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ABSTRACT

We study a few constrained Stochastic Optimal Control Problems. First, we look at
problems with terminal constraints. For various convex problems with constrained
control, such as Linear Quadratic Mean-Field problem or Non-Markovian prob-
lem with stochastic coefficients, we draw equivalence relationship between the Fritz
John condition and Karush-Kuhn-Tucker (KKT) conditions. Then we construct
an unconstrained problem with the Lagrange Multiplier derived from Fritz John
condition. Finally, we show the equivalence between the optimality of the uncon-
strained problem and its original problem. Furthermore, we look at the Duality of
Linear Quadratic Mean-Field control problems and find an equivalence relationship
between the primal and dual problems in the absence of control constraints. Lastly
we compare the Riccati solutions to the Linear Quadratic Mean-Field control prob-
lem and the empirical solutions to the Mean-Field Forward Backward Stochastic

Differential Equations (FBSDESs) using Deep Learning to verify our results.
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NOTATION

NOTATION

e R? the d-dimensional Eucledean space
e R™*": the set of all m x n real matrices
e S": the set of all n X n symmetric real matrices

e S": the set of all n X n symmetric positive definite real matrices

r3

) Sﬁ: the set of all n x n symmetric positive semi-definite real matrices

e [,: the n x n identity matrix which is simply denoted as I if no confusion arises
e MT: the transpose of matrix M

e M': the Moore-Penrose pseudoinverse of matrix M

e tr(M): the trace of matrix M

e (-,-): the inner product in a Hilbert Space, particularly for matrices in R”*"
(M,N) =tr(MTN)

e |M|: the Forbenius norm of matrix M which is y/(M, M)

e (2, F,P): A complete probability space

{W;,t €[0,T]}: a Ri-valued standard Brownian Motion on (Q, F,P)



e {F,:0<t<T}: the natural filtration generated from {W;,t € [0,T]}

e [: the usual augmentation of {F; : 0 <t < T}

Let H be a Euclidean Space

o L% (0,T;H): the set of all Fi-measurable H-valued random variables ¢ such that
E[¢]*] < oo

o LP(t, T;H): the set of all H-valued functions that are p-th power Lebesgue in-
tegrable on [t,T], especially, L*(¢t,T;H) denote the set of H-valued Lebesgue

measurable functions that are essentially bounded

e Li(t,T;H): the set of all H-valued F-progressively measurable processes ¢ : [t, T] x
) — H such that E[fOT |p(s)[Pds] < oo

e LL(t,T;H): the set of all H-valued F-progressively measurable processes ¢ : [t, T x
Q — H such that E[sup,p, 7 [¢(s)[F] < oo

° E%(C (t,T;H)): the set of all H-valued F-adapted continuous processes ¢ : [t,T] x
Q — H such that E[supc, 7y [¢(s)P] < o0

For any random variable X or stochastic process {Y(¢)}icpom:



Introduction

1.1 OVERVIEW

Due to its purpose of obtaining optimal values, stochastic optimal control has natu-
rally become a commonly studied topic, especially in mathematical finance. There
is extensive research tackling systems involving stochastic differential equations
(SDEs) which can be converted to equally solving Forward and Backward SDEs
(FBSDEs). In the late 1970s, Merton [47, 48] introduced the idea of stochastic
control to solve a problem in a Markovian setting. With the findings of Black and
Scholes [10], the concept was reinforced and paved the way for more complicated
problems. Most of the research that deals with optimal control problems can be
divided into 2 methods: the Bellman dynamic programming approach (Hamilton-
Jacobi-Bellman or HJB) in [6] and the Pontryagin (stochastic) maximum principle

(SMP) approach in [11].



HJB provides a necessary and sufficient condition for optimality of the problem
with respect to its loss function in the form of a Partial Differential Equation
(PDE). When the problem is linear quadratic, by assuming the value function to be
quadratic, the HJB equation can be simplified into a Riccati equation. On the other
hand, SMP tries to maximise the Hamiltonian to establish a necessary condition
for optimality. While HJB may seem to be a more powerful tool, SMP is equally
important in the Stochastic Programming analysis. The role of SMP becomes more
prominent when people are no longer satisfied with Markovian settings and start
investigating problems outside of Markovian settings such as when the coefficients
are stochastic like those in [9, 53| 20]. Similarly, in the case of linear quadratic
problem, by using a decoupling method, the problem can also be simplified to solve
the Riccati equations. Refer to [39] and references therein for more details. On
the other hand, HJB becomes less studied, as it requires generalising PDEs into

stochastic PDEs, which are much more difficult to solve.

But, of course, mathematicians never stop at the simplest problems. Inspired by
real-life scenarios such as risk minimisation in finance and cost reduction in trans-
portation, people are also interested in problems with extra constraints, such as
constrained controls and terminal constraints. For example, Pham [51] discusses a
problem involving CRRA uitility model with convex cone-constrained control. When
the coefficients are stochastic, [29] gives a general solution represented by Extended
Stochastic Riccati Equations to problems with controls in a closed cone. There are
even more studies on constraints on State process, either at terminal or across the
whole time period. Altman [4] listed many publications and examples of constraint
Markovian dynamic programming problems. Risk constraints through probability
expectations, variance, or value constraints are very common in financial sectors,

such as in [52], 19, 26, [43].

In another field of mathematics, game theories grow extensively in the late 90s and

early 20s. When studying high-dimensional games, many consider stochastic differ-



ential games and N Nash points like in [12 [46], 31, 41]. By letting N tend to infinity,
the concept of Mean-Field games emerges together with the limit, McKean—Vlasov
equation. Inspired by the concept, Mean-Field Backward Stochastic Differential
Equations (MFBSDESs) were studied in [14] as the limit of a system containing N
interacting agents and further developed in [I5]. Based on the new concept, people
start to investigate Mean-Field Forward Backward Stochastic Differential Equations

(MFFBSDESs) and optimal control problems involving them such as in [42], 22] [17].

If, in addition, the problem is convex, then duality used in convex optimaization
is still relevant to the analysis. Duality in SDEs was first proposed by Bismut
in [§]. Then the idea is further developed in [20, 21], 40]. As mentioned in [55],
from a heuristic point of view, the dual process is a Lagrangian multiplier which
aims to optimise the Lagrangian. Although not always easier to solve the original
problem, the dual problem can sometimes provide an explicit solution while its

primal counterpart cannot, opening up more opportunities to tackle the problems.

However, if the problem is more complicated, more often than not, an analytical
solution may not exist. Due to rapid development in recent years, Deep Learning
techniques can be used to find empirical solutions. The method can be applied to
various problems from SDEs to PDEs and related BSDEs and from fully coupled
FBSDEs to MEFBSDESs as exemplified in [56, 23], 33, [18].

1.2 OUTLINE OF THE THESIS

Chapter [2| studies the Stochastic Optimal Control problems with terminal con-
straints under different settings. The first problem involves stochastic coefficients
and a constrained control in a convex cone. The second problem is a MFSDE with,
again, a constrained control in a convex cone. The main approach is to draw an
equivalent relationship between Fritz John condition (FJ) and Karush-Kuhn-Tucker

conditions (KKT). Then use FJ to show the existence of the Lagrange multiplier



so that the problem with constrained terminal state can be converted to an uncon-
strained problem. Lastly, show that the optimality to the unconstrained problem

with KKT conditions is equivalent to the optimality to the original problem.

Chapter [3] studies a type of Mean-Field Stochastic Optimal Control problem with
initial value of the state process involved in the cost function. It lists the assump-
tions required for the existence and uniqueness to the optimal control, as well as
the adjoint process. Then it investigates the optimality condition using the SMP
method.

Chapter [4 studies the duality of a linear quadratic mean-field stochastic optimal
control problem. Then investigates the equivalent relationship between the primal

and dual problem when the control is set in the whole space.

Chapter [5] tries to verify the results of previous chapters by comparing the results

of analytical solutions and empirical values of the deep learning method.

Finally, in conclusion, the limitations and future work are discussed.



Lagrange Multiplier

2.1 INTRODUCTION

Constrained Stochastic Optimal Control has always been a popular area of study.
Different methods are used to tackle different constraints. Such as duality [34],
HJB [16, 13], and most naturally Lagrange multiplier. Flam [27] gave a proof
of necessary conditions of KKT in terms of subdifferential for discrete Markovian
problem followed by a correction in [28]. Since then, more people have used the
Lagrange multiplier method to convert a constrained problem into an unconstrained
one and apply the established method to solve problems, such as those in [38], [7,
360]. While many of the results can be applied to more general problems, which
are non-convex and non-Frechet differentiable, they often complicate the problem.
Moreover, due to generality, the local extrema obtained using KKT are often not

global extrema.



As such, inspired by the Fritz John condition mentioned in [25], which does not
contain any requirement on the differentiability of the problem, we generalised the
results there from discrete problems into continuous time problems and draw rela-
tionships between the FJ condition and KKT conditions, the later of which can be
shown to be necessary and sufficient to the optimality of original problem under nice

enough conditions.

In this section, we studied two problem. The first one is inspired by problem in
[44], which is linear quadratic, containing stochastic coefficients and convex cone
constrained control. When the terminal constraint also follows a similar quadratic
form, the unconstrained problem can be solved using the same method proposed in
the paper and hence give an optimal solution to the original constrained problem.

The second problem is inspired by [59], which is mean-field.

2.2 LAGRANGE MULTIPLIER FOR STOCHASTIC OPTI-
MAL CONTROL PROBLEM WITH ADDITIONAL TER-

MINAL INEQUALITY CONSTRAINTS

Let T' > 0 be a fixed terminal time, {W,,t € [0, 7]} a RN-valued standard Brownian

Motion with entries W,,,m = 1,2...N, on a complete probability space (2, F,P).

Lemma 2.2.1 L2(0,T;RY) forms a Hilbert space with inner product (x,y) defined

(z.y) = E[ / 2T (B)y ()]

Lemma 2.2.2 Every bounded sequence in Hilbert space has a weakly convergent

subsequence.

Proof. For example refer to [35]. O



Theorem 2.2.3 (Banach Sak’s Thoerem) In a uniformly convex Banach space,
any weakly converging sequence has a subsequence whose Cesaros-mean converges

strongly, where the Cesaros-mean denotes the arithmetic mean.
Proof. For example refer to [37]. O

Assume that 7,Q € LL(0,T;R), 6,5 € LL([0,T],RYN), o, R € LL(0,T;RN*N) are

uniformly bounded. For all (z,w,t) € RY x Q x [0, T}, there exists a constant k > 0

such that
To(w, t)oT(w, t)z > k|z|*
. QW) ST . .
R symmetric and the matrix is positive definite for almost all (w, t) €
S(t) R(t
Q% [0,T7.

Lemma 2.2.4 (Schur’s Complement)

( ST“ ) -0
= Q(t) = 0,R(t) = S(HQ'(H)S(H)T = 0
<~ Q(t)— S(t)TR(t)” S()>—0,R>—O.

Proof. For example, refer to Section 1.4 Theorem 1.12 from [60]. H

Lemma 2.2.5 (Fatou’s Lemma) Given a measure space (2, F, ) and a set X € F,
let {fn} be a sequence of (F,B)-measurable non-negative functions f, : X —
[0,+00]. Define the function f : X — [0,+00] by setting f(x) = liminf, . f.(x),
foreveryx € X. Then f is (F, B)-measureable, and also fX fdu < liminf, fX fndpt,

hwere the integrals may be infinite.

Proof. This is a direct application of Monotonic Convergence Theorem. Refer to

Theorem 2 from section 5.2 in [57]. O



Theorem 2.2.6 (Jensen’s Inequality) Let (Q, F,IP) be a probability space, X an

integrable real-valued random variable and f a convex function. Then:
FEX]) <E[f(X)].
Proof. Refer to [50] for a general proof on an infinite-dimensional space. O

Let a,c,m,n, k be bounded variables valued in R with a, m being positive. Under

the quadratic and convex setting, for z € R,m € RV, let

¢

flw,t,z,m) =3(Qt)z* 4+ 217S(t)x + nTR(t)m)

(az® + 2cx)

N

g(w,:r:) =

h(w, x) = 2(mx? + 2nx + k)

N

\

Then for the state process X™ € LZ(0,T;RY) and control 7 € LZ(0,T;RY), the

optimization problem is as the following:

minimize J(r) = E /O F(t, X7 (1), 7(8))dt + g(X™(T)) 2.1)
(P1)
subject to H(r)=E [h(X™(T))] <0 (2.2)
where
dX™(t) = (r(t) X7 (t) + 7T () (t)0(t))dt + 77 (t)o (t)dWy; X™(0) = xo (2.3)
and

A:={r € L30,T;RY) : 7(t) € K for all t € [0,T] a.e.},

with K C RY a closed convex set containing 0.



Define
B:={reA: H(m) <0}.

We call 7 admissible if it is in B and the pair (7, X™) is called admissible if X7
is a strong solution to (2.3). Let V(xy) denote the value function of [(P1)} i.e.
V(zo) = infrep J (7).

Lemma 2.2.7 B is convez.

Proof. B = An{r : H(r) < 0} and if it can be shown that B is a union of 2
convex sets, then it is also convex. It is straightforward to see that A is convex.
To see that {m : H(w) < 0} is convex, first observe is linear about 7 and X.
Therefore X7 = X#m+(-mm — xum 4 x(U=mm —  X™ 4 (1 — )X ™ for p € [0, 1]

and (m;, X™) admissible. Given h convex, we can conclude that

H(7) = E [A(X™(T))| < E [uh(X™(T)) + (1 - wh(X™(T))] <0.
Hence 7 € {7 : H(w) < 0} and so B is convex. O

If the solution to the non-constrained problem already satisfies the constraint
, then we are done here. Thus it is advisable to solve the problem without
additional constraint first.

For a more general solution, let’s introduce a Langrange Multiplier A > 0 to reduce

constrained problem to an unconstrained case:

for each A minirilize J(m, A) = J(m) + A\H (), (2.4)
S
(P2)
(
H(m) <0,
then find A such that ¢ AH(7) =0, (2.5)
A>0.
\




While we can also draw equivalent relationship between Karush—Kuhn—Tucker con-
ditions and Fritz John condition similar to the deterministic optimal control, in
stochastic case, we shall use an alternative version of Fritz John (FJ) condition
mentioned in [25].

Define
C:={(r,s) eRxR:J(r) <V(rg)+r H(r) <s, for some 7 € A}.

Then the following assumption ensures that we will arrive at FJ condition:

(FJ1) The convex hull of ', ConvC has non-empty interior and (0,0) lies on the
boundary of Conv(C'.

Lemma 2.2.8 C is convex.

Proof. Suppose (1, s1), (19, s2) € C, so there exists m,m € A s.t.
J(m) < V(xo) +ri, H(m;) < sy, fori e {1,2}.

Then for any real number p € [0,1], 7 = pumy + (1 — p)me, 7 = pry + (1 — p)re and

§=ps1+ (1= p)ss,

J(7) < pd (m) + (1 —p)J(m) < V(o) +pry+(1—p)V (o) +(1—p)ra < V(xo)+7,
H(7) < pH(m) + (1 — p)H(m2) < psi+ (1 — p)sy < 8.

Hence 7 € C and C is convex. O

Also, as long as ‘V(mo)} < 00, (' is non-empty so it only suffices to assume the
origin is on the boundary. As such assumption is equivalent to the following
condition under the current problem setting:

(FJ2) |V (x)| < oo and origin is on the boundary of C.

10



Theorem 2.2.9 (Fritz John Condition) With [(FJ2) satisfied, one can find a non-

zero pair (r*, s*) € RZ% x R=% such that
r*V(xg) = ir€1£ {r*J(m)+ s"H(m)}. (2.6)

Proof. From , the origin is on the boundary of C| as such, we can find a
supporting hyperplane to the convex hull through the origin. Hence there exists a
non-zero pair (r*,s*) € R x R such that r*r + s*s > 0, for any (r,s) in C. If r* <0,
for any pair (r, s) we can pick arbitrarily large 7 such that (7, s) is still in C'. Then
there exits 7 such that 7*r + s*s < 0 and contradicts the result. Hence r* > 0.
With a similar argument, s* > 0. Furthermore, by definition of C, for any © € A,
(J(m) — V(zo), H(m)) € C and

r*(J(r) = V(zo)) + s*H(m) > 0.

Hence

r*V(zg) < ;Iel,fcl {r*J(m)+ s"H(m)}.

The reverse is trivially true since s* > 0 and H(7) < 0 for any 7 € B. Then,
* — : * > : * * > : * * .
r*V (o) ;Ielg’r’ J(m) > TIFIellf; {r*J(m)+s"H(m)} > ﬂl_IelJfL‘{T J(m) + s"H(m)}

Hence,

rV (o) = inf {r"J(x) + s"H(m)}.

]

To ensure the existence of the Lagrange multiplier, another assumption has to be

made:

(SF1) There exists 7 € A s.t. H(m) < 0.

