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Abstract
Optical metamaterials are composite media that can be made to exhibit striking optical
properties, some of which are not observed in nature, such as a negative refractive index.
This advanced control over the electromagnetic response is enabled by subwavelength
building blocks, most often based on metals. While metallic structural features provide
the necessary resonant interaction with light, they also give rise to dissipative losses, which
can interfere with the desired performance in applications. The incorporation of optical
gain has emerged as a promising way to improve the loss-encumbered operation. It is this
enhancement of metamaterials by gain, which is at the heart of this thesis.
Three relevant topics will be considered: loss compensation, coherent amplification and
lasing dynamics. The numerical studies presented here focus on the double-fishnet structure, a metamaterial exhibiting a negative refractive index at optical wavelengths.
First, it is shown that loss compensation via optical gain is possible and that, in addition,
it constitutes a practical means to overcome dissipative losses. Compensation of losses
in combination with a negative refractive index is observed, disproving theoretical claims
that rule out such behaviour.
As a natural continuation, the characteristics above the threshold of amplification are investigated, i.e., when dissipative losses are overcompensated. By defining and analysing an
effective rate balance, radiative outcoupling is found to be non-negligible. Hence, contrary
to quasistatic predictions for nanoplasmonic metamaterials, a window of amplification
opens.
Beyond the regime of amplification, when gain exceeds both dissipative losses and radiative
outcoupling, lasing instabilities occur. Nonlinear mode dynamics arise and it is shown that
sole bright emission can be achieved despite the strong competition from a dark plasmonic
mode.
The numerical studies performed here shed new light on the complex physics arising from
the nonlinear dynamic interaction of optical gain and resonant modes in nanoplasmonic
metamaterials.
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1 Introduction
At the turn of the century, a new field of research emerged at the crossing between physics,
electrical engineering and materials science. The study of metamaterials addresses the rational design and arrangement of a material’s building blocks to attain physical properties
that go beyond those of conventional materials. Most often, the concept of metamaterials
is associated with electromagnetic wave propagation, where the engineering of resonant
subwavelength structures allows for the precise control of effective wave properties. It is
this advanced functionality that enables the realisation of unique wave phenomena, such
as the focussing of light below the diffraction limit or electromagnetic cloaking of objects,
concepts that captured the imagination of researchers and the general public alike. The
metamaterial paradigm is however not restricted to electromagnetism but rather extends
to wave phenomena in general, for example the propagation of sound in air or surface
waves on water.
Let us consider an illustrative example: in dielectric materials, such as glass, scattering
events by atoms and molecules determine the propagation of electromagnetic waves. The
material appears effectively homogeneous, if diffraction at these smallest building blocks
can be neglected, i.e., if the size of individual scatterers is subwavelength. In metamaterials, the principle of homogenisation is applied to larger structural building blocks,
for example to metallic nanoparticles distributed in glass. While the constituent materials, here metal and glass, retain their intrinsic material properties, the metamaterial’s
effective response is additionally determined by how these constituents are arranged and
structured on a subwavelength scale. This makes the concept of electromagnetic metamaterials applicable from the scale of tens of nanometers to the human scale, depending
on the desired application and associated operating wavelength. Importantly, the element
of functionality is an integral part of the metamaterial concept.
Pioneering work by John Pendry in 1996 showed that a medium composed of parallel thin
metallic wires would allow for the tuning of its electromagnetic response by changes to
the diameter of the wires or their spacing [1]. Functionality in this wire-mesh (WM) medium is thus derived from structural parameters, making it one of the first metamaterials
conceived. This work is closely connected with previous research in electrical engineering
in the 1950s on ‘artificial dielectrics’, where the engineering of effective electromagnetic
properties at microwaves and longer wavelengths allowed for the realisation of lightweight,
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metallic delay lenses [2]. It was also realised at the time that an effective diamagnetic
response could arise from the interaction of electromagnetic waves with the metallic subwavelength building blocks of these lenses. In a breakthrough study in 1999, John Pendry
demonstrated that the design flexibility of metamaterials enables the realisation of structures that exhibit artificial magnetism strong enough to give rise to negative permeability
[3]. Original design proposals included the Swiss roll and the split ring resonator (SRR)
structure, with cell sizes of the order of 5 mm operating at wavelengths of 10 cm in the
microwave regime. The functionality of the metallic SRR building blocks derives from
the inductive and capacitive response of free charges and currents in terms of inductive–
capacitive resonant loops. The SRR structure in particular proved to be a seminal design
to achieve artificial magnetism across the electromagnetic spectrum [4, 5].

Unprecedented control over the propagation of light
The unprecedented control over electromagnetic properties provided by metamaterials [6]
allowed for the reconsideration of theoretical concepts studied 30 years earlier by Veselago
[7], Mandelstham and other renowned scientists [8]. In these early works, the effects of
simultaneous negative permittivity and permeability on wave propagation were investigated and it was predicted that electromagnetic properties would be described by a negative refractive index (NRI). As the refractive index enters most fundamental equations
of optics, important physical laws, derived for positive refractive index (PRI) materials,
had to be reviewed. For example, the flow of energy in a NRI material opposes the
phase advance, i.e., the Poynting vector and the wavevector point in opposite directions
[7]. This property is also associated with the remarkable fact that Snell’s law predicts
negative refraction of a beam of light at the interface between PRI and NRI materials. As
a result, the role of convex and concave lenses on the focussing of plane waves interchanges.
However, this is not the most exciting property of NRI lenses.
In 2000, John Pendry predicted that a NRI material with permittivity and permeability
equal to negative unity would allow for the realisation of a ‘perfect lens’ [9]; a lens with
imaging resolution that is not diffraction-limited to half the operating wavelength. Much
momentum in the field of metamaterials originated from this possibility of subwavelength
imaging. Equally intriguing is the prediction of a stopped light point in a simple waveguide combining PRI and NRI materials, indicating the potential to slow down light to a
complete standstill in a tapered waveguide system and thus achieve the storage of light
[10]. Another application of metamaterials, which does not necessarily rely on negative
refractive index, is the control of the flow of light by gradient index structures in terms
of transformation optics [11]. This enables, for example, the realisation of a metamaterial
cloak, which guides light around an electromagnetically forbidden region [12].
16
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Experimental realisation and operation at optical frequencies
In the same year in which the concept of the perfect lens was formulated, David Smith and
co-workers documented the first demonstration of a metamaterial with negative refractive
index at microwave wavelengths [13]. Only a year later, negative refraction at a free-space
wavelength of 2.8 cm was observed in a prism constructed from a similar NRI metamaterial
[14]. The metamaterial building blocks in both studies were based on a combination of
the WM and SRR media.
An important aim of research in metamaterials in the following years consisted of transitioning the demonstrated functionality to near-infrared and ultimately optical wavelengths
(λ ∼ 500 nm), requiring a miniaturisation of the structural elements by more than 4 orders of magnitude. Realising these size reductions proved technologically challenging and
necessitated the use of advanced fabrication techniques. The resulting metallic nanostructures support surface plasmon (SP) resonances, collective oscillations of the free electron
gas in the metal excited at the interface to a dielectric by electromagnetic radiation [15].
These SP resonances strongly bind light at optical wavelengths to nanometre scale. As
the electromagnetic response of plasmonic nanostructures is no longer simply of capacitive and inductive nature, metamaterial design at the nanoscale needs to go beyond the
miniaturisation of microwave structures.
A simple paired-nanorod structure was shown to exhibit artificial magnetism at nearinfrared wavelengths, based on the excitation of SPs in the gap region between the two
rods [8, 16]. Adding the original wire-mesh design to this nanorod structure allowed for
the realisation of a planar plasmonic nanostructure that exhibited a negative effective
refractive index at near-infrared wavelengths, the ‘double-fishnet’ metamaterial [17, 18].
Negative refraction in a 3D wedge assembled from multiple layers of the fishnet structure
was later demonstrated in the optical regime at wavelengths around 1700 nm [19].
As the excitation of SPs involves collective electron motion, scattering events of the electrons lead to the dissipation of energy inside the metal [15]. This is particularly problematic at optical wavelengths where metamaterial applications are hampered by these
dissipative losses [5, 8]. Various ways to deal with losses have been suggested, including
design modifications or material replacements, such as exchanging commonly used noble
metals by intermetallics, highly-doped semiconductors, graphene or superconductors [20].
However, a recent comparison of these showed that noble metals perform best in metamaterial applications at optical wavelengths [21]; specifically silver has comparatively low
losses.
The imaging properties of the perfect lens, in particular, were shown to sharply degrade
with increasing dissipative losses [2]. It was thus suggested to restore the lensing properties by alternating layers of NRI metamaterial with optical gain material [22]. To avoid
17
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reflections at the interfaces, however, the layers needed to be impedance-matched, limiting
the practicability of this scheme. On the other hand, optical gain could be made part of a
metamaterial’s internal design, offsetting losses where they occur [8]. This has profound
implications on the emission characteristics of the gain material.

Implications of optical gain in plasmonic nanostructures
Placing an excited dipole source, such as a gain molecule, close to a nanostructured metallic surface alters the way in which it emits its energy [23]. In free space, emission occurs
directly to radiation, i.e., photons. The presence of SPs on a metal–dielectric interface
additionally allows for spontaneous and stimulated emission into these localised field excitations, if there is strong overlap of the plasmonic fields with the emitter. Furthermore, electron–hole pairs inside the metal can be created at very short dipole–interface
distances, resulting in a rapid dissipation of the transferred energy. In metamaterials,
stimulated emission of radiation into externally excited SPs – those that give rise to the
metamaterial’s functionality – is the physical process that counteracts dissipative losses.
The strong localisation of SP fields has a further implication with regards to the inclusion of optical gain into plasmonic nanostructures. The deep-subwavelength SP fields give
rise to an inherent feedback mechanism, which, combined with the stimulated emission
of radiation into these SP modes, allows for the emergence of a lasing-like state, most
often referred to as ‘spasing’ (relating to the excitation of surface plasmons rather than
light) [24]. This effect can be used to realise externally pumped SP sources at the nanoscale. Additionally, if radiation can be outcoupled from these trapped plasmonic modes,
a nanoscale laser [25, 26] could be realised. In such a ‘lasing spaser’ [27], the individual
SP resonances couple into supermodes, implying the potential to control the emergence
of spatial coherence and thus engineer emission properties. Indeed, research into lightemitting metamaterials [28, 29] as well as the compensation of dissipative losses [30–35]
are important objectives of recent research in metamaterials [36].

Gain-enhanced nanoplasmonic metamaterials
A reduction of dissipative losses in a nanoplasmonic metamaterial by optical gain was
demonstrated using optically pumped semiconductor quantum dots [30]. The investigated
metamaterial consisted of a thin metal film with asymmetric SRR structural grooves onto
which the quantum dots were deposited. It was further shown that the luminescence from
the quantum dots was altered by the coupling to the resonant mode of this metamaterial, resulting in an eightfold enhancement and linewidth narrowing of the luminescence
spectrum [28]. However, the optical gain from quantum dots is small in comparison to the
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dissipative losses in the structure, preventing the full compensation of losses. In another
experimental study, the coupling of gain from a single quantum-well to the magnetic
resonance of an array of SRRs resulted in a four to fivefold increase of the differential
transmittance under optical pumping [31]. Despite this, losses were not found to be
compensated. Later, it was established that the coupling strength between the quantum
well gain and the SP mode decreased exponentially with the thickness of a buffer layer
between them, as do the plasmonic near-fields [35]. Hence, it proved essential to provide
optical gain at positions where the plasmonic fields are strongest, which had not been the
case in the initial work.
There have also been extensive computational studies on the topic of gain-enhanced
metamaterials, building on various theoretical approaches. The simplest model assumed
an effective coupling between a plasmonic resonance and a two-level gain system, neglecting the spatial dependence of the plasmon–gain interaction [37]. A later study based
on finite-element frequency-domain calculations, however, concluded that the spatial dependence of the coupling impacts on loss compensation properties [38]. Spatially resolved,
time-domain calculations have also been performed to study loss compensation in nanoplasmonic metamaterials [39]. These two computational approaches specifically aimed at
correctly representing experimental conditions, e.g., the pump–probe configuration often
used in experiments, and physical processes, such as the local interaction of the plasmonic
fields with the gain material and nonlinear gain saturation. Both studies will be discussed
in more detail in chapter 4. The accurate representation of experimental conditions was
also one of the main requirements of this thesis. Therefore, a dynamic approach akin to
that of [39] is used here, in which the full-vectorial fields are propagated in time on a
uniform spatial grid [40] and optical gain is taken into account in terms of Maxwell-Bloch
theory [41, 42].
Loss compensation in the double-fishnet metamaterial was demonstrated experimentally
by Xiao et al. [33], using gain from optically pumped fluorescent dye molecules. There,
the gain molecules formed an integral part of the metamaterial design, being embedded
next to the metallic films and also forming a coating layer. The published results are
in good agreement with conclusions presented in this thesis [32, 43]. Loss compensation
in a double-fishnet metamaterial operating at telecommunication wavelengths has been
predicted using time-domain simulations [34].
There is an ongoing debate about the theoretical possibility to achieve loss overcompensation in nanoplasmonic metamaterials. Initially, this concerned NRI metamaterials,
where it was suggested that causality would preclude zero loss and a simultaneous negative refractive index [44]. In contrast, numerical results presented in this thesis clearly
demonstrate loss compensation at wavelengths where the effective parameters predict a
negative refractive index [32]. This observation supports the conclusion of analytical work,
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which cautioned that causality-based criteria must be used with care [45]. Furthermore,
recent theoretical work has argued that the onset of spasing clamps the optical gain at a
threshold value that would preclude loss compensation in nanoplasmonic metamaterials
[46]. Yet, it can be argued that the spasing threshold is not applicable to metamaterials
in general [47, 48] because its definition is restricted to the quasistatic limit [49]. Part of
this thesis investigates the amplification regime of gain-enhanced metamaterials [50].

Overview of chapters
This thesis is divided into two main parts. In the first part, consisting of chapters 2 and
3, fundamental physical concepts that underlie nanoplasmonic metamaterials and optical
gain are discussed. In chapter 2, the realisation of negative refractive index in metamaterials, its theoretical implications and specific applications are reviewed. In addition,
the concept of surface plasmons is introduced and their role in the design of the doublefishnet metamaterial, which can exhibit a negative refractive index at optical wavelengths,
is highlighted. Closing this section, the presence and magnitude of dissipative losses
in plasmonic nanostructures along with potential ways to overcome those are discussed.
Chapter 3 goes on to examine optical gain media, in particular the characteristics of
fluorescent laser dyes and their representation in terms of a four-level model based on
Maxwell-Bloch theory.
The second part of the thesis presents and discusses the results of this work divided into
three chapters (chapters 4, 5 and 6), each addressing a different aspect of the inclusion
of optical gain into nanoplasmonic metamaterials. In chapter 4, the compensation of dissipative losses in the double-fishnet metamaterial via optical gain is discussed. Particular
emphasis is put on the resulting optical properties and the characteristics that make loss
compensation possible. To further support the derived conclusions, a generic rate retrieval
method, applicable to gain-enhanced plasmonic nanostructures of arbitrary geometry and
composition, is introduced in chapter 5. The rate retrieval method provides definitions for
the thresholds of amplification and lasing, which can be used to dismiss theoretical claims
that loss compensation is not possible in nanoplasmonic metamaterials. Finally, chapter
6 discusses the above-threshold lasing dynamics, specifically the nonlinear competition
between bright and dark lasing states in the gain-enhanced double-fishnet metamaterial.
Concluding this thesis, chapter 7 summarises the most important results and presents an
outlook on future research topics.
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This chapter introduces the concept of electromagnetic, in particular optical, metamaterials, composite media with structural elements on a scale much smaller than the operating
wavelength. These man-made materials allow unprecedented control over the flow of electromagnetic radiation and can lead to wave phenomena not observed in nature.
In order to correctly describe and characterise the properties of metamaterials, Maxwell’s
equations and the dynamic interaction with matter are discussed in sections 2.1 and 2.2.
Free electrons in metals lead to a particularly strong interaction with light at near-infrared
and optical frequencies due to the excitation of surface plasmons at metal–dielectric interfaces, described in sections 2.3 and 2.4. Surface plasmon excitations are one of the reasons
why metamaterial designs at the nanoscale often incorporate patterned metallic elements.
The principle of homogenisation provides a convenient and efficient way to describe metamaterials in terms of effective optical parameters, for example the effective refractive
index. These parameters can be extracted from experiment and simulation using the socalled S-parameter retrieval method, a tool that has been successfully applied to many
metamaterial structures. In addition to introducing the parameter retrieval, section 2.5
presents the characterisation of two pioneering electromagnetic metamaterials, the wiremesh medium and the split ring resonator medium.
The combination of these two composite media in a single metamaterial results in one of
the most extraordinary applications of metamaterials in the form of negative refractive
index (NRI) materials, as discussed in section 2.6. The double-fishnet structure, a NRI
metamaterial that operates at optical frequencies, is introduced in section 2.7. All results
presented in this thesis relate to work on the double fishnet, but equally apply to gainenhanced nanoplasmonic metamaterials in general. A discussion of losses arising from
dissipation of energy in the metallic constituents follows in section 2.8. Finally, methods to
improve on the loss performance of metamaterials are presented in section 2.9, concluding
with the promising scheme of loss compensation via optical gain.

2.1 Electromagnetic fields in media: Maxwell’s equations
In classical electromagnetism, Maxwell’s equations determine the temporal evolution of
electric and magnetic fields in the presence of charges and currents. They are applicable
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to a wide range of phenomena, from the interaction of light with quantum emitters at
the smallest scale, to the guiding of waves in media at the scale of the wavelength and
the description of wave propagation through space at the largest scale of the universe.
Despite having been formulated over 150 years ago [51], Maxwell’s equations are still open
to new discoveries, much so because of the experimental realisation of ever smaller electromagnetically resonant structures in recent years, opening up new avenues for theoretical
studies, too. In the context of the present work, Maxwell’s equations allow a description
and modelling of nanoplasmonic metamaterials by correctly treating the local response of
the individual materials that make up the metamaterial’s functional building blocks.
The dynamics of the electric field E(r, t) and magnetic induction B(r, t) are described by
the set of equations [52]
∇·D=ρ,
∂D
=J,
∂t
∂B
∇×E+
=0,
∂t
∇·B=0.

∇×H−

(2.1a)
(2.1b)
(2.1c)
(2.1d)

These equations constitute Maxwell’s equations in SI units in their macroscopic form –
macroscopic in the sense that a spatial averaging of the microscopic fields, currents and
charges has been performed. Thus, the two macroscopic fields, the electric displacement
field D(r,t) and the magnetic field H(r, t), are connected to the net charge density ρ(r, t)
and the injected current density J(r, t). The spatial averaging is based on the representation of atoms and molecules in terms of a homogeneous medium and is performed over a
volume that is small in comparison to the variation of the fields but large in comparison to
the size of the atoms and molecules constituting the medium. This puts the length scale
over which this averaging is performed on the order of several nanometer for most media
([52, p. 249]: 10 nm). While the homogenisation simplifies Maxwell’s equations, in particular in the absence of net charges (ρ(r, t) = 0) and injected currents (J(r, t) = 0), it breaks
the closedness of the equations, which in their macroscopic form require constitutive relations D[E, B] and H[E, B], connecting the macroscopic and averaged microscopic fields.
These relations describe how charges and currents locally respond to the electromagnetic
fields, giving rise to polarisation and magnetisation in the medium. The constitutive relations of a specific medium have to be deduced either from theoretical solid state physics
considerations or modelled to experimentally observed responses. This will be further
discussed in the next section.
In its most generic form, the dependence of the macroscopic fields on their microscopic
counterparts is frequency dispersive, nonlinear and spatially nonlocal. Assuming a non22
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magnetic medium whose response is dominated by electric dipole contributions, the constitutive relations can be expressed as
D = ε0 ε b E + P ,
1
H=
B,
µ0

(2.2a)
(2.2b)

with the dynamic polarisation density P(r, t), the vacuum permittivity ε0 and vacuum
permeability µ0 . Here, the static background permittivity εb comprises the non-resonant,
linear and isotropic part of the polarisation response and is usually referred to as dielectric
constant. The constitutive relations D[E, B] and H[E, B] have thus been reshaped into
a functional dependence in terms of the polarisation density on the electric field P[E]
(cross-coupling is excluded here). If it is assumed that no net charge (ρ = 0) and injected
currents (J = 0) are present, it is generally sufficient to consider the curl equations in
(2.1), which inherently obey the divergence equations. By inserting equations (2.2) into
Maxwell’s curl equations (2.1b) and (2.1c), the two coupled equations
∂E
∂P
=∇×H−
,
∂t
∂t
∂H
µ0
= −∇ × E
∂t

ε0 εb

(2.3a)
(2.3b)

are retrieved. These equations govern the spatial and temporal evolution of electromagnetic fields in interaction with polarisable media and form the basis of this work.
The dynamics of the fields and the media polarisation are calculated numerically using a
finite-difference time-domain (FDTD) method, explained in more detail in chapter A of
the appendix.

2.2 Dispersive response models
In the case of isotropic, local and linear coupling, the dynamic polarisation response to
the electric field P[E] takes the form P(ω) = ε0 χ(ω)E(ω), where the susceptibility χ(ω)
denotes the frequency-dispersive (ω dependent), linear connection to the electric field.
In general, the susceptibility can take any frequency dependence, however, several basic
response models can be expressed by the complex pole equation
χ(ω) =

d
,
(c − ibω − aω 2 )

where the coupling strength is given by d/a, the pole frequency by

(2.4)
p

c/a and the relaxation

constant by b/a. The motive for its introduction will become clearer later in the section.
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As an example, the well known Drude response of free electrons is recovered with a = 1,
b = γ, c = 0, d = ωp2 and εb = 1. Then, the time derivative of the polarisation equals
the local electric current induced by the external field. The Drude model is a theoretical
solid state model based on kinetic theory. It assumes non-interacting, point-like electrons
that move freely but are subject to a phenomenological relaxation rate γ that results
from independent collision events (e.g., with phonons, electrons, lattice ions, etc.). The
model defines the plasma frequency ωp , ωp2 = N e2 / (ε0 m? ), in terms of the density of
conduction electrons N , their electric charge e and effective mass m? . Corrections from
the band-structure of matter are incorporated in the effective mass m? , which generally
differs from the electron mass me . The model correctly describes many of the properties
of a large number of metals over a wide frequency range, however, at optical frequencies,
its predictions are often incorrect because of the presence of interband transitions. As
will be shown in the next section, a good fit to experimental data is nonetheless possible
by adapting the model’s parameters and also supplementing further resonant response
equations.
One such response model, also described by the pole equation (2.4), is the Lorentz model
for the resonant excitation of bound electrons, where a = 1, b = 2Γ, c = ω02 and d = ∆εω02 .
Here, ω0 represents the resonance frequency, Γ its half-width and ∆ε is the coupling
strength to the electric field.
Equation (2.4) transforms into a linear differential equation for the time-dependent polarisation density driven by the electric field
a

∂2P
∂P
+b
+ cP = ε0 dE .
2
∂t
∂t

(2.5)

In this form, the polarisation response can be integrated into the computational FDTD
method as an auxiliary differential equation and allows the superposition of multiple basic
responses, P[E] =

P

l

Pl [E] [40]. Resulting from this superposition of polarisation densities

is a combined susceptibility χ(ω) =

P

l

χl (ω), which is the sum of the individual responses,

and together with the background permittivity εb , it defines the macroscopic permittivity
ε(ω) = εb (ω) + χ(ω) = εb (ω) +

X

χl (ω) ,

(2.6)

l

quantifying the isotropic, linear response of a given material to the electric field.

2.3 Plasmons on the surface of metals
The excitation of free electrons at metal surfaces leads to a particularly remarkable interaction of light with matter. Confined to the surface of the metal, electrons collectively
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Figure 2.1: Schematic representation of the electromagnetic fields associated with
plasmons on metallic surfaces. (a) Electric fields of the surface plasmon polariton
(SPP) on a flat metal surface and (b) dipolar fields of the localised surface plasmon
(LSP) on a small metal nanoparticle. + and − represent regions of lowered and
increased free electron density, respectively. (c) Dispersion relation of SPPs on a flat
metal surface with the plasma frequency ωp , the surface plasmon frequency ωs and
the light line (dotted line).
interact with electromagnetic fields and form surface plasmons (SP), combined electron–
field oscillations whose amplitude decays exponentially away from the interface into both
the metal and the dielectric [53]. SPs are tightly bound to the interface and exhibit very
high electric fields in the dielectric part at the surface of the metal. Metallic nanostructures
are efficient scatterers of light due to the excitation of surface plasmons and constitute very
useful components in composite media, a property that will be discussed in more detail
later. The enhanced electric fields at the surface lead to a high sensitivity of SPs to surface
conditions, such as the dielectric environment or the geometry of the interface [15]. This
makes SPs very potent candidates for sensing devices. Furthermore, from the increased
electric fields follows an enhancement in physical processes that nonlinearly depend on the
field strength, such as Raman scattering, harmonic generation, etc. [53].
Surface plasmons can propagate along flat metal–dielectric interfaces with propagation
lengths of up to several hundred microns. Figure 2.1(a) shows a schematic representation
of the net charge distribution and electric fields of the propagating surface plasmon, also
called surface plasmon polariton (SPP). From Maxwell’s equations, it follows that SPPs
at the interface between two media, characterised by the permittivities ε1 = ε1 (ω) and
ε2 = ε2 (ω), obey the dispersion relation [53]
ω
q(ω) =
c0

r

ε1 ε2
,
ε1 + ε2

(2.7)
25

2 Metamaterials and Plasmonic Nanostructures
where c0 is the speed of light in vacuum. A necessary condition for the existence of surface
plasmons is that one of the materials is described by a negative permittivity ε1 = − |ε1 |,
thus allowing for the excitation to be pinned to the interface. This is the case for metals
below the plasma frequency, which, as discussed above, can most often be approximated
by the Drude response of free electrons ε1 = εm (ω) = 1 − ωp2 /ω 2 (here neglecting losses,
γ = 0). The SP resonance frequency follows from the non-retarded SP condition ε1 +ε2 = 0
of equation (2.7). This condition is valid for phase velocities much smaller than the speed
of light in free space, i.e., ω/q  c0 .
Assuming a flat interface between a metal described by the Drude response ε1 = εm (ω)
and free
space ε2 = 1, equation (2.7) can be solved analytically and leads to ω 2 = ωp2 /2 +
q

c20 q 2 −

ωp4 /4 + c40 q 4 for the SPP branch of the dispersion equation, represented in figure

2.1(c) by the thick black line [53]. At small wavevectors, the SPP dispersion closely
follows the light line ω = c0 q and, with increasing wavevector and frequency, drops below
it. The SPP dispersion stays below the light line and approaches the surface plasmon
√
frequency ωs = ωp / 2 in the limit q → ∞, where the non-retarded surface plasmon
condition holds. The dispersion of propagating modes inside the metal is described by a
similar equation (exchanging the minus sign in front of the square root with a plus sign).
These bulk plasmon modes describe the collective oscillation of the free electron gas as
a whole. In the frequency range between the surface plasmon resonance and the plasma
resonance, propagation of electromagnetic waves is not supported and any excitation dies
away quickly.
Propagating plasmonic waves on the surface of metals can only be excited if both frequency
and wavevector are matched to incoming radiation. According to above discussion, the
excitation of SPPs on a flat interface with free-space radiation is not possible because the
light line never crosses the SPP dispersion and the wavevector is thus always mismatched.
However, a coupling is nonetheless possible at surface inhomogeneities or using specific
matching configurations (for example high permittivity dielectric prisms) [53]. Examples
of surface inhomogeneities include individual bumps and troughs on the flat surface or
regular patterns of those, presenting a diffraction grating for both SPPs and incoming
free-space waves.
Curved interface geometries strongly impact on the surface plasmon dispersion and lead
to non-propagating surface modes with a spectrum of discrete frequencies. These localised surface plasmons (LSP) present a different type of excitation to the SPP because
of the dispersionless, discrete complex frequencies at which they resonate. Consequently,
wavevector matching is not required to excite these resonances. For a small metallic sphere
in vacuum, the discrete frequencies can be calculated in quasistatic approximation and are
p

ωl = ωp l/ (2l + 1) [53]. The dipolar resonance (l = 1), shown in figure 2.1(b), dominates for very small particles. For the equation to be approximately valid, retardation
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Figure 2.2: (a) Surface plasmon polariton dispersion in the metal–dielectric–metal
waveguide shown in (b) with p = 280 nm (see text for details on p). The even SPP is
given by a blue dashed line, the odd SPP by a red dash-dotted line and the gap-SPP by
a black solid line. For the linear approximation of the gap-SPP at low frequencies, see
[55]. (b) Five layers plasmonic waveguide structure with SPP propagation direction
perpendicular to the layer stack. Also given are the normalised transverse electric
field strengths Ex for all three SPP modes at kz ≈ 1.24π/p.
effects need to be negligible, which is the case for particles that are much smaller than
the free-space wavelength λl = 2πc0 /ωl connected to the discrete LSP frequencies. As the
limiting case for large l, the surface plasma frequency ωs of the flat interface configuration
is recovered.
Surface plasmons on multiple interfaces can interact and hybridise into a new set of modes
[54]. This leads, for example, to the formation of two distinct SPP modes on a thin metal
film when its thickness is of the order of the skin depth δ ∼ 10 nm [53]. Then, the otherwise
degenerate SPP modes on opposite sides of the film hybridise into a symmetric and an
asymmetric SPP, distinguished by their field overlap with the metal (the symmetry refers
to the transverse electric field component, which is perpendicular to the film). The modes’
propagation losses can differ greatly due to the difference in confinement to the metal–
dielectric interfaces, leading to their designation as short-range for the asymmetric and
long-range SPP for the symmetric mode.
Likewise, if two flat metal films are brought close to each other (closer than the SPP
attenuation length in the dielectric, which is of the order of several hundred nanometers
[15]), a hybridised SPP supermode forms with strong fields in the spacer region between
the films (see figure 2.2(b)). Due to the strong confinement of this gap surface plasmon
polariton (gap-SPP), its wavevector kz at equal frequencies is larger than those of the
even and odd SPPs of the plasmonic waveguide shown in figure 2.2(b). This characteristic
is highlighted by the much smaller slope of the gap-SPP dispersion in figure 2.2(a). At
low frequencies, the gap-SPP dispersion can be approximated linearly and in the given
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Drude (D)

non-resonant
permittivity εb
1.17152

plasma frequency
ωD (rad s−1 )
1.39604 · 1016

relaxation rate
γD (s−1 )
12.6126

Lorentzian (L1)
Lorentzian (L2)

resonance
strength ∆εL
2.23994
0.222651

resonance frequency
ωL (rad s−1 )
8.25718 · 1015
3.05707 · 1015

resonance half-width
γL (s−1 )
1.95614 · 1014
8.52675 · 1014

Table 2.1: Parameters of the permittivity model for thin silver films taken from the
supplementary information of [56]. The response, a superposition of one Drude (D)
and two Lorentzian resonances (L1, L2), is represented in time-domain by a set of
three equations each based on equation (2.5).
example has an effective index of ~2.15 [55], a value that is larger than the refractive
index of the spacer layer (n = 1.62). The gap-SPP will prove an important element of
the double-fishnet metamaterial, discussed in more detail later in this chapter. There, the
in-plane periodicity p of the double fishnet will also be discussed.

