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1. Introduction: From passive to active
emulsions

The formation and dynamics of condensed phases such
as droplets represent ubiquitous phenomena that we
all experience in our daily life. Examples are droplets
condensing on the leaves of flowers and trees due
to the supersaturated fog in the morning of some
autumn day, or the “ouzo effect”, where the oil
droplets in Ouzo grow in size and cloud the liquid.
These transitions from a homogeneous mixture to
a system with coexisting phases can be controlled
by temperature or by changing the composition
of the mixture. The physical conditions under
which a mixture phase separates are well-understood.
The interactions that favour the accumulation of
components of the same type must exceed the entropic
tendency of the system to remain mixed [IH3]. After
drops have been nucleated, they undergo a ripening
dynamics. Droplets either fuse, or larger droplets grow
at the expense of smaller ones which then disappear.
The latter phenomenon is referred to as Ostwald
ripening [4]. During the ripening dynamics the droplet
size distribution continuously broadens. In the case of
Ostwald ripening the droplet size distribution exhibits
an universal scaling in time ¢ with the mean droplet
size o< t'/3, which was derived by Lifschitz and
Slyozov [5H7]. However, at large times-scales, droplet
growth saturates and ripening stops as there. is only
one droplet left in the system. This condensed droplet
stably coexists with a surrounding minority phase of
lower solute concentration.

The behaviour of droplets can changenin more
complex environments. For instance, liquid condensed
phases can interact with surfaces by wetting [8-10].
Droplets embedded in a gel niatrix Smteraét such
that the droplet size can be tuned by changing the
mechanical properties of the gel J11]. Droplets can
also behave differently in transient systems, which have
not yet reached equilibrium. Fominstance, surfactants
exchanging with the sutrounding solvent can induce
Marangoni flows, which can propel droplets [12-16]
and even lead to spontaneous division [17]. Generally,
more complex behavior can be'expected when multiple
phases of different composition eome in contact and
exchange material [18-22].

Liquid e¢ondensed phases are also influenced by ex-
ternal “forces” such{as gravitation, concentration or
temperature gradients, magnetic or electric fields 23|
24]. In‘industrial manufacturing and processing, tem-
perature gradients and sedimentation are explicitly
taken advantage of, e.g., for extracting crude oil [25].
Moreover, eoncentration [2627] and temperature gra-
dients.[28.29] are commonly used to assemble synthetic
membranes for electro-optical devices. Recently, the
equations governing the ripening dynamics of droplets
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derived by Lifschitz and Slyozov have been extended
to account for the presence of a concentration gra-
dient [30,31]. It has been theoretically shown that
droplets can be positioned along the concentration gra-
dient and that the universal scaling’in time of droplet
ripening breaks down.

Liquid condensed phases are also ideal compart-
ments to organise chemical reactions since they can
enrich specific chemical components. In particular,
chemical agents mix rapidly in small droplets, and
thus control the timingfof chemical reactions [32,33].
The interface of dropletsican serve to concentrate re-
actants, resulting in a speed.up’ of the reaction [34].
Liquid droplets in/ the presence of chemical reactions
can even propeliacross a solid substrate [14}35-37] or
flow past a chemically patterned substrate leading to
unique morphological instabilities [38]. They also pro-
vide model systems to study interactions of pattern
formingSystems. wEor example, droplets containing
agents [undergoing oscillatory Belousov-Zhabotinsky
reactions, have been considered as coupled phase os-
cillators. [39;40]. Recently, it had been suggested that
phase sseparated liquid-like compartments composted
of oppositely charged molecules, called coacervates,
could be ddeal seeds for prebiotic life [41]. In partic-
ular, RNA catalysis is viable within these coacervate
droplets and they even provide a mechanism for length
selection of RNA [42]. In all these systems, the droplet
material does not participate in the chemical reaction.

If the phase separated material undergoes a
chemical reaction itself, new physical behaviours can
emerge. In passive systems, where phase separation
and chemical reactions are in thermal equilibrium,
coexisting phases cannot be stable. These systems
settle in a homogeneous state that corresponds to the
free energy minimum [43]. Conversely, if the chemical
reaction is driven away from equilibrium, phase
separation can be maintained. Under some conditions
an arrest of the ripening dynamics has been observed
in numerical simulations [44157] and in experiments
where chemical reactions are induced by light [58-65]
or proceed spontaneously [66-73]. Recently, it has
been shown that the chemical reaction between the
droplet material can indeed suppress Oswald ripening
leading to an emulsion composed of drops of identical
size [74H76]. Driven chemical reactions can initiate
droplet formation as a response to external stimuli [77]
and they can even trigger the division of droplets [78].
Recent experiments on droplets in the presence of non-
equilibrium turnover reactions showed the assembly of
supramolecular structures with a tuneable lifetime |79)
and serve as a model for molecular selection of reaction
products and their assemblies [80]. These examples
highlight the rich phenomenology emerging from the
interplay of phase separation with chemical reactions.
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Phase separated systems in the presence of
external forces and chemical reactions actively driven
away from thermal equilibrium are a novel class
of physical systems. Many physical properties
known from passive emulsions are altered and novel
phenomena occur. Since energy input is typically
necessary to generate external forces, and to drive
chemical reactions away from equilibrium, we refer to
these systems as active emulsions.

An intriguing example where the physics of these
active emulsions is relevant are living cells. Biological
function inside cells is attained by the spatial-temporal
organisation of biomolecules and the control of their
chemical reactions. For this purpose the interior of
the cell is divided into compartments, referred to as
organelles. Each organelle has a chemical identity due
to a distinct composition of functional biomolecules.
Some organelles, such as mitochondria, are surrounded
by membranes that are permeated by active channels
regulating chemical potential differences across the
membrane [81]. However, there are also organelles
that do not posses any membrane; they are called
non-membrane bound compartments or biomolecular
condensates [82H87]. To maintain their chemical
identity in the absence of a membrane, it has been
suggested that these compartments are liquid droplets
formed by liquid-liquid phase separation [30}[88(89].
Recently, many organelles have been found with
properties reminiscent of liquid droplets [86,90;91):
Examples include mRNA-protein-condensates [89392],
RNA polymerase clusters [93,/94], centrosomes [74L95];
and multiple nuclear subcompartments(96.,/97]. These
findings suggest that the cytoplasm can be regarded
as a multi-component emulsion hosting a large variety
of coexisting phases, each of distinct.composition [98-
101]. In contrast to passive emulsions, cellular droplets
exist in the non-equilibrium envirenment of living
cells. The associated continueus dissipation of energy
can be used to drive chemical reactions or generate
concentration gradients of molecular, species. Both
processes can affect the dynamies and stability of these
active droplets and cause behaviours not observed for
passive droplets [87,1102].

Here, we review recent theoretical approaches used
to describe droplets and émulsions under conditions
that deviate from passive/ phase separating systems.
We start by discussing classical theories of phase
separation in section Using statistical mechanics,
we obtain, the, thermodynamic quantities describing
phase/separation of a binary mixture. We consider
both liquid condensed phases in the thermodynamic
limit andydroplets of finite size. Next, we discuss
the dynamics of phase separation and derive the
equations, describing droplet growth. We conclude the
section by discussing the effects of surface tension and

4

demonstrating the classical coarsening®of’ emulsions
via droplet coalescence and Ostwald ripening. In
section we review phase separationm.of  liquid
condensed phases in external gradients. Such systems
reveal a discontinuous phase transition.in the position
of the condensed phase relative to a regulatorgradient
that affects phase separation. Moreever, we show that
condensed phases, such as droplets, ean, be positioned
via droplet drift or position-dependent dissolution
and growth. During .the positioning dynamics,
the universal behaviour of dreplet coarsening in
homogeneous systems 'is. replaced by a narrowing
droplet size distribation.” In_séection we present
the derivation of a therﬁodynamically consistent
description of phase separation with chemical reactions
that are driven awayfromsthermodynamic equilibrium.
Following the procedures established in section [2| we
discuss the dymamics jof droplets driven by chemical
reactions!  In such.Systems, droplet coarsening can
be suppressed ecompletely and droplets can divide
spontaneously.

2. Liquid-liquid phase separation of binary
mixtures

Phase separation refers to the spontaneous partitioning
of aysystem into subsystems with distinct macroscopic
properties. Examples include the cellular compart-
ments mentioned in the introduction, but also many
everyday phenomena that range from fog in the morn-
ing to oil droplet formation in salad dressings. In this
section, we will discuss the physical principles and de-
rive the equations describing the dynamics of phase
separation and the ripening of droplets in liquid emul-
sions.

2.1. Statistical mechanics of a binary mizture

We start by considering a binary, incompressible
mixture consisting of two types of molecules on a lattice
with M sites. Each lattice site is occupied by either
molecule A or B, with N4 and Np representing their
total numbers in the system, so N4 + Ngp = M. The
system is at thermal equilibrium with a heat bath at
temperature T. The thermodynamic properties of the
system are thus dictated by the partition function [103]

7= zﬂ:exp <—H(01]€’];%UM)) L (21)

where the Hamiltonian H(oy,...,0p) denotes the
energy of a particular arrangement o4, ...,0p of the
molecules on the lattice and kg is the Boltzmann
constant. Here, we encode the arrangements using
a binary variable o,, where o, = 1 if the lattice
site n is occupied by molecule A and o, = 0 if it

Page 4 of 46
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is occupied by B. () refers to the set of all possible
arrangements considering that the molecules A are
indistinguishable from each other; the same applies to
molecules B [104]. For simplicity, we only consider
nearest neighbour interactions, which are described by
the following Hamiltonian [105]

H({c}) = % Z (€AAUmUn +epp(l—0,)(1—0,)

(mn)

+eaB [O'm(l - O'n) + O'n(l - Gm)]) ’ (22)

where the summation is over all nearest neighbour
pairs (m,n) on the lattice and the factor 1%
avoids the double counting of interaction pairs.
Here, the interaction parameters e;; determine what
particle types tend to be next to each other.
For instance, if eqa < 0, two A molecules on
neighbouring sites lower the total energy, making
this configuration more probable. In general, these
interaction parameters can arise from various physical
interactions that may include dipolar and van der
Waals interactions, screened electrostatic interactions
between charged molecular groups or entropy-driven
hydrophobic interactions [105-107].

2.1.1. Thermodynamics of a homogeneous mizture:
Within the canonical ensemble a homogeneous binary
mixture of volume V can be characterised ‘bysthe
Helmholtz free energy FF = E — T'S, which combines
the internal energy E and the entropy S of a system.
This free energy can be expressed bynthe partition
function [103,/108,/109]

F(T,V,NA,NB) = —kBTlIlZ(T,VY,NA,NB) : (23)

Derivatives of the free energy’ F are Jreldted to
thermodynamic quantities that arefrelevant in our
discussion of phase separation.” »In particular, the
entropy is given as S = —9F /9T |y N, Ny the pressure
is p = —0F/0V|r N, .~ and the chemical potentials
read g = OF/ON 4|1 viv, andwup =0F/ONg|rv,n,-
For simplicity, we focus on an incompressible bi-
nary system of constant velume V' = v M and constant
molecular volumefv of the two components. In this
case, adding an A molecule to the system corresponds
to removing a_B molecule/ Consequently, the relevant
thermodynamic quantities are the exchange chemical
potential i and the osmotic pressure IT [105/110]:

i i —yg (2.4a)

8 ONa |ny ONEB |1y 9| .
OF of

=== =—f+90 7| , 2.4b
g T+ 36), (2.4b)

where the number of lattice sites M is slaved to the
total volume by M = V/v. Here, we used the

5

homogeneity of the system, F = V f(d)pwhere f(¢)
is the free energy density as a function of the, volume
fraction ¢ = Nav/V of A molecules.

The homogeneous state for a given veolume is
a stable thermodynamic state if 46 corresponds to
a minimum of the free energy F. Thisrequires
that the curvature of the free energy density as a
function of volume fraction is convexpi.e., (o) >
0. The link between stability, and curvature of the
free energy density can be understood qualitatively:
conservation of molecul¢ numbers,implies that raising
the volume fraction in one spatial region requires
lowering it in another. Tf {he free energy density is
convex, any such perturbation increases the overall free
energy. This can be'shown /srigorously by considering
spatially inhomogeneousyperturbations that conserve
molecule numbers. We will discuss this approach after
introducing thefree energy functional in section [2.1.5]

Thesfstability of the homogenous state can also be
shown (using an ensemble where the particle number
N, is fixed and ‘the volume V can change. This
ensémble is'governed by the thermodynamic potential
G(NaIT) = B (N4, V) + VII, where II is the osmotic
pressure given by equation and the volume
V = 0G/0Il. A homogeneous state with the osmotic
pressure 11 is stable if the free energy G as a function of
T is, concave, 92G /011 < 0. The concavity of G with
respect to variations of the osmotic pressure can be
seen by writing 92G/0112 = 9V /Ol = —V k, where & is
the osmotic compressibility K = —V ~19V/0Il. For the
homogeneous state to be stable, the osmotic pressure
should increase as the volume decreases, i.e., k > 0, to
push the system back to its thermodynamic state after
a perturbation in volume. This condition is satisfied if
the free energy density is convex, f”(¢) > 0, since k =
(¢*f"(¢))~!. In the thermodynamic limit, ensembles
become equivalent and thus the convexity of the free
energy density determines the thermodynamic stability
of the homogeneous state, not only in the ensemble
(N4, II) where the osmotic pressure is imposed but also
in the ensemble (N4, V) where the volume is fixed.

2.1.2. Mean field free energy density of an incom-
pressible mizture. To determine the relevant thermo-
dynamic quantities for phase separation, we need to
evaluate the free energy and the partition function
given in equation . Since this is generally diffi-
cult, we discuss a mean-field approximation for the ho-
mogeneous case of the incompressible binary mixture
on a lattice characterised by the Hamiltonian given
in equation (2.2). This approximation neglects the spa-
tial correlations between the molecules and is typi-
cally a good approximation far away from the criti-
cal point where correlations are long-ranged [111}[112].
Within the mean field approximation, the probabil-
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ity that lattice site m is occupied by A, is given by
(on) = Na/M, where (...) denotes the average in the
canonical ensemble and ¢ = N4 /M is the volume frac-
tion of A molecules in the system. Due to incompress-
ibility the probability of the site being occupied by B
is Ng/M =1 — ¢. The partition function hence is

E(¢)
Z ~|Q —— 2.
ey (-1 ) (2.5
with the internal energy given as
zM
E(¢) = 5 [eand® +2eapd(1 — ¢) + epp(l — ¢)?] ,

(2.6)
where z is the number of neighbours per lattice site
(e.g., z = 6 for a cubic lattice), and zM /2 is the total
number of distinct nearest neighbours. The number ||
of all possible arrangements on the lattice appearing in

equation ([2.5)),

o= ()= (W) w0

determines the entropy S = kpln|Q| for the
incompressible binary mixture on a lattice, which
is also referred to as mixing entropy. Using
equations , we obtain the free energy density

f(g) ~ 272,, leaad? +2eapd(1 — ¢) + epp(l = d)]

+¥[¢1n¢+(1—¢)1n(1—¢)], (2:8)

where we have used Stirling’s approximationjln N! ~
N1In N — N, to evaluate the factorials/ The free energy
density can also be written as f(¢).=xof(1) + (1 —
) f(0) + fmix(¢), which separates the contribittion of
the pure systems from the free energgy of mizing [105]
107,

Fuin(9) = “2L [6106 + (e VL 6) + x6(1 — 9)]
(2.9)

where
X = ﬁf (2¢AB —€4n— €BB) (2.10)

is the FlorysHugginsyinteraction parameter [2| [3].
fmix captures the competition between the mixing
entropy S = =kg(V/¥) [pIn¢p + (1 — ¢)In(1 — ¢)] and
the molecular interactions characterised by the single
parameter x. {n the next section, we will see that
both the free energy density (equation (2.8])) and the
free energy density of mixing (equatio) lead
tonthe same phase separation equilibrium. However,
the difference will become apparent when we discuss
chémical reactions in section [l

6

The free energy density fumix is ‘@/symmetric
function with respect to ¢ = % This symmetry
stems from considering equal molecular volumes/of
components A and B and the subtraction of the free
energy before mixing. Conversely, if the molecules A
and B have different molecular volumes nuv.and npv,
the free energy of mixing is not Symmetric [2;3|:

Fuin() = 25 | £ m B E= 20 - )

nA

01 80 2.11)
where ny, and [np dénote the non-dimensional
molecular size in. multiples of the volume v of a single
lattice site.

Homogeneous states governed by the free energy
density f(¢) are only stable when the free energy
density 4§ €onvexynf//(¢) > 0; see section For
the expression given in equation this is the case
for all' ¢ in the absence of interactions (e;; = 0
fordiyjn—="A, B) and when entropic effects dominate.
In the presemce of interactions however, the free
energy density of the homogeneous system can become
concave (f"(#) < 0) within a range of volume
fractions ¢; see figure[2.I)a). Within this range, the
homogeneous state is not stable, implying that the
thermodynamic equilibrium state is inhomogeneous.

2.1.3.  Phase coexistence. The simplest inhomoge-
neous state corresponds to two subsystems of differ-
ent volume fractions, also referred to as phases. The
associated free energy can be written as

F ~Vif(¢1)+ Vaf (¢2) ,

where ¢, and V,, denote the volume fraction and vol-
ume of phase a, with a = 1,2. The incompressibil-
ity assumption combined with conservation of particles
implies Vi + Vo =V and Vi¢y + Vaga = V. Conse-
quently, there are only two independent variables in the
free energy above, e.g., ¢; and V;. In equation
we neglected the energetic contribution of the inter-
face region that separates the two phases. This is valid
in the thermodynamic limit where the system and the
volumes of the phases are infinitely large, so the ener-
getic contribution of the interface is negligible relative
to the contribution of the phases. We will have to re-
fine equation when discussing finite systems in
section

The inhomogeneous state is stable if it corresponds
to a minimum of the free energy consistent with
the imposed constraint of particle number conservation
and absence of vacancies. To find this minimum, we
differentiate F' with respect to ¢; and Vi, respectively,
use the relationship ¢o = (¢pV — ¢1V1)/(V — V1), and

(2.12)
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Figure 2.1. (a) Sketch of an asymmetric free energy density
f(¢) for an incompressible binary mixture as a function of
volume fraction ¢, e.g., equation for the case ng > n4 and
x > 2. In the presence of interactions, there can be a range of
volume fractions where the free energy density is concave with
f"(¢) < 0. At equilibrium the Maxwell tangent construction
modifies the free energy within the volume fraction range

[¢§O), (20)} (orange line). As a result the free energy density
becomes convex for all volume fractions. The equilibrium volume
fraction of each phase are ¢(10) and d)éo). The impact of surface
tension slightly increases the equilibrium volume fractions (blue
dots, see section . (b) Phase diagram as a function of
the Flory-Huggins interaction parameter x and volume fraction
¢. For large enough interaction parameters, phase separation
can occur. The corresponding region in the phase diagram is
bordered by the binodal line. The tie lines (green) connect the
equilibrium volume fractions of two coexisting phases on the
binodal line. The dashed line refers to the spinodal. Within
the spinodal lines, the mixture can undergo a spontaneous
partitioning into two phases, while between the spinodal and the
binodal, only large enough phase separated domains can grow:
This regime is referred to as nucleation & growth. The red dot
marks the critical point.

set each expression to zero:
0=7"(61") - f(6"),
0=F(3") ~ (45"
+(03” — o) (052,

(2.13a)
(2.13b)

where d)go) and ¢g)) denote the equilibtium volume
fractions. The first equatiom,is a balance of the
exchange chemical potentials between phases, i1 = fio,
with fi, = ﬂ|¢=¢g}> with a = 1,2jsee equation (2.4a)).
The second equation corresponds to the balance of the
osmotic pressures between the‘two phases, II; = Ilg,
with II, = H|¢:¢go); sée equation. (2.4b).