11



Theorem 2.2.10 If both|(FJ2) and |(SF1) are satisfied, then we can always find a

Lagrange multiplier \ such that
V(zo) = iI€l£{J(7T) + \H(m)}.

Proof. Suppose for a contradiction for all pair (r*,s*) € C, r* = 0, then by non-

zeroness, s* > 0, together with
0=s"inf H(m) < s"inf H(m) <0,

TeA TeB

which leads to a contradiction. Hence we can find such r* > 0. Divide r* on both

sides of (2.6) to obtain
S*
— inf —H .
V(o) = inf {J(m) + —H(m)}
We can conclude A\ = fj— as the non-negative Lagrange multiplier. O]

Next, we want to show the Lagrange multiplier indeed satisfies ([2.5)).

Theorem 2.2.11 Under|(FJ2) and|(SF1), we can find X\ such that

Vi) = int {J(m) + AH(r))
and 18 true.
Proof. From Theorem [2.2.10, we can find a non-negative Lagrange multiplier A s.t.
V(ao) = i, {J(r) + (1)} < inf {J(r) + AH (1)}
As A >0, for any m € B, J(w) + AH(7) < J(7), so
Vi(zo) < inf {J(m) + AH(m)} < inf J(m) = V(o).

12



Hence

inf {J(m) + AH(m)} = inf J(7) = V(z9). (2.7)

w€eB neB
Then, by the definition of infimum, we can find a sequence {m, } s.t. w, € A, H(m,) <
0 and
V(ag) < J(m) < V(o) + %

By completing the square in the running cost
™ 1 ™ -1 2 1 -1
flt, X™ m,) = 5@ (X7 +Q7'S™m,)" + §Q7TJL(R — SQST)m,.

From Lemma , Q > 0and R — SQ'ST = 0. By the Min-Max Theorem,
T (R — SQ7'STYmu(t) > Aumin|ma(1)| . Hence, f(t, X™ 1) > Ain|mn(8) |

The terminal cost is quadratic with quadratic coefficient (a4 Am) > 0. Therefore, it
is bounded from below by some number x. Then J(7m,) > EUOT Amin 7rn(t)|2dt] + K.
As J(m,) < V(o) + = and |V (z9)| < o0, {m,} C L2(0,T;RY), a bounded sequence
in the Hilbert space L2(0, T;RY). By Lemma there exists a weakly convergent
subsequence {m;,i € I;}. The by Thoerem , we can again find a subsequence

{mi,i € I C I} such that, after reordering the subsequence, the Cesaro-mean

converges strongly to 7, i.e.

1 A
lim ||~ ", — || = 0.
1—00 1

Jj=1

As LZ(0,T;RY) is a Hilbert space, the closed subset of Hilbert space is complete,
hence the limit 7 € B.

Additionally note J() is convex and bounded from below, then by Fatou’s Lemma

and Jensen’s inequality

13



Substitute 7 to (2.7) we have

J(7) = inf {J(7) + AH(m)} < J(7) + \H(7) < J(7)

TeB

Therefore, AH(7) = 0. O

On the other hand, for sufficiency,

Theorem 2.2.12 Suppose that there exists a pair (7*,\*) that solves|(P2). Then
the value function to (2.4), J(7*, \*) equals the value function of|(P1). Furthermore,
the corresponding (X™ ,7*) is optimal to the original constrained problem that
is

J(m*, ) = J(7") = V(xg).

Proof. As (7*, \*) is optimal to the unconstrained problem |(P2), for any m € B, we

14



have

J(m, ) > J(m*, ).
From and ,
J(m)+ XN H(m) = J(m, \*) > J(n*, \) = J(n") + N*H(7") = J(77).

Therefore, for any 7 € B,

that is

Hence we can show that
J(m*, ) = J(7") = V(xg).

]

Corollary 2.2.13 Under the same setting as in Theorem above, we can find
a non-zero pair (r*,s*) € RZ0 x R2Y satisfy (2.6)).

Proof. The proof is straight forward from results of Theorem [2.2.12]
Vi(zg) = J(n", \%) = il&f‘l{J(ﬂ) + \N"H(m)}.

Time both sides by some positive number to arrive at (2.6)). ]

Therefore, we have shown that under [(FJ2)|and|(SF1)| the FJ condition is equivalent

to the KKT conditions. Furthermore, Theorem [2.2.11| shows that with an optimal
solution to the constrained problem |(P1)] there exists an optimal pair of control and
Lagrange multiplier to solve the unconstrained problem |(P2)| while Theorem [2.2.12
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shows that the KKT conditions are sufficient for the optimal solution to the non-
constrained problem |(P2)|to match the optimal solution to the constrained problem
(P1). As such, we have built the necessary and sufficient conditions between the

optimality of constrained and unconstrained problems. Lastly, it is natural to ask

what would happen when |(FJ2)[and |(SF1)| are not satisfied.

Lemma 2.2.14 [f (0,0) € C, then it will be on the boundary.

Proof. Suppose for a contradiction, then the origin will be in the interior of C' which
means we can find £ > 0 such that the ball B((0,0),e) C C. Hence we can pick
(1,0) € C where —e < p < 0 which by definition of C' says there exists a m € A such
that J(m) < V(zo) + p < V(z) contradicting the fact V'(xy) is the infimum. O

Therefore, if |(F.J2)|is not satisfied, either |V (zo)| = oo, which is a trivial case, or
(0,0) ¢ C.

Lemma 2.2.15 If C' is not empty, then (0,0) € C.

Proof. Suppose for a contradiction, if (0,0) ¢ C, then there exists € > 0 such that
B((0,0),e) C CF, the complement of C. So for all 7 € A and (r,s) € B((0,0),¢),
J(m) > V(xg) + 7 or H(mw) > s. Pick r,s > 0, then for all 7 € B, J(7) > V(xo) + 7
which means V(zg) = inf e J(7) > V(x9) + 1 > V(20), leading to a contradiction.

0

Lemma 2.2.16 If|(SF'1) is not satisfied, then the constrained problem is equivalent
to (2.1) subject to H(mw) = 0.

Proof. 1f |(SF1)|is not satisfied, then for any = € B, H(w) > 0. Combining with
constraint (2.2)), the new constraint would be H(xr) = 0. O

Remark Although Theorem says that the optimal control for the uncon-
strained problem matches that of the constrained problem, we still need a way to

find the optimal control and optimal value. The steps are to first fix a Lagrange
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multiplier X\, then solve (2.4), for example, using the established method in [{4)].
Define

H(r) = E[%mXQ +nX]

as an alternative version of (2.3|) without the constant term. Then, for any fized
A >0, J(m)4+NH(7) can be treated as the cost function in [J4)] and solved accordingly.

Subsequently, pick \* that satisfies (2.5)) which definitely exists by Theorem |2.2.11|

2.3 LAGRANGE MULTIPLIER FOR MEAN-FIELD STOCHAS-
TIC OPTIMAL CONTROL PROBLEM WITH ADDI-

TIONAL TERMINAL INEQUALITY CONSTRAINTS

In the section we change the setting to a mean-field problem. Most of the proofs
will be similar to so they will be omitted. However, because most of the studies
on mean-field stochastic optimal control, especially linear-quadratic, center around

deterministic coefficients, we will use new settings similar to those in [59]:

(H1) A, A € LY0,T;R™™), B,B € L*0,T;R™™), C,C € L*0,T;R™") and
D, D € L>(0,T;R™™).

(H2) Q,Q € L*0,T;S"),S,S € L*0,T;R™"), R, R € L>=(0,T;S™), Gy,Gr € S"
and gp, gr € R".

Let u € U[t,T) := L&(¢,T; R™) and the initial pair (¢,£) from

D= {(t.€) £ € [0, € L% (R},
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Define the state process as

and the objective cost function being

J(t, & u)
/ £(5, X(s), u(s), X(s), a(s))ds + g(X (T), X(T))]

— B[(GrX(T), X(T)) + 2gr, X(T)) + (G X(T), X(T)) + 2{gr, X(T))
+/T< Q(s) ST(s) | [ X(s) | X(s) o 6:2(5) gj(s) X(s) | X(s) \ds]
t S(s)  R(s) u(s) u(s) S(s) R(s) u(s) u(s)

(H3) There exists a constant ¢ > 0 such that

J(t,0:0) > 5]E[/t lu(s)ds).

As [(HT)], [[H2)| and [(H3)| are the same as (A1), (A2) and (A4) from section 3 in
[59],(2.8) admits a unique X* € L&(C(t,T;R™)) and the problem

t 2.
minimize J(t, &) (2.8)

has a unique solution u* € U|[t,T| for each pair (¢,£) € D.
Additionally, it is also pointed out that is equivalent to J(t,&;u) being uni-
formly (strongly) convex.

Extending from Yong and Sun’s work, suppose there is an additional constraint at
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the terminal time,

H(u) =E [(Hr X (T), X(T)) 4 2(hy, X (T)) + (Hr X (T), X(T)) 4+ 2(hy, X (T)) + ¢] <0,

where Hp and Hp € St while hrp, hr and ¢ are constant. Then the constrained
problem will be

minimize J(t,& u)
u€Ut,T)

(P3)
subject to H(u) <0

Let U[t,T] = {u € U[t,T] : H(u) < 0} and V(t, &) denotes the value function so

V(t,&) == inf J(t,&u).

ueU(t,T]

Similarly to Section [2.2] introduce the Lagrange multiplier and construct an un-
constrained problem. Define J(¢,&;u, A) = J(t,&u) + AH(u) then for each A, the

unconstrained problem becomes

. . . (]t . )\ 2.9
minimize J(t,& u,A) (2.9)

Let its value function be V (t, 57 )\), SO
V(t,&A) = inf J(t,&u,N).
( 75’ ) uelzj{[t’ } J( ’57 u’ )

The KKT condition is finding A such that

AH (u) = 0, (2.10)
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Define
C:={(r,s) e R*: J(t,&u) <V (t,€) +r, H(u) < s, for some u € U [t, T},

and the assumption about C' will be still be [(FJ1)

Lemma 2.3.1 C is convex.

Proof. Since J is convex and the SDE (2.8)) is linear, the proof is the same as in
2238 O

Assuming {V(t,f){ < 00, we can again simplify [(FJ1)[to

(FJ3) |V(t, £)| < oo and the origin is on the boundary of C.

Theorem 2.3.2 With satisfied, one can find a non-zero pair (r*,s*) € R=% x
R=0 such that
r*V(t,§) = inf {r*J(t,&u) + sH(u)}.

u€Ut,T)

Proof. The proof is the same as Theorem [2.2.9 ]

The strict feasibility says

(SF2) There exists u € U s.t. H(u) < 0.

Theorem 2.3.3 If both |(FJ3) and |(SF2) are satisfied, then we can always find a

Lagrange multiplier A such that

V(t,§) = inf ]{J(t,f;u) + NH (u)}.

ueU[t, T
Proof. Proof same as Theorem [2.2.10 [

Theorem 2.3.4 Under|(FJ3) and|(SF2), we can find X\ such that

V(t,§) = inf ]{J(t,&U) + AH (u)}

ueUt,T
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and (2.10)) is true.

Proof. According to (3.3.3) from [59], for each pair (¢,€) € D, J(t,&;u) can be
expressed as quadratic equation on u and strictly convex from . Hence it is
bounded from below by ftT alu(s)|ds + k for some a > 0 and £ € R. Also U[t, T is
a Hilbert space so the proof will be the same as that in Theorem [2.2.11] O

Theorem 2.3.5 For any pair (t,§) € D, suppose that there exists a pair (u*, \*)
that solves and satisfies (2.10). Then the value function J(t,&;u*, \*) equals
the value function Of. Furthermore, the corresponding (X% ,u*) is optimal to
the original constrained problem that is

V(t,§A) = J(t,§u™, \°) = J(t, Eu”) = V(T ).

Proof. The proof is the same as Theorem [2.2.12] O

Remark For each \, we can treat the unconstrained problem (2.9)) as an example
in [59] to solve. Then find \* that satisfies (2.10)).

2.4 (CONCLUSION

Notice that most of the proofs only require finiteness of the value function and
convexity of the problem. As such it is possible to apply the results to a more general
settings, for example, the cost functions do not have to be limited to quadratic. Any

convex function bounded below can be used instead.

Lemma points out what would happen if the Strict Feasiblity condition is vio-
lated. The additional constraint H () would only be zero and the problem becomes
finding an optimal solution with the equality constraint, given that the additional
constraint is always non-negative. Although the problem becomes limited, it would

still be interesting to see what the solution would look like.
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Lastly, the problem proposed in [59] does not have any constraint on the control.
Therefore, a new method would be needed to address the problem. The following
chapters show that using a duality approach, the constrained primal problem can
be converted to an equivalent dual problem which could be easier to solve than its

primal counterpart.
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MFEFSDE

3.1 INTRODUCTION

Similar to usual stochastic optimal control problem, we are interested in whether
there exists an easy way to characterise the optimality conditions of a Mean-Field
Stochstic Optimal Control problem. With the work in [14], MFFBSDEs can be
rigorously derived. As such we can properly discuss the existence of adjoint processes
which can help to formulate Hamiltonian for the optimal control problem and recover
the relevant Maxmum Principle conditions for optimality. Many articles like [5] and
[42] study this problem, but the setting usually involves no term directly depending
on the distribution of the control. Furthermore, since the dual problem in [44]
contains the initial value of the state process in the cost function, it is natural to
believe that the dual problem to Mean-Field primal problem would have a similar

cost function. As such, it is an incentive to study the optimal condition when the
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cost function contains initial values. Although [2] has a similar setting, in its proof
of sufficiency, the concavity condition missed out the requirement that h must be
increasing. Furthermore, their problem is one-dimensional, whereas our problem
has to be multidimensional with control constraints.

We have divided the proof into two parts. The first part shows the existence and
uniqueness of optimal control as well as adjoint processes, while the second part
shows the necessary and sufficient conditions for the optimality for the constrained

problem.

3.2 ADJOINT PROCESSES TO MEAN-FIELD STOCHAS-

TIC CONTROL

Let |-| denote the Euclidean norm (a.k.a Forbenius norm) for vectors and matrices.
So for any matrix (or vector) A := (a;;)1<i<ni1<j<n, € R™*™2 it has a norm
ny no

A= (33 )

i=1 j=1

Suppose x € R¥, u = (uy, us, ..., u,)T € K where K C RX0 % is a closed convex set,
u; € RF and k; € Nt for i € {1,2,...,n}, m = (mg, my, ..., m,)T where m; € R¥i for

i €{0,1,...,n} and functions
b=b(t) = b(t,z,u,m) : [0,T] x RF x RETk x RX0k 5 Rko,

and

o =o(t) =o(t,z,u,m): [0,T] x R x RE1k x R0 ki oy RFoXd

Y

satisfying the following assumptions,
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(A1) Both b and o are continuous and differentiable with respect to x and mg with

finite derivatives.

(A2) For any fixed u and fixed {m; },<;<,, functions b and o are Lipschitz continuous,

i.e. there exists a constant C' > 0 such that
|b(t, 2", u,m’) — b(t, z,u,m)|+|o(t, ', u,m’) — o(t,z,u,m)| < C(|z' — z|+|mf — my|)

for almost allt € [0, 7] and x, 2', m = (mg, my, ..., my,)T, M’ = (Mg, mq, ..., my)T.

(A3) For any fixed u and fixed {m;}1<;<,, functions b and o are such that
4 2 2
15(, 0, w, mo) |12, +]|o (¢, 0, u, mo)|[%, = E[/ 1b(¢,0,0,m)| + [ (¢, 0, u, m)[*df] < oo,
0
where my = (my, 0, ...,0)T € RX0 ki,

Now suppose u € L(0,T; K), then the following SDE admits a unique solution
X = XX € LE(C([0, T], Rk)),

dX(t) = b(t, X(¢),u(t), M(£))dt + o (t, X (), u(t), M(t))dW (t)

X(0) =x
where M = M(t) = M"X(t) = (My(t), M;(t), ..., M,(t))T is defined as
M;(t) ==E[u(t)] for 1 <i<n

while

Mp(t) == E[X"X(1)].

