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Abstract Ca2+-calmodulin-dependent protein ki-
nase II (CaMKII) is a key regulator of glutamater-
gic synapses and plays an essential role in many
forms of synaptic plasticity. It has recently been
observed that stimulating dendrites locally with a
single glutamate/glycine puff induces a local translo-
cation of CaMKII into spines that subsequently
spreads in a wave-like manner towards the distal
dendritic arbor. Here we present a mathematical
model of the diffusion, activation and translocation
of dendritic CaMKII. We show how the nonlin-
ear dynamics of CaMKII diffusion-activation gen-
erates a propagating translocation wave, provided
that the rate of activation is sufficiently fast. We
also derive an explicit formula for the wave speed
as a function of physiological parameters such as
the diffusivity of CaMKII and the density of spines.
Our model provides a quantitative framework for
understanding the spread of CaMKII translocation
and its possible role in heterosynaptic plasticity.

Keywords CaMKII, reaction-diffusion equa-
tions, traveling waves, Fisher’s equation

1 Introduction

Perhaps no kinase has been more studied, espe-
cially in the context of synaptic plasticity, than
Ca2+–calmodulin–dependent protein kinase II (Ca
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MKII) [22, 29]. CaMKII is abundant in the brain
and particularly plentiful at postsynaptic densi-
ties (PSDs) where, bound to synaptic NMDA re-
ceptors [17, 28, 4], it is ideally situated to sense
the spatiotemporal properties of Ca2+ entering the
synapse as a result of plasticity-inducing protocols,
and to subsequently phosphorylate substrates re-
sponsible for the expression of synaptic plasticity
[16, 34, 2, 11, 26]. In fact, CaMKII is essential
for all known forms of NMDA receptor-dependent
long-term potentiation (LTP) [33, 15, 40, 30, 3, 39,
32]. What makes CaMKII such a potent player?
While the binding of CaMKII to Ca2+/CaM is nec-
essary for its activation, once activated CaMKII
can transition into a Ca2+/CaM-independent, hyper-
activated state via the autophosphorylation of neigh-
boring enzymatic subunits [18, 42] comprising its
unique holoenzyme architecture. In this autonomous
state, CaMKII can continue to phosphorylate its
substrates even after the plasticity-inducing Ca2+

signal has ended [45, 36, 31, 52].

It has been known for some time that CaMKII
translocates from the dendritic shaft into spines
upon global stimulation of NMDA receptors [51,
48, 49, 5]. In its inactive state the α isoform of
CaMKII tends to be located in the cytosol whereas
hetero-oligomers with β isoforms are weakly actin
bound [47]. Stimuli that trigger an increase in den-
dritic Ca2+ lead to the binding of Ca2+/CaM to
the CaMKII oligomer, which then allows the CaMKII
to accumulate at post-synaptic sites through bind-
ing to NMDA receptors. If the calcium signal is rel-
atively weak then this binding is rapidly reversible,
whereas for stronger stimulation the synaptic ac-
cumulation of CaMKII can persist for several min-
utes due to autophosphorylation. Very recently it



has been demonstrated that stimulating a region of
dendrite with a 15 msec puff of 100 µM glutamate
and 10 µM glycine not only induces the translo-
cation of CaMKII into spines within the puffed re-
gion, but also initiates a wave of CaMKII translo-
cation that spreads distally through the dendrite
with an average speed of∼ 1µm/s [43]. The wave is
preceded by a much faster Ca2+ spike mediated by
L-type Ca2+ channels, and occurs in both pyrami-
dal neurons and interneurons for both the α and β
isoforms of CaMKII. The wave of CaMKII translo-
cation is associated with an increase in AMPA re-
ceptor numbers at both stimulated and nonstimu-
lated synapses [43], thus providing a possible molec-
ular substrate for heterosynaptic plasticity.

