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Abstract
Lately, transformation optics (TO) has driven the development of metamaterial
science, providing a direct link between a desired electromagnetic phenomenon and
the material response required for its occurrence. However, this powerful framework
is not restricted to the metamaterial design, and it has recently been exploited to study
surface plasmon assisted phenomena. In this thesis, we mainly focus on the general
strategy based on TO to design and study analytically plasmonic devices capable of
efficiently harvesting light over a broadband spectrum and achieving considerable
field confinement and enhancement.
Using TO, we show that a finite nanoparticle with sharp geometrical features can
behave like an infinite plasmonic system, thereby allowing simultaneously a broadband interaction with the incoming light as well as a spectacular nanofocusing of its
energy. Various plasmonic structures are designed and studied, such as 2D crescents,
groove/wedge like nanostructures, overlapping nanowires, and rough metal surfaces.
Comprehensive discussions are also provided on practical issues of this problem.
First, we discuss how the edge rounding at the sharp boundary affects the local field
enhancement as well as the energy and bandwidth of each plasmonic resonance. In
particular, the necessary conditions for achieving broadband light harvesting with
blunt structures are highlighted. The TO approach is then applied to study the
interaction between plasmonic nanoparticles. We demonstrate that the energy and
spectral shape of the localized surface plasmon resonances can be precisely controlled
by tuning the separation between the nanoparticles. Finally, we consider the extension
of the TO framework to 3D geometries, and show that the 3D structure is more robust
to radiative loss than its 2D counterpart.
The physical insights into sharp and blunt plasmonic nanostructures presented in
this thesis may be of great interest for the design of broadband light-harvesting
devices, invisible and non-invasive biosensors, and slowing-light devices.
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CHAPTER 1: Introduction
This chapter introduces the theory of surface plasmons and transformation optics (TO)
and thus gives the background for Chapters 2-5. The fundamentals of surface plasmon
polaritons (SPPs) at metal/dielectric surfaces are described, and the dispersion relation
for SPPs in metal/dielectric half spaces and three layer configurations are derived. The
theory of localized surface plasmon resonances (LSPRs), including the quasistatic
solution and Mie scattering theory, is briefly introduced. Moreover, the surface
plasmon excitations, spectroscopy, and sensing applications are introduced. In the
second part of this chapter, we move on to the principle of TO. Starting with its
geometrical view, we summarize the transformations of different physical quantities
under general geometrical mappings, and then briefly review the applications of TO,
such as invisibility cloaks. The last section of this chapter gives an overview of this
thesis.

1.1 Theory of surface plasmons
A plasmon is a collective oscillation of the free electrons in a noble metal. It can be
described as a quantum of plasma oscillations [1-3]. The free electrons of a metal are
treated as an electron liquid of high density of about 1023cm-3 , ignoring the lattice in a

first approximation. One can think of these plasma oscillations as mechanical
oscillations of the electron gas of a metal, the presence of an external electric field
causing displacements of the electron gas with respect to the fixed ionic cores. For
bulk plasmons (Here, bulk refers to materials with an extent large compared to the
wavelength of light in all three dimensions), these oscillations occur at the plasma
frequency p and have energy:
ne 2
Ep =p =
m0 0

(1.1)

where  denotes the Dirac constant, n is the electron density,  0 is the permittivity
of free space, e is the electron charge, and m0 is the electron mass. This exciting
phenomenon has been studied over the past few decades theoretically and
experimentally [4-10].
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1.1.1 Surface Plasmon polaritons at metal/dielectric
interfaces
An important extension of the plasmon physics has been accomplished by the concept
of “surface plasmons”. The key component that supports surface plasmons is metal,
where the electromagnetic (EM) surface waves arise via the coupling of the EM fields
to oscillations of the metal’s electron plasma. Perhaps, the simplest geometry
sustaining surface plasmons is that of a single, flat interface between a conducting
half space ( 1   , where Re  1  <0 , z <0 ) and a dielectric half space (  2   >0 ,
z  0 ), as shown in Figure 1.1. In the local approximation, the charge fluctuations

(which can be localized in the z direction) are purely accompanied by a transversal
EM field that disappears at z   , and has its maximum in the surface z  0 . For
TM polarization (the magnetic field polarized along the y direction), the EM fields are
described by
H y  A2 e 

i k x x  k2 z z 

Ex  iA2

1

 0 2

Ez   A1

i k x x  k2 z z 

(1.2a)

k2 z e 

(1.2b)

e

(1.2c)

kx

 0 2

i k x x  k2 z z 

for z >0 and
H y  A1e 

i k x x +k1z z 

Ex  iA1

1

 01

Ez   A1

kx

k1z e 

(1.3b)

e

(1.3c)

 01

i k x x +k1 z z 

(1.3a)

i k x x +k1z z 

for z  0 . Here, the wave vector k x  2 /  p lies parallel to the x direction, where

 p is the wavelength of the plasma oscillation. kiz ( i  1, 2 ) is the component of the
wave vector perpendicular to the metal/dielectric interface. Its reciprocal value,
z  1/ k z , defines the evanescent decay length of the fields perpendicular to the

interface, which quantifies the confinement of the surface wave.
Solving Maxwell’s equations together with the boundary conditions (continuity of
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Figure 1.1 SPP propagation at a single interface between a metal and a dielectric

H y and Ex at the interface) yields

k z1

1

+

kz 2

2

=0

 
k x2 +k zi2 = i   , i =1, 2
c

(1.4)

2

and

(1.5)

The wave vector k x is continuous through the interface. The dispersion relation of
SPPs propagating at the interface between the two half spaces can be derived as
kx =

1 2
c 1 + 2



(1.6)

This expression is valid for both real and complex 1 .
Figure 1.2 shows the dispersion relation for SPPs at a silver/air interface, where
the dielectric function of silver is taken from the experiment data by Johnson and
Christy [11]. In this plot, only the real part of the wave vector is shown. The black
curve shows the case where the damping of silver is neglected (i.e. Im  1  =0 ), and
red curve shows the dispersion relation for complex 1 .
We first look at the lossless case. For small wave vectors, the SPP propagation
constant is close to k0 at the light line, and the waves extend over many wavelengths
into the dielectrics. For large wave vectors, the frequency of the SPPs approaches the
surface plasmon frequency

sp =

p
1+ 2

(1.7)

and the group velocity approaches zero. The mode acquires electrostatic character,
and is known as the surface plasmon. Since the dispersion curve lies to the right of the
light line, the surface plasmon has a shorter wavelength than free-space radiation such
that its out-of-plane component ( kiz ) is purely imaginary and evanescent decay.
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Figure 1.2 Dispersion relation of SPPs at a silver/air interface. The black curve corresponds to the case
where the damping of silver is neglected, while the red curve corresponds to the lossy case.

When 1 is complex, the wave vector of the SPPs is no longer infinite. It now
approaches a maximum value at the surface plasmon frequency sp , corresponding to
a minimum of wavelength of surface plasmons sp =2 / Re k x  . Since the SPP fields
in the dielectric decay with e  k2 z z , where k2 z = k x2   2  / c  , the surface waves
2

are best confined perpendicular to the surface at the surface plasmon frequency. Note
that the leaky part of the dispersion relation between sp and p is now allowed, in
contrast to the lossless case.
For real metal with damping, the surface plasmon waves are damped with a
propagation length L   2 Im  k x   . As shown in Figure 1.3, the propagation length
-1

for SPPs traveling at the silver/air interface is dependent upon the frequency, and is
roughly between 10 and 100m in the visible regime. Note that there is a trade-off
between the confinement and the propagation length in many practical applications [5,
10, 12, 13].
We now move on to the multilayered system composed of alternating conducting
and dielectric thin films, where each single interface can sustain bound SPPs. If the
separation between adjacent interfaces is comparable to (or smaller than) the decay
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Figure 1.3 Propagation length of SPPs at a silver/air interface as function of frequency. The shaded
region marks the visible spectrum.

length of the single-interface mode, the interaction between bound SPPs results in
coupled surface plasmon modes. Here, we focus our study on a three-layer systems,
i.e. one thin layer (I) sandwiched between two infinite claddings (II and III), as
depicted in Figure 1.4.
In region II ( z >d ), the general expression of the fields are
H y  A2 e 

i k x x  k 2z z 

Ex  iA2

1

 0 2

Ez   A2

,

(1.8a)

k1z e 

i k x x  k2 z z 

kx

 0 2

e

i k x x  k2 z z 

.

,

(1.8b)
(1.8c)

In region III ( z  d ), we have
H y  A3e 

i k x x  k3 z z 
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For the intermediate layer (  d  z  d ), the coupling of surface plasmon modes
at two interfaces yields:
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Figure 1.4 A three-layer system consisting of a thin layer I sandwiched between two infinite half spaces
II and III.
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where kiz2  k x2  k02 i , i  1, 2, 3 . Applying the boundary conditions (the continuity
of H y and Ex ) at two interfaces leads to the following dispersion relation:
  k  k   k  k 
e 2 k1 z d   2 1z 1 2 z   3 1z 1 3 z 
  2 k1z  1k2 z    3k1z  1k3 z 

(1.11)

First, we note that for very large thickness ( d   ), Equation (1.11) is reduced to
Equation (1.4), the SPP dispersion relation of a single (uncoupled) metal/dielectric
interface.
From now on, we will focus on a special case where the top and bottom
claddings have the same dielectric function, i.e.  2   3 and hence k2 z  k3 z . In this
case, the SPP dispersion relation given by Equation (1.11) can be split into two
equations:
tanh

k1z d
k 
  2z 1 ,
2
k1z  2

(1.12a)

tanh

k1z d
k 
  1z 2 ,
2
k2 z 1

(1.12b)

which indicates that the coupled surface plasmon modes consist of two branches. The
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one described by Equation (1.12a) corresponds to the odd vector parity ( Ex  z  is an
odd function), while the one associated with Equation (1.12b) correspond to the even
vector parity ( Ex  z  is an even function).
We now apply the above dispersion relation to two typical kinds of plasmonic
systems, an insulator-metal-insulator (IMI) structure and a metal-insulator-metal
(MIM) structure. For the IMI geometry, a thin slab of metal (with permittivity

1   m   ) is sandwiched between two insulating layers (with a dielectric constant

 2  0 ). Figure 1.5 displays the SPP dispersion relation of an air-silver-air structure
for two different thicknesses of the intermediate silver slab. For simplicity but without
loss of generality, we assume that the silver is lossless, with the dielectric function
taken from Drude model. As we can see from the results, both the odd and even
modes lie on the right side of the light line, and the odd modes have frequencies
higher than the even modes. Upon decreasing the slab thickness, the confinement of
the odd modes to the metal slab decreases and the dispersion curve gets closer and
closer to the light line, indicating that the coupled SPP evolves into a plane wave
supported by the dielectric background. For real metals with finite resistive loss,
decreasing the slab thickness results in an increase of the SPP propagation length.

Figure 1.5 Dispersion relations of the coupled odd (dashed lines) and even (solid lines) modes of an
air-silver-air three-layer system with a core thickness of 20nm (black curves) and 50nm (red curves).
Here the dielectric function of silver is taken from Drude model with negligible damping.
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Therefore, for the IMI structure, the odd modes are often referred to as long-ranging
surface plasmons [14]. On the other hand, the even modes exhibit an opposite
behavior: their confinement to the metal slab increases with decreasing slab thickness,
giving rise to a reduction of the SPP propagation length. Hence, the even modes
supported by the IMI structure are often associated with short-ranging surface
plasmons.
With respect to the MIM geometry, we set  2   m  m  as the dielectric function
of the metal, and 1 as the permittivity of the intermediate dielectric layer, which is
always positive. As an example, Figure 1.6 shows the dispersion relation of the
coupled SPP modes supported a silver-air-silver structure with different gap thicknesses. In contrast to the IMI geometry, the fundamental odd modes supported by the
MIM structure now have frequencies lower than the even modes. When gap thickness
is sufficiently small, the odd modes can have very large propagation constants k x
(corresponding to relatively small penetration depth) for excitation below the surface
plasmon frequency [15]. More interestingly, Figure 1.6 reveals that the even modes

Figure 1.6 Dispersion relations of the coupled odd (dashed lines) and even (solid lines) modes of a
silver-air-silver three-layer system with the intermediate dielectric gap of thickness 20nm (black
curves), 50nm (green curves), and 100nm (red curves). Here, the dielectric function of silver is taken
from Drude model with negligible damping.
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supported by the MIM structure now exhibit a cutoff at a finite frequency. This cutoff
frequency can be determined by taking the limit k1z  0 in Equation (1.12b), which
yields:

d
c



2 m  

1 1   m   

.

(1.13)

The above equation implies that for vanishing gap thickness ( d  0 ), the cutoff
occurs at the bulk plasma frequency p . In this case, the even modes have a negative
group velocity, as can be seen from Figure 1.6. When the gap thickness increases, the
cutoff of the SPP excitation shifts towards the zero frequency, and the group velocity
of the even modes gradually changes from negative to positive.
From the two examples discussed above, we can see that the three-layer
plasmonic structures show strong coupling to light with an upper bound cutoff at the
bulk plasma frequency p and a lower bound cutoff at zero frequency. This
broadband response will form the basis of our discussions in Chapter 2. It is worth
noticing that, in the above analysis, we have limited our discussions to the
fundamental bound SPP modes of the three-layer structures. Actually, the family of
modes supported by these geometries is much richer than what we have described
here. Detailed and extended study on this problem can be found in Ref. [15-17].

1.1.2 Excitation of surface plasmon polaritons
Surface plasmons can be excited by both electrons and photons. The excitation by
electrons is created by firing electrons into the bulk of a metal. As the electrons scatter,
energy is transferred into the bulk plasma. The component of the scattering vector
parallel to the surface results in the formation of surface plasmons [18]. For photon
excitations, SPPs on a flat metal/insulator interface cannot be excited directly by light
beams since the surface plasmon propagation constant is larger than the free space
wave vector (i.e. k x  k0 ). Therefore, certain techniques that can achieve phasematching or spatial mode matching are critical.
Prism Coupling: One method to achieve phase-matching to SPPs is using a prism

system consisting of a thin metal film sandwiched between two insulators of different
constants, as shown in Figure 1.7. Suppose the dielectric background in the figure is
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Figure 1.7 Prism coupling to SPPs using attenuated total internal reflection in the Kretschmann (left)
and Otto (right) configurations.

air (   1 ), and the prism is composed of another dielectric medium with higher
permittivity. A beam incident upon the interface between the prism and the metal will
produce an in-plane momentum k x =k  sin  , which is sufficient to excite SPPs
between the metal and the lower-index dielectric (the metal/air interface here). We
should note that the SPPs cannot be excited at the prism/metal interface, since the
phase matching condition cannot be achieved. There are two different prism coupling
systems to excite SPPs, i.e. the Kretschmann method [19] and the Otto configuration
[20]. The Krestchmann method is the most common configuration, where a thin metal
film is evaporated on top of a glass prism (left panel of Figure 6). In the Otto
configuration, the prism is separated from the metal film by a thin air gap (right panel).
This configuration is preferable where direct contact with the metal surface is
undesirable, e. g. in the study of surface quality.
Grating Coupling: Coupling of photons into SPPs can also be achieved using

grating configurations. A grating coupler matches the wave vectors by increasing the
parallel wave vector component by an amount related to the grating period. This
method, while less frequently utilized, is critical to the theoretical understanding of
the impact of surface roughness. Moreover, simple isolated surface defects such as a
groove, a slit or a corrugation on an otherwise planar surface provides a mechanism
by which free-space radiation and surface plasmons can exchange energy and hence
couple to each other.
Figure 1.8 depicts a 1D grating structure for SPP excitation. Phase matching can
be fulfilled on the condition:

kSP =k sin  

2m
, m  1, 2, 3
a
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(1.14)

Figure 1.8 Excitation of SPPs with grating configuration

More generally, surface plasmons can also be excited on metal films with random
surface roughness, or manufactured localized scatterers, as long as the phase matching
condition can be satisfied:
kSP =k sin   k

(1.15)

where the momentum components k are provided via scattering.
Near field excitation: Apart from schemes which excite SPPs over a macroscopic

area, such as the prism configuration and the grating configuration, SPPs can also be
excited with near-field optical microscopy techniques. These techniques allow for the
local excitation of SPPs over an area a  0 , and can thus behave as a point source
for SPPs [21]. A typical configuration consists of a small probe tip of aperture size
a  SP  0 that illuminates a metal surface in the near-field. Due to the small
aperture size, light radiated from the tip has a wave vector component k  kSP  k0 .
Therefore, the phase matching condition can be fulfilled. This technique allows for
the excitation of SPPs at different locations of the metal, since it is easy to position
such probes in scanning near-field microscopes.