Furthermore, we call such u an admissible control and let &/ C L(0,T; K) denote

the set of all admissible controls. The optimal control problem is to minimise the

25



objective function:

J(u,x) =E /O f@t, X (@), u(t), M(t))dt + g(X(T), E[X(T)], x) | , (3.1)

where

f=f@) = f(t,z,u,m):[0,T] x R x R=Tk x R=0k s R,

and

g = g(x,mg,x) : R* x RF x R — R,

From now on, »-, and >~ will be used as a shortened form for 37" | and =7 if
there is no confusion. For the running cost and terminal cost we need the following

assumption throughout this section:

(A4) f and g are continuous and differentiable with respect to x and mg. [ is
Frechet-differentiable with respect to u and m. ¢ is continuous and differen-
tiable with respect to . The derivatives are bounded by a linear growth and

Lipschitz. For example,
|Omo f| < C(1+ |2] + [u] + |m])
and
|8m0f(t,x, u,m) — (9m0f(t,x’,u/,m’)| <C(1+ ‘x — x/| + |u — u" + ‘m — m’!)

for some constant C', where 0 denotes the partial derivative. For example, if

€r = (ZL‘l,ZEQ, ...ZEkO)T, b = (bl,b27 ...ka)T, Yy = (yl,yg, ...ka)T, Z = (Zij)lgigko,lgjgd

and o = (O'Z'J)lgigko,lgjﬁd? then
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0, b1
Oy, b Doy by YT, b Oy, (yT)b
ob=1| ... | = , Y10, = , 0x(yT)b =
8ack0b axko bl yTaxkOb aﬂ?ko (yT)b
Doy, Dre
and
O, 0 (0,00 )1<i<ko1<i<d tr(270;,0)
o= | ... | = , t1(270,0) =
Oy O (Ozy,y 0 )1<i<ho1<j<d tr (ZT&%O U)
8mib1$i
while 0,0 - := ), 0p,bx; = ), = (0:b)Tx.
8acibkoxi

Define the Hamiltonian # : [0, 7] X R*¥ x RX1F x RXo ki x RFo x RFoXd 5 R as
H="H(t)=H(t,z,u,m,y,z) = f+yTb+ tr(z70).
For example, refer to [1], for
Y=Y()=Y(tw):[0,T] X Qs R

and

Z =Z(t) = Z(t,w) : [0,T] X Q s Rkoxd,
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consider the adjoint BSDE,

;

dY (t) = — [0.H(t) + E[0m, H(1)]] dt + Z(t)dW (t)
— | 0uf (1) + YT(£)0,b(8) + (27 (1020 (1)) + Bl (1) + E[YT(£)n,b(0)]
+ E[tr(ZT(t>amOo(t))]] dt + Z(t)dW (t)

Y(T) = 0u9(X(T), EX(T)], x) + E [0 g(X(T), ELX(T)], x)] -

\

(3.2)

Lemma 3.2.1 Let (Q, F,P) = (2 X Q,F @ F,P®P) be the product of (2, F,P)
with itself. Let its filtration be Fy : Fy @ Fy, for 0 <t < T. Any measurable random
variable & originally defined on Q can be extended to Q: &' (W', w) = &(W'), where
(W' w) € Q. Let LP(H) denote the set of all pth integrable H-valued random variables
on probability space (Q, F,P). For any 0 € LP(H), the variable 0(-,w) : Q +— H
belongs to L'(H), P(dw)-a.s. and we denote its expectation by

B o)) = | 0\ w)B(d),
Note that E'[] = E' [0(-,w)] € L'(H), and
E [6] —/g&d@—/ﬂE’ [0(-,w)] P(dw) = E[E []].
Suppose the function

¢=0o(W, wt,y, 2y, 2)  Ax[0,T] x Rx R x R x R = R

is F;-progressively measurable and there exists a constant C > 0 such that dPdt-a.s.,

fO’I” any yhy%yi?yé € R? 217227’237 Zé S Rdi

ot y1, 21, y1, 21) — Ot b, 25, 2, 22) | < C(|yh — wa|+] 2 — 25| +1n — ol +]21 — 22)).
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Also, ¢(-,0,0,0,0) € L2(0,T;R). Then for any square integrable random variable
¢, the MFBSDE

Vi =g+ [ B0V, 26). (). 26)]ds - [ ZG6)aw(s.0< <,
has a unique adapted solution (Y,Z) € LA(C([0,T],R) x L2(0,T;R%), where
E' [¢(s,Y'(s), Z'(s),Ys, Zs)] (w) = /Q o(s,Y(s,w"), Z(s,0'), Y (s,w), Z(s,w))dP(w).

Proof. Refer to Theorem 3.1 in [15]. O

Corollary 3.2.2 With|[(A1) to[(A4), the adjoint processes (Y, Z) € LE(C([0,T], R%)x

LA(0, T; R**) exist and are unique for any u € U.

Proof. For any admissible control u and real value y, with|(A1)[to|(A3)| there exists
a unique state process X € LA(C([0,T],R*)) that satisfies the forward SDE.

With appropriate substitutions, the results in [I5] can be applied:

4

(W, w, t, Y, 2" Y, Z) == YT9,b(t, X (w, 1), u(w, t), M(t)) + tr(Z70,0(t, X (w, t), u(w, t), M(2)))
+ Op f(t, X (w, t),u(w, t), M(t)) + O, f(t, X (', 1), u(w’, t), M(t))

+ Y T0n0b(t, X (', ), u(w’, 1), M(1)) + tr((Z") oo (¢, X (W', t), u(w’, 1), M(t)))

| &= Oeg(X(T), E[X(T)], x) + E [Ome9(X(T), ELX(T)],X)] ,

From|(Al){and|(A4)} 0,b, 0,0 and Oy,,b, 0,0 are bounded. Therefore, ¢ is Lipschitz

in y,y, 2,2 Moreover, as 0, f and 0,,, f are bounded by linear growth of x,u and
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||¢<7 5 O’ 07 07 0)||L2 :

T
\/// |6(w,w,,0,0,0,0)[*dtdP
QJo

/OT |6xf+E[8m0f]|2dt]

=,|E

IN

(r+2)E

T
/ 0.1 + |8mof|2dt]
0

\
=\

< (1A [ Xz + [[ullz2 + M 22),

C2(r + 2)2E

/0 (L4 |X @)+ [a(t)| + |M(t)\)2dt]

for some constant C" = 2(r +2)C and fixed u, x and X, function ¢(-,-,-,0,0,0,0) €
L2(0,T;R*). Hence conditions in Lemma are satisfied and the result can be
applied: There exists a unique pair (Y, Z) € L(C([0,T],H) x L2(0,T;H) solving

the backward equation.

Y(t)=¢ —l—/t E [¢(-,w, s,Y'(s),Z'(s),Y(s), Z(S))] ds —/t Z(s)dW (s)

which is equivalent to ((3.2)). O

3.3 STOCHASTIC MAXIMUM CONDITIONS

To show the necessary condition for optimality, we need to use the Gateaux deriva-
tive and its product rule, as well as chain rule. Also note that differentiability implies
Frechet which implies Gateaux diffenrentiabilty. Let DyF'(u) denote the Gateaux

derivative of F' with respect to w if it exists, along the direction of d, that is,

DyF(u) := lim Flutrd - F(U)

r—0 r
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Theorem 3.3.1 A necessary condition for @ to minimize (3.1) over u € U is
(OuHMlu=a + E[0m,H|u=a]) - (0 — @) 2 0 (3-3)
for allu € U almost surely, and
Y (0) + E [0,g(X (1), E[X(T)],x)] = 0. (3.4)
In the case K s the whole space, can be simplified into
Ou, H(t) + B[O, H(t)] =0 (3.5)
almost surely for t € [0,T] for all i,

Proof. For any pair (u,y) € U x R*¥_ fix y and apply Gateaux derivative in direction
of B to u both sides of the forward SDE. As the state process is in LZ(C([0, T], R*0),
DCT applies. As such the Gateaux derivative can be taken inside the integral on
both sides of the state process SDE as well as expectations. Write X in short of X™X
and M in short of M™X = E[X™X]. Apply the Gateaux derivative to the forward

SDE of X. Then, by linearity of the derivatives, continuity and chain rules,

d(DX (t))
= Dgbdt + DgodW (t)

= (Oab- DX+ 0ub-Bi+ > Om,b- DaM;)dt

J
+ (020 - DX + Y 0u,0 - Bi+ YOm0 - DgM,)dW (t)
( J

= (b DX + > 0ub- Bi+ Omob - E[DgX] + Y O, b E[Bi])dt

+ (0,0 DX + Y 04,0+ Bi + Oy - E[DpX] + > 0,0 E[B])AW (t). (3.6)
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Next, take the Gateaux derivative of J(u,x) along the direction of 3. From the
assumptions, the integral will be bounded, hence we can take the limit inside the
expectation and integral:

DaJ(u,y) =E / Dafdt + Dag(X(T), E[X(T)].x)

[ [0 DX £ Y 00T Bt Y00, Do
+ 0og(X(T), E[X(T)], x) - DgX(T) + 0o g(X(T), E[X(T)], X) - E[DBX(T)]]
:E[/OT (0uf - DX 4+~ 0uf - it 0 - EIDX] + 3 0, S - BBt
+0,9(X(T),E[X(T)], x) - DaX(T) +E [0, 9(X(T), E[X(T)], X)] - DﬁX(T)]
_ E[/OT (0f - DaX + 3" 0uf - Bi-+ O - BIDX] + 3 00 ] - EI5])I

+ YT(T)DﬁX(T)] . (3.7)

The last line involves switching the two expectation on E [0,,,,g(X(T), E[X (T)], x) - E[DgX (T)]].
Apply Ito’s Lemma to YT(t)DgX (t) and substitute with (3.2)) and (3.6). Then we
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have

d(YT(t)DpX(1))
— YT(#)d(DaX () + (dY (£))TDpX () + d{Y, DsX),

— (YT lﬁxb DpX +> 0ub B+ > [Om,b- (DﬁMj)]:|

J

— [0uf + YT0,b + t2(Z270,0) + (E[Ong f] + E[Y 700 b] + E[tr(Z70,,0)])]" DX

+ tr (ZT

={YT [@:b DX +> 0ub-Bi+ > [Omb- (DﬂMj)]}

0y0 - DgX + Z Oy, 0 - Bi + Z[@mja : (DgMj)]] ) +dt + NgdW (t)

J

ko
-3 [axk F+YT0b+tr(Z2705.0) + (ElOmg, f] + E[Y 000, b] + E[tr(ZTamOka)])} DpX),
k=1

+ tr (ZT

= {YT

0,0 - DpX + > 040 Bi+ > _[Om,0 - (DaMy)]

J

) }dt + NgdW (t)

0ub- DX +> " 0ub- Bi+ Y [0, (DaMy)]
( J

— [0uf + (B[O f] + E[Y T0nob] + E[tr(Z70,,0)))] - DX — YT,b - DgX — tr(Z70,0 - DgX)

+ tr (ZT

= {YT [Z Db - B; + Z[amjb - (DgM;)]

J

050 DX+ 04,0 i+ > _[Om,0 (DﬁMj)]] ) Ydt + NgdW (t)

+ tr (ZT [Z O, 0 - Bi + Z[amjff : (DﬂMj)]} )

— [0uf + (B[O f] + E[Y T00b] + E[tr(Z70,0)])] - DaX }dt + NadW (t)
(3.8)

For some process Ng.
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Remark
Ng=YT 0,0 -DpX +Y 0,0 Bi+ > [0m,0- (DM))]| + (DpX)TZ
( J

From assumption to X € LA(C([0,T],H)) and its adjoint process (Y, Z)
are such that E [SUPse[o,T} ‘Y(s)‘Q} < 0o and ]E[fOT ‘Z(s)}gds} < 00.

So, by a similar argument in Section 5 of [{4|], using the BDG inequality, we can
show that E [supse[o’ﬂ ‘Nﬁ(S)‘2:| < 00. As such the volatility part is a martingale

and equals to 0 when taking expectation.

Taking the expectation and by swapping the expectation (E [E[XT]Y] —F [ XTE[YH ),
(3.8) can be simplified to

dE[YT(t) DX (t)]
=E [{YT(Z Bu,b - B + Z[amjb - DgM;)) + tr (ZT(Z B, - Bi + Z[amja : DﬁMj]))

— (Ouf + E[Ong f] + E[YT(£) O, b(t)] + E[tr(Z70,m,0)]) - DgX}dt] (3.9)

) [{YT(Z Ou,b - Bi + Omob - E[DgX] + Z Om;b - E[B])

— (O f + E[Om, f]) - DX — (YT(t)Omob(t) + tr(Z70,0)) - E[DBX]}dt} (3.10)

— (Buf + E[Dy f]) - DBX}dt] (3.11)
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Integrate the equation from 0 to 7" and note DgX (0) = 0:

E[YT(T)DpX(T)]

- E[/O {YT(Zi: Ou,b - Bi + Zi:@mib -E[Bi]) + tr (ZT(ZZ: Du,0 - Bi + Zi:amig . E[@]))

~ (02f + ElOm, f)) - Da X}t +YT(0) Dg X (0)]

:E[/O {YT(;aulb.ﬁi+;[amjb.E[ﬁj]])+tr<Zr<;3ulo__&Jr;[amjo_@wjm)

— (Buf +E[0n, f]) - D,@X}dt} . (3.12)

Substituting ([3.12)) into (3.7)), we have
DgJ(u, x)
T
=B | [0 DaX + Y00S5 O EIDX] + Y 0 Bl
0 i i

SB[ [ 07 0ub it 3000 BIBID - (00f + Blon ) - DaX

T (ZT(Z 0w i+ Y [0 E[@m) ]

T
=F / O [0 f +YT0u,b+ t2(Z2704,0)) - Bi + O f + Y 0 + t2(Z70,,0)) - E[ﬂi]]}dt]
0 i

=E /OT{Z[%H B+ O H - E[@H}dt]

=E /OT{Z[(&M'H + E[amiH]) ) Bz]}dt]

where the last line involves switching two expectation signs.
If the pair (u, x) is optimal the Gateaux derivative should equal to 0 for all 3 such
that u+ 3 € L2(0,T; K ) where K denotes the interior of K while greater or equal
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to 0 if u+ 3 is on the boundary. That is

ol [0uH + EOnH] - i 2 0

Since A is in the direction of u — 11, the above equation is equivalent to
(OuH|u=a + E[0m, H|u=a]) - (u—10) > 0

for all u € U almost surely.
In the case K being the whole space, the Gateaux derivative should be 0 for all 3.
Then we have

O, M + E[0n,H] = 0,
for all 7 and almost all ¢.

Now, with a similar approach to that in (3.6)), fix u and apply the Gateaux derivative
in the direction of ¢ to y on both sides of the forward SDE.

d(DcX (1))
= D¢bdt + DeodW (t)
= (b DX + Y O b- DMt + (0,0 - DeX + Y Oy - DMy)dW (t)

J J

— (04 - DeX + Opob - E[DeX))dt + (8,0 - DX + Omyo - E[DX])dW ().

Next, take the Gateaux derivative of J(u,x) along the direction of (. From the

assumptions, the integral will be bounded, hence we can take the limit inside the
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expectation and integral:

D¢J(u, x)

K /O D¢ fdt + Deg(X(T), E[X(T)], x)

B E[/OT (0uf - DX + Oy f - E[DcX])dt + 0,9(X(T), E[X(T)], x) - DeX(T)
+ Omog (X (T), E[X(T)], x) - E[DX(T)] + 0xg(X(T), E[X(T)], x) - (}

= E[/OT (Oof - DeX + Oy f - E[DcX])dt + 0, 9(X(T),E[X(T)], x) - ¢
+0,9(X(T),E[X(T)],x) - DeX(T) +E [9meg(X(T), E[X(T)], )] - DCX(T)]

=K

/0 (O f - DX + Oy f - E[DX])dt +YT(T)DX(T) + 9, g(X(T), E[X(T)], x) - C] :

(3.13)

Applying Ito’s lemma to Y7 (¢) DX (t), we have

d(YT(t) DX (1))
=YT(t)d(DX (1) + (DX (1)TdY (t) + d(Y, DeX)y
={YT[0,b- DX 4 Opyb - E[D¢ X]]
— [0uf + YTO,b+ t1(Z70,0) + E[Opy f] + E[Y T0ob] + E[tr(Z70m,0)]]T De X
+ tr(ZT (0,0 - DX + oo - E[DX]] ) Ydt + NedW (t) (3.14)

For some process N.

Taking expectation and swapping the expectations, (3.14]) can be simplified to
AE[YT())D X (1) = ~E [[(0uf + Efdn, ) - D Xdt] (3.15)

Integrate (3.15) from 0 to 7" and substitute into (3.13]) and note D X (0) = ¢, we
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have

D¢J(u, x)

=E

/O (Ouf - DX + Oy f - E[DeX])dt + YT(T) D X(T) + 0y g(X(T), E[X(T)], x) - <]
_ E[/OT (0uf - DeX + Oy f - E[DeX])dt + YT(0)De X (0)

- / (O - DeX + Oy f - BID X))t + 0,g(X(T), E[X(T)],x) - ¢

E [YT(0)C + 0yg(X (1), E[X (T)], x) - ¢]
E [(Y(0) + 0yg(X(T), E[X(T)], x)) - ¢] -

By optimality, the equation equals 0 for all {, hence the condition is equivalent to

Y(0) +E [0yg(X(T), E[X(T)],x)] =0

(A5) Suppose function H and g are convex with respect to x,u, m and there exist
u* € U and y* € R* such that the corresponding state process X* and adjoint

processes (Y, Z) satisfy the following conditions:

H =H(X",u" M"Y, Z) = in{l’H(X*,u, (E[X™], Eui], ..., E[u,))T, Y, Z)
ueg
(3.16)

for almost all time ¢, P-almost surely, and
Y (0) +E[0y9"] =0,

where ¢g* := g(X*(T),E[X*(T)], x*)

Theorem 3.3.2 Suppose that the assumptions (A1) to|(Ad) are satisfied, then the

pair (u*, x*) is optimal.
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In the case where the control set is the whole space, (3.16|) is equivalent to (3.5)),
Ou, H(t) + E[0,,, H(t)] =0
for all 1, for almost all t almost surely.

