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ABSTRACT

Masers—the microwave analog of lasers—are coherent microwave sources that can act as oscillators or quantum-limited amplifiers. Masers
have historically required high vacuum and cryogenic temperatures to operate, but recently, masers based on diamond have been demon-
strated to operate at room temperature and pressure, opening a route to new applications as ultra-low noise microwave amplifiers. For these
new applications to become feasible at a mass scale, it is important to optimize diamond masers by minimizing their size and maximizing
the power of signals that can be amplified. Here, we develop and numerically solve an extended rate equation model to present a detailed
phenomenology of masing dynamics and determine the optimal properties required for the copper cavity, dielectric resonator, and gain
medium in order to develop portable maser devices. We conclude by suggesting how the material parameters of the diamond gain media
and dielectric resonators used in diamond masers can be optimized, and how rate equation models could be further developed to incorpo-
rate the effects of temperature and nitrogen concentration on spin lifetimes.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0164930

I. INTRODUCTION

Due to their long spin relaxation times, negatively charged
nitrogen-vacancy defect centers (NV�) in diamonds1,2 have been
widely used as a room-temperature material for quantum metrology,3–5

communications,6 and quantum information processing.7–9 Recently,
their use has been extended to the microwave analog of lasers, known
as masers, by placing NV-enriched diamonds into dielectric resonators
and enclosing the system in a copper cavity.10 Although masers are
unmatched for low-noise microwave amplification, their use has histor-
ically been limited to niche applications in deep space communications
and radio astronomy due to the need for high vacuum and cryogenic
temperatures required to allow them to operate. The demonstration of
room-temperature masers based on organic11–13 and inorganic10,14–17

gain media, thus opens up a path to the widespread use of masers as
ultra-low noise microwave amplifiers, which in addition to existing
applications in radio astronomy and communications technology, are
of increasing interest for the low-power microwave signal processing
essential to many quantum technologies.18 In this latter regard, masers

may offer an advantage over Josephson parametric amplifiers, which
have a limited dynamic range and are easily saturated compared to
masers.19

The NV� defect is a S ¼ 1 spin center that can be described
using a seven-level Hamiltonian consisting of a ground-state triplet,
an excited-state triplet, and an intermediate singlet state. NV�

defects can be photoexcited to the excited state triplet using laser
pulses with wavelengths at or below 637 nm, from which they may
relax either through a spin-conserving radiative decay or through a
spin-selective non-radiative decay whose net effect is to preferen-
tially transfer electrons from the excited ms ¼ +1 states to the
ms ¼ 0 ground state via the intermediate singlet state, as seen in
Fig. 1. These spin-selective transitions mean that NV� centers can
be optically controlled and read out. The NV� defect exhibits a long
T1 spin–lattice relaxation time (up to 6ms20) and T2 spin–spin
relaxation time (0.6 ms for diamonds that with a natural abundance
of 13C and an NV concentration of 3� 1013 cm�3, though this may
be extended to 1.8ms in isotopically purified 12C diamond at lower
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NV concentrations21,22) at room temperature. It is these properties
that allow an ensemble of NV� defects placed in a dielectric resona-
tor cavity in an applied magnetic field to be used as a gain medium
for a room-temperature maser, as well as for lasers.23 The threshold
laser power with which an NV ensemble must be pumped to allow
steady-state masing is proportional to (T1(C � 1))�1, so that it
depends on the spin–lattice relaxation time and a figure of merit
known as the cooperativity C, defined as10