The discovery of CaMKII translocation waves
raises a number of important questions. For in-
stance, how does the wave speed depend on the
rates of diffusion, activation and translocation of
CaMKII? Also, under what conditions does the
wave fail to propagate? In order to address these
questions, we propose a minimal mathematical model
of CaMKII diffusion, activation and translocation
into spines that captures the essential features of
these waves. The model, which is an extension of
the classical Fisher’s equation for gene invasion
[23, 25], provides a quantitative framework for un-
derstanding the spread of CaMKII translocation
and its possible role in heterosynaptic plasticity.
Indeed, we show that the model supports waves of
CaMKII translocation consistent with recent ex-
perimental findings [43], and provides a simple,
explicit formula for the dependence of the wave
speed on the model parameters. The model also
exhibits wave propagation failure when the rate at
which dendritic CaMKII translocates into spines is
greater than the rate at which activated CaMKII
activates primed CaMKII.

2 Model of CaMKII translocation waves

In this section we construct a minimal mathemat-
ical model of the diffusion, activation and translo-
cation of CaMKII within a dendrite in order to test
the following hypothesized mechanism for the gen-
eration and propagation of CaMKII translocation
waves [43]. Before local stimulation using a gluta-
mate/glycine puff, the majority of CaMKII is in an
inactive state and distributed uniformly through-
out the dendrite. Upon stimulation, all CaMKII in
the region of the puff (∼ 30µm of dendrite) is con-
verted to an active state, probably the autonomous
state of CaMKII (see Fig. 1A), and begins translo-

cating into spines. Simultaneously, a Ca2+ spike is
initiated and rapidly travels the length of the den-
drite, causing CaMKII to bind Ca2+/CaM along
the way. In this primed or partially phosphory-
lated state, CaMKII does not yet translocate into
spines. In the meantime, a portion of the activated
CaMKII from the stimulated region diffuses into
the region of primed CaMKII and the two types
interact, with the result that primed CaMKII is
activated. Some of these newly-activated holoen-
zymes translocate into spines while others diffuse
into more distal regions of the dendrite contain-
ing primed CaMKII, and the wave proceeds in
this fashion. In certain cases one also finds a sec-
ond wave propagating proximally from the stimu-
lated site to the soma [43]. A schematic diagram
illustrating the progression of a translocation wave
along a dendrite following the rapid priming phase
is shown in Fig. 1B.

Our mathematical model takes the form of a
system of reaction–diffusion equations for the con-
centrations of activated and primed CaMKII in
the dendrite and spines. These equations incorpo-
rate three major components of the dynamics: dif-
fusion of CaMKII along the dendrite, activation
of primed CaMKII, and translocation of activated
CaMKII from the dendrite to spines. For simplic-
ity, we consider a uniform one-dimensional, non-
branching dendritic cable as shown in Fig. 1A. We
assume that a region of width 30 µm is stimulated
with a glutamate/glycine puff at time t = 0. We
take the center of the stimulated region to be at
x = 0 and the distal end of the dendrite to be
at x = L = 150µm. The diffusion, activation and
translocation of CaMKII along the dendrite follow-
ing stimulation is modeled according to the follow-
ing system of equations:

∂P

∂t
= D

∂2P

∂x2
− k0AP (2.1)

∂A

∂t
= D

∂2P

∂x2
+ k0AP − hA (2.2)

∂S

∂t
= hA, (2.3)

whereD is the diffusivity of CaMKII within the cy-
tosol. Here P (x, t) and A(x, t) denote the concen-
tration of primed and activated CaMKII at time
t > 0 and location x along the dendrite. S(x, t) de-
notes the corresponding concentration of CaMKII
in the population of spines at the same time and
distance. For simplicity, we assume that all param-
eters are constant in space and time. The reaction
term k0AP represents the conversion of CaMKII
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Fig. 1 Proposed mechanism of CaMKII translocation waves. (A) A glutamate/glycine puff activates CaMKII locally and

initiates a Ca2+ spike (indicated by red arrows) that primes CaMKII in the remainder of the dendrite. (B) Activated
CaMKII (green dots) both translocates into spines (red arrows) and diffuses into distal regions of the dendrite where it

activates primed CaMKII (blue dots). The net effect is a wave of translocated CaMKII propagating along the dendrite.

from its primed to active state based on the irre-
versible first-order reaction scheme

A+ P → 2A

with mass action kinetics, where k0 is the rate at
which primed CaMKII is activated per unit con-
centration of activated CaMKII. The decay term
hA represents the loss of activated CaMKII from
the dendrite due to translocation into a uniform
distribution of spines at a rate h. In our model
we assume that translocation is irreversible over
the time-scale of our simulations, which is reason-
able given that activated CaMKII accumulation at
synapses can persist for several minutes [48].

