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A B S T R A C T

This paper investigates the effect thermal feedback has on the stochastic nuclear reactor dynamics of low
neutron source nuclear power plant (NPP) start-ups. Stochastic mathematical and computational models are
required to determine the probability of a stochastic power surge occurring during nuclear reactor start-up that
would damage the nuclear fuel. The aim is to design the nuclear reactor, the nuclear fuel, and the operational
start-up procedures in a manner that minimises the probability of a stochastic power surge occurring, which
damages the nuclear fuel, to a prescribed level of probabilistic risk (10−8–10−5). Recently, the Pál-Bell equations
have been used for such low neutron source nuclear reactor start-up simulations. However, the stochastic
nuclear reactor start-up models, based upon the Pál-Bell equations, cannot accommodate changes in the
macroscopic neutron cross-sections arising from feedback processes. An alternative approach that could, in
principle, include thermal feedback processes is the forward master equations. However, these are complex to
implement for multidimensional and multi-group stochastic nuclear reactor dynamics problems. In addition,
time-dependent analog Monte Carlo models could be used but these are computationally prohibitive for most
nuclear reactor start-up simulations. This is due to the stringent requirements on the statistical accuracy of the
safety probability associated with stochastic power surges. Therefore, this paper uses an alternative Itô-calculus
approach to compute the stochastic properties required for low neutron source NPP start-up. The Itô-calculus
approach is an approximate mathematical method, compared to the more general Pál-Bell and Monte Carlo
methods, for low neutron source nuclear reactor start-up and fast burst systems. Therefore, the implementation
of the Itô calculus method is first validated against the Caliban fast burst nuclear reactor experimental wait-
time results to understand the accuracy of the method. The implementation of a simple feedback model is also
verified against the point neutron kinetics equations. The neutron population CDF calculated using the Pál-
Bell equations without thermal feedback, and the safety probabilities computed with, and without, including
thermal feedback mechanisms are then analysed and assessed. These results demonstrate that the Itô-calculus
approach can be used to gain useful insight into the behaviour of stochastic nuclear kinetics and dynamics
during low neutron source NPP start-up. Furthermore, the results suggest that the safety probabilities computed
using the Pál-Bell method are not affected by neglecting thermal feedback mechanisms which is an important
result from a nuclear reactor safety perspective.
1. Introduction

Accurate scalar neutron flux measurements must be constantly ob-
served during Nuclear Power Plant (NPP) start-up (Schultz, 1955;
Harrer, 1963; Harris, 1964; Williams, 1974). Source, intermediate, and
power range neutron detectors, which have overlapping sensitivity
ranges, help prevent the nuclear reactor from being taken super-critical
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without the operator’s knowledge (Boland, 1970; Harrer and Beckerley,
1973, 1974; Tucker, 2019). When starting up for the first time, or
after a prolonged shutdown period, the intrinsic neutron flux inside
the nuclear reactor core might not exceed the lower end of the neutron
flux detectors. In such a case, the control rods must be incrementally
withdrawn until the neutron flux exceeds the functional range of the
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detection instruments. Withdrawing the control rods without accurate
measurements indicating the change in the neutron flux is known as a
‘blind start-up’ and is always avoided if possible (Schultz, 1955; Harrer,
1963; Shaw, 1969; Lewis, 1977). Neutron sources are installed into the
reactor core to maintain an accurate measurement of the scalar neutron
flux. These neutron sources generate a large number of overlapping
neutron chains, which help to maintain a continuous neutron detector
reading. Power and temperature transients may then be calculated
using deterministic methods if the neutron source strength is large
enough. However, the primary and secondary neutron sources used for
NPP start-up are costly (Martin et al., 2000) and present a radioactive
hazard for construction workers (Shimazaki et al., 2016).

Therefore, it is advantageous to reduce the quantity of neutron
source material involved during NPP start-up. However, reducing the
neutron source strength introduces the need for mathematical and com-
putational models of stochastic nuclear reactor kinetics and dynamics.
Low neutron densities exhibit large fluctuations from the mean due to
the inherently stochastic nature of neutron interactions with matter
(fission and capture). While other sources of nuclear reactor noise
exist, such as local fluctuations in coolant temperature, localised bubble
formations or fuel/control rod vibrations, this study is only concerned
with the noise arising from the inherently stochastic nature of nuclear
fission and neutron capture in low neutron numbers.

The stochastic models required must be capable of accurately mod-
elling low neutron densities and their associated fluctuations from
the mean population. They must also be able to accurately compute
the probability distribution function (PDF) or similarly the cumulative
distribution function (CDF) of the neutron population at any prescribed
instant in time (Hurwitz, 1959; Hurwitz et al., 1963b,a; MacMillan and
Storm, 1963).

Multiple mathematical methods are capable of producing the neu-
tron population CDF for a single neutron energy group system, namely
the forward master equations (Harris, 1958; Hurwitz, 1959; Bell et al.,
1963; MacMillan, 1970), the backward master equations (Pál-Bell) (Pál,
1958; Bell, 1965; Williams and Eaton, 2017, 2020), Monte-Carlo (Gang,
2011; Cooling et al., 2016; Sutton et al., 2017), and Itô-calculus (Allen,
2007, 2010).

An NPP start-up code called NDT3, which solved the forward master
equations, was developed by Bell et al. (1963). MacMillan (1970)
later developed the code SSB, also solving the forward master equa-
tions, which added the ability to model six groups of delayed neutron
precursors. However, when extending to space and energy-dependent
systems, the Pál-Bell equations must be solved (Williams and Eaton,
2017, 2018, 2020). Cooling et al. (2018) developed the CALLISTO-SPK
code which efficiently solves the energy-dependent Pál-Bell equations.
The relationship between the forward and backward (Pál-Bell) master
equations and their respective advantages and disadvantages has been
explained by Williams (2023).

The Pál-Bell equations, shown in Appendix A, are able to model the
full fission multiplicity through the variable 𝜒 . However, a limitation
of the Pál-Bell equations is the inability to accommodate changes in the
macroscopic neutron cross-sections arising from temperature and void
changes or other physical processes (Pázsit and Pál, 2007; Williams,
2023). This paper investigates the consequence of this limitation, in
relation to low neutron source NPP start-up safety calculations, using an
Itô-calculus approach. While in principle the forward form of the PDF is
valid with feedback, the moment equations as devised by (Harris, 1958)
suffer from the closure problem, namely that there are more equations
than unknowns. To deal with this matter requires some assumptions
about the PDF so that a higher moment can be expressed in terms of
lower moments. We attempted this task but found that the associated
numerical work too great a task and extensive for this paper. That
is why the Itô method, which is not exact, but allows the effect of
feedback to be included without too much effort is used.

Itô-calculus approaches are approximate methods that can be used
2

to model neutron kinetics using the mean and standard deviation in the P
change in particle populations in time 𝑑𝑡. While the Pál-Bell equations
utilise the full fission multiplicity, Itô-calculus only uses the mean
and standard deviation. However, previous publications have used Itô-
calculus approaches to great effect in modelling the fast burst GODIVA
experiments and replicating the results of the point kinetic equations.