C ¼ 4g2N=(κcκs), (1)

where g is the spin–photon coupling strength between each active
NV� spin and the cavity field, N is the number of NV� spins for
which the masing transition between the ms ¼ 0 and ms ¼ �1
ground state sub-levels is resonant with the cavity (for a field aligned
with one of the four possible directions of the NV axis, this corre-
sponds to 1 in 12 NV spins, since in general only one of the three
14N hyperfine transitions will be resonant with the cavity), κc ¼ ω=Q
is cavity loss rate, ω is the resonant frequency of the cavity, Q is the
quality factor of the resonator, and κs is the dephasing rate of the
spins.10 The cooperativity measures the ratio of the coupling effect of
N spins and the combined decoherence rates and by inspecting the
expression for the threshold laser pump power, it can be seen that
masing requires the cooperativity to be larger than one. To achieve
this, we can either increase the coupling by having a smaller mode
volume or more NV� spins or a higher Q factor to reduce the deco-
herence rate. The copper cavity in which the diamond and resonator
are enclosed acts as a shield that reduces radiation losses, increasing
the quality factor Q and hence the cooperativity.

Despite impressive experimental demonstrations and charac-
terization of room-temperature diamond masers,10,16,17 certain
challenges for the widespread adoption of diamond masers have
been identified spanning materials challenges such as making
diamond gain medium with a sufficient amount of photostable
NV� centers under optical excitation as well as engineering chal-
lenges such as applying a highly homogeneous external magnetic
field in alignment with NV� axes25 and improving the cavity Q
factor. This has led to efforts to better understand the material and
device parameter space which diamond masers inhabit, typically
through modeling of spin dynamics with semiclassical rate equa-
tions. Here, we use rate equation simulations to investigate how
maser performance depends on the properties of the diamond gain
medium and the dielectric resonator.

We extend the model beyond the standard first-order rate equa-
tions sometimes used to model the photophysics of NV� centers15,26

to a system of coupled equations that incorporate the number of
photons in the cavity through second-order terms. The extended
second-order rate equations incorporate the number of photons in
the cavity and allow the time-evolution of the populations of NV�

centers in different energy states and the photon number to be simu-
lated explicitly. The rate equations are employed to model the spin-
dependent electronic population dynamics of the NV� centers under
optical pumping at a wavelength of 532 nm. The results show masing
dynamics with various parameters such as the Q factor of the cavity
and the mode volume of the resonator. Throughout the paper,
“Q factor” will be taken to refer to the loaded Q factor of the
combined resonator-cavity system. As well as aiding the design of

room-temperature diamond masers, the extended rate equations pre-
sented will be useful for describing microwave mode-cooling devices27

and quantum heat engines based on NV� centers in diamond.24

II. THEORETICAL MODEL

The population dynamics of the electronic energy levels of the
NV� are described using the seven-level model in Fig. 1, where
levels j1i and j4i correspond to the ms ¼ 0 states, and levels j2i,
j5i and j3i, j6i correspond to the ms ¼ �1 and ms ¼ þ1, respec-
tively. The spin dynamics of different states under an optical excita-
tion on NV� spin defects are described by rate equations based on
a seven-level model and an extended Bloch equation formalism.26,28

We model the excitation of NVs with a laser to create a population
inversion in diamond masers as an optical pump from the ground-
state sublevels j1i, j2i, and j3i, respectively, to the excited-state sub-
levels j4i, j5i, and j6i the rate at which NVs are excited by the laser
is parameterized by the optical pump rate, defined as

ΩL ¼ EDij=�h, (2)

where E is the electric field of the laser and Dij is the dipole
moment of the induced transition between level jii and level jji,
such as the ground triplet states and the excited triplets. In general,
the transition dipole moment for the NV� centers is sensitive to
local strain in the diamond lattice and is, therefore, sample depen-
dent. In this paper, we use a dipole moment of 1:73� 10�29 Cm,
estimated from a fluorescence lifetime of 13 ns.29 A shorter fluores-
cence lifetime will have a higher dipole moment. The electric field
amplitude is determined by the laser pump power available at the
NV� centers with respect to the absorption dipole direction, laser
polarization and laser spot size. In diamond masers demonstrated
to date, a laser of wavelength 532 nm is used to excite the NV�

spin defects from the ground state sub-levels (j1i, j2i, and j3i) to
an excited phonon band shown as a gray band in Fig. 1. They sub-
sequently relax nonradiatively to the excited sub-levels j4i, j5i, and
j6i. Since the phonon relaxation is generally fast compared to the
optical pump rate, the off-resonant pumping is modeled using a
common pump rate determined by the optical pump strength ΩL

for these transitions. From the excited states, the NV� centers can
either decay radiatively through spin-conserving fluorescence at a
wavelength of 637 nm (indicated by red lines with respective decay
rates) or non-radiatively via spin-selective intersystem crossing,
passing through the spin singlet j7i. The decays from excited states
to lower energy states jii ! jji have corresponding rates κij.

