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Abstract 

This thesis concerns the study of two-phase stratified flows, and is divided into three major 

sections; (1) the numerical calculation of laminar stratified flows, (2) the evaluation of 

analytical wave generation theories, and (3) an experimental campaign to investigate the 

interfacial structure and wave properties of stratified flows. 

The dimensionless flow properties (cross-sectional velocity profile, interfacial velocity profile, 

volumetric flow rate, and wall and interfacial shear stress) of three different laminar stratified 

pipe flows, namely, a gravity-driven laminar open channel flow, a turbulent-gas laminar-liquid 

flow, and a laminar-laminar liquid flow, are determined numerically via the Boundary Element 

Method. For these calculations, the exact interface shapes are determined from the Young-

Laplace equation. Parametric studies involving five dimensionless parameters of the flow 

system have been carried out. These include the holdup, e, the contact angle, 9, the Bond 

number. Bo, the viscosity ratio, m, and the driving ratio, %, which accounts for pipe inclination. 

An extensive evaluation of wave generation mechanisms in stratified flows has been 

performed, with special emphasis on the formation of ripples and long waves. Linear inviscid 

stability studies are carried out using the classical long wave and finite wavelength Kelvin-

Helmholtz theories. Various mathematical ocean wave generation models, which include both 

the critical layer and viscous models, are modified and applied to stratified flows in enclosed 

conduits. Upon comparisons with experimental data, the finite wave and long wavelength 

Kelvin-Helmholtz theories correspond to a smooth to wavy transition, and a secondary 
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transition within the wavy stratified region respectively. No sensible transition lines could be 

constructed from the various ocean wave models. 

Experiments on horizontal air-water stratified flows at pressures of 1,2, 4 and 16 bar(a) were 

conducted in the WASP facility at Imperial College. The main test-section consists of a 3-inch 

(0.0779m) stainless-steel pipe of length 37m. Conductivity probes were sited at positions 

along and across the test-section to measure the interfacial height and characteristics of the 

waves. 250 new experimental data sets were obtained. The wave characteristics of the 

different flow regimes are discussed and the evolution of waves and interfacial features along 

the test-section are studied. In addition, detailed flow pattern maps, focussing on the stratified 

flow region are presented for the various pressures. 
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scaled driving ratio, % = 1, 2, 3, 4, 5. (9 = nl3, Bo = 10, m = 45) 

Figure 4.36 Variation of the dimensionless flow rate of fluid A with holdup and 242 

scaled driving ratio, % = -5, -4, -3, -2, -1, 0. (9 = n/3, Bo = 10, m = 45) 

(the sign is adjusted)) 

Figure 4.37 Variation of the dimensionless flow rate of fluid B with holdup and 242 

scaled driving ratio, % = -5, -4, -3, -2, -1, 0. (9 = nl3, Bo = 10, m =45) 

(the sign is adjusted) 

Figure 4.38 Dimensionless interfacial velocity profile calculated for flat and exact 251 

- 2 7 -



free interface, (e = 0.25, Bo = 1, 9 = 7i/3) 

Figure 4.39 Dimensionless velocity profile at the symmetry plane calculated for flat 251 

and exact free surfaces, (s = 0.25, Bo = 1, 9 = Tt/3) 

Figure 4.40 Dimensionless wall shear stress calculated for flat and exact free 252 

surfaces, (s = 0.25, Bo = 1, 9 = nl3) 

Figure 4.41 Exact interface shapes for various contact angles and Bond numbers 253 

at holdups of 0.25, 0.5 and 0.75 

Figure 4.42 Velocity profile across the pipe cross section 

(a) holdup, £ = 0.25, contact angle, 9 = n/3, Bond number, Bo = 1 254 

(b) holdup, 8 = 0.5, contact angle, 9 = n/6, Bond number, Bo = 10 254 

(c) holdup, £ = 0.75, contact angle, 9 = 2nl3, Bond number. Bo = 1 255 

Figure 4.43 Variation of the dimensionless interfacial velocity profile with contact 256 

angle, 9 = n/6, n/3, 2n/3 at holdups (E = 0.25, 0.5, 0.75) and Bond 

numbers (Bo = 1 ,10 ,50 ) 

Figure 4.44 Variation of the dimensionless interfacial velocity profile with holdup, e 257 

= 0.25, 0.5, 0.75. (Bo = 50, 9 = n/3) 

Figure 4.45 Variation of the dimensionless velocity profile with Bond number, Bo = 257 

1, 10 ,50 . (9 = 71/6,8 = 0.25) 

Figure 4.46 Variation of the dimensionless velocity profile at the symmetry plane 258 

with contact angle, 9 = n/6, n/3, 2n/3 at holdups (8 = 0.25, 0.5, 0.75) 

and Bond numbers (Bo = 1 ,10 ,50 ) 

Figure 4.47 Variation of the dimensionless wall shear stress profile with holdup, £ = 259 

0.25, 0.5, 0.75 assuming a flat interface 

Figure 4.48 Variation of the dimensionless wall shear stress profile at holdups (8 = 260 

0.25, 0.5, 0.75) at contact angles (9 = n/6, n/3 and 2nJ3) and Bond 

numbers (Bo = 1 ,10 ,50 ) 

Figure 4.49 Variation of the dimensionless wall shear stress profile with contact 261 

angle, 9 = %/6, n/3, 2n/3 (Bo = 1, E = 0.75) 

28 



Figure 4.50 Variation of the dimensionless flow rate with holdup and Bond number, 262 

Bo = 0.1, 1, 10, 25, 50, 100 at contact angle, 9 = TT/S 

Figure 4.51 Variation of the dimensionless flow rate with contact angle and Bond 263 

number, Bo = 0.1, 1, 10, 25, 50, 100 at holdup, s = 0.25 

Figure 4.52 Variation of the dimensionless flow rate with holdup and contact angle. 263 

9 = 7i/10, 37t/10,71/3, TI/2, ZTT/ IO, QT I / IO at Bond number, Bo = 10 

Figure 4.53 Variation of the magnitude of the interfacial shear stress with holdup 273 

and Bond number. Bo = 0.25, 1 ,4, 16, 64 (9 = %/6,1 = 1) 

Figure 4.54 Variation of the dimensionless interfacial velocity profile with holdup, s 275 

= 0.25, 0.5 and 0.75 at A, = 1 and various contact angles (9 = %/6,7t/3, 

2TI/3) and Bond numbers (Bo = 1,10, 50) 

Figure 4.55 Variation of the dimensionless interfacial velocity profile with contact 276 

angle, 9 = 7T/6, TT/S and 2TI/3. (BO = 1, E = 0.75, A, = 3) 

Figure 4.56 Variation of the dimensionless interfacial velocity profile with Bond 276 

number. Bo = 1, 10 , 50 (9 = 2%I2>, s = 0.25, A, = 4) 

Figure 4.57 Variation of the dimensionless interfacial velocity profile with friction 277 

factor ratio, A. = 0 (gravity-driven flow), 0.6, 1 , 3 , 4 . (Bo = 1 ,9 = nlQ, E = 

0.25) 

Figure 4.58 Variation of the dimensionless velocity profile at the symmetry plane 278 

with holdup, £ = 0.25, 0.5 and 0.75 at A. = 1 at various contact angles 

(9 = 7I/6, N/3, 27I/3) and Bond numbers (Bo = 1 ,10 ,50 ) 

Figure 4.59 Variation of the dimensionless velocity profile at the symmetry plane 279 

with contact angle, 9 = 71/6, %I2>, 2nl3. (Bo = 1, s = 0.25, A, = 3) 

Figure 4.60 Variation of the dimensionless velocity profile at the symmetry plane 279 

with friction factor ratio, A, = 0 (gravity-driven flow), 0.6, 1, 3, 4. (Bo = 1, 

9 = nl6, E = 0.25) 

Figure 4.61 Velocity profile across the pipe cross section for the reference flow 280 

configuration. (Bo = 1, E = 0.25, 9 = nl6, X = 1) 
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Figure 4.62 Variation of tine dimensionless liquid-wall shear stress profile with 281 

holdup, e = 0.25, 0.5 and 0.75 , at X = 1 and various contact angles (9 

= Tt/6,7t/3, 2ti/3) and Bond numbers (Bo = 1, 10, 50) 

Figure 4.63 Variation of the dimensionless liquid-wall shear stress profile with 282 

contact angle, 6 = n/6, n/3, 2n/3. (Bo = 10, e = 0.5, ^ = 3) 

Figure 4.64 Variation of the dimensionless liquid-wall shear stress profile with 282 

Bond number. Bo = 1, 10, 50. (6 = 2jr/3, s = 0.25, A, = 4) 

Figure 4.65 Variation of the dimensionless flow rate with holdup and Bond number, 283 

Bo = 0.25, 0.5, 1 ,2 ,4 , 8, 16, 32, 64, 128. (9 = n/6, X = 1) 

Figure 4.66 Variation of the dimensionless flow rate with holdup and friction factor 284 

ratio, X = 0 (gravity-driven), 0.6, 1 , 3 , 4 (Bo = 1,9 = 71/6) 

Figure 4.67 Variation of the dimensionless flow rate with holdup and contact angle, 284 

9 = O.lrt, 0.271, ..., 0.971. (Bo = 1 , 1 = 3) 

Figure 4.68 Friction factor chart 287 

Figure 4.69 Variation of the wall friction factor constant, kB(gravity) with contact angle 292 

for different Bond numbers (Bo = 1,10, 50) and holdups (s = 0.25, 0.5, 

0.75) 

Figure 4.70 Variation of the wall friction factor constant, kB(gravity) with holdup for 292 

different Bond numbers (Bo = 1,10, 50) and contact angles (9 = nlQ, 

nl3, 2n/3) 

Figure 4.71 Variation of the wall friction factor constant, kB(gravity) with holdup for Bo 293 

= 200 and contact angles (9 = n/6, n/3, 2n/3) 

Figure 4.72 Plot of correlated kB(gmvity) against actual kB(gravity) 294 

Figure 4.73 Variation of kB(gravity) with holdup for a gravity-driven laminar flow with a 294 

flat interface. 

Figure 4.74 Variation of the wall friction factor constant k'̂ 'B(T-L)With holdup for 296 

different Bond numbers (Bo = 1, 10, 50) and contact angles (9 = n/6, 
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7t/3, 2n/3) at A. = 1 using D'̂ 'H(T-L)-

Figure 4.75 Variation of ti ie wall friction factor constant l('̂ B(T-L)With holdup for 296 

different Bond numbers (Bo = 1, 10, 50) and contact angles (6 = 71/6, 

7X/3, 2Tt/3) at A. = 1 using D'̂ 'H(T-L)-

Figure 4.76 Variation of the wall friction factor constant, k'̂ 'B(T-L) with Bond number 297 

for different holdups (e = 0.25, 0.5, 0.75) and contact angles (0 = TI/6, 

7t/3, 2nl3) at A, = 1 

Figure 4.77 Variation of the wall friction factor constant, with holdup for 298 

different Bond numbers (Bo = 1 ,10 ,50 ) and contact angles (9 = nl6, 

n/3, 2n/3) at 1 = 3 

Figure 4.78 Variation of the wall friction factor constant, k'^'sg-L) with holdup for 298 

different Bond numbers (Bo = 1 ,10 ,50 ) and holdups (e = 0.25, 0.5, 

0.75) at X = 4 

Figure 4.79 Variation of the wall friction factor constant, k'^ B(T-L) with X for different 299 

Bond numbers (Bo = 1 , 1 0 , 50), holdups (s = 0.25, 0.5, 0.75) and 

contact angles (9 = n/6, n/3, 2TC/3) 

Figure 4.80 Variation of the wall friction factor constant, k'^'eg-L) with holdup for Bo 299 

= 200, A, = 1 and contact angles (9 = n/6, n/3, 2Tr/3). 

Figure 4.81 Variation of the wall friction factor constant, k'̂ ^B^-L) with holdup for Bo 300 

= 200, X = 1 and contact angles (9 = nlQ, kI3, 2nl3). 

Figure 4.82 Plot of correlated k'^' B(T-L) against actual k'^' B(T-L) 301 

Figure 4.83 Plot of correlated K '^ ' B(T-L) against actual K '^ ' B(T-L) 301 

Figure 4.84 Variation of wall friction factor constant, k'^'eg-L) with holdup for various 302 

friction factor ratios (X = 1, 3, 4) with a flat interface; comparison with 

correlation Equation (4.124). 

Figure 4.85 Variation of wall friction factor constant, k'̂ 'B(T-L) with holdup for various 303 

friction factor ratios (A= 1 , 3 , 4 ) with a flat interface; comparison with 

correlation Equation (4.125). 
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Figure 4.86 Variation of the oil-wall friction factor constant, k'̂ *A(L-L) with holdup (of 304 

water) for different Bond numbers (Bo = 1,10, 50) and contact angles 

(6 = 7t/6, 7I/3, 27t/3) at % = 0. 

Figure 4.87 Variation of the oil-wall friction factor constant, with holdup (of 304 

water) for different Bond numbers (Bo = 1,10, 50) and contact angles 

(9 = 7t/6, 7i/3, 2ti/3) at X = 0. 

Figure 4.88 Variation of the oil-wall friction factor constant, 'A(L-L) with holdup for 306 

different Bond numbers (Bo = 1, 10, 50) and contact angles (6 = n/6, 

71/3, 2Tt/3) at % = 3. 

Figure 4.89 Variation of the water-wall friction factor constant, B(L-L) with holdup 307 

for different Bond numbers (Bo = 1 ,10 ,50 ) and contact angles (9 = 

7i/6, 7i/3, 27t/3) at X = 0. 

Figure 4.90 Variation of the water-wall friction factor constant, k̂ ^̂ B(L-L) with holdup 307 

for different Bond numbers (Bo = 1 ,10 ,50 ) and contact angles (9 = 

7t/6, 7i/3, 271/3) at X = 0. 

Figure 4.91 Variation of the water-wall friction factor constant, k'̂ 'eci-L) with holdup 308 

for different Bond numbers (Bo = 1 ,10 ,50) and contact angles (0 = 

7t/6,7t/3, 271/3) at X = 3. 

Figure 4.92 Variation of the interfacial friction factor constant, ki{L-L) with holdup for 310 

different Bond numbers (Bo = 1 ,10 ,50) and contact angles (9 = 7t/6, 

n/3, 27i/3) at X = 0 using Equation (4.126). 

Figure 4.93 Variation of the interfacial friction factor constant, ki(L.L) with Bond 310 

numbers for different holdups (E=0.25, 0.5, 0.75) and contact angles (9 

= 7t/6, 7i/3, 27t/3) at X = 0 

Chapter 5: Evaluation of Wave Generation Theories 

Figure 5.1 Variation of pressure gradient with superficial gas velocity for different 316 

superficial liquid velocities (USL = 0.01, 0.03, 0.05, 0.07, 0.09, 0.11, 

32 -



0.13, 0.15ms"^) for air-water flow in a three inch pipe 

Figure 5.2 Variation of liquid holdup with superficial gas velocity for different 316 

superficial liquid velocities (USL = 0.01, 0.03, 0.05, 0.07, 0.09, 0.11, 

0.13, 0.15ms'^) for air-water flow in a three inch pipe 

Figure 5.3 Universal velocity profile (solid line) and proposed continuous velocity 318 

profile (broken line) in Equation (5.9) 

Figure 5.4 Velocity profile originating from the liquid-wall in a 0.08m channel with 319 

UsG = 2ms'^ and USL = 0.1 ms'^ 

Figure 5.5 Velocity profile originating from the liquid-side of the interface in a 320 

0.08m channel with USG = 2ms"^ and USL = 0.1 ms'^ 

Figure 5.6 Overall liquid velocity profile and its mean bulk velocity 320 

Figure 5.7 Velocity profile originating from the gas-wall in a 0.08m channel with 321 

UsG = 2ms'^ and UsL = O.lms"'' 

Figure 5.8 Velocity profile originating from the gas-side of the interface in a 0.08m 321 

channel with USG = 2ms'^ and USL = 0.1 ms"^ 

Figure 5.9 Overall gas velocity profile and its mean bulk velocity 322 

Figure 5.10 Overall velocity profile in a 0.08m channel with USG = 2ms"^ and USL = 323 

0.1 ms"^ 

Figure 5.11 Overall velocity profiles in a 0.08m channel for different sets of USG and 323 

USL: (a) (3, 0.01), (b) (3, 0.1), (c) (5, 0.1), (d) (5. 1) 

Figure 5.12 Two-phase gas-liquid stratified flow in a channel of height B. 327 

Figure 5.13 A typical curve of wave growth rate as a function of wave number, k 330 

Figure 5.14 Wave growth plots for different relative gas and liquid velocities at 331 

liquid height of 0.5B with B = 0.08m, pg = 1.209kgm"^, pu = 998.3kgm"^, 

Y = 0.07275Nm'\ 

Figure 5.15 Stability plots for air-water flows in channels with various heights (B = 332 
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25.4, 38.1, 50.8, 76.2, 127, 254mm (1, 1.5, 2, 3, 5, 10 inches)), with pc 

= 1.209 pt = 998.3 kgm^ y = 0.07275kgs^ = 0.0183 x 10'^ 

kgm-'s"\ HL = 0.9787 x 10'^ kgm"'s"\ fi/fc = 1. 

Figure 5.16 Stability plots for air-water flows in a 38.1mm (1.5-inch) channel at 333 

various ratios of interfacial to gas-wall friction factors (A, = 1, 2, 3, 5), 

with pG = 1.209 kgm'^ PL = 998.3 kgm'^ y = 0.07275kgs'^ I^g = 0.0183 

X 10"^ kgm-^s \ a = 0.9787 x 10"^ kgrn'^s"" 

Figure 5.17 Stability plots for air-water flows in pipes with the ratio of interfacial to 334 

gas-wall friction factor. A, = 1, at various pipe diameters (25.4, 38.1, 

50.8, 76.2, 127, 254mm or 1, 1.5, 2, 3 , 5 , 1 0 inches), with pc = 1.209 

kgm'^, Pl = 998.3 kgm"^, y = 0.07275kgs"^, i^g = 0.0183 x 10"^ kgm"^s"\ 

HL = 0.9787 X 10'^ kgm'^s ^ 

Figure 5.18 Stability plots for air-water flows in conduits with various hydraulic 334 

diameters (DH= 25.4, 50.8, 254mm (2, 4 and 10 inches)), with PG = 

1.209 kgm'^ PU = 998.3 kgm'^ y = 0.07275kgs'^ IIQ = 0.0183 x 10'^ 

kgm"^s"\ HL = 0.9787 x 10"^ kgm'^s ^ 

Figure 5.19 Two-phase gas-liquid stratified flow in a channel considering a small 335 

perturbation at the liquid surface 

Figure 5.20 Plot of discriminant of the dispersion equation against scaled wave 341 

number, k , for air-water flow with U = 5ms' \ hu = 0.75B in a 0.08m (3-

inch) channel 

Figure 5.21 Plots of discriminant of the dispersion equation against wave number, 342 

k, for U = 3ms"^ and U = lOms'^ at ht = 0.75B for air-water flow in a 

0.08m (3-inch) channel 

Figure 5.22 Plot of the critical reference velocity, Ucnt, against liquid height for air- 342 

water stratified flow in a 0.08m (3-inch) channel 

Figure 5.23 Finite wavelength Kelvin-Helmholtz stability plots for air-water flows in 343 

channels with various heights (B = 25.4, 38.1, 50.8, 76.3, 127, 254mm 

(1, 1.5, 2, 3, 5, 10 inch)) 

Figure 5.24 Finite wavelength Kelvin-Helmholtz stability plots for air-water flows in 343 
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a 38.1mm (1.5-inch) channel at different interfacial to gas-wall friction 

factor ratios ( A, = 1, 2, 3) 

Figure 5.25 Comparison of growth rates of long wave (red) and finite wavelength 344 

(blue) Kelvin-Helmholtz instability theory for air-water flow in a 0.08m 

(3-inch) channel. 

Figure 5.26 Stability plots for air-water flow in 1- and 3- inch (25.4mm and 80mm) 345 

rectangular channels assuming the long and finite wave Kelvin-

Helmholtz instability theory 

Figure 5.27 Comparisons of the finite wavelength and long wave Kelvin-Helmholtz 350 

instabilities with air-water data of Srichai et al. (1994) at various 

system pressures 

Figure 5.28 Comparisons of the finite wavelength and long wave Kelvin-Helmholtz 350 

instabilities with air-oil data of Srichai et al. (1994) at various system 

pressures 

Figure 5.29 Comparisons of the finite wavelength and long wave Kelvin-Helmholtz 351 

instabilities with air-liquid data of Hand (1991) at atmospheric pressure 

in a pipe with internal diameter of 0.0935m 

Figure 5.30 Comparisons of the finite wavelength and long wave Kelvin-Helmholtz 352 

instabilities with air-liquid data Andritsos (1986) at atmospheric 

pressure in a pipe with internal diameter of 0.09525m 

Figure 5.31 Comparisons of the finite wavelength and long wave Kelvin-Helmholtz 352 

instabilities with air-liquid data of Andritsos (1986) at atmospheric 

pressure in a pipe with internal diameter of 0.02515m 

Figure 5.32 Comparisons of the smooth to wavy transition lines predicted using 358 

modified sheltering coefficients with the air-water data of Srichai et al. 

(1994) at various system pressures 

Figure 5.33 Comparisons of the smooth to wavy transition lines predicted using 359 

modified sheltering coefficients with the air-oil data of Srichai et al. 

(1994) at various system pressures 

Figure 5.34 Comparisons of the smooth to wavy transition lines predicted using 360 
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modified sheltering coefficients with the air-liquid data of Hand (1991) 

at atmospheric pressure 

Figure 5.35 Comparisons of the smooth to wavy transition lines predicted using 361 

modified sheltering coefficients with the air-liquid data of Andritsos 

(1986) at atmospheric pressure in a pipe with internal diameter of 

0.0953m 

Figure 5.36 Comparisons of the smooth to wavy transition lines predicted using 361 

modified sheltering coefficients with the air-liquid data of Andritsos 

(1986) at atmospheric pressure in a pipe with internal diameter of 

0.0252m 

Figure 5.37 Comparisons of the smooth to wavy transition lines predicted using 362 

modified sheltering coefficients with those obtained from the inviscid 

Kelvin-Helmholtz studies for air-water flow at atmospheric pressure in 

a pipe with internal diameter of 0.0935m 

Figure 5.38 Comparisons of the smooth to wavy transition lines predicted using 363 

modified sheltering coefficients with those obtained from the inviscid 

Kelvin-Helmholtz studies for air-80% glycerine solution flow at 

atmospheric pressure in a pipe with internal diameter of 0.0953m 

Figure 5.39 Schematic diagram of gas and liquid flows relative to the wave, 364 

originally moving with speed c 

Figure 5.40 Comparison of transition lines obtained using the modified Jeffreys' 365 

(1924) criteria for air-water flow in a 0.08m (3-inch) channel with a 

sheltering coefficient of 0.06 

Figure 5.41 Variation of the sheltering coefficient calculated using Brooke 370 

Benjamin's (1959) model with wave number for air-water flow in a 

0.08m (3-inch) channel with USG = Ims'^ and USL = 0.05 ms'^ 

Figure 5.42 Variation of the sheltering coefficient calculated using Brooke 370 

Benjamin's (1959) model with wave number for air-water flow in a 0,08 

(3-inch) channel with USG = 1ms"^ and USL = 0.02 ms"^ 

Figure 5.43 Variation of the sheltering coefficient calculated using Brooke 371 

Benjamin's (1959) model with wave number for air-water flow in a 
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0.08m (3-inch) channel with USG = 1, 5ms'^ 

Figure 5.44 Variation of the sheltering coefficient calculated using Brool<e 372 

Benjamin's (1959) model with wave number for air-water flow in a 

0.08m (3-inch) channel with USL = 0.01, ..., 0.05ms'^ 

Figure 5.45 Variation of the sheltering coefficient calculated using Brool<e 372 

Benjamin's (1959) model with wave number for air-water flow at USG = 

Ims"^ and USL = 0.01 ms'^ at various channel heights, B = 0.02, 0.04, 

0.06 and 0.08m 

Figure 5.46 Plot indicating the presence of interfacial waves (positive values) 373 

evaluated from the model of Brooke Benjamin (1959) 

Figure 5.47 Flow geometry and asymptotic structure of air flow over waves 375 

(Belcher and Hunt, 1993) 

Figure 5.48 Profiles of perturbation to velocity and shear stress in and above the 376 

inner region. (Hunt, Leibovich and Richards, 1980) 

Chapter 6: The WASP Facility 

Figure 6.1 Schematic diagram of the WASP facility 386 

Figure 6.2 High-pressure air tanks belonging the Department of Aeronautics 387 

Figure 6.3 The WASP facility water (right) and oil storage tanks 387 

Figure 6.4 (a) Photograph of the inlet to the test-section 388 

(b) Schematic diagram of the inlet for the introduction of three-phase 388 

air-oil-water flow 

Figure 6.5 Part of the WASP test-section 389 

Figure 6.6 The slug catcher 390 

Figure 6.7 The dump tank 390 

Figure 6.8 The visualisation section 392 
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Figure 6.9 The single beam dual-energy gamma densitometer 394 

Figure 6.10 Electronic components for the y-densitometer system 396 

Figure 6.11 Measurement positions of the horizontal traversing mechanism 397 

Figure 6.12 Comparison of liquid holdups calculated using the Young-Laplace 398 

equation for Bo = 400 and contact angles, 8 = 0.1%, 0.2n 0.971, 

and that assuming a flat interface. 

Figure 6.13 Engineering drawings of the multiple twin-wire conductivity probe 399 

(Srichai, 1994) (Note: The scale of (a) is different to that of (b), and (b) 

is not to scale) 

Figure 6.14 (a) Schematic diagram of locking and tensioning device for multiple 400 

twin-wire conductivity probes (Not drawn to scale) 

(b) Schematic diagram of one half of the acrylic holder with 401 

modifications (Not drawn to scale) 

Figure 6.15 Photograph of a five twin-wire conductivity probe 402 

Figure 6.16 Photograph of multiple twin-wire conductivity probe assembly with 403 

flanges and signal box installed onto the test-section 

Figure 6.17 Schematic diagram of three and single twin-wire conductivity probes 404 

Figure 6.18 Schematic diagram of the single twin-wire conductivity probe 405 

Figure 6.19 Photograph of a twin-wire conductivity probe installed on the test- 406 

section 

Figure 6.20 Schematic diagram of names and positions of conductivity probes (Not 406 

drawn to scale) 

Figure 6.21 Calibration chart for conductivity probe TSN3(3) 408 

Figure 6.22 Experimental points at a pressure of 1 bar(a) 412 

Figure 6,23 Experimental points at a pressure of 2bar(a) 412 
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Figure 6.24 Experimental points at a pressure of 4bar(a) 412 

Figure 6.25 Experimental points at a pressure of 16bar(a) 413 

Chapter 7: Flow Regimes & Global Characteristics 

Figure 7.1 (a) Smootli stratified flow (run C04f171: USG = 1.612 ms ' \ USL = 418 

0.0196ms"\ P = 4bar(a)) 

(b) Gentle disturbances on smooth stratified surface (run C04f052: USG 419 

= 3.827 ms"\ USL = 0.0316ms"\ P = 1bar(a)) 

(c) Regular 2D-ripples (run C04f149: USG = 3.080 ms ' \ USL = 0.0388ms' 419 

\ P = 4bar(a)) 

(d) Long wave with 2D ripples (run C04f093: USG = 5.165 ms"\ USL = 419 

0.0316ms"\ P = 2bar(a)) 

(e) Long wave with 2D ripples in crest (run C04f168: USG = 4.119 ms"\ 420 

UsL = 0.0240ms'\ P = 4bar(a)) 

(f) Roll waves (run C04f125: USG = 4.095 ms ' \ USL = 0.0844ms'\ P = 420 

2bar(a)) 

(g) Slug flow (water draining at slug tail) (run C04f146: USG = 1 230 420 

ms ' \ UsL = 0.1292ms"\ P = 4bar(a)) 

(h) 3D waves (showing swirling conical structures in water layer) (run 421 

C04f163: UsG = 5.031 ms"\ USL = 0.1297ms'\ P = 4bar(a)) 

(i) 3D waves with low amplitude roll waves (run C04f125: USG = 4.095 421 

ms"\ UsL = 0.0844ms"\ P = 2bar(a)) 

(j) 3D waves with entrained water droplets (run C04f180: USG = 7.632 421 

ms ' \ UsL = 0.0274ms'\ P = 4bar(a)) 

(k) Annular flow (run C04f074: USG = 15.887 ms ' \ USL = 0.1771ms'\ P 422 

= 1bar(a)) 

Figure 7.2 Flow pattern map for system pressure of 1 bar(a) 423 

Figure 7.3 Flow pattern map for system pressure of 2 bar(a) 423 

Figure 7.4 Flow pattern map for system pressure of 4 bar(a) 424 

Figure 7.5 Flow pattern map for system pressure of 16 bar(a) 424 

Figure 7.6 The relative positions of the different flow regime maps 426 
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Figure 7.7 Comparison of transitions with experimental data at a system pressure 427 

of 1 bar(a) 

Figure 7.8 Comparison of transitions with experimental data at a system pressure 427 

of 2 bar(a) 

Figure 7.9 Comparison of transitions with experimental data at a system pressure 428 

of 4 bar(a) 

Figure 7.10 Comparison of transitions with experimental data at a system pressure 428 

of 16 bar(a) 

Figure 7.11 Variation of critical superficial gas and liquid velocities with system 429 

pressure 

Figure 7.12 3D representation of variation of liquid holdup at a system pressure of 431 

1 bar(a) 

Figure 7.13 3D representation of variation of liquid holdup at a system pressure of 432 

2 bar(a) 

Figure 7.14 3D representation of variation of liquid holdup at a system pressure of 432 

4 bar(a) 

Figure 7.15 3D representation of variation of liquid holdup at a system pressure of 433 

16 bar(a) 

Figure 7.16 Variation of liquid holdup with USL at different values of USG at a system 433 

pressure of 16 bar(a) 

Figure7.17 Variation of liquid holdup with USL at different fixed pressures at a fixed 434 

UsG of 1.5 + 0.2ms"^ 

Figure 7.18 Variation of liquid holdup with USG at different fixed pressures at a fixed 434 

UsL of 0.02ms'^ 

Figure 7.19 Comparison of the liquid holdup obtained from experiments (black 437 

points) and predicted by the two-fluid model (blue points) at a system 

pressure of 1bar(a). 
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Figure 7.20 Comparison of the liquid holdup obtained from experiments (black 438 

points) and predicted by the two-fluid model (blue points) at a system 

pressure of 2bar(a). 

Figure 7.21 Comparison of the liquid holdup obtained from experiments (black 438 

points) and predicted by the two-fluid model (blue points) at a system 

pressure of 4bar(a). 

Figure 7.22 Comparison of the liquid holdup obtained from experiments (black 439 

points) and predicted by the two-fluid model (blue points) at a system 

pressure of 16bar(a). 

Figure 7.23 Comparison of predicted liquid-wall friction factor with tha calculated 439 

from the Blasius equation. 

Figure 7.24 Comparison of the liquid holdup obtained from experiments and 440 

predicted by the two-fluid model at a system pressure of 1 and 16 

bar(a) at a fixed USG of 3 ± 0.2 ms' 

Figure 7.25 Comparison of the liquid holdup obtained from experiments and 440 

predicted by the two-fluid model at a system pressure of 1 and 16 

bar(a) at a fixed USL of 0.03 ms"^ 

Figure 7.26 3D representation of the variation of pressure gradient at a system 442 

pressure of 1 bar(a) 

Figure 7.27 3D representation of the variation of pressure gradient at a system 442 

pressure of 2bar(a) 

Figure 7.28 3D representation of the variation of pressure gradient at a system 443 

pressure of 4bar(a) 

Figure 7.29 3D representation of the variation of pressure gradient at a system 443 

pressure of 16bar(a) 

Figure 7.30 Variation of pressure gradient with USL at different values of USG at a 444 

system pressure of 4bar(a) 

Figure 7.31 Variation of pressure gradient with USG at different values of USL at a 444 

system pressure of 4bar(a) 
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Figure 7.32 Variation of pressure gradient with USL at different fixed pressures 445 

at a fixed USG of 3.0 ± 0.2 ms'^ 

Figure 7.33 Variation of pressure gradient with u,G at different fixed pressures at a 445 

fixed UsL of 0.02ms'^ 

Figure 7.34 Comparison of the pressure gradient obtained from experiments (black 446 

points) and predicted by the two-fluid model (blue points) at a system 

pressure of 1 bar(a) 

Figure 7.35 Comparison of the pressure gradient obtained from experiments (black 447 

points) and predicted by the two-fluid model (blue points) at a system 

pressure of 1 bar(a) 

Figure 7.36 Comparison of the pressure gradient obtained from experiments (black 447 

points) and predicted by the two-fluid model with fi = fo (blue points) 

and f| = 3 fG (red points) at a system pressure of 4 bar(a) 

Figure 7.37 Comparison of the pressure gradient obtained from experiments (black 448 

points) and predicted by the two-fluid model (blue points) at a system 

pressure of 16 bar(a) 

Figure 7.38 Comparison of the pressure gradient obtained from experiments and 448 

predicted by the two-fluid model at a system pressure of 1 and 16 

bar(a) at a fixed USG of 3 ± 0.2 ms"^ 

Figure 7.39 Comparison of the pressure gradient obtained from experiments and 449 

predicted by the two-fluid model at a system pressure of 1 and 16 

bar(a) at a fixed USL of 0.03 ms'^ 

Chapter 8: Wave Characteristics 

Figure 8.1 Full pipe calibration for probe TSN2 over entire experimental 452 

campaign 

Figure 8.2 300-second wave trace for smooth stratified flow (C04f043) for probe 457 

IGM2 

Figure 8.3 2-second wave trace for smooth stratified flow (C04f043) for probe 457 
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IGM2 

Figure 8.4 300-second wave trace for gentle disturbances (C04f021) for probe 458 

IGIVI2 

Figure 8.5 2-second wave trace for gentle disturbances (C04f021) for probe 458 

IGM2 

Figure 8.6 300-second wave trace for 2D ripples (C04f046) for probe IGM2 459 

Figure 8.7 2-second wave trace for 2D ripples (C04f046) for probe IGM2 459 

Figure 8.8 300-second wave trace for smooth stratified flow with packets of 2D 460 

ripples (C04f023) for probe IGM2 

Figure 8.9 4-second wave trace for smooth stratified flow with packets of 2D 460 

ripples (C04f023) for probe JS1. 

Figure 8.10 300-second wave trace for long wave with a smooth surface (C04f059) 461 

for probe IGM2 

Figure 8.11 2-second wave trace for long wave with a smooth surface (C04f059) 461 

for probe IGM2 

Figure 8.12 300-second wave trace for long wave with 2D ripples on surface 461 

(C04f027) for 1GM2 

Figure 8.13 2-second wave trace for long wave with 2D ripples on surface 462 

(C04f027) for IGM2 

Figure 8.14 300-second wave trace for roll waves (C04f041) for probe IGM2 462 

Figure 8.15 2-second wave trace for roll waves (C04f041) for probe IGM2 463 

Figure 8.16 300-second wave trace for slug flows (C04f067) for probe IGM2 463 

Figure 8.17 (a) 40-second wave trace for slug flows (C04f067) for probe IGM2, 464 

showing a slug. 

(b) 2-second wave trace for slug flows (G04f067) for probe IGM2 464 
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Figure 8.18 300-second wave trace for slug flows (C04f067) for probe IGM2 465 

Figure 8.19 2-second wave trace for slug flows (C04f067) for probe IGM2 465 

Figure 8.20 300-second wave trace for 3D waves with liquid entrainment 465 

(C04f049) for probe IGM2 

Figure 8.21 2-second wave trace for 3D waves with liquid entrainment (C04f049) 466 

for probe IGM2 

Figure 8.22 300-second wave trace for 3D waves with low amplitude roll waves 466 

(C04f071) for probe IGM2 

Figure 8.23 2-second wave trace for 3D waves with low amplitude roll waves 467 

(C04f071) for probe IGM2 

Figure 8.24 300-second wave trace for annular flows (C04f058) for probe IGM2 467 

Figure 8.25 2-second wave trace for annular flows (C04f058) for probe IGM2 468 

Figure 8.26 2-second wave plot for smooth stratified flow (C04f043) for probe JS2 469 

Figure 8.27 2-second wave plot (magnified) for smooth stratified flow (C04f043) for 469 

probe JS2 

Figure 8.28 2-second wave plot for gentle disturbances (G04f021) for probe SS2 470 

Figure 8.29 2-second wave plot (magnified) for gentle disturbances (C04f021) for 470 

probe SS2 

Figure 8.30 2-second wave plot for 2D ripples (C04f046) for probe JS2 471 

Figure 8.31 2-second wave plot (magnified) for 2D ripples (C04f046) for probe JS2 471 

Figure 8.32 2-second wave plot for smooth stratified flows with packets of ripples 472 

(C04f023) for probe SS2 

Figure 8.33 2-second wave plot (magnified) for smooth stratified flows with packets 472 

of ripples (C04f023) for probe SS2 
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Figure 8.34 2-second wave plot for long wave with smooth surface (C04f059) for 473 

probe JS2 

Figure 8.35 2-second wave plot (magnified) for long wave with smooth surface 473 

(C04f059) for probe JS2 

Figure 8.36 2-second wave plot for long wave with 2D ripples on surface 474 

(C04f027) for probe SS2 

Figure 8.37 2-second wave plot (magnified) for long wave with 2D ripples on 474 

surface (C04f027) for probe SS2 

Figure 8.38 2-second wave plot for roll waves (C04f041) for probe SS2 475 

Figure 8.39 2-second wave plot (magnified) for roll waves (C04f041) for probe SS2 475 

Figure 8.40 2-second wave plot for slug flows (C04f067) for probe SS2, illustrating 476 

a slug. 

Figure 8.41 2-second wave plot (magnified) for slug flows (C04f067) for probe 476 

SS2, illustrating a slug tail 

Figure 8.42 2-second wave plot (magnified) for slug flows (C04f067) for probe JS1, 476 

illustrating falling liquid height. 

Figure 8.43 2-second wave plot for 3D waves (C04f036) for probe SS2 477 

Figure 8.44 2-second wave plot (magnified) for 3D waves (C04f036) for probe SS2 477 

Figure 8.45 2-second wave plot for 3D waves with liquid entrainment (C04f049) for 478 

probe SS2 

Figure 8.46 2-second wave plot (magnified) for 3D waves with liquid entrainment 478 

(C04f049) for probe SS2 

Figure 8.47 2-second wave plot for 3D waves with low amplitude roll waves 479 

(C04f071) for probe SS2 

Figure 8.48 0.5-second wave plot for 3D waves with low amplitude roll waves 479 

(C04f071) for probe SS2 
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Figure 8.49 2-second wave plot for annular flows (C04f058) for probe SS2 480 

Figure 8.50 2-second wave plot (magnified) for annular flows (C04f058) for probe 480 

SS2 

Figure 8.51 2-second wave plot (unprocessed) for annular flows (C04f058) for 480 

probe SS2 

Figure 8.52 Variation of mean liquid height measured at IGM1 with USL at different 485 

superficial gas velocitiies, USG = 1.6+0.03, 3.2+0.05, 5.2+0.10, 

9.1+0.10, 15.5±0.05ms"^ 

Figure 8.53 Variation of average wave height measured at IGM1 with USG at 486 

different superficial liquid velocity, USL = 0.02, 0.03, 0.05, 0.08, 0.15 

ms"^ 

Figure 8.54 Variation of skewness measured at IGM1 with USG at different 487 

superficial liquid velocity, USL = 0.02, 0.03, 0.05, 0.08, 0.15 ms'^ 

Figure 8.55 Variation of kurtosis measured at IGM1 with USG at different superficial 487 

liquid velocity, USL = 0.02, 0.03, 0.05, 0.08, 0.15 ms"^ 

Figure 8.56 Typical autocorrelation function for regular interfacial features 489 

Figure 8.57 Autocorrelation function for smooth stratified flow (C04f043) for probe 490 

IGM1 

Figure 8.58 Autocorrelation function for gentle disturbances (G04f021) for probe 490 

IGM1 

Figure 8.59 Autocorrelation function for 2D ripples (C04f046) for probe IGM1 491 

Figure 8.60 Autocorrelation function for smooth stratified with packets of 2D ripples 492 

(C04f023) for probe IGM1 

Figure 8.61 Autocorrelation function for long waves with a smooth surface 493 

(G04f059) for probe IGM1 

Figure 8.62 Autocorrelation function for long waves with 2D ripples on surface 493 

(C04f027) for probe IGM1 
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Figure 8.63 Autocorrelation function for roll waves (C04f041) for probe IGM1 494 

Figure 8.64 Autocorrelation function for slug flows (C04f067) for probe IGM1 494 

Figure 8.65 Autocorrelation function for 3D waves (C04f036) for probe 1GM1 495 

Figure 8.66 Autocorrelation function for 3D waves with liquid entrainment 495 

(C04f049) for probe IGM1 

Figure 8.67 Autocorrelation function for 3D waves with low amplitude roll waves 495 

(C04f071) for probe IGM1 

Figure 8.68 Autocorrelation function for annular flows (C04f058) for probe IGM1 496 

Figure 8.69 Autocorrelation function highlighting the 2 dominant peaks (G04f038) 497 

Figure 8.70 Variation of autocorrelation value measured at IGM1 with USL at 497 

different superficial gas velocity, USG = 1.6+0.03, 3.2+0.05, 5.2+0.10, 

9.1+0.1 ms'^ 

Figure 8.71 Variation of dominant wave frequency measured at IGM1 with USL at 498 

different superficial gas velocity, USG = 1.6+0.03, 3.2+0.05, 5.2+0.10, 

9.1±0.1ms"^ 

Figure 8.72 Power spectral density function for smooth stratified flow (C04f043) for 501 

probe IGM1 

Figure 8.73 Power spectral density function for smooth stratified flow (C04f043) for 501 

probe JS1(1) 

Figure 8.74 Power spectral density function for gentle disturbances (C04f021) for 501 

probe IGM1 

Figure 8.75 Power spectral density function for 2D ripples (G04f046) for probe 502 

IGM1 

Figure 8.76 Power spectral density function for smooth stratified with packets of 502 

ripples (C04f023) for probe IGM1 

Figure 8.77 Power spectral density function for long waves with a smooth interface 503 
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(C04f059) for probe IGM1 

Figure 8.78 Power spectral density function for long waves with 2D ripples on 503 

surface (C04f027) for probe IGM1 

Figure 8.79 Power spectral density function for roll waves (C04f041) for probe 504 

IGM1 

Figure 8.80 Power spectral density function for slug flows (C04f067) for probe 504 

IGM1 

Figure 8.81 Power spectral density function for 3D waves (C04f036) for probe 505 

IGM1 

Figure 8.82 Power spectral density function for 3D waves with liquid entrainment 505 

(C04f049) for probe IGM1 

Figure 8.83 Power spectral density function for 3D waves with low amplitude roll 506 

waves (C04f071) for probe IGM1 

Figure 8.84 Power spectral density function for annular flows (C04f058) for probe 506 

IGM1 

Figure 8.85 Variation of power spectrum density function of probe IGM1 at an USG 508 

of approximately 1.6ms"^ .(n = 7}^ in C04f017 and C04f018) 

Figure 8.86 Variation of power spectrum density function of probe IGM1 at an USG 509 

of approximately 9.1ms"\ (n = 2^®) 

Figure 8.87 Variation of power spectrum density function of probe IGM1 at an USL 510 

of approximately 0.08ms'\ (n = 2^^) 

Figure 8.88 Typical crosscorrelation function for regular interfacial disturbances 512 

Figure 8.89 Crosscorrelation function for smooth stratified flow (C04f043) for 514 

probes IGIVII & IGM2 

Figure 8.90 Crosscorrelation function for gentle disturbances (C04f021) for probes 514 

IGM1 & IGM2 
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Figure 8.91 Crosscorrelation function for 2D ripples (C04f046) for probes IGM1 & 514 

IGM2 

Figure 8.92 Crosscorrelation function for smootin stratified flow with packets of 515 

ripples (C04f023) for probes IGM1 & IGM2 

Figure 8.93 Crosscorrelation function for long wave with smooth surface (C04f059) 515 

for probes IGM1 & IGM2 

Figure 8.94 Crosscorrelation function for long waves with 2D ripples (C04f027) for 516 

probes IGM1 & IGM2 

Figure 8.95 Crosscorrelation function for roll waves (C04f041) for probes IGM1 & 516 

IGM2 

Figure 8.96 Crosscorrelation function for slug flows (C04f067) for probes IGM1 & 516 

IGM2 

Figure 8.97 Crosscorrelation function for 3D waves (C04f036) for probes IGM1 & 517 

IGM2 

Figure 8.98 Crosscorrelation function for 3D waves with liquid entrainment 517 

(C04f049) for probes IGM1 & IGM2 

Figure 8.99 Crosscorrelation function for 3D waves with low amplitude roll waves 517 

(C04f071) for probes IGM1 & IGM2 

Figure 8.100 Crosscorrelation function for annular flows (C04f058) for probes IGM1 518 

& IGM2 

Figure 8.101 Crosscorrelation of C04f016, indicating the groups of periodic peaks 518 

Figure 8.102 Variation of dominant wave speed measured between IGM1 and IGM2 519 

with UsL at different superficial gas velocity, USG = 1.6+0.01, 3.2±0.05, 

5.2+0.10, 9.1+0.10, 15.5+0.50ms"' 

Figure 8.103 Variation of relative wave speed measured between IGM1 and IGM2 520 

with UsL at different superficial gas velocity, USG = 1 6+0.01, 3.2±0.05, 

5.2+0.10, 9.1+0.10, 15.5±0.50ms"^ 
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Figure 8.104 Variation of calculated liquid-wall friction factor with dimensionless 521 

wave height 

Figure 8.105 Variation of the liquid-wall friction factor ratio (experimentally 521 

calculated to from Blasius equation) with dimensionless wave height. 

Figure 8.106 Variation of calculated interfacial friction factor with dimensionless 522 

wave height 

Figure 8.107 Variation of interfacial to gas-wall friction factor ratio with 522 

dimensionless wave height 

Figure 8.108 Schematic diagram of probe SS2. 523 

Figure 8.109 Variation of crosscorrelation values of SS2(2) with SS2(1), SS2(3) and 525 

SS2(4) with superficial liquid velocity at an approximately fixed 

superficial gas velocity of 3.2ms"^ 

Figure 8.110 Variation of crosscorrelation values of SS2(2) with SS2(1), SS2(3) and 526 

SS2(4) with superficial velocity at an approximately fixed superficial 

gas velocity of 15.5ms'^ 

Figure 8.111 0.5s wave plot for 2D ripples (C04f046) illustrating the secondary 528 

motion for probe SS2 

Figure 8.112 0.5s wave plot for long waves with a smooth surface (C04f046) 529 

illustrating the secondary motion for probe SS2 

Figure 8.113 0.5s wave plot for roll waves (C04f046) illustrating the secondary 529 

motion for probe SS2 

Figure 8.114 0.5s wave plot for 3D waves (C04f036) illustrating the secondary 530 

motion for probe SS2 

Figure 8.115 Variation of autocorrelation value with USG for various system pressure 531 

at an USL of approximately 0.02ms'^ 

Figure 8.116 Variation of autocorrelation value with USG for various system pressure 532 

at an USL of approximately 0.08ms"^ 
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Figure 8.117 Variation of dominant wave frequency witfi USG for various system 533 

pressure at an USL of approximately 0.02ms"^ 

Figure 8.118 Variation of dominant wave frequency with USG for various system 533 

pressure at an USL of approximately 0.08ms"'' 

Figure 8.119 Variation of dominant wave speed with USG for various system 534 

pressure at an USL of approximately 0.02ms'^ 

Figure 8.120 (a) 140s plot of crosscorrelation function for long waves with smooth 534 

interface (C04f222) at 16bar(a) 

(b) 3s plot of crosscorrelation function for long waves with smooth 535 

interface (C04f222) at 16 bar(a) 

Figure 8.121 Energy spectral density for long waves with smooth interface 535 

(C04f222) at 16bar(a) 

Figure 8.122 Crosscorrelation function for gentle disturbances (C04f108) at 2bar(a) 535 

Figure 8.123 Variation of relative wave speed with USG for various system pressure 536 

at an USL of approximately 0.02ms"^ 

Chapter 9: Evolution of the Gas-Liquid Interface 

Figure 9.1 300s wave trace in the axial direction for smooth stratified flow 542 

(C04f043)of probes TSN1(3), TSN2(3). TSN3(3), SSI , IGM1, IGM2, 

JS1(1)and JS2(1) 

Figure 9.2 4s wave trace of probe TSN3{3) located 14.4m downstream for 542 

smooth stratified flow (C04f043) 

Figure 9.3 4s wave trace of probe IGM1 located 26.6m downstream for smooth 543 

stratified flow (C04f043) 

Figure 9.4 4s wave trace of probe JS2(1) located 35.1m downstream for smooth 543 

stratified flow (C04f043) 

Figure 9.5 2s wave plot of probe TSN1 located 7.2m downstream for smooth 544 

- 5 1 -



stratified flow (C04f043) 

Figure 9.6 2s wave plot of probe TSN2 located 13.3m downstream for smooth 544 

stratified flow (C04f043) 

Figure 9.7 2s wave plot of probe SS2 located 28.4m downstream for smooth 545 

stratified flow (C04f043) 

Figure 9.8 2s wave plot of probe JS2 located 35.1m downstream for smooth 545 

stratified flow (C04f043) 

Figure 9.9 Variation of mean liquid height in the axial direction for smooth 546 

stratified flow (C04f043) 

Figure 9.10 Variation of average wave height in the axial direction for smooth 546 

stratified flow (C04f043) 

Figure 9.11 Variation of skewness in the axial direction for smooth stratified flow 547 

(C04f043) 

Figure 9.12 Variation of autocorrelation values in the axial direction for smooth 548 

stratified flow (C04f043) 

Figure 9.13 Variation of dominant frequency in the axial direction for smooth 548 

stratified flow (C04f043) 

Figure 9.14 Autocorrelation function of probe TSN2(3) for smooth stratified flow 548 

(C04f043) 

Figure 9.15 Autocorrelation function of probe TSN3(3) for smooth stratified flow 549 

(C04f043) 

Figure 9.16 Autocorrelation function of probe TSN1 (3) for smooth stratified flow 549 

(C04f043) 

Figure 9.17 Variation of power spectral density function axially down the test 550 

section for smooth stratified flow (C04f043) 

Figure 9.18 Crosscorrelation function for smooth stratified flow (C04f043) for 551 

probes PMU4 and PMU5 
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Figure 9.19 Crosscorrelation function for smooth stratified flow (C04f043) for 551 

probes TSN2(3) and TSN3(3) 

Figure 9.20 Crosscorrelation function for smooth stratified flow (C04f043) for 552 

probes IGM1 and IGM2 

Figure 9.21 Crosscorrelation function for smooth stratified flow (C04f043) for 552 

probes JS1 (1) and JS2(1) 

Figure 9.22 Variation of wave speed along the axial direction of the test section for 552 

smooth stratified flow (C04f043) 

Figure 9.23 300s wave trace in the axial direction for regular 2D ripples (C04f046) 553 

of probes TSN1(3), TSN2(3), TSN3(3), SSI , IGM1, IGM2, JS1(1) and 

JS2(1) 

Figure 9.24 4s wave trace of probe TSN2(3) located 13.3m downstream for regular 554 

2D ripples (C04f046) 

Figure 9.25 4s wave trace of probe IGM1 located 26.6m downstream for regular 554 

2D ripples (C04f046) 

Figure 9.26 4s wave trace of probe IGM2 located 27.2m downstream for regular 555 

2D ripples (C04f046) 

Figure 9.27 4s wave trace of probe JS2(1) located 35.1m downstream for regular 555 

2D ripples (C04f046) 

Figure 9.28 2s wave plot of probe TSN1 located 7.2m downstream for regular 2D 556 

ripples (C04f046) 

Figure 9.29 2s wave plot of probe TSN2 located 13.3m downstream for regular 2D 556 

ripples (C04f046) 

Figure 9.30 2s wave plot of probe SS2 located 28.4m downstream for regular 2D 557 

ripples (C04f046) 

Figure 9.31 2s wave plot of probe JS2(1) located 35.1m downstream for regular 557 

2D ripples (C04f046) 
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Figure 9.32 Variation of mean liquid height in the axial direction for regular 2D 558 

ripples (C04f046) 

Figure 9.33 Variation of average wave height in the axial direction for regular 2D 558 

ripples (C04f046) 

Figure 9.34 Variation of skewness factor in the axial direction for regular 2D ripples 559 

(C04f046) 

Figure 9.35 Variation of autocorrelation values in the axial direction for regular 2D 559 

ripples (C04f046) 

Figure 9.36 Variation of dominant frequency in the axial direction for regular 2D 560 

ripples (C04f046) 

Figure 9.37 Autocorrelation function of probe TSN2(3) for regular 2D ripples 560 

(C04f046) 

Figure 9.38 Autocorrelation function of probe TSN3(3) for regular 20 ripples 560 

(C04f046) 

Figure 9.39 Variation of power spectral density function axially down the test 561 

section for regular 20 ripples (C04f046) 

Figure 9.40 Variation of wave speed along the axial direction of the test section for 562 

regular 20 ripples (C04f046) 

Figure 9.41 Crosscorrelation function for regular 20 ripples (C04f046) for probes 562 

IGM1 and IGM2 

Figure 9.42 300s wave trace in the axial direction for long wave with smooth 563 

surface (C04f059) of probes TSN1 (3), TSN2(3), TSN3(3), SSI , IGM1, 

IGM2, JS1(1)and JS2(1) 

Figure 9.43 Variation of mean liquid height in the axial direction for long waves 564 

with a smooth surface (C04f059) 

Figure 9.44 Variation of average wave height in the axial direction for long waves 564 

with a smooth surface (C04f059) 
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Figure 9.45 4s wave trace of probe TSN1 (3) located 7.2m downstream for long 565 

waves witli smootli surface (C04f059) 

Figure 9.46 4s wave trace of probe TSN3(3) located 14.4m downstream for long 565 

waves witli smootli surface (C04f059) 

Figure 9.47 4s wave trace of probe IGM1 located 26.6m downstream for long 565 

waves with smooth surface (C04f059) 

Figure 9.48 4s wave trace of probe JS1 (1) located 34.5m downstream for long 566 

waves with smooth surface (C04f059) 

Figure 9.49 2s wave plot of probe TSN1 located 7.2m downstream for long waves 566 

(C04f059) 

Figure 9.50 0.5s wave plot of probe TSN1 located 7.2m downstream for long 567 

waves (C04f059), highlighting waves travelling in an oblique direction 

Figure 9.51 2s wave plot of probe TSN2 located 13.3m downstream for long 567 

waves (C04f059) 

Figure 9.52 2s wave plot of probe SS2 located 28.4m downstream for long waves 568 

(C04f059) 

Figure 9.53 2s wave plot of probe JS2 located 35.1m downstream for long waves 568 

(C04f059) 

Figure 9.54 Variation of skewness in the axial direction for long waves with a 569 

smooth surface (C04f059) 

Figure 9.55 Autocorrelation function of probe TSN2(3) for long waves with a 569 

smooth surface (C04f059) 

Figure 9.56 Autocorrelation function of probe IGM1 for long waves with a smooth 570 

surface (C04f059) 

Figure 9.57 Variation of dominant frequency in the axial direction for long waves 570 

with smooth surface (C04f059) 

Figure 9.58 Variation of autocorrelation values in the axial direction for long waves 571 
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with smooth surface (C04f059) 

Figure 9.59 Variation of power spectral density function axially down the test 571 

section for long waves with smooth interface (C04f059) 

Figure 9.60 Crosscorrelation function for long waves with smooth surface 572 

(C04f059) for probes JS1 (1) and JS2(1) 

Figure 9.61 Variation of wave speed along the axial direction of the test section for 573 

long waves with a smooth surface (C04f059) 

Figure 9.62 300s wave trace in the axial direction for roll waves (C04f041) of 574 

probes TSN1 (3), TSN2(3), TSN3(3), SSI , IGM1, IGM2. JS1 (1) and 

JS2(1) 

Figure 9.63 4s wave trace of probe TSN1 (3) located 7.2m downstream for roll 574 

waves (C04f041) 

Figure 9.64 4s wave trace of probe TSN2(3) located 13.3m downstream for roll 575 

waves (C04f041) 

Figure 9.65 4s wave trace of probe IGM1 located 26.6m downstream for roll waves 575 

(C04f041) 

Figure 9.66 4s wave trace of probe IGM2 located 27.2m downstream for roll waves 575 

(C04f041) 

Figure 9.67 4s wave trace of probe JS1 (1) located 34.5m downstream for roll 576 

waves (G04f041) 

Figure 9.68 4s wave trace of probeJS2(1) located 35.1 m downstream for roll 576 

waves (C04f041) 

Figure 9.69 2s wave plot of probe TSN1 located 7.2m downstream for roll waves 577 

(G04f041) 

Figure 9.70 2s wave plot of probe TSN2 located 13.3m downstream for roll waves 577 

(C04f041) 

Figure 9.71 2s wave plot of probe SS2 located 28.4m downstream for roll waves 578 
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(C04f041) 

Figure 9.72 2s wave plot of probe JS2 located 35.1m downstream for roll waves 578 

(C04f041) 

Figure 9.73 Variation of mean liquid height in the axial direction for roll waves 579 

(C04f041) 

Figure 9.74 Variation of average wave height in the axial direction for roll waves 579 

(C04f041) 

Figure 9.75 Variation of skewness in the axial direction for roll waves (C04f041) 580 

Figure 9.76 Autocorrelation function of probe TSN3(3) for roll waves (C04f041) 580 

Figure 9.77 Variation of power spectral density function axially down the test 581 

section for roll waves (C04f041) 

Figure 9.78 Variation of wave speed along the axial direction of the test section for 582 

roll waves (C04f041) 

Figure 9.79 Crosscorrelation function for roll waves (C04f041) for probes TSN2(3) 582 

and TSN3(3) 

Figure 9.80 Crosscorrelation function for roll waves (C04f041) for probes JS1 (1) 583 

and JS2(1) 

Figure 9.81 300s wave trace in the axial direction for slug flow (C04f067) of probes 584 

TSN1(3), TSN2(3), TSN3(3), SSI , IGM1, IGM2, JS1(1) and JS2(1) 

Figure 9.82 4s wave trace of probe TSN1 (3) located 7.2m downstream for slug 584 

flow (C04f067) 
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Introduction 

1.1 Background 

Multiphase flow in horizontal and near-horizontal pipes is important in a large range of 

industries. Examples are the transportation of natural gas, condensate and petroleum oil in 

pipelines; the flow of steam and water in nuclear reactors; and the transportation of steam 

and water mixtures from geothermal fields to the power stations. A fundamental knowledge of 

multiphase flow phenomena is required for the economical design of processes and to ensure 

the efficient and safe operation of the equipment. 

Interest in multiphase flows has been immense in the oil and gas industry, especially 

in the offshore hydrocarbon recovery process. A multiphase production system involves an oil 

or gas field in which pipes connect some or all of the wellheads to the separation and 

processing facilities. Such multiphase flow pipelines can be very long (100km or more) and 

often operate at considerable depths under the sea. Understanding and optimisation of such 

systems may significantly reduce the capital cost of the field development. As oil fields 

mature, transportation lines become impossible to operate in single-phase as extra gas is 

injected into the wellbore to boost the pressure gradient. In addition, many offshore oil fields 

do not have sufficient hydrocarbon content to justify the building of a platform at each drilling 

position, which would entail high capital and operating costs. Therefore, long subsea pipelines 

in horizontal, or near horizontal (due to the undulation of the subsea terrain) configuration are 

required to transport the crude oil and natural gas at high pressure to onshore separation and 
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processing facilities. In this mode of transportation, the power required to recover the oil 

mainly depends on the flow pattern or interfacial configuration. For heavy viscous crude, the 

oil viscosity becomes the dominant factor. Hence, in recent years, due to geographical, 

operational and economical constraints, multiphase transport in pipelines has become more 

important. Multiphase flow has also a significant influence on other offshore problems such as 

wax and hydrate deposition, corrosion rates and deepwater riser operations. 

Horizontal flows are more complicated than vertical ones since gravity causes 

asymmetry in the flow. Stratified and slug flows are the key multiphase flow regimes in 

subsea pipelines, and the former is the object of the current research. A two-phase stratified 

flow is defined by the denser phase flowing in the lower part of the pipe, while the less dense 

phase flows in the upper part. The interface between the fluids is often characterised by the 

presence of waves (wavy stratified flow), although at low velocities the interface may be 

undisturbed (smooth stratified flow). Many pipeline systems would ideally operate in the 

stratified region due to the low pressure gradients and the absence of problems associated 

with the intermittent behaviour of slug flows. Mechanistic models, starting mainly from the 

two-fluid model, have been developed to predict the flow parameters, such as the axial 

pressure drop and the in-situ holdup. However, the weakest link in these models is the 

determination of the interfacial friction factor. The fluid-fluid interface of stratified flows in 

practical scenarios is seldom smooth and flat. Disturbances such as interfacial waves 

generally occur and present significant challenges to the development of accurate flow 

models. Furthermore, interfacial tension can cause significant interface curvature in some 

circumstances. 

This thesis addresses the flow configuration and characteristics of two-phase 

stratified flows in horizontal or slightly inclined pipes. Special attention will be paid to the 

interfacial properties, the interfacial structure and the interaction of the fluids across the 

interface. The areas to be studied include the initiation of interfacial waves leading to the 

transition from smooth to wavy stratified flow, and the characterisation of the interface in fully 

developed wavy stratified flow. These are the pre-requisites for the development of an 

efficient and robust model for the prediction of flow properties of stratified flows. 

1.2 Objectives 

Steady-state stratified flow is the most common multiphase flow type in industry 

today. A large amount of work has been done in the study of stratified flow, its properties and 

its transitions, with recent emphasis on the complex interfacial structure and its influence on 

the flow properties (e.g. Strand, 1993, Srichai, 1994, Espedal, 1998). Despite these efforts, 

the friction factor and shear stress at the interface have still not been predicted and modelled 
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with a high level of accuracy and certainty. Hence, the main aim of this work is to study and 

understand two-phase stratified flows, paying particular attention to the interfacial properties, 

with the objective of developing an accurate stratified flow model. The topic of stratified flows, 

in the context of this thesis, can be further divided into three sub-categories, namely, laminar 

flow, transitions from smooth stratified flow, and wavy stratified flow. 

In two-phase stratified pipe flows, it is observed that the interface is not always flat, 

especially when the density difference between the fluids or the radius of the pipe is small. 

However, even with an air-water system in a relatively large diameter pipe used in the 

experimental part of the present work (i.e. 3 inch nominal bore, 77.9mm internal diameter), 

the interface can be significantly curved as shown in the photograph. Figure 1.1. There is a 

need to predict the exact interfacial shape of the flow system, rather than applying the 

assumption of a flat interface. After that, flow properties of various types of laminar flow may 

be determined. Hence, the first objective of the present work was to predict the interface 

shape and the flows of laminar stratified flows. In particular, the validity of the relationship f = 

16/Re, currently used in models for stratified flow, where f is the Fanning friction factor and Re 

is the Reynolds number, can be investigated. 

Figure 1.1 Photograph illustrating the meniscus of the air-water interface. 

The next objective was to study, analyse and extend the models developed for the 

transition of smooth stratified flow to either wavy stratified or slug flow. The aim was to 

develop better and more accurate prediction methods for the flow regime transitions, firstly in 

rectangular channels, and eventually in circular pipes where the geometry is more complex. 

The onset of wavy stratified flows could be indicated by a positive growth of interfacial waves. 

Thus, possible investigative routes within the scope of this thesis included classical linear 

stability analyses and the wave generation mechanisms from wind over ocean models. 
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The third and final objective of the work described in the thesis was to conduct an 

experimental study of the interfacial structure of wavy stratified flows in a horizontal pipe. The 

important interfacial properties measured included the root mean square (rms) wave height, 

mean wavelength, dominant frequency and speed of the waves generated. These 

experimental studies were conducted on the high-pressure WASP facility at Imperial College. 

The primary aim was to investigate the effect of superficial phase velocities and operating 

pressure on the interfacial structure. Moreover, the evolution and development of the different 

wave characteristics and interfacial features along the axial direction of the pipe will be 

examined. 

1.3 Overview of the Thesis 

An extensive review of the past and current literature relating to multiphase flows, 

with special focus on the stratified regime in horizontal and inclined pipelines, is presented in 

Chapter 2. It begins with the survey of the various flow regimes, their relation to each other on 

the flow maps, and various measurement techniques used in the recognition of the different 

flow patterns. Chapter 2 then continues with a critique of the different empirical correlations 

for flow parameters associated with stratified flows, including the closure relations. Various 

types of mechanistic models and commercial multiphase flow codes are also described. This 

chapter concludes with a review of the various theories for flow stability and ocean wave 

generation mechanisms, and their applications in the prediction of the transition to wavy 

stratified flows. 

The next two chapters describe the modelling and analytical aspects of the present 

work, addressing to the solution of two-phase laminar flow systems. Chapter 3 outlines the 

procedure for calculating the exact fluid-fluid interface shape, starting with the Young-Laplace 

equation. Comparisons with flow systems assuming a flat or circular interface are also made. 

The flow solutions of three different types of laminar flows: laminar-laminar flow, gravity-driven 

free surface laminar flow, and turbulent-gas laminar-liquid flows, are presented in Chapter 4. 

In this chapter, the Boundary Element Method is introduced and applied in the numerical 

solutions for the determination of the interfacial velocity, wall shear stress, interfacial shear 

stress and volumetric flowrate. A principal conclusion, from the Boundary Element 

calculations, is that the commonly used friction factor expression for laminar flow, using the 

definition by Fanning, f = 16/Re, is far from reliable. Alternative formulae are presented. 

Chapter 5 presents the analytical work on interfacial instability and begins with a 

summary of the various ways of representing the velocity profiles in an enclosed conduit. The 

linear inviscid Kelvin-Helmholtz instability theory is applied to both long waves and finite 

waves (all wavelengths) in order to predict the smooth to wavy stratified flow transition of two-
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phase flows in enclosed conduits. Subsequently, an assessment of various ocean wave 

generation models is presented. Chapter 5 then concludes with the adaptation of these 

models to attempt to predict the smooth to wavy stratified transition in rectangular channels, 

with the gas and liquid velocity profiles determined from the velocity deficiency laws. 

The experimental component of this worl< is described in Chapters 6 to 9. Chapter 6 

describes the experimental facility (high-pressure WASP facility in the Department of 

Chemical Engineering, Imperial College) and the instrumentation used in the study. The test-

section is a 37m long, 0.0779m internal diameter stainless steel pipe. The upgrading and 

improvement of the multiple twin-wire conductance probes prior to the experimental campaign 

is also described. This chapter ends with the experimental flow matrix for the two-phase air-

water tests in the campaign. 250 separate experiments were conducted at four different 

pressures, with different gas and liquid flow rates. The global analyses, including the flow 

patterns and flow pattern maps, pressure gradient and liquid holdup data are presented in 

Chapter 7. Next, the characteristics and interfacial features of the twelve different fully 

developed flow regimes observed at atmospheric pressure are analysed in Chapter 8. These 

include the rms liquid height, dominant wave frequency and wave propagation speed. The 

investigation of the secondary interfacial motions, the interfacial friction factor, and the 

variation of the above-described characteristics with operating pressure, superficial liquid and 

gas velocities are described. Chapter 9 charts the evolution and development of the interfacial 

features for six different flow types at atmospheric pressure. The influences of pressure and 

phase flow rates are also investigated. 

An overview of the entire thesis, and conclusions drawn from the various aspects of 

this work are presented in Chapter 10, which ends with recommendations for future work. 

75 -





9 

Literature Review 

2.1 Introduction 

The primary objective of the hydraulic design of multiphase flow pipelines is to 

determine the size of pipes required to transport the specified fiowrates, tal<ing into account 

the driving pressure available at the inlet and the length of the pipeline system. The effect of 

fittings such as expansions, contractions, bends and valves must be accounted for. Horizontal 

pipeline flows are more complicated than vertical ones due to the asymmetry in the flow 

induced by gravity, with stratified and slug flows being the two most common flow regimes in 

horizontal or inclined subsea pipelines. Most pipelines pass over undulating surfaces, with 

both downhill and uphill pipe sections, and terrain slugging is induced which may lead to very 

large slugs. For flows with the potential of containing such large slugs, a slug catcher is 

generally installed at the end of the pipeline to separate the gas and liquid. On the other hand, 

stratified flows are more uniform, with a smaller associated pressure drop. Phenomenological 

modelling is often used in the prediction of flow parameters such as the pressure drop, liquid 

fraction and the stability characteristics, reducing the dependence on large extrapolations 

which may be required between experimental studies and industrial applications. 

In this chapter, a background review on various aspects of multiphase flows is 

presented, with a major emphasis on stratified flows and the associated transitions. Due to 

the presence of more than one phase in such flows, the identification and the categorisation 

of the flows are crucial, and are outlined in the following section. As this thesis concerns the 

interfacial structure of stratified pipe flow, a general account of this flow and its relevant key 
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parameters such as the pressure gradient, holdup and friction factors is presented. A more in-

depth study of the published literature associated with the different aspects of the flow that 

were addressed in the work described in this thesis will be presented in the appropriate 

chapters. 

2.2 Flow Regimes and Flow Pattern Maps 

2.2.1 Determination of Flow Regimes 

Two-phase flows are difficult to model due to the diversity and complexity of the 

possible types of phase distribution and interface geometry. Flow regimes are idealisations of 

real two-phase flows where the phase distribution is described in a simple and convenient 

manner. It is necessary for the geometric distribution of the two phases to be identified for 

specific flow rates, pipe dimensions and fluid properties in order to establish the flow 

hydrodynamics to be used in the mechanistic models. Many different flow regimes have been 

defined in the literature, and the nature of these varies with the geometry and orientation of 

the pipe. 

There are a number of different methods for the recognition of flow patterns. The 

most common and simplest technique is direct visual observation through a transparent 

channel or viewing window. High-speed photographic or video equipment has often been 

employed in these studies. A major drawback of such methods is that visual observation is 

highly subjective, especially at high gas velocities, where flow features such as waves or 

bubbles are moving along the pipe at a relatively high velocity. Differences in the 

interpretations of visual observations are, no doubt, a major reason for experimenters having 

recorded different flow patterns under essentially similar conditions. In the application of 

photographic techniques, illumination aids must be used which lead to the possibility of 

multiple refractions obscuring the view due to the influence of the complex interfacial 

structures. These effects can sometimes be eliminated by the use of penetrating radiation 

such as X-rays or by using laser-stimulated fluorescence. 

Methods based on the statistical analysis of fluctuating quantities of the fluid flow 

have also been introduced. Hubbard and Dukler (1966) suggested that measurements of 

local pressure oscillations could be used to identify the different flow regimes. An analysis of 

pressure changes as a function of time gave a power spectral density distribution that could 

be used in the identification of separated, dispersed or intermittent flows. In their work, they 

defined, in a precise way, the presence of slugs when the gas pressure behind the slug was 

significantly greater than that in front of it. As such interpretations of pressure fluctuations 

were not always clear cut, they could not distinguish between annular and stratified flows. 
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Weisman et al. (1979), also, concluded that pressure drop fluctuations could furnish a 

very convenient means of determining flow patterns, and developed a relatively simple set of 

criteria which was applied to the pressure drop oscillograph traces. The patterns were simply 

distinguished by comparing the amplitude and frequency of the pressure-loss time series. 

Slug flow was characterised by a pressure drop trace with regularly spaced peaks, whereas 

stratified flow showed essentially no fluctuations. For wavy flows, the frequency of the 

fluctuations increased with the gas flow rate, but the amplitude remained low. For annular 

flows, an increase in amplitude was observed at higher liquid flows. At high gas flows, the 

fluctuations in the dispersed flow region had both a high frequency and amplitude. Pressure 

drop fluctuation traces for various flow patterns are illustrated in Figure 2.1. 

Stratified Flow 

W a w Stratified Flow 

- A j v A 

Slug Flow 

J\ 

Annular Flow 

A n 

Dispersed Flow 

Figure 2.1 Pressure drop fluctuation traces for stratified, wavy, slug, annular and dispersed 
flow (Weisman et al.. 1979) 

The pressure drop measurement is often coupled with measurement of holdup 

fluctuations to give a more accurate determination of the two-phase co-current flow regimes. 

X-ray absorption techniques have also been applied in which measurements of the void 
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fraction are obtained by converting the output from the detector into a signal representing an 

instantaneous void fraction. A few examples of the use of such techniques in distinguishing 

the different flow regimes are discussed below. 

Hoogendoorn (1959) studied the pressure drop, holdup and flow patterns of air-water 

and air-oil mixtures in smooth horizontal pipes of internal diameters ranging from 24 to 

140mm, and rough pipes with an inner diameter of 50mm. Pressure taps and U-tube 

manometers were used in the determination of fluctuations in local pressure. A capacitance 

sensor was developed to evaluate the average liquid holdup along the sensor length. 

Weisman et al. (1979) used similar techniques in examining systems with varying fluid 

properties, such as the air-water system and the boiling Freon system in horizontal pipes of 

12 to 50mm internal diameters. 

Lin and Han ratty (1987) conducted tests with air and water flowing in horizontal 

25.4mm and 95.3mm pipelines close to atmospheric conditions. They measured the height of 

waves and the variation of liquid film thickness around the circumference of the pipe using 

parallel wire conductance probes which extended vertically across the entire pipe section. 

They also used pressure transducers to determine the presence of slugs from the associated 

large pressure peaks. 

Spedding and Spence (1993) identified the flow patterns for co-current air-water flow 

in a 93.5mm internal diameter pipe orientated in the horizontal, upward-inclined and 

downward-inclined positions, by combining several different techniques. They performed 

experiments with air flow rates of up to 0.16 kgs"^ and water flow rates of up to 2.67 kgs ' \ 

Holdup was measured mechanically by operating gate valves and measuring the volume of 

water held between them. Quick-closing pressure taps were connected to gas-liquid 

separators, which ensured no droplets entered the pressure measuring lines. A high- speed 

video camera was also employed. 

It must be noted that there are no absolute methods for the identification of flow 

patterns. However, a procedure for choosing the most suitable method of flow pattern 

determination was recommended by Hewitt (1982). 

2.2.2 Flow Regimes in l-iorizontal Flow 

The flow patterns in horizontal flow are more complex and varied than those in 

vertical flow due to the effect of gravity resulting in asymmetry in the flow with the denser 

phase tending to accumulate at the bottom of the conduit. 
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A wide variety of flow pattern definitions have been proposed for horizontal flows, but 

they can be conveniently grouped into three broad categories; separated, dispersed and 

intermittent flows. Figure 2.2 shows illustrations of the different flow regimes in a horizontal 

pipe, and these flows are described below: 

Separated Flow Patterns 

Smooth stratified flow: The liquid flows along the bottom of the pipe and the 

gas flows above. Gravitational separation is 

complete, with a smooth gas-liquid interface. This 

flow pattern occurs at low liquid and gas velocities. 

Stratified wavy flow: This is similar to smooth stratified flow except for the 

interfacial waves which travel in the direction of the 

flow. This type of flow is observed when the gas 

velocity is increased. The wave pattern and 

amplitude vary with liquid and gas flow rates, and 

with the physical properties of the fluids such as 

density and surface tension. 

Annular flow: Flow in which the liquid forms a continuous film of 

non-uniform thickness around the walls of the pipe. 

This film is generally much thicker at the bottom of 

the pipe due to gravity and may be very wavy in 

nature. The gas flows at high speed in the central 

core, often with significant liquid droplet entrainment. 

Dispersed Flow Patterns 

Bubble flow: Flow in which gas bubbles move along the pipe at 

approximately the same velocity as the liquid. Here, 

the bubbles are dispersed in the liquid continuum, 

but tend to concentrate towards the top of the pipe. 

At higher velocities, the bubbles may be more 

uniformly distributed and appear as froth. 

Spray/Mist flow: Flow in which nearly all of the liquid is entrained as 

spray in the gas. Here the droplets of liquid are 
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dispersed in the continuous gas phase. This flow 

type can be observed at very high gas velocities. 

Intermittent Flow Patterns 

Plug flow: Also known as elongated bubble flow, this flow type 

is characterised by alternating plugs of liquid and 

long gas bubbles which move along the upper part of 

the channel. The plugs are single-phase liquid 

sections, separated by zones of elongated bullet-

shaped gas bubbles. This type of flow occurs at low 

gas flow rates and moderate liquid rates. 

Slug flow: Flow in which a wave is picked up periodically by the 

rapidly moving gas and bridges the pipe to form a 

frothy liquid slug which passes through the pipe at a 

velocity which is usually higher than the total (gas 

and liquid) superficial velocities. The liquid phase is 

continuous in the slugs, but when the gas velocity is 

increased, small gas bubbles are entrained and the 

liquid slug becomes highly aerated. This flow is 

chaotic in the sense that the slugs are intermittent 

and not periodic. 
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Figure 2.2 Flow pattern sketches (Baker. 1954) 

2.2.3 Empirical Flow Regime Maps 

A large number of flow pattern data, predominantly for air-water flows in small-

diameter pipes, have been accumulated and published in the literature. There is an obvious 

need to generalise the available data to cover a wider range of fluid properties, pipe 

dimensions and operating conditions. Baker (1954) recognised the importance of flow 

patterns as the starting point for pressure drop, holdup, heat and mass transfer calculations, 

and proposed the generalised flow pattern map for horizontal flow. Typical empirical flow 

pattern maps are constructed by plotting experimental data using dimensionless groups, 

superficial phase velocities, mass fluxes or momentum fluxes as coordinate axes. In these 

maps, the various two-phase flow regimes are presented in the form of regions divided by 

transition lines. These lines are the boundaries of regions in which the occurrence of a 

specific flow regime is observed. Hence the accuracy in determining the transition lines is 

dependent upon the number of experiments carried out and the coordinate system adopted. 

In addition, the different classifications of flow regimes and the different names given by the 

various authors make the collation of experimental data more difficult. 
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Figure 2.3 shows the Baker (1954) map. The boundaries of the various flow pattern 

regions are shown as functions of the mass velocity of the gas phase, rhg, and the ratio of 

the mass velocities of the liquid and the gas phase, ^ . His map was based on the air-water 
mr. 

data of Jenkins (1947), Alves (1954) and Kosterin (1949). Correction factors. A, and \\i, 

accounting for the physical properties of the fluids were introduced, and were defined as 

0.5 

PG 

vPAy 

PL 

Pw 
(21) 

"̂ GL Î W 

Pw 

1/3 

V PL y 
(2.2) 

where p, a and n represent the density, surface tension and viscosity of the fluids 

respectively. Subscripts G, L, A and W represent the gas and liquid phases, and air and water 

at atmospheric conditions. 

Scott's (1963) revision of the Baker map, illustrated in Figure 2.4, indicates the 

ambivalent transition regions between regimes and omits the transition lines between annular 

and dispersed flows, and slug and plug flows. 

D q : z % . - z . i : c r r - i i i z c i 
I OlSPCRStO FLOW : 

FLOW NWULA* 
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(lb h r ' ft ") 
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Figure 2.3 Baker map indicating the various flow regimes (Baker. 1954) 
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Figure 2.4 Flow-pattern map of Baker (1954) as modified by Scott (1963) 

More recent data on flow patterns have shown that the original Baker (1954) map 

was deficient in representing the effects of various system parameters. Difficulties were 

encountered in attempts to generalise these maps, as a large number of dimensionless 

groups are required to fully parameterise the flows. Many studies were carried out, but results 

reported in the literature, unfortunately, vary considerably. There exists no universal flow 

regime map which is accurate for the whole range of variables. Most of the successful maps 

just cover limited ranges of fluid properties and pipe dimensions. 

From visual observations of air-water and air-oil mixtures in horizontal smooth pipes 

with internal diameter ranging from 24mm to 140mm, Hoogendoorn (1959) proposed a map, 

represented in Figure 2.5, which had the coordinates Um and Cg, where Um is the mixture 

velocity given by 

Qg +QL 
(2.3) 

and Cg is the gas percentage given by 

Qf 

Qq +QL 
X 100% (2 4) 

with Q and D being the volumetric flow rate of the fluid and the pipe diameter respectively. 
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In the air-oil tests, Hoogendoorn (1959) concluded that the influence of the liquid 

viscosity and the pipe diameter on the transitions between the various flow regimes was 

small. However, when the gas density was altered, marked deviations from the generalised 

chart were observed. For an air-water system, a larger wave flow region was noted and the 

wavy stratified and annular mist flow regimes were crowded into a very small region of the 

map. 

In Govier and Aziz's work (1972), the superficial velocities of the liquid and gas 

phases were employed as coordinates in the construction of the flow regime map. Starting 

with the air-water system where the actual superficial velocities were used, effective 

superficial velocities, u, were applied to other fluid-fluid systems with the introduction of fluid 

property correction factors as indicated below: 

X PG 

PGO 

Y (2.5) 

Y PL 

PLO a 

1/4 

(2.6) 

with reference densities poo - 1.294 kgm"^ , plo = 999.55 kgm"^ and surface tension, oq = 

72.4 X 10'® Nm-\ 

The effective superficial velocities are defined as 

•'sG 

-"sL 

X UsG 

Y U S L 

(2.7) 

(2.8) 
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Figure 2.5 General flow pattern map for aas-oil flow. (Hooaendoorn, 1959} 

The flow regime map of Mandhane et al. (1974), validated against a large data bank 

covering a wide range of conditions, has been widely accepted and used by most researchers 

up to the present. Their modified map with superficial velocities as the coordinate axes was 

much simpler to use than previous maps and gave better agreement with the available 

experimental data. From the comparisons of experimental data and correlations from Baker 

(1954), Hoogendoorn (1959) and Govier and Aziz (1972), Mandhane et al. concluded that all 

the above maps failed to predict the dispersed bubble region at low gas flow rates and high 

liquid flow rates. In the bottom right hand corner of the map, annular flow would normally be 

expected. Furthermore, the prediction of wavy flow was poor. They also stated that the 

boundary between bubble and slug flows was located at too low a gas flow rate in the 

previous maps. These discrepancies could be due to the poor recording of experimental data. 

Mandhane et al. (1974) proposed a flow pattern map. Figure 2.6, using logarithmic 

superficial velocity axes. They based this two—dimensional map on the data available for air-

water flow, in a pipe with a minimum internal diameter of 0.5 inch, but accounted for physical 

property corrections. The Mandhane map was approximately the average of other maps, and, 

it agreed better with the available air-water data. Nevertheless, there did not exist a general 

method for including the effect of physical properties of the fluids to yield a significant 

improvement in flow pattern prediction. There was no consistent discrepancy when the pipe 
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diameter was increased above one inch, but ambiguities in the location of the dispersed 

bubble flow region were noted. 
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Figure 2.6 Proposed flow pattern map by Mandhane et al. (1974) 

Weisman et al. (1979) studied the effect of fluid properties and pipe diameter on the 

flow pattern transitions in horizontal pipelines. They obtained reliable data over a wide range 

of fluid velocities and proposed correlations for the flow pattern transitions. In these 

experiments, air and Freon 113 were used as the gas phase while water and glycerol-water 

solutions were used as the liquid phase, providing a range of liquid viscosities from Icp to 

150cp. Flow patterns were identified by visual observations supplemented with the analysis of 

pressure drop fluctuations. Liquid viscosity did not have a large influence on the transitions, 

with the exceptions of the transition to dispersed flow at lower liquid flow rates, and that to 

annular flow at slightly higher gas flows. When the interfacial tension between the two phases 

was reduced upon addition of surfactants, the transitions to annular and dispersed flows; and 

that between intermittent and separated flows remained essentially unchanged. However, a 

shift in the plug flow region was noticed, and the wavy-stratified transition occurred at 

significantly higher gas flow rates. Figures 2.7 and 2.8 show the flow pattern maps plotted on 

superficial mass flow rate (GQ and GL in the nomenclature of Weisman et al.) axes for a flow 



system with a reduced surface tension of 68 x 10"^ Nm"'' in pipes with internal diameters 

51 mm and 25.4mm respectively. Slight differences were also noted when the gas density was 

altered. 
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Figure 2.7 Flow pattern map for reduced interfacial tension test with internal pipe diameter of 
51mm (Weisman eta!.. 1979) 
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Figure 2.8 Flow pattern map for reduced interfacial tension test with internal pipe diameter ol 
25.4mm {Weisman et a/., 1979) 
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Spedding and Nguyen (1980) published a detailed summary of the various mapping 

parameters used in the presentation of flow patterns. Besides comparisons with other flow 

regime maps such as those of Baker (1954), they also developed maps for upward and 

downward inclined pipes. They argued that the discrepancies between different flow regime 

maps were caused by the incorrect drawing of the flow regime boundaries on the original 

maps, the differences in terminology and test apparatus used. From the four mam categones 

of flows defined (stratified, bubble and slug, droplet, and mixed), Spedding and Nguyen 

(1980) suggested that the bubble and slug flow to stratified flow; and stratified to mixed flow 

transitions were affected noticeably by pipe inclination. On the other hand, the mixed flow to 

droplet flow; and bubble and slug flow to mixed flow transitions showed little or no changes. 

They noted that the stratified and wavy stratified flows did not exist in upward inclined flow, 

while in the downward inclined pipes, the bubble and slug flow regime decreased in area and 

shifted towards higher liquid flows. The flow regime map for a horizontal pipe is shown in 

Figure 2.9, while those for upward and downward inclined flows are shown in Figures 2.10 

and 2.11 respectively. After analysis of the transitions between the four basic flow patterns, 

they identified five important parameters: the volumetric flow rates QL and QG, their ratio , 

P (the dryness fraction), Q G / ( Q G + QL). and the Froude number, Fr. It was suggested that 

and Fr to be used as mapping parameters in order to normalise the areas assigned on 

Q G 

the map to each of the four regimes. They finally concluded that a general flow regime map, 

which accounted for both the phase flow rates and pipe inclination, was not possible. 
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Figure 2.9 Flow regime map for horizontal flow. D: droplet: X: stratification: 
M: mixed: B: bubble (Spedding and Nguyen. 1980) 
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Figure 2.10 Flow regime map for an upward flow with inclination angle 20.75°. D: droplet: X: 
stratification: M: mixed: B: bubble (Spedding and Nguyen. 1980) 
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Troniewski and Ulbrich (1984) provided a summary of the mapping parameters 

available in the literature and used statistical methods to study available data. They searched 

the flow regime maps for areas in which it was most probable for a definite flow regime to 

occur. In addition, they provided an algorithm for the transformation of the published maps to 

a base map using a selected coordinate system. The mapping parameters were 

interdependent and can be divided into three different groups: 

(a) Phase velocities or fluxes, such as superficial velocities, mass or 

volumetric flow rates. 

(b) Quantities referring to the homogenous model of a two-phase flow 

such as the quality, holdup and Froude number. 

(c) Parameters including the physical properties of the phases, such as 

the Reynolds number and kinetic energy. 

They confirmed the occurrence of bubble flows in horizontal pipes at low gas mass 

fluxes, a regime area in additional to those delineated by Baker (1954) as shown in Figure 

2.12. The axes of the Troniewski and Ulbrich map were the same as those of the Baker 

(1954) map, where GLS is the superficial liquid mass flux density and GQS is the superficial gas 

mass flux; 1 and \\i are defined in Equations (2.1) and (2.2) respectively. There was no 

substantial evidence to support the location of the suggested bubble/stratified transition, 

though the existence of bubble flow at low gas mass flux seems a logical hypothesis. 
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Figure 2.12 Flow regime map for two-phase aas-liauid flow in a horizontal oioe by Troniewski 
and Ulbrich (1984) 
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Lin and Hanratty (1987) developed a flow pattern map with the superficial phase 

velocities (USG and USL) as the coordinate axes using air-water co-current flow data in 

horizontal pipes of 2.53cm and 9.53cm internal diameter. Figure 2.13 shows the comparison 

of their flow regime map with that of Mandhane et al.{1974). In the study, Lin and Hanratty 

(1987) included a pseudo-slug pattern to define the ambiguous region at the intersection of 

the slug, annular and stratified transitions. It can be seen that their results supported the 

approach of Mandhane et al. (1974), in that the effect of the pipe diameter on all transitions, 

with the exception of the stratified to slug transition, was small. A strong influence of pipe 

diameter on the transition to slug flow at low gas velocities can be observed, attributed to the 

hydraulic gradient at the bottom of the pipe. Lin and Hanratty (1987) were able to reconcile 

the results by correlating them in terms of the ratio of liquid height to pipe diameter, h/D, 

instead of the superficial liquid velocity, USL- Increasing the diameter leads to a decrease in 

the size of the pseudo-slug region and to a shift in the transition to annular flow. The transition 

from smooth to wavy stratified flow is characterised by the formation of long crested capillary 

waves. Roll waves appeared with any further increase in gas velocities, and at higher gas 

velocities, droplets were torn from the crest of these interfacial structures. There are 

discrepancies between the Lin and Hanratty, and Mandhane at al. results for the transition to 

annular flow. This is a particularly difficult transition to identify. Complete wetting of the pipe 

wall may occur when the upper part of the pipe is covered with a thin liquid film whose surface 

is covered with capillary ripples. This condition can, of course, be defined as annular flow but 

its existence depends on the wettability of the pipe wall which, in turn, depends on the nature 
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Figure 2.13 Flow regime map for air and water flowing in horizontal 2.54 and 9.53 cm pipes ( Lin 
and Hanrattv. 1987) 
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of the liquid phase. Thus, oil may wet the upper surface in this manner whereas water may 

not. Lin and Hanratty defined the transitions to annular flow when a film with a turbulent 

(three-dimensional) pattern occurred on the upper surface. However, it is inevitable that the 

definition of the stratified to annular transition must be highly qualitative. 

Spedding and Spence (1993) did further studies on the flow regime map and 

suggested the use of mapping parameters that accurately reflect the basic flow regime 

transitions. By eliminating the gross disparity between the map areas, they enabled the flow 

regime maps to handle operational, physical and geometrical variables. They demonstrated 

that the accuracy of Baker's (1954) map was not very good for pipes with internal diameters 

greater than 45.5mm, and these discrepancies increased with increasing pipe diameters. This 

was to be expected since the effects of diameter were not really considered in the previous 

work. 

In conclusion, there is no real universal empirical flow regime map that caters for all 

fluid velocities, pipe diameters, fluid properties and system pressures. Though great effort has 

been made in recent decades to correct for identified irregularities, not much improvement 

has been achieved. In addition, there are always uncertainties in the interpretation of flow 

pattern data and it is unlikely that a perfect prediction method will emerge. It may be 

concluded that all data on flow pattern maps should be treated with some reservations. In 

particular, these flow regime maps should only be extrapolated with extreme caution; for 

instance, there is experimental evidence that the pipe diameter and system pressure do have 

a substantial effect on the results. There remains a fundamental question as to which pair of 

coordinate parameters provides the most accurate representation on the flow regime maps. 

Furthermore, the accuracy and generality of the application of air-water maps to other fluids 

with the use of correction factors should be questioned. 

2.2.4 Transitions in Horizontal Flows 

There have been many attempts at theoretical or semi-theoretical descriptions of flow 

regime transitions. Theoretical flow pattern maps characterise the flow pattern transitions in 

terms of the parameters that control the mechanisms. Clearly, for such a description to be 

successful, it should be applicable over a wide range of flow conditions and pipe inclinations. 

Transition models for the full range of pipe inclinations have rarely been attempted. Although 

theories have been proposed for shallow and steep inclinations, they do not offer a smooth 

variation between vertical and horizontal flows. One of the most comprehensive and widely 

used semi-theoretical treatments of flow regime transitions in horizontal and slightly inclined 

flows is that proposed by Taitel and Dukler (1976). They concluded that no two groups 
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characterise all of the transitions and data, and that there was an inherent lack of precision in 

describing visual observations. 

The Taitel and Dukler (1976) model predicts the transitions between flow regimes 

based on physically plausible mechanisms which included the effects of fluid properties, pipe 

diameter and the pipe inclination angle, a. The model predicts the transitions between five 

basic flow regimes: smooth stratified (SS), wavy stratified (WS), intermittent (I) (plug/slug 

flow), annular with dispersed liquid (AD) and dispersed bubble (DB) flows. The starting point 

is the derivation of a relationship for dimensionless liquid height, h , for an idealised smooth-

interface stratified flow. The parameters for the flow are as illustrated in Figure 2.14. h is 

defined as the ratio of actual liquid height (hu) to the pipe diameter (D). The analysis was 

developed in terms of non-dimensional variables with the flow areas (AQ and A J being non-

dimensionalised by dividing by D^ and length (hu and wall-to-fluid and interfacial peripheries 

SG, SL, and SI) being non-dimensionalised by dividing by D. Fluid velocities (UG and u j are 

non-dimensionalised with respect to their respective superficial velocities (Ugc and USL)-

LIQUID 

D 

Figure 2.14 Schematic sketch of the pipe cross section, indicating the symbols used 

The dimensionless quantities are indicated by a tilde (~) and all of them are unique 

functions of h which, in turn for horizontal flows, is a unique function of X, the Martinelli 

parameter defined as 

X 
(dp/dz), 

(dp/dz)< 

NO.5 

(2.9) 

- 9 5 -



Taitel and Dukler derived expressions for the various transitions in the form of 

relationships between a number of dimensionless functions (K, T and F) which are also 

uniquely related to h and hence to X. The Taitel and Dukler map is illustrated in Figure 2.15. 

The variables K, T and F on the ordinate axis are defined below. 
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Figure 2.15 Generalised flow regime map for horizontal flow proposed by Taitel and Dukler 
(1976) 

(a) Transition between Stratified and Intermittent or Annular Dispersed Liquid 

regimes. 

When the liquid flow rate is increased, its level rises and waves are formed 

which tend to grow rapidly and block the flow. At low gas flows, this blockage forms a 

complete bridge and slug/plug flow is present. At higher gas flows, there is insufficient 

liquid to block the pipe and the waves are swept up to form an annular liquid film with 

some entrainment if the gas rate is high enough. All these occur only when conditions 

favor the growth of finite amplitude waves on the stratified surface. This transition is 

described in terms of the classical Kelvin-Helmholtz instability when the gas 

accelerates over the protrusion (wave) caused by a small perturbation on the 

interface. The pressure is lower above the wave and suction is produced on the 

protrusion, causing the wave to grow when the suction is sufficient to overcome the 

force of gravity acting to damp out the perturbations. Based on the Kelvin-Helmholtz 

instability theory, Taitel and Dukler suggested the following transition criterion: 
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where F is the modified Froude number, given by 

(2.10) 

, ^ 1 (2.11) 
PL-PG VDgcosa 

and C2 is a correction function of the classical theory given by Taitel and Dukler: 

Cg = 1 - hL (2.12) 

and where 

dA^ 
V l - ( 2 h L - 1 ) 2 (2.13) 

•̂ sG 4Ar 
(2.14) 

Ag = ^ (2.15) 

(b) Transition between Intermittent and Annular Dispersed Liquid regimes. 

Several flow transitions are derived from the growth criterion given in 

Equation (2.10) for waves. At low h^, the waves are swept up to form an annulus, 

resulting in an annular or annular dispersed flow (Butterworth, 1972). On the other 

hand, at higher values of h^, the interfacial waves formed may grow and sweep 

around the gas phase, touching the upper surface of the pipe, giving rise to slug or 

plug flows. Taitel and Dukler (1976) proposed that when the equilibrium liquid level 

was above the pipe centre line, intermittent flow would develop. If h^ is less than 0.5, 

annular/ annular dispersed liquid flow would be encountered. At this transition, the 

finite amplitude waves begin to grow when suction over the crest of the wave is 

present and the liquid must be supplied from the liquid film adjacent to the wave. 

Hence, a depression on the interface is formed. This transition is gradual and hence it 
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is not possible to distinguisli between higfily aerated slugs and annular flow with large 

roll waves. 

(c) Transition between Smooth Stratified and Wavy Stratified regimes. 

The mechanism by which waves are developed as a result of gas flow over a 

smooth surface is not fully understood. These waves are said to be a result of the gas 

flow under conditions where the velocity of the gas is sufficient to cause wave 

formation but slower than that needed for the rapid wave growth which leads to the 

transition to intermittent or annular flow. A modified form of Jeffreys' (1924, 1925) 

sheltering hypothesis is used where a phase shift is introduced due to the presence 

of a re-circulation zone downstream of the wave, leading to the net transfer of energy 

from the gas to the waves, which allows for further wave growth. These waves are 

initiated when pressure and shear work overcomes the viscous dissipation of the 

waves. The criterion for the onset of waves is: 

20 
K > : r T (2.16) 

with 

(2.17) 
( P L - P G ) D g c o s a 

where UL is the kinematic viscosity of the liquid and 

i k 
UsL 

(2.18) 

(d) Transition between Intermittent and Dispersed Bubble regimes. 

Here, the turbulent fluctuations within the liquid are sufficient to overcome the 

buoyant forces keeping the gas at the top of the pipe. The condition for the transition 

is given as 

r2 , 8Ac 
T ' < (2.19) 
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where the dimensionless group T is expressed as 

with 

(dp /dz^ 
1 / 2 

( P L - P G ) g c o s a 
(2.20) 

4 A l 

S, D 
(2.21) 

and n is the exponent in the friction factor-Reynolds number relationship, i.e. n is 0.2 for 

turbulent flows and n is 1 for laminar flows. 

A comparison between Taitel and Dukler's (1976) theoretical flow regime map and 

Mandhane et al.'s (1974) empirical map is illustrated in Figure 2.16. Although the effects of 

pipe roughness and surface tension are not accounted for, Taitel and Dukler's set of 

correlations is suitable for extrapolation to a wide range of pipe diameters and physical 

properties. However, in the comparisons, Taitel and Dukler predicted an effect of liquid 

viscosity on the flow transitions which was not reflected in the experimental data. The 

methodology also fails to predict the effect of pressure (Manolis, 1996). In addition, there 

were inconsistencies in the transition between intermittent and annular dispersed flows. 

Further work was performed on the Taitel and Dukler (1976) model by Barnea et al. 

(1980) who concluded that there was good agreement between the theory and experimental 

results for pipe inclinations up to ± 10°. Barnea et al. (1982) also suggested that the stratified 

to annular transition should be modified to account for gas holdup in slugs. Instead of a value 

of 0.5, FL = 0.35 should be used if this transition occurs when the stratified liquid holdup is 

half the slug holdup. 

Taitel (1977) introduced the effect of varying pipe roughness, k, into the determination 

of the friction factor, f, in the form. 