1.1.3 Localized surface plasmons
Surface plasmon modes can be differentiated as: propagating surface plasmons (PSPs)
and localized surface plasmons (LSPs). PSPs are usually supported by structures that
have at least one dimension that approaches the excitation wavelength, e.g. a single
meta/dielectric interface, as shown in Figure 1.1. In this case, the electric field E0 is
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Figure 1.9 Schematic diagrams illustrating a localized surface plasmon

not uniform across the structure and other effects (such as the retardation effect) must
be considered. In LSPs, the time varying electric field associated with the light exerts
a force on the gas of negatively charged electrons in the conduction band of the metal
and drives electrons to oscillate collectively. At a certain excitation frequency, this
oscillation will be in resonance with the incident light, resulting in a strong oscillation
of the surface electrons, commonly known as a localized surface plasmon resonance
(LSPR) mode. This phenomenon is illustrated in Figure 1.9. Excitation of LSPR
modes at an incident wavelength where the resonance occurs results in strong light
scattering in the appearance of intense absorption bands, and an enhancement of the
local EM fields. The frequency and intensity of the absorption bands are characteristic
of the composing material, and are highly sensitive to the size, size distribution, and
shape of the nanostructures, as well as to the surrounding environments [22]. The past
decade has witnessed significant improvements in the fabrication of noble metal
nanostructures, which has led to advances in several areas of the science and
technology of LSPRs.
Theory: The interaction of a particle of size d with the EM field can be analyzed

using the quasi-static approximation provide that d   . In this condition, the phase
of the harmonically oscillating EM field is practically constant over the particle
volume, so that one can calculate the spatial field distribution by assuming the
simplified problem of a particle in an electrostatic field [23]. The harmonic time
dependence can then be added to the solution once the field distributions are known.
This lowest-order approximation of the full scattering problem describes the optical
properties of nanoparticles of dimensions below 100nm adequately for many
purposes.
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Suppose the dielectric we consider here is air. In the electrostatic approach, out
describes the superposition of the applied field E0 and that of a dipole located at the
particle center. Therefore, by introducing an induced dipole moment p , out can be
described as

out =  E0  r 
p  4 0 a 3

pr
4 0 r

 1
E
 2 0

3

(1.16)

(1.17)

where a and  correspond to the radius and permittivity of the spherical nanoparticle,
respectively. We can see that the applied field induces a dipole moment inside the
sphere of a magnitude proportional to E0 . By introducing the polarizability 
(defined by p   0 E0 ), we have

 =4 a 3

 1
 2

(1.18)

It is apparent that the polarizability experiences a resonant enhancement under the
condition that  +2 is a minimum. For a small or slowly-varying Im   around
the resonance, Equation (1.18) is simplified to

Re      2

(1.19)

which is called Fröhlich condition. An electrostatic treatment of more general
ellipsoidal nanoparticles can be found in Reference [24], which shows that the basis
physics of the LSPR supported by a sub-wavelength structure is well described by the
dipole plasmon approximation.
The above theory of the dipole plasmon resonance is strictly valid only for small
particles with vanishing radius. However, in practice it provides a good approximation
for spherical or ellipsoidal nanoparticles with dimensions below 100nm under visible
or near-infrared illumination. For particles of larger dimension, where the quasistatic
approximation is not justified due to significant phase changes of the driving field
over the particle volume, a rigorous electrodynamic approach is required. In the early
20th century, Gustav Mie developed an analytical solution to Maxwell’s equations
that describes the scattering and absorption of light by spherical particles [25]. (For
very small particles ( d   ), Mie scattering agrees with the quasistatic approach.)
Finding the scattered fields produced by a plane wave incident on a homogeneous
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conducting sphere results in the following total scattering, extinction, and absorption
cross-sections:

 sca 
 ext 
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where k0  2 / 0 is the incoming wave vector and L are integers representing the
dipole, quadrupole, and higher multipoles of the scattering. In the above expressions,
aL and bL are the following parameters, consisting of the Riccati-Bessel functions
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Here, n  nR  inI is the complex refractive index of the metal, a is the radius of the
spherical particle.
Spectroscopy and sensing: Fundamental spectroscopic studies on plasmonic

materials provide an understanding of the properties that govern both the LSPR
wavelength and the surface enhancement factor of these substrates, which is critical
when designing materials for sensing applications. Because the shape and size of a
metallic nanoparticle dictate the spectral signature of its plasmon resonance, the
ability to change these two parameters and study the effect on the LSPR is an
important experimental challenge. One important approach for examining the
relationship between shape, size, and the LSPR wavelength is through singlenanoparticle spectroscopy [22, 26]. Because there is inherent heterogeneity among
individual nanoparticles, each LSPR spectrum is different, revealing the true
distribution of resonance wavelengths. The different shapes show different refractiveindex sensitivities, with rods showing the highest sensitivity followed by triangles,
then spheres. More refined synthetic approaches produce nanoparticles with less
heterogeneity in shape and size and even higher refractive-index sensitivity.
LSPR spectroscopy of metallic nanoparticles is a powerful technique for chemical
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and biological sensing experiments. Moreover, the LSPR is responsible for the EMfield enhancement that leads to surface-enhanced Raman scattering (SERS) and other
surface-enhanced spectroscopic processes. The LSPR extinction (or scattering) wavelength maximum, max , is sensitive to the dielectric constant  (or refractive index,
n; both are related by   n 2 ). Thus, changes in the local environment, such as

through the presence of an adsorbed species, should cause a shift in max . This leads
to the following relationship
max  mn 1  exp  2d / ld  

(1.25)

Here m is the bulk refractive-index response of the nanoparticle(s); n is the change
in refractive index induced by the adsorbate; d is the effective adsorbate layer
thickness; and ld is the characteristic EM-field-decay length (approximated as an
exponential decay). This relationship is the basis of LSPR wavelength-shift sensing
experiments. In this context, single metal nanoparticle sensors operate via the
detection of frequency shift of the dipolar plasmon resonance upon binding of
molecules to the nanoparticle surface, which can be detected using spectroscopic
techniques suitable for single particle investigation.
While sensing in this manner can be easily performed using far-field extinction
spectroscopy if a large amount of particles arranged in a regular array is used as the
sensing template, sensors based on a single metallic nanostructure are highly desirable.
Firstly, interrogation of a single particle does not suffer from the inhomogeneous
broadening of the resonant line shape observed in far-field spectroscopy. This,
together with the fact that binding events are monitored in a local manner, leads to an
increased sensitivity, expressed via observed peak-shift with quantity of agent binding.
Also, sensors based on individual particles of submicron dimensions enable at least in
principle a high integration density of sensing sites for assay-like studies with high
throughput. However, for this vision to come true, a suitable, parallelized addressing
scheme for individual, closely spaced particles has first to be developed.
Proof-of-concept studies of single-particle sensors therefore rely on the spectroscopic
determination of the plasmon resonance of an individual, sub-wavelength metallic
nanoparticle. There are four prominent optical excitation techniques suitable for this
purpose: total internal reflection spectroscopy, near-field microscopy, dark-field
microscopy, and photothermal imaging of very small particles with dimensions below
10 nm.
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1.2 Theory of transformation optics
Transformation optics (TO) is an emerging technique for the design of advanced
electromagnetic (EM) media. It is based on the concept that Maxwell’s equations can
be written in a form-invariant manner under coordinate transformations, such that
only the permittivity and permeability tensors are modified [27-29]. With the
coordinate transformation applied to the constitutive parameters, EM waves in one
coordinate system can be described as if propagating in a different one. The geometric
interpretation of Maxwell’s equations utilized in the TO approach provides a powerful
and intuitive design tool for the manipulation of EM fields on all length scales.
In the past, the form invariance of Maxwell’s equations has been exploited as a
computational tool to simplify numerical electrodynamic simulations. In 1996, Ward
and Pendry [27], applied a transformation from Cartesian to cylindrical coordinates to
solve for the modes of an optical fiber with circular cross-section. This transformation
allowed for efficiently solving a cylindrical geometry using a finite-difference
computer code implemented in Cartesian coordinates.
The TO technique, however, extends well beyond the domain of computational
approaches and has gained a great deal of relevance over the past six years in
conjunction with the emerging field of metamaterials. Metamaterials are artificially
structured media whose effective material parameters can be engineered to have, in
principle, any combination of anisotropic electric and magnetic response [30-34],
making them an enabling path for transformation optical structures.
In this section, we will give the basic concepts associated with TO and provide
some examples to illustrate its applications.

1.2.1 Geometrical view of transformation optics
The physical meaning of coordinate transformation can be given as follows: imagine
starting from a Cartesian system with a given set of electric and magnetic fields, and
their associated Poynting vectors. Next, imagine that the coordinates are continuously
distorted into a new system. TO was born of the realization that as the system is
distorted it carries with it all the associated fields. Hence to guide the trajectory of
light, only a distortion in the underlying coordinate system is needed, automatically
taking with it the light ray. Knowledge of the transformation in turn provides the
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values of  and  required to steer the light in this way.
To give an intuitive view of the TO scheme, we consider a very simple distortion
of space: a section of the x axis is compressed as shown in Figure 1.10. In order to
find the values of  and  that would lead to the ray trajectory given by the red
line, we now illuminate the compressed region with test EM waves of two different
polarizations (see the right panel).
For a ray propagating along the x axis, the condition k  d  k0 d must hold so
that the phase is preserved at the far side of the compressed region. (Here k0 is the
free-space wave vector, k  is the wave vector in the compressed region,  is the
compression factor, and d is the thickness of the original uncompressed layer.) This
condition requires k   k0  y  z   1k0 , and thus  y  z   2 . Since Maxwell’s
equations are symmetrical for  and  , any transformation must apply equally to
these two parameters [28]. Therefore, we have:

 y   y   z   z   1

(1.26)

Note that  and  appear on the same footing because of the symmetry between
electric and magnetic fields in the transformed space.

Figure 1.10 A simple coordinate transformation that compresses a space along the x axis. As a result,
light follows a distorted trajectory, as shown by the red solid line, but emerge from the compressed
region travelling in exactly the same direction with the same phase as before. We can predict the
metamaterial properties in the brown region that would realize this trajectory for a light ray.
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For a ray propagating along the z axis, since there is no compression in this
direction, the refractive index must remain unchanged

 y  x   y  x  1 . Hence,

we can deduce

 x   x  

(1.27)

To conclude, if we compress a coordinate system along a certain axis, both 
and  are decreased by the compression factor in the direction of distortion. On the
other hand, perpendicular to the direction of distortion,  and  are increased by
the inverse of the compression factor. For a general compression, the formula is
applied successively along each of the three axes.
It is possible to follow this intuitive approach of compressing and expanding
space to the design of much more complex and functional devices. However,
leveraging the formal structure of electromagnetism, we can follow a systematic,
general approach that allows the consideration of arbitrary transformations.

1.2.2 Principle of transformation optics approach
To illustrate the general TO approach, we begin by defining a space, with points there
located by an associated coordinate system, in which a set of EM fields and sources
exist. In a Cartesian system, Maxwell’s equations have the well-known form
H
,    E    ,
t
E
 H  
 J ,     H   0.
t
  E=  

(1.28)

where  and  are the electrical permittivity and magnetic permeability tensors,
respectively. Rewriting the equations using another coordinate system changes only
the values taken by  and  . Since we are interested in the consequences of
arbitrary coordinate transformations, we start by considering general transformations
of the form
x  x   x , y , z  , y   y   x , y , z  , z   z   x , y , z  .

(1.29)

The vector fields in the primed and unprimed frames must be related by the Jacobian
matrix  according to E   x     T  E  x  and H   x     T  H  x  , where  is
calculated as:
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 x / x x / y x / z 
   y / x y / y y / z 
 z  / x z  / y z  / z 

(1.30)

Therefore, we can rewrite Maxwell's equations in the transformed frame, and derive
the physical quantities in terms of  in the transformed space accordingly. In the
new coordinate system, we must use modified values of the permittivity and
permeability to ensure that Maxwell’s equations are satisfied. Table 1.1 summarizes
the transformation of different physical quantities in term of the transformation matrix
 . Maxwell’s equations are thus seen to have the same general form as expected, so

long as the constitutive parameters and source terms are multiplied by the appropriate
factors of the Jacobian matrix and its determinant.
Physical quantities
Scalar potential
Charge density

Electric field

Before transformation




After transformation
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Wave vector
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Magnetic flux density;
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Table 1.1 Summary of transformations of different physical quantities

1.2.3 Application of transformation optics
Transformation optics has provided a powerful tool for the design of the structures
capable of controlling flow of light. One famous example is the EM invisibility cloak
proposed by Pendry in 2006 [28]. Figure 1.11 (top left) shows a ray of light travelling
in free space. Suppose we wish to hide the object lying in a spherical region with
radius R1 by directing the rays around this region, while confining the distorted rays
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within a larger sphere radius R2 (Figure 1.11, top right). In this way an external
observer would be aware neither of the presence of the cloak nor its contents. In other
words, any object hidden in the cloak would be invisible to outer observers.
The corresponding space distortion can be realized through the following
coordinate transformation:
 R  R1 
r   2
 r  R1 ,     ,     .
 R2 

(1.31)

This transformation compresses the space in the radial direction. Therefore, along the
angular coordinates the values of  and  are increased by the inverse of the

Figure 1.11 (Top left) The undistorted coordinate system, where a ray of light in free space travels in a
straight line. (Top right) The coordinates are transformed to exclude the cloaked region. Trajectories of
rays are pinned to the coordinate mesh and therefore avoid the cloaked region, returning to their
original path after passing through the cloak. (Bottom) The field distribution for a cloak under the plane
wave illumination.
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compression factor, whereas along the radial direction the values are reduced. The
corresponding cloak parameters are
R2  r  R1 
R2

 ,          
R2  R1  r 
R2  R1
2

 r  r 

(1.32)

If we take a closer look at the cloak parameters, we find that a spherical cloak is
singular on its inner surface, i.e., the values of  and  either become infinity or
zero. To implement such a cloak, it requires that the metamaterials are in general
extremely anisotropic and the difficulty of manufacturing such materials increases
severely at higher frequencies. Therefore, any practical implementation will always
involve a degree of approximation. A 2D cylindrical cloak was later proposed as a
simplified scheme, and reduced parameters are also suggested to further simplify the
design and realization process [35-37]. The cylindrical cloak was first demonstrated in
microwave frequencies in 2006 using metamaterials [38]. There followed a huge
surge of interest both from scientists and engineers implementing their own versions
of the technology, and from the popular press where it has inspired many articles on
the subject, raising the profile of EM phenomena to levels not previously seen.
Recently, TO has been extended to the field of plasmonics. One application is to
control the propagation of SPP waves [39, 40]. At visible and infrared frequencies,
most of the energy of SPPs is contained in the dielectric layer adjacent to the metal
slab. Hence, by devising the optical parameters of the dielectric placed on top of a
metal surface, one can design plasmonic devices capable of guiding SPPs as desired.
Following this strategy, SPP adapter has been proposed [41], and plasmonic Luneburg
and Eaton lenses have been implemented experimentally at optical frequencies [42].
Another application of TO in plasmonics is in designing and studying analytically
plasmonic devices capable of an efficient harvesting of light over a broadband
spectrum both in the visible and the near infrared regimes [43-55], which is the main
focus of this thesis.

1.2.4 Conformal transformation
Although transformation optics is a powerful design tool, the implementation of
devices is always a challenge, since the required media are usually anisotropic and
require both magnetic and electric responses. The requirement of magnetic response is
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particularly problematic as the structures are scaled towards visible wavelengths.
Therefore, for optical structures, it is useful to consider whether the same geometric
approaches can be applied toward the development of index-only media. The freedom
associated with transformations naturally leads one to ask whether a transformation
can be chosen in such a way as to optimize a particular feature of the design. For 2D
transformations, it is possible to find highly optimized designs for which the requisite
anisotropy is eliminated completely. These coordinate transformations are called
conformal transformations (CTs).
A conformal mapping is an analytic transformation that preserves local angles. If
we consider an analytic function   z  in the complex plane with z  x  iy , it must
satisfy the Laplace’s equation:
 2  2

0.
x 2 y 2

(1.33)

If we make a coordinate transformation z   x  iy  f  z  ,    z   also satisfies the
Laplace’s equation in the new coordinate system:
 2   2 

 0,
x2 y2

(1.34)

provided that the transformation f  z  is analytic everywhere in the region under
consideration. Hence, in electrostatics, a CT preserves the potential in each coordinate
system:

   x, y     x, y 

(1.35)

Moreover, the preservation of local angles ensures that the boundary conditions in the
transformed space remain unchanged. Thus, the dielectric constant of each material is
also conserved:

   x, y     x, y 

(1.36)

Since both the electrostatic potential and the material permittivity are preserved under
2D conformal mapping, the delicate design of a metamaterial with a spatial variation
in its constitutive parameters is no longer necessary. This not only simplifies the
fabrication process, but also provides an easy route to engineering the plasmonic
properties of the transformed nanostructures. (Note that conformal mapping was used
in the past to study the electrostatic interaction between dielectric particles in the
context of effective medium theory [56-58].)
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1.3 Thesis Overview
The ability of harvesting light and efficiently concentrating its energy into a deep
subwavelength volume is highly desired for many applications, such as, fluorescence
and photoluminescence [59-62], super-resolution imaging [63-65], Raman scattering
spectroscopy [66-69], single-molecule detection [70, 71], and nonlinear effect on the
nanoscale [72]. Surface plasmons have made these applications possible through a
strong interaction between the incident light and free electrons in metal. Critical to
these goals is an ability to fully characterize and model the plasmonic properties of
metallic nanostructures. With a tight control over the nanostructures in terms of size
and shape, light can be effectively localized down to the nanometer-length scale and
manipulated with unprecedented accuracy [73-85].
Among all the plasmonic structures, surfaces with sharp geometrical boundaries
or other type of singularities supporting strongly localized surface plasmon modes are
of particular interest [84-88]. The research on them has already resulted in the
development of practical nanosystems capable of concentrating and delivering light
energy to nano- scale regions, and important future practical applications of those
devices are strongly dependent on further theoretical advances in this area. Besides,
current theoretical studies on this problem are mostly limited to numerical methods,
which have limited value in studying singularities (such as sharp edges or corners).
Therefore, analytical approaches which can systematically investigate these structures
are still in great demand.
TO enables the study of a general class of plasmonic nanostructures, predicting
the key features that allow for strong far-field to near-field energy conversion and a
considerable field confinement and enhancement. And in this thesis, we illustrate how
to use the TO approach to rigorously study and systematically design plasmonic
nanostructures that are difficult to investigate with traditional methods.
Chapter 2 presents the general strategy and analytically studies a variety of 2D
plasmonic structures with singularities, including the 2D crescent structure,
wedge/grove structure, and rough surfaces. We show that a finite nanostructure with
sharp edges/corners behaves like an infinite plasmonic system, and naturally exhibits
a continuous absorption cross-section over a broadband spectrum. The vertex angle,
which characterizes the strength of the singularity, is shown to be a key parameter.
The conformal picture also provides novel physical insights on the formation of hot
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spots in the vicinity of the structure singularities.
Considering experimental applications, the singular structures derived from the
CT approach will suffer from inevitable imperfections due to the nanofabrication
process. Then, in Chapter 3, we provide solutions to this issue. Blunt structures can
also be derived from CT and the possibility of designing devices with an absorption
property insensitive to the geometrical bluntness is demonstrated. We also discuss
how the edge rounding would affect the optical properties of the nanostructures.
Different structures, like 2D crescents with blunt tips and overlapping nanowires with
blunt corners, are studied. General cases of structures with asymmetric geometrical
bluntness are specially investigated.
Chapter 4 is dedicated to resonant nanostructures. We first compare the LSPRs
supported by three resonant plasmonic systems, i.e. a pair of nanowires, a tube/wire
dimer, and a non-concentric tube/wire cavity, and show how the interaction between
nanoparticles affects the energy and spectral shape of each surface plasmon resonance.
Then, the proposed method is applied to the design of non-concentric bull’s structures,
where light energy can be selectively confined in different regions at different
resonant frequencies.
Solving the 2D problems is useful and inspiring but sometimes restrictive in
terms of practical applications. Hence, in Chapter 5, we extend the TO approach to
study 3D plasmonic nanostructures. Due to the space-dependent dielectric function of
the transformed structure, the 3D problem cannot be solved exactly. However,
approximate analytical formulas for the electric fields and absorption cross-section are
still obtained. We also show how to take into account radiative losses in the 3D
scenario, and predict analytically the optical properties of touching nanospheres of
dimensions up to 200 nm.
Chapter 6 gives a conclusion to this thesis, and proposes some issues we will
concentrate on in our future work, such as the impact that nonlocality and geometrical
bluntness have on the optical properties of 3D plasmonic nanostructures.
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CHAPTER 2: Singular Plasmonic
Structures for Broadband Light Harvesting
Harvesting light and using its energy is very important for many applications. In free
space a photon’s energy spreads out spatially over about a cubic wavelength while
electrical and chemical energy is much more concentrated by several orders of
magnitude. Therefore, an efficient conversion process requires gathering light at the
micron scale and concentrating its energy onto a nanoscale hotspot. Surface plasmons
can strongly couple to the incident light and focus light energy beyond the diffraction
limit, thereby offering a route to this harvesting process.
From traditional concepts, it is usually believed that a metallic structure should
have a large physical size (as compared to the wavelength) to allow for a broadband
light-harvesting process and a nanoparticle of finite size usually sustains localized
surface plasmon resonances at discrete, rather than continuous frequencies. However,
there are exceptions to these rules. Some finite nanostructures containing sharp edges
(or corners) can behave like infinite plasmonic systems, and show a continuous
interaction with light over a broad frequency range [57, 58]. The theory of TO [27, 28]
enables the understanding of the physical mechanism behind this phenomenon, which
suggests that the sharp geometrical features in these nanostructures act as singularities
for surface plasmons, causing them to propagate towards the sharp points, slowing
down as they progress, but never reaching these sharp points. Consequently, light
energy builds up around the singularities, and the resonance spectrum becomes
continuous.
This chapter summarizes the general TO scheme for the design of singular
plasmonic systems. We start with a pair of nanocylinders touching at a single point,
and then extend this approach to much more general cases (such as wedges, crescents,
rough surfaces, etc) where the vertex angles of the nanostructures are non-zero and
numerous new capabilities emerge. Generally speaking, singular plasmonic structures
with nonzero vertex angles exhibit a cutoff behavior and a divergent feature. To be
more specific, beyond a cutoff frequency, the electric field diverges at the sharp tip
(singularity) of the structure even in the presence of metallic losses. This divergent
feature then disappears above a critical frequency: the electric field vanishes as
surface plasmons propagate towards the tip, whereas a remarkable field enhancement
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is still expected on the rest part of the structure surface. The analytical study on
metallic wedge/groove structures shows that the field enhancement becomes more and
more sensitive to the source location as the frequency increases. For 2D crescents
with non-touching claws, two continuous absorption bands are observed. Finally in
this chapter, the Raman scattering responses of different rough metal surfaces are
investigated and compared. We find that concave rough surfaces with a small vertex
angle are the best candidates for surface enhanced Raman scattering due to a stronger
field enhancement and a lower sensitivity to the incident light polarization. We
believe that the proposed TO strategy gives a unique insight into the physical
mechanism behind singular plasmonic structures, and therefore may lead to a number
of particle consequences, such as single molecular detection, enhanced nonlinear
effect, and efficient light harvesting.