Since κ57, κ67 � κ47, NVs in the j5i and j6i states are much
more likely to decay to the intermediate singlet state j7i than those
excited to the j4i state and the net result of optically pumping the
system is to preferentially fill level j1i. In a magnetic field applied
along an NV axis whose magnitude exceeds the ground-state level
anticrossing point at 102:5 mT, the ms ¼ �1 sub-level (j2i) is
shifted below j1i so that filling j1i entails a population inversion,
as required for masing. For such a population inversion to be
maintained the optical pumping must fill the j1i state faster than
the longitudinal relaxation rate, κ21, with which the NV ensemble
tends towards thermal equilibrium (for which at room temperature
the populations of levels j1i, j2i, and j3i are roughly equal).
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The rate equations used to generate our results (shown in the
Appendix) can be derived by taking the matrix elements of the
Hamiltonian and the density matrix and using them to form von
Neumann’s equations of motion, which give the unitary evolution
of the seven-level system. The decay rates between the levels are
phenomenologically added in diagonal terms,28 representing the
populations, whereas the dephasing terms are added in the non-
diagonal terms, representing the coherences. The photon number is
treated as a second-order rate equation that depends on the
number of thermal photons, and the spontaneous and stimulated
transition rates. The operating frequency of the maser is the same
as the resonant frequency of the cavity. The rate equations thus
form equations of motion for density matrix elements expressed
with respect to a seven-level Hamiltonian of the form

H ¼
X7
i¼1

Eijiihij þ �hΩL

X
i¼1,2,3

jiihiþ 3j þ jiþ 3ihijð Þ, (3)

where Ei is the energy of the ith level, h is the Planck constant, jii
denotes the ith state of the NV� centers (as in Fig. 1). Photons are
treated phenomenologically by the addition of a photon term
included in the rate equations (see the Appendix for further
details). Using rates reported in Ref. 24, the equations of motion
were solved numerically using an implicit Runge–Kutta method
with a backward differentiation method30,31 to simulate the time
evolution of a diamond maser.

III. MASER SIMULATION

The seven-level rate equations can be used to predict masing
operation when a magnetic field shifts the ms ¼ �1 state (j2i)
below the ms ¼ 0 state (j1i). When optical pumping is employed
to create a population inversion between states (j1i) and (j2i), the
NVs will transition between these states to restore thermal equilib-
rium via spin–lattice relaxation (at a rate κ12) and via the absorp-
tion and spontaneous and stimulated emission of microwave (MW)

FIG. 1. This NV� energy level diagram indicating pumping and decay rates of the seven-level model with excited phonon bands shown by the gray area in levels —4i,
—5i, and —6i. Here, the green dashed line represents the energy of the excitation wavelength (532 nm, 2.33 eV), promoting population to the phonon bands, whereas the
green solid line is the transition represented by the pump strength ΩL. Decay rates are indicated by κij (the values for these rates used to generate our results are pro-
vided in Table I) for the decay from the initial electronic state i to the new state j, γ�hB is the Zeeman splitting, and Wst and Wsp are the stimulated emission rate and the
spontaneous emission rate. Non-radiative decays are also shown to, and from, j7i where the bold line denotes the faster decay rate.
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photons. For microwave-frequency transitions, the spin–lattice
relaxation rate, on the order of 102 Hz, is much higher than the
spontaneous emission rate in free space, which is on the order of
10�13 Hz.32 Hence the spins preferentially relax by transferring
energy to the lattice. The spontaneous emission rate is described
using Einstein coefficients A and B, which phenomenologically
describes the rate of the spontaneous and stimulated emission pro-
cesses and can be boosted through the Purcell effect depending on
the cavity Q factor.