1 

V7 
3.48 - 4 log 10 

_ k 9.35 
Z—I— 

D ReVf 
(2.22) 

This effect was only significant in the transition between intermittent and dispersed bubble 

flow. 
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Figure 2.16 Comparison between the flow regime boundaries predicted for air-water flow at 
atmospheric conditions in a 2.5cm diameter horizontal tube, using the Taitel and Dukler (1976) 

method ( ) and the boundaries ( / / / / / / / / / / / / / / / / / ) given by Mandhane et al. (1974). The 
regime descriptions are as given by Mandhane et a!., with the letters in brackets indicating the 

regime descriptions according to Taitel and Dukler. 
(Taitei and Dukler, 1976) 

Al-Sheikh et al. (1970) tabulated a list of empirical correlations for flow regime data. 

Instead of studying transition lines, they separated the actual observed flow types using 

various correlations and obtained analytical solutions for specific flow geometries, rather than 

trying to develop a correlation that encompassed all flow regimes. They proposed a new 

concept of flow pattern prediction in horizontal two-phase flow which only gave a slightly 

higher accuracy than the rest of the flow regime maps upon comparison with experimental 

data. They established the variables involved, such as the velocities and the mass flow rates 

and selected the most appropriate correlation. The coordinate values in the map were then 

computed from the equations for the correlation. They also performed an analysis of the 

different coordinate axes used in flow regime maps. 

Many researchers such as Weisman et al. (1979) and Spedding and Spence (1993) 

have reviewed and compared the various experimental and theoretical flow regime transitions 

for a wide range of fluid properties and pipe diameters. It was noted that there were 
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disagreements in tlie results between various workers, and the conclusion drawn was that 

none of the published correlation schemes was entirely satisfactory. 

Weisman et al. (1979) proposed a series of correlations for flow pattern transitions, 

which were tested against data covering a wide range of fluid properties and pipe diameters. 

Four transitions were proposed; 

{a) Transition from Separated to Intermittent Flow 

"sG 

So 
0.25 UsG (2.23) 

(b) Transition from Intermittent to Annular Flow 

1.9 

\ 1 /8 
"sG 

V^sL 7 

UsG PG 
0.5 0.2 

[g(pL-pG)«̂ r" 

2 \ 0.18 

"sG 
gD 

(2.24) 

(c) Transition to Dispersed Bubble Flow 

(dp / CIZ)L 

( PL ~ P G )g 

0.5 

( PL ~ PG ) 9 

-0.25 

9.7 (2.25) 

(d) Transition from Smooth Stratified to Wavy Stratified Flow 

g D ( P L - P G ) . 

0.2 , 

P^SG PG 
\0.45 / \0J6 

^sG 

V^sL 
{2.26) 

However, this set of correlations agreed poorly with experimental data. 

Lin and Hanratty (1987) also put forward a qualitative analysis of the transition 

mechanisms between flow regimes, with emphasis on the slug flow regime. They proposed 

the following transitions. 

(a) Transition between Wavy-Stratified/Pseudo-Slugs and Annular Flow 

This transition occurs primarily through the deposition of droplets on the top 

of the pipe. When the gas flow is increased, there is an increase in atomisation rate 
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and more droplets are deposited. The droplets coalesce to form water streaks, 

running downwards, which pick up more droplets. Eventually, a continuous liquid film 

covers the entire pipe surface. Here, both the entrainment-deposition and wave 

mixing mechanism are operative; and the dominance of one over the other depends 

on the pipe size and liquid flow rate. 

The pseudo-slug to annular flow transition is caused primarily by the 

coalescence of roll waves which are two-dimensional at relatively low gas velocities. 

When the gas velocity is increased, the frequency of these roll waves increases, 

resulting in the decrease of the liquid layer thickness in the upper part of the pipe due 

to increased atomisation. The roll waves also tend to move higher around the pipe 

circumference. 

(b) Transition between Wavy-Stratified and Slug Fiow 

At low gas velocities, slugs appear downstream of the pipe entrance. This is 

often associated with the growth of small long wavelength disturbances. At higher gas 

velocities, the interface in the stratified region is covered with large amplitude roll 

waves rather than two-dimensional capillary waves. These roll waves either coalesce 

and form longer waves or break up. 

(c) Transition from Siug to Annuiar Fiow 

There is a thinning in the liquid layer, due to drag and atomisation at high gas 

velocities. The frequency of roll waves increases, resulting in more coalescence to 

form slugs. 

Lin and Hanratty (1987) concluded that coalescence of roll waves is necessary for the 

formation of slugs at high gas velocities. In stratified flows with two-dimensional waves, an 

increase in gas velocity at constant liquid flow produces roll waves. This results in a thinner 

liquid layer, over which roll waves move, which is unable to supply enough liquid for a single 

solitary wave to form a slug. 

Hanratty et al. (2000) provided a review on the impact of interfacial stability on the 

prediction of flow regimes, focussing on the different mechanisms for slug formation. These 

included the viscous Kelvin-Helmholtz theory, which predicted lower gas velocities (Lin and 

Hanratty, 1986) and evolution from longer wave structures (Fan et al., 1993). In addition, they 

recommended Hoogendoorn's (1959) definition for transition to annular flow, where the top 

wall was kept wet by atomisation and deposition, instead of the commonly used one where 
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the wetting of the top wall was initiated by large amplitude waves which formed a ring around 

the pipe circumference. 

In general, these theoretical correlations allow for variations in the geometrical 

parameters of the conduit and the physical properties of the fluids in the prediction of the 

phase boundary transitions. However, they often fail to predict the observed flow pattern 

regimes and their transitions. These correlations, derived from one-dimensional models, are 

used to describe flows and transitions which are essentially three-dimensional in nature. 

Taitel and Dukler's (1976) theoretical descriptions of the flow regime transitions have been 

widely used by researchers and pipeline designers, but there are still significant errors and 

discrepancies when compared to experimental data. Hence, an improvement to the 

theoretical predictions would be to develop a two-dimensional model to describe the flow, 

especially for the most fundamental transition of smooth to wavy stratified flow when the gas 

flow is increased. 

2.3 Stratified Flows 

Stratified flow is the most common multiphase flow pattern observed in industry 

today. It is found in pipelines in the oil and gas, chemicals and consumer products industries. 

It is particularly important in the transportation of hydrocarbon fluids through subsea pipelines 

from offshore wells. Therefore, there is a need to understand the nature of stratified flow and 

to describe its characteristics mathematically. 

Research on two-phase gas-liquid stratified flows began in the early 1950s; most of 

the early experiments were carried out in simple flow systems with air and water at near 

atmospheric pressure. In such flows, the fluids were arranged by density, with the liquid 

flowing at the bottom due to gravity and the gas, being less dense, flowing at the top. 

However, it is difficult to obtain flow predictions for high pressure oil and gas production lines 

from extrapolation of the results obtained for atmospheric air-water experiments, although 

scaling factors incorporating the pipe geometry, pipe inclination and operating conditions are 

often used. 

Besides gas-liquid stratified flows, two-phase liquid-liquid flows also exist in practical 

cases, such as the use of water to reduce the power requirement in pumping heavy crude 

oils. However, in contrast to the vast number of experimental data and predictive models for 

gas-liquid flows, there is still relatively limited information on liquid-liquid flows. Many of the 

published models are extensions of gas-liquid models, rather than being specifically tailored 

for liquid-liquid flows. 
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There also exist three-phase gas-liquid-liquid stratified flows, which are 

representative of the natural gas-crude oil-water flows in the petroleum industry. Literature 

on three-phase flows is also sparse, with little work directed at the investigation of three-

phase stratified flows. 

Stratified flows can only be found in horizontal or slightly inclined pipes; and their 

occurrence depend very much on superficial velocities of the gas and liquid phases, which 

must be relatively low. The system pressure, fluid properties and the pipe geometry, also, 

affect the occurrence of this flow regime. 

Based on their interfacial structure, stratified flows can be classified into two broad 

sub-regimes: smooth and wavy stratified flows, as suggested by Baker (1954). When a gas 

flows parallel to a liquid surface, a drag is exerted on the surface. At a critical gas velocity, the 

smooth surface becomes unstable and waves are formed. 

Hanratty and Engen (1957) made observations of air flow above water in a 

rectangular channel, and classified the stratified flow into five different subsets. The following 

flow types occur sequentially with increasing gas flow rate. 

(1) Smooth. 

(2) Two-dimensional waves. 

Ripples which constitute small amplitude waves that are curved, but extend 

across the complete width of the channel. 

(3) Squalls. 

The two-dimensional waves break into a pebbled surface, with the width of 

the wave nearly equal to the wavelength. 

(4) Roll waves. 

These are large amplitude waves which appear on the squall surface, and 

are similar to slugging in pipes. 

(5) Dispersed flow. 

Droplets are torn off from the liquid surface and the liquid flows as a spray, 

dispersed in the gas phase. A thin liquid film is formed on the top wall of the 

channel. It is more difficult to disperse the flow when the liquid layer at the 

bottom of the channel becomes thinner. 
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Han ratty and Engen (1957) characterised the interfacial stability by a Reynolds 

number, which is defined as 

Re = '̂ 1- PL 

Î L 
(2 27) 

where ht is the liquid film thickness, is the friction velocity given by ^ , p l and fXLare the 
V P 

density and viscosity of the liquid phase. Thin liquid films or films with low Reynolds numbers 

are more stable. The presence of the air stream was found to be essential for wave initiation 

on the water surface. However, their experimental data were not consistent with the analytical 

work, such as the sheltering theory by Jeffreys (1924, 1925) and the inviscid stability analysis 

by Kelvin (1871). 

Andreussi and Persen (1987) studied flows of water and air at atmospheric pressure 

in a pipe of internal diameter 50mm and inclination between 0.65° and 2.1°, with the liquid 

entrainment being always less than 5% of the total liquid flow. The viscosity of the liquid 

phase was altered by the addition of glycerine to water. They measured the pressure drop 

and the liquid holdup of stratified flows, and classified the flow into three sub-regimes: 

(1) Smooth stratified fiow in which very low amplitude disturbances may be 

present on the interface, which do not affect the interfacial friction factor. 

(2) Two-dimensional waves where the interface is covered with continuous 

wave structures. There is an observed increase in the interfacial friction 

factor. 

(3) Large disturbance waves which are superimposed on the two-dimensional 

surface structures. 

At high liquid flow rates, there may be a direct transition between smooth stratified 

flow and slug flow (see Figure 2.17). 
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Figure 2.17 Flow regime map on axes of liquid and gas superficial velocities 
(Andreussi and Persen. 1987) 

Andreussi and Persen (1987) reported that the smooth stratified flow regime has a 

wider region of existence in downwardly-inclined pipes than in horizontal flow. Transitions to 

two-dimensional structures occur with sudden and large changes in the main flow 

parameters. They also reviewed the various interfacial friction factor correlations, and 

stressed that the simple one-dimensional model is sufficient to describe the flow at low liquid 

holdup. 

Oyulvstad and Nuland (2001) also recognised several wave patterns for two-phase 

flows of air and shear-thinning liquids in a 60mm internal diameter Perspex pipe: 

(1) Small amplitude two-dimensional waves where the wave pattern is highly 

regular. 

(2) Breaking waves & roll waves where the wavelength varies from a few 

centimetres to 1m depending on the liquid flow. These waves have a steep 

front and a fairly long tail. 

(3) Roll waves with atomisation where droplets are released from the wave 

crests leading to wall wetting in the upper part of the pipe. No dominating 

wavelength or frequency can be detected, with the larger amplitude waves 

travelling faster than the smaller ones. 
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(4) Large amplitude irregular waves & pseudo slugs where the waves are 

neither well formed nor smooth. 

Much of the theoretical work performed in relation to stratified flow is centred on 

analysing the complex interfacial structure and its influence on the flow. Researchers such as 

Strand (1993), Srichai (1994) and Espedal (1998) have done extensive work in this area. 

Strand (1993) published a thorough review of the published work on the gas-liquid interface 

and discovered that the mean velocity profile in the liquid phase was affected by the liquid 

circulation caused by the interfacial waves. Srichai (1994) proposed a calculation scheme 

which related the interfacial friction factor to the root mean square amplitude of the waves and 

the interfacial roughness. Espedal (1998) measured the interfacial waves using conductance 

wire probes and classified the observed wave patterns for horizontal, upward-inclined and 

downward-inclined pipes. He also compared the average liquid heights calculated from the 

conductance probe measurements and the liquid holdup measured from fast closing valves. 

Shaha (1999) obtained graphical representations of the three-dimensional interfacial 

structures from simultaneous time traces of conductivity probes arranged across the pipe. He 

noted that the interface of the stratified flow is covered with irregular waves, whose amplitude 

is non-uniform in the axial direction. 

In three-phase gas-liquid-liquid flows, the phases are arranged according to their 

densities, with the gas flow at the top, and the two immiscible liquid phases at the bottom. 

There are two fluid-fluid interfaces in the flow system. A few experimental and mechanistic 

modelling exercises have been performed for such flows and one of the important factors 

investigated is the effect of water cut defined as the ratio of the water superficial velocity to 

the total liquid superficial velocity. Lee et al. (1993) carried out experiments in a 100mm 

diameter pipe with a homogenous liquid mixture of well mixed oil and water at high gas 

(carbon dioxide) velocities. Acikgoz et al. (1992) identified the different stratified flow patterns 

and highlighted the oil-based dispersed wavy-stratified flow, the oil-based separated wavy-

stratified flow and the water-based dispersed wavy-stratified flow. Khor (1998), reported nine 

separate sub-categories of three-phase stratified flows within a 78mm internal diameter pipe. 

The approach that is most widely used in three-phase stratified flows is to start with 

the simplified one-dimensional momentum balance for each phase, following the Taitel and 

Dukler (1976) approach with the two liquid heights, and hence the phase holdups, being the 

key parameters in the calculations. Hall (1992), Neogi et al. (1994), Taitel et al. (1995), 

Roberts (1996) and Khor (1998) have proposed mechanistic models for the gas-liquid-liquid 

flow system. The main differences between these calculations are in the determination of the 

interfacial shear stresses at the gas-oil and oil-water interfaces. Multiple steady state 

solutions may exist in the determination of liquid heights in a three-layer flow. Taitel et al. 

(1995) concluded that the true solution was the one with the thinnest liquid level, while the 
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thick liquid heights were found to be unstable. A detailed summary of the various models can 

be found in Khor (1998). 

The in-situ liquid holdup and the axial pressure drop are the two most important 

parameters for two-phase gas-liquid stratified flows. Accurate estimation of these parameters 

is essential for the design and operation of oil and gas pipeline systems. Although empirical 

correlations have been used for the prediction of these parameters, none of them have been 

found to work well at high pressure. These flow parameters can alternatively be obtained from 

the simultaneous solution of the one-dimensional momentum balance equations for the gas 

and the liquid phases. Prior to this, the wall and interfacial shear stresses, which are 

principally related to the phase densities and velocities, must be specified. Friction factors at 

the wall can be determined from standard (eg. Blasius) correlations based on single-phase 

flow through pipes. However, the interfacial friction factor cannot be determined by the 

standard equations, and hence empirical correlations are used. These are reviewed in the 

following section. 

2.4 Key Parameters in Stratified Flows 

2.4.1 Pressure Gradient 

The pressure gradient is a very important parameter in the design of subsea 

multiphase pipelines as it governs the pumping and hence power requirements. Alternatively, 

for a flow driven by reservoir pressure, the pressure difference determines the rate of flow of 

the fluids. The pressure gradient consists of three different components: the frictional, 

acceleration and gravitational pressure drops. Numerous correlations are available in the 

literature for the prediction of this parameter in horizontal or inclined pipes. Most of these 

publications concentrate on the frictional pressure drop, although a few researchers have 

addressed the problem of pressure difference caused by the acceleration of the fluids. These 

correlations can be classified into four broad categories (Dukler, 1964b); 

(a) Empirical 

(b) Dimensional analysis 

(c) Similarity analysis 

(d) Mathematical analysis of a simplified model 

However, these correlations are not particularly accurate as they do not take into account the 

entrance conditions (Hewitt, 1982) or the different flow regimes. 
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2.4.1.1 Empirical Correlation 

An early empirical pressure drop correlation for two-phase flows was that by Lockhart 

and Martinelli (1949). They used dimensionless physical variables for generalised relations 

which were obtained from experiments, in pipes with diameters between 14.9mm to 25.8mm, 

that involved air and several liquids which included benzene, kerosene and various oils. A 

parameter, X, was proposed, given by 

where and are the (hypothetical) axial pressure gradients of the liquid and 

gas phases respectively flowing in single-phase flow. This parameter was introduced 

previously in the context of work on flow patterns (see Section 2.2.4). 

Lockhart and Martinelli (1949) related the liquid holdup, e, and the dimensionless two-

phase multipliers, (j)G and (|)L, to X in a graphical presentation, shown in Figure 2.18, where 

and 

with being the (actual) two-phase axial pressure gradient. Four different curves are 

presented for each multiplier depending whether the gas and liquid phases are turbulent (t) or 

laminar (v). Thus, for instance, the subscript tv on the multiplier indicates that the single-

phase flow of the gas in the pipe would be turbulent and that of the liquid laminar. 

The multipliers, (j)G and (t)L, were fitted by Chisholm (1967) to give 

(jĵ G = 1 + CX + X^ (2.31) 

(j)\ - 1 + — + ^ (2.32) 

where C is a dimensionless parameter dependent on the nature of the flow, taking values 

from 5 for a laminar-laminar flow to 20 for a turbulent-turbulent case. 
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The Lockhart and Martinelli (1949) multiplier fails to take into proper account the 

effects of surface tension and the influence of mass flux. The correlation also takes no 

account of the two-phase flow pattern in the pipe though the flow pattern has a demonstrable 

influence on pressure gradient. 
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Figure 2.18 Faired curves showing the relationships between d)i_. Ri ,Rn (holdup) 
and X for all flow combinations. (Lockhart and Martinelli, 1949} 

Hoogendoorn (1959) proposed a set of empirical correlations based on his 

experimental data for air-water and air-oil mixtures in smooth pipes with internal diameters 

between 24mm and 140mm, and rough pipes of 50mm internal diameter. He concluded that 

Lockhart and Martinelli's (1949) correlation is good only for flows at atmospheric pressure and 

does not hold for wavy stratified flows. 

For plug, slug and froth flow, where the gas density differs from that of air at 

atmospheric pressure, Hoogendorn give the pressure gradient as 

Apip 

/ . \0 84" -

APLO 1+230 M E 
0 . 0 0 1 3 8 - ^ APLO 

I ^ T J P G . 

(2.33) 
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for me 

rriT 
0.05 

and Re TP 3000 

APLO is the pressure drop over pipe length AL which would occur if the total fluid mass were 

flowing in the liquid phase, rh is the superficial mass velocity, k g m ' V \ the subscript T 

indicates the total flow rate, and a is an empirical exponent given by 

a 9.5 

. \ 0 . 5 
HTG 

- 62.6 
m. 

N1.3 

for 
^rhf ^ 

<0.03 

and 

a for >0.03 

For stratified and wavy flows, the pressure gradient is given by 

y AzJjp 
0.5 

C rill 

D PG 

\1.45 

(2.34) 

for 
/ ' \ 

HTG < 0.8 

where C is an empirical constant depending on pipe diameter, pipe roughness and liquid 

viscosity. 

For mist-annular flows where the gas is the continuous phase, a new correlation was 

proposed where 

V AZyjp 
0.5 f-

1 rtir 
T P 

D PG 
(2.35) 

fyp is the two-phase friction factor given by 

' T P A (rhg) -0.25 (2.36) 
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for 30 kgm'V^ < h x < 200 kgm'V . A is 0.12 kg"' m s . 

Baroczy (1965) based his correlation on steam-water, air-water and nitrogen-mercury 

flows for a wide range of qualites (x), and mass velocities. The empirical relationships 

between the quality, the physical properties of the fluids and the two-phase multiplier, 

were presented in graphical form in Figure 2.19. The flows are mostly in the turbulent-

turbulent region where the Reynolds number is greater than 2000. The curves shown in 

Figure 2.19 are for a fixed mass flux of 1356.1 kgs'^m'^. Baroczy introduced other (complex) 

curves and accounted for changes in the mass flux. 

As this graphical correlation is difficult to apply in engineering codes, Chisholm (1973) 

fitted a general equation to the curves, 

<|)'LO = 1 + (Y' - 1)[Bx'^"""^ (1-x)<''"'" + x^""] (2.37) 

where n is the power in the friction factor-Reynolds number relationship, B is given by 

55 
^0.5 

520 

15000 
Y2 1̂ 0.5 

for 0 < Y < 9.5 (2.38) 

for 9.5 < Y < 28 (2.39) 

for Y > 28 (2.40) 

and Y is related to the frictional pressure drop of the different phases 

" • a 
However, the physical properties of the fluids are not reflected in the correlation. 
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Figure 2.19 Two-phase pressure drop correlation (Baroczv.1969) 

Friedel (1979) based his frictional pressure drop correlation on 25000 experimental 

data points for various single and two-component mixtures in unheated horizontal and vertical 

up and down flows in straight pipes with circular, rectangular and annular cross-sections 

under widely varied conditions. He expressed the liquid two-phase multiplier for horizontal 

and vertical upward flow in terms of several dimensionless groups. 

<t)\o 

where 

E + 
3.21FH 

p̂ O.045 We 0.035 
(2.42) 

(1.x)2 + x" PL ^ 
PG T O 

0̂.78 

(2.43) 

(2.44) 
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Q D H PTP 

( 2 4 6 ) 

We 
p-ppCT 

(2.47) 

with PTP being the two-phase density of the homogenous mixture. DH is the hydraulic diameter 

and rhj is the total mass velocity. 

The correlation incorporates all the essential parameters and gives the correct limiting 

conditions for single-phase liquid and gas or vapour flows. However, the correlation is not 

very accurate and there are considerable variations between the measured and predicted 

pressure gradients. 

Dukler et al. (1964a) compared some of the contemporary correlations for pressure 

drop and liquid holdup against a selected culled set of experimental data. They concluded 

that Lockhart and Martinelli's (1949) relationship demonstrated the best agreement, 

compared to those by Baker (1954) and Bankoff (1960). Dukler et al. (1964b) then developed 

a correlation based on similarity analysis, comparing the properties of a two-phase flow to 

those of a single phase flow for definition of the parameters. They considered different cases 

such as that of no slip and homogenous flow. Here, the correlation is presented for non-

homogenous flow where slip takes place. 

dz TP 

^ a (%.) p 
g Dp-pp 

( 2 . 4 8 ) 

where g is the gravitational constant, f^ is the friction factor for the single phase flow evaluated 

at the mixture Reynolds number, X is the ratio of liquid to total volumetric flow rate. 

a ( ? i ) 
f 

( 2 . 4 9 ) 

and 

PL ^ ^ PG (1 - ^ ) ^ 

PTP E PTP 1 - e 
(2.50) 
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where s is the average liquid holdup. 

2.4.1.2 Mechanistic Models 

Mechanistic models for the prediction of pressure drop usually involve an iterative 

procedure. Johannessen (1972) assumed that the gas flowed in a closed conduit and 

calculated the liquid phase pressure drop using an open channel hydraulics model. This 

method of calculation gave much better predictions than Lockhart and Martinelli's (1949) 

correlation. Agrawal et ai. (1973) performed experiments in a one-inch internal diameter pipe 

with both air-water and air-oil flows and showed that for stratified flows, the Lockhart and 

Martinelli (1949) correlation predicted a higher value for the pressure gradient. They then 

proposed a mechanistic model which included the effect of interfacial shear stress and used 

the mean liquid flow in the extended velocity profile concept to determine the frictional 

pressure gradient for a turbulent-gas laminar-liquid stratified flow. 

Russell et al. (1974) predicted the pressure drop and holdup for a turbulent-gas 

laminar-liquid flow using theoretical methods where they solved the equation of motion for the 

liquid phase taking into account the interfacial shear stress. When comparing the theoretical 

prediction with their experimental results for air-water and air-glycerine flows in 25.4mm, 

38.1mm, and 50.8mm pipes, the pressure drop values agreed reasonably well. 

Cheremisinoff and Davis (1979) extended the method of Russell et al. (1974) and 

developed a mechanistic model for the prediction of pressure drop and holdup in turbulent-

turbulent stratified flows, using single-phase flow turbulence characteristics, such as the eddy 

viscosity. They also published new experimental data for air-water flow in a smooth pipe of 

63.5mm internal diameter. The predicted and experimental results agreed well, with 24% 

deviation for small amplitude waves and only 4.6% for roll waves. 

Chen and Spedding (1981) extended the Lockhart and Martinelli (1949) derivation 

and obtained analytical solutions from theoretical relationships for the pressure drop and 

holdup for stratified and annular flows. Blasius equations were used for the friction factors and 

the Lockhart and Martinelli (1949) two-phase multipliers were calculated. An excess frictional 

pressure gradient caused by the introduction of the liquid into an originally single-phase gas 

flow, was introduced. Data were collected from experiments with maximum air and water 

flows of 500kgh'^ and 6000kgh"^ respectively, in a 45.5mm internal diameter pipe. The 

proposed correlation agreed well with Johannessen's (1972) and Taitel and Dukler's (1976) 

results. The correlation for annular flow was developed taking into account the effect of the 

flow and pipe geometry. The two-phase pressure drop is related to the superficial gas-phase 

properties by 
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RSSG '̂̂  f(<t'G - 1 ) + (2.51) 
SG 

Olujic (1985) stated that the Lockhart and Martinelli (1949) correlation for pressure 

drop could not represent the influence of mass velocity. He developed separate relations for 

the pressure drop for two separated regions (a and P). In the a region, the velocity of the gas 

phase is higher than that of the liquid phase, and the flow regimes are predominantly wavy, 

slug and annular dispersed flows. On the other hand, in the p region, the velocities of the two 

different phases are nearly equal, which is characteristic of bubble and plug flows. 

In the p region, Olujic (1985) used a power law distribution method (analogous to that 

of Bankoff (1960) to determine void fraction and, based on their value, determined the 

pressure gradient. Olujic derived a special relationship for the effective Darcy friction factor 

(fo) as follows: 

fo -2 log 
k / D 

3.7 Re •TP 

5.02, f k / D 14.5 
log — ^ + -

3.7 Re Tp; 
(2.52) 

where k/D is the relative roughness, and Rejp is defined as / where rti-rp is the total 
/ t̂ TP 

mass flux and HTP is given by 

f 
HTP 1 - X 

V V 

1-
HG 

Note that fo is four times the Fanning friction factor f used previously in the chapter. 

The two-phase pressure drop is then given by 

V^ZJTP 
fo 

^ m^ 

2DPL 
1+x PL. 

PG 
-1) 1 - X ^ - 1 

vPG y 
( K 2 - I ) (2.53) 

K, 1 2 (7 + 8n)(7 + 15n) 
(7 + 9n)(7 + 16n) 

(2.54) 

with 

0.671 
(l + (1 + 0.907 p f®) (2.55) 
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Here, p is the ratio of the volumetric flow rates, OL 

Qn 

The Lockhart and Martinelli (1949) derivation was followed in the determination of the 

pressure drop in the a region. A new parameter, ep, which is a function of various independent 

variables such as mass velocity (m ) , quality (x), and pipe diameter (D), was introduced to 

account for the interactions between the phases, or the slip. The relation that Olujic proposed 

was 

5z / T P 

fo 
( m x f 

2 Dpe 
1+ PG (1 -x ) ' 

19 

XcppL 
( 2 . 5 6 ) 

with fp being the Darcy friction factor for a smooth pipe. 

fo 0.3164 
^ rhxD^ 

(2.57) 

Baker et al. (1988) proposed a mechanistic pressure loss correlation assuming that 

for a horizontal or an uphill flow, only part of the liquid (X) flows and the rest (s - X ) remains 

stagnant, reducing the effective pipe diameter. This correlation, based on homogenous flows, 

was developed for regimes with low liquid to gas flow rate ratios, particularly stratified flows. 

Baker et al. (1988) also accounted for the increase in interfacial shear due to waves and 

ripples on the liquid surface by incorporating appropriate interfacial roughness, average gas 

and liquid phase properties. This model can be extended to slug and annular dispersed flows. 

Tribbe and Muller-Steinhagen (2000) reviewed phenomenological models for the 

prediction of pressure gradient in gas-liquid two-phase flows, and evaluated them against a 

large experimental data bank of more than 7000 points that cover six different fluid systems. 

These models were based on the interfacial structure and phenomenon specific information, 

such as the slug frequency and the interfacial shear stress. For smooth and wavy stratified 

flows, most models assumed circular pipe geometry, one-dimensional velocity profiles and an 

interfacial friction factor relationship. It was shown that due to the difficulty in modelling wavy 

stratified flows, empirical methods gave more precise and reliable pressure gradient 

predictions than the phenomenological models. 

Two composite models, based on the flow pattern maps and phenomenological 

models, were put forward by Tribbe and Muller-Steinhagen (2000) for pressure gradient 

prediction across a range of conditions. Respective models were selected based on statistical 
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analysis and the relationship between error and the flow pattern map. Both methods 

outperformed the empirical ones over the entire range of data tested. 

2.4.1.3 Acceleration Pressure Gradient 

In the previous sections, fully developed steady state flow was assumed and the 

accelerational element of the pressure gradient was taken to be negligible. However if the 

flow developes over the region in which the pressure drop is measured or if the gas phase 

velocity changes significantly as a result of pressure changes, accelerational pressure 

gradient can become significant. 

The acceleration term, in the total axial pressure gradient, is dependent on the 

distribution of the liquid and gas over the pipe cross section. Dukler et al. (1964a) proposed 

the following. 

( A p ) a (^P)acc,L ('^P)acc,G (2.58) 

(^P)acc,L 

(^P)acc,G 

M, 

gAp 

M G 

gAp 

^ ( UL2 — ULI ) 

(UG2 - Ugi) 

(2.59) 

(2.60) 

where M is the mass flow rate. Ap is the cross-sectional area of the pipe, and subscripts 1 

and 2 represent the upstream and downstream conditions respectively. 

The acceleration pressure gradient for each of the phases can be simply 

approximated by 

dp m,^ 5 T l^ 

gpL Szi,e 
(2.61) 

dz acc,G 

rtlr,^ d ^ '6 

g dz 

1 

P G ( ' ' " s ) 
(2.62) 

with rh being the mass velocity. 

Dukler et al. (1964b) then developed correlations for the total pressure gradient which 

included the frictional and acceleration components for cases when the flow is homogenous 
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where no-slip occurs, and when slip does occur between the two fluids respectively. These 

are evaluated by comparing the calculated and measured pressure gradient. 

dz fric+accn ^ I B M j M Q P ^ 

P1P2 PG 

(2.63a) 

fric + accn dz 9 A . PG 

M, 

PL 9z 
(2.63b) 

where pi and pa represent the absolute static pressure at the upstream and downstream 

positions, while p, p and PQ are the arithmetic mean static pressure, the average pressure 

and the arithmetic mean gas density respectively. 

However, the liquid holdup is a required input for the iterative procedure. 

2.4.1.4 Conclusion 

In conclusion, most empirical correlations are graphical in nature and hence not 

convenient to incorporate into design packages. They do not give good predictions, as they 

are general in nature and do not take into account the different flow regimes. The pressure 

drop for stratified flows is much lower when compared to that of other flow regimes, slug flow 

in particular. Although some empirical correlations do now consider the different flow patterns, 

they still do not give accurate predictions for the axial pressure gradient. In the mechanistic 

models that predict pressure drop and liquid holdup, most correlations do not take into 

account the acceleration component, as it is generally significantly smaller than the frictional 

pressure drop. Even though different types of flows are considered, the correlations do not 

clearly represent the real physics behind the interactions of the two phases due to the over-

simplification of the equations. In addition, these correlations cannot be extended to three-

phase flow which is one important type of multiphase flow in subsea pipelines transporting 

crude oil. Pan (1996) selected several correlations developed for two-phase flows and 

extended them to three-phase flows, but he concluded that they did not give consistent and 

accurate predictions. 
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2.4.2 Holdup 

The phase fractions, i.e. the fractions of the channel cross-section or channel volume 

occupied by the respective phases, are important parameters in multiphase flows. In two-

phase flows, the liquid fraction is commonly referred to as the holdup and the gas phase 

fraction as the void fraction. The accepted standard symbols for holdup and void fraction are 

Si and EG respectively, though the older convention of using a for the void fraction is still 

sometimes adopted. In this thesis, however, the liquid holdup will be assigned the symbol e 

since it is not necessary to use a separate symbol for void fraction. This simplifies the 

presentations, and the void fraction is related to the holdup by the simple relationship 

void fraction = 1 - 8 (2.64) 

The liquid holdup is often correlated with the pressure drop of the flow system, in 

particular, the ratio of the pressure drop for the liquid flowing alone to that for the gas flowing 

alone in the pipe, and is obtained simultaneously with the pressure drop. The liquid holdup 

also depends on the phase densities and varies as the gas density changes with pressure. 

Other factors that affect the prediction of holdup include liquid entrainment, the occurrence of 

disturbance waves, variations of liquid thickness and surface roughness with circumferential 

position, and any skewness in the velocity profile (Chen and Spedding, 1981). 

Lockhart and Martinelli (1949) were the first researchers to obtain a graphical 

relationship between the two-phase multipliers and the liquid holdup, as illustrated in Figure 

2.18. (Here, the void fraction and holdup are given the symbols Rg and R| respectively). 

Hoogendoorn (1959) measured the holdup for air-oil flows in horizontal pipes with a 

maximum air flow rate of 1800kgh"^ and liquid flows between 0.02 and 300m^h'\ with the 

internal pipe diameter ranging between 24 and 140mm, to obtain gas-liquid flow information 

and more accurate correlations for the pressure gradient. He expressed the holdup as a 

function of the slip velocity between the phases, given by 

0.6 [ ( l -s )us]°®^ (2.65) 

where Ug is the slip velocity 

UsG Us = (2.66) 
1 -e £ 

- 1 2 0 -



He concluded that within the range of air and water velocities investigated, there was no 

significant dependence of the holdup on the pipe diameter or the liquid viscosity. 

BankoR (1960) applied power law distributions to both the velocity and the void 

fraction for bubble flows in the turbulent regime. He correlated the cross-sectional average 

void fraction (1-e) and the ratio of the gas to the total volumetric flow rate with the Bankoff 

parameter, K. 

which was then related to the exponents of the power law distributions of the velocity and the 

liquid holdup. The experimental data for steam-water flows agreed well with the predicted 

results. 

Hughmark (1962) extended the formulation of Bankoff to other fluid systems and 

correlated the flow parameters in terms of dimensionless groups such as the Reynolds 

number, the Froude number and the no-slip liquid volumetric fraction (input volume fraction). 

He then developed a correlation for the prediction of the liquid holdup in horizontal slug flows 

from the relationship between the bubble velocity and the liquid slug Reynolds number. 

Baroczy (1965) obtained good agreement between his empirical correlation for liquid 

holdup and experimental void fraction data for steam with water, Santowax R (an organic 

coolant), Freon-22 and sodium-potassium with nitrogen. He noted that the increase in void 

fraction with mass velocity was not reflected in the correlation. 

Agrawal et al.'s (1973) mechanistic model for liquid holdup prediction gave rather 

good results for superficial gas velocities between 0.3 and 3.1ms'\ In this correlation, the 

liquid fraction was expressed as a function of the superficial gas velocity and geometrical 

relationships were used. One desirable feature of their work is that the pressure drop and 

liquid holdup could be determined simultaneously. 

Russell et al. (1974) predicted the in-situ liquid holdup in horizontal turbulent-gas 

laminar-liquid stratified flows by including the interfacial shear stress which accounts for the 

interaction between the turbulent gas core and the interface. The liquid holdup measured from 

their conductivity probes agreed well with the predictions from the mechanistic model. 

Cheremisinoff and Davis (1979) took a similar mechanistic approach and incorporated 

geometrical parameters into the Lockhart and Martinelli (1949) correlation for the prediction of 

liquid holdup in turbulent-gas laminar-liquid flows. 
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Chen and Spedding's (1981) relation for the liquid fraction was also based on the 

worl< by Lockhart and Martinelli (1949). They expressed the phase fractions in terms of 

geometry and the distribution of the phases in the cross section of the pipe, assuming a 

smooth and flat interface. They commented that the interfacial shear stress played an 

important role in the determination of the liquid holdup. 

Baker et al. (1988) calculated the liquid holdup from the Lockhart and Martinelli 

(1949) parameter, X, by applying the Colebrook-White equation to determine the single-

phase friction factors for turbulent flows, and then following the Taitel and Dukler (1976) 

method. 

Spedding and Cooper (2002) presented a simple model for prediction of the liquid 

holdup for stratified flow with roll waves in gas-liquid flows. In this regime, the liquid holdup 

demonstrates the most dramatic change with the gas flow. Due to the problems associated 

with the interfacial friction factor and shear stress, difficulties were encountered in the 

prediction of stratified flow with roll waves. An expression was proposed in the form 

s = (0.205Ku-° ''̂  + 0 . 0 6 K U - ' ' o (2.68) 

where Ku is the Kutadelaze number which is a measure of the liquid velocity, 

When compared to available experimental data sets, the liquid holdup predicted by 

Equation (2,68) was very good, and was within a total error spread of ±10%. With the liquid 

holdup predicted, the pressure loss could then be estimated more accurately from the 

momentum balance relations. 

In conclusion, the correlations discussed here are for two-phase gas-liquid flows only. 

Pan (1996) concluded that an improved model for the effective liquid (oil and water) viscosity 

is required in order to achieve better predictions for three-phase flows. In addition, many, if 

not all, mechanistic models assume a flat and planar gas-liquid interface which is often not 

entirely valid. Most researchers have ignored the effect of surface tension between the two 

fluids which can be particularly significant for flows in small diameter pipes or when the 

density difference between the two fluids is very small. 
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2.4.3 Friction Factors and Shear Stresses 

Other than empirical correlations, the pressure gradient and liquid holdup of a two-

phase flow system can be obtained from solving the one-dimensional momentum balance 

equations for each phase, which will be introduced in detail in Section 2.5. As will be seen, an 

important component in the models is the prediction of the wall shear stresses (TQ and TL) 

between the individual (stratified) fluids and the pipe wall regions with which they are in 

contact, and the prediction of the interfacial shear stress (xi) between the two fluids. Before 

discussing the two-fluid model, it is convenient to review the calculation of the shear stresses, 

usually through the prediction of friction factors for the fluid-wall and interfacial interactions. In 

other words, the relations involving friction factors form the closure laws necessary for the 

solution of the problem. These friction factors are dimensionless parameters which depend on 

the relative roughness of the pipe surface (l</D) and the Reynolds number of the flow. The 

wall shear friction factors (both gas-wall and liquid-wall) are usually obtained from equations 

developed for single-phase flow through pipes, though, significant deviations from these 

relationships may occur. On the other hand, the interfacial friction factor is a function of both 

phase velocities and densities, and is often correlated from experimental data. 

2.4.3.1 Gas-Wall Friction Factor 

In a fully developed single-phase pipe flow system, the shear stress at the fluid-solid 

boundary is balanced by the pressure gradient along the pipe. The magnitude of the stress is 

a function of the fluid velocity, the fluid properties such as density and viscosity, the diameter 

of the pipe and the surface roughness of the pipe wall. Adopting Fanning's definition, the wall 

shear stress can be expressed as 

xw = f ^ (2.70) 

where f is the Fanning friction factor. 

In laminar flow, where the Reynolds number is smaller than 2100, the friction factor 

can be calculated from the Hagen-Poiseuille equation for single-phase flow 

— (2.71) 
Re 

For turbulent single-phase flows, power law relationships (the Blasius equations) are 

often used. 
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0.079 for 2100 < Re < 10® (2.72) 

0.046 Re"° for 30000 < Re < 10 (2.73) 

Colebrook (1939) proposed an implicit friction factor correlation for a rough-wall pipe 

flow. 

1 

Vf 
-2 log 10 

2.51 I (k /D )e 

ReVf 3.7D 
(2.74) 

where (k/D)e is the effective relative roughness given by 

(k/D)e = 
D. 

(2.75) 

where kave is the average roughness and Dg is the effective pipe diameter. The roughness 

depends on the material, construction method, and to some extent, the age and history, of the 

pipe. 

Eck (1973) developed an explicit form of the Colebrook-White formula, which gave 

values very close to the original correlation, without the need for an iterative scheme. 

0.0625 

locHo 
15 k /D 

- + 

Re. 3.715 
/y 

(2.76) 

For most stratified two-phase flows, the gas flow is turbulent. The gas-wall friction 

factor is modelled as if the gas is flowing in a single-phase closed duct bounded by the pipe 

wall and the liquid interface. The gas-wall friction factor is then calculated from the standard 

single-phase relationships (i.e. that of Blasius) between friction factor and Reynolds number, 

which is defined by the hydraulic diameter of the equivalent duct. At the pipe wall, the shear 

stress may be lower than that at the interface, and is often assumed to be independent of 

liquid flow. Though this cannot be strictly correct, there is some experimental evidence to 

support the assumption (Shaha, 1999). 

Agrawal et al. (1973) applied Equation 2.72 directly for the gas-wall friction factor. 

0.079 Res -0.25 
(2.77) 

where RBQ is the Reynolds number of the gas phase given by 
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Rec = (2.78) 
" G 

and DH is ttie liydraulic diameter of the gas phase 

with AG being the cross-sectional area of the gas phase, SQ being the wetted gas perimeter 

and Si being the length of the fluid-fluid interface. 

In the studies of many other researchers such as Taitel and Dukler (1976), 

Cheremisinoff and Davis (1979), Chen and Spedding (1981), Shoham and Taitel (1984), and 

Andritos and Han ratty (1987a), Equation 2.73 has been used. 

fc = 0.046 Rec'"-^ (2.80) 

Equations (2.77) and (2.80) are equal at Reg = 50000, and remain close across a broad 

range of practical Reynolds numbers. 

Kowalski (1987) compared the two different friction factors derived from the Blasius 

equations and concluded that both gave reasonably good agreement with his experimental 

data. 

An absolute wall roughness is often introduced into the expression for the wall friction 

factor. Kordyban (1974) correlated the friction factor by taking into account the equivalent pipe 

sand roughness kg 

1 (2.8^ 
D 

2 l o g - ^ + 1.74 
2k, 

Upon comparisons with the wall shear stresses measured using Preston gauges, 

good results were obtained if the wall shear stress was calculated from the smooth pipe 

correlation, with the limits of the flow area being extended to the rms wave height, instead of 

the mean liquid level. 

Hart et al. (1989) developed a correlation for gas-wall friction factor in turbulent-gas 

liquid flows with a liquid holdup of less than 0.1, 
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0.07725 logic 
Rer (2.82) 

Kowalski (1987) measured the gas-wall shear stress at various circumferential 

locations using hot film anemometry techniques and concluded that the existing techniques 

for the estimation of friction factors seemed adequate and acceptable. He also reported that 

there was a decrease in wall shear stress near the contact point, where the gas-liquid 

interface touches the pipe wall. Paras et al. (1994) and Vlachos et al. (1997) also used 

experimental techniques to obtain correlations for the circumferential distribution of wall shear 

stresses in two-phase stratified flows, using hot wire probes and an electrochemical method 

respectively. 

Newton and Behnia (1996) performed experiments in 50mm and 80mm horizontal 

acrylic pipes for air-water stratified flows with either smooth, rippled or wavy interfaces. They 

developed a correlation for the gas friction factor based on wall shear stress data, for the 

range 6 x 10^ < RBQ <3x10' ' . 

fc 0.015 Res •0.094 (2.83) 

They noted that at such high Reynolds numbers, the friction factor was likely to be a more 

complicated function of the two-phase flow parameters. 

Biberg (1998) obtained an expression for the gas-wall friction factor which included 

the effect of flow rate changes in both phases. The correlation was derived using the same 

method as that for single-phase pipe flow, with the liquid viewed as a solid stationary surface 

with a distinct surface roughness. 

-1.8log 
6.9 

Re sG 

\1.11 

3.7D G 

1+2log 
(2.84) 

where SQ is the wetted gas perimeter, D*G is the effective diameter for the gas flow, Us is the 

slip velocity. 

Equation (2.84) is good for analysing the two-phase effect on the wall shear stresses 

and gives good predictions for Espedal's (1998) air-water data obtained in a 60mm internal 

diameter plexiglass pipe, with a maximum error of ±5%. 
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Newton et al. (1999) performed experiments with several air-liquid stratified flow 

systems with Propar-22, kerosene or water as the liquid phase. They compared the 

experimental gas-wall friction factor with the prediction from the simple Blasius equation used 

by Taitel and Dukler (1976) (Equation 2.75) and the modified Blasius equation of New/ton and 

Behnia (1996) (Equation 2.83), and concluded that there was no obvious dependence of the 

gas-wall shear stress on the interfacial conditions or liquid properties. This is also consistent 

with the result of Shaha (1999). 

2.4.3.2 Liquid-Wall Friction Factor 

Usually, the liquid-wall friction factor is calculated using the same methods as for the 

gas-wall friction factor, by replacing the gas Reynolds number with the liquid one in Blasius 

type correlations or the Colebrook-White equation. However, Srichai (1994) commented that 

the liquid-wall friction factor was underestimated for stratified wavy flows. Andreussi and 

Persen (1987) and Kowalski (1987) also noted that the discrepancies between their 

experimental data and the liquid-wall friction factors predicted by the Blasius equations 

increased when the gas velocity increased. Srichai (1994) concluded that the liquid-wall 

friction factor was affected by the shear stress exerted by the gas on the liquid surface. 

Agrawal et al. (1973) determined the liquid-wall friction factor by assuming that the velocity 

profile in the liquid layer was a section of the profile in a pipe completely filled with liquid. 

Kowalski (1987) compared his experimental data for air-water and Freon 12-water 

flows in 50.8mm internal diameter pipes with the Blasius correlation for the liquid-wall friction 

factor, as used by Agrawal (1973), 

fu = 0.079 (ResL)"°'® (2.85) 

To obtain a better fit to his data, Kowalski related the friction factor to the product of the 

superficial liquid Reynolds number, ROSL, and the liquid holdup, which varies with gas velocity 

and interface shear stress. 

fL = 0.263 ( 8 ResL)"° ' (2.86) 

Hand (1991) developed a similar correlation for the liquid-wall friction factor in terms 

of the liquid holdup, with different coefficients for both turbulent and laminar flows based on 

his experimental air-water, air-water with surfactants and air-glycerine data. 
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For laminar liquid flow, 

24 RBsl' (2.87) 

For turbulent liquid flow 

0.0262 (e RSSL) 
•0.139 C&88) 

Spedding and Hand (1997) also used the above correlation, Equation (2.88), 

supported by air-water data of Andritsos (1986), and Hand and Spedding (1991). 

In addition, Srichai (1994) proposed a correlation of a similar form. 

f i 0.765 (e Re^u) •0.562 (2.89) 

based on air-water and air-oil experimental data in the turbulent-laminar and turbulent-

turbulent regimes in a 78mm pipe under high pressure. He noted that the friction factor for oil 

was much greater than for water, since the viscosity of the oil used was approximately 50 

times greater than that of water, and hence, the Reynolds number for oil was much smaller. 

Andritsos (1986) suggested a more complex relationship for the liquid-wall shear 

stress in terms of the dimensionless liquid film height, h*L, the characteristic stress, Xc, and the 

liquid Reynolds number, Re^ 

TWL 
3tc-Xi 

V D y 

(2.90) 

PL 
hUiL 
KPL 

(2.91) 

hu" (l.082ReL°-®)P 
0.85 0.098 Rol 

• h, s 
1 -

'L 

D 

0.2 

(2.92) 

Using a electrochemical method, Rosant (1994) measured the average liquid-wall 

shear stress in horizontal stratified flows, with single microelectrodes and estimated the liquid-

wall friction factor by a complex implicit relationship 
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2.46 log 
TID 

Re, 2.5+6.2 T|S|-TlSL 
t l S L 

(2.93) 

where SL is the wetted liquid perimeter. 

Paras et al. (1994) measured the liquid-wall shear stresses for air-water stratified 

flows in a 50.8mm internal diameter pipe, at superficial gas and liquid velocities between 10 

and 30ms'\ and 2 and 12cms'^ respectively. The gas-liquid interface was taken to be V -

shaped, with the liquid film progressively thinning from the pipe bottom towards the lateral 

walls. They computed the liquid-wall friction factor from the corresponding measured shear 

stress values and fitted the following correlation 

f i 2.86 Ret -2/3 (2.94) 

with ROL being the Reynolds number based on the real mean liquid velocity and the mean 

liquid thickness at the bottom of the pipe. Paras et al. (1994) noted that the time-averaged 

liquid-wall shear stresses decrease in the lateral direction, and concluded that the effects of 

the dominant interfacial waves would not be felt close to the walls as the liquid layer there 

was not thick enough. 

Vlachos et al. (1997) used an electrochemical technique to determine the liquid-wall 

shear stress, twl. at several circumferential positions around a 50.8mm pipe. They proposed 

an exponential distribution of the axial liquid-wall shear stresses with reference to the stress 

at the pipe bottom, TWLO (© = 0°). The gas-wall shear stress, TWG. was assumed to be constant 

and equal to the liquid-wall shear stress at the contact point. 

(0) 

T̂WG 
1 + tWLO 

tWG 

- 1 1-exp m-
e - Q 

(2.95) 

where 9 is the angle corresponding to the contact point and m is a fitting parameter given by 

m A Use' (2.96) 

with A taking the value of 70 m^ '* s^ *. 

Hence, Vlachos et al. (1997) obtained a rather satisfactory correlation for the liquid-

wall friction factor. 

0.7 Re -0,5 (2.97) 
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Espedal (1998) noted that the liquid-wall shear stress was relatively constant over 

typically half the liquid-wetted perimeter and increased towards the contact point. He 

developed a correlation which was fitted to his pressure gradient and liquid holdup 

measurements for wavy stratified flows. 

fL = f l .07-7.1470.0225-0.0886 (2.98) 

Shaha (1999) also measured wall shear stresses and compared the data with some 

of the above correlations. None of the relationships used fitted the data well. 

2.4.3.3 Interfacial Friction Factor 

Most models for the interfacial momentum transfer mechanism in stratified gas-liquid 

flows are based on the interfacial shear stress, Tj, and the interfacial length, Si. The interfacial 

shear stress is a function of the interfacial friction factor, f, the gas velocity, UG, and the slip 

velocity, UQ - UL. The interfacial friction factor is in turn related to the fluid properties, velocities 

of the phases, the cross sectional area of the gas flow and the interfacial roughness, which 

are all influenced by different interfacial wave patterns. The determination of the interfacial 

friction factor relies on the understanding of the characteristic interfacial structures. Due to the 

compressibility of gases, any changes in the system pressure will affect the flow properties 

and hence the interfacial friction factor. Khor (1998) and Espedal (1998) have performed 

extensive reviews of the publications on this parameter. 

In general, the correlations and derivations for the interfacial friction factor can be 

subdivided into four categories (Espedal, 1998): 

(a) Very simple correlations. 

(b) Correlations developed from channel flows. 

(c) Correlations that include the effect of interfacial waves and 

roughness. 

(d) Models which are developed from dimensional analysis and other 

methods. 

A fifth category, which groups the interfacial friction factor correlations for annular flows, is not 

relevant in the discussion of stratified flows in this thesis. 
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2.4.3.3.1 Simple Correlations 

In very simple one-dimensional models for the determination of the pressure gradient 

and liquid holdup of a two-phase flow system, the interfacial friction factor is often assumed to 

be equal to the gas-wall friction factor, fc. The liquid-wall friction factor, on the other hand, is 

calculated assuming the liquid is flowing in an open channel. 

Russell et al. (1974) assumed that the liquid surface acts as a solid boundary in 

stratified gas-liquid flows, and they solved the momentum equations for a turbulent-laminar 

flow. The interfacial friction factor was taken to be equal to the gas-wall friction factor, which 

was obtained from the Blasius equation. 

fi fo 0.079 Rec"" '® (2.99) 

Taitel and Dukler (1976) adopted the same approach as Russell et al. (1974) and 

further assumed that the gas-liquid interface was smooth and planar, despite the many 

transitions occurring on the wavy interface. However, they concluded that the error incurred in 

making this assumption was insignificant. 

Shoham and Taitel (1984) accounted for the turbulent viscosity by Incorporating an 

eddy viscosity model in their numerical solutions for turbulent-turbulent gas liquid stratified 

flows in horizontal and inclined pipes. A constant value for the interfacial friction factor of 

0.0142 was suggested for the entire regime of wavy stratified flows. 

Kawaji et al. (1987) measured liquid holdup, phase and velocity distributions in high-

pressure steam-water flows in a 180mm internal diameter, 10m long pipe. The maximum 

steam and water flow rates were 0.194mV and 0.047m^ s'̂  respectively. They observed that 

the interface was considerably disturbed due to the high mass velocities. By fitting their data 

at high mass flows, Kawaji et al. (1987) proposed that 

fi = 3fG (2.100) 

where f^ was obtained from the Blasius equation, as suggested by Russell et al. (1974). 

Spedding and Hand (1990) took a similar approach and proposed two relations for 

the interfacial friction factor for different gas-liquid flows. 

For turbulent-turbulent flows, 

fj = 4 fc (2.101) 
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For turbulent-laminar flows, 

fi = 0.6 fc (2.102) 

Using the above correlations, Spedding and Hand's (1990) model predicted the liquid holdup 

accurately for stratified wavy flows and stratified flows with liquid droplets entrained in the gas 

phase. 

From analysis of experimental air-water data in a 50mm internal diameter horizontal 

pipe, Newton et al. (1999) suggested that the factors affecting the amplitude of interfacial 

disturbances would also be responsible for separate frictional effects of the interfacial drag. 

For smooth and rippled interfaces where the gas Reynolds number based on the bulk 

average gas velocity and the hydraulic diameter was between 3500 and 20000, an empirical 

relation for the interfacial friction factor was proposed 

fi = 6.5 X10"* ^ (2.103) 

A correlation was also suggested for flows with large interfacial disturbances, 

fi = 0.003 Res" ̂  (2.104) 

2.4.3.3.2 Channel Flows 

There have been several momentum transfer studies of gas-liquid stratified flows in 

rectangular ducts or channels. Some researchers have attempted to adapt these models for 

the determination of interfacial friction factors in stratified pipe flows. 

Hidy and Plate (1966) studied the development of waves initiated by the action of 

wind over an initially stationary water surface in a wind-water tunnel. They noted, from their 

experiments, that the average friction factor increased approximately linearly with wind speed 

over a fairly wide range of wind speed, U, at several water depths. However, the change of 

the friction factor might be exponential at the highest range of wind speeds. They 

approximated the average interfacial friction factor by 

fi.ave = 6 . 6 7 x 1 0 " ^ - ^ (2.105) 
^ref 

where Uret = 1 ms'\ 
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Hidy and Plate (1966) estimated the friction factor by coupling the momentum integral 

equations with the growth of the boundary layer in the air obtained from the measured air 

velocity profiles. However, they reported that as the velocity gradient close to the interface 

was too sharp for accurate measurements with the fixed probes, this method only provided a 

first approximation to the local interfacial friction factor. 

Cohen and Hanratty (1968) investigated fully developed air-liquid co-current flows in 

an enclosed channel; the flow was assumed to be two-dimensional due to the large aspect 

ratio of the channel. They reported that the drag on the interface was dependent on the height 

of the waves and proposed a relationship for the interfacial friction factor 

/ . \ 2 
u 

(2.106) 

where u* is the friction velocity and Ug is the average velocity of the gas in the space between 

the interface and the maximum in the gas velocity profile. They also considered the effect of 

roughness on the interface and concluded that for a liquid surface with two-dimensional or 

three-dimensional waves, the equivalent sand roughness of the liquid surface was 

proportional to the root mean square wave height. However, the velocity profiles were found 

to be different from flows over sand roughened surfaces. Cohen and Hanratty (1968) 

proposed a typical constant value for the interfacial friction factor of small amplitude three-

dimensional waves. 

fi = 0.057 (2.107) 

Linehan (1968) later proposed a correlation for the interfacial friction factor based on 

the two-dimensional channel flow data of Cohen and Hanratty (1968), 

fi = 0.0131+0.23x10"^ ReL (2.108) 

Miya et al. (1971) measured the flow and interfacial properties of a liquid film flowing 

co-currently with a high speed gas in a channel, with sequences of flow surges and roll waves 

present on the liquid interface. They noted that, at a fixed gas velocity, the interfacial friction 

factor was a strong function of the liquid flow, and proposed a linear relationship for f, in the 

absence of roll waves. 

fi = 8.57x10"^ + 2x10"®ReL (2.109) 
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From the variation of the measured gas-phase pressure gradient, IVliya et al. (1971) 

concluded that the interfacial friction factor increased with increasing film height, due to the 

growth of roll waves. 

Agrawal et al. (1973) assumed a hydraulically smooth gas-liquid interface, and used 

Ellis and Gay's (1959) experimental velocity profiles of air flowing co-currently with a liquid 

film in a rectangular channel, to develop a relationship between the interfacial friction factor 

and the gas Reynolds number based on the gas phase hydraulic diameter. 

fi 1.293 Rec -0.57 (2.110) 

Lee and Bankoff (1983) studied the flooding phenomenon for stratified countercurrent 

steam-water flow in horizontal and inclined flat-plate channels. They proposed a critical gas 

Reynolds number, Reg', for the transition from the three-dimensional wave to roll wave 

regimes, 

Rec 1 .837 X 10® ReL'° ''G4 (2.111) 

They visually identified three distinct film regimes: smooth, three-dimensional waves and roll 

waves; and proposed three different film thickness correlations. The interfacial friction factor 

for the buildup of roll waves, when Res > RBQ', was correlated as 

0.012 + 2.694 X 10" 
1 0 0 0 J 1000 

(2.112) 

For three-dimensional waves, when Rec < Reg', the interfacial friction factor had the same 

magnitude as that of the smooth film regime, and was strongly dependent on the gas-phase 

Reynolds number. 

0.012 + 5.179x10" ReQ-Reg 
1000 

(2.113) 

Cheremisinoff and Davis (1979) correlated the interfacial friction factor, using data 

from Cohen and Hanratty (1968), in the form 

0.008 + 2x10"® Rol (2.114) 

for liquid phase Reynolds numbers. Ret. between 100 and 1700, where Re, was defined as 
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R e , = ( 2 , 1 5 ) 

Tsikauri (1979) also stated that the interfacial friction factor was dependent on the 

flow configuration of the liquid phase and arrived at the following correlation based on 

experiments in a rectangular duct. 

fi = 0.0055+ 2.6x10'® Ret (2.116) 

Kim et al. (1985) considered countercurrent stratified flow of steam and sub-cooled 

water in a rectangular channel and stated that the interfacial friction factor depended on the 

bulk flow properties of the phases. For three-dimensional waves, the interfacial friction factor 

was dependent only on the liquid phase Reynolds number as the effects of gas flow on wave 

amplitude and frequency were insignificant in this flow regime. Using the least squares 

technique, they fitted the data to 

fi = 0.021+0.14x10"® RBL (2.117) 

for near horizontal flows. On the other hand, in the roll wave regime, the friction factor was 

dependent on both the gas and liquid phase Reynolds numbers. They also concluded that the 

direction of the gas flow had no effect on the magnitude of the friction factor. 

I to et al. (1997) investigated the axial variation of interfacial friction in developing 

wavy air-water flows where the superficial liquid velocity was fixed at 0.3ms"^ while that of the 

air was between 4.2 and 6.8 ms"\ and used the Blasius equation based on the interfacial 

Reynolds number to determine the interfacial friction factor, 

fi = 0.0791 Rei"°̂ ® (2.118) 

where 

Re. = ( "g-UL)DH,G (2.119) 

They also noted that the interfacial friction factor did not increase monotonically with either the 

wave height or the wave steepness. 

2.4.3.3.3 Roughness Based Models 

Several interfacial friction correlations are based on the modelling of the interfacial 

roughness, and a considerable amount of effort has been expended to understand the 
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influence that the wave structure has on the transfer of momentum across the gas-liquid 

interface in stratified flows. The Colebrook-White correlation, Equation (2.74), is often used 

and the interfacial roughness is determined differently by different researchers. 

Based on their air-water data in 25.4mm and 50.8mm internal diameter horizontal 

pipes, Laurinat et al. (1984) proposed a modified rough-interface friction factor, ff, which 

depended on the flowing wall film and not on the pipe diameter. 

fi' = f i ( l -2h^ ) -® (2.120) 

where h^ is the dimensionless average height of the liquid film, given by 

(o.566ReL°®f̂  + (o.0303ReL°®f (2.121) 

However, the values of h predicted for a given value of Re^ is lower than that 

observed in vertical flows due to the asymmetrical film height in horizontal flows. A more 

convenient, but less accurate method was proposed, with, 

^ ĥ  6.59 Fh 
D 2.3® + ( 9 0 F H f 

with FH being the flow factor for horizontal pipes defined by 

3.2 (2.122) 

(2.123) 

As fi depended entirely on the properties of the flowing wall film, Laurinat et al. (1984) 

proposed a relation between f,' and fc , 

^ = 2+ 2.5x10"® Re, ^ (2.124) 
ffi D ^ 

where D is the diameter of the pipe, and Dref is 1m. 

Hamersma and Hart (1987) performed experiments with air-water and air-water/glycol 

mixture in the wavy stratified and annular regimes for low liquid holdups less than 0.04. They 

used the Colebrook-White correlation to determine the interfacial friction factor, with the 
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apparent pipe rougliness, l(, being 2.3 times the average thickness of the liquid film on the 

pipe wall, h. 

Andreussi and Person (1987) performed experiments with water and air in a slightly 

downward inclined pipe of 50mm internal diameter at atmospheric pressure. They analysed 

the velocity profiles of the flows and reported that the distance between the point where the 

gas velocity is maximum and the liquid layer was a function of the dimensionless liquid height, 

. It was also assumed that the instantaneous roughness depended on the actual Froude 

number, Fr, and its value at the onset of two-dimensional waves. Fro, which was determined 

from an optimisation procedure. 

Hence, 

1 +29.7 (Fr-Fro)' 0.67 

vDy 
(2.125) 

with Fro being 0.36 and 

Fr UG 

dA|_ 
PG dh 

\0 .5 

1 

PL ~ PG 9 COS 6 
(2.126) 

where 9 is the angle subtended at the centre of the pipe by the two contact points at the pipe 

wall. 

Oliemans (1987) studied wavy stratified flows in gas condensate lines with diameters 

between 20 and 36 inches. Due to liquid entrainment in the gas phase, it was treated as a 

homogenous mixture of gas and droplets. The interfacial friction factor was determined by 

using the implicit Colebrook-White relation where 

= -4 log 10 
9.35 2 k 

r + ' 

R e ^ D 
+ 3.48 (2.127) 

It was noted that the presence of interfacial waves increased the interfacial 

roughness. Oliemans (1987) proposed a relationship between the interfacial roughness, k, 

and the wave height where 

3 V2 hu for hu"^' < hi (2.128a) 
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k = 3 V2 ht for > hu (2.128b) 

with hu being the liquid height at the centre of the pipe cross section, and hL™^ being the root 

mean square wave height. 

Baker et al. (1988) developed a model for the prediction of the liquid holdup and axial 

pressure gradient. The interfacial roughness was calculated implicitly from modifications to 

the Duns and Ros (1963) correlation. To eliminate the need for correlating constants, the 

actual interfacial velocity, u,, was substituted for the superficial gas velocity in the 

determination of the Weber number. 

We = PGRJI (2.129) 

When ( We Np ) < 0.05, the interfacial roughness, k was given by 

34 o 

p Q u f 
(2.130a) 

and when ( We ) > 0.05, by 

1 7 0 g ( W e N n ) ' 

PG 4^ 

,0.3 

(2.130b) 

with Np being the liquid viscosity number, 

2 

N|a = (2.131) 
Puck 

The two-phase interfacial friction factor could then be determined from the Colebrook-

White equation given in Equation (2.74) where the effective roughness (k/D)eff is 

(k/D)eff = ^ (2.132) 

where 

P.133) 
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and kp is the roughness of the pipe surface. 

Hart at al. (1989) published experimental results for air-water and air-water + ethylene 

glycol systems in a 51mm internal diameter (D) horizontal pipe with a low liquid holdup of less 

than 0.06. They proposed an ARS (Apparent Roughness Surface) model which assumed that 

the interfacial drag exerted by the gas phase produced a rough gas-liquid interface and the 

interfacial friction factor can be determined from the explicit form of the Colebrook-White 

equation given in Equation (2.76). This contradicted the conclusions of Kim et al. (1985) and 

Ito et al. (1997) that the gas phase did not exert any significant effects on the interfacial 

structure for channel flows. 

From the experimental data of Hamersma and Hart (1987), the interfacial roughness 

is given by 

k = 2.3 8 (2.134) 

where 5 is the average thickness of the liquid layer on the wetted fraction of the pipe wall, 9, 

and is constant in the tangential direction. 

— if - <1 (2.135) 
40 D 

and the wetted fraction was correlated as 

0 = 00 + 0.26 Fr° ®® (2.136) 

00 is the minimum 0 when the Froude number, Fr, tends to zero, and is approximated by 

00 « 0.52 (2.137) 

with 

/ \ 

Fr PL 

VPL - P G Y 

(2.138) 

Hart et al. (1989) then proposed a relationship between ^and fi 

= 108 (2.139) 
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Jayanti (1991) developed closure relations to determine the gas, liquid and interfacial 

shear stresses in horizontal stratified flows, taking into account the interfacial roughness. 

These were based partly on the analysis of Sinai (1983) described below. 

(2.140) 

5.75 log 10 
2k 

+ 4.73 (2.141) 

where Ug is the slip velocity and k is the interfacial roughness given by 

180 
S; Uc PG 

Sc+Sj g PL-PG 
(2.142) 

Equation (2.140) is used when fj < 5 fc , where the relationship is truncated. When fi, the value 

given by Equation (2.140), is greater than 5 fo, f is taken to be 5 fs-

Sinai (1983) developed a method to evaluate the interfacial roughness, k, in a gas-

liquid stratified flow by adopting a relationship describing the wind-sea surface developed by 

Charnock (1955). He acknowledged that the interfacial roughness was not uniformly 

distributed across the interface of the wavy stratified flow. His equations were as follows: 

0.33 ^ (2.143) 

with 

545 pe 

PL ~ P G 

" S, " 
(2.144) 

and Us is the friction velocity of the phases, defined as j-i-
V P 

Following some mathematical manipulations, Sinai (1983) then proposed that the 

interfacial friction factor, f,, could be given by Equation (2.140). For fully rough conditions, the 

classical relation between mean and friction velocities in oceanography. Equation (2.141) was 

applied. 

An algebraic relation was obtained between Us and UG where 
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5.75 log 10 
20.1V^ 

(2.145) 

with 

gR (2.146) 

The maximum ratio of ^ could be determined by simple calculus to give 
"-•s 

Ûr ^ 

V Jmax 

(2.147) 

'Us' 
V ^ /max 

1.64 
KO.S (2.148) 

V ^ / m a x 

8.25 
eo.5 

(2.149) 

Srichai (1994) related the effective interfacial roughness to the deformation of the 

interface caused by the interfacial waves. The interfacial roughness was correlated with the 

root mean square fluctuation of the liquid surface, h', from its average liquid height, h. 

h' (h-hf (2.150) 

where h was the instantaneous liquid height measured by conductivity probes. Also, h' was 

assumed to be proportional to the velocity of the gas phase. 

As the exact surface roughness was difficult to determine, Srichai (1994) related it to 

the liquid fluctuations by employing the equivalent sand roughness proposed by Nikuradse 

(1933), using an empirical correlation by Sinai (1983). He obtained an expression for the 

dimensionless fluctuation, ^ , which incorporated effects of the system pressure. 

D 
a + b (s ROsg ) + c ( s ResG f (2.151) 

where ROSG is the Reynolds number based on the superficial gas velocity and the hydraulic 

diameter of the gas region. 
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\4.517 

2.65 X 1Cr PG 

P L ~ P G 

(2.152a) 

8.995 X 10 -10 PG 

P L ~ P G 

-1.22 

(2.152b) 

1.897x10 -13 PG 

P L ~ P G 

-0.925 

(2.152c) 

The interfacial roughness, k, was related to the wave height by 

D 

h' 
0.1985 I -

,0.0825 

(2.153) 

Srichai (1994) did not consider the exact shape of the interface, which was curved at 

high gas velocities. However the predicted values were within 30% of the measured values. 

Shaha (1999) later modified Srichai's (1994) interfacial roughness model from 

analyses of his experimental data obtained at 6 bar(a) and 11 bar(a) to give 

with 

D 
0.9929 

vDy 
(2.154) 

D 
C s ( E ROSG ) (2.155) 

and 

9.9917x10-4 PG 

P L - P G 

-4.558x10'® PG 

P L - P G 

+ 7x10 - 7 (2.156) 

In the model suggested by Paras et al. (1994) the interface was assumed to be 'V-

shaped, and statistical film characteristics were used to model the interfacial friction factor, 

considering the resistance of the rough Interface. 
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— 2 (2.157) 

1̂ 210910̂  + 1.7/ 

where R is the pipe radius and k is the apparent roughness which is related to the wave 

characteristics, 

5 = ^ = LLW I 0.17 (2.158) 

with hw and I being the large wave height and wave intermittency respectively. 

To obtain estimates for Equation (2.158), Paras et al. (1994) suggested an 

intermediate value of 0.1841 for I leading to 

k = 2.3 ho (2.159) 

which is very similar to Equation (2.134) proposed by Hart et al. (1989). 

Vlachos et al. (1997) correlated the interfacial friction factor from electrochemical 

measurements in a 24mm internal diameter pipe with air and a mixture of potassium 

ferricyanide (0.01 M), potassium ferrocyanide (0.05 M) and sodium hydroxide (1M) as the 

neutral electrolyte. 

fj = 0.024 ResL°-̂ ® (2.160) 

They estimated the equivalent interfacial roughness using the wave intermittency and 

the wave amplitude, dH, instead of the wave height. 

- = 2.85 
D 

I 0.17 

KD) 
(2.161) 

2.4.3.3.4 Other Models 

In the past two decades, interfacial friction models have been developed based on 

both mechanistic considerations of the momentum equations of the two phases and from 

empirical data. 
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Andritsos and Hanratty (1987a) stated that the interfacial friction factor, fi, increased 

linearly with the gas velocity beyond the transition value needed to initiate waves, and 

assumed that the interfacial friction factor was also a function of the dimensionless height of 

the liquid, ^ . f, could be related to the wave properties by assuming that the difference off, 

from the value for a smooth interface, fg, was related to the ratio of the wave amplitude to the 

wavelength. They performed experiments with co-current air-water + glycerine flows with 

varying liquid viscosities in horizontal pipes of 25.2mm and 95.3mm internal diameter. 

From their experimental data, Andritsos and Hanratty (1987a) proposed that 

When UsG < Usc.t, 

(2.162) 

When UsG > Usc.t, 

1 + 15 
vDy 

" s G 

UsGU 
(2.163) 

where UsG.t is the superficial gas velocity at which large irregular waves appear at atmospheric 

pressure, and can be estimated by 

UsG.t 
PGO 

PG 

.0.5 

(2.164) 

where pco is the gas density at atmospheric pressure. 

It was noted that Equation (2.163) over-predicted the friction factor for USG between 

5ms ^ and UsG.t- However, Equation (2.162) was good for very viscous liquids with USG less 

than UsG.t-

Kowalski (1987) determined the interfacial friction factor from the measured liquid 

holdup and axial pressure gradient which were substituted into the gas and liquid momentum 

equations. For wavy stratified flows, the interfacial friction factor was 

7 . 5 X 1 0 - ' RESG"°-^ R E / ®̂  (2.165) 

for 22600 < Rê G < 430600 and 8800 < Re^ < 47800. 
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The above correlation gave good agreement with the published data from Hanratty 

and Engen (1957) and Ellis and Gay (1959). 

The interfacial friction factor proposed by Kowalski (1987) for smooth stratified flow 

was 

fi 0.96 (Resc) •0.52 (2.166) 

where ROSG is based on the pipe diameter. He commented that the correlation recommended 

by Agrawal et al. (1973), (Equation 2.110), did not agree with his experimental data. 

Xiao (1990) predicted the interfacial friction factor from dimensionless groups 

controlling the interfacial shear phenomena. Besides adopting the approach developed by 

Baker et al. (1988) involving the Weber number and the liquid viscosity number, he 

determined the interfacial friction factor from a dimensional analysis based on empirical data 

for stratified flow accounting for the pipe diameter. 

fi 0.053 (2.167) 

with 

N GV UG 

/ \0.25 
PL 
9*. 

(2.168a) 

N LV UL 

r \0.25 
PL 
go-

(2.168b) 

No D 
PL 9 (2.168c) 

NL 

/ \ 

û 
0.25 

PlQ Vfu - / 

(2.168d) 

Hand (1991) performed experiments with air and various liquids flowing in a 93.5mm 

internal diameter horizontal pipe, with USG greater than the reference superficial gas velocity of 

f. 
6ms"\ From the air-water data, he proposed a linear relationship between and USG 

1.76 USG 

( U S G I 

+ k (2.169) 
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k was obtained via a curve fitting technique, 

k = 2.7847 logio (POr + 7.8035 (2.170) 

with (POr being the reference volume fraction calculated at the reference gas superficial 

velocity given by 

(Pd, = , (2.171) 
UsL +(UsG)r 

The proposed relationship accurately predicted the interfacial friction factor for all 

stratified air-water flows. However, a viscous laminar liquid film (such as that of glycerine) was 

noted to behave differently from the turbulent water film at similar liquid heights and gas 

velocities. Hence, Hand (1991) developed another set of correlations for air-viscous liquid 

flows with the reference superficial gas velocity, (UsG)r> being 5ms'\ 

F o r UsG < (UsG)n 

1 
fc 

(2.172) 

F o r UsG > (UsG)r, 

1 + 15 
/ h \ 0 . 5 

vDy 
UsG ^ 

(UsG )o 
(2.173) 

Spedding and Hand (1997) determined the axial pressure drop and the liquid holdup 

from the one-dimensional momentum balances of the gas and liquid phases. After fitting 

against their experimental data bank, they suggested that the interfacial friction factor should 

be evaluated from Hand's (1991) correlations. 

Wongwises (1998) obtained an empirical power law correlation for the interfacial 

friction factor from dimensional analysis and counter-current air-water stratified flow data in a 

64mm internal diameter near-horizontal pipe. He determined that an increase in the gas-

phase Reynolds number would result in the decrease of the interfacial friction factor. Due to 

changes in the flow regime, the boundary-layer effects became less important while the 

interface shape became more important in the evaluation of the shear stresses. His 

correlation is given by 

fi = Res'̂  ^ (2.174) 
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Paras et al.'s (1994) experimental data for axial pressure drop and shear stresses at 

low superficial gas velocities agreed well with the prediction of Kowalski's (1987) given in 

Equation (2.165). However, this correlation under-performed at relatively high superficial gas 

velocities. They then obtained a best fit from their data and suggested a linear empirical 

correlation 

fi = 0.022 +3.7 X10'® ReL (2.175) 

where Re^ is given by 

Ret = (2.176) 
SUL 

and ho is the liquid height at the centre of the pipe. 

A review was performed by Ottens et al. (2001) on the correlations for the interfacial 

friction factor that were applied in one-dimensional momentum equations for both phases. 

These correlations were compared against a database of nearly 4000 points for stratified, 

wavy and annular flows. They noted that the momentum transfer between the gas and liquid 

phases is influenced by the shape of the interface and hence the wave speed. They proposed 

a correlation which coupled the interfacial wave velocity, c, to the interfacial friction factor 

A 
fo 

+ 7.21 I - (2.177) 

This friction factor ratio increased when the pipe was inclined. When USG was less than 4.5m 

s"\ the interface was smooth with fi = fc. Among the correlations tested, Ottens et al.'s (2001) 

model was the best for the simultaneous prediction of the holdup and pressure gradient from 

the two-fluid model. 

Brauner et al. (1993) proposed a model for the interfacial shear stress which 

incorporated an explicit dependence on the slope of the interface as a result of interfacial 

waviness. The implementation of this model revealed the importance of the unsteady term in 

the determination of stability characteristics. The amplitude of the fluctuating interfacial shear 

stress was a function of the quasi-steady state term, and a memory term which was 

proportional to the wave number. This memory term, a manifestation of the local turbulence 

structure, introduced additional destabilising effects to the flow system. 

Kang and Kim (1993) proposed a model to explain the interfacial stress on a wavy 

interface using normal velocity components of the interface and an effective gas velocity. This 
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was based on the assumption that the gas velocity near the interface was related to the film 

thickness. The shear stress was calculated as a sum of shear stresses exerted on a smooth 

surface and shear stresses due to wave motion. The model developed was applicable to 

stratified flows where the flow separation near the waves was weak. 

Zhou et al. (1999) proposed a new relation for the interfacial friction factor from the 

Reynolds shear stresses measured using the Laser Doppler velocimeter (LDV) technique. 

Tests were carried out with air-water flows in pipes with internal diameters of 24mm and 

40mm at atmospheric pressure. 

For smooth stratified flows, 

0.96 ResG"°-®̂  (2.178) 

For wavy stratified flows, 

1.35x10^ M (2.179) 

They noted that the interfacial shear stress calculated from the momentum balance was 

approximately 20% higher than that obtained from the Reynolds shear stress profile, due to 

effects of interfacial waves. 

2.4.3.3.5 Conclusion 

In conclusion, the interfacial friction factor can be determined in many different ways, 

and the different published correlations give reasonably good results under conditions similar 

to those for which they are developed. It is important to account for the interfacial structure of 

wavy stratified flows, as this will affect the interfacial shear stress considerably. The difficulties 

faced are the inability to directly measure the interfacial shear stress and the inaccuracies 

involved in determining the wave characteristics of wavy stratified flows. There is a need to 

evaluate the correlations against a broader range of data in order to identify the best 

approach, and equally important, to reject those methods that cannot be generalised beyond 

their original applications. 

2.5 Mechanistic IVIodels 

In the past decades, a large amount of work has been performed on the 

understanding and modelling of stratified pipe flows. Mechanistic models are often used to 
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explain tlie transfer of momentum between tlie different phases and understanding the 

physics of the flows. One-dimensional models are commonly used in the simulation of steady 

state two-phase and three-phase stratified flows, where flow property changes are considered 

in the axial direction only. Transient (unsteady) stratified flows, where the flow properties are 

time dependent, can also be represented in simplified one-dimensional models. The variation 

in interface elevation is then expressed as a function of both axial position and time. 

There are two common types of two-dimensional mechanistic models for flows in the 

stratified regime where the Navier-Stokes equations are solved with flow properties varying in 

two directions. The first type accounts for the variation of the flow in the x and y directions as 

illustrated in Figure 2.20. The flow is fully developed, with no variation in the z-direction. 

Figure 2.20 Two-dimensional model in the x and the v direction 

Here, the shape of the fluid-fluid interface can be included in the determination of the flow 

properties. Hall and Hewitt (1993) used a flat plate analogy in describing two-phase and 

three-phase stratified flows assuming flat interfaces. In the models of Brauner et al. (1998), 

the actual pipe geometry is considered and the interface is a circular arc. 

The other type of two-dimensional model considers the variation of flow properties in 

the y and z directions as shown in Figure 2.21. Here, the flow is represented as occuring 

between parallel plates, with no variation in the x-direction. In such models, the interface is 

not fixed and can vary along the axial direction of the flow. 

U G . ;L^. 
UL »• 

Figure 2.21 Two-dimensional model in the v and the z direction 
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In this section, only the first three types of mechanistic models: the one-dimensional 

steady state, the one-dimensional transient and the two-dimensional steady state models, are 

reviewed in detail. In fully-developed, steady state flows, the one-dimensional models are not 

really mathematically and physically one-dimensional. Multi-dimensional effects are 

incorporated using coefficients such as friction factors and distribution factors. As the flow is 

fully developed, there is no variation of the fluid velocities in the axial direction. A more 

appropriate description for these models would be pseudo one-dimensional. In addition, in 

certain mechanistic models where the exact shape of the fluid-fluid interface is considered 

(not flat) (Hart et al. (1989), Vlachos et al. (1999)), one-dimensional conservation equations 

are still used and the models can also be classified physically as pseudo one-dimensional. 

2.5.1 One-dimensional Steady State Modeis 

Many researchers have proposed mechanistic models to describe stratified co-

current gas-liquid flows in horizontal pipes for determining the axial pressure gradient and the 

liquid holdup of the flow system. The most widely used approach is to start with the simplified 

one-dimensional momentum balance for each phase, with the interface assumed to be flat, or 

at least invariant in shape along the flow direction. In two-phase gas-liquid stratified flows, 

with reference to Figure 2.22, the force balances, ignoring the effects of acceleration, are as 

follows: 

- A l - ^ - t l S l + TiSi + PL AL g sin a = 0 (2.180) 

- A G ^ - TQSG - TI Si + PG Acgs ina = 0 (2.181) 

where AL and AQ are the cross-sectional areas of the liquid and the gas phases respectively, 

SL and SG are the lengths of the pipe periphery in contact with the respective phases, Si is the 

length of the gas-liquid interface, TL, TQ and T| are the liquid-wall, gas-wall and interfacial shear 

stresses respectively. The sign of x, reflects the assumption that the gas moves faster than 

the liquid. 
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Figure 2.22 Parameters in equilibrium stratified flow 

For fully developed flows, the axial pressure gradients in the two phases must be 

equal and Equations (2.180) and (2.181) can be reduced to: 

^ 1 1 ' 
+ ( PL - PG ) 9 s i n a = (2.182) 

The shear stresses, using the conventional definition of Fanning, are: 

XL fL 
PL UL (2.183) 

XG 
PgHG (2.184) 

and 

PG ( ^ G - U u f (2.185) 

The calculations of the friction factors, fu, fs and f,, were discussed in details in Section 2.4.3. 

The most widely used model is the one by Taitel and Dukler (1976) where the liquid-wall and 

gas-wall friction factors are calculated from standard Blasius equations with the Reynolds 

number based on the actual velocity and hydraulic diameter of the phase. For ease of 

reference, the relationship used by Taitel and Dukler, are given again below: 
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and 

PH,L 

DH,G " G 

V "G 

N-n 

\ - m 

(2.186) 

(2.187) 

where CQ and CL are coefficients which are dependent on the type of flow . 

For turbulent flows, 

CL C G 0.046 

m 0.2 

and for laminar flows, 

C G 16 

m 1.0 

The hydraulic diameters, DH,L and DH,G are evaluated using the expressions 

suggested by Agrawal et al. (1973). 

DH,L 
4 A, 

(2.188) 

DH.G 
4A G 

S3+S1 
(2.189) 

This is consistent with considering the interface as a free surface with respect to the liquid 

phase (open-channel flow), and as a solid boundary with respect to the gas phase (closed-

duct flow). Agrawal et al. (1973) noted that this assumption for the determination of the liquid 

hydraulic diameter may not hold for liquid-liquid stratified flows. 

Taitel and Dukler (1976) suggested that under flow conditions where UQ » UL, the 

interfacial shear stress should be evaluated with the same equation as the gas-wall shear 

stress. They noted that for smooth stratified flows, the gas and interfacial friction factors would 

be identical. 
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Taitel and Dukler (1976) transformed the equations into dimensionless form where 

the reference scales used were D for length, for area, the respective superficial velocities, 

UsL and UsG> for the liquid and gas velocities. The dimensionless variables were denoted by a 

tilde (~) and the momentum balance was reduced to an expression in terms of the Martinelli 

parameter, X, which has been defined in Equation (2.28). 

X" 
" L 

Si s 

V^L AQ AQJ 
-4Y =0 (2.190) 

where Y is a representation of the channel inclination, given by 

Y (PL-PG)gs'na 

dPF/ 
'dz 

(2.191) 

with being the frictional pressure gradient for the gas phase flowing alone in the 

pipe. 

The dimensionless variables were calculated on the basis of the geometry of the 

circular pipe, with a liquid height, h and a pipe diameter, D. 

D 
(2.192) 

0.25 [ n -cos' ( 2h -1 ) + (2h -1 ) ^ 2 h - 1 f ] (2.193) 

kr. 0.25 [cos^ {2h -1 ) - ( 2h -1 ) / l ^ 2 h - 1 J 

n - COS ( 2 h - l ) 

C O S (2h-l) 

(2.194) 

(2.195) 

(2.196) 

Si • / l - ( 2 h - l f (2.197) 

D, 
D H,L _ 

D 

4 A, (2.198) 
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Dr 
D H,G _ 

D 

UsL 

4 A g 

S r + S i 
(2.199) 

(2.200) 

UG 

UsG 
(2.201) 

The main problem in the mechanistic model outlined by Taitel and Dukler (1976) was 

the calculation of the interfacial friction factor. The approximation of a smooth gas-liquid 

interface without disturbances did not hold at high flow rates. Many other researchers have 

modified this approach by using different empirical interfacial friction factor correlations; many 

of them are reviewed in Section 2.4.3. 

Hart et al. (1989) predicted the liquid holdup and two-phase pressure drop for a 

system where the liquid holdup was less than or equal to 0.06. In their Apparent Rough 

Surface (ARS) model, the liquid was assumed to form a uniform layer around the bottom part 

of the pipe (i.e. a film of constant thickness in contact with part of the pipe periphery). This film 

was considered to determine the local roughness of the pipe wall in the wetted region. (See 

Section 2.4.3 for a description of the relationships used.) The two-phase pressure drop is 

determined by 

Ap-pp 
4 f TP 

11 1 2 

D 2 
(2.202) 

where fjp was the two-phase friction factor which was weighted between the gas and 

interfacial friction factors according to the wetted wall fraction and z was the axial distance for 

the pressure difference. 

The liquid holdup can be expressed as 

1 - E 

UsL 

UsG 
1 + j P l 

fj PG 
(2.203) 

Using their experimental data, Hart et al. (1989) simplified the above expression by the 

introduction of two empirical constants, giving 
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- "sL 
"I ~ S UsG 

1+ 10.4RegL"°^^ -Pk 

P g 

\0.5 

(2.204) 

Although the gas-liquid interface shape was not flat in the x-y plane, the flow system 

considered was fully developed. 

As Hart et al.'s model did not work well for slightly inclined pipes, Grolman and 

Fortuin (1997) presented the modified apparent rough surface (MARS) model for gas-liquid 

flow through horizontal and slightly sloping pipes with a low liquid loading (USL < 0.06ms'''). 

Waves, which contributed to the interfacial friction, are not generated in the same way for 

horizontal and inclined pipes. The model was based on the one-dimensional momentum 

balances, and new empirical correlations for the liquid-wall and interfacial friction factors, and 

the interfacial and liquid-wall perimeters were proposed. It was also noted that a new 

correlation in terms of liquid-phase Weber number and gas-phase Froude number was 

derived for the wetted wall fraction. 

Hall (1992) obtained a numerical solution for fully developed laminar flow between flat 

plates. In this one-dimensional model, the holdup, or the dimensionless height of the denser 

fluid, h , was related to the dimensionless viscosity ratio, j l , and the dimensionless volumetric 

flow rate ratio, Q . 

h^[ ( l -P)( i IQ+l) ]+2h4i l (Q+3)-2 j -3h4p(Q+3)-2]+4h( f I - l )+1 = 0 (2.205) 

Vlachos et al. (1999) observed visually that the surface area of the gas-liquid 

interface increased with gas velocity, deviating from a flat one. In their model, the fluid-fluid 

interface was assumed to be 'V shaped. They predicted the liquid holdup, axial pressure 

gradient and the liquid-wall shear stress, for wavy stratified and stratified/atomisation flows in 

horizontal pipes, starting with the two-fluid, one-dimensional momentum balances. Empirical 

correlations were used for the determination of the interfacial friction factor and the liquid-wall 

shear stress. 

2.5.2 One-dimensional Transient Models 

Transient flow modelling is important in industrial applications where the flow rates 

vary with time. These include the start-up and shutdown of process equipment, changes in 

operating conditions, and emergencies. The approach taken by most researchers is to apply 

the two-fluid model, and account for the time variation of flow variables in the mass and 

momentum balances. 
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A typical one-dimensional model for transient stratified flows was proposed by Taitel 

et al. (1978). The gas-liquid interface was not parallel to the z-axis, and the liquid height, and 

the velocities of both phases were all functions of the axial position along the pipe, and time, t. 

As the geometrical parameters, the cross-sectional areas and the wetted perimeters, were 

also functions of the liquid level, they too depended on the axial position and time. 

For the liquid phase, constant physical properties were assumed, and the mass and 

momentum balances were reduced to 

^ A L 

dl 
(2.206) 

XL S L + T| SJ (2.207) 

Changes in the gas flow rate were assumed to propagate along the pipe very rapidly 

compared to changes in the liquid flow. Hence, the mass flow rate of the gas at any cross-

section was taken to have a constant value, 

mr A Q UG PG constant (2.208) 

The gas-phase momentum equation can also be simplified to 

PG 
^(ug^ AQ) 

dz 
+ •T, S , (2.209) 

The geometrical parameters, hydraulic diameters and the shear stresses were 

determined from Taitel and Dukler's (1976) approach described in Section 2.5.1. Combining 

equations (2.207) to (2.209) gave two simultaneous partial differential equations with 

unknowns h(z,t) and UL(z,t). 

5 h A| 9 Ui S h 
+ Ui 

at ^dz A L ' dz 
(2.210) 

g - PG 

PL 

mr 

PG A Gj 
K 
AG 

9 h a U| 9 u, 
— + — ^ + u , — t -
9z 9t •- 9z 

•^lSL I T|S| 

PL \ PL 

J + • 
'•G^G 

PL A G 

(2.211) 
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The derivative of AL, AL', was expressed as a function of the elevation of the liquid 

layer from the bottom of the pipe 

AL' 
d A L 

dh 
2 R (2.212) 

where R is the radius of the pipe. 

To obtain a unique solution to Equations (2.210) and (2.211), the following condition 

must be met. 

» PG 

PL 

Mr 

PG 

V 
An 

(2.213) 

The RHS of Equation (2.213) described the Bernoulli forces that acted on the fluid, against 

gravity, when the gas was accelerated to high velocities over a wave crest. 

Hence, the Bernoulli term was neglected and Equation (2.211) is simplified to 

5h 5UL 
9 — + 

5U| 
• + Ui 

8z a t 8z 
L _ -CLSL ^ TjSi 

PL A L PL 

^JL+JL '̂ G 

PL AG 
(2.214) 

Taitel et al. (1978) solved Equations (2.210) and (2.214) using a finite difference 

technique in which explicit forward finite differences were used with respect to time and either 

forward or backward finite differences were used for spatial derivatives. 

Taitel et al. (1989) further simplified their transient stratified flow formulation by 

assuming that the gas flow was quasi-steady. They performed local equilibrium momentum 

balances for both the liquid and gas phases at each grid point of the computational mesh. The 

numerical solution was simple in nature due to the single partial differential equation for the 

liquid, which allowed for more exact treatment of the hydrodynamics. 

For horizontal stratified flows, the set of momentum balances used was identical to 

those given in Equations (2.180) to (2.182). The gas-wall and liquid-wall friction factors are 

determined from the explicit expression proposed by Hall (1957) 

0.001375 1 + 2x10'^ — + ^ 
Dhj Re; 

n1/3 

IJ 
(2.215) 
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where subscript j represents either liquid or gas, and k is the roughness of the pipe. The 

interfacial friction factor, f, , was assumed to take a constant value, 0.0142, as suggested by 

Cohen and Han ratty (1968). 

Taitel et al. (1989) noted that the major drawbacks of this simplified scheme were that 

it was valid only for systems with a continuous gas flow, and when the flow rate of liquid was 

much smaller than that of the gas. 

Sharma and Brill (1993) also used the two-fluid momentum balances to predict 

general trends in transient stratified flows. They assumed that the flow was isothermal and the 

mass transfer across the interface was negligible. A numerical solution based on the upwind 

finite difference method was proposed with the geometrical parameters, friction factors and 

shear stresses evaluated from Taitel and Dukler's (1976) methodology. One of the 

parameters of the solution method was the interfacial pressure, pi, expressed as the 

difference of the bulk fluid pressure and the gravitational head of the fluids. 

PL - Pi = P I G H ( 2 . 2 1 6 ) 

PG - Pi = PG g (D — h) (2.217) 

The steady state form of the gas phase momentum equation and the stratified flow 

variables predicted from Taitel and Dukler's (1976) model were used as initial conditions. The 

boundary conditions for the problem were the liquid height, or the liquid velocity at the inlet 

and outlet of the pipe system. 

2.5.3 Two-dimensional Steady State Models 

Shoham and Taitel (1984) developed a two-dimensional model for stratified laminar-

liquid, laminar or turbulent-gas flow in horizontal and inclined pipes. The gas was treated as a 

bulk flow; while the exact liquid velocity profile was considered in order to account for the 

velocity differences near the interface and the wall. The liquid velocity field, holdup and 

pressure drop can be predicted by solving the two-dimensional equation of motion for the 

liquid phase. In this model, the fluid-fluid interface was assumed to be flat and a bipolar 

coordinate system, as indicated in Figure 2.23, was applied. 
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= const. 

^=const 

Figure 2.23 Bipolar coordinate system (Shoham and Taitel. 1968) 

The Navier Stokes equations for each phase were reduced to: 

and 

V^u, 

V ' U G 

1 dp 
——i-pL gsina 
dz 

1 fdp . ^ 
— + P 3 g s i n a 

(2.218) 

(2219) 

where a is the upwardly inclined angle of the pipe, î e is the effective viscosity, given by the 

sum of the molecular viscosity, n, and the turbulent eddy viscosity, n,. 

The pressure drop was calculated from the overall force balance on the gas phase, 

with the interfacial shear stress determined using the empirical correlation suggested by 

Cohen and Hanratty (1968) which accounted for the three-dimensional small amplitude 

waves. 

Shoham and Taitel (1984) suggested the use of the modified van Driest model in the 

Prandtl mixing length turbulence model for the calculations of the turbulent viscosity near the 

walls. A constant value of the turbulent eddy viscosity was assumed for the turbulent gas 

core. A finite difference technique was applied to solve the momentum equations for the liquid 

phase numerically. 

Newton and Behnia (2000) also performed numerical calculations of the pressure 

gradient and holdup for turbulent smooth stratified gas-liquid flows in a 50mm diameter pipe. 

Starting with two-dimensional axial momentum equations, they applied a low Reynolds 

- 1 5 9 -



number k-s formulation, wliich incorporated empirical damping functions, to model the 

turbulent viscosity. 

Newton and Behnia (2001) then extended their model to stratified wavy gas-liquid 

pipe flows. Special boundary conditions were required to model the irregular geometry of the 

interface in terms of the interfacial shear stresses. The continuity of shear stress at the 

interface was imposed, and the distribution of the shear stress across the interface was 

governed by a power law relation. 

î(x) = 11+ 6,6 1 
1 ^ — 

(2.220) 

where x is the horizontal distance from the vertical symmetry plane of the pipe cross-section, 

and c is the focal length in the bipolar coordinate system. The only empirical information 

needed would be the interfacial friction factor in the determination of the average interfacial 

shear stress, x, , which would account for the roughness caused by the presence of waves. 

The wall shear stress distribution, pressure gradient and holdup are insensitive to the choice 

of interfacial friction factor used. 

Hall (1992) followed a similar approach to that of Shoham and Taitel (1984) and 

extended his analysis to three-phase flows in pipes 

The two-fluid model was extended by Brauner et al. (1998) to obtain solutions for 

stratified flows with curved interfaces, represented as circular arcs. The geometrical 

parameters and velocities were expressed in terms of the angles that determine the shape of 

the interface, namely, the interface curvature and the phase distribution angle. In the fluid-

fluid systems investigated, they noted that gas-liquid systems can be characterised by using 

just the Lockhart and Martinelli parameter, X^, as the gas velocity was usually much greater 

than that of the liquid. On the other hand, the flow characteristics of liquid-liquid systems were 

dependent on two parameters, and the dimensionless ratio of the volumetric flow rates. 

In the model of Brauner et al. (1998), the inputs required included the physical 

properties of the two fluids, the flow rates, the dimensions and orientation of the pipe and the 

contact angle of the fluids at the pipe wall. The solutions of the stratified flow problem were 

expressed in terms of operational nomograms, which are the combination of the flow and 

interface nomograms, where the relationship between the interfacial curvature and the flow 

properties of the system was represented graphically. 
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Mouza et al. (2001) highlighted the fact that even by using CFD codes in the solution 

of horizontal wavy stratified flows, there is a reliance on experimental evidence or correlations 

to provide the interfacial roughness. It was acknowledged that the 'static' equivalent 

roughness did not fully represent the generation and propagation of the waves. 

2.5.4 Computer Codes 

There are various computer codes, mostly one-dimensional in nature, available for 

the prediction of transport phenomena in steady and transient stratified flows. These codes 

use the two-fluid model where separate mass, momentum and energy conservation equations 

are solved for each phase, with suitable closure relations for the wall and interfacial shear 

stresses. Two commercial codes, OLGA and PLAC; and a non-commercial one, PRESBAL, 

are described in greater detail in this section. 

OLGA 2000 was developed by Scandpower, SINTEF and IFE as a dynamic one-

dimensional two-fluid model for two-phase hydrocarbon flows in pipelines. It is now a 

simulator for transient multiphase flow of oil, water and gas in wells and pipelines. The two-

fluid model is modified, with separate continuity equations, coupled with interfacial mass 

transfer, written for the gas, bulk liquid and the liquid droplets. In addition, two momentum 

balances for the continuous liquid phase and the combined gas/liquid droplet phase are 

solved. The sixth equation is the energy balance for the whole flow system. The physical 

properties of the fluids are specified by the user and are functions of temperature and 

pressure only. This commercial package is well-suited for simulating rather slow mass flow 

transients due to the numerical solution scheme; it is widely used in the oil and gas industries 

for applications in pipeline design studies, operational studies and safety and risk analyses. 

One important example of practical interest where OLGA is used is in the simulation and 

tracking of terrain induced slugs. OLGA 2000 has a new three-phase flow module that allows 

the behaviour of separated water, together with the normal two-phase hydrocarbon fluids, to 

be predicted. 

The PipeLine Analysis Code, PLAC, (version 5.3) is a transient multiphase flow 

simulator for oil and natural gas pipelines developed by AEA Technology at the Harwell 

Laboratories, it is built on the existing structure of another commercial transient multiphase 

code, TRAC (Transient-Reactor Analysis Code) and is based on the two-fluid model where 

the set of six coupled non-linear partial differential equations (mass, momentum and energy 

balances) are solved via a semi-implicit finite difference computational scheme. In order to 

close the flow system problem, the physical properties of the fluids, models for wall and 

interfacial friction based on mechanistic flow regime prediction, and thermodynamic modelling 

of interfacial mass and energy transfer are required. PLAC is a one-dimensional code that 
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accounts for the circular geometry of the pipe. This code constitutes a convenient platform for 

the modelling of wave propagation in two-phase flow. However, the calculation scheme is 

sensitive to the size of the computational mesh, with the suppression of wave growth being 

significant when the time step increases. 