For simplicity, we model only the distal trans-
port of CaMKII from the stimulated region by tak-
ing 0 ≤ x ≤ L. Eqs. (2.1) and (2.2) are then sup-
plemented by closed or reflecting boundary condi-
tions at the ends x = 0, L. Hence, no CaMKII can
escape from the ends. In reality activated CaMKII
could also diffuse in the proximal direction and
trigger a second proximal translocation wave. How-
ever, the choice of boundary condition has little
effect on the results of our simulations. Taking the
distal half of the stimulated region to be 0 ≤ x ≤
15µm, we assume the following initial conditions:
P (x, 0) = 0 and A(x, 0) = C for 0 ≤ x ≤ 15µm,
whereas P (x, 0) = P0 ≤ C and A(x, 0) = 0 for
x ≥ 15µm, where C is the uniform resting concen-
tration of CaMKII in the dendrite. Typical val-
ues of C range from 0.1 to 30 µM [51], covering
two orders of magnitude. We also set S(x, 0) = 0
everywhere. In other words, we assume that all

the CaMKII is activated within the stimulated re-
gion at t = 0, but none has yet translocated into
spines nor diffused into the nonstimulated region.
We also neglect any delays associated with priming
CaMKII along the dendrite. This is a reasonable
approximation, since the Ca2+ spike travels much
faster than the CaMKII translocation wave [43].
Thus by the time a significant amount of activated
CaMKII has diffused into nonstimulated regions of
the dendrite, any CaMKII encountered there will
already be primed. The benefit of this assumption
is that it eliminates the need to model the Ca2+

spike. However, a more detailed model that takes
into account the initial transient associated with
the priming phase could be constructed by cou-
pling the reaction-diffusion equations with addi-
tional equations describing fast propagating den-
dritic spikes [1, 9].

It is convenient to introduce the normalized
concentrations,

p =
P

P0
, a =

A

P0
, s =

S

P0
(2.4)

and re-express Eqs. (2.1)–(2.3) in terms of these
variables according to

∂p

∂t
= D

∂2p

∂x2
− kap (2.5)

∂a

∂t
= D

∂2a

∂x2
+ kap− ha (2.6)

∂s

∂t
= ha, (2.7)

where k = k0P0 is the normalized activation rate.
The initial condition for (normalized) primed CaM
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KII is then p(x, 0) = 0 when x is between 0 and
15 µm and p(x, 0) = 1 for x > 15µm. The initial
condition for (normalized) primed CaMKII is then
obtained from the formula a(x, 0) = a0[1−p(x, 0)],
where a0 = C/P0. Note that in the absence of
translocation into spines (h = 0) there is no loss of
dendritic CaMKII, hence if we assume the initial
condition a0 = 1 then we have a(x, t) + p(x, t) =
1 for all x and t, and Eqs. (2.5)–(2.7) reduce to
Fisher’s equation for the invasion of a gene into a
population [23, 25]:

∂a

∂t
= D

∂2a

∂x2
+ ka(1− a). (2.8)

Interestingly, Eqs. (2.5) and (2.6) are identical in
structure to a modification of Fisher’s equation
previously introduced to study the spatiotempo-
ral spread of plagues such as the Black Death [38].

3 Numerical results

The only parameters of the normalized model given
by equations (2.5)–(2.7) are the diffusivity D, the
translocation rate h and the activation rate k. The
translocation rate and diffusivity have been mea-
sured experimentally for both α and β isoforms
[47, 48]. In the case of CaMKIIα, for example, D '
1µm2/s and h ' 0.01/s. In this section we present
numerical solutions of equations (2.5)–(2.7) for both
isoforms; the unknown activation rate k is then
chosen so that the wave speed matches experimen-
tal values [43]. All numerical simulations are pro-
duced with Matlab (MathWorks) using standard
differential equation solvers.