The transition rate from one state i to another state j is deter-
mined33 by the magnetic dipole matrix element of the correspond-
ing two states, Dij ¼ hjjH � Sjii, where H is the MW magnetic field
and S is the spin vector, and the density of states of the electromag-

netic field, ρ(ω) as W / jDijj2ρ(ω)
�h . The magnetic field is approxi-

mated as a classical perturbation so that the matrix element is
replaced by σ ij, which denotes a matrix element for the spin transi-
tion, so its square-modulus is proportional to a transition probabil-
ity, and the dipole matrix element is (HhjjSjii)2 ¼ (Hσ ij)

2. When
the NV ensemble is placed in a cavity, the density of microwave
photon states at the masing frequency is altered with respect to its
free-space value, causing a proportionate shift in the spontaneous
and stimulated emission rates for the maser transition. This change
in these rates is equal to the Purcell factor, F ¼ 3c3

2πω3n3re
Q
Vm
, where c is

the speed of light, ω is the cavity resonance frequency, Vm is the
mode volume, and nre is the refractive index in the cavity.32 To
enhance the spontaneous emission rate for a given frequency, a
high Q factor and a small mode volume are thus required.

In the masing simulation, the initial photon number in the
cavity is determined by the thermal photon number at thermal
equilibrium, nth ¼ (e�hω=kBT � 1)

�1
. There is no external microwave

input. At 9.22 GHz and room temperature, nth � 635, and these
initial MW photons are able to be absorbed or trigger stimulated
emission.

The stimulated emission rate per intracavity photon is given at
resonance by27,34

Wst ¼ π(gμB)
2

4π�h
μ0T

*
2ωη

Vm
, (4)

where the filling factor η and the mode volume Vm are, respectively,
defined by

η ¼
Ð
Sample jHj2dVÐ
Mode jHj2dV , (5)

Vm ¼
Ð
Cavity jHj2dV
jHMaxj2

: (6)

The higher the filling factor, the more strongly the sample interacts
with the cavity mode. The numerator of the mode volume is inte-
grated over the entire copper cavity volume, including the dielectric
resonator.

For the results presented in the following section, the parame-
ters from Tables I and II are used. The finite-element software CST
MICROWAVE STUDIO is used to estimate the mode volume and
the filling factor, using Eqs. (5) and (6). In the CST MICROWAVE
STUDIO simulation, we model a system similar to that used to
demonstrate masing from an NV-enriched diamond sample with a
resonant frequency of 9.22 GHz, employing a sapphire resonator
with an inner diameter of 5 mm, an outer diameter of 10 mm and
a height of 6 mm on a sapphire post of 12 mm high and enclosed
in a copper cavity with an inner diameter of 31 mm and a height of
30 mm. The dielectric constant of the sapphire was set to 9.4, the
loss tangent to 8� 10�6.35 The dielectric constant ε determines the
size of the resonator and the mode volume with Vm / 1=ε3=2,
while the loss tangent affects the Q factor. Dielectric materials with
a high dielectric constant and a small loss tangent are favorable, as
this increases the Purcell factor. The energy density of the magnetic
field of the TE01δ mode of the cavity is shown in Fig. 2. Wst is
approximately 1.98�10�6 s�1. The spontaneous rate is given by34

Wsp ¼ μ0ω
3(gμB)

2

6π�hc3
: (7)

At 9.22 GHz, the spontaneous emission rate is about
1:57� 10�12 s�1, which is much slower than the stimulated transi-
tion rate and the spin relaxation rate.