2.1 Examples of two typical singular structures
Our general transformation strategy is as follow: start with an infinite plasmonic
system that exhibits a broadband spectrum but do not have the property we desire, and
then apply a mathematical transformation that converts the infinite structure into a
finite one whilst preserving the spectrum. This strategy can explain through the two
examples shown Figure 2.1.
It is well known that plasmonic structures with a large physical size generally
show a broadband interaction with light. For instance, a thin slab of metal (shown in
Figure 2.1 (a1)) can support surface plasmon excitations with a lower bound cutoff at
the zero frequency and an upper bound cutoff at the surface plasmon frequency.
Therefore, if we put a point source (such as an excited atom) at one side of the slab, it
will pump surface plasmons and transport energy to infinity. Although this effect is
broadband, the structure cannot achieve our goal, since the energy is dispersed to
infinity. An efficient light harvesting process requires us to harvest energy from
infinity and concentrate it to a nanoscale point. Now, we apply the following CT to
the structure depicted in Figure 2.1 (a1):
z 

g2
,
z

(2.1)

where z  x  iy and z   x  iy are usual complex number notation in the original
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and transformed frames, respectively; g is an arbitrary length-scale constant. Equation
(2.1) describes a 2D inverse transformation, which converts the infinite metal slab in
the original space into a crescent-shaped cylinder depicted in Figure 2.1 (a2). As the
2D inversion maps the origin to infinity and infinity to the origin, the dipole source is
transformed to an incident plane wave, and the induced surface plasmons are now
incoming waves focused onto the origin (i.e. the cusp of the crescent). In the initial
space, the surface plasmon waves are transmitted to infinity with a constant speed.
Accordingly, in the transformed frame, because the distances are compressed, surface
plasmons propagating towards the crescent cusp are slowed down and finally stopped
before reaching this point. In other words, the transformed crescent-shaped structure
can harvest light from infinity and ideally concentrate energy to a nanoscale region
around the cusp.

Figure 2.1 Schematic of the CT that maps canonical plasmonic systems to singular structures. (a1) A
thin metal slab that couples to a 2D line dipole. (a2) A crescent-shaped nanocylinder illuminated by a
uniform electric field. (b1) Two semi-infinite metal slabs separated by a thin dielectric film that are
excited by a 2D dipole source. (b2) Two touching metallic nanowires illuminated by a uniform electric
field.
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The second example is illustrated in the bottom panel of Figure 2.1, where the
inverse transformation z   g 2 / z bridges a plasmonic system consisting of two
semi-infinite metal slabs (Figure 2.1 (b1)) and a pair of touching metallic nanowires
(Figure 2.1 (b2)). Therefore, the transformed nanowire dimer is expected to exhibit a
similar light harvesting behavior as an infinite plasmonic system. Figure 2.2(a)
displays the absorption cross-section of touching nanowires with R1  R2  5 nm,
which demonstrates the broad feature of the absorption property (the absorption
cross-section is of the order of the overall physical cross-section even for such a small
particle size). This broadband light harvesting behavior results from the fact that the
induced surface plasmons propagating along the nanowire surface are compressed
towards the touching point, where the group velocity vanishes and energy
accumulates. As a consequence, the surface plasmon waves are crushed with two
important effects. First, the wavelength is reduced by the compression factor, as we
can easily see from the field plot given by Figure 2.2 (b). Second, the energy is
increased by the compress factor, leading to a huge increase in the electric field close
to the touching point. In an ideal lossless metal, energy accumulates towards the
singularity and the field strength increases with time without bound. However, in
practice finite loss will resolve this situation, resulting in a balance between the

Figure 2.2 (a) Absorption cross-section  abs of the touching nanowire dimer normalized to the total
structure dimension 2 R1  2 R2 for the vertical polarization. Here the radii of the two nanowires are
set as R1  R2  5 nm. For comparison, the absorption cross-section for a single nanowire (with a
radius of 10 nm) is given in the black dashed line. (b) The normalized electric field Ex / E0 plotted
along the surface of the touching nanowires at a frequency of 664THz (where  m  7.02  0.25i ).
Here the angle  is defined in the inset.
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energy accumulation and dissipation. Nevertheless, Figure 2.2(b) implies that
extremely large field enhancements (with a maximum up to 104) can still be achieved
in the vicinity of the singularity.
Harvesting of optical energy can be achieved by a variety of structures. Apart
from the two singular structures presented above, a metal wedge is also expected to
harvest light in a similar fashion, concentrating energy to the sharp tip. In the next
section, we will deploy the TO approach to deal with more general singular plasmonic
systems, where the angle formed at the singularity is nonzero.

2.2 General singular structures
In the former section, the light harvesting properties of two typical singular structures
(i.e. the crescent-shaped cylinder and two touching nanowires) are discussed. In those
cases, the two interfaces approach to each other in a quadratic way, giving rise to a
zero vertex angle at the sharp boundary. If this angle becomes nonzero, numerous new
capabilities will emerge. For instance, the electric field can be divergent even when
the metal is highly dissipative. In this section, the TO strategy is applied to investigate
a general class of singular plasmonic structures with nonzero vertex angles, including
metallic wedges/grooves, open crescents with non-touching claws, and rough metal
surfaces. For each of these structures, detailed discussions on the light-harvesting and
nanofocusing properties are provided.

2.2.1 Transformation of geometries
In general, singular nanostructures with a nonzero vertex angle can be related to a
plasmonic system consisting of an array of 2D line dipoles embedded in a periodic
metallodielectric structure, as shown in Figure 2.1(a1) and (b1). Here, each metallic
layer has a thickness d3, and repeats in the y-direction with a period d. Each element
ˆ y (where x̂
ˆ x  yp
of the dipole array is assumed to have a dipole moment p  xp
and ŷ are the unit vectors corresponding to the x and y directions). Now, we apply a
conformal mapping:
z   a exp  2 z / d 

(2.2)

where z  x  iy and z   x  iy are usual complex number notation in the original
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and transformed frames, respectively; a is an arbitrary length-scale constant. As a
result, the metallodielectric systems shown Figure 2.3 (a1) and (b1) are transformed to
a metallic wedge (Figure 2.2 (a2)) and a V-shaped metallic groove (Figure 2.2 (b2)).
In this process a singularity is created at the origin in the initial coordinate frame. And
the 2D dipole array is mapped to a single line dipole with strength
 2 a 
p  
p
 d 

(2.3)

Here, the vertex angle subtended at the singularity is denoted as  . For the wedge
structure,  is calculated as



2 d3
,
d

(2.4)

while for the groove structure,  has the form:



2  d1  d 2 
.
d

(2.5)

 represents the angle between the dipole and the wedge/groove surface. It is
obtained as:



2 d1
d

(2.6)

Next, the following inverse transformation is applied:
g2
,
z  
z  a

(2.7)

where z   x  iy ; g is an arbitrary constant. Accordingly, the wedge structure is
converted into a crescent-shaped cylinder with two non-touching claws (see Figure
2.3(a3)), while the groove structure is mapped to pair of overlapping nanowires (see
Figure 2.3(b3)). As we can easily see from Figure 2.3 (a3) and (b3), there are two
singularities (at z   0 and z    g 2 / a ) in both structures. Note that the crescent
structure obtained here is different from the one depicted in Figure 2.1 (a2), as it has a
nonzero vertex angle at the two claw tips. This allows for some unique characteristics,
which will be demonstrated later. In the particular case where the dipole is placed on
the surface of the wedge or groove, the transformed structures become two kinds of
rough surfaces, i.e. a cylindrical cavity engraved onto a metal surface (Figure 2.3(a4))
and a cylindrical protrusion partly embedded in a metal surface (Figure 2.3(b4)). In
the following discussions, we will refer to the two structures shown in Figure 2.3 (a4)
and (b4) as the concave and convex rough surfaces, respectively.
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Figure 2.3 (a1), (b1) Periodic metallic slabs support surface plasmons that couple to a 2D line dipole
array. An exponential transformation (given by Equation 2.2) converts these two structures into a
metallic wedge (a2) and a V-shaped metallic groove (b2) excited by a single line dipole. Finally, the
wedge and groove structures are mapped to a 2D open crescent (a3) and to a dimer of overlapping
nanowires (b3) through an inverse transformation (given by Equation 2.7). The line dipole source is
mapped to a uniformed electric field. In the particular case of a dipole placed along the metal wedge or
groove, the transformed structures become concave (a4) and convex (b4) rough surfaces.

With regard to the EM source, because we choose the centre of the dipole as the
inversion point, the two charges comprising the dipole (at z   a ) translate to near
infinity ( z   ), giving rise to a uniform electric field with strength:
 1 
 a 


E0  
p
p


2
2 
 2 0 g 
  0 dg 

(2.8)

When the dimensions of the structures are sufficiently small compared with the
wavelength of the probe light, the near-field approximation can be applied in our
derivation and the uniform electric field given by Equation (2.8) can be considered as
an incident plane wave. In this case, solving Helmholtz equation (in the transformed
coordinate frame) is equivalent to solving Laplace equation. Under 2D conformal
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transformations, the dielectric properties of the structures remain unchanged for Ppolarized fields. The form invariance of Laplace equation insures the preservation of
the electrostatic potential   x, y      x, y      x, y  , enabling us to calculate the
field strength in the transformed geometries. Thus, solving the tractable periodic slabs
problem describe by Figure 2.3 (a1)/(b1) gives solutions to the problems of metallic
wedges/grooves, crescent structures/overlapping nanowires, and concave/convex
rough surfaces.

2.2.2 The surface plasmon excitations
To calculate the potential induced in the periodic metallodielectric structure, we first
expand the incident potential of each line dipole through a Fourier transform:

 inc  k     inc  x, y  e ikx dx  a  k  e  ky ,

(2.9)

with the coefficient a  k  taking the form:
a k  

p y sgn  y   ipx sgn  k 
2 0

.

(2.10)

Here sgn    represents the sign function. Since the metallodielectric structure in
Figure 2.1(a1)/(b1) is completely periodic along the y-direction, solving the potential
in one period will give the solution in the whole space. Here, we write the potential in
each region of the period   d 2  d3   y  d1 as follow:

 sca  k   b  k  eikx  k y  b  k  eikx  k y , for d 2  y  d1

(2.11)

 m  k   c  k  eikx  k y  c  k  eikx  k y , for   d 2  d3   y  d 2

(2.12)

where b  k  and b  k  are the Fourier expansion coefficients associated with the
scattering potential, while c  k  and c  k  correspond to the potential inside the
metallic layer. The boundary conditions at the metal/dielectric interface and the
periodicity of the problem yield the following equations:
a  k  e  k d2  b  k  e  k d2  b  k  e k d2  c  k  e k d2  c  k  e k d2
a  k  e  k d1  b  k  e  k d1  b  k  e k d1  c  k  e

 k  d 2  d3 

 c  k  e

k  d 2  d3 

a  k  e  k d2  b  k  e  k d2  b  k  e k d2   c  k  e k d2   c  k  e k d2
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(2.13)
(2.14)
(2.15)

a  k  e  k d1  b  k  e  k d1  b  k  e k d1   c  k  e

 k  d 2  d3 

  c  k  e

k  d 2  d3 

(2.16)

By solving the equations above, the four unknown coefficients can be determined:
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where we have introduced a constant
ln    1 /    1  ,
ln 1    /    1  ,

when Re    1
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The dispersion relation: Equations (2.17)-(2.20) indicate that the four expansion

coefficients diverge under the same condition:
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(2.22)

Equation (2.22) describes the dispersion relation of surface plasmon modes supported
by the periodic metallic slabs under the near-field approximation. Let us assume

    k d . The above dispersion relation can then be expressed in terms of the
transformed geometrical parameters:
 1   /       2
2     
sinh 2 
  e sinh 

2


 2 

(2.23)

Equation (2.23) indicates that the SPP dispersion relation for the transformed singular
structures solely depends on the vertex angle  . Its exact solution can be obtained
with a computational recurrence method [45]. Although a simple closed-form for

   is not available, we can still make some efforts to find its asymptotic value by
considering the limits     1 and     0 :
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In Figure 2.4, we plot the exact value of    as well as its large-scale (     1 )
and small-scale (     0 ) asymptotic solutions. Here the metal is assumed to be
silver, with the permittivity taken from the Palik experimental data [89]. The good
agreement between the exact and asymptotic results indicates that by appropriately
combining the small-scale and large-scale limits of    (at the intersection point of
the blue dashed line and red dashed-dot line), an approximate closed-form solution of
the SPP dispersion relation can be obtained. Interestingly, Figure 2.4 also shows that
surface plasmon excitations supported by the transformed singular structures exhibit a
lower bound cut-off at a finite frequency c and an upper bound cutoff below the
bulk plasma frequency. This phenomenon is quite different from what happens for the
singular structure with a zero vertex angle (e.g. the crescent and touching nanowire
dimer discussed in the previous section), where the spectrum of modes shows a lower
bound at zero frequency and an upper bound at the bulk plasma frequency [43, 48].

Figure 2.4 The SPP dispersion relations for singular structures with different vertex angles. Left panel:

  17 ; Right panel:   60 . In both panels, the yellow solid line corresponds to the exact solution
to Equation (2.23) using a computational recurrence method [45], while the blue dashed line and the
red dash-dot line are the large-scale (     1 ) and the small-scale (     0 ) asymptotic values of

   . The two frequencies c and sp marked in each figure represent the cutoff frequency and
the surface plasmon frequency, respectively.
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Note that, due to the relatively narrow band of the mode excited above the surface
plasmon frequency sp , the upper bound cutoff is not prominent in Figure 2.4.
The cutoff behavior can also be understood by taking the limit     0 in
Equation (2.23), which yields:
2
      c   1 
1



 
     c   1 

2

(2.25)

The cutoff condition can then be determined through a simplification of the above
equation:
Re  c  

  2

, Re  c  

  2

(2.26)

where c and c represent the lower bound cutoff frequency and the upper bound
cutoff frequency, respectively. Equation (2.26) shows that the two cutoff frequencies
only depend on the vertex angle  . In the limit   0 (i.e. the singular structure
has a zero vertex angle), Equation (2.26) is reduced to  c    ,  c   0 ,
indicating that the lower bound cutoff occurs at zero frequency and the upper bound
cutoff occurs at the bulk plasma frequency. In other words, plasmonic structures with
a zero vertex angle (such as the two structures presented in Section 2.1) can be
considered as a special case of the general singular structures studied here.
The induced potential: the discussions above give the solution to the problem in

the k space. The induced potentials can then be deduced in the real space by applying
an inverse Fourier transform to Equations (2.11) and (2.12):

 sca  x, y  

1 
ky
k y
b  k  e  b  k  e  eikx dk


2

(2.27)

 m  x, y  

1 
ky
k y
c  k  e  c  k  e  eikx dk


2

(2.28)

To perform the integrals in the two equations above, we have to evaluate the poles in
the integrand and a cut which runs from k  0 to either k  i or k  i [45].
The poles are related to the excitation of PSPs, while the cut is associated with lossy
surface waves, which dissipate no energy if the metal is lossless. Since the SPP
excitation above the surface plasmon frequency is relatively narrow-band (e. g. Figure
2.4 shows that the bandwidth of this mode is smaller than 40 THz for silver), we will
focus on the frequency range below the surface plasmon frequency in the following
discussions. In this case, the imaginary part of  is relatively small compared with
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the real part. Thus, we can neglect the contribution from the cut and only evaluate the
poles in b  k  , b  k  , c  k  , and c  k  . It is worth pointing out that away from
the dipole, the contribution from the higher order poles becomes smaller and smaller.
This indicates that the integrals in Equations (2.27) and (2.28) are dominated by the
residue of the fundamental pole. Detailed algebraic manipulations show that the
induced potentials in the slab geometry take the following form:
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where we have defined eight constants:
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Note that the eight constant given above is defined for wedges, crescents, and concave
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rough surfaces. For grooves, overlapping nanowires, and convex rough surfaces, we
have to replace  with 2   in the numerators of Equations (2.31)-(2.38).
Accordingly, the induced potentials in the transformed space can be simply
obtained by replacing the coordinate parameters x, y with the ones in the transformed
frame. For the wedge/groove structures, we have:
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And for the crescents, overlapping nanowires, and rough surfaces, we have:
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Here, the two functions u  x, y  and v  x, y  take the following form:
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Equations (39)-(42) give the solution to the problem associated with the
transformed geometries. In the next section, we will present detailed discussions on
the nanofocusing and light-harvesting properties of the transformed singular
structures.
57

2.2.3 The divergent electric field
Now we examine how the vertex angle at subtended the singularity affects the
nanofocusing property of the singular structure. First, we compare the electric field
enhancements for two different crescent structures. As shown in Figure 2.5 (a), the
closed crescent with a zero vertex angle can compress and enhance the electric field in
the vicinity of the structure tip. However, close to the singularity, the resistive losses
intervene and eventually eat away all the energy. Consequently, the electric field
becomes zero at the apex. In contrast, the open crescent structure with a finite vertex
angle shows a divergent electric field at the crescent tip even in the presence of
metallic losses. Therefore, an even larger field enhancement is expected, as illustrated
by Figure 2.5 (b).
To further understand the origin of the divergent field, we calculate the induced
electric field close to the structure tip (for simplicity, the structure we consider here is
a metallic wedge/groove):

scatt
Etotal

Dissipation loss



Im  /2
  
2
2
  

 
 A t  x, y   B t  x, y 
8 0 a    a 




(2.43)

Compression factor

where    x2  y2 ; and the two constants A and B are calculated as
2
2

 A  i x px   y py  i y py   x px ,

2
2
 B  i x px   y py  i y py   x px .