Proof. Denote Ay* := y — y* for any variable or process.

First by convexity of g,

Ag =g9—g > 09" - AX(T) + Opog™ - AMg(T) + 0y 9" - AX”

=0,9" - AX™(T) 4 Opog”™ - E[AX™(T)] + 0y9" - Ax", (3.17)
similarly by convexity,

AN

=H-H

> 0 H" - AXT+ ) 0 H - Auf+ Y O H - AM
e J

= 0,H" - AXT+ ) 0, H - Auf + 0, M- E[AX ]+ 0, 1" - E[Au;] for all ¢.
(3.18)

Next, apply Ito’s Lemma to YTAX*:

A(YTAX*) = (dY)TAX* + YT(dAX*) + d(Y, AX*)

[— (DM (1) + E[D H* (1)) TAX™ + YTAY* + tr(ZTAc")] dt + NodW (1)
[—(0.H*(t) + E[Om H*(1)]) - AX™ + YTAD* + tr(ZTAc™)] dt + NodW (2),

for some square integrable process N,. Integrate both sides from 0 to 7" and take

expectation, again by Fubini-Tonelli’s theorem the integration and expectation can
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be swapped and we could get:

E |0:g(X"(T), E[X"(T)],X") - AX*(T) + 0y g (X" (T), E[X*(T)], x - E[AX*(T)]
= E |(@.9(X"(T), EX"(T)],x") + E [0 (X*(T), E[X*(T)],x")]) - AX*(T)]
= E | (0,9(X" (1), ELX"(D)], X) + B [0 g (X" (1), ELX* (D], X)) TAX ()

— E[YT(T)AX*(T)]

=E

YT(0)AX™(0) + /T d(YT(t)AX*(t))]

=Y (0) - Ax" + /T (=E[0,H" - AX*] — E[OpH'] - E[AX™] + E[YTAbV + tr(ZTAc™)])dt.

(3.19)

Also note by the definition of Hamiltonian,

Af* =AM — YTAD — tr(Z7Ac”). (3.20)
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Substituting (3.17)) (3.18)) (3.19) and (3.20]), we have

AJ*(u, x)

= J(u7 X) - J(u*v X*)

T
~E / Af*()dt + Ag*
0

=E /T [AH*(t) = YT(£)Ab*(t) — tr(Z7(t)Ac™(t))]dt + Ag*

T
>E / [0H" - AX*+ ) "0, H" - A} + Oy H* - E[AX]+ ) 0, H* - E[Aw]]
0 i i

—YTAY — tr(Z7 A0 dt + 0pg” - AX(T) + Oy g™ - E[AX*(T)] + O™ - AX

=K

T
/ [O,H" - AX™ + Z O, H™ - Au; + Oy H™ - E[AX™] + Z O, H* - E[Au]
0 i i

T
— YTAb — tr(ZTAc™)dt | + / (—E[0,H" - AX*] — E[0,, H"] - E[AX"]
0

+E[YTAV + tr(ZTAc™)])dt + (Y (0) + E[0yg7]) - Ax™
T
_E / SO (OuH - A + 0, H - B[Aw)dt | (3.21)
0o
Again since at u*, H(X*,u, M*, Y, Z) reaches minimal, if it is in the interior then
the equation in the last line is 0 and if it on the boundary the equation will be

greater than 0. As such, AJ*(u,x) > 0 for any admissible control u. Therefore, u*

is the optimal solution to the generalised problem. The integral in the last line of
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(3.21)) can be simplified as

E Y (0uH - Aul + 0,1 - E[Au])

(2

—E | D (0uH" - Auf +E[D,, 1] - Au)

(2

=E | ) (0uH" +E[Dm,H")) - Au;

(2

In the case that the control space is the whole space, (3.16)) is equivalent to (3.5). [

3.4 CONCLUSION

In this chapter, we have built the foundation for the Dual problem to Mean-Field
Stochastic Optimal Control problem. One possible extension would be to look at a
multidimensional Brownian motion. Then a summation ), o,dW; will be required
in the SDE. Another opportunity for extension would be to loosen the assumptions
as it is shown that the drift and diffusion terms do not necessarily need to be

differentiable, some Lipschitz conditions would be enough.
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Duality

4.1 INTRODUCTION

Due to its simple structure, Linear Quadratic has always been a popular setting in
a problem. Furthermore, as linear quadratic often guarantees smoothness as well
as convexity, many results from optimal control can directly apply without need
of imposing too many other conditions. [58],[24],[30] and many others built the
foundation for solving a Mean-Field Linear Quadratic Stochastic Optimal problem.
In addition, one particular property of expectations in linear quadratic problems is
E [XE[Y]] = E[E[X]E[Y]] = E[X]E[Y]. This property, together with convexity,
opens the possibility of deriving the dual problem from the original problem. The
setting of this chapter is mainly based on [59], in which value functions can be
represented using solutions to the Riccati equations. Here we study the duality of

the problem which could be helpful in solving the problem when it has additional
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constraints on controls. The results on optimality of primal and dual problems
is a direct application of results in Chapter [3] Then, when there is no control
constraint, we show that the dual problem can replicate the primal problem with
given substitutions and vice versa, hence drawing an equivalent relationship between

the primal and dual problems.

4.2 DUAL PROBLEM TO A LINEAR QUADRATIC MEAN-

FiLED SToCcHASTIC CONTROL PROBLEM

If the problem is linear quadratic and the control is in whole space, then for some
control m € L2(0,T;R™) consider the state process following the SDE below on the
interval [0, T'):

minimize J,(r) = E /0 Fi(t, X1(8), X1 (8), w(t), 7(8))dt + 6. (X1 (T), X1(T))

Teu

where

(

dXi(t) = (A®)X1(t) + Ai(0)X1(t) + Bi(t)m(t) + By (t)7(t)) ds

. + (CL(O)X1(t) + Cr(t) X1 (t) + Dy (t)m(t) + D ()7 (t)) dW (1)
\ Xl(O) = T,
fl(t,x,x,ﬁ,ﬂ):%( Qi(t) Si(t) x 7 x >+%< C%1(75) ‘Sjl(t) 5?' ’ ﬂif
Sl(t> Rl(t) 0 s Sl (t) Rl(t) s ™

1 1 _
gl(l’,i’> = §<GT1£,$> + (ng,x> + §<GT12_3,5> + <§T1,f>.
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Define Ay = Ay + Ay for A € {A,B,C,D,Q,S,R,Gr,gr}. Since for any X|Y €
L2(0,T;R™) we have

E[XY]=E[(X —E[X))(Y —E[Y])] = E[XY — E[X]E[Y]] = E[XY — XY],

the problem can be rewritten into equivalent form

[ ix, () = (Ala)fg (t) + AL X1 (t) + By(t)7(t) + By (t)ﬁ(t)) dt

n (c1 (X2 (t) + Co () X (1) + Dy (D) + ﬁl(t)ﬁ(t)) AW (1)

Xl(O) = T.

\

Let U denotes the set of admissible controls. The primal problem becomes

minimize J,(7)=E /o fu(t, Xo(t), Xy (), 7 (t), 7(t))dt + g1 (X1(T), X1(T))

(4.1)
where
W(t) ST i i 1(t) ST T z
fl(t,f,:z,fr,ﬁ)=1< Qu(t) S7(t) aNE >+1< C?(t) A(t) 11
2\ st) Rt ) \7) \# 2080 R \7] \=
(4.2)
- 1 - R S .
91(2,7) = §<GT1%$> + (g1, T) + §<GT1$79«"> + (911, 7). (4.3)

Let Vi(z1) := infrey J1(7) denotes the value function.

For any matrix L € R™*", write LT € R"™ as its Moore-Penrose inverse which

equals its actual inverse when L is invertible. By definition, it satisfies the following
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conditions:

(LUL:L
LILLt = Lt
(LLYT = LL
(L'L)T = L'L.

Especially, if L is of full column rank, LT = (LTL)"1LT.

Lemma 4.2.1 Suppose L is an m X n matriz of coefficients, | an m-dimensional
vector of constants and x an n-dimensional vector of unknowns.
A solution to Lx = [ exists if and only if LL'l = 1. Furthermore, if solution exists,

then the complete set of solutions is given by
=L+ (I - L'L)w,

for an arbitrary n-dimensional vector and I an identity matriz. As such the solution

x is unique if and only if L'L = I, that is L has full column rank.
Proof. Refer to Theorem 1 and 2 in [32]. O
Suppose the coefficients of the primal problem satisfy the following assumptions:

(A6) Ay, A; € L20,T;R™"), By, B, € LY0,T;R"™™), C,Cy € LY0,T;R"™")
and Dy, Dy € L®(0,T;R™™). Additionally, D; and D; have full column

rank.

(A7) Q1,Q1 € L>(0,T;S%),5:, 51 € L=(0, T;R™™), Ry, By € L*(0,T;ST), Gr1, Gy €
St and gr1, gr1 € R". Ry — S1Q71ST and Ry — S*lc};lﬁf are positive definite.
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For simplicity, define

STy - ST . _
Ol = Ql ! 01 = Ql ! and Ol = Ol + Ol =

Sl R1 51 Rl Sl Rl

There exits § > 0 such that

Xol A A IR o
7(t) m(t)
and
oo [ "D 17Dy s s
m(t) 7(t)

almost surely on [0, T for any z € L*(0,T;R™) and 7 € L*(0, T; R™).

Remark From

s
E / fl(t,Xl,Xl,ﬂ',ﬁ')dt
0

[T
=E / fi(t, Xy, Xy, 7, 7)dt
0

N S

E| / (71 + I7]12)de]

= SB[ |irlat.
0

As such, the assumption (A4) in [59] is satisfied. Since the coefficient conditions

in this report is stricter than that in (A1) and (A2) in the book, results in Theorem

3.4.1 can be applied here.
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Remark Note that as gpy is deterministic, E[(gr1, X1(T))] = 0 and we can safely

remove it from the terminal cost. From now on, the updated terminal function shall

be

Lemma 4.2.2 For a wnvertible block matrix P = , we can express the

inverse of P, P~1 in the following way:

if D is invertible,

(A— BD™'C)~? —(A— BD™'C)"'BD"!
—D'C(A— BD'C)"' D'+ D 'C(A— BD'C)"'BD"!

Pl =

if A is invertible,

A"V 4+ AT'B(D — CA-'B)"\CA~' —A"'B(D - CA-'B)~!
—(D -~ CA'B)~'CA™! (D — CA-'B)!

pt=

Note that if both A and D are invertible,
A4+ AT'B(D-CA'B)lcAT = (A- BD'O) (4.5)

D'+ D'C(A-BD'C)'BD ' =(D-CA'B)L.

and

(A-BD'C)'BD'=A"'B(D-CA'B)™". (4.6)
(4.6) times D then apply (4.5):

(AP +A'B(D—-CA'B)'CA ™ YB=A"'B(D - CA'B)™'D. (4.7)
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Proof. For example, refer to [45]. O

Theorem 4.2.3 Suppose [(A6) and [(A7) are satisfied, then the dual problem would
be

T
minimize Jo(a,B,x) =E / fo(t, @&, B,a, B)dt + g5 (Xo(T), X2(T), X)
0

b
a,B,x

where )
dX,(t) = [AQXQ +a+ Bof 4 Ay Xy +a+ 5’26} dt
+ [025(2 + Doff + CoXo + ﬁzg} dW (1),
\ X2(0) =X,
- _ Qa a . Q Q
f2(t7d7670_576> - %<R2(t> B ’ 5 >+%<R2(t) _ ) B >
p B 5

| 92 (7.9, x) = 5(Gr20,7) + %<GT2§, Yy + (92, 9) + 5(Gr2; Gragra) +alx

and
4
( A2 = (—Al + Blchl)T
Ay, = (=A, + B Dicy)T ) o
B, =—(DiCy)T
B, =-CI(D]) . .
Cy, =—(BDiy
Cy =—(D))B] ) )
¢ D: = (D}
D, = (D} . R
Ry, =0;"
Ry, =0;' . R
Gry =Gy
Grs =Gp X L.
k gr2 = G 0m
\

(4.8)
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Proof. Suppose
dX, = (M + M)dt + (N + N)dW (t),

where E[M] = E[N] = 0 and M, N deterministic. Then we can rewrite the state

processes as

¢

dX, = (A X, + Bir)dt + (C1 X, + C1 Xy + Dy + Dy)dW (t)
dX, = (A X+ Bym)dt
dX, = Mdt+ (N + N)dW(t)

dX, = Mdt.

\

Apply Ito’s Lemma to X7 X, + X7 X,:

d(XT Xy + XTX,)
= [XTM + (A Xy + Bi7)TX, + (C1 Xy + Ci Xy + Diit + i) (N + N) + XTM
+ (A1 Xy + Bi7)TX,]dt + EdW (t)
= [XT(M + A]Xs + C](N + N)) + #7(B] X2 + DI(N + N))

+ XT(CT(N + N) + M + A[X,) + #T(D](N + N) + B} Xy)]dt + EdW (t),

for some FE € LZ(0,T;R").

Taking expectation on both sides:

dE[XTX>)]

= dE[XT X, + XT X5

:EVKM+mXﬁ4mN+N»+ﬁ@ﬁ%+DUN+N»
+ﬂ@ﬁN+m+M+Amg+wmﬁﬁ+m+émﬂﬁ

::ﬁﬂM+Aﬁ3+@NHwnmXTuﬂN)

+ XJ(CTN + M + ATX,) + 7T(DIN + BIX,)|dt. (4.9)
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which means we can define:

(o
Il
<
+
=
I\EQ
+
Q
=

(4.10)

™I
I
3
=
+
sy
s

Note E[a] = E[5] = 0 which is desired.
By , Dy and D, are of full column rank, so DI(DI)f = DI(DI)! = I then by
Lemma [4.2.1} and taking w = 0, we can rearrange (4.10)) to obtain:

(

N = (D)3 - B]X,) = —(B.D}) Xy 4 (D)7 = Cu X5 + Dyfs
M == 6[ — A.{XQ — ClTN == C~Y — (DICl)TB + (—Al + BlDICl)TXQ = AQXQ + 66 + BQB
N = (D)T(B = B[Xy) = —=(BD])T X, + (D)8 = C2 X5 + Dof3

— A A —

M =a- AIXQ - éIN = <_Al + Blbiél)TXQ +a— (DJ{CI)Tﬁ = AZXQ +a+ Byf,

\

(4.11)
where

( 4

Ay = (At BlDICl)T Ay = (_Al + BlDIC&)T

By =—(DiGi)! By, ——(DiCy)

C2 =Bl G =—(BiD]y
| P2 = (D b, = (D)

\

Hence, the dual state process should follow

X,
= (M + M)dt + (N + N)dW (t)
_ [AJQ LA+ B+ AKXy +a+ BQB] dt + [025(2 + DB+ CoXo + Dol AW (1).
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Let X5(0) = x be another control.

Let the dual running cost be fa(t, &, 3, @, 3) and the dual terminal cost be go(Xo(T), Xo(T))

where
92(9,y) : = sup{—2Ty — 27y — 1 (Z,7)}
Lo - Loaa - N—la = Loasi, .
= §<GT1y, ) + §(GT1y, y) + (Grigr, ) + §<GT19T17 gr1)
1 o 1, . _ 1, . NI
= §(Gsz,y> + 5( r2¥, ) + (Gr2, ¥) + §<9T2, Gradr2),
f(t,a,B,a,p) : = sup {FTa+ 7+ xTa+7"3 - fi(t, & 2,7 7)}
1 Q 1] 1 - Q a
=) | |-+ §<R2(t) 1.1 D
B & B B
and
( A A
Ry, =0;"
Ry, =0;' X R
Gr: =Gn
Gry =Gpy ) L
g2 = Gr0m

Integrate (4.9) from 0 to 7" and by definition of the dual cost functions:

> —E[X](T)Xo(T) + X](T) Xo(T)]
— —alx — E[/T(fqa + 7T+ X]a + 77 5)di]

Z _‘TIX_E{ fl(taXl(t>7X1(t>7ﬁ-(t)7ﬁ-(t))dt+ f2(t7d(t>7ﬁ~<t)7@(t)75(t))dt]
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Rearrange we would have for any 7, a, f and x

| / F1(t X (1), T (1), 7 (2), 7(0)dt + g1 (K, (T), X (T)]

> —iX — E[/O Fot,a(t), (1), a(t), B()dt + go(Xa(T), Xa(T))]

So the infimum of LHS is greater or equal to the supremum of RHS, which gives

Vi(es) = inf () 2 — inf / Folts G(0), B, G(t), B))dt-+g5(Xa(T), Xa(T), x)]
(4.13)

where

*

gQ(Zjﬂ g? X) = g2(g7 g) + QZIX
Define

T —

Ta(a, B,x) =E[ | folt,a(t), B(t),at), B(1)dt + g5(Xa(T), Xo(T), x)]  (4.14)

0

and

Vo(zy) = oé%fx Jo(a, B, x), (4.15)

then we have the dual cost function and the value function. To obtain equality in

the first inequality of (4.12)), we would need to have

(=9, —Y) = (0291, 0392) (4.16)

or

(=2, =) = (0392, 0392).