Itô-calculus approaches may offer a good adjunct model for verifi-
cation purposes, as they are derived using independent mathematical
formalisms. Adjunct models may aid independent verification of nu-
clear reactor start-up operations which have very stringent controls in
terms of probabilistic nuclear reactor safety analysis and assessment.
Furthermore, such independent models could assist nuclear regulators,
and technical safety organisations (TSOs), in assessing Modelling &
Simulation (M&S) methods for low neutron source start-up simulations.

1.1. Modelling low neutron source NPP start-up physics

Multiple studies have explained the method for ensuring an NPP
start-up procedure is sufficiently safe (Williams and Eaton, 2017, 2020;
Cooling et al., 2018). A brief outline of the procedure will be presented
here. For a given neutron source strength, 𝑆, and reactivity profile 𝜌(𝑡),
the time at which the shape of the neutron population mean-normalised
CDF stops changing must be computed. Good indicators of this time
are when the neutron and delayed neutron precursor relative standard
deviations, RSDn and RSDp respectively, converge (Williams and Eaton,
2017, 2020), or when RSDn stops changing (Williams, 2020). These are
known as the maturity time, 𝑡mat, of the system. At 𝑡mat, the stochastic
source reduction factor (SSRF):

𝑀 =
�̄�(𝑡mat)
𝑛∗

(1)

must be found, viz:

𝑄(𝑛∗, 𝑡mat) =
𝑛∗−1
∑

𝑛=0
𝑃 (𝑛, 𝑡mat) (2)

here, 𝑄(𝑛∗, 𝑡mat) is the cumulative probability that there are fewer
han 𝑛∗ neutrons present in the system at 𝑡mat, �̄�(𝑡mat) is the mean

neutron population at 𝑡mat, and 𝑛∗ is determined by the desired safety
robability 𝑄 (usually 10−8-10−5).

For a desired safety probability 𝑄, a reduced neutron source
strength:

𝑆m = 𝑆 𝑛∗

�̄�(𝑡mat)
= 𝑆

𝑀
, (3)

is then used in a deterministic nuclear reactor start-up simulation that
incorporates thermal and reactivity feedback mechanisms to model the
peak power, temperature, pressure, and reactivity achieved during the
start-up operation. If these parameters do not exceed design limits,
then the start-up procedure is determined to have a safety probability
equal to 𝑄. Typically, values of 𝑄 between 10−8-10−5 are used (Williams
and Eaton, 2017, 2020). Appendix A shows the mono-energetic point
kinetic Pál-Bell equations used in this study and Appendix B details
ow the Pál-Bell equations are used to perform the analysis in Section
.1. For further details regarding the methodology and explanation,
ee Hannauer (1963), Williams and Eaton (2017, 2020).

Thermal feedback mechanisms are not modelled when computing
mat or 𝑄(𝑛∗, 𝑡mat) for multiple reasons. Firstly, it is assumed that the
ean neutron population is small enough at 𝑡mat that the effects of

hermal feedback are negligible. Secondly, as mentioned previously,
he Pál-Bell equations used to compute 𝑄(𝑛∗, 𝑡mat) are unable to accom-
odate changes in the macroscopic neutron cross-sections arising from

eedback processes. Lastly, it is assumed that the shape of the neutron
opulation CDF will remain constant after 𝑡mat and thermal feedback
tarts to effect the system.

This paper uses an Itô-calculus approach to model NPP start-up
nd investigate the impact of neglecting thermal feedback within the
ál-Bell equations.
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2. Computational method and approach

2.1. Discretisation scheme

In this study, we will use an Itô-calculus approach derived by Hayes
and Allen (2005) to model the stochastic nuclear reactor kinetics
during low neutron source NPP start-up. Various discretisation schemes
have been used to model the Itô stochastic differential system of
equations, for example, explicit Euler–Maruyama (Saha Ray and Patra,
2013), implicit Euler–Maruyama (Suescun-Diaz et al., 2018), diagonal-
isation decomposition method (da Silva et al., 2016), and analytical
polynomial inversion (Hayes and Allen, 2005; Aboanber and Nahla,
002).

Hayes and Allen (2005) show that the neutron and delayed neutron
recursor population may be computed with the following discretisa-
ion scheme:

⃗𝑖+1 = 𝑋𝑖𝑒
𝐷𝑖ℎ𝑖𝑋−1

𝑖

{

[

�⃗�𝑖 + ℎ𝐹 (𝑡𝑖)
]

+
√

ℎ�̂�
1
2 𝜂𝑖

}

, (4)

here the time-step size is ℎ𝑖 = 𝑡𝑖+1 − 𝑡𝑖, �⃗�𝑖 is the array of neutron and
precursor group populations at time-step 𝑖:

�⃗� =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑛
𝑐1
𝑐2
⋮
𝑐𝑀

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (5)

here 𝐹 (𝑡) is the source array with neutron source strength 𝑆(𝑡):

⃗(𝑡) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑆(𝑡)
0
0
⋮
0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (6)

nd �̂� is the matrix:

̂ =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝜁 𝑎1 𝑎2 ⋯ 𝑎𝑀
𝑎1 𝑟1 𝑏2,3 ⋯ 𝑏2,𝑀+1
𝑎2 𝑏3,2 𝑟2 ⋱ ⋮
⋮ ⋮ ⋱ ⋱ 𝑏𝑀,𝑀+1
𝑎𝑀 𝑏𝑀+1,2 ⋯ 𝑏𝑀+1,𝑀 𝑟𝑀

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(7)

here

= 𝛾𝑛 +
𝑀
∑

𝑚=1
𝜆𝑚𝑐𝑚 + 𝑆 (8)

=
−1 − 𝜌 + 2𝛽 + (1 − 𝛽)2𝜈

𝑙
(9)

𝑚 =
𝛽𝑚
𝑙
[−1 + (1 − 𝛽)𝜈]𝑛 − 𝜆𝑚𝑐𝑚 (10)

𝑚,𝑘 =
𝛽𝑚−1𝛽𝑘−1𝜈

𝑙
𝑛 (11)

nd

𝑚 =
𝛽2𝑚𝜈
𝑙

𝑛 + 𝜆𝑚𝑐𝑚. (12)

he elements of vector 𝜂𝑖 are normally distributed with mean zero and
ariance unity.