2.4 Time domain description of surface plasmons
In the previous section, the interaction between electromagnetic waves and electrons on the
surface of metals was discussed in terms of a quasiparticle, the surface plasmon polariton.
In a computational time domain description of plasmonic effects, it is essential to capture
the optical properties of SPPs in order to correctly predict the overall, effective response of
nanoplasmonic metamaterials. Remarkably, dispersive material models that approximate
the local response of electrons in metals to electromagnetic fields naturally entail the
emergence of SPP fields at the metal–dielectric interfaces. Rather than explicitly treating
SPPs as quasiparticles, their physical origin in terms of the electronic response to optical
fields is taken into account. As we have seen in section 2.2, dispersive models that can be
formulated as the sum of pole equations (see equation (2.4)) simply translate into temporal
differential equations (2.5) that can be solved concurrently with Maxwell’s equations. Each
differential equation determines the evolution of a polarisation density whose combined
effect describes the local response in terms of polarisation currents.
Generally, the Drude model presents an acceptable approximation to the dispersion of
metals in the visible and near infrared regimes. However, a realistic description requires
a response beyond this simple model, which can be accomplished by overlaying further
resonant responses. The adopted model adds two Lorentzian resonances (L1, L2) to the
Drude response (D) to locally create a collective response that approximates experiment28
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Figure 2.3: Real (a) and imaginary (b) parts of the permittivity of silver in the
wavelength range 300 − 800 nm. The numerical model (black line) described by a
Drude and two Lorentzian resonances, with parameters given in table 2.1, fits well to
experimental results (blue circles) from thin-film measurements [57]. A simple Drude
model (red dashed lines) shows disagreement in the imaginary part of the permittivity.
ally measured thin-film data within the wavelength range λ = 300 − 800 nm (see supplementary information of [56]). In this approach, the electric field E(r, t) dynamically drives
three polarisation densities Pi (r, t), each represented by a separate differential equation
of the type (2.5) with parameters as listed in table 2.1.
Figure 2.3 compares the adopted response model to experimental thin-film data [57] and
a simple Drude response with parameters εb = 4, ωp = 1.39 · 1016 s−1 and γ = 31.4 ps−1
(The parameters are similar to those given in [57], however, a non-unity static permittivity
εb 6= 1 is introduced to account for interband transitions). Good agreement between the
dispersion of the two models and experimental data is observed in the real part of the
permittivity. This is not true for the imaginary part, where the simple Drude model (red
dashed line) predicts smaller values than found in experiment at these wavelengths. It has
been shown that the use of the extended Drude model, chosen here, enables the accurate
determination of experimentally measured LSP resonances on single silver nanocubes using
FDTD numerical calculations [56].

2.5 Metamaterials and their ability to control the flow of
light
Electromagnetic metamaterials are composite media with structural elements patterned
on a subwavelength scale [6]. Due to the subwavelength nature of their structure, these
materials appear effectively homogeneous to impinging radiation and, hence, their electromagnetic response can be most conveniently expressed in terms of effective parameters,
such as the effective refractive index. Effective parameters are the result of assuming a
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homogenisation procedure, achieved by averaging of the local fields [58], and characterise
metamaterials much in the same way as the refractive index does for dielectric media. As
a consequence, metamaterials can be regarded as artificial dielectrics, whose response is
determined not only by the constituent materials but also by how these are arranged on
the subwavelength scale [2, 59]. Most important, metamaterials based on non-magnetic
constituents can show artificial magnetism [3]. Altering geometrical features offers the potential to design the electromagnetic response of metamaterials and allows, for example,
tuning of the effective refractive index. Hence, gradients of the effective electromagnetic
parameters on the scale of the operating wavelength can be realised with metamaterials. This prospect has recently led to an increased interest in transformation optics [11],
a theoretical approach that aims to control the flow of light using permittivity and/or
permeability gradients.
Transformation optics simplifies the design of gradient structures by making use of the
invariance of Maxwell’s equations under coordinate transformations to map desired distortions in the flow of light onto required changes in the local permittivity and permeability
[11]. A graphic implementation of transformation optics concepts lies in the realisation
of an electromagnetic cloak, which guides light of a given frequency (or frequency band)
around a scattering object without measurable impact on the propagation of a probing
plane wave [11]. In its most general form, the cloak requires permittivity and permeability
tensors whose tensor components depend on position. Using metamaterials it is possible
to realise the required local electromagnetic properties and thus experimentally set up the
proposed cloak [12].
Further extraordinary applications, made possible by metamaterials, are the ‘perfect lens’
[9], which holds the promise of limitless resolution, and the storage of light in the ‘trapped
rainbow’ scheme [10]. These two examples rely on the potential of metamaterials to exhibit
a negative refractive index, a property that has not been observed in naturally occurring
media. In section 2.6, the requirements and implications of a negative refractive index are
discussed along with its realisation in electromagnetic metamaterials. Additionally, the
two above-mentioned applications are considered in more detail.
Electromagnetic metamaterials are often based on metallic constituents. This is because
the structural features of metamaterials are required to be on a subwavelength scale and,
consequently, individual inclusions need to strongly interact with electromagnetic radiation. Metallic structures have large scattering cross sections in comparison to dielectric
scatterers: at optical and near-infrared frequencies, this is due to the excitation of surface
plasmons at metal–dielectric interfaces, as seen in section 2.3. At lower frequencies, on
the other hand, the interaction is of a different nature; induced currents that flow within
metallic wires lead to an inherently inductive feedback, while gaps between metal surfaces
result in a capacitive response [58], allowing for the realisation of inductive–capacitive
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loops. Metallic inclusions thus represent an ideal basis for electromagnetic metamaterials.
Two prominent examples of electromagnetic, metal-based metamaterials, originally proposed for use in the microwave regime, are highlighted in the following subsections. The
wire-mesh medium can be described in terms of an effective permittivity, which is characterised by the Drude model with an effective plasma frequency that is dependent on
geometric parameters and that is thus tunable [1]. Likewise, a strong magnetic resonant
response in terms of an effective permeability, even attaining negative values, is predicted
for a medium consisting of capacitively loaded rings in the form of split ring resonators
[3]. In addition to discussing the effective response of these two metamaterials in sections
2.5.1 and 2.5.2, a method to retrieve the effective parameters of any given metamaterial
from its scattering parameters (S-parameters) [60] is discussed in section 2.5.3.

2.5.1 Effective electric metamaterials
Surface plasmons on metal–dielectric interfaces are the origin of the strong interaction
between nanostructured metallic composite media and electromagnetic waves at optical
and near-infrared frequencies. However, when the exciting frequency is part of the microwave spectral region, the response of metals to impinging radiation dramatically changes.
There, the electromagnetic properties of the metal are dominated by the in-phase response
of the electrons, expressed in terms of the Drude permittivity by a collision rate γ that is
much larger than the operating frequency ω, γ  ω. As a consequence, metals behave more
like perfect conductors in the microwave regime with waves barely penetrating the surface.
In 1996, Pendry et al. [1] thus wondered if plasmonic effects could be transferred to the
microwave spectrum, while mitigating the impact of dissipation. Indeed, they found that
a quadratic array of equidistant, parallel wires, infinitely extended in the third dimension,
would act as a plasmonic effective medium if the correct geometric parameters were chosen
(see figure 2.4).1 For transverse-electromagnetic wave propagation with the wavevector in
the plane of the wires and the electric field polarised along the wires, the permittivity of
this wire-mesh (WM) medium can once more be described by the Drude model, however,
with an effective plasma frequency ωp,eff and collision rate γeff . Two physical effects can
be distinguished: due to the confinement of the electrons to the wires, an effective density
of free electrons Neff = N πr2 /a2 is found, where the intrinsic electron density N must
be multiplied by the area occupied by the wires πr2 per cell area a2 . Additionally, the
effective mass of the electrons drastically increases because of self-inductance within the
wire structure. From quasistatic calculations, the effective mass of the electrons in the
thin wires can be determined and is given by meff = 0.5µ0 N e2 r2 ln (a/r), demonstrating a
1

Patterned metallic surfaces have been shown to support so-called spoof surface plasmon polaritons at
microwave frequencies. These patterned surfaces constitute effective interfaces, much like the wire-mesh
structure is an effective medium.

31

2 Metamaterials and Plasmonic Nanostructures
(a)

(b)
Effective permittivity

2r

E
k
H

a

ωp,eff

Frequency

a

Figure 2.4: (a) Schematic of the wire-mesh medium with cell size a and wire radius
r. (b) Resulting permittivity with the effective plasma frequency ωp,eff .
logarithmic divergence with decreasing wire radius r. Taken together, the effective plasma
frequency of the wire medium ωp,eff is equal to [1]
2
ωp,eff
=

2πc20
a2 ln (a/r)

(2.8)

2 / πr 2 σ
and the dissipative rate scales as γeff = ε0 a2 ωp,eff
dc with the metal’s constant



dc conductivity σdc . For a wire array of r = 1 µm and a = 5 mm, an effective plasma
frequency fp,eff = ωp,eff / (2π) ≈ 8.2 GHz is predicted with γp,eff = 0.1 ωp,eff for aluminium
wires and thus a stable plasmonic resonance in the microwave regime [1]. Associated with
the plasma frequency is a wavelength of about 7 times the cell size a, which justifies the
use of effective parameters, and with the wire radius r much smaller than a, the quasistatic
limit is also a good approximation.
It should be noted that the wire medium, presented here, is spatially dispersive for out
of plane incidence and also transparent for electric field polarisations perpendicular to
the wires. Introducing wire arrays in the two remaining dimensions leads to an isotropic
response of the resulting wire-mesh medium if the wires are interconnected [1].
Using the wire-mesh medium, it is possible to engineer the response of metals such that
a plasmonic response results at a desired frequency. The concept is not restricted to the
microwave regime and is now actively being used in the design of near infrared and optical
structures, as shown later in section 2.7. The ability to tune the effective plasma frequency
allows for the matching of a structure’s impedance to free-space waves. This is essential to
the performance of metamaterials, in particular NRI media [8]. Note, however, that in the
optical regime, equation (2.8) is not directly applicable because the wire radius approaches
the skin depth of electromagnetic fields and additionally the wire radius is often not much
smaller than the cell size any more. Consequently, the response cannot be predicted in
quasistatic approximation but has to be calculated taking into account retardation and
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coupling effects, for example, by numerically solving Maxwell’s equations. Nevertheless,
the basic concept of an effective plasma frequency underlying the homogenised response
of the wire-mesh medium holds in the optical regime.

2.5.2 Effective magnetic metamaterials
From equations (2.3) one might assume that by excluding an explicit magnetisation density from Maxwell’s equations on the macroscopic scale, no magnetic response would be
possible at all. However, this is not true in metamaterials, where the inductive nature of
metals allows for current loops to interact with the magnetic field and lead to a strong
effective magnetic response, in particular if the loop is capacitively loaded. The initial
design for such a composite structure built from inductive–capacitive inclusions was composed of cells containing pairs of concentric split ring resonators (SRR) [3]. Split ring
resonators are open metallic rings (thin rings with a cut) and in the concentric design
with gaps on opposite sides, they are capacitively connected along the whole circumference (see figure 2.5). A time-varying magnetic field induces a current flow inside the rings,
thus also leading to high displacement currents between the rings. The SRR medium’s
effective response to a magnetic field polarised perpendicularly to a large stack of closely
spaced SRR layers, i.e., in the solenoid approximation of figure 2.5(b), can be described
in terms of an effective permeability by [3]
µeff (ω) = 1 −

F ω2
,
ω 2 − ω02 + iγω

(2.9)

with the percentage area F = πr2 /a2 encircled by the rings in a cell (see figure 2.5(a)). The
√
resonance frequency is given by ω0 = 1/ LC and the damping rate by γ = R/L. These
definitions of the resonance frequency and damping rate result from the interpretation
of the SRR as an inductive–capacitive (LC) resonator with Ohmic losses R, where the
electrons are confined to the metallic rings, resulting in a self-inductance L, and where
the gap between the rings leads to a capacitance C. Values of L and C depend on the
geometric sizes and design of the structure and can be found in the literature [3, 59].
For the specific design of two concentric rings, the resonance frequency is given by ω02 =
3lc20 / πr3 ln (2c/d) [3], with the ring radius r, the wire diameter c, the gap size d between


the rings and the distance l between SRR layers (see figures 2.5(a) and (b)).
In correspondence to the definition of an electric plasma frequency in the Drude model,
denoting the frequency at which the permittivity changes sign (when dissipative losses
can be neglected), a magnetic plasma frequency can be defined for the SRR medium
2 = ω 2 / (1 − F ). An array of SRRs thus shows a resonant behaviour
and is given by ωmp
0

described by a Lorentz-like response for the effective permeability with negative values in
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Figure 2.5: (a) Schematic of split ring resonators in a square array with lattice
spacing a and dimensions r, c and d defined in the text. (b) Solenoid approximation of
stacked split ring resonators with layer distance l. (c) Resulting effective permeability
with the magnetic resonance frequency ω0 and the magnetic plasma frequency ωmp .
the frequency region between ω0 and ωmp (for negligible losses), as shown in figure 2.5(c).
The SRR design was originally proposed for microwave frequencies and it was found that
while it is possible to reduce the physical size of the SRR structure [4] for operation at
near-infrared and optical frequencies, the magnetic resonance gets weaker and its frequency
saturates, no longer scaling as expected from the simple LC model [61]. This is due to
an inductance-like term stemming from the imaginary part of the conductivity, which can
be interpreted as a kinetic inductance Lk and adds to the total self-inductance L. In
comparison to the geometric self-inductance, it scales as Lk /L ∼ λ2p /c2 and dominates the
response for nanoscopically thin wires (c < λp = 2πc0 /ωp ∼ 100 nm for most noble metals).
As a result, the resonance frequency saturates and the strength of the magnetic response
reduces quadratically with the wire diameter 1 − µeff ∼ c2 /λ2p . Because of increased
dissipative losses at optical frequencies, the resonance also broadens.
Other designs have since been suggested, most notably the staple structure [62] and the
paired-nanorod structure [16], which pave the way towards metamaterials with strong
magnetic response at optical frequencies. Before discussing the properties of metamaterials
with combined electric and magnetic response, let us briefly consider the extraction of
effective parameters from simulation and experiment.

2.5.3 Extraction of effective parameters
In the presented work, effective material parameters are extracted from computational calculations using the S-parameter retrieval method [60, 63]. For clarity, effective parameters
determined using this method will also be denoted retrieved parameters or retrieved effective parameters. Discussions will mainly build on the retrieved effective refractive index
neff , however, in addition to this parameter, the method yields the effective impedance
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zeff , permittivity εeff and permeability µeff . It has been shown in a large number of publications that the S-parameter retrieval results in practically relevant optical parameters
[4, 17, 18, 62, 64]. Nevertheless, a discussion of the resulting retrieved effective parameters
and their physical interpretation is appropriate. Technical aspects of the retrieval method
are summarised in section B.2.
The S-parameter retrieval method relates a slab of metamaterial with a homogeneous
dielectric of the same thickness by setting their reflection and transmission properties
equal [60]. Often the thickness of the metamaterial is chosen to be one cell (containing
one resonant inclusion), with the notion that the retrieved parameters for a finite number
of cells correspond to those of an infinite structure. This is strictly true only for Bloch
lattices [65], which are defined by the two properties that cells interact only via the lowestorder Bloch wave and additionally that the polarisability in each cell is not influenced by
the presence of other cells. In most metamaterial designs, the second requirement is
not fully met, but it was found that the retrieved effective parameters often converge
for a finite number of cells despite near-field coupling (see, e.g., [66]). Correspondingly,
effective parameters retrieved from a finite number of cells, even from one cell, convey
relevant information on the effective response of the considered metamaterial.
Effective parameters extracted using the S-parameters retrieval method have recently been
connected [63, 67] to an analytic homogenisation method, originally proposed in [3] and
further detailed in [58]. The analytic method averages the fields over lines and surfaces
of a cubic cell leading to a discrete representation of Maxwell’s equations for the averaged
fields. From these averaged fields, homogenised effective parameters for the permittivity
ε̄ and permeability µ̄ can be defined. For the homogenisation to retrieve local effective
parameters, the cell size a needs to be much smaller than the wavelength, a  λ = 2πc0 /ω,
so that impinging radiation is unable to detect the internal subwavelength structure of the
cells [3]. It was shown that the retrieved effective material parameters εeff and µeff can be
approximately connected to ε̄ and µ̄ using [67]
θ/2
cos−Sb (θ/2) ,
sin (θ/2)
θ/2
= µ̄
cosSb (θ/2) ,
sin (θ/2)

εeff = ε̄

(2.10a)

µeff

(2.10b)

with the phase advance over the cell θ = ka = (ωneff /c0 ) a, the effective refractive index
√
neff = εeff µeff and a sign-value Sb , which will be explained in the next paragraph. Evidently, the retrieved effective parameters closely match the homogenised ones if the phase
advance is small, which is the case for cell sizes that are much shorter than the reduced
effective wavelength λint / (2π) = c0 / (ωneff ) inside the metamaterial. This requirement is
much stricter than above-mentioned a  λ, because the effective refractive index can take
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on large values, shortening the internal wavelength. If this latter condition is not met,
the internal periodicity of the metamaterial, expressed in its cell size a, impacts on the
retrieved effective parameters, resulting in spatial dispersion. Equations (2.10) predict a
particularly drastic impact on the retrieved effective parameters when the phase advance
is equal to ±π with either εeff or µeff diverging, depending on the sign of Sb . Physically
sound effective parameters can only be retrieved if spatial dispersion is small.
Let us quickly discuss the sign value Sb . The effective impedance, which forms an important part of the derivation of equations (2.10), cannot be defined unambiguously in
the presence of spatial dispersion, as its value then varies along the unit cell. However,
two limiting cases can be identified, characterised by an electromagnetic response of the
cell that is either predominantly electric or magnetic. Under either of these conditions,
it is possible to approximate the effective impedance and derive equations (2.10). The
sign-value Sb in the equations represents the two limits: if the cell response is predominantly electric (magnetic), it follows that Sb = 1 (Sb = −1) [67]. A predominantly electric
response, for example, is characterised by the electric field being approximately uniform
across the cell.
Assuming basic response functions for the homogenised permittivity and permeability, ε̄
and µ̄, Liu et al. [67] were able to analytically reproduce retrieved effective parameters with
high accuracy using above equations. This is particularly important because it suggests
that the effects of spatial dispersion in the retrieved parameters can be approximately
accounted for and that, with an inversion of the equations, dispersion-corrected effective
parameters can be calculated from the retrieved parameters. It was suggested that this
procedure can be used for the rapid design of metamaterials by fitting response models,
such as the ones described by equation (2.4), to the homogenised effective parameters and
optimising structural properties based on desired characteristics of the response [63]. In
chapter 4, equations (2.10) will be used to calculate approximate values for the dispersioncorrected retrieved permittivity and permeability.
Manifestations of the presence of spatial dispersion in the S-parameter retrieval method
can be found in the literature, but have sometimes not been correctly identified as such
(see, e.g., [4, 64, 68, 69]). Two effects should be highlighted: first, if spatial dispersion is
strong (a phase advance θ that is larger than π), then the wavevector k will be limited
to values at the Brillouin zone boundary of the cell kBZ = ±π/a, which is dictated by
the intrinsic periodicity of the metamaterial. As k = ωneff /c0 , it follows that the retrieved refractive index neff must necessarily be restricted to values between ±πc0 / (ωa).
If θ > π, the retrieved effective parameters lose their physical meaning because the cell
size a is no longer much shorter than the reduced internal wavelength and homogenisation is not valid any more. Second, passivity dictates that the imaginary parts of the
permittivity and permeability are always positive [65]. However, retrieved parameters
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can show a resonance–anti-resonance feature, which is characterised by the permittivity
(permeability) exhibiting an anti-resonance with negative imaginary part when the permeability (permittivity) is resonant with a positive imaginary part [70]. The work of Liu
et al. [67] clearly demonstrates that this effect is caused by spatial dispersion. As the
resonance–anti-resonance feature generally coincides with a phase advance larger than π,
the retrieved effective parameters have no physical meaning there. The two characteristics
can also be observed in the results presented in chapter 4.

2.6 Negative refractive index metamaterials
The discussions in the previous section have shown that metal–dielectric metamaterials,
patterned on a subwavelength scale, can be made to exhibit effective parameters with properties that are very different from those of the constituent materials. This is most obvious
in the effective magnetic response of the split ring resonator medium that is composed of
intrinsically non-magnetic constituent materials. The strong magnetic resonance of the
SRR medium leads to negative real part of the permeability Re(µ) < 0, while a negative
real part of the effective permittivity Re(ε) < 0 is observed in wire-mesh media. These
metamaterials present effective media with modifiable electromagnetic response defined
by geometrical parameters. This naturally leads on to the question if the two structures
can be combined in a single metamaterial and what the electromagnetic properties of such
a medium would be. Let us first discuss the theoretical implications of superimposing the
negative real parts of effective permittivity and permeability.
Expressing the permittivity and permeability2 in Euler notation of complex numbers,
ε = rε eiθ and µ = rµ eiφ , the refractive index can be written as [2]
n=

√

εµ =

√

rε rµ ei(θ+φ)/2 .

(2.11)

Two requirements can be made about the phase of the refractive index

1
2

(θ + φ). First,

passivity of the system, i.e., the ruling out of exponentially increasing fields with time,
dictates a positive imaginary part of the refractive index and thus 0 ≤

1
2

(θ + φ) ≤ π.

By assumption, both permittivity and permeability have negative real parts and therefore
cos (θ) < 0 and cos (φ) < 0, so that, secondly,

π
2

<

1
2

(θ + φ) <

3π
2 .

The two requirements

can only be fulfilled simultaneously if
π
1
3π
< (θ + φ) <
⇐⇒ Re (n) < 0 ,
2
2
2

(2.12)

implying negative real part of the refractive index in such a metamaterial.
2

In the following generic argument, the prefix effective will be dropped.
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In general, the wavelength range of negative refractive index is defined by the condition
Re(ε)Im(µ) + Im(ε)Re(µ) < 0, following from Im(n2 ) < 0 for absorbing metamaterials
[71]. This range is potentially larger than the region in which both permittivity and permeability are smaller than zero due to absorption in the resonant response and therefore
nonzero imaginary parts of the parameters. Imaginary parts are a consequence of frequency dispersion, which is one of the necessary conditions associated with a negative
refractive index. Without dispersion, the requirement of positive energy density inside the
metamaterial could not be met [2].
The potential of creating metamaterials with negative refractive index has far-reaching
theoretical implications [2, 7, 59]. For example, in isotropic NRI metamaterials, the flow
of energy opposes the direction of phase advance, leading to opposite signs of the energy
and phase velocities. Another interesting effect is that Snell’s law predicts the refraction of
light to the same half space at the interface between a dielectric and a NRI metamaterial.
The most prominent concept employing the possibility of negative refractive index is the
‘perfect lens’ [9]. While the resolution of conventional lenses is diffraction-limited to half
the imaging wavelength, the perfect lens in principle enables true imaging without fundamental limit to its resolution using a simple slab configuration. The key to this property
is the exponential increase of evanescent waves within the NRI slab, such that all spatial
frequency components contribute to the formation of the image. The performance of the
perfect lens is dependent on the very strict condition that permittivity and permeability
should be perfectly matched to free space, i.e., ε = −1 and µ = −1, and a sharp degradation of the imaging capability is connected to the deviation of the parameters from
−1 and/or nonzero imaginary parts [2, 59]. A second example is the stopping of light
using the so-called ‘trapped rainbow’ storage scheme [10]. It was shown that the negative energy flow within the NRI core of a slab waveguide structure can counterbalance
the conventional (positive) energy flow within its dielectric cladding. This gives rise to a
zero energy (group) velocity point with its frequency depending on the core thickness and
material parameters. Adiabatic tapering of the waveguide core thus leads to a slow-down
of a wave packet and ultimately to the spatial separation of frequency components along
the taper, i.e., the creation of a (trapped) rainbow. This effect has potential applications
in the storage of light.
Let us return to the initial question of a single metamaterial combining wire meshes and
split ring resonators. This composite metamaterial and its resulting negative refractive
index were first experimentally demonstrated in the microwave regime [13]. By precisely
engineering the resonant responses of the WM and SRR media, it was possible to show
the emergence of a passband in the combined structure. At these frequencies, a stopband
had been observed in the SRR medium alone, consistent with µ < 0, and no propagating
modes had been found in the WM medium, i.e., ε < 0. This passband constitutes the
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NRI regime of the metamaterial. Later, these results were extended to the observation
of negative refraction in a wedge-shape metamaterial prism [14]. To achieve negative
refractive index and negative refraction, two requirements needed to be met: first, the
geometrical parameters of the WM and SRR media had to be chosen correctly, such
that the frequencies at which the real parts of the individual effective parameters were
negative overlapped. Second, the alignment between the resonant elements within the
common unit cell needed to be adjusted carefully, minimising their mutual interaction
and thus preserving the individual ‘negative’ responses. The notion that the combination
of resonant elements from different metamaterials (necessarily) leads to the overlapping
of their separate effective responses is known as the superposition hypothesis [59], and
it should be noted that this hypothesis, while being conceptually powerful, is not valid
in general. If, however, the interaction between the different resonant elements can be
neglected, the superposition hypothesis holds.
Microwave experiments are well suited to fundamental studies of electromagnetic properties because of the relative ease of constructing and handling millimetre-size structures
with high precision and the availability of accurate and varied measurement methods.
However, the most promising fields of application for NRI metamaterials are expected in
the telecommunication and optical frequency regimes [8].
The aforementioned design of a combined WM–SRR metamaterial was successfully miniaturised to the nanometer scale with working frequencies in the near-infrared and optical
regime [5]. However, the performance of these metamaterials was found to be comparatively poor due to the increased losses of the constituent metals. Additionally, as discussed
before, the magnetic resonance frequency saturates for very small SRR diameters because
of the increasing impact of the electrons’ self-inductance at such a small scale, limiting the
smallest inductance achievable and thus the maximum resonance frequency. Consequently,
improved designs were required to truly bring metamaterials with negative effective refractive index to optical frequencies.

2.7 The double-fishnet metamaterial
The most successful structure for achieving a negative refractive index in the visible and
near-infrared frequency regimes is the double-fishnet metamaterial [17, 18]. Figure 2.6
shows the conception of the double fishnet, highlighting how distinct parts of the structure add to lead to both negative effective permittivity and permeability and a resultant
negative refractive index in a finite frequency range.
The wire-mesh medium of figure 2.6(a) constitutes one of the two components that enter
the double-fishnet design. In section 2.5.1, it was shown that the confinement of electrons
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Figure 2.6: Schematic of the double-fishnet design (adapted from [17]). Depicted
are (a) the wire-mesh medium, (b) two paired nanorods and (c) the double-fishnet
metamaterial. Metallic parts are in gold, dielectrics in brown.
to the wires leads to a (polarisation-dependent) effective plasma frequency that can be
tuned by changing geometrical parameters of the structure. By definition, the effective
plasma frequency is linked to the crossover of the permittivity from positive to negative values. Paired nanorods, visualised in figure 2.6(b), present the second component.
Resulting from each paired nanorod is a strong effective magnetic resonance as described
in section 2.5.2 with a restricted frequency range of negative effective permeability. It
has been shown that paired nanorods, arranged in a lattice, support magnetic plasmon
polaritons [72] and, if appropriately placed, exhibit a negative refractive index at telecommunication wavelengths [8, 16]. In the original conception of the double fishnet, the paired
nanorods were derived as a simplified design to staple-like structures [62], which in turn
are closely related to the original split-ring resonator design.
Combining the two, effective electric and magnetic resonant structures, results in the
double-fishnet metamaterial as shown in figure 2.6(c). The optical response of the double
fishnet combines the negative effective permittivity of the wire mesh and the negative
resonant permeability of the paired nanorods and leads to a structure with both effective
parameters and the refractive index being negative. It should again be noted that the
superposition hypothesis is not valid in general [59] and that in consequence the preservation of the negativity of the parameters in the combined structure needs to be determined
anew to ensure the desired optical response.
An alternative explanation of the emergence of the double-fishnet metamaterial’s negative index optical response builds on surface plasmon excitation [73]. According to this
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interpretation, the effective response of the double fishnet is the result of the interplay
between an extraordinary optical transmission (EOT) resonance [74] and the excitation of
a gap-SPP in the spacer region between the two films [55]. Extraordinary optical transmission was measured in experiments on thin metal films with periodic holes [75] (which
could be called a single fishnet) or with individual holes surrounded by grooves (bullseye).
It is characterised by resonant transmission orders of magnitude larger than theoretically
predicted in this configuration of subwavelength apertures. Here, the periodicity leads to
an efficient wavevector matching of the incoming plane wave to plasmons on the surface
of the thin film, which, coupling to an electromagnetic mode of the hole, transport energy
to the other side of the film, where the plasmons couple back to radiation. It was found
that EOT can be associated with an effective plasma frequency in terms of effective parameters and that the effective permittivity of the film changes from negative to positive
values (with increasing frequency) close to the frequency of maximum transmission [76].
As discussed earlier, the gap-SPP is a plasmon mode that is strongly confined to the gap
region between two closely spaced metallic films. It is characterised by a comparatively flat
dispersion (see figure 2.2(a)), which can be approximated linearly over a large wavevector
range. The periodicity p of the holes in the double fishnet enables the wavevector matching
of normally incident light to the gap-SPP dispersion at k = 2π/p (see figure 2.2). However,
the presence of the holes also alters the gap-SPP dispersion, which is then shifted to smaller frequencies. At the same time, the mode profile of the gap-SPP is less strongly confined
to the spacer region. The gap-SPP in the holey metal film structure results in a resonant magnetic character equivalent to that of paired nanorods [72]. The strong magnetic
resonance leads to negative effective permeability in a finite frequency range, and, if the
magnetic resonance is located at frequencies just below that of the EOT resonance, both
the effective permittivity and permeability are below zero and a negative refractive index
is observed. We will return to this interpretation of the double fishnet’s response in term
of SP excitation in the following chapters and it will be shown that, indeed, characteristics
of EOT and the gap-SPP are present in the considered double-fishnet metamaterial.
Building on the analysis of the double fishnet in terms of SPP excitation, a scheme on
how to determine various geometrical parameters to achieve a desired resonant response
was devised [77]. Three different steps were formulated: first, the size of the holes (in
particular the side-length perpendicular to the direction of the electric field vector) sets
the cut-off frequency above which the real part of the permittivity is positive [66]. Second,
the dispersion of the magnetic resonance is determined by the gap-SPP travelling in the
spacer region between the two metal films. The dispersive response of this one dimensional
plasmonic (metal–dielectric–metal) waveguide structure is dependent on the thickness of
the metal layers, the height of the spacer region and its refractive index. Hence, the
response can be engineered by suitably adjusting these parameters. As a third step, the
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periodicity is chosen such that wavevector matching between the incoming plane wave
and the gap-SPP is given at a predefined frequency. While these three steps can be used
as a rough guide to choosing appropriate geometric parameters, it should be emphasised
that individual parameters (hole size, thickness of each layer and periodicity) do not
only affect the property with which they were associated above but are interlinked. For
example, the hole size and aspect ratio also impact on the dispersion of the gap-SPP,
shifting the magnetic resonance frequency. Conversely, changes in the periodicity affect
the cut-off frequency of the effective permittivity, shifting it to smaller frequencies for larger
periodicity. Hence, frequency shifts must be accounted for by fine-tuning the parameters.
Recent theoretical work based on a coupled-mode approach has made use of this interpretation of SPP excitation in the fishnet metamaterial [78]. In the semi-analytical model,
the holes present scattering sites at which energy is transferred between the gap-SPP and
the TE01 modes of the holes and, from this interpretation of the physical processes, it was
possible to accurately determine the effective refractive index of the fishnet metamaterial.
Interestingly, the coupling takes place along chains of holes in one of the in-plane directions
of the structure, e.g., along the x-direction for Ex polarisation, such that a 1D supermode
exists in the orthogonal in-plane direction.
The initial work on the double-layer fishnet at near-infrared frequencies [17, 18] has since
been extended to multiple layers and the demonstration of negative refraction at optical frequencies in a wedge-shaped configuration [19]. There is ongoing research into the
electromagnetic properties and particularly the practical improvement of optical fishnet
metamaterials. In [69], the second-order magnetic resonance (a higher order grating coupling to the gap-SPP) is used to design low-loss multilayer fishnets with optical negative
refractive index in a broad frequency regime. Another interesting example of recent research and evidence of advanced techniques available today is the large scale fabrication
of flexible, multilayer fishnet films operating at optical frequencies [79].
Despite these formidable scientific advancements, performance issues of metamaterials
persist, pertaining to the use of plasmonic structural elements to achieve the required
resonant interaction with the electromagnetic fields. Dissipative losses coming from the
plasmonic constituents of optical metamaterials are discussed in the following section.

