i�j

k¼0

aijkP
iqjMk: (22)

In this paper, the inputs of the k regression equation are static
pressure P, static density q, andMach numberM. Pressure and density
are selected because the isentropic relations are given for P0

P and q0
q , but

any combination of two thermodynamic properties can potentially
work depending on different applications (different known
properties).

4. Further performance evaluation

Apart from the effective error defined using Eq. (21), additional
validation methods can be used to further examine the accuracy of the
proposed isentrope equation. A summary is included in Table I.

a. Non-dimensional mass flow rate. The non-dimensional mass
flow rate (b_m ), which is commonly used to evaluate the choking mass
flow rate, can be calculated analytically. Four different calculations are
carried out for comparison as shown in Table I.

1. Non-ideal fluid EOS calculation calculates the static states from
specified stagnation state and Mach number iteratively using
S–W EOS. For the given stagnation state, the total enthalpy h0
and entropy s can be retrieved. Starting with an approximated
speed of sound c, the static state can be determined using
EOSðh0 � 0:5ðMcÞ2; sÞ and the c can be updated until conver-
gence. The value of non-dimensional mass flow rate can hence

be calculated directly using b_m ¼ qMcffiffiffiffiffiffiffi
P0q0

p . The results from the EOS

calculation are used as the ground truth for the analysis.
2. For perfect gas CO2 calculation, j is a constant hence Eq. (12) is

explicit and can be calculated directly.
3. For classic polytropic isentrope calculations the state-specific

isentropic expansion coefficient j must be iterated for the static
state. Starting with an approximated j, the static pressure P and
density q can be calculated using Eqs. (10) and (11), respectively,
for the given stagnation state fP0; q0g with Mach number M.
The value of j can hence be updated using EOSjðP; qÞ until con-
vergence and b_m can be calculated using Eq. (12).

4. For calculations with the new polytropic isentrope equation,
both state-specific j and path-specific k need to be iterated.

TABLE I. Summary of calculation methods for comparison.

Calculation method Isentrope equation Value of exponent Non-dimensional mass-flow rate equation Analytical nozzle solution

Non-ideal fluid EOS s ¼ Const: N.A. b_m ¼ qMcffiffiffiffiffiffiffi
P0q0

p a Mass continuity

Perfect gas CO2 Eq. (6) j ¼ 1:28 Eq. (12) Eq. (13)
Classic polytropic isentrope Eq. (6) j ¼ EOSjðP; qÞ Eq. (12)b Eq. (13)
New polytropic isentrope Eq. (14) k ¼ kðP; q;MÞ Eq. (18)c Eq. (19)

aConverging c ¼ EOScðh0 � 0:5ðMcÞ2; sÞ.
bConverging j ¼ EOSjðPðP0;M; jÞ;qðq0;M;jÞÞ.
cConverging j ¼ EOSjðPðP0;M;j; kÞqðq0;M; j; kÞÞ and k ¼ kðPðP0;M;j; kÞ; qðq0;M; j; kÞ;MÞ.
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From guessed j and k, the static pressure P and density q can be
calculated from given P0, q0 and M using Eqs. (16) and (17),
respectively. The values of j and k can therefore be updated
using EOSjðP; qÞ and kðP; q;MÞ until convergence. Equation
(18) is then used to calculate b_m .

The stagnation temperature is set to be 350K so that the corre-
sponding sonic states are within our specified range in Sec. IIIB 2. A
Mach number range from 0.75 to 1.1 was used for the calculation to
show the b_m variation close to the sonic state (choking condition).
Three cases with different entropy levels (1325, 1425, and
1525 JK�1kg�1) were calculated for comparison.

b. Analytical solution for isentropic de Laval nozzles. Finally, a set
of analytical nozzle calculations were carried out to further examine
the accuracy of the proposed isentrope equation with path-specific
exponent k. A de Laval nozzle was used for all calculation cases and its
geometry is included in Table V in Appendix E. The nozzle geometry
is modified based on the literature30 to ensure that the flow within the
nozzle remains fully supercritical at the given stagnation states. The
stagnation temperature for the nozzle cases is set to be 420K and three
different entropy cases (s¼ 1325, 1425, and 1525 JK�1kg�1) were set
up for comparison. In addition, the nozzles are assumed to be choked
and fully expanded without shock waves so that the flow is isentropic.

