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Abstract—Achieving the ambitious climate change mitigation
objectives set by governments worldwide is bound to lead to
unprecedented amounts of network investment to accommodate
low-carbon sources of energy. Beyond investing in conventional
transmission lines, new technologies such as energy storage
can improve operational flexibility and assist with the cost-
effective integration of renewables. Given the long lifetime of
these network assets and their substantial capital cost, it is
imperative to decide on their deployment on a long-term cost-
benefit basis. However, such an analysis can result in large-scale
Mixed Integer Linear Programming (MILP) problems which
contain many thousands of continuous and binary variables.
Complexity is severely exacerbated by the need to accommodate
multiple candidate assets and consider a wide range of exogenous
system development scenarios that may occur. In this manuscript
we propose a novel, efficient and highly-generalizable framework
for solving large-scale planning problems under uncertainty by
using a temporal decomposition scheme based on the principles
of Nested Benders. The challenges that arise due to the presence
of non-sequential investment state equations and sub-problem
non-convexity are highlighted and tackled. The substantial com-
putational gains of the proposed method are demonstrated via
a case study on the IEEE 118 bus test system that involve
planning of multiple transmission and storage assets under long-
term uncertainty. The proposed method is shown to substantially
outperform the current state-of-the-art.

Index Terms—Energy storage, mixed integer-linear program-
ming, nested Benders decomposition, stochastic programming,
transmission planning

I. NOMENCLATURE

Note that throughout the paper, bold symbols are used to
denote vectors and |C| indicates the cardinality of the set C.

ΩB Set of demand blocks, indexed by b.

ΩE Set of all stages, indexed by e.

ΩG Set of generation units, indexed by g.

ΩL Set of transmission lines, indexed by ℓ.

ΩM
Set of all nodes belonging to the scenario tree, in-

dexed by m.
ΩN Set of system buses, indexed by n.

Ωm
ς Set of scenarios to which node m belongs to.

ΩE
S Set of existing storage assets, indexed by s.

ΩC
S Set of storage candidates, indexed by s.

ΩT
S Set of storage technologies, indexed by s.

Ωb
T Set of periods in demand block b, indexed by t.

ΩWℓ
Set of expansion options for line ℓ, indexed by w.
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m− Parent node of scenario tree node m.

ε(m) Stage to which the node m belongs to.

Φk(m) Set of ancestor nodes of m from stage 1 to ε(m)−k.

N+(m)
Set of children nodes of m that belong to stage

ε(m) + 1.

All the parameters involved in the optimization model can be
represented by the vector ρ containing

Bn,g Bus-to-generation incidence matrix.

In,ℓ Bus-to-line incidence matrix.

Sn,s Bus-to-storage incidence matrix.

Wb Weight of demand block b.

τbt Time duration of demand period t, demand block b.

σb First period of demand block b.

Tb Last period of demand block b.

Db
m,t,n Demand at bus n for operating point (m, t).

χℓ Line length in km.

Xℓ Reactance of transmission line ℓ.
uℓ Sending bus for line ℓ.

vℓ Receiving bus for line ℓ.

F 0
ℓ Initial capacity for line ℓ.

Fmax
ℓ,w Capacity provided by expansion option w for line ℓ.

γℓ,w Build time for line ℓ and expansion option w.

κF
ℓ,w

Annual fixed investment cost for line ℓ, option w
(£/(km yr)).

κV
ℓ,w

Annual variable investment cost for line ℓ, option w
(£/(MW km yr)).

h̃0
s Initial condition of storage device s ∈ ΩE

S .

h̄s Maximum charge/discharge rate (MW) of storage s.

η̄s Energy capacity (MWh) of storage s.

ρes Storage efficiency of s.

γH
s Build time of storage technology s.

κH
s Annual capital cost of storage device s (£/yr).

p̄m,g,t Maximum generation for g at operating point (m, t).

κG
g Operation cost of generating unit g (£/MWh).

Γ System balance penalty constant (£/MWh).

rIe
Cumulative discount factor for investment cost in
epoch e.

rOe
Cumulative discount factor for operation cost in epoch
e.

All decision variables involved are represented by the vector
x containing

dm,t,n Curtailed demand at bus n and operating point (m, t).

fm,t,ℓ Power flow on line ℓ at operating point (m, t).
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f inv
m,ℓ,w

Transmission capacity to be built for line ℓ using
option w at node m.

hm,t,s Output of storage device s at operating point (m, t).

h̃m,t,s State of charge of storage device s at (m, t).

Hm,s
Binary variable modelling the decision at node m of

building a storage device s ∈ ΩC
S .

H̃m,s
Aggregate variable representing the storage capacity

of storage option s ∈ ΩC
S available at node m.

pm,t,g Output of generation unit g at operating point (m, t).

βm,ℓ,w
Binary variable modeling the choice of expansion

option w for line ℓ at node m.
θm,t,n Bus angle at node n for operating point (m, t).

II. INTRODUCTION

ELECTRICITY systems are facing exceptional challenges
in order to achieve the ambitious climate change mitiga-

tion targets set by governments worldwide. Transitioning to a
decarbonised economy will entail unprecedented amounts of

transmission investment due to the fact that low-carbon energy
sources are typically located far from the load centres. One

of the biggest challenges to cost-efficient decarbonisation will
be the increased need for operational flexibility to deal with
large and rapid changes in demand and supply [1]. Another

challenge is the significant uncertainty that characterises future
system developments. Under the ownership unbundling that

has taken place in many jurisdictions, planners are facing
increasing uncertainty regarding the type, size and location

of new connections. In a similar vein, a critical driver whose
timing and extent is unknown is the long-term demand growth
due to the electrification of transport and heat. Studies on

the UK system have shown that the potential electrification
of the heating and transport sectors could increase peak

demand by up to 2-3 times in 2050 compared to present
levels [2]. The possibility for low-growth scenarios may lead

to asset stranding in cases of over-investment, while greater-
than-expected growth may require costly piecemeal upgrades
that forego economies of scale and lead to increased interim

network constraint costs. It is critical to highlight that the
long lead times that characterise conventional transmission

projects render them more prone to these adverse effects. In
contrast, projects aimed at making better use of the existing

infrastructure, such as energy storage (ES) and FACTS, have
been shown to assist with interim uncertainty management and

embed strategic flexibility within an investment plan; this is
more pronounced when such assets can be swiftly deployed
[3].

The above points indicate that the ongoing decarbonisation
effort is altering fundamental aspects of the transmission plan-
ning process. The emerging reality involves multiple uncer-

tainty sources and a high number of candidate technologies. As
such, planners require novel tools to navigate this setting and

carry out cost-effective and future-proof system design. It is
imperative that transmission planning is viewed as a long-term

portfolio optimization problem across many different assets
with fundamentally different performance characteristics in
terms of cost, build time, capability and flexibility. Most

importantly, investment strategies should be drawn on a com-
prehensive what-if analysis where the optimal recourse actions

for minimum-cost adjustment to the unfolding reality are fully

considered. Such an approach will enable the identification of
cost-efficient and robust investment strategies that entail both

flexibility-driven elements to manage uncertainty resolution
in the interim as well as long-term strategic commitments,

characterised by significant economies of scale, which can be
deployed once uncertainty has been resolved.

Traditionally, the system planning problem [4] has been

formulated on the basis of identifying the optimal investment
plan for a single future scenario (e.g. [5], [6]). These formu-

lations are unable to identify valuable strategic opportunities
which arise in dynamic decision problems characterised by
inter-temporal resolution of uncertainty (e.g. [7], [8], [9]). As

such, a multi-stage formulation is highly desirable to introduce
strategic opportunities which postpone decisions until more

information is revealed. The modeling of transmission invest-
ment under uncertainty has been studied in [10], [11] adopting

simplified scenario tree descriptions. More general model
frameworks to identify strategic investment opportunities have
been proposed [8], [9], [12], [3], [13].

