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1. MAIN RESULTS

Let $ be a separable Hilbert space and let V' be a measurable function from R, to the set of
bounded self-adjoint operators on $). Measurability of V' means that the function = — (V(x)h, h) is
measurable for each h € §). We study the absolutely continuous spectrum of the Schrodinger operator

&2 )
(1) H=——s+aV, V=V,

acting in the space L?(R, $)). Here, a is a real parameter. We impose the condition

(2) ‘4|W@wwx<m.

The domain of H consists of WZ(R,, $))-functions. This class of functions can be viewed as the
countably infinite orthogonal sum of Sobolev spaces WZ(R). The generalized second derivatives of
WE(R)-functions are square integrable and the functions themselves vanish at z = 0.

Definition. We say that an essential support of the absolutely continuous spectrum of the operator
H contains [0, 00), if the spectral projection E,(§2) of H corresponding to any Borel set €2 C [0, 00) is
different from zero E,(€2) # 0 as soon as the Lebesgue measure of {2 is positive.

Operators with square integrable potentials were studied by P. Deift and R. Killip [1] in the case
where $) = C. The main result of [1] states that the absolutely continuous spectrum of the operator
—d?/dx? +V covers the positive half-line [0, 00), if V € L?(Ry).

We consider the case where the space $ is infinitely dimensional and give a different proof of the
following theorem by S. Denisov [4].

Theorem 1.1. Let V satisfy the condition (2). Then an essential support of the absolutely continuous
spectrum of the operator (1) contains [0,00) for almost every o € R.

Besides the article [4], one can also find a close discussion of similar operator families in the papers
[7] and [8]. In all mentioned publications, the properties of the absolutely continuous spectrum are
established for almost every value of the real parameter . However, if ||V (z)|| < C(1+|z|)~2/379 with
d > 0, then the absolutely continuous spectrum fills the positive half-line Ry for all v (see [5]). Instead

of using hyperbolic pencils considered in [4], we obtain Theorem 1.1 by an application of Lemma 2.1.
1
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2. AUXILIARY LEMMA

Notations. Throughout the text, Rez and Im 2z denote the real and imaginary parts of a complex
number z. For a self-adjoint operator B = B* and a vector g of a Hilbert space the expression
(B —k —1i0)"1g,g) is always understood as the limit

((B k- iO)_lg,g) — lim ((B k- ie)_lg,g), £>0, keR.

e—0

The following simple statement plays a very important role in our proof.

Lemma 2.1. Let B be a self-adjoint operator in a separable Hilbert space $) and let g € ). Then the
function

n(k) i=Tm (B~ k —i0)"'g,g) > 0
1s integrable over R. Moreover,
| ntwyd < allgl”.

and

n(k) 2 —1/2 (12
dk < wl|(B* + .

Proof. Let Ep(-) be the spectral measure of the operator B. Then

((B - z)_lg,g) = /R(t - z)_ld(EB(foo,t)g,g), ze C\R.

Therefore, according to the Stieltjes-Perron inversion formula,

_ d
(k) = A

Consequently, for any nonnegative measurable function f on R,

/ (k) dk < = / F(R)A(Ep(—c0, k)g.9) = n(f(B)g,g).
R R

(Ep(—00,k)g,9), for almost every k € R.

3. ENTROPY
Let u be a nonegative finite Borel measure on the real line R. As any other measure it is decomposed
uniquely into a sum of three terms
W= tpp + Hac + [hsc,
where the first term is pure point, the second term is absolutely continuous and the last term is a

continuous but singular measure on R. Obviously, u(—oo, \) is a monotone function of A, therefore,
it is differentiable almost everywhere. In particular, the limit

/ 7 /L()\—E,)\—FG)
’u()\)_ll—% 2¢

exists for almost every A € R. It is also clear that
pae® = [ WA, v CR,
0

which means p' = /...
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Let Qo = {A: p/(\) > 0} A measurable set 2 C R is called an essential support of pie, if the
Lebesgue measure of the symmetric difference

QAQ = (QO \ Q)U(Q \ Qo>

is zero. So, an essential support of y4. coincides with the set where p/ > 0 up to a set of measure zero.
As we see, the study of the essential support of the a.c. part of the measure p is reduced to the study
of the set Qo = {\: ©/(\) > 0}. Let Q be a measurable set. One of the ways to show that u/(A\) >0
for almost every A € 2 relies on the study of the quantity

Sa(u) = /Qlog 1 (A) dA.

