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This article establishes an asymptotic theory for volatility estimation
in an infinite-dimensional setting. We consider mild solutions of semilin-
ear stochastic partial differential equations and derive a stable central limit
theorem for the semigroup-adjusted realised covariation (SARCV'), which
is a consistent estimator of the integrated volatility and a generalisation of
the realised quadratic covariation to Hilbert spaces. Moreover, we introduce
semigroup-adjusted multipower variations (SAM PV') and establish their
weak law of large numbers; using SAM PV, we construct a consistent esti-
mator of the asymptotic covariance of the mixed-Gaussian limiting process
appearing in the central limit theorem for the SARCYV, resulting in a feasible
asymptotic theory. Finally, we outline how our results can be applied even if
observations are only available on a discrete space-time grid.

1. Introduction. Estimation of volatility is of great importance for capturing the second-
order structure of a random dynamical system. In this work, we develop a feasible asymp-
totic distribution theory for the estimation of the integrated volatility operator fot Yeds =

fg 0s0+ds corresponding to a stochastic partial differential equation (SPDE) in a separable
Hilbert space H of the form

(1) d}/}/ = (-/4)/;5 + Oét)dt + Jtth7 te [OaT]

based on discrete observations of its mild solution within a finite time-interval [0,7] for
T > 0. Here A is the generator of a strongly continuous semigroup S := (S(t))¢>0 on H,
W is a cylindrical Wiener process, o and o are the drift- and volatility processes, respec-
tively (see Section 3 below for a detailed specification). Such SPDEs constitute a well-
established framework for describing spatio-temporal dynamics with applications in, e.g.,
finance, physics, biology, meteorology and mechanics (cf. the textbooks [40], [63], [56] or
[57]). In the context of infill-asymptotics and in the presence of time-discrete observations
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of a realisation of a solution to (1), the role of integrated volatility is similar to the one of the
covariance operator in the analysis of i.i.d. functional data. This becomes particularly evident
if o is independent of W. In this case integrated volatility is the conditional covariance of the

driving noise, that is,
t t
/oSdWS\a~N<0,/ Esds>, t>0.
0 0

Hence, a feasible estimation theory for integrated volatility in this setting could allow stan-
dard functional data analysis methods to be applied to the analysis of observations of solu-
tions to SPDEs.
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Our theory is based on the semigroup-adjusted realised covariation (SARCYV), given for
n € N by

t/An] [t/A] ,
) SARCV := Y Apv®% = 3" (Yia, —S(A)Y_pa,) ™
=1 =1

which was shown to be a consistent estimator of the integrated volatility f (f Y.sdsin[19]. Here
h®2 = (h,-)h denotes the usual tensor product. In this paper, we consider the more involved
task of proving, under suitable regularity conditions, the functional central limit theorem

) t
Ay? <SAROV;” - / Esds> S N(0,Ty),
0

where £=£ stands for the stable convergence in law as a process in the Skorokhod space
D([0,T],H). N(0,T) is an infinite-dimensional continuous mixed Gaussian process' with
values in 7, the space of Hilbert-Schmidt operators on H, and with a conditional covariance
operator I';, called the asymptotic variance. The above central limit theorem is not feasible,
as the asymptotic variance is a priori unknown, so we also derive a consistent estimator for I'.
As this can be done conveniently by appealing to laws of large numbers for certain adjusted
power and bipower variations, we also provide consistency results for general semigroup-
adjusted realised multipower variations (S AM PV') given by

[t/An ] —k+1
(3) SAMPV(my,...,my) := Afy i YE™,

=1 7j=1

We refer to the preliminaries below for the general tensor power notation.

Compared with the finite-dimensional theory, the semigroup adjustment in the realised
covariation and the multipower variations might seem unusual. Nevertheless, the results pre-
sented here should be understood as a direct generalisation of the theory for multivariate
semimartingales to the setting of semilinear SPDEs as in (1). This is because the semigroup
adjustment just becomes relevant if (Y;);c(o,r) is not a semimartingale, which is a purely
infinite-dimensional issue. In fact, if H is finite-dimensional, (Y;)c[o,7] is automatically a
semimartingale and dropping the semigroup adjustment in (2) still yields a consistent esti-
mator, namely, the quadratic covariation

[t/An]
(4) RV = > (Yia, = Yi-1a,)®
i=1
One can equivalently think of choosing the semigroup to equal the identity operator on H
(i.e. § = I) for the sake of the limit theorems and move the part of the (in this case) strong
solution belonging to the original generator A in equation (1) into the drift c.

For over two decades, there have been many contributions to the asymptotic theory for
stochastic volatility estimation in a finite-dimensional set-up. These include the articles
[11, 12, 13, 6] and [50], amongst many others, and the textbooks [52] and [1], focusing
on the semimartingale set-up. Moreover, recently, attention has also turned towards finite-
dimensional volatility estimation in the context when the observed process is not necessarily
a semimartingale, see e.g. [37], [8], [9], [36], [35], [30], [29], [66] and [45, 61].

IRecall that a centred Hilbert space-valued random variable X is mixed Gaussian with random covariance
C : H — H if conditional on C' the random variable (X, h) a one-dimensional centred Gaussian distributed
random variable with variance (C'h, h) forall h € H.
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There are two recent strands of research that are related to the infinite-dimensional case:
during the last decade, some effort went into the generalisation of ARCH and GARCH mod-
els for functional data, appearing at a possibly high frequent rate in [49], [7], [26], [65] and
[55]. At the same time, a lot of recent research has been devoted to the intricate problem of
estimating volatility based on observations of finite-dimensional realisations of second-order
stochastic partial differential equations (cf. [24], [27], [28], [23], [47], [4], [33], [32], [3], [60]
to mention some). We refer to [31] for a survey. In that sense, volatility estimation has been
approached either discretely in time or discretely in space. So in contrast to the high research
activity in both of these areas, to the best of the authors’ knowledge, there appear to be no
results at the intersection that allow making inference on a coherent and potentially smooth
spatio-temporal volatility structure as we do here. Such results, however, may be desirable
in many situations. We discuss some applications and relevant types of data in the following
subsection.

The presentation of our results is divided into six sections, where after a short considera-
tion of data and some brief preliminaries following this introduction, we outline the setting
for the guiding example of term structure models in Section 2 which makes the otherwise
rather abstract operator-theoretic notation more concrete. We present a detailed discussion
on limit theorems and applications of the SARCYV in Section 3, where we also include a
short section on the estimation of conditional covariances in Subsection 3.2 and establish the
corresponding feasible limit theory (accounting for the unknown random covariance structure
in the basic central limit theorem for this estimator) in Subsection 3.3. A discussion about
the convergence behaviour of the naive quadratic variation is added in Subsection 3.4. After-
wards, we outline, how the limit theory can be applied in the case of discrete observations
in time and space in Section 3.5. Section 4 addresses the laws of large numbers for the gen-
eral semigroup-adjusted multipower variations SAM PV (my, ..., my). Section 5 outlines the
proofs of the limit theorems, which are given in full length in an Appendix. We summarise
and further discuss the results in the concluding Section 6.

1.1. Considerations on data. As the SARCV and the SAM PV take into account the
Hilbert space-valued data (Y;a,,i=1,...,|t/A,]), the theory presented here is part of the
realm of functional data analysis. Functional data, which are usually sampled discretely, are
often smoothed in order to obtain an element in some suitable function space. In our case,
this means that practically every datum Y;A , should be considered as a smoothed version of
discretely sampled data. Assuming that data are of high resolution in the spatial dimension
as well, one can obtain fully feasible consistency results and central limit theorems for the
integrated volatility operators from our results (see Section 3.5 for how this can be done
for a regular sampling grid). This means, however, that (at least locally when estimating
functionals of the integrated volatility) we need to have dense samples in both space and
time.

Taking into account the effort that went into the development of volatility estimation in
the case of sampling the solution of an SPDE at a fixed finite number of points in space and
a high frequent rate in time, it might be worth underlining the following: the wording “high
frequent” can be misleading, as this is primarily a matter of scale.

For instance, in financial forward and futures markets, where one wants to capture price
variations for contracts with times-to-maturity of more than a year, intra-daily patterns of
variation might, for some purposes, not be as insightful as e.g., intra-monthly ones. Another
example is meteorological data, where in several regions we find a considerable number of
weather stations measuring for instance wind, temperature or rainfall at fixed time intervals
such as every hour. This leads to a reasonable volume of spatio-temporal data for a week or
a month rather than a day. Moreover, reducing volatility estimation on techniques that allow
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making inference based on fixed multivariate samples of the SPDE might make it hard to
capture spatial features like slope and curvature induced by the dynamics of neighbouring
stations via the asymptotic analysis. Dynamics that are dependent on this kind of derivative
information are of course not just relevant to meteorological applications but are for instance
considered important to describe the dynamics of term structure models in finance (c.f. [34]).
Smooth features of the volatility operator can be conveniently accessed in the functional data
framework we elaborate on here and derivative information are inherent in the estimator itself
(due to the adjustment).

On the other hand, in contrast to possibly prevalent perception, there are intraday high-
frequency financial data that should eventually be considered functional. One example can be
found in the modern structure of intraday energy markets. In the European intraday energy
markets, participants can continuously trade contracts for energy delivery each day (from
late afternoon til midnight) for all 96 quarter-hours of the day ahead. Interpreting this as a
discretisation of the curve of all potential forward contracts of the next day, this can, due
to no-arbitrage arguments, be considered as a semimartingale in a Hilbert space of func-
tions. We underline, that our results are new also in the semimartingale case S = I, lead-
ing to an infinite-dimensional theory for realised covariation of H-valued semimartingales.
Arguably, in that way, it becomes possible to estimate components of the recently treated
infinite-dimensional stochastic volatility models (c.f. [39, 38], [21], [17], [20]).

Preliminaries and notation. Throughout this work, H, is a separable Hilbert space. The
corresponding inner product and norm are denoted by (-,-)y and || - || and the identity
operator on H by I, where we will drop the H-dependence most of the time and simply
write (-,-), || - || and I. If G is another separable Hilbert space, h € H and g € G, we write
L(G, H) for the space of bounded linear operators from G to H and L(H) := L(H,H). We
write || - ||op for the operator norm on these spaces. Lys(G, H) denotes the Hilbert space of
Hilbert-Schmidt operators from G into H, that is B € L(G, H) such that

[o¢]
1B s 01y = D _ | Beal|* < o0,
n=1

for an orthonormal basis (e, )nen of G. If G = H, we write H := Lys(H, H). The operator
h ® g:= (h,-)g is a Hilbert-Schmidt and even nuclear operator from H to G. Recall that B
is nuclear, if > | || Be,|| < oo for some orthonormal basis (ey,)n,en of G. Moreover, we
shortly write h*? = h ® (h® (-+- ® (h® h)) and ®§:1 hj=h1®.0h=hQ(..®
(hg—1 ® hy)). We write recursively H2 = H = Lus(H, H) and H™ = Lys(H, H™ 1), for
m > 2. Thus, H™ is the space of operators spanned by the orthonormal basis (e;, ® --- ®
€j. )1, jmeN, fOr an orthonormal basis (e;);en of H with respect to the Hilbert-Schmidt
norm. As H" is isometrically isomorphic to the space Lys(H?,H?) if p+ g =m and p,q >
2 (and Lys(H,H?) or Lys(HP, H) if p or ¢ is equal to 1), we will alternate between the
notations throughout the paper. For instance, if m is even, H™ can be identified with the
space Lys (H% ) ’H%), which is why we can speak without loss of generality of symmetric
operators on these spaces. Recall moreover that

3) Yy =00, Vte[0,T],

where o is the stochastically integrable Hilbert-Schmidt operator-valued volatility process
(c.f. Section 3). We will also need the notation ¥5» := S(iA,, — 5)X:S(iA, — s)* for s €
((i = 1)A,,iA,]. We also need different concepts of convergence of stochastic processes.
Recall that a sequence of random variables (X}, ),en defined on a probability space (€2, F,P)
and with values in a Polish space E converges stably in law to a random variable X defined on
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an extension (2, 7, P) of (Q, F,P) with values in F, if for all bounded continuous f: £ — R
and all bounded random variables Y on (2, F) we have E[Y f(X,,)] = E[Y f(X)] as n —
00, where E denotes the expectation with respect to P. If, for a Hilbert space-valued process
X", we have that it converges stably in law as a process in the Skorokhod space D([0,T]; H),

we write X" £ X. Here and throughout we always assume the space D([0,7]; H) to be
endowed with the classical Skorokhod topology, making it a Polish space (c.f. for instance
chapter VI in [25]). Moreover, by X™ 2% X we mean convergence uniformly on compacts
in probability, i.e. for all € > 0 itis P[sup;cp oy [ X" (t) — X (¢)] > ¢] — 0 for T'> 0.

2. A motivating example: term structure models. In this section, we discuss the exam-
ple of term structure models from mathematical finance arising in bond and energy markets.
Term structure models, which can conveniently be expressed in form of stochastic partial
differential equations, relate the time to maturity of financial contracts to their empirical and
theoretical characteristics. For an introduction to the SPDE approach to modelling forward
curve evolutions we refer to [43] in the case of instantaneous forward rates in bond markets
and to [18] in the case of instantaneous forward prices in energy and commodity markets.

Forward curves, respectively forward prices, are usually considered to take their values
in some suitable Hilbert space of functions. Besides the space of square-integrable functions
L?(0,1), reproducing kernel Hilbert spaces (RKHS) and in particular Sobolev spaces such as

H'(0,1) :={h:[0,1] = R : h is absolutely continuous and &’ € L*(0,1)}

equipped with the norm ||A|| := h(0)? + fo (h/(x))?dx are a reasonable choice for a state
space of instantaneous forward curves. The compact interval [0, 1] contains all observable
times to maturity (normalised by the maximal time to maturity observable). The arbitrage-
free dynamics of forward curves can then be expressed in terms of the Heath-Jarrow-Morton-
Musiela equation

dfy = (0 fr + a(0s)) ds + osdWs,

where o is a general Hilbert-Schmidt operator valued process from a noise space U into
H = H'0,1) and o : Lys(U, H) — H is a continuous mapping (c.f. [43, Section 4.3]) for
forward rates and vanishes entirely for commodity and energy price curves (c.f. e.g. [15]). In
the space L2(0,1) of square-integrable functions, 9, is defined on its domain D(9,) = {h €
H'(0,1) : h(1) = 0} and according to [41, Section 2.11] generates the nilpotent semigroup
of left shifts in L2(0, 1) given by

h(z+t), x+t<1,

© S(t)hiz):= {0 zt> 1.

In the Sobolev space, the differential operator d,; can be defined on its domain D(9,) = {h €
H'(0,1): " € H'(0,1)} and combining Corollary 5.1.1 in [43] and [41, Section 2.3] it is
then the generator of the strongly continuous semigroup of left shifts on H1(0,1) given by

h(z+1t), z+t<1,

@ S(t)hiz):= {h(l) Tt> 1.

We may choose the noise space to be U = L?(0, 1), such that we can interpret o as a Hilbert-
Schmidt operator from L2(0,1) into itself or that it maps into H'(0,1) < L?(0,1) and is
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Hilbert-Schmidt with respect to the norm on H'(0,1) if H = H'(0,1). As such, it is given
as a kernel operator

1
oo (2) = /0 4@ 9 fW)dy, Vs >0,2€[0,1]

In the case that H = H'(0,1) we alternatively could have chosen U = H'(0,1), as by The-
orem 9 in [22] we have that in an RKHS on [0, 1] with kernel k, every continuous linear
operator L is given by a kernel operator with kernel (z,y) = (k(x,-), L*k(-,y)) in the sense
that

Lf(z)={f,l(x)), Vze€ [07 1]'

We will come back to the estimation of integrated volatility in this setting for H = H'(0,1)
in Section 3.5.

3. Limit theorems for the SARCYV. Throughout this work we fix (Y;);c[o,7) for T' >
0 to be the mild solution of the SPDE (1), i.e. Y is a continuous adapted stochastic process
defined on a filtered probability space (€2, F, (]:t)te[O,T]ap) with right-continuous filtration
(Ft)tejo,7) taking values in the separable Hilbert space H and is given by the stochastic
Volterra process

t t
®) yt:sos)yo+/ S(t—s)ozsds—i—/ S(t— 8)osdWs, t€[0,T],
0 0

Here, S := (S(t))¢>0 is a strongly continuous semigroup on H generated by A and W is a
cylindrical Wiener process potentially on another separable Hilbert space U (with covariance
operator I7). Moreover, « is an almost surely Bochner integrable adapted stochastic process
with values in H and o is a Hilbert-Schmidt operator-valued process that is stochastically
integrable with respect to W, i.e. for Qp :=[0,T] x Q,

T
o€ {<I> :Qp — Lys(U, H) : ® predictable and P {/ ||<I>(s)||%H§(UH)ds < oo] = 1}
O D ’

(c.f. for instance Chapter 2.5 in [56] for the definition of the stochastic integral in this con-
text). Both coefficients o and o can in principle be state (or even path) dependent, provided
that there is a mild solution of the form (8) to the equation. We refer to (Yt)te[o,T] as a mild
1t6 process.

We present first our result on the asymptotic behaviour of the semigroup-adjusted re-
alised covariation (SARC'V), as it is the most important example of the (semigroup-adjusted)
power variations. The law of large numbers for general multipower variations is postponed
to the next section.

3.1. Infeasible central limit theorems for the SARCV. As it was shown in [19], the law
of large numbers needs no further assumption on Y2 :

2There are two minor differences with respect to the limit theory established in [19]: First, the driver W was
assumed to have a covariance that is of trace class. However, considering the stochastic integral of a Hilbert-
Schmidt operator-valued process with respect to a cylindrical Wiener noise or the stochastic integral of a process
with values in Ly S(Ql/ 2y , H) with respect to the corresponding trace class (Q-)Wiener process in U, does
not make a difference. The stochastic integral can (on an extension of the probability space) in both cases be
translated into one or the other, due to the martingale representation theorems (c.f. Section 2.2.5 in [57]). Second,
the drift was assumed to be almost surely square-integrable. Here, in this paper, we do not aim to derive a rate of
convergence via the laws of large numbers and are in that regard able to drop these conditions.
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THEOREM 3.1. For a mild Ito process Y of the form (8), we have

t
SARCV™ 2K ( / Esds>
0 te[0,7

The derivation of a corresponding central limit theorem, that is, the asymptotic normality
of

t [t/An] t
) XP:=SARCV" — / Seds:= »  (A7Y)®? - / Yeds,

0 i1 0
is more involved. First of all, already in finite dimensions some further conditions have to be
imposed, which is why we give an analogue of the fairly mild Assumption 5.4.1(i) from [52]:

ASSUMPTION 1. The coefficients o and o satisfy the following local integrability con-
dition:

T
P ([ Hul? + ol s <o0) = 1.

The law of large numbers, Theorem 3.1, is very general, as there are no additional assump-
tions imposed on Y. However, the subtle difference to the convergence of realised variation
in the finite-dimensional case is hidden in the rate of convergence. Even if Assumption 1
holds, the speed of convergence may become arbitrarily slow and might not be of magnitude
O,(v/A,,) anymore, where O, denotes boundedness in probability (c.f. Example 2 below).
The latter is however an important condition to obtain a general infinite-dimensional central
limit theorem with respect to some uniform operator topology such as the one induced by the
Hilbert-Schmidt norm. In order to overcome this issue, we impose further assumptions which
increase the regularity of the sample paths of the process or consider limit theorems for the
mild solution process evaluated at functionals A that induce some regularity of the respective
finite-dimensional process (Y3, h)>.

To this purpose, we introduce the notion of Favard spaces. Here, for v € (0, 1) the y-Favard
space R;S is defined by

FS=F3(H):={heH:||h|psn = sup [|t77(I—8(t))h| <o0,¥N >0
! te[0,N]

As D(A) C Ff , these spaces always form dense subsets of /I and become Banach spaces
when equipped with the norm supy~ || - HFﬂ ~) as long as the semigroup has a negative
growth bound (c.f. [41], Chapter I1.5). An example of practical importance for a subset of a
1/2-Favard space are the evaluation functionals in a Sobolev space (this is outlined further in
Section 3.5).

For functionals in the %—Favard space, we have the following central limit theorem in the
weak operator topology:

30ne might hope to find a uniform rate cp, such that ¢;; * (SARCV" — fg Y sds) converges in distribution
to a nontrivial law with respect some operator-topology. This is not possible in the general context we are exam-
ining: Example 2 describes a case, in which for certain irregular functionals \/n{(SARCV}" — [5 Ysds)h, g)
diverges. On the other hand, for another choice of functionals (h, g € D(.A) for instance) we obtain convergence
in distribution to a centered Gaussian law.



THEOREM 3.2.  Define the covariance operator process Ty for t € [0,T] on H by
¢
B ::/ Ys(B+ B*)Xsds, BeH.
0

Let B € 'H be an operator with a finite-dimensional range of the form B = Z{i 1 h ® g
forh;,gi € FS iy eRforl=1,...,K, K € N and let Assumption 1 hold. Then

(A;%<X7?73>H> = (T'eB, B)))iepor) »

t€[0,T]
where the limiting process on the right is, conditionally on F, a continuous centered
Gaussian process with independent increments defined on a very good filtered extension
(Q,]:, ]:t,]P)) Of (Q, ]:, ]:t,IP)).