2.8 Dissipative losses in nanoplasmonic metamaterials
At near-infrared and optical frequencies, the response of metallic nanostructures is dominated by the collective motion of the free electrons at metal–dielectric interfaces in a layer
of the order of the skin depth δ ≈ 10 nm [15]. Electrons are accelerated by the electric field
and subsequently scatter with each other, phonons in the atomic lattice or defects. These
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processes lead to an intrinsic, temperature-dependent scattering frequency γ, which is of
the order of 3 · 1013 s−1 = 30 ps−1 in the visible regime (here for silver [57]). Note that
this is the phenomenological scattering frequency used in the Drude model, describing the
lossy optical response of metals from microwave to optical frequencies. In chapter 5, the
effective dissipative loss rate in the double-fishnet metamaterial will be shown to be of the
same order of magnitude.
Dividing the scattering frequency by the speed of light gives an approximate value for
the absorption constant α in metals, α ≈ γ/c0 ≈ 1000 cm−1 . This is a lower bound for
dissipative losses, which can be considerably higher if the group velocity of the excited
local oscillation is much smaller than the speed of light, as is for example the case for
localised surface plasmons or the gap-SPP of the double fishnet. Generally, absorption
constants between 103 − 105 cm−1 are expected in nanoplasmonic metamaterials, because
of the strong localisation of surface plasmons [80].
Loss values of this order are prohibitively large for most metamaterial applications [5, 8].
In particular the double-fishnet structure as a negative index metamaterial exhibits low
transmission already for a small number of layers. Yet, for technically viable applications
in negative refraction configurations in which transmission properties are important, many
layers are required. Thus, before metamaterials can develop to their full potential, these
high dissipative losses need to be managed.

2.9 Overcoming dissipative losses and beyond
A number of schemes have been proposed to overcome the high losses in nanoplasmonic
metamaterials and to improve their properties for use in applications. Among these are
the adjustment of geometrical parameters, the use of all dielectric metamaterials, the
substitution of metallic components by other materials and the incorporation of gain
media.
Having observed that geometry and structure play a crucial role in determining the resonant features of nanoplasmonic materials, a simple method to improve their performance
should be given by optimising design parameters. An impact of design on the loss properties of double-fishnet metamaterials [68] and split ring resonators [81] has indeed been
observed and small improvements in the loss performance were achieved. Nonetheless,
intrinsic dissipative losses remained. The results reflect on the quasistatic property that
the dissipative losses of plasmonic excitations are directly associated with the enhanced
local fields at metal–dielectric interfaces [49]. In the quasistatic limit, the effective loss
properties of a structure are dominated by the intrinsic loss properties of the individual
materials rather than their structure, and losses can therefore not be mitigated adequately
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by design considerations.
Recently, it has thus been proposed to improve the intrinsic properties of metals or replace
the metallic components of nanoplasmonic metamaterials by other materials. All-dielectric
metamaterials have been discussed, obviating the need to reduce dissipative losses [82].
The electromagnetic response of these materials most often relies on Mie resonances and
the resonance’s tuning by changing the geometry. Yet, the localisation of light and scattering cross sections are comparatively small for dielectric structures. Achieving a strong
(or even negative) effective magnetic response in the visible regime is extremely difficult
and most often necessitates the use of intrinsically magnetic materials [82].
Losses in superconducting metamaterials have been shown to be a factor of about 6 lower
than in plasmonic metamaterials [83] and the prospect of nonlinear and multistable behaviour, sensitive to magnetic fields and currents, offers the prospect of switchable devices
[36]. Alloying gold with cadmium increases the number of free electrons, leading to a
shift in the spectral response and improved properties in some spectral regions, however,
worsening it in others and, in particular, broadening the SP resonance (an indication of
higher plasmonic losses) [84]. Nonetheless alloys might be the most viable replacement for
gold and silver in the visible regime, surpassing alkali metals, intermetallics and graphene
in their performance [20]. The use of heavily doped semiconductor materials [85] has
additional benefits to improving loss performance as the carrier density and thus the electromagnetic properties can be influenced in situ, but their use is restricted to infrared and
lower frequencies, excluding them from optical metamaterial design. A recent comparison
of the aforementioned materials concludes that “the only reasonably performing metal in
the visible is silver” but that further research in materials is nonetheless desirable because
of the large impact such improvements could have [21].
Finally, it has been suggested that the absorption of light in the perfect lens design can
be offset via optical gain in terms of alternating layers of NRI metamaterial and gain
material [22]. Alternatively, gain material could be used internally as a constituent of a
metamaterial’s building blocks, compensating losses where they occur [8]. In addition to
the compensation of dissipative losses, optical gain can further amplify electromagnetic
fields and allow for the realisation of active, potentially switchable, metamaterials. Due to
the inherent feedback of the plasmonic excitations, coherent emission from gain-enhanced
plasmonic metamaterials could be achievable [27, 29], bringing together light-emitting
metamaterials and nanolasers [25, 26].
In the next chapter, the optical properties of gain materials are reviewed with regards to
their use in nanoplasmonic metamaterials, concentrating mainly on laser dyes, which show
high potential to fulfil the requirements established above. Additionally, the theoretical
description of gain materials in terms of a phenomenological four-level system is discussed.
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The previous chapter concluded with a brief discussion of the potential to compensate
dissipative losses in plasmonic metamaterials via optical gain. Carrying forward this argument, optical gain media and their inclusion into metamaterial structures are examined
in this chapter. For this purpose, section 3.1 compares expected gain coefficients of available gain media to those required for loss compensation in nanoplasmonic metamaterials,
concluding that laser dyes provide high gain values and at the same time can be included
into nanoscopic composite structures with current fabrication techniques. The origin of
gain in fluorescent media is examined in section 3.2 and a mapping of the optical response
to a phenomenological four-level system is discussed.
To be able to understand and describe the quantum mechanical nature of the coupling of
internal electron dynamics and the electric field, the two-level system optical Bloch equations are described and reshaped into equations for real-valued quantities in section 3.3.
From this, section 3.4 derives and discusses the semiclassical Maxwell-Bloch equations for
four-level systems. Using experimentally-determined cross sections, the four-level system
parameters are selected such that a good fit to measured spectral absorption and emission bands is achieved. Finally, two characteristics of the four-level system are explored
in section 3.5: the linear response to low-intensity fields in terms of the refractive index
dispersion and nonlinear saturation of the population inversion during continuous wave
pumping.

3.1 Comparison of optical gain media
In section 2.8, the absorption coefficients of plasmonic excitations in metamaterials were
estimated to be of the order of 103 to 105 cm−1 . When considering loss management
via optical gain in these structures, these numbers present a threshold range, which gain
media have to be checked against. In the visible and near-infrared regime of the spectrum,
a number of gain media are available: from semiconductor quantum wells to quantum dots,
glasses doped with rare earth ions (colour centres) and fluorescent dyes (laser dyes) [80].
Efficient laser dyes, such as Rhodamine 6G, have large emission cross sections and can be
packed densely due to their comparatively small size. Assuming a density of one molecule
per cubic nm (1021 cm−3 ) and an emission cross section of the order of 2.4·10−16 cm2 (here
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for Rhodamine 800 [86]), the estimated gain coefficient reaches values of g ≈ 2.4·105 cm−1 .
This estimate shows that laser dyes could lead to gain coefficients in excess of those
required for loss compensation. Most often, laser dyes are kept in solution and can be
handled efficiently, for example by embedding the molecules in epoxy or polymers and
spin-coating samples. A difficulty arises when considering high-density laser dye composite
structures. Dimerisation of the molecules will cause a broadening of the emission band
and nonradiative quenching and will thus limit the available gain [80]. However, this
effect should be manageable by either conducting short-pulse experiments (shorter than
the fluorescent lifetime) or separating the gain dye molecules inside a host medium to
inhibit dimerisation. Then, gain coefficients of about 104 to 105 cm−1 can be expected [80].
Laser dyes should therefore present a technologically feasible path to loss compensation
in nanoplasmonic metamaterials.
Typical gain values achievable in semiconductor quantum well lasers are of the order of
g ≈ 2000 cm−1 [87] and thus match the estimated threshold value for loss compensation.
An advantage of using semiconductor gain materials lies in the long term stability of these
inorganic structures. Whilst organic dyes photobleach, undergoing structural changes
that prohibit their subsequent use [80], semiconductors are robust to high excitation fields
and chemical changes in the surrounding material. In semiconductor gain materials, the
electrical injection of carriers can replace optical pumping schemes, which could be useful
in future metamaterial applications. However, in comparison to laser dyes, available gain
values are an order of magnitude smaller and the integration of crystalline semiconductor
layers within the subwavelength metallic structures of metamaterials is challenging.
Other optical gain materials that have been or could be employed are quantum dots,
with typical gain coefficients of 80 cm−1 (assuming characteristic molecular densities),
semiconducting polymers with 50 cm−1 and rare earth doped glasses with 1 cm−1 [80].
Yet, none of these enter the threshold gain range.
In conclusion, laser dyes exhibit gain coefficients in excess of those required for loss compensation in nanoplasmonic metamaterials and their ease of integration make them the
most attractive choice of gain material at present. With regards to applications, the integration of semiconductor quantum wells in metamaterial structures is desirable and will
hopefully be achieved in the future.
Before describing laser dyes in more detail in the following sections, another physical process possibly preventing high gain values should be discussed here. Amplified spontaneous
emission can efficiently deplete inversion in particular in situations where the single-path
amplification exp(gl) is extremely high (with l ≈ 0.1 mm being a characteristic pump spot
size of lasers). In dielectric media, high gain can thus only be observed in ultrafast pump–
probe experiments t  1/ (gc) or for very small pump volumes l  1/g. This drastically
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changes in metallic environments when the emission of gain molecules is coupled to lossy
plasmonic modes. Here, high levels of inversion can be maintained as long as the total
loss is larger than the gain and amplified spontaneous emission will play a minor role in
the stimulated emission process [80].

3.2 Laser dye gain media
Laser dyes absorb radiation in a finite spectral band and re-emit either spontaneously or
by stimulated emission in a second band at lower frequencies, see figure 3.1(a). The two
bands are offset by the Stokes shift and, in simple dyes, the bands’ spectral shapes are
mirror-inverted.
The optical response of fluorescent dyes can be understood in terms of a simplified energy
diagram, shown in figure 3.1(b). Each horizontal line in the figure illustrates a quantum
state with a given eigenenergy of the electron. The electronic quantum number differs
between the two potentials (thick black lines) of the ground E0 and first excited states E1
(lower and higher energy potential, respectively) and the electron is confined to one of the
two potentials with its wave function (in orange) dependent on its energy, determining
the vibrational state quantum number ν. According to the Franck-Condon principle [88],
electronic transitions are instantaneous compared to the time-scale of nuclear motion,
resulting in a simultaneous change of the electronic and vibrational quantum numbers
during absorption or emission of a photon. This is visualised in figure 3.1(b) by blue and
green arrows for vertical absorption and emission transitions, respectively. In terms of a
quantum mechanical formulation, the probability of an electronic transition between two
states is given by the overlap integral of the states’ wave functions. As a result, individual optical transitions between vibrational levels of different electronic states give rise
to homogeneously broadened, discrete spectral lines whose relative strength is dependent
on the specific transition probability as well as the occupation probability. Due to fast
thermalisation of the electrons, the occupation of vibrational states can be assumed to be
in thermal quasi-equilibrium. Electrons excited to a higher vibrational state by absorption of a photon thus quickly thermalise to lower vibrational states, so that emission is
most likely to occur from the lowest excited state [88]. The final result are the smooth,
inhomogeneously broadened spectral bands of figure 3.1(a).
It is possible to understand the Stokes shift between the frequencies of maximum absorption and emission from this discussion of the electronic energy diagram. The transition for
which the product of occupation probability in thermal equilibrium and transition probability to an excited electronic state is highest determines the wavelength of maximum
absorption. Due to the shifted minima of the electronic potentials and the vertical nature
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Figure 3.1: Schematic of the optical properties of fluorescent dyes and representation of the underlying physical processes. (a) Emission (green line) and absorption
(blue line) spectra of a simple fluorescent dye with mirror-inverted bands separated
by the Stokes shift. (b) Representation of the electronic energy levels in a fluorescent
molecule. Thick black lines represent the electronic potential of the ground and first
excited states and grey lines the vibrational quantum states (Rotational quantum
states are omitted for clarity). Wavefunctions are given in dark yellow. The frequencies of maximum emission and absorption are indicated as thick arrows.
of the transitions, this involves higher vibrational states of the excited electronic state.
Thermalisation and subsequent emission from the lowest excited state imply a smaller energy difference for the emission transition, which results in a reduced emission frequency
compared to the absorption frequency. The Stokes shift can thus be inferred from the
difference in length of the blue and green arrows in figure 3.1(b). An approximately parabolic shape of the electronic potentials around their respective minima leads to the bands’
mirror-inverted symmetry.
Figure 3.1(b) and above discussion have shown that the optical response of fluorescent
dyes is dependent on four sets of quantum states within each dye molecule. Accordingly,
essential fluorescence properties can be represented by a system of four occupation densities (four levels), each approximating the effective properties of one of the four sets of
quantum states, and two dynamic polarisation densities, the average of the molecular polarisations. In this representation, pairs of occupation densities are radiatively connected
by the polarisation densities, with resonance frequencies equalling the maximum absorption and emission frequencies of the dye’s spectral bands. Finally, the inhomogeneous
broadening of the two bands can be approximated by the dephasing of the polarisation
densities. This four-level model of laser dyes assumes thermal quasi-equilibrium in the
occupation of vibrational states within each electronic state. Spectral hole burning, an
occupation depletion of individual vibrational states due to a strong electric field acting
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on a specific electronic transition, is thus not included in this simplified model. In more
complex laser dyes, further electronic states impact on the spectrum complicating the two
bands. The contribution of these states to the spectrum, however, is usually relatively
small (visible as side bands to the absorption and emission spectra). Despite these constraints, it is important to realise that the modelling of laser dyes based on a four-level
system captures the essential physical processes of absorption, internal relaxation and
emission. The model appropriately describes the spectral response and naturally includes
the Stokes shift between absorption and emission.
Semiclassical equations describing the four-level system’s internal dynamics and its interaction with the light field can be derived from quantum mechanical considerations, best
approached in terms of the two-level system radiatively coupled to the electric field.

3.3 Optical Bloch equations of two-level systems
The description of coherent emission and absorption of radiation by a gain material needs
to be understood on the basis of the quantum mechanical nature of this resonant interaction of the electromagnetic field with electrons bound to atoms and molecules. The
minimal model to describe the processes of stimulated emission and absorption is the
quantum mechanical, electronic two-level system and its coupling to the field in electric
dipole approximation. The state of the two-level system is expressed by the density operator ρ̂ and its dynamic interaction with the light field is given by the optical Bloch
equations – formally equivalent to the Bloch equations of magnetic dipoles [89]. In the full
quantum mechanical formulation, the quantised electronic system interacts with quantised modes of the electric field, thus describing spontaneous as well as stimulated emission
processes. Assuming a classical electric field E(r, t), a semiclassical approximation of the
Bloch equations can be adopted, which retains the coherent interaction of light and dipole
but excludes spontaneous emission.
The semiclassical Bloch equations for the matrix elements of the density operator ρ̂, the
complex polarisation ρ12 (comprising the dipole moment p = 2µRe(ρ12 )) and the realvalued probabilities of occupation ρ11 and ρ22 = 1 − ρ11 , are given by [89]
∂ρ12
∂ρ∗
µ·E
= 21 = − (iωr + Γ) ρ12 − i
(ρ22 − ρ11 ) ,
∂t
∂t
~
∂ρ22
∂ρ11
µ·E ∗
2µ · E
=−
= −γρ22 + i
(ρ12 − ρ12 ) = −γρ22 +
Im (ρ12 ) .
∂t
∂t
~
~

(3.1a)
(3.1b)

The parameters of the closed two-level system with quantised levels |1i and |2i enter these
equations in terms of the resonance frequency ωr = (E2 − E1 ) /~ and the dipole matrix
element µ = h1| er |2i of the electronic transition.
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Equations (3.1) also include two phenomenological rates: the dephasing rate Γ is introduced to account for the decoherence of the polarisation ρ12 and is connected to the
T2 -time, T2 = 1/Γ, during which the dipole moment of an ensemble of undriven, excited
atoms or molecules decays. The relaxation rate γ accounts for nonradiative and radiative
(spontaneous) decay from the upper to the lower state. Hence, it is connected to the
T1 -time, T1 = 1/γ. The decoherence rate is the sum of the collisional dephasing rate γc ,
which represents processes that do not change the populations ρ11 and ρ22 , such as elastic
scattering of the atoms, and the relaxation rate γ, i.e., Γ = γ/2 + γc .
Taken separately, equations (3.1a) and (3.1b) are first-order differential equations for the
polarisation and the population numbers, respectively, linearly driven by the applied electric field E. However, because the equations are parametric, i.e., the polarisation depends
on the product of the population inversion and the electric field and vice-versa, the response described by the set of equations is nonlinear.
Within this work, Maxwell’s equations are solved for real-valued fields and it is computationally advantageous to express the complex first order differential equation (3.1a)
as a second order equation for the real part of the polarisation Re(ρ12 ) [41, 42]. This
change will allow a renewed interpretation of the equations and provide further insight
into the resonant light–matter interaction. First, equation (3.1a) is divided into its real
and imaginary parts
∂Re (ρ12 )
+ ΓRe (ρ12 ) = ωr Im (ρ12 ) ,
∂t
∂Im (ρ12 )
µ·E
= −ΓIm (ρ12 ) − ωr Re (ρ12 ) −
(ρ22 − ρ11 ) .
∂t
~

(3.2a)
(3.2b)

From this, taking the time derivative of equation (3.2a), ∂Im (ρ12 ) /∂t on the right hand
side can be substituted using equation (3.2b), leading to
∂ 2 Re(ρ12 )
∂Re(ρ12 )
µ·E
+Γ
= ωr −ΓIm (ρ12 ) − ωr Re (ρ12 ) −
(ρ22 − ρ11 )
2
∂t
∂t
~




.

(3.3)

Finally, Im (ρ12 ) can be replaced using equation (3.2a), and by collecting terms proportional to Re (ρ12 ), the second-order differential equation

µ·E
∂ 2 Re(ρ12 )
∂Re(ρ12 )  2
2
+
2Γ
+
ω
+
Γ
Re (ρ12 ) = −ωr
(ρ22 − ρ11 )
r
2
∂t
∂t
~

(3.4)

is derived. In addition, equation (3.2b) can be formulated in terms of a dependence on
Re (ρ12 ) using equation (3.2a) to substitute Im (ρ12 )
∂ρ22
∂ρ11
2µ · E
=−
= −γρ22 +
∂t
∂t
~ωr
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∂Re(ρ12 )
+ ΓRe (ρ12 )
∂t



.

(3.5)

3.4 Semiclassical Maxwell-Bloch equations of four-level systems
Equations (3.4) and (3.5) constitute the real-valued representation of the semiclassical
optical Bloch equations. Equation (3.4) is the differential equation of a driven, harmonic
oscillator with resonance frequency ω0 =

p

ωr2 + Γ2 and damping frequency 2Γ, which is

the full-width at half-maximum (FWHM) of the homogeneously broadened resonance. The
driving force of the harmonic oscillator is proportional to the inversion w = ρ22 − ρ11 and
the electric field. For constant inversion, the response is that of a Lorentzian resonance.
As the polarisation rapidly oscillates at optical frequencies, ∂Re(ρ12 )/∂t is generally much
larger than ΓRe(ρ12 ) in equation (3.5) and the latter term is often neglected. Equally,
the shift of the resonance frequency is most often small, ω0 ≈ ωr . However, both will be
retained here for completeness.
The semiclassical description of the quantum mechanical interaction includes saturation
nonlinearity in terms of the parametric coupling of the polarisation Re(ρ12 ) to the population inversion w = ρ22 − ρ11 and thus the populations ρ11 and ρ22 , which themselves
are parametrically connected to the polarisation. While presenting a simple model for a
saturable absorber, the equations cannot be used to describe optically pumped fluorescent
gain media. This is because continuous optical pumping of the two-level system via the
coupling of the pump field to the atomic dipole cannot lead to inversion in the system
but will drive it into transparency ρ22 = ρ11 . Having said this, the derivation of equations
(3.4) and (3.5) provides the necessary understanding of the description and modelling of
coherent light–matter interaction. Building on this insight, an extension of the two-level
system to multiple levels is possible.

3.4 Semiclassical Maxwell-Bloch equations of four-level
systems
Earlier, it has been argued that fluorescent dyes can be described by a four-level system
of two nonradiatively connected optical transitions. Having presented a semiclassical description of the quantum mechanical light–matter interaction in terms of the two-level
system in the previous section, the equations of the four-level model can now be formulated. Figure 3.2(a) shows a representation of the four-level system including all required
parameters and physical quantities. The occupation densities of the four levels, N0 to N3 ,
are coupled radiatively via the polarisation densities Pe and Pa (thick lines with arrows)
to the light field and are also connected by nonradiative decay (wavy lines). The optical transition between levels 0 ↔ 3 describes absorption at higher frequencies, while the
transition 1 ↔ 2 models the stimulated emission process at lower frequencies. Both processes are characterised by polarisation dynamics of the type described by equation (3.4).
Cross-coupling between the absorption (0, 3) and emission (1, 2) states is assumed to be
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Figure 3.2: Characterisation of the four-level system. (a) Sketch of the polarisation
densities Pa,e , the occupation densities N0 to N3 and associated intrinsic parameters.
(b) Associated absorption and emission spectra and their dependence on the system
parameters. The thin black curves in (b) are taken from figure 3.1(a) for comparison
and highlight the inhomogeneous broadening of fluorescent dyes.
prohibited (dipole forbidden). Finally, nonradiative electron relaxation processes deplete
the energetically higher energy states, transferring population to lower-lying states.
Equation (3.5) can be extended to equations for four levels by considering the allowed
transitions of figure 3.2(a) and the resultant temporal evolution of the occupation densities
N0 to N3 is given by the set of equations
∂N3
∂t
∂N2
∂t
∂N1
∂t
∂N0
∂t

1
~ωr,a
N3
=
+
τ32
N2
=
−
τ21
N1
=
+
τ10
=

∂Pa
N3
N3
+ Γ a Pa · E −
−
,
∂t
τ30 τ32


1
∂Pe
N2
+ Γ e Pe · E −
,
~ωr,e
∂t
τ21


1
∂Pe
N1
+ Γ e Pe · E −
,
~ωr,e
∂t
τ10


N3
1
∂Pa
−
+ Γ a Pa · E .
τ30 ~ωr,a
∂t





(3.6a)
(3.6b)
(3.6c)
(3.6d)

The dynamic polarisation densities, Pa = Pa (r, t) between levels 0 ↔ 3 and Pe = Pe (r, t)
between 1 ↔ 2, are driven by the electric field E(r, t) according to
∂ 2 Pe
∂Pe
+ 2Γe
+ ωe2 Pe = −σe ∆Ne E ,
2
∂t
∂t
∂ 2 Pa
∂Pa
+ 2Γa
+ ωa2 Pa = −σa ∆Na E .
2
∂t
∂t

(3.7a)
(3.7b)

The coupling of the polarisation densities to the electric field is parametrically dependent
on the inversion of each transition; for the absorption transition this inversion is given
by ∆Na (r, t) = N3 (r, t) − N0 (r, t) and it is ∆Ne (r, t) = N2 (r, t) − N1 (r, t) for emission.
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Phenomenological coupling constants σj have been introduced in the polarisation equations and will be discussed in more detail below. Without driving
field, the polarisation
q
2
densities oscillate freely at the resonance frequencies ωj = ωr,j + Γ2j . A description of
the numerical implementation of equations (3.6) and (3.7) can be found in section A.3.
At constant inversion, the polarisation densities in equations (3.7) describe the Lorentzian
resonances visualised in figure 3.2(b). The coupling constants σj , resonance frequencies
ωj and half widths Γj can be chosen such that the Lorentzian lineshapes present a good
approximation to the inhomogeneously broadened spectral bands of the considered laser
dye (thin black lines) close to the resonance frequencies. The density of gain molecules is
equal to the sum of the occupation densities, N =

P3

k=0 Nk .

By rescaling the equations,

an averaging over random orientations of molecular dipoles has been performed to achieve
an isotropic coupling of the polarisation densities to the electric field in equations (3.7).
This is expressed in the scalar phenomenological coupling constants.
If the gain molecules are densely packed and/or embedded in a host medium of refractive
index larger than 1, the electric field each molecular dipole experiences is not the macroscopic average field but the local field at its current position [89]. This local field can
be connected to the macroscopic field via the local-field factor L, which is dependent on
the specific materials and configuration [90]. Having formulated equations (3.7) in terms
of phenomenological coupling constants rather than a molecule’s dipole moment or cross
section, the local-field factor is absorbed into these coupling constants.
To find a good approximation of the Lorentzian lineshapes to experimentally measured
properties of a given laser dye (see, e.g., [86]), a connection between the coupling constants
σj (C2 /kg) and the experimentally determined absorption and emission cross sections σ0,j
(cm2 ) is required. Let us consider absorption as an example: the absorption cross section is
a microscopic quantity, defined by σ0,a = α/N using the macroscopic absorption coefficient
α and the density of molecules N [89]. As this equation connects microscopic and macroscopic quantities, the left hand side needs to be multiplied by the local field factor L, if
the molecules are embedded in a host medium. The absorption coefficient resulting from
the polarisation equation (3.7b) can be calculated from α(ωa ) = −2 (ωa /c0 ) Im(n(ωa )),
where the imaginary part of the refractive index at the resonance frequency ωa is given by
Im(n(ωa )) = σa ∆Na / (4nh ε0 Γa ωa ) (the complex refractive index of the four-level system
in a host dielectric will be discussed in the next section). Thus, assuming that all molecules are in the ground state (∆Na = −N ), the coupling constant σa and the absorption
cross section σ0,a are connected by
σa = 2nh ε0 c0 Γa Lσ0,a .

(3.8)

An equivalent equation can be derived for the emission coupling constant, where a in
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emission line (j = e)
absorption line (j = a)

wavelength
0
λj = 2πc
ωj (nm)
710
680

coupling constant
σj (C2 /kg)
1.61 · 10−8
2.08 · 10−8

resonance half-width
Γj (fs−1 )
1/20
1/20

relaxation time
τ21 (ps)
500

relaxation time
τ32 = τ10 (fs)
100

dye molecule density
N (cm−3 )
18
6 · 10

Table 3.1: Parameters of the four-level system to approximate the optical characteristics of the laser dye Rhodamine 800 [86].
equation (3.8) is simply replaced by e everywhere.
A good fit to experimental emission and absorption cross sections of Rhodamine 800 [86]
can be achieved with the parameters given in table 3.1, with the use of the Lorentz localfield factor L = 2 + n2h /3 [90] and a host refractive index nh = 1.62. The experimental


absorption and emission cross sections of [86] are approximated by σ0,a = 3.14 · 10−16 cm2
and σ0,e = 2.43 · 10−16 cm2 . Assuming a dye molecular density of N = 6 · 1018 cm−3 ,
these values result in absorption and gain coefficients of α = LN σ0,a ≈ 2900 cm−1 and
g ≈ 2250 cm−1 , respectively. As discussed earlier, this gain value is within the range of
threshold gain values required for loss compensation (see section 2.8).
The nonradiative relaxation τ21 is chosen to be close to the fluorescence lifetime of laser
dyes and its specific value does not impact much on the results because of the short timescale of the pump–probe experiments. Relaxation times coming from intraband processes
(nonradiative thermalisation) are much faster than interband nonradiative decay, and τ32
and τ10 are selected to be τ32 = τ10 = 100 fs, larger than the inverse resonance decoherence 2Γ−1
= 40 fs. As discussed for the two-level system, the difference between the
j
decay and decoherence rates is due to collisional dephasing, which increases the resonance
half-widths but does not transfer population. The depopulation of the upper absorption
level N3 is mainly dependent on stimulated emission and nonradiative relaxation to N2
and accordingly τ30 can be neglected. The chosen relaxation and dephasing times are in
relatively good agreement with recent experimental measurements [91].
The four-level system, expressed in equations (3.6) and (3.7), presents an efficient, yet
simple, description of laser dyes in terms of a polarisation density response. It includes
the coherent effects of stimulated emission and absorption as well as the nonlinear processes
of gain saturation and depletion of the transitions. The integration of nonlinear saturation
and depletion make it inherently applicable beyond the regime of loss compensation where
feedback and sustained pumping can lead into a state of coherent stimulated emission.
Despite the exclusion of spontaneous emission in the semiclassical description, small fields
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suffice to start these oscillations above the lasing threshold [29, 92]. In the next section,
basic properties of the four-level system are explored.

3.5 Characterisation of the four-level gain model
In this sections, the implementation of the four-level system is verified by comparing
numerical results with transient and steady-state properties expected from the governing
equations. In addition to this, the performed tests characterise properties of the response
in two limits: first, the refractive index dispersion of the four-level system is extracted
and checked against results predicted in the linear regime. In a second test, the system is
continuously pumped at the absorption transition, leading into a steady-state regime with
constant average occupation density hN2 i. This state is dependent on the pump amplitude
and intrinsic parameters of the four-level system.

3.5.1 Small-signal refractive-index dispersion
An initial verification of the four-level system’s implementation can be achieved by determining the linear optical response of a thin active region of four-level material embedded in a dielectric host. The compound system can be ascribed effective parameters
if the four-level systems are assumed to be homogeneously distributed within the active layer and the refractive index can then be numerically determined with the retrieval
method of [60], explained in detail in section 2.5.3. Using a low amplitude probe pulse
ensures that the four-level densities stay approximately constant during the short, fewcycle pulse, i.e., ∆Nj = const. with j = a, e, fulfilling the requirement of probing the
linear response. Thus, the linear susceptibilities of the
q four-level system transitions can
be connected to the refractive index by Re(n(ω)) ≈

n2h + Re(χa (ω)) + Re(χe (ω)) and

Im(n(ω)) ≈ (Im(χa (ω)) + Im(χe (ω))) /(2nh ). These approximate equations hold if the
host refractive index nh is much larger than the absolute value of the susceptibilities χj (ω),
which is the case in the investigated system. Assuming a harmonic time-dependence of
exp (−iωt) for the polarisation density Pj (t) and electric field E (t) in equation (3.7), the
frequency-dependent dipole response is given by
Pj (ω) = − 

ωj2 − ω 2 + i2Γj ω
ωj2 − ω 2

2

+ 4Γ2j ω 2

σj ∆Nj E(ω)

ωj2 − ω 2
π
= − Lj (ω)
+ i σj ∆Nj E(ω)
2ω
2Γj ω

(3.9)

!