Obviously, equations are satisfied for ho-

mogeneous [Systems with ¢§0) = go). To see that

there also exist solutions with (bgo) =+ (béo), the two
conditionsrean 'be represented by a graphical tangent
construction using the free energy density f(¢); see
figure[2.Ia). Here, condition implies that the
slopes at_the<equilibrium volume fractions gb(lo) and

éo) are the same and condition states that
they: are also equal to the slope of the line connect-
ing the points ( go)’ f( go))) and ( éo), f( éo))). Taken

7

together, these conditions can only be ‘satisfied by a
common tangent to the two points. Thiséprocedure of
finding the equilibrium volume fractions is,known-as
Mazwell’s tangent construction or constructiom of the
convez hull. The orange line in figufe[2.1](a) shows the
result of such a construction’ In fact, inserting condi-
tion into equation (and using censerva-
tion of A particles) shows that this linexcorresponds to
the volume weighted averagé of \the free energy density
of the two subsystems. Censequently, the correspond-
ing demixed system is the thermodynamic equilibrium
since it has a lower free ‘energy than the mixed system
described by the black line {n figure2.1fa). Clearly, a
separation into two phases with volume fractions ¢§O)
and (bgo) is only{essible when the average volume frac-
tion ¢ obeys gb(lo) <9< qﬁéo). Outside this region,
phase separation is not possible and only the homoge-
neous is stable because " (¢) > 0.

The parameter region where phase separation is
possible. can be“determined from the solutions ¢§0)
and (béo) asya function of the interaction parameter y;
see figure p). The corresponding line is called the
binodal line.” In the simple case of the symmetric
free lenergy of mixing (equation (2.9)), fumix( (10)) =
fuix(93) and i (617) = fri(63”) = 0. The
binedal line is then given by xp(¢) = In(¢/(1 —
?))/(2¢ — 1) and phase separation occurs only for y >
Xb- In particular, the minimal interaction parameter is
X{’fi“ = 2, which is obtained at the critical point ¢ = %

(Figure (b)) Near the critical point, the equilibrium

volume fractions inside each phase obey ¢go) ~ 1

[2(x —2)]"/? and ¢y ~ 1 +[2(x — 2)]'/2. Note that
the same results are obtained when equation (2.8)) is
used instead of fix, since terms linear in ¢ do not

alter the conditions given in equations (2.13)).

2.1.4. Free energy of inhomogeneous systems. The
discussion of the previous section neglected the
contribution of the interfacial region on the equilibrium
free energy. This interfacial region is always present
since the volume fraction is continuous in space and
must thus interpolate between the values ¢§0) and

(20) in the two phases. The additional free energy
contribution associated with this spatial variation can
be estimated within our lattice model. For simplicity,
we first consider a one-dimensional system with
discrete lattice positions x,, for which the Hamiltonian
given in equation can be written as

H({o}) = Z [eAB (Un(l — On+1) + onga(l — Un))

n

+ €440n0ns1 + epp(l —0n)(1 — oni1)] -
(2.14)
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We proceed analogously to section[2.1] and perform a
mean-field approximation after rewriting the coupling
terms using 20, (1—0p,41) = (0n — 0n+1)2—03—0%+1+
20,. Additionally, generalising to three dimensions
and taking the continuum limit, we replace ) =+~
vl [ &3, (0n) = ¢(r), and (0p1 — 0,) > v3VH(T).
Hence,

14

g~ T /dST[qS(r)(l —o(r)) + '/2 |V¢(T)I2}
+ % /d?’r [eAA o(r) +epp (1 — ¢(7'))} . (2.15)

where x is the Flory-Huggins parameter given in
equation (2.10). The associated free energy F' can be
expressed as a functional of ¢(r),

1 K z
F:;/dgr {$‘V¢|2+§(€AA¢+€BB (l—d)))

+ kT [61n(9) + (1 - ¢) (1 - 6) + x 61 - 9)]] ,
(2.16)

where

k= kgTx V3 (2.47)

characterises the change of free energy density due to
concentration inhomogeneities. Since the interaction
parameter x > 2 in the phase separating regime, we
have x > 0 and the gradient term thuS. penalises
spatial inhomogeneities. We identify the integrand of
the free energy given in equation as the total
free energy density fiot. Expressing itnin terms of
concentrations ¢ = ¢/v, we obtain

fon(e; V€)= fuin(e) + o) + 3 Nl . N(2.18)
where fmix follows from equation and fo(c) =
(2/2) (eaac+epp (v™' —c)) is the fre¢ energy of
the pure system before mixing. The free energy
density captures_.manyn features of phase
separation, such as an interaction term favouring phase
separation that can eutcompete the mixing entropy.
It is sometimes useful to, consider simpler forms of
the free energy avoiding the logarithmic terms in the
mixing entropy (equation ), which are not required
to discuss basic, principles. An example for such a
simplification is the Ginzburg-Landau free energy.

2.1.5. Ginzburg-Landau free energy. Near the critical
point,/the physics of phase separation is fully captured
by the shape of the free energy close to the critical
concentrationc. [7,/113H115], which is obtained by
expanding to fourth order. Such an expansion is also
very useful, as a simplification away from the critical
point. Expanding the total free energy at c. leads to

8
the asymmetric Ginzburg-Landau free efiergy,
K
Feld = /d3r (for(0)+ 5 Vel )iy, @a19)
with the corresponding free energy density
~ b 9
fon(c) =b(c—c.) — 5 (c=ee) (2.20)
+ 5 (e—c g (=)'

This free energy density is parameterised by the
coefficients a, @, bywb, and ce. As discussed in
section [2.1.3] phaSe separation equilibrium is not
affected by the linear<term, thus we choose b = 0,
and for simplicity, we alsodeconsider the special case

a = 0. The corresponding Ginzburg-Landau free
energy density then assumes a bi-quadratic form,
b a
OB -’ + S e—c' . 221)

whiehyis symmetric around the concentration ¢.. This
free energy “density has a concave region if b > 0
and the parameter a > 0 characterises the convex
branches of the energy density. Using equation
the equilibrium concentrations within each phase
separated domain are

cgo) =c.—+/b/a, (2.22a)
céo) =c.+ vb/a. (2.22b)

In particular, expansion of fiot— fo(c) (equation ([2.18))

around ¢, = 1/(2v) links the parameters a and b with

the molecular parameters of the lattice model,
16 3

a= ngTV , b=2(x—2)kgTv. (2.23)

Using the expressions above in equations (2.22))

we consistently obtain the equilibrium concentration
found in section [2.1.3]

2.2. Equilibrium states of a binary mizture

In this section, we determine the equilibrium concen-
tration profiles that minimise the free energy Fgr.
Specifically, we calculate the extremal solutions of Fgy,
and discuss their stability in different regions of the
phase diagram; see figure[2.I(b). An explicit expres-
sion of the interfacial profile will allow us to relate the
free energy contribution characterised by « to the sur-
face tension between phases.

2.2.1. Stationary states. We start by determining the
stationary states c.(r) of the bi-quadratic Ginzburg-
Landau free energy Fy, given in equation . Such
states have an extremal free energy subjected to the

Page 8 of 46
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constraint that the number of A and B molecules are
conserved, i.e.,

c= l/ d3re(r), (2.24)
Vv

where ¢ = N4/V denotes the mean concentration
of A molecules in the mixture of the finite volume
V. To enforce this constraint, we introduce a
Lagrange multiplier A\ and vary the functional Fgp, —
A [, d®rc(r). Here, the functional derivative of the free
energy is the generalization of the exchange chemical
potential generalized to inhomogeneous systems,

oF
h=—, 2.25
B= (2.25)
which reads i = a (¢(r) — ¢o)® = b (c(r) — o) —kV2¢(r)
for Fgr. Consequently, the Euler-Lagrange equation
for the stationary state is

=\, (2.26)

where we dropped a boundary term proportional to
k V¢, assuming no-flux boundary conditions at the sys-
tem boundary. The stationary states thus correspond
to a spatially uniform exchange chemical potential fi,
which may be realised for both homogeneous andsin-
homogeneous concentration profiles ¢, ().

We start by considering the spatially homogeneous
equilibrium states ¢, (r) = cg. Particle conservation
implies ¢o = ¢ (equation (2.24)) and the "Euler-
Langrange equations read A = a(¢ — c¢.)® — b(@= c.).
The homogeneous state c¢(r) = ¢ is thus an extremal
state of the free energy F1, and we will'eheck whether
it corresponds to a minimum in the next section.

We showed above that states /with coexisting
phases can be stable in some regiomns, of the| phase
diagram shown in figure[2.1b). [Here;wwe, determine
the concentration profile that connects thetwo phases
from extremising the free energy Fgy. In the following,
we restrict ourselves to 'a flat interface oriented
perpendicular to the z-axisat the position = = 0 with
a concentration c(z = 0) =nc.. For simplicity, we
extend the system to infinity while keeping the position
and concentration value of the interface fixed. For the
symmetric free enefgy’ density<(equation (2.21))), this
implies 1 = 0, thus X = 0, at\the interface, and in
the case of an extremal inhomogeneous state, i = 0
at all positions. Farmaway from the interface, the
concentration inside the phases should be governed by
the equilibrium concentrations (equation (2.22)),

lim c(z)= 6(10) , = Cgo) .

T—>—00

(2.27)

233, °7)

With ‘the, boundary conditions above the unique
solution is [43]:

- ().

(2.28)
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Since this interfacial profile varies substantially only
within the region |z| < /2k/b, we introduce the
interfacial width

w= ]2~ i [ X
o b x—2°

The right hand side relates a4 to the lattice model

using equations (2.17) and®(2.23). In the limit of

strong phase separation (large y)ithe interfacial width
approaches the linear dimension v 3%f the molecules.

(2.29)

2.2.2.  Stability offstationary States. The homoge-
neous and inhomogeneous  stationary states of the
Ginzburg-Landau freée energy, c.(z) = ¢ and c.(z) =
ci(z), respectively,ncan beleither stable or unstable.
They are stable if they correspond to a free energy min-
imum, i.e., if all small concentration perturbations in-
crease théfree energy:s To test this, we consider concen-
tration/profiles @= c.+¢, where €(r) is a small, position
dependent concentration perturbation. To quadratic
order, the change in the free energy due to this pertur-
bation/is &

AFe,, €|/= Far(cy +€) — Far(c.)

~ /d3r[622(3a(c* —co)? —b) + 5 (Ve)ﬂ .

(2.30)

The state c.(r) is stable if all perturbations increase
the free energy, i.e., if AF[c,, €] > 0 for all ¢(r). In the
case of the homogeneous state c,(r) = ¢ both terms
in the integrand are positive if |¢ — ¢.| > /b/(3a),
which implies AF[c.,e] > 0. Conversely, AF][c,, €]
can be negative for |¢ — ¢.| < 1/b/(3a) in sufficiently
large systems, e.g., for the perturbation e(z) o
tanh(z/w), which implies that the homogeneous state
is unstable for these parameters. Consequently, the
stationary homogeneous state can be either stable or
unstable to infinitesimal perturbations. In contrast,
the inhomogeneous state c.(z) = ¢i(z) given by
equation is always stable if it is a stationary
state, i.e., when |¢ — c.| < \/b/a; see
Taken together, we can distinguish three different
parameter regimes with different stable stationary
states. For mean concentrations ¢ far away from the
symmetry point c., i.e., when |¢ — c.| > \/b/a, the
homogeneous state is the only stable one. Conversely,
when [¢ — ¢|] < +/b/(3a), only the inhomogeneous
state is stable and phase separation will thus happen
spontaneously. This region is known as the spinodal
decomposition region [116H122] which is enclosed
by the spinodal line (dashed line in figure[2.]b)).
Between the spinodal region and the homogeneous
region, for \/b/(3a) < |¢ — c.| < /b/a, both states
are stable to infinitesimal perturbations. In this case,
phases can only originate from the homogeneous state
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by large fluctuations, known as nucleation events.
Consequently, the respective region in the phase
diagram is known as the nucleation and growth regime.
All three phases are shown in the phase diagram in

figure2:I|(b).

2.8. Surface tension of interfaces.

The surface tension of the interface can be determined
from the profile ¢;(z). To this end, we separate
the energetic contributions of the bulk phases to the
free energy from a contribution that is related to the
interface. For large volumes of the coexisting phases
V1 and V5, the total free energy F' can be written as

FoVif(ed”) + Vaf(e?) +44,

where c§°) and ¢y’ are the corresponding equilibrium
concentrations. Here, A is the area of the interface
and v denotes the surface energy, which is also known
as the surface tension [123]. Its value is obtained
from the condition that the total free energy given in
equation equals the free energy of the interfacial
profile, F' = Fe1]:

(2.31)
©)

1A= [ @ [fe)+ 5 (V2] = virel”) - var

(2.32)

In the simple case where a flat interface is oriented
perpendicular to the xz-axis and the system is extended
to infinity while keeping the positionsof the interface
fixed at x = 0, the surface tension reads

v= [ e[ - e + el + 5]

(2.33)

Considering the Ginzburg-Landau free energy and the
corresponding interfacial profile c; () (equation (2.28))),
we find for(cl”) = for (™) ==b2/(4a) and thus

o 2
v /m dz {fGL(cl) + Houer)” + za]

_2V24b° kBTX%(X —2)3
a 3a 7, 21/% '

(2.34)

In the last approximation, we have used the expressions

for the lattice model (equations (2.17) and ([2.23)),

which shows that ~ scales like x? in the limit of strong
phase/separation (large x).

2.4. Dynamicdl equations of phase separation

We next_derive the dynamical equations describing
how  the binary mixture reaches its equilibrium state.
Considering an incompressible mixture, the volume

10

fractions obey ¢4 + ¢p = 1, and thus Jips = —0;¢ 5.
Using ¢; = c¢iv; (i = A,B) and considering for
simplicity the case where molecular volumesof the. two
components are equal to v; = v, the incompressibility
condition leads to Od;cy = —0;cg: . The particle
conservation of A and B molecules can be._expressed
by the continuity equations

(2.35a)
(2.35b)

Orca = —-N2Ja,
atCB:_v'jB7

where incompressibility: and equal molecular volumes
imply that the particle fluxes of‘component A and B
read j, = vea +§ andp = vep — j, and that the
volume flow velocity @ ebeys/V-v = 0. In the following
sections, we restriet ourselves to a reference frame
where v = 0. In this case the exchange current reads
J = (Ja—JB)/2, which drives the time evolution of
the concentration of.components A,
Oic=-V -7, (2.36)
where werabbreviated ¢ = ¢4 for simplicity. In linear
response, the exchange current is proportional to the
thermodynamic force of the gradient of the exchange
chemical potential —V i, implying j = —A(c)V[; see
Here, A(c) denotes a mobility coefficient,
which is positive to ensure that the second law of
thermodynamics is fulfilled, i.e., that the corresponding
entropy production, — [ d*r j-V, is positive [109,124].
The resulting dynamical equation is:
de=V-(Ac)Vi(c)) . (2.37)
This equation is also known as the deterministic
version of the so-called model B [115,|125] and
becomes a Smoluchowski diffusion equation in the
dilute limit [126]. Note, that by considering v = 0,
we do not discuss the transport of momentum and
the associated couplings to fluid flow. The interested
reader is referred to Refs. [7,[113}|114}/127].
In the simple case of the Ginzburg-Landau free
energy functional Fgp, given in equation , the
dynamical equation reads

e =V -[Alc) V(a(c—cc)® = blc — cc) — K V?c)] ,

(2.38)
which is known as the Cahn-Hilliard equation [116].
We can use this equation to scrutinize the stability
of the homogeneous state, ¢(r) = ¢, by performing
a linear stability analysis. We denote the perturbed
state as ¢(r,t) = ¢+ eexp(wt +1iq - r), where w denotes
the perturbation growth rate, g the perturbation wave
vector, and € the associated small amplitude, |e| < €.
To linear order, the growth rate is

w(q) = —q°A(¢) [3a(c — c.)® —b+kq®] . (2.39)

Page 10 of 46
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The homogeneous state is stable if all perturbations
decay, i.e., if w(q) < 0 for all g. However, w(q) can
become positive for small |g| if |¢ — c.| < 4/b/3a.
This parameter region corresponds to the spinodal
decomposition that we found above (figure[2.1)). The
stability associated with the dynamical equations is
therefore consistent with the one derived from the free
energy discussed in section 222
Beyond the linear regime, equation is
difficult to solve as it is non-linear and involves fourth
order spatial derivatives. However, inside the two
coexisting phases and far away from the interface,
concentration variations are small, so we can ignore the
fourth order derivative and linearize equation
around the equilibrium concentrations cgo) and 020
(equation (2.22))). Hence, we arrive at two diffusion
equations which are valid inside phase 1 and 2,
respectively,
O~ Do, V¢, (2.40)

where the collective diffusion coefficient inside phase
a=1,2 reads

o= A(c) (). (2.41)

Note that D, is positive when phase separation occurs
(f ’(c&o)) > 0) and that an equivalent argument leads
to positive diffusivity when phase separation is absent
(f"(¢) > 0). In the simple case of the Symmetric
Ginzburg-Landau free energy given in equation(2.21]
and for a constant mobility A, the diffusion coefficients
are identical in both phases and equalito D = 2bA.
Using the expressions corresponding to the lattice
model (equation (2.23)), we obtain D o 4(x —2)ul kT
close to the critical point, which is positive as phase
separation occurs only when y > 2000 N

2.5. Dynamics of droplets

In this section, we focus on droplets, which are small
condensed phases coexisting,with'a large dilute phase.

2.5.1. Impact ofdsurface temsion on the local
equilibrium concentrations., One important difference
between droplets’ and #he condensed phases that we
discussed so far is theurvature of the droplet interface,
which is inevitable due to'the finite size. The surface
tension -y of/this curved interface affects the equilibrium
concentrations inside and outside the droplet, which
we denote” by veildand cfl,, respectively. In the
following, we consider the case where the surface
tension «y is constant and independent of the interface
curvature, which is valid for droplets large compared
to_the Tolman length [128|129]. To derive how
the equilibrium concentrations depend on the droplet

AUTHOR SUBMITTED MANUSCRIPT - ROPP-101147.R1
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curvature, we write equation (2.31) forna spherical
droplet of radius R,

F= Vdf(cin) + (V - Vd)f(cout) + 47TR277 (242)

where V4 = %’TR?’ denotes the'droplet volume and V is
the volume of the system. Using{particle conservation,
ot = (V& — Vaen)/(V — Vg), andyminimising the
free energy with respect to ¢y and Vg, analogously to
section we obtain the.equilibrium conditions

0= f/ei8) ~ F@E). (2.430)
0= () AT
P Qe )+ 4

These conditions are, fulfilled at the equilibrium
concentrations, c¢;! and coh, inside and outside the
droplet, arespectively.. Comparing these expressions
to equations in the thermodynamic limit, we
find hat the “pressure balance (2.43b) contains
an_wadditional term 2v/R, which is known as
the Laplace gpressure. Graphically, the Laplace
pressure corresponds to the free energy difference
of the tamgents in the Maxwell construction; see
Fig. a). The Laplace pressure is proportional to
the interface curvature R~! and thus disappears in the
thermodynamic limit (R — 00).

To derive approximate expressions of the equilib—

rium concentrations c{; and cop,, we expand ¢, =
1n/0ut
(0)

Cin/out + 0Cin/out in equations (2.43)) to linear order in

0Cin/out- Here, 9 and ¢

out7

D out denote the equilibrium
concentration in the thermodynamic limit in the con-
densed and dilute phase, respectively, so dci,/ous cap-
tures the effects of Laplace pressure. We find

2y
OCout = (2.44a)
t ( (O) out)f”( out)
1 (.(0)
OCin ~ / ( Cout) dCout » (2.44Db)

f//( (0))

which are known as the Gibbs-Thomson relations.
Since both expressions are positive, the Laplace
pressure elevates the concentrations both inside and
outside the droplet. This effect is stronger for smaller
droplets, which becomes explicit when writing the
equilibrium concentrations as

o 12
o= 1+ 5) L s
ea _ ((0) Lyin
M 1 2.45b
gi=dl (1452) . )
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where we defined for both phases the capillary lengths

2y

g’y,out - (C.(O) )f//( t) (O)t 9 (2450)
£ (co) ot
lyin = W £y out - (2.45d)

In the following, we are interested in the limit of strong
phase separation with c(o) > C(O)t and thus /i <
£ out- In this case, the impact of the Laplace pressure
on the equilibrium concentration inside the droplet can
be neglected, i.e., ¢ ~ ci(g). This leaves us with a
single capillary length, which we define £, = £, ous.
When the phase outside is dilute, i.e., the chemical
potential can be written as fi(c) ~ kgT In(ve) |130],
we find

2y

~ 1 (2.46)
K Ci(r?)kBT

If we additionally assume that the condensed phase is
highly packed such that c(o) ~ y~! equation
provides a useful estimate of the capillary length when
the surface tension v is known [130]. Using equa-
tion from our lattice model, the capillary length
can also be expressed as £, ~ x'/2(x 2)3/2 VU3,
This expression demonstrates that for interaction pa-
rameters not too far away from the critical value,
X = 2, it is typically on the order of the melécu-
lar length scale /3. Consequently, we have fy0< R
and the increase of the equilibrium concentrations pre-
dicted by the Gibbs Thomson relations is actu-
ally small, supporting the validity of thedinear approx-
imation.

