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Many systems in biology can be modeled through ordinary differential equations, which are piece-
wise continuous, and switch between different states according to a Markov jump process known
as a stochastic hybrid system or piecewise deterministic Markov process (PDMP). In the fast
switching limit, the dynamics converges to a deterministic ODE. In this paper, we develop a phase
reduction method for stochastic hybrid systems that support a stable limit cycle in the deterministic
limit. A classic example is the Morris-Lecar model of a neuron, where the switching Markov pro-
cess is the number of open ion channels and the continuous process is the membrane voltage. We
outline a variational principle for the phase reduction, yielding an exact analytic expression for the
resulting phase dynamics. We demonstrate that this decomposition is accurate over timescales that
are exponential in the switching rate ¢~!. That is, we show that for a constant C, the probability
that the expected time to leave an O(a) neighborhood of the limit cycle is less than T scales as

T exp (—Ca/¢). Published by AIP Publishing. https://doi.org/10.1063/1.5027077

Oscillations abound in nature, from the beating of the
heart to the genetic circadian clock that synchronizes
with the day-night cycle. However, oscillations are often
subject to stochastic fluctuations, which in extreme cases
can lead to heart failure or severe jet lag, for example. A
subject of intense study has been how to determine the
corresponding fluctuations in the amplitude and phase of
an oscillator, both at the single and population levels.
This theory plays a crucial role in understanding how
coupled or noise-driven stochastic oscillators can syn-
chronize, and when oscillators fail. In this paper, we
develop the first systematic study of stochastic oscillators
of a particular form, in which the dynamics is said to be
piecewise deterministic. This means that the state of the
system evolves deterministically except at a sequence of
random times where the deterministic dynamics switches
to a different mode. The major results of our work are as
follows: (i) deriving a stochastic phase equation for a
hybrid oscillator and (ii) obtaining strong exponential
bounds on the size of amplitude fluctuations. The former
provides a framework for studying phase synchroniza-
tion in populations of oscillators, whereas the latter is
crucial for determining the time-scale over which the
notion of a phase oscillator can be maintained. We illus-
trate the theory using the example of a neuron whose
voltage depends on how many ion channels in its mem-
brane are open. Jumps in the dynamics occur whenever
one of the channels opens or closes. However, there are
many other applications in the natural world, including
gene and brain networks.

I. INTRODUCTION

There is a growing class of problems in biology that
involve the coupling between a piecewise deterministic
dynamical system in R and a time-homogeneous Markov
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chain on some discrete space I'.! The resulting stochastic
hybrid system is known as a piecewise deterministic Markov
process (PDMP).% (A more general type of stochastic hybrid
system occurs when the continuous process is itself stochas-
tic.) One important example is given by membrane voltage
fluctuations arising from the stochastic opening and closing
of ion channels.*™ The discrete states of the ion channels
evolve according to a continuous-time Markov process with
voltage-dependent transition rates and, in-between discrete
jumps in the ion channel states, the membrane voltage
evolves according to a deterministic equation that depends
on the current state of the ion channels. In the thermody-
namic limit that the number of ion channels goes to infinity,
one can apply the law of large numbers and recover classical
Hodgkin-Huxley type ordinary differential equations
(ODEs). However, finite-size effects can result in the noise-
induced spontaneous firing of a neuron due to channel fluctu-
ations. Another major example of a stochastic hybrid system
occurs within the context of gene regulatory networks. Now
the continuous variables are the concentrations of protein
products (and possibly mRNAs) and the discrete variables
represent the various activation/inactivation states of the
genes.'*2° Yet another example is given by a recent stochas-
tic formulation of synaptically coupled neural networks that
has a mathematical structure analogous to regulatory gene
networks.”!

In the above examples, one often finds that the transition
rates between the discrete states n € I' are much faster than
the relaxation rates of the piecewise deterministic dynamics
for x € R%. Thus, there is a separation of time scales
between the discrete and continuous processes, so that if ¢ is
the characteristic time-scale of the relaxation dynamics then
te is the characteristic time-scale of the Markov chain
for some small positive dimensionless parameter €. If the
Markov chain is ergodic, then in the fast switching or adia-
batic limit € — 0, one obtains a deterministic dynamical
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system in which one averages the piecewise dynamics with
respect to the corresponding unique stationary distribution.
In the case of gene regulatory networks, the switching on
and off of a gene is due to the binding/unbinding of regula-
tory proteins (transcription factors) to gene promoter sites.
Hence, in the fast switching limit, the binding/unbinding
reactions are much faster than the rates of synthesis and deg-
radation. (This is often assumed in the studies of stochastic
gene expression, which typically focus on the effects of fluc-
tuations in protein numbers.) On the other hand, in single-
neuron models, fast switching means that ion channels open
and close much faster than the voltage evolves. This is cer-
tainly the case for Na* ion channels.

Suppose that the deterministic dynamical system
obtained in the adiabatic limit € — O exhibits some non-
trivial dynamics such as bistability or a limit cycle oscilla-
tion. This raises the general issue of determining how the
dynamics is affected by switching in the weak noise regime,
0 < e < 1. In the case of bistability, a variety of methods
have been developed to explore noise-induced transitions
and metastability in PDMPs, including rigorous large devia-
tion theory,”>* WKB approximations and matched asymp-
totics,ﬁ’m’”’18 and path—integrals.25 On the other hand, as far
as we are aware, there has been very little numerical or ana-
lytical work on limit cycle oscillations in PDMPs. A few
notable exceptions are Refs. 26-28. However, none of these
studies develop a fundamental theory of stochastic limit
cycle oscillations in PDMPs analogous to phase reduction
methods for stochastic differential equations (SDEs).

Regarding the latter, suppose that a deterministic
smooth dynamical system X = F(x), x € R? supports a limit
cycle x(t) = ®(0(r)) of period Ag, where 0(¢) is a uniformly
rotating phase, 6 = wy and wy = 2n/A¢. The phase is neu-
trally stable with respect to perturbations along the limit
cycle—this reflects invariance of an autonomous dynamical
system with respect to time shifts. Now suppose that the
dynamical system is perturbed by weak Gaussian noise such
that dX = F(X)dt + /2¢G(X)dW(t), where W(t) is a d-
dimensional vector of independent Wiener processes. If the
noise amplitude e is sufficiently small relative to the rate of
attraction to the limit cycle, then deviations transverse to the
limit cycle are also small (up to some exponentially large
stopping time). This suggests that the definition of a phase
variable persists in the stochastic setting, and one can derive
a stochastic phase equation. However, there is not a unique
way to define the phase, which has led to two complemen-
tary methods for obtaining a stochastic phase equation: (i)
the method of isochrons®*~* and (ii) an explicit amplitude-
phase decomposition.*>7 (See also the recent survey by
Ashwin ez al.*®)

Recently, we introduced a variational method for carry-
ing out the amplitude-phase decomposition for SDEs, which
yields exact SDEs for the amplitude and phase,* equivalent
to those obtained in Ref. 37 using the implicit function theo-
rem. Within the variational framework, different choices of
phase correspond to different choices of the inner product
space R?. In particular, we took a weighted Euclidean norm,
so that the minimization scheme determined the phase by
projecting the full solution on to the limit cycle using
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Floquet vectors. Hence, in a neighborhood of the limit cycle,
the phase variable coincided with the isochronal phase.?’
This had the advantage that the amplitude and phase
decoupled to leading order. In addition, we used the exact
amplitude and phase equations to derive strong exponential
bounds on the growth of transverse fluctuations.

In this paper, we develop a variational method for
PDMPs that support a limit cycle in the adiabatic limit. We
derive an exact equation for the phase, which takes the form
of an implicit PDMP. Moreover, we show how the latter can
be converted to an explicit PDMP for the phase by perform-
ing a perturbation expansion in € and show that the phase
decouples from the amplitude to leading order. We also con-
sider an alternative approach to analyzing oscillations in
PDMPs, based on first carrying out a quasi-steady-state
(QSS) diffusion approximation of the full PDMP to obtain
an SDE* and then performing a phase reduction. We com-
pare the resulting SDE for the phase with the corresponding
SDE obtained by carrying out a QSS reduction of the phase-
based PDMP. However, one important limitation of any dif-
fusion approximation is that it tends to generate exponen-
tially large errors when estimating the probability of rare
events; rare events contribute to the long-time growth of
transverse fluctuations.