In Fig. 2 we show the wave-like evolution of
CaMKII for the α isoform. We plot concentration
profiles at four successive snapshots in time, fol-
lowing stimulation of a local region of dendrite
at an initial time t = 0 (Fig. 1A). We focus on
the spread of CaMKII distally from the site of
stimulation. It can be seen that a traveling pulse
of activated CaMKII invades a region of primed
CaMKII, activating the primed population along
the way. As a consequence of this invasion and
subsequent translocation into spines, the front of
primed CaMKII retreats until all activated CaMKII
has translocated into spines. We note that in this
final state the relative increase of CaMKII in spines
near the stimulated region is due to the initial
condition (recall that at time t = 0, all CaMKII
within the stimulated region is activated) and the
fact that the translocation rate h is fast enough

to allow spines in the stimulated region to “cap-
ture” a large portion of activated CaMKII before
it diffuses away. The reduction at the end of the
dendrite compensates for this increase in the stim-
ulated region since the total amount of CaMKII
must be conserved. Fig. 3 further illustrates the
different dynamical roles that primed and acti-
vated CaMKII play in producing the transloca-
tion wave. The composite wave consists of an ad-
vancing pulse of activated CaMKII superimposed
upon a retreating front of primed CaMKII; both
components propagate along the dendrite at the
same speed c. The composite wave can be divided
into three distinct spatial domains, each involving
its own characteristic dynamics. Sufficiently distal
from the initial site of activation, there is negligible
activated CaMKII and an approximately uniform
distribution of primed CaMKII. This corresponds
to a quiescent region in which there is no net diffu-
sive flux and no translocation into spines. On the
other hand, sufficiently proximal to the initiation
site, almost all of the primed CaMKII has been ac-
tivated and the dynamics is dominated by translo-
cation. Separating these two regions is the sharply
rising part of the front where there is considerable
overlap between the primed and activated CaMKII
concentrations. Hence, in this interfacial region the
dynamics is dominated by diffusion-activation that
converts primed to activated CaMKII.

In Fig. 4 we show simulation results similar to
Fig. 2, but this time using parameter values corre-
sponding to the β isoform of CaMKII rather than
the α isoform. It can be seen that the CaMKIIβ
wave (Fig. 4) propagates more slowly than the cor-
responding CaMKIIα wave (Fig. 2) for the same
activation rate k. There are also differences in the
wave profiles of the two isoforms. In particular, the
CaMKIIβ activated and primed waves are steeper
in the diffusion/activation region due to the smaller
diffusivity of the β isoform, while the tail of the
activated wave is less steep due to the smaller
translocation rate of the β isoform.

In Fig. 5A we plot numerically determined val-
ues of the wave speed c for different values of k and
show that these can be fitted exactly by the curve
c = 2

√
D(k − h). It turns out that this is the min-

imum possible speed of a traveling wave solution
of our model for fixed D, h and k (see section 4).
The observation that the minimum wave speed is
selected for the given initial conditions is related
to the fact that our model equations are an exten-
sion of the classical Fisher’s equation of popula-
tion genetics [23, 25]. Indeed, we recover Fisher’s
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Fig. 2 Numerical simulation of a CaMKII translocation wave for the α isoform. Solutions of the diffusion-activation
model (Eqs. (2.5)–(2.7)) are plotted for parameter values consistent with experimental data on CaMKIIα [47, 48, 43].

The translocation rate h = 0.03/s, diffusivity D = 1µm2/s and the activation rate k = 0.28/s. At time t = 0 all of the

CaMKII within the stimulated region (indicated by thick bar) is in the activated state, whereas all of the CaMKII within
the nonstimulated region is in the primed state. Concentrations are normalized with respect to the initial concentration

of primed CaMKII. Initially none of the activated CaMKII has translocated into spines. The resulting wave profiles for

activated/primed CaMKII along the dendrite and translocated CaMKII within spines are shown at four successive snapshots
in time. CaMKII is activated and translocated from dendrite to spine in a wave-like manner with a speed c = 1µm/s, until

all the activated CaMKII is in spines.

primed CaMKII

activated CaMKII

diffusion-activationtranslocation

Fig. 3 Model wave profiles of activated and primed CaMKII concentrations along the dendrite. Arrows indicate direction
of wave propagation. Composite wave consists of a pulse of activated CaMKII moving at the same speed as a front of
primed CaMKII. The front forms an interface between a quiescent region containing a uniform concentration of primed
CaMKII and a region dominated by translocation of activated CaMKII into spines. The dynamics in the interfacial region

is dominated by diffusion-activation of primed CaMKII.
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Fig. 4 Numerical simulation of a CaMKII translocation wave for the β isoform. Same as Fig. 2, except that the diffusivity

D and translocation rate h are matched to experimental data for CaMKIIβ [47, 48] (D = 0.2µm2/s and h = 0.002/s).