The equality in the second inequality of (4.12)) can be achieved only if

(&, B,a.B) = (0s.f1.0x f1, 0s f1. 0= f1) (4.17)
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or

(@, 7,2,7) = (86tf2785f2766¢f2783f2)'

In the case of (4.12)), the conditions of (4.16)) and (4.17)) are as follows.

—Xo(T) = 0:91(X1(T), X4(T)) = G Xo(T),

—Xz(T) = 5091(5(1(T); XI(T)) = éTle(T) + 911,

a T
< N :Ol )
15} T
o _ x
:Ol
6 7

Note that as E[A] = 0 for A € {X, 7, Xo,, 3}, and as all the coefficients are

deterministic, the equations above indeed work out.

Hence we can conclude that the dual problem is what is expected in Theorem [4.2.3]
]

Remark FEquivalently, the dual problem can be rewritten as

(

dXo(t) = [AsXo+ a+ Bof + Ay Xo +a+ Bof] dt
+ [C2X2 + Dafs + CoXo + Dy3] dW (1)

X5(0)  =x,

\

subject to

min%mize Jo(a, B, x) =E
a7 7X

T
/0 f2<t7a767@76)dt+§;(X2(T)7X2(T)7X)
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where Ny := Ay — Ay for A € {A,B,C,D,R,Grp, gr} and

7

Qi

Bt a s =ymm | i)
B B

i
)

<
32(y, 9) = 3(Groy,y) + (972, §) + 3(Gr29, §) + (G72. )

35 9. X) = G2(4,9) + L (gra, Gradra) + 2] X
\

4.3 RELATIONSHIP BETWEEN PRIMAL AND DUAL PROB-

LEM

Theorem 4.3.1 Suppose assumption [(A6) and |(A7) are true and the matriz O,
from (4.4) is positive definite and Gy is positive.
The admissible control @ € U is optimal if and only if the solution (Xi,Y1,Z1) to

the primal FBSDFEs

(
dX,(t) = (A X1+ A X, + Bi7 + Bym)dt + (C1 X, + C1 Xy + D7 + Dy7)dW (t)

Xl(O) =T
dYi(t) = —(AIV, + ATY, + CTZy + CT Zy + Q1 Xy + ST7 + Q1 Xy + ST7)dt + ZydW (1)

\ wr = GTIXI(T> + éTle(T) + 911
(4.18)

satisfies the following condition:

BIYy + BIY: + DI Zy 4+ DI Z, 4+ S1 X1 + S$1 X, + Ri7 + Ryt = 0. (4.19)
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Proof. Using the results of Theorem [3.3.1] and [3.3.2] Let

(

Up =7

b:= Az + Aymg + Biug + Bymy
o = Ciz + Cymg + Dyuy + Dymy
f = fi(t,z, mo,uy, my)

g = gl(x7m0>

\

The state process is linear, and the objective function is quadratic with positive-
definite quadratic coefficients, hence Lipschitz, bounded by a linear growth, diffen-

rentiable, and convex. Then the Hamiltonian is also convex.

H = (Aix + Aymg + Biuy + Bimy)Ty + tr((C’lx + Cymo + Dyug + Dlml)Tz)

Ql ST xr xr 1 Q_l ST mo mo
< ' ; >+_< _ ' ) >

1
2 Sl Rl U1l U1l 2 Sl Rl mq mq

So assumption [(A1)| to are satisfied. The adjoint process should be

(

Ay, =-— [am +Y, ]E[@mj”;'-l]} dt + Z,dW (1)
= —(A]Y1 + A]Y1 + CTZy + CT Zy + Q1 Xy + Q1 Xy + ST + STw)dt + Z,dW (t)
— —(AIV, + ATy + O Zy + CT Zy + Q1 Xy + Q1 Xy + ST + ST7)dt + ZydW (t)
Yi(T) = 0.91(Xi(T), Xo(T)) + E [0 1 (X1 (T), Xa(T))]
= G X1(T) + Gri Xy(T) + gr1

= GT1X1(T) + G X, (T) + g

\

Since the terminal cost does not depend explicitly on x1, the control is optimal if
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and only if (3.5)) is true with z = X1, mg = X1, u; = 7,m; = 7

0= 8u17'[ + E[amlH]
= 0-H + E[0n, H]
= BirYl + Bir}_/l + Dl-Zl + DIZ1 + 51 X1 + 51X1 + Rym+ Rlﬁ

= BIY) + BIY1 + DI Zy + DI Zy + $1 X1 + 1 X, + Ri7 + Ry7.

O

Lemma 4.3.2 Suppose assumption [(A6) and |(A7), then the coefficients in dual

problem will once again satisfy the assumptions of |(A6) and|(A7).

Proof. Suppose that assumption is satisfied, since D; € L*°(0,T;R"*™) and
DI = DI(D\D])~", DI € L>®(0,T;R™™) as well. From ([@8§), Ay = (—A; +
BlDICl)T, since B and C' are square-integrable, the product BlDICl is integrable
like A;. Therefore, Ay is in L'(0,T;R"*™). The rest can be shown using a similar

approach.

Suppose assumption is satisfied then |O;| < A for some A € R. Ry is

. . . . z(t) ] [ @)
the inverse of matrix O; as defined in (4.4)), since (Oi(t) :

m(t) ) \7()
x(t) a a

|| 12,6 < |O4| < A, soits inverse is also essentially bounded and (Ry | _ |,

m(t) B

uniformly convex. Additionally, Gro = G}} is positive definite since Gy is positive

o

definite. A similar argument can be applied to Ry, Gs and Ja. As such, the dual

problem satisfies assumptions |(A6)| and [(A7)| O

Theorem 4.3.3 Suppose assumption |(A6) and (A7) are true then the matriz Ry
from (4.8) and Grs are positive definite.

The admissible control pair and the initial value (x,«, 3) is optimal if and only if
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the solution (X, Ys, Zy) to the dual FBSDEs:

(

dXo(t) = (AsXo+ Ao Xy + G+ Bof + a+ Byf)dt
+ (C2X2 + CAYzXQ + DQB + b26)dW(t)
N )

dYs(t) = —(AIY, + ALY, + CIZy + CLZy)dt + ZodW (1)

o.(T) = GT2X2<T) + GTQXQ(T) + gr2.

\
satisfies the following conditions:
Ys Vs 0 0 a | a
+

N N N + Ry | | + Ry =0. (4.21)
BY, BIY, DI Z, DI Z, B

i

and

Y2(0) = —1y (4.22)

Proof. Consider the equivalent form of dual problem as in (4.20) and (4.21]), apply
the result in Theorems [3.3.1] and [3.3.2] by setting

;

U =

Uy 1= f3

b= Asx + Asmg + uy + Bous + my + Bamao
o = Cyx + Cymo + Dous + Do

fi= falt,ur, us, my, my)

g = g;(l‘;mO,X)‘

\
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Then the Hamiltonian is

H == (AQZE + Agmo + U1 + BQUQ + mq + BQm2>Ty + tl"((CQI -+ égmo + DQUQ + DQTTLQ)TZ)

From Lemma the coefficients in the dual problem also satisfy Assumptions
l(A6){and [(A7). Then by a similar argument as in Theorem [4.3.1} assumption |(A1)]
to [(A5)| are satisfied. Hence the BSDE for adjoint processes (Ya, Z3) is

(

&y, =-|on+y, E[amjm] dt + ZodW (1)
= —(AYYy + A}y + C3 Zy + C3 Zo)dt + ZodW (t)
= —(AlYy + AIYs + CIZy + CI Zy)dt + ZodW (t)
Yo(T) = 00g5(Xa(T), Xo(T), X) + E [Ony 95 (Xa(T), Xs(T), X)]
= Gr2Xo(T) + Gr2Xo(T) + 1o

= GT2X2<T) + GT2X2<T) + 912

\

and the control is optimal if and only if ([3.5]) is true with z = Xy, mg = Xo, m; = &

and mo = f:

0= 0y, H + E[0m,H]
(w1 = a) = 0 H + E[On, H]
(ug = ) = 0sH + E[0m, H],
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combining the two equations,

OuH E[Om, H]
0= +
OsH E[0m,H]
Y5 Y, 0 0 o _ | &
= | T+ +| |+ R + R,
B3Y, B3Y, D}Z, D}z, p p
Y, Y, 0 0 a N e
= I e O s s o+ . | +FR R,
BlY, BIY, D37, DiZ, 8 B
and (3.4]) gives:

0= Y5(0) + 8,35 = Ya(0) +

]

Theorem 4.3.4 Under Assumptions|(AG) and|(A7), suppose that 7 is optimal for
the primal problem as in Theorem with (X1,Y1,71) as the solution to the

corresponding FBSDFEs. Suppose further

(DD 2 = 2, (4.23)
and
(DD)D1Zy = Z1. (4.24)
Define
(
x = -Y1(0)
| o = Q1X1+SIT7~T+Q1X1 +g1T7? (4.25)
B =-DIZ - BY - ﬁle - éh_ﬁ

\

Then (x, a, B) is optimal for the dual problem as in Theorem and the optimal
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state and adjoint processes can be represented by

(
XQ = —Yi
Yy =-X; (4.26)
ZQ = —Cle - éle - Dlﬁ' - ﬁlﬁ'.

\

Theorem 4.3.5 Let assumption [(A6) and |(A7) be satisfied, suppose (x,a, ) is
optimal to the dual problem as in Theorem with (Xa,Ys, Z3) as a solution to

the corresponding FBSDFEs. Suppose further

D\DI(Z, — C\Y3) = Zy — C1Y, (4.27)

and
D\DI(Zy — C\Y3) = Zy — 1Y, (4.28)

Define
7 :=—BlYs — D} Zy — B]Ys — D17, (4.29)

then m is optimal to the primal problem as in Theorem and the state and

adjoint processes can be represented by

(
X1 = —}6
Zl = —CQXQ - éng — DQB - [)26

\

Remark Assumptions (4.23)), (4.24]) and (4.27), (4.28]) are necessary to build the

equivalence relationship from the Primal problem to the Dual problem and vice versa.
In addition, (4.27), (4.28) are necessary in deriving the expression of the Dual prob-
lem. One simple assumption for all these conditions to meet is to assume Dy and

151 to be invertible.
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Corollary 4.3.6 With the same setting as in Theorem for the constructed
dual problem, (4.27), (4.28)) are satisfied.

Proof. From (A.9) in Theorem [4.3.4]

(

Then
DyDi(Zy — C1Ys) = =Dy DIDyt = =Dyt = Zy — 1Y,

and similarly for
ﬁle{(ZQ - 6'1172> == ZQ - 6'1172
O

Corollary 4.3.7 With the same setting as in Theorem for the constructed
primal problem, (4.23)), (4.24]) are satisfied.

Proof. From (A.10]) in Theorem [4.3.5
Zy = =CyX> — Doff = (D])! (B X; — )
Zy = —02)?2 - DzB = (ﬁI)T(BIX2 - B)
Then
(DN)'DIZ, = —(D))'DY(D)'(BIX; - §) = (D])! (B X, = ) = Z,

and similarly for

~ — —

(DDIDIZ, = Z,.
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]

Corollary 4.3.8 Without conditions (4.23|) and (4.24), if the dual problem is still
defined as in Theorem then Vi(z1) < —Vi(x1) where the value functions are

defined as in (4.13)) and (4.15)).

Proof. As DID,D} = DI and DiD,DI = DI, if Z, = (DI)1o and Z; = (DI)s for
some v € LZ(0,T;R") then

Vi(xy) = i{rlf Ji(m)
< inf{Jy(m)|7 : Zy = (DD, + (D)1 for some vy}
= —inf{Ja(e, B, x)|(a, B) : Zo — C1Yy = Dyidy, Zy — C1 Yy = Dy, for some vg}
Sl Ja(a, B, x)

= Va(z1) (4.31)

]

Example 4.3.9 In the case where the running cost fi = 0 the state process in the

dual problem could be solved explicitly.

Proof. For simplicity, everything will be assumed to be one-dimensional. Using a

similar approach as in Theorem [£.2.3] let the dual running cost be

fo(@, B,&,B) = sup {FTa+ 73+ zTa+aB — filt,I,2,7,7)}.

377,57

However, as f; = 0, to make sure the dual running cost to be finite, we need to set

dual controls a and 3 to be 0. As a result, so is f;. Then the dual problem, with
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controls being 0 becomes

p

dXo(t) = (Ap Xy + AE[Xo])dt + (CoXo + CoE[X))dW (2),
X5(0)  =x,

Yo(T) = GrpXa(T) + GraE[Xo(T)] + gro-

So
dE[X,] = A,E[X,]ds,

and E[X5] = Xefot Azds  \Yith substitution into the Forward equation, the equation
becomes a linear SDE that has an explicit solution and a general solution to X,

would be
t -
Xo(t) = Xefcf(ArcT%)dSJrfJ CadW(s) [/ [e” g (Aa= G ydr—f3 Coaw () (Ay — CyCy)elo 427 s
0
t 2 A
+ / [e= Jo (2= )dr—[ CodW (r) G, o 5 Andr) gy () + 1]. (4.32)
0

Using the expression and considering X»(7') and X,(t), we have

2 2
XQ(T>X_1€_ fOT(AQ_%)dS_fOT CodW (s) XQ(t)X_le_ fg(/ﬁ—%)ds—fg CadW (s)

T
_ / [6_ fOS(AQ—%g)dT—fOS CodW (1) (AQ . Cgég)efos Agdr]ds

t

T 2 A
+ / e Jo (2= F)dr— 5 CodW (1) Gy AW] AW (s) (4.33)
t
By Ito’s Lemma,

dX3 = 2X5( Ay Xo+ AJE[Xo))dt+(Cy Xy +CoR[ X5 ) 2dt +2X 5 (Co Xo+CoE[ X)) dW (1),
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since X, € LZ(C([0,T],R)), taking the expectation on both sides to get
dE[X3] = (242 + CHE[X3] + (242 + 2CoCy + C3)E[Xo]%dt,

which means E[X2(t)] = elo242+C3dsy2(] 4 [5(245 + 205Cy + C3)elo 2A2=Chdrs).

The primal value function can then be derived from the following equation:

Vi(z1) (4.34)
= —V2($1)

= — nf{E g5 (X2(T), E[Xa(T)]. )]}

) - . 1, A .
= — lgf{GTQE[XQQ(T)] + GraB[Xo(T)* + gr2B[Xa(T)] + 21} — §<9T2> Gradr2)

:—inf{
X
1 ~

+ [graeh 2% | X} = S (g2, Grdgnn). (4.35)

t ~ - .
GT26f0,2A2+C§ds(1 +/ (2[12 1 2C,Cy + C*S)efd 2A2—O§drd8) + GTzesz Azds V2
0

4.4 CONSTRAINED CONTROLS

The first part of the analysis in this section primarily comes from [54].

Definition 4.4.1 A proper convex function is an extended real-valued convex func-
tion with non-empty domain that never takes —oo and is not identically equal to

Q.

Definition 4.4.2 A vector z* is said to be a subgradient of a convex function f at
a point x if

F(2) = fl@) + (a2 — 2), V=
The set of all subgradients of f at x is called the subdifferential of f at x and is
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denoted by Of .

Theorem 4.4.3
domdf = {z|0f(x) # 0} C dom f := {z|f(z) < oo}.

Proof. For example, refer to Theorem 23.4 in [54]. O

Definition 4.4.4 A proper convex function f in R™ is said to be essentially strictly

convex in C' if [ is strictly convex in all convexr subsets of domOf.

Definition 4.4.5 An extended-real-valued proper convex function on R™ is said to be

essentially smooth if it satisfied the following three conditions for C' := int(dom f):

o C is non-empty;
o f is differentiable throughout C;

o lim; . ‘Vf(xl)| = +00 whenever 1, X, ... is a sequence in C converging to a

boundary point x of C.

Theorem 4.4.6 A closed proper convex function is essentially strictly convez if and

only if its conjugate is essentially smooth.
Proof. Refer to Theorem 26.3 on page 253 of [54]. O

When the control is no longer a whole space in the primal problem, for example, if
7w € K for some closed convex space K, we can no longer treat 7 and 7 independently
when deriving the Legendre Transform of the running cost. That is, the dual running

cost would become:

fot,a@,p,a,8): = sup {FTa+7+aTa+78— fi(t, 7,77 7)}
z,z,mEK
- sup  {FTa+ 7+ TTa+ 78— fi(t, &, T, 7, 7))}
zz7eK 7+reK
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which is complicated to represent. As such, an alternative way of representing the
dual problem would be needed. We shall not use )~(1 and X; and so on in the
equations, instead, X; and X; and so on shall be used. Then the dual running cost

would look like this:

fot,a, B,a,B): = sup {aTa+vila+7'8+ pa'B — fi(z,Z,7,7)}

z,z,mEK

= sup {2Tatvila+7'B+pa' 3~ fi(z, 2,7, 7T)}
z,ZmeK,7EK

= sup {eTa+vrTa+a B+ pr' B — fi(x, T, 7,7},

X, T, T,

for some v and p to be determined and f; = f + O (m,7) with & the penalizing

function for m and 7 on K. That is

Oif m,me K
Q(m, ) =

oo otherwise .