One major feature of our variational approach is that it
allows us to obtain an exponential bound on the growth of
transverse fluctuations. This issue, which is typically ignored
in the studies of stochastic phase oscillators, is important
since any phase reduction scheme ultimately breaks down
over sufficiently long time-scales, since there is a non-zero
probability of leaving a bounded neighborhood of the limit
cycle, and the notion of phase no longer makes sense. Using
our variational method, we show that for a constant C, and
all a < ag (ag being a constant independent of ¢), the proba-
bility that the expected time to leave an O(a) neighborhood
of the limit cycle is less than T scales as T exp (—Ca/¢). An
interesting difference between the above bound and the cor-
responding one obtained for SDEs* is that in the latter the
bound is of the form T exp (—Cha/¢), where b is the rate of
decay towards the limit cycle. In other words, in the SDE
case, the bound is still powerful in the large € case, as long
as be~! > 1, i.e., as long as the decay towards the limit cycle
dominates the noise. However, this no longer holds in the
PDMP case. Now, if € is large, then the most likely way that
the system can escape the limit cycle is that in stays in any
particular state for too long without jumping and the time
that it stays in one state is not particularly affected by b (in
most cases).

The organization of the paper is as follows. In Sec. II,
we define a stochastic hybrid system or PDMP, discuss the
QSS diffusion approximation (see also Appendix A), and
apply phase reduction methods to the resulting SDE. In Sec.
III, we formulate the variational principle for determining
the phase of a stochastic limit cycle in the case of a PDMP
and show that the resulting phase equation also takes the
form of a PDMP. We illustrate our theory in Sec. IV by con-
sidering the stochastic Morris-Lecar model of subthreshold
oscillations. Finally, in Sec. V and Appendixes C-E, we
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obtain an exponential bound on the growth of transverse
fluctuations.

Il. STOCHASTIC HYBRID LIMIT CYCLE OSCILLATOR

Consider a dynamical system whose states are described
by a pair (x,n) € £ x {0,...,N — 1}, where x is a continu-
ous variable in a connected bounded domain £ ¢ R? and n
is a discrete stochastic variable taking values in the finite set
I' ={0,...,Ng — 1}. When the internal state is n, the system
evolves according to the ordinary differential equation
(ODE)

X = F,(x), 2.1

where the vector field F,, : RY — R? is a smooth function,
locally Lipschitz. We assume that the dynamics of x is con-
fined to the domain X so that we have existence and unique-
ness of a trajectory for each n. The discrete stochastic
variable is taken to evolve according to a homogeneous,
continuous-time Markov chain with generator A(x) for a
given x, where

Anm(x) = ANun (.X) — Onm Z A (X),

kel’

and A(x) is the transition matrix. We make the further assump-
tion that for each x the chain is irreducible, that is, there is a
non-zero probability of transitioning, possibly in more than one
step, from any state to any other state of the Markov chain.
This implies the existence of a unique invariant probability dis-
tribution on I' with components p,,(x), such that

ZA,,m(x)pm(x) =0, Vnel.

mel’

2.2)

The above stochastic model defines a piecewise determin-
istic Markov process (PDMP)* on RY. It is also possible to
consider generalizations of the continuous process, in which
the ODE (2.1) is replaced by a stochastic differential equation
(SDE) or even a partial differential equation (PDE). In order to
allow for such possibilities, we will refer to all of these pro-
cesses as examples of a stochastic hybrid system. A useful way
to implement a PDMP is as follows, see also Fig. 1. Let us
decompose the transition matrix of the Markov chain as

{0

Y
i —v0
/__/ Y

X(tp) —>| X = an(x) —> x(t3) n2

FIG. 1. Schematic diagram of a PDMP for a sequence of jump times {7, ...}
and a corresponding of discrete states {rg, n1, ... }. See text for details.
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A (%) = A (x) A (), (2.3)

with >, ?ém/i,,m (x) = 1 for all x. Hence, 4, (x) determines the
jump times from the state m, whereas A, (x) determines the
probability distribution that when it jumps the new state is n
for n # m. The hybrid evolution of the system with respect to
x(t) and n(f) can then be described as follows. Suppose the
system starts at time zero in the state (xo, ng). Call xo(z) the
solution of (2.1) with n=ng such that xo(0) = xo. Let #; be
the random variable (stopping time) such that

P(n <t)=1—exp <— J; g (xo(t’))dt’>.

Then, in the random time interval s € [0, 7,), the state of the
system is (xo(s),7n9). We draw a value of 0, from P(¢; < 1),
choose an internal state n; € I' with probability A, ,, (xo(t1)),
and call x;(¢) the solution of the following Cauchy problem
on [t,00):

{xl(z) =F,(xi(1), t>0

X](ll) :Xo(ll).

Iterating this procedure, we construct a sequence of increas-
ing jumping times (f),-, (setting fo = 0) and a correspond-
ing sequence of internal states () >0~ The evolution
(x(1), n(r)) is then defined as -

(x(8),n(0)) = (o (0), i)

In order to have a well-defined dynamics on [0, 77, it is nec-
essary that almost surely the system makes a finite number
of jumps in the time interval [0, T]. This is guaranteed in our
case.

if 4 <t<trgr. 2.4)

A. Chapman-Kolmogorov equation

Let X(¢) and N(¢) denote the stochastic continuous and
discrete variables, respectively, at time ¢, # > 0, given the ini-
tial conditions X(0) = xo, N(0) = ny. Introduce the probabil-
ity density p,(x, t|xo, ng, 0) with

P{X(¢) € (x,x+ dx), N(t) = n|xo, no) = pa(x, t]x0, no, 0)dx.

It follows that p evolves according to the forward differential

Chapman-Kolmogorov (CK) equation*"*?
Ipn
== Lpn, 2.5)

with the generator I (dropping the explicit dependence on
initial conditions) defined according to

Lpu(x, 1) = =V - [Fo(x)pa(x, 1)] +%ZAnm(x)pm(x, ).

mel

(2.6)

The first term on the right-hand side represents the probabil-
ity flow associated with the piecewise deterministic dynam-
ics for a given n, whereas the second term represents jumps
in the discrete state n. Note that we have rescaled the matrix
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A by introducing the dimensionless parameter €, € > 0. This
is motivated by the observation that many applications of
PDMPs involve a separation of time-scales between the
relaxation time for the dynamics of the continuous variables
x and the rate of switching between the different discrete
states n. The fast switching limit then corresponds to the

case € — 0. Let us now define the averaged vector field F :
R — R by

F) = pu(0)Fa().

nel

2.7)

It can be shown®? that, given the assumptions on the matrix
A, F(x) is uniformly Lipschitz. Hence, for all 7 € [0, T], the
Cauchy problem

2.8)

x(0) = xo

X(1) = F(x(1)
=X

has a unique solution for all » € I'. Intuitively speaking, one
would expect the stochastic hybrid system (2.1) to reduce to
the deterministic dynamical system (2.8) in the fast switch-
ing limit e — 0. That is, for sufficiently small €, the Markov
chain undergoes many jumps over a small time interval Az
during which Ax = 0, and thus the relative frequency of each
discrete state n is approximately p,. This can be made pre-
cise in terms of a Law of Large Numbers for stochastic
hybrid systems proven in Ref. 23.

B. Stochastic limit cycle oscillations under the
diffusion approximation

For small but non-zero €, one can use perturbation the-
ory to derive lowest order corrections to the deterministic
mean field equation, which leads to an SDE with noise
amplitude 0(\/5) 20 More specifically, perturbations of the
mean-field Eq. (2.8) can be analyzed using a quasi-steady-
state (QSS) diffusion or adiabatic approximation, in which
the CK Eq. (2.5) is approximated by a Fokker-Planck (FP)
equation for the total density C(x,t) =3 p.(x,f). The
details are presented in Appendix A, and we find that under
the Ito representation, the FP equation takes the form

ac

ot d GZD,:,'(X)C
o

ax,-axj ’
(2.9)

V- [P~ ¥ PC] €Y

with the O(e) correction to the drift, V(x), and the diffusion
matrix D(x) are given by

V= Z{(p”F")v ' <F’"Ar‘nn) —FV- (FmAj;mpn)} (2.10a)

nm
and

D,‘j = Z [Fm,i - F_i]Ajympn [F_I - F”xll] . (210b)

mnel’

In fact, only the symmetric part of D(x) appears in Eq. (2.9)
so we will take
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1 _ o
D’:I':_E [Fi_Fm,i]Am11|:Fj_FnJ]7 (211)
mnel’
where A,,, = Aj,m p,+ Azm Pom» 1.€., the symmetric part of Ap.

It follows that in the fast switching regime (small €), the
deterministic ODE (2.8) can be approximated by the Ito SDE

dX = [F(X) + eV(X)]dt + V2¢G(X)aW (1),  (2.12)

where ¢ determines the noise strength and G(X)G'(X)
= D(X). Here, W(¢) is a vector of uncorrelated Brownian
motions in R

Ewewo'| =1,

and I is the d x d identity matrix.