For the notion of a very good filtered extension we refer to [52, Sec. 2.4.1]. Let us now
give two examples of operators B that can be chosen in Theorem 3.2 to make inference on
term structure models.

EXAMPLE 1. We consider examples of practical importance: local averages and evalua-
tion functionals.

(a) (Local averages) Consider the case that H = L? (0,1) and S is the nilpotent shift semi-
group defined in (6). We have for ¢ € [0, 1] that S*(¢) f(x) = Ij,1)(z) f(x — t). Then it
holds, for 0 < b <1 and ¢ < b, that

[(S#)" — Doy H%?(O,l) = (min(b+1¢,1) —b) +1,

which shows that Ij, € F S but ljo ) & F,‘YS " for any v > 1/2. Since Favard-spaces are
2

vector spaces, this yields in particular, that by virtue of Theorem 3.2 we can analyse one-

dimensional (or multivariate) stochastic processes that arise as local averages over certain

areas of a mild solution. That is, we can readily analyse time series gfi ,i=0,...,|T/A]
where

b
_ab 1 1
y;f'lAn = b J— a/ YiA” (l))dx - b a<)/;A,L7]I(1,b>L2(O,l)'
a

For forward curves in term structure models this kind of sampling structure appears natu-
rally as differences of yield curve values or (log-)bond prices which can be observed in the
market, since for a zero coupon bond price at time ¢ with time to maturity = 4 ¢ we have

Pt(f) = e_fc‘)—n ff(y)dy

In energy markets we also observe prices as weighted averages of instantaneous forward
prices in the form of energy-swap contracts guaranteeing delivery of energy over a certain
time (c.f. [16]). A practically relevant class of operators are, hence, weighted sums of
indicator functionals of the form

d
Z wi:jﬂ[(li,bi] ® H[ajvbj]’
ij=1

for some intervals [a;,b;] C [0,1] and w; j € R fori,j=1,...,d.
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(b) (Evaluation functionals) For H = H'! (0,1) we can define evaluation functionals §,, by
6.f = f(x) for all 2 € [0,1]. These functionals satisfy §, € F, while d,, ¢ F:f " for any

v >1/2if € [0,1). This is shown in Lemma 3.13 below where statistical estimation
within this framework is elaborated in a fully discrete setting. We can, hence, analyse
one-dimensional (or multivariate) stochastic processes that arise as evaluations of mild
solutions of first-order stochastic partial differential equations at a finite number of points.
A practically relevant class of operators are, thus, weighted sums of evaluation functionals
of the form

d
B= Z wm-éxi & 555].,
1,j=1

for some elements z; C [0,1] and w; ; € R ford,j =1,...,d.

In order to derive a stable central limit theorem for the SARCYV with respect to the
Hilbert-Schmidt norm, we need to impose regularity assumptions on the volatility process
itself, namely:

ASSUMPTION 2. One of the two following conditions holds:
M

T
/ sup E[[lt3 (I - S(t))oa|%)ds < oo;
0 tefo,T]

(i)

T
P [/ sup ||t_%(I - S(t))asH(Q,pds < oo] =1
0 tefo0,1]

REMARK 1. Observe that if the semigroup has negative growth bound and, thus, F is

2

a Banach space, Assumption 2(i) and (ii) can be rewritten as
() o e L2 ([0,7), FS (L3, LU, H))) )
(i) P [a e L? ([o,T],L (U, Ff(H)))] ~1.

Now we state the associated central limit theorem.

THEOREM 3.3. Let I be as in Theorem 3.2. Under Assumptions 1 and 2 we have that

-1 on L—s
(10) (An > X1 ieto,r) = N(0,T4))vefo, 1)

where the limiting process on the right is, conditionally on F, a continuous centered H-

valued Gaussian process with independent increments defined on a very good filtered exten-
sion (0, F, F,P) of (0, F, Fi,P).

Assumption 2 is a sharp regularity criterion for the validity of the central limit theorem in
the Hilbert-Schmidt norm:
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EXAMPLE 2. Assumption 2 is sharp in the sense that for all § < % we can always find a
deterministic and constant volatility o, such that

(11) sup [[t72(I = S())o|| L,y < 00,
t€[0,T

but convergence in distribution of \/ﬁf(t" cannot take place, even with respect to the weak
operator topology. Such a specification can be done for instance in the following way: Take
H = L?[0,2], (S(t))¢>0 the nilpotent semigroup of left-shifts, such that for z € [0,2],¢ > 0 it
is S(t)f(z) =l (x +1)f(r +1) and 0 = e ® X, where e € H such that |le|| =1 and X is
an appropriately chosen path of a rough fractional Brownian motion. That is, X (x) = B (w)
for a fractional Brownian motion (BY),>¢ with Hurst parameter $) < 3, defined on another
probability space (2, F,P) and w € ) is such that BY is $)-Holder continuous and guarantees
divergence of \/nX". Clearly, B?(w) is globally $-Hélder continuous on [0, 2] and we can
find a C' > 0 such that

H(I_S(t)) ;S(U,H) N /oz_t (B”?(w) ;ﬁBmﬁH(w))de + /jt <B§ﬂ:f()w)>2da: <C

9
Hence, we have that (11) holds. However, it is intuitively clear, that the lower §) is chosen, the
worse the impact on the regularity of Y is, which eventually leads to divergence of \/ﬁ)z't”
for the rough case $ < % We give a detailed verification of this counterexample as well as
how to choose the appropriate w in the Appendix.

In order to account for such irregularities, one often scales the increments in a particular
way and still obtains a feasible limit theory, such as was done for second-order stochastic
partial differential equations in [24] or [27] and for Brownian semistationary processes in
[37], [8], [9], [36], [35] and [45, 61]. However, by the law of large numbers, Theorem 3.1 we
deduce that these rescaling arguments would lead to inconsistent estimators.

(o

To get an intuition about the regularity that is induced by Assumption 2, observe the fol-
lowing

REMARK 2. Assumption 2(i) (and 2(ii)) increases the regularity of Y in space and time:
In fact, suppose that the volatility has bounded second moment, that is, sup¢(o 71 E [Has H%HS w, H)] <

0o. The assumption then says that the stochastic convolution is weakly mean-square %—
regular in time, as foreachh € H and 0 <u <t <T

(</0t8(t ~ S)oudW, — /OUS(U _ s)ades,h)>2] %

< ([ 2 ist - w - nstu- s al]as)’

+ </:E (15— 9)o)" 1] ds);

(12) :0((t—u)%>.

If we are in a reproducing kernel Hilbert space (i.e. a Hilbert space of functions, say over an
interval in R such that the evaluation functionals §, are continuous) and the semigroup is the

E
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shift semigroup, it is easy to see that the assumption also gives mean-square %—regularity in

space: To see this, we write J, for the evaluation functionals in H and observe that
1
2] 2
1
2] 2
1

t
5 < /0 S(t— 8)S()(S(x — y) I)ades>
< ool sup 150 ([ E[ISG—0) - D] as)

te[0,7)

E

/ S(t = 8)osdWs(z) — / S(t = 8)osdWs(y)
0 0

=E

(13) =O(jz —y|?),

by 1td’s formula for = > y. Combining (12) and (13) we find that the random field (¢, z) —
fg S(t — s)osdW(z) has mean-square regularity 3 in space and in time.

REMARK 3 (What if the semigroup adjustment is infeasible?). The semigroup adjust-
ment can readily be implemented in situations in which the semigroup is known and has
a simple form (e.g. a simple left-shift as in term structure models). However, it should be
noted that the adjustment might be hard or even impossible to implement in some cases. For
instance, a commonly encountered situation is A = kA’ for some known generator A’ of a
strongly continuous semigroup (7 (¢));>0 in H and an unknown parameter «. In this case,
we have S(t) = 7 (kt) and without further knowledge of the parameter x, SARCV is an
infeasible estimator.

It is, hence, important to characterise situations, in which the semigroup adjustment is
superfluous and we can use the simpler infinite-dimensional realised variation (4). We give
weak regularity conditions on the volatility guaranteeing consistency and asymptotic normal-
ity of RV;" in section 3.4. A simple, yet very relevant situation is when the volatility has a
finite second moment and is contained in the domain of the generator A of the semigroup.
Assuming the drift to be zero for convenience, it is well known that in this case the stochastic
convolution (8) is a strong solution to the SPDE

dY, = AY;dt + 0, dW,, Yy=0,t€[0,T],

(which is especially fulfilled if A is continuous), c.f. [57, Theorem 3.2]. This yields that Y is
of the form

t t
- / AV ds + / o dIW,,
0 0

such that we can reinterpret Y to be a mild It6 process of the form (8) with the semigroup
to be the identity and oy = AY; for the sake of the limit theory. In that way, Assumption 2 is
trivially fulfilled and the realised covariation RV, (c.f. (4)) is consistent and asymptotically
mixed normal.

At the same time, the adjustment with the initial semigroup (generated by .A) also leads to a
consistent estimator, since the semigroup is Lipschitz-continuous on the range of the volatil-
ity due to the mean value theorem. Thus, SARCV™ converges in probability to the same
limit and has the same asymptotic normal distribution as RV"™. However, the assumption
that the volatility is in the domain of the generator A or the existence of a strong solution is
oftentimes too strong and we give some weaker regularity conditions in Section 3.4 enabling
us to use RV," even in some situations in which Y does not have the pleasant semimartingale
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structure of a strong solution. Yet, in some important cases also these conditions might be too
strong and the asymptotic equality of the semigroup-adjusted and the nonadjusted variation
is not in general fulfilled (c.f. Section 3.4).

REMARK 4 (Which CLT to use in practise?). Both results Theorem 3.2 and 3.3 are cen-
tral limit theorems for the same process. While Theorem 3.3 yields a more general conver-
gence, it comes along with the additional regularity Assumption 2, while Theorem 3.2 does
not impose further assumptions on the mild It6 process Y itself, but rather on the functionals
under which we observe it.

Hence, we might use Theorem 3.2 in situations in which regularity assumptions on the
volatility are not reasonable or cannot be guaranteed to hold and we are interested in testing
hypotheses or finding confidence intervals of sufficiently regular functionals of the integrated
volatility (in terms of the assumption of the theorem). Two important classes of such func-
tionals (or even linear combinations of these) are presented in Example 1. In term structure
models, for instance, we might want to quantify the estimation error of the volatility corre-
sponding to a particular economic parameter. For instance, it is usually important to consider
the spread between two forward contracts with maturities far from each other. We are then
interested in confidence intervals for the volatility of the process (3, — dy, ft))¢e[o, ) for the
long maturity = and the short term maturity y where ¢, and ¢, are evaluation functionals
8zf = f(z) in the Sobolev space H'(0,1) which is defined in Section 2. In this case, we

have to characterise the asymptotic distribution of fOT<E s(0z —6y), (05 — dy))ds. It turns out,
that the evaluation functionals ¢, and ¢, are sharply in the space F$" for the shift semigroup

S defined in Section 2, such that we can use Theorem 3.2 with the choice B = (&, — 6,)®?
(c.f. Lemma 3.13 below).

On the other hand, if regularity Assumption 2 is reasonable to assume, Theorem 3.3 makes
Theorem 3.2 obsolete. Infinite-dimensional central limit theorems as Theorem 3.3 can be
used to design hypothesis tests based on nonlinear functionals of integrated volatility via
an infinite-dimensional Delta method (c.f. [68, Section 3.9]), or to make inference on the
eigencomponents of integrated volatility in the same way infinite-dimensional limit theorems
guarantee the asymptotic normality of empirical eigenfunctions for covariance operators (c.f.
[54]) and we could also test for functionals that are not in the 1/2 Favard-space of the dual
of the semigroup. The latter is for instance the case for indicator functionals (hence, local
averages) in L2(0, 1) and the heat semigroup (c.f. Section 3.5.1 below), for which the Favard
spaces are sharply embedded into Holder spaces of continuous functions (c.f. [41, Proposition
5.33]).

3.2. Estimation of conditional covariance. As argued in the introduction, estimating in-
tegrated volatility corresponds to the estimation of the conditional covariance of the noise
process if we assume that the volatility and the Wiener process are independent. As opposed
to the semimartingale case, however, it is not the conditional covariance of the increments or
adjusted increments of a mild solution of an SPDE. The latter can, nevertheless be estimated
within our framework as well and might be used for inference on the dynamics.

As a motivation, we show in the next example how we can build time-series models from
HIMM-term structure dynamics.

EXAMPLE 3 (HIMM-time series model). Let us come back to the term structure model
described in Section 2. Assume that the drift and volatility processes are independent of
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the cylindrical Wiener process and stationary. We want to build a functional quarterly time-
series (F;);en for the forward curve process, that describes the dynamics of the arbitrage-free
HIMM-dynamics well and might for instance be used in forecasting. Measuring time in years,

it is then
1 i (i i (i
F,:=Y: =S8 <4) YH+/ S<4s> ozsder/ S<4s> osdWs

4

1
=S <4> Y% + Wi + €,

,u,i::/4 S(i—s) agds, ei::/4 S(i—s) osdWs.

1
Defining X¥ := [ S(i —8),, i S(% — s)*ds, we obtain a stationary time-series of co-
4

where

variance operators, such that
&lo ~N(0,5F), ieN,

forms a weak white noise sequence.

Assuming the time-series y; to be deterministic and constant and potentially violating the
no-arbitrage setting, we can proceed in a straightforward manner: If p is deterministic and
constant, estimation of mean p and covariance C' = E[X}] can be based on their empirical
counterparts via the adjusted increments (Yi -S (i)Y% ). We might then conduct a dimen-

sion reduction of the model by functional principal component analysis.

The conditional heteroscedasticity of the F; would necessitate a sharper analysis of the
time series of conditional covariances (X});en. We might assume that it follows a particular
functional time-series model and treat it as observed rather than latent in the spirit of [6]. In
the latter case, this is justified by the observation that in the case of continuous semimartin-
gales integrated volatility is the same as the conditional covariance of the increments of the
process and is observable under continuous observations. In our case integrated volatility is
observable as well by virtue of Theorem 3.1 but does not correspond to the conditional co-
variance of adjusted increments anymore. Fortunately, adjusting our estimator appropriately
makes observation of the conditional covariance possible as well. Even better, we can esti-
mate it without imposing the regularity Assumption 2. This result can be found in Corollary
3.4 below.

Let us come back to the general setting. For 0 < U < T, define

T T
(14) / »Tds ::/ S(T — 8)2:S(T — s)*ds.
U U

In the case that the drift and the volatility are independent of the driving Wiener process this
is the conditional covariance of the adjusted increments. I.e. we have

(Yr —S(T -U)Yy)|ea,o ~ N (/TS(T — 5)avds, /UT 2§’ds> .

U
In that regard, it is helpful to exploit that the process

t t
Yl =8(T)Y, + / S(T — s)asds + / S(T — s)osdWs
0 0

t t
:Yo+/ dsds+/ gsdWs, t€10,T],
0 0
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is a semimartingale on H, where Yy := S(T)Yy, &; = S(T — t)oy and & = S(T — t)oy.
Hence, the associated nonadjusted realised covariation is a consistent and asymptotically
normal estimator of fOT Y7ds. Luckily, in the presence of the functional data (Yia, ,i =
1,...,|T/A,]), we can reconstruct the quadratic variation corresponding to Y7 by

YA, =Y ya, =S(T—idn)Yia, = S(T = (i = 1)A)Yina,
This yields the following limit theorems as a corollary of Theorem 3.3 and Remark 3, which

do not need Assumption 2:

COROLLARY 3.4. We have
[T/Ay]

T
S (S(T—ifn)Yia, — ST — (i — 1)An)Yii_yya,) ™ % / STds,
i=1 0
and, if Assumption 1 holds, we also have
. [T/An] ) T
A DY (ST —iA)Yia, —S(T— (i - 1)A)Y i 1ya,)? —/ »lds
i=1 0

In particular, we obtain that

[T/A] , T
Y (ST —iAn)Yia, —S(T = (i — 1)A)Y_pya,)” ’ui/ »Tds,
i=U/ A | +1 v

and under Assumption 1 that

. \T/An] 2 .,
Ap? Z (S(T —iA,)Yia, — S(T — (i — 1)A")Y(i—1)An)® B / T ds
1=|U/A,|+1 U

£28 N0, /TS(T — )N S(T — 8)* (- + )S(T — 8)2:S(T — s5)*ds).
U

REMARK 5 (Inadequacy of the conditional covariance for dimension reduction). It
should be noted that (conditional) covariances may not be a suitable tool for dimension reduc-
tion in situations where the stochastic dynamics imposed by the SPDE should be conserved,
unlike in the case of i.i.d. functional data. This can be of great importance, as SPDE dynam-
ics often encode important physical or economic principles (such as the absence of arbitrage
opportunities in term structure models).

In the energy market, for instance, there is evidence that energy spot prices are not follow-
ing semimartingale-dynamics (c.f. [14]). Energy spot prices as observed in the market are
averages of the lower end of the forward price curve (see e.g. [16]) and are, thus, bounded
linear functionals of these in the Hilbert-space L?([0,1]). This implies in particular, that en-
ergy forward curves cannot follow a strong solution to the Heath-Jarrow-Morton-Musiela
equation in L2(0,1) (c.f. section 2). Corollary 1 in [42] shows that this excludes the exis-
tence of a finite-dimensional submanifold of L?(0,1) on which the solution to the Heath-
Jarrow-Morton-Musiela equation is viable. Hence, given that observed energy spot prices do
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indeed not follow semimartingale-dynamics, the projection onto a finite-dimensional linear
subspace, which is usually done via a functional principal component technique based on the
covariance, violates the principle of the absence of arbitrage in the market.

In contrast, the stochastic noise process and, hence, integrated volatility can conveniently
be replaced by an approximated and potentially low-dimensional version without harming
the stochastic dynamics imposed by the SPDE.

We next outline how to transform Theorems 3.2 and 3.3 (as well as Corollary 3.4) into
feasible results.

3.3. Feasible central limit theorems for the SARCV. The central limit Theorems 3.2
and 3.3 (and Corollary 3.4) are infeasible in practice, as we do not know the asymptotic
variance operator I" a priori. A consistent estimator of this random operator is given by the
difference of the corresponding (semigroup-adjusted) fourth power- and the second bipower
variation, and therefore it will be possible to derive feasible versions of Theorems 3.2 and
3.3. For that, we introduce I given by

(15) I7:= A (SAMPV/(4) — SAMPV;"(2,2)).

It can be seen by the following laws of large numbers in Theorems 4.1 and 4.2 that this
defines a consistent estimator of I'. I.e., we have in H*

(16) 2P asn— oo
under the following Assumption:
ASSUMPTION 3. « is locally bounded and o is a cadlag process W.r.t. || - || 1 (v, )

This assumption corresponds to Assumption (H ) in [52, p.238]. Due to the next result, the
estimator I'” behaves well in the sense that it remains in the space of covariance operators:

LEMMA 3.5. A? is a symmetric and positive semidefinite nuclear (and therefore Hilbert-
Schmidt) operator.

PROOF. That it is a symmetric nuclear operator follows immediately, since it is the dif-
ference of two symmetric nuclear operators. Notice that for any real vector (z1, ...,z ) for
some N € N we have

N-1 N—-1 N—-1 N—-1 N N—-1
0 < Z(:L’H_l — xi)Q = Z 1'22+1 + Z :1:12 -2 Z Ti41T5 < 2 [Zx? - Z xi+1xi] .
i=1 i=1 i=1 i=1 i=1 i=1
Using this elementary inequality we obtain positive semidefiniteness, since for each B € ‘H
<Anf?B, B>
H
[t/An] [t/An]—1

= Y {@mye) - ST (Ge) (A, )

=1 i=1 "

Hence, [ is positive semidefinite. 0
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The following two results are direct corollaries of the central limit theorems 3.2 and 3.3
and the fact that two sequences of random variables defined on the same probability space
with values in a Polish space, where one converges stably in law and the other converges in
probability, converge jointly stably in law (c.f. [46, Thm. 3.18 (b)]). We now give the feasible
version of the central limit theorem 3.2, which can be used to find confidence intervals (e.g.
for evaluations in a reproducing kernel Hilbert space setting as in Subsection 3.5):

COROLLARY 3.6. Let Assumption 3 hold and B € H be an operator with a finite-
dimensional range of the form B = Zl}il wihy @ gp for hy,g; € FIS/2 l=1,.,.K, KeN.
Then

Ap* (X7, B)y
<fth B)H

45 N(0,1),

conditional on the set {(I':B, B)3 >0} C Q.
We also obtain a "feasible" version of Theorem 3.3:

COROLLARY 3.7. Under Assumptions 2 and 3, we obtain

L—s

) (accxety)  ESWO.T). T e

t€[0,T]
where we consider the processes in the space H x H*, equipped with the metric

d((B1,%¥1),(B2,V2)) == ||B1 — Ba|ly + [[ W1 — Wa[3.