As explained in Sec. III B 4 a, four calculations were carried out
for comparison: non-ideal fluid calculation with EOS, perfect gas CO2,
classic and new isentrope equation, as shown by Table I. Since the flow
is choked and fully expanded to the supersonic region, the sonic states
at the throat can be calculated using P0, q0 withM¼ 1. The calculated
sonic state can therefore be used as the reference state [state 1 in AMR
equations Eqs. (13) and (19)] to solve for other locations (state 2 in the
equations). The corresponding AMR equations are used for different
calculation methods and the iterative procedures to retrieve exponent
values and the static states are similar to Sec. III B 4 a.

IV. RESULTS
A. Comparison between j and k values

Since the proposed isentrope equation Eq. (14) is in the same
form as the classic polytropic isentrope equation Eq. (6), the values of

isentropic expansion coefficient j and optimized path-specific expo-
nent k can be directly compared for some insights in the non-ideal
fluid isentrope behaviors.

The contours for the j and k in our investigation static state
range are plotted on T–S diagrams as shown by Fig. 2. Since j is a
state-specific thermodynamic property by definition, it is only plotted
in the first subplot. As explained in Sec. IIIA1, the proposed exponent
k is a path-specific value and will vary depending on the Mach num-
ber. Therefore, the contours of k are shown for three featuring Mach
number, 0.5, 1.0 and 1.5 on second to fourth subplots in Fig. 2.

In general, the value of optimal k increases with the Mach num-
ber and greater differences between j and k are reported for higherM,
which is as expected. The kinetic energy of the flow is higher with a
large M, resulting in a greater enthalpy and temperature difference
between the static and stagnation states. As a result, the variation of j
along the isentrope is greater so that the corrected isentrope equation
Eq. (14) will have a more significant deviation from Eq. (6), which is
reflected by the numerical difference in the values of k and j.

The most significant difference between j and k is observed
when the static temperature is close to the critical temperature
(T< 307K). This is again due to the large variation of j along the isen-
trope. As shown by Fig. 1, the isolines of the isentropic expansion coef-
ficient are densely distributed near the critical point. On the isentrope
of s¼ 1425 JK�1kg�1, a small increase in temperature from 305 to
307K will result in an increase in j from 1.53 to 2.06. Therefore, even
with a lowMach number, the isentropic process from the static to stag-
nation state will have significant j variations, leading to the larger inte-
gral term in Eq. (5) and hence significant differences between k and j.

B. Error comparisons between classic and new
isentrope equations

The effective stagnation state errors are plotted on T–S diagrams
in Fig. 3 for both classic and new isentrope equation calculations. Each
point on the T–S diagram (100 data points in each dimension) repre-
sents a given static state {T, s} and the color contours represent the
value of effective errors defined as Eq. (21). On different rows in Fig. 3,
results for three featuring Mach numbers (0.5, 1.0, and 1.5) are plotted
to show the Mach number effect. For each given static state and Mach

FIG. 2. Contours of isentropic expansion coefficient j and optimized path-specific exponent k.
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number, the stagnation pressure and density can be calculated using
different equations. Assuming the classic polytropic isentrope equa-
tion, Eqs. (10) and (11) are used to calculate P0 and q0. The effective
error (using the EOS calculation results as the ground truth) is then
calculated and the results are shown by the graphs on the left column.
Similarly, Eqs. (16) and (17) are used to calculate P0 and q0 for new
isentrope equation and the resulting error is plotted on the right col-
umn graphs. The optimized values of k are used for the calculation to
show the model accuracy.

For the results using the classic isentrope equation, the errors of
the evaluated stagnation state increase with Mach number and are at

maximum near the critical point. As explained in Sec. IVA, for higher
Mach numbers or when the static states are near the critical point, the
j variation for an isentropic process from static to stagnation state is
significant so Eq. (6) is not applicable. As a result, the consequent clas-
sic isentropic relations [Eqs. (10) and (11)] will have huge errors when
calculating the stagnation properties. The relative error in the stagna-
tion state is up to 50% when compared to the EOS result.