CaMKIIβ is activated and translocated from dendrite to spine in a wave-like manner with a speed c = 0.47µm/s, which is
slower than CaMKIIα for the same activation rate k but still in the observed range [43]. There is still significant activated

CaMKII within the dendritic shaft at the final time 348 s due to the slower translocation rate h of the β isoform.

equation when the rate of translocation h is zero
(see Eq. 2.8). In this case the total amount of ac-
tivated and primed CaMKII within the dendrite
is conserved, yielding an advancing front of ac-
tivated CaMKII superimposed upon a retreating
front of primed CaMKII. The speed of the front
is then c = 2

√
Dk . In Fig. 4B, we plot the mini-

mum wave speed c against the activation rate k for
both the α and β isoforms of CaMKII. Our results
suggest that CaMKIIα propagates more quickly
than CaMKIIβ for the same activation rate. The
curves in Fig. 5 provide a method for extracting
the unknown activation rate k from experimental
data on the translocation rate h, diffusivity D, and
speed c of the translocation waves [47, 48, 43]. Our
model also predicts that if translocation is par-
tially blocked by interfering with the binding of
CaMKII to NMDA receptors at synaptic sites, the
subsequent reduction in the translocation rate re-
sults in an increased wave speed.

One striking feature of Fig. 5A is that it pre-
dicts wave propagation failure when the translo-
cation rate h is greater than the activation rate k,
since in this case the predicted wave speed is purely
imaginary and therefore nonphysical. This seems

counterintuitive since one would expect that larger
rates of translocation would promote the spread of
translocation. However, if the translocation rate
is greater than the activation rate, then activated
CaMKII will tend to translocate into spines before
activating primed CaMKII, thus preventing acti-
vated CaMKII from spreading through the den-
dritic shaft. Fig. 6 shows a simulation of this phe-
nomenon for the α isoform of CaMKII. Although
at short times the CaMKII concentrations appear
similar to those in Fig. 2, as time progresses we
see that activated CaMKII is quickly translocated
into spines, whence the translocation wave fails to
propagate. The translocation rate can be written
as h = ρh0, where ρ is the density of spines and h0

is the translocation rate per spine. Similarly, the
activation rate can be expressed as k = k0P0 where
P0 is the initial concentration of primed CaMKII
in the nonstimulated region of the dendrite and
k0 is the activation rate per unit concentration of
activated CaMKII. Thus our model predicts that
CaMKII translocation waves will fail to propagate
when

ρh0 > k0P0 (3.1)
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(B) Plots of the analytically determined wave speed c as a function of the activation rate k for both α (black curve) and β

(gray curve) isoforms of CaMKII.
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Fig. 6 Wave propagation failure when the translocation rate h is greater than the activation rate k. Same as Fig. 2, except
the activation rate for CaMKII is taken to be k = 0.028/s, which is now smaller than the translocation rate of h = 0.03/s.
Activated CaMKII is translocated into spines before it activates primed CaMKII, causing the translocation wave to fail.

For example, this inequality predicts that dendrites
with a high density of spines are less likely to ex-
hibit translocation waves than those with a low
spine density. It also predicts that dendrites with
a larger initial concentration of primed CaMKII in
the shaft are more likely to exhibit translocation
waves than those with a smaller initial concentra-
tion. Since the initial concentration P0 of primed

CaMKII depends on both the initial concentration
of inactive CaMKII within the dendrite and the ef-
fectiveness of the Ca2+ spike in both propagating
along the dendrite and priming the inactive state,
our model agrees with the experimental finding
that translocation waves fail to propagate when
L-type Ca2+ channels are blocked [43].
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Fig. 7 Numerical simulation of an approximate CaMKII translocation wave when primed CaMKII decays back to its

native state at a relatively slow rate of ε = 0.001/s . Other parameter values as in Fig. 2.
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Fig. 8 Numerical simulation showing wave propagation failure when primed CaMKII decays quickly at a rate ε = 0.01/s.