PLAC-W is a three-fluid model where water is the third fluid phase. The major 

assumption made is that the oil and water phases do not mix and do not form dispersions. 

PRESBAL (PREssure drop BALance) by Khor et al. (1995) was developed in the 

Department of Chemical Engineering at Imperial College. This computer code estimates the 

phase holdups of either two-phase gas-liquid or three-phase gas-liquid-liquid stratified flows 

by comparing the values of the pressure gradient in each phase derived from the momentum 

balances of the separated flow model. The momentum conservation equations are expressed 

in terms of liquid heights which are adjusted to obtain the solution where the pressure drop in 

each of the phases is identical. This code allows for the study of different closure relationships 

for the friction factors at the gas-wall, liquid-wall and the interface. Assumptions such as a 

smooth interface and steady state flow are made. Changes in phase velocities, fluctuations in 

liquid levels, the acceleration pressure drop, interfacial tension and the liquid phase 

hydrostatic pressure gradient are ignored. The inputs for this one-dimensional model are the 

superficial velocities of the different phases, the physical properties of the fluids and the 

dimensions and orientation of the pipe system. 

2.5.5 Conclusion 

One-dimensional models are commonly used to describe stratified flow systems due 

to their simplicity. Despite the neglect of certain flow phenomena and properties, and the 

assumptions made, one-dimensional models can still give reasonable predictions. 

There is a notable use of empirical correlations in almost all mechanistic models 

discussed in the previous sections. A significant example is the use of experimental results to 

determine the interfacial friction factor. These correlations are not sufficient in explaining the 

detailed transport phenomena between the phases and the interfacial structures, and hence 

do not always give accurate predictions. There is an increasing interest in the oil industry in 

applying phenomenological modelling methods to the prediction of pipeline flows. Although 

the mechanistic models suffice in the basic design stages, a more thorough and accurate 

method is required for the final design of pipelines and equipment. 
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2.6 Wavy Stratified Flows and Instabilities 

Various interfacial instabilities exist in stratified flow systems and they manifest as 

different types of waves and disturbances. These range from very regular small amplitude 

ripples to long wavelength waves that eventually grow into roll waves and liquid slugs. 

Different researchers such as Hanratty and Engen (1957), Andreussi and Persen (1987) and 

Oyulvstad and Nuland (2001) have divided the wavy stratified regime into smaller subsets, 

which have been discussed in Section 2.3. Often, the analysis of stratified flow stability would 

determine the types of waves present on the interface. 

The main interest, in the context of this thesis, is the transition from smooth to wavy 

stratified flows. In most transition mechanisms, the onset of the wavy flow regime is indicated 

by an unstable smooth fluid surface, resulting in the initiation and growth of waves. In general, 

this transition is often modelled by either the classical Kelvin-Helmholtz long wave instability 

(Lin and Hanratty, 1986), or from modifications of wave generation models on open infinite-

depth liquid surfaces such as lakes and oceans. Taitel and Dukler (1976), and Andritsos and 

Hanratty (1987b) proposed different coefficients to be used in the sheltering hypothesis of 

Jeffreys (1924, 1925), which will be further discussed in Section 2.6.2 and in more detail in 

Chapter 5. Hence, the generation mechanisms of ocean waves could be adapted to predict 

the initiation of the wavy stratified region in enclosed conduits such as channels and pipes. 

Oyulvstad and Nuland (2001) compared three different stability criteria with 

experimental results obtained for shear thinning liquids at atmospheric pressure where the 

flows were mainly in the roll wave and large amplitude wave regions. They used Andritsos 

and Hanratty's (1987b) model with the modified sheltering coefficient, the inviscid Kelvin-

Helmholtz instability and the one-dimensional wave theory of Wallis (1974). The latter 

proposed that instability would occur when a kinematic wave overtook a dynamic one. The 

smooth to wavy stratified flow transition was found to agree well with the criterion presented 

by Andritsos and Hanratty (1987b). It was also found that a holdup greater than 0.33 ± 0.02 

was required for the transition to slugs to occur. 

2.6.1 Kelvin-Helmholtz Instabilities 

The Kelvin-Helmholtz instability occurs in the flow of two incompressible inviscid 

fluids, of different densities and velocities, in horizontal, infinite streams, with one stream 

above another. The classical Kelvin-Helmholtz theory concerns a neutrally stable wave at the 

interface, and the instability is a result of the pressure from the Bernoulli effect becoming 

stronger than the restorative forces of gravity and surface tension. This stability analysis is 

mainly applied to the prediction of slug flows. Detailed description of the stability criterion and 
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the dispersion equation are presented in Section 5.3. In most long wave analyses, two 

different types of Kelvin-Helmholtz theories have been performed: The viscous Kelvin-

Helmholtz (VKH) (Lin and Hanratty, 1986; Hall, 1992; Barnea and Taitel, 1993; Funada and 

Joseph, 2001) and the inviscid one (IKH) (Taitel and Dukler, 1976). Unfortunately, the Kelvin-

Helmholtz theory, in general, does not predict the observed water wave generation and fails 

when the viscosity difference of the two fluids is very large (McCready, 1998). 

Taitel and Dukler (1976) used the classical long wave inviscid Kelvin-Helmholtz 

analysis in rectangular channels and inclined pipes. Their criteria for growth of waves on a flat 

liquid sheet were based on the two-fluid model and conventional friction factor correlations. It 

was necessary to introduce a correction function to fit experimental data. Lin and Hanratty 

(1986) obtained both viscous and inviscid long wave Kelvin-Helmholtz stability criteria for 

turbulent-gas turbulent-liquid and turbulent-gas laminar-liquid flows in both channels and 

pipes. 

In the inviscid theory, the forces causing instability are in-phase with the wave height, 

and the shear stress terms are negligible. On the other hand, the viscous terms are included 

in the VKH analysis, where the interfacial shear stress and the out-of-phase pressure with 

respect to wave height are considered. 

Upon comparison, the VKH predicts the instability to occur at a lower gas velocity 

than predicted by the IKH. Here, the inertia terms have become destabilising (Lin and 

Hanratty, 1986). Also, from Figure 2.24, the stable region predicted by the VKH is smaller. 

VKH analyses in pipes were carried out by Barnea and Taitel (1993) where the interfacial 

friction factor was obtained from Cohen and Hanratty (1968). VKH and IKH stability lines 

were similar for high viscosity liquids, but different when the liquid viscosity was small. They 

stated that in the region bounded by the VKH and IKH stability lines, roll waves were formed 

at high gas flows; and liquid slugs were present when the gas flow was low. Beyond the IKH 

neutral stability curve, slug flows were Initiated for low gas flows, and annular flows were 

present at high gas flow rates. 
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Figure 2.24 Comparison of stability analysis for fully developed horizontal pipe flow with Lin's 

(1984) experiments. (Lin and Hanratty, 1986) 

Funada and Joseph (2001) analysed the stability of gas-liquid flows in horizontal 

rectangular channels using the viscous potential flow Kelvin-Helmholtz theory for finite waves 

(all wavelengths) where an explicit dispersion relation was obtained. Here, the effects of 

shear stresses, but not the effects of surface tension and viscosity on the normal stresses, 

were neglected. In addition, slip was considered at the channel walls. They concluded that 

the critical value of the liquid velocity was independent of the liquid viscosity when it was 

greater than 15cp. 

IMata et al. (2002) compared various Kelvin-Helmholtz instability analyses with both 

experimental data from the literature and new air-oil data obtained from flows in a 0.0508m 

internal diameter pipe. No theories agreed fully with the experiments. The full effect of 

viscosity had not been represented in the theories, and these models required empirical data 

of wall and interfacial friction, which were adjusted to fit the data. 

The stability analyses discussed above are linear in nature where the governing 

equations are linearised to determine the initial growth of the instability. However, they do not 

provide any information on the evolution of the interface to the point of transition away from 

smooth stratified flow. It is also necessary to account for all small disturbances in the linear 

analysis, and the restriction to growth of long waves is not justified. McCready and Uphold 

(1997) reiterated that the linear stability models were not expected to predict transitions from 
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stratified flows to slug or annular flows. However, the linear models provided a necessary 

condition for the growth of long waves if the short wave base state was considered. On the 

other hand, non-linear instability analyses predict the growth and development of small 

disturbances into large waves and any other possible transitions (Barnea and Taitel, 1994; 

Sangalli et al., 1997). From the numerical experiments by Guo et al. (2002) on the interfacial 

instabilities of gas-liquid two-phase flow through a circular pipe, the non-linear analysis not 

only confirms the conclusions attained from the linear one, it also provides an insight to the 

growth and propagation of the interfacial disturbances. 

2.6.2 Wave Generation on Lakes and Oceans 

As described in Section 2.2, some of the commonly used stability criteria in pipe flows 

today are based on models developed for the initiation of waves on the surfaces of lakes. The 

flow regime transition of interest here is the formation of waves, usually regular 2D ripples, on 

a smooth liquid surface. Taitel and Dukler (1976) and Andritsos and Hanratty (1987b) 

proposed different sheltering coefficients to be used in the sheltering hypothesis of Jeffreys 

(1924, 1925). These arbitrary factors were not based on physical wave formation 

mechanisms, but were chosen to fit the experimental data of the respective researchers. This 

will be further investigated in Section 5.4. 

Despite this, due to the vast amount of information and studies concerning wave 

generation on the ocean surface where the system can be treated as a two-phase (air-water) 

stratified layer with infinite depths, some useful ideas or approaches could be adapted to 

flows in enclosed conduits. Most of these models centre around the asymmetrical distribution 

of pressure in the air flow around the vicinity of an infinitesimal perturbation on the interface. 

The motions in the upper ocean provide the means for the exchange of mass, 

momentum and energy between the atmosphere and the underlying deep ocean. In the 

context of this thesis, only surface waves and their relation to wind are analysed, and an 

understanding of the dynamical processes involved between the waves and wind is critical. 

One of the earliest attempts to solve this problem was by Jeffreys (1924, 1925) who 

supposed that a sheltering effect on the lee side of the wave was created when air flows over 

the waves. Hence, work was done by the wind as a result of the pressure difference across 

the moving wave. The central question concerned the distribution of stress on the disturbed 

water surface, under the influence of the turbulent wind, as both the surface pressure and 

shear stress variations influenced the growth of waves. The interfacial stress fluctuations 

consisted of those produced by the turbulent eddies in the wind and those induced by the air 

flow over the irregular surface configuration. He postulated an expression for the sheltering 
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coefficient where the rate of energy transfer to the moving waves was related to the induced 

surface pressure. 

Much later, Miles (1957) made the first calculation of the induced pressure 

component in-phase with the wave slope. The Miles, or 'critical layer', mechanism involved 

the determination of the unperturbed mean velocity profile and the Reynolds stresses. A 

critical height in the air flow, where the unperturbed wind speed was equal to the wave speed 

could be determined. At this location, upward motion of the air over the wave induced a 

sinusoidal pressure variation which led to a 'vortex force' (Lighthill, 1962) on the wave, that 

transferred energy from the wind to the waves. Belcher and Hunt (1993) stated that this 

theory only predicted wave growth for moving waves. For a fixed undulation where the critical 

layer was at the wave surface, there was no asymmetric pressure and hence no wave growth. 

Brooke Benjamin (1959) and Lighthill (1962) made further contributions to the critical 

layer theory. The main objective of the former was to calculate the stresses on the wavy 

boundary for stable laminar flow. For the various types of flows investigated, a linearised form 

of the problem was proposed, with the assumption that the wave amplitude had to be small 

compared to the wavelength. Brooke Benjamin showed that the stresses were distributed in 

much the same way as if the leeward slopes of the waves were sheltered. Lighthill (1962) 

concluded that for any pressure gradient adequate to initiate substantial energy transfer, the 

critical height must be fairly small compared to the wavelength, and waves can grow 

whenever their velocity and direction satisfied this condition. 

Phillips (1977) pointed out that the critical layer theory was a rather idealised version 

of the problem. The air flow was recorded as quasi-laminar, and atmospheric turbulence was 

only considered for the mean velocity profile. This allowed for an analytic solution, but the 

diffusive effects of the turbulence were neglected. In addition, the interactions between the 

wind and water turbulence, and the effects of wave breaking were not considered. 

The variation of Reynolds stresses with flow perturbations was later addressed by 

researchers such as Townsend (1972, 1980), Jacobs (1987) and van Duin and Janssen 

(1992) who accounted for the turbulence by either mixing length or eddy viscosity models. 

The growth of water waves generated by wind was influenced by the choice of turbulence 

models used. In the mixing length model of van Duin and Janssen (1992), the more sensitive 

the mixing length model was to the shear in the air flow, the larger was the predicted growth 

rate. 

Belcher and Hunt (1993) applied a truncated mixing-length model to determine the 

energy flux to the wave motions and hence the growth rate of the waves. They described the 

linear perturbations by an extension of the four-layer asymptotic structure developed by Hunt, 
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Leibovich and Richards (1988). They proposed that the growth rate of the wave was a 

function of the undulating shape of the wave, which inherently changed the pressure 

distribution; the shear and Reynolds stresses in the air flow; and the varying surface 

roughness. 

Due to the difference in geometry of the flows in infinite depths and in enclosed 

conduits, it Is not a trivial task to adapt ocean wave growth models to the transition of smooth 

to wavy stratified flows in pipes. Besides modifying the velocity profiles of the gas phase due 

to complications involving the top conduit wall, the wave initiation mechanism has also to be 

fully understood. 

2.7 Overview 

This chapter provides a general overview on the various aspects of stratified flow, 

including the relevant parameters and flow transitions. As highlighted from the review, there 

appears to be a fair amount of empiricism required, even for mechanistic models of this 

supposedly simplest class of multiphase flow. In addition, up to the present, a universal 

physical model that accurately predicts the transition from smooth to wavy stratified pipe flow 

does not exist. Hence, the major objectives of researchers in this field today are to address 

the above problems. Detailed discussion of the specific topics, such as laminar flow models 

and interfacial instability can be found in the relevant chapters of this thesis. 
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Interface Shapes 

3.1 Introduction 

In most pipeline codes, equivalent models or approximations are used in the 

computation of flow properties such as the phase fraction and the pressure gradient for 

stratified two-phase flows. If the interface is assumed to be smooth (which may be a 

reasonable approximation at low velocities) and the two fluids are assumed to be in laminar 

flow, analytical solutions are possible for some cases where the geometry of the flow is 

simple. For more complex cases, accurate solutions for laminar stratified flows can be 

obtained using numerical methods provided the interface shape is known. 

The geometry of the system is shown in Fig 3.1. The contact angle, 9, is the angle 

between the two phases and the pipe wall, measured through the denser fluid; the holdup, s, 

is the fraction of the pipe cross section occupied by the denser fluid. The contact angle and 

holdup values give a flat interface regardless of the Bond number. Bo, if 

6-cos9sin9 
8 = ( o . l ) 

Gorelik and Brauner (1999) referred to this as the pseudo-gravity-dominated case. If the 

holdup exceeds this value, i.e., at small holdups or large contact angles, the interface shape 

- 1 6 9 -



is convex. Correspondingly, at small contact angles or at large holdups, the shape of the 

interface is concave. 

Figure 3.1 The geometry and coordinates of the flow system 

A flat interface is often assumed in models for stratified flows. Taitel and Dukler 

(1976) and Hall and Hewitt (1993) studied the flow properties of air-water systems assuming 

a flat interface and obtained reasonable results. When the density difference between the two 

fluids is large, the effect of surface tension and the contact angle at the pipe wall can 

generally be ignored. However, this assumption is often carried into commercial codes that 

predict the behaviour of three-phase stratified flows, and the interface between the second 

(oil) phase and the third (water) phase is taken to be flat as well. Unfortunately, this is not 

always reflective of the true scenario. For systems with small density differences, small 

diameters, large interfacial tensions, or in reduced gravity, interfacial curvature may be 

significant. The stratification due to the density difference is counteracted by the tendency of 

one fluid to wet the pipe's inner surface more than the other. These are characterised by the 

Bond number, Bo, which represents the ratio of gravitational to surface tension forces, given 

by 

Bo Ap g a cosa 

TAB 
(3.2) 

where Ap is the density difference between the two fluids, g is the gravitational constant, a is 

the radius of the pipe , and YAB is the interfacial tension, a is the inclination angle of the pipe. 

A positive value indicates the pipe is upwardly inclined. The larger the Bond number, the 

more the interface approaches a flat surface. 

Flows with interfaces defined by a circular arc or an eccentric circle have been 

modelled both analytically and numerically by Allen and Biggin (1974), Bentwich (1976), 

• 1 7 0 -



Brauner et al. (1996) and Soleimani (1999). However, most of these analyses do not take 

into account the full effects of surface tension and the contact angle between the two fluids 

and the wall. 

Allen and Biggin (1974) performed a force balance in which a term expressing the 

membrane effect of the stretched and curved interface was introduced. In this analytical 

method, the elastic effect was balanced by the pseudo-hydrostatic pressure difference which 

varied linearly with the height of the liquid. A quartic polynomial expression, derived from non-

linear second-order ordinary differential equations solved by using elliptic integrals, was 

demonstrated to be sufficient for the approximation of the gas-liquid interface. In Bentwich's 

(1976) analytical solution, the underlying principle was that the masses in the pipe would be 

distributed in such a way that the potential energy of the system, including that in wetted walls 

and the fluid-fluid interface, was a minimum under the influence of gravity, interfacial tension 

and wetting effects. However, this system of equations led to a double solution. Moreover, he 

concluded that the influence of a stratification factor, or essentially the Bond number, on the 

geometry of the interface was not obvious. 

Brauner et al. (1996) also considered the minimisation of the energy of a fluid-fluid 

system with the interface approximated by a circular arc. The change in surface energy was 

due to the change in interfacial length between the phases and the length of the respective 

wetted perimeter; while the change in potential energy was due to the change in elevation of 

the two-phase centre of gravity. The reference energy was provided by the flat interface in the 

absence of any surface effects. Their solution was presented in the form of interface 

nomograms, as illustrated in Figure 3.2, where the optimal interface curvature (Q was 

presented as a function of phase distribution angle (v|/), for given values of the contact angle 

(a) and the Eotvos number, Eo, defined as 

Eo 2 TAB 

' (pb~PA)9 
(3.3) 

Interface 

Curvature 

C 

"O 20 4 0 6 0 8 0 100 120 (40 KO 180 

Phase Distribution Angle y 

Figure 3.2 Interface nomogram: effect of wall/phases wettability (Brauner et.al.. 1996) 
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It should be noted that the definition of the Eotvos number, given above by Brauner et al. 

(1996) was twice the reciprocal of that universally used. The work of Brauner and co-workers, 

together with the circular interface shape calculation is described further in Appendix A. 

Soleimani (1999) determined the interface shape of a liquid-liquid system by solving 

the Young-Laplace equation numerically. He concluded that the shape of the interface was 

dependent on the contact angle, the Bond number and the ratio of the in-situ volume fraction 

of the two fluids. 

There remains a need to predict the shape of the interface accurately in an efficient 

and robust way. If this is not achieved, valuable information regarding the flow properties 

could be lost when some physical properties, usually the interfacial tension or the contact 

angle of the fluids, are not fully considered. 

In this chapter, unidirectional laminar stratified two-phase flows in circular pipelines 

are studied. An accurate calculation of the interface shape which can be incorporated into 

future mechanistic modelling of pipeline flows is outlined. This exact interface shape is 

calculated accounting for the effects of surface tension, and is obtained in terms of only three 

dimensionless flow parameters: the Bond number, Bo; the contact angle, 9; and the holdup, e. 

The predicted interface shapes are then compared to the flat and circular ones obtained for 

the same parameters. 

The work described in this chapter was first presented in Ng et al. (1999b). At that 

time, it was discovered a group of research workers in Israel (Gorelik, 1999; Gorelik and 

Brauner, 1999) had independently obtained the same analytical solution for the interface 

shape by solving the Young-Laplace equation. They have concluded that the circular arc 

approximation provided a very good model for all values of the dimensionless parameters. 

3.2 Preliminaries 

The flow system consists of two fluids, A and B, in co-current laminar flow in the axial 

direction along a horizontal or inclined pipe with a circular cross-section. The flows are 

assumed to be fully developed and at steady-state. These conditions then reduce the Navier-

Stokes equations (in Cartesian co-ordinates) in the normal and axial direction to 

9pi 
• - ^ - p i g c o s a (3.4) 

- 1 7 2 -



- piQsina (3.5) 

where subscript i represents fluid A or fluid B and is the Laplacian in the x-y plane. 

The boundary conditions imposed are no-slip at the walls and continuity of the 

velocity and shear stress across the fluid interface. 

UzA = UzB (3.6) 

I^aD-Vu^ = D-VU^b (3.7) 

where n is the unit normal to the interface. 

A full expression for the variation of the local pressure with normal position, y, and 

axial position, z, can be obtained by integrating Equations (3.4) and (3.5) 

Pi = Pio - pig cosa y - Gz (3.8) 

where pm is the reference pressure with respect to an arbitrary datum. -G is the axial 

pressure gradient which is identical in both fluids since the flow is fully developed and the 

boundary condition of continuity of shear stress is imposed. 

The Young-Laplace equation is given by 

PA - PB = YAB K (3.9) 

where K is the local curvature of the interface, having units of inverse length. 

To solve for the interface geometry. Equation (3.8) is substituted into Equation (3.9), 

Y A B K = P A O - Peo + ( P B - P A ) g cosa y (3.10) 

It is convenient to represent the force balance on the interface in terms of the local 

curvature, K, in dimensionless form. 

Ko Boy, (3.11) 
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y, is the dimensionless elevation of the interface above the central point, KQ is the unknown 

reference value of the dimensionless curvature at the centre of the interface and is an 

eigenvalue of the system of equations to be determined as part of the solution. 

Ko 
Yab 

(Pao ~ Pbo) (3 12) 

Note that the shape of the interface is obtained from an essentially static calculation 

and is not affected by the dynamics of the flow. However, the interface configuration for an 

inclined pipe would be different from that for a horizontal pipe with the same flow rates. 

3.3 Interface Shape Calculation 

3.3.1 Definition of Geometry 

The fluids are sufficiently characterised by their densities PA and pe, the interfacial 

tension, YAB. and the contact angle, 9, for the calculation of the geometry of the static two-

phase system. These parameters are constant for the same set of fluids and pipe material 

which is approximated to be sufficiently smooth in the calculation. For rough pipes, the 

contact angle may take different values due to hysterisis at the contact line. 

Figure 3.3 Definition of parameters 

The pipe is of a circular cross-section, with centre 0 and a dimensionless radius of 

unity. The concave interface meets the pipe wall at point Q as illustrated in Figure 3.3; (3 is the 

angle subtended between Q and the vertical axis through the centre of the pipe, at O and 
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characterises the holdup. O', which is on the interface and directly below O, is defined as the 

origin (0,0). h is the vertical distance between O and O', with KQ being the curvature at O' 

which is to be determined. The tangent at any point on the interface is given by 

dx 
tan (p - 9) (3.13) 

Hence, the horizontal coordinate of the contact point, Q, is 

sin 9 + tan 
dy 

(3.14) 

3.3.2 Setting up the Equations 

(p, a parameter of the interface, is the angle between the tangent to the interface and 

the horizontal in the positive direction, illustrated in Figure 3.4 where s and n are the unit 

tangent and normal respectively. 

Figure 3.4 Definition of unit tangent and normal 

For convex interfaces (in the clockwise direction). 

- n where KQ < 0 

For concave interfaces (in the anti-clockwise direction) 

71 > (p where KQ > 0 

Taking C to be the centre of curvature, and with reference to Figure 3.5, the 

incremental arc length, dl, is 
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dl R dcp (3.15) 

cp + dcp 

n + d n 

Figure 3.5 Definition of variables used in calculation of the curvature. 

As the curvature is the reciprocal of the radius, 

R dcp 
(3.16) 

When dcp is small, dl may be approximated by a straight line. 

dcp 

dx 

dcp d ? . 
(3.17) 

and 

tan cp = dcp. 
dx 

dcp 

(3.18) 

This gives 

dx 

dcp 
coscp 

(3.19) 
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Substituting Equation (3.11) into Equations (3.19) and (3.20) gives 

dx _ coscp 

dcp Ko+Boy 

dy _ sincp 
d(p KQ + Boy 

(3.21) 

(3.22) 

Tine pair of ordinary differential equations are then scaled by applying the following 

substitutions (for KQ > 0) 

* ( & 2 ^ 
^Bob 

^Bob 

where b is the modified Bond number, based on the curvature. 

^ (3.24) 

(3.25) 
KO 

The Young-Laplace equation can then be written as a pair of differential equations, in 

terms of the interface position and curvature. 

dX _ bcoscp 

dcp 1 + Y 

d Y _ bsincp 

(3.26) 

(3.27) 
dcp 1 + Y 

3.3.3 Boundary Conditions 

The calculation algorithm is set up in such a way that the coordinates of the interface 

is calculated, from the origin O', where cp is zero, to Q where cp is cpmax as indicated in Figure 

3.6. 
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AtQ, 

sin p 

sin (cpmax + 0) (3.28) 

or 

Xpnax ~ yjBob sin((Pfpg)(+0) (3.29) 

0' 

^max 

Q 

Figure 3.6 Schematic diagram illustrating the position where the interface cuts the wall 
of the pipe. 

3.3.4 Solution 

Together with initial conditions Y(0) = 0, and X(0) = 0, Equations (3.26) and (3.27) are 

solved to give the position of the fluid-fluid interface in terms of the scaled horizontal and 

vertical coordinates. 

X - E | | . - 4 b +( l + 2b)F | . - 4 b (3.30) 

i 1 + •\j'\ + 2b — 2b cos (p j (3.31) 

where F and E represents the elliptic integrals of the first and second kind respectively, given 

by 
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: - 4 b 

-0.5 

(l + 4b sin^ t) dt (3.32) 

E | l - 4 b 
0.5 

(l + 4b sin^ t) dt (3.33) 

At this stage, the solution is characterised by a single parameter b, the modified Bond 

number which is based on the curvature. The complete family of solutions is shown in Figure 

3.7, with the full potential range of cp from (p = -TI to n. Any interface shape can be obtained by 

taking a (symmetric) part of one of the arcs in Figure 3.7 and embedding it in a circle of 

suitable size representing the pipe. For small values of b, the interface is nearly circular, while 

for larger values of b, it becomes more elliptic in shape. 

• X 

Figure 3.7 Family of curves for interface shape, given by Equations (3.30) and ^3.31) with 
b =±0.25. ±0.5. ±1. ±2. ±4. ±8. ±16. ±32. 

The shape changes from circular for small b to oblate for large b. 

The solution is then rescaled to the physical coordinates where 

- E -,-4b (l + 2b)F (3.34) 
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± - p j = 1 - 1 + J l + 2b - 2bcos(p| (3.35) 
. jBob ^ 

and the range of cp is adjusted to satisfy the boundary condition at the contact line, given by 

Equation (3.29), which requires that 

/ 

V B ^ s i n ( < p „ „ + e ) . ( l + 2b)F * ! » = , - 4 b | - E ^ , - 4 b (3.36) %Tax 

2 

This may be used to obtain b and hence the complete solution, once cpmax has been 

specified. Therefore, for convenience, CPMAX. or |3, is used as an intermediate parameter to 

represent the system holdup. 

When the interface is convex in shape, a redefinition of parameters is required, and a 

new scaling factor is used, 

Ko = (3.37) 

The holdup of the denser fluid, s, is determined from the areas of segments and 

sectors within the cross-section of the pipe. The resulting expression applies for both concave 

and convex interfaces, and its derivation is outlined in Appendix B. 

^ - ^ s i n 2((pmax + 0) + sin CPmax " 
n 2n Bo 71 

Ti-^Bob 
sin ( (Pmax + 6 ) ^1 + 2 b - 2 b C 0 S ( P m a x (3.38) 

The validity of Equation (3.38) as a universal expression for different interface 

configurations has been tested. Checks on cases where the interface is highly concave 

(approaching an eccentric core); where the holdup is greater than 50%; and where the 

interface is convex can be found in Ng et al. (1999a). 

Equations (3.36) and (3.38) are solved simultaneously to obtain the values of cpmax 

and b, for a given set of contact angle. Bond number and holdup. Subsequently, the position 

of the interface (x and y values) can be determined. 
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3.4 Results 

The full catalogue of interface shapes is presented in three different ways in Figures 

3.8 to 3.10. Figure 3.8 shows the interface shapes for different holdups, from 0.1 to 0.9, 

increasing by 0.1, at a constant contact angle and Bond number. Figure 3.9 shows the effect 

of varying the contact angle between the two fluids and the wall from O.ln to 0.971 in steps of 

0.1 K, keeping the holdup and Bond number constant. Finally, Figure 3.10 gives the fluid-fluid 

interfaces for fixed holdups and contact angles for increasing Bond number from 0 to 180 in 

steps of 20. 

3.4.1. Analysis of Interface Shape 

At small Bond numbers, surface tension is dominant and the interface approaches a 

circular arc shape. When the Bond number increases, the interface shape changes from a 

circular one to an approximately elliptical one. At large Bond numbers, the difference in 

densities of the two fluids outweighs the effect of surface tension, rendering the interface 

almost flat with a slight meniscus at the ends, near the walls of the pipe. In addition, the 

length of the interface decreases with increasing Bond number (i.e. the interface becomes 

flatter). 

With the exception of small Bond numbers (less than 20), at constant holdup and 

contact angle, as seen in Figure 3.10, the interface shape remains more or less constant 

throughout the cross-section of the pipe, with only slight variations near the walls when the 

Bond number is changed. At small fixed holdups, the effect of the variation in the Bond 

number on the interface shape is only more significant at larger contact angles. The opposite 

is true for larger holdups, i.e. greater variation of the interface shape occurs at small contact 

angles. 

The interface shape predicted is highly concave at small contact angles, but becomes 

convex when the contact angle increases. In addition, for a given Bond number, the interface 

shape is symmetrical with respect to complementary changes in the holdup and contact angle 

(E -> 1-e, 9 -> 71 - 8). For example, the shape for a system with a holdup of 0.1 and a contact 

angle of O.ITT: is the mirror image of one with a holdup of 0 . 9 and a contact angle of 0 .9? ! . 

An interesting phenomenon is observed when the Bond number is small. The denser 

phase curls up into an eccentric circular core when the contact angle is large and the holdup 

is small. Near this limit, the flow configuration is between those of core annular flow and 

stratified flow. At the other end of the range, the less dense phase becomes the eccentric 

core when the contact angle is small at high holdups. 
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Figure 3.8 Variation of the interface shape with holdup for constant Bond number and contact angle. 
£=0.1. 0.2 0.9. 
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Figure 3.9 Variation of the interface shape with contact angle for constant Bond number and holdup. 
B= 0.1 TV. 0.2K. .... 0.9K. 
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Figure 3.10. Variation of the interface shape with Bond number for constant holdup and contact angle. 
Bo = 0.20 180. 
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3.4.2 Comparison of Interface Shapes 

Next, the exact interface shapes predicted from the Young-Laplace equation are 

compared to the flat and circular arc ones, commonly used in commercial codes, for the same 

dimensionless parameters. Figure 3.11 shows the calculated interface shapes for different 

holdups and contact angles at various Bond numbers. Bo = 0.1, 1, 100. The black solid lines 

represent the exact interface calculated, the red dashed lines represent the circular interface 

(Brauner et al., 1996), and the blue dashed lines represent the flat interface. 

The assumption of a flat interface is not appropriate for flow systems with a small 

Bond number, where the interfacial tension between the two fluids plays a significant role. In 

Figures 3.1 la and 3.11 b, it can be seen that the flat interface is not representative of the real 

physical scenario. However, at large Bond numbers where the density difference between the 

fluids is large and the effect of surface tension is weak, the flat interface is a good 

approximation for flow systems with moderate holdups and contact angles as illustrated in 

Figure 3.11c. This is useful especially for quick calculations involving the pressure gradient 

and holdup in a pipe system. The exact interface is mainly flat with highly curved menisci at 

the walls. Nevertheless, when the contact angle approaches n at low holdups or tends to zero 

at large holdups, the interface is rather curved, deviating significantly from the flat interface. In 

the assumption of a flat interface, the physical properties of the system, embodied in the Bond 

number and contact angle, are neglected. This will no doubt result in the loss of important 

information in the process of determining flow properties such as flow rates or shear stresses. 

For systems with small density differences, such as the oil (second) and water (third) phase of 

three-phase flows in crude oil pipelines, the assumption of a flat oil-water interface might incur 

considerable errors in the calculations. 

At small Bond numbers, the exact interface agrees very well with the circular one, 

with the exception of slight discrepancies occurring at extreme contact angles (9 ^ 0 or 6 

n). On the other hand, at larger Bond numbers, the interface predicted by the Young-Laplace 

equation is no longer completely circular. Instead, it becomes more elliptical in shape as 

indicated in Figure 3.11c. Also, there is a significant change in the interface curvature from 

the centre to the contact points. This phenomenon is more obvious at large Bond numbers 

which are characterised by a flat interface with highly curved ends. 

In general, at high Bond numbers, both the flat and circular interfaces are relatively 

good approximations for the exact one, except at the ends of the interface. Gorelik and 

Brauner (1999) also concluded the circular arc approximation provides a very good model for 

all values of dimensionless parameters. 
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Figure 3.11b. Comparisons of interfaces for different holdups and contact angles at a Bond number of 1 
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Figure 3.11c. Comparisons of interfaces for different holdups and contact angles at a Bond number of 100-. 
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In conclusion, it is necessary to calculate the interface shape accurately, as the 

interface profile is required for the stratified pipe flow solution. The two-phase velocity profile 

and the interfacial shear stress are influenced by the shape of the interface. This calculation 

has been performed for a quasi-static two-phase system, and is more relevant for liquid-liquid 

flows rather than for gas-liquid flows, where the Bond number is likely to be large 

3.4.3 Investigation of Interface Parameters 

3.4.3.1 Hydraulic Diameter 

An important consideration in the modelling of multiphase flows is the determination 

of the hydraulic diameter of the different phases. The much-debated question is often the 

definition of the wetted perimeter of each fluid, i.e., whether the length of the interface should 

be included. The hydraulic diameter can be either defined as 

or 

DH - — (3.39b) 

with A being the cross-sectional area of the fluid in question; S, being the length of the 

interface and Sw being the perimeter of the phase in contact with the wall. 

In this section a study of the variation of the hydraulic diameter of the denser fluid 

with respect to the contact angle. Bond number and holdup is presented. The significance of 

the interface length in the determination of the hydraulic diameter is dealt with further in the 

following chapter. 

Figures 3.12 and 3.13 show the variations of hydraulic diameter with holdup for 

different contact angles (9 = 0.1 TI, 0.3?:, 0.6n and 0.97t) and Bond numbers (Bo = 0.1, 1, 10, 

100). In Figure 3.12, the length of the interface is included in the definition of the wetted 

perimeter, and the hydraulic diameter is given by Equation (3.39a). In Figure 3.13, definition 

(3.39b) is used. 
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In general, the hydraulic diameter increases with both holdup and contact angle. 

However, it is relatively insensitive to the contact angle when the Bond number is large. At a 

high Bond number of 100, the fluid-fluid interface is mainly flat with curved menisci at the 

walls which vary with contact angle. This renders the ratio of the cross-sectional area to the 

wetted perimeter more or less constant. Hence, as observed in Figure 3.12d, the hydraulic 

diameters calculated are relatively similar for different contact angles. 

In Figure 3.13, a turning point is observed in the variation of the hydraulic diameter, 

calculated using Equation (3.39b). At low holdups, due to the highly curved interface, the 

increase in the wetted perimeter (the length of the pipe periphery in contact with fluid B) is not 

proportional to the increase in the cross-sectional area of fluid B. 

3.4.3.2 Change in Curvature of the Interface 

Next, the change of the curvature of the interface, |AK| , from the centre of the 

interface to the walls of the pipe is analysed. AK is defined as the difference between the 

curvature at the wall and that at the centre, and is an indicator as to when the effect of surface 

tension is localised near the wall. 

AK = KW - KO (3.40) 

where is the curvature at the wall. This value can be either positive or negative, depending 

on the concavity or convexity of the interface. 

From the Young Laplace equation, AK = Bo Ay, where Ay is the difference in elevation 

of the surface from the wall to the mid-plane of the pipe. Thus, A K / B O can also be seen as a 

measure of the meniscus height. 

Symmetry is present in the variation of AK with the Bond number, holdup and contact 

angle of the system. In general, the magnitude of AK is small at small Bond numbers, but 

increases with increasing Bond number. The more significant change at larger Bond numbers 

is explained by the almost flat interface with highly curved menisci at the walls. As indicated in 

Figure 3.14, for a Bond number of 1, as the holdup is increased, the change in curvature goes 

through a maximum when the contact angle is small and a minimum when the contact angle 

is large. This demonstrates that the change in curvature at some intermediate holdup (e = 0.4 

to 0.6) is greater than that of the fully eccentric core configuration. However, this trend is not 

so obvious for higher Bond numbers. 
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For a given lioldup, there is a contact angle where AK moves from a positive value to 

a negative one for all Bond numbers. This is due to the fact that for every value of holdup, 

there is a contact angle which gives a flat interface (AK is zero). For all contact angles at small 

Bond numbers, the value of AK approaches zero, indicating that the curvature of the interface 

is constant, and hence a constant radius of curvature (i.e. a circular arc). 

3.5 Conclusion 

The interface shape of a two-fluid stratified flow in a circular pipe is dependent on the 

Bond number, holdup and contact angle of the system. 

The possible exact interface shapes are portions of a family of curves described by a 

single parameter, b, whose physical meaning is BO/KQ̂ . The appropriate value of b, and hence 

Ko, is determined as part of the solution along with the portion of the curve to use. The 

interface curvature will influence the velocity field and the interfacial shear stress would in turn 

be affected, resulting in differences in the integral flow properties. Hence, the exact solution is 

important in the prediction of system performance and flow characteristics including the 

limiting conditions of both annular and stratified flows, which will be described in the next 

chapter. 

The current method of determining the exact interface is valid for laminar-laminar 

flows, and may remain approximately so for turbulent flows as long as the turbulent interfacial 

normal stresses are small. 
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It can be concluded that approximating the interface as a flat plane or a fully circular 

arc is generally not sufficient, as valuable information might be lost. However, it can provide a 

reasonable estimate of the exact interface shape for engineering calculations. Nevertheless, 

the flat interface assumption breaks down at small Bond numbers when the exact interface is 

circular in shape. At large Bond numbers, the highly curved menisci at the walls of the exact 

interface are not represented in either the circular or the flat interfaces. 
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4 

Boundary Element Method 
Calculations of Laminar 

Stratified Pipe Flows 

In two-phase stratified pipe flow, the phases flow in separate regions with the lighter 

fluid flowing in the upper part of the pipe. The most important case for technological 

applications is flow in a pipe with a circular cross-section. The interface separating the two 

flow regions is often assumed to be planar, but generally, it has a curved form with the shape 

being determined by the contact angle at the wall and a balance between the gravitational 

and surface tension forces, as described in Chapter 3. Stratified two-phase flow has been of 

long-standing interest from both the practical and the theoretical points of view. Many pipeline 

systems are designed to operate in the stratified flow region as stratified flow gives lower 

pressure gradients than slug flow and does not suffer from the problems associated with the 

intermittent behaviour that slug flow produces. In many practical stratified flows, the phases 

may be turbulent (particularly in gas-liquid flows) and partial mixing (inter-entrainment) of the 

phases may occur at high velocities. Nevertheless, the solution of the flow field where one or 

both flows are laminar and the interface remains undisturbed still represents an important 

case from which much can be learned. The laminar-laminar flow case is reasonably common 

in practical viscous liquid-liquid flow systems, and thus, there have been a variety of studies 

for such flows in both horizontal and inclined pipelines. 
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In this chapter, the major emphasis is on the generic prediction method using the 

Boundary Element Method (BEM) for two-phase laminar-laminar stratified flow in a pipe with 

the interface shape determined by the exact solution of the Young-Laplace equation. 

Subsequently, the method is simplified and applied to two other flow scenarios where only a 

single laminar phase is considered; one where the laminar liquid layer is driven by gravity 

(open-channel), the other where the gas is turbulent and the liquid is laminar. Integral and 

local flow properties for the three different types of flows, i.e., the volumetric flow rates, the 

interface and wall shear stresses and the velocity profiles on the interface and through the 

cross-section of the pipe are presented. 

In almost all multiphase flow calculations, the formula f=16/Re, is used to determine 

the friction factor of laminar phases. But this was derived for a single-phase flow based on the 

Fanning friction factor. The validity of this expression for the three flow scenarios described 

above is assessed using the flow properties predicted by the BEM. 

4.1 Introduction 

Due to the complex flow geometry in circular conduits, most studies of stratified flows 

have used either 'equivalent' models of flow between parallel plates or an averaged two-fluid 

formulation assuming a planar interface between the phases. However, the accuracy of such 

averaged models in predicting the integral flow characteristics, such as the axial pressure 

gradient and the in-situ holdup is hard to quantify and sometimes poor. A more satisfactory 

approach is to obtain the velocity profiles, stress distributions and other local flow properties 

from a more rigorous treatment of the two-dimensional Navier-Stokes equation. These 

solutions can then be used as a basis for determining the integral quantities. Several 

researchers have obtained analytical and numerical solutions to such problems for various 

assumed interface geometries and have proposed mechanistic methods to determine the flow 

properties. 

Russell and Charles (1959) examined two different flow systems for two immiscible, 

incompressible Newtonian fluids in laminar stratified flow, between parallel plates, and with 

the two liquids flowing concentrically in a circular pipe. The positions of the interface, 

corresponding to a minimum in the pressure drop or the power requirement, were determined 

for specific systems. It was concluded that the maximum reduction in power was considerably 

greater in the concentric flow system than that in the parallel plate one. This was due to the 

reduction in shear stress when the less viscous phase flows next to the pipe wall. 

Despite the complexities in a circular pipe, exact analytical solutions can be obtained 

for special interface geometries. By assuming a planar interface to be situated in the 
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horizontal diametrical plane, at a holdup of 50%, Yu and Sparrow (1967) derived an exact 

solution by coupling a suitable Green's function with their reduced velocity equations. Brauner 

et al. (1996) carried this solution further and obtained the variation of the wall shear stress, 

and its discontinuity across the interface, for this unique flow scenario. Packham and Shall 

(1971), obtained the exact solution for co-current flow in a duct with a flat planar diametrical 

interface. They showed that when the cross-section was symmetrical with respect to the 

interface, the solution could be expressed in terms of two separate solutions corresponding to 

the flow of a single liquid in the whole pipe and in a half pipe bounded by the interface. 

Kurban (1997) also reported an exact solution to the same problem obtained by expressing 

the solution of the Navier Stokes equations as a sum of the particular and Laplace solutions. 

The particular solution was determined by suitable expressions that satisfied the boundary 

and interface conditions, and a Fourier series solution was obtained for the Laplace 

equations. Wall and interfacial shear stresses, together with the phase flow rates were also 

obtained. Although it was established in the previous chapter that the interface is not entirely 

flat, these analytical solutions provide accurate flow field solutions which can be used as 

benchmarks to assess the various numerical solutions obtained. 

Gemmell and Epstein (1962) compared experimental data and numerical solutions for 

co-current laminar stratified flow in a circular pipe for various viscosity ratios with a flat fluid-

fluid interface at eight different positions. A two-dimensional finite element method was 

applied with a rectangular mesh in Cartesian coordinates superimposed onto the circular 

pipe, as shown in Figure 4.1. They obtained the volumetric flow rate by summing the products 

of the nodal velocities and the areas of the finite elements. Though not all of the experimental 

cases appeared to be sharply stratified (in some cases, the interface was wavy), good 

agreement was obtained for both the in-situ holdup and the pressure gradient when both 

fluids were in laminar flow. The experimental and computed results began to deviate when 

the less viscous phase entered the transitional and turbulent regions. 

Bentwich (1964) derived analytical expressions for the velocity distributions which 

would hold for all possible annular and stratified flow configurations with a circular interface. 

He developed Fourier series and Fourier transform solutions using a bipolar coordinate 

system. With the motivation of reducing the energy requirement in transporting viscous 

liquids in pipelines by the addition of a less viscous liquid, Bentwich (1976) later proposed an 

analytical approximation for the determination of the interface geometry of two immiscible 

liquids, taking into account the interfacial tension, capillary forces and gravity. The two-phase 

Poiseuille flow problem was then solved by applying an equivalent variational principal with 

the Rayleigh-Ritz method, in order to obtain the axial velocities and flow rates of the liquids. 

Here, the solution was approximated using a finite number of functions to represent each 

velocity field. 
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Figure 4.1 Computed point velocities for arid size Av = 0.25. interface position v= 0.5 and 
viscosity ratio ua/ur = 10. (Small numbers denote residuals). fGemmell and Epstein. 1962) 

Yu and Sparrow (1967) determined closed form solutions for two-component stratified 

laminar flow in horizontal ducts of arbitrary cross section. Again, a flat interface was assumed. 

From the transformation of the momentum equations, the reduced velocity field was 

expressed as a series of harmonic functions in the coordinates of a cross-sectional plane, (x 

+ i y)V The coefficients in the series were determined by the application of the least squares 

method to satisfy the boundary conditions. The velocities were then integrated to obtain both 

the volumetric flow rate and the pressure gradient. However, neither the interfacial nor wall 

shear stresses were calculated. 

Ranger and Davis (1979) obtained an explicit analytical solution for the flow of two 

fluids of different viscosities with a flat interface. They expressed the fluid velocities in terms 

of Fourier integrals, which were in turn used to express the volumetric fluxes of each fluid as a 

single integral. The results agreed well with the numerical solution of Gemmell and Epstein 
(1962). 

A numerical method for solving the physical flow problem of laminar-laminar stratified 

flow with a plane interface was proposed by Hall (1992). The numerical domain was bounded 

externally at the pipe walls, with a horizontal grid line across the pipe, coinciding with the 
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interface. Ttie bipolar coordinate system, applied to match this geometry, has advantages of 

generating a simple grid that fits both the pipe walls and the interface, enabling the boundary 

conditions to be applied at exact grid locations. A finite volume discretisation method was 

used, and the solution was obtained via the Tri-Diagonal Matrix Algorithm and the Gauss-

Seidel method. Hall and Hewitt (1993) presented comparisons of numerical solutions with 

those obtained from the integral two-fluid model in order to evaluate the accuracy of the latter. 

Brauner et al. (1996) obtained analytical solutions for the local flow properties of flow 

systems with either a flat or circular arc interface. Both Fourier series and Fourier integral 

solutions were presented. The coefficients of the Fourier series are independent of the holdup 

and the viscosity ratio and thus can be determined with ease once the interface curvature is 

specified. Hence the dimensionless velocity profiles for the whole range of in situ holdups and 

viscosity ratios could be calculated. Although the number of terms in the Fourier series 

determined the convergence of the solution, the accuracy of the values obtained for the 

interfacial velocities and shear stresses deteriorated near the pipe wall even when the 

number of terms was increased. The Fourier integral method was more complicated to apply, 

as the calculation of the spectral functions must be iterated for each specific holdup and 

viscosity ratio. However, this method provided flow characteristics in the entire domain, 

including the two contact points at the pipe wall, which were excluded in the solution obtained 

by Fourier series. Apart from the problem in the vicinity of the contact points at the walls, both 

solutions yielded practically the same results. Nevertheless, when the variation of the local 

flow characteristics over the entire interface was of importance, Fourier integrals must be 

employed. The wall shear stress showed a large variation in the vicinity of the fluid-fluid 

interface and was discontinuous across the interface. The results provided a better 

understanding of the hydrodynamic behaviour in the flow field and around the interface. 

IMoalem Maron et al. (1995) presented data using the Fourier integral calculation 

procedure for circular arc interfaces, illustrating the effect of interface curvature and in-situ 

holdup on the flow rate ratios. They concluded that the characteristics of the wall shear stress 

profile in the vicinity of the interface could be used to generalise the definition of thin fluid 

layers in stratified flows with curved interfaces. These definitions could be different from those 

based on the in-situ holdup criterion. Since stratified two-phase flow represents a basic flow 

pattern for exploring the transition to other flow patterns, they suggested that their solution for 

the curved interface could be used as a new basis for stability analyses of stratified layers 

accounting for the interfacial tension and wall adhesion forces. 

Biberg and Halvorsen (2000) obtained detailed solutions for the wall and interfacial 

shear stresses in pressure driven two-phase laminar stratified pipe flow with a flat interface in 

terms of Fourier integrals. The solution was written as a linear combination of a single-phase 
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free surface flow term, and a second term that linked the phases together and represented 

the shear driven flow. 

Many simplified mechanistic models have been discussed in the literature. For 

example, Brauner et al. (1998) developed the two-fluid model for circular arc interfaces by 

taking the momentum equations and expressing them in terms of the phase distribution angle 

and the interface curvature. They compared the solution from the two-fluid model with the 

corresponding exact solutions in the laminar flow regime over a wide range of interface 

curvatures and phase flow rates. The two-fluid model tended to over-predict the pressure 

drop, but it predicted the in-situ holdup reasonably well. 

All the previous work cited above has been based on approximate forms of the 

interface geometry. The interface has been represented as perfectly flat or as a circular arc. 

The exact interface shape for laminar-laminar stratified flow in a circular pipe has recently 

been determined by Gorelik and Brauner (1999) as discussed in Chapter 3. Three 

dimensionless parameters; the Bond number. Bo, the contact angle, 9, and the holdup of the 

denser phase, e, have been used to determine the shape of the interface as a solution of the 

Young-Laplace equation. 

The aim of the work described in this chapter is to present a precise calculation 

method for two-phase laminar stratified flows, gravity-driven free surface flows and turbulent-

gas laminar-liquid flows where the interface shape is neither flat nor circular, but specified 

exactly. In the Boundary Element Method, only the boundary of the region is discretised into 

boundary elements. For planar problems, one-dimensional line elements are required. The 

equations governing the problem are converted to integral equations in terms of the unknown 

function over the boundary of the problem domain. Thus, the solution of the problem would be 

represented by a combination of exact solutions inside the region coupled with the values of 

the function at the node points along the interface. 

There are several advantages of the BEM over domain type analyses such as the 

Finite Difference and Finite Volume methods. (Brebbia, 1978; Stakgold, 1979; Pozrikidis, 

1992; El-Zafrany, 1993; Banerjee, 1994) 

(1) Smaller systems of equations can lead to a considerable reduction in the 

data required. Hence, the computational time needed may be greatly 

reduced. 

(2) The BEM is ideal for problems with infinite domains such as problems in fluid 

mechanics. Only values at the boundaries are required to determine flow 
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properties such as the flow rates, interfacial velocities, and the wall and 

interfacial shear stresses. 

(3) The BEM offers a fully continuous solution within the domain and the function 

values can be evaluated directly at any point there. 

(4) The numerical accuracy of the BEM is generally greater than that of finite 

element methods (for an equivalent computational effort). 

However, there are also certain drawbacks in the application of the BEM. 

(1) The derivation of the Boundary Integral equations requires more 

mathematical input. 

(2) The BEM leads to fully populated matrices for the equations to be solved. 

(3) For non-linear problems, there are domain integrals which may require the 

use of domain elements for their evaluation. This will eliminate the main 

advantage of the dimensionality reduction. 

In the past three decades, the BEM has been extended to a large number of 

engineering applications, including elasticity and elasto-plastic analysis; fatigue and fracture 

problems; electromagnetism and fluid mechanics. 

Stratified flows are subjected to many kinds of instability, which may lead to the 

generation of waves on the interface, or even slugs. Transition from laminar to turbulent flow 

is also a possibility. Such phenomena are beyond the scope of the work described in this 

chapter. However, this work provides a detailed solution procedure for smooth parallel flow, 

which could be used as the starting point for the study of instabilities and transitions to other 

flow regimes. 

4.2 Governing Equations and Theory 

This section presents the mathematical formulation for the calculation of the local and 

integral flow properties of a two-phase laminar-laminar stratified flow. Here, the expressions, 

properties and results are presented in terms of dimensionless quantities for ease of 

interpretation and analysis. 

- 2 0 1 -



4.2.1 Basic and General Equations 

Consider two fluids, A and B, in co-current laminar flow. The lighter phase is labelled 

A (above) and the denser phase is B (below). The flows are assumed to be at steady state 

and fully developed, hence uni-directional. This general configuration is illustrated in Figure 

4 . 2 . 

- • X 

Figure 4.2 Schematic diagram of the pipe cross-section, hiahliahtina the parameters used. 

The simplified Navier-Stokes equations in the axial direction can be written as 

5PA 

dz 
+ HAV^UzA - P A Q s i n a ( 4 . 1 ) 

^ + - p B Q s i n a 
dz 

( 4 . 2 ) 

^ , Uz, p and p are the pressure gradient, local axial velocity, viscosity and density of the 

phases respectively, a is the angle of inclination of the pipe, and subscripts A and B refer to 

the different phases. 

The boundary conditions governing the equations are no slip at the walls and 

continuity of velocity and shear stress at the interface. 

At the wall SA, 

UzA ( 4 J ) 
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At the wall SB, 

UzB = 0 (4.4) 

At the interface Si, 

UzA = UzB (4.5) 

m(n-Vu^) = n-Vu^B (4.6) 

where n is the unit normal of the interface, directed into the lower phase B, and m is the 

viscosity ratio , defined as 

m = - ^ (4.7) 

where and ^B are the viscosities of the two fluids 

Denoting the axial pressure gradient along the pipe as G, which is always taken to be 

negative, Equations (4.1) and (4.2) can be written as 

= - G - P A Q s i n a 

PA 

= - G - p e g s i n a (4.9) 

PB 

The equations are made dimensionless using the pipe radius, R, as the length scale 

and a velocity scale, U, chosen as 

u = ( - G - p , 9 S i n a ) R ' 

PB 

Note that U is generally taken to be positive, but it can take negative values for inclined pipes 

as discussed later in the chapter. 

Thus, the dimensionless equations for the axial velocities are Poisson equations, 

given by 
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V^UzA = - {AA^) 

= -1 (4.12) 

where UZA and û g are the local axial velocities of phase A and phase B respectively, and m 

and X are dimensionless parameters of the flow problem. The dimensionless driving ratio % is 

given by 

(4 13) 
( - G - p A Q S i n a ) 

^ ( -G -pegs ina ) 

where a is the inclination of the pipe (positive for upwards inclined flow). 

4.2.2 Particular Solution 

Particular solutions are chosen to satisfy the no-slip condition at the wall, and the 

velocities are written in the form: 

UzA 

UzB 

(4.14) 

l ( l - r ' ) + f B (4.15) 

where r is the dimensionless radial coordinate which is zero at the pipe centreline and unity at 

the pipe wall, f is the difference between the true velocity, Uz, and the particular solution (i.e. f 

is the homogenous solution). It is noted that for the single-phase flow of either fluid, the 

corresponding value of f is zero. Equations (4.11) and (4.12) are transformed into Laplace 

equations for f where 

v ' fA = 0 (4.16) 

V^fe = 0 (4.17) 

The no-slip conditions at the walls, SA and SB, then give Dirichlet conditions 

(4M8) 
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fB = 0 (4.19) 

The continuity of velocity and shear stress on the fluid-fluid interface, S,, requires that 

L - fB = ^ ^ ( l - r ^ ) (4.20) 
4m ^ / 

m (n-VfA) - n Vfg = n-x (4.21) 

where x is the (dimensionless) position vector with respect to the origin at the centre of the 

pipe. 

Equations (4.16), (4.17), (4.20) and (4.21) are linear in %, so the solution at any value 

of X can be obtained via interpolation (or extrapolation) using solutions at any two values, say, 

X = 0 and x = 1 • Hence, 

fx = fo + % (fi - fo) (4.22) 

where fa is the solution at x = a. 

4.2.3 Green's Function 

A suitable Green's function is a necessary mathematical tool for solving Laplace 

equations by the Boundary Element Method. With reference to Figure 4.3, the 'free-space' 

Green's function G is defined as 

G = 5(x-Xo] (4.23) 

where 5(x-Xoj is the Dirac delta or forcing function, having an infinite value only when x = 

XQ , and the value of zero for all other values of x. In general, XQ is referred to as the source 

point and x as the field point. So G (x , XQ] gives the response at point x to forcing at point 

X n . 

- 2 0 5 -



Figure 4.3 Schematic diagram illustrating the variables used in the Green's function. 

Also, 5 (x - XQ) is defined so tliat when the point XQ for any smooth function f is within area A, 

j j f ( x ) 5 ( x - ^ ) dA = f (xo) (4.24) 

If Xg lies outside A, the integral is zero. When XQ lies on the boundary of A, 

J|f(x) 5(x-Xo) dA = 0.5f(Xo) (4.25) 

From the divergence theorem, 

j j v ^ G dA 
A 

I" •VGdS 04 26) 

Hence, when point XQ is included in S, 

| n . VGdS (4.27) 

Otherwise, the integral in the above equation gives a value of zero. 

The Green's function for a circular pipe of unit radius has to satisfy the following 

conditions: 

V Z G = 6 ( x - X o ) (4.28) 
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and 

0 when 1x1 = 1 (4.29) 

The solution, taking into account the image point of XQ is 

G (x , X o j 
_1_ 

271 

_1_ 

271 
ln|x-Xo| - 7^ in|x-Xo| + C (4.30) 

where x is the field point, XQ is the source point in the circle and XQ is the image point of 

XQ , defined as 

^ ( 4 . & n 

It is noted that XQ is not enclosed within the pipe surface Sp, but lies on the same radial line 

as XQ , as indicated in Figure 4.4 below. 

Figure 4.4 Schematic diagram of the image point. 

From geometrical manipulations, the constant C is determined as 

271 
-In 

1 
0 4 . 3 2 ) 

Thus, the Green's function for a circular pipe, in dimensioniess form, is 

G (x , Xo) 
2n 

In 
X - X n 

X - X n 

(4.33) 
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4.2.4 The Boundary Integral Equation 

The boundary integral equation is derived from Green's Theorem for two scalar fields 

f and g on a domain A with boundary S. 

j j ( fV^g - gV^f)dA = j(f n-Vg - gn-Vf)dS (4.34) 

A s 

where n-Vg is the derivative of the scalar field g in the direction of the outward normal vector 

n on the boundary S of region A . 

For the present method, f is made the solution of the problem; and g is replaced by 

the Green's function. Hence, 

g = G|x,Xo) with V^g= 5 ( x - ^ j (4.35) 

Upon substitution and simplification, equations relating the value of f at the field point, 

XQ , to the values at points x on the interface are obtained. 

In phase A, the conditions fA = 0 and G = 0 on S* lead to 

f A ( ^ ) = J ( f A ( x ) n ( x ) V G ( x , ^ ) - G ( x , ^ ) n ( x ) - V f A ( x ) ) d S ( x ) (4.36) 

S| 

Similarly, for phase B, 

W ^ ) = - j(fB(x)n(x)-VG(x,^)-G(x,^)n(x)-VfB(x))dS(x) (4.37) 

S| 

The negative sign in Equation (4.37) is due to the normal on the interface, S,, being chosen to 

point outwards for phase A and hence, inwards for phase B. The gradient operator acts on 

the first argument, x, of G. Integrals around the pipe wall are not required because of the 

choice of the Green's function. 

The area inside region A and within a very small distance of any point X| which lies 

on the boundary, S, is half that for a point XQ which lies wholly within area A. Hence, if XQ is 

replaced by x, , a factor of 0.5 will be included on the left-hand side of Equations (4.36) and 
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(4.37). On the right hand side, the principal values of the integrals, denoted by (j" , are tal<en 

to obtain the Boundary Integral Equations. 

fA ( ^ ) = 2 (j"(fA(x)n(x) VG(x,^) - G(x,^)n(x).VfA(x))dS(x) (4.38) 

fB(^ ) = - 2 (j'(fB(x)n(x) VG(x,^) - G(x,^)n(x) Vfg(x))dS(x) (4.39) 

These are Fredholm integral equations of the second l<ind, whose solution can readily 

be approximated by discretisation. 

4.2.5 The Discrete Problem 

The interface is divided into a number of intervals denoted by subscript j, with j = 1 to 

J. In this work, the simplest representation of the solution is chosen, where the boundary is 

represented by straight line elements and the solution is taken to be piecewise constant. The 

functions f and its normal derivative, n-Vf , are then represented by the discrete values at the 

nodes (centres) of each element. 

Three different approaches have been used to discretise the interface. For highly 

curved or circular interfaces, corresponding to a small Bond number and a high contact angle, 

the nodes are distributed along the interface at regular angular intervals, with equal 

increments of cp, which is the angle between the horizontal and the tangent to the interface. 

When the interface is flat or nearly so, the interface is divided into J elements, with the nodes 

located at regular intervals along the horizontal axis (x). (See Figure 4.2). For large Bond 

numbers, the interface is flat at the centre and highly curved near the ends. In this case, a 

combination of the nodes obtained from the other two discretisation methods is used. 

Equations (4.38) and (4.39) are approximated by summations of the exact integrals of 

G(x,xij and n VG(x,xJ over each element of the interface as follows, 

2 2 

f A ( ^ ) » f A ( ^ ) J ^ - V G ( x , ^ ) d ^ J g ( X , ^ ) 

S j S i 

2 

(4.40) 
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and 

« - 2 Z j = i ^B(^) V G ( x , ^ ) d ^ + 2 ^ % . V f B ( ^ ) j G ( x , ^ ) d^ 

(4.41) 

Focusing on a single boundary element, the integrals can be simplified with reference 

to the sketch in Figure 4.5. Here, the boundary element, Sj, is re-orientated in a horizontal 

position, parallel to the ^-axis. Sj is the length of element j which is bounded by points Cj and 

Cĵ .i on the interface, nj is the unit normal to the element, and tj is unit tangent to the 

element, defined as 

Cj+1 - Cj 

s i 
(4.42) 

The normal and tangential coordinates of the node Xj, on the element, relative to 

other points in the flow domain, X| , are 

- k - % j " j (4.43) 

(4.44) 

with similar definitions for a and b relative to the image point X; required for the evaluation 

of the Green's function. It is noted that a and b are different for each combination of i and j. 

Sj < -

Ci 

X j - ^ 

# $ 
n 

- • S i 

C, i+i 

Figure 4.5 Schematic diagram of a boundary element used in the evaluation of the integrals. 
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4.2.6 Calculation of the Interfacial Velocity 

Equations (4.40) and (4.41) are combined with the conditions (4.20) and (4.21) for 

continuity of velocity and shear stress at the interface to obtain a system of equations for the 

unknown vector f^ , whose elements are the nodal values f*! = fA( X|): 

V L w (4.45) 

where V is a ( J x J) matrix with elements 

VII (4.46) 

8ij is the Kronecker delta and Hji is given by 

HII jn j (x) VG(x,^) d^ 

J _ 
271 

tan" -tan - I 
V / V Y 

1 
2n 

tan - 1 -tan 

\ / \ / 

(4.47) 

The (J X 1) vector, w , has elements 

Wi 
4m(m+1) (m + 1) Z J = I ^ GJR 

m - x 
2 m (m + 1) S t , h -

2^ 

/ 

where 

HII 

(4.48) 

GJI 

2 

J G ( X , ^ ) D^ 

2 

1 

2n X 
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f r s , i { S|^ r . \ 

1 
b+— b — - b + ^ b - ^ 

1 
a tan"'' 2 - a tan ^ 2 -atan '' 2 +atan ^ 2 + 

2n 
a tan"'' 

a a a a 

V I L ) I / V ) ) 

J _ 
271 

1 

2% 

S I 
( b + ^ ) l n LA^ + 

. • 4 , 

. S; 
( b + ^ ) l n A " + - I 

S I 
- ( b — - ) l n 

2 

. S I 
-(b—^)ln 

LA^ + 

/ Y 

A ' + 

/ / 

(4.49) 

Once is found from Equation (4.45), fg can be determined from Equation (4.20) 

and the axial velocities at the interface, UZA and Uzb can be calculated. 

4.2.7 Calculation of Velocities within the Flow Domain 

The values of n-Vf^and n-Vfg on the interface are required for the prediction of 

other flow properties of the system. With values of fA and fg along the interface known. 

Equation (4.40) can be rearranged to give 

P - F A = (4.50) 

where F* is a vector of the unknowns, pAi = n-VfA(Xj), P is a ( J x J) matrix with elements 

Pij = 2Gji (4.51) 

and q is a (J x 1) vector with elements 

QI F A ( ^ ) H J I - F A ( ^ ) (4.52) 

Once the nodal values of (n-Vf^) have been obtained, the values of (n Vfg) can be 

calculated from Equation (4.21). Equations (4.36) and (4.37) can then be applied to determine 

the values of f A ( ^ j and fg (xg^ j at points Xaq and Xgo in fluids A and B respectively. Hence, 

the velocities at any point within the flow domain can be obtained. 
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4.2.8 Calculation of the Shear Stress 

4.2.8.1 Interfacial Shear Stress 

The dimensionless shear stress of fluid A is given by 

TA = m(n-Vu^) (4.53) 

From the definition off* in Equation (4.14), 

n Vu^A = n-Vf^ - — n-x (4.54) 
- 2m - -

The dimensionless interfacial shear stress is hence given by 

m (n-Vf^) - | n - x (4.55) 

4.2.8.2 Wall Shear Stress 

The dimensionless wall shear stress at the boundary of fluid A is 

TWA - rn % 
2 (4.56) 

Similarly, the dimensionless wall shear stress at the boundary of fluid B is given by 

TWB J H.57) 

A number of elegant methods are available for the calculation of shear stresses at the 

wall. However, a simple and direct method of finite difference approximation is adopted here. 

As f is zero at the walls, Vf, which is necessary for the calculation of shear stresses at the 

walls, can be approximated using the value of f at a point very close to the wall. In this 

calculation, \\i, the distance from the pipe wall, is taken to be 10"̂  units. 

Using the approximation that 
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5r 

^lr=1 " ^ l r = 1 -

r=1 

+ 0(v) (4.58) 

Since f = 0 at the wall, Equation (4.58) is reduced to 

dr r=1 

(4.59) 

This method is very accurate, since the Green's function, Equation (4.33), satisfies 

the wall condition exactly. However, the wall shear stress at the point where the fluid-fluid 

interface meets the pipe wall (contact point) cannot be determined by this method. A local 

analysis of the shear stresses near the contact point is presented in Appendix C. 

4.2.9 Calculation of the Flow Rates 

The expression for the dimensionless flow rate of fluid A given by 

Q . JJUZA DA 

A 
(4.60) 

can be converted into a line integral by applying Green's Theorem, Equation (4.34) , with f 

being u^a and g being , and using Equation (4.54) to obtain 

QA = | f | u ^ r ^ - x + ^ ( r 2 ) t ^ . x + ^ ( 1 - r 2 ) n A - V f A l d S (4.61) 

The line integral in Equation (4.61) is evaluated using the same technique as in the 

determination of the interfacial velocities where the single boundary element is analysed and 

orientated in the horizontal position. This gives. 

Q . 
J f 1 

X - O ^ Z A S SJ 16m 
j=i 

(a^ + b^ )S| H—S| 
1 

J ^2 ^ 

j=1 V 
(4.62) 

where the field point x, in the definition of a and b is the centre of the pipe. 
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Similarly for fluid B, substituting f = UZB and g = ^ ( l - r ^ ) , the flow rate, QB, is 

approximated by 

J / ^ 

QB ~ ^ SJ + 

J = I V 2 ' 16 
( A ^ + B ^ ) S J + — S J ^ + 

( A ^ + B ^ - 1 ) S J + ; J ^ S J ^ J ( 4 . 6 3 ) 
J= IV4 

The differences in signs between Equations (4.62) and (4.63) are due to the choice of 

normal on the interface, n = n̂^̂  = -ng . 

In Equations (4.62) and (4.63), SA is the length of the fluid A-wall interface given by 

2(% - P) and Sg is the length of the fluid B-wall interface given by 2p, which is the angle 

subtended by the ends of the interface at the centre of the pipe. 

4.3 Verification of the Boundary Element Method 

Before analysing the flow predictions of the Boundary Element Method, it is 

necessary to assess the accuracy of the solution scheme. A convergence test has been 

performed to determine the rate of convergence of the solution with respect to the number of 

boundary elements or node points on the interface. Furthermore, the flow solutions obtained 

via the Boundary integral Equation are compared with those calculated by other methods 

assuming either a flat or circular arc interface. In this section, the verification of the proposed 

BEM is performed for two-phase laminar-laminar stratified flow in a horizontal pipe. 

4.3.1 Effect of Number of Boundary Elements 

The accuracy of the computed results depends on the number of boundary elements 

and node points along the interface. Here, solutions obtained with 4 and 40 boundary 

elements are compared. Figure 4.6 illustrates the distribution of node points for the flow 

system with a holdup of 0.5, a Bond number of 1, a contact angle of n/6, and a viscosity ratio 

of 1.6. It is noted that the nodes are not exactly on the interface due to the choice of linear 

element. This is particularly evident when only 4 nodes are applied. 

In the plot of the dimensionless interfacial velocity across the interface, as shown in 

Figure 4.7, the axial velocity values are not greatly affected by the number of nodes on the 
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interface. Clearly, with more boundary elements, the velocity approaches zero near the wall 

due to the no-slip condition imposed. For 4 node points on the interface, it is not obvious that 

the velocity near the wall is zero, although the values obtained are remarkably good, 

Figure 4.6 Schematic diagram showing the node points for J = 4 and 40. (s= 0.5, 0= n/Q, Bo 
1.m = 1.6. 7=1) 

1 £ 
c 
U) 
in 
£ 
c 
2 
W) 
c 
<v 
E 
5 

40 node points 

X 4 node points 

horizontal position 

Figure 4.7 Plot of dimensionless axial velocity along the interface with 4 and 40 nodes. 
(£= 0.5. 9= 7d6. Bo = 1. m = 1.6. y=1) 

The discrepancies in the determination of the dimensionless volumetric flow rates of 

fluid A and B presented in Table 4.1. When only 4 nodes are used, the error is of the order 

10%. 
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Dimensionless Volumetric Flow Rate 

Nodes Fluid A Fluid B 

4 0.1610 0.1617 

40 0.1715 0.1467 

Table 4.1 Dimensionless volumetric flow rates for fluids A and B with 4 and 40 nodes, 
(s- 0.5. 6= 7i/6. Bo = 1. m = 1.6, r = 1) 

It is found that when the number of node points on the boundary is increased, the 

flow rate will converge to the correct value. This has been demonstrated for the case for a 

half-filled pipe with a flat surface, where an analytical solution is available. 

Figure 4.8 shows the convergence of the dimensionless axial velocity at two points 

within fluid B, with the number of node points on the interface, highlighting the difference 

between the velocity, Un, evaluated using n node points and the velocity, UN, using N node 

points, where N is the largest number of nodes used, plotted on a logarithmic scale. The 

same flow system described above is used, with the coordinates of the contact points, where 

the interface intersects the pipe wall, being (+0.853, 0.522), with the pipe's centre at (0,0) and 

a radius of unity. Point X (-0.1, -0.6) is near the symmetry plane in fluid B while Point Y (0.88, 

0.4) is near one of the contact points. In this case, the equal angle discretisation outlined in 

Section 4.2.4 is applied and N is 244. 

3 ' = 
3 

0.01 

0.0001 

0.000001 

0.00000001 

• PointX(-0.1,-0.6) 

O Point Y (0.88,0.4) 

10 100 

number of node points, n 

1000 

Figure 4.8 The convergence of the axial velocity calculated at Points X and Y with 
increasing number of node points. (s = 0.5. 6= n/6. Bo = 1. m = 1.6, r= 1} 
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When a larger number of node points is used, the accuracy of the solution improves, 

at the expense of increased computational time. It can be concluded that the convergence of 

the solution is second order, with an error of order 1/nl A much slower convergence is 

obtained for Point Y than for Point X, but a rather good approximation (better than 0.1%) to 

the solution can be obtained by discretising the interface into about 40 boundary elements. 

4.3.2 Comparison of BEM Solutions with other Methods 

The validity of the Boundary Element calculation has been checked by comparing the 

solution obtained with the analytical and numerical solutions available in the literature. For all 

of these comparisons, the interface is assumed to be flat, and is discretised into 40 elements. 

This interface shape corresponds to the pseudo-gravity-dominated situation described by 

Gorelik and Brauner (1999) where the surface tension has no effect and the solution is 

independent of the Bond number. The analytical solution for which comparisons are carried 

out is for a stratified flow system with a flat interface at a holdup of 50% (Kurban, 1997) while 

the numerical solution used is the one developed by Hall (1992), applying the bipolar 

coordinate system. This coordinate system is chosen to obtain an orthogonal grid that fits 

within the pipe walls, with a grid line coinciding with the interface. In the latter case, results 

are compared for planar interfaces at 25% and 75% holdup. The velocities, flow rates, and 

interfacial and wall shear stresses determined by both methods are compared for a horizontal 

PIPE ( % = 1). 

4.3.2.1 Comparison with the Analytical Solution (Kurban, 1997) 

Comparisons with the analytical solution for viscosity ratio m = 45 (Kurban, 1997) are 

shown in Figure 4.9 which shows the dimensionless velocity profile on the symmetry plane, 

the interfacial shear stress, and the wall shear stress around the periphery of the pipe. The 

flow properties calculated by the BEM agree well with the analytical solution (Kurban, 1997). 

However, the BEM does not predict the wall shear stress at the contact line, which is dealt 

with in Appendix C. The dimensionless flow rates for phases A and B calculated by the two 

different methods are almost identical, as shown in Table 4.2. 

Dimensionless Volumetric Flow Rate 

Fluid BEM Analytical 

A 0.00695566 0.00695572 

B 0.0796945 0.0796918 

Table 4.2 Dimensionless flow rates for a half-filled pipe with a viscosity ratio of 45. 
(£= 0.5. m = 45, Y= 1, 9= n/2) 
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Figure 4.9 Comparison of Boundary Element and exact solutions for a half-filled pipe 
with a planar interface, is = 0.5, m = 45, r= 1. 9- dl) 

(a) Velocity profile at the symmetry plane 
(b) Interfacial shear stress profile 

(c) Wall shear stress profile 
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4.3.2.2 Comparison with the Numerical Bipolar Code (Hall, 1992) 

The flow properties obtained using the boundary integral method at 25% and 75% 

holdup are generally consistent with those calculated from the bipolar numerical solution of 

Halt (1992). Unfortunately, the code is not available, so the comparisons of flow properties are 

made via the graphical representations found in Kurban (1997). Here, the differences of the 

flow rates are discussed in detail. The dimensionless volumetric flow rates of fluid A and fluid 

B for 25% and 75% holdup are compared with the numerical solution by Hall (1992) in Tables 

4.3 and 4.4 respectively. 

Dimensionless flow rate of A Dimensionless flow rate of B 
Viscosity ratio BEIVI Bipolar code BEM Bipolar code 

1.6 0.235982 0.238149 0.041802 0.041760 
16 0.031651 0.030973 0.012906 0.014576 
45 0.011670 0.011354 0.008765 0.010813 

Table 4.3 Dimensionless flow rates for a flat interface at 25% holdup. 
(s= 0.25, 7=1) 

Dimensionless flow rate of A Dimensionless flow rate of B 
Viscosity ratio BEM Bipolar code BEM Bipolar code 

1.6 0.035458 0.035174 0.312456 0.321760 
16 0.004567 0.004518 0.242438 0.254013 
45 0.001659 0.001641 0.235666 0.247357 

Table 4.4 Dimensionless flow rates for a flat interface at 75% holdup. 
{£ = 0.75. r= 1) 

When the holdup is 75%, the results obtained from the two methods are similar, with 

a maximum difference of about 5%. For 25% holdup, there is more high viscosity fluid (A) in 

the pipe and the prediction of its flow rate by the BEM is close to that of the bipolar code. 

However, when the viscosity ratio is large, the discrepancy in the flow rate of the low-viscosity 

fluid (B) is quite significant, exceeding 20%. This is probably due to the numerical error in the 

bipolar results. Kurban (1997) compared the bipolar solution to the analytical one for a 

pseudo two-phase flow (with the two phases taking the same physical properties, and m = 1); 

the maximum error was around 2% at 75% holdup. This error increases significantly with the 

viscosity ratio. It is thought that the implementation of the equal stress condition on the 

interface within the bipolar code may be responsible. 
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4.3.2.3 Comparison with the Fourier Integral Method (Brauner et al., 1996) 

Figure 4.10 shows the dimensionless velocity profile on the symmetry plane predicted 

by the Boundary Element Method for a flat interface with different viscosity ratios. The results 

are virtually identical to those obtained by Brauner et al. (1996) using the Fourier Integral 

method, shown in Figure 4.11. It is noted that while only 50 node points were used for 

viscosity ratios of up to 10, 400 boundary elements were used to calculate the velocity profile 

for the high viscosity ratio of 100. However, this is a rather extreme scenario and a laminar-

laminar pipe flow with such flow parameters is not common in practical cases. 

- 0 . 5 0 0 . 5 
d i m e n s i o n l e s s radial distance 

Figure 4.10 Dimensionless velocity profile on the symmetry plane for a flat interface and 
viscosity ratios. m = 0.01, 0.1. 1. 10. 100. (£ = 0.2, r= 1) 
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Figure 4.11 Dimensionless velocity profile on the symmetry plane for a flat interface and 
viscosity ratios, m-0.01. 0.1. 1. 10. 100. (Brauner et al.. 1996) 
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Figures 4.12 and 4.13 show the comparison of the velocity profiles along the meridian 

line for various phase distribution angles, (|)o, at a fixed interface curvature of (j) = n (flat 

interface) for a viscosity ratio of 0.1 calculated using the BEM and the Fourier Integral Method 

by Brauner et al. (1996), respectively. Again, the two graphs agree closely, with the maximum 

velocity generally located in the less viscous phase. 

-1 -0 .5 0 0 .5 

dimensionless radial distance 

Figure 4.12 Dimensionless velocity profile on the symmetry plane for a viscosity ratio of 
0.1 calculated from the Boundary Element Method. 
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Figure 4.13 Dimensionless velocity profile on the symmetry plane for a viscosity ratio of 
0.1 calculated from the Fourier Integral l\Aethod {Brauner et al.. 1996). 

The volumetric flow rates predicted by the Boundary Element Method for a flow 

system with a circular interface have also been found to be indistinguishable from those 

predicted by Moalem Maron et al. (1995). 
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4.4 Laminar Two-phase Flow 

The first category of laminar stratified flow discussed in this chapter is the two-phase 

laminar-laminar flow, where two fluids A and B flow in a circular pipe with fluid B being the 

denser phase. One area of interest in such problems is the distribution of velocities within the 

different fluids. 

Five dimensionless parameters are required to define this two-phase flow problem. 

The Bond number, Bo, the holdup of the denser phase, s, and the contact angle, 6, determine 

the exact interface shape, outlined in Chapter 3, which will affect the calculated flow 

properties such as the velocities and flow rates. In addition, the flow is controlled by the 

viscosity ratio, m = P-A/̂ B, and the scaled driving ratio, %, which is a function of the pipe 

inclination, determining the relative driving forces of the two fluids. 

4.4.1 Mathematical Formulation 

The derivations and the mathematical expressions necessary to solve the two-phase 

laminar flow problem have been outlined in Section 4.2. The dimensionless flow properties, 

such as the volumetric flow rates, velocities and shear stresses can be calculated if the five 

dimensionless parameters described above are supplied. However, in more practical cases, 

physical and more obvious flow characteristics of the flow system, such as the pipe inclination 

and the volumetric flow rates or the superficial velocities are known, rather than some of the 

dimensionless parameters. An iterative algorithm would then be required, based on the 

equations outlined in Section 4.2, to calculate the holdup, the pressure gradient, and the 

scaled driving ratio. From these, the interface shape and the remaining flow properties can be 

calculated. In this chapter, the results are presented in terms of the five basic dimensionless 

parameters. 

4.4.2 Results and Discussion 

When a change is made in the physical properties of the flow system, both the local 

and the integral flow properties of the system will be altered accordingly. Here, the effects of 

key parameters on the flow properties are investigated; these are the Bond number. Bo, 

holdup, e, contact angle, 9, viscosity ratio, m, and the ratio of the driving forces, %, for the two 

fluids. Since there are five independent parameters, it is not possible to present a complete 

catalogue of solutions. Instead, the effects of changes in parameters relative to a base 

configuration will be discussed. Figures are shown only for the more interesting results. In all 

the comparisons and analysis below, the configuration of the reference flow system is chosen 
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with a Bond number, Bo = 10; contact angle, 8 = 7t/3; holdup, s - 0.3; viscosity ratio, m = 45 

and driving ratio, % =1. Here, a rather flat interface was chosen as a reference so that the 

effects of curvature can be clearly distinguished. The interface is discretised into 40 elements. 

4.4.2.1 Interface shape 

Prior to analysing the variation of flow properties of the laminar-laminar two-phase 

flow system, the variation of the exact interface shape is studied. Knowledge of the length and 

the shape of the fluid interface helps to understand the changes in the flow properties. The 

interfacial velocity, and hence all other flow properties, is dependent on the geometry of the 

interface. The parameters which affect the shape of the interface are the Bond number, the 

holdup and the contact angle of the two fluids and the pipe wall. As illustrated in Figure 4.14a, 

when the holdup of the denser fluid B increases, the interface shape progresses from a 

convex one to a flat one to a concave one. In each case, the thicker line represents the 

reference configuration. When the holdup increases, the interface becomes highly curved, but 

its length is greatest around a holdup of 0.5. Increasing the contact angle changes the shape 

of the fluid-fluid interface from a concave one to a convex one, as shown in Figure 4.14b. As 

the contact angle increases, the curvature near the walls increases and the denser phase 

forms an eccentric core with the interface curving inwards near the walls. For small values of 

the Bond number, the interface is a circular arc. As the Bond number increases, the fluid-fluid 

interface becomes flatter with highly curved menisci at the walls. The length of the interface 

tends to increase. For the reference values of 9 and s, the interface remains virtually flat for 

all values of Bo, with only slight changes in the curvature. Changing the viscosity ratio, m, or 

the driving ratio, %, does not alter the shape of the interface. 

(a) 

Figure 4.14 Exact interface shapes compared to the reference configuration. (8 = n/S. Bo = 10. £ = 0-31 
(a) different holdups. e = 0.1. 0.2 0.9. 

(b) different contact angles, 6=0.171, 0.2% .... 0.9;r. 

- 2 2 4 -



4.4.2.2 Pipe Inclination 

The inclination of the pipe affects the properties (and even the direction) of the flow 

and this can be investigated by manipulating the scaled driving ratio of the flow system, %, 

defined in Equation (4.13). Pipe inclination is common in sub-sea pipelines, where the seabed 

is undulating and not flat. In cases where the pipe is in the horizontal position, where gravity is 

negligible, or where the densities of the top and bottom fluids are equal, % is unity, and the 

two fluids flow co-currently. When % has a positive value, the two fluids are always in co-

current flow. The ways in which the scaled driving ratio % can change with pipe inclination, a, 

are shown schematically in Figure 4.15. When the pipe is downwardly inclined, % becomes 

less than unity, but greater than zero. Hence the flow is always co-current. When the pipe is 

inclined slightly upwards, a is positive, and % is greater than 1, indicating an upward inclined 

co-current flow. However, as shown in Figure 4.15a, for small values of the pressure gradient, 

there is a critical value of a, ai, when this flow situation changes. The denominator in 

Equation (4.13) reaches zero before the numerator, as the density of fluid B is greater than 

that of fluid A. As a approaches ai, % goes to infinity. Beyond this critical value, % becomes 

negative, indicating that the pressure gradient is not strong enough to overcome the weight of 

the denser fluid which can flow backwards, resulting in counter-current flow. With further 

increase in the inclination of the pipe, there is a value of a, a^, when (-G - p* g sina) becomes 

zero. Beyond this point, % is again positive and the fluids will flow co-currently backwards, 

against the pressure gradient. 

In situations where pAg < |G| < peg, as could occur in laminar gas-liquid flow, the 

numerator in Equation (4.13) is always positive and hence, even for near vertical pipes, 

counter-current flow is still present, with the denser liquid flowing backwards. This situation 

may not be stable physically since wave growth and 'flooding' may be initiated. However, in 

the absence of such flooding effects, the variation of % with a changes as shown in Figure 

4.15b. When the pressure gradient is larger than the gravitational terms, % is always positive 

so changes in the inclination of the pipe will not affect the direction of the flow, and fluids A 

and B will always be in co-current flow. This situation is shown in Figure 4.15c. 

As demonstrated above, all the solutions of the flow problem vary linearly with % when 

the other parameters (s, 8, Bo and m) are held fixed. This will be evident in the comparisons 

that follow. It is therefore possible to determine the solution for any value of % by interpolation 

or extrapolation between two given solutions, as outlined by Equation (4.22). 
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Figure 4.15 Schematic graphs of the relationship between y and a 
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4.4.2.3 Interfacial Velocity Profile 

The interfacial velocity increases with increasing holdup until the pipe is 

approximately half filled with the denser fluid, B. After that, the magnitude of the velocity 

decreases when the holdup of the system is increased further, which can be seen from Figure 

4.16. Thus, the interface shape plays an important role in influencing the velocity at the 

interface. 

holdup 

" 0.005 

0 0,5 1 
horizontal position 

Figure 4.16 Variation of dimensionless interfacial velocity with holdup. 
£=0.05. 0.1. 0.2. 0.3. 0.4 (thick lines) s= 0.6. 0.8. 0.9. 0.95 (thin lines). 

(0= 7i/3, Bo = 10. m = 45. r=1) 

The highest interfacial velocity corresponds approximately to the longest interface at 

around 50% holdup. The dimensionless interfacial velocity decreases when the Bond number 

increases. Further increase in Bond number beyond a value of approximately 80 for this flow 

configuration does not have any significant effect on the velocity at the interface as the 

interface geometry remain more or less the same. 

The velocity at the interface decreases with increasing contact angle, as shown in 

Figure 4.17. There is a peculiarity in the velocity profile at large contact angles approaching n. 

Near the walls, the velocity profiles curve inwards, indicating that there are two values of the 

interfacial velocity at a particular horizontal position. This is due to the strong curvature of the 

meniscus in these cases where the interface curves back on itself, as seen in Figure 4.14b. 

The velocity at the interface decreases when the upper fluid becomes more viscous. 

When the viscosity ratio is very large, the velocity at the interface approaches zero. When the 

viscosity of the upper fluid is very small, the upper fluid effectively flows in a lenticular tube 

with the lower fluid acting as a solid wall. The interfacial shear stress approaches a limiting 
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value as does the interfacial velocity, beacuse the viscosity of the lower fluid is used in the 

scaling of the equations and parameters. 
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Figure 4.17 Variation of the dimensionless interfacial velocity with contact angle. 
6 = O.Iti, 0.271 0.971. 

(e-0.3. Bo - 10. m = 45. 7=1) 

In general, the interfacial velocity increases when the scaled driving ratio between the 

two fluids increases. When x is sufficiently negative, the velocities along the interface are 

negative, with the values increasing (becoming less negative) approaching the walls. The 

velocity on the interface tends to zero at the wall regardless of the direction of flow and the 

orientation of the pipe. 

4.4.2.4 Velocity Profile in the Symmetry Plane 

In general, the velocity in fluid B increases with increasing Bond number, while that in 

fluid A decreases. Similar to the case for the interfacial velocities, there is no significant effect 

of increasing the Bond number beyond a value of 80, as illustrated in Figure 4.18. The 

velocity of fluid A increases with increasing contact angle while that of fluid B decreases. 

The velocity profiles in the symmetry plane for varying viscosity ratios are shown in 

Figure 4.19. It can be observed that the maximum velocity occurs within the phase which is 

less viscous. When the viscosity ratio differs significantly from unity, the flow in the more 

viscous phase resembles shear driven flow, while the less viscous phase flows as if the 

interface is a solid wall. When the viscosity ratio is unity, the velocity profile is parabolic. In 

this case, the two phases act as a single fluid, and the highest velocity is at the centre of the 

pipe. Figure 4.20 shows the velocity profile across the whole pipe for a case with holdup of 
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0.5, and Bond number of 1, and two viscosity ratios of 1.6 and 45 respectively. The variation 

of the velocity in each phase is roughly parabolic in all directions, as would be expected. 
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Figure 4.18 Variation of the dimensionless velocity profile at the symmetry plane with 
Bond number. Bo = 0.1. 1. 10. 25, 50. 75. 100, 150, 200. 

(£ = 0.3. 0= n/3,m = 45, y = 1) 
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Figure 4.19 Variation of the dimensionless yelocity profile at the symmetry plane 
with yiscoslty ratio, m = 0.1, 1. 10, 100. 

(s = 0.3. Bo = 10. 6= n/3, y= 1) 
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Figure 4.20 Velocity profile across the pipe cross section, (a) m = 1.6. (b) m - 45. 
(s- 0.3. 6= tz/3. Bo = 10. y= 1) 
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Figure 4.21 shows the effect of the variation of the driving ratio on the dimensionless 

velocity profile at the symmetry plane. The change in dimensionless velocity is linear with 

respect to the driving ratio. When the scaled driving ratio increases (Figure 4.21a), the 

velocities increase correspondingly, but the change in magnitude of the dimensionless 

velocity for each step change of % is greater in the top fluid than in the bottom fluid. Figure 

4.21b shows the velocity profiles for cases when % is zero or negative. The dimensionless 

velocity is scaled with U, defined in Equation (4.10), which is negative when % is less than or 

equal to zero, so the velocity has been multiplied by -1 to obtain the correct flow direction, 

which is equivalent to scaling with the magnitude of the velocity scale, |U|. In this case, the 

flows are counter-current, with the denser fluid flowing backwards. At % = 0, reverse flow 

occurs, with both fluids flowing backwards in a greatly inclined pipe. 
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Figure 4.21 Variation of the dimensionless velocity profile at the symmetry plane with the 
scaled driving ratio. (£=0.3, 9= n/3. Bo = 10. m = 45) 

(a) r=1. 2. 3, 4, 5 
(b) y = -5, -4, -3. -2. -1, 0 (the sign of the velocity is adjusted) 
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4.4.2.5 Interfacial Shear Stress 

When the holdup of the denser fluid increases, the difference between the interfacial 

shear stress at the walls and the centre of the pipe increases, as shown in Figure 4.22. Like 

the interfacial velocity, the shear stress at the interface is symmetrical across the vertical 

diameter. The maximum velocity occurs near the centre of area of fluid B. Hence when the 

holdup increases, the velocity difference across the interface increases dramatically, 

increasing the magnitude of the interfacial shear stress. The interface becomes shorter in 

length and more curved when the holdup increases beyond 50%. it is noted that the 

calculated interfacial shear stress near the wall has approximately similar (slightly positive) 

values in each case. According to the analysis in Appendix C, the interfacial shear stress is 

actually singular and grows to infinity at the contact point. The singularity is weak, so even 

though the local stress is infinite, the average stress remains finite. 
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Figure 4.22 Variation of the dimensionless interfacial shear stress with holdup. 
8 = 0.05. 0.1. 0.2 0.9. 0.95. (6= 7!/3. Bo = 10. m =45. y=1) 

In general, the effects of Bond number are rather insignificant. Along most of the 

interface, the shear stress becomes more negative when the Bond number is increased. 

However, in the region near the wall, the reverse occurs and the positive interfacial shear 

stress increases in value with increasing Bond number. 

The interfacial shear stress is not strongly affected by variation of the contact angle 

either, as seen in Figure 4.23. When the contact angle between the two fluids and the wall 

approaches n, the interface position becomes multi-valued and there are two values of the 

interfacial shear stress at a single position near the pipe wall. At such high contact angles, the 

less viscous phase, fluid B, begins to curl up into an eccentric core. In general, the 

dimensionless interfacial shear stress decreases (becomes more negative) when the contact 
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angle increases; this corresponds to the decrease in the velocity at the interface shown in 

Figure 4.17. In addition, the interfacial shear stress increases steeply towards the wall. This is 

related to the discontinuity in the wall shear stress across the interface. The local analysis of 

the interfacial shear stresses, outlined in Appendix C, shows that when the contact angle is 

greater than nl2, the interfacial shear stress on the wall is zero; this is indicated in the figure. 

When the contact angle is less than n/2, the interfacial shear stress tends to infinity at the 

contact point. 

contact angle 

-0.4 

0.5 
horizontal position 

Figure 4.23 Variation of the dimension/ess interfacial shear stress with contact angle. 
6=0.In. 0.2n. .... O.Qn. (e = 0.2, Bo = 10. m = 45. y = 1) 

The shear stress at the interface decreases with increasing viscosity ratio, as 

illustrated in Figure 4.24. When the viscosity ratio is large, the interfacial shear stress is 

negative and decreases in magnitude towards the wall. Near the walls, the change in shear 

stress on the interface is quite rapid, influenced by the effect of the shear stress at the walls. 

When the viscosity ratio is unity, the interfacial shear stress is approximately constant in 

value, with a slight increase in value near the walls. 
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Figure 4.24 Variation of the dimensionless interfacial shear stress with viscosity ratios, 
m = 0.001. 0.01. 0.1. 1. 10. 100. 1000 (£=0.3. Bo = 10. y=Y) 

The dimensionless shear stress along the fluid-fluid interface is negative in the 

reference case and increases with the driving ratio. There is an increase in the value of the 

interfacial shear stress towards the pipe wall for positive or zero scaled driving ratios, but a 

decrease for negative driving ratios. 

4.4.2.6 Wall Shear Stress 

The variation of the dimensionless shear stress around the pipe wall with the holdup 

of the denser phase is illustrated in Figure 4.25. Here, the shear stress is made 

dimensionless by dividing by HBU/R = (-G - ps g sina)R, The section labeled TOP' in the 

graph shows the wall shear stress profile in the more viscous fluid A, while the 'BOTTOM' 

section represents the wall shear stress in the less viscous lower phase. The two parts are 

not symmetrical to each other, with the shear stress around both the top and bottom walls 

being roughly constant except near the contact point, where there is a discontinuity. Near the 

contact point, the wall shear stress in the top phase increases and that in the less viscous 

fluid decreases. The wall shear stress in the less viscous lower layer is less than that in the 

upper fluid. As the denser fluid is less viscous, it flows at a higher velocity, and hence exerts a 

positive drag on the upper fluid. Since the forces must balance, the stress on the wall is 

therefore higher for the upper fluid. When the holdup increases, the wall shear stress 

increases in both fluids, but the average shear stress, integrated around the pipe wall remains 

constant, with a value of 0.5, as required from a global force balance. 
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Figure 4.25 Variation of the dimensionless wall shear stress with holdup, 
s- 0.1. 0.2 0.9. (9= Td3. Bo = 10. m = 45, y = 1) 

The dimensionless wall shear stress in the top fluid decreases with increasing contact 

angle. However, in the denser bottom phase, the wall shear stress near the contact line 

decreases with increasing contact angle, while that further away from the interface increases 

with contact angle. This is illustrated in Figure 4.26. The variation in wall shear stress in fluid 

B is relatively small, while that in fluid A is more marked. Another peculiarity noted is that at 

high contact angles, the wall shear stress in fluid A decreases in the vicinity of the contact 

point while that in fluid B increases. When the contact angle is greater than n/2, the wall shear 

stress at the contact point approaches zero. For lower contact angles, the reverse occurs, 

and when the contact angle is less than nl2, the wall shear stress tends to infinity. 
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Figure 4.26 Variation of the dimensionless wall shear stress with contact angle, 
0=0.1 tv, 0.271, .... O.Ok. (s=0.3. Bo = 10. m = 45, r = 1) 
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When the viscosity ratio is unity, the wall shear stress around the whole periphery of 

the pipe has a constant value of 0.5 since the two separate phases act as a single fluid. The 

wall shear stress of the upper fluid increases in value when the viscosity ratio is increased. 

The value is approximately constant around most of the wall but increases near the contact 

point for a viscosity ratio greater than one. There is not much change in the trend of the wall 

shear stress in the denser fluid B; it decreases in value when the viscosity ratio is increased. 

For horizontal flows, % = 1, it consistently decreases in value when the contact point is 

approached. 

When the pipe is inclined, the buoyancy of the upper fluid affects the global 

momentum balance, so the average wall shear stress changes with %. Figure 4.27 shows the 

effect of X on the dimensionless wall shear stress. The cases of % < 0 are shown with the sign 

adjusted in Figure 4.27b. In the top fluid, the shear stress on the wall is approximately 

constant except in the region near the contact line. When the driving ratio is negative, the wall 

shear stresses in fluids A and B are of opposite sign, indicating that counter-current flow is 

present. 
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Figure 4.27 Variation of the dimensionless wall shear stress profile with the scaled 
driving ratio. (£=0.3, 9= n/3. Bo = 10. m = 45) 

(a) 7=1.2, 3. 4. 5. 
(b) y = -5, -4. -3. -2. -1. 0. {the sign is adiusted). 

4.4.2.7 Volumetric Flow Rate 

The volumetric flow rate is made dimensionless by dividing by UR ,̂ which is equal to 

(-G - PB g sina)R%8. The effects of holdup and Bond number on the dimensionless flow rates 

of fluids A and B are illustrated in Figures 4.28 and 4.29. The flow rate is roughly proportional 

to the cross-sectional area of the flow, so generally the larger the cross-sectional area, the 

higher the flow rate. The two graphs are of different shapes due to the large viscosity 

difference between the two fluids. The maximum dimensionless flow rate of fluid B is TT/S, 

corresponding to a full pipe, while the dimensionless flow rate of fluid A when it fills the pipe is 

71/360. There is a maximum flow rate for the more viscous upper fluid A when the holdup of B 

is approximately 20% to 25%. This is because when the holdup (of B) is small, the cross-

sectional area of the more viscous fluid remains large, but its contact with the wall is reduced. 

The flow in fluid A is similar to a shear-driven flow, with the interfacial shear contributing an 

additional driving force. This feature can also be seen in the results of Davis and Mai (1991) 

and Ranger and Davis (1979). They performed computational studies on the volumetric flux of 

both Newtonian and non-Newtonian fluids (with a flat interface). Their numerical results 

showed that the flux is higher when the pipe is around 75% filled than when the pipe is 

completely filled. 

The flow rate of the more viscous phase A generally decreases with increasing Bond 

number as can be observed in Figure 4.28. Beyond a Bond number of approximately 80, 

there is no significant change in the volumetric flow rate, as indicated by the thick band of 
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curves. The dimensicnless volumetric flow rate of the less viscous phase, fluid B, increases 

slightly with Bond number as can be seen from Figure 4.29. 
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Figure 4.28 Variation of the dimensionless flow rate of fluid A with holdup and Bond 
number. Bo = 0.1,1,10, 25, 50, 75. 100. 150, 200. 