3.4. Is the semigroup adjustment necessary?. Certainly, in many situations, it would be
convenient to use the realised quadratic variation instead of the semigroup-adjusted variation.
We shall show below when this is possible but start here with an example where the realised
covariation diverges.

EXAMPLE 4. Assume that for an element e € H such that ||e|| = 1 and an H-valued
random variable X the volatility takes the simple form

os=e®S8(s)X.

Moreover, we assume that there is no drift and Y (0) = 0 and let X (and hence o) be inde-
pendent of the driving cylindrical Wiener process W (i.e., no so-called leverage effect). The
process [3; := (e, W) is well-defined and a one-dimensional standard Brownian motion. We
obtain

Y; = /tS(t —8)osdWs=pS(t)X Vte0,T].
0

This simple form can be exploited in order to derive counterexamples for the validity of the
law of large numbers and the central limit theorem for the quadratic variation. For that, we
introduce two cases:

(i) (Counterexample for the law of large numbers) H = L?[0,2], X (z) := B, where B? is
a fractional Brownian motion with Hurst parameter §) = % and (S(t));>o is the (nilpotent)
left-shift semigroup given by

St)f(x):=flx+)py(z+1t) t>0,2€l0,2]
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(ii) (Counterexample for the central limit theorem) H = L*(R), X (z) := Ijp 1)(«), and
(S())e>0 is the left-shift semigroup given by
S ()= flz+1) w,t>0.

Observe that in this case Assumptions 1 and 2 are satisfied, such that the central limit
theorem 3.3 holds.

We start with the first case and make the following technical observation:

n 2 n
D ((S(A0) = DY1)a )P =D ((S(An) = DY1)a,)® (S(An) = DY 1ya,) )
i=1 H o ,i=1
=Y (((S8(A0) = D)Yi1)a,) ((S(An) = DY 1)a,))?
1,j=1

Assume now that the realised variation RV} converges in probability to the integrated volatil-
ity. One can show, that (RV}"* — f(f Seds — Y1 ((S(AR) — I)Y(;_1)a,)®?) and therefore
S 1(S(AR) = I)Y(;_1ya, )||* converges in probability to 0 and that 7", [[(S(A,) —
DYi-na,) |* is uniformly integrable. This is a technical exercise, which can be found in the
Appendix. Thus, in the first case, we must necessarily have by Jensen’s inequality

0= lim ZE [1(S(An) = 1)Yjimpya, )I*] > lim ZE [1(S(An) = DYia )P

= lim AZH9Y (i —1)? >0,

n—00 £
=1

which is a contradiction.

Assume now that the realised variation /n(RV;" — fg Ysds) converges in distribu-
tion to a normal distribution. We now turn to the second example (ii). In this case, both
Vn(RV™ — fg Ysds) and /n(SARCV" — fg Ysds) are uniformly integrable, such that
their convergence in distribution implies convergence of their means. This is again a techni-
cal exercise and the details can be found in the Appendix. We observe that

t t [t/An]
E[th"—/ zsds] =E [SARC’V{‘—/ Esds] - Z E[[(S(An) = D)Yi—1ya,]%?] .
0 0 i=1

Normalising by /n we find that the first summand converges to 0, due to the uniform

integrability and the central limit theorem 3.3 (i.e. convergence in distribution to a cen-

tred random variable). With the notation A;S = S(iA,,) — S((# — 1)A,) we find, since
i-1)A,

E[[(S(An) = DYy, %] = fo( Y (AiST 1) % ds that

2 n

= Z (i—1)(j — DAL (A:ST1), A; ST 1)
H o ig=1
>ALY (i - 1) ASTp q [I*

=1

E

> I(S(An) - Imi_lm,,,]@]

i=1
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n

=A2D (i—1)"2A2.

=1

After normalisation by n = (1/n)? the expression converges to a positive constant, which
verifies that the second case (ii) provides a counterexample for the central limit theorem.

We can, however, impose assumptions on the regularity of the semigroup on the range of
the volatility, such that we again obtain a law of large numbers and a central limit theorem
for the realised variations. The assumption for the law of large numbers is

ASSUMPTION 4. Let almost surely

T
fin [ 73— S0z =0

REMARK 6. Assumption 4 looks similar to Assumption 2. However, in contrast to the
weaker Assumption 2, Assumption 4 excludes some elementary shapes for the volatility such
as the one of Example 4, for which it is simple to see that ||({ — S(t))o| ., ) = 2t

Analogously, we obtain a central limit theorem under the following assumption.

ASSUMPTION 5. Let almost surely

T )
liny | |65 (L — S(1))0s 12, gu.1/d5 = 0.

t—0

We have the following results.

THEOREM 3.8. (i) (Law of large numbers) If Assumption 4 is valid, we have
¢

(18) RV / 5ds.

0
(i1) (Central limit theorem) If Assumptions 1 and 5 are valid, we have

L t
(19) Ay <th"—/ sts> £28 N(0,Ty).
0

We also have a central limit theorem in the weak operator topology as well as a law of
large numbers with mild conditions on the functionals:

THEOREM 3.9. (i) (Law of large numbers) If B € H is of the form B = ZZI; wihi @ g
for hy, g1 € Fis/*zfor l=1,...K, K €N, we have

t
(20) (RV", B)y =% / (S5, Byuds.
0

(i1) (Central limit theorem) If B € H is of the form B = Zlfil wihy @ gp for hy, g € F:f‘/4
forl=1,... K, K € Nand Assumption 1 holds, we have

N ¢
Q1) (A2 <Rv;" —/ sts> By Z= N(0, (T4 B, BYy).
0
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3.5. Discrete samples in space and time. We discuss in this subsection the case when
we have observations which are discrete in space and time. Discretisation in space yields
many nontrivial challenges (e.g. owing to asynchronicity or noise). Here we want to outline
how our results can be used immediately for estimation of the second-order structure of a
continuous mild Itd process and therefore we assume throughout this subsection that we
have observations of Y on a discrete regular space-time grid. That is, we observe

(22) Yin, (1AR) ==Y, (x5),4,5=1,...,n,
where for notational reasons we fix 7' = 1. We assume that H is the Sobolev space
H'Y(0,1):={h:[0,1] — R : h is absolutely continuous and »’ € L*([0,1])},

equipped with the norm ||h|| := h(0)? + fol(h’ (z))2dx. This is a reproducing kernel Hilbert
space in which the corresponding reproducing kernel is k(z,y) := 1 + min(z,y), c.f. [22].
We write d,, = k(x, -) for both the representer of the evaluation functionals and the evaluation
functionals d, f = f(z) in H.

Define the operator 11, : H — H as the orthogonal projection onto

H,, = span(dja,,j=1,...,n).
Then, for any h € H, II,,h can readily be recovered from the finite number of evaluations
h(jAy), j=1,...,n.Indeed, as (0;a,,II,h) = (d;a,, h) = h(jA,), I, R is the unique ele-
ment in span(d;a,,j =1,...,n) that interpolates the points h(jA,),j = 1,...,n. Thus, it is

of the form
n

(23) 0,Yia, =Y ajik(iAn,),
Jj=1
where (a4, ..., o)t = (Ky) 7 H(Yia, (An), ..., Yia, (1))* and K, denotes the positive def-

matrix has a very simple form as k(j1 Ay, joAy) = 1+ A, min(j1, j2) and its inverse is given
by the symmetric tridiagonal matrix K, ! which has entries

S limjl=1
2n i=j¢{l,n}
(K, Dij={n i=j=n
2422 i=j=1
0 li—j] > 1.

This method yields the interpolating element in H that is minimal with respect to the norm in
H (c.f. [22, Theorem 58]) and is a very natural choice of reconstructing a curve from discrete
data. The projections are also suitable for asymptotic theory due to the subsequent lemma.

LEMMA 3.10.  The projections I1,, converge strongly to the identity on H = H'(0,1).

PROOF. According to [22, Theorem 3] K := span(d,,x € [0,1]) is dense in H*(0,1).
For an arbitrary element h = Zle Nidz, € Ko let h, = Zle Aidgn, where &7 € {j A, j =
1,...,n} which is closest to x;. We then have ||0,, — &z, || < |x; — 2| < A, for all ¢ =
1,....d and, thus, ||h — h,|| < A, Z?Zl |\j|. Now let h € H and € > 0. We can choose a
g € span(dz,x € [0,1]) such that ||h — g[| < § and for g we can find an ny € N such that for
each n > ng there is an hy, € span(d;a,,j =1,...,n) such that ||g — h,|| < ¢/2. Thus, since
II,, is an orthogonal projection, for all n > ng we have

H(I_ Pn)hH < ||h_ hn” < ||h _gH + ||q - hn” <e.




20

Let us now derive asymptotic results in the fully discrete setting (22). We outline the
situation here in two cases, which are of practical importance and well-suited for these obser-
vations. In the first case, we have a continuous [t6 semimartingale in H. This covers suitable
frameworks for intraday energy markets, as mentioned in the introductory section. In the sec-
ond case, S is the semigroup of left shifts, which for instance corresponds to the framework
of Heath-Jarrow-Morton term structure models, c.f. [43], for interest rates and for energy
forward markets, c.f. [18]. For a different sampling scheme we will also include a short dis-
cussion on the stochastic heat equation in a separate subsection afterwards.

(a) (Semimartingale case) The semigroup is equal to the identity (or can be interpreted as
such in the case of a strong solution as in Remark 3). That is, we observe a continuous Itd
semimartingale

t t
Y, :Y0+/ asds+/ osdWs.
0 0

In that case, we define the operator

A [t/An]
Sp=TLRV ', = Y (ILAPY)®2
=1

The latter is feasible, as we can derive the values ATY (jA,) = Yia, (jAR) = Yi—1)a, (FAR)
from data and, hence, can derive II, ATY by (23).
(b) (Shift case) S is the semigroup of left shifts, given by

h(z+t), z+t<1,

S(Hh(z) = {h(l), ct>1,

which forms a the strongly continuous semigroup on H*(0,1). In that case, we define the
operator

[t/An]
Sp =I,SARCV/'Tl, = >  (I,AY)®2.
i=1

The latter is feasible, as we can derive the values A?Y (jA,,) = Yia, (jAn) — Yi—ya, ((G+
1)A,) for j=1,...,n — 1 and A?Y (1) = 0 (by the definition of the semigroup) from data
and, hence, can derive II,, ATY by (23) also in this case.

The proof of the next result makes use of Theorem 3.1.
LEMMA 3.11. In both cases (a) and (b), we have
t
sy R / Ssds,
0
with respect to the Hilbert-Schmidt norm on H = Lys(H'(0,1)).

PROOF. Let A,, denote either RV," in case (a) or SARC'V," in case (b). Then it is

t t
HHnAan—Hn/ EsdanHHgHAn—/ 5. ds3,
0 0
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which converges to 0 uniformly on compacts in probability in both cases by Theorem 3.1.
Moreover, 11,311, converges to ¥¢ with respect to the nuclear (and hence the Hilbert-
Schmidt) norm for all s € [0, 1], which follows by Lemma 3.10 and combining Proposition 4
and Lemma 5 in [59]. The u.c.p. convergence follows by dominated convergence as

sup

t
/HnESHnESds
tef0,1] 11Jo

1
< / |51, — 54|, ds.
H Jo
L]
Due to the semimartingale property of the processes (Y:(z)).e[o,r) in case (a), both by the
finite-dimensional limit theory outlined in [52] or by appealing to Theorem 3.2 we have the

following result.

COROLLARY 3.12. In case (a), for x € [0, 1], we have

[t/A,] .
Vi S s @)~ Yieya, ()% - / (06, 82)%ds | E25 N (0, (T 162, 6%%)).
i=1 0

A feasible version, conditional on the set {(T';022,69%)% > 0} C €, is given by

(Z (Yia, (z) — Y(iq)A”(ﬂU))4

i=1

t

’ (Z (Yia (&) = Yoy, (@) - /

i=1 0

(o, 5I>2d5>

~L N(0,1).

It’s notable that the central limit theorem can be recovered in case (b) as well, due to the
following observation: In the case that H = H'(0, 1), the representations §, of evaluation
functionals are in the %—Favard spaces of the shift semigroup and its dual. Namely, we have

LEMMA 3.13. Let H = H'(0,1) and S be the left shift semigroup. Then the represen-
tations o, for any 0 < x < 1, of the evaluation functionals are elements in the Favard class
FIS/2 and Fls/2 but for x € (0, 1] not in the y-Favard spaces F:Y9 and for x € [0,1) F:f with
respect to the shift semigroup for v > %

Let us assume for the moment we are in case (b) for the process
t t
Yi(z) =Yo(z+t) + / as(z+t— s)ds/ (05, 0p4t—s)dWs.
0 0
This leads to the following useful limit theorem, which enables us to find confidence bounds

for the process (f(f(os, 02)%ds)ieqo. 1) based on observations (Yia, (z),Yia, (z + Ay)),i =
1,...,n in case (b):
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COROLLARY 3.14. In case (b), we have, for x € [0, 1], due to the central limit Theorem
3.2 (respectively, Theorem 3.6)

[t/An] t
\/ﬁ Z (}/iAn (l‘) - }/(ifl)An(x + An))2 - / <0875x>2d8 QN(O < 5§275§2>)
0

=1

A feasible version, conditional on the set {(T;052,6%%)3, > 0} C Q, is given by

xr 17T

<Z (Yia, (z) = Yi—ya, (z + An))4
=1

1
2

- Z Yin, () = Yi—pa, (z +A )’ (Yit1)a, (2) = Yia, (z + An))2)

X (Z (YiAn( ) — Y(z A ST+ A, ))2 /0<0875x>2d3>

i=1

~4 N(0,1).

We remark, that even for case (b), Lemma 3.13 also guarantees that Theorem 3.9(i) applies.
Hence, it holds that
n t
> (Yia, (@) = Yipa, (2))” =28 /0 (04,0,)%ds.
i=1

Therefore, we just need observations Y;a, (z),7 =1, ...,n to estimate the quadratic variation
of the one-dimensional processes (Y;());c[o,7] consistently.

3.5.1. A note on the stochastic heat equation. As already mentioned in Remark 3, the
semigroup adjustment can be easily implemented in cases in which we know the semigroup
and it has a simple form, which is not always the case. A prototypical example is the stochas-
tic heat equation with an unknown diffusivity x > 0 taking the form

AY; = k0, Yidt + Q= dW,.

Here we assume that fot Q%dWS is formally a (Q-Wiener process taking values in H =

L?[0,1] with an unknown nuclear covariance operator (). The differential operator d,, on
the domain D(9y,) = {h € L2[0,1] : || f'| + || /|| < 0o, f(0) = f(1) =0} generates an ana-
lytic semigroup on H given by

N t)f - Zet)\j <€jaf>ej7
j=1

where \; = 7252k and e; () := v/2sin(mjx) (see for instance Example B.12 in [63]). In this
situation, the regularity of the dynamics is very often expressed in terms of Sobolev spaces,
which can be formally defined as

(24) 7= D (08) = A he H b, =3 Njlej, ) < oo
j=1
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Equipped with the norm || - || ;. = H( A)z - ||, these are separable Hilbert spaces. Now, if T
is a cylindrical Wiener process on L?(0,1) and

25) Q¥ € Lus (L2(0,1),H7).
it follows by Theorem 6.13 in Section 2.6 of [62]

sup £ 3 [[(S(t) — DQ% || gy = sup 2| A73(S(t) — 1) A Q% || g
te[0,7T] te[0,T]

SC”AgQ% ||LHs(U,H)
(26) 7y < 00

This yields

LEMMA 3.15.  Ifin (25) we have

(a) r =1, then Assumption 2 holds and the semigroup-adjusted realised covariation satis-
fies the infinite-dimensional central limit theorem 3.3;

(b) r > 1, then Assumption 4 holds and the realised variation satisfies the infinite-
dimensional law of large numbers Theorem 3.8(i);

(b)) r> % then Assumption 5 holds and the realised variation satisfies the infinite-
dimensional central limit theorem 3.8(ii).

As we do not necessarily know «, it might not be possible to implement the semigroup
adjustment. Even if we knew k, on the basis of discrete observations we would need to
approximate the semigroup appropriately to implement the adjustment such as it is done in
[48]. In this regard, cases (b) and (c) of the previous theorem are particularly appealing, as
they hold for the realised variation, which does not take into account an adjustment by the
semigroup. Still, also the latter has to be approximated by discrete data. Here we assume that
we sample data from the mild solution to the stochastic heat equation as local averages, that
18, we have

I T , .
Yij =5 Yia, (z)dz, i=0,...,n,j=1,...m
mJ(G-1)A,,
Observe that in this case, we can have a different spatial and temporal resolution. Let II,,
denote the projection onto the subspace of L2[0,1] spanned by the orthonormal vectors
Anli—1A,. A Then we can recover 11, A7'Y from data as this is simply corresponding
to the piecewise constant function given by

I, A"Y = Z(@Z}m = G G- 1) A AL

We can, thus, readily derive the estimator
K [t/An]
SpT = RV Ly = Y (M, A7Y)?
i=1
from data as well. For a sufficiently regular (), we then obtain an infinite-dimensional law of
large numbers:

LEMMA 3.16.  Assume (25) holds with r > 1. Then 3" is a consistent estimator; that
is, with respect to the Hilbert-Schmidt norm it is as n,m — 00

s R Q.
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PROOF. We have
57 — Tt QI || <[ RV — tQ),

which converges to 0 by Lemma 3.15 (b) as n — oo. As II,,, — I strongly in L?(0,1) as
m — oo we also have that ||IL, (tQ)ILy, — tQ|[,s(z1(0,1)) converges to 0 as m — oo by
combining Proposition 4 and Lemma 5 in [59]. O

We may also derive a central limit theorem for the one-dimensional observations.

LEMMA 3.17.  Assume that (25) holds with r > 3/2 and that m = m,, with lim,_,c nA,, =
0. Then for all h € H it is

ﬁ((i?’m - tQ) h,h) £22 N (0,26(Qh, h)?) .

PROOF. We decompose
Vi (5pm - 1Q)
:\/E(R‘/;n - tQ) + (\/ﬁ (i:z,m - HthHm) - \/E(R‘/;n - tQ)) + \/E(HthHm - tQ) .

The first term converges stably in law to the limiting Gaussian process as specified in the
assertion as n — oo. It, thus, remains to show that the other two terms converge to 0 uniformly
on compacts in probability.

For the second summand we denote h,, = I1,,,h and find that

VA (S = Tt QI ) huh) = V/((RV;" — Q) b )|
<V IRV = QI [ — Bl (o] + [121).

As the first factor is bounded in probability and h,,, — h as m — oo, this converges to 0. For
the second summand we have that /n(I1,,QI1,, — Q) we find

(HmQHmh — Qh, h> < H(I - Hm)QhH + H(I - Hm)thH = (1)m + (2>m
For the first summand we can argue that as () maps into
H:c H'c HY(0,1)

by Lemma 3.1 in [67], we have that for any h € H that 0,Qh = (Qh)" € L*(0,1)
and (Qhy,)" € L*(0,1) as well. Hence, for Qhj,(-) :=>_7" Qh(iAm)j;—1)a,, ia,]() €
span(lj;—1)a,, ia,] 2@ =1,...,m) we have

i ([ciAm(Qh)/(y)dy> [ii—n)A,, in,. (2)

i=1

2

(D < 1Qh— Qhyy |1 = <Anl(Qh)I?

and in the same way and using Lemma 3.1 in [67]

(202 < A [ (@) I> = A |02:Qhm 12 < Aml|QIZ, 101y s IFom I
Summing up, we get
\/E<HWQHmh - Qh7h> SH(I - Hm)QhH + ”(I - Hm)thH

=i/ B (@AY |+ 12l Ly t0.1 0y )

This converges to 0 as v/nA,, — 0 as n — oo by assumption. O
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Analytic semigroups such as the heat semigroups can impose regularity on the sample
paths of Y and potentially allow to weaken the conditions of Lemma 3.15, which may not be
sharp in this setting. We postpone a thorough analysis of these conditions in case of analytic
semigroups to future research.

4. A law of large numbers for multipower variations. We still have to verify the con-
sistency (16) of the estimator for the asymptotic variance I';. Rather than proving only this
specific result, we provide general laws of large numbers for power and multipower variations
in this section.

For a positive symmetric trace-class operator 3, we define the operator py;(m), as the mth
tensor moment of an H-valued random variable U ~ N(0,X), i.e

27) ps(m) = E[U®™).

This operator can be characterised by the identity

(28) (ps, (M), @ . @h)pm = Y ] (Shahy)

pEP(m) (z,y)€p
for any collection Ay, ..., h,, € H, where the sum is taken over all pairings over (1,...,m),
i.e., all ways to disjointly decompose (1,...,m) into pairs. We denote the set of all these
pairings by P(m), which is then given as
2 m : o
P(m) ={p C{L,..om}? s #hp = 2 andif (a,1), (2',3/) € p,
then z,y,2’,y’ are pairwise unequal and z < y,2’ <y'}.