2.5.2. Growth of a single droplet in a)upersatumted
environment. The dynamics of the/droplet size and
its shape are linked to the movement of its interface,
which we assume to be thin eompared to the droplet
size in the following. _To describe the dynamics
of the interface, we consider ‘a, spherical coordinate
system (r,¢,0) centered on the droplet. Assuming
the interface does.noth deviate strongly from a
spherical shape, we parameterize its shape R(y, 0;t) =
R(p,0;t)e,. by the sadial distance R(y,0;t) as a
function of the polarfangle ¢ and the azimuthal angle 6.
The movemient of the interface is most naturally
described in the local coordinate system spanned by
the two_tangential directions e; = OR/0p and ey =
OR/00 and the outward normal vector n = Eiz;‘

Note ‘that the droplet shape is only affected by the
normal ‘component v,, of the interfacial velocity, while
the tangential components transport material along
the interface. Material conservation implies that this
norimal component is proportional to the net material

12
flux toward the interface,
Un = % ‘n, (2.47)
cin Cout

where jin = lim ;0 j(R*ETL) and jout : hnle—>0j(‘R’+
en) are the local material“fluxes rightwinside and
outside of the interface, respectively. Expressing
the time evolution of the interface im,the spherical
coordinate system gives 0; R = 0;R e,, while in the
local coordinate system of'the interface,

iR = v+ Vt,1€1 + Vg 2€2 . (248)

We can use the connection between the local and
the global coordinate System to identify conditions
O:R-ep = 0 and O;R - e,/ = 0, which can be used
to obtain the in plame #€locity components v¢; and
vy,2. The radial interfaceyvelocity then reads

1+<3% ) + (RZiwrf(%@fr . (2.49)

In‘the case where the dynamics within the phases are
described by-the diffusion equation , the material
flux is given by 3 = —DVc¢ and equation directly
determineés the time evolution of the interface.

Before we consider shape perturbations in the
subsequent chapters, we here focus on a spherical
droplet, R(p,0;t) = R(t), in a spherically symmetric
system. To derive its growth dynamics, we employ
the quasi-static approrimation, which assumes that the
droplet radius varies slowly such that transients in the
diffusion equation can be neglected. Within this
approximation, the diffusion equation reduces to
a Laplace equation inside and outside the droplet,

1 0 ( ,0c

r2 or ( 87’)
where we have written the Laplace operator in
spherical coordinates considering that there is no
polar and azimuthal dependence of the concentration
field. The associated boundary conditions are given
by the Gibbs-Thomson relations ([2.45)) at the droplet
interface and no flux conditions at the droplet centre.
Moreover, we consider the case where the droplet is

embedded in a large system and the concentration far
away is fixed to coo:

Orc(r) =0 at

Tlgrolo e(r) =coo -

8tR = Up

0~ Vic(r) = (2.50)

r=0, (2.51a)

(2.51b)

Using these boundary conditions the solutions inside
and outside the droplet read

(1) = oo + (o — €o0) § , r>R, (2.52a)

e(r) = ¢! r<R,

in

(2.52b)
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Figure 2.2. (a) Illustration of the concentration field inside and outside of the droplet; see equations . These concentration
fields can be obtained from solving the diffusion equations using quasi-static approximation and comsidering the case of an
infinitely thin interface. (b) The droplet growth speed dR/d¢ is shown as a function of dropletyradius R. There is a critical radius
Rc.(t) = ¢,/e(t) above/below which a droplet grows/shrinks. As the supersaturation e(t) decreases with time, the critical radius
increases. (c) Frequency of droplets as a function of droplet radius R. As the critical radius in€reases with time, the distribution
broadens. Rescaling the radius by Rc(t) o t1/3 leads to a collapse of all droplet radius distributions.

which are illustrated in figure[2:2a). These solutions
imply that the fluxes 7,, = 0 and j,, = DR™*(col, —
Ceo )€, inside and outside of the interface, respectively.

The growth rate of the droplet then follows from

equation ([2.47)),

drR D), ‘,
=l (o 2.53
W nl (R e

where we consider the case of strong phase separation
(c-(o) > 0 ). We have defined the supersaturation

in out

Coo

Cout

€

which measures the excess concentration relative
to the equilibrium concentration cﬁfft in the, dilute
phase. Equation (2.53)) shows that the ‘droplet
only grows in sufficiently supersaturated environments
where ¢ > (,R™'. The droplet. dynamics are
thus directly linked to the conecentration of droplet
material in its environments In particular, we can
define the critical radius Rev= Zwa_l, below which
the droplet shrinks; seepfiguref2.2(b).  Although
this deterministic description ¢annot account for the
spontaneous emergence of droplets, the critical radius
is key to estimate_the frequency of such nucleation
events [131,/132]. An essence, nucleation relies on large
fluctuations that spontaneously enrich droplet material
in a region of.radius R../In this case, the resulting
droplet starts growing spontaneously according to

equation (2.53).

2.5.8.[ Droplets coarsening by Ostwald ripening. So
far, we\focused on a single droplet, but most phase
separated systems contain many droplets. In such
emulsions, large droplets typically grow at the expense
of smallerpdroplets, which vanish eventually. This
pheénomena is referred to as Ostwald ripening [4].

In the/following we»consider the interactions of
many droplets that are far apart from each other in
a dilute system with small supersaturation. In this
case, nucleation events are rare and the surrounding of
droplets can be considered to be spherically symmetric
with a cemmen concentration co, far away from each
droplet. This implies a common supersaturation e,
which depends on time and mediates the interactions
betweensthe droplets. As the supersaturation e can
be determined from the total amount of material, the
stateyof the system is fully specified by the radii R; of
the IV droplets in the system. Their dynamics follows
from equation and reads [5):

©
dRi(t) _ Dy (Coo(t)_l_ by ) (2.55a)

dt R;i(t) ci(g ) c(()?l)t R;(t)
N 47
eV =¥ 5 R0)? (2.55b)
=1
N 47
o0 t - ™ 1l t 3
+eao(t) |V ; 5 Ri(t)

Equation states that the material is shared
between the droplets of radius R; and the dilute
phase of concentration ¢ (t). In order to neglect the
spatial correlations between the droplets [133,/134], we
assumed that the system volume V is large compared
to all droplets, V' > > V; with V; = %‘R?. In this
limit, equation can also be approximated as
&V~ SN Vi) + cos D)V

In the limit of many droplets, the system can be
described by a continuous droplet size distribution. If
additionally the supersaturation is small, Lifshitz and
Slyozov [5] demonstrated that this size distribution



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - ROPP-101147.R1

Physics of Active Emulsions

converges to a universal form

(2.56)

R
2R\ 1 3
X(1—— exp(1— = |,
( 3) p( 32R>

when radii are rescaled by the critical radius R, i.e.,
R= R/R., irrespective of the initial size distribution;
see figure[2.2(c). In such a coarsening system where
droplets grow and shrink, the critical radius scales
with the average droplet radius, R.(t) =~ (R(t)).
Moreover, a droplet radius R; is typically in the order
of the critical radius R.(t) = Ev/(c"?o()t) —1). Thus,

C,

out

©)
equation ([2.55) gives dP:ft(t) ~ ng)cégt leading to the

in c

scaling

wl=

(2.57)

)
(R()) = Re(t) o (%t) ,

in

which is the Lifshitz-Slyozov scaling law. In summary,
the increasing mean droplet radius and critical radius
reflect coarsening dynamics where large droplets grow
at the expense of smaller ones.

2.5.4. Droplet coarsening by coalescence. Another
coarsening mechanism in emulsions, besides Ostwald
ripening, is the coalescence of droplets “driven
by their Brownian motion [127,(135]. Brownian
coalescence is not included in the theory presented
here, since we neglected momentum .transport and
thermal fluctuations. However, the fevolution of the
mean droplet size due to droplet ‘coalescence can
be determined by estimating the cha\tge in radius
A(R) for a typical fusion event and the frequency
At~1 of inter-droplet encounters assuming that most
encounters lead to coalescence. Simee the droplet
volume is conserved during fusion, two equally sized
droplet of size (R) lead to a change of the mean
radius of A(R) ~ 23 — 1)(R). The frequency
of inter-droplet encounters can/be estimated by the
diffusion time leading to A#=! ~ )\DR/EI%, where
Dpr = kgT/(6mng(R)) is the Stokes-Einstein diffusion
constant of a_spherical droplet” with nr denoting
the viscosity of the surrounding fluid experienced by
the droplet of average size (R). Moreover, ¢, =
V/(rN(R)?) tis the mean free path between the
droplets, where the droplet number can be estimated
as N|2 Viot/(%(R)®) and the volume occupied by
droplets Vit is determined by particle conservation,
e, Viot/Vi= (¢ — codp)/(cid — 1), Not every
inter=droplet encounter leads to a coalescence event in
particular in the presence of surfactants [136L{137]. To
account for the stochastic initiation of a coalescence

14

event we have introduced the parameter{X € [0,1]
characterising the average fraction of encounters that
lead to coalescence. By writing (RyTrd(R)/dt (&
(R)~'A(R) /At =~ XkgTVZ, /(VZnr(R)®), skipping the
numerical prefactors, we obtain a differential equation
for the mean radius (R), where integration gives the
scaling for the mean radius arising from: fusion of
droplets:

1
= eq 2 k T 3
(R(1)) </\< - o > S t) .
Cin T Cout Nr
Remarkably, the coarseningiduie to droplet coales-

cence has the same scaling with time as the growth
of droplets by ©Ostwald ripéning described by equa-

tion (2.57)).

(2.58)

2.5.5. Comparison between coarsening via Ostwald-
ripening  andwcoalescence. We can use our lattice
model, to determine the relative contributions of the
two_coarsening mechanisms to the growth of droplets.
In' the case of Ostwald ripening, we have to estimate
the mélecular diffusion constant D, the capillary length
¢, and the relative dilution of the minority phase,

cg?l)t / ci(r?). We use the Stokes-Einstein relationship to
express the diffusivity as D ~ kgT/(67n,v'/?), where
7m denotes the fluid viscosity felt by the molecules
of volume v. Moreover, from equations and
(2:46), the capillary length £, ~ 1v/3x1/2(y — 2)3/2,
Finally, the binodal line corresponding to our lattice
model with equal-size molecules A and B (see end
of section can be used to estimate the relative
dilution of the minority phase. It turns out that
the fraction between the equilibrium concentrations

c(()?l)t /c(o) x exp(—x), i.e., it decreases exponentially

in

to zero as the interaction strength y becomes large

(limit of strong phase separation), while cg?l)t /ci(r?) ~
1 — /(6(x —2)) changes only weakly close to the

critical point (weak phase separation). By comparing

equation (2.57) to (2.58]), we find that Ostwald ripening

dominates coarsening if

[

50 /e pea
X

2
_ 5 _out in out 777R -1

(x—2) o e ) nm)\ >1, (2.59)
where we dropped all numerical prefactors. In the
simple case of a constant size-independent viscosity,
lm = MR, our estimates from the simple binary lattice
model indicate that coalescence typically dominates
Oswald ripening for most interaction parameters x. In
particular, the left hand side of equation goes
to zero close to the critical point (x = 2) and in the
limit of strong phase separation (y — o0). However,
for intermediate y-values, the dominant coarsening

mechanism could still be Ostwald ripening because
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coalescence events may be suppressed by surfactants
(M < 1) or when the ratio of the viscosities often
satisfies ng/nm > 1. Such different viscosities are
particularly relevant for condensed phases in polymer
or protein solutions, or droplet-like compartments in
living cells. These complex, phase separated liquids
can even show visco-elastic effects leading to a dramatic
slow down of the movements of large droplet-like
phases [138H140]. In particular, inside cells, diffusion
of very large compartments is strongly suppressed
by the cytoskeleton [141], while the diffusion of
small molecules may experience less hinderance. We
therefore expect that Ostwald ripening is the dominant
mechanism of droplet coarsening inside cells since
it relies on evaporation and condensation of small
diffusing molecules.

3. Positioning of condensed phases

In this chapter, we discuss the positioning of condensed
phases (e.g., droplets) by external fields and non-
equilibrium concentration gradients. We focus on the
case where two components phase separate while a
third component, referred to as regulator, influence
the phase separation. Here we discuss two scenarios of
how to affect the position of condensed phases: (i) The
position of a condensed phase can be influenced by an
external field such as gravitation, electric ormmagnetic
fields [142]. These fields position the phase of higher
mass density, larger charge or larger magnetic moment
toward regions of lower potential energy. The resulting
stationary states correspond to a minimum of the
total free energy of the system and arednhomogeneous
thermodynamic states. (ii) Positioning of a condéensed
phase can also be affected by a_zregulator gradient
that is driven and maintained by/oundary conditions.
The presence of a regulator flux may let'the system
settle in (stationary) nonsequilibrim states. Such a
concentration gradient could be generated for example
by concentration boundary.conditions; or sources and
sinks [92], or via position-dependent reaction kinetics
with broken detailed balance [143;144].

In section |3.1.we discuss a simple system of
two phase separating components and illustrate how
an external field can' affect theraverage position of
the phase separatéd concentration profiles.  The
corresponding stationary states are inhomogeneous
thermodynamic states and can thus be accessed
through-amminimisation of the free energy. Section [3.2
is theu devoted to discuss how a concentration gradient
of a regulator|can affect the dynamics of droplet
position.

AUTHOR SUBMITTED MANUSCRIPT - ROPP-101147.R1
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3.1. Positioning of condensed phases by ‘emternal fields

External fields can influence the position of ¢empo-
nents in a mixture and thereby also/the position of
condensed phases. In this section, we investigate how
external fields affect a mixture which undergoes phase
separation. To this end, we briefly. review the thermo-
dynamics with external fields.

3.1.1. Thermodynamics of binary.miztures in external
fields. Here we discuss the thermodynamics of binary
mixtures in the presence of external fields such as
gravitation with a gravitational’ acceleration g, and
electric or magnetic, position-dependent potentials
denoted as U(x). The! presence of such an
inhomogeneous external poétential can influence the
shape and the meanhposition of the concentration
profiles c4 (@hand cp(z), which can be defined as

1 [k :
xi:—/ dxm@, (3.1)
L Jo

C;

where @ =y L' fOL dzc¢i(z) denotes the mean
concentration and L is the size of the system.

For a compressible system the binary mixture
is deseribed by two concentration fields c4 and cp.
Counsidering the case where the external fields vary
along’ the z-coordinate, the total free energy density
reads

ftOt = .f (CA7CB7VCA7VCB)
+ pgr 4+ Ua(z)ca + Up(x)cp . (3.2)

The interactions between the components are governed
by the free energy density f, p = maca + mpcp is the
mass density, and m4 and mp denote the molecular
mass of each component. The contributions of the
external potentials can be combined to Ugx(z)ca +
Ug(x)cp, where Uy(x) = U;(z) + migx, i = A, B.
Thermodynamic equilibrium for systems with
external fields can be defined at each position.
The position-dependent equilibrium profile ¢;(z) is
then determined by a spatially constant generalised
chemical potential, pot; = pi(x) + ﬁz(x), where
pi(x) = §F/Sc; with F = [d®zf. As an example of
a system with such a position-dependent equilibrium
profile we consider an incompressible system (vaca +
vgeg = 1) with gravitation as the only external
potential and where the A-molecules are dilute,
vaca < 1 [142]. The generalised exchange chemical
potential then reads figos =~ kT In(vca) + valpgz
with the density difference Ap = ma/va—mp/vp. At
thermodynamic equilibrium, this gives the barometric
height formula, ca(z) o exp(—Apvagz/(ksT)).
Thus gravitation always positions the molecules of
highest mass density toward the lower gravitational
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potential. Typically, sedimentation of macromolecules
on a mesosscopic length scale L is negligible because
ApvpagLl < kgT. Soft condensed phases, however,
are much more prone to follow the gravitational field
because the volume of the phase V; typically exceeds
the molecular volumes. The corresponding condition
for sedimentation to be relevant reads Ap;V;gL > kT,
where Ap; denotes the mass density difference between
the liquid condensed phase and the surrounding
solvent. Note that a micron-sized protein droplet with
about twenty percent larger mass density relative to
the solvent can already show sedimentation on length
scales slightly above the droplet size [145].

Gravitation acts on the condensed phase and
positions it into the region of lower gravitational
potential. In the following sections we would like
to discuss another positioning mechanism that relies
on a chemical coupling. In this case the position
of the condensed phase is affected via a gradient
of macromolecules that in turn influences phase
separation through molecular interactions. For a fixed
gradient, this system may already allow to change
the position of the condensed phase by affecting the
molecular interactions.

3.1.2. Positioning of condensed phases by a requlator
potential. To explore the propensity to switch the
position of condensed phases using such an additional
component we propose a simple ternary model |146]:
This model accounts for the demixing of  ‘two
components, A and B, and a regulator. component R
that interacts with the other components and thereby
affects phase separation between Agand B:..  The
regulator component R is influenced by an external
potential U(z). Interactions between,the components
i and j are captured by the mean-field interaction
parameters x;;. The scenario of regulation of phase
separation can be describedr by the following free
energy density
Jrot = kBT|: > ciln(We) +xapveacs
i=AJB,R

+cr(XBR CB T XARCA) 1/] +U(x)cr
S Weal’ 47 Veal? (3.3)

which is a Flory-Huggins free energy density |2}3] for
three components. /Analogously to the case of the
binary/system discussed in section the ternary free
energy given above can be derived from a partition
sum using a mean-field approximation (see [147}/14§]
and Appendix of Ref. [146]). In equation we
consider. an incompressible system where the molecular
volumes are constant and equal to v for all components,
and the concentrations thus obey cg = v~ ! —

16

cr — ca. The logarithmic terms in équation
correspond to entropic contributions related, to the
number of possible configurations. Ahénremaining
contributions characterise the interactions  between
the three components with the (dimensionless) mean
field interaction parameter “x;;, also referred to as
Flory-Huggins interaction parameter. The interaction
parameter between A and B, yap, determines the
tendency of A and B to phase separate. The two
terms in equation proportional to the regulator
concentration cg describe the interaetions between the
regulator R and the demixing components A and B.
To ensure that R acts as a regulator we choose these
interaction parameters stich that the regulator R does
not demix fromsd or B. The terms in equation
with spatial derivatives represent contributions to the
free energy ,associated »with spatial inhomogeneities.
We neglected aymixed term proportional to Veg - Veg
since itshasyonly ilittle quantitative impact on the
spatial [profiles of the phase separated profiles [146]

In the following we consider a periodic system with
a periodic potential U(x) that varies solely along the
z-coordinate. 4 We choose a potential that affects the
distribution of the regulator component of the form

U(z) = —kgTIn (1 — Qsin (2rz/L)) , (3.4)

where 0 < @ < 1 characterises the strength of the
potential and L denotes the size of the system along
the z-direction.

In the case where the components A and R
are dilute, vé¢4 < 1 and vég < 1, and for weak
external potentials (kr(Q/L)? < 1) such that the the
gradient terms in free energy can be neglected, the
profile of the regulator component is solely given by
the external potential U(x) with the regulator profile
cr(x) assuming the shape of negative sine function,
—sin (2rz/L). Thus the regulator profile has one
minimum and one maximum in the periodic domain.
The interaction of such a regulator profile with the
components A and B causes a positional dependence
of their concentration profiles. We would like to
understand how these interactions affect the system
if A and B phase separate.