(3.10)
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Figure 3.3: Refractive index dispersion of the four-level system embedded in a host
dielectric with refractive index nh = 1.62. Numerical calculations (black dotted lines)
and analytic equations (3.12) (red solid lines) of the real (a) and imaginary (b) parts
of the refractive index are compared in a configuration including a thin active region.
The parameters of the four-level system are given in table 3.1 and the occupation
densities are assumed to be ∆Na = −N0 = −N/2 and ∆Ne = N2 = N/2.
where the lineshape of each Lorentzian resonance is defined as [88]
Lj (ω) =

1
4Γj ω 2


π ω 2 − ω 2 2 + 4Γ2 ω 2
j

j

ω≈ωj

≈

1
Γj
.
π (ωj − ω)2 + Γ2j

(3.11)

These lineshapes closely approximate the Cauchy distribution (the last part of the equation) around their respective resonance frequencies, ω ≈ ωj .
Comparing the definition of the susceptibility Pj (ω) = ε0 χj (ω)E(ω) to equation (3.10)
gives the refractive index dispersion of the compound system of host and four-level material
as
1/2



ωj2 − ω 2
1 X π
Lj (ω)
σj ∆Nj 
Re(n(ω)) ≈ n2h −
ε0 j=a,e 2ω
2Γj ω
Im(n(ω)) ≈ −

X π
1
Lj (ω)σj ∆Nj .
2nh ε0 j=a,e 2ω

,

(3.12a)
(3.12b)

Figures 3.3(a) and (b) show the expected dispersion of the real and imaginary parts of the
refractive index as red solid lines and compare those to simulation results (black dotted
lines). For this test, the occupation densities are fixed at ∆Na = −N0 = −N/2 and
∆Ne = N2 = N/2, leading to both transitions, absorption and emission, being coupled to
the incoming field. Simulation and theory agree well with errors of less than 0.1% in the
real part of the refractive index and even smaller errors in the imaginary part. Differences
between calculated and analytic results are most probably due to accumulated phase errors
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and the inaccuracy in the definition of the active layer’s thickness due to computational
surface averaging (see section A.1 for details). Both depend on the resolution of the grid,
here 5 nm, and improve with smaller computational cell size. A positive imaginary part
of the refractive index in figure 3.3(b) around λa = 680 nm stems from the absorptive
transition of the four-level system, while the negative imaginary part around λe = 710 nm
is due to amplification of the incoming signal. The imaginary part of the refractive index
is thus directly associated with the absorptive and emissive properties of the system.
The test highlights two important points. With regards to the four-level system implementation, it validates the dynamic, low-intensity response to a broadband pulse. In
addition to this, the correct retrieval of the negative imaginary parts of the refractive
index confirms the applicability of the parameter retrieval to amplifying media, as argued
in section B.2.

3.5.2 Steady-state occupation densities
Having confirmed the correct implementation of the small-signal polarisation dynamics,
the assumption of constant occupation densities is now dropped and the four-level system
is continuously pumped at the absorption transition, ω = ωa . This leads into a steady
state where the average occupation densities become constant, i.e., h∂Nk /∂ti = 0, k ∈ [0, 3]
in equations (3.6), and are then solely dependent on intrinsic properties of the four-level
system and the pump field amplitude.
Assuming that the emission transition couples to radiation weakly at the absorption frequency – achieved by setting σe = 0 in numerical simulations –, the steady-state occupation
densities can be conveniently written as
hN0 i = N − hN3 i − hN2 i − hN1 i ,
τ
hN1 i = hN3 i =
hN2 i ,
τ21


τ21
∂Pa
h
+ Γa Pa · Ei ,
hN2 i =
~ωr,a
∂t

(3.13a)
(3.13b)
(3.13c)

assuming that the upper absorption and lower emission states have the same nonradiative
decay time τ = τ32 = τ10 . The steady state of the right hand side of equation (3.13c) at
ωa can be calculated from equation (3.9) and is equal to
∂Pa
σa
h
+ Γa Pa · Ei = −
(hN3 i − hN0 i) hE2 i
∂t
2Γa


 2
3τ
E
σa
=−
1+
hN2 i − N
,
2Γa
τ21
2




(3.14)
(3.15)

This is the energy absorbed by the four-level system per cycle at a given pump field
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Figure 3.4: Steady-state occupation of the upper emission state hN2 i/N in the fourlevel system. Comparison of numerically calculated results (black circles) to equation
(3.16) (red solid line) during cw-pumping at λp = 680 nm. The saturation field
amplitude is Esat ≈ 29.4 kV/cm.
amplitude E. Equation (3.15) is derived using equations (3.13a) and (3.13b) and can be
directly substituted into equation (3.13c) to obtain the steady-state value of N2
hN2 i =

N
.
1 + 3τ /τ21 + |Esat /E|2

(3.16)

This includes the definition of the saturation electric field amplitude Esat as
2
Esat
=

4~ωr,a Γa
,
σa τ21

(3.17)

which marks the pump field amplitude at which the average occupation density of the
upper emission state reaches N/2 in the case of fast internal relaxation (τ  τ21 ). The
saturation intensity depends on the properties of the absorption transition, i.e., its resonance frequency, dephasing and coupling constant, and on the nonradiative decay of the
upper emission state τ21 .
The numerical simulations are performed on a thin slab of four-level material embedded
in a dielectric host. The slab thickness is chosen such that it is much shorter than the
absorption length and also shorter than the wavelength of the cw pump field. This way,
it can be assumed that the electric field and the inversion are constant over the thickness
of the slab. In figure 3.4, the steady-state occupation hN2 i/N (red solid line), analytically
given by equation (3.16), is compared to results from ten separate numerical calculations
(black circles). Each calculation starts in the ground state N0 (0) = N and the occupation
density is determined once steady state is reached. In this specific example, the four-level
parameters correspond to those in table 3.1, with the relaxation time τ21 being much larger than the internal relaxation time τ . Figure 3.4 confirms that the occupation hN2 i/N
reaches a value of approximately 1/2 at the saturation amplitude. Additionally, the con58
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dition τ21  τ leads to hN2 i  hN1 i (see equation (3.13b)), resulting in a steady-state
population inversion that more or less equals the occupation of the upper emission state,
i.e., h∆Ne i/N ≈ hN2 i/N . The figure thus predicts that the inversion can reach values
of up to 90% at high pump field amplitudes, which is particularly interesting regarding
the enhancement of electric fields close to metal–dielectric interfaces in nanoplasmonic
structures.
Again, excellent agreement between numerical calculations and analytic results is obtained
and the correct implementation of the second part of the equations is confirmed, i.e., the
dynamic evolution of the density subsystem.
This chapter concludes the theory as well as the basic methods required for the discussion
of gain-enhanced nanoplasmonic metamaterials, namely the dynamic characteristics of
surface plasmons and their modelling, considered in chapter 2, and the description of
laser dye gain media using the semiclassical four-level Maxwell-Bloch equations in this
chapter. The subsequent studies combine these two to investigate first loss compensation,
then coherent amplification and finally nonlinear mode competition in a gain-enhanced
nanoplasmonic metamaterial.
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4 Loss Compensation in a Negative Refractive
Index Metamaterial
Negative refractive index (NRI) metamaterials allow unprecedented control over the flow
of light at the nanoscale, opening up the potential to realise innovative applications, such
as the ‘perfect lens’ [9] and ‘trapped rainbow’ storage of light [10]. Importantly, their
operation at optical frequencies has recently been demonstrated [8, 19], yet, before optical
nanoplasmonic metamaterials can develop their true potential, dissipative losses in the
metallic constituents need to be addressed.
From an early stage, optical gain has been identified as a potential means to reduce
dissipative losses in NRI metamaterials [22]. It has however been suggested that the
compensation of losses would inevitably lead to the disappearance of the negative refractive
index [44], a result derived from arguments relating to the fundamental requirement of
causality. While causality must indeed be obeyed, the specific criterion deduced in [44] has
been shown to be of limited significance [45], relating to several shortcomings. For example,
the initial assumptions of [44] constitute a special case of loss compensation, where Im(n2 )
and its frequency derivative must be exactly zero at the observation frequency. In addition,
the criterion is local and applies at the specific observation frequency only. Thus, while it
can be used to determine the existence of nearby losses, it does not make predictions about
the negativity of the refractive index there. A more general criterion based on causality
was derived in [45] and does not lead to the strict preclusion of loss compensation in
conjunction with a negative refractive index. Aside from theoretical constraints on loss
compensation, the question of practical feasibility remains – i.e., does the optical gain
provided by available gain media suffice to compensate dissipative losses in nanoplasmonic
structures – and will be addressed in this chapter.
Different computational approaches have been applied to the study of loss compensation
in NRI metamaterials with the common aim to represent experimental conditions as accurately as possible [38, 39]. In the frequency domain approach of [38], the calculations
were split into two steps. In the first step, the modal field profile at the pump frequency
was determined using finite element calculations. Assuming steady-state conditions, this
profile directly correlated to the spatial distribution of the inversion in the gain material,
which can be expressed by a locally varying negative imaginary part of the permittivity.
Finally, the resulting optical properties, given the specific permittivity profile, were de61
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termined from further finite element calculations. Two points of criticism arise: despite
considering the pump modal field, the method does not take into account the dynamic
build-up of inversion during pulsed pump excitation. Additionally, the separation of the
pump and probe processes into independent calculations does not allow a self-consistent
description of the entire process of loss compensation. Treating the complete pump–probe
process in its entirety is possible using time-domain calculations, such as the one employed
in [39]. Here, the impact of optical gain on the electromagnetic response of the electric and
magnetic metamaterials of sections 2.5.1 and 2.5.2 was calculated self-consistently in two
dimensions. Rather than taking into account the spatial inhomogeneity of the pump field,
a constant pumping rate was assumed at each point in space. Taking into consideration
the results of [38], where a strong spatial variance of the pump field was demonstrated,
this is an oversimplification of the experimental configuration.
In the previous chapters, the basic elements required for the computational treatment of
loss compensation in nanoplasmonic metamaterials have been introduced, with the specific
aim to correctly represent experimental conditions such as the pump–probe process and
the use of laser dyes. In chapter 2, the double fishnet was introduced as a metamaterial
that exhibits negative refractive index at optical frequencies with low dissipative losses in
comparison to other nanoplasmonic structures. Nonetheless, losses are not negligible and
would interfere with potential applications of the metamaterial. In chapter 3, it was established that laser dyes should provide sufficient optical gain to achieve the compensation
of dissipative losses. These gain materials can be described efficiently by a phenomenological four-level system that self-consistently integrates into the chosen finite-difference
time-domain computational method in terms of a Maxwell-Bloch formalism.
In this chapter, the compensation of dissipative losses is investigated using the selfconsistent Maxwell-Bloch approach, discussing in detail the local physical properties that
make loss compensation possible. In addition, the impact of loss compensation on the
scattering parameters and other effective optical parameters is determined. The main
results discussed in this chapter have been published in [32], with a more detailed account
of the method and further results published in [43]. Experimental work on loss compensation in the double-fishnet metamaterial was reported by Xiao et al. [33] and the results
are in good agreement with the conclusions presented here. Furthermore, time-domain
numerical calculations on the double-fishnet metamaterial with gain have predicted the
possibility of loss compensation at telecommunication wavelengths [34].
The first section of this chapter characterises the optical response of the passive doublefishnet metamaterial in terms of its transmission, reflection and absorption spectra. Additionally, effective parameters, such as the refractive index, are extracted and it is ascertained that the considered double-fishnet structure constitutes a NRI metamaterial in the
desired wavelength range. Following this, section 4.2 discusses the field enhancement at
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Figure 4.1: Schematic of the double-fishnet metamaterial. Embedded in a dielectric
host material are two silver films perforated with rectangular holes. In the active
configuration, gain material is deposited inside the host medium. A pulse in red
schematically represents the numerical pump–probe simulations with Ex electric field
polarisation. The unit cell dimension p (white box) and all other parameters are
detailed in the text.
the pump and signal wavelengths, chosen to fit the wavelengths of maximum absorption
and emission of the laser dye Rhodamine 800. Importantly, the wavelength of maximum
emission falls in the range of negative refractive index of the active metamaterial. The
pulsed pumping process is discussed in section 4.3, emphasising the dynamic deposition
of energy in the gain material in terms of population inversion and its strong spatial dependence on the pump field enhancement. Section 4.4 then investigates the impact of the
created population inversion on the field enhancement at the signal wavelength and the
resulting absorption and transmission spectra. Finally, effective parameters are retrieved
and discussed in section 4.5 with a particular emphasis on the compensation of intrinsic
dissipative losses in the nanoplasmonic metamaterial. The main results of the chapter are
summarised in section 4.6.

4.1 Characterisation of the passive double-fishnet
metamaterial
This section analyses the optical properties of the passive double-fishnet structure, investigating its transmission and reflection properties and the resulting retrieved effective
parameters of this nanoplasmonic metamaterial. The double fishnet is shown in figure
4.1 with the relevant parameters being the square periodicity p = 280 nm of the unit
cell, the height profile of dielectric coating hc = 60 nm, metal hm = 40 nm and dielectric
spacer (gap) hd = 60 nm and the rectangular holes in the metal films with side lengths
ax = 120 nm and ay = 80 nm. Hence, the total thickness of the double-fishnet structure is
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Figure 4.2: Absorption/Transmission/Reflection (ATR) spectra for Ex polarisation
of the passive double-fishnet metamaterial with geometrical parameters as given in
the text and silver as the metal (a). The absorption is represented by the blue dashdotted line, transmission by the black solid line and reflection by the red dashed line.
(b) Same as (a) with artificially reduced dissipative losses in the silver (reduction
factor 1000).
h = 2 · hc + 2 · hm + hd = 260 nm. The dielectric material surrounding the metallic films
is assumed to be epoxy with a purely real refractive index of nh = 1.62, neglecting the
small losses of this material. The chosen parameters are comparable to those assumed by
Sivan et al. [38] and experimentally realised by Xiao et al. [33]. A Drude model corrected
by two Lorentzian resonances is used for the permittivity of silver. This model has been
introduced in section 2.4 and matches experimental data at visible wavelengths in the
range 300 − 800 nm [56].
Figure 4.2 compares the spectral response in terms of absorption/transmission/reflection
(ATR) spectra of a single layer double-fishnet metamaterial for Ex polarisation of the
incident fields. In figure 4.2(a) the full losses coming from the silver films are considered,
while the intrinsic dissipative loss rate is artificially reduced by a factor 1000 to extract the
results shown in figure 4.2(b). By comparing the spectra, the effects of dissipative losses
can be distinguished and it can be seen that these do not only decrease the height of and
broaden the transmission resonance but also shift the position of maximum transmission
to shorter wavelengths. The resonant transmission at 710 nm in figure 4.2(b) stems from
the coupling to the gap surface plasmon polariton (gap-SPP) resonance and constitutes
the NRI passband of the double-fishnet metamaterial at normal incidence. Since the
excited gap-SPP propagates in the spacer region between the two metal sheets, losses in
the metal strongly impact on the resonance, leading to an absorption peak at 707 nm in
figure 4.2(a). As discussed in section 2.7, the coupling to this internal resonance relies
on the wavevector matching provided by the grating pattern of the periodic holes. The
subwavelength hole array also leads to extraordinary optical transmission (EOT) in this
thin film structure with the EOT transmission peak located at ~650 nm on the short
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Figure 4.3: Retrieved effective parameters for Ex polarisation of the double-fishnet
metamaterial with artificially reduced losses. Black solid (red dashed) lines constitute
the real (imaginary) part of the specific effective parameter. Approximately accounting for spatial dispersion results in the dotted lines (further details can be found in
the text). The corresponding ATR spectrum is shown in figure 4.2(b).
wavelength side of the depicted spectrum in figure 4.2(b). Let us briefly look at the
retrieved effective parameters (see section 2.5.3 for details on the parameter retrieval) of
the ‘reduced loss’ case, as important propagation regimes can be highlighted more easily.
In addition, these results are relevant to the discussion of the loss-compensated case.
Multiple resonant features are observed in the four retrieved effective parameters, i.e., the
refractive index, the impedance, the permittivity and the permeability, for Ex polarisation displayed in figure 4.3. In each figure, black solid lines show the real part and red
dashed lines the imaginary part of the considered retrieved parameter. The most important result of figure 4.3 is the demonstration of a negative real part of the retrieved
refractive index between 709 and 731 nm. It will be shown later that the relevant range
of negative refractive index is the one between 709 and 721 nm, highlighted by the shaded
area. In this wavelength regime, both retrieved permittivity and permeability have negative real parts. The dotted lines in the permittivity and permeability graphs result
from approximately correcting for spatial dispersion, which is inherently introduced by
the S-parameter retrieval method.1 The imaginary part of the permittivity (red dashed
1

See section 2.5.3 for a more detailed discussion. The resonant response of the double-fishnet metamaterial
unit cell is magnetic, requiring the use of Sb = −1 in equation (2.10).
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line) exhibits negative values, known in the literature as an anti-resonance feature, which
completely vanishes when taking into account the effect of spatial dispersion, leading to
imaginary parts close to zero everywhere (red dotted line). A vanishing imaginary part
of the permittivity should be expected in this reduced-loss case. The same is true for the
permeability, which is transformed into a pure Lorentzian resonance with vanishing losses
and a resonance wavelength at 731 nm. This is the true position of the magnetic resonance. If spatial dispersion had not been corrected for approximately, one might locate it
at 721 nm instead.
Spatial dispersion becomes relevant if the cell size of the metamaterial’s building blocks
is of the order of the reduced internal wavelength. The comparison of structural features
to this wavelength determines the applicability of homogenisation procedures and, due to
the resonant nature of the response, the internal wavelength can take extremely small or
large values.
Let us assume that the results for one functional double-fishnet layer can be directly extended to the case of an infinite crystal lattice in propagation direction (therefore disregarding
the near-field coupling of the resonant units in this direction). This allows for an interpretation of spatial dispersion in terms of the propagation phase advance within each unit cell
of the lattice and for an assignment of mode regimes in the infinite crystal lattice to the
various wavelength regions in figure 4.3. Starting on the long wavelength side, the modes
are evanescent plasma modes up to the magnetic resonance at 731 nm. In this wavelength
region, the signs of the real parts of retrieved permittivity and permeability are opposite
and electromagnetic waves cannot propagate in the crystal. They are strongly damped
along the propagation direction. Between 709 nm and 731 nm, the strong magnetic resonance leads to a crystal bandgap, yet, due to the presence of negative permittivity, the
short wavelength part of this bandgap includes a NRI passband with propagation modes
between 709 and 721 nm [13]. Above 721 nm, the large permeability values stemming from
the magnetic resonance lead to very short internal wavelengths and a breakdown of the
homogenisation method. In this wavelength range, the retrieved refractive index is bound
from below by the Brillouin zone boundary value n = −λ/ (2h) ≈ −1.4. Below 709 nm,
the permeability is positive and the modes are evanescent in nature, changing to propagation modes with positive index at 696 nm, where the permittivity flips sign. The change
from negative to positive permittivity is associated with the EOT resonance at ~650 nm
[55, 76].2 The wavelength range between 709 and 721 nm, highlighted by the shaded area,
is the relevant region in which propagation modes exist in the considered double-fishnet
metamaterial that experience a negative refractive index. The imaginary part of the refractive index (red dashed line in figure 4.3(a)) vanishes in these propagation bands but
2

In double-fishnet structures that do not include a coating, the EOT resonance position and the
wavelength at which the sign of the permittivity flips match [55, 76].
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Figure 4.4: Retrieved effective parameters of the double-fishnet metamaterial for Ex
polarisation. Black solid (red dashed) lines represent the real (imaginary) part of the
specific effective parameter. Approximately accounting for spatial dispersion results
in the dotted lines (further details can be found in the text). The corresponding ATR
spectrum is shown in figure 4.2(a).
it is nonzero in the stop-bands, in which propagation is suppressed.
Figure 4.4 shows the retrieved effective parameters of the double fishnet for Ex polarisation factoring in the actual losses of silver. As should be expected, the results are not
too dissimilar from those observed in the case of artificially reduced losses in figure 4.3.
However, all effective parameters have become smoother, their very pronounced resonant
character being reduced by losses. In particular the retrieved impedance in figure 4.4(b)
is now bounded to values of the order of 4 rather than 40. The magnetic resonance in
figure 4.4(d), displayed by the dotted lines (spatial dispersion has been approximately
accounted for, see discussion of figure 4.3), exhibits a resonant Lorentzian shape with a
nonzero resonance width stemming from dissipative losses. The losses also impact on the
retrieved effective permittivity in figure 4.4(c), which has a constant, nonzero imaginary
part throughout the displayed wavelength regime given by the dotted lines.
The delineation of the various propagation regimes in figure 4.4 is not as clear as in figure
4.3, yet their distinction is still valid and the relevant NRI band is found between 702 and
718 nm. The impact of spatial dispersion is small when the solid lines, which represent the
retrieved effective permittivity and permeability in figures 4.4(c) and (d), closely match
the dotted lines. This implies that the homogenisation procedure is applicable in the
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discussed wavelength band. In contrast to the reduced-loss case, the imaginary part of
the refractive index is nonzero within this wavelength range, highlighting the presence of
losses for the propagation modes. These losses coming from dissipation in the metal are
also the reason for the broad absorption peak in figure 4.2. By comparing figures 4.3 and
4.4, it can be seen that losses improve the applicability of homogenised parameters. In
addition, the wavelength range of negative refractive index is blue-shifted and extended.
However, it is also apparent that absorption in figure 4.2(a) is strongest in the NRI band,
making the compensation of losses essential.

4.2 Active double-fishnet metamaterial
Introducing gain material into the host dielectric of the double fishnet enables the compensation of dissipative losses by optical gain. In table 3.1, the wavelengths of maximum
absorption and emission of the considered four-level system were given by 680 and 710 nm,
approximating optical characteristics of the dye Rhodamine 800. The geometric parameters of the double fishnet were chosen such that its response for Ex -polarised incident
waves is well matched to the four-level system’s emission characteristics with the NRI
band between 702 and 718 nm comprising the emission wavelength λe = 710 nm. The
emission resonance half-width Γe = 1/ (20 fs) corresponds to ∆λe ≈ 13.5 nm. Additionally, the absorption maximum falls into a wavelength region of propagation modes in which
the real part of the retrieved refractive index is positive. In the following studies of the
active double fishnet, the wavelengths of maximum absorption and emission will be used
as the pump λp = λa = 680 nm and signal wavelengths λs = λe = 710 nm and they will
be denoted as such. Additional parameters of the four-level gain material are given in
table 3.1. The density of gain molecules N is chosen to be N = 6 · 1018 cm−3 and the
non-resonant part of the refractive index of the host matrix filled with gain material is
assumed to be unchanged from the passive case, nh = 1.62.
To further characterise the double-fishnet metamaterial, the electric field enhancement,
i.e., the electric field amplitude inside the structure relative to its free space value |E| / |E0 |,
at three wavelengths for Ex -polarised excitation are shown in figure 4.5. Several characteristics can be observed: first, the modes at λp = 680 nm (c,d) and λs = 710 nm (e,f) show
large field enhancement in the spacer layer between the metal films and around the holes
in the films. The electric field vector inside the spacer layer is predominantly polarised
along the z-direction. This is the signature of the excited gap-SPP and its coupling to
free space plane waves through the holes. Furthermore, the electric field enhancement
at the signal wavelength is approximately 3 times stronger than the one at the pump
wavelength. The increased field enhancement at λs = 710 nm is connected to a longer
dwell time of the fields in the resonant structure and is directly correlated with increased
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Figure 4.5: Electric field enhancement in the passive double-fishnet metamaterial
at 630 nm (a,b), λp = 680 nm (c,d) and λs = 710 nm (e,f). The enhancement is
shown in two perpendicular planes in the unit cell of the double fishnet. Higher field
enhancement is displayed in lighter colours. White rectangles highlight the projection
(a,c,e) or positions (b,d,f) of the holes and black dashed lines indicate the intersection
of the pairs of planes (a,b), (c,d) and (e,f).
losses in figure 4.2. Accordingly, the absorption at λs is approximately 3 times higher
than at λp . In addition to the identified signatures of the gap-SPP, the field enhancement
profile at the pump wavelength also exhibits high values in the projection of the holes:
this feature is a clear indication of the influence of the EOT resonance, which is located at
630 nm and overlaps with the gap-SPP resonance due to its strong radiative coupling and
correspondingly large resonance half-width. Figures 4.5(a) and (b) demonstrate that the
high transmission at the EOT resonance is indeed associated with high field enhancement
in the projection of the holes. The resulting field enhancement at λp thus shows features
of both resonances, EOT and internal gap-SPP, where their relative impact is determined
by the spectral overlap with each of the resonances.
The active configuration is studied using pump–probe numerical simulations. Initially,
the structure is optically pumped at λp by an intense pulse of duration 2 ps, which is the
full width at half maximum of the pulse intensity. After a delay of 7 ps, during which
the pump pulse decays and exits the computational domain, a second pulse probes the
structure’s linear optical parameters. This signal pulse at λs is suitably short with a
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duration of only 12 fs and consequently comprises a broad range of frequencies. It is also
of low intensity to prevent pronounced nonlinear interaction with the gain material and a
depletion of inversion. The actual intensity of the probe pulse is not important as long as
this condition is met. The total duration of the pump–probe simulation is approximately
14 ps and it is therefore much shorter (by 2 to 3 orders of magnitude) than the free-space
fluorescence lifetime of the dye. Hence, amplified spontaneous emission is expected to be
negligible [80]. Let us examine the pumping process in more detail.

4.3 Inhomogeneous deposition of gain
The pumping process is a dynamic process during which some of the energy from the
incoming pump light is transferred to inversion in the four-level system and some is dissipated in the metal. A closer look at the efficiency of these processes will be taken in
chapter 5. Here, the dynamic creation of inversion and its spatial dependency are investigated. Figure 4.6 shows, as an example, occupation dynamics of the gain material at
two positions inside the double-fishnet metamaterial during a 2 ps pump pulse with field
strength Ep = 200 kV/cm. Under these conditions, a large final inversion of around 0.84 is
achieved at positions of strong field enhancement of the pump (see figure 4.6(a)). Leading
up to this final point is a strongly nonlinear, dynamic interaction of the pump pulse with
the dye molecules.
Initially, all dye molecules are in the ground state (N0 = N ). At low pump intensities
on the rising edge of the pump pulse, the upper emission state 2 (black solid line) is
progressively occupied with a rate that is linearly dependent on the pump field intensity.
The transition that is excited by the pump is the absorption transition between levels 0
and 3, however, due to the comparatively faster nonradiative relaxation with a rate of
1/(100 fs) = 10 ps−1 from level 3 to 2, the occupation density N3 (red dash-dotted line)
remains small. Only during the most intense parts of the pump pulse (the maximum
intensity is reached after approximately 2.9 ps) is the pumping rate comparable to the
nonradiative relaxation rate and a transient occupation of N3 is observed. Although spectrally sharp, the locally strong pump pulse also couples weakly to the emission transition
of the gain material, which has a Lorentzian lineshape with finite spectral width and thus
a nonzero value at the pump wavelength λp . The result of this coupling is a temporary,
nonzero occupation of the lower emission state 1 (blue dashed line) at positions of very
high pump field enhancement. After the pump pulse has decayed sufficiently, which is the
case after approximately 4 ps, the occupation dynamics slow down significantly and are
solely determined by nonradiative decay. Hence, the gradual depopulation of N2 is determined by the relaxation time τ21 = 500 ps. The result of the complete pumping process
is a long-lived population inversion ∆Ne = N2 − N1 on the emission transition, which is
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Figure 4.6: Time dependence of the occupation recorded at two exemplary positions
inside the double fishnet: (a) at a position of high pump field enhancement highlighted
by a white circle with a black dot in figure 4.7(a,b); (b) at a position of average pump
field enhancement highlighted by a white circle in figure 4.7(b). The occupations are
N0 /N (green dash double-dotted line), N1 /N (blue dashed line), N2 /N (black solid
line) and N3 /N (red dash-dotted line).
spatially inhomogeneous, as a comparison of figures 4.6(a) and (b) confirms.
The spatial dependence of the resulting population inversion can be understood from
successive snapshots of the inversion profile during the pumping process, shown in figure
4.7, and a comparison to the pump field enhancement profiles of figure 4.5. During the low
intensity rise of the pump pulse at 1.36 ps, when the interaction with the gain material is
linear everywhere, the normalised population inversion ∆Ne /N in figures 4.7(a) and (b)
is highest at the edges of the holes and in between the metal films. Evidently, the pump
amplitude the gain material experiences locally is directly proportional to the electric field
enhancement at the pump wavelength shown in figures 4.5(c) and (d). The enhancement
relative to the free-space electric field amplitude reaches values close to a factor of 8 and
it is at those positions that the inversion is highest.
While the spatial profile of the pump field does not vary in time because the real part
of the host/dye refractive index is almost independent of the gain material excitation
state (compare figure 3.3(a)), the profile of the population inversion undergoes significant changes as the contrast between high and low inversion progressively weakens at later
times, e.g., after 2.04 ps, 2.72 ps and 3.40 ps in figures 4.7(c,d), (e,f) and (g,h), respectively.
The spatial spreading of high values of inversion originates not from increased excitation
at positions of low intensity but from saturation of the gain material at positions of high
pump field enhancement. This is most obvious at positions of very high field enhancement
in the projection of the holes. Whereas initially the population inversion in figure 4.7(a)
is largest at the aforementioned positions, gain material in the surrounding areas has a
higher inversion at later times during the pulse, shown in figure 4.7(c). The reduction in
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 4.7: Snapshots of the normalised population inversion ∆Ne /N during the
pumping process in two perpendicular planes of the double-fishnet unit cell. Snapshots
are taken at 1.36 ps (a,b), 2.04 ps (c,d), 2.72 ps (e,f) and 3.40 ps (g,h). White circles
(one with a black dot in the centre) in (a,b) highlight the positions used in figure
4.6. White rectangles constitute the projection (g) and positions (h) of the holes and
black dashed lines highlight the intersection of the planes. Rectangular black areas in
(b,d,f,h) do not contain gain material (metal films and free space).
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4.4 The probe process: Plasmonic resonator with gain
(a)

(c)

(b)

(d)

Figure 4.8: Electric field enhancement at λs without pumping (a,b) and at full loss
compensation (c,d) in two perpendicular planes of the double-fishnet unit cell. White
rectangles highlight the projections (a,c) and positions (b,d) of the holes and black
dashed lines show the intersection of the two planes in each column.
population inversion can be attributed to stimulated emission of radiation at the pump
wavelength λp and arises from the coupling of the strong local pump field to the emission
transition of the gain material. This is the same effect as already observed in the dynamic
occupation of figure 4.6(a). Figures 4.7(g) and (h) display the spatial profile of the population inversion at the end of the pump pulse, which determines how strongly a signal
pulse at the emission wavelength will be amplified.