Now suppose that the unperturbed system (2.8) supports
a stable periodic solution x = ®(7) with ®(¢) = ®(¢ + Ay),
where wy = 271/Ay is the natural frequency of the oscillator.
In state space, the solution is an isolated attractive trajectory
or limit cycle. The dynamics on the limit cycle can be
described by a uniformly rotating phase such that

do
T (2.13)
and x = ®(0(r)) with ® a 2z-periodic function. Note that the
phase is neutrally stable with respect to perturbations along
the limit cycle—this reflects invariance of an autonomous
dynamical system with respect to time shifts. Note that @
satisfies the equation

— =F(D(0 2.14
o0 5 = F(@(0)) .14
Differentiating both sides with respect to 0 gives
d (dD 15 dd
(%) = et 42, 215)
where J is the 2n-periodic Jacobian matrix
_ OF;
Ji(0) == . (2.16)
! i | —a(0)

If the noise amplitude e is sufficiently small relative to
the rate of attraction to the limit cycle, then deviations trans-
verse to the limit cycle are also small (up to some exponen-
tially large stopping time). This suggests that the definition
of a phase variable persists in the stochastic setting, and one
can derive a stochastic phase equation. Here we follow the
method of isochrons.?”** We only describe the simplest ver-
sion of the theory, in which O(¢) corrections to the drift term
are ignored. The latter arise from transforming between Ito
and Stratonovich representations, and coupling between the
phase and transverse (amplitude) fluctuations. First, suppose
that we stroboscopically observe the unperturbed system at
time intervals of length Ay. This leads to a Poincare mapping

x(t) — x(t+ A) = P(x(1)),
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for which all points on the limit cycle are fixed points.
Choose a point x, on the limit cycle and consider all points
in the vicinity of x* that are attracted to it under the action of
P. They form a (d — 1)-dimensional hypersurface Z called
an isochron,”*™*’ crossing the limit cycle at x*. A unique iso-
chron can be drawn through each point on the limit cycle (at
least locally) so the isochrons can be parameterized by the
phase, Z = Z(0). Finally, the definition of phase is extended
by taking all points x € Z(0) to have the same phase,
O(x) = 0, which then rotates at the natural frequency wy.
Hence, for an unperturbed oscillator in the vicinity of the
limit cycle, we have

dO(x) dx

» = = Vo) =

0 VO(x) - F(x).

Now consider Eq. (2.12) interpreted as a Stratonovich
SDE (after dropping O(€) corrections to the drift) so that the
normal rules of calculus apply. Differentiating the isochronal
phase using the chain rule gives

d© = VO (x) - [F(X)di + V2G(X)aW (1)
= @dt + V2eVO(X) - G(X)dW (t).

We now make the further approximation that deviations of X
from the limit cycle are ignored on the right-hand side by setting
X(t) = ®(0(r)) with @ as the 2z-periodic solution on the limit
cycle. This then yields the closed stochastic phase equation

d
d0 = wodt + V2e Yy Re(0)Gi(®(0))dWi (1),  (2.17)
k=1

where

90

Ri(0) = o

(2.18)

x=0(0)

is a 27-periodic function of 0 known as the kth component of
the phase resetting curve (PRC).***7 One way to evaluate
the PRC is to exploit the fact that it is the 2n-periodic solu-
tion of the linear equation

5RO _ —J(0)" - R(0), (2.19)
do
under the normalization condition
()
R(0) -d (0) =1. (2.20)

do
J(0)" is the transpose of the Jacobian matrix J (6).

Finally, we can simplify Eq. (2.17) by noting that the
probability law (or statistics) of the sum of stochastic inte-
grals 3¢, Ri(0)Gu(®(0))dW,(¢) is identical to the proba-
bility law arising from the following single stochastic
integral from a single Wiener process W(t), i.e.,

d0 = wodt + /2eD(0)dW (1), (2.21)

with
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D) =

d d
ZRk(O)GkI((D(O))> <2Rk’(0)ck’l(®(0))>
k k'

Ri(0)Dy (©(0)) R (0).

M I

~

/—1

K,
(2.22)

The reason that the probability laws of the previous two sto-
chastic processes are identical is that their quadratic varia-
tions are identical, i.e.,

|, vemaw)

N

X . d
= 2¢| D)= || VED RO Gu@(O)aWi()
0 0 kJ=1

It is a classical result of stochastic analysis that the probabil-
ity law of a stochastic integral is entirely determined by the
above quadratic variation (see, for example, Theorem 4.2 in
Ref. 54) One way to understand why this is the case is that a
stochastic integral can be characterized as a Brownian
motion that has been rescaled in time, with the rescaling
determined by the quadratic variation.

The above analysis uses two successive approximations:
(i) a diffusion approximation to convert the PDMP to an SDE
in the fast switching regime and (ii) a phase reduction of the
SDE. Both stages introduce O(e) corrections to the drift,
which we have ignored for ease of presentation. We could
also now use the Ito SDE (2.12) to investigate the growth of
fluctuations transverse to the limit cycle in the weak noise
limit, by applying our recent variational method for analyzing
stochastic limit cycle oscillators driven by Gaussian noise.*
This method yields an implicit stochastic phase equation that
is exact even outside the weak noise regime and can be used
to derive strong, e-dependent exponential bounds on the
growth of transverse fluctuations. However, such a method
cannot eliminate the errors introduced by performing the dif-
fusion approximation. This motivates the development of a
variational method that can be applied directly to the exact
PDMP (2.1). This will yield more accurate bounds on the
growth of transverse fluctuations and can also be used to
derive an explicit PDMP for the phase.

lll. VARIATIONAL PRINCIPLE

In this section, we formulate a variational method for
the PDMP (2.1), under the assumption that the latter exhibits
a limit cycle oscillation in the fast switching limit. We derive
an exact phase equation for the stochastic limit cycle, which
now takes the form of an implicit PDMP. Moreover, we
show how it can be converted to an explicit PDMP by per-
forming a perturbation expansion in e. Our formulation thus
avoids introducing additional errors arising from the diffu-
sion approximation. One potential limitation of any diffusion
approximation is that it tends to generate exponentially large
errors when estimating the probability of rare events; rare
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events contribute to the long-time growth of transverse
fluctuations.

In order to formulate a variational principle, we fix a
particular realization o of the Markov chain up to sometime
T, oy = {N(1),0 <t < T}. Suppose that there is a finite
sequence of jump times {#,...t,} within the time interval
(0,T) and let n; be the corresponding discrete state in the
interval (¢, #;1) with 7o = 0. Introduce the set

7T =[0,TI\ U, {1}.

Analogous to the analysis of SDEs,* we wish to decompose
the piecewise deterministic solution x, to the PDMP (2.1) for
t € 7T into two components according to

x = ®(B,) + Ve,

with f, and v, corresponding to the phase and amplitude
components, respectively. The phase f5, and amplitude v,
evolve according to a PDMP, involving the vector field F),
in the time intervals (¢, ;1), analogous to x, (see Fig. 1). (It
is notationally convenient to switch from x(¢) to x,, etc., in
the following.) However, such a decomposition is not unique
unless we impose an additional mathematical constraint. We
will adapt a variational principle recently introduced to ana-
lyze the dynamics of limit cycles with Gaussian noise.*” In
order to construct the variational principle, we first introduce
an appropriate weighted norm on R?, based on a Floquet
decomposition.

3.1

A. Floquet decomposition and weighted norm

For any 0 < ¢, define T1(7) € R to be the following
fundamental matrix for the ODE:

dz
e A(t)z, (3.2)
where A(t) = J(wot). That is, T1(¢) := (z1(£)|22(2)]...|za(2)),
where z;(f) satisfies (3.2), and {z;(0)};_, is an orthogonal
basis for R Floquet Theory states that there exists a diago-
nal matrix S = diag(vy, ...,v;) whose diagonal entries are
the Floquet characteristic exponents, such that
T1() = P(wot) exp (tS)P~'(0), (3.3)

with P(0) being a 2z-periodic matrix whose first column
is proportional to @ (wot), and v, = 0. That is, P(0) '@ (0)
= coe with e; = 0;; and ¢y being an arbitrary constant. In
order to simplify the following notation, we will assume
throughout this paper that the Floquet multipliers are real,
and hence, P(0) is a real matrix. One could readily general-
ize these results to the case that S is complex. The limit
cycle is taken to be stable, meaning that for a constant » > 0,
for all 2 <i<d, we have v; < —b. Furthermore, P~'(0)
exists for all 0, since TT~!(¢) exists for all 7.