For simplicity, we also consider a one dimensional
system of size L in the absence of boundaries. In
this one dimensional system the periodic boundary
conditions are ¢;(0) = ¢(L) and c;(0) = (L),
where the primes denote spatial derivatives. For the
considered case of an external potential U(z) varying
only along the z-coordinate, the restriction to a one
dimensional, phase separating system represents a
valid approximation for large system sizes, where the
interface between the condensed phases becomes flat.
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Figure 3.1. Spatial regulation of phase separation in an external potential by a discontinuous'phase transition. The regulator
forms a spatially inhomogeneous profile due to an external potential. As the interactions with the regulator are changed, the spatial
distribution of component A switches from a spatially correlated (left) to an anti-corrglated (right) distribution with respect to the
regulator. The switch corresponds to a discontinuous phase transition.

3.1.8.  Minimisation of free energy. To find the
equilibrium states in a phase separating system in the
presence of a regulator gradient induced by the external
potential U(x), we determine the concentration profiles
¢i(z) of all components ¢ = A, B, R by minimising the
total free energy (equation (3.3)); see Ref. [146]). Due to
particle number conservation, there are two constraints
for the minimisation imposing ¢; = L~! fOL dz ¢;(z) for
i = A, R, where ¢; are the average concentrations and
¢ = v~ ! — ¢4 — Cr. Variation of the total free energy
with the constraints of particle number conservation
implies (i = A, R):

L
_ aftot d aftot ) ) o
0= /0 dx ( a6, d oc + )\2> 0C; Hki0c;C;

L

(3.5)

where Ar and A4 are Lagrange multipliers and the dc;
is the variation of the concentration corresponding to
component ¢. The boundary term in&quagion is
zero in case of periodic boundary cenditions. Using the
explicit form of the free energy density (equation ),
a set of Euler-Lagrange equations can _be derived from
equation (see Refd|146)).. These equations can
be solved numerically using a finite difference solver
but also approximately investigated analytically (see
section . As" control 'parameters we consider
the three interaction parameterssxar, xap and XBg,
the strength of ‘the external potential @@ and the
mean concentration of "A-material, ¢4. The mean
concentration of thelregulator material is fixed to a
small volumenfraction vég = 0.02 in all presented
studieg’ to avoid phase separation of the regulator.
Moreover, we {focus on the limit of strong phase
segregation, where the interfacial width determined by
k4 are small compared to the system size. We verified
thatyour results depend only weakly on the specific
values of k4 and kg.

3.1.4. Discontinuous/switching of average position of
phase séparated.coneentration profiles in external fields.
Solving the EulersLagrange equations, we find two
extremal profiles of the phase separating component
Ay (@) an(i c}(x), and two corresponding profiles
of the regulator component R, denoted as cp(x)
and ¢} (z) (the profile of B follows from number
conservation). The phase separating material A can
be accumulated at larger regulator concentration and
correlates (+) with the concentration of the regulator
material (figure a)). The corresponding solutions
are c}(z) and ch(z). Alternatively, the A-material
accumulates at smaller regulator concentrations (¢ (z)
and cp(x)) corresponding to an anti-correlation (—)
with respect to the regulator profile (figure [3.|(b)).
The free energies of the correlated and the anti-
correlated states, F+ = F[c}, cf] and F~ = Fley, gl
are different for most interaction parameters. The
free energies only intersect at one point xpr =
X5p (figure a)). At this point the minimal
free energy exhibits a kink. This means that the
system undergoes a discontinuous phase transition
when switching between a spatially anti-correlated (—)
and a spatially correlated (+) solution with respect to
the regulator.

To study this phase transition the appropriate
set of order parameters can be defined from the
changes of the free energy upon varying the interaction
parameters (see figure [3.2)):

d
dxi;

where AF(c¢;i(z),c;(x)) = F(ci(z),¢(x)) — F(&,¢j).
The normalisation N;; is chosen such that —1 < p;; <
1. When inserting equations (3.3)), the order parameter

Pij = (kBTMjVL)_l AF(CZ'(.%'), Cj (l‘)) 5 (36)
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Figure 3.2. Discontinuous phase transition of a ternary phase separating systems in a periodic potential and with periodic
boundary conditions. (a) Free energy F' as a function of the B-R interaction parameter xgg. F~ and F¥ are the free energies of
the correlated and anti-correlated stationary solution with respect to the regulator gradientgrespectively.’ Lines are dashed when
solutions are metastable. At x5p, F'~ and F7 intersect and the solution of minimal ffee energy'exhibits a kink. This shows
that the transition between correlation and anti-correlation is a discontinuous phase transition. ) The order parameter ppr
corresponding to the solution of minmimal free energy jumps at x5 . (c) Phase diagrams ofiour ternary model for spatial regulation
in a periodic potential and periodic boundary conditions (vé4 = 0.1). The color code depicts the ordér parameter pgr. Component
B is spatially correlated (+) with the regulator profile if pgr > 0, and anti-correlated (=)otherwise. When the system is mixed,
pBR ~ 0, and spatial profiles of all components are only weakly inhomogeneous (no,phase separation). The black lines corresponds to
the transition where the free energy has a kink. Parameters for (a-c): xar = 1, vé4 =.0.5, vép = 0.02, kr/(kpTvL?) = 7.63-1075,

ka/(kgTvL?) =6.10-107°, Q = 0.5. For (a) and (b), xap = 4. For plotting;w= L /256 wa$ chosen.

pi; becomes the covariance,

L
pis = Wiy L) ™! / Ao (ci(@)es(x) —aiey) , (37)

which characterises the spatial correlation between the
concentration profiles ¢;(z) and ¢;(x). If the fields
are spatially correlated (4), p;; > 0, and if they are
anti-correlated (—), p;; < 0, and p;; =“Z£1 ifthe
concentration profiles of component i and j follow
spatially correlated or anti-correlated, step functions:
If the regulator is homogeneous, cg(x) =€g, the order
parameter is zero, p;g = 0 for i = A, B

Varying the interaction parameter xpgw(fig-
ure b)), the order parameters ppr and par jump
at the threshold value x55. The jum}))f both order
parameters in the presence of a regulator gradient in-
dicates that the spatial correlationof A and B with
respect to R changes abruptly, which'is expected in
case of a first order phase_transition.

By means of the forder parameter ppr (equa-
tion (3.7)) we can now discuss the phase diagrams as
a function of the interaction parameters. In the case
of a spatial correldtion (+), we have p;; > 0, while for
an anti-correlation (), p;5 < 0» We thus find three
regions (figure ¢)): A mixed region, where concen-
tration profiles are only ' weakly inhomogeneous and no
phase separation oceurs, and two additional regions,
where components A and B phase separate and A is
spatially correlated or anti-correlated with the regula-
tor R, respectively. There exists a triple point where
all three states/have the same free energy.

In summary, the presence of a concentration gra-
dientrin phase separating systems leads to equilibrium
states of different spatial correlation with the regulator
profile. The regulator gradient creates a bias in the po-

sition of the phase separated concentration profiles for
almost all parameters in the phase diagram. If the ex-
ternal/potential acting on the regulator has exactly one
minimum and one maximum, there are two stationary
states with different mean positions of the phase sep-
arating material. One of these stationary states corre-
sponds to a global minimum of the free energy while the
other state may only be locally stable. The parameters
characterising the interactions between the regulator
and the phase separating material determine which of
these states corresponds to equilibrium. There is a dis-
continuous phase transition between both states upon
changing these interaction parameters.

For simplicity we have discussed a phase sepa-
rating system in the presence of an external poten-
tial restricting to inhomogeneities in one dimension.
However, preliminary Monte-Carlo studies in three di-
mensions with phase separated droplets in a regulator
gradient suggest that the position of droplets can be
switched in a discontinuous manner [149].

3.1.5.  Analytic argument of the occurrence of a
discontinuous phase transition In the previous section
we have considered the numerical minimisation of a set
of non-linear Euler-Lagrange equations derived from
the free energy density (equation (3.3)). Here we give
some approximate analytic arguments to understand
the minimal ingredients for the occurrence of the
discontinuous phase transition. To this end, we would
like to simplify the system further and consider the
dilute limit of the regulator, i.e., végp < 1 and thus
approximate ¢g ~ 1 — v1¢4 in equation (3.3). For
such dilute conditions, the equilib(rium concentrations
0

(for A component) in each phase, cin) and c(()?l)t, are then

well given by the binary A-B system. In addition, for
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strong enough external potential U(x), the regulator
profile follows well, cg(x) = A — Bsin (2raz/L), apart
from the peaks (see figure , where A > 0 is
some concentration offset and B > 0 characterises the
strength of the spatial modulations of the regulator
profile.  For a discussion of the relevance of the
regulator peaks at the interface see Ref. |[146]; here we
simply neglect these peaks for simplicity. We expect
that the extrema of the regulator profile cr(x) at
x = L/4,3L/4, determine the position of the A-rich
condensed phase. As obtained from the numerical
analysis presented in the last section, there are two
solutions, either spatially correlated (4) or anti-
correlated (—) with the regulator. These solutions can
be approximated in the dilute limit of the regulator as:

che) = e+ () = ) © (v = 3L/4+ 20/2)

x O BL/4A+ x0/2 - 1), (3.8a)
) = el + () =) © (@ = L/4+0/2)
X O (L/4+10/2— 1), (3.8b)

where ©(-) denotes the Heaviside step function. These
solutions describe the A-rich domains either localised
around the maximal (+) or minimal (—) amount of
regulator. The domain size of the A-rich phase denoted
as zq is determined by conservation of particles, i.e.,
eal = [dxch(z) = [ dacy(z), leading to zg =L (Ca—
c(()?l)t) / (ci(g) - c(()?l)t) Using the approximate solutions
above we can calculate the differencerin free energy
corresponding to correlated and anti-correlated states,

F* —F~ ~WkgTL(xar — xBR) B, (3.9)

where W = 27~ !sin (77%0) > 0is'a poa'hive constant.
Please note that all contributions apart from the A-
R and B-R interaction ,vanish' in the /dilute limit
and due to conservation of A and Bimaterial. As
B characterises the concentration modulations of the
regulator profile, the freé energy. difference (F+ — F ™)
consistently vanishes for zero B (equation ) In
the case of non-zero B, the free energy difference is
determined by the difference in the interactions of
A and B with respect to the wegulator R, Ay =
XAR — XBR- Mostvimportantly, at Ax = 0, the two
solutions switch their thermodynamic stability: for
Ax > 0, the anti-correlated state is favoured, while
for Ax <.0,the correlated state is preferred; Ay = 0
indicates the tramsition point. In addition, the slopes
of correlated and anti-correlated free energy, F'* and
F~, with,respect to Ax at the transition point are
not equal. “The difference in slopes implies that the
minimal free energy exhibits a kink at the transition
point Ax = 0, which means that the system undergoes
a/discontinuous phase transition switching from a
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correlated to an anti-correlated state for/increasing
Ax. The discontinuous phase transition oeccurs at
Ax = 0, which agrees with the numerical predictions
shown in figure c) (note that the corresponding
volume fraction of the regulator 4is wrather dilute).
Our approximate analytic treatment indicates that
the occurrence of a discontinuous, phase  transition
solely relies on the existence of the pesition-dependent
profile of the regulator and the interactions of the
regulator molecules with therliquid. condensed phases.
It seems that the peaks of regulator’ material at the
interface of the condensed phase, which we neglected in
this approximate analytic argument, are not necessary
to observe the discontinuous transition. Maybe the
discontinuous nature'is also preserved if the regulator
gradient is driven by boundary conditions? We leave
this question to future research.

3.2. Dynamies_and coarsening of droplets in
concentration gradients

In _this section we discuss the dynamics of multiple
droplefs in_aone-dimensional gradient of a regulator
component that affects the phase separation of
droplets. /For simplicity, we consider the case where
the regulator profile is not affected by the phase
separating components. Given a regulator gradient
cr(®) we introduce a set of physical quantities such
as the position dependent supersaturation, which
determine the inhomogeneous ripening dynamics.
These quantities depend on position and will be used
to develop a generic theory of droplet ripening in
concentration gradients. This theory extends the
classical laws of droplet growth derived by Lifschitz
& Slyozov [5] and can explain the positioning of
droplets in concentration gradients by droplet drift and
spatially dependent growth.

3.2.1.  Spatially varying supersaturation. Here we
discuss the ripening dynamics of droplets in a regulator
gradient that varies only along the z-coordinate. To
this end, we modify the concept of a common far
field concentration introduced in section 253 to a
concentration field co(z) that changes on the length
scale of the system size L.

In the absence of a regulator gradient, the
concentration outside approaches the “far field” of
the droplet, c.,, as the distance to the droplet
interface increases. The far field is created by the
surrounding droplets and is well reached if the length
scale corresponding to the mean distance between
droplets ¢ exceeds the droplet radius R, i.e., / > R.

In the presence of a regulator gradient varying
along the xz-coordinate, the far field seen by the droplet
Co(x) is now also position dependent and can be
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concentration cy

concentration ¢(z) =

regulator concentration cgr

position x

Figure 3.3. (a) Sketch of a ternary phase diagram as a function
of the homogenous regulator concentration cy and the droplet
material c4. The tie lines (green) connect the equilibrium
concentration values of the coexisting phases. Each position x of
a system subject to a different regulator gradient (e.g. blue line
in (b)) may correspond to a point in the phase diagram along the
orange line. If the position is inside the phase separation region,
droplets can form, while outside phase separation is absent.
The position z, referred to as dissolution boundary, marks the
location below which there is no phase separation and vice versa.
(b) Sketch of a representative regulator gradient cg(x) (blue) and

<O)(x) and (¥ (z) obtained from

the equilibrium concentration c; out

the phase diagram (a).
approximately written as:

1 Ly L.
o) = / dy / Az cour (2,9, 2),  (3110)
LyLZ 0 0 ‘

where cout (, ¥, 2) is the concentration field outside the
droplets and L, and L, denote the system‘size in'the
y and z-direction, respectively. The expression above
is an approximation because we have neglected weak
concentration perturbations close to droplet interfaces
described by the Gibbs Thomson relationship .
However, for the typical case of droplet radii exceeding
the capillary length (R > {,) and the mean inter-
droplet distance being larger than the droplet size
(¢ > R), these concentration perturbatiofis are very
small (see section [2.5.1).

Finally, to make sure that the spatial variations of
the position dependent far field are large on the system
size but comparably small on, the droplet scale, we
consider the case where all theselength scales separate,
{, < R < ¢ < L. This separation of length scales
will allow us to investigate weak perturbations of the
droplet shape parallel to the concentration gradient
and also to construet the equilibrium concentration at
each position z along the gradient.

The separation| of length scales suggests to
divide the system into independent slices of a size
corresponding to the intermediate length scale ¢. The
phase separation dynamics can then be discussed
locally for each position x corresponding to a slice
element of‘linear length ¢. For this discussion, we
comsider a simplified model with a free energy density
given by equation and calculate the corresponding
pliase diagram (figure [3.3(a)). If the droplet material
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is roughly constant each position z maps.on a single
point in the phase diagram because the regulator
profile is fixed. The corresponding curvé inythe phase
diagram due to the spatial dependence of the regulator
defines local values of the equilibrium\concentrations
inside and outside of the dfeplet (figuréy3.3(b)). In
other words, droplets in the slice corresponding to the
position x feel the local equilibrium concentrations,
ci(r?) (x) and c(()(‘)l)t (x).  For simplicity,  we restrict
ourselves to a special case’ where the equilibrium
concentration inside is position independent, ci(g) (z) ~
ci(r?), thus droplet growth is solely determined by
the conditions outside of-the droplet. Moreover, as
concentration inhomogeneities of droplet material are
in general weak, we do not' consider weak transients
of cg?l)t(x) due to thesspace and time varying coo(z).
The actuald{concentration of droplet material outside,
Coo(T), togethernwith' the equilibrium concentration

(0)

outside) ¢, i(®), determine a spatially dependent

out
superSaturation
Coo(®
Cout (l‘)

There wis a dissolution boundary located at the
position © = x. where the supersaturation e(z.) =
{yJR. For the considered case of ¢, < R, this
boundary approximately corresponds to a vanishing
supersaturation £(z.) ~ 0. In the illustration in
figure a), the fluid is mixed for z < z., while
droplets can form (e > 0) for > x.. In the absence of
droplets, the concentration field ¢, (z) evolves in time
satisfying a diffusion equation, which we will derive in
the next section. When droplets are nucleated, their
local dynamics of growth or shrinkage is guided by
the local supersaturation (z) as well as cc(,?l)t(x) (see
Section. This local droplet dynamics then in turn
also influences the concentration field co (). As time
proceeds, diffusion of droplet material occurs on length
scales larger than the intermediate length scale ¢. For
this regime, we will derive a dynamical theory and
extend the Lifschitz & Slyozov theory to concentration
gradients.

3.2.2.  Dynamics of a single droplet in a concen-
tration gradient. A regulator concentration gradient
generates a position-dependent equilibrium concentra-
tion c(()?l)t(x) and a position-dependent supersaturation
e(z) (equation (3.11))). This supersaturation will drive
the droplet dynamics and lead to a position-dependent
growth, drift of droplets and even deformations of their
shape. In the following we discuss the dynamics of
growth of a single droplet where the equilibrium con-
centration, cg?l)t(x), and the concentration of droplet
material, ¢ (), are position dependent. The case of
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multiple droplets is studied in the next section.
The concentration inside the droplet can be
approximated by the equilibrium concentration ¢ ~
(0)

¢, in the limit of strong phase separation (cl(n) >

cg?l)t; see section . This allows us to restrict the
analysis to the concentration field ¢(r, 6, ¢) outside of
a droplet. Here, we use spherical coordinates centred
at the droplet position zg, with r denoting the radial
distance from the centre, and 6 and ¢ are the azimuthal
and polar angles relative to the z-axis. Within the
quasi-stationary approximation (see section the
concentration outside but near the droplet obeys the
steady state of a diffusion equation (2.50). For large r
the concentration field approaches the “far field” which
in the presence of a linear gradient reads (figure [3.4)):

= lim ¢(r,6,¢9) ~a+ Brcosh. (3.12)
r—00

This inhomogeneous far field concentration is locally
(with respect to inter-droplet distance ¢) characterised
by the concentration o = cx(xp) and the gradient
B = 0zCoo(T)|s, at the position of the droplet .
At the surface of the spherical droplet, »r = R, the
boundary condition is

(R 97 SD) - Cout(e) (313)
= (el + Reos(0)daclh ()]a, ) (1+ € /R) -

Here, £, is the capillary length as introduced in
section m Equation corresponds to the
Gibbs-Thomson relation (see section [2.5.2)), which
describes the increase of the local .coneentration
at the droplet interface relative to /the equilibrium
concentration due to the surface tension of the droplet
interface. The presence of spatialfinhomogeneities on
the scale of the droplet R lead to anfadditional term
in the Gibbs-Thomson relation." To' linear order, this
contribution to coh reads Rcos(6)0y cout( )zo- The
values of § and « characterisingythe far field, co (o),
together with the localfequilibrium’ concentration at
the droplet surface, coi(6), determine the local rates
of growth or shrinkage of the drop at * = =z in a
spatially inhomogeneous regulator gradient.

The solution tof the" Laplace equation with
cylindrical symmetry is/of the form c(r,0) =
Yo (At £ Bir 1) Pi(cos ), where Pi(cosd) are
the Legendre polynomials. Using the boundary

conditions (3.12) and (3.13)), we find
R R?
e(r,d)=a|l4—)+Pcosh(r— o) (3.14)

0\ R
+ ( E)?Rt + Roos(0)Dacl (@) s, ) (1 + 1%) =

The'droplet could grow, drift or deform due to normal
fluxes of droplet material at the interface leading to a

AUTHOR SUBMITTED MANUSCRIPT - ROPP-101147.R1

21

A

concentration ¢(z)

eq

": Cout(T0) Cout

fR 0
coordinate relative to droplet center &

Figure 3.4. Sketch of the concentration field inside and outside
of a droplet in a position-dependent supersaturation field. The
droplet center is located at '=.0. The equilibrium concentration
inside is ¢;; >4 Right outside the dropletat +R the concentratlon
is given by the Gibbs{Thomsen felation cod, (equation (3.12)).
Far away from the droplet<«Center, the concentration approaches

Coo () (equation (3.13))-

movement of the interface. The speed normal to the
interfacereads v, =-v,, where n denotes the normal
vector to the interface. In case of a spherical droplet,
n = ép, where e, is the radial unit vector in spherical
coordinates: In the limit of strong phase separation,
ife., C(O) > c(()gt, el o l(n), and the velocity normal to
the 1nterface, v, (equation (|2 ), can be expressed by
Un 20 AF:, — jout)/ci(g). For weak spatial variations
inside and outside of the droplet, the local flux is
defined as j = —DVe. The concentration inside the
droplet is approximately constant and for simplicity we
consider it to be independent of the droplet position.
Thus the flux inside the droplet vanishes, j;, = 0, while
the flux outside reads j.,, = —DV¢|g.