Other parameter values as in Fig. 2.
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3.1 Decay of primed CaMKII

So far we have assumed that over the time–scale
of our simulations any spontaneous decay of ac-
tivated or primed CaMKII is negligible. In the
case of activated CaMKII, this assumption is con-
sistent with experimental observations regarding
the persistence of phosphorylated CaMKII follow-
ing the induction of LTP [16, 3, 29] (but see Ref.
[27]). However, it is less clear to what extent the
primed state of CaMKII is stable. Therefore, it is
important to determine how our results are modi-
fied if decay of primed CaMKII is included. Intu-
itively one would expect that our results regarding
translocation waves would still approximately hold
provided that the time constant for the decay of
primed CaMKII is larger than the time–scale of
our simulations. On the other hand, if the decay is
sufficiently fast then wave propagation failure will
occur, since there will not be a sufficient concentra-
tion of primed CaMKII remaining in distal regions
of the dendrite by the time the wave of activated
CaMKII arrives.

In order to verify the above, we numerically
simulated a modified version of Eqs. 2.5–2.7 given
by

∂p

∂t
= D

∂2p

∂x2
− kap− εp (3.2)

∂a

∂t
= D

∂2a

∂x2
+ kap− ha (3.3)

∂s

∂t
= ha, (3.4)

where ε is the rate of decay of primed CaMKII back
to its native state. The results are shown in Figs.
7 and 8. It can be seen from Fig. 7 that over the
time course of several hundred seconds, an approx-
imate translocation wave occurs when ε = 0.001/s.
It is important to note that from a mathematical
perspective Eqs. 3.2–3.4 do not support an exact
traveling wave solution, that is, a solution with a
constant wave speed and an invariant wave profile
(away from boundaries). Indeed, the amplitude of
the wave decreases with time, reflecting the slow
decay of primed CaMKII. In the case of faster de-
cay, wave propagation failure occurs over the time-
scale of the simulations, as shown in Fig. 8.

Given that translocation waves are observed to
propagate for several minutes [43], and assuming
that the hypothesized mechanism for translocation
waves is correct, it would then follow that CaMKII
can exist in a relatively stable primed (but not fully
activated) state. This remains to be tested exper-
imentally. It would also be interesting to measure

the predicted changes in the rate or amplitude of
the translocation wave as it propagates due to the
effects of decay of primed CaMKII.

4 Calculation of minimal wave speed

In order to derive a formula for the speed c of
CaMKII translocation waves (in the absence of de-
cay), we assume a traveling wave solution of the
form p = p(x− ct) and a = a(x− ct). Introducing
the traveling wave coordinate z = x − ct, we find
that Eqs. (2.5) and (2.6) are transformed to

−cdp
dz

= D
d2p

dz2
− kap (4.1)

−cda
dz

= D
d2a

dz2
+ kap− ha (4.2)

This is a system of two second-order ordinary dif-
ferential equations in the variable z. A global view
of the nature of traveling wave solutions can be
obtained by identifying Eqs. (4.1) and (4.2) with
the equation of motion of a classical particle in
two spatial dimensions undergoing damping due
to “friction” and subject to an “external force”.
Thus we identify a and p with the “spatial” co-
ordinates of the particle, z with the correspond-
ing “time” coordinate, and the speed c as a “fric-
tion coefficient”. If we ignore boundary effects by
taking −∞ < z < ∞, then we can view a trav-
eling wave solution as a particle trajectory that
connects the point (p, a) = (0, 0) at z = −∞ to
the point (p, a) = (1, 0) at z = ∞. A restriction
on the allowed values of c can now be obtained by
investigating how the point (1, 0) is approached in
the large–z limit. Linearizing Eqs. (4.1) and (4.2)
about the point (p, a) = (1, 0) we obtain a pair
of second–order linear equations, which have solu-
tions of the form (p, a) = Ve−λz where λ and V
satisfy the matrix equation

cλV =
(
Dλ2 −k

0 Dλ2 + k − h

)
V (4.3)