TABLE II. Variable parameters used in the rate equations to describe the time evo-
lution of the ensemble of NV− centers in a cavity. The number of available NV−, the
maser frequency, ω, the dephasing time, T�

2 , and the Q factor is from Ref. 10. Vm
and η are obtained in a CST MICROWAVE STUDIO simulation. Δl is the detuning in
frequency between the 532 nm excitation laser and the zero phonon line at 637 nm
and ΩL is the estimated pump strength at 400 mW of excitation power.

Parameters Values

N 4 × 1013

ω 2π × 9.22 GHz
T*
2 0.5 μs

Vm 0.25 cm3

Q 30,000
η 0.05
B 432 mT
Δl 92.89 THz
ΩL 1150.7 MHz

TABLE I. Transition rates used to describe the time evolution of the ensemble of
NV− centers in a cavity to produce the results presented in Figs. 3–7. The values
are based on experimental results from Ref. 24.

Parameters Values (MHz)

κ41 = κ52 = κ63 65.9
κ57 = κ67 53.3

κ47 7.9
κ71 0.98

κ72 = κ73 0.73
κ21 = κ23 4.4 × 10−4
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The optical pumping strength, ΩL, is 1150.7 MHz, which cor-
responds to 400 mW of optical power. The initial populations of
the NV energy levels are set by the Boltzmann distribution, with
each state filled with a population proportional to e�Ei=kBT , where
kB is the Boltzmann constant, T is the temperature, and Ei the
energy of the jii state. The initial number of MW photons is
(e�hω=kBT � 1)

�1
with ω being the frequency of the cavity field and

maser output, equal to the frequency of the transition between j1i
and j2i.

Looking at the intracavity photon number as a function of the
cavity Q factor (Fig. 3), with other parameters fixed, we identify a
masing threshold as the point where the number of photons in the
cavity is an order of magnitude greater than the thermal popula-
tion. The maser output power, in Watts, can be estimated using
n�hω2=Qm, where ω is the operating maser frequency, n is the intra-
cavity photon number (of order 105 when the maser is just above
the threshold), and Qm ¼ 1=(1=Ql � 1=Qu), where Ql and Qu are
the loaded and unloaded Q factors, is the contribution of the
diamond to the loaded Q factor. For realistic values of Ql ¼ 30 000
and Qu ¼ 50 000 the maser output is thus around 0.5 pW, or
�93 dBm. By incorporating the loaded and unloaded Q factors, the
output coupling efficiency of the system is already taken into
account so this can be directly to compared to data from Ref. 10,
which measured an output power of �90 dBm. With a lower Q
factor, the number of photons will be closer to the thermal photon
number, suppressing any maser action. As the Q factor increases,
the number of cavity photons also increases until at a certain
threshold Q factor, the number of photons increases significantly.
Beyond this point, the photon emission rate is higher than the
cavity decay rate, thus, the number of photons in the cavity is

stable at a level significantly higher than the thermal photon back-
ground and will not decay away since in this case emission is pre-
dominantly stimulated and balanced by absorption at the same
rate. In Fig. 4, the performance of the maser at different optical
pump powers is studied at a fixed Q factor of 30 000. For the
parameters employed, the maser starts to operate above a threshold
pump power of 370 mW. Despite using different diamond material
parameters, the threshold Q factor and the threshold pump power
are similar to those from recent experimental results reported in
Ref. 17.

The threshold behavior with respect to the mode volume,
which is inversely proportional to the Purcell factor and the coop-
erativity, is shown in Fig. 5. As expected, smaller mode volumes
increase the number of masing photons in the cavity. For the
parameters in Tables I and II, the threshold is roughly at 0.27 cm3,
and for larger mode volumes masing cannot occur.

Figure 6 shows the contour map of the number of photons as
a function of the optical pump power and the Q factor. The dark
blue region shows that the masing effect does not occur due to the
high losses and low pump power. The second region, in dark green,
shows the “incipient masing” region, where stimulated emission
starts to build up and the number of photons is higher than the
number of thermal photons. In this region, an external MW signal
fed into the maser would be amplified but the maser cannot be run
as an oscillator. The maser is in operation in the light green region,
where stimulated emission is maintained and the device can
undergo self-sustaining maser oscillations.