Although in many jurisdictions, market unbundling rules
have resulted in decoupling Energy Storage (ES) from the
transmission planning process, there is growing worldwide

interest for Transmission System Operators (TSOs) to use
ES as a transmission asset for managing congestion, resource

variability and uncertainty. This debate is currently under
way in North America [14], Australia [15] and Europe [16],

with regulators supporting the possibility for TSOs to own
storage assets. The increasing relevance of ES for transmission
planning gives rise to a new class of planning problems. The

importance of considering multiple technologies in expansion
decision problems over a finite planning horizon has been

widely recognized in the past (see [17] for instance). If,
furthermore, we consider that a significant role in the selection

of an investment strategy is played by long-term uncertainty,
warranting a stochastic formulation, we obtain a very large-
scale MILP. The computational difficulties that arise when

trying to accommodate many operating points and investment
options have severely limited the development and adoption

of strategic planning models.

Recently, cost-benefit analysis of deploying ES in electricity
systems has been carried out in [18], [19], [20], [21], [22],

[23] under different assumptions. A Mixed Integer Linear
Programming (MILP) deterministic static investment model

has been proposed in [18] to reduce network investment cost.
The potential of reducing network investment cost through the

deployment of ES is further analysed in [19] on a deterministic
single stage transmission planning model considering line
losses. Through a MILP transmission expansion planning

formulation considering two 24 hour operating scenarios, [20]
shows that optimal location and capacity of ES is sensitive not

only to cost, but also variability of demand in the network. The
authors find the model becomes computationally demanding

with even relatively few buses. A robust formulation of an
integrated transmission and ES expansion planning problem
is presented in [22]. The static model includes transmission

switching and uncertainty in load demand and wind power
productions through uncertainty sets. However, the proposed

planning tool is computationally demanding and it becomes
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intractable in the case of a large-scale power system. An
interesting two-stage stochastic mixed-integer linear planning

model comprising investment in generation, transmission and
ES to study the impact of co-optimization is introduced in

[23]. The model assumes a static investment description while
uncertainty on load and wind power production is considered

through different operational scenarios. Note that the model
considers investment in only one storage device type. A case
study on the 24-bus IEEE Reliability Test System is used to

showcase the ability of ES to defer investment in transmission
and generation capacity.

A. Decomposition techniques

Several decomposition techniques have been applied to
solve the extremely difficult MILPs arising in powers systems.

Scenario decomposition approaches based on Rockafellar and
Wets’ progressive hedging algorithm have been proposed in

[24], [25] to solve two-stage Stochastic Mixed-Integer Linear
Problems (SMILP) with uncertainty at the operational level.

In [25] the investment model is static and the decisions can
only be made at the beginning of the period. In principle
the algorithm generalizes to multi-stage contexts but the

complexity of each optimization problem significantly grows
with the number of stages and a dynamic formulation of

the investment problem. Although the mentioned approaches
reported significant computational improvements, only static

problems were analysed. Progressive Hedging (PH) is another
popular decomposition technique applied to SMILP problems;
however, it does not guarantee convergence to an optimal

solution while intermediate solutions may be infeasible. In
addition, PH has been largely limited to two-stage cases [24],

[25], [26]. Recently, a method to compute lower bounds in
the Progressive Hedging Algorithm for multi-stage mixed

integer programs has been proposed in [27]. However,
the computation of lower and upper bounds requires the
solution of additional optimization problems [27]. Further

developments are essential to tackle realistic stochastic
multi-stage planning problems. A performance comparison

of metaheuristics methods to solve deterministic multi-
stage transmission expansion planning problems has been

undertaken in [28]. Although some of the heuristic algorithms
have obtained good solutions, they are not guaranteed to
achieve optimality and do not provide a measure of the

solution quality such as bounds on the optimal system cost.

Also several decomposition schemes based on classical
Benders Decomposition [29] have been applied to solve
this extremely complex model [30], [31], [32], [33],

[34]. By separating investment and operation costs, it is
possible to exploit Benders decomposition methods in a

straightforward way [35]. Convergence can be substantially
improved by introducing enhanced multi-cut formulations

[36], [3]. However these traditional decomposition techniques
aggregate all binary investment decisions in a single master
problem which may become intractable when there is a large

number of candidate assets and decision points. Recently,
a Dantzig-Wolfe decomposition and a column generation

approach to solve a combined unit commitment and capacity

expansion problem has been proposed in [37]. The proposed
model is deterministic and the challenges arising from a

stochastic formulation are matter of future research. The
model considers a single busbar with no transmission

constraints and so decisions are made on which generating
units to build at each year, which units to commit and how

much power to generate with each unit at every period of time.

In the last few years, considerable progress has been made

in decomposing two-stage mixed integer problems using dis-
junctive programming concepts. Several approaches have been

proposed, differing in terms of how disjunctive cuts are com-
puted and the types of variables assumed to be present in the

first and second stage problems. A comprehensive summary is
presented in [38]. In particular, the Disjunctive Programming

approach (D2), proposed by Sen and Higle in [39], aims at
two-stage SMIP problems with first stage binary variables
and second stage mixed binary-continuous. The Disjunctive

decomposition-based branch-and-cut (D2 − BAC) approach
proposed by Sen and Sherali [40] partially solves the second

stage problems using branch-and-cut to generate optimality
cuts for the first stage problem. The approach ensures conver-

gence for first stage binary variables and second stage mixed
integer-continuous. In [41], a disjunctive decomposition-based
branch-and-cut (D2 − CBAC) is proposed, based on the

D2 − BAC algorithm, handling problems containing purely
continuous first-stage variables. The D2 −BAC++ method,

proposed in [42], is a D2 − BAC decomposition using en-
hanced cut generation based on Linear Programming (LP). The

Disjunctive decomposition-based branch-and-bound (DBAB)
proposed in [43] is aimed at problems with mixed continuous-
binary variables in the first stage and second stage. It uses

reformulation-linearization techniques to derive the cutting
planes which are disjunctive cuts. The method essentially

uses a modified Benders decomposition scheme. Note that
all the listed approaches stem from disjunctive programming

and they all use disjunctive cuts. Different approximations,
under different working assumptions, are adopted to prove
convergence to the optimal solution. The afore-mentioned

disjunctive-based methods have so far been applied solely to
two-stage problems; coming up with multi-stage extensions is

seen as an open problem [44].

Interesting reviews on approximation of multi-stage stochas-

tic optimization problems with mixed-integer variables can be
found in [45], [46], [47]. Two-stage optimization problems

with continuous and integer variables in the second stage were
considered for the first time in [48] where an approach to com-
pute modified Benders cut is proposed under the assumption

that the first stage only contains binary variables. The authors
in [49] propose to apply dual decomposition methods and

Lagrangian relaxation to the solution of multi-stage stochastic
optimization problems with mixed-integer variables appearing

in all stages. Although the Lagrangian dual can provide
bounds tighter than the simple relaxation of discrete variables
its solution requires the use of subgradient methods and is

computationally expensive. Improvements of the integer L-
shaped method for two-stage stochastic integer programs are

proposed in [50]. Under the assumption that the complicating
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variables are binary, it is possible to generate optimality
cuts in a more computationally efficient way. The multi-stage

extension and its possible computational advantages still need
to be explored. In the proposed decomposition each node

of the scenario tree is associated to a master problem and
a subproblem while in past approaches (e.g. [51], [52]) an

averaging on the uncertainty is performed.

B. Contribution

In this manuscript, a novel multi-stage temporal decompo-
sition scheme, grounded on Nested Benders Decomposition
(NBD) [53], [54], is proposed to solve multi-stage transmis-

sion planning problems under long-term uncertainty, while
considering multiple investment candidates with different

building time delays. An efficient and generalizable reformu-
lation of the network expansion problem is proposed to recast

non-sequential state equations in a form amenable to temporal
decomposition schemes; the construction of expanded state
variable matrices and modified cuts approximating the future

cost function at each stage are presented. In addition the issue
of subproblem non-convexity arising due to the presence of

binary investment variables is addressed through introducing
suitable relaxations and modifying the convergence criterion.

The contributions of this paper can be summarised as:

• A comprehensive stochastic planning framework that
accommodates multiple line reinforcements and ES in-

vestment options.
• A novel temporal decomposition scheme that renders

tractable the solution of large-scale planning problems

with thousands of binary variables across multiple future
stages and scenarios.