The above Floquet decomposition motivates the follow-
ing weighted inner product: For any 0 € R, denoting the
standard Euclidean dot product on R? by (-, -)

(x,3)g = (P~H(0)x, P71 (0)y),
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and ||x||, = /{x,x),. In the case of SDEs, we showed that
this choice of weighting yields a leading order separation of
the phase from the amplitude and facilitates strong bounds
on the growth of v,.>* The former is a consequence of the
fact that the matrix P~!(0) generates a coordination transfor-
mation in which the phase in a neighborhood of the limit
cycle coincides with the asymptotic phase defined using iso-
chrons (see also Ref. 37) In particular, one can show that the
PRC R(0) is related to the tangent vector @'(6) according to
(see Ref. 39 and Appendix B)

PT(O)R(0) = M, P~ (0)D'(0), (3.4)

where

Mo := |V (0)]; = [P~ (OPO) =cf. (3.5

B. Defining the piecewise deterministic phase using
a variational principle

We can now state the variational principle for the stochas-
tic phase: f3, for t € 7 is determined by requiring f3, = a,(0;),
where a,(0,) for a prescribed time dependent weight 6, is a
local minimum of the following variational problem:

ae/\/igz,f(e,)) [l = @(a)llg, = llxe — D(ar(0))llg,, €T, (3.6)

with N(a,(0;)) denoting a sufficiently small neighborhood
of a,(6,). The minimization scheme is based on the orthogo-
nal projection of the solution on to the limit cycle with
respect to the weighted Euclidean norm at some 6,. We will
derive an exact PDMP for f3, (up to some stopping time) by
considering the first derivative

Go(z,a,0) := % |z — ®(a)|[; = —2(z — D(a), D' (a)),. (3.7)

At the minimum
gO(xta ﬁzv 0[) =0.

We stipulate that the location of the weight must coincide
with the location of the minimum, i.e., f, = 0, so that f,
must satisfy the implicit equation

g(x“ﬁf) = go(xh ﬁtvﬁt) =0.

It will be seen that, up to a stopping time 7, there exists a
unique continuous solution to the above equation. Define
M(z,a) € R according to

M(z,a) := %ngc; ?)
_ 10Go(z,a,0) 19Gy(z,a,0)
T2 a2 a0
Wy — (2 - D(a). V' (a),

- (z- 0.5 { PP @) o),

(3.10)

(3.8)

(3.9)

O0=a

Assume that initially Mt(uo, ;) > 0. We then seek a PDMP
for f3, that holds for all times less than the stopping time t
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v =1inf{s > 0 : M(u,, ;) = 0}. (3.11)
The implicit function theorem guarantees that a unique con-
tinuous f, exists until this time.

In order to derive the PDMP for f,, we consider the
equation

dg, _ gl B) _,

teT,
dt dr

(3.12)

with x, evolving according to the PDMP (2.1). From the defi-
nition of G(x;, f3,), it follows that

N dx; / G,
0= _2<E»q) (ﬁ1)>ﬂ, + %

dp,

, teT.
a:ﬁrdt

(3.13)

Rearranging, we find that the phase f3; evolves according to
the exact, but implicit, PDMP

d_ﬁt = M(x,, ﬁl)_l<F,,(x,)7q)/(ﬂ;)>ﬁ,»

0 (3.14)

with n = n; for t € (tj,t;+1). Finally, recalling that the
amplitude term v, satisfies \/ev, = x; — @y, we have

dp
N Y ity
a—a TP,

=Fu(x) = M(x, B,) " V' (B) (Fulr) @' (B,)) 5, (3.15)

dv, _dx,

C. Weak noise limit

Equation (3.14) is a rigorous, exact implicit equation for
the phase f,. We can derive an explicit equation for f; by
carrying out a perturbation analysis in the weak noise limit,
which we refer to as a linear phase approximation. Let
0<e< 1 and set x, = ®(f},) on the right-hand side of
(3.14), that is, v, = 0. Writing f5, ~ 0,, we have the piecewise
deterministic phase equation

2200 = W (F,((0)), 9/(0)
— 05 (P(0)FL(®(0), P~ (6)0/(6),
— 0 (R (0(0), (POIPO)) 00y, O
— (F,(@(0)),R(0)), n=n; for 1€ (5,1.1),
— w0+ (F.((0)) = F(0(6,)),R(0,),
OH

ov

T (0.0) 0 = VAW 1,(0)- 0. W0) -+ VA F @0, 0| 0.0 Oy + (.5 [P (@)
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after using M(D(0), 0) = My and Eq. (3.4). The last line fol-
lows from the observation

(F(@(0)), R(0)) = wo(®'(0), R(0)
— oMy @ (0)2 = .

Hence, a phase reduction of the PDMP (2.1) yields a PDMP
for the phase 6,. Of course, analogous to the phase reduction
of SDEs, there are errors due to the fact we have ignored
O(e) terms arising from amplitude-phase coupling, see
below. As we show numerically in Sec. IV, this leads to
deviations of the phase 6, from the exact variational phase f3,
over O(1/e€) timescales. Finally, note that we could now
apply a QSS approximation to the phase PDMP (3.16),
which would recover the phase SDE (2.21), at least to lead-
ing order in the drift.

D. Coupling to the amplitude v

Although neglecting the coupling between the phase and
amplitude dynamics by setting v, = 0 yields a closed equation
for the phase, it can lead to imprecision at short and interme-
diate times. Here, we show that taking into account the
amplitude coupling only results in O(¢) contributions to the
drift, not O (+/€). First, setting

%(Uh ﬁt) = wz(q)(ﬂt) + \/EUH ﬁ[)_1>
and using Eq. (3.10) gives

R(vi, ) = (wto el @ (B,

- e<v,,% PP ()]

a_ﬁ,®’(ﬁ,)>)1-

H,(v,0) = R(v, 0)(F,(D(0) + ev), D'(0)).

Let us define
(3.17)
In the phase equation (3.16), we set v =0 and used
H,(0,0) = (Fu(©(6)),R(0)) = H,(0).
Suppose that we now include higher-order terms by Taylor

expanding H, (v, 6) with respect to v. In particular, consider
the first derivative

= VMg (Ja(0) - v, @'(0)), + v/eMg? (£, (D(0)), CD’(@))@% (v, @'(6))y,

do

= Ve, [(T(0) - v, ¥ (0)), + w0 <v,d>’(0)>()}

VARG ([70(0) = T(0)] - 0,0/(0)), + VaWRG? ([F,(@(0)) ~ F(@(0))], #'(0)), 55 6 (0)



063105-8 P. C. Bressloff and J. MacLaurin

with J,4(®) = 22| . We have used (F(®(0)),d'(0)),

(?Xk
= woMy. Next, we observe that

(J(0) - v, @'(0)) = < ()

_ EUEO (v f(e R(0)> — — oMo, R'(6))
- —w0< POPT )] Y 0)})
— oL (0. 0(0),

where we have used Egs. (3.4) and (2.19). We thus have the
modified phase equation

90— g+ ([Ful@(0))) — F(0(0))]. R(0)

dt
s ([ ) T(0)] -0, 9(0)),
+\fim02<[n 0)) — F(@(0))].@(0)),
(

(v @' (0)),. (3.18)

IV. EXAMPLE: STOCHASTIC MORRIS-LECAR MODEL

Deterministic, conductance-based models of a single
neuron such as the Hodgkin-Huxley model have been widely
used to understand the dynamical mechanisms underlying
membrane excitability.*® These models assume a large popu-
lation of ion channels so that their effect on membrane con-
ductance can be averaged. As a result, the average fraction
of open ion channels modulates the effective ion conduc-
tance, which in turn depends on voltage. It is often conve-
nient to consider a simplified planar model of a neuron,
which tracks the membrane voltage v and a recovery variable
w that represents the fraction of open potassium channels.
The advantage of a two-dimensional model is that one can
use phase-plane analysis to develop a geometric picture of
neuronal spiking. One well-known example is the Morris-
Lecar (ML) model.** Although this model was originally
developed to model Ca”" spikes in molluscs, it has been
widely used to study neural excitability for Na™ spikes,*®
since it exhibits many of the same bifurcation scenarios as
more complex models. The ML model has also been used to
investigate subthreshold membrane potential oscillations
(STOs) due to persistent Na™ currents.?®° For the sake of
illustration, we will consider the latter application in this sec-
tion, following along similar lines to Ref. 28.

Another advantage of the ML model is that it is straight-
forward to incorporate intrinsic channel noise.®'*'? In order
to capture the fluctuations in membrane potential from sto-
chastic switching in voltage-gated ion channels, the resulting
model includes both discrete jump processes (to represent
the opening and closing of Na™* ion channels) and a two-
dimensional continuous-time piecewise process (to represent
the membrane potential and recovery variable w). We thus
have an explicit example of a PDMP.