The number of intracavity photons is shown as a function of
the gain medium filling factor, defined in Eq. (5), in Fig. 7, again
displaying a clear threshold for masing. The results show that the

FIG. 2. The energy density of the magnetic field of the TE01δ mode of a cylin-
drical copper cavity simulated using CST MICROWAVE STUDIO. The solid
white outlines show the boundaries of a sapphire resonator and post, and the
dashed white outlines the inner boundaries. The walls of the copper cavity are
shown as the enclosure that bounds the image.

FIG. 3. The steady-state number of photons as a function of the cavity Q factor.
The photon number shows threshold behavior with respect to the Q factor, with
the onset of masing at around Q ¼ 29 000 for the parameters listed in Table I.
The inset shows the onset on a logarithmic scale.
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threshold is about 0.03, beyond which the number of photons
maintained in the cavity significantly increases beyond the thermal
population. The number of cavity photons increases monotonically
as the filling factor approaches unity.

It is assumed that the number of NV� centers is constant
during masing. This is reasonable for pump powers around the
masing thresholds observed since these are low enough that the

ionization and recombination of NV centers due to laser excitation
is expected to be weak.23,36 Similarly, all the rates are assumed to be
constant, neglecting any heating which will lead to a reduction in
T1 time17 as well as the T2 time.37 Both of these spin lifetimes vary
with temperature as T5, though the T*

2 lifetime caused by the field
inhomogeneity is only very weakly dependent on temperature.37

FIG. 5. The steady-state number of microwave photons as a function of the
cavity mode volume for the parameters listed in Table I. The masing threshold
occurs at a mode volume of about 0.26 cm3. The inset shows the onset on a
logarithmic scale.

FIG. 6. The steady-state microwave photon number as a function of the optical
pump strength and the loaded cavity Q factor. We identify a masing action
regime, a no masing regime, and an intermediate “incipient masing” regime in
which stimulated emission dominates spontaneous emission, but the maser
cannot achieve self-sustaining oscillations. At all pump strengths, the photon
number increases monotonically with the Q factor as expected.

FIG. 7. The number of microwave photons in the cavity as a function of the
filling factor, defined by Eq. (4). The number of photons becomes saturated
above η ¼ 0:3. The inset shows the onset of masing at a filling factor of 0.03.

FIG. 4. The steady-state number of photons as a function of the optical pump
power. For the parameters listed in Table I, the threshold pump power is about
370 mW.
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The zero-field splitting is also temperature dependent,38 but since
this effect is weak (cooling from room temperature to 4 K, causes a
change of less than 1% in the zero-field splitting), it is ignored in
this model. All these temperature effects will tend to broaden the
maser linewidth. Recent work has shown that the high power rate
will significantly increase the temperature, especially the T1 time,
which makes maser action impossible17 by affecting the ability of
the gain medium to maintain a population inversion. It would be
interesting to develop the rate equation approach presented here to
include such effects, though they are expected to lead only to small
changes in the predicted thresholds.

A further interesting extension to our rate equation model
would be to explicitly model the effect of NV concentration on the
spin lifetimes. To first order, changes in the NV� concentration
does not affect the cooperativity since the spin decay rate κs is pro-
portional to the NV� concentration39 so that the factor of N=κs in
the cooperativity is constant. However, the concentration of NV�

in diamond samples depends not just on the concentration of
nitrogen impurities but on the efficiency with which such impuri-
ties can be converted to nitrogen-vacancy centers. The relative pop-
ulations of the two possible charge states (NV� and NV0), each of
which can have an independent effect on the spin decay rate,
implies the cooperativity is not independent of the [NV�] for real
systems. The ratio of NV: NV� is typically10 around 14:1, but a
ratio of 6.95:1 has been reported for an optimized system.40 It is
also important to note that the diamond sample can have spatially
varying concentrations. Finally, we expect a higher concentration to
lead to increased self-absorption,41 which is not taken into account
in our model but will again tend to increase the threshold pump
power by increasing the effective cavity decay rate.