Now we discuss how the normal speed v,
can be used to calculate the droplet growth speed
vg, the droplet drift velocity vy, and the rate of
deformations from the spherical shape, vs. To
this end, we parametrise the surface of the droplet
in terms of Legendre polynomials as there is
no dependence on the polar angle, which gives
R(0,t) = > ,di(t)P;(cosf), where d;(t) are the
expansion coefficients characterising the shape of the
interface. The corresponding interface velocity of an
approximately spherical droplet is v, ~ 9;/R(0,t) =
>, vi(t)P; (cos @), where the speeds for droplet growth,
drift and deformations along the regulator gradient
read v;(t) = 0d;(t). We can now identify the
radius R as dy = (R,Py)/{Py,P), the position
of the droplet center zo as di = (R,P1)/(Pi, P1),
and the deformations are characterised by do =
(R, Py)/(Pa2, Py) Here, the brackets indicate the scalar
product (h, g) = foﬂ df sin 8 h g between the functions g
and h. Most importantly, we can identify vy = dR/dt
as the rate of change of the radius and vy = dxo/dt as
the drift velocity of the droplet center.

Using equation , we find for the droplet
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growth speed
dR D (0) £,
T ci(r?)R [oz — Coup (o) [ 1+ 1B

In the presence of concentration gradients there also
exists a net droplet drift speed

(3.15)

dl’o

¢
O fO) [35 Do ()] 2o <1+Ig>} . (3.16)

where we found in contrast to Ref. [31] an additional
factor of 3 in front of the coefficient 8. Note that both
the growth rate and the drift speed are proportional to
the molecular diffusion constant D of droplet material.

If the far field coo(x) is well parametrised
by a linear gradient (equation (3.12))), there are
no deformations from the spherical shape, vy =
0. Deformations of the spherical shape can
only occur if higher order polynomials P, (cos6)
with m > 2 are necessary to describe the far
field. If we include the quadratic order in the
parametrisation of the far field (equation ),
(rcos0)?02¢q0 () |s,, the deformation speed reads
vy = (10/3)(RD/c)2c00 ()]s, This quaddtic
contribution does not affect the droplet drift v; but
the growth law vy is changed. The quadratic term
gives an extra contribution inside the brackets of
equation of the form (5/3) R?02co0 () |z Thus;
shape deformations and their impact on the growth
law in the case of a non-linear far field gradient are
negligible if

2
503 Coo ()], R2< 1!
3Co0 () |2

For the system under consideration where length scales
separate, i.e., R <« ¢ < L, deformations from the
spherical shape are weak because gradients of the far
field coo () occurs on the lengthiscale of the system size
L. In recent numerical studies.considetring a continuous
phase separating Flory-Huggins model in a regulator
gradient maintained by sink andsource terms, droplet
deformations are indeed visible when droplets approach
the order of the gystem size.[92].

(3:17)

3.2.83.  Dynamical equation of multiple droplets in
a concentration gradient. We can now describe the
dynamics ofymany /droplets, ¢ = ., N, with
positions z; andwradii R;. If droplets are far apart
from each other,\the rate of growth of droplet ¢ reads

0
AR D () e bl
it R; i(? R;

(3.18a)

22
The drift velocity of droplet i, vy (x;) = dwg/dt, is
d:cZ 12
i = [Pl — 0 (T
(3.18b)

If the distance between droplets is large<relative
to their size, droplets only ‘interact via »the far
field concentration field coo(2,t). Tt is governed by
a diffusion equation including, gain and loss terms
associated with growth orsshrinkage of drops:

82
Ocoo(x,t) = Dﬁcoo(x t) (3.18¢)
471' d 3
— H(t Zé(ﬂ?l 3 % Ri(t)”,
where the time-dependent function
) _
H(t) = i~ Coc(l) (3.19)

Ve 6(xs — o)A Ry (1)

isfapproximately constant, H ~ c(o) /V, in the limit

of strong phase separation c( ) > Coo(t) and for very
large inter-droplet dlstances corresponding to V. >
Sl 6@ — ) T R;(t)® with V.

Equation describes the effects of large scale
spatial inhomogeneities on the ripening dynamics for
the case of a regulator gradient varying along the z-
axis. Since large scale variations of ¢ (x,t) only build
up along the z-directions, derivatives of c,, along the
y and z directions do not contribute as ¢, and c( )t are
constant along these directions.

In the absence of a regulator gradient, cg?l)t and coo
are constant in space implying a position-independent
and common supersaturation level ¢ for all droplets
(equation (3.11)). In this case equation (3.18a))
gives the classical law of droplet ripening derived by
Lifschitz-Slyozov  [5}|6] (also referred to as Ostwald
ripening), and the net drift vanishes (equation (3.18H)).
In the case of Ostwald ripening, droplets larger than
the critical radius R. = ¢, /e grow at the expense of
smaller shrinking drops which then disappear. This
competition between smaller and larger drops causes
an increase of the average droplet size and a broadening
of the droplet size distribution with time. Ostwald
ripening is characterised by a supersaturation that
decreases with time, leading to an increase of the
critical droplet radius R. = £, /e(t) o« t'/3. The
droplet size distribution P(R) exhibits an universal
shape and is nonzero only in the interval [0,3R./2]
(figure [3.5(b), blue graph). In other words, there are
no droplets larger than 3R, /2 and thus also no droplets
exist beyond the maximum of dR/dt at R = 2R.
where larger droplet could grow slower. Therefore, in
homogeneous systems the broadening of P(R) follows
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from larger droplets growing at a larger rate dR/dt
than smaller droplets and because all droplets feel the
same supersaturation level droplet positions remain
homogeneously distributed in the system. In the
presence of a regulator gradient the droplet dynamics
exhibits a different behaviour.

3.2.4.  Droplet positioning via position dependent
growth and drift. There are two novel possibilities of
how droplet material is transported: There is exchange
of material between droplets at different positions
along the concentration gradient due to a position
dependent droplet growth, and droplets can drift along
the concentration gradient.

Droplets grow or shrink with rates that vary
along the gradient because the local equilibrium

concentration cg?l)t(x) and the far field concentration

Coo () are position dependent (equation w) For a
supersaturation e(x) = (coo(x)/cg?l)t(x) —-1) > ¢,/R,
a droplet located at position x grows, and shrinks
in the opposite case. In other words, the critical
droplet radius depends on position, and droplets with
radii below or above R.(z) = ¢,/e(x) shrink or grow.
This position dependence implies a movement of s#he
dissolution boundary z.(t) which is defined where the
supersaturation &(zc(t)) = ¢, /R (equation [3.11]). This
definition can be simplified for the case where the
capillary length, which is typically in the order ofithe
molecular size, is small relative to the droplet radiiy.i.e.,
{y < R, leading to coo(zc(t)) > 0 (26(t)). Taking the

out
derivative in time gives the speed of the dissolution

boundary, v.(t) = dxgt(t):

/dcc(a(t)x)t(x)
r=x(t) dz

We can now discuss the movement direction of the
dissolution boundary. Ifidroplets cantgrow in the
system, the far field concentration should decay, dfif

0. Thus the dissolution boundary always moves toward

_dewo(w)
o dt

ve(t) (3.20)

=z (t)

positions corresponding to smallerivalues of c‘()?l)t. When
the dissolution boundary, moves through the system
it dissolves all droplets onits way. The dissolved
droplet material/ will diffuse and. feed the growth of
the remaining dropléts. Thus the moving dissolution
boundary positions  the phase separated material
toward one boundaryof the system corresponding to
the lower values of the position-dependent equilibrium
concenfration cg?l)t (z).

Another mechanism of positioning is via droplet
drift (equation/([3.18b)). The drift of a droplet results
from an asymmetry of material flux at the interface
parallel. to the regulator gradient. To be more specific,
we have to distinguish between the scenario of many

droplets and the case of a single droplet. In the
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case of many droplets to the right of thedissolution
boundary, the presence of these droplets keep the
position-dependent supersaturation small; thus %Cﬂ &

(0)
%. Using the derived equation for,droplet drift|3.16
the drift of droplet ‘d’ in a system with many droplets
roughly follows

dzq . D.'dc)
Tk el (3.21)
mn

This equation implies/that dreplets drift into the
opposite direction of the dissolution boundary. Thus
droplets are pushéd toward dissolution making it
impossible for them to escape their dissolution via
drift. This picture can be different for a single droplet.
When diffusion is fast, #he far field concentration is
expected forybe roughly homogeneous, dg;," ~0. As a
consequence thexdrift points parallel to the direction of

the dissélution,boundary in the case of single droplet:

dzo D dc%

&

Thedroplet may thereby escape its dissolution by drift.
The drift‘of a single droplet in a roughly homogeneous
far-field concentration should be driven by the efflux
of‘material at the back, which diffuses to the front of
the droplet (droplet front is faced into the direction
of movement of the dissolution boundary). Droplet
movement then arises from asymmetric droplet growth
between the back and the front of the droplet. The
associated time-scale of this process is roughly given by
the time to diffuse the droplet radii, i.e., R?/D. If this
time-scale is smaller than the time-scale R/v. necessary
for the dissolution boundary to move the distance R,
a single droplet may escape the dissolution boundary.
Using equation the condition for a single droplet
to drift can thus be written as

®  de
D% < R%. (3.23)

Otherwise, the droplet would dissolve and recondense
via nucleation typically in domains corresponding to
lower values of the position-dependent equilibrium

concentration cé?l)t (z).

3.2.5.  Narrowing of the droplet size distribution.
Numerically solving equations for a large
number of droplets we find that the droplet size
distribution narrows during the positioning of droplets
toward one boundary of the system. For details
on the numerics, please refer to reference |[31].
This narrowing of the droplet size distribution in
a concentration gradient is fundamentally different
from the broadening of the droplet size distributions
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Figure 3.5. Sketch depicting the mechanism of the

narrowing of the droplet size distribution due to the presence
of concentration gradients. (a) The black curve depicts the
droplet growth speed dR/dt before the spatial quench, where
the system undergoes Ostwald ripening with a homogenous far
field ceo and a homogenous equilibrium concentration c(<)[l),l)t (0).
The corresponding droplet size distribution is shown in (b).
The spatial quench cc()?l)t(x) = cg?‘)t(O) (1 — ma) reduces the
equilibrium concentration at * = L. Therefore, the local
supersaturation increases which amounts to a decrease ofsthe
critical radius at = 0 from Rc(0) to Rc(L) (indicated by
red arrow). This change in supersaturation changes the droplet
growth velocity dR/dt (orange). Subsequent to such a spatial
quench mostly all droplets at * = L grow. However, larger
droplets typically grow less than smaller drops. (onsequently,
the size distribution will narrow. The narrowing is most
pronounced close to the rightmost boundary at x = L sineéithe
moving dissolution boundary dissolves all dreplets at x < L."In
addition, the dissolution of these droplets will keep the far field
concentration coo () at z = L at increased level which maintains
a small value of critical radius until the dissoldtion boundary has
reached the boundary at * = L.

N
during classical Ostwald ripening [5/6]; see figure
for an illustration of the mechanism underlying the
narrowing. Imagine we spatially quenchsthe system by
imposing a spatially varying equilibrium concentration
cg?l)t(x) = cg?l)t (0) (1 — miz), where c(()?l)t(O) denotes the
equilibrium concentration before\ the quench and m
is the slope of the “spatial quench”. Such a spatial
quench reduces the eritical radius at the right boundary
at x = L from R{(0) (eritical radius before the quench)
to Re(x = L) = ¢y/e(x =/L) (equation ) This
quench alsoshifts the maximum of dR/d¢ for droplets
at = L tolsmaller radii since the radius corresponding
to the maximum occurs at R = 2R.. After the
spatiall quench there are many droplets with radii
R > 2R.(x = L). According to dR/d¢ (figure a))
these droplets /ggrow more slowly than those around
R = 2R, which leads to a narrowing of the droplet size
distribution P(R) at x = L. The critical radius R.(z =
L) remains small because dissolution of droplets at
x/< L leads to a diffusive flux toward * = L and
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thus keeps the concentration ¢ (L) at inCreased levels.
These conditions hold for a longer time if the spatial
quench has a steeper slope. As a result the distribution
narrows more for steeper quenches. For weak enough
slopes of the quench, the narrowing‘ef the droplet size
distribution vanishes, however, droplet positioning still
occurs as long as this slope is not zero.

When the dissolution (boundary, reaches the
rightmost boundary close to.@ = L the eritical radius
catches up with the mean.droplet size. Concomitantly,
narrowing of the droplet sizes distribution stops.
Because all droplets are approximately of equal size
the exchange of matérial between droplets via Ostwald
ripening is slowed down damatically. This slowing
down of inter-droplet diffusion via Ostwald ripening
leads to a long phase where droplet number and size is
almost constant. Close to the end of this arrest phase,
the droplet distribution begins to broaden slowly and
the dynamics,approaches classical Ostwald ripening.

In{ summary, a concentration gradient of a
regulator. component that affects phase separation
cam’ significantly change the dynamics of droplet
coarsening:s. & The regulator gradient causes an
inhomogeneity of the equilibrium concentration and
the concentration field far away from the droplet. Both
induce a position-dependent ripening process where
droplets can drift along the gradient and dissolve
everywhere besides to a region close to one boundary
of the system. During this positioning process of
droplets to one boundary the droplet size distribution
can dramatically narrow for steep enough quenches
which causes a transient arrest of droplet growth. After
this arrest phase the positioned droplets are subject to
a locally homogenous concentration environment and
the system recovers the dynamics of classical Ostwald
ripening.

4. Droplets driven by chemical turnover

Droplets can also be controlled by chemical reactions
that directly affect the concentrations of the segregat-
ing species. For instance the building blocks B that
form droplets could emerge from precursors P by a
chemical reaction. While simple conversion reactions
typically suppress phase separation, chemical reactions
that are driven by an external energy input allow to
control the droplet size as well as the droplet count
and can even lead to spontaneous droplet division. To
describe such phenomena, we start by deriving the dy-
namical equations from a thermodynamic consistent
description of phase separation in the presence of chem-
ical reactions.
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4.1. Thermodynamics of chemical reactions

Before we consider the coupling of phase separation
and chemical reactions, we review the thermodynamics
of chemical reactions in homogeneous systems. To
highlight the core concepts, we here focus on very
simple chemical reactions.

4.1.1.  Chemical reactions in homogeneous systems
We start by considering an isolated system where the
two chemical species, the building block B and the
precursor P, are converted into each other by the
reaction

P=B. (R1)

At constant temperature T and volume V| the system
is described by a free energy F(Np, Np), where N;
are the particle numbers of type ¢ = P,B. The
thermodynamic equilibrium of the system corresponds
to the minimum of F. The necessary condition for
this minimum reads pupdNp + updNp = 0, where
the chemical potentials are up = OF/ONp|y_  and
pp = OF/ONp|y,. Note that in contrast to phase
separation without reactions, species can now be
converted into each other and only the total number
of particles, M = Np + Np, is conserved. This implies
dNp = —dNp, such that the equilibrium condition
requires up — ug = 0. Consequently, at equilibrium,
the chemical reaction equalises the chemical/potentials
of the two species.

The difference between the chemical potentials,
uwp — pp, also affects the relaxation rate toward
equilibrium. This rate is quantified “by, the total
reaction flux s = —dep/dt = dep/dt, where ¢; = N;/V
denotes the concentrations in the homogeneous system
for ¢ = P, B. Since the reaction can pq)ceed in both
directions, the total reaction flix s = s, — s_ is
given by the difference of the forward reaction flux s_,
associated with the conversion of P to/ B and the
reverse flux s._. As a consequence of detailed balance,

the ratio of the two reactiomfluxesiobey (see|Appendix
C)

S: = exp <_M) , (41)

which we call detailéd balance of the rates [150]. The
relation shows that the net direction in which the
reaction proceeds depends on the sign of the chemical
potential difference /up — pp. Moreover, the net
reaction flux s vanishes at chemical equilibrium (up =
pp) since s, = s.. Close to chemical equilibrium,
equation can be linearized and the reaction flux
s = S_, — S can be expressed as

s=—M(cp,cB) (uB — pr) , (4.2)
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where the function A,(cp,cp) determinegithe reaction
rate. A;(cp,cp) is an Onsager coefficient; which must
be positive to ensure a positive entrepy production

rate [109}/124]; see [Appendix B

4.1.2. Chemical reactions in inhomogeneous’ systems
and stability of homogeneous states »To describe chem-
ical reactions in inhomogeneous systems, we assume
local thermodynamic equilibrium, i.e., there exist lo-
cal volume elements wherée thermodynamic quantities
such as concentrations/and temperature can be de-
fined. This is possible when the local volumes equi-
librate quickly compared totherrates of the processes
that we want to describe. In particular, the exchange
with neighbouring velumes,/associated with diffusive
transport, and the conversion of particles into differ-
ent species, associated with chemical reactions, should
take place on timescales longer than the equilibration
timescalé of the volumes. If this is the case, a system
of reacting and diffusing particles can be described by
concentration fields ¢;(r) for all species 1.

Tostudy. the interplay of the chemical reaction
(R1)) with phése separation, we first consider a binary,
incompressible system described by the concentration
of the dreplet component, cg(r) = ¢(r), while cp(r) =
v 1 — ¢(r) with v denoting the molecular volume of
P and B. The behavior of the system is governed
by the free energy F[c], which is now a functional of
the concentration field ¢(r). For simplicity, we here
consider the form

Flc] = /d?’r (f(c) + g|Vc|2) , (4.3)

which combines a local contribution of the free energy
density f(c) with a term that accounts for the free
energy costs of spatial inhomogeneities proportional to
k, analogous to sectionZ 1.5l The exchange chemical
potential i = up — pp is thus given by g = §F|c|/dc.
The resulting equilibrium condition of the chemical
reaction is fi(r) = 0, which includes the equilibrium
condition for phase separation, fi(r) = const.; see
section 2271

The dynamical equation of the system follows from
the conservation law

et V-j=s, (4.4)

where j is the diffusive flux and s is the net flux
of the production of species B by the reaction .
These two thermodynamic fluxes are driven by their
respective conjugated forces Vi and [i; see

Bl Using linear response theory, 7 = —AVj and
s = —A.f1, we arrive at the dynamical equation
dc =V - [Ac) Vii(c)] = Ac(c) i(c) , (4.5)
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Figure 4.1. Schematic representation of the impact of chemical
reactions on phase separation. (a) In chemical equilibrium, a
system that is able to phase separate settles in the minimum
of the free energy density corresponding to the homogeneous
concentration cg. Phase separated states with concentrations
c1 = ¢1/v and c2 = ¢2/v are no more stable. (b) Growth rate as
a function of the wavenumber ¢ = |q| (g: wave vector) for phase
separation in the absence of chemical reactions (grey), phase
separation in the presence of a chemical reaction tending toward
chemical equilibrium satisfying detailed balance of the rates
(blue), and phase separation combined with non-equilibrium
chemical reactions which break detailed balance of the rates
(red). The sign of s'(cp) can be adjusted by the chemical
potential difference between fuel and waste, fi2, for example. The
homogeneous concentration c¢g is defined as the concentration at
which s(cg) = 0.

which describes a binary system that exhibits phase
separation and chemical reactions. Note that
we recover the Cahn-Hilliard equation if chemical
reactions are absent (A, = 0); see equationy(2.37).
Conversely, in the limit where A, is constant and
diffusive fluxes vanish (A = 0), we obtain the Allen-
Cahn model [151], which is the deterministic version
of model A [125].