• The strategic role that different ES technologies can
play towards accommodating renewables in an uncertain

setting is demonstrated via a case study.

Preliminary results appeared in [55] where the authors focused
on the IEEE24-bus test system. In the present paper the

novel Nested Benders Decomposition approach along with
the sequential convexification technique are presented, for the

first time, in full detail along with a large-scale case study
on the IEEE-118 system involving a multivariate scenario tree
and a large number of investment options across technologies.

The increased size of the case study necessitates the in-depth
investigation of problem scaling and convexification impact on

convergence. We have compared our method against the PH
algorithm and carried out a discussion of its drawbacks. The

proposed approach is shown to be superior to existing methods
such as traditional Benders and Progressive Hedging.

The remaining paper is structured as follows. In section
III we introduce the basic principles of temporal decom-

position and show how a problem involving non-sequential
state equations can be brought to an amenable form. The

full mathematical formulation and decomposition algorithm
for the planning problem are shown in section IV. In section V
the proposed scheme’s validity and substantial computational

benefits are illustrated via a case study on the IEEE 118
bus test system. Section VI concludes the main findings and

outlines directions for future research.

III. NESTED DECOMPOSITION OF MULTI-STAGE MILPS

The transmission expansion problem under uncertainty is

given by a large-scale MILP problem where the stochastic
process is described by a multi-stage scenario tree with |ΩM |
nodes spanning |ΩE | stages. The first stage of the scenario tree,
denoted by index m = 1, is known as the root node and rep-
resents the system’s initial state which is assumed to be fully

known. All other scenario tree nodes represent possible states
of the system in the future, with an associated probability of

occurrence πm. In the adopted framework each scenario tree
node is an investment decision point. In this way, strategies

that can take advantage of the uncertainty resolution structure
can emerge. The objective function involves the minimization
of the expected system cost across the scenario tree subject to

appropriate investment and operation constraints.
As discussed in section II, the direct solution of the un-

decomposed model becomes intractable when a large number
of binary variables and scenarios are included. We propose

a novel temporal decomposition where the original problem
is split between stages similar to [51]. The application of

temporal decomposition to the dynamic transmission expan-
sion planning is not straightforward due to non-sequential
state equations. In general, to apply a temporal decomposition

method to an optimization problem, the constraints that apply
at stage e must only depend on variables involved in the

previous stage e− 1. This is not the case when modelling in-
vestment candidates with large construction delays; additional

information-carrying state variables must be introduced to sig-
nify when assets are commissioned and become operational. In
this section we present a generalisable problem reformulation

that tackles this issue.
We focus on the optimization problem associated to a single

node m at stage ε(m) and first present the reformulation of
dynamic state equations that pertain to investing and commis-

sioning an ES plant. Let xm denote the vector of all decision
variables at scenario node m and ym = Cmxm the vector

of variables passed to the next stage, where the matrix Cm

selects the variables that will serve as input to the next stage
ε(m)+ 1. The typical dynamic investment constraint is of the

form

H̃m,s =
∑

φ∈Φ
γH
s

(m)

Hφ,s (1)

Equation (1) states that the storage capacity available at
scenario tree node m is equal to the aggregation of preceding
investment decisions, while also taking into account the build-

ing delay of the ES candidate γH
s . It is clear that constraint

(1) is not of the desired form; in cases where γH
s > 1, it

depends on decisions taken at stages prior to ε(m)−1. For this
purpose we introduce state equations describing the evolution

of the output yh
m,s. The vector yh

m,s describes when the storage
assets are ready to be used (superscript h indicates that the
vector yh

m,s refers to ES assets).

Let γmax
s = maxs{γH

s , 1}. The investment and commis-

sioning of all ES candidates s ∈ ΩC
S are described by the

state equation

yh
m,s = Ah(s)yh

m−,s
+ Bh(s)Hm,s

yh
1−,s

= 0
(2)
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where the elements asj,k of Ah(s) ∈ R
γmax
s ×γmax

s are defined
as

asj,k =

{

1 if k = j + 1, or j = γmax
s , k = γmax

s

0 otherwise
(3)

Note that if γmax
s > 1 the structure of Ah(s) is as follows

Ah(s) =
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(4)

The i-th component of the vector yh
m,s contains the number of

ES candidates s, decided by node m and its ancestors, which

are operative at the stage ε(m) + i in the nodes connected to
m. If the building delay γmax

s of candidate s is one, the state
equation (2) is scalar. The elements bsj of Bh(s) ∈ R

γmax
s ×1

are defined as follows

bsj =

{

1 if j = γmax
s

0 otherwise
(5)

Note that the vector yh
m,s is the part of the output (yε(m)) of

node m at stage ε(m) to the next stage and it is given by the
sum of what has been decided in the past (yh

m−,s
) and the

present.
As such, the ES units H̃m,s available at node m, can be

expressed as:

xh
m,s = yh

m−,s

H̃m,s = xh
m,s(1) + Bs

0Hm,s

(6)

where xh
m,s is an additional decision vector coupling node

m solely with the parent node m− whose output relative to

the storage is yh
m−,s

. Bs
0 is a scalar and takes into account

if the commissioned storage is available at the same stage.

Consequently, if γH
s = 0, Bs

0 = 1 otherwise Bs
0 = 0 where

s ∈ ΩT
S . Bs

0 takes into account if the commissioned storage is

available at the same stage. Then H̃m,s is given by the sum

of the first entry of the vector xh
m,s (i.e. xh

m,s(1)) and the ES
capacity decided at the present stage which can be available

immediately. H̃m,s is used to define the bounds on ES energy
capacity and its charge/discharge rate. Note that equation (6),

unlike (1), only depends on decisions from the current and
previous stage as desired.

The introduction of constraints (6) involves the addi-
tion of at most γH |ΩC

S | decision variables, where γH =
maxs{γmax

s }.

We now derive the expanded state equations for line in-
vestments. Variables βm,ℓ,w denote the (binary) decision to

upgrade line ℓ at scenario tree node m using option w. Con-
tinuous variables f inv

m,ℓ,w denote the amount (MW) by which

to upgrade line ℓ at node m. They abide to the investment
constraints:

∑

w∈ΩWℓ

∑

φ∈Φ1(m)

βφ,ℓ,w +
∑

w∈ΩWℓ

βm,ℓ,w ≤ 1 (7)

βm,ℓ,wF
max
ℓ,w − f inv

m,ℓ,w+

+
∑

φ∈Φ1(m)

(βφ,ℓ,wF
max
ℓ,w − f inv

φ,ℓ,w) ≥ 0 (8)

Constraint (7) states that each upgrade option can be used
only once throughout the horizon. Constraint (8) states that

the investment in transmission capacity f inv
m,ℓ,w can not exceed

the upper bound Fmax
ℓ,w and it can take place only after the

occurrence of a fixed cost. Note that both formulas are non-
sequential; they can be reformulated using additional decision

variables. As before, we introduce xβ
m,ℓ ∈ R and xc

m,ℓ ∈

R
|ΩWℓ

|, and outputs as follows

yβm,ℓ , xβ
m,ℓ +

∑

w∈ΩWℓ

βm,ℓ,w

yc
m,ℓ , xc

m,ℓ + Fmax
ℓ βm,ℓ − f invm,ℓ

where the superscripts β and c indicate if the variables are
related to investment in line candidates and transmission

capacity respectively, f invm,ℓ , [f inv
m,ℓ,1, . . . , f

inv
m,ℓ,NWℓ

]′, βm,ℓ ,

[βm,ℓ,1, . . . , βm,ℓ,NWℓ
]′ and Fmax

ℓ ∈ R
NWℓ

×NWℓ is diagonal
with elements [Fmax

ℓ,1 , . . . , Fmax
ℓ,NWℓ

]′. Constraints (7) and (8)

can be imposed through the following equations for all ℓ ∈ ΩL

xβ
m,ℓ = yβ

m−,ℓ

xβ
m,ℓ +

∑

w∈ΩWℓ

βm,ℓ,w ≤ 1 ∀ℓ ∈ ΩL
(9)

xc
m,ℓ = yc

m−,ℓ

xc
m,ℓ + Fmax

ℓ βm,ℓ − f invm,ℓ ≥ 0
(10)

where xβ
1,ℓ = yβ1−,ℓ

= 0 and yc
1−,ℓ

= 0.