Lastly, 𝑋𝑖𝐷𝑖𝑋−1
𝑖 = �̂�𝑖, where

̂𝑖 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜌(𝑡𝑖)−𝛽
𝑙 𝜆1 𝜆2 ⋯ 𝜆𝑀
𝛽1
𝑙 −𝜆1 0 ⋯ 0
𝛽2
𝑙 0 −𝜆2 ⋱ ⋮

⋮ ⋮ ⋱ ⋱ 0
𝛽𝑀
𝑙 0 ⋯ 0 −𝜆𝑀

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(13)

where the columns of 𝑋𝑖 and the diagonal elements of 𝐷𝑖 are the
eigenvectors and eigenvalues of �̂� respectively.
3

𝑖

2.2. Thermal feedback model

In this study, we consider a simple temperature feedback model and
corresponding Itô-calculus approximation (Nahla, 2017), viz:

𝑑𝑁
𝑑𝑡

=
𝜌(𝑡) − 𝛽

𝛬
𝑁(𝑡) +

𝑀
∑

𝑖=1
𝜆𝑖𝐶𝑖 + 𝑆(𝑡) (14)

𝑑𝐶𝑖
𝑑𝑡

=
𝛽𝑖
𝛬
𝑁(𝑡) − 𝜆𝑖𝐶𝑖(𝑡) for 𝑖 = 1,𝑀 (15)

𝜌(𝑡) = 𝜌ex(𝑡) − 𝛼
[

𝑇 (𝑡) − 𝑇0
]

(16)

𝑑𝑇
𝑑𝑡

= 𝐾𝑐𝑁(𝑡) (17)

where 𝑁(𝑡) is the neutron population at time 𝑡, 𝜌(𝑡) is the total reactiv-
ty, 𝜌ex(𝑡) is the external reactivity, 𝐶𝑖(𝑡) is the population of delayed

neutron precursor group 𝑖, 𝛽𝑖 delayed neutron fraction of group 𝑖, 𝜆𝑖 is
he decay constant of group 𝑖, 𝛬 is the neutron generation time, 𝑇 (𝑡) is
he temperature of the reactor at time 𝑡 (with units K), 𝑇0 is the initial
emperature of the reactor, 𝛼 is the temperature coefficient of reactivity
with units 1∕K), and 𝐾𝑐 is the reciprocal of the thermal capacity of the
eactor (with units K/MWs).

Nahla (2017) showed that feedback caused by Newton’s law of
ooling can be incorporated into the Itô-calculus approach using the
ollowing approximation:

(𝑡𝑖) ≈ 𝜌ex(𝑡𝑖+1) − ℎ𝜉
𝑖

∑

𝑗=0
𝑁(𝑡𝑗 ) (18)

here ℎ = 𝑡𝑖+1 − 𝑡𝑖 is the time-step, and 𝜉 = 𝛼𝐾𝑐 (with units 1∕MWs)
s the feedback term. Inserting (18) into (9) and (13) results in an
tô-calculus model containing the temperature feedback mechanism
14)–(17).

.3. Method for determining the effect of neglecting thermal feedback within
he Pál-Bell equations

During NPP start-up, when neglecting thermal feedback, the shape
f the mean-normalised neutron population CDF does not change after
he maturity time. In other words, the shape of the neutron population
istribution in relation to the mean neutron population stops changing.
herefore, only the mean neutron population is required after 𝑡mat to
enerate the full distribution. Furthermore, in the absence of thermal
eedback, the ratio of the mean neutron population between two sys-
ems is equal to the ratio of their respective neutron source strengths:

�̄�1(𝑡)
�̄�2(𝑡)

=
𝑆1
𝑆2

. (19)

Additionally, it is known that the deterministic peak neutron popu-
lation during start-up is proportional to the ramp rate and inversely
proportional to the neutron source strength.

Therefore, if the ratio �̄�(𝑡mat)∕𝑛∗ is found for the cumulative prob-
ability 𝑄, the system with neutron source strength 𝑆 will produce
neutron peak populations greater than the system with neutron source
strength 𝑆m with probability 𝑄.

The method in Section 1.1 assumes that the shape of the mean-
normalised CDF at the maturity time, found in the absence of thermal
feedback, is the same as that of the distribution in the peak neutron
populations when thermal feedback mechanisms are considered.

This paper investigates whether the safety probability calculated
while ignoring thermal feedback produces safe start-up transients when
thermal feedback is incorporated into the stochastic model. Further-
more, the consequence of thermal feedback considerably impacting the
mean-normalised neutron population CDF before the maturity time is
investigated.

The following procedures are employed to investigate the role of
thermal feedback during NPP start-up:

Validation and Verification (V&V) of Implementation
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1. Verify the mean and standard deviation calculated using the
Itô-calculus approach against existing benchmark results in the
literature. This analysis is shown in Appendix C.

2. Use the Itô-calculus approach to compute the wait-time probabil-
ity distribution for various fast reactor start-up experiments and
compare the results against the published experimental results.

3. Compare the neutron population CDF at the maturity time of
various NPP start-up routines computed using the Itô-calculus
approach and the Pál-Bell equations.

4. Compare the mean neutron population (modelling thermal feed-
back) computed using the Itô-calculus approach and the point
kinetics equations.

Investigating the Effect of Thermal Feedback

1. Use the Itô-calculus approach to compute the neutron population
CDF at the maturity time of various NPP start-up routines, given
neutron source strength 𝑆 while neglecting thermal feedback.

2. Use the Itô-calculus approach to compute the deterministic peak
neutron population during the NPP start-up routines (while mod-
elling thermal feedback), given neutron source strengths 𝑆m,
calculated at various 𝑄 values and while neglecting thermal
feedback.

3. Use the Itô-calculus approach to compute the distribution in the
peak neutron population during the NPP start-up routines (while
modelling thermal feedback), given neutron source strength 𝑆.

4. Compare the probability of safe start-ups using thermal feedback
against the probabilities calculated neglecting thermal feedback.

2.4. Algorithms

The algorithms used to compute the neutron population moments
(mean and standard deviation), the neutron population CDF, the SSRF,
and the wait-time probability distribution are shown below.

Algorithm 1 An algorithm to compute the neutron and delayed neutron
precursor population mean �̄� and standard deviation 𝜎𝑋 up to a desired
ime 𝑡end using a prescribed number of realisations 𝑟. The columns �̄�[∶
𝑖] and 𝜎𝑋 [∶, 𝑖] are the mean and standard deviation of the population
rray at time 𝑡𝑖.
�̄� ← 0
𝜎𝑋 ← 0
𝑗 ← 0
for 𝑗 ≤ 𝑟 do

𝑗 ← 𝑗 + 1
𝑡 ← 0
𝑖 ← 0
�⃗� ← [𝑁0,

𝑁0𝛽1
𝜆1𝛬

, 𝑁0𝛽2
𝜆2𝛬

,⋯ , 𝑁0𝛽6
𝜆6𝛬

]
while 𝑡 ≤ 𝑡end do

𝑡 ← 𝑡 + ℎ
�⃗� ← (4)
�̄�[∶, 𝑖 + 1] ← �⃗�
𝜎𝑋 [∶, 𝑖 + 1] ← (�⃗�)2

𝑖 ← 𝑖 + 1
�̄� ← �̄�

𝑟

𝜎𝑋 ←
√

𝜎𝑋
𝑟 − �̄�2

3. Results

3.1. Validating against caliban fast burst reactor wait-time cumulative
distribution functions (CDFs)

Firstly, the Itô-calculus implementation in this study is used to com-
pute the wait-time cumulative distribution function (CDF) of three de-
layed super-critical Caliban fast burst reactor start-up experiments. Au-
4

hier et al. (2014) published experimental data on the initiation of w
Algorithm 2 An algorithm to compute the wait-time probability distri-
bution function 𝑝w, for a neutron threshold 𝑛threshold using a prescribed
umber of realisations 𝑟.
𝑝w ← 0
𝑗 ← 0
for 𝑗 ≤ 𝑟 do