Due to Jenssen’s inequality, Sq < oo for sets of finite Lebesgue measure || < co. So, the entropy in
this case can diverge only to the negative infinity.

But if
Sa(p) > —oo, while |Q| < oo,

then
@ (A) >0 a.e. on Q.

Very often one can obtain an estimate for x4/ by an analytic function from below. In this case we
will use the following statement

Proposition 3.1. Let a function F(X) # 0 be analytic in the neighborhood of an interval [a,b] C R.
Suppose that

(3) W\ > |[FV)?,  forall A€ QC [a,b].
Then
Sa(n) == [ log' () drA= € > ~cx,
Q
where the constant C' = C([a,b], F') depends on the interval [a,b] and the function F.

Proof. This proposition follows from the fact that zeros of analytic functions are isolated and have
finite multiplicities. [J

In applications to Schrédinger operators, one often has an estimate of the form (3) for a sequence
of measures u, that converges to p weakly

Pn, — weakly.
In this situation, one can still derive a certain information about the limit measure y from the infor-

mation about p,.

Definition. Let p, v be finite Borel measures on a compact Hausdorff space, X. We define the
entropy of p relative to v by

—00, if p is not v —ac
4 S =
@ (pl) {fX log(%)dp, if pis v—ac.

Theorem 3.1. (cf.[6]) The entropy S(p|v) is jointly upper semi-continuous in p and v with respect to
the weak topology. That is, if pn, — p and v, — v as n — oo weakly, then

S(plv) = limsup S(pn|vn).
n—oo
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Now, we will use this theorem in order to prove the following statement.

Proposition 3.2. Let a < b. Let F(\) # 0 be a function analytic in the neighborhood of [a,b]. Let p,
be a sequence of finite nonnegative Borel measures on the real line R converging to u weakly. Suppose
that

(N > |F(N\)]?, for all A € Q,, C [a, 1],
where the measurable sets €1, satisfy

‘MH\Qn<b—a—a

Then 1/ (X) > 0 on a subset of [a,b] whose measure is not smaller than b —a — €

Proof. Let us denote the characteristic function of the set Q, by X,. Since L?-norms of x,, are
uniformly bounded, this sequence of functions has a weakly convergent subsequence. Therefore without
loss of generality, one can assume that

Xn = X, weakly in L%(R).

This, of course, implies that the corresponding measures x,d\ also converge weakly to yd\. Even
though, R is not compact, we can still use Theorem 3.1 and show (see [7]) that

/Rlog('li((i\))) X(A) d\ > liﬂsgpélog(iigi;> Xn(A) dA > —o0

Thus, we see that p/ > 0 on the support of the function x. However, we still need to know how big
this set is. For that purpose, we first observe that

n—o0

b
/ XA)d\= lim [ x,(A\)dA>b—a—ce.
a R

On the other hand, it is easy to show that 0 < x < 1. Therefore, the Lebesgue measure of the support
of the function y is not smaller than b — a — . O

Since we deal with a family of operators depending on a parameter «, we also need a modification of
the previous statement, suitable in the case when measures depend on the parameter « as well. Let M
be the topological space whose elements are nonnegative Borel measures 1 on R having the property
u(R) = 1. We define the topology on M to be the one that is induced by the weak-* topology. Finally,
let 9 (R) be the class of continuous functions from R to M. We are ready to state the following result.

Proposition 3.3. Let a < b. Let F(X) # 0 be a function analytic in the neighborhood of |a,b]. Let
tn (-, ) be a sequence of a-dependent families of finite nonegative Borel measures on R converging to
(-, ) weakly for every a € R. Suppose the function o — pn(-, ) belongs to M(R) for each n € N.
Finally, assume that the derivative of p, with respect to d\ satisfies

(A, @) > [F(ON) for all (X, a0) € Qy, C [a,b] X [aq, 2],
where the measurable sets ), obey
[a,b] X [a1, 2] \ Q| < (b—a)(ag —aq) —&.
Then i/ (X, @) > 0 on a subset of [a, b] X [a1, as] whose measure is not smaller than (b—a)(as —ay) —¢.
The proof of this statement is a counterpart of the proof of the preceding proposition and it is left

to the reader as an exercise. A similar statement is proven in [7].
We conclude this section by a discussion of the following simple claim.
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Proposition 3.4. Let a < b. Let F(\) # 0 be a function analytic on a neighborhood of the interval
[a,b]. Let p(-,c) be an a-dependent family of finite nonegative measures on R. Suppose that the
derivatives of u with respect to the Lebesque measure d\ satisfy the estimate

ag b
H(0a) > [FOR(L= (A a)),  where / / (A, a)|dAda < /2.