4.4 The probe process: Plasmonic resonator with gain
From the dynamic interaction of pump pulse, plasmonic cavity and gain material follows
a spatially inhomogeneous population inversion of the gain material within the doublefishnet structure. This population inversion on the emission transition leads to a local
amplification of electric fields at wavelengths around that of maximum emission. Figure
4.8 presents the electric field enhancement at the signal wavelength λs before and after
excitation with a pump pulse of amplitude E = 200 kV/cm. The plasmonically enhanced
local electric fields of figures 4.8(a) and (b) are further increased by the gain material by a
factor of about 1.7 in figures 4.8(c) and (d). Clearly, the spatial distribution of the mode
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Figure 4.9: (a) Transmission and (b) absorption spectra for the case without pumping (dashed lines) and at full loss compensation (solid lines). Dotted lines replicate
the reduced-loss case of figure 4.2(b) with negligible absorption. The arrows highlight
the impact of gain on transmission and absorption.
profile has not changed, while the overall amplitude has increased. It has been highlighted
in the case of the pump field that the excitation state of the gain material does not impact
strongly on the real part of the host refractive index; the same is true for the mode profile
at λs .
The observed amplitude increase in the field enhancement requires a net energy transfer
from the gain material to the signal field. To achieve maximum efficiency in amplifying
the signal pulse, positions of strong local field enhancement should match those of high
population inversion in the gain material. This follows from the effective local gain coefficient, which is the product of inversion and field intensity [88]. Energy transfer from
the gain material to the signal field is therefore largest at positions of both high population inversion and field intensity. The local transfer of energy supports the mode as a
whole and consequently an inhomogeneous population inversion profile must be matched
to the signal field mode profile to provide the most efficient energy transfer. Indeed, it
can be seen from figures 4.7(g,h) and 4.8 that the matching between inversion and field
enhancement is achieved in the chosen configuration.
Transmission and reflection measurements of the signal pulse and a subsequent decomposition into spectral components, shown in figure 4.9, reveal that the increased field enhancement observed in figure 4.8 leads to negative absorption (solid line) in figure 4.9(b)
and consequently a compensation of internal losses in a limited wavelength range of 7 nm
around the wavelength of maximum emission at 710 nm. Accordingly, the sum of transmitted and reflected intensity exceeds the intensity of the incoming pulse at these wavelengths.
Accompanied by the increase in transmission is a shift in the position of its maximum,
yet more important, the resonance half-width is strongly reduced by the gain. This undamping of the resonance confirms the elimination of internal losses in the double-fishnet
74

4.5 Retrieved effective parameters of the loss-compensated double fishnet
metamaterial. A closer look at the effective rates of loss and gain channels will be taken
in the next chapter, where the associated quality factor of the metamaterial will also be
calculated.
In addition to the impact of gain on the transmission and absorption spectra, figure 4.9
also highlights that the compensation of losses is fundamentally different from assuming
artificially reduced losses in the metal (see difference between solid and dotted lines). An
indication for this is the small shift in the transmission peak to shorter wavelengths and a
slightly reduced half-width in comparison to the reduced-loss case. The smaller half-width
in case of loss compensation demonstrates that losses are in fact overcompensated. A
clearer proof of the disparity is that the absorption in the loss-compensated case (solid
line in figure 4.9(b)) has a finite bandwidth of negative values enclosed on both sides by
positive values. This is in contrast to the reduced-loss case, which exhibits absorption
close to zero everywhere. Clearly, the compensation of losses is strongly influenced by
the resonant character of the plasmonic response; the half-width of the emission line is
approximately 13 nm and hence significantly broader than the observed resonant width.
How does this interplay of lossy plasmonic resonance and gain impact on the effective
optical properties of the double-fishnet metamaterial?

4.5 Retrieved effective parameters of the loss-compensated
double fishnet
In the previous section, it has been shown that dissipative losses in the double fishnet
can be compensated by the optical excitation of the gain material with a pump pulse
of suitable intensity. This results in a wavelength range in which the absorption of the
composite material becomes negative and in a sharpening of the resonant transmission. It
remains to be determined how the effective parameters of the metamaterial are affected
by the compensation of losses. Additionally, the optical properties at intermediate pump
amplitudes have not been discussed yet.
Effective parameters of the gain-enhanced double-fishnet metamaterial are extracted from
the complex transmission and reflection spectra using the standard retrieval method in
the linear probing regime (see section 2.5.3). Figure 4.10(a) shows the real and imaginary
parts of the retrieved refractive indices for 5 different amplitudes of the pump electric
field, ranging from no pump pulse (cyan lines) to a maximum field strength of 200 kV/cm
(black lines) in steps of 50 kV/cm. The pump pulse duration is the same in each of
the numerical pump–probe simulations, implying a quadratic increase in pulse energy
content between numerical simulations. A continuous change of the retrieved refractive
index is observed in figure 4.10(a). With increasing pump amplitude, the imaginary part
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Figure 4.10: (a) Real (solid lines) and imaginary parts (dashed lines) of the retrieved effective refractive index of the double-fishnet structure for increasing pump
amplitudes. The peak electric field amplitude of the pump is increased in steps of
50 kV/cm from no pump pulse (cyan line, lightest) to a pulse with maximum field
strength of 200 kV/cm (black line, darkest). (b) Figures of merit (FOMs) given for
the same pump amplitudes. Vertical dotted lines indicate the two wavelengths at
which the FOM diverges. (c) Retrieved effective permeability (line styles and colours
as in (a)) and results from the application of Kramers-Kronig relations (dotted lines).

in the relevant wavelength range around 710 nm decreases towards zero, while the real
part remains negative for all pump field strengths. Clearly, the resonant character of the
response becomes more prominent; an effect that has already been observed in the case
of artificially reduced losses in figure 4.3. However, in contrast to the results of figure 4.3,
the marked resonant features are confined to a spectrally narrow band.
At a pump field strength of 200 kV/cm, the imaginary part of the retrieved effective
refractive index switches sign to negative values in a finite wavelength range (approx.
706 − 714 nm), almost matching that of negative absorption in figure 4.9. It follows that
real and imaginary parts of the retrieved refractive index are both negative. This is in
clear contrast to the suggestion of [44] that the compensation of losses forbids negative
refractive index. Interestingly, quite the contrary is observed as the real part of the
retrieved refractive index takes on more negative values.
The negativity of the imaginary part becomes more apparent when looking at the figure of merit (FOM) in figure 4.10(b). The FOM is defined as the negative fraction of
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real and imaginary parts of the refractive index, FOM = −Re(n(λ))/Im(n(λ)). It is a
performance measure for NRI metamaterials, where larger FOM values are connected to
better performance, and reveals how much a signal wave operating in the NRI regime is
damped while it propagates through the metamaterial. Passive NRI metamaterials generally exhibit one-digit FOM values at near-infrared and visible wavelengths [5, 8], which is
also true for the given configuration (cyan line in figure 4.10(b)). At intermediate pump
amplitudes of 50 to 150 kV/cm, the FOM rapidly improves and its maximum blue-shifts,
from a value of 3 at λ = 716 nm to 12 at λ = 712 nm, towards the wavelength of emission of the dye. Subsequently, the FOM diverges for 200 kV/cm at the two wavelengths
at which the imaginary part of the retrieved refractive index crosses zero (dotted lines
in figure 4.10(b)). As a consequence, it is possible to achieve ideal performance of the
double-fishnet metamaterial via the inclusion of gain material and its optical excitation
using a pulsed pump field. In this wavelength range, the losses are fully compensated,
while the negative real part of the refractive index, and thus the functional property of
the metamaterial, is retained.
To confirm the causal nature of the retrieved effective parameters, the compliance of
the extracted permeability with Kramers-Kronig relations is checked, a method that has
successfully been employed previously [93]. Figure 4.10(c) shows the retrieved effective
permeability without pump pulse and at full loss compensation as cyan and black lines,
respectively. In addition, the Kramers-Kronig relations for the permeability,
ˆ ∞
1
ω1 Im(µ (ω1 ))
P
dω1 ,
π
ω12 − ω 2
0
ˆ ∞
Re(µ (ω1 )) − µ (∞)
2ω
dω1 ,
Im(µ (ω)) = − P
π
ω12 − ω 2
0

Re(µ (ω)) − µ (∞) =

(4.1a)
(4.1b)

have been used to calculate the red and magenta dotted lines (P denotes the principal
value integral). In this way, the red dotted line, which closely matches the real part of
the retrieved effective permeability (black solid line), is related to the retrieved imaginary
part (black dashed line) and vice versa. Due to extracting effective permeability values in
a limited wavelength range, the principal integrals in equation (4.1) can only be evaluated
between 575 and 950 nm. Accordingly, a static permeability of µ (∞) 6= 1 is assumed
and accounts for all additional magnetic resonances outside the integration range. It was
found that a value of 2 provides a good fit. Excellent agreement between the permeability directly obtained from the retrieval method and the complementary Kramers-Kronig
approach confirms that the extracted effective parameters obey causality. Similar results
are achieved for all other pump amplitudes but are not shown here.
At intermediate pump amplitudes, no negative imaginary part of the retrieved refractive
index (nor negative absorption) is observed in figure 4.10. To provide further insight
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Figure 4.11: (a) Detail of the imaginary part of the retrieved effective refractive
index and (b) of the absorption spectrum for peak pump amplitudes close to and
above compensation between 150 and 210 kV/cm in steps of 10 kV/cm.
into the transition to loss compensation, figure 4.11 presents detailed spectra in a limited
wavelength range for pump field strengths just below and above loss compensation. The
critical pump amplitude determined from figures 4.11(a) and (b) is just above 185 kV/cm.
A further increase in the pump field amplitude up to levels of 210 kV/cm leads to a spectral
broadening of the region of negative absorption.
Before concluding this chapter, it should be mentioned that it was not possible to extract
spectrally continuous effective parameters from the transmission and reflection results at
large pump field strengths above 220 kV/cm. In contrast, the optical spectra of absorption,
transmission and reflection retained their spectral continuity at all pump amplitudes.
Most likely, the resonant character of the response paired with the extraction of effective
parameters causes these discontinuities. The discontinuous effective parameters did not
obey Kramers-Kronig relations and were hence deemed non-physical. All other physical
quantities behave well and in particular the population inversion is not depleted at any
position, confirming that the lasing threshold is not crossed.

4.6 Conclusion
In this chapter, the impact of gain on the optical properties of a double-fishnet metamaterial was examined. Initially, the passive double fishnet was characterised in terms of its
transmission and reflection properties and its effective optical parameters were extracted.
A wavelength range of negative real part of the retrieved refractive index was observed
and it was found that the extraction of well-defined negative effective parameters was
limited to a wavelength range between 702 and 718 nm. In this range, the double-fishnet
structure functions as a NRI metamaterial. Losses in the metal films lead to a nonzero
imaginary part of the retrieved refractive index stemming from absorption of the signal
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wave. With the incorporation of the laser dye Rhodamine 800 within the structure of the
double-fishnet metamaterial, it is possible to counter this absorption by optical gain.
In a first step, the excitation of the gain material with a 2 ps optical pump pulse was
examined. The dynamic excitation of the gain material, i.e., the creation of inversion,
proved to be highly spatially nonuniform depending on the modal field enhancement inside
the double fishnet at the pump wavelength. Strong field enhancement led to a faster buildup of inversion but also to a quicker saturation of the absorption transition. Consequently,
the population inversion profile initially showed high values only at positions of strong field
enhancement, yet these regions spatially expanded during the later part of the pulse.
The spatially nonuniform population inversion, which resulted from the pulsed pumping
process with a field strength of 200 kV/cm, was shown to lead to a 1.7-fold increase in the
field enhancement at the signal wavelength 710 nm. It was argued that for an efficient
transfer of energy from the pump to the signal pulse, the population inversion in the gain
material needs to be high at positions of strong intrinsic enhancement of the signal field.
Taking into account the results obtained from the dynamic pumping process, it follows
that a good overlap of pump and signal field enhancements is critical. This overlap existed
in the chosen configuration.
The observed increase in field enhancement was accompanied by negative absorption in a
wavelength range of approximately 7 nm around the signal wavelength. Hence, the internal
dissipative losses in the double fishnet were fully compensated. Extracting the effective
refractive index from the complex transmission and reflection data, it was possible to
unambiguously identify simultaneous negative real and imaginary parts of the retrieved
refractive index, disproving claims from analytic theory that this should not be possible
[44]. The figure of merit, a performance measure for NRI metamaterials, diverged in
this wavelength range. Importantly, the validity of the retrieved effective parameters
was supported by checking the compliance of the effective permeability with KramersKronig relations. This was confirmed both in the case without pump pulse and at full
loss compensation. The transition to loss compensation was found to occur at a pump
amplitude of approximately 185 kV/cm.
To better understand the efficiency of the pumping process and quantitatively describe the
metamaterial system above the point of loss compensation, rates of energy flux, absorption
and gain will be derived and applied in the next chapter. From these, a window of
amplification and the threshold condition of lasing can be defined. In addition to providing
quantitative results, these discussions also serve to further support the correctness of the
conclusions drawn in this chapter, which have been contested in [46]. There, it is claimed
that the compensation of losses in nanoplasmonic metamaterials should not be possible
due to a dynamic instability of the fields and associated gain depletion. Indeed, such a
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field instability can occur in the double fishnet, however, it is confirmed in the next chapter
that this does not prevent the full compensation of dissipative losses.
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In the previous chapter, we have observed the full compensation of dissipative losses in a
double-fishnet nanoplasmonic metamaterial via the inclusion of optical gain. To achieve
loss compensation, it proved necessary to generate high population inversion in the gain
material at positions of strong field enhancement of the signal field. The observed inversion
resulted from the deposition of energy via a short pump pulse with high field intensity,
where the spatial deposition of inversion strongly depended on the field enhancement
profile at the pump wavelength. Since the negative refractive index (NRI) response of
the double fishnet arises from the resonant excitation of a gap surface plasmon polariton
(gap-SPP) in the dielectric layer between the two metal films (see section 2.7), the field
enhancement is spatially inhomogeneous with high values close to the metal–dielectric
interfaces. Despite this detailed knowledge of the involved physical processes, it is not yet
clear how efficiently energy is transferred from the pump pulse to the signal wave because
of the nonlinear character of this energy conversion. However, such understanding is
essential to make predictions on the practicability of loss compensation in nanoplasmonic
metamaterials.
With regards to the signal fields, it was found that the reduction of dissipative losses
in the double fishnet via inversion in the gain material led to a decrease in the width
of the resonant transmission peak, associated with a general sharpening of the resonant
character of the optical response. Recent theoretical work based on the transport of energy
via SPPs identified dissipative losses of the gap-SPP as the main cause for absorption at
the NRI resonance of the double fishnet [78]. When compensating the losses of the gapSPP, the NRI resonance becomes free of absorption and the transmission full-width is then
solely dependent on scattering losses, i.e. the coupling to free-space plane waves, which
account for energy transport to and from the metamaterial. Seen in the context of above
discussion of energy conversion between pump and signal fields, this argument illustrates
the importance of fundamentally understanding the flow of energy in active nanoplasmonic
structures.
In addition to these considerations, this chapter also serves to further support the argument that loss compensation in nanoplasmonic metamaterials is possible. This conclusion
has been contested in [46], where it was shown using quasistatic theory that the condition of loss (over)compensation equals that of spasing. Spasing describes the coherent
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Figure 5.1: Schematic of the energy flow inside the double-fishnet metamaterial.
Gain material and metallic films are the origin of loss (blue) and gain channels (red)
that are energetically associated with the intensity of radiation through the surface
and electromagnetic energy inside a given volume V , expressed by Poynting’s theorem
(see equation (5.1)). Reprinted figure 1 with permission from Hamm, Wuestner,
Tsakmakidis, and Hess [50]. Copyright 2011 by the American Physical Society.
amplification of surface plasmon fields, bound to plasmonic nanostructures at the deep
subwavelength, by optical gain [24]. Hence, if the two conditions are equal, the overcompensation of losses should result in a spasing instability, gain depletion and ultimately
clamping of the gain to a threshold value. However, for quasistatic theory to be applicable, optical wave retardation effects need to be negligible [49]. In this chapter, it is shown
that radiative outcoupling is non-negligible in the considered nanoplasmonic metamaterial and that consequently a wide window of amplification exists. As the functionality of
metamaterials relies on this radiative coupling to free-space modes and the exchange of
electromagnetic energy with the environment, loss compensation is generally separated
from the emergence of field instabilities [47, 48].
In this chapter, a rate analysis method is introduced that is able to locally trace the flow
of energy between the fundamental gain and loss conversion channels of gain-enhanced
plasmonic nanostructures, i.e., the coupling to free-space radiative modes, dissipative
losses in metallic components and emission and absorption from gain material (see figure 5.1). Furthermore, this treatment allows the definition of threshold conditions for
loss compensation (above which amplification is observed) and for lasing (above which
the electromagnetic fields increase exponentially). In the future, practical strategies to
manage dissipative losses in metamaterials via optical gain could be deduced from these
considerations. The approach and its application to the double-fishnet metamaterial have
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been published in [50].
Rates of energy flow based on the local evaluation of Poynting’s theorem in a finite volume
are introduced in section 5.1. Additionally, conversion efficiencies are derived, which prove
particularly useful in the discussion of the pumping process. The numerical retrieval of
effective rates and conversion efficiencies is here applied to the double-fishnet metamaterial
with embedded gain material. To complement but also advance earlier conclusions, the
geometrical and gain material parameters are identical to those of the previous chapter.
A detailed analysis of the passive structure can therefore be found in section 4.1. Adding
to prior discussions, a passivation layer next to the metal surfaces is introduced, in which
no gain material is present. This allows to approximatively take into account potentially
detrimental effects such as quenching [23]. The dynamic conversion of energy supplied by
the impinging pump pulse to population inversion in the gain material is investigated in
section 5.2. Section 5.3 goes on to investigate the time-dependent rates during the probe
process, where two regimes of constant effective rates are observed. Their dependence
on the excitation state of the gain material and the thickness of the passivation layer is
determined in section 5.4. In section 5.5, the results of the rate retrieval are linked to
previous observations in chapter 4 in terms of spectral response and retrieved effective
parameters. Section 5.6 summarises the conclusions of this chapter.

5.1 Rate retrieval technique
Tracing how energy flows inside an active metamaterial system allows for the system’s
description in terms of rate equations and provides additional insight into the processes
involved in the compensation of losses via gain. Results on effective rates are particularly
relevant if multiple channels of energy flow can be resolved, such as absorption in metallic
parts and gain/loss from active media (see figure 5.1). The approach that will be presented
in this section is generic in nature and thus applicable to any active, lossy system.

5.1.1 Definition of effective rates
Energy flux into and out of a chosen volume can be formulated in terms of the surface
integral of the Poynting vector S(r, t) across the volume’s closed surface. According to
Poynting’s theorem, this energy flux is connected to the change in electromagnetic energy
inside the volume and to the rate at which work is done by the fields on charged objects.
Allowing for active media to be present, the work term must also account for energy that
is transferred to and from the gain material. In the chosen time-domain approach, optical
transitions of the four-level gain material are represented by polarisation densities, Pe (r, t)
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and Pa (r, t) for emission and absorption. Hence, Poynting’s theorem takes the form
ˆ

∂u
dV = −
∂t

˛

ˆ
S · dA −

ˆ
Ṗf · E dV −

ˆ
Ṗe · E dV −

where the electromagnetic energy density is u(r, t) =

1
2

Ṗa · E dV ,

(5.1)

ε0 εb (r)E2 (r, t) + µ0 H2 (r, t) and


the polarisation density of the free electron plasma inside the metal is given by Pf (r, t).
Energy emitted and absorbed by the gain material is expressed by the last two terms of
the equation.
As discussed in section 2.4, the accurate representation of the metal’s optical response in
the selected wavelength range within the time-domain approach requires the polarisation
density to be composed of individual resonant responses Pl (r, t), such that Pf (r, t) =
P

l

Pl (r, t). It is important to note that these resonant polarisation responses are both

dissipative and dispersive in nature and thus the second term on the right hand side
of equation (5.1) does not solely represent the work of the fields on the free electron
plasma. However, it is possible to separate dispersive and dissipative contributions. For a
Lorentzian resonant response this separation is given by [94]
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dissipative contribution

In section 2.2, it was shown that several basic response models can be described by a simple
complex pole equation, which can be regarded as a generalised Lorentzian resonance.
Equation (5.3) thus allows to split dispersive contributions (∂wl /∂t) off the work term
and count those towards the change in energy. This way, energy stored in the polarisation
is added to the electromagnetic energy and correctly attributed to the total energy.
With regards to the four-level gain material, a simple separation into dispersive and dissipative parts is not possible and has not been performed in the simulations, despite the fact
that the four-level model incorporates two Lorentzian polarisation transitions connecting
the four occupation densities. That is because the polarisations act on the occupation
densities and thus the coupling to the electric field, given by −σj ∆Nj (t) in equation (3.7),
changes dynamically. It is this coupling term that forms part of equation (5.2) (expressed
by ε0 ∆εl ωl2 ) and prohibits the reshaping into equation (5.3) because of its time dependence. As a consequence, the polarisation densities of the four-level system take a different
role from those modelling the metal’s response by not contributing to the total energy. It
will be shown later that this is favourable in terms of the discussion of extracted effective
rates.
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The formulation of volume-averaged energy transfer in equation (5.1) is exact, as it directly
expresses energy conservation, and applicable to arbitrary linear and nonlinear systems.
Rates of energy transfer can be deduced from equation (5.1) using the definition
∂U
= −Γt U = −ΛU − Γf U + Γg U ,
∂t
where U = u +

P

l

(5.4)

wl is the total energy in the chosen volume, Γt is the energy decay

rate, Λ = ∇ · S /U
is the energy flux 
rate measuring the outflow of energy through the
P
surface and Γf =
/U is the dissipative loss rate of the free electron
l Ṗl · E − ∂wl /∂t
plasma in the metal. The rates connected to optical transitions of the four-level gain
material are expressed by Γe = Ṗe · E /U and Γa = Ṗa · E /U for the emission and
absorption lines, respectively, and are combined in an effective gain rate Γg = −Γe − Γa .
By separating the pump from the probe process, it is not necessary to make the distinction
between the two lines: during the pumping process Γg ≈ −Γa < 0, while during probing
Γg ≈ −Γe > 0. A time averaging over ∆t & 2π/ω is performed in equation (5.4) to
eliminate fast phase oscillations at optical frequencies. This yields slowly varying rates
if one frequency contribution is dominant.1 For convenience, the time averaging and the
´ t+∆t ´

integration over the volume are expressed by the operator h•i = T1 t
• dV dt.
Equation (5.4) presents a dynamic rate equation in which changes in energy and thus in
photon number are connected to flux, loss and gain channels. Complemented by a differential equation that determines the absorption and emission rates in the four-level gain
material in dependence of the energy U or equally the photon number, the resulting set
of volume-averaged equations would constitute an effective rate equation model for active nanoplasmonic metamaterials, equivalent to rate equations in lasers [88]. Here, above
definitions of the rates will be used to extract their values from pump–probe simulations
and to determine their time-evolution in dependence of pump parameters. The implementation of the rate retrieval within the chosen finite-difference time-domain method is based
on the direct discretisation of Poynting’s theorem. This is detailed in section A.4, where
the separation of the individual polarisation responses Pl into dispersive and dissipative
contributions, as described by equation (5.3), is also performed.
The effective rates are time-dependent measures that become constant whenever U is
constant or whenever it decreases exponentially during single mode decay. Hence, two
important regimes of operation can be distinguished: during continuous wave excitation
the energy transitions into a steady state, Γt → 0, and the energy influx rate −Λ equals the
sum of the work rates, −Λ = Γf − Γg . This regime will be denoted continuous excitation
1

In the case of multiple frequency contributions (modes), interference between the modes will prevent an
unambiguous definition of the rates unless a frequency filtering of the electromagnetic and polarisation
fields is employed. In the considered double-fishnet metamaterial, only single-mode behaviour was
observed in the given wavelength range, obviating the need for a frequency filter.
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(CE). When the external source is subsequently switched off faster than the shortest
internal decay time, the effective rates rebalance and become constant once the energy
decrease is purely exponential. This regime of exponential decay will be denoted free
decay (FD). During free decay, the energy decay rate Γt is made up from energy flux out
of the volume, dissipative losses and gain/absorption inside the volume, Γt = Λ + Γf − Γg .
The decay rate is connected to the quality factor Q of the resonant mode with frequency
ω by Q = ω/Γt .

5.1.2 Definition of conversion efficiencies
In addition to the treatment of the pump–probe numerical simulations in terms of effective
rates, it is useful to describe the pumping process using photon conversion efficiencies.
These are closely related to the effective rates, however, they are normalised to the intensity
I of an incoming wave and the surface area Az (see figure 5.1) rather than the total energy
U and are thus only applicable during the CE regime.
The total absorption efficiency α is the net percentage of photons absorbed at any given
time in the volume V
α = −h∇ · Si/ (IAz ) .

(5.5)

It can be separated into channels using the following definitions for the internal ‘efficiencies’
of dissipative losses in the metal, ηf = −Γf /Λ, and gain/absorption in the four-level gain
material, ηg = Γg /Λ:
α = αηf + αηg .

(5.6)

Clearly, the internal efficiencies add to 1 and thus account for the percentage contribution
of each individual channel to the total absorption efficiency α.
According to equation (5.5), the total absorption efficiency α is a comparison of the net energy flux into the volume to the intensity supplied by a continuous plane wave through the
interface Az . In the double-fishnet metamaterial configuration of a flat film with infinite
extension in the plane, α equals the value of the absorption spectrum at a given wavelength
because all energy flow parallel to the film cancels. In this case, the internal efficiencies
reveal how strongly the individual subsystems contribute to the total absorption.

5.2 Conversion efficiencies during the pumping process
In the previous chapter, it was shown that loss compensation in the double-fishnet metamaterial with embedded gain material is critically dependent on the efficient excitation of
the gain material. In particular, a marked spatial variation of energy deposition during
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the pumping process was highlighted and attributed to the strong field enhancement at
the pump wavelength and to dynamic gain saturation. However, the actual efficiency of
the pumping process in terms of how much of the incident intensity is converted into
population inversion in the gain material has not been considered yet. Using the rate
retrieval method, specifically the conversion efficiencies, in a volume enclosing the double
fishnet unit cell allows for a distinction of the total absorption efficiency α into absorption
by the gain material αηg and dissipative losses in the metal αηf , shown in figure 5.2.
During the first 2.7 ps of the computational pump–probe simulation, the pump field
strength is raised to an amplitude of E = 50 kV/cm (peak intensity Ip = 3.3 MW/cm2 ),
as seen in figure 5.2(b). In individual simulations, the pump amplitude is sustained at a
constant value for varying pump durations τp = 0 − 180 ps (in steps of 1.38 ps) before being
ramped down to zero for the probe process. Rising and falling edges of the pump pulse
are sech-shape. Figure 5.2(b) presents three exemplary pulses of different duration, where
the short dashed lines show the ramp down of the pump amplitude. The energy content
of each pulse is linearly dependent on the pump duration τp . In comparison to chapter
4, the pumping scheme is thus modified to changing the pulse’s duration instead of its
maximum amplitude. In addition to gaining further insight by introducing this alternative
parameter, the new scheme also simplifies the discussion of the conversion efficiencies.
A definition of efficiencies is strictly only possible after the ramp up of the pump pulse,
when the CE condition Γt = 0 is met. Hence, the total absorption efficiency (red line in
figure 5.2(a)) starts off at a value just below 30% at 2.7 ps, indicating that around a third
of all incident photons are retained in the plasmonic metamaterial and absorbed. At this
early stage of the pump pulse, a larger proportion of these photons is absorbed by the
gain material, dominating dissipative losses in the metal by a factor of ηg /ηf ≈ 1.45. This
absorption is connected to the creation of population inversion close to interfaces with
the metal (see figure 5.2(c.i)), where the field enhancement at the pump wavelength is
strongest. Figure 5.2(a) reveals that the absorption efficiency of the gain material rapidly
drops and becomes smaller than dissipative losses. The decrease in absorption efficiency is
directly related to saturation of the gain material at positions of high field enhancement, as
seen in figures 5.2(c.ii) and (c.iii). At the same time, dissipative losses in the metal increase
slightly. This is due to the changed optical response of the gain material, associated with
saturation of the absorption transition. The real part of the refractive index in the gain
material changes and this slightly impacts on the mode profile of the pump fields, leading
to increased field overlap with the metal, stronger induced electric currents and thus
higher dissipative losses. However, the effect on the total absorption efficiency is small in
comparison to the one stemming from the decreased absorption of the gain material.
Global saturation of the absorption transition causes a low pump efficiency of below 3%
of the total incident photons at later stages of the pulse. This is also evidenced by the
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Figure 5.2: Conversion efficiencies during the pumping process for passivation layer
thickness of tp = 0 − 10 nm indicated by shaded areas and arrows for increasingly
thicker passivation layers (solid lines: 5 nm). (a) Total absorption efficiency α (red
line), gain material absorption efficiency αηg (blue line) and dissipative ‘efficiency’
αηf (green line). Absorption coefficient A (yellow squares) obtained from ATR calculations. Total inversion hN2 − N1 i (black line) of the gain material inside one unit
cell. (b) Time-dependence of the pump intensity Ip and three separate switch-off
times (dashed lines). (c.i)-(c.iii) Population inversion [N2 (r) − N1 (r)] /N after switch
off of the pump pulses in (b.i)-(b.iii): x-y cross sections centred between the silver
films (top row), x-z cross sections through the centre of the holes (bottom row).
saturation of the total population inversion within the unit cell, given by the black line in
figure 5.2(a). Half the maximum population inversion is reached as early as 30 ps after the
ramp-up of the pulse. The total population inversion along with its spatial distribution
determine how strongly a signal wave is amplified by stimulated emission and thus high
values are essential for loss compensation.
Interestingly, it is found that the absorption efficiency of the gain material does not tend
to zero for t → ∞, even though the population inversion does not change any more (not
shown). This effect can be attributed to stimulated emission of radiation at the pump
wavelength. The stimulated emission is connected to a clamping of the population inversion because the pump field couples to the emission transition of the gain material.
What follows are absorption–emission cycles that dissipate energy within the gain material without affecting the population inversion. This process is directly connected to the
overlap of the optical absorption and emission transitions in the gain material and can
only be prevented by either using lower pump amplitudes or a different gain material with
smaller overlap.
Lastly, the impact of the passivation layer of thickness tp (a variation of tp between 0 nm
and 10 nm is considered) on the absorption and dissipative loss efficiencies is given in figure
5.2(a) by shaded areas around the solid lines, representing the results for a thickness of
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tp = 5 nm. Within this passivation layer, no gain material is present. In experiments, this
passivation layer could represent a dielectric barrier material as a buffer layer to electrically
isolate the gain material from the metal. Equally, such a layer may inadvertently be present
because emission and absorption from excited atoms and molecules can be quenched very
close to metallic surfaces, e.g., by the excitation of electron–hole pairs in the metal [23].
Also, fabrication tolerances could be represented by this passivation layer.
While dissipative losses in the metal (green shaded area in figure 5.2(a)) are not influenced
by the thickness of the passivation layer, there is a visibly reduced gain material absorption
efficiency (blue shaded area) for thicker layers. The absorption efficiency at 2.7 ps is about
27% lower in a structure with tp = 10 nm than without the passivation layer, even though
the total volume occupied by the gain material is only reduced by about 21%. Gain
material situated close to interfaces with the metal must therefore contribute more strongly
to the effective absorption efficiency. This is not surprising as these are the locations of
highest plasmonic field enhancement at the pump wavelength. However, gain material
deposited at these positions also saturates more quickly due to the strong fields, so that
the difference in absorption efficiency is much smaller at later stages of the pump pulse.
Despite similar late-time behaviour, there is a marked difference in the final inversion
depending on the thickness of the passivation layer. For example, the inversion is reduced
from 9 · 104 to 7 · 104 electrons (a reduction of about 22%) when introducing a 10 nm
thick passivation layer. It remains to be determined how this reduction impacts on the
properties of loss compensation .
The photon conversion efficiencies have allowed an increased understanding of the timedependent effectiveness of the pumping process as a whole and have revealed that the
process is mostly limited by saturation of the gain material during later stages of the
pulse. This limitation is observed irrespective of the passivation layer between metal and
gain material. Therefore, operating with pump pulses of longer duration is only efficient
if low amplitude fields are employed, which are connected to a much slower saturation.
However, the aim here is not to make the pumping process more efficient but to achieve
loss compensation. This might require long pump pulses at high amplitudes to attain the
required population inversion. Hence, the following section discusses loss compensation
properties of the active double-fishnet metamaterial in terms of effective rates and their
dependence on the pump duration (or equivalently the total inversion) and the passivation
layer thickness.