Chaos 28, 063105 (2018)

A. Deterministic model

First, consider a deterministic version of the ML
model*® consisting of a persistent sodium current (Na™), a
slow potassium current (K"), a leak current (L), and an
applied current (/,5,). For simplicity, each ion channel is
treated as a two-state system that switches between an
open and a closed state—the more detailed subunit structure
of ion channels is neglected.” The membrane voltage v
evolves as

%: oo (O)fra(0) + Wfic(0) +£i.(0) + Lapp o)
4.1

d

7‘: = (1 — W)“K(U) - Wﬁ[(a

where w is the K' gating variable. It is assumed that Na™*
channels are in quasi-steady state a..(v), thus eliminating
Na™ as a variable. For i = K,Na, L, let f; = g;(V; — v), where
g; are ion conductances and V; are reversal potentials.
Opening and closing rates of ion channels depend only on
membrane potential v are represented by o and f, respec-
tively, so that

ona (V)

20 (0) + Pra®)’ @2

oo (V) =

For concreteness, take

2 (v) = B exp <Z(UU_UI)> i=K,Na, (43)

i2

with f;,v;1,v;2 constant. Parameters are chosen such that
stable oscillations arise for sufficient values of the applied
current via a supercritical Hopf bifurcation [see Fig. 2(a)].
This corresponds well to observed behavior of STOs and is
not meant to function as a traditional spiking neuron model.
Limit cycles in a traditional spiking model often appear via a
subcritical Hopf bifurcation. Figures 2(b) and 2(c) show the
phase plane of the deterministic system; here, one can see
how oscillations arise in the membrane potential v(¢) as the
applied current is increased.

B. Stochastic model

The deterministic ML model holds under the assumption
that the number of ion channels is very large; thus, the ion
channel activation can be approximated by the average ionic
currents. However, it is known that channel noise does affect
membrane potential fluctuations (and thus neural function).>!
In order to account for ion channel fluctuations, we consider
a stochastic version of the ML model,é’10 in which the num-
ber N of Na* channels is taken to be relatively small. (For
simplicity, we ignore fluctuations in the K* channels.) Let
n(f) be the number of open Na™ channels at time ¢, which
means that there are N — n(f) closed channels. The voltage
and recovery variables then evolve according to the follow-
ing PDMP:
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FIG. 2. (a) Bifurcation diagram of the
deterministic model. As /,, is increased,
the system undergoes a supercritical

200 210 - 220

190

lapp (pA) -

230

Hopf bifurcation (H) at I;pp = 183,
which leads to the generation of stable
oscillations. The maximum and mini-
mum values of oscillations are plotted as

black (solid) curves. Oscillations disap-

w

pear via another supercritical Hopf
bifurcation. (b) and (c) Phase plane dia-
grams of the deterministic model for (b)
Lpp =170 pA (below the Hopf bifurca-
tion point) and (c) I, = 190 pA (above
the Hopf bifurcation point). The red
(dashed) curve is the w-nullcline and the
solid (gray) curve represents the v-
nullcline. (d) and (e) Corresponding
voltage time courses. Sodium parame-
ters:  gna=44 mS, Vy,=55mV,
Brna=100ms™", v,;=—12mV, and
v,2=18mV. Leak parameters: g =2
mS and V,=-60mV. Potassium
parameters: gg=38 mS, Vig=-84mV,

0 ; " - b =035ms /| vp=2mV,  and
—50 -30 -10 10 b= 30mV. K
V (mV) ’
= =10
3 E @
& &—10
= =
G ‘ ‘ S _ ‘ .
= 20 10 s = % 20 10 60
time (ms) time (ms)
dv n OP o [/n
E = NfNa(U) Na<U> + WfK(U) +fL(U) + [appa @) 6tn = —% [(ﬁfNa(v) + WfK(U) —‘y—fL(U) + Iapp>Pn(U,W, [)]
dw ’ 9
a1 wa() = why — (1 = W)k () = whi)Pa(0,w,1)]
Suppose that indiVidugl channels switch betwe.en open (O) +l (a);_] (0)Pa1 (U, w,0) + @ (0)P g1 (v, W, ,))
and closed (C) states via a two-state Markov chain 61
ma(v)/e == (07 () + @, (0)Pa (v, w,1)).
pam— 4.5)
Pral€ (48)
It follows that at the population level, the number of open ~ Comparison with the gerTleral CK equation (2.6) shows that
ion channels evolves according to a birth-death process with x=(v,w), V= (9,0)
n—n-—1 o, (v) = nPy,, n\U, W
() = nfy we o (RO
n—n+1 ol (v) = (N — n)oy(v). flo,w)

Note that we have introduced the small parameter € in order
to reflect the fact that Na* channels open and close much
faster than the relaxation dynamics of the system (v, w). The
stationary density of the birth-death process is
N o (0)h "
(N = m)! (o (0) + Ba)"

pa(v) = @7

The corresponding CK equation is

nfva(V) /N + wfk (v) + fL(0) + Lipp
(1 —=w)ag(v) — wfig

and A is the tridiagonal generator matrix of the birth-death
process.

In Figs. 3 and 4, we show results of numerical simula-
tions for N = 10,¢ = 0.01 and N = 10,e = 0.001, respec-
tively. In both figures, we compare solutions of the explicit
phase equation (3.16) with the exact phase defined using the
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207 (@ 1 (b) .
0 variational

FIG. 3. We simulate the stochastic
1.0 1 Morris-Lecar model with N=10 and
o g -0.05 ] ¢=0.01. (a) and (b) Plot of the linear-
g_ - ] _g , ized phase 0, — twy in green, and the
1.0 | 0.1 linear exact variational phase [satisfying
TR (3.9)] f; — twy in black. On the scale
A-\ W“ [-m, 7], the two phases are in strong
-0.15 agreement. However, zooming in one

20 : ‘ : ‘ : he phases slowly drif
05 p e 5 Py o5 ] s ) o5 can see the phases slowly drift apart as
’ y ’ ’ ’ ’ noise accumulates. The diffusive

t [msec] t [msec] o
nature of the drift in both phases can
0.34 -4 0.34 be clearly seen, with the typical devia-
() (d) tion of the phase from wqt increasing
6 in time. (b) Stochastic trajectory
0.33 8 10.33 around limit cycle (dashed curve) in
the v and w-plane. The stable attractor
w 0.32 V10 Jo32 w of the deterministic limit cycle is quite
large, which is why the system can tol-
-12 erate quite substantial stochastic per-
0.31 10.31 turbations. (c) and (d) Corresponding
-14 time variations in v (black) and
0.3 : -16 0.3 W (gray).
-15 -10 -5 0 0 2 4 6 8 10
v
t [msec]

variational principle [see Eq. (3.14)]. We also show the sam-
ple trajectories for (v, w). It can be seen that initially the
phases are very close, and then very slowly drift apart as
noise accumulates. The diffusive nature of the drift in both
phases can be clearly seen, with the typical deviation of the
phase from wyt increasing in time.

V. BOUNDING THE NORM OF THE AMPLITUDE TERM

In this section, we obtain a bound for the probability of
the difference in amplitude exceeding a certain threshold.
That is, we show that there are positive constants C, ag, such
that for all @ < a¢ and q, sufficiently small

P(r, <T) <Texp (—%), (5.1)

where

to=inf{r:x ¢U}, U, ={uecR:|u—d(a)|, <al,

and in the above o is the variational phase of u, satisfying
G(u,o,0) =0 [as in (3.9)]. We assume that initially
[[xe — @(Bo)llg, < a/2. Here, P(r, <T) is the probability
that x, leaves the neighborhood U, of the limit cycle over a
time interval of length 7. Note that a is independent of e but

depends on the rate b of attraction to the limit cycle.

2.0 @) 0.06 (b)
0.04
1.0
) [o]
(%] (2]
£ £ 002

4
1.0 ] " M

b

a

linear /

P
f

//
M

-2.0 .
0.5 1 1.5 2 25 0 0.5 1 1.5 2 2.5
t [msec] t [msec] .
FIG. 4. Same as Fig. 3 except that
0.34 4 0.34 €=0.001.
(c) d
& (d)
0.33 1 0.33
-8
w 0.32 v -10 1032 w
12
0.31 ¢ 10.31
-14
0.3 -16 0.3
-15 -10 v ° 0 0 2 4 6 8 10

t [msec]
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We proceed by first deriving an exact PDMP for the
dynamics of [|x, — ®(f,)||5 (Sec. V A). Then in Sec. VB, we
obtain a bound for the probability that the maximum of
[[x: — @(B,) |l 5, between successive jumps exceeds na/2 with
n < 1. (For concreteness, we take n = 1/4.) This yields a
bound with the same asymptotic order as the right-hand side
of Eq. (5.1). However, it is still possible for x, to leave the
domain ¢/, due to the accumulative effects of multiple
jumps. In Sec. V C and Appendixes C-E, we obtain exponen-
tial bounds on the probability of this occurring, which
depend on both b and a, thus establishing that if a is suffi-
ciently small, then Eq. (5.1) holds. The bounds on the
accumulative growth of the amplitude are derived by decom-
posing the growth of |lx, — ®(f,)[|; into the sum of several
terms, which we bound individually. More precisely, over
the time interval [¢;, ], we take a linear (in the time differ-
ence tj1 — ;) approximation to the dynamics of x,. To lead-
ing order, the dynamics of x, decomposes into the sum of a
deterministic part plus a piecewise-constant stochastic part.
The deterministic part is stabilizing once |[lx; — ®(B,)][4,
> a/2, due to the assumed linear stability of the limit cycle.
We then show that over timescales of O(h~!), if the fluctua-
tions remain below O(a), then they will always be dominated
by the stabilizing effect of the deterministic component.