By contrast, it is obvious from Fig. 3 that the isentropic relations
that are derived from the new isentrope equation Eq. (14) with opti-
mized path-specific exponent k has much lower error when evaluating
the stagnation state. The maximum effective error for the new

FIG. 3. Effective error comparison between the classic polytropic isentrope equation (6) (left column) and the new isentrope equation (14) with optimized k (right column) at dif-
ferent Mach number for sCO2.
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isentrope equations is only 1.6% when compared with the EOS
calculated state, even with higher Mach numbers and near the critical
point.

For a better understanding of the model behavior, the effective
error of the new isentrope equations is shown again on the left-column
graphs in Fig. 4 but with different color scales. As expected, the error is
higher for larger Mach numbers just like the classic polytropic isen-
trope equation errors. In addition, a trend of increasing error with spe-
cific entropy is observed on graphs with M¼ 1.0 and 1.5. This is due
to the small variation of isentropic expansion coefficient j in the low
entropy region within our range of study. In Fig. 1, the isolines for j

are almost vertical when s is around 1325 JK�1kg�1 while the density
variation along isentrope remains unchanged, indicating a lower value
of ð@j@vÞs compared to a calculation with higher s.

In addition, to prove the robustness and general applicability
of the proposed model, two additional non-ideal fluids, hexame-
thyldisiloxane (MM) and R-143a. The investigation range and
results are summarized in Appendix D. For both of the fluids, the
proposed model is at least an order of magnitude more accurate
when compared to the classic polytropic isentrope equation, indi-
cating that the proposed framework works well for different non-
ideal fluids.

FIG. 4. Effective error comparison between the classic polytropic isentrope equation (6) with optimized path-specific k (left column) and k calculated using the fitted polynomial
equation (22) (right column) at different Mach number.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 106111 (2024); doi: 10.1063/5.0229842 36, 106111-9

VC Author(s) 2024

 11 O
ctober 2024 09:22:31

pubs.aip.org/aip/phf


C. Regression for k

As explained in Sec. IIIB 3, a third-order polynomial equation
kðP; q;MÞ is fitted for faster calculations. The coefficients of the poly-
nomial are shown in Table II and with coefficient names defined as
Eq. (22).

The fitted polynomial has a R2 value of 0.999187 and the effective
stagnation state error comparison between the optimal and fitted k is
shown in Fig. 4. The graphs are T–S diagrams just like Fig. 3 and
graphs on different rows are for three different Mach numbers. The
left column graphs are now the error using Eqs. (16) and (17) with
optimized k (the same as the right column graphs in Fig. 3 but with dif-
ferent color scales). The effective error calculated using the same equa-
tions but now using fitted polynomial kðP; q;MÞ calculated exponents
are plotted on the right column graphs. Compared to the calculation
with optimized k, calculations using fitted k have greater errors when
the static state is near the critical point or has a higher value of entropy.
This is expected because these are the conditions when the variation of
j along isentrope is most significant. Nevertheless, the maximum effec-
tive relevant error is below 2% from the actual stagnation state calcu-
lated using EOS, which is negligible compared to the errors from the
classic polytropic isentrope equation with j as shown in Fig. 3.

To extend the applicable range of this method, we can apply the
same method at different TS ranges. Since regions near the critical
point suffer most from the effect of j variation along the isentrope and
this section has shown that the proposed model works well in this
region, the proposed model with path-specific exponent k will work
better in regions away from the critical point and have smaller errors
when evaluating stagnation states.

In addition, the fitted polynomial accelerated the stagnation state
calculation process significantly due to its simplicity and explicit
nature. In order to provide a fair calculation speed comparison, the
static state is specified using pressure P and density q. For the stagna-
tion state, we are calculating two native inputs (T0 and q0) as the final
output. The calculation procedure strictly follows Secs. IIA and IIIA 3.
CoolProp high-level interface was used to calculate non-ideal fluid
properties. In the same code environment, 1000 calculations of stagna-
tion state using the EOS approach take 2.751 s and the proposed model
only takes 0.144 s. The calculation of the stagnation state using the pro-
posed equation is around 15–20 times faster than the calculation using
the EOS approach.