In particular, py;(m) = 0, if m is odd. In the case of power variations, we need

ASSUMPTION 6 (m). For a natural number m € N we have
T . T
(29) P [/0 ||| 2t ds —|—/0 HUSH?HS(U,H)dS <oo|=1.

Observe that the assumption above corresponds to Condition 3.4.6 in the finite-dimensional
law of large numbers Theorem 3.4.1 in [52]. We now state a law of large numbers for
semigroup-adjusted power variations:

THEOREM 4.1. Let m > 2 be a natural number and Assumption 6(m) be valid. Then

m t
AL_KSAMPV"(m) R (/ px, (m)ds) ,
0 [0,7]
with respect to the Hilbert-Schmidt norm on H™.
Let us study some examples:
EXAMPLE 5. If m = 2, there is just one way to decompose {1,2} into pairs, i.e., P(2)

consists of the pair {(1,2)} only. Therefore px,_(2) = X, and in particular, the law of large
numbers reads in this case

SARCV (2 “”’/zds

which corresponds to the law of large numbers Theorem 3.1.
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EXAMPLE 6. If m = 4, then we find that P(4) consists of the pairs {(1,2),(3,4)},
{(1,3),(2,4)} and {(1,4), (2,3)}. Hence, it follows,

<p25 (4)7 hl X...RQ h4>7_[4
— <25h17 h2> <25h37 h4> + <Esh17 h3><25h27 h4> + <28h17 h4><25h27 h3>

= (22 £ Yo (- + *)0s, b1 @ ha @ hy ® hy).
This yields px_ (4) = Xs(- + )35 + €2

For a positive symmetric trace class operator > : H — H, define for m,my,...,mg € N
such that m =mq + ... + mp

k
PS5 (masomy) i= Q) ps(my),
j=1

which is an operator in ™, such that for any collection (h;;) C H, j=1,....,k and | =
1,...,m; we have

(P2F(m1,...om ®h1z® ®®hlem—H > I (Sshag.n

J=1peP(m,) (z,y)€p

We have the following law of large numbers for multipower variations:

THEOREM 4.2. Let Assumption 3 hold and m,m1, ma, ..., my be natural numbers such
that mi + ... + mp =m > 2. Then
t
(30) A}J?SAMPV"(ml, cymy) 2 </ P%f(ml, mk)ds> )
0 t€[0,T]

Let us consider the important example of bipower variation:

EXAMPLE 7 (Bipower variation). Let m; =mo =k = 2, i.e., m = 4, and define the
bipower variation

[t/An ]~
(31) SAMPV(2,2)= > A”Y®2®A” Yoz,
=1

Observe that p$°(2,2) = py, ® px, = £2? by Example 5.

S. Outline of the Proofs. We will now provide an outline of the proofs of the main
results (i.e. Theorems 3.1, 3.2, 3.3, 4.1 and 4.2). The remaining results Theorem 3.8, Theorem
3.9, Lemma 3.11 and Lemma 3.13 as well as Examples 2 and 4 are consequences of these
limit theorems. The detailed proofs are relegated to the Appendix

Throughout this section, we let px be the projection onto v := lin({e; : j > N}), for
some orthonormal basis (e;);en that is contained in D(.A*), and PN denote the projection

onto lin({Q)~, ek, : k1 > N}) (where m is variable, corresponding to the particular case).
In the special case m = 2 we write P% =: Py.

First, it is important to note that we can appeal to localised versions of the assumptions of
Theorems 3.1, 3.2, 3.3, 4.1 and 4.2. This is a common procedure that follows the arguments
presented in Section 4.4.1 in [52], which enables us to prove all theorems stated in this work
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under such localised assumptions. The localised assumptions essentially impose boundedness
instead of almost sure finiteness, in order to ensure the existence of all necessary moments.

The first important observation is the following: By the localisation procedure, we can
assume there is a constant A, such that

T
(32) /0 ol + ool gy ds < A.

In this case, the SAM PV, when projected onto functionals of the form ;" e;,, for an or-
thonormal basis (e;) jeny Which is contained in D(A*), m € Nand ji, ..., jm € N, corresponds
asymptotically to the tensor multipower variations of the semimartingale

t t
S ::/ asds—i—/ osdWs.
0 0

We find that
(SAM PV (my, ..., mp), (R) €, )
=1
[t/An] K
(33) = > (QRA},;.S ®eﬁ Hom + Op(A7).
i=1 j=1

As the left-hand side of (33) corresponds to a multivariate continuous semimartingale, the
limit theorems from [52] are readily available.
Now we come to the second important observation: For that, define the two sequences

T T
) ax(e)i=sw | [ lwa s o () i=suwE | [ oo o
0 ne 0
for z <m, 08" = S(iA,, — s)os and a5" = S(iA, — s)as with s € ((i — 1)A,,iA,). Ob-
serve that

an — O-;Sn (O-Sn )*‘

S
Under (32) both ay(z) for z < m/2 and by(z) for z < m converge to 0 as N — oo for

z <m, respectively z < 5. Moreover, we can find for all m € N a universal constant C' > 0
possibly depending on m, such that

[t/An]
AT m %_1 m %_1
(35) > E[lpwA7Y (™| < 07 (an () +by(m)) = oA ),

We notice that the Hilbert-Schmidt structure of the volatility is crucial to establish that by (2)
converges to 0.

The proofs for limit theorems in this work follow a similar pattern. For the laws of large
numbers:

(LLNa) Show that (Ai;% (I—-P(SAMPV — fot p®k(ma, ..., my)ds))ep0,] converges
for all N € N to 0 as n — oo, due to the available limit theory for finite-dimensional
semimartingales.

(LLNb) Show that (A}L_%P]’\?SAM PV/*)ici0,r) converges to 0 uniformly in n and ¢ as
N — oo. Standard arguments then imply that

t
<Ai_2 <SAMPVt"—/ p®k(m1,...,mk)ds>> LB asn — oo
0 t€[0,7)
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For the central limit theorems for the SARCYV we have
(CLTa) Show that

~ 0 iA,
(36) (Ztng)te[O,T} = A’ Z Ay ©®2 / E‘Ss"ds
i=1 (

-

i—1)A,
t€[0,T]
for n € N, which is a sequence of sums of martingale differences, is tight in D([0,7], H)
provided that the (localised) Assumption 1 holds.
(CLTb) Prove that under (localised) Assumption 1 the finite-dimensional distributions ((/ —

Pn)Z] ’2)t€[0,ﬂ converge to an asymptotically conditional Gaussian process with the co-
variance (I — Py)I'+(I — Px) by virtue of (32) and the finite-dimensional limit Theorem
5.4.21n [52].

(CLTc) In order to prove Theorem 3.3, we appeal to Assumption 2 to show that

LA A

Az Y / (25 — %) ds =50,

i=1 J=1A,

and for Theorem 3.2 to the fact that the operator B has its finite-dimensional range in the
1/2-Favard class of the dual semigroup in order to show that

I 7N
Az Y / (B8 = %,), BYyds ““% 0.
— Ji-na,

5.1. Comments on the proof of the laws of large numbers. The imposed conditions on
the law of large numbers Theorems 4.1 and 4.2 state that the finite-dimensional multipower
variations Z}Zf - PY) ®§:1 A7, . 5%™5) fulfil the required conditions of the cor-
responding laws of large numbers. In the case of power variations, that is under the localised
version of Assumption 6, Theorem 3.4.1 in [52] is applicable. For the multipower variations
with the localised version of Assumption 3, Theorem 8.4.1 in [52] applies and yields (LLNa).

Now, observe that the triangle inequality yields

t
‘P]TV” (SAMPVt”(ml,...,mk) —/ p%k(ml,...,mk)ds>
o B

H'Hm

< HPfV”SAMPVt”(ml, ...7mk)HH,,,L —+

t
k
Pf\?/ p%s (my,...,mg)ds .
0 Hm

For a given € > 0, after appealing to the inequalities of Markov and Holder together with
(35), one finds that

supP [supA:L_T’;HP]ZLSAMPW"(ml, ooy ) || > e} —0 asN — oo.
neN t<T

Moreover, straightforward calculations lead to

wm SIP)PY I1S2eilP)™,

j2N

”pPNEsPN (m) |

1

which converges to 0 as N — oo, since >3 is a Hilbert-Schmidt operator. Through Markov’s
inequality, one finds

]P(m)| /1 1 9
< —"r 2e; .
> e] c ; E E |32 €]H ds

t
k
P [ o2ty
0 J>N

P [sup
t<T

’}_Lrn
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Dominated convergence implies that this converges to 0 as N — oo, which shows (LLNDb).

5.2. Comments on the proofs of the central limit theorem. In order to show tightness for
the sequence Z™2 we appeal to a criterion from [53, p.35]:

THEOREM 5.1.  Let H be a separable Hilbert space. The family of laws (Pyn» )nen of a
family of random variables (V" )nen in D(][0,T), H) is tight if the following two conditions
hold:

(1) (Pyr)nen is tight for each t € [0, T and
(ii) (Aldous’ condition) For all €, > 0 there is an § > 0 and ny € N such that for all
sequences of stopping times (Tp)nen With 7, <T — & we have

(37) sup sup]P’[H% rorolle >n] <e
n>ng <9

After some tedious estimations, one can verify Aldous’ condition for Z™2 under the lo-
calised versions of Assumptions 1. Then it remains to show the spatial tightness, that is tight-
ness of (Z,' ,z)neN as random sequences in  for each ¢ € [0, T']. In order to do this, we argue
under condition (32) that, without loss of generality, we can assume « = (. Moreover, we
will appeal to the following criterion, which is based on the equi-small tails-characterisation
of compact sets in Hilbert spaces and is well known (c.f. Lemma 1.8.1 in [68]):

LEMMA 5.2. Let (Y,)nen be a sequence of random variables on a probability space
(Q, F,P) with values in a separable Hilbert space H and having finite second moments. If
for some orthonormal basis (e, )nen we have

27 _
(38) A}gnooilégl;vﬂi [(Ya,ex)?] =0,

then the sequence (Y, )nen is tight.

To show the spatial tightness of Z™2, we observe that

, lt/An]
Y Zewem)i =1 Y. Zy (),
mk>N i=1

where
t;
Zév(l) = AY_LE <(pNAZnY)®2 — / pNS(ti — S)ZSS(tZ' — S)*de8> .
ti—1

Next note that ¢ — ¢, = f(tifl)An pNS(iA,, — s)osdWs is a martingale for ¢ € [(i —
1)Ap,iA,]. From [63, Theorem 8.2, p. 109] we then deduce that the process (;):>0 given
by G = ()% — (1)), where ((1))); = f(tz DA, pNS(ti — s)XsS(t; — s)*pnds, is a mar-
tingale w.r.t. (F);>0. Therefore E[ZN ()| F;, ] = 0 and E[(ZY (i), ZN (j))#] = 0, which
yields E[|| S1/2) ZN (3|12, = ZLT/A V(|| ZY (i) ||2,]. Moreover, it holds

E[|ZY (5)[12,] < 40, / E(lpn o 14, v.am)ds,

such that we ultimately obtain

T
S E [(Zf’z,ek ®e1>2] <4sup / E [llpwof”II%HS<U,H>] ds,
SN neNJQ
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which converges to 0 due to (34). Lemma 5.2 yields the claim in (CLTa), i.e., we have shown
the following intermediate result:

THEOREM 5.3. Let Assumption I hold. Then the sequence of processes (Z;1 ’Q)te[o,T] is
tight in D([0,T],H).

We now outline the proof of the stable convergence in law as a process of the finite-
dimensional distributions ((Z;1 %, e, @ €1))ki=1,..4- Due to (33) and after some technical
calculations, these finite-dimensional distributions can be asymptotically identified with the
ones of the quadratic variation of the associated multivariate semimartingale, i.e., the stable

limit of (<Zfek, €1))k,i=1,....d is the same as the one of

_1 [t/An] A,
A Y <A$&em<A?5m»—-/° (Saenser)ds
i=1 (i-1)An

kil=1,....d

The latter is a component of the difference between realised quadratic covariation and the
quadratic covariation of the d-dimensional continuous local martingale S = ({S;, 1), ..., (S, eq)).
Therefore, ((Zt €k, €1))k,i=1,...d converges by Theorem 5.4.2 from [52] stably as a process to

a continuous (condl‘uonal on ]—" ) mixed normal distribution which can be realised on a very
good filtered extension as

d t
1
Nii=—= / Gribe(8) + Guppe(s)dBE.
ﬁc%::l 0 ’ ’ ’

Here, 6(s) is d? x d*-matrix, being the square-root of the matrix ¢(s) with entries ¢y g/ (s) =
(3sek, er)(Xseq, e ). Furthermore, B is a matrix of independent Brownian motions. As now
all finite-dimensional distributions converge stably and the sequence of measures is tight, we
obtain by a modification of Proposition 3.9 in [46] that the convergence is indeed stable in the
Skorokhod space. One can then show that the asymptotic normal distribution has covariance
I'y. This gives (CLTb) and thus an auxiliary central limit theorem, which does not rely on the
spatial regularity condition in Assumption 2:

THEOREM 5.4. Let Assumption 1 hold. We have that Z™> &y (N(0,T1))scio,17-

In order to prove Theorem 3.3 we have to show An Lt/ Al f — Nuds ©=X
0. As e, € D(A*) and due to the fact that [[(S(A,)* — I)ekH = || fo *.A*ekduH =
O(A,), it is relatively straightforward to show that for all N € N
L Lt/An

(39) (I - Py)A, Z/ (=9 - m) o,
(i—1)A

Further, we find by the triangle, Bochner and Hoélder inequalities
1t/An

1

E | sup - Z / ZS) ds

t€[0,T
H

2 3
J)
op

T
X </o V2E [HPA«'UsHQLHS(U,H) + [[pnS(ls/An]An — S)USH%HS(U,H)} d5>

< ([ B [|arts/50150 =)~ 1o,

1
2
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The first factor is finite by Assumption (2)(i), whereas the second one converges to 0 as
N — oo by (34). By combining this with (39) the claim follows and Theorem 3.3 is proved.
In order to prove Theorem 3.2 we can argue similarly as for Theorem 3.3 that we just have

to show A, ° W An] f — s, B)yds 280, We can argue componentwise,
which is why we assume Wlthout loss of generality that B = h ® g and split the expression
into two integral terms:

0’ Z / s — X5)h, g)ds
RSN | | *
A /( | (80— ) DRS00 =9 )
L l/A]
+ A, Z / M S(iA, —s) —I)*)h,g)ds
— (U + 2

We can show the convergence for (1), only, as the convergence for (2),, is analogous. It
holds that

, [t/An]

=t Zz; /z 1)A ((I = pn)(BsS(iAn — 5)")h, (S(iAn — 5) — 1) g)ds
L [t/A] |
; / Ly, P28 (E8 = 8 I (S(ihn = 5) = I)"g)ds

:(1.1)%]\[ + (1.2),%]\[.

Using that (S(iA,, —s) —I)ej = fsm” S(u — s).Aejds and that the projection (/ — Py ) has
the form (I — Py) = Zj\;l(, ej)ej, we can show that

(40) sup (011 vl <A Z / I ledslsl s 1S,
(S

which converges to 0 as n = 00, In particular, supycpo 77 [(1.1)n,n| “%P 0 as n — oco. From
the assumption that g € F'S h /2 we can derive a finite constant

T : .
K= swp (SOl ([ Ello2I] 101Pds) suplie 350~ 1)l <00

te[0,7)
. :
sup (12| <5 ([ Ellpwanl] as)
t€[0,7) 0

which converges to 0 as N — oo by (34). Thus, combining this uniform convergence result
with (40) and the analogous argumentation for (2),, yields the assertion and, thus, (CLTc).

such that

E
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6. Conclusion. In this article, we introduced feasible central limit theorems for the
semigroup-adjusted realised covariations and, thus, provided a basis for functional data anal-
ysis of mild solutions to a large number of semilinear stochastic partial differential equa-
tions. We also addressed the issue of how this can be translated into a fully discrete setting,
whereby we assumed a regular spatio-temporal sampling grid. In general, finding closed
forms for the semigroup-adjusted multipower variations is a task that must be addressed for
each semigroup (or equivalently each infinitesimal generator), each sampling grid and any
precise application separately. Certainly, the Hilbert space approach is well suited to account
for potentially any sampling grid.

To gain an overview of the infinite-dimensional limit theory introduced for both SARCV™
and RV™ in this article, it might be helpful to give a systematic summary. For the sake
of presentation, it is tedious and eventually not very instructive to repeat all assumptions
in full technical detail so instead we make a distinction on the basis of the magnitude of
DPn 1= foj [(S(An) = I)0s| s, m)ds in terms of A, and assume the volatility o of a mild
1td process of the form (8) to be deterministic. In this regard we can distinguish four cases:

3
4

(i) If p,, = 0(A4), then SARCV™ and RV satisfy LLN and CLT .

1
2

(1) If p, = 0(A3), then RV" satisfies LLN, SARCV "satisfies LLN and CLT.

(iii) If p, = O(A2), then SARCV™ satisfies LLN and CLT.
(1v) In general SARC'V™ satisfies LLN,

where satisfying LLN (law of large numbers) means convergence to the integrated volatility
in probability and satisfying C'LT" (central limit theorem) means asymptotic normality of the
normalised estimator. Observe that Example 2 in Section 3 yields that we cannot reduce the
regularity in (iii), if we want to guarantee the validity of a general central limit theorem for
SARCV™. Example 4 shows that RV™ does not have to satisfy a central limit theorem if

Pn = o(A;/ 2) is not valid and underlines the necessity of the adjustment by the semigroup.

If even p, = O(A,l/ 4) does not hold, then RV"™ does not even have to satisfy the LLN.

Moreover, it is likely that in many realistic scenarios, the distribution underlying the data
and the sampling itself yield some additional challenges, which can be approached in our
setting. Let us comment on some of these points:

Functional sampling: In infinite dimensions, we witness sampling schemes that have no
counterpart in finite dimensions. For instance, data could be sampled as averages (or in gen-
eral smooth functionals) of the process of interest over certain time periods in the future or
within a demarcated area. This is for instance the case for energy swap prices or meteoro-
logical forecasting data. Our framework yields an ideal basis to derive inferential statistical
tools in these situations.

Jumps: Many processes are not considered to be continuous in time. In fact, many financial
time series show jumps and spikes on a regular basis, which is, in particular, the case in
energy markets, a potential application of our theory. This suggests the inclusion of a pure-
jump component to our framework, such as in the framework of [44]. However, as in finite
dimensions, jumps will considerably complicate expressions, applications and proofs and,
thus, more effort has to go into the task of making inference on non-continuous behaviour in
infinite-dimensional models. Arguably, the structure of our proof, which appeals to tightness
and already existing limit theorems from finite dimensions, yields a promising approach.

Asynchronous sampling: It could very well be, that we sample at high frequency in time,
but sparsely and irregularly in space. Ignoring this (for instance by naive rearrangement to
refresh times) can have unpleasant consequences such as the Epps effect, c.f. [1, Sec. 9.2.1].
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Again, energy intraday market prices, in which all available maturities are unlikely traded at
the exact same time instances, can be prone to this. Infinite-dimensionality and the potentially
necessary adjustment by the semigroup might make it harder than in the finite-dimensional
case to deal with this issue, as in addition to asynchronous sampling, one has to deal with the
problem of smoothing the adequately aggregated data in space.

Noise: The task of accounting for noise in the samples, often called market microstructure
noise in financial applications has received much attention by the research community (c.f.,
for example, [69], [10] or [51]), as noise lets the quadratic variation severely overshoot the in-
tegrated volatility in the presence of data sampled at very high frequency. In combination with
the problem of smoothing (and asynchronous sampling) this appears to be a delicate ques-
tion in infinite-dimensional applications. However, both finite-dimensional high-frequency
statistics and functional data analysis have several tools available to deal with noise and it is
intriguing to find out how they can be exploited to overcome this problem in the future.
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APPENDIX A: NOTATION
For convenience, we list some of the frequently used notation throughout this appendix:

* Lys(U, H): the space of Hilbert-Schmidt operators from U to H.

* H:equals Lys(H, H), when H is the initial Hilbert space in which the mild It6 process Y’
takes its values.

* H™: for m > 3 this is the space of operators spanned by the orthonormal basis (ej, ® - -+ ®
€, )jrnjmen for an orthonormal basis (e;)jen of H with respect to the Hilbert-Schmidt
norm.

o 09 =S(iA, — 8)os for s € ((i — 1) Ay, i)

o aSn =S(iA, — s)a for s € ((i — 1) Ay, iA,).

3 oS (o5)"

* py is the projection onto v” :=lin({e; : j > N}), for some orthonormal basis (e;);en-

* P} is the projection onto lin({@);"; ex, : k1 > N}).

e Py= P]%, for the special case m = 2.

We start by giving several auxiliary results that are needed to prove the limit theorems.

APPENDIX B: TECHNICAL TOOLS

B.1. Localisation. For both the laws of large numbers Theorems 4.1 and 4.2 and the
central limit Theorems 3.3, 3.2 we can work under the following stronger assumptions:

ASSUMPTION 7. There is a constant A > 0 such that almost surely
T
[ ol ol s < 4
ASSUMPTION 8 (m). There is a constant A > 0 such that almost surely
T 2m
ol s < 4

ASSUMPTION 9.  Assumption 3 holds and there is an A > 0 such that almost surely
lesll + losl| Lus vy < As s €0, T].