Since f1 is essentially strictly convex, its dual conjugate f; will be essentially smooth
by Theorem [£.4.6] Hence the dual gap will be closed under a similar condition to
(4.17)):

(v, B,va, pB) = (0 f1, On f1, 0 f1, O f1)-

Furthermore, as @ = E[a] and 3 = E[3], we need to pick v and p so that
(9@]31 = VE[azfl]

and

N ~

Oxf1= P]E[awfl]‘

For the dual terminal cost, a similar condition to (4.16)) would be

(—y,—9) = (0x91, 0z01)

67



which means that

E[0,91] = 051

An example of the primal problem that could close the duality gap when K is
the whole space will be when O; = cOy, Gy = uwGry and gr; = pgry for some

non-negative ¢ and p.

4.5 (CONCLUSION

In this chapter, we discuss the derivation of dual problem both in the case of un-
constrained and constrained controls. Then we show that when there is no control
constraints, the primal and dual problem are equivalent provided and
or and are satisfied. When D; and D; are non-degenerate square ma-
trix, these conditions will always hold so there will be no duality gap. An interesting
further study would be to discuss what would happen if, when expressing N and
N in , we keep w as any general vector. Then there will be many possible
variations of dual problem. Although shows that the derivation of the value
function will be the same, it would still be nice to study the relationship between
various dual problems. Another area for further study would be to derive equivalent
relationships between the primal and dual problems when the control is constrained.
It will involve Gateaux derivative of primal and dual running costs by considering
the optimality condition for Legendre’s transform. But because the running costs

are inexplicit, a more analytical approach would be required.
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Verification

5.1 INTRODUCTION

Ever since the introduction of Machine Learning, it has been trained to solve FBS-

DEs because there are often no explicit solutions to these problems.

e Starting from the decoupled problem, there are well-established methods for
solving forward SDEs as well as mean-field ones by discretisation (Euler-
Maruyama Method or Milstein Method). Sauer [56] has done a brief summary
of the common methods used to solve SDEs. (Note that the mean-field terms
are deterministic, as such will not interfere with higher order terms involving

W (t) in the expansion).

e However, it is rarer for methods to solve stand-alone BSDEs numerically. More
commonly, the problem involves a decoupled forward SDE as the state pro-

cess, and then the adjoint process would be of interest and depend on the
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state process. Such an observation is mainly caused by the fact that BSDEs
problems are usually derived from PDEs. [23] lists a forward discretisation
method to solve BSDEs that approximates the function v by assuming that
the adjoint processes are functions of the terminal values. Note that albeit the
central problem in the paper is a BSDE, under Section 3.2, the general case

applies to FBSDEs with decoupled state processes as well.

e On the other hand, solutions to FBSDEs have been extensively studied. There
is a 4-step scheme method that converts the problem back into a PDE problem.
In [33], three similar algorithms are discussed. The differences depend mainly

on which variables are treated as controls.

e For coupled Mean-Field FBSDEs, the equations are usually derived from
Mean-Field control problems such as the method proposed in [18].

In this chapter, we first apply the results of the Riccati equations from [59] to the
primal and dual problems of Chapter {4 to verify our conclusions. Then, inspired by
[3], we derive a representation of the solutions to MFBSDEs and show that some
results in [3] could be mistaken. Lastly, with the help of deep learning, we find
some empirical results for both the primal and dual FBSDEs problems and compare
them with the analytical results derived from the Riccati solutions to check the

performance.

5.2 RICCATI SOLUTION

Since both the primal and dual problems are in the Linear-Quadratic form as stated
in [59], the method in their book can be adapted to verify the dual problem. How-
ever, note that the cost function used in it is twice that of the setting in Chapter [4]

Setting uy = m, ug = (o, B)7, By = By, By = <[ BQ> , By = By, By = (F;I Bz>,

Dy =Dy, Dy = (0 D2) , Dy =Dy, Dy = <0 D2>, we are able to simplify both
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the primal and dual problems. Suppose P; and II; are the solutions to the following

Ricatti equations:

(

\

(

\

P, + PA; + ATP + CTP.C; + Qi
— (BT P, + DI P,C; + S;)"(R; + D] P, D;) (B! P, + DI P,C; + S;) = 0

B(T) = Gr

I + I A; + ATIL + CTRC; + Qs

— (BI1L; + DI BC; + )T (R; + DI P/D;) (B + DI P,Ci + S;) = 0

Define

and

Ri(P) = Ri + D] PD;, Si(F;) = B] P, + D] P,C; + 5

A ~

Ri(P) = R; + ﬁiTPiT)i;Si(Pia I;) = BITL; + D] P.C; + S;

A

0; = —R;(P)Si(R),6; = =R (P)Si( P, 11;)

Y; = —Rz‘(Pi)_l(BiTm +D]G), ¢ = —Ri(Pi)_l(BiTﬁi + ﬁJE[Q]),

where (7, () is the solution to

i (T) = gri

and 7 is the solution to
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and the value function will be

2Vi(t, &) = B(F (1) (& — E[&]) + 2n:(8), & — El&]) + (L (HE[E] + 2m:(2), E[&])

K / (Ru(P)(s — Eloi))s s — Elpd]) + (RalP)n, @)ds

Note that ¢t = 0 and since ;(i.e. 1 or x) and g7y are set to be deterministic, then

¢; =0, @; is deterministic, 7;(T") = gr; and the value function can be simplified to

1

V(0.6) = 506+ 2001.6) — 5 [ (Ri(R)z ).

Lemma 5.2.1 Given two non-empty sets X, Y and f : X XY — R, we have
inf f(z,y) = inf(inf f(z,y)).
Y z oy

Proof.
V(z,y) € X XY« f(z,y) = inf f(z,y) = nf(int f(z,y)).

Hence, inf, , f(z,y) > inf,(inf, f(z,y)). On the other hand,
Vr € X tinf f(x,y) > inf f(z,y).
v .y
Therefore, inf, (inf, f(z,y)) > inf, , f(z,y). O

However as the terminal cost function in [59] does not explicitly depend on the initial
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value of the state process, (4.31)) can be broken down into two parts by Lemma [5.2.1}

inf J; ()

< Va(zq)

/0 Fo(a B, Elal, E[8])dt + 32(Xa(T), E[Xa(T)], x)

=— inf E

X0,

/0 fol, B, Ela] E[B))dt + 2(Xo(T), EXa(T)) | + 1}

= —inf{inf E
X o,

1, A
- §<QT2, GT%QT2>

. L, A
=— lgf{‘é(oa X) +aix} — §<9T2, Gradr2)
Hence, having no duality gap is equivalent to having

- ‘/1(07 xl)

= —%<H1(O)x1 +21m1(0), z1) + %/0 <<7A31<P1)9517 @1)ds

. . A1
= H;f {zIx +V2(0,x)} + §<9T27 Gradr2)

~

— 30O +2mO) 00— 5 [ RalPo)gn, o)

NN _ L, Ay,
(T15(0)72(0), 72(0)) + §<9T2; Gradr2)- (5.2)
From Theorem 3.4.6 in [59], the optimality is obtained if and only if

~

u; = 6;(X; — E[X,]) + O.E[X)] + ¢; — E[p]i + @5 = 6:(X; — E[X,]) + O.E[X;] + 5.
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The equation above is true if and only if the following holds:

(5.3)

Example 5.2.2 Solve the problem as stated in Ezample in the last section
using the Riccati equations from primal problem then show that the value functions
in the primal problem and the dual problem match. Furthermore, the optimality

conditions in the primal and dual problems coincide.

Proof. Without running cost, the primal Riccati equations become

/

Py +2A, P, + C?P, — (B, + C,D,)*D; %P,

Pi(T) = Gy

\

IT, + 2A,11, + C?P, — (B,II, + C, D, P,)2D7 2P

=11, — 24,11 — C2P' 12 = 0 (5.5)

(5.6)
m(T) = gm
(B-4) gives
Pi(t) = Gpie i 2A2tCids (5.7)
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Let I' = II7!, so I' = —II72II; and (5.5)) can be rewritten as

[+ 24,0 + GplCeli 242+C3ds —

D(T) = G,
which gives the solution T'(t) = eli’ 240ds (1 4+ Gl j;T C’%efsT ~2424C3dr 15) and so

~ . T s —
Hﬂﬂzeﬁf%ﬂﬂGﬁ+4ﬁﬁ/iC&ﬁ;mﬁ@“%Y? (5.8)

t

(:)1 = —7%,1_1(131)31(131,1_[1) = _[)1_2P1_1(B1H1 + CAflf)lpl)a so from "

N R T i A A R T i A A -1, 7 (T A e el
171 — ngeL A1+B1©1ds — ngeft A1+B1(CQH1P1 +Bz)d8 — nge ft A2+C2H1P1 ds (59)

Next, to solve the dual problem,

;

Py + 24P + C2P, = 0
PQ(T) - GT2
H2+2A2H2+C’22P2 = 0

(5.10)
I1,(T) = Gro
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Solving the system of linear ODEs in ([5.10)) gives

(

\

Py(t) = Groe [l 242+C3dr
= Gyle [ 2A2+C3dr
= P !(t) by comparing with
(t) = ol 2A2dr(GT2 4 Gy ftT C’%efsT —2A2+C§drds) (5.11)
— o 2A2dr(@ﬁ + Gyl ftT Cgeff —2A2+C§drd8)
= II;'(t) by comparing with

A T A
n(t) = groeli A2ds,

Therefore, the quadratic terms on z; in the primal and dual value functions ([5.2)

match. Let F(t)

T 2o (T _ofoic2 ro (T oo
= [ Clels —2A2tCadrqgg g0 F'(t) = —Clele —2424C3drihen

CoIL(t) Py (1) = C3Po (D)L (t)

T
A _ T 2 _ T o 2 A ~ T_ 1 2 _
= C3Gy el 2t Cidre], 2A2‘”(GT2+GT2/ Ciels 72t gg) =1

t

= —F'(t)(GraGrh + F(1)) !

Together with (/5.9)),

I, (t)771 (t)
n2(t)

T
T . & ~ ~ T o3 2 R _ T ; =) —1 ~~ _ T ;
ol 2A2d7~(G , 2/ C’Qzefs 2A2+6’2d7~d8)g e [l Ao+ G311 P drg 216 [ Asds

t

T
_ T A2 —1 A A~ T _ 91 2
=e Ji ey ds(l + GTQGT% / CQQ@IS 2A2+02drd8)

t

T _F'(s)(GTQG;;+F(s)>—1ds(1 + GroGTAF (1))

_ e[log(@TzGE%"’F(s))]t (1 + GT2GA;%F(t))

=1.
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Hence the linear terms on z; in ([5.2)) match.

Lastly, consider

d(H21gt)77§<t)) _ _H2_2H277§ + 2115 i
= —11;*(=24,115 — C5 Pa)nj + 2105 'na(—2A5my)
= C3Py(11; ' p)?
= 022P17177%
= R1(P1)5,

and note that II; 1 (T)n2(T) = G592, we can conclude the constant terms in (5.2)
match. Hence, we have shown that (/5.2]) holds.

Next to show optimality of the dual problem, note that as the dual problem is
independent of controls, there is no partial derivative with respect to controls. So
the SMP equation becomes meaningless. We will need to prove the optimality
of the primary problem by (5.3). Since ©; = —R{'(P1)S1(P) = =D *P (B P+
C,D,P)) = —(D;*B; + D;'Cy), from the RHS of the first line of is

equivalent to

—D;'Zy, + DyICY, = (D72B 4+ DyICY)Y,

Zy = —D{'BY,; = ChYs. (5.12)

0, = —R7Y(P)S(P, 1) = —D72P7Y(ByIL; + CyDyPy). So the second line of
(5.3)) is equivalent to

1

~ _ ~ n_ ~ ~ A~ A 1 _
—-D'Zy+ ——D7'CYy, = D72P7Y(ByII, + Cy D, P Y-
1 2+M+1 1 2 P (B + Gy 11)M+12
_ 1 e i
Ty = _le 1B P Y. (5.13)

From assumption of Riccati equation for dual problem, }72 = P2)~(2 and Y, = I, X5,
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by Malliavin derivative we have
Zy = Py(Cy X5 + CyX5)
as such Zy, = P,y X, = CyY5, which is indeed (5.12), and

Zy = P,Cy X,
= CL P11, 'Y,
(B.10) = Coll, PT1Ys
@R = —D;' B P LYY,

which is exactly ([5.13)). As such, the optimal solution of the dual problem is equiv-
alent to the optimality of the primal problem. O]

5.3 SOLUTION TO LINEAR MEAN-FIELD BSDES

In the first part of the section, steps in [3] to find solution to Linear Mean-Field
BSDEs will be replicated and all the notations used are from the paper where B(t)
denotes the standard Brownian Motion. The second part is to dispute the proof with

the examples used in the previous chapters and give a correct expression instead.

Theorem 5.3.1 (Page 6 Section 3.2 of [3]) Consider a linear mean-field BSDE of
the form

dY(t) = —[aa(®)Y(t) + Bi(t)Z(t) + aa(H)E[Y ()] + 2 (t)E[Z(t)]]dt + Z(t)dB(t),

t € [0,T], where os(t), ax(t), Bi(t).Ba(t) are given deterministic functions, § € L%, (€ R)

15 a given Fp-measurable random variable.
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It can be rewritten as

Y(t)=E [£T(¢, T) +/t (¢, s){aa(s)E[Y (s)] + ﬁg(S)E[Z(s)]}dsU:t] .t € 10,7,
(5.14)
where T'(t, s) is the solution of the following linear SDE
dl'(t,s) =T(t,s) [ai(t)dt + B1dB(t)] ,s € [t,T], (5.15)

T(t,t) =1
In the case of one-dimensional, T(t, s) = et 1OBOIRS (ar=5(B1())dr g g BT (¢, 5)] =
efts oy (r)dr

Denoting Y (t) := E[Y (t)] and Z(t) := E[Z(t)], we have

Y(t)=E

T
(e, T) +/ ['(t, s){aa(s)Y () +Bz(s)Z(s)}ds] ,t€[0,7]. (5.16)
To find Z(t), first note that Y (t) can be expressed as a forward SDE:

Y(t) = Y(O)+/O [al(s)Y(s) + ay(s)Y(s) + Bi(s)Z(s) + ,@2(8)2(5)} d5+/0 Z(s)dB(s),

t €(0,T], for some deterministic initial value Y (0).

Remark Next we will take Malliavin derivatives of the equation. The formal defi-
nition of the derivative require rigorous discussion starting from Wiener-Ito chaos
expansion. For readers interested in the concept, we recommend reading the first 3
sections of Chapter 1 in [{9]. However, as we are only using the derivative as a tool,

we can heuristically treat it as the derivative with respect to the white noise dB(t).

We can compute the Malliavin derivative of Y (t) for all v < t, using the following
properties (From Example 2.2 on [3]):

Lemma 5.3.2 Let D, denotes the Malliavin Derivative at time r. Then for ¢ €
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C'(R), R-valued differentiable functions, F € L% (0, R), F-adapted R"-valued

square integrable random variable, v € Li(0,T;R), 0 <r <t < s,

Dt(¢(F)) = Cb,(F)DtF
D,F =0

Dy /0 " (t)dt) = / " Du(t)dt
Dy /O w(t)dB(t)) = / Dou(®)dB(t) + u(r),

Proof. For example, refer to [49]. O
So we have for all v <t
DY (t) = / D, [n(s)Y (s) + an(s)Y (s) + B Z(s) + foZ(s)] dst / D, Z(5)dB(s)+ Z(r).

Letting r — t~, we get Z(t) = DY (t). Thus to find Z(t) we only need to compute
D.Y (t). Using the expression (5.14)),the identity

D{E[F|F] = E[D,F|F], (5.17)

as well as the fact that DT (t,T) =T'(t,T)p1(t),

Z(t)=E | DL, T)+ &0, T) 5 (t) + /t [(t,8)B1(t){aa(s)Y (s) + 52(8)2(3)}d5\}"t] :

(5.18)

Taking expectation, we have

Z(t) =E thf(t,T)ﬂLfT(t,T)&(t)ﬂL/t T(t,S)Bl(t){az(S)Y(S)+52(S)Z(S)}d=9]-

(5.19)
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Remark However, note that E[L'(t, s)|F;] = E[['(t,s)] = el @197 Then

DE[[(t,s)|F] = Dy(eli 197y = 0

EIDI(t, )| F] = By(DEI(,5)|F] = By (t)el v,

which contradicts that claim (5.17). This means that the identity property used in

the theorem above is incorrect. The identily is probably a variation to Prop. 1.2.8

from [{9]:
Dy(E[F|Fa]) = E[DF| Fa]La(t)

a.e. inT x Q) for any A in Borel-sigma-algebra over [0,T]. The main problem with
the identity is that E[['(t, s)|F] is Fy measurable and the Malliavin derivative Dy is
also t-dependent while A in the equation above should be independent of t. As such,
the conclusion after should be invalid.