We study the effects of chemical reactions by
first analyzing homogeneous equilibrium states'e(#) =
co, which are governed by the equilianum condition
fa(r) = 0. This condition impliés vanishing ehemical
reaction flux, see equation (4.2), and f/(co) = O,
so that ¢p is a (local) extremum of the'free energy
density f(c). To assess thesstability of these states, we
consider harmonic perturbations withy wave vector g,
as described in section2:4l In the linear regime, these
perturbations grow with a rate

w(q) = —[Alcg)a® + A (o)} [f"(co) +rg?] . (4.6)

The system is stable if all jperturbations decay, i.e., if
w(q) < 0 for all' wave wectors g. Since A, A, > 0, the
stability is governed by the sign of the second bracket
in equation and the homogeneous state becomes
unstable when f”(eg) < 0 [152]. This condition is
identical to thé condition for the spinodal instability
in the case without chemical reactions (A, = 0).
However, in the presence of chemical reactions, only
thethomogeneous states with f/(cp) = 0 are stationary
states because particles numbers of P and B are not
conserved. In contrast, in the absence of chemical
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reactions, all homogeneous states are stationary with
the homogeneous concentrations of P and »B being
conserved. Particle conservation also implies,w(0)=0,
while the ¢ = 0 mode is unstable when chemical
reactions are present; see figure b).

Taken together, we showed that ifsthelsystem
settles in a homogeneous state 1t will attain minimal
free energy [152,/153]; see figure a). The major
difference to the case without, chemical reactions is
that the species are not«conserved individually and
the system can thus relax by altering'the composition
locally. In the next section, we| will show that this
local conversion degtabilisesrall inhomogeneous states
including the ones/corresponding to coexisting phases.

4.1.3.  Dissolution ef droplets by chemical reactions
We now investigate the, stability of inhomogeneous
states to see how chemical reactions that can relax
to equilibrium (@v= 0) affect droplets. As an
example, we first, discuss the Ginzburg-Landau free
energy presented in equation . When chemical
redctions are. present, this free energy permits two
stable/ homogéneous solutions, corresponding to the
two /minima of the free energy density. Without
chemical{reactions, we have shown in section [2:2]
that there is also a stable inhomogeneous stationary
state, which consists of two bulk phases separated by
an interfacial region. In the simple case of a one-
dimensional system, the interfacial profile ¢1(x) is given
by equation . This interfacial profile is also a
stationary state in the case with chemical reactions,
since the symmetric free energy implies vanishing
chemical potentials in the two bulk phases and thus
satisfies the equilibrium condition pu(r) = 0.

To scrutinise the stability of the interfacial profile
in the presence of chemical reactions, we determine
whether a small change dc in the concentration
profile could possibly decrease the free energy.
Mathematically, this corresponds to calculating the
second variation AF[cy,dc] of the free energy, which
is given by equation . The stationary state
is stable if AF[c,dc] is positive for every nonzero
variation dc. We show in that indeed
almost all perturbations dc increase the free energy.
The only exception is d¢ = 0,c1, for which AF = 0,
implying that this perturbation does not decay in time
and the state is marginally stable. This perturbation
corresponds to an infinitesimal translation, indicating
that interfaces can move without changing the total
free energy when chemical reactions are present. Note
that this perturbation does not conserve the mass of
the individual species and is thus forbidden in the case
without chemical reactions discussed in section[2.2.21
Taken together, we showed that the sigmoidal interface
profile given by equation is neither stable nor
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unstable in the special case of the Ginzburg-Landau
free energy, where both minima have the same energy.

In the general case where the minima of the
free energy density are at different energies (see
figure (a)), the global free energy decreases when the
interface moves such that the phase with the smaller
free energy density expands [153]. Consequently,
coexisting phases in asymmetric free energies are
unstable due to presence of chemical reactions.
Similarly, curved interfaces are unstable (also in
the case of a symmetric free energy density), since
the associated Laplace pressure implies elevated
concentrations on both sides of the interface; see
equations . The Laplace pressure, and thus the
concentrations and the free energy, decrease when the
interface moves towards its concave side, implying that
droplets shrink [153]. Taken together, these arguments
show that inhomogeneous states are generally unstable
when chemical reactions are present and the system
attains the global free energy minimum everywhere;
see figure a).

A hint of these dynamics is visible in the
simulation results shown in the middle column in
figure[1.3] where the chemical potential difference f
is very close to zero in the bulk phases but finité at
the interfaces. In fact, the chemical potential deviates
from zero more strongly at interfacial regions of larger
curvature. One consequence of this obserwations is
that the local entropy production A,.ji? by the chemical
reactions is also largest at the interfaces.

Taken together, we showed that droplets are
destabilised by the simple conversion reaction
obeying detailed balance of the rates.«In particular,
the system always settles in a homogeneous state,
even if droplets appear initially due to a spinodal
instability or nucleation. The reason}or the initial
appearance of droplets is that diffusion is fast on small
length scales and the formation of droplets locally
reduces the free energy denmsity. ~On longer time
scales, the chemical reaction drives the system into a
homogeneous equilibrium state: To compensate this
destabilisation of droplets due to the reaction
we will introduce an.additional’ chemical reaction in
the bulk phases./ This chemical reaction is driven
by fuel, and thereby/breaks detailed balance of the
rates and can_prevent the chemical reaction driving
the system to a homogeneous equilibrium state. This
additional chemical Teaction allows us to control the
behaviour—of droplets. In particular, we will show
that systems where droplet material is produced in
one phase while it is destroyed in the other can
lead to interesting phenomena such as mono-disperse
emulsions or dividing droplets.
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Figure 4.2. < Illustration of the fuel-driven chemical reactions
and the diffusive fluxes relevant for an active emulsion. (a) The
key feature required for an active emulsion is that precursor
molecules P are turned into building blocks B by a chemical
reaction that consumes energy. This energy could be supplied
by fuel.thatiturns into waste during this transition. Energy is
dissipated whenithe building block of higher chemical potential
spontaneously Fansitions to the precursor of lower chemical
potential. The reaction rates, and thus also the lifetime of the
building block, depend strongly on the chemical composition,
i.e., whether the reaction takes place in a droplet or not |79}/154].
(b) This schematic depicts the processes occurring inside and
outside of a building block rich droplet in an active emulsion
considering the example of an externally maintained droplet.
Building blocks inside such a droplet are turned into precursors.
The resulting precursors diffusive out of the droplet where
they may get transformed into building blocks again by the
consumption of fuel. These building blocks may in turn diffusive
into the droplet and replenish the spontaneously degraded
building blocks inside the droplet.

4.2. Phase separation with broken detailed balance of
the rates

The detailed balance of the conversion reaction
between the precursor P and the building block B
can be broken effectively by coupling the system to
an external energy supply. This can for instance be
achieved by adding a second reaction that converts P
into B using additional energy supplied by fuel and
waste components, which we respectively denote by
F and W; see figure[f.2fa). The associated chemical

reactions,

P=B, (R1)
P+F=B+W, (R2)

will allow us to drive the system out of equilibrium by
controlling the concentrations of F' and W externally.
To study the interplay of these reactions with phase
separation, we describe the system using a free energy
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density f4(cp,cp,cr,cw). A simple choice is
fa=ksT [Z ¢ilog(ve;) + xvepep | (4.7

where the sum captures the entropic contributions of
all species ¢ = P, B, F,WW and the last term accounts
for the interaction between P and B. For simplicity, we
consider the case where the additional components F
and W are dilute and do not interact with P and B.
In this case, the additional components do not affect
the phase separation of P and B. Without chemical
reactions, this system phase separates similar to the
binary system discussed in section[2l In particular, the
chemical potentials p; = 9f4/0c; fori = P, B, F,W are
homogeneous throughout the system and the chemical
potential difference i = pup — pup between P and
B is generally non-zero and equal to the Lagrange
multiplier fixing the conservation of components; see
equation .

When chemical reactions are present, they are
driven by the chemical potential differences of their
products and reactants. If the system is isolated, it will
typically evolve toward a homogeneous thermodynamic
equilibrium, as described in section 1.3l In contrést,
this thermodynamic equilibrium may not be reached
in open systems, for instance when the concentrations
of the fuel and waste components are controlled at
the boundary by coupling the system to a reservoir:
In particular, the chemical potential difference fig =
ur — pw between fuel and waste «can be directly
controlled at the boundary. To show that imposing
fi2 # 0 breaks detailed balance of the conversion rates
between the precursor P and the building block B, we
next investigate the forward and backward fluxes of the
two reaction pathways (R1)) and . These fluxes
must obey conditions analogous to equation ,

(1) T
S5 H
— =exp{ ——— 4.8a
551) P ( kBT) ( )
(2) .
55 H2\ M
— = — ] . 4.8b
s@ exp< ksT ) ( )

These equations /show, that detailed balance of the
individual reaction pathways can only be obtained for
vanishing exchange chemical potentials, g = s = 0.
Moreover, the total forward flux s_, = s%) + 52 and
total reverse flux s, = s(!) + s(2) of the conversion
betweenPrand»B obey

B 1 Bz
e B |1+ —— (ekBT —1) . (4.9)
Se 1+ @
which is only compatible with the detailed balance of
the rates given by equation (4.1) in the special case
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2 = 0. Consequently, detailed balance of .the rates is
broken for fis # 0.

The detailed balance conditions given, by equa-
tions only constrain the ratios of the forward and
backward fluxes of the two chemical reactions and
. Analogous to equation (4.2] , the total reactlon
fluxes s(¥) = s P s() for each pathway can, be ex-
pressed in the hnearlzed regime as

= _A(l) (C) /-_L ’
8(2 —AP (e) (1 & i2)

(4.10a)
(4.10b)

where Agl) and AEQ) are Onsager coefficients that set
the reaction rates, These coefficients can depend on
the concentrations ¢ = {cpscp, cr,cw } but must be
positive to ensure that,the entropy productions ALY 2
and A,(f2)(/1 =ji2)? are positive; see m For
simplicityzwwe here consider the case where the fuel
F and/the waste W are dilute and diffuse fast, so
the local composition can be described by a single
congentration ¢ = cg ~ v~! — cp, where we consider
the case of equal molecular volume v for precursors P
and Building blocks B. In particular, A" and AP
mainly depend on ¢ in this case and we do not need to
describe the dynamics of the additional components F
and W explicitly. However, their chemical energy jio
affeets the conversion between P and B. In particular,
detailed balance of the conversion between P and B
18 broken in the reduced system where only these two
components are described.

The dynamical equation of the system with
broken detailed balance of the rates is given by the
conservative diffusion fluxes driven by Vp together
with the non-conservative reaction flux sio; = s() 452

given in equations (4.10). Using a conservation law

analogous to equation (4.4), we obtain

dre =V - (Ale) Vii(c)) + kALY () V2e + s(c) |

(4.11)
where AgtOt) = Agl) + A](rz) and we split the total
reaction flux siot into a contribution akin to a diffusion
term related to surface tension and a local contribution
s(e) = Agz)(c)ﬂg Al ( )f/(c). We will show below
that the term s(c) can affect the dynamics significantly,
while the additional diffusion term has only a minor
influence since it only increases the effective diffusion
constant. Note that if detailed balance is obeyed
(fiz = 0), equation (4.11)) reduces to equation (4.5)
when AEtOt) is replaced by A,. In this case, the system
approaches the homogeneous equilibrium states that
we discussed in section[.Jl Conversely, more complex
behavior can be expected when detailed balanced of
the rates is broken by maintaining a non-zero chemical
potential difference fis.
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Figure 4.3. Influence of chemical reactions on phase separation. /Shown are com¢entration profiles (upper row) and associated
chemical potentials (lower row) of a binary system with equal amounts of P and B in different situations: Without chemical
reactions the system undergoes coarsening by diffusive transport (left column). With an additional conversion reaction between the
two species, the bulk phases relax quickly and the interface moves due to localised reactions (middle column). If detailed balance is
broken, the system is driven away from equilibrium everywhere and more complex dynamics can occur (right column).

Equation without the additional diffusion
term has been proposed before as a simple combination
of phase separation with chemical reactions
50], albeit without an explicit breaking of detailed
balance [155]. Instead, simple reaction ratelaws s(c)
have been analyzed . For instance,
it has been shown that first-order rate laws are
equivalent to systems with long-rangedMinteractions of
the Coulomb type and fhat such interactions

affect pattern formation , €.g., in block
copolymers [157,[161/{164]:

The effect of the chemicalxeactions with broken
detailed balance of thefrates,can be highlighted by
considering the stationary homegeneous states ¢(r) =
cp. Equation implies that ¢y must satisfy
s(cg) = 0, i.e., chemieal reactions are balanced. When
detailed balance is obéyed (fia = 0), this condition is
equivalent to the'equilibrium condition f’(¢p) = 0 that
we encounteréed beforessConversely, the homogeneous
stationary states arefaltered when detailed balance of
the rates is broken (jig # 0).

We examinenthe stability of the homogeneous
states using a linear stability analysis, as described in
section[2.4l We find that perturbations described by
wave vectors’'q grow in the linear regime with a rate

w(g)= s'(co) — a°C(co) — g Aco)r (4.12)

where ((co) = Alco)f"(co) + /iA](ftOt)(co) and primes

denote derivatives with respect to c¢. The associated
stationary state is stable only if w(q) is negative for all
q, which is the case if the maximum

s'(co) ¢(co) 20
max(w(q)) = ) C2(co) (4.13)
q S (CO) + m C(CO) <0
is negative. In the simple case without reactions
(A (¢) = 0, implying ¢ = Af”(co) and s'(c) = 0),
we obtain the spinodal instability for f”(cg) < 0, which
is discussed in section 24 and shown by the grey line in
figure b). If the reactions obey detailed balance of
the rates, implying s(c) = —A,f’(c) and thus s’'(cg) =
—A;(co)f" (o), the homogeneous states corresponding
to minima of the free energy density are stable; see
section 12 and the blue line in figure [£.1{(b).
Chemical reactions that break detailed balance of
the rates (fi2 # 0) can modify the stability of stationary
states; see red lines in figure b). Equation

implies that a homogeneous state can become unstable
when s'(co) > 0 [165,[166]. This case corresponds to
an auto-catalytic reaction, since it implies that the
production of building blocks B accelerates with larger
concentration of B. Conversely, homogeneous states
are generally stabilized by auto-inhibitory reactions,
where s'(cg) < 0. In particular, these effects can
be observed for homogeneous states close to the
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equilibrium states that we discussed before, where
f"(co) > 0 and thus ¢ > 0. In this regime, our
stability analysis suggests that droplets form and grow
easily in auto-catalytic systems, while spontaneous
formation might be suppressed by auto-inhibitory
reactions. In particular, the behavior can be regulated
independent of the free energy density using the
externally controlled chemical potential difference fis.

Although it is not directly relevant to active
droplets, the dynamics of homogeneous stationary
states with ¢ < 0 is also interesting. It implies f”(cg) <
0 and the corresponding homogeneous stationary states
are thus closer to maxima of the free energy density.
In this case, there exists a regime with weakly auto-
inhibitory reactions (—(?/(4kA) < s'(co) < 0) where
a range of finite wave vectors ¢ becomes unstable and
pattern formation is expected. This regime has been
studied extensively in the literature [45,[46}50] and
typically leads to stripe-like patterns. Since we here
focus on active emulsions, we exclusively consider the
case ¢ > 0 below.

In this section, we discussed a model system
where additional fuel and waste components break
the detailed balance of the rates of the conversion
of the main components P and B. We showed
that this combination of phase separation with
non-equilibrium chemical reactions can suppress the
instability associated with spinodal decomposition and
we will now analyse the impact on the dynamies of
droplets.

4.2.1. Coarse-grained description of aective droplets.
We next discuss the dynamics of active'droplets in the
case of strong phase separation, where the interfacial
width w is small compared to the.droplet radius R.
In this case, the volume occupied by the interface
and thus the chemical reactions inside the interfacial
region are negligible. Conversely, we will show that the
chemical reactions producinghand destroying droplet
material in the bulk phases ‘influence the droplet
dynamics significantly./ We here consider a coarse-
grained description, swhere a thin interface separates
the inside of the dreplethwith/a high concentration
of droplet material B from the dilute phase outside,
analogous to sectionf25.2l = Theé) dynamics in both
phases is deseribed by <equation , but since
the concentration variations are small within the
phases, it can be approximated by a reaction-diffusion
equationd| 75,

d;c ~ D, V3¢ + s(c) , (4.14)
where D, = ( )f”( ) + HA(tOt)( ) denotes the
diffusivity in the two phases o = in, out. The first term
in the expression for D, stems from the conservative
fluxes and is thus equivalent to equation (2.41)) while
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the second term captures the apparent{diffusion due
to chemical conversion. Note that the diffusivity D;,
inside the droplet is generally differenty than, the
diffusivity Doy outside. The same approximation that
led to equation can also be used to linearize the
reaction flux in the two phases,
S(C) ~ {Fin - k'in (C — Cl(l(q))()o) inSid.e 7 (415)
Tout — Kout (¢ — Coyp). outside

where T, = s(ci(g)) and Ty = s(cg?l)t) are the reaction
fluxes when the concentrations are at their equilibrium
values c( ) and c(()?l)t in thestwo phases, respectively.
Dev1at10ns from these’ values are accounted for by
kin = —s’(ci(g)) and kouy = —s’(c(()?l)t), which can be
interpreted as elasticity coefficients of the chemical
reactions |167].

The -basal fluxes I';, and I',y need to have
opposite sign for droplets to exist. If they had the
samegsign, dropletimaterial would either be destroyed
(TingLout <.0) or produced everywhere (T, Tous > 0),
which both implies a homogeneous stationary state.
To see under which conditions the basal fluxes have
opposite sign, we express them as

= A () = AP () )(u fio),  (4.16a)
routz—AS(é?t)u AP () (i~ fiz) ,  (4.16b)

using equations (4.10). To give a concrete example,
we here consider weak chemical reactions, so that
the diffusive fluxes almost equilibrate the exchange
chemical potential fi, which is therefore approximately
homogeneous. If the building block B is of higher
energy than the precursor P (i > 0), equations
imply that droplet material is produced outside the
droplet ('t > 0) and destroyed within (I', < 0) if
the fuel supplies sufficient energy (fi > i > 0) and the
Onsager coefficients obey

AD Oy AD (O
o) ( out) &_2 _ @ ( 1(18)) . (417)
AP (egn) R A (o)

For instance, if f is equal in the two phases and
the external energy input is given by ﬂg = 2[4,
reaction must be faster than reaction inside
the droplet, A" (c (0)) A(z)( (0)) while the oppomte
is true outside, A(l)( 0)) < A(2)( Out) In this case, the

Cout
conversion reaction proceeds from the building
block B to the precursor P spontaneously (s() < 0),
while reaction (R2) converts fuel to waste to produce

the high-energy building block B from P (52 > 0);

see figure If the coeflicients Agl) and A§2) obey
equations (4.17)) the total reaction flux sy = 51 45(2)
is then positive outside the droplet, while it is negative
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Figure 4.4. Schematic picture of an externally maintained

active droplet, where droplet material is produced in the solvent
phase. (a) Concentration ¢ of droplet material as a function
of the radial distance r. The chemical reactions modify the
profiles compared to the passive droplet shown in Figure a).
(b) Reaction flux s as a function of r. Droplet material is
produced outside the droplet while it is degraded inside. The
droplet dynamics can strongly deviate from the passive case. In
particular, Ostwald ripening can be suppressed and droplets even
divide spontaneously (see section and .

inside. A concrete implementation of such a system is
discussed in the Supporting Information of Ref. [78§].
We showed that droplet material can be produced
in one phase while it is destroyed in the other when
the basal fluxes I'y, and I'oy; have opposite sign. Do
similar conditions apply to the elasticity coefficientsk;,
and kout? We showed in section[L2] that negative
s'(¢) has a stabilising effect and we would thus
expect that droplets can persist if & > 0; see also
figure [4.1|(b). Conversely, since positive/s(e),can
destabilise homogeneous phases, the active droplets we
discuss here might be unstable if & < 0. However,
there is a smallest length scale ggaenbelow which
the instability cannot develop. This length, scale can
be determined from equation and the condition

wW(Gmax) = 0, yielding

ot
gk, ~ [C(Cin)] , (4.18)

" L)

for weak reactions, s'(ci(r?)) X C(ci(g)). In the case
where g1 is large comparedsto the droplet radius,
the instability is effectively suppressed and the droplet
could be stable even if ki < 0. Conversely, the dilute
phase will typically be large €ompared to gl , such
that an instability would dévelopithere if kqyy < 0. In
the following, we thus consider all values of kj,, but
restrict our discussion to ko, > 0.

