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Abstract Significant inertia-gravity wave activity has
been frequently observed in the vicinity of jet and
front systems in the atmosphere. Although many stud-
ies have established the importance of these non-
orographic sources, the mechanisms responsible for
spontaneous wave emissions are still not fully under-
stood. The complexity of the three-dimensional flow
pattern and distribution of the sources over large areas
point towards the need for laboratory experiments and
idealised numerical simulations. These will help under-
stand the correct interpretation of the fundamental dy-
namical processes in a simplified, but yet realistic flow.
In this study, we emphasise the importance of using set-
ups of the differentially heated rotating annulus exper-
iment with a ratio between the buoyancy frequency N,
and the Coriolis parameter f larger than one to inves-
tigate atmosphere-like emission of gravity waves from
baroclinic jets. Indeed, in the atmosphere N/f ~ 100,
but for table-top size experiments this ratio is smaller
than one, resulting in an unfavourable condition for the
propagation of gravity waves. For this reason, we of-
fer a newly built laboratory experiment supported by
numerical simulations that allow N/f > 1. The con-
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ditions for gravity wave emission in this new configu-
ration are examined in detail, and the first evidence
of IGWs is reported. Moreover, we compare numeri-
cal simulations and experimental data focusing on the
variations of the temperature 7', and its effects on the
buoyancy frequency N. It becomes clear, that despite
the fact the global structure and baroclinic instability
characteristics are very similar, the model and experi-
ment show deviations in IV with implications for gravity
wave emission. Due to the complex horizontal structure
of N, where the largest values occur along the baroclinic
jet axis, the inertia-gravity waves in the experiment are
observed to be trapped.

Keywords Thermally driven rotating annulus -
Gravity waves - Baroclinic waves

1 Introduction

The differentially heated rotating annulus is a classical
laboratory experiment widely used to study the dynam-
ics of rotating, stratified flows. Extensive research has
proven the capability of this experiment to reproduce
the main features of the global and synoptic scale mo-
tions in the atmosphere, namely the large-scale circula-
tion and the baroclinic waves (Read et al., 2014). The
experiment was even used to test atmospheric data as-
similation methods (Young and Read, 2013). However,
in recent years, the focus has shifted to small-scale phe-
nomena such as inertia-gravity waves (IGWs) both in
numerical simulations (Jacoby et al., 2011; Randria-
mampianina and del Arco, 2015; Von Larcher et al.,
2018; Hien et al., 2018) and laboratory experiments
(Vincze et al., 2016; Rodda et al., 2018). IGWs, which
are observed ubiquitously in the atmosphere playing
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an essential role in the vertical transport of momen-
tum, can have scales smaller than the current resolu-
tion of the climate models. For this reason, they need
to be parametrised. Despite recent efforts to investigate
IGW properties and their generation mechanisms, some
aspects remain poorly understood. Among these are
gravity wave radiation processes from non-orographic
sources, especially jets and fronts (Plougonven and
Zhang, 2014). These processes have been studied in
the shear-driven version of the rotating annulus, where
IGWs have been observed in the vicinity of the baro-
clinic jet by Lovegrove et al. (2000) and Williams et al.
(2005). This experimental set-up differs from the dif-
ferentially heated rotating annulus because the tank
is filled with two immiscible fluids, and the baroclinic
instability is driven by the vertical shear created me-
chanically with a differentially rotating lid. With the
help of a numerical model of the annulus, the genera-
tion mechanism of the observed gravity waves has been
investigated and identified as spontaneous generation
by Williams et al. (2008). A modified version of this
two-layer experiment has been proposed in Flér et al.
(2011), where they used a salty stratified fluid instead
of two fluids of different density. Part of the small-
scale waves observed in this configuration is claimed
to be generated by the Holmboe instability occurring
at the density interface. In a successive investigation of
the same experiment done by Scolan et al. (2014), it
emerged that the origin of the small-scale waves could
not be entirely explained by linear shear instability and
the possible mechanisms proposed for the radiation of
IGWs are spontaneous emission or Rossby-Kelvin in-
stability.

Despite the observations in several experimental
configurations, spontaneously emitted gravity waves
have not been observed experimentally yet in the dif-
ferentially heated rotating annulus with a radius in
the order of 10cm filled with a constant density fluid.
This configuration, to which we will refer to as “clas-
sical” set-up, is often used in the laboratories (Hide
and Fowlis, 1965; Ukaji and Tamaki, 1989; Frith and
Read, 1997; Von Larcher and Egbers, 2005). We iden-
tify the cause for this lack of observations in the un-
usual, in meteorological terms, ratio between the buoy-
ancy frequency N and the Coriolis frequency f smaller
than 1. Because this ratio is much greater than one in
the atmosphere, it can be expected that IGW prop-
erties—which depend on N and f according to their
dispersion relation—differ between experiment and at-
mosphere. For N/f < 1 waves can still propagate in
the flow, but they are inertial waves, which are rotation
dominated, and differ from gravity waves in several as-
pects. Since we aim to study atmospheric jet generated

waves, which are gravity dominated, to obtain similar
features it is fundamental to use configurations of the
experiment that allow N/f > 1. Such configurations
can be achieved either increasing N directly by intro-
ducing density stratification (Rodda et al., 2018), or
by reducing the aspect ratio I between the total fluid
depth H and the fluid gap L. The latter solution, to
which the present study is dedicated, leads to N/f > 1
for a small Burger number that allows to remain in the
baroclinically unstable regime.

Several studies (Hide and Fowlis, 1965; Lambert
and Snyder, 1966; Douglas and Mason, 1973) investi-
gated the effects of changing the aspect ratio on the
flow regime in a differentially heated rotating annulus.
They found that the stability curve, which determines
when baroclinic instability can occur, is affected by the
parameter IT. What emerges from these studies is that
in configurations with a tall annulus, the Ekman layer
is small compared to the total fluid depth and the large-
scale flow is not affected by Ekman friction. When the
fluid depth is decreased for heating and rotation kept
constant, on the other hand, friction becomes more and
more dominant and can, therefore, no longer be ne-
glected.

The purpose of the present study is to demon-
strate that a baroclinic wave experiment with a working
fluid of homogeneous density needs a small IT to reach
N/f > 1. However, to avoid ending up in an Ekman
dominated flow, H must be in the order of at least a
few centimetres. This, in turn, implicates an L in the
order of decimetres.

In the first part of this paper, we search for the crit-
ical fluid depth that barely allows for regular baroclinic
waves. We do this first by looking at simple heuristic ar-
guments that use solutions from the theoretical model
by Eady (1949), and then confirm those with experi-
mental results. We do our analysis for a free surface, i.e.
comparing free surface data with the free surface model
by O’Neil (1969). Such a comparison has, to the best
knowledge of the authors, never been done before. In
the second part, we go into more detail and present the
spatio-temporal patterns of N/f and the signature of
gravity waves occurring in regions of the flow where the
local Rossby number is large for a newly built rotating
annulus with a more atmosphere-like configuration. The
construction of this experiment follows the arguments
we have given in the first part of this study and the
configuration was firstly suggested by Borchert et al.
(2014). Their numerical studies—using such a config-
uration with a wider gap, shallower flow, and a large
radial temperature contrast—Ilead to the identification
of spontaneously emitted IGWs (Borchert et al., 2014;
Hien et al., 2018). In the conclusion of the paper, we
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briefly comment on the consequences of the rather com-
plex N/f field for IGW radiation and propagation in
the newly designed experiment.

2 Transition curves for shallow water set-up
2.1 Inviscid systems and geometry effects

One of the first mathematical models to explain the
baroclinic instability mechanism was developed in the
late 1940s by Eady (1949). This inviscid theory con-
sists of a linear stability analysis of the mean flow for
a quasi-geostrophic fluid in a vertically bounded rotat-
ing domain with superposed small perturbations. The
mode is found to be stable whenever the Burger num-
ber, Bu, satisfies

HgaA,T 0.581

Bu:402<b_a>2 = (12_"_77%2)7

(1)

where m is the azimuthal and [ is the radial wavenum-
ber, g is gravity, and « the thermal expansion coefficient
(Drazin, 1978). The values of the parameters are given
in table 2. Bu is a dimensionless number, written here
in terms of the parameters of the differentially heated
laboratory experiment, and A,T, which is related to
the internally determined vertical temperature gradi-
ent 0T /0z multiplied by the total fluid depth H. Note
that in the laboratory experiment the upper boundary
condition is free surface while the Eady model uses a
rigid boundary. If friction can be neglected and one as-
sumes that surface waves do not affect the baroclinic
waves, then a free upper surface and a rigid lid are
equivalent, at least for the baroclinic wave dynamics as
experimentally shown by Fein (1973).