𝑗 ← 𝑗 + 1
𝑡 ← 0
�⃗� ← [𝑁0,

𝑁0𝛽1
𝜆1𝛬

, 𝑁0𝛽2
𝜆2𝛬

,⋯ , 𝑁0𝛽6
𝜆6𝛬

]
while �⃗�(0) < 𝑛threshold do

𝑡 ← 𝑡 + ℎ
�⃗� ← (4)

𝑝w(𝑗) ← 𝑡
𝑝w ← 𝑠𝑜𝑟𝑡(𝑝w)
Plot 𝑝w against [ 1𝑟 ,

2
𝑟 ,⋯ , 𝑟𝑟 ]

Algorithm 3 An algorithm to compute the neutron population CDF at
the maturity time 𝑡mat, using a prescribed number of realisations 𝑟.

𝑛∗ ← 0
𝑗 ← 0
for 𝑗 ≤ 𝑟 do

𝑗 ← 𝑗 + 1
𝑡 ← 0
�⃗� ← [𝑁0,

𝑁0𝛽1
𝜆1𝛬

, 𝑁0𝛽2
𝜆2𝛬

,⋯ , 𝑁0𝛽6
𝜆6𝛬

]
while 𝑡 < 𝑡mat do

𝑡 ← 𝑡 + ℎ
�⃗� ← (4)

𝑛∗(𝑗) ← �⃗�(0)
𝑛∗ ← 𝑠𝑜𝑟𝑡(𝑛∗)
𝑞 ← [ 1𝑟 ,

2
𝑟 ,⋯ , 𝑟𝑟 ]

Plot 𝑛∗ against 𝑞

Algorithm 4 An algorithm to compute the SSRF, for a desired safety
probability 𝑄, given the neutron population CDF at the maturity time
and using a prescribed number of realisations 𝑟.

𝑞 ← [ 1𝑟 ,
2
𝑟 ,⋯ , 𝑟𝑟 ]

𝑛∗ ← 𝑠𝑜𝑟𝑡(𝑛∗)
�̄� ← 1

𝑟
∑𝑟

𝑗=1 𝑛
∗(𝑗)

�⃗� ← �̄�
𝑛∗

𝑖 ← 0
while 𝑞(𝑖) < 𝑄 do

𝑖 ← 𝑖 + 1
SSRF ← 𝑄−𝑞(𝑖−1)

𝑞(𝑖)−𝑞(𝑖−1)

[

�⃗�(𝑖) − �⃗�(𝑖 − 1)
]

+ �⃗�(𝑖 − 1)

persistent fission chains, at different delayed super-critical states, using
the fast burst nuclear reactor Caliban. The time for Caliban to build up
to 2 × 109 f issions∕s following a start-up routine was measured multiple
times for three different final reactivities (𝜌 = 0.206 ± 0.002$, 𝜌 =
.255 ± 0.001$, and 𝜌 = 0.272 ± 0.001$).

One method for modelling the wait-time CDF for prompt super-
ritical experiments is to compute the survival probability (Humbert
nd Méchitoua, 2004). However, this method is not applicable to
elayed super-critical experiments. Previously, Williams has shown that
he Gamma probability distribution function can be used to effectively
odel these delayed super-critical wait-time experiments (Williams,
017).

In this paper, each start-up experiment is simulated with 500 Itô-
alculus realisations with a time-step ℎ = 0.1 s. The initial conditions
re: �⃗�0 = [𝑁0,

𝑁0𝛽1
𝜆1𝛬

, 𝑁0𝛽2
𝜆2𝛬

⋯] where 𝑁0 = 𝑆𝛬
−𝜌(𝑡=0) . Each realisation

as computed until the fission rate exceeded 2 × 109 f issions∕s; the
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Table 1
The group data (Humbert and Méchitoua, 2004) and multiplicity data (Pázsit and Pál,
2007) used for the Caliban simulation with the neutron source strength 𝑆 = 200 n∕s
and the generation time 𝛬 = 12 × 10−9 s (Authier et al., 2014).

Group/Multiplicity 𝑝fn
1
𝜆𝑖
(𝑠) 𝛽𝑖(×10−5)

0 0.0317 – –
1 0.1720 80.645 21.73
2 0.3363 32.785 143.79
3 0.3038 9.009 130.34
4 0.1268 3.322 260.69
5 0.0266 0.885 76.55
6 0.0026 0.333 26.90
7 0.0002 – –

Table 2
Reactivity profile for the Caliban fast burst experiments with final step reactivity 𝜌max
(Authier et al., 2014).

Time (s) 𝜌($) Time (s) 𝜌($) Time (s) 𝜌($) Time (s) 𝜌($)

0.00 −16.829 55.00 −1.919 58.00 −0.063 61.08 0.143
16.67 −15.127 55.83 −1.403 58.08 −0.011 62.08 0.195
33.33 −11.572 56.67 −0.888 58.58 0.011 73.67 0.195
50.00 −5.012 57.50 −0.372 59.08 0.040 73.92 𝜌max
54.17 −2.434 57.92 −0.114 60.08 0.092

Fig. 1. A comparison of the wait-time CDF, for the fission rate to exceed
2 × 109 f issions∕s, calculated using the Itô-calculus approach and three delayed super-
critical Caliban fast burst nuclear reactor wait-time experiments (Authier et al., 2014).
The results of the 0.206 $, 0.255 $, and 0.272 $ cases are shown from right to left.

elapsed times between the reactivity reaching 𝜌max and the end of the
simulations were recorded. These simulations do not include thermal
feedback and simply validate the implementation of (4)–(13). The
neutronic data used to model the Caliban fast burst nuclear reactor
experiment are shown in Table 1. The reactivity profile used in the
experiments is described by Authier et al. (2014) but is reproduced in
Table 2 for clarity.

Fig. 1 compares the wait-time cumulative probability distribution,
for the fission rate to exceed 2 × 109 f issions∕s, of the three delayed
super-critical experimental results against the Itô-calculus simulations.
Table 3 quantitatively compares the experimental and simulated mean
wait-time and the associated standard deviations. The results show
good agreement and provide confidence in the implementation of
(4)–(13).

3.2. Verification of the neutron population CDF against the Pál-Bell equa-
tions

Next, the mean-normalised neutron population CDF at the maturity
time of various NPP start-up operations is computed using the Itô-
calculus approach and compared against the CDF computed using the
5

Table 3
A comparison of the mean wait-time ⟨𝑡⟩ and associated standard deviation 𝜎 for the
experimental Caliban results and simulated Itô-calculus results in Fig. 1.