The aggregate capacity

F inv
m,ℓ =

∑

w∈ΩWℓ

∑

φ∈Φγℓ,w
(m)

f inv
φ,ℓ,w ∀ℓ ∈ ΩL,m ∈ ΩM . (11)

is affected by the delay γℓ,w modeling the building time of the
transmission capacity. The choice of reinforcing line ℓ is taken

at stage ε(m) but the transmission capacity will be available at
a stage j ≥ ε(m) depending on the features of the expansion
options. Let γmax

ℓ , max{maxw∈ΩWℓ
γℓ,w, 1} for ℓ ∈ ΩL. Let

yF
m−,ℓ

∈ R
γmax
ℓ denote a vector whose k-th element contains

the line capacity available at stage ε(m) + k − 1 for k =
1, . . . , κmax

ℓ and decided by Φ1(m). Let Aℓ ∈ R
γmax
ℓ ×γmax

ℓ

and Bℓ ∈ R
γmax
ℓ ×NWℓ matrices whose entries, respectively

aℓj,k and bℓj,w for k = 1, . . . , γmax
ℓ , j = 1, . . . , γmax

ℓ and w =
1, . . . , |ΩWℓ

|, are defined as follows

bℓj,w =

{

1 if j ≥ γℓ,w w ∈ ΩWℓ

0 otherwise
(12)

aℓj,k =

{

1 if k = j + 1, or j = γmax
ℓ , k = γmax

ℓ

0 otherwise
(13)

Note that the structure of Aℓ is the same as in (4). For each
m ∈ ΩM we propose to express (11) as

yF
m,ℓ = AℓyF

m−,ℓ
+ Bℓf invm,ℓ, zF1−,ℓ

= 0 (14)

so that
xF
m,ℓ = yF

m−,ℓ

F inv
m,ℓ = xF

m,ℓ(1) + Bℓ
0f

inv
m,ℓ

(15)
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where xF
m,ℓ = [xF

m,ℓ(1), . . . , x
F
m,ℓ(γ

max
ℓ )]′ is the additional

decision variable at node m and Bℓ
0 ∈ R

1×NWℓ is given by

bℓ,0w =

{

1 if γℓ,w = 0, w ∈ ΩWℓ

0 otherwise
(16)

Overall, the number of decision variables added to each
optimization problem under the proposed reformulation is

|Ωℓ|+
∑

ℓ∈|Ωℓ|

|ΩWℓ
|+

∑

ℓ∈|Ωℓ|

γmax
ℓ + γH |ΩC

S | (17)

It is fundamental to note that these auxiliary decision variables

can be defined as continuous without affecting solution valid-
ity. In this section we have successfully recast non-sequential

state equations in the required form; we proceed with the full
mathematical formulation.

IV. SOLUTION STRATEGY FOR MULTI-STAGE MILPS

A. Problem formulation

In the proposed temporal decomposition framework, a sepa-
rate optimization problem Pm is formulated for each scenario

tree node m as follows

min
xm,αm

j







Vm(xm) +
∑

j∈N+(m)

αm
j







(18)

where

Vm(xm) = πm

(

rIε(m)V
I
m(xm) + rOε(m)V

O
m (xm)

)

(19)

V I
m =

∑

∀ℓ

∑

∀w

(cℓ,wf
inv
m,ℓ,w + κℓ,wβm,ℓ,w)χℓ +

∑

∀s

κHHm,s

(20)

V O
m =

∑

∀b

Wb

∑

∀t

τbt





∑

∀g

κG
g pm,t,g +

∑

∀n

Γdm,t,n



 (21)

where for readability purposes we have omitted the depen-
dence on the decision variables (xm) in V I

m and V O
m . The ob-

jective function (18) being minimised is the sum of investment
and operation costs (V I

m and V O
m respectively) that pertain to m

as well as the summation of the variables αm
j which represents

the probability-weighted future cost across all scenario tree
nodes emanating from m. By traversing the scenario tree and

solving the respective problem at each node, approximations
to the future cost functions and how they relate to decisions in

the preceding nodes can be constructed in an iterative manner.
This is achieved through the construction and accumulation
of constraints known as Benders cuts that approximate the

future cost function. Benders cuts are expressed in terms of the
decisions taken in the preceding node and the corresponding

Lagrangian multipliers. Each problem Pm at iteration k is

subject to the following operation and investment constraints
that approximate the future cost function:

βm,ℓ,w ∈ {0, 1}, ∀ℓ ∈ ΩL, w ∈ ΩWℓ
(22)

Hm,s ∈ {0, 1}, ∀s ∈ ΩC
S , (23)

xβ
m,ℓ = yβ,k

m−,ℓ
, ∀ℓ ∈ ΩL (24)

xc
m,ℓ = y

c,k

m−,ℓ
, ∀ℓ ∈ ΩL (25)

xF
m,ℓ = y

F,k

m−,ℓ
, ∀ℓ ∈ ΩL (26)

xh
m,s = y

h,k

m−,s
, ∀ s ∈ ΩC

S (27)

xβ
m,ℓ +

NWℓ
∑

w=1

βm,ℓ,w ≤ 1, ∀ ℓ ∈ ΩL (28)

xc
m,ℓ + Fmax

ℓ βm,ℓ − f invm,ℓ ≥ 0, ∀ ℓ ∈ ΩL (29)

F inv
m,ℓ = xF

m,ℓ(1) + Bℓ
0f

inv
m,ℓ, ∀ ℓ ∈ ΩL (30)

H̃m,s = xh
m,s(1) + Bh

0Hm,s, ∀ s ∈ ΩC
S (31)

0 ≤ pm,t,g ≤ p̄m,g,t, ∀g ∈ ΩG, t ∈ Ωb
T (32)

fm,t,ℓ =
θm,t,uℓ

− θm,t,vℓ

Xℓ

,

∀ t ∈ Ωb
T , ℓ ∈ ΩL, b ∈ ΩB (33)

∑

∀g

Bn,gpm,t,g +
∑

∀ℓ

In,ℓfm,t,ℓ −
∑

s∈ΩE
S

⋃
ΩC

S

Sn,shm,t,s+

+dm,t,n = Db
t,n, ∀ t ∈ Ωb

T , b ∈ ΩB, n ∈ ΩN (34)

−(F inv
m,ℓ + F 0

ℓ ) ≤ fm,t,l ≤ F inv
m,ℓ + F 0

ℓ ,

∀ t ∈ Ωb
T , b ∈ ΩB, ℓ ∈ ΩL (35)

h̃m,t,s = ρesh̃m,t−1,s + τbt hm,t,s, h̃m,σb,s = h̃m,Tb,s

∀ t ∈ Ωb
T \{σb}, b ∈ ΩB , s ∈ ΩE

S ∪ ΩC
S , (36)

|hm,t,s| ≤ H̃m,sh̄s, ∀ t ∈ Ωb
T , s ∈ ΩC

S , (37)

|hm,t,s| ≤ H0
s h̄s, ∀ t ∈ Ωb

T , s ∈ ΩE
S s, (38)

0 ≤ h̃m,t,s ≤ η̄s, ∀ t ∈ Ωb
T , s ∈ ΩC

S , (39)

0 ≤ h̃m,t,s ≤ η̄s, ∀ t ∈ Ωb
T , s ∈ ΩE

S (40)

Constraints (24)-(31) pertain to investment, while (32)-(39)

describe operation constraints. In particular, constraints (24)-
(31) are defined in (6), (9), (10), (15) and they describe

the evolution of investment in transmission line and storage
capacity. Constraints (24)-(27) state that, at iteration k of
the algorithm, the investment state variables related to line

reinforcements and storage assets are set equal to the solution
supplied by Pm− . Note that when solving the root node

problem, yβ,k1−,ℓ
= 0 etc. Constraint (28) prohibits the multiple

reinforcements of the same transmission corridor, while (29)

determines the amount of additional capacity that can be added
according to the chosen reinforcement project. Equations (30)
and (31) state that the amount of transmission capacity and

energy storage is the aggregate capacity constructed over all
previous epochs of the corresponding scenario path, while

considering build time delays.