(2.44)

The first factor on the right side of Equation (2.43) is a result of the distortion of
space under the transformation, while the second factor represents the propagation of

Figure 2.5 The normalized electric field Ex / E0 along the outer surface of the nanostructure for (a)
the crescent-shaped cylinder with a zero vertex angle; (b) the crescent-shaped cylinder with a vertex
angle of 9 . In both cases, the operating frequency is set at 664THz, where   7.02  0.25i .
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SPPs along the radial   direction. The surface plasmon mode is excited at the
position    a , and propagates to infinity as well as to the apex of the structure.
Normally, we expect that the surface wave amplitude decreases along its propagating
direction due to the dissipation in the material. However, the situation is different here,
since the field can be enhanced at the apex of the structure. This phenomenon can be
explained by Equation (2.43). Although the metallic losses result in a decrease of the
field by a factor of  

Im f ,  / 

as the SPPs propagate to structure tip, the compression

of surface plasmons would enhance the electric field by a factor of  1 as    0 .
Therefore, whether the electric field is enhanced or decreased at the structure tip
depends on the competition of these two effects. And the critical condition for the
enhancement of the electric field can be deduce as
Im     2 .

(2.45)

Using the large-scale asymptotic value of    , Equation (2.45) is simplified to:
Im     .

(2.46)

where  is given by Equation (2.21).
At the frequency that satisfies Im     , the electric field converges to a finite
value at the apex of the structure. Accordingly, we refer to this frequency as the
critical frequency, denoted as 0 . Below 0 , the electric field diverges at the
structure tip, even if the metal is highly dissipative. On the contrary, above 0 , the
electric field decreases and finally vanishes as surface plasmons propagate towards
the apex of the structure. Figure 2.6 illustrates the dependence of the critical
frequency 0 and the cutoff frequency c (defined by Equation (2.26)) on the
vertex angle  , which implies that the electric field blows up over a broadband
frequency range (the region where c    0 ). Here we emphasize that numerical
methods could never get accurate results in this frequency range since dealing with
divergent fields requires infinitely dense meshes. Despite the infinite field strength at
the singularity, a detailed calculation shows that the average power density always has
a finite value [45]. In other words, the divergence of the electric field does not violate
causality.
Another relevant quantity in the perspective of single molecule detection is the
Raman signal (defined as the power density scattered by molecules on the surface of
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Figure 2.6 0 , 1 , and c via the vertex angle  : the black solid line denotes the critical
frequency 0 where Im     ; the red dashed line corresponds to 1 where 2 Im     ; the
blue dot dashed line is the cutoff frequency c where Re    1  2 /  . In the range where

c    1 (yellow region), both the electric field and the volume average of Raman signal diverge;
in the range where 1    0 (grey region), the electric field blows up at the apex of the structure,
while the volume average of Raman signal converges to a finite value; in the range where

0    sp (brown region), the electric field vanishes at the apex.


the structure). To a first approximation, it is proportional to Etotal

4

[46, 86].

Interestingly, our analytical calculations show that the volume average of Raman
signal diverges under the condition Im      (or 2 Im     ). We denote the
frequency at which 2 Im     as 1 , which is also plotted in Figure 2.6 (the red
dashed line). Note that 1 is slightly smaller than the critical frequency 0 . Thus, in
the frequency range 1    0 (the gray region in Figure 2.6) the electric field
diverges at the structure tip while the volume average of Raman signal still remains
finite. On the other hand, when c    1 (the yellow region in Figure 2.6), both
the electric field and the average Raman signal blow up at the singularity.
It should be pointed out that, in practical designs, perfectly sharp geometrical
features can never be fabricated. In addition, the nonlocal response of  encountered
at small length scales [90-93] will also prevent the electric field from increasing to
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infinity. Nevertheless, our approach does indicate that a sharp geometrical boundary
can still enhance the field to the atomic field scale. Therefore, closer to the structure
tip, a molecule will experience a considerably larger power density. This property is
potentially applicable in the optical characterization of single molecules [94-96].

2.2.4 Coupling of a dipole to a metallic wedge
In this section, we study the optical responses of a molecule absorbed by a sharp
metal edge. To illustrate this point, we plot in Figure 2.7 the electric field distributions
for an absorbed molecule (modeled as an emitting dipole) placed at different angular
positions with respect to a 9 silver wedge. As we can see from panels (a) and (b),
the surface plasmon mode at the cutoff frequency (where   38.49  3.33i ) is
highly confined in the vicinity of the structure tip, irrespective of where the dipole is
located. On the other hand, Figure 2.7(c) and (d) indicate that, at the critical frequency
(where   3.07  0.79i ), a considerable field enhancement can be observed when

Figure 2.7 The normalized electric field for an x-polarized dipole source placed in the vicinity of a
silver wedge with a 9 vertex angle. The upper three panels correspond to the case where the dipole
is located at wedge surface, 30nm away from the apex, while the bottom three panels correspond to the
case where the dipole is placed along the external bisector of the wedge, 30nm away from the structure
tip. Panels in the three columns from left to right correspond to the cutoff frequency 350THz, the
critical frequency 800THz, and the surface plasmon frequency 875THz, respectively. The electric fields
have been normalized by the field magnitude obtained at the origin in absence of the wedge.
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the dipole is located close to the wedge surface (see Figure 2.7(c)), while the coupling
  103 ) if the dipole is placed along the external
to SPPs is relatively weak ( Etotal

bisector of the wedge away from the apex (see Figure 2.7(d)). This trend is confirmed
by the field distributions at 875THz (where   1.09  0.51i ) shown in Figure 2.7 (e)
and (f). At this frequency, energy is confined around the point where the surface
plasmons are excited (    a ) and the influence of the source position is even more
drastic: the field enhancement increases to 800 when the dipole is placed at the wedge
surface (Figure 2.7 (e)), whereas the interaction with SPPs becomes extremely weak
  109 ) in the other configuration (Figure 2.7 (f)). In other words, as the
( Etotal

frequency increases, the surface plasmon excitations get more and more sensitive to
the dipole position, which is a remarkable property for potential sensing applications.

2.2.5 Light harvesting properties of crescents with a nonzero
vertex angle
Further analysis of the crescent structure is made by calculating its absorption
cross-section. Since total energy is conserved under transformations, the power
absorbed by the nanostructure in the transformed space is equivalent to the power
dissipated by the dipole in the original geometry [43, 45]. As a result, the absorption
cross-sections  ax and  ay (associated with horizontal and vertical polarizations)
can be calculated as
x
 abs
 k0 R22 sin 2  Re     x   x  

 y
2
2
 abs  k0 R2 sin  Re      y   y  

(2.47)

where k0 is the wave vector in free space; R2 and  are defined in Figure 2.3
(a3).
Figure 2.8 displays the absorption cross-sections for a variety of crescent
structures with the same vertex angle (   9 ) but different  angles. Interestingly,
the analytical results indicate that 2D crescents with nonzero vertex angle exhibit two
distinct absorbance bands for the horizontal polarization, one close to the cutoff
frequency c , the other close to the surface plasmon frequency sp . Near c , the
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Figure 2.8 Absorption cross-sections via frequency and angle  . Here the vertex angle is fixed as

  9 . Panel (a) corresponds to the horizontal (x) polarized illumination, while Panel (b) corresponds
to the vertical (y) polarized illumination. Panel (c) depicts the absorption cross-section as a function of
the frequency for the crescent structures with different  angles. Here the solid lines denote the
horizontal polarized cases and the dashed lines denote the vertical polarized cases.

surface plasmon modes are highly confined at the two crescent tips. Hence, the
absorption band around the cutoff frequency can be related to a dipole-like resonance,
where the equivalent dipole moment is proportional to the distance between the two
singularities. As illustrated by Figure 2.8 (a) and (c), the dipole-like resonance mode
dominates for large  , where the maximum absorption cross-section can be mush
larger than the physical cross-section. For small  , the dipole moment is reduced.
Accordingly, the resonance strength decreases. On the other hand, the absorption band
near sp corresponds to the overall structure responses. It is relatively broadband,
but only appears for small  angles (i.e.   60 ). When  increases, the
hybridization of surface plasmons with the tip resonance results in a redshift of the
absorption band. Moving on to Figure 2.8 (b), we find that the absorption band around
the cutoff frequency disappears, since the dipole-like resonance is suppressed for the
vertical polarization.
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2.3 Surface enhanced Raman scattering from rough
metal surfaces
SERS corresponds to the significant enhancement (of up to 106) of Raman signals
observed for molecules absorbed on specially prepared metal surfaces [66-69]. To a
first order approximation, the EM contribution to the Raman signal enhancement can
be modeled as the fourth power of the total electric field enhancement at the molecule
position [86]. This fact has enabled a computational approach to SERS, where the
interaction of light with metal surfaces is studied through an implementation of
Maxwell’s equations on adaptive meshes [86]. Since then, theoretical investigations
on this problem have drawn a considerable attention [97-107]. It is now generally
agreed that the exotic EM enhancements in SERS experiments are primarily related to
the strongly localized surface plasmon modes excited by sharp surface protrusions or
at interstices between nanoparticles [86, 97, 98, 101-106]. The TO approach offers a
rout to quantitatively understand such surface plasmon modes.
This section summarizes the analytical results for two typical rough metal
surfaces, namely the concave and convex rough surfaces depicted in Figure 2.3 (a4)
and (b4). As we will see in the following discussions, the interaction of LSPs with the
singularities of these structures can induce extremely large field enhancements. These
modes dominate the SERS response and enhancement factors of the order up to 107
are predicted. The influence of the vertex angle  and the incident light polarization
is also studied in details. We find that a small vertex angle between the asperities and
the metal surface can greatly improve the bandwidth and the efficiency of the SERS
process. Such a broadband nature of the enhancement would be particularly important
in SERS experiments since it would lead to an efficient concentration of the exciting
radiation at the molecular site and an efficient collection of emitted radiation, even if
emitted at a very different frequency. Finally, we point out that the concave rough
surface is a better candidate for SERS experiments than the convex one, since it can
induce a much larger Raman signal enhancement and is more robust to the incident
light polarization.

2.3.1 Broadband Raman scattering responses
To demonstrate the broadband nature of the Raman scattering responses, we first
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consider the power absorbed by the convex/concave rough surface. Similar to the
discussion in Section 2.2.5, the absorbed power can be deduced from the electric field
(due to the excited surface plasmon modes) backscattered at the dipole position in the
original space:
 P x 
 abs  k0 R 2 sin 2  Re     x   x   ,
 P0

y 
 Pabs
2
2
   k0 R sin  Re      y   y   .
 P0

(2.48)

where  x ,  y ,  x , and  y are constants defined by Equations (2.31)-(2.34).
Figure 2.9 depicts the calculated power absorbed by rough metal surfaces with
different surface roughness (modeled as different vertex angle  ). Here, the power is
normalized by the characteristic dimension D of the protuberance/indentation (where

D  2 R if   90 ; D  2 R sin  , if   90 ). The upper three panels of Figure 2.9
show that the convex rough surface exhibits an anisotropic behavior: it shows a strong
EM response to y-polarized illumination but a relatively weak interaction with
x-polarized illumination. On the contrary, the concave rough surface interacts with

Figure 2.9 Normalized power absorbed by the convex (top panels) and concave (bottom panels) silver
rough surfaces via the vertex angle  and the frequency. (a1) and (a2) show the results for the
x-polarized illumination, while (b1) and (b2) correspond to the y-polarized illumination. For the
purpose of a clearer observation, we plot in (c1) and (c2) the normalized absorbed power as a function
of the frequency for two specific vertex angles (i.e.   90 and   9 ). Here the solid lines
represent the x-polarized cases and the dashed lines correspond to the y-polarized cases.
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both x- and y-polarized fields with equal strength, especially for small vertex angle, as
illustrated by the bottom three panels of Figure 2.9.
Both the convex and concave rough surfaces exhibit a continuous absorption
behavior over a broadband spectrum. This property originates from the fact that the
group velocity of SPPs vanishes at the two apexes (singularities) of the structure [46].
Hence, the surface plasmons are stopped at the singularities without being reflected,
which prevents from any resonant feature. It is worth noticing that the presence of the
singularities is decisive for the continuous absorption behavior. Otherwise, the two
structures tend to absorb light energy efficiently just at a few resonant frequencies,
which is the case of nanoparticle dimers [103-105, 108-110]. Besides, Figure 2.9
shows that the power absorbed by the two structures increases as the vertex angle 
decreases, and the maximum always happens at the surface plasmon frequency [45].
To conclude, the smaller the vertex angle is, the more efficient the light-harvesting
process is.

2.3.2 Raman signal enhancements
Now, we turn our attention to the Raman signal enhancements created by the strongly
localized surface plasmon modes. Figure 2.10 displays the normalized electric field
E  / E0 for convex and concave rough silver surfaces (with a vertex angle of 90 ) at
the cutoff and surface plasmon frequencies. The results indicate that the surface
plasmon modes are excited at the middle point of the surface defect, and then
propagate towards the two singularities of the structure. In this process, SPPs are
compressed and energy accumulates at the vicinities of the two apexes. As pointed out
before, the field enhancements depend on a balance between the dissipation losses and
the compression of surface plasmons. As we can see from Figure 2.10 (a1) and (a2), at
the cutoff frequency c , the energy is highly confined around the two apexes of the
structures and the field on the rest part of the surface defect is relatively small. This
indicates that the surface plasmons reach the two apexes before being absorbed. On
the other hand, Figure 2.10 (b1) and (b2) show that, at the surface plasmon frequency

sp , the modes are no longer confined at the singularities, but spread over the whole
structure surface. Nevertheless, the efficient coupling of the incoming light to SPPs
still results in a considerably large field enhancement over the whole surface defect.
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Figure 2.10 The normalized electric field distributions for convex (upper panels) and concave (bottom
panels) rough silver surfaces at different frequencies: (a1)/(a2) the cutoff frequency c  810 THz;
(b1)/(b2) the surface plasmon frequency sp  884 THz. Here the vertex angle is set as   90 .

Figure 2.11 depicts the Raman signal enhancement (calculated as E  / E0 )
4

along the surface defect of the convex/concave rough surface at different frequencies.
We can see from Figure 2.11 (a1) and (b1) that the convex rough surface exhibits
different Raman scattering responses depending on the incident field polarization.
However, this polarization dependence seems to diminish as the frequency increases.
This point is confirmed by Figure 2.11 (c1), which shows that, at the surface plasmon
frequency, the solid and dot lines (corresponding to x- and y-polarized illuminations,
respectively) nearly overlap.
Another interesting point that can be observed from our calculations is that the
concave rough surface can induce larger Raman signal enhancements than the convex
one. For instance, at sp , the overall Raman signal enhancement on the convex rough
surface is about 105 (see Figure 2.11 (c1)), whereas for the concave rough surface, the
EM enhancement of Raman signal reaches 107 (see Figure 2.11 (c2)). This result can
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Figure 2.11 EM enhancements of Raman signals evaluated along the surfaces of the protrusion (upper
panels) and indentation (bottom panels) when   90 . (a1) and (a2) show the results for x-polarized
illumination, while (b1) and (b2) correspond to y-polarized illumination. In (c1) and (c2) we plot the
Raman signal enhancement as a function of the angle  at two different frequencies, i.e. the cutoff
frequency c  810 THz and the surface plasmon frequency sp  884 THz. Here the angle  is
defined in the insets of (a1), (b1), (a2), and (b2).

be understood by inspecting the field distributions shown in Figure 2.10. For the
convex surface, a large amount of energy is confined inside the metal, while for the
concave one, most of energy still remains in the air. Consequently, the concave rough
metal surface shows a poorer light-harvesting efficiency but a better Raman scattering
response, compared with the convex one.
To further study the influence of the vertex angle on the LSP modes, we consider
silver rough surfaces with a different vertex angle   9 . Figure 2.12 displays the
analytic electric field distributions at three different frequencies (790THz, 850THz,
and 884THz). The corresponding Raman signal enhancements evaluated along the
surface defects of the convex and concave rough surfaces are shown Figure 2.13.
Compared with rough surfaces with larger vertex angle (e.g.   90 as discussed
above), the a critical frequency 0 emerges in this case. As we can see from Figure
2.13 (a1), (a2), (b1), and (b2), below 0 the surface plasmon modes are highly
confined in the vicinities of the singularities. In contrast, above 0 , the electric field
vanishes at the singularities, indicating that the surface plasmons are absorbed before
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Figure 2.12 The normalized electric field E  / E0 for convex (upper panels) and concave (bottom
panels) rough silver surfaces at three different frequencies: (a1)/(a2)   0  790 THz ; (b1)/(b2)

  0.96sp  850 THz; (c1)/(c2)   sp  884 THz. Here the vertex angle is set as   9 .

Figure 2.13 EM enhancements of Raman signals evaluated along the protuberance (upper panels) and
indentation (bottom panels) surfaces when   9 . (a1) and (a2) show the results for x-polarized
illumination, while (b1) and (b2) correspond to y-polarized illumination. In (c1) and (c2), we plot the
Raman signal enhancement as a function of the angle  at three frequencies, i.e.   0  790 THz,

  0.96sp  850 THz,   sp  884 THz. Here the angle  is defined in the insets of (a1),
(b1), (a2), and (b2).
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reaching the apexes. As the frequency increases, the location of the maximum Raman
signal enhancement moves continuously from the singularity (where   171 ) to the
middle point of the surface defect (where   0 ), as illustrated by Figure 2.13 (c1)
and (c2). From the comparison between Figure 2.11 and Figure 2.13, we can conclude
that a small vertex angle yields a larger and more broadband SERS response.
It is worth pointing out that the extremely large Raman signal enhancement
obtained at the apexes of the rough surfaces may be unrealistic in practice. This is
because at such small-length scales, continuum electrodynamics is no longer valid
[111] and shorter electron scattering lengths close to the geometrical singularity will
play an important role, especially for small vertex angle. In this case, the bulk
permittivity of metals must be corrected to take into account this effect [90-93]. This
will increase the imaginary part of the dielectric function and will reduce the field
enhancements at the apexes as compared to our analytical prediction.