(6= 71/3. m = 45, 7=1} 
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Figure 4.29 Variation of the dimensionless flow rate of fluid B with holdup and Bond 
number. Bo = 0.1,1.10, 25, 50. 75, 100, 150, 200. 

(9 = 7iJ2. m = 45, y = 1) 

Figure 4.30 illustrates the decrease in volumetric flow rate of the top fluid with 

increasing contact angle of the flow system while Figure 4.31 shows the corresponding small 

increase in the flow of fluid B. The trends can be explained by the change in the wetted 

perimeter of the fluids. As the contact angle increases, fluid B forms an eccentric core, with an 

increasing flow rate, while the perimeter of fluid A in contact with the wall increases. The 
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interfacial shear stress is reduced, and hence the flow rate of fluid A decreases. Here, the 

variation of flow rate of phase A with respect to holdup follows the same trend as observed in 

Figure 4.28. The change in flow rate of fluid A with contact angle is again more significant 

than that of the less viscous fluid B. 
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Figure 4.30 Variation of the dimensionless flow rate of fluid A with holdup and contact 
angle, 9= O.Ik. O.Ztt. .... O.Qn. (Bo = 10. m = 45. 7=1) 
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Figure 4.31 Variation of the dimensionless flow rate of fluid B with holdup and contact 
angle, 6- 0.1 k, 0.2k, O.dn. (Bo = 10, m ~ 45, r = 1) 

Figure 4.32 shows the variation of the volumetric flow rate of fluid B with the viscosity 

ratio. The dimensionless flow rate of the top fluid also decreases when the viscosity ratio is 

increased. When the viscosity ratio is significantly greater than unity, fluid A acts as a solid 

wall for fluid B whose flow rate decreases accordingly. One interesting point to note is the 
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variation of tlie volumetric flow rate of fluid B with respect to holdup. When the top phase is 

more viscous (m > 1), no turning point is observed, i.e., the volumetric flow rate is the 

maximum when the pipe is completely filled. However, when the top phase is the less viscous 

phase (m < 1), the trend observed in Figures 4.28 and 4.30 is again present. 
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Figure 4.32 Variation of the dimensionless flow rate of fluid B with 
viscosity ratios, m = 0.01, 0.1. 1. 10. 100. 

(s - 0.3. Bo = 10. 6= Ji/3. Y= 1} 

Figure 4.33, plotted on a logarithmic scale, clearly illustrates the effect of viscosity 

ratio on the integral flow properties of the system. When the viscosity ratio is less than 0.05, 

the flow rate of fluid B does not change. Here, fluid A has a lower viscosity and effectively 

flows in a lenticular channel with fluid B acting as a solid wall. Hence, the lower fluid is driven 

by interfacial shear in addition to the pressure gradient. Beyond a viscosity ratio of 300, the 

flow rate of the denser fluid remains constant. This reflects the opposite situation; the denser 

fluid sees the top phase as a solid wall and its flow rate is much lower. 
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Figure 4.33 Variation of the dimensionless flow rate of fluid B with viscosity ratio. 
(s = 0.3. Bo = 10, 6= n/3. y= 1) 
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Figures 4.34 and 4.35 indicate tlie variation of the dimensionless flow rates of A and 

B with respect to the scaled driving ratio, Figures 4.36 and 4.37 show the variation of the 

dimensionless flow rates for % less than or equal to zero after the sign has been adjusted. The 

change in the dimensionless flow rates is linear with the change in %. The magnitude of the 

dimensionless flow rate of A increases with the magnitude of %. When % takes the value zero, 

the pipe is inclined upwards and A is flowing backwards, the shape of the graph is nearly 

symmetrical, with the maximum flow rate very near 50% holdup. 
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Figure 4.34 Variation of the dimensionless flow rate of fluid A with holdup and scaled 
driving ratio, r = i. 2, 3. 4. 5. (0= idZ. Bo = 10. m = 45) 
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Figure 4.35 Variation of the dimensionless flow rate of fluid B with holdup and scaled 
driving ratio, y = 1. 2. 3. 4. 5. (0= 7d3. Bo = 10, m = 45) 
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Figure 4.36 Variation of the dimensionless flow rate of fluid A with holdup and scaled 
driving ratio, y = -5. -4. -3. -2.-7. 0. (0 - n/3. Bo = 10, m = 45) (the sipn is adiusted) 
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Figure 4.37 Variation of the dimensionless flow rate of fluid B with holdup and scaled 
driving ratio, y = -5. -4. -3, -2. -1. 0. (0- n/S. Bo = 10, m = 45) (the sign is adiusted) 

Because of the scales chosen to make the equations dimensionless, there is very 

little change in the magnitude of the dimensionless volumetric flow rate of fluid B with 

variation of the driving ratio, as illustrated in Figures 4.35 and 4.37. In general, the 

dimensionless flow rate of B increases very slightly with increasing %. When the driving ratio 

is negative, counter-current flow occurs, and fluid B is flowing backwards, as indicated by the 

negative flow rates in Figure 4.37. 
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4.4.3. Conclusion 

The local and integral flow properties of the laminar-laminar stratified flow system are 

determined by the shape of the interface which depends on the key physical parameters (the 

Bond number, Bo, the contact angle, 9, and the holdup, s) of the physical flow system as well 

as by the inclination of the pipe, which is Incorporated into the scaled driving ratio, and the 

viscosity ratio of the fluids, m. The flow properties have shown to have a linear dependence 

on the driving ratio, %. 

The most important integral flow properties, from the industrial and practical 

perspectives, are the volumetric flow rates of the two fluids. For example this information 

could be used to determine the optimal amount of water to be injected to minimise the energy 

requirements for oil transportation in pipelines. 

The current work has addressed the calculation of the velocity fields, shear stresses 

and flow rates for fully- developed, laminar stratified flows in which the interface remains free 

of waves and other disturbances. In this calculation, the Reynolds number has no effect, 

since the flow is perfectly parallel. The stability of these flows is not discussed here. In 

general, one would expect to find instabilities and transitions to more complex flows, 

associated with critical values of some of the parameters. Such instabilities could include 

shear flow instability of the less viscous phase at high Reynolds number, the occurrence of 

interfacial waves at high Froude number, and capillary instabilities at low values of the Bond 

number. The present work could be used as a starting point for the analysis of such 

transitions. 

4.5 Gravity-driven Laminar Flow in a Partially-filled Pipe 

The next category of stratified flow of interest is that of gravity-driven free-surface flow 

in a partially-filled circular pipe where the liquid flow is laminar. Again, the Boundary Element 

Method is applied as a generic prediction tool for the evaluation of the integral and local flow 

properties of the flow, accounting for the exact shape of the free surface. In this section, a 

brief introduction to such flows is given, followed by the mathematical formulation of the 

Boundary Integral equations. The results, as before, are presented in terms of dimensionless 

quantities. The influence of the interface shape on these flow properties is also investigated. 
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4.5.1 Introduction 

Open channel and free surface flows are present in nature, such as in rivers, streams 

and flows through unsaturated rocks and soils; in industry such as in metal flow in mould 

filling, welding and casting; during plant start-up and shut-down with the application of control 

devices (valves) or intermittent operation of pumps; and flows in sewers. 

The problem addressed in the work described in this section is that of laminar gravity-

driven free surface flow in a partially filled circular pipe. There has been surprisingly little work 

in this area and almost all of the work that has been carried out is for planar fluid interfaces. 

Chaudhury (1964) solved the Navier-Stokes equations and obtained expressions for the 

velocity and flow rates in terms of Fourier integrals. Buffham (1968) proposed approximate 

solutions for laminar flows in open circular channels and symmetrical lenticular tubes. The 

bipolar coordinate system was used in this semi-analytical, semi-numerical method to predict 

the velocity profiles and the volumetric flow rates, in the real case, however, the interface is 

not planar; the wetting angle at the wall dictates the interface shape near the contact point. 

Particularly for the case of high surface tension and/or small diameter tubes, this exact 

interface geometry may be more significant. In the work presented in this section, the 

objective is to determine a precise solution to the problem accounting for interface curvature 

with the aid of the Boundary Element method. 

Though, to the present author's knowledge, there has been no previous studies of 

gravity driven pipe flows with curved free surfaces, there has been work on two related 

problems, namely rivulet flows and visco-capillary flows in an inclined channel. 

Towel 1 and Rothfeld (1966) developed steady state solutions for laminar rivulet flow 

down an inclined flat surface, which related the volumetric flow rate to the physical properties 

of the rivulet system and the rivulet width. Numerical integration was applied to determine the 

exact shape of the meniscus, taking into account the effects of surface tension and gravity, 

with the boundary condition that a finite contact angle was present at the edge of the rivulet. 

The Navier-Stokes equations were solved using a Legendre-Gauss integration formula and a 

divided-difference interpolation method. The theoretical solution was then verified with an 

experimental study of rivulet flow on an inclined glass plate, using water, glycerol-water 

mixtures and n-dodecane. 

Scholle and Aksel (2001) presented an 'exact' solution for visco-capillary flows in 

inclined rectangular channels. Assuming that the flow is steady and unidirectional, the surface 

shape and the velocity profile were obtained as exact solutions of the Navier-Stokes 

equations valid for arbitrary Reynolds numbers. The problem was governed by three 

parameters, namely, the aspect ratio of the channel, the contact angle, and the capillary 
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range which accounted for the influence of capillary action. With the meniscus elevation 

determined from the surface shape, the velocity profile was obtained from an analytical 

treatment of the equations of motion and their boundary conditions. The solution procedure 

involved truncation of an infinite series representation of the flow, so the solutions obtained 

are not really any more exact than those that would be obtained with other numerical 

methods. From the parametric study, a 'velocity overshoot', which was a structural change in 

the velocity profile, was found to occur if the capillary elevation exceeded the apex height of 

the flow. 

4.5.2 Mathematical Formulation 

The solution method for the free-surface open channel laminar flow is similar to that 

for laminar-laminar stratified flow described in Section 4.2. The mathematical formulation is 

much simpler as there is only one fluid (fluid B) in question. 

4.5.2.1 Preliminaries 

From the Navier-Stokes equation, an equation for the dimensioniess local axial 

velocity of the flow, Uz, can be expressed as a Poisson equation 

V ' u, = -1 (4.64) 

The equations are made dimensioniess using the velocity scale, U, which is defined as 

U = pgsinaR^ (4.65) 

where |a and p are the viscosity and density of the fluid respectively, a is the inclination of the 

pipe, and R is the radius of the pipe and also the length scale applied. 

A particular solution is chosen to satisfy the no-slip condition at the wall, 

— ( l - r^)+f (4.66) 
4 

where r is the dimensioniess radial coordinate which is zero at the pipe centreline and unity at 

the pipe wall. 
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Equation (4.64) is then transformed into a Laplace equation for the homogenous 

solution f 

V^f = 0 (4.67) 

The boundary conditions are that there is no-slip at the wall, S*, and no shear stress 

on the free surface. S|, giving 

f = 0 (4.68) 

n Vf = ^ n X (4.69) 

where x is the (dimensionless) position vector and n is the unit normal on the surface 

pointing into the fluid. 

4.5.2.2 The Boundary Integral Equation 

From Green's Theorem and the Green's function defined in Equation (4.33), an 

expression relating the values of f at the field point, XQ , to the values at points, x, on the 

interface is obtained. 

f ( ^ ) = - j(f(x)n(x)-VG(x,^)-G(x,^)n(x)-Vf(x))dS(x) (4.70) 

S| 

where the negative sign in Equation (4.70) indicates that the normal on the free surface is 

chosen to point into the fluid. 

The boundary integral equation for any point x, which lies on the free surface, Si, is 

f ( ^ ) = - 2 (j'(f(x)n(x).VG(x,^) - G(x,^)n(x)-Vf(x))dS(x) (4.71) 
S| 

with <j" denoting the principal value of the integral. 
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4.5.2.3 The Discrete Problem 

The discretisation of the free surface is identical to the one outlined in Section 4.2.5; it 

is divided into J intervals and each interval is denoted by subscript j, with j = 1 to J. Using the 

same analysis on the boundary element as illustrated in Figure 4.5, the Boundary Integral 

equation can be simplified by approximating the unknown function f and its gradient by 

constant values on each interval. 

J J 
f ( ^ ) + 2 ^ f j j n j •VG(x,^)dS = 2 j G(x ,^ ) dS (4.72) 

j=1 Sj j=1 Sj 

Equation (4.72) can be written as an expression for the unknown vector f , whose 

elements are the nodal values fi = f(X|): 

A • f = (4.73) 

where A is a ( J x J) matrix with elements 

AN 5ii + 2 H,, (4.74) 

Here Sy is the Kronecker delta and Hji is given by 

s, 

HJI jrij •VG(x,^) 

2 

(4.75) 

where 

2n 

r . r . S j l 
b + ̂  b + ̂  b - — 

tan ^ 2 - tan '' 2 1 
tan"^ 2 - tan 2 

a a 2n a a 

V / L / _ 

(4.76) 

and for the diagonal elements in H, where i = j, 
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HII 
_1_ 
2n 

tan 
' B 3 

2 tan 2 

V Y 

(477) 

yj 

a , b, a and b amthele^^hsassodakd wKh the bcal geomeky wNch am deOnedr 
Equations (4.43) and (4.44). 

The (J X 1) vector, b, has elements 

where 

and 

with 

and 

2 2 : ; . ( 3 , ^ (4.78) 

HI 
(4.79) 

J G ( X , ^ ) DS (4.80) 

1 

2 N 
Sj In ~ 

XJ 

1 

2n 
2 a tan 

a 

V 

- a tan 2 
a 

V J 

- a tan - 1 

J L 
2n 

1 

2n 

(b + | i ) l n 

(B + ^ ) L N 

/ 

2 

2 
a 

f 

+ atan ^ 2 

)) 

- ( b - - ^ ) l n 

f O 

B + F I 

A ^ + L B - ^ 

V 2 , 
) 

- S: 
(b—^)ln 

( 

8= + 
/ O \ 

V 

I R \ \ 

b _ a 
V 2 ; 

(4.81) 
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V bl Sj In 1—r + Sj In 
SI 1 

271 
a tan" 

a 
V j 

- a tan - 1 

1 

271 
(b + - | ) l n a^ +1 b + — 

/ 

- ( b - | ) l n 

a 

A^ + (4.82) 

Once the vector f has been obtained from solving Equation (4.76), the axial velocity 

of the fluid at the interface, Uz, can be calculated. 

4.5.2.4 Calculation of the Wall Shear Stress 

Similar to the method outlined in Section 4.2.8.2, a simple and direct method of finite 

difference approximation is adopted to determine the dimensionless wall shear stress. 

N * VUZ 

2 
2 

(443) 

n^ is the unit normal at the wall, pointing in the radial direction. 

Since f is zero at the walls, the wall shear stress can be determined using the 

following approximation. 

M F ^ 

V 
(4.84) 

r = 1 - v 

with Y = 10'̂  for the calculations presented here. 

However, as for the case of the two-phase laminar-laminar flow, the wall shear stress 

at the point where the fluid-fluid interface meets the pipe wail (contact point) cannot be 

determined by this method. A local analysis, as outlined in Appendix C, should be performed. 
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4.5.2.5 Calculation of the Volumetric Flow Rates 

It is of practical and commercial interest to predict the volumetric flow rate in free 

surface flows. The expression for the dimensionless flow rate of the fluid, Q, is given by 

Q Jju,dA (4.85) 

where A is the cross-sectional area of the fluid in the pipe. The volumetric flow rate is made 

dimensionless by dividing by UR .̂ 

Equation (4.85) is evaluated by applying Green's Theorem, outlined in Equation 

(4.34) with f and g given by Uz and -^(r^ - l ) respectively to obtain 

Q — Sw + f [ - u , n - x + - ( 1 - r ^ )n-Vu2 
1 6 J U 4 

dS (4.86) 

where Sw is the length of the pipe circumference in contact with the fluid . 

Using the approximation that the integral in Equation (4.86) over the free surface is 

the sum of integrals over each element, the flow rate is determined using the same technique 

as that in the determination of the interfacial velocities. This gives 

Q 
1=1 

1 1 
8 16 12 

1 
+ 2 ^ 2 (4^7) 

where c and d are defined as Xj -njand Xj-t j respectively. 

4.5.3 Comparison between Exact and Flat Interface Solutions 

In many previous studies, the fluid interface is assumed to be flat. Here, the 

discrepancies in the flow properties of a gravity-driven laminar flow in a partially filled pipe 

calculated assuming a flat and exact interface respectively are investigated. The flow system 

analysed here has a holdup of 0.25, contact angle of nIZ and Bond number of 1 

Figure 4.38 compares the interfacial velocity profiles for the flat interface 

approximation and the exact solution. In the case of a flat interface, the interface velocity is 
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slightly higher than that for the exact interface shape, especially near the middle of the pipe 

cross-section. Since the interface shapes are different, the contact points are located at 

different positions as well. Hence, the use of the correct interface configuration is important. 
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Figure 4.38 Dimensionless interfacial velocity profile calculated for flat and exact free 
surfaces, (e = 0.25, Bo = 1. 9= n/3) 

Figure 4.39 illustrates the difference between the velocity profiles at the symmetry 

plane for a flat and exact interface. The values of the axial velocity are generally smaller for 

the latter flow system. Besides the difference in magnitude of the axial velocities, the position 

of the interface is also different. 
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Figure 4.39 Dimensionless velocity profile at the symmetry plane calculated for flat and 
exact free surfaces. (£=0.25. Bo = 1. 0- Td3) 
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Figure 4.40 shows the comparison between the wall shear stress calculated for the 

exact interface and that for a flat interface. The values obtained from the two methods are 

rather similar, with exceptions near the pipe wall, where the meniscus for the exact interface 

is obvious. 
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-1.5 -0.5 0.5 
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1.5 

Figure 4.40 Dimensionless wall shear stress calculated for flat and exact free surfaces. 
(s=0.25. Bo = 1. 0=71/3) 

The difference between the solutions for the flat and exact interface shapes 

decreases as the Bond number increases, and the exact interface shape becomes flatter. 

4.5.4 Results and Discussion 

Only three flow parameters, namely the Bond number, Bo, the contact angle, 9, and 

the holdup, s, are required to determine the local and integral flow properties of a free surface 

flow in a pipe. Here, the effects of these key parameters on the flow properties are 

investigated. A change in these parameters would result in a change in the shape of the free 

surface, and hence the flow properties, such as the velocities, shear stresses at the wall and 

the volumetric flow rates, would be altered accordingly. In addition, cases with a flat interface, 

are examined. In this work, the free surface is discretised into 40 boundary elements. The 

reference configuration of the flow system is chosen with a Bond number of 1, a contact angle 

of Tt/3 and a holdup of 0.25. 

For the parametric study in this section on gravity-driven free surface flows, flow 

systems with holdups of 0.25, 0.5 and 0.75 with different Bond numbers. Bo = 1, 10 and 50, 

and contact angles, 8 = nl6, nl3, 2n/3 are investigated. 
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4.5.4.1 Interface Shape 

The determination of the exact interface shape for a free surface laminar flow is the 

same as for a two-phase laminar-laminar flow as detailed in Chapter 3; Figure 4.41 illustrates 

the various interface shapes. Increasing the contact angle changes the free surface from a 

concave to a convex one. At large contact angles, the fluid interface curls into an eccentric 

core. When the Bond number increases, the interface becomes flatter, with highly curved 

menisci at the walls, and the length of the interface is increased. When the Bond number is 

very large, the interface is flat. Hence, for high Bond number cases, only the holdup needs to 

be specified as the Bond number and the contact angle have only local effects in the 

meniscus at the wall. For each contact angle, the free surface is always flat at a particular 

value of the holdup (the pseudo-gravity-dominated case as described by Brauner et al. 

(1996)). 

9 = 71/6, Bo = 1 9 = 7i/3, Bo = 1 9 = 2TC/3, BO = 1 

9 = 7r/6, BO = 10 9 = 7I/3, BO= 1 0 9 = 271/3, Bo = 10 

= 7I/6, BO = 50 0 = 7t/3, Bo = 50 e = 27C/3, BO = 50 

Figure 4.41 Exact interface shapes for various contact angles and Bond numbers 
at holdups of 0.25, 0.5 and 0.75. 
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Sample velocity profiles across the whole pipe are shown in Figure 4.42 for three 

particular cases. For a more systematic and convenient study, only the velocity profiles at the 

symmetry plane and on the free surface are considered further. 

(a) 

(b) 
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(C) 

Figure 4.42 Velocity profile across the pipe cross section 
(a) holdup, £= 0.25, contact angle, 6= Bond number Bo = 1. 
fb) holdup, £ = 0.5, contact angle, 6 = 7^6. Bond number Bo = 10. 

(c) holdup, e = 0.75, contact angle, 6 = 2w3, Bond number Bo = 1. 

4.5.4.2 Interfacial Velocity Profile 

The interfacial velocity profiles, shown in Figure 4.43, are symmetrical across the 

pipe, with values increasing from zero at the walls to a maximum at the centre of the pipe. 

The figure gives the interfacial velocity profiles for contact angles, 0, of n/6, TT/S and 2n/3 at 

different holdups (s = 0.25, 0.5, 0.75) and Bond numbers (Bo = 1, 10, 50). In general, the 

velocity at the interface increases with increasing contact angle, as indicated in Figure 4.43a, 

The larger the contact angle, the more curved the interface and the smaller the wetted 

perimeter. At large holdups and small Bond numbers, the interface becomes highly curved, 

and there are two values of the interface velocity at a single horizontal position near the 

contact point as illustrated in Figure 4.43c. 
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Figure 4.43. Variation of the dimensionless inteiiacial velocity profile with contact anale. 6 = tt/Q, n/3, 

271/3 at holdups (s- 0.25, 0.5, 0.75} and Bond numbers (Bo = 1, 10. 50). 

- 2 5 6 -



The values of the interfacial velocity are affected by the type of interface shape. 

When the contact angle is n/6, the interface is concave and the interface velocity increases 

with Bond number, as observed in Figures 4.43a, 4.43d and 4.43g. On the other hand, the 

interface is convex when the contact angle is 27i/3, and the interfacial velocity decreases 

when the Bond number increases, as can be seen in the same figures. The interface 

velocities predicted for the exact interfaces increase with increasing holdup. This is shown in 

Figure 4.44 for a case where the Bond number is 50 and the contact angle is n/S. In this case, 

the large Bond number leads to a blunting of the velocity profile across the central part of the 

interface. 

8 = 025 
G = O j ; / 

S = 0.75 

-0.5 0 0.5 1 

horizontal position 

Figure 4.44 Variation of the dimensionless interfacial velocity profile with holdup. 
£ = 0.25. 0.5. 0.75. (Bo = 50. 6= 

At large Bond numbers, the interface is flat with curved menisci at the walls, and this 

is reflected in the interfacial velocity profile for Bond number. Bo = 50 in Figure 4.45 where 

the velocity profile is blunted in the middle. 
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Figure 4.45 Variation of the dimensionless interfacial velocity profile with Bond number. 
Bo = 1. 10. 50. (B =7i/6.£ = 0.25) 
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Figure 4.46 Variation of the dimensionless velocity profile at the symmetry plane with contact anQle^ 

6 = 7i/6. 7v/3. 2n/3 at holdups (e = 0.25, 0.5. 0.75) and Bond numbers (Bo = 1. 10. 50). 
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4.5.4.3 Velocity Profile at the Symmetry Plane 

Figure 4.46 shows the catalogue of axial velocity profiles at the symmetry plane for 

different contact angles (9 = 7t/6,7t/3, 27t/3) at various holdups (e = 0.25, 0.5, 0.75) and Bond 

numbers (Bo = 1, 10, 50). When the contact angle increases, the axial velocity on the 

symmetry plane increases correspondingly. Despite the changes in the interface shape at 

different contact angles, the values of the axial velocity are similar near the wall (bottom of the 

pipe). This is especially so when the Bond number is large, giving a flatter interface. 

For concave interfaces, when the contact angle is less than nl2, the velocity 

increases with the Bond number as shown in Figures 4.46a, 4.46d and 4.46g for a contact 

angle of n/6 and a holdup of 0.25. On the other hand, at contact angles greater than n/2 when 

the interface of the free surface flow is convex, the velocity decreases with increasing Bond 

number. This can be seen in the same figures for a contact angle of 2n/3. 

4.5.4.4 Wall Shear Stress 

In simple one-dimensional flow models, the wall shear stress is often assumed to 

take a constant average value around the pipe. However, the present work reveals the details 

of the variation of wall shear stress around the boundary between the liquid phase and the 

pipe wall. Figure 4.47 shows the variation of dimensionless wall shear stress around the 

circumference of the pipe for flows at different holdups with a flat interface. In general, the 

wall shear stress increases with holdup. When the pipe is half-filled with fluid, the 

dimensionless shear stress at the wall is constant at a value of 0.5. At all other holdups, the 

wall shear stress varies along the circumference of the pipe. The wall shear stress increases 

to infinity at the contact point for larger holdups (where the contact angle is obtuse), and 

decreases to zero at the contact point when the holdup is low (the contact angle is acute), as 

can be seen in Figure 4.47. 
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Figure 4.47 Variation of the dimensionless wall shear stress profile with holdup, 
s = 0.25. 0.5. 0.75 assuming a flat interface. 
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Figure 4.48 sliows the variation of the wall shear stress with holdup (s = 0.25, 0.5, 

0.75) at different contact angles (6 = 71/6, tt/S, 2n/3) and Bond numbers (Bo = 1, 10, 50). At a 

high Bond number of 50, shown in Figure 4.48g, the interface is almost flat and the profiles of 

the wall shear stress are similar to those for a flat interface shown in Figure 4.47. When the 

interface is a circular arc (at small Bond numbers), and the contact angles and holdups are 

also small, the variation of wall shear stress around the pipe is greater, as can be seen in 

Figure 4.48a. 

For contact angles smaller than nl2, the interface is concave (for the cases shown 

here) and the wall shear stress decreases to zero at the contact point (see the local analysis 

in Appendix C). For contact angles greater than n/2, the wall shear stress increases towards 

infinity at the point where the free surface meets the pipe. Figure 4.49 illustrates the variation 

of the wall shear stress for different contact angles at a holdup of 0.75 with Bo = 1. For this 

large holdup value, the shear stress profile is flatter, with the value remaining roughly 

constant around the wall, except for sharp changes near the contact points. 
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Figure 4.49 Variation of the dimensionless wall shear stress profile with contact angle. 
e = nI6. 71/3. 2n/3 (Bo =1.£ = 0.75). 

In general, the average wall shear stress increases with Bond number at contact 

angles smaller than nl2. The reverse occurs for large contact angles. 

4.5.4.5 Volumetric Flow Rate 

The single most important flow parameter for this system is the volumetric flow rate. 

The effect of holdup and Bond number on the dimensionless volumetric flow rate of the fluid is 
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illustrated in Figure 4.50. The dimensionless flow rate of the fluid when the pipe is completely 

filled is K/8. The flow rate is determined by the balance of gravity acting on the cross-sectional 

area of the flow and the resistance due to contact with the wall. The flow rate is approximately 

proportional to the cross-sectional area of the flow, so the larger the cross-sectional area, the 

higher the flow rate. However, there is a maximum flow rate at around 80% to 90% holdup. 

Here, with any further increase in holdup, the increase in the area of the flow has less effect 

than the increase in the peripheral contact of the fluid and the wall. Hence, there will be 

greater resistance to the flow, and the flow rate decreases. 
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Figure 4.50 Variation of the dimensionless flow rate with holdup and Bond number 
Bo = 0.1. 1. 10, 25, 50, 100 at contact angle, 6= idS. 

Figure 4.50 also illustrates the increase of the flow rate with Bond number, which 

occurs for small contact angles. With further increases in Bond number, the interface shape 

remains more or less the same and hence there are no significant changes in the volumetric 

flow rate. The interface curvature changes between concave and convex when the contact 

angle increases; the effect on the flow rate is dramatic at low Bond number up to unity, as 

shown in Figure 4.51. At smaller Bond numbers and large contact angles, the interface is 

convex and there is less contact between the fluid and the pipe wall, reducing the viscous 

resistance, and resulting in an increase in the flow rate. Therefore, the dimensionless 

volumetric flow rate increases with contact angle as indicated in both Figures 4.51 and 4.52. 

At smaller contact angles, the interface is concave and there is more contact (and hence 

drag) between the fluid and the walls. 
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Fipure 4.51 Variation of the dimensionless flow rate with contact angle and Bond number 
Bo = 0.7, 1, 10, 25, 50. 100 at holdup, s = 0.25. 
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Figure 4.52 Variation of the dimensionless flow rate with holdup and contact angle 
9= 7i/10, Sn/IO, 7i/3, 7t/2, Tti/IO, dji/IO at Bond number. Bo = 10. 

4.5.5 Conclusion 

Only three physical parameters, the Bond number, the contact angle and the holdup, 

of the free surface flow system are required for the determination of the dimensionless flow 

properties. Variation of any of these would change the interface shape of the flow and 

therefore affect the local and integral flow properties. Again, from a practical and industrial 

point of view, the volumetric flow rate is the most important property of the free surface flow. 

The flow rate is determined by two competing factors: the cross-sectional area of the bulk flow 

and the resistance forces due to the contact with the walls. Hence, a nearly filled pipe would 

give a larger flow rate than a completely filled one. 
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4.6 Turbulent-Laminar Stratified Gas-Liquid Flow 

In this section, a relatively important aspect of multiphase flow is addressed, where 

the liquid layer in the two-phase stratified flow is laminar, while the gas layer is turbulent. One-

dimensional models work reasonably well for turbulent flows, but not for laminar flows. Hence, 

a simple model is applied to the turbulent phase, coupled with the Boundary Element Method 

for the laminar phase. With this approximation, the flow in the laminar layer can be 

determined with minimal information about the turbulent phase. Only the ratio of the interfacial 

to gas-wall shear stress, X, is required of the gas phase. The flow system is characterised by 

the Bond number, the contact angle, the holdup of the denser phase, and the shear stress 

ratio. The effects of these parameters are investigated and the results are again presented in 

terms of dimensionless quantities. In addition, comparisons are made between turbulent-

laminar flows and gravity-driven free surface flows. 

4.6.1 Introduction 

Gas-liquid stratified flows in pipes occur in many chemical and industrial processes. 

Stratified flow is important in the transportation of natural gas and petroleum oil in pipelines, 

the flow of steam and water in nuclear reactors, and the transportation of steam and water 

mixtures from geothermal fields to power stations. In addition, stratified flows can be found in 

process units such as heat exchangers, where turbulent flow is induced to enhance mixing 

and transfer, and in separators. The work in this section addresses situations where the gas 

flow is turbulent, the liquid flow is laminar, and the interface remains quite smooth. This is the 

case for relatively slow flows in small pipes with viscous liquids. 

In turbulent flows, the velocity profile across the pipe is often assumed to be uniform, 

with the shear stress at the wall being approximately constant. The flow parameters are not 

significantly affected by the geometry of the pipe and the fluid interface. In contrast, for 

laminar flow, the velocity changes significantly across the pipe and adopts a quasi-parabolic 

velocity profile. Hence, any changes in the geometry of the flow system (shape of the pipe or 

the fluid interface) would have a strong influence on the laminar liquid flow, but relatively little 

influence on the turbulent gas flow. Therefore, detailed modelling of the laminar phase can be 

used, coupled with an approximate model for the turbulent phase in a two-phase stratified 

flow system, to obtain reasonably accurate prediction of the relationships of volumetric flow 

rates, velocities and shear stresses to pressure gradient and liquid holdup. 

There are two basic approaches to modelling turbulent-laminar stratified flows. For 

detailed models, the Reynolds averaged Navier-Stokes equations are solved with appropriate 

turbulence models. The most commonly used method is to use turbulence models based on 
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the eddy viscosity approach where the Reynolds stress terms are replaced by a product of 

the turbulent viscosity and the mean velocity gradient. These include the Prandtl mixing 

length model and the K-8 model where transport equations for the turbulent kinetic energy, K, 

and the turbulence dissipation rate, s, are solved. (Jones and Launder, 1972, Issa, 1988). The 

solution of such problems requires discretisation of the entire flow domain leading to relatively 

large computational time and storage requirements. 

A straightforward and simple approximate approach to the solution of turbulent-

laminar stratified flows is to start from the one-dimensional 'two-fluid' or separated flow model 

(e.g. Khor, 1998). A set of conservation equations is required for each of the phases in the 

system. Hence, only two momentum balance equations are needed for the fully developed 

two-phase stratified flow considered here. The interaction between the phases is introduced 

by the interfacial shear stress term. Various closure relationships are required for the 

evaluation of the flow properties. In most common applications of the separated flow (or 'two-

fluid') model, the interface is assumed to be flat and the liquid-wall, gas-wall and interfacial 

shear stresses are assumed to be constant around the fluid-wall periphery and along the 

interface respectively, which leads to the simple momentum balances. 

Aq G - TQ SG - TJ S| + PG AG g sina — 0 ( 4 . 8 8 ) 

AL G - TL SL + Ti Si + pL AL g sina = 0 (4.89) 

where G is the pressure gradient along the pipe (usually negative); AQ and AL are the cross-

sectional areas of the gas and liquid zones; SG, SL and Si are the lengths of the gas-wall 

periphery, the liquid-wall periphery, and the gas-liquid interface respectively; tq, t l and Xj are 

the gas-wall, liquid-wall and interfacial shear stresses; a is the angle of inclination of the pipe; 

and pG and PL are the densities of the gas and liquid phases. 

The wall shear stresses are normally evaluated using empirical correlations for the 

respective friction factors. 

tg = 0.5 PG ÛG fc (4.90) 

TL 0.5 PL u \ f i (4.91) 

where Uq and Ul are the mean velocities and fc and fL are the friction factors for the gas and 

liquid phases respectively. 

The interfacial shear stress, Xi, is usually represented by 
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Xi - 0.5 pG (UQ — UL) fi (4.92) 

where UQ - UL is the slip velocity. The interfaciai friction factor, fi, is related to the fluid 

properties, velocities, cross-sectional area of the gas and liquid flows, the roughness at the 

interface and the presence of different wave patterns. There is a wide choice of empirical 

correlations for the interfaciai friction factor for flows in a pipe, ranging from very simple 

correlations to those that include effects of interfaciai waves and roughness. There are also 

models, which have been developed from dimensional analysis and other methods. Often, the 

different published expressions give reasonably good results for conditions similar to those for 

which they were developed. The discrepancies between different correlations are attributed to 

the difficulty in determining the interfaciai shear stress and the wave characteristics of wavy 

stratified flow that is present when the velocity in the turbulent gas phase is high. 

In the simplest one-dimensional model for the determination of the axial pressure 

gradient and the liquid holdup of a two-phase flow system, the interfaciai friction factor is often 

assumed to be equal to the gas-wall friction factor. Russell et al. (1974) and Taitel and Dukler 

(1976) assumed that the gas-liquid interface was smooth and acted as a solid boundary, with 

the approximation 

fi = fc (4.93) 

However, errors are incurred in applying this assumption, particularly for wavy 

stratified flows. In such cases, it is common to use a correlation for the ratio of friction factors: 

fi = ^fc (4.94) 

where X depends on the various flow properties (Andritsos and Hanratty, 1987b). Kawaji et al. 

(1987) made experimental measurements of void fraction at high mass flows for high 

pressure steam-water systems in a pipe of 180mm internal diameter and 10m length, and 

used them to relate the two friction factors in the form of Equation (4.94) with 1 = 3. Spedding 

and Hand (1990) took a similar approach and proposed = 4 for turbulent-turbulent flows and 

X = 0.6 for turbulent-laminar flows. The resulting model predicted the liquid holdup accurately 

for wavy stratified flows and stratified flows with entrained liquid droplets in the gas phase. 

In this section, the case considered is of a laminar liquid layer coupled with a 

turbulent gas flow. The interface shape is determined by solving the Young-Laplace equation. 

Precise solutions for the liquid flow field are obtained using the Boundary Element Method for 

the liquid zone. Since the gas flow is turbulent, it is assumed that the interfaciai shear stress 

is constant and that it can be represented in the form of Equation (4.94) (i.e. a specified 

multiple of the gas-wall friction factor). Since laminar-liquid turbulent-gas stratified flows occur 
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fairly widely in practice, this approach represents a reasonable compromise in predicting the 

liquid phase flow in these cases. 

In the case of laminar unidirectional flow, the normal stress on the interface is given 

by the hydrostatic pressure, while the tangential stress is in the axial direction. In the case 

considered here, where the gas flow is turbulent, there will be an additional normal stress due 

to the turbulent fluctuations, and the tangential stress will have a transverse component due 

to secondary flow. Both of these effects are very small and are neglected in the present work. 

For simplicity and convenience, the equations and results presented here are given in 

terms of dimensionless quantities, scaled with respect to the pipe radius, the pressure 

gradient (including gravitational effects for an inclined pipe) and the liquid viscosity. Thus the 

fluid flow rates are calculated for specified values of the pressure gradient and holdup. 

It is well known that stratified flows are subjected to many kinds of instability which 

lead to the generation of waves on the interface, or even slugs. In the case where one of the 

phases is laminar, transition to turbulence is also a possibility. Such phenomena are, again, 

not considered here, though the model presented can be used in cases where the interface is 

subjected to small amplitude waves whose principal effect is to modify the roughness and 

hence interfacial friction factor. 

4.6.2 Mathematical Formulation 

The flow system consists of a liquid in laminar flow in the lower part of a horizontal 

circular pipe of radius R, with holdup s with a turbulent gas flow above. A schematic diagram 

of the flow is similar to the one in Figure 4.2 where fluid A is the gas and fluid B is the laminar 

liquid. Here, it is assumed that the gas phase is completely turbulent and that the shear stress 

in the gas phase takes constant values at the wall and along the interface. The ratio of the 

interfacial to gas-wall friction factors, and hence the interfacial to gas-wall shear stresses, is 

given by the parameter X defined in Equation (4.94). 

The solution method for the laminar liquid flow including the effect of interfacial shear 

stress induced by the turbulent gas phase is similar to the method presented for gravity-driven 

flow of a liquid in a pipe, described in the previous section, with the inclusion of the calculated 

interfacial shear stress term. 
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4.6.2.1 Preliminaries 

As in Equation (4.64), the Navier-Stokes equation can be expressed as a Poisson 

equation for the dimensionless axial velocity (u,) of the laminar liquid flow. 

V^Uz = -1 (4.95) 

The variables are made dimensionless with the length scale R and the velocity scale U, 

defined as 

U = ( -G-p,gs ina)R^ (4.96) 

where is the viscosity of the liquid phase, PL is its density , a is the pipe inclination and G is 

the pressure gradient, which is negative. 

Equation (4.95) is transformed into a Laplace equation 

V^f 0 (4.97) 

by introducing a new dimensionless variable f which is the homogenous solution, defined as 

| ( l - r 2 ) + f (4.98) 

where r is the dimensionless radial coordinate from the pipe centre. 

There is no slip at the pipe wall, SL, giving the Dirichelet condition 

(4.99) 

Also, the balance of shear stress at the interface gives. 

n-Vf = —n-x - T| (4.100) 

where x is a position vector, n is the unit normal on the surface pointing into the liquid and 

T| is the calculated dimensionless interfacial shear stress. 
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The dimensionless system of equations is identical to that for gravity driven flow in an 

inclined pipe described in Section 4.5, with the exception of the appearance of the term in 

Equation (4.100). Thus, gravity-driven flow is a solution of these equations when T, is equal 

to zero. 

4.6.2.2 The Turbulent Gas Phase 

A simple axial momentum balance on the gas phase gives 

AG G + Acpcgs ina = tq SG + Xi S] (4.101) 

It is assumed that the ratio of the interfacial to gas-wall shear stresses, and hence the 

ratio of the respective friction factors, is a constant, X. Hence, 

tg = f (4.102) 

In dimensionless form, the pressure gradient and the pipe radius are replaced by 

unity, and hence, the dimensionless shear stress driving the liquid phase is given by 

(4.103) 

where S| and SQ are the dimensionless lengths of the interface and gas-wall perimeter, and 

s is the holdup of the liquid. It is noted that the dimensional scale factor for the shear stress is 

(-G - PB g sina) R. The dimensionless driving ratio is 

= ( - G - p . g s m q ) (4,104) 
( -G -pegs ina ) 

The length of the gas-wall boundary is 

SQ = 2(7r-p) (4.105) 

where 2p is the angle subtended by the ends of the interface at the centre of the pipe, as 

illustrated in Figure 3.3. 
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The dimensionless length of the interface is given by 

Sj 2 [ , dcp (4.106) 
J Kg7l + 2b-2bcoscp 

where cp is the parameter of the interface defined as the angle between the tangent to the 

interface and the horizontal in the positive x-direction, with a maximum value of (pmax at the 

pipe wall, b is the modified Bond number, based on the (unknown) reference curvature at the 

centre of the interface, KQ, defined in Equation (3.25). 

It is implicitly assumed that the gas is moving at a velocity much faster than the 

interfacial velocity of the liquid, so that the interfacial shear stress is independent of the liquid 

interfacial velocity. Hence, for a specified value of the holdup and for a given value of A,, none 

of the physical properties of the gas are required in order to find the dimensionless solution 

for the laminar liquid flow in a horizontal pipe. If the pipe is inclined, the value of % is also 

required, which involves the gas density. In the present work, the focus is on horizontal pipes 

(x=1). The extension to inclined pipes is immediate. 

4.6.2.3 The Discrete Problem 

The formulation of the Boundary Integral Equation for the turbulent-gas laminar-liquid 

flow case is identical to that of the gravity-driven free surface laminar flow outlined in Section 

4.5.2.2. Similarly, the interface is discretised using the same analysis as that presented in 

Section 4.5.2.3, with the exception of the terms in the linear equation for the solution of 

unknown vector f . TJ is included in vector b on the RHS of Equation (4.73) where its 

elements are now 

\ 

where T, is given by Equation (4.103). 
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4.6,2.4 Calculation of tine Liquid-Wall Shear Stress 

The liquid-wall shear stress can be calculated using Equations (4.83) and (4.84). 

Again, as for the case of gravity-driven free surface flow, the wall shear stress at the 

point where the gas-liquid interface meets the pipe wall (contact point) cannot be determined 

by this method. A local analysis, as outlined in Appendix C, should be performed. In this 

particular case of turbulent-laminar flow, the wall shear stress approaches zero at the contact 

point when the contact angle is acute, 8 < n/2. When the contact angle is obtuse, 7t/2 < 0 < n, 

the shear stress at the contact point tends to infinity. 

4.6.2.5 Calculation of the Flow Rate 

One of the most important flow properties is the volumetric flow rate. This is 

especially so in gas-oil flows where the transportation rate of crude oil from the wells to the 

processing platforms is of great interest. The expression for the dimensionless flow rate of the 

fluid is given by 

Q l JJudA 
AL 

(4.108) 

where AL is the cross sectional area of the liquid in the pipe. 

The surface integral can be converted into a line integral along the gas-liquid 

interface by an application of Green's Theorem. The integral over the interface is then 

approximated by the sum of the integrals over each element, giving 

Q L S C S , 

j=1 

1_ J_ 
8 16 

2 Si 
j=1 

1 _ 

4 ' ' 
+ d ^ - 1 + — 

12 

1 

' 1 6 ^ ^ 
(4.109) 

where c and d are defined as Xj -nj and X| -t j respectively and S l is the length of the J 'J 

wetted perimeter along the liquid-wall. 
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4.6.3 Results 

Here, three parameters, namely the Bond number. Bo, the contact angle, 6, and the 

liquid holdup, s, are sufficient to predict the exact interface shape of the gas-liquid system. 

When the ratio of interfacial to gas-wall friction factor, A,, is also specified, the local and 

integral flow properties of a turbulent-gas laminar-liquid flow in a pipe can be determined in 

dimensionless form. If the gas-liquid interface is assumed to be flat, which is the case for 

large values of Bo, the only input for the calculations will be the liquid holdup, s, and the 

friction factor ratio, X. If the flow is further assumed to be smooth stratified, X can be taken to 

be unity. The results presented here are for horizontal pipes, with % = 1. The extension to 

inclined pipes is straightforward. 

No physical properties of the gas phase are required for the calculations presented 

here since the liquid holdup and pressure gradient (incorporated into the Bond number) are 

specified. However, a more industrially relevant situation is one in which the gas and liquid 

flow rates are specified and the liquid holdup and pressure gradient are to be determined. The 

latter calculation could be performed by applying the method used here in an iterative fashion, 

adjusting the holdup and pressure gradient to obtain the correct flow rates. A trial solution is 

first obtained using an initial estimate of the liquid holdup. The estimate is then refined until 

the calculated flow rates match the input superficial velocities. This calculation would require 

knowledge of the density and viscosity of the gas in order to determine the relationship 

between its velocity and the wall shear stress. 

A reference configuration for the system is chosen with a Bond number of 1, a 

contact angle of n/6, a liquid holdup of 0.25 and a friction factor ratio of 1. The exact interface 

shape for this system is near circular and concave. Any changes in the Bond number. Bo, the 

liquid holdup, s, or the contact angle, 9, would alter the shape of the interface, and hence the 

flow properties. In the investigation on how the flow properties are influenced by these key 

parameters of the flow system, four different values of X (0.6, 1, 3 and 4) from the published 

literature will be used. In the results presented, the gas-liquid interface is discretised into 40 

boundary elements. 

It is simple to show that the flow problem is linear with respect to the parameter T| 

when the interface shape is held fixed. Thus, the solution for any value of X (and %) may be 

obtained by interpolation or extrapolation from the solutions for two specific cases, such as X 

= 1 and X = 2 through Equation (4.103). This will be apparent in the results shown below. 
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4 . 6 . 3 . 1 Interface Shape 

Only the Bond number, contact angle and liquid holdup of the flow system, and not 

the friction factor ratio. A,, affect the shape and curvature of the interface. The parametric 

variation in the interface shape is the same as that performed in the gravity-driven free 

surface flow as described in Section 4 . 5 . 4 . 1 , with the various interface geometries for holdups 

of 0.25, 0.5 and 0 .75 with different Bond numbers. Bo = 1, 10 and 50, and contact angles, 9 = 

T t / 6 , 7 r / 3 and 2 T t / 3 illustrated in Figure 4 . 4 1 . The reference configuration is shown by the lowest 

curve in the top left diagram. 

Figure 4 .53 shows the variation of the magnitude of the interfacial shear stress, 

calculated from the simple momentum balance of the gas phase as given by Equation 

( 4 . 1 0 3 ) , with holdup and Bond number for a contact angle of n/6 and friction factor ratio of 1 . 

The stress takes a value of 0 .5 when the liquid holdup is very small. As the pipe is gradually 

filled, the interfacial shear stress decreases to zero when the pipe is virtually full. It can also 

be observed in Figure 4 .53 that the magnitude of the stress decreases with increasing Bond 

number. 
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Figure 4.53 Variation of the magnitude of the interfacial shear stress with holdup and 
Bond number. Bo = 0.25, 1, 4, 16, 64 (0= n/6, X=1). 

4.6.3.2 Interfacial Velocity Profile 

The interfacial velocity profile is symmetrical across the pipe, with values increasing 

from zero at the walls to a maximum at the centre of the pipe. Figure 4.54 shows the 

interfacial velocity profiles for holdups, e, of 0.25, 0.5 and 0.75 at different contact angles (9 = 

nl6, tc/3, 27i/3) and Bond numbers (Bo = 1, 10, 50) at a friction factor ratio, 1, o f 1 . It is 
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observed that the velocities generally increase with holdup. There is blunting of the velocity 

profile in the central region of the interface, as a result of the flatter interface shape at large 

Bond numbers (Bo = 50). In general, the velocity at the interface increases with increasing 

contact angle. 
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Figure 4.54 Variation of the dimensionless interfacial velocity profile with holdup. s=0.25. 0.5 and 0.75 at 
X = 1 and various contact angles (d = V6. 2w3) and Bond numbers (Bo =1. 10. 50). 
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For a configuration of small contact angle of 7r/6, high holdup of 0.75 and small Bond 

number of 1, the gas-liquid interface becomes highly curved, curling into an eccentric core. 

There are two values of the interface velocity at a single horizontal position near the contact 

point. This is seen in Figure 4.55, which illustrates the effect of contact angle on the interface 

velocity for A. = 3. 

At small contact angles, the interface is concave and the interface velocity increases 

with Bond number. However, at a large contact angle of 2nl2>, the interface is convex and the 

velocity decreases when the Bond number increases. This trend is illustrated in Figure 4.56 

for a system with a liquid holdup of 0.25. Blunting of the interfacial velocity at the centre of the 

pipe is again observed at larger Bond numbers when the interface is flat with highly curved 

menisci at the walls. 
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Figure 4.55 Variation of the dimensionless interfacial velocity profile with contact angle. 
9 = ti/Q. 7c/3. and lidd. (Bo = 1. £= 0.75. A. = 3} 

9 = 71/6 
8=7[/3 
0 = 2n/3 

0.25 -

I > 
3 

I 
I 

c 
.2 

Bo = 1 
Bo = 10 
Bo = 50 

horizontal position 

Figure 4.56 Variation of the dimensionless interfaciai velocity profile with Bond number, 

Bo = 1. 10. 50. (0 = 2n/3. s = 0.25. Z = 4} 
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Finally, when the friction factor ratio of the gas phase. A,, is increased, the interfacial 

velocity increases correspondingly, with the shape of the velocity profile virtually unchanged. 

Figure 4.57 shows the changes in the velocity profile at the interface when the value of X is 

increased from 0.6 to 4. The velocity profile for a free surface flow (A.=0) is also shown. There 

is a diminishing return in the increase of axial velocity with larger values of X. This is 

consistent with the linearity of the problem with respect to T| and the variation of % with A, 

given in Equation (4.103). 
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Figure 4.57 Variation of the dimensionless interfacial velocity profile with friction factor ratio. 

A - 0 (Qravitv-driven flow). 0.6, 1. 3, 4. (Bo = 1.6= 71/6. s = 0.25) 

4.6.3.3 Velocity Profile at the Symmetry Plane 

Figure 4.58 shows the axial velocity profiles at the symmetry plane (i.e. the vertical 

plane through the pipe axis) for different holdups (s = 0.25, 0.5, 0.75) at various contact 

angles (9 = tt/6, 71/3, 2ti/3) and Bond numbers (Bo = 1,10,50) and a friction factor ratio of 1. 

When the liquid holdup increases, the axial velocity at any point on the symmetry plane 

actually decreases, even though the velocity at the free surface may increase. This reflects 

the decrease of the interfacial shear stress with holdup, shown in Figure 4.53. The velocity 

increases with increasing contact angle as shown in Figure 4.59 for a flow system with Bond 

number. Bo = 1, liquid holdup, e = 0.25 and X = 2>. Despite changes in the interface shape at 

different contact angles, the velocity gradient near the bottom of the pipe remains similar. 
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Figure 4.58 Variation of the dimensionless velocity profile at the symmetry plane with holdup, g = 0.25. 0-5, 
and 0.75atA = 1 at various contact angles ( 0 = n/Q. 2-k/3) and Bond numbers (Bo = 1. 10. 50). 

2 7 8 . 



The velocities increase with increasing X, as illustrated in Figure 4.60. At a larger 

value of A,, the interfacial shear stress induced by the turbulent gas layer is greater, and hence 

the laminar liquid layer is pulled along the pipe at a faster rate. The velocity profile becomes 

more linear as X increases, reflecting the relative increase of the interfacial shear stress 

compared to the pressure gradient. 

The velocity profile across the whole pipe is shown in Figure 4.61 for the reference 

flow configuration. It is noted that the velocity profile is less parabolic and steeper when 

compared to the one for a gravity-driven free surface flow illustrated in Figure 4.42. 
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Figure 4.59 Variation of the dimensionless velocity profile at the symmetry plane with 
contact angle. 0 = w'G, ;z/3. 2w3. (Bo = 1. s= 0.25. A = 3) 
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Figure 4.60 Variation of the dimensionless yelocity profile at the symmetry plane with 
friction factor ratio. Z = 0 (arayity-driven flow). 0.6. 1, 3, 4. (Bo = 1,9= n/6. e = 0.25) 
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Figure 4.61 Velocity profile across the pipe cross section for the reference flow configuration. 
(Bo = 1. 8 = 0.25. 0=7!/6.A = 1) 

4.6.3.4 Liquid-Wall Shear Stress 

In the fully turbulent gas phase, the gas-wall shear stress and the interfacial shear 

stress are assumed to take constant values along the pipe wall and the fluid-fluid interface 

respectively. Figure 4.62 shows the variation of the dimensionless liquid-wall shear stress 

with holdup, s = 0.25, 0.5 and 0.75 at different contact angles (9 = %/6, nl3, 2n/3) and Bond 

numbers (Bo = 1, 10, 50) at a friction factor ratio, X = 1. The values of wall shear stress 

generally increase with increasing holdup, but decrease with increasing holdup for convex 

interfaces and small Bond number (Figure 4.62c). When the Bond number is increased, the 

interface is nearly flat as indicated in Figure 4,41, and the dimensionless wall shear stress 

takes an approximately constant value near 0.5 around most of the liquid periphery, with 

sharp changes near the contact points. It is also noted that the region of near constant liquid-

wall shear stress is smaller at smaller liquid holdups, while the values in this region virtually 

coincide for larger liquid holdups. 
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Figure 4.62 Variation of the dimensionless liquid-wall shear stress profile with holdup, 
s = 0.25. 0.5 and 0.75, at X = 1 and various contact angles (9= n/6, n/S, 2^/3) and 

Bond numbers (Bo = 1. 10. 50). 
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In Figure 4.63 where Bo = 10, s = 0.5 and A, = 3, the wall shear stresses are seen to 

increase with contact angle. When the contact angle increases, the interface changes from a 

concave to a convex one. For contact angles smaller than nl2, the interface is concave (for 

the cases shown here) and the liquid-wall shear stress decreases to zero at the contact point 

as outlined in the local analysis in Appendix C. For contact angles greater than nl2, the wall 

shear stress increases towards infinity at the point where the interface meets the pipe wall. 

The liquid-wall shear stress increases with Bond number at contact angles smaller than nl2. 

The reverse occurs for large contact angles as indicated in Figure 4.64 for a flow system with 

E = 0.25, 6 = 2nl3 and 1 = 4. 
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Figure 4.63 Variation of the dimensionless liquid-wall shear stress profile with contact angle, 
6 = 7t/6. 7i/3. 2ti/3.{Bo = 10. £= 0.5. 1 = 3} 

cr in 

TF) M 

Bo = 1 

Bo = 10 

Bo = 50 

-0.5 0 0.5 1 1.5 
circumferential position (rad) 

Figure 4.64 Variation of the dimensionless liouid-wall shear stress profile with Bond number, 
Bo = 1. 10. 50. (6 = 2nJ3. f. = 0.25. 1 = 4) 
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4.6.3.5 Volumetric Flow Rate 

The single most important flow parameter for this turbulent-gas laminar-liquid flow 

system is the volumetric flow rate of the liquid. The effects of holdup and Bond number on the 

dimensionless volumetric flow rate are illustrated in Figure 4.65. A completely filled pipe gives 

a dimensionless flow rate of Tt/S. The flow rate is determined by the balance of three factors: 

pressure gradient acting on the cross-sectional area of the flow; shear stress pulling on the 

interface; and the viscous resistance as a result of the contact with the wall. The flow rate is 

approximately proportional to the cross-sectional area of the liquid flow. Hence, the larger the 

area, the higher the flow rate. Above 80% to 90% holdup, the increase in the cross-sectional 

area is offset by the decrease in pulling at the interface and the increase in drag at the walls. 

Hence, the flow rate decreases with any further increase in holdup, resulting in a maximum 

flow rate at a holdup of around 85%. 
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Figure 4.65 Variation of the dimensionless flow rate with holdup and Bond number. 
Bo = 0.25. 0.5. 1. 2. 4. 8. 16. 32. 64. 128. ( e=jt/6. A. = 1) 

The effect of the Bond number on the volumetric flow rate is also illustrated in Figure 

4.65. The flow rate increases with Bond number, though at a decreasing rate with increasing 

Bond number. Any further increase in Bond number does not alter the interface shape by a 

large amount. Hence, there are no further significant changes in the volumetric flow rate, 

especially at small holdups. 

When X is increased, a larger shear stress is exerted by the turbulent gas phase on 

the interface, resulting in a higher liquid flow rate. This variation of dimensionless flow rate 

with X, from X = 0 for a free surface flow to A. = 4, is illustrated in Figure 4.66. 
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Figure 4.66 Variation of the dimensionless flow rate with holdup and friction factor ratio. 
1 = 0 (aravitv-driven). 0.6. 1. 3. 4 (Bo = 1,9= ti/6] 

The effect of the contact angle on the dimensionless volumetric flow rate is quite 

marked at higher values of A.. Figure 4.68 illustrates the increase in flow rate when the contact 

angle of the flow system is increased from O.ITC to O.QTI, in steps of 0.1%, for a flow system 

with Bond number, Bo = 1 and friction factor ratio, 1 = 3. The rate of increase in flow rate 

increases with the contact angle. At large contact angles, the interface is convex and the 

contact between the fluid and the pipe wall is smaller than when the interface is concave at 

small contact angles. Hence, the smaller viscous resistance and higher interfacial drag, lead 

to the flow rate being much higher. 

Contact angle 

0.5 
holdup 

Figure 4.67 Variation of the dimensionless flow rate with holdup and contact angle, 
9= 0.1n:,....0.97v. (Bo = 1. A = 3) 
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4.6.4 Comparison between Free Surface and Shear-driven Flow Solutions 

Figure 4.66 shows a comparison of the volumetric flow rates of a free surface flow, 

where the interfacial shear stress is zero, and a shear driven flow where the interfacial shear 

stress takes a non-zero finite value. For the same physical system, with the Bond number, 

contact angle and liquid holdup held constant, the flow rate is always smaller for free surface 

flow than for shear driven flow. In the reference flow system with = 1, the dimensionless flow 

rate is approximately 40% higher than the gravity driven flow when the pipe is half filled. This 

indicates that the extra driving force exerted by the interface shear stress pulls more of the 

liquid through the pipe under similar physical conditions. Hence, the magnitude of the shear 

stress at the interface is an important feature in the determination of the volumetric flow rate. 

Figures 4.57 and 4.60 show the differences in the interfacial velocity profile, and the 

velocity profile on the symmetry plane, between free surface and shear driven flows. The 

interfacial velocities are much higher in shear driven flows. At the centre of the pipe, the 

velocity at the interface for the shear driven flow with 1 = 1 is approximately 65% higher than 

that for the free surface flow. These higher values are due to the shear stress contributed by 

the turbulent gas phase. 

Similarly, the axial velocities at the symmetry plane for the shear driven flow cases 

are much higher than for the free surface flow. The velocity profiles of the former are relatively 

linear from the bottom of the pipe to the interface; for the free surface flow, the velocity 

gradient at the interface is zero, rendering the velocity profile nearly parabolic. 

4.6.5 Conclusion 

For turbulent-laminar flow systems, a simple approximation is adopted for the gas-

wall and interfacial friction factors. Hence, only the friction factor ratio of the gas phase {X = f / 

fc), together with the three dimensionless parameters of the system, namely the Bond 

number, the contact angle and the holdup of the liquid layer, are required for the evaluation of 

the dimensionless flow properties. Note, however, that these dimensionless properties, by 

their definition, contain the pipe radius, the surface tension, the pressure gradient and the 

liquid viscosity. Variation of the first two of three parameters changes the interface shape of 

the flow which in turn affects the flow properties. The use of the correct interface shape is 

important in stratified flow calculations at small to moderate values of the Bond number when 

the interface is not necessarily flat or circular. Variation of the pressure gradient or liquid 

viscosity (at constant holdup) only affects the magnitude of the liquid viscosity. 
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The various flow properties vary linearly with the dimensioniess interfaciai shear 

stress, Tj and this is evident in their variation with A,. Detailed empirical correlations for the 

gas-wail and interfaciai friction factors could be incorporated into the calculation procedure if 

required. In the same way, it would be straightforward to incorporate the effects of pipe 

inclination. 

The worl< in this section addresses laminar-turbulent gas-liquid flows, but can also be 

applied to liquid-liquid flows where the viscosity ratio is large. For heavy crude oil/water flow 

systems, the water can be in turbulent flow while the oil flow is laminar. In this case, the 

laminar phase would be the upper fluid. 

4.7 Laminar Friction Factors 

In almost all multiphase calculations, the friction factor for laminar flows is determined 

using f = 16/Re, which has been derived for single-phase flows in cylindrical tubes based on 

the Fanning friction factor. In this section, the use of this expression for three different types of 

laminar stratified two-phase flows: gravity-driven free surface flows; turbulent-gas laminar-

liquid flows; and laminar-laminar flows, is assessed by comparison with the exact flow 

properties obtained from the Boundary Element calculations outlined previously in this 

chapter. In addition, the question of whether or not to incorporate the interface length in the 

definition of the hydraulic diameter is addressed. 

4.7.1 Introduction 

In most two-phase flow models, the pressure gradient and the liquid holdup are 

obtained from the solution of the one-dimensional momentum balance equations for each 

phase. This requires knowledge of the interfaciai and wall shear stresses which are 

determined from relations requiring the respective friction factors, forming the closure laws 

necessary for the solution of the problem. In this section, the flows of interest are two-phase 

stratified flows, where one or both phases are in laminar flow. 

The friction factor for flow in a closed conduit, f, is a dimensioniess quantity that is 

dependent on the Reynolds number, the flow geometry and the surface roughness. The 

Reynolds number, Re, is defined as 

R e = (4 .110 ) 
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where <u> is the mean velocity of the flow, DH is the hydraulic diameter, p and [x are the 

density and dynamic viscosity of the fluid respectively. 

The hydraulic diameter is defined as 

D . 
4 A , 

(4.111) 

where A^s is the cross-sectional area of the fluid and Sw is its 'wetted' perimeter. In most 

previous work, the interface has been included in the perimeter for the less viscous phase, 

but not for the more viscous phase. Different definitions have been used for different types of 

flow, based on physical and mechanistic understanding of the flow problem. 

For a single phase, fully-developed, incompressible flow in a closed conduit, the 

friction factor can be represented diagrammaticaliy by a Stanton diagram which shows the 

friction factor against the Reynolds number. Re, on a log-log scale with pipe roughness as a 

parameter. A widely used chart is the one by Moody (1944), similar to the one shown in 

Figure 4.68. 
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Figure 4.68. Friction factor chart. 

The negatively sloped straight line on the left of the chart corresponds to cases when 

the flow is laminar for the classical case of Poiseuille flows in a round pipe. Below a critical 
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Reynolds number of approximately 2100, the flow is laminar and the Fanning friction factor 

based on the hydraulic diameter is independent of roughness and is given by 

— (4.112) 
Re 

Besides verification from various experimental results, the above expression can be derived 

analytically from the Hagen-Poiseuille equation. 

Despite the introduction of the hydraulic diameter, DH, the value of the constant 

changes with conduit shapes. Thus, in a two-dimensional channel, the wall friction factor is 

given by f = 24/Re for steady laminar flow driven by pressure. When the flow is driven 

predominantly by shear, as in a Couette flow, the wall friction factor constant is decreased, 

and f = 8/Re. (This is obtained when both walls are taken into account in the hydraulic 

diameter.) For shear-driven flow in a half-filled pipe, the wall friction factor constant is slightly 

smaller, with f = 7.33/Re, obtained from the exact analytical solution; here the interface is 

included in the wetted perimeter). 

More work has been done on the determination of the friction factor in both turbulent 

single-phase and multiphase flows. Besides the Blasius equation, 

f = 0.079 Re°-^® (4.113) 

which is commonly used to calculate friction factors at smooth walls, empirical correlations 

have been derived specifically for the gas-wall, liquid-wall and interfacial friction factors in 

turbulent two-phase gas-liquid flow. In addition, different expressions have been developed 

for the various types of flow regimes (stratified, slug, etc) in multiphase flows. 

For two-phase or three-phase laminar flow systems, the situation is different. The 

same expression. Equation (4.112), developed for single-phase pipe flow is generally used to 

calculate the various friction factors, and hence the shear stresses. However, the geometry 

and interaction of the different phases are not considered in these computations. 

In the modelling of two-phase stratified flows in a horizontal channel, the flow is often 

represented in terms of two layers in which the wall and interfacial shear stresses are 

commonly calculated from standard single phase flow relationships (for example, Taitel and 

Dukler, 1976) with appropriate definitions of hydraulic diameter for the respective regions. 

Thus, the more viscous fluid-to-wall shear stress is calculated from Equation (4.112) with DH 

calculated from the cross-section of the fluid and the fluid-to-wall perimeter (i.e. the length of 

the interface is not included). 
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The objective of the worl< in this section is to assess the use of Equation (4.112) in 

the laminar flow regime for various types of stratified two-phase pipe flows by comparison 

with exact results obtained from the Boundary Element IVIethod. Though the interface is 

assumed to be flat and horizontal in many models for two-phase stratified flow, the true 

configuration is more complex, and is governed by the Bond number and the contact angle. In 

the results presented here, the exact solutions for the curved interface shape are used. In the 

cases considered, the denser fluid (B) flows at the bottom of the (circular) channel with the 

lighter fluid (A) above it. The three different laminar stratified pipe flows investigated are: 

(a) Gravity driven laminar flow. 

Flow of the denser fluid, B, is driven by gravity in a partially filled inclined 

pipe. The upper fluid A is assumed to play no part in the flow; thus, it is 

assumed to be of negligible density compared to fluid B and is not moving 

rapidly enough to exert any significant shear stress on the free surface. 

(Section 4.5) 

(b) Turbulent-gas laminar-liquid flow. 

Flow of a laminar stratified liquid layer, B, is driven by a pressure gradient 

and by the interfacial shear stress exerted by a turbulent gas phase (fluid A) 

flowing above it. An assumption is made for the turbulent gas flow that the 

shear stress has constant values along the gas-liquid interface and along the 

gas-solid boundary respectively, and that the ratio of these values is known. 

(Section 4.6) 

(c) Laminar-laminar liquid stratified flow. 

Here, the two stratified fluids (A and B) flow along a circular pipe driven by a 

pressure gradient. For illustration, and to match conditions occurring in the 

Imperial College experimental facility, WASP, the two fluids are assumed to 

be oil and water with a viscosity ratio of 45. The oil, being less dense, flows at 

the top of the pipe (i.e. as fluid A). (Section 4.4) 

The main outcome of these calculations is an assessment of the laminar friction 

factor expression, Equation (4.112). As will be seen, rather large deviations may occur from 

the commonly used value of 16 for the friction factor constant. In addition, recommendations 

for better approximations of the friction factor constant are made, where possible. 
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4.7.2 Method 

In a fully developed flow system, the shear stress at the fluid-solid boundary is 

balanced by the pressure gradient along the pipe. The magnitude of this stress is determined 

by the fluid velocity and properties, and the diameter of the pipe. 

The friction factor is defined as follows; 

# ( 4 . 1 1 4 ) 
p(u) 

where <T> is the mean shear stress, p is the density of the fluid, <u> is the mean velocity of 

the fluid, and N is an integer constant. 

There are various definitions of friction factor in the literature (e.g. Fanning, Moody, 

Coulson and Richardson). These differ only in the value of the constant, N. In the present 

work, the definition of Fanning is adopted for which N = 2, with <u> and <T> obtained from the 

Boundary Element calculations for the different types of stratified flow. For the laminar 

unidirectional flows considered here, the friction factor is always of the form 

We 

where k takes different values in the different cases considered. In addition, alternative 

definitions of the hydraulic diameter, required in the definition of the Reynolds number, 

Equation (4.110), are considered. 

4.7.3. Results 

When any of the three dimensionless parameters; the Bond number, contact angle 

and the holdup are varied, the shape of the interface changes. This in turn affects the shear 

stresses and volumetric flow rates of the fluids, as can be seen in the previous sections of this 

chapter. In the three different types of laminar stratified flows investigated, three different 

values for Bond number (Bo = 1, 10, 50), contact angle (9 = 71/6, nl3 and 2nl3) and holdup (e 

= 0.25, 0.5, 0.75) have been used. Other flow scenarios have been considered in order to 

assess the trends and check the limiting values of k. In particular, the value of k for a full pipe 

is always 16. The volumetric flow rate, and the wall and interfacial shear stresses, have been 

obtained from the Boundary Element computation. As the wall shear stresses vary around the 
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wall, and the interfacial shear stress varies along the interface, the values used in this study 

are averaged along the periphery and the interface accordingly. 

In the cases of gravity-driven flows and turbulent-laminar flow, the mean liquid-wall 

shear stress may be found directly from an overall force balance. These values have been 

used to check the Boundary Element calculations. 

4.7.3.1 Free Surface Gravity-driven Laminar Flow 

In a free surface flow, the interface is assumed to be stress free (i.e. the upper fluid A 

does not play a significant role in the flow). Hence, with reference to Figure 4.2, the hydraulic 

diameter in this case is commonly defined by 

DH (gravity) ~ ^ (4.116) 

where AB is the cross-sectional area of the denser fluid B, and SB is the length of the pipe 

periphery in contact with fluid B. 

Recognising that <u> = QB/AB where QB is the volumetric flowrate of fluid B, it follows 

from Equations (4.114) to (4.116) that the value of k for this case, kB(gravity) is given by 

(4.117) 

where s is the holdup of the denser fluid, B, <TWB> is the averaged wall shear stress for fluid 

B, HB is the viscosity of fluid B, and a is the pipe radius. 

Figure 4.69 shows a plot of the friction factor constant, kB(gravity), calculated using the 

Boundary Element method, against contact angle for different Bond numbers and holdups. 

The friction factor constant is a weak function of the holdup, and increases nearly linearly with 

contact angle, over the range considered. At small contact angles, the interface is more 

concave, giving more contact between the laminar liquid layer and the wall, leading to a 

decrease in the mean wall shear stress. At contact angles greater than nl2, the interface is 

more convex; thus the area of contact between the liquid and the wall decreases, and the 

mean wall shear stress increases. These changes are only partially offset by corresponding 

changes in the flow rate. The value of the constant lies between 14 and 18, and is nearly 

independent of the Bond number. However, there is a hidden dependence on Bond number, 

since the variation of k with 8 must decline for Bo <x>. For many purposes, the expression 
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derived from the Hagen-Poiseuiile equation, Equation (4.112), i<B{gravity) = 16 ± 2, is a 

reasonable estimate for determining the wall friction factor in such flows. 
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Figure 4.69 Variation of the wall friction factor constant with contact angle for 
different Bond numbers (Bo = 1. 10, 50) and holdups (s = 0.25, 0.5. 0.15). 
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Figure 4.70 Variation of the wall friction factor constant. kR,„r.uit,A with holdup for different Bond 
numbers (Bo = 1. 10. 50) and contact angles (9 = 71/6. ;z/3. 271/3). 

Figure 4.70 shows a non-linear variation of the friction factor constant with holdup and 

a minimum is present at a holdup of around 0.6 to 0.7 for all contact angles. At low holdups, 

the values of kB(gravity) are more spread out, with larger variation for different Bond numbers 

and contact angles. When the pipe is completely filled, keoravity) should be 16. This is 

confirmed in Figure 4.70, where the value of the constant tends to 16 and the variation of 

kB(gravity) decreases as e approaches unity. 

-292-



Figure 4.71 shows the variation of kB(gravity) with holdup at various contact angles for a 

Bond number of 200. At such a high Bond number, the interface is almost flat, with slightly 

curved menisci at the walls. Hence, one would expect the friction factor constant to be 

independent of the contact angle. This is true for the calculated values at holdups greater 

than 0.15. However, at very small holdups, the effect of the meniscus is felt, despite the Bond 

number being large, and some variation of kB(gravify) with contact angle is present. In this case, 

the Bond number based on pipe radius is not a good indicaton of the effect of gravity since 

the length-scale of the meniscus is smaller. 
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Figure 4.71. Variation of the wall friction factor constant, with holdup for Bo = 200 
and contact angles (6= 71/6. Tt/3, 27i/3). 

The exact value of kB(gravity) can be determined for any given case by repeating the 

numerical calculations and interpreting them appropriately. However, with sufficient accuracy 

for most practical applications, it is convenient to correlate kB(gravity) in terms of liquid holdup 

and contact angle by fitting the interpreted data for 9 = 71/6,7t/3, 271/3; 0 < e < 1; and 1 < Bo < 

50, in the form 

<B(gravity) " 1 6 + 3 . 3 9 (1 " e) [ 9 - — - 2 . 6 6 (e - 0 . 5 ) ] (4.118) 

This form of correlation contains known analytical results, k - 16, for s - 1 (a full pipe), or for e 

= 0.5 and 0 = rc/2 (a half-filled pipe). 

Comparison of the exact values with the correlation. Equation (4.118) is shown in 

Figure 4.72. The friction factor constant calculated from Equation (4.118) for s = 0.25, and 9 = 

71/2 is 17.7, and that for s = 0.75, and 9 = n i l is 15.4. Thus, even in this simple case, 

significant deviation from kB(gravity) = 16 can occur. Even though Equation 4.118 does not 

explicitly incorporate the effect of Bond number, it may be remembered that for very large 
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Bond numbers, the interface is flat and k must be independent of 0. Thus, Equation 4.118 is 

valid for a wide range of Bond numbers, but not for Bo -> oo. 
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h 16 -
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Figure 4.72 Plot of correlated kR,r,r.uiM against actual l<R/r,n,viM 

Figure 4.73 shows the variation of the friction factor constant with holdup of the 

laminar liquid layer, in the case of very high Bond number, where it is assumed that the 

interface is flat. The value of 16 is a very good approximation for such flows where the effects 

of Bond number and contact angle are not present. It can be concluded that kB(gravity) = 16 

suffices for gravity-driven laminar flows with a flat interface. It can be shown (Appendix D) that 

the limiting value of k for small values of holdup is 140/9 « 15.6, provided the interface 

remains flat. This is also very close to 16. Comparing this to the case with the exact interface 

when the Bond number is large (Figure 4.71), significant differences are present at small 

contact angles and holdups where the interface is significantly curved. 

Figure 4.73 Variation of kRin^^M with holdup for a gravity-driven laminar flow 
with a fiat interface 
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4.7.3.2 Turbulent-gas Laminar-liquid Flow 

A situation commonly found in stratified pipe flows is tiiat of a laminar liquid layer 

flowing in the bottom part of the pipe with a turbulent gas above it. In the one-dimensional 

two-fluid model of such flows, it has been the common practice to use f = 16/Re, for the liquid-

wall friction factor (Taitel and Dukler, 1976). However, there are strong indications (Shaha, 

1999, Spedding and Hand, 1990) that friction factors for the liquid phase can differ 

significantly from the normal single-phase flow values. The turbulent-gas laminar-liquid case 

is the most important one dealt with in this chapter since it has practical significance and the 

values of k for the laminar liquid zone can be unequivocally investigated. 

A complicating issue in the interpretation of the information on friction factor is that 

the result is affected by the definition of the hydraulic diameter, DH, of the liquid zone. Two 

different definitions have been employed: 

Case 1: 

Case 2: 

q — ^ (4.119) 
BE + 0 | 

D ' V L ) = ( 4 . 1 2 0 ) 

where the superscript indicates which case is being considered. AB is the cross-section of the 

liquid phase, SB is the liquid-to-wall perimeter and Si is the length of the interface. Case 2 is 

the most commonly used definition, for instance, by Taitel and Dukler (1976). In what follows, 

results based on both definitions are presented. 

The liquid-wall shear stress and the volumetric flow rate of the liquid layer, obtained 

from BEM calculations for the turbulent-gas laminar-liquid flow in a circular pipe, are used in 

the determination of the liquid-wall friction factor. Besides the three flow variables (the holdup 

of the liquid, e, the contact angle, 9, and the Bond number, Bo) described in the gravity-driven 

flow case, an additional dimensionless parameter is considered here: X is the ratio of the 

friction factor at the gas-liquid interface to that at the gas-wall. 

An increase in X results in corresponding increases in the interfacial velocity and 

shear stress, leading to higher volumetric flow rate of the liquid layer due to the increase in 

the driving force. Here, typical values of X (0.6, 1 , 3 , 4 ) from the literature are used (from 

Russell et al. (1974), Taitel and Dukler (1976), Spedding and Hand (1990), Andritsos and 

Hanratty (1987) respectively). 
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Figures 4.74 and 4.75 show results computed with the two different definitions of the 

hydraulic diameter (case 1 and case 2) for kB(T-L) against the liquid holdup for different values 

of Bond number and contact angle when the interfacial and gas-wall friction factors are equal 

(A,=1). 
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Figure 4.74 Variation of the wall friction factor constant, k^''' Rn-n with holdup for different 
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Figure 4.75 Variation of the wall friction factor constant i with holdup for different 
Bond numbers (Bo = 1. 10. 50) and contact angles (6 - V6. Td3. 2w3) at A. = 1 

As may be seen in Figures 4.74 and 4.75, kB(T-L) calculated using either definition of 

the hydraulic diameter tends to the value of 16 when the pipe is filled completely. The friction 
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factor constants determined for case 1 (including the length of the interface) lie in the range 

from 6 to 16, while those obtained for case 2 (not including the length of the interface in the 

definition of DH(T-L) ) gave values between 13 and 20. The case 2 definition of DH(T-L) is used in 

most friction factor predictions in the laminar flow regime, and it gives values which are closer 

(but not close) to the value of 16. However, the data are more spread out, with variations in 

the contact angle and the Bond number of the flow system. In contrast, case 1 gives a greater 

range of values of kB(T-L) but much less change with contact angle and Bond number. 

Hence, a difficult choice must be made to select an appropriate definition of the 

hydraulic diameter. As the shear stress at the interface is a significant part of the driving force 

for the laminar liquid layer, case 1 is chosen here, so including the length of the interface, and 

hence the friction factor constant can be written as 

B(T-L) 
87T^8^(TWB)A'* 

QG M-B (SB + S | ) 
(4.121) 

It is noted that the values of B(T-L) vary around the value of 8, which is the value for 

a purely shear-driven laminar flow in a channel. As the holdup increases, the contribution of 

the pressure gradient becomes more significant, and k'^'eii-L) increases towards the value of 

16 for a full pipe. 

For case 1, the Bond number has very little effect on the wall friction factor 

constant, k'^'ea-L)- This is illustrated in Figure 4.76 which plots the variation of k'̂ 'B(T-L) with 

Bond number for different holdups and contact angles at 1 = 1. It is again noted, however, 

that the variation of k with 6 shows an implicit dependence on Bond number, since such 

variation must vanish as Bo oo. 

12 

I 

A 9=7T/6,8=025 

• e=7t/6,E=0i0 
o 9=7T/6,E=0.75 

A 6=7I/3,E=025 

• 0=7r/3,s=0i0 
• e=7c/3,8=0.75 

A 0=271/3,8=025 
• 9=271/3, E=OiO 
o 8=271/3,8=0.75 

10 20 30 

Bo 

40 50 60 

Figure 4.76 Variation of the wall friction factor constant, k'^'R/r.n with Bond number for 

different holdups Is - 0.25, 0.5. 0.75) and contact angles (9 = n/6. n/3. 27i/3) at A, = 1. 
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Figure 4.77 sliows tl ie variation of k'^'ea-L) with holdup at different contact angles and 

Bond numbers at 7, = 3. This figure is very similar to Figure 4.74 which shows corresponding 

results for k = 1. The friction factor constant increases approximately quadratically with 

holdup, to a value of 16. The minimum in k associated with gravity-driven flow is absent here. 

At small holdups, especially at larger contact angles, the calculated friction factors are slightly 

more spread out than those for larger holdups where the effects of Bond number and contact 

angle are insignificant. 
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Figure 4.11 Variation of the wall friction factor constant. , with holdup for different 
Bond numbers (Bo = 7. 10. 50) and contact angles (9= idQ, 2iiJ2) at A - 3. 

With an increase in holdup, the flow changes from being mainly shear-driven to being 

mainly pressure-driven, hence increasing the friction factor constant. k'^'sr-L) also varies with 

contact angle, this variation is not as strong as that with holdup, as can be seen in Figure 4.78 

for X = 4. 
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Figure 4.18 Variation of the wall friction factor constant. k^^'R/r-n with contact angle for different 
Bond numbers (Bo = 1. 10. 50) and holdups (s = 0.25. 0.5, 0.15) at 1 = 4. 
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In addition, the friction factor constant is a weak function of X, as indicated in Figure 

4.79 where k̂ ^̂ B(T-L) decreases slightly with increasing X. 

1 2 -

A 8=025,6=7T/6 
• 8=0.50,6=7T/6 
o 8=0.75,9=71/6 

A 8=025,9=71/3 
• s=0i0,9=7t/3 
• 8=0.75,9=7T/3 

A 8=025,9=271/3 
n 8=0.50,9=271/3 
o 8=0.75,9=271/3 

Figure 4.79 Variation of the wall friction factor constant I with A for different Bond numbers 
{Bo - 1. 10, 50). holdups (s = 0.25, 0.5. 0.75} and contact angles (0= %/6. n/S, 27i/3). 

The Bond number for typical turbulent-gas laminar-liquid flows is very high. The 

variation of the friction factor constant, kB(T-L). with holdup and contact angle at a Bond number 

of 200 is shown in Figures 4.80 and 4.81, for the two different definitions of the hydraulic 

diameter. In both cases, kB(T-L) tends to the value of 16 when the pipe is completely filled with 

liquid. At such high Bond numbers, k is independent of contact angle at high liquid holdups. 
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Figure 4.80 Variation of the wall friction factor constant, with holdup for 
Bo = 200. X = 1 and different contact angles (6= n/B, tz/S, 2n/3). 
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Figure 4.81. Variation of the wall friction factor constant. k'^^Rfr-n with holdup for 
Bo = 200, X = 1 and different contact angles (6= V6. tjJ2. 2w3). 

Fitting the data for the different values of friction factor ratio, ( 1 = 1 , 3 and 4), the 

friction factor constant for the laminar layer with a turbulent gas phase flowing above it can be 

expressed as a linear function of both X and contact angle, and a quadratic function in terms 

of the holdup. 

B(T-L) = 16 - (1 -E) [19.5 E - 0.029 (9-TT /2)-0.167?t +7 .30 ] (4.122) 

The correlation of using the above expression is reasonable for all values of X, as can 

be observed in Figure 4.82, with most of the values clustered between 6 and 9. The three 

separate groups of k values (above 9) correspond to cases with high liquid holdups (s = 0.75, 

0.85 and 0.995). For these holdups, the various flow properties are almost independent of 

Bond number and contact angle, hence giving more or less constant values as shown in 

Figure 4.82. In addition, the correlation outlined in Equation (4.122) is independent of Bond 

number. Therefore, for every set of s, 6 and X, the friction factor constants for three different 

Bond numbers applied are identical. This is more obvious for case 1, with the interface length 

incorporated in the hydraulic diameter, due to the larger range of data (7 to 16). The 

correlation should only be used within the parameter range in which it has been derived, 

where 1 < 1 < 4 , 0.05 < s <0.995, n/G < 9 < 2n/3, and 1 < Bo < 50. The error in the correlation 

is + 1, so the relative error can be quite large when k'^'sa-L) is small. 
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Fioure 4.82 Plot of correlated , against actual k'^' .B(r-Lh 

The second definition of the hydraulic diameter, case 2, where D'̂ 'H(T-L) = 4 AB/SB, is 

more commonly used by both researchers and engineering code developers. Thus, a 

correlation applying the alternative definition of hydraulic diameter has also been determined: 

B(T-L) = 16 + ( 1 - 8 ) [2.11 (6-71/2) + 10.4 8 - 0 . 3 1 5 A.+0.925] (4.123) 

The friction factor constant predicted by this correlation corresponds very well to that obtained 

from the BEM calculations, as observed in Figure 4.83, except for very large holdups. The 

error is now less, and the maximum relative error is somewhat smaller since the values of 

are somewhat higher than Though the deviations from ksg-L) = 16 are less 

than for case 1, they are still quite large, with values from 12 to 17. 

& 1 4 

Figure 4.83 Plot of correlated i against actual k'^'n/T.i i. 
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Note that when 1 approaches zero, the flow becomes identical to the gravity-driven 

flow described in Section 4.7.3.1. However, Equation (4.123) does not reduce to Equation 

(4.118). Therefore, Equations (4.122) and (4.123) are correlations of the exact results that 

should be used only within the ranges of parameter values considered here, where 1 < A, < 4, 

0.05 < s <0.995,71/6 < e < 2n/3, and 1 < Bo < 50. 

Figures 4.84 and 4.85 show the variations of the friction factor constant, ked-L). with 

holdup and the friction factor ratio, X, for case 1 and case 2 respectively for a turbulent-gas 

laminar-liquid flow with a flat interface, which is widely assumed and applied in many two-

phase stratified flow models. The flat interface results illustrate similar trends to those for 

exact interface shape with large Bond numbers shown in Figures 4.80 and 4.81. The friction 

factor constant at the liquid wall for such flow is a very weak function of the friction factor ratio, 

X. The effects of Bond number and contact angle are not considered when the interface is 

assumed to be flat. 

The friction factor constant, kB(T-L). assuming a flat interface for the turbulent-gas 

laminar-liquid flow can be correlated by 

and 

K(I) 
B(T-L) 

„ ( 2 ) , 
B{T-L) 

F + F E N = - 0 . 2 1 0 ( L - = ) ] 

F 4 S ^ [ S - 2 . 4 0 ( 1 - . ) ) 

(4.124) 

(4.125) 

respectively. 

16 
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0 0 

Eqn ( 4 . 1 2 4 ) 
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0 . 7 5 

Figure 4.84 Variation of wall friction factor constant I with holdup for various friction 
factor ratios {A, = 1. 3, 4] with a flat interface: comparison with correlation Equation (4.124) 

- 3 0 2 -



The above expressions are developed assuming that the friction factor constant is 

independent of X. Analytical solutions, outlined in Appendix D, show that and , 

tend towards 20/3 and 40/3 respectively when G - » 0 . This is also clear in Figures 4.84 and 

4.85. 

E q n ( 4 . 1 2 5 ) 

• X=1 

O >.=3 
O X=4 

Figure 4.85 Variation of wall friction factor constant, with holdup for various 
friction factor ratios (X = 1, 3. 4) with a flat interface: comparison with correlation 

Equation (4.125) 

The forms of the fits Equations (4.124) and (4.125) are chosen to respect the known 

properties of the solution and contain just a single fitting parameter. They do not follow the 

data precisely, but give good estimates, particularly for k'^'. It is noted that there is a slight 

overshoot of k'^' above the value 16, for values of s very close to 1. This is not reproduced in 

the simple fit. 

4.7.3.3 Laminar - laminar flow 

The BEM has been used to evaluate the volumetric flow rates, and the interface and 

wall shear stresses of a two-phase laminar-laminar stratified flow in a pipe for realistic 

interface shapes. Five dimensionless parameters describe the problem, namely, the contact 

angle, 6, the Bond number. Bo, the holdup of the denser fluid, e, the viscosity ratio, m = HA/HB> 

and the dimensionless driving ratio, %, defined in Equation (4.13). In the calculations 

discussed here, a value of m = 45 was assumed; which is the ratio of oil and water viscosities 

applicable in experiments carried out on the Imperial College high-pressure pipeline facility 

(WASP). In this calculation the upper (lighter) fluid A is oil. Two different pipe inclinations are 

investigated, at % = 0 and 3; in both cases the pipe has a slight upwards inclination. Three 

different friction factors are studied in this section; they are at the pipe wall in contact with the 
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oil phase, at the pipe wall in contact with the water phase, and at the oil-water interface. 

When the angle of inclination increases, both the interface shear stress and the oil-wall shear 

stress increase, while the water-wall shear stress decreases. 

4.7.3.3.1 Oil - Wall Friction Factor 

As the oil (A) is flowing at a much slower rate than the less viscous water (B), it is 

pulled along the pipe by the shear stress from the water phase. This is similar to the turbulent-

gas laminar-liquid flow described in Section 4.7.3.2. Figures 4.86 and 4.87 show the friction 

factor constant calculated either with (case 1) or without (case 2) the interface length included 

in the hydraulic diameter. 
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Figure 4.86 Variation of the oil-wall friction factor constant, with holdup (of water) for different 
Bond numbers (Bo = 1. 10. 50} and contact angles (Q- n/G, 2w3) at r = 0. 
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Figure 4.87 Variation of the oil-wall friction factor constant. with holdup (of water) for different 
Bond numbers (Bo = 1. 10. 50) and contact angles (9 = ;Z/6, V3, Irdd) at r = 0. 
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Over the range of holdup from 0.05 to 1, the values of the friction factor constant, 

A{L-L) for case 1 (interface included in the hydraulic diameter) range from 4 to 7. The value 

must, of course, tend to 16 when the holdup of fluid B is zero. The values increase with 

increasing contact angle and vary with Bond number, though the range is somewhat 

restricted. For case 2, k'̂ A(L-L) varies from 6 to 35 over the range of holdup from 0.05 to 1, 

though it too rises to 16 when the holdup of B is zero. As seen in Figure 4.87, is 

influenced much more strongly than by changes in both the Bond number and contact 

angle. 

Hence, the constant k for the determination of the fluid A-wall friction factor can be 

obtained from 

Q A J^ALSA+SIJ 

where QA is the volumetric flow rate of fluid A, <TWA> is the averaged wall shear stress in 

contact with fluid A, and HA is the viscosity of fluid A. 

The oil-wall friction factor constant, k'̂ %L-L), is more or less constant over the range 

investigated, with a value of 6 + 1, for x = 0 . However, the spread of data at various 9 and s is 

more evident at small Bond numbers due to the more significant variation of interface shape. 

With changes in the interface shape, the flow rate and wall shear stress are altered 

accordingly. Here, the oil-wall friction factor constant is almost independent of the contact 

angle, with the values increasing slightly with increasing contact angle. 

For X = 0, as can be seen from Figure 4.86, the variation of k'̂ 'A(L-L) with holdup of the 

other phase (water) follows a somewhat cubic relation. At low holdups, k'̂  A{L-L) increases 

sharply with decreasing values of s. It must approach the limiting value of 16 as e -> 0. 

At X = 3, the values of k ' ^^ - i ) increase, taking values between 6 and 14, for 0.05 < s 

< 1, as shown in Figure 4.88. These values are not strongly affected by changes in the Bond 

number and contact angle. The constant generally decreases with increasing holdup, and this 

change is much stronger than that for a slightly inclined pipe, x = 0- When the holdup (of fluid 

B) increases, the effect of shear becomes more dominant, leading to an overall reduction in 

k'^^L-L). When the holdup of fluid B tends to 0 (and the holdup of A tends to 1), k'^V-L) 

approaches the value of 16 
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Figure 4.88 Variation of the oil-wall friction factor constant, 1 with holdup for different 
Bond numbers (Bo = 1 10. 50) and contact angles (d= V6, n/3. 271/3) at 7 = 3. 

It would be rather difficult to quantify the dependence of on each and every 

one of the five different parameters governing the flow system. The oil flow is similar to the 

laminar component of the turbulent-laminar flow, described in Section 4.7.3.2. The major 

difference is that the interfaciai shear stress is assumed to be constant in the turbulent-

laminar case, while the exact mean value of the interfaciai shear stress, which varies along 

the interface, is used for the laminar-laminar flow calculation. In the present work, the effect of 

viscosity ratio on the friction factor constant is not investigated. However, similar results 

should be expected for any case where the viscosity ratio is large. 

4.7.3.3.2 Water-Wall Friction Factor 

Figures 4.89 and 4.90 show plots of k'̂ 'eiL-D (case 1) and k̂ ^̂ B(L-L) (case 2) respectively 

for a horizontal pipe calculated using the two different definitions of the hydraulic diameter; 

one taking into account the length of the interface. Si, and the other not. In both sets of data, 

kB(L-L) tends towards the limiting value of 16 when the pipe is full of water. The friction factor 

constant for case 1 varies between 14 and 18 for 0.05 < e < 1, showing much less variation 

with Bond number and contact angle, than that for case 2. 
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Figure 4.89 Variation of the water-wall friction factor constant, !<!'''Rn-i \ with holdup for 
different Bond numbers (Bo = 1. 10. 50) and contact angles (9- tz/G, 7t/3. 

at 7 = 0. 
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Figure 4.90 Variation of the water-wall friction factor constant. I^^'rh.! I with holdup for 
different Bond numbers (Bo = 1. 10. 50) and contact angles (9= n/6, %/3, 2%/3) 

at 7 = 0. 

The result for case 2 is shown in Figure 4.90. A large variation of k'̂ 'B{L-L) is apparent, 

with the values falling from around 50 to 16 in the range 0.05 < e < 1. These values of k'̂ 'B{L-L) 

are also much more strongly affected by variations in Bond number and contact angle than 

are those of B(L-L)-
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The length of the oil-water interface is therefore included in the definition of the 

hydraulic diameter for the wall friction factor of the denser water phase, and the friction factor 

constant is defined as 

8K^ (T^WB)^'' 

QB ^ B I S I + S B ) 

(4.127) 

Since the more viscous oil phase is flowing at a much slower rate, the interface provides a 

nearly stationary boundary for the water flow. 

There is some variation of k'^V-L) with holdup as observed in Figure 4.89. It generally 

decreases with increasing holdup, but passes through a minimum value at approximately 

70% to 80% holdup. When the pipe is filled with the denser fluid, (e -> 1), increases 

towards the limiting value of 16. 

When the pipe is further inclined such that % = 3, increases with increasing 

holdup, as shown in Figure 4.91. The minimum in the variation of the friction factor constant 

which was seen previously is not observed here. The magnitude of the friction factor constant 

of the water phase is between 8 and 16, somewhat lower than those obtained for % = 0. 
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Figure 4.91 Variation of the water-wall friction factor constant, with s for different 
Bond numbers (Bo = 1. 10. 50) and contact angles (9= idQ, tjJZ. 2w(3) at y = 3. 

Thus, the wall friction factors of both fluids are evidently influenced by the orientation 

of the pipe, and consequent variation of the driving ratio, %. 
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4.7.3.3.3 Interface Friction Factor 

In addition to the wall shear stresses, the interfacial shear stress profiles were 

obtained from the BEM calculations for two-phase laminar-laminar liquid flows. These values 

are averaged over the length of the interface and used in the subsequent determination of the 

interfacial friction factor constant, kĵ L-L). 

There are several different ways of defining the interfacial friction factor, basing it on 

either the more viscous oil or less viscous water phase. In addition, either the difference 

between the interfacial velocity and the bulk velocity of the chosen phase, or the difference 

between the bulk velocity of oil and water, could be used. It does not seem appropriate to 

consider definitions that exclude Si in the calculation of the wetted perimeter. Here, the most 

popular definition is used. 

KI(L-I i(L-L) = ( 4 . 1 2 8 ) 

QA QB 

1 -£ S 
(S|+Sg 

where <Ti> is the averaged interfacial shear stress. Here the difference in the mean velocities 

of the oil(A) and water(B) is used, and the Reynolds number is based on the fluid properties 

of the less viscous (water) phase (B). The hydraulic diameter includes both the water-wall and 

interface perimeters. 

Figure 4.92 shows the results obtained for ki(L_L) where values between 5 and 18 are 

observed with a span of 5 to 12 units at any given value of holdup of fluid B, depending on the 

Bond number and contact angle. Similar trends are also observed when the pipe is inclined 

with % = 3. 

The Bond number plays a rather significant role in the determination of the interfacial 

friction factor constant. Figure 4.93 shows the decrease in the constant when the Bond 

number is increased. Further increases in Bond number are unlikely to produce much further 

decrease in the value of ki(L-L) since the interface is predominately flat with highly curved 

menisci at the walls, but the variability with 9 must disappear. 
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Figure 4.92 Variation of the interfacial friction factor constant kia.n with s for different 
Bond numbers (Bo = 1. 10. 50) and contact angles (6- n/6. n/3. 2%/3) 

at 7 = 0 using Equation (4.126). 
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Figure 4.93 Variation of the interfacial friction factor constant. k,(i.n with Bo for different 
holdups (e = 0.25, 0.5. 0.75) and contact angles (6 = uJQ. 7t/3. 27i/3) at y = 0. 

From Figure 4.92, the holdup of the water phase does not have much influence on 

the value of the interfacial friction factor constant except when the pipe is almost full of either 

oil or water. At large holdups, ki(L.L) increases, and takes values close to 16 when the pipe is 

full (s = 1). ki(L-L), also takes values close to 16 when e is small and 9 is large, when the 

interface becomes a circular arc. In general, ki(L.L) increases with contact angle. 

At X = 3, the spread of ki(L.L) over the range of Bond numbers, holdups and contact 

angles investigated is similar to that obtained for % = 0. 
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4.7 A Conclusion 

For laminar flows, the friction factor is given by f = k/Re. The friction factor constant, 

k, has been determined using flow properties obtained from accurate BEM calculations for 

three different types of laminar flows. Clear trends are obtained for the gravity-driven laminar 

flow and the turbulent-gas laminar-liquid flow, and simple closed-form correlations have been 

determined, relating the wall friction factor to the holdup and contact angle of the flow system. 

These expressions should only be used within the parameter range for which they were 

obtained. 

Due to the larger number of parameters involved in laminar-laminar pipe flows, 

caution is required. There is a greater variation of the interface friction factors obtained. Only 

flows of viscosity ratio 45 have been considered for the work in this thesis, and only two pipe 

inclinations. It is not possible to provide general correlations for the friction factors in this 

case. It is recommended that the Boundary Element Method is used whenever calculation of 

laminar-laminar flow is required. 

The less dense, more viscous oil phase in the laminar-laminar flow behaves similarly 

to the laminar phase in the turbulent-laminar flow while the denser, less viscous water can be 

treated like a wall-bounded flow. 

Instead of using f = 16/Re, which is appropriate for a single-phase pipe flow, a better 

procedure for determining the friction factor can be recommended, k depends on the type of 

laminar stratified flow in the pipe, the holdup of the phase and to a certain extent, the shape of 

the interface, f ~ 16/Re and f ~ 8/Re can be used to approximate the wall friction factor for 

free surface gravity-driven and turbulent-laminar flow respectively. In the case of the gravity-

driven flow, the free surface is not included in the hydraulic diameter. In all other cases, the 

interface length should be included in the wetted perimeter. The correlations developed for 

the different stratified flows are for 1 < A,< 4, 0.05 < s <0.995, n/6 < 9 < 2nl3, and 1 < Bo < 50. 

4.8 Overview 

The Boundary Element Method described in this chapter is a highly efficient tool to 

determine various flow properties of different types of two-phase laminar stratified flows. 

These include the two-phase laminar-laminar pipe flow, the gravity-driven free surface flow in 

a partially filled pipe and the turbulent-gas laminar-liquid flow. In the Boundary Element 

Method, only the integrals on the interface or the free surface need to be evaluated in order to 

calculate the integral and local properties such as the volumetric flow rates, interfacial (where 
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applicable) and wall shear stresses, and the interfacial and axial velocity profiles. As integrals 

over the flow domain are not required, the computation time is very short. 