When studying rotating fluids, another useful di-
mensionless number—defining the ratio between iner-
tial and Coriolis forces—is the Rossby number Rop =
Ur/(fL), where Ur is the typical velocity scale, f = 2(2
is the Coriolis parameter, and the gap width L = (b—a)
defines the horizontal dimension. For the flow in the
rotating annulus, the fluid velocity is given by the
thermal wind equation Ur = (HgaAT)/(fL), where
AT = (T, — T,) is the externally impressed radial dif-
ference of temperature (with T} the temperature at the
outer warm wall and T, the temperature at the inner
cold wall). By substituting Ur into the definition of
Ror, we have

Hga AT

Ror = 1056 — oy’

Bu = o0,Ror. (2)

Note that a universal definition of the thermal Rossby
number is lacking and some authors define it with 2

instead of f in the denominator; a factor 4 might, there-
fore, be needed to compare data from different sources.
Following Hide (1967), we define the dimensionless pa-
rameters o, = A,T/AT and o, = A, T/AT, where
AT = (b— a)0T/0r is the radial temperature gra-
dient in the fluid interior multiplied by the horizontal
dimension of the annular gap. The Burger number is,
therefore, proportional to the thermal Rossby number
multiplied by o, corresponding to the mean slope of
the isotherms. It can immediately be seen that, under
the assumption that A, T ~ AT (we shall discuss the
validity of this assumption in section 3.1), the Burger
and the thermal Rossby number are equivalent. An-
other consequence of making this assumption is that
the buoyancy frequency, which depends on the stratifi-
cation of the fluid, can be written as N? = gaAT/H.
In this way, the Burger number can be rewritten as

= (3) ()

Shallower systems have a greater value of N for
baroclinic waves, given the same imposed radial
temperature difference. It can, therefore, be seen how
the geometry of the rotating annulus becomes crucial
when using it for the study of inertia-gravity waves,
the frequencies of which strongly depend upon N.
A similar argumentation about the importance of
geometry in numerical simulations has been discussed
by Borchert et al. (2014).

One of the generation mechanisms of inertia-gravity
waves still not fully understood is spontaneous emis-
sion. Although spontaneous emission in stratified fluids
could not be reduced to a single process yet, it is how-
ever frequently connected to spontaneous emission in
rotating shallow-water (RSW) flow. For RSW it can
be related to Lighthill radiation, where the source is
considered to be small compared to the emitted long
waves and it is assumed that the Rossby number is
Ro > 1 and the Froude number Fr = U/(gH)'/? << 1
(Vanneste, 2013; Sugimoto et al., 2008). Lighthill ra-
diation of gravity waves is based on the isomorphism
between compressible waves and shallow water sur-
face waves. Studying baroclinic waves in a continuously
stratified fluid, as we do in the differentially heated
rotating annulus, this isomorphism breaks down but
spontaneous gravity wave emission is still possible, al-
though it differs from Lighthill radiation. Since in strat-
ified flows Fr = U/(NH), and hence Bu = (Ro/Fr)?,
we find that in flow regimes with A,T' ~ AT the Froude
number depends on the thermal Rossby number via
Fr =~ Ro'/?. This implies that in stratified flows the
background condition typical for the RSW Lighthill
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radiation cannot be reached if the vertical tempera-
ture difference equals the lateral temperature differ-
ence. Therefore, it is not yet clear at which region in the
Ro — Fr-space we can expect the most effective gravity
wave radiation.

Figure 1(a) shows, for fixed Bu = 0.6 (i.e. where the
onset of baroclinic instability is predicted by the Eady
model, according to (1)) and Fr = 0.77, the variation
of N as a function of the rotation rate {2, calculated
with (3) for different experimental set-ups tested in the
laboratories at BTU. The label “small-tank” refers to
the classical set-up (see the second column in table 2
for more details) with maximum and minimum fluid
depths. The label “big-tank” refers, instead, to the new
experiment (see the third column in table 2 and sec-
tion 3) with characteristics more similar to the atmo-
sphere. For comparison, a thermohaline configuration of
the small-tank experiment is also shown in the plot and
labelled as “barostrat” (see Rodda et al. (2018)). This
experiment, for which N/f > 1 is reached by introduc-
ing a vertical salinity gradient, represents a special case
since the baroclinically unstable layer lies on top of a
stably stratified layer. For this reason, it has no bottom
Ekman layer influencing the flow. Rodda et al. (2018)
observed inertia-gravity waves trapped along the baro-
clinic jet and showed that barostrat is, for some aspects,
an ideal experiment to study emission and propagation
because of the formation of alternating baroclinically
unstable and stable layers, qualitatively resembling the
troposphere and stratosphere. The latter is too stably
stratified for baroclinic instability.

As it can be seen in figure 1(a), the black line for
the small tank with a fluid depth of z = 13.5cm is be-
low the line N/f = 1 (in purple) whereas the red line
for the atmosphere-like big tank is above that curve.
For this reason, with the big tank we are closer to the
atmospheric case since f < w < N. Note that we have
N/f =~ 2 which is still small compared to the atmo-
sphere where N/f = 100. It is, moreover, relevant to
point out that for typical laboratory conditions, which
give N = 0.5 rad/s, the big tank rotates much slower
in comparison to the small tank. By reducing the wa-
ter depth in the small tank to z = 3 cm, which is the
shallowest configuration for which a regular baroclinic
wave was observed (see section 2.2 figure 3), N/ f raises
to 1.2; however this is, in fact, an unfortunate configu-
ration for investigating IGWs since the frequency band
for this case is rather narrow. Finally we mention that,
for the barostrat experiment, N/ f in the baroclinically
unstable layer is even greater than that of the big tank
since the free baroclinic layer is very thin. The question
is how thin the fluid layer may be before Ekman effects
influence baroclinic instability.

a ) critical N for baroclinic instability

—small tank z=13.5 cm
- - small tank z=3 cm 4
—big tank e
- N/f=1 e
10° f|—barostrat gt
.| O atmosphere ——

-------- N=0.5 rad/s R

N in rad/s

107 102 10°
Qin rad/s
thickness Ekman layer for baroclinic instability

T
N

—small tank z=13.5 cm
Ss - - small tank z=3 cm

~ —big tank

N O atmosphere

6barostmt ~0

10—2 L

10 107 10°
Qinrad/s
Fig. 1 (a) Critical buoyancy frequency N as a function of the
rotation rate {2 calculated with (3) for different experiments
and experimental configurations. (b) The ratio of the Ekman
layer thickness and the fluid depth, §, as a function of 2.

What we can already see from the qualitative anal-
ysis of the different experiments is that the greater the
inverse aspect ratio II, the more suitable the exper-
imental configurations are to study IGWs. However,
when the fluid depth is decreased in the laboratory ex-
periments, viscous effects at the bottom and, in case
of a rigid lid, the top of the tank cannot be neglected.
To estimate the importance of friction, we have plotted
the ratio of the Ekman layer thickness (g = (v/f)/?
where v is the coefficient of the kinematic viscosity) and
the fluid depth § = dg/H as a function of 2 in figure
1(b). The circles display values for N ~ 0.5 rad/s corre-
sponding with the intersection of the horizontal dashed
line with the sloping lines of the different experiments in
figure 1(a). The black line for the small tank (with the
fluid depth dgmqy = 13.5 cm, mostly used for the ex-
periments) is far below the line § = 1. For the big tank
experiment, we find § ~ 0.1 that corresponds roughly
with the (turbulent) atmosphere. For h = 3 cm Ekman
layers cover about 10% of the fluid depth. As we will
see later, this seems to be the limit for the development
of regular baroclinic waves close to the transition point.
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As mentioned earlier, the barostrat has no Ekman layer
(no rigid bottom boundary for the thin layer close to
the surface) and is, therefore, an ideal set-up. It should
be noted, however, that even outside the boundary lay-
ers the flow in the annulus is “more viscous” than the
atmosphere, i.e. its characteristic Reynolds number is
much smaller than the atmospheric one.