Instead (5.14) can be written as

Y(t) =E [¢0(t, T)|F] +/t E[T(t, )| Fil{az(s)E[Y (s)] + ba(s)E[Z(s)]}ds
=E [¢0(¢, T)| 7] +/t E[T(t, )[{aa(s)E[Y (s)] + B2(s)E[Z(s)]}ds

=E [¢0(t,T)| 7] +/ el 1t {ay(s)E[Y ()] + Ba(s)E[Z(5)]}ds

t
and as such
Z(t) = DY (t) = D,E [€T(t, T)|F] (5.20)
To show (5.20)) is true instead of what is given in Theorem [5.3.1, we use the same

example as set in Example

Example 5.3.3 With the same setting as Example the results from Theorem
5.3.1) contradicts the result from Ezxample[5.2.9,
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Proof. Using the result from Theorem [5.3.1} by substituting the followings:

Y =Y

z =2

a = A

T (5.21)
pr =0

Bo  =Cy

3 = Y5(T) = GroXo(T) + GroE[X5(T)] + g1

B(t) =W(t)

(5.14) becomes

Yo(t) =E |Yo(T)T'(t,T) + /tTF(t, s)(AE[Ya(s)] + CoE[Za(s)])ds|F

—B VD) T)F] + [ B8 FIAENL(9)] + CoBlZ(s))ds
~E [N T)IF] + [ B (ABY(s)) + CE[Z()])ds (522
and becomes

Zy(t)
~ B [ DTN T) + BT TICD + [T ICOAENS) + Rl ask

= Co(t)Ya(t) + E[Dy(Yo(T))T'(t, T)|F). (5.23)
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Also, and (| - become

.

EYa()] =E [Va(T)T(T) + f; T(t, 5) (AE[Ya(s)] + CoE[Za(s)]ds|
EZ(t)] =E|Dy(Ya(T)T(t, T) + Ya(T)T( T)Cot)
- J T 5)Co(1) AR [Ya(s)] + CoE[Zo(s)]]ds]
= Co(DE[Y (1)) + E[D(Ya(T)T (1, 7)),

\

Since at the optimality, Ya(T) = GroXo(T) + GroE[Xo(T)] + 72, and SDE for Xo(t)
is known, D;(Y2(T")) can be represented by a function of Dy(X5(T)):

Dy(Y2(T)) = Dy(GraXa(T) + GroE[Xo(T)] + g72) = GraDi Xs(T)
Apply Malliavin’s derivative to X,(s) where s > ¢, we have
D X5(s) = Dy(X>5(0) +/ dXs(r))
0

fort>0= Dt(/S(AQXQ + AQ]E[XQ])dT + /S(CQXQ + éQE[XQ])dW(T))

- / " Ao Dy Xodr + / oD XadW (1) + (Colt) Xa(t) + CoE[Xa(8)]).

t

d(DiXa(s)) = Aa(s)DiXa(s)ds + Ca(s) D Xo(s)dW (s)

D Xo(tt) = Co(tT) Xo(tT) + Co(tH)E[ X (t1)]

By uniqueness of strong solution to SDE and continuity,
Dy Xs(s) = T(t, 5)(Ca(t) Xa(t) + Co()E[Xa(t)]), (5.24)

and so

DYo(T) = Gral' (1, T)(Co(8)Y (1) + Co(DE[Y (#)]).
To verify the result of (5.24), from (4.32) and (4.33), we can compute D,Y (T)
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explicitly:

Dy X5 (T)

T
= Dt{XefOT(AQ_CT%)dHfOT AW} [1 + / [e” i (A= By f; C2dWr) (A, — CyCy)elo AQdT]ds
0

T
N / e J(Ar— LB yar— o CoadW () &1 o fg Azd?]dW(s)]
0

2 T A
1 XefOT(Ag—CTQ)ds—i-fot Cde(s)Dt{/ e fOS(Az—CTg)dr—fos C’de(T)(A2 — (32@2)6&? Andr] g}
0
T c2 t T s o3 s = S A
+ Xefo (Asz)derfO C2dW(S)Dt{/ [67 fo (AQ*T)defO Cde(?’)C2€fo Azdr]dw<8)}
0

2 T 2 .
_ CQ(fJ)XQ(T) + X@foT(AQ*%)ds+fot ngW(s)(_C2<t)> / [67 fOS(Azch?)drffos ngW(r)612€fos Azdr]dW<8)

t
fT(ATi%)derft CodW (s) ’ ffs(Agfc—g)drffSC dW(r)( 3 N[ Agdr
+ xe’o 2 0 (—02<t)) [6 0 2 02 (AQ — 0202)6 0 2 ]dS
t
2 2 ~
n XefOT(AQ—%Z)dSHg CadW (s) ,— fy (Az—Z)dr— [ cde(r)CQ(t)efg Agdr
_ c2
= Cy() X5 (T) + Co(E[ Xz(t)]eftT(Aﬁ%)ds—f& CadW (s)
. Cz(t)xefg(Azf%g)derfg Cde(s)X2(T)X71€7 fOT(AZf%g)dsffOT CadW (s)
L Cy(t)ye (o= Grast I} Cotw o)y, () =1 o= T Aa= Gt i Caaw o
_ c2
= Co(t) Xa(T) + Co(t)E[X, (1)) el (430l W) 0y () X (T)
L Cy(1) Xt (Aot Ghds— i Caat (5

= (Ca(t) Xa(t) + Co()E[X2(H)])I (2, T),

which is indeed match ((5.24]).

Next to compute

E[D,(Y2(T))L(t, T)|Fi] = GraCo(t)E[L*(t, T) X(t)| i +GraCo(t)E[L*(t, T)| FIE[X(2)].
Since E[I2(t, T)|F,] = E[[2(t,T)] = eli 242+C3dr_the only term that remains to be
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found in E[D,(Ya(T))T(t, T)|F] is E[Xo(t)T2(t, T)|F).

E[Xo ()T (¢, T)|F] = Xo(OE[*(t, T)|F]

= Xy(t)eli 242t Cdr (5.25)
where X5(t) can be expressed as in (4.32). As such

E[D(Ya(T))T(t, T)|F] = GraCa(t)elt 224U X, (1) 4+ GraCi(t)elt 242+ U E Xy (1)
(5.26)

Groelt 2425030 (O (1) X (1) + Co(t)E[Xa(1)]).

From (5:20) and (5.11),

Zo(t) = Gooelt' 2427C38 (0, (1Y () + Co(E[Y (1)])
= Py(t)(Co(t)Y (t) + Co(H)E[Y (1)]),

which coincides with (5.14]). This shows that (5.20) agrees with the results from
[59]. O

Notice that E [¢['(¢,T')|F] from (5.20) also seems to be in the form of a solution to

the state process in a linear non-Mean-Field BSDE.

Theorem 5.3.4 With the same linear mean-field BSDE as above, consider another

normal BSDE pair (Y, Z) that is the solution to

dY (t) = —[ar ()Y (t) + Bu(t)Z(t)]dt + Z(t)dB(t),t € [0,T], (5,27

then Z = 7.

Proof. To solve ([5.27)), consider the same multiplying factor I'(¢,s) as in (5.15)).
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Then by Ito’s Lemma,

= (dY (s))L(t,s) + Y (s)(dT(t,s)) + d(Y,T(t,.))s
(8)]T(t, 8) + Y (s)T'(t, 8)au(s) + Z(s)['(t, 5)B1(s) }ds + EsdB(t)

I
T
B
S
h<
S
+
o
&
AN

for some F3 € Li(t, T;R). Therefore,
Y(t) = D(t, ) 'EY ()T, T)|F] = E[EL(t, T)| Fi].

Similarly as in the approach of Theorem [5.3.1) express Y in the form of forward
SDE:

Y (t) = Y(0) +/0 [a1(8)Y (s) + Bu(s)Z(s)]ds +/0 Z(s)dB(s), t € [0,T],

for some deterministic initial value Y/(O) Applying the Malliavin derivative with

r < t, we have
~ t ~ ~ t ~ ~
DY (t) = / D, [a1(s)Y (s) + Bi(s)Z(s)]ds + / D, Z(s)dB(s) + Z(r).
Letting r — t~, we have Z(t) = D,Y () which means

Z(t) = DY (t) = DE[ED(t, T)|F] = Z(t). (5.28)
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5.4 MACHINE LEARNING AND SOLUTION TO MEAN-

FieLp FBSDES

Divide the time interval [0,7] evenly into 0 = ¢y < t; < ... < ty = T where
Aty =tip1—t; =L for 0 <i < N—1. Let AW; = W (tis1)—W(t;) for 0 <i < N—1,
then AW, has the same distribution as v/At;n; where n; ~ N(0,1), the standard
normal distribution. Denote z; = X (t;),y; = Y (¢;) and z; = Z(t;) for 0 <i < N.

5.4.1 FORWARD SDE

Suppose the SDE equation follows

dX (t) = b(t, X (t))dt + o (t, X ())dW (1), (5.29)
X (0) = .

Theorem 5.4.1 (Euler-Maruyama) The SDE can be disretised into
Tir1 = T; + b(ti, 1) Aty + o (b, z) AW,

The SDE can be realised by continuously simulating AW; in each time step.

5.4.2 MEAN-FIELD FORWARD SDE

Suppose the SDE now follows

dX (t) = b(t, X (£), E[X (£)])dt + o (t, X (t), E[X (£)])dW (),

Similar methods as in Subsection [5.4.1] can still be adopted.
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Theorem 5.4.2 (Euler-Maruyama) The SDE can be disretised into

”

J_fo = X9
Tiv1 = Z; + b(tz, X, Zf'l)AtZ + O‘(ti, Z;, i‘,)AVVZ

Tiy1 = Bz = & + E[b(t;, 2:, T;)| At

\

where E[b(t;, z;, T;)] can be approximated by Monte Carlo simulation when b is com-

plicated.

5.4.3 BACKWARD SDE

Suppose the BSDE equation follows

dY (t) = —f(t, Y (t), Z(t))dt + ZdW (t)

where X (t) is the state process following the same SDE as in ([5.29).

Theorem 5.4.3 (Forward discretisation of BSDE) Suppose that the BSDE has a
unique solution; then we can assume Y (t) = u(t, X (t)) for some function u with
w(T, ) = g(-). Then either by Ito’s Lemma or taking the Malliavin’s derivative,
2() = 26, X (1)) - o (1, X (1)),

As such the discretised BSDE s

(

Yo = u(to, zo)

zi = %(ti,%) o (ti, ;)

Vi1 = Yi — [(ti, vi, 20) A + 2, AW,
\

The selection of u is trained by minimising the function E[|Y (T') — g(X(T))|2]
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5.4.4 FuLLy cOUPLED FBSDE

Suppose that the state process X and the adjoint processes (Y, Z) follow the follow-

ing equations:

¢

AX(t) = b(t, X (), Y (t), Z(t))dt + o (t, X (£), Y (£), Z(£))dW (t)
dY (£) = —f(t, X(£), Y (), Z(t))dt + Z(t)dW (¢)

X(O) =29

\

Theorem 5.4.4 (Discretisation of fully coupled FBSDE) Note that the diffusion
term in the state process o now depends on (Y,Z). Z appears as both input and
output, which is not desirable in deep learning. Therefore, we introduce a parallel

network that approzimates Z(t) = v(X(t)). The discretisation then becomes:

p

w; = u(x;)
zi = v(z;)

Tiv1 = T + b(ts, i, ws, 20) Aty + 0 (b, 24, w4, 2) AW

Yirr = Yi — [t 20, s, 20) At + AW,
\

with minimizing function

MMX@»_wﬂ2+A|ww—M%ﬂ
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5.4.5 FuLrLy couPLED MEAN-FIELD FBSDE wiTH DIFFUSION

DEPENDENT ON THE STATE VARIABLE ONLY

First when the diffusion term of the state process does not depend on Z:

dX () = b(t, X (1), E[X (1)], Y (£), E[Y (1)], Z(t), E[Z(1)])dt + o (t, X (£), E[X (£)])dW (1)

dY (t) = —f(t, X (t),E[X(t)], Y (¢),E[Y ()], Z(t),E[Z(t)])dt + Z(t)dW (t)

Again, assuming the uniqueness of the system, we can approximate Y (t) = u(t, X (¢t), E[X (¢)])
and Z(t) = v(t, X (t), E[X ()]) = %“(¢t, X (t),E[X(¢)]) - o (t, X (t),E[X(¢)]). Note that
since E[X (¢)] would be a deterministic function on ¢ when X (¢) is known, the prob-

lem can be discretised using the following method:

(

Ti, Ui, Z = Elwg], Ely;], E[z]

Yo = (o, o)

zi =2t ;) - ot ;)

Tip1 = Ty + b(ts, T, Yi, 2y Tiy Uiy Z0) Atigr + 0 (i, 04, T) AWiga

Yier = Yi — [(tis @i, Yi, 20, Tiy Uiy Zi) Abipr + 2AWi4q,

\

with minimizing function

E|[v(T) - g(X(T), ELX(T))[]
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5.4.6 FuLLy COUPLED MEAN-FIELD LINEAR QUADRATIC FBS-

DEs

With the same settings of coefficients as Section [5.2] we can write both the primal
and dual problems in Section [4.2] into
(

dX;(t) = (AiXi+ AX, + Biti; + Bi;)dt

dYi(t) = (AIY; + ATY, + CTZ; + CT Z; + Q: X, + Qi Xi + STa; + STa;)dt + Z;dW (¢),

with SMP equation:
BIY; + BIY; + DI Z; + D] Z; + S;X; + S;X; + Ryii; + Ry, = 0,

for i € {1, 2}.

From the SMP equation above, we can express controls in terms of X;,Y; and Z;:

@ =—(R7'BlY,+ R;'DIZ + R;'S,X;)

4 = —(R7'BIY: + Ry'D] Z: + R '8.X))

Then the FBSDE can be rewritten without controls:

(5.30)
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( A; = A; — BR;'S; ( A, = A - BR'S;
B, = —B,R; B! B, = —B,R B!
C; = —B;R;'D! C; = —B,R;'D!
D, = C; — D;R'S; D, = C;, — D;R'S;
E; = —D;R;'B] E; = —D;R;'B]
F;, = —D;R;'D] F, = —D;R7'D]
Ji=Qi— SRS, Ji=Q:i— SIR'S;
K; = AT — STR;'B] K; = Al - 5TR;'B]
| Li = CT = STRT'D] L, =C] - STR;'D].

As such we can discretise the Mean-Field FBSDE and try to use Machine Learning

to solve it:

Theorem 5.4.5 For the primal problem, X1(0) = x1, treat Y1(0) as a control, while

for the dual problem, Y5(0) = —xq, treat X5(0) as a control. Then approximate
Z;(t) = v(X;(t), X;(t)) for j € {1,2}. The discretisation then becomes:

)
Zi, Uiy Zi = Elz;], E[yi], E[2]
iy Uiy 2i = T — Tiy Yi — Yiy 2 — Zi

Z; = U(Ii7 J_ZZ>

Tip1 = i + bj(ti, T, Ti, Ui, Ui Zin Z) Aty + 05(ti, Ti, T, Uiy Ui Ziy Z) AW

Z/i+1 - yl - fj<tla 'i.’h 'i’iu gia g’h ’giu ZZ)Atl + ZiAVI/’h

\
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where

b;(ti, &4, T, Ui, Ui 2> 1) = AjF + AT + By + By + Ci% + C,%
(i, &4, To, iy Uis 5 ) = Dy + Dy + Byl + By + F% + Fiz

£;(ti, Ti, Tiy Uiy Uiy Ziy 20) = 3,8 + jji’z‘ + K;y; + Kjgi +L;z + i‘jzi

gj(x,7) = Grjx + Gij + gr;j

\

with minimizing function

E || (X,(D). EX, (D) - (7))

The strategy would be to apply stochastic gradient descent method to minimize the
cost function with respect to controls Y;(0) and v for the primal problem and X5(0)

and v for the dual problem.

From Section we can use the solution to Riccati equations to recreate solutions

and use them as a benchmark to measure the accuracy of results from Machine

Learning: )
PX; =Y,
ILX; + 7 =Y,
Z; = DY = P,(C;X; + Dyi; + Ci X; + Djii;) (5.31)
ﬂi - @z ~i
u; = 0;X; + @i
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5.5 DEEP LEARNING ON MEAN-FIELD LINEAR QUADRATIC

FBSDES

Remark In this section, we assume P, and I, in (5.31)) to be invertible on
[0,T]. This assumption is only for computation and numerical results

and is not included for theoretical analysis in other sections.
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Example 5.5.1 For the first example, the following coefficients are used.