The geometry of the interface, which is defined by the Bond number. Bo, the contact 

angle, 8, and the holdup of the denser phase, s, has a strong influence on the flow properties 

calculated. In the turbulent gas-laminar liquid flow, an additional dimensionless parameter 

associated with the gas phase, the friction factor ratio, X, is required to solve the problem. For 

laminar-laminar flows, the viscosity ratio of the two fluids, m, and the driving force ratio, %, are 

needed. 
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Evaluation of Wave 
Generation Tiieories 

5.1 Introduction 

There has always been a lack of physically accurate models to describe the flow 

regime transition between smooth and wavy stratified flows in enclosed conduits such as 

channels and pipes. Although this transition is not as important in industrial applications as 

the transition to slug flows, there still lies an urgent need to fully comprehend the stability of 

these flow systems and the mechanism of wave initiation and growth on a smooth stratified 

surface. The interfacial waves are of great significance in governing the interfacial friction, and 

hence, the pressure gradient and holdup in stratified flow. 

The primary objective of the work described in this chapter is to address the 

generation of waves in two-phase gas-liquid flows and to propose a generic predictive tool for 

the smooth to wavy stratified flow transition. Most models in the literature are adapted from 

those based on the natural generation of waves by wind over the ocean, and the extension of 

these models to flows within pipes and channels is investigated and, where possible, 

validated. 
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In analysing stability, a specification of the velocity distribution in the respective 

phases is necessary. At one extreme, the phase velocity may be specified as being constant. 

At the other, a detailed description of the velocity profile (particularly near the interface) may 

be required. Section 5.2 outlines the topic of phase velocity profiles as used in the stability 

analyses. The most commonly used classical Kelvin-Helmholtz stability theory is presented in 

Section 5.3 for both long wave and finite wavelength analyses. An unstable flow system 

would indicate the presence of interfacial waves and the transition line of interest could then 

be drawn. Only the inviscid stability theories are examined here. 

The subsequent two sections describe attempts made to apply wave generation 

theories for ocean surfaces to the present case of gas-liquid interfaces in conduit flows. 

Section 5.4 addresses the issues concerning critical layer theories such as those by Jeffreys 

(1924, 1925) and Brooke Benjamin (1959), while Section 5.5 investigates the validity of 

adapting viscous models (Belcher and Hunt, 1993) to stratified channel flows. Unfortunately, 

neither of these models leads to a sensible stability criteria for channel flows. 

5.2 Velocity Profiles 

In theories and mechanisms relating to the generation of waves on the surface of the 

ocean, the variation of the wind (air) velocity above the water is often an important feature. 

These natural processes can be considered as stratified flows with infinite depths. Most 

researchers on the initiation of ocean waves (e.g. Miles (1957), Brooke Benjamin (1959) and 

Belcher and Hunt (1993)) have assumed the mean velocity profile of the air flow to be 

logarithmic, consistent with a very deep fully-developed turbulent boundary layer. 

When thermal stability is neutral and the distortion of the mean air flow by the wavy 

undulations is negligible, the mean velocity gradient at height y above the water surface must 

be a function of y and u" alone, where u' = — ^ . Hence, 
VPair 

SU 

8Y KOY 

where KQ is the von Karman constant. 

(5,1) 

Over the ocean, the lower levels of the wind field are deformed by long waves, 

resulting in the atmospheric boundary layer being 'bent' to follow the large-scale surface 

undulations. Therefore, 
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u(y) = — I n 
KFI 

X 

YO 
(5.2) 

where yo is a constant which gives the virtual origin of the velocity profile. 

However, when such wave growth theories are applied to the prediction of the 

transition from smooth to wavy stratified flows in enclosed conduits such as pipes or 

channels, the logarithmic velocity profile of the gas phase has to be modified. The heights of 

both the gas and liquid phases are finite, and the no-slip condition has to be observed at the 

top and bottom walls. 

In this section, various methods of representing the velocity profiles are examined 

and assessed. These include a constant bulk velocity, and a velocity profile derived from the 

universal velocity profile. 

5.2.1 Constant Bulk Velocity 

The simplest approximation for the velocity profile of a gas-liquid stratified flow in a 

channel or pipe is to assume a constant bulk velocity in both the gas and liquid phases. 

These constant values are equal to the mean velocity of the fluid. Such an approach is used 

in the two-fluid model, where a momentum balance is performed on each phase. 

An example of the two-fluid method is PRESBAL (PRESsure drop BALance) by Khor 

et al. (1995). Developed in the Department of Chemical Engineering, Imperial College, it 

estimates the phase holdup and pressure gradient of either two-phase gas-liquid or three-

phase gas-liquid-liquid stratified pipe flow by comparing the pressure gradient in each phase. 

The code is written in FORTRAN and allows for the study of different closure relations for 

friction factors at the gas-wall, liquid-wall and the interface. However, the subroutines and 

iterations involved are inefficient and time consuming. 

In the work on which this present thesis is based, a much-simpler version of the 

model has been developed for two-phase stratified pipe flow using Mathematica, version 4. 

Due to the more direct solution algorithm, the computational time is greatly reduced. In order 

to predict the holdup and the pressure gradient of the system, the superficial velocities of the 

phases, the fluid properties and the orientation of the pipe are supplied. The assumption that 

the flow is fully developed and at steady state is made. The interface is taken to be smooth 

and flat for the present study, so that the interfacial friction factor is assumed to be equal to 

the gas-wall friction factor, though it is simple to introduce more complex closure relationships 

for the friction factors. 
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Figures 5.1 and 5.2 illustrate the variation of the pressure gradient and holdup with 

the superficial gas velocity (UJG) for different superficial liquid velocities (USL) in air-water flow 

in the three-inch nominal bore pipe (internal diameter of 0.0779m) used in the WASP facility 

(see Chapter 6). The superficial air velocity is between 0.1 and 10 ms \ while that of the water 

is varied from 0.01 to 0.15 ms"\ These results agree with those predicted by PRESBAL as the 

same equations are solved. It is noted that in such flows, the pressure gradient along the pipe 

is very small, of the order of 20 Pam"\ consistent with that expected for smooth stratified 

flows. 

dp/dz (Pa/m) 

- 5 

- 1 0 

- 1 5 

- 2 0 

- 2 5 

- 3 0 

- 3 5 

•uSG (m/s) 

Figure 5.1 Variation of pressure gradient with superficial gas velocity for different superficial 
liguid velocities (u^ = 0.01. 0.03, 0.05. 0.07. 0.09. 0.11. 0.13 and 0.15 ms'^) for air-water flow 

in a three inch pipe. 

holdup 
0.8 

0.1 

uSG (m/s) 

Figure 5.2 Variation of liguid holdup with superficial gas velocity for different superficial liouid 
velocities (u^i = 0.01, 0.03. 0.05. 0.07. 0.09. 0.11. 0.13 and 0.15 ms'^) for air-water flow 

in a three inch pipe. 
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The assumption of constant (mean) velocities is often used in Kelvin-Heimholtz type 

calculations to predict the wave characteristics. However, the boundary conditions that the 

velocities are equal at the interface and zero at the walls are not satisfied. This has led to the 

consideration of more realistic velocity profiles. 

5,2.2 Universal Velocity Profile 

In boundary layer flows, the presence of a solid wall imposes the no-slip constraint 

whereby the velocity of the fluid at the solid surface must be equal to that of the surface. This 

viscous constraint gives rise to viscosity-dominated regions. The equations of motion for 

turbulent flows in pipes and channels with parallel walls are relatively simple, since the 

geometry limits the growth of the boundary layer. If the conduit is long enough, the velocity 

profile is independent of the downstream distance (i.e. fully developed), and the non-linear 

inertia terms are suppressed. Specific semi-empirical equations may be developed for the 

region near the wall (the 'law of the wall'). 

Here, the law of the wall relations were applied to a stratified two-phase gas-liquid 

flow in a two-dimensional flow between infinite flat plates, accounting for the turbulence 

present. Besides the solid walls on the gas and liquid side, the gas-liquid interface was 

treated as a third pseudo wall. The procedure described below can be used to determine 

approximate forms of the velocity profiles for the different phases. This serves to illustrate the 

typical velocity profiles and to highlight certain difficulties encountered. 

As originally suggested by von Karman, the boundary layer originating from each 

wall can be divided into three regions (Schlichting, 1968): 

(a) The viscous sublayer (y* < 5) 

u \ = y ' (5.3) 

(b) The buffer zone (5 < y * < 30) 

u'̂ z = -3.05 + 5 l n y * (5.4) 

(c) The fully turbulent core (y'' > 30) 

U3 = 5.5 + 2.5 In y^ (5.5) 

where 
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u 

u* 
(5.6) 

yu p (5.7) 

(5.8) 

and y is the distance from tlie wall. 

In the present work, a continuous velocity profile has been used. This is much 

preferred to the disjointed one described by Equations (5.3) to (5.5). Such a profile can be 

obtained by ignoring the buffer zone and smoothing the formulae for the viscous sublayer and 

the turbulent core over the entire region. A fourth order weighted reciprocal function is used. 

-1 /4 

vU 3 y 

(5.9) 

Figure 5.3 illustrates the velocity profiles adjacent to a fixed wall given by equations 

(5.3) to (5.5) and (5.9) The proposed profile, outlined by Equation (5.9), agrees relatively well 

with the three intervals of the universal velocity profile. 

15 

12.5 

10 

7.5 

2 .5 

10 20 50 100 
y+ 

Figure 5.3 Universal velocity profile (solid line) and proposed continuous 
velocitv profile (broken line] in Equation (5.9). 

- 3 1 8 -



Here, a (two-dimensional) mean flow in a channel is considered. In each phase, the 

fluid is bounded by a solid wall and the interface. Hence, two independent profiles, one 

originating from the solid wall, and the other from the interface, are obtained. They can be 

combined either by using a weighted average or by joining separate segments of the two 

different profiles in order to establish a continuous function relating the axial velocity of the 

phase to the distance from the solid wall of the channel, y. The interface velocities of the two 

velocity profiles are the same. 

The holdup of each phase in the channel is calculated from the simple two-fluid 

model (i.e. using the specified flow rates and calculating the wall and interface friction factors 

from Equation (2.72)). With the holdup and hence the height of each phase known, the 

modifed universal velocity profile, outlined in Equation (5.9), can be used to determine the 

velocity profiles in both the gas and liquid phases. The position of the gas-liquid interface is 

taken to be the reference level (y = 0). Adhering to this convention, the bottom of the liquid 

phase is at a negative value of y. 

The main objective of the procedure is to determine the gas phase velocity profile 

adjacent to the interface. Though the integrated profiles will give average velocities 

reasonably consistent with the specified total flow rate, an exact match is not obtained. 

In the following example of two-phase stratified air-water flow in a channel of height 

0.08m, the superficial air and water velocities are fixed at 2ms"^ and 0.1 ms'^ respectively. This 

gives a liquid layer height of 0.0375m and mean gas and liquid velocities of 3.76ms'^ and 

0.21 ms"^ respectively. The wall units are calculated in terms of the shear stress, x, which 

takes values of 0.159kgm'^s'^, 0.067kgm"^s'^ and 0.053kgm"^s'^ at the liquid wall, the gas wall 

and the interface respectively. 

hei$ i t (m) 

01-

-0.005 

-0.01 

-0.015 

- 0 . 0 2 

-0.025 

-0.03 

-0.035 

0.05 0.1 0.15 0.2 0.25 
velocity (m/s) 

Figure 5.4 Velocity profile originating from the liauid-wall in a 0.08m channel with 
u^ = 2 ms'^ and UKi_=0.1ms\ 
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Figures 5.4 and 5.5 show the velocity profiles originating from the liquid wall and from 

the liquid side of the interface. Here, the interface is assumed to behave like a moving solid 

wall and therefore, the no-slip boundary condition is enforced. However, the interface is 

moving at a finite velocity, so it is necessary to add the velocity at the interface, Uj, to the 

velocity profile. 

HEI^T (M) 

-0.005 

-0.01 

-0.015 
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-0.025 

-0 .03 

-0.035 

-0.14 -0.12 - 0 . 1 — = 0 7 0 5 -0.04 -0.02 
veloci ty (m/s) 

Figure 5.5 Velocity profile oriainatina from the liquid-side of the interface 
in a 0.08m channel with u^r: = 2 ms~ and u^i -0.1ms'. 

To obtain the overall liquid velocity profile, the two separate profiles are matched at a 

height, y^, where their velocity gradients are equal. When y is greater than y^, the velocity will 

be given by the (shifted) profile in Figure 5.5. On the other hand, when y is less than y^, the 

velocity will be defined by the profile in Figure 5.4. The overall liquid velocity profile is 

illustrated in Figure 5.6. Also shown is the constant bulk velocity of the liquid phase 

determined from the two-fluid model. 
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Figure 5.6 Overall liquid velocity profile and its mean bulk velocity 
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Similar steps are performed on the gas phase. Figures 5.7 and 5.8 show the velocity 

profiles of the gas phase originating from the solid wall and the gas-liquid interface 

respectively. Here, the velocity at the interface is correspondingly shifted from zero to u, as 

calculated above. The overall gas velocity is determined by taking a weighted sum of the two 

different velocity profiles, and is illustrated in Figure 5.9, together with the mean bulk gas 

velocity. It is noted that the velocity has a blunted parabolic profile. 

height (m) 

0.04 

0.03 

0.02 

0.01 

velcci ty (m/s) 

Figure 5.7 Velocity profile oriainatinQ from the gas-wall in a 0.08m channel with 
= 2 ms and u^=0.1ms . 

HEI^T (M) 

velocity (m/s) 

Figure 5.8 Velocity profile originating from the gas- side of the interface in a 0.08m channel 
with u^a = 2 ms' and u^i =0.1ms'. 
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The overall gas velocity would hence be given by 

UG 
I y I I 

UG.int - — + UQ^^a l l | h^_y ' ^G,wa l l | 
V H G ; 

(5.10) 

where Uq, mt and Uq, waii are the velocity profiles of the gas phase from the interface and the 

wall respectively, he is the height of the gas layer, and y is the vertical distance from the gas-

liquid interface. 
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v ^ c c i t y (m/s) 

Figure 5.9 Overall gas velocity profile and its mean bulk velocity 

Finally, the total velocity profile in a channel of height 0.08m for two-phase stratified 

air-water flow is illustrated in Figure 5.10, 
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Air 

Water 
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Figure 5.10 Overall velocity profile in a 0.08m channel with u^ = 2 ms''' and u^=0.1ms'\ 

Figure 5.11 shows the overall velocity profiles determined in the same way for 

different values of USG and UJL in a 0.08m channel. 

(a) 

WODLY (10/S) 

(b) 

velcd-ty <nvs) 

(C) 

wlceity (m/a) 

(d) 

\«lcxity (m/3) 

Figure 5.11 Overall velocity profiles in a 0.08m channel for different sets of u^n and u.^i . 
(a): (3.0.01). (b): (3.0.1). (c): (5. 0.1). (d): (5.1) 
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The procedure described above suffers from (at least) two distinct weaknesses. First, 

the mean of the calculated velocity profiles is not exactly equal to the bulk velocity calculated 

using the two-fluid model. Secondly, the application of the law of the wall to both sides of the 

interface is of doubtful validity. Though the interface may behave approximately as a solid 

surface as far as the gas is concerned, it may behave more like a free surface when the liquid 

phase is concerned. In the latter case, turbulent eddies may not be completely suppressed on 

the liquid side of the interface, rather they are likely to become two-dimensional near the 

interface. 

It would be possible to address these two weaknesses, but in most of the calculations 

involving wind over ocean theories, the main contributing effect would be the velocity profile of 

the gas phase. Strictly, a velocity profile similar to those illustrated in Figure 5.11 should be 

used. Nevertheless, as the boundary layer at the bottom wall is not very important, the 

interface velocity is assumed to be equal to the mean velocity in the liquid. In the calculations 

described in the remaining sections of this chapter, the liquid velocity profile is assumed to be 

uniform and takes the value of the bulk mean velocity. 

5.2.3 Mixing Length Models 

Most investigators have used simple models to describe the turbulence in the air flow 

over waves, assuming a logarithmic profile. Often, the direct effects of turbulence on the 

wave-induced motion in the air are disregarded. To correct for that, air turbulence can be 

modelled either by eddy viscosity models or higher order closure models. However, these are 

quasi-static models which implicitly assume that the waves are only a slow perturbation to the 

turbulent air flow, where 'slow' indicates that the period of the surface wave is long compared 

to the typical relaxation time of the turbulence. 

van Duin and Janssen (1992) used first order closure models, such as the eddy 

viscosity model with Prandtl's mixing length, as a basis for the study of turbulent air flow over 

a surface gravity wave of small amplitude. Here, the combined effects of turbulence and 

molecular viscosity are accounted for. Although the measured growth rates were 

underestimated, the theory presented was in better agreement than previous theories, van 

Duin and Janssen concluded that the predicted growth rate of the waves was dependent on 

the turbulence model used. It seems that the more the mixing length depends on the shear in 

the mean air flow, the larger is the predicted growth rate. 

Jacobs (1987) presented an asymptotic theory for the turbulent flow over waves, 

based on the use of a turbulence model in which the eddy viscosity is assumed to vary 

linearly with distance from the water surface. The phase shift between the wave-induced 
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pressure perturbation and the surface elevation that results in wave growth is a result of the 

gradient of the Reynolds stresses. 

5.2.4 Conclusion 

The choice of an accurate velocity profile to describe the flow of the gas in an 

enclosed conduit such as a pipe or channel is important, especially when theories of wave 

generation on the surface of the ocean are applied. Many of the early theories involve the 

critical height, where the air velocity matches the wave speed. 

In the next section of this chapter, constant bulk velocities in both the gas and liquid 

phases are used for the evaluation of Kelvin-Helmholtz type theories. In critical layer theories 

and viscous models, the modified universal velocity profiles are used; the application of these 

theories are outlined in Sections 5.4 and 5.5. 

5.3 Kelvin-Helmholtz instability Theories 

In the present context, hydrodynamic instability is the self-excitation of waves in 

stratified pipe flows. Tiny surface perturbations are always present due to external sources 

and their growth is a result of interaction with the hydrodynamics of the flow. 

Named after Kelvin and Helmholtz who developed it originally, the Kelvin-Helmholtz 

instabilities has been described in terms of the linearised theory for the stability of a plane 

vortex sheet. In the model, the unperturbed vortex sheet is horizontal, separating an infinite 

perfect fluid at the bottom from another fluid of smaller density above. The density and 

velocity are discontinuous across the interface. The instability is due to the pressure effect on 

the interface which is a result of the difference in velocities of the two fluids. The stability of 

the interface is analysed mathematically in terms of the propagation velocity of surface waves 

resulting from a small perturbation of the interface, using the potential flow approximation. 

In this section, the inviscid Kelvin-Helmholtz theories are studied and hence the 

viscosities of the fluids are neglected in the analysis. Although in most Kelvin-Helmholtz 

studies, the inviscid assumption has been made. Work has also been carried out on the so-

called viscous Kelvin-Helmholtz instability. Analyses of such instability have been described 

by Lin and Hanratty (1986), Hall (1992), and Barnea and Taitel (1993) where the viscous and 

inertia terms are included in a long wave analysis. Essentially, the instability threshold is 

determined by perturbation analysis of the two-fluid model. The inclusion of these effects will 

result in a wave velocity greater than the average liquid velocity at neutral stability. Thus the 
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inertia terms become destabilising, causing tlie instability to be initiated at a lower gas 

velocity. 

In the inviscid theory, the interfacial stability of the system is governed by three 

effects, namely the gravitational forces, surface tension forces and the relative motion. The 

gravity component is stabilising when the upper fluid is less dense than the lower one. The 

surface tension force is stabilising as it acts to resist any deformation from the equilibrium 

plane surface configuration. On the other hand, the relative motion between the fluids is 

destabilising due to its influence on the pressure. 

In this section, both the long wave analysis involving the classical Kelvin-Helmholtz 

theory and the finite wavelength analysis using the irrotational potential flow assumption are 

applied to determine the transition from smooth to wavy stratified flow in a rectangular 

channel. The criterion for the transition is the presence of waves on the interface, indicated by 

a positive wave growth rate. Subsequently, the feasibility of extending the Kelvin-Helmholtz 

stability theories to conduits of different geometry is investigated. 

5.3.1 Long Wave Analysis (Inviscid) 

The classical long wave Kelvin-Helmholtz instability is often used to describe the 

transition from stratified to slug flows. When the gas accelerates over the wave, or the small 

perturbation on the interface, the pressure is lower above the wave due to Bernoulli's effect. 

Suction is produced on the protrusion, resulting in the growth of the perturbation. When the 

amplitude of these waves is large enough to bridge the conduit, slugs are formed. Here, the 

wavelengths are much greater than the height of the conduit. 

In a horizontal channel of height B, the shallow liquid assumption is made, whereby 

the variation of the local pressure in the liquid in the vertical direction is only due to changes 

in the hydrostatic head. 
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Figure 5.12. Two-phase aas-liauid stratified flow in a channel of height B. 

The area averaged continuity equations for incompressible gas-liquid stratified flow in 

a channel of constant cross-section are given by: 

ahL d 

9t * 6 z 
[ ( B - h J u c (5.11a) 

8 h , 8 
+ ^ K U L ] 

at 8z 
(5.11b) 

Expanding the continuity equations gives, 

5H|_ (5.12) 

AHI_ 

at 5z 5z 
(5.13) 

Similarly, the momentum equations for each phase are given by: 

— [ ( B - H L ) U G ] + — (B-HL)UG' ' 
o t oz 

B-h|_ d 

PG 5z 
[Po] (5.14) 

| ^ [ H L U J + ^ K U L ^ ] = - ^ ^ [ P L ] (5.15) 

where pc and PL are the hydrostatic pressure in the gas and liquid phases, given by. 
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PG PG, - P G G ( H L - Y ' ) {5.16a) 

P L = Pu + P L G ( h L - Y ) (5.16b) 

Pci and pu are the pressures at the interface and y' is the perpendicular distance from the 

bottom of the channel. 

Eliminating the - ^ t e r m from the momentum balances using the continuity 

relationships, Equations (5.14) and (5.15), yield 

^ + U g ^ = ^ (5.17) 
a t G g z g z 

^ + U l - ^ = (5.18) 
AT L G Z P L ^ Z 

The surface tension, y, between the two fluids is accounted for using the Young-

Laplace equation 

PGi - Pu = (5.19) 

where the interface curvature is taken to be small. 

Eliminating the pressure terms in the momentum balances, using Equations (5.16) 

and (5.19) gives. 

(5.20, 

Equations (5.12), (5.13) and (5.20) are next linearised by splitting the ht, UL and UQ 

terms into components representing the steady state value ( x ) and the small perturbation (x') 

in the form 

hu = h^ + hu' (5.21a) 

UG = UQ + UG' (5.21b) 
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UL UL (5.21c) 

This gives 

A H / 

at 
(B -h , ) 

R '\AUG 

5z 
- Ur 

C^L 

dz 
(5.22) 

8 h / r 9Ul' _ 5h ' L (5.23) 

5u, I 

P G ^ - p g U G - ^ + P L ^ + P L U L ^ - y ^ ^ + ( P L - P G ) g ^ = o (5.24) 
I I FL3, 

at dz at S Z dz 

Differentiating Equation (5.24) with respect to z and expressing the derivatives of 

Uuand Uq in terms of hu gives 

A^H^ ' 

dr 
+ 2 

- 1 _ 1 
P G ^ G P R + P L ' J L - ^ 

L NJ_ 

A ' H / 

ATGZ 

PG^G^ R + P L U L ^ ^ + ( P G " P L ) 9 
B - H L H^ 

a^ h j a'̂  hL 
0 (5.25) 

A harmonic perturbation to the liquid height is considered in the form 

HU' h, e' (5.26) 

where h^ is the initial amplitude of the liquid perturbation, co is the angular frequency given by 

CO = with c and A, = ^ being the wave speed and wavelength respectively, k is the 

wave number. The imaginary component of the frequency will be the growth rate of the wave. 

The inviscid Kelvin-Helmholtz long wave dispersion relation is then 

a CO + b (0 + c (5.27a) 

where 
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(5.27b) 

- 2 
- 1 _ 1 

PG - + P L U L r 
B - h | h. 

(5.27c) 

UQ^ T- + P l U L ^ ^ + ( p g ~ P L ) 9 PQI^G 
B - h i 

- YK" (5.27d) 

The dispersion relation, Equation (5.27a) has two roots, which may be real or a 

complex conjugate pair. The real part, cor, gives the angular frequency of the disturbance 

while the imaginary one, coj, is the wave growth rate. A positive value of o), at any arbitrary 

wave number k indicates the presence of waves, generated by the inviscid Kelvin- Helmholtz 

mechanism. A typical growth plot for all wave numbers is illustrated in Figure 5.13. In this 

particular flow system, waves with wave numbers between 0 and ki are present. 

If the roots of Equation (5.27a) are both real, the system is stable. Thus, the inviscid 

long wave Kelvin-Helmholtz stability criterion for a gas-liquid stratified flow in a channel of 

height B, at any wave number, k, is given by 

- 1 _ 1 
PG^^GI;—F^ + PL^L — 

B — hi 

1 1 
PG r, r +PL 

B - h , I|_ IIL 
PG^G^ O 7- + P L U L ^ ^ + (PG~PL)9 

B - H L HL 
YK^ (5.28) 

Figure 5.13. A typical curve of wave growth rate as a function of wave number, k. 
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Note that Equation (5.28) can be evaluated in a frame of reference moving at speed 

O.Ŝ UQ + u^), in which the gas and liquid velocities are equal and opposite with speed, U, 

where 

0.5(uq - UL) U 

Figure 5.14 shows wave growth rate plots, at a liquid height of 0.5B, for different 

relative gas and liquid velocities represented by the single parameter, U. 

At U = 7.5 ms \ the wave growth rate is zero and hence no waves are present on the 

interface and the flow remains smooth stratified. When the difference between the gas and 

liquid velocities increases, waves are generated with larger wave numbers (or smaller 

wavelengths) and higher growth rates. In addition, at higher values of U, the disturbances 

consist of waves with a wider distribution of wavelengths. 
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Figure 5.14. l/Vawe growth plots for different relative gas and liquid velocities at 
liguid height ofO.SB with B = 0.08m, Pn = 1.209 kam'^, o, = 998.3 kgm'^. r= 0.07275 Nm' 

It is interesting to express the results for Kelvin-Helmholtz instability in terms of 

superficial velocities of the phases for a simple equilibrium channel flow. Such flow can be 

calculated from the two-fluid model as described in Section 5.2.1. There is, of course, a basic 
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incompatibility in using the two-fluid model (incorporating wall and interface friction) in 

conjunction with the inv/sc/d Kelvin-Helmholtz instability theory. However, for turbulent flows, 

the velocity is relatively constant in the gas phase and the principal instability driving 

mechanism (changes in gas pressure over the perturbations) is still captured. In calculating 

the holdup, and hence the actual fluid velocities in the two fluid model, the Blasius equation 

has been used to calculate the fluid-wall shear stresses, and the interfacia! shear stress has 

been assumed to be WQ where A, is a multiplying factor on the gas-wall friction factor. Taitel 

and Dukler (1976) assumed ?.to be 1. The transition is determined by the presence of waves 

at the most unstable wavelength, using the inviscid long wave Kelvin-Helmholtz criterion, 

Equation (5.28). Note that the critical condition (when the maximum coi is zero) for the onset of 

instability occurs first for long waves (k 0) and so is independent of the surface tension, y. 

Figure 5.15 is a plot of calculated neutral stability conditions for fully developed air-

water stratified flow in horizontal channels of various heights. It is noted that the size of the 

channel does have an effect on the long wave Kelvin-Helmholtz instability. The bigger the 

channel, the more stable the flow. 

UNSTABLE 

10 inch 
(254mm) 

1 inch 
(25.4mm) 

USG ( "1 /S) 

Figure 5.15. Stability plots for air-water flows in channels with various heights 
(B = 25.4. 38.1. 50.8. 76.2. 127. 254mm (1. 1.5. 2. 3. 5. Winches)), with on = 1.209 kam'^ o, = 
998.3 kgm'^. v= 0.07275 kas^ un = 0.0183 x 10'\gm'^s \ u, = 0.9787 x 10'^ i<gm'^s\ f/fn = 1 

The effect of the ratio of interfacial to gas-wall friction factor, X, on the stability map is 

shown in Figure 5.16 where typical values from the literature of 1,2, 3 and 5 are applied to 

the two-phase air-water flow in a 1.5-inch (38.1mm) channel. The stratified flow system is 

more stable when a larger X is selected. Due to the significant changes when different values 

of X are applied, the accurate determination of the interfacial shear stress is essential. 

-332-



10 

E 1 

0.1 

increasing x 

10 

USQ(M/S) 

UNSTABLE 

100 

Figure 5.16. Stability plots for air-water flows in a 38.1mm (1.5-inch) high channel at various ratios of 
interfacial to gas-wall friction factors (Z = 1. 2. 3, 5). with oa = 1.209 kgm'^, oi = 998.3 kom'^. r = 

0.07275 kas \ un = 0.0183 x 10'\gm"s \ u, = 0.9787x 10"' kgm"s •3, -1-1 1-3 

In a circular pipe, instead of the liquid height, the cross-sectional area of the liquid 

phase, AL, and the liquid holdup are considered. The dispersion equation would then be 

a CO + b CO + c (5.29a) 

where 

PG +PL (5.29b) 

- 2 PG^G 
A' I \ 

+PLUL (5.29c) 

PG^G + PLUL 
^ A' ^ 

VALY 
- (PG~PL)9 - yk" (5.29d) 

with A being the cross sectional area of the respective phase and A' being the interface 

length. 

A' 
5A L 

9 hi 

; de (5.30) 

where R is the radius of the pipe, e is the holdup of the liquid phase, and S, is the length of the 

interface. 
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Figure 5.17 shows a plot of stability conditions for air-water flow in a horizontal pipe 

with varying pipe diameters. When the pipe is bigger, the flow is more stable, similar to the 

example of flows within a two-dimensional channel as discussed earlier. 

10 

-2 
& 0.1 
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"SG (M/S) 
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10 inch 
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1 inch 

(25.4nm) 
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Figure 5.17. Stability plots for air-water flows in pipes with the ratio of interfacial to gas-wall friction 
factor. Z= 1, at various pipe diameters (25.4. 38.1. 50.8, 76.2, 127, 254mm or 1, 1.5. 2, 3. 5, 10 
inches), on = 1.209 kgm'". oi = 998.3 kqm'^, y= 0.07275 kgs'^, un = 0.0183 x lO'^kgrn''s''. ui_ = 1^-1 

0.9787X lO'^kgrn'^s' 
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Figure 5.18. Stability plots for air-water flows in conduits with various hydraulic diameters 
(Dh = 25.4. 50.8. 254mm (2. 4 and 10 inches)), on = 1.209 kgm'^, oi = 998.3 kam'^. y= 0.07275 kgs 

Un = 0.0183 X 10'^kom"s". u, = 0.9787x 10'^ kam'^s .-1^ 1^-1 

Due to the differences in conduit geometry between a rectangular channel and a 

circular pipe of the same height or diameter, the hydraulic diameter, DH, is used as the 

characteristic scale. The comparison of the transition from stable to unstable stratified flow in 
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a channel and a pipe of the same hydraulic diameter (DH = 25.4, 50.8 and 254mm or 2, 4 and 

10 inches) is illustrated in Figure 5.18. Hence, the equivalent height of the channel would be 

0.5D where D is the diameter of the pipe with the same hydraulic diameter. At low superficial 

gas velocities, the stability transition for the channel agrees rather well with that for the pipe of 

the same hydraulic diameter. However, at higher superficial gas velocities, the stability 

criterion for the channel seems to tend towards that of the pipe of half its hydraulic diameter 

(i.e. the same height). The stratified flow in the pipe is more stable (than for the channel) at 

higher superficial gas velocities for a given liquid superficial velocity as illustrated. This 

difference diminishes when the hydraulic diameter is increased. It is useful to note that the 

transition lines for pipes are reasonably close to those for channels in this case. 

5.3.2. Finite Wavelength Analysis (Inviscid) 

In the wavy stratified flow regime, the waves on the gas-liquid interface do not 

generally have wavelengths greater than the height of the channel or the diameter of the pipe. 

In this section, the long wave assumption of the Kelvin-Helmhoitz instability was relaxed and 

the generation of waves of any length, including long waves, was investigated. Here, the 

incompressible and irrotational flow assumption is made. Thus, there exists a velocity 

potential, (j), on each side of the interface between the two streams. This analysis has been 

documented in standard fluid mechanics textbooks, but to the present author's knowledge, it 

has not been used for the determination of the stratified flow transition. The primary objective 

was to study the feasibility of extending the irrotational flow problem in a channel to predicting 

finite wave growth in circular pipes. Prior to that, the effect of the channel size on the finite 

wavelength Kelvin-Helmholtz instability was investigated. The analysis was extended to the 

circular pipe case on the basis of equivalent hydraulic diameters. 

Consider a stratified horizontal flow of two inviscid fluids, a gas and a liquid in a 

rectangular channel of height B. The interface is at y = 0, with y = he at the top wall and y = -

hu at the bottom wall. 

Gas 

L I C I U L D 

i 

HL 

y = hc 

y = 0 

y = - hL 

Figure 5.19. Two-phase aas-liauid stratified flow in a channel considering a small 
perturbation at the liouid surface 
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Since each phase is inviscid, the Laplace equation for the velocity potential can be 

written as 

V (̂()e = 0 and = 0 (5.31a) 

where 

Uq = V(j)Q (5.31b) 

Ul = V(j)L (5.31c) 

h is the elevation of the interface, and is a function of the transverse and axial directions and 

time. A level set variable, F, is defined such that 

F = h(x, 2, t) - y (5.32) 

so that F = 0 defines the interface. 

The fluid particles at the interface must move within the interface without the two 

fluids occupying the same point at the same time. Furthermore, no cavity should form 

between the fluids. Therefore, since F = 0 at the interface, ^ = 0, where the total derivative 

of F is 

DF 5F dF dF dF 
— 1- UY H U\, 1- UY 

Dt at 8x =az 
+ u^ ——t- Uy ——h u^ —— (5.33) 

where Ux, Uy and û  are the velocities in the transverse, vertical and axial directions. This gives 

the kinematic condition 

5h dh dh 
+ Uy — Uy + u^ —— — 0 (5.34) 

Substituting Equation (5.31) into Equation (5.34), the kinematic boundary conditions 

for the system at the interface would be 

^ ^ _ 5 ^ ^ _ 5 ^ ^ 2 5 3 ) 
at ay 5x dx dz dz 
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3h 5(j)L 5(|)L 9h 9(b, 3h 
( 5 3 5 B ) 

The waves at the interface would result in the pressure not being constant along the 

interface. The dynamic boundary condition takes into account the surface tension by the 

application of the Young-Laplace equation. 

PL - PG - - y K = -Y h (5.36) 

where K is the curvature of the interface. 

Hence, 

1 2 9(|)G , 
"^PG'-'G + P G ~ ^ + PG9H 

where f(t) is an arbitrary function of time. 

^ P L U L ^ + P L ^ + PLGH I + Y V 2 H = F{T) 
2 OT J 

(5.37) 

The boundary condition at the walls are — = 0 and the velocity potentials can be 
AY 

expressed in terms of the sum of the steady state values and their fluctuating ones. The 

following expressions for the velocity potentials are substituted in Equation (5.37). 

())Q — (|)G + Uq z (5.38a) 

(j)L = + UL z (5.38b) 

where the perturbations from the basic flow are denoted by a tilde. The linearised form of 

Equation (5.37) is 

P G N G ^ - P L L I ^ + P G ^ - P L ^ + G H ( P G - P L ) ( 5 3 9 ) 
OZ OZ ot 01 

The function f(t) has been chosen to provide equality in the undisturbed case. 

In addition, the height of the interface is perturbed, and the disturbance introduced is 

in the form 

337 



h = i n e Kk+kz-wt) (5.40) 

with CO being the angular velocity and I and k being the wave numbers for waves in the 

transverse and axial directions respectively. 

Next, the kinematic equations are linearised with the assumption that the surface 

displacement and its gradients are small, giving, 

AT 6 Y A Z 

— = i i k - n — (5.42) 
8t ay az 

The disturbances in the velocity potentials are resolved into independent modes of 

the form 

= fG(y)e'(^+'^-'") (5.43) 

= fL(y) (5.44) 

where fsfy) and fL(y) are amplitude functions. 

Equations (5.43) and (5.44) are substituted into Equation (5.31) to obtain an equation 

in the form of f" = k^ f, where k is the magnitude of the wave vector, given by 

k = ( k ' + I ' )° ® (5.45) 

and the solution for f takes the form of 

f = A e""̂  + B e-ky 

where A and B are arbitrary constants. 

Considering boundary conditions that — is zero at the top wall where y = he and at 
AY 

the bottom wall with y = - ht. 
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= K A C G E K Y - EZKHC-KYJ ^5 ,4%, ) 

SFI _ 
GY = K A L ^ E K Y - E - Z K H S - K Y J ( 5 . 4 % , ) 

From Equations (5.40), (5.41), (5.43) and (5.44), 

AFG(O) / _ , \ 
= nW-Uek) (5.47) 

8f, (0) I _ , X 
- ^ = Tl((o-ULk) (5.48) 

Hence, at tine interface where the value of y is zero, expressions for the amplitude 

functions can be found. 

L(UGK-O) )FE ' 'Y + E " ^ ^ = - K Y 

fG(0) = r ^ (5.49) 
KLEZKHO-L 

UO) = 

An expression for r\ in terms of fc (0) and ft, (0), evaluated at the interface, can then 

be obtained from Equation (5.37). 

P G ^ G ( Q ) ( ^ G I ^ ~ ' ^ ) ~ PLFL (0 ) ( ' - ' L ^~ ' ^ ) ,C CL\ 

YK - G ( P G - P L J 

Eliminating rj, between Equations (5.49) to (5.51), the first form of the dispersion 

equation is obtained. 

y P + (pL-pc^k = PL (uL k - co)̂  cos (k h J + (uQ k - co)̂  cos (k hg) (5.52) 

The gas and liquid velocities are shifted to a reference frame where the mean velocity 

is zero and each phase has speed U, where 

U = 0.5(Ug-UL) (5.53) 
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It can be shown that waves with I = 0 (see Equation 5.45) are more unstable than 

those with I 0 (Drazin and Reid, 1981). Therefore, 2D waves are considered where 

Therefore, the dimensionless form of the dispersion equation is 

ara^ + bro + c = 0 (5.54a) 

where 

a = coth(l<)+pcoth(ak) (5.54b) 

b = 2 k[coth(k)-pcoth(al<)] (5.54c) 

c = [coth(k)+pcoth(ak)]l<^ - (5.54d) 

The dimensionless angular frequency, 6 , dimensionless wave number, k , the 

Weber number. We, and the Froude number, Fr, are scaled to the properties of the liquid 

phase and the reference relative velocity, U. 

k = khL (5.55) 

® (5.56) 

a = he / hL (5.57) 

P = PG / PL (5.58) 

We = P*- (5.59) 
Y 

U2 
Fr = —— (5.60) 

G HL 
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Therefore, the finite wave stability criterion is that waves will grow when 

(coth(k)-pcoth(akf < (coth(k)+pcoth(ak)) coth(k)+pcoth fak) -— -
I We kFr 

( 5 . 6 1 ) 

Figure 5.20 shows the plot of the discriminant of Equation (5.54) against the wave 

number, k , for air-water flow with a liquid height, h ,̂ of 0.75B and a reference relative velocity 

, U, of Sms'̂  in a 3-inch (0.08m) channel. As may be seen from the wave numbers (k = — ). 

the most unstable waves (most negative discriminants) generated from the finite wave 

inviscid Kelvin-Helmholtz theory are neither long or short waves, having a finite wavelength at 

around k = 60, i.e. A.» 0.1B » 8mm. 

d i s c r i m i r B n t 

10 

Figure 5.20 Plot of discriminant of the dispersion equation against scaled wave number, k. for air-
water flow with U = 5ms . hi - 0.75B in a 0.08m (3-inch) channel. 

When the difference between the gas and liquid velocities is reduced at this liquid 

height of 0.75B, the flow system becomes stable and no waves are generated as indicated by 

the positive discriminants in Figure 5.21a. On the other hand, when the semi-relative velocity, 

U, is increased to 10ms"\ waves at shorter wavelengths are present indicated by the larger 

wave numbers seen in Figure 5.21b. 
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Figure 5.21. Plots of discriminant of the dispersion equation against wave number, k. for 
U = 3 ms'^ and U= 10 ms'^ at ti,_ = 0.75B for air-water flow in a 0.08m (3-inch) chann^ 

The method for obtaining the stability criterion for the finite wavelength Kelvin-

Helmholtz theory is identical to that described in the previous section for the long wave 

theory, a simplified two-fluid model is used to obtain liquid height for given liquid superficial 

velocities. Prior to analysing the stability plots in a rectangular channel for the finite 

wavelength theory proposed, the plot of critical velocity, Ucnt, against the liquid height, hi, for 

air-water flow in a 3-inch (0.08m) channel is discussed. The critical velocity, Ucnt, is the critical 

reference velocity, 0.5 (UQ- ), when the first unstable waves are generated. In Figure 

5.22, the critical velocity is nearly constant for most liquid heights, but decreases rapidly when 

the channel is almost completely filled. Hence, it can be concluded that the stability 

consideration of the flow can be divided into two separate regions. Region 1 is when the liquid 

almost fills the channel and region 2 is the rest. 

U, crit 

0.02 0.04 0.06 0.08 

Figure 5.22. Plot of the critical reference velocity. against liguid height for air-water 
stratified flow in a 0.08m (3-inch) channel. 
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Figure 5.23 shows the calculated finite wavelength Kelvin-Helmholtz stability plot for 

an air-water stratified flow in a rectangular channel of various heights (B = 25.4, 38.1, 50.8, 

76.2, 127, 254mm (1, 1.5, 2, 3, 5, 10 inch)). The ratio of the interfacial to gas-wall friction 

factor. A,, is 1. It is observed that the transition criteria for different channel sizes are almost 

identical, leading to the conclusion that the stability is independent of the size of the conduit. 

UNSTABLE 

increasing B 

USE(M/S) 

Figure 5.23. Finite wavelength Kelvin-Helmholtz stability plots for air-water flows in channels 
with various heights (B = 25.4. 38.1, 50.8. 76.2. 127. 254mm (1. 1.5. 2, 3, 5, 10 inch)) 

The effect of varying the ratio of friction factors, A,, in this inviscid finite wavelength 

Kelvin-Helmholtz analysis on the stability criterion is illustrated in Figure 5.24. Similar to the 

analysis of the long wave instability, the flow system is more stable when a larger value of X is 

used in the determination of the shear stresses. 
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Figure 5.24. Finite wavelength Kelvin-Helmholtz stability plots for air-water flows in a 38.1mm (1.5-
inch) channel at different interfacial to gas-wall friction factor ratios ( X = 1, 2, 3) 
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5.3.3. Comparison 

5.3.3.1 Long vs Finite wave Kelvin-Helmholtz Instability 
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Figure 5.25. Comparison of growth rates of long wave (red) and finite wavelength (blue) Kelvin-
Helmholtz stability theory for air-water flow in a 0.08m (3-inch) channel. 

The growth rate of waves for air-water flow in a 3-inch (0.08m) rectangular channel 

predicted by the long wave and finite wavelength Kelvin-Helmholtz theories are compared in 

Figure 5.25, where the channel is almost filled, with the ratio of gas to liquid heights taking a 

value of 0.1. In Figure 5.25a, the relative velocity, U, is 3.5ms"\ The waves present are 

generated by the finite wavelength theory. The finite wavelength theory predicts that long 

waves (small k) are stable, and this is replicated by the long wave theory. There are, 

however, unstable waves at intermediate wavelengths which the long wave theory misses. 

When U is further increased to 3.9ms'\ as represented by Figure 5.25b, long waves also 
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become unstable. Here, it is noted that the predicted wave growth rate is higher when the 

long wave inviscid theory is adopted. In addition, the waves from the long wave analysis 

cover a narrower range of wavelengths than for finite waves. When U is further increased to 

5ms"\ the long wave analysis predicts a growth rate approximately twenty times faster than 

the finite wavelength analysis. Furthermore, these waves are not really 'long' as indicated by 

the large wave numbers shown in Figure 5.25c. Hence, the long wave analysis is not always 

self-consistent. 

10 

E 0 . 1 -

0.01 

0.001 

A finite wave (1-inch) 
—o— finite w ave (3-inch) 
A long wave (1-inch) 
• long wave (3-inch) 

0.1 
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Figure 5.26. Stability plots for air-water flow in 1- and 3-inch (25.4mm and 80mm) rectangular 
channels assuming the long wave and finite wavelength Kelvin-Helmholtz instability theory. 

To summarise, the wave growth rate in channel flow is dependent on both the 

superficial velocities of the gas and the liquid. The wavelengths of the waves generated are 

different for the long wave and finite wavelength analyses. Also, the stability criteria for 

smooth stratified flows are different. Figure 5.26 shows the differences in the transitions from 

stable to unstable stratified flow in a 1-inch and 3-inch (25.4 and 80mm) channel obtained 

from the long wave and finite wavelength analyses. The finite wavelength analysis predicts a 

lower stability boundary than the long wave analysis, particularly for higher gas velocities. The 

two predictions approach each other at lower gas velocities, presumably because the 

transition is to long waves (and probably forming slugs). The finite wavelength predictions for 

different channel heights merge at a higher value of USG, indicating that the waves are 

insensitive to the pipe diameter in this case. It would be logical to refer to these as short 

waves. The finite wavelength transition could be interpreted as a transition from smooth to 

wavy stratified flow, while the long wave transition could be interpreted as one from wavy 

stratified to slug flow, or an intermediate transition from small amplitude ripples to organised 

roll waves. The choice of the underlying principle is critical in the prediction of the transition 

from smooth stratified to wavy stratified flow. 
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5.3.3.2 Comparison of Stability Curves with Published Experimental Data 

To assess the validity of the Kelvin-Helmholtz theory, the transition lines from smooth 

to wavy stratified flows obtained via both the long wave and finite wavelength analyses are 

compared to physical experimental data. Three different sets of data are available from 

Srichai et al. (1994), Hand (1991) and Andritsos (1986). The different flow patterns identified 

are for various gas and liquid flow systems with different pipe dimensions at different system 

pressures. Since the Kelvin-Helmholtz stability curves used here are developed for 

rectangular channels, while the experimental measurements are taken for flows in circular 

pipes, the equivalent hydraulic diameter is employed as a means of comparison. This can be 

justified based on Figure 5.18 where the transition curves for a pipe and a channel with the 

same hydraulic diameter adopting the long wave analysis are rather similar to each other at 

relatively low superficial gas velocities (less than lOms'^), which is within the region of interest 

in this thesis. Furthermore, as the finite wavelength transition is insensitive to channel heights 

(Figure 5.26), it is unlikely that it would be sensitive to the geometry. Prior to performing the 

examination, the three different sets of experimental data are briefly introduced and 

summarised below. 

Srichai et al. (1994) performed their two-phase air-water and air-oil experiments on 

the WASP rig in the department of Chemical Engineering, Imperial College, which will be 

described in further detail in Chapter 6. The test section consisted of a 37m long stainless 

steel pipe with an internal diameter of 0.0779m. The experiments were conducted at different 

system pressures of 5, 10 and 15 bar(g). The average physical properties of the fluids at 20°C 

are tabulated in Table 5.1 below. 

Fluids Density (kg m'̂ ) Viscosity {kg m"̂  s"̂ ) Surface Tension (kg s"') 

Water 998.3 0.00114 0.037 

Oil 865 0.045 0.032 

Air at 

Pressure of 

bar(g) 

5 7.36 1.76 x 10"̂  -Air at 

Pressure of 

bar(g) 

10 13.49 1 7 6 x 1 0 * -

Air at 

Pressure of 

bar(g) 15 19.62 1.76 x 10'^ -

Table 5.1 Average physical properties of fluids used by Srichai et al. (1994) at 20 °C. 

The various flow patterns were determined from a combination of visual observation 

and the analysis of the liquid film height traces. Multiple pairs of platinum wire conductivity 

probes strung across the pipe were used to investigate the interfacial structure and the 

variation of the liquid height across the pipe cross-section. Three different types of flow 

patterns were observed in their work. 
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Smooth stratified flow where the liquid flows along the bottom of the pipe while the 

gas flows over it. A smooth interface exists between the two phases. 

Wavy stratified flow where waves are present on the interface as a result of 

increased gas velocity. 

Slug flow where intermittent continuous liquid blockages of the pipe cross section 

are separated by long gas bubbles. 

Hand (1991) obtained holdup, pressure gradient and flow pattern data for two-phase 

air-liquid flow in a 12.81m Perspex pipe of 0.0935m internal diameter at atmospheric 

pressure. The various liquids used were water, glycerine solutions of varying concentrations 

and Chemtreat 271 solution. The average physical properties of the fluids at 20°C are 

tabulated in Table 5.2. 

Fluids Density (kg m'̂ ) Viscosity (kg m ^ s'̂ ) Surface Tension (kg s"̂ ) 

Water 998.2 0.001 0.072 

0.1% (wt/wt) 

Chemtreat 271 

solution 

998.2 0.001 0.046 

78% (wt/wt) 

Glycerine solution 

1203 0.0481 0.064 

83% (wt/wt) 

Glycerine solution 

1208 0.0885 0.061 

Air 1.179 1.86 X 10'̂  -

Table 5.2. Average physical properties of fluids used by Hand (1991) at 20 °C. 

The flow patterns encountered were identified by using a combination of visual/video 

observation and the analysis of the measured holdup and pressure loss. The former was 

measured by mechanically isolating the test section using two slide valves and measuring the 

volume of liquid trapped while the latter was obtained from micromanometer measurements. 

Hand (1991) divided the flow patterns observed into two main groups: one with the 

initial liquid flow at a level below the centre line of the pipe, and the other above it. In addition, 

he further categorised the wavy stratified flow Into smaller subgroups. The first main group 

consisted of the following flow types; 
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stratified flow is where the liquid flows along the base of the pipe while the gas 

passes over its smooth surface. 

Stratified flow with ripples are observed when the liquid is water and at an 

increased gas flow rate. Ripples are not observed when glycerine is used. 

Roll waves are present when the ripples increase in height as the gas flow is further 

increased. 

Stratified flow with roll waves and droplets occurs at even higher gas flow while 

the liquid level in the pipe is depressed and the frequency of the roll waves increases. 

Droplets are torn away from the waves and deposited on the wall of the pipe. 

Stratified flow with large amplitude waves and droplets occurs when the periodic 

rolling waves are greater in amplitude and velocity than 'normal' roll waves. 

In the second group (initial liquid flows at a level above the centre line of the pipe), 

Stratified flow with inertia waves is evolved from smooth stratified flow and has a 

liquid swelling motion. 

Slug flows are observed either when inertia waves turn over and touch the top of the 

pipe at higher gas flows or when the coalescence of several roll waves forms a wave 

of sufficient height to block the gas flow. 

Fluid Density (kg m'̂ ) Viscosity (kg m ^ s'̂ ) Surface Tension (kg s '̂ ) 

Water 1000 0.001 0.073 

44% (wt/wt) 

glycerine solution 

1100 0.0045 0.071 

62% (wt/wt) 

glycerine solution 

1160 0.012 0.068 

66% (wt/wt) 

glycerine solution 

1160 0.016 0.068 

79% (wt/wt) 

glycerine solution 

1220 0.07 0.066 

80% (wt/wt) 

glycerine solution 

1220 0.08 0.066 

Table 5.3. Average physical properties of fluid used by Andritsos (1986) at 20 °C. 
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The effect of pipe diameter on the flow regimes was investigated by Andritsos (1986). 

He collected pressure loss, liquid film thickness and flow pattern data for two-phase flow of air 

with water or glycerine solutions of varying concentrations in Plexiglass pipes. 15.5m and 

24.6m pipelines with internal diameters of 0.0252m and 0.0953m were used for the glycerine 

solutions. The average physical properties of the liquids used at 20°C are tabulated in Table 

5.3. 

The flow patterns were determined from visual observation and the analysis of the 

pressure loss and film thickness traces. At low gas velocities, the pressure differences were 

measured with a micromanometer while at high gas velocities, differential pressure 

transducers were used. The liquid layer height was determined from conductance 

measurements between parallel wires immersed in the liquid phase. 

Three general flow patterns were described in this work. 

Stratified flow with ripples is when small two-dimensional interference ripples are 

present at low gas velocities on the air-liquid interface of a stratified liquid. 

Stratified flow with roll waves corresponds to the presence of large amplitude roll 

waves. 

Slug flow and pseudo slug flow as described by Srichai et al. (1994) and Hand 

(1991). 

Figures 5.27 and 5.28 show comparisons of the transition lines using the long wave 

and finite wavelength Kelvin-Helmholtz stability analyses with the experimental data of Srichai 

et al. (1994) for two-phase air-water and air-oil flows at various system pressures. It can be 

seen that the finite wavelength instability criterion gives an approximation to the transition 

from smooth to wavy stratified flows. It generally gives a reasonable prediction for air-water 

flow, but possibly under-predicts the stability of stratified air-oil flow, where the data for 

smooth stratified flow are scarce. On the other hand, the long wave analysis does not seem to 

coincide with any of the flow regime transitions observed by Srichai et al. (1994). The long 

wave Kelvin-Helmholtz methodology is often applied in calculating the stratified to slug flow 

transition, as proposed by Taitel and Dukler (1976), but this is not supported by the transition 

lines plotted in Figures 5.27 and 5.28. Nevertheless, the long wave transition may coincide 

with a secondary flow regime transition within wavy stratified flow. As Srichai et al. (1994) did 

not record the type and nature of the waves observed in the wavy stratified flow regime, this 

cannot be investigated further here. Also, if a secondary transition is present, i.e. from ripples 

to roll waves, the ratio of interfacial to gas-wall friction factor should be greater than one as 

the surface is already rough. This would somewhat increase the size of the stable region. 
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Figure 5.27. Comparisons of the finite wavelength and long wave Kelvin-Helmholtz instabilities with 
air-water data of Srichai et al. (1994) at various system pressures. 
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Figure 5.28. Comparisons of the finite wavelength and long wave Kelvin-Helmholtz instabilities with 
air-oil data of Srichai et al. (1994) at various system pressures. 
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The comparison of the two Kelvin-Helmholtz instability criteria with Hand's (1991) 

experimental data for various air-liquid flows is illustrated in Figure 5.29. The long wave 

analysis, again, is not a good transition model for stratified flow. As no slug flow data were 

recorded, the transition from stratified to slug flow cannot be compared. In addition, the long 

wave stability theory does not seem to predict any intermediate transitions within the wavy 

stratified flow region (ripples, roll waves, etc.). On the other hand, the transition predicted by 

the finite wavelength stability theory agrees reasonably well with the results of Hand (1991), 

for transition from smooth to wavy flow, except for air-water flow. The transitions between 

smooth and wavy stratified flows of other air-liquid flows are well estimated especially when 

glycerine solutions were used. The poor comparison for water is surprising, given the good 

comparison for high-pressure air-water data in Figure 5.27. The large differences between 

water and Chemtreat solution in Figures 5.29a and 5.29b are equally unexpected, given the 

similarity of the properties shown in Table 5.2. 
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Figure 5.29. Comparisons of the finite wavelength and long wave Kelvin-Helmholtz instabilities with 
air-liquid data of Hand (1991) at atmospheric pressure in a pipe with 

internal diameter of 0.0935m. 

Figures 5.30 and 5.31 show the comparison of the Kelvin-Helmholtz analyses with 

Andritsos's (1986) data for a large pipe (internal diameter of 0.0953 m) and a small pipe 

(internal diameter of 0.0252 m) respectively. The finite wavelength theory gives a good 

prediction for growth of ripples in the large pipe. For air-water flow, as indicated in Figure 
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5.30a, the long wave theory, if extended, seems to coincide with the transition from stratified 

to slug flow. On the other hand, in the smaller pipe, the transition lines calculated from the 

long wave and finite wavelength analyses are very similar to each other at low superficial 

velocities as indicated in Figure 5.31. The approximation of the smooth to wavy stratified flow 

transition by the finite wavelength theory is relatively good. Here, the secondary transition 

within the wavy flow regime, from ripples to roll waves, coincides with the transition given by 

the long wave theory. 
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Figure 5.30. Comparisons of the finite wavelength and long wave Kelvin-Helmholtz instabilities with 
air-liguid data of Andritsos (1986) at atmospheric pressure in a pipe with internal diameter of 

0.0953m. 
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Figure 5.31. Comparisons of the finite wavelength and long wave Kelvin-Helmholtz instabilities with 
air-liauid data of Andritsos (1986) at atmospheric pressure in a pipe with internal diameter of 

0.0252m. 

5.3.4 Conclusion 

In conclusion, the stability criteria calculated from the long wave and finite wavelength 

Kelvin-Helmholtz instability analyses are not identical, except when the conduit is very small, 

as indicated from the comparisons in a small diameter pipe (Andritsos, 1986) and at low 

superficial gas velocities. The finite wavelength theory does give a rather good approximation 

to the transition from smooth stratified to wavy stratified flow as can be seen from the 

comparisons with the experimental data of different researchers. However, the long wave 

analysis generally does not provide the transition from smooth to wavy stratified flow nor 

stratified to slug flows. From the limited data available, it seems to coincide with a secondary 

transition within the wavy stratified flow regime. 

The Kelvin-Helmholtz instability criterion is influenced by the size of the conduit when 

the long wave hypothesis is used. This fact is clear in the comparions with Andritsos's (1986) 

data. However, the effect of channel height or pipe diameter is much less important in the 

finite wavelength analysis. Hence, the transition from smooth stratified flow to ripples may be 

insensitive to the pipe geometry while further transitions may depend on the pipe size. 

Of all the data presented, the worst comparisons are from the air-water stratified 

flows at atmospheric pressure, where ripples are observed at very low gas velocities in the 

experiments. 

The turbulent boundary layer in the gas phase will be most significant at atmospheric 

pressure, and the low viscosity liquid may be more susceptible to the boundary-layer 

instability mechanisms discussed below in Sections 5.4 and 5.5. This may explain the 

differences between high and low viscosity fluids. 
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5.4 Critical Layer Theories 

In the previous section, the pseudo-inviscid finite wavelength Kelvin-Helmholtz theory 

was found to give a reasonable prediction for the transition from smooth to wavy stratified flow 

in a pipe except for the case of air-water flows. In the analysis, several assumptions were 

made in which the stress terms in the Navier-Stokes equations were neglected and different 

geometrical conduits were compared on the basis of the same hydraulic diameter. The 

assumption of a concentrated vortex sheet had also been criticised by Rayleigh (1880). From 

the literature surveyed, this irrotational Kelvin-Helmholtz theory has not been applied as a tool 

for predicting the generation of waves on smooth stratified flow in a channel or a pipe. 

There has been an extensive, and still ongoing, study of the generation of surface 

waves. At present, the smooth to wavy stratified transition in pipe flow is, more often than not, 

either predicted from correlations derived from the investigators' own experimental data, or 

from modifications of the models for wind generated ocean waves, where the air and water 

can be approximated as a two-phase gas-liquid stratified flow in an infinite domain. In this 

and the following sections, various mathematical, as opposed to empirical, ocean wave 

models are adapted and applied to flows in a channel. The underlying principle for most of 

these models is the generation of pressure variation which is not in-phase with the wave 

troughs. This leads to the transfer of energy from the wind to the surface waves, initiating the 

growth of waves. These analyses involve the estimate of phase difference between the 

pressure component in the gas (wind) and the slope of the surface elevation. The analysis in 

this section focuses on the critical layer theories, such as those put forward by Jeffreys (1924, 

1925), Miles (1957) and Brooke Benjamin (1959) and these are adapted to wave generation 

in rectangular channels. A critical review of eariy wave formation models can be found in 

Ursell (1956). 

In brief, the air flow above the ocean is turbulent and can be represented by a velocity 

profile with a steep gradient. (Often, a logarithmic profile is used.) The critical point is defined 

as the position where the velocity of the wind matches that of the waves. Flow properties at 

this point are then used in the determination of the exposure of the wave to the action of the 

wind. In these models, only the velocity profile of the wind is required. The liquid is generally 

regarded as stationary or as having a bulk mean velocity. 

The next two subsections outline the sheltering hypothesis by Jeffreys' (1924, 1925) 

and Brooke Benjamin's (1959) model where the energy transfer is through the Reynolds 

stresses in the critical layer. A brief introduction is followed by the mathematics describing the 

physics of the system. Next, modifications are made to existing models in order to consider 

the transition between smooth and wavy stratified flows in conduits and to calculate the 

relevant sheltering coefficients. The velocity profiles of the flows are determined from the 
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universal velocity profiles as described in Section 5.2.2, with a minor adjustment made, that 

is, the velocity in the liquid layer is assumed to be constant and takes the value of its bulk 

velocity. 

5.4.1 Jeffreys' (1924) Sheltering Hypothesis 

Often, the waves that occur at the transition of smooth to wavy stratified flows are 

characterised by high frequency ripples with large wave numbers. These waves are formed 

when the energy input from the gas flow, primarily through the pressure variation component 

in-phase with the wave slope that acts to reinforce the orbital motions of travelling waves, 

exceeds the rate of viscous dissipation. This mechanism was first suggested by Jeffreys 

(1924) when he proposed the theory of sheltering. 

Jeffreys (1924) showed that the irrotational Keivin-Helmholtz theory predicted much 

higher critical wind speeds for the generation of waves than were commonly observed on 

lakes and ponds. He put forward a wave formation theory based on the effects of quasi-

discontinuities and turbulence generated in the air stream. The presence of waves introduces 

rotational motion in the air which feeds back energy to the surface of the water, modifying the 

amplitude of the waves. The sheltering hypothesis suggests that the streamlines of the air 

blowing over the waves are unable to follow the deformed water surface. The air flow 

continues over each wave crest and impinges onto the next wave, at a position between its 

crest and trough, resulting in the pressure of air in the sheltered region being smaller. There is 

a 'sheltering' effect on the lee side of the waves, and hence work can be done by the wind. 

Waves are first formed when the tendency for the wave to grow overcomes the viscous 

damping. 

5.4.1.1 Mathematical Fundamentals 

Consider two incompressible fluids of infinite depth. ( is the elevation of the surface 

and the bulk mean velocities of the fluids are UQ and UL , where subscripts G and L represent 

the gas (wind) and the liquid (ocean). In the analysis, the wave is assumed to be stationary, 

so the liquid velocity is negative. The wave amplitude varies gradually and will die down when 

the gas velocity is negative. 

A force balance on the liquid surface was performed, highlighting the change in 

normal stress as a result of the various disturbances on the horizontal surface. Due to the 

change in elevation, the surface is a distance C, above the reference position, resulting in a 

change of pressure of -(pu - pg ) g C addition, surface tension contributes the term y k̂  to 
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the difference in pressure, as described by the Young-Laplace equation where y is the 

surface tension and k is the wave number in the axial direction, z. Next, the pressure of the 

air on the side of the wave facing the wind introduces a term s PG UĜ  k(, following the 

stationary wave convention adopted, where s is the sheltering coefficient. This last term is 

considered to be nl2 radians out-of-phase when compared to the surface pressure as it 

contains a partial derivative with respect to the axial direction, which is in turn in-phase with 

the gradient of the wave elevation — . 
dz 

The total change in vertical pressure is equated to the normal stress at the interface, 

T = pG Q ^ = - (pl - Pg) g ^ - Y C + spG Uĝ  k ^ (5.62) 

where Q is a linear operator with dimensions m s"̂ . 

Jeffreys stated that for any wavelength in the axial direction, the wind velocity relative 

to the water required to excite the disturbance is a minimum when the disturbance is two-

dimensional. Therefore, the waves produced by the gentlest wind should be two-dimensional, 

and the condition for the occurrence of such waves was given as 

Uq̂ UL ^9(PL~Pg) - 0 (5.63) 
SPC 

When the above condition is satisfied, the water surface becomes unstable. 

The wind velocities observed at the onset of wave formation agreed well with those 

predicted from the sheltering theory, with the sheltering coefficient taking a value of 0.3. 

However, as stated by Jeffreys (1924), the sheltering coefficient can be 'adjusted' to make the 

wind velocity necessary to initiate waves agree with observations. No physical or mechanistic 

basis was applied in the derivation of this factor. The adjustable nature of the criterion 

encouraged researchers such as Taitel and Dukler (1976) and Andritsos and Hanratty 

(1987b) to modify the sheltering coefficient to fit their experimental data for the initiation of 

wavy stratified flows in pipes. 

5.4.1.2 Existing Modifications to the Sheltering Coefficient 

Jeffreys' sheltering hypothesis is often the physically realistic mechanism used in 

predictions of the stratified flow transitions in pipes, and the sheltering coefficient applied is 

accordingly adjusted. 
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Taitel and Dukler (1976) stated that for this transition, the waves are the result of the 

gas flow under conditions where the velocity of the gas is just sufficient to promote wave 

growth, but slower that that required for the rapid wave growth resulting in the transition to 

intermittent flows. Waves grow when the pressure or shear work on a wave overcomes the 

viscous dissipation in the waves. Jeffreys' model was applied and the following criterion was 

proposed. 

( U Q - C F 0 > ( 5 . 6 4 ) 
SPO 

where c is the wave speed. 

Taitel and Dukler (1976) suggested that for most conditions where the transition from 

smooth to wavy stratified flow takes place, the gas velocity was much greater than that of the 

wave, UG » c. Also, for simplicity, the assumption that the wave and liquid velocities were 

equal, UL = c was made. These simplifications reduced the inequality to the form 

U Q > (5.65) 
SPQUL 

In addition, a sheltering coefficient of 0.03 was used. 

Based on the experimental results and analysis of Brooke Benjamin (1959) where the 

values of this coefficient ranged between 0.01 to 0.03, the sheltering coefficient was assumed 

to be 0.03. Andritsos and Han ratty (1987) criticised the condition for the initiation of regular 

two-dimensional waves proposed by Taitel and Dukler (1976). They argued that Jeffreys' 

sheltering hypothesis was ineffective for high viscosity liquids as the waves characteristic of 

this transition were only observed for liquids with viscosities less than 20 cP. Despite this fact, 

Andritsos and Hanratty suggested a new value of 0.06 for the sheltering coefficient. With that, 

their experimental data agreed reasonably well with Jeffreys' (1924) sheltering hypothesis. 

The transition lines predicted by using different recommended sheltering coefficients 

of 0.01 (Brooke Benjamin, 1959), 0.03 (Taitel and Dukler, 1976), 0.06 (Andritsos and 

Hanratty, 1987) and 0.3 (Jeffreys, 1924, 1925) are compared below with the various sets of 

experimental data available. Here, together with the two-fluid model, the critical superficial 

gas and liquid velocities for the transition from smooth to wavy stratified flow can be 

determined. These stability criteria are also compared to the finite wavelength inviscid Kelvin-

Helmholtz transition discussed in the previous section. It should be noted that in these 

sheltering hypothesis predictions, the effects of the size of the pipe and the system pressure 

are not incorporated in the sheltering coefficients proposed. 
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Figures 5.32 and 5.33 show the transition lines for air-water and air-oil flows at 

various system pressures in a 3-inch (80mm) pipe, adopting the experimental configuration of 

Srichai (1994). At first glance, the sheltering hypothesis with different sheltering coefficients 

seems to predict the transition in air-oil flow better. In the air-water plots, the transition lines 

are not consistent with the experimental data at any pressure measured, and only just about 

pass through the smooth stratified region at the bottom left hand corner. The different values 

of sheltering coefficients investigated do not seem to predict the transition for air-water flow at 

elevated pressures. It should be noted that the surface tension for the water in this example is 

approximately half that of normal water. A value less than 0.01 would be a better choice of 

sheltering coefficient selected (with the exception at 10 bar(g)). In the figures, some of the 

transition lines appear to be truncated. This is due to the inability of the calculation algorithm 

to predict a corresponding superficial liquid velocity, at the specified properties of the flow, 

along the transition criteria for smaller superficial gas velocities. 

All the transition lines predicted for air-oil flows pass through the smooth stratified, 

wavy stratified and the slug flow regimes. The sheltering coefficient of 0.3 does approximately 

determine the specified transition. Hence, it can be concluded, from this comparison with 

Srichai's (1994) experimental data, that no single value of the sheltering coefficient can be 

used to account for the transitions in all two-phase air-liquid flows. The value appropriate for 

air-water flows does not give the necessary transition in air-oil flows. 
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Figure 5.32 Comparisons of the smooth to wavy transition lines predicted using 
modified sheltering coefficients with the air-water data of Srichai et at. (1994) 

at various system pressures 

Smooth * W A e d UNSTABLE 
Smooth stra titled 

Wavystra tiffed 
UNSTABLE 

(a) 5 bar(g) (b) 10 bar(g) 

UNSTABLE 
Smooth stratified 

VIWY»TRMUIED 
SK« 

-SR. =001 

(c) 15 bar(g) 

Figure 5.33 Comparisons of the smooth to wavy transition lines predicted using modified 
sheltering coefficients with the air-oil data of Srichai et al. (1994) at various system pressures 

Figure 5.34 shows the comparisons of the transition lines predicted using modified 

sheltering coefficients with the experimental data of Hand (1991) which is again a moderately 

good fit. The use of Equation (5.65) seems to fail for high viscosity fluids as seen in Figure 

5.34d for the air-83% glycerine solution, as was pointed out by Andritsos and Hanratty 

(1987b). The predicted transition lines shift upwards with increasing liquid viscosity. Surface 

tension does not affect the transition lines as shown by the air-water and air-Chemtreat 

solution plots (Figure 5.34a and 5.34b). The sheltering hypothesis, using Andritsos and 
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Hanratty's (1987b) suggested sheltering coefficient of 0.06 gives approximate predictions of 

the transition from smooth to wavy stratified flows for low viscosity liquids. 

The effect of liquid viscosities on the theory of sheltering can also be observed in the 

comparisons with Andritsos' (1986) experimental data as shown in Figure 5,35 and 5.36 for 

large and small diameter pipes respectively. The transition lines shifts towards the right, at 

higher superficial gas velocities, when the liquid viscosity is increased. In general, when the 

sheltering coefficient of 0.06 proposed by Andritsos and Hanratty (1987b) is used, the 

calculated transition lines agree rather well with the air-water experimental data. As shown 

here again, Equation (5.65) breaks down for high viscosity liquids. 
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Figure 5.34 Comparisons of the smooth to wavy transition lines predicted using modified 
sheltering coefficients with the air-liguid data of Hand (1991) at atmospheric pressure. 
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Figure 5.35 Comparisons of the smooth to wavy transition lines predicted using modified 
sheltering coefficients with the air-liguid data of Andritsos (1986) at atmospheric pressure 
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Figure 5.36 Comparisons of the smooth to wavy transition lines predicted using modified 
sheltering coefficients with the air-liguid data of Andritsos (1986) at atmospheric pressure 

in a pipe with internal diameter of 0.0252m. 
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A few general conclusions can be deduced from the comparisons between various 

transition lines calculated from the modified sheltering hypothesis and from the long wave and 

finite wavelength inviscid Kelvin Helmholtz analyses, in the various flow systems investigated. 

At low liquid viscosities, such as systems with water or Chemtreat solution, the Kelvin-

Helmholtz criterion and the sheltering theory of Jeffreys' do not agree. Figure 5.37 shows the 

different transitions lines predicted for an air-water flow in a 0.0935m internal diameter pipe at 

atmospheric pressure. The curves from the long wave and finite wavelength analyses do not 

have the same shape as those obtained using Equation (5.65) with modified sheltering 

coefficients. 
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Figure 5.37 Comparisons of the smooth to wavy transition lines predicted using modified 
sheltering coefficients with those obtained from the inviscid Kelvin-Heimholtz studies for 

air-water flow at atmospheric pressure in a pipe with internal diameter of 0.0935m. 

On the other hand, at larger liquid viscosities, the smooth to wavy stratified transition 

calculated from the long wave analysis seems to follow similar trends to that of the sheltering 

hypothesis. This could be observed in air-oil data from Srichai et al. (1994), and the more 

concentrated glycerine solutions from the experiments of both Hand (1991) and Andritsos and 

Hanratty (1987b). An example of air-80% glycerine solution flow at atmospheric pressure in a 

0.0953 m pipe is illustrated in Figure 5.38. Analysing the two theories, Jeffreys' sheltering 

hypothesis using a sheltering coefficient of between 0.06 and 0.3 would produce the same 

transition from smooth to wavy stratified flow as the long wave inviscid Kelvin Helmholtz; 

while the finite wave transition line could be obtained by using a sheltering coefficient much 

greater than 0.3. Conversely this would suggest that at high liquid viscosities, the Jeffreys' 

sheltering hypothesis, using a suitable factor, could predict the growth of long waves, rather 

than ripples for which the theory was derived. 
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Figure 5.38 Comparisons of the smooth to wavy transition lines predicted using modified 
sheltering coefficients with those obtained from the inviscid Kelvin-Helmholtz studies for 

air-80% glycerine solution flow at atmospheric pressure in a pipe with 
internal diameter of 0.0953m. 

It is concluded that the effect of liquid viscosity is stronger than predicted by the 

sheltering hypothesis. The modified sheltering coefficients put forward by various researchers 

are just fitting parameters that match the sheltering hypothesis, Equation (5.65), to their own 

experimental data. These factors have no physical basis and do not account for the effect of 

pipe diameter or system pressure. From the four different values of sheltering coefficients 

investigated here, none could be applied to all fluids at all pressures as a generic factor in the 

prediction of the flov\/ transition. If the sheltering hypothesis is to be used, a different sheltering 

coefficient would be required for different fluids in different size pipes and at different system 

pressures. 

5.4.1.3 Sheltering Hypothesis in Channel Flow 

In the adaptation of Jeffreys' (1924,1925) theory to a two-phase stratified channel 

flow system, the assumptions inherent in the original model neglected by both Taitel and 

Dukler (1976) and Andritsos and Hanratty (1987b) are considered. One of these involves the 

wave being stationary and both the liquid and gas velocities being measured relative to it. 
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Figure 5.39 Schematic diagram of gas and liquid flows relative to the wave, oripinallv moving 
with speed c 

With reference to Fig 5.39, the gas and liquid phase are flowing with bulk mean 

velocities UQ and UL respectively. The wave on the gas-liquid interface is travelling co-currently 

with the fluids at a velocity of c. When Jeffreys' model is applied, the wave must be made 

stationary. Therefore, the gas would be travelling with a velocity of UQ - c, with the liquid 

moving at C-UL in the opposite direction. Replacing the respective phase velocities in Equation 

(5.65) with those obtained above gives the stability criterion 

(UG-c)^(C-UL) —(pL - P o ) - 0 (5.66) 
SPQ 

Here the wave speed is one of the inputs in predicting the transition of smooth to 

wavy stratified flow in a channel, and it is obtained from the finite wavelength inviscid Kelvin-

Helmholtz analysis as outlined previously. Wavy stratified flow is present when Equation 

(5.66) is satisfied for any sensible value of the wave number, k, characteristic of the transition. 

The two-fluid model is again used with the interfacial friction factor assumed to be equal to 

that at the gas-wall. 

Figure 5.40 shows the comparison of the smooth to wavy stratified transitions 

determined from Equations (5.65) and (5.66) for air-water flow in a 3-inch (80mm) high, two-

dimensional channel at atmospheric pressure. The sheltering coefficient used here is 0.06. 

The two transition curves are significantly different, with the one obtained from the modified 

equation correcting for the stationary wave, being lower than the other. This indicates that the 

wavy stratified flow is predicted at lower superficial velocities. The same trend can be 

observed when different values of sheltering coefficients are used. The size of the channel, 

again, does not seem to influence the transition lines, as was indicated previously for the finite 

wavelength Kelvin-Helmholtz stability plots in Section 5.2.3. 
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Figure 5.40 Comparison of transition lines obtained using the modified Jeffreys' (1924) 
criteria for air-water flow in a 0.08m (3-inch} channel with a sheltering coefficient of 0.06. 

5.4.2 Brooke Benjamin's (1959) Critical Layer Theory 

Jeffreys (1924,1925) postulated expressions in tlie mid 1920s for tiie induced surface 

pressure of an air flow over a water surface disturbed by waves and its consequent rate of 

energy transfer to moving waves. However, it took more than thirty years before actual 

calculations of the induced pressure component in-phase with the wave slope were first made 

by Miles (1957, 1959a, 1959b, 1962), Brooke Benjamin (1959) and Lighthill (1962). In this 

section, the adaptation of the theory of Brooke Benjamin (1959) to wave generation in a 

channel is described. Here, the sheltering coefficient for the flow is calculated based on the 

geometry and wind velocity profile, with much emphasis on the critical layer. Reiterating, the 

critical point is defined as the point where the wind velocity equals that of the wave. In this 

model, the air is assumed to be turbulent and possesses a turbulent boundary layer profile 

(normally a logarithmic velocity profile is applied). More often than not, the critical layer is 

deep within the layer at the water surface, and a linear velocity profile can be considered. 

Thus, the velocity gradient can be assumed to be constant, giving 

UG(Y) = Gy (5.67) 

where G = UG'(O) is a constant and y is the vertical distance from the liquid surface. The 

velocity of the gas phase, UQ, is a function of the vertical distance. Here, the velocity is relative 

to the material surface, i.e. when the wave is fixed. 

The amplitude of the surface pressure, Ps, can be obtained from the Navier-Stokes 

dynamical equations, and the pressure variations due to the wave disturbance may be 
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considered distinctly from those in the primary flow. The real part of the surface pressure is 

the amplitude of the pressure component in-phase with the wave elevation, while the 

imaginary part is proportional to the rate of energy transfer from the fluid to the wave surface 

in the absence of viscosity. This is a vital step in the sheltering theories of wave generation by 

wind as proposed by Jeffreys (1924). The Tt/2 out-of-phase term represents a kind of 

'sheltering' on the leeward slope of the waves. 

5.4.2.1 Mathematical Formulation for the Sheltering Coefficient 

A dimensionless expression for the amplitude of the pressure at the liquid surface (y 

= 0) is provided where 

(5.68) 

The terminology of Equation (5.68) is explained as follows. The velocity and length scales of 

the problem used are UQ and L respectively where Uo is the characteristic velocity. The surface 

pressure, equivalent to the normal stress, is scaled with PQUÔ. k is the dimensionless wave 

number which is scaled using the length scale, L. Re is the Reynolds number given by 

Re ^ (5.69) 

Here, the calculation procedure of the sheltering coefficient is outlined for the case 

where the critical layer is close to the surface and within the friction layer. The velocity 

gradient, G, is a constant and is given by 

— (5.70) 
Yc 

where c is the dimensionless wave speed and yc is the dimensionless height at the critical 

point where UG (y) is equal to the wave speed, a is the ratio of k to m. 

a = — (5.71) 
m 

with 

m [kReG]^ '^ (5.72) 
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In Brooke Benjamin's (1959) analysis, z is a scaled coordinate relative to the critical 

layer 

m y M ( Y - YC) ( 5 . 7 3 ) 

Hence, at the water surface, the dimensionless length scale, ZQ, is given by the magnitude of 

z at y = 0, which is 

ZO 
mc 

( 5 . 7 4 ) 

D( -zo) is the Tietjens function which determines how viscosity affects the disturbance 

in the main body of the fluid. It provides a relation for the function f(y) in the stability theory 

which is the approximate rapidly varying solution of the full Orr-Sommerfeld equation (Brooke 

Benjamin, 1959). Here, 

D(-Zo) = - m 
f(0) 
f(0) 

(5.75) 

This solution f(y) of the Orr-Sommerfeld equation is obtained considering the case 

where the critical point is away from the surface but within the friction layer. Here, the waves 

form on a film of highly viscous liquid which is dragged along a plane wall by the air stream. 

The wave speed is of the order of the mean film velocity and is only a small fraction of the 

velocity of the mean air stream. By using the Taylor series approximation of the Tietjens 

function. 

f(0) = 
f'(0) 

-1.288e''''® m 1-0.223e i 7 t /6 i mc 
+.. ( 5 . 7 6 ) 

Both Equations (5.68) and (5.76) illustrate that the real and imaginary parts of the 

amplitude of the surface pressure, Pg, vary in a complicated way with the parameter ZQ. In 

dimensional form, Equation (5.68) can be written as 

/ ^ 5 

- P O L 
V S G F 

\1/3 

D ( - Z O ) -
G F V S 

with 

' K Z V G 
v 1 / 3 

D( -ZO) 

(5.77) 
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D(-Zo) 
0.7764 e -iit/6 

1-0.223 e in / 6 

\ 1 / 3 
( 5 . 7 8 ) 

The surface pressure variation, Ps, is then determined from the product of the 

amplitude of the pressure, Ps, and the surface elevation, 

Ps - -PoC 
VR: ck 

D ( - Z O ) -
k 

G ^ V GJ 
1 -

KFVQ 
^1/3 

D( -ZO ( 5 . 7 9 ) 

From Jeffreys' (1924) sheltering hypothesis, the out-of-phase term which is 

introduced by the air on the side of the wave facing the wind, is spc Uq̂  kî . By comparing this 

with the Brooke Benjamin (1959) model where the anti-phase term is obtained from the 

imaginary part of Equation (5.79), the sheltering coefficient can therefore be calculated as. 

lm(Ps) 

PG'JG 

(5.80) 

However, when the waves are progressing at a fair speed in the direction of the flow, 

the critical point is often located at some significant distance from the surface and maybe 

outside of the friction layer. Hence, Brooke Benjamin proposed an alternative expression for 

the sheltering coefficient. Here, the critical point is assumed to be less than one wavelength 

away from the surface. The sheltering coefficient is made up of two independent components, 

Si and S;. 

SI - k7 t(uG ( oo ) - c f (C) J2 
UQ (C) 

( 5 . 8 1 ) 

S2 -Im 
1 1 

D ( - Z O ) 
a 

-0 J 

UG(OO) 
1 / ( 5 . 8 2 ) 

where 

II U P - C e kykdy (5.83) 

and UG(C) is the wind velocity at the critical point. 
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These two components of the sheltering coefficient illustrate the two physical modes 

of sheltering. Si represents the effect due to the critical point and is a real fluid property. It is 

obtained on the basis of an inviscid fluid model and is equivalent to the one derived by Miles 

(1957). S2 depends on the effects of viscosity at the surface and is significantly smaller than Si 

(Brooke Benjamin, 1959). Hence, the contribution of sg to wave growth is neglected here. 

In general, when the critical point is within the friction layer. Equation (5.80) is used. 

Otherwise, the sheltering coefficient is obtained from Equation (5.81). 

5.4.2.2 Adaptation of Brooke Benjamin's (1959) Theory to Channel Flows 

In applying Brooke Benjamin's (1959) procedure for calculation of sheltering 

coefficients to flows in a channel, several modifications have to be made. Due to the addition 

of a solid boundary at the top of the channel, a new velocity profile for the gas flow has to be 

applied. In this section, the gas-phase is described by the velocity profile derived from the 

universal velocity profile outlined in Section 5.2.2. As the expression for the gas phase 

velocity profile is available, instead of assuming a constant value for the velocity gradient as 

indicated in Equation (5.70), its value at the critical point can be calculated. The wave speed 

is determined from the finite wavelength inviscid Kelvin-Helmholtz theory. Coupled with the 

two fluid model assuming that the gas-wall and interface friction factors are the same, the 

sheltering coefficient, and hence the stability criterion can be obtained. 

From the calculations, the sheltering coefficient seems to depend on four separate 

parameters and they are the superficial velocities of the gas and liquid phases, the wave 

number and the height of the channel. The sheltering coefficient does not take a constant 

value, contrary to the suggestions made by other investigators, and Figure 5.41 illustrates its 

variation with wave number for air-water flow in a 3-inch (0.08m) channel at a superficial gas 

and liquid velocity of 1 ms"'' and 0.05ms"^ respectively. For this particular set of flow conditions, 

the numerical values of the sheltering coefficient lie between 0 and 0.14, depending on the 

wave number, k. These values are within the same range as of the sheltering coefficients 

proposed by previous investigators. 
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Figure 5.41 Variation of the sheltering coefficient calculated using Brooke Benjamin's (1959) 
model with wave number for air-water flow in a 0.08m (3-inch) channel with 

u.ri = 1ms' and u,, =0.05ms'. 

In this present study of sheltering coefficients, a suitable range of wave numbers, k, 

has to be specified. The primary interest remains the prediction of the smooth to wavy 

stratified flow transition, and typically the wavelengths of the disturbances at such conditions 

tend to be rather small, and are of the order of 3mm to 10mm. Hence, appropriate values of 

the wave number would be between 500 and 2000m'\ 
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Figure 5.42 Variation of the sheltering coefficient calculated using Brooke Benjamin's (1959) 
model with wave number for air-water flow in a 0.08m (3-inch) channel with 

= Ims'^ and u,, =0.02ms'\ 

The inherent issue in the calculation of the sheltering coefficient by the method 

described above is illustrated in Figure 5.42 for a flow with USG = 1ms"'' and an USL = 0.02ms"\ 

There is a switch in the method of calculating the sheltering coefficient, indicating that the 

position of the critical layer has moved. In region (1), the sheltering coefficient is determined 

from Equation (5.80) where the critical layer corresponding to the relevant wave numbers is 
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within the friction layer. The sharp jump in sheltering coefficient at a wave number of about 

1400 occurs when the critical layer moves beyond the friction layer. It is also noted that in 

general the values calculated at a certain wave number is higher when the critical point are 

outside the friction layer. 

Figure 5.43 shows how the variation of the superficial gas velocity affects the 

sheltering coefficient at fixed superficial liquid velocities of 0.01ms"'' and 0.05ms'\ In Figure 

5.43a, at USG of 1ms ^ and USL of 0.01 ms"\ the critical point is within the friction layer for all 

relevant wave numbers. The value of the sheltering coefficient is relatively insensitive to the 

value of UsG, and the critical layer is away from the boundary. The sensitivity to USL is more 

significant as seen in Figure 5.44a, which illustrates the change in sheltering coefficient at a 

fixed UsG of Ims"'' at different USL from 0.01 ms"̂  to 0.05ms'\ It appears that at low superficial 

velocities, the waves generated are of a longer wavelength and that the critical layer is nearer 

to the water surface. In addition, the change in superficial velocities does not play an 

important part in the determination of the sheltering coefficient when the critical layer is away 

from the surface as can be observed from the insensitivity to USL in Figure 5.44b. 

800 1000 1200 1400 1600 1800 2000 

(a) @ constant USL of 0.01 ms'̂  

K(M') 
800 1000 1200 1400 1600 1800 2000 

(b) @ constant USL of 0.05ms''' 

K K 

Figure 5.43 Variation of the sheltering coefficient calculated using Brooke Benjamin's (1959) 
model with wave number for air-water flow in a 0.08 (3-inch} channel with u^ = 1ms' 5ms'\ 
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Figure 5.44 Variation of the sheltering coefficient calculated using Brooke Benjamin's (1959) 
model with wave number for air-water flow in a 0.08m (3-inch} channel with u^ = 0.01ms' 

0.05ms \ 

The channel height also has a significant effect on the calculated sheltering 

coefficients. At a constant USG of 1ms'̂  and USL of 0.01 ms'\ the size of the channel is 

increased from 0.02m to 0.08m in steps of 0.02m, and the variation of the sheltering 

coefficient is show/n in Figure 5.45. With changes in the height of the rectangular channel, the 

velocity profile of the gas phases is altered, changing the position of the critical point where 

the gas velocity matches the wave speed. In this example of low superficial velocities, the 

critical layer is still within the friction layer. 

K(M-') 
2000 

Figure 5.45 Variation of the sheltering coefficient calculated using Brooke Benjamin's (1959) 
model with wave number for air-water flow at u^n = 1ms'^ and u^i = 0.01ms at various 

channel heights. B = 0.02m. 0.04m. 0.06m and 0.08m. 

Hence, from the above discussion, the sheltering coefficient is not a simple factor or 

number that can be applied to determine the smooth to wavy transition. It is basically a 
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function of tine velocity profile of the gas phase, which varies with USL, USG, channel height and 

wave number. 

Together with Brooke Benjamin's (1959) procedure for calculation of the sheltering 

coefficient, the Jeffreys instability criterion. Equation (5.66), could be used to determine the 

transition between smooth and wavy stratified flow. The method adopted here is to determine 

the sign of the LHS of Equation (5.66) for various superficial gas and liquid velocities. For the 

presence of a wavy interface, the expression should be positive within the appropriate range 

of wave numbers, 500 < k < 2000. However, the results obtained are neither simple nor 

consistent. 

In the analysis performed for a channel of height 0.08m, the stability boundary for 

smooth stratified flow is not clearly defined. There seems to be a difficulty in obtaining flows 

with small ripples on the interface, characteristically of wavelength 3 to 10mm. There is a 

different value of the sheltering coefficient for each wave number. For the range of superficial 

gas velocities investigated here, 0.5ms'^ < USG < 4ms"\ no transition line can be drawn for the 

whole range of superficial liquid velocity, as can be observed in Figure 5.46. 

0.1 

0.01 

0.001 

A LHS of Eqn 
(5.56) positive 

o LHS of Bqn 
(5.56) negative 

• • 

O 

O 

o 
o 

o 
o 

o 
o 

A 

A 

o 
o 

o 
o 

o 
o 

o 
A 

A 

A 

0.1 1 

U,e(MS-I) 

10 

Figure 5.46 Plot indicating the presence of interfacial waves (positive values) evaluated 
from the model of Brooke Beniamin (1959) 

Thus, Brooke Benjamin's (1959) model for wave growth does not seem to be suitable 

for flows within enclosed conduits. This simple algorithm does not provide a sensible 

transition between smooth and wavy stratified flow. The inconsistency of the stability criterion 

could be due to the two different methods of evaluating the sheltering coefficient. A more 

detailed analysis would be necessary to fully assess the validity of this approach for channel 

and pipe flows. 
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5.4.3 Conclusion 

The validity of the critical layer wave generation models has been assessed in this 

section. In the existing literature, most of the transition criteria for smooth to wavy stratified 

flows originate from Jeffreys' (1924, 1925) sheltering hypothesis. The sheltering coefficient is 

altered to attain appropriate results without consideration of the physical flow system and its 

parameters such as conduit size and system pressure. In addition, these fitted values are not 

universal values suitable for all fluids and flow condition. 

This led to the study and modification of Brooke Benjamin's (1959) method based on 

a calculation method for the sheltering coefficient. The model was originally developed for 

stratified flows in infinite domains. By imposing a suitable velocity profile for the gas phase, 

the critical layer, and hence the sheltering coefficient can be calculated. Unfortunately, the 

simple method of analysis seems to predict, in general, the absence of wave growth even at 

relatively high superficial velocities. Therefore, there is the need to consider viscous models, 

which will be discussed in further detail in the next section. 

5.5 Viscous Models 

The critical layer mechanism for wave growth in infinite fluids, described in the 

previous section, is considered to be an inviscid shear-flow instability based on the weakly 

non-linear transfer of energy between waves of different wavelengths. This forms the basis of 

the models developed by investigators such as Miles (1957) and Brooke Benjamin (1959) in 

the late 1950s. 

With the increased understanding of turbulent atmospheric boundary layer flows over 

hills (Hunt, Leibovich and Richards (1988); Belcher, Newley and Hunt (1993)) in recent years, 

further developments in explaining the boundary layer flow over waves, particularly the wind-

induced growth of waves, have occurred. Most ocean waves have gentle slopes and 

separation does not occur, but these waves induce turbulent stresses in the airflow resulting 

in a reduction in wind speed on the lee-side of the waves. Hence, over waves of small slopes, 

wave growth is dominated by the non-separated sheltering process, usually associated with 

pressure difference across the wave (Belcher and Hunt, (1993, 1998); Miles (1993); Belcher 

(1999)). 

In this section, the analysis of the non-separated sheltering theory for wind over 

ocean waves by Belcher and Hunt (1993) is presented. The principal interest here is to modify 

and adapt these existing mathematical models for the prediction of the transition between 
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smooth and wavy stratified flows in conduits. Due to its simpler geometry and equations, flow 

in a rectangular channel is analysed. 

5.5.1 Belcher and Hunt's (1993) Non-separated Sheltering Theory 

Belcher and Hunt's (1993) approach to the prediction of wave growth is similar to 

most other studies where the interface shape and the flow in the water are prescribed and the 

linear perturbations to the airflow are calculated. These disturbances in the airflow are due to 

the changes in the fully developed boundary layer as a result of a two-dimensional wave in 

motion, and have independent contributions generated by the undulating interface, the 

variation of the surface velocity, and the variation of roughness along the wave. These 

perturbations are described using an extension of the 4-layer asymptotic structure developed 

by Hunt, Leibovich and Richards (1988) for flows over hills. Figure 5.47 illustrates the flow 

geometry and velocity profile for air flow over a regular wave. Figure 5.48 shows the detailed 

four-layer structure of the turbulent boundary layer over a flat plate. 
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Figure 5.47 Flow aeometrv and asymptotic structure of air flow over waves. 
(Belcher and Hunt. 1993} 
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Figure 5.48 Profiles of perturbation to velocity and shear stress in and above the inner region. 
(Hunt. Leibovich, and Richards. 1988) 

The outer region consists of an upper and a middle layer; the inner region consists of 

a shear stress layer (SSL) and an inner surface layer (ISL). Very close to the surface is the 

inner surface layer where the perturbation velocity decreases to zero and is controlled to zero 

order by the shear stress. In the shear stress layer, the perturbation shear stress decreases 

from its large value near the surface. Its thickness is of the order e, where e is a basic small 

parameter of the problem, given by 

u + c 

Un 
( 5 . 8 4 ) 

where UQ is the scale for the perturbed velocity, c is the wave velocity and u is the 

unperturbed friction velocity given by 

PG 
(5.85) 

where x; is the interfacial shear stress and pe is the density of air. 

The middle layer, where the vertical velocity perturbation is maximum, is defined by 

its height, hm, from the surface .The mean flow in this layer, which has a thickness of order 

e , can be treated as inviscid and irrotational. The upper layer extends upwards from h^ 

through and beyond the boundary layer. 
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Belcher and Hunt (1993) stated that non-separated sheltering is the dominant 

mechanism of wave growth. A thickening of the boundary layer on the leeside of the wave is 

brought about by the action of the Reynolds stresses close to the surface, resulting in mean 

flow separation when the slope is large enough. The thickness of the inner region is therefore 

asymmetric, with the largely inviscid outer region flow being asymmetrically displaced over 

the wave, leading to an out-of-phase component of the pressure perturbation. 

5.5.1.1 IVIathematical Formulation 

The primary aim is to calculate the linear perturbations to the airflow as a result of the 

interfacial waves. The analysis is performed in the frame of reference that moves at the phase 

speed, c, of the wave packets which are assumed to have a fixed shape. The wave motion in 

the water is governed by the linear, irrotational gravity wave theory for small perturbations on 

deep water with a free surface boundary. Hence, the wave speed is 

(5.86) 

where k is the wave number. 

The turbulent air flow over the water causes the dominant wave to be covered with 

ripples of wavelength much less than the wavelength of the dominant wave, X = 2nlk. These 

ripples behave as the interfacial roughness of length ZQ of the dominant wave surface, 

provided that its Reynolds number, sufficiently large. If this Reynolds number is not 

large, ZQ is defined as the equivalent roughness length based on the fact that for a small 

roughness Reynolds number, the ripples have little effect on the air flow and the surface is 

aerodynamically smooth. 

% « &1 (&87) 

In Belcher and Hunt's (1993) analysis, the unperturbed mean air flow, UB(Z), is 

assumed to vary logarithmically with the vertical distance, z, from the surface of the wave. 

UR - —In 
/ \ 

z (5.88) 
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In the frame of reference that moves with the speed of the wave crests, the 

unperturbed velocity profile becomes Ug = UB - c. Hence, 

— Li 
UB = — I N 

V^M Y 

(5.89) 

where Zm is the new virtual origin, or matched height defined as 

Zm = Zo sxpf—— (5.90) 
L U J 

and K is von Karman's constant whose value is approximately 0.4. When z = z^, Ug = 0, 

implying that z^ is the upper boundary of the critical layer. 

The height of the inner region can be determined from the changes to the turbulence 

structure and its different time scales. The eddy turnover time or the Lagrangian time scale 

for turbulence is 

T l ( Z * ) = K (5.91) 
u 

where Z = ^ , with Z being the dimensionless displaced vertical coordinate, i.e. the distance 

above the wave surface. 

The time scale for the eddy to be advected and distorted over the wave is 

T D ( Z * ) 
K-^ 

(5.92) 
k"'' 

—In 
Z ' 

V^M, / 

Towards the wave surface, in the inner region, TL « Tp and the turbulence tends to a 

local equilibrium. On the other hand, in the outer region, Tp « TL where the turbulence 

fluctuations are rapid. 

Hence, at the transition between the inner and outer region, TL and To are of the 

same order, and Z % kl, implying that the dimensionless height of the inner region, Z*, is 
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approximately I. From Belcher and Hunt (1993), I , the height of the inner region, can be 

calculated implictly from 

K L L N P 

V^M Y 
2 (5.93) 

When the surface is approached, turbulence is in equilibrium and is dependent only 

on the local gradient of the mean velocity. The Reynolds shear stress can be modelled 

adequately by a perturbation mixing length formula throughout the inner region 

( & 9 4 ) 
s dZ 

where is the horizontal velocity perturbation in the displaced coordinates. 

Next, the structure of the mean flow perturbations when the boundary layer is 

subjected to a linear forcing is examined. The vertical velocity perturbation Wj must satisfy the 

equation 

5 ^ WJ CFWD _ 

8 X 2 2 2 = U 

D , 0 WJ U _ 2 
WD = O O / ) # 4 5 ) 

where (X,Z) is the dimensionless displaced coordinate system. U is the unperturbed velocity 

profile in the moving frame with reference to a stationary wave. 

U{z) = —In 
V^M Y 

(5.96) 

hm, the scaled height of the middle layer, where the leading order pressure 

perturbation develops, is determined from the balance of two constraints. The first is that the 

shear in the unperturbed profile is small compared to the streamwise variation in the upper 

layer, and the second is that the shear is larger than the horizontal variations in the middle 

layer. 

8 X ' U 

For a logarithmic velocity profile, this leads to 

=, (5.97) 
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K " H M ' L N | ^ ' 

J 

(5.98) 

Belcher and Hunt (1993) stated that the growth of waves is dependent on the 

pressure perturbation, the normal Reynolds stresses and the shear stresses in the airflow 

above the water surface. These are in turn affected by the undulating shape of the wave (U), 

the non-zero varying tangential velocity at the surface, or orbital velocity (S1), and the varying 

surface roughness (S2). The undulation of the waves, resulting in a differential in pressure, 

constitutes the major contribution to the growth rate of the waves. 