Then
W a) > %|F(>\)|Q, forall (\a)eQ,
where the measureable set ) obeys
(5) |[a,b] x [, 0] \ Q] < e.
Proof. According to Chebyshev’s inequality,
U\ a)<1/2
on a set satisfying the condition (5). O

4. THE CASE OF A COMPACTLY SUPPORTED V

In this section, we assume that V belongs to the class U described below.

Definition. We say that a bounded measurable function V' from R, to the set of bounded self-
adjoint operators on $) belongs to the class U if

1) there is a bounded interval [0, R] containing the support of V' and such that V(z + R/2) is an
odd function of z:

(6) V(z+R/2) = —V(—z+ R/2), Vzel0,R/2.

2) the range of the operator V() is a finite dimensional subspace £y C $ which stays the same
when one changes x.

Our proof of Theorem 1.1 is based on the relation between the derivative of the spectral measure and
the so called scattering amplitude. Both objects should be introduced properly. While the spectral
measure can be defined for any self-adjoint operator, the scattering coefficient will be introduced only
for a Schrodinger operator. Let f be a square integrable function from R4 to $. It is very well known
that the quadratic form of the resolvent of H can be written as a Cauchy integral

o0
r-=7nn= [T e

t—z
—0o0
The measure  in this representation is called the spectral measure of H corresponding to the element
f.
Let us introduce the scattering amplitude. Since the support of the potential V' is compact, there
exists an R, such that V(z) = 0 for > R. Take any bounded compactly supported function f that
also vanishes for x > R. Then

(7) [(H—2)7' f](z) = e*lAp(k),  forz >R, k* =2 Imk >0, As(k) € 9.
Clearly, the relation

'V =a"" lim Im((H—-2z)7"f,f)=="" lim Imz|[(H—2)""f|]?
(8) pw)=a"" lim Im((H —2)7"f, f)=7"" lim Ime||(H -z)""f]

implies the formula

(9) () = VA4 B)IP, K= A >0
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To prove (9), define xx to be the characteristic function of a set X C R4. Since the limit

I H— )-Lf2
ngiOHX[o,b}( z) 7 fll

(along the vertical directions) exists and is finite for each b > 0, we infer from (8) that
‘W =7"" lim I H—z)" fI]%.
W) =7 Tim Tzl o (H — )7 |
Now (9) follows by (7), since

e—QIm kR

ol o 2
X [R,00) (H — 2)" " f]] ST o | Ar(B)II7, for Tmk > 0.
The remaining arguments in this paper will be devoted to a lower estimate of ||A¢(k)]|.

For our purposes, it is sufficient to assume that f is the product of the characteristic function of
the unit interval [0, 1] times a unit vector 7 € §. Traditionally, H is viewed as an operator obtained
by a perturbation of
d2
dz?’

In its turn, (H — 2)~! can be viewed as an operator obtained by a perturbation of (Ho — z)~!. The
theory of such perturbations is often based on the second resolvent identity

Hy=—

(10) (H—2)"'=Hy—2)"1—(H-2)"taV(Hy—2)7!,

which turns out to be useful for our reasoning. As a consequence of (10), we obtain that
(11) Ap(k) = Fy(k)T — Ag(k),  z=Kk*+1i0, k>0,

where g(z) = aV (Hy — z)~!f and the number Fy(k) € C is defined by

(12) (Hy — 2) 1 f = el By (k) 7, for x > 1.