5.3 Dynamic retrieval of effective rates
Due to the characteristics of the rate retrieval method, the probe process can be dynamically separated into distinct regimes, two of which, continuous excitation (CE) and free
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Figure 5.3: (a) Exemplary rate dynamics during the probe process in the double
fishnet with 5 nm thick passivation layer after a pump pulse of duration τp ≈ 44.5 ps.
Gain rate Γg (blue line), radiative (out)flux rate Λ (red line), dissipative loss rate Γf
(green line) and energy decay rate Γt (black line). (b) The signal intensity Is (black
line) and energy U (red line) inside the measurement volume over time. The regimes
of continuous excitation (CE) and free decay (FD) are highlighted by shaded areas
and the measurement times are indicated by short dashed lines (light blue circle and
magenta square for CE and FD, respectively) .
decay (FD), have been introduced in section 5.1. Best suited for the purpose of retrieving
effective rates is a sustained probe pulse with constant amplitude for a limited period
of time, followed by a fast ramp down. The time-dependent intensity of such a pulse is
shown in figure 5.3(b): the signal at λs = 710 nm is ramped up and then sustained at a
peak intensity of Is = 1.23 kW/cm2 for approximately τs = 1 ps before it is ramped down
within a few cycles. The fast ramp down ensures that the transition period is short and
that effective rates in the FD regime can be determined. The comparatively low intensity
of the signal guarantees probing of the gain material in the linear regime.
The electromagnetic energy, also given in figure 5.3(b), increases once the signal pulse
enters the measurement volume, which is chosen to tightly but completely enclose the
double-fishnet structure including the coating. The increase in energy is much slower than
the intensity rise of the signal pulse because of the resonant character of the structure.
Once the energy is constant, the CE regime is entered (~0.45 ps) and sustained until the
signal is switched off (~1.2 ps). Again, the energy does not instantly follow the drop in
signal intensity. After the signal pulse has completely left the measurement volume, the
resonant mode decays exponentially with a characteristic decay constant during the FD
regime. The rate retrieval method allows to determine this decay constant, but first let
us discuss the evolution of rates during the probe process.
Figure 5.3(a) shows the retrieved effective rates over time for the example of a configuration
with a passivation layer thickness of 5 nm and a pump duration τp = 83.5 ps, resulting in
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a total inversion of around 6.9 · 104 electrons. Note that, according to equation (5.4), the
rates add to zero at any point in time, i.e., Γt (t) − Λ(t) − Γf (t) + Γg (t) = 0. During the
transient build-up of energy in the resonant mode, the energy decay rate Γt (black line) is
negative, consistent with the increase in energy during this phase. At about 0.35 ps, the
radiative flux rate Λ (red line) becomes positive and subsequently stays positive
out the CE regime when Γt = 0, demonstrating that there is a net outflux of energy and
thus that amplification from the gain material outweighs dissipative losses in the metal
for this example. This is confirmed by the fact that the gain rate Γg (blue line) is larger
than the dissipative loss rate Γf (green line), such that Λ = Γg − Γf > 0. The effective
rates undergo a second transient phase when the signal is switched off and rebalance to
enter the FD regime during which the energy decays purely exponentially. In contrast
to the CE regime, there is a nonzero, positive energy decay rate in the FD regime. It is
equal to the sum of radiative flux and dissipative loss rates less the effective gain rate:
Γt = Λ + Γf − Γg > 0. While the signal field dictates the optical frequency during CE, the
system always falls back to its inherent resonance frequency during FD (assuming there
is only one resonance that overlaps with the signal frequency) .
The dissipative loss rate in figure 5.3(a) remains constant at Γf ≈ 22 ps−1 during the
whole duration of the probe process. It follows that the field profiles of the externally
driven resonator and that of the freely decaying resonant mode must exhibit similar field
overlap with the metal films. A full matching is however not expected because during
CE the signal pulse leads to higher field amplitudes in parts of the double fishnet that
are closer to the source, e.g., inside one of the coating layers (see figure 4.5(f)), while the
freely oscillating mode is symmetric in its field profile.

5.4 Dependence of rates on pump duration and passivation
layer thickness
A large number of computational pump–probe simulations were conducted and the effective rates were extracted for pump durations τp = 0 − 180 ps and passivation layer thickness
tp between 0 and 10 nm in steps of 2.5 nm. The results are presented in figure 5.4. To
better visualise the collection of CE and FD rates from individual probe results, figures
5.4(a) and (b) contain two vertical short-dashed lines, one with a light blue circle during
CE and one with a magenta square during FD, both of which can also be found in figure
5.3(a). Intersections of these dashed lines with the solid lines of the rates in the figures
reproduce the results of the example. Shaded areas indicate the range of passivation layer
thickness. Rather than displaying the effective rates in dependence of the pump duration
τp , they are here given in terms of the total inversion. Hence, differences in the rates in
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figure 5.4 associated with the thickness of the passivation layer can be directly correlated
to the spatial distribution of inversion, simplifying the discussion of the layer’s impact on
the rates and the population inversion.
First, let us discuss some general characteristics of the effective rates in figure 5.4. By
definition the CE regime in figure 5.4(a) is characterised by Γt = 0 and, indeed, the
black line denoting Γt remains zero for all values of total inversion and passivation layer
thickness. In addition, the dissipative loss rate Γf (green line) is constant during this
regime. Furthermore, it has been observed in figure 5.3(a) that the loss rate continues at
the same value of Γf ≈ 22 ps−1 into the FD regime and figure 5.4(b) demonstrates that this
continuation is independent of the total inversion and layer thickness. The independence
of Γf from the excitation state and positioning of the gain material is shared with the
radiative flux rate Λ during the FD regime, highlighting two important points. First, a
constant dissipative loss rate Γf is connected to an unchanging mode overlap with the
metal. A constant flux rate Λ, on the other hand, means that the outcoupling of the
freely decaying mode to the radiative continuum is unchanged. As a consequence, it
must be concluded that the excitation state of the gain material does not measurably
impact on the mode profile. Second, when defining the effective rates in section (5.1), the
polarisation densities connected to optical transitions in the gain material were excluded
from contributing to the total energy. Had this choice not been made, then the total
energy along with Γf and Λ would be dependent on the gain material excitation state.
The independence of the rates, however, allows their distinction into those purely arising
from structural properties, such as Λ (during FD) and Γf , and those being influenced by
the gain rate Γg , e.g., Λ during CE and Γt during FD.
The amplification of an incoming signal wave at λs = 710 nm is determined by the rates
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during CE in figure 5.4(a) and, in terms of these rates, the threshold of amplification is
defined by the condition Λ = 0. At this threshold value, the gain rate exactly equals the
dissipative loss rate: Γg = Γf . For a passivation layer thickness of tp = 5 nm, a total
inversion of approximately 5.2 · 104 electrons in each unit cell is required to cross the
amplification threshold and achieve loss compensation.
Interestingly, the effective gain rate differs for varying passivation layer thickness at the
same total inversion in that identical values of total inversion are connected to lower
gain rates for larger passivation layer thickness. Accordingly, the spatial variation of the
population inversion must impact on the effective gain rate Γg . Following the definitions
in section 5.1, the effective gain rate is equal to the volume (and time) averaged terms
− Ṗe · E − Ṗa · E divided by the total energy U , which can be evaluated using equation
(3.10) and Ṗ ≈ −iωP to give the relationship
ˆ "
Γg (ω, t) =
V

ε0 n2h |E(ω, r)|2
Γg,loc (ω, r, t)
dV
U (ω)
#

(5.7)

between the slowly varying effective gain rate Γg (ω, t) (at the cw or resonance frequency
ω) and the local gain rate
Γg (ω, r, t) =


π
Le (ω)σe ∆Ne (r, t) + La (ω)σa ∆Na (r, t) .
2
2ε0 nh

(5.8)

The lineshape functions Lj (ω) have been defined in equation (3.11). Here, it is assumed
that the mode shape E(ω, r, t) is independent of the local gain rate and that it therefore
does not change with time (as observed above), so that the proportionality between the
local field amplitude squared and the total energy remains constant, |E(ω, r, t)|2 /U (ω, t) =
|E(ω, r)|2 /U (ω). For a plane wave propagating through a dielectric host medium with
refractive index nh and embedded gain material, the proportionality factor between the
local and effective gain rates is given by ε0 n2h |E(ω, r)|2 /U (ω) = 1/V . Hence, in this case,
equation (5.7) presents a simple spatial averaging of the local gain rate.
The field of the resonator mode at the signal frequency E(ωs , r) enters the effective gain
rate in equation (5.7) as a weight and, accordingly, the local gain rates in regions of high
field enhancement, found close to the metal interfaces, contribute with the largest weights.
However, it is at these positions that the passivation layer reduces the local gain to zero.
As a consequence, overcoming the amplification threshold Λ = 0 requires higher values of
total inversion for larger passivation layer thickness. Combined with the earlier observed
lower total inversion at thicker passivation layers for equal pump durations (see figure
5.2), the passivation layer is seen to strongly impact on the properties of the active double
fishnet. Nevertheless, loss compensation is possible in this structure up to a passivation
layers thickness of tp = 7.5 nm (red shaded area with values larger than 0 in figure 5.4(a)).
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It has been argued that the effective gain in nanoplasmonic structures is increased because
of the resonant enhancement of the electric fields [38] by observing that the total number
of photons, including those from stimulated emission, divided by the number of incident
photons shows an average enhancement of up to 100 for a given double-fishnet structure.
However, no such increase is found in the effective gain rate defined in equation (5.7):
the maximum effective gain rate of figure 5.4(a) is Γg (ωs ) ≈ 32 ps−1 , while the local gain
rate of equation (5.8) is Γg (ωs , r, t) ≈ 42 ps−1 at the signal wavelength, assuming full
inversion (∆Ne (t) = N ). The comparatively small difference between the two values can
be explained by observing that the average inversion is not complete but of the order of
70% and, additionally, that the modal energy of the resonant mode differs from that of a
plane wave. Both factors lead to a reduction of the effective gain rate, the impact of the
decrease in inversion being dominant.
An enhancement of the gain rate is not observed because the rates in equation (5.4) are
normalised to the total energy of the mode. If the rates were defined using an equivalent
energy, i.e., the energy of the incoming signal plane wave in a free-space volume of the
same size as the double fishnet,2 then the effective gain rate would indeed show a resonant
enhancement: the enhancement factor would be equal to the quotient between the actual
mode energy and the equivalent energy and would therefore be of a similar magnitude as
the electric field enhancement squared. However, by consequently applying the equivalent
energy, the dissipative loss rate in the metal would be enhanced by the same factor,
effectively cancelling the enhancement effect in the gain rate. This expresses the fact that
the amplification threshold Λ = 0, derived from the balance of rates, is independent of
the energy used to normalise the rates. A similar conclusion was drawn in [38] in that
the enhanced gain values are not the ones that should be considered when judging the
suitability of a given gain material for loss compensation.
The dissipative loss rate, as defined by the rate retrieval method and observed in figure
5.4, is Γf ≈ 22 ps−1 in the considered double-fishnet metamaterial. This number can be
compared to quasistatic theory, which predicts a value of ΓQS
f

ω=ωs

≈ 38 ps−1 at the signal

frequency for the silver model used in this work (ΓQS
f ≈ 2Im (εm ) / [∂Re (εm ) /∂ω], derived
from equation (5) in [49]). Quasistatic theory slightly overestimates the dissipative losses
because of the neglect of retardation effects. Nonetheless, dissipative loss rates of this
order need to be considered when estimating the required gain rates to compensate losses
in nanoplasmonic structures, which are to a large part independent of a nanoplasmonic
metamaterial’s specific design. Consequently, the principal impact of the electric field
enhancement on the effective gain rate is not an overall enhancement of the rate but
2

The definition of rates using the energy of a signal plane wave is closely related to the definition of the
conversion efficiencies in section 5.1.2, where the intensity of the incoming plane wave is part of the
denominator of equation (5.5). The intensity of a plane wave is directly proportional to its energy
content in a given volume. This alternative definition is only valid during CE.
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rather a spatial weighting of the local gain rate.
During free decay (FD), the energy decay rate is given by Γt = Λ + Γf − Γg , where both
the radiative flux rate Λ and the dissipative loss rate Λf are independent of the inversion
(its total value as well as its spatial variation) and thus independent of the gain rate
Γg . Hence, the minimum value of the decay rate is directly related to the highest gain
rate attainable. In figure 5.4(b), Γt remains above zero for all values of total inversion
and passivation layer thickness. This, however, is not necessarily the case and resulting
from a negative energy decay rate are exponentially increasing electromagnetic fields, an
instability that is only limited by depletion of inversion and a subsequent reduction of the
gain rate to its threshold value. Hence, the lasing threshold can be identified by Γt = 0 in
the FD regime, analogous to the characterisation of the amplification threshold as Λ = 0
in the CE regime. The important conclusion of this is that gain rates Γg that fall in the
range Γf < Γg < Γf + ΛFD belong to a window of amplification between the point of
loss compensation and the lasing threshold. Additionally, it can be inferred from figure
5.3, where the effective rates during the CE regime were shown to remain constant, that
steady-state amplification is observed within this window of gain rates.
In the given double-fishnet metamaterial, the coupling to radiative modes is strong and
the radiative flux rate ΛFD ≈ 48 ps−1 outweighs the dissipative loss rate Γf ≈ 22 ps−1 by
a factor larger than two. As the lasing threshold is comparatively large, the window of
amplification’s upper bound is further restricted by a saturation-limited gain rate Γg ≤
FD . For example, in figure 5.3(b), Γ reaches a maximum rate
Γsat
g
g , rather than by Γf + Λ

of about half that required to cross the lasing threshold.
For saturation gain rates Γsat
g that are sufficiently large, e.g., by considering an increased
gain material density, a crossing of the lasing threshold is expected. In this regime, the energy inside the resonator increases exponentially (Γt < 0, lasing instability) until the fields
are strong enough to markedly impact on the population inversion in the gain material,
causing gain depletion. This is indeed observed in simulations and will be further discussed in the following chapter. Before concluding this chapter, however, it is instructive
to compare results from the rate retrieval method to those of chapter 4.

5.5 Connection of effective rates to spectral properties
It is possible to connect the effective rates extracted in the previous sections to the optical
response of the active double-fishnet metamaterial in terms of its spectral properties. The
results and discussions presented in this section mainly serve to support earlier conclusions but additionally provide a link to chapter 4, where loss compensation was achieved
by increasing the pump amplitude rather than its duration. Figure 5.5 displays the re95
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Figure 5.5: Optical properties of the active double-fishnet metamaterial with a 5 nm
thick passivation layer for increasing pump durations τp = 2.7 − 180 ps (lighter to
darker colours along the black arrows). (a) Absorption (blue lines) and transmission
spectra (red lines). The width of the transmission resonance for τp = 180 ps yields
Q factor of 86. (b) Real (blue lines) and imaginary parts (red lines) of the retrieved
effective refractive index. The signal and pump frequencies/wavelengths are indicated
by black dashed lines.
trieved results of the effective refractive index (see section 2.5.3 for details) along with the
transmission and absorption spectra. Measuring the spectral response requires separate
pump–probe simulations using low-intensity, broadband signal pulses for each value of τp ,
resulting each in one line in figures 5.5(a) and (b).
For increasing pump durations, the transmission maximum rises in amplitude and narrows
in width. In addition, the maximum slightly shifts towards shorter frequencies to where
the emission line maximum is located (dashed line denoted ‘signal’). In contrast to the
transmission, the absorption maximum drops, flips sign and subsequently its minimum
narrows. All this has already been observed in chapter 4 for the alternative pumping
scheme. This is also true for the enhanced resonant character and negative imaginary
part of the retrieved effective refractive index in figure 5.5(b). What figure 5.5 shows more
clearly, however, is that the response in terms of the spectra converges for longer pump
durations. This is due to gain saturation also seen as saturation of the rates in figure
5.4. It follows that longer pump pulses than the ones presented here will not improve the
transmission and thus the properties of loss compensation noticeably. The gain material
is the limiting factor.
From figure 5.5(a), the full width ∆f of the saturated resonant transmission is approximately 4.9 THz, equalling a Q factor of Q = f /∆f ≈ 86 at the resonance frequency
f ≈ 424 THz. Moreover, the Q factor is connected to the energy decay rate Γt during
the FD regime. Indeed, for the longest pump duration measured here (τp = 180 ps),
Γt ≈ 31 ps−1 in figure 5.4(b) (highlighted by an orange star) does not only lead to the
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correct Q factor Q = 2πf /Γt but reproduces the resonance width ∆f = Γt / (2π). The
extracted energy decay rate Γt during FD therefore allows to determine the Q factor of
the active double fishnet at any chosen pump duration, for example at τp = 0 when the
gain material is in its ground state N0 = N everywhere. From figure 5.4(b), the energy
decay rate at zero inversion is Γt ≈ 68 ps−1 and the resulting Q factor of the resonance
with frequency f ≈ 425 THz is Q = 2πf /Γt ≈ 39. Comparing this to the value given in
figure 5.5(a), the Q factor more than doubles because of optical gain.
Figure 5.5(a) also allows a comparison of the absorption spectrum with the effective rates
during CE. The absorption coefficient at the signal wavelength λs crosses zero for the
same pump durations for which the radiative flux rate Λ (red line in 5.4(a)) switches from
negative to positive values. This is when loss compensation is achieved, confirming the
definition of Λ = 0 as the threshold of amplification .
The absorption coefficient at the pump wavelength λp , on the other hand, remains positive
for all pump durations. Its value decreases not because of gain supplied by the emission
transition but because of saturation of the absorption transition. The absorption coefficient A at λp , extracted for individual values of the pump duration τp from figure 5.5(a),
can be compared to the total absorption efficiency α in figure 5.2(a). As expected from
the discussion in section 5.1.2, nearly perfect agreement between the yellow squares, denoting A, and the red line, giving α, is found. Small differences arise from the difference
in measurement processes: while the absorption efficiency α can be determined during the
pumping process, allowing a dynamic tracking of its value, the evaluation of the absorption spectrum requires a separate ramp-down of the pump and a probe process for each
extracted value. The additional change in the absorption efficiency because of the rampdown of the pump has to be taken into account when comparing α and A and introduces
inaccuracies.

5.6 Conclusion
In this chapter, a generic rate retrieval method based on the Maxwell Bloch approach
and a local evaluation of Poynting’s theorem was introduced. The defined effective rates
and conversion efficiencies were subsequently applied to computational pump–probe simulations of a gain-enhanced double-fishnet metamaterial to quantify the energy transfer
between the microscopic channels of radiative flux Λ, dissipative losses in the metal Γf ,
emission and absorption in the gain material Γg and decay of the total energy Γt .
Determining the efficiency of the pumping process, it was found that gain saturation
quickly limits the rate at which population inversion is created. This makes the use
of long pump durations inefficient, however, successive probe processes revealed that the
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compensation of plasmonic losses required high population inversion in the considered gain
material, necessitating such prolonged durations. Additionally, assuming a passivation
layer around the metallic films further reduced the final total inversion by approximately
the same percentage as the reduction in volume occupied by the gain material. This
passivation layer could either be realised by a dielectric barrier to electrically isolate the
gain material from the metal or be naturally present due to quenching of the optical
emission in close vicinity to interfaces with the metal.
Individual probe processes were dynamically split into two distinct regimes during which
the effective rates assumed constant values. These are the regimes of continuous excitation
(CE) and free decay (FD) of the total energy. Compensation of losses was connected
to the equality of the gain and dissipative loss rates during CE, equally given by the
threshold of amplification Λ = 0. Similarly, the threshold of lasing was defined by Γt = 0
during FD, when the total energy neither decreased (Γt < 0) nor increased (Γt > 0)
exponentially. Between the two thresholds is a window of amplification for the gain rate
Γg with Γf < Γg < Γf + ΛFD , which according to the time-domain calculations allows for
stable, steady-state net amplification, free of lasing instabilities. The radiative flux rate
ΛFD of the specific double-fishnet metamaterial was found to be around twice as large
as the dissipative loss rate, opening a wide window of amplification. The two rates are
intrinsic to the passive double-fishnet structure and do not depend on the excitation state
of the gain material. Finally, it was found that thicker passivation layers reduced the
effective gain rate at equal total inversion. This implies a dependence of the effective gain
rate on the spatial distribution of population inversion, which was found in the volumeweighting of the local gain rate Γg (λs , r) by the enhanced mode intensity |E(λs , r)|2 at
the signal wavelength λs . As the highest field enhancement for the plasmonic NRI mode
of the double fishnet is observed adjacent to the metal films in areas that are assumed to
be passivated, the percentage reduction in the rate was higher than the reduction in gain
material for thicker layers. Nonetheless, loss compensation was found to be possible up to
a layer thickness of around tp = 7.5 nm.
Above conclusions clearly contradict theoretical claims that loss compensation in nanoplasmonic metamaterials should be forbidden [46]. Therein, the condition for loss compensation (i.e., the threshold of amplification) is shown to be equal to the spasing condition in
quasistatic approximation [24]. As a consequence, an overcompensation of losses would unavoidably lead to dynamic field instabilities and the clamping of the inversion. However,
in this chapter, steady-state amplification was observed without the emergence of such
instabilities. It must be inferred that the spasing threshold is not applicable to the considered double-fishnet metamaterial. Instead, a threshold of lasing was defined here, where
radiative outcoupling accounted for its separation from the amplification threshold. The
inequality of the two thresholds is an intrinsic characteristic of lasing systems [47, 88]. The
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operation of optical metamaterials depends on the strong internal scattering of impinging
radiation between the resonant subwavelength elements and the coupling of its modes to
the radiative continuum. It follows that the analysis of [46] is not applicable to optical
metamaterials in general, due to its a priori neglect of wave retardation [47, 48].
Beyond the regime of amplification, when the lasing threshold is exceeded, the electromagnetic energy in the plasmonic resonator increases exponentially before it is limited
by depletion of the population inversion in the gain material and gain clamping. The
resulting complex nonlinear interplay of resonator modes and gain material is the topic of
the next chapter.
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and Dark Lasing States
In recent years, the design of nanoscopic sources of light has attracted increasing interest
[25, 26], largely based on the prospect of enabling photonic integrated circuits. These optical nanolasers are able to coherently amplify radiation, while at the same time strongly
concentrating the fields at the nanoscale. This focussing is enabled by plasmonic resonant modes of metal–dielectric nanostructures [95, 96] or nanoparticles [97], which provide
the necessary feedback for coherent amplification by stimulated emission of radiation. In
[95], the modes are those of a hybrid plasmonic waveguide, while an irregular nanosquare
placed on a flat metal surface provides confinement in the work of [96]. At the deep subwavelength, e.g., for the nanometer-size core-shell particles of [97], radiative outcoupling
to the far field is negligible and, there, nanolasers are spasers [24], coherent sources of
surface plasmons with fields that are tightly bound to metal–dielectric interfaces. Under
these conditions, quasistatic theory predicts that the spasing threshold is equal to the
amplification threshold and solely depends on material dispersion, not on the geometry of
the nanostructure [46, 49].
As discussed in previous parts of this thesis, the incorporation of optical gain into nanoplasmonic metamaterials is mainly motivated by the compensation of intrinsic dissipative
losses [31–34]. In section 5, however, it was shown that amplification is possible in these
structures and that a threshold of lasing exists [50]. Using higher gain densities, it should
thus be possible to overcome both radiative outcoupling and dissipative losses, allowing
for the realisation of the lasing spaser as a light-emitting material [27].
The lasing spaser is based on the metamaterial concept of an effective medium with optical
properties dictated by its subwavelength structural elements. In case of this light-emitting
metamaterial, nanolasers constitute the elementary building blocks [27]. As discussed
above, individual nanolasers have resonant modes, which in a lasing metamaterial give
rise to Bloch bands due to their mutual coupling. Spatial dispersion of the Bloch bands
determines the spectral overlap of the k states with the emission spectrum of the gain material and, combined with the coupling to radiative modes, dictates the modes’ threshold
behaviour. Ultimately, the far-field pattern of light emerging from the metamaterial is
determined by all above-threshold k states of radiation-coupled modes and could therefore be tuned by band engineering. If spatial dispersion in the structure is weak and the
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bands are flat, a large number of k states can compete for the available gain and cross
their respective lasing thresholds. The resulting dynamic competition and associated gain
depletion can lead to complex spatio-temporal field dynamics known as filamentation [88].
Accordingly, two important aspects of lasing metamaterials need to be addressed. First,
is coherent emission of light from nanoplasmonic metamaterials possible despite potential
gain clamping from spasing, i.e., stimulated emission into dark plasmonic modes that do
not outcouple to far-field radiation? Furthermore, how does the presence of Bloch bands
impact on the threshold behaviour and what are the emerging far-field radiation patterns?
While this second question is essential with regards to spatial coherence and the potential
of directed emission by suppressing Bloch states with large k values, it is the aim of this
chapter to gain a deeper understanding of the competition between bright (radiationcoupled) and dark modes. A many-mode interplay of a large number of k states would
vastly complicate these investigations. Hence, to gain first, fundamental insight into the
nonlinear competition between the bright and dark lasing states, only modes at kk = 0
(normal to plane emission) are studied here. At kk = 0, the bright mode emits most
strongly into far-field radiation, while the dark mode does not outcouple to propagating
fields and is truly dark there.
Investigations of lasing in nanoplasmonic metamaterials are challenging as the field dynamics involve multiple time scales and significant radiative outcoupling. In addition,
the underlying light–matter interactions are strongly nonlinear, with gain saturation and
spatial hole burning being further enhanced by the intense plasmonic fields. Under these
conditions, competition between the resonant modes of the structure is expected to dominate the nonlinear dynamics. Taken together, above considerations preclude the use
of common approximations, such as the quasistatic limit of plasmonics or the paraxial
propagation of lasing theory. Here, full-vectorial time-domain calculations are thus employed to investigate the above-threshold dynamics.
Section 6.1 discusses the resonant modes of the passive double-fishnet metamaterial in
the wavelength range between 650 and 800 nm. Resonances are observed in transmission
and reflection for Ex and Ey polarisation, and the negative refractive index (NRI) mode
for Ex polarisation and an internal (dark) mode are further characterised by their modal
field profiles and charge density distributions inside the metal films. In section 6.2, the
introduction of four-level gain systems with high density and the continuous wave pumping
of the gain-enhanced metamaterial allow for the observation of relaxation oscillations in
the near and far fields. Section 6.3 examines the nonlinear competition of the modes by
introducing and discussing the local gain, a measure that combines the modal field and
inversion profiles with the gain spectrum and determines how strongly a given mode is
locally supported by the available gain. The modes’ threshold behaviour in dependence of
the pumping intensity is analysed in section 6.4. Finally, methods to control the competing
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modes are derived from the local gain and applied to the active double-fishnet metamaterial
in section 6.5. The main conclusions are summarised in section 6.6. The results presented
in this chapter have been published in [29].

6.1 Bright and dark modes of the passive double-fishnet
metamaterial
The double-fishnet structure studied in this chapter is comprised of two thin silver films
perforated by rectangular holes with side lengths of 120 nm and 100 nm in x- and ydirection, respectively, arranged in a simple square lattice with period p = 280 nm. The
two 40 nm thick metallic films are separated by a 60 nm thick, dielectric spacer with
refractive index n = 1.62. The holes are filled with the same dielectric material. In
the active configuration, the dielectric is host to gain material, described in terms of a
four-level model. In comparison to chapters 4 and 5, the considered double fishnet is not
covered by dielectric coatings on either side. Demanding a similar resonance frequency for
the NRI resonant mode for Ex polarisation as before necessitates the additional change in
hole side length from 80 to 100 nm in y-direction.
Figure 6.1 presents absorption/transmission/reflection (ATR) spectra of the double-fishnet
metamaterial without coating for (a) Ex and (b) Ey incident polarisation. The two spectral
responses differ because the perforations are rectangular, leading to a splitting of the
otherwise degenerate modes. The resonant mode in figure 6.1(a) is located at 713.8 nm,
while that of figure 6.1(b) for Ey polarisation is found at 765.8 nm, both indicated by black
dotted lines. The second figure additionally shows an extraordinary optical transmission
(EOT) peak at 707.7 nm. At the EOT resonance, electromagnetic waves are efficiently
funnelled through the holes, aided by surface plasmon excitation, without coupling into
the spacer layer (see section 2.7 for more details).1 Retrieved effective parameters (not
shown here) confirm that the resonant mode at 713.8 nm is the NRI mode of the considered
double-fishnet metamaterial for Ex polarisation.
Figures 6.1(a) and (b) additionally show the spectral position of a dark mode, indicated
by the green dotted line. This mode cannot be discerned by any spectral features because
it does not couple to plane waves at normal incidence, explaining its designation as a
dark mode. Most often, dark modes are neglected when considering the optical response
of nanoplasmonic metamaterials. However, this is not possible when investigating the
dynamic evolution of lasing states as the amplification of the resonant modes by the gain
material occurs internally, where both modes can be excited.
1

The spectral overlap of the EOT resonance for Ey polarisation with the pump wavelength at 680 nm
will become important later in this chapter.
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Figure 6.1: Absorption/Transmission/Reflection (ATR) spectra of the passive
double-fishnet structure with geometrical parameters as given in the text and silver as the metal for (a) Ex and (b) Ey polarisation. Absorption is given by the blue
dash-dotted line, transmission by the black solid line and reflection by the red dashed
line. Black dotted lines highlight the positions of the bright modes and the dark green
dotted line denotes the position of the dark mode.
A complete analysis of the passive structure’s modes is possible by internal excitation
using pulsed sources at random positions inside the unit cell and a decomposition of
the exponentially decaying harmonic fields at selected points. The modes for normal
incidence (kk = 0) can thus be retrieved when periodic boundary conditions are used in
the two lateral directions (see chapter A in the appendix for details). In this way, harmonic
inversion [98, 99] places the dark mode at 732.2 nm and additionally reveals a quality factor
of Q ≈ 134 for this mode. The resonant mode for Ex polarisation (at 713.8 nm) exhibits a
much lower Q factor, Q ≈ 52, because of the strong radiative outcoupling to propagating
modes and therefore radiative losses in addition to the dissipative losses in the metal (the
dissipative losses are almost equal for the two modes).
A schematic of the double-fishnet metamaterial is shown in figure 6.2(a) along with charge
distributions in the metal films and field enhancement profiles in the x-z plane and x-y
plane, (b) and (c). The resonant NRI mode (on the left hand side), measured at 713.8 nm,
has a dipolar character of opposite field orientation in the top and bottom holes (indicated
by the white arrows) and predominantly Ez -polarised fields in the spacer region between
the two metal films. This leads to the effective charge distribution as highlighted by
the ‘+’ and ‘−’ signs for decreased and increased free electron density, respectively. The
character of the charge distribution is thus antisymmetric with respect to the x-y and
y-z mirror planes and symmetric with respect to the x-z mirror plane, where all mirror
planes intersect in the centre of the unit cell. Contrary to the bright mode, the dark mode
at 732.2 nm, displayed on the right hand side of figure 6.2, is symmetric with respect to
the y-z mirror plane and consequently exhibits a quadrupolar field distribution in the
top and bottom holes. Originating from the quadrupolar character is the suppression of
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Figure 6.2: Electric field enhancement and charge distribution inside the metal films
of the double-fishnet unit cell. Left in (a) and (b): dipolar bright mode; right in (a)
and (c): quadrupolar dark mode. The white arrows in the x-z plane of (a) indicate the
direction of the electric field. The white dotted line in (b) and (c) gives the outline
of the unit cell and the white dashed line represents the projection of the holes in
the plane. The field enhancement is normalised to a maximum value of 1, lighter
colours illustrate higher field enhancement. Reprinted figure 1 with permission from
Wuestner et al. [29]. Copyright 2012 by the American Physical Society.
coupling to normally incident plane waves, and hence the mode cannot appear in the ATR
measurements of figure 6.1. To discern the resonant NRI mode for Ex polarisation from
the dark mode and to emphasise its dipolar character, it will from now on be referred to
as the bright mode of the structure.
The electric fields of the bright and dark modes of figure 6.2 are strongly enhanced in
the spacer region between the two metal films with field polarisation predominantly along
Ez . Both modes couple to the gap surface plasmon polariton (gap-SPP) of the metal–
insulator–metal structure, hybridised with above-cutoff modes of the holes (see section
2.7 for details). Despite their distinct hybrid origin, the bright and dark modes spatially
overlap with regards to their mode profiles, as seen in figures 6.2(b) and (c), and the two
modes will compete for the available gain in an active double-fishnet metamaterial.2 The
resulting ultra-fast relaxation oscillations of the modes and their dynamic gain competition
are investigated in the following two sections.
2