From the perturbations forced by the undulations, there exists an asymmetric 

pressure perturbation which is a result of the asymmetry of the streamlines in the shear stress 

layer (SSL). The potential flow in the upper layer is displaced slightly, and hence is out-of-

phase with the wave surface, leading to a thicker boundary layer at the lee side of the crest. 

This effect was termed non-separated sheltering by Belcher, Newley and Hunt (1993). 

Although various processes are known to induce this asymmetric pressure distribution at the 

surface of a fixed undulation, non-separated sheltering remains the dominant feature. It 

should be noted that the mixing length model for the shear stress perturbation is only applied 

within the inner region. In the upper layer, on the other hand, perturbations of the Reynolds 

stress components are determined from the rapid distortion mechanism based on the history 

of straining of eddies. 

The orbital motion of the water at the surface of the wave is in-phase with the 

elevation of the surface. Hence, the streamwise velocity in the air, close to the surface, is also 

in-phase with the wave displacement. By contrast, at the top of the inner region, the 

interaction between the inertial and shear stress perturbations leads to the acceleration and 

deceleration of the flow which is out-of-phase with the surface elevation. Here, there is a 

conflicting effect where a thinner boundary layer downwind of the crest would be obtained. 

From Charnock (1955), the local change in the roughness length is assumed to be 

proportional to the local change in shear stress. The surface shear stress perturbation is 

induced by the undulating wave shape and results in changes in the surface roughness. It is 

increased at the wave crests (maximum shear stress) and decreased at the troughs. This 

variation in surface roughness also thickens the boundary layer on the leeside of the wave. 

It is necessary to determine the energy density of the waves in order to calculate the 

growth rate of the waves. The energy density of wave motion is defined as 

E = 0.5 PL a^ c^ k (5.99) 
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where a is the amplitude of the wave and k is the characteristic wave number. 

Energy is fed from the wind to the waves, increasing their amplitude, which in turn 

modifies the wind structure further. The rate of transfer of energy is proportional to the ratio of 

the air to water densities. From Belcher and Hunt (1993), the dimensional growth rate of the 

wave for a particular wave number is 

P = 
E 

E 

^ K H -

PL C 
(5.100) 

where E is the energy flux (energy per unit area per unit time), E is the energy per unit area, 

and the dimensionless growth rate coefficient, Cp, consists of three components obtained 

from the airflow solution. The first term is due to the pressure effects, the second term is due 

to the shear stress and the third term is due to the asymmetry in the normal Reynolds stress. 

The first term is said to be the largest. 

U ' ( L ) 
+ 2 

U^(l) 
1 + 5 4Y + 1-

K C 2 6 % ; 

U^(l) 
+ 0 ( 5 2 ) (5.101) 

C ( ^ ) = -2 g 
K C 

U ' ( I ) 
+ 1 o(s') (5.102) 

C ( ^ ) = 2 g 
' 2 1 ' 

U " ( I ) U^( I ) . 
O(G^) (5.103) 

Y is Euler's constant, taking the value of 0.5772 and 5 is given by 

K U ^ I 
(5.104) 

where now, a new definition of s is given as 

u +0 

UB ( ^ ) 

(5.105) 
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with X being the wavelength of the dominant wave, given by A, — — 

For a logarithmic unperturbed velocity profile. 

1 + Y . 

(&106) 

^ 'In 
X 

\^oj 

U(l), determined from the shape of the unperturbed velocity profile, is 

5.5.1.2 Preliminary Work on Application of Belcher and Hunt (1993) to Channel Flows 

As part of the project described in this thesis, preliminary work was carried out on 

applying the Belcher and Hunt (1993) concept (which was developed for ocean waves) to the 

case of confined channel flow. In this preliminary work, a two-dimensional channel (flow 

between parallel plate) was assumed. The following steps were followed: 

(1) The liquid in the channel was determined using the two-fluid model. 

(2) The gas velocity profile was estimated using the weighted averages of the 

two profiles obtained from the application of the universal velocity profile to 

the gas-wall and gas-liquid interfaces respectively. 

(3) The wave speed was calculated from the finite wavelength Kelvin-Helmholtz 

theory (Section 5.3) rather than using the simple gravity wave assumption 

inherent in the Belcher and Hunt theory. 

(4) The wave growth rate was calculated using a somewhat simplified version of 

the Belcher and Hunt theory. 

The results obtained indicated positive growth rate over the full range of wavelengths; 

i.e. there was no stable region. Clearly, this result is not useful in determining the boundary 

between smooth and wavy stratified flows! Though the methodology is promising, further work 

is needed to investigate the assumptions made in applying it to the channel flow case. This 

was beyond the possible scope of the present project. To place the work on record to form a 
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basis for future development, an internal report (Ng et al, 2002a) has been archived giving 

more details. 

5.6 General Conclusion 

In this chapter, an attempt has been made to predict the transition between smooth 

and wavy stratified flows in a simple enclosed conduit, such as a one-dimensional channel 

(i.e. flow between infinite flat plates). A successful analysis could subsequently be extended 

to a circular pipe, which has a more complicated geometry. Most of these theories are 

developed for wind over ocean waves in a fluid of infinite depth. This path of investigation was 

followed since the criterion for the smooth to wavy stratified flow regime transition in Taitel 

and Dukler's (1976) analytical flow regime map was modified from Jeffreys' (1924) sheltering 

hypothesis that predicts the growth of ocean waves. In the present work, two different growth 

models: the critical layer theory by Brooke Benjamin (1959) and the viscous model from 

Belcher and Hunt (1993) have been analysed and adapted to stratified flows in channels. In 

these models, the main mechanism of growth is the asymmetry of the pressure distribution 

across a wave. An important aspect of these calculations in the gas velocity profile adjacent 

to the interface. In the present work, a modified universal velocity profile has been employed, 

accounting for the boundary conditions both at the interface and at the top of the channel. 

Neither approach led to a prediction of the flow regime transition between smooth and wavy 

stratified flow. More detailed analyses of these models will have to be made. Also, further 

investigations into the viscous models should be performed, paying particular attention to the 

actual turbulence in the gas. This could be achieved by the coupling of the different 

turbulence models, such as the simple mixing length model, to the Reynolds averaged 

Navier-Stokes equation. Researchers such as Townsend (1972) have conducted such 

studies in wind-over-ocean systems. 

Besides looking at the smooth to wavy stratified transition problem from a 

mathematical point of view, investigations regarding the sheltering coefficient in Jeffreys' 

(1924) theory have been performed. In most models, this parameter is adjusted to fit the 

researchers' own experimental data. This leads to the conclusion that there is no single 

coefficient that is applicable to all fluids at all operating pressure. 

Of the two different types of classical inviscid Kelvin-Helmholtz stability theory 

investigated, only the finite wavelength theory seems to give a reasonable approximation of 

the transition between smooth and wavy stratified pipe flow. This conclusion is made based 

on the sets of experimental data available. The long wave theory does not predict the smooth 

to wavy transition, or the transition to slug flows. However, it appears that it may predict a 

secondary transition within the wavy stratified region. 
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Recently, Funada and Joseph (2001) have proposed an explicit dispersion relation 

based on a viscous potential flow analysis of the Kelvin-Helmholtz stability. As no-slip 

conditions at the walls and no-slip and continuity of shear stresses across the gas-liquid 

interface are neglected, no empirical closure relations are required. The stability criterion for 

stratified gas-liquid flows in a horizontal rectangular channel is given by a critical value of the 

relative velocity. 
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The Wasp Facility 

A set of experiments lias been carried out in order to study the interfacial 

characteristics and their evolution in two-phase air-water stratified pipe flow. The effects of the 

superficial velocities and system pressure on these characteristics were investigated. The 

principal measurement made is of the fluctuating liquid height; the pressure gradient and 

phase holdup associated with stratified flows have also been measured. 

All the experiments have been conducted on the high-pressure WASP (Water, Air, 

Sand, Petroleum) facility in the Department of Chemical Engineering at Imperial College. The 

basic structure of the rig, together with its control system and the design and working principle 

of the instrumentation, are described in this chapter, as are the properties of fluids used. The 

reliability and validity of the measurement techniques; and the accuracy and repeatability of 

the experiments are also discussed. This chapter concludes with a statement on the matrix of 

experiments conducted in this project. 

6.1 Description of the WASP Facility 

The high-pressure WASP multiphase flow facility was designed, constructed and 

commissioned in the Department of Chemical Engineering at Imperial College; a schematic 

diagram is shown in Figure 6.1. 
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Figure 6.1 Schematic diagram of the WASP facility. 

The WASP test section is a 37m long stainless steel pipe of 0.0779m bore (nominal 

3-inch) which may be inclined by ± 1.5°. It has been designed for the study of two-phase air-

water, air-oil and oil-water flows; and three-phase air-oil-water flows up to a maximum 

operating pressure of 42 bar(a). All the experiments in the project described in this thesis 

were conducted with two-phase air-water flows in the test-section, in the horizontal 

orientation, at system pressures up to 16 bar(a). 

The principle of a 'blow-down' system has been implemented in the WASP facility. Air 

is supplied from the high-pressure air tanks of the Department of Aeronautics, illustrated in 

Figure 6.2. The air storage tanks have a total capacity of approximately 60 m^ and are pre-

pressurised to 27 bar(a) using a compressor. An alternative source of air is the College's low-

pressure air supply that can provide air up to a pressure of 7 bar(a). This was not used in the 

current series of experiments. Water is fed into the test-section from a pressure vessel 

(Figure 6.3). This can be driven by centrifugal pumps or by the pressurising of the header 

space in the tank. The liquid flowrates in the current experiments were relatively low, so the 

pumps were not needed. 

The inlet section is designed to allow the phases to be introduced as a stratified flow, 

i.e. air above the water. The form of the entrance, illustrated in Figure 6.4, avoids the 
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generation of internnittency in the inlet itself, and is believed to lead to more reliable results for 

slug flow. (Hall, 1992). In the present (air-water) experiments, the oil feed was not used. 

Picture 6.2 High-pressure air tanks belonQinp to the Department of Aeronautics 

Figure 6.3 The WASP facility water (right) and oil storage tanlis 
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Figure 6.4a Photograph of the inlet to the test-section 

Air 

Oil 

M - ; 

M 

= 1 I 
Water 

Figure 6.4b Schematic diagram of the inlet for the introduction of three-phase air-oil-water flow 

The test-section (figure 6.5) consists of a series of 7m long ANSI 600 stainless steel 

pipes with welded tongue and groove flanges. Instrumentation, which will be discussed in 

detail in Section 6.2, is generally fitted into sections mounted between flanges. For this series 

of tests, the instrumentation used includes multiple twin-wire conductivity probes, a 

visualisation section and a y-densitometer; in the region of the densitometer, a concentric 
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acrylic resin pipe section was inserted to minimise absorption by the pipe wall. Additional 

twin-wire conductivity probes are also located in the first 7m section, and near the exit of the 

pipe. These are inserted into the pressurised pipe through bosses welded onto the pipe 

sections. 

1 . 

Figure 6.5 Part of the WASP test-section. 

At the end of the test-section, the air and water are separated within the slug catcher 

(Figure 6.6), which is designed to produce minimal pressure losses. This pressure vessel 

contains a number of baffle plates for the dissipation of the momentum of the liquid. Air is 

discharged through the top of the slug catcher to the atmosphere via a silencer, whilst the 

liquid drains through value V2 into a dump tank, which is shown in Figure 6.7. When oil is 

circulating in the flow system, the two liquid phases are separated under gravity before being 

pumped back into their respective tanks using the transfer pump. M1. Hence, the water and 

oil are recycled and closed loops are established for the flow of the liquids. 
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Figure 6.6 The slug catcher. 

Figure 6.7 The dump tank 
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6.2 Control & Instrumentation 

6.2.1 Control System 

The WASP facility is controlled principally by the computer control system located in 

the WASP control room, and secondarily by several manual valves. The computer is 

connected to an ANDS4400 control system which manages the operation of the rig and relays 

information back to the control system. Besides operating the flow facility 'manually' (where 

the operator directly changes the set points of the control valves), it can also be controlled by 

setting up several control loops. The set flow conditions are then maintained at a steady state 

by the control system. The five available control loops, which use a PID (Proportional integral 

Derivative) feedback control mechanism, are; 

(a) air flow control (links V1 to F1) 

(b) water flow control (links V13 to F2) 

(c) oil flow control (links V12 to F3) 

(d) slug catcher level control (links V2 to L1) 

(e) exit pressure control (links V3 to P3) 

When operating at elevated pressures, control loops (d) and (e) are implemented. 

6.2.2 Flow Metering 

The air is metered using a corner-tapping orifice plate designed to BS1042. The air 

superficial velocity immediately downstream of the plate can be calculated using the relation 

for pressure drop across an orifice plate. The location of this plate is just before the inlet of 

the test-section. In this series of experiments, an orifice plate of size 20mm was used. 

The water is metered by a DANFOSS magnetic flowmeter consisting of a sensor and 

a signal converter. The flowmeter operates on the principle of electromagnetic induction. 

Water passes through the magnetic flux in the sensor and induces a current which is 

proportional to the volumetric flowrate. The flowmeter can measure water flows with 

superficial velocities up to 1.5ms'\ 

Measurements of both the air and water flow rates are recorded at 10 Hz. 

- 3 9 1 -



6.2.3 Flow Visualisation 

A visualisation section (Figure 6.8) is mounted near the end of the test section, 

approximately 35m downstream from the inlet. It consists of a polycarbonate tube of length 

0.8m and wall thickness of 0.013m, and is designed and constructed to withstand high 

pressures. To ensure geometric continuity with the main test section and to minimise stresses 

within the polycarbonate, this section is housed in a steel jacket. 

One of the primary objectives of this experimental campaign was to study the 

interface structure of stratified flow. Visual observation, coupled with conductivity probe trace 

analysis, is one of the most powerful methods for describing the air-water interface. Besides 

direct visualisation through the transparent section, video images were captured at a rate of 

24 frames/s using a Panasonic MV-10 VHS video camera. This video camera was positioned 

in such a way that the horizontal diametrical plane of the pipe was parallel to the axis of the 

lens, in order to capture the movement of the interface. In addition, a Kodak EktaPro HG 

Imager Model 2000 high-speed camera, recording images at 1024 frames/s was used. This 

camera was positioned with the axis of the lens at an angle to the interface, to study the local 

features of the structure. 

¥ 

Figure 6.8 The visualisation section 
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6.2.4 Pressure and Pressure Gradient Measurements 

Three absolute pressure transducers and one differential pressure transducer were 

used to determine the pressures and pressure gradient in the flow system. The absolute 

pressure transducers are located upstream (just before the air orifice plate); midstream 

(approximately 21m downstream from the inlet); and downstream (1m before the end of the 

test section). The first gives the entrance pressure in bar(a), while the other two provide the 

testiine and exit pressure in terms of mbar(g). 

The differential pressure transducer is located approximately 33m downstream of the 

inlet and measures the pressure difference over a span of 1m of the test section. The 

pressure gradient measured is thus for a fully developed steady-state flow if such occurs 

within the test-section. A Rosemount 3051 CD differential pressure transducer capable of 

measuring pressure differences within the range of 0.12 to 13800 kPam"̂  was used. Flexible 

nylon tubes were used to connect the two pressure tappings at the top of the pipe section to 

the pressure transducer. These tubes were flushed with high pressure air to ensure no liquid 

was trapped within; trapped liquid would result in errors in the pressure drop measurements 

made. 

The pressure and pressure gradient data were sampled by the same low speed 

acquisition system used for the recording of flowrates. The acquired raw signals of the 

pressure transducers and flowmeters were then converted to sensible pressure, pressure 

gradient and superficial velocities using the software developed by Hall (1992). 

The accuracy of the DP transducer was specified as ± 0.5% of the full span. The 

pressure drop associated with stratified flows is often very much smaller than other flow 

regimes, so an inclined manometer with a higher degree of accuracy would be much 

preferred. However, the manometer installed in the WASP facility was faulty over the period 

of this experimental campaign. 

6.2.5 Liquid fHoldup Measurement 

6.2.5.1 Background 

The liquid holdup was measured using a single beam dual-energy y-densitometer 

situated near the end of the test-section, which is shown in Figure 6.9. The working principle 

of this instrument is based on the attenuation of the y-ray beam through a dense medium. 

When a coHimated beam of initial intensity, lo, is directed across a dense medium, the 

intensity on the other side of the medium is given by 
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lo exp (- Y X) (6.1) 

where I is the intensity of the beam upon exiting the medium, y is the linear absorption 

coefficient proportional to the density of the medium and x is the thickness of the medium. 

In a two-phase mixture, the phase fraction can be determined by a single collimated 

beam. Pan (1996) showed that the phase fractions in the pipe for a two-phase mixture can be 

determined as 

SL 

and 

Inl - Inig 
lni|_ —Inl̂  

(6.2) 

SG 1 - E l (6.3) 

where SL is the liquid holdup, sq is the void fraction (gas holdup), I is the measured intensity. 

IG and II are the measured intensities for a pipe filled with gas and liquid respectively and are 

obtained during a calibration procedure. 

Figure 6.9 The single beam dual-energy gamma densitometer 
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The linear absorption coefficient, y. is defined as 

y = p n (6.4) 

where p is the density of the medium and p is the mass absorption coefficient of the medium. 

Expressions for the mass absorption coefficients, as a function of the energy of the gamma 

photons, have been given by Pan (1996); 

^air = 0.1 exp [-63.757 + 272.649 In In E - 422.039 (In In Ef + 304.665 (In In E)̂  

105.052 (In In E)"̂  + 13.973 (In In E)® ] (6.5) 

Hwater = 0.1 Bxp [-60.440 + 261.845 In In E - 408.637 (In In E)̂  + 296.817 (In In E)̂  

- 102.857 (In In E)' + 13.737 (in In E)' ] (6.6) 

where E is the energy of the gamma photon in keV (10 < E < 2000 keV). 

Equations (6.5) and (6.6) can be criticised on the grounds that they are not 

dimensionally consistent (^ has unites of m^kg'̂  and E has unites of keV), and that the 

number of decimal places given in the coefficients far exceeds the precision of any 

measurement. Though these equations are useful in system design, they are not used directly 

since they are implicit in the calibration procedure. 

Pan (1996) showed that in two-phase air-water flows, the energy of the gamma 

photons does not affect the measurement accuracy and a measurement error of less than 1% 

(full scale) can be achieved within a 10s sampling time. 

6.2.5.2 The WASP y-densitometer 

In the current set of experiments, the y-densitometer designed by Pan (1996) is used. 

It is located approximately 36m downstream from the inlet and it consists of the gamma-

source, the detection system, the positioning system, the related electronics and the control 

system. 

The source of the gamma rays is a 20mCi Ba-133 isotope. Two energy levels, 31keV 

and 81 keV were selected based on optimisation studies by Pan (1996). The Barium isotope 

is encased in a lead block with an aperture of dimensions 4mm x 10mm, for collimating the 

beam from the source. It is positioned beneath a 76.2mm internal diameter acrylic resin 

(Perspex™) tube mounted between the flanges of the main stainless steel test-section. 
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The gamma rays, after passing through the Perspex™ pipe and the flowing medium, 

are detected by a Nal (sodium iodide) crystal coupled to a photomultiplier tube (PMT) which is 

fitted with a pre-amplifier. Pulses of light are released when the y-photons hit the crystal, and 

are amplified by the PMT and pre-amplifier. The signals are further amplified by the delay line 

amplifier (DLA). Two single channel analysers (SCA), one corresponding to each of the 

energy levels, are employed to extract signals for the respective energies. The output from 

the SCAs are then transmitted to a dual-counter/timer which counts the number of 

scintillations in a given period of time. Figure 6.10 is a schematic diagram illustrating the links 

between the various components of the y-densitometer system. 

Detector 

PC 

Pre-
Ampiifier 

Delay Line 
Amplifier 

Dual counter/ 
Timer 

Single Channel 
Analyser 

Single Channel 
Analyser 

Figure 6.10 Electronic components for the Y-densitometer system 

The positioning system is made up of two stepper motors and a control PC. The 

gamma source, together with the detector, is traversed horizontally across the cross-section 

of the pipe to give fifteen chordal scans as indicated in Figure 6.11. Scans 1 to 4, and 12 to 

15, are taken at intervals of 4mm and the remaining scans at intervals of 6mm. In this series 

of experiments, a full pipe scan was performed for each run, giving both the average phase 

holdup and the average shape of the interface. The sampling frequency was 25 Hz and the 

sampling time at each chordal position was 20s. 
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Figure 6.11 Measurement positions of the horizontal traversing mechanism 

The Bond number for air-water flows in the WASP facility is very high, at around 400, 

so the interface for smooth stratified flow is very nearly flat with highly curved menisci at the 

walls. Hence, the interface can be approximated by a smooth and fiat interface (Chapter 3). 

Figure 6.12 shows a comparison of the liquid holdup calculated from the exact solution of the 

Young-Laplace equation with a Bond number of 400 and a range values of contact angles, 0 

(Chapter 3) and that calculated assuming a flat interface. It can be concluded that there are 

no significant differences (less than 0.1%) between the holdups calculated, rendering it 

justifiable to determine the liquid holdup from a single chordal measurement. Of course, the 

mean interface shape in wavy stratified flow could be curved, with the waves causing the 

liquid to spend more time near the walls or centre of the pipe. 
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Figure 6.12 Comparison of liquid holdups calculated using the Young-Laplace equation for Bo 
400. and contact angles. 9= O.ln.....O.Qn. and that calculated assuming a flat interface. 

6.2.6 Examination of the Interfacial Structure 

In order to investigate the interface structure and the statistical variation of the waves, 

the fluctuation of the liquid height was measured. The instantaneous liquid height was 

measured using the conductivity probes located at various positions axially along the test-

section. The probes used in the WASP facility are made of O.^Smm thick stainless-steel wires 

and are of two different designs which are discussed in detail below. These probes can also 

be used to determine the instantaneous phase holdup of the flow, if it is assumed that the 

interface is flat. 

Each conductivity probe is made up of a pair of parallel wires stretched across the 

test-section, perpendicular to the flow direction. A circuit is completed in the presence of a 

conductive medium. In a two-phase gas-liquid system, provided that the liquid is an electrical 

conductor, the liquid layer thickness can be measured via the resistance or conductance 

between the two wires which act as electrodes. The electrical resistance and hence, the 

conductance, varies with the thickness of the liquid layer. The higher the liquid height, the 

larger the electrical conductance. Therefore, knowledge of the characteristics of the probe by 

either calculation or calibration, allows the determination of the liquid layer height. 

It should be noted that for a given range of liquid heights, the variation of the voltage 

signals registered by different probes is not identical, as it is dependent on the detailed 

geometry, circuitry and electronics associated with a particular probe, primarily the precise 

distance between the wires, the drive and the gain of the electrical signals. Thus, it is 

necessary to perform individual calibrations on each probe. 
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A problem regarding the use of such probes arises in the detection of flows with a 

high concentration of entrained droplets in the gas phase or of entrained bubbles in the liquid 

phase. As the conductivity probes measure only the conductance between the wires, they do 

not differentiate between the liquid layer and the liquid droplets or gas bubbles. Hence, only 

an equivalent liquid height will be obtained in these cases. 

6.2.6.1 Design 1; Multiple twin-wire Conductivity Probes 

In order to study the interfacial structure of stratified flows, multiple twin-wire probes, 

which are capable of measuring the fluctuations of the liquid height across the pipe cross-

section, are used. The multiple twin-wire probes used in this set of experiments are based on 

the design by Srichai (1994). The original design consisted of five platinum twin wire probes 

across the cross section, mounted on a circular acrylic holder and secured between two ANSI 

600 tongue and groove flanges in the test section. The engineering drawing of the probe is 

shown in Figure 6.13. Four probes are spaced ±12.8mm and ±25.6mm from the central 

diametrical probe. The distance between the pair of wires in each probe is 2mm. 
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Figure 6.13 Engineering drawings of the multiple twin-wire conductivity probe (Srichai. 1994} 
(Note: The scale of (a) is different to that of (b), and (b) is not to scale) 
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However, over the years, two major problems associated with this probe design have 

been encountered; 

(a) Due to the ductility of the platinum metal, the wires are easily broken, 

especially by the impact of large roll waves or slugs. Also, the repetitive 

stressing by such flow features would stretch the wires, leaving them loose. 

This would reduce the accuracy of the measurement. 

(b) Formerly, the wires were glued onto an acrylic holder using Loctite™ Super 

Glue, and it was necessary to discard the entire probe assembly when the 

probe wires broke or became loose. 

The weakness of the platinum wires in the WASP facility has been addressed by 

Manfield (2000) and the wires were replaced by stainless-steel ones. In his experimental 

campaign on slug tracking, consistent results were obtained and no anomalies were noted. 

Thus, the remaining problem lies in the maintenance of the probes. 

A contribution of this project to the WASP facility is the modification of the multiple 

twin-wire conductivity probe to ensure a longer operational life. Here, a locking and tensioning 

device for the stainless steel wires was implemented, enabling the tightening of the probes in-

situ. The help of Mr Bob King of the Mechanical Workshop in the Department of Chemical 

Engineering at Imperial College is gratefully acknowledged. A schematic diagram of the 

device is shown in Figure 6.14a. 

Solder 

Brass sleeve 

Brass adjusting section 

Punched hole in 
sleeve 

Stainless 
steel wire 

Figure 6.14a Schematic diagram of locking and tensioning device for multiple twin-wire 
conductivity probes (Not drawn to scale). 
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Two pieces of brass tubing of lengtli 12mm and of internal diameter 1.2mm and 

0.6mm were prepared, with the larger one acting as a sleeve and the smaller one as an 

adjusting section, it has to be ensured that the adjusting section is able to slide freely into the 

sleeve. A hole in the middle of the sleeve was created to allow the stainless-steel wire to 

thread through. 2.4mm diameter holes 6mm deep were drilled into the acrylic holder, 3mm 

away from the grooves on the acrylic holder for siting the wires. The assembly is presented 

schematically in Figure 6.14b. The sleeve was then secured into the holes using Perspex™ 

glue. The stainless-steel wire was passed through the hole in the brass sleeve, and soldered 

onto the adjusting section. The tautness of the wire could then be adjusted by pulling the 

adjusting section. Finally, the two brass sections were secured by means of soldering. 

Thereafter, the problem of loose wires could be rectified by twisting the adjusting section, or 

even the brass sleeve. 

Locking & 
tensioning device Acrylic holder 

Figure 6.14b Schematic diagram of one half of the acrylic holder with modifications 
(Not drawn to scale). 

The two halves of the acrylic holder were secured using silicone sealant in order to 

prevent any water from getting into contact with the wires in the region outside the test-

section. The acrylic holder was then inserted into the groove of carbon steel flanges designed 

to ANSI 600 standard. Rubber 0-rings were used on the inside of each groove of the flanges 

to prevent any leakage of fluids. Each probe assembly, including the related flanges was 

pressure tested to 50 bar(g). 
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The electrical circuit essentially measures the conductance across each pair of wires 

and has an AC driving signal of a frequency of 50 kHz. Full details of the electronics and 

circuitry associated with the multiple twin-wire conductivity probes is provided by Srichai 

(1994). 

Figure 6.15 shows a photograph of a 5 twin-wire conductivity probe offline, and 

Figure 6.16 shows a probe installed between two flanges in the upstream region of the test-

section. 

Figure 6.15 Photopraph of a five twin-wire conductivity probe 
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Figure 6.16 Photograph of multiple twin-wire conductivity probe assembly with flanges and signal 
box installed onto the test-section. 

For the study of the evolution of the interface in this series of experiments, a total of 

seven sets of multiple twin-wire probes were distributed along the test-section. Four of them 

were 5 twin-wire probes, and two of them were 3 twin-wire probes. The 3 twin-wire probe is 

illustrated diagrammatically in Figure 6.17a, with the three pairs of stainless steel wires placed 

in one half of the cross section of the pipe. If symmetry about the vertical diametrical plane is 

assumed, the signals from the other half of the pipe are not required. In addition, a single 

twin-wire probe of similar design was used, which measured the liquid height at the centre of 

the pipe. This is shown in Figure 6.17b. 
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Figure 6.17 Schematic diagram of three and single twin-wire conductivity probes 

6.2.6.2 Design 2: Single Twin-wire Conductivity Probes 

Tliis conductivity probe was first developed by Manoiis (1995) and is illustrated in 

Figure 6.18. As before, 0.5mm thick stainless-steel wires 2mm apart are used to determine 

the liquid height at the symmetrical plane of the pipe cross section. The probes are oriented 

perpendicular to the direction of the flow, passing vertically across the pipe. The probes are 

mounted in 'bosses' which are welded onto the pipe at intervals along the test-section. Pairs 

of 'bosses' are placed at the same axial location at the top and bottom of the pipe. They can 

also be used for a variety of other instrumental connections. 

Due to the need to operate at high pressures, several precautions were taken in the 

design of these probes: 

(a) PTFE plugs were used to prevent any leakage from the tube to the outer 

section of the probe casing. 

(b) Com,pressed silicone rubber discs and ceramic washers were used to seal 

the possible liquid paths around the two probe wires. This was to prevent the 

formation of any conducting path between the two wires outside the flow area 

of the pipe. 

(c) The probes were isolated with transformers to avoid any current flow from the 

probe to any earthed pipework or flange. 
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Figure 6.18 Schematic diagram of the single twin-wire conductivity probe 

One advantage of this design is that flow disruption is minimised due to the absence 

of any flanges and hence, these probes can be situated relatively close to one another 

without significantly disturbing the flow. Six conductivity probes of this design were installed in 

the first 7m section of the pipe to investigate the flow structure in the entrance region. In 

addition, a pair of twin-wire probes was located 600mm apart in a 8G0mm-section in the 

middle part of the test-section. Figure 6.19 shows a probe fixed onto the test-section near the 

inlet. 

Similarly, the driving signal is an AC current with a frequency of 10 kHz and the 

detailed electronic system is outlined in Manolis (1995). 

The location of the various conductivity probes is summarised in Figure 6.20 and their 

respective distances from the inlet are given in the complementary Table 6.1. The wires in the 

multiple twin-wire probes are numbered from the inside (nearer to the wall where the test-

section is attached) to the outside. The notation used in the rest of this thesis for naming 

individual probe is the probe assembly name, followed by the position of the wire in brackets. 

For example, the probe furthest away from the wall for multiple twin-wire probe TSN3 is 

TSN3(5). 
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Figure 6.19 Photopraph of a twin-wire conductivity probe installed on the test-section 
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Figure 6.20 Schematic diagram of names & positions of conductivity probes (Not drawn to scale) 
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Name Type Distance from inlet (m) 

PMU1 Design 2 0.97 

PMU2 Design 2 1.67 

PMU3 Design 2 3.07 

PMU4 Design 2 3.77 

PMU5 Design 2 5.17 

PMU6 Design 2 5.85 

TSN1 Design 1: 5 twin-wire 7.15 

TSN2 Design 1; 5 twin-wire 13^2 

TSN3 Design 1: 5 twin-wire 14.43 

SS1 Design 1: Single twin-wire 20.53 

IGM1 Design 2 26.57 

IGM2 Design 2 27.17 

SS2 Design 1; 5 twin-wire 2&42 

JS1 Design 1: 3 twin-wire 34.50 

JS2 Design 1: 3 twin-wire 35.06 

Table 6.1 Distances of the conductivity probes from the inlet 
{For probe SS2. the centre probe was not used) 

6.2.6.3 Calibration of Conductivity Probes 

As the signals recorded are in the form of voltage signals, a calibration of the voltage 

against liquid height is required for each probe. For most of the conductivity probes of both 

designs, the calibrations were performed offline before they were fitted onto the test-section. 

The probe assembly was damped between two transparent acrylic plates, creating a fixed 

volume. Different levels of water were introduced into this volume, from empty to nearly full, 

and the corresponding voltages, acquired at the sampling frequency of 500Hz to be used in 

the experiments were obtained. After a period of time for the interface to become still and 

stable, a measurement was taken for the duration of 120s. The liquid height was measured as 

the actual length of the wire immersed in the water. It is noted that the water used in the 

calibration exercise was the same as that used in the WASP facility. 

In the process of calibration, the gain and the drive of the electronic circuit were 

adjusted to ensure that there was a sensible and reasonable range of voltage for the full pipe. 

Also, it was ensured that there was no topping-out of signals and that the noise inherent 

within the signals was kept to a minimum. 
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A sample calibration chart for TSN3(3), the centre probe of the assembly TSN3 is 

shown in Figure 6.21. The calibration curve for this probe, obtained by fitting a polynomial to 

the calibration points, is given by 

h = -0.840^" + 1.730 -0.770 +0.869 V + 0.011 (6.7) 

where h = h/hmax is the dimensionless height of the liquid layer, and h^ax is the maximum 

height at the chordal position. V =VA/max is the dimensionless voltage, with Vmax being the full 

pipe voltage measured on day n at the chordal position. 

a> 0 .75 

I 0-5 

0 .25 0 .5 0 .75 

dimensionless voltage 

Figure 6.21 Calibration chart for conductivity probe TSN3(3} 

It is observed that the calibration is almost linear, except for when the pipe is nearly 

empty or nearly full. 

The two sets of 3 twin-wire probes, JS1 and JS2, before and after the y-densitometer 

were calibrated online in the test-section by comparing the voltage signals with the data 

collected from the y-densitometer. This was accomplished by draining the test-section in steps 

from an initially filled pipe. At a number of liquid levels, the draining was stopped and the 

water in the test-section was allowed to settle for more than 10 minutes. A 300s scan across 

the full cross-section of the pipe was then performed. The voltages from each conductivity 

probes were then compared to the chordal height at the closest scan position 

The full set of calibration charts for the 34 conductivity probes are given in Appendix 
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6.2.6.4 Data Acquisition 

Data were collected at a sampling frequency of 500 Hz for a period of 300s. An 

Amplicon POWERDAQ acquisition system was installed for recording the data from all 34 

conductivity probes. 

6.3 Properties of the WASP Fluids 

The fluids used in the WASP facility for this series of experiments were air and water. 

Their physical properties at atmospheric pressure are given in Table 6.2. 

Air Water 

Density (kg m "') 1.18 997.1 

Viscosity (Pa s) 1.83x10 " (25 °C) 0.98 x 10"' (25 °C) 

Surface Tension (N m"̂ ) - 0.037 (20 °C) 

Table 6.2 Physical properties of WASP air and water at atmospheric conditions 

It should be noted that the surface tension of WASP water is almost half that of clean 

water, which is 0.072 Nm'\ This is due to contamination from the small amount of oil present. 

Before the two-phase air-water experiments were carried out, it was ensured that the 

presence of oil in the flow circuit was minimised. This involved locking the oil away in its 

storage tank; flushing the test-section with water; and cleaning the dump tank. 

The density of air as a function of temperature is obtained using the perfect gas law. 

Pair ( k g m"^) 
pM 

RT 
(6.8) 

where T is the temperature in Kelvin, R is the universal gas constant, 8.314 kJ kmol K , M 

is the molecular mass of air, 29 kg kmol"̂  and p is the pressure in Pa. 
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The variation of air viscosity with temperature T (K) is calculated from the following 

expression: 

^air (PS S) H25 + a (T-298) (6.9) 

where nzs = 1.83 x 10"® Pa s is the viscosity at 25°C, and a = 4.87 x 10' Pa s K" is the 

temperature coefficient. 

(National Research Council "International critical tables of numerical data", 5(2), MCGraw Hill 

Book Company, 1928) 

6.3.2 Water 

Values of the density of water can be obtained from Table 6.3 (Perry et al., 1984). 

Temperature (°C) Density of Water ( kg m"̂ ) 

0 999.87 

3.98 1000 

5 999.99 

10 999.73 

15 999.13 

18 998.62 

20 998.23 

25 997.07 

30 995.67 

35 994.06 

38 992.99 

40 992.24 

45 990.25 

50 988.07 

Table 6.3 Density of water at various temperatures (Perry et a/.. 1984} 

The viscosity of tap water as a function of temperature, T (K), is obtained using a 

correlation from van Wingen (1950). 

I^water ( P a S ) 1 X 10-3 [ (-0.0213 - 0.0213 (T- 298) + 

6.247x 10"® (T-298)^] (6.10) 

'410. 



6.4 The Experimental Matrix 

A single experimental campaign was conducted in August 2001, These tests, 

performed on the WASP test-section, were for horizontal steady state two-phase air-water 

flows in the stratified regime. 

The main objectives of the experiments were: 

(a) To investigate the effect of superficial velocities and pressure on the wave 

characteristics in the wavy stratified regime. 

(b) To study the evolution of the air-water interface and the associated wave 

characteristics axially along the test-section. 

(c) To study the various intermediate flow regime transitions within stratified flow. 

(d) To investigate the dimensionality (two-dimensional or three-dimensional) of 

the surface waves. 

Four different values of the operating pressure, p, were chosen, and at each 

pressure, four different superficial gas velocities, USG, and superficial liquid velocities, UJL, 

were selected to define the flow conditions. A summary of the experimental matrix is given in 

Table 6.4 below. 

P (bar(a)) 1 2 4 16 

USG {mis) 1-15 1-13 1-8 1-3 

UsL (mis) 0.01-0.18 0.01-0.18 0.01-0.18 0.01-0.25 

Table 6.4 Experimental flow conditions for different operating pressures 

It has not been possible to achieve identical inlet conditions at different pressures, 

hence. Figures 6.22 to 6.25 show the experimental conditions (superficial gas and liquid 

velocities) obtained at each of the four different pressures during the campaign. Each point 

represents an experimental run performed. 
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Figure 6.22 Experimental points at a pressure of 1bar(a). 
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Figure 6.23 Experimental points at a pressure of 2bar(a). 
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Figure 6.24 Experimental points at a pressure of 4bar(a). 
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Figure 6.25 Experimental points at a pressure of 16bar{a}. 

A total of 250 sets of experimental data (runs c04f014 to c04f263) at the different 

operating conditions were collected over a period of 19 working days. Among them, the 

repeatability of the experiments and the possible hysteresis of the transitions between flow 

regimes were investigated. 16 of the tests at atmospheric pressure were repeated on day 19 

(runs c04f248 to c04f263). A full listing of the experiments is given in Appendix F. 

A 300s sampling run was carried out for each of the flow conditions. The absolute 

pressure, the pressure gradient, and the superficial velocities of the fluids were acquired at a 

sampling frequency of 10Hz. The voltages from the conductivity probes were sampled at 500 

Hz. These conductivity data were then rolling-averaged over 5 data points and converted to 

the liquid height using the appropriate calibration formula. A 300s y-densitometer scan across 

the whole cross section of the pipe was also performed. At each of the 15 chordal positions, a 

20s description of the local fluctuation of the interface was obtained. Except for experiments 

at 16 bar(a), the high-speed camera was used to capture stills of the local interfacial structure. 

In all the 250 runs, the low-speed video camera was operated throughout the entire 300s of 

data acquistion. 

6.5 Errors in Experimental IVIeasurements 

Estimations of the error in the measurements made on the WASP facility (Badie, 

2000) during the experiments are tabulated in Table 6.5 below. 
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Measurement Error Unit 

Superficial gas velocity 0.2 ms"' 

Superficial liquid velocity (< 0.05 ms'^) 0.0001 ms"' 

Superficial liquid velocity (> 0.05 ms"^) 0.001 ms"' 

Pressure gradient 1 Pa m"' 

Liquid film height 0.2 mm 

Mean holdup 0.0025 -

Temperature 0.1 °C 

Table 6.5 Estimation of experimental errors made on the WASP facility (Badie, 2000) 
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Flow Regime: & 
Global Characteristics 

7.1 Introduction 

This chapter is the first of three that report the results and analyses of the 

experimental campaign performed on the WASP facility for two-phase air-water stratified 

flows. Here, the emphasis is on the global characteristics associated with these flows, such 

as the pressure gradient and liquid holdup. An understanding of these parameters is 

necessary for the design of industrial flow systems. 

Equally important is the ability to predict the flow regime transitions that have been 

discussed in detail in Chapter 5. Prior to this, the different regimes of two-phase flow and their 

relationships with each other have to be defined. Focussing on the stratified region, detailed 

flow pattern maps constructed from the experimental data collected on the WASP rig are 

presented for different operating pressures. Comparisons of the present data with the finite 

wavelength and long wave Kelvin-Helmholtz theories and Jeffreys' (1924) sheltering 

hypothesis (Chapter 5) are also performed. 

A summary of the experimental data is tabulated in Appendix F. 
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7.2 Flow Regimes 

Flow regimes are idealisations of the real two-phase flows in which the spatial and 

temporal distribution of the phases is described in a simple and convenient manner. A flow 

regime map is a presentation of occurrence of specific flow regimes plotted, typically, in terms 

of phase flow rates. Knowledge of the geometric distribution for specific flow rates, pipe 

dimensions and fluid properties is very useful in establishing the hydrodynamics of the flow 

used in theoretical models. Different researchers in the past have proposed flow transition 

maps based on their experimental data for a wide range of fluids and operating conditions. 

(Mandhane et al. (1974), Weisman et al. (1979), Andritsos (1986), Hand and Spedding 

(1991), etc) 

The flow regimes discussed in this section are obtained from visual analyses, which 

included direct observations and later studies of the stills from the high-speed camera and the 

video recording from the VHS camera. However, visual observation techniques, together with 

the description of the flow pattern, are highly subjective. Thus, care was taken in the definition 

and classification of the flows in order to ensure the interpretations of the observations 

remained as generally valid as possible. The flows, observed approximately 35m downstream 

of the pipe inlet, are assumed to be fully developed and at steady-state. The development of 

the flow will be considered in more detail in Chapter 9. 

7.2.1 Definition of Flow Patterns 

Thirteen different flow regimes were defined and are described below. Most of these 

flows were detected at each of the system pressures chosen, namely, 1 , 2 , 4 and 16 bar 

absolute. However, as described in Chapter 6, the operation of the rig was by a 'blow-down' 

mechanism, there is a trade-off between velocity and run time, particularly at high pressures. 

At the higher pressures, the run time available for high velocity flows may become too short to 

achieve a steady-state flow. Thus, no observations of flow regimes characteristic of high flow 

rates, such as annular flows, were made at higher pressures. 

The flow regimes observed are illustrated by the photographs in Figure 7.1, which are 

taken from the high-speed camera. The camera angle is oblique, looking slightly downwards 

onto the air-water interface and upstream. The flow is from right to left. At low superficial gas 

and liquid velocities, the air-water interface is smooth and flat without any disturbances. This 

smooth stratified system is illustrated in Figure 7.1a. At a slightly higher gas velocity, gentle 

disturbances are observed (Figure 7.1b). In this flow regime, there is a non-continuous slight 

ruffling of the interface. Although close to the smooth stratified scenario, there is interaction 

between the air and water, resulting in the irregular packets of small amplitude disturbances. 
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At even higher superficial gas velocities, regular 2D ripples are formed. As can be seen in 

Figure 7.1c, these ripples are continuous and they span the entire cross-section of the pipe. 

At some flowrates, the 2D ripples are not continuous, but manifest themselves in packets of 

less than approximately 20 wavelets, interspersed between a smooth flat interface. In this 

work, this regime is classified as the smooth stratified with packets of ripples. 

For flows that have intermediate superficial gas velocities and low to moderate liquid 

velocities, long waves can be observed. These long waves are the dominating feature in 

such flows. Generally, the surface of these waves can either be smooth (long wave with 

smooth interface), or covered with 2D ripples (long wave with 2D ripples). The latter is 

shown in Figure 7.1d. At higher superficial liquid velocities, the amplitudes of the long waves 

become larger, and high frequency ripples appear only on the crests of the waves. The 

troughs of the long waves appear to have a relatively flat and smooth surface as illustrated in 

Figure 7.1e. (long wave with 2D ripples on crest) 

When the liquid flow is further increased, roll waves begin to form (Figure 7.1f). Roll 

waves are typically waves that fold over or break at the front, and there is often entrainment of 

liquid droplets from the breaking waves. Their amplitudes are larger than those of regular 2D 

ripples and they have a steep front with a long gently sloping tail. Also, these waves move 

faster than the liquid surface. Generally, they appear to carry a significant volume of liquid. 

The roll waves seem to grow from the long waves when their amplitude increases and they 

subsequently break. 

At even higher liquid flow rates, due to the larger liquid holdup, the liquid body bridges 

the pipe and slugs are formed. A slug is a region of continuous liquid between two regions of 

gas. At low gas velocities, the slugs are generally long and have a low frequency. The slug 

frequency increases with higher gas flows and the slug body is much shorter. Figure 7.1g 

shows the tail of a slug, with the liquid draining away from the upper surface of the pipe. 

3D waves (Figure 7.1 h) dominate the flow system at relatively high superficial gas 

velocities. These are characterised by a highly irregular and random interface structure. Also, 

it is observed that in such flows, swirling conics are present. These are mini vortex-like 

structures on the interface that are created by the three-dimensional wave motions. Conical 

motions are noted where air is 'sucked' into the liquid layer at the interface and tiny air 

bubbles are exuded at the tip of the cones into the liquid. 

Vorticity vectors in smooth stratified flow are subjected to bending by the action of the 

3D waves. This leads to a generation of vorticity, w. 
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where subscripts x and y refer to the transverse (horizontal) and vertical direction. 

From Equation (7.2), when the horizontal vortex line is bent, it creates vertical vorticity, This in 

turn creates the conical structures which are aligned perpendicular to the free surface. The 

swirling results in the depression of the liquid surface and entrainment of gas bubbles. The 

highly irregular nature of the 3D waves means that small vortices are continually generated 

and destroyed. 

The 3D waves also occur in two other flow classifications; 3D waves with low 

amplitude roll waves (Figure 7.1i) and 3D waves with entrained droplets (Figure 7.1j). The 

former regime is characterised by the presence of regular low amplitude roll waves with spray 

from the breaking waves. For the latter, the liquid level is relatively low and the roll waves are 

absent. Nevertheless, droplets are entrained from the three-dimensional structure and there is 

a high concentration of these droplets in the gas phase. 

The last flow regime noted in the experiments is annular flow as illustrated in Figure 

7.1k. The characteristics of such flows are the presence of a thin film of liquid on the pipe wall 

and the liquid level is relatively low. 3D waves are present on the gas-liquid interface and 

there is a high concentration of entrained droplets in the gas core. 

Figure 7.1a Smooth stratified flow (run C04171:u^ = 1.612ms'\ = 0.0196ms \ P = 4bar(a)) 
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Figure 7.1b Gentle disturbances on smooth stratified surface 
(run C04f052: u^n = 3.827ms'\ u^i = 0.0316ms'\ P = Ibarfa)) 

Figure 7.1c Regular 2D ripples (run C04f149: = 3.080ms'\ u^ = 0.0388ms'\ P = 4bar(a)) 

Figure 7. Id Long wave with 2D ripples (run C04f093: u^n - 5.165ms \ u.^i - 0.0316ms'\ P - 2bar(a)) 
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Figure 7.7e Long wave with 2D ripples on crest 
(run C04f168: u^n - 4.119ms', = 0.0240ms', P = 4bar(a)) 

Figure 7. If Roll waves (run C04f125: u^a = 4.095ms'\ = 0.0844ms'\ P = 2bar(a)) 

Figure 7.1 g Slug flow (water draining at slug tail) 
(run C04f146; u^ - 1.230ms'. u^ = 0.1292ms'. P = 4bar(a)) 
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Figure 7.1h 3D waves (showing swirling conical structures in water laver 
(run C04f163: u^= 5.031 ms'\ u., = 0.1297ms\ P = 4bar(a)) 

Figure 7.1i 3D waves with low amplitude roll waves 
(run C04f125: u^ - 4.095ms'. u^ = 0.0844ms~\ P = 2bar(a)} 

Figure 7.113D waves with entrained water droplets 
(run C04f180: u^n = 7.632ms'. u^i = 0.0274ms', P - 4bar(a]) 
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Figure 7.1k Annular flow (run C04f074: = 15.887ms \ = 0.1771 ms\ P ^ 1bar(a)) 

7.3 Flow Pattern Maps 

7.3.1 Flow Pattern Maps 

Figures 7.2 to 7.5 show the four flow pattern maps (focussing on the stratified flow 

regime) for two-phase air-water flows in a 0.0779m internal diameter stainless steel pipe at 

operating pressures of 1,2, 4 and 16 bar(a) respectively, based on the different flow regimes 

discussed in the previous section. The flow patterns are for steady-state fully developed flows 

observed at the visualisation section 35m downstream of the test-section inlet. On the maps, 

the points indicate the flow type that corresponds to a specific pair of superficial gas and liquid 

velocities. The boundaries drawn for each flow pattern are approximate and are solely based 

on the experimental data shown. As the major concern of this project is the study of stratified 

flow and its transitions, the flowrates on the maps are relatively low. 
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At atmospheric pressure, it is noted that the different flow regimes at low superficial 

velocities seem to appear in sequential bands on the map. When the superficial velocities 

increase, gentle and random disturbances are present on the otherwise smooth interface. At 

even higher flowrates, long waves are observed. The presence of these long waves has not 

been reported in previous literature; however, these long waves may be similar to the 'inertial 

waves' described by Hand (1991). Inertial waves were said to occur when the initial liquid 

height with no gas flowing is above the pipe centre. However, this criterion may not apply to 

the formation of the long waves that are observed in the present work. In addition, the surface 

of the long waves can either be smooth or covered with regular 2D ripples. The latter occurs 

when the superficial gas velocity is higher, in relation to the liquid velocity, and the action of 

the air interacting with the liquid layer initiates the growth of regular ripples. Similarly, these 

long waves constitute the precursors for the formation of both roll waves and slugs, 

depending on the relative superficial velocities. Roll waves and slugs are detected at high 

liquid flow rates, with the former being present at higher gas flow rates. Any increase in gas 

flows results in the slugs becoming more frequent and shorter in length. 

An irregular and highly random three-dimensional interface is the dominant feature at 

high gas velocities. The 3D waves appear to move in the transverse direction, across the 

cross-section of the test section as well as travelling in the axial direction, as typified by the 

20 ripples. The 3D waves occur, together with either low amplitude roll waves (at higher liquid 

velocities) or a large concentration of entrained liquid droplets in the gas core (at lower liquid 

velocities). A typical feature of flows with 3D waves is the presence of random spiralling 

conics in the liquid body. Any further increase in the superficial gas velocity gives rise to 

annular flow characterised by a thin liquid film around the upper part of the pipe wall and a 

high concentration of entrained liquid droplets in the gas core. 

The distribution of the different flow patterns remains rather similar at different 

operating pressures, except for the presence or absence of one or more flow regimes. At 

elevated pressures such as 16 bar(a), the long waves with a smooth interface were not 

observed. In addition, at higher gas velocities, the high frequency 2D ripples are only noted 

on the crests of the long waves while the troughs remain relatively smooth. As the pressure 

increases, the range of operable air velocities is limited, and hence the annular flow regime, 

which is characterised by high gas flow rates, was not observed at 4 and 16 bar(a). At 16 

bar(a), the slug flow region is barely present within the range of operating conditions (only one 

case of slug flow was observed though, of course, slug flow would become more prevalent if 

the liquid flow rates were increased beyond the range used here, which is chosen because of 

the focus on stratified flows). The higher the pressure, the more dominant the long waves 

become in the flow pattern map. 
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Besides looking at relative changes in the map area of the flow regimes, the range of 

superficial velocities over which each flow regime map was determined is also important. As 

illustrated in Figure 7.6, the bulk of the flow patterns seems to shift towards the left, to lower 

superficial gas velocities, when the pressure is increased. In other words, it is possible to 

attain similar or identical flow patterns at a lower USG at a higher pressure. For example, 

instead of a USG of approximately 8 ms"̂  at atmospheric pressure, it is possible to obtain 3D 

waves at a USG of 3ms'̂  at 16 bar(a). 
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Figure 7.6 The relative positions of the different flow regime maps 
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7.3.2 Comparison of the Stratified Flow Transitions 

With a clearer understanding of the different flow patterns at various operating 

pressures, it is appropriate to assess both the analytical and empirical criteria for transitions 

from smooth to wavy stratified flows, described in Chapter 5. In this subsection, comparisons 

with the inviscid Kelvin-Helmholtz long wave and finite wavelength analyses, together with 

Jeffreys' (1924) sheltering hypothesis, with different sheltering coefficients proposed by 

various researchers, are presented. Of particular interest is the prediction of the effect of 

system pressure. In each case, the calculated transition lines are superimposed on the 

experimental flow pattern maps. 

Figures 7.7 to 7.10 show the comparisons at operating pressures of 1,2, 4 and 16 

bar(a) respectively. As the objective is to evaluate the transitions from the smooth stratified 

region, these maps only focus on the low flow rates where 0.01 ms"̂  < USL < 0.1ms"\ and 

1ms < UsG < 10ms \ hence the slug and 3D wave regimes are not considered. The Kelvin-

Helmholtz analyses, described in Section 5.2, are again performed for a rectangular channel 

with the same hydraulic diameter as the WASP test-section. 
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At all of the pressures considered, the long wave Kelvin-Helmholtz theory does not 

seem to predict any of the transitions of interest and the stability criterion line cuts through 

either the annular or 3D wave flow regimes and hence is not within the boundaries of interest. 

(It is not shown in the figures). This is inconsistent with the comparisons with the experimental 

data of other researchers where a secondary transition within the wavy stratified region 

seemed to coincide with this line. The finite wavelength theory appears to predict the critical 

superficial gas velocity for transition to regular 2D ripples, as shown in the maps at various 

pressures. The transition could be from either gentle disturbances on a flat surface at low 

operating pressures of 1 or 2 bar(a); or from the surface of the dominating long waves at a 

pressure of 16 bar(a). This comparison agrees well with those described in Section 5.2 for 

other experimental data sets. It can be concluded that the finite wavelength Kelvin-Helmholtz 

theory predicts the critical superficial gas velocity for transition to stratified flow with 2D 

ripples. There is also a critical superficial liquid velocity where the transition to long waves 

with 2D ripples occurs, but this is not predicted by the theory. 
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Figure 7.7 Comparison of transitions with experimental data at a system pressure of 1 bar(a). 
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Figure 7.8 Comparison of transitions with experimental data at a system pressure of 2 bar(a). 
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Figure 7.10 Comparison of transitions with experimental data at a system pressure of 16 bar(a). 

From the two broad categories: relatively smooth (solid symbols) and wavy (open 

symbols) stratified flows, the critical superficial velocities for the transition from smooth to 

wavy stratified flows can be approximated by constant values, assuming that the transition 

boundary is a rectangle which envelopes the smooth stratified region. This is highlighted in 

Figure 7.7 for a pressure of 1bar(a). Figure 7.11 shows the variation of the critical superficial 

gas and liquid velocities with system pressure. As the flow regimes are shifted towards lower 

superficial gas velocities at elevated pressures, the critical UgQ correspondingly decreases. 

However, a minimum is present at approximately 3 bar(a) in the variation of the critical 

superficial liquid velocity with system pressure. 
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The experimental flow pattern maps obtained were also compared to the sheltering 

hypothesis of Jeffreys (1924) applying the different values of the sheltering coefficient, s, 

proposed by various researchers, it appears that applying large values such as 0.06 and 0.3 

as suggested by Andritsos and Hanratty (1987b) and Jeffreys (1924) does not predict any of 

the transitions observed, and these calculated transition lines fall within the smooth stratified 

region at different operating pressures. At smaller values of s, the Jeffreys' transition criterion 

seems to coincide with the initiation of waves or disturbances on the air-water interface in a 

pipe. As shown in Figure 7.7 for atmospheric pressure data, using a sheltering coefficient of 

0.03 predicts the transition from smooth stratified to gentle disturbances on the interface. At 4 

bar pressure, the sheltering coefficient necessary for the prediction of the initial formation of 

waves is approximately 0.01, as illustrated in Figure 7.9. It appears that the sheltering 

coefficient is a function of the operating pressure. It starts from a value of approximately 0.03 

as proposed by Taitel and Dukler (1976) at atmospheric pressure, and decreases with 

subsequent increases in pressure. At a high pressure of 16 bar(a), a sheltering coefficient 

smaller than 0.01 would be required for the prediction of the transition. As the fluids used 

have remained the same throughout this series of experiments, the effect of liquid viscosity on 

the transition as proposed by Andritsos and Hanratty (1987b) could not be assessed. 

In conclusion, it seems that the finite wavelength inviscid Kelvin-Helmholtz theory (in 

the form developed in the work described in this thesis) tends to be consistent in predicting 

the transition to regular 2D ripples as indicated from the discussions above and in Section 

5.2. There is no doubt about the ability of Jeffreys' (1924) sheltering hypothesis to predict 

transitions within stratified flow. However no universal sheltering coefficient can be used for all 

fluids at all system pressures. The latter observation is clearly illustrated in the analysis above 

where the sheltering coefficient required is dependent on the system pressure. Hence, the 
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sheltering coefficient has to be treated as an adjustable parameter, rendering the theory 

incomplete. 

7.4 Liquid Holdup IVIeasurement 

7.4.1 Calculation of Liquid Holdup 

Phase holdup is one of the two key parameters that is associated with two-phase 

stratified flows. The average holdup values for the different experimental runs are determined 

from the y-densitometer approximately 34m downstream from the inlet. The y beam is 

traversed across the test-section, measuring the liquid height at 15 locations, with the 

sampling time at each position being 20s. The liquid holdup is calculated assuming a flat and 

smooth interface. In the WASP air-water flow system, the Bond number is very high at 

approximately 400, and hence, in smooth stratified flow, the interface is mainly flat with small 

curved menisci near the walls. Figure 6.12 shows that at this Bond number, there is no 

significant difference in the holdup calculated assuming an exact or a flat interface for a wide 

range of contact angles (0.1 TI to O . O T I ) . The time-averaged liquid heights are then averaged 

across the pipe cross-section to obtain a single average height at the diametrical plane, 

representative of the flow situation. Only the central 9 scans are averaged, discarding the 3 

from each end of the pipe. This is to eliminate cases where the liquid film is dragged up the 

pipe walls at high superficial gas velocities. 

it is noted that the average holdup is for a flow that is assumed to be fully developed 

and steady-state in the downstream part of the test-section and therefore, the evolution of the 

distribution of the gas and liquid phases is not reflected. 
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7.4.2 Results 

In this section, the holdup is analysed in terms of the three flow system parameters, 

namely, the superficial gas and liquid velocities and the system pressure. Figure 7.12 gives a 

three-dimensional representation of the variation of the holdup with the superficial velocities at 

1 bar(a) pressure. There is a systematic increase in holdup diagonally from the bottom right 

hand corner to the top left of the diagram. From the three-dimensional plot, it is evident that 

the holdup increases with the superficial liquid velocity at a fixed gas velocity. These trends 

are also present in the flow at elevated operating pressures, as shown in Figures 7.13 to 7.15. 

The lines of increasing holdup with superficial liquid velocity at a fixed gas velocity are clear in 

Figure 7.15 (at 16 bar(a)) where the data points collected are more sparse. This increase in 

holdup with increasing USL and decreasing USG for the data at 16 bar(a) is presented in a 

clearer form in Figure 7.16. Here, the decrease in holdup associated with the transition from 

smooth to wavy stratified flow is evident from the large gap between the data at 1.2ms'̂  and 

2ms'̂  respectively. 

holdup 
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Fioure 7.12 3D representation of vsristion of liQuid holdup st a system pressure of 1 b3r(a). 

•431 



I \ 

0.4 \ 

holdup 

0.05 X 

1 / , x O . l 
usl (m/s) 

1 Ir ^ 
10 

usg (m/s) 
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The liquid holdup is more dependent on the ratio of the gas to liquid velocities rather 

than their absolute values. It is also possible to attain identical holdup at lower gas velocities 

when the pressure is higher, while keeping the liquid velocity approximately constant. For 
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example, at 1 bar(a) pressure, a holdup of approximately 0.1 can be obtained at ÛG of 11.2 

ms"\ and USL of 0.02 ms"\ At 16 bar(a), the same holdup is obtained at USG of 2.7 ms"' and USL 

of 0.05 ms'\ The increase in the air density at elevated pressures has a strong effect on the 

interfacial friction acting on the liquid surface, resulting in a lower holdup value. This agrees 

with the dominance of long wave structures in the flow pattern map at elevated pressures, 

obtained during the experimental campaign. The change in pressure does not seem to affect 

the variation of liquid holdup when the superficial gas velocity is low, as shown in Figure 7.17 

for UsG of 1.5 ± 0.2 ms'\ In this case, the interfacial shear stress is not large enough to 

strongly influence the liquid flow, except at 16 bar(a).However, large differences are observed 

at intermediate superficial gas velocities when the pressure is varied at a constant value of 

UsL. In Figure 7.18, the superficial liquid velocity is kept constant at 0.02 ms"\ The pressure is 

seen to have a very significant effect on holdup at gas veocities between 3 and 8ms"\ where 

the interface is wavy, giving a large interfacial friction factor. Re-iterating, when the operating 

pressure is increased, the gas becomes denser, increasing the interfacial friction and 

reducing the liquid holdup. 
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7.4.3 Comparison to the Two-fluid Model 

In earlier Imperial College work by Srichai (1994) and Shaha (1999), data for stratified 

flow were analysed in terms of the two-fluid model and attempts were made to develop 

correlations for the interfacial friction factor in terms of the magnitude of interfacial height 

fluctuations. The present work differs from these earlier work in a number of ways including: 

(1) A much wider range of system parameters (flow rate, pressure) have been 

covered, though in somewhat less detail. 

(2) Very detailed measurements have been made of the interfacial structure, 

both in the developing and fully-developed regions. The interfacial structure 

has been classified in terms of wave type (2D ripples, roll waves, 3D waves, 

etc). 

The approach taken by Srichai (1994), Shaha (1999), and other workers (Chapter 2) 

could have been followed in present work. However, some new aspects of the results, in 

particular strong indications of the influence of interfacial disturbances on the liquid friction 

factor, led to a decision not to attempt to develop yet another interfacial friction factor 

correlation. Rather, the approach has been to attempt to illuminate the results by comparing 

them with the simplest form of the two-fluid model, namely that developed by Agrawal (1973) 

and Taitel and Dukler (1976), as described in Section 2.5.1. Briefly recapitulating, the main 

assumptions are as follows: 

(1) The gas-wall (fc) and liquid-wall (fu) friction factors are calculated from the 

Blasius equation (Equation 2.72) with Reynolds numbers based on hydraulic 

diameters 4AG/(SG + S,) and 4AL/SL respectively. 

(2) The interfacial friction factor fj is assumed to be equal to the gas-wall friction 

factor fg. 

The holdup measured (black points) are compared with the predictions of the simple 

two-fluid model (blue points) in Figures 7.19 to 7.22 for the four different system pressures. 

As will be seen, the simple two-fluid model can predict holdup values which are either above 

or below those measured. Evidently, a major source of discrepancy could be the assumption 

made regarding the phase-wall and the interfacial friction factors. Thus, an over-prediction of 

holdup could arise from; 

Case A: The interfacial friction factor being greater than fg (X > 1). Enhancement of 

the interfacial friction by the presence of waves is a commonly assumed effect and is 
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the basis of many literature correlations (Chapter 2). An increase in the Interfacial 

shear stress increases the velocity of the liquid and therefore reduces the holdup 

compared to the simple model in which f = fc is assumed. 

Case B: The liquid-wall friction factor being less than that calculated from the Blasius 

equation. In the present experiments, the liquid Reynolds numbers were in the range 

between 4000 and 70000, and therefore in the turbulent region. Moreover, there is at 

least one friction factor correlation for turbulent-liquid flow in the stratified regime (i.e. 

that of Hand, 1991) that imply friction factors below those predicted from the Blasius 

equation. 

Similarly, an under-prediction of the holdup could result from; 

Case C; The interfacial friction factor being less than that predicted by assuming f, = 

fQ. This is unlikely and is, in fact, contrary to many experimental measurements of 

stratified flows in both in rectangular channels and circular pipes (Chapter 2). 

Case D: The liquid-wall friction factor being greater than that calculated from the 

Blasius equation. Though this case has not been, to the present author's knowledge, 

investigated in the literature, it does seem a logical possibility. Thus, the interfacial 

waves may lead to additional turbulence in the liquid and this, in turn, may lead to a 

significant increase in friction factor, particularly in the laminar-turbulent transition 

region. The differences between the liquid-wall friction factor determined from the 

experimental data and that calculated from the Blasius equation are shown in Figure 

7.23. Although the trend (decrease with increasing Reynolds number) is similar, the 

magnitudes of the friction factors differed by a factor of 2 to 10. This is especially 

prevalent at lower Reynolds numbers. 

In assessing the relative effects of the above factors, it is important to also consider 

the measurement of pressure gradient and the comparisons of these with the simple two-fluid 

model. The pressure gradient data will be presented in Section 7.5 below, but it will be 

convenient to refer forward to them in discussing the holdup data. 

If an over-prediction of holdup occurs because of too high a value of fu (case B), with 

fi = fc being assumed, then the predicted pressure gradient would be higher than that 

measured. The pressure gradient data showed that the measured values are always greater 

than those predicted by the simple two-fluid model, so the unilateral influence of Case B is 

unlikely. Rather, any reduction in ft seems to be more than compensated by the increase in f, 

and pressure gradient (Case A). Thus, it seems likely that the Case A and Case B 

mechanism will combine to give a decrease in holdup whereas the Case A mechanism will 
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generally give an increase in pressure gradient despite the increase in gas-phase flow 

resulting from increased interfacial shear and a reduced fL. 
area, 

Assuming that Case C is unlikely, the relationship between measured values of 

holdup and those predicted by the simple two-fluid model represent a balance between the 

Case A, Case B and Case D mechanism. This, in turn, will be influenced by the interfacial 

structural regime as discussed in Section 7.3. Examination of Figures 7.19 to 7.22, together 

with the regime maps given in Figures 7.2 to 7.6, shows the following trends: 

(1) For 20 ripples and smooth long waves, the holdup is generally higher than 

predicted, indicating the dominant effect of the Case D mechanism. 

(2) For 3D waves, the holdup is often close to that predicted from the simple two-

fluid model. This may indicate a balance between the Case A and Case D 

mechanism. 

(3) In the roll wave region, the predicted values are greater than the measured 

values, indicating a possible dominance of the Case A mechanism. 
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FiQure 7.19 Comparison of the liquid holdup obtained from experiments (blacl< points) and predicted 
by the two-fluid model (blue points) at a system pressure of 1 bar(a) 
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by the two-fluid model (blue points) at a system pressure of2bar(a) 
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Figure 7.22 Comparison of the liquid holdup obtained from experiments (black points) and predicted 
by the two-fluid model (blue points) at a system pressure of 16 bar(a) 
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Figure 7.23 Comparison of predicted liouid-wall friction factor with that calculated from 
the Blasius equation. 

The discrepancy between the holdup values measured in the experiments and those 

calculated using a simple two-fluid model can be shown clearer in Figures 7.24 and 7.25 at a 

fixed UsG of 3 ± 0.2 ms'̂  and a constant USL of 0.02ms"' respectively. The pressures 

investigated are 1 and 16 bar(a). Again, the difference between the two values depends on 

the flow regime the flow is in. Hence, for gentle disturbances, 2D ripples and smooth long 
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waves, the holdup calculated is generally less than that measured. On the other hand, for 3D 

waves, the reverse occurs. 
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Figure 7.24 Comparison of the liquid holdup obtained from experiments and predicted by the two-fluid 
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Figure 7.25 Comparison of the liguid holdup obtained from experiments and predicted by the two-fluid 
model at a system pressure of 1 and 16 bar(a) at a fixed of 0.03 ms''' 

7.5 Pressure Gradient Measurement 

7.5.1 Determination of the Pressure Gradient 

Pressure drop data were measured using the differential pressure transducer located 

approximately 33m downstream of the entrance, with the pressure tappings separated by a 

distance of 1m. The pressure gradient measured is assumed to be for a fully developed. 
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steady-state flow, with the flow regime assessed from the visualisation section just slightly 

downstream of the transducer. The DP cell has an offset which was recorded daily for single-

phase air prior to the two-phase measurements. 

It should be noted that the pressure gradient readings taken are for stratified and 

wavy flows. The values for slug flows could not be determined due to the introduction of water 

into the tappings as a result of the large liquid bodies that bridge the pipe, hence rendering 

the DP cell measurements invalid. 

7.5.2 Results 

In general, low pressure gradients of the order 1 Pam"̂  are associated with smooth 

stratified flows. When the disturbance of the water surface, or the interface roughness, 

increases, the interfacial shear stress increases correspondingly, resulting in a higher 

pressure gradient. This can be seen in Figure 7.26 where the pressure gradient measured is 

larger for the highest gas flow rates at atmospheric pressure, represented by 3D waves. In 

addition, the pressure gradient increases with the superficial liquid velocity. When a larger 

water flow is present, more disturbances are created, resulting in the formation of roll waves. 

These phenomena are also observed in the three-dimensional plots at other operating 

pressures (Figures 7.27 to 7.29). At 16 bar(a), the maximum pressure gradient obtained is not 

as large as those obtained at lower pressures because the maximum gas velocity is lower. In 

general, the increase in pressure gradient with USG is more gradual at higher pressure with no 

evidence of the sharp transition as seen in Figure 7.26. It could be that the higher gas 

velocities in Figure 7.26 lead to entrainment and the formation of a thin annular film which 

was insufficient for the flow to be classified as annular, but sufficient to markedly increase the 

pressure gradient (Badie, 2000). 
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Figure 7.26 30 representation of the variation of pressure gradient at a system pressure of 1 bar(a). 
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Figure 7.27 30 representation of the variation of pressure gradient at a system pressure of2bar(a). 
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Ficiure 7.28 3D representation of the variation of pressure gradient at a system pressure of 4 bar(a). 
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Figure 7.29 3D representation of the variation of pressure gradient at a system pressure of 16 bar(a). 
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Figures 7.30 and 7.31 illustrate the variation of the pressure gradient with USL and 

respectively while the other flow rate is held constant for an operating pressure of 4 bar(a). 

When the superficial gas velocity is increased, the disturbances and waves on the air-water 

interface become more prominent, increasing the pressure gradient. The increase in pressure 

gradient with the superficial liquid velocity is apparent in these figures. At a higher liquid 

superficial velocity, there is more bulk liquid present, resulting in the formation of long waves 

and roll waves. 
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Figure 7.30 Variation of pressure gradient with % at different fixed u^s at a system pressure of 4 bar(a). 
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Figure 7.31 Variation of pressure gradient with u,/? at different fixed u^i s at a system pressure of 4 bar(a). 

Figure 7.32 illustrates the variation of the pressure gradient with operating pressure 

and the superficial liquid velocity at a fixed superficial gas velocity of 3.0 ± 0.2 ms'\ In 

general, the pressure gradient increases with pressure, though the effect of operating 
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pressure is not significant at low pressures. The pressure gradient is predominately affected 

by the roughness of the surface, hence, when the superficial liquid velocity increases, the flow 

regime progresses from smooth stratified to slug flow, increasing the pressure gradient. On 

the other hand, at a fixed superficial liquid velocity of 0.02ms \ the pressure gradient also 

increases with both operating pressures and superficial liquid velocities, as shown in Figure 

7.33. 
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7.5.3 Comparison with the Two-Fluid Model 

As with the liquid holdup, the measured pressure gradient is compared with 

predictions of the two-fluid model, with the gas-wall friction factor being equal to that at the 

interface. Figures 7.34 to 7.37 show the comparison between the measured and calculated 

pressure gradient, where the black points represent experimental results, and the blue ones 

represent the values predicted from the two-fluid model. In general, the predictions at low 

superficial liquid velocities, or flows with long waves and 2D ripples, are quite close to the 

experimental values, as indicated by the plots. However, the two-fluid model significantly 

under-predicts, the pressure gradient at high superficial gas velocities, where the 3D waves 

and annular flows occur. This is also noted in Figure 7.37 for most flow conditions at an 

operating pressure of 16 bar(a). 

The pressure gradient is very sensitive to the roughness of the liquid surface, which 

in turn affects the friction factor. When another simple closure relation, f: = 3 fc (Kawaji, et al., 

1987), was used to take into account the waviness of the surface, the pressure gradient 

predictions from the two-fluid model were brought closer to experimental data but there were 

still large under-predictions at higher flow rates. This is shown in Figure 7.36 for an operating 

pressure of 4 bar(a), where the red points represent the values calculated using f| = Sfc. 

*/dz {E& /m) 
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Figure 7.34 Comparison of the pressure gradient obtained from experiments (black points) and 
predicted by the two-fluid model (blue points) at a system pressure of 1 bar(a) 
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Figure 7.35 Comparison of the pressure gradient obtained from experiments (black points) and 
predicted by the two-fluid model (blue points) at a system pressure of 2 bar(a) 
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Figure 7.36 Comparison ot the pressure gradient obtained from experiments (black points) and 
predicted by the two-fluid model with f = fn (blue points) and fi = 3fn (red points) 

at a system pressure of 4 bar(a) 

-447-



dp/dz (Pa/m) 

usl (m/s) 0.1 

usg (m/s) 

Figure 7.37 Comparison of the pressure gradient obtained from experiments (black points) and 
predicted bv the two-fluid model (blue points) at a system pressure of 16 bar(a) 

Similarly, Figures 7.38 and 7.39 illustrate the difference between the measured and 

calculated pressure gradient using the two-fluid model using the simple closure f, = fc for a 

fixed UsG of 3 + 0.2 ms"̂  and a fixed USL of 0.02ms'^ respectively. Except for flows with low 

superficial gas velocities, the experimental results are much greater than those predicted from 

the two-fluid model. 
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Figure 7.38 Comparison of the pressure gradient obtained from experiments and predicted bv the 
two-fluid model at a system pressure of 1 and 16 bar(a) at a fixed u^n of 3 ±0.2 ms'^ 
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Figure 7.39 Comparison of the pressure gradient obtained from experiments and predicted by the 
two-fluid model at a system pressure of 1 and 16 barla) at a fixed u,, of 0.03 ms' 

7.5.4 Conclusion 

The pressure gradient data are generally under-predicted by the simple two-fluid 

model. Referring to the discussion in Section 7.4.3, it was seen that the Case A phenomenon 

(interfacial wave interactions) always gives a net increase in pressure gradient. However, 

increases in liquid friction factor due to wave-induced turbulence (Case D) may still give an 

increase in both holdup and pressure drop in some regions. 

7.6 Conclusion 

Thirteen different flow types, focussing on the stratified flow region, have been 

identified from visual observations and described in the first part of this chapter. The 

distributions of the different flow patterns are presented in flow maps at four different 

operating pressures. At elevated pressures, the long waves are more prominent, and the 

distribution of the flow regimes appears to be condensed to smaller superficial gas velocities. 

The long wave and finite wavelength inviscid Kelvin-Helmholtz instabilities and the 

various empirically fitted sheltering coefficients were tested against the data set obtained from 

the experiments. The finite wavelength Kelvin-Helmholtz remains consistent in predicting the 

transition to 2D ripples, and there is no universal sheltering coefficient available to be applied 

in Jeffreys' (1924) sheltering hypothesis to all two-phase systems. 

The data obtained for holdup and pressure drop in stratified flow were illuminated by 

comparisons with the simple version of the two-fluid model. The fact that both holdup and 

pressure gradient can increase in some regions may imply that the liquid zone fnction factor 
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may be enhanced as a result of turbulence induced by the wave action. This phenomenon 

could have profound effects in the prediction of stratified flows and needs further 

investigation. 
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8 

Wave Characteristics 

8.1 Introduction 

In the previous chapter, a qualitative description was presented of the different 

interfacial structures of two-phase air-water flow. Here, a more detailed analysis of the local 

interfacial wave distribution will be presented, based on the time traces measured by the 

multiple twin-wire conductivity probes located at various positions along the test-section. The 

variation of liquid height with time can be acquired from the voltage traces and the respective 

calibration characteristics summarised in Appendix E. After post-processing, the various 

characteristics of the interface can be determined. 

The general approach adopted in this chapter is to characterise the interfacial 

structure separately for each of the flow regimes identified and described in Chapter 7. The 

properties discussed include the statistical characteristics, wave frequency and wave speed, 

in this chapter, the interfacial characteristics for developed flows will be discussed. Thus data 

from only the downstream probes, SS2, IGIVII, IGM2, JS1 and JS2, in close proximity to the 

visualisation section where fully developed steady state flows have been identified, are 
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analysed. In addition, the variations of these wave properties with the flow parameters such 

as the system pressure and the superficial air and water velocities are investigated. 

With the results from the multiple twin-wire conductivity probes, the dimensionality of 

the interfaciai structure and waves, together with the presence of secondary interfacial motion 

can also be studied. Here, the variation of the wave characteristics transversely across the 

cross-section the pipe is analysed. 

8.2 Problems Associated with Conductivity Probes 

8.2.1 Description of the Problem 

During the post-processing of the experimental data, a severe problem concerning 

the interpretation and accuracy of the measurements from the conductivity probes was 

discovered. Throughout the experimental campaign, a porous layer of scale has accumulated 

on the stainless steel wires, and this in turn affected the voltage signals recorded. Figure 8.1 

shows the full pipe (water) readings for probes TSN2(1) to TSN2(5) decreasing at a relatively 

constant rate from approximately 3V to 1V over a period of 19 experimental days. For some 

of the probes, these full pipe measurements has decreased by more than 80%. All of the 

results are shown in the plots in Appendix G. 

-TSN2(1) TSN2(2) -TSN2(3) TSN2{4) TSN2(5) 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
day 

Figure 8.1 Full pipe calibration for probe TSN2 over entire experimental campaign. 

The decrease in electrical conductivities is attributed to the increase in electrical 

resistance associated with the daily thickening of the porous coating. This phenomenon was 
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observed for all 34 pairs of twin-wire conductivity probes installed. This resistance would 

reduce the conductivity and hence the voltage signals for the flow system. 

The cause of the formation of the carbonate (most likely) or oxide layer is still 

unknown, and it has not been the objective of this thesis to investigate the origin of the salts 

and the associated chemistry. A possible preliminary explanation, based on fundamental 

engineering judgement, for the presence of the porous layer is as follows. The source of the 

layer is the calcium ions present in abundance in the water (tap water) used in the 

experiments. Due to the slow liquid flows operated throughout the campaign, (0.01 ms"^ < Usl 

< 0.18ms"^), the mass transfer and subsequent deposition of the calcium salts from the water 

onto the stainless-steel wires were enhanced, in addition, the formation of the calcium salts 

was further aided by the high temperature experienced during the experimental runs. The 

experiments were conducted during the month of August, 2001, where the temperature in the 

test-section went up to as high as 38°C due to the direct sunlight on the stainless-steel pipe 

sections. 

8.2.2 Possible Remedies to Rectify the Problem 

The frequencies and the speeds of the waves can be calculated from the time-

variation and crosscorrelation of the voltage signals. However, the actual voltage readings are 

crucial for the determination of the wave amplitude and the mean wave height, with the 

application of relevant calibration curves. Hence, instead of discarding all amplitude data, 

some procedures to remedy the problem associated with 'contaminated' probes have been 

considered. 

The first procedure is a simple one where a linear correction factor is applied. Each 

probe has its own daily correction factor, which is based on the ratio of the full pipe reading on 

experimental day n to that obtained during the off-line calibration process, described in 

subsection 6.2.6.3. This factor is then applied to the voltage measurements for the 

appropriate runs, and the corrected voltage is then converted to liquid heights using the 

calibration charts presented in Appendix E. In this method, a linear relationship between the 

conductivity and the liquid height is assumed. This is a relatively good approximation, as the 

calibration characteristics remain mostly linear for a large range of liquid heights, except for 

extreme cases when the pipe is either nearly empty or almost filled. 

The method's consistency and accuracy of the correction procedure was tested by 

using the repeat experimental runs, performed on experimental day 19 with very similar or 

near identical flow conditions. However, upon comparisons, the means and standard 

deviations of comparable sets of corrected traces were found to be inconsistent. 
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In the second procedure, the voltage signal is assumed to consist of two different 

components: one which gives the baseline liquid height, i.e., the minimum of the signal, and 

the other which accounts for the fluctuating part of the signals. Both of these contribute 

differently to the overall voltage signal, and their mean and standard deviation vary differently 

as well. The reasoning behind this approach was that the mass transfer through the scale 

would have different characteristics for steady state and fluctuating components. Hence, in 

this second approach, each part of the signal should be corrected separately. Comparisons 

were again made between the repeat experimental runs with similar flow conditions. The 

corrected voltage for each probe was assumed to take the form 

Vcorrected = Ci (v - aCTy) + Cg [ v - (v - acJv)] (8.1) 

where the first term accounts for the baseline liquid height and the second term is the 

fluctuation component. V and av are the mean and standard deviation of the time trace 

respectively. Ci is obtained from the daily control measurement (full pipe) and C2 is obtained 

from the sets of repeat runs, a for each probe is obtained from the comparison of the ratios of 

the averaged full pipe to experimental run measurements for similar flow conditions over the 

entire period of the campaign. 

This procedure worked well for certain sets of data, but not for others. In most of the 

repeat runs, the flows were mainly in the roll wave regime. Hence, comparisons between 

flows with 2D ripples or a smooth interface would definitely fare worse than those for roll 

waves. In addition, the method for determining a suitable value of a and the function Cg for the 

fluctuating component was rather arbitrary. 

The third procedure proposed is to recalibrate the conductivity probes in the 

downstream region of the test-section using the measurements obtained from the gamma-

densitometer. These probes include IGM1, IGM2, JS1 and JS2. The method here is based on 

the assumption that the flow downstream is fully developed. The gamma-densitometer 

measures the liquid level at 15 different transverse locations across the cross-section of the 

pipe, so the appropriate space-averaged gamma-scans for each experimental day were then 

compared to the time-averaged conductivity traces. New calibration characteristics were then 

determined, with each pair of wires having a different calibration curve each day. 

As before, this third procedure worked for certain cases but not for others. 

Furthermore, as the gamma-densitometer can only be used to calibrate probes far 

downstream, the evolution of the air-water interface from the inlet to the slug catcher could 

not be analysed. 
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Due to time constraints, only the above three described procedures were tried on 

restricted data sets. From the limited comparisons performed, there did not seem to be a 

single method to correct for the deterioration of the conductivity probes. Due to the problems 

involved in scheduling and planning, a repeat of the experimental campaign with clean wires 

was not possible. Hence, for this and the next chapter, a compromise had to be made in order 

to process and analyse the available data. 

For the atmospheric runs (C04f014 to C04f074) carried out from experimental day 01 

to day 06, the linear correction factor was applied. From the control (full pipe) measurements 

of all the probes illustrated in Appendix G, the full pipe values for most of the probes remained 

within 80% of the original value recorded during the off-line calibration. There would be, 

therefore, in the most extreme case, a 20% error, inherent in the liquid height obtained after 

the conversion, and in most cases the error would be much smaller. 

For runs at elevated pressures (experimental day 07 to day 19), a large percentage of 

the full pipe conductivity probe readings have deteriorated by more than 20%, and the use of 

the simple correction factor could not be justified. The gamma-densitometer was hence used 

to calibrate the downstream conductivity probes, and only the time traces from SS1, SS2, 

IGM1, 1GM2, JS1 and JS2 were processed for amplitude information. The variation of the 

temporal wave characteristics, such as the wave frequency and speed along the axial 

direction of the test-section could still be established, without the above-mentioned procedure, 

since they do not involve amplitude information. 

The purpose of this short section is to describe the problem encountered in the data 

acquisition process using the twin-wire conductivity probes. This problem had not been 

reported by any other researchers using similar probes with either platinum or stainless-steel 

wires on the WASP facility. Further investigations will be required to select the best metal to 

use for the wires. For future use of such probes, regular maintenance and calibration of the 

probes, a rather time-consuming procedure, will be required to ensure sensible and accurate 

results. 

8.3 Data Manipulation 

The voltage signals were recorded at a frequency of 500 Hz over a period of 300s. 

The raw time trace was first smoothed by taking a rolling-average over 5 data points in order 

to remove any influence of noise from the power supply and other sources, without losing any 

essential information. Next, the voltage time traces were corrected for the lower voltage 

measurements due to the layer of scale on the wires using the two different methods 

described above, and then converted to instantaneous liquid height traces using the 
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calibration characteristics tabulated in Appendix E. These height traces were then post-

processed to obtain the relevant wave characteristics. 

However, not all the results from the 34 pairs of twin-wire probes are analysed. Three 

faulty probes, PMU1, TSN3(2) and JS1(2), indicated by the erratic full pipe measurements in 

Appendix G, have been excluded. The results from PMU2 and PMU3 are not reliable due to 

the frequent topping out of the voltage signals observed during the experimental runs. Thus, 

in this chapter where only the results from the downstream probes are analysed, only the 

results from SS2, IGM1, IGM2, and JS2 will be presented. 

8.4 Local Analysis 

Strand (1993), Srichai (1994), Espedal (1998) and Shaha (1999) have performed 

similar experiments and data analyses with only 1 set of multiple twin-wire conductivity 

probes. This section describes the various methods used in the analysis of the axial evolution 

of interfacial structures along the test-section. 

First, the methods used to determine the different parameters are outlined. The 

typical interfacial features and wave distributions for each flow regime have been identified 

and presented for experimental runs conducted at atmospheric pressures. Furthermore, the 

variations of these parameters with the flow conditions are examined. Twelve different flow 

regimes at 1 bar(a) have been examined in this chapter, and they are tabulated in Table 8.1. 

The various wave characteristics are arranged and analysed according to the prevailing flow 

regime. 

Run UsG (ms"') UsL (ms ') Day Flow Pattern 

C04f043 3M32 0.0192 04 Smooth stratified 

C04f021 1.575 0.0466 01 Gentle disturbances 

G04f046 7.781 0.0182 04 2D ripples 

G04f023 &229 0.0318 02 Smooth stratified with packets of ripples 

G04f059 1.674 0.0732 06 Long wave with smooth interface 

G04f027 3.151 0.0628 02 Long wave with 2D ripples on interface 

C04f041 8.777 0.1586 03 Roll waves 

G04f067 2.078 0.1279 06 Slug flow 

G04f036 9.058 0.0519 03 3D waves 

G04f049 12.634 0.0168 04 3D waves with entrained droplets 

C04f071 10.479 0.1647 06 3D waves with low amplitude roll waves 

G04f058 15.256 0.0287 05 Annular flow 

Table 8.1 Different flow regimes examined at atmospheric pressure. 
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8.4.1 2D Wave Traces 

Here, the wave height traces of conductivity probe IGM2 for the entire sample of 300s 

are presented. It should be noted that this particular probe measures the height of the liquid 

layer at the symmetry plane. All the 300s traces are plotted on the same vertical scale for 

easy comparison. The scale of the y-axis in the plot is approximately the pipe diameter. 

Selected plots are shown on different axes to highlight the particular features. 

Figure 8.2 illustrates the instantaneous variation of the liquid thickness for a typical 

smooth stratified flow. A flat time-trace is observed without any significant disturbances. 

Figure 8.3 shows an expanded 2s time trace of the same probe. The disturbances have an 

average amplitude of 0.05mm, with an approximate frequency of 40Hz. A perfectly smooth 

stratified flow is, thus, impossible to attain. These small amplitude and high frequency 

disturbances are not visible to the naked eye, and are inherent in the smooth stratified flow 

system. These disturbances are hence used as a reference in analysing other air-water 

interfaces with distinct wave patterns. 
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Figure 8.2 300-second wave trace for smooth stratified flow (C04f043) for probe IGM2. 
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Figure 8.3 2-second wave trace for smooth stratified flow (C04f043) for probe IGM2. 
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For the visually identified gentle disturbances, the overall time trace is still very flat, as 

shown in Figure 8.4. From the close-up in Figure 8.5, the distinct feature of this flow, apart 

from the high frequency disturbances observed for smooth stratified flow, is the almost regular 

waves with amplitude of approximately 0.2mm and frequency between 1 and 2Hz. 
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Figure 8.4 300-second wave trace for gentle disturbances (C04f021) for probe IGM2. 
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Figure 8.5 2-second wave trace for gentle disturbances (C04f021) for probe IGM2. 

The time trace for regular 2D ripples is plotted in Figures 8.6 and 8.7. The 300s plot is 

again fairly flat, with a significant amount of small amplitude spikes, representing the ripples. 

The close-up view shows that these distinct ripples have an average amplitude of about 1mm 

and a frequency of 25 to 30Hz. 
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Figure 8.6 300-second wave trace for2D ripples (C04f046) for probe IGM2. 
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Figure 8.7 2-second wave trace for 2D ripples {C04f046) for probe IGM2. 

In the smooth stratified flow with packets of ripples, the relatively smooth interface is 

interspersed with groups of regular 2D ripples. The 300s time trace (Figure 8.8) appears to be 

rather similar to Figure 8.4. However, the unique feature of this flow pattern can be clearly 

seen in Figure 8.9 where approximately twelve larger ripples of amplitude up to 1mm are 

found in between regions of smooth air-water interface. 
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Figure 8.8 300-second wave trace for smooth stratified flow with packets of 2D ripples (C04f023) 
for probe IGM2. 
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Figure 8.9 4-second wave trace for smooth stratified flow with packets of 2D ripples (C04f023) 
for probe JS1. 

The wave trace for the long waves with a smooth surface is illustrated in Figure 8.10 

where disturbances are noted through the entire 300s. These waves have a much lower 

frequency (and a longer wavelength) than the 2D ripples, though the amplitudes are fairly 

similar, as shown in Figure 8.11. The disturbances on the longer wavelength structures are 

the background high-frequency disturbances observed for smooth stratified flow. When the 

superficial gas velocity is increased, long waves with 2D ripples on their surface can be 

observed. The disturbances on the dominant long wave feature are more regular and distinct 

when compared to the traces of either the smooth-surface long waves or the regular 2D 

ripples, as shown in Figure 8.13. Figure 8.12 is the 300s time trace for this flow. The 

frequency of the long waves is about 2Hz and that of the superimposed ripples is as high as 

50Hz. 
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Figure 8.10 300-second wave trace for long wave with a smooth surface (C04f059) 
for probe iGM2. 
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Figure 8.11 2-second wave trace for long wave with a smooth surface fC04f059) 
for probe IGM2. 
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Figure 8.12 300-second wave trace for long wave with 2D ripples on surface (C04f027) 
for probe IGM2. 
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Figure 8.13 2-second wave trace for long wave with 2D ripoles on surface (C04f027) 
for probe IGM2. 

The wave trace for roll waves is characterised by sharp peaks with a wave amplitude 

of approximately 10 to 15mm. As illustrated in Figure 8.14, the amplitude of the roll waves is 

fairly constant over the entire 300s sample. It is noted in Figure 8.15 that small amplitude 2D 

ripples are found in-between the roll waves. The several secondary peaks in the block at 

101.5s, representing the roll wave structure, are associated with the mixing of the gas and the 

liquid body, and the wave breaking phenomena. As the conductivity probes only measure the 

effective liquid height, the entrained bubbles and the bulk gas are not differentiated. This 

feature will be seen again in association with the 3D wave structures. 
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Figure 8.14 300-second wave trace for roll wa\/es (C04f041) for probe IGM2. 
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Figure 8.15 2-second wave trace for roll waves (C04f041) for probe IGM2. 

Figure 8.16 shows a typical time trace for slug flow. It is characterised by a sharp slug 

front and a gradually declining tail with the liquid level falling at a much slower rate. In 

comparison to the roll waves described before, the peaks are much higher, with the large 

amplitude disturbances bridging the pipe. In addition, the frequency of these structures is also 

much lower. It should be noted that due to the entrainment of gas bubbles within the slug and 

also to the correction and conversion of the voltage signals to liquid heights, the liquid height 

for a full pipe does not necessarily give a value of approximately 78mm. Figure 8.17a shows a 

slug with a long tail. Highlighted in Figure 8.17b is a portion of the slug tail where the air-water 

interface remains quite smooth, with disturbances of about 0.2m amplitude. 

heighl: (nm) 

60 

TilTB (8) 

Figure 8.16 300-second wave trace for slug flows {C04f067) for probe iGM2. 
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Figure 8.17a 40-second wave trace for slug flows (C04f067] for probe IGM2, showing a slug. 
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Figure 8.17b. 2-second wave trace for slug flows (C04f067) for probe IGM2. 

Figure 8.18 and Figure 8.20 are ttie wave traces for 3D waves and 3D waves with 

entrainment respectively. As explained before, the conductivity probes have no means of 

differentiating between the entrained droplets and the liquid layer, and hence, the traces are 

very similar except for the magnitude of the liquid level. The interfacial structure has a high 

frequency and is random in nature, indicated by the thick band of the 300s time series. Figure 

8.19 shows a magnified trace for the 3D waves, where the trace is not symmetrical about the 

mean which divides the crest and the trough. The troughs here are rather flat and broad. In 

between the ripples, indicated by A and B in Figure 8.19, are random features with irregular 

wave amplitude. These could be the swirling conical features in the liquid layer observed 

visually. In addition, distinct shoulders are present on both the peaks and troughs. The close-

up for the 3D waves with liquid entrainment, shown in Figure 8.21, has similar features, but 

with a much higher disturbance frequency. 
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Figure 8.18 300-second wave trace for3D waves (C04f036) for probe IGM2. 

hel^ (rnn) 

TtaE (s) 
262 

Figure 8.19 2-second wave trace forSD waves (C04f036) for probe IGM2. 
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Figure 8.20 300-second wave trace for 3D waves with liouid entrainment (C04f049) 
for probe IGM2. 
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Figure 8.21 2-second wave trace forSD waves with liquid entrainment (C04f049} 
for probe IGM2. 

From the time series for 3D waves with low amplitude roll waves in Figure 8.22, the 

roll waves, rather than the random three-dimensional structure, constitute the dominant 

features in the time trace. In between the roll waves in Figure 8.23, the liquid layer displays 

the characteristics of the 3D waves identified in both Figures 8.19 and 8.21. Again, the 

various secondary peaks on the large roll wave may be due to the mixing and wave breaking 

action. 
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Figure 8.22 300-second wave trace for 3D waves with low amplitude roll waves (C04f071) 
for probe IGM2. 
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Figure 8.23 2-second wave trace for 3D waves with low amplitude roll waves (C04f071) 
for probe IGM2. 

The interfacial structure of annular flows is very similar to that of 3D waves. Hence, it 

is not possible to distinguish between this flow pattern and the 3D waves by just analysing the 

centre probe, IGM2. The side probes near the walls have to be studied, and the average 

liquid level should increase towards the walls. Figures 8.24 and 8.25 show the full time trace 

and a magnified section for an annular flow. 
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Figure 8.24 300-second wave trace for annular flows (C04f058) for probe IGM2. 
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Figure 8.25 2-second wave trace for annular flows (C04f058) for probe IGM2. 

8.4.2 Three-dimensional Wave Plots 

In this section, some examples of the three-dimensional wave plots for the air-water 

interface are presented. The results are based on the simultaneous time traces from the 

multiple twin-wire conductivity probes located at several transverse positions at a fixed axial 

distance. The results from the 4 transverse probes across the entire cross-section of the test 

rig at SS2, and the 3 transverse probes that span half the pipe at JS2 are studied and 

analysed. For probe SS2, the liquid height at the vertical symmetry plane is taken to be the 

average of SS2(2) and SS2(3). Symmetry about the vertical diameter of the pipe is assumed 

for probe JS2. 

In the construction of the wave plots, the time traces at the different transverse 

locations are normalised with respect to the mean and standard deviation of the centre probe, 

i.e., the average of SS2(2) and SS2(3) for probe SS2 and JS2(1) for probe JS2. Interpolation 

between the 5 time traces across the pipe has not been implemented as the real physical 

scenario may be misrepresented. The surface plots shown in this section are 2-second 

snapshots, of the air-water interface representative of the particular flow regime. In these 

plots, the height of the liquid is differentiated by the intensity of the shading. The axis of the 

figure is normalised to be between 0 and 1, and each part of the surface is coloured with a 

grey level corresponding to this height, with white for the highest level (1). Two different 

amplitude scales are used in presenting the results. The first gives a diagrammatic 

representation of what a human eye would observe under the stipulated flow conditions. The 

other is a magnified close up of the first, with the height scale of the plot appropriately 

expanded. The third dimension in these plots is the time-axis which stands in for the axial 

direction of the flow. 
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Figure 8.26 is a typical time trace for smooth stratified flow. The surface is generally 

smooth and flat. On closer examination, the interface is covered with high frequency minute 

amplitude disturbances, as mentioned in Section 8.4.1, and shown in Figure 8.27, The period 

of these waves along the time axis appears to be rather regular, though their variation in the 

transverse direction is random. 
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Figure 8.26 2-second wave plot for smooth stratified flow (C04f043} for probe JS2. 
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Figure 8.27 2-second wave plot (maQnified) for smooth stratified flow (C04f043) for probe JS2. 
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Figure 8.28 is the plot for a flow with gentle disturbances. These interfacial 

fluctuations, are rather regular across the pipe cross-section, as illustrated in Figure 8.29, with 

longer period and larger amplitude waves than those seen in Figure 8.27. These are similar to 

2D ripples, except for the fact that the wave heights here are much smaller. These 

disturbances still have a relatively high frequency of approximately 6Hz, 
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Figure 8.28 2-second wave plot for gentle disturbances (C04f021) for probe SS2. 
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Figure 8.29 2-second wave plot (magnified) for gentle disturbances (C04f021) for probe SS2. 
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The regularity of the wave structures for 2D ripples, that span the whole pipe cross-

section, is shown in Figure 8.30. These regular creases on the interface are a distinct feature 

that is associated with such flows. Here, there are three slightly larger amplitude waves 

amongst the otherwise constant amplitude structure. Figure 8.31 shows the same plot using a 

magnified height scale. It can be clearly seen that these waves have regular fronts 

perpendicular to the pipe axis. 

Figures 8.32 and 8.33 are the plots for a smooth stratified flow with packets of 20 

ripples obtained from probe SS2. From the 24"^ to the 25*^ second of this experimental run, as 

indicated in the figures, the interface is relatively flat. However, after 25 seconds, a packet of 

regular larger ripples is present. This particular flow regime is typified by the occasional 

packets of such high frequency ripples alternating between regions of smoother interface. 

helc^ (mm) 

Tine (s) 

Figure 8.30 2-second wave plot for 2D ripples (C04f046) for probe JS2. 
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Figure 8.31 2-second wave plot (magnified) for 2D ripples (C04f046) for probe JS2. 
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Figure 8.32 2-second wave plot for smooth stratified flow with packets of ripples (C04f023) 
for probe SS2. 
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13.25 

12.75 

Figure 8.33 2-second wave plot {magnified) for smooth stratified flow with 
packets of ripples (C04f023) for probe SS2. 

In figure 8.34, a gentler undulation of the smooth interface can be observed. In the 

experimental chapters of this thesis, this flow regime is classified as long waves, which are 

regular and periodic in nature. Figure 8.35 shows the same interface, but with clearer details. 