We will shortly show that, without loss of generality, one can assume that V(x)7 = 0 inside the unit
interval [0, 1]. In this case,

(13) g = Fo(k)hk;7 where hk({lj) = aeik‘xl‘/,r_
According to (11),
20| As(R)1* > [Fo(k)? = 2] Ag(F)|1%,

which can be written in the form
(14) 2 () > |F0(k;)|2(ﬁ —2Im ((H — )y, hk>> 2= A+ 0,

due to (9) and (13). Therefore, in order to establish the presence of the absolutely continuous spectrum,
we need to show that the quantity Im ((H —2) " hy, hk> is small.
Let us define 7 setting

1
o2k n(k,a) == Im ((H = 2)" i, ) 20, 2=k +i0,

Obviously, 7 is positive for all real k # 0, because we agreed that z = k2 £ 0 if +k > 0. This is very
convenient. Since n > 0, we can conclude that n is small on a rather large set if the integral of this
function is small. That is why we will estimate

n(k,a) |k|dkda n(k, tk)
(%) // a2+k2 (k2+1) // (k2 + t2+1)dkdt'
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We will employ a couple of tricks, one of which is related to the involvment of an additional parameter
€. Instead of dealing with the operator H, we will deal with H + eI where € > 0 is small. We will
first obtain an integral estimate for the quantity

k _ .
ne(k,a):?hn ((H—l—a—z) Yhy, hk>, z = k* +0.

Then, since
n(k, ) = lim n.(k, «) a.e. on R x R,
e—0

we conclude by Fatou’s Lemma that

) < hmmf/ / ne(k, o) ]k\dkda

The second trick is to set a@ = kt and represent 7). in the form

(16) ne(k, kt) = Im ((B 1k — i0) " H Y20, He_l/%)
where v = V7, H. = —d?/dz? + I and B is the bounded selfadjoint operator defined by
d
— g-/2 -1/2.
B HE < 2ld + tV)

This operator is bounded, because H /2 is a continuous mapping from L*(Ri,$) to W} (R, H),
while the middle factor (—21’% +tV) is a continuous mapping from Wi (R4, $) to L*(Ry, ). Since
the quadratic form of the operator B is real, this operator is symmetric, and hence it is self-adjoint.

In order to justify (16) at least formally, one has to introduce the operator U of multiplication by
the function exp(ikz). Using this notation, we can represent 7. in the following form

ne(k, tk) = kIm (U’I(H te—2)" U, v), 2= k2 + 0.
Since we deal with a unitary equivalence of operators, we can employ the formula
(U_l(H +e— z)_lUv,v> = ((U_lHU +e— z)_lv,v>, z = k* +0.

On the other hand, since H is a differential operator and U is an operator of multiplication, the
commutator [H,U] := HU — UH can be easily found:

(17) [H U} - kU<—2z’% + k> ’D(H) on D(H).

Using the formula U~'HU = H + U~'[H, U], we infer from (17) that
U'HU +¢—2=H. + k(—22‘% + tV) = HY*(I + kB)H./?,
If k& belongs to the upper half plane then so does —1 / k. Consequently,
(18) k(U—l(H te— z)_lUv,v) - (Hgl/Q(B F1/k - iO)—lH;I/%,u), 2= k2 + 0.

In fact, (18) holds for Imk > 0 when U is not a unitary operator, but we only need it for k& € R.

Since B is a self-adjoint operator, 7~ 11.(k, kt) coincides with the derivative of the spectral mea-
sure of the operator B corresponding to the element H: 12y, According to Lemma 2.1, the latter
observation implies that

ne(k, kt) 2 —1gr—1/2 —1/2
= 7 <
/ ( k:Q)dk 7r<(B + 1) H; v, H v),
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which leads to

e (k, kt
(19) / Mdk < n(B—ngl/%, B—ngl/%) = || B~ HZ V2%,

provided B is invertible. Our further arguments will be related to the estimate of the quantity in the
right hand side of (19). We will show now that B has an unbounded inverse having the property

(20) lim || BL Y2 2 < / |V(2)|?dz,  D(B™') = Ran(B) C Wj (R4, 5).

R4

Our proof of (20) is based on the representation
(21) B YH Y2y = HY?T 1y,

where T' C T™* is the first order differential (symmetric) operator defined by
d
T=-2i—+tV, D(T)= D(H!?) = Wi(R,, $).
x

As we will see, H'? is a one-to-one mapping of D(T~!) onto D(B™!), and (21) holds for all
v € D(T71). To establish (21), observe that the equality B = H'*THY? leads to the rela-
tions Ran(B) C D(HS/Q) and Hsl/2B = THE_I/2. The latter of the two relations clearly implies (21)
provided T is invertible and v € D(T~1).