Reactivity ($) Experiment Simulation

⟨𝑡⟩(𝑠) 𝜎(𝑠) ⟨𝑡⟩(𝑠) 𝜎(𝑠)

0.206 332.3 23.1 333.2 14.0
0.255 229.4 15.5 232.9 10.8
0.272 202.5 12.4 208.5 10.5

Table 4
The group and multiplicity data used for the NPP start-up simulation in Section 3.2.
The generation time is 𝛬 = 12 × 10−9 s.

Group/Multiplicity 𝑝fn 𝜆𝑖(1∕𝑠) 𝛽𝑖
0 0.0317 – –
1 0.1720 0.0125 0.0002
2 0.3363 0.0303 0.0013
3 0.3038 0.0955 0.0010
4 0.1268 0.2844 0.0030
5 0.0266 0.9782 0.0012
6 0.0026 3.4888 0.0006
7 0.0002 – –

Pál-Bell equations. Two reactivity profiles are modelled, where Profile
1:

𝜌(𝑡) =

{

−1 $ + 0.01𝑡 $∕𝑠, if 0 ≤ 𝑡 ≤ 200 s,
1 $, otherwise,

(20)

and Profile 2:

𝜌(𝑡) =

{

−1 $ + 0.001𝑡 $∕𝑠, if 0 ≤ 𝑡 ≤ 2000 s,
1 $, otherwise.

(21)

Each NPP start-up profile is simulated with the neutron source strengths
1000 n∕s and 2000 n∕s. The initial conditions are: �⃗�0 = [𝑁0,

𝑁0𝛽1
𝜆1𝛬

, 𝑁0𝛽2
𝜆2𝛬

⋯]

where 𝑁0 = 𝑆𝛬
−𝜌(𝑡=0) . The neutronic data used to model the systems in

Section 3.2 are shown in Table 4.
The maturity times for Profiles 1 and 2, which are independent of

neutron source strength (Williams and Eaton, 2017, 2020), have been
calculated using the Pál-Bell equations, as 173.3 s, 1370.6 s respectively.

Each Itô-calculus simulation has been computed up to the maturity
time of the respective NPP start-up profile. The neutron population at
the end of each simulation has then been recorded. Variable time-step
sizes have been used to compute each Itô-calculus realisation; the sub-
critical regimes have been modelled with ℎ = 2.0 s and ℎ = 20.0 s
for Profiles 1 and 2, respectively, while both profiles have used ℎ =
0.1 s for the super-critical regimes. The larger time steps help reduce
the computation times, while the smaller time steps facilitate greater
refinement in the solution at the end of the simulation.

The CDFs computed using the Itô-calculus approach and Pál-Bell
equations are compared for the range 10−5 < 𝑄 < 1. Comparing this
range requires a minimum of 105 Itô-calculus realisations for each NPP
start-up routine. However, the solution at 𝑄 = 10−5 will not have
converged as only a single data point will exist at this probability.
Therefore, we have simulated 106 Itô-calculus realisations.

Figs. 2(a)–2(b) show the mean-normalised neutron population CDF
(𝑛∗∕�̄�(𝑡mat) against 𝑄) for Profiles 1 and 2 with neutron source strengths
1000 n∕s and 2000 n∕s. The Itô-calculus results have been computed
using 106 realisations. However, at the 𝑄 values 10−5, 10−4, 10−3, 10−2,

and 10−1, the figures show the values
(

𝑛∗∕�̄�(𝑡mat)
)𝑄

𝑖
which are the

𝑛∗∕�̄�(𝑡mat) values calculated with the 𝑖th 105 sample. Table 5 quantifies
the relative difference (%) between the SSRF values computed using the
Pál-Bell equations and the Itô-calculus approach.

The results show that the approximate adjunct Itô-calculus approach
is able to compute SSRFs within ≤10% of the Pál-Bell results. While
this level of agreement is inadequate for the Itô-calculus approach to
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Table 5
The relative difference (%) between the values of 𝑛∗∕�̄� calculated by the Pál-Bell method
and Itô-calculus approach for various values of 𝑄.
𝑄 \𝑆 �̇�(𝑡) = 0.01$∕𝑠 �̇�(𝑡) = 0.001$∕𝑠

1000 n∕s 2000 n∕s 1000 n∕s 2000 n∕s

10−5 7.7 6.8 2.7 4.0
10−4 8.0 7.2 4.5 3.9
10−3 7.9 5.9 4.7 3.3
10−2 6.0 4.0 3.3 2.3
10−1 2.6 1.7 1.3 0.8

Table 6
The peak of the mean neutron population and time at which the peak occurs for various
NPP start-up simulations.
𝑆 𝜉 �̂�PK ⟨�̂�Itô⟩ 𝑡(�̂�PK) 𝑡(⟨�̂�Itô⟩)

10 10−13 2.02 × 1012 2.06 × 1012 1.38 1.38
10−11 1.54 × 1010 1.57 × 1010 1.30 1.30
10−9 1.05 × 108 1.07 × 108 1.21 1.21

100 10−13 2.02 × 1012 2.02 × 1012 1.38 1.38
10−11 1.54 × 1010 1.57 × 1010 1.30 1.30
10−9 1.05 × 108 1.07 × 108 1.21 1.21

1000 10−13 2.00 × 1012 2.00 × 1012 1.38 1.38
10−11 1.53 × 1010 1.57 × 1010 1.30 1.30
10−9 1.03 × 108 1.06 × 108 1.21 1.21

replace the Pál-Bell equations, the results demonstrate that the Itô-
calculus approach can be used to gain useful insight into the behaviour
of stochastic nuclear kinetics and dynamics during low neutron source
NPP start-up.

However, it should be noted that the SSRFs (�̄�(𝑡mat)∕𝑛∗) calcu-
lated with the Itô-calculus approach are not conservative and therefore
should not be used for safety-critical applications. Figs. 2(a)–2(b) show

that as 𝑄 decreases, the spread of values
(

𝑛∗∕�̄�(𝑡mat)
)𝑄

𝑖
increases.

The greater spread in the results is due to 1∕𝑄 approaching the num-
ber of realisations used to produce the distribution. The range of
(

𝑛∗∕�̄�(𝑡mat)
)𝑄

𝑖
values indicate the range of potential solutions if only

105 realisations were used. To improve the results at smaller values of
𝑄, more realisations are required. However, increasing the number of
realisations is computationally demanding.