D. Further Performance Evaluations

1. Non-dimensional mass flow rate

The calculated non-dimensional mass flow rate (b_m ) using differ-
ent methods as explained in Sec. III B 4 a were plotted on the left,

middle, and right graph in Fig. 5 for s¼ 1325, 1425, and
1525 JK�1kg�1, respectively.

The perfect gas CO2 calculations (dotted lines) have the most sig-
nificant deviation from the EOS calculation (solid lines) in Fig. 5. This
is due to the difference in the value of j. In perfect gas literature for
CO2, a typical value of 1.28 was used but its value near the critical
point is higher and keeps increasing with reducing s as shown by
Fig. 1. This also explains the increasing deviation between perfect gas
CO2 and the EOS calculations with decreasing specific entropy s.

As for the non-dimensional mass flow rate calculated using state-
specific j (dashed lines), the error is smaller compared to perfect gas
CO2 results but has a much more serious issue. In theory, the non-
dimensional mass flow rate is at its maximum with M¼ 1, which is
the choking condition of the flow. However, the classic polytropic isen-
trope equation predicted the maximum b_m when M is below 8.5.
Therefore, the classic polytropic isentrope equation will underestimate
the choking mass flow rate atM¼ 1 as shown by Fig. 5. This will cause
significant problems for low-order model predictions such as turboma-
chinery design models and machine performance calculations. Its
effect in nozzle calculation will be illustrated shortly.

Finally, for the b_m calculated using the proposed equation with
path-specific k (dot-dashed lines), the overall agreement with the EOS
calculations is very good. Slight deviations are observed in higher
Mach number regions with M> 1, which cohere to the results
observed in Fig. 4. The maximum percentage error in b_m for the pro-
posed equation Eq. (18) is only 0.47%, which is sufficiently accurate
for low-order gasdynamic modeling.

2. Analytical solution for isentropic de Laval nozzles

The normalized pressure P
P0

and density q
q0

from the analytical
nozzle solutions were plotted in Fig. 6 using the same legend as Fig. 5.
Calculations for three different entropy cases (s¼ 1325, 1425, and
1525 JK�1kg�1) are shown on the left, middle and right columns,
respectively.

The perfect gas CO2 calculation still has the greatest error, which
originates from the value difference between the actual j and 1.28 in
our study range. The deviation from the EOS calculation reduces with
increasing s for the same reason explained in Sec. IVD1.

Interesting behaviors were found near the throat for results calcu-
lated using classic polytropic isentrope equations. A plateau is found
for the s¼ 1325 JK�1kg�1 case and a discontinuity was found for
s¼ 1425 and 1525 JK�1kg�1 cases. This is due to the error in the non-
dimensional mass flow rate calculation for the classic polytropic
assumption that was discussed in Sec. IVD1. Since the maximum
mass flow rate is not at the sonic state M¼ 1 as shown by Fig. 5, the

TABLE II. Coefficients of fitted polynomial equation (22) for kðP; q;MÞ.

Coef. Values Coef. Values Coef. Values Coef. Values

a000 3.263 419 18� 1000 a020 5.278 823 58� 10�05 a300 �6.428 151 40� 10�22 a120 �8.152 851 71� 10�12

a100 2.291 879 44� 10�06 a002 2.203 895 24� 10�01 a030 5.455 576 89� 10�08 a021 �2.313 940 48� 10�05

a010 �5.699 610 97� 10�02 a110 2.120 077 95� 10�09 a003 �1.672 507 42� 10�02 a102 1.038 111 96� 10�07

a001 �3.897 060 01� 1000 a101 �6.186 816 55� 10�07 a210 3.282 067 24� 10�16 a012 �2.655 786 31� 10�03

a200 �2.134 554 32� 10�13 a011 3.136 769 24� 10�02 a201 2.033 914 43� 10�14 a111 �1.545 199 56� 10�10
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choking mass flow rate is underestimated, creating a virtual gap inside
the nozzle when solving the continuity equations. Moreover, additional
errors from the classic isentropic relations that are up to 50% as shown
by Fig. 3 will lead to further deviations from the EOS calculation
results.

As for calculation with the new isentrope equation with path-
specific k, the results agree with the EOS analytical solution quite well,
indicating a high level of accuracy of the proposed model.