On the other hand, one can establish invertibility of 7' by deriving an explicit formula for 7!
(which is also an unbounded operator). For that purpose we define Uy to be the unitary operator of
multiplication by the solution of the differential equation

d it

—Us(x) = SUo(@)V (@),  To(0) = 1.

The object on the right hand side is the composition of two operators in $). The solution of this
differential equation exists on all of R, since the equation is linear and V' € . Now we see that

T = —2iU;" [%} Up, and T7'= %Ugl [%} .

Since [%]_1 is just the simple integration with respect to x and %Um’ = %tU()VT,

_ (A v
7744 (@) = 505 @) | Vo)V (0)rdy =
(22) , 2 o
UG (@) (Un() = D7 = (1 = Ug (@),
Note that due to the condition (6), the function T~'v is compactly supported, which leaves no doubt
about the relation v € D(T~!). Combining (21) with (22) and using the fact that ||H€1/2u\|2 =

H%UHQ + el|ul|? for all u € D(Hg/2), we conclude that

: —lp—1/2, 112 _ 1 1/2p—1, 112 _ ~1 2
(23) lg 1B 202 =t 22T = [ V@ @

Thus, (20) is established. The relations (19), (20) lead to the inequality

J(V) < 72 / IV (@),

Ry

where the quantity J(V') from (15). However, we can say more:
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Lemma 4.1. Let T > 0. Let V' be a potential of the class U such that

(24) V(z)r =0, forall z<T.

Then

(25) J(V) < 2 / TV @) [2da
T

Proof. If (24) holds, then Uy(xz)T = 7 for all # < T. Therefore, the right hand side of (23) can be
estimated as follows

[ w@ust@ar < [T veike
R, T

5. APPROXIMATIONS OF POTENTIALS AND SPECTRAL MEASURES

Proposition 5.1. Let T > 0. Let V be the potential

(26) V(z)=V(x) = 0V ()T — (-, V()71 + (V(2)r, 7) (-, 7)T, forall = <T,
and let

(27) V(z)=V(z), forall z>T.

Then

28) (S Y L i

is a trace class operator for any z with Im z > 0.

Proof. Using Hilbert’s identity, we obtain
-1 d? ~ -1 -1 . - -1
(H—z) —(———i—aV—z) :a(H—z) (V—V)(———{—on—z) .
dz?
Consequently, it is sufficient to prove that
2 2

d -1 d -1
i () () e
i (V-V) i €6
Observe now that V(z) — V(x) is a finite rank operator of the form
V(z) = V(x) = wi(@) (-, er(w))er (z) + w2 () (- ea(@))ea(),
where w; € L'(Ry) are real valued compactly supported functions and e;(z) are unit vectors in .
~1
z

Since (—j—; — z)~" is an integral operator whose integral kernel r(x,y) satisfies

o 00
SUP/ \T(ﬂfay)|2dy+sup/ Ir(z,y)|?dz < oo,
z JO y JO

the operators Gj(z) defined by

G @) = [ oy @ (e ulw).es@hedy
are Hilbert-Schmidt operators. It remains to note that
I'= GT(E)QlGl (Z) + G;(E)QQGQ(Z)

where (2, are bounded. O

According to Birman’s theorem (see [2],[3]), we can now state the following result.
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Proposition 5.2. Let V be defined as in (26). Then the absolutely continuous parts of the operators
H and —% + aV are unitary equivalent.

Let § > 0. The latter proposition allows one to assume that there is a T' > 0 having the following
properties:

1) V(z)r=0forall z <T.

2) the value of the integral [° ||V (z)||*dz is smaller than §.

If that is not true, we replace V by V defined by (26) for a sufficiently large 7" > 0.

Now we use the inequality (14) and employ Proposition 3.4 with

F(A) = (2m) V2 Fy(VA)AVA and  W()) = 2Im((H —\/zx)_lhk,hk).

According to Lemma 4.1, we obtain the following result.

Theorem 5.1. Let 0 < a < b < oo, let 0 < a1 < az < oo and letT > 1. For any € > 0 there is a
number § > 0 such that for any potential V' of the class U having the properties

1) V(z)r=0 forall = <T, and 2) / |V (z)|2dz < 6,
T

the derivative (/' (XN) = 1/ (X, @) of the spectral measure satisfies the inequality
W a) > @A) HEs (VN PAYZ forall (M a) €Q,

where the measurable set ) obeys
|[a,b] x [, 0] \ Q] <e.