This flow regime observed is long waves with a smooth surface. The three-dimensional plots 

for long waves with regular 2D ripples on the surface are shown in Figures 8.36 and 8.37. In 

these figures, gentle and longer wavelength disturbances are present in the background while 

regular 2D ripples that span the entire cross-section of the pipe can be found on the surface 
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(both on the crests and the troughs) of the longer waves. It is noted that the amplitude of the 

ripples is greater on the crests than in the troughs of the longer waves. 
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Figure 8.34 2-second wave plot for long waves with smooth surface (C04f059) 
for probe JS2. 
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Figure 8.35 2-second wave plot (magnified) for long waves with smooth surface 
(C04f059) for probe JS2. 
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Figure 8.36 2-second wave plot for long waves with 2D ripples on surface (C04f027) 
for probe SS2. 
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Figure 8.37 2-second wave plot (magnified) for long waves with 2D ripples on surface (C04f027] 
for probe SS2. 
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In the 3D wave plots for roll waves as represented in Figures 8.38 and 8.39, a single 

roll wave, whose amplitude is approximately 20mm, is visible. From the simultaneous 

transverse time traces, the roll wave has a regular structure across the pipe. In between the 

roll waves, the air-water interface is covered with regular 2D ripples. 

height (itm) 20 

Figure 8.38 2-second wave plot for roll waves fC04f041) for probe SS2. 

30 t 

height (mm) 

Ficiure 8.39 2-second wave plot (magnified) for roll waves (C04f041) for probe SS2. 

In general, the liquid slugs observed during the series of experiments carried out in 

the context of this thesis are long and have a low frequency. Figure 8.40 shows a relatively 

smooth liquid layer prior to the sharp increase in liquid height, representing the slug front. The 

falling liquid level of the slug tail is further highlighted in Figures 8.41 and 8.42. 
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Figure 8.40 2-second wave plot for slug flow fC04f067) for probe SS2, illustrating a slug 
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Figure 8.41 2-second wave plot (magnified) for slug flow (C04f067) for probe SS2. 
illustrating a slug tail. 
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Figure 8.42 2-second wave plot (magnified) for slug flow (C04f067) for probe JS1, 
illustrating falling liguid height 
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The wave plot for 3D waves is illustrated in Figure 8.43 and it resembles that of 2D 

ripples. As the conductivity probes only measure the effective liquid heights, some random 

features of such flows are not clearly illustrated. The variation in both the amplitude and 

period of the wave structures is noted. In the close-up shown in Figure 8.44, the interfacia! 

fluctuation in the third dimension is visible, though not prominent, and the dominant structural 

motion is in the axial direction. The chaotic nature of the flow is more apparent in Figures 8.45 

and 8.46 for 3D waves with entrained droplets. Low amplitude random disturbances can be 

observed between larger waves in Figure 8.45. These features are repeated intermittently, 

and can be observed in the 2D time traces discussed before in Section 8.4.1. It is clear in 

both Figures 8.44 and 8.46 that the waves are not uniform across the pipe section, but may 

occupy only a part of the pipe. In visual observations, the waves are seen to 'slosh' to and fro 

across the pipe cross-section. 
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TUTB (S) 

Figure 8.43 2-second wave plot for 3D wai/es (C04f036) for probe SS2. 
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Figure 8.44 2-second wave plot {magnified) for 3D waves (C04f036) for probe SS2. 
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Figure 8.45 2-second wave plot for 3D waves with liquid entrainment (C04f049) for probe SS2. 
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Figure 8.46 2-second wave plot (magnified) for3D waves with liquid entrainment (C04f049) 
for probe SS2. 

A roll wave amidst irregular 3D waves is shown in Figure 8.47. This larger amplitude 

feature has the usual characteristics of roll waves where the wave front is very sharp and 

almost vertical, and the back of the wave is gently sloping, with the liquid level falling slowly. 

The several secondary peaks on the surface of this wave could be due to the wave breaking 

motion. Figure 8.48, the 0.5-second snapshot of the air-water interface, clearly illustrates the 

irregular nature of the surface. Some of the wave fronts are orientated at an angle to the pipe 

axis. 
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Figure 8.47 2-second wave plot for 3D waves with low amplitude roll waves (C04f071) 
for probe SS2. 
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Figure 8.48 0.5-second wave plot for 3D waves with low amplitude roll waves (C04f071) 
for probe SS2. 

The interface for annular flows, shown in Figure 8.49, consists of random and 

irregular features that are similar to those for 3D waves. In general, the liquid heights 

recorded by the probes closest to the wall are higher than that in the centre. This cannot be 

seen in the figures because the data were pre-processed to have the same mean and 

standard deviation at each point in the cross-section. This step was necessary in order to 

obtain visually meaningful images. However, Figure 8.51 illustrates the unprocessed three-

dimensional wave plot for annular flow, illustrating the highly curved structure of the liquid film. 

• 4 7 9 -



10 r 

height: (nm) 

24 

Figure 8.49 2-second wave plot for annular flows (C04f058) for probe SS2. 
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Figure 8.50 2-second wave plot (magnified) for annular flows (C04f058) for probe SS2. 
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Figure 8.51 2-second wave plot (unprocessed) for annular flows (C04f058) for probe SS2. 
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8.4.3 Statistical Variables 

The previous sections have provided a bact(ground on how the interfacial structure 

and wave distribution vary with the different flow regimes from the study of wave traces and 

wave plots. Now less effort will be required to understand the variation of the different wave 

characteristics. In this section, the interface is characterised using statistical moments of the 

interface displacement. The first four moments of the time traces are computed for 4 different 

downstream probes, IGM1, IGM2, JS1(1) and JS2(1), located at the vertical symmetry plane 

of the pipe. 

The first moment is the mean liquid height, h, measured in millimetres from the 

bottom of the pipe, and is calculated as 

(8.2) 
" i=1 

where n denotes the total number of data points in the series, and hi is the liquid height at the 

i"̂  data point. 

The second moment, the variance, given in mm^, describes the spread of the data 

about the mean. 

A ' (8.3) 

where a is the standard deviation, or the RMS wave amplitude. 

In addition, the average wave height is calculated from 

have = 2 V 2 CT ( 8 . 4 ) 

This formula is exact for sine waves and gives a good approximation for other regular 

waves. For flow patterns with an uneven distribution of waves with smooth areas in between 

wavy ones, such as smooth stratified with packets of ripples, roll waves and 3D waves with 

low amplitude roll waves, the calculated average wave height would underestimate the 

physical wave amplitude. 

The third central moment is the skewness, which gives the deviation of the time trace 

away from symmetry and hence the regularity of the interfacial features. A skewness of zero 
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indicates that the time trace is symmetrical about its mean value, while a positive skewness 

represents a time trace with sharp peaks and flat troughs. Hence the skewness would be zero 

for a simple sine wave. The dimensionless skewness factor is 

_ i •' 
_3 

(8.5) 

The fourth moment, the kurtosis or flatness factor, measures how frequently the time 

trace takes values away from the mean. It is an indication of the relative peakedness or 

flatness of the distribution when compared to a normal distribution. For a sine wave, the K 

value is 1.5. Andritsos (1986) suggested a kurtosis value of above 3 to distinguish the 

transition from 2D to 3D waves. 

K 
n 

i=i 

(8.6) 

Tables 8.2 to 8.5 gives a summary of the means, average wave heights, skewness 

and the kurtosis values for the twelve different flow patterns identified for the experimental 

runs performed at atmospheric pressure. When the flow is fully developed, the parameters 

would be approximately constant for the 4 probes situated within 8.5m. Discrepancies in 

values are likely to be due to the correction factors applied (a maximum of 20% error). 

Run Flow Description IVIean liquid heights for probes (mm) Run Flow Description 

IGM1 IGM2 JS1(1) JS2(1) 

43 Smooth stratified 23.7 17.4 20. 9 20.5 

21 Gentle disturbances 32.4 2&6 30^ 30 j 

46 2D ripples 16.7 12.6 8.1 8.7 

23 Smooth stratified with packets of ripples 26. 9 21.1 25.4 26.1 

59 Long wave with smooth interface 3GL9 31.1 34. 1 34.5 

27 Long wave with 2D ripples on interface 35.6 29.11 31.5 32^ 

41 Roll waves 21.8 20.0 14.4 17.1 

67 Slug flow 284 24.0 26.5 28 j 

36 3D waves 15.3 14.2 9.6 10.9 

49 3D waves with entrained droplets 7.0 5.5 8.9 9.2 

71 3D waves with low amplitude roll waves 19.6 18.0 13.7 15. 6 

58 Annular flow 8.2 6.5 9.8 9.8 

Table 8.2 Summary of mean liquid height for downstream probes. 
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The mean liquid heights tabulated are not entirely characteristic of the flow regime as 

they are a function of the superficial gas and liquid velocities of the flow system. Despite this, 

the values do give a general picture for the different types of flows. When the air-water 

interface is random and chaotic, such as 3D waves and annular flows, the liquid level is 

generally quite low. On the other hand, the mean liquid heights for long waves are generally 

high. From Table 8.2, the mean liquid heights from the four different probes show 

inconsistencies due to the problem with calibration. 

Run Flow Description Average wave heigiits for probes (mm) Run Flow Description 

IGM1 IGM2 JS1(1) JS2(1) 

43 Smooth stratified 0.2 0.2 0.4 0. 5 

21 Gentle disturbances 0.3 0.4 0.2 0.2 

46 2D ripples 1.3 1.6 0.6 0.8 

23 Smooth stratified with packets of ripples 0.6 0. 6 0. 7 0. 7 

59 Long wave with smooth interface 1.5 1.5 0.8 0.7 

27 Long wave with 2D ripples on interface 0.9 0.9 0.4 0.4 

41 Roll waves 10.8 11.3 13. 1 14.6 

67 Slug flow 17.2 18.6 15.3 18.9 

36 3D waves 4.0 4.2 1.3 3.7 

49 3D waves with entrained droplets 4.2 3.8 0.5 0.5 

71 3D waves with low amplitude roll waves 10.5 11.1 10.9 13.5 

58 Annular flow 5.5 5.2 1.1 1.2 

Table 8.3 Summary of average wave height for downstream probes. 

For the second statistical moment, the more physical and visual parameter, the RMS 

wave height, is analysed. The results, shown in Table 8.3, show a degree of consistency, but 

the problems with calibration are again apparent. It is clear that the calibration error is greater 

for this, the time-varying part of the flow. The average wave height for smooth stratified flow is 

around 0.2mm, and this is taken to be the reference or background noise. The wave heights 

for gentle disturbances are slightly higher at approximately 0.3mm, and typical values for 

regular 2D ripples are of the order of 1mm. Due to the uneven distribution of ripples in the 

flow, smooth stratified with packets of ripples, the average height over the entire 300s is 

between that of regular 2D ripples and smooth stratified flows. 

For both the long wave flows in runs C04f027 and C04f059, the wave height has an 

average value of approximately 1.2mm. The wave heights calculated represent the long 

waves, rather than for the disturbances on the surface of the long waves. Based on the 

-483-



knowledge of the flow obtained from the wave traces and wave plots, the magnitude of the 

disturbances on the surface of the long wave is smaller than that of the long wave itself. 

Due to the intermittent nature of the roll waves and the slug bodies, the wave heights 

calculated for features are not truly representative as the average over the entire run duration 

is taken. However, the average height of the roll waves is still lower than that of the slugs. 

In 30 waves, the interface is highly distorted, and the average wave height is 

approximately 4mm. The entrained droplets present in the gas phase would be included in the 

effective liquid height, and hence, the average height of the 3D waves with liquid entrainment 

is slightly higher than that without. 

Run Flow Description Skewness for probes Run Flow Description 

IGM1 IGM2 JS1(1) JS2(1) 

43 Smooth stratified 0.6 0.4 -0.0 0.1 

21 Gentle disturbances -0.3 -0.3 -0.2 -0.1 

46 2D ripples 0.6 1.1 0.1 0.7 

23 Smooth stratified with packets of ripples 0.1 -0.1 -2.3 -2.3 

59 Long wave with smooth interface -0.1 -0.0 -0.2 -0.1 

27 Long wave with 2D ripples on interface -0.1 -0.1 -0.3 -0.1 

41 Roll waves 0.7 1.0 1.6 1.1 

67 Slug flow 3.2 2.8 1.9 0.7 

36 3D waves 0.4 0.5 1.7 0.9 

49 3D waves with entrained droplets 0.4 0.4 -0.1 -0.1 

71 3D waves with low amplitude roll waves 0.9 1.1 2.1 1.6 

58 Annular flow 0.2 0.3 -0.0 0.6 

Table 8.4 Summary of skewness for downstream probes. 

The regularity or symmetry of the flow pattern with time is determined by the 

skewness factor given in Table 8.4. The values for smooth stratified flow, gentle disturbances, 

2D ripples and long waves are relatively close to zero, signifying that the distribution of such 

interfacial features is even. This value also gives a measure of the intermittency of the wave 

structure. For example, as the intermittency of the slugs is greater than that of the roll waves, 

the flow is more irregular, leading to a higher skewness value. 
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Run Flow Description Kurtosis for probes Run Flow Description 

IGM1 IGM2 JS1(1) JS2{1) 

43 Smooth stratified 3. 3 3.2 2.6 3.2 

21 Gentle disturbances 2.5 2.4 3.2 3.0 

46 2D ripples 5.4 9.9 2.9 8.2 

23 Smooth stratified with packets of ripples 3.7 3.8 20.6 18.9 

59 Long wave with smooth interface 2.5 2.6 2.5 2.6 

27 Long wave with 2D ripples on interface 2.8 2.7 2.8 2.7 

41 Roll waves 4.0 4.8 5.3 4.0 

67 Slug flow 16.0 13.7 9.1 5.3 

36 3D waves 3.4 3.3 8.9 3.2 

49 3D waves with entrained droplets 2.9 3.0 3.3 4.2 

71 3D waves with low amplitude roll waves 4.7 4.8 7. 8 5.9 

58 Annular flow 2.8 2.8 3.5 4.7 

Table 8.5 Summary of kurtosis for downstream probes. 

The kurtosis or flatness values are given in Table 8.5. The kurtosis values for almost 

all the different flow patterns are greater than 2.5. It is noted that the flatness values for the 

intermittent structures tend to be higher than for regular structures. Due to the differences in 

definitions of 2D and 3D waves among different researchers, the transition criterion 

suggested by Andritsos (1986), in terms of flatness, is not applicable here. 

The analyses for the variation of the statistical moments with the superficial velocities 

of the flow are discussed below for conductivity probe IGM1 located approximately 26.5m 

downstream of the inlet. 
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Figure 8.52 Variation of mean liquid height measured at IGM1 with % at different superficial gas 
velocities, u^a - 1.6+0.03. 3.2+0.05. 5.2±0.10. 9.1 ±0.10. 15.5±0.50ms\ 
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Figure 8.52 illustrates the variation of the mean liquid height with superficial liquid 

velocity at different (nearly) fixed superficial gas velocities. As expected, in general, the liquid 

height measured decreases with increasing USG and increases with increasing USL as a result 

of the relative proportion of gas and liquid flow in the pipe. However, there is a maximum in 

the mean liquid height at a USL of around 0.2ms''' for low superficial liquid velocities. This 

peculiarity could be a manifestation of the error in measuring the mean liquid height for flows 

with liquid slugs and roll waves at high liquid flow rate, or it could be a genuine consequence 

of the increased interfacial drag. 

From the plot of average wave height with superficial gas velocities at different fixed 

liquid velocities in Figure 8.53, two different distinct trends are observed. The waves remain at 

approximately a constant size regardless of the liquid flow rate at low values of USG between 6 

and 10ms"̂  or USL in the gentle disturbances and 2D ripples region. The increase in wave 

height with increasing Ujg is gradual, and above UsG=10ms'\ the wave height stays constant, 

characteristic of 3D waves and annular flows. On the other hand, at large values of USL, the 

calculated wave height decreases with increasing USG, converging to approximately the value 

of 5mm. Here, as the gas flow is increased, the regular large amplitude roll waves or slugs 

are replaced by random 3D waves, accounting for the changes in the wave heights. These 

two different trends will also be reflected in the analyses of the third and fourth statistical 

moments. 
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Figure 8.53 Variation of average wave height measured at IGM1 with at different 
superficiai liguid velocity, u,/ = 0.02, 0.03. 0.05. 0.08. 0.15m^. 

For gentle disturbances and 2D ripples, the interfacial features are relatively regular 

throughout the 300s sample at low USL as indicated by the low values of skewness shown in 

Figure 8.54. This dimensionless factor is also small at high values of USG, accounting for the 

'randomness' and 'chaos' of the 3D waves. The non-regularity of the liquid slugs and roll 
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waves is shown by the large skewness factors at high liquid flows where the time series is not 

symmetrical. 
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Figure 8.54 Variation of skewness measured at IGM1 with at different superficial 
liquid velocity, u^ = 0.02, 0.03. 0.05. 0.08. 0.15ms'\ 

For most flows with relatively low liquid flowrates, there appears a maximum point in 

the kurtosis factor at a superficial gas velocity of around 5 or 6ms'̂  , as shown in Figure 8.55. 

This is the region where the air-water interface is covered with 2D ripples. Again, for gentle 

disturbances at low USG or 3D waves at high USG, the kurtosis value is relatively low, indicating 

that the signals are close to the mean value. For roll waves and slugs at low gas and high 

liquid flows, the kurtosis values are large. 
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Figure 8.55 Variation of kurtosis measured at IGM1 with u^n at different superficial 
liouid velocity. Uc = 0.02. 0.03, 0.05. 0.08. 0.15ms' . 
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8.4.4 Wave Frequency I: Autocorrelations 

One method of determining the frequency of the dominant disturbance in the flow 

system is the application of the autocorrelation function, which is the discrete correlation of 

the data set with itself. This is, obviously, always symmetric with respect to positive and 

negative time lags. The correlation value will be large at some value of time if the data 

repeats itself with a time lag. 

The autocorrelation at a time lag of x is given by 

rxx(T) = ^lim^:l|^ (h(t)-h)(h(t+T)-h)dt (8.7) 

where the total sampling time is denoted by T, and h(t) is the liquid height at time t. 

It is conventional to normalise the data so that 

Rxx(x) = M S = lim ^ fH(t)H(t+T) dt (8.8) 
r„„(0) T-̂ oo T 4) 

- (h ( t ) -h ) 
where H(t) = ^ is the normalised data and rxx(O) = is the variance. 

CJ 

In practise, the time series has finite length and it may be shown that the Fourier 

Transform of the autocorrelation is given by 

Rxx(®) ~ Y (8 9) 

where H(m) = jH(t) exp(icot) dt is the Fourier Transform of H. (See Appendix H) 

It is then straightforward to obtain RXX(T) through inverse Fourier Transform. 

RXX('̂ ) - (8.10) 

Since the time series is discrete, the Fourier Transform is replaced by the discrete 

form (DFT), 

-488-



HI X exp 
k = 1 

2%i(k-1)(j-1) 
(&11) 

where n is the number of points and the factors (k-1) and (j-1) in the exponential arise 

because the first term (j = 1 or k = 1) is taken to correspond to t = 0. 

The inverse DFT is then given by 

R: XX, k exp 
-2T[i(k-1)(j-1) 

(8.12) 

it can be shown that this provides a good approximation to the discrete 

autocorrelation function (see Appendix H). 

R: xx.k 

n-k 

j = 1 

(8.13) 

A typical autocorrelation function is illustrated in Figure 8.56. The maximum value for 

all autocorrelation functions is unity at t = 0. The peaks in the plot provide the dominant wave 

period, indicating the return time for the dominant interfacial features. From that, the dominant 

wave frequency can be determined. The larger the autocorrelation value corresponding to the 

dominant peak, the more regular the interfacial feature is. In addition, from the figure, the 

secondary wave sub-harmonics (subsequent weaker peaks) are obvious. Other special 

features of the autocorrelation function will be dealt with in detail when encountered in the 

analysis. 
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Figure 8.56 Typical autocorrelation function for regular interfacial features. 
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Here, the autocorrelations for different flow regimes are identified for downstream 

probe IGM1. 

The close-up of the autocorrelation function for smooth stratified flow is shown in 

Figure 8.57. There are no significant defined peaks and most of the interfacial features are of 

very high frequencies. This, again, is used as the reference basis for analysing the 

autocorrelation values for other flow patterns. The strongest recurring disturbance, with a 

maximum autocorrelation of 0.91 has a high dominant frequency of approximately 40Hz. 

There is a second weaker peak at about GHz. The autocorrelation values and the frequencies 

for the dominant interfacial feature for the different flow patterns are tabulated in Table 8.6. 
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Figure 8.57 Autocorrelation function for smooth stratified flow (C04f043) for probe IGM1. 

Figure 8.58 is the plot of the autocorrelation function for gentle disturbances. A 

strongly periodic decaying function is observed over the larger time-scale, indicating the 

presence of sub-harmonics. The recurring disturbance at a much smaller frequency of around 

0.8Hz seems to suggest that long wave structures are encountered here. The strong 

fluctuations of the autocorrelation signal represent multiples of the basic wave period, T, with 

peaks at 2T to SOT, indicating the strong underlying periodicity of the flow. In Figure 8.58b, 

high frequency disturbances are just visible through the appearance of a slight peak at about 

0.03s. 
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Figure 8.58 Autocorrelation function for gentle disturbances (C04f021) for probe IGM1. 

Figure 8.59a sfiows the autocorrelation plot for a flow identified as one having 2D 

ripples. There is a peak with an autocorrelation value of 0.42 at a frequency of around 6.5Hz. 

Here, the time gap between the distinct ripples is approximately 0.15s. The intermittent 

smooth-rippled-smooth nature of the flow leads to a weaker correlation peak. From the longer 

time axis in Figure 8.59b, the dominant peak at 32s represents the disturbances of frequency 

of less than 0.03Hz. This is not thought to be significant. 

The autocorrelation function for run c04f023 (smooth stratified flow with packets of 

ripples) is shown in Figure 8.60. The dominant frequency of these ripples is 4.42Hz. The low 

autocorrelation value of 0.21 indicates the weak recurrence of such interfacial feature. 

Several periods after the dominant feature, a complete de-correlation is observed at around 

1.1s. This illustrates the intermittent nature of the flow, and that the disturbance is not regular 

over the entire sample taken. 
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Figure 8.59 Autocorrelation function for 2 0 ripples (C04f046] for probe IGM1. 
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Figure 8.60 Autocorrelation function for smooth stratified flow with packets of 
2 0 ripples (C04f023) for probe IGM1. 

Figures 8.61 and 8.62 are the autocorrelations for long waves with a smooth interface 

and long waves with 2D ripples on the surface respectively. In the former, the autocorrelation 

is similar to that of the one with gentle disturbances. These long waves are very regular, with 

an autocorrelation value of 0.73 at a frequency of 3.5Hz. No other disturbances are identified 

from this function, as would be expected from the smooth interface observed. It appears that 

the plot for long waves with 2D ripples is rather different from that for long waves with a 

smooth surface. In the autocorrelation function, only one significant feature is observed, with 

no sub-harmonics. This interfacial feature, which returns every 0.4s is for the long waves with 

a frequency of 2.6Hz. The ripples are not identified in the plot but they cause de-correlation 

over the period of one or two waves. 
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Figure 8.61 Autocorrelation function for long waves with a smooth surface 
(C04f059) for probe IGM1. 
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Figure 8.62 Autocorrelation function for long waves with 2D ripoies on surface 
(C04f027) for probe IGM1. 

The autocorrelation value for roll waves is small, with a peak value less than 0.1, 

reflecting the low degree of repetitiveness of the interfacial structures. The dominant 

frequency is approximately 0.36Hz, taken from Figure 8.63. For the slug flow regime analysed 

here in Figure 8.64, the frequency of the liquid slugs is very small, at 0.009Hz. The slugs 

observed are very long, but with variable length, and return interval. 
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Figure 8.63 Autocorrelation function for roll waves (C04f041) for probe IGM1. 
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Figure 8.64 Autocorrelation function for slug flows (C04f067) for probe IGM1. 

For 3D waves and 3D waves with liquid entrainment, the autocorrelation functions are 

similar, as presented in Figures 8.65 and 8.66 respectively. A characteristic shoulder at 

approximately 0.05s is noted, and the first peak identified is at 6.85Hz and 4.67Hz 

respectively. These are characteristic of 2D ripples which are observed to be in between low 

amplitude high frequency disturbances and swirling conical features. These features have 

been also highlighted in the wave traces of such flows. Like the previous flows discussed, no 

high frequency (> 20Hz) disturbances are identified by the autocorrelation function. The 

autocorrelation values of such flows are very low, at values below 0.1. This is also the case 

for the scenario of 3D waves with low amplitude roll waves. The first peak observed in Figure 

8.67, is at approximately 0.4Hz which is characteristic of roll waves. 

Figure 8.68 is the autocorrelation function plot for annular flows. No distinct peaks 

can be identified. 
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Figure 8.65 Autocorrelation function for 3D waves (C04f036) for probe IGM1. 
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Figure 8.66 Autocorrelation function for3D waves with liquid entrainment (C04f049) 
for probe IGM1. 
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Figure 8.67 Autocorrelation function forSD waves with low amplitude roll waves(C04f071) 
for probe IGM1. 

•495-



a u t o v a l u e 

1 

0 .8 

0 .6 

0.4 

0 . 2 

0.5 1.5 
t i m e ( s ) 

Figure 8.68 Autocorrelation function for annular flows (C04f058) for probe IGM1. 

Run Flow Description IGM1 Run Flow Description 

Auto value Frequency (Hz) 

43 Smooth stratified 0.910 37.037 

21 Gentle disturbances 0.772 0.804 

46 2D ripples 0.416 6.494 

23 Smooth stratified with packets of ripples 0.208 4.425 

59 Long wave with smooth interface 0.725 3.497 

27 Long wave with 2D ripples on interface 0.162 2.591 

41 Roll waves 0.111 0.023 

67 Slug flow 0.203 0.009 

36 3D waves 0.0607 6.849 

49 3D waves with entrained droplets 0.029 4.673 

71 3D waves with low amplitude roll waves 0.047 0.397 

58 Annular flow na na 

Table 8.6 Autocorrelation values and dominant frequencies for flows at probe IGM1. 

Care should be taken in performing the autocorrelation procedure as more often than 

not, multiple peaks can be found within the time series, depending on the type of flow. For 

several flow conditions, two distinct peaks can be observed. One example of such a situation 

is long waves with ripples on the surface. Another example is illustrated in Figure 8.69 for 

experimental run C04f038, where the flow has been identified as 3D waves with low 

amplitude roll waves. The clear high frequency peak (about 5Hz) is characteristic of 3D 

waves, and the roll waves contribute to the much smaller peak at a frequency of 0.03Hz. 
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Figure 8.69 Autocorrelation function hiahliahtina the 2 dominant peaks (C04f038). 

The variations of the autocorrelation value of the dominant peak, and the associated 

disturbance frequency, with the superficial liquid velocity at different constant superficial gas 

velocities are plotted in Figures 8.70 and 8.71 respectively. It should be noted that for a high 

UsG of approximately 15.5 ms'\ corresponding to annular flows, no distinct peaks in the 

autocorrelation function could be identified. In general, the autocorrelation value decreases 

with both gas and liquid superficial velocities. At lower flowrates, the periodic long waves 

return a high autocorrelation value. On the contrary, at an USG of 9.1ms'\ the autocorrelation 

value increases with Usu The flow pattern identified is high frequency 3D waves. The signals 

detected in this correlation function corresponds to the regular ripples in between the high 

frequency disturbance and swirling conical features as discussed before. The randomness of 

the interfacial structure is reduced when there is more liquid flow in the system. 

3 

I 
C 
O 

0.75 

iS 0.5 

O 
0 

1 
to 

0.25 

A X 

• usG=1.6m/s 
• usG=3.2nVs 
A usG=5.2m/s 
X usG=9.1m/s 

0.04 0.08 

UsL(NNS^) 

0,12 0.16 

Figure 8.70 Variation of the autocorrelation value measured at IGM1 with u^ at different superficial 
gas velocity, u^n = 1.6±0.03. 3.2±0.05. 5.2+0.10. 9.1±0.10ms'\ 
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Similarly, the frequency calculated from the dominant time period decreases with both 

the gas and liquid superficial velocities, with the exception of the 3D waves. The background 

high frequency disturbances (approximately 40Hz) of the smooth interfaces are not included 

in Figure 8.71. At higher values USL where the roll waves and slugs are common, the 

frequencies for such flows are low. The interfacial structure is dominated by regular long 

waves and 2D ripples when both the gas and liquid flows are small. For 3D waves at a USG of 

9.1ms'\ the frequencies of the regular ripples remained more or less constant at 6 to 7Hz, not 

influenced by the superficial liquid velocity. 
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Figure 8.71 Variation of the dominant wave frequency measured at IGM1 with at 
different superficial gas velocity, - 1.6±0.03. 3.2±0.05. 5.2+0.10, 9.1d0.10ms\ 

8.4.5 Wave Frequency II: Power Spectral Density 

Another approach in determining the dominant frequencies of the liquid height vs. 

time traces is via the power spectral density function using Fast Fourier Transform (FFT) 

analysis. The power spectrum gives the distribution of power for each wave frequency 

component. For signals of a limited duration, the average power, measured over a long period 

of time, tends to zero. Hence, the cases would be referred to as an energy spectrum, rather 

than the power spectrum. 

According to Bruno and McCready (1989), the energy balance within a spectral 

element includes the energy input from the gas to the liquid, causing wave growth, and the 

net energy transfer rate resulting from non-linear wave interaction. On the other hand, the 

internal viscous wave dissipation flux and wall viscous dissipation flux contributed to the loss 

of energy. The autocorrelation function and the energy spectrum are equivalent measures in 

time and frequency domains and are related by 
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Pxx(®) = jrxx(T)e-'°'"dT (8.14) 

and 

1 ^ 
rxxW = — [p^(co)eJ'"'dT (8.15) 

2.n J 

In the work described in this section, the FFT analysis was applied to the time traces 

from probe IGM1 in order to express the energy spectrum of the waves as a function of wave 

frequency, and to identify the dominant frequencies and the relative importance and 

interaction of the different frequencies. 

The time trace, sampled at a frequency of 500Hz for 300s, is first rolling-averaged 

over 5 points, giving a total of 149996 data points (Tot). It is then divided into smaller blocks in 

order to subtract the slow trends in the liquid height and to obtain a statistically significant 

power spectrum. For most of the analysis here, the entire time trace of the interface is divided 

into N=146 blocks, and each block consists of n=2^° elements. The resulting power spectral 

density (PSD) functions are estimates of the true PSD with relative error proportional to 
/N 

% 8%. The residual data points (Tot - Nn) are discarded. Hence, in each block, B'̂ , 

B = Bj , j = 1 n (8.16) 

Within each block, a linear least square function is fitted to the data in each block and 

subtracted from the time series. With any underlying trends removed from the time series, a 

trace of the variations around the mean liquid height is obtained. 

Lj = Bj - (ao + aij) , j = 1,. . . ,n (8.17) 

In order to prevent signals from aliasing at high frequency due to the sharp cutoff at 

each end of the time trace, data windowing is applied. Here, the time domain is filtered using 

a Hann window. 

Hj = l [ 1 - c o s ( - ^ ) ] , j = 1 n (8.18) 

The product of the window, Hj, and the time block gives a filtered time trace where the 

higher harmonic components are suppressed. 

Wj = HjL) (8.19) 
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The windowed blocks are then Fourier transformed and the magnitude of the Fourier 

coefficients are squared to obtain the power spectrum. 

Since the time series is divided into N blocks, the resulting energy spectrum P is 

computed as the average for all of the blocks. 

N 
1, ..., n/2 ( 8 . 2 0 ) 

and the corresponding frequency is 

- f . sample n/2 (8.21) 

where fsampie is the sampling frequency, which is 500Hz. 

The spectral bandwidth is given by 

f. 
JW 

sample 

n 
( 8 . 2 2 ) 

In this section, the bandwidth of the spectra presented is 0.49Hz, and the logarithmic 

axes of the plots are frequency in Hz and the amplitude of the energy in mm^Hz"\ It should be 

noted that for random (white) noise, the energy spectrum is a smooth flat line. 

Figure 8.72 shows the energy spectral density of a smooth stratified flow. It is noted 

that the Fourier amplitude axis is normalised with the number of elements in the block for 

easy comparison. Several high frequency peaks are identified, and are most likely a result of 

the background disturbances discussed earlier. The peak at approximately 12Hz is not picked 

up by the autocorrelation function in Section 8.4.4 and could be a harmonic of the main 

disturbance. From the strength of the magnitude of the peaks, (between 10"̂  and 10"® mm^ 

Hz"̂ ), it is concluded that the disturbances are very v/eak and are random in nature. Another 

illustrative power spectral density function for smooth stratified flow is that of probe JS1(1) 

shown in Figure 8.73, which shows a flat spectrum consistent with random noise. 

In the power spectral density for flows with gentle disturbances shown in Figure 8.74, 

the broad peak at a frequency of slightly less than 1Hz gives dominant recurring disturbances 

while the several high frequency peaks account for the background noise. The gentle 

disturbances identified could correspond to the distinct shoulder at around 4Hz. 
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Figure 8.72 Power spectral density function for smooth stratified flow (C04f043) for probe IGM1. 
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Figure 8.73 Power spectral density function for smooth stratified flow (C04f043) for probe JSKD. 
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Figure 8.74 Power spectral density function for gentle disturbances (C04f021) for probe IGM1. 
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The dominant frequency in the energy spectrum of 2D ripples for run C04f046 is not 

obvious, as illustrated in Figure 8.75. There is a slight hump in the function between 5 to 

10Hz, corresponding to the regular ripples. It is noted that its amplitude is strong, at a value 

close to 1, indicating that the ripples are a regular feature. As before, the weak high frequency 

peaks are attributed to background disturbances. In Figure 8.76, the power spectral density 

for a smooth stratified flow with packets of ripples is presented. A rather broad peak is 

identified at the ripple frequency of around 5Hz. The strength of the peak is weaker than that 

of regular 2D ripples, indicating the intermittent nature of such packets. 
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Figure 8.75 Power spectral density function for 2D ripples (C04f046) for probe IGM1. 
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Figure 8.76 Power spectral density function for smooth stratified 
with packets of ripples (C04f023) for probe IGM1. 
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Figures 8.77 and 8.78 are the power spectra for long waves with a smooth surface 

and 2D ripples respectively. The long wave feature is reflected in both plots, and their 

frequencies correspond to those obtained via the autocorrelation function. In the latter plot, 

the interaction of the regular 2D ripples with the long waves could contributed to the broad 

peak identified at low frequencies. This corresponds to the decoherence observed in the 

autocorrelation plot. 
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Figure 8.77 Power spectral density function for long waves with a smooth interface 
(C04f059) for probe IGM1. 
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Figure 8.78 Power spectral density function for long waves with 2D ripples on surface 
(C04f027) for probe IGM1. 

503-



Due to the intermittent nature and associated low frequencies of the interfacial 

phenomena such as roll waves and liquid slugs, the size for the block of data was increased 

to a more appropriate value of n = 2^^ in order to enable the low frequency disturbances to be 

observed in the energy spectrum. However, this leaves N = 1 (i.e. a single block) and 

increases the error in the PSD at high frequencies as demonstrated in Figures 8.79 and 8.80. 

Hence, an optimal block size has to be determined. For roll waves, a very strong peak, of 

magnitude greater than 0.1 mm^Hz'^ is shown at approximately 0.03Hz. The power spectral 

density for slug flow is shown in Figure 8.80, and a very high energy peak can be identified at 

a frequency of 0.05Hz. 
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Figure 8.79 Power spectral density function for roll waves (C04f041) for probe IGM1. 
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Figure 8.80 Power spectral density function for slug flow (C04f067) for probe IGM1. 
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Figures 8.82 and 8.81 are tine power spectral densities for 3D waves with and without 

liquid entrainment respectively. Due to the irregular nature of such flow regimes, no significant 

peaks in the energy distribution can be detected. Very broad maximum can be observed at 

around 5Hz, corresponding to the frequency of the ripples that form part of the 3D waves. 

Again, a higher resolution is required to identify the low frequency roll waves amidst the 3D 

waves. Here, a block size with n = 2^^ elements is selected (N=4) and the resulting power 

spectral density is illustrated in Figure 8.83 where the low amplitude roll waves are indicated 

by the several peaks at frequencies between 0.1 and 0.4Hz. 
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Figure 8.81 Power spectral density function for3D wai/es (C04f036) for probe IGM1. 
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Figure 8.82 Power spectral density function for 3D waves with liquid entrainment 
(C04f049} for probe IGM1. 
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Figure 8.83 Power spectral density function for 3D ivat/es with low amplitude roll waves 
(C04f071) for probe IGM1. 

The energy spectrum for annular flows, is similar to that for 3D waves, and is plotted 

in Figure 8.84. 
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Figure 8.84 Power spectral density function for annular flows (C04f058) for probe IGM1. 

A semi-quantitative and semi-qualitative discussion of the variation of the energy 

spectrum with superficial gas and liquid velocities is presented below. 

Figure 8.85 shows a series of power spectra at an approximately constant superficial 

gas velocity of 1.6ms ^ and increasing superficial liquid velocities. When the liquid flow is 
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increased initially, tlie transition between gentle disturbances to 2D ripples takes place. The 

dominant frequency fluctuates about 5Hz, but the magnitude of the energy increases with the 

amount of liquid in the pipe. It is noted that this dominant peak becomes less distinct. At high 

UslS of around 0.14ms'\ intermittent interfacial structures are present and the frequencies of 

these slugs (C04f017 and C04f018) are very low as shown in the figure. As mentioned earlier, 

the magnitude of the energy associated with the dominant peak increased to even higher 

values, at least two orders of magnitude, with increasing Usl-

At a high superficial gas velocity of approximately 9.1ms"\ the flow regime changes 

from 3D waves to roll waves and slug flows when the liquid velocity is increased. The change 

in the energy spectrum is presented in Figure 8.86. The number of elements selected for 

each block is n= 2^®. Again, the maximum amplitude of the energy increases with increasing 

UsL- Also, this dominant low frequency interfacial disturbance remains at approximately the 

same value of 0.1 Hz throughout. As the liquid flow increases, these peaks become wider and 

more distinct. The number of subsequent higher frequency peaks (less than 1Hz) remains 

roughly constant. In addition, the flat region between frequencies of 0.1 to 10Hz gradually 

disappears as the liquid flow is increased. At high superficial liquid velocities, a gradual 

negative gradient power-law slope is obtained instead. 
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C04f018; Slug flow 
UsG = 1.61ms", UsL= 0.142ms'' 

Rxirier ATplitxds (trm' Hz 'l 

C04f017: Slug flow 
UsG = 1.62ms' , UsL= 0.130ms'' 

0^ 1 M w 

UsL 

Hairier ftrpliti.ri? |nm' Hz''l 

FCutier ftrplinris 

Raiiier ftrplitute (nni' Hz"' 

S 10 50 100 
- Eregjgrcy (te) 

5 10 50 lOO 

C04f016: Long waves + smooth 
UsG = 1.61ms' , UsL= 0.101ms'' 

C04f019: Long waves + 2D 
UsG= 1.60ms' , UsL = 0.142ms'' 

C04f015; 2D ripples 
UsG = 1.57ms'', UsL= 0.052ms'' 

fturicr hrpliode inm' Hz'' 

C04f021: Gentle disturbances 
UsG = 1.58ms'', UsL = 0.047ms'' 

Figure 8.85 Variation of power spectrum density function of probe IGM1 at an u^n of approximately 

1.6ms \ (n=2'' in C04f017 and C04f018). 
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Figure 8.86 Variation of power spectrum density function of probe IGM1 at 

an of approximately 9.1ms' . (n=2 } 
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The variation of the energy spectra with superficial gas velocity at a fixed superficial 

liquid velocity of approximately 0.08ms"'' is shown in Figure 8.87. The flow changes from long 

slugs to 3D waves when the gas flow is increased. Here, the number of elements in each 

discretised block is 2^1 It is noted that the low frequency dominant peak becomes more 

significant, with the associated energy amplitude remaining roughly constant. At a low Usg of 

3.7ms'\ there are several secondary peaks at frequency between 10 and 50Hz. As the gas 

flow increases, the general shape of the energy spectral density function becomes flatter. 
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Figure 8.87 Variation of power spectrum density function of probe IGM1 at 
an u,i of approximately 0.08ms'. (n-2 } 
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8.4.6 Wave Speed: Cross Correlation Function 

In the work described in this section, the wave speed, a fundamental property of a 

wave field, is calculated for the fully developed steady state flow regimes identified. A 

crosscorrelation operation is performed on two different probes in order to determine the 

wave speed of the interfacial feature travelling between them. 

The crosscorrelation function is similar to the autocorrelation function described 

earlier in this chapter. The crosscorrelation function applies to two different signals whereas 

the former relates a signal to the shifted version of itself. As well as being a description of the 

similarity between the two signals, the crosscorrelation depends on the time shift, x. Using the 

notion that two signal waveforms with common frequency components are essentially alike 

despite the different time and phase differences, the crosscorrelation is able to detect the 

common characteristics of the time traces and characterise the time taken for the 

characteristic to move from one point to another. 

Hx(t) and Hy(t) are normalised time series from two conductivity probes located at a 

distance Z from each other in the axial direction. They are normalised with respect to the 

autocorrelations rxx(O) and ryy(O) with x = 0. For discrete time series, rxx(O) and ryy(O) are the 

variances for time series x and y. Hence, the autocorrelation and crosscorrelation of the two 

signals at a time lag of x are 

1 
RxxW = l i m - H , ( t ) H , ( t + T ) d t (8.23) 

T->m T J 
0 

1 
Ryy(x) = l i m - Hy(t)Hy(t+T) dt (8.24) 

T-»co T J 

1 r 
Rxy(T) = l i m - H , ( t ) H (t+x) dt (8.25) 

T->oo 1 J 

where T is the total sampling time. 

As for the autocorrelation function, the crosscorrelation function is calculated from the 

inverse Fourier Transform 

R: •xy, k l ^ H , [ A j e x p f ^ M ^ (8.26) 

" i = 1 
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where H ĵ is the Fourier transform of the data set, Hx, [Ay,[is the complex conjugate of the 

of the Fourier transform of Hy. n is the number of data points in the data set. 

Figure 8.88 shows a typical crosscorrelation function for regular interfacial features 

such as 2D ripples and long waves. The peak with the largest amplitude in the plot gives the 

average time, txy, needed for a wave signal to travel from probe x to probe y, a distance Z 

apart. Assuming that the wave speed does not change significantly over the distance between 

the probes, the speed of the interfacial disturbance is given by 

(8.27) 
"xy 

cross Amue 

t i n e ( s ) 

Figure 8.88 Typical crosscorrelation function for regular interfacial disturbances. 

The values of the wave speed, determined from probes IGM1 and IGM2 (0.60m 

apart) and JS1(1) and JS2(1) (0.57m apart) are compared for the 12 different flow regimes 

identified at atmospheric pressure, and are tabulated in Table 8.7. The crosscorrelation 

function between probes 1GM1 and IGM2 are then further analysed. 
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Run Flow Description IGM1 & IGM2 JS1(1)& JS2(1) Run Flow Description 

Cross 

value 

Speed 

{ms" )̂ 

Cross 

value 

Speed 

(ms^) 

43 Smooth stratified 0.72 0.61 0.26 0.53 

21 Gentle disturbances 0.79 0.59 0.41 0.61 

46 2D ripples 0.38 0.35 na na 

23 Smooth stratified with packets of ripples 0.40 0.43 0.25 0.28 

59 Long wave with smooth interface 0.92 OjG 0.84 0.63 

27 Long wave with 2D ripples on interface 0.95 0.63 0.46 0.69 

41 Roll waves 0.67 0.33 0.64 1.69 

67 Slug flow 0.90 2.94 0.78 3.13 

36 3D waves 0.20 0.28 0.11 0.96 

49 3D waves with entrained droplets 0.18 0.28 na na 

71 3D waves with low amplitude roll waves 0.64 0.34 0.58 3.33 

58 Annular flow 0.37 1.12 0.09 1.31 

Table 8.7 Downstream crosscorrelation values and dominant wave speed for conductivity probes 
IGM1 & IGM2. andJSKD and JS2(1). 

For most of the flows, the speeds of the interfacial disturbances calculated from 

probes IGM1 and IGM2 and from probes JS1(1) and JS2(1) are rather similar. Since these 

probes pairs are approximately 7m apart, this is an indication that these flows are indeed fully 

developed and have achieved steady state. However, there are certain cases where no clear 

peaks can be located within the crosscorrelation function, suggesting that the correlation 

between the set of signals is weak. The discrepancies between the wave speed calculated for 

the 3D waves could be due to spurious correlation caused by the random nature of the flow. 

Figure 8.89 shows the crosscorrelation function for a smooth stratified flow. Similar to 

the autocorrelation function of such flows, the disturbances are of small amplitude and high 

frequency, not visible to the naked eye. In Figure 8.90, the crosscorrelation function for gentle 

disturbances is very regular in shape, and the magnitude of the crosscorrelation value 

remains approximately constant for several subsequent peaks. The wave frequency 

calculated here is similar to that from the autocorrelation function, indicating that the 

interfacial disturbances have become fully developed. The high frequency waves in the plot 

are caused by the background disturbances discussed earlier. 
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Figure 8.89 Crosscorrelation function for smooth stratified flow (C04f043) for probes IGM1 & IGM2. 
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Figure 8.90 Crosscorrelation function for gentle disturbances (C04f021} for probes IGM1 & IGM2. 

From the crosscorrelation function of 2D ripples, a very strong peak of value 0.38 has 

been identified, as shown in Figure 8.91. For this particular experimental run, the subsequent 

low frequency peak is the correlation between two different waves, which is ignored in 

determining the dominant wave speed. 
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Figure 8.91 Crosscorrelation function for 2D ripples (C04f046) for probes IGM1 & IGM2. 
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A feature of the smooth stratified flow with packets of disturbances is illustrated in 

Figure 8.92. The peak with the maximum amplitude at roughly 1.5s gives the speed of the 

dominant wavelets. The peaks before and after the dominant one are the correlations of the 

particular wave with the ones in front of and behind it, hence, giving the time differences for 

different waves. This strong occurrence of harmonics disappears after 3s. 

cross va lue 

0.4 

time (s) 

Figure 8.92 Crosscorrelation function for smooth stratified flow with packets of ripples 
(C04f023) for probes IGM1 & IGM2. 

The above feature is a typical one for regular interfacial structures, and hence is 

again highlighted in the crosscorrelation plot for long waves with a smooth surface in Figure 

8.93. The dominant wave speed calculated is 0.26ms'\ For long waves with 2D ripples on the 

interface shown in Figure 8.94, the correlation between the different long waves are very 

much suppressed. This could be due to the decorrelation between the regular ripples on the 

long waves and the long waves themselves. 

cross va lue 
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Figure 8.93 Crosscorrelation function for long wave with smooth surface 
fC04f059) for probes IGM1 & IGM2. 
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Figure 8.94 Crosscorrelation function for long waves with 2 0 ripples 
(C04f027) for probes IGM1 & IGM2. 

The crosscorrelation functions for roll waves and slug flows are shown in Figure 8.95 

and 8.96 respectively. The characteristics of the crosscorrelations of such intermittent flows 

are rather similar, with a very strong distinct peak at a very short time period, and not much 

correlation between the signals collected by the two probes after that. The speed of the liquid 

slugs calculated is slightly higher than the superficial mixture velocity of the flow. 
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Figure 8.95 Crosscorrelation function for roll waves (C04f041) for probes IGM1 & IGM2. 
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Figure 8.96 Crosscorrelation function for slug flows (C04f067) for probes IGM1 & IGM2. 
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As established earlier, the conductivity probes only measure the effective liquid height 

and are not able to distinguish between the liquid layer and the entrained droplets. Hence, the 

crosscorrelation functions for the 3D waves and 3D waves with entrained droplets are very 

similar as illustrated in Figures 8.97 and 8.98 respectively. The harmonics prior and post the 

major signal are random in nature and not regular in shape. The speed for the interfacial 

disturbances on the thin chaotic liquid layer flow is rather similar, at approximately 0.28ms"\ 
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Figure 8.97 Crosscorrelation function for3D waves (C04f036) for probes IGM1 & IGM2. 
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Figure 8.98 Crosscorrelation function for3D waves with liquid entrainment 
(C04f049) for probes IGM1 & IGM2. 
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Figure 8.99 Crosscorrelation function for 3D waves with low amplitude roll waves 
(C04f071) for probes IGM1 & IGM2. 
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On the other hand, for 3D waves with low amplitude roll waves, the roll waves are the 

dominant feature in the crosscorreiation function plotted in Figure 8.99. The speed of the roll 

waves here is similar to that of regular roll waves, at approximately 0.34ms"V 

Figure 8.100 is the crosscorreiation function for annular flows. Compared to that of 

3D waves in Figure 8.97, the harmonics of the major peak are much suppressed and less 

regular in shape. The calculated speed of the interfacial structure is much faster, at a value of 

1.11ms'\ and is a result of the high gas velocity dragging the surface along the pipe. 
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Figure 8.100 Crosscorreiation function for annular Hows (C04f058) for probes IGM1 & IGM2. 

One interesting phenomenon regarding the crosscorreiation function for flows with 

regular interfacial features is shown in Figure 8.101 (long waves with a smooth surface). After 

the initial group of 5 strong peaks corresponding to the correlation of the long waves, there 

are subsequent periodic groups of 4 to 5 peaks indicating some correlation between the long 

wave and some other disturbances on the interface. However, as noted from the low 

crosscorreiation values, these correlations are very much weaker. 

cross va lue 
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Figure 8.101 Crosscorreiation ofC04f016. indicating the groups of periodic peaks. 
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Two distinct trends, for low and high gas flow rates respectively, can be identified in 

Figure 8,102 which illustrates the variation of the speed of the interfacial disturbances with the 

superficial liquid velocity at various fixed superficial gas velocities. In general, the wave speed 

increases with the superficial velocities. At high gas flows, the increase in the calculated 

speed with Usl appears to be rather linear. This corresponds to the highly random nature of 

the surface of 3D waves. With the gas flowing at a faster velocity, it drags the gas-liquid 

interface along the axis of the pipe. Intermittent structures such as roll waves and liquid slugs 

are present at lower superficial gas velocities and higher superficial liquid velocities, and 

these travel at a much higher speed, as indicated by the sharp jump at larger superficial liquid 

velocities. 
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Figure 8.102 Variation of dominant wave speed measured between IGM1 and IGM2 with 
u^i at different superficial gas velocity. = 1.6+0.03. 3.2±0.05, 5.2+0.10. 9.1+0.10, 15.5±0.50ms' 

The wave speed calculated from the crosscorrelation function includes the effect of 

the liquid flow. The relative wave speed, in a reference frame which is moving together with 

the liquid layer, is obtained by subtracting the mean liquid velocity (Usl/s) from the wave 

speed. The variations with superficial velocities are plotted in Figure 8.103. Apart from the 

high relative wave speeds for the intermittent roll waves and liquid slugs, the relative speeds 

of the other disturbances are similar, indicating that the liquid flow contributes significantly to 

the speed of regular structures like the long waves and 2D ripples. 
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Figure 8.103 Variation of relative wave speed measured between IGM1 and IGM2 with 
u^ at different superficial gas velocity, u^- 1.6+0.03. 3.2+0.05. 5.2+0.10. 9.1+0.10. 15.5+0.50ms' 

8.5 Friction Factors and the Average Wave Height 

In Section 7.4.3, the use of the holdup and pressure drop data to predict the values of 

fu and fi, the liquid-wall and interfacial friction factors, was discussed. The possibility of 

enhancement of both the friction factors was reviewed. It was surmised that interfacial waves 

enhance both friction factors; the enhancement in the gas phase is most likely to be due to 

the roughness of the interface which forms the boundary of the gas zone. The enhancement 

of fL is possibly due to enhancement of turbulence in the liquid due to wave action. It is 

interesting to consider the relationships between these enhancements and the average wave 

heights determined form the conductance probe data. 

Figure 8.104 shows the variation of the liquid-wall friction factor with the 

dimensionless wave height scaled to the pipe diameter. The value of ft is a relatively strong 

function of the average wave height, and follows an inverse power law. 

fL 0.003 I ̂  
V D 

(8.23) 

As the average wave height, have, is a function of the superficial gas and liquid velocities and 

their interaction, the Blasius equation, based only on the liquid flow, is not sufficient to predict 

the friction factor and hence shear stress at the walls in contact with the liquid layer. The 

liquid-wall friction factors determined from the experiments are a factor of 2 to 10 higher than 

that calculated from the Blasius equation, as shown in Figure 8.105. 
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Figure 8.104 Variation of calculated liquid-wall friction factor with dimensionless wave height. 
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Figure 8.105 Variation of the liquid-wall friction factor ratio (experimentally calculated to from 
Blasius equation) with dimensionless wave height. 

Although scattered, the calculated interfacial friction factor shown in Figure 8.106 

varies roughly quadratically with the dimensionless average wave height, and is fitted by 

4.5844 
D 

- 0.1623 
h. 

D 
+ 0.0219 (8.24) 

Most of the values o f f determined from the two-fluid model fall within 25% of this fit. 
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Figure 8.106 Variation of calculated interfacial friction factor with dimensionless wave height. 

Figure 8.107 shows the variation of the ratio of the interface to gas-wail friction factor 

with the dimensionless wave height. As described by Case A in Section 7.4.3, the interfacial 

roughness has enhanced the roughness of the interface, and that the application of this 

friction factor relation, fj = i f s , would depend on the wave height and hence the specific flow 

regime. 
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Figure 8.107 Variation of interfacial to gas-wall friction factor ratio with dimensionless wave height 
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8.6 Wave Characteristics Across the Pipe 

The motivation behind this section is to study the non-uniformity of the interfacial 

structure across the cross-section of the pipe. Often, even for fully developed regular two-

dimensional wave structures like ripples and long waves, certain secondary or third 

dimensional motion can be observed via the visualisation section of the test rig. Here, the 

data from the multiple twin-wire conductivity probes SS2 and JS2 are analysed to assess the 

three-dimensionality of the wave field. To reiterate, SS2 has four wires spaced across the 

entire cross section while JS2 is a three-wire probe, spanning half the pipe cross section. 

First, a crosscorrelation is performed across the pipe to determine how the flow at the 

different transverse positions correlate with each other. Here, the crosscorrelation function 

between the time traces from probe SS2(2), a probe 12.8mm from the symmetrical plane, and 

SS2(1), SS2(3) and SS2(4) respectively are computed. These three probes are -12.8mm, 

25.6mm and 38.4mm away from the reference probe, SS2(2) (Figure 8.108). From the study 

of the autocorrelation function, a perfect correlation, with no time lag, gives a normalised 

autocorrelation value of 1. Here, similarity of the time traces along the different paths are 

compared using the crosscorrelation value at x = 0. A crosscorrelation function value of 1 

between two different transverse probes will indicate that the signals are identical and there is 

not much movement, or variation of wave characteristics, across the pipe. Likewise, a value 

close to zero would mean that besides travelling in the axial direction, the interfacial 

disturbance moves irregularly in the transverse direction as well. 

SS2(2) SS2(4) 

SS2(1) SS2(3) 

Figure 8.108 Schematic diagram of probe SS2. 

The set of three crosscorrelation values within conductivity probe SS2 for the 12 

different flow regimes outlined at atmospheric pressure is tabulated in Table 8.8. 
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Run Flow Description Crosscorrelation value of SS2{2) with Run Flow Description 

SS2(1) SS2{3) SS2(4) 

43 Smooth stratified 0.05 0.14 0.06 

21 Gentle disturbances 0.41 0.34 0.30 

46 2D ripples 0.47 0.56 0.39 

23 Smooth stratified with packets of ripples 0.48 0.37 0.43 

59 Long wave with smooth interface 0.78 0.70 0.77 

27 Long wave with 2D ripples on interface 0.77 0.57 0.62 

41 Roll waves 0.91 0.90 0.89 

67 Slug flow 0.99 0.99 0.99 

36 3D waves 0.65 0.57 0.52 

49 3D waves with entrained droplets -0.14 0.56 0.18 

71 3D waves with low amplitude roll waves 0.90 0.89 0.86 

58 Annular flow 0.38 0.66 0.42 

Table 8.8 Downstream transverse crosscorrelation values for conductivity probe SS2(2} and 
SS2f1}. SS2f3} and SS2f4) respectively. 

The worst correlation is for smooth stratified flows for which the crosscorrelation 

values are very small. On the other hand, the best correlations, with high crosscorrelation 

values of above 0.8, are for intermittent structures such as slug flows and roll waves. From 

the three-dimensional surface wave plots shown previously, these structures are coherent 

across the cross-section of the pipe, and the four different signals from probe SS2 are in-

phase with each other. This shows that these slugs and roll waves are single entities, rather 

than consisting of various smaller waves of different frequencies. Hence, the motion of such 

structures is almost entirely one-dimensional in the axial direction of the flow. 

For regular structures such as 2D ripples and gentle disturbances, the values of the 

correlation between the various transverse probes are intermediate, suggesting that despite 

the regular two-dimensional structures, there is variability and randomness in the interfacial 

disturbances across the pipe. The crosscorrelation values seem to suggest that these two-

dimensional finite/short wavelength structures are in fact more three-dimensional than the 

longer wave structures such as roll waves and slugs. The long waves have a higher 

crosscorrelation value, in the transverse direction, with an average value of around 0.7. The 

case with regular 2D ripples on the surface has a slightly lower crosscorrelation function value 

than that with a smooth surface. This could be due to the interaction of the long waves and 

the 2D ripples. 

Besides being irregular in the axial direction, the 30 waves and associated features 

are also random in the transverse direction, as indicated by the crosscorrelation values. The 
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time traces at some positions correlate better than the others. Due to the nature of the 

annular flow where the liquid layer at the centre, as a result of gravity, is thicker than that near 

the walls, the correlation between the 2 middle probes, SS2(2) and SS2(3) is relatively high, 

while those between the middle and side probes are not so strong. This suggest that the two 

different time series are either not identical in phase, or have different magnitude. 

For 2D ripples, 3D waves with entrained droplets and annular flows, the correlation 

between probes 2 and 3 is higher than with 1 or 4. This suggests disturbances propagating 

predominantly in the central part of the cross-section with weaker or secondary disturbances 

near the walls. 

Figures 8.109 and 8.110 illustrate the variation of the crosscorrelation values between 

SS2(2) and the three other probes at the same axial position with superficial liquid velocities 

at two different Usg of 3.2ms''' and 15.5 ms'^ respectively. At the low Usg of 3.2ms'\ the 

crosscorrelation values across the pipe increase with Usl- Slug flows are approached at high 

UsL, pushing the normalised values of the crosscorrelation function close to unity for all the 

probes. For a much higher constant Usg of 15.5ms"\ the crosscorrelation value between the 

two centre probes are particularly strong, corresponding to the annular flow regime present at 

lower values of Usl- The poor correlations between the centre and side probes is accounted 

for by the significant three-dimensional influence transversely across the pipe. When the 

values of Usl is increased, the correlations between the probes increases, corresponding to 

the more regular structures across the interface, such as low amplitude roll waves etc. When 

the liquid flow rate is increased, the wave field becomes increasingly two-dimensional. 
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Figure 8.109 Variation of crosscorrelation values of SS2f2) with SS2(1). SS2{3) and SS2f4) with 
superficial liquid velocity at an approximately fixed superficial gas velocity of 3.2ms'. 
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Figure 8.110 Variation of crosscorrelation values ofSS2(2) with SS2(1). SS2(3} and SS2(4} with 
superficial liquid velocity at an approximately fixed superficial gas velocity of 15.5ms'. 

Besides analysing the crosscorrelation functions between the transverse probes, the 

variations of the more physical parameters such as the average wave height and the wave 

frequency across probe JS2 have been investigated. It should be noted that the three 

conductivity probes only span half of the cross-section of the pipe, with JS2(1) located at the 

symmetry plane, and JS2(3) near the wall. This set of information is tabulated in Tables 8.9 

and 8.10 for the twelve different flow regimes identified at atmospheric pressure. For certain 

time traces, such as that of annular flows, no distinct time values could be identified. 

Run Flow Description Average wave height (mm) for Run Flow Description 

JS2(1) JS2(2) JS2(3) 

43 Smooth stratified 0.45 0.25 0.25 

21 Gentle disturbances 0.23 0.21 0.26 

46 2D ripples 0.76 1.84 1.03 

23 Smooth stratified with packets of ripples 0.70 0.28 0.27 

59 Long wave with smooth interface 0.73 0.70 0.89 

27 Long wave with 2D ripples on interface 0.42 0.44 0,49 

41 Roll waves 14.58 10.70 9.13 

67 Slug flow 18.91 15.97 16.57 

36 3D waves 3.69 5.19 3.88 

49 3D waves with entrained droplets 0.51 1.86 0.98 

71 3D waves with low amplitude roll waves 13.51 10.43 7.76 

58 Annular flow 1.153 3.03 1.68 

Table 8.9 Average downstream wave height across the pipe for conductivity probe JS2 . 
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Run Flow Description Dominant frequency (Hz) of Run Flow Description 

JS2(1) JS2(2) JS2(3) 

43 Smooth stratified 27.78 8.93 27.78 

21 Gentle disturbances 0.81 0.78 0.84 

46 2D ripples 6.49 6.85 11.90 

23 Smooth stratified with packets of ripples &49 5.95 6.02 

59 Long wave with smooth interface 3.47 3.31 3.47 

27 Long wave with 2D ripples on interface na na na 

41 Roll waves 0.03 0.07 0.07 

67 Slug flow 0.04 0.04 0.04 

36 3D waves na 4.72 5.00 

49 3D waves with entrained droplets na 0.01 4.35 

71 3D waves with low amplitude roll waves 0.01 0.01 0.01 

58 Annular flow na na Na 

Table 8.10 Average downstream dominant wave frequency across the pipe for 
conductivity probe JS2. 

For long waves and intermittent structures such as roll waves and slug flows, the 

comparison of frequencies and average wave heights measured by the probes at various 

transverse locations are relatively good, with a maximum variation of approximately 20%. As 

one would expect, the irregularity of the 3D waves is identified by the variation of the average 

wave height, contributing to the three-dimensional motion of such flows. However, it is noted 

here, and supported by evidence earlier, that the 2D ripples, classified from visual 

observation, are not entirely two-dimensional in nature. 

Nevertheless, care has to be taken in the interpretation of the results presented in 

Table 8.9. It is recognised that the mean liquid height and the parameters derived from it are 

not entirely consistent transversely across the pipe and axially along the test-section, in the 

34 different conductivity probes, due to the errors in calibration and fouling problems. 

The dimensionality of the interfacial structure can be visualised in terms of the three-

dimensional wave plots discussed previously. The mean liquid height (across the pipe) time 

trace is subtracted from the individual time traces to remove the dominant interfacial motion in 

the axial direction. The modified time traces are then used to construct a new 3D wave plot, 

which will illustrate the secondary motion of the interface, in both the axial and transverse 

direction. Here, 0.5s wave plots for probes SS2 are presented for four different flow regimes. 
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Figure 8.111 shows the structure of the secondary motion of 2D ripples. The regular 

structure is apparent across the cross-section of the pipe, with some minor variation in the 

transverse direction near the walls with a slight periodic change in the liquid level. The motion 

corresponds to a very small amplitude sloshing back and forth across the pipe cross-section 

with the two sides being 180° out-of-phase. However, the amplitude of such disturbances is 

very small, at less than 0.2mm, hence not truly visible to the human eye. 

0.5 

h e i ^ t (itm) 

18.25 

Time (s 

Figure 8.111 0.5s wave plot for 2D ripples (C04f046) illustrating the 
secondary motion for probe SS2. 

For the long wave structures with a smooth interface, the periodicity of the waves are 

still present. However, from Figure 8.112, it appears that in the two separate halves of the 

pipe cross-section, the waves in each half is slightly out-of-phase with each other. Again, the 

amplitude of these 3D structures is very small, reflecting the dominant two-dimensional nature 

of the long waves. 
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Figure 8.112 0.5s wave plot for long wai/es with a smooth surface (C04f059) illustratinp the 
secondary motion for probe SS2. 

Figure 8.113 shows the 0.5s secondary motion plot for roll waves. Here, a random 

sloshing motion with relatively larger wave amplitude is present. Though the amplitude of 

such structures are much smaller for 3D waves as indicated in Figure 8.114, the three-

dimensionality of such flows is further shown here. The third-dimensional component of the 

interfacial structure is quite chaotic, with different liquid heights across the cross-section of the 

pipe. In addition, the wave height varies along the time axis. 

height (ran) 
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Figure 8.113 0.5s wave plot for roil waves (C04f041) illustrating the 
secondary flow for probe SS2. 
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Figure 8.114 0.5s wave plot for 3D waves (C04f036) illustrating the 
secondary motion for probe SS2. 

8.7 Pressure Effects on Wave Characteristics 

With increase in the system pressure, the density of the gaseous phase increases, 

hence, exerting additional forces (positive or negative) on the gas-liquid interface, and 

affecting the interfacial structure. This section presents a brief investigation of the influence of 

pressure on the various wave characteristics discussed in Section 8.4. Due to the three 

independent system input parameters: system pressure and the superficial gas and liquid 

velocities, a full parametric study would not be feasible given the limited time. Here, data at 

two different superficial liquid velocities of approximately 0.02 and O.OSms'̂  are analysed. 

As the absolute values of the liquid heights of the calibrated time traces are not 

required in the calculation, the autocorrelation can be easily performed to determine the wave 

frequency from the dominant wave period and the wave speed can be found by 

crosscorrelations. Due to the problems described at the beginning of this chapter regarding 

the fouling of the conductivity probes through the duration of this experimental campaign, and 

the associated difficulties in calibration, the analysis of the effect of pressure on statistical 

variables such as the mean liquid height and the average wave height is not feasible. The use 

of the averaged chordal liquid heights from the gamma-densitometer to calibrate the 

downstream probes is not reliable due to fluctuations in the flow. Hence, the average wave 

height calculated at different pressures but with similar superficial velocities on different days 

cannot be compared. In view of this, only the dominant wave frequency and wave speed at 
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approximately 27m downstream of the inlet (IGM1 and IGM2) are presented for four different 

system pressures of 1,2, 4 and 16 bar(a). 
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Figure 8.115 Variation of autocorrelation value with for various system pressure 
at u^i of apDroximately 0.02ms'. 

Figure 8.115 and 8.116 are the variations of the values of the autocorrelation function 

with superficial gas velocity, measured at the dominant peak for time traces measured at 

IGM1 for approximately constant superficial liquid velocities of 0,02 and 0.08ms"\ For all 

pressures measured, the correlation value decreases with increasing Usg, indicating the 

approach of the random 3D waves at high gas flows. The value also decreases when the 

pressure increases, with the slope of the decrease being greater at higher pressures. At 

16bar(a) and relatively high gas flows, the dominant flow regime is long waves. From the 

autocorrelation values presented in Figure 8.115, these waves are more irregular than the 

long waves observed at lower pressures. The cluster of data points at low Usg and large 

correlation values is a result of the presence and dominance of the reference background 

disturbances associated with smooth stratified flows. 

•531 -



g 0.6 

I 
c 
o 

JS 0.4 
a> 

0.2 

• 1 bar{a) • 2 bar(a) 

A 4 bar(a) x16bar(a) 

• • 

u,g(ms^) 
10 

Figure 8.116 Variation of autocorrelation value with for various system pressure 
at U:^i of approxinfiately 0.08ms'. 

The variations of the corresponding dominant wave frequency with superficial gas 

velocity and system pressure are illustrated in Figure 8.117 and 8.118. The frequency of the 

interfacial disturbances seems to be independent of system pressure, apart from a few points 

at 16bar(a), as indicated in Figure 8.116, where long waves with a smooth interface are 

present. Compared to systems operating at lower pressures, the long waves here are less 

regular in nature and have a lower frequency. At 16bar(a), this appears to be the dominant 

flow regime over the range of superficial gas and liquid velocities investigated. As a result of 

the control mechanism of the test facility applied to maintain a constant high pressure in the 

system, there are more inherent high frequency disturbances on the interface, which are due 

to vibration of the test-section and the opening and closing of control valves that govern the 

gas and liquid flows. The control system also generates low frequency signals. This 

background noise, with frequencies higher than 30Hz, can be seen grouped together at the 

top left-hand corner of the plot. On the other hand, at a high superficial liquid velocity of 

0.08ms \ a different trend is noted where the dominant wave frequency, instead of 

decreasing, increases with increasing superficial gas velocity. Here, at a high superficial liquid 

velocity, the flow regimes are mainly slugs and roll waves at lower pressures and long waves 

at higher pressures. These 'longer' structures are associated with a lower frequency. 
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Figure 8.117 Variation of dominant wave fregeuencv with for various system pressure 
at u^i of approximately 0.02m^. 
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Figure 8.118 Variation of dominant wave fregeuency with u^n for various system pressure 
at u^i of approximately 0.08m^. 

The variation of the wave speed calculated from the crosscorrelation function 

between time traces from IGM1 and IGM2 with superficial gas velocity at Usl of 0.02ms'^ is 

illustrated in Figure 8.119. A typical crosscorrelation function for long smooth waves at a high 

pressure of 16bar(a) is shown in Figure 8.120, highlighting the large amount of disturbances 

present in the flow. There are three dominant features in the system: one with low frequency 

shown in Figure 8.120a, one high frequency located in the clusters of periodic peaks, and the 

other high frequency background disturbance. The energy spectrum of the flow system is 

plotted in Figure 8.121. Three distinct peaks can be located: the low frequency peak at 

around 1Hz and the two higher frequency peaks are at a higher energy. Figure 8.122 is the 

crosscorrelation function for a flow with gentle disturbances at 2bar(a). The strong harmonic 
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correlations indicated the presence of several disturbances with phase shifted from the 

dominant one. 
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Figure 8.119 Variation of dominant wave speed with for various system pressure 
at u^i of approximately 0.02ms TT 
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Figure 8.120a 140s plot of crosscorrelation function for long waves with smooth interface 
(C04f222) at 16 bar(a). 
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Figure 8.120b 3s plot of crosscorrelation function for long waves with smooth interface 
(C04f222) at 16 bar(a). 
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Figure 8.121 Energy spectral density for long waves with smooth interface (C04f222) at 16 bar(a). 
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Figure 8.122 Crosscorrelation function for gentle disturbances (C04f108) at 2 barfa). 
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In general, the wave speed at such low liquid flows is relatively small, characteristic of 

3D waves and 2D ripples, and increases slightly with the system pressure. With the reduction 

in frequency, the wavelengths of these waves have grown even longer, with wavelengths of 

approximately 2m at 16 bar(a)! A similar increase of wave speed with pressure is noted for 

the plot at a higher superficial liquid velocity. 

Figure 8.123 shows the plot of relative wave speed (calculated wave speed minus 

bulk liquid velocity) against the superficial gas velocity for various pressures at an 

approximately constant Usu of 0.02ms"\ The relative wave speeds seem to take a more or 

less constant value, indicating that the wave speed is almost constant relative to the liquid. 
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Figure 8.123 Variation of relative wave speed with for various system pressure 
at u^i of approximately 0.02ms'\ 

8.8 Conclusion 

This chapter provides a general overview of the local wave characteristics at the 

interface of two-phase air-water flows in a 3-inch pipe. Due to the sheer size of the data set 

and the time required to process them, it has not been possible to perform a detailed analysis 

of all the time traces collected. Here, only typical downstream fully developed parameters 

such as the wave height, dominant wave frequency and speed for the twelve different flow 

regimes identified at atmospheric pressure have been studied. In addition, a selective 

investigation of the pressure effect on the flow system has been performed. The motivation 

has been to provide an insight into the various statistical and waveform aspects of the 

interfacial features. 
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The analysis of the various time series shows that it is impossible to achieve a 

perfectly smooth stratified flow, even when the interface appears to be smooth to the human 

eye. The disturbances, at a frequency slightly smaller than the noise from the power supply 

(50Hz), are regarded as reference disturbances. It is important to note that it is not 

appropriate to determine the type of flow regime by simply studying a single wave 

characteristic, say the average (RMS) wave height or the frequency of the dominant wave 

structure. The entire set of basic wave characteristics outlined in this chapter, including visual 

observation, should be used together in the identification of the interfacial disturbances. 

Two different methods, the autocorrelation and the power spectral density are 

proposed for the determination of the dominant frequency of the disturbances. The 

identification of the peaks in the autocorrelation function is highly subjective, and prior 

knowledge of the flow is necessary to determine the appropriate frequency. A more reliable 

method is the power spectral density where dominant peaks clearly represent the frequency 

of the interfacial interference. 

The variations of the wave characteristics with the gas and liquid superficial 

velocities, and system pressure have been determined, and these variations are governed 

strongly by the type of flow regime present. Discounting the high frequency background 

disturbances, two distinct trends are observed at high and low liquid flow rates, corresponding 

to the intermittent flows such as slugs and roll waves, and regular ones like 2D ripples and 

long waves respectively. From the limited study of flows at elevated pressures, the long 

waves are more pronounced, especially at 16bar(a), and these waves have wavelengths 

much greater than those at lower pressures. The background disturbances described earlier 

are very much enhanced as well. 

With the installation of more than one set of twin-wire conductivity probes at a single 

axial location, it has been possible to determine how the interfacial structure and wave 

characteristics change transversely across the cross-section of the pipe. From the 

comparison of the interfacial features recorded by different probes, the visually identified 

regular two-dimensional flow structures do not appear to be entirely two-dimensional. 

Furthermore, visualisation of the secondary or third-dimensional structure has been possible. 

The understanding of these interfacial wave characteristics is further applied in the 

study of the axial evolution of the gas-liquid interface that will be described in the next 

chapter. 
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Evolution of the 
Gas-Liqufd Interface 

9.1 Introduction 

In the work described in this chapter, the axial evolution along the WASP test-section 

of the gas-liquid interface and the associated wave characteristics were studied. The primary 

objective was to gain a better understanding of the initiation, growth, propagation and 

development of the interfacial structures from the inlet of the test-section to when the flow is 

fully developed. The local analyses performed are based on the definitions and descriptions 

of the methodology presented in the previous chapter. Similar experiments have been carried 

out by Li (1996), with the aim of studying the development of interfacial waves. However, in 

the present experimental campaign, information is not only obtained from conductivity probes 

positioned along the test-section, but also from simultaneous time traces at different 

transverse locations at a single axial position. In addition, the effect of superficial phase 

velocities and system pressure on the development of the interfacial characteristics along the 

pipe is assessed here. 
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Due to the vast amount of data collected in over 250 experimental runs and the time 

involved in the processing, it has not been possible to analyse every run and every aspect of 

the results. As in the previous chapter, only selected data sets are processed and studied, 

which are representative of the different flow regimes. The evolution of the interfacial 

characteristics, from the inlet up to the observation of the flow pattern at the visualisation 

section, was studied for six different flow regimes at atmospheric pressure. The flow 

conditions of these cases are tabulated in Table 9.1. 

Run UsG (ms"') UsL (ms"') Day Flow Pattern 

C04f043 3.14 0.019 04 Smooth stratified 

C04f046 7.78 0.018 04 2D ripples 

C04f059 1.67 0.073 06 Long wave with smooth interface 

C04f041 878 0.159 03 Roll waves 

C04f067 2.08 0.128 06 Slug flow 

C04f036 9.06 0.052 03 3D waves 

Table 9.1 Different flow regimes examined at atmospheric pressure. 

The evolution of the three-dimensional wave surface is obtained from multi-wire 

conductivity probes TSN1, TSN2, SS2 and JS2 situated 7.15m, 13.32m, 28.42m and 35.06m 

downstream from the inlet. The wave traces and other interfacial analyses, such as those for 

dominant wave frequency and speed, are determined from the conductivity probes TSN1(3), 

TSN2(3), TSN3(3), SS1, IGM1, 1GM2, JS1(1) and JS2(1) positioned at the vertical symmetry 

axis of the pipe section. The distribution of the probes is non-uniform with more probes in the 

downstream part of the test-section. The respective distances of the probes from the inlet are 

tabulated in Table 9.2. 

Name Distance from inlet (m) 

TSN1 7.15 

TSN2 13.32 

TSN3 14.43 

SSI 20.53 

IGM1 26.57 

IGM2 27.17 

JS1 34.50 

JS2 35.06 

Table 9.2 Distances of the conductivity probes from the inlet. 
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A picture of the development of each of the different flow regimes is constructed from 

a combination of the time traces, three-dimensional surface plots, variation of the mean liquid 

level, average wave height, dominant wave frequency, wave speed, and the energy spectrum 

density. 

It is noted that due to the large quantity of instrumentation involved in the analysis of 

the gas-liquid interface along a 37m long pipe, there might be inconsistencies, even though 

care and precautions have been taken, in the set-up of the circuitry of the conductivity probes 

and the calibration characteristics between the 34 different pairs of twin wires. These would 

inevitably affect the relative magnitudes of the liquid heights measured. In addition, the 

unexpected fouling of the stainless-steel wires discussed in Section 8.2 will have added to the 

inherent inconsistencies. 

It is important to remember that the manner in which the flow develops depends 

strongly on the inlet condition. Hence the results are specific to the WASP test-section and 

flows with similar inlet conditions. 

9.2 Development of Smooth Stratified Flow (C04f043) 

From visual observation, experimental run C04f043 is classified as smooth stratified 

flow. This section will illustrate the variations of the interfacial characteristics in the axial 

direction of the pipe due to the hydrodynamic interaction between the gas and liquid flows, 

answering the question as to whether smooth stratified flow really does exist in the upstream 

section of the pipe. 

Figure 9.1 shows the simultaneous 300s time traces for the 8 different pairs of 

conductivity probes along the test-section. The figure is constructed in such a way that the 

time series for the probe nearest the inlet is placed at the bottom and that nearest the slug 

catcher is situated at the top of the plot. The scales of the time traces are identical, though the 

absolute heights of the liquid levels are shifted along the vertical axis. In addition, the relative 

spacing between any two adjacent time traces is not representative of the actual distance 

between the probes in the pipe section. This is the case for all of the propagation time traces 

included in the subsequent sections. 

In Figure 9.1, the gas-liquid interface appears to be quite disturbed with more distinct 

wave features such as regular 2D ripples within the first 15m of the test-section, throughout 

the experimental run. Although air and water are introduced into the test-section as a stratified 

flow at the inlet, as described in Chapter 6, interaction of the two phases to produce waves is 

not avoided, even at such low flow rates. Beyond approximately 15m, a fully developed stable 
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flow seems to be achieved. Detailed two-dimensional wave traces at several axial positions 

are presented in Figures 9.2 to 9.4. Regular 2D ripples of around 6Hz are detected by probe 

TSN3(3) 14.4m downstream. The vibration of the pipe could contribute partially to this 

resonating feature. However, the operation of slow flows (at atmospheric pressure) does not 

induce much vibration in the test-section. It seems likely that the waves are associated with a 

non-equilibrium liquid level in the upstream region. Further downstream, the disturbances 

present on the surface are of high frequency and low amplitude. These disturbances, 

discussed in the previous chapter, are the reference or inherent background noise which are 

associated with such flows. 
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Figure 9.1 300s wave traces at different axial locations for 'smooth stratified flow' (C04f043). 
Probes TSN1(3). TSN2(3}. TSN3(3]. SS1. IGM1. IGM2. JSKD andJS2(1}. 
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Figure 9.2 4s wave trace of probe TSN3(3} located 14.4m downstream for 'smooth stratified flow' 
(C04f043) 
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Figure 9.3 4s wave trace of probe IGM1 located 26.6m downstream for 'smooth stratified flow' 
(C04f043) 
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Figure 9.4 4s wave trace of probe JS2(1) located 35.1m downstream for 'smooth stratified flow' 
(C04f043) 

The above description of tine evolution of the interface is supported by the series of 

three-dimensional wave plots displayed in Figures 9.5 to 9.8. Near the inlet, at TSN1, several 

longer wave structures are identified, and high frequency ripple disturbances on the surface 

which could be a result of the entrance effect when the two fluids are mixed. In the middle of 

the test section, shown in Figure 9.6, 2D ripples are present intermittently, between intervals 

of relatively smooth interface with very high frequency disturbances. These ripples have an 

amplitude of around 1mm and are coherent across the cross-section of the pipe. Further 

downstream, the larger amplitude disturbances are damped (Figure 9.7), and the interface 

eventually attains an approximately smooth surface as shown in Figure 9.8. 
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Figure 9.5 2s wave plot of probe TSN1 located 7.2m downstream for 'smooth stratified flow' 
(C04f043) 
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Figure 9.6 2s wave plot of probe TSN2 located 13.3m downstream for 'smooth stratified flow' 
(C04f043) 
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Figure 9.7 2s wave plot of probe SS2 located 28.4m downstream for 'smooth stratified flow' 
(C04f043) 
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Figure 9.8 2s wave plot of probe JS2 located 35.1m downstream for 'smooth stratified flow' 
(C04f043) 
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Figure 9.9 illustrates the variation of the mean liquid height with axial position. The 

level of the interface falls gradually along the whole test-section. An exception is the low level 

at around 7m downstream, which may be an erroneous reading. The fall in liquid level is 

accompanied by an increase in liquid velocity and a decrease in the gas velocity, with the 

conditions becoming more stable along the pipe. 
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Figure 9.9 Variation of mean liquid height in the axial direction for 
'smooth stratified flow' (C04f043) 

The presence of both 2D ripples and high frequency disturbances in the same 

experimental run is again highlighted in Figure 9.10, showing the variation in the average 

wave height axially along the test-section. The ripples have a distinct wave height of around 

2mm while the high frequency disturbances are less than 0.5mm high, and not visible to the 

human eye. 
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Figure 9.10 Variation of average wave height in the axial direction for 
'smooth stratified flow' (C04f043) 
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In the development of smooth stratified flow, the skewness remains relatively close to 

zero, as shown in Figure 9.11. This indicates that both the 2D ripples in the midstream and 

the high frequency disturbances downstream are symmetrical and not skewed. 
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Figure 9.11 Variation of skewness in the axial direction for 
'smooth stratified flow' (C04f043) 

As discussed in the previous chapter, the dominant frequency can be evaluated from 

the characteristic time period in an autocorrelation function for any interfacial disturbance to 

recur. The autocorrelation values and frequencies corresponding to the dominant peaks in 

the functions are plotted in Figure 9.12 and 9.13 respectively. This variation of the frequency 

reflects the evolution trend described earlier, where a regular 2D ripple region is encountered 

before the smooth stratified region further downstream. One interesting feature is that there is 

a strong correlation between the autocorrelation values and the associated frequencies in this 

particular run, i.e., larger frequency of the disturbances are predicted with a higher degree of 

confidence. It should be noted that the peaks used in the determination of these frequencies 

are clear and distinct like those shown in Figures 9.14 and 9.15. However, near the inlet at 

7m downstream, two different frequencies can be identified in the autocorrelation function 

shown in Figure 9.16 and both of these frequencies (low and high) are reflected in Figures 

9.12 and 9.13. 

- 5 4 7 -



2 0.5 

0 10 20 30 
axial distance (m) 

Figure 9.12 Variation of autocorrelation values in the axial direction for 
'smooth stratified flow' (C04f043) 
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Figure 9.13 Variation of dominant frequency in the axial direction for 
'smooth stratified flow' (C04f043) 
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Figure 9.14 Autocorrelation function of probe TSN2(3) for 'smooth stratified flow' (C04f043) 
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Figure 9.15 Autocorrelation function of probe TSN3(3) for 'smooth stratified flow' (C04f043) 
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Figure 9.16 Autocorrelation function of probe TSN1(3) for 'smooth stratified flow' (C04f043) 

The change in the dominant frequencies of the disturbances along the pipe section 

can also be seen in the energy spectral density plots shown in Figure 9.17. The high 

frequency peaks (> 10Hz) of the spectra, due to inherent vibrations of the physical system, 

are obvious and correspond well to those obtained from the autocorrelation functions. 

However, a broad low frequency peak at approximately 1 Hz can be identified in most of the 

energy spectra. Again, the dominant frequency at the midstream of the test-section is 

between 5 and 10Hz for the 2D ripples, and those downstream are 30 to 40Hz disturbances 

inherent in the stratified pipe flow system. The spectrum at 34.5m is almost perfectly flat, 

indicative of white noise. 
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Figure 9.17 Variation of power spectral density function axiallv down the test section for 'smooth 
stratified flow' (C04fQ43) 

The speeds of the major disturbances identified are calculated from the 

crosscorrelation functions shown in Figures 9.18 to 9.21. The speeds of the interfacial 

structures at the various axial positions are then presented in Figure 9.22. Care has been 
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taken in the interpretation and analysis of the results. In the upstream region of the test-

section, the speed of the disturbances is characteristic of 2D ripples. However, those obtained 

far downstream (> 27m) are not sensible values (speeds of more than 5ms"^) for the 

hydrodynamic disturbances on the liquid flows, considering the low superficial gas and liquid 

velocities. This provides further evidence that these high frequency disturbances associated 

with smooth stratified flow are inherent in the test-section. 

cross value 

tiire (s) 

Figure 9.18 Crosscorrelation function for 'smooth stratified flow' (C04f043) for probes 
PMU4 and PMU5 
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Figure 9.19 Crosscorrelation function for 'smooth stratified flow' (C04f043) for probes 
TSN2(3) and TSN3(3). 
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Figure 9.20 Crosscorrelation function for 'smooth stratified flow' (C04f043) for probes 
IGM1 and IGM2. 
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Figure 9.21 Crosscorreiation function for 'smooth stratified flow' (C04f043) for probes 
JSKD and JS2(1). 
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Figure 9.22 Variation of wave speed along the axial direction of the test section for 
'smooth stratified flow' (C04f043) 
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In conclusion, although the interface of smooth stratified flows appears smooth and 

flat to the eye, it does carry high frequency disturbances. Due to unstable interaction between 

the gas and liquid phases in the developing flow region, regular 2D ripples are encountered 

before fully developed smooth stratified flow is attained. 

9.3 Development of Regular 2D Ripples {C04f046) 

As described in Chapter 7, regular 2D ripples are characterised by uniform, small 

amplitude waves (approximately 1mm) which span the entire cross-section of the pipe. The 

time series is made up of sharp peaks and troughs. 

The simultaneous 300s time traces for this experimental run are presented in Figure 

9.23. The flow in the pipe undergoes several flow regime transitions before actually attaining 

a fully developed 2D ripple flow pattern. Again, the scale on the vertical axis is that for the 

bottom trace, TSN1(3), and all the traces are shifted by an arbitrary amount in order to 

construct a diagram with a sensible scale. In the first 15m downstream of the inlet, larger 

amplitude (indicated by the broad band of signals), high frequency disturbances are found 

dominating the interface, as indicated in Figure 9.24. It appears that larger 2D ripples, already 

present in this upstream section of the flow, seem to ride on much longer wavelength 

structures. 
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Figure 9.23 300s wave traces at different axial locations for 'regular 2D ripples' (C04f046}. Probes 
TSN1(3}. TSN2(3). TSN3{3}. SS1. IGM1. IGM2. JSKD andJS2(1). 
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Figure 9.24 4s wave trace of probe TSN2(3} located 13.3m downstream for 'regular 20 ripples' 
lC04f046) 

These longer wavelength structures are more apparent in the middle of the test-

section, around 20 to 28m from the inlet, and are occasionally associated with wave breaking, 

represented by the sharp peaks of traces SS1 and IGM1 in Figure 9.23. From the gradual 

buildup of liquid height, these structures have very long wavelengths and low frequencies; 

the amplitude of the waves still remains quite small. These longer wavelength structures are 

different from the long waves discussed in the previous two chapters. Between probes IGM1 

and IGM2 located 0.6m apart, the flow seems to be highly variable, possibly with three-

dimensional structures, as no similarities in the interfacial variation can be identified from 

Figures 9.25 and 9.26. 
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Figure 9.25 4s wave trace of probe IGM1 located 26.6m downstream for 'regular 2D ripples' 
(C04f046) 
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Figure 9.26 4s wave trace of probe IGM2 located 27.2m downstream for 'regular 2D ripples' 
(C04f046) 

Eventually, the flow becomes fully developed, with the long wavelength structures 

disappearing and the regular 2D ripples being the dominant feature on the interface. The 

amplitude of these ripples is less than that in the first half of the test-section. A 4s snapshot of 

the time trace for probe JS2(1) is illustrated in Figure 9.27. 
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Figure 9.27 4s wave trace of probe JS2(1) located 35.1m downstream for 'regular 2D ripples' 
(C04f046] 

A clearer view of the evolution of the regular 2D ripples is obtained from three-

dimensional surface plots in Figures 9.28 to 9.31. High frequency, low amplitude disturbances 

are present on the surface of the liquid 7m downstream of the inlet, and these grow into more 

regular parallel ripples a further 7m downstream. The relatively smooth and flat interface with 

very high frequency disturbances in Figure 9.30 for probe SS2 shows a section of the 
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interface during the gradual buildup of the liquid layer before the longer wavelength structure 

breaks. Finally, fully developed 2D ripples are detected by probe JS2, as illustrated in Figure 

9.31. 

hei<^ (rtm) 

Time (s) 

24 

Figure 9.28 2s wave plot of probe TSN1 located 7.2 m downstream for 'regular 2D ripples' 
(C04f046) 
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Figure 9.29 2s wave plot of probe TSN2 located 13.3m downstream for 'regular 2D ripples' 
(C04f046) 
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Figure 9.30 2s wave plot of probe SS2 located 28.4m downstream for 'regular 20 ripples' 
(C04f046) 
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Figure 9.31 2s wave plot of probe JS2(1) located 35.1m downstream for 'regular 2D rioples' 
(C04f046) 
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The mean liquid height of the flow, shown in Figure 9.32, remains approximately 

constant along the length of the pipe. There is a small increase in liquid height at 

approximately 27m, where breaking long wavelength structures are identified. As expected, 

the various flow regime transitions, also, influence the average wave heights along the pipe, 

plotted in Figure 9.33. 
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Figure 9.32 Variation of mean liquid height in the axial direction for 
'regular 2D ripples' (C04f046) 
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Figure 9.33 Variation of average wave height in the axial direction for 
'regular 2D ripples' (C04f046) 

From the plot of wave skewness measured at different axial positions along the test-

section in Figure 9.34, the high frequency disturbances and 2D ripples have near zero 

skewness factors, signifying the symmetry of the interfacial structure. The relatively higher 

values in the third quarter of the test-section are attributed to the presence of longer 

wavelength structures, with sharper peaks and very broad troughs. 
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Figure 9.34 Variation ofskewness factor in the axial direction for 
'regular 2D ripples' (C04f046) 

Figures 9.35 and 9.36 sliow the variation of the autocorrelation values and the 

associated dominant frequencies determined from the characteristic time period of the 

autocorrelation function. For most of these data points, the autocorrelation functions do not 

give a distinct indication of the characteristic time for high frequency disturbances or 2D 

ripples, as can be seen in Figures 9.37 and 9.38. However, the lower frequencies of the 

longer wavelength structures are also reflected in Figure 9.36. Unfortunately, the frequencies 

of the ripples identified are higher than those observed visually. This could be a result of the 

subjective and indistinct bracketing of the dominant time period in the autocorrelation function. 

The longer wavelength waves can be detected from approximately 14m downstream of the 

inlet and their frequency decreases gradually downstream until they disappear. 
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Figure 9.35 Variation of autocorrelation values in the axial direction for 'regular 2D ripples' (C04f046) 
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Figure 9.36 Variation of dominant frequency in the axial direction for 'regular 
2D ripples' (C04f046) 
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Figure 9.37 Autocorrelation function of probe TSN2(3) for 'regular 2D ripples' (C04f046) 
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Figure 9.38 Autocorrelation function of probe TSN3(3) for 'regular 2D ripples' (C04f046) 
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The dominant frequencies can also be seen in the energy spectral density plots in 

Figure 9.39. Due to the size of the blocl< used in the fast Fourier transforms (FFT), it is not 

possible to illustrate both the high and low frequencies of the ripples and long wavelength 

structures clearly on a single spectrum diagram. Here, only the higher frequencies are shown. 

The prominent frequencies, highlighted in the autocorrelation functions are also identified in 

the respective power spectra. 
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Figure 9.39 Variation of power spectral density function axiallv down the test section for 'regular 2D 
ripples' {C04f046) 
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The crosscorrelations between the pairs of probes give a characteristic time, and 

hence the speed, for the interfacial disturbance to travel between the probes. The speed 

remained more or less constant around a value of 0.3ms \ as indicated in Figure 9.40. The 

crosscorrelation function. Figure 9.41, between probes IGM1 and IGM2 is typical of 

intermittent flows. This suggests that despite changes in flow regimes, the different interfacial 

structures are travelling at approximately the same speed, which may be partially governed 

by the low gas and liquid superficial velocities (Usg = 7.78ms \ Usl = 0.018ms ^). The slightly 

higher speed measured near the inlet could be due to a thinner, faster moving liquid layer. 
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Figure 9.40 Variation of wave speed along the axial direction of the test section for 'regular 2D 
ripples' (C04f046) 
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Figure 9.41 Crosscorrelation function for 'regular 2D ripples' (C04f046) for probes 
IGM1 and IGM2. 

In conclusion, for this hydrodynamic flow system, the regular 2D ripples originate from 

high frequency disturbances far upstream. Along the pipe, the interaction between the gas 

and the liquid results in the initiation and growth of long waves which eventually decay, giving 

rise to the regular 2D ripples observed near the outlet of the test-section. 
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9.4 Development of Long Waves (C04f059) 

The long waves discussed in this section are not identical to the intermittent long 

wavelength structures described in the previous section. These long waves are not obvious 

from the 300s time series in Figure 9.42. The long waves observed through the visualisation 

section approximately 35m downstream are regular undulating structures, with a smooth 

interface. The mean liquid height along the pipe is also relatively high (much higher than the 

two previous examples). Accounting for the errors in calibration, the mean liquid height 

through the entire test-section is around 35 + 7mm, as indicated in Figure 9.43. Progressing 

axially along the test-section, the amplitude of the regular disturbances becomes smaller, as 

indicated by the decreasing bandwidth of the time traces. This can be seen clearly in the plot 

of average (rms) wave heights in Figure 9.44. The wave height approaches a maximum 

around 15m downstream of the inlet, and decreases with distance, to around an amplitude of 

1mm at the visualisation section. It is not clear that the flow is fully-developed and the 

amplitude of the disturbances might well decrease further if the test-section was longer. 
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Figure 9.42 300s wave trace at different axial location for 'long waves with smooth surface' 
(C04f059). Probes TSN1(3}. TSN2(3}. TSN3{3}. SS1. IGM1. IGM2. JSKD andJS2(1). 
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Figure 9.43 Variation of mean liquid height in the axial direction for 'long waves with a smooth 
surface' (C04f059) 
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Figure 9.44 Variation of average wave height in the axial direction for 'long waves with a smooth 
surface' (C04f059) 

From the wave traces shown in Figures 9.45 to 9.48, the frequency of the very 

regular disturbances decreases with increasing axial distance away from the inlet, with 

distinct peaks and troughs. This is a unique feature of the long waves and can be used as an 

identification criterion for such flows. The other wave characteristics discussed later in this 

section are also established 'trademarks' for such long wave flows with a smooth interface. It 

is evident in Figure 9.47 and 9.48 that the disturbances on the gas-liquid interface, in this 

experimental run, travel in pulses or packets, which might be caused by the competition 

between two adjacent frequencies, or by non-linear wave interaction 
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Figure 9.45 4s wave trace of probe TSN1(3) located 7.2m downstream for 'long waves with smooth 
surface' (C04f059) 
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Figure 9.46 4s wave trace of probe TSN3(3} located 14.4m downstream for 'long waues with 
smooth surface' (C04f059) 
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Figure 9.47 4s wave trace of probe IGM1 located 26.6m downstream for 'long waves with smooth 
surface' (C04f059) 
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Figure 9.48 4s wave trace of probe JSKD located 34.5m downstream for 'long waves with smooth 
surface' (C04f059) 

Again, the three-dimensional surface plots provide a clearer picture of the evolution of 

the flow patterns. High frequency regular 2D ripples are present near the inlet, as illustrated in 

Figure 9.49. One interesting feature is that the wave fronts of the ripples, are oriented 

obliquely, rather than perfectly transverse across the test-section. This is more clearly 

illustrated in a 0.5s close-up of the flow in Figure 9.50. Approximately 7m further down the 

test-section, in Figure 9.51, this obliqueness of the waves disappears and more irregular and 

larger amplitude wave structures are initiated. Figures 9.52 and 9.53 show the plots further 

downstream, where the gentle undulation of the long waves, an underlying feature, can be 

clearly identified. At approximately 28.4m from the inlet, gentle ripples are present on the 

larger long wave structures. However, a further 7m downstream, these 2D ripples on the 

surface disappear, and the gas-liquid interface appears to be smooth, though the long wave 

height (rati) 

Time (s) 

20 

Figure 9.49 2s wave plot of probe TSN1 located 7.2m downstream for 'long waves' (C04f059) 
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Figure 9.50 0.5s wave plot of probe TSN1 located 7.2m downstream for 'long waves' (C04f059). 
highlighting waves travelling in an oblioue direction. 
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Figure 9.51 2s wave plot of probe TSN2 located 13.3m downstream for 'long waves' (C04f059) 
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Figure 9.52 2s wave plot of probe SS2 located 28.4m downstream for 'long waves' (C04f059) 
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Figure 9.53 2s wave plot of probe JS2 located 35.1m downstream for 'long waves' (C04f059) 
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Another manifestation of the regular and symmetrical nature of the long waves is the 

plot of skewness factors in Figure 9.54. The dimensionless skewness values fluctuate about 

zero along the axial direction of the pipe, indicating that the long waves are regular and not 

skewed. 

axial distance (m) 

Figure 9.54 Variation of skewness in the axial direction for 'long waves with a smooth surface' 
(C04f059) 

The autocorrelation functions of long waves with a smooth interface also have 

distinguishing features, shown in both Figures 9.55 and 9.56. The signal has a strong 

correlation with itself, a short return time and strong subsequent sub-harmonics. 
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Figure 9.55 Autocorrelation function of probe TSN2(3) for 'long waves with a smooth surface' 
(C04f059} 
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Figure 9.56 Autocorrelation function of probe IGM1 for 'long waves with a smooth surface' 
(C04f059) 

From the time period obtained from the autocorrelation function, the dominant wave 

frequency and the associated autocorrelation values can be determined, as illustrated in 

Figures 9.57 and 9.58 respectively. These two values have totally opposite trends whereby 

the dominant frequency decreases with increasing axial distance (as observed from the wave 

traces) whereas the autocorrelation value increases. This reflects that the low frequency of 

the long waves much further downstream is more regular. 