For ease of exposition, we take the generator A of the
discrete Markov chain to be independent of x. However, it is
possible to extend the analysis to the case of x-dependent
rates, as in the case of the Morris-Lecar model.

A. Derivation of PDMP for norm of amplitude term

Let
= P(B) " (x: — D(B,)).

We are going to see that w, decays towards the limit cycle
(to leading order). This is a key reason why we chose the
weighted norm || - [, to define the phase. Differentiating
with respect to ¢ and usmg Eq. (B4) gives

(5.2)

- = P(B) (B (v~ O(5,)

—o0P(B) V' (B)} + P(B)Flx),

dwi _ & {SW
o )
(5.3)

where S = diag(vy, ..., vs) with v; the Floquet characteristic
exponents (see Sec. III). Combining this with Eq. (3.14)
shows that

D S+ () + G(Falx)

d —F(X;),ﬁ,,)(f),

where

&(B,xi) =P(B ) F(x)
— M, B) " y (F (), D ()P (B)
<AV (B,) +T(B,) (xe — @(B))}
(M, B) " 0y (F(x0), () — 1}Sw

and
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G (Ka(x1), Brox) = g M(xs, B) ™ (Knlx:), @' (B))
< {Sw, — P(B,) " T(B)(x — O(B,))
—woP(B,) 'V (B)} + P(B) ' Ka(x,1).

This means that

dwl?
7 = <Wta we + 8‘([3[»)@)

+6(Fu(x;) = F(x0), B, %))
Taking square roots,

@ = [lwel| " (wr, Swi + F(B,, x:)
—l—(ﬁ(Fn(x;) _F(xt)aﬁtaxl)>'

It should be noted that the above PDMP is well-defined
in the limit as |jw;|| — 0, since by the Cauchy-Schwarz
Inequality

|<Wt;SWt+g'(ﬁmxt) +G§( n () — F_( ) ﬂnxt>>|
< welll=Swe + F(Br, xi) + G(Fo(x)) = F(x2), Bryxo) -

Now, by definition of f,, (w, P(B,)"'®(f,)) = 0. Since, by
assumption, (i, Su) < —(b/wy)|lu||* for all vectors u such
that (i, P(2t)”'®'(«)) = O (where o is the variational phase
of u), we find that

d|lw _
< i + ol o,

+O(Fa(x)

3(/3”)(,)
- F(xt)a ﬁtvxt»'

B. Bounding fluctuations in || w;|| between successive
jumps

Our first step is to bound the fluctuations of ||wy]|
between successive jumps, which occur at times #;, j > 0. Let

CL= ELS{UI;J*HIWH_1 [(w, Sw + F(B, x)
+6(Fy(x) = F(x), B,x))[},

where f is the variational phase corresponding to x, and w is
the remainder term. It is straightforward to show that

Cp, < <. Let
ti > a
/_8C]_ ’

It follows from this definition that for all # <17, and
i1 <1,

T, = mf{ Slipr — 5.4)

sup |[[wil| = [Jws,_, [l < (5.5)

ref-1.4] 8

Now since the length of the interval between successive
jumps is distributed in a Poissonian manner, we have the fol-
lowing bound for the conditional probability:
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a ain
P (tj+1 = > g }’l([j) = m) < exp (— 8CL6)’

where 4, is the rate of the exponential density of switching
times form the discrete state m [see Eq. (2.3)]. By assump-
tion, inf,cr 4, > 0. We thus see that there exists a positive
constant C such that the conditional probability has the uni-

form bound
a Ca
P (’J‘H — 12 8C, n(t) = m) < exp (_?> (5.0)

Now define J to be the typical number of jumps that occur
over the time interval 7, i.e.,

{ S J

mel

(5.7

We thus find that

C
P( Forsomej < J, ti —t; > . < Jexp (__a)
8Cy,

€

S TeXP (_%>7
€

(5.8)

for e sufficiently small. (We have absorbed other constant
factors into C.) We have thus shown that

P(z, <T)<Texp (— %) 5.9)

In order to prove Eq. (5.1), we can now proceed by
determining bounds for P(t, < T) given that T < 7, and
then show that these bounds are weaker than the right-hand
side of Eq. (5.1) when a is sufficiently small. In other words,
having looked at changes in ||w,|| between successive jumps,
we turn to the accumulative changes in ||w, || over a sequence
of jumps.

C. Bounding the probability of x; leaving ¢/,

In the following, we assume that 7€ [0,7] with
T < 1,. We will show that when x; € U,, the determinis-
tic component of the dynamics of ||w,|| is dominated by
the first term i.e., ||w,||”" (w;, Sw;), which is stabilizing.
Our analysis will centre on the times when |lw;|| € [§,a].
We can do this because, by the intermediate value theo-
rem, if x, ¢ U,, then immediately prior to leaving U,,, it
must be such that ||w;|| € [§,a]. The reason why we insist
on a lower bound for ||w;|| of a/2 is that we require that,
with very high probability, the linear decay is suffi-
ciently great to dominate the fluctuations due to the
switching. It should be noted that our choice of a/2
for the lower bound is not particularly necessary: one
could have for example chosen a/X for any real X and
obtained comparable results.
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Let

_l<wf/7(6(Fﬂj(xf/) _F_(xtj)7ﬁt,?xf/)>'

uj = (G = )| will
We make the decomposition

k+m

— il = (w;+ (54)*Cy)

j=k

Tkt+m _
+j i

< Z(uﬂr (01,)°Cy)

||wfk+m

l (<Wf’SWf> <WI7 (ﬁmxl)»

litm

| Dlwill+ 1wl e F(Broxo)) e

3

(5.10)

Here, C;is by definition the remainder term for the switching
part of ||w,||. Through Taylor’s Theorem

10 -1 I
€y =55 L wil™ iy G(Fao) = F(x), b)) |

t=t;

for some 7; € [tj, #;41]. Now let

- 1
Cp == sup
2X,€Z/l[,

oI o 60 3) = Pl o)}

Now as long as for all t < .., X, € Uy,
ICj| < Cr.
This means that, as long as t;4,, < 14

k+m

= wall < Z uj +

tktm 4
+j (—blwll + Iwell ™ e,

Tk

(Sl‘] CL

| | Wiim

§(Bpx)))de. (5.11)

In Appendixes C-E, we obtain bounds on each of the individ-
ual terms on the right-hand side of Eq. (5.11), and thus estab-
lish that if T < 7, then

P(t, <T) < O(Texp (—Cha*e™ "), T exp (—C‘beil)),

for constants C ,C’ . These bounds will be smaller than the
bound of Eq. (5.1) if b is sufficiently large.

VI. DISCUSSION

In summary, we have presented the first systematic phase
reduction of stochastic hybrid oscillators (PDMPs that support
a stable limit cycle in the adiabatic limit). In particular, we
adapted a variational principle previously developed for
SDEs™ in order to derive an exact stochastic phase equation,
which takes the form of an implicit PDMP. Moreover, we
showed how the latter can be converted to an explicit PDMP
for the phase by performing a perturbation expansion in € (lin-
ear phase approximation), see Eq. (3.16), and that the phase
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lacl FIG. 5. Dual-feedback gene regulatory
I network. (a) Two promoter sites. (b)
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decouples from the amplitude to leading order. The phase
equation (3.16) is in a form consistent with the idea that in the
fast switching regime (small €), one can treat F,,(x) — F(x) as
a small stochastic perturbation of the limit cycle, and thus
determine the phase dynamics by projecting the perturbation
on to the phase resetting curve R(6). Although the linear
phase approximation yields an accurate approximation of the
exact variational phase over a single cycle, it slowly diffuses
away from the latter over longer time-scales due to the effects
of higher order terms that couple the amplitude and phase.

More significantly, as with SDEs, the variational formu-
lation itself ultimately breaks down over sufficiently long
time-scales, since there is a non-zero probability of leaving a
bounded neighborhood of the limit cycle, and the notion of
phase no longer makes sense. Hence, it is important to obtain
estimates for the probability of escape over a time interval of
length T, and how it depends on ¢, the size a of the neighbor-
hood, and the rate b of attraction to the limit cycle. In light
of this, we used probabilistic methods to establish that for
a constant C, and all ¢ < ap (a( being a constant independent
of €), the probability that the time to leave an O(a) neighbor-
hood of the limit cycle is less than T scales as
T exp (—Ca/e). This result differs significantly from the cor-
responding bound for SDEs. More precisely, our analysis in
Ref. 39 demonstrated that the SDE system stays close to the
limit cycle for a very long time if be~! is very large: i.e., as
long as the rate of attraction to the limit cycle dominates the
magnitude of the noise. However, by contrast, with a switch-
ing PDMP oscillator, if be~! is large, but € > O(1), then the
oscillator will in most cases leave any neighborhood of the
limit cycle relatively quickly. This is because if ¢ > O(1),
then it will typically avoid switching for times of O(1) or
greater, and so the system will not ‘feel’ the stabilizing effect
of the averaged system and over this time period can leave
the attracting neighborhood of the limit cycle.