We can conclude that (apart from the barostrat
which is technically more complicated), only the big
tank system fulfils the requirement N/f > 1 and
4 < 0.1. Next, we study boundary layer effects on baro-
clinic instability experimentally to confirm the critical

J.

2.2 Viscous systems: consequences of decreasing the
fluid depth

As the fluid depth is decreased (for constant thermal
forcing and rotation rate), the ratio of the Ekman layer
thickness and the fluid depth becomes greater (as in the
case of the small experiment with shallow water where
0 =~ 0.1) and, therefore we presume viscosity to have
a non-negligible influence on the baroclinic instability
mechanism. In these cases, we do not expect the Eady
model—which is inviscid—to predict the transition be-
tween axisymmetric and wave regime correctly. Hide
and Fowlis (1965) investigated the effects of viscosity
on the transition between axisymmetric and baroclinic
wave regime experimentally. What they found is that
two external dimensionless parameters mark this tran-
sition: the thermal Rossby number, already introduced
in (8), and the Taylor number

_42(b—a)®

T
@ v2H

(4)

The experimentally measured transition points from
axisymmetric flow to baroclinic waves in a Ta — Rop
diagram follow an anvil-shaped curve (see regime dia-
grams, e.g., Hide and Fowlis (1965) and Hide and Ma-
son (1975)). Furthermore, (2) and (4) reveal a depen-
dence on the inverse aspect ratio I1. Hence, for a fixed
gap width, the transition to baroclinic waves varies with
the fluid depth (Lambert and Snyder, 1966). In order to
reproduce the experimental curves, several theoretical
studies have extended the solutions of the Eady prob-
lem taking into account the effects of viscosity. Barcilon
(1964) assumed that the effects of friction at the flat
rigid bottom and top lid dominate the effects at the
side walls. With this approximation, valid for shallow
water fluids, dissipation is introduced only at the Ek-
man boundary layers at the top and the bottom, and in
the fluid bulk the model converges to the Eady solution.

Successively, O’Neil (1969) extended the Barcilon
(1964) theory by using a systematic analysis to include
the effects of sidewalls on the instability results and to
allow for a free surface. Her solution for the neutrally
stable modes (equation 6.2 in O’Neil (1969)) is a tran-
scendental equation the terms of which are functions of
the Burger number and the Taylor number. The tran-
sition curves are qualitatively and quantitatively in ex-
cellent agreement with the experimental points found
by Hide and Fowlis (1965).

Once the geometry of the experiment, in particular
the inverse aspect ratio I1, the wavenumber m, and the
parameter eg = A, T/A,T are fixed, the equation can
be solved using the shooting method which gives the
neutral stability curves. The validity of the solutions is
limited to the cases where II < 1. Not many attempts
have been made to run experiments with I7 < 1. In
most cases, the differentially heated rotating annulus
is a table size experiment, and the gap has a width
varying from O(10cm) to O(1cm). In our laboratory,
the small-tank—a rotating annulus with a gap width
L = 7.5cm—has been used to investigate the shallow
water regime and compare the observed transition from
the axisymmetric to the wave regime with the transition
predicted by the theoretical model from O’Neil (1969).
The technical specifications of the experiment are given
in the second column of table 2 (for more details about
the experiment see Von Larcher and Egbers (2005)).

The experiments were conducted in the following
way: initially, the outer and inner annulus were set
to the desired (warm and cold) temperature, and the
experiment was allowed to warm up for 1 hour until
it reached a constant radial AT. Then, rotation was
switched on and increased stepwise; at each step, we
waited for 20 minutes so that the experiment could set-
tle down to a certain baroclinically unstable state. The
flow was monitored with an infrared camera which al-
lowed us to measure at which rotation rate the flow
regime passed from “axisymmetric” to “regular wave”.
The same experiment was repeated systematically de-
creasing the fluid depth from d = 8 to 1 cm.

The Burger number for the first observed wave is
plotted with blue circles in figure 2 for the different
inverse aspect ratio IT; the fitted black dashed curve
is compared with the theoretical inviscid Eady model
(straight blue line) and the O’Neil viscous model (red
curve). Both theoretical models are plotted for baro-
clinic instability m = 3, which corresponds to the
wavenumber observed in the laboratory experiment. It
can be seen that the O’Neil curve converges to the Eady
model for deeper fluid and deviates from this model
when going to shallower water systems, as expected.
The experimental points are all situated between the
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Fig. 2 Plot of the transition from axisymmetric to wave
regime for varying fluid depths. The straight blue line shows
the (Eady model) inviscid criterium for m = 3 and I = 1. The
red curve shows the transition according to O’Neil (1969) for
m = 3 to be compared with the black dashed curve which is
the fit of the experimental data (blue circles). The error bars
show the maximum AT variation for different experiments.
The grey region is to be intended as stable for m = 3 mode,
but within it the front can still be unstable with respect to
modes with m < 3. See text for more details.. For fluid depths
d =2 cm and d = 1 cm the regime was not regular waves,
rather geostrophic turbulence or more irregular waves (see
figure 3). The blue dashed curve shows measured data for a
rotating annulus with a rigid upper surface from Douglas and
Mason (1973). The red and dark yellow dots are points taken
from experiments from Lambert and Snyder (1966) and Hide
and Fowlis (1965) respectively; note that in both cases the ob-
served wavenumber is m = 3 (as for our experiment), but the
aspect ratio of their experiment is IT = 2. The green dot cor-
responds to the transition observed with the atmosphere-like
tank at the BTU. The purple dot corresponds to an experi-
ment done by Ketchum (1972). The diamond-shaped markers
are showing data from rotating annulus experiments with a
so-called horizontal convection temperature boundary con-
dition (red Scolan and Read (2017), black with Bu = 0.13
number for AT, = —1, smaller Bu = 0.06 for AT, = —1
see Hathaway and Fowlis (1986), and blue Banerjee et al.
(2018)). The squared purple marker shows the transition for
the upper layer in the barostrat experiment.

a) b) c)

Fig. 3 Snapshots of the flow pattern for the three shallowest
fluid depths visualised with the infrared camera (a) H = 1
cm, b) H = 2 cm, and ¢) H = 3 cm). For H > 3cm the
flow regime is a regular wave m = 3 similar to the one in (c).
The changes in temperature for the different experiments are
taken into account with the error bars in figure 2.

2 25

two models, except for the shallowest configuration ex-
plored (the error bars take into account the small tem-
perature variations for different experiments). Interest-
ingly, for the experiments that were run with water
depths z > 3cm, we observed a fully developed baro-
clinic wave, and their points in figure 2 are noticeably
closer to the Eady straight line than the two shallowest
runs. For these two, having fluid depths of z = 1 and 2
cm, a regular wave regime never sets in, and the tran-
sition points are marked where we observed the flow
to deviate from axisymmetric. For z = 2 cm a wavelike
instability, confined close to the inner cylinder, was ob-
served (see figure 3(b)), but it did not extend to the full
gap width even after waiting for one hour. For z = 1 cm,
the first regime observed after the axisymmetric one al-
ready seems to be turbulent (see figure 3(c)). We in-
creased the rotation rate until {2 = 7 rpm, but could
not observe a regular wave. Note that in our analysis we
focused on m = 3 and we do not know the behaviour
for other modes, for example m = 1,2, which are in
theory possible but not observed in the experiments
we run. However, these modes exist in regimes where
the rotation rate is lower than the one for m = 3 and
hence where the Ekman layer is even thicker. There-
fore, we expect a qualitatively similar behaviour as the
one shown in 2 for m = 1,2 and that the deviation
from the Eady model starts for larger II. Higher modes
might survive for smaller II.