Constraints (32) describe the limits of power generation
of unit g at operating point (m, t). The distribution of the

power over the network is described by the Direct Current
Power Flow (DCPF) equation (33). The system balance at

each node is imposed by equation (34). It requires that the
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sum of the injected power in each node is equal to the local
demand level while also considering curtailed demand. The

power flows are enforced to satisfy the capacity limits (35)
present on each line ℓ. The first order difference equations (36)

model storage operation and their initial conditions h̃m,σb,n for
each block b is an input parameter. The physical constraints

on storage operation are enforced requiring the satisfaction of
inequalities (37)-(39). Note that for simplicity purposes the
impact of operation on battery lifetime has been ignored. To

the authors’ best knowledge there has been no publication yet
that accommodates lifetime constraints in terms of charging-

discharging cycles within a planning framework. Even in
the case of operational problems, lifetime effects are mostly

considered in a highly simplified manner [56]. The approach
in [57] uses a more detailed description, but its complexity is
not suitable for large-scale long-term planning problems.

The final step is constructing the Benders cuts that approx-
imate the future cost function in terms of the complicating

investment variables, denoted xI
m, and the dual variables Λ

associated with constraints (24)-(27). The variables Λ are

obtained by solving a relaxed problem. Two variants of the
optimisation problem are solved; a full and a relaxed problem.

To differentiate between these two formulation, the relaxed
problem is referred to as the subproblem (denoted P

S
m), while

the problem being solved in the forward pass is the master

problem (denoted P
M
m ). Note that Benders cuts are required

solely for problems that pertain to non-terminal scenario tree

nodes; no future cost function approximation is required at the
last stage.

Let ω
S(k)
m be the optimal value function of P

S(k)
m at iteration

k. By rewriting constraints (24)-(27) in matricial form as

yk
m− = Fx

I,k

m−
, the Benders cut to be appended to problems

P
S(k)
m at iteration k can be compactly cast as

αm
j ≥ ω

S(k)
j + (xI

m − x
I(k)
m )′F ′Λ

S(k)
j

(41)

where j ∈ N+(m); one constraint is added for each children

node of m. This means that the number of cuts added to P
S(k)
m

per iteration is equal to the number of children nodes of m.

Similarly, the Benders cut to be appended to problems P
M(k)
m

at iteration k > 1 are

αm
j ≥ ω

S(k−1)
j + (xI

m − x
I(k−1)
m )′F ′Λ

S(k−1)
j

(42)

Note that the structure and the dimension of F does not
depend on m and it can be pre-computed. At iteration k,

the master problems P
M(k)
m are solved adding all the Benders

cut computed up to iteration k − 1, while the subproblems

P
S(k)
m use all the appended cuts up to step k. Note that the

information on probability for each node is implicitly included

in the optimal solution ω
S(k)
j to P

S(k)
m i.e. see the probability

term πm in (19). The upper and lower bounds to the problem’s
optimal cost are computed as:

Z(k)
u =

∑

m∈ΩM

V M(k)
m (43)

Z
(k)
l = ω

M(k)
1 (44)

where V
M(k)
m = Vm(xk

m) with xk
m solution to P

M(k)
m .

B. Nested Benders Decomposition Algorithm

The first step of the temporal decomposition algorithm is

to perform a forward pass, where all master problems PM
m are

solved forward in time, from the first to the last epoch. The
second step is to perform a backward pass, where all problems

P
S
m are solved backwards in time; in the backward pass, binary

decision variables are relaxed to continuous and Benders cuts

are constructed and appended to the parent sub-problem in the
previous stage and to the master problem that will be solved in

the next forward pass. This relaxation allows us to compute the
Lagrange multipliers used for constructing the Benders cuts.

This process is repeated until the upper and lower bounds
come sufficiently close or the approximation stops improving.
The algorithm can be written as follows:

Algorithm 1

Step 0: Set Z
(0)
u = +∞, Z

(0)
l = 0, k = 1.

Step 1: Forward pass

For m = 1, ..., |ΩM |, solve the master problems P
M(k)
m .

Compute Z
(k)
l and Z

(k)
u .

If (Z
(k)
l − Z

(k−1)
l )/Z

(k−1)
l ≤ ε go to END.

Step 2: Backward pass
For m = |ΩM |, |ΩM | − 1, ..., 2 solve the dual of the subprob-

lems P
S(k)
m adding Benders cuts (41) and append Benders cuts

(42) to master problem P
M(k+1)
m .

Set k = k + 1 and go to Step 1.
END

Note that the undecomposed problem contains

|ΩM |(
∑

∀ℓ |ΩWℓ
| + |ΩC

S |) binary variables. It is well
known that MILP problems are NP-Hard [58]. As such, it is

largely desirable to reduce the number of discrete variables
present in a problem. In the Hierarchical Multi-Cut Benders
Decomposition (HMBD) applied in [3], each iteration of

the algorithm solves a total of |ΩB||ΩM | + 1 optimization
problems; one master problem and |ΩB||ΩM | subproblems.

Although splitting the problem in this way can relieve
some computational burden, all binary variables are still

aggregated in a single problem. In the PH algorithm the
number of binary variables involved in each optimization
problem grows linearly with the number of stages |ΩE | and a

problem is defined for each scenario. On the other hand, the
proposed technique requires to solve |ΩM | master problems

and |ΩM − 1| subproblems. The number of binary variables
involved in each master problem is (

∑

∀ℓ |ΩWℓ
| + |ΩC

S |) and

it is independent of the number of stages and scenario tree
nodes. As such, it is clear that the proposed scheme is clearly
advantageous compared to existing approaches, particularly

when |ΩM | is large.

C. Problem Convexification

The problem is non-convex due to the presence of binary

variables in all stages. By adopting the relaxed formulation
described above, convergence to the optimal cost cannot be
guaranteed; however, this scheme does provide us with lower

and upper bounds to the optimal value. If the difference
between the upper and the lower bound is not acceptable, the

approximation to the original problem can be made arbitrarily
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tight by applying sequential convexification techniques to
improve the estimation of the lower bound of the future cost

returned by each subproblem.

For two-stage stochastic problems with binary and con-

tinuous variables across all stages, it is possible to refine
the convexification using the procedures described in [46],
[38]. The convexification procedure makes use of the notion

of disjunctions and piecewise-linear functions. Branch-and-
Bound algorithms implicitly use the concept of disjunctions

[59], [60] whenever the solution to the current LP relaxation
at a node is fractional. For instance let us consider the solution

of an optimization problem P containing a binary variable z.
Solving the LP relaxation of P we can obtain a fractional
value of z. In this situation the Branch-and-Bound algorithm

generates two subproblems P1 and P2 adding the constraints
z ≤ 0 and z ≥ 1 respectively so that the union of the feasible

regions of P1 and P2 contains all feasible solutions to P and
the fractional solutions for z are excluded from the relaxed

problem. Essentially a disjunctive cut for P is a cut which does
not exclude any integer feasible solution for both problems P1

and P2. A piecewise-linear function is a function defined on

intervals over which the function is linear. Formally a concave
piecewise linear function is defined as follows

Definition 1: A function f : R
n → R is a concave

piecewise-linear if there exist a1, . . ., aN ∈ R
n and b1, . . .,

bN ∈ R such that f(x) = mini{1,...,N} a
′
ix+ bi .