2.4 conclusions
To conclude, the TO approach summarized in this chapter offers a route to investigate
analytically the plasmonic properties of singular structures. The general strategy is as
follow: start with a well understood canonical plasmonic system whose analytical
description is possible, and then apply a conformal transformation to deduce the
solution for a much more complex geometry. Based on the presented approach, we
have established an analytical relationship between a canonical metallodielectric
system and a variety of singular plasmonic structures, including wedges, crescents,
rough surfaces, etc. Compared with traditional computational methods, our analytical
approach does not require the implementation of adaptive meshes around the sharp
geometrical boundaries (such as edges or surface protrusions), thereby allowing for a
more comprehensive understanding of the strongly localized surface plasmon modes
at the singularities. The cutoff and divergent behaviors resulting from the nonzero
vertex angle have been discussed in detail. Our approach can be generalized to
investigate some other complicated plasmonic systems containing singularities, and
therefore may lead to a large number of practical consequences, such as single
molecular detection, new generations of sensors, efficient light harvesting, and surface
enhanced Raman scattering.
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CHAPTER 3: Plasmonic Nanostructures
with Blunt Edges/Corners
The previous chapter has shown that a finite nanostructure with sharp edges/corners
can behave like an infinite plasmonic system, and exhibit a continuous absorption
cross-section over a broadband spectrum. The theory of TO provides an elegant tool
for the design of these plasmonic systems. However, considering experimental
realizations, singularities or perfectly sharp boundaries in those structures are unlikely
to be realized due to limitations in fabrication techniques and the surface tension of
the metal. In real-world applications, plasmonic nanostructures always contain blunt
tips [87, 88, 112-119]. Therefore, the possibility of quantitatively examining how the
edge rounding at the sharp boundary will alter the optical responses (particularly, the
field enhancement and light-harvesting property) has great significance on both
theoretical and practical levels. While many nanostructures with blunt edges/corners
have been specifically investigated with numerical [87, 112, 119] or experimental
methods [88, 113-118], there has never been a systematic strategy reported so far to
analytically deal with this problem. In this chapter, we will extend the TO approach to
deal with a general class of blunt nanostructures. This is achieved by applying
conformal mappings to the truncated metallodielectric system associated with the
singular structures. To illustrate the usefulness of this approach, we consider two
commonly used nanostructures, i.e. the nanocrescent and a pair of overlapping
nanowires. General analytical formulae for the absorption and scattering crosssections as well as the local electric field enhancement are obtained within and
beyond the quasi-static limit. Our theoretical results show that a direct consequence of
the edge rounding is the quantization of the plasmon modes, which will blueshift
towards the surface plasmon frequency when the edge/corner bluntness increases.
Nevertheless, a properly designed nanoparticle is still found to exhibit a relatively
broadband absorption cross-section which is nearly insensitive to the tip bluntness.
We highlight the necessary points for the design of this blunt light harvesting device.
In regard to the local field enhancement, although the bluntness has truncated the
divergent field at the geometrical tips, as predictable by intuition, the field distribution
on the rest part of the structure is almost unaffected. And a nanoparticle with a
bluntness diameter of 1 nm can induce a maximum field enhancement larger than 100.
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Numerical simulations are also performed to validate the analytical studies, and
remarkable agreements are found for a structure dimension of up to 100nm. The
proposed TO strategy is not restricted to the two specific structures we discuss here.
By adopting different transformations, it could be used to treat a general class of
nanostructures with blunt edges/corners, thereby providing a powerful tool for the
design of practical plasmonic devices.

3.1 The conformal transformation approach
Our general transformation strategy can be explained through the example shown in
Figure 3.1. The metallodielectric plasmonic ensembles shown in Figure 3.1(a) and (b)
can be related to a 2D nanocrescent (Figure 3.1(c)) and a overlapping nanowire dimer
(Figure 3.1(d)) through the following conformal mapping:
z 

a
z
 coth  
2
2

(3.1)

where z  x  iy and z   x  iy are usual complex number notation in the original
and transformed frames, respectively. The parameter a stands for the distance between
the two tips (or corners) of the nanostructure. Note that the transformation associated
with periodic infinitely-long metallic slabs has been discussed in Chapter 2. In those
cases, infinity in the original coordinate frame is mapped to the perfectly sharp
geometrical boundaries that act as energy sinks for the surface plasmon modes. As a
result, the transformed nanostructures can induce extremely large field enhancements
and exhibit a continuous absorption spectrum over a broad frequency band. However,
for the two structures depicted in Figure 3.1 (c) and (d), the perfectly sharp
geometrical boundaries are turned blunt. Accordingly in the original space (the x-y
frame), the metallodielectric plasmonic systems are truncated on both sides. The
distances from the dipole to the two truncation points determine respectively the
bluntness radii of the two tips/corners. e.g. for the crescent-shaped nanocylinder, the
bluntness radii b1 and b2 are calculated as:
b1 2 



D sin  tan  / 2 
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(3.2)

Similarly, for the overlapping nanowire dimer, we have the bluntness radii b1 and b2
taking the form:
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The two equations above indicate that the farther we truncate the periodic metallodielectric structures, the sharper the two tips/corners are.
The transformation of EM sources is also illustrated in Figure 3.1. In the initial
coordinate frame, the source is an array of line dipoles, each element of which has a
ˆ x  yp
ˆ y (where x̂ and ŷ are the unit vectors corresponding
dipole moment p  xp
to the x and y directions). Under the conformal mapping, the line dipole array is
transformed into a uniform electric field:
E0 

1
2 0 a

ˆ
 xp

x

ˆ y
 yp

(3.4)

Figure 3.1 The original plasmonic systems are truncated periodic metallo-dielectric structures depicted
in panels (a) and (b). The EM source is an array of line dipoles (red arrows), aligned along the y-axis,
with a pitch of 2 . Under the transformation, the structures shown in panels (a) and (b) are mapped to
a crescent-shaped nanocylinder (panel (c)) and a pair of overlapping nanowires (panel (d)), respectively.
The source of the line dipole array is transformed into a uniform electric field.
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Similar to the previous chapter for singular structures, we tackle the problem of
blunt structures in the quasistatic approximation. In this case, the magnetic and
electric fields are decoupled, and the latter can be related to an electrostatic potential
that fulfills Laplace’s equation [23]. Under 2D conformal mappings, the dielectric
properties of the nanostructure remain unchanged for P-polarized wave, and the
electrostatic potential is preserved:

  x, y      x, y  .

(3.5)

The electric field in the transformed coordinate frame can then be obtained:
E    xˆ

 
 
.
 yˆ
x
y

(3.6)

Thus, the transformed blunt nanostructures can be studied analytically by solving the
problem associated with the original metallodielectric plasmonic ensembles. Detailed
discussions on these two structures will be provided in the following sections.

3.2 The nanocrescent containing blunt tips
This section deals with the crescent-shaped nanocylinder [49]. First, we define four
geometrical parameters that will be used throughout this section: D stands for the total
dimension of the crescent; t represents the maximum distance between the inner and
outer crescent boundaries, which we will refer to as the crescent thickness in the
following discussions;  is the angle formed at the crescent tips;  denotes the
angle between x axis and the outer boundary of the crescent.

3.2.1 The quantization of surface plasmon modes
Now, we tackle the problem of the truncated metallodielectric structure described by
Figure 3.1(a). Strictly speaking, the surface plasmon modes supported by the periodic
structure consist of the transverse plasmons (that propagate along the x direction) and
the longitudinal plasmons (that propagate along the y direction). Since we are only
interested in the case when l1  l2   , we can neglect the contribution from the
longitudinal modes, and assume that the surface plasmon excitations are dominated by
the transverse ones. Consequently, the electric potentials in each region of Figure
3.1(a) can be written as
74

1 e
k

1 e
k

1
2 ik  l1  l2 

1 e
k

e

1
2 ik  l1  l2 

e

ikx



 e ikx  2ikl1  a e



 e  ikx  2ikl1  a e

ikx

1
2 ik  l1  l2 

e

ikx

k y

 b e

 b e

ky



 e  ikx  2ikl1  c e

 b e

ky

ky

k y

 c e

 b e
k y

k y

ky

,

,

,

0 y

(3.7)

    2  y  0 (3.8)
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(3.9)

where k is the wave number of the transverse surface plasmon modes. a and a
are the expansion coefficients, which can be calculated by applying a Fourier
transform to the dipole potential:
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(3.10)

The other four unknown coefficients b , b , c , and c can be determined through
the boundary conditions at y   and y      2 . Then by applying an inverse
Fourier transform to Equation (3.7) and Equation (3.8), the scattered potential in the
real space can be obtained:
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Here, we have defined four constants  nx ,  ny ,  nx , and  ny in the above equation:
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(3.13)

(3.14)

(3.15)

where  1  e / l1 l2  ,  2  e  2     /  l1 l2  ,  3  e /  l1 l2  , and   ln   m  1 /   m  1  .
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Equation (3.11) implies that, due to the finite physical size along the horizontal
direction, the whole system can only support localized surface plasmon modes with
integer spatial frequencies k  n . These integer spatial frequencies correspond to the
angular momentums of the quantized surface plasmon modes supported by the
transformed structure. Each mode may give rise to a resonance as long the following
condition is satisfied:
 n  2    
  m 1  
 n   
 2 2 n  


exp
exp
exp










  1  0 (3.16)
 l1  l2   
 l1  l2  
  m  1  
 l1  l2

2

2

2

where n denotes the angular momentum of the surface plasmon in the transformed
space;  m is the permittivity of the metal.
Now, we can examine how the geometry bluntness affects the number of surface
plasmon modes supported by the 2D nanocrescent and the distribution of these modes
in the frequency domain. Figure 3.2(a) depicts the number of LSP modes supported
by four blunt crescents of different shapes. In all the derivations, the metal is assumed
to be silver, with the dielectric constant taken from the experimental data [89].
Generally speaking, the number of LSP modes decreases exponentially as the tip
bluntness increases. From Figure 3.2(a), we can also see that altering the crescent
thickness t only leads to a slightly shift of the curve, while increasing the tip angle 
results in a smaller slope of the curve. In other words, the LSP modes supported by

Figure 3.2 (a) The number of LSP modes as a function of the tip bluntness. Here four blunt crescents
with different

 and t (shown in the inset) are considered. In all the cases, we assume that the

bluntness radii of the two tips are equal ( b1  b2 ). (b) The resonant features of a silver blunt crescent
(with  =9 , t  0.5 D , and b1  b2  0.005 D ) and the surface plasmon dispersion of the
corresponding singular structure.
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the crescent with a large tip angle are relatively robust to the geometry bluntness. As
we will show, this fact provides a potential possibility to optimize the absorption
property of the blunt structure. Figure 3.2(b) displays the resonant frequencies of a
specific silver blunt crescent and the surface plasmon dispersion of the corresponding
singular structure (with the same  and t). The black curve stands for the case of a
singular crescent where a continuous spectrum is expected, and the red circles
correspond to the quantized modes supported by the blunt structure. It is worth noting
that these modes are equally spaced in the k space, indicating a none-equal
distribution in the frequency domain, and the high-order resonances are compressed
towards the surface plasmon frequency.

3.2.2 Designing blunt plasmonic structures for broadband
light absorption
We next study how the crescent shape affects the absorption behaviors of the surface
plasmon modes. This discussion will lead to a blunt plasmonic nanostructure for
broadband light harvesting [49]. In the quasistatic approximation, the extinction crosssection  ext and the scattering cross-section  sca of the crescent structure can be
directly deduced from the power dissipated by the dipole in the original space. We
have:
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where the four coefficients  xx ,  yy ,  xy , and  take the following form:
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Note that, the parameter  in the above equations accounts for the radiative damping,
which extends the validity of our TO approach to a dimension much larger than 20 nm
(detailed discussions on the radiative correction will be addressed in Section 3.3.1).
The absorption cross-section can then be calculated as
x
x
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y
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  ext
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  ext
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(3.23)

Figure 3.3 shows the absorption spectrum (under x-polarization) for four blunt
crescents with different shapes (different t and  ) but the same bluntness radii
( b1  b2  0.005D ). In each case, crescents of two different sizes ( D  20 nm and
D  100 nm) are considered. Full electrodynamic simulations performed using the

software COMSOL are compared with the analytical calculations, and the good
agreement demonstrates the validity of our analytical model. It is worth pointing out
that for structures with larger physical sizes (e.g. D  100 nm), the numerical results
are slightly red-shifted from our theoretical predictions, which is a result of ignoring
retardation effects in the analytical treatment.
As illustrated by Figure 3.3, the surface plasmon excitations are strongly
dependent on the crescent shape. Firstly, we find that the strength of higher-order
modes is directly related to the crescent thickness t. For a thin flat crescent shown in
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x
Figure 3.3 Normalized absorption cross-sections  abs
/ D for blunt crescents of different shapes: (a)

 =9 and t  0.04 D ; (b)  =9 and t  0.16 D ; (c)  =9 and t  0.5 D ; (d)   45 and
t  0.5 D . In each case, the bluntness dimension is fixed as b1  b2  0.005D , and crescents of two
different sizes (D = 20 nm and D = 100 nm) are considered. The brown regions in the sub-figures
identify the visible spectrum. Theoretical calculations are compared with numerical simulations.

Figure 3.3 (a) where t  0.04 D , only the dipole mode interacts strongly with the
incident light, and all the higher-order modes are absent or weakly excited. As the
crescent thickness increases to t  0.16 D (while  is kept unchanged), two
high-order modes (with angular moment n = 3 and 5) are excited in turn (see Figure
3.3(b)). When t further increases to 0.5D , all the higher-modes emerge consecutively
(see Figure 3.3(c)).
The second point that can be observed is that the tip angle  determines the
bandwidth and resonant frequencies of the LSP modes: from Figure 3.3(c) to (d), we
keep t unchanged while increasing  to 45 . The hybridization of surface plasmons
at the crescent tips results in a blueshift and increased bandwidth of all the modes
(especially for the lower order ones), yielding a spread range of each resonance.
Finally, all the LSP resonances overlap with each other, giving rise to a continuous
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x
Figure 3.4 Normalized absorption cross-sections  abs
/ D in terms of the frequency and b1 2 / D : (a)

the case for the blunt crescent taking the shape in Figure 3.3(b); (b) the case for the blunt crescent
depicted in Figure 3.3(d). Note that LSP modes with even angular momentums are absent in this case
since the crescent takes a symmetric shape.

spectrum in visible frequency range. The absorption cross-section of a single cylinder
is also plotted as a comparison to demonstrate the broadband light harvesting property
of the crescent.
To further determine how the geometry bluntness affects the absorption property
x
of the crescent, we calculate  abs
/ D while varying the bluntness radii b1 and b2 .

The absorption cross-section is first calculated for a thin crescent with a small tip
angle (here, we use the geometry shown in Figure 3.3(b)). As the bluntness dimension
increases, all the resonances are blueshifted and finally degenerate at the surface
plasmon frequency, as shown in Figure 4.4(a). Nonetheless, for the crescent geometry
used in Figure 3.3 (d), the continuous absorption spectrum is nearly independent ofthe
bluntness radii until b1 and b2 reach up to 0.04D . This surprising result evidences
the possibility of designing broadband light harvesting devices robust to the geometry
bluntness.

3.2.3 Nanofocusing with blunt nanostructures
In the former section, we have demonstrated that a blunt crescent with a moderate
tip angle and crescent thickness can still harvest light energy efficiently over a
relatively broadband frequency range. However, whether the energy absorbed by the
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Figure 3.5 Normalized electric field Ex / E0 along the inner crescent boundary for two crescent
geometries: (a) the crescent takes the shape shown in Figure 3.3 (b) and the operating frequency is
704THz (the resonance frequency of the third absorption peak); (b) the crescent is same as the one used
in Figure 3.3 (d) and the operating frequency is set as 644THz (the resonance frequency of the dipole
mode). In both panels, the dashed and solid lines correspond to the blunt crescent and the
corresponding singular crescent (with the same  and t). The insets display the distribution of the
electric field.

structure can be focused onto a nanoscale hot spot still remains unclear. This section
will address this question.
In general, both the absorption spectrum of the crescent and the local field
enhancement depend upon the geometry bluntness. Therefore, in Figure 3.5 we
compare the normalized electric field Ex / E0 along the inner boundaries of the blunt
(red dashed line) and the corresponding singular (blue solid line) crescents. As
expected, the geometry bluntness truncates the divergent electric field at the perfectly
sharp crescent tip, and the maximum field enhancement is distinctly decreased from
the order of 103 to 25 as the claw tips are turned blunt. However, away from the tips
the field only undergoes minor changes due to the bluntness, and the surface plasmons
are still well confined in a deep subwavelength region around the blunt tips.

3.3 The overlapping nanowire dimer with blunt corners
Now, we turn our attention to the second example, a pair of overlapping nanowires
containing blunt corners [50]. This structure is of particular interest and has been
widely studied experimentally, using the electron-beam lithography [120], Versatile
Solid Phase Synthesis [121, 122], and laser interference lithography [123]. We expect
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that the theoretical study summarized here will guide future experimental
characterization of nanoparticle dimers.

3.3.1 The analytical solution
First, we summarize the analytical solution to the dimer problem. The same as the
previous section, the electrostatic potential associated with the line dipole source can
be rewritten in the k-space through a Fourier transform. As a consequence, the surface
plasmon modes supported by the truncated metallodielectric structure shown Figure
3.1 (b) can be theoretically studied using the method outlined in Section 3.2.1. Then,
the induced potential in the real space can be obtained by applying an inverse Fourier
transform to the k-space solution:
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Here, the four constants  x ,  y ,  x , and  y in the above equation are defined
as:
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(3.26)

(3.27)

(3.28)

where  1  e /  l1 l2  ,  2  e     /  l1 l2  ,  3  e  2   /  l1 l2  . Equation (3.24) in turns
gives induced electric fields in the original space. Finally, the electrostatic extinction
cross-section  ext and scattering cross-section  sca of the nanowire dimer can be
deduced from the backscattered field at the dipole position:
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where k0    0 0 is the vector in free space; a is the distance between the two
corners (see Figure 3.1(d)), which we will refer to as the overlapping distance in the
following discussions; the three coefficients  xx ,  yy , and  xy are calculated as:
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where n denotes the angular momentum of the LSP mode. Equation (3.29) shows that
the extinction cross-section is proportional to the square of the overlapping distance a,
while Equation (3.30) suggests that the scattering cross-section scales as the fourth
power of a. Under the quasi-static approximation, we have k0 a  1 , which indicates
x, y
x, y
 sca
  ext
. In this case, the absorption cross-section of the nanowire dimer is

x, y
x, y
x, y
x, y
approximately equal to the extinction cross-section (  abs
  ext
  sca
  ext
).

Similar to the case of 2D blunt crescents discussed in the form section, the
absorption (scattering) cross-section is the sum of the contribution from all the LSP
modes. Each mode has a resonance condition given by:
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Firstly, we highlight that the above Equation is exactly the same as Equation (3.16)
(the resonance condition of the 2D blunt nanocrescent). Secondly, Equation (3.33)
implies that the resonance condition solely depends on two geometrical factors,
namely  and l1  l2 .
The solution presented above is under the quasistatic approximation, which is
only valid when the total dimension of the nanowire dimer is sufficiently small,
typically D  20 nm (considering the visible frequency range). In order to extend our
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study beyond this limit, we have to take into account the radiative damping in the
transformed geometry.
Solution beyond the quasistatic limit: Since dipoles and fields exchange roles

under the transformation given by Equation (3.1), the radiative damping in the
transformed coordinate frame can be modeled as a fictional absorbing particle in the
original space [51]. Detailed calculations show that the modified extinction and
scattering cross-sections take the following form:
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Here the scaling factor  is calculated as
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It is worth noticing that, when a   , the scaling factor   0 . Equations (3.34)
and (3.35) are reduced to Equations (3.29) and (3.30), which are the quasi-static
solutions. Finally, the absorption cross-section can be deduced from Equation (3.23).