Our data are further compared with other typical
transition points for shallow-water differentially heated
rotating annulus experiments present in the literature,
plotted in figure 2. The dashed blue curve is taken from
Douglas and Mason (1973) and represents the tran-
sition for an experimental set-up with a rigid upper
boundary. In their work, Douglas and Mason (1973)
studied the effect of varying the aspect ratio and com-
pared experiments with the theoretical model by Bar-
cilon (1964), which corresponds to their rigid-lid appa-
ratus. They reported an increase in the azimuthal baro-
clinic wavenumber measured at the transition point
with the decrease of the fluid depth set for the exper-
iment. This might be explained by larger Taylor num-
bers and smaller Rossby deformation radii for smaller
depth. The lid at the upper boundary affects the stabil-
ity of the flow by shifting the transition of the baroclinic
instability to higher Burger number values. Therefore,
it has a destabilising effect in agreement with what was
observed by Fein (1973) although the upper boundary
condition does not substantially alter the baroclinic dy-
namics. Figure 3(a) shows the possible remains of such
a large wave number case in an already turbulent state.

The second set of experiments included in figure 2
are performed in set-ups having a free surface and lat-
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eral differentially heating forcing system, performed by
Hide and Fowlis (1965) (dark yellow dot in figure 2),
Lambert and Snyder (1966) (red dot), and Ketchum
(1972) (purple dot). We compare them with the tran-
sition for the atmosphere-like tank at the BTU (full
details about the transition for this experiment will be
given in section 3) marked by the green dot. The first
two authors only investigated the region with IT > 1
for which the theory of O’Neil cannot be applied, while
the last author reduced the aspect ratio to II = 1. Note
that Bu has been re-calculated according to (1), since
some authors used different definitions.

The diamond shaped markers show three experi-
mental set-ups for the rotating annulus with different
variations of the so-called horizontal convection bound-
ary conditions. The blue data is from Banerjee et al.
(2018), for a rotating annulus with a peripheral spot
heating system at the bottom on the outer edge and
uniform cooling on the inner edge. Another experiment
with peripheral local heating at the bottom, but with
central cooling by a circular disk placed at the top was
proposed by Scolan and Read (2017) and is indicated
in figure 2 by the red diamond shaped marker. The last
experiment of this kind is a configuration proposed by
Hathaway and Fowlis (1986) (black markers) where the
radial temperature gradients are imposed on a ther-
mally conducting lid and bottom walls, and the side
walls are insulating. The two points are taken from the
horizontal difference of temperature ATy = 10 K. One
with AT,, = —1, which gives Bu = 0.13, and one with
AT, = —1, which gives a smaller Bu = 0.06. It seems
that in this case, the transition to baroclinic instability
occurs for smaller Bu compared to the predictions by
Eady and O’Neil for the case of differentially heating
at the cylinder walls. These last two mentioned exper-
iments have a similar horizontal scale, each more than
one order of magnitude larger than the classical set-up.

Finally, the purple filled square marker indicates the
barostrat experiment (Rodda et al., 2018). Although
the value of IT for this point corresponds to the one
for the “classical” experiment where no fully developed
baroclinic wave could be observed (see figure 3(a) and
(b)), for the barostrat experiment, a steady wave with
m = 3 was found. This further confirms that the influ-
ence of the bottom Ekman layer inhibits the formation
of baroclinic waves. Indeed, the shallow top layer of the
barostrat experiment is sandwiched between the free
surface and a stably stratified layer; therefore it has no
destructive bottom Ekman layer.

In summary, from the results discussed so far we
can evince that a tabletop-sized experiment, which is
the usual configuration for the differentially heated ro-
tating annulus in laboratories, is unfavourable to study

atmosphere-like IGWs. Indeed, these waves require
N/f > 1 which translate in a demand for IT << 1; as
elucidated by figure 2 and 3 this will result in thin and
viscous-dominated layers, which do not allow proper
development of baroclinic waves in the classical exper-
imental configuration.

To overcome this problem, one can suppress the
Ekman layer, as done in the barostrat experiment by
adding a baroclinically stable fluid layer underneath
the baroclinically unstable one. The other possible
solution is to change the geometry of the experiment
by building a system with a large L so that, even
for IT << 1, the fluid depth is still in the order of
centimetres and, hence, not dominated by friction.

3 Atmospheric-like new tank—laboratory
experiment and numerical simulations

Having discussed why we need a set-up more suitable
to study IGWs in the laboratory, we now introduce a
new experimental apparatus that was recently built at
the BTU Cottbus-Senftenberg laboratory. The set-up of
this experiment was introduced in previous numerical
studies done by Borchert et al. (2014). Some modifica-
tions have been applied to adapt the model’s configu-
ration to a feasible laboratory arrangement.

A completely transparent acrylic glass annulus was
built and mounted on a rotating table. The annulus
is divided into three concentrical gaps by transparent
walls, each with a thickness of 1.5cm (see the picture
in figure 4). The middle-gap width measures L = 35cm
and the fluid depth is H = 6cm, resulting in an as-
pect ratio IT = 0.17, which is less than the aspect ratio
IT = 0.4 reached in the small tank with a fluid depth
of 3cm. In the outer gap, warm water is pumped in
and out by two pipes positioned diametrically oppo-
site each other. The pipes are fixed to the laboratory
frame and connected to an external thermostat that
heats the water to the required temperature. A simi-
lar system is used to pump cold water into the inner-
most cylindrical gap. The middle gap is filled before-
hand with de-ionised water at the temperature of the
lab (kept at a constant 21 °C). When the heating and
cooling systems are switched on, the working fluid ex-
periences a difference of temperature in the radial direc-
tion due to the heat conduction through the cold inner
and the warm outer walls. The rotation of the tank is
computer-controlled via a Labview program. While the
water temperature in the outer and inner rings is al-
lowed to reach an equilibrium, the rotation of the tank
is set to £2 = 0.1rpm. With this system, the pipes stir
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Fig. 4 Picture of the new experimental apparatus.

the water providing an equal distribution of the tem-
perature along the boundary walls. After approximately
two hours, a constant radial temperature difference is
reached, and we increase the rotation rate (by 0.01 rpm
every 15s) to the final value. The angular velocity range
used covers 0.3rpm < {2 < 1.2rpm with an accuracy
40.02 rpm, which corresponds to a maximum error of
1.7% for the smallest 2. The temperature is monitored
with sensors placed at the two sides of the walls: in the
hot and cold baths, and in the working fluid. The latter
is measured at two fluid depths z = 5cm and z = 1cm
from the bottom of the tank for the warm and cold wall
(see figure 5) with sensors of diameter d = 1.4 mm. Be-
cause the lateral thermal boundary layer thickness is
about 0.5 mm (see appendix A), these sensors measure
the temperature in the boundary layer or just outside
of it. These are used to determine the radial tempera-
ture difference A, T, which is usually measured outside
the boundary layers (Douglas and Mason, 1973). The
value of the externally impressed temperature differ-
ence, AT which is one of the variables in the defini-
tion of the thermal Rossby number (8), is calculated
by dividing the difference of temperature measured be-
tween the cold and warm baths by a factor, taking into
account the heat loss due to the conduction through
the walls. Note that, because of the thickness and the
low heat conduction of the plexiglass, we have a non-
negligible heat loss through the lateral walls and with
this experimental set-up it is not possible to impose a
large lateral difference of temperature, as done in the
numerical simulations by Borchert et al. (2014).

The data presented in the following paragraphs, in-
cluding the plots, both come from the temperature mea-
sured in the fluid gap at mid-radius, using thermocouple
sheathed sensors consisting of two wires (NiCr-Ni) from
ALMEMO®. These sensors are positioned at mid-gap
at different fluid depths z =1.7, 2.6, 3.0, 3.8 and 4.4 cm
(see figure 5). The diameter of the sensors is 500 pm, the
length of the wire is 10 cm, and their operating tempera-
ture range is from -200 to 900 °C with resolution 0.1 °C.
A control unit synchronises the sampling interval of the
sensors, which we set to At = 1s. An infrared camera
(Jenoptik camera module IR-TCM 640, 640 x 480 pixel
resolution) fixed in the laboratory frame with a field
of view of a section covering approximately 1/5 of the
annular gap measures the temperature at the surface
(see figure 5(b)).