3.3. Verification of the thermal feedback implementation

Next, the implementation of (18) is verified against the point ki-
netics Eqs. (14)–(17). The reactivity profile is 𝜌ext(𝑡) = 0.01𝑡 with
the thermal feedback parameters 𝜉 = 10−13, 𝜉 = 10−11, and 𝜉 =
10−9. The neutronic parameters are shown in Table 4. Three neutron
source strengths are modelled: 10 n∕s, 100 n∕s, and 1000 n∕s. The initial
conditions are: �⃗�0 = [𝑁0,

𝑁0𝛽1
𝜆1𝛬

, 𝑁0𝛽2
𝜆2𝛬

⋯] where 𝑁0 = 100. Each NPP
start-up has been modelled with 1000 Itô-calculus realisations as only
the mean neutron population is of interest when comparing against the
point kinetics equations. Figs. 3–5 show the mean neutron population
calculated using the point kinetics equations and two individual Itô-
calculus realisations for the various NPP start-up routines. The mean
ensemble of Itô-calculus realisations closely matches the point kinetics
results and is undisguisable when plotted. Therefore, Table 6 shows
the peak neutron populations calculated using both Itô-calculus and the
point kinetics equations. The results show good agreement and suggest
the correct implementation of (18).
6

f

Fig. 2. A comparison of the mean-normalised neutron population CDF at 𝑡mat calculated
using the Itô-calculus approach (Itô) (solid lines) and the Pál-Bell equations (PB)
(dashed lines). 106 Itô-calculus realisations were computed up to 𝑡 = 𝑡mat and the
final neutron populations were recorded. The solid lines show the results using 106

realisations. At each CDF value 10−5, 10−4, 10−3, 10−2, and 10−1, ten scatter points are

shown for each Itô curve; these scatter points show the value of
(

𝑛∗∕�̄�
)𝑄

𝑖
using a

sample 105 where
(

𝑛∗∕�̄�
)𝑞=10−5

𝑖=1
represents the value of 𝑛∗∕�̄� at the CDF value 10−5

using the first 105 Itô-calculus realisations.

3.4. Investigating the impact of thermal feedback on low neutron source
NPP start-up

The Itô-calculus approach is now used to calculate the distribution
in peak neutron populations for the NPP start-up routines in Sec-
tion 3.2. However, the Itô-calculus simulations now model thermal
feedback with 𝜉 = 10−13 and 𝜉 = 10−11.

Firstly, the effect of thermal feedback on the mean neutron pop-
ulation at the maturity time is found. Figs. 6(a)–6(b) show the mean
eutron population calculated using the Pál-Bell equations and a sam-
le Itô-calculus realisation with 𝜉 = 10−13. The figures show that
hermal feedback only starts to reduce the sample realisation after
mat. However, the neutron transient is significantly affected by thermal
eedback before 𝑡 for 𝜉 = 10−11, as shown in Figs. 7(a)–7(b).
mat
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Fig. 3. Mean neutron population and two individual neutron sample paths for 𝑆 =
10 n∕s and 𝜉 = 10−13.

Fig. 4. Mean neutron population and two individual neutron sample paths for 𝑆 =
100 n∕s and 𝜉 = 10−11.

Fig. 5. Mean neutron population and two individual neutron sample paths for 𝑆 =
1000 n∕s and 𝜉 = 10−9.
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t

Next, the ten values of
(

𝑛∗

�̄�(𝑡mat)

)𝑄

𝑖
at each of the CDF values 10−5,

10−4, 10−3, 10−2, and 10−1 from Figs. 2(a)–2(b) (scatter points) have
been used to calculate reduced neutron source strengths, 𝑆𝑄

i . These
values of 𝑆𝑄

i have been calculated neglecting thermal feedback. Each of
these reduced neutron source strengths 𝑆𝑄

i has then been used in 100
Itô-calculus realisations which include thermal feedback. These reali-
sations have been simulated until the neutron population has peaked
due to the effect of thermal feedback. The peak neutron populations
have been averaged over the 100 realisations, ⟨�̂�⟩𝑄𝑖 , and recorded as the
expected peak for the neutron source strength 𝑆𝑄

i . The range of values
⟨�̂�⟩𝑄𝑖 for 𝑖 = 1, 2,… , 10 are displayed for each value of 𝑄 in Figs. 8–15 as
error bars (black lines with an X at the mean). These error bars indicate
the ideal distribution in the peak neutron population when the original
neutron source strength is simulated, given thermal feedback has not
influenced the neutron population distribution.

Subsequently, the original neutron source strengths (1000 n∕s and
2000 n∕s) have been used to model the NPP start-up routines with the
given thermal feedback parameters 𝜉 = 10−11 and 𝜉 = 10−13. 105 Itô-
calculus realisations have been simulated until the neutron population
starts to decrease due to thermal feedback. The peak neutron popu-
lation of each simulation has been recorded and the distributions are
shown in Figs. 8–15. These results are tabulated in Table 7.

The results show excellent agreement between the peak neutron
opulation distributions including thermal feedback, using the original
eutron source strengths and using the reduced neutron source strength
alculated with SSRFs neglecting thermal feedback.

Furthermore, the agreement between the peak neutron distributions
or Figs. 8, 10, 12, and 14 show that SSRFs can be calculated neglecting
hermal feedback, like the Pál-Bell equations, even if thermal feedback
ould significantly affect the mean neutron population before the
aturity time.

. Conclusions

In this paper, we have validated an Itô-calculus approach to mod-
lling stochastic nuclear reactor kinetics against three delayed super-
ritical Caliban fast burst nuclear reactor experiments. Overall, the
esults showed good agreement between the numerical models and the
xperiments.

Furthermore, the Itô-calculus approach was used to model low neu-
ron source NPP start-up calculations. The mean-normalised neutron
opulation CDF at the maturity time was generated by simulating
06 Itô-calculus realisations for multiple NPP start-ups. The results
howed adequate agreement with the results computed using the Pál-
ell equations. However, the SSRFs calculated using the Itô-calculus
pproach were not conservative. Therefore, the Itô-calculus approach
an offer good insight into the behaviour and distribution of the scalar
eutron flux during low neutron source NPP start-up. However, it is not
ecommended to use this approach for safety-critical applications. This
s due to the stringent numerical accuracy requirements needed when
omputing safety probabilities for stochastic power surges that might
amage the nuclear fuel.

In addition, the SSRFs for various safety probabilities were com-
uted while ignoring thermal feedback. These SSRFs were used to
ompute the peak neutron population achieved, for neutron source
trengths 𝑆∕𝑆𝑆𝑅𝐹 , during NPP start-up operations that modelled ther-
al feedback. These peak neutron populations were then compared

gainst the distribution in peak neutron populations achieved using
he original neutron source strengths. Excellent agreement was found
etween the results. These results indicate that the absence of thermal
eedback in the Pál-Bell equations does not impact the final safety
robability given the maturity time occurs before the mean neutron
opulation is influenced by thermal feedback. This is a highly signifi-
ant result from a nuclear reactor safety perspective and the first time
his has been demonstrated conclusively in the research literature.
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Fig. 6. The mean neutron population calculated by the Pál-Bell equations (PB) without thermal feedback and a sample Itô-calculus realisation which includes thermal feedback
with 𝜉 = 10−13.
Table 7
The distribution in the peak neutron population �̂�𝑄 that occurs with a cumulative probability 𝑄, given a ramp rate �̇�, neutron source strength
𝑆, thermal feedback parameter 𝜉. The results are compared against the range in peak neutron populations calculated using the ten neutron
source strengths 𝑆𝑚,𝑖 = 𝑆∕𝑀𝑖, where 𝑀𝑖 is the stochastic source reduction factor calculated using 100,000 Itô-calculus realisations.