V. CONCLUSION

In conclusion, although equations of state (EOS) can provide
accurate calculation of non-ideal fluid isentropic processes, their com-
plexity and implicit nature make them less useful in thermodynamic
modeling and design optimization. By contrast, the modified isentrope
equation approach offers an alternative with faster explicit expressions.
However, it was shown mathematically that the classic polytropic isen-
trope equation (Pvj ¼ Const:) is only valid when there is no isentropic
expansion coefficient (j) variation along the isentropes. The direct
application of the classic polytropic isentrope equations in non-ideal
fluids with large j variations would lead to significant problems, such
as underestimating the choking mass flow rate and inappropriate noz-
zle designs.

Therefore, to calculate generic non-ideal fluid isentropic pro-
cesses with j variations, a new modified polytropic isentrope equation
is proposed as Pvk ¼ Const: where k is a path-specific exponent. The
polytropic form is preserved in the proposed isentrope equations,
allowing the stagnation-to-static property ratio equations to remain in
simple form. The explicit nature of the derived equations [Eqs. (16)–
(19)] can enable straightforward and rapid calculations of isentropic
processes and a better physical understanding. The major contribu-
tions and conclusions are as follows:

1. The exponent k of the proposed polytropic isentrope equation is
a path-specific value instead of a state-specific variable j as the
classic isentrope equation, which is widely used in the literature.
The difference between k and j is to correct for the non-
negligible term with ð@j@vÞs in the generic isentrope equation [Eq.
(5)]. The difference is more significant with higher Mach num-
bers and when the static state is near the critical point.

2. The new isentropic relations are derived for pressure [Eq. (16)]
and density [Eq. (17)]. Using sCO2 as an example of non-ideal
fluid, the equations’ maximum effective relative error (defined in
Sec. III B 1) from the exact EOS calculations is below 1.6% while
the corresponding classic isentropic relations’ [Eqs. (10) and
(11)] relative errors are up to 50%. In addition, the results of two
other non-ideal fluids, hexamethyldisiloxane (MM) and R-143a,
are included to prove the robustness and general applicability of
the proposed framework. The proposed method offers greatly
simplified expressions for thermodynamics modeling in engi-
neering applications such as turbomachinery reduced-order
models and design optimizations.

3. A third-order polynomial with static pressure, density, and Mach
number kðP; q;MÞ is provided to calculate k for sCO2 within the
study range. The maximum effective relative error in the calcu-
lated stagnation state is less than 2%, suggesting that the pro-
posed exponent can be well-fitted using simple regression
methods. The stagnation states calculation process with the new
model and fitted polynomial is around 15 times faster than the
exact calculation with EOS.

4. Non-dimensional mass flow rate and analytical nozzle calcula-
tions were carried out as test cases to demonstrate the perfor-
mance of the procedure. The choking mass flow rate can be
calculated within 1% from the EOS results using the proposed
models while the classic polytropic model can deviate up to 20%

FIG. 5. Non-dimensional mass flow rate comparisons with T0 ¼ 350 K at different entropy levels: s¼ 1325, 1425, and 1525 JK�1kg�1.
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of the EOS calculation. Moreover, the classic polytropic equation
failed to predict the maximum mass flow rate at the sonic state,
which will lead to nonphysical solutions in de Laval Nozzles. The
results show that the proposed model is sufficiently accurate in
engineering applications and can hence be used in low-order
thermodynamic modeling, such as turbomachinery mean-line
models and the evaluation of isentropic efficiencies in thermody-
namic cycles.
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NOMENCLATURE

ai Polynomial coefficients
c Speed of sound (m s�1)
cp Constant pressure heat capacity (J K�1 kg�1)
cv Constant volume heat capacity (J K�1 kg�1)
e Specific internal energy (J kg�1)
h Specific enthalpy (J kg�1)
M Mach number
m Mass (kg)
P Pressure (Pa)

R Specific gas constant (J K
�1

kg
�1
)

FIG. 6. Analytical nozzle solution for T0 ¼ 420 K at different entropy levels: s¼ 1325, 1425, and 1525 JK�1kg�1.
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R2 Coefficient of determinant
s Specific entropy (JK�1kg�1)
T Temperature (K)
v Specific volume (m3 kg�1)
Z Compressibility factor