We have then the following simplifying localisation result:

THEOREM B.1 (Localisation). The following relaxations can be made for the limit the-
orems in this work:

(a) (localisation for CLT for functionals of SARCYV and RV ) If the central limit Theorems
3.2 or 3.9(ii) hold under Assumption 7, then they also hold under Assumption 1.

(b) (localisation for LLN for power variations) If the law of large numbers Theorem 4.1
holds under Assumption 8(m), then it also holds under Assumption 6(m). Moreover, the
laws of large numbers Theorems 3.8(i) or 3.9(i) hold, if they hold under the additional
Assumption 8(2).

(¢) (localisation for LLN for multipower variations)If the law of large numbers, Theorem
4.2, holds under Assumption 9, then it also holds under Assumption 3.

(d) (localisation for CLT for SARCYV and RV) If the central limit Theorem 3.3 holds
under Assumptions 7 and 2(i) (respectively Theorem 3.8(ii) holds under Assumptions 7
and 5), then it also holds under Assumptions 1 together with 2(i) or (ii) (respectively 1 and
5).
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PROOF. Without loss of generality we may exchange the volatility process (Ut)te[oﬂ by
a left continuous version (o¢— )c(o,7]- This is because we assumed the filtration to be right-

continuous and the stochastic integrals f; H.,dW, and ]Z) H,_dWj coincide for any pre-
dictable cadlag process (Ht)te[O,T]- In particular, in the case of a predictable cadlag volatility
process, we can assume it to be locally bounded since any left-continuous process is locally
bounded.

Now, the same localisation procedure as for finite-dimensional semimartingales described
in Section 4.4.1 in [52] holds: We define under each of the assumptions a different se-
quence (7n(%))Nen, ¢ = 1,...,4, of stopping times and the corresponding stopped process
Yi(N,i) := Yiary (s)- Observe that on {t < 7y (i)} we have Y;(N,i) = Y;: Set

't
B / HOCSH2 + HO-SH%/HS(L:H) 5

/ lollF5 + ool i

Xi(3) = el + [|o¢l| s (0,11

't
Xi(4) = /0 sl + sl oz + sp, 147450 = Dalgds
re|0,

We define fori=1,...,4
TN (7) :=inf{t € [0,T]: X:(i) > N} ,N e N.

Then Assumption 1 assures that 7 (1) 17", Assumption 6 assures that 7 (2) 17", Assump-
tion 3 assures that 7x(3) 1 7', Assumption 1 together with 2(i) or (ii) ensures 7x(4) 1 7.
Moreover, observe that Y;(N, 1) satisfies Assumption 7, Y;(N, 2) satisfies Assumption 8(m),
Y (N, 3) satisfies Assumption 9, Y;(N,4) satisfies Assumption 7 and 2(i).

The localisation works now for all cases analogously: Observe, that as convergence in
probability is a special case of stable convergence in law (when the underlying probability
space for the limiting distribution coincides with the one on which the sequence of probability
laws is defined), we just have to consider the stable convergence in law.

For any mild Itd process X, i.e. a process of the same form as Y as defined in (8), with val-
ues in H we write U,,(X) either for the process of normalised multipower variations (for the
central limit theorems) or the supremum over the unnormalised multipower variations (and

as a special case, power variations). Le., for proving (a) itis U, (X); = A, 1 2((&4]%01/]5" —
JE52ds), BY (resp. Un(X); = An 2 (RV — [53ds), B)) for B= YK july @ g/ € H
for h;, g, € F:;)9/4 and U(X) is the asymptotic d1str1but10n as in Theorem 3.2, for (d) it is

Un(X): = Ay P (SARCV — [152,ds) (resp. Un(X): = Ay *(RV™ — [ 5,ds)) and
U(X) is the asymptotic distributions as described in Theorem 3.3 and (b) and (c) it is
U(X)=0and

|s/An|—k+1 k

, t

1-% ‘ 3

Un(X): = 51[1p] A, 2 E ®Az+j L XM / pgf(ml, ey T ) A8y
s€|0,t i=1 J0O

Moreover, for the non-adjusted limit theorems, we exchange A by A in the above expres-
sions.

In order to prove the claim, it is enough to show U,(Y) — U(Y') stably in law as a
process under the respective localised assumptions. Le., if @ =Q x Q, F = F @ F' and
P = P[dw]Q]w, dw'] is the extension on which U(X) can be realised, we want to show that
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for all bounded, continuous functions g : D([0,7],H) — R and all bounded F-measurable
real-valued random variables Z we have

@41 lim E[Zg(Un(V))] =B [Zg(U(Y))],
where [ is the expectation with respect to P. If we write
WD) = [ gUE))w) Qe o),
we can express (41) as
lim E[Zg(Un(Y))] =E[2Qy (9)].

Now assume that the convergence results hold for Y (N, ), for which the localised assump-
tions are valid. We can therefore deduce that

i E[Zg(Un(Y)li<ry o] = lim E[Zg(Un(Y (N,)))

=E [ZQy(n(9)] =E[ZQy(9)li<ry ()]
holds for all V € N. This implies (41) as boundedness of Z and g yield that

sugIE [Z(g(Un(Y)) — Qy(9))lis>ry] =0 as N — oc.
ne
This proves the claim. O
In many occasions, we just need to impose a localised version of the condition
T m
(42) P [/ |las]| 2 + HUSH?ZLHS(U,H)dS <oo| =1.
0
In that regard, we introduce the auxiliary assumption:

ASSUMPTION 10 ((m)). There is a constant A > 0 such that
T m
[ 1l lo s < A

Based upon choosing the right m, this is satisfied under any (!) of the assumptions above.
In particular Assumption 7 coincides with Assumption 10(4) while Assumption 8(2) coin-
cides with Assumption 10(2). Assumption 8(m) is stricter than Assumption 10(m) if m > 2.

B.2. Elimination of the semigroup on finite-dimensional projections. We will see
that if we apply certain functionals, the semigroup-adjusted increments are essentially incre-
ments of finite-dimensional semimartingales. First, we recall the Burkholder-Davis-Gundy
inequality (in what follows called the BDG inequality), c.f. [58].

THEOREM B.2.  For an H-valued local martingale (My),c(o. 1) we have for all real num-
bersm>1andallt <T

(43) E [supllMsr"} < CE | (M, M7
s<t

where the constant Cy, > 0 is just depending on m and [M,M] is the scalar quadratic
variation of M.
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For our purposes, the most important application is given in the following example:

EXAMPLE 8. Let M, := fot osdWy be a stochastic integral. Then the BDG inequality

(43) reads
t i t =
E {Sup” UdeSHm] <CpE (/ Tr(Xs)ds >
s<t 0

:CmE (/ ||05||LHS UH ) ] )

for the constant C),, just depending on m and for all ¢t <7T'.

Observe that there always exists an orthonormal basis (e;);cny of H that is contained in
the domain D(.A*) of the generator A* of the adjoint semigroup (S(t)*);>0. The latter is a
semigroup since H is a Hilbert space, see [41, p.44]. Besides tightness, the most important
argument to be able to appeal to the finite-dimensional limit theory of semimartingales is the
following one:

LEMMA B.3.  Suppose that Assumption 10(m) holds for m > 2. We define the H-valued

semimartingale S by
t t
St ::/ ozsds—}—/ osdWs,
0 0

and fix a basis (e;)jen C D(A*) of H. Let furthermore Al'S := Sin, — S(;—1)a, denote the
non-adjusted increments of the semimartingale S. Then for ji,...,jm € N

<SAMPV}”(m1,,mk), ejl>7_[m,
=1
t/An) & m .
(44) = ®Az+g 155, (&) €5 ) + Op(AZ).
=1 = =1

PROOF. First, fix i, 7 € N. By the stochastic Fubini theorem (and since Y; = 0) we have

t ru
/ / (as, A"S(u — s)%ej)dsdu
0 JO

t ru
+/ / (05, A*S(u — s)"ej)dWsdu + (St e;)
0 Jo

t ru
:/0/0 di(as,S(u—s)*eﬁdsdu

/ / (05, S(u—s)"e;)dWgdu+ (S, e;)

:/0 / e S~ )ej>duds+/0t<a5,ej>ds

t
// (05,8 s)*ej>dudWs+/<Us,ej>dW5
0
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—/ <a5,8(t—s)*ej>ds+/ (05,S(t —5)"e;)dWj
0 0

:<Kf7€j>'

i t+An ru g
Al o? ::/ / d—(aS,S(u —s)%ej)dsdu
t t au

t+A, u
(45) + / / (05, A*S(u — s)*e;j)dWsdu.
t t
Again, by using the stochastic Fubini theorem we obtain

<Y2+An’€j (<St+Anvej> <St’6]>) —FA;CLJ

t+A,
/ / Tu (s, S(u—s)ej)dsdu
t+A,
—/t /t %<a3,8(u—s)*ej)dsdu
t+A, u g
+/ / — (05, S(u— 5)"e;)dWdu
t 0 du

t+A, u g
—/ / 0,8 (u— )" e)dWadu + (Y e5)

t+A
—/ / (s, S(u— s)*ej)dsdu

t+A,
+/ /<05,S(u—3)*ej>dWSdu+<Yt,ej)
t 0 du

t t+A, d
:/O/t @<as,5(u—5)*e]’>dud5

t rt+A, d
+ / / Zo (06, S (u—8)"e;)dudW; + (Vi ¢5)
0 Jt

t t+A, d
:/0/8 @<as,5(u—s)*ej>duds

t t+A, d
+/ / — (05, S(u— s)"ej)dudWs + (S, e;)
0 Js du

t t
:/ <as,5(t+An—s)*ej>ds+/ (05, S(t+ Ay — 5)%ej)dW
0 0

=(S(An)Yy,€5).

Now define

Thus,
(ATY,ej) = (A'S,¢j) + Al
Now let iy, ...,7,n, € N. We get

m m

(ArY,e;) =[] (AR S, ej,) + AlEDAn g
H J H ( J

k=1 k=1
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m m
H RSt D bay(ins iy 1o ),

y=1,x=2
where each summand b, is of the form

p

. .. i —1)A, i
bay (915 ey ims 1y oos Jim) H . S.e) HA,&“S VA glis
s=1

r=1

s}

forp<m-—1,¢g<m,p+q=m and
Likgs sty ity ooy it, ) = {000}y ke oo Jhps Jivs oo Ji, = 101000 Jm }-
Then by the generalised Holder inequality
Blbay (i1, s b 1, - )]
<E[{AL S,ej, )™ x - x E[[(AL S, €5, )™
R

alla

(46) x E[JAY DA ginm) s« B A

This means that in order to estimate E[|bxy(i1, yims J1s -+, Jm)|] We have to find bounds on

E[|(AZS, ej)]m]i and E[\Ag_l "ad ™% for i, € N. We start with the latter term.
Forany t <u <T, j € N, we have for the quadratic variation

. t
|:/0 H[t,u] (05, S(u— S)*A*6j>dWS] :/ (S(u—8)2:S(t — s)*A*ej,A*ej>ds
T u

:/ lo:S(u— s)*.A*ej||2ds.
t

Hence, by the BDG inequality (43) we obtain, for ¢t <u <t + A,
my o
/]

/tu<as,A*3(u _)e))

E /tu<as,A*S(t—5)*ej>ds+/tu<as,./4*$(u—s)*ej>
m] LR [ : m] .

:|m +CHE ”/ |o5S(u— s)* A*e;||*ds 3
t

t+A, N 27w
( / HasH2d8> sup [S(0)opll A1
t te[0,7)

)

<E /(aS,A*S(t—s)*ej>ds
LIJ¢

3|~

<E / (ag, A*S(t — s)%ej)ds
t

<A, E

m—2 t+A" i
+ O A </t E [llo3 1G] d8> sup [|S () lop||A"e]].

t€[0,T]

Therefore, as m > 2

E[|ALa? ™)
m=2 t+A, m 27 1 me2 t+An w
A, [ ASE </ \Hasﬂzds) O A (/ E[loz]m] ds>
t t
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X sup | S()|opll-A €5

te[0,7)
I t+A, N 27 N t+A,, o
A% (g (/ mamzmﬁ +0%(/’ Emamghw)
t t
(47) x sup |[|S(t)]opllA"e;l-
te[0,7

Now for the martingale differences E[|(ATS, e;)|™] = we can estimate by virtue of the BDG
inequality (43):

E[[(ALS, e;)|™] 5

1 1

iAn m 1
1]~ audsl| +CHE
(i—1)A

n

A, D
g[ (Saej,ej)ds) s

i—1)A,

<E

1

m—2 zAn m 2 E m—2 1 ZAn i
<|la," E / s % ds + A O / Elllos lloplds
(i-1)A, (i-1DA,

- [/ un, 2] m .
48) <Az |E (/ |ya3||’2”ds) +0,;;(
(i—1)A, (

Combining (46), (47) and (48) yields, as ¢ > 1

]Ebey(ilv "'7im)j17 7]m)’]
1 A\ P

pm=2 p ik, An 2| 1 iA, m
<A E / | = ds +Cp / E[||os||™]ds
H <mrmﬂ u ) (Wmnmwm )
gim=2 q (AN 2] m
11 <%UMHH )

=1
o ( / E[[lo? ] ds>
(i, —1)An

q

x sup [[S(t)[I5[[A%e;|?
te[0,T

m A, N 2pm 1 A,
aFTI|E| ([ edzas) | vei ([ Ellodg)
=1 (il*l)An (Z'lfl)A”

x( sup HS(t)Ilé’p!A*ejll">.
te|

07T]q7j:1’~“»m

Now we use introduce the notation by y (i1, ..., im, J1, .- Jm) =1 by (4)™ "™ in the case of
W1y iomy = B by 415 oo By oy = G 1 eos fomy ot oo iy _sbmn_, = i+ Kk — 1 (to help with
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the intuition, this is just a formal way to specify that the first m; components are equal and
then the next my are again equal and so on). Then

(SAMPV(my,...,m ®e]

[t/An] lt/A,]

k m
- T RS i SR

J=1 i=1 x=2,y=1

Sef3

In order to prove the assertion, we just have to show that the latter summand is O(A
Therefore, the generalised Holder inequality and the elementary inequality (a + b)
2™ (a™ + b™) for positive real numbers a,b € R yield

3

)
<

[t/An]—k+1  m

Z D Elbay ()

y=1,x=2

Sm(m—l)Ar%( sup HS(t)HzpllA*ejll">
t€l0,T],q,j=1,....m

1

[t/ AL |—k+1 Kk

(i+5—1)An )\
< T E|( ) Hadzas
=1 j=1 (i

+i—2)A,
L[ DA, =\
+C,;§/ E [||ow ][] ds
(i+j—2)A,
gn(m—lm( sup rrs<t>\\zp|rA*ej\|q>
tel0,7],q,j=1,...,m

[t/An|—k+1 k

(i+j—1)An N 2
< 3 I (= /( llews | % ds
j=1

i=1 'L+]_2)An

my

(i+7—-1)A, m
+Com E[[ogl] ds |
(i+5-2)A,

AsE [(f((lfj 21)A s 2 ds> } SE[f((ZfJ] ZI)A llos || 2 ds} for A, small enough, we ob-

tain
[t/A, | —k+1

Z E [|bay (4)™ "]

i=1 y=1,2=2

<m 1Az ( sup IS@) pHA*equ>
t€[0,7],¢,j=1,...,m
[t/An ] —k+1 K

(i+j—1)A, m
<o e / sl Fds + Collos s

+i—=2)A,

m;
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t€[07T] 7q7j:17"'7m

<m(m—1)A; ( sup ISl p”A*e]Hq)

T
% k12mE U as = ds + Ch, IIUSIImdS}
0

7Q7j:17“'7m

<m(m—1)Az ( sup IIS(t)IlgpllA*ejllq> KA.
t€[0,T]
This proves the assertion O

B.2.1. Uniform convergence of the finite-dimensional projections. We introduce the no-
tation

05" =S(iA, — s)0s,
and

=S@A, — s)as,
for s € ((i — 1)A,,iA,], such that o ( Sn)* = 5=, We often need the following technical
lemma:

LEMMA B.4.  Suppose that for m € N we have

T
B[l + o] ds < .

which holds in particular under Assumption 10(m). Let (e;)jen be an orthonormal basis of
N

H and py be the projection onto v
p < m, we have

:= span{e; : j > N}. Then for all natural numbers

T
hm supE [/ |pnodr HLH9 UH)dS:| =0.
0

N—o00 ne
Moreover, for all ¢ <2, we have

T
lim supE {/ ]pNaf"qus} =0.
0

N—oo neN

PROOF. It is enough to prove the assertion for the first limit as the second limit can be
treated as a special case, if we replace a® by the Hilbert-Schmidt operator e ® « and using
that

Snl — Sn
lpnves || = lle®pyag™|,

where e is an arbitrary element in U with ||e]| = 1. No observe that the Bochner integrability
of |pnosn ||][J/HS(U s is guaranteed by assumption and

|T/An A LT/A ] A,
/0 " lpyoSe [ROATE Z E / sup |lpnS(r)osly, o m ds

(i—1)A,, r€[0,T]

E

T
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Now observe that, for s, € [0, 7] fixed, we have almost surely
oo
NS )l ) = 1S N a1y = D 1038 erl2 =0, as N = ox,
k=N

since 0 S(s)* is almost surely a Hilbert-Schmidt operator. Moreover, the function f,(r) =
|[PNS(7)0s || Lys (0, ) 1s continuous in 7, as for

[ fs(r1) = fs(ro)l <llpn(S(r1) = S(r2))os | g v,m)

< sup [[S(r)llop sup  [[(I =8(r)) ol s, mr) -
r€[0,T] r<|r—rs|

The latter converges to 0, as r; — 72, by Proposition 5.1 in [19]. As we also have

IPNS(8)otl| Lus 7y = 1PN +1PNS(8) 0t Lys (v, 1) = [PN+18(8) 0t ]| s (U, 1)

we find by virtue of Dini’s theorem (c.f. Theorem 7.13 in [64]) that almost surely

lim sup ||pnS(r)os =0.
Jim sup xS0y

By the dominated convergence theorem, this immediately yields

\T/AL A, S P
E A HpNUs 7L”L;-[S(U,H)ds

as N — oo. This proves the claim. O

T
<E /O sup |[[pnS(r)os|lL,w,myds| =0,

r€[0,T]

B.3. Various estimates for increments. In this subsection, we will use the notation

1A,
(50) AA = / S(iA,, — s)asds,
(i—-1)A,
3 in,
(51) ATM = S(iA, — s)osdWs.
(i-1)A,

We will make use of the following Lemma:

LEMMA B.5.  Suppose that Assumption 10(m) holds. Let (e;) jen be an orthonormal ba-
sis of H and py be the projection onto vV := spand{e; : j > N}. Moreover, let

T
(mwﬁwﬂ/wmﬂ%y
neN 0

and
T
by(z) :=supE [/ HPNU;S"”iHS(U,H)dS] )
neN 0

which both converge to 0 as N — oo for z < m, respectively z < 5 by Lemma B.4. Then we
can find for all m € N a universal constant C = C(m) > 0, such that

[t/An]

(52) > E[lpvAral™] < captay(m),
=1
16/,) ) .

(53) > E|lpv A "] <A by (m),

=1
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and
[t/2,] ~
59 Y E[lenAn "] < c@aray(m)

i=1
PROOF. Throughout this proof, we treat C' as a generic constant that is chosen appropri-

ately large in each step. The majorisation in (52) is an immediate implication of Bochner’s
inequality and the boundedness of «. For (53), we get by the BDG inequality (43) that

[7ANS
HPN/( SiA, — s)adesHm]

[t/A,
Z E
i—1)A,
[t/An] iAn el
< > CuE ( / HpNS(iAn—s)asuiﬁswﬂ)ds)
i=1 (i-1)A,
/8 A,
< 3 i [ B IS8 9l d
i=1 =B
= CpA2 by (m)
Moreover, inequality (54) holds as
[t/A, ] ) [t/An] iA,
> E|[lpvAry|m| <2m? Z E[\pN/ . S(z’An—s)asdsHm]
i=1 DA,
[t/An] i,
+om—1 Z E [\p]\;/ S(iAn—s)adeSHm]
(i—1)A,

i=1

A AL 5
<omt 3 AR ( / Ipvad: % ds>
i—1 (i—1)A,

[t/An] iA,
(/ lpvos H%HS(U,H)dS>

m
2

Zz_; (i-1)A,
[t/A] —— (7ANS
23 AFE R [ e ® | dsat !
i=1 (=2
o [1/8) iA,
+2mflArf Z E / |pNO-;SnHZLHs(U7H)dS]
1A,
LI 51
<A 54 '
<A 2 (aN(Q)A +bN(m>>
O

APPENDIX C: PROOF OF THE LAWS OF LARGE NUMBERS

PROOF OF THEOREMS 4.1 AND 4.2. Let (eJ)JEN be an orthonormal basis of H, such
that e; € D(A*) for all j € N. Recall that P¢ is the projection onto V¥, with
o, d}

1% = span{ej, ®---®ej, :ji > N,i=1
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We write P$ = py if d = 1. Then we can identify (I — P%)SAMPV*(my, ...
the “matrix”

,my) with

(<SAMPth(m1, ...7mk),€j1 R...Q ejd>Hm)(jl’“.,jd)e{l,“.’N}d.
To obtain the asymptotic behaviour of this “matrix”, and so the convergence

t

1—m u.c.