Solving for the eigenvalue λ leads to the four solu-
tions

λ = 0,
c

D
,

c±
√
c2 − 4D(k − h)

2D
(4.4)

and these, along with their corresponding eigen-
vectors V, determine the shape of the wave as it
approaches the point (1, 0). Note that the last two
eigenvalues have a nonzero imaginary part when
c2 < 4D(k−h) , implying that as z becomes large
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the wave oscillates about the point (1, 0). This can-
not be allowed since it would imply that the nor-
malized activated CaMKII concentration a takes
on negative values (inspection of the correspond-
ing eigenvectors show that their components in the
a-direction are nonzero and so a would indeed os-
cillate). Therefore, we must have

c ≥ cmin = 2
√
D(k − h) (4.5)

The fact that the observed wave speed in our sim-
ulations takes this minimum value can be under-
stood by considering the more general theory of
so-called pulled-fronts, which has been applied to
various generalizations of Fisher’s equation, see the
review [44] and references therein.

5 Discussion

We have shown that a minimal mathematical model
of the dendritic diffusion, activation and translo-
cation into spines reproduces the waves of distally-
propagating CaMKII translocation that were ob-
served recently in experiments [43]. The model is
a mathematical implementation of a hypotheti-
cal mechanism suggested by the experiments [43],
and the fact that the model exhibits transloca-
tion waves provides support for this mechanism.
In addition, from the model we derived an ex-
act and simple formula relating the speed c of
the translocation wave to the diffusivity D, acti-
vation rate k and translocation rate h of CaMKII,
see equation (4.5). This formula is a prediction of
the model and provides a way to test its valid-
ity. It also allows for the estimation of the experi-
mentally undetermined activation rate k. In addi-
tion, we showed that translocation fails to propa-
gate when the translocation rate h is larger than
the activation rate k. This observation both con-
firms experimental results, e.g. CaMKII priming
is necessary for wave propagation [43], and offers
additional predictions, e.g. dendrites with dense
spine populations are less likely to exhibit CaMKII
translocation waves than those with sparse spine
populations.

Heterosynaptic plasticity. The possibility of initi-
ating waves of CaMKII translocation has impor-
tant implications for heterosynaptic plasticity. In-
deed, it was observed that the AMPA receptor sub-
unit GluR1 coaccumulates with CaMKII in spines
following such waves [43], and the up-regulation

of AMPA receptor numbers in synapses is a well-
established mechanism for the expression of long-
term potentiation (LTP) [32]. While heterosynap-
tic LTP has been observed in many different prepa-
rations [6], producing effects at lengths greater than
∼ 10µm often requires that a spatially-localized
cluster of synapses be stimulated simultaneously
[43, 14]. Moreover, recent studies find that induc-
ing LTP at a single synapse activates CaMKII within
the spine containing the synapse but neither in-
duces LTP at nearby synapses nor raises CaMKII
content in nearby spines [53, 27]. Taken together,
these findings suggest the existence of a thresh-
old that the concentration of activated CaMKII in
the dendritic shaft must obtain before a translo-
cation wave can be initiated (see below). Note,
however, that the induction of LTP at a single
synapse has been shown to lower the induction
threshold of LTP at synapses within ∼ 10µm [20].
Thus there are likely many mechanisms mediat-
ing heterosynaptic effects at different length scales,
with CaMKII translocation waves mediating one of
the longest. Consequently, CaMKII translocation
waves likely play an important role in the “tag-
ging” of neighboring synapses for subsequent het-
erosynaptic regulation [24, 41].