The geometry and experimental conditions of the
laboratory experiment are transferred to corresponding
numerical simulations employing the numerical model
cylFloit used by Borchert et al. (2014) and Hien et al.
(2018). This model applies a finite volume algorithm to
solve the Navier-Stokes equations for a Boussinesq fluid
in an annular domain. The resolution of the regular
grid in cylindrical coordinates is Ny = 600 azimuthal,
N, = 200 radial, and N, = 135 vertical. The boundary
conditions applied at the lateral and bottom walls are
no-slip. The boundary condition at the top of the tank,
simulating the free surface of the experiment, is the slip
condition

ou _Ov

oz, o:_, "

z=d

and w|,_, =0. (5)

Therefore, the top condition in the numerical sim-
ulations consists of an “inviscid” lid where the stresses
tangential to the surface, surface waves, and the surface
tension are neglected. Moreover, the top of the annulus
is considered adiabatic; thus the heat transfer between
the fluid and overhead ambient air is excluded from
the model. The omission of wind stress and evaporative
cooling might be a source of discrepancies between the
laboratory experiment and the numerical simulations
(as discussed later). In order to obtain the best possible
comparison between model and laboratory experiment,
the simulation strategy is based on the experimental
procedures. First, a 2D simulation is run with a con-
stant rotation rate of {2 = 0.1 rpm until a steady state
is established. Subsequently, a random disturbance is
added to the temperature field before a 3D simulation
of the entire annulus configuration is performed. The
rotational speed is thereby linearly increased by 0.01
rpm every 15s until the final speed is reached. Over
the entire period, at each integration step, a random
disturbance is applied to the inner and outer cylinder
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Tur =1 B

Fig. 5 (a) Sketch of the big-tank geometry and the position of the temperature sensors at the boundary walls (left-hand side)

and in the middle of the tank at various fluid depths (right-hand side of the tank). The sensors are positioned along a vertical

line. The positions of the co-rotating laser and camera used for the PIV measurement illustrated in section 4 are also shown
. (b) Field of view of the infrared camera.

wall temperatures in order to mimic the temperature
variations perceived in the experiment.

3.1 Regime diagram

To investigate dominant flow regimes, we run several
numerical and laboratory experiments; the imposed
temperature difference was kept constant, and we var-
ied the rotation rate. For the imposed temperature dif-
ference, the smallest rotation rate for which a baroclinic
wave sets in is £2 = 0.5 rpm. A regular wave regime with
azimuthal wave numbers varying between 4 < m < 7,
has been observed for rotation rates 0.5 < 2 < 1 rpm
(displayed in figure 6). For {2 > 1 rpm, the flow starts
to enter a geostrophic turbulent regime. By running
the experiment several times under the same condi-
tions, baroclinic waves with different wave numbers oc-
cur, suggesting the existence of multiple equilibria. The
numerical simulations confirm these observations.

The minimum and maximum azimuthal wavenum-
bers observed are consistent with the geometry of the
annulus, expressed by the empirical law (Hide and Ma-
son, 1970)

mb+a 3rb+a
Zb—aSmSZb—a’ (6)
which gives mpy;, = 3 and myax = 7 for our experi-
ment. Since m = 3 has not been observed, we expect
that the region for m = 3—for the chosen Burger num-
ber Bu and Taylor number T'a—will be small. For other
choices of rotation rate and lateral temperature differ-
ence, the region for m = 3 might be larger and therefore
observed in the experiments, but we have not investi-
gated this.

Figure 6 compares the regime diagram for the new
atmosphere-like tank with the classical configuration
from Vincze et al. (2015) and a large rotating annu-
lus experiment from Scolan and Read (2017), where
thermal forcing is applied by local heating and cool-
ing sources. The theoretical instability curves from the

O’Neil (1969) model are plotted for both configurations
(grey line for the classic, with m = 3, and blue for the
atmosphere-like rotating annulus, with m = 4). The
straight red line corresponds to the inviscid instability
criterium (1) for m = 3. It should be noted that the
transitions shown in figure 6 are consistent with O’Neil
(1969) and that for both, the small- and big-tank, some
baroclinic waves can be observed in the region of the
diagram above the inviscid Eady line and below the
O’Neil curves. Moreover, these theoretical curves show
a very good agreement with the experimental curves
from Hide and Mason (1970) (plotted in black in fig-
ure 6). Note further that we observed an almost perfect
correspondence between the experiments and the simu-
lations with respect to the azimuthal wave numbers (the
markers labelled with m = 0,4/5,6/7,7 in the regime
diagram shown in figure 6 are for both the numerical
simulations and the experiment).

The Burger number, Bu, for the classic and the
atmosphere-like configuration is calculated by consid-
ering the lateral imposed difference of temperature di-
vided by a factor o, = 0.3. Hide (1967) found heuris-
tically that for high Péclet numbers, the parameters
0, ~ 0.67 and o0, ~ 0.33. These values compare well
with several laboratory experiments reported in their
paper, which are however all limited to inverse aspect
ratio IT > 1, i.e. tall annuli with narrow gaps and high
fluid depths. Experimental studies for IT < 1 were done
by Douglas and Mason (1973) for a differentially heated
annulus with rigid upper lid, and they measured a con-
sistent decrease of o, and increase of ¢, for decreasing
fluid depths. More specifically, for 0.13 < II < 0.2,
which is the range into which our experiment with
II = 0.17 is included, they measured 0.3 < o, < 0.5.
We can verify whether this value matches the temper-
ature gradients measured in our atmosphere-like labo-
ratory experiment. First of all, we calculate the Péclet
number Pe = gaATv'/2/8x23/2 = 570. Since Pe is
used to distinguish regimes for which the flow is dom-
inated by thermal conduction (low Pe) to the regimes
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—— instability big-tank
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Fig. 6 Regime diagram and instability curves. The straight red line is Eady’s inviscid model from (1) for I = 1,m = 3, the
grey and blue curves are from O’Neil (1969) for the small-tank and the big tank with constant eg = 0.3 and m = 3 and m = 4
respectively. The Burger number of the experimental data for the small and big-tank is calculated assuming that AT = o, AT
is constant for the different rotation rates, in order to have a better comparison with the model. The small-tank data are taken
from Vincze et al. (2015) and Vincze et al. (2014) (darker red dots). The black curve is from experimental data by Hide and
Mason (1970). Data from Scolan and Read (2017) are also plotted (green dots) for a comparison with a configuration when IT is
< 1. Surface temperature data acquired with an infrared camera show wave flow regimes for different azimuthal wavenumbers

found in the new big-tank configuration.

dominated by convection (high Pe), we can see that
our experiment falls into the second type of flow. Then,
we can calculate o, and o, and compare them with the
values found by Hide (1967) and Douglas and Mason
(1973). For an externally imposed AT = 4.8°C and
2 = 0.7 rpm, the measured A,T is in the range 1.7°C
(close to the surface) to 1.3°C (close to the bottom)
giving o, = 0.27 — 0.35. If we, instead, consider the
horizontal difference of the vertically averaged temper-
ature measured in the fluid interior (see T, — T in table
1), the values of the factor raise to o, = 0.52—0.68. Our
results show excellent agreement with the investigation
of Douglas and Mason (1973), confirming a decrease of
0. and an increase of o, for shallow water configura-
tions.

Scolan and Read (2017) measured the stratification
through the vertical temperature profiles at mid-radius
and used those to calculate the Burger number plotted
in figure 6 (green dots). It can be seen that the dashed
line connecting the data is not parallel to the other two
lines. This shows that the coefficient o, is not constant

in the parameter regime, but it increases moving to-
wards the bottom right corner in the Ta — 8 diagram.

3.2 Temperature and N

We now compare results from numerical simulations
with the experimental data to investigate how well the
model developed by Borchert et al. (2014) can repro-
duce the data in spite of deviations in the upper bound-
ary condition: the omission of surface heat loss due to
radiation and evaporation, and the neglection of surface
waves and surface tension. As we will see, the devia-
tions are not too significant, and the qualitative struc-
ture matches with the experiment. Therefore, we can
later use the numerical data to (at least qualitatively)
better understand certain features we observe in the ex-
perimental data, e.g., the occurrence of gravity waves
trapped along the jet axis (Rodda et al., 2018). For
this comparison, we select a laboratory experiment and
the corresponding numerical simulation, and then in-
vestigate the temperature and NV field more into detail.
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Fig. 7 Surface temperature for the experiment (a) measured with the infrared camera and the numerical simulations (b) plotted
for data sampled at the surface, i.e. z = 6 cm. The mean temperature (Tiaboratory = 21.3 °C and Tsimulations = 24.2 °C) has
been subtracted to each time series taken at five fluid depths along a vertical line at mid gap for the laboratory experiment

(¢) and simulations (d).