(I — PR)A, 2 SAMPV(my,...,my) =5 (I — PN)/ P (ma, ..., my)ds,
0

it is enough to check the convergence of the (SAM PV/*(my,...,my), ej, ® ...Qe;, )pm, for
each (j1, ..., jm) € {1,..., N}" separately.
Fix therefore some (ep, ;)i—1,. kj=1,..m, With p;; € N and e,, . € {e1,...,en}. Using
Lemma B.3 and its notation, we find that
koom;

An * (SAMPV(my, ccomi), R R ey, e

=1 j=1

has the same asymptotic behaviour as A ZW An] =kl Hle [[2 (AL 1S ep )
where we recall that

(i+i—1)A, (i+j—-1)A,
Al 5= ads -I—/ osdWs.
(i4+5—2)An (i+5—2)An
This is however a component of the multipower variation of the multivariate semimartingale
((St,e1), -, (Stsen))ejo,r)- Thus, in the case of power variations (i.e., under Assumption
8), Theorem 3.4.1 in [52] applies, while in the case of multipower variations (i.e., under
Assumption 9), Theorem 8.4.1 in [52] applies. Hence, this yields

k. my
An  (SAMPV(my, i), Q) R ep,, ) 1m
=1 j=1
t koomy
u.c.p.
" </0 pgf(ml,...,mk)d87®®€pid>’]_{m,7
i=1 j=1

ie.,
t
1-= u.c.
(I — PIA, 2 SAMPV(my,...,mp) =5 (I — PN)/pgf(ml,...,mk)ds.
0

This establishes the result for finite-dimensional projections of the multipower variation.
The triangle inequality yields

t
H(SAMPVt"(ml,...,mk)—/ pgf(ml,...,mk)ds)|]7_[m
0
¢
§||(I—P]\?)(SAMPW"(ml,...,mk)—/ p%f(ml,...,mk)ds)”;.[m,
0

t
PR SAMPV (s, ooy e + | P / PZF (ma, .oy i)l
0

We next show the uniform convergence to zero of the latter two terms. The Markov and
generalised Holder inequality as well as (54) yield for a given € > 0,

P supA:f%HP}?SAMP%”(ml, ooy ) || > e]
t<T
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| e lt/An]—k+1 &
<-An *E |sup Z @AY Y )™

€ t<T — =

= j=1 Hm

| e T/B0 ke k

S SR V|
i=1 j=1
AT/AM] Rk s

<ot S T e, o)

1 om k |T/A, |—k+1
<l vt
j=1 i=1
<oayE 1 (0877 an () +owm)) ™

This converges to 0 as N — oo uniformly in 7. Now, notice that by definition we have

(PpnSapn:€js @ . ®€j,) = (ps,,€j, @...Q€j, )0 i >N-

Therefore

2
Ippaspn M5 = Y. {pm.(m),ej, ®...®€;,)

J1yeeedm >N peP(m) (k,l)Ep

<|P(m Z Z H by ejl,ejk

peP(m) JiyoJm >N (kl)Ep

<) >, >, 11 2 e I21SE s,

pEP(m) Jiyensjm 2N (]f l)Ep

Z ”E 63”

j>N

which converges to 0 almost surely as N — oo, as Y2 is a Hilbert-Schmidt operator. Hence,
by the definition of p%i"’(ml, ..., my), it holds,

t
P[sup P}\T}/ p%k(ml,...,mk)ds >e}
t<T ° H?n
/ [H Py ®k ml,...,mk)H }ds
Hm
T 3
_1! E Z (P2F.  (my,...omp),e1 @ ... @ ep)? ds
c /o P Sop T =05 Tk ) m

jl ----- jm,EN



FUNCTIONAL DATA ANALYSIS FOR SPDE 49

N =

1T |
= | E @ e, )? d
6/0 ll_Il Z (Pons.pn (M), €1 @ .. @ em,) s

j17"'7j7nl€N

1
:6/0 E H Pprs.pw (M ||7-[ ds

T ;
m 1
I g > I8z ds.
0

JjzN

This converges to 0 by the Dominated Convergence Theorem.
Summing up, we can, for each § > 0, find an N € N independent of n, such that

t
lim P [sup <](SAMPV;”(m1, ey M) —/ p%f(ml, ...,mk)ds)HHm) > e]
0

n—oo tST

¢
< lim P [sup <](I— P (SAM PV (my, ...,my) —/ pgf(ml,...,mk)ds)]q{m> > e}
0

n—o0 t<T

+ limsup <IP’ [sup (|1PNSAM PV (muy, ...;mp)||mm) > 6:|

n—o0 t<T

t
+P [sup (HP]V”/ pgf(ml, ...,mk)ds||7.[m) > e])
t<T 0

¢
< lim P [sup <](I— PV (SAM PV (m) —/ pgf(ml,...,mk)ds)ﬂym> > 6:| +26
0

n—oo tST
=20.
This holds for all § > 0, and hence the assertion follows. O

APPENDIX D: PROOF OF THE CENTRAL LIMIT THEOREMS

We prove the central limit theorems by proving the tightness of the laws of the processes in
the Skorokhod space D([0, 7], H) first and then make use of the available finite-dimensional
asymptotic limit theory in order to show convergence of the corresponding finite-dimensional
distributions.

D.1. A short primer on tightness. Recall that a sequence of measures (i, )nen is tight
on a Polish space B equipped with its Borel o-algebra (B, B(B)), if for each € > 0 there
is a compact set K. C B such that sup,,cy pn(B \ K¢) < e. We will say that a sequence
(X )nen of Borel-measurable random variables in B (e.g. stochastic processes) is tight if
the underlying sequence of laws (px, )nen is tight.

D.1.1. Tightness of random elements in the Skorokhod space D([0,T], H). For the con-
venience of the reader, we repeat the following tightness criterion from [53, p.35].

THEOREM D.1. Let H be a separable Hilbert space. The family of laws (Py» )nen of a
sequence of random variables (V") nen in D([0,T], H) is tight if the following two conditions
hold:
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(i) (Pyr)nen is tight for each t € [0, T] and
(ii) (Aldous’ condition) For all €, > 0 there is an § > 0 and ng € N such that for all
sequences of stopping times (Tp)nen with T, <T — & we have

(55) sup supP [[|[7 — o2 Lollg >n] <e.
n>ng 0<4

Regarding point (i) above, to show tightness in the space D([0, 7], H) it is necessary to
find criteria for the tightness in the Hilbert space itself. This can be approached by an equi-
small tails-argument and is well known (c.f. Lemma 1.8.1 in [68]):

THEOREM D.2. Let (Y, )nen be a sequence of random variables on a probability space
(Q, F,P) with values in a separable Hilbert space H, such that for all § >0

56 lim supP Yy, ex)?>0| =0,

for some orthonormal basis (e, )nen. Then the sequence (Py, )nen is tight in H.

PROOF. Fix some ¢ > 0. By assumption we can define two increasing sequences of natural
numbers (N)ien and () ke, such that Nf =1 and

1 1
(57) supP (Yi,e)2> —| <ese—.
neN Z>ZN:,§ lk ll% Zoo—l %
Further, we introduce
(58) Agi=SheH: ) (he)’ SE

I>Ng

We prove now that K = (1), Aj, is compact. It is obviously closed and bounded Then we
have as k — oo

1
Sup Z hel <l——>0

Hence, the set K is totally bounded and by the Hausdorff theorem (c.f. Theorem 3.28 in [2])
compact.

It is now left to show that 1 — Py, [K.] < €. But, by Markov’s inequality and the choice of
N, we have

1—Py, [K io: <e,

k=1
which proves the claim. O

By Markov’s inequality, we have the following Corollary to Theorem D.2,

COROLLARY D.3. Let (Y,,)nen be a sequence of random variables on a probability
space (2, F,P) with values in a separable Hilbert space H and having finite second mo-
ments. If for some orthonormal basis (ey,)nen we have

59 li E (Y, :0
(59) Ngnooilép];\, s €k) ;

then the sequence (Py, )nen is tight in H.
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D.1.2. Tightness and stable convergence. Let E be a Polish space, £ := B(E) its Borel
o-algebra and (€2, F,P) be a probability space. Recall that amap K : Q x & — [0, 1] is called
a Markov kernel from (€2, F) to (E,€), if for all w € € the map K (w, -) is a Borel probability
measure on £ and for all A € £ the map K (-, A) is an F-measurable random variable.

Let (Y,)nen be a sequence of random variables with values in the Skorokhod space
D([0,T],H) defined on a probability space (€2, F,P) and Y a random variable with val-
ues in D([0,T], H) defined on an extension (2, F,P) of (Q,F,P). Observe, that we can
specify a Markov kernel K by the conditional distribution

K(w,A) =P[Y € A|F].

One can then see that stable convergence of the sequence (Y}, )nen to Y can be written as
(60) E[Zf(Yn)] —E[Zf(Y / Z(w / K(w,dz)P[dw], asn — oo
D([0,T), H)

for all bounded continuous functions f : D([0,7], H) — R and all bounded random vari-
ables Z on (2, F). In that way we can identify stable convergence of a sequence of random
variables as convergence towards a Markov kernel in the sense of (60). We will use this in
the proof of the next theorem, which can be found in [46, Proposition 3.9] for continuous
processes. Here we extend the proof for processes with values in the Skorokhod space.

THEOREM D.4. Let (Y,)nen be a sequence of random variables with values in the
Skorokhod space D([0,T], H) defined on a probability space (2, F,IP) and Y a random
variable with values in D([0,T], H) defined on an extension (Q,F,P) of (Q,F,P). If
(Yo )nen istight and (Yy(t1), ..., Yn(tq)) — (Y (t1), ..., Y (tq)) stably for each finite collection
t1,...,tqg €[0,T], d €N, then Y — Y stably as n — oo.

PROOF. Assume (Y),)nen is tight and (Y, (t1), ..., Yn(tq)) — (Y (t1),..., Y (tq)) stably for
each finite collection 1, ...,t5 € [0,7] and (Y, )nen does not converge stably to Y. Then
we can find a subsequence (ng)ren, € > 0, a bounded real-valued random variable Z on
(Q,F,P)and h € Cy,(D([0,T], H)), such that

(61) [E[Zh(Yn,)] ~ E[ZR(Y)]| > €.
Equivalently, this means for the kernel

K(w, A):=P[Y € A|F](w)
that

62) B[Zh(Y,,)] - /Q Z(w) /D oy TV Pl 2

By the tightness of (Y, )nen, we can appeal to Theorem 3.4(a) in [46] and obtain a sub-
sequence (ng, )ien of (ng)ken, such that Yy, — L stably for some Markov kernel L :
Q x B(D([0,T],H)) — [0,1] as nk, — oco. Then we have for all F € F with P(F) >0
that

PF oy, L 4 P ::/ L(w, )PF [dw]
! Q

weakly by Theorem 3.2 (iv) in [46], where PF [A] .= % is the conditional probabil-
ity. According to [25, p.138-139] there is then for each F' € F with P(F') > 0 a dense set

Tpr(r) C [0,T] (depending on the limiting distribution), that contains 0 and 7" and

(63) PF o Yn_kll o (th,...,td) i) ]P)F[L] o (th,...,td)
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whenever 1, ...,tq € Tpr(r) for d arbitrary. Here, 7y, +,(f) = (f(t1), ..., f(ta)) denotes the
finite-dimensional projections. By Theorem 12.5 in [25], the sets

Tt (A), AEBHY) by, ... tq € Tor
generate B(D([0,T], H)), where HY = H x ... x H is equipped with the product topol-
ogy, and, in particular, two measures Q; and Q2 coincide on B(D([0,T],H)), if Q; o

t 1 ty = Qeom 1 ., forall ¢1,....t5 € Tpri), d € N. By assumption we have that

(Y (tl) LY, (td)) (Y(t1),...,Y(tq)) stably, which is equivalent to

P o Ynfl O Tty . ta 4PFoylo Ty, ta

for all ¢1,...,t5 € [0,T], d € N and all F' € F with P(F') > 0 by [46, Theorem 3.4(iv)]. This
together with (63) yields

EDF © Y_l OTty,sty = ]PF[L] © (Trtlvn’td)
forall t1,....tq € TIPF[L], d € N and, hence,

P K /K VP [dw] =PF o Y 1 = PF[I)

for all F' € F with P(F') > 0. However, this shows that K = L, which is a contradiction, as
by construction of L it is

E[Zf (Y, )] = /Q Z(w) / oy @D P, a1
0

D.2. Tightness results for the central limit theorems. In this section, we are go-
ing to prove in several steps the following theorem. Recall the notation 5" := S(iA,, —
$)3sS(iA, — s)* for s € [(i — 1)A,,iA,,), that we will use extensively here.

THEOREM D.5. Let Assumption 7 hold. Then the sequence of processes
~ 1 [t/An] 1A,
(Z"Victor = | An® Z AnY®? / »5nds , neN
HA,
N t€[0,T]

is tight in D([0,T],H).

_Despite the rather extensive notation, it is relatively straightforward to show that
(Z™2)1ep0,1) satisfies Aldous’ condition.

THEOREM D.6. (Temporal tightness) Let (P),)nen be given by P, = ]PJ(Ztn,Z) and

t€[0,T]

Assumption 7 hold. Then (Py,)ncn satisfies Aldous’ condition.

PROOF. The Markov inequality yields
P |||z - 27 H > 1]

Tpn+60
SEE{ VAGRES ZZj—@H ]
/’7 n
L [umresan L || o
(64) <-|A,’E > AW 44, / Sods
n T,

i=|Tn/An] 2 " H
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Now, set 0 < § < A,,. We can estimate further

[(Tat0)/An) Tat6
E > A2 +‘ / Yods

=T /A ]

< (B |3 027, +]| 3t 807, ))

H

Tn+0
LE| / 122l ds]

" 2 2 T 46
- (E [HA@M/MY“ At a0y D +E[/Tn I l3¢ls]

= (1)n + (2)71
‘We obtain

_1 ~ 2
An*E [HA%@MYU ]

/(LT,L+0/A,LJ+1)A” 2
(

af" ds

<A, R
lmnt0/An])An

2

(lmn+0/A, ]+1)A,
/ oS dW,
(

+E
[T +0/A0])A,

2<E

(L +0/An ] +1)A, )
/ LA
( \_Twr‘i'e/AnJ )An

W |-

<A,

Afl /(L7n+9/AnJ+1)An HO[SHHQCZS
R ERTY NV ’

+E

. T
<2A} sup [S(2, / E [[la |12] ds
rel0,T] 0

([7a+0/A0 ] +1)A,, , 3
(65) +2E / lowlld s | |
([ +6/A0 ) A

. . . t . .
which converges to 0 as n — oo since the function ¢ — [; HO’SH%HS(U sy@s is uniformly con-

tinuous on [0, 7"] and bounded.
Analogously we obtain

AR [IAT, 6 Y] 0,

as n — oo. This yields lim,, oo Ay, 2 (1), = 0.

It remains to show lim,, o, Ay, ?(2),, = 0. Observe that since s — X is bounded by as-
sumption, the following convergence holds almost surely as n — co:

1 Tn+0 Tn+0 % t+6 %
> ||Es||Hd8§</ rrzsr%ds) < sup (/ stuids)
Tn T t€[0,7—6) t
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< sup </ |2 ]Hds>
t,s€[0,T),t—s<A,

converges to zero, as t —» fot |25]|3,ds is uniformly continuous on [0, 7] almost surely, as
0 < A,,. Moreover, we have the integrable majorant

Tn+0 T
/ 1% llreds < / 15 lreds,
T 0

n

such that we obtain by dominated convergence A,, > (2) — 0 as n — co. Hence, we conclude
the Aldous condition in Theorem D.1. O

In order to show tightness of the sequences (Z"2),,cx in D([0, T, ) under the conditions
of Theorem D.5, we have to verify the tightness of each (Zt" ’2)n€N in H for each ¢t € [0, T
separately. This is what we do in the remainder of this subsection. We first argue that we
can assume o = 0 in the proof of tightness of Z," 2 in . Observe that with the notation of
Section B.3, we have

1 t
A,? (SARCV;‘— / Zf“ds)
0

Nz ez gt
_A, <A?A+A?M> - / 25 ds
- 0

Il
>
3
>

3

o

g
+
>

3

N
®
>

K@
<
+
>

3
=
®
>
3
o

(66) =:(1){ + (L1
‘We obtain:

THEOREM D.7 (Elimination of the drift). Suppose that Assumption 10(2m) holds. In this
case, the first summand in (66), that is (1)} is tight. In particular, in order to show Theorem

D.8 we can assume o = 0.

PROOF. We show first that

(67) lim suplE
N—o0 neN

P2 " =0.
e, || P& ( tHH]

We can compute, using Holder’s inequality

E
te[0,7

- HPz%U)?HH]

NNy
<At Y E[|PRATAI? + 2| PRATA| | PRATM|
=1
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—1 LT/A"J ~
=A.7 Y E|IPRATAIR
=1
L (1175 ) 2Ny L)
20,7 |3 EIRRAMAR] | | X E[IPRATM]
=1 =1

Now using (52) and (53) as well as the corresponding notation from Lemma B.5 we find

E < A2CAnan(2) +2(Can(2))? (Chy(2))?

P2(I)?
tes[tég}\l N (D]

The latter converges to 0, as N — oo, uniformly in n. Thus (67) holds. A straightforward
application of Markov’s inequality and Theorem D.2 yield the assertion. O

In the subsections below we make the remaining steps in order to prove Theorem D.38, i.e.,

in view of Theorem D.1 and Theorem D.6 we have to prove that (Z;" 2 en is tight in H. In
view of Theorem D.7 we further assume that o = 0 throughout these subsections.

D.2.1. Spatial tightness for quadratic variation. Recalling that Assumption 7 is satisfied
under the assumptions of Theorem D.8, the tightness of the sequence of laws corresponding
to (Z™?),en is tight in D([0, T, H) by

THEOREM D.8. Assume that

T 4
| Bl W] s < .

which is in particular the case, if Assumption 7 holds. We have

lim sup sup Z E[(Zf’n,ek(@emﬁ_[]
N=ooefo,T)neN, TSy

(68) = lim sup supIE[HpNZf’nH%_[] =0,
N—00¢c[0,T] nEN

and thus, the sequence (Zf ’Q)neN is tight in H. Hence, the sequence (Z”’2)n6N is tight in
D([0,T],H).

PROOF. We define
ZN (@) =007 (v AT~ (pnATY)) )

1 ~ t;
A (<pNA?Y>®2 - / P S(t — $)5,S(t — s)*des) |
ti1

First we show that sup;¢(o 71 || Eltt:/lA "] ZN (i)||us has finite second moment. Note that, by
the BDG inequality (43), we have
2
2
Lus(U,H) ds)

4 1Ay
(69) E [HpNA?YH ] <E (/(H)A oS>

1A, 5 (14
[ e B

(70) <ARE
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Therefore, by the triangle and Cauchy-Schwarz inequalities, we have
2

[t/An)
El Y ZY0
=1 o
/2] 2
2[5 |2,
=1

<E [t/A]
1t/2n ) L 2
. ; E (HzoNA?YH + /(H)A" | (UVH)ds> [t/ An]
<A Lt/zmg(ra [HpNA’;ym +/%A" E (o513 o] d5> [t/An]
i=1 (i=1)An
[t/A ]
<Al Z A, / N Ngs HLHSUH)} ds|t/An)

[t/An] s,
:/0 |:HO_ HLHS UH)} dSLt/AnJ <00

where the finiteness is due to the assumptlon
Now note that ¢t — 9, = f(l DA, pNS(t; — s)osdWy is a martingale for t € [(i —
1)A,,iA,]. From [63, Theorem 8.2, p. 109] we deduce that the process ((;)+>0, with

G = ()% — (W),

is a martingale with respect to (F3):>0, and hence,
E[(pvAIY) "2\ Fnya, | =B [(ia,)** Fa,]

=E [((¢))ia, | Fi—1)a, ]
i,
:/( E [pNS(ti —8)2:S(t; — s)*pN|.7-"ti71] ds

i—1A,

So, E [Z (1 )‘ Fi,_,] = 0. Moreover, for j < i, as each Z (i) is F(i—1)a, measurable and

the conditional expectation commutes with bounded linear operators, we find by using the
tower property of conditional expectation that

E (22 0, ZY ()] =B [E [(ZN (), Z5 )y Fnya, ||

—E [(E [ Z) ()| Fi-na. ] ZY ()] =0.
Thus, we obtain
2

[t/2,] /8.
El| Y 2Y0)| | = X E[IZY 03]
=1 =1

H
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Applying the triangle and Bochner inequalities, the basic inequality (a + b)? < 2(a? + b?)
and appealing to (69), we find

E[I1ZY ()13

iAn 2
<2A'E | [[(pnATY)E25, + (/ [PNS(iAn — 5)2:S(iA, — S)*pN!HdS>

1— n

1A, S 114
< 4/( E [szvas ”'||LHS(U,H)] ds.

i—1)A,
Summing up, we have

[t/An) 2

T
B | sup || 37 20| | <asup [ B [lowodm) ds
te0, 7] || ;41 2 neNJo

which converges to 0 by Lemma B.4. Hence, as

[t/An]
sup sup > E[(Z)" ex@eny| =1 > ZY 0
te[0,7]nEN k>N i—1
the Theorem follows by Corollary D.3. O

D.3. Convergence of finite-dimensional distributions and remainders.