3.2.2 The absorption property
This section validates our analytical theory outlined in the previous section. As usual,
the permittivity of the nanostructure  m is taken from experimental data for silver
[89]. We first consider the symmetric overlapping nanowires, i.e. the two wires
composing the dimer have the same dimensions ( R1  R2  R ), and the bluntness radii
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at the two corners are equal b1  b2  b .
Figure 3.6 displays the absorption cross-sections for three nanowire dimers with
the same overlapping distance ( a  R ) but different bluntness radii. In each case,
structures of two different dimensions are considered ( D  20 nm and D  100 nm).
Theoretical calculations are compared with numerical simulations, showing a nice
agreement. By comparing the three subfigures, we find that this structure can only
support a narrow absorption band, which is, however, robust to edge rounding (i.e.
changing the bluntness radius b does not have much effects on the absorption
spectrum).
We next consider a symmetric nanowire dimer with relatively small overlapping
distance a  0.2 R . As illustrated by Figure 3.7, all the LSP modes redshift when the
bluntness radius decreases, coinciding with the experimental observation for closely
encountered nanoshells [122]. Therefore, compared to the results in Figure 3.6, the
structure with smaller overlapping distance is more sensitive to the edge rounding.
This phenomenon can be explained by the schematic of the geometry transformation.
A large overlapping distance of the two nanowires corresponds to a large separation
(weak hybridization) between the metallic slabs (see the insets above Figure 3.6).

y
Figure 3.6 The normalized absorption cross-sections  abs
/ D for overlapping nanowire dimers with

different bluntness dimensions: (a) b1  b2  0.05 D ; (b) b1  b2  0.01D ; (c) b1  b2  0.002 D . In
each case, structures of two different sizes (D = 20nm and D = 100nm) are considered, while the
overlapping distance is fixed as a = R. The shaded (orange) regions in the subfigures indentify the
visible spectrum. The inset of each figure shows the schematic of the geometry considered and the
corresponding plasmonic cavity before transformation. Theoretical calculations are compared with
numerical simulations.
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y
Figure 3.7 Absorption cross-sections  abs
normalized by the overall physical cross-section D for

overlapping nanowire dimers with different bluntness dimensions: (a) b1  b2  0.05 D ; (b)

b1  b2  0.01D ; (c) b1  b2  0.002 D . In each case, structures of two different sizes (D = 20nm and
D = 100nm) are considered, while the overlapping distance is fixed as a = 0.2R. The shaded (orange)
region in each subfigure indentifies the visible spectral range. The inset above each figure shows the
schematic of the geometry considered and the corresponding plasmonic cavity before transformation.
Theoretical calculations are compared with numerical simulations.

Hence, the LSP modes supported by each slab are only slightly modified (redshifted)
due to the weak hybridization, and are all restricted in a frequency range close to the
surface plasmon frequency. Since all the resonance bands overlap with each other, the
truncation distance l1 and l2 (corresponding to the edge rounding at the two corners)
can only have limited effects on the bandwidth. In contrast, a smaller overlapping
distance (such as the one shown in Figure 3.7) allows for large deviation of the LSP
modes from surface plasmon frequency, which is more likely to be affected by the
edge rounding.
In order to further determine how the geometry of the nanostructure affects the
y
/ D for
LSP resonances, we calculate the normalized absorption cross-section  abs

various bluntness dimension b and overlapping distance a. Figure 3.8(a) represents the
y
/ D on the frequency and the bluntness radius of geometrical
dependence of  abs

corners, which demonstrates prominent redshifts of the surface plasmon modes as b
decreases. Here, the overlapping distance is set as a  0.2 R , the same as in Figure
3.7. The blue dashed line highlights that when the bluntness radius is 1 nm, the
overlap of all the LSP resonances results in a relatively continuous absorption
spectrum. On the other hand, in Figure 3.8 (b), both the total structure dimension and
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y
Figure 3.8 (a) The normalized absorption cross-section  abs
/ D as a function of the frequency and the

bluntness radius of the geometry corners. Here the overlapping distance is fixed as a  0.2 R , while
the total structure dimension is set as D  100 nm. The blue dashed line indentifies the optimal
bluntness ( b  1 nm) where the overlap of all the SP resonances results in a relatively continuous
y
absorption spectrum. (b) Normalized absorption cross-sections  abs
/ D as a function of the frequency

and the normalized overlapping distance a / R . Here the bluntness of the geometry corners is fixed at

b  1 nm, and the total structure dimension is set as D  100 nm.
y
the bluntness radius are fixed ( D  100 , b  1 nm), while  abs
/ D is plotted as a

function of the overlapping distance and the frequency. We can clearly find that
decreasing the overlapping distance results in an increase of the bandwidth, while the
spectrum still remains continuous. To conclude, to achieve broadband light harvesting
with blunt touching nanowires, one has to keep the distance between the two touching
points as small as possible.

3.2.3 The scattering property
Next, we examine the scattering behaviors of nanowire pair. Here we consider the
structure with a total dimension of 100nm depicted in Figure 3.7 (b). In this case, the
bluntness radius is 1 nm, which is already realistic in practice. Figure 3.9(a) and (b)
y
y
/ D ) and scattering (  sca
/ D ) cross-sections
compare the normalized absorption (  abs

for this structure. We can clearly see a sharp dip at   676 THz in the scattering
y
y
spectrum, where  sca
/ D is about one order of magnitude smaller than  abs
/ D . As
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y
y
Figure 3.9 Normalized absorption cross-section  abs
/ D (a) and scattering cross-section  sca
/ D (b)

as a function of frequency for an overlapping nanowire dimer with symmetrically blunt corners
( b1  b2  0.01D ). Here the overlapping distance is set as a  0.2 R . Panels (c), (d), and (e) display
the electric field distributions associated with the dipolar mode ( n  1 ), the higher order bright mode
(where n  3 ), and the sharp dip between these two modes in the scattering spectrum, respectively.

explained in Reference [50], this sharp dip results from the interference between two
neighboring bright modes, with angular momentum n  1 and n  3 , respectively.
Note that that for a symmetric nanowire dimer, the LSP modes with even angular
momentums are totally dark, therefore cannot be excited in the far-field. Figure 3.9(c),
(d), and (e) display the electric field and surface charge distributions at the three
frequencies corresponding to the two bright mode resonances (where n  1 and
n  3 ), and the scattering dip, respectively. The results indicate that at the scattering

dip, the two bright modes interact constructively in the near-field, leading to a large
field enhancement at the overlapping part even if the surface plasmon modes are out
of resonance. On the other hand, the interference between the bright modes is
destructive in the far-field, giving rise to a weak radiative coupling (the total dipole
moment of the structure is relatively small). In other words, at the scattering dip, the
overlapping nanowire dimer can efficiently confine surface plasmons at the nanoscale
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while scattering little light. This property may lead to the practical implementation of
invisible or non-invasive biosensors, as has already been pointed out in the previous
study [50, 52].

3.3.4 The local field enhancement
At the end of this section, we study the local field enhancement induced in the
near-field of the nanowire dimer. Figure 3.10 shows our analytical calculations at the
first two resonance peaks in the absorption spectrum. We can see that each resonance
is related to a particular distribution of the electric field, with the maximum field
enhancement induced around the corners of the overlapping part. Note that, different
from the kissing nanowires in which the group velocity of surface plasmons vanishes
and energy accumulates at the touching point [43], light cannot be stopped at the blunt
corner of the overlapping nanowires. Instead, the surface plasmons will be reflected
back after reaching this point, leading to the resonant behavior of the whole system.
Nevertheless, very large field enhancements can still be achieved at the resonant
frequencies, e.g. the maximum field enhancement at the first resonance (   0.73sp )
reaches up to 120 at the touching point.

Figure 3.10 The imaginary part of En normalized by the incident electric field E0 along the
nanowire surface at different frequencies; (a)   0.73sp (the resonant frequency associated with the
mode n  1 ); (b)   0.92sp (the resonant frequency associated with the mode n  3 ). The
geometrical parameters of the nanowire dimer are set as b1  b2  0.01D , a  0.2 R . The angle 
is defined in the inset of each figure.
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3.4 The effect of asymmetric edge rounding
Until now, all the blunt structures we have investigated have symmetric edging
rounding (i.e. b1  b2 ). This section will address the question on how the asymmetric
edge bluntness affects the optical responses of the nanostructure.

3.4.1 Overlapping nanowire dimer with asymmetric corners
The first example we consider here is a nanowire dimer with asymmetric bluntness
dimension. We use the TO method highlighted in the former sections to calculate the
spectrum of the LSP modes. From Figure 3.11(a), we find that due to the breaking of
symmetry, these structures can support a superradiant mode (with an angular
momentum n  1 ) at a low frequency and a subradiant mode (which has an angular

y
y
Figure 3.11 Normalized absorption cross-section  abs
/ D (a) and scattering cross-section  sca
/D

(b) as a function of the frequency for an overlapping nanowire dimer with asymmetrically blunt corners
( b1  0.01D and b2  0.002 D ). Here the overlapping distance is set as a  0.2 R . Panels (c), (d),
and (e) display the electric field distributions associated with the super-radiant mode (where n  1 ),
sub-radiant mode (where n  2 ), and Fano-like dip (which corresponds to the superposition of modes

n  1 and n  2 ) in the scattering spectrum, respectively.
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momentum n  2 ) at a relatively high frequency. Between these two resonant
frequencies, the interference between the two modes leads to a dark mode resonance
characterized by a sharp and asymmetric line-shape in the scattering spectrum, as
shown in Figure 3.11(b). Figures 3.11(c) and (d) depict the electric field distributions
at the resonant frequencies of the modes n  1 and n  2 , respectively. The
cancellation of the dipole moments associated with the superradiant and subradiant
modes results in a weak radiative coupling at the scattering dip (see the red arrows in
Figure 3.11 (c), (d), and (e)). Different from the symmetric nanowire dimer discussed
in Section 3.2.3, the asymmetrically blunt structure considered here exhibit a nonzero
quadrupole moment at the sharp scattering dip. Figure 3.11(e) displays the electric
field and surface charge distributions at the scattering dip, showing that the energy is
trapped at the sharper corner of the structure, similar to the phenomenon of a
plasmonic Fano resonance observed in a single metallic disk with a missing wedgeshaped slice [124]. However, we stress that our case is not the plasmonic analogue of
Fano resonance [124-130], since the dark mode excitation does not result from the
coupling between bright and dark modes.

3.4.2 Asymmetric crescent-shaped cylinder
In order to further understand the effect of asymmetric edge rounding and reveal the
physical mechanism behind the Fano-like interference, we investigate an even less
symmetric nanostructure i.e. the crescent-shaped nanocylinder with asymmetric tip
bluntness. As shown in Figure 3.12 (a) and (b), the asymmetric nanocrescent can also
can also support a subradiant mode (with an even angular moment n  2 ) due to the
breaking of symmetry. However, in contrast to the case of the overlapping nanowire
dimer studied in Figure 3.11, the dipole moments of the two neighboring bright modes
(i.e. p1 and p2 ) supported by the asymmetric crescent structure are not anti-parallel,
as illustrated by Figure 3.12 (e) and (f). Therefore, the dip of the extinction spectrum
does not correspond to a dark mode since the total dipole moment in this case is not
equal to zero (see the field pattern and red arrows in Figure 3.11 (c) and (d)).
Increasing the degree of symmetry of the crescent in the vertical direction finally
makes the crescent a flat pike-like shape (with R1  R2 ) which is mirror-symmetric,
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Figure 3.12 The upper three panels correspond to an asymmetrically blunt crescent under an incident
excitation with electric field polarized along the horizontal direction; the bottom three panels
correspond to the same structure but excited by a vertically-polarized electric field. (a)/(b) Normalized
y
extinction cross-sections  ext
/ D ; (c)/(d) electric field distributions associated with the extinction dip;

(e)/(f) illustration of the superposition of the modes n  1 and n  2 . The geometrical parameters of
the crescent are set as: a  70.7 nm, R1  43.7 nm, R2  50 nm, b1  5  10 3 D , and b2  5  10 4 D .

Figure 3.13 Symmetric and asymmetric pike-like nanostructures under an incident excitation with the
electric field parallel to the lone axis: (a) the normalized absorption cross-section; (b) the normalized
scattering cross-section; (c) the electric field distribution associated with the scattering dip; (d)
illustration of the superposition of modes n  1, 2 . The geometrical parameters of the pike-like
nanostructure are set as: a  100 nm, R1  R2  637.3 nm, b1  5  10 3 a , and b2  5  10 4 a .
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like the overlapping nanowires. In this case, the dipole moments associated with the
superradiant and subradiant modes become antiparallel, and therefore cancel out each
other at the scattering dip, as illustrated by Figure 3.13(d). Consequently, the dark
mode resonance appears, where light energy is efficiently confined at the sharper tip
of the nanostructure (see the field plot in Figure 3.13(c)). This indicates that, to
observe the Fano-like interference, the structure must be mirror-symmetric in one
direction, while strongly asymmetric in the perpendicular direction.

3.5 Conclusion
In conclusion, this Chapter has summarized a general analytical strategy, based on the
theory of TO, to investigate plasmonic structures containing blunt edges/corners. We
have analyzed how the edge rounding of the nanostructures can be engineered to
achieve peculiar optical response including broadband or selective spectral
dependence of absorbed and scattered light as well as large local electric field
enhancements. These theoretical studies provide insightful understanding of the effect
of geometrical parameters on the plasmonic properties. The ability to engineer the
physical parameters of metallic nanostructures and thus to maneuver their optical
responses provides great promise for the development of new devices and applications.
Furthermore, theoretical models can predict unique plasmonic responses of novel
structures that are yet to be fabricated, motivating further synthetic work in these
areas. A recent experimental work has demonstrated our theories, where a spectral
broadening has been observed in disk dimers due to plasmonic interactions between
the two touching disks [131].
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CHAPTER 4: Resonant Plasmonic
Nanostructures
Previous chapters have shown that TO can be used as a systematic design tool to
engineer plasmonic nanostructures (with sharp geometrical boundaries) for broadband
collection and concentration of light. However, the TO strategy is not limited to the
design of these broadband light harvesting devices. In this chapter, we further apply
the theory of TO to study the interaction between plasmonic nanoparticles. In these
systems, the LSPs supported by individual nanoparticles interact with each other,
resulting in several new resonances in the visible or near infrared frequency range
[110, 120, 132]. One elegant tool to understand this interaction is the plasmonic
hybridization model, proposed by Nordllander and colleagues [133-140]. However,
the hybridization model still relies on numerical simulations to calculate the exact
spectrum of the plasmonic system. TO provides a feasible route to solve this problem
by transforming the interacting nanoparticles into a layered canonical plasmonic
structure, on which the analytical solution may be easily found. We show that the
energy and spectral shape of the LSP resonances can be precisely controlled by tuning
the separation between the nanoparticles. A critical gap thickness is also pointed out,
above which the interaction between nanoparticles can be neglected. We also find that
a strong interaction between a nanotube and a nanowire can greatly reduce the
far-field scattering, while the whole system still exhibit a relatively large absorption
cross-section at the LSP resonance. Finally in this chapter, we design a non-concentric
bull’s eyes structure, which exhibits an anomalous resonant behavior: the resonance
mode with higher-order angular moment oscillates at a lower frequency.

4.1 Geometric transformation
This section presents our transformation strategy, which will form the basis of the
discussions in this chapter. The three canonical plasmonic systems in the initial
coordinate frame are depicted in Figure 4.1 (a1)-(c1). These structures are excited by
an array of line dipoles, aligned along the y-axis. The conformal transformation we
apply here is the same as the one used for blunt nanostructures studied in Chapter 3.
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As a result, the three planar plasmonic systems are mapped into three types of
resonant nanostructures: i.e. a pair of metallic nanowire (Figure 4.1 (a2)), a tube/wire
dimer (Figure 4.1 (b2)), and a non-concentric tube/wire cavity (Figure 4.1 (c2)). Note
that the bottom three panels of Figure 4.1 correspond to the special cases when the
line dipoles in the original space are located at the metal surfaces (i.e. d1=0).
Accordingly, the transformed geometries become a nanowire above a metal surface
(Figure 4.1 (a3)), a nanotube on top of a metal plate (Figure 4.1 (b3)), and a nanowire
embedded in a metal plate (Figure. 4.1 (c3)). Once again, the transformed source is an


incident plane wave, with an electric field E0  p /  2 0 a  (where p represents
the dipole moment of each line dipole in the initial coordinate frame).
Since the original plasmonic systems (shown in Figure 4.1 (a1)-(c1)) are periodic
along y axis, the surface plasmon modes supported by these structures are

Figure 4.1 A conformal transformation z    a / 2  coth  z / 2  builds bridges between three
canonical plasmonic systems (shown in the top three panels) and three types of resonant plasmonic
structures. Here the EM source in the initial coordinate frame is an array of line dipoles with a pitch of

2 . Under the conformal mapping, this line dipole array is transformed into a uniform electric field.
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discrete, characterized by a linear momentum kn  n (where n is an arbitrary
integer). In the transformed frame, this linear momentum corresponds to the quantized
angular momentum of SPPs that circulate around the nanoparticles. Each angular
momentum has a resonance condition, which can be simply derived from the planar
The resonance condition

The transformed structure

A nanowire above a metal



surface (Figure 4.1(a3))

4n
1

  1 
 m 
 m 1 

2

A nanotube on top of a metal
2

plate (Figure 4.1(b3))

  m  1   4 n  24 n 
4n

   1  4 n  1   2
1

 m 1 

A nanowire embedded in a
metal plate (Figure 4.1(c3))

Table 4.1 Resonance conditions for nanostructures depicted in Figure 4.1(a3)-(c3). Here  m denotes
the permittivity of the metal. The two constants  1 and  2 are defined as:

 1  1  1 / D2  1 / D2 ,  2  1  1   2  / D3 

The transformed structure

The resonance condition

The nanocylinder pair (Figure

 

2n 2n
1
2

4.1 (a2))
The tube/wire dimer (Figure
4.1 (b2))
The non-concentric tube/wire
cavity (Figure 4.1 (c2))

1   2  / D3 .