Strictly speaking all resonant modes can compete for the available gain. However, the two considered
modes are strongly favoured by the chosen emission lineshape of the gain material.
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6.2 Ultra-fast relaxation oscillations
Having examined the spectral positions and Q factors of the bright and dark modes in
the passive double-fishnet metamaterial, this section traces the nonlinear mode dynamics
that arise when a strongly amplifying gain material is introduced inside the host dielectric
of the structure, making it active. The gain material is locally described by four-level
systems as described in chapter 3. Initially, the wavelength of maximum emission is set to
λe = 718 nm, while the wavelength of maximum absorption remains fixed at λa = 680 nm
throughout this chapter. The coupling strengths to the electric field are σe = 1.03 ·
10−8 C2 /kg and σa = 1.35 · 10−8 C2 /kg for emission and absorption, respectively, and both
spectral lines have a half-width of Γe = Γa = 1/ (20 fs). This spectral half-width translates
to a full width of ∆λ ≈ 27.4 nm for the emission line. The internal relaxation times are
equal to those found in table 3.1 and the gain material density is N = 3 · 1019 cm−3 .
The computational configuration used in this chapter is equivalent to that of chapters 4
and 5,3 except here the structure is not probed by a signal pulse and, instead, noise is
introduced in the polarisation and occupation densities of the four level system to provide
initial field energy to the modes that come above threshold. Noise terms are considered
in terms of a Langevin description, which takes into account the system–bath coupling of
the gain material. A detailed derivation and discussion of the implemented Maxwell-Bloch
Langevin approach can be found in [100]. While the specific details of the noise model
impact on the threshold behaviour (this will be discussed in more detail later), they are
not expected to change the transient behaviour well above threshold. A detailed discussion
of the noise model is beyond the scope of this work.
In a first simulation, the transient behaviour of the electromagnetic fields is investigated
during continuous wave pumping at 680 nm with a pump field amplitude of Ep = 90 kV/cm
(equalling an intensity of 10.75 MW/cm2 ). The plane wave propagates in positive zdirection with electric field polarisation along Ex . At the start of each simulation (t = 0),
the gain material is in its ground state everywhere, such that N0 (r) = N . Figure 6.3
shows the temporal evolution of the total signal averaged over 0.4 ps (black area) in terms
of the far-field intensity (a) and the near-field average energy density (b), measured inside
a volume that tightly encloses the double-fishnet structure. Additionally, figure 6.3(b)
provides the average population inversion in the gain material (red solid line).
Initially (t < 17 ps), the far-field intensity of figure 6.3(a) steadily rises due to the progressive local saturation of the absorption transition, connected to the rapid creation of
inversion in the gain material displayed in figure 6.3(b). At these times, the measured
intensity is exactly equal to the transmitted intensity of the pump field. A strong burst in
3

A more detailed description of the configuration can be found in section A.2.
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Figure 6.3: (a) Far-field intensity in transmission and (b) average energy density and
average inversion (red solid line, right axis) inside the lasing double-fishnet metamaterial. Decomposition of the 0.4 ps time-averaged signals (black area) into the pump
mode at 680 nm (green dashed line), the bright mode at 717.25 nm (white solid line)
and the dark mode at 731.8 nm (yellow dash-dotted line). (c) Inversion profiles in the
x-y plane centred between the two metal films at the times indicated in (b).
the far-field signal after approximately t = 18 ps breaks this equality and initiates relaxation oscillations in the intensity as well as the average inversion with a period of around
3.8 ps (~260 GHz). The signal subsequently stabilises at a constant level, which is, however, disrupted by several dips in intensity after t = 42 ps. A second regime of constant
signal is entered at t = 80 ps exhibiting a far-field intensity that is lower than seen after
the initial relaxation oscillations. This steady state is retained for as long as energy is
supplied by the pump field (not shown here).
Frequency filtering provides a convenient tool to gain further insight into the signal fields
(see section B.3 on the time-varying discrete Fourier Transform). For this, a Fast Fourier
Transform (FFT) of the fields at steady state (t > 80 ps) is used to determine the main
frequency components of the signal, which are subsequently traced in the time-dependent
frequency filter. The filtering is performed in a time window of approximately 0.4 ps, which
is sufficiently short to resolve the dynamic evolution of the modes’ intensities and energy
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Figure 6.4: (a) Spectrum of the far-field intensity in reflection (black solid line) and
transmission (red dashed line) direction with respect to the pump field. (b) Spectrum
of the electric field amplitude |E| at a selected position inside the double-fishnet
metamaterial.
densities, while at the same time providing sufficient frequency (wavelength) resolution to
distinguish the previously determined modes.
Two dominant mode contributions are found in the spectrum of the far-field intensity
in figure 6.4(a): the pump field at 680 nm (green dashed line in figure 6.3(a)) and the
bright mode at 717.25 nm (white solid line). The shift of the bright mode from its passive
resonant wavelength 713.8 nm can be attributed to frequency pulling [88] towards the
wavelength of maximum emission of the gain material at 718 nm and, additionally, to
increased absorption at shorter wavelengths due to the absorption line with maximum at
680 nm. The filtered intensities in figure 6.3(a) demonstrate that the transmitted pump
field stabilises during the relaxation oscillations of the bright mode. Furthermore, the
intensity dips are fully accounted for by a reduced signal strength of the bright mode,
however, their physical origin cannot be understood from these results.
To clarify the far-field behaviour, figure 6.3(b) gives the near-field dynamics, resolved by
tracing and frequency filtering the time-dependent change of the average energy density.
As a first result, it is observed that the dips in the far-field intensity are exactly matched
to peaks in the near-field average energy density. These peaks are associated to relaxation
oscillations of the internal dark mode at 731.8 nm (yellow dash-dotted line) with a period
of approximately 15 ps (~67 GHz), which provides a third contribution to the total signal
in addition to the pump field and the bright mode (see figure 6.4(b)). During the dark
mode relaxation oscillations, the bright mode reduces both in near-field energy density
and far-field intensity, caused by strong competition between the two modes. This mode
competition is mediated by the gain material via spatial hole burning, a local depletion
of the population inversion. Relaxation oscillations in either of the two modes result in
spatial hole burning and thereby in a redistribution of the local population inversion.
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Figure 6.3(c) displays profiles of the population inversion in the x-y plane centred between
the two metal films at the three points in time indicated in figure 6.3(b): (i) before
relaxation oscillations of the bright mode, (ii) before relaxation oscillations of the dark
mode and (iii) at steady state, when the mode energies have settled. During the initial
pumping phase, when only the pump field is present, population inversion is created in
regions where its field strength is highest, a characteristic that has already been observed
in chapter 4 and is confirmed in figure 6.3(c.i). When the bright mode becomes unstable,
it depletes inversion predominantly in regions of high modal field strength, which can be
deduced from the mode profile and charge distribution on the left hand side of figure
6.2(a) and in figure 6.2(b). A decrease in inversion is mainly observed to the left and
right of the dashed rectangle (the projection of the holes in this plane) in figure 6.3(c.ii).
While the population inversion is thus depleted in some regions, it simultaneously rises
in others and, overall, the average inversion increases during the relaxation oscillations of
the bright mode. This allows the dark mode to cross its lasing threshold, followed by a
second instability and subsequent depletion of inversion. Figure 6.3(c.iii) reveals that the
dark mode also depletes inversion to the left and right of the dashed rectangle and hence
strongly impacts on the gain supplied to the bright mode (this compares well with the field
profile of figure 6.5(c)). The gain depletion and therefore the impact on the bright mode
is strongest during the initial relaxation oscillations of the dark mode. In the followings
sections, this nonlinear competition between the modes is further analysed and in addition
the threshold behaviour of the two modes is determined.

6.3 Nonlinear mode competition
The previous section has shown that the bright mode reaches threshold first and remains
above threshold into the steady-state regime despite having a significantly lower Q factor
than the dark mode. Hence, for the considered optogeometric parameters of the double
fishnet and the specific pump field amplitude and polarisation, the gain available to the
bright mode must be considerably higher than that provided to the dark mode. This can
be best examined by recalling that there is a direct relationship between the effective gain
rate Γg (ω, t) and the local gain rate Γg,loc (ω, r, t), discussed in section 5.4. The effective
gain rate is the total rate of amplification of a mode by the gain material and, according to
equation (5.7), it is proportional to the local gain rate weighted by the absolute squared of
the field profile. From this proportionality, a measure, here termed local gain gloc (ω, r, t),
can be defined as
gloc (ω, r, t) = σe Le (ω)∆Ne (r, t) + σa La (ω)∆Na (r, t)

 |E(ω, r)|2

U (ω)

,

(6.1)
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which is both frequency- and time-dependent and combines the (spectral) coupling constant σj Lj (ω) with the current population inversion ∆Ne (r, t) and the electric field amplitude profile |E(ω, r)|2 normalised to the total energy U (ω) of the resonant mode with
frequency ω. The Lorentzian lineshapes Lj (ω) of emission (j = e) and absorption (j = a)
have been defined in equation (3.11). At the previously determined resonance frequencies
ωb = 2πc0 /717.25 nm and ωd = 2πc0 /731.8 nm of the bright and dark modes, the relative
strengths of the lines are σe Le (ωb )/ (σa La (ωb )) ≈ 0.134 and σe Le (ωd )/ (σa La (ωd )) ≈ 0.151,
respectively. This implies that the contribution from the emission line dominates the local
gain for relatively low values of the population inversion (∆Ne > 0.2) and, accordingly,
the local gain can in general be approximated by
gloc (ω, r, t) ≈ σe Le (ω)∆Ne (r, t)

|E(ω, r)|2
U (ω)

(6.2)

during steady state.
Before determining the steady-state local gain profiles of the two modes, let us briefly
discuss some characteristics of this equation. First, it can be observed that the lineshape
is independent of position and therefore presents a constant weighting of the local gain.4
For the chosen emission wavelength (718 nm) and half-width (13.7 nm), the bright mode
with resonance wavelength 717.8 nm is thus favoured by a factor of Le (ωb )/Le (ωd ) ≈ 2 in
comparison to the dark mode at 731.8 nm, which is located at the half-width value of the
emission line. This factor of 2 almost compensates for the difference in Q factors (~0.39)
of the passive modes. Second, the spatial dependence of the local gain is determined by
the population inversion and the absolute squared of the modal field strength. It follows
that a substantial spatial overlap of the created inversion with positions of high resonant
field enhancement is necessary to favour the desired mode. This fact has already been
observed in the discussion of loss compensation and amplification in chapters 4 and 5. As
the population inversion that enters the local gain is the same for the two modes, the local
gain profiles will spatially overlap if the field profiles do, implying a coupling of the modes.
Furthermore, the total energy of each individual mode weights the local gain. From figure
6.3(b), it follows that the average energy density, which is directly proportional to the
total energy, has similar values for the two modes during steady state and therefore does
not impact much on the local gain. Additionally, it should be remarked that the quotient
|E(ω, r)|2 /U (ω) is approximately independent of time and thus a characteristic of each
mode, as has been established in section 5.4. Finally, the time dependence of equation
(6.2) is solely determined by the dynamic change of the population inversion.
Figure 6.5 demonstrates how the mode profile |E(ω, r)|2 / |Emax (ωb )|2 (left column) and
population inversion ∆Ne (r, t → ∞) (middle) combine to yield the local gain gloc (ω, r, t →
4

This is due to assuming spatially homogeneous optical properties of the gain material.
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Figure 6.5: Normalised mode profile |E(ω, r)|2 / |Emax (ωb )|2 of the bright (a) and
dark (b) modes in the left column, the middle column shows the population inversion
∆Ne (r, t → ∞) (c) and the right column presents the local gain profiles of the two
modes, (d) and (e), normalised to the maximum local gain value of the bright mode
in this plane. All profiles are in the x-y plane centred between the two metal films
and the white dashed lines give the projection of the holes in this plane.
∞)/gloc,max (ωb , r, t → ∞) (right column). Here, the bright mode (top row) is compared to
the dark mode (bottom row) in the x-y plane centred between the two metal films during
steady state, i.e., when equation (6.2) is a good approximation to the local gain.
Comparing the field enhancement profiles in the left column reveals that the dark mode
in figure 6.5(b) exhibits lower maximum values, yet covers a larger area and could thus
better profit from a spatially uniform population inversion. In addition, a nonzero overlap
of the mode profiles is observed in this plane. Combined with the steady-state inversion
of figure 6.5(c) and the lineshape overlap, figures 6.5(d) and (e) convincingly demonstrate
how the bright mode is favoured by the local gain: the dark mode has maximum local
gain values below 0.25 relative to the bright mode. The figure thus visually highlights the
importance of good overlap between the mode and inversion profiles and how this overlap
impacts on the spatial dependence of the local gain.
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Extrapolating from the results in this plane, it is not surprising that the total gain rate,
which is proportional to the volume integral of the local gain, is significantly higher for
the bright mode. However, as seen in figure 6.3, this does not prevent the dark mode from
crossing its lasing threshold. In the next section, the threshold behaviour is investigated
in more detail.

6.4 Threshold behaviour
Earlier results in figure 6.3 have shown that relaxation oscillations initially set in for the
bright mode, suggesting that it has a lower lasing threshold than the dark mode. Here,
the threshold curves of the two modes are determined by considering the steady-state,
intra-cavity energies for varying pump intensity.
To extract the modal energies, the system is initially excited at a high pump intensity of
10.75 MW/cm2 (equivalent to 1.1 mJ/cm3 ), leading to the transient behaviour observed in
figure 6.3. Following the transition into steady state, the intensity is reduced in steps of
increasingly longer duration between 70 and 210 ps, such that the mode energies are able
to adiabatically follow the decreasing population inversion without pronounced relaxation
bursts (see inset of figure 6.6). Induced fluctuations, which arise from taking into account
noise in terms of the Langevin approach, are easily identifiable in the inset of figure 6.6.
These fluctuations guarantee that inversion is depleted in regions where the mode intensities are low. Due to computational constraints, the energy of each mode is determined at
a single point and is then converted to the average energy density, assuming that the mode
profiles are independent of the pump intensity, which is approximately true as observed
previously. However, as the signal is not averaged spatially, this leads to large fluctuations
of the energy density, seen in the inset of figure 6.6. Time-averaging the signals during
individual steps of constant pump amplitude minimises the impact of fluctuations. Furthermore, the frequency filtering is performed at the frequency-pulled spectral positions of
the bright and dark modes, i.e., 717.25 nm and 731.8 nm of section 6.2, respectively, and
at the pump wavelength 680 nm. The resulting retrieval scheme is more efficient than full
simulations at individual pump intensities because the transition period into steady state
is inversely proportional to the pump intensity and would necessitate prohibitively long
simulations. Nonetheless, full simulations at select (above-threshold) pump intensities
have been performed and the results compare well with the alternative method.
The main part of figure 6.6 presents the extracted input–output curves in a log-log plot.
The average energy densities of the bright and dark modes demonstrate an asymptotically
linear behaviour below and above threshold. At the threshold, a gradual transition into
the lasing regime is observed. This gradual transition arises from the presence of amplified
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Figure 6.6: Threshold dependence of the bright (red circles) and dark mode (black
squares) average energy densities on the pump mode average energy density. The
inset illustrates the retrieval technique to determine the threshold behaviour and
additionally includes the pump average energy density (blue line).
spontaneous emission below threshold, coming from noise in the gain material, mentioned
earlier. Indeed, the results confirm that the induced fluctuations in the polarisation and
occupation densities qualitatively reproduce the threshold behaviour predicted by (classB) rate equation models [88]. These models incorporate spontaneous emission in the form
of phenomenological terms, which account for the coupling of inversion to the ground-state
of the quantised photon field.
Furthermore, the threshold pump intensities of the two modes can be determined from figure 6.6: the bright mode crosses threshold at 0.03 mJ/cm3 , which is equivalent to a pump
intensity of 0.3 MW/cm2 , while the dark mode requires pump intensities that are more
than 3 times this value, crossing the threshold at 0.1 mJ/cm3 or equivalently 1.1 MW/cm2 .
Hence, for the considered geometric parameters of the double fishnet and optical parameters of the gain material, there is a regime of pump amplitudes with sole, above-threshold
emission of the bright mode. In the following section, methods to further alter the relative
steady-state amplitudes of the modes are investigated.

6.5 Methods for mode control
Strategies to control the steady-state energies of the resonant modes can be deduced from
equation (6.1), which connects the effective gain, locally experienced by each mode, to
properties of the system. In particular, the dependency on the emission lineshape Le (ω)
and the spatial overlap of the dynamic inversion profile ∆Ne (r, t) and the spectral mode
profile |E(ω, r)|2 /U (ω) can be highlighted. Let us first discuss the impact of tuning
the spectral alignment between the emission spectrum and the structural resonances. In
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Figure 6.7: Dependence of the steady-state energies of the bright and dark modes
on the emission wavelength of the gain material and on the pump polarisation. (a)
Schematic representation of the emission line (here displayed for λe = 718 nm in blue)
and the bright (red line) and dark (black line) modes. (b) Average energy densities of
the bright (red circles) and dark modes (black squares) in dependence of the emission
wavelength λe for (i) Ex and (ii) Ey polarisation of the pump field with intensity
10.75 MW/cm2 . (c) Inversion profiles before the onset of relaxation oscillations for (i)
Ex and (ii) Ey pump polarisation (indicated by black arrows).
numerical simulations, this can be achieved most easily by shifting the emission wavelength
of the gain material.
Figure 6.7(a) shows the emission spectrum (blue shaded area), located at 718 nm with a
half-width of 13.7 nm, and a schematic representation of the bright (red line) and dark
(black line) modes of the passive system. The schematic indicates a large spectral overlap
of the emission line with the bright mode at 713.25 nm. Thus favoured spectrally, the
bright mode experiences a higher effective gain than the dark mode, explaining its lower
threshold (see figures 6.3 and 6.6). To determine the average energy densities of the
modes for different emission wavelength λe , separate numerical simulations are performed
using a high pump intensity of 10.75 MW/cm2 , which minimises the extraction time. It
should be noted that, when varying the emission wavelength λe , it is important to adjust
the frequency filtering. This is due to frequency pulling of the resonant modes, e.g., at
λe = 722 nm, the two filtered wavelengths are 718.5 nm and 732.8 nm for the bright and
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dark modes, respectively, while they are 716.1 nm and 731.0 nm at λe = 714 nm.5
The results of shifting the spectral alignment between the emission line and the resonant
modes are shown in figure 6.7(b.i). For shorter wavelengths below λe = 713 nm, only the
bright mode (red circles and line) crosses into a lasing state, while above 723 nm, the dark
mode (black squares and line) is solely above threshold. Between the two wavelengths
(marked by dotted lines), there is a regime of coexistence between the modes. All previous results have been measured in this regime of mode coexistence. Clearly, to achieve
complete suppression of the dark mode, the emission line needs to overlap very strongly
with the bright mode, while spectrally discriminating the dark mode. This is because the
dark mode is favoured because of its higher Q factor and outspread mode profile in comparison to the bright mode. The results demonstrate the necessity of spectral engineering
to control the modes’ threshold behaviour, which has to consider both the gain material
lineshape and the structural resonances. In practical applications, the emission spectrum
is most often determined by the choice of available gain material or the specific field of
application. In this case, the resonances of the system can be engineered by adjusting geometric parameters instead of modifying the gain material, thus attaining spectral mode
control.
As an alternative to controlling spectral properties of the local gain, the emission state of
the system can be manipulated by changing the overlap of the population inversion profile
´
with the mode profile V ∆N (r, t) |E(ω, r)|2 dV (compare to equation (6.2)). While the
mode profile solely depends on structural and material parameters, the inversion profile
can additionally be influenced by the pump scheme, as the field enhancement at the
pump wavelength effectively imprints on the inversion. In the considered double fishnet
with rectangular holes, the modes for Ex and Ey polarisation are non-degenerate and the
spatial deposition of inversion can be altered, for example, by changing the polarisation
state of the pump field.
From figure 6.7(c.i), it can be seen that the population inversion before the onset of
relaxation oscillations generated by Ex -polarised pump light matches well with the mode
profile of the bright mode (see, e.g., figure 6.5(a)). Conversely, high values of inversion
are mostly observed in the projection of the holes for Ey pump polarisation in figure
6.7(c.ii). Here, the pump field at 680 nm strongly couples to the EOT transmission peak
with resonance wavelength 707.7 nm, as seen in figure 6.1(b), which is characterised by
enhanced fields in the holes only [73] (also see figures 4.5(a) and (b) in chapter 4). Figure
6.7(b.ii), showing the steady-state average energy densities of the bright and dark modes
for Ey -polarised pumping, confirms that the dark mode benefits from this switch in pump
polarisation. Comparing the results to those of figure 6.7(b.i), an overall increase in the
5

Note that the resonance wavelength of the passive bright mode at 713.8 nm is shifted to longer
wavelengths when introducing the gain material due to absorption at 680 nm.
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strength of the dark mode is observed. Additionally, the window of coexistence between
the bright and the dark modes is blueshifted to shorter wavelengths.
Finally, it should be noted that the competition of the modes and the control of their
relative steady-state energies are strongly dependent on geometrical parameters that determine the mode spectrum of the double-fishnet metamaterial. In a double fishnet with
square holes but otherwise similar parameters, for example, the bright modes for Ex and
Ey polarisation are degenerate and the dark mode is located on the short-wavelength side
of the degenerate bright modes. In this case, it is possible to fully suppress the dark mode
by overlapping its resonance wavelength with the absorption line of the gain material.
Hence, instead of observing mode competition between the bright and dark modes, the
degenerate bright modes of opposite polarisation dynamically interact [100].

6.6 Conclusion
In this chapter, the dynamic interplay and nonlinear competition between the lasing states
of a plasmonic nanostructure were investigated, specifically in the double-fishnet metamaterial with strong optical gain from a high-density gain material.
Initially, the modes of the resonant structure were analysed, particularly emphasising the
presence of a dark mode that is often disregarded as it does not influence transmission or
reflection spectra at normal incidence. It was subsequently shown that this dark mode and
the bright NRI resonant mode of the double fishnet strongly compete for gain, leading to
a transient regime in which both modes successively cross the lasing threshold, performing
relaxation oscillations before they settle into a steady state of coexistence. It is found that
the nonlinear competition emerges from the overlap of the field profiles of the two modes
at positions of high population inversion in the gain material.
The observed spatial overlap with the inversion profile forms part of the local gain, a
measure that states how strongly a specific mode is locally supported by the gain. The
local gain also includes the spectral overlap of the emission line with the modes’ resonance
wavelengths. From the local gain, it can be deduced that the bright mode is favoured for
the considered configuration, a conclusion that is supported by the threshold behaviour
of the steady-state energy densities in dependence of the pump intensity, where the bright
mode crosses threshold at lower intensities. The threshold behaviour predicted by (class-B)
rate equation models is qualitatively reproduced by the results.
Further building on the concept of local gain, methods for the control of the relative mode
strengths were devised. It was shown that shifting the spectral alignment between the
emission line of the gain material and the resonance wavelengths of the modes allows for
the suppression of one mode by strongly favouring the other. Additionally, the spatial
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deposition of inversion was shown to profoundly impact on the mode competition, here
analysed by switching the pump polarisation in this structure of non-degenerate modes.
Hence, sole bright emission can be achieved despite the presence of a competing dark
mode.
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7 Summary and Outlook
The initial objective of this work was to determine if intrinsic losses in optical metamaterials could be compensated by optical gain. This is of specific interest because plasmonic metamaterials, including those that exhibit a negative refractive index, inherently
suffer from dissipation of energy inside metallic subwavelength elements. As these elementary building blocks make up the metamaterial’s internal structure and give rise to
its effective optical properties, their presence is essential and associated dissipative losses
need to be managed.
In addition to the impact of optical gain on dissipative losses, there are theoretical implications arising from the strong amplification of confined electromagnetic fields in plasmonic
nanostructures. An important effect is the potential emergence of spasing, a dynamic
instability of the plasmonic fields, which results in gain depletion and, ultimately, clamping
of the gain at a threshold value. Gain clamping could forestall the (over)compensation
of dissipative losses in nanoplasmonic metamaterials. As a consequence, dynamic field
instabilities as well as saturable gain and its nonlinear interaction with the electric field
need to be taken into account in computational studies. Here, this was achieved by
performing 3D spatially resolved time-domain calculations of the full-vectorial fields, in
which optical gain was treated semiclassical in terms of a Maxwell-Bloch description.
The full compensation of dissipative losses within the negative refractive index band of
a double-fishnet metamaterial via optical gain was demonstrated in this work. When
the losses were overcompensated, marked by negative absorption in the optical spectrum,
a negative imaginary part of the retrieved refractive index was observed. Importantly,
the real part remained negative at these wavelengths: theoretical claims based on the
requirement of causality had previously ruled out such an outcome. It was also shown
that the compensation of losses critically depended on achieving high inversion of the
gain material at positions of strong field enhancement of the negative refractive index
resonance. As the deposition of inversion is uniquely determined by the local amplitude
and duration of the pump pulse, the modal field profile at the pump wavelength needed
to be matched as closely as possible to the resonant mode.
Furthermore, a rate retrieval method was introduced in this work, applicable to gainenhanced plasmonic nanosystems of arbitrary geometry and composition. This generic
method is based on the local evaluation of Poynting’s theorem and separates the dynamic
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change of energy into energy flux, dissipative losses and gain/absorption, allowing for
the definition of effective rates and efficiencies. Initially, this was used to investigate
the pumping process, where it was found that the pump efficiency, i.e., the conversion
of field energy into inversion in the gain material, rapidly dropped with time due to
gain saturation. However, as the compensation of dissipative losses in the double-fishnet
metamaterial was set as the priority, comparatively long pump pulses were required to
achieve the necessary inversion in the gain material.
The rate retrieval method also enabled the definition of thresholds of amplification and
lasing, demonstrating that these differed because of radiative outcoupling of field energy.
While amplification is connected to the compensation of dissipative losses, lasing marks the
point at which dynamic field instabilities occur. In the absence of radiative outcoupling,
the lasing threshold reduces to the threshold of spasing and then also coincides with the
amplification threshold. As a result of these considerations, it was concluded that the
lasing threshold rather than the spasing threshold must be considered when judging the
theoretical possibility of loss compensation in nanoplasmonic metamaterials, allowing for
the observation of amplification, if radiative outcoupling is present. This was confirmed
in numerical calculations of the double-fishnet metamaterial.
When the available gain exceeded the lasing threshold, dynamic instabilities of the fields
were observed and, as expected, these resulted in local depletion of inversion and gain
clamping. It was shown that a dark (purely plasmonic) mode, commonly neglected in
discussions of the passive metamaterial, competed with the negative refractive index resonance of the double-fishnet structure by spatial hole burning. Far-field emission from
the bright lasing state was nevertheless observed, as the two modes settled into a steady
state of coexistence. From the nonlinear competition of the lasing states, methods to
control the relative strength of the modes’ steady-state energies were devised. By shifting
the overlap of the gain spectrum with the resonance frequencies or else by manipulating
the local deposition of inversion via changes to the pumping scheme, it was possible to
determine conditions under which above-threshold emission solely occurred from the bright
lasing state. These results present a further step towards the realisation of coherent lightemitting metamaterials.

Outlook
The work presented in this thesis can be advanced in numerous, exciting ways, some of
which are being actively pursued at the moment. Methods and insight from the present
study can be applied to future research topics, but also the numerical methods themselves
can be advanced, in particular with regards to computational implementation.
Recently, there has been an increased interest in nanoscopic sources of surface plasmons
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and light [25, 26]. More specifically, the merging of lasing nanoplasmonic structures and
metamaterials, for example in terms of the lasing spaser [27], could have far reaching
impact [36]. With regards to the presented work, further insight into the above-threshold
behaviour observed in chapter 6 could be gained by directly linking the results to rate
equation models. This could involve the use of the rate retrieval method introduced
in chapter 5. Additionally, the emergence of temporal and spatial coherence in these
structures and its dynamic evolution are of high interest.
An important aspect of loss compensation in negative refractive index metamaterials is
the realisation of truly three-dimensional structures with zero loss [101]. Investigating the
loss compensation in multilayer fishnet metamaterials would present a first step towards
this ambitious aim. From results presented in this thesis, it can already be projected that
radiative outcoupling will be less dominant in bulk structures, however, at the same time
efficient optical pumping of the gain material will become increasingly difficult.
Advances in bottom-up fabrication techniques have recently led to the realisation of threedimensional nanoplasmonic chiral metamaterials [102], which, when combined with gain
media, could lead to unprecedented optical properties. Furthermore, it is unclear how the
inclusion of gain media might impact on the optical properties of dielectric metamaterials
that do not show the high electric field enhancement of nanoplasmonic structures and
instead are based on Mie resonances to achieve strong interaction with the electromagnetic
field [82]. Being purely dielectric, these materials do not exhibit the comparatively large
dissipative losses of metal-based metamaterials.
Finally, the representation of spontaneous emission using noise in terms of the MaxwellBloch Langevin approach, which takes into account bath-induced quantum fluctuations,
opens up novel perspectives in the study of fluorescent emitters in plasmonic environments,
in particular with regards to the strong interaction of dye molecules with nanoplasmonic
antennas and resonators [103].
Considering the merging of plasmonic nanolasers and metamaterials, a further development of the computational methods would be advantageous. Specifically the phenomenological description and subsequent implementation of additional gain media can be highlighted here, such as bulk semiconductors or semiconductor quantum wells and dots. Finally, the parallelisation of the FDTD implementation would enable numerical simulations
of large-scale, gain-enhanced, dispersive and nanostructured geometries.
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A The Finite-Difference Time-Domain Method
This chapter describes how Maxwell’s equations can be solved numerically by propagating
the fields in time on a uniform spatial grid using the finite-difference time-domain (FDTD)
method. It further highlights important additions to the method, such as boundary conditions to terminate the computational domain and a wave injection technique. Section A.2
details the computational domain and compares FDTD results to those of a finite element
solver. In section A.3, the differential equations governing the dynamic response of the
four-level system of section 3.4 are incorporated into the set of discretised Maxwell’s equations as auxiliary differential equations. Finally, the discretisation of Poynting’s theorem,
perfectly matched to the discretised Maxwell’s equations, and the required distinction
between dispersive and dissipative contributions of a generalised Lorentzian resonance are
performed in section A.4. This allows to correctly extract the dynamic rates defined in
section 5.1.

A.1 Solving the wave equation
The finite-difference time-domain (FDTD) method [40] discretises Maxwell’s equations in
time and space by defining the field components on a grid according to
F

n−n0



i−i0 ,j−j0 ,k−k0

= F (i − i0 )∆x, (j − j0 )∆y, (k − k0 )∆z, (n − n0 )∆t .