Having established a framework for deriving phase
equations for stochastic hybrid oscillators, it should now be
possible to investigate the synchronization of populations of
uncoupled hybrid oscillators subject to common noise. Such
noise could either be due to some common external fluctuat-
ing input, such as I, in the Morris-Lecar model, or a ran-
domly switching environment in which the discrete variable
N(¢) is common to all the oscillators. Moreover, the probabil-
istic approach used to derive exponential bounds on the
probability of large transverse fluctuations can be extended
to obtain precise bounds on the probability of two synchro-
nized oscillators desynchronizing, and conditions under
which two oscillators never desynchronize.

Finally, although we have illustrated our theory using
the example of the stochastic Morris-Lecar model of a point
neuron with stochastic ion channels, there are several other

(b) One promoter site.

potential application domains. One notable example is a
gene regulatory network with dual feedback, which arises
in experimental synthetic biology.’* This consists of two
genes, one whose protein (araC) acts as an activator of both
genes and one whose protein (lacl) acts as a repressor of
both genes, see Fig. 5(a). This engineered network gener-
ates robust oscillations in Escherichia coli. Moreover,
mathematical modeling of the network has shown that oscil-
lations occur in both the adiabatic and nonadiabatic
regimes.”® One could also consider a simplified version of
the model, by taking the pair of genes to share a single pro-
moter site that can be occupied by either activator proteins
or repressor proteins but not both, see Fig. 5(b)—the full
model has two promoter sites per gene. In either case, if the
number of protein molecules is sufficiently large, then the
stochastic dynamics evolves according to a PDMP in which
protein numbers are the continuous variables, whereas as
the states of the promoters are the discrete switching
variables.
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APPENDIX A: QSS REDUCTION
The basic steps of the QSS reduction are as follows:
(a) Decompose the probability density as
pa(x,1) = C(x,1)p,(x) + ewn(x, 1),

where > pu(x,1) = C(x,1)
Substituting into Eq. (2.5) yields

and > w,(x,1) =0.

aC ow,

pul) G € = =V - (Fa@)lpa(C + em])

23 Al (0C + v

mel’

Summing both sides with respect to n then gives

ac _
5=V [F(x)C] — e;v Fa ()W) (A1)
(b) Using the equation for C and the fact that
> merAmm(X)p,,(x) = 0, we have
ow, _
€= D A (= V- Fa ()9, ()] 4, (V- [F()C]
mel’
—e{V«Fn(x)wn)—pn<x>2v~[Fm<x>wmq.
mel’
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(¢) Introduce the asymptotic expansion
wy ~w<)+ew<)+62wfl2)+-~

and collect O(1) terms

Z Anm

mel’

V- [0y () Fa(x)C (x, 1))

— p,(0)V - [F(x)C].

The Fredholm alternative theorem show that this has a
solution, which is unique on imposing the condition

ang(]) (x,t)=0
= ZAZ;M(X)(V [pn(x)Fn(X)C(X, t)]
nell

—pu(X)V - [F(x)C]). (A2)

where AT is the pseudo-inverse of the generator A.
(d) Combining Eqs. (A2) and (A1) shows that C evolves
according to the Fokker-Planck (FP) equation

oC
=V P =< 30 ALV
(Fu(x)V - [Fu(x) — F(x)|C]). (A3)

This can be converted to an Ito FP according to

ocC
or =-V: [ + eV - ; m:{ pn FmAmn)
d o2
_ 0°D;;(x)C
—FV - (F,A! - A4
v ( mnpn)}c+ 61-1/-:1 axjaxj ’ ( )
where

Z sz mn pn( )[Fj(x)

mnel’

—F,(x)]. (A9

Using the fact that Y, A’ =0 and dropping the O(e) cor-
rection to the drift finally yields Eq. (2.10b). Note that one
typically has to determine the pseudo-inverse of A
numerically.

For the sake of illustration, we write down the Ito FP
equation for C(v,w,1) = SN p.(v,w, 1) in the case of the
stochastic Morris-Lecar model introduced in Sec. IV B (see
also Ref. 28)

o )~ L 1rtowc]
2 v
— e% V(v,w)C] + eag#, (A6)
with
V= 30 3 (AL )
O 0) e AL o)) (AT
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and
D=3 lfulv.w) = F(0:)] 450 (000 (0) [ (0) — )]
- Z[ )}AT 00,0 )]
- ]lVfNa(v)zaoc(v)[l - aoo(U)]2~
(A7b)

The last line follows from a calculation in Ref. 6.

APPENDIX B: ADJOINT EQUATION FOR THE PHASE
RESETTING CURVE

Suppose that R(0) is related to the tangent vector @'(0)
according to Eq. (3.4). We will show that R(0) then satisfies
the adjoint Eq. (2.19) for the PRC. Differentiating both sides
of Eq. (3.4) with respect to 0, we have

MPTR +MP'R +MPTYR =P '@ + (P71, (BI)
with

WM =2(P'0" + (P)d, PD).
Next, differentiating Eq. (3.3) gives
J(0)P(0)

where again S = diag(vy, ..., v4) with v; the Floquet charac-
teristic exponents, which implies that

(P (0))

0P (0) = — P(0)S. (B2)

=P (0T (0) —SP"(0) (B3)

and

wo(P71(0)) = —P1(0)J(0) +SP~'(0).  (B4)

We have used the fact that S is a diagonal matrix and
P 'P'+ (P "YP =0 for any square matrix. Substituting
these identities in Eq. (B1) yields

MPR+MPT(R' + w;'T'R) — wy ' MSP™R
—1 [q)// o waqu)l:l + waISP71®/

and

M = (P — w, TO] + o, 'SP~ P~ D).
Now note that @' satisfies Eq. (2.15) and SP~'®' = 0. The
latter follows from the condition P(#) '®'() =e and
Se = vy = 0. It also holds that M'(6) = 0. (In fact, for the
specific choice of P(0), we have 9M(0) =My = c3{e,e)
= c(z).) Finally, from the definition of R(0), Eq. (3.4), we
deduce that SP" (0)R(0) = 0 and hence

MoPT (R' + wy'J'R) = 0. (BS)

Since PT(0) is non-singular for all 0, R satisfies the adjoint
Eq. (2.19) together with the normalization condition (2.20).
Hence, R(0) can be identified as the classical PRC.***’
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APPENDIX C: BOUNDING THE PROBABILITY P(t,<T)
(PART )

In this appendix, we set up the basic framework for
deriving bounds on P(t, < T) given that T < 17,. The actual
bounds are derived in Appendixes D and E. For a positive
constant C (that can be inferred from the following analysis),
let € = | exp (Che ')| € 7" and define T = €/2b. (Here, the
floor function |x| denotes the greatest integer less than or
equal to x.) For the constant M, defined further below in
(C2), we outline a set of events { A"}, p <pcpy, and
{Bi}|<t<p> such that if they all hold, and %, > T, then
necessarily

1, >T. (C1)

This will mean that, if we can show that for some positive
constant C,

P((AY)) < exp (—Cabac™"),
P(B;) <exp(— Cabe™),

then
[ M,
P(t, <T) <> |P(BY) + > P(AN)],
k=1 m=1

< O(e 'Texp (—Cybac™"), Texp (—Cabe™ ).

(Here, A° is the complementary set of A so that P(A°) is
the probability that the event .4 has not occurred.)

We now define the events A}' and By, and afterwards
we will explain why U/E:1 U’,\:”: LAY and U,EZIB;( ensures that
7, > T. We are going to define A]" to be a set of events that
hold over timescales of O(b~1): over this timescale, the sta-
bilizing decay due to the term f’+b —b||ws||ds dominates
the typical fluctuations due to the switching. Thus, we define
M, to be the typical number of jumps that occur over time
intervals of size b1, i.e.,

L,eme J : (€2)

mel’

We define By to be the set of events

>
lietmy, = Ik Z 50 (C3a)
kM, 4
Ot —
CL) 0y <35 (C3b)
Jj=k
-1 ba
sup ||WIH <W,, %(ﬁt?xl» < 1_67 (C3C)
X,EZ/{(,:HWIHE[%,a]
and we define A]" to be the set of events
a Sa
[we, || € {E’?} (C4a)
| zg forall k <1<k +m, (C4b)
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(C4c)

Z”f—16'

We now explain why the union of the above events ensures
that (C1) holds. It suffices to show that if U,EZIB/( holds, but
there exists ¢t € [0, T A %,] such that

will = a, (C5)

then necessarily there must exist k£ < € and m < M, such that
(A7) holds.