We distinguish different classes of active droplets
based on. where droplet material is produced. If the
reaction fluxes Iy and I'y; have the same sign, droplet
material is produced or destroyed in the entire system
and the only stable stationary state are homogeneous.
Consequently, stable droplets can only exist if T'y,
andFgy. have opposite sign: We denote the case
whete droplet material is produced outside the droplets
(Lout > 0, Ty < 0) as externally maintained droplets,
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while the opposite case where droplets produce their
own material (I, > 0, Touy < 0) is called internally
maintained droplets.

4.2.2. Droplet growth equation. Webegin by studying
a single, isolated active droplet surroundedsby a large
dilute phase. The droplet grows if there is a net, flux of
droplet material toward its surface, see équation (2.47).
In the simple case of a spherical droplet of given
radius R and volume V3 = %”R?’, the growth rate reads

dVd _Y Ji - Jout

Fap ™~ 4

(4.19)

where we neglectedsisurface tension effects in the
denominator and defined the integrated surface fluxes
Jinjour = ATR*n’ Jinjout- These fluxes can be
determined“frem the stationary solutions c.(r) that
follow frompsolving equation with the boundary
conditions at the interface given in equation , see
figurefdd]a).

The flux J;, inside the droplet interface can be
obtained in the quasi-static limit, where it equals the
reaction flux Sy, = [ d®rs(c.(r)) inside the droplet
volume. In the typical case where the radius R is small
compared to the length ¢4;, = (Din/|kin|)% generated by

the reaction-diffusion system, the concentration inside
(0)

the droplet is c.(r) ~ ¢;,’, implying

Jin ~ Pian . (420)

Droplet material is thus transported toward the
interface (Jin > 0) only in internally maintained
droplets (T, > 0).

The integrated flux J,,t outside the droplet
interface can also be obtained in a quasi-static
approximation. In contrast to the passive case
discussed in section2.5.2] the supersaturation ¢ =
(Coo — cg?])t) / c(()?l)t far away from droplets is now created
by chemical reactions. In the typical case where
the dilute phase is large compared to the length
scale Loyt = (Dout/ \kout\)%, the chemical reactions
equilibrate far away from droplets and the composition
thus reaches the value ¢ = c(()?l)t + Dout/Kout,
so s(c) = 0; see figure[f4|b). The associated
supersaturation reads e = Ioyut/ (koutcé?l)t) and is thus
positive if T'oyy > 0 since the reaction is auto-
inhibitory outside droplets (kout > 0); see section L2171
The resulting transport of droplet material can be
quantified by the flux outside the droplet interface,
which reads

l
Jous 47TDoutRCc(,?l)t (Rj - €> (421)

in the typical case R < foyt. The first term in the
bracket captures the effect of surface tension, which
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is typically small. Neglecting this term, we find that
droplet material is transported toward the interface
(Jout < 0) if the dilute phase is supersaturated (¢ > 0),
which is the case only in externally maintained droplets
(Cout > 0).

The droplet growth rate following from combining

equations (4.19)—(4.21)) reads

dR Do e ¢, Ry
— o~ owtfout [0y Tl (499)
At Ry =)\ B 3Douckn

The first term in the bracket describes droplet growth
due to a supersaturated environment (¢ > 0) or
shrinkage in undersaturated environments (¢ < 0).
The second term, which is only relevant for small
droplets, captures the reduction of growth due to
surface tension . The last term describes the growth
of the droplet due to production of droplet material
inside if I, > 0 or its shrinking when Ty, < 0.
Note that equation reduces to equation
if chemical reactions are absent (I';, = 0) and the
supersaturation ¢ is imposed.

4.2.8. Single droplet in an infinite system. We begin
by discussing the growth of a single droplet in an
environment with constant supersaturation €. This
corresponds for instance to an infinite system where
the supersaturation reaches its equilibrium yalue.ceq =

Cout/ (koutcﬁ,ﬁﬂ) far away from an isolated droplet.. The
stationary states of this system can be determined from
equation and correspond to radii, R for which
the bracket vanishes. The associated cubie equation in
R has at most three solutions, which/we now classify.
If the chemical reactions are too strong, there jare no
physical solutions. In particular, PR n2* with

_ 4Cc()?1)tD0ut|€|3

9z iy

max
Fin

(4.23)

two solutions are complex while the,third one is either
negative (if I'y, < 0) or smaller than the interface width
(if Ty > 0), which is‘both unphysical. Consequently,
stable droplets canfonly exist for moderate chemical
reactions, |I'iy| < T'M2%0 In. this, case, the polynomial
equation has threereal solutions."One of the solutions
is always negative andsthus unphysical, while the other
two read

14

R®) ~ ?7 : (4.24a)
)\ 2
R® ~ <3D°{fc‘”> - gl , (4.24D)
—Llin €

which is“eorrect up to linear order in ¢,/R. The
dynamics in the vicinity of these states follow from
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Figure 4.5. Growth rate dR/dt of a single droplet in an
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a'linear stability analysis of equation , where the
dropletyradius is perturbed away from the stationary
state and we determine whether the dynamics will
bring the droplet back to its stationary state or not [75].
This gives us enough information to discuss the growth
behavior of active droplets qualitatively.

In the case of externally maintained droplets
(Tin < 0, € > 0), we have 0 < RV < R®) since
ITin| < I'Max Here, the radius R(Y) corresponds to
an unstable state, while R(®) is stable, see figure[£.5]
Droplets smaller than R dissolve and disappear, so
RM is a critical radius similar to the one discussed
in section [2.5.2] Externally maintained droplets that
are larger than the critical radius R(Y) grow until they
reach the stable stationary state with radius R®.
This state is not present for passive droplets in an
infinite system and must thus be a consequence of the
chemical reactions. This can be seen by analyzing
the two fluxes Jin and Jou;, which must be equal
in the stationary state. However, Ji, scales with
the droplet volume, while J,, scales with its radius,
see equation .Consequently, if the droplet radius
exceeds R(z), the loss due to Ji, dominates and the
droplet shrinks back to the stationary state. The
chemical turnover inside the droplet thus stabilizes
the stationary state. Note that the two stationary
states given in equation only exist if the chemical
reactions are not too strong (|I'y| < T'R*). In
the limiting case Ty, = —I'}** the situation is
degenerated and the two stationary states are identical.
The corresponding radius R = (3¢,)/(2¢) can be
determined from equation and corresponds to
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the smallest externally maintained droplet that can be
stable.

In the case of internally maintained droplets
(Tin > 0, € < 0), the first solution given in
equation is negative and thus unphysical. The
second solution is always positive, but unstable to
perturbations.  Consequently, R is the critical
droplets size of internally maintained droplets, which
can be significantly larger than critical sizes in
externally maintained droplets. Nucleation is thus
typically suppressed efficiently, but it can be promoted
by catalytically active particles, which catalyze the
production of droplet material at their surface [74,
75]. Internally maintained droplets larger than the
critical size grow up to the system size and there is
no characteristic stable size. This is because such
droplets grow quicker if they become larger and this
autocatalytic growth only stops when the dilute phase
is depleted of material P, which can only happen in a
finite system [75].

4.2.4. Single droplet in a finite system. So far, we
only considered systems that are large compared to
the droplet size, so the supersaturation ¢ is effectively
constant. In contrast, in small systems a growing
droplet can deplete the surrounding dilute phase
significantly. In particular, the average concentration e
of droplet material in the dilute phase evolves,as

de Jout
E_S(C)_FV—Vd 5

where the first term on the right hand side originates
from the chemical reactions in the dilute phase and
the last term accounts for the diffusive flux at, the
interface of the droplet of volume Vy. 1In large
systems (V' > Vq), the last term is r@ligible and ¢
relaxes t0 co,, where chemical equilibrium \is obeyed,

$(coo) = 0. At this point, the supersaturation ¢ =
(0)

out

(4:25)

(¢ — ¢cout) /c(()?l)t attains its equilibrium  value eoq =
Tout/ (koutcg?l)t) and is thusrindependent of the droplet
size, consistent with our assumptions in the previous
subsection. In smalldgystems, however, the last term
in equation istnot negligible and ¢ depends on
the droplet volume Vi For imstance, in the case of
externally maintained droplets, we have Ju,t < 0 and
the concentration ¢ outside the droplet is thus lower
than co,. Consequently, the supersaturation is smaller
for smaller|systems and we would expect a reduced
stationarydroplet radius R, see equation .
Indeed, when we solve for the stationary states of
equations and , we find in the simple case
of large diffusion and small surface tension that there
is_a stationary state with volume

Foutv

V,~ oot
1—‘out_l—‘in

(4.26)
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which is stable for externally maintained droplets and
unstable for internally maintained ones. Gonsequently,
the size of stable stationary droplets that’are externally
maintained depends on system size in small systems,
while it is independent of the system size in large
systems, see equation .

Similar to passive droplets, we find that active
droplets also have a critical radius, below which they
shrink and disappear. Cénsequently, “droplets can
only be nucleated spontameously»nif a concentration
fluctuation creates a large enough’ initial droplet.
In externally maintained droplets, this mechanism
is similar to passive droplets, here the nucleation
barrier is higher for largér surface tension and smaller
supersaturations, Conversely, the critical radius is
generally larger for, internally maintained droplets,
but it becomes smallersfor larger surface tension and
smaller supersaturation. This is because only a large
enough droplet can-produce enough droplet material
to balance the efflux into the dilute phase. This
efflux‘is \smaller for larger surface tension, so surface
tensiomactually helps to nucleate internally maintained
droplets. &

Once |droplets exceed their critical radius they
grow spontaneously by absorbing droplet material from
the surrounding (passive and externally maintained
droplets) or by producing more droplet material
(internally maintained droplets). In the first case,
the droplet growth rate is larger for smaller droplets
and higher supersaturation. However, the growth of
externally maintained droplets comes to a stop at
a finite size, at which the loss of droplet material
due to the chemical reactions inside is balanced by
its influx over the surface. Conversely, internally
maintained droplets grow indefinitely in an infinite
system, similar to passive droplets. However, in
contrast to passive droplets, this growth accelerates
because of its autocatalytic nature. Consequently,
in the simple case of a binary fluid in an infinite
system, only externally maintained droplets reach a
finite droplet size, while both passive and internally
maintained droplets grow to occupy the whole system.

4.8. Arrest of droplet coarsening: Suppression of
Ostwald ripening

If many active droplets are present in the same system,
their dynamics will be coupled because they share
the material in the dilute phase. Intuitively, this
coupling will be stronger if the droplets are closer
together. For instance, for externally maintained
droplets, the length scale over which they deplete the
surrounding dilute phase is given by .. and we thus
expect that such droplets do not interact significantly
when they are further apart. In particular, their
stationary state radius R(® given in equation
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(a) Passive droplets

(b) Externally maintained droplets
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(c) Internally maintaineddroplets
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Figure 4.6. Behavior of two droplets as a function of their radii Ry and Rg, normalized with the interface width w. The black arrows
indicate the temporal evolution of the state variables R; and Rz following from equation , with € given by equation .
The blue and orange lines are the nullclines, which indicate where the growth rate of droplets 1, and 2 vanish, respectively. Their
intersections are stable (disks) or unstable fixed points (open circles). (a) Passive dreplets (I'i, = I'out = 0) (b) Externally maintained
droplets (T < 0, Tout > 0) (c) Internally maintained droplets (T'i, > 0, Tout<00).

should not be affected much. Conversely, if externally
maintained droplets are close, they compete strongly
for the material produced in the solvent and might
thus only reach a smaller size. This is in strong
contrast to passive and internally maintained droplets
that grow unbounded and will thus interact eventually,
independent of the initial separation.

We study the interaction of multiple droplets in
the simple case of sparse systems, where droplets are
far apart from each other. In this case, the growth
dynamics of the droplets are coupled‘because they all
exchange material with the same dilute phase, but
direct interactions between droplets can be neglected.
Considering N droplets in a finite system of volume V,
the supersaturation ¢ in the dilutephase evolves as

de

— ~ 4.2
g (4.27)

N
1
Fout — koutc(()?l)te =+ V Z Jout,i 5

i=1

which follows by generalizing,equation to many
droplets in the limit that V is large compared to the
total volume of all droplets, V' > >, Vi. Here, R;
and V; = %’TR? are'the respective radii and volumes
of the droplets for i /= 1,..05, N and Jou,; is the
flux of droplet mateérial right outside the interface
of the i-th droplet integrated over its surface, which
follows from equation . For simplicity, we here
consider the quasi-static case, where the concentration
profile between droplets relaxes quickly compared to
the growth of the droplets themselves, which is the
typical situation [75]. In this case, ¢ will attain its
stationary state value

AT N Ly Doyt + LoV

Cout 4.28
kout V 4 4m Doy Zz R; ( )

Ex =

Note that,in the limit of a dilute system, V/N > ¢3

out’
we recover the supersaturation at chemical equilibrium,
Geq = Tout/ (k’outc(()?l)t). Conversely, in passive or dense
systems, the supersaturation is set by the equilibrium
condition at the droplet surfaces, e, = £,/R., when all
droplets have the same radius R,.

The growth rate of each individual droplet is still
described by equation , but with the supersat-
uration now given by equation (4.28). In the simple
case of two droplets in the same system, the growth dy-
namics can be illustrated graphically. Figure[4.6]shows
that passive and internally maintained droplets exhibit
Ostwald ripening. Conversely, a new stable stationary
state (black dot) can emerge for externally maintained
droplets, where both droplets coexist at the same size.
Figure[4.6] thus indicates that Ostwald ripening can be
suppressed in active droplets.

To understand when Ostwald ripening is sup-
pressed, we next analyze the state where all droplets
have the same stationary radius R,, which can be de-
termined from the stationary state of equation .
Similar to the discussion of isolated droplets above, we
can then use a linear stability analysis to discuss the
qualitative dynamics in the vicinity of this state. The
detailed analysis given in Ref. [75] shows that there
are two independent perturbation modes with quali-
tatively different dynamics: The fast mode associated
with the total droplet volume describes the fact that all
droplets quickly take up excess material from the di-
lute phase until the stationary state of the total droplet
volume is reached. All other perturbation modes are
associated with a slower exchange of material between
droplets. These modes all have the same perturbation
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growth rate w given by

B 1 0, D%y 2T,
=5 (0)< il (4.29)

— C

in out
If w is positive, the associated mode is unstable and
material will flow from smaller to larger droplets,
e.g., during Ostwald ripening. Conversely, negative w
indicates stable states, where this coarsening is
suppressed.

Passive systems (I, = 0) are always unstable
(w > 0) and the droplets thus exhibit Ostwald
ripening as discussed in section and shown in
figure[f.6fa). The redistribution of material between
droplets is driven by surface tension, which causes a
larger concentration of droplet material right outside
of smaller droplets, see equation . Moreover, the
associated perturbation rate w is smaller for larger
mean droplet size, such that exchange of material will
be slower between larger droplets. This implies that
the coarsening of droplets slows down and only stops
when a single droplet remains.

Internally maintained droplets (I'y, > 0) are also
unstable and the associated growth rate is larger
than that of passive droplets.  This is because
the autocatalytic growth allows larger droplets® to
outcompete smaller ones, independent of surface
tension effects. Internally maintained droplets are thus
more unstable than passive ones, but they canibe
stabilised by particles that catalyse the production of
droplet material within the droplets [74,/75].

Multiple externally maintained droplets (', < 0)
can coexist when w < 0. This is thercase if their
radius R, exceeds the critical value

18
3D u e (0) 3\
Rtan = <A°_2°F”‘c°“t : (4.30)

see equation . This expression reveals that
the stability originates fromancompetition of the
destabilising effect of surface tension, which tends to
increase Rstan, and the stabilising effects induced by
the diffusive fluxes driven by the chemical reactions.
This is similar go the isolated droplets that we
discussed in the| previous Section: the influx toward
a droplet scales at most with the droplet radius, see
equation , while the material loss scales with the
volume. Consequently; multiple externally maintained
droplets_can stably coexist when the supersaturation
in the/dilute phase sustains the influx.

We showed that multiple active droplets interact
because they compete for the same material from the
dilute phase.” The associated diffusive fluxes between
droplets, are caused by surface tension effects and
chemical reactions. The flux due to surface tension
is{ generally destabilising and causes the classical
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Ostwald ripening. Conversely, the flux dueto chemical
reactions can be either destabilising (for internally
maintained droplets) or stabilising (formexternally
maintained droplets). If the stabilising contribution of
the chemical reactions is stronger than the destabilising
one due to surface tension, multiple active'droplets can
coexist in a stable state; see figure[L.6|b).

4.4. Spontaneous division of active droplets

So far, we analyzed the growth rate of active droplets
assuming they maintain a spherical shape. We found
that the droplet growth'dynamics'are often determined
by a competition between surface tension effects and
diffusive fluxes toward the /droplet interface. Both
effects depend on the droplet radius, or, more precisely,
on the mean curvature,of the droplet interface, which
is given by ®7! for spherical droplets. In contrast, this
mean curvature varies'in non-spherical droplets, which
suggests that the competition between the two effects
playséa role in the shape dynamics of active droplets.

The dynamics of a non-spherical droplet are
described bygthe same physical principles that we
discussed ‘so far. In particular, the interface velocity
in its normal direction, given by equation ,
depends on the local net flux of droplet material,
which follows from the reaction-diffusion equations
in “the bulk phases. Solving these equations
numerically reveals that active droplets can show
behaviours that are not present in passive droplets [78].
Figure[4.7h shows that externally maintained droplets
can divide spontaneously, which can also happen
multiple times [78]. A linear stability analysis with
respect to the droplet shape reveals that the shape
becomes unstable when the mean droplet radius R
exceeds the critical value [78]

114,

Raiv ~ , 4.31
d 5 (4.31)

which is an approximation in the limit of large
diffusive length scales (lin,fout > R) and equal
diffusivities inside and outside the droplet (Diy, =
Doyt). Figure[L7b shows that there are typically three
different regimes of externally maintained droplets for
a given turnover Iy, of droplet material inside the
droplet. If the supersaturation e that is set by the
chemical reactions in the dilute phase is too low,
droplets cannot exists at all. For intermediate values
of €, droplets larger than the critical radius grow to
their stationary size as discussed in section£.2.21 For
even larger e, droplets at the stationary size become
unstable (R, > Rgiy) and growing droplets start
dividing before they reach a stationary size. After
division, these droplets can grow further and divide
again. This proliferation continues until the system is
depleted of droplet material and the supersaturation
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Figure 4.7. Spontaneous division of externally maintained droplets. (a) Sequence gf shapes of a dividing droplet at different times
as indicated (reproduced from [78]) (b) Stationary droplet radii R as a fufiction of the supersaturation e for three different turnovers

(Tin/To = 0,1, 5; from left to right, with T'g = —10_5C§S)Doute;2) and ci(g)/cg?l)t = 10. Solid lines indicate stable stationary states,
while dotted lines indicate states that are unstable with respect to size (black) or shape (orange). The radii R were determined
from equation , assuming that droplets become unstable when R > Rg;, given by equation . (c) Stability diagram of
externally maintained droplets as a function of the supersaturation e and the turnover I'j;, normalized by I'g = Cg(l)l)t Dout&? 2, Droplets
dissolve and disappear (white region), are stable and attainya spherical shape (blue region), or undergo cycles of growth and division
(orange region). The lines were determined analogously'to (b) using the same parameters. (d) Schematics of deformed droplets and
the surrounding concentration fields created by surface tension effects (left) and an external supersaturation (right). Material is
transported from dark to light regions by diffusive fluxes (black,arrows) perpendicular to the isocontours (black lines). Fluxes due
to surface tension transport material from regions of high to low curvature, thus making droplets more circular (left). Conversely,
the influx driven by an external supersaturation amplifies non-spherical shapes (right). The concentration fields have been obtained
by solving the stationary diffusion equation . The boundary condition at the surface of the deformed droplet accounts
for surface tension effects (left) and a constant concentration coo far away from the droplet represents the external supersaturation

(right).
¢ ~

decreases to a point where the stationary state is stable
with respect to shape changes. “Whether externally
maintained droplets divide ‘or,.not depends on the
balance between the ayailability of<droplet material
(supersaturation €) and the turnover inside the droplet
(reaction flux Ty, ), sée figure[d.7(c).