The fundamental idea in [46], [38] is the observation that
a branch-and-bound tree together with a linear programming

relaxation at its nodes incorporates a disjunction and provides
important information that can be used in approximating the

value function with piecewise-linear concave functions. This
is a good choice, since under standard assumptions, the value
function of a MILP optimization problem is lower semi-

continuous and piecewise linear as a function of the right-hand
side of its constraints [61], [62]. The illustrated procedure

requires that the continuous variables in ym− are bounded
for all m ∈ ΩM and for any solution ym− the problems

P
M
m are feasible for all m ∈ N+(m−). The aforementioned

assumptions are always satisfied by the stochastic expansion
model under consideration and we have that ym− ∈ Y

with the continuous variables in Y belonging to an hyper-
rectangle. By using the disjunctive cut principle it is possible to

obtain linear inequalities that are used to build value function
approximations to the mixed integer subproblem. Note that

applying a convexification to the master problem P
M
m means

that a tighter description of the associated relaxed subproblem
P
S
m is achieved as well. A single iteration of the sequential

convexification, involving two scenario nodes, is illustrated
in Figure 1 and summarized in Algorithm 2. The Lagrange

multiplier ΛS
m is associated with constraints (24)-(27) while

Λ̆S
m is correlated with the new constraint ν′mxm ≥ νom(ym−).

Algorithm 2

Given the solution to P
M
m− and the associated ŷm− , we solve

the relaxed problem P
S
m. When the solution to the relaxed

problem P
S
m satisfies all the integrality constraints (22)-(23),

it turns out that it is also the solution to P
M
m . If, instead,

its solution x̂m violates the integrality constraints (22)-(23)

Convexification

Add disjunctive cuts:

ν′

mxm ≥ νo
m(y

m− )

Piecewise linear approximations Node m

Branch and

Bound
P
S
m: Duals (ΛS

m, Λ̆S
m)

Optimality cuts:

αm−

m ≥ (ΛS
m)′y

m−+

(Λ̆S
m)′νo

m(y
m− )

νc
m(y

m− )

νo
m(y

m− )

αm−

m

Node m−

y
m−

y
m−

Fig. 1: Sequential convexification of problems P
M
m and P

M

m−

proceed as follows:

a) Compute valid cuts ν′mxm ≥ νom(ym−) such that
ν′mx̂m < νom(ym−) (i.e. x̂m does not satisfy the

constraints).
b) Update the relaxed problem P

S
m adding constraints

ν′mxm ≥ νom(ym−)
c) Solve the updated relaxed problem to compute the

dual variables (ΛS
m, Λ̆S

m) and define the optimality

cuts αm−

m ≥ (ΛS
m)′ym− + (Λ̆S

m)′νom(ym−) to be

added to the master problem P
M
m−

d) Since νom(ym−) is concave, P
M
m− can be solved

using linear under-estimators νcm(ym−) such that

νom(ym−) ≥ νcm(ym−) and partitioning the set Y.

Note that, if ym− only contains binary variables, the

computation of a linear under-estimator νcm(ym−), tight at
the vertices, gives a tight convexification of the constraint

set. Procedures on how to obtain νom(ym−), νcm(ym−) and
ν′m are given in [46], [38] and they depend on the chosen

method. Since ym− contains binary and continuous variables
the DBAB ([43], [38]) approach is the most appropriate for

tackling the Stochastic Transmission Expansion Problem at
hand. The functions νom(ym−) are piecewise-linear concave
and they can be computed using disjunctions arising in P

M
m .

However, the algorithm only requires the knowledge of ν′m and
νcm(ym−) which can be directly computed employing Proposi-

tion 12.2 and 12.3 in [38]. Since the convexification procedure
can be computationally expensive, the user is responsible for

striking an acceptable balance between solution accuracy and
computational effort. This is facilitated by the fact that at each
step of the algorithm, information regarding the lower and

upper bounds on the optimal cost are available, certifying the
quality of the obtained solution.

D. Problem Scaling

Improvements on the quality of the lower bound can be

achieved by scaling the expected cost

V (x) =
∑

m∈ΩM

πm

(

rIε(m)V
I
m(xm) + rOε(m)V

O
m (xm)

)

by a factor Q (i.e. V (x)/Q) as illustrated in the case study.
MIP solvers do not apply scaling techniques to mixed integer
problems since scaling integer variables is incompatible with

the integrality requirement (see Gurobi’s user guide). For
this reason, it is particularly important to scale the problem

manually to avoid numerical instabilities and to get a better
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estimation of the lower bound in our framework. The proposed
decomposition method divides the problem in small parts and

additional variables (αm
j ) modeling the aggregate of the future

cost are added to the constraints so that the scaling of the cost

is going to affect the form of the constraints and consequently
the achievable estimation of the lower bound.

E. Work-flow

Since large scale multi-stage mixed integer stochastic prob-
lems are rather intractable in general, it is extremely important

to design algorithms providing approximations which can
yield solutions close to the optimum within a reasonable rela-
tive error eg > 0. In this section we provide the full algorithm

combining the previously-presented algorithms 1 and 2. The
main idea is to embed the DBAB approach within a nested

benders framework. As shown below, the workflow follows
a forward-backward iteration structure where the constituent

LPs are progressively approximated using tighter additional
linear constraints.

Work-flow

Step 0: Set eg .
Step 1: Execute Algorithm 1.

Step 2: Compute Z∗
u = mink=1,...,k̄ Z

(k)
u .

If (Z∗
u − Z

(k̄)
l )/Z

(k̄)
l ≤ eg go to END.

Otherwise set j = 1, Z̄
(0)
u = Z∗

u, Z̄
(0)
l = Z

(k̄)
l ,

P̄
M(0)
m = P

M(k̄)
m , P̄

S(0)
m = P

S(k̄)
m

Step 3: Backward pass
For m = |ΩM |, |ΩM | − 1, ..., 2
Execute step a), b) c) in Algorithm 2.

Add αm−

m ≥ (ΛS
m)′ym− + (Λ̆S

m)′νcm(ym−) to P̄
S(j)
m−

and

P̄
M(j+1)

m−

Step 4: Forward pass

For m = 1, ..., |ΩM |, solve the master problems P̄
M(j)
m .

Compute Z̄
(j)
l , Z̄

(j)
u , Z̄∗

u = mini=1,...,j Z̄
(i)
u .

If (Z̄∗
u − Z̄

(j)
l )/Z̄

(j)
l ≤ eg go to END.

If (Z̄
(j)
l − Z̄

(j−1)
l )/Z̄

(j−1)
l ≤ ε solve P̄

M(j)
m for

m = 1, . . . , |ΩM | with the branch-and-bound algorithm
partitioning on Y .

Set j = j + 1 and go to Step 3.
END

The proposed work-flow guarantees the achievement of the

desired accuracy eg in a finite number of iterations since the
sequential convexification based on Algorithm 2 is guaranteed

to converge to the optimal solution.

V. CASE STUDY ON THE IEEE 118-BUS SYSTEM

A. Case Study Description

In this section, the solution validity and computational

advantages of the proposed decomposition scheme are demon-
strated through a case study on the IEEE 118-bus test system.
The topological structure of the network has been extracted

from Matpower 5.1 [63]; the system consists of 118 buses,
186 lines and 54 generation units. Transmission line lengths

range between 60km and 80km, while line capacities range

between 10MW and 150MW; they have been modified so
as to ensure unconstrained operation. Initially, total gener-

ation capacity and peak load are 9966MW and 4242MW
respectively. The performed study considers multiple sources

of uncertainty modeled as a scenario tree (see Table I). In
particular, we consider uncertainty in the prospective wind

farm developments at bus 63, 64 and 68 as well as in long-term
demand growth.