The proof of the next statement is left to the reader as an exercise.

Proposition 5.3. Let V' be a measurable operator-valued function obeying

/ HV(x)HQda: < 0.

Ry

Assume that
(29) V(z)r =0, forall z=<T,

where T > 0 is a fixred number. Then there is a sequence of compactly supported operator-valued
functions V,, € U having the following three properties:

1)
Va(x)T =0, forall = <T,

2)
= X 2 X ~ X 2 X
(30) /Tuw )2 §2/T IV (@) P,

and

3)
K
/ | (Va(z) = V(2))u(z)|*dz — 0, as n — oo, for anyu € L*(Ry,$H) and any K > 0.
0

Another statement, that we are going to use, deals with the spectral measures of operators whose
potentials V,, approximate the function V.
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Proposition 5.4. Let V € L?>(Ry,$) and V,, € L?>(R.,$) obey (30) for some T > 0. Let p, and
u be the spectral measures of the operators Hy, and H with potentials oV, and oV, correspondingly.
Assume that

K
/ | (Va(z) = V(2))u(z)|*dz — 0, as n— oo, for any u € L®(Ry,9) and any K > 0.
0
Then
i — 1 weakly, as n — oo, forall a€clR.

The proof of this proposition is rather standard. First observe that the set of finite linear combina-
tions of functions of the form ¢,(t) = Im(l J(t— z)) with Imz > 0 is dense in the space of functions

that are continuous on R and decay at infinity. Consequently, it suffices to show that

/¢z(t)dun(t)—>/gbz(t)du(t), as n — 0o
R R

for each z € C;. According to the definition of the measures yu, and pu, that is the same as showing
that

Im((Hn—z)_lf, f) —>Im((H—z)_1f, f), as n — oo.
The latter follows from the identity
((Ha=2) 712 f) = ((H =271 ) = ((Ha= 27NV = Vi) (H = 2)7' . f).
since the condition (H — z)71f € W (R4, $) implies that ||(V — V,,)(H — 2) 71 f|| = 0 as n — oo.
U

According to Proposition 3.2, the assertion below follows from Theorem 5.1 combined with Propo-
sitions 5.3 and 5.4.

Theorem 5.2. Let 0 < a < b < oo, let 0 < a; < ag < oo and let T > 1. For any € > 0 there is a
number § > 0 such that for any potential V € L*(R.,$)) having the properties

1) V(z)r=0 forall x<T, and 2) / |V (z)||?dz < 6,
T

the derivative /' (N) = 1/ (X, @) of the spectral measure is positive
(31) W (A ) >0, forall (N a) € Q,
where the measurable set £ obeys
Ha,b] X [aq, sl \ Q‘ <e.
Let E, () be the operator-valued spectral measure of H. Let also
Qo ={re€a,b]: (N\a)e}

be the cross-section of Q. One can conclude from the inequality (31) that, for any measurable subset
X C [a,b], the condition E,(X) = 0 implies the relation

Q. N X| =0.
Using the unitary equivalence claimed by Proposition 5.2, we obtain

Theorem 5.3. Let 0 < a < b < oo, let 0 < a1 < ag < 0o. Assume that V € L*(Ry,$). Then for
any € > 0, there is a measurable set Q(e) C [a,b] X [a1, as] obeying

Ha, b| x [a, as) \Q(s)‘ <eg,
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such that, for any Borel set X C [a,b] and the cross-section Qq(c) defined by

Que) ={A€[a,b]: (Na)eQe)},

the condition E(X) = 0 implies the equality

|Qa(e) N X| =0.

Take now a monotonically decreasing sequence &,, converging to 0, as n — co, and set

Q= G Qen).
n=1

Obviously, Q is a subset of full measure in [a, b] X [, ap]. Consequently,

Qu={Nea,b]: (\a)eQ}

is a subset of full measure in [a, b] for almost every a € [aq, az].

Take now an arbitrary Borel subset X C [a,b]. If |X N Q4| > 0 then there is an integer number n

for which

[Qa(en) N X| > 0.

The latter condition implies that E,(X) # 0. Thus, the essential support of the absolutely continuous
spectrum of H contains the interval [a,b] for all a such that

(32) 1Qu| =b—a.

It

[1

remains to note that (32) holds for almost every a € [y, aa].
This completes the proof of Theorem 1.1
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