�̇� 𝑆 𝜉 �̂�𝑄=10−5 Range �̂�𝑄=10−3 Range �̂�𝑄=10−1 Range

0.01 1000 10−13 6.79 × 109 6.76–6.88×109 6.68 × 109 6.67–6.68×109 6.53 × 109 6.52–6.53×109
10−11 5.34 × 107 5.24–5.35×107 5.15 × 107 5.06–5.07×107 4.98 × 107 4.98–4.99×107

2000 10−13 6.45 × 109 6.43–6.47×109 6.38 × 109 6.37–6.39×109 6.28 × 109 6.27–6.28×109
10−11 4.91 × 107 4.87–4.92×107 4.80 × 107 4.79–4.80×107 4.70 × 107 4.69–4.70×107

0.001 1000 10−13 6.51 × 108 6.46–6.58×108 6.33 × 108 6.33–6.35×108 6.09 × 108 6.08–6.09×108
10−11 4.30 × 106 4.28–4.36×106 4.11 × 106 4.10–4.12×106 3.89 × 106 3.89–3.91×106

2000 10−13 6.66 × 108 6.62–6.67×108 6.58 × 108 6.58 − 6.59 × 108 6.50 × 108 6.49–6.50×108
10−11 4.28 × 106 4.26–4.31×106 4.20 × 106 4.19–4.20×106 4.10 × 106 4.09–4.10×106
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Appendix A. The mono-energetic point kinetic Pál-Bell equations

The spatially-independent, mono-energetic Pál Bell equations are
presented here for clarity regarding the equations and methods used
in this study. For a full mathematical derivation of the equations,
see Pál (1961a,b,c). Assuming only one neutron emission per extra-
neous neutron source disintegration, the Pál-Bell equations may be
written as (Pázsit and Pál, 2007):

− 1
𝑣
𝜕�̃�(𝑧, 𝑡|𝑠)

𝜕𝑠
= −𝛴a(𝑠)�̃� + 𝛴f(𝑠) − 𝛴f(𝑠)𝐻(�̃�, �̃�d𝑚), (A.1)

−
𝜕�̃�d𝑚(𝑧, 𝑡|𝑠)

𝜕𝑠
= 𝜆𝑚(�̃� − �̃�d𝑚), (A.2)

𝜕𝐺s(𝑧, 𝑡|𝑠)
𝜕𝑠

= 𝑆(𝑠)𝐺s�̃�
𝑛, (A.3)

with

𝐻(�̃�, �̃�d𝑚) =
𝑣max
∑

𝑛=0

(−1)𝑛

𝑛!
𝜒𝑛�̃�

𝑛
𝑀
∏

𝑚=1
(1 − �̄�𝛽𝑚�̃�d𝑚), (A.4)

and the final conditions

�̃�(𝑧, 𝑡|𝑡) = 1 − 𝑧, (A.5)

�̃�d𝑚(𝑧, 𝑡|𝑡) = 0, (A.6)

𝐺S(𝑧, 𝑡|𝑡) = 1. (A.7)

where 𝛴a is the macroscopic absorption cross-section, 𝛴f is the macro-
scopic fission cross-section, 𝜆𝑚 is the delayed neutron precursor decay
constant of group 𝑚, 𝛽𝑚 is the delayed neutron precursor fraction of
group 𝑚, 𝑆 is the neutron source strength, 𝜒 is the fission multiplicity,

https://zenodo.org/records/10776943
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Fig. 7. The mean neutron population calculated by the Pál-Bell equations (PB) without
thermal feedback and a sample Itô-calculus realisation which includes thermal feedback
with 𝜉 = 10−11.

Fig. 8. The distribution in the peak neutron population for 100,000 Itô-calculus
realisations for profile 1 and 𝜉 = 1 × 10−11. The distribution is compared against the
mean peak neutron populations calculated using the reduced source strengths 𝑆∕𝑆𝑆𝑅𝐹
for the SSRFs at 𝑄 equal to 10−5, 10−4, 10−3, 10−2, and 10−1.
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Fig. 9. The distribution in the peak neutron population for 100,000 Itô-calculus
realisations for profile 1 and 𝜉 = 1 × 10−13. The distribution is compared against the
mean peak neutron populations calculated using the reduced source strengths 𝑆∕𝑆𝑆𝑅𝐹
for the SSRFs at 𝑄 equal to 10−5, 10−4, 10−3, 10−2, and 10−1.

Fig. 10. The distribution in the peak neutron population for 100,000 Itô-calculus
realisations for profile 2 and 𝜉 = 1 × 10−11. The distribution is compared against the
mean peak neutron populations calculated using the reduced source strengths 𝑆∕𝑆𝑆𝑅𝐹
for the SSRFs at 𝑄 equal to 10−5, 10−4, 10−3, 10−2, and 10−1.

Fig. 11. The distribution in the peak neutron population for 100,000 Itô-calculus
realisations for profile 2 and 𝜉 = 1 × 10−13. The distribution is compared against the
mean peak neutron populations calculated using the reduced source strengths 𝑆∕𝑆𝑆𝑅𝐹
for the SSRFs at 𝑄 equal to 10−5, 10−4, 10−3, 10−2, and 10−1.
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Fig. 12. The distribution in the peak neutron population for 100,000 Itô-calculus
realisations for profile 3 and 𝜉 = 1 × 10−11. The distribution is compared against the
mean peak neutron populations calculated using the reduced source strengths 𝑆∕𝑆𝑆𝑅𝐹
for the SSRFs at 𝑄 equal to 10−5, 10−4, 10−3, 10−2, and 10−1.

Fig. 13. The distribution in the peak neutron population for 100,000 Itô-calculus
realisations for profile 3 and 𝜉 = 1 × 10−13. The distribution is compared against the
mean peak neutron populations calculated using the reduced source strengths 𝑆∕𝑆𝑆𝑅𝐹
for the SSRFs at 𝑄 equal to 10−5, 10−4, 10−3, 10−2, and 10−1.

Fig. 14. The distribution in the peak neutron population for 100,000 Itô-calculus
realisations for profile 4 and 𝜉 = 1 × 10−11. The distribution is compared against the
mean peak neutron populations calculated using the reduced source strengths 𝑆∕𝑆𝑆𝑅𝐹
for the SSRFs at 𝑄 equal to 10−5, 10−4, 10−3, 10−2, and 10−1.
10
Fig. 15. The distribution in the peak neutron population for 100,000 Itô-calculus
realisations for profile 4 and 𝜉 = 1 × 10−13. The distribution is compared against the
mean peak neutron populations calculated using the reduced source strengths 𝑆∕𝑆𝑆𝑅𝐹
for the SSRFs at 𝑄 equal to 10−5, 10−4, 10−3, 10−2, and 10−1.

�̄� is the mean number of neutrons emitted during fission, and 𝑣 is the
neutron velocity.