Threshold for wave initiation. As discussed in the
previous paragraph, we expect CaMKII wave prop-
agation failure to occur if the initial stimulus is
weak or confined to too narrow a region of den-
drite. This is likely due to the inability of the
weak stimulus to either initiate a Ca2+ spike or
produce enough activated CaMKII to successfully
encounter and react with primed CaMKII. Recall
that we do not model the Ca2+ spike explicitly
since it appears to be much faster than the CaMKII
translocation wave [43]. However, the effect of the
Ca2+ spike is included in the model indirectly via
the initial concentration P0 of primed CaMKII. If
a weak stimulus initiates a slow Ca2+ spike or no
spike at all, then P0 ≈ 0 for significant portions of
the dendrite. In these regions the activation rate
k = k0P0 ≈ 0 and so will likely be smaller than the
translocation rate h, leading to wave propagation
failure in our model. Interestingly, the speed of a
Ca2+ spike is expected to increase with increasing
spine density [1, 9], while according to our model
the CaMKII translocation wave speed is expected
to decrease, hence for some spine density levels
it may be necessary to model both waves in or-
der to determine whether or not the translocation
wave will propagate. The model does not, how-
ever, exhibit wave propagation failure when there
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is only a small initial amount of activated CaMKII
in the stimulated region. This is because the model
tracks only the concentration of CaMKII through-
out the dendrite and not the location of individ-
ual CaMKII holoenzymes. While such an approach
simplifies the model, allowing one to make explicit
the manner in which CaMKII translocation waves
are propagated, it does neglect stochastic effects
due to fluctuations in the number and location
of CaMKII holoenzymes that may result in wave
propagation failure. We hope to study the effect of
such fluctuations on translocation wave initiation
in future work.

Heterogeneities. A major simplifying assumption
of the model is that the dendrite is uniform and
nonbranching, with rates of diffusion, activation
and translocation of CaMKII that are the same
throughout the dendrite. These assumptions sim-
plify the mathematical analysis and allow for the
exact calculation of the speed of the predicted translo-
cation wave. Although it would be possible to ex-
tend the model to take into account various forms
of heterogeneities along the dendrite, the basic mech-
anisms of CaMKII translocation wave initiation,
propagation and failure would still apply. Indeed,
our analysis of the wave speed would still hold pro-
vided that the spatial variation in physiological pa-
rameters was negligible over the length-scale of the
interfacial region of the front (see Fig. 3). Another
source of heterogeneity arises from the discrete na-
ture of dendritic spines. In our model we assume
that rate of translocation is spatially uniform along
the dendrite. However, recall that h depends on the
density of spines ρ according to h = ρh0, with h0

the translocation rate per spine. Hence, we are ef-
fectively representing the population of spines as
a uniform density rather than as a set of discrete
objects. This should not effect our results signifi-
cantly since a typical spine density ρ is ∼ 1µm−1

[19], while typical values for diffusion coefficient
D and the translocation rate h of CaMKIIα are
respectively ∼ 1µm2/s [47] and ∼ 0.01/s [48], im-
plying that on the time scale of translocation, the
effective length scale of diffusion is ∼ 10µm; i.e.,
we expect that activated CaMKIIα will on aver-
age diffuse 10 µm before entering a spine, passing
by an average of 10 spines on the way (a similar
conclusion can be made for CaMKIIβ). Neverthe-
less, it would be possible to take into account the
effects of discrete spines in our model by using ho-
mogenization theory [35, 8]. Finally, note that al-
though we focus on CaMKII translocation waves
in spiny dendrites, such waves have also been ob-

served in aspiny interneurons [43]. If we wish to
model these waves then we need only reinterpret
the parameter h in equation (2.3) as the transloca-
tion rate of dendritic CaMKII into synapses, not
spines, and reinterpret the variable S as the corre-
sponding synaptic CaMKII concentration.

Diffusion and trapping in dendritic spines. The
model presented in this paper is one of a class of
mathematical models concerned with understand-
ing the interplay between diffusion and other modes
of molecular transport in dendrites on one hand,
and the trapping of molecules within the spine
compartment on the other. Examples of such diffusion-
trapping models include those concerned with AMPA
receptor trafficking and its role in synaptic plastic-
ity [37, 21, 12, 13]. Many diffusion-trapping mod-
els predict that the combination of dendritic dif-
fusion and spine trapping results in the subdiffu-
sive transport of proteins along the length of the
dendrite [7, 46, 10]. In contrast, in the present
model the combination of diffusion and trapping
via translocation into spines is not the dominant
transport mechanism. Rather, the combination of
diffusion and activation of primed CaMKII by ac-
tivated CaMKII results in the ballistic motion of
the translocation wave, and spine trapping only
modulates the speed of the wave. Similar to the
propagation of an action potential along an axon,
the regenerative effects of CaMKII activation over-
come the dissipative effects of diffusion and trap-
ping which would otherwise quench such trans-
port.
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