Now, if (C5) holds, then it follows from (5.5) that there
must exist some #; < ¢ such that

[Iwe, [l = = (C6)
Let k = max{j <J:|wyll € [%,%"]} k exists because suc-

cessive increments in |lw; | cannot differ by more than a/8,
thanks to (5.5). Suppose first that J — k > M,. Since, by
assumption, 53 holds, it must be that t; — #;, > 2'—b This means

that, writing [ = k + M,

|| bl T o 85

Tk
S
1 { ba ba} ~Ta
< — —+ = —
—2b 16 32

It thus follows from (5.10) that

1
<5 { b inf [hw + sup <w,7$(ﬂ,,xt>>}

Ta
o < oo+ Z(u, (07 C) - o

S5a a Ta
<= R
<3 +j;uj+32 oL (C7)

using the definition of By and the fact that [jw,|| <34
However, from the definition of &, it must be that ||w, || > 34.
This means that
i uj + a _Ta >0
/3 327 7
j=k

which implies that Zjl: ¢ 4 > 32 This means that (A;") holds.

Now suppose that J — k < M, and, for a contradiction,
that AZ’ holds. In this case, since [similarly to (C7)]

|| o+ bl o 5 <0,

13

forall z € [1, 1],

[Iwe, | < [jwe, | +Z uj +

%+%+1<B
8 16 32 8

51} CL)
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This contradicts our assumption that |[w,,|| > We thus
conclude that (A]")" holds.

To summarize the above argument, we have shown that
if 7, > T and the events Ut_, UM | A7 and Uf_, By all hold,
then t, > T. It thus suffices for us to bound the probabilities
of each event in A} and B;. In fact, the event (C3c) will
always hold, as long as ab is sufficiently small. This is for
the following reasons.

It has already been shown in Ref. 39 that, as long as
|lx; — ®(p,)|| is not too great (i.e., if a is sufficiently small)

WM, B) " g (F (), @' (B) = 1= O(|a — D(B,)]1°).

Since the matrix-norms of P(f,) and P(f,)”" are uniformly
bounded for all f3,, we find that

(M(xr, B) " g (F (), @' (B,) — 1)Swi =
We also have that, since wo® (f,) = F(®(f,))
s B) = P(B) " {F (x) = F(®(B,)) = T (B) (x:

+0(|w )P (B,) " {—F (®(,)
—J(B)(x = ®(B))} = O(|wil|),

O(lwill”).

(B))}

through Taylor’s Theorem. This means that |(w,,
< Cs|jw,||?, for some constant Cs.
Finally, note that

§(Bix))l

k+m

P((A™) <P Zu, =1. (C8)

In Appendixes D and E, we derive the bound

AL 2
sup P (Z uj > _a> < exp <— Clza ) (C9)

1<m<M,,

The proofs of (C3a) and (C3b) are similar and are omitted.
For (C3b), we would find that for a positive constant C

Ry by a Ca
Cr jZ/; (91;)" > 3| S&P =)
which is of lower order than the other probabilities.

APPENDIX D: BOUNDING THE PROBABILITY P(z,<T)
(PART Il)

In this appendix, we show how to bound the probability
of >, uj exceeding ¢ 34 Let the scaled transition matrix be

A, with elements (Anm)n.mer

[\nm - Anm//lnr (Dl)

See Eq. (2.3). Let B be the Perron projection associated with
A, i.e., P is the rank 1 matrix with the ith element of each
column equal to p;4;/ >, po/a- We have used the fact that
the dominant right eigenvector of A is the column of B,
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and the dominant left eigenvector of A is (I,1,...,1). Itis a
consequence of the Perron-Frobenius Theorem™ that for
some positive constant Cy, and y € (0, 1), forall p € Z*

A" — B < Cwy”- (D2)

In many situations, Cy, and 7y can be quite optimal, such as
when the Markov Chain satisfies the Doeblin Condition or a
log-Sobolev Inequality. Refer to Ref. 53 for a more in-depth
discussion.

Write % =z, and C =2C;Cy,(1 — 7))
that Cff > 1. The main result that we prove in this section is

that for any positive integer R

m crREm\"
P(ZMJZZ> SZ( 22 ) .

J=1

. We assume

(D3)

Now by Chebyshev’s inequality

m 2R
P(Z ujp > z> <E (Z uj> x ()",

j=1

Using the result in Appendix E

m 2R
(Zu,) = Z E[upl...upk]
= 1<pi<2R
(ECHCim(1 =) )

x{1_(1_~/)—‘§}1%.

IN

We use the (very crude) bound % <

{i-a —v>‘f1}_l <2

Collecting the above bounds, we thus find that

R
m CRe*m
P(Zuj22> SZ( 2 ) ,

J=

(2R)" and we assume that

(D4)

where C = 2C3C3,(1 — ).

We can find the approximate R that optimizes the above
bound by differentiating (i.e., approximating R to be any real
number). Upon doing this, we find that the optimal R is
approximately given by

(D5)
Hence, we find that

(o) oo )

which yields Eq. (D3). Technically, we must take C to be
greater than its defined value, to account for the loss of accuracy
due to R, € Z. When we use this bound in Appendix C, m

(D6)
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ranges from 1 to M, = O(;-). We thus find that, for some posi-
tive constant C that is independent of € and b, Eq. (C9) holds.

APPENDIX E: BOUNDING THE PROBABILITY P(c, < T)
(PART Ill)

In the following lemma, we bound the expectation of
the sum Z _, u;j raised to the power of 2R. This bound is the
key result needed to bound the probability in Appendix D.
This bound is useful in the regime m > R: in this regime the
expectation scales as O(e*RmR). The main result of this sec-
tion is as follows:

Z Efutp, ...ty | < (ZCLmC2 (I—y)~ )R

1<pj<m
LR 2R
x{l—(l—y) ‘%} o ED

It follows from a substitution of the definitions that, assum-
ing that p; > py-1.

QRE : A P2R—P2R—1
E[”I’l MPR AazRazkl

[72R 1—P2R-2

A2R—102R—2
a;el
T P2—P1 ~
. Aazal MI”R(azR)uPZR 1(a2R 1) Up, (a1>pa1,
(E2)
where A is the scaled transition matrix.
Now define
xPipi = AP (E3)

where we recall from Appendix D that B is the rank 1 matrix
with the ith element of each column equal to p;4;/
> werPa’a- It follows that

=Ny, (E4)

Efup, ...ty

> Bty <RI {mR/R!(l SR

PiPi<Pjt1

=(EC2CEm(1—y) /R x {1 RR—1)

R -1
G
er( o m?

.y
- R
<@cicimi-n ) {1-0- "2 R,
m
assuming that (1 —7)~" R < 1. Now since there are at most

(2R)! different ways of choosing the {p,} such that
pj-1 < pj, we find that

ZE[“mmusz] < (ECHCIm(1 — ) )

x{l—(l—y)lg}l%.

m* /(R —
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where Y, is the sum of terms of the form

Z Q(ZR)aZRaZRqQ(zR - l)azk—laZR—Z

a;el

. 'Q(l)azal ﬂPZR (GZR)I’?PzRq (aZRfl ) . '12171 (al)pm )

and ¢ of {Q(j)} are equal to %3, and the rest of {Q(})} are of
the form X?i+07. Now Y,=0 for all ¢ >R. The reason for
this is that if ¢ > R, then by the pigeon-hole principle there

must be some j such that Q(j) = Q(j + 1) = *B. It then fol-
lows that
Z Q(ZR)aZRaZR,I .. 'Q(i)a,a_,-,] Q(/ - )a,,mj,z
a;el’
. 'Q(z)azal ﬁPZR (aZR) MPI ai pm 8 Z Q gZRazkil
a;el’
. Q(J + 2>aj+2a,'+1 paHl ;"“Hl pﬂ//’L({jQ(j - 1)0/710/‘,2
---Q(z)azalﬁsz(GZR)uﬁpl ((l])pal = 0, (ES)
where ¢ = (3,1 Puta)) 7, since
Z Pa; ﬁﬂ/—l (a./')ia/ =0. (E6)
acl’

Now using the Perron bound in (D2) and the Lipschitz
bound for u

Pr—Pr—1YPr-1—DPr- P2—P1
Xa,a, 1 Xa, 14,2 Xazul ul’z (a’)upl (a"—])
a;el’

iy, (@1)pa, | < Clyy? 0C

In the following decomposition, we note that there if
there are j¥’s and (2R — j) X’s, then there are at most
m’ /j! possible ways of arranging the ¥’s and X’s. We thus
find that

l)'(1+y+))2+)R+l++m(1+'y+”))2+)2R_]j|

(1= 4+
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