TABLE I: SCENARIO TREE WITH |ΩM | = 40

Node parameters
m Ωm

ς πm δP1 δP2 δP3 δD

1 {1, . . . 27} 1.0 0 0 0 0
2 {1, . . . 9} 0.4 2 0 0 1%

3 {10, . . . 18} 0.4 1 0 0 2%

4 {19, . . . 27} 0.2 0 0 0 3%

5 {1, . . . 3} 0.28 0 2 0 1%

6 {4, . . . 6} 0.08 0 1 0 2%

7 {7, . . . 9} 0.04 0 0 0 3%

8 {10, . . . 12} 0.16 1 1 0 1%

9 {13, . . . 15} 0.16 1 0 0 2%

10 {16, . . . 18} 0.08 0 0 0 3%

11 {19, . . . 21} 0.02 2 0 0 1%

12 {22, . . . 24} 0.04 1 0 0 2%

13 {25, . . . 27} 0.14 0 0 0 3%

14 {1} 0.196 2 2 4 1%

15 {2} 0.056 2 2 2 2%

16 {3} 0.028 2 2 0 3%

17 {4} 0.032 2 3 2 1%

18 {5} 0.032 2 3 0 2%

19 {6} 0.016 2 1 0 3%

20 {7} 0.004 2 4 0 1%

21 {8} 0.008 2 2 0 2%

22 {9} 0.028 2 0 0 3%

23 {10} 0.112 2 3 2 1%

24 {11} 0.032 2 3 0 2%

25 {12} 0.016 2 1 0 3%

26 {13} 0.064 2 4 0 1%

27 {14} 0.064 2 2 0 2%

28 {15} 0.032 2 0 0 3%

29 {16} 0.008 3 2 0 1%

30 {17} 0.016 3 0 0 2%

31 {18} 0.056 1 0 0 3%

32 {19} 0.014 2 4 0 1%

33 {20} 0.004 2 2 0 2%

34 {21} 0.002 2 0 0 3%

35 {22} 0.016 3 2 0 1%

36 {23} 0.016 3 0 0 2%

37 {24} 0.008 1 0 0 3%

38 {25} 0.014 4 0 0 1%

39 {26} 0.028 2 0 0 2%

40 {27} 0.098 0 0 0 3%

The scenario tree consists of 27 scenarios indexed by ς and

40 nodes, spanning |ΩE | = 4 four-year epochs giving rise to
a planning horizon of 16 years. For each node, the possible

demand growth realisations with respect to previous stage are
denoted as δD and a 250MW increase in wind generation
capacity at bus 63, 64 and 68 is denoted as δP1, δP2 and δP3

respectively. For example, the first scenario ς = 1 describes the
construction of 1000 MW of wind capacity at each bus (i.e at

63, 64 and 68) for a total of 3000 MW and a demand growth of
δD = 1% along the whole horizon. This scenario essentially

captures the eventuality of high wind build-out, combined with
limited demand growth due to increased energy efficiency
measures. In contrast, the last scenario ς = 27 describes

a future where no wind capacity is built and the system
undergoes a δD = 3% demand increase every five years. The

other scenarios constitute intermediate paths between these



10

two extremes, entailing different rates of demand growth and
wind farm deployment patterns.

Operating costs have been set to 50 and 118 $/MWh
for baseload/mid-merit and peaking plants respectively. Wind

generation has been defined as having zero dispatch cost,
while a cost of 120$/MWh has been introduced to penalize
the curtailed wind power. The economic penalization of load

curtailment is Γ = 45600 $/MWh. The different seasonal
operating conditions are captured by |ΩB| = 5 demand blocks

of 24 hours each; one block for each calendar season and
an extra block capturing peak demand conditions in late

December. The operational cost of each block corresponding
to a calendar season is weighted by 87.5 while the extra peak
block is weighted by 15. Measurements from Great Britain in

2012 have been used to capture intra-day variability of demand
and wind output for each different season.

In terms of investment, the planner can choose to invest
in transmission line reinforcements and storage devices. The

cost and building time for the two reinforcement options are
reported in Table II. Both options have a construction time of
one epoch. Option A corresponds to a medium-term solution,

option B enjoys economies of scale and adds up to 400 MW
of extra capacity.

TABLE II: LINE REINFORCEMENT AND STORAGE OPTIONS

w Reinforcement
Capacity [MW]

cℓ,w
$/(MW km yr)

κℓ,w

$/(km yr)
γℓ,w

A 200 76 91200 1, ∀ℓ

B 400 76 121600 1, ∀ℓ

Storage
Technology

κH

($/yr)
η̄

(MWh)
h̄

(MW)
ρe γH

PSH 8, 100, 000 1000 250 0.8 2

CAES 290, 175 360 15 0.7 1

LI-ION 1, 547, 600 20 5 0.92 0

For storage, three candidate technologies are considered:

Pumped-Storage Hydro (PSH), Compressed Air Energy Stor-
age (CAES) and Lithium Ion Batteries (LI-ION). The three

technologies differ in terms of capacity, charging and dis-
charging rate, efficiency and building times. PSH is the largest

in terms of energy and power rating but suffers from a long
construction phase spanning two epochs. CAES is comparably
much smaller but also more economical, while requiring one

epoch to be constructed. LI-ION is of very small size but
can be deployed immediately. We assume that PSH can be

constructed at buses 38, 63 - 65, 68 and 81. CAES can be
built at buses 12, 38, 63 - 65, 68, 81 and 117. LI-ION can

be built at buses 26, 63, 68, 69, 80, 89, 116 and 117. The
siting constraints applied to PSH, CAES and LI-ION batteries
are due to geographical limitations, technical constraints and

land restrictions. The costs and parameter values for each
technology, based on [21] and [64], are reported in Table II.

The chosen technology parameters are for illustrative purposes
and may differ substantially in other cases. A discount rate of

5% has been assumed for both investment and operation costs.

B. Results

The investment decisions and the system costs for the
analyzed case study are reported in Table III. The storage

investment is denoted by the function S(a; b) where the term

a indicates the technology and the term b contains the list
of buses where the storage technology a is commissioned.

The investment decision to line ℓ is denoted by A(ℓ) or B(ℓ)
according to expansion options defined in Table II. Lines 93,

94, 95, 96 97 and 104 join buses 59− 63, 63− 64, 61− 64,
38−65, 64−65 and 65−68 respectively. This shows that line

reinforcements are required whenever substantial generation
developments occur at buses 63, 64 and 68. Moreover, in Table
III we show investment (IC), operation (OC) and total costs

(TC) for all scenarios.

TABLE III: NBD OPTIMAL INVESTMENT STRATEGY

NBD Epochs Costs ($m)
ς 2 3 4 IC OC TC
1 S(2; 63, 64) A(93, 95, 96, 97)

S(2; 38, 63 −
65, 68)

– 142 13999 14141

2 ´́ ´́ – 142 14146 14288
3 ´́ ´́ S(3; 117) 145 14341 14486
4 ´́ A(93, 95, 97)

S(2; 63, 64)
– 106 14250 14356

5 ´́ ´́ S(3; 117) 109 14445 14554
6 ´́ ´́ ´́ 109 14584 14693
7 ´́ A(93, 94, 97)

S(2; 64)
´́ 109 14645 14754

8 ´́ ´́ ´́ 109 14697 14806
9 ´́ ´́ ´́ 109 14877 14986
10 S(2; 63) A(93, 95, 97)

B(97)
S(2; 63, 64)

– 104 14390 14494

11 ´́ ´́ – 104 14588 14692
12 ´́ ´́ S(3; 117) 107 14718 14825
13 ´́ A(93, 97)

S(2; 63, 64)
– 72 14789 14861

14 ´́ ´́ S(3; 117) 75 14858 14933
15 ´́ ´́ ´́ 75 15062 15137
16 ´́ A(93)

S(2; 63),
S(3; 117)

– 44 15086 15130

17 ´́ ´́ – 44 15192 15236
18 ´́ ´́ – 44 15335 15379
19 – A(93, 104)

B(97)
S(2; 63, 64)

– 117 14823 14940

20 – ´́ – 117 14994 15111
21 – ´́ S(3; 117) 120 15197 15317
22 – A(93, 97)

S(2; 63),
S(3; 117)

– 74 15131 15205

23 – ´́ – 74 15334 15408
24 – ´́ – 74 15470 15544
25 – S(2; 63), S(3; 117) S(3; 63) 12 15619 15631
26 – ´́ – 8 15609 15617
27 – ´́ – 8 15804 15812

The results obtained for a sample of scenarios adopting a

deterministic formulation are summarised in Table IV where
TC denote the total cost.