Greek letters

q Density (kg m�3)
j Isentropic expansion coefficient
k Proposed path-specific exponent for polytropic isentrope

equation
c Specific heat capacity ratio

Abbreviations

AMR Area to Mach number relation
EOS Equation of state

RMSE Root mean square error
sCO2 Supercritical carbon dioxide
S–W Span–Wagner
T–S Temperature–entropy

Subscripts and superscripts
_f g Flow rate (s�1)

f g0 Stagnation state value
f gi Different states or locations along a nozzlebf g Non-dimensional form of value Operators� @f g

@f g
�
X Partial differentiation holding property X as

constant
EOSXnðXa;XbÞ Equation of state calculation of property Xn using

properties Xa and Xb

APPENDIX A: DIFFERENT FORMS OF ISENTROPIC
EXPANSION COEFFICIENT

Since the speed of sound is defined as follows:

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@P
@q

� �
s

s
: (A1)

The equation of j can be written in the form of partial derivatives
of properties along the isentrope,

j ¼ q
P

@P
@q

� �
s

¼ � v
P

@P
@v

� �
s
: (A2)

Specific heat capacity cv and cv are defined as follows:

cv ¼ @e
@T

� �
v
; cp ¼ @h

@T

� �
p
: (A3)

From Helmholtz equations, the following can be derived using the
triple product rule and Maxwell relations:

cv ¼ T
@s
@T

� �
v

¼ �T
@v
@T

� �
s

@s
@v

� �
T

¼ �T
@v
@T

� �
s

@P
@T

� �
v
; (A4)

cp ¼ T
@s
@T

� �
P

¼ �T
@P
@T

� �
s

@s
@P

� �
T

¼ T
@P
@T

� �
s

@v
@T

� �
P
: (A5)

Therefore, with further manipulation using the chain rule and the
triple product rule, the heat capacity ratio c can be derived as follows:

c ¼ cp
cv

¼
T

@P
@T

� �
s

@v
@T

� �
P

�T
@v
@T

� �
s

@P
@T

� �
v

¼
@P
@v

� �
s

@P
@v

� �
T

; (A6)

and Eq. (A2) can be written as follows:

j ¼ �c
v
P

@P
@v

� �
T
: (A7)

APPENDIX B: GENERIC ISENTROPE EQUATION
DERIVATION

For Eq. (5), Eq. (3) can be rearranged into

j
v
¼ � 1

P
@P
@v

� �
s
: (B1)

Taking the integral along the isentrope between states 1 and 2 for
both sides of the equation,ð2

1

j
v
dv ¼ �

ð2
1

1
P

@P
@v

� �
s
dv: (B2)

The left-hand side of the equationð2
1

j
v
dv ¼ j2 ln v2 � j1 ln v1 �

ð2
1
ln v

@j
@v

� �
s
dv: (B3)

The right-hand side of the equation can be integrated by parts,

�
ð2
1

1
P

@P
@v

� �
s
dv ¼ �lnP2 þ lnP1: (B4)

Rearranging the left- and right-hand side of the equation,

TABLE III. Dense vapor study range with temperature T in K and entropy s in
JK�1kg�1.

Fluid Tcrit scrit Tmin Tmax smin smax

CO2 304.12 1423.41 305 320 1300 1550
MM 518.75 807.39 520 550 700 900
R-143a 345.86 1513.31 346 360 1400 1600
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lnP1 þ j1 ln v1 ¼ ln P2 þ j2 ln v2 �
ð2
1
ln v

@j
@v

� �
s
dv: (B5)

Thus, Eq. (5) can be retrieved,

lnP1v
j1
1 ¼ lnP2v

j2
2 �

ð2
1
ln v

@j
@v

� �
s
dv: (B6)

APPENDIX C: NON-DIMENSIONAL MASS FLOW RATE
EQUATION DERIVATION

Non-dimensional mass flow rate equation (Eq. (12)) is derived
in detail in this section.