  1 
 m 
 m 1

2

2

  m  1   2 n 2 n 32 n 
2n 2n

 1 2  2 n  1  1 3
2

 m 1 
2

  m  1    22 n  32 n   32 n

  2 n  2 n  1  2 n
2
 1
 m 1  1

Table 4.2 Resonance conditions for nanostructures depicted in Figure 4.1(a2)-(c2). Here we have
defined six constants:

1 

1  D1 1  D1  D2   1 1  D2  ,
1  D2 1  D1  D2   1 1  D1  ,
2 
1  D1 1  D1  D2   1 1  D2 
1  D2 1  D1  D2   1 1  D1 

3 

 2  D3  D2  D3   2    2  D2   2  ,
 D1  1  D1  D2  1   1 1  D2  ,
1 
 2  D3  D2  D3   2    2  D2   2 
 D1  1  D1  D2  1   1 1  D2 

2 

1  D2  D1  D2  1   1  D1  1  ,
 2  D3  D2  D3   2    2  D2   2  .
3 
1  D2  D1  D2  1   1  D1  1 
 2  D3  D2  D3   2    2  D2   2 
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geometry in the initial frame. For instance, Table 4.1 summarizes the resonance
conditions for the transformed nanostructures depicted in Figure 4.1 (a3)-(c3), which
indicates that the LSP resonance frequency solely depends on two factors, i.e. 1 / D2
and 1   2  / D3 .For the general structures shown in Figure 4.1(a2)-(c2), the situation
becomes more complex, but the resonance conditions can still be derived analytically,
as given in Table 4.2. Note that in Table 4.2 we have defined six constants, which will
be used throughout this chapter.
This section has summarized three main families of resonant nanostructures that
can be studied with the TO approach. In the following sections, we will present the
main analytical results for each of these families.

4.2 Interaction between plasmonic nanoparticles
4.2.1 The nanocylinder pair
The interaction between a pair of nanocylinders was first studied by McPhedran and
Perrins using the CT approach [57]. They demonstrated that non-touching cylinders
can support several discrete resonance modes which are red-shifted when the two
cylinders approach each other. In a recent study [52], Aubry et.al. further extended
this study to metallic nanoparticles and show that the absorption and scattering
cross-sections (for the horizontal polarization) take the following form:
x
 4k0 a 2
 abs

Im  x 

,

(4.1)

x
 2k a
.
1  i k02 a 2 x

(4.2)

1  i k02 a 2 x

2

2



x
sca

3
0

4

where k0 is the wave vector in free space; a is a geometrical parameter defined in
Figure 4.1;  x is calculated as
n
n 1 2


 x  e 

 12 n   22 n  2e
 2 n 2 n 2
 1  2  e


,


(4.3)

where   ln   m  1 /   m  1  ; the constants 1 and 2 are defined in Table 4.2.
The analytical results reveal that the LSP modes supported by the dimer can interact
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constructively in the narrow gap separating the two cylinders but destructively in the
far-field, giving rise to some invisibility dips in the scattering spectrum [52, 53].

4.2.2 The tube/wire dimer
This section deals with the interaction between a nanowire and a nanotube. As pointed
out in Section 4.1, such a structure is equivalent to a metallic slab on top of a flat
metal plate. Thus, by solving the problem associated with the flat geometry depicted
in Figure 4.1 (b1), the scattered potential in the transformed space can be obtained:
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(4.4)

where E0 denotes the incident electric field; f x, y is a function of the coordinates
x and y , taking the form:

f x, y  

2 x  a  2iy
,
2 x  a  2iy

(4.5)

The four constants  nx ,  ny ,  nx , and  ny are defined as:
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Then, the induced electric field can be calculated by differentiating Equation (4.4),
which in turns enables us to derive the absorption and scattering cross-sections from
the back scattered electric field at the dipole position:
x
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where  x   n   nx   nx  / 2 ,  y   n   ny   ny  / 2 .
Figure 4.2 displays the normalized absorption and scattering cross-sections for
the nanostructure consisting of a wire and a tube separated by a gap of 40nm (the gap
thickness 1 is the same as the diameter of each nanoparticle). At this separation
distance, the interaction between the two nanoparticles is relatively weak. Hence, the
absorption (scattering) cross-section of the whole system is just a linear summation of
the two individual ones, and is nearly independent of the incident polarization. As
shown in Figure 4.2, there are two distinct peaks in the absorption (scattering)
spectrum. The one at the lower frequency (796 THz) corresponds to the dipole mode
of the nanotube (where the LSPs are confined around the tube), while the one at the
higher frequency (884 THz, i.e. the surface plasmon frequency of silver) results from
the dipole resonance of the nanowire (where energy is trapped around the wire).
As the gap separating the two nanoparticles is reduced to 1 nm, the interaction
between the wire and tube becomes very strong, resulting in several new resonance

Figure 4.2 The absorption cross-section (a) and scattering cross-section (b) normalized to the total
structure dimension D (where D  D1  D2  1 ). Here the geometrical parameters of the tube/wire
dimer are set as 1  D1  D2  40 nm, D3  20 nm. The solid and dashed lines correspond to the
incident polarizations along the horizontal (x) and vertical (y) directions, respectively. The two insets in
panel (a) display the tangential component of the (normalized) electric field at the first and second
resonance peaks for x-polarization. The metal is assumed to be silver, with the permittivity taken from
experimental data [11].
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peaks in the absorption and scattering spectra, as illustrated by Figure 4.3 (a) and (b).
At each peak, energy is confined in the narrow gap, leading to extremely large field
enhancement between the two nanoparticles. For instance, Figure 4.3(c) shows that
the maximum field enhancement at the first resonance peak P1 is larger than 110. For
higher order resonances, the LSPs spread over the nanoparticle surface (see Figure
4.3(d)), and the maximum field decreases. Nevertheless, a pronounced nanofocusing
property is still observed.
In contrast to the tube/wire dimer with a large separation gap, the structure with a
small gap exhibits an anisotropic absorption/scattering property: it shows a strong
interaction with the x-polarized incident wave, but a relatively weak response to the

Figure 4.3 Upper panels: the calculated absorption cross-section (a) and scattering cross-section (b) for
the tube/wire dimer with 1  1 nm, D1  D2  40 nm, and D3  20 nm. The solid and dashed lines
correspond to the incident polarizations along the horizontal (x) and vertical (y) directions. Bottom
panels: the absolute value of the total electric field Etotal
 / E0 at the first (c) and third (d) absorption
peaks marked in panel (a).
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x
Figure 4.4 The absorption cross-section  abs
/ D via frequency and the gap thickness 1 for

tube/wire dimers with different geometrical parameters: (a) D1  D2  40 nm and D3  20 nm; (b)

D1  D2  40 nm and D3  32 nm.

y-polarized illumination, which can be seen from Figure 4.3 (a) and (b). When the
incident wave is polarized along x-direction, the scattering cross-section shows
several sharp dips, resulting from the destructive interference of the neighboring LSP
modes.
To further determine how the gap (separating the two nanoparticles) affects the
LSP resonances supported by the tube/wire dimer, we calculate in Figure 4.4 the
x
/ D for various 1 . Figure 4.4 (a) and (b)
normalized absorption cross-section  abs

correspond to the analytical results obtained for two dimers with different geometrical
parameters, both of which demonstrate prominent redshifts of the surface plasmon
modes as the gap thickness 1 decrease. From Figure 4.4, we can also see that when
the gap thickness 1 is larger than D1  D2 , the resonance frequency of each LSP
mode approaches to an asymptotic value, where

 D2 / D3 

n

   m  1 /   m  1 . This

indicates that above this critical gap thickness D1  D2 , the hybridization between the
wire plasmon and tube plasmon can be neglected.

4.2.3 The non-concentric tube/wire cavity
To further study the interaction between a nanowire and a nanotube, we investigate
the non-concentric tube/wire cavities (where the nanowire is placed inside the tube).
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The same as the previous section, the flat geometry problem depicted in Figure 4.1
(c1) is first solved. Then, the scattered potential in the transformed space can be
obtained as:










n
 sca  x, y   aE0   n f x, y  xˆ cos n arg  f x, y   yˆ sin n arg  f x, y   , (4.12)



n 1

where the complex f x, y is defined by Equation (4.5), and the constant  n takes the
following form:
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Figure 4.5 (a) The normalized absorption cross-section  abs / D via frequency and

(4.13)

D2 / D1 . (b)

The analytic (solid lines) and numerical (dots) absorption cross-sections calculated for the
non-concentric tube/wire cavities at three different D2 / D1 . (c) The normalized scattering
cross-section  sca / D via frequency and D2 / D1 . (d) The analytic (solid lines) and numerical (dots)
scattering cross-sections calculated for the non-concentric tube/wire cavities at three different D2 / D1 .
In all the calculations provided above we have fixed D1  100 nm, D3  40 nm, and 1   2  5 nm.
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The same as the former section, the absorption and scattering cross-sections are then
deduced from the back scattered field:

 abs  4k0 a 2

 sca

Im  
1  i k02 a 2

2


 2k a
1  i k02 a 2

2

3
0

4

(4.14)

(4.15)



where    n n / 2 .
n 1

Figure 4.5 presents the absorption (upper panels) and scattering (bottom panels)
cross-sections for the tube/wire cavity. Here we fix D1 , D3 , and 1   2 while
varying the inner diameter of the nanotube. The good agreements between the analytic
and numerical results demonstrate again the validity of our TO approach. As
illustrated by Figure 4.5, when the inner diameter of the nanotube increases, the LSP
modes are first blue-shifted and then redshifted. To be more specific, when
D2  0.6 D1 , the plasmonic responses of the whole system are dominated by the
interaction between the tube and wire. Increasing the inner diameter D2 leads to an

Figure 4.6 The tangential component of the normalized electric field Etan
 / E0 at the first resonance
peak (marked in Figure 4.5(b)) in the absorption spectrum for the non-concentric tube/wire cavities
with (a) D1  100 nm, D2  50 nm, D3  40 nm, and   5 nm, (b) D1  100 nm, D2  85 nm,

D3  40 nm, and   5 nm. The inset in each figure displays the absolute value of the total electric
field (i.e. Etotal
 / E0 ).
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increase in the gap thickness  2 , thereby suppressing the interaction between the two
particles. Consequently, the energy of the LSP modes also increases. On the other
hand, when D2  0.6 D1 , the tube plasmon dominates. Increasing the inner diameter
D2 results in a decrease in the tube thickness 1 . Thus, the LSP modes are
blue-shifted. These properties are further confirmed by the field plots in Figure 4.6,
where we find that for small gap thickness ( 1   2 ), energy is trapped in the annulus
region separating the tube and wire, while for small tube thickness ( 1   2 ), the
LSPs are more confined around the nanotube.

4.3 Non-concentric bull’s eye structures
Finally in this chapter, we consider a more complex resonant plasmonic structure, i.e.
the non-concentric bull’s eye structure shown in Figure 4.7 (b). Thanks to the TO
approach, it can be studied as long as we can solve the problems of a multi-layered
metallodielectric system depicted in Figure 4.7 (a).

4.3.1 Transformation of the geometry
The transformation methodology is shown in Figure 4.7. An array of metallic slabs is
mapped to the non-concentric bull’s eye structure through the transformation:
z =

a
.
exp (z )  1





Figure 4.7 A conformal transformation z   a / e z  1

(4.16)

maps the multilayer metallodielectric

plasmonic system shown in (a) to the non-concentric bull’s structure shown in (b).
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Under the transformation, SPPs at different layers of the metallodielectric system are
mapped to those trapped at different annulus regions of the transformed resonant
structure, accordingly (as indicated by different colours in Figure 4.7). The multilayered system in the original space can be studied with the same method outlined in
the previous sections. Detail analysis of this problem can also be found in textbooks
[141]. Therefore, we will not provide more detailed derivations here. Our aim is to
demonstrate that, it is possible to control the LSP resonances by confining the energy
associated with different resonant frequencies in different layers.

4.3.2 Controlling the plasmonic resonance
Figure 4.8 (a)/(b) displays the absorption and scattering cross-sections of a five-layer/
seven-layer non-concentric bull’s eye structure. We can see that for each structure,
multiple resonances are excited.
The electric field distributions at different resonant frequencies for these two
structures (P1, P2, P3 for the five-layer one, and Q1, Q2, Q3 for the seven-layer one)
are shown in Figure 4.9. By comparing the panels from top to bottom, we see that the
LSPs resonating at different frequencies are trapped at different layers. More
interestingly, an anomalous phenomenon can be observed where the resonance mode
with a higher-order angular momentum oscillates at a lower frequency. This effect is
not difficult to understand if we note that the LSPs with a smaller angular momentum

Figure 4.8 The normalized absorption cross-section  abs / D (solid line) and scattering cross-section

 sca / D (dashed line) for (a) a five-layer non-concentric bull’s eye structure, (b) a seven-layer
non-concentric bull’s eye structure.
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Figure 4.9 The tangential component of the electric field Etan
 / E0 and the absolute value of the total
electric field

 / E0 at the absorption peaks marked in Figure 4.8.
Etotal

are trapped in the more inner region, corresponding to the smaller radius. In other
words, LSPs with a smaller angular momentum may be associated with a larger linear
momentum, and accordingly a higher energy level. In this way, we can achieve the
goal of controlling the LSP resonance by trapping surface plasmons at different
dielectric layers.

4.4 Conclusions
For the past ten years, the interaction between metallic nanoparticles has attracted a
wide range of interest and has opened new avenues for applications, such as solar
cells [142, 143], high harmonic generation [72], and single molecule detection [70,
71]. TO provides an elegant tool to understand the physics behind this interaction. We
have applied the TO approach to predict the LSP resonances resulting from the
coupling between nanoparticles, demonstrating that the energy and spectral shape of
the LSP resonances can be precisely controlled by tuning the separation between the
nanoparticles. A complex structure, non-concentrated bull’s eye structure, has also
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been considered, showing that the energy of different resonance modes can be
confined at different layers. We expect that the theoretical results presented in this
chapter will be valuable for future experimental characterizations of resonant
plasmonic nanostructures.
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CHAPTER 5: Extension to 3D Structures
In previous chapters, TO is employed to investigate the interaction of light with a
number of 2D metallic structures. It consists in exploiting CTs within the quasistatic
approximation to obtain simple analytical expressions to describe the plasmonic
responses of the nanoparticles with sharp geometrical features. The main limitation of
this powerful approach is its inherent 2D character, where the structure under
investigation must be infinitely long in the direction perpendicular to the plane of
incidence. Therefore, from the view of experiments, it is crucial to consider how to
design 3D plasmonic nanostructures to achieve similar broadband absorption and
nanofocusing properties. The extension of the TO framework to 3D geometries was
performed by Fernández-Domínguez, Maier, and Pendry [54]. The method exploits
the analogue of its 2D counterpart, and a pair of kissing spheres is transformed into
two semi-infinite metal slabs with spatially variant dielectric function. In conjunction
with the surface charge correction, approximate analytical formulas for the electric
fields and absorption cross-section are obtained. The theoretical study shows that the
3D structures exhibit similar plasmonic properties as the 2D structures: SPPs
propagating along the surface of two spheres are focused onto the singularity, where
their group velocity vanishes and energy accumulates. As a consequence, the system
also displays a continuous spectrum over a broad frequency range. Compared with
two touching nanowires, the 3D kissing spheres exhibit a better nanofocusing
performance (larger field enhancement), since SPPs are concentrated at a single point
in 3D rather than a line in 2D. This chapter will summarize a different approach based
on TO, to investigate 3D plasmonic structures. The method presented here eliminates
the surface charge correction, and therefore provides an easy way to take into account
the radiative damping in 3D. We find that the 3D nanostructure is more robust to the
radiative loss than its 2D counterpart, and a pair of touching spheres of a 200nm total
dimension can still achieve a field enhancement larger than 104.

5.1 3D geometric transformation
The structure under consideration is a pair of metallic nanospheres in contact at a
single point, as shown in Figure 5.1 (a). The whole system is illuminated by a plane
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wave polarized along z-axis. Similar to previous chapters, here we only consider
nanoparticles much smaller than the incoming wavelength R1 , R2   . In this case,
the quasistatic approximation can be safely applied. In order to avoid the direct
treatment of the geometrical singularity in the kissing spherical dimer, we apply the
following 3D transformation:

 

g 2
g2z

,    , z   2
  z2
 2  z2

(5.1)

where (  ,  , z ) and (  ,  , z ) denote the cylindrical coordinates in original and
transformed space; g is an arbitrary constant. Equation (5.1) describes a geometric
inversion with respect to the contact point of the touching spheres. It maps the
singular spherical dimer into two semi-infinite slabs separated by a thin layer of
dielectric materials, as shown in Figure 5.1(b). In contrast to 2D conformal mappings
considered in previous chapters, the 3D inversion acts on both the geometry and
material properties of the structure. The theory of TO determines that the dielectric
constants of the transformed slabs and the intermediate layer are no longer
homogeneous, but are spatially dependent, taking the form:

m r  

g2
g2


,

 d .

r


m
d
r2
r2

(5.2)

where r 2   2  z 2 ;  m and  d represent the permittivity of the spherical particles
and background medium in the original space, while  m  r  and  d  r  denote the
permittivity of the transformed inhomogeneous metal slabs and intermediate dielectric
layer.
The incident plane wave is again described, within the quasistatic limit, by a
uniform electric field E inc  E0 zˆ , with the corresponding electrostatic potential given
by  inc   E0 z  . As the scalar potential is preserved under coordinate transformation,
the source potential in the transformed slab frame can be directly obtained as

S 

E0 g 2 z
.
r2

(5.3)

Due to the spatial dependence of the dielectric function, the electrostatic potential in
the slab frame fulfils the following modified differential equation:
1

  2    0
r
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(5.4)

Figure 5.1 (a) The structure under investigation is a pair of touching metallic spheres of radii R1 and

R2 , illuminated by a plane wave polarized along the dimer axis (i.e. z axis). (b) The transformed
geometry consists of two semi-infinite metal slabs separated by a dielectric gap. In the transformed
coordinate frame, the permittivity of the two slabs and the intermediate dielectric layer is spatially
dependent, taking the form of Equation (5.2).

It is straightforward to show that  s satisfies Equation (5.4). As the whole system
depicted in Figure 5.1(b) is rotationally symmetric, it is convenient to write the
transformed scalar potential in terms of a Bessel function basis. Detailed algebraic
calculation shows that the general solution to Equation (5.4) in cylindrical coordinate
has the form:

   2  z 2 J n  k   ein  kz

(5.5)

where J n    is the n-th order Bessel function. The eigensolution given by Equation
(5.5) offers a route to solve the 3D spherical dimer problem, which will be addressed
in the next section.

5.2 Solution to the 3D problem
Equation (5.5) provides an expansion basis for the potential in the transformed space.
As a first step, we rewrite the source potential  S through a Hankel transform:

  sgn  z    z
s

2


2

 Ak  J k  e
0

0
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k z

dk

(5.6)

where A  k   g 2 E0 k . Note that as we are only interested in the polarization parallel
to the dimer axis, the source potential  s is independent of  . As a result, the
induced potentials in the metals and intermediate dielectric layer are then given by:
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Equations (5.7)-(5.9) describe the SPPs excited by the source potential, which
propagate along  direction and decay along z direction away from the metaldielectric interface. The four unknown expansion coefficients B  , B  , C  , and C 
can be determined through boundary conditions:
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(5.13)

where we have defined:

1   , k  
 2  , k  

k   2  2 R1 / g 2   g 2 /  2 R1    1
k   2  2 R1 / g 2   g 2 /  2 R1    1

,

k   2  2 R2 / g 2   g 2 /  2 R2    1
k   2  2 R2 / g 2   g 2 /  2 R2    1

(5.14)
.