D.3.1. Proof of the central limit theorem for realised covariation. Before we can finally
prove the central limit theorem for realised covariation, we need the following auxiliary
Lemma:

LEMMA D.9. Let (ej)jen be an orthonormal basis of H that is contained in D(A*).
Then for any k,l € N we have

1A, (7ANS .
/(“ A <2f”6k, €l>d8 = /( A <256k, €l>d8 + l/J,Z{k’l,
i— n i— n

where @bi{k’l is a sequence of random variables such that,
E[jy;*] < KA,
for a constant K = Ko (k,1) > 0 independent of i.

PROOF. Since S(iA, —s)* e, = fsm" S(u—s)* A*epdu+ ey, for all k € N, we have that,

(7ANS
/( A (Ef"ek,el>ds
i—1)A,

1A, 1A, 1A,
:/ <Es/ S(u—s)*.A*ekdu+Zsek,/ S(u—s)* A%ejdu+ e;)ds
( s s

i-1)A,

1A, 1A,
:/ (Ysep,er) + <ES/ S(u— s)" A*erdu, e;)
( s

i-1A,
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1A,
+ (Esek,/ S(u — s)* A*edu)

iA, A,
+ <Es/ S(u— s)*.A*ekdu,/ S(u— s)" A*erdu)ds.
S S
It holds by Bochner’s inequality

iy Ay,
E H(Esek,/ S(u— s)* A% edu) ] §/ E[|ZsS(u— s)" A% e|] du

<An sup E[[[E:S(t) " A%ell],
t,s€[0,T]

and analogous by swapping k and [

A, A,
EH(ESel,/ S(u—s)*A*ekdu)}g/ E[[5:8 (u — s)* A*ex|[] du

<An sup E[||E:5(t)" A%exl].
t,s€[0,7

N, il
:/ / E[[(EsS(u—s)" A%ex,S(v — s)* A%ep)|] dudv

Moreover

iA, iA,
E H(ZS/ S(u— s)*A*ekdu,/ S(u—s)" A%e;du)

<AL sup EfosS(t) Ae|] .
t,s€[0,T),j=k,l

By the choice K = sup, ¢(o.7],j=k, E [[|osS(t)* A*e;||?], the assertion follows. O

We can now prove an auxiliary central limit theorem, which essentially does not rely on
the spatial regularity condition in Assumption 2.

THEOREM D.10.  Let Assumption 7 hold. We have that Z™> = (N(0,T1))sefo,17-

PROOF. Let (e;)ien be an orthonormal basis of H that is contained in the domain D(.A*)
of the adjoint of the generator A. Since tightness of (P, .),en in the Skorokhod topology
is guaranteed by Theorems D.6 and D.8 in combination with Theorem D.1, it is enough
to show the stable convergence in law as a process of the finite-dimensional distributions
ZP2(d) == (2" ex @ e)) ki1, .d-

Therefore, for k,l =1,...,d we find by Lemma B.3 and Lemma D.9 (and using the same
notation) that

A,

L1/,
<ZZL’2, er X €Z>H ZA;E Z ((A?Y, ek><A?Y, el) — /( A
i=1 i=1)An

<2‘§"ek,el>ds>

_1 Lt/An) 1A,
:An 2 Z ((A?S, €k><A?S, €l> — / <256k, €l>d8>

i=1 (i-1)A,

& ikl | ikl
+A, ; (G + ).
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The second summand converges to 0 in probability uniformly on compacts, which is why we
have that the stable limit of (Z;" 2ep, €) is the same as the one of

- Lt/A”J iA"
An Z (<A?S7 €k><A?S7 6[> - / <Zsek7 €l>d5> .

i=1 (i-1)An

N[

The latter is a component of the difference of realised quadratic covariation and the quadratic
covariation of the d-dimensional continuous local martingale S¢ = ((S;,e1), ..., (St eq)).
Therefore, Z™2(d) = ((Z", ek, e1))ki=1...a converges by Theorem 5.4.2 from [52] stably
as a process to a process that is defined on a very good filtered extension (Q,]} , ft,fP’) of
(Q, F, F,P). This limiting process is conditionally on F a centered Gaussian which can be
realised on the very good filtered extension as

d t
1
Npi=—= E / (Gkipe(8) + it pe(s)) dBE.
\/icbzl 0 ’ ’ ’

Here, 6(s) is a d? x d’-matrix, being the square-root of the matrix &(s) with entries
Cri kv (8) = (Xsek, er ) (Xser, ep). Furthermore, B is a matrix of independent Brownian mo-
tions. This corresponds to the covariance 'y, as by the Itd isometry we obtain

d t
1 . . . .
E[Ng Ni | F| = 3 § / (Gt pe(S) + Okbe(5)) (Orr be(8) + Gk pe(s)) ds
c,b=1 0

d t
1 5 o ~ A~
D) Z / (ki pe(8) 0kt pe(8) + ki be(5) Tk pe(S)
0
c,b=1
+ Gute,be(8) Gkt pe(8) + Gt be(8) 01k pe(8)) ds
1

t
=3 / Cut et (S) + Crrin () + G ot () + Ciiie (s)ds
0

1

t
= 2/ (Xser, en ) (Eser, er) + (e, er)(Eser, ex)
0

+ (Xser, en) (Bser, er) + (Bser, er ) (Eser, ex)ds

t
—/ (Xser, er ) (Xser,er) + (Egep, e ) (Eser, e )ds
0

t
— / (Esler ® er)Ss,en @ er)p + (Saler @ e)Ss,en © er)) ds
0

= (Tiep Rep,ex ® ep)y.

As now all finite-dimensional distributions converge stably and the sequence of measures
is tight, we obtain by Theorem D.4 that the convergence is indeed stable to a process
Z in the Skorokhod space, whose corresponding finite-dimensional components Z(d) :=
({(Z,ek,€1))k1=1,..q4 are conditionally on F a centred Gaussian process. It is itself con-
ditionally centred Gaussian. Moreover, the process is continuous as well, since for Z in
D([0,T7],#) we have

12— Zlln < |PaZulle + 1 Z0(d) — Zu(d) e + | PaZs.
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The outer terms can be made arbitrarily small since by (68) it holds

lim sup E{HPdZQ"H }
d—00 (0,7

The middle term converges for each fixed d to 0 as |t — s| — 0, as PZ is continuous as an

It6 integral. The proof is complete. O

Now we are in the position to prove the central limit theorems 3.3 and 3.2 for realised
covariations.

1
PROOF OF THEOREM 3.3. Itis clear that A, 2 fft/A | >.¢ds converges to 0 in the u.c.p.-
sense, and since

L i, gt
XP =21+ A0 > / (B — %) ds + Ay Ssds,
i—1 J@=1)A, [t/An]
we have to show
[t/An]

—2 Z/ — %) ds =% 0.
z 1

Recall that Py denotes the projection onto {e; @ €; : k, > N}, where again (e;) ey is an
orthonormal basis of H that is contained in D(.A*). Notice that for each A € H

I =P)Aly =l Y. (Aer@e)ner®elln
kJI<SN-1
< Y KA e @e)lller @ el
kI<N—1
= Z [{A,er ® e)n]
kI<N-1
= Z ’<Aek7€l>“
kI<N-—1

Then, by Lemma D.9

/A
E | sup ||(I—Py)Ay? / 25 —%,)ds
t€[0,T] Z (i-1)A )
H
N-1 /A A
<E|sp (A0 Y [ (s s analds
te[O,T]MZ1 ZZI (i-1)A,
[ Na1] 1A
=E | sup Ap? Vik,l
tEl0T] g 1= ;
N-1 |T/An]
<Y A Y K(kDA2
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(71) < 3 Kk | TAL

which converges to 0 as n — co. Thus, for all N € N,
| [t/8a]

(I —Pyn)A Z/ 25 —3) ds =X 0.
i=1 i—1)A

Further, we have, by using the triangle and Bochner inequalities,

L Lt/A]

E PyA, 2 "—Es d
tES[%F'—)F] N Z /z A, ) ’

H
<ozt [TE [y (55 - 20 o] @

<A? /0 E[IPxn(S(ls/AnlAn = 8) = D)XsS([5/An]An = 5)" I3

+ [ PNEs(S(|s/An]An — )" = T)||4] ds.

Now, estimating further using the Cauchy-Schwarz inequality along with the fact that
|AB||% < ||Allopl| Bl s, ) for any Hilbert Schmidt operator B : H — U and continuous
linear operator A: U — H,

, [t/8a]
E | sup |[PvA,?2 / —Ys)ds
te[0,T Z (i—1)A, )
H
T

N =

<A, E[HPN(S(LS/AnJAn_S)_I)USHOP

< </0TIE (1875 S5/ BB — 5) ~ D3] d8>;

T
([ VR [l B+ IS 15/ 30130 = 10l 0] 5

The first factor is finite by Assumption 2, whereas the second one converges to 0 as N — oo
by Lemma B.4. Observe that we used that the Lemma holds also in the special case S(t) = I
on H for all ¢ > 0. Thus, we have

2

, [t/An]

| A T
Therefore, we can find for each § > 0 an N5 € N such that for all N > N
, /4]
el ot 3 [ o5 onas

H
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Lt/A
<E | sup ||({ —Pn)A / —Y,)ds
t€[0,T) Z (i-1)A )
H
Lt/A ]
+supE | sup ||PvAy,? Z / ZS - )d
neN te[0,T (i-1)A
H
, [t/An]
<E | sup ||({ —Pn)A / —Ys)ds +4
t€[0,T) Z (i-1)A )
H
— 4.
As this holds for all § > 0, we obtain that
R L N
E | sup [|An, : / ¥ — %) ds — 0,
te0,T] Z G—-1)A, ( )
H
as n — 0o, and the assertion follows. UJ
PROOF OF THEOREM 3.2. Forany B € H,
L [t/An]
(KBl = (202 By + (An® 3 / %) ds, B)y
i=1 (i—1HA

Since the stable convergence with respect to the Hilbert-Schmidt norm as proven in Theorem
D.10 implies the stable convergence in law with respect to the (analytically) weak topology,
we only have to show

, [t/An]

3 Z/ %), Byuds "% 0,
(i— 1)A

We can argue componentwise, which is why we assume without loss of generality that B =
h®gforh,ge Fls/2 We split into two terms as follows:

L /A

Z / — 3,)h, g)ds
(i—1)A
 1t/An]
=AY / (S(iA, — 5) — D)2 S (i, — 5)*)h, g)ds
= Ja-1a.
 1t/An]
+A, Z / S(iA, — s) — I)*)h, g)ds
—1)A
=Dn +(2)n-
We only show the convergence for (1),, since the argument for (2),, is analogous. It holds
L [8/8n]

2> / o A=) (i = I (800800 =) 1) g)ds
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A, 2 / (N (ES (i — 5, (S(iBn — 8) — 1) g)ds

:(1.1)%]\[ + (1.2),%]\7,

where again we denoted by py the projection onto {e; : j > N} for an orthonormal basis
(ej)jen of H that is contained in D(A). We have

t
S(t—s)e;—e= / S(u— s)Ae;du,

and therefore it holds for the first summand that,

sup [(1.1)n N]
te[0,7]
L Lt/A]
~ sup A7 Z / (T = py)(EeS (iAn — 8) ), (S(il — 5) — I)*g)ds|
te[0,T] (i—1)A
/A A, N-1
= sup |A,? (BsS(IA, — 8)")h,ei){ej, (SEA, —s) —I)*g)ds]
t€[0,T ; (i-1)A, ]Zl J
N-1 Lt/A
= sup |Z n? z / (BsS(iAn —5)")h, €j) / Su—s)Ae]ds g)ds
t€[0,T] j=1 (i-1)A
N-1 ) T
<) An / 1Zsllopll2ll An | Aej]ll]gllds sup. IS@)l
=1 tef0,T

(72)
N1 7

<A Y [ IS sl sup (1SR
= /o te[0,7)

The last expression converges to 0 as n — oo almost surely. In particular, we have as n — oo
that

|(L1)sn] 0
It follows from the fact that g € F’ 1‘5}2 that we can find a constant K := sup;<p 162 (S(t) —
I)*g|| < oo such that

E

sup |(1-2)n,N|]
te[0,7)

LT/ An

Z / oo, EION S0 = 5)7), (S( A = 5) = 1)"g)] ds

<A, sup 1(S(t) - I)*QH/O sup Ef[pxasllopllos SE) lloplI 7] ds

t<A

1

T 3T H
<k ([ Bl as) ([ s B loisor)ig) IniPas)
0 0 t<A,
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T 3/ T 3
o < ([ Elved)as) ([ E o) Rs)” s (SO,
0 0 te[0,1]
As the first factor converges to 0 as N — co by Lemma B.4, we obtain the convergence of
E[sup;eqo,r)[(1.2)n,n]] to 0 as N — oo uniformly in n. Therefore, we can find for each § > 0
an IV € N, such that by Markov’s inequality

lim P | sup [(1),|>¢€
n—oo _tE[O,T]

< lim P| sup |[(1.1),n|>€
oo te(0,7]

+supP | sup |(1.2)pn]|>€
neN | tef0,7)

1
=0+ —supE | sup [(1.2),n]| <.
€ neN  |te[0,7)
As this holds for all § > 0 we obtain (1), ==5 0 as n — co. The assertion for (2),, “=5 0
follows analogously. O

APPENDIX E: REMAINING PROOFS
We will now prove the remaining results, i.e. Theorem 3.8, Theorem 3.9, Lemma 3.11 and
Lemma 3.13 as well as Examples 2 and 4. We start with the proof of Example 2.
PROOF OF EXAMPLE 2. We start with some general observations. If the central limit the-

orem should be valid, i.e., if A,, 2 (SARC’Vt" — fg Esds) should converge in distribution,

we must necessarily have that it is tight. As the sum of two tight sequences is tight itself and
since we have

1 t 1 t
A2 (SARCV[‘ — / 25d3> RAE (SARCVt” — / zfnds>
0 0

t/A, |

L t
—(a X [ =),
i=1 70

we find that <A;5 ZZLZIAJ fg »on — Esds) must be tight, due to Theorem D.10. Le. for

all € > 0 there is a compact set K C # such that sup, .y P [X,, ¢ K] < e. All compact sets
K C H are bounded and hence contained in a ball with radius large enough. Hence, from
tightness we obtain that for all € > 0 there is an M, > 0 such that

LAy
supP A2 Z / Zf” — XYds > M. | <e.
neN i=1 0
H
Thus, if for some specification of o, there is an ¢y > 0 such that
ARy
(74) limsupsup P JAVE Z / Ef" — Xds >M| > ¢
Mtoo néeN = Jo

H
we necessarily have that the central limit theorem cannot hold. For some f; € H let the
volatility have the form

Us:€®f17
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where e € H is such that ||e|| = 1. Moreover, we let fo € H be such that

(75) (S(x) = I) f1, f2)| < Cat,

for some constant C' > 0, which does not depend on x > 0 and

(76) lim sup

n—oo

_1 n iA,
An2<f1,f2>2/( (S(i, — s) — ) f1, f2)ds| = co.
=1

i—1)A,
Moreover, we have >3 = {@2 and hence

L Al
A > /Ozfn—zsds,f5®2>
=1

A Y [ (S = i) - (i ol
At 3 [ S8 ) = D (S~ )+ D, s

A3 [ (S = 8) = D s

i—1 J(-1)Ay)

/A,

I pin,
A2 SN, —s)— 1) f1, .
e S A (L

Due to (75), it is simple to see that the first term converges to 0 as n — co. Now we have that

(74) holds, since
t
/ 29— Bds
0
| /A

A,
>limsup A, 2 [{ Z /(‘—1)A )(S(iAn—S)—[)f1d8,f2> |{f1, f2)| = 0.

n—00 :
=1

Lt/A,]
[ fall® limsup | | An* >

i=1 u

In order to show that Example 2 is indeed a valid counterexample, it is, thus, left to show
that for the choice H = L?[0,2], (S(¢))+>0 the nilpotent semigroup of left-shifts and f; a
path of a fractional Brownian motion, we can find an fo € H such that (75) and (76) hold.
We do this as follows: We define (B (t), B2(t))ter to be a multivariate fractional Brownian
motion on some probability space (Q, F,P), i.e. a bivariate Gaussian stochastic process with
stationary increments such that the multivariate self-similarity

(B1(\t), Bo(At)) ~ (A2By(t),\*Ba(t)) YA>0,teR

holds for 0 < $ < %, 0<e< % — 9 and max($),e) > %. Moreover, we assume that
E[B1(t)Ba(t)] =: p> 0 for t € R. We also assume that (B (t), B2(t)):er is time-reversible,
i.e. (Bi(t),Ba(t)) = Bi(—t), B2(—t)) for all t € R. In that case, the covariance structure of
this process is given by

pivA i,j i, (2%
E [Bi(t)B;(s)] = B2 (Isl +[¢[7 — [t = s,
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where
)1, di=,
p”’_{p, i+,
and
5’)7 Z:]:L
Nij=16 1=75=2,
H+e iF#].

Observe that we can always find a p > 0 that guarantees the existence of such a process
(c.f. Proposition 9 in [5]) We want to find an w € €2, such that with the choice

(77) (f1(2), fa(2)) = (Bi(2)(w), Ba(z)(w)), 2 €]0,2],

we have (75) and (76). For that, observe that we have for ¢ < 2, as the fractional Brownian
motion is globally Holder on the compact interval [0, 2] that for almost all w € () there is a
C,, > 0 such that

50 - DB = [ (Baw) - Bt [ (B < 0
—t
By analogous reasoning and since the adjoint semigroup (S(t)*):>0 is given by the right-shift
S)* f(z) = flz =) g (x — 1),
we obtain for almost all w €  a C,, > 0 such that
[((S(@) = 1) f1, f2) | <min(|[(S(x) = I) Br(w)[[[|[ B2(w) |, [[(8(2)* = I) Ba(w) || Bi (w)]])
<C, 7,
and hence (75) holds. It is now enough to prove that (76) holds for all w € A which are in

a set A € F such that P[A] > 0. For that, it is enough to prove that there is a ¢ > 0 and an
N € N, such that for all n > N we have

18 |E|(B)By) Z / AZOFO(S(iAn — ) — ) By, Ba)ds

>c,
since in this case, for n > N we have P[A] > 0 for the choice

A { >c}.

If this would not be the case, there would be a subsequence (nk)ken such that on a full
[P-measure set 2; we have

(B1, By) Z/ A, (S(iA, — ) — 1) By, Bo)ds

<c.

(B1, By) Z/ (S8(iAn, — s) — I)By, By)ds

~1)A,,

Letting Ep denote the expectation with respect to the probability measure P, we would have

Es | (B, Ba) Z/ A, OT(S(iA,, — s) — 1) By, Ba)ds
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/ (B, By) Z / ALFO((S(idn, — 5) — 1) By, B)ds(w)Pldw]

</
o

< /Q 1 cPldw]

=C.

Pldw]

Bl7B2 Z/ " 2 (ZAnk - 8) - I)BI7BQ>dS(w)

—1)A,,

This would contradict (78). That yields, in particular, that if (78) is valid we obtain that (76)
holds for the choice f; := By (w) and f2 := By (w) for any w € A, as in this case

1 n iA,
An2{f1, S(iA, —s) — ,
)Y [ (68 =s) = D pds

lim sup
n—oo

1 c n A\,
—limsup A, T |AZOF () ST / (S(idn —s) — D) 1, fo)ds
n—+00 i—1 7 (i=1)A,
zlimsupA;(%_(ﬁﬁ))c
n—oo
=00.