First, the mass flow rate equation can be re-written as follows:

_m ¼ qUA ¼ q
q0

� q0 �
U
c
� c � A ¼ q0AM

ffiffiffiffiffiffi
jP
q

s
q
q0

¼ q0AM
ffiffiffi
j

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P
P0

� q0
q
� P0
q0

s
q
q0

¼ AM
ffiffiffiffiffiffiffiffiffiffiffiffi
jP0q0

p ffiffiffiffiffiffiffiffiffiffi
P
P0

q
q0

s

¼ AM
ffiffiffiffiffiffiffiffiffiffiffiffi
jP0q0

p
1þ j� 1

2
M2

� �� jþ1
2ðj�1Þ

: (C1)

FIG. 7. Effective error comparison between the classic polytropic isentrope equation Eq. (6) (left column) and the new isentrope equation Eq. (14) with optimized k (right col-
umn) at different Mach number for hexamethyldisiloxane (MM).
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Equations (10) and (11) are used in the last step to simplify the cal-
culation of stagnation-static property ratios.

In Eq. (C1), the non-dimensional values are Mach number M
and isentropic expansion coefficient j; hence, the non-dimensional
mass flow rate b_m can be written as Eq. (12) by rearranging Eq. (C1).

APPENDIX D: VALIDATION WITH OTHER NON-IDEAL
FLUIDS

To prove the robustness and general applicability of the pro-
posed models, two additional non-ideal fluids, hexamethyldisilox-
ane (MM) and R-143a, were used. The corresponding figure with

FIG. 8. Effective error comparison between the classic polytropic isentrope equation (6) (left column) and the new isentrope equation (14) with optimized k (right column) at dif-
ferent Mach number for R-143a.

TABLE IV. Summary of effective errors of classic and proposed polytropic isentrope
equations for different non-ideal fluids.

Classic polytropic model Proposed polytropic model

Fluid RMSEavg RMSEmax RMSEavg RMSEmax

CO2 9.67% 54.44% 0.44% 1.67%
MM 13.65% 187.34% 0.34% 3.87%
R-143a 17.59% 68.42% 0.72% 2.65%
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effective error comparison between the classic polytropic isentrope
equation and the proposed isentrope equation like Fig. 3 is included
in this section.

The studied ranges of these two dense vapors are included in
Table III. Figures 7 and 8 displays the results for MM and R-143a,
respectively.

As shown in Figs. 7 and 8, the proposed model is more accu-
rate compared to the classic polytropic isentrope equation.
The average and maximum effective errors are summarized in
Table IV.

APPENDIX E: NOZZLE GEOMETRY

The nozzle geometry in Table V is a modified version based on
the literature.30 The normalized area has been adjusted to ensure
that the flow within the nozzle remains fully supercritical at the
given stagnation states.
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TABLE V. Nozzle geometry for nozzle.

Axial
coordinate (m)

Normalized
area

Axial
coordinate (m)

Normalized
area

�3.201 30� 10�02 2.018 34 1.815 47� 10�02 1.031 02
�2.906 20� 10�02 1.983 50 2.110 57� 10�02 1.035 66
�2.611 09� 10�02 1.866 24 2.405 68� 10�02 1.041 33
�2.315 99� 10�02 1.696 30 2.700 78� 10�02 1.046 50
�2.020 88� 10�02 1.524 53 2.995 88� 10�02 1.052 02
�1.725 78� 10�02 1.381 87 3.290 99� 10�02 1.057 95
�1.430 68� 10�02 1.261 50 3.586 09� 10�02 1.063 34
�1.135 57� 10�02 1.164 01 3.881 20� 10�02 1.068 32
�8.404 68� 10�03 1.089 26 4.176 30� 10�02 1.073 17
�5.453 64� 10�03 1.037 17 4.471 40� 10�02 1.078 45
�2.502 60� 10�03 1.007 65 4.766 51� 10�02 1.083 84
4.484 40� 10�04 1.000 00 5.061 61� 10�02 1.089 08
3.399 48� 10�03 1.005 47 5.356 72� 10�02 1.093 39
6.350 52� 10�03 1.009 94 5.651 82� 10�02 1.096 27
9.301 56� 10�03 1.015 64 5.946 92� 10�02 1.097 96
1.225 26� 10�02 1.020 50 6.242 03� 10�02 1.098 62
1.520 36� 10�02 1.025 93 6.537 13� 10�02 1.098 24
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