(A.1)

The spatial (i0 , j0 , k0 ) offsets of the grid are distinct for the electric E, magnetic H and
polarisation P fields and are chosen such that the central finite differences, the discretised
representation of the first-order derivatives in Maxwell’s curl equations (2.3), are second
order accurate. This alignment is known as Yee’s staggered grid [40]. The same ‘staggered’
scheme can be applied to the temporal (n0 ) offset, with the electric and polarisations
fields being concurrent and offset to the magnetic field by half a time step. The temporal
discretisation of Maxwell’s curl equations (2.3), centred around time steps n +

1
2

and n,

then takes the form
n+ 12
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= (∇ × H)
−
,
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∆t
1
1
n
Hn+ 2 − Hn− 2
µ
= − (∇ × E)
∆t

ε

(A.2)
(A.3)
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(ε0 and µ0 have been set to 1). A full field update consequently requires two half time
steps, which are performed using the leapfrog integration scheme. To guarantee numerical stability the Courant-Friedrichs-Lewy (CFL) condition [40] has to be met and the
√
maximum temporal step ∆t has to be smaller than 1/ 3 times the spatial step in a
three-dimensional configuration with cubic computational cell ∆x = ∆y = ∆z.
As an example, the update equations for the x component of the electric and magnetic
fields, including the spatial offsets, are given by
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The correct discretisation of the remaining update equations and the offsets of the polarisation components can be deduced from these by simultaneous forward permutation of
the component indicators and the spatial offsets, e.g., Ex

n
i+ 21 ,j,k

→ Ey

n
.
i,j+ 12 ,k

Because of the simple nature of the gridding and the central difference scheme employed to
derive the discretised Maxwell’s equations within FDTD, the method is extremely versatile
and can be applied to dielectric structures of arbitrary geometry. In addition, dispersive
and even nonlinear media can be taken into account by considering their time-dependent
response in terms of polarisation currents. These currents are numerically calculated
using auxiliary differential equations, evaluated concurrently with the standard FDTD
update equations. This does not only allow for the matching of the local response to the
experimentally measured dispersion of a given material, such as for example metals (as
discussed in section 2.4), but also carries the potential to implement a nonlinear response
using a set of coupled equations. The second point is of particular interest when describing
gain materials and is used for the numerical implementation of the set of equations (3.6)
and (3.7), which is explained in more detail in the next section.
The discretisation of Maxwell’s equations within FDTD, reflected in the finite computa124
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tional cell size, leads to numerical dispersion of the phase velocity of simulated waves. This
source of numerical error is dependent on the direction of propagation and wavelength of
the wave and above all on the cell size. The smaller the cell size is, the smaller errors due
to dispersion are, and a ratio between working wavelength and cell size of at least 20 in the
highest index material is desirable. A further source of error stems from the propagation of
fields across the boundary between two dielectrics, where the required distinction between
normal and parallel to surface field components is not made in the standard FDTD implementation. This reduces the error scaling of FDTD from second to first order in the
computational cell size. Curved surfaces and those cutting through computational cells
at an angle present a particular problem, introducing an effect called staircasing. This is
critical if one of the bounding materials is metal, because non-physical local fields manifest
on the surface. Within the current implementation, a volume-dependent averaging of the
inverse permittivity is performed at surfaces, making the error decrease smoothly with
decreasing cell size.
In this work, a ratio of about 140 between free-space wavelength and cell size is chosen
for simulations performed in chapters 4 and 5 and reduced to half this value in chapter
6. Consequently, errors stemming from dispersion are expected to be negligibly small.
The small computational cell size is required for an accurate spatial resolution of the
nanoscopically sized metal–dielectric geometry, where the incorrect treatment of surface
boundaries presents the largest source of error. Staircasing is avoided by fully aligning
the rectangular geometrical features of the double-fishnet structure with the grid and
qualitative agreement of transmission spectra is found for resolutions as low as 20 nm (35
cells per wavelength), also see section A.2.

A.1.1 Boundary conditions
The basic FDTD algorithm cannot be used to determine electromagnetic fields at the
edges of the computational domain because not all field components required for a complete
update are available in these cells. From a mathematical perspective, this reflects the need
for boundary conditions (BCs), e.g., Dirichlet or Neumann, in any problem involving the
set of Maxwell’s first-order differential equations. The simplest possible termination of the
computational domain uses perfect electric conductor (PEC) BCs, boundary conditions of
Dirichlet type, which are implemented by setting the transverse electric field components
to zero at the boundaries. These model boundary conditions correspond to the physical
situation of free electrons inside a perfect metal instantly responding to an incoming wave
by cancelling the electromagnetic forces at the surface and with those the electric field
components parallel to the surface. Analogous to the behaviour of real metals in the
microwave regime, this simply leads to the reflection of incoming electromagnetic waves.
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A second type of boundary condition, the perfectly matched layer (PML) BC [40], makes
it possible to strongly reduce reflections from PEC BCs to the point where these become
negligibly small. Accordingly, such a boundary can be considered open to outgoing electromagnetic fields. PMLs are extended along the direction perpendicular to the boundary
and in the form of uniaxial PMLs [40] represent a medium, albeit anisotropic and including
both permittivity and permeability tensors, in which propagating waves are attenuated
along the normal direction irrespective of propagation towards or away from the outer
PEC boundary. The defining parameters of the PML can be conceptually connected to
a finite conductivity σmax (and therefore a nonzero resistance), leading to attenuation,
and a dispersionless background index κmax , stretching the coordinates. PMLs are perfectly matched to the exact wave equation and thus reflectionless in principle. However,
because the FDTD method solves Maxwell’s equations in their discretised form, resolutiondependent reflections at the PML’s interface with the computational domain arise. By
introducing a third parameter, the power with which the PML’s parameters smoothly
increase inside the PML layer from their free-space values at the interior domain to their
maximum values at the terminating PEC boundary, numerical reflections at the inner
boundary and within the PML layer itself can be strongly reduced.
While PML BCs work well for normal incidence, glancing incidence and non-propagating
(evanescent) fields are not attenuated efficiently. Another type of PML, the convolutional
PML (CPML) [40], was shown to improve the attenuation of evanescent fields with errors being orders of magnitude smaller than classical PMLs. Because of these improved
characteristics, the CPML can terminate the domain much closer to a scattering or waveguiding structure, where large evanescent fields are expected, thus reducing the domain
size considerably. In addition, CPMLs are less susceptible to late-time instabilities.
A third kind of boundary condition is the periodic boundary condition (PBC), which
allows for the modelling of infinitely extended structures by making use of the structure’s
periodicity and reducing the computational domain to one cell. PBCs necessarily need to
be defined in pairs and between each pair the tangential fields are exchanged, transverse
electric fields from the left edge (smallest i, j, or k) to the right edge (largest i, j, or
k) and transverse magnetic fields vice-versa. If a complex representation of the fields
is used within FDTD, Floquet-Bloch type boundary conditions can be implemented by
multiplying the fields with a phase factor when exchanging them. The complex phase
factor exp(iφl ) is a product of the cell dimension al in the direction of periodicity and the
Bloch wavevector q, φl = qal , and its introduction enables the calculation of a periodic
structure’s band diagram. In a time domain calculation with real-valued fields, the basis of
the current FDTD implementation, the reduction to one cell amounts to a spatial filtering
of the Bloch modes to those with qk = 0 (zero in-plane phase factor), excluding all states
with nonzero momentum in the direction of periodicity. While this is fully justified in
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pump–probe simulations, where this condition is enforced by the plane-wave character of
the normally incident fields, in the case of freely oscillating modes – possible in a strongly
gain-enhanced configuration – a reduction to qk = 0 has to be considered carefully. Such a
consideration is detailed in chapter 6, which discusses the mode competition between lasing
states in a strongly amplifying metamaterial, and shall not be repeated here. However, it
should be mentioned that a natural extension to using one cell only is the termination of
multiple cells (super cells) with PBCs, allowing a discrete sampling of the q states.
The double-fishnet metamaterial considered in this work (see, e.g., figure 4.1) is in-plane
periodic and consequently PBCs are chosen in the x- and y-direction, while the propagation direction (z) is terminated by PMLs. In addition to the correct termination of the
computational domain, FDTD requires the injection of fields using sources.

A.1.2 Pulsed plane-wave injection
Electric and magnetic fields can be excited most easily by directly assigning a chosen
temporal profile to the electric or magnetic field components within one or a set of computational cells. This, however, breaks the self-consistency of the update equations and leads
to non-physical reflections should fields return to the input cell(s). Instead, assigning values to the electric polarisation currents (and equivalently magnetic polarisation currents)
allows for the self-consistency to be retained.
A plane wave can be launched into the computational domain by assigning both electric
and magnetic polarisation currents in a single plane of cells. The vectors describing the
two currents need to be defined tangential to the plane and perpendicular to each other.
Additionally, one current needs to be delayed with regards to the other to account for the
spatial offset inside the Yee cell (see section A.1). For example, choosing the magnetic
current to be delayed leads to forward propagation (positive x-, y- or z-direction) of the
plane wave perpendicular to the injection plane. A charge build-up and diffraction of
the wave at the injection plane’s edges [40] can be prevented by either terminating the
plane at the computational boundary (PEC or PBC) or by joining several planes to form
a box (see the Total-Field Scattered-Field method [40]), the former corresponding to the
situation in the current configuration.
The temporal profile of the currents is chosen to follow a pulsed shape of Gaussian- or Sechtype, superimposed on the oscillation at the main frequency. In the pump–probe numerical
simulations of this work, the length of the pump pulse can be increased by sustaining the
amplitude at its maximum value for a chosen length of time before resuming the original
pulsed shape of the signal. This improves the efficiency of the pump without increasing
its amplitude or the rise time (given as the half-width at half maximum, HWHM) of the
pulse. For the probe part, on the other hand, a few-cycle pulse with small amplitude is
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Figure A.1: Flow chart of the computational steps within FDTD.
used to probe the spectral response of the active structure in the linear regime and for a
wide frequency window.
Closing this section, figure A.1 presents the sequence of calculations within one full update
of the FDTD algorithm, divided into the two half time steps n + 1/2 (1 to 4) and n + 1
(5 to 8). The next section discusses the computational setup and numerical accuracy of
the simulations.

A.2 Computational setup and numerical accuracy
Figure A.2 shows the computational domain of the numerical pump–probe simulations.
The domain is terminated by periodic boundary conditions (PBC) in x- and y-direction
and by perfectly matched layers (PMLs) along the plane-wave propagation direction
(z). In comparison to a combination of perfect electric and magnetic conductor boundary conditions, which could also be used in this configuration, the PBCs do not select a specific polarisation state of the solution. It should however be noted that the
passing of values from one edge of the domain to the other, part of the PBC implementation, requires a reduction of the number of computational cells in that direction
by 1. The PML layers are 11 cells thick and have a power-profile of σ and κ rising
with a power of 3.2 to maximum values σmax = 1.94 and κmax = 1.1 (see section A.1.1
for details). Pulsed plane waves are injected into the domain using at the input plane
with a wavevector pointing in the positive z-direction. After interaction with the resonant structure, phase sensitive spectral measurements are performed at the transmission and reflection planes at the far ends of the domain (see section B.1 for further details on the measurement method). In addition, local quantities within each cell, such
as the electric field, the electromagnetic energy or Poynting’s theorem (see section 5.1),
can be extracted. Also, information on the polarisation and occupation densities of the
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Figure A.2: Configuration of the computational domain within FDTD. (a) Threedimensional (3D) view of the overall configuration. (b) Two-dimensional (2D) cut
through the domain in the x-z plane at y = 0. (c) 2D cut through one of the metal
films in the x-y plane.
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Figure A.3: Comparison of absorption/transmission/reflection (ATR) spectra from
FDTD results for three computational cell sizes, ∆x = 10 nm (dashed lines), 5 nm
(solid lines) and 2 nm (dotted lines), and results from the finite element solver JCMwave (circles), http://www.jcmwave.com/. Black lines and circles give the absorption, blue denotes transmission and red is reflection.
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four-level system are available locally.
Exemplary results are shown in figure A.3 on the previous page, where absorption/transmission/reflection (ATR) spectra from FDTD numerical simulations for three resolutions
(computational cell sizes ∆x = 10 nm, 5 nm and 2 nm) are compared to results from
the finite element solver JCMwave (http://www.jcmwave.com/). The parameters of the
double-fishnet structure are those used in chapters 4 and 5 of the main results. Good
agreement between the two methods and all three values of cell sizes within FDTD is
observed, in particular, close to the negative refractive index resonance at 707 nm. Minor
differences in the results are most probably due to surface averaging of the metallic films
and dielectric within FDTD. The results presented in chapters 4 and 5 were obtained
using ∆x = 5 nm, while calculations in chapter 6 were performed with ∆x = 10 nm due
to a required increase in the computational duration of the calculations and resulting
performance considerations.

A.3 Numerical implementation of four-level system
The central difference scheme, earlier applied to Maxwell’s equations, can also be used to
formulate numerical update equations for the system of first order density equations (3.6)
and the second order polarisation equations (3.7) of section 3.4. The derived auxiliary
differential equations are evaluated within each computational cell containing a four-level
system and the resulting time-dependent polarisation acts back locally on the electric
field according to equation (A.2). Approximating the time derivatives of equations (3.7)
by finite differences, centred at time step n, gives
Pn+1
− 2Pni + Pn−1
Pn+1
− Pin−1
2
i
i
i
+
Γ
+ ω0,i
Pni = −σi ∆Nin En .
i
∆t2
∆t

(A.6)

This equation can be directly inverted with regards to Pn+1
and leads to the desired
i
numerical update equation for the polarisation densities connected to the emission (i = e)
and absorption (i = a) transitions.
It follows from equation (A.6) that the centring of the density equations (3.6) has to be
performed at time step n + 12 , resulting in
N3n+1 − N3n
1
=
∆t
~ωr,a

Pn+1
− Pna
Pn+1 + Pna
a
+ Γa a
∆t
2

!

·

En+1 + En
2

1 N3n+1 + N3n
1 N3n+1 + N3n
−
−
,
τ32
2
τ30
2
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Collecting terms proportional to Nln+1 and Nln , these equations can be expressed in matrix
form


Akl Nln+1 = Bkl Nln + Ck · En+1 + En



(A.8)
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and




{Bkl } = 



(A.10)

The vector constants Ck are comprised of a sum of terms linear in the polarisations Pn+1
i
and Pni and are obtained by explicitly constructing matrix equation (A.8) from equations
(A.7). Equation (A.8) can be solved analytically by multiplying it with {Akl }−1 and the
resulting update equations for Nln+1 are implemented within FDTD. To limit memory
consumption, the update of Nln+1 is performed in two parts, thereby not requiring both
En+1 and En to be available during the same computational step. First, terms proportional
to Nln and En are evaluated after the calculation of Pn+1 at the end of step 3 in figure
A.1. The second part is performed after the electric field update at the beginning of the
following step 3 when terms proportional to En+1 are added to finalise the full update of
the densities.
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A.4 Discretisation of Poynting’s theorem in FDTD
In this section, the discretisation of Poynting’s theorem within FDTD, required for the
implementation of the rate retrieval method discussed in section 5.1, is performed. For
this, the derivation of Poynting’s theorem (see, e.g., [52]) is reproduced using the discrete
Maxwell’s equations (A.2) and (A.3). Multiplying the former with En+1 + En /2 and the


1

1

latter with Hn+ 2 + Hn− 2 /2 and subsequently adding the two equations, leads to


1

1

1

1
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2
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2
j
(A.11)
where multiple polarisation currents are included via the sum over j. The left hand side,
for example, corresponds to the temporal change of the electromagnetic energy inside the
computational cell. Other terms in equation (A.11) can also be connected to physical
quantities in Poynting’s theorem (5.1) centred at time step n +
u̇

n+ 21

= −∇ · S

n+ 12

−

X

Ṗj · E

n+ 12

1
2

,
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j

leading to the following equalities:
u̇
∇·S

Ṗj · E
with
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(A.14)
(A.15)

(A.16)

This definition of the electromagnetic energy u at time step n is not commonly used
within FDTD as it is not spatially averaged to the Yee cell centre. The advantage of
implementing equations (A.13) to (A.15), rather than discretising equation (5.1) directly,
lies in the minimisation of numerical errors because above equations are perfectly matched
to the update equations of the FDTD algorithm.
Equation (A.12) is a local balance equation within a given computational cell. To evaluate
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Poynting’s theorem in a larger volume, the calculation needs to be extended to multiple
cells. This can be achieved by simply adding the quantities of individual cells to give
the desired overall quantities. For example, consider the electromagnetic flux ∇ · S

n+ 12

:

In one of two adjacent cells, the overall flux includes a positive contribution from the
surface where the cells touch, i.e., energy flowing into the cell through this surface. In
the second cell, it contains a negative contribution of the same absolute value. Thus, the
energy flux through the touching surface cancels when adding the electromagnetic flux
terms ∇ · S

n+ 12

of the two cells. While this makes it possible to easily evaluate Poynting’s

theorem inside a given volume, it also highlights the problem that this method cannot
distinguish between the flux through different surfaces because it always calculates the
aggregate electromagnetic flux ∇ · S

n+ 12

connected to the given volume.

In the next section, the work term (A.15) is split into dispersive and dissipative contributions for a generalised Lorentzian response.

A.4.1 Dispersion and dissipation of the discretised generalised
Lorentzian response
The distinction between dispersive and dissipative contributions of a resonant response is
essential to the correct evaluation of rates derived from Poynting’s theorem. Here, this is
performed for the generalised Lorentz model, defined by the differential equation
a

∂2P
∂P
+b
+ cP = dE ,
∂t2
∂t

(A.17)

where the parameters a, b, c and d are connected to specific response models (e.g., a = 1,
b = γp , c = 0 and d = ε0 ωp2 for the Drude model or a = 1, b = 2Γ, c = ω02 and d = ε0 ∆εω02
for the Lorentz model). The parameter b is always associated with a damping frequency
and accounts for the dissipation inside the medium, while c is the resonance frequency of
the generalised Lorentz model and d is its oscillator strength. Parameter a is included
to enable the description of Debye’s response model for which a is set to zero (otherwise
a ≡ 1).
Equation (A.17) is implemented within FDTD as an auxiliary differential equation, discretised with the central difference scheme at time step n
a

Pn+1 − 2Pn + Pn−1
Pn+1 − Pn−1
+ cPn = dEn ,
+
b
∆t2
2∆t

(A.18)

leading to the polarisation update equation
Pn+1 = c1 Pn + c2 Pn−1 + c3 En .

(A.19)
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For reference, the constants c1 to c3 take the values c1 = 4a − 2c∆t2 / (2a + b∆t), c2 =


(−2a + b∆t) / (2a + b∆t) and c3 = 2d∆t2 / (2a + b∆t).

The separation of equation (A.15) into dispersive and dissipative contributions is achieved
by expressing En+1 and En in terms of Pn+2 , Pn+1 , Pn and Pn−1 using equation (A.18)
at time steps n and n + 1 and by subsequently collecting terms proportional to a, b and
c. After some rearrangement, the result can be brought into the form of equation (8) of
reference [94], evaluated at time step n + 21 ,
Ṗ · E
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Note that the finite difference centring is nonstandard, most obvious in the two differing centring schemes of Ṗ2
assigned to

Ṗ2

n+ 21

, where either inner bracket of equation (A.23) could be

at time step n +

1
2

on its own.

As Pn+2 is not available at the time of evaluation and storing Pn−1 would needlessly
increase memory consumption, both terms are replaced using update equation (A.19),
while keeping the separation between dispersion and dissipation intact, resulting in
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As indicated, the first term of equation (A.26) is the purely dispersive part of the generalised Lorentzian resonance contributing to the electromagnetic energy density u of equation
(5.1), whereas the second term represents the purely dissipative contribution to Poynting’s
theorem.
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This chapter discusses the retrieval techniques used in this thesis. The numerical determination of the spectrally resolved transmission and reflection coefficients of the nanoplasmonic metamaterial is explained in section B.1 and building on it, the principle and
properties of a retrieval of effective parameters are discussed in section B.2. Finally, section B.3 briefly describes the time-varying discrete Fourier Transform, which allows the
spatio-temporal extraction of electromagnetic modal fields and energies and from these
the retrieval of frequency-resolved rates as defined in section 5.1.

B.1 Numerical method to calculate transmission and
reflection spectra
The optical characterisation of an in-plane periodic resonant structure, such as the doublefishnet metamaterial, can be achieved by measuring its response in terms of transmission
and reflection. In particular, the spectrally resolved response, which then also includes
absorption (as the three spectra add to 1), reveals resonance positions and their respective
strengths and can be used to retrieve effective parameters. Within the present time-domain
pump–probe numerical simulations, the extraction of transmission/reflection/absorption
(ATR) spectra relies on the assumption that far from the structure the reflected and
transmitted propagating fields show the plane wave character of the normally incident
probe pulse. This is true if the measurement of the fields is performed at a distance
of at least one wavelength from the surface, such that evanescent fields have sufficiently
decayed (see figure A.2). To determine the spectra, the time signal of the electric field
is recorded in two planes at opposite sides from the material after the initial, few-cycle
pulse has dynamically interacted with the resonant features of the structure. A Fast
Fourier Transform of the recorded fields is performed in every cell of each plane and
the resulting local spectra are added, yielding the non-normalised, complex transmission
and reflection coefficients. Normalised with the spectrum of the incident probe pulse,
the complex transmission t(ω) and reflection r(ω) coefficients are retrieved in a frequency
window inversely proportional to the length of the few-cycle pulse. In the following section,
the extraction of effective parameters from the transmission and reflection coefficients is
discussed. In addition to this, the spectral energy fluxes for transmission T (ω) = |t(ω)|2 ,
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reflection R(ω) = |r(ω)|2 and absorption A(ω) = 1 − T (ω) − R(ω) give a direct insight
into the resonant response of the metamaterial.

B.2 Retrieval of effective parameters
Section 2.5, in particular 2.5.3, motivated the use of effective electromagnetic parameters
for the description of the optical response of nanostructured metamaterials. The extraction of effective parameters can be achieved using the retrieval method introduced in [60],
which assumes that the scattering parameters of the metamaterial are equal to those of
a slab of resonant dielectric of the same thickness (a Fabry-Pérot etalon). Within the
method, the pair of retrieved effective refractive index and impedance is derived from the
complex transmission and reflection, both of which are accessible either numerically or
experimentally. Additionally, a second pair, the effective permittivity and permeability
can be extracted. These retrieved effective parameters characterise a hypothetical, homogeneous medium with the same optical properties, with regards to transmission, reflection
and absorption, as the original metamaterial. Thus, the retrieved parameters allow for a
straightforward interpretation of the optical response in terms of electric and magnetic resonances and reveal frequency regions where a metamaterial might show negative refractive
index, independent of the complexity of the internal structure.
The retrieval procedure requires the following steps: First, the complex coefficients for
transmission and reflection are determined, as discussed in section B.1. Particular care has
to be taken with regards to the complex phases of the scattering coefficients, which require
a common reference point and, additionally, a correction for the free-space propagation
from the injection plane to the material interface and from there to the measurement
planes. In a second step, the effective refractive index of the homogenised dielectric slab
of thickness d is retrieved from
arccos 1 − r2 + t02 / (2t0 ) + 2πm
neff (ω) = ±
,
k0 d






(B.1)

where the phase reference of the transmission coefficient is moved to the far side of the
slab, t0 (ω) = t(ω) exp(ik0 (ω)d), using the free-space wavevector k0 (ω) = ω/c0 . Similarly,
the retrieved effective impedance follows from
v
u
u (1 + r)2 + t02
.
zeff (ω) = ±t
2

(1 − r) + t02

(B.2)

Several aspects of these equations need to be highlighted. First, equations (B.1) and
(B.2) cannot be used to determine the signs of the retrieved refractive index or imped138
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ance. These have to be specified according to additional considerations. A direct analytic
connection between the two retrieved effective parameters is given by exp (ineff k0 d) =


t/ 1 − r (zeff − 1) / (zeff + 1) [104], thereby linking the signs of the two. This can be used
as a test to the correct choice of sign in the retrieval method. In a metamaterial containing only passive or absorptive constituents, the sign of equation (B.1) can be readily
determined by demanding that the imaginary part is larger than zero and that of equation
(B.2) by setting Re(zeff ) > 0 [60]. These conditions follow directly from the passivity of
the material. Second, the real part of the retrieved refractive index is not fully determined because of the 2π phase uncertainty in the measured scattering coefficients. A shift
of 2πm/ (k0 d), which includes the unknown integer value m, may have to be applied to
uniquely determine the refractive index at each frequency, i.e., the value of m can change
between different frequencies. In general, m is of the order of 1 and, in particular for thin
slabs (small d and therefore large 2π/ (k0 d)), different branches can be easily distinguished
to ensure the retrieval of physically meaningful parameters. For thicker slabs, it is found
that choosing m such that the refractive index dispersion is smooth gives good results.
Finally, the thickness d of the equivalent slab is not equal to the geometrical thickness of
the metamaterial but to its optical thickness [60, 104]. Yet, differences have been shown
to be very small for thin samples and are expected to be negligible compared to other
sources of error in the numerical calculations, see appendix A.
The effective permittivity and permeability follow from equations (B.1) and (B.2) using
the relations
εeff =

neff
zeff

and

µeff = neff zeff .

(B.3)

It should be noted that the standard set of equations is applicable only in the absence of a
substrate, when the refractive indices of the dielectrics above and below the metamaterial
structure are equal. If, however, the materials on opposing sides of the metamaterial
differ, then the reflection coefficient r would depend on the direction from which the incoming plane wave hits the metamaterial and the retrieved effective impedance defined in
equation (B.2) would not have a unique value. It was shown that the presence of a substrate leads to bianisotropy, i.e., the coupling between the averaged electric and magnetic
field components, necessitating a modification of the formalism [105]. In this work, the
double-fishnet metamaterial is purposely placed in free space to avoid bianisotropy and a
resulting complication of the retrieval process and interpretation of the retrieved effective
parameters.
The generic nature of the standard retrieval method – in particular that passivity is not a
fundamental requirement of the method – makes it applicable to gain-enhanced metamaterials [63]. Thus, when gain material is introduced into the internal structure of the
metamaterial, incoming radiation may be amplified and, in this case, the assumption of
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overall passivity and Im(neff ) > 0 needs to be dropped. It is nonetheless possible to determine the signs in equations (B.1) and (B.2) and the phase integer m of equation (B.1)
by identifying those values of neff and zeff for which the dispersion of the permeability
obeys causality and accordingly Kramers-Kronig relations [93]. This method of validating
the retrieved parameters has been successfully applied to the case of loss-compensated
metamaterials [32–34, 43]. However, it was also found that the retrieval of spectrally continuous effective parameters is not always possible for strongly amplifying metamaterials
below the threshold of lasing [32].

B.3 Time-varying discrete Fourier Transform
A time-varying Fourier Transform (TVFT) [106] was used in this thesis to investigate
the temporal evolution of the electromagnetic modes and modal energies and to retrieve
frequency-resolved, time-dependent rates. TVFT enables the time-dependent calculation
of the Fourier coefficient F̃ (ω0 , n) at a chosen frequency ω0 and time t = n∆t by performing
a discrete Fourier Transform of the signal x(n) in a specified time window w(n0 )
F̃ (ω0 , n) =

∞
X

x(m)w(n − m) exp(−iω0 m∆t)

m=1

= exp(−iω0 n∆t)

" ∞
X

#

x(n − m̃)w(m̃) exp(−iω0 m̃∆t) .

(B.4)

m̃=n

The window function w(n) determines which parts of the signal contribute to F̃ (ω0 , n)
and, by appropriately choosing its shape, both memory consumption and computational
time can be reduced efficiently. It was shown in [106] that by using the negative binomial
distribution as the window function
!

−p
(−γ)n with p ≥ 2 ,
n

w(n) =

(B.5)

the term in square brackets, which is the convolution of x(n) and w(n) exp(−iω0 n∆t), can
be written as a recursive equation
yω0 (n) =

p
X

al yω0 (n − l) − x(n)

(B.6)

l=1

with coefficients

!

al =
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p
[−γ exp(−iω0 ∆t)]l .
l

(B.7)

B.3 Time-varying discrete Fourier Transform
Here, the sum of infinitely many contributions is reduced to p values, where the most
recent yω0 (n) can be evaluated with the signal update. The parameter p gives the number
of values stored in memory and together with γ determines the shape of the time window
of the TVFT. As all possible temporal and spectral resolution pairs can be generated
by an appropriate choice of γ, the lowest value allowed for p (p = 2) can be selected to
minimise computational cost. In practise, small values of p can result in γ-values close to
1 and cause the TVFT to become unstable due to numerical errors. It is then necessary
to increase p. In this work, p was set to 3.
The resolution of the filter, that is the FWHM of its spectral bandwidth, is connected to
the parameters p and γ according to


∆ωFWHM

1



2
1 − 4 p (γ − 1)2 + γ 2 
=
,
cos−1 
∆t
2γ

(B.8)

with a spectrum that is symmetric around its maximum at ω0 . The FWHM of the window
function is approximately inversely proportional to this spectral bandwidth with
√
≈ 2 2 ln 2

s

∆TFWHM

pγ
∆t .
(1 − γ)2

(B.9)

Clearly, for the filter to give correct results, the temporal change of F̃ (ω0 , n) needs to be
slowly varying on a time scale longer than ∆TFWHM , which in turn limits the spectral
resolution of the filter. In the simulations, γ was chosen such that ∆ωFWHM is smaller
than the desired frequency resolution (half the frequency difference between the dark and
bright modes of the passive structure of chapter 6) leading to an integration (response)
time of the filter of about 0.4 ps.
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The following publications are the result of research presented in this thesis
1. S. Wuestner, A. Pusch, K. L. Tsakmakidis, J. M. Hamm, and O. Hess, “Overcoming
losses with gain in a negative refractive index metamaterial,” Phys. Rev. Lett. 105,
127401 (2010).
2. S. Wuestner, A. Pusch, K. L. Tsakmakidis, J. M. Hamm, and O. Hess, “Gain and
plasmon dynamics in active negative-index metamaterials,” Phil. Trans. R. Soc. A
369, 3525 (2011).
3. J. M. Hamm, S. Wuestner, K. L. Tsakmakidis, and O. Hess, “Theory of light amplification in active fishnet metamaterials,” Phys. Rev. Lett. 107, 167405 (2011).
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of amplification in a nanoplasmonic metamaterial (invited),” Appl. Phys. A 107,
77–82 (2012).
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“Spaser action, loss compensation, and stability in plasmonic systems with gain”,”
Phys. Rev. Lett. 107, 259701 (2011).
6. S. Wuestner, J. M. Hamm, A. Pusch, F. Renn, K. L. Tsakmakidis, and O. Hess,
“Control and dynamic competition of bright and dark lasing states in active nanoplasmonic metamaterials,” Phys. Rev. B 85, 201406(R) (2012).
Research results have been presented at the following international conferences
• as an oral presentation at Photon10, Southampton, UK, 23–26 August 2010
• as a poster at Metamaterials 2010, Karlsruhe, Germany, 13–16 September 2010
• as an oral presentation at CLEO 2012, San Jose (CA), US, 6–11 May 2012
Parts of this work have also been published in conference proceedings
• S. Wuestner, E. I. Kirby, A. Pusch, K. L. Tsakmakidis, J. M. Hamm, and O. Hess,
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143

Publications and Presentations
• S. Wuestner, A. Pusch, J. M. Hamm, K. L. Tsakmakidis, and O. Hess, “Dynamics
of light amplification and gain in nano-plasmonic fishnet metamaterials,” Proc. of
SPIE (Metamaterials: Fundamentals and Applications III) 8095, 809504 (2011).
Further publications and conference contributions:
1. S. S. Oh, S. Wuestner, A. Demetriadou, and O. Hess, “Circular dichroism in gold
helix metamaterials and gold gyroid structures at optical frequencies,” 2011 IEEE
Nanotechnology Materials and Devices Conference, 151-155 (2011).
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amplification and noise in gain-enhanced nanoplasmonic metamaterials: A MaxwellBloch Langevin approach,” ACS Nano 6, 2420–2431 (2012).
3. A. Demetriadou, S. S. Oh, S. Wuestner, and O. Hess, “A tri-helical model for nanoplasmonic gyroid metamaterials,” New Journal of Physics 14, 083032 (2012).
4. S. S. Oh, A. Demetriadou, S. Wuestner, and O. Hess, “On the origin of chirality in
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