For the numerical simulations, the boundary tempera-
ture at the walls is constant along the vertical and set
to T, = 25.6°C at the outer wall and T, = 22.8°C
at the inner wall; a random amplitude noise of 0.5°C
is added to both. For the laboratory experiment the
temperature measured by the sensors attached to the
walls at two fluid depths z = 5 ¢cm and z = 1 cm are
Ty =5 = 24°C and T, .—1 = 21°C at the warm wall,
and T, .—5 = 20.2°C and T, .—; = 19.8°C at the cold
wall. From these measurements one can see that the
lateral temperature difference closest to the free surface
Ty,2=5 — T¢,.—5 = 3.7 is higher than the one near the
bottom of the tank T\, ,—1 —T¢ ,=1 = 1.4. Although the
numerical simulations do not capture this depth varia-
tion, the mean temperature values close to the bound-
ary lateral walls compare reasonably well, as it can be
seen in the second column in table 1.

It is worth mentioning that with NV from table 1 and
H = 6cm we find N?2H/g ~ 2.4 x 10~* (for the ocean it
is roughly 3 x 1072). It is known that for N?H/g << 1
the inertia-gravity wave spectrum is separated from the
surface wave spectrum. Accordingly, the surface gravity

waves, neglected in the numerical model, will not affect
the IGWs (Pedlosky, 2013).

The large-scale temperature patterns at z = 6cm
observed in the laboratory experiment and numerical
simulation are shown in figure 7(a) and (b). The lab-
oratory experiment temperature is measured with the
infrared camera, and the temperature field for the en-
tire annulus is graphically reconstructed combining to-
gether subsequently recorded partial images. This can
be done because of the symmetry properties of steady
waves, which have regular patterns in time. Each im-
age used for the reconstruction is shifted by an angle
¢ = (2dt, where (2 is the rotation of the tank and dt
is the time between two recordings. A leading baro-
clinic wavenumber m = 7 is found in both experiment
and simulation, after a steady state is reached for the
rotation rate {2 = 0.7 rpm. The surface temperature
compares qualitatively well in view of the the fact that,
in contrast to the experiment, the numerical model has
a no flux boundary condition at the upper surface.

The next analysis presented is done by using the
temperature data (where the mean value has been sub-
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Fig. 8 N/f calculated from the temperature for the two upper most measurements: experiment (a), simulation (b); and the

two bottom measurements: experiment (c¢) and simulation (d).

flrad/s] T —T.°C] A,T[°C] Ng [rad/s] N [rad/s] m
Laboratory experiment 0.15 2.5 1.6 -1.5 0.29 0.21-022 7
Numerical simulations 0.15 2.8 1.5 0.31 0.22 7

Table 1 Comparison laboratory experiment (BTU) and numerical simulations (GUF).

tracted to each of them) taken from five fluid depth
points along a vertical line at mid-gap width. The tem-
perature time series for the period that the baroclinic
wave needs to travel over the full azimuth from 0 to
27 is shown for the experiment in figure 7(c). This is
compared with numerical simulations (figure 7(d)), for
which instead of measuring time series at a fixed point,
we have taken the data along the entire circumference
at mid-gap width at one fixed time. The comparison is
made assuming that there is a spatio-temporal equiva-
lence for a steady wave regime. The experimental data
show larger amplitude variation with respect to the nu-
merical simulations at all fluid depths. Nevertheless,
the vertical temperature differences for the entire water
column, calculated as A, T = (Toeg44 — Toe38)H/AZ
(see third column table 1), are consistent. From the
measured temperature differences along the radial and
vertical directions, we can calculate the buoyancy fre-
quency. Ny = [(gaA,T)/H))Y/?) is the buoyancy fre-
quency calculated using the radial difference of tem-
perature measured outside the boundary layers at the

walls (A, T = T, — T., with T being the vertical
mean between the two measurement points), while N =
[(gaA.T)/H](/?) is the buoyancy frequency calculated
by using the vertical temperature difference A,T. This
gives N < Npg consistent with the previous observa-
tion that o, < o,. Another interesting feature of N is
shown in figure 8, where on the left-hand side there are
the plots for the laboratory experiment (a) for the two
uppermost and (b) for the two bottom most measure-
ments. On the right-hand side are the corresponding
plots for the numerical simulations (b) and (d). The
mean value for N is the same and it is greater than the
Coriolis frequency f. However, the amplitude of the vac-
illations measured in the experiment is two times that of
the oscillations measured in the numerical simulations,
particularly when the data close to the water surface are
considered (figure 8(a) and (b)). It is likely that these
differences at the surface come from the differences of
the upper boundary conditions found between simula-
tion and experiment. Note that taking the values from
table 1 we see that Ny /§2 = 4. This value corresponds
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rather well with our estimate from figure 1(a) where we
found, for 2 = 0.075, N/{2 = 4.5. The measured value
for the vertical temperature gives N/{2 ~ 3, and by tak-
ing this, the circles in figure 1(b) for the atmosphere-
like tank move towards the value 6 = 0.1, indicating
that we are close to the critical ratio between the Ek-
man layer and the total fluid depth with d = 6 cm, as
used in our experiment. Indeed, for experimental runs
with a total fluid depth d = 4 cm, no stable baroclinic
waves could be observed. This shows that our conclu-
sion taken in section 2.1 on the basis of simple scaling
arguments, saying that only a tank with a small aspect
ratio H/L provides a N/f > 1, is correct. Together
with the experimental finding from section 2.2, namely
that H > 3 cm for steady baroclinic waves in the small
tank filled with homogeneous water, we have experi-
mentally shown that a tank with 4cm < H << L is
better suitable to study atmospheric-like gravity wave
emission from baroclinic jets.

3.3 Spatial structure of N/f and gravity wave
trapping

To better understand the spatial variation of N/f in
the annular domain, we plotted horizontal maps in fig-
ure 9 using the data from the numerical simulation. A
similar pattern can be observed for all the fluid depths
considered. More specifically, N has maxima along the
baroclinic wave jet. The minima, instead, change posi-
tion according to the fluid depth. Close to the surface,
low values of N/f are visible towards the outer wall,
while close to the bottom they appear at the core of
the baroclinic wave. We can also notice that N < f
in the regions where there is a minimum. This can be
relevant for the propagation of atmosphere-like IGWs.
Consequently, if gravity waves are spontaneously gen-
erated by the baroclinic wave, then they are therefore
able to propagate only in regions where N/f > 1. In
this case, the spatial distribution of N/f shows how
the maxima along the baroclinic jet could become a re-
gion where IGWs will become trapped. This might be
even more accentuated in open surface laboratory ex-
periments, where we have already seen that the oscilla-
tions of N/f are larger and therefore, when compared
to the simulations, the region for which IGW prop-
agation is permitted could be even more pronounced
along the baroclinic wave jet. An example of IGW pat-
terns suggesting wave trapping along the jet has been
reported by Rodda et al. (2018) (see their figure 10).
In their experiment, the small-scale waves have been
observed to propagate mainly due to advection along
the baroclinic wavefront, showing characteristics typi-
cal of wave capturing (Biihler and Mclntyre, 2005). In

Fig. 9 Horizontal maps of N/ f at different fluid depths (see
figure 7) from temperature numerical simulations data taken
from z =1.7, 2.6, 3.0, 3.8 and 4.4 cm. The lines in (a) labelled
with 1 and 2 show the positions along which the vertical pro-
files of figure 10 are taken.

summary, we found that the baroclinic jet shapes the
background buoyancy frequency N. The distribution of
N has a large effect on gravity waves (N > f) but not
on inertial waves (N < f).