The generating functions (A.1)–(A.3) and their first two derivatives
with respect to 𝑧 are solved by defining the final conditions (A.5)–(A.7)
at time 𝑡 and then solved backwards in time from 𝑠 = 𝑡 to 𝑠 = 0.

Equation (A.1) corresponds to the neutron population distribution at
time 𝑡 given the injection at earlier time 𝑠 of a single neutron. Similarly,
(A.2) corresponds to the delayed neutron precursor distribution at time
𝑡 given the injection at earlier time 𝑠 of a single delayed neutron precur-
sor. Finally, (A.3) corresponds to the neutron population distribution at
time 𝑡 given the a neutron source has been present since 𝑡 = 0.

Appendix B. Using the Pál-Bell equations to model low neutron
source NPP start-up physics

The Pál-Bell equations (A.1)–(A.7) and their first two derivatives
with respect to 𝑧 are solved for 𝐺S(𝑧, 𝑡|0), 𝐺′

S(𝑧, 𝑡|0), and 𝐺′′
S (𝑧, 𝑡|0). Next,

the saddle-point method is used to obtain properties of the neutron
population CDF. The cumulative probability 𝑄(𝑛∗, 𝑡|𝑠), that there are
fewer than 𝑛∗ neutrons in the system at time 𝑡, can be calculated by
solving (Williams and Eaton, 2017, 2020):

𝑄(𝑛∗, 𝑡|𝑠) = 1
√

2𝜋𝜎0

𝐺𝑠(𝑧0, 𝑡|𝑠)
𝑧𝑛∗0 (1 − 𝑧0)

(B.1)

where

𝜎0 =
𝑛∗

𝑧20
+ 1

(1 − 𝑧0)2
−

(

𝐺′
𝑠(𝑧0, 𝑡|𝑠)

𝐺𝑠(𝑧0, 𝑡|𝑠)

)2

+
𝐺′′
𝑠 (𝑧0, 𝑡|𝑠)

𝐺𝑠(𝑧0, 𝑡|𝑠)
(B.2)

and 𝑧0 is given as the root of the equation:

𝑛∗

𝑧0
= 1

(1 − 𝑧0)
+

𝐺′
𝑠(𝑧0, 𝑡|𝑠)

𝐺𝑠(𝑧0, 𝑡|𝑠)
. (B.3)

To evaluate a specific cumulative probability 𝑄target at time 𝑡, (A.1)–
(A.7) are solved backwards from 𝑠 = 𝑡 to 𝑠 = 0 with 𝑧 = 𝑧0, where
𝑧0 is an initial guess and 𝑧 is bounded by 0 and 1. After solving the
saddle-point equations, a certain (𝑄, 𝑛∗) pair will be obtained. If 𝑄 is not
within a desired tolerance of 𝑄target, (A.1)–(A.7) are solved again with
𝑧 = 𝑧1 as a new guess. The mapping between 𝑧 and (𝑄, 𝑛∗) is unique for
each combination of system properties (neutron source strength, cross-
sections, instant in time), and is unknown before solving the equations.
However, the mapping is continuous between 0 and 1 which allows the
correct value of 𝑧 to be found by a simple bisection method.
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Table C.8
Verification of the Itô-calculus implementation against results from
literature for Case 1.

Hayes and Allen (2005) Our Implementation

𝐸(𝑛(2)) 395.32 396.91
𝜎(𝑛(2)) 29.41 30.56
𝐸(𝑐1(2)) 300.67 300.54
𝜎(𝑐1(2)) 8.36 8.11

Table C.9
Verification of the Itô-calculus implementation against results from
literature for Case 2.

Hayes and Allen (2005) Our Implementation

𝐸(𝑡) 33.16 33.10
𝜎(𝑡) 2.58 2.71

Table C.10
The delayed neutron precursor group data used for Cases 3-4.

Group 𝜆𝑖(𝑠) 𝛽𝑖
1 0.0127 0.000266
2 0.0317 0.001491
3 0.115 0.001316
4 0.311 0.002849
5 1.4 0.000896
6 3.87 0.000182

Table C.11
Verification of the Itô-calculus implementation against results from
literature for Case 3.

Hayes and Allen (2005) Our Implementation

𝐸(𝑛(0.1)) 186.31 184.39
𝜎(𝑛(0.1)) 164.16 164.03
𝐸(𝑐1(0.1)) 4.491 × 105 4.492 × 105

𝜎(𝑐1(0.1)) 1917.2 1922.5

Appendix C. Verification of the mean and standard deviation
against existing benchmarks

The mean and standard deviation of the neutron and delayed neu-
tron precursor populations are computed using the Itô-calculus ap-
proach for a series of existing benchmark cases.

Case 1
The first case is a simple one delayed neutron precursor group

model. The neutronic parameters are: 𝜆1 = 0.1, 𝛽 = 𝛽1 = 0.05, �̄� = 2.5,
= 200, 𝑙 = 2

3 , 𝜌(𝑡) = − 1
3 , �⃗�(0) = [400, 300]𝑇 , ℎ = 0.05. 5000 realisations

ere computed to match the simulation conditions from literature.
able C.8 compares the mean and standard deviation in the particle
opulations.

ase 2
Next, the time taken for the neutron population to exceed 4000 is

alculated. The neutronic parameters are: 𝜆1 = 0.1, 𝛽 = 𝛽1 = 0.05,
̄ = 2.5, 𝑆 = 200, 𝑙 = 0.499002, 𝜌(𝑡) = 0.001996, �⃗�(0) = [0, 0]𝑇 , ℎ = 0.05.
he mean and standard deviation of 5000 realisations is shown in
able C.9.

ase 3
The third case models six groups of delayed neutron precursors.

he neutronic parameters are: 𝛽 = 0.07, �̄� = 2.5, 𝑆 = 0, 𝑙 = 0.00002,
(𝑡) = 0.003, �⃗�(0) = 100 ∗ [1, 𝛽1

𝜆1𝑙
, 𝛽2
𝜆2𝑙

,…]𝑇 , with the delayed neutron
recursor data shown in Table C.10. The mean and standard deviation
f 5000 realisations is shown in Table C.11.

ase 4
Lastly, the mean and standard deviation in the particle populations
11

re calculated for the following neutronic parameters: 𝛽 = 0.07, �̄� = 2.5,
Table C.12
Verification of the Itô-calculus implementation against results from
literature for Case 4.

Hayes and Allen (2005) Our Implementation

𝐸(𝑛(0.001)) 134.55 134.82
𝜎(𝑛(0.001)) 91.242 94.188
𝐸(𝑐1(0.001)) 4.464 × 105 4.464 × 105

𝜎(𝑐1(0.001)) 19.444 19.694

𝑆 = 0, 𝑙 = 0.00002, 𝜌(𝑡) = 0.007, �⃗�(0) = 100 ∗ [1, 𝛽1
𝜆1𝑙

, 𝛽2
𝜆2𝑙

,…]𝑇 , with the
delayed neutron precursor data shown in Table C.10.

The results show good agreement between the Itô-calculus im-
plementation used in this study and the results from literature (see
Table C.11 and Table C.12).
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