(

1
A =
0.4
1
B, =
0.1
1
Cl -
0.2
0.5
D1 -
0.3
1
Q1 =
0.4
0.2
Si =
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1
R, =
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1
G1 -
0.3
0
g1 =
0
1
I =
2
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The processes are run using Adam algorithm as optimizer. The loss function is
calculated on the basis of 1024 BM paths while each epoch consists of 256 paths.
There are 2 hidden layers, each with a dimension of 4. The activation function is set
to be sigmoid. The total time is set to 0.3. 100k iterations are run for each timestep
at a learning rate of 5e — 4. Table and Table [5.2] show the relative errors for
each variables and each time steps. The values in the table refer to the percentile
difference between variables time series generated from deep learning and the time

series generated from solutions to Riccati equations.

2

SO ePrw) - X))/ X)),

t=1 j=1 i=1

1
Relative E =
elative Error = o————
where (X;)PL(t) refers to the values i-th entry of j-th X in the batch at time ¢ from
deep learning, while X7(t) refers to the values i-th entry X at time ¢ from time

series generated from Riccati solutions.

Var\Timestep | 5 10 15 20 25

X 12.96% | 5.07% | 5.20% | 5.62% | 4.65%

Y 2.88% | 1.48% | 1.23% | 0.99% | 0.91%

Z 411% | 2.27% | 1.97% | 1.62% | 1.48%

Table 5.1: Primal Problem Analysis (Adam)

Var\Timestep | 5 10 15 20 25
X 3.41% | 2.51% | 2.27% | 2.21% | 2.11%
Y 58.48% | 10.49% | 12.95% | 29.98% | 18.60%
Z 3.57% | 3.15% | 3.07% | 3.19% | 3.22%

Table 5.2: Dual Problem Analysis (Adam)

The graphs below show hoe the log relative errors of XY and Z change as the

number of iteration increases for different time steps. Graphs on the left are from

Primal problems while graphs on the right are from Dual problems.
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Figure 5.5: Relative errors of Z; (ADAM) Figure 5.6: Relative errors of Z, (ADAM)

Example 5.5.2 Due to the structure of the primal and dual problems, we compare
the precision between X; and Yo, as well as between Y, and X,5. As the number

of iterations increases, the relative errors in primal problem decrease significantly
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faster. However, when the number of iterations increases further, the dual relative
errors catch up. Moreover, the dual relative error is usually still on the downward
trend, which means that it can decrease further. An example would be the relative
error of Y1 and Xy with time step 5 of Figure[5.5 and Figure[5.9. The relative error
of Y1 appears to fluctuate around e=3, while at the end of the iteration the relative

error of Xy approaches e™*.

Therefore, for the same level of learning rate, if a faster
result is preferred, the primal problem would be the one to choose, whereas if a more
accurate result is desired, the dual problem would usually be a better choice of the

two. The second example uses a non-square Dy. The updated coefficients are as

follows:
4 4
1 ) 9
B = By =
0.1 0.3
05 ) 05
¢ Dy = D, =
0.3 0.3
Sy = (0.2 0.2) S = (0.5 0.4>
Ry = (12> Ry = (1.22)
\ \

The other coefficients remain the same as in Example |5.5.1. The primal and dual

tables consisting of relative errors are shown below.

For the second example, all the parameters are kept the same except for the total
number of iteration is reduced to 50k instead as relatively steady loss errors were
observed within a small number of iterations for both primal and dual problem. The

tables and graphs are constructed in the same way as the last example.
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Var\Timestep | 5 10 15 20 25

X 4.67% 4.60% 3.19% 2.05% 2.01%

Y 5.45% 2.14% 1.71% 1.69% 1.08%

y/ 15.29% | 30.16% | 17.55% | 27.44% | 21.92%
Table 5.3: Primal Problem Relative Error with varied D (Adam)

Var\Timestep | 5 10 15 20 25

X 4.21% 1.60% 0.81% 0.61% 0.51%

Y 2.61% 4.01% 2.24% 1.50% 0.97%

7 88.29% | 46.67% | 521.82% | 38.48% | 24.79%

Table 5.4: Dual Problem Relative Error with varied D (Adam)
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Figure 5.7: Relative errors of X; varied D

(ADAM)
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(ADAM)
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As can be seen from both examples, with higher time steps, the results are closer
to the true values. From Table it seems strange at first that while the relative
errors of X and Y are low, the relative error of Z is very high. This is, in fact,
caused by the fact that D; and D, are not invertible. Since they are not of full row
rank, their nullities are greater than 0 which means there exists v; # v, such that
Div; = Dyvy. But as the problem is only interested in the value functions, an close

approximation on X and Y is good enough.

5.6 CONCLUSION

In the chapter, we compare the solutions of 4| with the results of [59] to show that
the derivation of the dual problem is indeed correct. We also point out the error in
[3] and give a correct representation of the solution to the MF-BSDEs. Lastly, with
help of Machine Learning, we are able to find numerical solutions that are close to

solutions derived from Riccati solutions in [59].

One possible further research is to use machine learning to find solutions to con-
strained Mean-Field Stochastic control problem. The main obstacle would be to
identify a problem that has an explicit solution. Although one can always use the

loss function to measure accuracy, it is still good to measure how accurate the results
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from machine learning will be by comparing them to the true values.
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Conclusion

Combining results in Chapter [2] with those in Chapter 4] we can find the dual
problem to the constrained Mean-Field Stochastic Optimal Control. However, the
conditions required in the proofs limit the method’s application. It remains an
interesting area to see if the results can be extended outside the Linear-Quadratic
setting. While we treat X (or X) and X as independent variables when deriving the
dual running cost and terminal cost, it is unlikely possible to repeat such method for

more complicated problem since the stochastic and the law terms would be coupled.

Even in a Linear Quadratic setting, it will still be interesting to see what would
happen when D; and D; are not of full column rank, i.e., what would happen if N
and N from cannot be represented by dual variables? Although we can still
express the dual problem as it is now, what would be the relationship between it

and the primal problem?

Lastly, while the current algorithm shows that the dual problem generally produces
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a more accurate result than its primal counterpart with the same learning rate, it
requires a significantly greater number of iteration steps to be achieved. A possible
further research would be to look into possible improvements to fasten the converging

rate of the dual problem while keeping the accuracy level more or less unchanged.
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Proots for Chapter 4 Section 3

By considering the expectation of the equations and equations subtracting their

expectations, we can divide the FBSDEs and the SMP conditions into 2 parts.

Primal FBSDEs:

(

Xm(t) = (A1X1 + Blﬁ')dt + <01X1 + OIX1 + Dlﬁ' + Dlﬁ)dW(t),
AYi(t) = —(AIVy 4+ CTZy + Q1 X, + STR)dt + Z,dW (), (A1)

Yi(T) = GrXy(T)

\

and
.

dX,(t) = (A X, + By7)dt,
dYi(t) = —(AIV, + CTZy + Q1 Xy + ST7)dt, (A.2)

Yi(T) =GnXi(T)+ gn.

\
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Primal SMP:

BlY, + DI Z, + S X, 4+ Ri7 =0

and

BIY:, + DIZ, + $1 X, + Ry7 = 0.

Dual FBSDES:

(

Yo(T) = G2 Xo(T)

\

and

Dual SMP:

and

Proofs to Theorem [4.3.4k

AdXo(t) = (A Xy + &+ Byf)dt

dYs(t) = —(A}Ya + CIZy)dt + ZydW (t)

— — (ALY, + C1 Z,)dt

dX5(t) = (Ay Xy + & + Bof)dt + (Co Xy + Co Xy + Dyf3 + Do f)dW (t)

= GT2X2(T) + gra-

112

o O

Qi

™I

(A.5)

(A7)

(A.8)



Proof. Be definitions from above:

(

Xo=-Y
X = -V
, = —X,
Yy = = X3

(A.9)

As such

dX, = —dY;
— (ATY, + CTZy + Q1 X, + STR)dt — Z,dW (t)
(A29) = [(Ay — BiDI{C\)™Y1 + (B.DICY) ™Y1 + CT Zy + aldt
— [(ByD! — ByDY, + Z, + (B,D! — BiD})TY; + Z,]dW (1)
@23) = [(A; — BiDICY)Y; + (DIC,)TBIY; + CT(D1 DY) Zy + adt
— [(B1D] = BiD))Yy + (D1D})TZy + (B D] — BiD})TY; + (D1 D)7 Z]dW ()
= [(A, — ByDICY)Y; 4+ (DIC)"(BIY; + DI Zy) + aldt
— [=(B: D))y + (D)(BYy + DI Z1) — (BiD))™Y1 + (D])T(BIY1 + D] Zy)]dW (¢)
(A9) = [~(A1 — BiDIC1)™X, — (DICy)TB + dldt
+ [—(B1D})" Xy + (D)7 — (B, D})TY1 + (D])TBldW (1)

= (AyXo + @ + Byf)dt + (CoXo + Daff + Co Xy + DofB)dW (1),
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and

ng = —dY;
(A2) = (ATVy + CTZ, + Qu X, + STx)dt

i
= [(A; — ByDICY)™1 + (B, DIC))TY; + CT Zy + a)dt
(@24) = [(A, — B,DIC\)™Y; + (B, DICy)™Y1 + CT(D1 DY) Zy + aldt
= [(A — BlDlCl)TYl + (D{Cy)"(BIYy + D1 Z,) + aldt

@) = (Ay Xy + a + Byf)dt

Adding the two equations to obtain dual forward equation.

As for the backward equation,

dYs = —dX,
(A1) = —(A, Xy + Bir)dt — (C1 X, + C1 Xy + Dyt + Dy)dW (t)
= [(=A, + BiDIC\) X, — BiDIC\ X, — By#|dt + ZydW (t)
= [(=A, + BiDIC\) X, — BiDIC1 X, — B\ DI D\7]dt + ZodW (t)
= [(=A, + B;DIC\) X, — B, DI (C, X, + Dy7)]dt + ZodW (t)
= [~(=A, + B\D{C\)Y, + B\ DI Z,]dt + ZodW (t)
[BR) = —(ALY; + CF Zo)dt + ZodW (t),
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and

dYy = —dX,

(A2) = — (A X1 + Bim)dt

(= Ay + BuDIC) X — BuDIC X, — Byrldt

=
o

=
Il

(BB)) = [(— Ay + B DICY) X, — BuDICH Xy — ByD Dyl

(A9) = [~(—A, + B, D{C\)Yz + B, D} Z]dt

[8) = —(AIV; + (] Zo)dt.

Combining the two to produce the backward equation. Furthermore, the SMP

condition (4.21)) can be divided into (A.7)) and (A.8):

Y, 0 &
N s | TR |
BiY, D} Z, e
_X 0 X, + ST#
(A9) = e ) N
~BIX, —DI(C1 X, + Dy7) —DIZ, — BlY;
—X X, + ST
[E3) = ) - bRy | GTOT
DiC\ X, — DIC, X, — DIDy# —D1Z, — BIY;

Q. ST) [X Q1 X1+ ST#
:R2(_ 1 1 1 + 121 1

S R 7 —DIZ, — BIY;
P —Q1 X, — ST7 + Q1 X, + ST#
= 12 ~ ~ ~
—$,X, — Ry — DIZ, — BlY;
(A3) =0
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and

Y, 0 .| a
o+ R
BiYs INVZ B
X 0 . N X, + ST
o= el Y e O OT
—~BIX, —DI(C1 X, + Dy7) —-DIZ, — BIY;
-X . 1 X, + ST
1 I I B
DiC\X, — DIC\ X, — DIDyx —DIZ, — BV,
N Ql ST Xl Qle + ST7_T
ED). (A) = o~ | . ) o D
S, R\ = —DIZ, — BTY;
R —Q1X1 —Slﬂ'—f-QAle‘i‘Slﬂ'
- 2 ~ A
—Sle — Rlﬂ' — DIZI — B1)/1
(Ad) =o.

Hence (4.21]) equals 0. Lastly, check the initial and terminal conditions:

X = Xz(o) = —Y1(0)

Y3(0) = —X,(0) = —a1,

Yy (T)
(A9) = —X,(T)
(A1) = -Grni(T)
(A9) = G Xa(T)
= Gr2X2(T)
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and

Y(T)

(A9) = —Xu(T)

(A2) = G (V(T) — gr1)
(A9) = G Xo(T) + Grigm
(4.8) = GT2X2(T) + gro-

We are able to obtain the initial and terminal conditions of the dual problem.

Proofs to Theorem (4.3.5

Proof. Be definitions from above:

(

X1 =Y
Xi=-Y
V= —X,
Y1 = — X5
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As such

dX, = —dY,
(AB) = (ALYs + CF Zo)dt — Z,dW (t)
8, = [(— A, + B,D{C1)Y, — B, D} Z,)dt
+[(=Cy + D\DIC))Yy — Dy D} Zy + (—Cy 4 Dy DICY)Yy — Dy DI Zo]dW (t)
= [~ A, + By(DICyY, — DI Z,))dt
+ [~C1Ys — Dy(—=D{C\Ys + D}Zy) — C1Ys — Dy(—D}C1Ys + D] Z,)|dW (1)
@8), [@F) = [~ A1 Ys + By (—C3Y, — DI Z,)]dt
+[~C1Ys — Dy(B]Y; + DI Zy) — C1Ys — Dy(BIY; + DI Z,)]dW (1)
(A10) = (A1 X, + By7)dt + (C1X, + C1 Xy + Dy + Dy7)dW (t),

and

dX, = —dY,

(AG6) = (ATY: + CJ Zo)dt
[(—A; + B\D]C1)Y, — B1 D} Z,)dt

ﬁ
xe:S
I

= [~ AYs + Bu(DIC\ Y, — DiZy))dt
4.8) = [— A Y, + Bl( CA'TYz - D§Z2)]dt
(A.10) = (A1X1 + Bﬁr)d

Adding the two equations to obtain the primal forward equation. Observe O; = R;*

times (A.7), we have

Q1 S Y,

. N O1Ys + ST(BIYy + DI Z,) +
ST Ry B;%+DEZQ B 51?2+R1(B;?2+D522) +B
(A.11)
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Similarly, let R;! time (A.8)),

Qi

- Q, ST Y, . @2+ SI(BIYa + D}Zy) +a

ST Ry B}Y, + D} Z, B §1Y2+R1(32TY2+1A7;Z2>+B
(
As for the backward equation,

dY; = —dX,
(A5) = —(A: X5 4 a + Bof)dt — (Co Xy + Co Xy 4+ Doff + Dof)dW ()
©3), = [(4, — BiDICY) "X, — a + (DICy)TB)dt + ZydW (t)
[E8) = [ATX, + OT(Co Xy + Dof) — aJdt + Z,dW (t)
(ATI) = [ATX, + CT(Cy Xy + Dof) + Q1Ys + ST(BIYa + DI Zy)|dt + Z,dW ()
(A10) = —(ATYy + OT7 + Q1 X, + ST#)dt + Z,dW (1),

and

dY, = —dX,
(A5) = —(Ay Xy + a+ Byf)dt
= [(A; — BiDICY)" X, — @+ (DICy)T5)dt
(4.8) = [ATXQ + C’T(C’QXQ + Dzﬁ) — aldt
= [ATX, + CT(CoXy + Do) + Q1Ya + ST(B3Ya + D3 Zy)]dt
(A10) = —(ATY, + CT7 + Q1 Xy + ST7)dt.

Combining the two to produce the backward equation. Furthermore, the SMP
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condition (4.19) can be divided into (A.3)) and (A.4)):

and

BYY: 4+ DIZy 4+ 81X, 4+ Ry
(A10) = —BI X, — DI(CyX5 + Dyf3) — 51Ys — Ry (BIYs + D] Z5)
[E8) = —BIX, — DI(D]))T(8 — B]Xy) — [$1Ys + Ri(B]Ya + D} Z)]
((AG)) = —BI X, + B{X, — [S1Ya + Ri(BJYs + D} Zy) + 3]
(A1) =0

BIY, + DI Zy + 51 X, + R\7
(AI0) = —BIX, — D](CoXa + Dof) — $1Ys — Ry(BYYs + D3 Z,)
() = —BI X, — DI(D))T(B — BI X,) — [S1Ya + Ry (BIY: + D} Z,)]
((AG)) = —BIXs + BIX, — [S1Ya + Ry(B]Ya + D} Zy) + f
(A12) =0

Hence (4.19) equals 0. Lastly, check the initial and terminal conditions:

X1(0) = =Y5(0) = Xy,

YA(T)
(A10) = —X,(T)
(A5) = -G Ya(T)
(A10) = GLA X, (T)
= G Xo(T)

120



and

Yi(T)
(A10) = —Xo(T)
(A6) = ~Gr3(Ya(T) — gr2)
(A10) = GA X\ (T) + Griiro
= GrXi(T) + g1

We are able to obtain the initial and terminal conditions of the primal problem.
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