TABLE IV: DETERMINISTIC INVESTMENT SCHEDULE

Epochs Cost ($m)
ς 1 2 3 IC OC TC
1 S(2; 63, 64) A(97)

S(2; 63−65, 68, 117)
A(93, 95, 96)
S(2; 38, 63 −
65, 68, 117)

177 13940 14117

9 – S(2; 117) A(93, 94)
S(2; 63)

68 14876 14944

19 S(2; 63, 117) S(2; 63, 64) A(93, 104), B(97)
S(2; 63, 64)

128 14800 14928

27 S(2; 117) – – 3 15803 15806

Note that in the stochastic formulation solved by the NBD
algorithm no investment is made in the first stage, in contrast

to a deterministic formulation of the problem where we get
investment on CAES already at the first stage. Moreover,

in the stochastic framework, line reinforcements are only
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commissioned in the third stage while in the deterministic
formulation, selecting the first scenario, a reinforcement of

line 97 is decided in the second stage. It is evident that the
stochastic formulation leads to substantial different planning

decisions with respect to the deterministic approach.
Since in electricity systems the invested capital is mostly

irreversible, the risk of cost inefficiency and asset stranding is
very high. The solution of the stochastic planning problem is
computationally challenging and the approximated investment

decision obtained by the HMBD has a higher investment cost
and it is substantially different as shown in Table V where

an investment on PSH is obtained at bus 81 at the first stage
giving rise to a significant asset stranding.

TABLE V: HMBD OPTIMAL INVESTMENT STRATEGY

Epochs Costs ($m)
ς 1 2 3 IC OC TC
1 S(1; 81) B(8)

S(2; 38, 63, 68, 117)
B(84 − 87, 93,

95 − 97)
S(2; 12, 38, 63−
65, 68, 81, 117)

566 13978 14544

Contrarily, the results obtained by the proposed methodol-

ogy clearly show that the CAES and LI-ION present attractive
investment opportunities due to the operational flexibility they

offer. In the presented case study CAES is deployed in the first
scenario tree transition to accommodate the increased wind
energy exports stemming from buses 63 and 64. On the other

hand, LI-ION is built in the last stages as a means to adjust
the investment plan to the eventual scenario realisation, taking

advantage of its swift deployment time.
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Fig. 2: Charging-discharging regime for LI-ION together with demand load
at the first stage (red-dashed) and at the last stage (blue-solid).

Figure 2 shows the operation of the LI-ION system installed

at bus 117 in the last stage of scenario 3 over one of
the typical days considered. The import line of bus 117 is

19.5MW; local demand increasing over 20 MW leads to
import constraints, triggering an upgrade need. The LI-ION
is deemed a superior investment candidate for carrying out

peak shaving at a small cost. This is contrasted to conventional
line reinforcements which entail large fixed costs under both

options. This highlights the need to consider both small and

large-scale ES candidates. Overall, the inclusion of ES assets
leads to a 15% reduction of investment cost, from $107.48m

to $91.35m. Additional cost-benefit studies, performed using
the proposed methodology, reveal that investment on PHS

become appealing if its cost is decreased from 8.1 $/yr to
4.95 $/yr. Note that planners will typically run numerous such

sensitivity analysis studies around input parameters of interest;
the proposed framework renders the in-depth exploration of
long-term strategic planning possible.

C. Computational performance

The computational benefits of the proposed NBD decompo-
sition scheme are demonstrated through comparisons against

the Undecomposed (UD), the Progressive Hedging (PH) al-
gorithm presented in [27] and the HMBD used in [3]. All

models have been implemented using Matlab with Gurobi 6.0
and all studies carried out on a Xeon computer with two,

3.46GHz processors. The stopping criterion of NBD uses an
ε = 10−12. The numerical results are summarized in Table
VI. HMBD stops progressing after a few iterations due to

the high number of nodes in the scenario tree. The algorithm
has been terminated when the master problem did not return

any solution after three weeks. The obtained lower bound
is Zl = 14468$m and the upper bound Zu = 15139$m

corresponding to a relative gap of 4.43%. The proposed novel
temporal decomposition terminates after 314 iterations giving
a lower bound of 14637$m (millions) and an upper bound of

14803 $m.

TABLE VI: PERFORMANCE OF SOLUTION APPROACHES

Algorithm Iterations CPU time Zl ($m) Zu ($m)
UD failed to converge after 21 days

PH failed to complete the first iteration after 21 days

HMBD failed to converge after 21 days 14468 15139
NBD 314 2d 23h 10m 14639 14803

The reported results have been obtained using a scaling
factor Q = 100. Table VII shows the lower bounds obtained

by Algorithm 1 using different scaling factors. As can be
seen, the choice of the scaling factor can have an impact
on the lower bound obtained and can lead to substantially

faster convergence. Development of a heuristic approach to
determine a good scaling value constitutes a high-priority topic

for future research.

TABLE VII: BEST LOWER BOUND FOR DIFFERENT SCALING Q

Q 1 10 50 100
Zl ($m) 14624 14639 14621 14637

The CPU time required by the algorithm to solve all the
optimization problems is 2d 23h 10m and the obtained relative

gap is 1.11%. It is worth noting that a 1.15% relative gap was
achieved from the 150th iteration, corresponding to a CPU
time of 1d 12h 34m. Figure 3 shows the lower bound and

upper bound evolution of Algorithm 1. The computational time
required to solve the master problems at each iteration k for

NBD and HMBD are reported in Figure 4.
The computational burden increases with the number of

iterations for both algorithms but the growth for HMBD is
significant and the 10th iteration does not terminate after three

weeks, clearly demonstrating the problems that traditional
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Fig. 3: Problem upper and lower bounds versus iterations.

decomposition methods face in tackling large-scale planning

problems. The performance obtained by the PH algorithm on
multi-stage stochastic transmission planning problems suggest
that, when faced with a large multi-stage scenario tree, PH

suffers substantially because of two main issues:

• The large number of binary variables involved render
the scenario-specific quadratic mixed-integer problems
very difficult to solve. The deterministic scenarios MILP

problems were solved in a range of time going from a few
hours to a few days depending how trivial/non-trivial the

scenario analysed is. Instead the single-scenario quadratic
mixed-integer programming problems responsible for up-

dating the solution failed to complete its first iteration
after 21 days.

• Experiments carried on a multi-stage stochastic transmis-

sion planning problem considering only three bus nodes
and three lines show that the PH algorithm is particularly

sensitive to the choice of penalty parameters, rendering
it susceptible to either sub-optimality or extremely slow

convergence. The same issues are presented in [65].

It is important to note that the number of possible parameters

grows exponentially with the problem horizon. Since there
is no analytic procedure for identifying optimal parameter

settings, heuristic rules can take a prohibitively long time to
establish while no guarantee of convergence is provided. The
proposed nested benders decomposition benefits from the fact

that at each iteration, the user can access a feasible (albeit
sub-optimal if convergence has not been reach) solution. This

can be particularly beneficial since as shown in Fig. 3 of the
paper, a close-to-the-optimal solution can usually be accessed

early on. The above highlights the shortcomings of PH and
the clear advantages of the proposed framework.

VI. CONCLUSION

In this paper a novel multi-stage decomposition scheme
has been applied to the long-term transmission planning

problem under uncertainty. A reformulation of the problem
has rendered it amenable to temporal decomposition schemes,

where the original problem is split into small tractable units.

This is contrasted to conventional Benders’ decomposition
approaches where the number of binary variables present in

the master problem increases with the number of decision
stages, leading to tractability issues. A novel algorithm that

accommodates binary decision variables in the subproblems
has been proposed to iterate between the problem’s upper

and lower bounds. The significant computational benefits of
the temporal decomposition scheme are demonstrated through
studies performed on the IEEE 118 bus test system. We

demonstrated that the proposed framework clearly outperforms
the state-of-the-art. The proposed framework paves the way for

large-scale strategic planning studies under uncertainty while
accommodating multiple candidate transmission and storage

assets.

It is constructive to note that the proposed framework
is highly-generalizable to other problems involving binary
decisions and non-sequential state equations, such as the unit

commitment problem. In future work, there is substantial merit
in further investigating computationally efficient and tight

relaxation techniques that further enable problem convexifica-
tion. In addition, the model can be modified to accommodate

security constraints to capture the need for ancillary services,
further highlighting the role of different storage technologies
in accommodating renewable generation.
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