The frequencies of the dominant wave structures are also reflected in the distinct 

peaks in the power spectral density plots, shown in Figure 9.59. The first clean wave peak (at 

about 10Hz) appears at 13.3m. By 14.4m, the sub-harmonic peak has appeared at 5Hz, and 

this becomes dominant at 20.5m. This 'period-doubling' represents a non-linear evolution of 

the waves. Further downstream, the non-linearity of the system is reinforced by the gradual 

drift of the peak to lower frequencies. 
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Figure 9.57 Variation of dominant freguencv in the axial direction for 'long waves with smooth surface' 
fC04f059). 
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Figure 9.58 Variation of autocorrelation values in the axial direction for 'long waves with smooth 
surface' (C04f059). 
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Figure 9.59 Variation of power spectral density function axiallv down the test section for 'long 
waves with smootfi interface' (C04f059) 

The crosscorrelation functions are also quite distinctive for such long waves, as 

highlighted in Figure 9.60. These disturbances are very regular and there is strong 

correlation between a particular wave with the waves before and after it. Figure 9.61 

illustrates the variation of wave speed along the axial direction of the pipe, with the speed 

remaining at a constant value of approximately 0 .6ms ' \ Using the dominant frequencies 

evaluated from the autocorrelation functions, the wavelength of these long waves is 

calculated to be approximately 0.18m. 
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Figure 9.60 Crosscorrelation function for 'long waves with smooth surface' (C04f059) 
for probes JSKD and JS2(1). 
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Figure 9.61 Variation of wave speed along the axial direction of the test section for 'long waves 
with a smooth surface' (C04f059). 

From the initial high frequency disturbances, the interfacial disturbances decrease in 

both rms wave height and frequency to achieve the fully developed long waves downstream 

of the test-section. Due to the regular nature of this flow, both the autocorrelation and 

crosscorrelation functions give reliable values of wave frequency and speed. 

9.5 Development of Roll Waves (C04f041) 

In order to illustrate the full extent of the amplitude of the roll waves, the vertical scale 

used (in Figure 9.62) for the simultaneous time traces of the eight different probes is seven 

times that of the previous three examples. Similar to the previous cases, the vertical scale is 

shifted for each trace. As summarised by Figure 9.62, the flow appears to become fully 

developed approximately 20m downstream of the inlet. It is of interest to study the evolution 

of the roll wave structures prior to that. 
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Figure 9.62 300s wave trace in the axial direction for 'roll waves' (C04f041} of probes TSN1(3}, 
TSN2(3]. TSN3(3}. SS1. IGM1. IGM2. JSKD andJS2(1). 

From an enlarged snapshot, Figure 9.63, of the time trace taken approximately 7m 

downstream of the inlet at TSN1(3), the flow is constituted of large amplitude disturbances 

created by the interaction between the two phases at the high superficial flow rates. The time 

series can also be interpreted as a series of large amplitude roll waves, one after another. 

The numerous peaks in a single large amplitude block (roll wave?) could be a result of the 

agitated mixing action of the gas and the liquid, and the large concentration of entrained gas 

bubbles in the liquid body. The interfacia! structures of the roll waves become more distinct as 

the flow progresses axially along the pipe. The series of time traces in Figures 9.64 to 9.68 

illustrates the spatial tracking of a roll wave. The development of these intermittent structures 

can also be clearly seen in Figure 9.62. In addition, phenomena such as two separate waves 

merging, and waves decaying and subsuming into the base liquid layer can also be observed 

in the middle part of the test-section before the flow becomes fully developed. 
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Figure 9.63 4s wave trace of probe TSN1(3) located 7.2m downstream for 'roll waves' (C04f041) 
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Figure 9.64 4s wave trace of probe TSN2(3) located 13.3m downstream for 'roll waves' (C04f041) 
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Figure 9.65 4s wave trace of probe IGM1 located 26.6m downstream for 'roll waves' (C04fQ41) 
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Figure 9.66 4s wave trace of probe IGM2 located 27.2m downstream for 'roll waves' (C04f041) 
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Figure 9.67 4s wave trace of probe JSKD located 34.5m downstream for 'roll waves' (C04f041] 
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Figure 9.68 4s wave trace of probe JS2(1) located 35.1m downstream for 'roll ivav/es' (C04f041) 

The wave plots, Figures 9.69 to 9.72, highlight the three-dimensional structure of the 

wave interface. The inability of the conductivity probes to distinguish gas entrainment in the 

liquid phase should be borne in mind when interpreting the plots, which show the collapsed 

height. Near the inlet, the interface disturbance consists of large, long irregular wave 

structures. Further along the pipe, the roll waves become more distinct, together with higher 

frequency ripples on the air-water interface. 
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Figure 9.69 2s wave plot of probe TSN1 located 7.2m downstream for 'roll waves' (C04f041] 
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Figure 9.70 2s wave plot of probe TSN2 located 13.3m downstream for 'roll waves' (C04f041) 
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Figure 9.71 2s wave plot of probe SS2 located 28.4m downstream for 'roll waves' (C04f041) 
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Figure 9.72 2s wave plot of probe JS2 located 35.1m downstream for 'roll waves' (C04f041) 

Figure 9.73 highlights the gradual decrease in mean liquid height along the pipe. 
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Figure 9.73 Variation of mean liquid height in the axial direction for 'roll waves' (C04f041) 

In contrast, the average wave height increases with axial distance from the inlet, as 

shown in Figure 9.74, when the flow evolves from large amplitude disturbances to more 

coherent roll waves. With the increase in height of the interfacial disturbances, the interfacial 

friction factor increases with surface roughness, resulting in the increase in the speed of the 

liquid film. Consequently, the mean liquid height decreases correspondingly as shown in 

Figure 9.73. The values for wave height are generally quite high, but are not fully 

representative of the flow due to the averaging over the intermittent time series. Again it is not 

possible to say that the flow is fully developed. Indeed the wave amplitude appears to be 

growing towards the end of the test-section. 
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Figure 9.74 Variation of average wave height in the axial direction for 'roll waves' (C04f041) 

The skewness of the interfacial disturbances increases with axial distance, as shown 

in Figure 9.75, indicating that the waves are becoming more asymmetrically skewed and 

irregular downstream with a sharp crest and a very broad trough. Near the inlet of the test-
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section, the long wavelength waves and the disturbances created by the interaction of the two 

phases are more symmetrical structures, with a skewness factor close to zero. Roll waves are 

an intermittent flow phenomenon and thus have a larger third moment. 
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Figure 9.75 Variation of skewness in the axial direction for 'roll wav^es' (C04f041) 

It is somewhat surprising that a flow regime like roll waves, which is easy to 

distinguish visually, has poor autocorrelation functions. An example of the autocorrelation 

function from probe TSN3(3) is given in Figure 9.76 where the recurrence time for the 

disturbance is not clearly indicated. Despite this, there is a strong decorrelation time, or time 

for the dominant interfacia! structure to pass. From the characteristic time of the 

autocorrelation function, the dominant frequencies of the roll waves are approximately 

0.013Hz and 0.069Hz for probes JS1(1) and JS2(1) respectively. A clearer representation of 

the frequency is obtained from the power spectral density plots in Figure 9.77. Here, the block 

size used in the FFT of the signals is n = 2^®. In the upstream region of the test-section, 

several distinct peaks between 0.1 Hz and 1Hz can be identified, with a dominant peak at 

about 0.4Hz, reflecting the presence of different large amplitude disturbances. Further 

downstream, a broad plateau with a frequency less than 0.1Hz is the recurring feature in the 

power spectra. 
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Figure 9.76 Autocorrelation function of probe TSN3(3) for 'roll waues' (C04f041) 
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Figure 9.77 Variation of power spectral density function axiallv along the test section for 'roll waves' 
(C04f041) 
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The crosscorrelation between the relevant pairs of signals provide very distinct peaks 

for the speed of the interfacial structures to be evaluated. Figure 9.78 illustrates the gradual 

increase of speed of the roll waves with axial distance from the inlet. The speed is maintained 

at a relatively constant value over the entire test-section, increasing from 1.25ms"^ at 3.7m to 

1.69ms"'' at 35m. Other than the nature of the roll waves, the high liquid velocities have also 

contributed to the high speeds of the waves. The plots of upstream crosscorrelation functions 

are typical of regular disturbances, as illustrated in Figure 9.79, while those at downstream 

positions are characteristic of intermittent flow structures, as shown in Figure 9.80. 
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Figure 9.78 Variation of wave speed along the axial direction of the test section for 'roll waves' 
(C04f041) 
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Figure 9.79 Crosscorrelation function for 'roll waves' (C04f041) 
for probes TSN2(3) and TSN3(3). 
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Figure 9.80 Crosscorrelation function for 'roll waves' (C04f041) for probes JS1(1) andJS2{1). 

Most roll wave formation theories, such as those of Hanratty and Hershman (1961), 

Andreussi et al. (1985) and Bruno and McCready (1988), propose that roll waves evolve from 

the disturbances with wavelengths much longer than the film thickness and grow slowly with 

distance. They have applied both Jeffreys' (1924, 1925) sheltering hypothesis and the 

classical long wave Kelvin-Heimholtz instability analysis to predict the initiation of roll waves in 

horizontal gas-liquid flows. In this experimental run, the roll waves originate from disturbances 

associated with a high level of liquid near the inlet as described. However, in the first half of 

the test-section, the long wavelength structures are not obvious from the wave traces or wave 

plots obtained. In addition, as the autocorrelation functions of the flows at most probes do not 

give a definitive time period for the recurrence of the dominant disturbance, corresponding 

wavelengths are not calculated. 

9.6 Development of Slug Flows (C04f067) 

Slug flow is one of the flow regimes whose evolution is the easiest to visualise due to 

the sharp contrasts in the flow structures. Figure 9.81 shows the development of slugs axially 

along the test-section. Due to the massive size of the liquid slug, the vertical axis used is 

seven times that for the smooth stratified flow example in Section 9.2. Here, slugs develop at 

approximately 20m downstream of the inlet, much earlier than the previous flow regimes 

studied. However, the profile of the film region between slugs continue to evolve until the end 

of the test-section. It is interesting to note from Figure 9.81, that the liquid film in between the 

two liquid slugs behaves differently at the two ends of the test-section. At approximately 15m 

downstream of the inlet, the liquid level is slowly building up in between the breaking of the 

long wavelength structures. In addition, smaller amplitude roll waves are also noted 

propagating in between the liquid slugs. Further downstream, the liquid drains away from the 

583 



slug tail and the rebuilding profile (positive ) is replaced by the dam-break profile (negative 

5h 

In the upstream part of the test-section, the interface is covered with large amplitude 

disturbances, as highlighted in Figure 9.82. Moving further downstream, very long wavelength 

waves are developed, breaking of the waves occurs, and the waves bridge the pipe, as 

illustrated by trace TSN3(3) in Figure 9.81. After that, the slugs become fully developed and 

propagate towards the slug catcher at the end of the test-section. Figures 9.83 to 9.87 

illustrate the same slug at different axial positions. From the series of 4s snapshots, the slug 

body retains most of its features, but with some noticeable variations in the tail where liquid is 

draining away as the slug progresses along the pipe. 
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Figure 9.81 300s wave trace at different axial location for 'slug flow' (C04f067). Probes TSN1(3}, 
TSN2(3). TSN3(3). SSI. IGM1. IGM2. JSKD and JS2(1). 
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Figure 9.82 4s wave trace of probe TSN1(3} located 7.2m downstream for 'slug flow' (C04f067) 
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Figure 9.83 4s wave trace of probe SS1 located 20.5m downstream for 'slug flow' (C04f067) 
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Figure 9.84 4s wave trace of probe IGM1 located 26.6m downstream for 'slug flow' (C04f067) 
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Figure 9.85 4s wave trace of probe IGM2 located 27.2m downstream for 'slug flow' (C04f067) 
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Figure 9.86 4s wave trace of probe JSKD located 34.5m downstream for 'slug flow' (C04f067) 
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Figure 9.87 4s wave trace of probe JS2(1) located 35.1m downstream for 'slug flow' (C04f067) 

The structural differences in the slug tail are further highlighted in the downstream 

surface plots in Figures 9.88 and 9.89. For approximately the same liquid particles, instead of 

liquid draining away from the slug tail much further downstream, the liquid level is slowly 

building. 
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Figure 9.88 2s wave plot of probe SS2 located 28.4m downstream for 'slug flow' (C04f067) 
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Figure 9.89 2s wave plot of probe JS2 located 35.1m downstream for 'slug flow' (C04f067) 
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The two major patterns encountered in the development of slug flow are clearly 

illustrated in the variation of statistical parameters: the mean liquid height in Figure 9.90 and 

the average wave height in Figure 9.91. Large amplitude waves dominate the upstream 

section of the pipe, with a higher liquid holdup. When the liquid slugs are present, the mean 

liquid level is reduced due to the averaging over the 300s sample, including the relatively thin 

liquid film between the slugs. The rms wave heights for the slugs downstream are clearly 

much higher, but they are not representative of the height of the slug. Again, as the waves or 

disturbances grow larger, the mean liquid height decreases, with the mean liquid velocity 

increasing. 

40 

30 

0 
£ 
2 20 
3 
a 

1 10 
E 

10 20 30 

axial distance (m) 

40 

Figure 9.90 Variation of mean liquid height in the axial direction for 'slug flow' (C04f067) 
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Figure 9.91 Variation of average wave height in the axial direction for 'slug flow' (C04f067) 

The dominant frequency of the interfacial structure remains more or less constant 

throughout the entire length of the test-section at approximately 0.05Hz as shown in Figure 
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9.92, with the exception of the higher frequency large amplitude waves in the upstream part of 

the pipe. 
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Figure 9.92 Variation of dominant frequency in the axial direction for 'slug flow' (C04f067) 

Despite the relatively weak correlation values, the autocorrelation function gives 

rather distinct characteristic time periods for the slug to return. The example given in Figure 

9.93 is the autocorrelation function at conductivity probe IGM1. Similar to the previous 

example for roll waves, there is a single major peak at low frequencies of below 0.1 Hz, 

corresponding to the liquid slugs, highlighted in the power spectra in Figure 9.94. However, 

7m downstream of the inlet at probe TSN1(1), several dominant peaks can be identified with 

frequencies of order 0.1, 1 and 10Hz. This is the manifestation of the non-equilibrium of the 

interface. 
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Figure 9.93 Autocorrelation function of probe SS1 for 'slug flow' (C04f067) 
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The speed of the interfacial disturbances, evaluated from the crosscorrelation 

function reflects the type of flow structure present. As shown in Figure 9.95, the speed of the 

large amplitude waves is relatively low when compared to the slugs. The disturbances pick up 

speed once the liquid blocks the pipe and is pushed through the pipe at speeds close to the 

mixture velocity. Again, the crosscorrelation functions are characteristic of the different nature 

of the interference (regular or intermittent), as illustrated in Figures 9.96 and 9.97 

respectively. 
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Figure 9.95 Variation of wave speed along the axial direction of the test section for 'slug flow' 
(C04f067} 
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Figure 9.96 Crosscorrelation function for 'slug flow' (C04f067) for probes PMU(4} and PMU(5). 
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Figure 9.97 Crosscorrelation function for 'slug flow' (CQ4f067) for probes JSKD and JS2(1). 

In general, at such low gas and high liquid flow rates, the initiation of slugs at 

atmospheric pressure is highly dependent on the relative phase flow rates. In this 

experimental run, the flow achieved an apparently fully developed state faster than the 

previous flow types studied. From the time traces displayed in Figure 9.81, at approximately 

15m from the inlet, very long wavelength structures grow into slugs, which follows the much-

recognised mechanism for slug initiation. 

9.7 Development of 3D Waves (C04f036) 

The evolution and development of 3D waves can be studied from the sequence of 

time traces plotted in Figure 9.98. The 3D waves, represented by sharp peaks, with shoulders 

in the troughs, have been observed in the conductivity probe traces even in the upstream part 

of the test-section, giving an indication that the high velocity gas flow is pulling the liquid 

surface along the pipe from the inlet where the gas is introduced. One anomaly observed in 

the wave traces is that the amplitude of the disturbances at probe JS1(1) is much smaller 

than at other positions along the pipe. This is also reflected in Figure 9.99 which shows the 

variation of the average wave height. Along the test-section, the rms wave height remains 

relatively constant at approximately 4mm, but dropped to 1mm at that particular position. In 

addition, the skewness and kurtosis values of the waves at JS1(1) are also much higher than 

at other axial positions. No reasonable explanations could be found for these observations, so 

it is concluded that this particular time trace is very unreliable. These random 3D waves occur 

on a relatively thin layer of liquid. As shown in Figure 9.100, the mean liquid level is kept at 

approximately 12mm along the length of the test-section. 
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Figure 9.98 300s wave trace at different axial location for '3D waves' (C04f036). Probes TSN1(3}, 
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Figure 9.99 Variation of average wave height in the axial direction for '3D waves' (C04f036) 
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Figure 9.100 Variation of mean liguid height in the axial direction for '3D waves' (C04f036) 
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No clear trends in growth and development of 3D waves could be extracted from the 

three-dimensional surface plots. Figure 9.101 is a 2s plot for the air-water surface at TSN1, 

7m downstream of the inlet, where irregular troughs are interspersed between the regular 2D 

wave fronts. Similar features are observed in Figure 9.102 which represents the 2s surface 

plot approximately 28m away. It is apparent from the figures that the frequency of the larger 

amplitude waves has increased, and that they are more 'three-dimensional'. 

The autocorrelation functions for 3D waves, as discussed in the previous chapter, do 

not provide a clear and definite indication of the time period for recurrence of the dominant 

interfacial structures. For most of the probes, the dominant frequency is calculated based on 

the first peak, however slight, after the autocorrelation value has undergone a minimum below 

zero, as shown in Figure 9.103. 
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Figure 9.103 Autocorrelation function of probe IGM1 for '3D waves' (C04f036) 

Figure 9.104 gives the variation of the frequency of the interfacial structures 

calculated from the autocorrelation function, which remains approximately constant at a value 

of 7Hz for the first three-quarters of the pipe section. This is not consistent with the trend 

observed in the three-dimensional wave plots, assuming that the dominant interfacial feature 

identified is the same. The corresponding autocorrelation values, shown in Figure 9.105, also 

show a relatively small, approximately constant value. These frequencies are reflected in the 

power spectral density plots in Figure 9.106. The power spectra at most of the axial positions 

are relatively flat with a very slight broad peak corresponding to the relevant frequencies. 
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Figure 9.104 Variation of dominant frequency in the axial direction for '3D waves' (C04f036) 
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Figure 9.105 Variation of autocorrelation values in the axial direction for '30 waves' (C04f036) 
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The crosscorrelation functions for various pairs of signals give good indications of the 

speed of the interfacial structures, as illustrated in Figures 9.107 and 9.108. This trend (poor 

autocorrelation but good crosscorrelation) has also been displayed in the analysis of 

experimental results for 2D ripples and roll waves. 
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Figure 9.107 Crosscorrelation function for '3D waves' {C04f036} for probes PMU(4} and PMU(5}. 
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Figure 9.108 Crosscorrelation function for '3D waves' (C04f036} for probes IGM1 and IGM2. 

As shown in Figure 9.109, the speed of the waves remained constant at 

approximately 0.85ms"^ along the test-section. As established earlier in this section, the flow 

has attained its 3D wavy structure near the inlet. Hence, the speed of the disturbances 

remains constant. 
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Figure 9.109 Variation of wave speed along the axial direction of the test section for '3D waves' 
(C04f036) 

In conclusion, there is not much evolution of the 3D waves with respect to either the 

wave traces or the dominant frequencies. The flow appears to be fully developed near the 

inlet due to the high gas flow rates being the major driving force of the interfacial 

disturbances. 

9.8 Effects of Flow Parameters on Development of the Flow 

This section deals with the effects of varying the flow parameters such as the system 

pressure and the superficial phase velocities on the development of the flow and the 

interfacial structures in the axial direction. From the study of the fully developed flows in the 

downstream region in the previous chapter, these parameters determine the flow patterns, 

which in turn affect the different wave characteristics. In what follows below, the effects of 

variation of the superficial liquid velocity and the operating pressure are discussed. Only the 

evolution of the dominant wave frequencies and speeds, and the average wave heights are 

investigated. The data obtained at high pressure runs are post-processed using methods 

identical to those used for atmospheric runs, whereby a simple linear correction factor is 

applied to the raw voltage signals. Due to the problems associated with the calibration of the 

conductivity probes described in Section 8.2, caution is applied in the analysis of the 

statistical information of the time traces. 
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9.8.1 Effect of the Superficial Liquid Velocity 

In this section, changes of the flow are described for experiments at atmospheric 

pressure where the superficial velocity of the liquid is increased at two separate superficial 

gas velocities of I .Gms ' and 9Ams\ Distinct shifts in the average wave height with 

superficial liquid velocity are clearly indicated in Figures 9.110 and 9.111. The rms wave 

height, in general, increases with the superficial liquid velocity. When the liquid flow is 

increased at the low Usgof 1.6ms \ the fully developed flow regime changes from regular 2D 

ripples to long waves and finally to slugs. This series of changes is represented by the 

differences in wave height from around 15m downstream of the inlet. However, in the 

upstream part of the test-section, the wave height remains at a similar order of magnitude, 

indicating that the flow consists of large amplitude disturbances (2-3mm) as a result of the 

shear between the phases at the inlet and hence there is no clear distinction of flow regimes. 

The strong dependence of the wave height on the type of flow regime is shown in Figure 

9.111. At such a high u,G of 9.1ms"\ the interface is made up of random 3D waves, and 

attains its fully developed state very near the inlet. At high liquid flows, intermittent roll waves 

are initiated, represented by the slightly larger wave heights near the end of the test-section. 

The rms wave heights of these roll waves are not significantly larger than those for the 3D 

wavy flow, but the individual waves are further apart and have greater amplitudes. Figure 

9.110 shows that, at the lower gas velocity, many of the flows are not fully developed, but are 

still developing at the end of the test-section. 
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Figure 9.110 Variation of the average wave height along the oioe with u^ = 0.047. 0.052. 0.061, 
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Figure 9.111 Variation of the average wave height along the pipe with = 0.018, 0.030, 0.052. 
0.064, 0.077, 0.089ms ^ at = 9.1 ±0.10ms'^ and at atmospheric pressure. 

The intermittent roll waves at high liquid velocities are again highlighted in the 

frequency plot of Figure 9.112 where the frequencies of the roll waves are very much lower 

than those of the 3D waves at lower values of Usl- The general trend of decreasing dominant 

frequency with increasing superficial liquid velocities is also clear in Figure 9.113 for the lower 

UsG of 1.6ms"^ where the slugs at high liquid flow rates have a very much lower frequency. For 

the gentle disturbances detected visually at the Usl of 0.047ms"\ an underlying long 

wavelength structure at a frequency of approximately 1Hz is identified from the 

autocorrelation function. In addition to the visible high frequency disturbances at around 5Hz, 

the vibrations of the physical pipe system at approximately 30Hz are also reflected in the plot. 
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Figure 9.112 Variation of the dominant freguency along the pipe with u^i = 0.018, 0,030, 0,052, 
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Figure 9.113 Variation of the dominant frequency along the pipe with u,/ = 0.047, 0.052, 0.061. 
0.095. 0.101, 0.130. 0.142ms'' at u,n = l.d+O.OSms'^ and at atmospheric pressure. 

The high-speed slugs are clearly indicated in the plot of dominant disturbance speeds 

at the UsG of 1.6ms"^ in Figure 9.114. Prior to becoming fully developed, the flow consists of 

large amplitude disturbances travelling at a relatively low speed. The speeds of the interfacial 

disturbances at smaller liquid flows take an approximately constant value along the entire 

length of the test-section. Figure 9.115 shows the variation of the speed for various values of 

UsL at the fixed Usq of 9.1ms'\ At each Ugi, the speed, again, remains more or less constant 

along the test-section. The speed of these structures increases with increasing superficial 

liquid velocity, indicating the presence of a larger body of liquid travelling along the pipe. At 

superficial liquid velocities of 0.077ms"^ and 0.089ms'\ where roll waves are present on the 

three-dimensional wave surface, the speed gradually increases towards the end of the test-

section. 
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Figure 9.114 Variation of the wave speed along the pipe with u^ = 0.047, 0.052, 0.061. 0.095, 
0.101, 0.130, 0.142ms"' at Ucg = 1.6±0.03ms'^ and at atmospheric pressure. 
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Figure 9.115 Variation of the wave speed along the pipe with u^ = 0.018. 0.030, 0.052, 0.064. 
0.077, 0.089ms'^ at u^n - 9. l+O.IOms'^ and at atmospheric pressure. 

9.8.2 Effect of the System Pressure 

The pressure of the flow system has an effect on the transitions between flow 

patterns which in turn affects the wave characteristics. The development of these features 

with pressure are studied for two different sets of superficial velocities, with (Usg, Usl) being 

(2.0 ms ' \ O.OSms"^) and (1,5 ± 0.2ms"\ 0.15 + O.OSms"^) respectively. 

As seen in Figure 9.116, the average wave height generally decreases with 

increasing pressure. The larger gas density leads to an increase in interfacial shear stress, 

increasing the liquid velocity and decreasing the liquid level. The gas velocity is thereby 

decreased slightly, and the waves formed on the thinner liquid layer have smaller amplitude. 

Near the inlet, there is not much variation in wave height with respect to the system pressure 

within the first 7m of the test-section. The flow only begins to become developed after that. 

For this particular set of flowrates (1.5 ± 0.2ms"\ 0.15 ± O.OSms"^), the fully developed 

regimes for the lower pressures are slug flows while that for 16 bar(a) is roll waves. 

Figure 9.117 illustrates the variation of average wave heights for a flow with 

superficial velocities (2.0ms"\ O.OSms'^). The visually observed fully developed flow regime 

for both pressures is long waves with 2D ripples on the interface. Here, the wave heights at 

16 bar(a) seem to be similar or higher than at atmospheric pressure, which might be 

explained by the erroneous calibrations involved. For the long waves, it appears that the 

increased Bernoulli effect for higher gas density is able to overcome the reduction in liquid 

layer height to produce larger waves. 
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Figure 9.116 Variation of the average wave height along the pipe with system pressure = 1. 4. 
16bar(a) at u^n = 1.5 ±0.2ms'^ and u,, = 0.15 ±0.03ms'\ 
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Figure 9.117 Variation of the average wave height along the pipe with system pressure = 1. 
16bar(a) at u^n - 2.0ms'^ and u.i = 0.03ms'\ 

The low frequencies of the long waves at 16bar(a), determined from the 

autocorrelation functions, are highlighted in Figure 9.118, indicating that the long waves are 

more pronounced from the middle of the test-section at elevated pressures than at 

atmospheric pressures. At both pressures, the regular ripples on the long waves contribute to 

the higher observed frequencies, of order 5Hz. The much higher frequencies of approximately 

30Hz are due to the vibration of the pipe system. The very long waves at 16bar(a) are 

travelling at approximately the same speed as those at atmospheric pressure, as highlighted 

in Figure 9.119. The crosscorrelation between probes TSN2(3) and TSN3(3), and JS1(1) and 
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JS2(1) do not give sensible wave speed values at 16bar(a). These structures are formed in 

the upstream region of the test-section. 
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Figure 9.118 Variation of the dominant frequency along the pipe with system pressure - 1. 
16bar(a) at u^n = 2.0ms'^ and u,/ = 0.03ms'\ 
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Figure 9.119 Variation of the waye speed along the pipe with system pressure - 1. 16bar(a) at 
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Figure 9.120 gives a clearer picture of ttie evolution of the two tiers of frequencies for 

roll waves and liquid slugs. The low frequencies of the long wavelength structures are 

identified very near the inlet and these grow into either roll waves or slugs further downstream 

for the three different operating pressures studied. The high-frequency disturbances at about 

5Hz are present at 1bar(a) and 4bar(a), but at 16bar(a), the frequency is much higher and is 

due to the vibration of the test-section at the high operating pressure. At 16bar(a), the speed 

of the roll waves remains roughly constant at a value slightly less than 1ms"'' throughout the 

entire length of the test-section. These roll waves are fully developed in the upstream part of 

the test-section as indicated in Figure 9.121. As discussed before, the high frequency and 

high-speed disturbances upstream are due to the non-equilibrium shear stress between the 

two phases, and the interference from the physical pipe system. The vibration of the pipe 

system is very prominent at 4bar(a) with the high-speed disturbances disappearing further 

downstream when the slugs are detected. In addition, the slugs travel at more or less the 

same speed, regardless of the operating pressure, as indicated in Figure 9.121. 
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Figure 9.121 Variation of the wave speed along the pipe with system pressure = 1. 4, 16bar(a) at 
u.<^n - 1.5 ± 0.2ms'^ and U!^i = 0.15 ± 0.03ms'\ 

To summarise, the changes in the trends of evolution of the wave characteristics are 

dependent on the types of flow regimes. The various combinations of superficial gas velocity, 

superficial liquid velocity and operating pressure give rise to different flow types. At elevated 

pressures, the vibration of the pipe system becomes increasingly pronounced, as seen from 

the high-speed and high-frequency disturbances detected in the upstream part of the test-

section. 

9.9 Conclusion 

Out of the vast quantity of data collected in the experimental campaign, only a few 

selected runs have been analysed to study the initiation and development of the characteristic 

flow pattern. The different experimental runs chosen are based on the specific flow regime 

determined from the visualisation section in the downstream part of the WASP facility. Six 

typical flows were investigated in this chapter. The developed flow at the end of the test-

section is determined from either the growth or the decay of the disturbances near the inlet 

where the two fluids are introduced. In general, as the rms wave height increases down the 

pipe, the interfacial friction increases, hence increasing the speed of the liquid film and at the 

same time, reducing its height. As noted, most of the intermittent flows are initiated from very 

long wavelength structures and they become fully developed rather early in the length of the 

pipe. However, the evolution of fully-developed smooth stratified flows and regular 2D ripples 

take longer to develop. 
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From the study of the various interfacial characteristics and the 2D wave traces of the 

six different flow types at atmospheric pressure, the only fully developed flow obtained is that 

of 3D waves (c04f036). Although the wave traces of long waves, roll waves and slug flow 

appear to be fully developed, the amplitude of the disturbances tend to change towards the 

exit of the test-section. 

It should be noted that the long waves identified visually in the studies described in 

Chapters 7 and 8 are not the long wavelength structures observed in the analyses, which are 

the pre-cursors for intermittent flows. The long waves are generally regular and periodic, as 

indicated by the characteristics presented. 

In addition, the evaluation of dominant frequency from the autocorrelation function 

and of the speed from the crosscorrelation function are not entirely precise as the 

characteristic time determined can be somewhat subjective and some correlation functions do 

not give a clear peak that corresponds to the time for the interfacial structure to recur. 

The input parameters: superficial gas velocity, superficial liquid velocity and the 

system pressure, contribute to the manner in which the interface changes throughout the 

length of the pipe. At elevated pressures, with the density of the gas being larger, long waves 

are more prominent and they can be identified in the upstream part of the test-section, as 

illustrated from the plots of dominant frequencies obtained from the autocorrelation functions 

and the dominant wave speed obtained from the crosscorrelation functions. In addition, these 

correlation functions often detect high frequency disturbances, as a result of the vibration of 

the physical pipe system, especially at high system pressures. 
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10 

Conclusions & 
Recommendations 

10.1 General Overview 

From the computational and experimental studies of stratified flows reported in this 

thesis, it may be concluded that the analyses of such flow systems are not trivial, despite their 

simple physical appearance. Stratified flows are often associated with small pressure 

gradients, and hence low operating costs; this is offset by the additional capital cost 

associated with using larger diameter pipes to reduce flow velocities to achieve stratified flow. 

In the pursuit of better and more accurate models for commercial pipeline codes, it is 

important to account for the flow regime transitions from smooth to wavy stratified flows, and 

eventually, to slug flows in two-phase and three-phase flows. 

This work described in this thesis has addressed the effect of flow parameters, such 

as the system pressure and the superficial phase velocities, on the structure of the fluid-fluid 

interface. The trends and changes in the interfacial characteristics depend mostly upon the 

type of flow pattern encountered. A perfectly smooth stratified flow with no disturbances is not 

achievable in physical pipeline systems due to the influence of various operating 

mechanisms, such as pumps or valves. Both fully developed flow and the axial evolution of 

the interfacial structure, including the growth of waves, were studied. 
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As shown in Chapter 5 of this thesis, it is not simple to model the transition between 

smooth and wavy stratified flows in pipes or channels. Different instability theories (inviscid 

Kelvin-Helmholtz and ocean wave models) were adapted to flows in enclosed conduits, but 

the results obtained were not consistent with each other or with the available experimental 

data. 

Prior to any instability analysis in the flow system, its stable base state, without any 

perturbations, needs to be described as accurately as possible. Different two-phase laminar 

flows have been examined, applying the Boundary Element Method with the exact fluid-fluid 

interface specified by the Young-Laplace equation. The above constitute the different 

aspects required in the development of an accurate stratified flow model. 

Conclusions derived from the studies of laminar flow models, wave growth, transition 

mechanisms, and experimental studies are highlighted in the following sections. 

10.2 Conclusions from the Models for Laminar Flow with Exact Interface Shape 

The exact 'static' interface shape, determined from the Young-Laplace equation, 

depends on only three dimensionless parameters: the Bond number, holdup of the denser 

phase, and the contact angle. For most flow conditions, the exact interface shape can be 

described as approximately elliptical, with a major flat portion in the middle and highly curved 

menisci near the walls. The circular arc and flat interfaces can provide good approximations 

of the exact interface shape, especially at extreme conditions where the Bond numbers are 

small and large respectively. However, with such assumptions, there is the possibility of 

losing important information about the flow system. 

Three different classes of two-phase laminar flows were investigated: laminar-laminar 

flow, free surface gravity-driven laminar flow, and turbulent-gas laminar-liquid flow. In using 

the Boundary Element Method, the flow problem can be solved efficiently with minimal 

computational time. Additional dimensionless parameters required included the viscosity ratio 

and driving force ratio between the two fluids (laminar-laminar flow), and the friction factor 

ratio of the gas-wall and the interface (the turbulent-laminar flow). As seen from the analyses, 

the common assumption of a constant shear stress at the walls or the interface is far from 

true. The wall shear stresses do not vary much at most circumferential positions, but change 

sharply when approaching the contact points. 

The friction factor constant, k, for laminar flows where k = f Re, based on Fanning's 

definition, is a function of the type of flow configuration, as well as the choice of hydraulic 

diameter applied. The commonly used value of 16, which was developed for a single-phase 
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flow, is not always a good approximation for multiphase flows, as it does not account for the 

interactions between the phases. From the Boundary Element calculations performed here, f 

» 16/Re and f » 8/Re can be used to approximate the liquid wall friction factors for free 

surface gravity-driven and turbulent-laminar flows (with the interfacial length included in the 

hydraulic diameter) respectively. 

It has to be noted that only the base state stable flow configuration without any 

interfacial instability was considered here. In addition, the Boundary Integral equations are 

applicable only to laminar flows due to the linear nature of the basic equation. 

10.3 Conclusions from Wave Generation IViodels 

Accounting for the turbulence in the gas flow and the no-slip conditions at the top 

conduit wall, the velocity deficiency law, or the universal velocity profile, has been applied to 

construct an approximation for the continuous velocity profiles in the gas and liquid phases of 

flows in enclosed conduits. 

Only the inviscid linear Kelvin-Helmholtz theories for long and finite waves (all 

wavelengths) were investigated in the work described in this thesis. From available 

experimental data, the finite wavelength analysis seemed to predict the smooth to wavy 

stratified flow transition reasonably well; the long wave analysis appeared to give a secondary 

transition within the wavy stratified flow region. It was noted that the results of stability 

analyses of the finite wave Kelvin-Helmholtz theory are (for the most part) independent on the 

size and geometry of the conduit. 

The underlying fundamental theory in most ocean wave generation models is the 

asymmetrical distribution of pressure in the vicinity of the perturbation, resulting in energy 

being transferred from the wind to the water, and hence, wave growth. Taitel and Dukler 

(1976), and Andritsos and Han ratty (1987b) adapted Jeffreys' (1924, 1925) sheltering 

hypothesis to pipe flows by fitting a sheltering coefficient to their experimental data in 

predicting the smooth to wavy stratified flow transition. However, these approaches have 

been shown to fail, when it is attempted to apply the stability criterion to other flow systems 

with different flow parameters, including the present experimental data. 

Modifying the critical layer theory of Brooke Benjamin (1959) and the viscous four-

layer model of Belcher and Hunt (1993), for two-phase gas-liquid flows in rectangular 

conduits, did not lead to a model for the smooth to wavy stratified transition. A positive wave 

growth was used as the stability criterion in the analysis. The Brooke Benjamin (1959) 

analysis led to a negative wave growth even at high gas flows; and on the other hand, no 
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stable flow conditions could be obtained, even at low flow rates for the Belcher and Hunt 

(1993) analysis. It is concluded that simple changes of the velocity profiles and conduit 

geometry are not sufficient to predict the flow transition in channels or pipes using these 

ocean wave models. One has to fully understand and account for the differences in wave 

growth mechanisms for the different classes of flow. 

10.4 Conclusions from the Experimental Setup 

The instrumentation of the high-pressure, 37m long, 0.079m internal diameter WASP 

facility was upgraded before the start of the experimental campaign. An improvement to the 

multi-wire conductance probes was made where a locking and tensioning device was 

designed in order to maintain the tautness of the wires. These probes were situated at various 

axial locations of the test-section for the tracking of the interface and study of the evolution of 

the interfacial structures. Despite drifts in calibration due to fouling of the conductivity probes, 

this instrumental scheme was effective in assessing the main interfacial characteristics of the 

stratified flows being studied. 

10.5 Conclusions from the Experimental Campaign 

The experimental campaign was carried out with the main objective of performing a 

predominantly qualitative study of the interfacial evolution of stratified flows in a 37m long 

test-section. A major contribution of this project is the addition to the existing databank of a 

large quantity of stratified flow data at various operating pressures. 

From the different flow pattern maps obtained, at four different operating pressures 

focussing on the stratified flow region, it was concluded that the distribution of the flow 

regimes on the map with superficial velocity coordinate axes was similar. However, when the 

pressure was increased, the area represented by the flow regimes shifted towards lower 

superficial gas velocities. At high pressure, the long wave region was enhanced, with most of 

the 2D interfacial ripples being suppressed. These periodic small amplitude long waves at 

elevated pressure have much longer wavelengths than those at lower pressures. 

Twelve different types of fully developed flows were identified at atmospheric 

pressure and their wave characteristics were analysed. It was not possible to identify each 

flow from a single characteristic, but a combination of the different wave features, such as the 

wave height, surface plots, frequencies, etc, must be used. Perfectly smooth stratified flow 

was not observed from the conductance probes even when, visually, the interface appeared 

very smooth. This may be due to minor vibrations in the system or minute disturbances 
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around the probes themselves. Variations of the wave characteristics with operating pressure, 

superficial gas and liquid velocities were investigated; these are governed primarily by the 

type of flow regime present. 

The axial evolution of the interfacial structures along the pipe is dependent on the 

growth or decay of the waves and ripples generated near the inlet. When the rms wave height 

increases along the pipe, the interfacial friction increases correspondingly. This would result 

in the reduction of the mean liquid level and, generally, an increase in wave speed. 

Intermittent flow structures like roll waves and slugs originate from very long wavelength 

structures, and attain their fully developed state after a shorter length of the test-section. 

It was not always straightforward to evaluate the frequency and wave speed of the 

dominant interfacial structures from the correlation functions and Fourier analysis. In some 

instances, the peaks in the autocorrelation or crosscorrelation functions were not distinct, and 

the bracketing of the characteristic time period was subjective. 

Although a large quantity of data was acquired during the experimental campaign, 

only approximately 10% of the information were used. Even that represented an extensive 

analytical effort. The remaining data have been archived for future reference. The data 

selected for analysis have been chosen to represent examples of each interfacial regime and 

to illuminate the effects of velocity and pressure. 

10.6 Recommendations for Future Work 

From the conclusions drawn, several recommendations are put forward for future 

experimental and analytical studies. 

• The Boundary Element calculations for laminar flows could be extended to three-

dimensions, taking into account the axial variations due to waves. This may throw 

light on the influence of the waves on liquid flow behaviour. 

• Though the results obtained with the Boundary Element method represent a new 

reference set of information, they could not be quantitatively compared with the 

experiments described in this thesis since the latter were mainly in the turbulent 

region whereas the Boundary Element method is restricted to laminar flow. 

However, laminar flow does exist in many practical situations, for instance in 

flows in small diameter channels and with high viscosity. It may be useful to 

design some experiments in which such laminar flows can be measured and 

compared with the results of the BEM predictions. 
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The computational algorithm for the Boundary Element Method could be modified 

to allow the direct use of phase flow rates and pipe inclination as input 

parameters in the calculation of holdup and pressure gradient. Some work with 

this approach has been presented in Ng et al. (2001). 

A linear stability analysis could be performed using the base state laminar flow 

model to evaluate the transition boundary to the unstable wavy stratified regime. 

A more detailed understanding of the different ocean wave models should be 

acquired in order to adapt these theories to stratified flow transitions in two-

dimensional channels, and eventually in pipes where the flow geometry is more 

complicated. Better turbulence models should also be incorporated into the 

description of the air flow. 

Further investigation of the secondary flow transition within the stratified flow 

regime, as predicted by the linear inviscid long wave Kelvin-Helmholtz theory, 

should be undertaken. This transition, together with the smooth to wavy stratified 

transition predicted by the finite wavelength theory, should be validated against a 

bigger data set. 

The construction of the velocity profiles using the velocity deficiency laws could 

be extended to three-phase flows and flows in circular pipes. The latter would 

require more complicated adjustments to achieve a smooth profile. 

From the understanding of the different wave initiation theories, a full mechanistic 

model might be developed for the transition of smooth to wavy stratified pipe 

flows. 

Further experiments on the effect of operating pressure on the interfacial 

characteristics and their evolution should be considered. It was noted that with 

the increase in gas density at elevated pressures, the interfacial disturbances 

were suppressed. An extensive study of the interfacial behaviour and its effects 

on the interfacial friction factor could be performed for various pressures. 

Using similar or more sophisticated analytical techniques, the development of the 

interfacial structure for transient stratified flows could be investigated. The study 

would include the effect of step changes (both increasing and decreasing) in the 

liquid and gas velocities on the variation of wave pattern distribution. 
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• Complementing the limited amount of experimental data processed during the 

duration of this project, the remaining flow information acquired during the 

campaign should be fully analysed. This is to gain a better understanding of the 

variation of interfacial features with respect to the superficial phase velocities and 

operating pressures. A more accurate and detailed, and at the same time, less 

subjective, flow pattern map at different pressures could be constructed. In 

addition, experimental runs at identical flow conditions should be repeated to 

ensure reproducibility of the results from the test-rig. 

• It was noted that for most of the flow regimes investigated at atmospheric 

pressure, a secondary, or third-dimensional motion or mode could be detected. A 

further study and investigation of the secondary motions of the interfacial 

structures, together with the variation of the wave characteristics in the transverse 

direction should be implemented, especially at elevated pressures. 

• A more detailed investigation of initiation and evolution of interfacial features 

closer to the inlet could be carried out with the installation of more twin-wire 

conductivity probes. 

• As the flow pattern maps of horizontal and inclined sections are inherently 

different, the orientation of the WASP test facility could be altered to investigate 

the evolution of the interfacial structures in both upward-inclined and downward-

inclined pipes. 

• It would also be interesting to study the evolution of the air-liquid interface of 

other liquids with different viscosities, like oil. However, other detection 

techniques such as gamma-densitometry or X-ray tomography would have to be 

implemented. The conductivity probes cannot be used in the absence of electrical 

conducting ions in the liquid. 

Future experimental campaigns should focus on obtaining accurate data for a few, 

well-documented runs. The reliability and accuracy of measurements is of paramount 

importance. Furthermore, the time and effort required to analyse the data should be allowed 

for in limiting the data set gathered. 
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Appendix A 

Interface Shape Assuming a 
Circular Interface 

Brauner et al. (1996) calculated the shape of the fluid-fluid interface of a stratified 

two-phase system in a horizontal circular pipe of radius R based on the assumption that the 

interface is the arc of another circle. The interface can either be concave or convex in shape. 

Here, the bipolar coordinate system is used. With reference to Figure A1, the phase 

distribution angle, v|/, represents the angle subtended by the interface at the centre of the 

pipe. The interface curvature, is represented by the angle (!;. The interface is convex when < 

n and concave for C, > n. When ^ = tt, the interface is planar. The method applied is to 

minimise the total energy which includes both potential and surface energies in the two-fluid 

system. The interface configuration and its location can thereby be determined. 

An curved concave interface, with the radius of curvature, r, is subtended by the 

angle (2(; - 2n) as illustrated in Figure A.1. 
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Figure A. 1 Schematic diagram of circular interface and pipe. 

The ratio of the areas, a, is given by 

Area of less dense phase 

Area of denser phase 

7r - y + — sin 2\|; + ((!; - ti - — sin 2i^) 
2 ^ s i n ^ ; 2 

Y - ^ s i n 2 Y - ^ ! ^ K - n - ^ s i n 2 0 
^ sin 2 

(A.1) 

The principle that the moment of a whole area about an axis is the same as the sum 

of moments of all the elements within the area about the identical axis is applied to determine 

the vertical location of the centre of mass of fluid B. 

A y JydA UV2) 

In general, if A = Ai - A2, 

A y Ai y 1 - A2 y 2 (A.3) 

For a plane interface where C, = n, 

• | r ^ sinv|/P [sin^ \|/P] 

sin 2 \|/P 
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where subscript B represents the denser phase, and superscript p represents the variables 

for a planar interface. 

Correspondingly, the centre of gravity for a curved interface (concave or convex) is, 

R sin^ Y 

e sin^ C, 
ye = 2% ( cot v]/ - cot (̂  ) (71 - + sin cos ) (A.5) 

The centre of mass of the two phases can be represented by ; 

= P A P A Y A + P B A B y B ( A 6 ) 

P a ^ A + P B A B 

For phases with equal densities, the centre of mass is at the pipe centre,O, and 

YAB = 0 

This is always true for the centre of area, so that 

A a YA + AB y e = 0 

YA - - VB (A-7) 
1 - E 

As the individual centroids, yA and ye, are independent of their phase densities. 

yAB = (A.8) 
0 ~ 6 ) P A + S P B 

Hence, the centroids of the two phases, for both a plane interface and a curved 

interface are: 

YAB" = - I - S I N ' V ' P A ' P S ( A , 9 ) 

3 n (1 -s )pA + epB 

and 

YAB - ^ H M ^ ( c o t C - c o t v ) [ 7 r - C + ^ s i n 2 C ] ( — ) (A. 10) 
Tt s m ^ ^ 2 ( 1 - 8 ) P A + s p b 
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At a fixed holdup, s, v]/" is constant. Therefore, the total change in potential energy for 

the two phases when the interface changes from flat planar to curved can be represented by 

AEp = R®Lg(pB-pA)[ I sin^vP + (cotC-cotv) ^ s i n 2 0 ] 

(A.11) 

with L being the length of the pipe. 

The surface energy is defined as the energy contained in the two fluid-wall wet 

surfaces and the fluid-fluid interface. Its change is given by : 

AEg = (AES)aw + (AES)BW + (AES)AB 

- ctaw ASAW + CTBW ASBW YAB ASAB (A.12) 

The change in surface energy is due to the variation of contact areas of each phase 

with the solid wall, ASaw and ASbw , and between themselves ASab , when the interface 

switches to its natural curved configuration from the reference plane configuration. 

IS 

Therefore, by applying Young's formula, the change in surface energy at the interface 

AEg = 2 R Lyab (7t - 0 - s i n \|/''+ cos e (v]/''- \|y)] (A. 13) 
sine. 

The total change in energy of the system is given by the sum of the change in the 

surface and potential energies, 

AE = R TAB L { 2 ( y - \|/) cos 9 + 2 (K - Q - 2 sin VI/" + Bo [ | sin^ / 

+ ( co t ; - cot \\i) ^ ^ 2 ^ (Tt - ^ + ^ s i n 2C) ] } (A. 14) 

Using an energy scale of RLyab, the total energy, in dimensionless form, is 

2(y'^ - \|y) cos 0 + 2 (k- Q - 2 sin + Bo [ ^ sin^ + 

( co tC -co t v ) ^ 1 ^ ( 7 1 - ; + Agin 2 ; ) ] (A. 15) 

-636-



In addition, the holdup of the denser phase B is given by 

e = - s i n 2 \ | / + ( 7 r - C + - s i n 2 0 ] (A. 16) 
Ti 2 ^ s i n^C 2 

In the procedure to determine the optimum v|/ and which corresponds to the 

minimum energy of the system, the holdup is kept constant, i.e. the holdup in the pipe with the 

flat interface and that with the curved interface are the same. 

The equations are 

E = E ( v , ; ) (A. 17) 

and 

e = £ ( v . O (A. 18) 

A Lagrangian was set up to minimise the energy of the system subjected to the 

constraint that the holdup is constant. This gives 

L = E + X ( s - So) 

E ( V, ) + A. [e ( v , (̂  ) - So ] (A. 19) 

where X is the Lagrangian multiplier and Eo is the constant holdup 

Differentiating Equation (A.I9) with respect to \|/, C, and X respectively gives. 

— = — + X — = 0 (A.20) 
9v|/ 0 Y 

— — + X — = 0 (A.21) 
a ; a ; a ; 

8L 
G ( V ' I?)" Go - 0 (A.22) 

From Equation (A.20) and Equation (A.21) 

9E de 3E 3s 

dC, d\\i d\\i dC, 
(A.23) 
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Solving the Lagrangian equation yields 

GO = ^ [ v - ^ s i n 2 v + ^ ! ^ ( n - ; + i ^ s i n 2 a (A.24) 
nR 2 sm ^ 2 

Also, \\î  can be obtained by solving for the area of the denser phase, phase B 

\|/'' - ^ sin 2\\i^ = m (A.25) 

With known values of the Bond number, Bo, holdup, eq, and the contact angle, 0, of 

the flow system. Equations (A.24) and (A.25) can be solved simultaneously to give the two 

unknowns, \|/ and The condition that the range of y is between ( ^ - % ) and must be 

satisfied for any . From the angles obtained, the circular Interface predicted by Brauner et al. 

(1996) can be drawn. 
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Appendix B 

Determination of Holdup of 
Denser Fluid 

In determining the shape of the interface, the holdup would be a convenient starting 

point as it is directly visible and can be easily measured. 

With reference to the geometry of the pipe of a circular cross-sectional area with a 

unit radius, shown in Figure B.1, 

0' 

Figure B. 1 Sketch illustrating geometry of the pipe 
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The area of segment OPO'Q is 

A i = P (B.1) 

The area of triangle OPQ is 

A2 — sin 2p 
2 

(B.2) 

The area of sector PO'Q is 

As = 2 Jxdy 

0 

A3 could be calculated in an alternative way as shown in Figure B.2: 

Figure B.2 Figure illustrating the calculation of holdup by manipulatinci 
the areas of intermediate shapes 

From Figure B.2, 

As 2 [ A4 - A5 ] (B.3) 

where A4 is the area of the rectangle and A5 is the area of the shaded region 

When (p = (pmax. (x,y) = (x^ax, ymax). Together with Equations (3.28) and (3.35), the 

area of the rectangle is 
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A4 Xfnax ' Ymax 

J s in ( (Pmax + e )[ - 1 + 7 l + 2 b - 2 b C O S (p^ax ] (B.4) 
^Bo b 

Tlie area of tlie shaded region is 

I y dx 

— f y d X 
Bo b J 

0 

9 m a x 

Bo 

1 

Y ^ d c p 
dcp 

Bo b 

1 

Bo b 

•Pmax 

9max 

- 4 b 
2 

Bo 
- — F •Pmax - 4 b 

1 
- — . - 4 b I + — sin cpmax (B.5) 

Applying Equation (3.36) gives, 

Bo 
sin (Pn 

V b ^ 
sin ( (pmax (B.6) 

The cross-sectional area of the denser fluid B is then 

AR A i - A2 - A3 

P - - S i n 2 p - 2 Xmax ymax + 2 (y dx (B.7) 

As the total (dimensionless) cross-sectional area of the pipe is ti, the holdup of the 

denser fluid is: 
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A s 

71 

^ - — s i n 2p 
% 2% nyBo b 

+ E f ^ ^ , - 4 b 
BobTt 2 

sin (cpmax + 6 )[ ~ 1 +-\ /^+2b-2bcos 1 

4 

Bo 71 
9max 

2 
. - 4 b 

2 F f - ^ , - 4 b l + ^ slncp^ax 
BobTi 2 

Using Equation (3.36), equation (B.8) simplifies to 

Bo 71 

(B.8) 

Tt^Bo b 

B 1 . 2 
— - — s i n 2((pmax •*" 6 ) + — s i n CPmax 
7t 2jt Bo Tt 

s in ( cpmax + 0 )[ ^ 1 + 2 b - 2 b C O S cp^ax (B.9) 
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Appendix C 

Behaviour of tlie Siiear Stress 
near the Contact Line 

The behaviour of the shear stresses near the contact line is investigated using a local 

polar coordinate system {s,^) centred at the contact point C, as shown in Figure C1. 

Interface 

Fluid B 

Fluid A 

C 

Figure C. 1 The local (s. di) co-ordinate system at the contact line 

The governing equations and boundary conditions are 

V^fi = 0 in region i, i = A o r B (C1) 

with 
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o n Si, ((j) = 0 or (|) = Tt) (C2) 

On the interface S|, 

f A - f s 
m - x 
4 m 

(C3) 

m (n V f * ) - n-Vfg n -x (C4) 

In the local polar coordinate system, the latter conditions are applied at (|) = 9, and 

approximated as 

fA - f s 
m-x 
4 m 

ssint (C5) 

m 
5 f . 8 f , B 

5(j) 5(j) 

x - 1 
scosB (C6) 

A particular solution of this system is 

fA' — — s sin d) 
2m 

— s sin d) 
2 

(C7) 

(C8) 

However this solution is such that the wall and interface stresses given by 

'̂ wA 
m 

s 

' a t , ^ 1 
2 

(C9) 

"̂ wB 
Sfj) J ̂  = 0 

2 
2 

(C10) 

m 

s V a * 
cos8 (C11) 

are all identically zero. 

Hence the stresses of interest are given by the dominant behaviour of the 

homogenous solution of Equations (C1) to (C6). The homogenous solution has terms of the 

form: 

fA" 
c sinA,e 

A. sinA,(7i-9) 
s* sinA,(Tt-(j)) (C12) 
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•—sinA. ( j ) 
A, 

(C13) 

where c is an arbitrary constant, and the value of A, is determined by the transcendental 

equation 

m 
tanA,(7t-9) 

tanAG 
(C14) 

The homogenous solution gives contributions to the stresses of the form 

m sin 19 

TwB 

c s 
1 - 1 

sinA.(Tt-6) 

X-1 c s 

c s ^ ' ^ COS X9 

(C15) 

(C16) 

(C17) 

The boundary conditions (C2) require A, to be positive so that f ^ 0 as s -> 0. Hence, 

we are interested in the smallest positive solution of Equation (C14) for A. As Equation (C14) 

has symmetry with respect to the replacements, m 1/m and 6 ^ rr - 9, it is sufficient to 

consider cases for m > 1. The set of solutions is shown in Figure C2 for selected values of m. 

The pattern of the solution is clear and divides into two cases. In case I, m > 1 and 0 < 9 < Tt/2 

(or m < 1 and nl2<Q < n), the value of A is less than unity. Thus, when the more viscous fluid 

occupies the obtuse angle, the stress at the contact line is singular; this is similar to the case 

of the more viscous fluid with a free surface. In case II, m > 1 and ti:/2 < 6 < 7t (or m < 1 and 0 

< 9 <n/2), the value of A is greater than unity. Thus, when the less viscous fluid occupies the 

obtuse angle, the stress at the contact line is zero; this is similar to the case of the less 

viscous fluid flowing in a solid re-entrant corner. 

' < 1 

m = 40 

1 2 

contact angle, 0 (rad) 

Figure C.2 The variation of A. with 6 for m = 1. 3. 10 and 40 
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It is noted that, even for m = 40, the value of X does not vary greatly from unity, so the 

singularity in case I is rather weak, and the approach to zero in case II is rather abrupt. 

There are four special cases: m = 1 ,8 = 0 , 8 =7i/2, and 8 = n, for which X takes the 

value of unity. When m = 1, all of the stresses remain finite, and the wall shear stress is 

continuous across the interface, Twa = t̂ wb- When 6 ^ 0 or 9 -> 7t, the stresses tend to a finite 

limit with Twa = Xwb = |t|| ; the contact point acts as a point on a plane solid wall. When 9 =n/2, 

the interface stress t i is zero, and the wall shear stresses are related by Twa = M Twb- This 

result is consistent with that for the case of a flat diametrical interface (e.g. Biberg and 

Halvorsen, 2000) where the dimensionless wall shear stresses, expressed in terms of our 

notation are 

TA 
m 

Y 

1 + X, 

1 + m y 

TS 
1 + m 

(C18) 

(C19) 

The two principal cases outlined above are of general interest in the present work. In 

case II, the stresses approach zero at the contact point. Thus, the limiting stress is known, 

and this value is included in Figure 4.24. In case I, the stresses are all singular at the contact 

point, and thus cannot be shown on the figures. However, a representative case (e = 0.3, 8 = 

7i/3, Bo = 10, m = 40 and % = 1) is shown in Figure C3. The logarithmic plots show that the 

stresses adopt a power-law form for small s, whose slope 1 agrees with the value 0.76 

determined from Equation (C14) and whose intercepts agree reasonably well with Equations 

(C15) to (C17) when c is set equal to 0.022. Figure C4 shows the slow approach to zero (on a 

logarithmic scale) of the stresses in case II. In this example, (s = 0.3, 6 = 2n/3, Bo = 10, m = 

40, % = 1), A, takes the value 1.39 and the constant c is set to 0.37. The stresses predicted by 

the Boundary Element Method and the local analysis again agree reasonably well in the 

region of the contact point. It is noted that the interfacial shear stress is negative in this case, 

from Equation (CI 7), and so the magnitude of the shear stress is plotted in Figure C4(c). 

A general discussion of the stresses near the contact line has recently been given by 

Biberg and Halvorsen (2000). The limiting behaviour of the wall and interfacial shear stress at 

the contact line was obtained by residue calculus. The results are similar to those presented 

here, but less succinct. 
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Figure C.3 The variation of the dimensionless shear stress with distance from the contact 
point. Case I stress increases, (e =0.3. 6= jt/3. Bo = 10, m = 40. 7=1) 

(a) wall shear stress in fluid A 
(b) wall shear stress in fluid B. 

(c) interfacial shear stress. 
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Figure C.4 The variation of the dimensionless shear stress with distance from the contact 
point. Case II stress approaches zero, (s = 0.3. 0 = 2V3 . Bo = 10, m = 40. 7=1} 

(a) wall shear stress in fluid A. 

(b) wall shear stress in fluid B. 

(c) interfacial shear stress (magnitude) 
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Appendix D 

Friction Factor Constant for 
Very Small Holdups Assuming a 

Flat Interface 

For most stratified flow models, the fluid-fluid interface is assumed to be flat and 

smooth. With the understanding of the laminar two-phase pipe flows from the Boundary 

Element calculations, it is now simple to determine the limiting values of the wall friction factor 

constants for flows with very small liquid holdups assuming a flat interface. Here, a general 

solution method is presented, with two particular cases for the gravity-driven free surface flow 

and the turbulent-gas laminar-liquid flow. 

Assuming a laminar liquid flow, and with reference to Figure D.1, the origin of the 

problem is defined to be at the interface on the vertical symmetry plane, ho is the distance 

from the bottom of the pipe to the origin, along the symmetry plane, with h(x) being a function 

representing the distance from the bottom of the pipe to the interface at various horizontal (x) 

positions. 
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Figure D.1 Schematic diagram of the pipe cross-section, hiahliahtina the parameters used. 

The flow is governed by 

1-1V u — -G (D.1) 

where G is the pressure gradient (or gravitational driving force, pgsina), and p is the viscosity 

of the fluid. 

The boundary conditions are; 

au 

ay 

and 

at y = 0 

0 at y = -h(x) 

(D.2) 

(D.3) 

a ^ u a ^ u 
Since y « x, — - » — - , so Equation (D.1) can be written as 

ay ax 

a ^ u 

^ c i y Z 
(D.4) 

Solving Equation (D.4) with conditions (D.2) and (D.3) gives 
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and 

^ — = -G y + Ti (D.5) 
6y 

- y ^ ) + — ( y + h) (D.6) 
2^ m-

Considering the geometry of the flow area, p is small for small holdups, giving 

^ (D.7) 

and 

(x^max - (d.8) 

where x^ax = R P, with R being the radius of the pipe, and 2p being the angle subtended by 

the fluid-fluid interface. 

The flow area is 

A = 2 j h dx 

0 

2/3 R^ p^ (D.9) 

The mean height of the liquid is 

<h> = A 
2xn 

= 1/3 Rp^ (D.10) 

m̂ax 

,2 

The holdup of the denser liquid phase is 

71 r 2 

— p 3 (D.11) 
3% 
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The volumetric flow^rate is 

m̂ax 0 

I J u d A = 2 J J u d y d x Q 

a" 0 -h 

2 
X;+^GRf (D.12) 

15 n 

The wall shear stress in contact with the denser fluid is 

5u 

^ y._h 

= G h + Xi (D.13) 

As the wall shear stress varies along the wall periphery, a mean value is required for 

the determination of the friction factor constant. 

<Tw> = G < h > + Ti 

1/3 G R + T, (D.14) 

From the definition of the Fanning friction factor, the friction factor constant, is 

k<2) = G<T* >A^ (D.15) 
n q s 

where S = 2Rp is the wetted perimeter of the fluid. 

Hence, 

k'2) = 4 0 ( t i + 1 / 3 g r p ^ ) 

3 (T i+2/7GRp2) 

When E-> 0, p^O, the limiting values of the friction factor constant is 

(D.16) 

140 
(gravity) 

and 

k (gravity) ^ ~ 15.6 W h e n T| — 0 (D.17) 
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k ' % ( T - u ) - 13.3 when Ti 9^0 (D.18) 

When the interface length is included in the definition of the wetted perimeter, the 

resulting value of k is smaller by a factor of 2. 

k'^ B(T-L) = 6 . 7 when Ti 7^0 (D.19) 
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Appendix E 

Calfbratfon Characteristics of 
Conductivity Probes 

The calibration charts for all the 34 conductivity probes are illustrated below: 

0# m 
dimenslonless voltage 

PMU1 

dlmanslonless voltage 

PMU2 

dimenslonless voltage dimenslonless voltage 

PMU3 PMU4 
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dlmenslonless voltage 
oa 

dimenslonless voltage 

PMU5 PMU6 

w am 
dimenslonless voltage dimenslonless voltage 

TSN1(1) TSN1(2) 

oa m 4̂ , 
dimenslonless voltage 

dimenslonless voltage 

TSN1(3) TSN1(4) 

^ m ow 
dimenslonless voltage 

(125 oa 0.75 
dimenslonless voltage 

TSN1(5) TSN2(1) 

dimenslonless voltage oa 0.75 
dimenslonless voltage 

TSN2(2) TSN2(3) 
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dimenslonless liquid height 
dimensloniess liquid height dimensioniess liquid height dimenslonless liquid height dimensioniess liquid height 
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Z 
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dimenslonless liquid height 

dimenslonless liquid height 
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lo 

(a 
Z 
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<n 
(J) 
lo 
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dlmenslonless liquid height 

fs 

dlmenslonless liquid height 

§ s § 

0) : 

dimenslonless liquid height 
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to 

w 1 w 5 lo § 



Each probe can be characterised by an expression, relating the liquid height, h, (mm) 

measured to the voltage ,V, (V) registered, in the form 

aV'^ + b V ^ + c V ^ + d V + e (E.1; 

where h is the dimensionless height of the liquid layer, where h = h/hmax where h^ax is the 

maximum height at the chordal position. V is the dimensionless voltage, where V =VA/max+, 

with Vmax being the full pipe voltage measured on day n at the chordal position, a, b, c, d and 

e are constants tabulated in Table E.1. 

Probe a b c d e 

PMU1 -1.101 3,057 -2.972 1.883 0.055 

PMU2 -0.350 0.925 -0.876 1.201 0.030 

PMU3 1.077 -2.192 1.173 0.886 0.001 

PMU4 -1.076 2.275 -1.714 1.415 0.041 

PMU5 -0.553 1.303 -1.183 1.354 0.022 

PMU6 0.038 0.046 -0.411 1.248 0.023 

TSN1(1) -2.639 4.801 -2.706 1.532 0.006 

TSN1(2) -2.383 4.812 -2.871 1.440 -0.001 

TSN1(3) &829 -1.985 1.445 0.702 0.010 

TSN1(4) 1.462 -2.524 1.272 0.808 -0.006 

TSN1(5) -2.445 4.814 -2.871 1.501 0.001 

TSN2(1) -2.765 5.980 -4.125 1.919 -0.004 

TSN2(2) 0.876 -2.157 1.438 0.850 -0.004 

TSN2(3) 0.169 0.070 -0.039 0.799 -0.004 

TSN2(4) 0.381 -0.222 -0.083 0.914 0.003 

TSN2(5) 0.013 0.773 -0 882 1.089 0.008 

TSN3(1) -1.064 2.418 -1.484 1.132 0.002 

TSN3(2) -0.514 1.315 -0.741 0.930 0.009 

TSN3(3) -0.840 1.730 -0.770 0.869 0.011 

TSN3(4) -0.413 0.884 -0.297 0.817 0.009 

TSN3(5) 1.179 -2.428 1434 0.810 0.004 

SS1 1.337 -1.870 1.129 0.404 -0.002 

882^) 1.944 -3.240 2.012 0.304 -0.005 

SS2^^ 1.385 -2.084 1.499 0.181 0.000 

SS2(3) 0.649 -0.925 0.944 0.320 -0.003 

SS2(4) 1.426 -2.436 1.737 0.284 0.000 

IGM1 0.324 -1.035 1.090 0.603 -0.004 

IGM2 0.827 -2.075 1.740 0.507 0.001 

JS1(1) 3.706 -10.289 8.669 -1.071 -0.005 

JS1(2) 0.685 -1.526 0.531 1.311 -0.001 

JS1(3) -2.921 7.008 -6.006 2.771 0.094 
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JS2(1) 2.141 -6.616 6.316 -0.829 -0.003 

JS2(2) 2.526 -5.948 4.061 0.365 -0.002 

JS2(3) -1.106 2.750 -2.970 2.235 0.059 

Table E.1 The characteristics of the conductivity probes 

Vmax for each probe at each day can be obtained from the plots in Appendix G. 
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Appendix F 

Experimental Matrix & Data 

The table below shows mean values of the principal variables measured in each of 

the tests and a brief description of the flow pattern observed at the visualisation section. No 

holdup values are available for slug flows and annular flows. In some runs, water has entered 

the air-line of the DP transducer, hence not registering any sensible values for the pressure 

drop. 

Run UsG UsL Testline P Holdup dp/dz Flow Pattern 

(m/s) (m/s) (mbarg) (Pa/m) 

C04f014 1.541 0.0247 47.320 0.272 3.306 2D ripples 

C04f015 1.570 0.0518 49.514 0.381 4.854 2D ripples 

C04f016 1.607 0.1013 53.091 0.522 10.573 Long waves +smooth 

C04f017 1.620 0.1297 57.212 - - Slug flow 

C04f018 1.607 0.1415 56.732 - - Slug flow 

C04f019 1.602 0.0952 50.791 0.509 - Long waves +2D ripples 

C04f020 1.596 0.0613 54.398 0.413 - Gentle disturbances 

C04f021 1.575 0.0466 49.066 0.367 - Gentle disturbances 

C04f022 3.200 0.0220 - 0.239 - Smooth + ripple packets 

C04f023 3.229 0.0318 52.600 0.291 10.533 Smooth + ripple packets 

C04f024 3.207 0.0455 52.864 0.342 12.910 2D ripples 

C04f025 3.164 0.0744 51.541 - - Slug flow 

C04f026 3.138 0.1038 55.595 - - Slug flow 

C04f027 3.151 0.0628 52.201 0.401 16.042 2D ripples 
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Run UsG 

(m/s) 

UsL 

(m/s) 

Testline P 

(mbarg) 

Holdup dp/dz 

(Pa/m) 

Flow Pattern 

C04f028 5.186 0.0084 52.202 0.177 - Gentle disturbances 

C04f029 5.212 0.0253 50.752 0.225 - 2D ripples 

C04f030 5.258 0.0465 51.115 0.295 - 2D ripples 

C04f031 5.273 0.0725 50.985 0.254 - Roll waves 

C04f032 5.362 0.085 53.831 0.238 - Roll waves 

C04f033 5.000 0.0600 - 0.320 - 2D ripples 

C04f034 9.294 0.0175 54.854 0.048 27.040 2D ripples 

C04f035 &213 0.0278 54.718 0.066 30.582 3D waves 

C04f036 9.058 0.0519 56.974 0.099 36.225 3D waves 

C04f037 9.017 0.0644 57.318 0.114 41.789 3D waves 

C04f038 8.975 0.0772 55.304 0.126 45.468 3D +low amp roll waves 

C04f039 8.909 0.0894 60.278 0.135 47.124 3D +low amp roll waves 

C04f040 8.864 0.1173 59.669 0.150 60.149 3D +low amp roll waves 

C04f041 8.777 0.1586 69.961 0.158 93.766 Roll waves 

C04f042 3.104 0.0199 45.514 0.259 7.755 Gentle disturbances 

C04f043 3/132 0.0192 49.487 0.231 7.532 Smooth stratified 

C04f044 5.075 0.0190 46.170 0.197 10.944 Long waves + smooth 

C04f045 6.448 0.0187 49.075 0.160 11.352 2D ripples 

C04f046 7.781 0.0182 49.791 0.106 15.642 2D ripples 

C04f047 9.098 0.0176 49.149 0.052 23.052 3D waves 

C04f048 10.992 0.0175 57.423 0.036 42.623 3D waves 

C04f049 12.634 0.0168 56.361 0.030 56.262 3D + liq entrained 

C04f050 15.645 0.0145 63.919 0.024 89.352 3D + liq entrained 

C04f051 2.012 0.0322 48.829 0.312 3.324 Long waves + 2D ripples 

C04f052 3.827 0.0316 52.718 0.285 11.700 Gentle disturbances 

C04f053 5.927 0.0308 54.903 0.233 11.121 2D ripples 

C04f054 7.462 0.0304 53.988 0.152 15.256 Long waves + 2D ripples 

C04f055 9.142 0.0298 53.722 0.075 25.452 3D waves 

C04f056 11.256 0.0292 56.089 0.054 47.056 3D waves 

C04f057 13.564 0.0287 64.740 0.042 71.107 3D + liq entrained 

C04f058 15.256 0.0287 69.204 - - Annular flow 

C04f059 1.674 0.0732 51.619 0.456 7.107 Long waves + smooth 

C04f060 3.679 0.0827 56.178 0.281 - Roll waves 

C04f061 5.784 0.0783 62.076 0.230 - Roll waves 

C04f062 7.711 0.0739 52.967 0.151 - 3D waves 

C04f063 9.429 0.0874 56.251 0.127 - 3D + low amp roll waves 

C04f064 11.263 0.0836 59.237 0.103 - 3D + low amp roll waves 
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Run UsG 

(m/s) 

UsL 

(m/s) 

Testline P 

(mbarg) 

Holdup dp/dz 

(Pa/m) 

Flow Pattern 

C04f065 13.342 0.0787 65.736 - - Annular flow 

C04f066 15,480 0.0907 78.071 - - Annular flow 

C04f067 2.078 &1279 55.835 - - Slug flow 

C04f068 4.143 0.1414 59.283 - - Slug flow 

C04f069 6.184 0.1404 59.060 0.211 19.881 Roll waves 

C04f070 8.696 0.1631 72.309 0.155 112.155 3D + low amp roll waves 

C04f071 10.479 0.1647 73.898 0.134 137.267 3D + low amp roll waves 

C04f072 12.294 0.1671 80.604 - - Annular flow 

C04f073 14.058 0.1649 88.948 - - Annular flow 

C04f074 15.887 0.1771 101.468 - - Annular flow 

C04f075 1.704 0.0178 1046.423 0.244 5.863 Smooth stratified 

C04f076 3.409 0.0171 1069.945 0.209 12.162 Smooth stratified 

C04f077 1.680 0.0291 1022.881 0.303 7\843 Gentle disturbances 

C04f078 1.722 0.0435 1025.082 0.364 10.483 Long waves + 2D ripples 

C04f079 1.728 0.0561 1021.766 0.412 13.289 Long waves + 2D ripples 

C04f080 1.787 0.0683 1027.341 0.449 18.294 Long waves + 2D ripples 

C04f081 2.018 0.0803 1059.166 - 26.036 Slug flow 

C04f082 2.064 0.1097 1060.245 - 34.260 Slug flow 

C04f083 2.145 0.1475 1060.915 - 24.872 Slug flow 

C04f084 3.224 0.0212 1020.446 0.234 10.156 Long + ripples on crest 

C04f085 3233 0.0334 1027.831 0.280 11.653 2D ripples 

C04f086 3.246 0.0453 1020.187 0.323 14.364 Long waves + 2D ripples 

C04f087 3.247 0.0568 1020.574 0.359 16.628 Long waves + 2D ripples 

C04f088 3.250 0.0663 1023.825 0.377 17.279 Long waves + 2D ripples 

C04f089 3.257 0.0904 1016.141 - - Roll waves 

C04f090 3.255 0.1094 1015.844 - - Slug flow 

C04f091 3255 0.1535 1021.649 - - Roll waves 

C04f092 5.158 0.0188 1020.809 0.137 13.435 2D ripples 

C04f093 5.165 0.0316 1019.499 0.169 14.145 Long waves + 20 ripples 

C04f094 5.152 0.0466 1012.566 0.183 15.507 Long + ripples on crest 

C04f095 5.120 0.0581 1007.692 0.190 17.115 Long + ripples on crest 

C04f096 5.118 0.0728 996.202 - - Roll waves 

C04f097 5.113 0.0857 992.037 - - Roll waves 

C04f098 5.088 0.1166 984.717 - - Roll waves 

C04f099 5.083 0.1475 979.591 0.204 60.171 3D + low amp roll waves 

C04f100 9.841 0.0167 1002.171 0.032 64.101 3D waves 

C04f101 9.534 0.0276 1010.641 0.048 67.904 3D + iiq entrained 
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Run UsG 

(m/s) 

UsL 

(m/s) 

Testline P 

(mbarg) 

Holdup dp/dz 

(Pa/m) 

Flow Pattern 

C04f102 &494 0.0539 959.013 0.074 79.522 3D + liq entrained 

C04f103 9.817 0.0754 995.909 0.088 98.895 3D + liq entrained 

C04f104 9.530 0.0969 1003.036 0.107 105.336 3D + low amp roll waves 

C04f105 9.252 0.1203 1021.796 0.122 88.711 3D + low amp roll waves 

C04f106 9.201 0.1541 993.323 0.134 135.580 3D + low amp roll waves 

C04f107 9.157 0.1747 968.067 0.134 162.990 3D + low amp roll waves 

C04f108 1.571 0.0176 1056.188 0.244 6.529 Gentle disturbances 

C04f109 2.525 0.0171 1059.339 0.227 11.488 Long waves + smooth 

C04f110 4.008 0.0165 1053.528 0.187 15.391 Long waves + smooth 

C04f111 5.911 0.0161 1050.591 0.098 19.466 Long + ripples on crest 

C04f112 7.520 0.0155 1034.908 0.043 31.678 3D waves 

C04f113 9.009 0.0151 996.866 0.033 50.854 3D + liq entrained 

C04f114 11.423 0.0182 1041.730 0.029 89.669 3D + liq entrained 

C04f115 &448 0.0177 1003.448 0.040 46.811 3D waves 

C04f116 1.608 0.0363 1079.693 0.327 8.162 Gentle disturbances 

C04f117 3J52 0.0347 1061.013 0.269 17.788 Gentle disturbances 

C04f118 5.031 0.0337 1017.012 0.179 16.111 Long waves + 2D ripples 

C04f119 6.444 0.0325 1059.589 0.085 26.165 Long + ripples on crest 

C04f120 7.525 0.0316 1075.072 0.064 42.754 3D waves 

C04f121 9.149 0.0308 1045.686 0.049 62.840 3D + liq entrained 

C04f122 10.386 0.0302 1013.273 0.042 79.663 3D + low amp roll waves 

C04f123 11.806 0.0296 991.240 - - Annular flow 

C04f124 1.601 0.0930 1042.441 0.498 15.223 Long waves + smooth 

C04f125 4.095 0.0844 1082.212 - - Roll waves 

C04f126 5.667 0.1007 1035.793 - - Roll waves 

C04f127 7.461 0.0941 1050.522 0.129 61.077 3D + liq entrained 

C04f128 9.110 0.0884 1028.908 - - Annular flow 

C04f129 10.391 0.1035 1052.505 0.095 122.668 3D + low amp roll waves 

C04f130 11.535 0.0984 1028.041 - - Annular flow 

C04f131 6.426 0.0937 1062.349 0.155 52.447 3D waves 

C04f132 11.476 0.1445 1000.701 - - Annular flow 

C04f133 9.750 0.1387 1020.567 0.119 123.187 3D + low amp roll waves 

C04f134 8.479 0.1472 1029.533 0.142 101.835 30 + low amp roll waves 

C04f135 7.084 0.1448 1029.286 0.162 74.924 3D + low amp roll waves 

C04f136 5.704 0.1487 1047.675 - - Roll waves 

C04f137 4.571 0.1460 1045.686 - 645.472 Slug flow 

C04f138 3.312 0.1419 1039.110 - 631.778 Slug flow 
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Run UsG 

(m/s) 

UsL 

(m/s) 

Testline P 

(mbarg) 

Holdup dp/dz 

(Pa/m) 

Flow Pattern 

C04f139 1.269 0.1364 1034.287 - 626.087 Slug flow 

C04f140 1.269 0.0235 3056.942 0.267 5.219 Smooth stratified 

C04f141 1.264 0.0375 3038.485 0.329 4.290 Smooth + ripple packets 

C04f142 1.259 0.0516 3033.125 0.381 4.208 Long waves + 2D ripples 

C04f143 1.258 0.0650 3032.767 0.424 6.261 Long waves + 2D ripples 

C04f144 1.249 0.0765 3040.373 0.461 8.255 Long + ripples on crest 

C04f145 1.241 0.1024 3045.493 0.530 13.878 Long + ripples on crest 

C04f146 1.230 0.1292 3046.368 - - Slug flow 

C04f147 1.227 0.1650 3054.407 - - Slug flow 

C04f148 3.120 0.0065 3053.153 0.164 9.359 2D ripples 

C04f149 3.080 0.0388 3026.739 0.246 10.830 2D ripples 

C04M50 3.047 0.0491 2996.613 0.266 11.504 Long waves + 2D ripples 

C04f151 3.132 0.0567 3114.172 0.262 12.428 Long + ripples on crest 

C04f152 3.120 0.0762 3019.123 0.281 13.879 Long + ripples on crest 

C04f153 3.045 0.0879 3080.035 0.280 15.700 Roll waves 

C04f154 3.023 0.1146 3069.718 0273 - Roll waves 

C04f155 3.007 0.1421 3069.661 0.274 - Roll waves 

C04f156 2.990 0.1551 3063.365 - - Slug flow 

C04f157 5.102 0.0172 3042.489 0.046 27.861 3D waves 

C04f158 4.986 0.0291 2998.866 0.071 29.828 3D waves 

C04f159 5.001 0.0436 3001.536 0.092 33.434 3D waves 

C04f160 4.995 0.0583 2995.576 0.112 36.941 3D waves 

C04f161 5.110 0.0914 3029.249 0.142 46.986 3D waves 

C04f162 5.074 0.1237 3021.446 0.168 57.057 3D waves 

C04f163 5.031 0.1297 3007.032 0.172 59.151 3D waves 

C04f164 5.087 0.1522 3026.081 0.180 67.328 3D + low amp roll waves 

C04f165 7.551 0.0168 2975.413 0.027 63.108 3D waves 

C04f166 5.944 0.0128 3095.327 0.033 40.201 3D waves 

C04f167 4.874 0.0260 3041.910 0.067 25.867 Long waves + 2D ripples 

C04f168 4.119 0.0240 3036.242 0.122 16.661 Long waves + 2D ripples 

C04f169 3.463 0.0224 3023.994 0.165 13,190 Long waves + 2D ripples 

C04f170 2.605 0.0213 3060.089 0.212 14.648 Long waves + 2D ripples 

C04f171 1.612 0.0196 3039.206 0.233 9.237 Long waves + smooth 

C04f172 7.397 0.0390 3000.140 0.052 79.004 3 D + liq entrained 

C04f173 6.324 0.0371 2974.030 0.061 54.903 3D waves 

C04f174 5.504 0.0358 3031.636 0.071 41.515 3D waves 

C04f175 4.658 0.0346 3043.817 0.089 24.860 Long waves + 2D ripples 
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Run UsG 

(m/s) 

UsL 

(m/s) 

Testline P 

(mbarg) 

Holdup dp/dz 

(Pa/m) 

Flow Pattern 

C04f176 3.982 0.0337 3019.606 0.151 16.793 Long + ripples on crest 

C04f177 :1393 0.0328 2982.462 0.198 12.837 Long waves + 2D ripples 

C04f178 2.632 0.0316 3049.812 0.259 16.555 Smooth + ripple packets 

C04f179 1.613 0.0308 3085.564 0.288 10.156 Smooth stratified 

C04f180 7.632 0.0274 3028.825 0.039 74.747 30 + llq entrained 

C04f181 7.637 0.0419 3025.678 01^3 81.255 3D + liq entrained 

C04f182 7.571 0.0575 3001.922 0.066 86.999 30 + liq entrained 

C04f183 7.700 0.0735 3030.355 0.077 98.239 30 + low amp roll waves 

C04f184 7.657 0.0884 3021.174 0.089 104.427 30 + low amp roll waves 

C04f185 7.547 0.1019 3000.972 0.098 108.318 30 + low amp roll waves 

C04f186 7.576 0.1127 3000.588 0.105 117.446 30 + low amp roll waves 

C04f187 7.534 0.1616 3000.792 0.129 137.089 30 + low amp roll waves 

C04f188 7.504 0.0937 3025.519 0.090 106.089 30 + liq entrained 

C04f189 5.979 0.0958 3073.768 CU22 69.835 Long waves + 20 ripples 

C04f190 5.245 0.0913 3055.168 0.135 51.511 Long waves + 20 ripples 

C04f191 4.393 0.0949 3074.514 0.173 34.325 Long waves + 20 ripples 

C04f192 3.526 0.0944 3055.230 0.232 20.745 Long + ripples on crest 

C04f193 3.063 0.0864 3054.584 0.295 187.916 Long + ripples on crest 

C04f194 2.605 0.0944 3065.750 - - Slug flow 

C04f195 1.790 0.0957 2997.482 - - Slug flow 

C04f196 7.186 0.1445 2991.391 0.128 120.111 30 + low amp roll waves 

C04f197 5.910 0.1508 3071.597 0.152 89.961 30 + low amp roll waves 

C04f198 5.060 0.1489 3024.739 0.178 69.083 30 + low amp roll waves 

C04f199 4.375 0.1521 3065.710 0.208 55.993 30 + low amp roll waves 

C04f200 3.522 0.1526 3047.356 - - Slug flow 

C04f201 2.764 0.1495 3017.927 - - Slug flow 

C04f202 1.745 0.1537 3071.800 - - Slug flow 

C04f203 9.470 0.0303 56.984 0.007 30.289 30 waves 

C04f204 9.434 0.0566 55.156 0.007 39.030 30 waves 

C04f205 9.387 0.0832 56.489 0.007 49.774 30 + low amp roll waves 

C04f206 11.536 0.0242 57.185 0.007 49.724 30 waves 

C04f207 1^32 0.0176 14989.775 0.210 15.161 Smooth stratified 

C04f208 1.257 0.0265 15008.535 0.255 17.032 Gentle disturbances 

C04f209 1.184 0.0454 15011.936 0^28 21.512 Long waves + 20 ripples 

C04f210 1.202 0.0617 15090.547 0.375 23.655 Long waves + 20 ripples 

C04f211 1.196 0.0787 15099.654 0.397 24.646 Long + ripples on crest 

C04f212 1.162 0.0811 15096.564 0.414 24.490 Long + ripples on crest 
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Run UsG 

(m/s) 

UsL 

(m/s) 

Testline P 

(mbarg) 

Holdup dp/dz 

(Pa/m) 

Flow Pattern 

C04f213 1.203 0.0971 15116.560 0.429 21.983 Long waves + smooth 

C04f214 1.171 0.1174 15131.646 0.454 16.174 Long + ripples on crest 

C04f215 1.175 0.1417 15172.505 0.437 13.124 Roll waves 

C04f216 2.879 0.0152 15027.573 0.049 37.063 2D ripples 

C04f217 2.658 0.0351 14943.080 0.092 32.221 Long waves + 2D ripples 

C04f218 2.971 0.0751 15069.906 0.131 46.430 Long waves + 2D ripples 

C04f219 2.917 0.1006 15014.390 0.161 50.155 3D waves 

C04f220 2.857 0.0514 15075.598 0.100 37.539 2D ripples 

C04f221 2.835 0.1532 15012.515 0.209 61.976 3D waves 

C04f222 1.457 0.0209 15122.086 0.213 16.449 Long waves + smooth 

C04f223 1.480 0.0793 15094.240 0.343 12.289 Long + ripples on crest 

C04f224 1.491 0.1199 15146.296 0.381 14.095 Roll waves 

C04f225 1.528 0.1771 15076.142 0.385 17.496 Roll waves 

C04f226 1.509 0.2465 15083.614 0.401 26.532 Roll waves 

C04f227 0.732 0.0192 15140.913 0229 7.881 Long waves + smooth 

C04f228 1.228 0.0326 14985.415 0.290 18.334 Long waves + 2D ripples 

C04f229 2.004 0.0327 15023.812 0.176 15.627 Long waves + 2D ripples 

C04f230 2022 0.1003 15063.281 0.250 19.800 Long + ripples on crest 

C04f231 1.490 0.0899 15136.667 0.361 11.370 Long + ripples on crest 

C04f232 0.703 0.0892 15140.523 0.493 17.696 Long waves + smooth 

C04f233 2.456 0.0542 15073.896 0.131 25.930 Long + 2D ripples 

C04f234 1.980 0.0611 14993.659 0.231 14.266 Long + ripples on crest 

C04f235 1.202 0.0527 15129.189 0.352 19.163 Long waves + 2D ripples 

C04f236 0.728 0.0599 15198.206 0.402 12.893 Long waves + smooth 

C04f237 2.486 0.0187 15092.954 0.074 192.191 Long + ripples on crest 

C04f238 2483 0.0913 15073.919 0.181 187.405 Long waves + 2D ripples 

C04f239 2.508 0.1535 15088.954 0.233 49.796 3D waves 

C04f240 1.996 0.1520 15004.600 0.290 27.386 3D waves 

C04f241 1.218 0.1476 15121.778 0.431 12.072 Roll waves 

C04f242 1.194 0.2160 15141.320 0.456 15.856 Roll waves 

C04f243 0.726 0.1884 15187.702 - - Slug flow 

C04f244 0.719 0.2209 15176.203 0.566 9.861 Roll waves 

C04f245 0.721 0.1521 15215.022 0.535 21.819 Roll waves 

C04f246 2.485 0.2208 14966.854 0.273 64.099 3D waves 

C04f247 1.992 0.2230 14977.975 0.328 38.844 Roll waves 

C04f248 1.357 0.0285 49.195 0.286 2.197 Smooth stratified 

C04f249 3.071 0.0435 54.592 0.333 11.721 Gentle disturbances 
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Run UsG 

(m/s) 

UsL 

(m/s) 

Testline P 

(mbarg) 

Holdup dp/dz 

(Pa/m) 

Flow Pattern 

C04f250 5.611 0.0816 57.328 0.234 11.927 Roll waves 

C04f251 9.136 0.1569 74.316 0.139 104.511 3D + low amp roll waves 

C04f252 1.609 0.1594 55.698 - - Slug flow 

C04f253 3.594 0.0763 56.147 - - Slug flow 

C04f254 6.230 0.0297 56.339 0.202 28.406 Long waves + smooth 

C04f255 10.687 0.0178 57.357 0.036 - 3D waves 

C04f256 5.418 0.0820 54.852 0.242 - Roll waves 

C04f257 5.433 0.0492 47.231 0.288 - Long waves + 2D ripples 

C04f258 4.153 0.0871 - 0.212 - Gentle disturbances 

C04f259 5.450 0.0102 48.091 0.168 - Long waves + smooth 

C04f260 13.082 0.0352 61.959 0.045 - 3D waves 

C04f261 8.000 0.0300 - 0.098 - Long waves + 2D ripples 

C04f262 4.447 0.0329 54.763 0.268 - Gentle disturbances 

C04f263 1.574 0.0326 53.469 0.302 - Smooth stratified 
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Appendix Q 

Full Pipe Measurements for 
Conductivity Probes 

• PMU1 PMU2 PMU3 PMU4 PIVIU5 PMU6 

1 2 3 4 5 6 7 9 10 11 12 13 14 15 16 17 18 19 

day 

Figure G.1 Full pipe calibration for probes PMU over entire experimental campaign. 
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TSN1(1) TSN1(2) TSN1{3) TSN1(4) TSN1(5) 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 

Figure G.2 Full pipe calibration for probe TSN1 over entire experimental campaign. 

-TSN2(1) TSN2(2) TSN2(3) TSN2(4) TSN2(5) 

1 2 3 4 5 6 7 

Figure G. 3 Full pipe calibration for probe TSN2 over entire experimental campaign. 

9 10 11 12 13 14 15 16 17 18 19 
day 

-TSN3{1) TSN3{2) TSN3(3) TSN3(4) TSN3(5) 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 

day 

Figure G.4 Full pipe calibration for probe TSN3 over entire experimental campaign. 
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-SS1 SS2{1) SS2(2) SS2(3) SS2(4) 

2- 5.5 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 

Figure G.5 Full pipe calibration for probes SS1 and SS2 over entire experimental campaign. 

JS1(1) JS1(2) JS1(3) JS2{1) JS2(2) JS2(3) 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 

day 

Figure G. 6 Full pipe calibration for probes JS1 and JS2 over entire experimental campaign. 

• IGM 1 IGM 2 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 

Figure G. 7 Full pipe calibration for probes IGM1 and IGM2 over entire experimental campaign. 
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Appendix H 

Fourier Transforms 

Consider a function f(t), defined for -oo < t < oo, witli suitable properties of 

boundedness. The Fourier Transform is 

f(co) = Jf( t) exp(ia)t) dt (H.1) 

Then the inverse Fourier Transform is 

f(t) = ~ jf(<a)exp(-icot) dco (H.2) 

This can be demonstrated as follows 

f(t) = — [ ff(s)exp(icos) ds exp(-icot) dco 
2n J J 

(0 = - o o S = - o o 
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— f f (s ) fexp( ico(s - t ) )d (B ds (H.3) 
In J J 2 

S = 00 0) = —CO 

But Jexp(ico(s-t)) dco = 2nd (s-t), i.e. it is zero unless s = t, where it is infinite. So 

f(t) = ^ j f ( s )27 i5 ( s - t ) ds (H.4) 

which is clearly true. 

For a convolutional integral, 

h(T) = J f ( t ) g ( t+T )d t (H.5) 

the Fourier transform may be determined as 

h(m) = I exp(icoT) J f ( t ) g ( t+T) dxd t (H.6) 

Setting t + t = s, 

h(co) - jexp( ico(s- t ) ) | f (t)g(s) dsdt 

S = —CO t — —00 

Jg(s) exp(icos) ds Jf (t) exp(-icot) dt 

t = —CO 

g(co)[f(a))]' (H.7) 

where [f (co)]* is the complex conjugate of f (co), 

CO 

[f(®)] = Jf( t)exp(- icot)dt (H.8) 
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Hence, the autocorrelation function is 

Rxx(®) = (H.9) 

For a discrete time series fj, j = 1,... n, 

^ f j . e x p 
r 2 7 t i { j - 1 ) { k - 1 ) 

j = i 

(H.10) 

Then, it may be shown that 

1 - ^ 2 
- > f^exp 

" 6 1 

- 2 7 i i { j - 1 ) ( k - 1 ) (H.11) 

The terms (j - 1), (k - 1) in the exponent arise because the first term corresponds to t i = 0 or 

coi = 0. 

Consider 

$ 
n r 

2^ f |exp | 
27 i i ( l - 1 ) ( k -1 ) 

1 = 1 

exp 

k = 1 1=1 

. n n 

1 = 1 k = 1 

exp 
' 2 7 i i ( l - j ) ^ 

V " J. 

k - 1 

- 2 n i ( j - 1 ) ( k - 1 ) 

(H.12) 

(-1 _ 1 - x " i 

k = 1 
1 - X 

if x?i 1, 

I 
k = 1 

exp 
' 2 7 l i ( l - j ) " 

k-1 

V " J. 

1-exp(27 i i ( l - j ) ) 

i n j 

0 

if x# 1 and I ^ j 

(H.13) 

since exp (2ni (l-j)) = 1 
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But i f l = j , 

k = 1 

exp 
' 2 % i ( l - j r 

v " /, 

k - 1 

£ l = n 
i<=i 

(H.14) 

so 

S 
k = 1 

exp 
27l i ( l - j ) 

k -1 

n 5|| i (H.15) 

so 

n5 | j 

1 = 1 

(H.16) 

which is evidently the case. 

The discrete transform is an approximation to the continuous form, 

Jf(t)exp(icot)dt I', 
j= i 

exp 
27ci(j-1)(k-1) 

(H.17) 

with tj = j - 1, Kik = 27t: (k-1 )/n, d t = 1 , and 

1 f" 
— Jf(co)exp(-icot) dm 

1 ^ ; '' -27t i ( j -1)(k-1) 

k = 1 

(H.18) 

with dm = 2nln. 

Hence, the discrete Fourier Transform of the autocorrelation function 

r XX,J (H.19) 

can be obtained as 

r XX,K (H.20) 
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In fact, 

r 
n ^ / 

xx,k V — V h h|h|^ jexp| 
27t i ( j -1)(k-1) 

1=1 j = 1 

Setting I + j = m, 

R xx,k t t H'Hm 
1 = 1 m = l + 1 

1 ^ ^ p p > . l ( m - l - 1 ) ( k - 1 ) 

E 
1 = 1 

H| exp 

n - ( m - l ) 

r 2 7 t i ( i - i ) ( k - i n y 

i n 

1 f27r i (m-2) (k -1) 

m = l + 1 

= ^ H| exp 
-27r i ( l -1)(k-1) 

1 = 1 
- m - l 

exp 
27 t i (m-1 ) (k -1 )^^^p f -27 i i ( k -1 ) 

Now, if (k-1)/n is small. 

(H.22) 

exp 
-2n i (k -1) 

(H.23) 

If tlie sums are dominated by small values of I, 

r xx,k ^ h j e x p 
- 2 j i i ( l - 1 ) ( k - 1 ) 

1 = 1 

^ h k hk 

r K P 

X exp 
27i i(m-1)(k-1) 

m = 1 

(H.24) 

Hence, 

X̂XJ 
1 " 
- % ] r x x , k e x p 

k = 1 

-27i i ( j -1)(k-1) 
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" s k f e x p 
-27t i ( j -1)(k-1) 

(H.25) 
k = 1 

The definition of the discrete Fourier Transform (DFT) in the analysis performed on 

the time-series data collected described in Chapter 8 and 9 is 

n / 
exp 

2Ki ( j -1) (k-1) 
(H.26) 

With this definition, the inverse DFT is 

hi 
1 ^ -27i i ( j -1)(k-1) 

(H.27) 

In this case, ^ , so the result obtained must be divided by Vn . 
vn 
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Appendix I 

Experimental Data Files 

The 2 CDs attached to this thesis contain data for the liquid heights (300s time series) 

measured at atmospheric pressure for twelve different experimental runs presented in 

Chapters 8 and 9. Extracts from various Mathematica codes written for the post-processing of 

the signals used in the calculation of wave characteristics such as wave height and dominant 

wave frequency are also compiled in CD2. The files in CD1 and CD2 are tabulated in Tables 

1.1 and 1.2 respectively. 

Name Type Description 

out021 .txt Processed data Time series for C04f021 (gentle disturbances) 

out023.txt Processed data Time series for C04fG23 (smooth stratified with packets of 

ripples) 

out027.txt Processed data Time series for C04f027 (long wave with 2D ripples on 

interface) 

out041.txt Processed data Time series for C04f041 (roll waves) 

out043.txt Processed data Time series for C04f043 (smooth stratified) 

out046.txt Processed data Time series for C04f046 (2D ripples) 

out059.txt Processed data Time series for C04f059 (long wave with smooth interface) 

out067.txt Processed data Time series for C04f067 (slug flow) 

Table 1.1 Contents of CD 1 attached. 
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Name Type Description 

out036.txt Processed data Time series for C04f036 (3D waves) 

out049.txt Processed data Time series for C04f049 (3D waves with 

entrained droplets) 

out058.txt Processed data Time series for C04f058 (annular flow) 

out071.txt Processed data Time series for C04f071 (3D waves with low 

amplitude roll waves) 

2D wavetrace.nb IVlathematica file 2D time trace for IGM1 

3D wave plot.nb Mathematica file 3D surface plot for SS2 

Autocorrelation.nb Mathematica file Dominant frequency for IGM1 

Power spectral 

density.nb 

Mathematica file Energy and frequency spectrum for IGM1 

Statistical 

parameters.nb 

Mathematica file Mean, standard deviation, wave height, 

skewness and kurtosis values 

Transverse cross 

correlation.nb 

Mathematica file Cross correlation between SS2(1) and SS2(2) 

Wave speed.nb Mathematical file Dominant wave speed between IGM1 & IGM2 

Table 1.2 Contents of CD 2 attached. 

The text files consist of liquid height information for all 34 twin-wire conductivity 

probes at various locations along the WASP test-section. These data have been rolling-

averaged and converted from the raw voltage signals, which are acquired during the 

experimental runs, using the appropriate calibration charts given in Appendix E. A detailed 

description of the data processing procedure has been provided in Section 8.3. 

in the Mathematica files, a sample calculation algorithm for each of the seven 

interfacial characteristics is outlined. For features based on a single probe (2D wave trace, 

dominant frequency, wave speed and statistical parameters), information from probe IGM1 is 

presented, while for transverse variations (3D wave plots and crosscorrelations in the 

transverse direction), results from probe SS2 are shown. With these subroutines, it will be 

straightforward to obtain information of probes at other positions and for different 

experimental runs. 

Due to the quantity of data collected over the duration of the experimental campaign, 

only data from twelve experimental runs (out of a total of 250) are presented in this thesis. 

The remaining information (runs C04f014 to C04f263) is collated in a data report (Ng et al„ 

2002b). 
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