Finally, we consider vertical-radial planes of the
temperature and N/ f taken along two radial lines, one
in the centre of the baroclinic cyclone and the other in
the baroclinic anticyclone (black lines 1 and 2 in figure
9(a)). The mean and the difference are computed and
plotted in figure 10(a) and (c), and figure 10(b) and
(d) respectively. The temperature shows a maximum
variability of 1% in the region where cyclones and anti-
cyclone cores are alternating, assuming lower values in
the cyclones. During the cyclone, the isotherms show
a positive slope at the inner wall and negative slope
at the outer wall, indicating a geostrophic jet at the
outer and inner wall. N/f shows a stronger variability
close to the upper surface and the bottom, with a larger
value of N in the upper region and a smaller value of
N in the lower region in the cyclone, and vice-versa in
the anticyclone. In the central region of the gap, the
variability is zero. This gives a wider IGW frequency
band f < w < N located in the upper half during the
cyclone and near the bottom during the anticyclone. It
is important to note that the horizontal maps show, in
general, a much stronger total variability for N/ f than
the one measured in the meridional plane.

Borchert et al. (2014) compared similar plots for the
classical configuration (figure 3 small-tank in their pa-
per) and for a larger and shallower water configuration
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Fig. 10 Vertical-radial plane of numerical simulation data taken along lines 1 (baroclinic cyclone) and 2 (baroclinic anticyclone)
in figure 9(a): temperature mean with contour interval 0.2°C (a), temperature difference with contour interval 0.05°C (b),
N/ f mean with contour interval 0.5 (c), and N/ f difference with contour interval 0.2 (d).

(figure 5 big-tank, also in their paper). The maximum
value of N/f they found for the small tank is equal to
0.5, showing that atmosphere-like IGWs cannot prop-
agate in classical configurations where IT > 1. When
N < f the generation and propagation of IGWs is still
possible. Indeed, the values of N and f define the range
of the intrinsic frequencies for IGWs, which satisfy the
dispersion relation

w; = N?cos?(a) + f*sin?(a), (7)

where « is the angle of phase propagation relative to
the horizontal plane. Consequently, for N < f low-
frequency waves propagate almost horizontally, while
high-frequency waves propagate almost vertically. The
opposite is true in the atmosphere, where N > f. For
this reason, IGWs observed in the classical configura-
tion are expected to behave more similarly to inertial
waves rather than gravity waves propagating in the at-
mosphere.

The profiles by Borchert et al. (2014) for the
atmosphere-like tank look qualitatively similar to the
ones plotted here in figure 10. Although the imposed
lateral difference of temperature in Borchert et al.
(2014) is much higher (AT = 30°C) than what we used
(because of the technical reasons mentioned in section
3), the resulting N/f reaches a maximum value of 4.5
at mid-depth, about two times greater than the maxi-
mum value observed here. Except for the top and bot-
tom few millimetres, N/ f is always greater than one in
the vertical domain. Therefore, atmosphere-like IGW
propagation is possible in the entire fluid bulk also for
the experimental configuration.

It is finally worth noticing that the isopycnals in fig-
ure 10(a) intersect at the top and the bottom. From the
experiments done by Scolan et al. (2014) in a similar

geometry but with salinity stratification an outcrop-
ping region is found for Bu and Ro numbers similar to
ours (see figure 11.3 (b) in Scolan et al. (2014)). For
the two-layer case, such intersection involves a singu-
lar point at the boundary with strong instabilities and
possible wave generation which then continue to move
along the isopycnals. Further investigations are neces-
sary to verify whether such instabilities can also occur
in our experiment where we have a continuous stratifi-
cation.

4 Gravity waves in the differentially heated
rotating annulus with “big-tank” geometry

This last section is devoted to the gravity wave signal
observed along the baroclinic jet in the atmosphere-like
laboratory experiment. Gravity waves are identified in
the horizontal divergence, which is a quantity often used
in numerical simulations (O’Sullivan and Dunkerton,
1995) and atmospheric observations (Wu and Zhang,
2004; Dornbrack et al., 2011; Khaykin et al., 2015) as
a dynamical indicator of gravity waves. The horizontal
divergence is calculated from the velocity field, which
is measured in our experiment via the Particle Image
Velocimetry (PIV) technique. This non-intrusive flow
measurement consists of tracking the patterns of neu-
trally buoyant particles, which are spread in the fluid
and used as tracers, and then calculate the velocities of
the flow. The particles (hollow glass spheres from DAN-
TEC of mean size 10 pm and density 1.1 gcm™3) are il-
luminated by a diode-pumped steady laser (model Nano
250-532-100 from Linos AG emitting a monochromatic
beam at wavelength 532 nm with a power of 100 mW).
The laser beam goes through a cylindrical-lens optical
system that spreads it into a 2D plane sheet with a
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Fig. 11 Sketch of the location for the entrance and exit re-
gions (gray shadows) along the baroclinic jet that form in
the differentially heated rotating annulus. A sector of the ex-
periment is represented and the red and blue lines indicated
the warm external and cold internal walls respectively. The
circles labelled with L. and H show the low and high pressure
regions around which the jet meanders form.

thickness ~ 1 mm, which is small enough to be approx-
imated to a two-dimensional plane. A GoPro camera
(model hero black modified with lenses TCL1216 from
The Imaging Source® and set to video resolution 1080p,
which corresponds to a screen resolution of 1920 x 1080,
recording 48 fps) is fixed above the water surface, and
records the time evolution of the particles. Both laser
and camera are fixed to the tank and co-rotate with
it. A sketch with the position of the co-rotating laser
and camera system is shown in figure 5(a). The videos
recorded are then post-processed with the free Mat-
lab toolbox UVmat! and the horizontal velocity com-
ponents are obtained.

The horizontal divergence maps acquired from the
atmosphere-like rotating annulus reveal small-scale fea-
tures distributed along the baroclinic jet and exhibit
a wavelike structure with the wave crests perpendic-
ular to the flow. The manifestation of these small-
scale waves along the jet presents many similarities
with the observations in the atmosphere that have
identified jets and fronts as significant sources of low-
frequency inertia-gravity waves. In particular observa-
tions, but also numerical models over the years have
consistently shown that the jet exit and also the en-
trance region, although less frequent, are favoured lo-
cations for large-amplitude IGWs (see, e.g. Plougonven
and Zhang (2014) and references therein, Dérnbrack
et al. (2018), and von Storch et al. (2019)). A sketch
of the locations for these two regions along the baro-
clinic jet in the experiment is shown in figure 11.

To show the enhancement of inertia-gravity wave
signatures at the entrance and exit of the baroclinic
jet, we consider an arc at the mid-radius of the tank

1 http://servforge.legi.grenoble-inp.fr/projects/soft-uvmat

and study the temporal evolution along this arc of the
radial velocity component and horizontal divergence.
Figure 12(a) shows the evolution in time of the spatial
mean (calculated along the arc) of the radial velocity
component and figure 12(b) the horizontal divergence
in a space-time plot, also called Hovmoéller plot. In fig-
ure 12(a), one can easily notice that three fronts are
travelling through our measurement window over time.
This happens because the baroclinic wave propagates
prograde, and we measure in the co-rotating system.
The negative slope corresponds to the exit region of
the jet and the positive slope to the entrance of the jet,
as indicated in the plot.

The small-scale features can be seen distributed
along the oblique lines, the slopes of which have been
indicated on the right of the plot by the dashed line.
These regions correspond to the baroclinic wavefront,
and their slope is the drift speed of the wave itself.
Therefore, it can be seen that the small waves are con-
tinuously emitted along the jet and propagate with it.
A very similar behaviour was already observed for the
barostrat experiment (see figure 14 in Rodda et al.
(2018)). The small waves do not seem to propagate
away from the jet, but they travel trapped within it.
This is in agreement with what we discussed in section
3.3, where we speculated about a preferred region for
the gravity waves to propagate as a consequence of the
horizontal variation of N/f.

A similar analysis has been done by Lovegrove
et al. (2000) for small-scale waves observed in the
shear-driven version of the baroclinic annulus. Their
Hovmoller plot shows many features in common with
ours: the small-scales are embedded in the front and
propagate faster than the drift speed of the baroclinic
wave. This can be deducted by the steeper inclination of
the short lines (one is indicated with the solid black line
to help visualisation) in figure 12(b), compared to the
flatter diagonal ones crossing the whole Howmoller plot
(dashed black line) and indicating the typical velocity
along the front.