The instability of the shape of externally main-
tained droplets ¢an hé qualitatively explained by a
competition of surface tension effects with diffusive
fluxes , similar to,the multiple droplets discussed
in the previous section. Because of surface tension,
interface regions of larger mean curvature exhibit a
larger goncentration of droplet material right outside
the interface, see equation (2.45)). This reduces the in-
flux of droplet ‘material and thus attenuates growth
at regions ofthigh curvature, stabilising the spheri-
cal.shape, see figure[d.7]d). Conversely, an externally
driven material influx enhances the growth at regions
of high curvature where the influx is larger, which is ev-

ident from the closer isocontour lines in figure[L.7|(d).
This effect generally destabilises the spherical shape
and has been described for phase separating systems
by Mullins and Sekerka [169,[170]. In the presence of
internal turnover I'y, of active droplets, the degrada-
tion of building blocks inside may balance their influx
leading to a roughly maintained droplet volume. Such
a droplet that is fastest growing at its high curvature
edges but of roughly maintained volumed may exhibit
a narrowing of its waistline. However, whether the in-
stability can dominate the stabilising surface tension
effects and lead to a pinching off and thereby the di-
vision into two drops depends on the parameters, as
shown in figure[d7|(c).

In internally maintained droplets the diffusive
fluxes are reversed. Consequently, both the surface
tension effect and the closer isocontour lines enhance
the efflux of material at regions of higher curvature,
which thus stabilizes the spherical shape of internally
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maintained droplets. We thus expect that internally
maintained droplets are more stable with respect to
shape perturbations than passive droplets.

5. Summary and outlook

5.1. Summary of the physics of active emulsions

In this review we have discussed the physics of
phase separation and the dynamics of droplets under
conditions that deviate from passive systems. In par-
ticular, we discussed demixing systems in the presence
of a concentration gradient of a component that affects
phase separation and droplets in the presence of chem-
ical reactions that are driven away from thermal equi-
librium, see figure[5.1} In both systems the dynamics of
phase separation is significantly affected. The systems
favour non-equilibrium stationary states and exhibit
novel phenomena that are not present in phase sepa-
rating systems at thermal equilibrium. We therefore
refer to this novel class of physical systems as active
emulsions.

The difference to passive systems becomes appar-
ent already at the level of a single droplet, which ‘can
exhibit a qualitatively different growth speed in case
of active droplets, see figure[5.1[a). For passive sys-
tems, the growth speed as a function of the radius,of
the droplet has an unstable fixed point. The associated
critical radius increases over time and drives the coars-
ening in emulsions. Actively spending energy to create
and maintain a regulator gradient that affects phase
separation can reduce the critical radius in a position-
dependent manner. Droplets at one end of the regula-
tor gradient grow faster than dropléts atsthe other end.
Eventually, the larger droplets outcompetedhe smaller
ones, much like in Ostwald ripening/but the positional
bias by the gradient effectively positionsithe surviving
droplets toward one end. Congomitantly, these larger
droplets all grow to a similar size, e, the droplet size
distribution narrows during the positioning dynamics
(figure [5.1(b)). This narrowing is in stark contrast to
the universal size distribution=6f passive droplets un-
dergoing Ostwald ripening« As'most droplets are po-
sitioned to one end,/the ripening arrests for a certain
time period,thus breaking the universal growth law in
passive systems whete droplet size increases propor-
tional to /3, (figure (c)) Besides this position-
dependént dissolution and growth process, droplets
also drift alonghe gradient (figure[5.1(d)). During this
drift, droeplets can deform (figure e)). In contrast,
in passive systems, droplets maintain their spherical
shape and do not drift. However, when all droplets are
at one end of the gradient, the environment becomes
locally homogeneous and the dynamics slowly returns
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to classical Ostwald ripening.

If the regulator concentration gradient is,created
by an inhomogeneous external potentialy, a* phase
separated system can favour novel equilibriumstates.
The condensed phase either sits<“at . the minimum
or the maximum of the external potential,d.e., the
concentration profile describing theicondensediphase is
either correlated or anti-correlated with the regulator
profile. The system can als6 undergo a discontinuous
phase transition betweensthese two states when the
interactions between the molecules are changed. In
the absence of an external potential there is no
positional bias and{each  pesition of the condensed
phase corresponds/to the same free energy.

Droplet dynamics can also be affected by spending
energy to drive chemicalsreactions that involve the
droplet material away from equilibrium. In this case,
single droplets'can exhibit a stable stationary state at a
finite sizé, see figure[5.1(a). Consequently, all droplets
larger than the critical size tend toward this stationary
radius, leading to a suppression of the Ostwald ripening
that would eccur in passive systems. These dynamics
leads to aminfinitely sharp distribution in the absence
of fllictuations (figure [5.1(b)) with a mean droplet
size that saturates at this stable radius (figure [5.1}c)).
Chemical reactions can thus modify the dynamics of
phase separation such that the universal broadening
is replaced by an evolution to a non-equilibrium
stationary state of a monodisperse, active emulsion.
Moreover, in the presence of non-equilibrium chemical
reactions, droplets can also undergo shape instabilities
triggering the division of droplets, see figure[5.1fe).
In contrast, passive droplets only exhibit the reverse
process of droplet fusion, which is driven by surface
tension effects. In active droplets, this stabilising
tendency of surface tension can be overcome by
the influx of droplet material sustained by the non-
equilibrium chemical reactions.

5.2. Active emulsions are relevant for biology and
provide versatile applications

Demixing systems in the presence of external
forces, like a maintained regulator gradient or non-
equilibrium chemical reactions, share some inherent
similarities. Both systems break the universal
coarsening dynamics of Ostwald ripening and modify
the stationary state of the system. While a
regulator gradient causes a bias in the position of
the single stationary droplet, the non-equilibrium
chemical reactions can select a state composed of
multiple droplets of equal size. The breaking of the
universal dynamics occurs via additional fluxes that
are absent in classical phase separation. These fluxes
are generated by the dissipation of energy, either to
assemble and maintain a concentration gradient that
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Figure 5.1. Overview of the novel behaviour and phenomena that occur in active emulsions. Curves in green correspond to droplets
in a gradient of molecules which affect phase separation while blue curves indicate droplets in the presence of non-equilibrium chemical
reactions. Results for passive systems are dépicted as black lines.»(a) Droplet growth speed and (b) droplet frequency as a function
of droplet radius R. The (unstable) critical radiusiis indicated by an open red circle, while there can be a stable stationary radius in
the case of non-equilibrium chemical reactionsf(showm,as bold and red circle). (c) Mean droplet radius as a function of time ¢. The
radius of passive droplets grows o< t'/3, while active emulsion break this scaling law. (d) Positioning of droplets to one boundary of
the system (bottom) in the presence of a regulator gradient (top) by droplet drift and position-dependent dissolution and growth.
(e) In the presence of a regulator gradient dreplet can' deform (top), while in the presence of non-equilibrium chemical reactions
droplets can even undergo a shape instability and divide (bottom).

in turn interacts with the demixing components or to
drive chemical reactions of the 'demixing components
away from their equilibrium.

Active fluxes are! ubiquitous in living systems
to keep them away from thermal equilibrium. In
fact, if such systems were=to reach equilibrium,
they would be[ nondiving, “passive matter. At
the same time," it has /been shown that liquid
phase separated compartments are important for the
spatial organisation{ inside a large variety of cells
(see reference, [86] and references therein).  Such
compartments can organise biomolecules in space and
time to control ‘chemical reactions, which is an essential
buildingblock for biological function. However, how
these compartments are controlled by cells is poorly
understood. Studying the physics of phase separation
in non-equilibrium environments is thus highly relevant
for cell biology [87].

Although several novel phenomena arising from
active fluxes have been discovered in phase separating
systems, many aspects have not been addressed, yet.
For example, in order to realise an experimental
system in which non-equilibrium reactions suppress
Ostwald ripening or drive the division of droplets,
a better understanding of the couplings of the
chemical pathways to phase separation is necessary.
To this end, one major challenge is to find a
proper choice of chemicals. Promising candidates
are synthetically designed reaction cycles including
a fuel-driven reaction from a precursor component
toward a building block capable to form liquid-
like assemblies [154].  Specifically, what is the
minimal system that can be realised experimentally
that shows dividing droplets for example? If such
experimental conditions were found, such systems
could be used to set the droplet size in microfluidic
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devices in the context of chemical engineering [171] or
support the potential role of phase separated liquid-like
compartments for the origin of life [41].

Droplets can also carry information encoded
in their chemical composition, i.e., a specific set
of molecules dissolved inside. Controlling such
droplets with non-equilibrium chemical reactions not
only allows the change of the droplet size but also
the information content. Such a system offers
the opportunity to perform aqueous computing at
larger-than-molecular scales [172,173]. In addition,
concentration gradients can be used to position these
droplets. As droplets have reached their target position
this chemical information can be released by droplet
dissolution, which can be induced by modifying the
interactions between the droplet material and the
solvent. Such a liquid system could represent a first
building block for aqueous computing, which allows to
process chemical information in space.

Controlled active emulsions could also be used
to physically seal or open junctions in microfluidic
devices. The control over the droplet position also
enables to modify the physical properties of target
surfaces inside devices by wetting. All these tasks
require a solid theoretical understanding of how/the
formation, position and composition of droplets can
be controlled and how physical parameters should be
chosen.

In summary, we have discussed a new ¢lass ‘of
physical systems which we refer to as active emulsions.
These emulsions are relevant to cellybiology. They
may allow to develop novel applications in.the field of
chemical engineering or aqueous computing.»Maybe,
active emulsions could be relevant [in the research
of how life could have emerged from 'an inanimate
mixture composed of set of simple c%icaﬂy active
molecules. However, the class of active emulsions also
challenge our theoretical,understanding /of spatially
heterogeneous systems driven, far away from thermal
equilibrium and can be. usedy to,refine existing
theoretical concepts. In “paxticular, these active
emulsions are characterised by non-equilibrium fluxes
that maintain these. system /away from thermal
equilibrium. The! physics of phase separation in the
presence of non-equilibrium chemical reactions pose
several theoretical challenges and questions, such as
the role of fluctuations, the couplings of diffusive and
chemical fluxes, and"what are the minimally required
ingredients, necessary for the phenomena discussed in
this review.
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Appendix A. Stability of the interfacial profile

The stability of the inhomogeneous solution ¢(x) given
in equation can be assessed by considering the
changein free energy AF[cr, €] due to an infinitesimal
perturbation &(z) [174]. Using equation (2.30)), we have

AF[cref= /d3r {bj (3 tanh? (g) - 1) + g (8xe)2] .
(A1)

The reference state ci(x) is stable if all perturbations
increase the free energy, i.e., if AF[cr,e] > 0 for all
permissible functions e(z). Note that without chemical
reactions the mass of the individual components is
conserved, which implies that only those e(z) are
permissible that obey the constraint [ edz = 0.

To see whether all perturbations lead to posi-
tive AF', we determine the perturbation e, (z) with the
minimal AF. If this value is positive, all other per-
turbations also increase the free energy and the base
state cj(x) is stable. A necessary condition for e, (z)
is that it satisfies the Euler-Lagrange equations corre-
sponding to equation . Defining the linear opera-
tor A(e) = 0AF/de,

Al(e) = be [3 tanh? (%) - 1} — kOZe (A.2)

the Euler-Lagrange equations can be expressed as

Ale) = X. (A.3)

Here, X is a Lagrange multiplier that ensures mass
conservation in the case without chemical reactions,
while A = 0 in the case with chemical reactions. Using
partial integration on equation , we also have

AF[er, e = % / Pr e A(e) | (A.4)
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where we neglected the boundary terms assuming that
the perturbation vanishes at the boundary or the
system exhibits periodic boundary conditions. To
evaluate AF, it is convenient to express e.(x) in
terms of the eigenfunctions e, (z) of the operator A.
The associated eigenvalue problem (e, = A(e,) has
already been considered in the context of Schrodinger’s
equation with a potential similar to the first term in
equation [175]. In particular, it has been shown
that the discrete part of the spectrum consists of only
two eigenvalues, (y = 0 and (; = %b, while the
continuous spectrum obeys ¢ > 2b. In the following,
the sum symbol will denote both summation over the
discrete and integration over the continuous part of the
spectrum. The solution €, (z) can then be expressed as
o0
ex(x) = Z anen(x), (A.5)
n=0

where a, are the corresponding series coefficients,
which have to obey >°° ja,(, = A. Using this in
equation , we find

AF[cr, 6] = gi{rb/dxai{e,L(x)}z >0, (A.6)
n=1

where A is the cross-sectional area A = [dydz.
Equation implies AF > 0 if any a, # 0 for
n > 1, so the base state is stable with respect to these
perturbations. In particular, the state c¢; would omnly
be unstable if there are perturbations with ag# 0
and a, = 0 for n > 1. Note that the term for
n = 0 does not appear in equation since the
eigenvalue (y vanishes. The associatedseigenfunction
is €(z) = Ozc(x), which does not conserve, the
mass of the individual components sinee [ eo(2)dz =
2(b/a)*/?.  Consequently, this mode 1§ forbidden if
chemical reactions are absent, so'thatall perturbations
increase the free energy in this case. Conyersely, with
chemical reactions, ay # 0 is allowed'and this mode
is marginal since it does not change,the free energy,
AF(CI, 60) =0.

Taken together, ;we showed\that the interfacial
profile ¢r(z) given in_equation is stable in the
case without chemical reactions. Chemical reactions
introduce a marginall mode, “which corresponds to
a translation of ‘thé interface. "However, for finite
systems, the/boundary conditions , and thus the
interface profile ¢j(#); are only approximate and all
inhomogeneous, states might be unstable in very small
systews [43].

Appendix B./Entropy production of a system
with phase separation and chemical reactions

To 4derive” dynamical equations for a binary fluid
exhibiting phase separation and chemical reactions, we
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here consider the associated entropy production. For
a closed, isothermal system of constant<velume, the
entropy production is related to the.change of\ free
energy, dS/dt = —T~'dF/dt. For simplicity, we here
consider the free energy Flca,cp] = fd3r fca,cp),
neglecting the contributions proportional<to the
gradients of the concentration fields. Hence,

dF :
o = /d‘gr (a0sca + pposeg) (B.1)

:—/d?’r[,uA(V'jA—8)+MB(V'jB+3)]

= /d37’ GafVuatde Vs + s (ua — pip)]
+ boundary terms ,

where we have used ‘wu, = 0f/0ca, up = 9f/0cg,
and the conservations'laws 0icy = —V - j4 + s and
Oicp =4~V g5 —st Note that the boundary terms
originating from»partial integration can be neglected
when ‘appropriate boundary conditions are applied or
andinfinite system is considered.

For “each%component i, the flux 7, can be split
into @& convective part with velocity v and an exchange
current. j< As discussed in section[2.4] incompressibility
and equal molecular volumes then imply j 4, = vea+3J
andyj p = vep — 3. Moreover, changes of the intensive
thermodynamic quantities are coupled, implying the
Gibbs-Duhem relationship cadpas + cpdup = dp,
where p is the pressure. Hence,

dF

= (B.2)

:/d3r(j~Vﬂ+pV~v+sﬂ) :
where [i = g — pp is the exchange chemical potential.
In the case of equal molecular volumes of A and B,
incompressibility implies V - v = 0 |142], leading to

ds 1 R _
—:T/d?’r(ﬁyv,ufsu) .

- (B.3)

This expression reveals that the thermodynamic fluxes
J and s are coupled to the thermodynamic forces Vi
and [, respectively. Expressing the fluxes as linear
functions of their forces, we obtain j = —AVj and s =
—A,fi, where the Onsager coefficients A and A, must
be positive to obey the second law of thermodynamics
(dS/dt > 0). The entropy production only vanishes at
equilibrium, where the equilibrium conditions Vi = 0
and 1 = 0 are obeyed and the fluxes vanish.

Appendix C. Thermodynamic constraints on
chemical reaction rates

We consider a binary system consisting of particles
A and B with a simple conversion reaction B = A.
Assuming local equilibrium, the system is described
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by the concentrations c4 and cp of the A and B-
particles. Since the particles occupy all the space,
both concentrations are connected via the relationship
ca = v~ — ¢p, where v is the molecular volume of
both species. The concentration of A particles obeys

Oca = 5 — S, (C.1)

where s_, and s, denote the respective forward and
backward reaction flux or the respective number of
reaction events per unit volume and time. To derive
the condition on the ratio of these fluxes given in
equation , we here analyze the associated lattice
model introduced in section 2.1}

We consider a system of M lattice sites and
focus on the reactions occurring at the arbitrary
lattice site n. The probabilities to find an A or B
particle at this site are given by P(o,,t) or P(&,,t),
respectively. Here, the configuration of all particles
on the lattice where lattice site n is occupied by an
A particle (o, = 1) is denoted as o, = 01,...,0, =
1,...,0p. Conversely, &, = o01,...,0n, = 0,...,0p, i
a configuration where the n-th site is occupied by B.
These probability functions are related to the volume
fraction ¢ = vey of A particles and concentration figlds
by

¢= Plont)=1->Y P(an,t), (C.2)
Q, Qn

where €, or €, denote the set of all possible
configurations with an A or B particlé at,lattice site n,
respectively. The time evolution of the probabilities is
captured by the master equation

=k (6p)P(on,t) = kX (o) P(0n,t),

where k™ (7,) and k7 (o'p){denote theforward and
backward rates, which generally depend on the
configuration. The equationsidiseussed so far also hold
when the reaction is not in equilibrium.

When the chemical reactions are equilibrated, the
probability distribution'is time independent, leading to
the condition of detailed balance:

k(6 )P (Gn) = K (0) P (0n) - (C.4)

Here, the equilibrium distribution to find a specific
configuration, o4, ...,0y/, is given as

H(oy,...,on)
kBT) , (C.5)

with, the Hamiltonian H(oyq,...,0p) defined in
equation (2.2) and the partition function Z given by

1
P oy, ...,onm) = — €XP (—
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equation . Using equation , we' have
K(00) _ P(0)
ki(on)  Ped(on)
= exp (—H’(U%(&—n)> £ (C.6)

For the considered case of a single reaction step and for
short ranged interactions, the forward and backward
rates do not depend onsthe fullhconfiguration {o}.
Instead, the rates solely depend “on the particle
configurations in the_wvicinity of site n, which is
determined by thé  characteristic length scale of
the interaction. [(In particular, using a mean field
approximation, sthe rates solely depend on the local
volume fraction ¢. In this case, the energy difference

appearing in equation (|C.6|) simplifies to

(o, = (5,) = L 4E0)

=M a9 0 ©D

where, FE(¢) is the mean field energy given by
equation ([2.6))ysuch that

dEdfb¢) =zMeand+eap(l —2¢) —epp(l—9)] .
(C.8)

Combining equations ((C.6]) and (C.7)), we find that the

rates solely depend on the local volume fraction ¢, i.e.,

K (6) = ks (6) and K (0,) = ke (6).
We now return to the case where chemical
reactions are not equilibrated.  Taking the time

derivative of equation (C.2) and using equation (C.3)),

we write the time evolution of the composition as
06 =" [k (&)@, ) — K2.(6) P(orn, )]
Qy
=k (0)(1—¢) — k()9 , (C.9)

where we have used that the forward and backward
rate solely depend on ¢ within the mean field
approximation. Comparing with equation , we
can identify the forward and backward reaction flux
as s, = k(o) (1/_1 - cA) and s = k. (¢)ca, since
¢ = vca. Hence, the ratio of the reaction fluxes reads

o h@0-9) (i
e kD) b p( kBT>' (C.10)

where we defined

g=zleand +eap(l —2¢) —epp(l—9¢)]

+ kT n (14_1’(;5) , (C.11)

which can be identified with the exchange chemical

potential it = pa — pp = Vg—f; associated with the
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free energy density f(¢) given in equation (2.8). Note
that equation does not contain any gradient
term since we here focused on the simple case of
homogeneous mean field. However, equation is
referred to as detailed balance of the rates [150].

Detailed balance of the rates can be generalised to

any chemical reaction of the form >, b;B; = 3, a;4;,
where a; and b; denote the stoichiometric coefficients
corresponding to the component A; and B;:

C Ap
s exp (kBT> , (C.12)

where the chemical potential difference between
products and educts, called the affinity of the reaction,
is given by Ap =3 ajpua; — >, bipp,. Note that the
chemical potentials i can be replaced by the exchange
chemical potentials pi; if the chemical reaction also
conserves volume.
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