Since the uniformity of applied magnetic fields is a key barrier
to the miniaturization of diamond masers, an important question
is how field inhomogeneity affects the masing thresholds. The
homogeneous linewidth of the NV� resonance is about 1MHz42

and in these simulations, it is assumed that the spatial inhomoge-
neity of the applied magnetic field over the volume of the diamond
is small enough that the resulting Zeeman shifts are within the
homogeneous linewidths of the NV� centers. For an intrinsic line-
width of 1MHz, this means the field inhomogeneity should be
,0:03 mT. For experimental systems, smaller field inhomogeneity
increases the number of NV spins in resonance with the cavity,
increasing the cooperativity and reducing the pumping threshold.

IV. CONCLUSION

We have used rate equations extended to second-order to
incorporate the intracavity photon number and coherences between
different NV energy states to simulate the spin dynamics of an
ensemble of NV� centers in a diamond-based maser. The model
predicts the behavior of the maser as a function of material param-
eters of the gain medium and resonator in good agreement with
recent experimental results.17

Cooperativity (and the related Purcell factor) are identified as
key quantities which, if increased, will reduce the threshold pump
power for masing. On the one hand, this requires a high Q factor
and a small mode volume, but intrinsic material parameters of the
diamond gain media such as the concentration of NV� and T*

2

play a significant role, where a long T*
2 and more excited spins,

which are determined by the filling factor and the concentration of
the sample, are favorable. Ever higher pump powers will eventually
reduce the number of maser photons, as the populations end up in
the singlet state and the population inversion is reduced due to a
kinetic bottleneck leading to the accumulation of NV� centers in
the j7i state, so optimizing the cooperativity to lower the threshold
pump power will be important for developing scalable diamond
masers. Alternatively, increasing the transition rate from the j7i
state through Purcell enhancement of a 1042 nm transition
between two sub-levels of j7i could thus be a pathway to higher
maser power outputs, though this is beyond the scope of our
model. Attention to these considerations will aid the design of
diamond-based masers suitable for mass production.

Additionally, we have suggested further improvements in the
modeling of NV� ensembles for maser applications. If the NV� to
NV0 charge conversion and the effects of temperature and NV�

concentration on the spin lifetimes are considered, the trade-offs
between maximizing the coherence times and increasing output
power and cooperativity by maximizing the number of NV�

centers and the pump power will become clearer. Such improve-
ments will require further experimental input, particularly on the
relationship between charge-state ratios and spin lifetimes.

The method presented in this paper, which computes the time
evolution of the maser output explicitly, will be of particular use
for describing the “incipient masing” regime where the stimulated
emission is dominant over the spontaneous emission, but insuffi-
cient for self-sustaining maser oscillation and thus less amenable to
solutions based on steady-state considerations. The full time-
dependent response of diamond masers will also be useful for tech-
nological applications where masers are used to amplify arbitrary
time-dependent microwave signals.

More broadly, we anticipate that the model presented in this
paper will be of use for improved modeling of other quantum tech-
nologies based on ensembles of spin defects, such as diamond mag-
netometers3 and room-temperature masers based on alternative
gain media such as silicon-vacancy defects in SiC.43–45

SUPPLEMENTARY MATERIAL

Example Matlab code to compute the time evolution of a
diamond maser using the equations for @ρ=@t presented in the
Appendix is included as Supplementary Material in the form a
simple function drhodt, which outputs the components of ρ and
the photon number, respectively, over a specified time interval.
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APPENDIX: MATRIX EQUATIONS

Using the Hamiltonian, Eq. (3), and the von Neumann equa-
tions of motion,

i�h
dρ
dt

¼ [H, ρ], (A1)

where ρ is a 7� 7 density matrix. Substituting into the von
Neumann equations, the time-derivative of the density matrix has
13 non-zero elements.