We mentioned in the introduction that spontaneous
emission, i.e. the mechanism according to which the
evolution of well-balanced flows would lead to the emis-
sion of IGWs, is an important generation process at the
baroclinic jet. Although the flow is balanced and, there-
fore, the global Rossby number is small, it can locally
grow in localised regions as, for example, the baroclinic
fronts and lead to the emission of IGWs. In particu-
lar, spontaneous emission is found to be more promi-
nent for Ro = O(1) or larger (Schecter, 2008; Vanneste,
2013). In contrast, a Ro < 1 regime shows a very weak
to nearly negligible emission of gravity waves. For this
reason, many studies (see for example, O’Sullivan and



16

Costanza Rodda et al.

A)
Z 02
Z 0.
o 2,
s g ¢
Z 0 S e
s Y 7
k<l " (ol
g &
§02 S
s
0.15
B)
0.1
21
E 0.05
S
o
514 0
£
s 0.05
£
5 7
8 -0.1
— - S 0.15
100 200 300 400 500 600 700
Time [s]
0.15
O

Length of the arz [cm]

100 200 300 400 500 600 700
Time [s]

Fig. 12 Mean radial velocity (a), horizontal divergence
space-time (Hovmoller) plot (b), and the same as (b) but
with the contour lines for the local Rossby number Ro > 1
shown in red, Ro > 1.5 in blue, and Ro > 2 in black (c). The
positive slope of the radial velocity correspond to the entrance
region of the jet, while the negative slope is the exit of the jet.
A stronger signal in plot (b) is visible in correspondence of
the entrance and exit region of the baroclinic jet. The dashed
line indicates the propagation of the inertia-gravity waves,
while the solid black line shows the typical velocity along the
front. In plot (c) the dependence of the horizontal divergence
on the local Rossby number maxima can be seen.

Dunkerton (1995), Sato and Yoshiki (2008)) have used
the Rossby number as an indicator for regions of im-
balance in the atmosphere.

Using a similar approach, we can look for a corre-
lation between IGWs and an enhancement of the local
Rossby number. In figure 12(c) the Hovmdéller plot for
the horizontal divergence is shown with superimposed
lines that indicate the local Rossby number calculated
as:

Ro== (8)

where ¢ = Ov/0x — Ou/y is the vorticity. The red con-
tour lines are for Ro > 1, the blue for Ro > 1.5, and
the black for Ro > 2. The regime diagrams of the pos-
sible instabilities for the mechanically driven rotating
annulus by Gula et al. (2009) and Scolan et al. (2014)
show that Rossby-Kelvin instability is possible in the
regime of the baroclinic instability and could be re-
sponsible for the emission of small-scale waves. Unfor-
tunately, such a diagram is not available for our exper-

iment yet, and a more detailed analysis of the possible
generating mechanisms is postponed for following stud-
ies. Nevertheless, the correlation between high values of
the local Rossby number and high divergence signal is
an indicator that spontaneous imbalance could be re-
sponsible for the inertia-gravity waves we observe in the
experiment. In the future we hope that our experiment
will shed more light on the scaling of the wave signal
with Ro and F'r. This would be an important step to
parametrise IGWs in weather and climate models, an
actual topic of the present research.

5 Conclusions

The primary goal of the current study was to discuss
the limitations of the classical baroclinic rotating an-
nulus configuration (i.e. tanks having a gap width of
the order of centimetres and a homogeneous working
fluid) when used to investigate emission and propaga-
tion of atmospheric IGWs and to show what changes
are needed to provide a more suitable set-up. The new
proposed experiment, indeed, led to the observation of
inertia-gravity waves along the baroclinic jet that have
not been observed in the classical set-up so far. First
of all, we have proven experimentally how, for annuli
having a gap width of the order of centimetres, it is im-
possible to reach a low value for the aspect ratio with-
out having to deal with the viscous Ekman layer, which
inhibits the formation of a steady baroclinic wave. By
increasing the horizontal dimensions of the experiment,
we obtained an aspect ratio equal to half the aspect
ratio obtained for the classical configuration for the
fluid depth z = 6 cm, which granted the formation of
baroclinic waves undisturbed by the bottom viscous Ek-
man layer. Moreover, by decreasing the aspect ratio, the
baroclinic instability regime is reached for higher val-
ues of N/f, which is a crucial point for the generation
and propagation of IGWs. Consequently, this results in
a broader band of intrinsic frequencies for the gravity
waves, meaning that we can expect to observe a broader
spectrum of propagating and trapped gravity waves in
the experiment. The thickness of the Ekman viscous
layers at the bottom of the experiment has the same
order of magnitude (= 0.5cm) for both experimental
configurations. The thickness of the viscous Stewartson
layers at the lateral walls, however, increases one order
of magnitude in the wider annulus, reaching the order
of a few centimetres. This is something that should be
kept in mind in future investigations for spontaneous
emission of IGWs since small-scale waves have been re-
ported to be generated at the lateral walls from bound-
ary wall instabilities (Jacoby et al., 2011; Von Larcher
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et al., 2018), although they seemed to be trapped at
the wall.

Another two aspects that we investigated in detail
in our work are the vertical and radial temperature
fields, using data recorded in the laboratory experiment
and the numerical simulations. In general, even though
some discrepancies can be expected because of the ap-
proximations made in the numerical simulations for an
adiabatic and wind stress-free surface, a good quantita-
tive and qualitative match has been observed between
the two. What we observed in the experiment, is that
the two temperature gradients along the vertical and
horizontal directions do not match. Hide (1967) intro-
duced the factors o, and o, as a measure of the ver-
tical and horizontal temperature gradient respectively
and found that o, > o, for the classical configuration.
Our studies show instead that this ratio reverses, i.e.
0, < o, for the atmosphere-like configuration. Further-
more, the two parameters are not constant over the
regime diagram and, therefore, the approximation we
made in our initial discussion, F'r =~ ROE[1 / 2), must be
considered as a first guess only. Since Bu = o, Ror,
Fr = (Ror/o.)*/?) follows and because o, increases
towards the geostrophic turbulence area of the regime
diagram, it suggests that for this regime the back-
ground conditions come closer to the one considered
for Lighthill radiation, since F'r becomes smaller as re-
quired. Note that still the wave source, considered to
be small compared to the long gravity wave in shallow
water, is different for the stratified case. Therefore, cau-
tion should be exercised when introducing spontaneous
emission into stratified fluids in the context of Lighthill
radiation.

The detailed study for horizontal and vertical maps
of the buoyancy frequency has shown how atmosphere-
like IGWSs can, in principle, be generated and propagate
over almost the entire fluid domain. However, because
of larger variations observed in the laboratory experi-
ment compared to the numerical simulations, we specu-
late that there are larger regions that are forbidden for
the gravity waves to propagate. This is confirmed by the
observation of waves trapped along the baroclinic jet,
where the buoyancy frequency is observed to reach its
maximum value. Plougonven and Snyder (2005) showed
with numerical simulations how the wave capture mech-
anism might be useful to predict the location and sev-
eral characteristics of spontaneously generated gravity
waves. Because captured waves have shorter scales, they
can break and therefore become relevant for turbulence
and mixing. This, together with the fact that gravity
waves with similar characteristics are observed in the
atmosphere (Suzuki et al., 2013), calls for further in-
vestigation. This again shows that, laboratory experi-

ments could support the numerical simulations offering
a realistic background flow without scale dependent ap-
proximations. The effect of the upper boundary condi-
tion on gravity wave generation and propagation is still
undergoing research. A modified experiment with a top
lid and numerical simulations with a heat flux at the
water surface are planned for the near future.
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A Experimental parameters

The thickness of the boundary layers are calculated as: vis-
cous Ekman boudary layer

5p = HEk?, (9)
viscous Stewartson layer at the side walls
85 = (b—a)Ek3, (10)

and the thermal boundary layer at the side walls

1

VK 1
Sr=H—1 )", 11
T (gaATH 3 ) (11)
where Ek is the Ekman number
v
FEk = . 12
OH? (12)
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