Let us now prove that (78) holds to complete the proof. By the Isserlis-Wick formula we
obtain

Ep

n A,
(B1, Ba) Z /( | A;OF)(S(iA, — s) — 1) By, By)ds
. i—1)A,

_Z/l DA //m,m OFIEg [By () (B (y +iA, — 9)

—Bi(y)) Ba(y) Ba(a)] dydads

—iA,+s
+Z/ N // AL OFOE [By (2)(Bu(y + il — 5) — Bi(y)]

x Ep [Ba(y)Ba(z)] dydxds

—iA,+s
+Z/1 // T AT OES [By(a) (Buy + B — 5) — Bu(y))]

x E[By(y)Bi(z)]| dydxds

+Z/

Z

WA, +s
N / /0 AR [By(y) (Buly + il — ) — Bi(3))]

x Ep [Ba(x)B1(z)] dydzds
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Clearly, since

(79) sup

T11eeT1,dg5T2,155T2,dy €[0,2]

the first term goes to 0 as n — oo, as

()7
2
=1

|
A, 2 2

/ / A;OFIE, (B (2)(Bi(y + il — 5)
(i—1)A, JO J2—iA,+s

—B1(y))Ba(y) B2(x)] dydxds|
n A,
< 2(Ay — s)A; O s
_Z»Zl/(il)An ( )

x sup  |Ep[B1(r1,1)B1(r1,2)Ba(r2,1)Ba(r2,1)] |

71,1,71,2,72,1,72,2

<2AL=(5F9) sup |E [B1(r1,1)Bi(r1,2)Ba(r2,1)B2(r2,1)] |-

T1,1,71,2,72,1,72,2

For the second term, observe that, by the mean value theorem, we have for all z,y € (0, 2]
such that y,y — z,y +iA, —s —x #0 for s € [(i — 1)A,,iA,] that

|z —y|*? + |y +iA, — s> — [z —y — (1A, — 8)|*7 — |y[*]
<max(y*" ! [z —y|*" 7 |z —y — (iA, — s) PPN (IA, — 5)
<@z —yP T |z -y — (1A, — 9PN (A, — 8).

Hence,

2—iA,+s
/0 Es [Ba(y)Ba(x)]

X (lz = y*® + (y +iln — 5)*° — |z —y — (A, — 5)[*7 —*?) dy|

2—iA,+s
<A, / W29 o — g2tz — (1A, — )27 )dy
0

< sup [Es [Bo(r)Bo(s)] |
r,s€[0,2]

Itis

2mifnts 26-1 2 261 ’ 261 2 261
/ |z —y[*P~ dyS/ |z —y[*7~ dy:/ (z—y)*°~ dy+/(y—x) D ldy
0 0 0 -

73;25 +(2—2)%
- 25

220
S PR
k)
and
29

2—iA,+s 2 2 9
/ Ix—y—iAnJrSIZ’“dy:/ \x—y!”’ldyé/ |z —y|* 2 dy < =—,
0 i\, —s 0 573
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as well as
/QiAn+S 2573—1d B (2 _ ZAn + 3)25’) ﬁ
Yy Y=
0 Ky -9
Hence,
2—iA\, +s
| B mw B (o 4y id s
—|z =y — (iA, — 5)*? — [y|*?) dy|
229
<A3— sup [Ep[Ba(r)Ba(s)]].
r,s€[0,2]
This yields
1(2)7]

2 2—iA,+s
= Z/ DA, / /o A, OTOEg [By(2)(Bi(y + iy — s) — B1(y))]

xEp [Ba2(y)Ba(z)] dydzds|

2 2—iA,, +s 1
- Z / / [ Al (o -y i — o
(i—-1)A, 0 2

—|z—y = (iA, — 5)|*7 = |y*?)
xEp [Ba(y)Ba(z)] dydxds|

<Z / N / A3 s sup B [By() 5]

r,s€[0,2]

=Al- (ﬁ+€)6 sup |E[Ba(r)Ba(s)]],

r,5€(0,2]

which goes to 0 as n — oo. By analogous reasoning we obtain that the third summand (3)}
goes to 0 as n — 0co. We now come to the fourth term. For that, we find

n A, 2—iA\, +s
ST AR B Bily + i )~ Bi(w)] dyds
. i—1
TN 2— (i, —s)
_ Z / A5+ / E[(By(z+ il — 5) — Bi(z)) Ba(x)] duds
- i—1)A, 0

2
—Z/ ~(9+9) /(A ) )E[Bl(a;)Bg(:c)]dmds

p 2— (1A, —3)
= Z/ SARTE / (x+iA, — )2 — 2t — (A, — 5)" dads
(i-1)A, n

[ P ? H+
- — T 7 ¢dxds
;/(i—lmn AT /2—(iAn—s)
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dxds

pZ/

’L

Hte
Z/ < S)> (2 —(iA, —s))ds
(i—1)A,
! ’ 9+
(80) Z / ba, A5 = /2 a dzds.

The first and the third summand converge to 0 as n — oo, as by the mean value theorem

(1A, —s) ; Hte H+e
p (x +1A, —s)PT —z
E / / ABTe dxds

p n A, 2—(iA,—s)
SZ/ / A,ll_(f”e)mb“_ldxds
— Ji-na, Jo

o (2
SA}L_(ﬁ—H)Q/O Ty,

/2_(m"_s) (x + i, — s)2Fe — g9Fe
DA, ARte

and

2
Pt edxds
A, A’”e /_(mn—s)

épA}L—( +e)25§+e.

Summing up, we obtain that for any 1 > 0 there is an N € N, such that for all n > N we have
as (1)7, (2)7, (3)7 and the first and third term in (80) go to 0 as n — co

(B1, By) Z/ )~ (S(iA, — s) — I)By, By)ds

/0 2E[Bl<x>32<x>]d pZ / (‘”)me (2~ (i — 5))ds — 1

v

2 P A9+etl
>| [ 2B Ba)ar] ; il
2 P .
= /0 E[B1(z) B ()] dx Brern) T
As this holds for all > 0, we obtain (78) and hence the proof. O

We continue by proving the remaining assertions of Example 4
PROOF OF THE REMAINING ASSERTIONS OF EXAMPLE 4. In order to verify the validity
of the counterexample 4 we still have to show that if X = B9,

(i) (RV}" fo Seds — 31 ((S(An) — I)Y(;—1)a,)®?) converges in probability to 0 and
(i) Yo [1[(S(An) = I)Y;_1))||* is uniformly integrable.

Moreover, in the second case, in which X = ]I[O’H we must show that
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(i) A, : (SARCV — fg Ysds) is uniformly integrable and
(iv) Ap2(RV] — fg Ysds) is uniformly integrable.
Observe that
[t/Axn]
RV'= Y AjY®®
i=1
Lt/An] .
= D AIYE LAY @ (S(An) )Y 1)a,
i=1

+(S(Ap) = 1)Yi_1)a, ® ATY +[(S(An) — DYi-1a
Thus, recalling that X5 = S(iA,, — 5)2,S(iA, — 5)* for s € ((i — 1)Ap, 1A,

]®2

n

t
(RV" / $.ds)
0

t Lot
—(SARCV;" — / $Snds) + A, / NS — ¥,ds
0 0

[t/Ax] }
+ > AIY ®(S(An) — D)Yi—1)a,
i=1
[t/Ax] 3
+ > (S(An) = DY_1ya, @ ATY
i=1

[t/An]
+ D [(S(An) = )Y 1)a, ]
i=1

=) + @) +B)F + (@) + ()

The law of large numbers 3.1 guarantees that (1) + (2) converges to 0 in probability with
respect to the Hilbert-Schmidt norm. Moreover, for (3)} (and analogously (4);) we find in
the first case that, with the notation A;S = S(iA,) —S((i — 1)A,),

E [1(3)71I°]

n

=Y E[(AIY @ (S(An) = DY(ioya,- AJY @ (S(An) = DYj_ya,)u]

1,j=1

= Z E [(Bia, — Bu—na,)Bi-na, (Bia, — Bi-na,)Bi-1a.]

i,j=1
x E [(S(iA,)B? ® A SB?,S(jA,)BY @ AjSB)y]
=) (i—DAE[IS(iA,)BY @ AiS B3]
i=1

< (i - DAZE[|IS(iAn)B?|14,]* E [| AiSB||3,]*
=1
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3

1

= sup [S(ILE 1B E[I(S(An) — DB 4]* S (i — 1)A2

rel0,T7] i=1

lv\»—t

This converges to 0, as n — oo and thus (3)7 — 0 (as well as (4)? — 0) as n — oo in L(2).
This shows the first point (i).

In order to prove (ii), observe that as by Jensen’s inequality it holds (since the central
eight’s moment of a Gaussian random variable Z ~ N (0, p?) is E[Z%] = 105p%)

2 8
E [HAJ'SBﬁH?{} </0 D [(Bfﬂ‘m o Ber(i—l)An) ] dr = 210A§1H = 210A%7

we have

. 2
E (ZH(S(An)—I)Y(z‘—l)An) )

i=1

—ZE[ Covau B, | E[IASBIlI18;8B|1]

3,j=1

-

< S E[B s E[Bona. ELIASEIH]PE (14,80

i,j=1

<210 x 105 Z (i—1)%2(j —1)2A%A2
i,j=1
<210 x 105,

which yields the L?(Q)-boundedness of > | [(S(A,) — I )Y(i—1))||4 and, in particular,
point (ii).

In order to show uniform integrability for the points (iii) and (iv) in the second case,
in which X = Ijg 1), it is enough to show (after normalisation by v/n) that all summands
Vn(1)? — /n(5)% are bounded in L?(Q2) uniformly in n € N. The first summand /n(1)% is
bounded in L?(£2), due to Theorem D.8.

For the second term we observe

1t/ 273
Efl > / — %) ds
i=1 z 1 4

r * 12 é
<[= [H(S(LS/AnJ A 8) — DS/ An ]y — 57 ]
0

1

+E[HES<S<L3/AnJAn—s>* D3] * ds

T ) 9713
<2 S o E —1I)os||; s ’
<2 swp 1Sk | sup B[S - Dol

U, ):1and

I(S(@) = Dol o,y = 1(S(@+5) = S(s))o |7 = 22
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293

'H]

<ALF2 sup Sl / sup (@) — Do llpllos s
rel0,T7] 0 z€[0,A,]

This yields

[t/An]

;/” (5 — %) ds

<4 sup [[S(r)|[5,T.
rel0,7]

Hence /n(2)} is bounded in L?(£2). We just proved point (iii).
Now we turn to the L?(Q)-boundedness of /n(3)} (y/n(4)} is analogous). We have

((8(iAn) = S(An(i = 1)) I 15 (S(iAn) = S(An(i = 1)) Ljo,17)

:/R (T—inn, ——1)an @) —Inia, 1—-1)a. (¥))
X (H[fjAmf(jfl)An](y) - H[lfjAn,lf(jfl)An](y)) dy
—5, 121\,
This yields
(S(An) = D) Yi—na,, (S(An) = 1) Yi—na,)
=Bi-1)a.Bi-1a, (S(Ani) = S(An(i — 1)) Ljo.13, (S(Anj) — S(Awn(F — 1)) Ljo,1))
=038 _1)n, 200
Thus,
AR 2 (3)ell3

=01 (ATY @ (S(An) = DY(i_na,, AJY @ (S(An) = DY(j_1)a, )
i,j=1

=4, Z ATY, AFY)((S(An) = DYi1)a,: (S(An) = DY _1)a,)

1,j=1

:22 IATY (1257 _1)a,

i=1

This gives, by independence of 5;_1)a, and A?Y,

E [Ia7¥(3)l3] =22, Zz—l / Bl

Hence, the L?(£2)-boundedness of /n(3)? (and /n(4)}) follows. It remains to show the
L?(2)-boundedness of (5)7. We find

1A, Z DY ]®2||2]

2 2
ds <2 sup [|S(r)][5
(UH)} r€[0,T] P

E [[I(5)7'
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n

=E [ A" Y (S(An) = D)Y(i1), 8(An) = DY)
=1

=E [A;') 28284 44,
L =1

<6.
This yields the L?(£2)-boundedness of (5) and, thus, we proved (iv). O

Now we give the proof of Theorem 3.8.

PROOF OF THEOREM 3.8. Recall that by Theorem B.1(b) and (d) we can assume that
Assumption 8 holds. This yields for the proof of the law of the large numbers that by the
dominated convergence theorem

r rpT
limE /0 1673 (I = S(8)0sl3s0,ds| =0,

and for the proof of the central limit theorem

r pT
limE / [t75(I = S(1))0sl[7 5.0, s, @ | = O-
LJ0 ’

t—0

Then observe that we have
[t/An]
RV;” — Z A;ij®2
i=1
[t/An] ~
= > AV LAY @(S(An) — DYi-1a

=1

n

+(S(An) = DYi-1)a, @ ATY +[(S(An) — I)Y(z‘—1)An]®2
= (1)¢+(2)e + (3)¢ + (4)s

We know that the first summand converges in u.c.p. to the integrated volatility fg 3sds. Under
this assumption, we obtain for the second and third summand

/A, ]
1 ~
L sup E(@i+ Gl € Y E[IS(A0) = DYiipa, 1132V ]]
t€[0,T] i1
/A, S (1T/A,) >

= X EpAYR[ ] | X ENS@A) - DYl
i=1 =1

T/An] A, :
< sup S()|lo / E|llos 2H U.H ds
S IS0l (3o f [
[T/An] 1 :
A X[ Bl - Dok,
=1
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where the last equality is by assumption. Moreover, the last summand fulfills immediately
[t/An]

sup (4); < sup [|S()]lop Z / IE 1(S(An) = Dol g0, | ds =o0(1).

te[0,7 rel0,7]
This proves the claim for the law of large numbers. The central limit theorem follows by

analogous reasoning, after normalising by A, *. 0
Now we give the proof of Theorem 3.9

PROOF OF THEOREM 3.9. We can argue componentwise, which is why we assume with-
out loss of generality that B =h ® g for h, g € FIS/2 for (i)or h,g € FIS/4 for (ii) respectively.
Again, we appeal to the decomposition

[t/An]
(RV/h,g) = Y (A7Y®?h,g)
=1
[t/A] ~ B
= Y (APY®?h,g) + (ATY ® (S(An) — )Y(i_1)a, by g)
=1
+((S(AR) — DY 1ya, @AY h,g) + ([(S(An) — 1)Y;_1)]%2h, g)
=)L+ + (3)L + (1)L

The first summand converges to fOT<E sh, g)ds, and after normalisation with A7 it is asymp-
totically centred normal with variance (I';h ® g, h ® g). Therefore, it is for the law of large
numbers enough to show

(2L +(3)5+@)8) =50 asn — oco.
and for the central limit theorem to show

u.c.p.

Ar? (@8 +(3)4 + (4)5) "3 0 asn— oo,

n n n

For the third (and analogously for the second) summand we have

[t/
|(3)n] = Z ((S(An) = DY(i—1)a, @ Al'Y'h, g)
=1
/A . :
<[ D ((S(An) = DYi—1a, b)Y’ > (Arvg)°
i=1 i=1
[t/ (1A >
= Z <(8(An) _I)}/(ifl)An7h>2 Z <A?Y®2g7g> )
i=1 i=1

and the second factor converges to an asymptotically normal law. For the fourth summand
we have
[t/An]
@hl=| 3 (S(An) ~ DYF h.g)

=1
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0 |-

[t/A) :
( Z <(S<An)l)1/(zl)ag>2) )

i=1

[t/An]
< ( S U(S(A) Imm>7h>2)

=1

and, thus, for the law of large numbers it is enough to show for all h € FY",

[t/An]
(81) Y (S(A) = DY), h)* =50, asn— o0
=1

and for the central limit theorem for all h € F‘f °

| Lt/A]
(82) An? D ((S(AR) = D1y, 1) =250, asn— oo
=1

Due to Theorem B.1(b) (respectively (a) for the central limit theorem) we can suppose that
Assumption 8 (or Assumption 7 for the central limit theorem) is valid. In that case, we have
for the proof of the law of the large numbers by the dominated convergence theorem

T
limE ~3(1 — 2 ds| =
tinge | [ 2 S s =0
and for the proof of the central limit theorem
T
3
limE Tl - Zids| =0.
tigE | [ 1075 - Sl o

Moreover, we have
\T/A]

S E[(S(AR) — D)Y(i_1), h?]
1=1

[T/Bn] r(i-1)A,
-y /0 E [{(S(iAn) — S((i — 1)A) S (S(iA) — S((i — 1)A)) b )] ds
=1
< [ sup BIATHSE-+ A0~ S(O)T(S(-+ ) S(0)A0)h, ] ds.
0 te[o,7)

Henceforth, in order to show (81) and (82) it is enough to show that, for all v € (0, 1) and
he F,‘Ys*, we have, as n — 0o,

T

/ sup E[AT(S(t+A) = SO)To(S(t+A) = S()*h, h)] ds ““5 0.
0 t€[0,7)

‘We note that

/T sup. E[A2((S(t+ A) — S(1))Ss(S(t+ A) — 8(t))*h, h)] ds
0 telo,T

< /T sup E[AT2((1 — pn)Ss(S(t+ A) — St))*h, (S(t + A) — S(t))*h)] ds
0 t€[0,T]

+/T sup E[AT(pnEs(S(t+ Ay) — S()*h, AT (S(E+ A) — S(1)*h)?] ds
0 t€[0,1]

:(1)n,N + (Q)n,N’
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where again we denoted by py the projection onto v¥ := {ej : j > N} for an orthonormal
basis (e;) en of H that is contained in D(A). We have

t+A,
S(t+ Ap)e;i —S(t)e; = / S(u)Ae;du
t

and therefore we find for the first summand that

(1)n,N
N-1 T
< / sup E[AT(S(S(t+ An) — S(t)*h, e;)
=1 |0 te[o.T]
x(ej, AV (S(t+ An) — S(t)) )] ds|
N-1 T t+A,
=y A / sup E [(ZS(S(t—i-An)—S(t))*h,ej></ S(u)Aejds,m} ds
j=1 0 t€[0,T) t
N-1 T %
< A,ll_7</ aszds> h||%|| Ae;ll sup [|S®#)]lo
;1 | losllopds | II7I Jllte[mll ()llop

x sup [[A7(S(t+ An) = S(¢))" R,
te[0,T

which converges to 0 as n — co. Moreover, it follows that for the second summand we have

T 2
(2)n.n <AZ(S(A) = I)*hl (/ sup E[|[pnS(t)osll3] d8> :
0 tel0,T]

where the first factor is bounded by Assumption on / and fOT E [[pnS(t)os ||(2)p] ds converges
to 0 as N — oo, as it can be shown analogously to the proof of Lemma B.4. We obtain that
E[sup,en [(1.2)n, n|] converges to 0 as N — oo. Therefore, we can find for each § > 0 an
N € N, such that by Markov’s inequality

lim P [/T sup E[AT2((S(t+A) —SH)Es(S(t+A) —S(t)*h, h)] ds > €
0

n— oo tE[O,T]

< lim P[|(1)nn| > €] +supP[[(2)n.n] > €
n—o00 neN

1
=0+ —supE[|(2),,n]] < 6.
€ neN
As this holds for all § > 0, we obtain the assertion. O

Next, we give the proof of Lemma 3.13.

PROOF OF LEMMA 3.13. We recall that 0,(-) = 1 + min(z, ). By the mean value theo-
rem it holds for z € (0,1) and ¢ > 0 small enough, such thatt <x <1 —¢

1
1S(t)8s — 6,2 = /0 (To (5 + 1) A1) — Tigy (1)) dy
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1—t 1
_/0 H[Itw}(y)dy‘i‘/l H[O,x](y)dy
—t

=(zAN(1—-t)—(z—t)+x—(1-1)
=r+2t—1
e(t,2t).

If z =1 and ¢ small enough such that t < z, it is

1
1S(1)8, — 6.2 = /O (Lo ((+ 1) A1) = Tig.y (9)) dy

1-t
_/0 H[ac—t,a:] (y)dy +t
=2t.

This shows that = € (0,1] 6, € FY but 6, ¢€ F,f for any v > 4. Moreover, ) € Ff for all

v € [0,1] holds as well.

We show that this holds for the adjoint semigroup (S(t)):>0 as well: For this purpose, we
first derive an explicit representation of the adjoint operator S(¢)*. Let g € H be arbitrary.
Then for = < 1, we have, as ¢/.(1) =0,

§*()g(x) =(S(t)0x, 9)

1
—5,(t)g(0) + /0 5. ((y+1) A1) g (y)dy
1—t

1
5,000+ [ L+ ng et [ 50)g 0y

([ @i+ 5.0 e + [ 8wyt
( Joor+ [

t

- ( /0 t]l[(m] (y)dz + 1> g(0) + /t lﬂ[o,;c] ()¢ (y—t)dx

=9(0) + /0 1 Tio,2) (%) (0,0 (¥)9(0) + Ly, 1y (w)g' (v — 1)) dy.
This yields (S(¢)*¢)(0) = g(0) and, forall 0 < ¢ < 1 and z € [0, 1),
(S(t)9) (x) = (Ijp,(2)g(0) + Iy 1) (2)g'(w — 1)) -
In particular, S(¢)*6,(0) =1 and, forall 0 <t <land y € [0,1),
(S)*02) () = (Ljo.4 () + L ;) o 07 (v — 1))
= (]I[O,t] (W) + Lt (z+6)n1) (y)) .

Therefore, for ¢ small enough suchthat 0 <z <1 —+¢
1

1
« 2
|S(#)* 0y — 62 :/0 (H[O,t] (¥) + ot () — Lo, (y)) dy = /0 Iz 24 (y)dy = .

This shows that all 6, with 0 < 2 < 1 are contained in the Favard space F¥ ", but not in F:f )
for v > % Moreover, 01 € Ff " for all y € [0, 1] holds as well. U
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