We present the rate equations solved numerically to generate
the results of this work in the matrix form. The overall equation of
motion for the vectorized density matrix, which only contains 13
terms, ρ is given by

_ρ ¼ Mρ

ρ ¼

ρ11
ρ22
ρ33
ρ44
ρ55
ρ66
ρ77
ρ14
ρ41
ρ25
ρ52
ρ63
ρ36

0
BBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCA

,

M ¼ M11 M12

M21 M22

� �
,

where Mij are sub-matrices of M used to clarify the equation by
separating different contributions to the time evolution. M11 is the
7� 7 population sub-matrix, describing the spin dynamics of the
seven-level model. M12 and M21 are the population-coupling sub-
matrices, respectively, 6� 7 and 7� 6, that describe the coupling
of the laser field and the MW field with the seven-level model.
Finally, M22 is the coherence sub-matrix that describes the coher-
ence of the coupled fields. This 13� 13 matrix contains seven
non-zero diagonal terms and six non-diagonal terms. ρij represents
the element of the density matrix, the diagonal terms represent the
populations, and the off-diagonal terms represent the coherence
terms. The sub-matrices are given explicitly as

M22 ¼

�γ l þ iΔl 0 0 0 0 0
0 �γ l þ iΔl 0 0 0 0
0 0 �γ l þ iΔl 0 0 0
0 0 0 �γ l þ iΔl 0 0
0 0 0 0 �γ l þ iΔl 0
0 0 0 0 0 �γ l þ iΔl

2
6666664

3
7777775
,

M11 ¼

�2κ21 κ21 κ21 κ41 0 0 κ71

κ21 �2κ21 κ21 0 κ52 0 0
κ21 κ21 �2κ21 0 0 κ63 κ73

0 0 0 �(κ41 þ κ47) 0 0 0
0 0 0 0 �(κ52 þ κ57) 0 0
0 0 0 0 0 �(κ63 þ κ67) 0
0 0 0 κ47 κ57 κ67 �(κ71 þ κ72 þ κ73)

2
666666664

3
777777775
,
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M12 ¼

� ΩL
2 i ΩL

2 i 0 0 0 0

0 0 � ΩL
2 i ΩL

2 i 0 0

0 0 0 0 � ΩL
2 i ΩL

2 i
ΩL
2 i � ΩL

2 i 0 0 0 0

0 0 ΩL
2 i � ΩL

2 i 0 0

0 0 0 0 ΩL
2 i � ΩL

2 i
0 0 0 0 0 0

2
666666666664

3
777777777775

,

M21 ¼

� ΩL
2 i 0 0 0 ΩL

2 i 0 0
ΩL
2 i 0 0 0 � ΩL

2 i 0 0

0 � ΩL
2 i 0 0 0 ΩL

2 i 0

0 ΩL
2 i 0 0 0 � ΩL

2 i 0

0 0 � ΩL
2 i 0 0 0 ΩL

2 i

0 0 ΩL
2 i 0 0 0 � ΩL

2 i

2
6666666664

3
7777777775
,

where γ l is the decoherence rate of the laser-coupled states, and Δl

is the detuning of the laser from the transition frequencies for
1 ! 4, 2 ! 5, and 3 ! 6.

In the extended rate equations, the NV� center is treated
quantum mechanically as a seven-level system and an additional
second-order term, representing the number of photons a, is added
to the first-order rate equations,

da
dt

¼ F(Wspρ11 þWst(ρ11 � ρ22)a)� κc(a� nth),

dρ11
dt

¼ (Mρ)11 þ F(�Wspρ11 �Wstaρ11 þWstaρ22),

dρ22
dt

¼ (Mρ)22 þ F(Wspρ11 þWstaρ11 �Wstaρ22),

where Wsp is the spontaneous emission rate and Wst is the stimulated
emission rate. The initial conditions are ρ11 ¼ ρ22 ¼ ρ33 ¼ N=3,
a ¼ nth, where N is the total number of available NV centers, and nth
is the number of thermal photons. All other elements of ρ are initially
set to zero.
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