The appearance of these two terms in Equations (5.12) and (5.13) indicates that the
continuity of the normal component of electric displacements Dz depends on the
radial coordinate  . This is a signature of the spatially variant material parameters in
the transformed space. As a result, the above boundary conditions do not lead to the
continuity of Dz everywhere, but only at a given  . Therefore, it is crucial to
choose a correct  to match the boundary conditions.
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5.2.1 Absorption and scattering cross-sections
In previous chapters, we have already shown that the absorption cross-section of the
plasmonic nanostructure is directly related to the back scattered field at the source
position (i.e.   0 ) in the slab frame. In order to accurately describe the electric
field at source position, we force the continuity of Dz at   0 , which yields:
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2
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(5.18)

2

where x  kg 2 / R1 ; the two functions   x  and   x  take the following forms:
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(5.19)

Note that by imposing the continuity of Dz at   0 , the normal component of the
field becomes discontinuous within the rest part of the structure, especially at the
contact point. However, since the far-field behaviour is associated with the back
scattered field at the source position (   0 ), the above method can still give an
accurate description of the absorption cross-section. Equations (5.15)-(5.18) indicate
that the expansion coefficients diverge under the following condition:
x 1  R1 / R2     x     xR1 / R2 

(5.20)

This is the dispersion of the SPP excitation supported by the structure.
Substituting Equations (5.15) and (5.16) into Equation (5.9) and performing the
integration, the induced potential in the intermediate dielectric layer can be obtained.
At the source position, we have
E0 R13 zr e  x  xR1 / R2  e  xR1 / R2  x  2e  x   xR1 / R2  2
  r  0  
x dx
g 4 0
e x1 R1 / R2   e  x    xR1 / R2 


D

113

(5.21)

The integration in the equation above can be computed using numerical method or
residue theorem. If residue theorem is applied, one should consider both the poles in
the denominator (associated with the SPP excitation) and a branch cut running from
0  i to 0 (which is related to the lossy surface wave). In the dimer frame, Equation

(5.21) corresponds to the scattered potential in the far field:

 E0 R13 z 

  r    
r 3
sca

(5.22)

where we have defined a constant:
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(5.23)

Comparing the above equation with the dipolar potential gives the polarizability of
touching spherical dimer:

  4 0  R13

(5.24)

Then the absorption cross-section  abs and scattering cross-section  sca can be
obtained in the quasistatic approximation:
 
3
  4 k0 R1 Im   ,
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 abs  k0 Im 

(5.25)

2

 sca

k4 
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3

(5.26)

Figure 5.2(a) compares the absorption cross-sections of a kissing spherical dimer
(with R1  R2  5 ) calculated with Equation (5.25) and the numerical simulation. The
same as previous chapters, the metal is assumed to be silver, with the permittivity
taken from experimental data [89]. The excellent agreement demonstrates the validity
of our analytical approach. More interestingly, Figure 5.2(a) shows that the kissing
spherical dimer also exhibits a continuous absorption cross-section over a broadband
spectrum. However, different from 2D touching nanowires which show a maximum in
the absorption cross-section at the surface plasmon frequency (where  m   d ), the
absorption maximum for 3D kissing spheres always happens around the frequency
where  m  2 d . The shift in the absorption maximum can be explained by the fact
that the LSPRs supported by a single metal sphere no longer degenerate at the surface
plasmon frequency, but distribute between the surface plasmon frequency and the
dipolar resonance frequency (where  m  2 d ).
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Figure 5.2 (a) The normalized absorption cross-sections of touching spheres calculated using our TO
approach (black solid line) and the numerical simulation (blue circles). Here the radii of the two
spheres are set as R1  R2  5 nm, and the background medium is assumed to be vacuum (with

 d  1 ). For comparison, the absorption spectrum of a kissing nanowire dimer with the same physical
dimension (the same nanowire radii) is shown in red dashed line. (b) The absorption cross-sections
calculated for kissing spherical dimer (with R1  R2  5 nm) in different background media, i.e. air
(black line), silica (red line), and silicon (green line). Here the three vertical dashed lines mark the
frequencies where  m  2 d .

The absorption cross-sections for touching nanospheres in different background
media are displayed in Figure 5.2 (b), confirming that the maximum in absorption is
achieved around the frequency that satisfies  m  2 d .

5.2.2 Nanofocusing properties
In this section, we explore the electric field enhancement for the touching spherical
dimer. Since the method summarized in the last section does not allow for a simple
closed-form solution for the electric field, here we choose to match the boundary
condition at    in the transformed slab frame. Since nanofocusing is a nearfield behaviour, we expect that imposing the continuity of Dz at    would
give an accurate description of the field enhancement in the region where the two
spheres contact. Following the procedure of Reference [54], the unknown expansion
coefficients associated with the induced potentials can now be obtained as:
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where   ln   m   d  /   m   d   . Inserting Equations (5.27) and (5.28) into
Equation (5.9), the induced potential in the intermediate dielectric layer is obtained as:
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Since we are only interested in the region where    , the integration in Equation
(5.31) is dominated by the poles in the denominator and the contribution from the
branch cut can be neglected. As a result, we have the following analytic expression:
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Replacing r with g 2 / r  ,  with g 2   / r 2 , and z with  g 2 z  / r 2 gives the
scattered potential in the dimer frame:
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(5.33)

Finally, the induced electric field can be obtained as E sp   sca . For spherical
dimer with R1  R2 , the field enhancement along the surface of the nanospheres takes
the form:
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2
2

(5.34)

where H 01 is the zero-order Hankel function of the first kind and  is defined in
the inset of Figure 5.3. Note that close to the touching point,  approaches  and
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Figure 5.3 (a) The normalized electric field Ezsp / E0 versus the angle  (defined in the inset) at a
frequency of 500THz. The dashed and solid lines correspond to the analytical and numerical
calculations performed for spherical dimer with R1  R2  5 nm.

Equation (5.34) shows a divergent behaviour if the metal is lossless. However, in the
presence of metallic losses, H 01 decreases exponentially as  approaches  ,
indicating the material dissipation eventually dominates and the electric field is zero
at the touching point. Nevertheless, we still expect very large field enhancement close
to the contact point of the two spheres. This prediction is confirmed by the field plot
depicted in Figure 5.3, which shows a field enhancement superior to 104 in the
vicinity of the touching point. Figure 5.3 also demonstrates that the compress of SPPs
(i.e. the reduction of the effective wavelength experienced by the SPP wave) towards
the contact point is quite similar to the 2D case, implying that the 3D and 2D
structures share the same physics.

5.3 Radiative losses in 3D
For 2D cases, the TO approach within the quasistatic approximation is valid when the
total size of the nanostructure is smaller than 40nm [51]. Beyond this dimension, the
radiative damping will dominate. In this section, we extend our TO strategy for
touching spheres beyond the quasistatic limit by taking into account the radiative
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losses in 3D. Our analytical calculations show that the touching spherical dimer is
more robust to the radiative damping than its 2D counterpart. The absorption and
nanofocusing properties remain unchanged even when the total structure dimension
increases to 80nm. Beyond 80nm, the radiative damping results in a redshift of the
absorption maximum and a decrease in the field enhancement. Nevertheless, a
spherical dimer of total size 200nm can still achieve an electric field enhancement
larger than 104.

5.3.1 The corrected polarizability
In order to include the radiative damping in our analytical model, here we deploy
a simple, self-consistent method. In the original coordinate frame, the scattered field

E sca at the position r  can be related to the induced dipole moment p d of the
nanostructure through the dyadic Green’s function G

E sca  r    i0  dr0G  r , r0 

k2
p d
  0 G  r , r0  p d
0
t

(5.35)

where r0 denotes the location of the induced dipole. The dyadic Green’s function

G  r , r0  can be expressed as a scalar Green’s function g  r , r0  [141]:
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(5.36)

Here we have introduced a unity dyad I and the dyadic operator  . Since the
radiative damping is only associated with the imaginary part of the scattered field, in
the following discussion, we shall neglect the real part of E sca .
In the near-field approximation, the imaginary part of the scalar potential can be
simplified to:
ik0  k02
2
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(5.37)

Substituting Equation (5.37) into Equation (5.35) yields the following relation
between E sca and p d :

E sca  r    i

k03 d
p
6 0

(5.38)

The equation above indicates that the nanostructure under consideration gives rise to a
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uniform electric field in the near field. Consequently, the total electric field can be
written as:

E tot  E0  E sca  E0  i

k03 d
p
6 0

(5.39)

Then, we can build the following self-consistent relation between the incident electric
field E0 and the induced dipole moment p d :
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6 0


d
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(5.40)

where  represents the polarizability of the nanostructure in the electrostatic limit.
For a dimer of touching spheres,  takes the form of Equation (5.24). Here we
highlight that the self-consistent relation given by Equation (5.40) is quite general,
and can in principle be applied to any 3D nanostructure. Rearranging Equation (5.40),
the induced dipole moment can be expressed in terms of E0 and  as:
pd 
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(5.41)

This in turns gives the corrected polarizability of the nanostructure:
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(5.42)

Radiative damping

Here we have introduced a superscript ‘c’ to distinguish the corrected polarizability

 c from the electrostatic polarizability  . Note that the imaginary part of the
denominator in the above equation characterizes the radiative damping. It scales as the
cube of the background wave vector k0 .
Before we study the absorption property of kissing spherical dimer, we pause to
check the size range for which Equation (5.42) can be safely applied. The structure
under our consideration is a single sphere of radius R. Inserting the electrostatic
polarizability   4 0 R 3    1 /    2  into Equation (5.42) yields:
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Radiative damping

Meanwhile, the polarizability of the first order TM mode calculated with Mie
scattering theory takes the form:
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Radiative damping

It is interesting to see that Equation (5.44) can be reduced to Equation (5.43) if the
two terms associated with retardation effect can neglected. This requires:
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Considering silver in the visible frequency range, the above conditions can be well
satisfied if R  50 nm.

5.3.2 The modified absorption and scattering cross-sections
Back to the problem of touching spheres. The modified absorption and scattering
cross-sections can be deduced by using the corrected polarizability (Equation (5.42)):
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Here we have replaced the electrostatic polarizability  in Equation (5.42) with
Equation (5.24).
Figure 5.4 displays the modified absorption (left panel) and scattering (right panel)
cross-sections for kissing spherical dimers with different dimensions (here we have
defined the total structure dimension as D  2 R1  2 R2 ). The results show that the
absorption cross-section of the touching spheres remains unchanged until D increases
to 80nm, indicating that the radiative damping plays no roles for structures smaller
than 80nm. Beyond this dimension, there is a decrease in the absorption cross-section
at higher frequencies and redshift of the absorption maximum. On the other hand, the
scattering cross-section shows a dramatic increase as D increases. And for structures
larger than 140nm, the radiative reaction tends to smooth the scattering spectrum at
the level of the physical cross-section.
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c
Figure 5.4 The normalized absorption cross-section  abs
/ R13 (left panel) and scattering cross-section
c
 sca
/ R13 (right panel) versus frequency for touching spherical dimers with different dimensions. The

black, green, cyan, and red curves correspond to D = 20nm, 80nm, 140nm, and 200nm, respectively.

5.3.3 The effect on the field enhancement
Now we turn our attention to the electric field enhancement. We first calculate the
total electric field in the near field:

E tot  E0  i

k03 d
E0
p 
3
6 0
1  i k0 /  6 0 

(5.48)

The enhancement in the z component of the electric field along the metal surface can
then be obtained from Equations (5.34) and (5.48):

 2  3e / 2  e /2  cos 
Ezsp

1  
 i
H
tan
0


3/2
E0
2
2
2 1  i k03 /  6 0   1  cos  

(5.49)

Figure 5.5 depicts the normalized electric field at 500THz calculated for touching
spherical dimers of three different sizes D = 20nm, 140nm, and 200nm. The results
demonstrate that although the increase in the dimer size results in a decrease in the
electric field, a spherical dimer with total structure dimension as large as 200nm can
still achieve a field enhancement larger than 104. Compared with the 2D nanowire
dimer of the same size [48], the touching spheres are more robust to radiative
damping.
Finally, we stress on that our radiative correction to the 3D TO approach has
extended this analytical strategy beyond the quasistatic approximation to deal with
touching spherical dimers of total size up to 200nm. At this dimension, the nonlocal
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Figure 5.5 The normalized electric field Ezsp / E0 at 500THz, plotted as a function of the angle  .
Here spherical dimers of three different sizes are considered. The black, cyan, and red curves
correspond to D = 20nm, 140nm, and 200nm, respectively.

and quantum mechanical effects [90-92, 144-147] are relatively weak, and the field
enhancement is therefore more realistic than the one derived for smaller dimension.

5.4 Conclusion
In this chapter, we have shown that the TO approach can be extended to study 3D
plasmonic structures, and have presented a complete derivation of the 3D TO
approach for kissing sphere dimers under arbitrary illumination. The kissing sphere
structure is shown to exhibit a broadband light harvesting property, similar to the 2D
case. Furthermore, we have considered the radiative loss in our study on 3D
nanostructures, and have found that the kissing spheres are more robust to the
radiative loss than its 2D counterpart (kissing cylinders). These discussions have
further demonstrated the power and elegance of the TO method. Having more
practical values than the 2D strategies, the 3D theory is expected to play an important
role in guiding the plasmonic experiments in the future.
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CHAPTER 6: General Conclusions
6.1 Summary of the thesis
To summarize, we have presented a general analytical strategy based on TO to study
the optical responses of different plasmonic nanostructures and discussed their
potential applications.
In Chapter 2, a systematic methodology has been proposed for the design of
singular plasmonic structures capable of a broadband light harvesting and nanofocusing. We have established an analytical relationship between a canonical metallodielectric system and a variety of singular structures. The cutoff behavior of the SPP
excitation and the divergent feature of the electric field have been discussed. The
impact of different factors, such as the geometrical vertex angles and source location,
on the optical responses of the nanostructures has been investigated. Raman scattering
responses of different rough metal surfaces have also been compared.
In Chapter 3, plasmonic structures containing blunt edges/corners have been
studied. We have analyzed how the edge rounding of the nanostructures can be
engineered to achieve peculiar optical response including broadband or selective
spectral dependence of absorbed and scattered light, as well as large local electric
field enhancements.
In Chapter 4, we have applied the TO approach to predict the plasmonic
resonances due to the coupling between adjacent nanoparticles, demonstrating that the
energy and spectral shape of the LSP resonances can be precisely controlled by tuning
the separation between nanoparticles. A non-concentric bull’s eye structure has been
designed to illustrate this point.
In Chapter 5, we have presented a complete derivation of the 3D TO approach for
kissing spherical dimers, and then extended this approach to consider radiative losses
in 3D.

6.2 Advantages and limitations
As shown in this thesis, TO provides an elegant tool to design plasmonic structures
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capable of an efficient harvesting of light over the whole visible spectrum. Surface
plasmon modes are shown to propagate toward the structure singularity where their
velocity vanishes and energy accumulates. Strong field enhancement and confinement
at the nanoscale have been predicted within the classical approach. Taking into
account the geometrical bluntness and the radiative loss, we have made a step forward
towards practical applications. The improvement of the TO approach by considering
these limits allows for predicting analytically the optical properties of a large variety
of nanostructures and designing a path towards a broadband nanofocusing of light.
The proposed plasmonic structures, such as the crescent and touching spheres, may
find great potential applications in surface enhanced Raman scattering [66, 67], high
harmonic generation [72], single molecule detection [70, 71], and plasmon controlled
fluorescence [59-61, 148-150]. Besides, the analytic model is critical for researchers
in plasmonics as it provides them with profound understanding and accurate
estimation of the optical properties of structures of interest, and assists in their design
of nanoparticles.
There is still, however, one limitation in the theoretical approaches illustrated in
this thesis. The nanostructures derived by CTs display geometrical singularities in
which the spatial extent of the EM fields is comparable to the Coulomb screening
length in noble metals, e.g.  c  0.1 nm for silver [111]. From a theoretical
perspective, the study of surface plasmon modes in the vicinity of such singularities
requires the implementation of spatially dispersive nonlocal permittivity that takes
into account the effect of electron-electron interactions in the dielectric response of
the metal. In other words, we need to adapt the TO approach to investigate the impact
of nonlocality on the optical properties of singular plasmonic nanostructures.
In addition, most of the structures we considered so far are two-dimensional. The
only 3D example is the touching spherical dimer discussed in Chapter 5. Therefore,
how to consider some other practical issues, such as the effects of edge rounding and
nonlocality in 3D scenario, still remains unsolved.

6.3 Future work
Investigations of the non-local effect on singular plasmonic structures:

The first attempt to include the nonlocal effect in TO was made by Fernandez124

Dominguez et. al. [93], where the kissing cylindrical dimer with spatially dispersive
permittivity was studied in detail. The authors found that the spatial dispersion of
metal destroys the continuous absorption property, leading to the formation of
nonlocal resonances due to the circulation of surface plasmon modes around the
nanowires. Hence, to achieve a considerable field enhancement, we must increase the
total dimension of the structure to avoid the nonlocal effect. In the future work, we
will continue to apply the TO approach to evaluate the impact of nonlocality on
different plasmonic systems. Especially, we aim to optimize the geometrical
parameters so that the plasmonic structures can benefit from the nonlocal effect.

Edge rounding effect in 3D:

As has already been pointed out before, perfect geometrical singularities are difficult
to realize in experiments. Therefore, we have applied the TO approach to consider
some practical issues in 2D scenario, such as the edge rounding at the structure tip
(Chapter 3), and finite gap between nanoparticles (Chapter 4). Although transferring
these effects to 3D may be difficult, it is still possible. For instance, the 3D blunt
crescent can be related to a finite metal disk with spatially variant dielectric function,
as illustrated by Figure 6.1. Detailed and extended study on the 3D blunt crescent
problem will be conducted in our future work [151].

Figure 6.1 (a) The structure under our investigation is a 3D crescent-shaped nanoparticle under the
illumination of arbitrary polarized light. The structure is defined by three geometrical parameters: Ri
and Ro , which correspond to the inner and outer radii of the nanoparticle, and Rb , which measures
the bluntness at the singularity; (b) the disk geometry and the dipole-like EM source obtained from 3D
inverse transformation.
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Proof-of-concept experiments and applications

We will test through experiments the optical properties of the nanostructures studied
in this thesis, such as kissing nanowires, kissing spheres, and rough surfaces. The
ultimate goal is to experimentally demonstrate single-molecule sensing and ultrafast
modulation with those nanostructures. We will use structures such as rough surfaces
to create significant enhancement of Raman signals for molecules adsorbed on metal
surfaces. The extremely large field enhancement is also crucial for the observation of
interactions that are super-linearly dependent on the field strength. Therefore, placing
nonlinear dielectric into the hotspots created by the sharp edges/corners is expected to
enhance photon-photon interaction and achieve all-optical, ultrafast modulation with
lower power control light.
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